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●❡♥❡#❛❧ ♣#❡'❡♥(❛(✐♦♥ ♦❢ (❤❡ ♠♦❞❡❧

❚❤❡ ♣$♦❜❧❡♠ ♦❢ ❞✐$❡❝-❡❞ ♣♦❧②♠❡$/ ✐♥ ❛ $❛♥❞♦♠ ❡♥✈✐$♦♥♠❡♥- ✐/ ❛ ✇❡❧❧ ❦♥♦✇♥ /✉❜❥❡❝-

✐♥ -❤❡ /-❛-✐/-✐❝❛❧ ♣❤②/✐❝/ ❛♥❞ ♣$♦❜❛❜✐❧✐-② ❝♦♠♠✉♥✐-✐❡/✳ ■- ✇❛/ ✜$/- /-✉❞✐❡❞ ✐♥ ❬✶✵❪ ❛♥❞

$❡❝❡✐✈❡❞ ✐-/ ✜$/- ♠❛-❤❡♠❛-✐❝❛❧ -$❡❛-♠❡♥- ✐♥ ❬✶✶❪✳ ■♥ -❤❡ /❡--✐♥❣ ♦❢ -❤❡ d✲❞✐♠❡♥/✐♦♥❛❧
✐♥-❡❣❡$ ❧❛--✐❝❡✱ -❤❡ ♣♦❧②♠❡$ ♠❡❛/✉$❡ ✐/ ❛ $❛♥❞♦♠ ♣$♦❜❛❜✐❧✐-② ♠❡❛/✉$❡ ♦♥ ♣❛-❤/ ♦❢ d✲
❞✐♠❡♥/✐♦♥❛❧ ♥❡❛$❡/-✲♥❡✐❣❤❜♦✉$ ❧❛--✐❝❡ ✇❛❧❦/✳ ❚❤❡ $❛♥❞♦♠♥❡// ♦❢ -❤❡ ♣♦❧②♠❡$ ♠❡❛/✉$❡

❝♦♠❡/ ❢$♦♠ ❛♥ ✐✳✐✳❞✳ ❝♦❧❧❡❝-✐♦♥ ♦❢ $❛♥❞♦♠ ✈❛$✐❛❜❧❡/ ω(n, x)✱ ♣❧❛❝❡❞ ♦♥ -❤❡ /✐-❡/ ♦❢ N×Z
d
✱

✇❤✐❝❤ ❛$❡ ❝❛❧❧❡❞ -❤❡ $❛♥❞♦♠ ❡♥✈✐$♦♥♠❡♥-✳ ▼♦$❡ /♣❡❝✐✜❝❛❧❧②✱ -❤❡ $❛♥❞♦♠ ❡♥✈✐$♦♥♠❡♥- ✐/

❛ ♣$♦❞✉❝- ♣$♦❜❛❜✐❧✐-② ♠❡❛/✉$❡ ♦♥ -❤❡ /♣❛❝❡ ♦❢ ❛❧❧ ω : N× Z
d → R✱ /♦ -❤❛- -❤❡ ✈❛$✐❛❜❧❡/

ω(n, x) ❛$❡ ✐♥❞❡♣❡♥❞❡♥- ❛♥❞ ❤❛✈❡ ♠♦♠❡♥-/ ♦❢ ❛❧❧ ♦$❞❡$/✳ ❚❤❡ ❞✐$❡❝-❡❞ ♣♦❧②♠❡$ ♠♦❞❡❧
✐♥ $❛♥❞♦♠ ❡♥✈✐$♦♥♠❡♥- ❝❛♥ -❤❡♥ ❜❡ ❞❡✜♥❡❞ ❛/ ❛ $❛♥❞♦♠ ✇❛❧❦ ✐♥ ❛ $❛♥❞♦♠ ♣♦-❡♥-✐❛❧✳

■♥❞❡❡❞✱ ❝♦♥/✐❞❡$✐♥❣ -❤❡ /✐♠♣❧❡ $❛♥❞♦♠ ✇❛❧❦ (Sn)n∈N /-❛$-✐♥❣ ❢$♦♠ x ∈ Z
d
❛♥❞ ❣✐✈❡♥ ❛

✜①❡❞ ❡♥✈✐$♦♥♠❡♥- ω(n, x)✱ n ∈ N✱ x ∈ Z
d
✱ -❤❡ ❡♥❡$❣② ♦❢ ❛♥ n✲/-❡♣ ♣❛-❤ ✐/ ❞❡✜♥❡❞ ❛/

Hω
n (S) =

n
∑

i=1

ω(n, Sn), ✭❍✮

❛♥❞ -❤❡ ♣♦❧②♠❡$ ♠❡❛/✉$❡ ✐/ ❞❡✜♥❡❞ ✐♥ -❤❡ ●✐❜❜/✐❛♥ ✇❛② ❛/

Pω
n,β(S) =

eβH
ω
n (S)P (S)

Zω
n (β)

, ✭P✮

✇❤❡$❡ β > 0 ✐/ -❤❡ ✐♥✈❡$/❡ -❡♠♣❡$❛-✉$❡✱ P ✐/ -❤❡ ♣$♦❜❛❜✐❧✐-② ♠❡❛/✉$❡ ❛//♦❝✐❛-❡❞ -♦

-❤❡ /✐♠♣❧❡ /②♠♠❡-$✐❝ $❛♥❞♦♠ ✇❛❧❦ /-❛$-❡❞ ❛- -❤❡ ♦$✐❣✐♥ ❛♥❞ Zω
n (β) = E[eβH

ω
n (S)] ✐/

-❤❡ ♣❛$-✐-✐♦♥ ❢✉♥❝-✐♦♥✱ ✐✳❡✳ -❤❡ ♥♦$♠❛❧✐③✐♥❣ ❝♦♥/-❛♥- -♦ ♠❛❦❡ Pω
n,β ❛ ♣$♦❜❛❜✐❧✐-② ♠❡❛/✉$❡✳

❚❤✐/ ✇❛②✱ -❤❡ ♣♦❧②♠❡$ ✐/ ❛--$❛❝-❡❞ -♦ /✐-❡/ ✇❤❡$❡ -❤❡ $❛♥❞♦♠ ❡♥✈✐$♦♥♠❡♥- ✐/ ♣♦/✐-✐✈❡ ❛♥❞

$❡♣❡❧❧❡❞ ❜② /✐-❡/ ✇❤❡$❡ -❤❡ ❡♥✈✐$♦♥♠❡♥- ✐/ ♥❡❣❛-✐✈❡✳ ❚❤❡ ♦✈❡$❛❧❧ ❣♦❛❧ ♦❢ -❤❡ /✉❜❥❡❝- ✐/ -♦

/-✉❞② -❤❡ ❜❡❤❛✈✐♦✉$ ♦❢ -❤❡ ♣♦❧②♠❡$ ✇❤❡♥ -❤❡ ✐♥✈❡$/❡ -❡♠♣❡$❛-✉$❡ β ❛♥❞ -❤❡ ❞✐♠❡♥/✐♦♥
d ✈❛$② ❛♥❞ n ❣❡-/ ❧❛$❣❡✳

❚♦ ♣✐❝-✉$❡ ✐♥-✉✐-✐✈❡❧② ❤♦✇ -❤✐/ ♠♦❞❡❧ ✇♦$❦/✱ ❧❡-✬/ ❝♦♥/✐❞❡$ -❤❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❤②✲

❞$♦♣❤✐❧✐❝ ♣♦❧②♠❡$ ❝❤❛✐♥ ✭✐✳❡✳ ❛ ❧♦♥❣ ❝❤❛✐♥ ♦❢ ♠♦♥♦♠❡$/✮ ✢♦❛-✐♥❣ ✐♥ ✇❛-❡$✳ ❉✉❡ -♦ -❤❡

-❤❡$♠❛❧ ✢✉❝-✉❛-✐♦♥✱ -❤❡ /❤❛♣❡ ♦❢ -❤❡ ♣♦❧②♠❡$ /❤♦✉❧❞ ❜❡ ✉♥❞❡$/-♦♦❞ ❛/ ❛ $❛♥❞♦♠ ♦❜✲

❥❡❝-✳ ❲❡ ♥♦✇ /✉♣♣♦/❡ -❤❛- -❤❡ ✇❛-❡$ ❝♦♥-❛✐♥/ $❛♥❞♦♠❧② ♣❧❛❝❡❞ ❤②❞$♦♣❤♦❜✐❝ ♠♦❧❡❝✉❧❡/
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❛" ✐♠♣✉'✐(✐❡"✱ ✇❤✐❝❤ '❡♣❡❧ (❤❡ ❤②❞'♦♣❤✐❧✐❝ ♠♦♥♦♠❡'" ♦❢ (❤❡ ♣♦❧②♠❡'✳ ❚❤❡ 6✉❡"(✐♦♥ ✐"✿

❤♦✇ ❞♦ (❤❡ ✐♠♣✉'✐(✐❡" ❛✛❡❝( (❤❡ ❣❧♦❜❛❧ "❤❛♣❡ ♦❢ (❤❡ ♣♦❧②♠❡' ❝❤❛✐♥❄ ▲❡(✬" ❝♦♥"✐❞❡' (❤❡

♠♦❞❡❧ ❞❡✜♥❡❞ ✐♥ ✭❍✮ ❛♥❞ ✭P✮✱ ✇❤❡'❡ ✇❡ ❧❡( (❤❡ '❛♥❞♦♠ ❡♥✈✐'♦♥♠❡♥( ω(n, x) ❞❡"❝'✐❜❡

(❤❡ ♣'❡"❡♥❝❡ ♦❢ ❛♥ ✐♠♣✉'✐(② ❛( "✐(❡ (n, x)✳ ■♥❢♦'♠❛❧❧②✱ ✇❡ ❝❛♥ ❣✉❡"" (✇♦ "❝❡♥❛'✐♦"✿ ✐❢ (❤❡

"♣❛❝❡ ❞✐♠❡♥"✐♦♥ d ✐" ❧❛'❣❡ ❛♥❞ (❤❡ (❡♠♣❡'❛(✉'❡ ✭1/β✮ ✐" ❤✐❣❤✱ (❤❡ ✐♠♣✉'✐(✐❡" "❤♦✉❧❞ ♥♦(

❛✛❡❝( (❤❡ ❣❧♦❜❛❧ "❤❛♣❡ ♦❢ (❤❡ ♣♦❧②♠❡'❀ ♦♥ (❤❡ ♦(❤❡' ❤❛♥❞✱ ✐❢ d ✐" "♠❛❧❧ ♦' (❤❡ ❡♥✈✐'♦♥♠❡♥(

✐" "('♦♥❣✱ (❤❡ ♣♦❧②♠❡' ✇✐❧❧ ♥♦( ❜❡ ❛❜❧❡ (♦ ❛✈♦✐❞ (❤❡ ✐♠♣✉'✐(✐❡" ✐❢ ✐( "(❛②" ❛( '❡❛"♦♥❛❜❧❡

❞✐"(❛♥❝❡"✳ ■♥❞❡❡❞✱ ✐♥ (❤❡ ✜'"( ❝❛"❡ (❤❡ ♣♦❧②♠❡' ❤❛" ♠✉❝❤ "♣❛❝❡ (♦ ♠♦✈❡ ❛♥❞ (❤❡ ✐♠♣✉✲

'✐(✐❡" ❛'❡ ✇❡❛❦✱ "♦ ✐( ❤❛" ♥♦ ✐♥(❡'❡"( ✐♥ ('❛✈❡❧❧✐♥❣ ❢❛' ❛♥❞ ♦♥❧② ✇❛♥(" (♦ ♣✐❝❦ ❛ "♣❡❝✐✜❝

♣♦'(✐♦♥ ♦❢ '❡✇❛'❞"✱ ✉"✐♥❣ ❛ ❧♦❝❛❧ "('❛(❡❣②✳ ■♥ (❤❡ "❡❝♦♥❞ ❝❛"❡✱ (❤❡ ♣♦❧②♠❡' ✇✐❧❧ ❤❛✈❡ ❛♥

❛❞✈❛♥(❛❣❡ ✐♥ ('❛✈❡❧❧✐♥❣ ❢❛' ✐♥ ♦'❞❡' (♦ ✜♥❞ ♠♦'❡ ❢❛✈♦✉'❛❜❧❡ ❛'❡❛"✳ ❚❤❡"❡ ❛(②♣✐❝❛❧ ❛'❡❛"

✐♥ (❤❡ ♠❡❞✐✉♠ ❝♦''❡"♣♦♥❞ (♦ ❛ ❤✐❣❤❡' ❞❡♥"✐(② ♦❢ '❡✇❛'❞"✱ ❛♥❞ ❛ ♣'❡❝✐"❡ ❣❡♦♠❡('② ♠❛❦✐♥❣

(❤❡♠ ❢❡❛"✐❜❧❡ ❢♦' (❤❡ ✇❛❧❦ ✭❬✶✸❪✮✳ ❚❤❡ ✜'"( "❝❡♥❛'✐♦ ❢❛❧❧" ✐♥ (❤❡ "♦ ❝❛❧❧❡❞ ✇❡❛❦ ❞✐&♦(❞❡(

(❡❣✐♠❡✱ (❤❡ "❡❝♦♥❞ ✐♥ (❤❡ &+(♦♥❣ ❞✐&♦(❞❡( (❡❣✐♠❡✳

▲❡(✬" ❜❡ ♠♦'❡ ♣'❡❝✐"❡ ♦♥ (❤❡ ❞❡✜♥✐(✐♦♥ ♦❢ "('♦♥❣ ❛♥❞ ✇❡❛❦ ❞✐"♦'❞❡'✳ ❈♦♥"✐❞❡' (❤❡

♣❛'(✐(✐♦♥ ❢✉♥❝(✐♦♥ ♦❢ (❤❡ ❞✐'❡❝(❡❞ ♣♦❧②♠❡' ♠♦❞❡❧
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▲❡% x ∈ Z
2
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WN (β̂, x) := Ex
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e
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■♥ %❤❡ ❝❛)❡ ♦❢ ❣❡♥❡/❛❧ ❡♥✈✐/♦♥♠❡♥%✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ ❛ ❜/❛♥❝❤✐♥❣ /❛♥❞♦♠ ✇❛❧❦ ✐♥ /❛♥❞♦♠

❡♥✈✐/♦♥♠❡♥% )✉❝❤ %❤❛%✱ ❝♦♥❞✐%✐♦♥❛❧❧② ♦♥ )✉/✈✐✈❛❧ ❛% %✐♠❡ ♥✱ %❤❡ ❧❛✇ ♦❢ %❤❡ ❛♥❝❡)%/❛❧ ♣❛%❤
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♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ *❡❧❡❝-❡❞ ✉♥✐❢♦.♠❧② ❛- .❛♥❞♦♠ ✐♥ -❤❡ ❢✉❧❧ ♣♦♣✉❧❛-✐♦♥ ❛- -❤❛- -✐♠❡ ✐* -❤❡

♣♦❧②♠❡. ♠❡❛*✉.❡✳ ❲❡ .❡❢❡. -♦ ❬✶✸❪ ❢♦. ❛ ❜.♦❛❞❡. ❛♥❞ ♠♦.❡ ❞❡-❛✐❧❡❞ ❞✐*❝✉**✐♦♥ ♦❢ -❤❡

-♦♣✐❝✳



❈❤❛♣$❡& ✶

 !❡❧✐♠✐♥❛!✐❡(

✶✳✶ ◆♦$❛$✐♦♥ ❛♥❞ ❞❡✜♥✐$✐♦♥ ♦❢ $❤❡ ♠♦❞❡❧

■♥ "❤✐% %❡❝"✐♦♥✱ ✇❡ ♣,❡%❡♥" ❛❧❧ "❤❡ ♦❜❥❡❝"% ❞❡✜♥✐♥❣ ♦✉, ♠♦❞❡❧ ❛♥❞ %❡" ❛❧❧ "❤❡ ♥❡❝❡%%❛,②

♥♦"❛"✐♦♥✳

▲❡" (Sn)n∈N ❞❡♥♦"❡ "❤❡ %✐♠♣❧❡ ,❛♥❞♦♠ ✇❛❧❦ ♦♥ Z
2

❛♥❞ (S1
n)n∈N, (S

2
n)n∈N ❜❡ "✇♦ ✐♥❞❡✲

♣❡♥❞❡♥" ❝♦♣✐❡% ♦❢ (Sn)n∈N %"❛,"✐♥❣ ❢,♦♠ "❤❡ %❛♠❡ ♣♦✐♥"✳ ▲❡" ω(n, x)✱ ❢♦, n ∈ N ❛♥❞

x ∈ Z
2
✱ ❜❡ ✐✳✐✳❞✳ ,❛♥❞♦♠ ✈❛,✐❛❜❧❡% ❝♦♥%"✐"✉"✐♥❣ "❤❡ ❡♥✈✐,♦♥♠❡♥"✳ ■♥ "❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧

❞❡♥♦"❡ ✇✐"❤ Px(·) "❤❡ ♣,♦❜❛❜✐❧✐"② ✇✐"❤ ,❡%♣❡❝" "♦ "❤❡ ,❛♥❞♦♠ ✇❛❧❦ %"❛,"❡❞ ❛" x ∈ Z
2

❛♥❞

✇✐"❤ P(·) "❤❡ ♣,♦❜❛❜✐❧✐"② ✇✐"❤ ,❡%♣❡❝" "♦ "❤❡ ❡♥✈✐,♦♥♠❡♥"✳ ❆♥❛❧♦❣♦✉%❧②✱ Ex[·] ✇✐❧❧ ❜❡ "❤❡

❡①♣❡❝"❛"✐♦♥ ♦✈❡, "❤❡ %✐♠♣❧❡ ,❛♥❞♦♠ ✇❛❧❦ %"❛,"❡❞ ❛" x ∈ Z
2

❛♥❞ E[·] "❤❡ ❡①♣❡❝"❛"✐♦♥ ♦✈❡,

"❤❡ ❡♥✈✐,♦♥♠❡♥"✳ ❲❡ ✉%❡ "❤❡ ♥♦"❛"✐♦♥ E ✇✐"❤♦✉" ❛♥② %✉❜%❝,✐♣" ✇❤❡♥ ❝♦♥%✐❞❡,✐♥❣ E0✳

❙✉♣♣♦%❡ "❤❛" E[ω(n, x)] = 0✱ E[ω(n, x)2] = 1 ❛♥❞ E[eβω(n,x)] < ∞ ❢♦, ❛❧❧ β > 0✳ ❲❡

❞❡✜♥❡✱ ❢♦, (n, x) ∈ N× Z
2
✱ "❤❡ ♣❛,❛♠❡"❡, λ(βN ) ❛%

λ(βN ) := log
(

E[eβNω(n,x)]
)

, ✭✶✳✶✮

✇❤❡,❡

βN =
β̂√
RN

, RN = E⊗2
0

[

N
∑

n=1

1S1
n=S2

n

]

. ✭✶✳✷✮

◆♦"❡ "❤❛" λ(βN ) ❞♦❡% ♥♦" ❞❡♣❡♥❞ ♦♥ (n, x) ❛% "❤❡ ✈❛,✐❛❜❧❡% ω "❤❛" ❛❝❝♦✉♥" ❢♦, "❤❡ ,❛♥❞♦♠

❡♥✈✐,♦♥♠❡♥" ❛,❡ ✐♥❞❡♣❡♥❞❡♥" ❛♥❞ ✐❞❡♥"✐❝❛❧❧② ❞✐%",✐❜✉"❡❞✳ ◆♦"❡ ❛❧%♦ "❤❛"✱ ❜② "❤❡ ▲♦❝❛❧

❈❡♥",❛❧ ▲✐♠✐" ❚❤❡♦,❡♠ ✭❬✻✱ ❙❡❝✳ ✶✳✷❪✮✱ ✇❡ ❤❛✈❡ "❤❛" ❛% N → ∞

RN ∼ logN

π
, ✭✶✳✸✮

"❤✉% βN ❣♦❡% "♦ 0 ❢♦, N → ∞ ❧✐❦❡ β̂
√

π
logN ✳

■♥ "❤✐% %❡""✐♥❣✱ ♦✉, ♠❛✐♥ ♦❜❥❡❝" ♦❢ %"✉❞② ✇✐❧❧ ❜❡ "❤❡ ♣❛,"✐"✐♦♥ ❢✉♥❝"✐♦♥ ♦❢ "❤❡ 2d
,❛♥❞♦♠ ♣♦❧②♠❡, %"❛,"✐♥❣ ❢,♦♠ ❛ ♣♦✐♥" x ∈ Z

2
✱ ✇❤✐❝❤ ✇❡ ❞❡✜♥❡ ❛%

WN (β̂, x) := Ex

[

e
∑N

n=1(βNω(n,Sn)−λ(βN ))
]

. ✭✶✳✹✮

✾
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◆♦$❡ $❤❛$ $❤❡ ❡①♣❡❝$❛$✐♦♥ ✐- $❛❦❡♥ ♦♥❧② ✇✐$❤ 2❡-♣❡❝$ $♦ $❤❡ -✐♠♣❧❡ 2❛♥❞♦♠ ✇❛❧❦✱ $❤✉-

WN ✐- ❛ 2❛♥❞♦♠ ✈❛2✐❛❜❧❡ ✇✐$❤ 2❡-♣❡❝$ $♦ $❤❡ ❡♥✈✐2♦♥♠❡♥$ ω❀ ♥♦$✐❝❡ $❤❛$ ✐$ ❛❧-♦ ❤❛- ♠❡❛♥

♦♥❡✳ ❚♦ ❛♥❛❧②③❡ $❤❡ ❜❡❤❛✈✐♦✉2 ♦❢ $❤✐- ♦❜❥❡❝$✱ ✇❡ ❞❡✜♥❡ -♦♠❡ ❛♣♣2♦①✐♠❛$✐♦♥- ❛- ❢♦❧❧♦✇-✳

▲❡$ a, b ∈ [0, 1] ✇✐$❤ a ≤ b ❛♥❞ M > 0 ❜❡ ❛ ♣♦-✐$✐✈❡ ✐♥$❡❣❡2✳ ❚❤❡♥✱ ❝♦♥-✐❞❡2

Za,b,N (β̂, x) = Ex

[

e
∑⌈Nb⌉

n=⌈Na⌉+1
(βNω(n,Sn)−λ(βN ))

]

, ✭✶✳✺✮

❛♥❞ ♠♦2❡ -♣❡❝✐✜❝❛❧❧②

Zk,M,N (β̂, x) := Z k
M

, k+1
M

,N = Ex

[

e
∑tk+1

n=tk+1(βNω(n,Sn)−λ(βN ))
]

, ✭✶✳✻✮

✇❤❡2❡ ✇❡ -❡$ t0 = 1 ❛♥❞ tk = ⌈N k
M ⌉✱ -♦ $❤❛$ $❤❡ ✈❛2✐❛❜❧❡- ❛2❡ ❞❡✜♥❡❞ ♦♥ ❞✐-❥♦✐♥$

$✐♠❡ ✐♥$❡2✈❛❧- ❛♥❞ ❛2❡ $❤✉- ✐♥❞❡♣❡♥❞❡♥$✳ ◆♦$✐❝❡ $❤❛$ ❛❧❧ $❤❡ ♦❜❥❡❝$- ❞❡✜♥❡❞ ❛2❡ 2❛♥❞♦♠

✈❛2✐❛❜❧❡- ♦❢ ❡①♣❡❝$❛$✐♦♥ ❡F✉❛❧ $♦ 1✳ ❋♦2 -✐♠♣❧✐❝✐$②✱ ✐♥ $❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛❣❡- ✇❡ ✇✐❧❧ ❞2♦♣

$❤❡ ✐♥❞❡①❡- N ❛♥❞ M ✳ ❲❡ ❛❧-♦ ✉-❡ $❤❡ -❤♦2$ ♥♦$❛$✐♦♥- WN = WN (β̂, 0) ❛♥❞ Za,b =

Za,b,N (β̂, 0)✳

❘❡♠❛$❦✳ ❙✐♥❝❡ $❤❡ -$❛2$✐♥❣ ♣♦✐♥$ x ❞♦❡- ♥♦$ ♣❧❛② ❛♥② ♣❛2$✐❝✉❧❛2 2♦❧❡ ❜② -♣❛❝❡✲-❤✐❢$

✐♥✈❛2✐❛♥❝❡✱ ✇❡ ❝❛♥ ❝♦♥-✐❞❡2 $❤❡ ✇❛❧❦ -$❛2$✐♥❣ ❢2♦♠ 0✱ ✇✐$❤♦✉$ ❧♦-- ♦❢ ❣❡♥❡2❛❧✐$②✳

✶✳✷ ❆ $❤❡♦(❡♠ ♦❢ ❝♦♥✈❡(❣❡♥❝❡

❚❤❡ ♣✉2♣♦-❡ ♦❢ $❤✐- -❡❝$✐♦♥ ✐- $♦ ♣2❡-❡♥$ -♦♠❡ ♣2❡❧✐♠✐♥❛2② 2❡-✉❧$-✱ ✇❤✐❝❤ ✇✐❧❧ ❧❛$❡2 $✉2♥

♦✉$ $♦ ❜❡ ❦❡② -$❡♣- ✐♥ $❤❡ ♣2♦♦❢ ♦❢ ✭✐✮✳ ❘❡❝❛❧❧ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ Za,b ❣✐✈❡♥ ✐♥ ✭✶✳✺✮✳ ❚❤❡

✜2-$ ❧❡♠♠❛ ✇❡ ♣2♦✈❡ ❡①❤✐❜✐$- ❛♥ ❛❧$❡2♥❛$✐✈❡ ❡①♣2❡--✐♦♥ ♦❢ $❤❡ -❡❝♦♥❞ ♠♦♠❡♥$ ♦❢ Za,b ✐♥

$❡2♠- ♦❢ $❤❡ ♥✉♠❜❡2 ♦❢ $✐♠❡- $❤❡ -✐♠♣❧❡ 2❛♥❞♦♠ ✇❛❧❦ ❝2♦--❡- ③❡2♦ ❛$ ❡✈❡♥ -$❡♣-✳

▲❡♠♠❛ ✶✳✷✳✶ ✭❙❡❝♦♥❞ ♠♦♠❡♥$ ♦❢ Za,b✮✳ ▲❡" λ2(βN ) := λ(2βN )−2λ(βN )✳ ❚❤❡♥ ❢♦) ❛♥②
a, b ∈ [0, 1] ✇✐"❤ a ≤ b✱ ✇❡ ❤❛✈❡

E[Z2
a,b] = E

[

e
λ2(βN )

∑⌈Nb⌉
n=⌈Na⌉+1

1S2n=0

]

✭✶✳✼✮

0)♦♦❢✳ ❲❡ ❤❛✈❡

E[Z2
a,b] = E

[

(

E

[

e
∑⌈Nb⌉

n=⌈Na⌉+1
(βNω(n,Sn)−λ(βN ))

])2
]

= E

[

E⊗2

[

e
∑⌈Nb⌉

n=⌈Na⌉+1
(βNω(n,S1

n)−λ(βN ))
e
∑⌈Nb⌉

n=⌈Na⌉+1
(βNω(n,S2

n)−λ(βN ))
]]

= E⊗2

[

E

[

e
∑⌈Nb⌉

n=⌈Na⌉+1
(βNω(n,S1

n)+βNω(n,S2
n)−2λ(βN ))

]]

= E⊗2





⌈Nb⌉
∏

n=⌈Na⌉+1

(

E

[

eβNω(n,S1
n)+βNω(n,S2

n)
]

e−2λ(βN )
)



 ,



✶✳✷✳ ❆ ❚❍❊❖❘❊▼ ❖❋ ❈❖◆❱❊❘●❊◆❈❊ ✶✶

✇❤❡$❡ %❤❡ ❧❛(% ❡)✉❛❧✐%② ❤♦❧❞( ❜② ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ %❤❡ ❞✐(♦$❞❡$ ω✳ ❆% %❤✐( ♣♦✐♥% ✇❡ ♥♦%✐❝❡

%❤❛%

E

[

eβNω(n,S1
n)+βNω(n,S2

n)
]

=

{

eλ(2βN )
✐❢ S1

n = S2
n

e2λ(βN )
✐❢ S1

n 6= S2
n,

%❤✉( ❞❡❞✉❝✐♥❣ %❤❛%

E

[

eβNω(n,S1
n)+βNω(n,S2

n)
]

e−2λ(βN ) =

{

eλ(2βN )−2λ(βN )
✐❢ S1

n = S2
n

1 ✐❢ S1
n 6= S2

n.

◆♦✇✱ ❛( %❤❡② ❛$❡ (%❛$%✐♥❣ ❢$♦♠ %❤❡ (❛♠❡ ♣♦✐♥%✱ (S1
n)n∈N ❛♥❞ (S2

n)n∈N ❤❛✈❡ %❤❡ (❛♠❡

♣❛$✐%②✱ %❤❡$❡❢♦$❡ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✿

E[Z2
a,b] = E⊗2





⌈Nb⌉
∏

n=⌈Na⌉+1

e
λ2(βN )1

S1
n=S2

n





= E⊗2

[

e
λ2(βN )

∑⌈Nb⌉
n=⌈Na⌉+1

1
S1
n=S2

n

]

= E

[

e
λ2(βN )

∑⌈Nb⌉
n=⌈Na⌉+1

1S2n=0

]

.

❘❡♠❛$❦ ✶✳✷✳✷✳ ■❢ "❤❡ ω✬& ❛(❡ ●❛✉&&✐❛♥✱ "❤❡♥ λ(βN ) =
β2
N
2 ❛♥❞ λ2(βN ) = β2N ✳

❚❤❡ (❡❝♦♥❞ $❡(✉❧% ✇❡ ✇❛♥% %♦ ♣$❡(❡♥% ✐♥ %❤✐( (❡❝%✐♦♥ ✐( ❛ %❤❡♦$❡♠ ♦❢ ❝♦♥✈❡$❣❡♥❝❡

❢♦$ %❤❡ (❡❝♦♥❞ ♠♦♠❡♥% ♦❢ %❤❡ ✈❛$✐❛❜❧❡( Za,b✳ ❚♦ ❞♦ (♦✱ ✇❡ (%❛$% ❜② $❡❝❛❧❧✐♥❣ ❛ ❝❤❛♦(

❡①♣❛♥(✐♦♥ ❢♦$♠✉❧❛✳

❘❡♠❛$❦ ✶✳✷✳✸ ✭❊①♣❛♥(✐♦♥ ♦❢ ❛ ♣$♦❞✉❝%✮✳

T
∏

k=1

(1 + xk) = 1 +
T
∑

k=1

∑

1≤n1<···<nk≤T

k
∏

i=1

xni ✭✶✳✽✮

❲❡ ❛$❡ ♥♦✇ $❡❛❞② %♦ ♣$♦✈❡ ❝♦♥✈❡$❣❡♥❝❡ ♦❢ %❤❡ (❡❝♦♥❞ ♠♦♠❡♥% ♦❢ Za,b ❛♥❞ ❝♦♥(❡)✉❡♥%❧②

❞❡❞✉❝❡ ❝♦♥✈❡$❣❡♥❝❡ ♦❢ E[W 2
N ] ✐%(❡❧❢✳

❚❤❡♦$❡♠ ✶✳✷✳✹ ✭❈♦♥✈❡$❣❡♥❝❡ ♦❢ %❤❡ (❡❝♦♥❞ ♠♦♠❡♥%✮✳ ❋♦( ❛♥② a, b ∈ [0, 1] ✇✐"❤ a ≤ b✱
✇❡ ❤❛✈❡

E
[

Z2
a,b

]

−−−−→
N→∞

eλ
2
a,b , ✭✶✳✾✮

✇❤❡(❡ λ2a,b := log
(

1−aβ̂2

1−bβ̂2

)

✳

❘❡♠❛$❦ ✶✳✷✳✺✳ ❚❤❡ ♣(❡✈✐♦✉& "❤❡♦(❡♠ ✐♠♣❧✐❡& "❤❛"

E[W 2
N ] −−−−→

N→∞
eλ

2
, ✭✶✳✶✵✮



✶✷ ❈❍❆#❚❊❘ ✶✳ #❘❊▲■▼■◆❆❘■❊❙

✇❤❡#❡ ✇❡ $❡% λ2 := λ20,1 = log
(

1
1−β̂2

)

✳ ■♥ ❢❛❝%✱ ✭✶✳✶✵✮ ❢♦❧❧♦✇$ ❢#♦♠

E
[

Z2
0,1

]

≤ E[W 2
N ] = E

[

E⊗2
[

e
∑N

n=1(βNω(n,S1
n)+βNω(n,S2

n)−2λ(βN ))
]]

= E⊗2
[

E

[

eβNω(1,S1
1)+βNω(1,S2

1)−2λ(βN )
]

E

[

e
∑N

n=2(βNω(n,S1
n)+βNω(n,S2

n)−2λ(βN ))
]]

= E⊗2
[

e
λ2(βN )1

S1
1=S2

1E

[

e
∑N

n=2(βNω(n,S1
n)+βNω(n,S2

n)−2λ(βN ))
]]

≤ eλ2(βN )
E[Z2

0,1],

❛♥❞ eλ2(βN ) −−−−→
N→∞

1 ❛$ λ2(βN ) ∼ β2N ✳

1#♦♦❢✳ ❚♦ ♣)♦✈❡ ✭✶✳✾✮ ✇❡ ✇✐❧❧ ♣)♦✈✐❞❡ ❛♥ ✉♣♣❡) ❛♥❞ ❛ ❧♦✇❡) ❜♦✉♥❞ ♦♥ 5❤❡ 7❡❝♦♥❞ ♠♦♠❡♥5

♦❢ Za,b ✭✇❡ )❡❢❡) 5♦ ❬✶✱ ❙❡❝✳ ✸❪ ❢♦) 7✐♠✐❧❛) ❝♦♠♣✉5❛5✐♦♥7✮✳

❈♦♥7✐❞❡) ΛN := eλ2(βN ) − 1 ❛♥❞ ❝❛❧❧ pn(x) = P0(Sn = x) 5❤❡ ♣)♦❜❛❜✐❧✐5② ♦❢ ❜❡✐♥❣ ✐♥

x ❛5 5✐♠❡ n ✇❤❡♥ 75❛)5✐♥❣ ❢)♦♠ 0✱ pn−m(x, y) 5❤❡ ♣)♦❜❛❜✐❧✐5② ♦❢ ❣♦✐♥❣ ❢)♦♠ x ❛5 5✐♠❡ m
5♦ y ❛5 5✐♠❡ n✳ ❇❡❢♦)❡ 75❛)5✐♥❣ ✇✐5❤ 5❤❡ ❝♦♠♣✉5❛5✐♦♥7✱ ♥♦5✐❝❡ 5❤❛5 ❢♦) ❛♥② k ≥ 1✿

eλ2(βN )1S2n=0 − 1 = (eλ2(βN ) − 1)1S2n=0 = ΛN1S2n=0 ✭✶✮

{

(n1, . . . , nk) 7✳5✳ ⌈Na⌉+ 1 ≤ n1 < · · · < nk ≤ ⌈N b⌉
}

⊂ ΩN :=
{

(n1, . . . , nk) 7✳5✳

ni − ni−1 ∈ J1, ⌈N b⌉K ❢♦) i = 2, . . . , k ❛♥❞ n1 ∈ J⌈Na⌉, ⌈N b⌉K
}

✭✷✮

{

(n1, . . . , nk) 7✳5✳ ⌈Na⌉+ 1 ≤ n1 < · · · < nk ≤ ⌈N b⌉
}

⊃ ΓN :=
{

(n1, . . . , nk) 7✳5✳

ni − ni−1 ∈ J1,
⌈N b⌉ − ⌈Na⌉

k
K ❢♦) i = 2, . . . , k

❛♥❞ n1 ∈ J⌈Na⌉+ 1, ⌈Na⌉+ 1 +
⌈N b⌉ − ⌈Na⌉

k
K
}

,

✭✸✮

✇❤❡)❡ ✇❡ ✉7❡ 5❤❡ ♥♦5❛5✐♦♥ JA,BK := [A,B] ∩ Z✳

▲❡5 ♥♦✇ n0 = 0 ❛♥❞ )❡❝❛❧❧ 5❤❛5 Rh :=
∑h

n=1 p2n(0)✱ h ≥ 1✳ ❚❤❡♥✱ ✉'✐♥❣ ▲❡♠♠❛ ✶✳✷✳✶✱

✇❡ ❝♦♠♣✉3❡ ❛♥ ✉♣♣❡4 ❜♦✉♥❞✿

E
[

Z2
a,b

]

✭✶✳✼✮

= E

[

e
∑⌈Nb⌉

n=⌈Na⌉+1
λ2(βN )1S2n=0

]

= E





⌈Nb⌉
∏

n=⌈Na⌉+1

eλ2(βN )1S2n=0





1
= E





⌈Nb⌉
∏

n=⌈Na⌉+1

(ΛN1S2n=0 + 1)





✭✶✳✽✮

= E



1 +

∞
∑

k=1

∑

⌈Na⌉+1≤n1<···<nk≤⌈Nb⌉

k
∏

i=1

ΛN1S2ni
=0





= 1 +
∞
∑

k=1

∑

⌈Na⌉+1≤n1<···<nk≤⌈Nb⌉

k
∏

i=1

ΛNp2(ni−ni−1)(0).
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❆# #❤✐& ♣♦✐♥#✱ ✐♥#+♦❞✉❝✐♥❣ ΩN ❢+♦♠ ✭✷✮✱ ✇❡ ♦❜#❛✐♥ ✉&✐♥❣ ✭✷✮ #❤❛#

E
[

Z2
a,b

]
✭✷✮

≤ 1 +
∞
∑

k=1

Λk
N

∑

ni∈ΩN

k
∏

i=1

p2(ni−ni−1)(0),

&♦✱ ✐❢ ❢♦+ i ≥ 2 ✇❡ ❝❛❧❧ ñ := ni − ni−1✱ ❜② ❞❡✜♥✐#✐♦♥ ♦❢ ΩN ❛♥❞ ♦❢ Rh ✇❡ +❡❝♦✈❡+ #❤❛# ❢♦+

❡✈❡+② k ≥ 1

∑

ni∈ΩN

k
∏

i=1

p2(ni−ni−1)(0) =
∑

ni∈ΩN

p2n1(0)p2(ni−ni−1)(0) · · · p2(nk−nk−1)(0)

=
∑

n1∈JNa,NbK

p2n1(0)





∑

ñ∈J1,NbK

p2ñ(0)





k−1

=
(

R⌈Nb⌉ −R⌈Na⌉

)(

R⌈Nb⌉

)k−1
.

✭✶✳✶✶✮

◆♦✇ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ✇✐#❤ ❛♥ ✉♣♣❡+ ❜♦✉♥❞✿

E
[

Z2
a,b

]

≤ 1 +
∞
∑

k=1

(ΛN )k(R⌈Nb⌉ −R⌈Na⌉)(R⌈Nb⌉)
k−1

= 1 +
ΛN (R⌈Nb⌉ −R⌈Na⌉)

1− ΛNR⌈Nb⌉

−−−−→
N→∞

1 +
(b− a)β̂2

1− bβ̂2
✭✶✳✶✷✮

=
1− aβ̂2

1− bβ̂2
= eλ

2
a,b ,

✇❤❡+❡ #❤❡ ❝♦♥✈❡+❣❡♥❝❡ ❤♦❧❞& #❤❛♥❦& #♦ ✭✶✳✸✮✱ ❛& ✐# ❛❧&♦ ✐♠♣❧✐❡& #❤❛#

ΛN ∼ β̂2π

logN
, ✭✶✳✶✸✮

❜❡❝❛✉&❡✱ ❢♦+ N → ∞✱ eβ
2
N − 1 = eβ̂

2/RN − 1 ∼ β̂2

RN

✭✶✳✸✮∼ πβ̂2

logN ✳

❲✐#❤ &✐♠✐❧❛+ ❝♦♠♣✉#❛#✐♦♥&✱ ✇❡ ❝❛♥ ❛❧&♦ ❞❡#❡+♠✐♥❡ ❛ ❧♦✇❡+ ❜♦✉♥❞✳

■♥ ❢❛❝#✱ ✇❡ ❤❛✈❡ #❤❛#

E
[

Z2
a,b

]

=

∞
∑

k=0

(ΛN )k
∑

⌈Na⌉+1≤n1<···<nk≤⌈Nb⌉

k
∏

i=1

p2(ni−ni−1)(0)

= 1 +
∞
∑

k=1

(ΛN )k
∑

⌈Na⌉+1≤n1<···<nk≤⌈Nb⌉

k
∏

i=1

p2(ni−ni−1)(0),

#❤✉&✱ &❡##✐♥❣ ΓN ❛& ✐♥ ✭✸✮✱ ✇❡ ❣❡# #❤❛#

E
[

Z2
a,b

]
✭✸✮

≥ 1 +
∞
∑

k=1

(ΛN )k
∑

ni∈Γn

k
∏

i=1

p2(ni−ni−1)(0),
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"♦ ❛" "✐♠✐❧❛(❧② "❡❡♥ ✐♥ ✭✶✳✶✶✮✱ ✐❢ ❢♦( i ≥ 2 ✇❡ ❝❛❧❧ ñ := ni − ni−1✱ ❜② ❞❡✜♥✐6✐♦♥ ♦❢ ΓN ❛♥❞

♦❢ Rh ✇❡ (❡❝♦✈❡( 6❤❛6 ❢♦( ❡✈❡(② k ≥ 1

E
[

Z2
a,b

]

≥ 1 +
∞
∑

k=1

(ΛN )k







⌈Na⌉+1+
⌈Nb⌉−⌈Na⌉

k
∑

n1=⌈Na⌉+1

p2n1(0)













⌈Nb⌉−⌈Na⌉
k
∑

ñ=1

p2ñ(0)







k−1

,

"♦ 6❤❛6

E
[

Z2
a,b

]

≥ 1 +
∞
∑

k=1

(ΛN )k
(

R
⌈Na⌉+1+

⌈Nb⌉−⌈Na⌉
k

−R⌈Na⌉+1

)(

R ⌈Nb⌉−⌈Na⌉
k

)k−1

∀M0≥0
≥ 1 +

M0
∑

k=1

(ΛN )k
(

R
⌈Na⌉+1+

⌈Nb⌉−⌈Na⌉
M0

−R⌈Na⌉+1

)(

R ⌈Nb⌉−⌈Na⌉
M0

)k−1

= 1 +





R
⌈Na⌉+1+

⌈Nb⌉−⌈Na⌉
M0

−R⌈Na⌉+1

R ⌈Nb⌉−⌈Na⌉
M0















1−
(

ΛNR ⌈Nb⌉−⌈Na⌉
M0

)M0+1

1− ΛNR ⌈Nb⌉−⌈Na⌉
M0

− 1











.

❙♦✱ ❜② ✭✶✳✸✮ ❛♥❞ ✭✶✳✶✸✮✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ 6❤❛6 ∀M0 > 0

lim inf
N→∞











1 +





R
⌈Na⌉+1+

⌈Nb⌉−⌈Na⌉
M0

−R⌈Na⌉+1

R ⌈Nb⌉−⌈Na⌉
M0















1−
(

ΛNR ⌈Nb⌉−⌈Na⌉
M0

)M0+1

1− ΛNR ⌈Nb⌉−⌈Na⌉
M0

− 1





















= 1 +

(

(b− a)β̂2

bβ̂2

)(

1− (bβ̂2)M0+1

1− bβ̂2
− 1

)

−−−−−→
M0→∞

1 +

(

(b− a)β̂2

bβ̂2

)

(

1

1− bβ̂2
− 1

)

=
1− aβ̂2

1− bβ̂2
= eλ

2
a,b ,

❛♥❞ ✐♥ ♣❛(6✐❝✉❧❛(

lim inf
N→∞

E
[

Z2
a,b

]

≥ eλ
2
a,b .



❈❤❛♣$❡& ✷

❈❡♥#$❛❧ ▲✐♠✐# ❚❤❡♦$❡♠

❚❤❡ ❛✐♠ ♦❢ (❤✐) ❝❤❛♣(❡, ✐) (♦ ❣✐✈❡ ❛♥ ❛❧(❡,♥❛(✐✈❡ ♣,♦♦❢ ♦❢ (❤❡ ❈❡♥(,❛❧ ▲✐♠✐( ❚❤❡♦,❡♠ ❢♦,

2d ❞✐,❡❝(❡❞ ♣♦❧②♠❡,) (♦ (❤❡ ❛❧,❡❛❞② ❡①✐)(✐♥❣ ♣,♦♦❢ ♦❢ ❬✶❪ ❛♥❞ ❬✺❪✳ ■♥ ♣❛,(✐❝✉❧❛,✱ ✇❡ ✇✐❧❧
❢♦❝✉) ♦♥ ♣,♦✈✐♥❣ ✭✐✮✳ ❲❡ ❜❡❣✐♥ ❜② ❡①♣❧❛✐♥✐♥❣ (❤❡ ❤✐❣❤✲❧❡✈❡❧ )(,✉❝(✉,❡ ♦❢ (❤❡ ♣,♦♦❢✳

✷✳✶ ❍❡✉&✐()✐❝( ♦❢ )❤❡ ♣&♦♦❢

❚❤❡♦$❡♠ ✷✳✶✳✶ ✭❈❡♥(,❛❧ ▲✐♠✐( ❚❤❡♦,❡♠✮✳

WN
L−−−−→

N→∞
eN(−λ2

2
,λ2)

❢♦" β̂ < 1 ✭✐✮

WN
P−−−−→

N→∞
0 ❢♦" β̂ ≥ 1. ✭✐✐✮

❚❤❡ ♣,♦♦❢ ✇❡ ❛✐♠ (♦ ♣✉( ❢♦,✇❛,❞ ✐) ❞✐✈✐❞❡❞ ✐♥ ♠✉❧(✐♣❧❡ )(❡♣)✳

❋✐,)(✱ ❛) ❞♦♥❡ ✐♥ ✭✶✳✻✮✱ ❢♦, M > 0 ❛♥❞ k ∈ N✱ ✇❡ ❞❡✜♥❡ (❤❡ ✐♥❞❡♣❡♥❞❡♥( ✈❛,✐❛❜❧❡)

Zk(β̂, x) := E

[

e
∑tk+1

n=tk+1(βNω(n,Sn)−λ(βN ))
]

✇✐(❤ t0 = 1, tk = ⌈N k
M ⌉. ✭✷✳✶✮

❘❡❝❛❧❧ (❤❛( ✐♥ ❚❤❡♦,❡♠ ✶✳✷✳✹ ✇❡ ♣,♦✈❡❞ ❝♦♥✈❡,❣❡♥❝❡ (♦ eλ
2
a,b
♦❢

Za,b(β̂, x) := E

[

e
∑⌈Nb⌉

n=⌈Na⌉+1
(βNω(n,Sn)−λ(βN ))

]

,

❢♦, ❛♥② a, b ∈ [0, 1]✱ a ≤ b✳ ❚❤✐) ❛❧)♦ ♣,♦✈❡) (❤❛( (❤❡ )❡❝♦♥❞ ♠♦♠❡♥( ♦❢ (❤❡ ♣❛,(✐(✐♦♥
❢✉♥❝(✐♦♥ WN ❛♥❞ (❤❡ )❡❝♦♥❞ ♠♦♠❡♥( ♦❢ (❤❡ ♣,♦❞✉❝( ♦❢ (❤❡ Zk✬) ❛) N (❡♥❞) (♦ ✐♥✜♥✐(②

❝♦♥✈❡,❣❡ (♦ eλ
2
✳

❚❤❡♥✱ (❤❡ ✜,)( )(❡♣ ✐♥ (❤❡ ♣,♦♦❢ ♦❢ ✭✐✐✮ ✐) (♦ )❤♦✇ (❤❛( (❤❡ ♣,♦❞✉❝( ♦❢ (❤❡ Zk✬)

❛♣♣,♦①✐♠❛(❡) (❤❡ ♣❛,(✐(✐♦♥ ❢✉♥❝(✐♦♥ ♦❢ (❤❡ 2d ♣♦❧②♠❡, ✐♥ L2
✱ ♥❛♠❡❧② (❤❛( ❢♦, ❡✈❡,②

M > 0 ✇❡ ❤❛✈❡

WN −
M−1
∏

k=0

Zk
L2

−−−−→
N→∞

0. ✭✷✳✷✮

✶✺
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❖♥❡ ❝❛♥ ♣(♦✈❡ +❤✐. .+❛+❡♠❡♥+ ❜② ❝♦♥.✐❞❡(✐♥❣ +❤(❡❡ ❝♦♣✐❡. ♦❢ +❤❡ (❛♥❞♦♠ ✇❛❧❦ .+❛(+✐♥❣

❢(♦♠ +❤❡ .❛♠❡ ♣♦✐♥+ ❛♥❞ ♣(♦✈✐♥❣ .♦♠❡ ❛.②♠♣+♦+✐❝ ✐♥❞❡♣❡♥❞❡♥❝❡✳

❚❤❡♥✱ ✇❡ ❞❡✜♥❡ +❤❡ ❝❡♥+❡(❡❞ (❛♥❞♦♠ ✈❛(✐❛❜❧❡ Uk := Zk − 1 ❛♥❞ ❝♦♥.❡<✉❡♥+❧② ♣(♦✈❡

+❤❛+

log
M−1
∏

k=0

Zk =
M−1
∑

k=0

log(1 + Uk)

✐. ❝❧♦.❡ ✐♥ ♣(♦❜❛❜✐❧✐+② +♦

M−1
∑

k=0

(Uk −
1

2
U2
k ).

❚❤❡ ❦❡② .+❡♣ ✐♥ +❤❡ ♣(♦♦❢ ♦❢ +❤✐. ❚❛②❧♦% ❡①♣❛♥*✐♦♥ ✐. ❛ <✉❛♥+✐+❛+✐✈❡ ❜♦✉♥❞ ♦♥ +❤❡ 2 + ε
♠♦♠❡♥+ ♦❢ +❤❡ Uk✱ ✇❤✐❝❤ ❝❛♥ ❜❡ (❡❝♦✈❡(❡❞ +❤❛♥❦. +♦ ❤②♣❡%❝♦♥.%❛❝.✐✈✐.② ♦❢ ♣♦❧②♥♦♠✐❛❧

❝❤❛♦. ✭❬✷❪✱ ❡<✳ ✭✸✳✶✵✮✮✳ ■♥ ♣❛(+✐❝✉❧❛(✱ ✇❡ ❛(❡ ❛❜❧❡ +♦ .+❛+❡ +❤❛+

E[U2+ε
k ] ≤ c

M1+ ε
2

, ✭✷✳✸✮

✇❤❡(❡ c > 0 ❞❡♥♦+❡. ❛ ❝♦♥.+❛♥+ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ β̂✳
❲❡ ❝♦♥+✐♥✉❡ +❤❡ ♣(♦♦❢ ♦❢ +❤❡ +❤❡♦(❡♠ ❜② ✉.✐♥❣ ❛ ❜♦✉♥❞ ♦♥ +❤❡ ❲❛..❡(.+❡✐♥ ❞✐.+❛♥❝❡

❜❡+✇❡❡♥ +❤❡ ❧❛✇ ♦❢ +❤❡ .✉♠ ♦❢ +❤❡ Uk✬. ❛♥❞ +❤❡ ❧❛✇ ♦❢ ❛ ●❛✉..✐❛♥ ✇✐+❤ ♠❡❛♥ 0 ❛♥❞

✈❛(✐❛♥❝❡ λ2 ✭❬✹❪✱ ❡<✳ ✭✶✳✸❜✮✮✳ ■♥ ♣❛(+✐❝✉❧❛(✿

W1

(

L

(

M−1
∑

k=0

Uk

)

,N(0, λ2)

)

≤ c
M−1
∑

k=0

E[U2+ε
k ]

✭✷✳✸✮

≤ c

M
ε
2

.

❋✉(+❤❡(♠♦(❡✱ ❜② ❛ +(✉♥❝❛+✐♦♥ ❛(❣✉♠❡♥+✱ ✭✷✳✸✮ ❡♥❛❜❧❡. ✉. +♦ ❛(❣✉❡ +❤❛+

∑M−1
k=0

U2
k
2 ❝♦♥✲

❝❡♥+(❛+❡. ❛(♦✉♥❞ ✐+. ♠❡❛♥✱ ✇❤✐❝❤ ✇❡ ♣(♦✈❡ +♦ ❜❡ ❛.②♠♣+♦+✐❝❛❧❧② ❝❧♦.❡ +♦

λ2

2 ✳

❆+ +❤✐. ♣♦✐♥+ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✿ ❝♦♠❜✐♥✐♥❣ ✭✷✳✷✮ ❛♥❞ +❤❡ ❢❛❝+ +❤❛+ log
∏M−1

k=0 Zk ✐. ❝❧♦.❡

✐♥ ♣(♦❜❛❜✐❧✐+② +♦

∑M−1
k=0

(

Uk − U2
k
2

)

✱ ✇❤✐❝❤ ✐. ✐+.❡❧❢ ❝❧♦.❡ +♦ N

(

−λ2

2 , λ
2
)

✱ +❤❡ ❝♦♥❝❧✉.✐♦♥

❢♦❧❧♦✇.

WN
L−−−−→

N→∞
eN(−λ2

2
,λ2).

❘❡♠❛$❦ ✷✳✶✳✷ ✭❈♦♥♥❡❝+✐♦♥ +♦ ❜(❛♥❝❤✐♥❣ (❛♥❞♦♠ ✇❛❧❦.✮✳ ❆* ❛ ❜②♣%♦❞✉❝. ♦❢ .❤❡ ♣%♦♦❢✱ ✐.

❤♦❧❞* .❤❛. ♣♦✐♥.✇✐*❡ logWN (x)−E[logWN (x)] ≈Mn(x)✱ ✇❤❡%❡Mn(x) =
∑M−1

k=0 Zk(x)−1
✐* ❛ *✉♠ ♦❢ ✐♥❞❡♣❡♥❞❡♥. %❛♥❞♦♠ ✈❛%✐❛❜❧❡* ✭✇✐.❤ ♥♦♥✲❝♦♥*.❛♥. ✈❛%✐❛♥❝❡✮✳ ■. .✉%♥* ♦✉. .❤❛.

(MN (x))✱ |x| ≤
√
N ❝❛♥ ❜❡ ✐♥.❡%♣%❡.❡❞ ❛* ❛ ❜%❛♥❝❤✐♥❣ %❛♥❞♦♠ ✇❛❧❦ ♣%♦❝❡** ✭✈❡%② %♦✉❣❤❧②✱

.❤❡ ♣♦✐♥.* |x| ≤
√
N *.❛♥❞ ❢♦% .❤❡ ❧❡❛✈❡* ♦❢ .❤❡ ❜✐♥❛%② .%❡❡ ♦❢ .❤❡ ❝♦%%❡*♣♦♥❞✐♥❣ ❜%❛♥❝❤✐♥❣

%❛♥❞♦♠ ✇❛❧❦✮✳ ❲❡ %❡❢❡% .♦ ❬✼❪ ❢♦% ❛♥ ✐♥.%♦❞✉❝.✐♦♥ .♦ ❇%❛♥❝❤✐♥❣ %❛♥❞♦♠ ✇❛❧❦* ❛♥❞ .❤❡✐%

%❡❧❛.✐♦♥ .♦ .❤❡ ♠❛①✐♠✉♠ ♦❢ ❧♦❣✲❝♦%%❡❧❛.❡❞ ✜❡❧❞*✳ ❲❡ ♥♦.❡ .❤❛. ✐♥ ❣❡♥❡%❛❧✱ *.✉❞②✐♥❣ .❤❡

♠❛①✐♠✉♠ ♦❢ ❧♦❣✲❝♦%%❡❧❛.❡❞ ✜❡❧❞* %❡E✉✐%❡* ❛ ❝♦♠♣❛%✐*♦♥ .♦ *♦♠❡ ✉♥❞❡%❧②✐♥❣ ❜%❛♥❝❤✐♥❣

%❛♥❞♦♠ ✇❛❧❦✳ ❍❡%❡✱ ✇❡ ❜❡❧✐❡✈❡ .❤❛. Mn(x) ✐* ❛ ❣♦♦❞ ❝❛♥❞✐❞❛.❡ ❢♦% *✉❝❤ ❛ ❝♦♠♣❛%✐*♦♥✱
✇❤✐❝❤ ♠❛② ❤❡❧♣ .♦ ♦❜.❛✐♥ *❤❛%♣ ❡*.✐♠❛.❡* ♦♥ .❤❡ ♠❛①✐♠✉♠ ♦❢ logWN (x) ❢♦% |x| ≤

√
N

✭*❡❡ ❬✸❪ ❢♦% ❛ ♠♦%❡ ❡①.❡♥❞❡❞ ❞✐*❝✉**✐♦♥ ❛❜♦✉. .❤✐* E✉❡*.✐♦♥✮✳
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 !♦♣♦$✐&✐♦♥ ✷✳✷✳✶✳ ❋♦" ❛❧❧ ✐♥'❡❣❡"* M > 0 ✇❡ ❤❛✈❡

WN −
M−1
∏

k=0

Zk
L2

−−−−→
N→∞

0. ✭✷✳✹✮

."♦♦❢✳ ❘❡❝❛❧❧ ,❤❛, t1 = ⌈N1/M⌉✳ ❋✐① M > 0 ❛♥❞ ❝♦♥4✐❞❡5

Z0(β̂, x) = E
[

e
∑t1

n=1 hn

]

Z̃0(β̂, x) = E
[

e
∑N

n=t1+1 hn

]

,

✇❤❡5❡ ✇❡ ❞❡✜♥❡❞

hn := βNω(n, Sn)− λ(βN ).

■♥ ♣❛5,✐❝✉❧❛5✱ Z0 ⊥⊥ Z̃0 ❛4

Z0 ∈ σ
({

ω(n, ·) ❢♦5 n ≤ ⌈N1/M⌉
})

, Z̃0 ∈ σ
({

ω(n, ·) ❢♦5 n ≥ ⌈N1/M⌉+ 1
})

.

❲❡ ✜54, ♣5♦✈❡ ,❤❛,

E[|WN − Z0Z̃0|2] −−−−→
N→∞

0. ✭✷✳✺✮

❲❡ ❤❛✈❡ E[|WN −Z0Z̃0|2] = E[W 2
N ]− 2E[WNZ0Z̃0] +E[Z2

0 Z̃
2
0 ] ❛♥❞ ❜② ❚❤❡♦5❡♠ ✶✳✷✳✹ ✇❡

❦♥♦✇ ,❤❛,

E[W 2
N ] −−−−→

N→∞
eλ

2
✭✷✳✻✮

E[Z2
0 Z̃

2
0 ] = E[Z2

0 ]E[Z̃
2
0 ] −−−−→

N→∞

1

1− 1
M β̂2

· 1−
1
M β̂2

1− β̂2
= eλ

2
; ✭✷✳✼✮

,❤✉4✱ ✐, 4✉✣❝❡4 ,♦ ♣5♦✈❡ ,❤❛, E[WNZ0Z̃0] −−−−→
N→∞

eλ
2
✳

❈♦♥4✐❞❡5 S1, S2
❛♥❞ S3

,❤5❡❡ ✐♥❞❡♣❡♥❞❡♥, ❝♦♣✐❡4 ♦❢ ,❤❡ 5❛♥❞♦♠ ✇❛❧❦ 4,❛5,✐♥❣ ❛❧❧ ❢5♦♠

,❤❡ ♦5✐❣✐♥✳ ❲❡ ❝❛♥ ✇5✐,❡

WNZ0Z̃0 = E
[

e
∑N

n=1 hn

]

E
[

e
∑t1

n=1 hn

]

E
[

e
∑N

n=t1+1 hn

]

= E⊗3
[

e
∑N

n=1 h
1
ne

∑t1
n=1 h

2
ne

∑N
n=t1+1 h

3
n

]

= E⊗3
[

e
∑t1

n=1 h
1,2
n e

∑N
n=t1+1 h

1,3
n

]

,

✇❤❡5❡ ✇❡ 4❡,

hin := βNω(n, S
i
n)− λ(βN ) ❢♦5 i ∈ {1, 2, 3}

h1,jn := βNω(n, S
1
n) + βNω(n, S

j
n)− 2λ(βN ) ❢♦5 j ∈ {2, 3}.
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❲❡ $❤❡♥ ♥♦$✐❝❡ $❤❛$

e1 = e
∑t1

n=1 h
1,2
n ∈ σ

({

ωn ❢♦, n ≤ ⌈N1/M⌉
})

e2 = e
∑N

n=t1+1 h
1,3
n ∈ σ

({

ωn ❢♦, n ≥ ⌈N1/M⌉+ 1
})

,

$❤✉. e1 ⊥⊥ e2 ✇✐$❤ ,❡.♣❡❝$ $♦ P ❛♥❞ ✇❡ ❝❛♥ ✇,✐$❡

E[WNZ0Z̃0] = E
[

E⊗3[e1e2]
]

= E⊗3 [E[e1e2]] = E⊗3 [E[e1]E[e2]] .

❉❡✜♥✐♥❣ ♥♦✇

l1,jn := λ2(βN )1
S1
n=Sj

n
❢♦, j ∈ {2, 3},

❛♥❛❧♦❣♦✉.❧② .❡❡♥ ✐♥ $❤❡ ♣,♦♦❢ ♦❢ ▲❡♠♠❛ 1.2.1✱ ✇❡ ❤❛✈❡

E

[

e
∑T

n=1 h
1,j
n

]

= e
∑T

n=1 l
1,j
n ,

✇❤✐❝❤ ✐♠♣❧✐❡.

E[e1] = e
∑t1

n=1 l
1,2
n , E[e2] = e

∑N
n=t1+1 l

1,3
n

❛♥❞ $❤✉.

E[WNZ0Z̃0] = E⊗3
[

e
∑t1

n=1 l
1,2
n e

∑N
n=t1+1 l

1,3
n

]

.

❲❡ ✇♦✉❧❞ ♥♦✇ ❧✐❦❡ $♦ .♣❧✐$ $❤❡ $,✐♣❧❡ ♠❡❛♥ ✐♥$♦ $❤❡ ♣,♦❞✉❝$ ♦❢ $✇♦ ♠❡❛♥.✿ .✉❝❤ $❤✐♥❣

❝❛♥♥♦$ ❜❡ ❞♦♥❡ ,✐❣❤$ ❛✇❛② ❛. $❤❡ $✇♦ ❢❛❝$♦,. ✐♥.✐❞❡ $❤❡ ♠❡❛♥ ❛,❡ ♥♦$ ✐♥❞❡♣❡♥❞❡♥$ ✭S1
n

✐. ♣,❡.❡♥$ ✐♥ ❜♦$❤✮✳ ❍♦✇❡✈❡,✱ $❤❡ ♥✉♠❜❡, ♦❢ $✐♠❡. ✐♥ ✇❤✐❝❤ S1
n ❛♥❞ S2

n ♠❡❡$ .❤♦✉❧❞

♥♦$ ✐♥$❡,❢❡,❡ ♦♥ $❤❡ ❧♦♥❣ ,✉♥ ✇✐$❤ $❤❡ ♥✉♠❜❡, ♦❢ $✐♠❡. S1
n ❛♥❞ S3

n ♠❡❡$✱ $❤❡,❡❢♦,❡ .♦♠❡

.♣❧✐$$✐♥❣ .❤♦✉❧❞ ❜❡ ❛❧❧♦✇❡❞✳

❇❡❢♦,❡ ❣♦✐♥❣ ♦♥ ✇✐$❤ $❤❡ ❝♦♠♣✉$❛$✐♦♥.✱ ✜① α > 0 ❛♥❞ ❞❡✜♥❡ $❤❡ .❡$

AN = {x ∈ Z
2 : |x| ≤ α−1

√
t1, |x|1 = 2k ❢♦, .♦♠❡ k ∈ N},

✇❤❡,❡ ✇✐$❤ | · | ✇❡ ❞❡♥♦$❡ $❤❡ L2
♥♦,♠ ❛♥❞ ✇✐$❤ | · |1 $❤❡ L1

♥♦,♠✳ ❚❤✐. ✇✐❧❧ ❜❡ ✉.❡❢✉❧

✇❤❡♥ ❝♦♥.✐❞❡,✐♥❣ $❤❡ ❞✐✛❡,❡♥❝❡ S1
n − S3

n✱ ✇❤✐❝❤ ✐. ✐♥ ❧❛✇ ❡F✉❛❧ $♦ S2n✿ ✐♥❞❡❡❞✱ ❛. $❤❡

❝♦♣✐❡. ♦❢ $❤❡ ,❛♥❞♦♠ ✇❛❧❦ ✇❡ ❛,❡ ❝♦♥.✐❞❡,✐♥❣ .$❛,$ ❛$ $❤❡ .❛♠❡ ♣♦✐♥$✱ $❤❡② ❤❛✈❡ $❤❡

.❛♠❡ ♣❛,✐$② ❛♥❞ $❤✉. $❤❡✐, ❞✐✛❡,❡♥❝❡ ♦♥❧② ♣,♦❝❡❡❞. ✇✐$❤ ❡✈❡♥ .$❡♣.✳ ❚❤❡,❡❢♦,❡✱ ❝❛❧❧✐♥❣

l2n := λ2(βN )1S2n=0✱ ✇❡ ❣❡$

E⊗2
x,y

[

e
∑N−t1

n=1 l1,3n

]

= Ex−y

[

e
∑N−t1

n=1 l2n
]

. ✭✷✳✽✮

❲❡ ❛,❡ ♥♦✇ ✐♥ $❤❡ ♣♦.✐$✐♦♥ $♦ ❝♦♥$✐♥✉❡✿

E[WNZ0Z̃0] = E⊗3
[

e
∑t1

n=1 l
1,2
n e

∑N
n=t1+1 l

1,3
n

]

▼❛"❦♦✈ &"♦♣❡")②

= E⊗3

[

e
∑t1

n=1 l
1,2
n E⊗2

S1
t1
,S3

t1

[

e
∑N−t1

n=1 l1,3n

]

]

≥ E⊗3

[

e
∑t1

n=1 l
1,2
n 1S1

t1
−S3

t1
∈AN

E⊗2
S1
t1
,S3

t1

[

e
∑N−t1

n=1 l1,3n

]

]

✭✷✳✽✮

= E⊗3
[

e
∑t1

n=1 l
1,2
n 1S1

t1
−S3

t1
∈AN

ES1
t1
−S3

t1

[

e
∑N−t1

n=1 l2n
]]

≥ E⊗2
[

e
∑t1

n=1 l
1,2
n 1S1

t1
−S3

t1
∈AN

]

inf
x∈AN

Ex

[

e
∑N−t1

n=1 l2n
]

.



✷✳✷✳ ❙❚❊% ✶ ✶✾

❉❡✜♥❡ ♥♦✇

ψN = E⊗2
[

e
∑t1

n=1 l
1,2
n 1S1

t1
−S3

t1
∈AN

]

, ϕN = inf
x∈AN

Ex

[

e
∑N−t1

n=1 l2n
]

,

(♦ )❤❛) E[WNZ0Z̃0] ≥ ψNϕN ✳ ❍❡♥❝❡✱ ✐) (✉✣❝❡( )♦ (❤♦✇ )❤❛)

lim inf
α→0

lim inf
N→∞

ψN ≥ e
λ2
0,1/M

✭✷✳✾✮

❛♥❞ )❤❛)

lim
α→0

lim inf
N→∞

ϕN ≥ e
λ2
1/M,1 . ✭✷✳✶✵✮

❙♦✱ ❢♦: α > 0 ❛:❜✐):❛:②✱ ✇❡ ✇♦✉❧❞ ♦❜)❛✐♥ )❤❛)

lim inf
N→∞

E[WNZ0Z̃0] ≥ e
λ2
0,1/M e

λ2
1/M,1 = eλ

2
. ✭✷✳✶✶✮

❋✐:()✱ ✇❡ ❡()✐♠❛)❡ ψN ✿ ❛( 1A = 1− 1
c
A✱ ✇❡ ❤❛✈❡

ψN = E⊗2
[

e
∑t1

n=1 l
1,2
n

]

− E⊗2
[

e
∑t1

n=1 l
1,2
n 1S1

t1
−S3

t1
6∈AN

]

✭✷✳✶✷✮

❜✉) ✇❡ ❦♥♦✇ ❢:♦♠ ❚❤❡♦:❡♠ ✶✳✷✳✹ )❤❛)✱ :❡❝❛❧❧✐♥❣ t1 = ⌈N1/M⌉✱

E⊗2
[

e
∑t1

n=1 l
1,2
n

]

−−−−→
N→∞

e
λ2
0,1/M =

1

1− 1
M β̂

, ✭✷✳✶✸✮

(♦ ✐) (✉✣❝❡( )♦ ❡()✐♠❛)❡ )❤❡ (❡❝♦♥❞ )❡:♠ ♦❢ ✭✷✳✶✷✮✳ ❇② ❍H❧❞❡: ■♥❡J✉❛❧✐)② ✇✐)❤ p, q ≥ 1
(✳)✳

1
p + 1

q = 1✱ ✇❡ ❤❛✈❡

E⊗2
[

e
∑t1

n=1 l
1,2
n 1S1

t1
−S3

t1
6∈AN

]

≤ E⊗2
[(

e
∑t1

n=1 l
1,2
n

)p] 1
p
P⊗2

(

S1
t1 − S3

t1 6∈ AN

)
1
q

= E⊗2
[(

e
∑t1

n=1 l
1,2
n

)p] 1
p
P
(

|S2t1 | > α−1N
1

2M

) 1
q
,

(♦ )❤❛)

lim sup
α→0

lim sup
N→∞

E⊗2
[

e
∑t1

n=1 l
1,2
n 1S1

t1
−S3

t1
6∈AN

]

= 0. ✭✷✳✶✹✮

◆♦)✐❝❡ )❤❛) ✭✷✳✶✹✮ ❤♦❧❞( ):✉❡ ❜❡❝❛✉(❡✱ ❢♦: p = p(β̂) ≥ 1 (♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

E⊗2

[

e
pλ2(βN )

∑t1
n=1 1S1

n=S2
n

] 1
p

−−−−→
N→∞

e
λ(pβ̂)2

0, 1
M =

1

1− 1
M pβ̂

≤ 1

1− pβ̂
<∞

❛♥❞✱ ❜② ❍♦❡✛❞✐♥❣✬( ✐♥❡J✉❛❧✐)②✱ ✇❡ ❛❧(♦ ❤❛✈❡

P
(

|S2t1 | > α−1N
1

2M

) 1
q ≤ e−cα−2 −−−→

α→0
0.

❙♦ ❜② ✭✷✳✶✷✮✱ ✭✷✳✶✸✮ ❛♥❞ ✭✷✳✶✹✮ ✇❡ ❤❛✈❡ ♣:♦✈❡♥ ✭✷✳✾✮✳
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◆♦✇ ✇❡ ✇❛♥( (♦ ♣*♦✈❡ ✭✷✳✶✵✮✳ ❚❛❦❡ x ∈ AN ✳ ❚❤❡♥✿

Ex

[

e
∑N−t1

n=1 l2n
]

= Ex

[

N−t1
∏

n=1

el2n

]

= Ex

[

N−t1
∏

n=1

(

el2n − 1 + 1
)

]

= Ex

[

N−t1
∏

n=1

(1 + ΛN1S2n=0)

]

✭✶✳✽✮

= 1 +

N−t1
∑

k=1

Λk
N

∑

1≤n1<···<nk≤N−t1

Ex

[

k
∏

i=1

1S2ni
=0

]

=

N−t1
∑

k=0

Λk
N

∑

1≤n1<···<nk≤N−t1

p2n1(x)
k
∏

i=2

p2(ni−ni−1)(0)

≥
N−t1
∑

k=0

Λk
N

∑

α−3t1≤n1<···<nk≤N−t1

p2n1(x)

k
∏

i=2

p2(ni−ni−1)(0)

▲▲❚

≥ e−cα





N−t1
∑

k=0

Λk
N

∑

α−3t1≤n1<···<nk≤N−t1

k
∏

i=1

p2(ni−ni−1)(0)



 (1 + o(1)) ✭✷✳✶✺✮

✭✶✳✽✮

= e−cαE0

[

e
∑N−t1

α−3t1
λ2(βN )1S2n=0

]

(1 + o(1)), ✭✷✳✶✻✮

✇❤❡*❡ ✭✷✳✶✺✮ ❤♦❧❞8 ❜❡❝❛✉8❡✱ ❜② (❤❡ ▲♦❝❛❧ ▲✐♠✐( ❚❤❡♦*❡♠ ✭❬✻✱ ❙❡❝✳ ✶✳✷❪✮✱ ✇❡ ❤❛✈❡ ❢♦*

x ∈ AN ❛♥❞ n1 ≥ α−3t1 (❤❛(

p2n1(x) ≥ e
−c

|x|2

n1 p2n1(0)(1 + o(1)) ≥ e−cα−2

α−3 p2n1(0)(1 + o(1)) = e−cαp2n1(0)(1 + o(1)).

◆♦✇✱ ❢♦* ❛❧❧ ✜①❡❞ α > 0✱ (❤❡ ♣*♦♦❢ ♦❢ ❚❤❡♦*❡♠ ✶✳✷✳✹ ❡♥(❛✐❧8 (❤❛(✿

lim
N→∞

E0

[

e
∑N−t1

n=α−3t1
l2n
]

= e
λ2
1/M,1 =

1− 1
M β̂

1− β̂
. ✭✷✳✶✼✮

❆( (❤✐8 ♣♦✐♥(✱ ✭✷✳✶✵✮ ✐8 ♣*♦✈❡♥ (❤❛♥❦8 (♦ ✭✷✳✶✻✮ ❛♥❞ ✭✷✳✶✼✮✳ ❚❤❡*❡❢♦*❡✱ ♣✉((✐♥❣ (♦❣❡(❤❡*

✭✷✳✻✮✱ ✭✷✳✼✮✱ ✭✷✳✾✮ ❛♥❞ ✭✷✳✶✵✮ ✇❡ ❞❡❞✉❝❡ ✭✷✳✺✮✱ ❛8 ❞❡8✐*❡❞✳

❆( (❤✐8 ♣♦✐♥(✱ ✇❡ ♥♦(✐❝❡ (❤❛( ❜② *❡♣❡❛(✐♥❣ ❛ 8✐♠✐❧❛* ❛*❣✉♠❡♥( ✇❡ ❤❛✈❡

Z̃0 − Z1Z̃1
L2

−−−−→
N→∞

0, ✭✷✳✶✽✮

✇❤❡*❡

Z1 = E

[

e
∑t2

n=t1+1 hn

]

, Z̃1 = E
[

e
∑N

n=t2+1 hn

]

.

❈♦♠❜✐♥✐♥❣ ✇❤❛( ✇❡ ❦♥♦✇ 8♦ ❢❛*✱ ✇❡ ❣❡(

WN −Z0Z1Z̃1 =WN −Z0Z̃0 +Z0Z̃0 −Z0Z1Z̃1 =WN −Z0Z̃0 +Z0(Z̃0 −Z1Z̃1) ✭✷✳✶✾✮

❜✉( Z0 ⊥⊥ Z̃0 − Z1Z̃1✱ 8♦ ❜② ✭✷✳✶✽✮

E[|Z0(Z̃0 − Z1Z̃1)|2] = E[|Z0‖2]E[|Z̃0 − Z1Z̃1|2] −−−−→
N→∞

0



✷✳✸✳ ❙❚❊& ✷ ✷✶

❛♥❞ %❤❡(❡❢♦(❡✱ ❜② ✭✷✳✺✮ ❛♥❞ ✭✷✳✶✾✮✱ ✇❡ ❤❛✈❡

WN − Z0Z1Z̃1
L2

−−−−→
N→∞

0.

■♥ ❛ 6✐♠✐❧❛( ✇❛②✱ ♦♥❡ ❝❛♥ ♣(♦✈❡ %❤❛% ∀k ≤M − 1 ✇❡ ❤❛✈❡

Z̃k−1 − ZkZ̃k
L2

−−−−→
N→∞

0, ✭✷✳✷✵✮

✇❤❡(❡ ✇❡ ❞❡✜♥❡❞

Zk = E

[

e
∑tk+1

n=tk+1 hn

]

Z̃k = E

[

e
∑N

n=tk+1+1 hn

]

.

❚❤❡♥✱ ❜② ✭✷✳✷✵✮ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ Z̃k−1 − ZkZ̃k ❛♥❞ (Zi)i≤k−1✱ ✇❡ ❤❛✈❡

WN −
M−1
∏

k=0

Zk =WN − Z0Z̃0 + Z0Z̃0 − Z0Z1Z̃1 + · · ·+
M−2
∏

i=0

ZiZ̃M−2 −
M−2
∏

i=0

ZiZM−1Z̃M−1

=WN − Z0Z̃0 + Z0(Z̃0 − Z1Z̃1) + · · ·+
M−2
∏

i=0

Zi(Z̃M−2 − ZM−1Z̃M−1)
L2

−−−−→
N→∞

0

❛♥❞ %❤❡ ♣(♦♦❢ ✐6 %❤✉6 ❝♦♥❝❧✉❞❡❞✳

✷✳✸ ❙$❡♣ ✷

❉❡✜♥❡ Uk := Zk − 1✳ ◆♦%✐❝❡ %❤❛% Uk ✐6✱ ❢♦( ❡✈❡(② ✈❛❧✉❡ ♦❢ k✱ ❛ ❝❡♥%❡(❡❞ (❛♥❞♦♠ ✈❛(✐❛❜❧❡

❛♥❞ %❤❛% U0, . . . , UM−1 ❛(❡ ✐♥❞❡♣❡♥❞❡♥%✳

▲❡♠♠❛ ✷✳✸✳✶ ✭❱❛(✐❛♥❝❡ ♦❢ Uk✮✳ ❚❤❡#❡ ❡①✐&'& Cβ̂ > 0 &✉❝❤ '❤❛'

lim sup
N→∞

sup
k≤M−1

E
[

U2
k

]

≤
Cβ̂

M
✭✷✳✷✶✮

+#♦♦❢✳ ❇② %❤❡ 6❛♠❡ ❝♦♠♣✉%❛%✐♦♥6 ❛6 ✐♥ ✭✶✳✶✷✮✱ ✇❡ ❝❛♥ 6❡❡ %❤❛% ❢♦( ❛♥② M > 0 ✜①❡❞ ❛♥❞

❢♦( ❛♥② k ≤M − 1

E[U2
k ] = E[Z2

k ]− 1
✭✶✳✶✷✮

≤ ΛN (Rtk+1
−Rtk)

1− ΛNRtk+1

. ✭✷✳✷✷✮

▼♦(❡♦✈❡(✱ ❜② ✭✶✳✸✮ ❛♥❞ ✭✶✳✶✸✮✱ ✇❡ ❤❛✈❡ %❤❛%✱ ❢♦( 6♦♠❡ ❝♦♥6%❛♥% Cβ̂ ❞❡♣❡♥❞✐♥❣ ♦♥ β̂

lim sup
N→∞

1

1− ΛNRN
≤ Cβ̂ <∞, ✭✷✳✷✸✮

❛♥❞ ❛6 N → ∞✱

ΛN (Rtk+1
−Rtk) ∼

β̂2

M
. ✭✷✳✷✹✮

❙♦✱ ❜② ✭✷✳✷✷✮✱ ✭✷✳✷✸✮ ❛♥❞ ✭✷✳✷✹✮ %❤❡(❡ ❡①✐6%6 Cβ̂ > 0 6✉❝❤ %❤❛% ✭✷✳✷✶✮ ✐6 ✈❡(✐✜❡❞✳



✷✷ ❈❍❆#❚❊❘ ✷✳ ❈❊◆❚❘❆▲ ▲■▼■❚ ❚❍❊❖❘❊▼

■♥ ❢❛❝&✱ ❜② ❤②♣❡-❝♦♥&-❛❝&✐✈✐&② ♦❢ ♣♦❧②♥♦♠✐❛❧ ❝❤❛♦3 ✭❬✷✱ ✭✸✳✶✵✮❪✮✱ ✇❡ ❝❛♥ ♣✉3❤ &❤✐3

❡3&✐♠❛&❡ &♦ 2 + ε0 ♠♦♠❡♥&3 ♦❢ Uk✱ ❢♦- 3♦♠❡ ε0✱ ❛3 ❡①♣❧❛✐♥❡❞ ✐♥ &❤❡ ♥❡①& ❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✸✳✷ ✭▼♦♠❡♥& ❡3&✐♠❛&❡✮✳ ❚❤❡#❡ ❡①✐&' ε0 = ε0(β̂) ∈ (0, 1) &♦ '❤❛' ∀M > 0 ✇❡
❤❛✈❡

lim sup
N→∞

sup
k≤M−1

E[|Uk|2+ε0 ] ≤ c

M1+
ε0
2

✭✷✳✷✺✮

✇✐'❤ c = cβ̂✳

-#♦♦❢✳ ❙❡& X
(N)
0 := 0 ❛♥❞

X
(N)
k :=

∑

tk+1≤n1<···<nk≤tk+1

E

[

k
∏

i=1

(

eβNω(ni,Sni )−λ(βN ) − 1
)

]

.

❲❡ ❝❛♥ &❤❡♥ ❡①♣-❡33 &❤❡ ✈❛-✐❛❜❧❡3 Uk ✐♥ &❡-♠3 ♦❢ &❤❡ ✈❛-✐❛❜❧❡3 Xk ❜② ❝❤❛♦3 ❡①♣❛♥3✐♦♥ ❛3

❢♦❧❧♦✇3✿

Uk = Zk − 1 = E

[

e
∑tk+1

n=tk+1(βNω(n,Sn)−λ(βN ))
]

− 1

= E





tk+1
∏

n=tk+1

eβNω(n,Sn)−λ(βN )



− 1.

❚❤❡♥✱ ❛❞❞✐♥❣ ❛♥❞ 3✉❜&-❛❝&✐♥❣ 1 ✐♥3✐❞❡ &❤❡ ♣-♦❞✉❝&✱ ✇❡ ♦❜&❛✐♥

Uk = E





tk+1
∏

n=tk+1

(

1 +
(

eβNω(n,Sn)−λ(βN ) − 1
))

− 1





✭✶✳✽✮

=
∞
∑

k=1

∑

tk+1≤n1<···<nk≤tk+1

E

[

k
∏

i=1

(

eβNω(ni,Sni )−λ(βN ) − 1
)

]

.

■♥ ♣❛-&✐❝✉❧❛-✱ ✇❡ ❤❛✈❡

Uk =

∞
∑

k=1

X
(N)
k .

◆♦✇ ✇❡ ❝❛♥ ❛♣♣❧② ❤②♣❡-❝♦♥&-❛❝&✐✈✐&② ✭3❡❡ ❬✷✱ ✸✳✶✵❪✮ ❛♥❞ ❞❡❞✉❝❡ &❤❛& ❢♦- ❡✈❡-② ε > 0
&❤❡-❡ ❡①✐3&3 ❛ ❝♦♥3&❛♥& cε ✉♥✐❢♦-♠ ✐♥ N 3✉❝❤ &❤❛& cε → 1 ❛3 ε→ 0 ❛♥❞

E
[

|Uk|2+ε
]

= E





∣

∣

∣

∣

∣

∞
∑

k=1

X
(N)
k

∣

∣

∣

∣

∣

2+ε


 ≤
(

∞
∑

k=1

c2kε E

[

(X
(N)
k )2

]

)1+ ε
2

=





∞
∑

k=1

c2kε
∑

tk+1≤n1<···<nk≤tk+1

E

[

k
∏

i=1

(

ΛN1S2(ni−ni−1)
=0

)

]





1+ ε
2

.



✷✳✸✳ ❙❚❊& ✷ ✷✸

❆# #❤✐& ♣♦✐♥# ✇❡ ❝❛♥ ❝❤♦♦&❡ ε0 = ε0(β̂) ∈ (0, 1) &✉❝❤ #❤❛# cε0 β̂ < 1 ❛♥❞ ❝♦♥❝❧✉❞❡✱ &✐♠✐❧❛3❧②

#♦ ✭✶✳✶✷✮✱ #❤❛# ❢♦3 N ❧❛3❣❡ ❡♥♦✉❣❤

E
[

|Uk|2+ε0
]

≤
(

c2ε0ΛN (Rtk+1
−Rtk)

1− c2ε0ΛNRN

)1+
ε0
2

≤
(

(cε0 β̂)
2

1− (cε0 β̂)
2

1

M

)1+
ε0
2

=
cβ̂

M1+
ε0
2

,

✇❤❡3❡ #❤❡ &❡❝♦♥❞ ✐♥❡;✉❛❧✐#② ❢♦❧❧♦✇& ❢3♦♠ ✭✶✳✸✮✱ ✭✶✳✶✸✮ ❛♥❞ #❤❡ ▲♦❝❛❧ ▲✐♠✐# ❚❤❡♦3❡♠ ✭❬✻✱

❙❡❝✳ ✶✳✷❪✮✱ ❛& &✐♠✐❧❛3❧② &❡❡♥ ✐♥ #❤❡ ♣3♦♦❢ ♦❢ ✭✷✳✷✶✮✳

❋3♦♠ #❤✐& ♣♦✐♥# ♦♥✱ ✇❡ ✜① ε0 ∈ (0, 1) &✉❝❤ #❤❛# ✭✷✳✷✺✮ ❤♦❧❞&✳

 !♦♣♦$✐&✐♦♥ ✷✳✸✳✸✳ ❋♦" ❛❧❧ M > 0✱ ❢♦" ❛❧❧ ε > 0 ❛♥❞

lim sup
N→∞

P

(∣

∣

∣

∣

∣

M−1
∑

k=0

log(1 + Uk)−
M−1
∑

k=0

(

Uk −
U2
k

2

)

∣

∣

∣

∣

∣

≥ ε

)

≤
2cβ̂

ε2+ε0M
ε0
2

. ✭✷✳✷✻✮

)"♦♦❢✳ ❋♦3 ε > 0✱ ❞❡✜♥❡ #❤❡ ❡✈❡♥#&

FM,ε :=
⋂

k≤M−1

{|Uk| < ε} F c
M,ε :=

⋃

k≤M−1

{|Uk| ≥ ε}

❛♥❞ ✇3✐#❡ f(U) :=
∑M−1

k=0 log(1 + Uk)−
∑M−1

k=0 (Uk − 1
2U

2
k )✳ ❚❤❡♥✿

P(|f(U)| ≥ ε) = P(|f(U)| ≥ ε, FM,ε) + P(|f(U)| ≥ ε, F c
M,ε).

▲❡#✬& ❡&#✐♠❛#❡ #❤❡ #✇♦ #❡3♠& ♦♥ #❤❡ 3✐❣❤# ❤❛♥❞ &✐❞❡ &❡♣❛3❛#❡❧②✳ ❋♦3 #❤❡ ✜3&# #❡3♠✱ 3❡❝❛❧❧✐♥❣

#❤❛# ❜② ❚❛②❧♦3 ❡①♣❛♥&✐♦♥✱ #❤❡3❡ ❡①✐&#& ε > 0 &♠❛❧❧ ❡♥♦✉❣❤ &✉❝❤ #❤❛# ∀|x| ≤ ε
∣

∣

∣

∣

log(1 + x)−
(

x− x2

2

)∣

∣

∣

∣

≤ |x|2+ε0 , ✭✷✳✷✼✮

✇❡ ❤❛✈❡ #❤❛#

P(|f(U)| ≥ ε, FM,ε)
✭✷✳✷✼✮

≤ P

(

M−1
∑

k=0

|Uk|2+ε0 ≥ ε, FM,ε

)

≤ P

(

M−1
∑

k=0

|Uk|2+ε0 ≥ ε

)

▼❛'❦♦✈

≤
E

[

∑M−1
k=0 |Uk|2+ε0

]

ε
≤ M

ε
sup

k≤M−1
E
[

|Uk|2+ε0
]

✭✷✳✷✺✮

≤
cβ̂

εM
ε0
2

. ✭✷✳✷✽✮

❖♥ #❤❡ ♦#❤❡3 ❤❛♥❞✱ ❢♦3 #❤❡ &❡❝♦♥❞ #❡3♠ ✇❡ ❤❛✈❡

P(|f(U)| ≥ ε, F c
M,ε) ≤ P(F c

M,ε) = P (∪k≤M{|Uk| ≥ ε}) ≤M sup
k≤M

P(|Uk| ≥ ε)

▼❛'❦♦✈

≤ M sup
k≤M

E
[

|Uk|2+ε0
]

ε2+ε0

✭✷✳✷✺✮

≤
cβ̂

ε2+ε0M
ε0
2

. ✭✷✳✷✾✮

❚❤✉&✱ ♥♦#✐❝✐♥❣ #❤❛#

1
ε <

1
ε2+ε0

✱ ✇❡ ❝♦♥❝❧✉❞❡ ✉&✐♥❣ ✭✷✳✷✽✮ ❛♥❞ ✭✷✳✷✾✮

P(|f(U)| ≥ ε) ≤
cβ̂

εM
ε0
2

+
cβ̂

ε2+ε0M
ε0
2

≤
2cβ̂

ε2+ε0M
ε0
2

.
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✷✳✹ ❙$❡♣ ✸

❆# ❧❛#& #&❡♣ ♦❢ &❤✐# ♣-♦♦❢✱ ✇❡ ✇✐❧❧ ✜♥❞ ❡#&✐♠❛&❡# ♦♥ &❤❡ ❞✐#&❛♥❝❡ ❜❡&✇❡❡♥

∑M−1
k=0

(

Uk − U2
k
2

)

❛♥❞ N(−λ2

2 , λ
2) ✉♥✐❢♦-♠❧② ✐♥ N ✳ ❋✐-#& ♦❢ ❛❧❧✱ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ ✭✷✮✱ ✇❡ ❤❛✈❡ &❤❡ ❢♦❧❧♦✇✐♥❣

❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✹✳✶✳ ❲❡ ❤❛✈❡ %❤❛%

lim sup
N→∞

W1

(

L

(

M−1
∑

k=0

Uk

)

,N(0, λ2)

)

≤
c′
β̂

M
ε0
2

. ✭✷✳✸✵✮

&'♦♦❢✳

W1

(

L

(

M−1
∑

k=0

Uk

)

,N(0, λ2)

)

≤ C

M−1
∑

k=0

E[U2+ε0
k ]

✭✷✳✷✺✮

≤
c′
β̂

M
ε0
2

,

✇❤❡-❡ &❤❡ ✜-#& ✐♥❡A✉❛❧✐&② ❤♦❧❞# ❜② &❤❡ ✉♥✐❢♦-♠ ❡#&✐♠❛&❡ ♦♥ &❤❡ ❲❛##❡-#&❡✐♥ ❞✐#&❛♥❝❡

❜❡&✇❡❡♥ &❤❡ ❧❛✇ ♦❢ &❤❡ #✉♠ ♦❢ ✐♥❞❡♣❡♥❞❡♥& -❛♥❞♦♠ ✈❛-✐❛❜❧❡# ❛♥❞ &❤❡ ❧❛✇ ♦❢ ❛ ●❛✉##✐❛♥

&❤❛& ✇❡ ✜♥❞ ✐♥ ❬✹✱ ✭✶✳✸❜✮❪✳

◆♦✇✱ &❤❡ ♦♥❧② &❤✐♥❣ ❧❡❢& &♦ #❤♦✇ ✐# &❤❛&

∑M−1
k=0

U2
k
2 −−−−→

M→∞

λ2

2 ✉♥✐❢♦-♠❧② ✐♥ N ✳

▲❡♠♠❛ ✷✳✹✳✷✳ ❋♦' ❡✈❡'② ε > 0✱

lim sup
M→∞

lim sup
N→∞

P

(∣

∣

∣

∣

∣

M−1
∑

k=0

U2
k

2
− λ2

2

∣

∣

∣

∣

∣

> ε

)

= 0. ✭✷✳✸✶✮

&'♦♦❢✳ ❚❛❦❡ α > 0 ❛♥❞ ε > 0✳ ❋✐-#&✱ ✇❡ ✇❛♥& &♦ #❤♦✇ &❤❛& ✇❡ ❝❛♥ &-✉♥❝❛&❡ &❤❡ ✈❛-✐❛❜❧❡#

Uk ❛# ❢♦❧❧♦✇#✿

E

[∣

∣

∣

∣

∣

M−1
∑

k=0

U2
k −

M−1
∑

k=0

U2
k1U2

k≤
α
M

∣

∣

∣

∣

∣

]

= E

[

M−1
∑

k=0

U2
k1U2

k>
α
M

]

≤ E

[

M−1
∑

k=0

|Uk|2+ε0 M
ε0
2

α
ε0
2

]

=
M

ε0
2
∑M−1

k=0 E

[

|Uk|2+ε0
]

α
ε0
2

✭✷✳✷✺✮

≤
cβ̂

α
ε0
2

,

✭✷✳✸✷✮

✇❤❡-❡ &❤❡ ❧❛#& ✐♥❡A✉❛❧✐&② ❤♦❧❞# ❢♦- N ≥ N0(M) ❧❛-❣❡ ❡♥♦✉❣❤✳ ❚❤✐# ❛❧#♦ ✐♠♣❧✐❡# &❤❛&

∣

∣

∣

∣

∣

E

[

M−1
∑

k=0

U2
k

]

− E

[

M−1
∑

k=0

U2
k1U2

k≤
α
M

]∣

∣

∣

∣

∣

≤ E

[∣

∣

∣

∣

∣

M−1
∑

k=0

U2
k −

M−1
∑

k=0

U2
k1U2

k≤
α
M

∣

∣

∣

∣

∣

]

✭✷✳✸✷✮

≤
cβ̂

α
ε0
2

.

✭✷✳✸✸✮

▼♦-❡♦✈❡-✱ ❜② ❚❤❡♦-❡♠ ✶✳✷✳✹✱ ✇❡ ❤❛✈❡ &❤❛&



✷✳✹✳ ❙❚❊& ✸ ✷✺

E

[

M−1
∑

k=0

U2
k

]

=

M−1
∑

k=0

E
[

U2
k

]

=

M−1
∑

k=0

(

E
[

Z2
k

]

− 1
)

❚❤❡♦$❡♠ ✶✳✷✳✹−−−−−−−−−→
N→∞

M−1
∑

k=0

(

1− k
M β̂2

1− k+1
M β̂2

− 1

)

=
M−1
∑

k=0

1

M

(

β̂2

1− β̂2 k+1
M

)

❘✐❡♠❛♥♥ .✉♠−−−−−−−−→
M→∞

∫ 1

0

β̂2

1− β̂2x
dx

= − log

(

1

β̂2
− 1

)

+ log

(

1

β̂2

)

= log

(

1

1− β̂2

)

= λ2. ✭✷✳✸✹✮

❆( (❤✐+ ♣♦✐♥(✱ ❡1✉❛(✐♦♥ ✭✷✳✸✹✮ (♦❣❡(❤❡5 ✇✐(❤ ✭✷✳✸✸✮ ✐♠♣❧✐❡+ (❤❛(✱ ❢♦5 N ≥ N0(M) ❧❛5❣❡

❡♥♦✉❣❤

∣

∣

∣

∣

∣

E

[

M−1
∑

k=0

U2
k1U2

k≤
α
M

]

− λ2

∣

∣

∣

∣

∣

≤
cβ̂

α
ε0
2

, ✭✷✳✸✺✮

❚❤❡5❡❢♦5❡✱ (❤❡ ♦♥❧② (❤✐♥❣ ❧❡❢( (♦ ♣5♦✈❡ ✐+ (❤❛(

∑M−1
k=0 U2

k1U2
k≤

α
M

✐+ ❝❧♦+❡ (♦ ✐(+ ♠❡❛♥✳

■♥❞❡❡❞✱ ❛+ (❤❡ 5❛♥❞♦♠ ✈❛5✐❛❜❧❡+ U2
k1U2

k≤
α
M
−E

[

U2
k1U2

k≤
α
M

]

❛5❡ ✐♥❞❡♣❡♥❞❡♥( ❛♥❞ ❝❡♥(❡5❡❞✱

✇❡ ❤❛✈❡✿

P

(∣

∣

∣

∣

∣

M−1
∑

k=0

U2
k1U2

k≤
α
M

− E

[

M−1
∑

k=0

U2
k1U2

k≤
α
M

]∣

∣

∣

∣

∣

> ε

)

≤ P

(

M−1
∑

k=0

∣

∣

∣U2
k1U2

k≤
α
M

− E

[

U2
k1U2

k≤
α
M

]∣

∣

∣ > ε

)

❈❤❡❜②.❤❡✈

≤ ε−1
M−1
∑

k=0

E

[

(

U2
k1U2

k≤
α
M

− E

[

U2
k1U2

k≤
α
M

])2
]

≤ ε−1
M−1
∑

k=0

(

E

[

(

U2
k1U2

k≤
α
M

)2
]

+ E

[

U2
k1U2

k≤
α
M

]2
)

≤ 2
M

ε

α2

M2
= 2

α2

εM
. ✭✷✳✸✻✮
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❆❧❧ $❤❡'❡ ❝♦♠♣✉$❛$✐♦♥' ✐♠♣❧② $❤❛$✱ ❢♦3 N ≥ N0(M) ❧❛3❣❡ ❡♥♦✉❣❤ ❛♥❞ ❢♦3 ε > 0

P

(∣

∣

∣

∣

∣

M−1
∑

k=0

U2
k

2
− λ2

2

∣

∣

∣

∣

∣

> ε

)

≤ P

(∣

∣

∣

∣

∣

M−1
∑

k=0

U2
k

2
−

M−1
∑

k=0

U2
k

2
1U2

k≤
α
M

∣

∣

∣

∣

∣

> ε

)

+

+P

(∣

∣

∣

∣

∣

M−1
∑

k=0

U2
k

2
1U2

k≤
α
M

− E

[

M−1
∑

k=0

U2
k

2
1U2

k≤
α
M

]∣

∣

∣

∣

∣

> ε

)

+

+P

(∣

∣

∣

∣

∣

E

[

M−1
∑

k=0

U2
k

2
1U2

k≤
α
M

]

− λ2

2

∣

∣

∣

∣

∣

> ε

)

▼❛"❦♦✈

≤ ε−1
E

[∣

∣

∣

∣

∣

M−1
∑

k=0

U2
k

2
−

M−1
∑

k=0

U2
k

2
1U2

k≤
α
M

∣

∣

∣

∣

∣

]

+

+P

(∣

∣

∣

∣

∣

M−1
∑

k=0

U2
k

2
1U2

k≤
α
M

− E

[

M−1
∑

k=0

U2
k

2
1U2

k≤
α
M

]∣

∣

∣

∣

∣

> ε

)

+ ε−1

∣

∣

∣

∣

∣

E

[

M−1
∑

k=0

U2
k

2
1U2

k≤
α
M

]

− λ2

2

∣

∣

∣

∣

∣

≤
3cβ̂

εα
ε0
2

+
2α2

εM
,

✇❤❡3❡ ✐♥ $❤❡ ❧❛'$ ✐♥❡7✉❛❧✐$② ✇❡ ✉'❡❞ ✭✷✳✸✷✮✱ ✭✷✳✸✻✮✱ ✭✷✳✸✸✮ ❛♥❞ ✭✷✳✸✺✮✳ ■♥❞❡❡❞✱ ✇❡ ♦❜$❛✐♥

✭✷✳✸✶✮ '✐♥❝❡ α > 0 ✐' ❛3❜✐$3❛3②✳

✷✳✺ #$♦♦❢ ♦❢ '❤❡ ❈❡♥'$❛❧ ▲✐♠✐' ❚❤❡♦$❡♠

❲❡ ❛3❡ ♥♦✇ 3❡❛❞② $♦ ♣3♦✈❡ ❚❤❡♦3❡♠ ✶✳✷✳✹ ✭✐✮✳ ❖✉3 ❡'$✐♠❛$❡' ✇❡ ❤❛✈❡ ❝♦❧❧❡❝$❡❞ ✇✐❧❧ ❡♥❛❜❧❡

✉' $♦ ❝♦♥$3♦❧

∣

∣E [ϕ (WN )]− E
[

ϕ
(

eX
)]∣

∣ , ✭✷✳✸✼✮

✇❤❡3❡ X
L∼ N

(

−λ2

2 , λ
2
)

❛♥❞ ϕ ✐' ❛ '♠♦♦$❤ ❢✉♥❝$✐♦♥ ✇✐$❤ ❜♦✉♥❞❡❞ '✉♣♣♦3$✱ $❤✉' ✇❡ ❛✐♠

$♦ ♣3♦✈❡ $❤❛$ ✭✷✳✸✼✮ $❡♥❞' $♦ 0 ❛' N $❡♥❞' $♦ ✐♥✜♥✐$②✳ ❚❤✐' ✇♦✉❧❞ '❤♦✇ ✈❛❣✉❡ ❝♦♥✈❡3❣❡♥❝❡

♦❢ WN $♦ $❤❡ ❡①♣♦♥❡♥$✐❛❧ ♦❢ ❛ 3❛♥❞♦♠ ✈❛3✐❛❜❧❡ ❞✐'$3✐❜✉$❡❞ ❧✐❦❡ ❛ ●❛✉''✐❛♥ N

(

−λ2

2 , λ
2
)

✳

❍♦✇❡✈❡3✱ ❛' WN ✐' ♣♦'✐$✐✈❡ ❛♥❞ E[WN ] = 1✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ $✐❣❤$♥❡'' ♦❢ (WN )N ❛♥❞

✜♥❛❧❧② ✐♥❢❡3 $❤❡ ❞❡'✐3❡❞ ❝♦♥✈❡3❣❡♥❝❡ ✐♥ ❧❛✇✳ ▲❡$✬' ♣3♦❝❡❡❞✳

▲❡$ M, ε > 0 ❛♥❞ ϕ ∈ C∞
c ✳ ▲❡$ X

L∼ N

(

−λ2

2 , λ
2
)

❜❡ ❛ ❣❛✉''✐❛♥ 3❛♥❞♦♠ ✈❛3✐❛❜❧❡✳

❚❤❡♥✱ ❜② $❤❡ $3✐❛♥❣❧❡ ✐♥❡7✉❛❧✐$②✱ ✇❡ ❤❛✈❡

∣

∣E [ϕ (WN )]− E
[

ϕ
(

eX
)]∣

∣ ≤
∣

∣

∣

∣

∣

E [ϕ (WN )]− E

[

ϕ

(

M−1
∏

k=0

Zk

)]∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

E

[

ϕ

(

M−1
∏

k=0

Zk

)]

− E
[

ϕ
(

eX
)]

∣

∣

∣

∣

∣

.

✭✷✳✸✽✮



✷✳✺✳ #❘❖❖❋ ❖❋ ❚❍❊ ❈❊◆❚❘❆▲ ▲■▼■❚ ❚❍❊❖❘❊▼ ✷✼
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lim sup
N→∞

∣

∣

∣

∣

∣

E

[

ϕ (WN )− ϕ

(

M−1
∏

k=0

Zk

)]∣

∣

∣

∣

∣

≤ lim sup
N→∞

‖ϕ‖
▲✐♣

E

[∣

∣

∣

∣

∣

WN −
M−1
∏

k=0

Zk

∣

∣

∣

∣

∣

]

✭✷✳✹✮

≤ ‖ϕ‖
▲✐♣

lim sup
N→∞

E





∣

∣

∣

∣

∣

WN −
M−1
∏

k=0

Zk

∣

∣

∣

∣

∣

2




1
2

= 0, ✭✷✳✸✾✮

❜② <*♦♣♦+✐&✐♦♥ ✷✳✷✳✶✳ ❚♦ ❞❡❛❧ ✇✐&❤ &❤❡ +❡❝♦♥❞ &❡*♠ ✇❡ ♠❛❦❡ &❤❡ ❢♦❧❧♦✇✐♥❣ *❡♠❛*❦+✳

❘❡♠❛$❦ ✷✳✺✳✶✳ ▲❡" ϕ ∈ C∞
c (R)✳ ❚❤❡♥ ψ := ϕ◦exp ✐( C∞

c (R+) ❛♥❞ ▲✐♣(❝❤✐"③ ❝♦♥"✐♥✉♦✉(
♦♥ ❛❧❧ R✳ ▲❡"✬( ❜❡ ♠♦4❡ ♣4❡❝✐(❡✳ ■" ✐( ❝❧❡❛4 "❤❛" ❢♦4 x→ ∞ "❤❡ ❢✉♥❝"✐♦♥ ψ 4❡♠❛✐♥( (♠♦♦"❤

✇✐"❤ ❝♦♠♣❛❝" (✉♣♣♦4"✱ ❜✉" ✇❡ ❝❛♥♥♦" ("❛"❡ "❤❡ (❛♠❡ ❢♦4 x→ −∞✳ ❍♦✇❡✈❡4✱ ❝♦♥(✐❞❡4✐♥❣

x, y ≤ 0✱ ✇❡ ❤❛✈❡

|ψ(x)− ψ(y)| = |ϕ(ex)− ϕ(ey)| ≤ ‖ϕ‖
▲✐♣

|ex − ey|
x,y≤0
≤ ‖ϕ‖

▲✐♣

|x− y|, ✭✷✳✹✵✮

(♦ ✇❡ 4❡❝♦✈❡4 "❤❛" ψ ✐( ❧✐♣(❝❤✐"③ ❢♦4 ♥❡❣❛"✐✈❡ ✈❛❧✉❡( ♦❢ x✳ ❆" "❤✐( ♣♦✐♥"✱ ❛( ✇❡ ❦♥❡✇ "❤❛"

ψ ∈ C∞
c (R+)✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❧✐♣(❝❤✐"③✐❛♥✐"② ♦♥ ❛❧❧ "❤❡ ❞♦♠❛✐♥ R✳

❘❡♠❛$❦ ✷✳✺✳✷✳ ▲❡" ψ ❛( ❞❡✜♥❡❞ ✐♥ ❘❡♠❛4❦ ✷✳✺✳✶✳ ❚❤❡♥ φ := ψ ◦ (· − λ2

2 ) ✐( C∞(R+)
❛♥❞ ▲✐♣(❝❤✐"③ ❝♦♥"✐♥✉♦✉( ♦♥ ❛❧❧ R✳ ■♥❞❡❡❞✱ "❤❡ (❛♠❡ ❛4❣✉♠❡♥" ❞❡"❛✐❧❡❞ ✐♥ ❘❡♠❛4❦ ✷✳✺✳✶

❤♦❧❞( ✐♥ "❤✐( ❝❛(❡ ❛♥❞ ✐♥ ❢❛❝" ✇❡ ❤❛✈❡

|φ(x)− φ(y)| =
∣

∣

∣

∣

ψ

(

x− λ2

2

)

− ψ

(

y − λ2

2

)∣

∣

∣

∣

≤ ‖ψ‖
▲✐♣

|x− y|. ✭✷✳✹✶✮

❲❡ &❤❡♥ ❞❡❝♦♠♣♦+❡ &❤❡ +❡❝♦♥❞ &❡*♠ ✐♥ &❤❡ *✐❣❤&✲❤❛♥❞ +✐❞❡ ♦❢ ✭✷✳✸✽✮ ❛+

∣

∣

∣

∣

∣

E

[

ϕ

(

M−1
∏

k=0

Zk

)

− ϕ
(

eX
)

]∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

E

[

ϕ

(

M−1
∏

k=0

Zk

)

− ϕ

(

M−1
∏

k=0

eUk−
U2
k
2

)]∣

∣

∣

∣

∣

+

+

∣

∣

∣

∣

∣

E

[

ϕ

(

M−1
∏

k=0

eUk−
U2
k
2

)

− ϕ
(

eX
)

]∣

∣

∣

∣

∣

✭✷✳✹✷✮

+♦ &❤❛& ❜② ❘❡♠❛*❦ ✷✳✺✳✶✱ &♦❣❡&❤❡* ✇✐&❤ <*♦♣♦+✐&✐♦♥ ✷✳✸✳✸✱ ▲❡♠♠❛ ✷✳✹✳✷ ❛♥❞ ▲❡♠♠❛ ✷✳✹✳✶✱

✇❡ ❝❛♥ +❤♦✇ &❤❛&

lim sup
M→∞

lim sup
N→∞

∣

∣

∣

∣

∣

E

[

ϕ

(

M−1
∏

k=0

Zk

)

− ϕ
(

eX
)

]∣

∣

∣

∣

∣

≤ 2ε‖ψ‖
▲✐♣

. ✭✷✳✹✸✮

■♥❞❡❡❞✱ +❡&&✐♥❣

Ψ1 := ψ

(

M−1
∑

k=0

logZk

)

− ψ

(

M−1
∑

k=0

Uk −
U2
k

2

)

Ψ2 := ψ

(

M−1
∑

k=0

Uk −
U2
k

2

)

− ψ

((

M−1
∑

k=0

Uk

)

− λ2

2

)
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∣

∣

∣

∣

∣

E

[

ϕ

(

M−1
∏

k=0

Zk

)

− ϕ

(

M−1
∏

k=0

eUk−
U2
k
2

)]∣

∣

∣

∣

∣

≤ E

[∣

∣

∣

∣

∣

ψ

(

M−1
∑

k=0

logZk

)

− ψ

(

M−1
∑

k=0

Uk −
U2
k

2

)∣

∣

∣

∣

∣

]

= E



|Ψ1|1∣

∣

∣

∣

∑M−1
k=0 logZk−

∑M−1
k=0 Uk−

U2
k
2

∣

∣

∣

∣

≥ε



+ E



|Ψ1|1∣

∣

∣

∣

∑M−1
k=0 logZk−

∑M−1
k=0 Uk−

U2
k
2

∣

∣

∣

∣

<ε





✭✷✳✹✵✮

≤ 2‖ψ‖∞P

(∣

∣

∣

∣

∣

M−1
∑

k=0

logZk −
M−1
∑

k=0

Uk −
U2
k

2

∣

∣

∣

∣

∣

≥ ε

)

+ ε‖ψ‖
▲✐♣

✭✷✳✷✻✮

≤ 2‖ψ‖∞
(

2cβ̂

ε2+ε0M
ε0
2

)

+ ε‖ψ‖
▲✐♣

, ✭✷✳✹✹✮

✇❤❡5❡ '❤❡ ❧❛/' ❡6✉❛❧✐'② ❤♦❧❞/ ❢♦5 N ≥ N0(β̂,M) ❧❛5❣❡ ❡♥♦✉❣❤✳ ❚❛❦✐♥❣ N → ∞ ❛♥❞ '❤❡♥

M → ∞ ❣✐✈❡/ ♦♥❡ ε‖ψ‖
▲✐♣

'❡5♠ ✐♥ ✭✷✳✹✸✮✳ ❚✉5♥✐♥❣ '♦ '❤❡ /❡❝♦♥❞ '❡5♠ ✐♥ '❤❡ 5✐❣❤'✲❤❛♥❞

/✐❞❡ ♦❢ ✭✷✳✹✷✮✱

∣

∣

∣

∣

∣

E

[

ϕ

(

M−1
∏

k=0

eUk−
U2
k
2

)

− ϕ
(

eX
)

]∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

E

[

ψ

(

M−1
∑

k=0

Uk −
U2
k

2

)

− ψ (X)

]∣

∣

∣

∣

∣

≤ |E [Ψ2(Uk)]|+
∣

∣

∣

∣

∣

E

[

ψ

((

M−1
∑

k=0

Uk

)

− λ2

2

)

− ψ (X)

]∣

∣

∣

∣

∣

,

/♦ ✇❡ ✜♥❞ '❤❛'

lim sup
M→∞

lim sup
N→∞

∣

∣

∣

∣

∣

E

[

ϕ

(

M−1
∏

k=0

eUk−
U2
k
2

)

− ϕ
(

eX
)

]∣

∣

∣

∣

∣

≤ ε‖ψ‖
▲✐♣

, ✭✷✳✹✺✮

❣✐✈✐♥❣ '❤❡ /❡❝♦♥❞ ε‖ψ‖
▲✐♣

'❡5♠ ✐♥ ✭✷✳✹✸✮✱ ✇❤❡5❡ ✭✷✳✹✺✮ ❢♦❧❧♦✇/ ❢5♦♠

|E [Ψ2(Uk)]| = E



|Ψ2(Uk)|1∣

∣

∣

∣

∑M−1
k=0

U2
k
2
−λ2

2

∣

∣

∣

∣

>ε



+ E



|Ψ2(Uk)|1∣

∣

∣

∣

∑M−1
k=0

U2
k
2
−λ2

2

∣

∣

∣

∣

≤ε





✭✷✳✹✵✮

≤ 2‖ψ‖∞P

(∣

∣

∣

∣

∣

M−1
∑

k=0

U2
k

2
− λ2

2

∣

∣

∣

∣

∣

> ε

)

+ ε‖ψ‖
▲✐♣

,

❛♥❞

∣

∣

∣

∣

∣

E

[

ψ

((

M−1
∑

k=0

Uk

)

− λ2

2

)

− ψ (X)

]∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

E

[

φ

(

M−1
∑

k=0

Uk

)

− φ

(

X +
λ2

2

)

]∣

∣

∣

∣

∣

✭✸✮

≤ ‖φ‖
▲✐♣

W1

(

L

(

M−1
∑

k=0

Uk

)

,N
(

0, λ2
)

)

,
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"♦❣❡"❤❡' ✇✐"❤ ✭✷✳✸✶✮ ❛♥❞ ✭✷✳✸✵✮✳❲❡ ❡♠♣❤❛6✐③❡ "❤❛" "❤❡ ❧❛""❡' ❝♦♠♣✉"❛"✐♦♥ ✐6 ❞❡'✐✈❡❞

"❤❛♥❦6 "♦ "❤❡ ❑❛♥"♦'♦✈✐❝❤✲❘✉❜❡♥6"❡✐♥ ❞✉❛❧✐"② "❤❡♦'❡♠ '❡❝❛❧❧❡❞ ✐♥ ✭✸✮✳

❋✐♥❛❧❧②✱ ♣✉""✐♥❣ "♦❣❡"❤❡' ✭✷✳✸✾✮✱ ✭✷✳✹✸✮ ❛♥❞ "❛❦✐♥❣✱ ✐♥ ♦'❞❡'✱ N → ∞✱ M → ∞ ❛♥❞

ε→ 0 ✇❡ ♦❜"❛✐♥ "❤❛" ❢♦' ❛♥② ϕ ∈ C∞
c

∣

∣E
[

ϕ (WN )− ϕ
(

eX
)]∣

∣ −−−−→
N→∞

0,

✇❤✐❝❤ ♣'♦✈❡6 ✈❛❣✉❡ ❝♦♥✈❡(❣❡♥❝❡ ♦❢ ✭"❤❡ ❧❛✇ ♦❢✮ WN "♦ ✭"❤❡ ❧❛✇ ♦❢✮ eX ✱ ✇❤❡'❡ X ∼
N

(

−λ2

2 , λ
2
)

✳ ❍♦✇❡✈❡'✱ ✐♥ ♦✉' 6❡""✐♥❣✱ ♣'♦✈✐♥❣ ✈❛❣✉❡ ❝♦♥✈❡'❣❡♥❝❡ ✐6 ❛❝"✉❛❧❧② ❡G✉✐✈❛❧❡♥"

"♦ ♣'♦✈✐♥❣ ❝♦♥✈❡'❣❡♥❝❡ ✐♥ ❧❛✇ ❛6 "❤❡ 6❡G✉❡♥❝❡ (WN )N ✐6 "✐❣❤"✳ ■♥ ❢❛❝"✱ ❢♦' ❡✈❡'② N ≥ 1
❛♥❞ ❢♦' ❡✈❡'② ε > 0✱ ❝♦♥6✐❞❡'✐♥❣ M > 1/ε✱ ✇❡ ❤❛✈❡ "❤❛"

P(|WN | > M)
▼❛"❦♦✈

≤ E[WN ]

M
< εE[WN ] = ε,

✇❤✐❝❤ ❣✐✈❡6 "✐❣❤"♥❡66 ♦❢ (WN )N ✳ ❚❤❡'❡❢♦'❡✱ ✇❡ ❤❛✈❡ ♣'♦✈❡❞ "❤❡ ❞❡6✐'❡❞ 6"❛"❡♠❡♥"✿

WN
L−→ e

N

(

−λ2

2
,λ2

)

.
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❆♣♣❡♥❞✐①

■♥ "❤✐% ❛♣♣❡♥❞✐①✱ ✇❡ ✇✐❧❧ .❡❝❛❧❧ %♦♠❡ ❣❡♥❡.❛❧ ❢❛❝"% ❛♥❞ ❞❡✜♥✐"✐♦♥% "❤❛" ✇❡ ✉%❡❞ "❤.♦✉❣❤♦✉"

"❤❡ ❞❡✈❡❧♦♣♠❡♥" ♦❢ "❤❡ ♣.♦♦❢ ♦❢ ❚❤❡♦.❡♠ ✷✳✶✳✶ ✭✐✮✳ ❋✐.%" ♦❢ ❛❧❧✱ ✇❡ .❡❝❛❧❧ "❤❡ ❞❡✜♥✐"✐♦♥

♦❢ ❲❛%%❡.%"❡✐♥ ❞✐%"❛♥❝❡ ✭❬✽❪✮✱ ✇❤✐❝❤ ✐% ✉%❡❞ ✐♥ ▲❡♠♠❛ ✷✳✹✳✶✳

❉❡✜♥✐%✐♦♥ ✭❲❛%%❡.%"❡✐♥ ❞✐%"❛♥❝❡%✮✳ ▲❡" (X, d) ❜❡ ❛ E♦❧✐%❤ ♠❡".✐❝ %♣❛❝❡ ❛♥❞ ❧❡" p ∈
[1,∞)✳ ❋♦. ❛♥② "✇♦ ♣.♦❜❛❜✐❧✐"② ♠❡❛%✉.❡% µ ❛♥❞ ν ♦♥ X✱ "❤❡ ❲❛%%❡.%"❡✐♥ ❞✐%"❛♥❝❡ ♦❢

♦.❞❡. p ❜❡"✇❡❡♥ µ ❛♥❞ ν ✐% ❞❡✜♥❡❞ ❜② "❤❡ ❢♦.♠✉❧❛

Wp(µ, ν) := inf
{

E [d(X,Y )p]
1
p , L(X) = µ ❛♥❞ L(Y ) = ν

}

, ✭✶✮

✇❤❡.❡ ❜② E[·] ✇❡ ❛.❡ .❡❢❡..✐♥❣ "♦ ❛♥ ❡①♣❡❝"❛"✐♦♥ ✇✐"❤ .❡%♣❡❝" "♦ ❛ ❝♦✉♣❧✐♥❣ ♦❢ X ❛♥❞ Y ✳

❘❡♠❛+❦✳ ◆♦"✐❝❡ "❤❛"✱ ✐♥ ♦✉. %❡""✐♥❣✱ ✇❡ ❛.❡ ✇♦.❦✐♥❣ ✇✐"❤ p = 1 ❛♥❞ ✇✐"❤ d(x, y) =
|x− y|✱ ✇❤✐❝❤ ❣✐✈❡% "❤❡ ❢♦.♠✉❧❛

W1(µ, ν) := inf {E [|X − Y |] , L(X) = µ ❛♥❞ L(Y ) = ν} . ✭✷✮

❘❡❝❛❧❧ "❤❛" "❤❡.❡ ❛❧%♦ ❡①✐%"% ❛ ❞✉❛❧✐"② ❢♦.♠✉❧❛ ❢♦. "❤❡ 1✲❲❛%%❡.%"❡✐♥ ❞✐%"❛♥❝❡✿

-+♦♣♦/✐%✐♦♥ ✭❑❛♥"♦.♦✈✐❝❤✲❘✉❜❡♥%"❡✐♥ ❞✉❛❧✐"② "❤❡♦.❡♠✮✳ ❲❤❡♥ µ ❛♥❞ ν ❤❛✈❡ ❜♦✉♥❞❡❞
*✉♣♣♦,-✱ ✇❡ ❤❛✈❡ -❤❛-

W1(µ, ν) = sup {Eµ [f(X)]− Eν [f(Y )] , f ❝♦♥-✐♥✉♦✉* ❛♥❞ ‖f‖
▲✐♣

≤ 1} . ✭✸✮

✸✶
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