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Abstract

The following paper will present the problem of the discrepancy between the number-
count dipole of far away sources and the Cosmic Microwave Background (CMB) dipole.
We will derive calculations up to linear order for the observed galaxy number-count over-
density while taking into account the relativistic effects on the past light cone, specifically
using the cosmic ruler notation. We will also apply the adiabatic and isocurvature initial
conditions on the calculated observed overdensity, testing if superhorizon fluctuations
are the cause behind the cosmological dipole tension. We find that neither adiabatic
or isocurvature fluctuations impact the number-count dipole. However, we find that
isocurvature fluctuations can indeed induce a dipole contribution into the CMB.

v





Introduction

The Cosmological Principle — the notion that the universe is spatially isotropic and
homogeneous — has been assigned the role of providing the groundwork for the Lambda
Cold Dark Matter (ΛCDM) model of our universe, which is the most successful model
astronomers have for describing the cosmos [9, 23]. The model represents the theoretical
framework of a flat universe, whose main components are cold dark matter (CDM) and
dark energy, represented by the Λ constant [9, 23]. One of the great challenges to the
Cosmological Principle that has emerged in the recent decades of advanced galaxy survey
missions is the dipole tension problem: the discrepancy between the CMB dipole and
the number-count dipole of far away sources [8, 10, 15, 24].

If the universe was truly isotropic and homogeneous, one would expect to see that the
reference frame of the Cosmic Microwave Background (CMB) is the same one as that
of galaxies and dark matter, referred to as the Cosmic Reference Frame (CRF) [10, 15].
Due to the motion of the Solar System itself, we expect to observe a kinematic dipole in
the CMB. However, if the frame of the CMB truly coincided with the CRF, we would
expect to see that the dipole in the number-count of far away sources coincides with the
kinematic dipole of the CMB, which large galaxy surveys have proven that this is not the
case [8, 10, 24].

The dimensionless CMB dipole amplitude is defined as 𝑑𝐶𝑀𝐵 = 𝑛𝑖𝑣
𝑖
𝑜/𝑐, where 𝑛𝑖𝑣

𝑖
𝑜

represents the projection of the peculiar velocity of the observer onto the line of sight and
𝑐 the speed of light [2]. The dipole amplitude is measured by the Planck collaboration
and observed to be [2, 10, 15]

𝑑𝐶𝑀𝐵 = (1.23357 ± 0.00036) × 10−3 , (1)
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2 Introduction

corresponding to a direction on the sky of

𝑙 = 264° , 𝑏 = 48° . (2)

If the CMB dipole was truly a purely kinematic dipole, the peculiar motion of the
Solar System with respect to the CMB reference frame would be [10, 15]

𝑛𝑖𝑣
𝑖
𝑜 = (369.82 ± 0.11)km/s . (3)

However, this does not match what galaxy surveys have measured for the number-count
dipole [8, 10, 24]. Looking at data collected in between 2010 and 2016, in particular
the findings from the CatWISE catalog, astronomers have found that the dimensionless
number-count dipole is of amplitude [2, 8, 13, 24]

𝑑N = (15.54 ± 11.7) × 10−3 , (4)

corresponding to a direction on the sky of

𝑙 = 238° , 𝑏 = 31° . (5)

If the number-count dipole is purely kinematic, it would mean that our peculiar velocity
with respect to the Cosmic Reference Frame would be,

𝑛𝑖𝑣
𝑖
𝑜 = (797 ± 87)km/s , (6)

more than twice the value of (3) and sitting at 4.9𝜎 from it [8, 24]. Thus, the dipoles
are either not purely kinematic, or we might not live in a homogeneous and isotropic
universe.

Before we even consider throwing out the current most successful model we have
for describing the universe, it is worth exploring other options. It is possible that this
anisotropy is not due to the Cosmological Principle being flawed, but due to potential
perturbations creating superhorizon fluctuations [10, 15, 14]. If superhorizon pertur-
bations have made their own contributions to the number-count and CMB dipoles, this
might explain the discrepancy [10, 15].

This paper presents a review of the current science examining the possible explanations
of the dipole tension. We will present the calculations done by Bertacca and collabora-
tors [3, 4] on the relativistic effects of phenomenons such as gravitational lensing and
gravitational redshift on the observed number overdensity of galaxies. Moving forward,
we will test the superhorizon perturbations on our calculated number overdensity to see
if they induce a gradient in the observed number-count dipole, as was done by Domènech
et al. [10] and Gervani [15]. In Chapter 1 we discuss the physical foundations and back-
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ground, in Chapters 2 and 3 we present the main calculations, and in Chapters 4 and 5
we summarize the main results and conclusions.

The main goals of this thesis are:

• To review the relativistic contributions to the observed number overdensity of
galaxies, following the formalism of Bertacca et al. [3, 4].

• To re-derive the effect of superhorizon adiabatic and isocurvature perturbations
on the number-count dipole using the cosmic ruler notation, and to compare our
results explicitly with Domènech et al. [10].

• To assess whether superhorizon modes and isocurvature initial conditions can
plausibly explain the observed dipole tension between the CMB and number-count
dipoles.

We stress that the analytic results are largely reproductions and reorganizations of existing
calculations. The addition that this work makes is the employment of the cosmic
ruler notation to simplify certain steps when calculating the superhorizon perturbations’
contribution.





1 Theory

1.1 The Homogeneous Isotropic Universe and Its Components

As mentioned previously, the Cosmological Principle states that the universe is spatially
isotropic and homogeneous. We, as the observer, are not in a special location in space,
but we are in time, as the observations of the CMB serve as evidence of a Big Bang
Universe [5, 9, 11, 12, 23]. The fact that there is nothing unique about our spatial location
is important: we are allowed to make the assumption that, no matter where we would
be located in the universe, what we see in the sky would look the same regardless of the
direction of our line of sight. This allows us to make the assumption that our theories
and laws of physics apply to the entire cosmos.

Of course, to the everyday layperson, this might not make complete sense. Just looking
around us, we can see that our environment is neither homogeneous nor isotropic, as
shown in Figure 1.1. Sitting at their desk, the reader will notice that their room certainly
is neither isotropic nor homogeneous, with the preferred direction pointing towards the
center of the Earth. Zooming out of this picture even more and looking at the scale of
the Solar System, we see it is also not homogeneous and isotropic. Looking at different
directions can mean the difference between looking at the Sun, one of the planets, or
the asteroid belt. The planets themselves also have a preferred direction of motion,
pointing towards the Sun. Even in our Local Group of galaxies we cannot not yet
observe perfect homogeneity and isotropy, as the galaxies themselves move under the
gravitational influence of each other, falling towards the center of the Local Group.

This is due to the fact that the Cosmological Principle only applies on extremely large
scales, of the order of 100 Mpc [9, 23], where the structure of the cosmos is filled with
groups of superclusters with voids in between them. No matter where we are in the
universe, observations on these scales would yield the same data and results.

5
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Figure 1.1: A schematic image of the local inhomogeneities and anisotropies that govern our
world on smaller scales, as taken from [23]. Image (d) on the other hand represents a region of
200 Mpc in diameter, showing the Cosmological Principle taking place. With groups of clusters
of galaxies becoming undistinguishable from each other, observations on these scales will yield
data of voids and clusters, indistinguishable from others as we change the direction of sight of
our instruments.

Before we jump into the main ideas and calculations of this paper, it is worth reviewing
some of the basic fundamental concepts of cosmology that are the groundwork for this
research.

1.1.a Einstein’s Equations and Friedmann’s Equations

Einstein’s field equations are a set of tensor equations relating the geometry of spacetime
to the distribution of matter and energy within it.[9, 16] They are given in the compact
form of

𝐺𝜇𝜈 =
8𝜋𝐺
𝑐4 𝑇𝜇𝜈 − Λ𝑔𝜇𝜈 , (1.1)

where 𝐺𝜇𝜈 is the Einstein tensor, 𝑇𝜇𝜈 is the stress-energy tensor, 𝑔𝜇𝜈 is the metric
tensor with the (−,+,+,+) signature, and Λ is the cosmological constant, a parameter
quantifying the expansion of the universe driven by dark energy [9, 16]. The Einstein
tensor is defined as

𝐺𝜇𝜈 = 𝑅𝜇𝜈 −
1
2
𝑅𝑔𝜇𝜈 , (1.2)
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where 𝑅𝜇𝜈 is the Ricci curvature tensor, which is equal to the contraction of the first and
third index of the Riemann tensor, while 𝑅 is the Ricci scalar, equal to contraction of the
leftover indices of the Ricci tensor. On the other hand, the stress-energy tensor 𝑇𝜇𝜈 of a
perfect fluid is given as

𝑇𝜇𝜈 = 𝑢𝜇𝑢𝜈 (𝜌 + 𝑃) + 𝑃𝑔𝜇𝜈 , (1.3)

where 𝜌 represents the energy density, 𝑃 is the pressure of the fluid, and 𝑢𝜇 is the four-
velocity of the fluid in its own frame [9, 16]. By writing down all the components of the
Einstein equations and using the conservation laws ∇𝜇𝑇

𝜇𝜈 = 0, Alexander Friedmann
was able to derive the famous Friedmann equations: a set of equations tasked with the
purpose of quantifying the expansion of a homogeneous and isotropic universe [9, 23].
The equations are,

𝐻2 + 𝜅

𝑎2 =
8𝜋
3
𝜌 + Λ

3
, (1.4)

𝑎

𝑎
= −4𝜋

3
(𝜌 + 3𝑃) + Λ

3
, (1.5)

𝜌̇ + 3𝐻 (𝜌 + 𝑃) = 0 . (1.6)

The first two equations are independent from each other, while the third is derived
from the first two [9, 23]. We note that from here on, as can be observed in the above
equations, we will work with natural units of 𝐺 = 𝑐 = 1 as is customary in cosmology.

In the equations above, 𝑎 is the dimensionless scale factor, a time-varying parameter
quantifying the relative expansion of the universe. As is convention, the scale factor
today is defined to be equal to 𝑎𝑜 = 1. The dots above 𝑎 we see in the equations above
signify that we have taken the derivative taken with respect to cosmic time. We observe
𝐻 which represents the famous Hubble parameter, defined as

𝐻 =
𝑎̇

𝑎
, (1.7)

where today’s value is taken to be 𝐻𝑜 ≈ 67 km/s/Mpc [1]. Today’s value of 𝐻𝑜 is
also referred to as the Hubble constant. While we did state that we will be working
in natural units, we decided to give 𝐻𝑜 in conventional units for ease of comparison
with the literature. It is often represented as 𝐻𝑜 = ℎ𝑜100km/s/Mpc, where ℎ𝑜 is the
dimensionless Hubble parameter today [9, 23].

Finally, we turn our attention to 𝜅, the constant that describes the possible curvature
of the universe. It has three possible values of +1, 0, and −1, where a positive value
represents a closed positively curved universe, zero represents a flat open universe,
and the negative value represents a negatively curved open universe [9, 23, 16]. From
observations of the CMB, we assume that today we live in a mostly flat universe, and will
therefore take 𝜅 = 0 from here forwards [9, 23]. In a flat, isotropic, and homogeneous
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universe, the Friedmann–Lemaître–Robertson–Walker (FLRW) metric is

d𝑠2 = −d𝑡2 + 𝑎2(𝑡)
(︂
d𝑟2 + 𝑟2dΩ2

)︂
, (1.8)

in which 𝑡 is the cosmic time, 𝑟 the comoving distance, and dΩ is the infinitesimal solid
angle, equal to dΩ2 = d𝜃2 + sin2 𝜃d𝜙2 [9, 23].

1.1.b The Components of the Universe

The universe is composed of radiation (in the form of photons and neutrinos), matter (in
the form of baryonic matter and dark matter), and dark energy. Throughout the evolution
in time of the universe, different components were dominant at different periods. The
very early universe was radiation dominated, but as the energy density of radiation falls
much faster than that of matter, the universe became matter dominated in just a little over
47 × 103 years [23]. The moment (or redshift value) where the energy densities for both
radiation and matter were equal is often denoted by 𝑧𝑒𝑞, which is equal to 𝑧𝑒𝑞 ≈ 3400
[1, 9, 10, 23]. During this time, the energy density for dark energy was negligible, so it
is often not included in models of the earlier phases of the universe.

The simplest way to model the relationship between pressure (𝑃) and energy density
(𝜌) is by defining pressure to be equal to

𝑃(𝜌) = 𝜌𝑤 , (1.9)

which is known as the Equation of State (EoS), where 𝑤 represents a constant whose
value depends whether we are discussing radiation, matter, or dark energy [9, 23]. It is
given to be

𝑤 =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 dust ,
1
3 radiation ,
−1 Λ .

(1.10)

The energy density for the different components of the universe evolves in different
ways. For matter, as the universe expands, the density drops due to the expansion of
volume. However, for radiation, the energy will additionally drop due to the effect of
cosmological redshift on the wavelength of the photons [9, 23]. This means the energy
density of radiation will drop even more. However, unlike for matter and radiation, the
energy density of dark energy remains constant in time [9, 23]. The energy densities of
the different components are shown below as a function of the scale factor 𝑎 to be
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𝜌 ∝

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝑎−3 𝜔 = 0 ,

𝑎−4 𝜔 = 1
3 ,

constant 𝜔 = −1 .

(1.11)

As the universe continued expanding, the energy density of radiation and matter
continued to drop, until dark energy became the dominant component. In today’s
universe, we live in a Λ + matter period, where the component of dark energy is still
larger, but the two are of equal orders of magnitude. In today’s time, the radiation energy
density component is so small that it is negligible. In order to quantify the fraction of
energy density for a given component of the universe, we use the dimensionless density
parameter Ω, defined as

Ω𝑋 =
𝜌𝑋

𝜌total
, (1.12)

where 𝑋 = {radiation ,matter , Λ} and 𝜌total is the total energy density of the universe
[9, 23]. Today, we have that [1]

Ω𝑚,𝑜 = 0.31 ,ΩΛ,𝑜 = 0.69 . (1.13)

Due to the different components that were dominant during different periods of the
universe, the expansion of the cosmos itself was different during each era. Below, we
showcase the evolution of the scale factor for different periods of the universe, denoted
by the EoS constant of the dominant component [9, 23]:

𝑎(𝑡) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(𝑡/𝑡𝑜)2/3 𝑤 = 0 ,

(𝑡/𝑡𝑜)1/2 𝑤 = 1
3 ,

𝑒𝐻𝑜 (𝑡−𝑡𝑜 ) 𝑤 = −1 .

(1.14)

1.2 Inflation

Inflation represents a brief period of rapid expansion that took place right after the Big
Bang, somewhere between 10−36 s and 10−32 s of the age of the universe [9, 23]. The
theory of inflation was birthed during the 1980s as cosmologists were trying to explain
how is it possible for the universe to be so homogeneous at large scales, as well as the
Horizon problem: How come patches of the sky that should have never been in causal
contact are of the same temperature [9]?

For the universe to display such homogeneity on large scales, it implies that all of
matter was in causal contact at some point for the process of thermalization to take place.
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The universe could have started highly inhomogeneous, however, it was small enough
that everything was in causal contact with everything else, leading to an exchange of
information that brought the photon-baryonic fluid to a thermal equilibrium [9]. The
theory of inflation supports this idea, as it allows a window of time when all of the
components of the cosmic fluid equilibrated at the same moment [9, 23].

With the expansion of the universe and the finite speed of light, it is quick to calculate
that two points in the sky separated just by an angle of 𝜃 ≈ 1° would not have had the
time to exchange any information between each other during the age of the universe [9,
23]. However, with the observations of the CMB, we know that cannot be the case. This
is where inflation comes in. First, we will explain the comoving Hubble radius.

The comoving Hubble radius, 𝑟𝐻 , is defined as

𝑟𝐻 (𝑎) = 1
𝑎𝐻 (𝑎) , (1.15)

where 𝑎 represents the scale factor and 𝐻 (𝑎) represent the Hubble parameter at scale
factor 𝑎 [9]. It represents an approximation of the distance light could have traveled
freely during one expansion time, that is, the period where 𝑎final = 𝑒𝑎initial [9]. It
is used as an approximation to determine whether during this one expansion period
particles had the time to exchange information. Looking at equation (1.15), we notice
that 𝑟𝐻 (𝑎) = 𝑎̇−1, meaning that the condition for an increasing comoving Hubble radius
is that the acceleration of expansion must be decreasing, that is, 𝑎 < 0.

The condition for the comoving Hubble radius to have ever had a period of decrease
is 𝑎 > 0, which is the condition for accelerated expansion, or inflation. In the very
early universe, just before inflation, 𝑟𝐻 could have started off larger than it is today,
meaning there was an early period where it was large enough for everything within it to
thermalize. As inflation started, the comoving Hubble radius decreased, meaning more
particles were now outside of each other’s range of causal contact, but only after they
had already exchanged information. With inflation finalized, 𝑟𝐻 started growing again.

1.3 Cosmic Microwave Background

The Cosmic Microwave Background is a radiation field created at the last scattering
surface, also known as the moment of recombination [9]. As the universe expanded and
cooled, at one point it was cool enough that most of the free electrons became bound
inside hydrogen atoms. This caused the mean free path of photons to increase enough
that they were no longer being scattered, and were finally decoupled from the baryonic
fluid [9]. The CMB is currently the best window astronomers have into the early universe,
considering we currently cannot see past it, as shown in Figure 1.2. Until the detection of
primordial gravitational waves, which may reveal more information about the universe
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Figure 1.2: A schematic representation of the observable universe and the CMB, with us the
observer at the center. Our observable universe is transparent, meaning we are able to observe
far away sources since their photons are free to travel to us. However, if we look too far into the
past, we observe the CMB, which is opaque and is best described as looking as a surface of a star.
Because it is opaque, we cannot see further than it and hence the snapshot of the last scattering
surface is the best window we have into the early universe until scientists are able to observe
primordial gravitational waves. The image was made in PowerPoint using images from the ESA
and the Planck Collaboration and NASA.
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before the moment of last scattering, we have to rely on the CMB for our studies of the
early cosmos.

Not only did the discovery of the CMB prove that we live in a Hot Big Bang universe
and not a Steady State one by showcasing that the universe used to be much hotter,
and therefore is actively evolving, it is also the best test of the Cosmological Principle,
with temperature variations being on the order of only 10−5 K [9, 11, 12, 21]. These
temperature anisotropies are also a direct window into the initial conditions of primordial
perturbations that are equal to 𝛿 = 10−5. The study of the CMB temperature anisotropies
and the polarization pattern also provides us with a snapshot photo taken at the surface
of the last scattering, and can help astronomers study the early density fluctuations of the
cosmic fluid that grew into the Large Scale Structures of today [5, 9, 11, 12, 21]. This
is why the study of the CMB dipole is of such importance: the presence of an intrinsic
dipole wouldn’t only signify that the dipole anisotropy itself is not a challenge to the
Cosmological Principle, but it would also aid us into studying the initial conditions more
and furthering the theory of inflation.

If we were perfectly at rest with respect to the CMB, we would observe just the small
temperature fluctuations of the order 10−5 in all directions. However, that is not the
case. As the Earth itself moves around the Sun, which too revolves around the center of
the Milky Way, which itself is moving due the gravitational forces of our neighboring
galaxies, the observer has a peculiar velocity with respect to the CMB reference frame,
creating a temperature dipole as shown in Figure 1.3.

1.4 Large Scale Structures

The Large Scale Structures of our Universe — also known as LSS — represent the
complex cosmic web of clusters and superclusters of galaxies, that seem to follow a sort
of filament structure due to dark matter clumping [9, 17]. The Cosmic Reference Frame
is the reference frame of said large structures and dark matter [10].

It is the very deviations that we discussed earlier from the Cosmological Principle
that allow the formation of LSS on scales less than 100 Mpc. What start off as small
overdensities in an otherwise smooth fluid result in more matter falling inwards, hence
the overdensities growing and structures forming with them. It is the existence of local
gravitational instabilities that allow structures to grow [9, 17].

We expect relativistic effects to affect the observed number of galaxies when observing
the sky. Things such as Doppler effect, the Integrated Sachs-Wolfe (ISW) effect, and
redshift space distortions will all have their influence on the observed photons’ geodesics
and energy [9, 11, 17]. For example, the Doppler effect will arise due to the peculiar
motions of the source object and the observer, causing shifts in frequency that lead to the
target object either appearing closer or further than where it truly exists [9, 11, 23]. ISW
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Figure 1.3: The temperature dipole of the CMB, as taken from [12].

on the other hand arises due to decaying potentials on large scales, that cause a change
in a photon’s energy as it falls in and climbs out of potential wells at different points in
time [9, 17]. The Shapiro Time Delay arises from the fact that photons will effectively
be slowed down in these potential wells [9, 16]. Meanwhile, redshift-space distortion
come from the fact that galaxies have peculiar motion, that can either be presented as
the Kaiser effect where structures will be flattened in redshift space due to falling, or
the Fingers of God effect, where random virial motions in clusters produce an apparent
elongation of structures along the line of sight [11, 19]. We dedicate a separate section
to gravitational lensing later in the chapter.

1.5 Kinematic Dipole

As mentioned before, the peculiar motion of the Solar System will induce a kinematic
dipole not just in the CMB, but also in the number-count. As given in equation (2.32)
from [10], it is equal to

𝑑𝑘𝑖𝑛
𝑛 =

(︃
2 +

H ′
𝑠

H2
𝑠

+ 2(1 − 𝑥)
𝑟𝑠H𝑠

− 𝑓𝑒𝑣𝑜

)︃
𝛽 , (1.16)

where 𝛽 is the CMB kinematic dipole, 𝛽 ≡ 𝑛𝑖𝑣
𝑖
𝑜, 𝑥 is a numerical parameter to be found,

𝑟𝑠 is the comoving distance of the source, 𝑓𝑒𝑣𝑜 is the evolution bias parameter, and H𝑠 is
the conformal Hubble parameter at the moment the light rays were emitted by the source
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galaxy [10, 15]. We can further correct this by instead assuming that the source density
is not constant, but a time-evolving function. We also must take into consideration that
we are not able to observe all far away sources, but those with some minimal threshold
flux, 𝐹∗, that our instruments can detect. We hence write our function of the number
count to be one of redshift and flux dependence as [10, 15]

N̂𝑠 (𝑧, 𝐹 > 𝐹∗) =
∫ ∞

𝐿𝑠 (𝑧,𝐹 )
d𝐿𝑛̂𝑠 (𝑧, ln 𝐿) . (1.17)

Taking into account the source evolution and luminosity, we derive [10, 15]

𝑑𝑘𝑖𝑛
N =

1∫ 𝜒𝑠

0 d𝜒N𝑠𝑟
2

∫ 𝜒𝑠

0
d𝜒N𝑠𝑟

2𝑑𝑘𝑖𝑛
𝑛

=
1∫ 𝜒𝑠

0 d𝜒N𝑠𝑟
2

∫ 𝜒𝑠

0
d𝜒N𝑠𝑟

2
(︃
2 + H ′

H2 + 2(1 − 𝑥)
𝑟𝑠H

− 𝜕 lnN𝑠

𝜕 ln(1 + 𝑧)

)︃
𝛽 .(1.18)

To find the solution, we look at the total derivative to simplify our equation above:

𝜕 lnN𝑠

𝜕 ln(1 + 𝑧) =
d lnN𝑠

d ln(1 + 𝑧) −
𝜕 lnN𝑠

𝜕 ln 𝐿

𝜕 ln 𝐿

𝜕 ln(1 + 𝑧)

=
1
H

d lnN𝑠

d𝜒
+ 𝑥

(︃
1 + 𝛼 + 2

𝑟H

)︃
, (1.19)

where we assumed that the luminosity follows a power-law 𝐿 ∝ 𝑣−𝛼 [10, 15]. Putting
this all back into the integral for the kinematic dipole, we find:

𝑑𝑘𝑖𝑛
N =

1∫ 𝜒𝑠

0 d𝜒N𝑠𝑟
2

∫ 𝜒𝑠

0
d𝜒N𝑠𝑟

2𝛽

(︃
2 + 𝑥(1 + 𝛼) − 1

H
𝑑

𝑑𝜒
ln

(︃
𝑟2N𝑠

H

)︃)︃
= (2 + 𝑥(1 + 𝛼))𝛽 + 1∫ 𝜒𝑠

0 d𝜒N𝑠𝑟
2

𝑟2
𝑠N𝑠

H𝑠

𝛽 , (1.20)

where the integral is simplified with the use of [10, 15]

1
H

d
d𝜒

ln
(︃
𝑟2N𝑠

H

)︃
=

1
H

d
d𝜒

(2 ln 𝑟 + lnN𝑠 − lnH)

=
1
H

d lnN𝑠

d𝜒
+ 2
H𝑟

d𝑟
d𝜒

− 1
H2

dH
d𝜒

𝜒≈𝜂0−𝜂
=

1
H

d lnN𝑠

d𝜒
+ 2
H𝑟

d𝑟
d𝜒

+ H ′

H2 . (1.21)

Keeping only the linear order terms, the expected kinematic dipole is equal to [10, 15]

𝑑𝑘𝑖𝑛
N = (2 + 𝑥(1 + 𝛼))𝛽 . (1.22)
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Using the CatWISE values ⟨𝑥⟩ = 1.7 and ⟨𝛼⟩ = 1.26 [8, 10, 13] gives

𝑑kin
N ≃ 2 + 1.7(1 + 1.26) ≃ 5.8 𝛽 ,

meaning we expect to observe the number-count dipole to be an order of almost 6 times
larger than the CMB dipole. However, that is not the case, as measurements of the
number-count dipole 𝑑𝑘𝑖𝑛

N have found it is twice the expected value, thus leaving us with
the dipole tension problem [10, 15].

1.6 Working in redshift space

Due to the existing complications and difficulties cosmology faces when studying far
away sources, to simplify our calculations we will be working in the redshift frame.
Redshift space is a coordinate frame that flattens the past lightcone, in the sense that
from working in four dimensions, we are now working on a three-dimensional spatial
hypersurface. Photon’s geodesics become radial trajectories, while still containing all
of the background effects such as ISW, Shapiro time delay, and Doppler effect. In this
coordinate system, the geodesic of a photon is described by:

𝑥𝜇 = (𝜂, x̄) = (𝜂0 − 𝜒̄, 𝜒̄n) , (1.23)

where 𝜒̄(𝑧) is the comoving distance in redshift space and is also our affine parameter
for the geodesic of the photon. The observed unit direction vector is represented by n
and is defined to be 𝑛𝑖 = 𝑥𝑖/𝜒̄ = 𝛿𝑖 𝑗 ( 𝜕 𝜒̄

/︁
𝜕𝑥 𝑗 ). The total derivative with respect to 𝜒̄

can be derived with the use of chain rule to be equal to

d
d𝜒̄

= − 𝜕

𝜕𝜂
+ 𝑛𝑖

𝜕

𝜕𝑥𝑖
. (1.24)

All of the barred coordinates represent the coordinates in redshift frame. Meanwhile,
𝑥𝜇 (𝜒) will represent the coordinates in the physical, or real space, where 𝜒 is the physical
comoving distance of the source. Mapping between redshift space and real space is done
as:

𝜒 = 𝜒̄ + 𝛿𝜒 ,

𝑥𝜇 (𝜒) = 𝑥𝜇 ( 𝜒̄) + Δ𝑥𝜇 ( 𝜒̄) . (1.25)
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Figure 1.4: Representation of a perturbed photon geodesic from [18]. The solid line represents
the true photon trajectory, while the dashed line showcases the trajectory and source as seen and
interpreted by the observer.
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1.7 The Perturbed Metric

In the general gauge, the perturbed FLRW metric will take the form of

d𝑠2 = 𝑎2(𝜂){−1(1 + 2𝐴)d𝜂2 − 2𝐵𝑖d𝜂d𝑥𝑖 + (𝛿𝑖 𝑗 + ℎ𝑖 𝑗)d𝑥𝑖d𝑥 𝑗} , (1.26)

where we use 𝜂 the conformal time and all of the perturbations are linear. The first
perturbation term, 𝐴, is a scalar perturbation and affects the temporal part of the metric.
It is the perturbation in gravitational potential that leads to time dilation and change
in the energy of the photon. 𝐵𝑖 represents the vector perturbation for the off-diagonal
components of the metric. The tensor perturbation, ℎ𝑖 𝑗 , is the perturbation to the spatial
part of the metric and is equal to ℎ𝑖 𝑗 = 2𝐷𝛿𝑖 𝑗 + 𝐹𝑖 𝑗 , where 𝐹𝑖 𝑗 = (𝜕𝑖𝜕 𝑗 − 𝛿𝑖 𝑗∇2/3)𝐹 +
𝜕𝑖 𝐹̂𝑗 + 𝜕 𝑗 𝐹̂𝑖 + ℎ̂𝑖 𝑗 . 𝐷 and 𝐹 represent the scalar modes, while 𝐹̂𝑖 is a solenoidal vector
and ℎ̂𝑖 𝑗 is traceless and divergence free. The tensor perturbations are often seen in
cosmology through gravitational waves or gravitational lensing.

1.7.a Poisson Gauge

The Poisson gauge, also known as the longitudinal or conformal Newtonian gauge, is
defined by the choices of:

𝐴 = Φ ,

𝐷 = −Φ ,

𝐵𝑖 = 0 ,

𝐹𝑖 𝑗 = 0 . (1.27)

This is called gauge-fixing, where we take away degrees of freedom by imposing our
constraints [9]. Hence, the metric the Poisson gauge will be

d𝑠2 = 𝑎(𝜂)2
{︂
−(1 + 2Φ)d𝜂2 + 𝛿𝑖 𝑗 (1 − 2Φ)d𝑥𝑖d𝑥 𝑗

}︂
, (1.28)

𝑣𝑖 = 𝜕𝑖𝑣 . (1.29)

Here Φ represents Bardeen’s gauge invariant scalar potential perturbation, where we
can observe it acting both as a temporal perturbation and a spatial perturbation in the
metric [9, 3, 10]. In most literature, the metric above is written so that the temporal
perturbation is signified as Ψ instead, however, in this paper we set Φ = Ψ. Because of
this decision, Φ not only represents the Bardeen potential, but also the Weyl potential
which is defined as Φ𝑊 = (Ψ +Φ)/2 [20].

Choosing a suitable gauge can aid us by helping us greatly simplify our calculations.
For true gauge invariant quantities, no matter what gauge we pick, we will have the same
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result. This is why physicist and astronomers will most of the time opt for the gauge that
will simplify their work the most when looking at gauge invariant quantities, such as the
number overdensity of far away sources.

1.7.b First order perturbation terms

We write the first order perturbation terms of the metric in the general gauge to be

𝑔
(1)
00 = −2𝑎2𝐴, 𝑔

(1)
0𝑖 = −𝑎2𝐵𝑖 , 𝑔

(1)
𝑖 𝑗

= 𝑎2ℎ𝑖 𝑗 . (1.30)

Just like the metric, the four-velocity will also have first order perturbation terms,
𝑢𝜇 = 𝑢̄𝜇 + 𝛿𝑢𝜇. Using the normalization 𝑔𝜇𝜈𝑢

𝜇𝑢𝜈 = −1, we find the linear perturbation
terms to be

𝛿𝑢0 = −𝑎−1𝐴, 𝛿𝑢𝑖 = 𝑎−1𝑣𝑖 ,

𝛿𝑢0 = −𝑎𝐴, 𝛿𝑢𝑖 = 𝑎(𝑣𝑖 − 𝐵𝑖) . (1.31)

Similarly, for the Poisson gauge we have that the linear terms of the metric are given
by

𝑔
(1)
00 = −2𝑎2Φ, 𝑔

(1)
𝑖 𝑗

= 𝑎2Φ𝛿𝑖 𝑗 . (1.32)

With these, we find that the first order 𝛿𝑢𝜇 terms will be equal to

𝛿𝑢0 = −𝑎−1Φ, 𝛿𝑢𝑖 = 𝑎−1𝑣𝑖 ,

𝛿𝑢0 = −𝑎Φ, 𝛿𝑢𝑖 = 𝑎𝑣𝑖 . (1.33)

While we won’t use different symbols in the paper for the metric and 4-velocity terms
for the two different gauges, we will always make note of which gauge we are currently
working with so the reader can follow.

1.8 Working with four velocity and tetrads

Most of the calculations will be done with the aid of tetrads, which is why we will take
a moment here to define the tetrads of importance for the paper. We will define the first
order perturbation terms of the metric 𝑔𝜇𝜈 in the general gauge, as well as find the first
order perturbation terms for the four velocity.

A tetrad is a set of four vector fields, Λ
𝜇

𝛼̂
, where the hatted index represents the

specific vector of the set, and the bear-headed index represents the spacetime coordinate.
Due to the complexity of studying far-away phenomena as an accelerating observer,
cosmologists simplify the calculations by assigning the moving observer an orthonormal
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Figure 1.5: An observer’s worldline and the comoving tetrad, as taken from [16].

tetrad, which is a set of four orthonormal vectors that travel with the observer along the
worldline and represent the observer’s laboratory in which they make their observations,
as shown in Figure 1.5. Since the observer’s worldline is timelike, we assign the timelike
Λ

𝜇

0̂
to be equal to the observers four velocity 𝑢

𝜇
𝑜 ,

Λ
𝜇

0̂
= 𝑢𝜇 . (1.34)

The specific tetrad we will be using in the calculation the most is the comoving tetrad,
𝐸

𝜇

𝛼̂
, where it’s timelike 𝐸

𝜇

0̂
is defined to be

𝐸
𝜇

0̂
= 𝑎−1Λ

𝜇

0̂
= 𝑎−1𝑢𝜇 , 𝐸0̂𝜇 = 𝑎Λ0̂𝜇 = 𝑎𝑢𝜇 . (1.35)

Just like all of the other terms we are working it, the comoving tetrad itself is perturbed
such that

𝐸0̂𝜇 (𝑥
𝜈 (𝜒)) = 𝐸0̂𝜇 (𝑥(𝜒) + Δ𝑥𝜈) = 𝐸̄0̂𝜇 ( 𝜒̄) + 𝛿𝐸0̂𝜇 ( 𝜒̄) , (1.36)

with its background term being equal to 𝐸̄0̂𝜇 = (−1, 0). Note that for 𝐸
𝜇

0̂
, the back-

ground term is equal to 𝐸̄
𝜇

0̂
= (1, 0). The following relationships for the parallel and

perpendicular components of the tetrad in the comoving frame will be used throughout
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the paper:

𝐸 𝑖
𝛼̂ = 𝑛𝑖𝐸

∥
𝛼̂
+ 𝐸⊥𝑖

𝛼̂ , where 𝐸
∥
𝛼̂
= 𝑛𝑖𝐸

𝑖
𝛼̂ and 𝐸⊥𝑖

𝛼̂ = P𝑖
𝑗𝐸

𝑗

𝛼̂
,

𝐸 𝛼̂𝑖 = 𝑛𝑖𝐸 𝛼̂∥ + 𝐸 𝛼̂⊥𝑖 , where 𝐸 𝛼̂∥ = 𝑛𝑖𝐸 𝛼̂𝑖 and 𝐸 𝛼̂⊥𝑖 = P𝑖
𝑗𝐸 𝛼̂ 𝑗 .(1.37)

Looking at equations (1.31) and (1.35), we find the first order perturbation terms 𝛿𝐸𝜇

0̂
of 𝐸𝜇

0̂
= 𝐸

𝜇 (0)
0̂

+ 𝛿𝐸
𝜇

0̂
to be:

𝛿𝐸0
0̂ = −𝐴 , 𝛿𝐸 𝑖

0̂ = 𝑣𝑖 ,

𝛿𝐸0̂0 = 𝐴 , 𝛿𝐸0̂𝑖 = 𝑣𝑖 − 𝐵𝑖 , (1.38)

1.9 Gravitational Lensing

The phenomena of gravitational lensing occurs when the path of light is bent due to
the presence of mass. While traveling at cosmological distances, photon trajectories
will follow the curvature of spacetime created by galaxies and clusters, causing the
final image of the source to be either warped, magnified, or even multiplied in number
[16]. The act of bending the trajectory of a photon geodesic also results in the observer
seeing the source object on the wrong part of the sky, as shown in Figure 1.4. The
more dramatic examples of lensing are caused by strong gravitational lensing, where the
observed image of the source is very obviously warped by a concentrated massive lens.
While these examples are curious to look at, it is weak gravitational lensing that is the
main culprit behind the creation of overdensities in the number of observed far away
sources.

Gravitational weak lensing, while not necessarily as dramatic as its strong counterpart,
has the property of magnifying the light of far away sources that otherwise would have
been too faint to be seen. This magnifying property will be studied and shown in the
calculations in the form of the weak lensing convergence term, 𝜅, which defines the
magnification in the size of the incoming beam of light.

1.10 Superhorizon Modes

A possible explanation of the existing dipole tension could be pre-inflationary remnants
that do not go against the standard FLRW universe. An example of such are superhorizon
perturbations, which are perturbations on scales much larger than the particle horizon [9,
10]. These perturbations can be in adiabatic or isocurvature modes, the main difference
between the two being the initial conditions set in the early universe.
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Looking at entropy 𝑆, we can deduce that

𝑆 =
𝜌 + 𝑃

𝑇
𝑉 ∝ 𝑇3

𝜌𝑚
∝ 𝜌3

𝑟/4
𝜌𝑚

, (1.39)

=⇒ 𝛿𝑆

𝑆
=

3
4
𝛿𝑟 − 𝛿𝑚 , (1.40)

where 𝑇 is temperature, 𝑉 represents volume, and 𝜌 the energy densities. We also have
𝛿𝑟 ,𝑚 which represent the fractional deviation of the energy densities from the background
values, and are defined to be 𝛿𝑟 = 𝛿𝜌𝑟/𝜌𝑟 and 𝛿𝑚 = 𝛿𝜌𝑚/𝜌𝑚 [9]. Looking at the possible
initial values for the perturbations, we differentiate between adiabatic and isocurvature
perturbations.

1.10.a Adiabatic and Isocurvature Modes

As mentioned previously, initial conditions are set by inflation when we consider scales
larger than the Hubble radius, known as superhorizon scales. Adiabatic perturbations
are predicted to be one of the products of single-field inflation [9]. Single-field inflation
states that different parts of the universe will experience different values of overdensities,
with the condition that the fractional overdensities will be the same for all particle species
𝑠 [9],

𝛿𝜌

𝜌
=

𝛿𝜌𝑠

𝜌𝑠
. (1.41)

Adiabatic perturbations represent curvature fluctuations on slices of homogeneous total
energy density, and are defined by the initial conditions 𝑆𝑖 = 0, where 𝛿𝑚,𝑖 =

3
4𝛿𝑟 ,𝑖 [10].

On the other hand, isocurvature perturbations represent modes where curvature fluc-
tuations are initially vanishing and we are left with relative number density fluctuations
[10]. To find their initial conditions, we can use the 00-component of Einstein’s perturbed
equations, which in the Poisson gauge is equal to [15],

−ΔΦ + 3H(Φ̇ +HΦ) = 1
2
𝑎2 (𝜌𝑚𝛿𝑚 + 𝜌𝑟𝛿𝑟 ) . (1.42)

For superhorizon modes, where we use the background Friedmann equation, we find
[10, 15]

2Φ = constant =
𝑎2

H2 (𝜌𝑚𝛿𝑚 + 𝜌𝑟𝛿𝑟 ) =
(𝜌𝑚𝛿𝑚 + 𝜌𝑟𝛿𝑟 )

𝜌𝑚 + 𝜌𝑟
. (1.43)

In the early universe where we know radiation energy is larger than the one for matter,
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we take the limit 𝜌𝑟 ≫ 𝜌𝑚 to find the initial conditions [10, 15],

2Φ𝑖 = 𝛿𝑟 ,𝑖 . (1.44)

This holds for both adiabatic and isocurvature initial conditions, with the difference being
that for the isocurvature case we set Φ𝑖 = 0, hence having so 𝛿𝑚,𝑖 = 𝑆𝑖 .

Isocurvature perturbations are predicted to be generated during inflation in the presence
of light scalar fields, such as axions and curvatons [10]. As they are created deep into
the radiation dominated universe, they are later predicted to turn into curvature, that is,
adiabatic perturbations [9, 10, 11, 15], meaning our calculations of the superhorizon
perturbations to the number-count dipole will all be adiabatic in the dust and Λ + matter
universes.

Having the initial conditions, we can now look at how the functions Φ, 𝑆𝑖 and 𝑣𝑚

change over time. Looking back in the context of superhorizon scales, where 𝑘 → 0 we
have the solutions for the time-varying functions to be,

𝑆(𝜉) = 𝑆𝑖 , (1.45)

Φ(𝜉) = Φ𝑖

(︃
8

5𝜉3 (
√︁

1 + 𝜉 − 1) − 4
5𝜉2 + 1

5𝜉
+ 9

10

)︃
+2

√
2𝑆𝑖

(︃
16
5𝜉3 (1 −

√︁
1 + 𝜉) + 8

5𝜉2 − 2
5𝜉

+ 1
5

)︃
, (1.46)

𝑣𝑚(𝜉) =
√

2
Φ𝑖

5H𝑒𝑞

(︄
3
√︁

1 + 𝜉 − 4
𝜉

𝜉 − 1 +
√︁

1 + 𝜉

1 +
√︁

1 + 𝜉

)︄
+ 𝑆𝑖

15H𝑒𝑞

(︄√︁
1 + 𝜉 − 4

𝜉

2𝜉 + 3 − 3
√︁

1 + 𝜉

1 +
√︁

1 + 𝜉

)︄
, (1.47)

where 𝜉 is defined as 𝜉 ≡ 𝑎/𝑎eq [10]. In these expressions, the terms proportional to Φ𝑖

correspond to the adiabatic mode, while the terms proportional to 𝑆𝑖 correspond to the
isocurvature mode.

For our target objects of interest, that is, observed galaxies, we will have that their
redshifts are 𝑧 ≈ 1− 2, which means 𝜉 ≫ 1. Taking the limit, we can simplify the above
equations to further get [10],

Φ
(︁
𝑎 ≫ 𝑎𝑒𝑞

)︁
≈ 9

10
Φ𝑖 +

1
5
𝑆𝑖 , (1.48)

𝑣𝑚
(︁
𝑎 ≫ 𝑎𝑒𝑞

)︁
≈

(︃
3
5
Φ𝑖 +

2
15

𝑆𝑖

)︃ √
2

H𝑒𝑞

√︂
𝑎

𝑎𝑒𝑞
. (1.49)
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In summary, we have seen that adiabatic initial conditions lead to a non-zero curvature
perturbation and a growing matter velocity potential at late times, while isocurvature
initial conditions provide additional contributions to both the potential and the velocity.
In the superhorizon limit, these modes evolve in a way that preserves the constancy of
𝑆 but generates distinct signatures in the late-time potential and velocity fields. These
results will be used in the next chapter to assess the impact of superhorizon modes on
the CMB and number-count dipoles.





2 The Observed Density Fluctuations
of Galaxies

2.1 Calculations of the Observed Overdensity

The following chapter will present the calculation of the observed number overdensity
of far away galaxies, with particular emphasis on the role of magnification among other
relativistic effects, as has been done by Bertacca and collaborators [3, 4]. All of the
calculations have already been done there [3, 4], hence this section serves the purpose
of re-deriving them and providing more steps for the reader to follow. Some of the more
particular calculations can also be found in the appendices, as will be noted.

The notation used is the so called cosmic ruler notation, as presented in [18]. Physical
phenomena such as the Integrated Sachs-Wolfe effect or Doppler shift will be further
discussed in Chapter 4 when discussing the results. As mentioned in Chapter 1, the
calculations are all done with the use of natural units, 𝑐 = 𝐺 = 1, as well as the
(−,+,+,+) metric. As per convention, Greek indices will represent {0, 1, 2, 3}, while
Latin indices will indicate {1, 2, 3}.

2.1.a Directional Derivatives

In this section we will go over the definitions of directional derivatives used in the paper,
as well as their properties, as was introduced in [3, 4, 18]. Spatial vectors and tensors
can be decomposed into longitudinal and perpendicular components with respect to the
observer’s line of sight as:

𝐴∥ = 𝑛𝑖𝑛 𝑗𝐴𝑖 𝑗 , 𝐵𝑖
⊥ = P𝑖 𝑗𝐵 𝑗 = 𝐵𝑖 − 𝑛𝑖𝐵∥ , where P𝑖

𝑗 = 𝛿𝑖𝑗 − 𝑛𝑖𝑛 𝑗 , (2.1)

25
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where P𝑖
𝑗

represents the normal projection operator. The directional derivatives are
defined as:

𝜕∥ = 𝑛𝑖
𝜕

𝜕𝑥𝑖
, 𝜕2

∥ = 𝜕∥𝜕∥ , 𝜕⊥𝑖 = P 𝑗

𝑖
𝜕 𝑗 =

𝜕

𝜕𝑥𝑖
− 𝑛𝑖𝜕∥ ,

𝜕𝑛 𝑗

𝜕𝑥𝑖
=

1
𝜒̄
P 𝑗

𝑖
. (2.2)

Applying the definitions above, we can deduce the following useful relationships:

𝑛𝑖𝐵⊥𝑖 = 𝑛𝑖𝐵𝑖 − 𝑛𝑖𝑛𝑖𝐵∥ = 𝐵∥ − 𝐵∥ = 0 , (2.3)

𝑛𝑖𝜕⊥𝑖 = 𝑛𝑖
𝜕

𝜕𝑥𝑖
− 𝑛𝑖𝑛𝑖𝜕∥ = 𝜕∥ − 𝜕∥ = 0 . (2.4)

We can thus rewrite 𝜕
/︁
𝜕𝑥 𝑗 as a sum of different directional derivatives, as well as

find the normally projected Laplacian ∇2
⊥ to be

𝜕𝐵𝑖

𝜕𝑥 𝑗
=

𝜕

𝜕𝑥 𝑗
(𝐵𝑖

⊥ + 𝑛𝑖𝐵∥ ) =
𝜕

𝜕𝑥 𝑗
𝐵𝑖
⊥ + 𝑛𝑖

𝜕𝐵∥
𝜕𝑥 𝑗

+ 𝜕𝑛𝑖

𝜕𝑥 𝑗
𝐵∥

= (𝜕⊥ 𝑗 + 𝑛 𝑗𝜕∥ )𝐵𝑖
⊥ + 𝑛𝑖 (𝜕⊥ 𝑗 + 𝑛 𝑗𝜕∥ )𝐵∥ +

1
𝜒̄
P 𝑗

𝑖
𝐵∥

= 𝜕⊥ 𝑗𝐵
𝑖
⊥ + 𝑛 𝑗𝜕∥𝐵

𝑖
⊥ + 𝑛𝑖𝜕⊥ 𝑗𝐵∥ + 𝑛𝑖𝑛 𝑗𝜕∥𝐵∥ +

1
𝜒̄
P 𝑗

𝑖
𝐵∥ , (2.5)

∇2
⊥ = 𝜕⊥𝑖𝜕

⊥𝑖 = 𝛿𝑖 𝑗
𝜕

𝜕𝑥𝑖
𝜕

𝜕𝑥 𝑗
− 𝜕2

∥ −
2
𝜒̄
𝜕∥ . (2.6)

From above, we can observe and deduce that 𝜕𝐵𝑖/𝜕𝑥𝑖 , a useful relation that will aid
us later in the paper, will be equal to

𝜕𝐵𝑖

𝜕𝑥𝑖
= 𝜕⊥𝑖𝐵

𝑖
⊥ + 𝑛𝑖𝜕∥𝐵

𝑖
⊥ + 𝑛𝑖𝜕⊥𝑖𝐵∥ + 𝑛𝑖𝑛𝑖𝜕∥𝐵∥ +

1
𝜒̄
P𝑖
𝑖 𝐵∥

= 𝜕⊥𝑖𝐵
𝑖
⊥ + 𝜕∥𝐵∥ +

2
𝜒̄
𝐵∥ . (2.7)

With the directional derivatives defined and their properties explored, we can move
on to calculating our linear perturbed terms.

2.1.b The Change in the Scale Factor

The perturbation in the scale factor 𝑎 can be found by looking at the perturbation of the
observed redshift of the source object. Hence, to find it, we must study an incoming
photon’s energy and frequency [3, 4].

We consider the photon 4-momentum of a photon, equal to 𝑝𝜇 = 𝜈(𝑎)𝑘𝜇/𝑎 where
𝜈(𝑎) is the photon frequency as a function of the scale factor, 𝑎, and 𝑘𝜇 is the null
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geodesic vector of the photon. The perturbed 𝑘𝜇 is equal to

𝑘𝜇 ( 𝜒̄) =
d𝑥𝜇

d𝜒̄
=

d
d𝜒̄

(𝑥𝜇 + 𝛿𝑥𝜇) ( 𝜒̄) =
(︃
− 𝜕

𝜕𝜂
+ 𝑛𝑖

𝜕

𝜕𝑥𝑖

)︃
(𝑥𝜇 + 𝛿𝑥𝜇) ( 𝜒̄)

=
(︁
−1 + 𝛿𝜈, 𝑛𝑖 + 𝛿𝑛𝑖

)︁
( 𝜒̄)

= 𝑘̄𝜇 + 𝛿𝑘𝜇 , (2.8)

where we have the zeroth order term, 𝑘̄𝜇 = d𝑥𝜇/d𝜒̄ = (−1, n), and the perturbation
term 𝛿𝑘𝜇 = (𝛿𝜈, 𝛿𝑛𝑖). Using the relationship between the energy of a photon and its
redshift, we can find the perturbation of the scale factor, 𝑎. In the real, physical frame,
the scale factor is defined as

𝑎 = 𝑎(𝑥0(𝜒)) = 𝑎(𝑥0 + Δ𝑥0) = 𝑎(1 +HΔ𝑥0) ,

where 𝑎̄ = 𝑎(𝑥0) = 1
1 + 𝑧

, H =
𝑎̄′

𝑎̄
, and ′ =

𝜕

𝜕𝜂
. (2.9)

The total perturbed scale factor can be written as

𝑎 = 𝑎̄(1 + Δ ln 𝑎) , (2.10)

where we then find

Δ ln 𝑎 = HΔ𝑥0 = H(−𝛿𝜒 + 𝛿𝑥0) (2.11)

We can find Δ ln 𝑎 using the observed redshift as found in [3, 4]:

(1 + 𝑧) |𝜒 =
(𝑢𝜇𝑝𝜇) |𝜒
(𝑢𝜇𝑝𝜇) |𝑜

=
𝜈(𝑎𝜒)
𝜈𝑜

(𝐸0̂𝜇𝑘
𝜇) |𝜒

(𝐸0̂𝜇𝑘
𝜇) |𝑜

=
1
𝑎𝜒

(𝐸0̂𝜇𝑘
𝜇) |𝜒

(𝐸0̂𝜇𝑘
𝜇) |𝑜

. (2.12)

By convention, we set the present day scale factor to be equal to 𝑎𝑜 = 1, and have that
𝑝0̂𝑜 = (Λ0̂𝜇𝑝

𝜇) |𝑜 = 𝜈𝑜. Then, we calculate

(𝐸0̂𝜇𝑘
𝜇) |𝑜 = 1 ,

1 + 𝑧 =
1
𝑎̄

=
1
𝑎
𝐸0̂𝜇𝑘

𝜇 ,

1 + Δ ln 𝑎
𝑎

=
1
𝑎
𝐸0̂𝜇𝑘

𝜇 ,

1 + Δ ln 𝑎 = 𝐸0̂𝜇𝑘
𝜇 = 𝐸̄0̂𝜇 𝑘̄

𝜇 + (𝐸0̂𝜇𝑘
𝜇) (1) = 1 + 𝐸̄0̂𝜇𝛿𝑘

𝜇 + 𝛿𝐸0̂𝜇 𝑘̄
𝜇 ,

Δ ln 𝑎 = 𝐸̄0̂𝜇𝛿𝑘
𝜇 + 𝛿𝐸0̂𝜇 𝑘̄

𝜇 = −𝛿𝐸0̂0 + 𝑛𝑖𝛿𝐸0̂𝑖 − 𝛿𝜈

= −𝛿𝐸0̂0 + 𝛿𝐸0̂∥ − 𝛿𝜈 . (2.13)
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With the use of (2.11), we find the comoving distance 𝛿𝜒 to be equal to

𝛿𝜒 = 𝛿𝑥0 − Δ ln 𝑎
H = 𝛿𝑥0 − Δ𝑥0 . (2.14)

With the further help of the relationships defined and derived in Section 2.1.a, we
derive the following for the temporal and spatial perturbations:

Δ𝑥0 = Δ𝑥𝑖⊥ + 𝑛𝑖Δ𝑥 ∥ , (2.15)
Δ𝑥 ∥ = 𝛿𝜒 + 𝛿𝑥 ∥ = 𝛿𝑥0 − Δ𝑥0 + 𝛿𝑥 ∥ , (2.16)
Δ𝑥𝑖 = 𝛿𝑥𝑖⊥ . (2.17)

Above we use the definition Δ𝑥𝑖 (𝑛) = 𝛿𝑖 𝑗𝛿𝑥
𝑖 (𝑛)
⊥ in equation (2.17).

2.2 Number of galaxies

The physical number density of galaxies is defined as 𝑛𝑔 = 𝑛𝑔 (𝑥𝜇,M), where M
represents the magnification. The physical number of galaxies N contained within the
volume V̄ is therefore

N =

∫
V̄

√︁
−𝑔(𝑥𝛼)𝑛𝑔 (𝑥𝜇,M)𝜀𝜇𝜈𝜌𝜎𝑢𝜇 (𝑥𝛼)

𝜕𝑥𝜈

𝜕𝑥1
𝜕𝑥𝜌

𝜕𝑥2
𝜕𝑥𝜎

𝜕𝑥3 dx̄3

=

∫
V̄

√︁
−𝑔̂(𝑥𝛼)𝑎3(𝑥0)𝑛𝑔 (𝑥𝜇,M)𝜀𝜇𝜈𝜌𝜎𝐸𝜇

0̂
(𝑥𝛼) 𝜕𝑥

𝜈

𝜕𝑥1
𝜕𝑥𝜌

𝜕𝑥2
𝜕𝑥𝜎

𝜕𝑥3 dx̄3 , (2.18)

where we have used
√︁
−𝑔̂(𝑥𝛼) =

√︁
−𝑔(𝑥𝛼)/𝑎4 and equation (1.35) to simplify the

expression, where 𝑔̂(𝑥𝛼) is the comoving metric [3, 4]. In the redshift frame, the number
of galaxies will be

N =

∫
V̄
𝑎̄3(𝑥0)𝑛𝑔 (𝑥0, x̄, 𝐿̄)dx̄3 . (2.19)

Looking at equation (2.18), in order to simplify our calculations of the perturbed
number count we define

𝑉 (𝑥𝛼) = 𝜀𝜇𝜈𝜌𝜎𝐸
𝜇

0̂
(𝑥𝛼) 𝜕𝑥

𝜈

𝜕𝑥1
𝜕𝑥𝜌

𝜕𝑥2
𝜕𝑥𝜎

𝜕𝑥3 = 1 + Δ𝑉 (𝑥𝛼) . (2.20)

To find the first order term of 𝑉 (𝑥𝛼), we simplify the expression by dividing it into a
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temporal and spatial component:

𝑉 (𝑥𝛼) = 𝜀𝜇𝜈𝜌𝜎𝐸
𝜇

0̂
(𝑥𝛼) 𝜕𝑥

𝜈

𝜕𝑥1
𝜕𝑥𝜌

𝜕𝑥2
𝜕𝑥𝜎

𝜕𝑥3

= 𝐸0
0̂

|︁|︁|︁|︁ 𝜕𝑥𝑖𝜕𝑥 𝑗

|︁|︁|︁|︁
+ 𝐸 𝑖

0̂(𝑥
𝛼)𝜀𝑖 𝑗𝑘

(︃
−𝜕𝑥0

𝜕𝑥1
𝜕𝑥 𝑗

𝜕𝑥2
𝜕𝑥𝑘

𝜕𝑥3 + 𝜕𝑥 𝑗

𝜕𝑥1
𝜕𝑥0

𝜕𝑥2
𝜕𝑥𝑘

𝜕𝑥3 − 𝜕𝑥 𝑗

𝜕𝑥1
𝜕𝑥𝑘

𝜕𝑥2
𝜕𝑥0

𝜕𝑥3

)︃
. (2.21)

By using the properties of the Levi-Cevita tensor, we find that the first term is equal to|︁|︁|︁|︁ 𝜕𝑥𝑖𝜕𝑥 𝑗

|︁|︁|︁|︁ = det
(︃
𝜕𝑥𝑖

𝜕𝑥 𝑗

)︃
, (2.22)

det
(︃
𝜕𝑥𝑖

𝜕𝑥 𝑗

)︃
= det

(︃
𝜕𝑥𝑖

𝜕𝑥 𝑗

)︃ (0)
+ det

(︃
𝜕𝑥𝑖

𝜕𝑥 𝑗

)︃ (1)
= 1 +

(︃
𝜕Δ𝑥𝑖

𝜕𝑥𝑖

)︃
. (2.23)

With the use of equation (2.7), the first order term above is calculated to be(︃
𝜕Δ𝑥𝑖

𝜕𝑥𝑖

)︃
= 𝜕⊥𝑖Δ𝑥

𝑖
⊥ + 𝜕∥Δ𝑥 ∥ +

2
𝜒̄
Δ𝑥 ∥ . (2.24)

The second term of equation (2.21) can be rewritten as a sum of a background term
and first order term:

𝜀𝑖 𝑗𝑘

(︃
−𝜕𝑥0

𝜕𝑥1
𝜕𝑥 𝑗

𝜕𝑥2
𝜕𝑥𝑘

𝜕𝑥3 + 𝜕𝑥 𝑗

𝜕𝑥1
𝜕𝑥0

𝜕𝑥2
𝜕𝑥𝑘

𝜕𝑥3 − 𝜕𝑥 𝑗

𝜕𝑥1
𝜕𝑥𝑘

𝜕𝑥2
𝜕𝑥0

𝜕𝑥3

)︃
= Σ𝑖 = Σ̄𝑖 + ΔΣ𝑖 . (2.25)

Now, we have that:

𝑉 (𝑥𝛼) = 𝐸0
0̂

|︁|︁|︁|︁ 𝜕𝑥𝑖𝜕𝑥 𝑗

|︁|︁|︁|︁ + 𝐸 𝑖

0̂(𝑥
𝛼)Σ𝑖 = 1 + Δ𝑉 (𝑥𝛼) , (2.26)

Δ𝑉 (𝑥𝛼) =

(︃
𝐸0

0̂

|︁|︁|︁|︁ 𝜕𝑥𝑖𝜕𝑥 𝑗

|︁|︁|︁|︁)︃ (1) + (︂
𝐸 𝑖

0̂(𝑥
𝛼)Σ𝑖

)︂ (1)
= 𝐸̄0

0̂

(︃
𝜕Δ𝑥𝑖

𝜕𝑥𝑖

)︃
+ 𝛿𝐸0

0̂ + 𝐸
𝑖 (0)
0̂

Σ
(1)
𝑖

+ 𝛿𝐸 𝑖

0̂Σ
(0)
𝑖

. (2.27)

Since the background term 𝐸̄ 𝑖

0̂
is zero, there is no need to find the perturbation ΔΣ𝑖 and

we will hence skip the evaluation of it. Meanwhile, the zeroth term Σ̄𝑖 is found by using
the fact that 𝜕𝑥0/︁𝜕𝑥𝑖 = − 𝜕 𝜒̄/𝜕𝑥𝑎 = −𝑛𝑖 and 𝜕𝑥 𝑗

/︁
𝜕𝑥𝑖 = 𝛿

𝑗

𝑖
, and then contracting all

the indices while paying attention to the Levi-Cevita tensor. At zeroth order, this will all
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simply be equal to Σ̄𝑖 = 𝑛𝑖 . Thus, we have the solution

Δ𝑉 (𝑥)𝛼 = 𝜕⊥𝑖Δ𝑥
𝑖
⊥ + 𝜕∥Δ𝑥 ∥ +

2
𝜒̄
Δ𝑥 ∥ + 𝛿𝐸0

0̂ + 𝑛𝑖𝛿𝐸
𝑖

0̂

= −2𝜅 + 𝜕∥Δ𝑥 ∥ +
2
𝜒̄
Δ𝑥 ∥ + 𝛿𝐸0

0̂ + 𝛿𝐸
∥
0̂
. (2.28)

Here we simplified the expression by using the definition of the coordinate weak
lensing convergence term (at nth order) [3, 4]:

𝜅 (𝑛) = −1
2
𝜕⊥𝑖Δ𝑥

𝑖 (𝑛)
⊥ . (2.29)

Since we will only use the first order term 𝜅 (1) in our calculations, we will simply
write 𝜅 for the purpose of cleaner calculations.

With Δ𝑉 (𝑥𝛼) now calculated, we can move onto the magnification bias M.

2.3 Magnification

The magnification is defined as

M =

(︃
D𝐴

D̄𝐴

)︃−2
=

(︃
D𝐿

D̄𝐿

)︃−2
, (2.30)

where D𝐴 and D𝐿 are the angular and luminosity distances and D̄𝐴 and D̄𝐿 are the
angular and luminosity distances at zeroth order [3, 4, 18]. They are related by,

D𝐿 = (1 + 𝑧)2D𝐴 , and D̄𝐴 = 𝑎̄(𝑥0( 𝜒̄) 𝜒̄ . (2.31)

We use the following cosmic rulers definition [3, 18] for angular distance,

D2
𝐴 =

√︁
−𝑔(𝑥𝛼)𝜀𝜇𝜈𝜌𝜎𝑢𝜇𝑣𝜈

𝜕𝑥𝜌

𝜕𝑥𝑖
𝜕𝑥𝜎

𝜕𝑥 𝑗
𝛼𝑖𝛽 𝑗 , (2.32)

where 𝑛𝑖 , 𝛼 𝑗 , 𝛽𝑘 create a three dimensional orthonormal basis, and 𝑣𝜈 is the unit spatial
part of 𝑝𝜈:

𝑣𝜈 =
𝑝𝜈

𝑝𝜌𝑢𝜌
+ 𝑢𝜈 =

𝑘𝜈

𝑘𝜌𝑢𝜌
+ 𝑢𝜈 , where 𝑘𝜈 (𝜒) = d𝑥𝜈

d𝜒
=

d𝜒̄
d𝜒

d𝑥𝜇 (𝜒)
d𝜒̄

,

𝑣𝜈 =
d𝑥𝜈/d𝜒̄

d𝑥𝜌/d𝜒̄ · 𝑢𝜌
+ 𝑢𝜈 . (2.33)

We rewrite the expression using 𝑢𝜇 = 𝑎𝐸0̂𝜇 and find that for the inverse of the
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magnification bias, we have [3, 4]

M−1 =

√︁
−𝑔(𝑥𝛼)

(d𝑥𝜌/d𝜒̄ · 𝑢𝜌) (𝑎̄(𝑥0)2 𝜀𝜇𝜈𝜌𝜎𝑢
𝜇 d𝑥𝜈

d𝜒̄
𝜕𝑥𝜌

𝜕𝑥 𝑗

𝜕𝑥𝜎

𝜕𝑥𝑘
𝛼 𝑗 𝛽𝑘

=

√︁
−𝑔(𝑥𝛼)

(d𝑥𝜌/d𝜒̄ 𝐸0̂𝜌) (𝑎(𝑥0)𝑎̄(𝑥0)2 𝜀𝜇𝜈𝜌𝜎𝐸
𝜇

0̂
𝜕𝑥𝜈

𝜕𝑥𝑖
𝜕𝑥𝜌

𝜕𝑥 𝑗

𝜕𝑥𝜎

𝜕𝑥𝑘
𝑛𝑖𝛼 𝑗 𝛽𝑘

=

√︁
−𝑔̂(𝑥𝛼)

(d𝑥𝜌/d𝜒̄ 𝐸0̂𝜌)

(︃
𝑎(𝑥0)
𝑎̄(𝑥0)2

)︃2

𝜀𝜇𝜈𝜌𝜎𝐸
𝜇

0̂
𝜕𝑥𝜈

𝜕𝑥𝑖
𝜕𝑥𝜌

𝜕𝑥 𝑗

𝜕𝑥𝜎

𝜕𝑥𝑘
𝑛𝑖𝛼 𝑗 𝛽𝑘 . (2.34)

We further simplify the expression by making the observation that the following terms
are equivalent:

𝜀𝜇𝜈𝜌𝜎𝐸
𝜇

0̂
(𝑥𝛼) 𝜕𝑥

𝜈

𝜕𝑥𝑖
𝜕𝑥𝜌

𝜕𝑥 𝑗

𝜕𝑥𝜎

𝜕𝑥𝑘
𝑛𝑖𝛼 𝑗 𝛽𝑘 = 𝜀𝜇𝜈𝜌𝜎𝐸

𝜇

0̂
(𝑥𝛼) 𝜕𝑥

𝜈

𝜕𝑥1
𝜕𝑥𝜌

𝜕𝑥2
𝜕𝑥𝜎

𝜕𝑥3

= 1 + Δ𝑉 (𝑥𝛼) . (2.35)

We then find the first order contributions from the terms
√︁
−𝑔̂(𝑥𝛼) and d𝑥𝜌/d𝜒̄ 𝐸0̂𝜌

[3, 4], √︁
−𝑔̂(𝑥𝛼) = 1 + Δ

√︁
−𝑔̂(𝑥𝛼) , (2.36)

Δ
√︁
−𝑔̂(𝑥𝛼) = 1

2
𝑔̂
𝜇 (1)
𝜇 (𝑥𝛼) . (2.37)

where we define
√︁
−𝑔̂(𝑥𝛼) (𝑛) = 𝑔̂𝜇𝜈 (0) 𝑔̂ (𝑛)

𝜇𝜈 . For the first order term, we simply define it
as

√︁
−𝑔̂(𝑥𝛼) (1) = Δ

√︁
−𝑔̂(𝑥𝛼). Meanwhile, for d𝑥𝜌/d𝜒̄ 𝐸0̂𝜌 we have that [3, 4]:

d𝑥𝜌

d𝜒̄
𝐸0̂𝜌 = 1 + Δ

(︃
d𝑥𝜌

d𝜒̄
𝐸0̂𝜌

)︃
,

Δ

(︃
d𝑥𝜌

d𝜒̄
𝐸0̂𝜌

)︃
= Δ

(︃
d𝑥0

d𝜒̄
𝐸0̂0 +

d𝑥𝑖

d𝜒̄
𝐸0̂𝑖

)︃
= Δ(𝜕𝜒̄𝑥0𝐸0̂0 + 𝜕𝜒̄𝑥

𝑖𝐸0̂𝑖)

= Δ(𝜕𝜒̄𝑥0𝐸0̂0 + 𝑛𝑖𝐸0̂𝑖) = Δ(𝜕𝜒̄𝑥0𝐸0̂0 + 𝐸0̂∥ )
= −𝜕𝜒̄Δ𝑥0 − 𝛿𝐸0̂0 + 𝛿𝐸0̂∥ . (2.38)

We make a note of using the expression d𝑥𝜌/d𝜒̄ = 𝜕𝜒̄𝑥
𝜌 in the previous equation to

simplify our calculations. Continuing, with the use of a simple Taylor expansion we have
the term (︂𝑎

𝑎̄

)︂2
= 1 + 2Δ ln 𝑎 , (2.39)
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which we plug in (2.34) and add add all of the first order terms to find,

Δ(M−1) = 𝜕𝜒̄ (Δ𝑥0 + Δ𝑥 ∥ ) + 𝛿𝐸0̂0 − 𝛿𝐸0̂∥ +
1
2
𝑔̂
𝜇 (1)
𝜇 (𝑥𝛼) − 2𝜅 + 2

𝜒̄
Δ𝑥 ∥

+ 𝛿𝐸0
0̂ + 𝛿𝐸

∥
0̂
+ 2Δ ln 𝑎 . (2.40)

Here we used 𝜕𝜒̄Δ𝑥𝜇 (𝑛) = 𝜕∥Δ𝑥
𝜇 (𝑛) [4]. Considering that at first orderΔM = −Δ(M−1),

we find that the first order perturbation term of the magnification is

ΔM = −𝜕𝜒̄ (Δ𝑥0 + Δ𝑥 ∥ ) − 𝛿𝐸0̂0 + 𝛿𝐸0̂∥ −
1
2
𝑔̂
𝜇 (1)
𝜇 (𝑥𝛼)

+ 2𝜅 − 2
𝜒̄
Δ𝑥 ∥ − 𝛿𝐸0

0̂ − 𝛿𝐸
∥
0̂
− 2Δ ln 𝑎 . (2.41)

For the angular and luminosity distances we have [3, 4]

D𝐿

D̄𝐿

= 1 + ΔD𝐿

D̄𝐿

and
D𝐴

D̄𝐴

= 1 + ΔD𝐴

D̄𝐴

. (2.42)

From equation (2.30) we have that ΔD𝐿/D̄𝐿 = ΔD𝐴/D̄𝐴 = −1
2ΔM and thus:

ΔD𝐿

D̄𝐿

=
ΔD𝐴

D̄𝐴

=
1
2
𝜕𝜒̄ (Δ𝑥0 + Δ𝑥 ∥ ) +

1
2
𝛿𝐸0̂0 −

1
2
𝛿𝐸0̂∥

+ 1
4
𝑔̂
𝜇 (1)
𝜇 (𝑥𝛼) − 𝜅 + 1

𝜒̄
Δ𝑥 ∥ +

1
2
𝛿𝐸0

0̂ + 1
2
𝛿𝐸

∥
0̂
+ Δ ln 𝑎 . (2.43)

Now that we have Δ(M), we can continue and find the galaxy number density.

2.4 The Galaxy Number Density

As a function of magnification M and spacetime coordinate 𝑥𝛼, the perturbed galaxy
number density 𝑛𝑔 can be written as,

𝑛𝑔 (𝑥𝛼,M) = 𝑛̄𝑔 (𝑥0 + Δ𝑥0, M̄ + ΔM) + 𝛿𝑛𝑔 (𝑥0 + Δ𝑥0, M̄ + ΔM)

= 𝑛̄𝑔 +
𝜕𝑛̄𝑔

𝜕MΔM +
𝜕𝑛̄𝑔

𝜕𝑥0 Δ𝑥
0 + 𝛿𝑛𝑔 , (2.44)

where we have defined the background term 𝑛̄𝑔 = 𝑛𝑔 (𝑥0, 𝐿̄) (0) and first order term
𝛿𝑛𝑔 = 𝑛𝑔 (𝑥𝛼, 𝐿̄) (1) [3, 4]. We define a new quantity,

𝛿𝑔 = 𝛿𝑔 (𝑥𝛼, 𝐿̄) (1) =
𝛿𝑛𝑔

𝑛̄𝑔
. (2.45)
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Hence, we have that:

𝜕𝑛̄𝑔 (𝑥0, 𝐿̄)
𝜕𝑥0 =

𝜕𝑛̄𝑔

𝜕𝑥0

|︁|︁|︁|︁
𝐿̄

= H 𝑥0

ln 𝑎̄
𝜕𝑛̄𝑔

𝜕𝑥0

|︁|︁|︁|︁
𝐿̄

= H
𝜕𝑛̄𝑔 (𝑎̄, 𝐿̄)
𝜕 ln 𝑎̄

. (2.46)

We further divide equation (2.44) by 𝑛̄𝑔 and find

Δ𝑛𝑔

𝑛̄𝑔
= 𝛿𝑔 +

H
𝑛̄𝑔

𝜕𝑛̄𝑔

𝜕 ln 𝑎̄
Δ𝑥0 + 1

𝑛̄𝑔

𝜕𝑛̄𝑔

𝜕MΔM

= 𝛿𝑔 +
𝜕 ln 𝑛̄𝑔
𝜕 ln 𝑎̄

+
𝜕 ln 𝑛̄𝑔
𝜕M ΔM

= 𝛿𝑔 +
𝜕 ln 𝑛̄𝑔
𝜕 ln 𝑎̄

− QΔ(M−1) , (2.47)

where we have defined the background magnification bias:

Q =
𝜕 ln 𝑛̄𝑔
𝜕M

|︁|︁|︁|︁
𝑎̄

. (2.48)

Now, we can find the observed fractional overdensity at first order defined as [3, 4],

Δ𝑔 =
𝑛𝑔 (𝑥0, x̄, 𝐿̄) − 𝑛̄𝑔 (𝑥0, 𝐿̄)

𝑛̄𝑔 (𝑥0, 𝐿̄)
= Δ

(1)
𝑔 . (2.49)

The term 𝑛𝑔 (𝑥0, x̄, 𝐿̄) was seen before in equation (2.19). Equating equations (2.19) and
(2.18), we can see that the integrands are equal, thus finding:√︁

−𝑔̂(𝑥𝛼)𝑎3(𝑥0)𝑛𝑔 (𝑥𝜇,M)𝑉 (𝑥𝛼) = 𝑎̄3(𝑥0)𝑛𝑔 (𝑥0, x̄, 𝐿̄) . (2.50)

Therefore, we finally find the overdensity to be equal to,

Δ𝑔 =
𝑛𝑔 (𝑥0, x̄, 𝐿̄)
𝑛̄𝑔 (𝑥0, 𝐿̄)

− 1

=
1
𝑛̄𝑔

(︃(︃
1 + 1

2
𝑔̂
𝜇 (1)
𝜇 (𝑥𝛼)

)︃
(1 + 3Δ ln 𝑎) (1 + Δ𝑉 (𝑥𝛼)) (𝑛̄𝑔 + 𝛿𝑛𝑔)

)︃
− 1

=
𝛿𝑛𝑔

𝑛̄𝑔
+ 3Δ ln 𝑎 + 1

2
𝑔̂
𝜇 (1)
𝜇 + Δ𝑉

= 𝛿𝑔 +
𝜕 ln 𝑛̄𝑔
𝜕 ln 𝑎̄

− QΔ(M−1) + 3Δ ln 𝑎 + 1
2
𝑔̂
𝜇 (1)
𝜇

−2𝜅 + 𝜕∥Δ𝑥 ∥ +
2
𝜒̄
Δ𝑥 ∥ + 𝛿𝐸0

0̂ + 𝛿𝐸
∥
0̂

. (2.51)

We define the term 𝑏𝑒 = 𝜕 ln 𝑛̄𝑔/𝜕 ln 𝑎̄ + 3 and plug in the expression for Δ(M−1) to



34 CHAPTER 2. THE OBSERVED DENSITY FLUCTUATIONS OF GALAXIES

finally find,

Δ𝑔 = 𝛿𝑔 + 𝑏𝑒 − 3 − Q(𝜕𝜒̄ (Δ𝑥0 + Δ𝑥 ∥ ) + 𝛿𝐸0̂0 − 𝛿𝐸0̂∥ +
1
2
𝑔̂
𝜇 (1)
𝜇 − 2𝜅 + 2

𝜒̄
Δ𝑥 ∥ + 𝛿𝐸0

0̂

+ 𝛿𝐸
∥
0̂
+ 2Δ ln 𝑎 + 3Δ ln 𝑎 + 1

2
𝑔̂
𝜇 (1)
𝜇 − 2𝜅 + 𝜕∥Δ𝑥 ∥ +

2
𝜒̄
Δ𝑥 ∥ + 𝛿𝐸0

0̂ + 𝛿𝐸 ∥0̂

= 𝛿𝑔 + (𝑏𝑒 − 2Q)Δ ln 𝑎 + 1
2
(1 − Q)𝑔̂𝜇 (1)𝜇 + (1 − Q)

(︃
−2𝜅 + 2

𝜒̄
Δ𝑥 ∥ + 𝛿𝐸0

0̂ + 𝛿𝐸
∥
0̂

)︃
+ 𝜕∥Δ𝑥 ∥ − Q(𝛿𝐸0̂0 − 𝛿𝐸0̂∥ + 𝛿𝜈 + 𝛿𝑛∥ ) . (2.52)

We simplified the expression above using the calculation

𝜕𝜒̄ (Δ𝑥0 + Δ𝑥 ∥ ) = 𝜕𝜒̄ (𝛿𝜒 + 𝛿𝑥 ∥ + Δ𝑥0)
= 𝜕𝜒̄ (𝛿𝑥0 − Δ𝑥0 + 𝛿𝑥 ∥ + Δ𝑥0)
= 𝜕𝜒̄ (𝛿𝑥0 + 𝛿𝑥 ∥ ) = 𝛿𝜈 + 𝛿𝑛∥ . (2.53)

2.5 Poisson Gauge

Finally, we are interested in finding our result in the Poisson gauge. Looking at our
previous general gauge, we simply set 𝐴 = 𝐷 = Φ, and 𝐵𝑖 = 𝐹𝑖 𝑗 = 0, to find the metric
and the peculiar velocity [3, 4]:

d𝑠2 = 𝑎(𝜂)2
{︂
−(1 + 2Φ)d𝜂2 + 𝛿𝑖 𝑗 (1 − 2Φ)d𝑥𝑖d𝑥 𝑗

}︂
, (2.54)

𝑣𝑖 = 𝜕𝑖𝑣 . (2.55)

Using our previous results and applying the new values for the potentials, we can find
all the previous perturbation terms in the Poisson gauge. Our aim is to find the following
terms: Δ ln 𝑎, 𝛿𝜒, Δ𝑥0, Δ𝑥 ∥ , Δ𝑥𝑖⊥, and 𝜅, as was done in [3, 4]. We start by looking for
Δ ln 𝑎.

2.5.a Calculating Δ ln 𝑎

As a reminder, for Δ ln 𝑎 we found the expression

Δ ln 𝑎 = −𝛿𝐸0̂0 + 𝑛𝑖𝛿𝐸0̂𝑖 − 𝛿𝜈 . (2.56)

As we have shown in Chapter 1 already, the first order perturbations for the comoving
tetrads are equal to

𝛿𝐸0̂0 = −Φ , 𝛿𝐸0̂𝑖 = 𝑣𝑖 , (2.57)
𝛿𝐸0

0̂ = Φ , 𝛿𝐸 𝑖

0̂ = 𝑣𝑖 . (2.58)
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To find the final form of Δ ln 𝑎, we need to find 𝛿𝜈. To do so, we will use the geodesic
equation for a photon,

d𝑘𝜇 (𝜒)
d𝜒

= Γ̂
𝜇

𝛼𝛽
𝑘𝛼𝑘𝛽 . (2.59)

At first order [3, 4]:

𝑘𝜇 = 𝑘𝜇 ( 𝜒̄) + 𝛿𝜒
d𝑘𝜇

d𝜒
, (2.60)

Γ̂
𝜇

𝛼𝛽
(𝑥𝛾) = Γ̂

𝜇

𝛼𝛽
(𝑥𝛾) + Δ𝑥𝜈

𝜕

𝜕𝑥𝜈
Γ̂
𝜇

𝛼𝛽
(𝑥𝛾) , (2.61)

d𝑘𝜇 (𝜒)
d𝜒

= −
(︃
Γ̂
𝜇

𝛼𝛽
(𝑥𝛾) + Δ𝑥𝜈

𝜕

𝜕𝑥𝜈
Γ̂
𝜇

𝛼𝛽
(𝑥𝛾)

)︃
𝑘𝛼𝑘𝛽 . (2.62)

Using equations 3.4 and 3.5 [22], the above equation can be rewritten as,

d𝑘𝜇 (𝜒)
d𝜒

+ 2Γ̂ (0)𝜇
𝛼𝛽

𝑘 (0)𝛼𝑘 (𝑛)𝛽 + 𝜕𝜈 Γ̂
(0)𝜇
𝛼𝛽

𝑘 (0)𝛼𝑘 (0)𝛽𝑥 (𝑛)𝜈 = 𝑓 (𝑛)𝜇 , (2.63)

where for us, we will have 𝑛 = 1, for which 𝑓 (1)𝜇 = −Γ̂ (1)𝜇
𝛼𝛽

𝑘 (0)𝛼𝑘 (0)𝛽 . Hence, the
equations above can be rewritten in the much simpler form of

d𝑘𝜇 (𝜒)
d𝜒

= −𝛿Γ̂ (1)𝜇
𝛼𝛽

𝑘̄𝛼 𝑘̄𝛽 . (2.64)

Looking at Appendix A, we can see that 𝛿Γ̂𝜇

𝛼𝛽
= Γ̂

𝜇

𝛼𝛽
so we will simply write it as

that from now on. With 𝑘𝜇 ( 𝜒̄) = (−1 + 𝛿𝜈, 𝑛𝑖 + 𝛿𝑛), we have the following:

d𝛿𝑘0

d𝜒̄
=

d(𝛿𝜈)
d𝜒̄

= −Γ̂0
𝛼𝛽 𝑘̄

𝛼 𝑘̄𝛽 = −(Γ̂0
00 𝑘̄

0 𝑘̄0 + 2Γ̂0
0𝑖 𝑘̄

0 𝑘̄ 𝑖 + Γ̂0
𝑖 𝑗 𝑘̄

𝑖 𝑘̄ 𝑗)

= −(Φ′ − 2𝑛𝑖𝜕𝑖Φ −Φ′) = 2𝑛𝑖𝜕𝑖Φ , (2.65)
d𝛿𝑘 𝑖

d𝜒̄
=

d(𝛿𝑛𝑖)
d𝜒̄

= −Γ̂𝑖
𝛼𝛽 𝑘̄

𝛼 𝑘̄𝛽 = −(Γ̂𝑖
00 𝑘̄

0 𝑘̄0 + 2Γ̂𝑖
0 𝑗 𝑘̄

0 𝑘̄ 𝑗 + Γ̂𝑖
𝑗𝑘 𝑘̄

𝑘 𝑘̄ 𝑗)

= −(𝜕𝑖Φ + 2𝛿𝑖𝑗Φ
′𝑛 𝑗 + (−𝛿𝑖𝑘𝜕 𝑗Φ − 𝛿𝑖𝑗𝜕𝑘Φ + 𝛿 𝑗𝑘𝜕

𝑖Φ)𝑛 𝑗𝑛𝑘)
= −2𝜕𝑖Φ − 2𝑛𝑖Φ′ + 𝑛 𝑗𝑛 𝑗𝜕𝑘Φ + 𝑛 𝑗𝑛𝑘𝜕 𝑗Φ

= −2𝜕𝑖Φ − 2𝑛𝑖Φ′ + 2𝑛𝑖𝜕∥Φ . (2.66)

We make a note of treating 𝑗 and 𝑘 as dummy indices in the last two lines above. Now,
with the aid of the derived expressions, we can find both 𝛿𝜈 and 𝛿𝑛𝑖 . Here we will use the
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expression for the total derivative d/d𝜒̄ = − 𝜕/𝜕𝜂 + 𝑛𝑖 𝜕
/︁
𝜕𝑥𝑖 , where 𝑛𝑖 𝜕

/︁
𝜕𝑥𝑖 = 𝜕∥ .

d(𝛿𝜈)
d𝜒̄

= 2𝑛𝑖𝜕𝑖Φ = 2𝑛𝑖𝜕𝑖Φ + 2Φ′ − 2Φ′ ,

d
d𝜒̄

(𝛿𝜈 − 2Φ) = 2Φ′ ,

𝛿𝜈 = 2Φ − 2Φ𝑜 +
∫ 𝜒̄

0
d𝜒̃Φ′ + const . (2.67)

d(𝛿𝑛𝑖)
d𝜒̄

= −2𝜕𝑖Φ − 2𝑛𝑖Φ′ + 2𝑛𝑖𝜕∥Φ = −2𝜕𝑖Φ ,

d(𝛿𝑛𝑖 − 2𝑛𝑖Φ)
d𝜒̄

= −2𝜕𝑖Φ ,

𝛿𝑛𝑖 = 2𝑛𝑖Φ − 2
∫ 𝜒̄

0
𝜒̃𝜕𝑖Φ + const . (2.68)

The constants above are −𝛿𝜈𝑜 and −𝛿𝑛𝑖𝑜 respectively, where 𝑜 denotes the coordinates
of the observer. To find 𝛿𝜈𝑜 and 𝛿𝑛𝑖𝑜, we use 𝑘 0̂𝑜 = (𝐸0̂𝜇𝑘

𝜇)
|︁|︁|︁
𝑜
= 1, assuming 𝑎𝑜 = 1,

and 𝑘 𝑎̂𝑜 = (𝐸𝑎̂𝜇𝑘
𝜇)

|︁|︁|︁
𝑜
= 𝑛𝑎̂ [3, 4].

𝛿𝑘 0̂𝑜 = (𝐸0̂𝜇𝑘
𝜇)

|︁|︁|︁
𝑜
= (𝛿𝐸0̂𝜇 𝑘̄

𝜇 + 𝐸̄0̂𝜇𝛿𝑘
𝜇)

|︁|︁|︁
𝑜
= (−𝛿𝐸0 + 𝑛𝑖𝛿𝐸0̂𝑖 − 𝛿𝜈)

|︁|︁|︁
𝑜

= Φ𝑜 + 𝑛𝑖𝑣𝑖𝑜 − 𝛿𝜈𝑜 ,

𝛿𝜈𝑜 = Φ𝑜 + 𝑣 ∥𝑜 . (2.69)

𝛿𝑘 𝑎̂𝑜 = (𝐸𝑎̂𝜇𝑘
𝜇) (1)

|︁|︁|︁
𝑜
= (𝛿𝐸𝑎̂𝜇 𝑘̄

𝜇 + 𝐸̄𝑎̂𝜇𝛿𝑘
𝜇)

|︁|︁|︁
𝑜
= (−𝛿𝐸0 + 𝑛𝑖𝛿𝐸0̂𝑖 − 𝛿𝜈)

|︁|︁|︁
𝑜
,

𝛿𝑛𝑖 = −𝑣𝑖𝑜 − 𝑛𝑖Φ𝑜 + 2𝑛𝑖Φ − 2
∫ 𝜒̄

0
d𝜒̃𝜕𝑖Φ . (2.70)

Finally, we find Δ ln 𝑎 in the Poisson gauge to be,

Δ ln 𝑎 = −𝛿𝐸0̂0 + 𝑛𝑖𝛿𝐸0̂𝑖 − 𝛿𝜈 = Φ − 𝜕∥𝑣 − 2Φ − 2
∫ 𝜒̄

0
d𝜒̃Φ′ −Φ𝑜 − 𝑣 ∥𝑜 ,

= Φ𝑜 − 𝑣 ∥𝑜 −Φ + 𝜕∥𝑣 + 2𝐼 . (2.71)

where 𝐼 is the ISW effect at first order defined as [3, 4]:

𝐼 = −
∫ 𝜒̄

0
d𝜒̃Φ′ . (2.72)
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2.5.b Calculating Δ𝑥0 , 𝛿𝜒 ,Δ𝑥𝑖⊥ , and Δ𝑥∥

To make our calculations easier when finding all of the components of the number
overdensity equation, we define the following quantities [3, 4]:

𝑆𝑖 = −
∫ 𝜒̄

0
d𝜒̃(𝜕𝑖Φ − 1

𝜒̃
𝑛𝑖Φ) (2.73)

𝑆𝑖⊥ = P𝑖
𝑗𝑆

𝑗 = −
∫ 𝜒̄

0
d𝜒̃𝜕𝑖⊥Φ , (2.74)

𝑆 = 𝑛𝑖𝑆
𝑖 = −

∫ 𝜒̄

0
d𝜒̃𝑛𝑖𝜕𝑖Φ +

∫ 𝜒̄

0
d𝜒̃

1
𝜒̃
Φ

= −
∫ 𝜒̄

0
d𝜒̃𝑛𝑖𝜕𝑖Φ +

∫ 𝜒̄

0
d𝜒̃Φ′ −

∫ 𝜒̄

0
d𝜒̃Φ′ +

∫ 𝜒̄

0
d𝜒̃

1
𝜒̃
Φ

= Φ𝑜 −Φ + 𝐼 +
∫ 𝜒̄

0
d𝜒̃

1
𝜒̃
Φ . (2.75)

𝑇 = −2
∫ 𝜒̄

0
d𝜒̃Φ , (2.76)

where 𝑇 is the first order radial displacement corresponding to the Shapiro time delay.
Since we found Δ ln 𝑎, we can also easily find that

Δ𝑥0 =
Δ ln 𝑎
H =

1
H (Φ𝑜 − 𝑣 ∥𝑜 −Φ + 𝜕∥𝑣 + 2𝐼) . (2.77)

To find 𝛿𝜒 which is equal to 𝛿𝜒 = 𝛿𝑥0 − Δ𝑥0, we need to find 𝛿𝑥0 first. To do so, we
integrate,

𝛿𝑥0 = 2
∫ 𝜒̄

0
d𝜒̃Φ + 2

∫ 𝜒̄

0
d𝜒̃( 𝜒̄ − 𝜒̃)Φ′ −

∫ 𝜒̄

0
d𝜒̃(Φ𝑜 − 𝑣 ∥𝑜) (2.78)

= −𝑇 − 2𝜒̄𝐼 − 2
∫ 𝜒̄

0
d𝜒̃ 𝜒̃Φ′ − 𝜒̃(Φ𝑜 − 𝑣 ∥𝑜) . (2.79)

Now, we have:

𝛿𝜒 = −𝑇 − 2𝜒̄𝐼 − 2
∫ 𝜒̄

0
d𝜒̃ 𝜒̃Φ′ − 𝜒̃(Φ𝑜 − 𝑣 ∥𝑜)

− 1
H (Φ𝑜 − 𝑣 ∥𝑜 −Φ + 𝜕∥𝑣 + 2𝐼)

= −
(︃
𝜒̄ + 1

H

)︃
(Φ𝑜 − 𝑣 ∥𝑜) +

1
H (Φ − 𝜕∥𝑣)

−𝑇 − 2𝜒̄𝐼 − 2
∫ 𝜒̄

0
d𝜒̃ 𝜒̃Φ′ . (2.80)
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Similar to the way we found 𝛿𝑥0, we find 𝛿𝑥 ∥ and 𝛿𝑥𝑖⊥ by using 𝛿𝑛𝑖 = 𝑛𝑖𝛿𝑛∥ + 𝛿𝑛𝑖⊥ [3,
4].

𝛿𝑛∥ = Φ𝑜 − 𝑣 ∥𝑜 + 2𝐼, 𝛿𝑛𝑖⊥ = −𝑣𝑖⊥𝑜 + 2𝑆𝑖⊥ . (2.81)

𝛿𝑥 ∥ = 𝜒̄(Φ𝑜 − 𝑣 ∥𝑜) + 2𝜒̄𝐼 +
∫ 𝜒̄

0
d𝜒̃ 𝜒̃Φ′ , (2.82)

𝛿𝑥𝑖⊥ = −𝜒̄𝑣𝑖⊥𝑜 + 2𝜒̄𝑆𝑖⊥ − 𝜒̄𝜕𝑖⊥𝑇 . (2.83)

Using these results, we find Δ𝑥𝑖⊥ and Δ𝑥 ∥ :

Δ𝑥𝑖⊥ = 𝛿𝑥𝑖⊥ = −𝜒̄𝑣𝑖⊥𝑜 + 2𝜒̄𝑆𝑖⊥ − 𝜒̄𝜕𝑖⊥𝑇 , (2.84)

Δ𝑥 ∥ = 𝛿𝜒 + 𝛿𝑥 ∥ = − 1
H Δ ln 𝑎 − 𝑇 . (2.85)

2.5.c Calculating 𝜅

Now, we move on to calculating the weak gravitational lensing terms in the Poisson
gauge. To derive 𝜅, we remind ourselves of its definition,

𝜅 = −1
2
𝜕⊥𝑖Δ𝑥

𝑖
⊥ . (2.86)

Using the solutions of the previous section, we find that the weak lensing term will
equal

𝜅 = −1
2
𝜕⊥𝑖Δ𝑥

𝑖
⊥ = −1

2
𝜕⊥𝑖 (−𝜒̄𝑣𝑖⊥𝑜 + 2𝜒̄𝑆𝑖⊥ − 𝜒̄𝜕𝑖⊥𝑇) . (2.87)

Due to the lengthy calculation hidden inside that expression, we will focus on each
term individually. First, we have that the initial term is calculated as:

𝜕⊥𝑖 ( 𝜒̄𝑣𝑖⊥𝑜) = 𝜕⊥𝑖 ( 𝜒̄)P𝑖
𝑘𝑣

𝑘
𝑜 + P 𝑗

𝑖
𝜒̄𝜕 𝑗 (P𝑖

𝑘)𝑣
𝑘
𝑜 = −2𝑛𝑘𝑣𝑘𝑜 = −2𝑣 ∥𝑜 . (2.88)

A more detailed calculation of this term can be found in Appendix B, equation (B.1)
and (B.2).
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The second and third terms will be equal to:

𝜕 ( 𝜒̄𝑆𝑖⊥) = 𝜒̄𝜕⊥𝑖𝑆
𝑖
⊥ = −𝜒̄𝜕⊥𝑖

∫ 𝜒̄

0
d𝜒̃𝜕𝑖⊥Φ = − 𝜒̄

𝜒̄

∫ 𝜒̄

0
d𝜒̃ 𝜒̃𝜕⊥𝑖𝜕𝑖⊥Φ

= −
∫ 𝜒̄

0
d𝜒̃ 𝜒̃∇̃2

⊥Φ , (2.89)

𝜕⊥𝑖 ( 𝜒̄𝜕𝑖⊥𝑇) = 𝜒̄∇2
⊥𝑇 = −2𝜒̄∇2

⊥

∫ 𝜒̄

0
d𝜒̃Φ = −2

𝜒̄

𝜒̄2

∫ 𝜒̄

0
d𝜒̃ 𝜒̃2∇̃2

⊥Φ

= − 2
𝜒̄

∫ 𝜒̄

0
d𝜒̃ 𝜒̃2∇̃2

⊥Φ , (2.90)

where the extra 𝜒̃/𝜒̄ terms come from moving the partial derivatives inside the integral.
This is due to the fact that we are not taking the derivative at 𝜒̄ anymore, but at 𝜒̃. Putting
everything together, and remembering the −1/2 term multiplying all of the terms, we
find,

𝜅 = −𝑣 ∥𝑜 +
∫ 𝜒̄

0
d𝜒̃ 𝜒̃∇̃2

⊥Φ − 1
𝜒̄

∫ 𝜒̄

0
d𝜒̃ 𝜒̃2∇̃2

⊥Φ

= −𝑣 ∥𝑜 +
∫ 𝜒̄

0
d𝜒̃( 𝜒̄ − 𝜒̃) 𝜒̃

𝜒̄
∇̃2
⊥Φ . (2.91)

With 𝜅 found, we can move on to finding the magnification bias in the Poisson gauge.

2.5.d Calculating ΔM

With all of the terms calculated, we can now focus on finding ΔM in the Poisson gauge.
Looking at equations (2.41) and (2.40), we observe that they have terms with 𝜕𝜒̄. A useful
relation used to simplify the calculation of those said terms is 𝜕∥Δ𝑥𝜇 (𝑛) ( 𝜒̄, n) = 𝜕𝜒̄Δ𝑥

𝜇 (𝑛)

[3, 4]. We first find

𝜕∥Δ𝑥 ∥ = 𝜕𝜒̄Δ𝑥 ∥ = −𝜕∥
(︃

1
H Δ ln 𝑎 + 𝑇

)︃
= −𝜕𝜒̄

(︃
1
H

)︃
Δ ln 𝑎 − 1

H 𝜕𝜒̄Δ ln 𝑎 − 𝜕𝜒̄𝑇. (2.92)

Since the Hubble parameter only varies temporally, its derivative will simply be H ′/H2,
while all of the integrals will simply become their integrands. Therefore, we focus on
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finding Δ ln 𝑎:

𝜕𝜒̄Δ ln 𝑎 = 𝜕𝜒̄ (Φ𝑜 − 𝑣 ∥𝑜 −Φ + 𝜕∥𝑣 + 2𝐼)

= − d
d𝜒̄

(︁
Φ − 𝑣 ∥

)︁
+ 2𝜕𝜒̄ 𝐼

= − d
d𝜒̄

(︁
Φ − 𝑣 ∥

)︁
− 2Φ′ . (2.93)

To find the first term, we will use equation A13 from the appendix of [4]. The relation
is:

𝜀
∥ (1)
𝑚 =

𝜌̄

𝑎2

(︃
d

d𝜒̄
+Φ′ + 𝜕∥𝑣 ∥ +H𝑣 ∥

)︃
+ 𝜀

0(0)
𝑚 𝑣 ∥ , (2.94)

where we take every 𝜀𝑚 term to equal to zero, and end up with,

d
d𝜒̄

= −Φ′ − 𝜕∥𝑣 ∥ −H𝑣 ∥ . (2.95)

Then, we will have that

𝜕𝜒̄Δ𝑎 = Φ′ + 𝜕∥𝑣 ∥ +H𝑣 ∥ − 2Φ′ = −Φ′ + 𝜕∥𝑣 ∥ +H𝑣 ∥ . (2.96)

Plugging all of this into the previous expression, paying attention to the negative, we
have

𝜕∥Δ𝑥 ∥ = −H ′

H2Δ ln 𝑎 + 1
HΦ′ − 1

H 𝜕2
∥ 𝑣 − 𝜕∥𝑣. (2.97)

We also note that the 𝑔̂
𝜇 (1)
𝜇 term from equations (2.41) and (2.40) is 𝑔̂𝜇𝜈 (0) 𝑔̂ (1)

𝜇𝜈 and
thus equal to [3, 4],

𝑔̂𝜇𝜈 (0) 𝑔̂ (1)
𝜇𝜈 = −(1 + 2Φ) + (1 − 2Φ) = −4Φ . (2.98)

Using all of the terms we found in the Poisson gauge, we find,

Δ(M−1) = −𝜕𝜒̄𝑇 −Φ − 𝑣 ∥ − 2Φ − 2𝜅 − 2
𝜒

(︃
1
H Δ ln 𝑎 + 𝑇

)︃
−Φ + 𝑣 ∥ + 2Δ ln 𝑎

= −2Φ + 2
(︃
1 − 1

𝜒̄H

)︃
Δ ln 𝑎 − 2

𝜒̄
𝑇 − 2𝜅 . (2.99)
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From here, we can easily find the ΔM and ΔD𝐿/D̄𝐿 = ΔD𝐴/D̄𝐴 terms to be

ΔM = 2Φ − 2
(︃
1 − 1

𝜒̄H

)︃
Δ ln 𝑎 + 2

𝜒̄
𝑇 + 2𝜅 , (2.100)

ΔD𝐿

D̄𝐿

=
ΔD𝐴

D̄𝐴

= −1
2
ΔM = −Φ +

(︃
1 − 1

𝜒̄H

)︃
Δ ln 𝑎 − 1

𝜒̄
𝑇 − 𝜅 . (2.101)

2.6 Calculating Δ𝑔

Finally, we can put all of the terms found for the Poisson gauge together to find the
expression of the observed fractional overdensity of galaxies. Using the result from
before, equation (2.52), we find Δ𝑔 in the Poisson gauge to be [3]

Δ𝑔 = 𝛿𝑔 + (𝑏𝑒 − 2Q)Δ ln 𝑎 + 1
2
(1 − Q)𝑔̂𝜇 (1)𝜇 + (1 − Q)

(︃
−2𝜅 + 2

𝜒̄
Δ𝑥 ∥ + 𝛿𝐸0

0̂ + 𝛿𝐸
∥
0̂

)︃
+ 𝜕∥Δ𝑥 ∥ − Q(𝛿𝐸0̂0 − 𝛿𝐸0̂∥ + 𝛿𝜈 + 𝛿𝑛∥ )

= 𝛿𝑔 + (𝑏𝑒 − 2Q)Δ ln 𝑎 − 2Φ(1 − Q) + (1 − Q)
(︃
−2𝜅 − 2

𝜒̄

1
H Δ ln 𝑎 − 2

𝜒̄
𝑇 −Φ + 𝑣 ∥

)︃
− H ′

H2Δ ln 𝑎 + 1
HΦ′ − 𝑣 ∥ −

1
H 𝜕2

∥ 𝑣 − Q(−Φ − 𝑣 ∥ + 2Φ)

= 𝛿𝑔 +
(︃
𝑏𝑒 − 2Q − 2

1 − Q
H 𝜒̄

− H ′

H2

)︃
Δ ln 𝑎 + (−1 + 2Q)Φ − 2(1 − Q)𝜅 − 2

1 − Q
𝜒̄

𝑇

+ 1
HΦ′ − 1

H 𝜕2
∥ 𝑣 . (2.102)

Now, as we have finally found the number overdensity using the cosmic ruler notation
while taking into consideration relativistic effects, we can continue onto the next chapter
to test the superhorizon perturbation modes onto our Δ𝑔. We end this chapter noting that
our solution indeed does match the result in equation (99) in [3].





3 Superhorizon Fluctuations

3.1 Decomposing Δ𝑔

Now that we have re-derived the observed number overdensity of far away sources from
[3], we will move our focus onto the effects of superhorizon fluctuations on both the
CMB and number count dipole, recreating the calculations in [10], with the aid of the
work in [15].

The difference between this paper and [10] is that we will use the cosmic ruler
notation. This notation is extremely useful as it helps simplify the calculations and avoid
complications such as double integrals. We will apply the adiabatic and isocurvature
modes from [10] to our solution for Δ𝑔. We will be doing all of these calculations in the
Poisson gauge.

As a reminder, we found Δ𝑔 to be equal to

Δ𝑔 = 𝛿𝑔 +
(︃
𝑏𝑒 − 2Q − 2

1 − Q
H 𝜒̄

− H ′

H2

)︃
Δ ln 𝑎 + (−1 + 2Q)Φ − 2(1 − Q)𝜅 − 2

1 − Q
𝜒̄

𝑇 (1)

+ 1
HΦ′ − 1

H 𝜕2
∥ 𝑣 ,

where 𝛿𝑔 = 𝑏(𝑧)𝛿𝑚𝑆+ (3−𝑏𝑒)H𝑣. Here, 𝑏(𝑧) represents the linear bias while 𝛿𝑚𝑆 is the
matter overdensity in the source’s comoving synchronous gauge. We plug this expression
into Δ𝑔, and continue with the process of decomposing Δ𝑔 as a sum of different terms,
defined to be

Δ𝑔 = Δ𝛿
𝑛 + 2𝑄Δ

𝑄
𝑛 + 𝑏e(𝑧)Δevo

𝑛 , (3.1)

43
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where we define

Δ𝛿
𝑛 = 𝑏(𝑧)𝛿𝑚𝑆 −

(︃
H ′

H2 + 2
𝜒̄H

)︃
Δ ln 𝑎 −Φ − 2

𝜒̄
𝑇 + 1

HΦ′

− 1
H 𝜕2

∥ 𝑣 − 2𝜅 + 3H𝑣 , (3.2)

Δ
𝑄
𝑛 = −Δ ln 𝑎 + 1

𝜒̄H Δ ln 𝑎 +Φ + 𝑇

𝜒̄
+ 𝜅 , (3.3)

Δevo
𝑛 = Δ ln 𝑎 −H𝑣 . (3.4)

As a reminder, all of our terms in the Poisson gauge that we see above have been
calculated to be:

Δ ln 𝑎 = Φ𝑜 − 𝑣 ∥𝑜 −Φ + 𝜕∥𝑣 − 2
∫ 𝜒̄

0
d𝜒̃Φ′ , (3.5)

𝑇 = −2
∫ 𝜒̄

0
d𝜒̃Φ , (3.6)

𝜅 = −𝑣 ∥𝑜 +
∫ 𝜒̄

0
d𝜒̃( 𝜒̄ − 𝜒̃) 𝜒̃

𝜒̄
∇̃2
⊥Φ . (3.7)

As was done in [10, 15], we will omit the functions 𝑏(𝑧), 𝑄, and 𝑏𝑒 from our
calculations as they are much harder to calculate, and we will from now on set 𝛿𝑚𝑆 = 0.
By applying the superhorizon transfer functions we have seen in section 1.10 to our
perturbed terms, we will look for the solutions of (3.2)-(3.4) in a dust-dominated and
ΛCDM universes, thus finding the potential contribution of the superhorizon fluctuations
to the number-count dipole.

3.2 The Effect of Superhorizon Fluctuations on the Number-
Count Dipole

We decompose the Sun’s (and therefore the Solar System’s) peculiar motion into a
background term and the predicted superhorizon contribution as

𝑣 ∥⊙ = 𝑣 ∥𝑜 + 𝑣 ∥𝑚 , (3.8)

where once again, 𝑣 ∥𝑜 = 𝑛𝑖𝑣
𝑖
𝑜 is the source of the CMB kinematic dipole, while 𝑣 ∥𝑚 is

the velocity induced by the superhorizon mode. With Δ𝑔 calculated, we can move on
to looking at the effects of the superhorizon perturbation modes on it, using the initial
conditions and definitions we have covered in Section 1.10.
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3.2.a Effect of Perturbations: Dust-Dominated Case

We first start by looking at the simple case of a dust dominated universe, where Ω𝑚 = 1
and we can ignore all of the other components. We start by expanding the fluctuations
as a function of angular position:

ΦMD(q · x) =
∞∑︁
𝑙=1

1
𝑙!
ΦMD,𝑙 (𝑞𝑟 cos 𝜃)𝑙 , (3.9)

where x is the comoving distance of the source, q is the wave vector of the superhorizon
mode, and 𝜃 is the angle between the two. We repeat the process for the number-count
of galaxies and find

Δ𝑋
𝑛 =

∞∑︁
𝑙=1

1
𝑙!
𝐷𝑋

𝑙 (cos 𝜃)𝑙 , (3.10)

where 𝑋 = {𝛿, 𝑥, evo}. In order to simplify our calculations, we factorize the functions
for Φ and 𝑣𝑚 into two functions, one of temporal and one of spatial dependence

Φ(𝑎) = −ΦMD(q · x)TΦ(𝑎) and 𝑣𝑚(𝑎) = ΦMD(q · x)T𝑣 (𝑎) , (3.11)

where TΦ,𝑣 (𝑎) represent the transfer functions for the curvature and the velocity. They
are defined to be

TΦ(𝑎) =
5Ω𝑚,0

2
H/H0

𝑎2

∫ 𝑎

0

d𝑎̃
(H (𝑎̃) /H0)3 , (3.12)

T𝑣 (𝑎) =
5Ω𝑚,0

2
1

𝑎2H0

∫ 𝑎

0

d𝑎̃
(H (𝑎̃) /H0)3

𝑎 − 𝑎̃

𝑎̃
. (3.13)

Going back to our dust-dominated universe, looking at equation (1.14) we can deduce
that 𝑎 ∝ 𝜂2, hence meaning H = 2/𝜂. Thus, the transfer functions become,

T dust
Φ (𝑎) =

5
2
𝜂𝑜/𝜂
𝑎2

∫ 𝜂

0

2𝜂d𝜂
(𝜂𝑜/𝜂) 3

= 5
1

𝜂𝜂2
𝑜𝑎

2

∫ 𝜂

0
𝜂4d𝜂

𝑎=𝐴𝜂2=(𝑎𝑜/𝜂2
𝑜)𝜂2

=
1

𝜂2
0𝐴

= 1 , (3.14)

T dust
𝑣 (𝑎) =

5
2

1
𝑎2H𝑜

∫ 𝜂

0

2𝜂d𝜂
(𝜂𝑜/𝜂)3

𝑎(𝜂) − 𝑎(𝜂)
𝑎(𝜂)

=
5
2

𝜂2
𝑜

𝑎2
𝑜𝜂

4

∫ 𝜂

0

(︂
𝜂2 − 𝜂2

)︂
𝜂

(︃
𝑎0

𝜂2
𝑜

)︃
𝜂d𝜂

=
5

2𝜂4

(︃
1
3
𝜂5 − 1

5
𝜂5

)︃
=

𝜂

3
. (3.15)
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Armed with all of the mathematical tools we need, we can finally study the dipole
component, 𝑙 = 1. Looking back at the equation of the fractional number-count fluc-
tuations, we see that we will once again need to compute the perturbed variables, now
using the new transfer functions. One major simplification of the dust-dominated case is
the fact that the curvature transfer function is constant, meaning Φ(𝑎) has no temporal
dependence. Hence, we can immediately neglect any 𝜕0Φ = Φ′ term until the end of
this section for our calculations.

We start of with recalculating Δ ln 𝑎,

Δ ln 𝑎 = Φ𝑜 −Φ + 𝑣 ∥𝑠 − 𝑣 ∥𝑜 = Φ𝑜 −Φ + 𝜕∥𝑣𝑚(𝜒)
|︁|︁
𝜒̄
− 𝜕∥𝑣𝑚(𝜒)

|︁|︁
𝜒𝑜

= 𝑞𝜇𝜒̄ΦMD,1 − 𝑞𝜇𝜒𝑜ΦMD,1 + 𝜕∥ΦMD(q · x)
|︁|︁
𝜒̄

𝜂

3
− 𝜕∥ΦMD(q · x)

|︁|︁
𝑜

𝜂𝑜

3

= 𝑞𝜇𝜒̄ΦMD,1 + 𝜕∥
(︁
ΦMD,1𝑞𝑟𝜇

)︁ −𝜒̄
3

=
2
3
𝑞𝜇𝜒̄ΦMD,1 , (3.16)

where we have used ΦMD(q · x) = 𝑞𝜇𝜒ΦMD,1, as well as the background solution of
𝑥(𝜒) = 𝜒 = 𝜂𝑜 − 𝜂. By definition, we set 𝜒𝑜 = 0 as it is our position as the observer.
We also used 𝑣 ∥ = 𝜕∥𝑣𝑚

|︁|︁
𝜒̄
. Continuing with the other perturbed variables, we find,

H𝑣 =
2
𝜂
ΦMD(q · x)

|︁|︁|︁|︁
𝜒̄

𝜂

3
=

2
3
ΦMD,1𝑞𝜇𝜒̄ , (3.17)

𝑣 ∥𝑜 =
1
3
ΦMD,1𝑞𝜇𝜂𝑜 , (3.18)

𝑇 = 2ΦMD,1𝑞𝜇

∫ 𝜒̄

0
d𝜒̃ 𝜒̃ = ΦMD,1𝑞𝜇𝜒̄

2 , (3.19)

1
𝜒̄H =

𝜂

2𝜒̄
, (3.20)

H ′

H2 = −1
2
. (3.21)

𝜕2
∥ 𝑣 = 0 . (3.22)

Remembering that∇2
⊥Φ = ∇2Φ−𝜕2

∥Φ−2𝜕∥/𝜒̃Φ, we observe that the spatial Laplacian
in the computation of 𝜅 is vanishing for 𝑙 = 1, since

∇2(𝜒 cos 𝜃) =
1
𝜒2 𝜕∥

(︂
𝜒2𝜕∥ (𝜒 cos 𝜃)

)︂
+ 1

𝜒2 sin 𝜃
𝜕𝜃 (sin 𝜃𝜕𝜃 (𝜒 cos 𝜃))

=
2
𝜒
𝜇 − 2

𝜒
𝜇 = 0 . (3.23)

As we will show later, for the octuple term 𝑙 = 3, that is not the case as

ΦMD(q · x) = 1
6
ΦMD,3(𝑞𝜒 cos 𝜃)3 . (3.24)
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However, considering that we are in the superhorizon limit where 𝑞 𝜒̄ < 𝑞𝑟𝐻 ≪ 1,
and that it is a contribution of third order O(10−3), we can neglect it and simply say that
it will be zero.

Continuing to look for 𝜅, we thus find,∫ 𝜒̄

0
d𝜒̃( 𝜒̄ − 𝜒̃) 𝜒̃

𝜒̄
∇̃2
⊥Φ = −2

∫ 𝜒̄

0
d𝜒̃( 𝜒̄ − 𝜒̃) 1

𝜒̄
𝜕∥Φ

= 2
∫ 𝜒̄

0
d𝜒̃𝜕∥Φ − 2

𝜒̄

∫ 𝜒̄

0
d𝜒̃ 𝜒̃𝜕∥Φ

= −2𝑞𝜇𝜒̄ΦMD,1 + 𝑞𝜇𝜒̄ΦMD,1 = −𝑞𝜇𝜒̄ΦMD,1 , (3.25)

𝜅 = −1
3
ΦMD,1𝑞𝜇𝜂𝑜 + 𝑞𝜇𝜒̄ΦMD,1 . (3.26)

Hence, we can calculate our dipole contributions to be:

ΔQ
1 = −Δ ln 𝑎 + 1

𝜒̄H Δ ln 𝑎 +Φ + 𝑇

𝜒̄
+ 𝜅

= −2
3
𝑞𝜇𝜒̄ΦMD,1 +

2
3
𝑞𝜇ΦMD,1𝜂 − 𝑞𝜇𝜒̄ΦMD,1 + 𝑞𝜇𝜒̄ΦMD,1 − 𝑞𝜇ΦMD,1

𝜂0
3

+𝑞𝜇𝜒̄ΦMD,1 +
1
3
𝑞𝜇𝜒̄ΦMD,1 −

1
3
𝑞𝜇ΦMD,1(𝜂0 − 𝜂) = 0 , (3.27)

Δ𝛿
1 = −

(︃
H ′

H2 + 2
𝜒̄H

)︃
Δ ln 𝑎 −Φ − 2

𝜒̄
𝑇 + 1

HΦ′ − 1
H 𝜕2

∥ 𝑣 − 2𝜅 + 3H𝑣

=
1
3
𝑞𝜇𝜒̄ΦMD,1 −

2
3
𝑞𝜇ΦMD,1𝜂 + 𝑞𝜇𝜒̄ΦMD,1

+2
3
𝑞𝜇ΦMD,1𝜂0 − 2𝑞𝜇𝜒̄ΦMD,1 − 2𝑞𝜇𝜒̄ΦMD,1 + 2𝑞𝜇𝜒̄ΦMD,1

−2
3
𝑞𝜇𝜒̄ΦMD,1 +

2
3
𝑞𝜇ΦMD,1(𝜂0 − 𝜂) = 0 , (3.28)

Δ𝑒𝑣𝑜
1 = Δ ln 𝑎 −H𝑣 =

2
3
𝑞𝜇𝜒̄ΦMD,1 −

2
3
𝑞𝜇𝜒̄ΦMD,1 = 0 , (3.29)

from which we find

𝐷 𝛿
1 = O((𝑞𝜒)3) , 𝐷Q

1 = O((𝑞𝜒)3) , 𝐷𝑒𝑣𝑜
1 = 0 . (3.30)

where the O((𝑞𝜒)3) comes from the Laplacian in 𝜅. Looking at the results above, which
agrees with the calculation in Section 3.B from [10], we conclude that in a flat dust-
dominated universe, the adiabatic superhorizon mode perturbations could not explain
the number-count dipole. Thus, we must also test initial conditions in a ΛCDM model
in hopes of finding a possible contribution to the dipoles.
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3.2.b Effects of perturbations on number count fluctuations: quadrupole
and octupole

Before we venture into the ΛCDM universe, let us once again do our calculations for
a flat dust-dominated universe, but this time trying to find any contribution from the
superhorizon perturbations to the number-count quadrupole (𝑙 = 2) and octupole (𝑙 = 3).

Starting with the quadrupole 𝑙 = 2, where ΦMD(q · x) = −1/2ΦMD,2(𝑞𝜒 cos 𝜃)2, we
have:

Δ ln 𝑎 = −Φ + 𝑣 ∥ − 𝑣 ∥𝑜

=
1
2
ΦMD,2 (𝑞 𝜒̄𝜇)2 + 1

2
ΦMD,2𝑞

2𝜇2
(︃
𝜕∥ (𝜒2)

|︁|︁
𝜒̄

𝜂

3
− 𝜕∥ (𝜒2)

|︁|︁
𝜒0

𝜂𝑜

3

)︃
=

1
2
ΦMD,2 (𝑞𝜇𝜒̄)2 + 1

3
ΦMD,2𝑞

2𝜇2 𝜒̄𝜂

= ΦMD,2 (𝑞𝜇𝜒̄)2
(︃
1
2
+ 2

3𝜒̄H

)︃
, (3.31)

Before we continue to find 𝜅, we will look at the spatial Laplacian of ∇2(𝜒𝜇) first:

Δ

(︂
(𝜒 cos 𝜃)2

)︂
=

1
𝜒2 𝜕∥

(︂
𝜒2𝜕∥

(︂
𝜒2 cos2 𝜃

)︂)︂
+ 1

𝜒2 sin 𝜃
𝜕𝜃

(︂
sin 𝜃𝜕𝜃

(︂
𝜒2 cos2 𝜃

)︂)︂
= 6 cos2 𝜃 + 2 sin2 𝜃 − 4 cos2 𝜃

= 2 . (3.32)

Since this is the monopole term, we can ignore it from our calculation for 𝜅. We thus
find it to be

𝜅 = −𝑣 ∥𝑜 +
∫ 𝜒̄

0
d𝜒̃( 𝜒̄ − 𝜒̃) 𝜒̃

𝜒̄
∇̃2
⊥Φ

=
6
2
ΦMD,2(𝑞𝜇)2

∫ 𝜒̄

0
d𝜒̃( 𝜒̄ − 𝜒̃) 𝜒̃

𝜒̄
=

1
2
ΦMD,2(𝑞𝜇𝜒̄)2 (3.33)

We find the other terms to be:

𝑇 = ΦMD,2(𝑞𝜇)2
∫ 𝜒̄

0
d𝜒̃ 𝜒̃2 =

1
3
ΦMD,2(𝑞𝜇)2 𝜒̄3 , (3.34)

H𝑣 =
1
3
ΦMD,2(𝑞𝜇𝜒̄)2 . (3.35)
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We finally find that the quadrupole contributions sum up to

Δ𝛿
2 = ΦMD,2 (𝑞𝜇𝜒̄)2

(︃
−

(︃
−1

2
+ 2

𝜒̄H

)︃ (︃
1
2
+ 2

3𝜒̄H

)︃
+ 1 − 2

3
− 1 + 1

)︃
= ΦMD,2 (𝑞𝜇𝜒̄)2

(︃
1
12

− 2
3𝜒̄H − 4

3𝜒̄2H2

)︃
, (3.36)

ΔQ
2 = ΦMD,2 (𝑞𝜇𝜒̄)2

(︃
−1

2
+ 2

3𝜒̄H − 1
2
+ 1

2𝜒̄H + 2
3𝜒̄2H2 + 1

2
+ 1

3

)︃
= ΦMD,2 (𝑞𝜇𝜒̄)2

(︃
−1

6
− 1

6𝜒̄H + 2
3𝜒̄2H2

)︃
, (3.37)

Δevo
2 = ΦMD,2 (𝑞𝜇𝜒̄)2

(︃
1
2
− 1

3
+ 2

3𝜒̄H

)︃
= ΦMD,2 (𝑞𝜇𝜒̄)2

(︃
1
6
+ 2

3𝜒̄H

)︃
. (3.38)

Now, we move on to consider the octuple case whereΦMD(q·x) = −1/6ΦMD,3(𝑞𝜒 cos 𝜃)3:

Δ ln 𝑎 = −Φ + 𝑣 ∥ − 𝑣 ∥𝑜

=
1
6
ΦMD,3 (𝑞 𝜒̄𝜇)3 + 1

6
ΦMD,3𝑞

3𝜇3
(︃
𝜕∥ (𝜒3)

|︁|︁
𝜒̄

𝜂

3
− 𝜕∥ (𝜒3)

|︁|︁
𝜒0

𝜂𝑜

3

)︃
=

1
6
ΦMD,3(𝑞𝜇𝜒̄)3 + 1

6
ΦMD,3𝑞

3𝜇3 𝜒̄𝜂

= ΦMD,3(𝑞𝜇𝜒̄)3
(︃
1
6
+ 1

3𝜒̄H

)︃
, (3.39)

𝑇 =
2
6
ΦMD,3(𝑞𝜇)3

∫ 𝜒̄

0
d𝜒̃ 𝜒̃3 =

1
12

ΦMD,3(𝑞𝜇𝜒̄)3 𝜒̄ , (3.40)

H𝑣 =
1
9
ΦMD,3(𝑞𝜇𝜒̄)3 . (3.41)

We can once again neglect the spatial Laplacian in 𝜅 as it will be equal to

Δ

(︂
(𝜒 cos 𝜃)3

)︂
=

1
𝜒2 𝜕∥

(︂
𝜒2𝜕∥

(︂
𝜒3 cos3 𝜃

)︂)︂
+ 1

𝜒2 sin 𝜃
𝜕𝜃

(︂
sin 𝜃𝜕𝜃

(︂
𝜒3 cos3 𝜃

)︂)︂
= 12𝜒𝜇3 + 𝑟

(︂
6𝜇

(︂
1 − 𝜇2

)︂
− 6𝜇3

)︂
= 9𝜒𝜇3 − 9𝜒𝜇3 + 6𝜒𝜇 = 6𝜒𝜇 , (3.42)

which is the dipole term that we mentioned in our calculations of 𝐷Q
1 and 𝐷 𝛿

1 and can
hence be ignored here. We thus find kappa to be

𝜅 = 2𝑞3𝜇3ΦMD,3

∫ 𝜒̄

0
d𝜒̃( 𝜒̄ − 𝜒̃) 𝜒̃

2

𝜒̄
=

1
6
(𝑞𝜇𝜒̄)3ΦMD,3 . (3.43)
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Finally, we find:

Δ𝛿
3 = ΦMD,3 (𝑞𝜇𝜒̄)3

(︃
1
12

− 1
6𝜒̄H − 2

3𝜒̄2H2

)︃
, (3.44)

ΔQ
3 = ΦMD,3 (𝑞𝜇𝜒̄)3

(︃
− 1

12
− 1

6𝜒̄H + 1
3𝜒̄2H2

)︃
, (3.45)

Δevo
3 = ΦMD,3 (𝑞𝜇𝜒̄)3

(︃
1
18

+ 1
3𝜒̄H

)︃
. (3.46)

3.2.c Effects of perturbations: Λ+ matter case

In order to simplify our calculations, we will set ΦMD,1 = 1. For the case of 𝑙 = 1 we
find that:

Δ ln 𝑎𝑠 = Φ𝑜 −Φ + 𝑣 ∥ − 𝑣 ∥𝑜 − 2
∫ 𝜒̄

0
d𝜒̃Φ′

= 𝑞𝜇𝜒̄TΦ(𝑎̄) − 𝑞𝜇𝜒𝑜TΦ(𝑎𝑜) + 𝜕∥ (𝑞𝜇𝜒T𝑣 (𝑎))
|︁|︁
𝜒̄
− 𝜕∥ (𝑞𝜇𝜒T𝑣 (𝑎))

|︁|︁
𝜒𝑜

+2
∫ 𝜒̄

0
d𝜒̃𝜕0 (𝑞𝜇𝜒TΦ(𝑎))

= 𝑞𝜇𝜒̄TΦ (𝑎̄) + 𝑞𝜇 (T𝑣 (𝑎̄) − T𝑣 (𝑎𝑜)) + 2
∫ 𝜒̄

0
d𝜒̃

(︃
𝜕∥ (𝑞𝜇𝜒TΦ(𝑎)) −

d
d𝜒

(𝑞𝜇𝜒TΦ(𝑎))
)︃

= −𝑞𝜇𝜒̄TΦ (𝑎̄) + 𝑞𝜇 (T𝑣 (𝑎̄) − T𝑣 (𝑎𝑜)) + 2𝑞𝜇
∫ 𝜒̄

0
d𝜒TΦ(𝑎)

= −𝑞𝜇𝜒̄TΦ (𝑎̄) + 𝑞𝜇 (T𝑣 (𝑎̄) − T𝑣 (𝑎𝑜)) −
5Ω𝑚,0

2
𝑞𝜇

H0

[︃
1
𝑎2

∫ 𝑎

0
d𝑎̃

𝑎2 − 𝑎̃2

𝑎̃2 (H (𝑎̃) /H0)3

]︃𝑎=𝑎̄
𝑎=1

= −𝑞𝜇𝜒̄TΦ (𝑎̄) + 5
3
𝑞𝜇𝜒̄ . (3.47)

The value of the last integral was found using equation (3.61), as well as the relation
[15]

2
5Ω𝑚,0

∫ 𝜒̄

0
d𝜒̃TΦ(𝑎) =

[︃
− 1

2𝑎2H0

∫ 𝑎

0
d𝑎̃

𝑎2 − 𝑎̃2

𝑎̃2 (H (𝑎̃) /H0)3

]︃𝑎=𝑎̄
𝑎=1

, (3.48)

which we showcase with

−𝑎2 − 𝑎̃2

𝑎̃2𝑎2 =
1
𝑎2 − 1

𝑎̃2 =

∫ 𝑎

𝑎̃

−2 ˜̃𝑎−3d ˜̃𝑎 . (3.49)
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Using this, we find [15],[︃
− 1

2𝑎2H0

∫ 𝑎

0
d𝑎̃

𝑎2 − 𝑎̃2

𝑎̃2 (H (𝑎̃) /H0)3

]︃𝑎=𝑎̄
𝑎=1

=

[︃
− 1
H0

∫ 𝑎

0

d𝑎̃
(H (𝑎̃) /H0)3

∫ 𝑎

𝑎̃

1
˜̃𝑎3 d ˜̃𝑎

]︃𝑎=𝑎̄
𝑎=1

(0≤ 𝑎̃≤ ˜̃𝑎≤𝑎)
=

[︄
− 1
H0

∫ 𝑎

0

1
˜̃𝑎3

∫ ˜̃𝑎

0

d𝑎̃
(H (𝑎̃) /H0)3 d ˜̃𝑎

]︄𝑎=𝑎̄
𝑎=1

=

[︃
−

∫ 𝑎

0

1
˜̃𝑎

2
5Ω𝑚,0

TΦ
(︁ ˜̃𝑎

)︁
H

(︁ ˜̃𝑎
)︁ d ˜̃𝑎

]︃𝑎=𝑎̄
𝑎=1

d ˜̃𝑎= ˜̃𝑎′d𝜂2
=

[︃
−

∫ 𝜂

0

2
5Ω𝑚,0

TΦ
(︁ ˜̃𝑎

)︁
d𝜂2

]︃ 𝜂=𝜂̄
𝜂=𝜂0

d ˜̃𝜒=−d𝜂2
=

∫ 𝜒̄

0

2
5Ω𝑚,0

TΦ(𝑎)d𝜒 (3.50)

We move on to computing 𝜅. We first notice that our perpendicularly projected
Laplacian ∇2

⊥ is in fact equal to

∇̃2
⊥ =

1
𝜒̃2ΔΩ , (3.51)

where ΔΩ is the the Laplacian on a two-sphere defined to be [15]

ΔΩ =
1

sin 𝜃
𝜕𝜃 (sin 𝜃𝜕𝜃 ) +

1
sin2 𝜃

𝜕2

𝜕𝜙2 . (3.52)

We find

ΔΩ(Φ) = − 1
sin 𝜃

𝜕𝜃 (sin 𝜃 𝜕𝜃 (𝑞𝑟 cos 𝜃 TΦ(𝑎))) = 2𝜇𝑞𝜆TΦ(𝑎) , (3.53)

which much simplifies our calculation of 𝜅. We find it to be

𝜅 = −𝑣 ∥𝑜 +
∫ 𝜒̄

0
d𝜒̃( 𝜒̄ − 𝜒̃) 𝜒̃

𝜒̄
∇̃2
⊥Φ

= −𝑣 ∥𝑜 +
∫ 𝜒̄

0
d𝜒̃( 𝜒̄ − 𝜒̃) 𝜒̃

𝜒̄

ΔΩ

𝜒̃2 Φ

= −𝑞𝜇T𝑣 (1) + 2𝑞𝜇
∫ 𝜒̄

0
d𝜒̃TΦ(𝑎̃) −

2𝑞𝜇
𝜒̄

∫ 𝜒̄

0
d𝜒̃ 𝜒̃TΦ . (3.54)

Looking at other terms, we see

𝑇 = 2𝑞𝜇
∫ 𝜒̄

0
d𝜒̃ 𝜒̃TΦ , (3.55)

Φ′ = −𝑞𝜇𝜒̄T ′
Φ (𝑎̄) , (3.56)

H𝑣 = 𝑞𝜇𝜒̄T𝑣 (𝑎̄)H . (3.57)

The terms T ′
Φ
(𝑎̄) and H ′/H2 are more complicated to find. When doing the calcula-

tions, the term HT𝑣 + TΦ also appears, which we will calculate now to make the further
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derivations cleaner. Looking at the Friedmann equations, one can derive [10, 15, 23]

3H2 = 𝑎2
∑︁
𝑋

𝜌𝑋 ⇒
(︃
H
H0

)︃2
= 𝑎2

(︂
ΩΛ,0 +Ω𝑚,0𝑎

−3
)︂

(3.58)

H ′ −H2 = −𝑎2

2

∑︁
𝑋

𝜌𝑋 (1 + 𝜔𝑋)

⇒ H ′

H2 = −3
2
Ω𝑚 + 1

= −3
2
Ω𝑚,0𝑎

−3(ΩΛ,0 +Ω𝑚,0𝑎
−3)−1 + 1 . (3.59)

Other integrals that are useful for our calculations (which we used when calculating
Δ ln 𝑎) are [10] ∫ 𝑎

0

𝑑𝑎̃

𝑎̃ (H (𝑎̃)/H0)3 =
2𝑎H0

3Ω𝑚,0H(𝑎) , (3.60)∫ 𝑎

0

𝑑𝑎̃

𝑎̃2 (H (𝑎̃)/H0)3 =
2H0

3Ω𝑚,0

(︃
1
H + 𝜂

)︃
. (3.61)

Using the integrals above, we find

H(𝑎)T𝑣 (𝑎) + TΦ(𝑎) =
5Ω𝑚,0

2
H(𝑎)/H0

𝑎2

[︃ ∫ 𝑎

0

d𝑎̃
(H (𝑎̃)/H0)3

+
∫ 𝑎

0

d𝑎̃
(H (𝑎̃)/H0)3

𝑎 − 𝑎̃

𝑎̃

]︃
=

5
3

(3.62)

Finally, for the time derivative of the transfer function, we find [10, 15]

T ′
Φ (𝑎̄) =

5Ω𝑚,𝑜

2H𝑜

(︃
H ′

𝑎̄2 − 2𝑎̄𝑎̄′H
𝑎̄4

)︃ ∫ 𝑎̄

0

d𝑎̃
(H (𝑎̃) /H𝑜)3

+
5Ω𝑚,𝑜

2
H/H𝑜

𝑎̄2 𝑎̄′
1

(H/H𝑜)3

= TΦ (𝑎̄) H
′

H − 2HTΦ (𝑎̄) +
5Ω𝑚,𝑜

2
H2

𝑜

𝑎̄H . (3.63)
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Finally, we can start plugging in all of the terms to find:

Δ𝑒𝑣𝑜
1 = H𝑞𝜇𝜒̄T𝑣 (𝑎̄) + 𝑞𝜇𝜒̄TΦ (𝑎̄) − 5

3
𝑞𝜇𝜒̄ = 0 , (3.64)

ΔQ
1 = 𝑞𝜇𝜒̄TΦ (𝑎̄) − 𝑞𝜇(T𝑣 (𝑎̄) − T𝑣 (1)) − 2𝑞𝜇

∫ 𝜒̄

0
d𝜒̃TΦ(𝑎̃) − 𝑞𝜇𝜒̄TΦ(𝑎̄) − 𝑞𝜇T𝑣 (1)

+2𝑞𝜇
∫ 𝜒̄

0
d𝜒̃TΦ(𝑎̃) −

2𝑞𝜇
𝜒̄

∫ 𝜒̄

0
d𝜒̃ 𝜒̃TΦ(𝑎̃) +

2𝑞𝜇
𝜒̄

∫ 𝜒̄

0
d𝜒̃ 𝜒̃TΦ(𝑎̃) −

𝑞𝜇

H TΦ(𝑎̄) +
5
3
𝑞𝜇𝜒̄

=
1
H 𝑞𝜇(−TΦ(𝑎̄) − HT𝑣 (𝑎̄) +

5
3
) = 0 . (3.65)

Δ𝛿
1 = 2𝑞𝜇T𝑣 (1) −

4𝑞𝜇
𝜒̄

∫ 𝜒̄

0
d𝜒̃ 𝜒̃TΦ (𝑎̃) + 1

H

(︃
2𝑞𝜇TΦ (𝑎̄) − 10

3
𝑞𝜇

)︃
+𝑞𝜇𝜒̄TΦ(𝑎̄) +

4𝑞𝜇
𝜒̄

∫ 𝜒̄

0
d𝜒̃ 𝜒̃TΦ (𝑎̃) + 3H𝑞𝜇𝜒̄T𝑣 (𝑎̄)

−4𝑞𝜇
∫ 𝜒̄

0
d𝜒̃TΦ (𝑎̃) + H ′

H2

(︃
𝑞𝜇TΦ (𝑎̄) − 5

3
𝑞𝜇

)︃
−
𝑞𝜇𝜒̄T ′

Φ
(𝑎̄)

H
H ′

H2 𝑞𝜇𝜒̄TΦ(𝑎̄) −
H ′

H2 𝑞𝜇𝜒̄
5
3
+ 1
H 2𝑞𝜇TΦ(𝑎̄) −

10
3H 𝑞𝜇 + 2𝑞𝜇T𝑣 (1)

+𝑞𝜇TΦ(𝑎̄) −
H ′

H2 𝑞𝜇𝜒̄TΦ(𝑎̄) + 2𝑞𝜇TΦ(𝑎̄) −
5Ω𝑚,𝑜

2
H2

𝑜

𝑎H2 𝑞𝜇𝜒̄

−4𝑞𝜇
∫ 𝜒̄

0
d𝜒̃TΦ (𝑎̃) + 3H𝑞𝜇𝜒̄T𝑣 (𝑎̄)

= 3𝑞𝜇𝜒̄(TΦ(𝑎̄) + HT𝑣 (𝑎̄) − 𝑞𝜇
5
3
− 𝑞𝜇

10
3

+ 2
H 𝑞𝜇TΦ(𝑎̄)

− 10
3H 𝑞𝜇 + 2𝑞𝜇T𝑣 (1) − 2𝑞𝜇T𝑣 (1)

+
5Ω𝑚,𝑜

2
𝑞𝜇𝜒̄

(︃
𝑎̄−3

(︂
ΩΛ,𝑜 +Ω𝑚,𝑜𝑎̄

−3
)︂−1

− 𝑎̄−3
(︂
ΩΛ,𝑜 +Ω𝑚,𝑜𝑎̄

−3
)︂−1

)︃
= 5𝑞𝜇𝜒̄ − 5𝑞𝜇𝜒̄ + 2

H 𝑞𝜇(TΦ(𝑎̄) + T𝑣 (𝑎̄)H) − 10
3H 𝑞𝜇

=
10
3H 𝑞𝜇 − 10

3H 𝑞𝜇 = 0 (3.66)

Thus:

𝐷 𝛿
1 = 𝐷Q

1 = O
(︂
(𝑞𝜒)3

)︂
, 𝐷𝑒𝑣𝑜

1 = 0 , (3.67)

where the contributions of order (𝑞𝜒)3 are once again residue from the Laplacian term
in 𝜅 being applied to an octupole perturbation term and are vanishingly small [15]. We
see that our result matches with equation (3.18) from [10]. Once again, we find that
adiabatic perturbations do not add any contribution to the number-count dipole.
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3.2.d Effect of Superhorizon Fluctuations on the CMB

Finally, before we end this chapter, we should consider the possibility that instead of
having an effect on the number-count dipole, superhorizon perturbations might have an
effect on the CMB dipole. Fluctuations of the CMB are given to be [11]

Δ𝐶𝑀𝐵
𝑇 =

1
4
𝛿𝑟𝑐 +H𝑑𝑒𝑐𝑣𝑑𝑒𝑐 − Δ ln 𝑎𝑑𝑒𝑐 , (3.68)

when we specifically study the moment of decoupling. As we have been doing so far, we
decompose both Φ𝑖 (q · x) and 𝑆𝑖 (q · x) as

Φ𝑖 (q · x) =

∞∑︁
𝑙=1

1
𝑙!
Φ𝑖,𝑙 (𝑞𝜒 cos 𝜃)𝑙 , (3.69)

𝑆𝑖 (q · x) =

∞∑︁
𝑙=1

1
𝑙!
𝑆𝑖,𝑙 (𝑞𝜒 cos 𝜃)𝑙 . (3.70)

As said before, both Φ and 𝑣 are time evolving functions, as well as 𝛿𝑟𝑐, which we
write in terms of the transfer functions as

Φ = Φ𝑖T 𝑎𝑑
Φ (𝑎) + 𝑆𝑖T 𝑖𝑠𝑜

Φ (𝑎) , (3.71)
𝑣𝑟 = Φ𝑖T 𝑎𝑑

𝑣𝑟
(𝑎) + 𝑆𝑖T 𝑖𝑠𝑜

𝑣𝑟
(𝑎) , (3.72)

𝛿𝑟𝑐 = 𝑆𝑖T 𝑖𝑠𝑜
𝛿𝑟𝑐

(𝑎) . (3.73)

Here, T iso/ad
Φ

are the same transfer functions we have seen in equations (1.46) and
(1.47). An important note is that we must replace 𝑣𝑚(1) with 𝑣𝑜, as it is the Solar
System’s velocity induced by the superhorizon mode [10]. For adiabatic perturbations
this doesn’t make a difference as 𝑣𝑟 = 𝑣𝑚, but since isocurvature perturbations produce
a net relative velocity, we must consider this [10]. Meanwhile, for 𝛿𝑟𝑐 and 𝑣𝑟 we have,

𝛿𝑟𝑐 (𝜉) =
4
3
𝑆𝑖

8 −
√︁

1 + 𝜉 + 4𝜉 − 𝜉2

𝜉2 (3.74)

𝑣𝑟 (𝜉) = 𝑣𝑚(𝜉) − 𝑣𝑟𝑒𝑙 (𝜉) , (3.75)

𝑣𝑟𝑒𝑙 (𝜉) = 𝑆𝑖
2
√

2
3𝜉H𝑒𝑞

(︂
𝜉 (3 −

√︁
1 + 𝜉) + 4(1 −

√︁
1 + 𝜉)

)︂
(3.76)

For the moment of decoupling, our parameters of interest are : Heq = 0.0104Mpc−1,
Hdec = 4.8 × 10−3Mpc−1, 𝑧dec = 1090, 𝑧eq ≈ 3400, Hdec = 0.01 [1, 10]. By evaluating
the above equations with the parameter values taken at the time of the last scattering, we
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find the solution for the dipole and the quadrupole [10, 15],

𝐷𝐶𝑀𝐵
1 = −0.18(𝑞𝑟𝑑𝑒𝑐)𝑆𝑖,1 , (3.77)

𝐷𝐶𝑀𝐵
2 = −(𝑞𝑟𝑑𝑒𝑐)2 (︁

0.32Φ𝑖,2 + 0.24𝑆𝑖,2
)︁
. (3.78)

These findings show that isocurvature perturbations indeed are able to induce a dipole
gradient in the CMB, as the resulting values are non-negligible. We take special note on
the fact that the contribution to the dipole is negative.





4 Results

4.1 Δ𝑔

Let us go over our main results from in the previous sections. We will first look at Δ𝑔

more in depth in this section, before examining the superhorizon perturbations in the
next one.

We found that the observed number over-density of far away sources is given to be

Δ𝑔 = 𝛿𝑔 +
(︃
𝑏𝑒 − 2Q − 2

1 − Q
H 𝜒̄

− H ′

H2

)︃
Δ ln 𝑎 + (−1 + 2Q)Φ − 2(1 − Q)𝜅 − 2

1 − Q
𝜒̄

𝑇

+ 1
HΦ′ − 1

H 𝜕2
∥ 𝑣 .

Looking at the above equation, we can observe the different relativistic and non-
relativistic effects in each of the terms.

• 𝛿𝑔: The term 𝛿𝑔 simply represents the first order number density contrast, as we
defined it earlier. More specifically, it is equal to

𝛿𝑔 = 𝛿𝑔𝑆 + (3 − 𝑏𝑒)H𝑣, (4.1)

where 𝛿𝑔𝑆 represents the the fractional number density in the comoving-synchronous
gauge of the source [3, 4]. The term 𝛿𝑔𝑆 itself can be related to the matter over-
density as

𝛿𝑔𝑆 = 𝑏(𝑧)𝛿𝑚𝑆 , (4.2)

where we assume a linear redshift-varying bias 𝑏(𝑧). It is a non-relativistic effect
that simply arises due to the local physics at the source, such as galaxy formation

57
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and clustering.

The term (3 − 𝑏𝑒)H𝑣 represents a Doppler redshift perturbation due to peculiar
motion of the source, shifting the inferred comoving distance and hence the volume
element. The 𝑏𝑒 term ensures that the redshift perturbation also takes into account
how the intrinsic galaxy number density evolves.

• Δ ln 𝑎: The perturbation in ln 𝑎 is related to the observed redshift perturbation. As
we see in equation (2.71), this perturbation term holds within it the Doppler effect
due to our local motion, representing an observer effect, and the galaxy’s motion
along our line of sight, representing a local source effect.

We also observe ISW, a propagation effect, represented by the integral 𝐼 that
we defined in equation (2.72). ISW arises due to the fact that on large-scale,
gravitational potential wells are decaying in time due to the expansion of the
universe. This means that when a photon enters one of the mentioned potential
wells, as it falls in, it will gain more energy than it will lose once it climbs out of
the well on exit, due the fact that the potential continued decaying while it was in
the well. This leads to the source galaxy appearing closer than it truly is [9].

• Φ: Φ represents the metric perturbation at the source and is responsible for the
gravitational redshift of the photons (Sachs–Wolfe effect), which further perturbs
the observed redshift and therefore the inferred distance.

• 𝜅: The weak lensing convergence term represents the focusing of light rays due
to mass present between the observer and the source, thus changing the apparent
solid angle of observation and magnifying the flux of a source [11, 20].

• 𝑇 : The Shapiro radio displacement shows up in the integral 𝑇 we defined earlier
in equation (2.76) and acts as a propagation effect. As photons travel through
gravitational wells, their journey will be delayed, causing a perturbation in the
photon’s travel time and thus the radial coordinate of the source.

• Φ′: Represents a time evolving potential through which the source photons pass,
that is, the ISW along line of sight. Φ′ will be responsible for changing a photon’s
energy.

• 𝜕2
∥ 𝑣: The term 𝜕2

∥ 𝑣 can also be rewritten to be equal to 𝜕∥𝑣 ∥ , where 𝑣 ∥ represents
a galaxy’s peculiar velocity along our line of sight. Therefore, 𝜕∥𝑣 ∥ represents
the Kaiser redshift-space distortion term. This effect is caused by the motion of
galaxies as they move under the gravitational influence of their local clusters. They
are pulled towards the local gravitational focal point, which can lead to a distortion
that mimics apparent flattening of the structure. As it is caused by the galaxy’s
peculiar motion, it is a local source effect.
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4.2 Superhorizon Fluctuations

We were able to recreate the conclusions from [10] using the cosmic ruler notation. Not
only that, we even managed to simplify the calculations in doing so, as can be compared
to previous work [15].

As shown in Chapter 3, we found that adiabatic perturbations will have no effect on
the number count dipole at leading order of 𝑞𝜒 < 1, with

𝐷 𝛿
1 = 𝐷Q

1 = O
(︂
(𝑞𝜒)3

)︂
, 𝐷𝑒𝑣𝑜

1 = 0 .

for both the dust-dominated and the ΛCDM-dominated universes. Since at late times
isocurvature fluctuations become adiabatic, we conclude they will also have no effect
on the number-count dipole. We did however find possible contribution from the super-
horizon perturbations on the number-count quadrupole and octupole, which with future
surveys and observations can help us learn more about the fluctuations and their initial
conditions. An interesting outcome as well is the finding that isocurvature perturbations
might have an effect on the CMB dipole, as we calculated a negative contribution to the
dipole.

Since the initial isocurvature conditions are tightly constrained at the moment by our
observations of the CMB [10, 14], it is worth checking if they do offer a liable explanation
of the dipole anisotropy. As astronomers have actually observed an intrinsic quadrupole
in the CMB, we can test our results against it. The amplitude of the CMB quadrupole
created by the isocurvature mode was found to be

𝐷𝐶𝑀𝐵
2 = −0.24(𝑞𝜒𝑑𝑒𝑐)2𝑆𝑖,2 = −1.5 × 10−5 𝑆𝑖,2

𝑆2
𝑖,1

. (4.3)

Assuming that 𝑆𝑖,2/𝑆2
𝑖,1 is of an order of unity, we can combine our multi-polar

expansion with spherical harmonics and observe that

Δ𝑋
𝑛 =

∞∑︁
𝑙=1

1
𝑙!
𝐷𝑋

𝑙 (cos 𝜃)𝑙 =
∞∑︁
𝑙=1

𝑎𝑋𝑙0𝑌𝑙0(𝜃, 𝜙) , (4.4)

where, since we are working in an axisymmetric configuration that is aligned with the
preferred direction, only the 𝑚 = 0 multipoles will contribute. We continue to find that
[10, 15]

𝑎𝑋20 =
2
3

√︂
𝜋

5
𝐷𝑋

2 , (4.5)

𝑎𝐶𝑀𝐵
20 = −7.9 × 10−6 . (4.6)
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The value for 𝑎𝐶𝑀𝐵
20 has already been experimentally bound by the Planck data to be|︁|︁|︁𝑎𝐶𝑀𝐵

20,Planck

|︁|︁|︁ < 1.3 × 10−5 , (4.7)

meaning that our result falls safely within allowed values [2, 10, 14, 15].
This not only implies that the isocurvature modes are able to describe a quadrupole

well within experimental bounds, but due to their negative gradient they can also offer the
explanation of the cosmological dipole discrepancy we observe. The negative gradient
they induce into the CMB dipole mean they are effectively slowing it down with respect
to the observer, which is why when we deduce our peculiar motion with respect to the
CMB it is lower that when we do so with respect to the CRF.

4.3 Summary of Results

In this chapter we have:

• decomposed the observed galaxy number overdensity Δ𝑔 into local, relativistic,
and lensing contributions, highlighting the physical origin of each term;

• shown, following Bertacca et al. [3, 4], how these terms combine to produce the
observed dipole in number counts; and

• investigated the effect of superhorizon adiabatic and isocurvature perturbations on
both the number-count and CMB multipoles. Our analysis confirms that adiabatic
superhorizon modes do not contribute to the dipole at leading order, while isocur-
vature modes can induce a negative gradient in the CMB dipole and a quadrupole
compatible with Planck bounds. This provides a potential, though not singular,
explanation of the observed dipole tension.



5 Conclusion

The CMB represents the best opportunity cosmologists have to study the early cosmos
and put constraints on inflation. This is why it is of most importance to study any clue it
gives us, either in the form of small temperature anisotropies or the dipole, without taking
anything for granted and automatically assuming we know where the entities emerge.
The fact that the CMB and the number-count dipole don’t coincide shows that either the
assumption of the CMB dipole being purely kinematic was wrong, or that the CMB’s
reference frame and the CRF do not coincide.

In this paper, we have re-derived the observed number overdensity Δ𝑔 of far away
sources, with the use of the cosmic ruler notation and taking into consideration the
relativistic effects that take place on the past lightcone, finding that our result matches
the one in [3]. We then used this result to calculate the predicted contribution of
superhorizon perturbations to the number-count dipole. An important outcome was the
simplifying of past calculations by using the cosmic ruler notation. We found that neither
adiabatic nor isocurvature fluctuations will have any contribution to the number-count
dipole.

However, while superhorizon perturbations have failed to provide any contribution to
the number-count dipole, we have found that the isocurvature modes have the potential
to induce a gradient in the CMB, seemingly of opposite direction to the kinematic
dipole. Even with the tight constraints we have on the isocurvature initial conditions,
this explanation still works as we have shown in Chapter 4. However, as mentioned
before, we have no reasoning as to why the isocurvature mode contribution would be
aligned with the direction of our peculiar motion, besides it being purely by chance. If the
number-count dipole is the purely kinematic one, it makes little sense why its direction
would align with the isocurvature contribution to the CMB. It also opens the question of
how is it possible that our peculiar motion is so high with respect to the CRF.

We are left with a large peculiar velocity of 800 km/s that we cannot explain [10,
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15]. The gravitational influence of our Local Group can explain that motion up to
approximately 300 km/s, meaning we are left with a velocity contribution of 500 km/s
from an unknown source or cause [10]. This would imply that there must be something
even bigger than our Local Group on a larger scale that can account for this velocity
contribution. However, that is not what we would expect on scales larger than 200/ℎ,
due to the Cosmological Principle [10].

For cosmologists to truly be able to prove an isocurvature contribution to the CMB,
future observations and surveys must be able observe a O(10−3) intrinsic anisotropy in
the CMB. We can look forward to improved future CMB experiments, as well as new
observations such as those of the 21-cm line, gravitational wave background, and cosmic
infrared background that will potentially give us new constraints and insight into the CMB
dipole [10, 15], either supporting our hypothesis of the isocurvature contribution, or at
least ruling it out. For future work, one might also test the superhorizon perturbations on
the second order relativistic effects and observe if that bears any effect on the number-
count and CMB dipoles. It is worth noting however that even if we were to observe an
intrinsic dipole in the CMB, while it may help us solve the dipole anisotropy problem,
it would potentially open another set of problems with the Cosmological Principle, as
mentioned in the paragraph above.

While most of this work focuses on explanations involving large scale perturbations
and initial conditions, recent Dark Energy Spectroscopic Instrument (DESI) Survey
results hint that an evolving dark energy component might also play a role in resolving
tensions in cosmological parameter estimates [7, 6]. While the DESI Survey has still
not completed its five years of gathering data as of this writing, current results show
that while the standard model we have does still work to a satisfying degree, a time-
evolving Λ parameter serves better to explain the survey data [7, 6]. Although this does
not directly address the dipole tension studied here, it illustrates that extensions of the
standard ΛCDM framework are actively being explored, and that a consistent resolution
of all current tensions may require a combination of new physics in both the background
and perturbation sectors. It would be far from the first time in the history of physics and
astronomy, and in the history of science in general, that new findings, technology, and
observations have completely overwritten that which came before, and have opened new
pathways to explore the cosmos. Indeed, if it were to happen, it would be far from the
last.



A

A.1 Christoffel Symbols in the Poisson Gauge

To find the Christoffel symbols, we simply use the equation,

Γ̂
𝜇
𝜈𝜌 =

1
2
𝑔̂𝜇𝜆(𝑔̂𝜆𝜈,𝜌 + 𝑔̂𝜆𝜌,𝜈 − 𝑔̂𝜈𝜌,𝜆) , (A.1)

where 𝑔̂𝜇𝜈 is the comoving metric. We use ′ = 𝜕0 for the partial derivative with respect
to the conformal time. The symbols are equal to:

Γ̂
𝜇
𝜌𝜎 =

1
2
𝑔̂𝜇𝜆(𝑔̂𝜆𝜎,𝜌 + 𝑔̂𝜌𝜆,𝜎 − 𝑔̂𝜌𝜎,𝜆) = Γ̂

(0)𝜇
𝜌𝜎 + Γ̂

(1)𝜇
𝜌𝜎 , (A.2)

Γ̂0
00 =

1
2
𝑔̂00(−𝑔̂00,0) =

1
2
(1 − 2Φ)2Φ′ ≈ Φ′ , (A.3)

Γ̂0
𝑖 𝑗 =

1
2
𝑔̂00(−𝑔̂𝑖 𝑗 ,0) =

1
2
(1 − 2Φ) (−𝛿𝑖 𝑗2Φ′) ≈ −𝛿𝑖 𝑗Φ′ , (A.4)

Γ̂0
0𝑖 =

1
2
𝑔̂00𝑔̂00,𝑖 =

1
2
(1 − 2Φ)2𝜕𝑖Φ ≈ 𝜕𝑖Φ , (A.5)

Γ̂𝑖
00 =

1
2
𝑔̂𝑖𝑘 (−𝑔̂00,𝑘) =

1
2
𝛿𝑖𝑘 (1 + 2Φ)2𝜕𝑘Φ ≈ 𝜕𝑖Φ , (A.6)

Γ̂𝑖
0 𝑗 =

1
2
𝑔̂𝑖𝑘 𝑔̂𝑘 𝑗,0 =

1
2
(𝛿𝑖𝑘 + 𝛿𝑖𝑘2Φ) (−𝛿𝑘 𝑗2Φ′) ≈ 𝛿𝑖𝑗Φ

′ , (A.7)

Γ̂𝑖
𝑗𝑘 =

1
2
𝑔̂𝑖𝑎 (𝑔̂𝑎𝑘, 𝑗 + 𝑔̂ 𝑗𝑎,𝑘 − 𝑔̂ 𝑗𝑘,𝑎)

=
1
2
𝛿𝑖𝑎 (1 + 2Φ) (−2𝛿𝑎𝑘𝜕 𝑗Φ − 2𝛿 𝑗𝑎𝜕𝑘Φ + 2𝛿 𝑗𝑘𝜕𝑎Φ) ,

≈ −𝛿𝑖𝑘𝜕 𝑗Φ − 𝛿𝑖𝑗𝜕𝑘Φ + 𝛿 𝑗𝑘𝜕
𝑖Φ . (A.8)

From above, we observe that the zeroth order symbols are Γ̂
(0)𝜇
𝜈𝜌 = 0, hence meaning
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all of the comoving Christoffel symbols are first order perturbations, that is, 𝛿Γ̂𝜇
𝜈𝜌 = Γ̂

𝜇
𝜈𝜌.



B

Since calculating 𝜅 is crucial to find the weak gravitational lensing contribution for our
dipole, we have to find the term 𝜕⊥𝑖 ( 𝜒̄𝑣𝑖⊥𝑜) in equation (2.87). Because it is a non-
trivial step in deriving 𝜅 and we want to keep our work self-contained, we will show the
calculation here instead, with the result being used in Chapter 2.
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We thus find

𝜕⊥𝑖 ( 𝜒̄𝑣𝑖⊥𝑜) = 𝜕⊥𝑖 ( 𝜒̄)P𝑖
𝑘𝑣

𝑘
𝑜 + P 𝑗

𝑖
𝜒̄𝜕 𝑗 (P𝑖

𝑘)𝑣
𝑘
𝑜 = −2𝑛𝑘𝑣𝑘𝑜 = −2𝑣 ∥𝑜 , (B.2)

which we use to calculate 𝜅 in the Poisson gauge.
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