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Introduction

The study of maximal operators is rooted in the problem of convergence for averages
of functions. In 1930, Hardy and Littlewood established foundational inequalities for
the maximal operator bearing their name [4]. This result led to a proof of the Lebesgue
Differentiation Theorem, making clear that the underlying analytical problem for the con-
vergence of such averages is the control of appropriate maximal operators. Although the
problem of averaging over a broader variety of sets received much attention in the early
1930s (see also [2]), it was not until the 1970s that Stein and Strémberg, in their attempt
to find dimension-independent constants for the Hardy-Littlewood Maximal Inequality
[13], stumbled upon the natural yet harder problem of averaging over lower-dimensional
sets, such as spheres. In 1976, Stein proved the L” boundedness of the Spherical Maximal
Operator for d > 3, in the sharp range of exponents ﬁ < p < oo [9]. His argument, which
relies heavily on Fourier analysis, exploits the decay properties of the Fourier transform
of the spherical measure through Plancherel’s theorem and his newly developed method
of square functions. The planar case proved far more challenging. It was only ten years
later, in 1986, that Bourgain resolved it in a highly complex and intricate work that
blended the inherent geometric nature of the problem with Fourier analysis. In general,
Fourier analytical tools are remarkably powerful in the theory of geometric maximal func-
tions. Rubio de Francia [7] established a far-reaching extension of Stein’s theorem for
a class of maximal Fourier multiplier operators, which allows for the study of maximal
averages over a large variety of surfaces. His work relies on a deep underlying relationship
between the curvature of a surface and the decay of the Fourier transform of its surface
measure. Despite the power of Fourier analytical tools, it is also of interest to understand
maximal operators, such as the spherical one, from a purely geometric and combinatorial
standpoint, without using the Fourier transform. An instance of this is Marstrand’s circle
packing theorem [6], which is a precursor to the circular maximal theorem. Also truly
remarkable is a completely geometric proof of Bourgain’s theorem given by W. Schlag [8].
The aim of the present work is to examine techniques arising from both approaches to the
spherical maximal function. Classical methods will be discussed in the first two chapters,
retracing Stein’s proof of the spherical maximal theorem. In Chapter 3, we shift our
perspective to a purely geometric one, highlighting a series of key reductions and ideas
that will be used in the following part of the work. Finally, in Chapter 4, we will combine
geometric intuition with Fourier analytic techniques to provide an alternative proof of
Stein’s theorem for the local version of the operator. As we will see, these ideas extend
naturally to the plane and will shed further light on the intricate work of Bourgain,
ultimately highlighting the true enemy to overcome: tangency.






Chapter 1

Harmonic Analysis Preliminaries

Before introducing the spherical maximal function, the central object of this thesis, it is
convenient to collect some tools from Harmonic Analysis that will be used systematically
in the proofs to come. The results stated in the first three sections can be found in [3],
while the theory of oscillatory integrals and the Fourier transform of the spherical measure
is drawn from [12] and [10].

1.1 Hardy-Littlewood Maximal Theorem

Definition 1.1. Let f be a locally integrable function. The Hardy-Littlewood or standard
maximal function is

1
M () =swp o /B ) dy,

B>z

where the supremum is taken over the family of balls containing x.
Theorem 1.2 (Hardy-Littlewood). The following estimates hold:

(i) A weak L bound:
[Mfllzre S N

(i) If f € LP(RY) for 1 < p < oo, a strong LP bound:
[IMSllee S I llze-

Where the implicit constant is independent of f for both.

1.2 Approximation to the identity
Definition 1.3. For any integrable function ® we set
dy(z) = t®(x/t), t>0.
If [ ® =1, we call the family {®;},~o an approzimation to the identity.

7



Theorem 1.4. Let ® be a function on RY that has an integrable radially decreasing ma-
jorant and such that fRd & =1. If f € L? for some p < oo, then

lim £+ ®(r) = f(z)
for a.e. x € RY.

Corollary 1.5. Let ® be a function on R? that has an integrable radially decreasing
majorant. Let a = [p, ®(x) dz. Then for all f € LP(RY) and 1 < p < oo,

(f # @) (x) = a f(z)
for a.e. x € R ast — 0.

Lemma 1.6. For any nonnegative, radial decreasing function ¥ € L', we have

Lﬁ@@ﬂgMﬂw/ﬁwMy

1.3 Interpolation

Of crucial importance for the proof of the spherical maximal theorem is the use of inter-
polation between Lebesgue spaces for linear or sublinear operators. The two main results,
are the following.

Theorem 1.7 (Marcinkiewicz). Let (X, i) be a o-finite measure space, let (Y,v) be an-
other measure space, and let 0 < pg < p1 < 0o. Let T be a sublinear operator defined on
LPo(X)+ L7 (X) ={fo+ f1: fj € LP(X), j = 0,1} and taking values in the space of

measurable functions on'Y . Assume that there exist Ay, Ay < oo such that
[T (F)lzeoey < Aol fllorox) — for all f e L7(X),
1T erroevy < Al fllzrxy  forall f € LP(X).
Then for all po < p < p1 and for all f € LP(X) we have the estimate
1T ey < Allf llzex),

where

=S =
S

1 1
Pl D
1

1 0
A:2( P, 2 ) AP AP
P—Po P1—P

Theorem 1.8 (Riesz-Thorin). Let (X, u), (Y,v) be measure spaces. Let po,p1,qo, 1 €
[1,00], and T : (L + LP)(X) — (L% + L?)(Y') be a linear operator. Suppose there exist
constants Ao, Ay such that

[T fllzoo < Aollfllzeo  for all f € LP(X),

ITfllze < Al fllzer for all f € L7 (X).
Then for any 6 € (0,1), we have

IT fllpe < Ay ATNIflze

for f € LP(X), where
1 1—€+ 0 1 1—-60 60

p Do Y41 q qo q1




1.4 Uncertainty Principle

In its many formulations, the Uncertainty Principle dictates much of the geometry of the
Fourier Transform, for our purposes we will consider the following.

[Uncertainty Principle:] ”If f is spatially concentrated at scale R, then f
is locally constant at scale %”.

We now give two examples illustrating this heuristic.
Example 1: For R > 1 let
—|e|?
fR(x) = e R2
be the Gaussian with ”variance” R. fg is spatially concentrated on B(0, R), since for any
e>0if

lz| > R then |fr(z)| < Cy.R™Y forall N € N.
We know that f(0) = Jea [ =m2R? so, by the uncertainty principle, we expect
AR ~ 12 RY for < R %
fr(§)
Indeed, from the well-known formula
Jr(€) = niP Rt IR,
this is the case. Furthermore, for € > 0 if

€| > R7™*, then |fr(€)| < Cy.R™N forall N eN.

So fR is ’essentially’ 0 on all other R~! balls; thus, fr respects the uncertainty principle.

Example 2: More generally, let ¢ € S(RY) be a Schwartz function and define

dr(x) == ¢(R'z), then (¢g)"(€) = Rdﬁg(Rf)-
It follows that
- ¢p is ‘concentrated on B(0, R)
. $R is ‘concentrated on B(0,1/R)

Moreover, g/gR is ‘locally constant’ at scale 1/R. Indeed, by the chain rule, we have
VggR(é) = Rd“Vgg(Ré). On a ball of radius 1/R, the maximum variation of (ZR is roughly
bounded by R . R~' = R¢, which is proportional to its peak amplitude. This means
that the function remains stable on this scale.



1.5 Oscillatory Integrals

Integrals of the form
10 = [ () da,
Rd

appear almost everywhere in harmonic analytic contexts, and they go under the label of
Oscillatory Integrals. Usually, the function ® is called the phase, while v is the amplitude.
The theory of oscillatory integrals is very broad and complex; for our purposes, we will
delve only into the basic ideas and results needed for the proofs coming up later on. We
will assume A > 0, ® and ¢ smooth, ® real-valued and v compactly supported.

Stationary Phase Principle

The general principle of the theory is that of ”Stationary Phase”. The idea underlying the
principle, as we will see, is that the main contributions to /() come from points where
the phase is stationary (V® = 0), while in the regions where the gradient is non-vanishing
the integral decays quickly as A — oc.

Lemma 1.9. Suppose |V®(x)| > ¢ > 0 for all x in the support of 1b. Then
[TV S A
for all N € N.

Observation 1.10. This is nothing more than a general way to say that the Fourier trans-
form of a smooth compactly supported function ¢ decays super-polynomially. Indeed,
taking A = 27|¢| and ¢ = £ - x/|¢| we get

I(A) =4 (8).
Proof. We consider the following vector field

d
1 0 1
L = — —_— = — . §7
i\ Zk:l . @ V),

with a = (a,...,aq) = WV;"Q. Then the transpose L' of L is given by
d
1 0 1
LY(f) =3 T%(akf):_av'(af)'

Because of our assumption on V@, the a; and all their partial derivatives are each bounded
on the support of ©». Now observe that L(e*?) = ¢*? therefore LY (¢*?) = ¢*? for every
positive integer N. Thus

I(\) = /]Rd LN (™)) da = / e (LYN () da.

Rd

Taking absolute values in the last integral gives [I(\)| < exyA™Y for positive A, thus
proving the lemma. [

10



Van der Corput’s Lemma

More precise estimates can be obtained in the d = 1 case by evaluating

I\ = /eim(m) dx.

Lemma 1.11 (Van der Corput). Suppose ® is of class C* in an interval [a,b] with k > 1.
Assume that |®®) ()| > 1 throughout the interval. Then

b .
/ ez)\<1>(a:) dr

Let us analyze some special cases before proving the general result.

S Ck>\_1/k.

e & is of class ("

Observation 1.12. Notice that a decay of order A~ is the best we can hope for, as follows
by considering

" Loive i
AT J0 — Wb iday
/a e dx Z,)\(e )

Proof. Recall the operator L that occurred in the previous proposition. We may assume

®’ > 0 on [a,b], because when & < 0 we simply take complex conjugates. Similarly, we

have
b

b b . 1
_ iIAD o IO Tt iIAD
]()\)_/a L(e )d:v—/a e LH1) dx + [e _@'w}

Notice that, since the amplitude is not compactly supported, the boundary terms here
play a role. |®'(x)| > 1 so these two terms contribute a total bounded by 2/A. Moreover,

b e b 1 [d (/1
% t t
/ae L(l)dmg/a L (1)\da:=x/a - (—(p,)‘dx.

However, ¢’ is monotonic, continuous and |®'(z)| > 1, so -£(1/®’) does not change sign

in the interval [a, b]. Therefore,
"d (1
[ (@)

bl g /1
/a@(a)’d“‘:

Altogether then |[I(\)| < 3/\ as we wanted.

a

')  9(a)|

_‘1 1

Remark 1.13. If we assume |®'(x)| > p (instead of |®'(z)| > 1), then we get [[(N\)| <
c(Ap)~t. This reduces to replacing ® by ®/u and X by Apu.

11



e & is of class C?.

Proof. We can assume that ®” is positive, hence ®”(x) > 1 > 0, otherwise complex
conjugation will do the job. It follows that & is strictly increasing and may have at
most one critical point, which we call x5. We split the domain of integration into three
intervals:

zo—0 zo+0 b
I\ = / @ dg 4 / @) dy 4 / @ dy = I + I, + Is.
a zo—0 zo+0
Since ®'(zy) = 0, integrating the inequality ®”(x) > 1 between zy and g + J, we deduce
that ®'(z) > ®'(xg + ) > d for all © € (z9 + 6,b) . Thus, using what we have proven
before, we obtain

c
L] < —.
1500 <
Similarly
c
L] < —.
h| <
Moreover
xo+0
[Io(N)| </ dr = 26.
To—0

Hence [I(A\)| < 26 + 2¢/(6\). Minimizing in § (taking 6% = ¢//)) yields the proof. O
Now we can tackle the proof of the Van Der Corput’s lemma for a general k.

Proof. We will prove the lemma by induction on k. The proof is a blueprint of the C?
case. Assuming ®*)(z) > 1 we have that ®*~1 is strictly increasing and has at most one
critical point xy. We split the domain of integration into three intervals:

x0—0 ) xo+0 ] b )
I\ = / @) do 4 / @) gy 1 / M@ dy = I, + I + 1.
a zo—0 zo+0

In both the first and third interval we have |®*~Y(z)| > §, and the induction hypothesis
gives

Cl—1 Cr—1
LA < m, (M) < m

As before, |I5(\)] < 20. Combining and minimizing in § yields the result. O

The Van der Corput’s lemma extends naturally to the case where the amplitude is a
function ¢ € C'(a,b).

Corollary 1.14. Under the same hypotheses as in Lemma 1.11, if 1 € C*(a,b), then
b .

/ ez)&b(x)w(x) dr

The proof exploits the previous lemma via integration by parts, we will not discuss the

details but one can find them in [12].
In general, one may also get the complete asymptotic expansion of I(\).

S Ck)\_l/k.
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Lemma 1.15. Consider -
I()\):/ P P@) () da

where Y is a C'™° function of compact support and x = 0 is the only critical point of ® in
the support of 1, while ®"(0) # 0. Then for every positive integer N,

ix(0)
BNZE
The ay, are determined by ®"(0), ..., ®@**2(0), and (0),...,v3(0). In particular

Proof. The idea is to first treat the special case where ®(z) = z? using the properties of
the Fourier transform. Indeed one can see that for (s) > 0, the Fourier transform of the

Gaussian gives
/e‘”sx2¢($) dxzs_l/Z/e_’TfQ/sQZ(f) dg.
R R

Both sides admit analytic continuation to the half-plane R(s) > 0. Setting
i\
5=——,
T

N 1/2
ixz? dr = W_Z) —im2€2 /N7 de.
[etvaan= () [ emenie

Expanding the oscillatory factor we get

(i _ i (—in’)" O(mW) |

kINE AN+1
k=0

e

I(\) = (ap + @A\ + -+ anA ™) + OV as A — o

we obtain

Substituting into the integral yields

iAz? dor — i\ & 2k )d O()\—N-3/2
/Re w(x)x—(x> % k')\k /5 (&) dé + O )-

Using Fourier inversion we get

R 2k
| i e = v ),

which gives the coefficients and completes the proof for ®(z) = x?. The first term corre-

sponds to k = 0 and is equal to
mi\"?
— 0).
(5) v

For a general ® one requires much more calculations, but the proof really comes down to
recalling the first case; Details can be found in [12] and [17]. O

13



1.6 Fourier transform of the spherical measure

Finally we are able to perform all the computation needed to evaluate the Fourier trans-
form of the spherical measure. Let o be the surface measure on S?!. Its Fourier transform
is defined by

5(¢) = /S e de(), EERE

An important observation is that both the sphere and the surface measure are rotationally
invariant. Indeed, if R € O(d) is an orthogonal transformation, then

E(Rf) — /Sdl e—2m‘R§.w d0<w) — /Sdl e—?ﬂigR*lw da(w) — 3(5),

since R preserves both the sphere and the measure do. Consequently, 7(£) depends only
on the Euclidean norm |¢]. Then the direction of £ can be chosen freely. So from now on

52 ’§‘€d7

where e; = (0,...,0,1) is the last standard basis vector. This will allow us to reduce the
problem of understanding the behavior of 7 (&) to estimating a one dimensional oscillatory
integral.

Proposition 1.16. For [£| > 0,

N 2
a(§) = W—:)/QJ(CJ—Q)/Q(QWKD?

where J, denotes the Bessel function of the first kind of order v.
Proof. Noting that £ = |£|eq we get

/O'\(g) _ / 6—27ri\§|cos(G)dU(w)7
gd—1

where 6 is the angle between the north pole e; and w. Passing to spherical polar coordi-
nates on S9! we can write

do = dog_1 = (sin0)*2dfdoy_,.

Thus ]
8—(5) = |Sd_2|/ e_QMIE‘COSG(Sin Q)d_QdQ.
0

Substituting ¢ = — cos f
1
36) = 5772 [ e = e g
-1

The classical Poisson integral representation of the Bessel function states that for
v>—1/2

. (s/2)" ! ist(1 _ 12\v—1/2
Jy(s)—m/le (1— 3124z,

14



Applying this with

d—2
e — 2
v="22 s=onll
and simplifying the resulting constants using the duplication formula for the Gamma
function, yields the claimed identity. O

Bessel Functions

Besides the Poisson integral representation, Bessel functions also admit a Fourier-series
representation. For n € Z and s € R,

1 T )
Jn(s) / ezssm«9672n9 de

— % o
To identify this representation with the Poisson integral formula, one observes that both
families satisfy Bessel’s differential equation

SQy"+Sy’+(52—n2)y:0,

and the same recursion formulas
2n
Jn_1(8) + Jnr1(s) = ?Jn(s), Jn-1(8) — Jnr1(s) = 2J0(s).

Together with the same initial normalization, this uniquely determines the functions.
More precise details are given in [3]. To complete the estimates for & we will use the
Fourier series representation.

Stationary Phase Analysis of the Bessel Function

We now apply the theory developed on oscillatory integrals to compute estimates for

Jn(s). Write
1 . )
Jn(s) / ezssm«9672n9 de

— % B
The phase function is
®(0) = sind,

whose critical points satisfy

®'(0) = cosh = 0.

Hence the two stationary points are

9+:7T

T
A —_
2’ 2

Moreover,
"(0,) = —1, d"(0_) =1.

To justify the asymptotic expansion rigorously, one introduces a partition of unity adapted
to neighborhoods of the two critical points:

I=x4+x-+ Xos

15



where y4 are supported near 1 and Yo avoids the critical set. The contribution of the
non-stationary region associated with g is rapidly decaying due to Lemma 1.9. On the
other hand, applying Lemma 1.11 and Lemma 1.15, near each critical point gives

1 e -
Jn(s) — % ?ﬂ- [else—m/4e—zn7r/2 T 6—Zsez7r/4€znﬂ'/2] + 0(8_3/2)

]2 nmwto T _3)2
—\/ﬂ_SCOS (s 5 4>+O(s ).

We therefore obtain the classical asymptotic expansion.

Theorem 1.17. For fizted n € Z and s — +o0,

]2 T ~3/2
Jn(s) = — cos (s 5 4) + O(s77).

Asymptotic Behaviour of the Spherical Fourier Transform
Combining Proposition 1.16 and the asymptotic formula just found, with

d—2
:2 = —
s=omlel, n=""

we obtain
Cd

d —
(&) = |§|(d—_1)/2 COS <27r|§| — #) +0 (’£|7(d+1)/2) .
In particular,
5(6)] = O (je| @172,

The stationary phase expansion, recall Lemma 1.15, also yields the fuller oscillatory
asymptotic formula

R o 0 a+627ri|§|+a—6—27ri|§|
G(&) ~ [¢7lmNR Yy "k m,ﬁ ,
k=0

where the coefficients are determined by the higher derivatives arising in the local quadratic
reductions near the two stationary points.

16



Chapter 2

The Spherical Maximal Theorem

In this chapter, we are going to introduce the spherical maximal function and prove the
Spherical Maximal Theorem in dimension d > 3.

2.1 The Spherical Maximal Function

Let o be the normalized surface measure on S4~!. For f € LP(R?), 1 < p < oo, we define
Afla):= |~ fle—ty)do(y). (2.1)
Sd—1

Observation 2.1. Notice that we only assumed f € LP(R?) but S? ! is a set of Lebesgue
measure 0 in RY, so one could change the value of A; f(x) arbitrarily and it would not even
make sense to define spherical averages. For that reason we initially require f € C (RY).
Density theorems will naturally extend our results to all f € LP(R?); see [14].

We may write
Aif(z) = [ o),
where o; denotes the dilated measure, defined in the sense of distributions as:

(o1, f) := (o, f(-1)).

As for the standard averaging operator defined on balls, we are interested in the conditions
granting

lim A, f () = f(2).

It is then natural to introduce the maximal operator

Mf(x) := sup [A¢f(z)],

t>0

also called the spherical mazimal function, and to understand for which 1 < p < co there
exists a constant C), such that

M flle < Collflle  for all f € LP(RY).

17



Note that fixed ¢ the operator f — A, f is bounded on LP(R?) for any 1 < p < oo. Since
Ay f is measurable, one can apply Minkowski’s integral inequality

1/p 1/p
sl = ([ | [ se-waolar) "< [ ([ 1= wpar) dow
Rd Sd—1 Sd—1 R4
The invariance of the Lebesgue measure under translation then gives
1A fllLoay < N fll Loy, for all f e LP(RY).

It is easy to see that we cannot expect M f to behave as well as the fixed-radius averages
A, f. For instance, let
f(x) = xB0.1) (@)
It follows that
Mf@) 2

~ |x|d71

1
G

d
€ L*(RY) if and only if p > T

for any = € R%.

This implies

But
1

|x|p(d_1)

Thus, the best we can hope for is that M is bounded in the open range p > d;fl. The two
following theorem prove that this is exactly the case.

Theorem 2.2 (Stein, 1976). Let d > 3. For each 7% < p < oo there is a constant C,,
such that

M flze®ey < Cpll fllLrmay
for all f € LP(R?).

Stein’s theorem, together with the preceding observations, gives a complete characteri-
zation of the LP-boundedness of M. Note the restriction d > 3; it turns out that the
case d = 2 is significantly more difficult to analyze. The LP-boundedness of the circular
maximal function was resolved by Bourgain ten years later.

Theorem 2.3 (Bourgain, 1986). Let d = 2, for all 2 < p < oo there is a constant C,
such that

M fll o2y < Cpll flloe)
for all f € LP(R?).

18



Historical note

Spherical averages often appear as solutions of partial differential equations

the spherical average
u(et) = [ tfa~ty)do(y
S
is a solution of the following Cauchy problem for the wave equation

0%u

Ayu(z,t) = w(m,t),
u(z,0) =0,

ou

5 (@ 0) = f(2),

. For instance,

in R3. The introduction of the spherical maximal function is motivated by the fact that

the related spherical average

u(z,t) = . flz —ty)do(y)

solves the following Cauchy problem forDarbouz’s equation

0%u 2 Ou
Ayu(z,t) = W(flf,t) + Za(iﬁ,t%
u(z,0) = f(x),
ou
E(I,O) O,

in R3.

19



2.2 The Spherical Maximal Theorem for d > 3

In this section we focus on the complete proof of Stein’s Theorem.

Theorem 2.4 (Stein, 1976). Let d > 3. For each 7% < p < oo there is a constant C,,
such that
| M flr@ay < Cpll £l Lo way

for all f € LP(RY).

Overview. The proof of the theorem provided by Stein in 1976 is of great interest due
to its involvement of many classic techniques of harmonic analysis. In this chapter, we
will attempt to unravel all the key steps of the original argument. The general strategy
relies on the interpolation theorems stated in Chapter 1. By leveraging these results, one
can reduce the proof to establishing two primary bounds:

e A strong L? estimate.
e A weak (1,1) estimate.

The reduction to the L? space is particularly vital as it allows us to exploit the Fourier
transform and its decay properties through Plancherel’s theorem. Although the overall
approach is consistent, there is a subtle but significant difference between the general case
d>4and d=3:

e For d > 4, a strong L? estimate can be obtained directly through an argument based
on square functions.

e For d = 3, although the square function is still a winning heuristic, the proof requires
a more nuanced approach. Specifically, one needs to first decompose the operator
through a classical Littlewood-Paley decomposition.

2.3 Stein’s proof of the L? bound for d > 4

We start by first analyzing the argument of the L? bound in dimension d > 4 to better
understand the ideas of the complete proof

Observation 2.5. As noted before, it is far from obvious that A, f(x) is continuous in ¢ for
any x € R? or that

sup [Ayf(x)]

t1<t<to

is even measurable in x. But we can avoid those problems by considering a priori estimates
for well-behaved functions and extending them to all L” by density arguments.

9 1/2
tdt) ,

We introduce the square function

(SF)(x) = (/‘”‘w

20




which is certainly well-defined whenever f € C!(R?). Denote by M the standard maximal
operator, given in terms of averages over centered balls. The L? boundedness of the
spherical maximal function in dimension d > 4 follows from these two propositions.

Proposition 2.6 (Pointwise estimate). For every f € C}(R?) and every xz € RY,

sup [(A,f) ()] < (Mf)(x) +e(SF) (@),

£>0
where ¢ = (2d)~'/2.

Proof. Fix x € R? and ¢ > 0. Since lim,_,qs?A,f(x) = 0, the fundamental theorem of
calculus gives

t
0
() =t [ St @) ds
0 S
t t a
_ g / SUALF) () ds + £ / 2 1A f) ()] ds
0 0 aS
= ]i + ]é.
Estimate of I,: Using spherical polar coordinates

L=t d/t sTHAf)(z)ds =t d/t si1 f(z — sy)do(y) ds
0 0 gd—1
d

Wd—1

=¢ .

/ F(y) dy < Mf(2).
B(z,t)

Estimate of I: Applying the Cauchy-Schwarz inequality,

t 2 1/2 1/2
< (/[ 2 ) e ([ )

Computing the second factor gives ¢ := ¢4 (f(;t 52d=1 ds)l/2 = (2d)~'/2. Noting that the
argument of the first integral is positive, we can let the upper limit of integration go to
0o, and get

|I] < eSf(x).

Combining both estimates and taking the supremum over ¢t > 0 yields the proof O

Proposition 2.7 (L? bound for the square function). Let d > 4. Then there exists a
constant A > 0 such that for every f € C}(R?),

1S fll 2wy < ANfllz2way-

Proof. Since A,f = f * 0y, taking the Fourier transform gives

—

Asf(&) = [(€) -m(s§),  where m(&) = (E).
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Differentiating in s

DA\ 7 - _ L0
(aj> @%:mf®-<®,xmae¢mo=;;@é§
Next, by Plancherel’s theorem,
QAN @) [ [ 756
IR e e LGS

Tonelli’s theorem gives

112 = [ Nsp@Pde = [ 1FioP ([T Imer ) de

Therefore it suffices to show that the inner integral is uniformly bounded in &. From the
estimates on ¢ established in Chapter 1, we have

()] < min{A'l¢], A'j¢|32Y

Splitting the integration at s = [£|™1,

00 g1 oo
/ ()2 < <|s|2 / sds + |¢| / @) ds> .
0 s 0 le|-1

Notice that the second integral on the right converges only when d > 4, and is then
bounded by a constant multiple of |£|93. Hence,

R d
| msors < a
0 s
uniformly in &, which yields the desired bound. [l

Observation 2.8. The restriction d > 4 is sharp using this argument: for d = 3 the bound
im(€)| < A'|¢|71@=3/2 provides no decay whatsoever, and the integral féf_l s7(@=2) dg
diverges.

Proof of the L* bound for M. Let f € C}(RY). By Proposition 2.6,
sup [4,f(2)] < (M) + ¢ (55)(e).

Taking L? norms and using the triangle inequality,
IMfllre < [[MSllez +c[|Sf]lze.

Theorem 1.2 gives ||Mf||z2 < C| f|lr2, and Proposition 2.7 gives ||Sf||r2 < Al f]| e
Combining,

IMflle S 1122,
which extends to all f € L*(R?) by density. O
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2.4 Proof of the L bound for d > 3

We now turn to the full proof of the LP boundedness of the spherical maximal operator
for the full range of exponents p > d/(d — 1). Since A, f = f % 0, we can interpret M f as
a maximal Fourier multiplier operator defined as

-~

sup |(f(§) m(t€))"].

t>0

The strategy is to decompose the multiplier m(&) into its radial components and estimate
each piece separately.

2.4.1 Littlewood-Paley decomposition

We start by fixing a radial C™ function ¢y in R? such that (¢) = 1 when [£] < 1 and
wo(&) = 0 when [£| > 2. We define p(§) = ¢o(&) — vo(2£) and for j > 1 let

pi(€) = p(277€).
We observe that ¢;(€) is localized near || &~ 2/. Then we have

Z""j =L
=0

Set m; = @;m for all j > 0. The m;’s are C§° functions that satisfy m = Z;’io m;.
Setting R
M;f =sup|(f(¢) m;(t€))"|,
>

the triangle inequality gives the pointwise bound
M(f) <> M(f).
=0

Our main goal from now on will be to estimate M;(f) for each j in a way that their L?
norms are summable.

Proposition 2.9 (Low-frequency). The operator My is bounded on LP(RY) for all 1 <
p < 00.

Proof. Notice that

~

Aoo(f)(@) = (F(€) mo(t))" () = f * K (x), where K”(z) = (mo(t€))" (x).

mg is a O function, so its Fourier transform K° is a well-defined Schwartz function,

hence it admits a radial integrable majorant (°)(z). From Lemma 1.6 it follows that:
sup(f « K") (o) < Mf(a) - [ K)dy £ M)
>
The conclusion follows from the L” boundedness of M O
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It remains to handle the pieces M, f for j > 1. Our goal will be to prove an estimate
of the form:

| M | Lr(may < Q_jsd(p)HfHLp(Rd) where g4(p) > 0.

The idea is to follow a general principle of harmonic analysis, stating that it is best to
interpolate before summing. We will prove:

e an L? bound || M, f||z2 < C279%| f|| 12 with a favorable constant 277% a > 0;
e a weak (1,1) bound | M; f| 1 < C 27| f]11.

The Marcinkiewicz interpolation theorem will then give the L” bound for 1 < p < 2.

2.4.2 L? bound

We begin with an auxiliary proposition on square functions that will be used in the proof
of the L? bound.

Proposition 2.10. Suppose that the function m is supported in the annulus R < |¢| < 2R
and is bounded. Then the square function

ctne = ([ |(m(t€)f(€))v(x)l2%>é

satisfies |G f || 2may S Iml| Lo [ £l L2 (rey -

Proof. By Tonelli’s theorem and Plancherel’s theorem,

G = [, [l Fe) @ o= [ 7@ [ meoRs ae

Since m is supported in R < [¢| < 2R, the inner integral is supported in ¢t € [%, %],
giving
00 dt 2R/IEl gt
| meP < ml [ =l tog2,
0 R/IE]
Integrating against \f(ﬁ )|* and applying Plancherel’s theorem yields the result. O

Lemma 2.11. There is a constant C' = C(d) such that for any j > 1,

M ()l 22ray <

for all f € L*(RY).

Proof. Define the square functions



where

Ajuf = (F©m(t€))" and Ajof = (F() m;(t€))”
Recalling the definition of m(§) = £ - Vm(€), we have

dA; s e
Sd—;(f) - A],s(f)

Since A;s(f)(x) = f * (m;)Y(x) and
[ @) do = Gm)0) = my() =0,

by Lemma 1.6, it follows that
lim A, (f)(z) =0 a.e.

s—0

Step 1: Reduction to square functions: By the fundamental theorem of calculus
t
d
AnD)@) = [ (@) ds
o ds
t
=2 [ 4@ AulHle) S

from which we obtain the estimate

A () (@) < 2/000 43D A ()|

S

Taking the supremum over all ¢+ > 0 and integrating over R, we obtain

ds
MO <2 [ [T AL O@N L@ d
Two applications of the Cauchy-Schwarz inequality (first in s, then in z) give
1M (£)72 < Q/Rd G;(f)(x) G,(f)(x) dx
< 201G 1G5 ()2 (2.2)

Step 2: Bounds on the square functions: Both m; and m; are supported in the annulus
2771 < |¢] < 271, Thus, by Proposition 2.10

1G; £l S llmglloe | flles— 1Gf ez S g lleoe| 1] z2-
Moreover, the decay of ¢ yields
Iyl £ 27905, Il < 207570,

Combining everything with (2.2) implies the desired bound:
1M ()]

]

Remark 2.12. Notice that the series Z 279(4=2)/2 converges if and only if d > 3. This
implies the L? boundedness of the Spherlcal maximal operator for d > 3. Indeed, as we
shall see, this property does not hold in dimension d = 2.

25



2.4.3 LY bound

Lemma 2.13. There exists a constant C' = C(d) < 0o such that for all j > 1 and for all
fe LY (RY), |
M (f)llree < C2|[f] 10

Proof. The proof of the lemma is based on the pointwise estimate
M;(f) < C 2 M(f)

and the weak-type (1,1) boundedness of the Hardy-Littlewood maximal operator M.
Let KU) = (m ;)Y =g * o, where 1 := ¢ is a Schwartz function. Setting

(K)y(z) = t71 KU (t71)
we have that
M;(f) = Sup [(KY);  f].
By Lemma 1.6 we just need to find an integrable radial majorant of KU) with L! norm
controlled by 2/. We claim that for any M > d there is a constant C; < oo such that
Cr2’
(1 + =)™

Since v is a Schwartz function, we have for every N > 0:

11+ Jz) Y (@)= < C,

(KD (@)] = |(¢-s % 0)(2)| <

which yields

24 do(y)
. < :
|1y *U(x)’_CN/Sdl (1% 2z — gV

To bound the integral on the right-hand we split S9! into dyadic shells relative to x:
S_(z)=8""n{yeR: |x —y| <1}

and for £ > 0, .
Se(z) =S N{y e RY: 2% < 27|p — y| < 2FF1)

The key observation is that for y € S9!,

o(B(y, R) N S 1) < R
We get
2(k+1—j)(d—1) k < j,

o(Sk(x)) S {
Here, we chose the best bound for £ > j. Accordingly, we split the integral as

zj: / Cn24 do(y Z / Cn24 do(y)
Se(a) (1+2J|x—y| Sy (14 27|z —y)¥

k=j+1

1 k> g,
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First sum (k < j): the shells are contained in B(0, 3), so

2]: / CNZfij doy) - o z]: o(Sk()) XB(0,3)(2)
k=—1"Sk(@) (L + 2w —yh¥ ™ k=—1 2
J
< 9dj Z 9(k+1=j)(d=1) A 9—kN XB(0 3)(55)
k=—1

S Pxss) ().

Second sum (k > j): using o(Sk(z)) < 1 and the trivial bound |z| < 28277,

o0 / CN2djdo'<y> < odi i XB(o,2k+2—J')(a7)
k=j+1 " Sk (@) (L+ 2]z —y)V ™~ k=j+1 2N
o S (L2
SR (e P
Combining the two estimates
97 > 9(k—j)(M—N)
<0 — 1 —
= (A4 |z)M +k§j;1 2§ (N+1-d)

Since N can be chosen arbitrarily, we have N > M > d; the geometric series converges

and gives A
Ch 2
(1 +[z[)™

as claimed. 0

|(tha-5 o) (x)| <

2.4.4 Interpolation

We can now combine the two preceding lemmas via the Marcinkiewicz interpolation the-
orem to obtain the L” bound for each piece M;..

Proposition 2.14 (L? bound for M;). Let 1 < p < 2 and d > 3. There exists C =
C(d,p) < oo such that for all j > 1,

1M fll po(ray < C2754W| £[| 1o gay,
where e4(p) = (d — 1) — %.

Proof. We simply apply the Marcinkiewicz Interpolation theorem with pg = 1 and p; = 2.
Lemma 2.11 gives the strong-type (2,2) bound

M fllre < Co 279202 f| 2,
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and Lemma 2.13 gives the weak-type (1,1) bound
1M fllzree < C1 27| fl|1.

Performing all the necessary calculations, we obtain ¢4(p) = (d — 1) — g which is positive

if and only if:

L4
P>

which is precisely the threshold we were searching for. O

Putting everything together, we are finally able to prove Theorem 2.4.

Proof of Stein’s Theorem. By the Littlewood—Paley decomposition
Mf < Mof+Y_ Mf.
j=1
By Proposition 2.9 and Proposition 2.14 we have

1M flle < | Mofllee + > IM;flle < (Co +C'Z2_j8d(p)> [FAlFZ

J=1 J=1

Recall that e4(p) > 0 for d/(d — 1) < p < 2. Thus, the series converges and we obtain:

<p<2

d
1Ml < Cllf oo, for -5 <p <

Since the operator M is trivially bounded on L*°; to extend the theorem to 2 < p < o0,
we interpolate between L9 and L, for some d/(d — 1) < ¢ < 2. O
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Chapter 3

A Geometric Approach

To gain a deeper understanding of the problem, we now adopt a more direct geometric
approach. We will prove that the local version of the maximal operator is bounded on
L? for all d > 3 using a purely geometric argument. The purpose of doing so is twofold.
First, we will see a reduction of the LP boundedness of the spherical maximal operator to
a purely geometric inequality concerning sums of indicator functions of annuli. Second, it
clarifies why the bound breaks for d = 2; highlighting the differences in tangency between
d > 3 and d = 2. This chapter will be organized as follows.

e Reducing the problem to counting incidences between annuli
e Proving a spherical intersection bound.
e Establishing the complete proof of the L? boundedness of the “local” operator.

e Understanding what goes wrong in the plane.

3.1 Introducing a scale

Given 0 < § < 1 we let C°(z,r) denote the annulus formed by the d-neighborhood of
C(z,7), the sphere of radius r centered at x € R%. For f € C(R?) we can extract spherical
averages as limits of more “classical” averages:

1
A = lim ——— = li :
o) = 0 S Josen T = ot T
We introduce the maximal operators
M° f(x) := sup ][ f‘
r>0 Cd(z,r)

Proposition 3.1 (Reduction to M?). To prove the strong-type inequality

[ M £l Lo ay < Cl ] o way,
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it suffices to show that the family of strong-type inequalities
1M fllo@ay < CllFll o ey (3.1)
holds uniformly in 6 € (0,1).

Proof. Fix x € R%, r > 0 and 6 > 0,

£ dlsswlfd=ari
Cé(z,r) s>0 |JC9(z,s)

Taking the limit as § — 0% we get |Af(z,7)| < liminfs_o+ M f(z); since this holds for
every r > (0 we can take the supremum.

M f(z) < liminf M° f(x).

6—0t+

Now integrating the inequality and using Fatou’s lemma together with the uniformity
hypothesis yields the proof. n

Remark 3.2. From now on we will simplify the setup by considering only the local maximal

f ".
Cf(I,’I)

The geometric arguments tend not to work well with the full range of radii; nevertheless,
the Fourier analytic techniques developed later allow one to prove global maximal esti-
mates as a consequence of local estimates. We will not go into more detail, but one can
see here[15]

Mf(x):= sup |Af(x,7)|, M‘Sf(x) ‘= sup

1<r<2 1<r<2

3.2 Discretization

Since M f(x) < M?|f|(x) Vz from now on we assume f > 0. A key feature of M’f is
that it is essentially constant on scale d, as made precise by the following lemma.

Lemma 3.3 (Locally constant property). Let f > 0. If z,2' € R? with |x — 2’| <6, for
d € (0,1), then
M f(x) S M°f(a").

fon !
Cé(z,r)

C(z, 1) C O (', r)

Proof. Choose r > 0 such that

M’ f(z) <

~Y

Since |x — 2’| < §, we have the inclusion
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and furthermore we can write
C’Q(s(x’, r) C C"s(x’,rl) U C";(x’, 2),

where ry = r — ¢ and 9 = r 4+ . Thus, since f > 0,

foalsf,
Cé(z,r) C25(x 1)

sf m+f I < M),
Cd (z',r1) C‘5($’,T2)

M’ f(z) <

~Y

O
Remark 3.4. There are some technical issues regarding whether 71, 75 lie in the admissible
range [1,2], but we will omit the details; see [5].

In view of Lemma 3.3, we can think of M?f as a discrete object: for all 2 belonging to
some o-cube ) centered at x(,
Fovna
Co(zg,rq)

Since the operator M? averages over a restricted range of radii, it is “local”. This means
that M?°f(x) depends only on the values of f within a ball of finite radius centered at .
Consequently, to prove (3.1), it suffices to show

||M5f||LP(Qo) 5 ||f||LP(Rd)7

whenever Qo C R? is a cube of side-length 1. By translation-invariance, we can assume
(o is centered at 0.

M’ f () ~

Lemma 3.5 (Discretization). Let Qs be a decomposition of Qo into subcubes Qs of side-
length §. For each Qs there exist xg € Qs and ¢ € [1,2] such that

f f
C¥(zq,rq)

1M fllo(qo) S (Z 6

ceC

M’ f(z) <

for all x € Q. (3.2)

ﬁﬂﬁw, (33

where C is a collection of spheres with 0-separated centers lying in Q.

Consequently,

Proof. The first inequality is formal: since f € C(R?) implies M°f is bounded, and we
can find zg € Q5 and rg € [1,2] realizing a near-supremum. To prove (3.3), we write

Mg = S 1M A
Qs€Qs

31



and apply (3.2) together with |Qs| ~ 6% to get

IM° fll ooy S (Z &

cec’

][C f ) " (3.4)

where C’ is a collection of spheres with centers lying in disjoint d-cubes. To extract a
subcollection C C C’ of spheres with d-separated centers that satisfies (3.3), we employ a
classic pigeonholing argument.Consider the grid of disjoint d-cubes containing the centers
of the spheres in C’. We can naturally identify these cubes with a lattice of integer
coordinates. Take 3% colors and assign one to each cube according to the reduction
modulo 3 of its coordinate tuple. Taking all cubes with the same color, we partition C’
into 3¢ disjoint subcollections with elements at distance at least 26. Splitting the total
sum in (3.4) across these classes, we can write:

E = E -+ E + .o+ E
cec’ color 1  color 2 color 3¢

By the pigeonhole principle, there must exist at least one subcollection, which we will call

C, such that
Solf o zaz o]
s|f ol zu e f
cec o0 3 o0
Taking C as our desired subcollection concludes the proof.
O
3.3 Linearization
We exploit /7 duality to linearize the right-hand side of (3.3).
Proposition 3.6 (Linearization). We have
d_
HMngLp(Qo) S or IH Z acXC5HLp’(Rd)“f”LP(Rd)> (35)

cecC

for some sequence (ac)cec satisfying (3 cce \ac|p/)1/p/ <1.
Proof. Starting from (3.3), we write

(Be) - (s

cecC cecC

/Céfp)l/p.

Viewing this as an /Z norm and applying ¢ duality, we obtain

d_1
g p Zac f
lol

cec
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for some (a.)cee with 7 norm at most 1. Interchanging summation and integration and
applying Holder’s inequality,

o [ 1= | [ e

ceC cecC

< || ZCLCXC5HLp’(Rd)HfHLp(Rd)’
ceC

which gives (3.5). O

This reduces the proof of the LP boundedness of the local spherical maximal operator to

estimates such as )
H Z AcX s HL])/(Rd) S 0 (Z |ac’p )1/p (36)
cec cec

holding for all (a.)cec and for any collection C of spheres with d-separated centers lying
in a cube.

Remark 3.7. Notice that (3.6) is a purely geometric inequality. Proving it for the general
p would give a completely geometric proof of the Spherical Maximal Theorem, but as of
today for d > 3 it is still an unsolved problem. However, it should be noted that, in a
remarkable and intricate paper, Schlag [8] gave an entirely geometric proof of Bourgain’s
circular maximal theorem. In the following part, we will prove the estimate for p = 2 and
d > 3, where the Hilbert structure of the space will make the proof much easier. This will
be very instructive in developing the intuition that will be used in the next chapter.

3.4 Intersection bounds for annuli

Before proving the p = 2 case of (3.6) we will prove a volume bound for intersecting
annuli.

Lemma 3.8 (Intersection lies in a strip). Let zy # x5 € R? and ri,ro > 0. Ify €
C%(z1,7m1) N C%(x9,75), then

+ — 2—r3 §
<y_:1:1 IQ’ T x1>: re— 13 —I—O( )
2 ‘$2—1’1| 2|.T2—SL’1’ ’132—371‘
In particular, C°(xy,r)NC%(z9,79) lies within a strip S of thickness O((S/|x1 —332|) around
the affine hyperplane, orthogonal to xo — x1, determined by the equation above.

Proof. We first show that C'(z1,71) N C(x2,13) lies on the affine hyperplane normal to the
line through the two centers. Let y € C(xy,71) N C(z2,72), so that

ly — @1 =1 and ly — xo* = 3.
Expanding and subtracting:
2 2

2<?J,332 — 1) + ’331|2 - ‘x2’2 =Ty =T
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Using |z1]? — |x2]* = (x1 + T2, 1 — 73) and rearranging yields

Dividing by |zo — 21| # 0 gives the hyperplane equation for the exact spheres. For the
fattened annuli, since y € C°(z;,7;) we have |y—x;|> = r2+0(6), and the same calculation
gives

2<y—x1;$2, x2—x1>:rf—r§+0(5).

Normalizing by |25 — x1| gives the desired estimate. O

Lemma 3.9 (Sphere-slab area estimate). For d > 3, let S = [a,a + A\ x R4 be a slab
of width X with 0 < a <a+ X <1. Then

Area® ' (C(0,1) N S) < A
Proof. We slice C(0, 1) with the hyperplanes H; = {t} x R¢"!. By the co-area formula:

- a+X B dt
Area? Yco,1nns) = / Area’ (C(0,1) N Hy) (1— )2

The slice C(0,1) N H, is a (d — 2)-dimensional sphere of radius (1 — t?)'/2, so
Area®2(C(0,1) N Hy) ~ (1 —2)7".
Substituting:
a+\ i3
Aread_l(C(O, 1)NS) ~ / (1—13)"2 dt.
For d > 3 the exponent (d —3)/2 >0, so (1 —2)(@=3)/2 < 1 for all t € [—1, 1], giving
Area® 1 (C(0,1) N S) < .

Y

Remark 3.10. Notice how for d = 2 the proof breaks down since:
(1% =1-),
is no longer bounded on [—1,1].

Theorem 3.11 (Annulus intersection volume bound). For d > 3, 1,75 € [1,2]

S T
~ 1+5_1’JI1 —J}2|

}Ca(l’l, T1> N C6(£C2, T2
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Proof. We split into two cases according to the separation of the centers.

Case 1: |z1 — x| > 6. We have
‘C‘S(xl,rl) N C° (s, 7“2)| NEE Aread_l(C(xl,rl) ns),

where the factor ¢ accounts for the radial thickness of the annulus and S denotes the strip
from Lemma 3.8, which by that same lemma has width O(0/|z; — x2|). Lemma 3.9 then
gives

4] 52 o

. — ~ ,
|21 — 2] |ry — 2o 1407 —

‘06(1'1,7"1) N Cd(l'g,’l“g)’ <0

~Y

where the last equivalence uses |7 — 23| > 0.

Case 2: |r] — z5] < 0.
The strip estimate degenerates, so we bound the intersection simply by the volume of
a single fattened sphere:

|CO@1,m1) N CO (g, 75)] < |COan, )| S 6.

Since |21 —xo| < ¢ implies 146!z — 25| < 1, the right-hand side satisfies §/(14+6 1z, —
x3|) ~ d. Interpolating between the two cases yields the proof. O

3.5 The L? bound

We are now able to prove (3.6) for p = 2, thus proving the L? boundedness of the local
spherical maximal operator.

Lemma 3.12. For d > 3, let C be a collection of spheres in R with §-separated centers

lying in [—%, 1% and radii in [1,2]; For any sequence of complex coefficients (ac)cec, we
have

202
1/2
H Z aC’XC‘;HLZ(Rd) 5 617% (Z |a’C|2> .

cecC cecC

To avoid technicalities, we assume ac = 1 for all C' € C; the complete result requires only
additional Cauchy—Schwarz estimates. Our goal is thus to show

_d
| ZX06||L2(Rd) N 5! 2#01/2-

ceC

Proof. Since L*(RY) is a Hilbert space, we expand the norm as an inner product:

| ZX@H%?(Rd) = <Z Xcyg s Z Xc§> = Z (ch,Xcﬁ

ceC CreC CaeC C1,C2eC
= Z Ixcs 172 gay + Z (Xcs: Xcs)

ceC C1,C2€C

C1#Cs
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Diagonal contribution. Since |C°| ~ 4,
> Ixesllze ~ o #C,
cec

which is already better than the required bound.

Off-diagonal contribution. Note that (xcs, Xc3) = |C? N C3]. Applying Theorem 3.11
and decomposing dyadically in the distance between centers:

| Z <XC§»XC§>|§52 Z diSt(ClaC2)_1

C1,CQ€C Cl,CQEC
C1¢CQ 017602
log, 61

~ 6 Z Z Z dist(Cy, Co) ™

(=0 C1eC Ca2eC
diSt(C1 ,CQ)NQZ(;

logy 671
SO 270 #{Cy e € dist(Ch, Ca) ~ 26}
/=0 cieC

We now use the counting estimate
#{Cy € C : dist(C, Cy) ~ 2} < 2% for all C, € C, (3.7)

This is a direct consequence of the d-separation hypothesis satisfied by the elements of
C. Indeed, for a fixed C}, the relevant Cy centers must lie within an annulus of volume
~ (2¢6)%; dividing this by the disjoint volume ~ §¢ occupied by each Cy yields (3.7). It

follows
log, 671

So#C Y 24N 5@ ge
=0
Combining both contributions,

1> xeolli S 572 #cC,

cec

which, upon taking square roots, gives the lemma. O

3.6 What goes wrong for d =2

If we examine the argument above in the case d = 2, we see that the proof breaks down
in the sphere-slab estimate of Lemma 3.9, since the integrand becomes

1-2)7 =1-1),

which is no longer bounded on [—1, 1]. Tt blows up when ¢ — +1, corresponding to nearly
tangent pairs of circles.
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Figure 3.1: Two nearly tangent fattened circles in R2.

Near the tangency point, the arc over which the two circles are within distance ¢ of
each other scales as §'/2. Therefore, multiplying by the fattening thickness 6,

Co(x1,71) N C%(xg, 19)| ~ 6% .5 = §%/2.
|

This is much larger than §2, which is the behavior expected from Theorem 3.11 considering
|z1—x5|. For d > 3, tangent intersections do not cause a problem. To see why, we compare
the two regimes:

Tangent intersection (|z; — 75| ~ 1, near-tangent): The intersection C°(zy,71) N
C%(xy, 1) lies along a spherical cap of radius ~ §'/2, i.e., a neighborhood of a 0-dimensional
point on S9! of radius ~ ¢'/? which has d — 1 dimensional area ~ §¢~1/2_ Tt follows that
the volume of the fattened intersection is §(*+1/2.

Non-tangent intersection: The intersection is a J-neighborhood of a (d—2)-dimensional
sphere on S9!, Thus, the volume, determined purely by the co-dimension 2, is 6.

Although the intersection set is geometrically larger in the tangent case, it is of lower
dimension (a 0-dimensional point versus a (d — 2)-dimensional sphere). For d > 3, this
dimensional reduction more than compensates.
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Chapter 4

Combining Fourier Analysis and
Geometry

In this chapter, combining the geometric intuition developed in Chapter 3 with the
Fourier-analytic tools of Chapter 2 and 1, we give an alternative proof of Stein’s the-
orem for the local version of the spherical maximal operator. This may seem redundant;
however, the ideas that we are going to introduce are exactly the ones that, pushed further,
allowed Bourgain to prove the theorem in the plane.

Overview. As in Chapter 2, we dyadically decompose the operator into frequency-
localized pieces M;, and we look for a bound of the form

1M £l oty < 279540 £l 1o gay. (4.1)

However, this time, we do not pass through square functions. Instead, we exploit the
”uncertainty principle”. Since M; is localized at frequency scale 27, it is almost constant
at spatial scale 277. This suggests to "break” M; at scale § := 277, replacing it with
a sum of its elementary constituents yos indexed by spheres C' of radius in [1,2]| with
0-separated centers. Each xos is an L*-normalized function essentially supported on the
d-neighborhood €% of C, but — and this is the crucial difference compared to a purely
geometric approach — it also carries some oscillation. Following the duality argument of
Chapter 3, (4.1) is reduced to the bound

N 1/p'
HE:QCMH S (S faep) (4.2)
Lr' (R%)
ceC ceC

We obtain (4.2) by interpolating, via Riesz—Thorin, a trivial L> bound against an L?
bound carrying a substantial gain. The L? bound relies entirely on understanding the
cross terms (X¢s, X¢g) for two distinct spheres Cy, Cy € C. Because Y¢s oscillates, these
cross terms are governed not just by how close C and Cy are, but by how *tangent™ they
are. This behavior is shown in the estimate.

Lemma 4.1 (Weak Orthogonality, informal statement). For every N € N,
|<>~<Cf7 Xcg)‘ SN 5(1 + 6~ dist (¢, 02))_( (1 + 6 TA(CY, 02))_]\[,
where A(Cy, Cy) quantifies the interior tangency of Cy and Cs.

d—1)/2
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4.1 Discretization and Linearization

Recall from Chapter 2 that, by the Fourier inversion formula, the spherical means decom-
pose in frequency as

Afar) = S Af ), Aifar) = [ @O 5(0) oi(€) de

where for j > 1 ¢;(§) = p(277¢). Equivalently, in physical space,

Ajf(x,r) :f*(wj*o'r>(x), ¢0:@g, 1%(%’) :2dj30v(2jl’).

Let

M;f(x) := sup |A;f(z,7)],

re(l,2]

the frequency-localized local maximal operator that we wish to bound. The Low frequency
contribution coming from M, f are treated in the same way as in Chapter 2. Now let
§ := 277 for j > 1, by the uncertainty principle, ¢;, and hence the kernel K7 := ¢, x 0, is
locally constant at scale 6. This makes it natural to decompose space into cubes of side
length 0. Let Qg be the cube of side-length 1/10 centered at the origin, and let Q; be the

decomposition of @)y into dyadic cubes of side length 9.

Lemma 4.2 (Local constancy reduction). For each Q € Q; fiz a center zg € Q) and a
radius rg € [1,2]. Then

p

90385 S 32 8] [ )05 4 gl = )y

QeQ;
Proof. Since HMij]ZP(QO
On @, local constancy of the kernel at scale 6 shows that A; f(x,r) does not vary apprecia-

bly from A;f(zg,r¢q) as (z,r) ranges over () X [1,2], so HMijip(Q) <6 A; flrg,rg)|P-
Summing over ) € Q; gives the claim. ]

) = ZQer ||Mij72p(Q), it suffices to estimate each summand.

Definition 4.3 (Discrete pieces). For a sphere C' = C(z,r) define

Xoi(y) =06 v xo(x—y), =277

By the uncertainty principle x s should be thought of as supported on the J-neighbourhood
C° of C. What distinguishes Y¢s from a mere indicator function is its oscillation: heuris-
tically,

Nes(y) = 2™y 0s (y).

This oscillation is the key feature that will let us upgrade a purely geometric estimate into
the sharper weak orthogonality bound of Section §6. Arguing by duality as in Chapter 3,
Lemma 4.2 reduces the proof of (4.1) to the following statement.
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Lemma 4.4. let C be a collection of spheres centered at d-separated points of Qo with
radii in [1,2]. For every (ac)cec we have

/ 1/ '
H Z ac Xos HLP'(Rd) < §l—d/ptea(p) ( Z lac|? ) P ‘ (4.3)
cec cec

This estimate is considerably easier to handle than its purely geometric counterpart (3.6)
from Chapter 3. Moreover, the same arguments used to prove the L? bound adapt directly
to this frequency-localized setting. In analogy with the classical proof of Stein the strategy
is to first establish (4.3) at p = 2 with a strong choice of exponent £4(2) > 0, and then to
interpolate this L? bound against a trivial L> bound — leveraging the fact that £4(2) is
in fact larger than what is strictly needed to prove the L? estimate alone.

4.2 L Estimate

Lemma 4.5 (Frequency localized L* bound). For d > 2 and C satisfying the hypothesis
of Lemma 4.4,

[ (;acfccaHLm(Rd) SO Wsuplacl, (1) == 1. (4.4)

Proof. We bound
- < uc. - |

The é-separation of the centers gives #C < 679, so it suffices to show

HXC(SHOO <1 forall C €C.

Recalling the definition of X¢s(x) := §- (¢, *0,)(z) with ¢;(z) = §~%4p(6~'z) for 6 =277
and C' centered at the origin. We obtain

Res@) =6 [ 66 (@ — r)) do(0) = 5 / $(67 (x — 1)) do (0).

gd—1 gd—1

Taking the absolute value and the supremum over z € R? and 1 < r < 2, it follows that

H)ZCaHOO <57 sup /Sd1 |w(5’1(a: — r@))]da(G).

TR, 1<r<2

Consequently, the uniform bound H )ZC(;HOO < 1 reduces to proving the following shell
estimate:

sup / (6 (@ — r6))| do(6) < 5. (4.5)

zeRd, 1<r<2 J g1

To formally establish (4.5), we exploit the fact that ¢ is the Fourier-Transform of a
localized bump function, meaning that ¢» € S(R?). This implies that for any arbitrary
integer N € N:
Cn

N __ yyeR<
(1+y)™

[¥(y)l <
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Setting y = 6! (x — rf), (4.5) comes down to

1
C / do(9) < 6071,
N §d-1 (1+5‘1|x—7“9|)N )

Substituting § = 277, this bound is precisely the one obtained in Lemma 2.13 to prove
the LY estimate. Hence it follows.

]

4.3 L? Theory

We now develop the L? theory of functions Y¢s, with the goal of proving (4.3) at p = 2
with a good choice of €4(2). Expanding the squared norm gives

1D acxes o = D lacl [[Xes o + D aci@e (Regs Xeg)- (46)
ceC ceC Cgl,gg(ic

Diagonal Contribution
Lemma 4.6 (Diagonal estimate). Let d > 2 and C € C. Then
-2
HXC‘SHLZ(W) S o

Proof. By Plancherel and the definition of x¢s and 9;,
-2 . 5
B e o N GIRCIGIRS
Rd
=6 [ It etoleD) s

Recall from Chapter 1 that & is radial and satisfies |6(&)| < (141€£])~@=1/2. Since ¢(5]¢])
is supported on §71/2 < [£] < 257! and r € [1,2],

Hf(céHiz < 52/ [(1 =+ ‘5|)_(d_1)/2]2d5
6—1/2<|g|<26 1

~ 52 . 52((171)/2 . 57d — 5’

as required. O

Off-Diagonal Contribution

We now estimate |<>~(Cf’ >~(C§> |. Arguing with a slight variant of the proof above one readily

obtains )
[(Xess Xes)| S (1407 dist(Cy, Co)) ™7, (4.7)

where dist(Cy, Cs) is the distance between the centers of C7 and Cy. This relies only on
the decay of 5(&); however, it is not sufficient for our purposes. To gain a better bound we
must also exploit the oscillation of &, which surprisingly involves the tangency between

C and C.
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Definition 4.7 (Tangency between spheres). For Cy = C(z4, 1), ¢ = 1,2, define
A(Cl, 02) = “l’l — ZL‘2| — |’I"1 — T‘QH.

The spheres C; and Cy are interior tangent precisely when A(Cy,Cy) = 0, i.e. |z —
LEQ‘ = |7”1 — T2|.

Lemma 4.8 (Refined off-diagonal estimate — Weak Orthogonality). Let Cy,Cy € C with
r1,79 € [1,2] and |21 — 29| S 1. For all N € N,

N

(Xess Xes)| Sv 8(1+ 07 dist(Cr, C2)) T2 (1 +671ACL o) T (48)
In particular (Xcs, Xcs) is negligible unless A(Ch,C2) S 6.
Remark 4.9. If ri = ry then A(CY, Cy) = dist(Cy, Cy), and (4.8) yields
[(Xep Xeg)| < 0(1 457" dist(Cr, €)Y, (49)

which improves on (4.7). The same bound (4.9) continues to hold whenever |ry — 75| < 4.

We postpone the proof of Lemma 4.8 to Section §6, and first use it to establish the
frequency-localized L? bound.
L? Estimate

Lemma 4.10 (Frequency localized L? estimate). Let d > 2 and let C be as in Lemma 4.4.
Then

1/2
I ac Kool oy S 8O (Y lacl) T, e =5 (410)
cecC cecC

To avoid technicalities we assume ac = 1 for all C' € C; the general case follows by an
additional Cauchy—Schwarz argument. It suffices to prove

I Z >~<oéHL2(Rd) S #C2, (4.11)

cec

Proof. We split ) .. Xcs according to the size of the radii, in order to exploit the strong
decay in (4.9). Let (I)i,, K ~ d~', a partition of [1,2] into intervals of length ~ §, and
for 1 <k < K set C, :={C € C:rad(C) € I;}. By Cauchy—Schwarz,

K
DIRC ML DI D DR 1 e

k=1 CeCg
Iy K o 1/2
<6 (ZHZX@HB(W)) . (4.12)
k=1 CeCy,
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Fix k. Expanding the square as before,

17 %eslls = D IResll+ D2 (g Xeg)-

CeCy, CeCy, C1,C2€C
C1#£C2

Diagonal terms are estimated by Lemma 4.6; off-diagonal terms are treated by combining
(4.9) (valid since within Cy, we have |1 —ro| < 0) with the dyadic counting argument used
in the proof of Lemma 3.12. This gives

[logy 611
ID" Rerlan S0 #C+0 30 >0 3 (146 dist(Cn, )
CeCy /=0 Ch€ECy, Co€Cy
dist(Cy,C2)~2¢5
[logy 6717
SO#C+0 Y > #{Ch €y dist(Cy, Cy) ~ 200} 27
{=0 CheCy,
[logy 6711
ga#ck(H 3 2-f>55-#ck,
{=0

where in the second line we used
#{Cg eC: diSt(Cl, Cg) ~ 2é5} 5 2£d for all Cl eC

Hence

1D Kool paggay S 82 1#C,

CeCy

and combining this with (4.12),

K 1/2
” ZSZCSHLQ(Rd) 5 (Z #Ck) - #61/2,

ceC k=1

which is (4.11). N

4.4 Interpolation and Stein’s theorem

We now complete the proof of Lemma 4.4, by interpolating the L> bound of Section §2
with the L? bound of Section of §3.

Lemma 4.11. Let d > 2. For every collection C of spheres centered at d-separated points
of Qo with radii in [1,2], and every (ac)cec, bound (4.3) holds for all 1 < p <2, with

d
ealp) i=d—1——.
a(p) p
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Proof. By Lemma 4.5 (with g4(1) = —1),

H Czecacf(céHLw(Rd) <o i}gc) lac,

and by Lemma 4.10 (with g4(2) = %)7

1/2
H ZCLC >~<05||L2(]Rd) S <Z |ac|2> .

ceC cecC

Both estimates hold for the same sequence (ac)cec, so we may apply the Riesz—Thorin
interpolation theorem to the linear map

T: (ac)oec — Y ac Xev,
cec

which is bounded from ¢*(C) — L*(R?) with norm
with norm < 1. For 2 < p/ < oo, write z% =(1-6)-0
Interpolation gives

~4 and from ?(C) — L*(RY)

<
+ 5= g which implies % =1-

4]
(%)
2

IS

||T||£P/—>LP’ < (5_d)1_0 10 =700 = 5_d(%_1)-
Writing —d(% — 1) = —%d + d, and comparing with the claimed exponent 1 — % + e4(p),
we recover
2d d d
ca(p) = (d—-) 1+ S=d-1-°,
p b p

as claimed. This proves Lemma 4.4. O

Remark 4.12. For d > 3 we have g4(p) > 0 precisely when p > so Lemma 4.11

d
d—1°
gives LP-boundedness of the maximal spherical operator for % < p < 2. The full range
is recovered by interpolating M between L? for % < q < 2 and the trivial bound
M : L*® — L*. This completes the proof of Stein’s theorem for the local maximal

operator.

4.5 Weak Orthogonality: Proof of the Cross-terms
Estimate

It remains to prove Lemma 4.8, restated here for convenience.

Lemma (Refined off-diagonal estimate — Weak Orthogonality). Let Cy,Cy € C with
ri,re € [1,2], |11 — 29| <1 and 6 =277, For all N € N,

[(Xoss Xeg)| Sy (1 + 67 dist(Ch, Cy) TR+ 5 AC, C)
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Proof. Recall from Chapter 1 that 6(§) = By(|¢]) for a function B, : [0,00) — C. For
Cy = C(xg,1e), £ = 1,2, we have )ch(y) = 0§ -1 * 0,,(xe — y), so, taking the Fourier
transform,

(Re) (&) = 8- €727 54),(£) 6, (€)
=0 e (81€]) Ba(rl€)).

By Plancherel’s theorem and passing to polar coordinates,
(et Xet) =0 [ Balrale) BalraleD (Bl e >mer=< dg
R

=5’ / Bu(rip) Balrap) [ (0p)*( / e 20 4o (9) ) o dp.
0 S

d—1
Since
/ e da(9) = 6(pler — 1)) = Balpla — ).
S
we obtain
<>~<cfa )ch> = 52/ Ba(rip) Ba(rap) Ba(plr1r — x2) ‘90(5P)|2 p~tdp. (4.13)
0

Simply using the decay of B; would only reproduce (4.7); to gain the extra factor in
A(C4, Cy) we must exploit the oscillation of By, recalling the stationary phase expansion
from Chapter 1:
gt e2milél 4 g e—2milé]
o) ~ fg[ThE )y :
Z HE

k=0

This gives, for every M,

M
=D (Datar ) e Bl (414)

k=0
with

‘_EMd NMdkl for all k € Ny anerl.

We substitute (4.14) into (4.13), analyzing the resulting terms separately.

The leading term: Substituting
Ba(rip) — ag 4" (rip)” 7.

d—1

Balran) —» e ()"
Balples = 2af) —> ag e (ploy — o) 5

46



into (4.13) produces a term of the form

Clrara) 8 [ emirr by 32T dp- oy = ol 5 (4.15)
0
_d1
=C(ri,ra) -6+ (67 a1 —a]) = - (Fla)(0 (r —ra — |21 — 22])), (4.16)
where a/(p) := |o(p)|2p~ T is Schwartz (since ¢ vanishes near the origin), so F o is also

Schwartz, and C(ry,73) is a constant depending only on r; and r5. By the rapid decay of
F~la, (4.16) is dominated, for every N, by

_d—1

O o (57 oy —xa]) T 7 (67A(CH, Co)) . (4.17)

Other sign choices: The remaining contributions to the first-order term come from
the other choices of sign in the phases
+27ir1p

+2mirgp +2mip|lx1 —z2|
, .

(& € €

Up to an overall sign (which reduces four of the eight combinations to the other four), all
these choices give expressions identical to (4.16), with the argument of F~'« replaced by
one of

§ =1y + 1y — |71 — 29]), S (ry + 1y + |2 — 14)), S (ry + 1y — |21 — 39).

e For the first, writing a = r; —7 and b = |21 — 3| > 0, the reverse triangle inequality
gives

| — 11+ 79— |ZL‘1 —ZEQH = |Cl+b| Z ||CL| —b’ = HTl —7"2| — |l’1 —IQH = A(Ol702),

so this term is again bounded by (4.17).

e For the remaining two, using 1,79 € [1,2] and |27 — 23] < 1 (since C, Cy have
centers in (),

o+ ret | — 22 21, ri 1y — vy — 2| 21,

so, by the rapid decay of F~'«, these contributions are O(6*) for every M and are
therefore negligible.

Higher-order terms and the error. The same argument applies to every term &k >
d—1
in expansion (4.14): each contributes a term dominated by (4.17) after replacing p~ 2

with p~“= %, which is still integrable against the Schwartz cutoff. Choosing M in (4.14)

M—

sufficiently large, the contribution of the error term r~ =) w4 1s negligible as well.

Combining all contributions gives

_d1 _
[(Xco, Xeg) | Sn 0+ (67 dist(Ch, Cp)) 2 - (67 1A(Ch, Cy)) N
which, together with the trivial Cauchy-Schwarz bound [(Y¢s, Xcg)| < 0, yields

d—1

(R eg)| Sa 6(1+ 67 dist(C1, Co)) ™7 - (1467 A(C1 Cy)
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4.6 Towards Bourgain’s proof

This last section is dedicated to presenting some further ideas that explain how Bourgain
extended the reductions carried out in this chapter to the plane, ultimately proving the
Circular Maximal Theorem. We will not go into full detail; in particular, we stop short
of a complete proof. Nevertheless, by the end of the section it will be clear what the last
remaining obstacle is, and why overcoming it — via a careful analysis of the so-called
“clam-shell” configuration — is the key step that Bourgain’s original argument addresses.

We start by noting that both the L? and L™ estimates derived in §2 and §3 hold for d > 2.
Furthermore, the exponent yielded by Lemma 4.11 is e5(p) > 0 for p > 2. However, this
p falls strictly outside the admissible range 1 < p < 2. This will be our starting point.
By the previous results and restricted strong-type interpolation, it suffices to show the
following;:

Proposition 4.13. For all 1 < q < 2 there exists some exponent £(q) > 0 such that
H Z Xcs
cec

holds whenever 0 < 6 < 1 and C is a collection of unit scale circles in the plane with
0-separated centers.

< §2a-14e(a) pot/a 4.18
S # (418)

As before, a “unit scale circle” is a circle C = C(x,7) in R? with center x €
[—1/10, 1/10]? and radius r € [1,2]. From before,

> % , ., s#e (4.19)
cec L2(R?)
and it is not difficult to show that
H S x|, D IResllae S 8- #C. (4.20)
cec ®) e

Interpolating (4.19) and (4.20) via Holder’s inequality yields
H Z Xcs
cec

which just misses (4.18) by an e(q)-power of 6. Thus, our task is simply to obtain an
e-improvement over what we already have.

The first really important idea introduced by Bourgain is that one does not necessarily
have to obtain estimates for the entire set C. A better strategy is to partition C into
subsets that behave slightly better in different Lebesgue spaces, and to interpolate on
them beforehand.

< gt pct/a for 1 < g <2,
La(R2)

Proposition 4.14. Let C = C; UCsy. If for a fized ¢ > 0 we have

| > e

CeCy

< 5 #CV/? 4.21
LQ(RQ) ~Y # b ( )
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and

< giteHC, (4.22)

H Z Xcs

CeCy

L1(R?)
then Proposition 4.13 holds.

Proof. For any fixed 1 < ¢ < 2 we can apply the triangle inequality to bound

DR IS DR WSS DI
cec Lo(R2) ce La(R?) CeCs

La(R2)

Then we write . 1-0 o
= T4 for some 0 < 0 < 1.
q 1 2

Applying Holder’s inequality to interpolate between L'(R?) and L*(R?) gives
1-6 0
ol < T el |
H C’Ze; Loz Cze:cl o wey CXGC:I e me)
| 2 ey o || 2 ]
CeCa CeC

Using (4.21), (4.22), (4.19) and (4.20) to estimate the contribution coming from different
factors, one gets the following

H Z Xcs
cec

1-6 0

L2(R2?)

L1(R2?)

< (5(1%)(179) +5(170)+59> e/,

La(r2) ™
Taking
2 2
5(q)::5-min{——1,2——}>0 for 1 <g<2,
q q

yields the proof.

Transverse Case

To further motivate the decomposition C = C; U Cy we consider some special situations
where it is possible to show a substantial gain in the exponent in a quite direct manner.
Recall the weak-orthogonality estimate used to prove (4.19). We restate it again for
convenience, assuming d = 2.

[Weak orthogonality:| For all pairs of unit scale circles C;, Cs and all N € N,

N (4.23)

- 1 ~1/2 _ -
|<XC’§7 XCS)} SN 5 . (1 + 5 ! dlSt(Ol, Cg)) / (1 + 5 IA(Cl, 02))
Recall that A(CY, Cy) measures the interior tangency between Cy and Cy, so, given (4.23),
we expect a significant gain in (4.19) if there are few pairs of tangent circles (C1,Cs) €
C x C. This is usually referred to as the “transverse case”; in the following lemma we
make this statement rigorous.
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Lemma 4.15 (Transverse case = L? improvement). Suppose C is a collection of unit
scale circles with d-separated centers which satisfies the additional hypothesis

#{Cy € C: A(Cy,Cy) <61 <6234 572 for all Cy € C, (4.24)

for some fizred 0 < e, < 1. Then
| > %
cec

Before giving a sketch of the proof, we will unravel the meaning of the hypothesis.

Sne 0 [#C]2.

L2(R2)

Remarks

e Recall that, by the uncertainty principle, since xos is frequency localized at scale
2/ = ¢! its support is essentially C°. Thus, ¢ is the smallest scale at which
it “makes sense” to analyze the problem on the physical side. In particular, the
condition

A(C,Cy) <o

can be interpreted as “C? and CJ are maximally tangent”.

e Therefore the condition A(C}, Cy) < 8177 means that C¢ and CY are tangent up to
a relatively small tolerance factor of 6.

e Trivially,
H{C, € C: A(C,Cy) <M} < H#C <672

So hypothesis (4.24) represents a gain over the trivial bound by a factor of §2/3+4¢,
The exponent 6%/ is not chosen at random: it is calibrated so that, after applying
Holder’s inequality, it exactly compensates the pre-factor § coming from (4.23).

Proof. Writing

H Z Xcs
ceC

2
LQ(RQ):Z S RenXes)+ > Y. (Ko Xes)

CcieC CyeC CieC CoeC
A(C,02)<61—7 A(C1,02)>861—7

= 2tang + Etrans‘

We want to estimate the two contributions differently. For the transverse contribution,
we will exploit the weak-orthogonality lemma. Since A(Cy, Cy) > 6177, (4.23) implies

[(Ress Xes)| Swa 81+ 671A(C1L Co)) ™" < 6% for any N € N.

Thus, Yians is negligible. Instead, for the tangent contribution, our strategy is to use
hypothesis (4.24) together with the weaker estimate

—-1/2

|<>ZCfa )ch)‘ SO(14 67 dist(Ch, Cy))
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We first get
S SO Y Y (L dist(Cr, o)

Ci1eC CoeC
A(Cl,02)§51_77

Then, applying Holder’s inequality,

1/4
Siang S0 Y #{Co € C: A(Cy, Cy) < 57} <Z (1+ 0~ dist(Ch, 02))‘2> .

cCreC CaeC

Decomposing dyadically on the distance set yields

ST (1467 dist(Cr, ) < logy 67
CreC

Combining these observations leads us to
Ztang 5 628 #C,

which concludes the proof.

Tangent Case (Heuristic)

Having proved a stronger L? bound for a “transverse configuration” of circles, a natu-
ral question is what happens when hypothesis (4.24) fails. In particular, we consider a
collection C such that there exists some Cy € C for which

#{C €C:A(Cy,C) <67} s large.

All the circles C' € C are “almost tangent” to the fixed circle Cy. From now on we leave
the rigorous setting and offer only a heuristic account, following [1]. What we are really
interested in is the total number of “almost-tangent” pairs (C1,Cy) € C x C. Trivially,

#{(C1,0y) €C x C: A(Cy,Cy) < 571} < #C2.

Furthermore, this bound can be attained if all the circles are arranged in a so-called
“clam-shell” configuration, so that all the annuli are pairwise tangent along a common
arc of (.

Tangency

Figure 4.1: Clam-Shell Configuration
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Surprisingly, it turns out that the “clam-shell” configuration is, in some sense, the only
configuration in which there are many tangent pairs (C7,Cs) € C x C. Proving a precise
version of this statement is a key step of the full proof, and it actually requires only basic
planar geometry; however, it is not in the scope of this work. What we have so far can
be summarized as follows:

e By Lemma 4.15 we are led to consider the tangent case, in which all the circles in
C are almost tangent to a fixed circle C.

e Again by Lemma 4.15, we can expect to be in a favorable situation unless C x C
contains many pairs (C7, Cy) of almost tangent circles.

e We are able to prove that the only way C x C can contain many pairs of almost
tangent circles is if the circles in C are arranged in a clam-shell like configuration.

The only obstacle remaining is to characterize the “clam-shell” configuration precisely.
What is needed is a stronger L' estimate — precisely the one obtained by Bourgain.
Following in his footsteps would take us deep into the geometry of intersecting annuli,
but we shall stop here. What is remarkable, though, is the simple beauty that emerges
from such a complex problem, once the right reductions are made.
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