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Introduction

Accurate forecasting of extreme weather conditions is typically achieved through numerical
simulations of the atmosphere. Recent developments in dynamical systems theory allow atmospheric
states to be described in terms of two metrics, their persistence 8~ 1 and local dimension d, this
approach provides information on how the atmosphere will evolve in the proximity of a given state
of interest. These metrics are intuitively linked to the intrinsic predictability of the atmosphere: a
highly persistent, low-dimensional state will be, intrinsically, more predictable than a low-
persistence, high-dimensional one.

It is known that moisture absorption influences the predictability of Mediterranean cyclones,
but little is known about the potential influence of moisture transport. The objective of this thesis is
to identify and quantify the possible influence of moisture transport on the intrinsic predictability of
Mediterranean cyclones, in the eastern Mediterranean. Moisture transport is quantified using a vector
quantity called Integrated Vapor Transport (IVT), defined as the horizontal advection of vapor
integrated vertically along the vertical tropospheric column.

The Mediterranean has been recognized as one of the regions which is currently being
affected by climate change and is predicted to be influenced in the future by warning and drying and,
at the same time, by an intensification of the extreme precipitation events. Among the unique
characteristics of the Mediterranean region is the coexistence of different kinds of cyclones. In fact,
despite their generally limited size and duration, Mediterranean cyclones are known to have a
significant impact on the highly populated coastal areas around the basin, due to the strong winds and
heavy rainfall that accompany them. This explains why the study of extreme weather events, in
addition to its theoretical importance, is also of considerable social and economic significance.

The thesis is organized as follows: Chapter 1 offers a general description of the Earth’s
atmosphere, focusing on its main thermodynamic and dynamic properties. The second chapter
discusses some characteristics of dynamic systems, with particular attention to attractors, which we
can define as a set of states towards which the system tends to evolve in the long term, regardless of
the initial conditions, within a certain region of space. Measures of the intrinsic predictability of a
dynamic system are the provided, by first introducing Lyapunov exponents, and then arriving to a
formal definition of the local dimension d and persistence 8 1. The third chapter, the data provided
will be analysed. The data consists of two lists, one containing the cyclones that occurred in the area
of interest, another containing the values of the metrics d and @ for each day, and a third source
consisting of the IVT values downloaded from the ERAS database. By comparing the data provided,
we investigate whether an increase in moisture transport can influence the intrinsic predictability of
the atmospheric system, i.e. whether such an increase leads to a variation in the metrics d and 6. We
found that greater moisture transport would seem to lead to a decrease in the value of the local metric
d for the geopotential height Z1000 (i.e., near the ground) for the most intense cyclones, thus
indicating a possible increase in intrinsic predictability. As regards the € metric, no results were
obtained that indicated a possible influence of moisture transport on the inverse of persistence 6.
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Chapter 1

Earth’s atmosphere

The purpose of this first chapter is to provide a brief introduction to some general properties of the
Earth's atmosphere. We will then proceed to describe some fundamental aspects of thermodynamics
and atmospheric dynamics.

1.1 Constituents and vertical structure

The atmosphere of the Earth is a vast expanse of gases enveloping the planet. Within this envelope,
we are surviving and all our activities are confined. It is made up of several gases (Figure 1.1), water
vapour and minute particles suspended in the gaseous substance of air. The four major gases: nitrogen,
oxygen, argon and carbon dioxide together constitute 99.99% of the total volume of dry air. The
maximum concentration is of nitrogen with more than 78 percent while the oxygen is little less than
21 percent. Water vapor, which accounts for roughly 0.25% of the mass of the atmosphere is a highly
variable constituent, with concentration ranging from around 10 parts per million by volume in the
coldest region of Earth’s atmosphere up to as much as 5% by volume in hot, humid air masses.

Argon (Ar)
[ ~"0.93%

~=|_All other gases, 0.04%
Carbon dioxide (CO,) | 0.035%
Meon (MNe) 0.0018%
Helium {(Hea) 0.00052%
Mathane (CH,) 0.00014%
Krypton {Kr) 0.00010%
Nitrous oxide {N,0) 0.00005%
Hydrogen (H.) 0.00005%
Ozone (0,) 0.000007%

Figure 1.1-Composition of the dry air in volume percent. (From Air Pollution and control,
Dr. Tanushree Bhattacharya, BIT Mesra, 2024.)

Gaseous particles forming the atmosphere are prevented to fly away by the gravitational attraction
which the planet exerts on them. Gravitational force is in fact the main responsible for the
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atmosphere’s structure, stratifying mass vertically. This stratification of mass results in a strong
kinetic constraint on atmospheric motion: vertical displacements of air result to be much smaller than
horizontal ones if circulations spanning a few tens of kilometres in the horizontal direction are
considered. Vertical and horizontal displacements are comparable only when considering small-scale.

The pressure p and the density p decrease nearly exponentially with height:

p = poe_Z/H or equivalently InL=-2 (1.1)
Po H

where H is called scale height and p, is the pressure at some reference level, which is usually taken

at sea level (z=0). In the lowest 100 km, the scale height ranges roughly from 7 to 8 km.

Density decreases with height in the same way as pressure. These variations in pressure and
density with height are much greater than the corresponding horizontal and temporal variations, so it
is useful to define an idealized representation of the structure of the atmosphere, a standard
atmosphere that represents the horizontal and temporal average of the structure of the atmosphere as
a function of height alone.

Based on its chemical composition, the atmosphere can be classified into two parts. They are
homosphere and heterosphere. Homosphere is that part of atmosphere where the chemical
composition of the air tends to be quite uniform and independent of height due to mixing by turbulent
fluid motion. It is the lowest layer in terms of chemical composition. It extends from the earth’s ocean
surface to about 85 km. Above ~100 km , where the mean free path between molecular collisions
exceeds 1m, individual molecules species are sufficiently mobile that each molecular species behaves
as if it alone were present. Under these conditions, the concentrations of heavier constituents decrease
more rapidly with height than those of lighter constituents. Indeed, the density of each constituent
drops off exponentially with height, but as it is possible to see, with a scale height H inversely
proportional to the molecular weight. The upper layer of the atmosphere in which the lighter
molecular species become increasingly abundant (in a relative sense) with increasing height is
referred to as the heterosphere. The upper limit of the lower layer of the atmosphere, in which
constituents result to be well-mixed, is called turbopause, where turbo refers to turbulent fluid
motions. The composition of the outermost reaches of the atmosphere is dominated by the lightest
molecular species (H, He, and H,).

Considering the variation in temperature with altitude, we can divide the atmosphere into four layers:
troposphere, stratosphere, mesosphere and thermosphere (Figure 1.2). Troposphere is the lowest and
densest of these layers. Approximately 80 per cent of the total mass of the atmosphere lies within it.
As altitude increases, the temperature tends to decrease at a rate that is approximately constant,

r=2~65°Ckm™ (1.2)

where T is the temperature, z is the height and I' is the lapse rate. Water vapour is found in this layer
in abundance and about 99 percent of the total atmospheric water vapour is concentrated here but
wide spatial and temporal variations are seen in concentration. All weather phenomena are occurring
in this layer only. Troposphere is the home of all types of clouds, atmospheric turbulence and mixing
of the air. The upper boundary of the troposphere, called tropopause, is identified by a clear change
of the temperature profile, which shifts from decreasing to increasing with height. From an altimetric
point of view, the tropopause generally extends from approximately 8 to 17 kilometres above the
Earth's surface, varying according to latitude, season and local atmospheric conditions. Its location is
influenced by various factors, including the temperature and chemical composition of the atmosphere.
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Figure 1.2 A typical midlatitude vertical temperature profile. From Wallace and Hobbs, 2006.

Stratosphere starts from tropopause to approximate height of 50 km. The stratosphere is characterized
by weak vertical motions (as opposed to what happens in the troposphere) and by extremely dry and
ozone rich air. The increase in temperature in this layer is caused by absorption of ultraviolet radiation
by ozone (03). Ozone is abundant in this layer, and about 90 percent of the total ozone present in the
atmosphere is concentrated in this layer. The upper limit is stratopause which is a very narrow strip
of transition zone beyond which mesosphere is found. In the mesosphere temperature decreases again
with height to a minimum defined mesopause. In the thermosphere, however, there is another
increase in temperature with height due absorption of solar radiation, which strips electrons from
atoms (photoionization) and splits diatomic nitrogen and oxygen molecules into single atoms
(photodissociation).



1.2 Coordinate system in atmospheric science

Every point on the Earth's surface is adequately represented in terms of a spherical coordinate system
rotating with the Earth (Figure 1.3). The coordinates are the latitude ¢, the longitude A and the height
z above sea level. Latitude ¢ is defined as the angular distance of a point from the equator, measured
in degrees (from 0° to 90°) towards the North (N) or South (S). Longitude is defined as the angular
distance of a point from the Greenwich prime meridian, measured in degrees (from 0° to 180°) east
(E) or west (W).

If we denote by x the distance east of the
Greenwich meridian along the latitude, by y the
distance north of the equator along a meridian,
and by r the distance from the centre of the Earth
, we will have:

dx =rdA cos¢ (1.3a)
and

E:E-F_Ljéﬁr_"ul—'— - ¢ - I.-"II dy =r dd) (13b)

Considering that 99.99% of the mass of the
atmosphere is concentrated within 50 km of the
surface, the radius r is approximated by the
value of the Earth's radius Ry (6.37x10° m).

Figure 1.3- Spherical Coordinate system.
From Wallace and Hobbs 2006.

Consequently, motion in the atmosphere is described by the following three components of velocity:

u= % = Rg cos ¢ % (the zonal velocity component), (1.4a)
dy a¢ . .
v=—=Rp — (the meridional velocity component), (1.4b)
and
dz dr . .
w =—=—(the vertical velocity component). (1.4¢)

The horizontal velocity V is defined as V=ui+ vj where i and j are the unit vector in the zonal and
meridional direction, respectively. It is conventionally established that the zonal speed is considered
positive if the wind is blowing eastward and negative if blowing westward. Similarly, the southern
component is defined as positive or negative when referring to a wind blowing north or south. This
is true in both the northern and southern hemispheres. Considering the scales of motion in the Earth's
atmosphere, it can be said that the typical amplitude of the horizontal component V of velocity



exceeds the vertical component by several orders of magnitude. For these scales the term wind
coincides with the horizontal component of velocity.

If we consider surfaces where a certain quantity, such as pressure, is constant, it is possible to
construct a set of lines, called streamlines, arbitrarily spaced whose orientation is parallel everywhere
at the horizontal velocity V. A natural coordinate system (s, n) (Figure 1.4) can be defined at each
point on this surface. Where the s coordinate is directed along the line, while the n coordinate is
perpendicular to it.

As regards the scalar wind speed, we can then
write:

ds d dn
dae " e T
As shown in Figure 1.4, the flow information is

completed by angle 1, which indicates the
direction.

V= 0.

Figurel.4-Natural Coordinates (s, n) ata point P.
From Wallace and Hobbs, 2006.

1.3 Atmospheric Thermodynamics

Thermodynamics plays an important role in our quantitative understanding of the atmospheric
phenomena ranging for the smallest cloud microphysical processes the general circulation of the
atmosphere. The purpose of the following sections is to introduce some fundamental concepts that
we will encounter later in this thesis. With particular attention to the definition of two quantities: the
geopotential height Z and Integrated Vapor Trasport (IVT), which we use to quantify moisture
transport.

1.3.1 The postulates of thermodynamics

A thermodynamic system is a part of the universe considered to be distinct from the external
environment. Thermodynamic systems, if external conditions do not change, tend to assume a state
of equilibrium that we postulate to have the following properties:

o the characteristics of equilibrium states are independent of the preparation of the system, i.e.
of its history,

o states of equilibrium are defined completely by knowledge of a finite number of extensive
independent variables.

To define an extensive variable, we consider two separate thermodynamic systems, C1 and C2, each
in a state of equilibrium and characterised by s variables x4, ..., x5. Let us now consider the C system
consisting of the sum (understood conceptually) of the two systems C1 and C2. The variable x; is
said to be extensive when the value it assumes in the C system is given by the sum of the values it
assumes in the two systems C1 and C2.

Suppose that for any thermodynamic system there exists a physical observable A whose integral
[ A does not depend on the path of integration, but only on the limits of integration. We will then say

that A is a thermodynamic state function. This is equivalent to saying that dA4 is an exact differential.
5



Given a differential of the form df = f;(A, B)dA + f,(A, B)dB, the condition that df is exact is
df,/0B = df,/0A.

In an arbitrary thermodynamic transformation, let AQ be the net amount of heat absorbed and AW
the work done by the system. The first law of thermodynamics states that the quantity AU, defined
by

AU = AQ — AW (1.5)

is the same for all transformations that go from a given initial state to a given final state. This
automatically defines a state function U, called internal energy. Empirically, it can be observed that
U is an extensive quantity.

In an infinitesimal transformation, the first law reduces to the statement that the differential
dU =dQ —dW (1.6)
is exact. Obviously, this property is not shared by dQ and dW'.

The second law of thermodynamics states the existence of an extensive variable S called entropy,
which is also a state function and defined only in the equilibrium states of a system.

Entropy has the following properties:

o Itis always greater than or equal to zero,

o In any thermodynamic system, entropy assumes its maximum value with respect to all
infinitesimal virtual variations, compatible with internal constraints, of the other extensive
quantities that characterise the system,

o In an infinitesimal transformation in which the system absorbs a quantity of heat §Q at
temperature T, entropy increases by a quantity equal to §Q /T if the process is reversible and
by a quantity greater than §Q /T if the process is irreversible.

Given a function f(x4,.., Xs), this is defined as homogeneous of degree n if, for any number a € R:

flaxy, . ..,axs) =a™ f(xq, .., Xs) . (1.7)

An important property of homogeneous functions is that if f = f(xq,..,Xs), is homogeneous of
degree n, its partial derivatives are homogeneous functions of degree n-1. In formulas:

of (axq,..,axs) _ z of (axy,..,axs)0(ax;)

0xy 0(ax;) o0x, a fi(axy, .., axs)

X)L, ¥ Of (1, x5) dax)

n gr
9%, a(ax)  ox, O CHRED)
Therefore:

filax,..,axs) = a™™* fi(xy,.., x)

Given a homogeneous function of degree n, setting @ = 1 + €, we will have:

f(A+e)xy,..)=A+)" f(xqg, ., Xs) (1.8)



Expanding the left-hand side of (1.8) in a Taylor series and taking the limit as € approaches zero, we
have:

of (%1, v\ Xs)
Pt kit

o =1 +ne)f(xqg, ..., xs)

fxq, o, xs) +£Zx

k

That is, for homogeneous functions of degree one, the following property holds:

OF (1,mXs
o LGt = () (1.9)

axk

Having introduced the extensive variables S and U, let us assume that the thermodynamic state of a
system is described by a number m of other extensive variables. The equation linking S, U and the
other extensive variables under equilibrium conditions is called the fundamental equation of
thermodynamics. We will have:

f(U'S'{xi}) =0 (1103)
or solving with respect to any of the variables such as U:
U=U(S,{x}) (1.10b)

Since all variables appearing (1.10a) are extensive, if the system is scaled globally by a factor «, all
variables will be scaled by the same factor a, i.e.:

U(/1 S, {CC xi}) =a U(S, {xi})

We therefore have that the postulates of thermodynamics lead to the conclusion that the fundamental
equation of thermodynamics is a homogeneous function of degree one. Differentiating (1.10b) gives:

ou ou

All derivatives appearing in (1.11) are homogeneous functions of degree zero of the system variables,
1.e. they do not depend on the scale factor of the system itself. Thermodynamic quantities of this type
are called intensive variables or state parameters.

U U

as

Let us define: ; ox; pi

The intensive variable T is called thermodynamic temperature, while the variables p; are called
generalised pressures. If we consider a system in equilibrium in which no force field acts other than
an external pressure P and which consists of a fixed number of molecules of a single species, the set
of x; is reduced to the single variable V, i.e. the volume of the system.

au
Recalling that W —P we will then have:

dU = TdS — PdV = dQ — dW (1.12)

On several occasions, it is convenient to reformulate the fundamental equation (1.10b) using both
intensive and extensive variables as independent variables. This leads to the definition of a series of
state functions called thermodynamic potentials.



Some of these potentials are particularly important and have specific names:

o the enthalpy: H(S,P,..)=U(S,V,..)+ PV (1.13)
o Helmbholtz free energy:  A(T,V,..) =U(S,V,..) =TS (1.14)
o Gibbs free energy: G(T,P,.)=U(SV,.)—TS+ PV (1.15)
For a system in which (1.12) is applicable, the following is obtained:
dH =TdS +VdP, dA = —-SdT — PdV , dG = —SdT + VdP (1.16)
From (1.12) and (1.16) we can define the specific heat at constant volume and pressure:
_(d49) _ (4
Cy = (dT)V N (dT)V (1.17)
— (9Q) _ (dH
Cp = (dT)p N (dT)p (1.18)

Let us consider a homogeneous thermodynamic system (i.e., consisting of a single phase) containing
a single chemical species, but not limited to a fixed number of molecules. In this case, among the
extensive variables on which energy depends, we must also include the number N of molecules. For
internal energy, we write:

au

dU = (E)V,N ds + (Z_Z)S,N dv + (Z_Z)V,s dN = TdS — PdV + pdN

The third derivative u is called the chemical potential. If we assume that the system contains m

different chemical species and that N; indicates the number of molecules of the chemical species
indicated by 1, we will have:

U ou

au = (6S)V,N1,.,Nm + (E)S,Nl...Nm

av+ 3" (25)  dN; =TdS - PdV + X" pdN;
ONi/y 5N,

Applying the (1.9) relation:
U=TS— PV +Y"uN;

Using the relations (1.13) -(1.15) and the differential dU, it is possible to express H, A and G even
for systems with many components. For example, in the case of G, we obtain:

G=U+PV—-TS=Y"uN;
differentiating both members:
dG = dU + d(PV) —d(TS) = VdP — SdT + X" w;dN;
dG = d( X" wiNy) = X7 widN; + 27" Nidu,
Comparing the two results yields an important relationship known as the Gibbs—Duhem equation:

SAdT — VdP + Y™ N;du; = 0



1.3.2 Gas Laws

An ideal gas is an important idealised thermodynamic system. Experimentally, all gases behave
universally when sufficiently diluted, and the ideal gas is the idealisation of this limiting behaviour.
The parameters of an ideal gas are pressure P, volume V, temperature T and the number of
components N. In formula form:

PV = NkT where k = 1.38x10723 J/K

is called Boltzmann's constant. An equivalent form of the equation of state for an ideal gas is:

PV =nR*T where R* =8.315 J/KK (1.19)

is the universal gas constant and n stands for the number of moles. The number of moles n is given
by:
N

n=— or n=
Ng

S E;

where in the first equation, N, = 6.023x10%3 is Avogadro's number (the number of molecules
contained in one mole). In the second equation, m is the mass (in grams) of the gas and M is the
molecular weight of the same substance expressed in grams per mole.

Because p = m/V is the density of the gas and @ = 1/p is its specific volume, we can rewrite (1.19)
in these forms:

PV = mRT, P = pRT or Pa = RT (1.20)
in which the value of R depends in this case on the gas.

Dry air, therefore excluding water vapour from our reasoning for the moment, is a mixture of gases.
The total pressure of a mixture of gases, which do not interact chemically, is given by the sum of the
partial pressures of the various component gases (Dalton’s Law).

Therefore, indicating this pressure with P; (and with the prefix d for dry air), we write:

%4 i V Mg

iR°T i RT imi i w R _
Pd:ZiPi:Zin :211 _:ZTm< M/Zlml RT—ﬂ_T—dedT (1.21)

Similarly, for water vapor, where e denotes partial pressure exerted by the water vapor, we have:

m, R* _
e = 7 M_WT = pvRvT (122)
From (1.21) and (1.22)
Rafe =Mayy =e=0622 (1.23)

However, rather than using a gas constant for humid air, whose exact value depends on the amount
of water vapour in the air, it is more convenient to use the constant for humid air and a fictitious
temperature, called the virtual temperature T),.



Considering a volume V of humid air at temperature T, its pressure P and density p , based on what
has been said so far, will be given by the following sums:

mg+my

P = Pgte p=—)— =Patpw

Expressing the partial densities as a function of the relative pressures, we obtain:

cpatpw =ty & PTe, e [1 (1-29)
P=PatPw=p T T R,T R, ' R,T R,T ¢
Explaining P:
T
P = pR,;+———— = pR,T, 1.24
p d[l—%(l—s)] PRqly (1.24)
where we defined the virtual temperature T}, [1(T—1)] (1.25)
—(1-¢

1.3.3 Geopotential height and Hypsometric Equation

In fluid mechanics, hydrostatic equilibrium, also called hydrostatic balance, is the condition of
a fluid, which occurs when the resultant of external forces, such as gravity, are balanced by
a pressure-gradient force.

To derive an important equation for the hydrostatic balance of the atmosphere, let us consider a
vertical column of air with a unit cross-section, between heights z and z + §z. The mass of this
column of air will then be given by p(z)6z, where p(z) is the density of air at height z.

Gravity acts on this layer §z with a downward force given by gpdz , where g is the acceleration due
to gravity. Denoting the pressure at height z by p(z), we will have a pressure change
dp = p(z + 6z) — p(2) between the two heights. Pressure decreases as height increases, therefore
6p will have a negative sign in the equilibrium equation.

Therefore, hydrostatic balance requires:

—0p = gpdz
or, in the limit as §z — 0,
op _
5, = 9P (1.26)

Equation (1.26) is the hydrostatic equation.

Let @ be the gravitational potential, or geopotential. The units of geopotential are ] kg~t. The work
required to lift 1 kg from a height z to a height z + 6z will therefore be d® = gdz . If, by convention,
we assume ®(0) = 0 at sea level (z = 0), the geopotential ®(z) at height z is given by:

d(z) = ngdz

10
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We can also define a quantity called the geopotential height Z as

1

dz 1.27
——==—Jg (1.27)
where g, is the globally averaged acceleration due to gravity at Earth’s surface (taken as 9.81 ms™2).
Geopotential height is used as the vertical coordinate in most atmospheric application in which energy
plays an important role.

In meteorological practice it is not convenient to deal with the density of a gas, p, the value of which
is generally not measured. Using (1.24) in (1.26), we obtain

op _ _ _pg . dp _
S, = gp = Ry = RdT —gdZ dod .

If we now integrate between pressure level p; and p,, with geopotential ®; and ®,, respectively,

__ (P2 dp _ _ p1, dp
f dd = f RaT, = or o, — D, =R, fpz T,
Dividing both sides of the last equation by g
d
7, — 7, ="2a(Prp 22 (1.28)

go “D2 p

For an isothermal atmosphere, if the virtual temperature correction is neglected (T = T,), we can
obtain an estimate for the value of H, the scale height, discussed in (1.1). Let us write:

(Z2-21)
Z, —Z1—Rdep1d—p—Hl (Z:) or py=pe A (1.29)

where H = RdT/ go = 29.3T. For T=255K (the approximate mean value for the troposphere and
stratosphere), the scale height H appears to be about 7.5 km.
The temperature of the atmosphere generally varies with height, and the virtual temperature

correction cannot always be neglected. In line with what we have done so far, we will deal with this
more general case in the following way.

P1ip dp
__Rqg (P11 dp Rdfpz Vp (p1dp RdTv P1d'P p1dp
Z,—Z,=—"=["T, b =00 T e g, el M . H (1.30)

Equation (1.30) is called the hypsometric equation.

We can therefore define geopotential height as the altitude at which a given atmospheric
pressure (e.g. 850 hPa) is found at a given instant of time, calculated on the basis of the gravitational
potential energy of the air column; it is fundamental in meteorology because it indicates the presence
of warm air (high geopotential, “lighter” and higher air) or cold air (low geopotential, denser and
“lower” air) at high altitudes, influencing atmospheric dynamics.

Let us now consider a layer of air in hydrostatic equilibrium, calculate the differential of its enthalpy
(1.16) by imposing the condition of hydrostatic equilibrium (1.26):

dH = dQ + VdP = dQ+VZ—’Z°dz:dQ—Vpgdz=dQ—mdq>

11



First, we divide by m to obtain the expressions per unit of mass, then we rearrange the equation to
obtain an expression for the heat dq exchanged.

dq=dh+d®d=d(h+ ®) =d(c,T + D) (1.31)
where ¢, is the specific heat at constat pressure.

If the layer of air in question undergoes only adiabatic transformations and if its macroscopic kinetic
energy is negligible compared to its total energy, we can derive an expression for the rate of change
of temperature with height of a parcel of dry air:

dT
0 = dq = d(c,T + @) = c,dT +db = ydT + gdz = — ()
dz dry parcel Cp
Iy is called the dry adiabatic lapse rate. Substituting g = 9.81 ms™2 and ¢, = 1004 JK"*kg™" we
have I; = 9.8 K km™1.

1.3.4 Water Vapor in Air

Previously, we indicated the presence of water vapour in the air through pressure and the effect it
exerts, and we quantified its effect on air density by introducing the concept of virtual temperature.
However, various quantities can be considered to characterise the state of humid air, and we will
introduce some of them here.

The mixing ratio w is defined as the ratio between the mass m,, of water vapour and the mass of dry
air my contained in the same volume of humid air. That is

=" (1.32)

mq

since water vapour and dry air obey the ideal gas equation, and given that for the temperature ranges
observed in the Earth’s atmosphere, p > e, we write
py e/R,T R,e e e

=& =é&—

" pa Pa/RaT Ryps p—€ ' p

For convenience, the mixing ratio is usually expressed in grams of water vapor per kilogram of dry
air. If neither condensation nor evaporation takes place, the mixing ratio of an air parcel is constant.

The mass of water vapor m,, in a unit of mass of air m = m,, + my is called the specific humidity q,
that is
my w

q= = (1.33)

my+mg 1+w

Because the magnitude of w is only a few percent, it follows that the numerical values of w and ¢ are
nearly equivalent.

The saturation pressure of water e (or saturated vapour pressure) is the pressure at which liquid water
and water vapour are in dynamic equilibrium, i.e. when the rate of evaporation is equal to that of
condensation, and this pressure depends heavily on temperature: as the temperature increases, the
saturation pressure increases, determining the boiling point when the saturation pressure equals the
external atmospheric pressure.
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The saturation mixing ratio wy is the maximum mass of water vapor m,, that a specific mass
of dry air m, can hold at a given temperature and pressure before condensation occurs.

— Mys
For the same arguments used for (1.32),
Pvs _ es/RvT _ Rd €s €s €s

s = -

oS 8
Pa  Pa/RaT Ry pa p—es p

The relativity humidity (RH) is the ratio (expressed as percentage) between the mixing ratio w and
the saturation mixing ratio wy at the same temperature and total pressure. That is

RH = 100X = 100<
w e

N N

1.3.5 Clausius-Clapeyron equation

Let us now consider a system in equilibrium consisting of a single component present in two phases,
which we denote as a and [. Since the system is in equilibrium, all generalised pressures have the
same value in both phases.

For the generic extensive quantity Y, we can write: Y = Y, + Yp = n,y, + ngyg, where n,
and ng are the number of moles of the two phases, while y,, and yg, called the molar quantities of the
pure component of phases a and 3, are obtained by deriving Y, and Yz with respect to n,and ng and
represent respectively the value of Y for one gram molecule of each phase. y, and yz are intensive

quantities, functions of T and P.
Applying this to Gibbs free energy, we get:

G
G = Ga + GB =Nglg +l13yﬁ where Ug = ﬁ’ ’uﬁ = @

So, for phase a, it will be:

9 9 026G 026
Aha = (%)T ap+ (#)P ar = <aparf )dP * (aTa: )dT
a (24

v, a(=S
=( "‘) apP + 9(=Sa)a dT = v,dP — s,dT
ong/ on,
T

With a similar relationship for phase . Because at equilibrium u, = pg , throughout the entire range
of coexistence of the two phases, the following relationship will apply: du, = dug. That s,

dP _ Sq—Sp 1

VgdP — 5,dT = vgdP — sgdT = AT ve—vg | Thv

(1.34)
Where (1.34), known as the Clausius-Clapeyron equation, establishes the condition of equilibrium
between two phases of the same component as temperature and pressure vary. The quantity [ = TAs
is called the latent heat of transition. Latent heat of transition is the amount of thermal energy that a
substance absorbs or releases when it changes from one state of aggregation to another without its
temperature changing.
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1.4 Atmospheric Dynamics

Atmospheric dynamics studies the movements of air masses and the physical processes that regulate
weather and climate on different spatial and temporal scales. This section aims to illustrate the salient
aspects of large-scale dynamics on a rotating planet, to introduce the system of primitive equations
widely used to predict how these motions evolve over time.

1.4.1 Forces influencing atmospheric motion

Large-scale motions involve horizontal scales of thousands of kilometres or more, vertical scales of
the order of the height of the tropopause, and time scales of a day or more. Motions on these scales
occur in hydrostatic equilibrium (1.26), are directly influenced by the Earth's rotation, and have a
vertical component of their three-dimensional velocity vector that is much smaller than the horizontal
component. Therefore, in the following pages, we propose to derive the horizontal components of the

forces that govern atmospheric motions.

Atmospheric motion is mainly influenced by three forces: the Pressure Gradient Force (which moves
air from high to low pressure), the Coriolis Force (due to the Earth's rotation, which deflects winds
to the right in the northern hemisphere and to the left in the southern hemisphere), and Friction (which
slows down the movement of air near the surface). These forces interact to create winds and influence
the formation of pressure systems and storms.

Motion in a rotating coordinate system (Appendix A) occurs as if three complementary inertial forces
act on each moving point R(t) of mass m: centrifugal force mQx(QxR), Coriolis force 2mQxR , and
rotational inertial force mQxR (Q is the angular velocity vector ). And so:

mR = F(R,R) — 2mQxR — mQx(QxR) — mQxR

The third of these three inertial forces is only observed in the case of non-uniform rotation; the first
and the second also exist for uniform rotations. Centrifugal force always acts in the direction away
from the instantaneous axis of rotation. This force does not depend on the speed of relative motion

and acts on bodies at rest. Coriolis force depends on speed.
Since the rotation of the Earth can be considered uniform (Q = 0), and F (R, R) = mg" (where
g" is the acceleration due to gravity), we can write (including centrifugal acceleration in g):

mR = m(g* — ﬂx(ﬂxR)) — 2mQxR = mg — 2mQxR
The horizontal component of the Coriolis term is often written in the form:
C = —fkxV = fvi — fuj (1.35)

where f = 2Qsin ¢ is called Coriolis parameter and k is the local vertical unit vector, defined as
positive upward.
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In an elementary volume of gas with dimensions dx, dy, and dz, if we consider the pressure forces
on two opposite faces, we have for the face at x, an inward force equal to Fy, = p(x,)dy dz. On the
opposite face (at x; = x, + 6x) we have a force F; = —p(x, + dx)dy dz. With a Taylor series
expansion, we have:

— o
p(xo + 8x) = p(xy) + (3x)x0 dx
From which the component of force along x-direction is found to be:

9
E =F, +F, = (%) dx dy dz
Xo

A similar result is obtained for the y-direction and for the z-direction. Dividing by pdxdydz gives
the force per unit mass, called the pressure gradient force.

10p . 10p . 1apk_ 1

For the horizontal component only:

_ _ o, 100, _ _ 1
P, = P i pay] szP (1.35)

If, instead of using the coordinates (X, y, z), we wanted to use the coordinates (x, y, p), let us begin
by defining a function ¢ in the two different coordinate systems.

9:(x,y,2) = @p(x,y,p(x,y,2)) we write

0 (G10) dgyp (0 i} GG L0) 0¢yp (0
G0, =G, + 3G, = G, =G+ E)
ax v,z 0x v.p dp \0x v,z dy X,z ady dp \dy

X,p X,Z
= (%02 4 (292) = 2op
Vi, = ( ax )y,z t+ ( dy )X,Z] - Vp§0p + op Vb
0z 0z
If we assume @, = @, = 2:V,z=V,z + $Vzp ,but V,z=0,s0V,z = —%Vzp
Let us recall the hydrostatic equation (1.26):
0z 1 . .
Vpz = — $Vzp = %Vzp by which we can write
1
Py =—-V,p = —gVpz = ~V,® = —g,V,Z (1.36)
The frictional force (per unit mass) is given by
10t
Fi=——2 (1.37)

where T represents the vertical component of the shear stress (i.e., the rate of vertical exchange of
horizontal momentum). Frictional forces are negligible in most of the atmosphere, but not in the
planetary boundary layer.
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From what we have seen so far, we can say that the horizontal component of the force per unit mass
acting in the atmosphere is:

S =P+C+Fy= —%Vzp — fkxV + Fg = —V, & — fkxV + Fy  (1.38)
In the free atmosphere, where we can neglect the effect of friction forces, the horizontal balance of
the Coriolis force and the pressure gradient allows us to define the geostrophic wind V. In this wind,
air masses move parallel to isobars (lines consisting of points of equal pressure), leaving low pressure
to the left. Therefore, the approximation represented by the geostrophic wind can represent a real
wind when the friction force is very small, for example over oceans or at high latitudes.

In formula;

Balance —V,® = fkxV applying k to both sides —kxV,® = fkx(kxV) = —fV wehave

1 1
= ZkxVy® = 2hxZ = —kxV,p = V, (1.39)

In either hemisphere, the geostrophic wind field circulates cyclonically around a centre of low
pressure. Where cyclonic circulation denotes a counterclockwise circulation in the northern
hemisphere and a clockwise circulation in the southern hemisphere. Instead, anticyclonic circulation
refers to the movement of air around an area of high pressure (anticyclone), with winds rotating
clockwise in the northern hemisphere, creating fair weather conditions.

Considering the hypsometric equation (1.30) and subtracting the two geostrophic wind equations at
levels p1 and p2:

AV = V() = Vg(p1) = LkxV, (Z2(p) = Z(p1) = % (2) (kxVyT)  (1.40)

This expression is known as thermal wind equation. Like the geostrophic wind is proportional to the
gradient of height geopotential on a surface at constant pressure, the thermal wind is proportional to
the gradient of thickness between two baric surfaces, i.e. to the temperature gradient.

The thermal wind is not zero if the temperature field varies horizontally differently from the
pressure. Two possible configurations:

o Barotropic atmosphere VT = 0: The isothermal surfaces coincide with the isobaric surfaces.
The geostrophic wind does not vary with height, as there are no temperature differences that
generate the ‘thermal wind’.

o Baroclinic atmosphere: The temperature varies along the isobaric surfaces. The geostrophic
wind changes intensity and direction with increasing altitude.
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1.4.2 The Thermodynamic Energy Equation
From the first law of thermodynamics:
dq =] dt = ¢,dT — adp

where J (J kg=!s™1)is the heating rate and represents the heat input per unit time and unit mass.
Dividing by dt and rearranging the order of the terms:

dT dp

CPE—CZE-F]

Since a = RT/p, k=R /cp and w = dp/ de» We obtain the thermodynamic energy equation:

d_Tp+l (1.41)

dt p Cp

which determines the temperature variation along the trajectory due to the rate of heating by adiabatic
compression and by heat exchange with the environment.

1.4.3 The Continuity Equation

Let us consider an infinitesimal parcel of air shaped like a block with dimensions 6x, §y, and 6z. Its
mass will be:
ox by &
oM = p 6x 8y 6z = 2P

where in the last step we used the hydrostatic balance equation —&p = gpdz. Because the mass of
the block is not changing with time,

d d d d
0= E(&C 8y ép) = Sy 5pz6x+6x 6pz6y+5x 6ya6p
0 =8y 8p 6+ 8x 8p 62 + 6x Sy8 =2 = 8y 5p Su + x 5p 8v + 8x 8y bw

8 8 8
0=434ydp £6x+6x6p £6y+6x6y %6}9

and thus, we obtain the continuity equation:

u v w
e 54'5— 0
w ou v
or %“(E 5)_—v-v (1.42)

The divergence of the horizontal wind is linked to vertical motion: horizontal divergence V-V > 0
corresponds to vertical compression dw/dp < 0, while horizontal convergence V-V <0 is
associated with vertical stretching dw/dp > 0.
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1.4.4 Equation of vertical motion

As we have already seen, it can be useful to transform from height (x,y,z) to pressure (x,y,p)
coordinates. The coordinate change is relatively simple since z and p are related through the
hydrostatic equation —dp = gpdz . The vertical velocity component in (x,y,p) is w = dp/dt and,
since p decreases with height, it is positive for sinking motion and negative for rising motion. Vertical

velocity in (x,y,z) is given by w = dz/dt and has opposite sign with respect to w. Through the
chain rule it is possible to obtain:

4 _0 . o _ _ %, y.
w:—t—at+V Vzp+waz— pgw+at+V V,p (1.43)

In the lowest part of the atmosphere, 1-2 km, w and w are forced to be small due to the presence of
the lower boundary. At the Earth’s surface the vertical velocity is

wg = V-VZS (144)

where z is the height of the terrain.

In (x,y, z) coordinates the vertical component of the newtonian equation of motion is given by

aw 10dp

E p 0z ) y/ Y/ (1-45)

where C, and E, are the vertical component of the Coriolis and frictional forces, respectively. For
large scale motions, in which virtually all the kinetic energy resides in the horizontal wind component,
the vertical acceleration is so small in comparison to the leading terms in (1.45). In view of this, the
vertical equation of motion (1.45) can be replaced by the hydrostatic equation (1.26) or, in pressure
coordinates, by the hypsometric equation (1.30).

1.4.5 The Primitive Equations

In summary, the system of primitive equation is composed by:

av

o = —V,® — fkxV + F (the horizontal equation of motion) (1.46)
oo RT

0 — = — — (the hypsometric equation) (1.47)
op p
dT T

o —= % w + CL (the thermodynamic energy equation) (1.48)

p

Jw ou Jv . .

°© =" (a + 5) = —V - V (the continuity equation) (1.49)

The complexity of the system of equations describing atmospheric dynamics makes it impossible to
find an analytical solution to the problem, unless significant simplifications are made.

For primitive equations, it is possible to seek approximate numerical solutions, for example
by estimating the values of the quantities on a finite number of points arranged on a grid at different
vertical levels.
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1.5 Integral Vapor Trasport (IVT)

Horizontal moisture and transport can be characterized by the Integral Vapor Trasport (IVT). This
variable is defined as a measure of the horizontal transport of specific humidity, by integrating it for
a vertical column of the troposphere.

In formula:
_ i Ptop
IVT = p” fpsfc qV dp (1.50)
If we explain the components:
_ i Ptop — i Ptop
IVTu = o fpsfc qu dp IVTv o fpsfc qu dp (1.51)

Where q is the specific humidity (1.33), u and v are the zonal and meridional velocity component of
wind, V is the horizontal velocity of wind, dp is the pressure increment, g, is the acceleration due to
gravity, pgsc is the surface pressure and pyop is the upper limit of data.

The amplitude of the IVT vector is therefore:

IVT = [(gi [Prop gy dp)2 + (i [Prop g dp)z]l/2 (1.52)

o0 " Psfc Jdo Y Psfc

Figures 1.5 and 1.6 show maps of IVT in the eastern Mediterranean at two different times on the day
a medium-intensity cyclone began. The colours represent the amplitude of the IVT, the arrows
represent the direction of the IVT vector at that specific moment, and the red arrow indicates the point
of maximum IVT. These representations were created using data downloaded from the ERAS dataset.

IVT,|IVT| , 13-Dec-1982 00:00:00
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Figure 1.5-- Representation of the IVT magnitude
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Figure 1.6- Representation of the IVT magnitude

Analysis of the formulas shows that the unit of measurement for IVT is kg m~*s™1. The IVT has
been widely used to track Atmospheric Rivers (AR). Atmospheric rivers consist of narrow bands of
enhanced water vapor transport, typically along the boundaries between large areas of divergent
surface air flow.

Another variable that only indicates the availability of moisture is Integrated Water Vapor (IWV).
IWYV is defined as the total amount of water vapor in a vertical column of the atmosphere, measured
from the ground to space. Its unit of measurement is kg/m?.

In formula:

_ i Ptop
WV = 70 Ipse @ dp (1.53)
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Chapter 2

Dynamical Systems

A dynamic system is a mathematical model that describes how a system evolves over time,
characterised by a set of state variables that change according to precise laws, often expressed by
differential equations. At the end of the first chapter, we encountered the primitive equations (Section
1.4.5), a system of nonlinear differential equations that describe the movements of fluids in the
atmosphere.

Atmospheric flows are characterized by chaotic dynamics and recurring large-scale patterns. These
two characteristics point to the existence of an atmospheric attractor defined by Lorentz as: “the
collection of all states that system can assume or approach again and again, as opposed to those that
it will ultimately avoid”. The most important characteristic of chaotic motions is that it very sensitive
to the change in initial conditions. That is to say that a slight change in the initial condition will
completely change the final solution of the equation describing a deterministic system.

The average dimension D of the attractor corresponds to the number of degrees of freedom sufficient
to describe the atmospheric circulation. Moreover, D does not provide information on transient
atmospheric motions, such as those leading to weather extremes. Recent developments in dynamical
systems theory show that such motions can be classified through instantaneous properties of the
attractor. The instantaneous properties are uniquely determined by instantaneous dimension and
stability. The concept of instantaneous dimension is intuitive: for a state I' of the attractor (an
atmospheric configuration), the instantaneous dimension d (I") measures the density of neighbouring
points. The stability of the state I' is measured by 6(I") defined as the inverse of the average
persistence time of trajectories around I'. If T is a fixed point of the dynamics, 8(I') = 0. For a
trajectory that leaves the neighbourhood of I' immediately, 6(I') = 1.

This chapter introduces some basic concepts of dynamical systems, concepts that will allow us to
define the local dimension d and inverse of persistence 6. Metrics used to quantify intrinsic
predictability.

2.1 Basic properties

An example of a dynamic system is the system of first-order differential equations,

dx
rd_t1 = Fl(xl'xZ; e X t)
dx
< d—tz = FZ(xI' xz’ ....’xn; t) (2.1)
dx .
R = Fy(t1, X2, o Xy )

which we shall often write in vector form as

=0 = Flx(e), t] 2.2)
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where F is amap F: IxQ 3 (t,x) — F(t,x) € R", I is an open interval of R and () is an open interval
of R™, defined so that F is continuous and locally Lipschitz function.

The system (2.1) is called linear when F is in the form F(x(t),t) = A(t)x + b(t), where A
is a matrix A € M(n, R) and b(t) is a continuous map b(t) € C°(I, R™). The system (2.1) is said
to be homogeneous when b(t) = 0.

Finally, the system (2.1) is defined as autonomous when f'is independent of time,
x =F(x) (2.3)

In principle for any state of the system x, = x(0) we can solve the equations to obtain the future
system x(t) for t > 0 (Cauchy problem).

A function ¢(t): U € I — Q c R™ will be defined as a solution of the dynamic system (2.1)
if p(t) = F[p(t), t]. In particular, the solutions to Cauchy's problems will be denoted as ¢ (t; x,).
Furthermore, it is common to refer to a continuous-time dynamic system as a flow.
More explicitly, the group with a single parameter of phase space transformations is called phase
flow:

Pt (xg): (x5, 1) 2 QxR +— x(t) 3 O Pt (x) = P(t; x0). (2.4)

with  ¢(%o) = xo and ¢*¢p" (x0) = P+ (xo) .
An effective and convenient tool in the study of dynamic systems is the concept of phase space. The
space structured by the variables of a dynamic state system is the phase space. Thus, a one-to-one
relationship is created between a state of the system and a point in the phase space. The state of the
system at each moment corresponds to a point in the phase space, whereas the variation of the state
with time corresponds to a curve in the phase space. The former is called a phase point, the latter a
trajectory or orbit.

Let us consider an autonomous system of differential equations X = F(x) (2.3) and let ¢*
be the corresponding group of transformations,

¢'(x) =x+F)t+0(t*) (t—0) (2.5)

Suppose S, be a region of phase space with volume V (t;). Then V (t) will be the volume of a region
S¢ of phase space such that S, = ¢*S,. It can be shown that the following relationship is true
(Appendix B):
av(t)
dt l=t,

= [ V-Fdx  (dx = dx, dx, - dx,) (2.6)

A system in which the flow preserves volumes in phase space is called conservative. On the other
hand, if the flow does not preserve volumes, and cannot be made to do so by a change of variables,
then we say that the system is nonconservative.

The Lorentz-63 system was originally derived from a simplified model of atmospheric
convection process and has been widely used as an example to study “chaotic” dynamical systems.
Its governing can be written as:

x=0(y—x)
y=x(0—2) -y (2.7)
z=xy—fz

Here o, p, B >0 are parameter: ¢ is the Prandtl number (ratio between kinematic viscosity and thermal
diffusivity), p is the Rayleigh number and B is a geometric parameter. X, y, z are the state variables:
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x represents the convection rate, y represents the horizontal temperature variation, and z represents
the vertical temperature variation.

From equations (2.7) we have that V-F = —(o + 1 + ) = —v, which is independent of the phase
space position x and is negative. From (2.6) , we have dV /dt = exp(—vt) V(0). In general, V - F
will be a function of phase space position x. If V- F < 0 in some region of phase space, then we shall
refer to the system as a dissipative system. It is an important concept in dynamics that dissipative
systems are typically characterized by the presence of attracting sets, or attractors, in the phase space.
These are bounded subsets to which regions of initial conditions of nonzero phase space volume
asymptote as time increase (conservative dynamical systems do not have attractors).

The Lorentz-63 system (2.7) for some choice of the parameters (o, p, B) exhibits the so-called
sensitive dependence on initial condition characterizing, for which two bounded trajectory that
slightly differ at some time t, will eventually be very far apart as time goes on, even though the system
is deterministic and can be thus completely reconstructed given the initial condition. A trajectory is
said to be bounded if there exists a ball in phase space, such that x(t) <R < oo, Vt € R.

Discrete time dynamical systems are also called maps and are defined by evolution equation (with n
denoting the time variable, n=0,1,2...),

Xnp1 = M(Xy)

where m is a continuous first order derivates map. If x is the initial state, we obtain the state at n
time
x, =mx,_) =m@m(x,_,))=(momeo .. ... m)(x,)

Again, we can define a discrete flow ¢@"™(x):NxQQ — Q (Q c R")

¢n(x0) =Exp:n=0, x5 =m(xy,)

It is often useful to reduce a continuous time system to a discrete map by a technique called Poincaré

surface of section method. The Poincaré map reduces N-dimensional flow to an (N-1)-dimensional
map. The construction is done as follow: for a generic N-dimensional system, take a generic N — 1
dimensional surface in the phase space and observe the intersection of the orbit with the surface, as
shown in Figure 2.1 for N = 3. Points A and B represent two consecutive points of intersection. It
should be noted that B is uniquely determined by A, as it represents the evolution of the dynamics by
setting A as the initial condition. Conversely, A is uniquely determined by B by reversing the flow of
time. Therefore, Poincare sections allow us to build N — 1 dimensional invertible maps.

Pol

S
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¥
-

e}

Figure 2.1-A Poincaré Surface of section. From Chaos in Dynamical
Systems. Cambridge University Press, 2 editions (2002]
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2.2 Attractors

In many cases the evolution of a dynamical system seems to converge asymptotically to a certain a
set in the phase space, called attractor.

More formally, we can define an attractor to be a closed set A with the following properties:

1. A is an invariant set: any trajectory X(t) that starts in A stays in A for all time: A = ¢*A.

2. A attracts an open set of initial conditions: there is an open set U containing A such that if
x(0) € U, then the distance from x(t) to A tends to zero as t — oo. This means that A attracts
all trajectories that start sufficiently close to it. The largest U is called the basin of attraction
of A.

3. A is minimal: there is no proper subset of A that satisfied conditions 1 and 2.

In dynamical we can identify four types of attractors:

e The stationary attractor, which is a stationary point in the phase space, meaning that the state
of the system is independent of time.

e The periodic attractor which is a close trajectory in the phase space indicating that the state of
the system varies periodically with time.

e The quasi-periodic attractor which is a torus in the space phase indicating that the state of the
system varies quasi-periodically at two (or three) incommensurable frequencies.

e The strange attractor which is a fractal, a geometrical object having infinite area and zero
volume and folded infinite times in the phase space, indicating that the state of the system
varies with time non-periodically.

The variable x varies over the phase space M, which is R™. If M is a linear space, we define the linear
operator D,.¢¢, matrix of partial derivates of ¢ at x (or a bounded operator if M is a Banach space).
Let P be a fixed point for our dynamical system, i.e. ¢*P = P for all t. The derivative Dp¢p! of ¢?!
(time-one map) at the fixed-point P is an nxn matrix or an operator in Hilbert space. When the time
evolution id defined by the differential equation (2.3) in R", the attractiveness condition is that the
eigenvalues of Jacobian ] = DpF all have a negative real part. In this case, the fixed-point P represents
a stable equilibrium solution (attractors). An equilibrium is defined to be stable if all sufficiently small
disturbances away from it damp out in time. Conversely, unstable equilibria , in which disturbances
grow in time, are represented by unstable fixed point. A condition that occurs when at least one
eigenvalue of the Jacobian matrix J has a positive real part.

Lorentz system (2.7) has two types of fixed points. The origin (x*,y*,z") = (0,0,0)
(Corresponds to a state of no convection (still air)) is a fixed point for all values of the parameters.
For p>1, there is also a symmetric pair of fixed point x* = y* = im ,Zz" =0 — 1. Lorentz
called them C~ and C*.They represents left- or right-turning convection rolls (stationary air rotation).
For 0<p<1 the origin is the only fixed point and is stable. Instead, for p>1 the origin becomes unstable
and the two new points C~ and C™* become stable for a 1 < p < py, where the solutions of the

characteristic equation for the eigenvalues of the Jacobian matrix in C~ and C* give to py equal to
o(o+ B+ 3)/(6 — B — 1) (assuming also that c-B-1>0).

For a continuous-time dynamical system, suppose that there are a point A and a T>0, such that
¢TA = A but $*A # A when 0<t<T. Then A is a periodic point of period T, and therefore we will
have that ' = {¢p*A: 0 < t < T} is the corresponding periodic orbit (or closed orbit). The attracting
character of a periodic orbit may be studied with the help of Poincaré section.
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Close orbits are not possible for a gradient system x = —VV, for some continuously differentiable,
single-valued scala function V (x).

In fact: Suppose there were a closed orbit. We obtain a contradiction by considering the
change in V after one circuit. On the one hand, VV = 0 since V is single valued. But on the other
hand,

[ S dt = [ (W - x)dt = — [ [1x]]?dt < 0

W=, —
(Unless x = 0, in which case the trajectory is a fixed point, not a closed orbit). This contradiction
shows that closed orbit can’t exist in gradient system.

The motion (by proper choice of coordinate @) on a periodic orbit for a continuous system may be
written @(t) = ¢(0) + wt (mod 2m), where w = 2m/T. This may be thought of as representing
the time evolution of a simple oscillator. Consider now a collection of k oscillators with frequencies
w4, --., Wy (without rational relations between the w;: no linear combination with nonzero integer
coefficient vanishes). The motion of the oscillators is described by ¢;(t) = ¢;(0) + w;t (mod 2m),
i=1,.....k, and this motion takes place on the product of k circles, (k>1), which is a k-dimensional
torus T¥. Suppose that the torus T* is embedded in R" (n>k); suppose, furthermore, that this torus is
an attracting set. Then T* is a quasi-periodic attractor. Quasi-periodic attractors are a natural
generalization of periodic orbits, and they occur fairly frequently in the description of moderately
excited physical systems.

Lorentz equations (2.7) do not have quasi-periodic solutions. We give a proof by
contradiction. If there were a quasi-periodic solution, it would have to lie on the surface of a torus,
and this torus would be invariant under the flow. Hence the volume inside the torus would be constant
in time. But this contradicts the fact that all volumes shrink exponentially fast.

We have discussed attractors of dimension 0 (points) and dimension 1 (limiting cycle). However, in
many situations the shape of the attractor is very complicated, and its dimension is not even integer.
They are called fractals or strange attractor. For the common choice of the constants ¢ = 10, p = 28
and B = 8/3 (py = 24.74,0 > py) the Lorentz system (2.7) exhibits both sensitive dependent on
initial conditions behaviour and a fractal attractor with the typical butterfly shape in Figure 2.2.

Figure 2.2 Lorent 63 attractor. From Nonlinear Dynamics and Chaos.
CRC Press, second edition, 2015.
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A qualitative change in the dynamics which occurs as a system parameter varies is called bifurcation.
In particular, fixed point can be created or destroyed, or their stability can change. The parameter
values at which they occur are called bifurcation points.

Let us briefly mention an overview of the main types of bifurcations:

e Saddle Point Bifurcation: Two equilibrium points, one stable (node) and one unstable

(saddle), approach each other, collide and annihilate each other as the parameter varies.

e Transcritical Bifurcation: Two equilibrium points collide and exchange their stability, but do
not disappear.

e Pitchfork Bifurcation: Typical of systems with symmetry. A fixed-point changes stability and
generates two others, symmetrical to the first. It can be supercritical (stable becomes unstable,
two stable points are created) or subcritical (unstable becomes stable, two unstable points
collide).

e Hopfbifurcation: A fixed-point changes stability (going from stable to unstable or vice versa)
and generates a periodic solution (limit cycle). It can be supercritical (stable) or subcritical
(unstable).

e Period-doubling bifurcation: A limit cycle becomes unstable and generates a new cycle with

double the period.

Summarizing what we have seen with the Lorenz system (2.7), we have that as the parameter p (which
represents thermal thrust) varies, the system undergoes several bifurcations.

e (0<p<lI : Fixed point at origin. For low heat values, the air remains still. The only stable state
is the absence of convection.

e p=1: Pitchfork Bifurcation. The origin loses stability, and two new stable equilibrium points
arise, representing constant convection (clockwise or counterclockwise).

e p = py (usually designed for py = 24.74, common choice of the constants 6 =10, p =28 and
B = 8/3 ) : Hopf bifurcation. Stable equilibrium points become unstable. The system can no
longer stabilize itself in constant motion and begins to oscillate.

® p > py (typically studied at p = 28): The system exhibits the so-called “butterfly effect”: tiny
variations in initial conditions lead to completely different results over time (making long-
term weather forecasts inherently impossible), giving rise to a famous strange attractor called
the Lorentz attractor.

2.3 Dimensions

The peculiarity of dynamical systems is the fact the typically their attractors have a dimension that
cannot be described by an integer value: they are thus fractals, a term first coined by (Mandelbrot,
1982) who first started systematically studying the geometric properties of those objects. Fractals
exhibit a fine structure at arbitrary small scale, and the determination of their dimension can provide
information on the mathematical space needed to describe such objects.

To study attractors in the point of view of geometry , one must measure the dimension of those
geometrical objects to find the difference in the dimension for various attractors. The dimensions of
a geometric object can be defined in many ways. Among the most famous we have the Hausdorff
dimension Dy, the capacity dimension D¢, and D, dimension.
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Capacity dimension can be introduced in an intuitive manner as an extension of integer dimension of
simple shapes such as lines, squares, cubes, and spheres. Namely, suppose S is some smooth manifold
embedded in R"of dimension 1 < D < n, necessarily an integer, and N(¢) is the minimum number of
volume elements (boxes, balls, etc.) in R™ of diameter € > 0 required to cover S, then N(€) x €~ P
for some real k>0 we have N(¢) = ke™P .

If we take the logarithm,

lnN(€)=—DlnE+lnk —1 D = hm M=_ hm InN(e)
e—0* Ine e—0+ Ine

and, as a result, motivates the following definition.
Suppose S © R" is bounded and N (€) is the minimum number of balls of diameter € needed
to cover S. Then the capacity dimension of S may be defined as

D = — lim 2M© 2.8)

e—0t Ine

From this reasoning, it is easy to see that the dimension of a point is zero, and that of a line is one. .
The capacity dimensions of those familiar geometrical entities are the same as those obtained
empirically, i.e., they are all positive integers. But D, is not necessary an integer from the definition
of (2.8). For object called fractals, D, can be a positive fraction or an irrational number.

This is because if we consider a strange attractor, which is a fractal object that we assume to
be sensitive to initial conditions, the phase volume will expand infinitely in certain directions due to
the divergence of trajectories caused by sensitivity to initial conditions. On the other hand, the phase
volume will shrink to zero because the system is dissipative. In this paradoxical case, the phase
volume can only satisfy both requirements by stretching and bending an infinite number of times.
Therefore, the strange attractor is a complex geometric object with zero volume and infinite area. It
is neither a solid nor a surface. Its dimension can only be a fraction between the dimensions of a solid
and a surface.

The capacity dimension of the Lorenz attractor, calculated for the classical parameters ( 6 =10,
p =28, B =8/3) is estimated to be around 2.06+0.01.

The Capacity dimension is constructed by observing the number of balls covering an attractor. But a
trajectory may spend more time in one ball than in another, and this is particularly true for fractal
attractors, so we would like not all balls to count equally, but to be weighted according to the
frequency with which trajectories visit the various balls covering the attractor. We define these
frequencies as natural if independent of the initial condition, except for a Lebesgue null measure set,
and they are defined as

g = lim XXeD (2.9)

T—o0 T

where 1(C;, xo, T) is the total duration of time spent by an orbit originating at x, during the period T
in ball C;.

In 1983 Grassberger, Hentshell and Procaccia gave another definition of dimension, that generalized
the Capacity dimension called D, dimension.

1 ,. InI(qe)

be = im0

where  1(q,€) = ¥n O ud. (2.10)
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In which N (€) is the number of balls of diameter € needed to cover attractor. This definition depends
on a continuous parameter q, which weights each volume element based on the frequency with which
it is visited. If =0 1(q, €) = N(€) and therefore Dy, is equal to D.

By defining, D; = CP_)rnl D, , from L’Hopital’s rule we get

O gy
b=l ™ e @11

The quantity (2.11) is known as information dimension (Balantoni and Renyi, 1956). A property of
D, is that they generally decrease with increasing q, expect for the cases when y;~1/N(€), in this
case Dy = Dy.

2.4 Lyapunov Exponent

As mentioned before, a strange attractor in a dissipative system has two main characteristics. One is
its sensitivity to initial conditions. The other is its fractal structure. The former describes the
informative property of the system and is closely related to Lyapunov exponent and entropy. The
latter describes the geometry of the system and is closely related to fractal dimension. These two
properties and three relative characteristic quantities are the main basis of the study of the
predictability theory.

Start by considering the following dynamic system,

= Fi(X e X ) i=12,...0 (2.12)

where t is time, {x;:i = 1, ...,n} is a n-dimensional phase space, F; is a n-dimensional vector which
describes a velocity field, a is controlling parameter of the system which determines the type of
attractors in the phase space. Assuming that Eq. (2.12) is a dissipative system, i.e. V- F < 0.

One sign of the sensitivity of the system to the initial value is the rapidly increase of initially
introduced errors with time. If the error of the system at time t is expressed as {8x;:i = 1, ..., n}, then
the following equation may be derived from (2.12),

déx;
at

7:1111 5.7(] where ]l] = M (213)

an

where [J;;] is the Jacobi matrix. The space formed by the error §x; (i = 1,..n) is called tangent space.

Let us assume Yy, be an initial condition and y,,, (m = 0,1,..) the corresponding orbit. If we consider
an infinitesimal displacement 8y, from y,, we will have that the evolution of a tangent vector will

be given by
6Ym+1 =J(Ym) " 6Ym (2.14)

which determines the evolution of the infinitesimal displacement of the orbit from unperturbed orbit
Ym. In particular, §y,,/|6y.| gives the direction of the infinitesimal displacement and |5y, /|5y,
is the factor by the which the infinitesimal displacement grows. From (2.22), we can write:

8Ym =J(Ym-1) " JYm=2) - . . J¥Vo) * 6¥0 = J™(¥0) * Y0 (2.15)

28



Let us define the exponent Lyapunov for the initial conditions y, and the initial orientation given by
Uy = 68yo/16yol as

MY uo) = lim —Inf2m = lim - InllJ™ (yo) ol (2.16)

m 8yl m—

If the dimension of the map is N, then there will be N or less distinct Lyapunov exponents. We are
interested in the limit, so we write:

Ao o) = lim ~Inll/™ (o) uoll = lim ——Infug" Tpu(¥o) ol (2.17)

where T, (¥o) = J™(¥0)"J™(y,) and T denote the transpose. Since T,,(y,) is a real nonnegative
Hermitian matrix , its eigenvalue are real .

The analysis of the latter limit (2.17) relies on the Oseledet’s Multiplicative Ergodic Theorem (1968),
for which the limit

T(yo) = lim [J™(yo) " (o)l 2.18)

exists and depends on the initial condition y,. However, T,,(y,) can be diagonalized as
_ T
T,,(yo) = PyoDPyo (2.19)

where P, is the matrix of the orthonormal eigenvectors. The eigenvalue matrix D is not dependent

anymore on the initial condition and the Lyapunov exponents in descending order 4; = 1, > -+ 4,
are the natural logarithms of its diagonal elements

Ai = In Dii (220)

Thus, we can speak of the Lyapunov exponents of an attractor without reference to a specific initial
condition. The Lyapunov exponents arranged in an order from the largest to the smallest are called
the spectrum of the Lyapunov exponents.

No definition of the term chaos is universally accepted yet, but, usually, an attractor is defined
chaotic if it has a positive Lyapunov exponent. In this case typical, infinitesimally displaced, initial
conditions separate from each other exponentially in time, with the infinitesimal distance between
them on average growing as exp(m4;).

Now, let us follow the temporal variation of an infinitesimal ball of diameter &,. As values
and signs of the eigenvalue vary, the volume stretches or contracts at difference rates in different
directions. Therefore, after a period, the ball will change to an ellipsoid of decreasing volume. The
exponential increasing rate in different directions in the tangent space after long enough time T may
be expressed by the average change of length &;(T) of the basic axis relative to the initial diameter &,
of the ball as follows,

A~ In (ﬂ) (2.21)

€o

Lyapunov exponents are also useful to compute along the dimension of the attractor. Let K be the
largest integer such that the sum of the K largest Lyapunov exponents is greater or equal to zero,

K420 (2.22)
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Define the quantity D, called the Lyapunov dimension (Kaplan and Yorke 1979),

D, =K+—%K, (2.23)
|AK+1|

The conjecture states that Lyapunov dimension is equal to information dimension, at least for typical

attractors

D, = D,. (2.24)

The practically most important parameters are A; ( maximum exponent) and Y, 1;( A; > 0). The
former is a good criterion for chaotic behaviour; the latter describes the average exponential increase
rate of an infinitesimal volume in its expanding direction in the phase space. As both can describe
quantitatively the amplifying rate of chaotic system versus the initial uncertainty, they can be used as
a ‘ruler’ for measuring the predictability of a generic state of the system.

2.5 Ergodicity

Dynamic systems in which the temporal evolution visits the entire phase space are called ergodic.
Ergodic systems are of considerable interest because the averages of the set can be calculated using
time averages, thus greatly simplifying the calculation. The problem of assessing whether a system
satisfies the ergodic hypothesis is known as the modern ergodic problem.

Let us consider the triple (T, f¢, i), where respectively T is the phase space, f* is the time
evolution operator and g is an invariant measure under evolution of the time operator f¢, i.e.,

Xo — X = f'xg u(B) = u(f~'B),

for any measurable set B c T'.
A system (T, f%, ) is said ergodic , with respect to the invariant measure u, it for any
integrable function O (x), we have

0:= lim Tft°+T0( Ddt = [ 0(x)du(x) =:(0), (2.25)

—>00

where x, = ft"tox, for almost all initial condition x.
We first remark that all the definitions are done with respect to the measure u, thus possibly failing
for sets for sets of zero u measure, which are not null with respect to another measure.

2.6 Entropy

Besides Lyapunov exponents ad dimensions, there is another important characteristic quantity
describing the information characteristics of dissipative system, i.e. the Kolmogorov-Sinai entropy
or metric entropy. The metric entropy can be thought of as a number measuring the time rate of
creation of information as a chaotic orbit evolve. This statement is to be understood in the following
sense. Due to sensitivity to initial conditions, infinitesimally close trajectories diverge because of the
positivity of the largest Lyapunov exponent (entropy is produced in the system). If we can only
distinguish the initial positions in phase space with a certain degree of precision, then two orbits may
initially appear to be the same. However, as the orbits evolve over time, they may drift apart and
appear different. On the other hand, as an orbit is iterated, observing its position with the precision
we have available, the initially insignificant digits in the specification of the initial condition will
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eventually make themselves felt. So, assuming we can calculate accurately and know the dynamic
equations that determine an orbit, if we observe that orbit with limited precision, we can, in principle,
use our observations to obtain more information about the unresolved initial digits that specify the
initial condition. In this sense, we can say that a chaotic orbit creates information.
Metric entropy is based on Shannon entropy, which measures the amount of information contained
in a probabilistic event. Let pyq,p,, ..., P, a discrete probability distribution, i.e. p; = 0, Vi, and
* . pi = 1. Shannon entropy id defined:

Hg(p1, ..., Pp) = — Xz, pi Inp; (2.26)

where we define pInp = 0 if p=0. For example, if one of the events was certain, i.e. p,, = 1 for a
certain » and p; = 0 for i # r, thus the information contained in that event would be zero Hg = 0.
On the other hand, the case of maximum uncertainty will occur if all events have the same probability,
i.e. p; = 1/n Vi, in this case (2.37) gives Hg = Inn.

Let p an invariant measure for the dynamical system with compact support W. Let {W;} a partition
into n disjoint components of W, we can define the entropy of partition as

H{W:}) = = Xiz, p(W)) In[p(W))] (2.27)
Now, let us build a sequence {W;™} of smaller and smaller partitions by considering the sets ¢ ¢ (W;),
i.e. the backward evolution of steps t =1, 2, . . ., m of the partition set W; . Then, for each pair of

integer j and k (j, k=1,2,..,n) , we form n? intersections
VVj n¢—1 (Wk):

and we say that all those nonempty intersections are the second partition {W;?}. Then next stage of
partition {W;*} is obtained by forming the n® intersections (j, k,/=1,2,..,n)

WiNg~—t (W )N~ (W)
Therefore, at stage m, we have
Wy = {Wi, 0 o7 (W, )G (Wy,) e o7 (W, ) # @ 2 (Ul i) € (12,-.,1))

By taking the limit for m — oo and the upper extreme over all possible partitions of the support of
p, the metric entropy (density) of the invariant measure p is defined as

h(p) = sup lim lH({Wl-m}) (2.28)
wymoom

In general, there is an interesting bound proved by (Ruelle, 1978) connecting the metric entropy with
the sum of positive Lyapunov exponents.

h(p) < Xa>o0hi (2.29a)

In many situations, the latter inequality (2.29a) is often an equality, as it was proven to hold more
generally, by Pesin for typical Hamiltonian systems (Pesin, 1976).

h(p) = i (2.29b)

Subsequently, equality (2.29b) was further generalised to the Axiom A attractors of dissipative
dynamical systems (Ruelle, 1989). (An attractor is said to satisfy Axiom A if it is hyperbolic and if
the periodic orbits are dense in the attractor).

31



2.7 Extreme Value Theory

Extreme value Theory was originally introduced by Fisher and Tippett and formalized by Gnedenko,
who showed that the distribution of the maxima of an asymptotical large sample of independent
identically distributed (i.i.d.) stochastic variables converges under very general conditions to a
member of the so-called Generalised Extreme Value (GEV) distribution.

Let Xy, X4, ....,X;m—1 @ sequence of independent identically distributed variables with
cumulative distribution function (cdf) F(x) = P{a,,(M,, — by,) < x} where a, and b, are
normalizing sequence and M,,, = max{Xy, X4, ...., X;n—1}. Starting from general assumptions about

the nature of the parent distribution of data, Gnedenko demonstrated that the asymptotic distribution
of maxima belongs to a single family of generalizes distribution called GEV, the cdf of which can
be expressed as:

Fopy (s u, a, k) = e t) (2.30)
-1/k
x—u .
where t(x) = (1 R (T)) if k#0
e_(x_lf‘)/a lf K= 0

The expression (2.30) is valid for 1 + k(x — u)/a > 0. Where we are u € R (location parameter)
and a > 0 (scale parameter) which replace them as scale constants a,, and b,,. When k — 0, the
distribution corresponds to a Gumbel type (Type 1 distribution). When the index is positive, it
corresponds to a Fréchet (Type 2 distribution) ; when the index is negative, it corresponds to a
reversed Weibull (Type 3 distribution).

Let us define an exceedance as z = X — T, which measure by how much X exceeds the threshold T.
As discussed above, under the same conditions under which the block maxima of the i.i.d. stochastic
variables X obey the GEV statistics, and with the additional assumption of having Poisson
exceedances, the Fisher-Tippett-Gnedenko theorem gives that the exceedances z are asymptotically
distributed according to the Generalized Pareto Distribution (GPD):

1—(1+Z)_1 for £€+0
Fepp(z:€,0) = ? (2-31)

1—exp(—§) for £€=0

where the range of zis 0 < z < w0 ifé < 0and 0 <z<o/&ifé > 0.

Given a dynamic system (Q, B, v, F), where Q is the invariant set in R%, B is the Borel o-algebra,
F:Q — Q1is a measurable map and v an F-invariant Borel measure. With the aim of adapting the
extreme value theory to the study of dynamic systems, let us consider the stationary stochastic
process, X, X4, ..., defined as:

X,(x) = g(dist(F*(x),T)) VneN (2.32)

where ‘dist’ denotes a distance in the ambient space (, I' is a given point and g is an observable
function. Defining r = dist(x, '), we ask that g = g(r) be such that it presents a maximum g,
for r = 0 (finite or infinite) and be monotonically decreasing. Once a threshold T = T'(r*) has been
defined, the exceedance above it is studied. Whenever the distance between the orbits of a dynamic
system and I is smaller than r*, we will have a so-called exceedance.
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Therefore, following the definition given above, the exceedancesis z = g(r) — T. Bayes’ theorems
allow as to say that:

Pr<gz+D|r<g (M) =P(r<gz+T))/P(g 1 (T)).

Wanting to express this in terms of an invariant measure of the system, given that an exceedance has
occurred, we have that the probability H, 1 of observing an exceedance of at least z is given by:

V(B 4154y (D)
V(B 41,71

Hyr(z) = (2.33)

where B is an open ball centred in I'. We observe that the value of the previous expression (2.33) is
one if z is equal to zero, decreases monotonically with z, and vanishes when the radius is given by
9" (Gmax)- To address the problem of the extreme, we must consider small radii. In this regard, we
will assume the existence of the following limit:

lim 28v(ErD) _ D(I') ,forT chosen v —almost everywhere (2.34)

r—0 logr

where D (T') is the local dimension of the attractor. Therefore, we can rewrite (2.33),

g7 z+m)\P D
Hg’T(Z)N (W) (235)
Let us now replace g with specific observables g;,i = 1,2,3:
g:1(r) = —log(r) (2.36)
g2(r)=r7F (2.37)
gs(r)=C—r7F (2.38)

where C is a constant and § > 0 € R. By choosing an observable of the form given by either g4, g,
or g3, we derive as extreme value distribution law one member of the Generalised Pareto Distribution
family given in Eq.(2.31). Results are detailed below:

e g;- type observable:

1
o = ﬁ f = 0; (239)
e g,- type observable:
_ T8 __B.
0 =50 § =50 (2.40)
e gs- type observable:
_(-np _ B
0 =50 §=—35 - (2.41)

The previous expressions show that there is a simple algebraic link between the parameters of the
GPD and the local dimension of the attractor around the point I'. We note that, as the parameter ¢ is
inversely proportionality to D(T") , if we analyse system of intermediate or high dimensionality, the
distributions associated with observables g, and g5 are indistinguishable from what we get from g;.
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We observe that this was achieved simply by assuming the existence of an invariant measure and the
possibility to define a local dimension D around the point ' of interest. This also shows that the
statistic of extreme provides us with a new algorithmic tool for estimating the local fine structure of
the attractor. We have only fixed a priori a value for threshold and the number of maxima necessary
to construct statistics.

2.8 Instantaneous Dimensions

To investigate the predictability of a system of interest, as in the case of the atmosphere, the method
for doing so is to look at the evolution of the system in phase space. In the space phase we identify a
subset, namely a finite-size manifold of trajectories , called attractor, followed by the dynamical
system over time and denoted by x(t).

The origin of unpredictability can be attributed to an intrinsic stochastic nature of the system
or ignorance of the current state of the system (provided that the states are not correlate) or of the
dynamic rule controlling its evolution or from a combination of both. It has been established that even
low-dimensional non-linear systems may be difficult to forecast if they exhibit an exponential
divergence of close-by states. In such cases, unpredictability arises from our imprecise knowledge of
the current state of the system. Previously, we identified two quantities to characterise the
predictability of a system: the maximum Lyapunov exponent 4,,,, and the full Lyapunov spectrum.
The existence of at least one positive Lyapunov exponent is the distinguishing feature of a chaotic
dynamic system. Therefore, measuring predictability in a dynamic system can be reformulated as
calculating the divergence of a system's trajectories over time.

It is important to emphasise that the Lyapunov exponents are average quantities, and the
average is typically performed over a long trajectory. It follows that they are indicators of the global
predictability of the system, where the term global refers to the average properties of the system,
therefore to the average predictability of the system. Although the average predictability of the system
may be useful as well as operational requirements and priorities, point to the need to investigate a
local concept of predictability. In fact, the evolution of a dynamic system can be extremely dependent
on its initial state. We therefore need to understand the system’s predictability in a specific region of
the phase space (we will refer to these local characteristics also as instantaneous, since they refer to
a specific time). This notion has extreme relevance in context of weather prediction. Combing
Extreme Value Theory and the Poincaré recurrence theorem, it is possible to introduce a novel
framework to measure the local properties of dynamical systems (-Lucarini, Faranda et al. Extremes
and Recurrence in Dynamical Systems. Pure and Applied Mathematics: A Wiley Series of Texts,
Monographs and Tracts (Wiley, 2016)).

In particular, the quantities measured are the local dimension of dynamical system and their
persistence at any point in time. Under the ergodic assumption , the Poincaré recurrence theorem
guarantees that the system will visit an arbitrary small neighbourhood of any state repeatedly as time
passes.

Set an arbitrary point I' = x(t = tr) on a chaotic attractor, we want to consider the probability P that
a trajectory x(t) returns within a neighbourhood (a sphere) of I'. To identify these, we define the
observable function g:

gx(t),T) = —log (dist(x(t),T) (2.42)

where dist, as previously stated, is a distance. The application of negative logarithm increases the
discrimination of small values of dist(x(t), '), and also implies that g is large when dist is small.
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We therefore observe that demanding a trajectory x(t) fall within a sphere centred at I is equivalent
to having time series g(x(t), ") above a threshold s(q, T'), where s(q, T') is function of T and a chosen
percentile q.

Therefore, the exceedances z, as previously defined, will be:

z(D) = g(T,x(0)) —s(q, 1) v g(T,x()) > s(q, 1) (2.43)

According to extreme value theory, assuming the independence of the exceedance, the cumulative
probability distribution P(z,T') can only follow the exponential member of the generalized Pareto
distribution (2.31), that is ( Freitas-Freitas-Todd theorem, modified in Lucarini et al. Universal
behaviour of extreme value statistics for selected observables of dynamical systems (2012)):

z(D)

P(z,T)~exp (— ﬁ) . (2.44)

The parameter o(I") depends on the state I' and can be used to derive the local (instantaneous)
dimension d(I') around the point I'. The local dimension d(T') is given by:

d(r) =~ (2.45)

If this approach is iterated for several different I' point, the attractor dimension is the obtained as:
D(T) = d(D), (2.46)

where the overbar means averaging over all T.

The previous result is valid when point I is at a high or intermediate distance from the attractor or
fixed point. In most natural systems, fixed point is unstable: a trajectory passing close to a fixed point
spends a finite amount of time in its vicinity before leaving. Such time can be computed by
introducing a further parameter in the previous law. This parameter is indicated with 6(I") and is
such that:

(I z(T
P(z,I)~exp (—%) : (2.47)

We can interpret 8(T') as the inverse of the mean residence time within the ball centred in I'. The
inverse of 8(T) is called persistence parameter. Since 0 < 6(I') < 1, low values correspond to high
persistence of the trajectory in the neighbourhood of T', values close to one imply that the trajectory
immediately leaves T'.

As a result of what has been discussed so far, the parameter 8~ 1(T) is defined as the persistence of
the state I and consequently 8(I") is defined as the inverse of the persistence of state T'.
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Chapter 3

Data analysis

The first two chapters of this thesis discussed some characteristics of the Earth's atmosphere and
dynamic systems, respectively. At the end of the first chapter, we encountered (1.4.5) the primitive
equations, a system of nonlinear differential equations that describe the movements of fluids in the
atmosphere. The atmosphere is therefore characterised by chaotic dynamics and large-scale recurring
patterns. These two characteristics point to the existence of an attractor.

We encountered an example of this in the simple Lorentz atmospheric convention model (2.7).
In fact, for certain parameter choices, if we plot the solutions (x(t),y(t),z(t)) in 3D space, we do not
obtain a circle (stable state) or a line (periodic state), but a figure resembling butterfly wings, a strange
attractor. The graphs show trajectories that orbit around two points, passing from one to the other in
an unpredictable manner, but always remaining confined to a specific region of space.

The behaviour of the real atmosphere is much more complicated than that of the highly
simplified model used by Lorentz in his experiments. Whether the Earth’s climate exhibits such
regime-like behaviour, with multiple “attractors”, or whether it should be viewed as varying about a
single state that varies in time in response to solar, orbital, volcanic, and anthropogenic forcing is a
matter of ongoing debate.

The analysis of dynamic systems has led to the fundamental notion that atmospheric motions
are chaotic and tend to stabilize on an attractor. It would seem to be a good idea to estimate the
average size D (2.46) of the attractor. This would certainly provide information on the degrees of
freedom sufficient to describe atmospheric circulation. However, D is an average value, while many
climatic phenomena are linked to transient and metastable states of the atmosphere. These are states
whose dynamic properties depend on instantaneous rather than average properties of the attractor.
Such local properties are uniquely determined by two quantities: the local dimension d and the
stability of the state measured by the inverse of persistence 8. Quantities introduced and described at
the end of the second chapter (2.8).

As we have already seen d is a measurement of geometry of the trajectories in a small region
of the system’s phase space. It is therefore linked to the number of active degrees of the freedom that
a system can explore locally, or alternatively to the way the system approaches and departs from a
given state. The persistence, usually denoted with is inverse 6,is a measure of the persistence time of
the system in the above-mentioned small region of the phase space. 6 tends to be sensitive to small
changes of the system. The local dimension d and the inverse persistence 6 provide us with
information about intrinsic predictability of the atmosphere in phase space.

It is likely that many quantities that define an atmospheric state (Pressure, Temperature...) can
influence intrinsic predictability and therefore modify the values of the d and € metrics according to
their changes. However, as already mentioned, we intend to identify and quantify the possible
influence of moisture transport on the intrinsic predictability of Mediterranean cyclones, particularly
in the eastern Mediterranean, specifically in the region between latitudes 27.5N and 37.5N and
longitudes 25E and 40E. Moisture transport is quantified using Integrated Vapour Transport (IVT)
(1.5), defined as the horizontal advection of integrated vapour along the vertical.

The following paragraphs will therefore present the source and nature of the data provided, before
proceeding with their analysis. This analysis will attempt to correlate the d and 8 metrics on days
when cyclones are present with the water vapour influx provided by the IVT on the same days
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3.1 Data

We can divide the data provided into two groups: one consisting of two lists, or rather two Excel files,
and another group derived from the download of data from the ERAS dataset. The first list shows the
start date of all cyclones that occurred in the geographical area in question between 1 January 1981
and 31 December 2018. In addition to this data, the following columns provide data on the duration
of these weather events and their intensity (in the column labelled “group”). Cyclones are classified
into three groups according to their intensity class: low, mid and high intensity precipitation event.
To be precise, this list includes 200 low-intensity cyclones, 578 mid-intensity cyclones and, finally,
205 high-intensity cyclones. The cyclones are classified using the upgraded semi-objective synoptic
classification algorithm (Alpert et all, 2004; Ludwing and Hochman, 2022). Specifically, the
classification used the days of the year 1985 and the winters of 1991 and 1992, classified into regional
weather types by expert meteorologists, as ‘ground truth’ (426 days). Then , it finds the minimum
Euclidean distance between a day of interest and the ground truth. The day with the minimum distance
is labelled a specific weather type. This classification represents the regional weather condition well
(Hochman et al, 2018) and is based on daily mean surface air temperature a 2-m (T2m), Sea-Level-
Pressure (SLP), and 500hPa geopotential height (Z500) fields from ERAS reanalysis.

The second list contains the values for each day between the above-mentioned dates of the
local metrics d and 6 for various geopotential heights Z and for precipitation. The geopotential
heights for which the values of the two metrics d and 6 of the dynamic system are provided are Z1000
(1000 hPa), Z850 (850 hPa), Z700 (700 hPa), Z500 (500 hPa), Z300 (300 hPa) and Z200 (200 hPa).

Reanalysis programs reconstruct past atmospheric conditions by analysing historical and present
observational data using advanced numerical models (Fujiwara et al., 2022). Their purpose is to create
an accurate, high-resolution dataset covering several decades that can be used in atmospheric analysis.
ERAS is the latest global climate reanalysis from the ECMWF (European Centre for Medium-Range
Weather Forecasts), providing hourly atmospheric, land surface and ocean data from 1940 to the
present day, with a spatial resolution of 0.25°x0.25° (latitude and longitude), approximately 31 km
and 137 vertical levels. ERAS5 operates in collaboration with the Copernicus Climate Data Store
(CDS) so that data is updated daily. The ERAS dataset provides a wide range of atmospheric variables
(temperature at 2 metres, total precipitation, wind speed and direction, sea level pressure and
humidity, etc.). ERAS operates in two 12-hour windows: the first window runs from 09:00 to 21:00
UTC, while the second covers the time interval from 21:00 to 09:00 UTC the following day.
Observational data from various sources ( including satellites, radiosondes, surface weather stations,
aircraft and ships) are assimilated by ERAS continuously, on an hourly basis, and nine hours after
the start of each window, a short-term forecast is produced. This forecast is used together with the
latest available information to update the initial conditions for the next cycle. ERAS data are then
made available to the public on the Copernicus Climate Data Store (CDS) website with a delay of
five days from the current date.

Our aim was to obtain the values of the IVT vector for the period between 1 January 1981 and 31
December 2018 in the above-mentioned area of the eastern Mediterranean. To this end, the two
components of the IVT vector, the eastward component (the zonal component) and the northward
component (the meridional component), were downloaded from the Copernicus Climate Data Store
website. This download took place at four different times each day between the two dates indicated
above at various points evenly distributed throughout the region under consideration. For complete
information, the four times each day, within the specified date range, at which the data was
downloaded are precisely: 00:00, 06:00, 12:00 and 18:00. Furthermore, since the spatial resolution of
the ERAS data is 0.25°x0.25° (latitude and longitude), for each of these times, the values of the zonal
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component of the IVT (IVTu) and the values of the meridional component of the IVT (IVTv) will
each form a matrix of 41 rows by 61 columns.

3.2 Analysis

The first list provided the dates of each cyclone that occurred in the region under consideration, in
the period between the dates indicated above, while the second list provided the values of the metrics
d and 6 for each day included in the period under consideration, in the same geographical region.
Thus, to compensate for seasonal changes, the average values of the d and 8 metrics were calculated
for each of these days, starting from - days to +W days from the date of each cyclone. To perform
these calculations, a programme was written in Matlab in which the parameter /¥ can be entered as
input. In our case, we opted for W=15 days. We would like to point out that Matlab was the tool used
throughout the data analysis. These averages were then saved in an additional list.

The values of the metric parameters d and 6, referring to the initial date of each cyclone,
subtracted from the average values calculated in this way, will constitute the values on the y-axis for
the scatter plots subsequently produced. In Figure 3.1 shows, for cyclones of all intensity and for the
geopotential height Z1000, the time series of the difference between the local dimension d on the day
of the cyclone and the average < d > calculated from 15 days before to 15 days after the date of each
cyclone.

21000 All Cyclones metrics d

d-<d>

4 | | | | | 1 |
1985 1990 1995 2000 2005 2010 2015
time (year)

Figure 3.1-Time series of the instantaneous dimension d-<d> during the cyclones. (low-intensity cyclones are shown in green, mid-intensity
cyclones are shown in red, and heavy-intensity cyclones are shown in blue).

Starting from the data downloaded from the ERAS dataset, i.e. the value of the respective
zonal and meridional components of the IVT vector, we proceeded to calculate the IVT vector
magnitudes for each day and each of the four hours indicated above, at various points in the region
of interest. The calculation was performed using equation (1.52). As previously specified, the region
in question was divided into a grid with a step size of 0.25° latitude and 0.25° longitude (41X61
points). The values of the IVT vector module, as was done for the two components: IVTu (zonal
component) and IVTv (meridional component), were saved in a 41x61x55516 matrix, where the
indices between 1 and 41 refer to latitude values, the indices between 1 and 61 relate to longitude
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values, and the indices between 1 and 55516 indicate the elapsed time. To be precise, each value in
the third index of the matrix refers to the number of seconds elapsed between the date and time under
consideration and 1 January 1970. Therefore, setting the third index equal to one will give us the data
for 6 a.m. on 1 January 1981, while setting it equal to 55516 will give us the data for midnight on 31
December 2018.

At this point, an additional matrix was constructed by sorting the IVT amplitude matrix in
ascending order along the third dimension. This was done to calculate various threshold values or
percentiles. Using the knowledge of the length of the third dimension of the newly saved sorted
matrix, the value of the percentile sought was multiplied by this length, thus setting a value in the
third dimension and obtaining a 41x61 matrix. Proceeding in this way for multiple percentile values
resulted in multiple matrices, which when combined allowed a matrix of percentiles to be obtained
and saved. The tabulated percentiles of values: 0.75, 0.80, 0.85, 0.90 and 0.95. For our future
investigations, a value of 0.85 has been chosen. The percentile in question is shown in Figure 3.2.

37.5N T '

IVT Module, Percentili=0.85
: —

240

35N

180

32.5N

120
30N

100

27.5N
25E 27.5E 30E 32.5E 35E 37.5E 40E

Figure 3.2-IVT amplitude-0.85 Percentile

The next step was to construct a binary matrix for each initial day of a cyclone, for the previous day,
for two, for three and four days, plus the day the cyclone began, and for each of the four times, whose
values were zero or one depending on whether the value in the corresponding matrix of IVT module
point values exceeded the value in the percentile matrix. Further investigation of these binary matrices
provided information on the regions (connected areas) where the IVT amplitude exceeded the set
threshold value. More specifically, the following were calculated: the extension of each of the areas
and the integral of the IVT module on each of these areas. Finally, the area of maximum extension
and the maximum integral of the IVT were chosen as variables identifying a day or a group of days.
All these values were then saved in an Excel file, to subsequently form the x-axis values for future
scatter plots.

Having set a threshold, the number of cyclones that make up our sample has decreased. As expected,
this occurred more frequently in low-intensity cyclones. . To be precise, this new list includes 183
low-intensity cyclones, 551 mid-intensity cyclones and, finally, 201 high-intensity cyclones.

39



Considering this selection, Figures 3.3-3.4 show the Boxplots between metrics d and 8 on the day a
cyclone began, subtracted from their averages and various geopotential height Z and precipitation.
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Figure 3.3-BoxPlot between metrics 8-<8> and geopotential height Z and Precipitation

BoxPLot day Cyclons metrics d (Percentile 0.85) All CL BoxPLot day Cyclons metrics d (Percentile 0.85) Low CL
T T T T T T T

7| S o NN S ‘ ] =001 oI F——tet 4+ ‘
Z=300 =T F—— i+ b Z=300- - F---+# + # +
Z=5001 =T —— -t 4+ + b Z=500 Fe—{ T - ++t + +
=0 4+ == F———#++ + B Z=700- T F--—-w + +
Z=850F ~—--——-— CrF----- I + + 4 R =850 + —_——{_ 1 _t+----- 4ttt o1
=000 Fo-—— - C T F-—----- o oHEE HHEH e H 1 T F i B b T T
-2 0 2 4 ] 8 10 3 2 - 0 1 2 3 4 5 6
d-<d> d-<d>
BoxPLot day Cyclons metrics d (Percentile 0.85) Mid CL BoxPLot day Cyclons metrics d (Percentile 0.85) Heavy CL
21| M o RO P + ‘ ' ] =200} -+ ' '
z=300F e M : Z=300F - -—H + 4 +
Z=500+ =T — -+ 1 2=500- == F---+4 + ++
)| R I T 1 b2 (11| S e I
= r---L [ - R ++ 1 =80 m---{ T F----- AHE +
=00 - [ Tt d HE =000 F—=— - [ E----——-p——#++ + 4
2 0 2 4 6 8 10 -2 0 2 4 ] 8
d-<d> d-<d>

BoxPLot day Cyclons metrics d (Percentile 0.85) Precipitation
NoLPec! [l w0 o+ ]
LowCLPrec.t - —[[ |- = ++ + +
Mid ClPrec.- -+~ — | |-~ i
Heavy CL-Prec.- -+ {[- 4 + )l
! L : ! L L I 1 1 L L

20 0 20 40 60 80 100 120 140 160 180
d-<d>

Figure 3.4 --BoxPlot between metrics d-<d> and geopotential height Z and precipitation

40



Boxplots are non-parametric graphic representations of data: they give a clear display of the spread
of the data without making any assumption on their underlying statistical distribution. The principal
elements of these graphs are:

e the median, here represented as an orange straight line.

e The boxes, in our case empty rectangles whose sides are drawn in blue, which contain the
middle 50% of the statistical population. In fact, the right and left extremes of the boxes
identify the 75th quartile and the 25th quartile, respectively. The length of the boxes, between
the two quartiles , is called inter-quartile range (IQR).

e The lines extending from the box are called whiskers. Whiskers represent the expected data
variation and extend 1.5 times the IQR from the right and left sides of the box (in our case).
Data points that fall to the right or left of the end of the whiskers are represented as orange
crosses, called outliers. An outlier is more extreme than the expected variation, but still
statistically possible.

By looking at the two Boxplots, the local dimension d subtracted from its mean generally has outliers
only on the right side, indicating that the right tail of the distribution is longer, indicating positive
skewness. A generally opposite behaviour is shown by the inverse of the persistence 6. The
behaviours observed for both metrics vary in intensity across all geopotential heights.

For each of the two variables identified for the x-axis: the area of maximum extension and the
maximum integral of the IVT module, 210 scatter plots were created which, as already mentioned,
presented the values of the d and 8 metrics for the various geopotential heights and precipitation on
the y-axis. An example is shown in the Figure 3.5, where it is displayed the situation on the day of
onset for three classes of cyclones. Specifically, on the x-axis of the Figure 3.5, we have the maximum
integral of [IVT module, while on the y-axis we have the value of the local dimension d. Note that the
same operation was also performed for the day before the start of the cyclone, for two, for three and
for four days. This example was also included to show how scatter plots, in our case, are difficult to
read, and how it is therefore necessary to represent our conclusions in a different way.
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Figure 3.5 Scatter plots- (|IVT|, d-<d>)). Day when the cyclone begins
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The aim is to identify and quantify the possible influence of moisture transport on the intrinsic
predictability of Mediterranean cyclones, particularly in the eastern Mediterranean. Therefore,
Pearson's correlation coefficient (indicated by r) and Spearman's correlation coefficient (indicated by
p) were calculated for each pair of variables in these scatter plots. These values were in turn
represented in graphs and, for better and more direct use, reported in tables. In the tables, the most
significant correlation values were coloured once their possible significant difference from zero was
identified using a permutation test. Two tables showing the correlation values for the local dimension
d, for the day the cyclone began and for the day before it began, are shown in the Figure 3.6. The
same information is shown in the two tables in the Figure 3.7, referring in this case to the inverse of
the persistence 6.

metrics d, Day the cyclon, Maximum integrated vector IVT module
Low CL Mid CL heawvy CL
r P p P
Z=1000 -0.0278 -0.0795 -0.2992 -0.3567 -0.3393 -0.3844
7-850 0.0307 0.0464 0.0858 0.0114
Z=700 0.1946 0.1823 0.0945 0.0710 0.1330 0.1596
Z=500 0.1206 0.1192 0.0223 0.0478 0.0936 0.1012
Z=200 0.0330 -0.0115 -0.0007 -0.0197 -0.1244 -0.1458
Prec. -0.0268 -0.1219 -0.2587 -0.2867 -0.1324 -0.2058
metrics d, Day before the cyclon, Maximum integrated vector IVT module
Low CL Mid CL heawvy CL
r P P P
Z-1000 -0.0224 -0.0485 -0.2659 -0.3284 -0.3400 -0.3760
Z=850 0.0645 0.0593 -0.0921 -0.1069 -0.0692 -0.1316
Z=T700 0.1954 0.1634 0.0939 0.0523 0.0875 0.1031
Z=500 0.0872 -0.0044 -0.0137 0.0116 0.0136 0.0497
Z=300 0.1572 0.0833 0.0659 0.0752 0.1032 0.1253
Z=200 -0.0525 -0.1018 0.0379 0.0296 -0.0593 -0.0849
Prec. -0.0748 -0.0653 -0.1504 -0.1745 -0.1022 -0.2032

Figure 3.6- Correlation tables between metricd and |IVT]|

The permutation test is a nonparametric statistical method used to test the significance of the
coefficients of a model when classical assumptions, such as normality, are not satisfied. In our case,
we do not know the distribution followed by the data, and furthermore, the previous analysis of our
data's Boxplots highlighted how their distribution was skewness, i.e., it presented outliers mainly in
a single direction. These observations lead us to prefer the use of a permutation test to a t-test. In fact,
the only assumption made is the possibility of permuting one of the two data sets for which the
correlation coefficients have been calculated. It was decided to permute the variable on the x-axis,

42



i.e., the modulus of the IVT vector. One thousand permutations were performed, and the values of
the Pearson and Spearman correlation coefficients were calculated for each of them.

Therefore, given a level of significance a. In our case, we set a equal to 0.05. We proceeded by
verifying whether the Pearson and Spearman correlations calculated were greater than 95% of those
calculated with reshuffling if positive, or less than 95% of those calculated with reshuffling if negative
(Some tables showing the threshold values calculated with the permutation test can be found at the
end of Appendix C for the local dimension d).

In the tables presented here, cells containing values that pass the permutation test are coloured cyan
if the value is negative and green if positive.

metrics 8, Day the cyclon, Maximum integrated vector IVT module
Low CL Mid CL heavy CL
r p r p r p

Z-1000 -0.2107 -0.1052 0.0054 0.0828 -0.2033 01134
Z=850 0.0073 0.0758 -0.0240 -0.0133 -0.1930 -0.0977
Z=T700 -0.1428 -0.0342 -0.0292 00122 -0.0533 0.0137
7-500 -0.0931 -0.0639 0.0184 0.0237 0.1698
Z-300 -0.0326 00177 0.1282 0.0969 0.1913-
Z=200 0.0033 -0.0023 0.0532 0.0316 01418 0.1025
_ 0.0605 -0.0309 0.0380 -0.0847

metrics 8, Day before the cyclon, Maximum integrated vector IVT module
Low CL Mid CL heavy CL
r p r p r p

Z-1000 -0.0849 -0.0237 0.0302 0.0733 -0.1355 -0.0785
Z=850 -0.0699 -0.0221 -0.0745 -0.0699 -0.1529 -0.1363
Z=700 -0.2007 -0.0943 -0.0309 -0.0118 -0.0540 -0.0110
Z=500 -0.1655 -0.0830 0.0074 0.0145 0.0915 01103
Z=300 -0.1282 -0.06438 0.09838 0.0747 0.0501 003858
Z=200 -0.0655 -0.0575 0.0526 0.0238 0.0568 0.0043
E_ 0.1216 0.1273 0.0739 0.0185 -0.1023

Figure 3.7- Correlation tables between metric & and IVT

The tables relating to two, three and four days, plus the initial day of the cyclone, for the maximum
integrated IVT and for the area of maximum extension, are shown in Appendix D.

The results, concerning the maximum integral of the modulus of the IVT vector, shown in the table
in Figure 3.6, but also in all the others in the appendix, show that the correlation values for the local
dimension d are negative for the geopotential height Z1000 and for precipitation, for all cyclone
classes. These values are statistically significant for mid- and heavy-intensity cyclones near the
ground, i.e. at geopotential height Z1000. This suggests the possibility that an increase in horizontal
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moisture flow leads to a decrease in local dimension d and therefore to an increase in intrinsic
predictability for the geopotential height Z1000.

On the contrary, the tables in Figure 3.7 do not provide us with any evidence that might suggest the
existence of a monotonic relationship between the increase in horizontal moisture flux, represented
by the IVT vector module, and the inverse of persistence 6.

The same series of operations and analyses was then carried out for the zonal component of the IVT
(IVTu) and for its meridional component (IVTv) ( we recall that we had two matrices of the values
of IVTu and IVTv). The difference in this case is that the IVTu and IVTv can be either positive or
negative. Recalling what was said in paragraph 1.2 regarding the conventions on the horizontal
components of wind speed (u and v), IVTu will be positive if directed eastwards and negative if
directed westwards, while IVTv will be positive if directed northwards and negative if directed
southwards. Therefore, there were not two variables but four. The first operation was to achieve the
percentiles. Starting from the IVTu and IVTv matrices, a pair of matrices was created by sorting the
same matrices in ascending order, and another pair by sorting them in descending order. From the
first pair, the percentiles for the positive components were obtained, and from the second pair, the
percentiles for the negative components. The same percentile values as indicated above were
calculated. The threshold to be used was chosen so that the values present were of the same sign. The
value of 0.85 was chosen, except for the zonal component towards the west, where 0.95 was chosen.
We then proceeded as before, constructing binary matrices and obtaining from them the area of
maximum extension and the maximum integral value. Variables achieved for the positive and
negative components of both IVTu and IVTv. Finally, scatter plots were created and tables showing
the values of Pearson's and Spearman's correlation coefficients were obtained. Figures 3.8, 3.9, 3.10
and 3.11 show the tables with the correlation values (for the maximum integrated IVT), on the day
the cyclone began, for the eastward component of the I[VTu, the westward component of the [VTu,
the northward component of the IVTv and the southward component of the IVTv, respectively. The
tables in the following figures all refer to metric d.

metrics d, Day the cyclon, Maximum integrated zonal component IVT (IVTu Eastward)
Low CL Mid CL heawvy CL
r P r p r p
Z-1000 -0.0330 -0.0938 -0.3034 -0.3723 -0.3746 -0.4350
_ -0.0053 0.0119 -0.0204 -0.1332
Z=700 0.0866 0.1339 0.0436 0.0329 0.0292 -0.0093
Z=500 0.0152 0.0618 -0.0730 -0.0473 -0.0241 -0.0491
Z=300 0.0560 0.0752 0.0220 0.0152 01454 0.0845
Z=200 -0.0074 -0.0873 0.0404 0.0346 -0.0894 -0.1440
Prec. -0.0012 -0.1313 -0.3084 -0.3483 -0.1413 -0.2570

Figure 3.8- Correlation tables between metric d and IVTu Eastward
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metrics d, Day the cyclon, Maximum integrated zonal component IVT (IVTu Westward)
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0.1189

Figure 3.9- Correlation tables between metric d and IVTu Westward

metrics d, Day the cyclon, Maximum integrated meridional component INT (IVTv Northward)

Low CL

Mid CL

heavy CL

P

P

Figure 3.10- Correlation tables between metric d and IVTv Northward

metrics d, Day the cyclon, Maximum integrated meridional component INT (IVTv Southward)

Low CL

Mid CL

heavy CL

Figure 3.11 Correlation tables between metric d and IVTv Southward
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As regards the components of the IVT vector, the tables shown in Figures 3.8 and 3.10 show results
like those shown in the table in Figure 3.6 for the IVT module. The positive component of IVTu
(towards the east) and the positive component of IVTv (towards the north) give results similar to each
other and to those obtained previously for the module. This is not the case for the respective negative
components of IVTu (towards the west) and IVTv (towards the south), as can be seen from Tables
3.9and3.11.

The tables shown in Figures 3.8, 3.9, 3.10 and 3.11 show how the various components of the IVT
vector behave differently. To study these differences in behaviour, these components were compared
with each other and with the IVT module itself. This comparison was carried out using histograms
with the value of the IVT integral on the y-axis. This comparison also allows us to determine whether
one of the various components is predominant. These histograms are shown in Figures 3.13, 3.14,
3.15 and 3.16.

Heavy Ciclones Mid Ciclones
T T T T T

T T T T T T T T T T T T T T
[ IVT Amplitude [ [ IVT Amplitude
— [C——__JIVTu Eastward r [C___1IVTu Eastward |

~
=]

@
=]

=}

=)

Noow B @
=}

=1

Number of Ciclones
5
Number of Ciclones

[
=
g
=
g

0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9
IVT-kgm ' s x10% IVT-kg m ~* s~ x10%
Low Ciclones EXERVICISRA)
40 T T T T T T T T
o IVT Amplitude

Bro [ ]IVTu Eastward |

Number of Ciclones
LRSI S

0 1 2 3 4 5 6 7
IVT-kg m -1 s~ x10°

Figure 3.13- Histograms comparing the IVTu towards the East and the IVT Amplitude for the three cyclone classes.

Analysis of histograms (Figures 3.13, 3.14, 3.15 and 3.16) shows that the eastward zonal component
is predominant, so much so that its distribution is like that of the module (Figure 3.13). The westward
zonal component is of little significance as it is overshadowed by the eastward component (Figure
3.15). The southward component of IVTv compared with the eastward component of IVTu shows
that the latter is predominant, although the IVTv component is not negligible and could have an effect
if cyclones with strong southward winds are considered (Figure 3.14). In the case of the southward-
directed IVTv component, the correlation values are positive, some significantly so (Figure 3.11).
This suggests the possibility that an increase in southward horizontal moisture transport leads to an
increase in the local dimension d and thus a decrease in intrinsic predictability.

The southern component of the IVT is balanced, with the northward thrust (positive IVTv) and
southward thrust (negative IVTv) having similar distributions (Figure 3.16).
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Figure 3.16- Histograms comparing the IVTv towards the North and the IVTv towards South for the three cyclone classes

The other variable investigated was the area of maximum extension. The results obtained are like
those obtained for the IVT module and its components (some tables are found in Appendix C).

The analysis was also conducted for two, three and four days, the last of which was the initial day of
the cyclone. In these cases, too, the results are essentially consistent with what was discussed above
(some tables are provided in the Appendix C).
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Chapter 4

Conclusions

This work sought to investigate the possible influence of moisture transport on the intrinsic
predictability of extratropical cyclones in the eastern Mediterranean basin. Recent developments in
dynamical systems theory have made it possible to characterise instantaneous atmospheric states
using local properties of dynamical systems. Two metrics are particularly useful for describing a
dynamic state locally: the local dimension d, which measures the number of degrees of freedom
around a given atmospheric state and indicates how the system will evolve in the vicinity of that state,
and the persistence -1 which quantifies, in phase space, the residence time of a trajectory of the
system near that state. The combination of these two measures allows information to be acquired on
the intrinsic local predictability of the atmosphere.

The values of the metrics d and € for the eastern Mediterranean for a 38-year period, for various
geopotential heights and for precipitation, were provided as input data.

Moisture transport was quantified using a vector quantity called Integrated Vapor Transport (IVT):
defined as the horizontal advection of vapor integrated vertically along the vertical tropospheric
column. To quantify the IVT vector, its zonal component IVTu and its meridional component I[IVTv
were downloaded from the ERAS database.

The data required to perform the analysis was completed by providing an additional list containing
all cyclones that occurred during the period and in the area under consideration. In this list, the
cyclones were classified into three groups (low, mid, heavy) according to their intensity.

We could not find any element suggesting the existence of a monotonic relationship between the
increase in horizontal moisture flow, represented by the IVT vector module, and the inverse
persistence 6. On the contrary, for metric d, the analysis showed consistent negative correlation
between the local dimension d of the geopotential height Z1000 and of precipitation and IVT, which
are statistically significant for the geopotential height Z1000 of mid- and heavy-intensity cyclone.
This result suggests a possible monotonically decreasing relationship between the increase in
horizontal moisture advection and the local dimension d, limited to the geopotential height Z1000
and mid- and heavy-intensity cyclones.

The most significant component was found to be the eastward component of the [IVTu. In fact, the
correlations obtained by placing it on the x-axis match the results previously obtained for the integral
value of the modulus.

The results obtained using the area of maximum extension instead of the maximum integrated IVT
are practically the same, both in the case of the IVT module and its components.

The use of tables has made it possible to represent the values of Pearson's and Spearman's correlation
coefficients immediately. In a single table, the correlation values of 21 scatter plots can be viewed for
a single day or for several days. This allows us to determine, in the case of Pearson, whether there is
a possible linear relationship between the variables, and in the case of Spearman, whether there is a
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possible monotonic relationship between the variables. But it cannot tell us anything about the
possible existence of a relationship between variables that is not monotonic.

A further observation is that for each day, or series of days, we had several values of the maximum
area or maximum integrated IVT available. To represent moisture transport, we chose the highest
value. In this way, it is conceivable that we may not be able to fully capture the temporal evolution
of'a cyclone. We have taken a photograph that immortalises a moment in time, while an atmospheric
phenomenon such as a cyclone also has a duration.

Several studies have investigated how increased humidity, sea level pressure, etc., influence
intrinsic predictability, a working hypothesis could be to study moisture transport together with these
other variables. Also, if the assumption made when considering a period of many years and focusing
on the extreme values of a quantity, in our case the IVT, is that the other quantities involved tend to
cancel out their influence.

The results of this study suggest that vapor transport could influence the intrinsic predictability of
Mediterranean cyclones in the eastern portion of the basin. Intrinsic predictability is described using
two metrics: local size d and the inverse of persistence 6. Moisture transport was quantified using the
IVT vector. Analysis of its module suggested that an increase in moisture transport could lead to a
decrease in the value of the local dimension d, and therefore to greater intrinsic predictability.
However, this result is limited to the geopotential height Z1000 and to mid- and heavy-intensity
cyclones. The separate analysis of the various components of the IVT yielded results consistent with
those obtained for the module, except for the southern component of the IVT. In this case, an increase
in moisture transport towards the south seems to result in an increase in the value of the local
dimension d. This suggests the possibility of a decrease in intrinsic predictability.
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Appendix A-Rotating System

Let us begin by considering a rotation A of the coordinate system K with respect to a fixed coordinate
system k We will denote by R(t) belonging to K the radius vector of a point moving in the moving
coordinate system, and by r(t) = AR(t) the radius vector of the fixed system. The angular velocity
vector will be denoted by () in K system. Suppose that in the coordinate system k, the motion of point
r(t) is the solution to Newton's equation m# = f(r, 7).

The velocity seen in reference system k can be written as:

= AR + AR = AR + AA™'r = AR + Br (A.1)

Where we have defined the linear operator B = AA~! , which we prove to be a skew-symmetric
operator. Therefore, we will have that the sum of B and its transpose B* will be zero: B + Bt = 0

Proof. Given that operator A is an orthogonal operator from one Euclidean space to another , its
transpose is its inverse A* = A~1. By differentiating the relationship AA® = I with respect to t, we get

AAt+AAt=0 = (A4 +441=0 O

Lemma: Every skew-symmetric operator in three-dimensional oriented Euclidean space is a vector
product operator for a fixed vector

Br = [w, 1] VreR3

Proof: All skew-symmetric operators form R® — R® form a linear space. Its dimension is 3, since a
3x3 skew-symmetric matrix is defined by the three elements that lie on one side of the diagonal.
The operator of vector multiplication by w is linear and skew symmetric. The operator of vector
multiplication for any vector in the three-dimensional space w form a linear subspace of all
antisymmetric operators.
The dimension of this subspace is 3. Therefore, the subspace of the vector multiplication is the

space of all skew-symmetric operators. O

In cartesian coordinates the operator B is given by an antisymmetric matrix; we denote its elements
by tw; ;3

0 —W3 Wy
B = w3 0 —wq
—w,; W4 0

In this notation the vector w = Y;_; w; e; will be an eigen vector with eigenvalue 0. By applying B
to the vector r = Y'3_, ; e; we obtain by a direct calculation Br = [w, 7].

So, we can write (A.1):
¥ =AR + Br = AR + [w,7] = AR + [AQ, AR] = A(R + [Q,R]) (A.2)

[AQ, AR] is equal to A[Q, R] since operator B preserves and orientation, and therefore the metric
product.
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Theorem: Motion in rotating system takes place as if three additional forces acted on every moving
point R(t) of mass m:

1. The inertial force of rotation: m[ﬂ, R]
2. The Coriolis force: Zm[ﬂ, R]
3. The centrifugal force: m[Q, [Q, R]]

Thus mR = F —m[Q,R| — 2m[Q, R] — m[Q, [, R]] (A.3)
where AF(R,R) = f(AR, (AR)
Proof: Since r = AR we have already seen that ¥ = A(R + [Q, R]). Differentiating once more, we
obtain
i = AR+ [QR]) + AR + [ R] + [ R])
= A([Q (Q+[QR])] + R+ [QR] + [ R])
= AR+ 2[Q,R] + [ [QR]] + [AR]) O

(We again used the relationship AX = A[Q, X] for any vector XeK; this time X = R+[QR D
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Appendix B- Poincare’s recurrence theorem

Let us consider an autonomous system of differential equations X = F(x) (2.3) and let ¢ be the
corresponding group of transformations,

¢'(x)=x+Fx)t+0(t>) (t—0) (B.1)

Suppose S, be a region of phase space with volume V (t,). Then V(t) will be the volume of a region
S, of phase space such that S, = ¢p'S,. We will demonstrate that the relationship holds true:

av(t)
dat le=¢,

= fso V:-Fdx  (dx =dx;dx, - dx,) (B.2)

In fact. For each t, the formula for changing variables in a multiple integral (Jacobian) give

9 t
V() = [, dy = J;, de™ 52 dx (5= @8, y €Sl x €50)
. . It (x) oF 2
Using formula (2.5) to calculate d¢p*(x)/dx, we find that for t — 0: o = I+ P 0(t*)

Now applying a well-known algebraic fact: det(I + Bt) = [+t tr B+ 0(t%) (t — 0), where B
is a matrix B = (b;;) and tr B is his trace (tr B = }i_; b;). We have,

99t _ 9F 2 OF _ sn OF;
det—==1+ttr—+0(t*) but tr—=3%

i=1 axi

=V-F. Therefore,

av(t) _ _
" |t:t0 = [, V-Fdx

V(t)=f50(1+tV-F+0(t2)dx

If V-F=0,dV/dt =0.
For a Hamiltonian system, where (q;p; ) are position-momentum coordinates fori = 1,2,. ,n
and H(q, p, t), is the Hamiltonian function, the equation of motion reads:

_0H : oH

=2 pi=— 50 (B.3)

i aq;

Therefore, for a Hamiltonian system we have

v-F=y2n i ?=1(—————)EO (B.4)

=1 6xi
This observation (B.4) proves Liouville's theorem.

Liouville's theorem : The phase flow of Hamilton’s equation preserve volume: for any region D we
have volume of ¢'D = volume ofD.
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Poincaré’s recurrence theorem: Let ¢p a volume-preserving one to one mapping which maps a
bounding region D of Euclidian space onto itself: ¢$D = D.

Then in any neighbourhood U of any point of D there is a point x € U which returns to U,i.e.,
¢"x € U for some n > 0.

In fact: We consider the image of the neighbourhood U: U, ¢U, ¢p?U, ... ... ,¢™U. All of these have
the same volume. If they never intersect, D would have infinite volume. Therefore, for some k > 0
and [ > 0, withk > 1, ¢p*UNP'U # 0.

Therefore, p*"'UNU # @. If y is in the intersection, then y = ¢p"x, withx € U (n =k — ). o

This is one of the few general results on the nature of motion. A rather paradoxical consequence of
Poincaré¢ and Liouville's theorems is the following: if we open a partition separating a chamber filled
with gas from an empty chamber, after a certain amount of time the gas molecules will gather again
in the first chamber. The solution to the paradox lies in the fact that this “certain amount of time” is
greater than the lifetime of the solar system
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Appendix C-Tables

Some tables concerning the calculated correlation values are shown here. They are not included in

the text but are referred to therein.

metrics d, Maximum integrated vector IVT magnitude(Day the Cyclone plus 2 days before)

Low CL

Mid CL

heavy CL

P

P

metrics d, Maximum integrated vector IVT magnitude(Day the Cyclone plus 3 days before)

Low CL Mid CL heawy CL
P r P r P
Z=850 0.0741 0.0689 -0.0016 -0.0045 -0.0041 -0.0875
Z=T700 0.1411 0110 01121 0.0768 01192 01318
Z=500 0.0104 -0.0661 0.0350 0.0390 0.0626 0.0458
Z-300 0.0740
Z-200 -0.1058
Prec. -0.0622

metrics d, Maximum integrated vector IVT magnitude(Day the Cyclone plus 4 days before)
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Low CL Mid CL heawvy CL
P r P r P
Z=850 0.0811 0.0800 0.0060 0.0062 -0.0348 -0.1009
Z=T700 0131 0.1120 01324 0.0587 0.1073 0.1255
Z=500 -0.0223 -0.0970 0.0532 0.0445 0.0593 0.0522
Z=300 0.0553
Z=200 -0.1010
Prec. -0.0838




metrics d,Day before the cyclon, Maximum integrated zonal component IVT (IVTu Eastward)

Low CL Mid CL heavy CL
r P )

Z=1000 0.0135 -0.0352

Z-850 0.0344 0.0159 -0.0976

Z-700 0.0804 0.0947 0.0640 0.0318 0.0641 0.0250

Z=500 -0.0474 -0.0849 -0.0378 -0.0103 -0.0775 -0.0631

Z-300 0.0451 0.0032 0.0496 0.0564 -0.0048 -0.0278

Z=200 -0.0278 -0.1196 0.0423 0.0179 -0.0575 0.1116

Prec. -00753 -0.0691 -0.1442 _ -0.0675 ;

metrics d,Day before the cyclon, Maximum integrated meridional component IVT (IVTv Northward)

Low CL

Mid CL

heavy CL

metrics d,Day before the cyclon, Maximum integrated meridional component IVT (IVTv Southward)

Low CL Mid CL heavy CL
r p r P

Z=1000 0.1155 0.0973 0.1099 0.1367
0.0487
0.0367
0.0988
0.1061 0.1170 0.1047
0.1314 -0.0007 0.0552
-0.0858 0.0392 0.0354
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metrics d, Maximum integrated IVTu (Eastward)(Day the Cyclone plus 2 days before)

Low CL

Mid CL

heawvy CL

P

P

metrics 8, Maximum integrated [VTu (Eastward)(Day the Cyclone plus 2 days before)
Low CL Mid CL heavy CL
r P [ r [
Z7-1000 -0.1382 -0.0845 0.0487 0.1045 _
Z=850 -0.0063 -0.0248 0.0078 0.0070 -0.0257 -0.0278
Z=700 -0.1042 -0.0270 0.0296 0.0561 0.0453 0.0237
Z=500 -0.1147 -0.0647 0.0414 0.0558 -0.0382 -0.0347
Z=300 -0.0694 -0.0147 0.1008 0.0809 0.0777 0.0658
Z=200 -0.0479 -0.0053 0.0734 0.0328 0.0157 -0.0052

metrics d, Maximum integrated IVTv (Southward)(Day the Cyclone plus 2 days before)

Low CL

Mid CL

heavy CL
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metrics d, Maximum integrated IVTv (Northward)(Day the Cyclone plus 2 days before)

Low CL

Mid CL

heavy CL

P

P

metrics 8, Maximum integrated IVTv (Northward)(Day the Cyclone plus 2 days before)

Low CL Mid CL heavy CL
P P r P

Z-1000 -0.0668 0.0301 0.0246 0.0707 _
-0.0793 -0.0457 -0.0386 -0.0060
-0.0599 -0.0552 0.0481 0.0384
0.0332 0.0144 0.0146 00227
0.1151 0.0797 0.0693 00729
0.0064 -0.0201 -0.0231 -0.0451

metrics d, Maximum integrated IVTu (Eastward)(Day the Cyclone plus 3 days before)

Low CL Mid CL heavy CL
p P P

Z=1000 0.0026 -0.0504

Z=850 0.0948 0.0854

Z=700 0.0922 0114 0.06586 0.0485 0.00865 -0.0385
Z=500 -0.0428 -0.0633 -0.0111 -0.0221 -0.0702 -0.0992
Z=300 0.0356 0.018% 01210 0.0987 0.0836 0.0093
Z=200 -0.0557 -0.1366 0.0012 -0.0269 -0.0562 -0.0783
Prec. -0.0623
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metrics d, Day the cyclon, Maximum Area

Low CL

Mid CL

heawvy CL

P

metrics d,Day before the cyclon, Maximum Area

Low CL

Mid CL

heawvy CL

P

Z=200 -0.0488 -0.1052 0.0307 0.0270 -0.0643 -0.0810
metrics 8, Day the cyclon, Maximum Area
Low CL Mid CL heavy CL
r p r p
Z=1000 -0.1152 0.0267
Z=850 -0.0093 0.0511 -0.0330
Z=700 -0.1306 -0.0437 -0.0453
Z=500 -0.0820 -0.0672 0.0111
Z=300 -0.0216 -0.0137 0.1248
Z=200 0.0243 0.0207 0.0577
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metrics d, Maximum Area(Day the Cyclone plus 2 days before)

Low CL Mid CL heavy CL
r P r P r P
Z-850 0.1438 0.1081 -0.0427 -0.0351 -0.0688 -0.0800
Z-700 0.2032 0.1728 0.0678 0.0605 0.0755 0.1309
Z-500 0.0647 0.0076 0.0231 0.0411 0.0647 0.0681
Z-300 01118 0.0780 01111 0.1187 0.2349 0.1953
Z-200 -0.0814 -0.1567 -0.0026 -0.0138 -0.1226 -0.1279
Prec. -0.0990 -0.1099 _ -0.1564 -0.1549

metrics d, Day the cyclon, Maximum Area (IVTu Eastward)

Low CL

Mid CL

heavy CL

-

-0.0415

P

-0.0099

-

P

-0.1412

Z=T700 0.0858 0.1323 0.0300 0.0278 -0.0524 -0.0302
Z=500 0.0069 0.0590 -0.0631 -0.0464 -0.0510 -0.0725
Z=300 0.0680 0.0665 0.0127 0.0124 0.1169 0.0628
Z=200 -0.0426 -0.1110 0.0438 0.0325 -0.1046 -0.1227
metrics d,Day before the cyclon, Maximum Area (IVTu Eastward)
Low CL Mid CL heawy CL
r P r P r P

Z=1000 -0.0134 -0.0309

Z=850 0.0175 0.0065

Z=T700 0.0826 0.0892 0.0342 0.0251 0.0202 0.0085
Z=500 -0.0499 -0.0912 -0.0424 -0.0174 -0.0873 -0.0783
Z=300 0.0376 0.0035 0.0346 0.0497 -0.0159 -0.0475
Z=200 -0.0436 -0.1231 0.0330 0.0182 -0.0758 -0.1054
Prec. -0.0902
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Percentiles IVTu and IVTv
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metrics d, Day the cyclon, -thresholds
Low CL Mid CL heawy CL
r P P P
Z=1000 -0.1163 -0.1119 -0.0704 -0.0709 -0.1102 -0.1173
Z=850 0.1255 0.1192 0.0751 0.0757 0.1090 01110
Z=700 01213 0.1255 0.0757 0.0670 0.1105 0.1135
Z=500 0.1267 01241 0.0752 0.0721 0.1264 0.1236
Z=300 0.1249 01221 0.0737 0.0703 0.1129 0.1146
Z=200 0.1182 -0.1187 -0.0681 -0.0627 -0.1125 -0.1166
Prec. -0.1015 -0.1186 -0.0711 -0.0674 -0.1153 -0.1138
metrics d, Day before the cyclon, -thresholds
Low CL Mid CL heavy CL
r P P P
Z=1000 -0.1141 -0.1192 -0.0639 -0.0698 -0.1065 -0.1153
Z=850 0.1178 0.1191 -0.0700 -0.0728 -0.1216 -0.1210
Z=700 0.1335 01210 0.0737 0.0673 0.1140 01099
Z=500 0.1254 -0.1243 -0.0716 0.0675 0.1254 0.1263
Z=300 0.1225 0.1262 0.0736 0.0693 0.1226 0.1167
Z=200 -0.1167 -0.1180 0.0711 0.0712 -0.1165 -0.1162
Prec. -0.1035 -0.1165 -0.0709 -0.0703 01213 -0.1134
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