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Abstract: This work studies rate-independent evolution problems in Banach
spaces, which naturally generalize gradient flows via 1-homogeneous dissipation
functionals. Such problems are governed by a doubly-nonlinear differential inclu-
sion, whose solutions often exhibit low regularity due to the lack of super-linearity
in the dissipation. However, under suitable uniform convexity and regularity as-
sumptions on the energy functional, solutions can be shown to be Lipschitz contin-
uous in time. The main contribution of this thesis is a new variational proof of this
regularity result using the weighted energy-dissipation (WED) principle. This ap-
proach offers a purely variational alternative to existing proofs and extends recent
results in more specific settings.
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Introduction

Rate-independent processes are among the most natural evolution problems for
curves taking values in Banach spaces. They arise as a 1-homogeneous counterpart
to the classical theory of gradient flows.
The simplest setting for this type of evolution problems consists in

• a Banach space X, which serves as the state space of the problem;

• a convex dissipation functional Ψ : X −→ [0,+∞];

• a time-dependent energy E : [0, T ]×X −→ [0,+∞].

Then, one seeks curves u : [0, T ] −→ X, with u(0) = u0 that follow the direction of
maximal descending slope of the energy E . This evolution can be characterized in
terms of the dissipation Ψ and the differential DE of the energy by the following
doubly-nonlinear differential inclusion

0 ∈ ∂Ψ(u̇(t)) + DE(t, u(t)) ¢ X∗, for t ∈ (0, T ) (SF)

In this framework, gradient flows correspond to super-linear dissipation functionals
Ψ. The simplest example occurs when X is a Hilbert space and Ψ is its squared
norm. In this case, (SF) takes the classical form

u̇(t) = −∇E(t, u(t)),
where one usually identifies X and X∗ via the Riesz isomorphism.
On the other hand, rate-independent evolutions correspond to one homogeneous
dissipations, so that (SF) is invariant under monotone reparametrizations of time.
A typical example is when Ψ is the norm on the Banach space X. Although the
formal structure of the equation appears similar to the gradient flow case, the
loss of super-linearity introduces many new challenges. In particular, one usually
obtains only BV estimates in time for the solutions, so that jumps can typically
occur during the evolution, at least when the energy is not convex. Therefore, even
for very regular energies and data, one has to deal with a non-smooth setting and
possibly discontinuous solutions, which does not occur in the gradient flow case.
However, when the energy E is uniformly convex one can prove the following
regularity result (see Section 1.2):
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6 INTRODUCTION

Theorem. Assume E and Ψ to be defined on a Banach space (X, ∥∥) and satisfy
the following conditions:

1. ∃³ > 0, ∀t ∈ [0, T ] : E(t, ·) is ³-uniformly convex;

2. ∃C > 0, ∀t ∈ [0, T ], ∀u1, u2 ∈ X : |∂tE(t, u1)− ∂tE(t, u2)| f C∥u1 − u2∥.

Then, any solution u : [0, T ] −→ X is Lipschitz continuous and satisfies the estimate

∀s, t ∈ [0, T ] : ∥u(t)− u(s)∥ f C

³
|t− s|. (1)

The main contribution of this work is a new proof of this regularity result by
purely variational techniques. This is made possible by results obtained in [11],
where the authors reformulate Problem (SF) in a weaker variational form. They
introduce a weighted energy-dissipation functional (WED) of the form

I¼(u) = e−¼TE(T, u(T )) +
ˆ

[0,T ]

e−¼tΨ(du) +

ˆ T

0

e−¼t¼E(t, u(t))dt

defined for u ∈ BV([0, T ], X) with u(0) = u0 (here the first integral has to be inter-
preted in a Lebesgue-Steitjes sense), and prove that for ¼ −→ +∞, the minimizers
of I¼ converge to a solution of the rate-independent problem (SF); see Section 1.4
for the precise statement.
We prove that the minimizers of functionals of the form I¼, when Ψ is given by a
norm and E satisfies the hypothesis of the regularity theorem above, satisfy (1),
and are therefore uniformly Lipschitz continuous in ¼. This result draws on ideas
originally introduced in [6], where the authors study a special case of our theorem.
The uniform Lipschitz estimate, combined with the results of [11], allows us to
establish the desired regularity of solutions to (SF).

This work is organized as follows. Chapter 1 provides a more detailed intro-
duction to rate-independent processes, with a primary focus on the specific case
considered in this study, namely, when the dissipation potential Ψ is given by a
norm and the energy functional E is smooth and uniformly convex. However, we
also briefly outline the more general framework for these evolution problems, as
developed in [8], [13], and related works. In this broader setting, one can allow
for nonconvex and nonsmooth energy functionals, and the dissipation is modeled
using a more general dissipation distance D. In particular, we will present the
energetic formulation of the problem, developed by A.Mielke and his collabora-
tors [9, 10, 8], which allows one to construct solution via a time discretization
scheme resembling De Giorgi’s minimizing movement approximation scheme for
gradient flows [1, 5]. Another key part of this chapter is Section (wed), where
we describe the connection between the weighted energy-dissipation functionals I¼
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and the original rate-independent problem (SF).
Chapter 2 is devoted to the precise formulation and presentation of the main re-
sults of this work.
Finally, Chapter 3 is devoted entirely to the rigorous proofs of the results stated in
the previous Chapter. Here, we develop the necessary analytical tools and carry
out the variational arguments in detail.
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Chapter 1

Rate-independent processes

Rate-independent evolutions arise naturally in several branches of applied math-
ematics, such as dry friction on surfaces, viscoelasticity and plasticity. Such sys-
tems respond to changes in external actions in a manner which is invariant for
time rescalings, being driven by external loadings on a time scale much slower
than their internal scale.
This kind of behavior is encoded in the simplest example of rate-independent evo-
lution, namely the doubly nonlinear differential inclusion [4]

∂Ψ(u̇(t)) + DE(t, u(t)) ∋ 0, (SF)

u(0) = u0 ∈ X,

where X is a Banach space; Ψ : X −→ [0,+∞] is a 1-homogeneous (i.e., Ψ(¼v) =
¼Ψ(v), for every ¼ g 0), convex and lower semi-continuous dissipation potential;
E : [0, T ]×X −→ [0,+∞] is an energy-storage functional and time t varies in [0, T ]
(here ∂ denotes the subdifferential of a convex function and D denotes the gradient
with respect to the second variable). Thus, the inclusion (SF) must be interpreted
as a balance between dissipative and conservative forces.
The 1-homogeneity assumption on Ψ is the real source of rate-independence; in-
deed, it implies that for any strictly increasing diffeomorphism ³ : [0, T ] −→ [0, T̃ ],
the rescaled function ũ(t) = u(³(t)) is a solution of (SF) with Ẽ(t, ·) = E(³(t), ·).
This is the key distinction from classical rate-dependent gradient flows, where the
dissipation depends on u̇ in a superlinear manner, thereby losing the property of
time-rescaling invariance.

Classically, another way of modeling rate independent processes is through an
evolutive variational inequality

ïDE(t, u(t)), v − u̇(t)ð+Ψ(v)−Ψ(u̇(t)) g 0, ∀t ∈ [0, T ], ∀v ∈ X, (VI)

here ï, ð denotes the duality pairing between X and X∗; this formulation is com-
pletely equivalent to (SF) as one can immediately see from the definition of subd-
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10 CHAPTER 1. RATE-INDEPENDENT PROCESSES

ifferential

∂Ψ(w) = {p ∈ X∗ : Ψ(v) g Ψ(w) + ïp, v − wð, ∀v ∈ X}

However, in recent years a new energetic approach has been developed to study
the problem [8, 10, 9, 15, 12].

Definition 1.1. A curve u : [0, T ] −→ X is said to be an energetic solution of the
rate independent system associated with (X, E ,Ψ), if t −→ ∂tE(t, u(t)) is integrable
and for all t ∈ [0, T ] it satisfies the two following conditions:

E(t, u(t)) f E(t, û) + Ψ(û− u(t)), ∀û ∈ X; (S)

E(t, u(t)) + DissΨ(u, [0, t]) = E(0, u(0)) +
ˆ t

0

∂sE(s, u(s)) ds (E)

In the above definition DissΨ(u, [0, t]) denotes the total dissipation of the curve
u on the interval [0, t], which for an arbitrary interval J is defined as

DissΨ(u, J) = sup

{
N∑

k=1

Ψ(u(tk)− u(tk−1)) : N ∈ N, t0, tN ∈ J, t0 < · · · < tN

}

The first condition (S) is a global stability condition, and can be reformulated in
terms of sets of stable states

S(t) = {u ∈ X : E(t, u) f E(t, û) + Ψ(û− u), ∀û ∈ X},

by just saying u(t) ∈ S(t) for all t ∈ [0, T ]. Observe that (S) means that u(t)
is a global minimizer of û −→ E(t, û) + Ψ(û − u(t)); its immediate interpretation
is that the solution u minimizes the energy E while keeping into account the
dissipated energy. The second condition (E) is a global energy balance between
final, dissipated, initial energy and the work done by external forces on any interval
[0, t].
Observe that this definition of solution implies the two natural requirements for
evolutionary problems, namely that restrictions and concatenation of solutions
remain solutions. To be more precise, for any solution u : [0, T ] −→ X and any
subinterval [s, t] ¦ [0, T ], the restriction u|[s,t] is an energetic solution with initial
value u(s). Moreover, if u1 : [0, t] −→ X and u2 : [t, T ] −→ X are solutions on their
respective time intervals and if u1(t) = u2(t), then the concatenation of the two
curves u : [0, T ] −→ X is an energetic solution over [0, T ].
For general energies, this new notion of solution does not coincide with (SF) and
(VI); however, if the energy E is convex, one can prove that they are in fact
equivalent (see [10]). The intuition behind this equivalence for convex energies
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could be the following: for a general smooth curve u : [0, T ] −→ X, by Fenchel-
Young inequality one has

d

dt
E(t, u(t))− ∂tE(t, u(t)) = ïDE(t, u(t)), ẏ(t)ð g −Ψ(u̇(t))−Ψ∗(−DE(t, u(t))),

where Ψ denotes the Legendre-Fenchel transform of the convex dissipation poten-
tial Ψ. Integrating the previous inequality over the time interval [0, t] we obtain

E(t, u(t)) +
ˆ t

0

[Ψ(u̇(s)) + Ψ∗(−DE(s, u(s)))] ds g E(0, u(0)) +
ˆ t

0

∂sE(s, u(s)) ds.

Now, under our hypotheses of convexity and 1-homogeneity of Ψ, one can prove
that Ψ is the support function of a closed convex set F ∗ ¢ X∗ and thus Ψ∗ = ÇF ∗ ,
the indicator function (in the sense of convex analysis) of F ∗, and DissΨ(u, [0, t]) =
´ t

9
Ψ(u̇(s))ds, the total dissipated energy. Thus the previous identity is equivalent

to the following two conditions

{

−DE(s, u(s)) ∈ F ∗, ∀s ∈ [0, t],

E(t, u(t)) + DissΨ(u, [0, t]) g E(0, u(0)) +
´ t

0
∂sE(s, u(s)) ds.

One can easily see that for convex energies the stable sets are implicitly defined
by S(t) = {u : −DE(s, u) ∈ F ∗}; so that, the first condition means u(s) ∈ S(s)
for all s ∈ [0, t], which is (S) in Definition 1.1.
Meanwhile, the second condition is (E) provided one has equality instead of in-
equality, this happens precisely when one has equality at all times in the Fenchel-
Young inequality we used above, that is, if and only if ∂Ψ(u̇(t)) ∈ −DE(t, u(t)),
for all t ∈ [0, T ], which is the original subdifferential inclusion (SF).
Obviously, this is only an heuristic argument for general Ψ and E , since, normally,
a solution of (S)&(E) does not possess a time derivative, and thus one has to be
more careful with any term involving u̇.
The major advantage of this energetic formulation is that it does not require any
derivative of Ψ, E or u, except for the time derivative of t −→ E(t, û). Thus, one is
able to define a notion of solution even when E(t, ·) is non-differentiable, allowing
the theory describe problems in mechanics where the energies of the systems have
very low regularity. However, in this case one has to allow the solutions to have
discontinuous trajectories.
This chapter will be organized as follows. In Section 1.1 we will introduce some
well-posedness results for the energetic formulation given above. We will treat two
cases: the first consists of systems with smooth and uniformly convex energies
defined on a Banach space, the second is the one of nonconvex and nonsmooth en-
ergies; in this last case the theory can be generalized to treat situations where the
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state space does not possess a linear structure and the dissipation is implemented
through a more general dissipation distance D, however, we will not treat this case
in detail and we will just give a result for nonconvex energies over a Banach space,
as this is setting of our regularity results of Chapter 2.
In Section 1.2 we will show how one can obtain regularity for the solutions of the
energetic formulation under some additional hypotheses on the energy.
Finally, in Section 1.3, we will present some examples of rate-independent systems
for which the results of the previous sections can be applied. In particular, we
will show that even when the state space is one dimensional, the solutions of the
energetic formulation may have discontinuous trajectories.
Most of the results of this Chapter will be presented without proof; this is a choice
we took in order to make the presentation of the topic lighter, and mostly because
the techniques we used in the proof of our results of Chapter 2 are completely
different from the ones used to prove the result we are going to present in this
Chapter. Nevertheless, we refer the interested reader to the very complete survey
[8], which is where most of the results of this Chapter are taken from, and to [13]
for a general overview of the possible applications of rate-independent processes
in mechanics.

1.1 Existence and uniqueness results

Most existence results in the theory of rate-independent processes were obtained
for the energetic formulation of Definition 1.1; this is due to the fact that this is the
only notion of solution that generalizes to more general nonlinear and nonconvex
situations like the one we will briefly introduce in Section 1.1.2, and that there
exists a natural approach to solve (S)&(E) via time discretization.
For this, fix a sequence of partitions 0 = tN0 < tN1 < · · · < tNN−1 < tNN = T of
the interval [0, T ] depending on the parameter N ∈ N, such that the finiteness
∆N = max{tNk − tNk−1 : k = 1, . . . N} tends to zero as N −→ +∞. We solve
iteratively for a given initial value u0 ∈ S(0) and each N the minimization problem

uNk ∈ argmin{E(tNk , u) + Ψ(u− uNk−1) : u ∈ X}

Then, define the piecewise constant function uN taking the values uNk on the in-
terval [tNk−1, t

N
k ] for each k = 1, . . . , N . To conclude now, one just needs to show

that the family (uN)N is precompact in some appropriate topology and the limit
function satisfies the energetic formulation (S)&(E).
The existence results of the following sections were obtained in [10] and [8] using
this approach.
On the other hand, most uniqueness results are obtained by working directly on
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the definition of energetic solution. In general, uniqueness of solutions holds only
under the hypotheses of strict convexity of the energy E .

The second approach is based on the theory of set-valued monotone operators
and heavily relies on an underlying Hilbert or Banach structure. One can also
treat nonsmooth problems by means of regularization techniques. We refer to [4]
for this approach, where some existence results for doubly nonlinear differential
inclusions were obtained using the Yosida regularization of a monotone operator.

1.1.1 Smooth and uniformly convex energies

In this section we treat the case of general smooth and uniformly convex energies
E on a reflexive Banach space (X, ∥∥). This case was thoroughly analyzed in [8],
which was inspired by the previous works [9, 15, 10].

The dissipation potential Ψ : X −→ [0,+∞] is assumed to be convex, 1-
homogeneous and lower semicontinuous; recall that this implies that Ψ is the
Legendre-Fenchel transform of the indicator function of the closed convex set F ∗ =
∂Ψ(0) ¢ X∗. The value +∞ is allowed, as well as Ψ(v) = 0 even if v ̸= 0. Impor-
tantly, contrary to [10], we do not require the assumption Ä1∥v∥ f Ψ(v) f Ä2∥v∥,
for 0 < Ä1 f Ä2. Thus, this section can be used to model various situation in
continuum mechanics where X = L2(Ω) and Ψ(v) = ∥v∥L1(Ω).

Throughout this section we will assume E ∈ C3([0, T ] × X, [0,+∞]) and the
existence of a positive constant CE > 0 such that

E(t, u) <∞ =⇒
{

∂tE(·, u) : [0, T ] −→ R is measurable

and |∂tE(t, u)| f CE(E(t, u) + 1);

and that for each E0 > 0 there exixt constants Cty, Cyyy, Ctyy > 0 such that

E(0, y) < E0 =⇒
{

∥DE(t, y)∥, ∥D2E(t, y)∥, ∥∂tDE(t, y)∥ f Cty,

∥D3E(t, y)∥ f Cyyy, ∥∂tD2E(t, y)∥ f Ctyy,

where the norms have to be intended as the appropriate operator norms. But most
importantly, we will make the hypotheses of uniform convexity of the energy, that
is ∃³ > 0 such that

E(t, (1− ¹)u1 + ¹u2) f (1− ¹)E(t, u1) + ¹E(t, u2)−
³

2
¹(1− ¹)∥u1 − u2∥2, (1.1)

for all ¹ ∈ [0, 1] and u1, u2 ∈ X; we recall that because of C2-regularity, the
condition above is equivalent to

∃³ > 0, ∀u, v ∈ X : ïD2E(t, u)v, vð g ³∥v∥2;
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Because of strict convexity of the energy over a Banach space X, the energetic
formulation (S)&(E) is equivalent to (SF) and (VI) (see for instance [10], Theorems
3.4 & 3.5, for a rigourous proof of this fact).
In the uniformly convex and smooth case one can also fairly easily obtain stability
of the solution with respect to initial data.

Proposition 1.1.1 ([8], Proposition 4.1). Let u1, u2 : [0, T ] −→ X be two solutions
of (VI). Then there exists a constant K > 0 such that for all t ∈ [0, T ] one has

∥u1(t)− u2(t)∥ f K∥u1(0)− u2(0)∥

But most importantly, one can prove well-posedness of the problem.

Theorem 1.2 ([8], Theorem 4.3). For each u0 ∈ S(0) there exists a unique solution
of u ∈ W1,∞([0, T ], X) of (S)&(E) with u(0) = u0.

The existence part of this Theorem was obtained by the authors by means
of the time discretization scheme described above. In particular, the reflexivity
hypotheses on X is only used to obtain the necessary precompactness of the piece-
wise constant solutions of the incremental problem, and can be replaced by some
weaker compactness hypotheses of the sublevels of E . In this very simple case the
convergence of the discretized solutions to the limit is in the L∞([0, T ], X) norm.
The regularity of the solution is a consequence of the uniform convexity of E(t, ·)
(see in Theorem 1.4 below), as well as the Lipschitz stability with respect to initial
data (which would give another proof of the uniqueness of solutions).

1.1.2 Nonconvex and nonsmooth problems

The existence theory for nonconvex and nonsmooth energies is often formulated
in a more general nonlinear setting [8, 7], in order to be able to treat a wider
range of mechanical application. Usually, the state space is chosen as the set
X = F × Z; this splitting is chosen such that the dissipation of the system only
affects the variables z ∈ Z, and has no effect on the so called elastic variables φ ∈
F . Moreover, the dissipation is implemented through a more general dissipation
distance D : Z × Z −→ [0,+∞], which generalizes Ψ via D(z1, z2) = Ψ(z2 − z1),
and that does not require a linear structure on Z.

In this very general nonlinear setting, the formulations (SF)&(VI) do not make
sense; however, the notion of solution via (S)&(E) is very easily generalized by just
substituting Ψ(û − u(t)) by D(u(t), û) in (S), and by replacing DissΨ(u, [0, t]) by
the new total dissipation

DissD(u, [0, t]) = sup

{
N∑

k=1

D(u(tk−1), u(tk)) : N ∈ N, 0 = t0 < · · · < tN = t

}

.
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Furthermore, one can obtain existence for the energetic formulation by a nonlinear
analogue of the incremental minimization scheme of the previous section.

The complete treatment of this case goes beyond the scope of this thesis, since
our regularity results of Chapter 3 are derived with an underlying linear structure
and with a uniform convexity assumptions on the energy of the problem, and thus
will mostly apply to the systems described in the previous section. However, we
include an existence result for nonconvex and nonsmooth energies defined on a
nonreflexive Banach space, which can be obtained as an easy consequence of the
nonlinear theory just described.

Theorem 1.3 ([8], Theorem 5.8). Let Z and X be Banach spaces. Suppose that
X is compactly embedded in Z and that BX is closed in Z, and that Ψ(·) = ∥ · ∥Z.
Furthermore, the functional E : [0, T ]× Z −→ [0,+∞] has the following properties:

1. E is lower semi-continuous on [0, T ]×Z (with respect to the strong topology
of Z);

2. For some real numbers c1 > 0, C2 and ³ > 0 we have

E(t, x) g c1∥x∥³H − C2;

3. There exists CE > 0 such that for all x ∈ X:

E(t, x) <∞ =⇒ ∂tE(·, x) : [0, T ] −→ R is measurable

and |∂tE(t, x)| f CE(E(t, x) + 1);

4. For all E∗ > 0 and ε > 0, there exists ¶ > 0 such that

E(t, x∗) f E∗ and |t− s| f ¶ =⇒ |∂tE(t, x∗)− ∂tE(s, x∗)| < ε.

Then, for each x0 ∈ S(0) there exists at least one solution x ∈ BV([0, T ], Z) ∩
L∞([0, T ], X) of (S)&(E) with x(0) = x0.

We will directly apply this result in the next Chapter, when we will talk about
the Weighted energy-dissipation principle and its application to the existence the-
ory for rate-independent processes.

1.2 Regularity

As we already described at the start of this Chapter, in general, a solution of
the differential inclusion (SF) will have jumps in its trajectory, and thus, will not
be continuous. However, when the energy functional E possesses some convexity
properties, one can show that the solutions of (SF) are continuous. This will be
the topic of this section.
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1.2.1 Lipschitz regularity via uniform convexity

Theorem 1.4 ([8], Theorem 3.4). Assume E and Ψ to be defined on a Banach
space (X, ∥∥) and satisfy the following conditions:

1. ∃³ > 0, ∀t ∈ [0, T ] : E(t, ·) is ³-uniformly convex (in the sense of (1.1));

2. ∃C > 0, ∀t ∈ [0, T ], ∀u1, u2 ∈ X : |∂tE(t, u1)− ∂tE(t, u2)| f C∥u1 − u2∥.

Then, any energetic solution u : [0, T ] −→ X is Lipschitz continuous and satisfies
the estimate

∀s, t ∈ [0, T ] : ∥u(t)− u(s)∥ f C

³
|t− s|. (1.2)

Proof. Let us first observe that, thanks to the first hypotheses and the convexity
of Ψ, we have that ∀(t, u) ∈ [0, T ] × X, the function û −→ E(t, û) + Ψ(û − u) is
³-uniformly convex with respect to ∥∥. We recall that for the minimizer y∗ of an
³-uniformly convex function f one always has f(y) g f(y∗) +

³
2
∥y − y∗∥2, which

in particular implies that the minimizer is unique. But now, using (S), we have
that u(s) is the minimizer of û −→ E(s, û) + Ψ(û− u(s)), so that

³

2
∥u(s)− u(t)∥2 f E(s, u(t)) + Ψ(u(t)− u(s))− E(s, u(s))

f E(t, u(t)) + DissΨ(u, [s, t])− E(s, u(s))−
ˆ t

s

∂ÄE(Ä, u(t)) dÄ

f
ˆ t

s

[∂ÄE(Ä, u(Ä))− ∂ÄE(Ä, u(t))] dÄ f C

ˆ t

s

∥u(Ä)− u(t)∥ dÄ

Where we used Ψ(u(t)−u(s)) f DissΨ(u, [s, t]) and (E). Now, for fixed t let ¶(s) =
∥u(s) − u(t)∥; then we have just shown that ¶(s)2 f 2C

³

´ t

s
¶(Ä) dÄ for s ∈ [0, t].

Let h(r) =
´ t

t−r
¶(Ä) dÄ for r g 0; then h(0) = 0 and h′(r) f (2Ch(r)/³)1/2, which

implies h(r) f Cr2/(2³) and then ¶(t−r) f Cr/³, which is the desired result.

This result directly applies to the cases of Section 1.1.1, however we must point
out that one can obtain an analogous result for rate-independent processes defined
over a metric space (X , d) and where the uniform convexity and the Lipschitz
continuity of ∂tE(t, ·) are with respect to the metric d. Thus, this result can also
be applied to the cases described at the start of Section 1.1.2.

1.2.2 Higher regularity

Under some additional hypotheses on the regularity of the solutions can be im-
proved from the Lipschitz continuity of Theorem 1.4 to ẏ ∈ BV([0, T ], X), but this
is the best we can hope for (see Example 1.7).
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Theorem 1.5. Assume in addition to the hypotheses of Theorem 1.4, that E ∈
C3([0, T ] × X,R) and Ψ = (IF ∗)∗, where F ∗ satisfies B∗

Ä1
(0) ¦ F ∗ ¦ B∗

Ä2
(0), or

equivalently Ä1∥ · ∥ f Ψ(·) f Ä2∥ · ∥, for some constants 0 < Ä1 < Ä2, and that its
boundary ∂F ∗ is of class C2, then any solution of (VI) satisfies ẏ ∈ BV ([0, T ], X).

This result is proved in [10], Theorem 7.8. This higher temporal regularity
can be used to improve the rate of convergence of the solutions to the incremental
problem; in addition one can also obtain convergence of the time derivative in the
L2([0, T ], X) norm, if one considers the piecewise linear interpolants instead of the
piecewise constant ones (see [8], Theorem 4.11).

1.3 Examples

In this section, we present several examples of rate-independent systems to il-
lustrate the theoretical concepts discussed earlier. These examples are chosen to
highlight key features such as hysteresis and non-smooth behavior. Wherever pos-
sible, we also demonstrate the systems’ time evolution to provide a more intuitive
understanding of their dynamics.

1.3.1 One dimensional examples

The simplest examples of rate independent evolution are formulated over the real
line X = R, with the dissipation potential given by Ψ(v) = »|v|. Although this
setting may appear overly simplistic, it already captures the rather different be-
havior of the solutions when transitioning from convex to nonconvex energies. The
major advantage of this one dimensional case is that solutions can be computed
explicitly fairly easily directly from the definition.

Example 1.6 ([10], Example 7.7). Consider the rate-independent system with X =
R, Ψ(v) = |v| and E1(t, u) = 1

2
u2−ℓ(t)u with ℓ(t) = 4t−t2. This system falls under

the cases investigated in Section 1.1. So for every stable initial condition there
exists a unique Lipschitz continuous solution, thanks to Theorem 1.2. In particular
for the initial condition u(0) = 0 ∈ [−1, 1] = S(0), some easy computations give

u(t) =







0 for t f 2−
√
3,

4t− t2 − 1 for t ∈ [2−
√
3, 2],

3 for t ∈ [2, 2 +
√
2],

4t− t2 + 1 for t g 2 +
√
2.

A nice visual representation of the solution is given in the (u, ℓ)-plane (see Figure
1.1). In particular, one can easily observe that u(t) ∈ S(t) = [ℓ(t)− 1, ℓ(t) + 1] at
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every time t. Furthermore, we observe that u̇(t) ∈ BV([0, T ]), in accordance with
Theorem 1.5.

u

ℓ

+1

-1

Figure 1.1: Plot of the solution (thick line) in the (u, ℓ) plane. The arrows indicate
the positive direction of time

Example 1.7 ([11], Example 3.2). Consider the rate-independent system with X =
R, Ψ(v) = 1

2
|v| and E2(t, u) = F (u) − ℓ(t)u. Where F is a double-well potential,

defined as

F (u) =







1
2
(u+ 1)2 for u f −1

2
,

1
4
− 1

2
u2 for |u| f 1

2
,

1
2
(u− 1)2 for u g 1

2
.

In this case the energy is not convex; nevertheless, one can still obtain existence
and uniqueness for (S)&(E), however the solution obtained will discontinuous. In
the special case ℓ(t) = min{t − 1, 5 − t} with initial condition u(0) = −2, the
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solution on the interval [0, 7] can be recovered easily from the energy balance (E):

u(t) =







−2 for t ∈ [0, 1/2],

t− 5/2 for t ∈ [1/2, 3/2),

t− 1/2 for t ∈ (3/2, 3],

5/2 for t ∈ [3, 4],

13/2− t for t ∈ [4, 11/2),

9/2− t for t ∈ (11/2, 7].

One can observe that, as often happens with nonconvex energies, the solution has
two discontinuities at times t = 3/2 and t = 11/2 (see Figure 1.2).

u(t)

ℓ(t)

F ′ + 1/2

F ′ − 1/2

Figure 1.2: Plot of the solution in the (u, ℓ)-plane

1.3.2 Example with quadratic energy

A typical situation in continuum mechanical problems is that the state variable
x ∈ X consists of two components; an elastic component u ∈ U and a dissipative
component z ∈ Z. The splitting is such that the dissipation functional Ψ : Y −→
[0,+∞] depends only on the ż component of ẏ. In particular we have

x = (u, z) ∈ U × Z = X, Ψ(ẋ) = Ψ((u̇, ż)) = Ψ̃(ż)
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with Ψ̃(ż) > 0 when ż ̸= 0. A possible choice for the energy functional E is the
quadratic one, i.e. E and takes the form E(t, x) = 1

2
ïAy, yð − ïℓ(t), yð, where the

linear operator A is given by

A =

(
AUU AUZ

AZU AZZ

)

∈ Lin(U × Z,U∗ × Z∗), AUU > 0

and ℓ = (ℓU , ℓZ) ∈ C([0, T ], U∗ × Z∗) plays the role of an external loading in our
system. With these choices, the subdifferential formulation takes the form

0 = AUUu+ AUZz − ℓU(t) ∈ U∗, and ∈ ∂Ψ̃(ż) + AZUu+ AZZz − ℓZ(t) ¢ Z∗.

The first equation is often called elastic equilibrium condition and can be solved
uniquely for u given z and ℓU , while the second inclusion is the flow rule of the
rate-independent internal variable z.

1.4 Weighted energy-dissipation principle

In [11], the authors propose a new method for obtaining solutions to (SF) by what
they call weighted energy-dissipation principle. With this method the solution of
the rate-independent system with initial datum u(0) = u0 is obtained as the limit
of minimizers to the parametrized family of functionals (I¼)¼>0, where

I¼(u) = e−¼TE(T, u(T )) +
ˆ

[0,T ]

e−¼tΨ(du) +

ˆ T

0

e−¼t¼E(t, u(t)) dt

is defined for curves u ∈ Y with u(0) = u0 (Y denotes some suitable space of paths
to be specified after making some assumptions on Ψ and E). The first integral
represents a weighted total dissipation, which can be defined as

sup

{
N−1∑

k=0

e−¼tk+1Ψ(u(tk+1)− u(tk)) : 0 = t0 < · · · < tN = T

}

,

while the second integral corresponds to a weighted total energy.
Let us present some of the intuition behind this choice of functional. As we already
explained in Section 1.1, a common way of obtaining solutions of (SF) is through
an incremental minimization scheme based on time discretization. In particular,
recall that the incremental problem presented in Section 1.1 consisted of a sequence
of minimum problems

inf
uk+1∈X

Fk+1(uk+1, uk), k = 0, . . . , N − 1 (1.3)
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where

Fk+1(uk+1; uk) = ∆tΨ

(
uk+1 − uk

∆t

)

+ E(tk+1, uk+1)− E(tk, uk), (1.4)

for tk = k∆t, with ∆t > 0, and u0 ∈ S(0).
Note that the small time discretization parameter ∆t has no influence in the min-
imization (1.3) due to the 1-homogeneity of Ψ, but we still include the extra term
−E(tk, uk) in order for the dissipative and energetic terms to have the same order
in ∆t. In addition, we recall that the problems (1.3) are to be solved incremen-
tally/causally, that is: problem k = 0 is solved first, with initial datum u0, to
compute u1; then problem k = 1 is solved, knowing the value of u1, in order to
compute u2; and so on.
This sequence of incremental problems can be collected into a single minimum
problem on the entire discretized trajectory u = {u1, . . . , uN} using the concept of
Pareto optimality. A candidate for such a functional to minimize could be

I(u;É) =
N−1∑

k=0

Ék+1Fk+1(uk+1; uk), (1.5)

where É = {É1, . . . , ÉN} are the so called positive Pareto weights. To ensure
causality one can consider a sequence of weights É¼

1 k · · · k É¼
N , indexed by a

parameter ¼ to satisfy

lim
¼→+∞

É¼
k+1

É¼
k

= 0

With this choice, as ¼ → +∞, the minimization of I gives disproportionately
larger importance to the first minimization problem relative to the second, to the
second relative to the third, and so on.
If in addition we suppose É¼

k = É¼(tk) for some function É¼ : [0, T ] → (0,+∞)
such that

lim
¼→+∞

É¼(t)

É¼(s)
= 0, ∀ s, t ∈ [0, T ], s < t

then causality is preserved and (1.5) becomes

I(u;É¼) =
N−1∑

k=0

É¼(tk+1)

{

Ψ

(
uk+1 − uk

∆t

)

+
E(tk+1, uk+1)− E(tk, uk)

∆t

}

∆t,

which can be regarded as a time discretization of the following time-continuous
functional

Ĩ¼(u) =

ˆ T

0

É¼

[

Ψ(u̇) +
d

dt
E(t, u)

]

dt

= É¼(T )E(T, u(T ))− É¼(0)E(0, u(0)) +
ˆ T

0

[
É¼Ψ(u̇)− ẇ¼E(t, u)

]
dt,
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where in the last step we have performed an integration by parts.
An admissible and simple choice is É¼(t) = e−¼t, from which we recover the
weighted energy dissipation functional presented above, up to the constant term
E(0, u(0)) = E(0, u0).
Another connection between the weighted energy-dissipation functionals I¼ and
(SF) is that formally the Euler-Lagrange system for the functional I¼ consists of







DΨ(u̇) + DE(t, u)− 1
¼
D2Ψ(u̇)ü = 0,

u(0) = u0,

DΨ(u̇(T )) + DE(T, u(T )) = 0,

(1.6)

which can be interpreted as an elliptic regularization of the original differential
inclusion (SF). One may therefore expect that minimizers converge to solutions
of the equation DΨ(u̇) + DE(t, u) = 0.

Let us now introduce the assumptions required in order to rigorously prove
the convergence of minimizers of I¼ to solutions of the rate-independent system.
Let (X, ∥∥X) be a separable, reflexive Banach space that is compactly embedded
into a larger Banach space (Z, ∥∥Z). Assume Ψ : Z → [0,+∞] to be convex,
1-homogeneous, lower semi-continuous on X and such that

∃c > 0, ∀v ∈ Z : Ψ(v) g c∥v∥Z , (1.7)

and let E : [0, T ]× Z → R∞ be weakly lower semicontinuous and satisfying

∃³, c1, C2 > 0, ∀(t, v) ∈ Z : E(t, v) g c1∥v∥³X − C2, (1.8)

and there exists CE > 0 such that for all v ∈ Z, ∂tE(·, v) : [0, T ] −→ R is measurable
and

|∂tE(t, v)| f CE(E(t, v) + 1), ∀t ∈ [0, T ]. (1.9)

Note that these assumptions closely mirror those of Theorem 1.3, which guarantees
existence of solutions to the corresponding rate-independent system.

At this point, one can prove that any minimizer u¼ of I¼ also satisfies the
energy balance (E), that is

E(t, u¼(t)) +
ˆ

[0,t]

Ψ(du¼) = E(0, u0) +
ˆ t

0

∂sE(s, u¼(s)) ds, ∀t ∈ [0, T ]. (E)

We observe that this identity for u¼ is entirely independent of ¼; as such, it can be
used to obtain very useful energetic a priori estimates for the minimizers. Indeed,
thanks to assumption (1.9) we have

E(t, u¼(t)) f
(
E(0, u0) + 1

)
eCE t − 1
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ˆ

[0,t]

Ψ(du) f
(
E(0, u0) + 1

)
eCE t

From these estimates, and using the coercivity assumptions (1.7) and (1.8), one
can obtain the following uniform a priori estimates

∃C > 0, ∀¼ > 0 : ∥u¼∥L∞([0,T ];X) f C,

ˆ

[0,T ]

∥du∥Z f C.

This suggests that the right choice to obtain precompactness of the minimizers
could be

Y = BV([0, T ];Z) ∩ L∞([0, T ];X),

equipped with the weak* convergence

uk
Y
á u ⇐⇒







supk

´

[0,T ]
∥duk∥Z <∞

∀w ∈ L1([0, T ];X∗)
´ T

0
ïuk(t), w(t)ðdt→

´ T

0
ïu(t), w(t)ðdt

This is indeed the case; one can, in fact, prove the following convergence result for
the minimizers, that will be the basis for our regularity result for rate-independent
systems.

Theorem 1.8 ([11], Theorem 4.2). Any family of minimizers (u¼)¼>0 for the
family I¼ is weakly* precompact in Y. Moreover, any limit point u ∈ Y obtained
for ¼ → +∞ is a solution of the energetic formulation of the rate-independent
system associated to Ψ and E .

After this first application to rate-independence processes, the same techniques
have been applied to a wide range of evolution problems, ranging from gradient
flows [14, 16] to Mean-Field games [2].
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Chapter 2

Original contributions

As we anticipated in the Introduction the main contribution of this work is a Lip-
schitz regularity result for the minimizers of a class of weighted energy-dissipation
functionals.
The possibility of uniform Lipschitz bounds for the minimizers of weighted energy
dissipation functionals was suggested by a special case, studied in [6], which is
inspired by a problem in the theory of Mean-Field games. In such an article, the
authors derive uniform Lipschitz estimates for functionals of the form

F¼(Ä) = È0(Ä(0)) +

ˆ T

0

e−¼t

ˆ

Ω

|Ä̇(t, x)|+ V (t, x)Ä(t, x) + f(Ä(t, x)) dxdt

among Ä ∈ BV([0, T ],L1(Ω)) ∩ L2([0, T ] × Ω) which are densities of probability
measures on the set of unitary volume Ω ¦ R

d (i.e. subject to the additional
constraints Ä g 0 and

´

Ω
Ä dx = 1, ∀t g 0), where È0 is a given penalization

for the initial value of the density, seeing that a Dirichlet condition of the type
Ä(0) = Ä0, is undesirable since Ä, being only of bounded variation, could have a
jump at t = 0.
They prove that, under a uniform convexity assumption on f , i.e. f ′′ g c0 > 0, a
unique minimizer of F¼ exists and is Lipschitz continuous in time, independently
of ¼, with values in L2(Ω).
Our main result generalizes this to the setting of abstract Banach spaces. In doing
so, we extend the applicability of the result to the theory of rate-independent
processes, providing new insights into the regularity of such systems.
In this very general context we were able to prove the following result.

Theorem 2.1. Let (Z, ∥∥Z) be a real Banach space and X ¦ Z be a subspace
equipped with another norm ∥∥X such that:

(X, ∥∥X) is a reflexive Banach space

25
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∥ · ∥Z is lower semi-continuous with respect to the strong topology of X

Let E ∈ C2([0, T ]× Z; [0,+∞]) and F : Z −→ [0,+∞] satisfy for all t ∈ [0, T ]:

E(t, ·) is c0-uniformly convex with respect to ∥∥X
∂tE(t, ·) is c0-Lipschitz continuous with respect to ∥∥X

There exists CE > 0 such that |∂tE(t, x)| f CE(E(t, x) + 1) for all x ∈ Z

F is convex and 1-Lipschitz-continuous with respect to ∥∥Z
Finally, assume that there exists a family of finite dimensional subspaces (Xd)dg1

of X such that for all x ∈ X one can find a sequence (xd)dg1 with xd ∈ Xd, xd −→ x
with respect to ∥∥Z, and satisfying E(t, xd) −→ E(t, x) with E(t, xd) f E(t, x) + 1,
for all t ∈ [0, T ].
Then there exists a unique minimizer of

F(v) = F (v(0+)) +

ˆ

(0,T ]

e−¼t∥dv∥Z +

ˆ T

0

e−¼t¼E(t, v(t)) dt

among curves v ∈ BV([0, T ];Z) ∩ L2([0, T ];X). Moreover, the minimizer is Lips-
chitz continuous and satisfies

∥u̇(t)∥X f C0

c0
, for a.e. t ∈ [0, T ]

Observe that we have not imposed an initial condition u(0) = u0 for the vari-
ational problem, mirroring the approach of [6]. This choice is motivated by the
special role of Dirichlet boundary conditions in the BV setting: any curve u which
takes the value u0 at t = 0, but has a different right-limit value u(0+), is still con-
sidered to satisfy the condition u(0) = u0. In particular, one can freely choose the
value of the curve on (0, T ] to minimize the functional and then insert a jump to
u0 at t = 0, adding a cost ∥u(0+)− u0∥Z to the total variation. Thus, we identify
the value of the curve at t = 0 with its right-limit and replace the Dirichlet condi-
tion with a penalization term F , where a typical example satisfying the theorem’s
assumptions is F (v) = ∥v − u0∥Z for some u0.

However, we also prove that if a Dirichlet initial condition is imposed, and the
initial value satisfies an additional assumption

∥DE(0, u0)∥Z∗ f 1

then the minimizer has no jump at t = 0.
This condition means precisely u0 ∈ S(0), the stable set at time t = 0 of the rate-
independent process associated to Ψ = ∥∥Z and E . Indeed, as shown in Chapter 1,
when the initial value is stable, we know that the solution to the rate-independent
process is continuous at t = 0.
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Theorem 2.2. Consider the functional

F(v) =

ˆ

[0,T ]

e−¼t∥dv∥Z +

ˆ T

0

e−¼t¼E(t, v(t)) dt

among curves v ∈ BV([0, T ];Z) ∩ L2([0, T ];X) such that v(0) = u0 ∈ X. Assume
that, in addition to the hypotheses of Theorem 2.1, one also has

∥DE(0, u0)∥Z∗ f 1

Then, there exists a unique minimizer of F . Moreover, this minimizer is Lipschitz
continuous on [0, T ] and satisfies

∥u̇(t)∥X f C0

c0
, for a.e. t ∈ [0, T ]

Using this regularity result and Theorem 1.8, one can immediately obtain the
following:

Theorem 2.3. Under the assumptions on X,Z and E of Section 1.4 and those
required in Theorem 2.1, there exists a unique energetic solution of the rate-
independent system associated to Ψ = ∥∥Z and E with initial value u0 ∈ S(0).
Moreover, the solution is Lipschitz continuous on [0, T ] and satisfies

∥u̇(t)∥X f C0

c0
, for a.e. t ∈ [0, T ].

This can be seen as a generalization of Theorem 1.4, proved in Section 1.2, to
the setting of Theorem 1.3. Notably, our result applies only to the case where Ψ
is given by a norm ∥∥Z . However, we expect that, with some additional technical
work, our proof could be extended to the more general setting discussed in Section
1.4.
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Chapter 3

Proofs

3.1 Proof of Theorem 2.1

As we anticipated in the previous Chapter, the proof of Theorem 2.1 will consist
of several approximation steps. In Section 3.1.1, we state and prove an analogue
of Theorem 2.1 in finite-dimensional spaces, under the additional assumption that
the norms ∥∥Z and ∥∥X are smooth. In Section 3.1.2, we present a way of ap-
proximating nonsmooth norms by smooth ones, which will allow us to extend our
regularity result in finite dimension to generic nonsmooth norms ∥∥Z , ∥∥X . Fi-
nally, in Section 3.1.3, we prove Theorem 2.1 by using some finite dimensional
approximations for which the regularity results of Section 3.1.1 apply.

3.1.1 Regularity in finite dimension

In this section we prove the regularity result for a simpler problem on a finite
dimensional real vector space V equipped with two smooth norms ∥ · ∥Z , ∥ · ∥X .
Recall that, after having chosen a basis (ei)i of V , we can define a scalar product
ï, ð on V (and its associated norm | · |) by simply imposing ïei, ejð = ¶ij for
i, j ∈ {1, . . . , d} (d being the dimension of V over R), with this structure V is
isometric to R

d when equipped with the euclidean scalar product. In what follows,
the gradients (and higher order derivatives) of functions over V will be defined with
respect to this linear structure; the same is true for the dual norms ∥ · ∥Z∗ , ∥ · ∥X∗ .
For example for w ∈ V we have

∥w∥Z∗ = sup{ïw, vð : ∥v∥Z f 1}.
We also recall that, since V is finite dimensional, any two norms ∥∥1, ∥∥2 are
equivalent, i.e. there exists a constant A g 1 such that

1

A
∥v∥1 f ∥v∥2 f A∥v∥1, ∀v ∈ V,

29
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and, thus, their respective topologies coincide. However, in some cases, we will
still indicate the norm we are considering, by adding a subscript, as we did for
infinite dimensional spaces; for instance we will write u ∈ L2

X([0, T ];V ) if

ˆ T

0

∥u(t)∥2Xdt < +∞;

We are now ready to state and prove the main result of this Section.

Theorem 3.1. (Regularity in finite dimensional spaces) Let V be finite dimen-
sional real vector space, equipped with two norms ∥∥Z , ∥∥X , such that ∥∥X , ∥∥Z ∈
C∞(V \{0}) and ∥∥2X is uniformly convex with respect to | · |, i.e. ∃µ > 0 such that
ïD2(∥ · ∥2X)(v)w,wð g µ|w|2, for all v, w ∈ V .
Let E ∈ C2([0, T ]×V ; [0,+∞]) be an energy-storage functional such that, for some
constants c0, C0 > 0,

ïD2E(t, v)w,wð g c0∥w∥2X , and ∥∂tDE(t, v)∥X∗ f C0,

for all v, w ∈ V and t ∈ [0, T ]. Let F : V −→ [0,+∞) be a 1-Lipschitz function
with respect to ∥∥Z.
Then, there exists a unique minimizer u of

F(v) = F (v(0+)) +

ˆ

(0,T ]

e−¼t∥dv∥Z +

ˆ T

0

e−¼t¼E(t, v(t)) dt,

over BVZ([0, T ], V ) ∩ L2
X([0, T ];V ). Moreover, the minimizer is Lipschitz contin-

uous and satisfies the estimate

∥u̇(t)∥X f C0

c0
, for a.e. t ∈ [0, T ]. (3.1)

Proof. We start by proving the desired regularity result for the regularized func-
tionals F¶,ε,³ : H1([0, T ];V ) −→ [0,+∞), defined by

F¶,ε,³(v) = ³F (v(0+)) +

ˆ T

0

e−¼t[L¶,ε(v̇(t)) + ¼E(t, v(t))] dt,

where L¶,ε ∈ C∞(V \{0}) ∩ C1(V ) is an approximation of ∥∥Z , defined by

L¶,ε(v) =
√

¶2 + ∥v∥2Z +
ε

2
∥v∥2X , ∀v ∈ V.

The existence and uniqueness of a minimizer of F¶,ε,³ can be readily established
using the direct method. Indeed, one can obtain a uniform bound in H1([0, T ];V )
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for any minimizing sequence, by leveraging the definition of L¶,ε and the uniform
convexity of E(t, ·); thus, we obtain precompactness of the minimizing sequence
with respect to the weak topology of H1([0, T ];V ). Finally, using the continuity
and the convexity of L¶,ε, E(t, ·) and F , we can see that F¶,ε,³ is sequentially
lower semi-continuous with respect to the weak topology of H1([0, T ];V ). The
uniqueness of the minimizer follows because of the uniform convexity of E(t, ·).
In the following, when no confusion can arise, for fixed ¶, ε and ³, we will denote
by u the unique minimizer of F¶,ε,³, instead of using the more precise notation
u¶,ε,³.
Let us now turn to the proof of the uniform bound (3.1). We begin by observing
that the optimality conditions for u are given by the following system







DL¶,ϵ(u̇(t)) + DE(t, u(t))− 1
¼
D2L¶,ϵ(u̇(t))ü(t) = 0, ∀t ∈ (0, T ),

DL¶,ϵ(u̇(0)) = ³DF (u(0)),

DL¶,ϵ(u̇(T )) = 0;

the first equation involves derivatives of u of order higher than one; this is not a
problem, since using the regularity and uniform convexity of E and L¶,ε, we obtain
that u is differentiable up to three times (at points where u̇ ̸= 0). In particular,
with our choice of L¶,ε, we see that u̇ is continuous in [0, T ].
Let us now introduce an auxiliary function h ∈ C∞(V \{0}) ∩ C0(V ), defined by

h(v) = ïDL¶,ϵ(v), vð − L¶,ϵ(v),

and look for a point of maximum t0 ∈ [0, T ] of h(u̇(t)), which exists because of the
regularity of u̇ and h. We will prove that we have

∥u̇(t0)∥X f C¶,ε,³,

for some constant C¶,ε,³ g 0 such that

C¶,ε,³ −→ C0

c0

for some appropriate choice of parameters ¶, ε −→ 0+ and ³ −→ 1−. From this, a
direct computation gives

h(v) = − ¶2
√

¶2 + ∥v∥2Z
+
ε

2
∥v∥2X ,

hence we obtain
h(u̇(t0)) f

ε

2
∥u̇(t0)∥2X f ε

2
C2

¶,ε,³.
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By definition of t0, for any t ∈ [0, T ] we have

− ¶2
√

¶2 + ∥u̇(t)∥2Z
+
ε

2
∥u̇(t)∥2X = h(u̇(t)) f h(u̇(t0)) f

ε

2
C2

¶,ε,³,

which implies

∥u̇(t)∥2X f C2
¶,ε,³ +

2¶

ε
, ∀t ∈ [0, T ]. (3.2)

At this point, observe that the right hand side of (3.2) is bounded provided one
also impose

¶

ε
−→ 0.

This will be used later in order to obtain equi-continuity for the family of mini-
mizers.

We have two possible cases to analyze: t0 ∈ (0, T ) or t0 ∈ {0, T}. We will treat
each one separately.
Let us first suppose that t0 ∈ (0, T ), we want to obtain a bound on ∥u̇(t0)∥X . If
u̇(t0) = 0 then we are done, otherwise, since

Dh(v) = D2L¶,ε(v) v,

the optimality conditions for h(u̇(t)) at t = t0 read

ïD2L¶,ϵ(u̇)ü, u̇ð = 0,

and
ïD2L¶,ϵ(u̇)

...
u, u̇ð+ ïD3L¶,ϵ(u̇)[ü, ü], u̇ð+ ïD2L¶,ϵ(u̇)ü, üð f 0.

(where u̇ and its derivatives are computed at t = t0)
Let us now differentiate in time the Euler-Lagrange equation, compute it at t = t0
and take the duality product with u̇(t0) ∈ V . One then obtains (again omitting
the evaluations at t = t0 for u and its derivatives)

0 = ïD2L¶,ϵ(u̇)ü, u̇ð+ ïD2E(t0, u)u̇, u̇ð+ ï∂tDE(t0, u), u̇ð

− 1

¼
ïD3L¶,ϵ((u̇)[ü, ü], u̇ð −

1

¼
ïD2L¶,ϵ((u̇)

...
u, u̇ð

g ïD2E(t0, u)u̇, u̇ð+ ï∂tDE(t0, u), u̇ð+
1

¼
ïD2L¶,ϵ((u̇)ü, üð

g −C0∥u̇∥X + c0∥u̇∥2X
where one uses respectively, the optimality conditions at t = t0, the assumptions
on E(t, ·) and the convexity of L¶,ϵ. So in conclusion one obtains

∥u̇(t0)∥X f C0

c0
,
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which is the desired estimate for ∥u̇(t0)∥X .
Let us now consider the case t0 ∈ {0, T}. More specifically, we will only analyze

the case t0 = 0 as the case t = T is analogous. If u̇(0) = 0 there is nothing to
prove, otherwise we obtain the desired estimate on ∥u̇(0)∥X in two steps. First,
we prove the preliminary estimate

∥u̇(0)∥X f C
√
¼√
ε

; (3.3)

where C > 0 is some constant independent of ε. Note that this is already an
estimate on ∥u̇(0)∥X , however the right hand side deteriorates as ε → 0+. Hence,
in the second step, we will refine this estimate by using the transversality condition
at t = 0.
In order to show that (3.3) holds, consider again the Euler-Lagrange equation on
(0, T ) and take the scalar product with ü(t) to get

ïD2L¶,ε(u̇(t))ü(t), ü(t))ð = ¼ïDE(t, u(t)) + DL¶,ε(u̇(t)), ü(t)ð.

At this point by using the uniform convexity assumptions on ∥ · ∥2X and E(t, ·) we
obtain

ïD2L¶,ε(u̇(t))ü(t), ü(t))ð g
ε

2
ïD2(∥ · ∥2X)(u̇(t)) ü(t), ü(t))ð g

C1εµ

2
∥ü(t)∥2Z ,

and

ïDE(t, u(t)) + DL¶,ε(u̇(t)), ü(t)ð f ∥ü(t)∥Z (∥DE(t, u(t)) + DL¶,ε(u̇(t))∥Z∗)

f C2∥ü(t)∥Z(1 + ∥u(t)∥Z)
f C2(1 + C3)∥ü(t)∥Z ,

where C1, C2, C3 > 0 are some dimensional constants for which | · |2 g C1∥ · ∥2Z ,
∥DE(t, u(t)) + DL¶,ε(u̇(t))∥Z∗ f C2(1 + ∥u(t)∥) and ∥u(t)∥Z f C3 (this constant
exists since the minimality of u allows us to obtain a uniform bound on its total
variation, thus in particular on supt ∥u(t)∥Z). In conclusion we have

∥ü(t)∥Z f c¼

ε
, ∀t ∈ (0, T ).

for some constant c = 2C2(1+C3)
C1µ

> 0.
Thus by Taylor’s theorem we have

∥u̇(t)∥Z >
1

2
∥u̇(0)∥Z for t <

ε∥u̇(0)∥Z
2c¼

= t̂,
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hence, using the minimality of u and L¶,ε(v) g ∥v∥Z , we obtain

C5 g
ˆ T

0

L¶,ϵ(u̇(t)) dt g
ˆ t̂

0

L¶,ϵ(u̇(t)) dt g
ˆ t̂

0

∥u̇(t)∥Zdt >
ε∥u̇(0)∥2Z

4c¼

which finally implies the existence of a constant C > 0 such that (3.3) holds.
Let us now consider the transversality condition at t = 0 for the minimizer u,
which reads

DL¶,ϵ(u̇(0)) = ³DF (u(0)).

We now use the fact that F is 1-Lipschitz with respect to ∥∥Z , which is equivalent
to ∥DF (v)∥Z∗ f 1, for all v ∈ V ; this implies

∥DL¶,ϵ(u̇(0))∥Z∗ f ³ < 1.

A direct computation gives

DL¶,ε(v) =
∥v∥ZD(∥ · ∥Z)(v)
√

¶2 + ∥v∥2Z
+ ε∥v∥XD(∥ · ∥X)(v)

for v ̸= 0; which, in turn, implies

∥v∥Z
√

¶2 + ∥v∥2Z
− ∥DL¶,ε(v)∥X∗ f

∣
∣
∣
∣
∣
∣
∣
∣

∥v∥Z
=1

︷ ︸︸ ︷

∥D(∥ · ∥Z)(v)∥Z∗

√

¶2 + ∥v∥2Z
− ∥DL¶,ε(v)∥X∗

∣
∣
∣
∣
∣
∣
∣
∣

f ε∥v∥X∥D(∥ · ∥X)(v)∥Z∗ f Kε∥v∥X
where we K > 0 such that 1

K
∥ · ∥Z f ∥ · ∥X f K∥ · ∥Z (hence also 1

K
∥ · ∥X∗ f

∥ · ∥Z∗ f K∥ · ∥X∗).
In conclusion we get

∥u̇(0)∥Z
√

¶2 + ∥u̇(0)∥2Z
f ³ +Kε∥u̇(0)∥X

(3.3)

f ³ +KC
√
¼ε.

which implies

∥u̇(0)∥2X f K
¶2(³ +KC

√
¼ε)2

1− (³ +KC
√
¼ε)2

; (3.4)

observe now that, by choosing ¶ and ³ appropriately with respect to ε, the right
hand side in the previous estimate can be made arbitrarily close to zero.
In conclusion we have been able to prove that for ϵ, ¶, ³ fixed, the minimizer of
F¶,ε,³ satisfies

∥u̇(t0)∥2X f C2
¶,ε,³ = max

{

C2
0

c20
, K

¶2(³ +KC
√
¼ε)2

1− (³ +KC
√
¼ε)2

}

. (3.5)
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To complete the proof of the Theorem we will show that with ¶ε = ε2 and
³ε = 1−ε 1

4 , the minimizers (uε)ε>0 of (Fε)ε>0 over H
1([0, T ];V ) (that now depend

only on the parameter ε), converge uniformly to the unique minimizer u of F over
BV([0, T ];V ) ∩ L2([0, T ];V ).
Indeed, as ε→ 0+, we have ¶ε → 0+, ³ε → 1− and

¶ε
ε

−→ 0 and K
¶2ε(³ε ++KC

√
¼ε)2

1− (³ε ++KC
√
¼ε)2

→ 0

then thanks to (3.5) and (3.2), for ε small enough, we have

∥u̇ε(t)∥X f C0

c0
+ 1, ∀t ∈ [0, T ]

this is saying that the family of minimizers (uε)ε>0 is equi-Lipschitz continuous.
Moreover, by comparing uε with the constant curve ū = 0 and using the uniform
convexity of E(t, ·) we can obtain the following uniform bound

ˆ T

0

∥uε(t)∥2dt fM,

where M is some positive constant independent of ε; this, together with the equi-
continuity just proved, implies equi-boundedness of (uε)ε>0. So by Ascoli-Arzelà’s
theorem, there exists a function u ∈ C([0, T ];V ) such that up to subsequences
uε ⇒ u in [0, T ] as ε −→ 0+ and ³ −→ 1−. This curve is Lipschitz continuous and
satisfies the desired estimate (3.1). We now prove that it is indeed the unique
minimizer of F over BV([0, T ];V ) ∩ L2([0, T ];V ). The optimality of uε, together
with Lε(v) g ∥v∥Z implies that, for every curve w ∈ H1([0, T ];V ), we have

³εF (uε(0
+)) +

ˆ

(0,T ]

e−¼t∥duε∥Z +

ˆ T

0

e−¼t¼E(t, uε(t))dt

f ³εF (w(0
+)) +

ˆ T

0

e−¼tLε(ẇ(t)) dt+

ˆ T

0

e−¼t¼E(t, w(t))dt.

If we now send ε −→ 0+ and use the lower semi-continuity of the weighted total
variation integral with respect to uniform convergence, we obtain

F (u(0+)) +

ˆ

(0,T ]

e−¼t∥du∥Z +

ˆ T

0

e−¼t¼E(t, u(t))dt

f F (w(0+)) +

ˆ T

0

e−¼t∥dw∥Z dt+

ˆ T

0

e−¼t¼E(t, w(t))dt,



36 CHAPTER 3. PROOFS

where we have also used have used ³ε −→ 1, uε(0
+) −→ u(0+), Lε(v) −→ ∥v∥Z and

the dominated convergence theorem. This proves that u is a minimizer of F over
H1([0, T ];V ). To conclude it is now enough to approximate any BV ∩ L2 w curve
by H1 curves (wk)k such that

lim sup
k

F(wk) f F(w) (3.6)

A simple way of obtaining wk is by convolution of w with a smooth compactly sup-
ported kernel Äk tending to the identity. Indeed wk = w ∗ Äk is uniformly bounded
and converges to w at all its continuity points, so in particular the convergence
holds almost everywhere and at the boundary points. Moreover, we also have

ˆ

(0,T ]

e−¼t∥dwk∥Z =

ˆ

(0,T ]

e−¼t∥d(w ∗ Äk)∥Z f
ˆ

(0,T ]

e−¼t∥dw∥Z ,

which, together with the dominated convergence theorem, allows us to obtain
(3.6). We have just proved the existence of a minimizer of F over BV([0, T ];V ) ∩
L2([0, T ];V ), the uniqueness follows, as before, from the uniform convexity hy-
potheses on E(t, ·).

3.1.2 Approximation of norms

One major requirement in the proof of Theorem 3.1 is the smoothness and uniform
convexity of the norms involved. Clearly, two generic norms ∥∥Z and ∥∥X over a
real vector space do not satisfy this assumption. Consider, for instance, the ℓ1

norm over R2, which is not differentiable on the axes {xi = 0}, or the ∥∥ℓp norm
over R2 when p > 2, for which its square is not uniformly convex.
This complication can be resolved by approximating the norms of our problem
by smooth and uniformly convex norms, in such a way that the functional F
computed with these new norms Γ-converges to the one with the original norms
in some appropriate topology. This will be the content of Proposition 3.1.1.
However, before giving a proof of the Γ-convergence result, let us present a possible
way of performing the approximation of the norms.
In what follows ∥∥ denotes a general norm on a finite dimensional real normed
vector space X. Let us recall that, after having fixed a basis (ei)1fifd, we can
easily define a scalar product ï, ð on X which makes X isometric to R

d (d being
the dimension of X). Thanks to this isometry one can also define a measure over
X, such that the unit cube {∑d

i=1 xiei : |xi| f 1, ∀i} has unit measure. As before,
we will denote by | · | the euclidean norm associated to this scalar product on X,
while the ball of center 0 and radius r with respect to | · | will be denote by Br.
What we will show is that for every Ã > 0 small enough, there exits a norm ∥∥Ã
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such that for every vector v it satisfies

∥v∥Ã = (1 + oÃ(1))∥v∥, for Ã −→ 0+. (3.7)

We will construct the norms ∥∥Ã by approximating the unit ball B = {x ∈ X :
∥x∥ f 1} of the original norm ∥∥ by smooth and uniformly convex sets. These sets
will be constructed as sublevel sets of smooth and strongly log-concave functions
that approximate the indicator function 1B of B, defined by

1B(x) =

{

1 for x ∈ B,
0 for x /∈ B.

A common way of obtaining smooth approximations of a function is by convolution
with a smooth kernel. Let us define NÃ : X −→ [0,+∞), the density of the normal
distribution over X of variance Ã2, by

NÃ(x) =
1

(2ÃÃ)
d
2

exp

(

−|x|2
2Ã

)

;

in particular, we have NÃ ∈ C∞(X), NÃ(x) > 0, NÃ(−x) = NÃ(x) for all x ∈ X
and

´

X
NÃ(y) dy = 1. Then we define UÃ : X −→ [0,+∞) by

UÃ(x) =
[

(e−Ã|·|2
1B) ∗ NÃ

]

(x) =

ˆ

X

e−Ã|x−y|2
1B(x− y)NÃ(y) dy.

This will be our smooth approximation of the indicator function 1B. Indeed, by
properties of convolution UÃ ∈ C∞(X), UÃ(x) > 0, UÃ(−x) = UÃ(x) for all x ∈ X.
Moreover UÃ = exp(−VÃ) for some uniformly convex function VÃ ∈ C∞(X); this
is because UÃ is the convolution of two functions that have this property, which
in the literature are usually called strongly log-concave functions (for a proof of
this see for instance [17]); as such it possesses a unique maximum point, which by
symmetry has to be 0. We now have the following Lemma:

Lemma 3.1.1. Let V ∈ C∞(X) be such that V (x) > 0, V (x) = V (−x) and
D2V (x) g ³I for some ³ > 0, for all x ∈ X. For some c > 0, define f : X −→
[0,+∞) by

f(x) = inf{t > 0 : V (tx) < c}, ∀x ∈ X,

then f is a norm on X such that f ∈ C∞(X\{0}) and f 2 is uniformly convex with
respect to | · |.
Proof. We only prove the uniform convexity of f 2. Directly from the definition we
get that for all x ∈ X\{0} we have

V

(
x

f(x)

)

= c;
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by taking the gradient of the previous equation we obtain

DV =
ïDV (x

f
), xð

f
Df ; (3.8)

in the previous identity and for the subsequent ones, the function f and its deriva-
tives are computed at x. After taking another gradient we obtain the following
identity

D2V

(
x

f

)

− 1

f

(

D2V

(
x

f

)

x

)

¹Df =

=
1

f
Df ¹

(

D2V

(
x

f

)

x

)

− 1

f

〈

D2V

(
x

f

)

x, x

〉

Df ¹Df

+Df ¹DV

(
x

f

)

+

〈

DV

(
x

f

)

, x

〉

D2f −
〈

DV

(
x

f

)

, x

〉

Df ¹Df ;

if we use (3.8) and D2(f2)
2

= fD2f +Df ¹Df , we conclude that

〈

DV

(
x

f

)

, x

〉
D2(f 2)

2
= D2V

(
x

f

)

+

〈

D2V

(
x

f

)

x, x

〉

Df ¹Df

−
[(

D2V

(
x

f

)

x

)

¹Df +Df ¹
(

D2V

(
x

f

)

x

)]

+ f

〈

DV

(
x

f

)

, x

〉

Df ¹Df.

To conclude we just have to observe that by construction
〈

DV

(
x

f

)

, x

〉

> 0,

and that for any vector w ∈ X, applying these bilinear terms to (w,w) ∈ X ×X,
we have that the right hand side is equal to

f

〈

DV

(
x

f

)

, x

〉

(ïDf, wð)2 +
〈

D2V

(
x

f

)

[w − ïDf, wðx], [w − ïDf, wðx]
〉

which is greater than ´|w|2 for some ´ > 0 using the uniform convexity of V .

By applying Lemma 3.1.1 to VÃ with c = log 2, we can define a smooth norm
∥∥Ã over X such that its square is uniformly convex and for which the unit ball is
given by the set

{x ∈ X : VÃ(x) f log 2} =

{

x ∈ X : UÃ(x) g
1

2

}
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To conclude we just need to show that with this construction, (3.7) holds.
In the following C > 0 denotes a constant for which 1

C
|x| f ∥x∥ f C|x| for all

x ∈ X (such C exists since X is finite dimensional).
First, we observe that (3.7) is equivalent to proving that there exists ¶ = oÃ(1) as
Ã −→ 0+, such that for Ã small enough, the boundary of the unit ball of ∥∥Ã lies in
a ¶-neighborhood of the boundary of B.
We will show that ¶ = 2CÃ works. Indeed, choose x ∈ X such that ∥x∥ f 1−2CÃ,
then we have

UÃ(x) =

ˆ

X

e−Ã|x−y|2
1B(x− y)NÃ(y) dy

g e−C2Ã

ˆ

{∥x−y∥f1}

NÃ(y) dy

g e−C2Ã

ˆ

{|y|f2Ã}

NÃ(y) dy g e−C2Ã 3

4
>

1

2
,

for Ã small enough; similarly, choose x ∈ X such that ∥x∥ g 1 + 2CÃ, then

UÃ(x) =

ˆ

X

e−Ã|x−y|2
1B(x− y)NÃ(y) dy

f
ˆ

{∥x−y∥f1}

NÃ(y) dy

f
ˆ

{|y|g2Ã}

NÃ(y) dy f 1

4
<

1

2
.

Where for the previous estimates we have used that, for all k ∈ N,
ˆ

{|y|g2kÃ}

NÃ(y) dy f 1

k2
.

We are now ready to state and prove the Γ-convergence result mentioned above.
For all Ã > 0 small enough define the norms ∥∥Z,Ã and ∥∥X,Ã, using the construction
just describe. Moreover, define

FÃ(u) = F (u(0+)) +

ˆ

(0,T ]

e−¼t∥du∥Z,Ã +
ˆ T

0

e−¼t¼E(t, u(t)) dt

Proposition 3.1.1. We have FÃ
Γ−→ F , with respect to the uniform convergence

in X.

Recall that the notion of uniform convergence in X is independent of the norm,
since at this point X is finite-dimensional. Secondly, observe that the family of
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minimizers (uÃ)Ã of (FÃ)Ã (over BV([0, T ];X) ∩ L2([0, T ];X)) is precompact with
respect to the uniform convergence. Indeed, with the previous construction we
have that, for all x, w ∈ X, t ∈ [0, T ],

ïD2E(t, x)w,wð g c0
(1 + oÃ(1))2

∥w∥2X,Ã and ∥∂t∇E(t, x)∥X′,Ã f (1 + oÃ(1))C0.

Thus, from Theorem 3.1, the minimizer uÃ of FÃ satisfies

∥u̇Ã(t)∥X,Ã f (1 + oÃ(1))
3C0

c0
, ∀t ∈ [0, T ].

So for Ã small enough, using again ∥ · ∥X,Ã = (1 + oÃ(1))∥ · ∥X , we get

∥u̇Ã(t)∥X f C0

c0
+ 1, ∀t ∈ [0, T ],

uniformly in Ã. Moreover, similarly to what was done in Theorem 3.1, by compar-
ing uÃ with a constant curve, we can obtain a uniform bound of the form

ˆ T

0

∥uÃ(t)∥2X dt f C,

which, together with the equicontinuity of uÃ with respect to ∥∥X , implies equi-
boundedness. Hence, we obtain the desired precompactenss by Ascoli-Arzelà’s
theorem.

Proof of Proposition 3.1.1. The proof of the Γ − lim inf part of the Proposition
is almost immediate. Indeed, if vÃ ⇒ v, then vÃ(0

+) −→ v(0+), which, together
with the continuity of F , implies F (vÃ(0

+)) −→ F (v(0+)). Then, using ∥ · ∥Z,Ã =
(1 + oÃ(1))∥ · ∥Z and the lower semi-continuity of the total variation with respect
to the uniform convergence, we get

ˆ

(0,T ]

e−¼t∥dv∥Z f lim inf
Ã

ˆ

(0,T ]

e−¼t∥dvÃ∥Z,Ã.

Finally, by Fatou’s Lemma we also get
ˆ

(0,T ]

e−¼t¼E(t, v(t)) dt f lim inf
Ã

ˆ

(0,T ]

e−¼t¼E(t, vÃ(t)) dt.

For the Γ − lim sup part of the Γ-limit we can just choose the constant recovery
sequence. Indeed, given u : [0, T ] −→ Z such that F(u) < +∞ (if infinite there is
nothing to prove), define uÃ(t) = u(t) for all t ∈ [0, T ]. Then, trivially uÃ ⇒ u,
and, using ∥ · ∥Z,Ã = (1 + oÃ(1))∥ · ∥Z , we also have

lim sup
Ã

FÃ(uÃ) = lim sup
Ã

FÃ(u) f F(u),

which concludes the proof.
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As a consequence of Proposition 3.1.1, the precompactness of (uÃ)Ã with respect
to the uniform convergence, and the estimate

∥u̇Ã(t)∥X,Ã f (1 + oÃ(1))
2C0

c0
,

we obtain the desired Lipschitz regularity result in finite dimension

Theorem 3.2 (Lipschitz regularity in finite dimension). Under the hypotheses
on E of Theorem 3.1, there exists a unique minimizer u of F over BV([0, T ];Z)∩
L2([0, T ], X). Moreover, u is Lipschitz continuous with respect to ∥∥X and satisfies
the estimate

∥u̇(t)∥X f C0

c0
,

for a.e. t ∈ [0, T ].

3.1.3 Regularity in infinite dimension

In this section we finally prove Theorem 2.1. As we already explained, the proof
is based on the regularity result in finite dimension contained in Theorem 3.1 and
a Γ convergence result for the functionals in finite dimension, contained in the
following proposition.

Proposition 3.2.1. Let (Z, ∥∥Z) be a real Banach space and X ¦ Z be a subspace
equipped with another norm ∥∥X such that

• (X, ∥∥X) is a reflexive Banach space;

• ∥ · ∥Z is lower semi-continuous with respect to the strong topology of X.

Let E ∈ C2([0, T ]× Z; [0,+∞)) and F : Z −→ [0,+∞) satisfy

• E(t, ·) is c0-uniformly convex with respect to ∥∥X ;

• ∂tE(t, ·) is C0-Lipschitz continuous with respect to ∥∥X ;

• |∂tE(t, x)| f CE(E(t, x) + 1)

• F is convex and 1-Lipschitz continuous with respect to ∥∥Z.

Finally, assume that

• There exists a family of finite dimensional subspaces (Xd)dg1 of X such that
for all x ∈ X one can find a sequence (xd)dg1 with xd ∈ Xd, xd −→ x with
respect to ∥∥Z, and E(t, xd) −→ E(t, x) with E(t, xd) f E(t, x) + 1 for all
t ∈ [0, T ].
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Then Fd
Γ−→ F with respect to the weak L2

X convergence, where

Fd(u) = F (u(0+)) +

ˆ

(0,T ]

e−¼t∥du∥Z +

ˆ T

0

e−¼t¼E(t, u(t))dt+ IXd
(u)

and

IXd
(u) =

{

0 if u(t) ∈ Xd, for a.e. t ∈ [0, T ],

+∞ otherwise.

Proof of Proposition 3.2.1. We begin with the proof of the Γ-liminf part of the Γ-
limit. Let us first observe that it suffices to prove that F is lower semi-continuous
on BV([0, T ];Z) ∩ L2([0, T ];X) with respect to the weak L2

X convergence; indeed,
if this was true then for every vd á v in L2

X we would have

F(v) f lim inf
d

F(vd) f lim inf
d

Fd(vd),

since F f Fd for all d g 1.
In order to prove the lower semi-continuity of F , let us fix a small parameter ε > 0,
and consider the new functional

Fε(u) = e−¼εF

(
 ε

0

u(t) dt

)

+Vε(u; [ε, T ]) +

ˆ T

0

e−¼t¼E(t, u(t))dt,

where

Vε(u; [ε, T ]) = sup
t0=ε,tN=T
tk+1>tk+ε

{
N∑

k=1

e−tk+
ε
2

∥
∥ūtk − ūtk−1

∥
∥
Z
: ūt =

 t+ ε
2

t− ε
2

u(s) ds

}

We only need to prove lower semi-continuity of this new functional and later take
the limit as ε −→ 0+. Since we have by Jensen’s inequality

F

(
 ε

0

u(t) dt

)

f
 ε

0

F (u(t)) dt f F (u(0+)) +

 ε

0

∥u(t)− u(0+)∥Zdt

f F (u(0+)) +

ˆ

(0,ε)

∥du∥Z ;

hence

e−¼εF

(
 ε

0

u(t) dt

)

f e−¼εF (u(0+)) + e−¼ε

ˆ

(0,ε)

∥du∥Z

f F (u(0+)) +

ˆ

(0,ε)

e−¼t∥du∥Z .
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And similarly

Vε(u; [ε, T ]) f
ˆ

(0,T ]

e−¼t∥du∥Z

But the lower semi-continuity of Fε is immediate since if vd á v in L2
X then, for

all 0 f s < t f T , one has

 t

s

vd(r) dr −→
 t

s

v(r) dr.

For the Γ-limsup part of the Γ-limit we would have to check that for any
v ∈ BV([0, T ];Z) ∩ L2([0, T ];X) with F(v) < +∞ there exists a sequence (vd)dg1

such that vd á v in L2
X and

lim sup
d

Fd(vd) f F(v).

Let us assume, for now, that one just needs to check this for any v : [0, T ] −→ Z
which is right-continuous, piecewise constant with a finite number of jumps and
with F(v) < +∞. We recall that this last condition implies that v takes values in
X.
In particular, we have

v(t) = vk ∈ X, for t ∈ [tk−1, tk), 0 = t0 < . . . tN = T.

We have to find (vd)dg1 such that vd á u in L2
X and

lim sup
d

Fd(vd) f F(v).

By the last assumption, for all k = 1, . . . , N , there exists a sequence (vk,d)dg1

such that vk,d ∈ Xd, ∥vk,d − vk∥Z −→ 0, and for which E(t, vk,d) −→ E(t, vk) with
E(t, vk,d) f E(t, vk) + 1 for all t ∈ [0, T ]. Define, then, vd by

vd(t) = vk,d ∈ Xd, for t ∈ [tk−1, tk), 0 = t0 < . . . tN = T.

Clearly we have F (vd(0
+)) −→ F (v(0+)), since F is 1-Lipschitz continuous with

respect to ∥∥Z . Moreover, by working on each interval [tk−1, tk) separately, by
strong convergence in Z we have

lim sup
d

ˆ

(0,T ]

e−¼t∥dvd∥Z f
ˆ

(0,T ]

e−¼t∥dv∥Z ,

and by dominated convergence we have

lim
d

ˆ T

0

e−¼t¼E(t, vd(t)) dt =
ˆ T

0

e−¼t¼E(t, v(t)) dt.



44 CHAPTER 3. PROOFS

In conclusion, since with our choice IXd
(vd) = 0 for all d g 1, we have proved

lim sup
d

Fd(vd) f lim sup
d

F(vd) f F(v).

Now it only remains to prove vd á v in L2
X . We clearly have vd −→ v in L∞

Z ;
moreover, the uniform convexity of E(t, ·) with respect to ∥∥X and the upper bound
on F(vd) we just proved imply that (vd)dg1 is equi-bounded in L2

X , so because of
reflexivity of (X, ∥∥X) (up to taking a subsequence) there exists w ∈ L2

X([0, T ];X)
such that vd á w in L2

X . If we are able to prove that v = w we are done.
To do so, it suffices to show that if family of vectors (xd)d converges strongly to
x1 in Z, and weakly to x2 in X, then x1 = x2. Indeed, if this is true, then for any
0 f s < t < T , the vectors

ˆ t

s

vd(r)dr,

would converge strongly to
´ t

s
v(r)dr in Z and weakly to

´ t

s
w(r)dr in X. Thus

ˆ t

s

v(r)dr =

ˆ t

s

w(r)dr,

which would imply v = w on [0, T ] due to the arbitrariness of s and t. In order
to prove the equality between the strong limit in Z and the weak limit in X, we
can show that there exists a norm on X which is weaker then both ∥∥Z and ∥∥X .
Consider the following definition:

∥x∥Z·X = inf{∥x1∥Z + ∥x2∥X : x1 + x2 = x}.

It is clear that ∥ · ∥Z·X f ∥ · ∥Z , ∥ · ∥X . Moreover, ∥∥Z·X can be easily shown
to define a norm on X. The only non-trivial property to verify is the positive
definiteness of ∥∥Z·X . Suppose a vector x ∈ X satisfies ∥x∥Z·X = 0. Then, there
exist sequences (x1n)n and (x2n)n such that x1n + x2n = x and

∥x1n∥Z + ∥x2n∥X → ∥x∥Z·X = 0.

In particular x1n → 0 in Z, and x2n → 0 in X. It then follows immediately that
x1n → x in X, since ∥x − x1n∥X = ∥x2n∥X → 0. Hence, using the lower semi-
continuity of ∥∥Z with respect to the strong topology of X, we conclude

∥x∥Z f lim inf
n

∥x1n∥Z = 0,

which implies x = 0.
The reduction to right continuous piecewise constant curves with finite number

of jumps is possible because, as we are about to show, the class P of such curves is



3.1. PROOF OF THEOREM 2.1 45

energy dense in BV([0, T ];Z)∩L2([0, T ];X) for F and the weak L2
X topology; that

is, for every v ∈ BV([0, T ];Z) ∩ L2([0, T ];X), there exists a sequence (vk)k ¢ P
such that vk á v in L2

X and

lim sup
k

F(vk) f F(v).

(see [3] for an abstract presentation of this energy-density argument) Let v be a
generic curve in BVZ([0, T ];Z)∩L2([0, T ];X) with F(u) < +∞ (otherwise there is
nothing to prove) and fix ¶ > 0 small. Consider a partition 0 = t0 < . . . , TN = T
of [0, T ] such that |tk − tk−1| f ¶ for all k = 1, . . . , N . For each subinterval
(tk−1, tk] = Ik we can choose a point t̄k such that

E(t̂k, v(t̂k)) f
´

Ik
e−¼tE(t̂, v(t̂)) dt
´

Ik
e−¼tdt

.

Define v¶ : [0, T ] −→ X by

v¶(t) = v(t̂k) ∈ X, for t ∈ Ik, k = 1, . . . , N.

We will prove that v¶ á v in L2
X and

lim sup
¶−→0+

F(v¶) f F(v).

The argument to prove weak L2
X convergence of v¶ to v is analogous to the one we

used in the Γ− lim sup above, with the minor difference that in this case we only
have v¶ −→ v in L1([0, T ];Z), since for every k we have

ˆ

Ik

∥v¶(t)− v(t)∥Zdt =
ˆ

Ik

∥v(t̂k)− v(t)∥Zdt f ¶

ˆ

Ik

∥dv∥Z

and thus
ˆ T

0

∥v¶(t)− v(t)∥Zdt f ¶e−¼TF(v) −→ 0.

Moreover, we clearly have F (v¶(0
+)) −→ F (v(0+)) since F is 1-Lipschitz continuous

with respect to ∥∥Z and

∥v¶(0+)− v(0+)∥Z f
ˆ

(0,¶)

∥dv∥Z −→ 0.

Then, we also immediately have
ˆ

(0,T ]

e−¼t∥dv¶∥Z f e¼¶
ˆ

(0,T ]

e−¼t∥dv∥Z .
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It remains to prove that

lim sup
¶

ˆ T

0

e−¼t¼E(t, v¶(t)) dt f
ˆ T

0

e−¼t¼E(t, v(t)) dt (3.9)

Let us first work on each interval Ik separately. With our choice of t̂k, we have
that

ˆ

Ik

e−¼tE(t, v¶(t)) dt f
ˆ

Ik

e−¼tE(t, v(t̂k)) dt+
ˆ

Ik

e−¼tφ(t) dt

f
ˆ

Ik

e−¼tE(t, v(t)) dt+
ˆ

Ik

e−¼tφ(t) dt,

where φ(t) = |E(t, v(t̂k))− E(t̂k, v(t̂k))| for t ∈ Ik. But then φ(t̂k) = 0 and

|φ′(t)| f |∂tE(t, v(t̂k))| f CE(E((t, v(t̂k))) + 1)

f CE(φ(t) + E(t̂k, v(t̂k)) + 1
︸ ︷︷ ︸

A

);

hence, using Gronwall’s Lemma we obtain for t ∈ Ik

φ(t) f A
[
eCE(tk−tk−1) − 1

]
f A

[
eCE¶ − 1

]
f 2¶ACE ,

which, when combined with the previous estimate, allows us to obtain
ˆ

Ik

e−¼tE(t, v¶(t)) dt f
ˆ

Ik

e−¼tE(t, v(t)) dt+ 2¶ACE

ˆ

Ik

e−¼tdt.

If we sum over k = 1, . . . , N we obtain the desired estimate (3.9), which, with the
previous estimates, gives (3.1.3), concluding the proof of the Theorem.

We are now finally ready to prove Theorem 2.1. The proof will be very similar
to the one of Theorem 3.2.

Proof of Theorem 2.1. Let ud be the unique minimizer of F over BV([0, T ];Z) ∩
L2([0, T ];Xd) (or equivalently the unique minimizer of Fd over BV([0, T ];Z) ∩
L2([0, T ];X)). By comparison of ud with the constant zero curve and using the
uniform convexity with respect to ∥∥X of E(t, ·), we can obtain that there exists a
constant C > 0, independent of d, such that

ˆ T

0

∥ud(t)∥2Xdt f C.

But then (ud)d is equi-bounded in L2([0, T ];X), which implies precompactness
with respect to the weak L2

X topology because of the reflexivity assumption on
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(X, ∥∥X). Hence, up to taking a subsequence, we can assume that ud á u in
L2([0, T ];X) for some u.
But now, using Proposition 3.2.1, we obtain that u is a minimizer of F over
BV([0, T ];Z)∩L2([0, T ];Xd). This concludes the existence part of the result. The
uniqueness of the minimizer follows from the uniform convexity of E(t, ·). Finally,
in order to obtain the bound

∥u̇(t)∥X f C0

c0
, for a.e. t ∈ [0, T ],

one can just observe that, again because of Theorem 3.2, the minimizers ud satisfy

∥ud(t)− ud(s)∥X f C0

c0
|t− s|, for all t, s ∈ [0, T ], (3.10)

which implies

∥u(t)− u(s)∥X f C0

c0
|t− s|, for all t, s ∈ [0, T ].

This follows since, at almost every point Ä ∈ [0, T ], for some small parameter
ε −→ 0+, we have

(1 + oε(1))ud(Ä) =

 Ä+ε

Ä−ε

ud dr
d−→
 Ä+ε

Ä−ε

u dr = (1 + oε(1))u(Ä).

This concludes the proof of Theorem 2.1.

3.2 Proof of Theorem (2.2)

In this Section we present our proof of Theorem 2.2. The proof is almost equal to
the one of Theorem 2.1, presented in the previous Section. One can easily prove
analogues of Propositions 3.1.1 and 3.2.1 for functionals F which do not contain
a penalization F for the initial value, but impose a Dirichlet initial condition
u(0) = u0. Indeed, the Γ-convergence result contained in Proposition 3.1.1 is with
respect to the uniform convergence of curves, which allows the Dirichlet initial
condition to pass to the limit. On the other hand, the Γ-convergence result of
Proposition 3.2.1 is with respect to the weak L2

X convergence; in this case the
Dirichlet initial condition passes to the limit since, for all ε > 0,

(1 + oε(1))ud(0) =

 ε

0

ud dr
d−→
 ε

0

u dr = (1 + oε(1))u(0).

The only place where a real new argument is required is the proof of the analogue
of Theorem 3.1.
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Proof of analogue of Theorem 3.1. Consider, for fixed ¶, ε > 0, the approximation
functionals

F¶,ε(u) =

ˆ T

0

e−¼t[L¶,ε(u̇(t)) + ¼E(t, u(t))]dt,

where as before L¶,ε(v) =
√

¶2 + ∥v∥2Z+ ε
2
∥v∥2X . Call u its unique minimizer among

curves v ∈ H1, continuous at time t = 0 and such that v(0) = u0 (existence and
uniqueness follows once again by the direct method and the strict convexity of
E(t, ·)).
We would like to obtain a uniform bound (in ¶, ε) on ∥u̇(t)∥Z for all t ∈ [0, T ],
which would allow us to conclude exactly as in the proof of Theorem 3.1.
In this case the optimality conditions for u become







DL¶,ϵ(u̇(t)) + DE(t, u(t))− 1
¼
D2L¶,ϵ(u̇(t))ü(t) = 0, ∀t ∈ [0, T ),

u(0) = u0,

DL¶,ϵ(u̇(T )) = 0;

the major difference with the system of Theorem 3.1 is that the transversality
condition at t = 0 is not available anymore, and is replaced by the Dirichlet initial
condition. We can still introduce the auxiliary function

h(v) = ïDL¶,ϵ(v), vð − L¶,ϵ(v),

and look for a maximum point t0 of h(u̇(t)) in [0, T ] to obtain a bound on ∥u̇∥X .
If t0 ∈ (0, T ], the proof contained in Theorem 3.1 still works, however, if t0 = 0 we
have to find a new way to bound h(u̇(0)), since we do not dispose of a transversality
condition. However, by recalling

Dh(v) = D2L¶,ε(v) v,

we get
ïD2L¶,ε(u̇(0))ü(0), u̇(0)ð f 0;

thus, the Euler-Lagrange equation and the Dirichlet condition at t = 0 give us

ïDE(0, u0) + DL¶,ε(u̇(0)), u̇(0)ð =
1

¼
ïD2L¶,ϵ(u̇(0))ü(0), u̇(0)ð f 0,

from which we obtain

h(u̇(0)) + L¶,ε(u̇(0)) f −ïu̇(0),DE(0, u0)ð f ∥u̇(0)∥Z ;

where we have used the additional stability assumption ∥DE(0, u0)∥Z∗ f 1; but
now we can use L¶,ε(v) g ∥v∥Z in the previous expression to get

max
t∈[0,T ]

h(u̇(t)) = h(u̇(0)) f 0.
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So, from

h(u̇(t)) = − ¶2
√

¶2 + ∥u̇(t)∥2Z
+
ε

2
∥u̇(t)∥2X ,

we obtain that, for all all t ∈ [0, T ],

−¶ + ε

2
∥u̇(t)∥2X f h(u̇(t)) f h(u̇(0)) f 0 =⇒ ∥u̇(t)∥X f

√

2¶

ε
.

This can be used in place of the bound (3.4) in Theorem 3.1. Thus, the remainder
of the proof proceeds by simply replacing C¶,ε,³ by C0

c0
.



50 CHAPTER 3. PROOFS



References

[1] Luigi Ambrosio et al. Gradient Flows: in Metric Spaces and in the Space of
Probability Measures. Basel: Birkhäuser Basel, 2008.
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