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Introduction

In game theory the main role is typically played by Nash equilibria; the correlated is a type
of equilibrium which generalizes the first one. It was largely developed by R.J. Aumann
first in 1974 and then in 1987, [2] and [3]. Its idea is simple and maybe more intuitive
than that of Nash, indeed in the latter every players choose his action independently one
from the other, instead in correlated strategies all players observe the same random event
and then choose their action. The most common example that clarifies the idea of the
differences between these two concept, is the battle of sexes; in this case there are two
players, husband and wife, who have to choose either to watch a baseball game or to go
to the opera; the pay-off matrix is the following;:

H/W | B o)
B | (21) | (0,0)
o | (00 | (1,2

We can immediately observe that there are two pure Nash equilibria (B,B) and (O,0)
whose pay-offs are respectively (2,1) and (1,2) with costs. The mixed one is instead
([2/3,1/3],[1/3,2/3]), and the expected reward is 2/3 both for the husband and the wife.
Suppose now that the two spouses call a ”mediator” who suggests to the players what to
choose as a consequence of a random event; suppose that this random event is a coin flip,
such that if its outcome is Head the spouses are told to choose Baseball and if its Tails they
are told to choose the Opera. Now the expected pay-off for both is 3/2 which is strictly
grater than those of Nash; this is due to the fact that the players don’t play independently
one from the other, but their are linked by a correlation device, that in this case is the coin
flip. Hence, it is important to underline that such a ”mediator” doesn’t imply that it is
a cooperative game, on the contrary we are still on the framework of the non-cooperative
games, since the players are not allowed to talk to each other when making their decisions.
We can summarize the ideas of the previous example by saying that a Nash equilibrium,
or more in general a mixed strategy, is a probability distribution over the set of the pure
strategies for the single players, and a correlated strategy is a probability distribution over
the product of all the strategy sets.

Now, the purpose of this thesis is to introduce the concept of correlated equilibrium in
the theory of Mean-Field Games. This general theory was first introduced by J.-M. Lasry
and P.-L. Lions between 2006 and 2007 in a series of papers of which we cite [14], and it is
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8 Introduction

dedicated to the analysis of games with a ”large number of small players”; this means that
while the number of agents tends to infinity, the impact of each one on the overall system
tends to 0. They arise from the mean field models in mathematical physics which study
the behaviour of many identical particles whose interactions depend on their empirical
mean and this explains the name ”"mean field”. Usually a solution of the mean field game
is used to construct an approximated Nash equilibrium for the finite case, because when
N is large enough, finding directly an equilibrium is not possible.

Fischer, see [9] in the reference therein, has shown how is possible to go also in the opposite
direction, namely how to start for an e-Nash equilibrium and obtain a solution for the
mean-field equation. The idea is the following: consider an equation which describes the
evolution of the private states of the N players

dX(t) = b(t, Xi¥ (), ™ (£), wi(t))dt + o (8, X (2), ™ (£)) AW (t)

with p? = % > i 0x~ the empirical mean of the private states and u := (uy,...,uy) is
the strategy vector and its cost is:

T
Ji'(u) :=E [/0 fs, X{¥(5), u™ (), ui(s))ds + F (X (T), ™ (T))

heuristically if u is a Nash equilibrium with correspondent vector of the private states X%,
then the empirical measure p” should converge in distribution to a deterministic flow of
measure m, induced by the solution of

dX (1) = b(t, X (), m(t), u(t))dt + o (t, X (), m(t))dW () (1)

where u realizes the following minimum:
T
min J,,(v) :=E [/ f(s,X(s),m(s),v(s)ds+ F(t, X(T),m(T) (2)
0

where the minimun is taken over all admissible v such that X solves under v.

The system (1)-(2) is the limit game for the N-player one, and works in this way: for
each m we solve (2) to find the correspondent strategy u™, then we solve (1) and get the
correspondent X™. We now choose m(-) = Law(X™(-)). Thus the solution of the mean
field game is identified with the pair (Law (X" (-),u™, W), m).

Motivated by the examples such as the "battle of sexes”, we have ask ourselves if it
would be worthy to study the behaviour of correlated equilibria of a N-person game with
interactions of the mean-field type, when N — oo. We have confirmed this idea by finding
an example that fits our model of a N-player game in which a correlated equilibrium is
strictly better then the Nash ones for every N.

Thus, we have study the convergence in the case of static games, that could be an indicator
of the possibility of a further generalization. The main difference between the Nash case
is that in correlated strategy there isn’t independence between the strategy (seen as a
random vector which has values on the set of pure strategies) and so between the private



states of the players; we will see how this difference makes the difficulties rise when we are
searching a mean-field equation which has to be satisfied by the equilibria.

It has to be notice that typically in game theory the final goal is to maximize the so called
expected pay-off, on the contrary mean-field games are usually problems of minimization
of the costs; in this work we go in this latter direction, indeed both the examples and the
theoretic arguments have the intentions of minimizing a cost function.

The thesis is divided in two Chapters, which describe the finite and the limit case of the
model. In Chapter 1 we describe the model, give the definitions, show the properties of
the two types of equilibria we deal with, and prove their mutual relations. In Chapter 2 we
study at first the behaviour of Nash and than that of correlated equilibria when N — oo
and find what type of equations they have to satisfy.






Chapter 1

N-player Games

1.1 Description of the model

Consider a static game with N players; let S C R? be the (finite) set of pure strategies (or
actions) for a single player; we’ll consider only symmetric game, so the strategy set is the
same for all the players and the general strategy set is Sy := x5 S. Consider a probability
space (Qy, Ay, Py); a strategy vector is a random vector o¥ = (af,...,ay) : Qy — Sy,
where o) : Qy — S is player ¢’s strategy. The dynamic of player i’s private state is

with ¢ : S = R™, so X¥(w) = ¢(a)’(w)). We'll call X C R™ the set X := ¢(S) The
dependence among the players is given only by the cost function:

TN (@) = Elg(X}", gy")] (1.1)

where

1 N
7N7A - —_
X = o L0
=1

J#i

is called empiric measure and ﬁl)v(’i : Qy — P(X) with P(-) indicates the probability space
of a certain set.

For the calculations, it’s often more useful to look at distributions instead of random
variables. If we indicate with p ~ the distribution over S of " and with p,~ the joint
distribution of & on Sy (i.e. p v (si) = Py(c) = s;) and pn (s) = Py(aV = 5) =Py(af =

11



12 1. N-player Games

S1,...,aN = sy)), then (1.1) could be written explicitly as

TN (") =E [g(qb( NS Z)] = E[g (aﬁ(a? ) ﬁ PRI >>]
j#i

= [ o007, g S gy Pt
N J#i
:S;;V Py(a™ = s)g <¢(5i)7 ﬁ ;%w)

= >~ Pan(9)9($(50), 7 D dotsy) ) = I (pa)

sESN ]#z

If we restrict the class of the strategies to those in which o' are also independent, we're
considering the so-called mized strategies; so {a; }i=1,. ~ is a family of independent ran-
dom variables. We observe that, due to independence, the cost function in the case of
mixed strategies becomes

JN (V) = Z P (8)g (Cb(si), ﬁ Z 5¢(5j))

€8 i
=2 (Hpa () ( (s Z%(sﬂ)
seSNy =1
Consider now " = (By,...,0x8) : Qy — Sy another strategy; we introduce the following
notation:
(@, 87) = (a7, ..., 05 1, B oty . ay).
Definition 1.1. A mixed strategy o™ = (af,...,aX) is said Nash equilibrium if, for

every other mixed strategy g~ = (87 ,...,08%)

JX (@) < XY BY) =1, N (1.3)

1

We now introduce another type of equilibrium, the correlated one; we will give a definition
which is similar to that of Aumann in [2] and we will show that is equivalent to another
concept, the Bayes rationality. Thus, consider a probability space (Qy,Py). A correlated
strategy is a random variable o : Q5 — Sy (notice that on the contrary to the previous
case, here we are not supposing the independence between the actions of the players).

Definition 1.2. A correlated strategy a” = (af,...,aN) is said correlated equilib-
rium if, for every i and for every other correlated strategy S~ = (57, ...,5x) such that
B; is a function of «;

I () < I (X, BY) (1.4)

(2

This means that for any d : S — S and for any ¢

S (@) < (el d(o)))
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Explicitly, calling p, the distribution of a over Sy:

/ g9l (@), ()P() < /| g0ld(a (), A () P(d)
& 3 pal)g(@(s). 1) < Y pal(9)g(o(d(s:)). i)

seSN seSN

(1.5)

Bayesian Rationality in Games: Given a N-person game, we assume also as given
a probability space (y,Py), which represent all possible states w of the world; for each

player i a partition P,¥ of Qy, which is ¢’s information partition. So, if the true state of

the world is w € P¥ € PJ, then ¢ knows that some element of P/¥ is the true state of

the world but he/she doesn’t know which one is it. Notice that conditional on a given w,
everybody knows everything, but, in general nobody knows which is the true w.

Let o™ (w) := (af (w), ..., ay(w)) be the n-tuple of actions chosen at state w. We assume
that o is P;"-measurable for any i; this could be interpreted as the fact that each player
knows the action he’s choosing.

Definition 1.3. A player i is Bayes rational at w if for any s; € S
Elg(¢(a), yhy) | Pl < Elg((si), iy, | Pi] - as. (1.6)
This means that each player minimize the his cost given his information.

Theorem 1.4. If each player is Bayes rational at each state of the world, then the distri-
bution of the action N-tuple « is a correlated equilibrium distribution.

Proof. If we take f5; as a function of o), since o is P'-measurable, 3; also is. The Bayes
rationality implies that for each P € PN

Elg(¢(a), hy) | P < Elg(d(si), ithny) | Pl
Taking s; to be constant value of 3; throughout P, yields:
Elg(¢(af), fiyiny) | P < Elg(o(8:), iyhy) | P)

multiplying both sides by P(P) and summing over all P € P,¥, we get

E[g(é(; i) ﬂg(l))] < E[g(é(8:), /jgz)ﬂ

and so, o is a correlated equilibrium. O

Also the converse holds, indeed:

Theorem 1.5. For each N-person game and each correlated equilibrium o”, there is an
information system (Q, Py, {P}}i) for which it is Bayes rational for the players to play
in accordance with o.
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Proof. We consider (Qy,Py) a probability space and o™ : Q5 — Sy correlated equilibrium
for 1.2. Let P; be the partition generated by o, this means that w and w’ belong to the
same P € P; if and only if o) (w) = oY ().

We know that, for every d: S — S:

Elg(é(af), i) < Elg(o(d(al), i)
thus, if there exists a §; € S and a function d : S — S such that
Elg(o(al). fil7) | af = 5] > Elg(o(d()), i) | o = 5
we define h: S — S as

h(3:) = d(5:)
h(Sz) = S; VSZ‘ 7é §i

hence
Blg (o)) iy )] = 3 papy (Bl (0(h(ad)), i) o = o
= 3 (B0 >>Zug2 )10 = 51+ pa (Bl (G(R(EN), FE) | o = 81
B gpaﬂsﬁw (), i) | 0 = si] + Py (B0)Elg(0(d(50). ey | @ = &
= gpaiv(si)E[g( (50): Hplay) | @ = s:] + Pon (3)Elg(6(5:), 1) | o = 5

=E[g(¢(a; ) ﬂg(l ))]

which contradicts the hypothesis.
Observe that since P} is the partition generated by «), then{a) = §;} = P € P and

(2 (2
also the vice-versa holds, this means that for every P € P:

Elg(é(a)). B4) | P) < Elg(é(d(a})). A50,) | P)

which means that, since d(a}") is constant in P and say it s;, for every P € P} and for

every s; €S ‘
Elg(¢(al). i) | P) < Elg(@(s:),i}) | P
O

We have thus proved that there is a bijective relation between the correlated equilibria and
the Bayes rationality of the information system. In the following we’ll use predominantly
definition 1.2 because it is operatively more convenient for our purposes but the Bayes
rationality could give a more intuitive meaning of this type of equilibrium.
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Remark 1.6. We observe that if o is a Nash equilibrium, then it is also a correlated
one, indeed let’s consider p,~ its distribution and d : S — S a function, then gV :=
(d(af),...,d(ay)) is a mixed strategy, so:

> pav(£)9(6(5), 5 D Gugey)) = A (@) < T (02, 8Y) =

SESN e

- oee @, _— > St o)) B ()

= [ oot @), > St o)) B ()

= 3 par () (6(d(5). 57— X b)),

seSN J#i

Furthermore we have:
Proposition 1.7. The set of correlated equilibria is convex and compact.

Proof. In this proof we’ll use the Definition 1.2 to characterize correlated equilibria. De-
note with Ay := {z € R¥ : @; > 0 Vi,>.* ; ¥; = 1} the simplex in R", then the set of
correlated equilibria, corr(Sy) is a subset of Agy.

Take p,p € corr(Sy), A € [0,1], then for all i and d : S — S:

5™ (pls) + (1= ) (6(50), 17 3 Gote)
J#

seESN
=2 3 29 (60511, 7 Do) + (=X 3 5) (050), 7 ety
sESN i sESN i
<A p(s)a(6(500), 7 S Gote) + (=X 3 als)o (0ldls0), 5 o)
SESN i seS i

1
= > Ow(s) + (1= Vi()g (9(d(s:)): 17— D dus)
seESN jF#i
and so Ap(s) + (1 — A)p(s) € corr(S).
Moreover, if we write condition (1.5) as:

5 05) (06050, 5 3 By~ 9(9(d(s1)), 37 D os)) SO Vi W5

s€ESN JF#i J#i

we see that corr(Sy) is a closed subset of Agy which is compact; which implies that
corr(Sy) is compact. O

Remark 1.8. Remark 1.6, together with Proposition 1.7, says that any convex composi-
tion of Nash equilibria is a correlated equilibrium. The vice-versa is not true in general,
indeed if we consider the simple two person game, called ”chicken” whose costs matrix is:
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D T
D |-6,-6 | -2,-7
T|-7-2| 0,0

In this game there are 3 Nash equilibria, which are (D,T), (T,D) and ([T,3D], [3T,5D])
with payoff respectively (-2,-7), (-7,-2), (—1—51, —13—4). Their distributions as correlated
strategies are:

D|T D
D|0]1 Dio|0o| |D

ool I
ol—|ln|

But we have that:

-
ol—|col—| T
O |wl|

is a correlated equilibrium whose payoff is (-5,-5) and it’s outside the convex hull of Nash
equilibria.

1.2 Existence of Nash and correlated Equilibria

In this section, we’ll prove the existence of the two types of equilibria, as a matter of fact,
one will follow from the other. In the following, we’ll indicate by A,, the n-dimensional
simplex.

Theorem 1.9 (Nash). Every game with a finite number of players and where the set of
the pure strategies is finite admits a Nash equilibrium in mixed strategies.

Proof. In this proof we’ll use the equivalent definition of J as function of the probability
distribution over Sy, that is, in the case of mixed strategies:

1 o 1

TN = p(S)g(cb(Si),i_ Z%@)) = > (Hm(sz’)>g(¢>(5i),7_ Z%(sj))

N —1 4 , N —14
sESN Jj#i seSy =1 jFi

First of all we indicate with 3 the set of the mixed strategies over S (= ¥ = Ay) and

Yy =Xy (= X C Agn); we define player i’s reaction correspondence, r; as follows:

T YN — 2

— : N ~ (1.7)
ri(p) = argmin{J;" (p—i, i) }

DiEX

This means that r; is the set function which maps each strategy profile p to the set of
mixed strategies that minimizes player i’s cost function when his opponents plays p_;.
Now we take r as the Cartesian product of all ;, r = (r1,...,ry). So r is a set function
r: Xy = Xy. To prove Nash Theorem means to prove that r as a fixed point, that is a

p € r(p); this could be done using Kakutani’s theorem:
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Theorem 1.10 (Kakutani). Let S be a non-empty, compact and convex subset of some
Euclidean space R™. Let ¢ : S = S be a set-valued function on S with a closed graph and
the property that ¢(z) is non-empty and convex for all z € S. Then ¢ has a fixed point.

We recall that to have a closed graph for r means that if (p",p") — (p,p) and p"™ € r(p™)
then p € r(p).

e Y is convex and compact since it’s the simplex in R?. So ¥ is compact and convex

since it’s a finite product of compact and convex sets.

e 7(p) is non-empty for all p because the cost function is continuous (because linear
with respect to mixed strategies) and ¥ is compact so JJ¥ attains its minimum for
all 4.

e r(p) convex for all p: take p/,p” € r(p), that means JY (p_;,p;) = JN(p—i,p}) <

JN(p—i,pi) for all p € ¥. Take A € [0,1]. For linearity of the cost function function:

Y (=i, Mo+ (1= N)pi) = AT (p—i, p5) + (1 = N TN (p—i p7)
:AJZ'N(p*’iap;) + (1 - )‘)JzN(pf’Lap;) = JiN(p*’iap;) S JiN(pfiaﬁi) fOI‘ all ﬁ S X

So also any convex combination of two best responses is a best response.

e 7(p) has a closed graph: assume that this condition is violated, so there is a sequence
(", p") — (p,p) and p"” € r(p") but p ¢ r(p); this implies that there exists a i
such that p; ¢ r;(p). Let p, € ri(p) (notice that such an p’ always exists because
we’ve shown, in the previous point, that r(p) s non-empty for all p), so Je > 0 s.t
JIN(p—i,p;) < JN(p—i,pi) — 3e. Since J is continuous and (p",p") — (p,p), for n
sufficiently large we have

JN (" p5) <IN (p—ispi) +€ <IN (p—ipi) — 3e +e <INV (0", 0)) +e— 2
:‘]zN(pTizaﬁ?) —¢€

Which means that p is a strictly better response than pl which contradicts the
hypothesis p" € r(p").

We’ve verified all the hypothesis of Kakutani’s theorem, so we’ve concluded the proof. [

We are interested in a particular type of game on which our specific model could be framed.
On that we’ll also show the existence of Nash equilibria:

Definition 1.11. Consider a game (S;, J;V') where S; is the ¢’s strategy set and JY : § — R
is the respective cost function. It is called a symmetric game if S = ... = Sy and if
the cost functions are invariant for permutations, namely

iy, g an) = I (@) 0y - Qyy)  for any permutation .
It is now clear that our model fits Definition 1.11, so the following results will be very

helpful.
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Corollary 1.12. Every symmetric game with a finite number of players, where the set of
strategies is finite, admits a symmetric Nash equilibrium.

Proof. We take r as in the definition of the proof of theorem 1.9 and we restrict his domain
to

Svi={p=(p,....p) EXy:pEX}

Due to the symmetry of the definition, J¥(p,p,...,p) = ... = JN(p,....p,D,p,...,p) =
. =JY(p,...,p,D). Thus, if p € r1(p) we have J (p,p,...,p) < JV@'.p,....,p) VD' € X
and so JN(p,...,p,p.ps....p) < JN(p,...,p,p\p,...,p) for every p’ € ¥ and for every i.
This means that if p € r1(p), p € ri(p) for every i. Define:

We can now apply Kakutani’s theorem to 71, whose hypothesis are verified in the proof of
the Theorem 1.9 also for this case. Thus, there exists a p € ¥ such that p € 71(p) = r1(p),
which means that p € argmin; J;¥(p_;, p) and, because of the symmetry, p € 7;(p) := r;(p)
for all 7. So there exists a p € ¥ such that p € r(p). O

Thanks to Remark 1.6, which tells us that every Nash equilibrium is also a correlated one,
we have also proved the existence of correlated equilibria in the case of finite games.

1.3 Correlated vs Nash equilibria

In this section we are going to give three examples based on the same model that justify
our interest to correlated equilibria. The first one allows us to understand the idea but it
doesn’t fit perfectly our setting, the second will increase fit the model but it will not be
interesting when N — o0; in the last one we will add some difficulties but it will explain
why what we are going to do in Chapter 2 might have an interest.

1.3.1 Example 1

We present a situation with N payers in which correlated strategies give a better result
than mixed one, in the sense that the sum of the costs for a correlated equilibrium is
greater that that of all the Nash’s. This example is inspired from the one in Theorem 11
in [1]. We study a particular simple congestion game, in which there are N players who
could choose between 2 strategies, 0 and 1 (= S = {0,1}) and the private states coincide
with the actions. The idea is that is the minimal cost is reached only if one player chooses
differently from the others. Thus, we define w{ (1 + ]{,;_11), j€{1,...,N} the cost of each

player who chooses 0 if exactly j players choose 0 and similarly w{' (1 + 3;_11) We define
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them as:

’wé\](l) = wl(l) =-1

1 N -3 1 N -3
N -2 N -2 1

wy (2) = wi'(2) = 1
(1.8)

We rewrite the (1.8) as wo = wy = (—1,0,...,0, %, 1). With the notation used among the
general theory, we have
9" (s, ") = we, (1 + " ({si}))
Observe that g is bounded.
Call m = (1, N — 1) the situation in which one player chooses 0 (resp, 1) and the others

N — 1 players choose 1 (resp. 0). Call A, C Sy the set all those strategies. We observe
that:

o |A;| =2N
e cach s € A, gives the minimal global cost (meant as the sum of all the single costs).
Indeed the possible situations are:

— Every player chooses the same strategy (0 or 1) = global cost = N

— 2 < i < N —2 players choose 0 (resp. 1) and the N — ¢ others choose 1 (resp.0)
= global cost = 0

— 1 player chooses 0 (resp. 1) and the N — 1 others choose 1 (resp. 1) = global
cost = —1 + % = —% < max{0, N}

Consider the correlated strategy p having a uniform distribution over A, so it assigns
probability QLN to each s € A, so

Then for alli=1,... N

So, the global cost is
1

1
Jeorr (P) = Z N2~ N3

Let’s show that « is a correlated equilibrium by showing that relation (1.5) is verified.
Because of the symmetry of the game, it’s sufficient to verify it for a player i. There are
four function d : S — S: the identity, d = 0, d = 1 and that one such that d(0) = 1 and
d(1) = 0. Thus, we just need to verify (1.5) for such a function d. There are two possible
situations:
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o if s € A, is such that player ¢ chooses 0 (resp. 1) and the others choose 1 (resp. 0)
- there are only two s € A, which verifies this condition - , than, if d(s;) = d(0) =1
(resp. d(si) = d(1) = 0), every player choose 1 (resp. 0) and everyone gets 1 as cost.

e if s € A, is such that player ¢ and other N — 1 players choose 0 (resp. 1) and only
one (different from i) chooses 1 (resp. 0) - there are 2N — 2 strategies s € A, which
verify this condition - , if d(s;) = d(0) =1 (resp. d(s;) = d(1) =0 ), everyone gets 0
as cost.

So, in the case of d = 0, d = 1, due to the symmetry of the game, the cost, indicated by
JY(d(p)), is

1

JiN(d(p))—JV<—1+]1V(N_1)+1+(N—1).o> “1- 4

and in the case of d(0) =1 and d(1) =0

J(d(p)) = 5(2 142N —1)-0) = %
We have:
T) — min{JY (0 dp)} = 15 — 1 <O

So p is a correlated equilibrium. If we show that no Nash equilibrium can attain J& .(p),
we would have finished.

First of all we observe that any strategy profile in A, isn’t an equilibrium, since every
player who has chosen the strategy chosen by the other N — 2 wish to deviate, because
he/she would get a cost of 0 instead of % The only Nash equilibria are those in which
2 < k < N — 2 players choose the same action, which means that the global cost is
0 < J&u(p)

We observe the only strategies who attain the minimal global cost are those in A;. So we
want to prove that if at least one player (say ) plays a mixed strategy «, with distribution
p = (p',...,p"), in which p*(0) > 0, p(1) > 0, then there exists a profile s ¢ A, such
that p(s) > 0. Assume that p(s) > 0= s € A;. Let s be such a strategy, then

p(s)>0:>Hpj(8j)>0:>pj(sj)>0f0rallj:1,...,N
J

Since p*(0),p'(1) > 0, p(s—;,0) = p*(0) H#ipj(sj) > 0 and p(s_;, 1) = pi(1) H#ipj(sj) >
0. So both (s—;,0) and (s_;,1) are in A;, which is impossible since we’ve seen that if a
player deviates from a strategy in A,, we obtain a strategy not in A;.

The problem with this example is the dependence of g from N, situation which is not
included in our model.

In the following sections, we’ll try to formulate some examples which improves this one
keeping its structure.
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1.3.2 Example 2

Also in this example there are n players who could choose between 2 strategies, 0 and 1
(= S =1{0,1}). We define wo(1 + %) j €{1,...,n} the cost of each player who chooses
. . . . .. i—1
0 if exactly j players choose 0 (in pure strategies) and similarly we define w1 (1 + 2=5).
For simplicity we’ll consider the n-players game when n > 4 and we recall that [z] =

max{m € Z : m < x}, it’s such that
z—1<|z| <= (1.9)

We consider a game in which:

wo(1+ HE) 2 (1 BTy - g
i+ ) s ) < a0
w147 =3) = 55) =2 kA (g 5]
A
1 3] n— 3] "

| T —— : |

o . ; .

70 ¢
w(1+ 2=

Observe that:
g(si, ") = ws, (1 + @ ({s4}))
where ¢ is no more dependent from n and it is bounded.
This means that if [ 5] players (i.e. about one third of all players) choose 0 (resp. 1) they

get —20 and the others n — [ 5| get —1; in any other situation everybody gets —2. Thus,
these two situations correspond to only two possible global costs:

e exactly |5 | players choose the same strategy:

= <ff] -t 5] -] -

e all the other situations
J" = —2n
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? ?

I e —19@ <o 19@ —n>0
Using (1.9):

? ?

—19gJ —nZ19(%—1)—n:§9n—19—n:§6n—1920@16n257

Since we’'ve assumes n > 4 this is always true. This means that the pure strategies for
which we get the minimal cost are those in which L%J players choose 0 (resp. 1) and the
other choose 1 (resp. 0). We'll denote with A the set of these strategies.

We now consider the correlated strategy p with uniform distribution over A.

Before proceeding further, we do some calculations:

1. the number of possible | % | in a total of n are (LgJ) = |A] = Q(LQJ)
3 3

2. if we consider a generic player ¢, the number of sets of L%J players in which he/she
. . . n—1
is contained is (L%J—l)

3.
n n—17Y) n! B (n—1)!
()~ () = e o 1
(n—1)! n [ n-1 n
_(LSJ—l)‘(n—LgJ)‘<L’§J—1)_ LE‘J—1><L’§J Y
4.

Now, because of the symmetry of the game, we can consider a generic player ¢ and the
calculations we’ll be the same for all the other players. Thus:

70" g ) e () - () )
@(@‘_ﬂ)(—%—@ﬂ) é@(—w—@) :—(19@“)

Remark 1.13. Because of (1.9), we have:

[1e

5l _5_1

n - n 3

331 1 1

n - n 3 n
19 22 1 1 22 19
== Jgr <—19(f———1):—— —
3 3 =i = 3 n 3
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We now show that p defined as above is a correlated equilibrium; to do so recall that A
probability distribution p over Sy is said correlated equilibrium if, for every ¢ and for every
function d : S — S, we have

S p()9 (6050, 5 S bate) < 3 p(3)a(6(d(50), 3t S b)) (11D

sESN i sESN i

In this case, since S = {0, 1} there are only four possible d, that are d = idg, d =0,d = 1
or d(0) =1,d(1) = 0. In the first case, we have no modifications; in the last case:

g(0, "y ifs; =1

g(d(s;), p") = ,

By symmetry we can consider just one of these two cases. Both in the situation in which
the i-th player had chosen 0 with other L%J — 1 and in that in which he’s in the remaining
n— L%J, his deviation brings everybody to have cost —2. If we indicate with J'(d(p)) :=

1
ZSESN p(s)g (Cb(d(Si)), N1 Zj#i 5¢(Sj)>, we have:

z n
0§JWM+2:N%§1+2:w%ﬁ+1

_19iJ_|_1S_E+E+1:_E+B;O¢>l6n257
n 3 n 3 n

since we have assumed n > 4, this is always true. This means that p is a correlated

equilibrium.

If we show that no Nash equilibrium can attain the global cost of the correlated equilibrium,

we would have finished.

First of all we observe that any strategy profile in A isn’t a pure Nash equilibrium, since

every player who has chosen the strategy chosen by n — (Lg J) wish to deviate, because
he/she would get a cost of —2 instead of —1. The only pure Nash equilibria are those in
which 1 <k < L%J —2o0r L%J +2<k<n-— L%J —2o0rk>n— L%J + 2 choose the same
action. The cost is -2 for each player, but we have already proved that J*(p) + 2 < 0.

We observe the only strategies who attain the minimal global cost are those in A. So we

want to prove that if at least one player (say 7) plays a mixed strategy «, with distribution
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q=(q',...,q"), in which ¢*(0) > 0, ¢°(1) > 0, then there exists a profile s ¢ A such that
q(s) > 0. Assume that ¢(s) > 0= s € A. Let s be such a strategy, then

q(s) >0:>qu<3]‘) >0=¢/(s;)>0forall j=1,...,n
J

Since ¢'(0), ¢*(1) > 0, ¢(s-:,0) = ¢*(0) [T, ¢’(s5) > 0 and g(s—i,1) = ¢*(1) [];; ¢’ (s5) >
0. So both (s_;,0) and (s_;,1) are in A, which is impossible since we’ve seen that if a
player deviates from a strategy in A, we obtain a strategy not in A.

In this second example we’ve avoided the dependence of g from n, but we observe that the
point with minimum cost is ”isolated” thus, when n — o0, its presence becomes irrelevant.

1.3.3 Example 3

In this last example we will eliminate the problems concerning the other two, indeed there
will not be any dependence of g upon N and any isolated points. The basic structure is
always the same, that is a congestion game where S = {0,1}. For sake of simplicity we
consider 6n players, but it can be done for all n with some difficulties in the notation.
The idea is the following: if less then one third and more then a ”certain quantity” (which
is n in this case) of the players chooses 0 (resp. 1), they get —7 and the remaining gets
—1, otherwise everyone has cost —2. So in this type of game we will find a correlated
equilibrium, which is not also a Nash one, that has less global cost with respect to pure
Nash equilibria and symmetric mixed equilibria. We observe that, since among all the
theory of Chapter 3, we study the behaviour of symmetric Nash equilibria and correlated
ones when the number of players goes to infinity, this example is sufficient to justify our
interest in this type of equilibria.

We now formalize the notation with that used in the rest of the thesis.

w0(1+ k_1>:w1<1+ k_l)

— 6 — 1 -7 ifk=n+1,...,2n

kE—1 k—1 .
w0(1+6n_1>—w1<1—|—6n_1)——1 ifk=4dn,...,5n—1
kE—1 k—1
1 ): (1 ):—2 thk=1,....nk="5n,...
wo( +6n—1 w1 +6n—1 if k n, k=>on 6n

Thus, again:

9(si i) = ws, (1 + 5" ({s:}))
Consider A the set of vector strategies on which at least n + 1 and at most 2n players
choose the same action. We notice that [A| = 232" 4 (6]?). We consider in A a correlated
strategy p = (pr,k =n+1,...,2n) depending only on the number of the exact k players

choosing the same pure strategy. We will find some sufficient conditions under which py

e is a correlated equilibrium
e is strictly better then any pure Nash equilibrium
e is strictly better then any symmetric Nash equilibrium
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k—1
w1+ 21)
A
1 n 2n 4dn 5n 6n k
| | | | | | o
| | | | | |
| | | | | |
T ——_——— — o
Ly-r " 3 ‘ : |
| | | | | |
| | | | | |
2 -e —¢- - ? O------- ——
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
: :
| |
] R — o

Before starting to analyse the issues explained above, we observe that p defined as before
can’t be a non-symmetric mixed strategy, because, since p; depends only on the number
of player choosing a certain action, if we take a random vector having distribution p, it
would be exchangeable and hence symmetric as a mixed strategy.

We do some preliminary observations and calculations:

1.
6n — 1 6n—1\ (6n —1)! (18n — 1)!
(k—l) +< k ) -~ (k—=1)!(6n — k)! +k!(18n—k—1)!
~ (6n—1)! ()t [6n
= e = O R = e T T (k)
2.
= (6n -1 R e -1 & fen-1
124:” ( b1 )pGnk = ’24:” <6n _ k>p6nk = k;n;rl ( i >pk (1.12)

3.2 n+1( ")pr =1 and, by 1.:

2 Z ( )pk—l—Q Z ( ) =1 (1.13)

k=n+1 k=n+1

By the symmetry of the game, we will refer to Player 1. We now calculate the cost of the
correlated strategy p for this player. His/her possible situations are: 1. he has chosen 0
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(resp. 1) with other & = n,...,2n — 1 players; 2. he has chosen 0 (resp. 1) with other
k=4n—1,...,5n — 2 players, thus the cost is:

. 2 (6n—1 6 — 1
Ji(p)=—14 b1 Pr—2) o1 )Pon—k
= k=4n

k=n+1
(1.12) 2 (6n—1 2 (6n—1\ 3 2 (6n—1
=" —-14 -2 =—-12 -1
S (G2 (M )t (Y )n
k=n+1 k=n+1 k=n+1
p is a correlated equilibrium Since |S| = 2 the only possible deviations d in the

definition of the correlated equilibrium are d = idg, d(0) = 1,d(1) =0, d=0or d = 1.
We'll indicate with J'(d(p)) the deviated cost of the chosen d. First of all, we observe
that the detailed possible situations deviation are in the table 1.1.

Initial cost | n. players with 0 (or 1) | n. other players n. players with 0 (or 1) | n. other players | Deviated cost
-7 n+1 5n —1 — 5n n -2
-7 n+2 5n —2 — 5n—1 n+1 -1
7 2n —1 dn+1 — 4n 42 2n —2 -1
-7 2n 4n — dn+1 2n—1 -1
1 4n 2n — 2n+1 4n —1 -2
1 dn+1 2n—1 — 2n 4an -7
-1 5n —2 n+2 — n+3 5n —3 -7
-1 5n—1 n+1 — n+2 5n —2 -7

Table 1.1: From J*(p) to J*(d(p))

Thus, if d(0) =1,d(1) =0
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) _2(—7:2;( | )i 22 (1)

o <6n12i 11> S <6n — 12)
—2(-7 Y <6”_1> Z (6”—1>
_ 2(6”;{ 1)pn+1 (6n —Qn)
:2<_kzzn+1 <6n—1> Zn:H <6n—1> (1.14)
_ (an— 1)pn+1 ( - )p% (Gnk— 1)1%)
- 2( _ % <6n - 1)pn+1 <6n2n >p2n = n+2 <6nk— 1)1%)
(

1 6n — 6n — 6n —1
2<—2—< )Pn+1 om > (k_1>]3k1>

and if d = 0 or d = 1, with analogue calculations as in (1.14):

) = —7 Z ( n— 1) f”: (61?__11>pk

k=n+1 k=n+1
5n—1 2n
n—1 6n—1
—7 E - E
( >p6n k ( E—1 )pk’
k=4n+1 k=n+1

6n —1 6n —1
2( )pn+12< )an
n 2n

2n 2n
6n —1 6n—1
-3 (V- 2 ()

k=n+1 k=n+1
2n
1 6n —1 6n —1 6n —1
—2—< n )pn+1—<2n )pZn 62 ( 1 )pk
k=n+2

Now, it is clear that the condition we have to impose in order to achieve A := J{'(p) —
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Ji(d(p)) <0 forany d:S — S is:

2n 2n
6n —1 6n —1 6n —1 6n —1
-6 Z (k_1>pk§—< n )pn+1—< o >p2n—6 Z ( 1 )pk

k=n-+1 k=n-+2
2n
6n —1 6n —1 6n —1 6n —1
— — — <
= 6}92;2 k_1>(Pk pk—1)+< n )pn+1+< on >p2n 6< n )pn+1_0
=n

2n—1
6n —1 6n —1 6n —1
= —6 Z <k_1>(Pk—pk—1)—6<2n_1>P2n+6(2n_1)p2n1

6n —1 6n —1 (6n —1)! 6n —1
- n n — n\— -2 4 =—4 n
6<2n— 1)p2 * ( on >p2 ()i (anny P2 (6 2t dn) <2n— 1)p2

Thus, two sufficient condition for A < 0 are:

e k — pi not-decreasing
e 4poy, > 6pon—1

Confronting correlated and pure Nash First of all, we observe that no vector strat-
egy in A could be a pure Nash equilibrium, since all the players having cost -1 wish to devi-
ate in order to decrease their cost to either —6 or —2. In this type of game, pure Nash equi-
libria are those in which exactly k, k € {1,...n—1}N{2n+2,...,4n—-2}N{bn+1,...,6n}
players choose 0 (resp. 1). The cost for each player is thus -2.

We're interested in having

find:

k=n+1 k=n+1
2n 2n+1
6n—1 6 1
=1 2 —
0% (Y e X (T )ne
k=n+1 k=n-+2
2 en— 1 6n — 1
= —10pn41 — kz;rQ ( b1 >(10Pk —2pg—1) + 2( om )an
=n

6n
6n —1 6n —1
< —10pp1—8 Y <k1)pk+2< on, >p2n
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Now,
6n —1 6n —1 (6n —1)! 6n —1
-8 2 = N 8. 9n+4.2n) = 4
<2n—1>p2’”L < on >p2” n)i(any (82t A ) <2n—1)p2”
and thus we conclude that A’ < 0.

Confronting correlated and symmetric Nash As we said the beginning of this
section, we can restrict our analysis to symmetric mixed strategies. Call 0 < A < 1 the
probability of each player of choosing 0 and consider player 1 as the reference one. Define
qr = /\k(l — )\)6"*1“; without loss of generality, we can suppose A > 1 — A\ = % <A<
Now, his/her possibilities are

e he/she is in the group of k, k =n + 1,...,2n players choosing 0 (or 1).

e he/she is in the group of k, k = 4n,...,5n — 1 players choosing 0 (or 1).

e he/sheisin the group of k, k = {1,...n}N{2n+1,...,4n—1}N{5n,...,6n} players

choosing 0 (or 1).

Thus, the cost is

2 6n —1 dn—1 6n —1
VRUEESD S G (USSR S CL) [y
k=n+l k=4n
4n—1 6n — 1 n —_—
_ Qk_;+1 ( b1 )(Qk: + Gon—k) — 2; ( e 1 >(ka + Gon—t) (1.15)

6n—1 6n — 1
—22 (k_l)(Qk+QGn—k)_2qo_2Q6n

Before going further we have to do some observations:

6n 6n
1. Z<k>qk:1

k=0
6n—1 6n—1 n
6n —1 6n —1 6n —1
2. _k) = _k) = _
<k_1>(Qk+QGn SEDD <6n_k>(Qk+Q6n k) Z( i )(QGn K+ ar)
k=5n k=5n k=1
n 6n—1
6n —1 6n —1
3. =2 <k1>(Qk+Q6n—k)_2 > <k1>(Qk+Q6n—k)_2q0_2(JGn
k=1 k=5n
3 ", /6n ", /6n
=-2) ( k > (ak + Gon—k) — 240 — 2q6n = —2 ) < k ) (qk + d6n—)
k=1 k=0
4n—1 4n—1 4dn—1
6n —1 6n —1 6on —1
4. _k) = _
> <k1>(Qk+QGn SEED <k1)qz<+ > (6nk>Q6nk
k=2n+1 k=2n+1 k=2n+1
4n—1 4n—1 4n—1
6n —1 6n —1 on
- > (T e X (M a= X (T
k=2n+1 k=2n-+1 k=2n+1
h h 6n—j
6n —1 6n —1 6n —1
5. Z<k1>QGn—k—Z<6nk>QGn—k— > < i )%
k=j k=j k=6n—nh
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We can rewrite the global mixed cost as:

o~ (6n—1 L 6n— 1
Jle __7 Z < ) Qk+Q6nfk)_ Z <k_1>(Qk+QGnk)
k=n+1 k=4n
4n—1 6n
-2 ) ( >Qk_22( >Qk+Q6nk)
k=2n+1

We want to prove that the global cost of the correlated equilibrium is strictly inferior that
that of the Nash one, so, first of all we observe that the global cost for a generic strategy
vector in A is:

—Tk —(6n —k)=—6k—6n ke{n+1,...,6n}

but, if we take a strategy vector in A the only possible global cost is
—2.-6n

Since k > n, we have
—2-6n > —6k — 6n & —6k + 6n > 0.

This means that every strategy vector in A has an inferior global cost with respect to
those in A“; hence it is reasonable to think that the global costs for the Nash equilib-
ria is greater then those of the correlated one; indeed mixed strategies assign a strictly
positive probabilities to strategy vectors in A“; on the converse p is only concentrated in A.

By symmetry, the global costs are

é_:f)org(p):@n.g( 7 Z <n—1> B i <6nk—1>pk>

k=n+1 k=n+1
2n 2n
(6n)! 6n
=2 —— (-7k—6 k =—6 k‘ 2
k;rl kl(6n — k)! . = k;—l k ez

and by analogous calculations we get:

) = —6 3 () = s + o)

k=n+1
n 6n in—1 6n
—2-6n(z(k)<qk+qﬁnk>+ = (V)a)
k=0 k=2n+1

Using the fact that S 27 L1 (kn) 2pp = Zgio (6]?) qr, we get.

2n
i@ =0 > (1)t e+ o)

k=n+1

—2~6n< i <6kn>2pk+ i (6:>(Qk+%n—k)>

k=n-+1 k=n+1
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corr mix

Thus, calling A" := J(p) — Jgon (), We have:

2n

A =_¢ Z < )k+n2pk—i— Z < >k+n(Qk+QGnk)

k=n+1 =n+
2n 6n 6m
+2-6n< > <k>2pk+ Z <k>(Qk+QGnk)>
k=n+1 k= 7‘L+1
2n 6n
=—6 Y <k>( —n)2pg + 6 Z < > n)(qk + don—rk)
k= n+1 k=n+1
=—6 Z < ) —n)(2pk — (a4 + Gon—k))
k=n+1

If we find a particular p that satisfies the previous conditions and such that A’ < 0 for
every A, then we’ve achieved our purpose. We define

Pn+1 = ... = P2n—1 =0
then:
5 <6n> 1o 1
Pon = Pon = S76mN
2 2(5n)
Now:

——6 Z ( ) —n)(2pk — (@ + 96n—))

k=n+1
2n—1

=\ (6:> (k —n)(qr + gon—r) — 6 (gZ) n(2p2n — (g2n + qan))
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Where the last strict inequality follows from the fact that:
6n 6n 2n—1
6n 6n 6n
=23 (V=X (P> X (7)) aono
k=n+1 k=0 k=n+1

6n

= ) <6]?> (2pe — (qk + don—k)) > 0






Chapter 2

Solutions of Static Mean-Field
Equations

2.1 Strong Solutions

In this section, we want to study the behaviour of Nash equilibria when N — oo and
to find and to find an equation that they satisfy in our static model. In the work of
Fischer [9], there is the more general case of stochastic games. Usually the procedure goes
in the opposite direction, namely we start from a mean-field equation, we find a solution
for it and then we go back to the finite case, see [7] for a comprehensive argument.

Consider a mixed strategy (af,...,a]!); recall that the {a'};=1 ., are independent. In

Corollary 1.12 we’ve shown the existence of symmetric Nash equilibria, so it is reasonable

to restrict our study to those strategies {a]' };=1,.., which are also identically distributed,

with common distribution v™. If we consider the private states { X" = ¢(al) }i=1,...n, it is

clear that they are also i.i.d. with common distribution v™. In the following we are going
. n

to indicate the empiric measures as fiy' := ﬁ >0 Xn and % = % >0 Xn. We make a
i =1

first simple observation about the convergence in distribution of these random measures

to stress the fact that for the purpose of convergence (in distribution) it is indifferent

considering one or the other.
Remark 2.1. Notice that ﬂ?gi — p in distribution < g% — p in distribution, indeed

n — 17n,i

1 & 1 1 n—1 1 1 1
7”:— (5 n = — 5 n —5 n = 5 n —(5 n = —5 n
Mx n;_l X7 nE Xj+nXZ. ijﬁ-nxi - 5% +nXi

— n n-—1+
i#£j i#£]

Now, the convergence in distribution is closed under the summation and by Corollary A.32,
we have the two implications, indeed call u and u the limit of g% and %" respectively
(they exists because of the tightness of the sequences).

-1 —n,i

n 1
M<—ﬂ§§:7n 15% +56Xi”—>1"u,/—|—0"u:u

!/

= p=pu

With an abuse of notation, we will denote the distribution both of ﬂ?gi and p'% with
m". Now, fixing a particular ¢, we have that X! : Q, — X and p%y" : Q, — P(X) are

33
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independent by definition. Moreover, we notice that X and P(&X’) are compact because the
first is a finite set and the second is a simplex; so we consider the random vector (X, ﬂlX") :
Q, — X xP(X); it has values in a compact space because product of two compact spaces,
so it is tight. As a consequence of Prokhorov theorem A.26, there exists a sub-sequence,
that we are going to denote as (XZ-",[L?(”) with abuse of notation, which converges in
distribution to a random vector (X, pu) : © — X x P(X) for a certain probability space
(Q, A P). .

Since {X!'},, are iy’ are both tight they also are convergent in distribution, up to sub-
sequences. X' and ﬁ?gi are respectively the projection on the first and on the second
component of the vector (X, ,D,zXn) and, by the Continuous mapping theorem A.17, it has
to be X' — X and [/}(’i — u in distribution. Thus, calling v and m the distributions of
X and u, v™ — v and m"™ — m weakly.

Observe that, due to the independence, the distribution of the vector (X7, [fX") is the

product measure v" ® m"™ and by Proposition A.30, the distribution of (X, u) is v ® m.

Proposition 2.2 (Strong solutions of the static Mean-Field Equation). Let g be con-
tinue and bounded. Let, for any n, (&f,...,a&}) be a symmetric Nash equilibrium, and
(XP,...,X™) the correspondent private states with distribution (¢, ...,3"). Then, up
to a subsequence {0"} converges weakly to a measure v satisfying:

cEP(X)

/Xg(x,v)v(dx): inf /Xg(a:,v)a(da:). (2.1)

Moreover the empiric measure i , up to sub-sequences, converges in distribution to &, €

P(P(X)).

Remark 2.3. Before starting the proof, we want to see what does it means to be a
Nash equilibrium in terms of the distributions of the private states. We want to prove

that Definition 1.1 is equivalent to: (&f,...,a&Y) is a symmetric Nash equilibrium, with
(X7,...,X") the correspondent private states with distribution (0",...,o") if
[ swyrandr@) < [ gwpoldnmdy) Yo e PX)  (22)
P(X)xX P(X)xX

(2.2) = (1.3): if (&7, ..., &%) is a symmetric Nash equilibrium (in the sense of (1.3)), with
(XP,...,X") the correspondent private states with distribution (3", ...,9"), consider a
generic o € P(X') and consider a random variable X" : Q,, — X with distribution o. Since
¢S — X is surjective, because X is defined as X := ¢(S) there exists a 5 : Q,, — S such

that X™ = ¢(8) and so by (1.1)
Lo S0 m ) = [ (X7, Pt
= [ gstaren. iy, Batde) < [ g(6(50 ). i, )Pulds)

n

= [ o, e = [ ot potaam @)

n
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(1.3) = (2.2): for any mixed strategy [ define X = ¢(f) and let o be its distribution,
then:

[ o(o@en sl Joatar = [ o dam @)
S N W CEADI I B

Proof. In the following paragraphs we’ll study iy = Zl 1 0xr and we’ll indicate again
with % the converging subsequence, that exists since P(X) is compact. We'll call u the
random variable to whom the empiric measure converges. By definition of convergence in
distribution, we have that V f : P(X) — R continue and bounded:

lim [ o g w)P(dw) = Ea[f(22)] = Eplf (1)) = /Q f o p(w)P(du)

n—oo Q
n

First of all we observe that, since X' is compact, Cy(X) is separable!, thus there exists a
countable and dense subset, say 7. For the topology induced by the weak convergence,
because of Proposition A.8, if two measures, u and v € P(X), coincide if tested on T than
o = A. This means that if (o, f) = [ fdo = [, fdx = (X, f), for all f € T, than o = \.
Let ¥ € 7 and define

my ::EP[/X // ) e, (dz)P(d)
vq/:—EPK/X (e)u(dr) ~my )|

ml = En[/ da: // )i (dz )Py, (dw)

where Ep and E,, are the expected values respectively on (2, 4, P) and (2, A, Py).
Notice that the mapping F' : o — [ Wdo is a continuous function in P(X) (for the topology
induced by the weak convergence), indeed, consider o, € P(X) for all n, then F(o,) =
[ doy, — [1do = F(o). So, by the convergence of " to p, E,[F(i")] — Ep[F(u)],
which means that my — my for every ¥ € 7. Moreover, because of the Continuous
mapping theorem in the version A.18:

ve = Ji B [( f v )] =t ma[( [ v0(5 3 0e) 0 i)
-l (3w )]
Moreover, we obserxzfe that, since {X"}; are identically distributed:
mh = En| /X W(2)i" (d)| = E, [% > WX = Baw(x])
E, [;Z\p(xy) —my] =0 wn Z

'For a complete proof see [8]

(2.3)




36 2. Solutions of Static Mean-Field Equations

Now, since X! are i.i.d. for i = 1,...,7n, so do the ¥(X) and the ¥(X[*)?, thus, using
(2.3):

g
<
=
&
|
s

8) ] =B (5 DD v —mi) (5 S ey )
(3 D200 )| = mg [ 3 w0r)
(L

(2 3

i=1 j<i
= i B LW+ PR D) ()

The convergence toward 0 follows from the boundedness of ¥. We’ve found that vy =
0= Ep[([y ¥(2)du(x) — my)?] = 0. Hence for all ¥ € T, P- almost surely

| w@ntdz) = m
x
but, since T is countable we can exchange the quantifiers and get that P- almost surely
/ U(x)u(dr) =myg forall U eT
X
which means that there exists a set A € ) with probability one, such that for any w € A
/ U(z)puw(de) =myg forall U e T (2.4)
x
thus, there exists a unique measure o € P(X) such that
/ U(z)o(dzr) =my forall ¥ e T.
X
indeed, the uniqueness follows from: let 0,6 be two measures such that | v Vdo =
| v Vdo = my for all ¥ € T, so they coincide if tested on all functions in 7 = o = 7.
For the existence, it is sufficient to define o as o := p,, for an w € A, observing that the

definition does not depend on the choice of the particular w since (2.4) holds for every
w e A.
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We now show that ¢ = v which is the limit distribution of v™ (up to sub-sequences). As
said before my, — my for every ¥ € T, but we’ve also that

= Bu | | W@ (d)] = B[ (XD
= / U (X1 (w))P(dw) = /X ()0 (de) =2 . U(z)v(de) forall ¥ eT

By the uniqueness of the limit in distribution:

/ U(z)v(dx) = my = / U(z)o(dz) forall U eT
X X

=0 =u.
So if F € C(P(X)) and m the distribution of p:
(04, F) :/ dx) = F(v)
P(X
/ o) = [ FuP() = [ FB) + [ Fu)pw)
P(X Q A AC
~ [ Fn)pia) - /A (0)B(d) = F(0)B(4) = F(v)
= m = dy,.
Now we have to prove (2.1). We know that (&f,...,a}) is a Nash equilibrium for all n,

so by (2.2) we find:
/ o, y)o" (d)ym (dy) < / o(z, y)o(dzym™(dy) Yo € P(X)
P(X)xX P(X)xX

Observe that, because of the boundedness of g we can apply Fubini-Tonelli’s theorem .
Moreover, since P(X) x X is separable (because compact), the product measure v @ m"
is weakly convergent and by Proposition A.30, v ® m"™ — v ® m. Now:

lim gl gy (dn) = [ gloyym(dy)o(dn
=0 JP(X)x X P(X)xX

= [ wddnotin) = [ gt
P(X)xX X
and for all o € P(X)

lim o y)odnm™dy) = [ glay)oldom(dy)
oo Jp(x)xXx P(X)xX

:/ g(z,y)o(dx)d, (dy) =/ g9(z,v)o(dz)
P(X)xX x

= [y9(z,v)v(dz) < [, g(x,v)o(dz) for all o € P(X), but, since v realizes the equality,

/Xg(q:,v)v(d:v)zoeig(fx)/xg(x,v)a(dx)

which concludes the proof. ]

we have:
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We call (2.1) mean field equation. It allows us to study a continuous problem, indeed a
v that satisfies (2.1) is called a Nash equilibrium for the continuous game. Moreover, we
observe that that condition is equivalent to:

v({z | g(z,v) < g(y,v) Vy € X}) = 1. (2.5)

Heuristically it means that, if the other players play with "mean strategy” v, the most
convenient thing to do for me is to play v, namely it is useful to act as the others.

Remark 2.4. Notice that in our case X is finite and thus compact and separable and
also P(X) is compact and thus separable. But Proposition 2.2 holds even if X is simply
compact, indeed it follows from Proposition A.15.

2.2 Weak Solutions

In this section, we’re going to study the behaviour of correlated equilibria when N — oo.
The purpose is to achieve an equation similar to (2.1), with thw difference that here we
can’t exploit the independence between the variables.

If considering a correlated strategy o™ = (af, ..., a;) in certain probability space (Q2,P,),
due to the symmetry of the problem, in analogy with what we have done in the Nash case,
we can restrict our analysis to the exchangeable ones, which means that (af,...,a]) 2
(O‘Z(l)’ e 7O‘Z(n)) in distribution, for any permutation o; this implies that also the private
states are exchangeable = (X7,..., X)) = (Xg(l), . ,X;L(n)). Observe that for every
finite game it always exists al least one exchangeable correlated equilibrium, indeed we
know that there always exists a symmetric Nash equilibrium («q, ..., ), which is, thus
a collection of i.i.d. random variables, which implies that, seen as a correlated, the vector
(a1,. .., ) is exchangeable.

2.2.1 Exchangeability

Before going further, we want to give some useful characterizations and properties of
exchangeable random variables.

Definition 2.5. Let I be an arbitrary index set and E be a Polish space. A family (X;);er
of random variables with values in F is called exchangeable if

Law((X;)ier] = Law([(X,(;))ic]
for any finite permutation o : I — I.
Remark 2.6. It follows directly from the definition that the following are equivalent:
e (X;)icr are exchangeable

e Letn € Nandiy,...,i, €I, j1,...,Jn be pairwise distinct. Then Law|[(X;
Law[(Xj,, ..., X;,)]

e X)) =
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Observe that, if we consider n = 1 we have that exchangeable random variables are
identical distributed.

The converse is not true in general. Consider X,Y who take values on {0, 1,2} with the
following distribution:

X\Y|0|1]2
0 | 7]0]7
1 11210
2 01|32

Making the sum over the rows and the columns we have that P(X = 0) =
EPX=1)=PY=1)=2,PX=2)=P(Y =2)=32 but P(X =0,Y
1=PX=1Y=0).

This means that the exchangeability is a stronger property than to be identically dis-
tributed.

P(Y =0)
=1)=0

BNl

Let X = (X,)nen be a stochastic process with values in a Polish space E. Let S(n)

be the set of permutation o : {1,...,n} — {1,...,n}. We consider o also as a map
N — N by defining o(k) = k for k > n. For ¢ € S(n) and =z = (z1,...,2,) € E",
denote To = (Ty(1)s - -+ To(n)). Similarly, for z € EN define z, = (To(1), To(2)s---) € EN.

Let E' be another Polish space. For measurable maps f : E* — E’ and F : EN — E/,
define the maps f,, F; by fs(z) = f(z5), Fs(x) = F(x,). In the following, we might write
f(z) = (z1,...,2,) both for x € E" and = € EN.

Definition 2.7. e Amap f: E" — F’is called symmetric if f, = f for all 0 € S(n)

e A map F : EN — FE’ is called n-symmetric id F, = F for all 0 € S(n). F is
symmetric if is n-symmetric for all n € N.

Definition 2.8. Let X = (X, )nen be a stochastic process with values in E. For n € N,
define the o-algebra &/, in EV as:

£ :=0o(F | F:EY - R measurable and n-symmetric)

and let &, := X 1(&) be the o-algebra of the events that are invariant for X under all
permutations o € S(n). Further, let

[e.e]
= ﬂ g =o(F | F: EY — R measurabe and symmetric)

n=1
and let £ =02, &, = X (&) be the o-algebra of exchangeable events for X, or briefly

the exchangeable o-algebra.

Remark 2.9. Let n € N. Then every symmetric function f : E” — R can be written in
the form f(z) = g(: Y1 | 0,,). Indeed, for any f symmetric, define

n

qgr P(E) — F

1 n
n;5xil—>f(x1,...,xn)



40 2. Solutions of Static Mean-Field Equations

and such that for any other v € P(E) be measurable. Such gy is well-defined because of
the symmetry of f:

1 & 1 &
gr (nzaxz) = f(xlw"axn) = f(l'a(l)"--vxa(n)) =gr (nzémg(i)> .
i=1 i=1

Thus, we’ve associated for every f symmetric, a function g as demanded.
Now, because of Remark 2.9, we have that &, = o(a’).

Theorem 2.10. Let X = (X,,), be exchangeable. If ¢ : EN — R is measurable and if
E[l¢(X)]] < oo, then, for all n € N and all o € S(n)

E[p(X) | €n] = Elp(Xo) | €]

In particular

Elp(X) [ &= 3 0(Xa) = Anly)
oeS(n)

Proof. Let A € &,. Then there exists a B € £, such that A = X~1(B). Let F = 1p; then
F o X = 14. By the definition of &,, the map F : EN — R is measurable, n-symmetric
and bounded. Therefore, for any o € S(n)

E[p(X)14] = Elp(X) F(X)] = E[p(Xo) F(Xo)] = E[p(Xo) F(X)] = E[p(X5)1a].

Where we’ve used the exchageability of X in the first equality and the symmetry of F' in
the second one. We now observe that A, (y) is £,-measurable and hence

Elp(X) | & =B 3 e(X) &)= 3 o(x)
oeS(n) oeS(n)

O]

Miming the proof of Theorem 2.10, we have the result also for finite sequence of exchange-
able random variables:

Corollary 2.11. Let X = (Xi,...,X,,) be exchangeable If ¢ : E" — R is measurable
and if E[|¢(X)|] < oo, then, for all o € S(n)

E[SD(X) ’ gn] = E[‘P(XU) ‘ gn]

In particular
E[(P(X) ‘ gn] = E Z “P(XJ) = An(@)

Remark 2.12. We notice that for a finite sequence of exchangeable random variables, we
could not apply directly Theorem 2.10, because it isn’t true that every finite exchangeable
sequence could be extended to an infinite exchangeable; as a matter of fact, for any
n € N\ {1}, there is an exchangeable family of random variables X1, ..., X, that cannot
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be extended to an infinite exchangeable family Xi, Xo,.... Take for example X1, X2, X3
which take values in {0, 1} such that:

1
P(X;=1)=P(X;=0)=5 Vj=123

1
P(X1=1,X=2)=PXi=1,X1=3)=P(X; =2.X1 =3) =

Suppose that X1, X5, X3 could be extended to an infinite sequence of exchangeable random
variables, thus, for every n we should have:

0< Var(gl{Xz:l}) = EKgl{Xi:l})Q} _ (E{g 1{Xi=1}}>2

= ZE [1x=13] + Z ZE [1{Xi=1}1{Xj:1}] — (nP(X; = 1))
=1

i=1 j#i
_ﬁ_'_n(nfl)_n72_2n/€+4n274n7k‘n2 - n(2k—4—(k—4)n)
2 k 4 4k - 4k
L 0<n< 2k — 4
"=

The existence of a superior bound for n implies that the sequence could not be extended
to an infinite one.

2.2.2 Probability Kernels

Before starting the analysis of our particular case we need to introduce a concept that
will generalize the conditional probability to the cases in which we are conditioning by an
event of probability 0. For example, if X is a uniform random variable in [0, 1] and A is an
event, we would like to give sense to an expression of the type P(A | X = %) Moreover,
if X is a random variable which takes values on a measurable space (F,€) and A € A is
an event in a probability space (2, A4,P), we want also P(- | X = z) to be a probability
measure for all x € F such that VA € A, P(A| X)(w) =P(A| X =2) on {w: X(w) = x}.

We begin with a general lemma; we will indicate by B(S) the Borel o-algebra over a set

S.

Lemma 2.13 (Factorization Lemma). Let (€', A") be a measurable space and let €2 be a
non-empty set. Let f:Q — Q' be a map. A map g: Q — R is o(f) - B(R)-measurable if
and only if there is a measurable map ¢ : (€', A’) — (R, B(R)) such that g = ¢ o f.

Proof. <: 1If ¢ is measurable and g = ¢ o f, then g is clearly o(f)-B(R)-measurable.

=: Assume g to be o(f)-B(R)-measurable. First consider the case g > 0. Then there
exist measurable sets Aj, As,... € o(f) as well as numbers oy, aq,... € [0,+00)
such that g = > >° | apla,. By the definition of o(f), for any n € N there is a set
B,, € A’ such that f~%(B,) = A,; that is, 14, = 1p, o f. Define ¢ : ' — R as

¢=>"1anlp,, thus ¢ is A-B(R)-measurable and g = ¢ o f.
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For a general g, consider g™ and g, its positive and negative parts. As said above
there exist ¢ and ¢~ such that g7 = ¢t o fand g~ = ¢~ o f, hence ¢ = ¢T — ¢~
does the trick.

O

Let X be as above and let Z be a o(X )-measurable real random variable; by Lemma 2.13
(with g = Z and X = f), there exists a map ¢ : E — R such that

¢ is £-B(R)-measurable and ¢(X) = Z. (2.6)
We'll indicate, with abuse of notation, Z o X1 := ¢.
Definition 2.14. Let X € L'(Q) and Y : (2, A) — (E,€). We define the conditional
expectation of X given {Y =z} by E[X | Y = z] := ¢(x), where ¢ is the function on
(2.6) with Z = E[X | Y].
Analogously we define P(A | Y =x) :=E[14| X =z] for A € A.

Definition 2.15. Let (Q;,.4;1), (Q2,.A2) be two measurable spaces. A map k : O x Ay —
[0, 00] is called a (o-) finite transition kernel (from Q; to Qo) if:

e w — k(wi, A2) is Aj-measurable for any As € A; .
o Ay — k(wy,Az) is a (0-) finite measure on ({23,.42) for any wy € Q5.

If in the second condition the measure is a probability measure for all wy; € €2 then k is
called probability or Markov kernel.

Remark 2.16. Notice that a random measure verifies the conditions in Definition 2.15,
which means that it is always a probability kernel.

Definition 2.17. Let X be a random variable with values in a measurable space (E, &)
and let 7 C A be a sub-o-algebra. A probability kernel kx 7 from (2, F) to (E,€) is
called a regular conditional probability of X given F if for P-almost all w € 2 and
forall Be &

kx.r(w,B) = P(X € B | F)(w)

that is,

/ 15(X (w))14P(dw) = / kx.r(w, BY14P(dw) for all A€ F,B€E  (2.7)
Q Q

Remark 2.18. Consider the special case where F = o(Y') for a random variable Y with
values in a measurable space (E’, £’); then the probability kernel kx y is defined by

(,A) = kxy(x,A)=P(X € A|Y =z2) = k:XJ(y)(Y_l(x),A)

and it’s called a regular conditional distribution of X given Y. Observe that this map is
the function arising from the Factorization Lemma with an arbitrary value for x ¢ Y (12).
To be more precise:

k’Xp-(y)ZQX(C;—}R
kX’yiE/XE%R.
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given B € &, let ¢(:, B) be a measurable function such that kx ,yv)(w, B) = ¢(Y (w), B)
for all w € Q. Notice that kx ,(y)(w, B) is constant on the set {w | Y (w) = z} if x € F,
hence ¢(z,-) is a probability measure on (E, &) for every x € Y(w). For every = ¢ Y (Q),
set ¢(x,-) = u(-), where u is an arbitrary probability measure on (E, ). Therefore ¢ is a
probability kernel from (E',&’) to (E,£). By definition of kx ,(y):

IP’({XeB}ﬂA):/AkX’U(y)(',B)d]P’:/Aqﬁ(Y(-),B)dJP’:[/ (-, B)dLaw(Y)

~H(4)

for every A € o(Y'). Also, by definition:
P((X € B} 4) = ElLxen)Lal = EE[Lpveny | o)Al = [ Slixeny | o(v)]aP
= / P(X € B|o(Y))(-)dP = / P(X € B|Y =),y dP
A A

= / P(X € B|Y = -)dLaw(Y)
Y—1(A)

This means that kxy (z,B) := ¢(z,B) = kxov)(Y '(z),B) =P(X € B |Y = z) for
every x € Y(Q) .

Moreover, for every B € £, we can see ky y (-, B) as a random measure in the following
way:

k‘X7y(', B) Q- R

(2.8)
kxy(, B)(w) =kxy (Y (w),B) = kx ,v)(w, B)

Theorem 2.19 (Existence of the regular conditional distribution). Fix a Borel space E
and let Y be a random element in E and F C A a sub-c-algebra. Then, there exists a
regular conditional distribution kx  of X given F.

Proof. Since E is a Borel space, we may assume S € B(R). The strategy will consist
in constructing a measurable version of the distribution function of the conditional dis-
tribution of X by first defining it for rational values and then extending it for the real
numbers.

For r € Q, let F(r,-) be a modification of the conditional probability P(X € (—oo,7] |
F). Forr <s 1ixe(—oor} < l{x€(~oc0,s)}s thus, by the monotonicity of the condition
expectation, there is a null probability set A, s € F such that

F(r,w) < F(s,w) forallweQ\A,,. (2.9)

By dominated convergence (for the conditional expectation), for any r € Q there exists a
null probability set B, € F and C' € F such that

. 1
T}l_)n;oF(r—i-ﬁ,w) =F(r,w) forallwe Q\ B,

as well as

inf F(—n,w) =0 and supF(n,w)=1 forallweN\C.
neN neN
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Let N := (U, se0) Y (Ureq Br) UC. For w € O\ N define

F(z,w) :==inf{F(r,w) :r € Q,r >z} forall zeR

By construction F(-,w) is monotone increasing, right continuous with limit 1 in oo and 0
in —oo. This means that F(-,w) is a distribution function for any w € Q\ N. For w € N
define F(-,w) = Fy with Fy an arbitrary but fixed distribution function.

For any w € Q let k(w, -) be the probability measure on (£2,.4) with distribution function
F(-,w). Then, for r € Q and B = (—o0, ],

w k(w,B) = F(r,w)lyc(w) + Fo(r)1n(w) (2.10)

is F-measurable. Now {(—oo,7] : 7 € Q} is a m-system that generates B(R), thus the
measurability holds for all B € B(R) and hence k is identified as a probability kernel.
We now show that k is a modification of the conditional distribution. For A € F,r € Q
and B = (—oo, 7], by (2.10),

/ k(w, B)P(dw) = / F(r,w)P(dw) = / PX € B | FIP(dw) = P[AN{X € B}|
A A A

As function of B both sides are finite measure on B(R) that coincide on the w-system
{(=o0,r] : € Q}. Thus, we have equality for all B € R. Hence P-a.s. k(-,B) =P[X €
B | F], that isk=kxr. ]

Proposition 2.20. Let X be a random variable with values on a Borel space (F, ). Let
F C A a o-algebra and lef kx r be a regular conditional distribution of X given F. Let
f: E — R be measurable and E[|f(X)|] < co. Then

E[f(X)|F] = /Ef(x)kxf(-,dx) for P-almost all w (2.11)

More in general:

Theorem 2.21 (Disintegration Formula). Fix two measurable spaces (E, &) and (T,7),
a o-field F C A and a random element X in E such that P[X € - | F] has a regular
version kx 7. Further consider a F-measurable random element Y in 7" and a measurable
function f: E x T — R with E[|f(X,Y)|] < co. Then

E[f(X,Y) | F] = /Ef(x,Y)kX,f(-,dx) a.s. (2.12)
Proof. Take B € € and C € T, then , recalling that X is F-measurable:
PIX € B, Xe(C|l=E[PX €B,XeC|F]|=E[PX € B|Flliyecy
—Elkx #(, B)lyecy] :E[/Ekxf(.’d:c)l{ye&ygc}]

Thus, we’ve proven that

E[f(X,Y)] = E[/E [z, Y)kx 7(-, dx)] (2.13)
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with f(X,y) = 1{xeB,yec)- The formula shows the measurability of the integral on the
right-hand side of (2.12) and extends, by linearity and monotone convergence, (2.13) to
any measurable function f > 0.

Fix now a measurable function f : E x T — Ry with E[f(X,Y)] < oo and let A € F
be arbitrary. Observe that (X,1p) is a F-measurable random element in 7" x [0, 1], so
9(X,(Y,14)) := f(X,Y)14 satisfies our hypothesis, thus by (2.13):

BL(X, V)14l = B[ fo.V)1akxr(,do)] A€ F
By definition and uniqueness of conditional expectation
/E‘f(ﬂj,Y)kXJ-‘(',de) =E[f(X,Y) | F] as.
For general f (and not only f > 0), it’s sufficient taking differences. O

Remark 2.22. In the special case in when F = o(Y) and P[X = | Y] = kxy (-, ), (2.12)
becomes

E[f(X,Y)]|Y] = /E F@,YV)kxy(do) as. (2.14)

2.2.3 Convergence of Correlated Equilibria

Unlike the Nash case, here we don’t have the independence between the private states,
so we have to study the convergence of the random vector (Xi”,[&’i) Q= A X
P(X). Due to the compactness of X,P(X) and so X x P(X), up to subsequences
{(X7, D) {XT}n, {{i"s"},, are convergent in distribution. Denote with (X, x) the limit

of the random vector and with p,p™ € P(X x P(X)) the respective distributions. Thus:

(XP, vy 2225 (X, p)  in distribution
pt % weakly

Now, X' and ﬂ?;i are the marginals of the vector, so they are the composition with a
continuous function, the projection; thus, by the Continuous Mapping Theorem A.17, we
find, said v", m™, v, m the distributions of X", ", X, u:

X 2% X in distribution ﬂﬁ’i 7% 1 in distribution

n—oo n—oo
v —— v weakly m" —— m weakly

Let us consider ¥ € Cy(X) (observe that both the continuity and the boundedness hy-
pothesis is redundant because of the compactness of X', but it is an hypothesis which has
to be kept if we only suppose the compactness of X'), then, as in section 2.1, F': P(X) —
R,0+— fx Wdo is continuous with respect to the weak topology. Thus , if ¢ # 1, using the
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fact that the X' are identically distributed:
E.| /X W] = EA[F(5)] 2% E[F (1)
niy 1 B 1 "
s [ w5 o] - [ o)

= i 7 (0 = DEA[P(XT)] = En[P(X7)] TS ER(X)] = Y U()P(X = 1)

TEX

By the uniqueness of the convergence in distribution:

E[/X xpdﬂ} =E[W(X) = Y U(2)P(X = z) (2.15)

reX

for any ¥ € Cp(X).

We have thus obtained that E[u] = v. But we can find a better result by calculating the
regular conditional probability of X" given p'.

Recall that, by Remark 2.1, studying the convergence (in distribution) of /Z?(’i is equivalent
to study that of i and their limit is the same.

Proposition 2.23. Let (X7,..., X)) exchangeable with X" : Q,, — X for every i, let
wh = % > i 0x, be its empirical measure. Then

ko (5 0) = Bk (2.16)

Proof. We need to prove that gt verifies (2.7) for every B € B(X) and for every A that
is o(p)-measurable, i.e.:

En[lixr=sy | B%] = ik (2) as.

Now, since (X7, ..., X)) is exchangeable, as a consequence of Corollary 2.11, taking ¢ =
Oy (xny (), we have:

Enlo(X") | €] =En[lixn=sy | %] = ... = Ep[lixn—s | %] as.

thus

n

—n 1 =N 1 - =n
En[l{Xi”:ac} | B%] = n E En[l{X;:;c} | 1%] = En[g E 1{Xi":a:} | By
=1 i=1

(2.17)

-E, [ >y () | 8] = Eal (o) | 8] = Enlltc ) | 2] = 3 (2)

O]

By definition of the regular conditional probability we’ve find that & XPo(an) = i1%; thus
for every 0 € P(X), hxr g (0,2) = kxcn o) () 71(0), ) = 0(-) = P(XP € - | it = 0).
Briefly we could formally write: Law (X | g% = 0) = 0.

If we show that kXZzzW;((-,B), seen as a real random variable, converges in distribution
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to kx (-, B) for all B € B(X), since fi%y converge in distribution to p, we have that
kxu(-,-) = p, and hence Law(X | p = ) = 6. In order to achieve this result, we first
show the convergence of the conditional expectation; consider f : P(X) — R a continuous
function, then E[1;x_,}[p] is the (a.s.) unique function Z such that E[1;x_,yf(u1)] =
E[Z f(u)]. Because of the convergence in distribution of (X', i), we have:

but also

En[lixr—s) f(B%)] = En[En[1ixn—p) f(B%) | A%]] = En[f(B%)En[1{xn=s} | BY]]
(2.17) —n\ =N —n -n
= En[f (A E% (@)] = En[pk (2) f (5%)] = Elu(2) f(1)]
This means that for all f : P(X) — R continuous, by the uniqueness of the convergence
in distribution:

El{x—uy f(0)] = Elp(z) f(1)] = E[lix—pyu] = p(2)

Going back to the particular case of a correlated equilibrium, first of all, we suppose that
the function ¢ that links the chosen strategy within the private state is injective, and thus
bijective. In this situation every deviation from the private state corresponds to a deviation
from the strategy (observe that the converse it is always true), indeed if d : X — X than,
we can define d: S — S as d: ¢t odo¢, hence d(a) = ¢~  odo ¢(a) = ¢~ (d(X)).

We could than rewrite the definition of the correlated equilibrium, for a fixed n, in this

particular situation in the following way: a correlated strategy o” = (af,...,a)) is a
correlated equilibrium if, for every ¢ and for every d : X — X
Enlg(X7, i%")] < Enlg(d(X]), i%")] (2.18)

Proposition 2.24 (Weak solutions of the static Mean-Field equation). Let ¢ be bijec-
tive. Let g : X x P(X) — R be continuous (and bounded). Let &" = (&},...,a;) an
exchangeable correlated equilibrium when varying n, and (X{L, ... ,Xﬁ) the correspondent
private states. Then, up to a subsequence, the random vector {(X'Z", [ﬁ”)} converges in
distribution to (X, u) satisfying:

E| /X o(ewulda)| = int [ /X o(s. m)kal-ods)] } (2.19)

d:X—-X

where the infimum is taken over the probability kernels kq(-, ) = P(d(X) € - | u) a.s..

—n,i

Proof. We want to study the convergence of the cost function J(&). Since (X2, i % ), up
to sub-sequences converges in distribution, to (X, i), say, we have:

T @) = Balg(XP, 551 === Elg(X, )]

We can apply the Disintegration Formula (2.12) and obtain:

n—oo

Ji (@) —E[g(X, p)] = E[E[g(X, p) |]]

B[ [ gt hxpldo)] =E[ [ gloputin)
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Since ¢ is bijective and for any n, @" = (&Y, ..., &;) is a correlated equilibrium, by equation

(2.18), for every i and for every d : X — X, E,[g(XP, 7%")] < Eu[g((d(a})), a%"))]. We
write Z,, := ¢(d(a})), hence the inequality becomes: E,[g(X[, i) < Enlg(Zn, 17")))-
Because of the compactness of the spaces we have again (Z,, i%") — (Z,p) and Z, — Z
in distribution (up to sub-sequences):

n—o0

Enlg(Zn, i) == Elg(Z, )]

Now, P[Z € - | u| = kz (-, ) for some probability kernel kz ,, thus, integrating (2.14), we
obtain:

Blo(Z,0) = EElo(Z,) | il = B[ [ als.pkz, () (2:20)

So, we have that for every d : X — X

E[/Xg(x,u)u(dx)] SE[ /Xg(s,u)kd(ndé’)]-

Where kq(-,-) = P(d(X) € - | u) a.s.. But since d = idy realizes the equality, we finally

have:
B [ stwmutdn)] = ot (B[ [ atsmkat.as] )
O

Equation (2.19) tells us that g, which could be interpreted as the law of X given u,
minimizes the limit cost function all over the laws of the deviations from X always given

p.
We know want to verify that a strong solution in the sense of (2.1) is also a weak solution
in the sense of (2.19). Take u = 6 € P(X) a.s., but, since in (2.15) we’ve proved that
E[p] = v, with v = Law(X), we have § = E[f] = E[u] = v = p = v a.s. . The left-hand
side in (2.19) becomes

B [ gwnntd)] = [ glavo(da) = Elg(X,v)

X X

which is exactly the left-hand side in (2.1). Considering now the right-hand side, we find:
kq(0,B) =Pd(X)eB|p=0)#0<60=v

in that case we obtain, since {y = v} has probability one, kq(v,B) = P(d(X) € B | p =
v) =P(d(X) € B), hence

kq(-,dz)(w) = kq(p, dz) = kq(v,dx) = P(d(X) € dz) for a.e. w € Q

B[ [ st mkado)] = [ gl o)Lawie(da)

Thus, we observe that a strong solution in the sense of (2.1) is a weak solution in the
sense of (2.19). On the contrary, if in (2.19) we use the hypothesis of the Nash’s case (1
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deterministic), we do not obtain exactly (2.1), indeed in the latter case we have that the
infimum is taken over all the maps d : X — X, but if X doesn’t have ”full image”, which
means that if Im(X) G &, we can’t obtain all the distributions over X when varying d,
but only those over Im(X).

In Observation 1.8, we’ve seen that, in the finite case, every linear combination of Nash
equilibria is still a correlated equilibrium; now, we want to see if this behaviour is kept
also in the mean-field case. So, let 01,62 € P(X), let m, the distribution of u, be defined
as m = pdg, + (1 — p)dp, € P(P(X)). This means that

Then, on the left-hand side, we have:

B[ [ ate.wutdn)] =p | gw6080)+ (1= ) [ gl b)00(d0)

and on the right-hand side:

IE[/ e // (3, 1Y ) () P(do)

/ Ly He kd Mwadw dw / Ny / Ty P kd ,Uund“}) (d{L‘)
(62)

p=1(01)

—p /X gl 6 ka(61, dx) + (1 — p) /X 9(z, 0)kq(0, da)

p /X o, 00)P(d(X) € da | j1 = 0,) + (1 - p) /X oz, 02)P(d(X) € dar | 11 = 62)
—p/Xg(l',Hl)LaW(d(X)m:gl)(de') + (1 —p)/Xg(a?,HQ)LaW(d(X)m:gz)(dm)

Now, if, for i = 1,2, [, g(x,0;)0;(dx) = inf, [, g(x,0;)o(dx), we'll have:

p [ at.006dn)+ (1 =p) [ olo.0002)
— pinf /X 9(a,0)o(dw) + (1 - p)inf /X o, 02)o(d) (2.21)
<int{ [ gla.00)0(d) + (1= p) [ gla,02)0(dz)
X X

Thus, if o realizes the infimum in the sense of (2.21), it will also realizes the infimum in
the sense of weak solution of a static mean-field game.

Here the difference between Nash’s and correlated cases are two: (1) as before (in the
case of p deterministic) the infimum is taken for the modifications of X, (2) we have to
consider the conditioning by the value of u, that is could be ignored since X and u are
not independent and {u = 6;}, for i = 1,2, is not a trivial event.
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2.2.4 Additional remarks

We observe that in (2.19), it would seem natural to have

B | [ stemntan| =t ][ gt mu

FXXP(X

which is equivalent to

E[g(X = inf E X 2.22

[9(X, )] P L [9(f (X, 1), )] (2.22)

this intuition is given by the fact that it seems reasonable to think that an equilibrium is

also an ”a posteriori” concept, that means that a player reaches a stable situation when,

after seeing what the other players choose (in this case only by means of their empirical
measure), he/she chooses his action.

We weren’t be able to prove (2.22), but it appears to be false by the following motivations.
First of all, we notice that, since a Nash equilibrium is also a correlated one, if (2.22) is
valid, it has to be verified also in the case of the strong solutions; thus, we start from the
case of Nash equilibria when N — co. We know that in this case, py = v = Law(X) a.s.,
hence we have that any random function f(-,u) = f(-,v) a.s., which means that there
a bijective relation between any deviation f : X x P(X) — X and those of the form
d: X — X, it follows that, in this situation:

Elg(X,p)] = inf Elg(d(X),un)] = inf E X, ),
lg(X,p)] =  inf Elg(d(X), u)] P S [9(f (X, p), )]
If we consider instead the case of N finite, we manage to give a very simple example in
which the deviation f: X x P(X) — & is not allowed. In fact, consider a 2-persons game
where every players can choose between two actions, say S = {0, 1}, and the private state
coincides with the respective strategy. The cost matrix we are considering is:

2] 0 1
0 | (-2-2) | (-3-3)
1 | (-3-3) | (-2-2)

In this case, since ﬂé’(” = 0x;, we can simply consider f : S x S — S. We also observe
that, by symmetry, the choice of the player is indifferent; in the following, we will in fact
refer to a generic player.

A symmetric Nash equilibrium is p = (%, %), indeed:

d
d—(—2m2—6m(1—x)—2(1—x)2):—4:p—6+12x+4—4x:4a;—2
X

which is minimum when z = % In this case:

1 10 5
J=Ep|=(-2-3-3-2)=——=—.
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Now, we take f: S x S — S defined as follows:

f(0,0)=1, f(1,0) =1, f(0,1) =0, f(1,1) =0 (2.23)
So:
E[p) = (9(7(0,0),0) + 9((1,0),0) +g(£(0,1),1) +g(£(1,1),1))
1 (6(1,0) + 9(1,0) + g(0.1) + 9(0. 1) (-3 -3 -3 -3) = 3 < —

The next step is to find a correlated equilibrium, which is not also a Nash one, whose
f-deviation, for a suitable f, decreases the cost. We will consider f as in (2.23).
A simple correlated equilibrium p is

12]01

1
L#L
1 [1To

Here E[g(f(a1,a2),a2)] = E[g(a1,a2)]. By Proposition 1.7, we now that any linear
combination of correlated equilibria is still a correlated equilibrium, we take p’ = %p + %ﬁ,

which is
1/2]0]1
1 3
SHE 2 S
1 15]s

whose cost is J(p') = £(—2—2) 4+ 2(-3 — 3) = —2. Applying f we get, J(f(p')) =
%(g(f(oa 0)? 0) + .g(f(la 1)7 1)) + %(g(f(oa 1)’ 1) + g(f(lv 0)70)) = %(_3 - 3) + %(_3 - 3) =
-3 < —%. If we now show that p’ is not a Nash equilibrium, we would have reached
our purpose; if it is so, we call p; the probability of the ith player of choosing 0, hence:
o2 =1=p)A—p2)=1—pip2+pip2=p1=1-p2, 5 =1 —p1)pz =p1(1—p2) =
p1=p2=p1=ps=3; but  # 3.

Summarizing, we could say that these observations lead us to the following conclusions:

e the intuition is that (2.22) does not work in the correlated case, even if we manage
to obtain it in the limit case of Nash. Indeed, we frame this situation in the very
special case of u a.s. constant and the examples we have given go in the opposite
direction.

e Another idea could be that of defining at the beginning a correlated equilibrium
as a distribution which minimizes the cost even for modification of the form f :
X x P(X) — X, but this should be coherent with the concept Nash equilibrium,
which is not since we have shown that such a modification is not allowed in that
case.






Appendix A

Convergence of measures

A.1 Weak Convergence

Consider a metric space (5, d) and a sequences of probability measures (P, )necn in S. We’ll
indicate the space of the probability measures over S with P(S).

Definition A.1. We say that (P,), converges weakly to P € P(S) if, for every con-
tinuous bounded mapping f: S — R

/ fdp, 2225 /S fdP.

Consider a sequence of random variable X, ;,n which take values is a metric space (.5, d);
denote with P, their distribution. Observe that the probability space on which they’re
defined could be different.

Definition A.2. We say that {X,,},en converges in distribution to the random ele-
ment X, whose distribution is P, if P, 2= P weakly.

Explicitly we can write that X,, — X in distribution if, for every f € Cp(S)

/ f(2) Py (dx) / F(Xn())P(deo) = B[ (X)] = ELF(X)]

=/Qf(X( P(dw) /f

Definition A.3. A o-finite measure p on (S, 5) is called

1. inner regular if

w(A) =sup{u(C) | C C Aisclosed} forallAeS (A1)
2. outer regular if

u(A) =sup{u(G) | G D Aisopen} forall AeS (A.2)
3. regular if it’s both inner and outer regular.

93
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Proposition A.4. Let (S,d) be a metric space with the Borel o-algebra §. Then every
probability measure P € P(S) is regular.

Proof. Define
G:={AecS|ull) =sup{u(C) | C C Ais closed } =sup{u(G)| G D Ais open}}.

If we show that G is a o-algebra that contains all the closed sets, we’ve finished. Let A
be closed. It’s clear that the first inequality is satisfied. In order to verify the second
one, we define G,, ;== {x € S | d(z,A) < %}, which is a system of open neighbourhood
of A. Since A is closed, (,en.,
inf, P(Gn) = P((,en.,) = P(A), which proves the second equality.

We now show that G is a og-algebra. It’s clear that S € G and that G is stable under
complementation. Let (A,) be a sequence of elements in G and let A := (J, oy An. By

G = A and because of the upper semi-continuity of P,

definition, for every n there exists a closed set C, C A, and an open set G,, D A,
such that P(C,) > P(A,) — 57 and P(Gy) < P(A,) + 573 thus, P(G, \ A,) < 57 and
P(A, \ Cp) < 57 Weset G := U,eyGn and C := (U2, C,, where ng is such that
P(U,enCn \ C) < e. Thus G and F are respectively an open and a closed set such that

CcAcCQG.

P(G\A) < P(Upen(Gn \ 4n)) < 32,en P(Gr \ An) = 5} ~Acg
< P(UnenCn \ C) + P(A\ U,y Cn) < 22
Corollary A.5. Let P, P be two probability measures over (S, d), then:

1. if P(C) = P(C) for all C closed (or open) subset of S, then P = P.
2. if [¢ fdP = [ fdP for every f € C(S), then P = P.

Proof. 1. Direct consequence of Proposition A.4
2. Let C € S be closed. We define a function ¢R — [0, 1] by

1 ifx <0
plx):=41—2z if0<z<l1
0 ifx>1

For every n > 1 and every x € S, let f,(z) = ¢(nd(z,C)). Now, (fn)n is a
decreasing sequence of continue functions over .S, whose limit is I¢. By dominated
convergence, [¢ fndP — P(C) and [ fudP — P(C). By 1., we conclude.

]

Remark A.6. Observe that, as a consequence of Corollary A.5, the weak limit is unique.

Definition A.7. Let II C P(S) be a family of probability measures. A family C of
measurable maps S — R is called a separating family for II if, for any two measures
PPcll
/fdP:/fdP forall feCNLY(P)NLY(P)=P="P
S S
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Proposition A.8. Let C be a dense subset of C,(.S) equipped with the sup norm ||-||cc,
then C is a separating family for P(.5).

Proof. We would like to prove that if for every f, f € C |, o fdP = [ fdP, then for every
9.9 € Cy(S) [g9dP = [ gdP. Since C is dense in Cy(S), taken g, § € Cy(S), we have that
for any £ > 0, there exist f, f € C such that

lg—flow<e 7= fllw <e (A.3)

Now

/Sgdpz/s(g—f)dp+/5fdp—/Sfdﬁ+/s(f_g)dp+/sgdp

S/SHg—fHoodPJr/SfdP—/Sfdﬁ’Jr/S\f—ngﬁ’Jr/SgdP
Sllg—fHooJr/SfdP—/SfdPJr|f—§||+/8§d15§25+/5§d15

Were the last inequality is a consequence of (A.3) and the fact that f, fec J g fdP =
Jg fdP. Analogously, we show that [y gdP < 2¢ 4 [4gdP. By the arbitrariness of ¢,
we have that for every g,g € Cy(S) [g9dP = [4gdP. Thanks to Corollary A.5, we
conclude. O

Remark A.9. Weak convergence induces on P(S) the weak topology 7,; this is the coars-
est topology such that for all f € Cy(S), the map P(S) = R, P — [, fdP is continuous.

We now introduce two distances in P(S), proving their equivalence by showing that they
induce the same topology 7, over P(S).
The first one is the Bounded Lipschitz distance, defined as follows:

deQ%zwmxjﬂPQHf:A%Rwﬂmél} (A4)

where

mezﬁgwmn+mm’ﬂ@‘f@”zumm+Lmu>

a,a€A dA(a’ &)
(P(S), Tw) is metrized by bounded Lipschitz distance; indeed, let us consider {P,} and P
such that pyr,(P,, P) — 0 as n — co. Then for every f bounded and Lipschitz, [ Sy JdP, —
[, fdP, with || f|lsr. < 1 and, by linearity, that would be true for any Lipschitz bounded
function (indeed, if h is m-Lip., then h/m is 1-Lip. and if ||h|lo = ¢ then, (|]|h]|x)/c < 1).
Now, since bounded Lipschitz function are dense in Cy(A), by Proposition A.3, we have
J4fdP, — [, fdP for any f € Cy(A), that is the definition of weak convergence. The
other implication is trivial since any Lipschitz bounded function is also continuous and
bounded.
The second one is the Prokhorov distance, defined as follows:

p(P,Q) == inf{e > 0| P(A) < Q(A%) +¢,Q(A) < P(A°) +eforall Ac St (A.5)

where A° := {x € S | d(z, A) < £}. Observe that for £ \, 0, 45 \, A.
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Remark A.10. o If ¢ > p(P,Q), then for every A € S, P(A) < Q(A®) +«.
e (A.5) is equivalent to

p(P,Q) =inf{e > 0| P(A) < Q(A%) +¢ for all A € S}

indeed, if we suppose that P(A) < Q(A®)+e for every A € S, we define B = (A%)“ €
S=PB)<Q(BY)4+e=1-P(A°) <1-Q(A%)+ec = Q(A) < Q(A®) < P(A%)+e.

p(P,, P) — 0 = P, — P weakly: for every n, we set &, := p(P,, P) + % By observation
A.10, e, > p(Py, P) = P,(A) < P(A®%) +¢. Let f € Cy(S), M :=||f]lo
M

/SfdP :/OMPn({fza})dag/()M(P({fza}g”—l—sn)da:/ PUf > a}")da + M=,

0

For n — o0, p(P,,P) = 0 =&, — 0 and so {f > a} \, {f > a} (because {f > a};, is
closed). By dominated convergence

M M
lim /SfdPn < nlbr%o/o P({f > a}*")da + Me, = /O P({f > a})da = /SfdP.

n—oo

This implies that limsup,, ., [¢ fdP, < [ fdP. Now, for every f € Cy(S), define g := 1—
f € Cy(S), so liminf,, fS fdP, = liminf, . fs(lfg)dPn = 1—limsup,,_, fS fdP, >
1 - fS fdP = fS fdP. Thus, we conclude that lim, . fS fdP, = fS fdP for every
bounded continuous function.
P, - P = p(P,,P) — 0 (if S is separable): Let ¢ > 0. Consider a S-partition of S
{Ek}r such that diam(Ej) < € for all k. Let be N such that P(|J,~ Ei) < €. Define
G:={G=Ujcr Ei)° | I Cc{1,...,N}}. Since #G < 00, as a consequence of portmanteau
theorem (Theorem A.11), there exist ng such that P(G) < P, (G)+e¢ for all G € G and for
all n > ng (it’s sufficient to take the maximum over the ng that verifies this equality for
the singles G € G). Let E € S, consider the set J of all the i < N such that E N E; # ()
and define Ey := |J;c; E;. For n > ng, by noting that Ey € G, we have:
P(E)=PEN|JE)+PEN|JE)<PEN|JE)+P( E)
i<N i>N ieJ i>N
< P(Ey) +e < P(ES) +e < Py(E5) +c+¢e < Py(E*) 4 2

The last inequality is justified by the fact that diam(FE;) < e, E;NE # () for i € J and
thus E; C E°. We've found that, for any n > ng, p(P,, P) < 2e.
We say that a set A € S is a P-continuity set if P(OA) = 0. Observe that for every A,
0A = A\ A is always measurable because it is closed.
Theorem A.11 (Portmanteau). The following are equivalent:
(i) P, — P weakly.
(ii) For all bounded and Lipschitz f, [¢ fdP, — [q fdP.
(iii) For every closed set C' C S, limsup,,_,., Pn(C) < P(C).



A.1 Weak Convergence o7

(iv) For every open set G C S, liminf, , P,(G) > P(G).
(v) For every P-continuity set A, lim,,_,., P,(A) = P(A).

Proof. (i) = (ii) and (iii) < (iv) are trivial.

(ii) = (iii): Define fx(x) := @(kd(z,C)) as in the proof of Corollary A.5. We have that
fx is Lipschitz because ¢ and d are too and that fr \, 1¢ simply. By hypothesis, for
every k, fs frdP, 222 fS frdP. But also, since fx > 1¢, we have limsup,, .. P,(C) =
limsup,, o, [¢ 1cdP, < limsup,, ., [¢ frdP, = [ frdP. By the dominated convergence
theorem when k£ — 0o, we conclude.

(iii) + (iv) = (v): Let A be a P-continuity set, then:

limsup P,,(A) < limsup P, (A) < P(A) = P(A) < liminf P,(A) < liminf P, (A).
n—00 n—o00 n—0oo n—ro0

(v) = (i): Let f: S — R be continuous and bounded. Without loss of generality, we can

suppose f with values over R, otherwise we consider separately the positive and negative

parts. Let A:={(z,a) € S xRy | f(z) > a} = U,eq, ({f > r} x[0,7]) € S@BRy). If

we indicate by A the Lebesgue measure and M := || f||oc < 00, we have

(P& N)(A) = Lad(P@X) = | P{f>a})da
/SxR+ /R+ P({f >a})da = / fdP
(PeN@) = [ fap -

Thus, [z, Pa({f > a})da = [q fdP, = fo . ({f > a})da. Since f is continuous, O{f >
a} C f=a. Theset {a>0|P({f=a})> 0} is at most countable, indeed, for a fixed
n, there are at most n a such that P({f = a}) > 1, otherwise 1 = P(S) =3 .« P{f =

a}) > L#fa | P{f = a}) > 1}. Now, for lae. a, P(O{f > a}) = 0, and so, for
Ma.e. a P,({f > a}) = P({f > a}). By dominated convergence, fOM P,{f > a})da —

fOM P({f > a})da, which means that [¢ fdP, — [¢ fdP. O

Before proceeding further in the analysis of the convergence, we give some topological
results about S and that link the properties of the space S with those of P(S5).

Definition A.12. e A C S is relatively compact if A is compact.
e A C S is totally bounded if, for every € > 0, there exist x1,...,zxy € S such that
A c UN_ | B(xy, ).

Proposition A.13. e If A C S is relatively compact, then A is totally bounded.
e If S is complete, then A relatively compact if and only if A is totally bounded.

Proof. e Consider £ > 0 and an open covering A C (22 B(zn,€), then there exist a
finite sub-covering A C ngl B(zp,e) = AC AC 2, B(zy,e).
e Let S be complete and A be totally bounded. Observe that A totally bounded = A
totally bounded, indeed, for £ > 0, there exist a finite covering A C U,]yzl B(xy, 5),
since a finite union of closed sets is closed, we have A C || B(zy, 5)C UM, B(zn, ).
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A totally bounded implies that every sequence has a Cauchy sub-sequence, indeed, if
(zn)n s a sequence, than it has a subsequence contained in a ball of radius 3 (because
AcC UTJLI B(yn, €) for every €) then this sub-sequence is contained in a ball of radius

% and so on. By a diagonal argument, take the first element of these sub-sequences

and call the new sequence (zp, )k If & > h, d(zp,,zn,) < %H LNy N (n, )k s

Cauchy sub-sequence.
Now A is totally bounded and complete. Thus, for every sequence, there is a Cauchy
sub-sequence that is convergent since A is complete = A is sequentially compact
and thus compact.

O

Proposition A.14. If (S,d) is a compact metric space, then S is also separable.

Proof. Consider the following open covering;:
L=1B@ Yzes
n — b n

since S is compact, each I, has a countable sub-covering J,, = {B(z%,, 2)|m € N, z,,, € S}.
Now A := {z',|m,n € N} is a countable subset of S, which is dense, indeed, since J,, are
coverings for S for all n, taken an x € S, for all n € N, there exists a m € N such that

d(z,z™) < 1. This implies that S is separable. O

Proposition A.15. S compact metric space = P(S) compact.

Proof. We've seen that with Bounded Lipschitz distance (A.4), P(S) is a metric space
(with the 7, topology), thus, compactness and sequential compactness are here equivalent;
we will show in fact that P(S) is sequentially compact, that is for any sequence P, € P(S),
{P,} has a convergent subsequence. For convenience, we shall write P(f) := (P, f) =
Jg fdP.

Because of the separability of C(S), we can choose a countable dense subset, say { f; }ien.,-
Consider the sequence P,(f1) € R of real numbers. We have |P,(f1)| = |[q fidPa] <
Ifilloo < oo for all n, so P,(f1) is a bounded sequence of real numbers = it has a
convergent subsequence prV (f1)-

Consider the sequence P,S,l)( f2); as before, it’s a bounded sequence of real numbers, so it
has a convergent subsequence PT(LZ)( f2).

Iterating this process, we obtain, for each 7 > 1, nested sub-sequences {P,si)} C {Rgi*i)},
such that PT(Li)( fj) converges for 1 < j < i. Consider now the diagonal sequence {PY(L”).
Since, for n > 1 qun) is a subsequence of P,@ and Rgi)( fi) converges for all i, then Pé”)( fi)
converges for every ¢ > 1. By the density of fi;cn_,, we have that Pén)( f) converges for
all feC(S).

We write w(f) = limy, 00 P,(Zn) (f). to complete the proof we need to show that there exists
a probability measure P such that w(f) = |. ¢ fdP; to do so we'll use Riesz Representation
Theorem.
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Theorem A.16 (Riesz Representation Theorem). Let S a locally compact Hausdorff
space. For any positive bounded linear functional 1) on Cy(S), such that (1) = 1, then
there is a unique Borel probability measure P on S such that

b(f) = /5 f(2)dP(z)
for all f € Cy(S5) .

e w is a linear mapping by construction.
o [w(f)| <||flloo, SO w is bounded.
o If f >0, w(f)>0,sow is positive.

o w(l) =limy, oo Py (1) = lim, oo 1 = 1.

We can apply Theorem A.16 and obtain a measure P € P(S) such that w(f) = [ fdP.
This means that Pé") converges weakly to P. O

The following theorem extends in a certain sense the continuous mapping theorem, which
guaranties the weak convergence when we compose weakly convergent sequences of proba-
bility measures with continuous functions. Consider h,, and h measurable mappings from
(S,d) to (S’,d), two separable spaces, and consider P,, P € P(S) such that P, — P
weakly. Suppose that h, converges to h in some sense. Define E := {z € S|h,(z,) -
h(z) for some sequnce z, — z}; now x € E¢ if and only if Ve > 03 k£ 3 § > 0 such that
n >k, d(z,y) <0 =dh(z),h,(y)) <e.

Theorem A.17 (Continuous mapping theorem). Assume P, — P weakly. Assume h :
S — S’ to be a measurable function between two metric space, and assume that its
discontinuity set, Dy, is such that P(Dy) = 0; then P, o h! — P o h~! weakly.

Theorem A.18 (Continuous mapping theorem (Extended version)). If P, — P weakly
and P(E) =0, then P, o h,;! — P o h™! weakly.

Proof. Using Portmanteau Theorem, we shall show that P(h=1(G)) < liminf,, s P, (h;, }(G))
for any G C S’ open. Now, let us take z € E° such that h(z) € G. Thus, h(z) €

G = 3 > 0st. B'(h(z),e) c G=Vyst dhx)y < =yeqG,zeFE° =
Ve>03k30 > 0such that n > k, d(z,y) < § = d(h(z),hn(y)) < e. Take
e:=¢ = hy(y) € GVn >k, Tk, Yy s.t. d(x,y) < 6 3.

Define Ty, := ,»x b ' (G). So {z € E° | h(z) € G} C Ty, thus h~1(Q) C E U, Ti.
Since P(E) =0, P(h"1(G)) < P(U, Ti.); but Ty, C Tjy1, so by the continuity from below
limy_yoo P(Tk) = P(U, Tk), thus for a given € > 0 and for k sufficiently large P(h~(G)) <
P(U, Tx) +¢. From P, — P weakly, it follows that P(T}) < liminf, o Po(h; ' (G)) =

n

P(h~Y@)) < liminf, o P, (h,1(G))+e, which concludes the proof because ¢ is arbitrary.
Observe that we don’t have problems of mesurability, because P(E) = 0 so it’s measurable,

and all the T} are countable intersection of reverse-images of measurable functions. O

Remark A.19. e In Theorem A.18, if h, = h for all n, this results reduces to Theo-
rem A.17, indeed in such a case E = Dj,.
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e If h is everywhere continuous and h, — h uniformly on compact sets, then F is
empty and so, the hypothesis of Theorem A.18 are satisfied.

A.1.1 Tightness

Definition A.20. e A probability P on A is said to be tight if, for every € > 0, there
exists a compact subset K C A such that P(K¢) < e.
e A family of probability IT on A is said to be tight if, for every ¢ > 0, there exist a
compact subset K C A such that P(K¢) < ¢ for every P € II.

Remark A.21. We observe that in Definition A.20, it is sufficient for K to be relatively
compact, because, in this case, we can take K instead of K.

Definition A.22. Let II be a family of probability measures over S. We say that II
is relatively compact if, for every sequence {P,} of II, we can extract a sub-sequence
{P,, } which is weakly convergent.

Remark A.23. If S is separable we know that weak convergence is equivalent to the
convergence under the Prokhorov distance. Thus A.22 coincides with the usual notion of
sequentially relative compactness on (P(S), p).

Proposition A.24. If IT is a tight family on (A,d) and if h : A — A’ is a continuous
mapping, then, {P o h~!|P € II} is a tight family on (A, d').

Proof. Given ¢, choose in A a compact set K such that P(K) > 1 — ¢ for any P € IL
Then, K’ := h(K) is compact since h is continuous and h~!(K’) C K, so P(h~}(K")) >
P(K)>1-c¢. O

Theorem A.25 (Ulam). If S is Polish, then every probability P € P(.5) is tight.

Proof. Let (x,,)n, be a dense sequence in S and let ¢ > 0. For every f > 1, § =
U, B(xn, %), thus, there exist a N, < oo such that P<U7]:[il B(mn,%)) > 1 — 27 ke,

Let K == 2, UM, B(an, 2) that is totally bounded and thus relatively compact, be-
cause S complete (Proposition A.13).

Since P(KC) < P(U;il(ufjgl B(an, %))0) <YL & =c, Pis tight. 0
Consider now

Theorem A.26 (Prokhorov). Let I be a family of probability measures on S. Then:

e If II is tight, then it is also relatively compact.
e Suppose S separable and complete. If II is relatively compact, than it is also tight.

Proof. Since the proof of the first point is out of the scope of these thesis we will omit it.

e For the full proof see [4].
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e Let ¢ > 0. Since II is relatively compact on (P(S),p) and thus totally bounded
(look at Remark A.21 and Proposition A.13). Hence, there exist, for every n > 1,
Q1,...,Qn, € P(S) such that for all P € II, Jix = i* (n, P) < N,, with p(P, Qix) <
SRTT
Since S is Polish, by Ulam Theorem, for every n, there exists K, C S compact such
that maxi<p<n, Qi(K},) < sigr. So, for any P € II:

nE € £
P(KZ7T) > Qu(K,) — onil because p(P, Qix) < ol
>1- =
> on

Let K := ﬂnzl K2™™ | which is relatively compact, because totally bounded, and
P(K)>1-=3%,cny3s =1 —¢e=1Iis tight.

O]

Corollary A.27. If a sequence of probabilities (P, ), is tight and if all convergent seb-
sequences (in the sense of weak convergence) have the same limit P, than P, converge
weakly to P.

Proof. Since P, is tight, Prokhorov Theorem tells us that all subsequences have a sub-
subsequence that converges weakly, so its limit is forcedly P by hypothesis. So for all
functions f continues and bounded all subsequences ( i fdPnk) have a sub-subsequence
(ffdPnkl) who converges toward [ fdP. So [ fdP, — [ fdP, but that’s the definition
of weakly convergence of P,. O

Proposition A.28. e If S is separable, then P(S) is separable.
e If S is Polish, then P(S) is Polish.

Proof. e Fix n € N. Let {E;}; be a S-partition of S such that diam(E;) < 1 for all 4.
If B; # 0, choose z; € E;. Define

O, == {)_ribe, | k> 1,1Q} C P(S)

i<k

Observe that II,, is countable for all n.

Given P € P(S), choose k such that P(|;, Ei) < ; such a k exists because {E;}

is a partition of S. Choose r1,...,r; such that
E r, =1 E |T‘Z'—1D(Ei)‘<l
; 5 n
i<k i<k

Put Q := Zigk T30z,
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Given E C S, define J:={i < k| E;(E # 0}. Ep := ., then:

ieJ?

P(E):P(EOUEi)nLP(EﬂUEi):P(EOUEZ-)—kP(EﬂUEZ-)

i<k >k e >k
<PUE +PUE <PE0+— ZP
ieJ i>k e
<Y IP(E) —ri| +> rite< Y ri+2=Q(Eo) + 2
ied ied ied

Since diam(E;) < Vi, EENE # 0Vie J = E; C ExVie J = U, Ei C En.
Thus

P(E) < Q(Eo) + 21 < Q(EY) +2_ = p(P.Q) < >

This means that II, is a countable, dense family of P(S5).

e Suppose that {P,} is a Cauchy sequence, recalling that a Cauchy sequence is con-
vergent if and only if it has a convergent sub-sequence, if we show that is tight,
then we’ve concluded, indeed, by Prokhorov Theorem A.26, {P,} is also relatively
compact and, hence it has a convergent sub-sequence.

Fix ¢ > 0 and § > 0; our goal is to find a finite number of balls of radius g (we’ll
call them 0-balls), such that

Pn(Clu...UCm)>1—e Vn

— choose 7 such that 0 < 2n <eA§
— choose ng such that n > ng = p(Pn,y, Pn) <7

— cover S by balls A; := B(x;,n) and choose m such that P,(A;U...UA4,,) > 1—n
for n < ng

— B; := B(x;,2n). If n > ng (they exist by Ulam Theorem A.25 because we'’re
considering a finite number of probability measures)

P,(B1U...UBp) > P, (A1U...UA,)") > Ppy(A1U...UA,) —n>1—-2n
Ifn <ng
P,(B1U...UBy) > Py(AjU...UA,)>1—n>1-2n
We take C; := B(x;,0) if i < m, and so, we’ve found that for every n
P,(C1U...UCy)>1=-2n>1—¢ Vn

Now we take K := (1,5 Ui%; Ci = K is compact because (1,5, Ui~ C; is totally
bounded and, by Proposition A.13, relatively compact. Thus for all n

P,(K)>1—-¢
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A.1.2 Convergence in product spaces

During the thesis, we frequently have to study some convergences of random variable which
take values in product spaces, it is hence useful to give some basics results in such spaces,
which will clarify the situation in our model. Let S := 5" x §” be the product of two
metric spaces. If S is separable (which means that S and S” have t be separable), then the
Borel o-algebras verifies S = &' x §” (we omit the proof of this fact because it is outside
the scope of our argumentation; for a detailed proof see [4]). The marginal distributions
are defined by P'(A4") := P(A' x S"),A€ &', and P"(A") := P(S' x A"),A" € §".
Moreover we say that a set A € S is a P-continuity set if P(0A) = 0.

Theorem A.29. If S is separable, and P, P are probability measure on S, then P, — P
weakly if and only if P,(A" x A”) — P(A’ x A”), for each P’-continuity set A" and each
P"-continuity set A”.

Proof. We're going to use the portmanteau theorem A.11.

=: Denote with 9,9, 9" the boundary operators respectively on S, S’, S”. Tt’s sufficient
to observe that 9(A’ x A”) C ((9/A") x §")U (5" x §"A")) to conclude.

<: We observe that the class A of sets A’ x A” is a w-system for the P-continuity sets.
The hypothesis P,(A" x A”) — P(A" x A”) for all P’-continuity set A" and each
P"-continuity set A”, let us conclude.

O]

Theorem A.30. If S = 5" x S” is separable, then P, x P/ — P x P"” weakly if and only
it P! — P!, P 5 P weakly.

Proof. =s: It follows directly from Theorem A.17 since P, = P,ong' and P! = P, o7y,
with P, = P} x P/ and because of the continuity of the projections.

«<: Direct consequence of Theorem A.29.
O

Theorem A.31 (Slutzky’s Theorem). Suppose S = S’ x S” separable. If X,, and Y,
are random elements of S’ and S” such that X,, — X and Y,, — a in distribution, where
a € 8" is a constant, then (X,,Y,) — (X, a) in distribution.

Proof. Suppose that A" is an X-continuity set and A” C S” such that a ¢ A" . Ifa € A",
then P(Y,, ¢ A”) — 0 and so

P(X, e A)-P(Y, ¢ A") < P(X, € AY, € A”) < P(X, € 4
P(X e A)= P(X € AY € A”) P(X € A')

Ifa¢ A” then P(X, € AV, € A")<PY,€A") - 0=PXeA,Yed) O
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Corollary A.32. Suppose S = S’ x §” separable. If X,, and Y,, are random elements of
S’" and S” such that X,, — X and Y,, — a in distribution, where a € S” is a constant,
then X, Y,, — aX in distribution.

Proof. By Theorem A.31, we have (X,,,Y,,) — (X, a) weakly. Consider g(z,y) = zy; g is
a continuous function and so, by the continuous mapping theorem we have X, Y,, — aX
in distribution. O
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