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Abstract

In general relativity, the force of gravity results from the curvature of spacetime,
which is described by a tensor called the metric. One approach to quantizing grav-
ity involves considering all possible metrics between initial and final states, called
the gravitational path integral. In several important applications, complex metrics
need to be considered, which arise as saddle points of the path integral. Because
some complex metrics are unphysical, it is important to distinguish accceptable from
unacceptable complex metrics. This thesis applies a recent admissibility condition
to charged, rotating supersymmetric black holes in anti-de Sitter space, which have
attracted considerable attention recently in the context of holography.

The complex metrics studied in this thesis are supersymmetric but not extremal.
Supersymmetric extremal black holes, called BPS black holes, have infinite inverse
temperature, making the action difficult to compute. By imposing supersymmetry
without extremality, one of the parameters of the black hole becomes complex, which
complexifies the metric. Unlike a metric complexified by a Wick rotation, this metric
has no Lorentzian counterpart. The action for these black holes can be computed,
which approaches the action for BPS black holes as the temperature goes to zero.
While these black holes are important for quantum gravity, their admissibility has
not yet been studied.

The admissibility condition comprises a set of different conditions, each of which
must be satisfied at every spacetime point. This thesis systematically explores these
conditions using a combination of analytical and numerical methods. It also evalu-
ates an equivalent formulation of the admissibility condition in terms of the complex
eigenvalues of the metric. It is shown that the metric is allowable if the radius of the
event horizon is greater than a critical value, which corresponds to the BPS limit of
the black hole. Because the inner and outer horizons of the black hole coincide at the
BPS limit, this condition requires two distinct horizons. This demonstrates that the
admissibility condition is a regularity condition on the form of the supersymmetric
black hole solution.
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Chapter 1

Introduction

Introduced by Einstein more than a century ago, general relativity is a theory of grav-
ity that accurately describes many astrophysical phenomena, including black holes,
neutron stars, and gravitational waves. In this theory, space and time are unified into
a single entity that evolves depending on the matter and energy present. The result-
ing curvature of spacetime causes objects to move, which is experienced as the force
of gravity. The properties of spacetime are encapsulated by a tensor called the metric
that is used to compute lengths and durations between spacetime points. In most
settings, the components of the metric are real values, but sometimes it is necessary
to consider complex metrics. Usually, complex metrics are introduced to regularize
an unphysical situation, but not every complex metric is physical. To apply complex
metrics successfully, a condition has recently been proposed to distinguish between
acceptable and unacceptable metrics [1, 2]. The main purpose of this thesis is to
investigate this condition and apply it as a tool to understand better the quantum
nature of gravity.

As a classical theory, general relativity describes spacetime using a single metric
field. In quantum theory, fields do not exist in single configurations, but instead in
a superposition of different configurations. In one approach to quantum gravity, the
quantum state is computed using the gravitational path integral, which sums over
all possible metrics with given boundary conditions. In general, the gravitational
path integral fails to converge, but it can be regularized using various techniques.
While the regularized path integral is still difficult to compute exactly, it tends to be
dominated by contributions from metrics that solve the classical equations of motion.
In certain situations, like rotating black holes, regularizing the path integral also
makes the metric complex. When this happens, the path integral needs to be taken
over the space of complex metrics. To define this integral properly, the admissibility
condition can be used to decide the space over which to integrate. This demonstrates
the utility of the admissibility condition for investigating quantum gravity.
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This thesis focuses on complex metrics for supersymmetric black holes. Histori-
cally, supersymmetric black holes have played an important role in quantum gravity.
By representing their microscopic constituents using string theory, the entropy of
supersymmetric black holes in asymptotically flat space was reproduced in terms of
the area of the event horizon [3]. This development led eventually to the AdS/CFT
correspondence, which relates a gravitational system in asymptotically anti-de Sitter
space to a conformal field theory on its boundary [4, 5, 6]. More formally, the corre-
spondence connects the gravitational path integral to the partition function of a dual
quantum field theory on the boundary.

Because of their importance to the AdS/CFT correspondence, this thesis explores
specifically charged, rotating supersymmetric black holes in AdS space |7, 8, 9]. As
reviewed in [10], the entropy of black holes in AdS space has been computed using the
dual quantum field theory [11]. Because the path integral for rotating black holes is
taken over complex metrics, understanding which complex metrics should be included
is crucial to applying the AdS/CFT correspondence. In this thesis, a first step toward
this problem is taken by analyzing the set of acceptable metrics for charged, rotating
supersymmetric black holes in four-dimensional asymptotically AdS space.

In the remainder of this introduction, the background needed to understand the
role of complex metrics in the gravitational path integral is developed. First, the
basics of general relativity are reviewed, including black hole solutions. Then the
gravitational path integral is discussed, connecting it to supersymmetric black holes
and the AdS/CFT correspondence. Finally, the admissibility condition is introduced
as a way to distinguish between acceptable and unacceptable metrics in the gravita-
tional path integral. The introduction concludes with an overview of the contents of
the thesis.

1.1 The Einstein Equation

In general relativity, spacetime evolves depending on the matter and energy present.
The dynamics of spacetime are captured by a rank-two tensor field g,,,, called the met-
ric, which characterizes the geometry throughout space and time. As the spacetime
geometry curves, it alters the motion of matter and energy, which is experienced as
the force of gravity. The central equation relating the curvature of spacetime with
the energy content is the Einstein equation, given by [12, 13|

1
Ry = 5 R + Mg = 87GT,,, (1.1)

where G is Newton’s constant that captures the strength of gravity. The first two
terms on the lefthand side represent the curvature of spacetime. The tensor R,
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(a) Flat (b) Positively curved (c) Negatively curved

Figure 1.1: When the energy-momentum tensor is zero, there are three general solutions to
the Einstein equation with constant curvature. Schematically, the solutions are either flat,
round, or saddle-shaped, which correspond to a zero, positive, and negative cosmological
constant, respectively.

is called the Ricci tensor, while R is the Ricci scalar. They are functions of the
metric and its first and second derivatives. On the righthand side, 7}, is the energy-
momentum tensor representing the strength of matter and energy. Finally, A repre-
sents the vacuum energy, called the cosmological constant. The metric is determined
by solving the Einstein equation given 7}, and A. It is often expressed in terms of
the line element ds? = g,,, dz*da".

One general way to classify a metric is based on its signature, which corresponds
to the number of positive and negative eigenvalues it has. When all the eigenvalues
are positive, the metric is called Euclidean, represented by (++---+). When there is
a single minus sign, the metric is Lorentzian. An example of a Lorentzian signature
is (— 4 ---+). If the metric has any other type of signature, it is called indefinite.

A metric may possess certain symmetries, called isometries. Roughly, an isome-
try is a transformation that leaves the metric invariant. For instance, if the metric
is independent of a coordinate x, then translations along x are an isometry. One
consequence is that the momentum of a particle in that direction remains constant.
In general, isometries are generated by vectors K* called Killing vectors [13]. An in-
finitesimal displacement in the direction of K* leaves the metric invariant. Identifying
Killing vectors is important for studying the properties of a metric.

When the energy-momentum tensor is zero, there are three general solutions to
the Einstein equation, called vacuum solutions. Depicted schematically in Figure
1.1, these vacuum solutions are important for future discussions. They correspond
to maximally symmetric solutions with different signs of the cosmological constant,
which is proportional to the curvature. When the curvature is zero, the space is flat.
If the metric is Lorentzian in four dimensions, this space is called Minkowski space.
When the curvature is positive, the space has the shape of a sphere. For instance, the
d-sphere S? is the Euclidean solution to the vacuum Einstein equation with positive
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Figure 1.2: A black hole is a solution to the Einstein equation corresponding to a spherically
symmetric mass that generates such a large gravitational field that, within a certain
range, not even light can escape. In this example, the space outside the black hole is
asymptotically flat.

cosmological constant. The Lorentzian analogue is called de Sitter space. In one set
of coordinates in four dimensions, it can be interpreted as a spatial three-sphere that
shrinks before expanding. When the curvature is negative, the space has a hyperbolic
shape. Anti-de Sitter space is an example of a negatively curved space, which has
important applications in quantum gravity.

Another important solution to the Einstein equation is a black hole, which repre-
sents a special type of spherically symmetric mass. This is represented schematically
in Figure 1.2. A black hole is characterized by its mass M, charge (), and angular
momentum J. There are also different black holes depending on the geometry sur-
rounding them. For example, a Schwarzschild black hole is one that asymptotically
approaches flat space. In spherical coordinates, the metric is given by

20G M 20GM\
dsQ——(l— (i )dt2+(1— (i ) dr? + r? dQ? (1.2)

where dQ2? is the metric on the unit two-sphere. As r approaches infinity, the flat
Minkowski metric is recovered. Other examples of black holes include ones that
asymptotically approach de Sitter or anti-de Sitter space.

At the center of a black hole called the singularity, the curvature becomes infi-
nite. Surrounding the singularity is the event horizon. If a particle crosses the event
horizon, it cannot escape back to the outside. The event horizon of a Schwarzschild
black hole occurs at a range of 2GM. At this range, the metric of Equation (1.2)
degenerates, but this degeneracy can be removed by a suitable change of coordinates.
If a black hole does not possess an event horizon, the singularity is said to be naked.
According to one version of the cosmic censorship conjecture, black holes with naked
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singularities cannot exist in the universe [14]. Black holes can also have an inner
horizon closer to the singularity, called the Cauchy horizon. For example, charged
and rotating black holes possess an inner horizon in addition to the event horizon.
The properties of charged or rotating black holes are dictated by how much charge
or angular momentum they have compared to their mass. For example, if a black
hole has more mass than charge, it possesses an inner and outer horizon. This type of
black hole is called subextremal. When the mass and charge are balanced, the black
hole is called extremal, for which the inner and outer horizons coincide. When the
black hole has more charge than mass, there is a naked singularity, which does not
correspond to a black hole solution. Rotating black holes can be classified the same
way, replacing charge with angular momentum. These classifications will become
important when analyzing complex versions of black holes in subsequent chapters.
An interesting fact about black holes is that they are thermodynamic objects [15].
For example, black holes obey a version of the first law of thermodynamics given by

AM =T dS +QdJ + ®dQ (1.3)

where T is the temperature, 2 the angular velocity, and ® the electrostatic potential.
The temperature is proportional to the strength of gravity at the event horizon.
Different types of black holes have different temperatures. For instance, extremal
black holes have zero temperature. If a black hole has a temperature, it radiates
energy, causing it to evaporate [16]. The quantity S is the entropy, which is related
to the area of the event horizon A [17, 18|. In natural units where ¢ = h = kg = 1,
it is given by

A
T 4G
The fact that black holes carry entropy points to the existence of some microscopic
constituents that make them up. While the relationship between entropy and area
was derived using general relativity, the theory itself does not offer any explanation
of what the underlying constituents are.

A striking feature of Equation (1.4) is that the entropy scales as a function of the
area, not volume as with other extensive variables. This fact suggests black holes
possess fewer degrees of freedom than corresponding systems in the same space, like
a quantum field theory. This feature of black holes has been elevated to a general
property of gravity called the holographic principle, by analogy with holograms which
encode three-dimensional objects on two-dimensional surfaces [19, 20]. One require-
ment of any quantum gravity theory is that it reproduces the holographic entropy of
black holes by counting the microscopic degrees of freedom. Using string theory, the
entropy was derived for a class of five-dimensional extremal black holes [3]|. Build-
ing on this development, the AdS/CFT correspondence was introduced, which is a

g (1.4)
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concrete example of holography relating gravity in anti-de Sitter space to a quantum
field theory in one fewer dimension [4, 5|. In the next section, the AdS/CFT corre-
spondence will be discussed as a way of interpreting the gravitational path integral.

1.2 The Gravitational Path Integral

The concept of the path integral has a rich history in physics. In classical mechanics,
the action principle states that a particle travels along the trajectory that extremizes
the action, which is the integral of the Lagrangian over time. In quantum mechanics,
a particle does not follow a single trajectory, but only the probability of transitioning
from one position to another can be predicted. The path integral was introduced as
a way of determining this probability by summing over all trajectories between the
two points [21]. This path integral is depicted schematically in Figure 1.3. To extend
this idea to quantum field theory, the path integral sums all configurations of the field
between initial and final configurations. While this path integral fails to converge in
general, it successfully captures many properties of a quantum field theory, including
correlations between spacetime points.

t

A

> X

Figure 1.3: In quantum mechanics, the path integral can be used to compute the prob-
ability of a particle traveling between two points in a given amount of time. Here, four
example paths are shown, where the line styles indicate their relative contribution to the
path integral. To extend this concept to a field theory, the path integral needs to be
computed over all possible trajectories of the field.

Because the metric in general relativity is a field, it is natural to attempt to
quantize gravity by defining a path integral over all metrics, called the gravitational
path integral [22]. While this path integral is difficult to compute in general, it is
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straightforward to define it in analogy with quantum field theory. According to this
approach, the quantum amplitude of transitioning from an initial metric g; to a final
metric gy is given by the path integral over all metric configurations connecting them:

gf )
(grlgs) = / Dy (1.5)
gi

The action that appears in the exponential is the gravitational action in Lorentzian
signature. The simplest gravitational action is the integral of the curvature over the
spacetime manifold M, called the Einstein-Hilbert action. In four dimensions, the
action is given by

S = /M d*r /=g R (1.6)

where ¢ is the determinant of the metric. The appearance of the minus sign accounts
for the fact that a Lorentzian metric has a negative determinant. Other terms can be
included in the action to represent a non-zero cosmological constant or gauge fields
which produce electric or magnetic charge. Other terms must also be included when
the spacetime has a boundary, which will be discussed in the next chapter.

Like the path integral in quantum field theory, the gravitational path integral is
an oscillatory integral that fails to converge. In one approach to quantum gravity
called Fuclidean quantum gravity, this problem is addressed by performing a Wick
rotation [23, 24]. There are several ways to perform a Wick rotation, but one way
is through the transformation ¢ = i7. Because time is traditionally treated as a real
variable, this change of coordinates makes time imaginary. Following a Wick rotation,

the path integral becomes
/Dg e Seld] (1.7)

where S, is the Fuclidean action given by

S, = /M d'z /G R (1.8)

If the Euclidean action is positive definite, the integral may converge. Unfortunately,
the gravitational action is generally unbounded from below, which prevents conver-
gence. This will be investigated in more depth in the next chapter.

While the Euclidean path integral is difficult to compute exactly, the appearance
of the minus sign in the exponential suggests that it will tend to be dominated by
metrics that minimize the action. This approximation holds in the semiclassical
limit where A — 0. Because metrics that solve the Einstein equation extremize the
action, the path integral can be approximated by a sum over these metrics only. This
approximation is portrayed in Figure 1.4.
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Figure 1.4: The Euclidean gravitational path integral is the integral over all metrics of
the exponential of the negative Euclidean action. When the Euclidean action is a local
minimum, the integrand has a local maximum. This corresponds to the solutions of the
classical equations of motion. To approximate the path integral, the sum only over those
metrics can be taken.

The difficulties surrounding the gravitational path integral underscore the fact
that it is unclear exactly what it represents. Furnishing a clear interpretation of the
gravitational path integral is one theme behind recent efforts in quantum gravity. The
AdS/CFT correspondence is one step forward in providing this interpretation, which
may help to compute the path integral in certain situations. As already mentioned,
the AdS/CFT correspondence is a concrete example of holography that relates grav-
ity in anti-de Sitter space to a quantum field theory in one fewer dimension. This
correspondence is sketched in Figure 1.5. In the bulk, gravity is described by string
theory, which is equated to quantum fields propagating on the boundary. More for-
mally, the correspondence equates the path integral of string theory in the bulk to
the path integral of a conformal field theory on the boundary:

Zs(h) = Zcpr(h) (1.9)

where h is the boundary metric [5]. By relating the gravitational path integral to a
path integral of a quantum field theory, the correspondence provides a potential way
to compute and interpret the path integral for gravity.

The original example of the AdS/CFT correspondence equates Type IIB super-
string theory on AdSs X S® to supersymmetric Yang-Mills theory in four dimensions
[4]. The theories on both sides of this correspondence are supersymmetric. In a super-
symmetric theory, fermions that represent massive particles can be transformed into
corresponding bosons that represent massless particles. The strength of the string
interaction is proportional to the square coupling constant g2,,; of the Yang-Mills
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String theory }O
in the bulk —’

Quantum field theory
on the boundary

Figure 1.5: The AdS/CFT correspondence relates string theory in asymptotically anti-
de Sitter space to a conformal field theory on the boundary. By relating gravity to a
quantum field theory without gravity, it provides a potential way to compute and interpret
the gravitational path integral.

theory, which has an SU(N) symmetry group. When N is made large while N g2y,
is held fixed, the string theory becomes weakly coupled. In this large N limit, string
theory can be approximated by supergravity, a theory combining general relativity
and supersymmetry [25, 26].

Broadly, supergravity solutions can be either ungauged or gauged. Gauged solu-
tions provide important backgrounds for the AdS/CFT correspondence. Supergravity
solutions are also classified based on the number of supercharges N, which are the
generators of the supersymmetry transformations. The charged, rotating supersym-
metric black holes analyzed in this thesis are solutions to gauged supergravity in four
dimensions, which makes the analysis relevant to the AdS/CFT correspondence.

One effect of the Wick rotation performed to regularize the gravitational path
integral is that it may make the metric complex. Not every metric becomes complex
following a Wick rotation. For example, the Schwarzschild metric of Equation (1.2)
becomes Euclidean outside the event horizon, but it does not become complex. If the
black hole acquires angular momentum, the metric will develop cross-terms between
time and angular components, leading to complexification. This is the case for the
Kerr metric, which represents a rotating black hole in asymtotically flat space. In
spherical coordinates, it is given by

2GM 2G' M ar sin®
d52:—(1— G T) dtQ—W(dtdgb—i—dgbdt)-l—
X = sin’ ex (1.10)
Zdr2 + X2d02 + 2z

d¢?
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where a = J/M and x, A, and = are functions of r and § which are unimportant
for this discussion. On Wick rotation, dt = ¢ dr, and the metric has complex compo-
nents.! When the metric is complex, the gravitational path integral has to be taken
over the space of complex metrics. As with all complex integrals, performing this
integral requires defining the contour of integration in the complex plane. While this
is an important issue, it will not be investigated in detail in this thesis.

Beyond the complexification introduced by Wick rotation, charged, rotating black
holes that are also supersymmetric possess a natural degree of complexification. As
will be discussed in Chapter 4, the supersymmetry condition makes one of the param-
eters characterizing the black hole complex, which complexifies the metric. Unlike a
metric made complex through a Wick rotation, this metric has no Lorentzian coun-
terpart. While these types of metrics are not physical, they may play an important
role in the Euclidean gravitational path integral. The admissibility condition is one
way of deciding the acceptable complex metrics to include in this integral.

Another reason why the supersymmetric metrics studied in this thesis are impor-
tant is because they can be used to evaluate the action of supersymmetric extremal
black holes, which can be compared to the dual quantum field theory. Supersymmetric
extremal black holes, called BPS black holes, have infinite inverse temperature, mak-
ing the action difficult to compute. By imposing supersymmetry without extremality,
the action can be computed, which approaches the BPS limit when the temperature
approaches zero. While these black holes are important for quantum gravity, their
admissibility has not yet been studied. In the next section, the condition that helps
distinguish between acceptable and unacceptable complex metrics will be discussed.

1.3 The Admissibility Condition

There are various ways that complex metrics can emerge, including Wick rotation
and supersymmetry. Generally, complex metrics are introduced to regularize an un-
physical situation, but not every complex metric is physical. Recently, a condition
has been proposed that can help distinguish between acceptable and unacceptable
complex metrics [2]. This condition was originally introduced as a possible way to
formulate a quantum field theory without relying on traditional axioms. Although
removed from its original context, this condition has also been proposed as a way to
define a theory of quantum gravity [1].

How the admissibility condition is derived and how it addresses unphysical situa-
tions will be discussed in later chapters, but the condition centers around the concept
of the path integral. It requires the path integral of an arbitrary gauge field coupled

1By sending @ to ia., the metric can be made real and positive definite, but this approach will
not be taken in this thesis.
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Figure 1.6: One way of expressing the admissibility condition involves the complex eigen-
values of the metric, requiring the sum of their phases in the complex plane to be less
than 7. It follows that the eigenvalues cannot lie on the negative real axis, shown in red.
The convex cone swept out by the eigenvalues also cannot subtend more than 7 radians.

to the metric to converge, which ensures that the energy of the quantum field the-
ory is positive definite. The gauge field is represented by a non-zero, real p-form F,
which is an antisymmetric rank-p tensor with components Fj;,...;,. The admissibility
condition is satisfied if the action has positive real part for every p:

Re (Vgg™' -+ g"" F i, Fj.j,) >0, 0<p<d (L.11)

This condition must be satisfied at every spacetime point. In total, there are d + 1
individual conditions, so in general multiple conditions need to be evaluated when
assessing whether a given metric is allowable.

Another way of expressing the admissibility condition that will be developed in
the next chapter involves the complex eigenvalues of the metric. If \; represents the
complex eigenvalues of g, the admissibility condition requires the sum of their angles
swept out in the complex plane to be less than 7 radians:

d
Z‘Arg)\i‘ < (1.12)

=1

One consequence is that no eigenvalues can lie on the negative real axis, which cor-
responds to an angle of . Another consequence of this condition is that the convex
cone swept out between the minimum and maximum angles must subtend less than
7 radians, as shown in Figure 1.6.

In this thesis, the theory and applications of the admissibility condition will be
investigated. First, the motivation behind the condition will be presented, leading to
the derivation of Equation (1.12). Then various examples of spacetimes where com-
plex metrics naturally emerge will be analyzed, demonstrating how the admissibility
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condition can discriminate between acceptable and unacceptable metrics. Next, the
original contribution of this thesis will be presented, which consists of the applica-
tion of the admissibility condition to charged, rotating supersymmetric black holes in
four-dimensional anti-de Sitter space. These types of black holes are relevant to the
AdS/CFT correspondence and possess an intrinsic degree of complexification, mak-
ing them particularly interesting to study. It will be shown that the admissibility
condition requires the radius of the event horizon to be greater than a critical value
that is approached as the black hole becomes extremal. The interpretation of this
result will also be discussed.

1.4 Thesis Outline

Below is an outline of the remainder of the thesis.

e Chapter 2 introduces the notion of complex spacetime metrics and develops the
admissibility condition. In many ways, it is a more technical presentation of
the material discussed in this introduction.

e Chapter 3 explores various examples where complex metrics arise naturally.
The admissibility condition will be applied to distinguish between allowable
and unallowable metrics.

e Chapter 4 presents the original contribution of the thesis involving charged,
rotating supersymmetric black holes in four-dimensional anti-de Sitter space.
The various forms of the admissibility condition will be analyzed.

e Chapter 5 concludes the thesis with some final remarks and possibilities for
future research.



Chapter 2

Complex Spacetime Metrics

In the last chapter, the notion of the metric in general relativity was introduced. A
dynamic field that characterizes the spacetime, the metric usually has real compo-
nents, but sometimes complex metrics need to be considered. While complex metrics
may play an important role in the gravitational path integral, not every complex met-
ric is physical. Following recent proposals, an admissibility condition was introduced
to discriminate between allowable and unallowable complex metrics. In this chapter,
this condition is developed in detail, motivating it from a physical perspective and
deriving the final result.

This chapter begins by introducing the notion of complex metrics from a more
general perspective. Possible ways to construct complex metrics are discussed starting
from real solutions to the Einstein equation. Next, it builds on the discussion of the
last chapter by elaborating on how complex metrics emerge when evaluating the
path integral in quantum field theory and quantum gravity. It then motivates the
admissibility condition based on the requirement that the path integral in quantum
field theory converges. As previewed in the last chapter, the form of the admissibility
condition involving the complex eigenvalues of the metric is derived. Finally, the
chapter concludes with some thoughts about possible integration cycles over complex
metrics of the path integral.

2.1 Complex Solutions to the Einstein Equation

In general relativity, the central equation relating the curvature of spacetime to the
energy and matter present is the Einstein equation. The solution to this equation is
a rank-two tensor g, called the metric, which can be used to compute lengths and
durations between spacetime points. Various examples of metrics were presented in
the last chapter, including different types of vacuums and black holes. In general,
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the metric is a function of the coordinates and other parameters that characterize
the solution like charge or angular momentum. These coordinates and parameters
are usually treated as real variables, which makes the metric a real-valued tensor.
Complex solutions to the Einstein equation can be generated by making the coordi-
nates or parameters complex, which can be done in several ways [1]. Consider the
flat Euclidean metric in d dimensions

ds? = dr? + r?dQ? (2.1)

where dQ? is the round metric on the (d — 1)-sphere, S%1. As the last chapter
reviewed, this is the Euclidean solution to the vacuum Einstein equation with zero
cosmological constant. Usually, r is treated as a non-negative real variable, but it
can also be taken to be complex. For example, r can be a curve in the complex plane
parameterized by a real variable u, as shown in Figure 2.1a. The metric becomes

ds? = 7' (u)*du® + r(u)*dQ? (2.2)

There are several ways to view this complexification that will be discussed later, but
one way is that the manifold itself has become complex. Other complex manifolds
can be generated by complexifying other variables. For example, in addition to r, the
remaining variables z; can be complexified subject to the constraint >, 27 = 1 that
characterizes S9!

Im r Im r Im r

A A A

> Re r ©>Rer /\>Rer

—]

(a) Example curve of r inthe  (b) Complex r curve for man-  (c) Complex r curve repre-
complex plane ifold with compact boundary  senting a wormhole

Figure 2.1: One way of complexifying a metric is by making the radial coordinate a curve
in the complex plane. Depending on the type of curve that is used, the complex manifold
has different properties.

Depending on how the complexification is carried out, complex manifolds with
different properties can be produced. For example, to generate a compact manifold
without a boundary, the parameter u can be made to run over a compact interval
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Figure 2.2: One way of creating a wormhole that connects two copies of flat Euclidean
space is by complexifying the radial coordinate of the flat Euclidean metric.

while requiring r to vanish at the endpoints. This is depicted in Figure 2.1b. Another
choice is to allow u to range over the interval [0,00). In this case, the manifold is
topologically equivalent to R? if 7(0) = 0. This manifold has an asymptotically
Euclidean metric if r(u) ~ u as u — co. Wormhole solutions can also be constructed
by allowing v to run over the whole real line, as shown in Figure 2.1c. In this example,
r(u) — £00 as u — Fo00, and r(u) # 0 for all u. This produces a complex spacetime
where two ends that are asymptotically R? are connected through a wormhole. This
is depicted in Figure 2.2.

While making the radial coordinate complex is one way of complexifying the met-
ric, there are many other ways to complexify it. Some of these ways will be discussed
in the next chapter, which focuses on potentially problematic complex metrics and
how the admissibility condition addresses them. In the next section, complex metrics
that arise when quantizing a field theory with the path integral will be considered.

2.2 Complex Metrics in the Path Integral

The path integral is a general technique to quantize a theory that involves summing
over all trajectories between two points. Based on concepts in classical mechanics,
this approach has been applied in quantum mechanics and quantum field theory.
In the last chapter, the use of the path integral to quantize gravity was discussed,
highlighting the various problems involved in computing this integral. Because the
admissibility condition is based on requiring the path integral in quantum field theory
to converge, this section begins by reviewing this integral, following the treatment in
[2]. Tt then reexamines the gravitational path integral in Euclidean quantum gravity.
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Compared to the last chapter, it offers more detail about why the gravitational action
is not positive definite, first identified in [27]. It will be shown how this issue can be
addressed by considering complex metrics.

2.2.1 Quantum Field Theory

In quantum field theory, the path integral is a powerful tool that can be used to
compute quantum amplitudes by considering all possible trajectories between the
initial and final states. For example, the quantum amplitude of a field ¢ transitioning
from an initial configuration ¢; to a final configuration ¢ in time At can be computed
by summing over all possible configurations between them. In natural units, this is
given by

¢
<¢f|6_iHAt|¢i> _ fD¢€iS[¢] (23)

@i
where H is the Hamiltonian, which evolves the state. The transition probability is
given by the square modulus of the lefthand side, while the righthand is the path
integral over all field configurations consistent with the initial and final states. The
functional S[¢] is the action functional of the theory, defined as the volume inte-
gral over the spacetime manifold M of the Lagrangian density £. For a Lorentzian

manifold in d dimensions, it is given by

= dl’ — .
S—/Md =L (2.4)

where ¢ is the determinant of the metric. The negative sign before g accounts for
the fact that ¢ is negative for a Lorentzian manifold. As an example, consider a free
scalar field ¢ in Minkowski space, with signature (— + ++). The action is

_1 /M d'w /=g 0 0" = % / d's (=67 + (V0)?) (2.5)

2
The path integral can also be used to compute the vacuum expectation value
of observables at different spacetime points. In the path integral formulation, these
observables are represented by generalized functions of the fields at different points.
If Oy, is the observable at the point xj, the expectation value of this observable across
different spacetime points can be computed by

S

(©1++00) = [ 0:(6):+0u(0) 5 Do (2.6)

While the path integral is a powerful approach that captures information about a
theory beyond the perburtative level, it is difficult to evaluate because it is an oscilla-
tory integral that does not converge in general. A popular method for addressing this
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issue is the Wick rotation. In a Wick rotation, time is transformed into an imaginary
number. This time complexification can be viewed in two different ways, either in
terms of generating a complex time manifold or a complex-valued metric [2]. These
two viewpoints are summarized below.

1. Complex time manifold. In this approach, time is treated as complex. This
creates a complex time manifold with physical time at its boundary. Vacuum
expectation values like that of Equation (2.6) are boundary values of holomor-
phic functions on the domain of this manifold. In principle, the same idea can
be applied to other coordinates.

2. Complex-valued metric. In this case, time is not viewed as complex, but
as the length of an oriented time interval. The manifold is not complexified,
but the metric becomes complex-valued. Not every metric becomes complex.
For example, the Minkowski metric becomes a flat Euclidean metric after Wick
rotation, but not complex. In general, whether a metric is complexified depends
on whether it has mixed time and space components.

In the first approach, the action functional needs to be computed over the complex
time manifold. This integral makes sense if the original manifold is Minkowski space,
but it is not well-defined in curved spacetime. The second approach works better
with the path integral formulation. Although the metric determinant g appearing in
the action functional may become complex, the integral is still computed over a real
manifold and is well-defined.

The second approach can be used to make the path integral of Equation (2.3)
converge. Consider the Wick rotation given by ¢ = ¢7. The action functional picks
up an extra factor of 7, transforming the path integral into

o5
D¢ e~ 5l?) (2.7)
@i

where S, is the Euclidean version of the action, given by S, = —i.5. For example, the
Euclidean version of the action of Equation (2.5) is given by

&:1/&x@ﬁuv@ﬂ (2.8)

where the dot now represents differentiation with respect to 7. Because this action is
always positive, the path integral converges.

Even if the Euclidean action is positive definite, the path integral may still be
difficult to compute. One approximate way to compute the integral is called the
saddle point approximation [28]. Because the integrand is maximized when the action
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is minimized, this approach considers only field configurations that minimize the
action. First, the action is expanded around a given minimum ¢*. Up to second
order, this is given by

2 62 Se[¢]
52

The term containing the first derivative of the action does not appear because it
vanishes at the minimum. Using this approximation, the path integral becomes a
Gaussian integral, which evaluates to
525 —1/2
/D¢ese[¢} = V2r e 5] < 5(/1@ ) (2.10)
d)*

This approach can be extended to incorporate multiple local minima by expanding the
action around the given minima. When the action is positive definite, this approach
leads to better results as the expansion order is increased.

Silg] = Sul6] + 5 (6 - ) 2.9

¢*

2.2.2 Euclidean Quantum Gravity

The path integral approach to quantizing a field can also be applied to quantize
gravity. This time, the path integral is also taken over metrics in addition to other
fields. While this integral is difficult to solve exactly, understanding gravity in terms
of an ensemble of metrics provides important insights into quantum gravity [23].
Incorporating matter fields, the gravitational path integral can be written

/ DgDg 5199 (2.11)

Through the AdS/CFT correspondence, this type of integral can be related to a path
integral of a quantum field theory without gravity, which may provide one way of
evaluating and interpreting the gravitational path integral [4].

In Euclidean quantum gravity, the gravitational path integral is regularized, again
using a Wick rotation. The metric can become complex, requiring the path integral
to be taken over a proper contour of integration of complex metrics. Complex metrics
may emerge as saddles of the gravitational path integral, which correspond to complex
solutions to the Einstein equation. For example, the metric for rotating black holes
becomes complex due to the presence of mixed time and angular components. As-
suming this complex metric dominates the path integral, the thermodynamic relation
between entropy and the area of the black hole horizon can be recovered [23]. This
suggests that this complex metric plays an important role in the underlying physics,
but it is unclear if other complex metrics are also acceptable.
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In the previous section, it was shown that the Euclidean action of a scalar field
is positive definite, which was needed to ensure that the integral converges. The
Euclidean action is also positive definite for more complicated examples like Yang-
Mills fields, but it is not positive definite in general relativity [27]. In natural units,
the Lorentzian gravitational action is given by

S:/ d4x\/—gR+2/ dPrv-hK (2.12)
M oM

The second term is the Gibbons-Hawking-York term, needed to make the variational
problem well-defined when the spacetime has a boundary OM [29]. The metric h is
the induced metric on the boundary, and K is the trace of the extrinsic curvature
[13]. A Wick rotation can be performed to obtain the Euclidean action. Under a
conformal transformation, g,, — 2?g,,, the Euclidean action becomes

S. = —/ d'z (R +6,/99,00"Q) — 2/ PPz O*Vh K (2.13)
M oM

It appears that S, can become arbitrarily negative provided (9,8)? is arbitrary large.
To make the integral converge in this case, the contour of integration for the con-
formal factor has to be parallel to the imaginary axis, as shown in Figure 2.3. This
suggests that for the Euclidean gravitational path integral to converge, the contour
of integration needs to contain only a suitable family of complex metrics. In the next
section, a possible way of determining this family is discussed, inspired by the notion
of making the path integral converge.

2.3 Admissible Complex Metrics

In the last section, the path integral was introduced as a powerful approach to quan-
tize a field theory, including general relativity where the dynamic field is the metric
characterizing spacetime. To make the path integral converge, the Wick rotation was
introduced, which complexifies the metric. Unlike for scalar and Yang-Mills fields,
this Euclidean path integral for gravity fails to converge. The integral is a contour
integral over complex metrics. If the contour of integration is defined appropriately,
the integral may converge. A condition has recently been put forward to help define
this contour, which distinguishes between acceptable and unacceptable metrics [1].
It requires the path integral of a gauge field coupled to the metric to converge. In
this section, the motivation behind this condition will be reviewed, and the exact
condition that a metric must satisfy to be allowable will be derived.
Recall that following a Wick rotation, the path integral is given by

/ D e~ 5l (2.14)
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Figure 2.3: In one example of the gravitational path integral, the Euclidean action can
become arbitrarily negative following a conformal transformation, g,,, — Q%g,,. To make
the path integral converge, the contour of integration for the conformal factor €2 can be
taken to be parallel to the imaginary axis.

In several applications, the Euclidean action is real, but in general it can be complex.
In this case, the integral may still converge if the real part of the action is positive
definite. Because S, involves the metric, this requirement places conditions on the
metric. To formalize this condition, the action functional needs to be defined precisely
for a complex metric g. A complex-valued metric is a bilinear map ¢ : T, x T,, — C,
where T, is the tangent space defined at each point x of the manifold. The Euclidean
action is given by

Se:/Mdda:\/gﬁz/c x 1 (2.15)

where %1 = vol, = /g Al_; dz’ represents the volume element of the manifold. Since
the Hodge star operator makes sense for a complex metric, this volume element is
well-defined. In general, the square root of the determinant of a complex metric is
complex, which makes the volume element complex.

Consider again the Euclidean action for a scalar field in four dimensions:

S =1 / 'z /30,0 g" 0,6 (2.16)
2 Jm

The action is a quadratic form similar to 7 Az, where V99" plays the role of A.
For the quadratic form S, to be positive definite, two conditions need to be satisfied.
First, the real part of the volume element vol, needs to be a positive volume form on
M [2]. This requires the real part of \/g to be positive. Every complex number has
two square roots, and the square root with positive real part can always be chosen
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Figure 2.4: Just like the square root for reals, there are two square roots of the complex
metric determinant g, which change based on the spacetime point. As long as g is never
a negative real, the square root can always be chosen so that the real part is positive.

except when ¢ is a negative real number. This condition is depicted in Figure 2.4.
Because g is a field, this condition must be satisfied at every point. When moving
through the state space, which square root to take to ensure Re,/g is positive might
change. The second condition that needs to be satisfied is that the real part of the
matrix /g g"” is positive definite. This imposes conditions on the matrix elements,
which will be discussed in later chapters.

The conditions introduced above create a space of allowable metrics among the
set of all possible complex metrics. The Minkowski metric does not satisfy these
conditions, but lies on the boundary of this space. The square root of the metric
determinant is ¢, which has zero real part. The matrix /g g" also has zero real part.
One possible requirement in constructing the space of allowable metrics is that only
Lorentzian metrics reside on the boundary.! Given just the two conditions above,
indefinite metrics can also lie on the boundary. Consider a metric with signature
(3,d —3) in d > 4 dimensions. Although it is not Lorentzian, this metric also resides
on the boundary. To restrict the boundary to only physically relevant Lorentzian
metrics, other conditions need to be considered.

To impose further conditions, an electromagnetic field two-form F),,, can be intro-
duced, which is taken to be real. The action functional is

S, = %/F/\ “F (2.17)

!The boundary of a complex domain relevant for this application is called the Shilov boundary
[2, 30]. Let U be an open subset of a finite-dimensional complex manifold. The closure of U is a
compact manifold X with a piecewise smooth boundary. The Shilov boundary of U is the smallest
compact subset K of X such that, for every holomorphic function f defined in a neighbourhood of
X, supy |f| = supg |f|- As discussed in the text, one important example of a Shilov boundary is
the generalized half-plane of complex-valued quadratic forms on R™ with positive definite real part.
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To compute *F', the two-form F),,, can be contracted with the volume element. In d
dimensions, this contraction produces a tensor of rank d — 2:

(*F)Hl“'ud72 - (*1)yly2u1...#d72FIJ1u2 (218)

Notice that this operation requires two contractions with the metric, one more than
that required by the scalar action of Equation (2.16). The map F' — F A *xF takes a
real two-form and returns a complex d-form:

N(TH) = ANYTY) (2.19)

C

where the C on the right denotes complexification. It is natural to continue this line
of reasoning further to include any real p-form F', where 0 < p < d. In this case, the
quadratic form is a map AP(T) — AY(TY)|c. As before, the metric is allowable if the
real part of AY(T)|c is positive definite.

The allowability condition can be rewritten in a form that highlights the contrac-
tions with the complex metric. The wedge product between the p-form F' and *F
can be written

1
FAxF = o Gt g PP By F g €y g AT A A dt (2.20)

Because the Levi-Civita tensor € is the volume element, the action can be written

S, = //\/l ddx\/ggiljl ce gipijil---ipF}j-“jp (221)

The metric is allowable if the action has positive real part for every non-zero, real F'
and 0 <p < d:

Re (vg g7t -+ g"?Fy i Fyy)) >0, 0<p<d (2.22)

This is a set of d 4+ 1 individual conditions, each of which must be satisfied at every
spacetime point for a metric to be considered allowable.

The positivity condition restricts the space of metrics to only those that may
make the path integral of a p-form gauge field coupled to the metric converge. The
expectation is that a general quantum field theory is well-defined when the metric
satisfies this condition. In this way, the positivity requirement may be a substitute for
some of the axioms of quantum field theory. While the introduction of a p-form gauge
field may seem arbitrary, it is actually physically motivated, as discussed in [1|. For
instance, while free field theories of massless bosonic fields other than p-forms exist,
they do not have gauge-invariant stress tensors, preventing them from being defined
in curved spacetime [31]. There are also no known interacting ultraviolet-complete
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theories of massless fields which do not involve p-forms even in flat spacetime. This
suggests that theories involving a p-form gauge field correspond to a broad class of
physically relevant theories.

While the positivity condition is physically motivated, it has some limitations.
When defining a quantum field theory, the set of states usually needs to be defined
in a local Hilbert space. The positivity condition constructs the theory using a path
integral in curved spacetime through analytical continuation of the metric, but this
method does not guarantee a local Hilbert space. Another issue is that Wick rotations
of matter fields may introduce phases in the path integral that make it diverge. This
issue has to be treated carefully when considering more sophisticated theories.

The allowability condition can be cast into a more useful form involving the eigen-
values of the metric. For p = 1, the condition requires the real part of W = /g g"” to
be positive definite. To assess this condition, it is helpful to diagonalize the matrix.
One way of diagonalizing a complex matrix is with a real basis and complex eigenval-
ues, which exposes the complex structure of the matrix. In the real basis, the matrix
Wt=g./ V/9 is also diagonal, which means g,, is diagonal. Let the eigenvalues of
9w be N, i =1,...,d. Then the allowability condition requires Re o > 0, where

a= \/§H At (2.23)

€S
for any subset S C {1,...,d}. This is the same as requiring the argument of « to lie
in the right half-plane:
—7/2 < Arga < /2 (2.24)

Expanding the determinant in terms of the eigenvalues and using the properties of
the argument function, the argument of o reads

d
Arga = Arg (H \/)\_zH )\j1>
=1

j= jes
1
= Arg ( — H \/)\_>
€S \/)‘_ijgzs ’

1
= Ar — | +Ar \/X> (2:25)

1
= Arg — + Arg\/x

= —%ZArg)\i +%2Arg)\i
€S igS
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Substituting the result into Equation (2.24) leads to the inequality

- < ZArg Ai — ZArg N <T (2.26)

iZS icS

Both sides of this inequality contain 2¢ separate inequalities, which correspond to
different subsets S of {1,...,d}. The inequality on the left for a given set S is the
same as the inequality on the right for the complement of S. Choosing one side of
the inequality, Equation (2.26) becomes

ZArg)\i — ZArg)\i < (2.27)
icS igSs

Consider what happens to this inequality when a given number j is present in S. The
term Arg \; will enter with a plus sign. When it is not in S, it will appear with a
minus sign. Taking this into account, the inequality becomes

d
Zai Arg\; < (2.28)
i=1
where
1 :
o=l 1€S (2.29)
-1, i¢S$

Because this must hold for every &, all combinations of coefficients need to be con-
sidered. This amounts to the following inequality:

d

> JArg A <7 (2.30)

=1

This inequality is also a set of 2¢ inequalities depending on the imaginary parts of
the eigenvalues. If a given eigenvalue \; has positive imaginary part, then |Arg\;| =
Arg \; and the term will enter with a plus sign. When ); has negative imaginary
part, |[Arg\;| = —Arg)\;, causing the term to enter with a minus sign. This is the
same as Equation (2.28).

Using the new version of the admissibility condition formulated in terms of the
eigenvalues of the metric, it is possible to reason about which metrics reside on the
boundary of allowable metrics. Consider the set of real metrics, which possess only
real eigenvalues. If the eigenvalue is positive, its argument is zero. When it is negative,
its argument is 7. Equation (2.30) implies that on the boundary of allowable metrics,
the sum of the arguments must be 7. It follows that for a real metric to reside on
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Figure 2.5: The angles of the complex eigenvalues of the metric sweep out a convex cone
in the complex plane. To satisfy the admissibility condition, the cone must sweep out less
than a half-plane.

the boundary, only one eigenvalue can be negative. The only kind of real metric
that satisfies this condition is a Lorentzian metric. Other real metrics cannot lie
on the boundary, including the metric discussed before with signature (3,d — 3) in
d > 4. This was one feature that the space of allowable metrics should possess, which
motivated the introduction of higher p-forms in the action. Although it was derived
initially considering the case of p = 1, the admissibility condition in terms of the
eigenvalues encapsulates the various conditions across different values of p.

Another consequence of the admissibility condition is that the metric eigenvalues
sweep out less than a half-plane:

max(Arg \;) —min(Arg\;) <7 (2.31)

This corresponds to a closed convex cone in C. Because this condition is violated if
any of the eigenvalues is negative, this cone cannot intersect the negative real axis.
Reproduced from Chapter 1, Figure 2.5 shows an example of the region of the complex
plane swept out by the eigenvalues.

Another advantage of the admissibility condition involving the complex eigen-
values is that it allows admissibility to be verified for any subspace of the original
manifold. Consider a subspace in one fewer dimension. Let {0 }¢_, represent the
angles of the metric eigenvalues in descending order in the space V', and {GL}Z;} the
angles corresponding to the subspace W. It can be shown that the angles for W
interleave those for V:

01>0,>0,>0,>--->04,>0, >0, (2.32)

This implies ) |0;| < > |0k|. It follows that if the metric in V' is allowable, the metric
in W is also allowable. This holds for every subspace W [2].
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To make the restriction on the eigenvalues more concrete, an expression for the
complex eigenvalues can be obtained given a general complex metric of the form
guw = A+ iB. This is done in detail in Appendix B. To summarize the argument,
the real part of the metric can be diagonalized:

A=QMQ" (2.33)

Assuming A is positive definite, its eigenvalues are positive reals, so M can be writ-
ten as the square of another real matrix, M = D?. The eigenvalues of the metric
are then given by \; = 1 4 in;, where n; are the eigenvalues of the real matrix
(QD ™ H)TB(QD™1). In later chapters, these eigenvalues will be computed explicitly
for different metrics, which enables the allowability condition to be assessed.

2.4 Defining a Complex Integration Cycle

In the last section, a condition was derived that could distinguish between acceptable
and unacceptable metrics when evaluating the Euclidean path integral in a quantum
field theory. Computing the path integral for gravity requires more than knowing
what constitutes a good class of complex metrics. The integration cycle over which to
perform the path integral also has to be known. This section presents some thoughts
about defining the integration cycle taken from [1].

To define the integration cycle in a general way, a set of integration variables
®; 1 =1,...,N can be introduced. The action is a functional of these integration
variables. The path integral is an integral over a region U of the integration variables:

/ d®, - ddy e 5! (2.34)
U

This integral may fail to converge, but the goal is to generalize it to become a conver-
gent complex contour integral. To start, ®; can be analytically continued to complex
variables ®; and the action to the holomorphic function S(®). The integration region
becomes a complexification U of U. The task is then to find an integration cycle
I' C U such that the complex integral over I' converges.

In general, it is difficult to define an integration cycle so that the path integral
always converges, but one way to do it involves gradient flow [32, 33|. In this approach,
a positive definite metric G on U is chosen. Then ®; can be parameterized by a
variable s that satisfies the following gradient flow equation

i _ ;;0ReS) (2.35)
ds OPi*
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In a d-dimensional field theory on a manifold M, this equation is a differential equa-
tion on a (d + 1)-manifold M x R, where R is parameterized by s. The solutions to
this equation in which ® is independent of s are critical points of the action, which
correspond to classical solutions of the equations of motion. Let p be such a critical
point of the action. The parameter s can be defined on (—o0, 0] such that d starts at
p when s — —oo. Under mild assumptions, Re S grows at infinity and the complex
integral converges.

Unfortunately, with a simple choice of the metric G, there is no guarantee that the
integration cycle remains in the space of allowable metrics. If the metric is restricted
to be a certain type of metric called a Kahler metric, it will remain in the space of
allowable metrics, but the real part of the action might not go to infinity as required
above. An alternative is to define an integration cycle not just for gravity but for
the combined system of gravity and matter fields. In this case, all critical points
are potentially allowed, but another mechanism would have to be found to exclude
undesirable metrics. Another issue with this approach is that Wick rotating the
matter fields may multiply the path integral by a potentially ill-defined phase, as
mentioned before.

This brief discussion highlights some of the difficulties involved in defining the
integration cycle that allows the Euclidean gravitational path integral to converge.
This is a topic of ongoing research, but in the next chapter, the admissibility condition
developed here will be applied to various important applications in which complex
metrics naturally emerge. It will be shown how the admissibility condition can be
used to select between physical and unphysical metrics in these settings. This is a
first step toward constructing a consistent theory that can be applied to a wide range
of spacetimes.
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Chapter 3

Applications of the Admissibility
Condition

In the last chapter, the notion of complex spacetime metrics was reviewed. Different
ways of complexifying the metric were discussed, including performing a Wick rotation
to regularize the path integral. While allowing the metric to become complex may
help the path integral converge, not every complex metric is physically relevant,
motivating the need for a way to decide between physical and unphysical metrics.
By requiring the path integral to converge when the metric is coupled to a generic
gauge field, conditions were derived that the metric must satisfy to be considered
acceptable. In this chapter, this admissibility condition will be applied to various
examples in which complex metrics naturally arise. These examples are taken from
[2] and accompanying references.

The first example that will be considered is the Hartle-Hawking wavefunction of
the universe, which describes large semiclassical spacetimes. To arrive at sensible
results, complex solutions of the Einstein equation need to be considered. The next
example involves spacetimes where the topology changes, including the splitting of a
closed universe in two. In these settings, the metric degenerates at the point where the
topology changes, but this degeneracy can be removed by making the metric complex.
Next, time folds and double cones will be discussed. In these geometries, the path
integral propagates forward and backward in time, which can be used to compute
observables in quantum field theory or the spectral form factor in a holographic
theory. Finally, rotating black holes will be considered, which become complex after
a Wick rotation due to mixed time and angular components in the metric. This
last example will pave the way for the discussion of supersymmetric black holes in
asymptotically anti-de Sitter space in the next chapter.
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3.1 Hartle-Hawking Wavefunction of the Universe

To apply quantum mechanics on cosmological scales, the wavefunction describing the
whole universe needs to be computed [34]. In quantum field theory, the wavefunction
of the ground state can be computed using a Euclidean path integral, which sums
all possible trajectories of the field on a given manifold. To extend this idea to the
universe as a whole, the sum needs to be performed over all possible manifolds the
universe can assume over its history which are consistent with its initial and final
shape [35, 36]. In this approach, the wavefunction is given by the path integral

U = Z/Dg D¢ e~ 5lo Ml (3.1)
M

Very similar to the gravitational path integral introduced before, this integral differs
only in the sum over different manifolds, which is restricted to those that share the
same boundary oM.

A problem occurs when trying to evaluate this path integral. The minus sign
in the exponential means the integral will be dominated by metrics that minimize
the action. The metrics satisfying the classical equations of motion extremize the
action. This allows the integral to be approximated by a sum only over those metrics
that solve the Einstein equation. The problem is that there are no known Euclidean
solutions to the Einstein equation with a given boundary. For example, consider the
Einstein equation with a positive cosmological constant A, where the boundary is a
(d — 1)-sphere. In natural units, the action is given by

S = —/ d®z /g (R — 2A) (3.2)
M

Provided the radius of the sphere is larger than the length scale set by the cosmological
constant, 1/ VGA, there is no real Euclidean solution.

While there are no real solutions for the scenario presented above, there are com-
plex solutions that lead to sensible results for the wavefunction of the universe. Com-
plex solutions can be created starting with the metric of the d-sphere of radius p:

ds* = p*(d6? + cos? 6 dQ?) (3.3)

where dQ? is the metric on the (d — 1)-sphere. This metric is a Euclidean solution to
the vacuum Einstein equation with a positive cosmological constant. To make this
metric complex, 6 can be chosen to be a curve in the complex plane parameterized
by a real variable u. The metric becomes

ds® = p* (6'(u)*du’® + cos® 6(u) dQ?) (3.4)
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Different curves generate different types of manifolds. When 6 is a straight line on
the real axis between —7/2 and 7/2, the manifold is a d-sphere equipped with a real
metric, as shown in Figure 3.1a. The endpoints of this line are zeros of the function
Re cos @, which occur at Ref = (n+ 1/2)7, n € Z. Any other curve connecting two
zeros, while avoiding all other zeros, will also generate a manifold that is topologically
S?. This is shown in Figure 3.1b. Another type of manifold is produced when 6 = iu.
In this case, the metric becomes

ds* = p* (—du® + cosh® udQ?) (3.5)

which corresponds to de Sitter space, depicted in Figure 3.1c. This metric is also a
solution to the Einstein equation with a positive cosmological constant, this time in
Lorentzian signature.

Im 6 Im 6 Im 6

+—> Re 0
3

NEE S
V)

(a) S? with real metric (b) Topologically ¢ (c) de Sitter space

Figure 3.1: The round metric can be complexified by making # a curve in the complex
plane, shown in red. Different versions of the d-sphere can be generated by connecting
zeros of Re cos @, while de Sitter space can be realized by taking 6 to be purely imaginary.

By making the metric complex, a solution to the problem above involving a posi-
tive cosmological constant and (d— 1)-sphere boundary can be produced. An example
is shown in Figure 3.2a. The curve consists of two segments, one corresponding to a
hemisphere in Euclidean signature, the other to half of de Sitter spacetime. Together,
they describe creation of a closed universe that then expands exponentially fast. To
determine the contribution of this solution to the wavefunction of the universe, the
action of the two segments needs to be computed. The action of the Euclidean hemi-
sphere is real, while the action of the de Sitter spacetime is complex. In general, the
action takes the form, S/2 + il(u). The contribution to the wavefunction is then

e—S/Q—iI(u) (36)

The factor e™*/2 captures the norm of the state, while the oscillatory factor e~/
describes the real time evolution of de Sitter space.
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negative action

Figure 3.2: A Euclidean solution to the Einstein equation with a positive cosmological
constant and (d — 1)-sphere boundary can be produced using a suitably chosen 6 curve
in the complex plane, shown in red.

To determine the magnitude of the state, the action of the Euclidean solution S
needs to be computed. Because the Ricci scalar is constant, the action is given by
S=2A—-R)V (3.7)
where V' is the spacetime volume. The Ricci scalar can be expressed in terms of
the cosmological constant using the Einstein equation. For the d-sphere, the Ricci
tensor is R,, = kg,,. The constant of proportionality k is related to the Ricci
scalar, R = kd. Substituting these values into the vacuum Einstein equation, the
cosmological constant is A = (d — 2)k/2, which is positive if d > 2. The Ricci scalar
is then R = 2dA/(d — 2). Substituting this into Equation (3.7), the action becomes

4NV

=02

(3.8)
Crucially, the action is negative, which means in the expression for the wavefunction,
the exponential is raised to a positive power.

To arrive at the final expression for the action, the volume needs to be computed.
For the metric of Equation (3.3), the determinant is g = p?>® cos®®~Y §. When 6 is a
line segment between the nth and mth zeros of Recos 6, the volume is given by

V:/ ddx\/gzpdv“/
M

(n+1/2)w

(m+1/2)m

cos™ 10 df (3.9)
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where V_; is the volume of S%! with unit radius. When n = —1 and m = 0, the
volume of the d-sphere Vj is recovered. For the Euclidean hemisphere of Figure 3.2a,
n = —1 and m = —1/2. The volume depends on the values of n and m, but also on
d. When d is even, cos# in the integrand is raised to an odd power. This means if
m —n is even, the integral will vanish. If m —n is odd, the volume is Vsign(m —n).
In this case, the magnitude of the volume remains unchanged as n and m vary. If d
is odd instead, the integrand is an even power of cosf, and the volume is (m — n)Vj,
which changes in magnitude as the endpoints vary.

While the action of the Euclidean hemisphere is finite, it can be made arbitrarily
negative when d is odd by shifting one of the endpoints. Consider what happens when
the left endpoint is shifted farther to the left, which corresponds to making n more
negative. This scenario is depicted in Figure 3.2b. By shifting the endpoint more, the
action can be made as negative as desired, causing the wavefunction to blow up. The
question is whether the admissibility condition can be used to eliminate unacceptable
metrics like this from contributing to the path integral.

One of the admissibility conditions introduced in the last chapter required the
real part of /g to be positive, which prevents the determinant from being a negative
real number. Because the radius is real, this requires Recos? '8 > 0. Consider
for simplicity the case where d = 3, although the argument is the same in other
dimensions. Defining 6§ = a + b, the admissibility condition is

Re cos®§ = cos® a cosh? b — sin? a sinh?b > 0 (3.10)

What distinguishes the unphysical solution in Figure 3.2b is that it passes through
one of the zeros of Recosf. When this happens, Re cos?§ = —sin? a sinh® b, which
violates the admissibility condition. To avoid this, # must be confined to a strip
(n—1/2)t < Ref < (n+ 1/2)7. This is true of the curve in Figure 3.2a, but
not others that start farther away on the real 6 axis. In summary, the admissibility
condition provides one way of distinguishing between physical and unphysical metrics
on cosmological scales.

3.2 Topology-changing Processes

The creation of the universe from nothing discussed in the last section is actually
part of a class of spacetimes in which the topology changes. In a topology-changing
process, the metric is smooth, but it is not invertible at the point at which the topology
changes [37, 38|. Because of this degeneracy, coupling the metric to quantum fields
is not well-defined. By making the metric complex, the degeneracy can be removed,
but at the expense of potentially introducing unphysical metrics. This section will
again discuss how the admissibility condition can be used to address this problem.
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Although the formalism can accommodate other scenarios, this section will focus on
the topology-changing process in which a closed universe splits in two.

To analyze topology-changing processes, it is helpful to introduce a Morse function
f and positive definite metric hy,. Often called the time function, f defines the causal
structure of the manifold.! From these two ingredients, it is possible to construct a
metric that is Lorentzian almost everywhere. This metric is

Gab = haph(0:f)(0uf) = ¢ (0uf)(Dsf) (3.11)

where ( is a parameter which controls the metric signature, as will be discussed later.

To describe a wide range of topology-changing processes, the metric hg, can be
chosen to be flat and f can be a quadratic polynomial in the coordinates. Consider a
process in two dimensions with coordinates z and y. Let hy, = 6, and f = 3(22+ey?),
where € = +1 is the Morse index of f. The metric becomes

ds? = (2° +47) (d2® + dy?) — ¢ (w da + ey dy)’ (3.12)

This metric is invertible everywhere except x = y = 0, where it vanishes. Depending
on the value of €, different processes can be described. When ¢ = 1, the metric
describes the creation of a closed universe from nothing. When ¢ = —1, the spacetime
corresponds to the splitting of a closed universe in two, depicted in Figure 3.3. In the
remainder of this section, € will be taken to be —1.

As mentioned before, the parameter ( controls the signature of the metric. This
can be better seen by making the coordinate transformation

u=2*—1y°

3.13
v = 2xy ( )
In these coordinates, the metric becomes
21 2, 1.9
ds® = Z(l — ()du” + Zdv (3.14)

When ¢ > 1, the metric is Lorentzian, otherwise it is Euclidean. In either case, the
metric degenerates at © = y = 0. The coordinate u plays the role of time, being
proportional to the Morse function f. The metric describes a hyperbola that grows
with time, producing the geometry shown schematically in Figure 3.3. The geometry
degenerates at the critical point of w.

More generally, a Morse function is a smooth real function on a manifold f : M — [0, 1] that has
no degenerate critical points [39]. At a critical point, the gradient of f vanishes. It is degenerate if
the matrix of second derivatives, called the Hessian, is singular. The number of negative eigenvalues
of the Hessian is called the Morse index of the critical point. The Morse function and index can be
used to study the topology of a manifold.
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Figure 3.3: One example of a topology-changing process is when a closed universe splits
in two. At the point at which it splits, the metric becomes degenerate, which prevents it
from being coupled to quantum fields.

Because of the degeneracy, the metric cannot be coupled to quantum fields. For
instance, the kinetic term of a two-form gauge field F,, F*¥ requires contracting the
field with the inverse metric. When the metric degenerates, the inverse blows up,
making this term ill-defined. To address this problem, the metric can be complexified.
One possible complex metric is [1]

ds* = (2% + y* + ) (d2® + dy?) — (¢ £i6) (2 dx — y dy)? (3.15)

The parameters v and 0 were introduced, which serve different purposes. The role
of v is to make the metric non-degenerate everywhere. A function of z and y, it
should be positive at z = y = 0, but can vanish everywhere else. The parameter §
complexifies the metric. When ¢ goes to zero, the metric becomes Lorentzian. This
satisfies a requirement introduced in the last chapter, which says Lorentzian metrics
should lie on the boundary of the space of complex metrics. For the metric to be
complex, § should be nonzero.

In summary, to cure the degeneracy, two requirements need to be met, v > 0 at
x =y =0and § # 0. Again, the question is whether the admissibility condition is
equivalent to these requirements. To simplify the analysis, the metric of Equation
(3.15) can be recast into a slightly different form. Let V' be the one-form z dz — y dy,
and W be a one-form orthogonal to it. Then the metric has the form

ds’ = —(A£i)VeV +BWeW) (3.16)

where A > 0. For the admissibility condition to be satisfied, the angles of the metric
eigenvalues should sum to less than 7. This is possible if B > 0 and 0 # 0. In this
case, one of the eigenvalues is positive, while the other has an argument less than
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w. For B > 0 to be satisfied, v needs to be positive when x = y = 0. These two
conditions are exactly the ones needed to remove the degeneracy.

This section focused on one example of a topology-changing process, but there
are many similar processes that can be explored. Even within the current framework,
different values of € and ( can be chosen, leading to different singularities. The
example of a closed universe splitting in two hints at the possibility of using the
admissibility condition to address non-invertible metrics in similar processes where
the topology changes.

3.3 Time Folds and Double Cones

The previous sections demonstrated how the admissibility condition can be applied
to spacetimes where the topology evolves in time. In the creation of a closed universe
from nothing, spacetime starts as a hemisphere, then expands exponentially. In the
other topology-changing process, the universe splits in two at a certain point in time,
the two branches evolving independently into the future. In either case, time moves
in one direction. In other applications, it is important to consider both forward and
backward propagation in time. For instance, this has to be done to compute the
time-dependent average of an observable in quantum field theory:

(O) = (V| O(1) [) = (U] e O™ | W) (3.17)

This type of observable can be computed using path integrals that move forward and
backward in time. Using the completeness relation twice, the expectation value can
be written

(0) = // AU, dWUy (U] |Wy) (Uy| O [W,) (U] e W) (3.18)

The integrand consists of three components. Starting from the right, the first expec-
tation value is a path integral that propagates the state forward by a time t to the
intermediate state W;. Next, the average of O between ¥; and a second intermediate
state W, is taken. Finally, ¥, is propagated backward to the initial state. This is an
example of a time fold, depicted schematically in Figure 3.4.

Another example of a computation that involves forward and backward time prop-
agation is the time-dependent density matrix, which has many applications including
calculation of the gravitational entropy [40, 41, 42|. The density matrix is a de-
scription of a quantum state that allows for the possibility for the state to exist as
a mixture of different wavefunctions. For a given wavefunction |W(¢)), the density
matrix is given by

p =) (U(t)] = ™" [Wo) (Wo| ™! (3.19)
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Figure 3.4: Time folds are processes that involve forward and backward propagation in
time. This example computes the average of an observable O in a state U. To do this, the
state is propagated forward and backward in time by an amount ¢, which can be achieved
with two path integrals. The operator O connects the two intermediate states.

where |Wy) is the initial state. To compute each element of this matrix p;;, two path
integrals can be used:

pij = (Wil e [Wo) (Wo| €™ [T ) (3.20)

Similar to before, the first path integral propagates the initial state forward to state
V;, and the second propagates the state W; backward to the initial state. This is
another example of a time fold.

The notion of forward and backward propagation in time is intimately connected
to complex spacetime metrics. In particular, forward and backward time propagation
is a consequence of regularizing a Lorentzian metric two different ways [43, 44, 45].
This can be seen by revisiting the concept of the Feynman propagator in quantum
field theory [46]. The propagator captures the probability amplitude for a particle to
travel from one position to another in a given amount of time. This process is shown
in Figure 3.5. For a massive scalar field, the Feynman propagator in momentum space

is given by
1 1

A _ — 3.21

where p is the norm of the particle four-momentum and m is its mass. To expand the
square momentum in terms of the energy F and three-momentum p, the Minkowski
metric with signature (— 4+ ++) was used.

To compute the amplitude in position space, the Feynman propagator needs to
be integrated over all values of the four-momentum. This integral fails to converge
because the propagator is ill-defined when E = 4/p? —m? = £w,. The usual
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Figure 3.5: The Feynman propagator carries information about the likelihood for a particle
to travel between two spacetime points. Depending on the sign of the ¢ prescription that is
used, forward or backward time propagation is encoded, which corresponds to two versions
of complexified Minkowski space.

method to remove the degeneracy is to add a small imaginary quantity z¢ to the
denominator. The propagator then develops poles at E' = £(w, + i€). The integral
over energy is transformed into a complex integral, which avoids the poles when taken
only over real values. A similar result can be achieved by adding —ie to the propagator
instead, which suggests the general form

1

Ap(p) = L (3.22)

The € prescription is usually viewed as a method to regularize the propagator, but
it also carries information about the time direction of the propagation. When e is
used, the propagator moves a state forward in time. When —ie is used, the state is
propagated backward in time.

The two versions of the e prescription correspond to different regularizations of
the metric. This can be seen by rewriting the propagator of Equation (3.22) as

1 1

= = 3.23
E2(—1+ie) +p2 —m2  prpVn,, —m? (3.23)

Ar(p)

where the metric 7, is a small € away from the usual Minkowski metric. In d dimen-
sions, it is given by

d
ds? = (—1 £ie)da? + ) _ da? (3.24)

=2
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Figure 3.6: The admissibility condition requires the square root of the metric determinant
to have positive real part. When applied to two different versions of a metric that is ¢
away from being Lorentzian, forward and backward time evolution is implemented.

While the Minkowski metric is not allowable, the € prescription produces a complex
metric that is allowable. Reinterpreting the € prescription in terms of complex metrics
allows it to be generalized to curved spacetimes [44].

The fact that the e prescription made the metric allowable suggests a connection
between time propagation and the allowability condition. The admissibility condition
requires the square root of the metric determinant to be chosen so that it has positive
real part. The determinant of Equation (3.24) is ¢ = —1 +ie. For a given choice of
+ie, there are two possible square roots. The square roots with positive real part are
given by /g = € & ¢, which are close to the positive and negative imaginary axes.
These square roots that satisfy the admissibility condition are related to forward and
backward time propagation through the time evolution operator U, which involves
the metric determinant. Over a small time interval ¢, U is given by

U = exp(—+/gH1)
= exp (—Ht(e +1)) (3.25)
= exp(FiHt — eH)

where € has absorbed the time ¢ in the last line. The conclusion is that /g close to
the positive imaginary axis generates forward time evolution, while /g close to the
negative imaginary axis generates backward evolution. This is depicted in Figure 3.6.

Depending on the sign of 7€ used in the metric, forward or backward time evolution
is implemented. To model a situation in which a state evolves forward then backward
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Figure 3.7: To evolve a state forward and backward in time, a metric can be used that
smoothly connects two versions of a regularized Lorentzian metric. The function f(¢) is
the time component of the metric, whose imaginary part goes from positive to negative.
When the real part of f becomes positive, the path integral is regularized.

in time, the two different metrics can be stitched together in the following way:
d
ds® = f(t)dt* + ) da? (3.26)
i=2

where f(t) is the discontinuous function

() = {—1+i6, t<0 (3.27)

—1 -1, t>0

Because coupling quantum fields to a discontinuous metric is problematic, the function
f(t) can be varied continuously, as shown in Figure 3.7. It must take the long way
around because if it crosses the negative real axis, the metric is no longer allowable.
When the curve crosses over into the positive real axis, the real part of the metric
is positive definite. This provides some imaginary time propagation that regularizes
the path integral.

Similar to a time fold, a double cone can be used to compute observables in quan-
tum field theory using path integrals. While a time fold involves propagating a state
forward and backward in time, a double cone computes observables by propagating
a state around a time circle. This type of path integral is useful for computing the
spectral form factor of a quantum system, which captures correlations in its energy
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spectrum [47, 48]. The spectral form factor is given by (Tr T Tre~*#T). The traces
in this expression can be computed using a path integral:

Tre T = / dW (U] e | T)

pr=" )
— / dv / D¢ 'Sl (3.28)
=V

- / DoeS, gt +T) = (1)

The path integral in the last line is taken only over fields that are periodic over time 7.
To compute the spectral form factor, two path integrals over periodic fields need to be
computed, one traveling forward over the time circle, the other backward. These two
circles lie on the boundary of a double cone geometry. According to the AdS/CFT
correspondence, the spectral form factor of the quantum fields on the boundary is
related to the partition function over geometries in the interior. One of the saddle
points of this partition function corresponds to the double cone.
The double cone geometry can be constructed starting from the metric

ds? = —sinh®r dt* 4 dr? (3.29)

where t is a real variable with identification ¢t = t 4 7. When r is non-negative, this
metric describes a single cone. By allowing r to become negative, it describes a double
cone joined at r = 0, shown in Figure 3.8. The double cone metric degenerates at
r = 0. To regulate it, r can be complexified so that it does not pass through zero:

r=u—ie (3.30)

where u is real and € is a small nonzero real number. Without loss of generality, €
can be taken to be positive. The metric becomes

ds? = —sinh®(u — ie) dt? + dr? (3.31)

As was done with time folds, the admissibility condition can be used to guide
the choice of /g that corresponds to forward and backward time propagation. Using
sinh(u — i€) = cos esinh u — i sin € cosh u, the metric determinant is

1
g = (2sin’€ — 1) sinh® u + sin’ e + 3 sin(2¢) sinh(2u)i (3.32)

When wu is positive, g lies just above the negative real axis, and /g is close to the
positive imaginary axis. When u is negative, /g is close to the negative imaginary
axis. This is similar to the situation in Figure 3.6, where u plays the role of ie
controlling the time evolution. The positive u cone is related to the holographic
description of the forward time evolution, Tre~*7 and the negative u cone to the
backward time evolution, Tr e??7.
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Figure 3.8: The regularized double cone geometry can be used to compute the spectral
form factor of the dual conformal field theory on the boundary. The right cone corresponds
to forward time evolution, the left cone to backward evolution.

3.4 Rotating Black Holes

The last application of the admissibility condition presented in this chapter involves
rotating black holes. As the last chapter touched on, a Wick rotation makes the
metric for a rotating black hole complex, which does not happen for a black hole
without angular momentum. By assuming this metric dominates the path integral,
the thermodynamics of rotating black holes can be derived [23]. While this result
suggests that this metric is somehow important, introducing complex metrics can
lead to unphysical situations.

To see how complex metrics can lead to unphysical results, consider a rotating
black hole in asymptotically flat space. This black hole has two conserved quantities,
the energy H and angular momentum J. These quantities can be combined into a
single conserved charge () = H —()J, where () is the fixed angular velocity. Following
a Wick rotation, the Euclidean path integral is related to the partition function

7 =Tre P9 (3.33)

where (3 is the inverse temperature. The conserved charge () has an associated Killing
vector field, which in asymptotically flat space is

Kt=0,—Q(x0,—y0,) (3.34)

When this vector field is spacelike, a particle localized in the field can have an ar-
bitrarily negative value of ). This occurs when KK, > 0, which corresponds to
0? (22 + y*) > 1. When this happens, the partition function blows up, making the
thermodynamic ensemble unstable. This prevents quantum corrections to the en-
semble from being applied, which is often done in quantum gravity. One way of
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avoiding this situation is to require the Killing vector to be everywhere timelike out-
side the horizon. In this section, it will be shown that this is the same as requiring
the Euclidean form of the metric to be allowable.

There are many different types of rotating black holes that can be considered,
including ones that asymptotically approach flat or anti-de Sitter space [49]. In
general, the metric of a rotating black hole takes the form

ds® = —=N2dt? + p2(N?dt + d¢)? + g,.dr? + gopdd? (3.35)

where N, N?, p, ¢,», and ggg are functions of r and # only. The outer horizon is
the outermost surface for which N2 = 0. On the horizon, the function N? is equal
to the angular velocity €. If the space is asymptotically flat or anti-de Sitter, N¢
approaches zero as r approaches infinity. One example of a metric that has this form
is the Kerr metric, which describes a rotating black hole in asymptotically Minkowski
space. Introduced in Chapter 1, the Kerr metric is reproduced below:

ds? — (1 B QGMT) 4 2G'Mar sin’ 6

(dtdg + dpdt) +

X2

(3.36)

2 =sin’ 6
A 2

A dr? + X2d02 + dqz52

where

r? + a?cos? 6
r? — 2GMr + a? (3.37)

= (r* +a*)* — a*Asin? 0

2
A

The radius of the outer horizon r, is the larger root of A(r). At the outer horizon,
the function N? given by

2GMr(r? + a?)

N?—1— ! (3.38)

vanishes. The function N¢ is Ci1
Ne = -2 (3.39)
which is equal to @ = —a/(r} + a?) at the outer horizon. The other functions p,

Jrr, and ggg can be obtained similarly by matching the metric coefficients between
Equation (3.35) and Equation (3.36).

As mentioned before, it needs to be shown under what conditions the Killing vector
field is timelike outside the horizon. To compute the Killing vector, it is convenient
to introduce a new angular coordinate, gg = ¢ + Qt. The metric is then

N 2
ds? = —N2d¢? + p? <(N¢’ —Q)dt + d¢) + grrdr? + gopd6? (3.40)
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In these new coordinates, the Killing vector is simply K* = J;, which is timelike if
git = —N? + p*(N? — Q)2 < 0. This means the partition function is well-defined if

N% — p*(N? — Q)2 >0 (3.41)

This is a condition involving the coordinates and parameters that must be satisfied
at every spacetime point outside the horizon. If the angular velocity is too large, this
condition is violated. This suggests that for the Killing vector field to be timelike
outside the horizon, the black hole cannot rotate too quickly. This agrees with the
requirement that the charge ) = H — QJ should not be arbitrarily negative, which
spoils the thermodynamic ensemble.

To establish the connection between a timelike Killing vector field and an allow-
able metric, a Wick rotation first needs to be performed, ¢ = 7. In most physical
situations, including in asymptotically flat and anti-de Sitter space, g, and ggy are
positive outside the horizon. In this case, the r and 6 components of the metric
are already positive definite and can be ignored when assessing admissibility. The
remaining components of the metric are given by

N\ 2
ds? = N*dr® + p? (i(N* — Q)dr + do) (3.42)

On the horizon, N? = 0 and N¢ = Q, and the metric becomes ds? = p2d¢?®. Because
the determinant of this metric in the larger two-dimensional space is zero, the metric
lies on the boundary of the space of positive definite metrics. This agrees with the
fact that the Killing vector is null-like on the horizon, lying on the boundary of the
condition in Equation (3.41).

The allowability of the metric away from the horizon needs to be analyzed. Outside
the horizon, the metric takes the form

ds® = Adr? + Bd¢? + 2iC drdg (3.43)

where

A= N?— p*(N? - Q)?

B = p? (3.44)

C=p* (N~ Q)
The admissibility condition for p = 1 requires Re(,/g g") to be positive definite. As
the last chapter discussed, this is the same as requiring Re(g,./,/g) to be positive
definite. The metric determinant is ¢ = AB + C? = (Np)? > 0. In this case, the

condition requires Re g,, to be positive definite. This happens when the trace and
determinant of this matrix are positive. These conditions require A + B > 0 and
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Figure 3.9: Depending on the coefficients of the rotating black hole metric, its eigenvalues
can be complex or real. When AB > 0, the eigenvalues lie on either side of the positive
real axis. When AB < 0, the eigenvalues lie on either side of 1. At least one of them
becomes negative, violating the admissibility condition.

AB > 0, respectively. Combined, they require A, B > 0. The condition B = p* > 0
is satisfied outside the horizon. Otherwise, the metric would not be Lorentzian. The
condition A > 0 is the same as Equation (3.41).

Imposing the allowability condition for p = 1 leads to the same results as requiring
a timelike Killing vector field outside the horizon, but the same conclusion can be
reached by computing the complex eigenvalues of the metric. Following the procedure
outlined in Appendix B, the complex eigenvalues of Equation (3.43) are

¢ 1
VAB
When AB > 0, the eigenvalues lie on either side of the positive real axis, depicted
in Figure 3.9a. The angle subtended by the two eigenvalues cannot exceed 7, which
satisfies the admissibility condition. Because B > 0, this requires A > 0. Another
scenario is that AB = —4? < 0, where v > 0. In this case, the eigenvalues are
real, as shown in Figure 3.9b. The admissibility condition requires |C| < ~. For this
to be satisfied, the determinant of g,, needs to be negative, which is not the case.
This proves that the admissibility condition involving the complex eigenvalues of the
metric requires A, B > 0, just like the p = 1 condition.

Not every rotating black hole satisfies the admissibility condition derived in this
chapter. For instance, in asymptotically flat space, the admissibility condition is not
satisfied far from the black hole. This can be seen by considering the norm of the

Ay =14 (3.45)
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Killing vector, which is Q?(2? + y?) — 1 as discussed above. Because the norm is
positive at infinity, the Killing vector is spacelike regardless of the angular velocity,
violating the admissibility condition. Viewed another way, the black hole cannot be
in thermal equilibrium because the thermal radiation would need to corotate faster
than light far from the black hole. In contrast, in asymptotically anti-de Sitter space,
a black hole can be in equilibrium if the angular velocity is small enough [1, 49].
This is another reason why the admissibility condition for rotating black holes in AdS
space is interesting to study.

One example of an admissible black hole in asymptotically anti-de Sitter space is a
BTZ black hole in three dimensions [50, 51]. A BTZ black hole is characterized by its
mass M and angular momentum J in a world with a negative cosmological constant.
The radius of curvature [ is related to the cosmological constant by A = —1/I1?. When
|J| < M, black hole solutions exist, with the following functions

v (g e

N¢ — _4G2J (3.46)
P
1
0t =12 +4GMIP* — éri

The outer horizon occurs at r3 = 8GIlv/M?I> — J?, and the angular velocity € is
—8GJ/(r% + 8GMI?). The allowability condition requires

r? — ri (r2 (4GJ)2(r? — ri)

7 ) >0 (3.47)

N? — p*(N? — Q)% =
a ) (1r2 + 4GM2)?

Because |J| < M, the second term is less than 72/{%. This means that outside the
horizon, r > r,, the condition is satisfied.

This chapter presented examples of complex metrics that emerge for various rea-
sons, including to regularize a degenerate metric or make the path integral converge.
In general, the admissibility condition was used to identify the set of metrics that
provide consistent physical results. In the last example of rotating black holes, accept-
able metrics corresponded to those that kept the thermodynamic partition function
bounded. In the next chapter, rotating black holes will again be studied, focusing
specifically on charged, rotating supersymmetric black holes in four-dimensional anti-
de Sitter space. Supersymmetric AdS black holes like these are especially important
in quantum gravity because of the AdS/CFT correspondence, which relates them to
quantum field theories without gravity. The admissibility condition will be analyzed
in depth, providing preliminary results on the space of complex metrics over which
to define a quantum theory of black holes.



Chapter 4

Charged Rotating Black Holes in 4D
Anti-de Sitter Space

In this chapter, the original contribution of the thesis is presented, which involves
the analysis of the admissibility condition for charged, rotating supersymmetric black
holes in four-dimensional anti-de Sitter space. As discussed in the last chapter, ro-
tating spacetimes exhibit complex saddles in the gravitational path integral. Because
not every complex metric is physically relevant, the admissibility condition provides
a way to discriminate between acceptable and unacceptable metrics. It will be shown
that black holes that are supersymmetric and extremal, called BPS black holes, reside
on the boundary of the space of allowable metrics. To be allowable, a black hole must
have an outer horizon larger than that of these BPS black holes.

The charged, rotating supersymmetric black holes analyzed here are solutions to
supergravity, a theory that combines general relativity with the principles of super-
symmetry [25, 26]. Broadly, supergravity solutions can be either ungauged or gauged.
Charged, rotating black hole solutions of ungauged supergravity play an important
role in the microscopic counting of black hole entropy, while gauged solutions provide
important backgrounds for the AdS/CFT correspondence [52|. In this thesis, solu-
tions in gauged supergravity are considered. These solutions were first constructed
within /' = 4, SO(4) supergravity [53]. They can be obtained by a reduction of 11-
dimensional supergravity on S7 [54]. To simplify the analysis, two of the charges will
be equated, which reduces the solution to a Kerr-Newman-AdS black hole [55, 56].
This type of black hole can be viewed as a solution to N' = 2 supergravity.

This chapter focuses on charged, rotating black holes that are supersymmetric but
not extremal. Unlike BPS black holes, the metrics for these black holes are complex
without performing a Wick rotation. Compared to the black holes studied in the last
chapter, they have no Lorentzian counterpart, but they may play an important role
in the gravitational path integral. Another reason why these metrics are important



Chapter 4. Charged Rotating Black Holes in 4D Anti-de Sitter Space 48

is that they can be used to evaluate the action of BPS black holes, which can be
compared to the dual quantum field theory. Because BPS black holes have infinite
inverse temperature, their action is difficult to compute. By imposing supersymmetry
without extremality, the action can be computed, which approaches the BPS limit as
the temperature vanishes. In this chapter, the admissibility of these supersymmetric,
non-extremal black holes will be studied for the first time.

This chapter begins by applying the same analysis as the last chapter to non-
supersymmetric Kerr-Newman-AdS black holes, demonstrating that the admissibility
condition for p = 1 corresponds to the Killing vector field being timelike outside the
horizon [1]. Next, it is shown that for a BPS black hole, the admissibility condition is
satisfied throughout the entire spacetime, which is the same as the Killing vector field
being everywhere timelike. Then the admissibility condition for supersymmetric, non-
extremal black holes is analyzed. The conditions for different values of p are explored
analytically and numerically. It will be shown that an allowable black hole must have
an outer horizon at least as big as its corresponding BPS black hole. The physical
meaning of this conclusion will also be discussed.

4.1 Non-supersymmetric Black Holes

In this section, the admissibility condition for non-supersymmetric black holes is
compared to the requirement that the Killing vector field is timelike outside the
horizon. After introducing the form of the metric in a frame rotating at infinity, an
angular change of variables is made so that the Killing vector has a single component.
To assess admissibility of complex metrics, a Wick rotation is performed. Because
the metric determinant is always positive, the admissibility condition reduces to the
requirement that the real part of the metric is positive definite. It will be shown that
this condition is the same as the previous condition on the Killing vector field.

In four-dimensional N' = 4 supergravity in asymptotically anti-de Sitter space,
there are solutions representing charged, rotating black holes |7, 53]. These solutions
contain two gauge fields in the U(1) x U(1) Abelian subgroup of the SO(4) gauge
group. They can also be viewed as solutions in N' = 8 gauged supergravity, where
the four charges associated with the U(1)* subgroup of SO(8) are set pairwise equal
[57, 58]. The Lagrangian for the N' = 4 solutions is given by [59]

1 1 1
L=(R—-2V)x1—=dé Axd€é — =e* dy Axdy — —e SFy A xFy —
2 2 2 (4.1)
1 .

1
VD 2 2 — ) ANy ARV AN 3
2X 3 3 201 1 x2e%) (6 1 AR — e X I 1)

where F; and F3 are the field strengths of the Abelian gauge potentials, A; and As.
The remaining gauge potentials are given by Ay = A; and A4 = As. The parameter g
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represents the AdS length scale, which will be set to one in this analysis. The scalar
fields x and £ are axion and dilaton fields. The potential for these fields is given by

1
Y = —§g2 (4+2cosh & + eEXQ) (4.2)

The solution to the equations of motion is controlled by four parameters: a, m,
01, and d5. Roughly, these parameters correspond to the four conserved charges of
the solution. The parameter a corresponds to the angular momentum .J, m to the
energy F, and d; and s to the electric charges )1 and (3. Because the analysis with
two separate electric charges is cumbersome, they will be equated, @1 = Q3 = Q,
which corresponds to d; = do = 9. As will be seen, this simplification does not impact
admissibility because it does not depend on the charge. When the charges are equal,
there is a single gauge field and the axion and dilaton fields vanish |60, 61]. This
black hole is called a Kerr-Newman-AdS black hole.

For a Kerr-Newman-AdS black hole, the Lagrangian simplifies to

1
L=R+6—  FuF" (4.3)

which is the bosonic sector of minimal gauged N' = 2 supergravity. The equations of
motion, found by extremizing the action, are given by

1 1
RMV + 39/1"/ = 5 (FupFl/p — Zg#VFPO'FpU> (44)
9, F™ =0 (4.5)

These are the Einstein-Maxwell field equations with a negative cosmological constant.
In a frame rotating at infinity, the solution can be written

A asin0  \’ dr?  de?
2__ = _ + W 4+ — |+
ds” = W (dt = d¢) (AT Ae)

Ae;ivnze (adt_f2ia2d¢)2

(4.6)

where
7 =71+ 2msinh®§
A, =1+ a® = 2mr + (7 + a®) (4.7)
ANg=1—-a’cos’0, W =7*+a’cos’f, Z=1-a?

The gauge field is given by

. ~ . 2
Ao v/2m sinh(26)7 (dt _asin 9d¢)

(4.8)
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The parameters are restricted to the ranges a > 0, m > 0, and § > 0. To keep the
solution from becoming singular, the condition a? < 1 must be imposed.

The conserved charges can be expressed in terms of the solution parameters. The
energy can be computed using the first law of thermodynamics, briefly reviewed in
Chapter 1. The angular momentum and electric charges can be evaluated using
Komar and Maxwell integrals [13]. The conserved charges evaluate to [7, 59|

E=2(142sinh26), J=22(142sinh%5), o — Msinh(20)

—
= 4.—.
= = =

(4.9)

The roots of the function A, define the black hole horizon. When there are two
real roots, the black hole has an inner and outer horizon. As discussed in Chapter 1,
this is called a subextremal black hole. When there is a double root, the black hole
is extremal. When there are no real roots, there is a naked singularity, which does
not correspond to a black hole solution. Which classification a black hole falls into
depends on whether m falls above or below a certain critical mass parameter [62].

The condition for the Killing vector field to be timelike outside the horizon can
be determined. The Killing vector is given by

K" =0,+Q0, (4.10)

where €2 is the angular velocity at the outer horizon, 7 = r,:

a=
Q=——— 4.11
72 + a? (4-11)
To analyze the condition, it is convenient to introduce a new angular coordinate,
¢ = ¢ — Qt. The Killing vector becomes J;, which is timelike if g; < 0. Using
Equation (4.6) and making the change of variables, the condition is

A, (2 — aQ2sin® 9)2 — Agsin® 6 (aZ — Q(F* + aQ))2 >0 (4.12)

It can be shown that the admissibility condition leads to the same condition [1].
First, a Wick rotation can be performed, ¢t = ¢7. The r and 6 components of the
metric are positive definite outside the horizon because W, A,, and A, are always
positive. At fixed r and 6, the metric becomes

. . 2
ds? = _ 2r [z (1 - —agsinze) dr — asfwdq?} +

—
—

02 =2 2 =2 2 2
Agsin® 0 {z‘(a—Q(r +a))d7_r —;—a dqﬁ]

—

—

(4.13)
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—
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This metric has the form

ds? = Adr? + Bd¢? + 2iC drde (4.14)
with determinant
A, A\gsin® 0
g=rmt (4.15)

The admissibility condition requires that Re(g,,//g) > 0. Because the determi-
nant is always positive, this reduces to the condition that the real part of the metric
is positive definite, Re g,, > 0. As demonstrated in the last chapter, this is true if
A, B > 0. The condition A > 0 is the same as Equation (4.12). The coefficient B is

Y sin? 6
where
Y= (7 +a)?Ap — Ava”sin? 0 (4.17)

The condition B > 0 is then ¥ > 0. The t and ¢ parts of the original metric of
Equation (4.6) can be rewritten in terms of ¥ as

AA 5 sin? = 2
WA gy ZSICO T % (Dg( + a2) — A,) dt (4.18)

2 p—
ds 5 W=z

This form makes it clear that ¥ must be greater than zero outside the horizon.
Otherwise, the signs of the metric components will flip and the metric will no longer
be Lorentzian. It follows that the admissibility condition is the same as requiring the
Killing vector d; to be timelike outside the horizon.

4.2 BPS Black Holes

In the last section, the admissibility condition of a non-supersymmetric charged,
rotating black hole in four-dimensional anti-de Sitter space was analyzed. In this
section, the same condition is analyzed for the supersymmetric, extremal version of
this black hole, called a BPS black hole [63]. It will be shown that the admissibility
condition is satisfied in all of spacetime, or equivalently that the Killing vector field
is timelike everywhere.
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The charged, rotating black hole of Equation (4.6) is supersymmetric if the pa-

rameters satisfy [7, 64]
2

et —1
This reduces the number of free parameters to two, for example m and . This choice

of a has implications for the existence of the horizon. Substituting Equation (4.19)
into A,, the equation A, = 0 can be written as the sum of two squares [7]

2 2 2m sinh? § 2
2 2 _ #msmiiol
(r . 1) + coth?(20) (T cosh(20) ) 0 (4.20)

The black hole is BPS if m and § are taken to be real. In this case, Equation (4.20)
has a solution only if the two terms vanish separately. The second term vanishes at
the radius of the event horizon for the BPS black hole, denoted by r,:

a= (4.19)

2m sinh? §
= — 4.21
cosh(20) (421)
The first term vanishes when a = #2. At r = r,, this occurs only if
h?(28
m? = 2 = oS (29) (4.22)

e o sinh®(26)

where m, is the BPS value of m. Substituting this value of m into Equation (4.21),
the radius of the event horizon is

—6
e
Te =
2 cosh? §1/sinh(26)

Because the horizon radius r, is a double root of A,, the black hole is extremal as
well as supersymmetric. These BPS black holes are described by a single parameter,
9. Note that supersymmetric black holes must only satisfy (4.19), while BPS black
holes must also satisfy (4.22). This particular choice of m resulted from assuming m
and ¢ are real.

(4.23)

! As shown in [7], the supersymmetry condition can be derived by determining under what con-
ditions the Bogomolny matrix g_lMa’B has a zero eigenvalue. The matrix M is the commutator of
the supercharges, M = {Q, Q}. The eigenvalues of the Bogomolny matrix are A\ = E+gJ £, Q;.
Substituting expressions for the conserved charges, the supersymmetric condition can be recovered.
In general, a supersymmetric solution also satisfies the Killing spinor equation. For the Lagrangian
of Equation (4.3), the Killing spinor equation is (Vu —iA, + %Fu + %prl“”ﬂl“#) € = 0, where € is
the Dirac spinor, V, is the covariant derivative, and I',, represents the set of gamma matrices [65].
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The admissibility condition of Equation (4.12) can be analyzed for BPS black
holes. It is convenient to make a change of coordinates so the frame is not rotating
at infinity [66]. Making the change of variables ¢’ = ¢ + at, the Killing vector is

K# — 815 + Q/ad)/ (424)
where the angular velocity is now

1 ~2
o ) (4.25)
rL+a

Substituting the BPS value 7, from Equation (4.21), and exploiting the supersymme-
try condition of Equation (4.19), results in ' = 1. This implies

a=r (4.26)

which was already mentioned above. This condition can be seen as another parameter
constraint characterizing a BPS black hole.

The new angular coordinate ¢’ can again be translated so that the Killing vector
points along the time direction. The admissibility condition becomes

A, (E+a(a—1)sin’ 9)2 — Agsin®6 (aZ 4+ (a — 1)(F + a2))2 >0 (4.27)

Substituting the expression of A, in terms of 7 and using Equation (4.26), the con-
dition is a fourth-order polynomial in 7 given by

7 cos® 0 + (7} cos® 0 + 1)7°— 27 (F% cos® 0 + 1)*F +

4.28
P [fi cos® 0 + (7% cos® 0 + 1)2] >0 (4.28)

Completing the square, this becomes
(7 — 72 )? cos® 0 + (7 cos® 0 + 1)*(Fy —1)* > 0 (4.29)

Like A,, the lefthand side has a double root at 7,. The other two roots are given
by —74 £ isecf(7L cos? § + 1). Assuming 7 is real, the lefthand side is always non-
negative and the admissibility condition is satisfied everywhere. Equivalently, the
Killing vector field is everywhere timelike.

4.3 Supersymmetric Black Holes

In the last section, the admissibility condition for BPS black holes was analyzed.
These black holes resulted from imposing supersymmetry while keeping m and 9§
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real. If these parameters are allowed to become complex, the admissibility of general
supersymmetric solutions can be explored. As already stated, one important reason
for considering supersymmetric black holes is that they can be used to evaluate the
action of BPS black holes. While these supersymmetric metrics do not correspond to
physical black holes, they can play an important role in the Euclidean gravitational
path integral. The admissibility condition is one way of deciding the acceptable
complex metrics to include in this integral.

In this section, it will first be demonstrated how m can be complexified, which
complexifies the metric. The admissibility condition is analyzed for every p from zero
to four. Through a combination of analytical and numerical methods, it will be shown
that allowable metrics correspond to ones satisfying 7, > y/a. BPS black holes with
positive 7, lie on the boundary of the space of allowable metrics. It will also be shown
that the form of the admissibility condition in terms of complex eigenvalues leads to
the same conclusion. In the following analysis, the radial coordinate 7 will be used
instead of r throughout, and it is assumed to be real.

The parameter m can be made complex by turning again to the equation defining
the horizon, A, = 0. This equation can be seen as an equation in m, which can be
expressed in terms of the other parameters. The function A, is given by

A, = sinh®(26) m® — 27 cosh(28) m + (7 + 1) (7 + @?) (4.30)

Enforcing this function to vanish at the outer horizon, 7 = 7, and using the super-
symmetric condition of Equation (4.19), the solution for m is given by [59, 60]
7y coth(26) £ i(75 — coth(20) + 1)

B sinh(20)

m (4.31)

Note that in this formulation, 7, is treated as a parameter on the same footing as 9.

Making m complex introduces other complex components into the metric. Specif-
ically, A, becomes complex, which introduces new complex elements in the 7, 7, and
¢ components. After complexification, the metric takes the general form

ds? = (A+iB)dr® +2(C +iD)drd + (E +iF) d¢* + (G +iH) di* + 1 df* (4.32)

The various metric coefficients are real functions of the coordinates. Table 4.1 provides
the expressions for these coefficients in terms of the real and imaginary parts of A,.
Substituting Equation (4.31) into Equation (4.30), the real and imaginary parts of
A, are given by

Re A, =7+ (7y — 7)*(a+1)* + 2a(F2 — 7°) — 7}

Im A, = 27— 7y)(a +1) (a — 72) (4.33)
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Table 4.1: Imposing the supersymmetric condition causes A, to become complex, which
introduces an additional level of complexification into the metric. In this table, the metric
coefficients of Equation (4.32) are provided in terms of the real and imaginary parts of
A,. The functions A and T are given by A == — aQ2sin®0 and ' = a= — Q(7% + a?).

Coefficient Value Coefficient Value
A2Re Ar—ApI?sin? 0 a?sint9Im A,
A WEQG F - =z
AZIm A, W Re A,
B WZ=2 G |A|2
_aAsinQQImAT ~ WImA,
C WZE2 H [Ar|2
D (aA Re A,-—AQF(FQ—I—aZ)) sin2 0 I W
WE2 Ny
E (Ag(i"2+a2)2—a2 sin” @ Re AT) sin? @

WE2

This additional level of complexification alters the admissibility conditions. Recall
that a metric is allowable if the action has positive real part for every non-zero, real
Fand 0 <p<d?

Re (Vgg™' -+ g% Fy ., Fjyq,) >0, 0<p<d (4.34)

In d = 4, five conditions need to be considered. In the following sections, these five
conditions are analyzed. Appendix A provides the general form of these conditions
given the metric of Equation (4.32), provided the determinant is a positive real. The
required conditions are summarized in Table A.1.

An alternative way of testing the same admissibility condition involves the sum
of the arguments of the complex eigenvalues:

d
> JArgA| <7 (4.35)
i=1

To determine the complex eigenvalues, the metric needs to be diagonalized using a
real basis. This procedure is discussed in Appendix B. In addition to Equation (4.34),
this condition will also be explored.

2It is important to stress that the field strength tensor F appearing in Equation (4.34) is different
than the one appearing in the Lagrangian of Equation (4.3) that generates the charge. The first
field strength tensor is a test field given by a p-form, used to evaluate the admissibility condition. It
is always real. The second is the physical field strength two-form, which becomes complex because
it is a function of m, as Equation (4.8) indicates.
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4.3.1 p=0

The admissibility condition for p = 0is Re /g > 0. This condition is satisfied because

the determinant is given by
W?sin? 6

9= =2

(4.36)

which is positive except at a few specific points like the poles, § = 0,7. These
points are also present in the non-supersymmetric form of the metric. For this reason,
pathological points like these will not be considered when examining future conditions.

4.3.2 p=1
As reported in Appendix A, the admissibility conditions for p = 1 are
A,E.G,I>0and AE —C* >0 (4.37)

Based on Table 4.1, the condition I > 0 is always satisfied. The conditions A, E, G > 0
relate to the 7, ¢, and 7 components of the metric, while AE — C? > 0 ensures that
the determinant of the real part of the metric is positive. These conditions are ana-
lyzed individually.

Radial condition. The condition G > 0 is equivalent to Re A, > 0, which requires
P (P =7+ 1) 4 2a(7 =) =7 > 0 (4.38)
Note that for a BPS black hole, where a = Fi, this equation becomes
(7 =72+ (P +1)°(Fy —7)* > 0 (4.39)
which is always non-negative, as expected.
To analyze the more general case of a supersymmetric black hole that is not
extremal, it is instructive to obtain the roots of Re A, which are given by
Ty =Ty
. 1/ 3 K )
=+ VI —
R ( ' N (4.40)
- 1. VJ1£V3i) (AFV3i)K
— T+ — + 3
2 2v/J

T34 = 3

where
J=L+VI*+ K3
K =2/ +3(a*+1) (4.41)
L =27, (574 — 9(a® + 3a + 1))
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Figure 4.1: The admissibility condition on the radial component of the metric, G > 0,
restricts the set of allowable parameter values. According to this condition, the metric is
allowable if 7, > \/a or —y/a <7, < 0.

Note that J, K > 0. Since 7 is assumed to be real, the complex roots can be ignored.
The condition Re A, > 0 is satisfied for 7 > 7, if 7, is the larger real root, 7, > 73.
This condition is useful because it is a restriction on the parameter space alone, not
the coordinates. Using the expression for 75 and exploiting the fact that J > 0, the
condition becomes

o (4f+ + \/7) K0 (4.42)

Because the condition given by Equation (4.42) is difficult to analyze analytically,
it was evaluated numerically for different values of 7, and a to determine whether
the sign is positive or negative. Figure 4.1 shows the sign of Equation (4.42) for a
range of parameters. A BPS black hole corresponding to a = 7% is on the boundary
between allowable and unallowable metrics. This can also be seen by noting that for
a BPS black hole, the two real roots coincide, 77, = 7. In general, the metric is
allowable if 7, > y/a or —y/a < 7, < 0. One final thing to notice is the reflection
symmetry in 7. When 7, — —7, the metric goes from allowable to unallowable
and vice versa. While this symmetry is manifested in the radial condition, in more
elaborate cases examined later, the symmetry is not present.

To demonstrate how Re A, can be negative for some 7 > 7, , Figure 4.2a shows
Re A, as a function of 7 when 7, = 0.2 and a = 0.8, which corresponds to the unal-
lowable region. For these parameter values, 75 > 7, and Re A, is negative between
the two roots. Figure 4.2b shows Re A, in a different region of the parameter space
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Figure 4.2: Different values of the parameters 7, and a are allowable or not depending
on whether 7, is the larger real root of Re A,. The boundary between allowable and
unallowable parameters is given by a = 7.

where the metric is potentially allowable outside the horizon, 7, = 1 and a = 0.8.

The metric crosses from unallowable to allowable and vice versa when a = fi.

Time condition. A similar analysis can be performed for the time component,
A > 0. From Table 4.1, this condition reads

A*Re A, — AgI?sin?0 > 0 (4.43)

This can also be obtained by taking the real part of Equation (4.12), which was used
to determine if the Killing vector of the Lorentzian metric was timelike outside the
horizon. As with the radial condition, 7, is a root of the lefthand side of Equation
(4.43) because A, (7+) = 0 and the second term also vanishes. For a BPS black hole,
the condition simplifies to

(7 = 72)2cos 0 + (72 cos* 0+ 1)*(7y, = 1)* > 0 (4.44)

which is satisfied for all real 7 # 7,. This is the same condition as Equation (4.29)
encountered when demonstrating that a BPS black hole satisfies the admissibility
condition everywhere.

There are two differences between this case and the radial one analyzed before.
First, there is an angular dependence in this condition, which requires exploring differ-
ent angular slices when assessing the condition. Second, the leading-order coefficient
in 7 of Equation (4.43) is not always positive. The coefficient is given by

D, =7, + 27 a® cos® 0 + a” cos® 0 + a® cos® § — a® (4.45)
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When checking whether the condition is satisfied, it must be checked that 7, is greater
than all real roots, and that D, is positive.

Figure 4.3 shows the allowable and unallowable regions in the parameter space
for different values of #. When 6 = 0, the boundaries are the same as Figure 4.1.
As 0 increases, for example when § = 7 /4, the unallowable region enlarges, reflecting
the fact that D, becomes negative. The moving boundary between unallowable and
allowable metrics is given by one root of D (7,) = 0. When 6 = 7/2, the metric
is unallowable for all 7, < 0. For larger values of 6, the allowable region expands
again until at § = m, it is the same as for § = 0. The conclusion is that the metric
is allowable across all values of 6 only if 7, > y/a. This excludes negative values of 7, .

Angular condition. The angular condition £ > 0 reads
Ag(7* 4 a®)* — a’sin O Re A, > 0 (4.46)
Figure 4.4 shows this condition for different values of §. Similar to the time compo-

nent, the shifting boundary between allowable and unallowable metrics as 6 varies is
given by one of the roots of the polynomial

L (2 Ra\ (] JRa Y
I N A 4.47
Tl lnTioe 1\108 " 3(1=a®) " 2a-1) (447)
where
J = a?(2 —sin’h)
K = sin?0 — 72 (a® + 4a + 1) sin? 0 — a* cos? 0 + o’ (4.48)
L=7.a*a+1)sin*0

Although the region of allowable metrics appears larger than that given by 7, > \/a,
the plots of Figure 4.4 are consistent with the metric being allowable there.

Determinant condition. This condition requires AE — C? > 0. The lefthand side
is an eighth-order polynomial in 7 with at least one root at 7, because A,C = 0
at 7 = 7. Figure 4.5 shows the allowable regions in the parameter space for this
condition. Note that the condition reduces to 7, > \/a for 6 as low as /4.

Conclusion. The admissibility condition for p = 1 involves combining all four of
the previous conditions together. When this is done, the same allowable regions as
Figure 4.5 are traced out.
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(b) 0 =7/4,3n/4
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Figure 4.3: The admissibility condition on the time component leads to different allowable
regions in the parameter space depending on #. The only allowable region across all values

of 0 is 7, > \/a.
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Figure 4.4: The admissibility condition on the angular component leads to different al-
lowable regions as 6 is swept out. Although the allowable region is larger, the region
74 > y/a is allowable according to this condition.
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Figure 4.5: The admissibility condition based on requiring the determinant of the real part
of the metric to be positive reinforces the conclusion that 7, > \/a is the only allowable
region across all of spacetime.
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4.3.3 p=2

As discussed in Appendix A, the admissibility conditions for p = 2 involve all the
conditions for p = 1 and the following additional four conditions:

AE - C*>> BF - D% AG>BH, EG>FH

(AG — BH)(EG — FH) > (C’G_DH)Z (4.49)

Without entering into all the details, evaluating these conditions and combining them
with the p = 1 conditions leads to the same allowable regions as Figure 4.5.

434 p=3

For p = 3, the admissibility conditions require all the additional conditions for p = 2
to be satisfied and impose the additional constraint:

G(AE _ (2~ (BF — D2)) > H(AF — 2CD + BE) (4.50)

This constraint simplifies to WAy > 0, which is satisfied except at a few special
points. The allowable regions are the same as the p = 2 case.

435 p=4

The admissibility condition is given by Re g > 0, which is satisfied.

4.3.6 Complex Eigenvalues

The alternative admissibility condition of Equation (4.35) involves computing the
complex eigenvalues of the metric and ensuring that the sum of their angles sweeps
out less than a half-plane. The angle corresponding to the 6§ component is zero because
the 6 component does not get complexified. As shown in Appendix B, the remaining
three eigenvalues are given by

)‘:I: =1+ iozi

H (4.51)
Ao=1+i
—HG

where a4 are the solutions of the quadratic equation

(AE — C?)a3 + (AF —2CD + BE)ax + BF — D* =0 (4.52)
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With these eigenvalues, Equation (4.35) becomes

Z larctan2(Im A\;, Re \;)| + |arctan2(H/G,1)| <7 (4.53)

i=+

The function arctan2(y,z) returns the argument of the complex number x + iy
between (—, 7], where the angle is positive if y > 0 and negative if y < 0. This single
equation captures all the information present in the various conditions for different p
values analyzed above. The only additional requirement, ensuring the metric can be
diagonalized with a real basis, is that the real part of the metric is positive definite,
which is the same as the p = 1 case.

To analyze Equation (4.53), it is helpful to determine its roots, as was done for
the radial condition of p = 1. Because it is a complicated non-linear equation, it
is not easy to find the roots even numerically for given values of the parameters 7
and a. To determine whether a given set of parameters corresponds to an allowable
metric, different values of ¥ > 7, were swept over and the admissibility condition
was evaluated. If the condition was violated for any sampled value of 7, the metric
was deemed unallowable. Since this method relies on sampling, it can sometimes be
inaccurate, potentially resulting in an unallowable metric being deemed allowable.

To give a feel for the solution, Figure 4.6 displays the angles of the three eigenvalues
across the parameter space for a slice of spacetime where § = 7/4 and 7 is 0.1% above
the outer horizon. The angle of A, is zero for 71 > a, while the angle of A_ is zero
for 72 < a. Similar to A4, the angle of ), increases moving toward 7 = 0. From
this single slice, the most promising candidate for a region where the angles sum to
less than 7 is the region 7% > a. Taking into account other values of 7 farther from
the horizon, the same allowable regions as Figure 4.5 were produced. Again, the
conclusion is that for the metric to be allowable, 7, must be greater than /a.

4.4 Discussion

In the last section, a careful treatment of the admissibility condition revealed that
a charged, rotating supersymmetric black hole is allowable if the radius of the event
horizon is greater than y/a. In this section, the physical interpretation of this conclu-
sion will be discussed.

The admissibility condition for supersymmetric black holes derived in this chapter
is very similar to the regularity condition for non-supersymmetric black holes. With-
out supersymmetry, the regularity of the horizon is based on the roots of A,.. If there
are two roots, the black hole has an inner and outer horizon. When the two roots
coincide, the black hole has a single horizon. This corresponds to an extremal black
hole. All other solutions do not correspond to a black hole. With supersymmetry,
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(c) Angle of A,
Figure 4.6: The complex eigenvalues of the metric have phases that vary across spacetime.

The admissibility condition says that the sum of the phases cannot sweep out more than
a half-plane. In this figure, § = 7 /4 and 7 is 0.1% above the outer horizon 7.
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the condition 7, > y/a leads to a black hole with two horizons. When 7, = y/a, the
black hole is extremal, or BPS. This suggests that the admissibility condition is like
a regularity condition on the form of the complex supersymmetric solution.

While the admissibility condition is more complicated than an analysis of the
roots of A,., there are some similarities that can be drawn. The admissibility condition
encompasses a set of different conditions for different values of p. One of them required
ReA, > 0. It was shown that this function has two real roots. Like the non-
supersymmetric case, one of the roots is 7, , which coincides with the other root in
the extremal limit. Unlike the non-supersymmetric case, 7, is not always the larger
root. Assessing this condition involved checking the relative magnitude of the roots.
The admissibility condition was satisfied if 7, is the larger real root, which agrees
with the non-supersymmetric case.

Another similarity that can be drawn involves the condition that the Killing vec-
tor is timelike outside the horizon. Without supersymmetry, this condition on the
Lorentzian metric was shown to be the same as the admissibility condition for p = 1.
With supersymmetry, one of the admissibility conditions involving the time compo-
nent of the metric corresponded to taking the real part of the Killing vector condition.
This condition led to the allowable regions in Figure 4.3, which is consistent with the
condition 7, > y/a. In the BPS limit, the condition is always satisfied. In the non-
supersymmetric limit where m becomes real, the condition is the same as the timelike
Killing vector condition. This demonstrates consistency between the timelike Killing
vector condition and the admissibility condition.

The parameter a is related to the angular momentum of the black hole. As the
angular momentum increases, the condition 7, > /a is satisfied for a smaller range
of 7,. As the angular momentum becomes arbitrarily large, the black hole is not
allowable. This is consistent with the discussion from Chapter 3, which concluded
that for the thermodynamic ensemble to be well-defined, the black holes that make
it up cannot rotate too quickly.

This discussion suggests that the admissibility condition is a generalization of the
regularity condition for the existence of the horizon applied to complex metrics.



Chapter 5

Conclusion

In this thesis, a recently proposed condition was analyzed that can distinguish between
acceptable and unacceptable complex metrics to include in the gravitational path
integral. Different ways that complex metrics can emerge were discussed, including
Wick rotation and supersymmetry. Some complex metrics may dominate the integral,
but not every metric corresponds to a physically relevant situation. The need to
distinguish between these two kinds of metrics is important for quantizing gravity
using the gravitational path integral.

The first contribution of this thesis involved a thorough exploration of this admis-
sibility condition, motivating it physically and deriving the major results. Following
prior work, examples of spacetimes were presented where complex metrics both ad-
dress and introduce physical problems. These examples included the Hartle-Hawking
wavefunction of the universe, topology-changing processes, and time folds. In each of
these cases, it was shown that the admissibility condition can help discriminate be-
tween physical and unphysical metrics. While this part of the thesis was not original,
prior findings were revisited and brought together in a comprehensive way.

The second contribution of this thesis was the novel application of the admissibil-
ity condition to supersymmetric black holes with charge and spin in four-dimensional
anti-de Sitter space. The analysis focused on black holes that are supersymmetric
but not extremal. Extremal black holes have zero temperature, or infinite inverse
temperature, and computing their action is difficult. By imposing supersymmetry
without extremality, the metric becomes complex and has no well-defined Lorentzian
counterpart. The action for these black holes can be computed and the thermody-
namics can be verified. As the temperature approaches zero, results for extremal
black holes can be computed. This thesis explored admissibility of these complex,
supersymmetric but non-extremal metrics.

Depending on the number of spacetime dimensions, the admissibility condition in-
volves several different conditions, which must be satisfied for every spacetime point.
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This thesis systematically explored each condition. Some of the conditions were ana-
lyzed using analytical methods, while others had to be explored numerically because
they were analytically intractable. The admissibility condition in terms of the com-
plex eigenvalues of the metric was also explored, which is a single condition that
encompasses the various conditions described above. Combining all the results, it
was shown that the metric is allowable if the radius of the event horizon is greater
than a critical value, which corresponds to the BPS limit of the black hole. Because
the inner and outer horizons of the black hole coincide at the BPS limit, this condition
requires two distinct horizons. In this way, it is a sort of regularity condition on the
supersymmetric black hole solution.

There are several ways the research presented in this thesis can be continued in
the future. Three of these ways are described below.

Black Holes in Five-dimensional Anti-de Sitter Space

This thesis analyzed AdS black holes in four dimensions, but a similar analysis can be
repeated for black holes in other dimensions, for instance five dimensions [8, 67, 68].
The analysis becomes more cumbersome because the metric components are more in-
volved, which may necessitate various approximations and simplifications. One pos-
sible simplification is to equate the two angular momenta carried by the black hole
in [8]. Black holes in five-dimensional anti-de Sitter space are particularly important
because they appear in the original formulation of the AdS/CFT correspondence,
which relates them to a conformal field theory in four dimensions. It is expected that
similar conclusions to the ones presented in this thesis will also hold in this case.

Uplift to FEleven Dimensions

To connect the results presented here for four-dimensional AdS black holes to the
AdS/CFT correspondence, they need to be embedded in 11-dimensional supergravity
[65]. In this embedding, the four dimensions constitute the external space, while the
remaining seven make up the internal space. The metric G(Y;;) in 11 dimensions can
be written [69]

G(Yi1) = G(Ya) +4 (dw tot %A) +G(CP?) (5.1)

The term G(Y}) is the four-dimensional metric. The second term is the local form of
the metric on a seven-dimensional Sasaki-Einstein space. Within this space, G(CP?)
represents the metric on a complex projective space in three complex dimensions. If
J is the Kahler form on the Kahler-Einstein base CP?, then ¢ is a one-form such that
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do = 2J. The coordinate 1) parameterizes the S! fiber over CP? which produces the
Sasaki-Einstein space, while A is the potential of the gauge field.

Similar to the metric in four dimensions, admissibility of the metric in 11 dimen-
sions can be analyzed. Because it is a fixed Kahler-Einstein metric, the metric on
CP? has real components and can be ignored in the analysis. The one-form o is
also not complexified. Because CP? is six-dimensional, the remaining space is five-
dimensional, given by Y; x S!. Because the gauge potential A is a function of the
parameter m, it becomes complex, which produces an additional degree of complex-
ification in the metric. Admissibility of the five-dimensional complex metric can be
analyzed, which involves six separate conditions. Because Equation (5.1) introduces
one new vielbein di), which has a single component equal to one, the determinant is
the same as the four-dimensional case. This means the p = 0 condition is satisfied,
but the other five conditions need to be studied in more detail.

Admassibility of Orbifolds

When embedding the four-dimensional black holes analyzed here in 11-dimensional
supergravity, the resulting theory does not asymptotically approach the same space
as the direct product AdS, x ST [65]. The metric can be made to asymptote locally
to this space, provided the following identification holds:

2=y B ok 2mu) ~ (rov 42 (52)

(Ta ¢7¢) ~ (7—+ )

a
where a, b, and ¢ are integers. The resulting space is called an orbifold, which is a
space locally based on quotients of Euclidean space by finite groups [70]. This orbifold
has the same local form as the 11-dimensional solution, but a different global form.
Orbifolds correspond to different saddles of the gravitational path integral, which
have been matched to saddles in the superconformal index of the dual quantum field
theory [65, 71].

Because of their importance, it is interesting to analyze admissibility for these
orbifold geometries. Since the admissibility condition is local, the admissibility results
are expected to be the same. This conclusion is reinforced by the fact that the orbifold
involves identifications over 7 and ¢, which do not enter into the metric. While it
appears the same admissibility conditions may hold for orbifolds, global conditions
may alter this conclusion, warranting a more thorough analysis of admissibility.
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Appendix A

Admissibility of 4D AdS
Supersymmetric Black Holes

In this appendix, conditions are developed that a black hole in four-dimensional anti-
de Sitter space must satisfy for it to be allowable. Recall that a metric is allowable if
the action has positive real part for every non-zero, real p-form F:

Re (\/gghjl .. 'gipjpﬂ1---iij1---jp) >0, 0<p<d (Al)

where g is the determinant of the metric. This condition must be satisfied at every
spacetime point. The inverse metric for a charged, rotating supersymmetric black
hole in 4D AdS space takes the general form

A+iB C+1iD 0 0
C+iD FE+iF 0 0
p _
=1 o 0 G+iH 0 (4.2)
0 0 0 1
where the indices u, v run over {t, ¢, r,0}. The coefficients A, B, ... are real functions

of the coordinates. For their explicit expressions, see Table 4.1 in the main text.
Using this metric, the condition of Equation (A.1) will be evaluated for 0 < p < 4,
arriving at conditions on the metric coefficients.

Al p=0

The admissibility condition for p = 0 is Re /g > 0. For a black hole in 4D AdS, g is
a positive real number, satisfying this condition. In the remainder of this appendix,
the determinant is assumed to be a positive real.
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A2 p=1
The admissibility condition for p = 1 is given by

Re (v 9" Fy, Fy,) > 0 (A.3)

Because the determinant is a positive real, this condition is the same as requiring the
real part of the inverse metric to be positive definite, which happens if and only if the
eigenvalues are positive. Two of the eigenvalues are G and I, which must be positive.
The other eigenvalues are positive if the trace and determinant of

(é g) (A4)

are positive. This is true if A+ E > 0 and AE — C? > 0. Because the product
AFE and sum A + E must both be positive, it follows A, £ > 0. In summary, the
conditions for p = 1 are

A,E,G,I>0and AE—C*>0 (A.5)

These are conditions on the coefficients of the inverse metric, g"”. It is interesting
to determine if these conditions also apply to the metric two-form, g,,,. This is because
the black hole metric is often expressed more conveniently with lower indices, and
computing its inverse g"” from there casts it into a more complicated form. The
inverse of the metric of Equation (A.2) is given by

G—1H
o

1
as? = L[(A+iB) d?+2(C"+iD') dtdo (B +iF') do?] +

R

1
dr’ 4 d6” (A.6)

where

(E* + F?) + E(D* — C?) — 2CDF

(D* — C?) — B(E® + F?) + 2CDE

(CF — DE) — A(CE + DF) + C(C? + D?
(

(

(

CF — DE)+ B(CE + DF) — D(C? + D?) (A7)

A?+ B*) + A(D* - C?*) —2BCD
D? — C?) — F(A*+ B*) +2ACD

||
[Solcs IS oo IS TS

The variables x and ¢ are positive. To show that the admissibility conditions on g,
are the same as those on g"”, it is necessary to show that imposing the conditions on
the inverse metric fulfills the same conditions on the metric, and vice versa.



Appendiz A. Admissibility of 4D AdS Supersymmetric Black Holes 73

For the first half of this relation, it is necessary to show that Equation (A.5) leads
to the same conditions for the metric:

AVE G I>0and AE' —C?*>0 (A.8)
The conditions G, I > 0 are already satisfied. To show A’ > 0, first write

A = A(E* + F?) + E(D* - C?) — 2CDF
> A(E® + F?) + E(D* — AE) — 2CDF (A.9)
= AF? + ED* - 2CDF

since AE > C? and E > 0. When CDF < 0, it follows that A’ > 0 since AF? and
ED? are also greater than zero. When CDF > 0, the cases C' > 0 and C' < 0 need
to be considered. When C' > 0, DF > 0 and one can write

A'> AF? + ED* - 2CDF
> AF? + ED* — 2V AEDF (A.10)
= (VAF —VED)?

When C < 0, DF < 0 and one gets

A'> AF*+ ED? - 2CDF
> AF? + ED* + 2V AEDF (A.11)
= (VAF + VED)?

In either case, A’ > 0. In the same way, it follows that £’ > 0. Finally, the condition
A'E" — C" > 0 is satisfied since it may be written

A'E —C?=(AE-C?) (B> ++) >0 (A.12)

where 3 = AE — C? — (BF — D?) and v = AF — 2CD + BE. This condition is
satisfied when AE — C? > 0.

For the second half of the relation, it is necessary to show that the conditions on
the metric also imply the conditions on the inverse metric. Because the metric and
inverse metric are inverses of each other, the argument proceeds in exactly the same
way. This demonstrates that the conditions on ¢g"” and g,, are equivalent, which
holds regardless of whether the determinant is real or complex.
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A3 p=2
The admissibility condition for p = 2 is

Re (\/§gi1j1gi2j2]7¢1i2Fjlj2) >0 (A.13)
In this case, the field strength tensor is

0 For  Foo  Fos
_ | ~fo O Fio Fis
B = —Fpp —Fi2 0 Fy (A.14)

—Fys —Fi3 —Fy 0

Again assuming the determinant g is positive, Equation (A.13) becomes
(For  Foz) MZ For + (Foe  Fio) Mg3 Foo) | (Fos Fis) Mgs Fos) g (A1)
01 F23 02 F12 03 F13

where

M (AG ~BH CG-— DH) (A16)

CG—-DH EG-FH
A C
g =1(c )

are symmetric matrices that mix various real and imaginary components of the metric.
For Equation (A.15) to be satisfied, the matrices need to be positive definite, resulting
in the following conditions:

AE —-C*>BF —-D* GI>0
AG > BH, EG>FH, (AG- BH)(EG—FH)> (CG— DH)>? (A.17)
Al >0, EI>0, AE>(C?

In the case of a charged, rotating black hole in four-dimensional anti-de Sitter
space, the coefficient I is positive, as Table 4.1 indicates. Then the last three condi-
tions of Equation (A.17), as well as GI > 0, are the same as the conditions for p = 1.
The other four conditions are unique to p = 2, and are summarized below:

AE —C?* > BF - D?, AG > BH, EG>FH

(AG — BH)(EG — FH) > (CG_DH)Z (A.18)
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When the metric is real, B= D = F = H = 0 and the conditions for p = 2 are the
same as those for p = 1. When the metric is complex, this is not in general the case
and the additional conditions of Equation (A.18) need to be considered.

Like the p = 1 case, it needs to be seen whether using g, instead of g leads to
the same conditions. In this case, the computations become analytically intractable
and numerical methods need to be relied on. A large sample of random matrices
satisfying Equation (A.17) were generated. It was found that all of these matrices
had inverses which also satisfied the same conditions. This demonstrates that the
conditions on the metric and the inverse metric are equivalent.

A4 p=3
The admissibility condition for p = 3 reads
Re (\/ggiljlgi2j2gi3j3Eli2isﬁ}1j2j3) >0 (A19)

The antisymmetric tensor F' has four independent components: Fyia, Foi3, Fpo3, and
Fo3. The admissibility condition in terms of these and the metric coefficients is

(GB — Hy)Fjy + 1 >0 (A.20)

F
5F0213 + (F023 F123) M&? (F(l)i)

This condition requires all the extra conditions for p = 2 given by Equation (A.18) to
be satisfied. It also imposes one additional condition given by G5 > H~. Expressed
explicitly in terms of the metric coefficients, it is given by

G(AE —C?—(BF — D2)> > H(AF — 20D + BE) (A.21)

When the metric is real, the conditions for p = 1 are recovered. The reason for
this can be seen by considering the form of the action

S = /F A #F (A.22)

where F' is a real three-form. When the metric is real, F' can be expressed as the
Hodge star of a real one-form F. The action becomes

S:—/*FAF:/F/\*F (A.23)

where, in this case, *x * F = —F and *F A F = —F A «F were used. The same
admissibility conditions as p = 1 are recovered. If instead the metric is complex, F'
can no longer be expressed as the Hodge dual of a real one-form. Because the Hodge
star operator requires contraction with the metric, applying it to a real form makes
it complex, violating the requirement that F' be real.
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Table A.1: Admissibility requires a set of conditions involving the coefficients of the metric
to be satisfied. This table summarizes the various conditions for a rotating supersymmetric
black hole in four-dimensional anti-de Sitter space.

Conditions

Re /g >0

Equation (A.5)

p = 1 conditions and Equation (A.18)

p = 2 extra conditions and Equation (A.21)
Reg >0

B w N~ ol

Ab5 p=14
The admissibility condition for p = 4 is
Re (\/ggiljlgi2j29i3j39i4j4E1i2i3i4F}1j2j3j4) >0 (A24)

In four dimensions, F' has one independent component, which gets pulled out of the
condition since it is always squared. After simplifying, the condition becomes

I Re((A +iB)(E +iF)(G+iH) — (C +iD)*(G + iH)) >0 (A.25)

This is the same as
Reg >0 (A.26)

which is similar to the p = 0 condition, Re /g > 0. Because g is a positive real, both
conditions are satisfied.

A.6 Summary

Table A.1 summarizes the admissibility conditions for the different values of p. No-
tice that the conditions for p = 2 are the same as for p = 1, plus some additional
conditions. A similar thing holds for p = 3, which relies on the extra conditions for
p = 2. Through analytical and numerical methods, the same conditions were shown
to hold for both the metric and its inverse.
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Admissibility Analysis using Complex
Eigenvalues

In this appendix, the admissibility condition involving the complex eigenvalues of the
metric is developed for the form of a black hole in four-dimensional anti-de Sitter
space. First, it is shown how the metric can be diagonalized by a real basis with com-
plex eigenvalues. This diagonalization procedure is used to generate the eigenvalues
of the black hole metric. Finally, the eigenvalues are used to obtain a final expression
for the admissibility condition in terms of the metric coefficients.

B.1 Diagonalization using a Real Basis

A complex metric can be diagonalized by a complex basis and real eigenvalues. An-
other way to diagonalize it is with a real basis and complex eigenvalues [1]. How to
perform this second procedure will be demonstrated.

Consider a complex metric of the form

W =A+iB (B.1)

where the real part A is positive definite. Both A and B are real symmetric matrices.
The metric can be diagonalized using a real basis, producing complex eigenvalues.
First, A is diagonalized:

A=QMQ" (B.2)

Because A is positive definite, the eigenvalues are positive reals, and the matrix M can
be factored using another real matrix, M = D?. It follows that A can be transformed
into the identity I by

(QD™)TA(QD™) =1 (B.3)
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Introducing X = QD~!, Equation (B.1) can be written
XWX =1+iX"BX (B.4)

This amounts to changing the basis of the imaginary part of the metric. With the
real part diagonalized, the imaginary part can now be diagonalized, producing

X'BX = PNPT (B.5)
Finally, the metric becomes
(QD'PY'W(QD'P)=1+iN = A (B.6)

The matrix QD! P represents the real basis, and the eigenvalues are \; = 1 + i N,
where Nj; are the eigenvalues of (QD~1)TB(QD™1).

B.2 Diagonalization of a Supersymmetric Black Hole
Metric

The metric for a charged, rotating supersymmetric black hole in four-dimensional
anti-de Sitter space takes the general form

ds* = (A+iB) dt* + 2(C +iD) dtd¢ + (E +iF) d¢® + (G +iH) dr* + I d6* (B.7)

Going through the calculations above, the complex eigenvalues are given by

)\:I: =1+ iOé:t
H
A=1+1i— B.8
—|'ZG (B.8)
=1
where
_AF —2CD+ BE £ /(AF —2CD + BFE)? — 4(AE — C?)(BF — D?) (B.9)
o= 2(AE — C?) '
The values a. satisfy
(AE — C?)a3 + (AF —2CD + BE)ax + BF — D* =0 (B.10)

When AE = C? and BF = D?, the equation reduces to
(VAF —VBE)*ay =0 (B.11)
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which is solved by a double root a. = 0. In this case, A\, = 1. Three of the eigenvalues
are real, and the only eigenvalue contributing to the admissibility condition comes
from the radial coordinate.

The eigenvalues A+ depend on the discriminant

B=(AF —2CD + BE)* — 4(AE — C*)(BF — D? (B.12)

When g > 0, the real part of A1 is one, but they have different imaginary parts, as
shown in Figure B.1la. When 8 = 0, a4 is given by

|BF — D?

In this case, A4 lie on either side of the real axis, as in Figure B.1b. When 3 < 0, the
real part of A\ is given by
Vb (B.14)

1T —v =
T o(AE — 07
but they share the same imaginary part, depicted in Figure B.l1c.
Im A Im Im
: IV
M A C
N
> Re A > Re A > Re A
1 1 5
A A
t A :
: (0
(@) >0 (b) =0 (c) B<0

Figure B.1: Depending on the value of the discriminant 3, the complex eigenvalues of the
metric can lie in different places on the complex plane.

B.3 Admissibility Condition

The admissibility condition involving the complex eigenvalues requires
d

Z‘Arg)\i‘ <7 (B.15)

=1
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There are several ways to define the argument function, but one way is with the
function arctan2. The function arctan2(y, x) returns the argument of the complex
number x + iy between (—m, 7|, where the angle is positive if y > 0 and negative if
y < 0. Using this definition and the eigenvalues above, the admissibility condition
can be written

Z larctan2(Im \;, Re \;)| + |arctan2(H /G, 1)| <7 (B.16)

=t
When AE = C? and BF = D?, the condition reduces to
—m < arctan2(H/G,1) < (B.17)

which is automatically satisfied.



Appendix C

Software

To produce the results in this thesis, analytical calculations involving the metric had
to be performed. Because these calculations are time-consuming and error-prone to
conduct by hand, programs were written to perform them automatically. In many
cases, calculations became analytically intractable, requiring numerical methods to be
used. All the programs were written in Python, which provides the package sympy to
perform symbolic computation, including tensor algebra calculations [72]. The code
can be found on GitHub [73|. Producing the results found in Chapter 4 consisted of
three basic steps.

1. Metric coefficients. The admissibility condition involves functions of the
metric coefficients. A class was created to determine these coefficients, which
was utilized by various programs that needed them.

2. Admassibility conditions. The admissibility condition consists of a set of
different conditions for different p-forms F'. For each condition, p copies of
the metric had to be contracted with two copies of F'. Explicit expressions
were derived for each p given the general form of the metric, which required
performing tensor contractions using sympy. The admissibility condition can
also be expressed in terms of the complex eigenvalues of the metric. The final
form of this condition was also derived using symbolic computations.

3. Admassibility evaluation. To determine the final form of the admissibility
condition for each p, the results of steps 1 and 2 were combined. Sometimes,
the resulting condition could be solved analytically to determine the admissible
range of the parameters. Most of the time, the condition was so complex that
numerical methods had to be used. Different classes were created to conduct
sweeps over the parameters to determine admissible parameter ranges.

These three steps are discussed in detail in the following sections.
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C.1 Metric Coefficients

To evaluate the admissibility condition, the coefficients of the metric need to be
determined. Because the metric is complex, the real and imaginary parts of each
component have to be computed. A class called Metric3D was created to compute
and return these coefficients, which allows them to be utilized by multiple programs.
Listing C.1 is a snippet of the class definition. In the first few lines, the various sym-
bolic variables are defined, including the coordinates and functions of the coordinates
like A,, Ay, and W. Then in the constructor of the class, the metric is constructed,
performing a change of coordinates and Wick rotation. The method to return the co-
efficients resolves the real and imaginary parts of each metric component and returns
them in a dictionary.

# import packages
import sympy

# define needed symbolic variables

# coordinates
r_tilde, theta = sympy.symbols("\\tilde{r} theta", real=True)

# differentials

dt, dr_tilde, dphi, dphi_tilde, dtau = sympy.symbols(
r"dt d\tilde{r} d\phi d\tilde{\phi} d\tau"

)

# functions of coordinates
delta_r = sympy.symbols("Delta_r")

; delta_theta, W = sympy.symbols("Delta_theta W", real=True)

8 # parameters

a, xi, omega, r_tilde_plus = sympy.symbols("a Xi Omega \\tilde{r}_+", real=True)

# real and imaginary metric coefficients
A, B, C, D, E, F, G, H = sympy.symbols("A B C D E F G H")

class Metric3D:
"""Class for representing a supersymmetric black hole in AdS4."""

def __init__(self):
"""Construct the metric.
self .metric = (

-delta_r / W * (dt - a * sympy.sin(theta) ** 2 % dphi / xi) *x 2

)
self .metric += (
delta_theta * sympy.sin(theta) *x 2 / W x
(a * dt - (r_tilde ** 2 + a ** 2) * dphi / xi) ** 2
)
self .metric += W * dr_tilde ** 2 / delta_r

self._omega_shift ()
self._wick_rotate ()
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def coefficients(self):

"""Get metric coefficients involving real and imaginary parts."""

metric_mat = self._metric_3d_to_matrix()

A_val, B_val = self._get_real_and_imag(metric_mat [0, 0])
C_val, D_val = self._get_real_and_imag(metric_mat[0, 1])
E_val, F_val = self._get_real_and_imag(metric_mat[1, 1])

G_val, H_val = self._get_real_and_imag(metric_mat[2, 2])

return {
A: A_val, B: B_val, C: C_val, D: D_val,
E: E_val, F: F_val, G: G_val, H: H_val
}

Listing C.1: The package sympy was used to determine the coefficients of the metric,
decomposing each coefficient into its real and imaginary parts.

C.2 Admissibility Conditions

To derive expressions for the admissibility condition for every p, the metric ¢ had to
be contracted with the electromagnetic field strength tensor F'. An example of this
calculation for p = 2 is shown in Listing C.2, which computes the condition in Equa-
tion (A.13). On lines 11-16, the general form of the complex metric is defined for
a supersymmetric black hole in four-dimensional anti-de Sitter space. The two-form
tensor F' is defined on lines 19-24. On lines 27-29, the needed tensor indices are
defined. There are four 7 indices and four j indices. Two pairs each of ¢ and j indices
are used by g and F'. The product between g and F' is created on lines 32-37, then
the contraction is performed on lines 40-42. Finally, the real part is taken on line 46.
The final result is Equation (A.15). Similar calculations are performed for each p.

# import packages
import sympy
from sympy.tensor.tensor import TensorIndexType, TensorHead, tensor_indices

A, B, C, D, E, F, G, H, I = sympy.symbols("A B CDEF G H I")
F_01, F_02, F_03, F_12, F_13, F_23 = sympy.symbols(

"F_{01} F_{02} F_{03} F_{12} F_{13} F_{23}"
)

# general form of the metric
g_mat = sympy.Matrix ([
[A + sympy.I * B, C + sympy.I * D, 0, 0],
[C + sympy.I * D, E + sympy.I *x F
[0, 0, G + sympy.I * H, 0],
[o, o, 0, I]
D)

# electromagnetic field strength
F_mat = sympy.Matrix ([
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[0, F_01, F_02, F_03]1,

[-F_01, O, F_12, F_13],

[-F_02, -F_12, 0, F_23],

[-F_03, -F_13, -F_23, 0]
1

# create tensor indices
Lorentzian = TensorIndexType(’Lorentzian’, dummy_name=’L’)

: 10, i1, i2, i3 = tensor_indices(’i0:4’, Lorentzian)

jo, j1, j2, j3 = tensor_indices(’j0:4’, Lorentzian)

# create temnsor product between metric and field strength
ggFF_mat = sympy.tensorproduct (

sympy . tensorproduct (g_mat, g_mat),

sympy .tensorproduct (F_mat, F_mat)

ggFF_tensor = TensorHead(’ggFF’, [Lorentzian] * 8)
repl = {ggFF_tensor(iO, jO, i1, j1, -i2, -j2, -i3, -j3): ggFF_mat}

# perform contraction
quadratic_form = ggFF_tensor (
io, jo, i1, ji, -i0o, -i1, -jo, -ji
) .replace_with_arrays (repl)
quadratic_form = quadratic_form.expand().simplify().collect (sympy.I)

5 # take real part
; real_quadratic_form = quadratic_form - quadratic_form.coeff (sympy.I) * sympy.I

Listing C.2: The form of the admissibility condition needs to be derived for every p. In
this example, the condition for p = 2 is derived, which involves contracting two copies of
the metric with two copies of the electromagnetic field strength tensor.

The admissibility condition involving the complex eigenvalues of the metric was
also determined automatically using symbolic calculations. This is shown in Listing
C.3, which computes the imaginary part of the eigenvalues N in Equation (B.6) given
the form of the metric in Equation (B.7). After defining the real and imaginary parts
of the metric, the real part is diagonalized on lines 12-31. This results in the matrix
X, which is used to transform the imaginary part of the metric. On lines 35-54,
the transformed imaginary part is diagonalized, leading to the final form of N. The
diagonal elements of this matrix correspond to ay. and H/G found in Equation (B.8).
# import packages
import sympy
A, B, C, D, E, F, G, H = sympy.symbols("A B C D E F G H")

# real and imaginary parts of the metric
g_mat_real = sympy.Matrix([[A, C, 0], [C, E, 01, [0, O, GII)

g_mat_imag = sympy.Matrix([[B, D, 0l, [D, F, 0]l, [0, O, HII])

# diagonalize real part

2 eigenvects_real = g_mat_real.eigenvects ()
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eigl = eigenvects_real [2][2][0]
eigl /= sympy.sqrt(eigl.dot(eigl))

eig2 = eigenvects_real [1][2][0]
eig2 /= sympy.sqrt(eig2.dot(eig2))

eig3 = eigenvects_real [0][2][0]
eig3 /= sympy.sqrt(eig3.dot(eig3))

Q = sympy.Matrix.hstack(eigl, eig2, eig3)

M = sympy.Matrix ([
[eigenvects_real [2][0], O, O],
[0, eigenvects_real[1][0], O],
[0, 0, eigenvects_real [0][0]]
D

X =Q @ M.inv().applyfunc(sympy.sqrt)

# diagonalize imaginary part

g_mat_imag_trans = X.T @ g_mat_imag @ X
eigenvects_imag = g_mat_imag_trans.eigenvects ()

eig_imag_1 = eigenvects_imag[2][2][0]
eig_imag_1 /= sympy.sqrt(eig_imag_1.dot(eig_imag_1))

eig_imag_2 = eigenvects_imag[1][2][0]
eig_imag_2 /= sympy.sqrt(eig_imag_2.dot(eig_imag_2))

eig_imag_3 = eigenvects_imag[0] [2][0]
eig_imag_3 /= sympy.sqrt(eig_imag_3.dot(eig_imag_3))

# final eigenvalues

N = sympy.Matrix ([
[eigenvects_imag[2]1[0], O, 0],
[0, eigenvects_imagl[1][0], 0],
[0, 0, eigenvects_imag[0][0]]
D)

Listing C.3: To compute the complex eigenvalues of the metric, the real part of the metric
needs to be diagonalized, which can be used to transform the imaginary part. Then the
imaginary part needs to be diagonalized, leading to the imaginary part of the eigenvalues.

C.3 Admissibility Evaluation

To derive the final expressions for the admissibility condition, the coefficients from
the first step are inserted into the expressions from the second step. These final ex-
pressions are complicated functions of the coordinates and parameters, which must
be greater than zero for the metric to be allowable. To assess whether the condi-
tion is satisfied, it is convenient to determine the roots of these expressions. If the
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expression is relatively simple, this may be possible, but in general the expression is
too complicated for the roots to be determined. There are three different solution
methods depending on the extent to which the roots can be determined.

e Analytical roots. In this case, the condition is simple enough for the roots to
be determined as functions of the parameter values. The roots are computed
symbolically using sympy.solve(expression, coordinate), where expression is
the admissibility condition and coordinate is the coordinate over which to de-
termine the roots. In this application, the radial coordinate is used.

e Pointwise analytical roots. This method is used when the roots cannot be
determined symbolically for arbitrary values of the parameters, but they can
be for given parameter values. In this case, there are different sets of roots for
each point in the parameter space.

e Range sweep. This method applies to the most intractable admissibility con-
ditions, where the roots cannot be determined either over the entire parameter
space or for particular values. This method involves conducting a numerical
sweep of different radial coordinates to check if the admissibility condition is
satisfied. Because it relies on sampling, the results of this method are much
more approximate.

Listing C.4 shows a simplified version of the code that implements the first solu-
tion. In this class called AnalyticalRoots, the main method is admissibility, which
evaluates the admissibility condition for a grid of parameter values pgrid. For the
black hole analyzed in the text, the parameters are ¥, and a. The method accepts
the precomputed roots and an additional discriminant function, described in the
main text. If the roots contain an angular dependence, it can also accept a certain
theta_val over which to conduct the sweep. On lines 1522, the various parameter
values in the grid are swept over, calling the helper function defined below to check if
the parameters are allowable. This helper function iterates through the roots, check-
ing whether any is greater than 7, . If so, the admissibility expression switches signs
for some r > 7, causing the admissibility condition to be violated. If no roots exceed
7, the function returns a value of True. The admissibility method returns the full
map of results over the parameter grid.

1 # import packages

2 import numpy as np

3 import complex_spacetime_metrics.metric as mt
1

5 class AnalyticalRoots:
6
7 def admissibility(self, pgrid, roots, discrim, theta_val=None):
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# restrict to given theta

if theta_val is not None:
roots = [root.subs({mt.theta: theta_vall}) for root in roots]
discrim = discrim.subs({mt.theta: theta_vall)

admissible_map = np.zeros(pgrid.grid_size, dtype=bool)

for i in range(pgrid.grid_size[0]):
for j in range(pgrid.grid_size[1]):
admissible_map[i, j] = self._check_if_admissible(
pgrid.a_vals_grid[i, jI,
pgrid.r_tilde_plus_vals_grid[i, jl,
roots,
discrim

)
return admissible_map

def _check_if_admissible(self, a_val, r_tilde_plus_val, roots, discrim):
# check the sign of leading term in r_tilde
D = discrim.subs({mt.a: a_val, mt.r_tilde_plus: r_tilde_plus_vall).evalf ()
if D < O:
return False

for root in roots:
r = root.subs({mt.a: a_val, mt.r_tilde_plus: r_tilde_plus_vall}) .evalf ()

if r == sympy.zoo:
return False

if r != sympy.nan:
if np.abs(r.coeff(sympy.I)) < 1le-10:
real_part = r if r.is_real else r.args/[0]

if real_part > r_tilde_plus_val:
return False

return True

Listing C.4: In certain instances, the admissibility condition is simple enough for the
roots to be solved for in advance for arbitrary parameter values. When this happens, this
class can be used to sweep over a parameter grid to determine whether the admissibility
condition is satisfied, which corresponds to 7, being greater than the largest root.

To use this class and the others defined for the other solution methods, Jupyter
notebooks were created, one for each of the admissibility conditions analyzed in Chap-
ter 4. Listing C.5 shows the code for one of the simplest conditions, the radial condi-
tion G > 0 that corresponds to Equation (4.38). This condition was simple enough to
be analyzed by AnayticalRoots. On line 8, the Metric3D class is used to get the met-
ric coefficients. The admissibility condition is defined on line 11, which just involves
G. In more complicated examples, other metric components would enter into this
expression. The function sympy.fraction helps extract the numerator, which must
be positive for the condition to hold. The roots of G are computed symbolically on
line 12. Finally, the admissibility map is generated using AnalyticalRoots, passing
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in the roots, a fine parameter grid, and the leading coefficient, which is 1 in this case.

This map is plotted in Figure 4.1.

# import packages

import sympy

from complex_spacetime_metrics import config

from complex_spacetime_metrics import metric as metric_utils

from complex_spacetime_metrics.admissibility import AnalyticalRoots

# get metric coefficients
metric_coeffs = metric_utils.Metric3D().coefficients ()

# evaluate expression and get its roots
G = sympy.fraction(metric_coeffs[metric_utils.G]) [0]
roots = sympy.solve(G, metric_utils.r_tilde)

# generate admissibility map
admissible_map = AnalyticalRoots().admissibility(
config.grids[’fine’], roots, leading_coeff=1

)

Listing C.5: Scripts can be written to combine the results of the previous sections,
including metric coefficients, admissibility conditions, and evaluation. The final result

is a map of admissibility results across the parameter grid.

In more complicated examples, the other solution methods need to be used. These
examples usually involve an angular dependence, which requires the parameter sweep
to be conducted across different 6 values. The value of the discriminant also plays a

role, as discussed in the main text.
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