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Introduction

Let us consider a non-negative finite Borel measure p on R? and the corresponding

linear Schrodinger operator
A 1

which describes a non-relativistic electron moving in the Coulomb potential gen-
erated by the charge distribution p. It is well-known in the literature that the
lowest eigenvalue of this operator is given by the variational principle [LLO1]

n (-5 -we) = L {5 [ ive@pae= [ (s ) @letolas |

f[{ “P|2:1

Since it is an infimum over affine functions of p, it is a concave function of . There-
fore, on the convex set of non-negative Borel measures with fixed mass u (R?) = v,
it is minimized when p is proportional to a delta and we have

() (o) -2

for every u > 0. The interpretation is that the lowest possible electronic energy is
reached by taking the most concentrated charge distribution, at fixed total charge
p (R?).

In the presence of molecules containing heavy nuclei, relativistic effects play an
important role in the description of quantum electrons, since they will naturally
attain high velocities, of the order of the speed of light. A proper description should
then involve the Dirac operator Dy, derived in 1928 by Dirac himself [Thal3]. The
Schrodinger operator is then replaced by Dy — p* |z|™t = —ia - V + B — pu x |o| ™
(v and (8 are defined in the first chapter). One important difference with the
Schrodinger case is that the essential spectrum of this operator is (—oo, —1] U
[1,400), hence is unbounded from below (and from above). The eigenvalues in the
gap (—1,1) physically correspond to stationary states of the relativistic electrons.
Therefore it seems natural to expect that the lowest eigenvalue in (—1,1) will
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again be minimized for the Dirac measure p (R?) dy, like in the Schrodinger case.
The aim of this thesis is to study this conjecture following the work done in the
papers [ELS21a, [ELS21b] by Maria J. Esteban, Mathieu Lewin and Eric Séré. In
particular, I will study the following minimization problem

. 1
(1)<

Compared with nonrelativistic theories in which the Schrédinger operator —A /2
appears instead of Dy, the unboundedness of the spectrum leads to important phys-
ical, mathematical and numerical difficulties. Indeed, if one simply replaces —A/2
by Dy in the energies of operators that are commonly used in the nonrelativistic
case, one obtains energies which are not bounded from below.

Although there is no observable electron of negative energy, the negative spec-
trum plays an important role in physics. Dirac himself suspected that the negative
spectrum of his operator could generate new interesting physical phenomena, and
in the 1930’s he proposed the following interpretation [Dir34]:

We make the assumption that, in the world as we know it, nearly all
the states of negative energy for the electrons are occupied, with just
one electron in each state, and that a uniform filling of all the negative-
energy states is completely unobservable to us.

Physically, one therefore has to imagine that the vacuum (called the Dirac sea) is
filled with infinitely many virtual particles occupying the negative energy states.
With this conjecture, a real free electron cannot be in a negative state due to the
Pauli principle which forbids it to be in the same state as a virtual electron of the
Dirac sea. With this interpretation, Dirac was able to conjecture the existence
of “holes” in the vacuum, interpreted as “anti-electrons” or positrons, having a
positive charge and a positive energy (a better explanation of this fact will be
given in Section 1.3). The positron was discovered in 1932 by Anderson. Dirac also
predicted the phenomenon of vacuum polarization: In the presence of an electric
field, the virtual electrons are displaced, and the vacuum acquires a nonconstant
density of charge. All these phenomena are now well known and well established
in physics. They are direct consequences of the existence of the negative spectrum
of Dy, showing the crucial role played by Dirac’s discovery.

Another difficulty with the models, in addition to the unboundedness of the
spectrum, is the lack of compactness: The Palais—Smale condition is not satisfied
due to the unboundedness of the domain R3.

The combination of the above two types of difficulties poses a challenge in the
Calculus of Variations.



In the first chapter of this thesis I define the (free) Dirac operator and study
its properties, like self-adjointness and spectrum.

Then we add the potential p * |z|~'. The difficulty here is that, for a singular
measure y, the operator Dy — p * |x|~' can have several self-adjoint extensions,
all with a different point spectrum. Even in the simple case u = vy, the Dirac-
Coulomb operator Dy — v|x|~! has infinitely many self-adjoint extensions when
v > /3/2 [Thal3]. This is due to the fact that the Coulomb potential has a
critical scaling with regard to the one-order differential operator Dy. This problem
does not arise for the Schrodinger operator —A/2 — p * |z|~! which is essentially
self-adjoint for every finite measure u, by Hardy’s inequality. The solution to
this problem has been found many years ago (see [ELS19] for a complete list of
references).

The second chapter of the thesis, following the article [ELS21a], is dedicated to
prove the existence of a similar distinguished self-adjoint extension for Dy— px|x|~!
with domain in H'/2 (R3, C*), under the sole assumptions that

lul (R*) <oo and |u({R})| <1 forall Re R’

This is done using Nenciu’s method ([Nen76], Corollary 2.1).

Then, considering the particular case of positive measures, I characterize the
domain using a method introduced in [ELO7, ELO8|] and recently generalized in
[SST20]. This characterization of the domain allows us to provide min-max for-
mulas for the eigenvalues in the gap (—1, 1), following for example [DES00, DES06,
ELS19, [SST20].

In the third and last chapter, following now [ELS21b], I investigate the detailed
properties of the lowest possible eigenvalue among all possible measures p with a
fixed maximal charge v; that is, the minimization problem . This problem is
indeed the main motivation for studying Dirac operators with general measures p.

The difficulty here is that the lowest Dirac eigenvalue in the gap (—1, 1) depends
in a non trivial way on the measure, not like in the Schrodinger case. The main
result of this thesis will be Theorem 5 in [ELS21b]. It states that for any 0 < v <
v1, where vy will be defined as the critical mass for which we have A;(Dg — p *
|z|71) > —1 for all u(R3) < vy, there exists at least one minimizing measure for
A1(v) and any minimizer concentrate on a compact set of Lebesgue measure zero.
Thus, although the full conjecture remains open so far, we already know that an
optimal measure should be singular.

The existence of the optimal measure is proved by a rather delicate adaptation
of techniques from nonlinear analysis to the context of Dirac operators. The first
eigenvalue is a highly nonlinear function of the measure p, even if the operator
only depends linearly on x. The main enemy here is the action of the non-compact
group of space translations and this will be controlled using Lions’ concentration-
compactness method [Lio84al Lio84b) [Lio85a, [Lio85b, Lew10].
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Chapter 1

The Free Dirac Operator

1.1 Notation

Dirac derived in 1928 his operator to describe the relativistic motion of a spin-1/2
particle in R3 [Thal3]. For simplicity, we will work in a system of units for which
m = ¢ = h = 1 (the electron mass, the speed of light and the Planck constant,
respectively). The free Dirac operator is then given by

3
Do:=—ict-V+B=—iY ady, + 3 (1.1)

k=1

where av = (v, g, cvg) is a triplet of matrices and oy, g, g, B are 4 x 4 Hermitian
matrices which satisfy the following anticommutation relations:

ooy + ooy, = 251@117

pr=1.
The usual representation in 2 x 2 block matrices is given by
. 1, 0, . 0y oy .
8= (02 _12) , ap = (Uk 0, for k=1,2,3,

where the Pauli matrices are defined by

0 1 0 —i 10
=(o) () (0

The important property of the Dirac operator is that DZ = —A + 1, where A is
the usual Laplacian.



8 CHAPTER 1. THE FREE DIRAC OPERATOR

The operator Dy is then given explicitly by the matrix-valued differential ex-

pression
Do= (—ia’-V ~1, ) ’ (1.2)

where o = (01, 09, 03). Therefore, Dy acts on vector-valued wave-functions

e1(z)

In particular, Dy is defined on the Hilbert space 5 = L*(R3)® L*(R3) & L*(R3) &
L*(R3) = L*(R3*)* = L?(R3 C*). Tt consists of 4-components column vectors
© = (¢1, P2, ¢3, 1)t where each component ¢; is a complex-valued L? function of
the space variable z € R?. In J#, the scalar product is given by

)= [ S a@n é.

-

We want to define the free Dirac operator
Doy = —iax - Vip + B, for every ¢ € D(Dy)

on a suitable domain D(Dy) of this Hilbert space. In the next section, we will prove
that Dy is self-adjoint on D(Dy) = H'(R?)* C 5, which is a natural domain for
first-order differential operators.

1.2 Self-adjointness and Spectrum

The free Dirac operator is easily analyzed in the Fourier space. The Fourier trans-
formation F maps L*(R3, d3z)?* into itself (sometimes to distinguish between the
variables we shall write FL*(R?, d®z)* = L*(R?, d®p)*). Any matrix differential
operator in L*(R?, d3r)* is mapped via F into a matrix multiplication operator in
L*(R?,d*p)*. For the Dirac operator (1.2), using the fact that F(—iV) = p, one
obtains the matrix multiplication operator h(p), given by :

1, o-p

o p _12):a-p+ﬁ. (1.3)

e = (F0uF)p) ~
For each p, this is a 4 x 4 Hermitian matrix with eigenvalues
M(p) = Xa(p) = =As(p) = —M(p) = VP +1=:A(p), where p = |p|.

8



1.3. CHARGE CONJUGATION 9

The unitary transformation u(p) which brings h(p) to its diagonal form is given
explicitly by

() = L TA@)I+Ba-p e
(p) NORESID) +(P)1+a-(p)B e
where
st = D

It is easy to check that u(p)h(p)u(p)™' = BA(p) where u(p)™' = a,(p)l —
a-(p)B%P. From this latter equation and (1.3), we see that the unitary trans-
formation W := uF converts D, into a multiplication operator by the diagonal

matrix (WDoW 1) (p) = (uFDoF 'u™1)(p) = (uhu™')(p) = BA(p) in the Hilbert
space L*(R3, d*p)*.

Thanks to the spectral theorem, we conclude that Dy is self-adjoint on D(Dg) =
WID(BA(+)) = Flu™'D(A(-)) = F'D(A(+)), since it is unitarily equivalent to
the multiplication by a diagonal matrix-valued function of p. Here we used the
fact that the multiplication by a unitary matrix does not change the domain of
any multiplication operator. Moreover, H'(RR?)* is defined by

H1<R3)4 — {f c LQ(Rg,d3p)4‘<1 4 \p\2)1/2f c LZ(RS,dSP)4}.

By definition of A this set is equal to D(A(+)).

The spectrum of Dy equals the spectrum of the multiplication operator S\
which is simply the image of the functions p +— \;(p) for i« = 1,...,4; that is,
o(Dy) = (—o0, —1] U [1,400).

Along this manuscript, we will use the notation abuse Dy = o p+ [ by which
we mean that Dy acts in the following way:

(Dop)(w) = F (- p+ B)F(9)(p)) (x) ¥y € H'(R?,CY).

1.3 Charge conjugation

The free Dirac operator represents the energy of the system described by the time-
dependent Dirac equation i%gp(t, x) = Dop(t, ). Since the spectrum of the Dirac
operator has a negative part, the system can be in a state with negative energy,
but the occurrence of negative energies for an electron is a peculiar fact. A better
understanding of the negative energy solutions can be obtained if we consider the
Dirac equation in an external field, and the operation of charge conjugation. The
Dirac operator for a charge e in an external electromagnetic field (e, A) is given
by
H(e) =a-(p—eA(t,x)) + [+ epalt, ).

9



10 CHAPTER 1. THE FREE DIRAC OPERATOR

Now, we will consider the antiunitary transformation
C,éb = UCE?

where Ug is a unitary 4 x 4 matrix such that fUs = —UgfS and a,Ue = Ucay,
for £ = 1,2,3. In our notation, we take Us = iSay. It is easy to see that, when
1 (t) is a solution of the Dirac equation with Hamiltonian H(e), C'¢(t) is a solution
of the Dirac equation with Hamiltonian H(—e). This motivates the name charge
conjugation for the operator C. Moreover, we have

CH(e)C™' = —H(—e).

Thus, the negative energy subspace of H(e) is connected via a symmetry transfor-
mation to the positive energy subspace of the Dirac operator H(—e) for a particle
with opposite charge (antiparticle, positron).

Going back to the free Dirac operator, since Dy = H(0), we get

CD,C~t = —D,.

(The same holds for a - p+ &8 and (a - p+¢B)~! in place of Dy.) This gives the
symmetry of the spectrum of these operators. Indeed, let us denote by A any of
them and by p(A) the resolvent of A. Then,

Aep(A)NR < A— X s invertible with bounded inverse
& C(A—N)C! s invertible with bounded inverse
& —A — X is invertible with bounded inverse
& -Aep(A)NR.

We conclude since the spectrum is the complementary in R of the resolvent p.

The symmetry of the spectrum for a bounded self-adjoint operator gives us an
other important property that will be useful along the thesis: The maximum of
the spectrum equals the norm of the operaror A. Indeed, for bounded operators
Gelfand’s formula tells us that the spectral radius r(A), defined as the max of the
norm of the eigenvalues, is given by

r(4) = Jim 47"

By the symmetry of the spectrum, it is clear that r(A) = maxo(A). On the other
hand, for any self-adjoint operator the right-hand side is exactly the norm, since
the identity ||A?|| = ||[AA*|| = ||A]]* implies by induction ||[A**| = || A||*". Hence,
lim ||A"[|}/™ = lim || A??||Y/2" = lim ||A|| = ||A]||. Finally,

maxo(A) =r(A) = ||A]. (1.4)

10



Chapter 2

Distinguished extension and
min-max formulas

We now add to the free Dirac operator the potential generated by a charge distri-
bution g ; that is
1
V,=pux—.
ST
We want to study the properties of Dy — V,, in order to arrive at a min-max
formulation of the eigenvalues, that is necessary to study the first, namely the

smallest, eigenvalue. All the theorems and their proofs of this chapter can be
found in [ELS21a].

2.1 Distinguished self-adjoint extension for a gen-
eral charge

The aim of this section is to give a meaning to the operator Dy —V,, for the largest
possible class of bounded measure p.

Theorem 2.1 (Distinguished self-adjoint extension). Let u be any finite signed
Borel measure on R?, such that

w({R})| <1 VReR®

Then the operator Dy — V,, defined first on H'(R* C*) or on C°(R3,C*) has a
unique self-adjoint extension whose domain is included in HY?(R3,C*).

The functions in the domain of the extension D(Dy — V) have a square inte-
grable gradient in R® \ Us_ B,(R;) for allr > 0, where Ry, ..., R, € R?® are all the
points such that |u(R;)| > 3.

11



12 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

The operator Dy — V,, 1s the norm resolvent limit of Dy — V, 1y, |<ny when
n — 00. Moreover, its essential spectrum is oess(Do — V) = (—00, =1] U [1, +00).

The proof relies on the following lemmas.

Lemma 2.1 (Compactness for disjoint supports). Let f € L*(R™) and B C R" a
compact set with supp(f) C B. Moreover, let g € L2 (R") with supp(g) C Q C

R"™, where Q is such that d(2, B) > 0. Finally, let us assume that fﬂ %dm <
L f(z), which formally is

[l

o Kp(x) = g(z)F! (W F(fe)p )) (x), is compact and its norm can be esti-

@l N\
1K1 < Ol ( [ s )

where C' depends only on s,n,d(B,2) and sup,cg |z|.

0o, where 0 < s < n. Then, the operator K = g(x)

mated by

Proof. The kernel of K is

KC&y)::klg@»g@»fun

|z —y|"s

)

for a positive constant k, i.e. Kh(x Jon K(z,9)dy = [z le‘Tﬁ)fS()dy =

) =

le f]R" i y?n(ysdy Vh € D(K). This comes from the fact that ]:(les)( p) =
).
o(

|p|n - (up to a multiplicative constant

In addition, we have |z —y| > ¢(|z| +1) Vo € Q and y € B. Indeed, the

2=3l i bounded from below by a positive constant c. Let

|z[+1
R :=sup,cp |y|- Then,

function ¢ (z,y) =

o If x € B(0,2R), then ¢(z,y) > > 489 . ..

= 2R+1
o If z ¢ B(0,2R) then ¥(z,y) > ||“;‘|:f > % =: ¢9, where in the last in-
equality we used the fact that the function z — ¢(z) := ZTIE is increasing

for z > 0, thus ¢(|z|) = ¢(2R) when |z| > 2R

Finally, take ¢ = min{¢y, co}. Therefore, we have the following estimate for the

kernel:
ko g(x)]

K(z,y)| <
| (l‘ y)l cn—s (1+|l’|)n_s

1f (W),

12



2.1. DISTINGUISHED SELF-ADJOINT EXTENSION FOR A GENERAL CHARGE 13

and we can estimate the norm:

rnig=c [ ([ 2O 110000 e

Holder |g(:v)|2 2 2
= (/ﬂ (ESFRECA IFIz2 ) P12,

Kl <c sl N |
= | K[| < C|lfllr2 o (L1 [2]2)7@9 x < 0o by assumption.
For simplicity, when the domain is clear, we denote by || - ||, the LP-norm on that

domain. We now conclude the proof by proving the compactness. Let u, — 0 be
any sequence Converging weakly to 0 in L? such that ||u,||2 = 1 for every n. The

sequence (Kuy)(z) = kg(x) [, F@)un(y)

Je—y[n=s
y € B f(|y2 - 1smL2‘v’x€Q(f€L2and |z —y| = c(Jz]+1) = ¢) and u, 0,

|
In addition, we have

k x older [ x
()@ € o8 [ " S I

KAl o)
s (T4 Jaly

dy converges to 0 a.e. since the function

which is an L? function by assumption. Hence ||Ku,|ls — 0 by the dominated
n—oo

convergence theorem. O

Lemma 2.2 (Local compactness in the absence of atoms). Let @/ > 0 be a finite
Radon measure on R3, with no atom. Then the operator

1 1

Lo\ [ W * 15
" | [pl'2

is compact for every finite R > 0.

Proof. We write ' = p/1p, + p'lpe =: py + py, so that Vi, =V, + V.. Hence,
using the fact that va +b < y/a + \/I_), we obtain that 0 < /V,, — 4 /VM/1 < /VM/2

pointwisely. This implies immediately that |[(/V,s —/V,s )WH < |4/ V“’?\M%H'
Now from Theorem in Appendix A, which is based on Kato’s inequality
< 5lp| (A.1), one has

\wl

1
Vi’

s
_< o /R3

13



14 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

This implies that

2
1 1
| TR

m
< SR (VViwe, 77— \/ o) = 1 (RP)]gll3-
In particular,
1 1 s
| VVe—t S SH (R?), (2.1)
lpl2 ZE

(where we used the fact that |AB|| = |[(AB)*|| = ||B*A*|| = ||BA|| since both
operators are self-adjoint). Note also that for these estimates the measure does
not necessarily have to be atom-free.

Going back to our case, we have proved

H \/_ \/71> [p['/?

Hence we may assume that i/ has compact support, and then use the fact that the
norm-limit of a sequence of compact operators is compact (see [Kat13], Theorem
111.4.7).

Now for r > 0, let us consider two tilings of R?® with cubes:

\ <BC)N4)OOO

C;=3r(j+[-1/2,1/2)*) and C}, =r (k+[-1/2,1/2)*) for j, k € Z°,

of side 3r and r respectively. For every k, we call j; the index of the large cube
O}, of which Cj, is exactly at the center.

Let € > 0. Then, by compactness of the support of 1’ and the fact that u' has
no atom, we can find r > 0 s.t. /(C;) < e Vj. We then write

1 1 1 1 1 1
— 1 Ty — )| —— = —1 / 1 1 —.
pli72 o (“ * |x|> 7~ 2 [ Benc <“( ey, T 1eg) * |as|) P72

Notice that the sum is finite. The sets C} and C¥_are at least at a distance r from
each other, so we have

1 du/
E| o: T =]

1
f(z) :==1¢; (Hllc;k * m) e LP(C}) V1< p<oo.

14

lz—y|>r

C

. .

w(Cs)

r

~X

Hence



2.1. DISTINGUISHED SELF-ADJOINT EXTENSION FOR A GENERAL CHARGE 15

In particular, |f|*/? € L%(R?) and g(p) := ‘p|1/2 € L5>°(R?), where the notation
L% stands for the weak L° space that is embedded with the norm

1 s
llgl|Lo.0c := Stuloat,i” ({z € R*: |g(z)| > t})l/6 =supt? <{|x|—1/2 > t})
>

t>0

=

1
E\&
=supt(Z(B1))s =supt ( 6> =k < o0,
>0 2 t>0 \1
where .Z is the Lebegue measure and k is a positive constant. Then, the operator

R = |f|}/? ﬁ 7 is compact by Cwikel’s theorem ([Sim05], Theorem 4.2). Therefore

W/Q 1Bancy (,u log ﬁ) IpI%” = W!ﬂl/?mlﬂmﬁ (= R*R) is also compact (for
every k).
Finally, we have obtained that

1 1\ 1 1 1\ 1
ot (0 ) e St (10, ) e
[p|t/2 =" x|/ |p['/? Xk: [p|t/2 = el ) fplt?
where K7 is compact. Moreover, we can write
1 1 1 1

it e, g = o e )Ipl ploncyVise, 1,7 tes, *1er)

10/ ABry/ I 10 * — is compact by Lemma with

1
9(x) =Lce . f(x) = lognpay [, * e 3, s=1/2.

Therefore
1 o1 1 1 , 1\ 1
grten (1 5y ) s = 32 2t (130, ) e

1 , 1\ 1
> 1@%—1/213%% (“ 16, 7) e

The operator T}, := lcc
p

15



16 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

where K is compact because T}, is compact (= T} too) and IM+/“ [Wlc, * ﬁ abd

Ve, * EHW are bounded by (2.1). At the end, S can be bounded as follows:

1 1

1 1 *
= (100 prtmccsy Voo, (atocesy Vo, ) 1c,7)
2

1 *
= H <W1BRHC,’M/V#’1C. ) 1Cjk90
2
‘ 1BRﬂC A/ N]-C | ‘1/2

7r
SH(Ci)(# 1o, 9) Vo€ LP(R%, €Y.
This exactly means that

1 1 T
lc Jk‘ |1/2lBRﬁC Vu 1c, ’p|1/21 < §M/(Cjk)1cjk VE.

110, oll2

21
<

Hence

where we used the fact that p/(C;) < ¢ by our choice of r and that every point
touches at most 27 C}, . Letting € go to 0, we obtain that IM+/QlBR <H' * ﬁ) W =

<1BR« e EﬂW) <1BR W o* ﬁW) is compact, being norm-limit of compact
operators. Therefore, 1p, /1 * ﬁW also is compact, and this concludes the
proof. n

We are now ready to prove the main theorem.

Proof of Theorem 2.1, Our goal is to show that

v < max [u({R})] (2.2)

R]R3

A

lim sup
|s| =00

D—I—s

which is strictly less then 1 since u({R}) < 1VR € R? and p is finite.
Let us write now p in the following way:

n= Z Vm(SRm + ,U/a

m=1

16



2.1. DISTINGUISHED SELF-ADJOINT EXTENSION FOR A GENERAL CHARGE 17

where R, are all distinct, max,, |v,,| < 1 (by assumption) and g’ has no atom.
Then, we can write

K
W= (Z Vm(SRm +MI13N> + (Z VméRm +’ullBva> =: 1 + Ua.

m=1 m>K

Notice that || (R?) tends to 0 as K, N — oo. Using this fact and Kato’s inequality,
it suffices to show (2.2) for y with finitely many atoms and for ' with compact

support. Indeed:
\ ) )
\/UD + SW

since \/|Vu| = \/|Vu1 +Vu2.| < \/qu1| + \/|Vu2| and ||[fAf] = ”fgilgAggilf”
< N fa ' 1PllgAgll < [lgAgll if 0 < f < g because |[fg~'|] = [[f97 '] < 1. But all

the terms with ¢ =2 or j = 2 tend to 0:
1 |p| 1
AEEEAG

Wl W = [0
’ P

21 7
< = TR l(R3
< MM(R)W(R) B

Vil

Vil

D0+i8

z]l

K,N—oo
0,

ol _ Ip| _ Ip|
|Do+is| — \ /(Do—is)(Do+is)  +/Ip|2+1+s2

because 1, implies that

p| Ip)
_ = Su = 23
HD0+15 peﬂg’ p]> +1+ s 2

by Theorem in Appendix A. Therefore, we can assume this property of p for
the rest of the proof, and we have

‘/I y|) H‘g\le)\

whenever supp(p) C By. Let now R > N and n < minj <, 4<xk

R .
M. We write

K
VmlB, (Rm) Vm 1B, (Rm)°
V, = Z ‘:U_"R ‘ + g Ve + Y il e Vi

17



18 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

Z VVmlB, (R !Ml R?’

"R, ‘1/2 +1BR Wﬂ/|+

<

where we used the two facts that [z — R,,| > n in By(R,,) and that ’f

dp’ (y) IMI(R“’ : c
’fBN T~ [yl r-n 0 B

Then we can replace it in H VWu’ﬁ V.|

|z— yl

and obtain the following terms:

- 15, (8m) 1 Lo, -
B"? Rm Br] Rm
E ' =: E mlla ALl
. m:1|V ||:E—Rm|1/2 Dy +is |x—Rm|1/2 m:1|V | Qm Qm

For Coulomb potential we have (see [ADV13,Kat83,Kla81, Nen76, Wiis77]):

1 1 1 1 1 1
o = 0,
P aprBlal?) "=\ Pap+ BlalP

(2.4)
1 1 1 1 1 1 —1,1]
=0 = Oess =4 4ih
[V a - plzf'/? T\ 22 o p o[t
and
1 1 1 1 1 1
1/2 ' = : =1 (2.5)
[z|V2 a0 p +is |x|V/? 2|2 a-p+ B+ is |x|1/?
Since ﬁ commutes with translations we also have [|A4,,|| = 1. This is

useful to have a bound on the norm of the operator:

K
- / 'S vnlla, Anla, of?

2 m=1

K
- / > o 16, Antapl < () Z / 10, Aplo, of

2

K

m=1

< (max |vm|) ZHA Lo, 90H2 S

m=1

— (e / Zlgm\sov (1 v / 219 of

2

maX\le Z 11,0l

~ (max v, < (gl I,
K
SAnlo || < (max |vy,)) Z 1o, || = max|v,| < 1.
m =1 m

18



2.1. DISTINGUISHED SELF-ADJOINT EXTENSION FOR A GENERAL CHARGE 19

Note that the estimate does not depend on K but requires n to be small
enough to guarantee that the balls do not overlap. The choice of 1 depends
on the smallest distance between the nuclei. All the other terms are small
for s large enough.

v e om pl 1 i
® lpp/Viw D T SlBR Viw| Viw ]p|1/2 Dy + is ‘p’uleR V\ul

-~ -~

B As K

is of the form BA,K, where B is bounded by Kato’s inequality (2.1)), K
is compact by Lemma and A e 0 strongly. Indeed [ | o

2
ap-i-ﬁ-i—is(p’ -
[|——Z—32 = 0 by domlnated convergence, with ||A,|| < C uniformly

VIpP+14s2
in s (see[2.3). Then, by Theorem [A.5] one has ||[BA,K|| — 0.

|M| ]R3 W [(R?)
— Dy +is R—N
2
Do + s
1 1 _ 1 1
and HDOHSH =l [Do+is| | = SUpP,cRrs —\/W < ol S_—>>OO 0

i Vi By L V=
m=1 |x_Rm‘1/2 D0+i8 Br ]

K
- (¥ Vindsyen \ Ll 1
|x—Rm|1/2 |p|1/2 Dq + is |p|1/2 R |1/
N m=1 N\ ——

~
B As K

is again of the form BA;K. Note that B = Zgzl VVivmlsr,, 1Bn(Rm)\m+/2 is
a finite sum of bounded operators by Kato’s inequality.

1 vV leBn(Rm
o 1BR V V\#| Dy + Z — R, 1/2
~—o—— 1) 18 ’

A _
B

C

19



20 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

Since ||ABC|| = ||C*B*A*|| we can look instead at

i VLB () L
|z — Ru|'/2 | Do —is BrV ]

m=1
K
N/leBT,(Rm) 1 |p| 1
- 1,7/ Vi,
(Z |z — Rp|V/2 | |p|'/2 Dy —is |p|!/? BrV V|
N m=1 N — ~
b As K

which is again of the form BA,K and hence, its norm tends to 0.

|z — Ry |12

(zK: VVmlB,(Rm)

m=1

K
v | (R?) L o
\Z VRN | Dy oV

can all be seen, multiplying and dividing by [p|'/?, as a composition of a
lp|!/2

DyTis’ whose norm tends to 0:

bounded operator (by Kato’s inequality) and
p['2 1 _ lp['"? 1
”AS” - H [Do+is| || = SUPpcRs3 \/\p|2+1+52 < \/m —0

e We are left with

oy 1 lpm
|z — Rg|'/? Do +is |z — Ry |'/?

with k& # m.

We can write

1 a-p n 6] . s
= —1 .
Dy +is |pP4+1+s> [pP+1+s |pP+1+s?

So we get three terms:
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1, Ry B 1g,(Rm)
|z — Ri[V2 [p|? + 1+ 52 |v — Ry, |'/?

[ 1 Alp| s
= Ve > +1+s° !pll/2 13"(Rm

[\ J/
-~

By As

where B, By are bounded by Kato’s inequality and

p| 1
Al = su < — 0;
1A= oop o 1752 < 3] o

1, (ry) a-p 1p, (R0
|z — Ri|V2 p|2 + 1+ 8% |x — R,,|'/?

The kernel of the operator W’iﬁ is the function

=: A,,

Q- (.I' — y)e /1432 |z—y| +i /1 T+ 52 (.Z' - y) 6—\/ +52|:c—y|,

al,y) = Z47r]31: —y? dr|z — y|?
since
a-p -Oé()—ﬁu ()—ﬁu
F(————— —f—" T v 1 7% T
112 = e VS R

Therefore, a(z,y) can be bounded by

G*W\xfm efx/ﬁmfm
oz, )l « 7 +VI+
Ar|z — y[? Ar|z — y|

1 V1 4+ g2
< +
dmy/[LT sl — g | dm/lL+ 2Pl — P
C

< .
5|12z — y|?/?

The kernel of A, is then bounded by

|As(, y)| = ‘leﬂﬂ (z,7) 1p,(Ra)(Y)

_ Rkyl/Za LY ly — Rpn|/2
C |1,y (2) 1 1B, (Rm)(Y) _ ¢ B(z,y)
S s[V2 |z = Ry|V2 |z =y Jy — R |V2 ] Js[2 0
1eyry) 1 1By(Rm)

where B(z,y) is the kernel of the operator B = [—Re|L/Z [p|1/2 [2—Rum|1/2

since .7:( |1/2)(x) = 7 |5/2 Recalling now that |A(x,y)| < B(z,y) im-

plies ||A|| < ||B|l, we obtaln | Asl] < Loy 1 1By(im) |. The

ISII/2 ”Iz Ry |V2 pl'/? o= R [1/2 117

21



22 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

norm on the right-hand side is finite by Lemma [2.1] whose hypotheses

1
are clearly satisfied: the supports are disjoint and [ % < 00).

Hence the norm of A, tends to 0 as s goes to infinity.

*
1, —is Loy  _ g
|z — Rp|Y2 p|2+i+ 82 |o— R[22 77
is completely similar to the previous case since the kernel of m is
bounded by
[sle” v+l 5] C
b(z,y)| =

drle —yl T dx /L + S2PPlw — ypre  |s[V2e -yl

This concludes the proof of 1) i.e. limsupyy_o H«/WMﬁMWAH < 1. This

allows us to use Nenciu’s method ([Nen76], Corollary 2.1), which is based on the
resolvent expansion [Nen76, KW79, Kla81]

(Do—l-V-Z)il = (DQ—Z)il—(D[)— ) ‘V 1+SK 18\/ ‘V Do— 2 6)

where K, = /|V|(Dy — 2)7'\/|V| and S = sgn(V). In the notation of Corollary
2.1 in [Nen76], we have A = Dy, Vi = —V,, and Vo = 0. All the hypothesis are
satisfied:

1. |Do| > 1> 0;

2. =V, is Dy form bounded:

/|Vu90!2 /|p|\90|2 /V L+ [pPI8]* = [l Dolell3.

Moreover, we have just proved that there exists is € o(Dy) such that

(i)

which implies that 1 + S(\/|V,.| 5= Do 5V |Vul) is invertible;

Vil Vil

D0+i5

3. Va|Do|'/? is obviously compact since V5 = 0;

1 1
4. \\/\VH]DO s Dy~ Z\/|Vul is compact for z ¢ o(Dy) since A bounded, as

-~

A B
already seen, and B is compact. Let us prove this latter claim. Firstly,

22



2.1. DISTINGUISHED SELF-ADJOINT EXTENSION FOR A GENERAL CHARGE 23

(Dg — 2z)~ ! is continuous from L? to H'. Indeed, for every z ¢ o(Dy) there

exists C, s.t. || a-p+15—z | < \/|§\Z2+1 (seen as a 4 x 4 matrix for fixed p), which
implies
3
2 ~ 2 ~12
S| dr<C? [ Jgtap
/]R3(Ip\ Na 3520 % RBM p

Going back to the initial space, this means that ||(Dy — 2) " ¢| g1 < C.ll¢l2,
as wanted. Then, it remains to prove that the multiplication operator /|V/,|
is compact from H' to L2 By Sobolev’s embedding, for every ¢ > 0, H*
is compactly embedded in LS ¢. For R > 0 fixed, let us split this operator

loc -

into \/|Vu|1jz1<r and \/|V,|1jz;>r- The operator /|V, |1z < is continuous
from LS~¢ to L? by Holder inequality with p = 6 — e and ¢ = 3 + &’ where

loc
g = ZTT_;) —3, 50 that 1 = %+% (Vudji<r is in L5 for every ¢’ > 0). Then
we have that \/|V,|1z<g is compact from H' to L*? and \/|V, |14~k can be
taken small (in norm) as desired taking R large enough, so that \/|V,| is

compact as the norm-limit of compact operators. This ends the proof of the

fact that .
Do \/ V.| is compact. (2.7)

Finally, the corollary implies that Dy — V,, has a unique self-adjoint extension
whose domain is included in D(|Dy|'/?) = H'?(IR?). Once we have this, two con-
sequences of the resolvent formula and the compactness of B are that
the essential spectrum of the extension is still ess(Do) = (—00, —1] N [1, 00) and
Do — Vv, 1<ny _ Dy — V), in the norm resolvent sense ([KW79], Theorem 1

and 2).

It remains to prove the statement about the gradient of functions in the domain.
Let us denote by Ry,..., Rk all the points such that |u|(R;) > 3. Let us fix
¥ € R3<{Ry,..., Rk}, then we have

1

5

Let x € C2° with support in By»(0) and let x,(z) = x((z — 2’)/r). Every ¥ €
D(Dy —V,,) satisfies

g |1 (B, (') <

(Do — V,)¥ = ® € L*(R?)
in H='/2, so that
Do(x,¥) = Vixr ¥ = xo® — i(a - Vx,) ¥ € L*(R?).
We decompose j1 = plp, oy + p1lp, 2y and use that

je—yl>r—5 9

< ;IMI(RS) on B, (") D supp(x, V).

_ / dp(y)
Bo(a)e 1T — Y

VM]'BT(II)C

23



24 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

This gives ‘/;‘lBT(z/)CXT\Ij € L? and, hence, also (DO—VIABT(I,))XT\II = (Do—V,)x» ¥+
Vit e X ¥ € L?*(R3). By Hardy’s inequality, we have (i, wz) < A(Ve, Vo) =
4(p, —Agp), ie. |z|? < 4(—A), and, since D = —A + 1 > —A we have |z|7? <
4(Dy)?. By Theorem [A.3] this gives

IVig, o #ll2 < 2lul(Br(x)) [[ Dospll2- (2.8)
————

a

By the Rellich-Kato theorem, since for r small enough a < 1, Dy — Viag, " is
self-adjoint in H' and also invertible. Thus, x, ¥ € H'(R?). Taking now yz € C>
such that xg = 1 on Bg/; and null outside Bg, we have that VulsR/4 is bounded

on Bp y O supp((1 —xg)¥) in the same way as before. So VulBR/4<1 —xr)V € L?
)(1 = xr)¥ € L?. Using that |u|(Bg,,) — 0 when
self-adjoint on H'. Hence (1 — xg)¥ € H'.

which also implies (D — Vj1,..
R/4

R — oo leads again to Dy — V1.
R/4

We obtain the claim by covering R3 \ UszlBr(Rj) with finitely many balls
together with the complement of a large ball. O

2.2 Description of the domain for a positive mea-
sure

One can describe the distinguished self-adjoint extension more precisely in the
case of a positive measure > 0. Let us introduce a new space for the first two
components ¢ € L*(R?,C?), called upper spinor, of a four-components column
vector in L?(RR?, C*). We define the following norm

el = (/]R3 %dgw/m !@(M%) 1/2,

which is well-defined on H'(IR?, C?) and which is controlled by the H'-norm since
(1 + Vu)_l < 1 since V,, > 0. We need to know whether the completion V),
of H'(R3,C?) for this new norm is the same as the largest space given by the

conditions
o-Vop

(1+ V)17

The following theorem answers this question affirmatively.

¢ € L*(R?, C?), c L*(R?, C?).

Theorem 2.2 (The upper-spinor space V,,). Let 1 > 0 be any finite Borel measure
on R? such that
p({R}) <1 VR € R

24



2.2. DESCRIPTION OF THE DOMAIN FOR A POSITIVE MEASURE 25

We have

||90||12L[1/2(]R3 02)
max(2, 16p(R3))

< lellv, < llellmgecey Vo € H' (R, C?). (2.9)

The completion of H'(R?,C?) for the norm | - ||y, is a subspace of H'/*(R?, C?)
satisfying the continuous embeddings in . It coincides with the completion of
C(R3,C?) for the same norm and is given by

YV, = {go € L*(R* C% :3g € L*(R?,C?),0 - Vo = (1 + Vu)l/2g} , (2.10)
where o - Vi is understood in the sense of distributions.

Proof. Step 1 - Proof of (2.9)
The second inequality follows from (1 + V,,)~! < 1. Let us prove the first one. By
Theorem we have

We also have |[|[p|(8 + 1) g < |18 + 1HHMH = SUPpegs \/fTP < V2. By the

] —Ip |BJrIL =: Dy — V is self-adjoint
V—D
| (st + 0150 ) o] = v 3|
V2 1, V2 .
<Z||D090H+T||D090||= 171 | 1Pogll, witha <1.
——

a

Rellich-Kato theorem, the operator Dy —
on H'. Indeed,

(IR

Moreover, 0 is not in the spectrum, and there is a universal estimate on the gap
(see [Lew22], Theorem 4.5): since 0 € p(Dy) N R and ||[VDy'|| < 1, one has
| —n,n[C p(Dy — V) for n =d(0,0(Dy)(1 — ||VD’1H)) >1-—a.

For the same reason, Vt € [0,1], Dy — BH(RS |p| +1 has a gap around the
origin at least as big as when ¢ = 1 since a; = Z + \4[ <
Note that |p| % acts only on the upper spinor. Restricted to the lower spinor,

the quadratic form associated with this operator is just —1 — t% < -1
From the min-max principle and a continuation argument in t (see [DES00],
Lemma 2.1 and Section 3), the fact that 0 is never in the spectrum is equivalent

to say that, Vo € H'(R3, C?),

o Vet L .
dr > Vi(x dr + = (p, -3
/}RS i) SHR) s u(x)]e(z)] 5 (@ lple) ||90||2

25



26 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

Since ?la > m for every b, we get with a = V,,,b = 8u(R?)
|0' : V(,D(.I’)P (()07 |p’§0) - |’¢|’%2(R3) 1/>3 M2
0 VAL 1 > Ve HY(R?, ).
/R3 T V.0) 7 Tmax (L@ 0 RO

Denoting M = 2max(1,8u (R?)) > 2 we have

o - Vo(@)|® 2

so that

s _ [ loVela)P s lple) el o o
= [ By > > .
Il = | e+ el 7 cllpli

The operator —o - V1 0 V +1, which is the one associated to the quadratic form
Il HV;N is well-defined and symmetric in the domain C2° (R?, C?), by Lemmabe—
low. Then, by ([RS75], Theorem X.23), the quadratic form defined in C° (R?, C?)
is closable in L?*(R3,C?). Finally, the domain of the closure is automatically a
subspace of H'/2(R3, C?) by the last inequality above.

Step 2 - V, coincides with the maximal space

We want to prove (2.10), i.e. that V, coincides with the maximal space in
which one can give a meaning to the associated norm || - ||y, . Firstly, let us prove
the following lemma.

Lemma 2.3 (Regularity of (1 + V},)*). Let i be a non-negative Radon measure
over R®. Then V (1+V,)* € L*(R?) for all & < 1/2 and we have

IV (1+ V) < Cap (R?),

R3

for a constant C,, depending only on a. When o = 0 we have the same estimate
with (1 +V,)* replaced by log (1 +V,,).

Proof. Let us assume that p € C°(R?). Let Qg := {V, < 1} and Q; := {2""! <
V,, < 2'} for i > 1. Then we have

1+ a2_ 2/ ’V‘f _ / v‘r

<a? QO|VVM| +a ZW/ YV,

RS

26



2.2. DESCRIPTION OF THE DOMAIN FOR A POSITIVE MEASURE 27

where we used that Vi > 0 and Vi > 277! on ;. Now, defining

v; = ]I{Vu>1} + Vu]l{vu<_1} fort=0 7
22_1]].{VH<21'71} + 22]1{‘/”227;} + Vuﬂ{2i71<{/ﬂ<2i} for ¢ = 1

and since —AV u = 4mu, we have Vi > 0

(v;i=V}, on ;)
V[T

v; <2 .
VV,-Vu; = 47r/ v dp < 4n2'u (IRS)

R3 R3

i

e 2
N VIA+V)P<dara® 1+ ———— | 4 (R?),
]R3’ ( ,U')‘ ™ ( ;(14_21_1)2—2())”( )

where the series is finite for a < %

Let us now go back to a general measure and use an approximation argument.
We can assume p to be a finite measure : Otherwise the inequality is trivial (see
Appendix A.1 for an introduction to finite measures and the definition of tight
convergence). Using convolution by a sequence of smooth functions in L' which
tends to dy tightly, one can construct a sequence (i, )new € C*° N LY st —
tightly as well. By a density argument, for every n fixed, there exists also a
sequence (fn, Jkew C C° s.t. ||pn, — pl]1 — 0 and in particular p,, — pu, tightly.
Then, by a diagonal argument, one can find a sequence of C2° functions which
converges tightly to our initial 4. We will prove in Lemma that this implies
that V,, — V, in LV for every 1 < p < 2. Then (1+V,,)* = (1 +V,)* in L{JO/CO‘
with p/a > 2p > 2, thus in L} . By the C2° case, we have [, |V (1+ V)" <
Cun(R?) < C (where we used that pu,(R?) are uniformly bounded by the tight
convergence). Hence the sequence V (1+ 1V, )" is bounded in L? and therefore,
up to subsequences, it converges weakly in L? to a function ¥ € L2. Let us prove
that ¥ =V (14 V,)*. Let h € C°, then

(VA+V,)" h)=((1+V,,)" ., Vh) = (1 +V,)*,Vh).

Since the left-hand side converges also to (¥, k), we have that ¥ = V (1+ V,)*
in the distributions sense. By the lower semi-continuity of the L? norm we have
finally

/ IV (1+ V)" < liminf/ IV (1+V,)*f < Cyliminf 1, (R?) = Cou(R?).
R3 R3

When o = 0, the ragument is exactly the same with (14 V) replaced by
log (1+V,). O

27



28 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

The above lemma says that for ¢ € L2(R®), (1 4+ V,)"%2¢ - Vo makes sense
as a distribution. It is equivalent to wonder whether there exists g € L?*(R?)
such that -V = (1 + Vu)l/Qg. We now prove that for every ¢ such that g :=
(14 V)" Y20 - Ve € L*(R3, C?), there exists a sequence (¢n)nenw C C° which
converges ¢, — @ in V,, i.e. ¢, = ¢ and (1+V,)V%0-Vp, — (1+V,)20-Vip
both in L2

Let us define ¢, (z) := p(2)x (%) where x € C2° and x(0) = 1. By dominated
convergence, ¢,, — ¢ in L?. In addition, we have, in the sense of distributions,

oV, = X('/n)a -V + @M

=(1+V,) (x(-/n)g + ww) ,
n(l+V,)

[N

where the function in the parentheses has compact support and converges to g in

L2 (R?). Indeed x(-/n)g “» g and et < 5= lglle = 0. So, o0 = win
+

V.. Hence functions with compact support are dense. Therefore, in the following
we can assume that both ¢ and g have compact support. .
Next, we approximate ¢ by a sequence in H!. Let u € H L(R?) such that

¢ = 0-Vu. We then have in the sense of distributions (1 4V, ) g=0-Vyo=Au.
We have then

1 1 1 1 1 T
- 1+V.)2 ) — = ( 11V.)2 > o
w=—g (V) o T\ oo
Let us now define
1 1 1
u€ - _E ((1 + VH)Q 1{V#<€71}g) * |x|7 SOE =0 - vué)

which satisfies

1 1 T
a-Vng:Aus—(1+V) Jer ¥ = - <(1+V)2 €> *O"W,
where g. = gl{vuga—l} Since | (1 + VM)% Liv,<e-139] < (L4+e71)Y2|g| and g € L?,
we have (1 + V) g- € L*(R?). Moreover, since g has compact support, we also
have (1 —l—V#) liv,<c-119 € L°(R®). Now, by the Hardy-Littlewood-Sobolev
inequality

x

ol = = (04 Vb ) o 5

< 0.
|3 2

<0H((1+VM)%95)

s
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2.2. DESCRIPTION OF THE DOMAIN FOR A POSITIVE MEASURE 29

Namely, ¢. € L*(R?). We also have o - V. = (1+ VM)%gg € L?(R?). Hence
V. € L?(R3?), which implies ¢. € H!(R?). From the dominated convergence

2 2
theorem, g. SN g, and we now want to show that . N © as well. Again by the
Hardy-Littlewood-Sobolev inequality, we have

1 2
[ le=al <cfas v 1
R3 6/5

2
3 3
< CllglZacs) ( [a+vy 1{%%-1})

where supp(g) C B. The right-hand side tends to zero when ¢ — 0 by the
monotone convergence theorem, and this shows that ¢. — ¢ for the norm || - ||y, .
The density of C2° is then proved using the fact that || - ||y, is dominated by the
H*' norm. For ¢ € L? there exists (¢, )neny C H' s.t. ¢, = ¢ in V,, but for every
n there exists (¢n, Jkew C C° s.t. @, — @r in H', and hence also in V,. Then
by a diagonal argument one finds the desired sequence in C2° which converges to
@ in V,.

O

Using the space V,,, we can now describe the domain of the distinguished self-
adjoint extension.

Theorem 2.3 (Domain of the distinguished self-adjoint extension for p > 0). Let
p =0 be any finite Radon measure on R3 such that

p({R}) <1 VR € R
Then the domain of the self-adjoint extension defined in Theorem[2.1] is explicitly
given by
szm—m):{@:(§>eL%R{@%:¢em“g%—vp@eL%Ri@ﬂ}

(2.11)
where, in the last condition, DoV and V,V are understood in the sense of dis-

tributions. Moreover, this extension is the unique one that is included in V, X
L*(R3, C?). We have

D(Dy —V,) CV, x V, C HY*(R?,CY).

In addition, the Birman-Schwinger principle holds: A € (—1,1) is an eigenvalue
of Do — V), if and only if 1 is an eigenvalue of the bounded self-adjoint operator

1
Ky = \/Vum\/vu

29



30 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

Proof. Let us consider the quadratic form

|0 - Vel / 2
= 2 Y g 1-XA=V,)|p2d
we) = [ St [ ) ol do

defined on H'(R?). We show that it is coercive for the norm of V,, after adding
C H@H%Q(RS) for an appropriate constant C'. Our proof will be based on Theorem
where we have shown that for s large enough

1
Vo5t

< 1.

Step 1 - Equivalence of quadratic forms

Let us start with the following lemma.

Lemma 2.4 (Relating resolvent). For every 0 < e < 1 and C > 0, we have the
operator bound

SO S SO S Y22
Do+ (g 1+1) “2\a-p+B+iVC  a-p+p—iV/C il

Proof. First, let us assume € = 0. We have

Do+ S (34 1) =a- p+(1+§)5+§,

whose spectrum is given by the values of the functions

2
C

(as done in Section|1.2) u 2/ for Dg). The upper function is clearly bounded from below
by 1 4+ C, whereas the lower function is bounded above by -1 . So the gap is
(=1,1+ C). This allows us to compute the resolvent, which we express in the
form

) 1 Do+5(B-1) ap+(1+5)8-%
Do+ S(B+1) Do+ SB+1)Do+S(B—1) P+ (1+9)° =& (2.12)
a-p B C p-1 |

= + + — .
p2+1+C  p2+14+C  2p2+1+C
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Inserting

1 1 1 B B
2<a-p+ﬂ+i\/5+a-p+ﬂ—i\/5> p*+1+C
1(%p+ﬁ—¢¢a+}%p+ﬁ+4¢6)_ B B a-p

2\ Tprti+c pPP+1+C PP+1+C  pP+C+1

we obtain the relation

1 1< 1 ) 1 >+g B—1
Dy + 5 CB+1) 2\a-p+B8+ivVC a-p+B—iV/C 2 pPP+1+C

Since § < 1, the last term is non-positive, hence we find the simple inequality

1 1 1 1
Do+$(8+1 )< <a p+B+iV/C a-p+ﬁ—i\/5>‘

Let us now consider the case 0 < ¢ < 1. Note first that the spectrum of

C— C— C—
D0+Tg|m(5+1):a~p+<1+Tgm)ﬁ+Tgm

is given by the values of the functions

— & C—c¢
\/W L C |p|> I

C - 20—
:i\/]p|2+1+0—5\p]+<T€|m> +T€|m.

Noticing that

Ip?
2

we see that the two eigenvalues do not approach the origin. Hence the operator is
invertible. We can next estimate the difference by

PP+ 1+C—elp| = pP+14+C—|p| > = + = +C>o

1 1
HDoJrc_Ta'p'(ﬁﬂ) Do+ $(8+1)
elp] 1
_ 1
2 ‘DO+C‘T€'1"(5+1)<’B+ )Do+ S(B+1 )‘
< elpl : :
Do+ (34 1) || || Do+ S(B+1)
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32 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

Using (2.12)) we have
1 \p|+1+0<1+—“;0<3\/1+0
Do+ SB+1)| " pP+1+C " ] T 2p|

On the other hand, using again (2.12) with C replaced by C' — ¢|p| we obtain

1
Do+ (3 + 1)

Ip| + 1+ C +<lp|
P41+ C —elp)

<2|p|+1+0 4+\/1+(J 5V1+4+C
] ST

Y

so that
1 1

D0+C_T€‘p|(ﬁ—|—1) Do+ 5 C(B+1)

This gives also the same inequality without the operator norm:

8(1+C)
ol

1 1
(90’ Do+ 5 +1) Do+§ (ﬁ+1)90>
_/;. 1 - 1 -~
TP+ S B Dot S

c-S 1 1
</

Do+ (5 +1) Do+ 5(B+1)
< /86(1——’_0)‘@|2 — (907M§0> .

p| p|

This, together with the case ¢ = 0, gives the claim. O

21°

Let us truncate V, into W,, = V, 1y <, and notice that if two operators A

and B are such that A < B then maxo(v/W, AVW,,) < |[VW,BvVW,||. Let us
call them A’ := /W, AVW, and B’ := /W, By/W,. It is easy to check that

A" < B’. Moreover, by the Weyl’s characterization of the spectrum, there exists a
normalized sequence (¢, )nen s.t. (A" — max o (v W, AVW,,))p, tends to 0. Then

0 = lim(p,, (A" — maxo(v/ W, A/ W, SDn)
< lim(¢,, (B' — max o (v W, ANV W) en)
= lim(p,, B'v,) — maxo(y/W, A\/ 2) < || B|| — max o (v/ W, A/ W,,).
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Using this fact, Lemma [2.4] and Lemma [2.1, we obtain

maxo (W L W)

Dy + —C_;‘pl (B+1)

<H\/W(%( | 1 )+8g(1+c))m

+
a-p+B+ivVC a-p+B—iVC |p|

1 1 1 8¢(1 + C))
(! . ) 7
H M(2<a-p—|—ﬁ+i\/€ a-p+pB—ivC p| 8
<Are(1+ O)p (R?)
1 1 1
+ - VW VvVl +1IVY, VA% )
2(H “a-p+B+iV/C " H Yap+p—iveT "
We have shown in the proof of Theorem that the two operator norms are less
than 1 for C' large enough. Taking ¢ small enough we get

max o <\/Wn ! \/Wn> <1. (2.13)

Do+ S (8 +1)

The previous condition implies that

Dy —tW,, + 5

B+1)

has no eigenvalue in (—1,0) for every ¢ € [0,1]. Indeed, if A is a self-adjoint
operator, o(A) C [a,00) is equivalent to have that (p, Ap) > a|¢||*> Ve € D(A),
which is true since

(o (0 50 0) ) i)
> —t|VWail® + |V Wapl* > 0.

Here we used that (2.13) implies that the minimum of the spectrum of the inverse
operator is greater then 1. Again from the min-max principle and a continuation
argument in ¢ [DES00], this is equivalent to saying that

2
L2

1
dow, (9) > ~ClloliE: + ¢ |Ipl¢]

for all ¢ € H* (R?, C?), where of course o, denotes the quadratic form with V,
replaced by W,,. Passing to the limit n — oo we obtain also

1
q0(p) = =Clielli> +elllpl= ¢z (2.14)
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34 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

Now using Theorem for 0 < n < 1 we write
90() + Cllellze = nlao(#) + Cliellzz) + (1 = n)(ao(e) + Cliellz:)

o - V|? / 2 INIE
s [ T [ i it
0 [ e —n [ Vilel + (1= el

Ve ( 5 ’ )H :
S o B 1— _ -
U/IRB 1+u*lx|‘1d$+ (1 —mn)e 2W(R) 2

2

After taking
€

e+ Su(R3)
we see that the quadratic form gy + C|| - |3, is equivalent to the square of the

norm of the space V,,. This quadratic form is thus closable on H' (R?, C?) and its
closure is equivalent to the norm of V,.

n <

Step 2 - Description of the domain via V),

Now, we can apply the results of ([SST20] Theorem 1.1, [EL07] Theorem
4,[ELO8] Theorem 1) to the operator Dy + C(5 + 1)/2 — V,,, and we obtain a
unique self-adjoint extension, distinguished from the property that its domain is
included in V, x L? (R3, C?) and the domain is given by the functions that are sent

by the operator in L? functions and whose upper spinor is in V,. Of course, the
same holds for Dy — V), since C(8 + 1)/2 is bounded:

D(Dy—V,) = {\1/ = (i) € LX(R* C?) : o € V,, (Do — V,)U € L*(R?, @2)} .

Next, we prove that the domain is included in V,, x V,,. Let ¥ = (¢, x) € V,,
L*(R?,C?) be in the domain. Then we have

(1-V)e+o-px=feL*(RC%
—(14+V)x+o-pp=geL*R*C?

where the terms on the left side are interpreted as distributions. Since ¢ € V), C
H'?(R? €?), we have by Theorem |A.2) [|(1 + V,)' 2013 = [loll3 + [[\/Vaglls <
lll3 + Clllp 20113 < Clipl2/e- Hence (1+V,)"* o € L* (R?,C?).
But the first equation can then be written in the form
—2
- f_w) |

(Vi +1)2

[NIES

U‘pX:f—280+(Vu+1)90:(Vu‘l'l)% <(Vu+1)

where the function in parenthesis belongs to L? (R3, C?). By the characterization
(2.10) of V,, this gives immediately that x € V,. Hence D (Dy — V) C V, xV, C
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2.3. MIN-MAX FORMULAS FOR THE EIGENVALUES 35

H'Y2 (R?, C*) . By uniqueness in H'/? we conclude that this extension must be the
same as the one from Theorem [2.1, The Birman-Schwinger principle was shown
in [Kla81], and this ends the proof.

O

2.3 Min-max formulas for the eigenvalues

Related to the above characterization of the domain are the min-max formulas for
the eigenvalues. The main result of this chapter is the following.

Theorem 2.4 (Min-max formulas). Let p > 0 be any finite non-trivial Radon
measure on R® such that

p({RY) <1 VR € R®

Define the min-max values

(¥, (D = V,)¥)

AF) = inf sup , k=1, 2.15
W subspace of F'* we(WeF-)\{0} [ 1)

where F is any chosen vector space satisfying C=° (R3,C*) C F C HY? (R?, C*)

m P fun (D) er) o fun ().

Then, the following holds:
i) \¥) is independent of the chosen space F;
i) A\*) € [—1,1) for all k;
i) It is a non-decreasing sequence converging to 1: limy_.o A®) = 1.

Let ko be the first integer such that \*¢) > —1, then ()\(k))k>ko are all the eigen-
values of Dy —V,, in non-decreasing order, repeated according to their multiplicity,
which are larger than -1 :

1
o (Do — [ m) N(=1,1) = {)\(k0)7)\(k0+1), e }

By Theorem 1.1 in [DES00], the min-max formula is valid in the case of
Coulomb singularities in the domain of the distinguished self-adjoint extension
or in any core F' on which the operator is essentially self-adjoint. Then it was
proved in H'/2 in [MM15] Miil16]. Finally in [ELS19] it was extended in any space
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36 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

between C®°(R3?, C*) and H'/2(R3 C*). Here we can follow the same approach.
The min-max is valid in H*/2 (R3, C*) and the density of C° (R?, C*) in V), allows
to conclude that the formula must hold in all spaces in between, following the ar-
gument of [ELS19]. In particular, the numbers )\Ef) are independent of the chosen
space F'. One notable difference is that in those works it is often assumed that
AV > —1 but it was explained in [DES06] how to handle the case where we only
have A\%0) > —1 for some ko > 1.

Proof. We have to prove that A®) ~ 1. Let us first show that for any positive
integer k, A®) < 1if u # 0. For every k we choose a k-dimensional subspace of
radial functions in C%° (R?, C?), denoted by W;. Let Ug(f) = R™32f(-/R) be the
unitary operator which dilates the function by a factor R. Let us introduce the
space Wy g := UrWj. Then, for every normalized function pr = Ugp € Wi g, we
have

1/ o - V()P

0o = 5 | Tt [0 =2 Vi) et P

Decomposing p = plp, + plpe with a large but fixed 1, we have

W89\ By
[ Vi Rollptoae] < LELP T,

This is proved exactly like in Theorem below using that F(f(az))(§) =
L F(f)(£). On the other hand

lal
B w(By) p(z )‘2 T
VulB (Ra)|p(@)[*dz R /Rs || ! '

/Rg/Bn(mzr_y‘ ) o)t
S /Rg/ W!@(%)IQdu(y)de
<ot [, [, G+ i [ [, Gt

Pl Cn
e

where in the penultimate inequality we used the Hardy inequality and the fact
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2.3. MIN-MAX FORMULAS FOR THE EIGENVALUES 37

that it is translation-invariant. We get then

| viBole)Pds = [ Via, (Rolet)Pds+ [ Vi, (Re)loo)Pds
R3 R3 R3
p(R*\ By) 7

(1 (By) / o] Cn 2 2
2 dr — — e 1
2t | e = Gl - S Tl
(1 (By) 2 @ 2 p(BR*\By)m
1 (By) —Cu(R*\ B,) Cn
> (S EAD 2 ol

for some ¢ > 0 depending on W}, since all the functions in Wy r have compact
support in a common compact set and, in this finite-dimensional space, all the
norms are equivalent. Choosing 7 large enough and A = 1 — ¢/R with ¢ > 0
small enough, we deduce that ¢;_./r (¢r) < 0 on Wy g for R large enough. As in
[DES00,, SST20], the min-max formula can be reformulated in terms of the
quadratic form g,

A = inf {\: IW C V,,dim(W) =k : qr(p) < 0,V € W}.

Using this characterization, this proves that A¥) < 1—¢/R, as we wanted. Indeed,

L[ o Velo)P c :
necnlen) = 7 [ 5ot [ (§ Vel Lot

1

< (o= el (By) — Cu®\B) ol +0 1) <0

on Wy g for n and R large enough.
Let us prove now that A*) — 1 when & — oo. Note that & — A*) is non-
decreasing and < 1 by the previous step. In addition, recall that

Oess (Do — V) = (—o00, —1] U [1 U 00).

From this, we conclude that if we have A%0) > —1 for some kg, then A*) is an
eigenvalue of Dy — V), and it can only converge to 1 . By contradiction, Let us
assume that \*®) = —1 for all k& > 1. By the characterization of A®) there exists
a sequence of spaces Wi, C V, of dimension dim (W}) = k and ¢, — 0% such
that g_i4., is negative on Wj. By monotonicity with respect to A, we conclude
that go is also negative on Wj. This provides a sequence ¢, € V), such that
llenllze = 1,9, — 0 weakly and qo (¢,) < 0. Indeed

e k=1,3W; CV, with dim(W;) =1 and ¢y < 0 on it. So take ¢; € W s.t.
le1]l3 = 1 and go(p1) < 0;
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38 CHAPTER 2. DISTINGUISHED EXTENSION AND MIN-MAX FORMULAS

o k=2, 3W, CV, with dim(W,) = 2 and ¢y < 0 on it. So take @y € Ws s.t.
w2 L1, a3 = 1 and go(¢1) < 0;

o k=n, W, CV, with dim(W,,) =n and ¢y < 0 on it. So take ¢, € W s.t.
on L1, onas lonll; = 1 and go(e1) <0;

Since the sequence is orthonormal it converges weakly to 0. By Step 2 in the
previous proof we know

_C/\HQOnHQ

Qo (pn) = Hlpl ©n

and this proves that the sequence is bounded in H'/2 (R?). This implies also the
boundedness in V,:

0> dolipn) = lpnl, - / Viloo? S lgnll, — 171200l > loall, —

Next, we pick a localization function xg(z) = x(z/R) where y € C> (R3,0, 1]),
x =1on By and x =0 on R*\ By and let ng := /1 — x%. Let >, JZ =1 be any
real partition of unity, we use the pointwise IMS formula for the Pauli operator
[BDEOS] which states that:

Z|0 V (Jep)|” —ZZ (Jrp) 090505 (Jup)) g2

k i,j=1

=lo - Vo|* + Z Z (¢, 0:09) 2 03105 I,

E odg=1

3
+ 23‘%2 Z (01, 0i00) 2 Jk0; Ik

k ij=1

=lo - Vel* + o> > [V
k

We have used that o;0; 4+ 0j0; = 0 for ¢ # j in the second term of the second
equality and that 23, Ji0;J, = 9; Y., J& = 0 for the last term. Since
|0 Voul* = (Xatng)lo-Veal* = o Vxreal +o-Virea* = (IVXR*+ ViR @l

Y

we obtain

o V (xreen)|” / 22
n) — - ! n 1
qO (SD ) /1;3 1 + Vp, R MXR ’90 ’ +

+/ |o—-V<nRson>|2_/ Voo ‘2_/ Vel + Vsl o
R3 1+VH R3 pilR rm R3 1—|—‘/‘u e
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For the first two terms involving yr we use that ¢y is bounded from below by

(2.14), which yields

/ |U'V(XR%)|2—/ Vuxx e |2>—0/ Xz |’
RS ]_—’—V’u RO MAR n = R3 R n .

Using also that the fourth term is positive, |Vxz|* + |Vng> = %(|Vx|2 (+/R) +
IVn|® (-/R)) < £ and ¢, are normalized, we obtain

C

w(en) 21-C [ lenl = [ Viatklenl® - 25
R3 R3

We will prove that the negative terms on the right-hand side are all small in the
limit, which gives gy (¢,) = 0 and leads to a contradiction. Let us start with
the second negative term. We decompose p = pxs /4T g, /4 and remark that
Vux?% /477% < C/R since the supports of ,u)(%z/4 and n% are at least R/2 apart,

whereas
T
2 2
/}Rg Vi, M [onl” < 5 (RPN Brya) gl < Cp (RN Bays)
so that

1
/ Vg leal” < C <E +p(R?\ BR/2)> :
R3
We may therefore choose R large enough such that

c 1
Vg len” + = < =
/RB unR!¢!+R2 5

However, due to the weak convergence ¢, — 0 in H'/2, we have for this fixed R

lim 2 lonl” = 0.
n%o/walso |

This proves, as wanted, that gy (¢,,) = 0 for n large.
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Chapter 3

The smallest eigenvalue

In this chapter we will focus on the first eigenvalue of the operator Dy — V). In
particular, for v < vy, where 14 is the critical mass that guarantees that A;(Dy—V,,)
does not dive into the lower continuum spectrum for all u(R?) < v;. We will study
the minimization problem of the first eigenvalue over all the measures with mass
at most v. The final goal is to check that an optimal measure for that problem has
to be concentrated on a compact set of Lebesgue measure zero. All the theorems
and their proofs can be found in [ELS21b].

3.1 Two critical coupling constants 1, and v,

Let us consider any non-negative finite measure p # 0 and denote

Vmax(pt) = max u({1}) € [0, 00)

the charge of its heaviest atom. As proved in the previous chapter, the operator

1
Do—t,u*—

|z]
has a distinguished self-adjoint extension for all 0 < ¢ < vyax(p)~t, by Theorem
and the min-max formula and the Birman-Schwinger principle hold. Next,

we consider the ray (tu);~o and ask ourselves for which mass tu (R?), the first
eigenvalue crosses 0 or approaches the bottom —1 of the spectral gap. Therefore,

we consider the first min-max level as in (2.15)
¥ ¥
((£) @o= (7))

A (D —tV,) := inf sup ,
a peH/2(R3,C2)\{0} ye 1/2(R3,C2) ol + 11x112
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42 CHAPTER 3. THE SMALLEST EIGENVALUE

for all 0 < ¢t < Vpmax(p) ™. According to Theorem [2.4] it is the first eigenvalue of
Dy — tV,, as soon as it stays above —1, and ¢t — Ay (Dy — tV,) is a non-increasing
continuous function of ¢. In the limit ¢ — 0, we have

lim )\1 (DO — tVu) = )\1(D0> = 1’

t—0+
that is, for small ¢ the first eigenvalue emerges from +1. We distinguish two cases
here: Either the eigenvalue decreases and approaches the bottom of the gap —1 at

some critical t < Vpax ()71, or it stays above it in the whole interval (0, Vyax (1) ™1).
We denote

vi(p) i= p (R®) sup {t < Vmax(0) ™" 1 A1 (Do — Vi) > —1}

the corresponding critical mass. Similarly, we may define

vo(p) == (]R?’) sup {t < Vmnax (1) 7" 2 A1 (Do — Vi) > O} .

This is the unique value of tu (R?) for which the first eigenvalue, whenever, it exists
is equal to 0, otherwise it is taken equal to 11 (R?®) /Umax(pt). Clearly, by definition,
vo(p) < v1(p). By continuity and monotonicity, one also has Ay (Dy — tV),) > 0 for
all 0 < tu (R?) < vo(p) and Ay (Do —tV,,) > —1 for all 0 < tu (R?) < v1(p). As an
example, in the mere Coulomb case where p = Jy, we have

Vmax (50) = (50) = (50) =1,

since the first eigenvalue reaches 0 but it never approaches —1 .
Note that the definitions are invariant if we multiply the measure p by any
positive number:

Vinax (L) = tmax(),  voltp) =wo(p),  vi(tp) = vi(p).

When discussing vo(u) and v (u), it will often be convenient to take a probability
measure for . However, while considering the first eigenvalue, the measure p will
be assumed to satisfy just the condition p (R?) < v.

In this section, we are interested in the following minimization problems:

vy = llg% vo(p), vy = igg v () (3.1)
u#0 u#0

which are respectively the smallest charge for which an eigenvalue can approach 0
or —1, for some probability measure p. For v < vy we also study the minimization
problem

. 1
A(v) = /1};% A1 (Do ek m) (3.2)
(1)<
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3.1. TWO CRITICAL COUPLING CONSTANTS vy AND 1, 43

Since v < 11, we know that the eigenvalue in the infimum is always greater than
—1.

The first main result of this section is a characterization of the two numbers
introduced in (3.1]) with a help of a formula based on the Birman-Schwinger princi-
ple or on Hardy’s inequalities. Since we study here vy and vy, in the next theorem
it is convenient to work with probability measures pu.

Theorem 3.1 (The critical coupling constants vy and v1). We have

Lo HF Vi

u>0

n(B

Q- p _I_ B 2(R3,C4)—>L2(R3,C4)

and
1 1
~= swp |V
121 >0 o-p L2(R3,C2)—L2(R3,C?)
/.L(RS):l
1
= s VT,
10 a-p L2(R3,C4)—L2(R3,C%)
/.L(RS)ZI
1
= sup maxo [/ V,——————/V, |.
e ( aptB+1 “)
y(RS):l

We first need preliminary lemmas. The first one is about the essential spectrum
of K)\.

Lemma 3.1 (Essential spectrum of K ). Let p be any probability measure and
Vmax () := maxpers p({R}) < 1. Then we have

Oess <“ |x o p+8ﬁ /\\/N |x> ~Vinax (1) Vmax (11)] (3.3)

for alle >0 and |\ < e, as well as

1 1 1
Oess (\/M*ma_p\/lu |[L‘|) [ 1 1] (34>

Proof. Noticing that

1 1 A
a-pref—A a-p+sﬁ+ (a-pt+ef—N(a-p+ep)
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44 CHAPTER 3. THE SMALLEST EIGENVALUE

we see that

\/Va p+56 )\\/_ \/_oz p—l—aﬁ\/_
:\/7 1 Alp| 1

2 (o pteB - Mlapteb) pll/Qm

| )
bounded compact bounded

-~

is compact. The second operator is compact by the fact that

Alp) S (_lplret A Ap
(a-pteB—=Nla-p+ef)|| ~ \IpP+e =X /|p]+ &2
C>\5|p|2 2/13
< el o 2R
Py €8

for some constant C' ., following an argument similar to the proof of Lemma
This implies that the essential spectrum is invariant with respect to A. Indeed
if A is self-adjoint and B is compact, then B is A-compact and then, by Weyl’s
theorem, Tess(A) = Tess(A + B). So we can assume A = 0 for the rest of the proof.

We write now
M
= Z VméRm + /77
m=1

where M can be infinite and g has no atom. Truncating both the sum and z in
space, denoting by 4’ the truncated measure and us1ng Kato’s mequahty - as

done in the proof of Theorem we see that ||\/V,, ap%ﬁ\/ \/_uap+€ﬁ VA

tends to 0. Hence

1 1
Oess (Mmﬁ) 7 Oess (\/Vum\/v;) )
since the distance of the spectrum of two operators is bounded by the norm of
the difference of the operators. Therefore, it suffices to prove the lemma for a
finite sum and for g with compact support, all included in a ball of radius N. To
simplify the notation, we assume without loss of generality, that u (R3) = 1. We
have the pointwise estimate

1 1

P (3.5)

for |z| > N which proves that |z|V,(z) — 1 at infinity.
If 1 has no atom, namely vp.x(p) = 0, and has compact support then by
Lemma (multiplying and dividing by |p|*/?) the operators are compact, and
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3.1. TWO CRITICAL COUPLING CONSTANTS vy AND 1, 45

therefore the essential spectrum is just {0}, proving (3.3 in this case. It is also
well-known when p is a delta measure (see (2.4)). Let us prove now that

W) (3.6)

in the case when p has at least one atom. We assume, without loss of generality,
that the delta measure of p with the largest mass vpax(pt) is located at 0. For
n > 0 one can prove, after some computations (using a change of variable and
dominated convergence) that

e e Tl

Vmax

1
a-p+ef

Vi (1)s V()] € e (W

—0

when 7 — oo, where k is a real number. By , for fixed A € [—1, 1], there exists
a Weyl’s sequence ¢, for A. Then, rescaling it as above by n (with & = Avpax (1))
you find a new Weyl’s sequence n*2¢p,(n-) for the operator A, related to the
eignevalues Apax (1), Hence [—vmax (1), Vmax(t)] is included in the spectrum of A,
and, being a closed interval, also in the essential spectrum.

Our main task will be to derive the reverse inclusion.

In the case e = 0 we can also dilate functions. Let A € [—1,1], by and a
density argument, there exists a (normalized) Weyl sequence ¥,, € C° (R? \ {0}, C?)
such that (V,,|z|~"?(a - p)~*|z[~"/*¥,) — A. By dilating ¥, and by using the
scaling invariance of |z|7'/2(a - p)~'|z|/2, we can assume that U, is supported
outside a ball B, with r, — co. Next, we write

1
v,/ V,—/V, ¥, U, | — V.
(o e ) = (mf (Hw")uf)
and we use the fact that
| (ll/7 = 1) wal

because ||z]"/? V'V, —1|< C/y/r, on the support of ¥, by (3.19). Since the
operator |z|7'/2(a - p)~!x|~'/? is bounded, we deduce that

C
<— — 0,
L2(R3,CY) T n—oo

lim ( n,\/_ \/_\I/ ) = lim (wnéiéqfﬂ) =\

wvee \ 7 el p
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Thus, we have constructed a Weyl sequence for the operator /V,(a - p)~'\/V,,.
We may conclude by varying A that

[~1,1] C s (\/Eaipm) . (3.7)

We now discuss the reverse inclusions. Similarly as in the proof of Theorem
2.1] we consider the following partition of unity

M
L= Z 1Bﬂ(Rm) + 1BR\U%:13n(Rm) + 1]R3\BR’
m=1

where R is chosen large enough and 7 is chosen small enough, so that the balls
B, (Ry,) do not intersect and are all included in Bg/,. We insert our partition of
unity on both sides of our operator and expand. We claim that all the cross terms
are compact, so that

A= T

1
a-p+ef

vV Vu
M
= Z 1, (Rm)AclB, (Ry) + 1r3\ B Aclr3\ B, + K,
m=1

where C is compact. For instance, the compactness of

1B,(Rm)AclB,(Ry)

with ¢ # m follows from the same proof as in Lemma . The functions 1p, (r,)\/Vy
are in L?, and the kernel of the operator (o -p+¢8)~!is

67\/g|x7y‘

(a-p+ef)(z,y) = (—ia- V, +&f) PP
It is exponentially decaying at infinity for € > 0 and equal to

(@ o) ) =1

when € = 0. Similarly,

1pa\ B, A1, (Ry), 1B, (Rm)Alr3\ By

are compact because V,, behaves like 1/|z| at infinity and

/ (@ p+eB)(z,0)
R3\Bpr

]

2
dr < 0.
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3.1. TWO CRITICAL COUPLING CONSTANTS vg AND vy 47

Indeed, when € > 0 the integrand is exponentially decaying whereas when ¢ = 0
it behaves like |z|~°. Finally, all the terms involving 1 Br\UM_, B, (R,,) 8I€ easier to
treat since we can write:

M
1 1
V, = § Unlp roy+ | x— onR*\UM_ B, (R,).
<|Bn/2| n/( ) ) |I’| \ 1 77( )

Then ]
B Vil ol By (Rn)
is compact by Lemma By the same argument we can actually infer that

1B7](R7n) 1 1B’U(Rm)
2 — R 2 p+eB |z — Ryl

1p (Rw)AlB,(Ry) = Vm + K,

where C is compact. Therefore, we have shown that
1
=/V,——V,
‘ Pa-p+epV
M
-S 15, (Rm) 1 15, (Rm)
="z~ R |1/2a ‘p+ef |z — Ry|V/?

+ 1rn\Be vV ViV Vilra\Bgy + Krype,

where Kg, . is compact. By (2.5), as already done in the proof of Theorem 2.1}
we have the operator bound

o p—l—aﬁ

1B (Rm) 1 1B (Rm)

1
|x—Ryzap+eﬂm_Rié\ Bolltn)

and, therefore, we infer
Ae < VmaX(N)luM By (Rm)

+ 1133\31%\/_

When € > 0 the operator

1R3\BR \/_

o ptep VVilrs\B, + Krye-

VViles\ s

Q- p—l—éﬁ

. . . R3
is also compact, using 1} with 2 = 0, and the fact that 1gs\p,/V, < ’/l;%(fN)

is bounded. Let ¥, — 0 be a Weyl sequence such that (A. — A\)¥,, — 0 with
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48 CHAPTER 3. THE SMALLEST EIGENVALUE

A = max 0ess (Ac). Then, we have

———/ Viulra\Bp ¥

(ana (AE - )\)\Ijn) Vmax(,u) an; 1IR3\BR \/
+ (U, KrpeWn) — A

Fa- p+5ﬁ

Using that the compact terms and the left-hand side tend to 0, we obtain \ <
Vmax (). By charge-conjugation invariance (see Section|1.3), the spectrum and es-
sential spectrum of A, are symmetric with respect to the origin. This obeservation,

together with (3.6), proves (3.3).

When € = 0 we instead use the behavior at infinity of V,, to infer that

1]R3\BR\/ \/ 1R3\BR I 1R3\BR~/ R Na p\/ R 1R3\BR

< _ _1R3\BR\/ ’I‘ 1 \/ |.CE| 11]R3\BR

1=%
1R3\B
< N
-5
where supp(u) C By, and we obtain
A 1R3\BR 1
€ g Vrnax(,ul)lui‘r/{len (Rm) + 1_—_ + ’CRns < 1 — ﬂ + ICR,n,sa
R R

since v, < 1 for all m. After taking R — o0, as done for the case ¢ # 0, this
proves the reverse inclusion to (3.7) and concludes the proof of (3.4). O

In the previous proof, we have introduced the compact operator Kr, .. The
following lemma provides its limit as ¢ — 0.

Lemma 3.2 (Behavior of g, .). The sequence of operators Kg, . converges in
norm to the corresponding compact operator Kg, o when e — 07.

Proof. The operator Kg, . can be written in the form

ICR,n,E = Z \/V](Oé “p+ gﬂ)_l\/;jl7

where for each j, either Vj or VJ has compact support, thus belongs to L" for any
1 < r < 3. In addition, the supports of V; and Vj’ do not intersect, except for only
one term involving W' = 1p \,m_ g (r,)\/ Vs twice. The terms involving W are
rather easy to deal with, since they can be written in the form

VW= L

pz o p+ebp|z

Q- p—i—&ﬁ
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3.1. TWO CRITICAL COUPLING CONSTANTS vy AND 1, 49

Since |p|~Y 2y/W is compact by Lemma the convergence holds in norm by
Theorem Therefore, we only have to treat the case where V; and V; correspond
to either two disjoint balls around some nuclei, or one such ball and the potential
Vilrs\By-

In order to deal with these more complicated terms, it is convenient to use
pointwise kernel bounds like in Lemma[2.1] Recall also that if |A(z, y)| < B(z,y),
then ||A]| < ||B||. First we compute the kernel of the difference

( 1 1 ) (z,y) = L Gl ) (1 _ e—ﬁlz—y\)

a-ptef a-p

67\/E|x7y|
Ar|z —y[? Atz —y|

Using for instance that

we obtain the bound for € small enough

‘( 1 1 )( )’< 3
— r,y)| < ——.
a-ptel  a-p Az — y|?

In the case of two non-overlapping balls around two different singularities, |z — y|
stays bounded and never vanishes. Hence, we find by Lemma [2.1] (with s = 3/2)

\ Lo/ ( ) a0V

1
Loy ) V VT a0 V Vi

with m # £. For the cross term involving one singularity and V},1rs\ g, we obtain,
again by Lemma

Lo y/V, (

1 1
a-p+ef  a-p

1
< (et

=

< Ce

1 1
— 1 V'V
a-pt+ef  « -p) RV Tn

1
1R3\BR vV Vi |p|3/2 1Bn(Rz) V Vi

1 1
cealf i) il )
ra\By (1 + |2]) R\ By |7

which concludes the proof that Kg, . — Kgo in norm. O

< Cei

=
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After these preparatory lemmas, we are able to prove the following result, which
will be the main ingredient for the proof of Theorem in the case of the critical
number ;.

Lemma 3.3. For every probability measure i, we have

. 1
hHl+ maxo (\/Vum\/vu) < '

e—0

This limit exists because the function in the left-hand side is increasing with respect
to €.

Proof. For 0 < e < 1, we write

1 _aptpB-1l+e
Do+1—¢  |p)2+e(2-¢)
1 LA-ye@=e)f—1+e
a-p+ Bry/e(2—¢) pl2+e(2—¢)
1
<

S ap+Bye2—e)

where we have used that

(1-ve—-¢)B—-1+e<e—+e(2—-¢)<0.

We obtain the operator inequality

J_DHJ_J_

1
a-p++/e(2—¢)p

which implies, as seen in the proof of Theorem that

T

1

maxo (VU oV <

We now show that

VVa VVal |-

1
Pt VAR

1
o p+6ﬁ

V'V
We will use the fact that

Agzz\/_

lim
e—0t

Ve o VT = g

a-p+ 5ﬁ e—0F
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3.1. TWO CRITICAL COUPLING CONSTANTS vy AND 1, 51

strongly in the operator sense; that is, AW — AgW¥ for any ¥ € L2 (R3,CY).
Actually, we have ||A.|| < 7/2 for every € > 0 by Kato’s inequality, and the limit
holds when ¥ € C° (R3, C*) by the dominated convergence, theorem. Therefore,
the convergence holds true everywhere by a density argument. Note that the

operator norm is lower semi-continuous for the strong convergence. Indeed, let
U e [?(R?, C*) with norm equal to 1, then

liminf || A.|| = liminf [|A.||[[¥]| > liminf || A. | = ||AoP].
e—0 e—0 e—0

Passing to the infimum over the normalized functions in last term in the right-hand
side, we get ||Ag|| < liminf || A.||. It remains to prove the reverse inequality. Let us
assume by contradiction, that, after extracting a subsequence, ||Ac, || — A > || Aol
Since ||4g|| > 1 by Lemma [3.1] this implies ||A.,| > 1 for n large enough. By
charge conjugation, the spectrum is symmetric. Hence, the maximum is equal
to the spectral radius, which is also equal to the norm for bounded self-adjoint
operators (see Section [L.3). Therefore, ||A.,|| = maxo(A.,) € 0(A.,) \ Tess(A:,)
by (3.1} Thus, ||A.,|| =: A, is an eigenvalue of A., whenever n is large enough. Let
u, be a corresponding normalized eigenfunction, then A, u,, = A\,u,. Since the
sequence of eigenfucntion is bounded in L?, we can assume that u, — u weakly,
to a function u € L2, up to a subsequence. This implies that Ayu = Au. Indeed,
for every f € L%, one has

(Aou, f) = ((Ao — Az, Ju, f) + (Ac, (u = un), f) + (Ac, tn, f)
= ((AO - Asn>uv f) + (u — Un, Aenf> + (Aenum f)

\l/ Asnu—>A0u Un—U i Aanf%AOf An—A J, Unp—U

0 0 (Au, f).

Since A > ||Apl|, it means that v = 0. Otherwise, we would have || Apl|||uls <
Alullz = [[Agullz < [[Ao]lullo. Now

Tim (tn, K tin) = 1m0 (un, Ky otin) =0,

due to the norm convergence Kry re — Kgyo from 1) and to the compactness
of the operator Kg 0, which implies Kg, ou, — 0. Hence, we find

1 1
A= lim (up, Ac, u,) < lim (un, (1 ~ +/CR7777R,8> un> =

R R

Taking R — oo we conclude that A < 1, and we reach a contradiction. Therefore,
we have proved (3.8). This concludes the proof of Lemma [3.3| ]

We finally turn to the proof of Theorem

o1



52 CHAPTER 3. THE SMALLEST EIGENVALUE

Proof of Theorem 3.1 Step 1 - Proof of the characterization of 1

According to Theorem [2.3] the Birman-Schwinger principle tells us that A is an
eigenvalue of Dy — tV, if and only if 1/t is an eigenvalue of the bounded operator
Ky =/V. (Do — A7 \/Vy.. The ordered eigenvalues of this latter operator (out-
side of the essential spectrum) are increasing with respect to A and are Lipschitz
continuous : Since z — K, is an analytic family of bounded operators, they are
indeed real analytic curves that may cross (see [Kat13, Chapter 7]). We conclude
that A is the first eigenvalue of Dy —tV), if and only if 1/¢ is the largest eigenvalue
of K)\.

Due to the definition of v4(i) there are two cases:

o If the eigenvalue crosses 0 before ¢ reaches 1/vmax (1), then Ay (Do—rvo(p)V,) =
0 and the Birman-Schwinger principle ensures that 0 is the first eigenvalue
iff vo(p)~t is the largest eigenvalue of Kj :

1 1 1
—— =maxo («”@—«%) = [VViesV Vs
vo(p) Dy D
The last equality holds true because the spectrum is symmetric, by charge
conjugation;

. (3.9)

o If ¢ reaches 1/vma.x(p) before the eigenvalue crosses the origin, from the
Birman-Schwinger principle this means that necessarily

waxo (VI VT ) < i) =
0

vo(p)’

Otherwise the eigenvalue would have crossed the origin earlier. However, by

Lemma we know that Uess(\/VuDLoﬂ/Vu) = [~ Vmax (1), Vmax ()], so that
the maximum of the spectrum is always larger than or equal to Viax(pt).

Thus, there must be equality, and we conclude that (3.9)) holds in all cases.

Taking the supremum over y yields to

1 1 1 1
supH\/VMD—\/VM = sup = = —.
o 0

w volp)  infuve(p) v

Step 2 - Proof of the characterization of 1,

The argument for v4(u) is similar but a little more subtle since we are ap-
proaching the negative part of the essential spectrum. We have by Lemma

1

e (VWi =2 Vi) = 10, s 1)
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3.1. TWO CRITICAL COUPLING CONSTANTS vy AND 1, 53

and therefore .

max o (mmm) > Vinax (1) (3.10)

for all 0 < e < 2. Again we have two cases:

o If \; (Do — tV,,) approaches —1 before t reaches 1/vpax (i), then the Birman-
Schwinger principle provides as above

1 1
| t< ———:A(Dg —t -1
R R (S PP LIAES R,
1

= lim maxo (\/Vumm> .
0 _

e—0t

o If t reaches 1 /v (1) before the eigenvalue touches -1 | then necessarily

1
lim maxo <\/Vum\/ VM) < Vmax(/fl)-

But, since the other inequality holds by (3.10), we see that there must be

equality. We thus conclude that vy () ™! = lim._,g+ max o (w /Vuﬁ \/ Vu)
holds for every probability measure .

Using Lemma we obtain the upper bound

On the other hand, using the dominated convergence theorem, we have

(g 8) . 510

for any VU in the form domain of \/V,, (Do + ) \/ V. For a bounded self-adjoint
operator A the maximum of the spectrum is

L2(R3,€4) L2 (R?,C)

maxo(A) = sup (¥, AV).

[W]=1

Indeed, by the spectral theorem there exists a measured space (X, m), a unitary
isomorphism U : L*(R?, C*) — L*(X,m) and a function f : X — R U {£oo} s.t.
for every ¢ in the domain of A one has UAp = fUp m — a.e. in X. Moreover

o(A) = essrange(f) ={y € R:Ve >0 m(f [y —e,y+¢])) > 0}.

23



54 CHAPTER 3. THE SMALLEST EIGENVALUE

Since A is bounded, we may assume that max o(A) = maxessrange(f) = || f|loc >
0, up to a translation of the operator. In addition

(0, Ap) = Uy, fUyp) = /Xf|U30|2dm < o lU Iz (x amy = 1f sl 13-

Hence we obtain that maxo(A) > supjy = (¥, A¥). But, taking for ¢ > 0
UQO = 1f LS Nloo—¢, ||fHoo]/H1f LS Nloo—¢, HfHoo]H2 — the norm at the denominator be-
ing positive by the definition of L>*-norm) — we have (¢, Ap) = (Uy, fUyp) >
(Iflle = ©)ll¢ll3 and letting e — 0 we get the reverse inequality. This implies
that the max of the spectrum is lower semi-continuous, as done in the proof of the
previous lemma. Hence

) 1 1
E£%1+ max o (\/ Vum\/ VM) 2 max o (\/ Vum\/ VH) .
Therefore we have shown that
1 1
VVie——vVVu ) < <
maxo ( "Dy 1 u) () ‘
for every probability measure u. After maximizing over p we obtain

1
sup maxo (\/Vum \/VM)

L2(R3,C4)—L2(R3,C4)

=0
u(R3)=1
(=) 1 1 (3.11)
< — < sup H\/Vu— V, .
141 =0 a-p LQ(]R3,C4)—>L2(R3,C4)
u(]R3 =1

We want to show that these inequalities are in fact equalities. Let us write

NGA VT = VT T+ 8= DT

Next, we use the fact that if A and B are two self-adjoint operators with B being
bounded and A being non-negative (but possibly unbounded), then

- p—l—eﬁ—l—

lim maxo(B —€A) = maxo(B).
e—07t

<) Let U,, a Weyl’s sequence for maxo(B —cA), then
maxo(B —¢cA) = lim (¥,,, (B —cA)¥,) < (V,, BY,)

n—oo

< sup (¥, BY,) = maxo(B);
=1
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3.1. TWO CRITICAL COUPLING CONSTANTS vy AND 1, 55

>) By density of D(A) for any n > 0 we can find a normalized vector v € D(A)
such that (v, Bv) > maxo(B) —n. Let ¥,, be again a Weyl’s sequence for
maxo(B —ecA) =: A, then

(v.(B=cAp) < |B—cAl = inf [|(B-cA)¥|

< (B —eA =NV, || + AP, |]* - maxo(B — A).
Therefore, we get

liminf maxo(B —cA) > lim ((v, Bv) — e(v, Av)) > maxo(B) — 1.

e—0t e—0t

The claim follows after taking n — 0.
We therefore obtain that

lim maxo (\/VM

e—0t

1

a-p+e<6+1)m>
o (V5,105 -

where the last equality follows from the symmetry of the spectrum. But, the left-
hand side is unitarily equivalent to Vi (Do +1 \/_ with p. = Sp(e™")
via the unitary operator U.f = = f(-/¢) (hence the spectrum is the same), and
therefore

= lim maxo (M%HM)

e—0t

< sup maXU(”V/DO—l—l )

1 >0
W (R?)=1
Taking the supremum over the probability measures y, this shows that there are
only equalities in and proves the second and third equalities in the charac-
terization of vy.
To conclude, it remains to notice that

1 (0
oz-p_(%p()‘

Hence the norm of the operator in L? (R3, C*) is the same as the one of the off-
diagonal term in L? (R?, C?) :

1
VVi—VV, = ‘
a-p L2(R3,04)—L2(R3,C4)

This concludes the proof of Theorem O

L2(R3,02)— L2(R3,C?)

25



56 CHAPTER 3. THE SMALLEST EIGENVALUE

Remark: The characterization of v can be interepreted in terms of Hardy-
type inequalities. Indeed, for all v € L? (R3, C?) and for all positive measures
I

72 r
< LQ(RstQ)/L<R3)2.
L2(R3,C2) Vi

v el

Taking u = V[l/Qa - pp with p € H' (R3, C?), we obtain that v, is also the best
constant in the Hardy-type inequality

. 2 2 1
[ s s A [ () IoPe (3.12)
RS M * || p(R3)” Jrs ||

for every ¢ € H' (R?, C?) and every positive measure ;1 on R3.

3.2 Continuity of the first eigenvalue for the vague
topology

Before proving the main result of the thesis regarding the existence of an op-
timal measure for the variational problem A;(v) defined in (3.2), we will prove
in this section the continuity of the map p +— A; (Do — p * |z|™1), using Lions’
concentration-compactness method [Lio84al, [Lio84b, [Lio85al [Lio85b, Lew10]. Be-
fore we provide the detailed statement, we prove some preliminary results which
are going to be useful in the argument. The first one will be used to deal with
the case of vanishing sequences (fi,,), which contain no compact bubble at all and
have all of their mass disappearing locally.

Lemma 3.4 (Estimate in terms of the largest local mass). Let p be a nonnegative
finite measure over R®. Then there exists a universal constant C' such that for all
R>4

Proof. Let us consider a partition of unity ) jezs Xj = 1 of R? with each x; €
C2° (R?) supported over the cube j + (—1,1)%. Let R > 1 and xg;(z) := x,(z/R)
be the dilated partition of unity. Arguing as in the proof of Lemma we write

i N UL

XA Vi = XBiVidp, ) T XR3Vidgs,, )

Cu(R?)
S XRjVidg, ;) t —p XRa
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3.2. CONTINUITY OF THE FIRST EIGENVALUE FOR THE VAGUE TOPOLOGY 57

where C' is the distance between the sphere and the cube. This gives

Cu(R?)
ZXRJ P, R () t— R .
JEZ3
Hence
g 1 Cu(R?)
‘Vﬂﬁo uﬁH < || 2 wiVino A== T TR

j€z?
To estimate the first term in the right-hand side, we write

1
Z XRyj VNle(j) Vi-A

JjE€Z3

1
= Z XRr;jV) M) 7 A JI-A (1B4R @ T 1R3\B4R(]))

JEZ3

and we estimate the corresponding positive kernels pointwise. Using that

1 e~le=vl 1
—(x—y) < C C ,
1—A( y) < e —y]2 " o —yl?
we obtain
1 “1B4R(J)( )
Z XRj Vg O N <C Z 1B4R J) 2
]EZS " 1 j€Z3 y'

1
> 1y (@) | sup Vi, (@)

jezs jez3 |z — y‘z
Note that the right-hand side is the kernel of the operator
1
1g,.0) | sup Via, . —-
j;Z?) ar(d) ez BB, R G) |

Therefore we have, by Hardy’s inequality and the fact that Z czs 1Byp() < C, the
following norm estimate

1
Z XRJ My pri) 7 A \/7 <C Z 1B4R(j) Sup V"‘lB4R<J’>H

jez3 JEZ3 jez?
< C'||sup VulB U < C'sup p (Bar(j)) -
JEZ3 ’ | JEZ3
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58 CHAPTER 3. THE SMALLEST EIGENVALUE

Thus we conclude that

The second lemma is about the convergence of the Coulomb potential V,,, in
the case where p,, converges tightly or vaguely to a limit (see Appendix A.1 for an
introduction to finite measures).

3
< C sup p (Br/(x)) + On ) VR' > 4.

1
V.
z€R3 R

MDO

[]

Lemma 3.5 (Convergence of the potential). Let y,, — u be a sequence of measures
which converges tightly. Then the associated potential V,,, = pn, * |z|™" converges
to V,, = x|z strongly in (L* + L>) (R?), hence also almost everywhere after
extraction of a subsequence. In particular, we have the norm convergence

1 1

for every N € (—1,1), uniformly on compact subsets of (—1,1). If u, —* pu
converges vaguely (but not tightly), then we still have V,, (x) — V,(x) strongly in

L2 (R3), hence also almost-everywhere after extraction of a subsequence.

Proof. The tight convergence ji,, — p implies that the Fourier transforms ji,, (k) —
7i(k) converge for all k € R3, since the function  + e~2™@*) is continuous and
bounded. Then

Voclh) = V) = 7 (0 = ) 7 ) =i ey = a2 2P0
- 47TM131(k> + 4WM1R3\31“{7),

|k[? |k[?

where the first term in the last equation is in L' (B;) and the second one in
L? (R3*\ By). From the dominated convergence theorem — using that 1, is uni-
formly bounded —, we infer that both terms converge to 0, the first one in L! and
the second one in L2 Applying the inverse of the Fourier transform, the conver-
gence in L? remains the same, while the convergence in L' becomes convergence
in L>*. Thus V,,, — V,, strongly in (L? 4+ L>) (R?), hence in L2 (R?).

The norm convergence follows from the inequality

1
Hf(x)Do—)\H
4 i 3.13
< min 11z Ul (L', (3.13)
h min(h— 1, A+ 1) 207 \ e lla-pr oA .
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Indeed

[ - v

< H(M— mlBIDLH
- |

and, using 1) on both terms and the fact that the L>°-norm of (V' Vi —+/ V)15,

and the L*-norm of (1/V,, —+1/V,)1 Bg €0 to zero, we get the norm convergence.
Let us prove (3.13). We have

< Hf”” 1 H < Hf”LOQ < Hf||L°° .
= Dy—\"" dist(A, o(Dy)) = min(|A — 1], [A +1])’
and
Pyt < 1|7 R —
-\ a-p+pB—A A
< Iflls 1 5
(27T) ap+B—ATs

3
1£ 114 / 1 Y e\
< _ d
3 \ S lla-p+rB—r [P dp
05 ||f [ LY e
< - _ .
S @ o praoa| @ 1212

Finally, if p1,, —* p vaguely (but not tightly), then we may always choose a radius r,,
diverging to infinity sufficiently slowly such that p, (B,,) — u (R?). It is equivalent
to show that, for fixed r; diverging you can find a subsequence n; which goes to
infinity rapidly s.t. pu,, (B,) — #(R?). Thnaks to the vague convergence, we
have p,(B,,) — u(B,,) as n — oo. Extracting a subsequence we may assume

|ftny (Br,) — 1(By,)| < +. We then deduce that
1
—+ u(R*\ B,,) — 0. (3.14)
—00

|Nm@(BTk) - M(R3)| < k
Then, p,1p, converges tightly and, on any fixed ball Bg, we have

un (R?’)

V/Ln - VﬂnlBrn ‘ 1BR

—>V1nL2

loc

By the tight case, Vi1,
R > 0s.t. K C Br. Hence,

Vi = Vil 2y < Vi = Vinas,, l22r) + Vinis,, = Vullz2sg)

and for any compact set K there exists

< M 2|BR|+||V1 V|2 — 0
~ ‘Tn—R‘ nilBr, H (R)n—)oo7
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which concludes the proof O

With these results in hand, we are now able to provide the proof of the main
theorem of this section.

Theorem 3.2 (Weak continuity). Let 0 < v < vy and let (u,) be an arbitrary
sequence of mnon-negative measures such that pu, (R®) < v. Then, there exists a
subsequence (i,,), a sequence of space translations (zy) C R® and a measure p
such that fi, (- + xr) —* u vaguely and

1 1
lm Ay | Do — pon, ¥ 7= ) =M (Do —ppx— ).
fi—00 || ||

Proof. Firstly, we notice that

Tim Ay (Do = Vi, ) = A1 (Do = V)

for any 0 < p(R?) < 1 and ¢, € C(R?) —* 4y a regularizing sequence (we
can also assume that f]R3 ¢, = 1 and ¢, symmetric w.r.t the origin). This follows
from the resolvent convergence in Theorem Moreover, p * ¢, —* p tightly:
for every f € Cj one has (u * (o, f) = (u, Gy x f) — (u, f) by the dominated
convergence theorem. Hence, in the whole proof we can assume for simplicity that
pn € C* (R3,Ry). By Theorem (2.1}, this property ensures that the domain of the
corresponding Dirac operator is H' (R?®). Indeed p,({R}) = 0 for every R € R?,
and this allows us to perform some computations more easily. Let

¢:= lim A\ (Dy — V)
n—oo
be the limit of the eigenvalues, which always exists after extraction of an appro-
priate subsequence, since the sequence is bounded in (—1,1).

We split the proof of the proposition into several steps. In the first step we
deal with the easy case where £ = 1, which contains in particular the case of van-
1shing sequences in the sense of the concentration-compactness method, as we will
explain. The central argument is in Step 2 where we prove that ¢ > —1; that is,
the eigenvalue cannot approach the lower essential spectrum. In Step 3, we will
find the bubble 1 which has the lowest possible eigenvalue and show that this is
the limit of Ay (Do — pp, * || 71).

Step 1 — The case / =1

If ¢ =1, we can always find a sequence (z,) diverging fast enough to infinity
such that g, (- +z,) —=* 0 =: . Indeed, for f € Cy, one has (f, pun(- + x,)) =
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3.2. CONTINUITY OF THE FIRST EIGENVALUE FOR THE VAGUE TOPOLOGY 61

(f(-—=z,), ) — 0 by the dominated convergence theorem, by using the fact that
f goes to 0 at co. Since \; (Dy — V) = A1 (Do) = 1, the proposition is proved,
and p = 0 in this case. In the rest of the proof, we therefore assume that

(<1
Step 2 — The proof that ¢ > —1

Under this assumption, j, (R?®) cannot have a subsequence tending to 0. Oth-
erwise, by Hardy’s inequality, we would have

‘ . H < 210, (RY) = 0,
0

D
and this would imply that A\, (Dy — V) converges to £1 by [Lew22, Theorem
5.4]. Since ¢ < 1, the only remaining possibility is —1. In particular, for k large
enough A\ (Dy—V,,, ) stays away below 0. For every such k, by the continuity of the
function ¢t — f(t) = A\ (Dy — tV,,,) and since f(0) = 1 and f(1) < 0, there exists
tr € (0,1) such that f(tx) = M\ (Do — t;V,,) = 0. And we reach a contradiction
again since by the same argument as above A\ (Dy — tV},,) — £1. Thus, we have

Vi,

liminf z1,, (R*) > 0.
n—oo

Moreover
lim sup p, (Br(z)) >0

n—oo z€R3

for all R > 0. Therefore, the sequence p, cannot vanish in the sense of the
concentration-compactness terminology [Lio84a, [Lio84b| Lio85a, [Lio85b] Lew10]).
Otherwise by Lemma we would again deduce that HVunDE 1” — 0, and thus
M (Do —V,,) = 1, which is in contradiction with ¢ < 1.

We argue by contradiction and assume that ¢ = —1. Let us denote

M :=sup {p (R?) : 3 (z4) C R®, p,, (- — 1) —* 11 vaguely}

the largest mass of all the possible vague limits of p,, up to translations and
extraction of subsequences. If M = 0, then p, (- — x,) —* 0 for any (x,,) C R? and
this implies that u, (Bg (x,)) — 0 for every R > 0. This cannot happen because
lim,, o0 SUP,eps fn (Br(x)) > 0. Therefore, M > 0, and there exists a sequence
of translations (zj) and a subsequence such that p,, (- —zr) —=* u # 0 vaguely
with, for instance, u (R®) > M/2. The problem being translation-invariant, we
may assume for simplicity of notation that xy = 0 and that u,, —* u vaguely, after
extraction of a subsequence. To simplify the notation, we introduce the shorthands

1
)\n ::)\I(Do_vn):_1+5n7 Vn :Mn*ﬂ
xXr
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with €, — 0. Let ¥,, € H' (R?, C*) be an eigenvector solving

n

Considering the min-max formula (2.15) for £ = 1 and solving the maximization
over Y, one finds that A, is the lowest A € [—1, 1] such that

060(—0-V J-V+2—5n—Vn>. (3.15)

1
en+ Vo

Since A\, > —1, it is the first eigenvalue of Dy —V,, and ¢,, is the first eigenfunction
of the operator in (3.15); that is

1
( 0V o VA2 V)g& 0 (3.16)
and .
_ —i0 -V,
Xn——€n+vn-

The quadratic form associated with the operator in (3.15) is
o0 V(z)|” / 2
— d 2—¢,—V, dz > 0.
oie)= [TV by [ oy vio ot

It is non-negative because ¢, is the first eigenfunction related to the eigenvalue 0,
which is therefore the lowest eigenvalue. In the whole argument we normalize our
solution in order that the upper spinor itself is normalized in L? :

[ len@)t o =1.
R3

Let 0 < ¢ < 1 be a smooth function with support in the ball By, which equals
one in By, and set (g(x) := ((x/R) and ng = /1 — (4. As done in the proof of
Theorem we will use the pointwise IMS formula for the Pauli operator which

states that
> oV () =lo- Vel + o> > V[
k k

for a partition of unity >, JZ = 1. Here again we obtain

0 = q)\n (Spn)

[ V) ¢ Tonto?
R3 En + Vn<l’>

[pn(2)|* do

2
en@)?

C
2 O, (Cren) + ax, (MRPR) — R 2R<|zj<ar En T Va(2)
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3.2. CONTINUITY OF THE FIRST EIGENVALUE FOR THE VAGUE TOPOLOGY 63

On Byg \ Bag we have

1 Hn (BR)
VTL > TL1 T > 9
(‘T) (:U' BR) * |ZE| 5R

where 5R is the largest possible distance between the points in the annulus and
the points in the ball Bg. Since y,, (Bg) — p (Bg) with u (R3) > M/2 > 0 due to
the vague convergence, we deduce that for R large enough we have

C C
o, (Cron) o, ) <7 [ el <
B4r\Bz2r

Recall that ¢y, > 0, hence this gives a bound on ¢, (Crpy) and g, (Nren) sepa-
rately.

We first look at the local part ¢y, ((rp,) which gives, after discarding the L?
term,

C

/ |7 Veroul” y, / ValCrnl* dr < ar, (Gripn) < -
R3 En + Vn R3 ’ i

For the second term in the left-hand side, by the characterization of v; in terms
of the Hardy-type inequality (3.12)) on (g, we have

n Rg 2 : n 2
/ Vi [Cron? do < P B / o Verpal g, (3.17)
R3 vy R3 Va

For the first term, we use instead the lower bound

1 1 En 1 En 1 Ce,R
=— 11— 2 — |1~ 1 =—|1- 9
En + Vn Vn Vn +éen Vn CR +én Vn 1+ anR

where in above inequality we have used that

» (B 1
Vi, > a E(3R4R) > T on Byr for n and R large enough.

We arrive at

2 2
/ |O' . VCRQDM du > 1 / |0' . VCRSOn‘ do.
R En+ Vi 14+ Ce,R Jps V.,

We have therefore proved the following bound

1 pn (R?)” / o Virea , _ C
- 19" VoR®nl g < 2 1
<1+CanR V2 A N (3.18)
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64 CHAPTER 3. THE SMALLEST EIGENVALUE

Since p, (R*) < v < vy and g, — 0 by assumption, this shows that the integral
in the left-hand side is uniformly bounded for fixed R. In particular, (g, is also
uniformly bounded in V), :
2 2
2 |0 - VCrn| 5 / o - V(ren|
W2 = [ 1 YSEER 4 W< [ L
Gl = [T e + Gl < [

Next, we prove an HY? bound. In Theorem [2.2| we have shown the inequality

dr + 1.

||SO||§11/2(]R3,C2)
max (2, 16m (R3))

< llelly,, < llellfnms c- (3.19)

Scaling ¢ and m in this way ¢ = Sz¢(-/A), m' = Fzm(-/\), one gets, after

some computations, [[¢'llz = ll¢ll2, (¢, Iple) = 35 (%, [ple), m'(R?) = 55zm(R%)
-3

and V,,, = ﬁVm( /A). Inserting ¢’ and m’ in ) we obtain the inequality

|- Vp(a)? (¢, ple) |
i o dr > ’ — A2
S ¥ 23 (L Eom () 1Pl
for all ¢ € H' (R3, C?), all positive measure m and all A > 0. For X small

(@, lple) _ _(plple) o (e lple)
2A12max (1, s55m (R?))  16X°m (R3) = 16m (R?)

Hence, taking A — 0 yields to

lo - V(x)|?
o, Iplp) < 16m (R? / 2 2
(el < tom () [ 17X
So by (BT8) we get
1 o (R?)? C
_ o .
(1 + O€nR 1/12 (CRSOn, ‘p‘CRSDn> X R (3 20)

This shows that gy, is bounded in H'/? for every R large enough. In other words,
¢p, 1s bounded in Hﬁ)/cz.

After extraction of a subsequence, we may assume that ¢, — ¢ weakly in L?
and strongly in LZ_, hence also almost everywhere. From Lemma , since iy,
converges vaguely to p, we also have that V,,(z) — V,,(z) almost everywhere. Then

passing to the limit in (3.17) and (3.18), we obtain from Fatou’s lemma

g #n (B?)” / 0 Venpnl”
2
R3

/ Vi, |CRg0|2 < liminf/ Vi |CRg0n|2 < limin
R3 R3

vy V.
i (R (1 B2\ ¢ C
e 11 CenR V2 RSR
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3.2. CONTINUITY OF THE FIRST EIGENVALUE FOR THE VAGUE TOPOLOGY 65

Finally, taking R — oo gives ¢ =0 (V}, > 0). Using the strong local compactness,
we can choose R = R, — oo sufficiently slowly, (see (3.14) and [Lew10] for a
similar argument) to ensure that

enflty =0, py (BRn> — W (]R3) y Hn (BSRn \ BRn) — 0,
/ ’gO |2 o (3.21)
Bsg,

From we also have ||Cr,@nl| 12 — 0. All this shows that nothing is hap-
pening in the region under investigation. The mass of ¢,, must excape at infinity.

At this stage, we have shown that ¢, has no L? mass in the region where pu,
converges to p. The next step is to apply the whole argument again to ng, ©,.
Namely, following the concentration compactness method [Lio84a, Lio84b) [Lio85a,
Lio85b) Lew10], we extract the next profile in the sequence p, and use the same
argument to show that ¢, has no mass in the corresponding region. After finitely
many steps, the remainder u;l will be composed of a piece which can vanish and
another piece with an arbitrarily small mass (for instance a mass < 1/4). For sim-
plicity of exposition, we provide the end of the argument in the simplest situation,
namely we assume that

pnlpn gy, = 1l + pl,

(1)

1 . . . .
where p,,’ vanishes in the sense of concentration-compactness, i.e.

lim sup p, (Br(z)) =0 (3.22)

n—o0 CCER3

for every R > 0, and u\?) (R®\ Bg,) < 1/4. Then ||V, 1 Bl < ||VM(1>DLOH +

% (Q)DLOH < 2, for n large, since by Lemma the first one tends to 0 due to
(3.22)) and the second one is below 1/2 by Hardy’s inequality. This, using [Lew22|
Theorem 5.4] and the same argument presented at the beginning of this step,

implies that

R3\Bg,,

Al(DO—Vu )21/320

nl]Rg\BRn

for n large enough. Hence, by the min-max principle and the characterization in
terms of the quadratic form g, [DES00], this tells us that

_ o - Vg|?
qO,#nl]R,3\BRn (90) - RS 1 + VM 1

for every ¢ € H' (R?,C?). On the support of ng,, which is contained in B3g , we
have
C

+ Vl»‘nlBRn < v + 5

1
Hn R3\BR" Rn

dm+/ (1—vﬂnlm3\3 >|gp|2dx20, (3.23)
R3 SR

R3\Bpg,

Voo = Vi

R3\Bp
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Hence, using that ¢, + CR;! — 0, we obtain

-V n 2
D, (MR Pn) =/ | (15, £1) dx+/ (2 —en = Vi) 1R, 0nl” dz
R3 8n+Vun R3

2
> / o -V (R, ¢n)] i
r3 En +CRY 4+ V), 1

R3 \BRn

C
+ /RS <2 —&n— R_ - VMn]-]RS\BRn) ‘URnSOnF dx

2
2/ o=V (r,0a)l”

R3 ]‘+an

(3.24)

R3\BRr,

C
+ /IR3 <2 —&n— R Vunlm\BRn) ‘an90n|2 dx

C 1
> (1 — & — R—) N, el da > 5/ nR, ul” d.
R3 n R3

Since the left-hand side is bounded from above by C'/R,, that goes to 0, this shows

that
li2nll3 = 17, 2all? + R 2all3 < lInm.ealld + / oal? 22 0,
Bsr,,
and we reach a contradiction with its normalization. We conclude that ¢ = —1

cannot happen.

Our next goal is to extract from p, one piece of mass fi, = pt,1p, (,) — 1 # 0
tightly for a proper space translation (z,) C R?, such that the corresponding
eigenvalue Ay (Do — V3,) has the same limit ¢ as the original sequence p,. Then
we will also obtain that Ay (Do — Vi) = A1 (Do — V), using the following lemma.

Lemma 3.6 (Convergence in the tight case). Let 0 < v < vy. Let (u,) be a
sequence of non-negative measures such that u, (R®) < v and which converges
tightly to a measure . Then we have

1 1
hm)\l(Dg—/,Ln*—):Al(Do—/ﬁ*—)
n=o0 | ||

Proof. Since v < vy, there exists n > 0 such that v(1 +n) < ;. We consider
Vo= (14 ) * 2|7 = (1 + )V, where (1 +n)u, (R?) < (1+n)v < 1. The
previous step implies that there exists ¢g > 0 such that

)\1 (DO — (1 —+ n)Vn> > —1+ €o

for n large enough. As seen in the beginning of the proof of Theorem|[3.1] from the
Birman-Schwinger principle in Theorem [2.3]it follows that A is the first eigenvalue

66



3.2. CONTINUITY OF THE FIRST EIGENVALUE FOR THE VAGUE TOPOLOGY 67

of Dy — Vp iff 1 is the largest eigenvalue of K. Then, since the eigenvalues are
increasing with A, we obtain

max o ((1 + n)\/vn; \/Vn)

D0+1—€0

<maxa<(1+n)\/7n ! \/7n> =1

Do+ M (Do — (1+n)V,)

=—> maxo (\/ﬁ;\/ﬁ) < L < 1.

D0+1—€0 1+7]

Therefore, we have the operator bound
1
— V< —. (3.25)

K, =V,
D0+1—0 1+7]

Indeed, if there exists ¥ s.t. ||| = 1 and (¥, K,,¥) > maxo(K,,), then maxo(K,,) =
sup|y =1 (¥, K,¥) > max o (K, ) which is absurd. By Lemmawe get the strong

convergence K, — K =V —1— yon +1 p VV:

(o s
.

2

W)\If

D0+1—50 9

\/_xp” (E2 o)

H< D0+1—6o m)
H\/_ (T = VT

The uniform upper bound implies from the functional calculus that

Do+ 1 — 2 (— 0 by dominated convergence).

(1-K,)'=(1-K)

strongly as well. In addition, Lemma also provides the norm convergence of

V'V, (Do +1 —ey)~". From the resolvent formula (2.6)

1 1
Dy—V—FE Dy—F
1 1 1
. A A (3.26)
DO_E 1_anﬁ\/vn DO_E
A, P d Cn

with £ = —14¢g, we conclude that, if A, B,,C,, converges in norm to ABC (where
A, B, C are the corresponding limits with V, in place of V},), one has

(Do—Vait+1—g) = (Do—V+1-g)"
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68 CHAPTER 3. THE SMALLEST EIGENVALUE

in norm as n — oo. Since A, converges in norm to A, it is enough to prove that
B, C,, does the same to BC. C, is compact by . Therefore for every ¢ > 0
there exists a finite rank operator 7. s.t. ||T. — C,|| < . We can also assume
|T: — C|| < 2¢ because C,, converges in norm to C. T; being a finite rank operator,
we have ||(B, — B)T.|| — 0 as n — oo since strong and norm convergences are
equivalent in finite dimensional spaces. Finally, we get

1BnCr — BC|| < || Bn(Cr = To) || + [|(Bn — B)Te|| + | B(T: = O
< ke + ||(By, — B)T.|| + 2ke — 3ke.

n—oo

Letting ¢ — 0 we obtain the norm convergence of the resolvent, which implies
the convergence of the spectrum (see [Reel2l Chapter 8]). In particular, the first
eigenvalue \; (Dy — V,,) (which is known to be larger than —1 + ¢y by the above
arguments) converges to A\; (Do — p  |z|71), as wanted. O

Step 3 - Extraction of a tight minimizing sequence

We go back to our initial minimizing sequence pu,, for which we know that
—1 < ¢ < 1. We apply the same strategy as in Step 2 and extract finitely many
weak limits of u, up to translations, so that the remainder can be written in the

form ,u/n = ug)—i— uﬁz), where ug) vanishes in the sense of concentration-compactness

and ugf) has an arbitrarily small mass. By an argument similar to the one in ,
we can prove that ¢, converges to 0 in L? on the support of ;/n. Hence, it must
have a non zero mass in one of the regions where u,, converges tightly to a non-zero
measure. We then show that the eigenvalue of this particular tight piece converges
to /.

For the sake of clarity, we write again the whole argument in the simplest
situation where we only have one tight piece. Thus, we have like above that
pnlp, — ptightly, whereas [, = pnlra\By, = u%l)—l— m(f) where /A}) vanishes and

u,(f) (R3\ Bg,) is as small as we want. Then from 1} we know that ng, @, — 0,
which implies, since the sequence is normalized, that

lim/ |<Rn<pn|2:1.
n—oo R3

We have in addition

c )
< — < =
ax, (CRHQDn) X Rn X Rn /]RS |CRn90n| ’

since the last integral converges to 1. On the support of (r, we have as before

C
1BSR’)’L + R_n

Vn < Vl‘n
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Hence, we obtain

0 / 0V (Crupn)
T Jrs 1+ A+ (CH+C)Y/R, + Vinlogg,

c+c
* /Rg (1 —An R VunlgsRn) ICr,onl” da.

n

dx

From the characterization of the first eigenvalue via the quadratic form, this proves
that

C 4+ C 4o
T (Do — Vi) + 2

n n

— /.

M (Do = Vi, ) <A+

From Lemma [3.5, the tight convergence implies that the left-hand side converges
to A1 (Dg — V,,). Therefore, we obtain after passing to the limit

A (Do —V,) <UL

On the other hand, for every fixed ¢ € C (R3?,C?) we have, as already seen,
Qrnpn () = 0 and using the strong local convergence of V,, from Lemma , we
obtain gy, ., (¥) = qru(¢). So passing to the limit g ,(p) > 0 and this precisely
means that

<A (Do —V,).
Thus we have proved, as desired, that lim A\ (Dy — V) = £ = A\ (Dy —V},) and
this concludes the proof of Theorem O

3.3 Existence of an optimal measure

The main result under study in this thesis is the following theorem concerning the
existence of an optimal measure for the variational problem \;(v) defined in (3.2)
and all sub-critical coupling constant 0 < v < vy, with v, as in (3.1).

Theorem 3.3 (Optimal measure). We have the following results:

1. The function v — A\ (v) is locally Lipschitz-continuous on [0,1vy), decreasing
and takes its values in (—1,1] with \;(0) = 1.

2. For any v € [0,11), there exists a positive measure i, with p, (R3) = v such
that

1
)\1 (DO — My * m) = )\1(1/).

More precisely, any minimizing sequence (i) for \i(v) is tight up to space
translations and converges tightly to an optimal measure for \(v).
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3. Any such minimizer p, concentrates on the compact set

1 1
e N e () )2
. R .
where U, is any eigenfunction of Dy—V,, asscoiated to the eigenvalue \(v).

The compact set K has a zero Lebesque measure. In particular, p, is singular
with respect to the Lebesque measure.

Proof. Step 1 - Existence of an optimizer

Let (ptn)new be any minimizing sequence of Ai(v), with 0 < v < 1y and
ftn (R?) = v. From Theorem [3.2 we know that there exists a subsequence
and space translations (z;) C R? such that pu,, (- + zx) —* u vaguely (hence
p(R3) < v) and

M(v) = Tim Ay (Do = Vi) = M (Do = V).
The measure p is the desired optimizer. To prove that the convergence is in fact
tight, we have to show that u (R3) = v. The argument here relies on the strict
monotonicity of the eigenvalue. First, for v > 0 we have

M) <A\ (Dy—v/]z])=v1—-12<1

from which we deduce that p # 0 (that is, the sequence i, cannot vanish). On
the other hand, if p (R?) < v, we have

M) =M (Do —V,) > N\ (DO - ﬁ%) > \(v),

and we reach a contradiction. Hence p (R3) = v and the original sequence must be
tight. In the previous inequality we have used that t — A\, (Dy — tV},) is decreasing
for a fixed p. This follows from the min-max principle and the characterization in
terms of quadratic forms [DES00]. Indeed, if ¢, # 0 is an eigenfunction associated
with Ay (Dy —V,,), we have

|0-‘VSDV|2 / 9
d L= M(Do—V,) — 1V,) g2 d
/IR31+>\1(DO_VM)+75VN T Rg( 1(Do=V) w) lu|” dr

< Qr(Do-v,) () =0

for t > 1, since V}, > 0 everywhere. This implies that A\; (Dy —tV},) < A (Do —V,,)
for ¢t > 1.
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Step 2 - Properties of v — \(v)

The function v — A;(v) is obviously non-increasing for v € [0, ). Since there
exists a minimizer p for every v it is actually decreasing: if A\j(v1) = A (v2) for
11 < s, let pq, o be optimal measures respectively for A (1), A;(2), then again
we have the following contradiction

v
)\1(1/1) = )\1(D0 — VM2) > )\1 (Do — W;R?’)VMQ) 2 )\1(V1).
Hence it is continuous except possibly on a countable set.

To prove the continuity, consider a sequence v, — v € (0,17) together with an
associated sequence of optimizers i, such that Ay (Dg — V) = A (v,). From The-
orem we know that we can assume p,, —* p # 0 vaguely after an appropriate
translation and extraction of a subsequence, so that

hni)lllf >\1 (DO - Vun) = 11_)111 )\1 (DO - V#n> = )\1 (DO - V#) 2 )\1(1/),

because p(R?) < liminf pu,(R?) = lim v, = v. Let now p be an optimizer for \;(v),
then ,
lim sup )\1 (Vn) < lim )\1 (DO - —nVu) = )\1 (DO - V#) = )\1(1/),
v

n—00 n—00
since the map t — Ay (Dy — tV),) is continuous for a fixed p. This concludes the
proof of the continuity of v +— A (v).
Finally, we discuss the regularity of v — Ai(v). It is well known that for
every fixed y, the function ¢ — A\ (Dy — tV,) is locally Lipschitz in [0, v1/u (R?))
[Kat13]. This follows from the resolvent formula

1 1
Dy—tV,+1—gy Dy—tV,+1—¢
1 1

=(t—t)

v )
Do—tVu—i—l—Eo MDo—thu+1—€0
which implies by Kato’s inequality

1 1
HDO—tV#—Fl—SO_Do—t/VH—Fl—SO
1 1 1 1
<COlt—+ Do |2]|| ||| Do|2 .
‘ | Do—tvu—i-l—Eo‘ 0| H ‘ 0‘ Do—tlvu‘i‘l—@o

Here gy := A\; (11 — n)+1 > 0 where np > 0 is chosen so that ¢, ¢ < (11 — 2n) /u (R?).
The two norms can be estimated uniformly in p using the resolvent formula (3.26)

and the fact that (as in (3.25))
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To see that the Lipschitz property at fixed p implies a similar property for A\;(v),
we remark that for 0 < v < v <y —e

/
)\1(1/) < )\1 (DO - Y Vul e ,) < )\1 (DO - Vul e ,) +C<V/ - V)
vy — €& v/ Vv — & v
=M\ (V) + C’(y, —v),
where ,u' is a minimizer for )\1(1/) with /(R3) = V. This is because t —
A1 (Do —tV,,) is locally Lipschitz in [0,21/p (R?)) and =, - € [0,1], which
is a compact set of [0 #) [0, ;42).

» P (RS)

Step 3 - Euler-Lagrange equation

Let p be a minimizer for A\;(v) and let ¥ = (¢, x) be any corresponding eigen-
function. Recall that ¢ solves (3.16) and that

—i0 -V
L+ M)+ 1V,

X:

Let i/ be any other probability measure and y; := (1—t)u+ty/, for t € [0,1]. Then
we have Ay (Dg —V),,) =2 A1 (Do — V) = Ai(v) and this implies that gy, ., (¢) = 0
for all £ € [0,1], and in ¢t = 0 it equals 0. Then we have

o Vl2(V, — V) ,
- V,—Vy
=0 / 14+ M)+ (1 =V, + V)2 + (Vi = Vi)lel

- / ( 1 Jil(v)gpfv) + \90|2) (V= Vi)

= [ epoi v = [ (e ) - i)

where |U]? = |p]? + |x|?. In other words, i solves the maximization problem

[ (ot

,u’(IR3):1

Since ¥ € H'? (R?,C*) by Theorem [2.1, and H'/? C L*?, where L>? is the usual
Lorentz space [Tar98, Appendix IV], we have |¥|? € L¥/2! = (L3>=)*, But |z|~! €
L3 and therefore the potential |¥|?x|z|~!, being the convolution of two functions
in dual spaces, is actually a continuous function tending to zero at infinity. The
solutions to the maximization problem are exactly the measures supported on the

d
0< &
dthhMt (30)

t=0
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compact set where this function attains its maximum. In particular, ;1 concentrates
on the compact set

Step 4 - K has zero measure

The final step is to prove that K has zero Lebesgue measure. Assume by
contraddiction that |K| > 0 and denote by

Q:=R*\{Ri,...,Rx}

the set obtained after removing the largest singularities of u, for instance all the
points such that ¢ ({R;}) > min (1/4,¢¢/4) where ¢ is the universal constant from
([ELS21b], Theorem 14). Then |K N Q| > 0 as well. Let us denote by

1 1
U:=max | |[U2x — ) - |U)?%— >0
R ] |z
the shifted potential which satisfies U = 0 on K as well as the equation AU =
47| ¥|? > 0 on R3. Consider a point of full measure zy € QN K, that is, such that
B, () \ K| _

lim

0.
=0 | B, (20)]

Without loss of generality we may assume that xy = 0. Let x € C2° (Bs) be such
that x|z, = 1 and set x,(z) := x(z/r). Then we have

—x:UA (x,U) = —x,U(x,AU + 2V x, - VXU + UAx,)
1
= —Amq UV = x, U Ay, = SVX7 - VU
The first term in the right-hand side is non-positive since U > 0. Integrating and
using that $Ax? = x, Ax, + [Vx,|? we obtain

1
T A TN N o e
R3 R3 2 R3 R3 7’2 R3

U2 X%UQ
[ (G+voe) < [ (M voor)

C C
g ) U2 = ) U27
" JBo, " JBay\K

and therefore
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since U = 0 on K by definition. Next, we use the Sobolev inequality ([AF03],
Theorem 4.12) in the ball By,: ||U||L6(32 ) < CI| U310 (Ban)- Applying it to the
scaled U(r-) we get also

U2
10155, < C [ (— " |w|2)
BZr r

Therefore, by Holder’s inequality we obtain
2
C 2 O|B27-\K|7 C|By \ K|3 U? 9
o) v TR U, < SR (T s ivur)

Hence, in summary, we have proved that

U By, \ K|\ * U
— +|VU? |Bar \ K| — +|VU?
o\ r | B, | By, \ 72

for a universal constant C'. By arguing like in ([DFG92], Section 3) this proves
that the integrand has a zero of infinite order, i.e.

r—0t

U2
lim ro‘/ (— + |VU]2) =0 Va>0, (3.27)
B, r
that is, U and VU vanish to all orders at zq = 0.

Next, we prove that W also vanishes to all orders at the same point. We use
Green’s formula in the form

47r/ o2 = AU:—/ VU -,
r By Sr

where n is the outward normal to the sphere S, of radius r. After passing to
spherical coordinates we see that

,d (1
—4m |\1/|2 /VU n = s <—/ U)
dT Sy

Therefore, after integrating over s between r and 2r, we obtain

2r
2 2
Lo f o] [t e

because 1/s* > 1/4r% and [, |\I/]2 > [ [W]? for r < s < 2r. Since U > 0 we have

shown the inequality
1
o jwp< / U
B, rJs,
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From the continuity of boundary traces (||U||r208,) < C||U|lw12(s,)) and a scaling
like above we have

1/2 2 2 U? 2
U <8 vt) <or | (S +IvuP).

We finally get
U2
/ [W|? < C/ <—2 + \VU|2> ,
B, B, \T

which vanishes to all orders, as we have shown in (3.27), that is ¥ also vanishes
to all orders at the same point. This is impossible by ([ELS21b], Corollary 15).
Hence we must have |K| = 0 and this concludes the proof of Theorem. O
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Appendix A

In this appendix I include some of the theorems I did not prove during the thesis
in order not to disrupt the thread of speech, to allow for a more smooth reading.

Theorem A.1 (Kato’s inequality). For all f € {u:|-|'?u € L*(R?)},

, 1 ™
[ lat@ras <3 [ lifokds. ie < il
ERE

The constant w/2 is sharp.

Proof. We will prove the statement for a generic constant C' in place of 7/2, for
the sharp case see ([BELL], Theorem 2.2.4). By Paserval’s formula one has

/Rg |f|(j|)|2dx:/mf(%) (p) - F(f(2))(p)dp

- /R (F(F@) * Fll2[) (p) - FF@) (p)dp

_c / (F (@)1 17) () - FF@)(p)dp
RS

F(£)(q) - F(f)(p)
s Jgre |p q|?

R
- F )
ek 1
=¢ /IR3 /]R3 \p — q|? dqap

2|p?

< (J/ / 2'q‘2d dp
R3 JR3 |p CI|
dq
—C/ .7: pz(/ —) dp.
FOOEPE =

The function p — [s Ml'+q|2 has been computed in ([LLO1], Section 5.10) and it

=C

dqdp

7
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is equal to C|p|~! so we finally get, as desired,

A;ﬁﬂ <c [ WIFw P

O
Theorem A.2. From Kato’s inequality,
1 < 7r‘ |
o ~ 2
it follows that, for every p = 0 positive finite Radon measure, one has
1 m 3 ‘ 1 us gy 1
px — < —pu(R%)|p|, or equivalently that — < —u(R°)—.
|- | 2" Ip| ~ 2 v,
Proof. Kato’s inequality implies that
2
% < g/_ Iple = /‘|p| 90‘ for every ¢ € L*(R?, C*).
Hence for every x € R? we have
2+ )
lplz + @)1 /’]p|goz+x’ dz
|$ - y| B
1 ™ 1 ina 2
=§/WWHﬂﬁwmme=§ b Fo))| dp
T 1 2 s 1|2
25/(Ipl2f(w)(p)‘ dp=§/(lplw‘ :
Then, integrating on = and using that p is a positive measure we get
1 s
L LA o) < o | ) < Sucee) [ it
R3 JRs [T — y! | o 2
Vo € L*(R3,C*), which means that
1 s 3 . 1 T 3y 1
px — < —p(R7)|p|, or equivalently that — < —pu(R”)—. (A.1)
-2 pl 2 Vi
O

Theorem A.3. Let 1 > 0 be a finite positive Borel measure, then, using |x|™>
4(Dy)?%, one has
IVaglle < 20(R%) [ Dogll2-
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Proof. Using the very same argument as in Theorem H A2} by |z|™? < 4(Dy)? one

gets

[ 2 ) < ) [ 1o
But, using that || - [[z1&s 4 < /AR - |22 a0, we have
[vzwtewra= [ ([ 29 wra
<) [ ([ 10 oty < au(ry? [ put

Theorem A.4. Let A, B be bounded operators. Then we have the following
o if A is positive then |AY?|| = || A||Y/%;

Al = [HAl;

e If A, B are positive and commute, then (AB)'/? = AY2BY/2;

e if A, B are self-adjoint and commute, then |AB| = |A||B];

if A*A = AA* (in particular if A is self-adjoint), then we have |A|71 = |A71|.

Proof. e Recall that ||A*A]| = ||AA*|| = ||A||*. Since the positive square root

AY? is self-adjoint, it follows that
Al = [JAVZAYZ| = [[AY2(AY2) || = || AV,

o [[[A]ll = [I(A*A)2]| = [|A* A2 = || A].

e By uniqueness of square roots for positive operators, it is enough to prove
that (AY2B'Y2)2 = AB. Since A, B commute, also their square roots and

(AV2B1/2)2 = AV2BV2AV2BY? = AV2AV2BY2BY? = AB.
e If A, B commute, then also the squares, and hence we have
|AB| = (BAAB)'/? = (A’B*)'/? = (A%)"*(B%)'/ = | A||B|.
e Finally, if A*A = AA* one has

A4l = VAT ATVAA

(A-1) —(A")-1 V(AA )1 (A A) = \/(A*A)-1(A%A) = 1,

where in the second equality we have used also the third point.

79



80 APPENDIX A.

Theorem A.5. Let B be a bounded operator, Ay a sequence of operators such that
As — 0 strongly with || Ag|| < C uniformly in s and K a compact operator. Then
one has | BA;K|| — O.

S§—00

Proof. Since K is compact, there exists a sequence of finite rank operators (K, ),en
s.t. ||K — K,|| — 0 and the K,,’s are given by
n—0o0

Knp = Ann(0: 0n),

j=1

where (,,)nen is a complete eigenbasis of L? given by K and (An)nen the associated
eigenvalues. Then, one has

=1

<8 (ZIMIII%|I2I|AS%IIQ> el

j=1

IBAK o2 < [|Bll|AsKnella = (1B

2

= |BAK| < |3 (Z |An\||gon||2uAsm|2) 0,

j=1
because the sum is finite and A; — 0 implies = || Aspn||2 — 0 for every n. Finally,
for every n € IN

IBAK|| < [|BA;(K — Ky)|| + | BAK, || < C|B||[| K = Kal + [[BAKq |,

so0, letting first s — oo and then n — oo, we get the claim. O

A.1 Finite measure Theory

Now, I recall some definitions and results about finite (positive) measure since they
are extensively used during the thesis. One can find all the results in [Wil95, [Cas].

Definition (Finite measure space). Let 2 C R™ be an open set. (We will use 2 =
R?). The space of finite measure on 2, denoted M(f), is the space of continuous
linear maps on Co(2) = {f : @ — C : f continuous and tending to 0 at co}.
M(Q) is equipped with the norm

||M|| — sup |(“7u)| _ |fQUd'u|

w0 ulle  weconior Nullso

The set of positive finite measure is denoted M7 ().
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Note that if 4 € M*(Q), then ||u]| = (p, 1) = u(Q).

Definition (Vague convergence). Let (p,)nen and p be measures in M*(Q), we
say that u, converges vaguely or weakly*, u, —* u if

lim [ wdu, = / udp  Yu € Co(Q).
Q

n—oo Q
Note that if p, —* p vaguely, then it is not true that u,(A) — u(A) for every
A C Q. It holds for A bounded, but in general we have only p(A) < liminf,, u,(A).

Moreover, by uniform boundedness principle, if a sequence pu, converges vaguely
then there is a uniform bound on f,(€2).

Definition (Tight convergence). Let (i, )new and g be measures in M™(Q), we
say that u, converges tightly, p, — p if

n—oo

lim [ wdy, = / udp  Yu € Cy(£2),
Q Q

where Cp(€2) is the set of continuous bounded functions on €.

The name tight is not classical, it comes from a translation from French. Often
in literature it is called Narrow convergence or (by abuse of notation) weakly
convergence.

Clearly tight convercence is stronger than vague convergence and they coincide
only if © is bounded. Unlike the vague case, for tight convergence we have p,,(A) —
w(A) for every A C Q. We have the following characterization.

Theorem A.6. Let (pu,)new and p be measures in M™(Q), then the followings
are equivalent:

1. p, — p tightly;

2 pn =" pvaguely and || pn]| = pn () = [lull = p(€).
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