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Chapter 1

Introduction

Since the formulation of General Relativity (GR) a large number of possible al-
ternatives to it has been proposed (Einstein himself modi�ed his theory adding a
cosmological constant term). This line of research has been partly motivated by
High Energy Physics theories, such as Superstring or Supersymmetric theories,
where extensions to GR arise naturally, and partly by the discovery of the �dark�
sector of the Universe as well as the new insight on the early Universe gained with
the new technologies. Besides a wide array of modi�ed theories of gravity, such a
development has led to an outstanding comprehension of the gravity itself and the
growth of new tools to investigate it. Among them, and source of a long debate,
there is the use of �eld transformations, i.e. transformations of the metric tensor
gµν making up gravity as well as of the other possible �elds entering the gravity
action.

As early as the '60s, a particular class of metric transformations, dubbed
conformal transformations, has been exploited in the realm of Scalar-Tensor (S-
T) theories to recast the Brans-Dicke theory in a GR-like form [20]. Afterwards,
their use has become more frequent in modi�ed gravity, also outside the Scalar-
Tensor world and with the same motivation: they generally allow to make a bridge
between GR and the new modi�ed theory, or in a broader viewpoint, among
di�erent representations of modi�ed theories of gravity.

However, the use of conformal transformation has brought with it a very heated
debate about the physical interpretation of metric transformations. First of all,
does the underlying physics change under metric transformations? If so, how
does it change? From a Field Theory point of view, when non-singular, they are
nothing else than a �eld rede�nition and as such they shouldn't a�ect the physics.
Anyway, because of the privileged role of the metric tensor, the interpretation
of metric transformations turns out to be very subtle and not obvious at all. In
short, this is the content of the conformal transformation issue.

In general there can be di�erent levels of invariance with respect to �eld trans-
formations. A "complete" invariance at the action level, i.e. S[gµν ] = S ′[g′µν ],
which automatically would imply physical invariance. However, apart from ex-
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8 CHAPTER 1. INTRODUCTION

traordinary cases, the transformation of the action is not trivial and this invariance
is not realized. We can instead address form-invariance, i.e. invariance up to a
rede�nitions of the free parameters of the theory; this is what happens in the
realm of canonical Scalar-Tensor theories with conformal transformations. In this
sense it reasonable to ask whether the observable physics changes performing such
a transformation.

In the �rst part of this work we review the conformal transformation issue as it
arose historically and the di�erent points of view regarding the conundrum prob-
lems of the physical invariance outlined above. We show that the di�erent frames,
i.e. the di�erent representations related by a conformal transformation, are phys-
ically equivalent at the price of a re-interpretation of the physical conventions.
In the second part we treat a further generalization of conformal transforma-
tions, namely the disformal transformations (DT) introduced by Bekenstein in
1992 [4]. Here the frame-invariance problem is indeed more subtle because of the
�eld-derivative dependence within the transformation law, although the disformal
invariance is generally assumed in the wake of the conformal one.

One important result in this respect is that the Horndeski theory, which rep-
resents the most general S-T theory with second order equations of motion, is
invariant in form under a particular class of disformal transformations. Moreover,
it has been shown that using them we can obtain healthy theories beyond Horn-
deski which are closed under disformal transformations; in this context they can
be assumed to be an extra symmetry of the most generic S-T theories. However,
no much work has been done to prove the disformal invariance of observational
physics, which is usually assumed a priori. The aim of this thesis is therefore to
analyse how the cosmological observables transform under a disformal transfor-
mation to prove that they are disformally invariant. To achieve this some simpli-
�cations are made on the disformal transformation, but this will help us to show
the addressed invariance. Moreover, a new formalism is introduced through which
the frame-invariance is made explicit. All the work is focused on Scalar-Tensor
theories, where the disformal transformations �nd their proper environment.

In more detail this work is thus divided:

• In chapter 2 we are going to brie�y introduce modern cosmology and the
ΛCDM model;

• In chapter 3 we review the main features of General Relativity and the
possible way to extend it consistently.

• In chapter 4 we review Scalar-Tensor theories starting from the Brans-Dicke
prototype model up to the Horndeski theories. Some insight into other
alternatives to GR are given as well as into the PPN formalism.

• In chapter 5 we introduce the conformal transformations and the conformal
transformation issue in Scalar-Tensor theories.
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• In chapter 6 we introduce the disformal transformations and the concept
of disformally related frames; the chapter is closed with a brief discussion
about the Ostrogradski's instability.

• Chapter 7 studies the conditions of invertibility of the DT. It is also shown
that when the transformation is not invertible then a new physics emerges,
described by the so called Mimetic theories of gravity.

• In chapter 8 the disformal invariance of cosmological observables is analysed.
In particular we show that the Boltzmann equation is frame-invariant under
a particular DT, as well as the cosmological redshift and the in�ationary
power spectra. A new formalism is given to explicitly show the frame-
invariance at the action level.

• In chapter 9 conclusions are given.

• In appendix 1 we write down some useful calculations related to the frame-
invariant construction of chapter 5.

• In appendix 2 we evaluate, at the action level, how the Klein-Gordon and
Maxwell �elds transform under a conformal transformation.

• In appendix 3 we explicit the transformation rule of the line-element under
a full disformal transformation. We also evaluate how the (linear) cosmo-
logical perturbations change passing from one frame to another one.

• In appendix 4, following [74] the disformal invariance of continuous media
is analysed.
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Notation

In this work we use natural units

~ = c = 1,

unless speci�ed di�erently.
We have chosen to work with the metric signature (−,+,+,+). Greek indices
such as µ, ν take the values (0, 1, 2, 3), while Latin indices such as i, j take the
values (1, 2, 3).
Conventions about derivatives and covariant derivatives are speci�ed throughout
the work.



Chapter 2

Modern Cosmology

The mystery of the Cosmos has played a key role in scienti�c and philosophical
thinking since ancient times. The Universe, immensely far away in the past, today
has become considerably closer to us thanks not only to the powerful zoom of the
telescopes but also to the understanding that the underlying physics of it is the
same that governs everyday reality. However, although we are aware of its many
facets, the mystery surrounding the universe is still a source of intense scienti�c
activity and if we want philosophical debate.

Cosmology has turned out to be a highly multidisciplinary science capable
of embracing advanced mathematics, particle physics, statistics up to quantum
mechanics. Just think that the large-scale structure of the Universe are the out-
come of quantum �uctuations of a "scalar particle" in a four-dimensional curved
spacetime. Cosmology has also turned out to be a very dynamic science, which
has repeatedly changed the paradigm and source of many debates around its pre-
dictions, its mysteries.

Just to name a few examples, one of the key moments in the history of cosmol-
ogy was the sensational discovery that the universe is expanding (Hubble, 1929),
against the generally accepted scenario of a static and eternal universe of the early
'900. Perhaps less sensational, but deeper is the rather recent discovery (Riess
et al. 1998) that this expansion is accelerated, leading the scienti�c community
to think to alternative forms of energy or perhaps alternative formulations of the
laws of gravity ruling our universe.

A lot of Universe models have been proposed, most rejected, others under
current investigation. The one that is most in agreement with experimental data
is what is called the concordance model, namely the ΛCDM model. It is, up
to now, the best description of our observable universe and has passed most of
the experimental tests. For this reason it is also called the standard model of
cosmology.

11



12 CHAPTER 2. MODERN COSMOLOGY

2.1 The ΛCDM model: an introduction

The pillar on which the ΛCDM model is based is the Einstein's theory of General
Relativity (1916), which describes in an elegant way the dynamical evolution of
the universe. This has to be supplemented with other main ingredients: matter,
which accounts for the 30% of the energy content of the universe, shared between
ordinary matter (4%) (such as baryons, leptons, radiation) and the Cold Dark
Matter (26%); Dark Energy, which constitutes the remaining 70% of the energy
and accounts for the current accelerated expansion of the universe. Finally, as we
shall see, the standard model has to implement a viable in�ationary model, i.e. a
phase of cosmic acceleration in the early universe.

General Relativity(GR) gives the geometrical framework from which the evo-
lution history of the universe can be reconstructed, dubbed the Hot Big Bang
paradigm. The elegance of General Relativity lies in the fact that through one
formula it is able to encapsulate all the variety of the universe that surrounds
us simply relating the geometry of spacetime to the matter-energy content of the
universe. This is achieved with the famous Einstein's equation

Gµν =
8πG

c4
Tµν − Λgµν , (2.1)

where the Einstein tensor Gµν is a function of the spacetime metric gµν and its
derivative, G is the gravitational constant and Tµν is the energy-momentum tensor
(EMT) and encodes the matter-energy content of the spacetime. The last term
in the RHS is the cosmological constant term which is the simplest mathematical
description of the Dark Energy.

The 85% of the matter content of the universe appears to be in the form of an
unknown kind of particles which nowadays seems to interact only via the grav-
itational force with the other particle species, and that is capable of clustering.
For this elusive behaviour, that does not allow us to detect it directly as it hap-
pens with ordinary matter (which emits radiation), it was called Dark Matter
(DM). It is common to distinguish between Hot Dark Matter(HDM) and Cold
Dark Matter(CDM), meaning respectively relativistic and non-relativistic Dark
Matter1.

The �rst evidence of DM dates to 1933, when the Swiss astrophysicist Fritz
Zwicky, using the virial theorem to infer the mass of the Coma galaxy cluster,
found that the mass thus obtained exceeded by 400 times the expected value from
its luminosity [6]. He called this undetected matter "Dunkle Materie", from which
comes the current terminology. More important for the scienti�c community were
the studies made by Vera Rubin in the early '70. It is known that the rotational

1Precisely Hot(Cold) Dark Matter is composed by those particle species that were (non-
)relativistic at the the time of decoupling with the rest of the universe. Examples of HDM are
neutrinos, possible candidates for CDM are instead axions or WIMPS (Weak Interactive Massive

Particles).
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velocity of a spiral galaxy composed by baryonic matter decreases with the inverse
of the radius of the galaxy. What she showed was instead that the velocity pro�le
remains constant in the outer parts of the galaxy; this can be explained if we
assume that it is surrounded by an halo of (unseen) matter [7].

Today it is believed that Cold Dark Matter plays a central role in the formation
and growth of large scale structures in the universe (see [8]) and this is what is
assumed in the ΛCDM model. However, up to now no convincing candidates
for CDM have been found, both theoretically and experimentally and it is even
believed that DM could arise from modi�cation of gravity laws.

The Dark Energy sector is as much "dark" as the Dark Matter one, or even
more. We observe that our universe is experimenting an accelerated expan-
sion phase. The source of such an acceleration is generally called Dark Energy.
Whether this is due to some unknown form of energy (something that is not able
to cluster as matter) or to a modi�cation of the gravitational theory is still a great
source of debate and research. Anyway it acts like a cosmological constant (from
this comes the "Λ" in the name of the concordance model) and the Λ-term in the
Einstein's equation o�ers a good description of its e�ect.

The state-of-the-art of cosmology is that the 96% of the total energy budget
of the universe has an unknown origin and still needs an explanation. This can
lead to think that we are going to enter a new exciting phase for our knowledge
of the universe and probably to change our paradigm again.

2.2 The Hot Big Bang

Although we are aware that the universe is mostly "dark", and although we do
not possess a full inventory of all the particles and forces that come into play
in the universe, we are able to delineate the evolutionary history of the universe
quite decisively and successfully. This is through the Hot Big-Bang paradigm.

The Big Bang cosmology, with the help of high-energy particle physics is able
to reconstruct practically the entire history of the universe from the Planck time
(10−43 s) onward. Something can also be speculated about the cosmology of pre-
Planckian time, but in order to understand it we need a complete quantum gravity
theory that so far it is not available.

The Big Bang paradigm is based on the fact that, looking at the large scale
galaxy distribution and the CMBmaps, the universe seems to be homogeneous and
isotropic; in other words, on scales larger than 100 Mpc the universe looks the same
in all directions, independently of the position from which it is observed. This
is the content of the Cosmological principle, which in a more precise formulation
states that for a comoving observer the universe looks the same no matter the
position from which the observation is taken and the direction. A comoving
observer is an observer at rest with respect to the cosmic microwave background.

Clearly this is not true if we limit the observations to our galaxy or nearby
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galaxies, where the matter distribution is highly inhomogeneous and anisotropic.
Indeed this is not true if we carefully study the CMB maps, where anisotropies of
the order of 10−5 are present. In other words we are not comoving observers; but
nevertheless, at �rst approximation (and how cosmologists have assumed histori-
cally) the cosmological principle holds.

Homogeneity and isotropy are related to the invariance under translation and
rotation of the space and therefore the assumptions of the Cosmological principle
is physically important and almost of philosophical nature.

Practically, the high-level of symmetry implied by the Cosmological principle
allows to solve the Einstein's equation straightforwardly. In fact, the metric felt
by a comoving observer, who sees the universe expanding isotropically and with
homogeneity is simply given by

ds2 = −dt2 + a(t)2
[ dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]
, (2.2)

where a(t) is called the scale factor and describes the size of the universe as
a function of the cosmic time t, k is the curvature parameter which can assume
three di�erent values: k = {0,+1,−1}. k = 0 is related to a �at universe, whereas
k = +1(−1) to a closed(open) universe. We refer to this metric as the FRW -metric
by the names of the scientists who independently discovered it (Friedmann(1924),
Robertson(1935), Walker(1936)).

Assuming the Cosmological principle we can easily treat the Einstein's equa-
tions (2.1), which become functions of the scale factor and the energy-matter
content of the universe. The latter can be parametrized with a perfect �uid,
whose energy-momentum tensor reads

Tµν = (ρ+ P )uµuν + gµνP, (2.3)

where ρ = ρ(t) is the energy density of the �uid, P = P (t) is its (isotropic)
pressure and uµ is the four-velocity of the cosmic �uid. We note that this form is
compatible with the Cosmological Principle, which requires no spatial dependence
on physical (cosmological) quantities.

Inserting the FRW metric in the Einstein's equation (we neglect the cosmo-
logical constant term that is relevant only in late times) and using (2.3) we �nd
the well-known Friedmann equations

H2 ≡
( ȧ
a

)2

=
8πG

3
ρ− k

a2
, (2.4)

and

ä = −4πG

3
a(ρ+ 3P ). (2.5)

H is called the Hubble parameter, and its current value, dubbed the Hubble con-
stant is parametrized as

H0 = 100 h kms−1 Mpc−1,
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with h ∼ 0.7. The dimension of the Hubble constant is the inverse of time, and
as can be seen, its inverse is nothing else than the age of the universe.

Using the conservation-equation T µν;ν = 0 we �nd the continuity equation

ρ̇ = −3
ȧ

a
(ρ+ P ). (2.6)

Thus we have three unknown variables {a(t), ρ(t), P (t)} and three equations; in
reality only two of them are independent. An equation of state P = P (ρ) provides
us with the extra equation necessary to close the system. This can be assumed
to be P = wρ with w constant and such to describe the kind of matter we have.
The most relevant values for w in cosmology are

• w = 0 that represents dust particles (pressureless matter) like baryons or
CDM;

• w = 1/3 that describes radiation like photons or ultra-relativistic particles;

• w = −1 that is the case of the cosmological constant (note that in this case
the pressure is negative).

In the ΛCDM model the curvature is assumed to be �at, therefore we can solve
the Friedmann equations putting k = 02. We �nd the following solutions

a(t) ∝ t
2

3(1+w) ; (2.7)

ρ(t) ∝ a−3(1+w) ∝ t−2, (2.8)

describing the so called Friedmann universes. Hence, in the case of a dust-
dominated universe ρ scales as a−3, while in a radiation-dominated universe
ρ ∝ a−4.

In the Hot Big Bang scenario the universe is �lled with a perfect �uid with
several components. At early time the universe evolves from a state of very
high temperature and density and therefore the dominant contribution to the
energy density comes from the ultra-relativistic component. Hence w = 1/3 and
a(t) ∝ t

1
2 . This is called the radiation-dominated era (RDE).

Gradually the temperature falls down with the expansion of the universe, the
matter content becomes dominant with ρ that scales as a−3 and a ∝ t

2
3 . This

is the matter-dominated era (MDE). Inside this epoch, when the universe was
∼ 380000 year-old, baryon and photon could not maintain thermal equilibrium
because of the low temperatures; photons decoupled from matter and the universe
becomes transparent. This is the recombination epoch, whose relic is the cosmic
microwave background we observe in the sky. Afterwards the growth of the large

2The �at solution is the most relevant in cosmology because observations tell us that the
total energy density of the universe is almost equal to the critical density. Furthermore there
are convincing theoretical motivations to put k = 0 as we will see later.
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Figure 2.1: A qualitative picture describing the evolution of the universe accord-
ingly with the standard Hot Bing-Bang evolution, supplemented with a phase of
in�ation at early times.

scale structures of the universe begins, with the formation of the �rst stars and
galaxies. This model also predicts the right abundances of light-elements produced
during the cosmological nucleosynthesis.

This is the basic picture depicted by the Hot Big-Bang model. In reality, it is
able to predict and describe all the relevant phenomena and processes the universe
undergoes during its evolution and whose traces are imprinted for example in the
CMB. The CMB itself is one of the most important prediction of this model,
observed for the �rst time in 1961 and now well-measured by several experiments.

A crucial point of the universe evolution is the transition phase between the
Planck era and the radiation dominated era. The Hot Big-Bang model predicts a
smooth evolution from the singularity at t = 0 (or a = 0) to the RDE, but this is
unsatisfactory for many reasons we are going to explain in the following section.

2.3 In�ation

2.3.1 The shortcomings of the Hot Big Bang model

Although this seemingly simple picture o�ers a good description of the universe
evolution starting from the early times, it su�ers from some problems. The most
known shortcomings of the Hot Big Bang model are: the horizon problem, the
�atness problem and the unwanted relics problem, the latter also better known as
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the monopole problem.

The horizon problem

Let's de�ne the particle horizon dH as the greatest distance for which we can
have causal connection between two points. What we expect is that regions sep-
arated by distances larger than dH should be uncorrelated. In the meanwhile it
is well-known that the CMB, that is nothing else than a snapshot of the universe
when it was 380000 year-old, has a homogeneous and isotropic temperature up to
corrections of order O(10−5). But this implies that regions never been in causal
contact3, display the same thermal properties. Is this just a (extremely improb-
able) coincidence, or is there some underlying mechanism leading to a thermal
homogenisation? This puzzling question constitutes what is known as the horizon
problem.

Another way to think of it is the following. Let's consider the comoving Hubble
radius rc ≡ 1

ȧ
. It can be shown that it is of the same order of the comoving particle

horizon, therefore we can assume they have the same causal properties. In the
standard evolution of the Friedmann universes in which ä < 0 we have

ṙc = − ȧ
ä
> 0,

i.e. rc increases with time.
Let's consider a comoving scale λ. The bigger λ is, later it crosses the horizon.

So we expect that the largest scales, i.e. those have crossed the horizon only
recently, were uncorrelated with the lower scales. But this is not the case. The
universe appears homogeneous and isotropic over all the scales (as long as they
are su�ciently large).

The �atness problem

Let's consider Eq.(2.4). Dividing it by H2 it reads

1 =
8πG

3

ρ

H2
− k

a2H2
.

De�ning

ρc =
3H2

8πG
and Ω =

ρ

ρc
, (2.9)

the previous equation becomes

Ω− 1 =
k

a2H2
=

k

ȧ2
= kr2

c . (2.10)

3For example regions that at t ∼ 380000 yr were separated by distances larger than the
particle horizon. In terms of CMB this means an angular separation larger than 1 degree more
or less.
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ρc is called the critical density and it is the value the energy density would have
if k = 0.

Observations tell us that the present value of Ω, namely Ω0, is such that
|Ω0 − 1| < 0.005 (C.L. 95 %). But this implies that, because in the standard
picture rH increases with time, going back to the past Ω has to approach closer
and closer the unity (or, in another way, ρ is closer and closer to its critical
value de�ned at k = 0). Going back until the Planck time this means that
|Ωtp − 1| < 10−65. A very strong �ne tuning is required on the initial condition in
order to have the observed current value of Ω!

This is the �atness problem, and for the reason explained just above it is also
understood as a �ne tuning problem.

The monopole problem

It is thought that when the universe was extremely hot with temperatures of
the order of 102 − 1019 GeV. it went through a series of high temperature phase
transitions (with associated spontaneous symmetry breakings). In Grand Uni�ed
Theory (GUT), whenever these transitions happen, there is production of very
massive and stable particles, capable to survive until present times. But if this
were the case their contribution to Ω would be very large, and such that Ω� 1.
Such stable particles are called topological defects and among them we count:
magnetic monopoles, domain walls, cosmic strings and other more.

Furthermore other kinds of objects are predicted by high energy physics the-
ories, such as gravitinos in Supergravity or moduli in String Theory.

In this context all these objects are also known as unwanted relics for the fact
that, so far, we have not detected them because probably their contribution to
the total energy of the universe is negligible. But their production at early times
seems to be unavoidable. This shortcoming of Big Bang cosmology is historically
known as the monopole problem.

2.3.2 The basic picture of the in�ation

All the previous problems, together with other shortcomings not reported here,
�nd a solution in the context of in�ation. Basically, in�ation is a phase in which
the universe experiences an accelerated expansion at early times, i.e. such that
ä > 0. Looking at (2.5) this can be achieved if and only if w < −1/34. In
most in�ationary models the expansion is exponential, or almost so, that means
a ∝ eHt with H ' constant, corresponding to the e�ect of a cosmological constant
(w = −1).

Such an accelerated expansion phase ensures that during in�ation ṙc < 0.
Looking at �g:(2.2) we see that, if in�ation lasts enough, scales that now are

4This means that in�ation occurs before primordial nucleosynthesis that happens at T ∼
1MeV in the RDE when w = 1/3.
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Figure 2.2: In this picture we see the time evolution of the comoving Hubble
radius in an in�ationary universe. Before and after in�ation it increases since
its time-derivative is positive; during in�ation its time derivative is negative and
therefore it decreases. The minimal request to solve the horizon problem is that
rc(ti) ' rc(t0); in such a way those scales entering now the horizon had already
been in causal contact at t ' ti. This picture is taken from [5].

entering the horizon could have already been in casual contact during or before
in�ation. In�ation may solve the horizon problem with the minimal request that
scales which have just entered the horizon now, had been in causal contact at the
beginning of in�ation.

In a similar vein it also solves the �atness problem. In fact, considering
Eq.(2.10), a decreasing rH means that during in�ation Ω is squeezed towards
one. So in principle in�ation could start with Ω − 1 ∈ O(1) (strictly speaking
a non �ne-tuned value); during the in�ationary phase Ω − 1 is suppressed and
if in�ation lasts enough, at the end of it Ω − 1 is su�ciently small to have the
current measured value Ω− 1 < 0.005.

For what concerns the monopole problem, recalling that nX ∝ a−3, where
X is a particular particle specie with a number density nX , we see that during
in�ation nX decreases exponentially. If a relic is produced before in�ation, its
number density is strongly suppressed and at the end of in�ation it is completely
negligible.

In�ation must last enough to solve the previous problems: in particular, de�n-
ing the number of e-folds as

N ≡ ln
a(tf )

a(ti)
=

∫ tf

ti

Hdt, (2.11)

where ti and tf are respectively the initial and �nal time of in�ation, in order to
solve the �atness problem, the horizon problem and so on we must require that
N & 60÷ 70.
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A viable in�ationary model should provide a dynamical way to obtain an
accelerated expansion at early times that ends with the beginning of the RDE as
required by observations. We can achieve this considering the evolution of a scalar
�eld φ(~x, t). It can be shown that if the early universe is �lled with such a scalar
�eld whose potential is �at enough, then at a certain point the universe starts to
expand exponentially, or almost exponentially. A common picture is the one of
a scalar �eld rolling down slowly towards the minimum of its potential. In�ation
ends when the scalar �eld reaches such a minimum. In a more quantitative way
a slow-roll in�ation is achieved if

ε ≡ − Ḣ

H2
� 1, η ≡ 1

3

V ′′

H2
� 1, (2.12)

where ε and η are called slow-roll parameters, and as it can be seen directly, they
are related to the form of the potential.

Furthermore in�ation provides a way for generating density perturbations, the
seeds of large-scale structures of the universe. Essentially density perturbations
are generated from quantum �uctuations of the scalar �eld during in�ation. It can
be seen that when a particular scale crosses the horizon, the associated quantum
�uctuation freezes in, becoming constant and therefore "classic". After that the
scale re-enters the horizon in the RDE or in the MDE as a density perturbation.

In�ationary theories are very predictive and can be tested up to technical
di�culties; however, it is not clear which model is the right one, if there is one.
Up to now we have only some constraints that allow to discard some of the many
proposals.

2.4 The Dark Energy Era

In 1998 Riess et al. [9] studying the relationship between distance and luminosity
in type Ia Supernovae arrived to the outstanding discovery that our universe is
subjected to an accelerated expansion. Further, the same result was achieved
independently by another group one year later [10]. Afterwards new evidences
coming from other kinds of experiments con�rmed this result, such as through
the measurements of the Hubble parameter [11] or from the Planck collaboration
analysis ( a list of the e�ects DE induces to the CMB can be found in [16]).

As we observed in the last section, in the standard FRW picture, in order
to have an accelerated expansion phase in the universe we must require that
w < −1/3. In other words, accordingly with the EoS P = wρ, there must be
something producing a negative pressure. This is what is called Dark Energy.

In the ΛCDM model Dark Energy is parametrised with a tiny and positive
cosmological constant term added to the Einstein equations in a way that it
provides the 70% of the total energy density of the universe and the EoS P = −ρ
(w = −1).
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It is commonly associated to the vacuum energy density of the universe and
as such, in absence of another reference energy scale, we expected that Λ ' M4

pl,
where Mpl ' 1019 GeV is the Planck Mass. But the measured value of Λ is 120
order of magnitude less than this expected value! Such a �ne-tuning problem is
commonly known as the cosmological constant problem, and it is certainly one of
the most compelling shortcomings of the ΛCDM model.

It is worth noting that there are some mechanisms, coming from High Energy
Physics, that allow to lower the value of Λ almost of 60 orders of magnitude,
but unfortunately they are not su�cient to eliminate the �ne-tuning problem
consistently. For a review of the cosmological constant problem see [18] and
references therein.

2.5 Summary

The standard model of cosmology is currently the best description we have of our
universe. It essentially depends only on six parameters that we can measure with
experiments of di�erent nature. Among them the energy amount of baryon Ω0b

and Cold Dark matter Ω0c, the Hubble parameter H0, the scalar spectral index
ns, the reionization optical depth τ and the �uctuation amplitude at 8h−1 Mpc.

Here we list them in a table with the latest measurements released by Planck,
in which di�erent sources are taken into account included external data [17]5

Parameters PlanckTT,TE,EE+

+lowP+lensing+ext

H0 67.74± 0.46
Ω0b 0.04860± 0.00051
Ω0c 0.2589± 0.0057
ns 0.9667± 0.0040
σ8 0.8159± 0.0086
τ 0.066± 0.012

Because a �at universe is assumed, the several energy contributions Ω0i have
to add up to one; this imposes that Ω0Λ = 0.6911 ± 0.0062. Together with the
radiation component, although it is orders of magnitude lower with respect to
the matter energy density, these are the main contributions to the total energy
density of the universe.

As we have already stressed the ΛCDM model has a very good agreement with
observations, no matter the scale of these observations is. However, doubtless it
is not the �nal model as it has been pointed out during this chapter: it su�ers
from several problems besides the fact that so far we do not possess any direct

5In this table are shown the best-�t values for the ΛCDM parameters and 68% con�dence
levels, computed from the Planck CMB power spectra, in combination with the CMB lensing
likelihood (�lensing�) and a compilation of external data sets (�ext�).
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evidence of in�ation (and neither a really convincing theoretical model) and the
nature of Dark Matter and Dark Energy is still a mystery.

Therefore in order to explain these two dark sectors, and to �nd a solution for
the unavoidable shortcomings, it is necessary to go beyond this model. This is
possible for example in the context of modi�ed theories of gravity as we shall see
throughout this work.



Chapter 3

General Relativity and beyond

3.1 General relativity

General Relativity (GR) is the successful theory of gravitation proposed by Ein-
stein in 1916. He �rstly established, on the basis of the equivalence principles,
and in particular the observed equivalence between inertial and gravitational mass,
that gravity is the geometrical manifestation of the spacetime curvature, this one
being in�uenced by the energy-matter content of the universe and vice-versa.

3.1.1 Riemannian geometry

In terms of di�erential geometry, which is the mathematical environment of GR,
Einstein theory of gravity assumes that the spacetime is a 4-D di�erentiable man-
ifold provided with a Lorentzian metric g. We indicate the spacetime with the
pair (M,g). The relation between spacetime and matter is given by the so called
Einstein's equation

Rµν −
1

2
gµνR =

8πG

c4
Tµν . (3.1)

In order to explain the "ingredients" and the main features of this set of equations,
we are going to give an insight into the basic di�erential geometry tools related
to General Relativity.

In special relativity (SR) the spacetime is given by the pair (R4, η), where η
is the Minkowski metric. This �at spacetime has no role in gravity phenomena,
and in general it is just a background space in which particle physics acts. In GR
the Minkowski metric is promoted to a dynamical �eld which determines the ge-
ometrical structure of the spacetime and propagates the gravitational interaction
accordingly with the energy-matter content of the spacetime.

As it happens in SR, all the physical quantities are described by means of ten-
sors, which in some coordinates representation are generically written as T µ1...µnν1...νm

.

23
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Let's consider now the coordinate transformation xµ → x′µ(x). The transfor-
mation rule of a generic tensor under such a coordinate change is given by

T ′µ1...µnν1...νp
(x′) =

∂x′µ1

∂xρ1
. . .

∂x′µn

∂xρn
∂xσ1

∂x′ν1
. . .

∂xσp

∂x′νp
T ρ1ρ2...ρnσ1σ2...σp

(x). (3.2)

Such an object is called a rank-(n, p) tensor and the transformation rule (3.2) is
a generalisation of the Lorentz transformation of SR.

The most used tensors we will encounter throughout this work are the follow-
ing:

• scalars, i.e. (0, 0)-tensors that transform as

φ′(x′) = φ(x); (3.3)

• controvariant vectors, i.e. (1, 0)-tensors that accordingly with (3.2) trans-
form as

A′µ(x′) =
∂x′µ

∂xν
Aν ; (3.4)

• covariant vectors, i.e. (0, 1)-tensors transforming as

A′µ(x′) =
∂xν

∂x′µ
Aν ; (3.5)

• tensor densities of weight p, i.e. tensors whose transformation rule under a
a coordinate transformation is given by

T ′µν =
∣∣∣∂x′
∂x

∣∣∣p ∂x′µ
∂xρ

∂x′ν

∂xσ
T ρσ, (3.6)

where | | is the determinant of the Jacobian of the transformation.

The metric itself is a rank-(0, 2) symmetric tensor with components gµν such that
gµν = gνµ. Another important quantity we will frequently meet is the determinant
of the metric tensor g ≡ det gµν ; this is an example of a scalar density of weight
"-2", whose transformation rule is

g′ =
∣∣∣∂x′
∂x

∣∣∣−2

g. (3.7)

Furthermore the in�nitesimal four-volume element d4x is a scalar density of weight
"+2". From this it follows that the quantity d4x

√
−g is invariant under a generic

coordinate transformation1. This turns out to be very useful in the Lagrangian

1The minus sign inside the square root is a consequence of the fact that the in GR the metric
is not positive de�nite.
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formulation of General Relativity, where d4x is replaced by the invariant volume
element d4x

√
−g.

The main di�erence between the tensorial calculus in Minkowski space and in
general curved manifolds is the concept of di�erentiation. While in SR the partial
derivative of a tensor is still a tensor, in GR this is not the case. If we want
to di�erentiate a tensor still obtaining an object that transforms like a tensor
we must replace partial derivatives with covariant derivatives, with the so-called
comma-goes-to-semicolon rule

∂

∂xµ
Aν ≡ Aν,µ −→ Aν;µ ≡ ∇µA

ν =
∂Aν

∂xµ
+ ΓνµρA

ρ; (3.8)

∂

∂xµ
Aν ≡ Aν ,µ −→ Aν ;µ ≡ ∇µAν =

∂Aν
∂xµ
− ΓρµνAρ. (3.9)

We have listed the covariant derivative for a controvariant and a covariant vector.
This can easily generalised to the (n,p)-rank tensor. For a scalar tensor φ we have
instead φ; ≡ φ,. The Γ coe�cients are called connections.

So far we have said that in General Relativity the spacetime is a four-D curved
manifold; this can be implemented with a connection that allows to generalise the
concept of derivation in curved space. Further we can endow it with a metric g.
This permits us to calculate distances in the manifoldM through

ds2 = gµν(x)dxµdxν (3.10)

where we have chosen a particular set of coordinates xµ and associated components
for g given by gµν(x).

Afterwards, without entering into the details of di�erential geometry, it is pos-
sible to show that under the assumption of torsion-free covariant derivative, that
practically entails Γµαβ = Γµβα, and requiring the metric compatibility condition:
gµν;α = 0 for each value of the indexes (µ, ν α), we can relate the components of
the connections to the components of the metric gµν with the crucial expression

Γµαβ =
1

2
gµσ(gασ,β + gβσ,α − gαβ,σ). (3.11)

Under this conditions the connections are also called Christo�el symbols.
Torsion-free and metric compatibility conditions are assumed in GR for the

pair (M, g) and in the rest of this work unless speci�ed di�erently.
The intrinsic curvature of the spacetime M is encoded in a special tensor

called the Riemann tensor whose expression in terms of the connections is

Rµ
νρσ = Γµνσ,ρ − Γµνρ,σ + ΓµτρΓ

τ
νσ − ΓµτσΓτνρ. (3.12)

We note that the above expression does not depend on the metric. Indeed covari-
ant derivatives, connections and Riemann tensor can be introduced without the
needing of a metric overM. However, once we have introduced a metric on the
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manifold, as we have already seen for the Christo�el symbols and under the same
conditions, we can express the Riemann tensor as follows

Rµνρσ = gµτR
τ
νρσ =

1

2
(+gνρ,µσ + gµσ,νρ − gνσ,µρ − gµρ,νσ) + gαβΓαµσΓβνρ − gαβΓαµρΓ

β
νσ.

(3.13)
We can contract the �rst and the third index of the Riemann tensor to obtain the
so called Ricci tensor whose expression is

Rνσ = gµρRµνρσ = Γµνσ,µ − Γµνµ,σ + ΓµνσΓρµρ − ΓµνµΓρσρ. (3.14)

A further contraction gives us the Ricci scalar R = gνσRνσ.
The Ricci tensor and the Ricci scalar are the objects that enter the Einstein's

equation, together with the energy-momentum tensor Tµν , a (0,2)-rank tensor,
which describes matter.

In Minkowski space each component of the Riemann tensor vanishes. When-
ever this happens we say that the space is �at2.

An important property coming from these de�nitions is that, if we de�ne the
Einstein tensor Gµν = Rµν − 1

2
gµνR, it is possible to prove that it is covariantly

conserved, i.e.

Gαβ
;β = 0. (3.15)

This is called the Bianchi identities and ensure that the energy-momentum tensor
in (3.1) is also covariantly conserved, i.e. T µν ;ν = 03.

3.1.2 The Equivalence Principle

One of the fundamental pillars of Einstein's theory is the relationship between
gravitation and inertia, namely the observed equivalence between gravitational
and inertial mass. As pointed out by Einstein in his famous gedanken experiments,
a free-falling system in a gravitational �eld is physically equivalent to a system
subjected to an appropriate acceleration, of course if the system is small enough to
neglect tidal (gravitational) forces. This consideration was assumed as a principle
by Einstein and it put the basis for the construction of General Relativity theory.
Afterwards the Einstein's idea has been developed and encapsulated in what are
called the equivalence principles.

Because of their importance in the conception of GR and also in testing alter-
native theories beyond it, following [29] we list them in this way:

2Of course, if we �nd a frame in which Rµνρσ = 0 for each index, then it remains true in
every frame because of the covariant nature of the expression. Hence, the �atness of a space is
an invariant property of it.

3The conservation of Tµν is required by the Einstein Equivalence Principle as we shall see
later.
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• Weak Equivalence Principle (WEP): All uncharged, freely falling test par-
ticles follow the same trajectories, once an initial position and velocity is
�xed.

Freely falling particles are particles not subjected to any external force and
therefore follow the geodesics of the spacetime. Another way to put the
WEP is to say that inertial and gravitational mass are equivalent.

• The Einstein Equivalence Principle (EEP): The WEP holds, and further-
more in all freely falling frames one recovers (locally, up to tidal gravitational
forces) the same laws of special relativistic physics, independent of position
and velocity.

• The Strong Equivalence Principle (SEP): The WEP holds for test particles
as well as for massive gravitating body and in all freely falling frames one
recovers (locally, up to tidal gravitational forces) the same laws of special
relativistic physics, independent of position and velocity.

The importance of the EEP relies on the fact that any non gravitational law
that is true in SR is still true in a local inertial frame (LIF) in GR. For example,
since in SR the energy-momentum tensor T µν is conserved, i.e. T µν,ν = 0, then
it is also conserved in a LIF in GR. But this implies that this expression must be
true in any other frame, where the partial derivative is in general replaced by the
covariant derivative:

T µν,ν = 0 in a LIF → T µν;ν = 0 in a general frame.

Due to their importance for the understanding and foundation of General Rel-
ativity a lot of tests have been performed to reveal their validity.
The most common tests of the WEP are the Eötvös-like experiments where an
eventual di�erence between gravitational and inertial mass is measured. In this
tests two di�erent laboratory-sized bodies are considered and chosen to have dif-
ferent composition. The inertial mass-energy of the two bodies is constituted
by several contributions: the rest-mass, the electromagnetic energy, the weak-
interaction energy and so on. If one of these kinds of mass-energy contributes
di�erently to the gravitational mass than it does to the inertial mass, in the
presence of an external gravitational �eld the two bodies, since they di�er in com-
position, may experience a di�erent acceleration, causing a violation of the WEP.
We can write

mp = mI +
∑
i

ηi
Ei

c2
,

where Ei is the internal energy of the body generated by the interaction "i" and
ηi is the dimensionless parameter that encapsulates the deviation from the WEP.
The acceleration experienced by the two bodies is given by

a1 =
(

1 +
∑
i

ηi
Ei

c2mI1

)
g, a2 =

(
1 +

∑
i

ηi
Ei

c2mI2

)
g..
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What is usually measured in this kind of experiments is the "Eötvös-ratio"

η =
2|a1 − a2|
a1 + a2

.

If the WEP holds, η = 0. The most stringent null result we have has been obtained
using beryllium and titanium and it is given by η = (0.3± 1.8)× 10−13 [12]. This
can be improved further in space based experiments since most of the noise comes
from Earth ground perturbations.

Testing the EEP and the SEP is more involved, because not only we have
to show that di�erent (gravitating) test bodies follow the same trajectories, but
also that locally the entire set of Special Relativistic laws holds. For a more
comprehensive discussion about this issue see [29] and reference therein.

3.1.3 The Einstein's equation

We have now all the ingredients to understand the Einstein's equations (3.1).
Essentially they can be inferred if one requires an expression that gives second
order equations of motion as the Newtonian equation for gravity is, and such that
in the weak �eld limit they reduce to the Poisson equation

∇2Φ(~x) = 4πGρ(~x), (3.16)

where Φ(~x) is the gravitational potential, while ρ(~x) is the mass density.
Such an expression should be written in terms of the metric tensor and should

be linear in the energy-momentum tensor since ρ appears linearly in (3.16). The
simplest expression that it is possible to �nd and that is in agreement with the
EEP4 is exactly Eq.(3.1). This is not only the simplest expression, but also the
unique choice to have second order di�erential equations in the metric and that
ensures the conservation of T µν .

In reality an extra term is allowed, as pointed out by Einstein itself some years
later the �rst publication, that is the cosmological constant term. The complete
Einstein's equation then becomes

Gµν + Λgµν =
8πG

c4
Tµν . (3.17)

Λ is a constant term, and because of the metric compatibility condition the extra-
term Λgµν is also conserved, and the conservation equation is not spoiled.

4The EEP implies Tµν;ν = 0 and this is consistent with the conservation of Gµν via the
Bianchi identities. This reveals the self-consistency of GR.



3.1. GENERAL RELATIVITY 29

3.1.4 The Lagrangian formulation of General Relativity

The vacuum Einstein's equation, given by (3.17) with Tµν = 0, can be equivalently
obtained from a variational principle applied to the so called Hilbert-Einstein (H-
E) action, that is

SHE =
c3

16πG

∫
d4x
√
−g(R− 2Λ), (3.18)

where g = det gµν and R is the Ricci scalar. We assume that torsion-free and
metric compatibility conditions hold and therefore R is function only of gµν . Note
that the action is invariant under a generic coordinate transformation.

We now explicitly show that varying the action with respect to the metric,
and imposing the least action principle then we obtain the vacuum Einstein's
equation. Recalling that R = gµνRµν the variation of the action (3.18) reads

δ

∫
d4x
√
−g(gµνRµν − 2Λ) =

∫
d4x
√
−gRµνδg

µν +

∫
d4x(R− 2Λ)δ

√
−g +

+

∫
d4x
√
−ggµνδRµν .

Let's start evaluating δ
√
−g:

δ
√
−g = − 1

2
√
−g

δg = − 1

2
√
−g

∂g

∂gµν
δgµν =

1

2

√
−ggµνδgµν , (3.19)

where in the last equality we have used the relation det A = eTr lnA, with A a
generic matrix, that in our case is gµν . Moreover, since we have

gµνgνσ = δµσ → δgµν = −gµσgνρδgσρ

we can rewrite (3.1.4) as follows

δ
√
−g = −1

2

√
−ggµνδgµν . (3.20)

Furthermore, it is possible to show that

gµνδRµν = ∇σvσ, (3.21)

i.e. it contributes with a surface term that can be put to zero, see [1].
Collecting the various pieces we �nd∫

d4x
√
−g
(
Rµν −

1

2
gµν(R− 2Λ)

)
δgµν .

The least action principle δSHE
δgµν

= 0 gives us the vacuum Einstein's equation.
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We can take into account the presence of matter by adding an action Sm of
the kind

Sm =
1

c

∫
d4x
√
−gLm(g, ψ), (3.22)

where Lm is the Lagrangian density for the generic matter �eld ψ5.
De�ning the energy-momentum tensor for ψ in the following way

Tµν ≡ −
2√
−g

δSm
δgµν

(3.23)

and taking the variation of the total action S = SHE + Sm with respect to gµν ,
we obtain ∫ √

−g
[ c3

16πG

(
Rµν −

1

2
gµν(R− 2Λ)

)
− 1

2c
Tµν
]
δgµν . (3.24)

This gives us the Einstein's equation (3.17).
In this approach, the conservation of Tµν follows from the conservation of

Gµν + Λgµν and therefore the Einstein Equivalence Principle is automatically
satis�ed. Moreover from its de�nition it follows that it is symmetric in (µ, ν).

It's important to underline that within this approach we can also obtain the
equation of motion for the matter �eld by extremising Sm with respect to ψ

δSm
δψ

= 0. (3.25)

Whenever this condition is ful�lled we say that the matter �eld is on shell.
The second point we want to stress is that the form of the action (3.22) is the

one that de�nes the minimal coupling between matter and gravity. Essentially we
have minimal coupling simply taking the matter action of Special Relativity and
doing the substitutions ηµν → gµν and d4x → d4x

√
−g. If no other �elds enter

both the gravitational part of the action and the matter part, it is possible to
show that such substitutions determine the conservation of Tµν (and consequently
matter follows the geodesics of the spacetime).

3.2 Beyond General Relativity

General Relativity is one of the most successful theories of modern physics. In-
deed, it has been the same since its formulation in 1915 and a very large amount of
experiments has been made to test it and amazingly they have widely con�rmed
its validity.

5In GR ψ is a tensorial �eld on the manifoldM and it depends on the the spacetime position,
i.e. ψ = ψ(x). For example it could be a scalar �eld or a fermionic �eld satisfying the Dirac
equation.
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We have already mentioned the Eötvös test about the foundational principle
of GR in the last section. More experiments have been made on di�erent length
scales, from the microscopic world (micron) to the cosmological scales. Without
entering into the details we can list some of the most known:

• The gravitational redshift of light : the frequency of light gets redshifted in
passing through a gravitational �eld. One consequence is that a clock runs
in di�erent ways in a gravitational �eld accordingly with its position. A
typical test of this is the Pound-Rebka experiment [13].

• The bending of light due to the solar gravitational �eld : in General Relativity
photon trajectories are bended by the gravitational �eld. For a ray passing
near the sun the de�ection angle θ is predicted to be θ ' 1.75′′. The tightest
constraint from observation says θ = (0.99992± 0.00023)× 1.75′′ from [31].

• The perihelion precession of Mercury : the observed "anomalous" perihelion
precession of Mercury cannot be explained by Newtonian gravity, but it
�nds an explanation in GR. Current measurements of it are in agreement
with the predicted value of GR, see [14].

• The detection of Gravitational Waves : like the �rst two e�ects listed above,
gravitational waves are a peculiar feature of GR. Their detection took one
entire century since their �rst prediction from the Einstein's equation.

Despite the observational data are in very good agreement with the predictions
(and foundations) of general relativity, in the last decades the Einstein's theory has
also showed its limits. First of all we know that this theory is not applicable at the
quantum level. In particular it is well-known that GR is not renormalizable, and
therefore it is believed it is only an e�ective �eld theory whose validity holds for low
energy scales. Besides this, as we have pointed out in the last chapter, it is believed
that the universe went through a phase of cosmic acceleration due to the in�aton
�eld in the early time, and we are currently experiencing another accelerated
expansion phase due to the DE. Since, up to now, no convincing arguments from
theoretical physics could explain such a puzzle, it seems reasonable to think that
a solution could be found within alternative theories of gravity. Moreover, we
have already seen that in the universe we have another dark component, the Dark
Matter, whose e�ects appear only gravitationally.

In principle we can explain all these dark sectors hypothesising that a mod-
i�cation of Einstein's equations can accommodate the observational data. For
example we can hypothesise that a scalar �eld enters the H-E action coupled with
gravity and this could be the scalar �eld responsible for the in�ation, or otherwise
for the late-time acceleration, or both of them. This is just an example; in the
rest of this work we shall see some concrete models of modi�ed gravity.

The important point to �x is that besides the numerous experiments that
have tested the validity of Einstein's theory, it's widely accepted that GR is not
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the �nal theory of gravitation. Indeed some experiments have showed deviations
from GR, such as the detection of a small variability of the �ne-structure constant.
Together with the unknown sectors of cosmology these issues are su�cient to give
sense to an investigation beyond General Relativity. Before doing it, we are going
to see how we can modify GR consistently.

3.3 Modifying General Relativity

Attempts to modify GR should be consistent with the well tested predictions of
Einstein's theory. Because of this, deviations from it must be negligible in the
solar system scales and however must check all the observational data. What we
are looking for are gravity equations that di�er from the Einstein's equations, but
in some sense not too much in the weak-�eld regime of the solar-system tests.

A way to understand how to modify gravity is provided by the Lovelock's
theorem. This states that Einstein's equations (3.17) are the unique expressions we
can obtain from a variational principle applied to a scalar density L(g) depending
only on the metric and in a four-dimensional spacetime.

Therefore, if we want to obtain gravitational equations di�erent from the Ein-
stein's ones we must loosen at least one of the assumptions of this theorem.

We list now some possible paths we can follow emerging from the Lovelock's
theorem in modifying gravity:

1 We can deal with a D = n > 4 spacetime.

This is a notable research topic and is quite natural in Grand Uni�ed The-
ories. An example of a modi�ed theory of gravity involving more than four
dimensions are Kaluza-Klein models [23].

2 We can release the request to have second order di�erential equations, as
the Einstein's equations are.

Examples of theories that consider higher order derivatives are: f(R) grav-
ity, Gauss-Bonnet gravity and Horâva-Lifshitz gravity.

3 We can construct a gravity action depending on some extra �elds other than
the metric.

This is doubtless the most followed path among the attempts to modify
gravity. In general the extra �eld(s) is a scalar that enters the gravity
equations together with the metric. An example is the Brans-Dicke theory,
or more in general the so-called Scalar-Tensor theories (ST), such as the
Horndeski's theories. Of course instead of a scalar it is possible to add a
vector or even a tensor. For example a theory called Teves takes into account
tensor, vector and scalar degrees of freedom.
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For a review of the many possible modi�ed gravity theories see [29].
Of course, these are not the unique ways to modify GR. For example we can

consider a non-local theory, or give up Lorentz-invariance. Certainly it would not
be so easy to accommodate such theories with observations, since locality and
Lorentz-invariance are well-accepted facts.

In this work we will focus on the third path, i.e. we will consider Scalar-
Tensor theories and we will investigate how these theories are modi�ed by peculiar
transformations of the metric.
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Chapter 4

Scalar-Tensor theories

In our work we will focus our attention on Scalar-Tensor theories (ST) of modi�ed
gravity. In this wide class of gravitational theories a scalar �eld is considered other
than the metric tensor, the former being generally "non-minimally" coupled to
gravity and/or to the matter �elds, and provided with its own dynamics.

The �rst remarkable attempt to construct a ST theory was performed in the
'40s by P. Jordan [22] in the context of �ve-dimensional Kaluza-Klein's theory
[23]. He �rst introduced a non-minimal coupling between the scalar �eld and the
gravity sector replacing the gravitational constant of Einstein's theory with the
scalar �eld; he was inspired by the Dirac's "large number hypothesis", i.e. the
idea that the fundamental constants should vary with time. Later on in 1961
Brans and Dicke proposed what we can now call the prototype Brans-Dicke (BD)
model [24], closely related to the Jordan's one, and that can be thought as the
mother of all the subsequent ST theories.

The reason why Scalar-Tensor theories are widely studied today is related to
the fact that scalar �elds are ubiquitous both in cosmological and high energy
physics. We need only think that almost all the in�ationary models are based
on one (or more) scalar �eld(s) as well as Dark Energy models. In high energy
physics the situation is similar: Higgs bosons are scalar �elds and constitute
the main ingredient in uni�cation theories of particle physics. Furthermore, the
presence of a scalar �eld related to the metric tensor seems to be unavoidable in
theories that attempt to unify gravity with the other fundamental forces, such as
Supergravity and Superstring theories.

In this chapter we present the prototype Brans-Dicke model and see how it
can be constrained with solar system experiments of gravity. Unfortunately they
limit the possible deviations from GR to be very small and therefore it is necessary
to go beyond this prototype version of ST theories. Thus, we generalize the BD
model to a more generic theory involving two free parameters rather than the
one of the prototype model. Further we will brie�y introduce f(R) theories as an
example of modi�ed theories of gravity that can be recast in a Scalar-Tensor like
form and then Quintessence theories as models for Dark Energy which contain

35
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a scalar �eld. Finally we generalize the ST action to the most general action
containing a scalar and a tensor �eld giving rise to second order equations of
motion in four-dimensional spacetime, dubbed the Horndeski theory.

4.1 The prototype BD model

The model proposed by Brans and Dicke in 1961 is described by the following
action

SBD =
c4

16π

∫
d4x
√
−g
(
φR− ω0

φ
∇µφ∇µφ

)
+ Sm[g, ψm]. (4.1)

Here φ is the scalar �eld that, as we see, plays the role of the inverse of the
gravitational constant, ω0 is a dimensionless constant called the Brans-Dicke pa-
rameter, and indeed is the only free parameter of the theory; ψm indicates generic
matter �elds. Let us note that the scalar �eld does not enter the matter action;
this ensures that matter follows geodesics of the metric as it is well established
from experiments and that the matter energy-momentum tensor is covariantly
conserved, i.e. T µνm ;ν = 0. The �rst term in (4.1) de�nes what is meant with
non-minimal coupling of the scalar �eld with gravity.

The full set of equations of motion can be obtained taking the variation of
the action with respect to gµν , φ and ψm. Varying with respect to the metric we
obtain

Gµν =
8π

c4φ
Tµν +

ω0

φ2

(
∇µφ∇νφ−

1

2
gµν∇ρφ∇ρφ

)
+

1

φ

(
∇µ∇νφ− gµν�φ

)
. (4.2)

Variation with respect to φ and ψm leads to

2
ω0

φ
�φ− ω0

φ2
∇µφ∇µφ+R = 0; (4.3)

δSm
δψm

= 0, (4.4)

where � is the covariant D'Alembertian that for a scalar �eld reads

�φ =
1√
−g

(
√
−ggµνφ,µ),ν .

Remembering that Gµ
µ = −R , we can recast (4.3) in a simpler form taking the

trace of (4.2) and substituting in (4.3) the expression for R thus obtained. This
gives us

�φ =
8π

c4(2ω0 + 3)
T. (4.5)

We see that the dynamics of the scalar �eld is sourced by the matter �eld, so
at the level of the equations of motion matter is coupled with the scalar �eld.
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However we note that in the limit ω0 → ∞ the right-hand side of (4.5) vanishes
and the scalar �eld dynamics is decoupled from matter. This shows that in the
ω0 → ∞ the BD model tends to General Relativity, plus of course the presence
of a decoupled scalar �eld.

4.1.1 Solutions for the BD model

A huge variety of solutions of Eq.(4.2)-(4.5) has been found during the last �fty
years. A �rst analysis in the weak �eld approximation is already present in the
seminal paper of Brans and Dicke [24]. The latter also found a static spherically
symmetric solution about a point mass given by

ds2 = −e2αdt2 + e2β(dr2 + r2dΩ2), (4.6)

and

φ = φ0

[1− B
r

1 + B
r

]−C
λ
, (4.7)

with

e2α = e2α0

[1− B
r

1 + B
r

] 2
λ
; (4.8)

e2β = e2β0
(

1 +
B

r

)4[1− B
r

1 + B
r

] 2(λ−C−1)
λ

, (4.9)

where α0, β0, B and C are arbitrary constant, λ = [(C + 1)2 − C(1− ω0

2
C)]

1
2 .

More recently a non-static spherically symmetric vacuum solution of (4.2)-
(4.5) has been found [25], pointing to the fact that the Birkho� theorem doesn't
hold in the Brans-Dicke model.

The BD cosmology has also been well-studied, starting with [24] where cal-
culations were carried out at the background level. Extended vacuum solutions
with a spatial-dependent scalar �eld are given in [27] (see also [26, 28]). Solutions
for anisotropic universes (Bianchi-like) exist; for a list of references about these
topics see [29].

4.2 The parametrised post-Newtonian formalism

One way to test a theory of gravity, that could be General Relativity or an alter-
native to it, is to compare its theoretical outcomes with the results obtained in
solar system experiments which are currently fairly accurate.

We know that at the solar system level gravitation is well-described by the
Newtonian theory. Here, a test-body feels an acceleration given by ~a = ~∇U
where U is the gravitational potential satisfying ∇2U = −4πρ; ρ is the rest-mass
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energy density of the gravitational source. In an appropriate coordinate system
the Newtonian metric reads: g00 = −(1− 2U), gij = δij.

The Newtonian theory is capable to explain gravitational e�ects with a pre-
cision of one part in 105, but this is not enough to clarify phenomena like the
Mercury's perihelion shift that requires a precision of the order of one part in 107.
A more accurate description of gravitational phenomena in our solar system must
go beyond the Newtonian theory and account for post-Newtonian e�ects.

A successful approach in this sense is the so-called parametrised post-Newtonian
formalism, or PPN formalism, that provides a direct way to compare experimen-
tal results with a proposed gravity theory. The main ingredient of this approach
is an expansion in "small" quantities of the metric, where the order of smallness
is dictated by the following assumptions

U ∼ v2 ∼ P

ρ
∼ Π ∼ O(2), (4.10)

where v is the planetary velocity1, p/ρ is the ratio of the pressure to density of
the matter making up the solar system objects, Π is the ratio of energy density to
rest-mass energy. U is generally of the order of 10−5. Note that we are assuming
a perfect-�uid form for the matter, with pressure P and density ρ. Furthermore,
since ∂

∂t
∼ ~v · ~∇ and v ∼ O(1), then

|∂/∂t|
|∂/∂x|

∼ O(1). (4.11)

For example the product U · v is O(3), while U2 is O(4).
It can be shown (see [30]) that in order to go beyond the Newtonian approx-

imation and approach the post-Newtonian limit we need to expand the metric
components as follows

g00 to O(4); g0i to O(3); gij to O(2), (4.12)

if we want to describe massive particle motion; if instead we want to analyse
light-ray propagation it su�ces the following expansion

g00 to O(2); gij to O(2). (4.13)

Also the perfect-�uid energy momentum tensor components must be expanded
accordingly, i.e.

T 00 to ρ O(2); T 0i to ρ O(3); T ij to ρ O(4). (4.14)

How does this approach work? We have a post-Newtonian system (our solar
system) with a metric gµν . We require that far from such a system the metric

1The virial theorem ensures that U and v2 are of the same order.
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tends asymptotically to the Minkowskian one. Therefore, since we are in a weak
�eld regime we can expand the metric as gµν = ηµν + hµν with hµν small. Then
we write the metric correction hµν in terms of metric functionals (or potentials)
generated by U , rest-mass energy and velocity taking into account all the possible
viable combinations, with arbitrary parameters in front of them. Thus, choosing
an appropriate coordinate system and an appropriate gauge2 the PPN test metric
reads

g00 = −1 + 2GU − 2βG2U2 − 2ξG2ΦW + (2γ + 2 + α3 + β1 − 2ξ)GΦ1

2(1 + 3γ − 2β + β2 + ξ)G2Φ2 + 2(1 + β3)GΦ3 − (β1 − 2ξ)GA

2(2γ + 3β4 − 2ξ)GΦ4;

g0i = −1

2
(3 + 4γ + α1 − α2 + β1 − 2ξ)GVi −

1

2
(1 + α2 − β1 + 2ξ)GWi;

gij = (1 + 2γGU)δij.

Here β , γ , ξ , β1 , β2 , β3 , β4 , α1 , α2 and α3 are the post-Newtonian parameters,
while ΦW ,Φ1 ,Φ2 ,Φ3 ,Φ4 , A , Vi andWi are the post-Newtonian gravitational po-
tential constructed using ρ , P , U ,Π. Their de�nitions are given in [30].

Of course this metric does not depend on a particular theory and indeed its
parameters are constrained by experiments only. For instance, the γ parameter
can be constrained through measurements of the bending of light by sun. Using
the PPN test metric the predicted bending of light is

θ =
1 + γ

2
θGR, (4.15)

where θGR is the GR prediction for θ (θGR = 1). Using the tightest constraint on
θ given by the experiment due to Shapiro, David, Lebach and Gregory [31], we
have

γ − 1 = (−1.7± 4.5)× 10−4. (4.16)

A tighter constraint on the γ parameter can be obtained measuring the Shapiro
delay of time. It gives [32]

γ − 1 = (−2.1± 2.3)× 10−5. (4.17)

The next step is to understand how we can relate the PPN formalism to a
given gravity theory. The procedure is the following: we consider the dynamical
variables of the theory expanding them at the required order around their back-
ground value dictated by the asymptotic conditions. For example in a generic

2Generally it is considered a quasi-Cartesian coordinate system at rest with the universe (the
universe rest frame is the frame in which the universe appears isotropic). The gauge choice is
called standard gauge, see [30].
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Scalar-Tensor theory, where the dynamical variables are the metric tensor and
the scalar �eld, we should expand

h00 ∼ O(2) +O(4); h0i ∼ O(3); hij ∼ O(2); (4.18)

φ ≡ φ0 + ϕ → ϕ ∼ O(2) +O(4). (4.19)

Then we substitute such expansions in the �eld equations, retaining only those
terms consistent with the post-Newtonian order considered and solve the equations
for h00, h0i and hij. To compare the metric tensor thus obtained with the PPN test
metric it is necessary to transform the coordinates and the gauge to the standard
form adopted by the PPN metric. At this point it is possible to compare the two
metrics and constrain the theory parameters with the PPN ones.

4.3 Constraints on the prototype BD model

We can follow the procedure outlined in the previous section for the prototype
Brans-Dicke model. In this theory we have only one free parameter (ω0) that
can be constrained comparing the post-Newtonian BD metric with the PPN test
metric. It can be shown that the post-Newtonian limit of the BD model gives the
following metric components [30]

g00 = −1 + 2GU − 2G2U2 + 4
(3 + 2ω0

4 + 2ω0

)
GΦ1 +

+4
(1 + 2ω0

4 + 2ω0

)
G2Φ2 + 2GΦ3 + 6

(1 + ω0

2 + ω0

)
GΦ4;

g0i = −1

2

(10 + 7ω0

2 + ω0

)
GVi −

1

2
GWi;

gij =
(

1 + 2
(1 + ω0

2 + ω0

)
GU
)
δij. (4.20)

From this we can read o� the value of the PPN parameters in terms of ω0:

γ =
1 + ω0

2 + ω0

; β = 1; ξ = α1 = α2 = α3 = β1 = β2 = β3 = β4 = 0.

The Shapiro delay constraint on γ is translated into ω0 & 500. However, there is
a tighter constraint coming from observations carried out by the Cassini satellite
of the time delay of radio signals; this gives ω0 & 40000.

We have said that the more ω0 is, the more the BD model approaches General
Relativity. Indeed if ω0 →∞ then γ → 1, that is the value of γ in GR.

The observational constraints on ω0 put strong limits on the possible deviations
from GR provided by this model. ω0 & 40000 means that deviations from GR are
very small on all the scales, and therefore the two theories look phenomenological
very similar. This problem can be circumvented allowing for a variable ω and
introducing a potential term for the scalar �eld. This is the topic of the next
section.
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4.4 Extension of the Brans-Dicke model

A natural extension of the prototype Brans-Dicke theory is to allow for a varying
ω0, which can be promoted to a function of the scalar �eld ω = ω(φ). Further, we
can introduce a cosmological constant term and also account for a φ-dependence
of it. This leads to the following action

S =
c4

16π

∫
d4x
√
−g
(
φR− ω(φ)

φ
∇µφ∇µφ− 2Λ(φ)

)
+ Sm[g, ψm]. (4.21)

Note that the generalised cosmological constant term can also be interpreted as a
potential for the scalar �eld, that therefore acquires a truly complete dynamics.

Allowing for a scalar �eld rede�nition: φ→ f(φ), this action can be recast in
the following form

S =
c4

16π

∫
d4x
√
−g
(
f(φ)R− g(φ)∇µφ∇µφ− 2Λ(φ)

)
+ Sm[g, ψm], (4.22)

with a rede�nition of Λ(φ) and the new function g(φ).
The latter is a quite general form for a generic Scalar-Tensor theory whose

action is quadratic in the �rst derivatives of the scalar �eld, up to boundary terms.
In particular no second-derivatives or higher than second derivatives appear in the
action3.

The equations of motion derived from (4.21) are similar to the ones obtained for
the prototype version, with the addition of extra terms due to the φ-dependence on
ω and the extra Λ-term; therefore we omit them. Anyway, within this theory we
can still perform a post-Newtonian expansion and solve for the metric correction
hµν . This leads to the following PPN-parameters

γ =
1 + ω

2 + ω
, β = 1 +

dω/dφ

(4 + 2ω)(3 + 2ω)2
. (4.23)

The γ-parameter is the same of the prototype version, except that now ω is not
constant and therefore the previous constraints based on solar-system experiments
only bind ω at the present time in our solar system. The β-parameter is instead
di�erent from its prototype counterpart. Of course we note that in the limit
ω → constant it reduces to one as in the BD model. Measurements of Mercury's
perihelion precession can constraint β to be β − 1 ' O(3) or O(4). The strong
constraint ω & 40000 coming from γ measurements still holds, although as we
have already noted, it concerns only the local value of ω.

A key feature of this class of theories is that there can be mechanisms for
which the presence of the scalar �eld is hidden/screened in weak-�eld regimes

3This is a su�cient condition to have second-order equations of motion, but not necessary.
In fact, as we shall see in the next section, this action can be generalised further to include
higher order derivatives of the scalar �eld.
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(leading to a GR-like theory) but at cosmological scales it is still alive. Such
mechanisms generally permit to satisfy all the solar system tests of gravity, still
leaving the pssibility of GR deviations at cosmological levels. This is exactly
what we want, since up to now no deviations from GR have been measured in
the weak �eld regime of the solar system. Among these mechanisms there are
the "spontaneous scalarization" [33], the "chameleon mechanism"[34] and the
"symmetron mechanism"[35].

A note is in order. We can further generalize the action (4.21) or (4.22)
allowing for a coupling of the scalar �eld to the matter action. A natural way to
perform this is to introduce the following coupling

Sm[gµν , ψm] −→ Sm[e2α(φ)gµν , ψm], (4.24)

where α(φ) is an arbitrary function of φ. This is a conformal-type coupling aris-
ing performing a conformal transformation of the metric gµν . We shall analyse
conformal transformations and their e�ect on Scalar-Tensor theories in the next
chapter.

4.5 f(R) and quintessence theories

Historically, besides the Scalar-Tensor theories a là Brans-Dicke, many other al-
ternatives to general Relativity have been considered. Fortunately, it has been
showed that some of them, that apparently seem to be unrelated to a Scalar the-
ory, indeed can be reformulated eating the extra degree of freedom with a scalar
�eld. This is the case for example of f(R) theories that we are going to introduce
brie�y.

Furthermore we will introduce quintessence theory and its extension, as the-
ories for Dark Energy. These theories contemplate the presence of a scalar �eld,
but it is not coupled to gravity; in other words the scalar �eld sources the RHS
of the Einstein's equation as an ordinary matter �eld.

4.5.1 f(R) theories

f(R) gravity is a natural extension of General Relativity in which the extra degrees
of freedom come from higher order terms in metric derivatives in the EoM. The
basic formulation replaces the Ricci scalar of GR with a generic scalar function of
it, which is commonly indicated with f(R). That is, the linear dependence on R
of the Einstein-Hilbert action is replaced with a generic function of R that leads
to higher order terms in metric derivatives. Higher-order curvature terms in the
action can appear when quantum corrections are considered.

A notable example of f(R) gravity is the Starobinsky model [40], where f(R) =
R + αR2, (α > 0). This model provides an early phase of accelerated expansion
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and in fact in its �rst formulation in 1980 it was used as a model of in�ation. A
review of f(R) gravity can be found in [41].

The action for a generic f(R) theory is

S =

∫
d4x
√
−gf(R) + Sm[g, ψm]. (4.25)

Varying the action with respect to gµν we obtain

δS =

∫
d4x
√
−g
[1
2
f(R)gµνδgµν + fRδR +

1

2
T µνδgµν

]
, (4.26)

where fR ≡ ∂f/∂R, with (up to boundary terms)

fRδR = −
[
fRR

µν + gµν�fR − fR;ρσg
µρgνσ

]
δgµν . (4.27)

Therefore the equations of motion read

fRRµν + gµν�fR −
1

2
f(R)gµν − fR;µν =

1

2
Tµν . (4.28)

We note that if f(R) = R then (4.28) reduces to the Einstein equations.
A key feature of this theory is that by an opportune �eld rede�nition it is

possible to recast it to a Scalar-Tensor theory. In fact, introducing a scalar �eld
ψ we can write the action (4.25) in the following dynamically equivalent form

S =

∫
d4x
√
−g
[
f(ψ) + f ′(ψ)(R− ψ)

]
+ Sm, (4.29)

where the prime denotes derivatives with respect to ψ.
Varying this action with respect to ψ we �nd f ′′(ψ)(R−ψ) = 0, that means, if

f ′′ 6= 0 then R = ψ and with this constraint we re-obtain the f(R) action (4.25).
Now let us de�ne a new scalar �eld

φ ≡ f ′(ψ), (4.30)

with the hypothesis that φ(ψ) is an invertible function. If we de�ne

V (φ) ≡ ψ(φ)φ− f(ψ(φ)),

then (4.29) becomes

S =

∫
d4x
√
−g
[
φR− V (φ)

]
+ Sm, (4.31)

that has the standard form (4.21) of a ST theory.
This result shows that an higher-order theory propagates extra degrees of

freedom, that in the case of a f(R) theory is in the form of a scalar �eld.
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4.5.2 Quintessence theories

Quintessence models were historically introduced to provide an alternative ex-
planation with respect to the current ΛCDM model for the late phase of cosmic
acceleration.

In the FRW cosmology, a cosmological constant term provides a late-time
accelerated expansion with a constant equation of state wΛ = −1. A very similar
behaviour can be achieved in the context of quintessence and k-essence theories
where a scalar �eld minimally coupled to gravity is responsible for a late time
cosmic in�ation. The key feature of these models is that the equation of state
describing Dark Energy evolves dynamically with time and it is not plagued by
the too-small value problem of the cosmological constant term.

The action for the quintessence model is given by

S =

∫
d4x
√
−g
[ R

2k
− 1

2
gµν∂µφ∂νφ− V (φ)

]
+ Sm, (4.32)

with k = 8πG/c3. We note that the scalar �eld is minimally coupled to gravity
and the kinetic term is of the standard form.

It can be shown that, as in the case of slow-roll in�ation, the equation of state
for such a scalar �eld reads

wφ =
φ̇2 − V (φ)

φ̇2 + V (φ)
, (4.33)

If we require that at late times the potential is su�ciently �at, i.e. φ̇2 � V (φ),
then w ' −1: the universe undergoes a phase of accelerated expansion.

Besides the technical aspects of this kind of models, we immediately note the
similarity between the action (4.32) and that of a Scalar-Tensor theory. Indeed
the borderline between the two theories is quite faint and it can be shown that
models of quintessence can be recast in a ST-like theory a là Brans-Dicke after a
Weyl rescaling of the metric.

A further extension of quintessence models is the k-essence model [42], where
now the kinetic term of the scalar �eld is non-standard, i.e.

− 1

2
gµν∂µφ∂νφ ≡ X → P (X,φ) = K(φ)X + L(φ)X2, (4.34)

leading to the action

S =

∫
d4x
√
−g
[ R

2k
+ P (X,φ)

]
+ Sm. (4.35)

K-essence models are motivated by low-energy e�ective string theory where a P -
like term of the form (4.34) appears [43]. Anyway, in these models the e�ects
of the quintessence potential are reproduced by the non-standard kinetic term,
which as it can be seen, leads to the equation of state

wφ =
1−X
1− 3X

,
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where in order to have an accelerated expansion phase (ωφ < −1/3) we must
require X < 2/3.

4.6 The Horndeski action

A further generalization of the action (4.22) was found by Horndeski in the 1970s.
In his work [39] he determined the most general Scalar-Tensor action yielding
second order equations of motion both for the metric and the scalar �eld in four-
dimension spacetime. The importance of this work has remained unnoticed for
many years and rediscovered only recently in the context of Galileon Theory
[36, 37, 38]. In the language of the latter theory the Horndeski action reads

SH =

∫
d4x
√
−g

5∑
i=2

Li, (4.36)

where

L2 = G2(φ,X); (4.37)

L3 = G3(φ,X)�φ; (4.38)

L4 = G4(φ,X)R− 2G4,X(φ,X)
[
(�φ)2 − φµνφµν

]
; (4.39)

L5 = G5(φ,X)Gµνφ
µν +

1

3
G5,X

[
(�φ)3 − 3�φ φµνφ

µν + 2φµνφ
µσφνσ

]
. (4.40)

where φµ = ∇µφ, φµν = ∇µ∇νφ, X = 1
2
∇µφ∇µφ, Gi,X = ∂Gi/∂X and R and

Gµν are the Ricci scalar and the Einstein tensor respectively. We note that not
only we have non-minimal coupled Ricci scalar, but also a non-minimal coupling
to the Einstein tensor. This is a new feature for Scalar-tensor theories with respect
to a là Brans-Dicke models.

We easily see that putting G2 = G3 = G5 = 0 and G4 = 1 it reduces to the
GR Lagrangian (up to multiplicative constant factors), whereas for G2 = 2Λ(φ),
G3 = −g(φ), G4 = f(φ), G5 = 0 it reduces to (4.22). In general the Horndeski
action contains a huge quantities of Scalar-Tensor models, like k-essence theories,
f(R) gravity other than some Galileon theories.

Although the Horndeski Lagrangian contains order-two derivatives, it gives
rise to second order �eld equations. This is due to a �ne cancellation between
higher derivatives coming from the R and Gµν terms and those generated by the
derivative counterterms. The price to pay is a highly non-linear structure of the
action and more involved equations of motion. Another important key feature
of Horndeski Lagrangian is that every single sub-Lagrangian Li yields second
order �eld equations, therefore we can set one (or more) of them to zero without
damaging the second order nature of the EoMs.
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Chapter 5

Conformal transformations

Soon after the formulation of the Brans-Dicke theory, Dicke himself in 1961 showed
that under the metric transformation gµν → eα(φ)gµν and a proper scalar �eld
rede�nition, it is possible to convert the BD action to a General Relativity like
theory, for what concerns the gravitational sector.

The metric transformations he exploited are called conformal transformations
or Weyl transformations. They are widely used in General Relativity, e.g. in
the theory of asymptotic �atness [1] or in Black-Hole physics. In the context of
modi�ed theories of gravity they are mainly employed to recast a starting theory
to a GR like form (as in the case of the Brans-Dicke model), for which we know
solutions to the equations of motion.

However, such an use of conformal transformations has brought with it a very
heated debate about the physical interpretation of these metric transformations.
However, this problem seems to have been solved today even though recently the
issue has come back to life because of the introduction of a new class of metric
transformations which extend the conformal ones: the disformal transformations.

In this chapter we will introduce the conformal transformations and see how
they can be implemented to simplify a given theory. This will lead us to de�ne the
concept of representation, or frame, for a Scalar-Tensor theory. The next step will
be to analyse the physical interpretation of the di�erent frames, which goes under
the name of conformal frame's issue. We will show that a clever solution could
be to de�ne a conformal invariant theory, as in [19, 54, 55]. Finally we will do
some considerations about the relationships between conformal transformations
and quantization in Scalar-Tensor theories of gravity.

5.1 Conformal transformations: an introduction

Consider a n-dimensional manifoldM endowed with a Riemannian metric gµν . A
conformal transformation (CT) of the metric gµν is de�ned as

gµν → g̃µν = Ω2(x)gµν , (5.1)

47
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where Ω(x) is a smooth, strictly positive function of the spacetime points.
A conformal transformation is therefore the map (M, gµν) → (M, g̃µν), with

g̃µν and gµν conformally related via (5.1). We also require that this represents a
map between two Riemannian space.

By de�nition a conformal transformation does not act on the coordinate-
separations, i.e. after a CT dxµ → dxµ and therefore

ds2 = gµνdx
µdxν → ds̃2 = g̃µνdx

µdxν = Ω2(x)ds2. (5.2)

We argue that after a conformal transformation times and lengths are stretched
by a factor Ω. Nevertheless we note that the "stretching" is isotropic: the rate of
stretching in the x̂ direction is equal to the rate in the ŷ and ẑ direction. However,
the causal behaviour is not modi�ed: a space-like (time-like) vector remains space-
like (time-like) as well as null vectors remains null vector; furthermore photons
still follow null trajectories.

Given two four-vectors Aµ and Bµ, the angle between them is preserved: in-
deed, de�ning the angle to be

θ ≡ A ·B
|A||B|

=
gµνA

µBν√
gαβAαAβ

√
gαβBαBβ

, (5.3)

it is straightforward to see that under (5.1) θ does not change.
Moreover we notice that in general a coordinate-invariant, i.e. a scalar, gets

transformed as we have seen for the spacetime interval.
Now, we are going to write down the transformation property of some of the

basic geometrical quantities of metric theories of gravity. First of all, denoting
with gµν the inverse metric, then g̃µν = Ω−2gµν ; in this way g̃µν g̃νσ = δµσ .

The Christo�el symbols of the metric transform as

Γ̃αβγ = Γαβγ + Ω−1
(
δαβ∇γΩ + δαγ∇βΩ− gβγ∇αΩ

)
, (5.4)

where Γ̃αβγ are the Christo�el symbols associated with the transformed metric g̃µν .
The Ricci scalar transforms as

R̃ ≡ g̃µνR̃µν = Ω−2
[
R− 2(n− 1)

�Ω

Ω
− (n− 1)(n− 4)

gµν∇µΩ∇νΩ

Ω2

]
, (5.5)

which in the case of n = 4 reads

R̃ = Ω−2
[
R− 6�Ω

Ω

]
= Ω−2

[
R− 12�

√
Ω√

Ω
− 3gµν∇µΩ∇νΩ

Ω2

]
. (5.6)

It is also possible to show that for n = 4

R = Ω2
[
R̃ + 6

�̃Ω

Ω
− 12g̃µν

Ω,µΩ,ν

Ω2

]
. (5.7)
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The transformation rule of the determinant of the metric is√
−g̃ = Ω4

√
−g. (5.8)

Let's consider a generic �eld Ψ. We say that an equation for Ψ is conformally
invariant if a number s ∈ R exists such that Ψ is a solution with gµν if and only
if Ψ̃ ≡ ΩsΨ is a solution with the metric g̃µν . From this follows that the Klein-
Gordon (K-G) equation for a massless scalar �eld: �φ = 0 is not conformally
invariant if n 6= 2. However if we modi�ed it as follows[1]

�φ− n− 2

4(n− 1)
Rφ = 0, (5.9)

then this new K-G equation is conformally invariant with s = 1− n/2.
For n = 4 (and s = 0) the Maxwell equations ∇µFµν = 0 are conformally

invariant, i.e. ∇̃µF̃µν = 0.
The energy-momentum conservation equation ∇µT

µν = 0 is conformally in-
variant only if T µν is symmetric and trace-free (and s = −n − 2). In fact it can
be shown that, choosing s = −n− 2, then

∇̃µT̃
µν = −Ω−7T∇νΩ = −∇̃

νΩ

Ω
T̃ , (5.10)

that vanishes if T ≡ gµνT
µν = 0.

5.2 Conformal transformation in Scalar-Tensor the-

ories

Conformal transformations are widely used in Scalar-Tensor theories of modi�ed
gravity. Here, the conformal factor Ω is assumed to have a functional dependence
on the scalar �eld that appears in the theory, i.e. Ω = Ω(φ(x)). Usually such
CTs are used to recast a generic Scalar-Tensor action in a form which resembles
the Hilbert-Einstein action. In this way, instead of solving the more involved �eld
equations of the S-T theory, we can solve the Einstein-like equations and then
come back to the original solutions with the inverse transformation; however, as
we shall see, this comes with a price.

This seemingly powerful technique was �rstly exploited by Dicke in the pro-
totype Brans-Dicke model in 1961 [20], who also explained clearly the physical
meaning of such a conformal transformation. Let's now look at the B-D model
and see how the CT can be employed to recast it in a more suitable form.

The prototype B-D action is given by Eq.(5.11)

SBD =
1

16π

∫
d4x
√
−g
(
φR− ω0

φ
∇µφ∇µφ

)
+ Sm[g, ψm], (5.11)
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where we have set c = 1.
Let's consider the conformal transformation

gµν → g̃µν = (Gφ)gµν , (5.12)

where G is the gravitational constant. Note that we have chosen Ω =
√
Gφ.

De�ning f = ln Ω = ln
√
Gφ we can rewrite Eq.(5.7) as follows

R = Gφ
[
R̃ + 6�̃f − 6g̃µνf,µf,ν

]
, (5.13)

and using this, the B-D action reads

SBD =
1

16π

∫
d4x

√
−g̃

G2φ2

[
Gφ2

(
R̃ + 6�̃f − 6g̃µνf,µf,ν

)
− ω0

φ
∇µφ∇µφ

]
+ Sm[g̃, φ, ψm]

=
1

16πG

∫
d4x
√
−g̃
[
R̃ + 6�̃f − 6g̃µνf,µf,ν −

ω0

Gφ3
∇µφ∇µφ

]
+ Sm[g̃, φ, ψm]

=
1

16πG

∫
d4x
√
−g̃
[
R̃ + 6�̃f − 6g̃µνf,µf,ν − 4ω0g̃

µνf,µf,ν

]
+ Sm[g̃, φ, ψm],

where in the last step we have used that∇µφ∇µφ = φGg̃µν∇µφ∇νφ = 4φ3Gg̃µνf,µf,ν .
If we rede�ne the scalar �eld as follows

φ = e
φ̃
√

8π
ω0+3/2 , (5.14)

for ω0 > −3/2, then f = 1
2

lnG+ 1
2
φ̃
√

8π
ω0+3/2

. Moreover, after integration by part

we can discard �̃f ; therefore the B-D action becomes

SBD =

∫
d4x
√
−g̃
[ 1

16πG
R̃− 1

2
∇̃µφ̃∇̃µφ̃

]
+ Sm[g̃, φ, ψm]. (5.15)

We see that the gravitational part of this new action is exactly the same
as the Hilbert-Einstein one, with the addition of a scalar �eld which possesses
a standard kinetic energy, and which can be treated as a new form of matter
minimally coupled to the gravitational metric. Furthermore, we notice that in the
matter action a new dependence on the scalar �eld φ appears due to the conformal
transformation (5.12). We explore the e�ect of this non-minimal coupling between
matter and the scalar �eld in the next section.

The gravitational �eld equations of the new "representation" are given by

R̃µν −
1

2
g̃µνR̃ = 8πG

(
T φµν + T̃mµν

)
, (5.16)

T φµν ≡ ∇̃µφ̃∇̃νφ̃−
1

2
g̃µν g̃

αβ∇̃αφ̃∇̃βφ̃, (5.17)

T̃mµν ≡ − 2√
−g̃

δSm
δg̃µν

. (5.18)
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We immediately note that Eq.(5.16) looks like the Einstein equations with an
extra matter source given by T φµν . The scalar �eld does not allow to have the
vacuum solutions R̃µν = 0; it �lls the spacetime also when matter is not present.
In other words, a vacuum solution is mapped into a non-vacuum solution by means
of the conformal transformation (5.1).

The new matter energy-momentum tensor can be related to the untilded one
by means of the chain rule:

T̃mµν =

√
−g√
−g̃

δgρσ

δg̃µν
−2√
−g

δSm
δgρσ

=

√
g

g̃

δgρσ

δg̃µν
Tmρσ = Ω−2Tmµν , (5.19)

with Ω2 = Gφ.
Furthermore, the coupling of the scalar �eld to the matter action spoils the

conservation of the matter energy-momentum tensor. Indeed, from eq.(5.16) and
the Bianchi identities follows that

∇̃µT φµν = −∇̃µT̃mµν 6= 0, (5.20)

and consequently matter does not follow the geodesics of the metric g̃µν .
For this reason the new representation cannot be interpreted simply as General

Relativity plus a scalar �eld, unless our theory contemplates only conformally-
invariant �elds such as the electromagnetic �eld, or unless the matter dynamics
can be neglected as it is the case when the scalar �eld drives the in�ation.

5.2.1 The Jordan and the Einstein frames

What we have done is to take the B-D action (5.11) written in terms of gµν
and rewrite it in terms of g̃µν , obtaining (5.15). In the literature it is common
to interpret these two di�erent representations as di�erent conformally-related
"frames". This is in analogy with the coordinate transformations which allow to
pass from one coordinate reference frame to another one.

It is obvious that there are in�nite conformally-related frames accordingly with
the choice of the conformal factor Ω. In this section we have instead picked out
two precise conformal frames:

• the starting frame, in which the action is given by (5.11), characterised by
the fact that the matter �eld is minimally coupled to the scalar �eld (as it
is in GR), but in which there is a non-minimal coupling between the scalar
�eld and the curvature term. We call it the Jordan frame.

• Choosing Ω =
√
Gφ and with the �eld rede�nition (5.14) we have obtained

an action which resembles the Hilbert-Einstein action, and therefore char-
acterised by a minimal coupling between the curvature term and the scalar
�eld, but where the matter �eld now is non-minimally coupled to the scalar.
We call this representation the Einstein frame.
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We also note that in the Jordan frame the kinetic term has a non-standard
form; this can lead to a wrong sign in front of the kinetic term accordingly with
the sign of ω0, causing problems of instability to the theory. At the same time an
anomalous coupling to matter can spoil the Einstein equivalence principles, be-
sides the fact that the matter energy-momentum tensor is generally not conserved
in the Einstein frame.

5.2.2 More conformal frames

In section 4.4 we wrote the action for a generic Scalar-Tensor theory, Eq.(4.22), in
terms of the unspeci�ed parameters f(φ), g(φ) and Λ(φ). We also noticed that we
can extend it taking into account a conformal coupling between the matter and
the scalar �eld. In this way, using the notation of [44], the action for a generic
S-T theory reads

S =

∫
d4x
√
−g
[ 1

16πG
A(φ)R− 1

2
B(φ)∇µφ∇µφ− V (φ)

]
+ Sm

[
e2α(φ)gµν , ψm

]
.

(5.21)
The action is written in terms of four parameters that must be speci�ed in order
to specify the "physical" theory itself. We will come back to this issue later when
we shall try to interpret the physical meaning of such "speci�cations". Now let's
see what the e�ect of a conformal transformation on this action is.

In [44] the author points out that by means of a conformal transformation plus
a scalar �eld rede�nition the structure of the action (5.21) remains unaltered, i.e.
applying the following rede�nitions

gµν = e2γ(φ)g̃µν ,

φ = f(φ̃), (5.22)

the action gets transformed into

S =

∫
d4x
√
−g̃
[ 1

16πG
Ã(φ̃)R̃− 1

2
B̃(φ̃)∇̃µφ∇̃µφ̃− Ṽ (φ̃)

]
+ Sm

[
e2α̃(φ̃)g̃µν , ψm

]
,

(5.23)
where

Ã(φ̃) = e2γ(φ̃)A[f(φ̃)],

α̃(φ̃) = α[f(φ̃)] + γ(φ̃),

Ṽ (φ̃) = e4γ(φ̃)V [f(φ̃)],

B̃(φ̃) = e2γ(φ̃)
[
f ′(φ̃)2B[f(φ̃)]− 6

8πG
f ′(φ̃)2γ′(φ̃)A[f(φ̃)]− 6

8πG
γ′(φ̃)2A[f(φ̃)]

]
.

We say that the action (5.21) is closed under the �eld transformations (5.22),
whose e�ect is to rede�ne the four free parameters of the theory. In this sense
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the two representations, before and after the �elds rede�nition, are mathemati-
cally equivalent. If this also implies physical equivalence will be discussed later;
indeed physical equivalence turns out to be more subtle compared to mathemati-
cal equivalence. Anyway since these rede�nitions contain two degrees of freedom,
then actions di�ering only by the �xing of two out of the four free parameters in
(5.21) describe only di�erent representations of the same theory. Whether these
representations are physically equivalent will be analysed in the next sections.

The important thing for our current discussion is that appropriately choosing
the functions in (5.22) we can pick up di�erent frames out of this theory. Since by
means of (5.22) we can �x two free parameters, we can select the following frames

• Fixing α = 0 and B = 1 we obtain the Jordan frame. Here, as it happens
with the prototype B-D model, matter follows the geodesics of the (gravita-
tional) metric, but a non-minimal coupling between the scalar �eld and the
curvature remains. Note that we can also discard the request B = 1 still
having a Jordan frame in the sense of the B-D model.

• Fixing A = 1 and B = 1 we select the Einstein Frame, where now matter
does not follow the geodesics of the (gravitational) metric.

• Fixing A = 1 and α = 0 we have an Einstein frame theory with a non-
standard kinetic term for the scalar �eld.

• Fixing A = 1 and B = 0 we encounter the case of an EF-like theory with no
kinetic term for the scalar �eld, that means no dynamical degree of freedom
of the scalar �eld.

In principle any other choice of the parameters is possible. However usually the
choice is made for the sake of convenience.

5.3 The conformal transformations issue

5.3.1 The issue

In the previous sections we have seen that given a S-T theory, we are able to
rewrite it in a di�erent representation or frame by means of a conformal transfor-
mation. This turned out to be a very powerful tool because it allowed us to put
a generic S-T theory in a GR-like form moving to the Einstein frame. A question
then arises, i.e. whether di�erent conformally related frames are physically equiv-
alent. We have seen that in the context of the S-T theories given by the action
(5.21), conformally related frames are mathematically equivalent. Are they also
physically equivalent?

In order to investigate this issue we must give a precise de�nition that clari�es
what we mean with physical equivalence. We say that two conformally related
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frames are physically equivalent if the value of the physical observables does not
change going from one frame to the other one. This means that in order to check
the equivalence we should compare the entire set of observables among di�erent
frames. This has turned out to be a very subtle task because not always the
interpretation of results obtained in one frame is straightforward. For this reason
a very long debate has been raised in the last �fty years and despite this we think
the issue is still open.

There were (and still there are) di�erent lines of thought about this problem.
Those who think that conformally related frames are not physically equivalent and
therefore among them only one has to be considered as physical. Among these
people, some of them believed (believes) that only the Jordan frame version is the
correct one, while the Einstein frame version is unphysical (viewpoint one). Others
assumed the physicality of the Einstein frame version and discarded the Jordan's
one (viewpoint two). On the other hand there were and still there are people that
believed all the frames are physically equivalent, and therefore the entire set of
observables does not depend on the chosen representation (viewpoint three). This
line of reasoning is the most adopted now, though other interpretations have been
raised recently.

In order to understand the criticality of this issue let's now brie�y list some
of the motivations that led physicists to accept one point of view rather than the
other ones listed above.

Viewpoint one: This includes people who assume the Jordan representation to be the phys-
ical one; they are usually motivated by the fact that in this frame matter
follows the geodesics of the gravitational metric (for example in [45]) and
both the WEP and the EEP are satis�ed. On the other hand, in the EF
the scalar �eld is non-minimally coupled to matter and consequently the
latter does not follow the geodesics of the gravitational metric and the Ein-
stein's equivalence principle can be violated. Moreover in the EF the matter
energy-momentum tensor is not conserved and this could favour the JF with
respect to the EF.

Viewpoint two: This viewpoint is supported by the fact that in the Jordan frame the scalar
�eld possesses a non-standard kinetic energy with an inde�nite sign, which
led physicists to think the EF as the physical one (e.g. in [48]). In fact a
wrong sign in the kinetic energy causes an unstable ground state, with the
system that decays in a lower state ad in�nitum. This, with the fact that in
the JF there is violation of the weak energy condition [46] led to discard the
Jordan frame in favour of the Einstein frame. Other arguments are given
along this line, for example the fact that the standard procedure to quantize
the �uctuations of the scalar �eld in the linear regime does not work in the
JF.

For a more comprehensive review about the di�erent arguments supporting
the above points of view see [46, 47].
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Viewpoint three: This point of view has become widely accepted by the community in the last
15 years. Accordingly with it, those di�erences that arise among conformally
related frames are only apparent and due to a misleading interpretation
of the underlying physics. Actually in the seminal paper of Dicke [20],
where �rstly the CT is introduced to pass to the Einstein frame description
of the Brans-Dicke model [24], he clearly elucidates the physical meaning
of such a transformation underlining the physical equivalence between the
Jordan and the Einstein descriptions. His reasoning is based on the fact
that a CT can be interpreted as a local change of units, and therefore if
we agree that physics must be invariant under change of units, then the
physical equivalence follows directly from this. This reasoning has been
straightforwardly generalized in subsequent works to most general Scalar-
Tensor theories ([44, 19, 49]). They also show the physical equivalence of
observables in conformally related frames. More recent papers about this
are [67, 53].

Other interpretations of the issue appeared, for example in [51], which is
based on the geometrical aspect of the transformation. Needless to say, the
conformal transformation issue is a part of a more general discussion arisen
only recently, i.e. the disformal transformation issue. This will be treated
in the next chapters, through which we also hope to elucidate the conformal
"aspect".

5.4 Conformal transformation as a change of units

In recent years the confusion around the conformal transformation issue has
started to fade away, with the community quite entirely in agreement with the
third viewpoint explained above.

In reality it is interesting to note that a clear solution to this issue was given
formerly in the '60 by the same author who introduced the conformal transfor-
mations in the Scalar-Tensor theories context. In fact, in [20] Dicke (1961) put
the CT in a close relationship with local changes of units, indeed showing that
the e�ect of a conformal transformation is the same of a local rescaling of the
units. We are going to analyse his reasoning and how it can be extended in a
more general framework also in the cosmological context.

5.4.1 Local rescaling of units

Let's suppose to perform a local rescaling of the units of measure such that the
units of time and length are rescaled by a common factor Ω−1(x), with Ω(x)
a smooth, non-vanishing function. For instance we want to measure a spatial
distance ĀB in units of length that we indicate with ul. The outcome of the
measure will be the dimensionless number l such that ĀB = l·ul, where l is nothing
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else than the number of units required to cover the interval ĀB. If we rescale the
units by a factor of Ω−1(x) then we see that l transforms as l → l̃ = Ω(x)l since
ĀB has to remain unaltered.

After such a transformation c does not change. Therefore it is convenient to
choose units such that c = 1. Another convenient choice is to �x ~ = 1. In this
way lengths, time and reciprocal masses1 have the same dimension that we can
�x to be the dimension of time. Further, we require that under such a change of
units the coordinate system is held �xed and therefore dxµ → dxµ.

Now, since
ds2 = gµνdx

µdxν ,

has the dimension of time squared, it scales with a factor Ω2(x). But since the
coordinates dxµ do not change, it follows that the metric tensor transforms as

gµν → g̃µν = Ω2(x)gµν .

I.e. we see that under a local rescaling of the units the metric tensor is subjected
to a point-dependent conformal rescaling. In other words, a conformal trans-
formation of the metric tensor is equivalent to a local rescaling of the units of
measure.

Consequently, let's suppose to have a certain Scalar-Tensor theory and to per-
form a conformal transformation of the metric. If we agree with the fact that
the physics must be invariant after a change of units, no matter whether such a
change is local, then we must agree with the fact that conformally related frames
are physically equivalent, provided that we remember to rescale the units accord-
ingly in passing from one frame to the other one. So, if we choose constant units in
the Jordan frame description of some ST theory, say for instance the Brans-Dicke
model, after a CT we expect to have new units that now change in space and
time. In this viewpoint the two representations are physically equivalent, but in
order to compare the observables we must remember to rescale the units in the
transformed frame.

Let's see how this reasoning work. After a CT lengths and times take a factor
Ω(x), while the particle masses scale as

m→ m̃ =
m

Ω
. (5.24)

This means that constant masses can acquire a spacetime dependence after a CT.
This is just a reminiscence of the fact that starting with the Jordan version of a
theory, where the masses are truly constant, and moving to the Einstein frame
(or to a generic frame) then the matter Lagrangian is non-minimally coupled with
the scalar �eld (or in other words with Ω(φ)). Of course at the same time all the

1Since c = 1 and [~] = ML2T−1 = 1 then from a dimensional analysis follows that [m] = L−1,
i.e. it has the dimension of a reciprocal length.
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dimensionful quantities scale accordingly. In particular, performing a straightfor-
ward dimensional analysis the following transformation rules can be proved

c̃ = c,

~̃ = ~,
m̃ = Ω−1m,

g̃µν = Ω2gµν ,

ds̃ = Ωds,

dτ̃ = Ωdτ,

ũµ =
dxµ

dτ̃
= Ω−1uµ,

ẽ = e,

where dτ is the proper time, e is the electric charge and of course uµ is the particle
four-velocity. This is only an incomplete list of rules we have to remember when
we perform a conformal transformation in the Dicke's viewpoint.

A natural question then arises, i.e. what is the link between this line of rea-
soning and the problems we have faced in the previous section?

5.4.2 The equivalence between EF and JF

In the Dicke's paper he implements the rescaling of units in the prototype Brans-
Dicke model, that we remember is conceived in the Jordan frame, to �nd the
Einstein frame version of it. However his reasoning is general and can be applied
to any S-T theory; this is what has been made in subsequent works. Hence, for the
moment we do not assume any speci�c theory; we only assume to have a generic
ST theory given in the Jordan frame, that for our purposes means with constant
units and consider a conformal transformation to the Einstein frame by means of
a local rescaling of the units (we assume that such a transformation does exist; in
general, this is not the case of Horndeski theory).

For what we have said above the two representations must be physically equiv-
alent, and therefore the observables, i.e. the outcome of the experiments, must
be the same.

First of all we note that in the Dicke's viewpoint masses acquire a spacetime
dependence. So it seems that if we measured the mass of a particle in the JF and
then in the EF we would obtain di�erent values. This is not true, because we
must take into account the rescaling of the mass unit.

Let's indicate with mu the unit of mass. Suppose we want to measure the
electron mass that in the JF has the constant value me = 9.11× 10−31kg. In the
Einstein frame it becomes m̃e = Ω−1(φ)me, i.e. it acquires a dependence on φ.
However, when we measure this mass, what we really measure is the ratio between
the electron mass and the arbitrary chosen mass unit, that is me/mu in the JF
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and m̃e/m̃u in the EF. But this dimensionless ratio is frame independent because

m̃e

m̃u

=
Ω−1me

Ω−1mu

=
me

mu

. (5.25)

The observable value of a particle mass is therefore frame-independent as it should
be if conformal frames are physically equivalent. However, one should check also
the other observables in order to verify such an equivalence, and often this is not
a straightforward task. Anyway from this calculation we learn that the outcome
of measurements are dimensionless quantities, that are naively invariant under a
change of units and therefore automatically frame-independent. It is also clear
that if we did not rescale the units then we would face with an inequivalent theory,
because for example the above ratio would depend on the frame.

At this point we can proceed in two ways. We can continue to evaluate ex-
plicitly the frame-invariance of observables comparing them in the two frames.
Alternatively we can rewrite our theory (namely the action) in an explicit frame-
invariant way exploiting the fact that dimensionless quantities are explicitly frame-
invariant. This is done for example in [19, 55], or in a slightly di�erent way in
[54].

We conclude this section evaluating an important observable in cosmology,
namely the redshift, showing that its measurement does not depend on the confor-
mal frame. This calculation will be useful to introduce a little bit of the formalism
of the next section, in which we will write down a frame-invariant formalism for
ST theories.

We have said that units of time, length and reciprocal mass have the same
dimension. Therefore we can introduce a unique reference unit, lr, which as we
know, transforms as l̃r = Ωlr. It should be clear that lr has a practical meaning:
if we are dealing with wavelength measurements as happens in astrophysics, then
it's convenient to choose lr to be the wavelength of some typical atomic transition
easily accessible in the lab. In cosmology it will be useful to choose lr to be the
inverse of the Planck mass; this is what is done in [55]. Anyway we can specify it
according to our needs.

Let's consider the FRW line element

ds2 = −a2(τ)
(
dτ 2 − δijdxidxj

)
,

where τ is the conformal time. After a conformal transformation the FRW line
element transforms as

ds̃ = −Ω2(τ)a2(τ)
(
dτ 2 − δijdxidxj

)
= −ã(τ)

(
dτ 2 − δijdxidxj

)
,

where we have introduced ã ≡ Ωa. Note that we have dropped the spatial-
dependence on the scale factor. The reason is that we are at the zero-order and
the universe is assumed to be isotropic and homogeneous.
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Using the standard FRWmetric the gravitational redshift of photons travelling
towards us is given by

z ≡ 1 +
λ0

λe
= 1 +

a0

ae
,

where λ is the wavelength of the photon, the subscript "0" indicates quantities
evaluated at τ = τ0 (observation time), whereas "e" indicates quantities at the
time of the emission.

If instead we use the transformed metric, clearly the result changes

z̃ = 1 +
ã0

ãe
= 1 +

a0

ae

Ω0

Ωe

. (5.26)

Actually this is only apparent, since we have to take into account that when we
perform a measurement we only measure dimensionless ratios of the observed
quantities and reference units, as we saw in the case of the electron mass. In this
case the measured quantities are the dimensionless (and frame-invariant) ratios

λ(τ0)

l̄r(τ0)
=
a(τ0)

l̄r(τ0)
;

λ(τe)

l̄r(τe)
=
a(τe)

l̄r(τe)
. (5.27)

Note that we put a bar over the reference unit lr; this to stress that we are
evaluating it at the background level.

In this case it is convenient to choose lr to be the wavelength of an atomic
transition we can reproduce in a lab. In any case, the truly measured redshift is

1 + z =
a(τ0)

l̄r(τ0)

l̄r(τe)

a(τe)
, (5.28)

that is explicitly frame-invariant.
This calculation shows us the concept we have mentioned before: not always

the interpretation of the results is straightforward. We must remember that fol-
lowing the Dicke's point of view each unit has to be rescaled when passing from
one frame to another one, otherwise we would obtain frame-dependent results,
and conformal frames would not be physically equivalent.

5.5 A frame-invariant approach

5.5.1 A frame-invariant action

A way to remove the ambiguities coming from the local rescaling of units could
be to rewrite a ST theory in terms of dimensionless quantities. Actually this
approach would give us a frame-invariant theory or in other words a conformally
invariant theory.
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The main point of this strategy is to de�ne a frame-invariant metric with which
we can rewrite all the geometrical quantities of the ST theory. Such a metric can
be de�ned as follows

ḡµν ≡
gµν
l2r
. (5.29)

Under a change of units ḡµν is manifestly invariant. Moreover it allows us to de�ne
the frame-invariant line-element

ds̄2 = ḡµνdx
µdxν =

ds2

l2r
.

Once we have determined a frame-invariant metric we need to specify our gravity
theory, that we want to be explicitly frame-invariant. We can start from a known
action, e.g. the BD model, and �nd a manner to rewrite it in terms of the frame
invariant metric ḡµν . This must be done in such a way that di�erent choices of
the unit lr return us di�erent conformal frames2. In particular we expect at least
to reproduce the Jordan and the Einstein frame of the starting theory.

The starting point is to note that in the Einstein frame of any Scalar-Tensor
theory the Planck mass is constant. Choosing the unit of length to be lr = m−1

Pl =
const we expect that a generic ST theory reduces to its EF version with the
curvature R minimally coupled to the scalar �eld, the latter possessing a standard
kinetic-term and a potential, the matter conformally related to the scalar �eld.

Therefore a good strategy is to consider a generic EF version of a Scalar-Tensor
theory, rewrite it in the terms of frame-invariant quantities in such a way that
choosing lr = m−1

Pl it remains invariant up to constant multiplicative terms. This
heuristic reasoning leads us to the following action

S =

∫
d4x
√
−ḡ k2

[
R(ḡ)− 2ḡµν∇̄µφ∇̄νφ− 4V̄ (φ)

]
+ Sm

[
ḡµνe

−2b(φ), ψ̄m
]
. (5.30)

First we explain the meaning of each term, then we show its consistency with the
above heuristic reasoning. The �rst term we encounter is k2. This is a constant
that replaces the gravitational constant term appearing in the common gravity
actions. Inside the �rst square brackets there is the gravity action, where R(ḡ) is
the Ricci scalar as a function of the metric ḡ, then there is the usual kinetic term
for the scalar �eld with the covariant derivative ∇̄ associated to ḡµν ; V̄ = l2rV is a
dimensionless potential. The matter action is coupled to the scalar �eld via e−2b(φ),
where b(φ) is some function of the scalar �eld φ, ψ̄m indicates the dimensionless
matter �eld, i.e. normalized with the appropriate power of lr accordingly with
its dimension. In the appendix we give an explicit example which shows how to
obtain a dimensionless matter �eld in our language.

Now, if we choose lr = lPl = constant, since

ḡµν = l2rg
µν ,

√
−ḡ = l4r

√
−g, R(ḡ) = l2rR(g),

2Since each conformal frame corresponds to a particular choice of units.
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the action (5.30) acquires the usual form of an Einstein-frame-like action, with
k2l−2

Pl = (16πG)−2.
The Jordan frame can be extracted form the above action choosing units such

that the matter �eld is minimally coupled to the JF metric. This is straightfor-
wardly achieved choosing lr = lPle

−b(φ).
Let's calculate how the gravity action with this choice of units becomes: �rst

of all the metric reads
ḡµν = gµνe

2b(φ)/l2Pl ≡ Ω2gµν .

The barred metric and the unbarred one are related by a conformal-like term. We
can therefore use eq. (5.6) to infer how R(ḡ) can be written in terms of gµν , that
is

R(ḡ) = l2Ple
−2b(φ)

[
R(g)− 6gµν

( db
dφ

)2 ∇µφ∇νφ
]
,

up to boundary terms. Consequently the gravity action in this units becomes

S = k2l−2
Pl

∫
d4x
√
−ge2b

[
R(g)− 2(1− 3α2)gµν ∇µφ∇νφ− 4V (φ)

]
,

that clearly resembles the action (4.22) with the appropriate rede�nition of the
free parameters. Note we have de�ned α = db/dφ.

We stress that the action (5.30) is invariant under a units transformation
since it is written in terms of explicitly frame-invariant quantities. However, the
choice of particular units picks up one precise representation of the theory. The
observables have to be extracted from (5.30), no matter what is the choice of units
we do.

The �rst thing we can do is to �nd out the cosmological solutions to the
equations of motion of this theory. After that we can explore the frame-invariant
physics described by (5.30), focusing on the particles equations of motion and the
Boltzmann equations.

5.5.2 Frame-invariant equations of motion

A good feature of this model is that we can evaluate and solve its equations of
motion without worrying about the conformal issue.

Now we will focus on the cosmological solutions of the EoMs. First of all we
shall de�ne the frame-invariant perturbations of the metric and after that we shall
write down the full EoMs related to the action (5.30). Finally we shall evaluate
them at the background level in the FRW spacetime. Here we shall report the
results, the calculations are carried out explicitly in Appendix 1.

We choose to work with the conformal time τ and in the Newtonian gauge for
simplicity. Thus, the line-element reads

ds2 = a(τ)2
[
− (1 + 2Ψ)dτ 2 + (1− 2Φ)δijdx

idxj
]
.
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In our frame-invariant language it becomes

ds̄2 =
ds2

l2r
=
a2

l̄2r

[
−
(

1 + 2Ψ− 2
δlr
lr

)
dτ 2 +

(
1− 2Φ− 2

δlr
lr

)
δijdx

idxj
]
.

As we did in the previous section, we have put a bar over lr to indicate it is
evaluated at the background level. Now it is convenient to de�ne the following
frame invariant quantities

ā ≡ a

l̄r
, Ψ̄ ≡ Ψ− δlr

lr
, Φ̄ ≡ Φ +

δlr
lr
. (5.31)

In terms of these, the frame-invariant line-element simply reads

ds̄2 = ā(τ)2
[
− (1 + 2Ψ̄)dτ 2 + (1− 2Φ̄)δijdx

idxj
]
.

Varying the action (5.30) with respect to ḡµν we obtain

Rµν(ḡ)− 1

2
ḡµνR(ḡ) = 2∇̄µφ∇̄νφ− 2ḡµνV̄ − ḡµν ḡρσ∇̄σφ∇̄ρφ+

1

2k2
T̄µν , (5.32)

T̄µν ≡ − 2√
−ḡ

δSm
δḡµν

.

A straightforward calculation gives also

T̄ µν;µ = −α∇̄νφT̄
µ
µ . (5.33)

Let's suppose that the energy-momentum tensor is that of a perfect �uid with
energy density ρ̄ and pressure P̄ = wρ̄. Since from (5.19)

T̃ µν = Ω−4T µν ,

it follows that the frame-invariant energy-momentum tensor with mixed indices
can be de�ned as T̄ µν ≡ l4rT

µ
ν .

Explicitly we have

T̄ 0
0 = −ρ̄ = −(ρ̄0 + δρ̄), (5.34)

T̄ ij = P̄ δij = (P̄0 + δP̄ )δij, (5.35)

where the subscript 0 indicates that we are evaluating them at the zero-order, the
dot means derivatives with respect to the conformal time and the overbars mean
that we are considering frame-invariant quantities

ρ̄ = l4rρ, P̄ = l4rP.

From the (00)-component of Eq.(5.32) at the background level we have the
frame-invariant Friedmann equation( ˙̄a

ā

)2

− 2

3

(1

2
φ̇2 + ā2V̄

)
=

1

6k2
ρ̄0ā

2 (5.36)
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The trace of Eq.(5.32) and the 0-component of the conservation equation (5.33)
give also

¨̄a

ā2
+

1

3
(φ̇2 − 4ā2V̄ ) = − 1

12k2
ρ̄0ā

2(1− 3w), (5.37)

˙̄ρ0 + 3ρ̄0(1 + w)
˙̄a

ā
= −αφ̇ρ̄0(1− 3w). (5.38)

We will not concern here with the solutions of such equations. The important
thing is that once we have these equations we can solve them in the most con-
venient frame; indeed we are sure that the physical results do not depend on the
choice of units.

For completeness we are going to give also the zero-order equation of motion
for the scalar �eld, obtained minimizing the action (5.30) with respect to φ and
evaluating it at the background level. It reads

φ̈+ 2
˙̄a

ā
φ̇+ ā2∂V̄

∂φ
=

α

4k2
ā2ρ̄0(1− 3w). (5.39)

We could proceed calculating the �rst order equations of motion using the frame-
invariant quantities de�ned in (5.31). We will not do it here and we refer the
reader to [19]. Now we will try to build a frame-invariant Boltzmann equation in
the context of our approach.

5.5.3 Frame-invariant Boltzmann equation

In the early universe many of the relevant processes happened out of the equilib-
rium. Such processes can be studied through the Boltzmann equation formalism.

Schematically the Boltzmann equation can be written as

L̂[f ] = Ĉ[f ],

where f is the distribution function of the particle specie we want to study, L̂ is
the Liouville's operator and Ĉ is the collisional term which takes into account all
the interactions of the considered specie with other particles; as such, Ĉ has a
functional dependence on all the fi of the particle species involved.

Essentially the Boltzmann equation is the evolution equation of the distribu-
tion function of the considered particle specie. It represents the building block of
the study of perturbations in cosmology and therefore it would be interesting to
investigate how under a conformal transformation it changes. This can be done
quite simply using the formalism developed in the previous section.

So, let's focus on the evolution of some particle specie with mass m. We
consider the six-dimensional phase space given by the three coordinates xi and
their conjugate momenta Pi. A generic distribution function f will be a function
of the spacetime coordinates (τ, ~x) and the momentum Pi, i.e. f = f(τ, ~x, Pi).
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The conjugate momentum has the property to be the spatial part of the particle
covariant four-momentum, namely Pi = mdxi/dτ , where τ is the proper time with
which we parametrize the particle's path.

It is worth noticing that considering the particle four-momentum with low
indices

Pµ = mgµν
dxµ

ds
,

with ds =
√
−ds2 = dτ , and performing the usual change of units, then it gets

transformed into

P̃µ = m̃g̃µν
dxµ

ds̃
=
m

Ω
Ω2gµν

dxµ

Ωds
= mgµν

dxµ

ds
= Pµ,

i.e. it is manifestly frame invariant. This is due to the fact that in our picture,
under a local change of units all the dimensionful quantities get transformed,
included the particle masses. This is not the case for the controvariant four-
momentum that instead transforms as

P µ → P̃ µ = Ω−2P µ, .

However, the spatial part of the four-momentum with low indices is frame-invariant.
We use this to de�ne the frame-invariant distribution function as follows

dN = f(~x, Pi, τ)dx1dx2dx3dP1dP2dP3,

where dN is the number of particles in the phase space volume dx1dx2dx3dP1dP2dP3.
Once we have introduced the distribution function we can de�ne the comoving

number density

nc(~x, τ) = gs

∫
d3P

(2π)3
f(~x, Pi, τ), (5.40)

where gs is the number of spin degrees of freedom of the particle specie and
d3P = dP1dP2dP3. Since f is frame-invariant, the same holds for nc.

Further, we can give an expression for the energy-momentum tensor in terms
of the distribution function as follows

Tµν = gs

∫
d3P

(2π)3
(−g)−

1
2
PµPν
P 0

f(~x, Pi, τ), (5.41)

which is not frame-invariant as expected. Note that it is consistent with the fact
that under a conformal transformation Tµν → T̃µν = Ω−2Tµν (see eq.(5.19)) .

Let's consider a particle specie with distribution function fψ. Our frame-
invariant de�nition of the phase space distribution allows us to write down a frame-
invariant version of the Boltzmann equation. In fact, the Liouville's operator
applied to fψ

L̂[fψ] =
dfψ
dτ

=
∂fψ
∂τ

+
dxi

dτ

∂fψ
∂xi

+
dPi
dτ

∂fψ
∂Pi

, (5.42)
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is explicitly frame-invariant.
For what concerns the collisional term, in order to write it explicitly we have to

specify which kind of processes we are dealing with. We can consider the generic
process ψ + a + b + ... → i + j + ... where ψ label our particle with distribution
function fψ. For such a process the RHS of the Boltzmann equation reads

Ĉ[fψ] =
1

2P0

∫
dΠadΠb · · · dΠidΠj · · · (2π)4δ4(Pψ + P a + P b + · · · − P i − P j · · · )

×
[
|M |2ψ+a+b+...→i+j+...fψfafb · · · (1± fi)(1± fj) · · ·

− |M |2i+j+...→ψ+a+b+...fifj · · · (1± fψ)(1± fa)(1± fb) · · ·
]
, (5.43)

where

dΠ ≡ l2r
d4P

(2π)3
(−g)−

1
2 δ(P 2 −m2)Θ(P 0) = l2r

d3P

(2π)3
(−g)−

1
2

1

2P 0

is frame invariant, and the sign "+" applies to bosons, whereas the sign "-" applies
to fermions. Moreover the delta-function in (5.43) depends on the covariant four-
momenta (i.e. with low indices). |M | is the transition amplitude of the considered
process which depends on the fundamental physics.

We have therefore succeeded in writing a frame-invariant Boltzmann equation
with which analyse the out-of-equilibrium phenomena of the early universe, in a
way that is manifestly frame-invariant. Our formalism can be applied to processes
like decay or scattering events.

For instance, let's consider the decay process ψ → a+ b. With the formalism
developed above it is possible to show that the evolution of the ψ-particles number
density is given by

dnψc
d log x

= − Γa

H(1 +m′ψ/mψ)
(nψc − nψ0

c ).

The variable x is de�ned as x = mψ/T , Γ is the decay rate, the prime denotes the
derivative with respect log a and �nally nψ0

c is the equilibrium comoving number
density.

The remarkable thing is that in the JF, where m′ψ = 0, we obtain the usual
expression for decay processes in the Boltzmann formalism. Moreover we note
that the freeze-out condition Γ . H/a gets transformed into

Γa . H(1 +m′ψ/mψ).

This is a frame-invariant expression: Γ has the dimension of inverse of time and
therefore scales opposite to a, whereas, noting that

m′ψ
mψ

=
1

mψ

dmψ

d log a
=

1

H

ṁψ

mψ,
,
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it is easy to show that H + ṁψ/mψ is frame-invariant.
It is worth doing a �nal consideration. The results we have obtained in this

subsection are not really dependent on the reference unit lr except in the de�nition
of dΠ above. In other words the frame-invariance of the Boltzmann equation
comes automatically without the needing of a normalization factor in the physical
quantities. This is a countercheck of our understanding that the physics should
not depend on the conformal frame we choose.

5.6 Quantum mechanical considerations

The central result we have obtained is that conformally related frames seem to
be physically equivalent. We could expect this from the fact that conformal
transformations are nothing else than �eld rede�nitions. But so far our treatment
has been fully classical. Therefore we could ask ourselves if this result still holds
when we try to quantize the �eld within our theory.

First of all, should we expect frame-invariance at the quantum level? It is
known that classical theories that are equivalent could be inequivalent at the
quantum level. For this reason we do not expect to have frame-invariance when
quantization is taken into account.

Indeed, yet at the semi-classical level, in which both the matter and the scalar
�elds are quantized but not the metric degrees of freedom, it seems that the change
of frame and the quantization process do not commute. In fact, as it is shown
in [56], once we have (semi)quantized the theory, the �eld rede�nitions related to
the change of frame induce a coupling of the scalar �eld with the kinetic term of
any gauge �eld which is coupled to fermions.

Indeed we know that, for example, the electromagnetic �eld is conformally-
invariant in classic �eld theory (see Appendix 2) and therefore if this �eld is absent
in one frame it would be absent in all the other frame. For what we have just said
this is not true in quantum theory where a conformal transformation can generate
a coupling between the scalar �eld and the Maxwell kinetic term.

The problem does not change going to a full quantum gravity description,
where it has been showed that conformal related theories are inequivalent.

A signi�cant result is instead that in the framework of e�ective �eld theories,
where we only consider low-energy processes but all the degrees of freedom are
quantized, we recover conformal equivalence. This is due to the equivalence the-
orem of Lagrangian �eld theory, which says that the S-matrix is invariant under
non-linear local �eld rede�nitions (and a conformal transformation is a non-linear
metric tensor rede�nition). However, this is true only for small perturbations of
the �elds, and in the gravity case, only for small perturbations around the �at
Minkowski metric. For a more general treatment of this issue see [44] and reference
therein.

To conclude this section we may wonder in which way the quantization proce-
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dure could a�ect our dimensionless treatment given in section (5.5). Accordingly
with [55] such an explicit frame-invariant approach based on dimensionless quan-
tities should be free of the frame-dependence problems arising in the quantization
process. However, we think that this issue needs further investigations and this
is beyond the scope of this work.
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Chapter 6

Disformal transformations

We have seen how a special kind of metric transformations, namely the conformal
transformations, can help to shed light on a vast class of Scalar-Tensor theories
de�ned by the action (5.21). We could try to apply the same reasoning to a
more general class of S-T theories, such as those included in the Horndeski ac-
tion. However, here the conformal transformations cannot be as e�cient as they
are for standard Scalar-Tensor theories speci�ed by (5.21) because of the kinetic
dependence in the free parameters of the Horndeski theory.

In this chapter we will introduce a broader class of metric transformations,
dubbed the disformal transformations. They were introduced by Bekenstein in
1992 [4] and applied two years later by himself and Sanders to explain the mea-
sured bending of light by gravitating objects in the context of Scalar-Tensor theo-
ries [58]; nowadays they are widely used in cosmology, e.g. in e�ective �eld theories
for in�ation [59], in varying speed of light theories [60] as well as in models for
Dark Energy and Dark Matter [61, 62]. Here we will see how they can be used to
gain further knowledge about Horndeski theories and their healthy extensions. In
particular we will see that the Horndeski action is invariant under a sub-class of
such disformal transformations (as shown in [57]), which therefore have the same
role that the conformal transformations have towards standard Scalar-Tensor the-
ories. We will investigate the issue of disformally related frames as we did in the
conformal case, with a special attention to physical interpretations.

6.1 Beyond conformal transformations

In the previous chapter we considered the simplest kind of suitable metric trans-
formations, consisting in a point-dependent rescaling of the metric tensor. There,
for dynamical reasons we assumed that the conformal factor has a functional de-
pendence on the scalar �eld appearing in the theory. A conservative way to extend
this transformation, still remaining in the realm of conformal transformations, is
to allow the conformal factor to have a functional dependence on the derivatives

69
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of the scalar �eld. Of course, if we introduce higher-order derivatives at the ac-
tion level we should face the problem to have higher-order (than two) EoMs1.
Therefore a simple choice is to allow the conformal factor to depend only on the
�rst derivatives of the scalar �eld. In reality, as we shall see, also this choice
introduces higher than two time derivatives of the scalar �eld in the equations of
motion, though they can be eliminated exploiting "hidden constraints" coming
from the equations of motion themselves.

The transformation we are going to consider is

gµν → g̃µν = Ω2(φ,X)gµν , X ≡ gµν∇µφ∇νφ. (6.1)

Here X is the simplest coordinate-invariant we can think of using only the metric
tensor and the scalar �eld. However, this transformation is general enough to
enclose much of the issues we are going to treat in this and in the next chapter.
Note also that theX-term introduces a metric dependence in the conformal factor.

In sec. 5.2.2 we saw that the Scalar-Tensor theory speci�ed by the action
(5.21)(from now on we refer to it as the "standard" Scalar-Tensor theory) is
closed under the conformal transformation g̃µν = Ω2(φ)gµν . Is this also true for
our "extended conformal transformation"? The answer is negative. Indeed, the
X-dependence introduces new terms which cannot be brought back to the action
form (5.21).

In order to see this, let's consider the simple case of an Hilbert-Einstein like
action

S =
1

16πG

∫
d4x
√
−gR + Sm[gµν , ψm].

Let's write this action in terms of the tilded metric, using the following relations

gµν = Ω−2(φ, X̃)g̃µν , X̃ ≡ Ω−2X, gµν = Ω2(φ, X̃)g̃µν , (6.2)

and the well-known
√
−g = Ω−4

√
−g̃.

Using the relation (5.7) and integrating by part, the action above takes the
form

S =
1

16πG

∫
d4x
√
−g
[
Ω−2R̃ + 6g̃µν∇̃µΩ∇̃νΩ

]
+ Sm[g̃µνΩ

−2, ψm]. (6.3)

Let's focus on the second term. The quantity ∇̃µΩ explicitly reads

∇̃µΩ = Ω,φ∇̃µφ+ Ω,X∇̃µX,

where the subscripts in Ω indicate the derivatives with respect to φ and X. We
also note that the term ∇̃µX is manifestly of second order in the scalar �eld.

1However, we should expect to have all higher order derivatives of the scalar �eld in a UV
complete theory, unless some symmetry forbids them.
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In particular it can be shown that the second term in (6.3) produces at the
action level the quantity

6Ω,X∇̃µφ∇̃µ∇̃νφ∇̃νφ,

which can not be put in the form of the terms present in the action (5.21). This
means that the action (5.21) is not closed under the extended conformal trans-
formation (6.1). Moreover, as it is shown in [57, 63], the terms generated by
(Ω,X)2∇̃µX∇̃µX can not be even recast in a Horndeski-like form, i.e. neither the
Horndeski's action is closed under (6.1).

This knowledge will help us to understand under which metric transforma-
tions the Horndeski's action is form-invariant. Moreover it will be exploited to
investigate theories beyond Horndeski2.

Moreover the fact that ∇̃µX is second-order in the derivative of the scalar
�eld ensures that in the equations of motion appear terms up to fourth order in
�eld derivatives. We should expect this result since the Horndeski Lagrangian
is the most general theory which produces second order EoMs. In reality, as
explicitly calculated in [63], a constraint coming directly from the EoM kills higher
than two time-derivatives of the scalar �eld, leaving second-order equations of
motion. Roughly speaking, the Horndeski theorem fails to determine the most
general action giving rise to second order equations of motion; this because in the
Horndeski's analysis lacks the consideration of "hidden constraints" that could
eat higher order terms in the EoMs.

To conclude this section we mention that inside the domain of this extended
conformal transformations lie the theories of Mimetic Gravity. Roughly speaking,
such theories arise from the fact that not always the CT (6.1) is invertible. If this
is the case then to the non-invertibility condition corresponds an extra degree of
freedom in the theory, and in fact a new physically di�erent theory with respect
to the untransformed one. An example of conformal map giving rise to a Mimetic
degree of freedom is the following

gµν =
(
− g̃µν∇̃µφ∇̃νφ

)
g̃µν ≡ P g̃µν ,

that in our language corresponds to Ω2 = X−1.
Actually this was the �rst example of Mimetic gravity, which appeared in [65].

Further extensions will be explored afterwards, when we will give a more complete
description of the invertibility issue just outlined above.

6.2 Disformal transformations

In the previous section we showed a simple and natural extension of the �eld-
dependent conformal transformation. A further extension has been introduced in
1992 by Bekestein [?] in the context of Finsler geometry.

2Actually beyond-Horndeski theories can be generated by means of these "extended" metric
transformations, as we shall see in the rest of the work.
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He considers gravitational theories supplied by two geometries, one for the
gravity sector and one for the matter sector3. Assuming a Finslerian geometry
for the matter sector, he �nds that in order to preserve both the weak equivalence
principle and the causal structure it has to reduce to a Riemannian geometry,
whose metric g̃µν is related to the gravitational one gµν by

g̃µν = α2(φ,X)gµν + β(φ,X)∂µφ ∂νφ. (6.4)

This de�nes the so-called disformal transformation4.
Here α and β are scalar parameters, called the conformal and disformal factor

respectively. If β = 0 it reduces to a conformal transformation and the square in
α guarantees it behaves well; for this reason it represents a generalization of the
conformal metric transformation.

Since we are going to use it extensively we now give some useful formulas and
features regarding the disformal transformations. Qualitatively we note that it
corresponds not only to a uniform stretching of the metric as in the case of CTs,
but also to a translation along the directions in which the scalar �eld is changing.
One could ask if such a translation term spoils the causal structure of the original
metric. Actually, suppose we have a four-vector vµ that in the starting metric is
a null vector, i.e. gµνvµvν = 0. Once we perform a disformal transformation we
have

g̃µνv
µvν = α2gµνv

µvν + β∂µφ ∂νφ v
µvν = β∂µφ ∂νφ v

µvν .

Now the causal property of the vector v will depend on the sign of β, and a priori
after the disformal transformation it can be timelike or even spacelike.

This means that the light-cones get modi�ed by such a transformation. Indeed

ds2 → ds̃2 = α2gµνdx
µdxν + β(∂µφ dx

µ)2 = α2ds2 + β(∂µφ dx
µ)2. (6.5)

The light-cone becomes wider or tighter accordingly with the sign of β. In order to
ensure causal behaviour for particles we require that ds̃2 < 0, which corresponds
to the condition β < 0 everywhere.

Another feature we want to maintain from the original metric is the Lorentzian
signature. In particular we want that for each value of the scalar �eld g̃00 < 0, i.e.

g̃00 = α2g00 + βφ̇2 < 0. (6.6)

Let's consider a reference frame in which ∂µφ = (φ̇, 0, 0, 0). Multiplying Eq.(6.6)
by g00 (which is negative), we have

α2 + βg00φ̇2 = α2 + βX > 0, (6.7)

3This happens for example in Brans-Dicke like theories, where the matter metric is related
to the gravity metric by a conformal transformation. In this case the geometries are both
Riemannian. In Bekenstein's work he starts considering a Finslerian geometry for the matter
sector.

4The term "disformal" has been coined by Bekestein himself in [4], where he says "the term
is meant as a contrasting one to conformal transformation".
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that is the condition α and β must ful�l in order to preserve the Lorentzian
signature (note that it is a reference frame invariant condition).

Another aspect we are aware to be necessary to have a good metric is the
existence of the inverse metric g̃µν which must be non singular as well. Requiring
that g̃µν g̃νσ = δµσ as well as gµνgνσ = δµσ , we �nd that

g̃µν =
1

α2(φ,X)
gµν − β(φ,X)

α2(φ,X)

∇µφ∇νφ(
α2(φ,X) + β(φ,X)X

) . (6.8)

It can be shown by inspection that with this form for the inverse metric we have
g̃µν g̃νσ = δµσ . In order for g̃µν to be non singular we have to require

α2 6= 0, α2 + βX > 0,

which are automatically satis�ed by means of (6.7).
Finally we require the volume-element to be non-singular. It is given by

√
−g̃ = α4

(
1 +

βX

α2

) 1
2√−g, (6.9)

that is non-singular in virtue of the previous constraint.
Summarizing, in order to have a well-de�ned metric disformally related to a

well-de�ned Riemannian metric, we have required:

• It must be causal.

• It must preserve Lorentz signature.

• The inverse must exist and be non-singular.

• The volume element must be non-singular.

We have seen that to ful�l such conditions it is su�cient to require α2 + βX > 0
with the inverse metric given by Eq.(6.8) and of course α 6= 0.

6.3 Disformally related frames

Are disformally related frames physically equivalent? In order to answer this
question we need to take a step back. In sec (5.2.2) we showed that the stan-
dard Scalar-Tensor theories are form-invariant under a conformal transformation
plus a scalar �eld rede�nition. As pointed out in [44] structure-invariance under
conformal transformations implies physical invariance provided that we properly
interpret physical results moving from one frame to the other. E.g. we noticed
that in the EF units of measure are now spacetime-dependent as a consequence
of the conformal coupling to the matter �elds.
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At the beginning of this chapter we have understood that if we exit the realm
of simple conformal transformations, then standard Scalar-Tensor theories are not
generic enough to accomodate the new terms coming from the metric transforma-
tion. A more promising environment in this sense could be the Horndeski theory
(and of course its healthy extensions). Indeed in [57] it is shown that the Horn-
deski theory, given by eq.(4.36) is invariant in structure only under the following
sub-class of disformal transformations

gµν → g̃µν = α2(φ)gµν + β(φ)∂µφ ∂νφ, (6.10)

where the X-dependence in the coe�cients has been dropped. We now review
the argument given in [57]; this will shed light on the property of the Horndeski
action and the disformal frames related to it by (6.10).

The Horndeski action is known to be the most generic S-T theory giving rise
to second order equations of motion. This property is due to a precise cancella-
tion between higher derivatives coming from non-minimal coupling terms (such
as G4(φ,X)R and G5(φ,X)Gµν∇µ∇νφ) and those coming from the derivative
"counterterms" (the second terms in 4.39 and 4.40). This is possible because of
the antisymmetric structure of L4 and L5. For example L4 can be rewritten in
the following way

L4 =
(
gµβgνα − gµνgβα

)[
G4(φ,X)Rµναβ −G4,X(φ,X)∇µ∇νφ∇α∇βφ

]
,

that is now manifestly antisymmetric.
This antisymmetric property is spoiled whenever we have a disformal trans-

formation involving X-dependent coe�cients. Even in the simple case g̃µν =
α2(X)gµν it can be shown that the antisymmetric structure of L4 is broken, e.g.
by the term

4G4,X

(2α,X
α

)2

φµφνφαφβ∇µ∇νφ∇α∇βφ,

clearly symmetric and which can not be cancelled by other terms coming from
the transformation.

However, in [57] it is showed that the antisymmetric structure is preserved
under eq. (6.10), and therefore this transformation only accounts for a rede�nition
of the coe�cients and the addition of surface terms (irrelevant for the dynamics).
In this sense the disformal transformations represent a symmetry of the Horndeski
action as the conformal transformations were with respect to the standard Scalar-
Tensor theories given by the action (5.21).

Consider now the generic class of theories de�ned by

ST = SH [g, φ] + Sm[g′, ψm], (6.11)

where
g′µν = C2(φ)gµν +D(φ)∇µφ∇νφ. (6.12)
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Notice that we have allowed a disformal dependence on the matter sector. Since
after a disformal transformation of the gravitational metric gµν , the matter metric
g′µν is mapped into

g̃′µν = C2(α2gµν + β∇µφ∇νφ) +D∇µφ∇νφ

= C2α2gµν + (βC2 +D)∇µφ∇νφ ≡ γ2gµν + F∇µφ∇νφ,

then ST is invariant in form under the disformal transformation (6.10), since both
SH and the matter metric are.

In standard Scalar-Tensor theories we saw there are four free parameters in
the action, all depending on the scalar �eld φ. The conformal transformation
plus the scalar �eld rede�nition allowed us to �x two of them. Therefore we con-
cluded that actions de�ned up to the �xing of two parameters are just equivalent
representations of the same physical theory.

In the case of Horndeski theories, ST depends on six parameters
(
K(φ,X),

G3(φ,X), G4(φ,X), G5(φ,X), C(φ) andD(φ)
)
. The φ-dependent disformal trans-

formation has two degrees of freedom given by the coe�cients α(φ) and β(φ), and
we have also the freedom the rescale the scalar �eld as follows

φ→ φs(φ), (6.13)

leaving the action invariant in form.
Naively one could think that, as it happens in the case of CTs, theories di�ering

for the �xing of three out of the six free parameters of ST are physically equivalent.
In reality, this reasoning is complicated by the fact that the free parameters of the
Horndeski action have the kinetic dependence on X. The �xing is not e�cient if
it is done through the disformal transformation (6.10).

Anyway we still have the freedom to eliminate the disformal coupling in the
matter metric since C and D only depend on the scalar �eld. In this way from the
generic action (6.11) with a non-minimal coupling of the scalar �eld to matter,
we can de�ne a "Jordan frame" version of the theory

S̃T = S̃H [g̃, φ] + Sm[g̃, ψm],

with the matter sector minimally coupled to the new metric g̃.
Summarizing, disformally related frames are physically equivalent. This can

be exploited to eliminate the disformal coupling to matter (if any) to obtain a
Jordan frame version of the theory. Could they be exploited to obtain an Einstein
frame version too, i.e. with the gravitational sector simply given by the Ricci
scalar plus quintessence/cosmological constant terms?

To achieve an Einstein frame starting from the generic Horndeski action we
must move to a frame where G4 = const and G5 = 0. For the reasons explained
above this is not possible using only the φ-dependent disformal transformation and
the scalar �eld rede�nition. However, if we start from the onset with a simpler
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Horndeski action, with the paramters G4 and G5 de�ned ad hoc, then it can be
shown (see [57]) that for the action

S =

∫
d4x
√
−g
[
GE(φ,X)R−GE,X

[
(�φ)2 − (∇µ∇µφ)2

]
+ L2 + L3

]
,

where
GE =

(
1− 2B(φ)X

) 1
2 ,

it is possible to de�ne an Einstein Frame performing a disformal transformation.

6.4 Ostrogradski ghosts and physical degrees of

freedom

One may wonder if disformal transformations more general than Eq.(6.10) can
be exploited to obtain healthy theories beyond Horndeski's, i.e. if performing a
general DT to the Horndeski's action (or to a subset of it) we obtain a new viable
class of Scalar-Tensor theories. In reality extensions to Horndeski's theories, and in
general to any alternative to GR, are strictly limited by Ostrogradski's theorem.
This states that the Hamiltonian of any non-degenerate Lagrangian depending
on more than �rst-order time-derivatives is not bounded from below, leading to
instability problems which render the theory unphysical.

We now review the basics of the Ostrogradski's theorem and instability in order
to understand how it can be avoided in the context of Scalar-Tensor theories of
gravity.

Suppose to have a classical system described by the Lagrangian L(q, q̇, q̈) with
q = (q1, q2, ..., qN), which is non-degenerate, i.e. such that

∂2L
∂q̈i∂q̈j

6= 0. (6.14)

The Euler-Lagrange (EL) equations are

d2

dt2
∂L
∂q̈
− d

dt

∂L
∂q̇

+
∂L
∂q

= 0. (6.15)

With the hypothesis of non-degeneracy the EL equations become fourth order
di�erential equations: q(4) = F(q, q̇, q̈, q(3)) which therefore need 4N initial con-
ditions. In order to switch to the Hamiltonian formulation we have to de�ne 4N
canonical variables

Q1 = q, Q2 = q̇, P1 =
∂L
∂q̇
− d

dt

∂L
∂q̈
, P2 =

∂L
∂q̈
. (6.16)
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The condition of non-degeneracy allows us to invert these transformations and
explicit q̈ in terms of P2, Q1 and Q2

q̈ = Q(Q1, Q2, P2). (6.17)

The Hamiltonian is given by the Legendre transform of the Lagrangian and reads

H(Q1, Q2, P1, P2) =
2∑
i=1

Piq
(i) − L

(
Q1, Q2,Q(Q1, Q2, P2)

)
= P1Q2 + P2Q(Q1, Q2, P2)− L

(
Q1, Q2,Q(Q1, Q2, P2)

)
.

The Hamilton-Jacobi equations Q̇i = ∂H
∂Pi

and Ṗi = − ∂H
∂Qi

are equivalent to the EL
equations and generate time evolution.

The thing we want to stress here is that the Hamiltonian above depends lin-
early on P1 since it appears only in the �rst term of the RHS. This means that
the Hamiltonian is not bounded from below and can take arbitrary large negative
values. In principle this is not a problem, but when the theory is interacting
then an empty state decays ad in�nitum into couples of positive and negative en-
ergy particles and this is clearly non-physical. This is the so-called Ostrogradski's
instability. Generally speaking, it depends on the fact that higher order EOMs
need extra initial conditions than the usual dynamic system, and this translates
to the presence of extra degrees of freedom in the Hamiltonian formulation. It
can be shown that attempts to quantize such d.o.f. lead either to negative norm
states (and therefore to a non-unitary theory) or to negative energy eigenstates
and this is the onset of instability. Such states are also called ghosts in quantum
mechanics.

Our analysis was restricted to second order time-derivatives in the Lagrangian,
but the reasoning can be easily generalized to higher orders theories. Indeed the
situation is even worse when we consider higher orders dependence on L. In
fact, in this case more than one canonical momentum appears linearly in the
Hamiltonian. In such a case we have that L = L(q, q̇, ..., q(N)) and the condition
of non-degeneracy entails that the EL equations

N∑
i=1

(
− d

dt

)i ∂L
∂q(i)

= 0 (6.18)

contains q(2N). As in the simpler case, the phase space depends on 2N2 variables
and we need to de�ne 2N2 canonical variables

Qi = q(i−1), Pi =
N∑
j=1

(
− d

dt

)j−i ∂L
∂q(j)

. (6.19)
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Due to the non-degeneracy condition we can write q(N) = Q(Q1, ..., QN , PN) and
the Hamiltonian reads

H =
N∑
i=1

Piq
(i) − L(Q1, ..., QN ,Q)

= P1Q2 + P2Q3 + ...+ PN−1QN + PNQ− L(Q1, ..., QN ,Q) (6.20)

We see that now half of canonical conjugate momenta appears linearly and there-
fore the instability comes from several channels.

The crucial point is that for non-degenerate system with higher than �rst
order time-derivatives the theory su�ers from Ostrogradski's instability. This
result is really general and it also explains why nature is described by second
order di�erential equations like Newton forces. A theory that produces second
order di�erential equations is degenerate and therefore avoids the Ostrogradski
instability. This is the case of General Relativity even though the Hilbert-Einstein
action contains second order derivatives of the metric tensor. The same holds for
the Horndeski theory which in addition contains second order time-derivatives of
the scalar �eld. However, due to the structure of the Horndeski Lagrangians, they
generate second-order equations of motion and therefore escape the Ostrogradski's
theorem.

However, we understand why the space of possible alternative theories of grav-
ity (and in our case Scalar-Tensor theories) is limited by this no-go theorem: apart
from particular cases (such as f(R)-gravity or Horndeski theories themselves),
whenever we have higher than one time-derivatives of the �elds in the Lagrangian
the theory is unstable and therefore unphysical.

Hence we should expect that beyond Horndeski theories, for instance those
obtained via a disformal transformation to the Horndeski lagrangians are plagued
by the Ostrogradski ghosts and present more than the 2 + 1 degrees of freedom
of healthy Scalar-Tensor theories. Actually, they produce higher order equations
of motion, but as it is shown in [63], they can be made second order in time-
derivatives exploiting hidden constraints coming from the EoMs themselves. This
gives a loophole in the Horndeski's theorem, since it fails to provide the most
general Scalar-Tensor theory with second order equations of motion free of Ostro-
gradski instability, essentially because it does not take into account the presence
of such hidden constraints.

A class of theories free of the Ostrogradski's instability is the so-calledG3/GLPV
theories as showed in [71] which constitute an healthy extension of Horndeski the-
ory. The key of the avoidance of ghosts lies in the degeneracy of the Lagrangian
and this issue has been widely studied, for instance in [64], which includes an
analysis of cubic degenerate higher-order scalar tensor (DHOST) theories beyond
Horndeski.

A very general result in this sense is that given in [73]. Here it is proved that
general invertible transformations does not alter the number of physical degrees of
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freedom, even if the transformation involves derivatives of �elds, such as the case
of disformal transformations. This means that if we start with an healthy theory,
such as the Horndeski theory, and we perform a generic invertible transformation
then we end up with a new class of healthy theories.

One should have expected this result since an invertible transformation is a
one-to-one correspondence between the starting and �nal variables and as such it
does not introduce new information to the theory. The disformal transformations
are generally invertible as we are going to see. Clearly, when this does not happen
we end up with a new physically di�erent theory with an extra number of d.o.f.
This will be the subject of the next chapter.
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Chapter 7

Disformal invariance and Mimetic

Gravity

In the last chapter we found that the Horndeski action is invariant under a special
class of metric transformations. At the same time we have showed that performing
a generic disformal transformation to the Horndeski action a richer class of theories
can be obtained.

Here we will explore the issue of the invertibility of the disformal transforma-
tions, when they are seen as a parametrisation of the physical metric in terms of
an auxiliary metric and a scalar �eld. We will see that the request of the invert-
ibility translates to a condition on the coe�cients appearing in the de�nition of
the transformation. The crucial fact is that when the transformation is invertible
then the equations of motion derivable from a generic Scalar-Tensor theory are
invariant under such a parametrisation [67, 68].

On the other hand, when the transformation is not invertible, a new degree
of freedom appears in the theory when the transformation is performed. In other
words, we end up with a new theory, physically inequivalent respect to the original
one (before the transformation) and characterised by di�erent equations of motion.
This de�nes a new class of theories called Mimetic Gravity theories [65, 66], which
has received a lot of attention since their �rst appearance in 2012. We shall review
the key features of them, with a special attention on their relationship with the
disformal transformation.

7.1 Non-invertibility condition

In the previous chapter we saw some properties of the disformal transformation

g̃µν = α2(φ,X)gµν + β(φ,X)∂µφ ∂νφ.

In particular we found that in order to be a "good" metric, the disformal metric
must satisfy the constraint α2 +βX > 0, α 6= 0. However, no discussion was made
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about the invertibility condition of such a transformation, i.e. the possibility of
inverting the relation above to gµν = gµν(g̃).

We are now going to investigate under which conditions the inversion can be
done, regardless of the underlying Scalar-Tensor theory; we are going to see that
the invertibility condition translates to a condition on the coe�cients α and β.

In order to do it we use a slightly di�erent notation in line with [68]; in
particular we consider two metrics: the "physical" metric gµν and an "auxiliary"
metric lµν , which are related by the disformal transformation

gµν = A(φ,X)lµν +B(φ,X)∂µφ ∂νφ, (7.1)

where X = lµν∂µφ ∂νφ, A > 0 and A+BX > 0.
What we would like to do is to write lµν as a function of gµν and the scalar �eld

φ; however, this is complicated by the presence of lµν in X. If we could express
X as a function of gµν (and the scalar �eld) only, then we would be able to invert
the relation (7.1) to lµν = lµν(gµν , φ).

In order to do this we start writing the inverse metric gµν as follows

gµν =
1

A(φ,X)
lµν +

B(φ,X)

B(φ,X)gαβ∂αφ ∂βφ− 1
gαµgνβ∂αφ ∂βφ, (7.2)

where we require B(φ,X)gαβ∂αφ∂βφ−1 6= 0. Note that it is such that lµνlνσ = δµσ
(as can be proved by inspection). Using that gµνgµν = 4 = lµνlµν we have

gµνgµν =
( 1

A
lµν +

B

Bgαβ∂αφ ∂βφ− 1
gαµgνβ∂αφ ∂βφ

)
gµν

4 =
1

A
lµν
(
Alµν +B∂µφ ∂νφ

)
+

B

Bgαβ∂αφ ∂βφ− 1
gµνg

αµgνβ∂αφ ∂βφ

4 = 4 +
B

A
X +

B

Bgαβ∂αφ ∂βφ− 1
gαβ∂αφ ∂βφ

⇒ X =
A(φ,X)gαβ∂αφ ∂βφ

B(φ,X)gαβ∂αφ ∂βφ− 1
. (7.3)

Eq.(7.3) can be rewritten in the following way

G(φ,X) = gαβ∂αφ ∂βφ, (7.4)

where

G(φ,X) ≡
X
(
B(φ,X)gαβ∂αφ ∂βφ− 1

)
A(φ,X)

. (7.5)

If we were able to invert Eq.(7.4) for a given φ, then we could express X as
a function of gµν : X = G−1(gαβ∂αφ ∂βφ). We are not able to do it explicitly,
but fortunately we can use the inverse function theorem, which states that if
dG(φ,X)
dX

∣∣
X=X∗

6= 0 then G−1 exists in a neighbourhood of X∗ for any �xed φ.
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Therefore, whenever dG(φ,X)
dX

∣∣
X=X∗

6= 0, we can write X as a function of gµν and
consequently we can write lµν as a function of the physical metric.

What happens if dG(φ,X)
dX

∣∣
X=X∗

= 0? This equation can be easily solved noticing

that if dG(φ,X)
dX

∣∣
X=X∗

= 0 then G is a function of φ only and we can write it as

G(φ,X) =
1

b(φ)
. (7.6)

Using Eq.(7.4) we immediately �nd 1/b(φ) = gαβ∂αφ ∂βφ, that combined with
Eq.(7.3) gives

B(φ,X) = −A(φ,X)

X
+ b(φ). (7.7)

This is the non-invertibility condition translated to the disformal coe�cients
A(φ,X) and B(φ,X). We notice that in order to have a non-invertible disfor-
mal transformation, at least one of the two coe�cients must depend on X. This
is not the case of the class of disformal transformations under which the Horn-
deski theory is invariant, neither of the conformal transformations considered in
chapter 5.

7.2 Disformal invariance of the equations of mo-

tion

Let's consider a generic Scalar-Tensor theory de�ned by the action

S =

∫
d4x
√
−gL

[
gµν , ∂λ1gµν , . . . ∂λpgµν , φ, ∂λ1φ, . . . ∂λqφ

]
+ Sm[gµν , ψm], (7.8)

with p, q ≥ 2. We do not need to specify the form of the lagrangian L, but we
notice that it includes for example the standard S-T theories analysed before and
the Horndeski theory (where q = 2).

Given that gµν is related to the auxiliary metric lµν via Eq.(7.1), we will show
that the EoMs obtained varying the previous action with respect to gµν or with
respect to lµν and φ are the same, provided that the disformal relation is invertible.

We can formally write

δS =
1

2

∫
d4x
√
−g
(
Eµν + T µν

)
δgµν +

∫
d4xΩφδφ+

∫
d4xΩψmδψm, (7.9)
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where

Eµν ≡ 2√
−g

δ(
√
−gL)

δgµν
=

2√
−g

(∂(
√
−gL)

∂gµν
+

p∑
h=1

(−1)h
d

dxλ1
· · · d

dxλh
∂(
√
−gL)

∂(∂λ1 . . . ∂λhgµν)

)
,

T µν ≡ 2√
−g

δ(
√
−gLm)

δgµν
, Ωψm ≡

δ(
√
−gLm)

δψ
,

Ωφ ≡
δ(
√
−gL)

δφ
=
∂(
√
−gL)

∂φ
+

q∑
h=1

(−1)h
d

dxλ1
· · · d

dxλh
∂(
√
−gL)

∂(∂λ1 . . . ∂λhφ)
.

Taking into account Eq.(7.1) we can write the variation of gµν as

δgµν = (δA)lµν + Aδlµν + (δB)∂µφ∂νφ+Bδ(∂µφ∂νφ)

= Aδlµν −
(
lµν

∂A

∂X
+ ∂µφ∂νφ

∂B

∂X

)[
(lαρ∂αφ)(lβσ∂βφ)δlρσ − 2lρσ(∂ρφ)(∂σδφ)

]
+

(
lµν
∂A

∂φ
+ ∂µφ∂νφ

∂B

∂φ

)
δφ+B

[
(∂µδφ)(∂νφ) + (∂νδφ)(∂µφ)

]
. (7.10)

Using this expression in Eq.(7.9) and minimizing respect to lµν we obtain

A(Eµν + T µν) =
(
α1
∂A

∂X
+ α2

∂B

∂X

)
(lµρ∂ρφ)(lνσ∂σφ), (7.11)

with
α1 ≡ (Eµν + T µν)lµν , α2 ≡ (Eµν + T µν)∂µφ ∂νφ. (7.12)

The equation of motion (7.11) can be contracting with lµν and ∂µφ ∂νφ to give
respectively the following scalar equations

α1

(
A−X ∂A

∂X

)
− α2X

∂B

∂X
= 0, α1X

2 ∂A

∂X
− α2

(
A−X2 ∂B

∂X

)
. (7.13)

This system of two linear equations with unknown α1 and α2 can be written in
matrix form as

M

(
α1

α2

)
= 0, with M ≡

A−X ∂A
∂X

−X ∂B
∂X

X2 ∂A
∂X

−A+X2 ∂B
∂X

 . (7.14)

Let us now consider the determinant of M , which is

det(M) = X2A
∂

∂X

(
B +

A

X

)
. (7.15)

If det(M) 6= 0 we have only the trivial solutions α1 = 0 = α2, which imply

Eµν + T µν = 0, (7.16)
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i.e. we obtain the same EoMs we would obtain varying directly with respect to
gµν .

Looking at Eq.(7.15) it is straightforward to recognize the condition det(M) =
0 as the condition of invertibility of the disformal transformation found in the
previous section, i.e. B + A/X = b(φ).

In other words if the transformation is invertible (det(M) 6= 0) then it does
not alter the equations of motion (written in terms of the physical metric). On
the other hand if the non-invertibility condition is satis�ed (det(M) = 0), varying
with respect to the auxiliary metric and the scalar �eld gives us a new set of
equations of motion, that after some algebraic manipulations can be expressed as
[68]

Eµν + T µν =
α1

X
(lµρ∂ρφ)(lνσ∂σφ). (7.17)

In practice, a non-invertible disformal transformation introduces an extra
degree of freedom which alters the original equations of motion, producing an
inequivalent physical theory. This is the so-called mimetic degree of freedom,
which we shall analyse in the next section in the simple (and �rst) example with
B(φ,X) = 0 and b(φ) = −1.

7.3 Mimetic gravity

We have already encountered an example of mimetic gravity theory when we anal-
ysed the extended conformal transformations. There, using the current language,
we had

gµν = −Xlµν = (−lαβ∂αφ ∂βφ)lµν , (7.18)

which satis�es the relation (7.7), with B(φ,X) = 0 and b(φ) = −1.
This is exactly the �rst example of an entire class of theories currently named

"mimetic gravity theories"; it was introduced by Mukhanov and Chamseddine in
2013, who coined the term "mimetic dark matter" in relation to the new degree of
freedom embodied by the parametrisation of the physical metric Eq.(7.18), which,
as we are going to see, mimics the e�ect of dark matter.

We will now review their argument based on Eq.(7.18) applied to the Hilbert-
Einstein action and then we will brie�y discuss mimetic gravity in Horndeski
theories.

First of all we notice that the parametrisation gµν = −Xlµν implies that
gµν = (−1/X)lµν and therefore

gµν∂µφ ∂νφ = −1, (7.19)

as can be seen contracting gµν = (−1/X)lµν with ∂µφ ∂νφ.
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Let's now consider a Hilbert-Einstein Lagrangian plus a generic matter sector

S =
1

2

∫
d4x
√
−g(lµν , φ)

[
R(gµν(lµν , φ) + Lm

]
, (7.20)

where the physical metric is parametrised via eq.(7.18) and we have set 8πG = 1.
Varying the action with respect to the metric gµν gives

δS =
1

2

∫
d4x

δS

δgµν
δgµν =

1

2

∫
d4x
√
−g
[
Gµν − T µν

]
δgµν . (7.21)

We now consider the fact that the variation of the physical metric can be expressed
through the variations of the auxiliary metric and the scalar �eld as in Eq.(7.10)

δgµν = −Xδlµν − δXlµν =

= −Xδlµν − lµν
(
− lασlβρδlσρ∂αφ ∂βφ+ 2lαβ∂αδφ ∂βφ

)
= −Xδlσρ

(
δσµδ

ρ
ν + gµνg

ασgβρ∂αφ ∂βφ
)

+ gµν2g
αβ∂αδφ ∂βφ,

where in the last equality we have used that gµν = 1
−X l

µν and therefore lαβlµν =
gαβg

µν .
Taking the variation with respect to δlµν and δφ in (7.21) we �nd

Gµν − Tµν = −
(
G− T )∂µφ ∂νφ, (7.22)

1√
−g

(
√
−g(G− T )gµν∂νφ),µ = 0 (7.23)

While the auxiliary metric does not appear explicitly in the equations of motion
(although the physical metric depends on it), the scalar �eld contributes explicitly
as we can see in the equations above. Its contribution can be expressed through
the following energy-momentum tensor

T φµν = −
(
G− T

)
∂µφ ∂νφ, (7.24)

which assumes the form of a new matter component. Notice that it is also covari-
antly conserved, i.e. ∇µT φµν = 0.

The trace of eq.(7.22) gives(
G− T

)(
gµν∂µφ ∂νφ+ 1

)
= 0 (7.25)

In virtue of (7.19) this relation is satis�ed even if G−T 6= 0. Therefore Eq.(7.22)
admits non-trivial solutions even in the absence of matter (T = 0) where we have
Gµν = −G∂µφ ∂νφ. In other words the parametrisation (7.18) has introduced a
new degree of freedom which propagates dynamically.

The next step is to understand what the physical interpretation of this new
matter component is. Actually (7.24) can be rewritten as the energy-momentum
tensor of a perfect �uid

T φµν = (ρ+ p)uµuν + gµνp, uµuµ = −1, (7.26)
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with ρ = −(G− T ), p = 0 and uµ = ∂µφ.
This is a pressureless perfect �uid with four-velocity equals to the gradient of

the scalar �eld. We expect that in a cosmological environment it describes dust
with equation of state p = 0. In order to verify this let us solve the equation of
motion (7.23) in the FRW metric ds2 = −dt2 +a2(t)δijdx

idxj. The presence of the
scalar �eld suggests us to choose the hypersurfaces of constant time to correspond
to the hypersurfaces of constant φ; i.e. up to a constant (which we put to zero)
we can identify φ with the time t. We note that this choice satis�es the constraint
(7.19).

Now, using that
√
−g = a3, Eq.(7.23) becomes

∂0

(
− a3(G− T )

)
= 0

⇒ G− T =
C

a3
, (7.27)

where C = C(xi) is an integration constant with only spatial dependence.
Recalling that in a FRW universe the energy density of a �uid with equation

of state p = wρ scales as ρ ∝ a−3(1+w), we see that the mimetic degree of freedom
behaves like dust. The fact that it is subjected only by the gravitational inter-
action suggests that it mimics the behaviour of dark matter. From this comes
the name "mimetic dark matter". The amount of it is encoded in the integration
constant C(xi).
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Chapter 8

Cosmological observables and

disformal invariance

In this chapter we are going to investigate the physical invariance under disformal
transformations directly looking at the transformations laws for the relevant ob-
servables in cosmology. In particular we are going to show that with the proper
assumption on the scalar �eld φ, which corresponds to the choice of the comoving
gauge to the scalar �eld, we are able to interpret the disformal transformation
as a local change of units in the same fashion as it has been done in the confor-
mal case. In this framework we have calculated how the particle four momentum
changes under a disformal transformation and have exploited it to show that the
Boltzmann formalism is unaltered by such a transformation. Being relevant for
cosmological applications, we have inferred the frame-invariance of the cosmolog-
ical redshift as well as the scalar �eld and Maxwell actions.

Subsequently we have found convenient to introduce a frame-invariant formal-
ism in the context of beyond-Horndeski theories. Within this approach we have
written a frame-invariant action encompassing the GLPV theories and parametrised
the frame choice with two extra parameters corresponding to the physical units
of time and length. This is nothing else than an extension of the frame invariant
approach of [19] reviewed in chapter 5.

To close the chapter we have reported an important result obtained in [59]
and [72], i.e. the disformal invariance of power spectra from in�ation and other
relevant in�ationary observables like the tensor-to-scalar ratio and the spectral
indexes.

All the calculations are carried in the comoving or unitary gauge where the
disformal transformation is considerably simpler to analyse. Moreover, in what
follows it is assumed that the disformal transformation is invertible in the sense
of Sec.(7.1); if not, the frame-invariance could not be addressed.

89
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8.1 Disformal transformation as a change of units

In the previous chapters we have showed that conformally related frames are
physically equivalent, though this equivalence turns out to be not obvious when
we have to interpret the results from one frame to another. We have also stated
that the same should hold in the disformal case. Now we want to make it crystal-
clear trying to interpret the disformal transformation as a change of units, exactly
in the same fashion of the conformal case.

We start considering the generic disformal transformation

gµν → g̃µν = α2(φ,X)gµν + β(φ,X)∂µφ ∂νφ. (8.1)

We have already seen the e�ect of this disformation on the line-element, that we
recall

ds̃2 = g̃µνdx
µdxν = α2ds2 + β∂µφ ∂νφ dx

µdxν .

Most of the di�culties in treating disformal transformations and the physics
related to them come from the new scalar �eld derivatives term proportional to
β(φ,X). A reasonable procedure to understand the e�ects of a disformal trans-
formation would be to manage this term in order to put it in a simpler form. For
instance, we can assume that β is constant, and/or that φ is only time-dependent,
as it is at the background level in cosmology. If we want to investigate disformally
related frames the latter assumption, despite being very limiting, is indeed really
powerful because the e�ects of the disformal transformations would be very clear.

An alternative approach strictly related to it is provided remembering that
in a cosmological environment, where ∂µφ is timelike, we have the gauge-freedom
to put to zero the perturbations of the scalar �eld, i.e. to choose the so-called
comoving or unitary gauge [3] in which δφ = 0 and therefore φ = φ(t). This choice
is convenient whenever the scalar �eld gives the dominant contribution to the
energy density of the universe as it is the case during in�ation. Another relevant
case in which the comoving gauge is usually exploited is in dark energy models
where the scalar �eld is responsible for the late-time accelerated expansion1.

In what follows we will consider as a starting point the following action

ST =

∫
d4x
√
−g̃Lg̃[g̃, φ] +

∫
d4x
√
−g̃Lm[g̃, ψm],

where ψm is a generic matter �eld, g̃µν is the matter metric disformally coupled
to gµν via Eq.(8.1). with X ≡ gµν∂µφ ∂νφ.

For the moment we do not assume any gravity theory, but we can think of a
Horndeski-like theory or one of its healthy extensions, like GLPV theories.

1We can consider the comoving gauge also when the scalar �eld is sub-dominant, e.g. in the
matter-dominated era, but this choice would not be so practical at all. However, the use of
disformal transformations turns out to be convenient especially in situations like in�ation, or in
dark energy models.
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We refer to gµν as the gravity metric. In the gravity frame the theory is written
in the gravity metric and therefore matter does not follow geodesics of this metric
because of the disformal coupling (8.1). In the matter frame the theory is written
using the tilde metric as above and in this frame matter follows the geodesics
of the gravity-sector metric. The latter is the analogous of the Jordan frame, in
which matter follows the geodesics of the metric, but generally the gravity sector
is di�erent from the Einstein-Hilbert one.

Throughout this chapter we shall assume that the disformal transformation is
invertible in the sense of Sec.(7.1), i.e. we can express gµν as a function of g̃µν
and the scalar �eld derivatives. In particular we require that X = X(X̃) with
X̃ = g̃µν∂µφ ∂νφ.

In any case the gravity and the matter frame are related by a disformal trans-
formation and we should expect invariance of the underlying physics between the
two frames.

Let us move to the comoving gauge in which ∂µφ =
(
φ̇(t), 0, 0, 0

)
. The action

of the disformal transformation on the line-element now is simply

ds̃2 = α2(φ,X)ds2 + β(φ,X)φ̇2dt2, (8.2)

where φ = φ(t), but X can have a spatial dependence through the metric tensor.
Considering the �at FLRW metric for the sake of clarity, we have explicitly

ds̃2 = −α2dt2 + βφ̇2dt2 + α2a2(t)δijdx
idxj

ds̃2 = −α2
(

1− βφ̇2

α2

)
dt2 + α2a2(t)δijdx

idxj

ds̃2 ≡ −α2γ2dt2 + α2a2(t)δijdx
idxj, (8.3)

where we have de�ned γ2 ≡ 1 − βφ̇2/α2. In order to preserve the Lorentzian
signature we must require γ2 > 0 as we pointed out in Sec.(6.2).

We see that the disformal transformation acts di�erently on the time and
spatial part of the metric. In particular we can split up the e�ect of the DT into
two parts: a pure disformal part induced by the second term in (8.2) giving rise
to the γ2-factor in front of dt2, and a conformal part induced by the α2-factor.
We analyse the former putting the latter equals to unity. In this case

ds̃2 ≡ −γ2dt2 + a2(t)δijdx
idxj, (8.4)

and we immediately note that the e�ect of the pure disformal term is to rescale
times by a factor γ.

We know from the previous chapters that the conformal transformation can
be interpreted as a local change of units. In the same fashion the disformal
transformation can be interpreted as a local change of units, where though units of
time and length are rescaled di�erently. From this point of view disformally related
frames are linked by a local change of units and therefore they are physically
equivalent.
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8.2 Disformal invariance of particle physics

In order to investigate how the particle physics changes under the disformal trans-
formation considered in this chapter let us summarize what we have said. In the
unitary gauge the e�ect of a DT on the line-element is a conformal transformation
of the metric plus a rescaling of times. In particular we have seen that in the ADM
formalism (in an opportune set of spatial coordinates in which N i = 0)

ds̃2 = α2
(
−N2γ2dt2 + hijdx

idxj
)
. (8.5)

We shall assume that the particle masses are constant in the matter frame, while
they can acquire a spacetime dependence in the gravity frame as it happens in
the conformal case.

The �rst aim is to understand how the particle four-momentum changes when
we perform the disformal transformation. In order to achieve this we keep the
conformal and the disformal e�ects separated. Considering only the latter we
see that, if in the untilde frame t is the cosmic proper time, then in the matter
frame it is dt̃ = γdt as follows from Eq.(8.5) putting α = 1 (and with γ2 =
1− βφ̇2/N2) . Therefore the disformal transformation amounts for a rescaling of
the cosmic proper time, and this has to be taken into account when we interpret
the cosmological observables.

From this it can be argued that such a time rescaling a�ects only the time
component of vectors (and therefore modi�es all the dispersion relations) and
it can be eaten with a suitable coordinate-rede�nition; as such it should leave
(coordinate) scalars invariant. The e�ect of the conformal part, as we have already
understood in the previous chapters, can be interpreted as a rescaling of all the
masses by a factor α2 such that m̃ = m/α. Furthermore we assume that the
spatial component are a�ected only by the conformal rescaling P̃ i = P i/α2.

This leads to

g̃µνP̃
µP̃ ν = −m̃2

−N2α2γ2
(
P̃ 0
)2

+ α2hijP̃
iP̃ j = −m̃2

−N2α2γ2
(
P̃ 0
)2

+
1

α2
hijP

iP j = −m
2

α2
.

If P̃ 0 = 1
α2γ

P 0 then the last line becomes

−N2(P 0)2 + hijP
iP j = −m2

gµνP
µP ν = −m2.

We can therefore assume that the transformation rules of the four-momentum are

P̃ µ =
( P 0

α2γ
,
P i

α2

)
, (8.6)

P̃µ =
(
γP0, Pi

)
, (8.7)
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and the mass transformation m̃ = m/α with m̃ constant.
We note that the covariant three-momentum is frame-invariant. Exactly as we

did in the conformal case we can de�ne the frame-invariant distribution function
for a particle specie in the matter frame as follows

dÑ = dx1dx2dx3dP̃1dP̃2dP̃3f(t̃, xi, P̃i), (8.8)

where dÑ is the (frame-independent) number of particle in the frame-invariant
phase-space volume dx1dx2dx3dP̃1dP̃2dP̃3 and t̃ is the cosmic proper time in the
matter frame.

The frame-invariant distribution function allows us to de�ne a frame-invariant
comoving number density

nc(t̃, ~x) = gs

∫
d3P̃

(2π)3
f(~x, P̃i, t̃), (8.9)

where d3P̃ = dP̃1dP̃2dP̃3 is frame-invariant.
The Boltzmann equation for a particle specie ψ with mass m̃ψ is given by

dfψ

dt̃
= Ĉ[fψ], (8.10)

which apparently seems to be frame-dependent since in our understanding times
get rescaled and therefore

dfψ

dt̃
→ dfψ

γdt
. (8.11)

Anyway we are going to see that the γ-factor is compensated by another γ-factor
in the collisional term and the resultant Boltzmann equations are frame-invariant.
This happens if we consider, for instance, the very generic process ψ+a+b+ ...→
i+ j + ....

For such a process the RHS of the Boltzmann equation reads

Ĉ[fψ] =
1

2P̃0

∫
dΠ̃adΠ̃b · · · dΠ̃idΠ̃j · · · (2π)4δ4(P̃ψ + P̃ a + P̃ b + · · · − P̃ i − P̃ j · · · )

×
[
− |M |2ψ+a+b+...→i+j+...fψfafb · · · (1± fi)(1± fj) · · ·

+ |M |2i+j+...→ψ+a+b+...fifj · · · (1± fψ)(1± fa)(1± fb) · · ·
]
, (8.12)

where

dΠ̃ ≡ l2r
d4P̃

(2π)3
(−g̃)−

1
2 δ(P̃ 2 − m̃2)Θ(P̃ 0) = l2r

d3P̃

(2π)3
(−g̃)−

1
2

1

2P̃ 0

is frame invariant, and the sign "+" applies to bosons, whereas the sign "-"
applies to fermions. |M | is the transition amplitude of the considered process
which depends on the fundamental physics. lr is the length unit de�ned in 5.4.2.
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The factor 1/2P̃0 in front of the integral in Eq.(8.12) produces a γ factor
in the transformed frame which cancels out the one in the LHS. So we have that
the Boltzmann equation is frame-invariant with respect to our particular disformal
transformation. provided that |M |2 can be written in an explicitly frame-invariant
way.

8.2.1 The frame-invariant redshift

Let's suppose to have a light-emitter, like a distant galaxy, and we want to measure
the redshift of photons which come to us. Following [2], an observer with four
momentum uµ will measure a photon energy given by E = hω = −uµkµ, where
ω is the frequency of photons, whereas kµ is the photon four-momentum. The
redshift of photons is de�ned as follows

λobs
λem

=
ωem
ωobs

=
(uµkµ)em
(uµkµ)obs

≡ 1 + z. (8.13)

In the standard FRW cosmology Ė/E = −H and therefore E ∝ 1/a, giving rise
to the standard relation 1 + z = aobs/aem.

To evaluate the redshift in the matter frame metric (8.5) in a �at FRW back-
ground, we must move to the cosmic proper time where the metric reads

ds̃2 = −α2
(
dt̃2 + a2δijdx

idxj
)
, (8.14)

where of course a = a(t̃) = a(t(t̃)) and α = α(t(t̃)). In terms of the conformal
time it reads

ds̃2 = −ã2
(
dη̃2 + δijdx

idxj
)
, (8.15)

where we have de�ned ã = α(t̃)a(t̃).
The only thing that changes with respect to the usual case is that a gets

rescaled by α as in the conformal case and that all the quantities depends on the
matter cosmic proper time t̃.

Since comoving observers and photons follow the same metric, we have that
Ẽ ∝ 1/ã and therefore

1 + z =
ãobs
ãem

=
aobs
aem

αobs
αem

. (8.16)

Again, the frame-invariant expression for the redshift is given by

1 + z =
aobs
lr,obs

lr,em
aem

, (8.17)

which takes into account the rescaling of units due to the conformal transformation
(see 5.4.2 for the proper interpretation).
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8.2.2 The frame-invariance of the matter action

Scalar �eld action

Let's now see how the action of a generic scalar �eld transforms under the disfor-
mal transformation considered up to now. In the matter frame it reads

S̃KG =
1

2

∫
d4x
√
−g̃
(
g̃µν∇̃µψ̃∇̃νψ̃ + m̃2ψ̃2

)
(8.18)

In terms of the ADM variables it becomes

S̃KG =
1

2

∫
d3xdtÑ

√
−h̃
(
− 1

Ñ2
(∂tψ̃)2 + h̃ij∂iψ̃∂jψ̃ + m̃2ψ̃2

)
=

1

2

∫
d3xdtγNα4

√
−h
(
− 1

α2γ2N2
(∂tψ̃)2 +

hij

α2
∂iψ̃∂jψ̃ +

m2

α2
ψ̃2
)

Letting ψ̃ = ψ/α, and introducing the cosmic proper time for the untilde frame
we have

S̃KG =
1

2

∫
d3xdt̃N

√
−h
(
− 1

N2
(∂t̃ψ)2 + hij∂iψ̃∂jψ̃ +m2ψ2

)
(8.19)

up to spacetime derivatives of the conformal factor which we can assume to be
negligible. In fact the space and time scales of variation of α are of cosmological
and/or astrophysical size and therefore spacetime variation of the conformal factor
is surely much smaller with respect to the variation of particle physics quantities,
such as decay rates, cross sections and so on. Hence, when we deal with particle
physics quantities it is quite reasonable to neglect terms like ∂µα(x). So for our
purposes the Klein-Gordon scalar �eld action is invariant under disformal trans-
formations provided that we interpret correctly the cosmic proper time passing
from one frame to another.

The electromagnetic �eld

Let's consider the action for the electromagnetic �eld in the matter frame

SEL = −
∫
d4x
√
−g̃F̃µνF̃ µν = −

∫
d4x
√
−g̃g̃αµg̃βνF̃µνF̃αβ,

where F̃µν = ∂µÃν − ∂νÃµ. In the untilde frame it becomes

SEL = −
∫
d3x dt γN

√
−h
[
2F̃ti(

1

N2γ2
∂tÃi −

1

N2γ2
∂iÃt) + F̃ijF̃

ij
]
.(8.20)

Note that the conformal factor does not appear; this is due to the conformal
invariance of the Maxwell �eld. However we have an explicit dependence on γ
that can be reabsorbed with the following assumptions

Ãi = Ai, Ãt = γAt, (8.21)
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that lead to

SEL =

∫
d3x dt̃ N

√
−h
[
2Ft̃iF

t̃i + FijF
ij
]
, (8.22)

where again we have introduce the cosmic proper time t̃ and up to spacetime
derivatives of γ.

8.3 Disformal invariance in beyond-Horndeski the-

ories

We can now exploit the knowledge gained in the conformal case to write down
a frame-invariant model for disformal transformations. The trick there was to
consider from the onset only dimensionless quantities, which are not a�ected by a
change of units and which are the actual outcome of observations. Here we will do
the same but in the context of Horndeski and beyond Horndeski theories where
the disformal transformations �nd their proper environment.

It is convenient to work in the ADM formalism, where the line-element reads

ds̃2 = −Ñ2dt2 + h̃ij
(
dxi + Ñ idt

)(
dxj + Ñ jdt

)
, (8.23)

where Ñ is the lapse function, h̃ij is the three-dimensional (spatial) metric and
Ñ i is the shift vector.

In the comoving gauge and in terms of the disformal metric gµν it becomes

ds̃2 = −N2α2γ2dt2 + α2hij
(
dxi +N idt

)(
dxj +N jdt

)
, (8.24)

with γ2 = 1 + βφ̇2

α2N2 = 1 + βX
α2 and of course Ñ ≡ αγN and h̃ij ≡ α2hij. We

note that Ñ i = N i, i.e. the shift vector is invariant under such a disformal
transformation.

Following the conformal case we can introduce two arbitrary measuring sticks
tr and lr that under a disformal change of units transform as

t̃r = αγtr, l̃r = αlr. (8.25)

In the conformal case units of time and length scale equally and therefore we
chose tr = lr, which is consistent with the fact that in the pure conformal case
γ = 1. Here we need to keep distinct units of time and length since they rescale
di�erently.

However, we can exploit them to write down an explicitly frame-invariant
metric as follows

ds̄2 = ḡµνdx
µdxν = −N̄2dt2 + h̄ij

(
dxi + N̄ idt

)(
dxj + N̄ jdt

)
, (8.26)

with

N̄ ≡ N

tr
, h̄ij ≡

hij
l2r
, N̄ i = N i. (8.27)
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This corresponds to the explicit dimensionless construction of [19, 55], but ex-
tended to the disformal change of units. In that case the arbitrary unit lr depends
on φ, but here in principle we could allow also for a X-dependence.

Anyway we must pay attention on which gravitational theory we are consid-
ering. Indeed it has been showed that the Horndeski action is closed under the
special disformal transformation given by Eq.(6.10). On the other hand if we allow
for a X-dependence in β, after the DT we end up in a new class of theories which
are enclosed in the so-called G3 or GLPV theories (Gleyzes, Langlois, Piazza, and
Vernizzi)[70]. The �eld dependence of lr and tr must be chosen accordingly with
the theory considered. For instance, if we are in the realm of Horndeski theory,
then tr = tr(φ) and lr = lr(φ), which in this gauge means they depend only on
time. For the G3 theories we let tr to depend on X in virtue of the disformal
transformations under which they are form-invariant

g̃µν = α2(φ)gµν + β(φ,X)∂µφ ∂νφ. (8.28)

What we want to do now is to rewrite the general GLPV action in a frame-
invariant form using the frame-invariant metric de�ned above. This will ensure
that all the frames related by the disformal transformation (8.28) in the unitary
gauge are physically equivalent since they are related by a change of units.

8.3.1 The GLPV action

The GLPV action is given by [70, 71]

Sg =

∫
d4x
√
−g

5∑
i=2

Li, (8.29)

where

L2 = G2(φ,X); (8.30)

L3 = G3(φ,X)�φ; (8.31)

L4 = G4(φ,X)(4)R− 2G4,X(φ,X)
(
�φ2 − φµνφµν

)
+

+ F4(φ,X)εµνρσ εµ
′ν′ρ′σφµφµ′φνν′φρρ′ ; (8.32)

L5 = G5(φ,X)(4)Gµνφ
µν +

1

3
G5,X

(
�φ3 − 3�φ φµνφ

µν +

+ 2φµνφ
µσφνσ

)
+ F5(φ,X)εµνρσεµ

′ν′ρ′σ′φµφµ′φνν′φρρ′φσσ′ , (8.33)

and φµ = ∇µφ and φµν = ∇µ∇νφ. With respect to the Horndeski lagrangian here
we have two extra terms, those proportional to F4 and F5. Therefore if we want
to restrict to the Horndeski sub-class we must require F4 = F5 = 0.

We now use the ADM formalism introduced above and move to the unitary
gauge φ = φ(t). Let's de�ne the constant-time hypersurface Σt in the foliation
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of our manifold M = R × Σt. Further, we assume that the constant-�eld hy-
persurfaces (φ = constant) coincide with the constant-time hypersurfaces Σt.
On such hypersurfaces we introduce the spatial metric hµν = gµν + nµnν , where
nµ = − φµ√

−X = (−N, 0, 0, 0) is the unit vector orthogonal to Σt and such that

nµ = (1/N,−N i/N).
In the usual manner we can de�ne the intrinsic curvature of Σt through the

spatial metric hµν : we de�ne a covariant derivative Dµ such that Dµhαβ = 0 for
each index and through it the Riemann tensor (3)Rd

abcωd = DaDbωc − DbDaωc ,
for all 1-form ωc such that ωcnc = 0. Contracting properly the indexes we can
de�ne the 3-Ricci tensor (3)Rµν ≡ Rµν . Finally we de�ne the extrinsic curvature
of Σt as follows:

Kµν ≡ hλµnν;λ,

which lives in Σt since Kµνn
µ = 0.

After some algebraic manipulations (which exploit for example the Gauss-
Codazzi relations), it can be showed that in ADM variables the action (8.29) has
the more compact form [70, 71]

Sg =

∫
d4xN

√
h
[
A2 +A3K+A4(K2−S)+B4R+A5K3 +B5(U− 1

2
KR)

]
, (8.34)

where A2, A3, A4, A5, B4 and B5 are coe�cients depending on X and φ, or, since
we are in the unitary gauge, depending on N and t, while R, K, S, K3, U are
geometrical quantities de�ned as

K ≡ hijKij; S ≡ KijK
ij; R ≡ hijRij;

K3 ≡ K3 − 3KS + 2KijK
ilKj

l ; U ≡ RijK
ij, (8.35)

with Kij explicitly given by

Kij =
1

2N
(ḣij −DiNj −DjNi). (8.36)

The coe�cients Ai and Bi depend on the original coe�cients Gi and Fi and
kinetic term X. Moreover the conditions F4 = F5 = 0 that select the Horndeski
sub-class, can be given through the new coe�cients

A4 = −B4 + 2XB4,X , A5 = −1

3
XB5,X . (8.37)

8.3.2 Frame-invariant version

We have already introduced a frame-invariant metric, namely ḡµν = ḡµν(gµν , lr, tr),
whereof we allowed a ~x-dependence in lr and tr. But we have stated that only
the disformal transformation (8.28) leaves the GLPV action invariant in form.
Therefore, to keep track of this fact we restrict the spacetime-point dependence of



8.3. DISFORMAL INVARIANCE IN BEYOND-HORNDESKI THEORIES 99

lr to time-dependence only, i.e. lr = lr(t). In this way we are sure that we remain
on the GLPV domain under a change of units.

All the quantities in (8.34) are geometrical quantities constructed from the
metric. So we can use our frame-invariant metric ḡµν to construct by hand frame-
invariant version of the geometrical quantities R̄ij, K̄ij and all the barred scalars
from them.

Moreover it will be useful to relate the barred quantities, normalized with the
arbitrary units tr and lr, with the unbarred ones. For instance, exploiting that
the 3D curvature is built via the spatial metric hµν and that lr = lr(t), we have

R̄ij = Rij; R̄ = h̄ijR̄ij = l2r h
ijRij = l2rR. (8.38)

More di�cult is to express K̄ij in terms of Kij and the arbitrary scales tr and lr,
because of the presence of the spatial covariant derivative and the time-derivative
of h̄ij (Eq.(8.36). Since Γ̄kij = Γkij for every spatial index, we have D̄iN̄j = 1

l2r
DiNj.

Further, using that ∂th̄ij = 1
l2r
ḣij − 2hij

l3r
l̇r we �nally have

K̄ij =
tr

2N

[ 1

l2r
ḣij −

2hij
l3r

l̇r −
1

l2r
(DiNj +DjNi)

]
, (8.39)

or equivalently

K̄ij =
tr
l2r
Kij −

tr
N

l̇r
l3r
hij. (8.40)

We are ready to introduce our choice for the GLPV frame-invariant action,
S̄g =

∫
d4x
√
−ḡL̄ that reads

S̄g =

∫
d4xN̄

√
h̄
[
Ā2+Ā3K̄+Ā4(K̄2−S̄)+B̄4R̄+Ā5K̄3+B̄5(Ū− 1

2
K̄R̄)

]
, (8.41)

where the coe�cients Āi and B̄i depends on t and N̄ .
For completeness we could add a matter action that for consistency must be

manifestly frame-invariant. It will be constructed using frame-invariant quantities,
such as ḡµν and the dimensionless matter �eld ψ̄m = ψ̄m(ψm, tr, lr). The explicit
expression for ψ̄m in terms of the arbitrary scales tr and lr depends on the kind of
matter we are considering as we have already seen in the conformal case. For the
moment we keep it general, we just assume it describes a barotropic perfect �uid,
with energy density ρ̄ and pressure P̄ . Hence the frame-invariant matter action
can be written as

S̄m =

∫
d4x
√
−ḡLm(ḡµν , ψ̄m), (8.42)

and the energy-momentum tensor is given by

T̄ µν =
2√
−ḡ

δS̄m
δḡµν

(8.43)

and such that T̄ 0
0 ≡ −ρ̄ and T̄ ij ≡ P̄ δij.
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8.3.3 Frame-invariant equations of motion

Once we have built our frame-invariant model for disformal transformations, it
is a good exercise to evaluate the corresponding equations of motion, at least for
the metric degrees of freedom. In order to do it let us consider the perturbed
line-element around the �at FLRW background

ds̄2 = −(N̄2
b + 2Ā)dt2 + 2ψ̄;idx

idt+ ā2(t)
[
(1 + 2ζ̄)δij + 2Ē;ij + γ̄ij

]
dxidxj, (8.44)

where N̄b is the background normalized lapse function, ā(t) = a(t)/lr is the nor-
malized scale factor, Ā, ψ̄, ζ̄ and Ē are the normalized scalar perturbations and
�nally γ̄ is the normalized tensor perturbation. We have not considered vector-
like perturbations because the disformal transformation acts only on the scalar
part (in fact as we shall see below neither the tensor perturbation γ̄ij is a�ected
by the disformal rescaling).

A note is in order: though lr depends only on t and therefore it can be re-
absorbed into the scale factor with no consequences, tr has also a spatial coordi-
nates dependence. Hence, if we de�ne N̄ = N̄b + δN̄ we must pay attention to
the de�nitions of N̄b and δN̄ . In fact, de�ning the perturbation δtr = tr − tbr with
tbr = tbr(t) the background value of the unit time-scale, we have at the �rst order

N̄ =
N

tr
=
Nb + δN

tbr + δtr
' Nb

tbr
+
δN

tbr
− Nb

(tbr)
2
δtr ≡ N̄b+δN̄0−N̄bδt̄r ≡ N̄b+δN̄ , (8.45)

where we have de�ned N̄b ≡ Nb/t
b
r, δN̄0 ≡ δN/tbr, δt̄r ≡ δtr/t

b
r and δN̄ ≡ δN̄0 −

N̄bδt̄r.
In agreement with (8.26) we see that 2Ā = N̄2 − N̄2

b − h̄ijN iN j, ψ̄|i = h̄ijN
j

and
h̄ij = ā2(t)

[
(1 + 2ζ̄)δij + 2Ē|ij + γ̄ij

]
. (8.46)

Since the spatial normalization is absorbed into the scale factor, it follows that

ζ̄ = ζ; Ē = E; γ̄ij = γij, (8.47)

in particular this tells us that the tensor perturbation is invariant under the dis-
formal transformation considered here2., and the same holds for the comoving
curvature perturbation R̄c ≡ −ζ̄. Moreover, remembering that lr = lr(t) it also
follows that ψ̄ = ψ/l2r .

To �x the gauge we also require E = 0; hence, our gauge choice is given by
the conditions

δφ = 0, E = 0. (8.48)

This ensures that the equations of motion we will obtain �xing the gauge at the
action level will be the same we would obtain from the full action �xing the gauge
at the EOM level [15].

2This is true also in a generic gauge, as shown in Appendix .3
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The following step is to obtain the frame-invariant background equations of
motion from the action (8.41). At the background level, the metric (8.44) reads

ds̄2 = −N̄2
b dt

2 + ā2δijdx
idxj. (8.49)

Furthermore, the geometrical quantities evaluated at the background level read

Rb
ij = 0; K̄b

ij = H̄h̄ij, (8.50)

and therefore Rb = 0 = Ū b and S̄b = 3H̄2 , where we have de�ned

H̄ ≡
˙̄a

N̄ bā
. (8.51)

The superscript b denotes that we are considering background quantities. In terms
of the unbarred quantities and the unit scales, H̄ reads

H̄ =
tr
Nb

(
H − l̇r

lr

)
. (8.52)

We can expand the action (8.41) up to the �rst order in scalar perturbations
and then extract from it the background equations of motion. It can be shown
that [72]

δS̄g =

∫
d4x
[
ā3(L̄b + N̄ bL̄,N̄ − 3H̄F)δN̄ + 3ā2N̄ b

(
L̄b − Ḟ

N̄ b
− 3H̄F

)
δā
]
, (8.53)

where F ≡ L̄,K̄ +2H̄L̄,S̄ and up to total derivatives that we have neglected3 (note
that L̄ is the frame-invariant Lagrangian de�ned above). Since we are at the
�rst order, all the quantities in front of the perturbations δN̄ and δā have to be
evaluated on the background.

Expanding the matter action (8.42) up to the �rst order we obtain

δS̄m =

∫
d4x(−ā3ρ̄δN̄ + 3ā2N̄ bP̄ δā). (8.54)

Considering the total action S̄ = S̄g + S̄m and taking its variation with respect to
δN̄ and δā we obtain the background equations of motion

L̄b + N̄ bL̄,N̄ − 3H̄F = ρ̄ (8.55)

L̄b − Ḟ
N̄b − 3H̄F = −P̄ . (8.56)

We can also add the continuity equation for the matter �eld that, since it is
minimally coupled to ḡµν , simply reads

˙̄ρ

N̄ b
+ 3H̄(ρ̄+ P̄ ) = 0. (8.57)

3The derivative L̄,N̄ ≡ ∂L̄
∂N̄

is understood keeping S̄ and K̄ constant.
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8.3.4 Frame-invariant description of GR

Up to now our treatment has been fully general within the domain of GLPV
theories in unitary gauge. For concreteness we can apply our results to the Hilbert-
Einstein (H-E) action that is included among the GLPV theories. This will give
us a frame-invariant theory that in one speci�c frame reduces to the usual General
Relativity theory. Of course, since all the frames are related by a change of units
this implies that all the frames are physically equivalent.

The H-E action is recovered putting G2 = G3 = G5 = F4 = F5 = 0 and
G4 = 1/16πG that imply A2 = A3 = A5 = B5 = 0 and B4 = −A4 = 1/16πG. So,
in ADM formalism the H-E action reads

SHE =
1

16πG

∫
d4xN

√
h
(
S −K2 +R), (8.58)

where we remember that we have de�ned R ≡ (3)R.
To see that this is the usual Hilbert-Einstein action (up to boundary terms)

is su�cient to use the Gauss-Codazzi relation

(4)R = R−K2 +KµνK
µν + 2∇µ

(
Knµ − nρ∇ρn

µ
)
.

Our frame invariant Hilbert-Einstein action is given by the dimensionless ac-
tion

S̄HE =

∫
d4xN̄

√
h̄
(
S̄ − K̄2 + R̄

)
. (8.59)

We now evaluate the background equations found above for this particular
case. Let us start calculating L̄b:

L̄b = S̄b − K̄2
b + R̄b = 3H̄2 − 9H̄2 = −6H̄2, (8.60)

where we have used that K̄2
b =

(
K̄i
b i

)2
=
(
H̄δii

)2
= 9H̄2.

Further, using that L̄,K̄ = −2K̄ and L̄,S̄ = 1 we have that

F = −2K̄ + 2H̄ = −4H̄, Ḟ = −4 ˙̄H. (8.61)

Then Eq.(8.55) and Eq.(8.56) read

6H̄2 = ρ̄ (8.62)

6H̄2 + 4
˙̄H

N̄b

= −P̄ (8.63)

These are our generalised Friedmann equations together with the continuity
equation Eq.(8.57). It is straightforward to see that if we use constant units
tr = lr = const with the appropriate constant value and we put N = 1, then these
equations are nothing but the usual Friedmann equations for a �at universe.
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On the other hand we can choose physical units such that Eqs.(8.62)-(8.63)
depart from the usual GR Friedmann equations. For instance, putting

lr = tr = e−b(φ)
√

16πG,

which means our length scale is given by the Planck mass, then Eq.(8.62) becomes

H2 + 2H
db

dt
+
(db
dt

)2

=
8πG

3
e−2bρ,

where we have used H̄ = lr
(
H + db/dt

)
, with Nb = 1 and b(φ) = b(t) in the

unitary gauge.
This equation looks like very di�erent from the standard expression, but they

only di�er for the choice of the units of measure. Therefore the underlying physics
is automatically equivalent (if we remember to rescale properly all the dimension-
ful quantities in the frame with running units).

8.4 Disformal invariance of power spectra from in-

�ation

Before closing this chapter we would like to mention one important result obtained
in the context of beyond-Horndeski theory, that is the disformal invariance of both
scalar and tensor power spectra from in�ation.

Because of the importance of such a result we are going to prove it extensively
without appealing to our frame-invariant formalism; i.e. we are going to see
that moving from one to another the predicted power spectra remain unchanged.
Actually this is an extra con�rmation of the previous argument about the frame
invariance of physics.

In the previous section we expanded the GLPV action in perturbations up to
the �rst-order following the EFT approach of [69]4. Going beyond the �rst order
perturbations in the action they also showed that, for scalar modes, the second
order action reads

S(2) =

∫
d4xL2 =

∫
d4x a3qs

[
ζ̇2 − c2

s

a2

(
∂ζ
)2
]
, (8.64)

up to boundaries terms irrelevant for the dynamics, and where

qs =
2L,S

[
4L,S

(
2NbL,N +N2

bL,NN
)

+ 3
(
NbW − 4HL,S

)2
]

N3
bW

2
,

c2
s =

2Nb

qs

( Ġ
Nb

+HG− Σ
)
,

4Actually we have expanded our frame-invariant version, but the expansion proceeds equally
to the original case for what we have explained before. Moreover, the dictionary used there, is
almost the same.
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with

G ≡ 4L,s
NbW

(
L,R +NbL,RN +

3

2
HL,U +NbHL,NU

)
Σ ≡ L,R +

L̇,U
2Nb

+
3

2
HL,U .

Moreover we have de�ned (∂ζ)2 ≡ δij∂iζ ∂jζ.
From L2 we can easily obtain the equation of motion for the scalar perturbation

ζ
d

dt

(
a3qsζ̇

)
− aqsc2

s ∂
2ζ = 0. (8.65)

We require that qs > 0 in order to avoid ghost instabilities.
The dimensionless scalar power spectrum is given in the usual way by the

vacuum expectation value after the quantization of the scalar �uctuations, and it
is

< 0|ζ̃(~k, 0)ζ̃(~k′, 0)|0 >≡ 2π2

k3
δ(3)(~k + ~k′)Pζ(k), (8.66)

where the delta function ensures homogeneity and ζ̃(k, 0) are the Fourier modes
we are going to introduce.

In order to calculate Pζ(k) we must solve Eq.(8.65) in the Fourier space. We
adopt the following convention for the Fourier expansion

ζ(~x, τ) =

∫
d3k

(2π)
3
2

ei
~k·~xζ̃(~k, τ), (8.67)

and we assume that during in�ation H is nearly constant as well as the slow roll
parameters we are going to de�ne later.

As it is usually done we quantize the scalar perturbations as follows

ζ̃(k, τ) = ζ(k, τ)a(~k) + ζ∗(k, τ)a†(−~k),

where we have introduced the coe�cients ζ(k, τ) for each Fourier mode k, whereas
a(~k), a†(−~k) are the annihilation and creation operator respectively.

In order to proceed with the quantization we have to rescale ζ to obtain a
canonical scalar �eld: vs(k, τ) = zsζ(k, τ) = a

√
2qsζ(k, τ). In terms of vs the

Eq.(8.65) becomes

v′′s +
(
c2
sk

2 − z′′s
zs

)
vs = 0, (8.68)

where the primes are derivatives with respect to the conformal time τ .
This is the equation we should solve. Once we have found the solution we

should take the limit of large scales we are interested in and then we evaluate the
two-point correlation function to extract the power spectrum.

We shall omit these calculations, which are the standard ones to obtain the
power spectra in in�ationary context. However, they can be found in [72]. The
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�nal result, i.e. the power spectrum for scalar perturbations for large scales is
given by

Pζ(k) =
N2
bH

2

8π2qsc3
s

[
1− 2(C + 1)ε− Cεs − (3C + 2)ηs

]∣∣
csk=ah

, (8.69)

where C ≡ γ − 2 + ln 2 (γ is the Euler-Mascheroni constant). In the expression
just above we have introduced the slow-roll parameters

ε ≡ − ḣ

h2
, εs ≡

q̇s
qsh

, ηs ≡
ċs
csh

, (8.70)

with h = NbH = ȧ/a. They are assumed to be nearly constant and much less
than 1.

It is not di�cult to prove the frame-invariance of the scalar power spectrum.
First of all we have to evaluate how the slow-roll parameters change under the
disformal transformation. We will indicate with a tilde the transformed quantities
as usual. Since h̃ = ˙̃a/ã, then we have

h̃ =
1

αa

d

dt
(αa) = h+

α̇

α
≡ h(1 + εα).

In the same fashion it can be proved that

q̃s =
1

α3
qs, c̃2

s = α2c2
s. (8.71)

Therefore we have

ε̃ = ε− ε · εα −
ε̇α
h

+O(ε3), (8.72)

ε̃s = εs − 3εαεs + 3ε2α +O(ε3), (8.73)

η̃s = ηs + εα − εαηs − ε2α +O(ε3). (8.74)

In the transformed frame the next-to-leading order power spectrum reads

P̃ζ =
Ñ2
b H̃

2

8π2q̃sc̃3
s

[
1− 2(C + 1)ε̃− Cε̃s − (3C + 2)η̃s

]∣∣
c̃sk=h̃ã

. (8.75)

Substituting Eqs.(8.71-8.74) in Eq.(8.75), with a little bit of algebra it is straight-
forward to see that P̃ζ(k) = Pζ(k).

We note that the condition c̃sk = h̃ã gets transformed to csk = ah(1 + εα).
However, this correction only a�ects the higher order contributions and therefore
it can be neglected.

Analogous calculations show that also the tensor power spectrum is frame-
invariant as well as the spectral scalar and tensor indexes together with the tensor-
to-scalar ratio r [72]. This tells us that all the sensible in�ationary observables
are invariant under disformal transformations in the unitary gauge as expected.
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Chapter 9

Conclusions

In this work we have dealt with the issue of cosmological disformal invariance
in Scalar-Tensor theories of gravity. In this context we started showing that
the Horndeski action is closed under a sub-class of disformal transformation, Eq.
(6.10) [57]. We also claimed that, whenever the generic disformal transformation
is invertible it does not add any new degree of freedom and therefore it can be
used to healthy extend Horndeski theory as it is done in [70]. On the other hand
when the transformation is not invertible a new class of theories is reached after
the transformation, namely the Mimetic Gravity theories which, as we have seen,
can mimic the behaviour of dark matter or in general of the dark sector of the
Universe as well as in�ation [75].

The results reported in chapters 6 and 7 show that from a mathematical point
of view in Horndeski and beyond-Horndeski theories disformally related frames
are equivalent. However, due to the special meaning of the metric tensor, in-
voking the physical equivalence from the mathematical one is not obvious. In
fact, transforming the metric tensor means transforming the geometrical charac-
ter of the spacetime. One of the consequences of this is that in disformally related
frames particles follow di�erent trajectories, or in other way particles do not follow
geodesics of the spacetime. This is something we already tasted in the conformal
case, but there, thanks to the simplicity of the transformation, we understood
that a conformal transformation is nothing else than a local change of units and
as such it does not a�ect physical result.

In the disformal case, the analysis of the physical e�ect of the transformation
is considerably complicated by the non trivial character of the transformation
itself, due to the presence of the �rst derivatives of the scalar �eld. For this
reason, in order to gain some knowledge about the properties of observable physics
under DT, our study has been simpli�ed moving to the comoving gauge where
essentially the scalar �eld retains only the time dependency. In this gauge it is
straightforward to note that the e�ect of the disformal transformation is that
of a rescaling of times other than the already known conformal e�ect. In this
sense the disformal transformation can be interpreted as a change of units, where
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units of time and space scale di�erently. Adopting this point of view we obtained
the transformation rule for the particle four-momentum and exploited it to infer
the frame-invariance of the Boltzmann formalism. Another important result is
that, under certain conditions both the scalar �eld and the Maxwell actions are
disformally invariant. We also showed that the cosmological redshift does not
depend on the frame. Furthermore, we wrote down a frame invariant formalism
that makes explicit use of the change of units interpretation: we built an explicitly
frame-invariant action encompassing the GLPV theories and where the choice of
a frame corresponds to the choice of the units of time and space. The price to
pay is the introduction of two arbitrary units (but which do not represent new
propagating �elds) in the action which have a precise physical meaning, i.e. they
are the units of measure of time and length. Finally we exploited this formalism
to write down a frame-invariant version of General Relativity and calculate its
frame-invariant equations of motion.

We underline that our analysis is restricted to the comoving gauge where the
e�ects of the disformal transformations are easier to interpret. We also underline
that anyway they are also valid and exact at the background level and can be
used in the background cosmology.

In conclusion it is clear that a deeper analysis is necessary in order to inves-
tigate how the observables change under the full disformal transformation, i.e.
without any gauge choice. Moreover we also think that so far a further anal-
ysis of the geometrical aspects of the transformation misses. For instance, [51]
interprets the conformal transformation as a mapping between Riemannian and
Weyl-integrable geometries shedding light on the a�ne and geodesical aspects of
the transformation. Something similar can be done for the disformal transforma-
tion as noted by [52].
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Appendix 1: The conformally frame-invariant EoM

Let us consider our conformal frame-invariant action (5.30)

S =

∫
d4x
√
−ḡ k2

[
R(ḡ)− 2ḡµν∇̄µφ∇̄νφ− 4V̄ (φ)

]
+ Sm

[
ḡµνe

−2b(φ), ψ̄m
]
.

The variation of this action with respect to the metric tensor ḡµν is straightforward
and leads to

Rµν(ḡ)− 1

2
ḡµνR = 2∇̄µφ∇̄νφ− 2ḡµνV̄ − ḡµν ḡρσ∇̄σφ∇̄ρφ+

1

2k2
T̄µν . (1)

Let's now focus on the background dynamics, where φ = φ(t) and the line-element
is given by

ds̄2 = ā2(τ)
[
− dτ 2 + δijdx

idxj
]
.

In this metric, the (00)-component of the EoM reads

R00 −
1

2
ḡ00R = 2φ̇2 + 2ā2V̄ − φ̇2 +

1

2k2
T̄00, (2)

where the dot are the derivatives with respect to the conformal time τ . Using the
de�nitions (5.34)-(5.35) for the energy-momentum tensor, and that

T̄00 = ḡ0ρT̄
ρ
0 = ā2ρ̄0, R00 −

1

2
ḡ00R = 3

(1

ā

dā

dt

)2

= 3
( ˙̄a

ā2

)2

, (3)

Eq.(2) becomes

3
( ˙̄a

ā2

)2

= φ̇2 + 2ā2V̄ +
ā2

2k2
ρ̄0,

that is exactly eq.(5.36).
Let's now take the trace of Eq.(1). It reads

−R = 2ḡµν∇̄µφ∇̄νφ− 8V̄ − 4ḡµν∇̄µφ∇̄νφ+
1

2k2
(−ρ̄0 + 3P̄0)

R = 8V̄ + 2ḡµν∇̄µφ∇̄νφ+
1

2k2
(ρ̄0 − 3P̄0). (4)

At the background level it becomes

6
¨̄a

a3
= − 2

ā2
φ̇2 + 8V̄ +

1

2k2
(ρ̄0 − 3P̄0),

that is nothing else than eq.(5.37).
We now consider the conservation equation T̄ µν;µ = −α∇̄νφT̄

µ
µ (5.33), which

descends from eq. (5.10) putting Ω = e−b. We focus on the ν = 0-component at
the background level. The LHS is given by

T̄ µ0;µ = T̄ µ0,µ − T̄ µα Γ̄α0µ + T̄α0 Γ̄µαµ,
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with Γ̄µ0µ = 4 ˙̄a
ā
and Γ̄0

00 = Γ̄α0i = ˙̄a
ā
. With a little bit of algebra Eq.(5.33) becomes

− ˙̄ρ0 − 3
˙̄a

ā
(ρ̄0 + 3P̄0) = −αφ̇(−ρ̄0 + 3P̄0), (5)

that is exactly Eq.(5.38).
The last expression we want to prove is Eq.(5.39). We have already sketched

the procedure to obtain it: �rst of all we minimize the action (5.30) with respect
to φ. This gives us

�̄φ− ∂V̄

∂φ
= − 1

4k2
√
−ḡ

δSm
δφ

. (6)

Using the chain rule we can express the RHS in the following way

− 1

4k2
√
−ḡ

δSm
δφ

= − 1

4k2

e−4b

√
−ḡe−4b

δSm
δ(e2bḡµν)

δ(e2bḡµν)

δφ
. (7)

De�ning hµν ≡ e−2bḡµν ≡ Ω2ḡµν and using that T̄µν(h̄) = Ω−2T̄µν(ḡ) we have

− 1

4k2
√
−ḡ

δSm
δφ

=
1

4k2

1

2
e−4b

(
− 2√

−h̄
δSm
δh̄µν

)
ḡµν

∂e2b

∂φ

=
1

8k2
ḡµνe−4bT̄µν(h̄)2e2bα

=
1

4k2
T̄µν(ḡ)ḡµνα =

1

4k2
T̄α = − α

4k2
(ρ̄0 − 3P̄0).

Finally we �nd

�̄φ− ∂V̄

∂φ
= − α

4k2
(ρ̄0 − 3P̄0).

Using the expression for the D'Alembertian in four dimension for a scalar �eld we
recover Eq.(5.39).

Appendix 2: The frame-invariant particle physics under CTs

In chapter 5 we built an explicitly frame-invariant action expressing the geomet-
rical quantities in terms of the dimensionless metric ḡµν . In order to have a full
frame-invariant theory we stated that also the matter action must be written in
terms of dimensionless quantities. We now want to express explicitly the rules
out of which we de�ne the dimensionless matter �elds.

The matter action Sm de�ned in eq. (5.30) can be the Standard Model of par-
ticle physics action, with the Minkowski metric replaced by our frame-invariant
metric plus a non-minimal coupling with the gravitational scalar �eld. Typi-
cal matter �elds entering such an action are: scalar Klein-Gordon (KG) �elds,
Maxwell �elds, fermions and so on. Here we will focus on KG and the Maxwell
�elds.
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In the formalism of chapter 5 we have chosen units such that ~ = 1. This
means that under a local change of units the action should remain unchanged, i.e.∫

d4x
√
−gL,

should be frame-invariant.
Let's now consider the action of a massive Klein-Gordon �eld ψ, whose action

is given by

SKG =
1

2

∫
d4x
√
−g
(
gµν∇µψ∇νψ +m2ψ2

)
. (8)

Under a local change of units it gets transformed into

S̃KG =
1

2

∫
d4x
√
−g̃
(
g̃µν∇̃µψ̃∇̃νψ̃ + m̃2ψ̃2

)
=

=
1

2

∫
d4x
√
−gΩ4

(
Ω−2gµν∇µψ̃∇νψ̃ + Ω−2m2ψ̃2

)
=

1

2

∫
d4x
√
−gΩ2

(
gµν∇µψ̃∇νψ̃ +m2ψ̃2

)
. (9)

If we put ψ̃ = Ω−1ψ then we have that S̃KG = SKG up to spacetime derivatives
of Ω.

In this way we have inferred how a KG matter �eld transforms consistently
under a change of units. In particular it transforms like a mass as we expected
from the usual knowledge [ψ] = M . Hence, the frame-invariant KG �eld is given
by ψ̄ = lrψ.

Let's now consider the extra terms appearing in (9) that come from the deriva-
tives of the conformal factor Ω(x). Generally, the space and time scales of variation
of Ω are model dependent and can be obtained solving the equations of motion of
the model. In any case, we can assume that they are of cosmological and/or as-
trophysical size and therefore spacetime variation of the conformal factor is surely
much smaller with respect to the variation of particle physics quantities, such as
decay rates, cross sections and so on. Hence, when we deal with particle physics
quantities it is quite reasonable to neglect terms like ∂µΩ(x).

The same reasoning holds for the electromagnetic �eld whose action is given
by

SEL = −
∫
d4x
√
−gFµνF µν ,

where Fµν = ∂µAν − ∂νAµ. After a change of units the electromagnetic action
becomes

S̃EL = −
∫
d4x
√
−g̃F̃µν g̃µρg̃νσF̃ρσ = −

∫
d4x
√
−gF̃µνgµρgνσF̃ρσ.

Simply letting F̃µν = Fµν , that means Ãµ = Aµ = Āµ we have the two actions
are equivalent. We should expect this result since the electromagnetic action is
conformally invariant.
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Appendix 3: Line-elements in the gravity and matter frames

Let's suppose that in the gravity frame the perturbed line-element (around the
�at FLRW background) reads

ds2 = −(1 + 2ψ)dt2 + 2aω,idtdx
i + a2

[
(1− 2Φ)δij + 2E,ij + γij

]
dxidxj, (10)

where ψ, ω, Φ and E are the scalar perturbations, whereas γij is the tensor
perturbation and such that γii = 0 and γij = γji. We will not consider here the
vector-like perturbations.

We now want to express the matter frame line-element in the same form of
the untilted one. First of all let's write down it as follows

ds̃2 = Ads2 +B∂µφ ∂νφdx
µdxν =

= −A(1 + 2ψ)dt2 + 2Aaω,idtdx
i + Aa2

[
(1− 2Φ)δij + 2E,ij + γij

]
dxidxj

+ B∂µφ ∂νφdx
µdxν . (11)

We want to keep only �rst order perturbations, therefore we need to perturb the
coe�cients A and B and the scalar �eld φ. We can write

φ = φ0(t) + δφ, A = Ā(t) + δA, B = B̄(t) + δB, (12)

where the overbar means we are considering background quantities.
In order to compute δA and δB we have to take into account that they depend

on φ and on the metric gµν via X. Therefore we have

δA =
∂A

∂φ
δφ+

∂A

∂X
δX ≡ A,φδφ+ A,XδX, (13)

where the quantities in front of the perturbations are evaluated in the background,
and at the �rst order

δX = −2φ̇0δφ̇+ 2φ̇2
0ψ, (14)

and X̄ = −φ̇2
0. For B the same reasoning holds. Therefore the last term of (11)

becomes

B∂µφ ∂νφdx
µdxν = (B̄ + δB)∂µ(φ0 + δφ) ∂ν(φ0 + δφ)dxµdxν =

= B̄φ̇2
0 dt

2 + 2B̄φ̇0
˙δφ dt2 + 2B̄φ̇0∂iδφ dtdx

i + δB φ̇2
0 dt

2.

Hence we have

ds̃2 = −Ā
(
1 + 2ψ +

δA

Ā
− B̄

Ā
φ̇2

0 − 2
B̄

Ā
φ̇0

˙δφ− δB

Ā
φ̇2

0

)
dt2 + 2Āa∂i

(
ω +

B̄φ̇0δφ

aĀ

)
dtdxi +

+ +Aa2
[(

1− 2Φ +
δA

Ā

)
δij + 2E,ij + γij

]
dxidxj. (15)
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It is convenient to rede�ne the time coordinate in the following way

dt2 −→ dt̃2 = Ā
(

1− B̄

Ā
φ̇2

0

)
dt2 ≡ Āγ̄2dt2, (16)

where γ̄2 =
(
1 + B̄X̄/Ā) > 0 in virtue of Eq.(6.7).

Finally, we can write

ds̃2 = −
(
1 + 2ψ̃

)
dt̃2 + 2ãω̃,idt̃dx

i + ã2
[
(1− 2Φ̃)δij + 2Ẽ,ij + γ̃ij

]
dxidxj (17)

where

ψ̃ ≡ 1

γ̄2

(
ψ +

δA

2Ā
− 2

B̄

2Ā
φ̇0

˙δφ− δB

2Ā
φ̇2

0

)
; ã2 ≡ Āa(t(t̃))2;

ω̃ ≡ 1

γ̄

(
ω +

B̄φ̇0δφ

aĀ

)
; Φ̃ ≡ Φ− δA

2Ā
; Ẽ = E; γ̃ij = γij. (18)

So, we are able to write the perturbed matter frame line-element in the usual
form, at the price of coordinate and time rede�nitions. We immediately note
that neither E nor γij are a�ected by the disformal transformation. We note that
in principle we could have started imposing this form for the line-element in the
matter frame from the onset and see how it would have transformed in the gravity
frame.

Appendix 4: Disformal invariance of continuous media

We are going to show that every Lagrangian invariant under one-parameter disfor-
mal transformations is associated with an energy momentum tensor with a linear
equation of state P = wρ [74], with w constant.

Let's consider the generic action speci�ed by

S =

∫
d4x
√
−gL(gµν , φ

j, ∂φj, ∂1 . . . ∂nφ
j), (19)

where j = 1, . . . , N and φj describes a generic matter �eld.
In what follows we are going to consider the one-parameter family of disformal

transformations given by

gµν → g̃µν = eσgµν +
(
eσ − e3wσ

)
uµuν , (20)

where uµ is taken to be the four-velocity associated with the matter's action, σ
is the parameter of the transformation and w is a constant. The choice of the
factor 3 re�ects the fact that for w = 1/3 Eq.(20) reduces to the usual conformal
transformation; therefore we can think (20) as a deformation of a CT.

The crucial point is that we can de�ne a four-velocity from the matter action.
In particular we can do the simple choice to assume that the energy-momentum
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tensor (EMT) associated with the action Eq.(19) describes a single component
�uid of the form

Tµν = ρuµuν + p hµν + πµν , (21)

where we have used the 3 + 1 decomposition of the metric gµν = hµν − uµuν . ρ, p
and πµν represent respectively the energy density, the isotropic pressure and the
anisotropic stress of the �uid, with πµµ = 0 by construction. They are de�ned such
that

ρ = Tµνu
µuν , p =

1

3
Tµνh

µν , πµν = hαµh
β
νTαβ −

1

3
hµνhαβT

αβ, (22)

as can be easily seen using hµνuµ = 0 and uµuµ = −1.
In terms of this decomposition the disformal transformation considered above

reads

g̃µν = eσ
(
hµν − uµuν

)
+
(
eσ − e3wσ

)
uµuν = eσhµν − e3σwuµuν

≡ Ahµν − Cuµuν . (23)

We can consider the in�nitesimal transformation connected with the identity,
which corresponds to σ = 0

δg̃µν = g̃µν − gµν =
(
gµν + (1− 3w)uµuν

)
δσ. (24)

Requiring that the action above, associated with the EMT (21), is invariant under
such a transformation we obtain

δS =
1

2

∫
d4x
√
−gT µνδgµν =

1

2

∫
d4x
√
−g
(
T µµ + (1− 3w)ρ

)
δσ = 0, (25)

that is
− ρ+ 3p = (3w − 1)ρ ⇔ p = wρ. (26)

Thus we have found that a single-�uid whose action is invariant under the one-
parameter family of disformal transformations is described by a linear equation
of state p(ρ) = wρ with a constant sound speed c2

s = w. We note also that
invariance under 20 in the case w = 1/3 (which is nothing else than invariance
under conformal transformations) implies a traceless EMT as it is well-known.

Up to now we have been quite generic, but we can apply these results to some
interesting sub-cases such as perfect �uids. In this case it can be shown (see [74]
and reference therein) that, using Eulerian coordinates speci�ed by four scalar
�eld ΦA(x, τ), the most general class of perfect �uids can be described by the
following action (at leading order in a derivative expansion)

S =

∫
d4x
√
−gU(b, Y ), (27)
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where

b ≡
√
detB, Bmn ≡ gµν∂µΦm∂νΦ

n, m, n = 1, 2, 3, Y ≡ uµ∂µΦ0, (28)

and uµ∂νΦm = 0. U is a generic function and the action (27) is a sub-case of (19).
Since we are dealing with perfect �uids the EMT is Tµν = ρuµuν + p hµν , with

ρ = Y UY − U, p = U − bUb. (29)

In general the equation of state related with Eqs.(29) is not that of a barotropic
�uid unless we choose particular forms for U . However, imposing invariance under
the one-parameter group of disformal transformation Eq.(20) we �nd that the
action 27 is invariant if

U − bUb = w
(
Y UY − U), (30)

that with Eqs.(29) gives p(ρ) = wρ, with of course w constant. Choosing w
properly we can obtain all the relevant case in cosmology, like dust (w = 0),
cosmological constant (w = −1) and so on.

The perfect �uid case can be straightforwardly generalized to irrotational per-
fect �uids as it has been done in [74], where they also consider isotropic and
homogeneous solids.
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