




Abstract

The nature of Dark Matter remains one of the most significant unresolved prob-
lems in Physics. Throughout the years, various candidates have been proposed
to account for this missing mass, starting from early candidates, such as neutri-
nos, that were afterwards excluded. Recently, the attention has shifted towards
other models, one of which being the axion, which this work focuses on. The
purpose of this study is the analysis of axions as a DM candidate, considering
their production through differentmechanismswith the goal of constraining the
various parameters that come into play. This thesis is articulated as follows.

Chapters 1 to 4 contain the introduction, the contextualization of the frame-
work we will be working in and present the focus of the thesis. Specifically,
Chapter 1 describes the Standard Model of Particle Physics, along with its lim-
itations and the need to go beyond it. In particular, the strong CP problem is
briefly mentioned, as it will be thoroughly analyzed in Chapter 2. A simple and
elegant solution to the strong CP problem was proposed by Peccei and Quinn
and it involves the introduction of a dynamical field, the axion, into the theory.
Chapter 3 explains this and describes the dynamics of the axion. The other nec-
essary framework is the Standard Cosmological Model, or ΛCDM model. This
model has, too, its shortcomings, such as the horizon and flatness problems.
In order to provide a solution to them, the theory of inflation has been formu-
lated, and is presented here in Chapter 4, the end ofwhich describes its interplay
with axions. Moreover, after this period of exponential expansion, a subsequent
phase in which the Universe increases its temperature has to exist: reheating.
The common link between these two frameworks is the existence of Dark Mat-
ter, which accounts for the majority of the matter content in the Universe and
nevertheless is not made of any particle present in the SM. The purpose of this
thesis is to hypothesize axions as a candidate for Dark Matter and study them
in the context of the reheating phase.

Chapter 5 contains the main work of the thesis, starting with an analysis of
the reheating phase for a T-model potential. Assuming that the inflaton decays



through three different channels, fermionic and bosonic decays and bosonic an-
nihilations, and considering the axion field to start oscillating in this phase, one
can relate the different parameters in play, such as the reheating temperature
)Aℎ and the axion mass <0 , finding constraints on the former that depend on the
bounds imposed on the latter.

Later on, axions are assumed to be produced via different mechanisms: ei-
ther the misalignment mechanism, that sees axions gaining their abundance
from oscillations around the minimum of the potential, or gravitational pro-
duction, which involves gravitationally mediated scatterings of particles in the
SM or of the inflaton condensate, with axions being produced in the final state.
Again, knowing the experimental bounds on the DM relic abundance, it is pos-
sible to constrain the parameters of both reheating and of the axion field.

Lastly, a small deviation from the standard inflaton-driven inflation is stud-
ied, by considering the case in which Primordial Black Holes drive inflation. In
this situation, their initial mass "8= and a parameter �, determining how dom-
inant the PBHs are with respect to the rest of the content of the Universe, come
into play and will be related to the usual )Aℎ and <0 .
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1
Open problems in fundamental

physics

Our understanding of physics as of today can be summarized using two
models, one for infinitesimally small distances, the Standard Model (SM), de-
scribing the interactions between particles, and one for the infinitesimally large,
theΛCDMmodel, describing ourUniverse. In this chapterwewill brieflypresent
them and mention the problems that emerge within them.

1.1 INTRODUCTION TO THE STANDARD MODEL OF PARTI-
CLE PHYSICS

The Standard Model [14], [27] contains the description of all the interactions
of the elementary particles that make up matter. These particles are classified
into three different kinds: leptons, quarks and mediators.
To the first group, leptons, belong electrons 4, muons �, tauons � and their re-
spective neutrinos �4 , �� and ��. The first three particles are characterized by
electric charge& = −1, whereas neutrinos are electromegnetically neutral. Their
classification is symbolized through the lepton number !8 (with 8 = 4, �, �),
which identifies the corresponding leptonic family or generation. In addition
to these particles, there are the six corresponding anti-leptons, with opposite
quantum numbers.
The second group is formed by quarks, again divided in three generations for
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1.1. INTRODUCTION TO THE STANDARD MODEL OF PARTICLE PHYSICS

a total of six flavours that, similarly to leptons, get labelled by a corresponding
quantum number: D and 3, 2 and B, C and 1. The first element of each couple has
electric charge & =

2

3
, the second has & = −1

3
. Again we can consider reversed

signs for antiquarks.
Lastly, we havemediators, whichmediate, as the name suggests, all interactions.
They constitute the gauge bosons, as they emerge from the gauge symmetries
of the theory. In particular we have photons � for the electromagnetic interac-
tion, two , bosons and a / boson for the weak interaction, 8 gluons that get
exchanged between two quarks for the strong interaction and the graviton for
gravity (which will however not be considered from here on, as it is not part of
the SM). All the particles mentioned above add up to a number of 60 (6 quarks
× 3 colours × 2 for their antiparticle, 6 leptons × 2 for their antiparticle, 12 gauge
bosons), to which the SM adds an electrically neutral particle, the Higgs boson.

The gauge symmetry group of the model is (*(3)� × (*(2)! ×*(1). . This
contains the symmetry group of the electroweak theory, (*(2)! ×*(1). , which
again contains both the electromagnetic and the weak theories, having �, ,±

and / as gauge bosons.
The electroweak interaction Lagrangian is given by

ℒ�, = ℒ�� + ℒ#� + ℒ4< . (1.1)

While the two groups (*(2)! × *(1). are not the same as the QED and weak
interactions groups [17] , they have the same structure. In particular (*(2)! is a
non-abelian group with 3 generators (#2−1 with # = 2 here gives 3 generators)
that can be written in terms of the Pauli matrices: �0 = �0

2
with 0 = 1, 2, 3. The

field strength tensor is

, 0
�� = %�,

0
� − %�,

0
� + 6&012, 1

�,
2
� . (1.2)

At the same time, *(1). is an abelian unitary group, therefore its genera-
tor is simply 1 and it has only one gauge boson ��, with field strenght tensor
expressed as

��� = %��� − %���. (1.3)

(*(3)� is the QCD gauge symmetry group which has #2 − 1 = 8 generators
that can be written in terms of the Gell-Mann matrices: )� =

��

2
, where � =

2



CHAPTER 1. OPEN PROBLEMS IN FUNDAMENTAL PHYSICS

1, ..., 8. As it is a non abelian group, its field strength tensor is

���� = %��
�
� − %��

�
� + 6B 5

�������
�
� . (1.4)

The SM total Lagrangian is [51], in conclusion, obtained from [41]:

ℒ(" = ℒ 5 + ℒ� + ℒ�866B + ℒ.D:0F0 , (1.5)

where

ℒ 5 =

∑

5 =; ,@

5̄ 8 /� 5 = &̄!,8 /�&!,8+ ℓ̄!,8 /�ℓ!,8+ D̄',8 /�D',8+ 3̄',8 /�3',8+ 4̄',8 /�4',8 , (1.6)

is the kinetic Lagrangian for fermions, constructed by summing over all left-
handed doublets ;! and @! and right-handed singlets 4', D' and 3' across the
three generations (indexed by 8 = 1, 2, 3). It contains a covariant derivative that
can be written to contain the three group generators with each coupling:

�� = %� − 8 6B���)� − 8 6, 0
�)

0 − 8 6′.��. (1.7)

The second term is

ℒ� = −1

4
�0���

0,��
= −1

4
�����

�,�� − 1

4
, 0

��,
0,�� − 1

4
����

�� , (1.8)

which contains the gauge fields, the QCD gluons ��� of (*(3)� , the weak, 0
� of

(*(2)! and the �� of*(1). .
Then, the Higgs sector:

ℒ�866B = |���|2 −+(�) = (���)†(���) − �(�†�)2 − �2�†�, (1.9)

where � is the complex Higgs doublet and �2 < 0. It is the only part of the SM
to contain a dimensionful parameter, and to consequently set the energy scale of
the electroweak theory, as E2/2 = 〈�†�〉 = −�2/2� = (176�4+)2. The presence
of this mass squared parameter �2 makes the term sensitive to quadratically di-
vergent contributions from the self-energy corrections. Assuming the Standard
Model to be an effective field theory, valid up to a high cutoff scale Λ, loop cor-
rections drive the Higgs mass quadratically towards that cutoff (�<2 ∝ Λ2). To
keep the Higgs mass at its observed, lower value, different mathematical terms

3



1.1. INTRODUCTION TO THE STANDARD MODEL OF PARTICLE PHYSICS

have to cancel each other out with severe fine-tuning. This fine-tuning issue is
known as the hierarchy problem, and it serves as one of the primarymotivations
for introducing new physics beyond the Standard Model, such as Supersymme-
try or composite Higgs models.

Lastly, the Yukawa sector, also known as the flavour sector:

ℒ.D:0F0 = H 8 9#8# 9�(2)
= H

8 9
D &̄!,8D',9�̃ + H 8 9

3
&̄!,83',9� + H 8 9

;
ℓ̄!,84',9� + ℎ.2. (1.10)

An important consequence of this structure to be mentioned is the Higgs
mechanism, which applies to the electroweak sector during the spontaneous
symmetry breaking of the gauge theory (*(2)! ×*(1). → *(1)4< [49]. Initially
the gauge bosons are massless due to local gauge invariance. However, when
the scalar doublet� acquires a non-zero vacuum expectation value E, three of its
four scalar degrees of freedom manifest as massless Nambu-Goldstone bosons
()+, )−, and "). These unphysical states get ”eaten” by the ,± and / gauge
fields, giving them their physical masses, while the photon � remains massless.

1.1.1 ISSUES WITHIN THE SM

We have seen how the Standard Model is the best theory to describe the in-
teraction of particles. It is also, together with General Relativity and statistical
mechanics, the main theoretical framework to describe the history of the Early
Universe so far. However, in recent years empirical evidence started showing
inconsistencies with the theoretical predictions of the Standard Model, high-
lighting its incompleteness. In this section we will mention some of these issues
with a brief explanation.

STRONG CP PROBLEM

Let us start with the Strong CP problem [46]. In the QCD Lagrangian of the
SM seen in eq. (1.5) there could actually be an additional term:

ℒ� = �
62
B

32�2
�����̃

�,�� , (1.11)

which is ) and �% violating, hence giving rise to the strong CP problem. We
will not go into detail, as this issue will be discussed deeply in Chapter 2.

4



CHAPTER 1. OPEN PROBLEMS IN FUNDAMENTAL PHYSICS

NEUTRINO MASS

In the SM neutrinos are strictly massless [15]. Since the SM particle content
does not include right-handed neutrino fields �', it is impossible towrite a Dirac
mass term of the form:

ℒ�8A02 = −<� �̄!�' + ℎ.2. (1.12)

Furthermore, a Majorana mass term, ℒ"09>A0=0 = −1

2
<!�

)
!
��!, is excluded as

well. Such a term, in fact, not only violates the conservation of the total lep-
ton number ! by two units (Δ! = 2), but it also explicitly violates the local
(*(2)! × *(1). electroweak gauge symmetry, as the combination behaves as
an electroweak triplet rather than a gauge singlet.

However, it has been observed that neutrinos undergo an oscillation phe-
nomenon providing them with a mass. Evidence for this [11] comes from solar
neutrino experiments (SNO), atmospheric neutrino observations (Super-Kamiokande),
and reactor antineutrino monitoring (KamLAND). This was one of the first con-
firmations of the incompleteness of the SM and therefore of the need to dive
deeper into Physics beyond the Standard Model.

To explain this behaviour, we can start by considering that the SM contains
flavour eigenstates |�
〉, where 
 = 4, �, �. These states can be expressed as a
superposition of the mass eigenstates |�8〉, where 8 = 1, 2, 3, through:

|�
〉 =
∑

8

*∗

8 |�8〉, (1.13)

where * is the unitary mixing matrix, parametrized by three mixing angles
(�12, �23, �13) and oneDirac CP-violating phase (�CP). Neutrino oscillation prob-
abilities depend on the differences of the squares of the masses, defined as:

Δ<2

8 9 ≡ <2

8 − <2

9 . (1.14)

An easyway to giveMajoranamasses to neutrinos is to add anon-renormalizable
5-dimension operator to the SM Lagrangian, known as the Weinberg operator.

−ℒ3=5

� =
1

Λ
(ℓ�)(�ℓ ) + ℎ.2., (1.15)

where ℓ is the left-handed lepton doublet spinor, � is the Higgs scalar doublet
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1.2. INTRODUCTION TO THE ΛCDM MODEL

and Λ is the effective mass scale [1].
After spontaneous electroweak symmetry breaking, the Higgs field acquires

its vacuum expectation value 〈�〉 = E/
√

2, making this operator a mass term for
neutrinos, with mass:

<� ∼
E2

Λ
. (1.16)

1.2 INTRODUCTION TO THE ΛCDM MODEL

The cosmological standard model [9] [40], or ΛCDM model, contains the
framework able to describe the Universe as we know it today and to represent
our best understanding of observational data [27] through six free parameters
[20]: baryonic and cold dark matter energy densities Ω1ℎ

2 and Ω2ℎ
2, current

Hubble rate value�0, reionization optical depth �, amplitude of the power spec-
trum �B and spectral index =B , predicting the existence of cosmic microwave
background (CMB), of baryon acoustic oscillations (BAO), large-scale structures
in the distribution of galaxies, the abundance of light elements, and the acceler-
ated expansion of the Universe (which is attributed to the cosmological constant
Λ as we will see in Sec. 1.2.1).
This model relies on the validity of the Standard Model of particles and on the
theory of general relativity, and it describes a Universe that originated from the
Big Bang, to which followed a phase of accelerated expansion.

We will now present some of the key features contained in the standard cos-
mological model that will be useful later on.
Firstly [62], the cosmological principle states that theUniverse can be considered
as spatially homogeneous and isotropic, at least on large scales [52]. The best ev-
idence for it is the CMB that gives us temperature anisotropies of the order of
≤ 10−5. The metric used to describe this is the so called FLRW metric:

3B2
= 3C2 − 0(C)2

[
3A2

1 − :A2
+ A23�2 + A2 sin2 �3)2

]
, (1.17)

where (C , A , �, )) are the comoving coordinates and 0(C) is the scale factor which
measures the Universe expansion rate, telling howphysical separations between
objects grow with time as the Universe expands.

The parameter : represents the curvature of the Universe and it can be taken

6



CHAPTER 1. OPEN PROBLEMS IN FUNDAMENTAL PHYSICS

to be −1, 0,+1 depending on the geometry of the Universe. Lately, observations
like the CMB have been indicating a strong compatibility with a flat geometry
(even if it is impossible to prove it precisely), which would correspond to : = 0.

The dynamics of the expandingUniverse become explicit whenwe solve Ein-
stein’s equations [25]:

'�� −
1

2
6��' = 8��)�� . (1.18)

Some useful equations needed in order to talk about our expanding Universe
are the Friedmann equation

�2
=

( ¤0
0

)2

=
8��

3
� − :

02
, (1.19)

and the fluid equation
¤� + 3

¤0
0

(
� + ?

)
= 0, (1.20)

wherewe assume 2 = 1. Pressure and energy density are related by the so-called
equation of state

? ≡ ?(�) = $�. (1.21)

Lastly, following from (1.19) and (1.20), the acceleration equation:

¥0
0
= −4��

3
(� + 3?) = −4��

3
�(1 + 3$). (1.22)

The contents of the Universe are radiation, relativistic particles (neutrinos),
baryons, dark matter and the cosmological constant. The latter two give the
name to the cosmological model, where CDM stands for cold dark matter (that
together with baryons takes up approximately 32% of the total energy density),
and Λ for the cosmological constant (taking up the remaining 68%); these, to-
gether with ordinary matter and their interactions through gravity are the basis
of the model.

Analyzing the equation of state one can see how the Universe undergoes
different phases of expansion, determined by the dominating species in that pe-
riod of time. For $ =

1

3
the energy density of the Universe varies as � ∝ 0−4;

in this situation radiation dominates over the the other contents. For $ = 0 we
have the pressureless case, which corresponds to the matter dominated epoch,
where � ∝ 0−3. Lastly the cosmological constant comes to dominate whenever
$ = −1, for which the energy density stays constant.
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1.2. INTRODUCTION TO THE ΛCDM MODEL

1.2.1 ISSUES WITHIN THE ΛCDM MODEL

The formulation of theΛCDMmodel is supported by the observation ofCMB
[10], under the assumption of a homogeneous and isotropic Universe. Specifi-
cally, experimental data allow us to consider the Universe as spatially flat, with
the majority of its energy density due to dark energy and dark matter and just a
fraction of it to ordinary matter; additionally they tell us about the structure for-
mation, consequence of gravitational instability of quantum fluctuations in the
Early Universe. However some of the features of this model, such as dark mat-
ter, dark energy and cosmic inflation are not yet understood at a fundamental
level.

Similarly to the SM in particle physics, standard cosmology relies on amodel
with questions for which the answer has yet to be provided [23]. In this section
these puzzles will be briefly presented along with the most plausible candidate
to explain them: inflation.

BARYOGENESIS (BARYON ASYMMETRY)

While dark matter and dark energy, as we will see later on, make up ap-
proximately 95% of the energy density of the Universe, the remaining 5% is due
to baryons [8]. The Standard Model explains how baryon and lepton numbers
are conserved. However extensions of the SM such as the grand unified theo-
ries predict interactions that violate these two quantum numbers. This typically
leads to the instability of the proton (nevertheless, the lifetime of the proton is
quite long, approximately 1031−1032yr). These B-violating interactions were the
first natural motivations to try to understand a process that could bring an ini-
tially baryon-symmetric Universe towards the observed asymmetry. Later on
this was formalized by Sakharov [53]. The CPT theorem states, in fact, that for
each particle - there exists its counter anti-particle -̄ with same mass but op-
posite charge. This would naively lead to =- = =-̄ ; however, observations con-
tradict with this equality; it is almost impossible to find traces of antimatter on
Earth if we don’t consider CERNor Fermilab. For instance, experiments indicate
a ratio of 10−4 between protons and antiprotons in cosmic rays, making cosmic
rays an evidence for galactic asymmetry between baryons and antibaryons. On

8



CHAPTER 1. OPEN PROBLEMS IN FUNDAMENTAL PHYSICS

a cosmological scale, we could assume that this asymmetry only applies locally,
and that perhaps at larger scales we could have clusters of galaxies made only of
antimatter. As of today, though, the observable Universe is considered to pos-
sess a maximal baryon asymmetry, meaning that there are no free anti-baryons.

Data coming from the Big Bang Nucleosynthesis and from the CMB confirm
a discrepancy of the number of baryons with respect to antibaryons in the Uni-
verse which is quantified by:

�� ≡ =� − =�̄
=�

≈ 10−10. (1.23)

In standard cosmology there is no explanation as to how a Universe which
was initially symmetric =1 = =1̄ , today appears to have a big matter-antimatter
asymmetry =1 � =1̄ . The hypothesis is that the baryon asymmetry was gener-
ated in the earlyUniverse. We could think that from the beginningmore baryons
with respect to antibaryons were created; in that case, however, a precise fine-
tuning would be required in order to generate such a small value. Moreover, as
we will see later on, inflation is a highly likely theory, and its happening would
have washed away the difference, while in the subsequent reheating phase par-
ticles and antiparticles would have been created in equal abundance. So there
needs to be a dynamical model generating this asymmetry. A model of baryo-
genesis needs to satisfy three conditions in order to explain this statement; they
are called the Sakharov conditions:

• B violation: this is an obvious one; if you want a baryon asymmetry the
baryon number has to be violated, otherwise you would get =1 = =1̄ .

• C and CP violation: if they were conserved the probability of processes
creating or destroying a particle would be the same as the ones of the cor-
responding antiparticle, hence generating no asymmetry.

• Non-equilibriumconditions: departure fromchemical equilibrium is needed,
otherwise same chemical potentials �1 = �1̄ would imply same distribu-
tion functions for baryons and antibaryons 51 = 51̄ and, consequently,
same number density =1 = =1̄ .

Even though these three conditions are already present in the SM (having
the baryon number B symmetry broken by anomalies, seeing the CP violation
in the electroweak sector through the CKM matrix and undergoing therml de-
couplings in the electroweak phase transition) [36], the SM fails to explain the
observed value of �� quantitatively. Consequently, the observed baryon asym-
metry stands as evidence for physics beyond the Standard Model and, at the

9



1.2. INTRODUCTION TO THE ΛCDM MODEL

same time, as an attempt to the understanding of the dynamics of the Early Uni-
verse.

LARGE-SCALE SMOOTHNESS: THE PROBLEM OF INITIAL CONDITIONS

The metric employed to describe our Universe, which is expanding andwith
a certain curvature :, is the FLRW metric (1.17). This metric describes a space
which is symmetric under rotation and spatial translation (meaning isotropic
andhomogeneous), butwhy is that so? What gives us compatibilitywith isotropy
in the Universe is the CMB [5]. As we have said, the CMB allows us to measure
fluctuations in temperature that might have been generated by fluctuations in
the density of the primordial Universe, which then grew into the large-scale
structure observable today, allowing us to consider the Universe as homoge-
neous. This constitutes the so called problem of initial conditions, and the expla-
nation to the process responsible for the understanding of all structures formed
in the Universewill be presented later on. The problem of initial conditions, also
known as the Cauchy problem of the Universe, is formulated to highlight how
the Big Bang requires a set of fine-tuned initial conditions to evolve to its current
state. Aswewill see in Sec. 4.3, inflation is required to grow out of generic initial
conditions. The fine tuning becomes necessary because we know that inhomo-
geneities are gravitationally unstable, therefore they grow with time; the CMB
tells us that they were even smaller than today in the past, bringing them to an
unnatural small value. As we will see with the flatness problem in 1.2.1, this
unnaturality is explained if we hypothesise a phase of accelerated expansion:
inflation.

THE HORIZON PROBLEM

To fully understand the Horizon problem [27] we need to introduce a quan-
tity called Hubble radius and specifically its comoving counterpart:

A�(C) =
'�(C)
0(C) =

1

�(C)
1

0(C) =
1

¤0(C) , (1.24)

where 0(C) is the scale factor, indicating how physical separations in the Uni-
verse growwith time, whereas�(C) is the Hubble rate, indicating how fast these
distances are changing as the Universe expands. Having defined it as above, the
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CHAPTER 1. OPEN PROBLEMS IN FUNDAMENTAL PHYSICS

comoving Hubble radius’ first derivative is the following:

¤A� = − ¥0(C)
¤0(C)2 , (1.25)

which is always positive in the known eras of radiation and matter, given that
the acceleration of the scale factor is determined by

¥0
0
= −4

3
��(� + 3?). (1.26)

This means that, considering the equation of state

? = $�, (1.27)

we get the following condition:

¥0 < 0 ↔ $ > −1

3
. (1.28)

The fact that for radiation and matter epochs (respectively $ = 1/3 and
$ = 0) we get a growing comoving Hubble radius means that sooner or later
all scales � will enter the horizon, allowing a growing causal connection region.
The horizon problem emerges from an observational point of view: we observe
regions that should not have been in causal contact before (because they are at
a distance bigger than what light could have travelled given its finite velocity)
sharing statistical properties, such as same values of temperatures up to fluctu-
ations of the order of 10−5. This could be explained if we considered a period
of time, preceding the known ones, in which the comoving Hubble radius was
decreasing, so that the scale � enters the horizon at a certain time during radi-
ation or matter, but just after having exited it during this new phase. This way
the causal connection could be explained, considering that scales�were already
inside of the horizon in the past, which implies that even distant regions could
share the same statistical properties. This new epoch is called inflation and its
requirement is a decreasingHubble radius, which implies a positive acceleration
and an equation of state with $ < −1

3
, meaning a negative pressure. A good can-

didate would be Λ but its expansion is exponential, whereas we need inflation
to end at a certain point to allow A� to grow and scales to re-enter the horizon.
Moreover, an additional requirement is that inflation needs to last long enough

11



1.2. INTRODUCTION TO THE ΛCDM MODEL

for all scales, even the largest probable today, to be able to have been inside of
the horizon during the inflationary epoch. In order to be able to quantify this
we introduce the number of e-folds:

# =

∫ C 5

C8

�(C)3C = ln

(
0 5

08

)
. (1.29)

Being # dependent on the scale factors at the beginning and at the end of
inflation (corresponding respectively to the times C8 and C 5 ), we need # to be
big enough to represent the correct enlarging of the Universe during the accel-
erated expansion. The condition imposed on the minimal number of e-folds
derives from requiring that the biggest scale we can probe today was inside of
the horizon when inflation took place. This means:

A�(C0) ≤ A�(C8). (1.30)

Substituting the definition of the comoving Hubble radius (1.24) and evaluating
for the known �0 and �8 ' � 5 ' )4

5
/"2

%
values, this translates into the condi-

tion: # ∈ [56; 67], meaning that the Universe underwent an expansion of ≈ 1026

during inflation.

THE FLATNESS PROBLEM

The flatness problem is an issue arising in the Big Bang model related to the
curvature : of the Universe. From Friedmann’s equation, in fact, introducing
the density parameter Ω(C) = �(C)

�2(C) , where the critical energy density is the one
for a flat Universe, defined as �2(C) = 3�(C)2"2

%
we get:

�2
=

�

3"2

%

− :

02
→ Ω(C) − 1 =

:

02�2
= :A�(C)2 = Ω:(C). (1.31)

We know that the comoving Hubble radius grows with time during the known
epochs of radiation and matter, meaning that, if : ≠ 0 the discrepancy of Ω(C)
from 1 grows with time. As of today, we know that |Ω(C0) − 1| < 10−3 which is a
very small discrepancy. Againwe encounter the problempreviouslymentioned:
the fine tuning problem. As the discrepancy grows, and given that it is so small
today, how smallmust it have been in the past? Seeing that the quantity [Ω−1(C)−

12



CHAPTER 1. OPEN PROBLEMS IN FUNDAMENTAL PHYSICS

1]�02 = const we can write the following equality:

[Ω−1(C) − 1]�(C)0(C)2 = [Ω−1

0
− 1]�00

2

0
. (1.32)

Making the simplification of a Universe still dominated by matter today and
considering C a generic time belonging to the radiation epoch, so that �(C) =

�4@
( 04@
0(C)

)4, we get the following relation:

[Ω−1(C) − 1] = [Ω−1

0
− 1] 02

00 · 04@
. (1.33)

Considering that ) ∝ 0(C)−1 we can easily find the discrepancy of Ω(C) with re-
spect to 1 at any time, simply substituting the corresponding temperature. For
instance at a time C = C% we get approximately 10−60, and at C = C��# approxi-
mately 10−19, which are values too small to be obtained naturally and without
imposing too precise initial conditions. The inflationary theory intervenes by
adding a phase previous to radiation, at the beginning of which the discrepancy
was way bigger than it is nowadays; as a consequence of the exponential expan-
sion it was then pushed extremely close to 1, so close that today it still deviates
by a small amount. This represents an explanation to the large scale smooth-
ness mentioned in 1.2.1. A key feature for inflation is then its duration, as seen
for the horizon problem. To solve the flatness problem inflation needs to have
lasted long enough to be able to push Ω(C) very close to unity. In particular the
condition (1.30) is still valid and the minimum number of e-folds is consistent
with what was found in Sec. 1.2.1.

THE ENTROPY PROBLEM

The flatness problem is strictly connected to the entropy problem [52]. Look-
ing at the Friedmann equation in a radiation dominated epoch:

�2 ' �'

"2

%

' )4

"2

%

. (1.34)

This allows us to rewrite Eq. (1.31) as

Ω(C) − 1 =
:

02�2
'
:"2

%

02)4
=
:"2

%

(
2

3

*
)2

, (1.35)
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1.2. INTRODUCTION TO THE ΛCDM MODEL

which comes from the entropy relation ( = B03 ∝ 03)3. We know that the
discrepancy is very small, and we can compute it considering that the entropy
inside a sphere with Hubble radius of the Universe at present day is of the order
of 1090. This comes from

(* =
4�

3
�−3

0
B =

4�

3
�−3

0

2�2

45
6∗()0))3

0
' 1090. (1.36)

Specifically, as mentioned before for the flatness problem, at a time C = C%; the
discrepancy would be of the order of 10−60. So the flatness problem arises be-
cause the entropy in a comoving volume is conserved; if the expansion was
non-adiabatic for some time during the early phase of the Universe, the problem
could be solved. This means that the Universe has to go through a non-adiabatic
period, which would generate the large entropy (* observed today, in order to
be able to solve the entropy and the flatness problem. During the accelerated
expansion generated by inflation the Universe expands adiabatically, meaning
that the non-adiabatic phase will take place during the phase transition between
inflation and radiation. We postulate that the entropy changes by a quantity

( 5 = /3(8 (1.37)

during inflation; since after inflation the Universe expands adiabatically, it is
reasonable to state ( 5 = (* , which implies / ∼ 1030. Moreover, considering
( ∼ (0))3 we are able to infer

(
0 5

08

)
≈ 1030

(
)8
)5

)
, (1.38)

resulting in a number of e-folds # in accordance to the values indicated before.

UNWANTED RELICS

Standard cosmology does not have a way to get rid of relics that were over-
produced in the early stages of the Universe, that is to say superheavy particles,
emerging from the spontaneous symmetry breaking in unified gauge theories,
that survive annihilation and contribute too much to the energy density, mean-
ing with Ω- � 1, contradicting present observations. Inflation would provide
an accelerated expansion with 0(C) ∝ 4�C which would wash away the number
density of these relics =- ∝ 0−3.
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CHAPTER 1. OPEN PROBLEMS IN FUNDAMENTAL PHYSICS

DARK ENERGY

Within the ΛCDM model, dark energy is represented by the cosmological
constant Λ [63]. This term was initially introduced by Einstein in his general
relativity equations in order to allow for a static Universe configuration. He op-
erated under the assumption that velocities of stars were negligible with respect
to that of light. As no solution to the original equations could correspond to
such a Universe he modified them by adding the cosmological constant:

'�� −
1

2
6��' = 8��)�� −Λ6�� . (1.39)

This implies a modification in Friedmann’s equation as

�2
=

8��

3
� − :

02
+ Λ

3
, (1.40)

such that the introduction ofΛ, together with the curvature and the energy den-
sity, could enforce �(C) = 0, yielding a static Universe. Additionally, the accel-
eration equation gets modified as

¥0
0
= −4��

3

(
� + 3?

)
+ Λ

3
. (1.41)

This demonstrates that a positive cosmological constant gives a positive contri-
bution to the acceleration of the scale factor and acts as a repulsive force. Later
on, the hypothesis of a static Universe was invalidated, making the term Λ tem-
porarily unnecessary. Rewriting Eq. (1.40) with the knowledge that � =

¤0
0 , one

can easily see that the equation determining the motion of the scale factor is the
following:

( ¤0)2 = (�0)2 = −: + 1

3
02(8��� +Λ), (1.42)

where even in the flat case, where : = 0, we can get expanding solutions for
Λ = 0, provided that � > 0.

Nevertheless, theΛ term remains a fundamental feature of modern field the-
ory and is still kept in the equations, as it is linked to the quantum vacuum. In
the presence of gravity, the quantum fluctuations in the vacuum contribute to
the expectation value of the energy-momentum tensor in the vacuum state. Be-
cause the vacuum must appear isotropic, homogeneous, and invariant under
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1.3. DARK MATTER

Lorentz transformations to all observers, its vacuum expectation value must be
proportional to the metric tensor:

〈0|)�� |0〉 = 〈)��〉 = −〈�〉6�� . (1.43)

Comparing this to the perfect fluid energy-momentum tensor, )�� = (� +
?)D�D� + ?6��, forces the vacuum to obey an equation of state parameter F ≡
?/� = −1. This implies a constant energy density �Λ = const, a negative pres-
sure ? = −�, a constant Hubble parameter and a resulting exponential de Sitter
expansion of the scale factor 0(C) ∝ 4�C .

While these properties mirror the dynamics of inflation, as will be explained
in chapter 4, the inflationary theory does not solve the mystery of the cosmolog-
ical constant.

The evidence for late-time cosmic acceleration [57] came at first from the
redshift of far away type Ia supernovae and recently from the phenomenon of
baryon acoustic oscillations. The Λ model described above well fits BAO and
CMB data. Looking at BAO and CMB data one can understand how the rate
of expansion of the Universe varies with time. In particular, baryonic and cold
dark matter turn out to be insufÏcient to explain the Universe’s late time accel-
eration [26]. From this emerged the need for an additional energy component
driving the accelerated expansion, which could be represented by the vacuum
energy seen before and consequently by Λ, which acts like a repulsive gravita-
tional effect. We therefore maintain the term Λ to represent the vacuum energy
density, which covers the dominant contribution to the total energy density:
�Λ = 0.685�2 .

Alternative models for DE [21] include quintessence, phantom energy and
quintom DE.

1.3 DARK MATTER

Up until now we have presented the two frameworks necessary to under-
stand particle physics and standard cosmology, along with their limitations.
Among them, Dark Matter stands out as a hint to the need of new physics, and
will therefore be a central theme in this dissertation.

Dark matter emerges as an issue for modern Physics, as it represents a set of
particles that are not contained in the SM of particles but that have been shown
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CHAPTER 1. OPEN PROBLEMS IN FUNDAMENTAL PHYSICS

to exist in our Universe making up approximately 27% of its energy density [13].
Historically, the first evidence of Dark Matter came from the measurement

of the dispersion velocity of galaxies within the Coma Cluster, leading to the
conclusion that the observed galaxies were moving too fast to remain gravita-
tionally bound by the visible baryonic mass alone (which, by the way, takes up
approximately 5% of the total energy density) but that there needed to be some
missing mass. Later on, this anomaly was confirmed by flat rotation curves of
disk galaxies and via gravitational lensing observations.

At the moment, the known properties of DM can be summarized in a couple
of facts. Firstly, it has attractive gravitational interactions and it it stable, or at
least with a very long lifetime, significantly longer than the age of the Universe.
Moreover, it is electromagnetically neutral, it is not observed to be interacting
with light and it can be assumed to be almost collisionless but self-interacting.
It can be classified as either hot, warm or cold:

• hot DM: represents the case in which the DM particle decoupled from the
thermal bath while relativistic and was still relativistic at equality;

• warmDM:when the particle decoupledwhile relativistic and became non-
relativistic before equality;

• cold DM: if it decoupled while non-relativistic.

Among these, the favoured model is CDM, because HDM prevents small-scale
structures from growing due to the process of free-streaming.

CMB data give us the following results: Ω�"ℎ
2 = 0.1187 ± 0.0017, Ω1ℎ

2 =

0.02214±0.00024, where ℎ ≡ �0/(100 km/s/Mpc) ≈ 0.674 represents the dimen-
sionless reduced Hubble parameter, representing the present expansion rate of
the Universe. The big discrepancy between the DM and the baryon abundance
confirms that most of the matter present in the Universe is non-baryonic and
made of something unknown. This bound allows the exclusion of several histor-
ical candidates. Firstly, neutrinos, that possess a relic abundance which is mass-
dependent Ω�ℎ

2 =

∑
8 <�8

94eV , were initially considered as candidates for DM. How-
ever, experiments placed an upper bound on their masses of

∑
<� < 0.12 eV

[16], limiting their total contribution to Ω�ℎ
2 < 0.0013, which is not enough

compared to the value mentioned before for DM. Furthermore, neutrinos are
ultra-light relativistic relics, therefore acting as hot dark matter, which does not
fit the model of CDM wanted. Moreover, also astronomical objects known as
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1.3. DARK MATTER

MACHOs (”Massive Astrophysical Compact Halo Objects”) can be ruled out
using gravitational microlensing effects. Apart from the few properties men-
tioned above and the few candidates ruled out, the actual nature of DM is yet to
be established. Many experiments are underway to detect DM and many new
candidates have been proposed, such as new generations of neutrinos, WIMPS
(weakly interacting massive particles) and axions, on which we will focus in
chapter 3.

For the sake of completeness, we mention what WIMPs are. WIMPs are one
of the main current paradigms for explaining Dark Matter in the Universe. A
WIMP is a heavy elementary particle ", whose evolution number density =" in
an expanding background is determined by the Boltzmann equation:

3="

3C
+ 3�=" = −〈�E〉

(
=2

" − =2

4@

)
, (1.44)

where �(C) is the Hubble rate, and 〈�E〉 represents the thermally averaged an-
nihilation cross-section of the DM particle. When ) � <", the particle is rela-
tivistic and in thermal equilibrium with the thermal bath. As ) < <", the value
of =4@ ∝ 4−<"/) undergoes an exponential Maxwell-Boltzmann suppression; the
DM particles do not interact with the bath anymore, but only annihilate. Being
decoupled from the bath, their density decreases, but not as steeply as 4−<"/) .
After a while, � comes to dominate over the annihilation rate 〈�E〉=" and we
recover the decoupling limit and = ∝ )3. This process is known as freeze-out.
Solving the Boltzmann equation and analyzing the relic abundance of this parti-
cle species, one finds that the latter is not dependent on the mass of the particle,
but only on the cross-section of the processes it is involved in. This is often called
”WIMP miracle”.

In conclusion, in the discussion above some of the issues encountered when
describing particles in the Universe using the SM and ΛCDM model were pre-
sented. In order to solve them, many examples of physics beyond the Standard
Model have been proposed. In this thesis, the focus will be only on a couple of
them. Firstly the issue of Dark Matter, which is made of an unknown kind of
elementary particle. Many DM candidates arise from physics beyond the Stan-
dard Model. Chapter 2 will focus on the strong CP problem; in relation to it
in Chapter 3 we will investigate one of its possible solutions, the axion, whose
interplay with inflation will be analyzed in Chapter 4.
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2
Strong CP problem

Asmentioned in chapter 1, one of the biggest inconsistencies of the Standard
Model is the strong CP problem. In this chapter we outline its theoretical con-
text and introduce one of the possible resolutions to it: the axion.

2.1 BRIEF INTRODUCTION TO QCD

Let us start with a concise description of the theory. Quantum chromody-
namics, or QCD, is the theory describing interactions between quarks. Specif-
ically, it is a non-abelian gauge theory with #� = 3 colours and # 5 flavours,
the number of which depends on the energy scale being probed (# 5 = 6 above
the top mass, # 5 = 5 below the top mass, # 5 = 4 below the bottom mass and
# 5 = 3 below the charm). In this study we restrict our attention to # 5 = 2, that
corresponds to the up D and down 3 quarks. In this limit, the light quarkmasses
are negligible compared to the typical QCD scale Λ&�� .

The theory is described by the following Lagrangian:

ℒ&�� = −1

4
�����

��� + @̄!8 8����@!8 + @̄'9 8����@'9 − [@̄!8"8 9@'9 + ℎ.2.], (2.1)

where "8 9 is the quark mass matrix. If we assumed it to be zero, we could
rotate independently left and right handed quark fields:

@!,'8 → *!,'89@!,'9 . (2.2)

19



2.1. BRIEF INTRODUCTION TO QCD

The symmetry group under the condition " = 0 would then be *(# 5 )! ×
*(# 5 )', which acts independently on the left and right fields and is therefore
called ”chiral”. Using the fact that *(#) = (*(#) ×*(1), we can equivalently
write it as:

(*(2)! × (*(2)' ×*(1)� ×*(1)�. (2.3)

Crucially, however, the axial transformation*(1)� is not a real symmetry at the
quantum level due to an anomaly [59]. Consequently, the true classical global
symmetry group of massless QCD is simply:

(*(2)! × (*(2)' ×*(1)�. (2.4)

On the other hand, when" ≠ 0, the only symmetry that survives is the vectorial
one

*(1)+1
× ... ×*(1)+# 5 , (2.5)

which is the same for left and right and is therefore not chiral.
QCD is an asymptotically free theory, meaning that its coupling vanishes

in the limit of high energies. In the IR, instead, the coupling grows, the phe-
nomenon of confinement is reached and a quark condensate is formed. The
latter is the vacuum expectation value of the composite operator Φ8 9 = @̄!8@'9 ,
parameterized via the quark bilinear expression 〈@̄!8@'9〉 = −��8 9 , where � is a
constant. The condensate mixes left and right handed fields, hence it transforms
as Φ → !Φ'† and chiral symmetry breaking is achieved:

(*(2)! × (*(2)' ×*(1)+ → (*(2)+ ×*(1)+ . (2.6)

Passing from 3 + 3 + 1 generators to 3 + 1 tells us that after the SSB process 3
NGBs, the pions, emerge; in addition to the (*(2)� also the *(1)� symmetry is
broken, leading to the � Goldstone boson. These fields can be rearranged into a
2 × 2 matrix Π. In reality, the quark masses are not actually exactly vanishing,
therefore these 4 bosons will be only pseudo-Nambu-Goldstone bosons with a
mass that will be proportional to <D , <3.
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CHAPTER 2. STRONG CP PROBLEM

2.2 THE*(1)� PROBLEM

Having established the framework of the QCD theory, we can now introduce
the strong CP problem starting from the first clue that something was missing
from the Lagrangian seen in Eq. (2.1): the*(1)� problem.
It was mentioned that*(1)� is not a real but an apparent symmetry of the QCD
Lagrangian in the limit of vanishing quark masses. We can work under this as-
sumption considering that <D , <3 � Λ&�� , which implies that taking a limit
for < 5 → 0 is reasonable. Under this assumption, one would expect strong in-
teractions to have a large global symmetry and hence be *(2)+ ×*(2)� (where
*(2)+ = (*(2)+ ×*(1)�) invariant.

These unitary transformations, vectorial and axial, act respectively as:

@ 5 → 4 8
0
)0
2 @ 5 , (2.7)

@ 5 → 4 8�5
0
)0
2 @ 5 . (2.8)

However, as it turns out, there is no *(1)� symmetry for strong interactions.
Experimentally, in fact, it is observed that*(2)+ is a good approximate symme-
try of nature, whereas the axial symmetry breaks down spontaneously as seen
from the existence of quark condensates 〈D̄D〉 = 〈3̄3〉 ≠ 0. (The formation of
these condensates mixes left and right fields: 〈@̄@〉 = 〈@̄!@' + @̄'@!〉. Under vec-
tor rotations (*(2)+ the condensate is invariant, but under (*(2)� it changes,
meaning that the condensate is not invariant under axial transformations, imply-
ing that (*(2)� is spontaneously broken). Because of the breaking of this sym-
metry operated by the quark condensate, one expects the emergence of Nambu-
Goldstone bosons: � and the �mesons. When including themasses of the D and
3 quarks, these bosons should get similar masses; for instance the singlet meson
is made of

� ≈ 1√
2
(DD̄ + 33̄), (2.9)

which is made of the same quarks as the neutral pion:

�0 ≈ 1√
2
(DD̄ − 33̄). (2.10)

Thiswould imply the twomasses to be close in value: <� ≈ <�. However, exper-
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2.2. THE*(1)� PROBLEM

imentally one finds <2
� � <2

�, showing that*(1)� cannot be a real symmetry of
QCD. The formal explanation following these observations comes from the fact
that its associated current, in this limit, has a non-vanishing divergence due to
the chiral anomaly.

2.2.1 HISTORICAL REASONS BEHIND THE*(1)� PROBLEM

First of all let us mention some of the inconsistencies appearing in the QCD
Lagrangian.

THE �0 → �� DECAY

Experimentally the neutral pion is observed to decay into two photons, how-
ever there is no term in ℒ&�� that accounts for this process. One can show
that in a theory with an unbroken (*(2)! × (*(2)' chiral symmetry, the decay
�0 → �� should be forbidden. This is an indicator that something is missing
in the Lagrangian. A term describing this decay should include ��� to account
for the photons in the interaction, moreover the ��� combination should be odd
under parity, since �0 is P-odd as well.

MISSING LIGHT MESON

The quark condensate has been said to break the *(1)� if that was a sym-
metry. Our theory has a (*(2)! × (*(2)' × *(1)� symmetry, with 3 + 3 + 1

generators. After the (*(2)! × (*(2)' → (*(2)+ symmetry breaking we end
up with 3 + 1, hence we have 3 NGBs. If *(1)� was a symmetry of our theory
it would be broken by the quark condensate, hence we should get an additional
Goldstone boson, for a total of 4. This additional NGB should be as light as pi-
ons; the fact that we do not observe it in nature is an further hint at the problem
related to the*(1)� symmetry.

THE SIGN OF "

Under an axial rotation in Eq. (2.1) we have that LH andRHfields rotatewith
an opposite phase due to the structure of �5, so the mass term that we include in
the Lagrangian for "8 9 ≠ 0 transforms under the *(1)� symmetry with a total
phase of" → 4−28
"; this tells us that if*(1)� was an actual symmetry of QCD
the sign of " would have no physical consequences.
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CHAPTER 2. STRONG CP PROBLEM

THE Π(G) → −Π(G) SYMMETRY

In the chiral Lagrangian, when neglecting the mass term, an accidental sym-
metry acting as Π(G) → −Π(G), where Π is the matrix containing pions and
the � mentioned before, is found. This would imply that only an even number
of pions can interact, contrasting with the observed process  + − → �+�0�−.
Once again, this indicates that something is missing in the theory previously
described.

2.2.2 SOLUTIONS TO THE*(1)� PROBLEM

Let us sketch what a chiral anomaly is [46] [64] in order to fully understand
the issue and its solution, which will rely on the structure of the QCD vacuum.
Consider a model of a theory with a single fermion field # and a global sym-
metry *(1)+ × *(1)�. At the classical level this has two conserved currents: a
vectorial one

�
�

+
= #̄��#, (2.11)

which satisfies %��
�

+
= 0, and an axial one

�
�

�
= #̄���5#, (2.12)

where %��
�

�
= 28<#̄�5#

<→0−−−−→ 0. The conservation of the axial current emerges
therefore exclusively in themassless fermion limit. At the quantum level instead,
you cannot preserve both currents simultaneously, hence the chiral anomaly.
The divergence of the axial current is non-vanishing, in accordance to the mas-
sive case, even in themassless limit. For a non-Abelian theory it can be expressed
by

%��
�

�
=


2
6

4�
�

�
0 �̃0,
� , (2.13)

which is called Adler-Bell-Jackiw anomaly. The notation involving the dual field
strength tensor here is

��� �̃�� =
1

2
&��
��


���� . (2.14)

A derivation of this quantum breaking was formulated by Fujikawa, who
showed that in the path integral formulation, after a chiral rotation the measure
transforms depending on a Jacobian, which is related to the anomaly.
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�0

�

�

@

In the context ofQCD, asmentioned, the theorywith# 5 flavors has (*(# 5 )+×
(*(# 5 )�×*(1)+×*(1)� as a global symmetry. The chiral anomaly is contained
in the*(1)� current, which for # 5 = 2 looks like:

�
�
5
=

1

2
[D̄���5D + 3̄���53]. (2.15)

Evaluating its quantum divergence gives

%��
�
5
=

62
B

32�2
# 5�


�
0 �̃0,
� = # 5&, (2.16)

which is explicitly non-vanishing and hence confirming the anomaly in accor-
dance to Eq. (2.13). Under a global*(1)� transformation

@ 5 → 4 8


2
�5@ 5 , (2.17)

this chiral anomaly affects the action as

�, = 


∫
34G%��

�
5
= 
# 5

62

(

32�2

∫
34G�


�
0 �̃0,
� = 
# 5

∫
34G&. (2.18)

However, the integrand can be expressed as a total divergence:

�

�
0 �̃0,
� = %� 

�, (2.19)

where  � is a current introduced by Bardeen, specifically [47]

 �
= &�
���0


(
�
�� −

6B

3
5012�1��2�

)
. (2.20)

Substituting this relation into the variation of the action transforms the volume
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integral into a surface integral:

�, = 
#
62

(

32�2

∫
34G%� 

�
= 
#

62

(

32�2

∫
3�� 

�. (2.21)

Imposing the boundary condition that the gauge fields vanish at infinity, ��
0 =

0, this surface integral vanishes, preserving *(1)� as a true symmetry of QCD
despite the anomaly. However, it actually turns out that the boundary condition
on the gauge field ��

0 is to approach a pure gauge configuration at infinity rather
than strictly vanishing. This would prevent the integral (2.21) from vanishing,
meaning *(1)� is not a true symmetry of QCD [48] [24]. Specifically one can
show that the configurations

∫
%�� � ≠ 0 contribute to the vacuum-to-vacuum

transition amplitude for QCD.
To better grasp the resolution of the problem, one needs to understand the

vacuum structure of non-Abelian gauge theories [46]. Classically, the vacuum
state corresponds to the vanishing of the field strength tensor, hence either the
trivial �0

� = 0 or to gauge fields being a gauge transformation of zero. For in-
stance, let us consider the (*(2) gauge theory with coupling constant 6B . We
work in a temporal gauge, where �0

0 = 0 with 0 = 1, 2, 3 and the spatial com-
ponents of the gauge fields are time independent: �80(®A). In the temporal gauge
there is still some residual gauge freedom. Under a spatial gauge transformation
Ω(®A) ∈ (*(2), the fields transform as:

�8(®A) → Ω(®A)�8(®A)Ω(®A)−1 + 8

6B
Ω(®A)∇8Ω(®A)−1. (2.22)

This states that in the �0
0 = 0 gauge, �8 = 0 is not the only vacuum, but any

configuration looking like �8 =
8
6B
Ω(®A)∇8Ω(®A)−1 also has zero energy. These

degenerate vacuum configurations can be classified through their behaviour at
spatial infinity, when ®A → ∞:

Ω=
®A→∞−−−−→ 42�8= . (2.23)

Each configuration is indexed by an integer number =, defined explicitly as:

= =
8 63
B

24�2

∫
33A)A&8 9:�

8
=(®A)�

9
=(®A)�:=(®A). (2.24)
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2.2. THE*(1)� PROBLEM

Since infinitly many = values exist, there are infinite degenerate vacuum states
in the quantum theory, which can be labelled as |=〉. The =-vacuum state is not
fully gauge invariant, in fact:

Ω1|=〉 = |= + 1〉. (2.25)

However the vacuum of a gauge theory needs to be invariant under gauge trans-
formations, therefore the true vacuum needs to be a superposition of these =-
states. This defines the �-vacuum:

|�〉 =
∑

=

4−8=� |=〉, (2.26)

which is now explicitly gauge invariant, given that

Ω1|�〉 =
∑

=

4−8=�Ω1|=〉 =
∑

=

4−8=� |= + 1〉 = 4 8� |�〉. (2.27)

This �-vacuum is the correct vacuum state for gauge theories, and itmodifies the
quantum dynamics of the theory. The vacuum-to-vacuum transition amplitude
is given by:

+〈�|�〉− =

∑

<,=

4 8<�4−8=�+〈<|=〉− =

∑

�

4 8��
[∑

=

+〈= + �|=〉−
]
, (2.28)

where |�〉± are the �-vacuum states at C = ±∞ and we performed a change of
variables such that � = < − =, with the parameter � representing the vacuum-
to-vacuum transition index:

� = =|C=+∞ − =|C=−∞ =
62
B

32�2

∫
%�� 

�|C=+∞C=−∞ =
62
B

32�2

∫
34G�

��
0 �̃0,�� . (2.29)

By re-expressing this transition amplitudedirectlywithin the path integral frame-
work, one can absorb the topological phase factor 4 8�� into a redefinition of the
action, so that in the transition amplitude the effective action contains (4 5 5 [�] =
([�] + ��:

+〈�|�〉− =

∑

=

∫
���4

8(4 5 5 [�]�

[
� − 62

B

32�2

∫
34G�

��
0 �̃0,��

]
. (2.30)
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This way, the effective action acquires an extra term:

(4 5 5 [�] = ([�] + �
62
B

32�2

∫
34G�

��
0 �̃0,�� . (2.31)

This complex structure of the vacuumbasically adds an extra parameter-dependent
term to the canonical QCD Lagrangian:

ℒ&�� → ℒ&�� + ℒ� , (2.32)

where
ℒ� = �

62
B

32�2
�


�
0 �̃0,
� . (2.33)

While the presence of ℒ� solves the *(1)� problem, it presents another issue:
since the ��̃ operator violates parity % and time reversal ) while preserving
charge conjugation �, it explicitly breaks the CP symmetry. Moreover, as it will
be seen in the following section, the parameter � appearing in the Lagrangian
needs to be extremely small. These two characteristic of ℒ� constitute the so-
called strong CP problem.

2.3 INTRODUCTION TO THE STRONG CP PROBLEM

Classically, the strong CP problem is manifested in the electric dipole mo-
ment of the neutron, 3= [18]. A theoretical calculation would lead to a value of
the order of 10−134 cm, precisely from:

|3= | ≈ 10−13
√

1 − cos�4 · cm, (2.34)

whereas the bestmeasurement, as of right now, gives a value of |3= | ≤ 10−264 ·cm.
The parameter � that characterizes the Strong CP problem is expected to be of
order O(1) given the naturalness principle, but here we would get an extremely
fine-tuned value, of the order of � ≤ 10−13. Why is it so small?
The solution to this problem, proposed by Quinn and Peccei, comes from not
treating this parameter as a static constant but from thinking of the angle be-
tween the two bonds (one 2

3
up quark bounded to two −1

3
down quarks) as if it

were dynamical: even if it is not initially 0 it then relaxes to that value, solving
naturally the strong CP problem.
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2.4. POSSIBLE SOLUTIONS TO THE STRONG CP PROBLEM

At the quantum level, summing up the results of Sec. 2.2.2, analyzing the
low-energy QCD theory requires the addition of the following term in the La-
grangian:

ℒ&�� ⊃ �62
B

32�2
�

��
0 �̃0,�� , (2.35)

where �0
�� is the gluon field strength (and �̃0,�� =

1

2
&�����

��
0 ). The theory has

a (*(2) gauge group and four global symmetries: (*(2)+ × (*(2)� ×*(1)+ ×
*(1)�. As previously explored studying the structure of the �-vacuum of QCD,
this term explicitly violates parity and time-reversal symmetries, hence repre-
senting the source of CP violation within the strong interactions of the SM.

2.4 POSSIBLE SOLUTIONS TO THE STRONG CP PROBLEM

In Section 2.2.2 the emergence of the strong CP problemwas presented. This
turns out to be even more complicated if one adds electroweak interactions. We
know, in fact, that the quark mass term looked like:

ℒ<0BB = −@̄!8"8 9@'9 − @̄'8"†
8 9@!9 , (2.36)

with non diagonal quark mass matrices. They can however be diagonalized
by performing a unitary *(1)� transformation on the quark fields, that can be
proven to be:

@' → @′' = *'@' = exp
[
8

2= 5
Argdet"

]
@' ≡ exp

[
8

2



]
@' , (2.37)

@! → @′! = *!@! = exp
[
− 8

2= 5
Argdet"

]
@! ≡ exp

[
− 8

2



]
@!. (2.38)

Moreover, the *(1)� chiral transformation that rotates the fields also shifts
the �-vacuum as:

4 8
&5 |�〉 = |� + 
= 5 〉. (2.39)

Essentially, byperforming the electroweak chiral rotation to fix the quarkmasses,
the QCD vacuum is rotating too. This leads to an effective CP-violating term:

ℒ 4 5 5

�%−E8>;0C8=6 = �̄
62
B

32�2
�


�
0 �̃0,
� , (2.40)
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CHAPTER 2. STRONG CP PROBLEM

where the CP violating parameter accounts for both the strong and the elec-
troweak contributions:

�̄ = � +Argdet". (2.41)

There are three possible solutions proposed to solve the question of why �

is so close to zero [48]:

• An anomalously small value of �̄;

• Spontaneously broken CP symmetry;

• An additional global chiral symmetry spontaneously driving �̄ → 0.

Out of these three possibilities, the last option is the most natural solution to the
strong CP problem. Wewill however brieflymention the others too, for the sake
of completeness.

The first option mentioned sees the hypothesis that �̄ is simply a static con-
stant fixed by anthropic reasons or by inconventional dynamics to be very small,
of order O(10−10). This, however, looks like an unlikely scenario.

If, instead, CP is a symmetry of nature which gets spontaneously broken,
this forces the tree-level parameter to vanish identically �̄CA44 = 0. However, if
CP is spontaneously broken, �̄ gets induced back at 1-loop level, meaning that
to get small values of it one needs to make sure that ¯�1−;>>? = 0. Theories with
this characteristic exist but they are difÏcult to reconcile with experiments.

2.4.1 THE AXION AS SOLUTION

We now focus on the most popular and simplest solution to the strong CP
problem, given by axions.

This mechanism, proposed by Peccei and Quinn, postulates the existence
of a global chiral *(1)%& symmetry that is spontaneously broken at a high en-
ergy scale 50 , known as the axion decay constant. The axion 0(G) emerges as
the pseudo-Nambu-Goldstone boson of this broken symmetry. Under a*(1)%&
transformation, the axion field transforms via a shift:

0(G)
*(1)%&−−−−−→ 0(G) + 
 50 . (2.42)

Going back to our theory, it can be shown that spontaneous breaking of the
*(1)%& symmetry provides a mechanism to dynamically eliminate the ���̃

29



2.4. POSSIBLE SOLUTIONS TO THE STRONG CP PROBLEM

term, which is the CP violating term, hence fixing the issue. Rather than treat-
ing �̄ as a static CP-violating angle, the PQmechanism introduces the axion field
0(G), allowing us to replace the static CP-violating term of the theory with the
dynamical CP-conserving axion:

�̄ → 0(G)
50
. (2.43)

The *(1)%& symmetry is anomalous with respect to QCD. Due to this chiral
anomaly, the shift in the field generates an additional term in the action,meaning
that the axion field promotes the static �̄ parameter to a dynamical degree of
freedom.

The effective Lagrangian coming out after the addition of this axion field
needs to be invariant under a*(1)%& transformation and can therefore be writ-
ten as:

ℒ)$) = ℒ(" + �̄
62
B

32�2
�

��
0 �̃0,��−

1

2
%�0%

�0+ℒ 8=C
0G8>=

[%�0
50

#
]
+�

0

50

62
B

32�2
�

��
0 �̃0,�� .

(2.44)
Here the first two terms are the SM Lagrangian together with the CP violating
term; the third is the kinetic term for axions and the fourth describes the inter-
actions that the axion can have with the other fields # of the theory. The last
term, the � term, ensures the chiral anomaly (as it contains the field 0(G) directly
and not its derivatives and reflects the anomaly when the axion undergoes the
*(1)%& symmetry):

%��
�

%&
= �

62
B

32�2
�

��
0 �̃0,�� . (2.45)

Since the ��̃ term contains the axion field directly, QCD instanton effects
induce an effective potential for the newly introduced dynamical field. At low
energies below the QCD scale, this effective potential is periodic:

+eff(0) ∼ cos

(
�̄ + �

〈0〉
50

)
. (2.46)

To find the ground state configuration of the vacuum, we minimize the ef-
fective potential with respect to the expectation value of the axion field:

〈
%+eff
%0

〉
∼ �

50

〈
sin

(
�̄ + �

〈0〉
50

)〉
= 0. (2.47)
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The minimum of this potential occurs when the argument vanishes:

〈0〉 = − 50

�
�̄. (2.48)

Evaluating the total Lagrangian at this ground state configuration, theCP-violating
parameter �̄ is dynamically cancelled out by the axion’s background VEV. CP-
violating term is dynamically driven to zero, therefore solving the strong CP
problem.
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3
Axion Dark Matter

3.1 THE AXION AS A DARK MATTER CANDIDATE

The axion field introduced in the previous section is not only useful in the
resolution of the strongCPproblem, but it can also be a viable candidate forDark
Matter [45]. As seen in Sec. 1.3, observations demonstrate that the vast majority
of thematter content in the Universe is not made up of any known particle of the
SM. We will here propose the axion, a light and weakly coupled scalar, as a DM
candidate. In the Early Universe, a relic abundance of axions can be produced
either from the misalignment mechanism or the decay of topological defects,
such as cosmic strings and domain walls.

It is to be noted that the word ”axion” is a general term that delineates differ-
ent categories. It may either refer to the QCD axion, which as seen in chapter 2
emerged from the breaking of the PQ symmetry introduced to fix the strong CP
problem. A key feature of the QCD axion is that its mass is not an independent
parameter, but it is related to the axion decay constant 50 , which fixes the axion’s
zero-temperature mass <0,0. Their inverse relationship is specifically evaluated
as:

<0 = (5.70 ± 0.007)�4+
(
1012�4+

50

)
. (3.1)

Consequently, themass has a temperature dependence, parametrized by apower
law:

<0()) = <0,0

(
)

Λ&��

)−=
, (3.2)
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3.2. AXION COSMOLOGY

which from lattice QCD calculations [39] is compatible with = = 4.
Otherwise it can refer to ALPs, axion-like-particles, which is a broader and

more generic classification of heavier particles sharing the shift symmetry prop-
erties, but that do not give a solution to the strong CP problem. In fact, inmodels
of QCD axions there is a strict relation between mass and decay constant, which
is related as 60�� ∼ 1/ 50 to the coupling to the photon [32]. For ALPs, on the
other hand, the mass and the decay constant are independent from each other.

Finally, axions also play a role in supergravity and string theory frameworks,
but such axions will not be investigated in this thesis.

3.2 AXION COSMOLOGY

In order to see how the axion goes from a theoretical solution of the strongCP
problem to a viable CDM candidate, we analyze its field evolution [58] [23]. Two
important processes determine the behaviour of the axion: firstly spontaneous
symmetry breaking of the*(1)%& symmetry occurs at some high energy Peccei-
Quinn scale 50 , when the field introduced to fix the strong CP problem is driven
to its vacuum expectation value 〈Φ〉 = 50 , identifying the axion as a Goldstone
boson; then at lower temperatures non-perturbative effects become relevant. Let
us see in detail what happens.

We start this discussion by keeping inmind that the axion is a pseudo-Nambu-
Goldstone boson emerging from a spontaneously broken*(1)%& symmetry dur-
ing the Peccei-Quinn phase transition, which happens at a temperature ) ∼ 50

where 50 is some high scale. As we had seen, the axion emerges as a solution
to solve the strong CP problem. Specifically the Peccei-Quinn model sees the
introduction of the complex scalar field Φ = |Φ|4 8�, where the phase � can be
interpreted as the axion and |Φ| is the radial component living on the classical
potential

+%&(Φ) =
�

8

(
|Φ|2 − 5 2

0

)2
, (3.3)

where � is a dimensionless coupling constant. This potential exhibits an invari-
ance under global *(1)%& phase rotations Φ → Φ4 8
. As the Universe cools be-
lowa critical temperature) ∼ 50 , the systemundergoes a spontaneous symmetry-
breaking phase transition. The complex field acquires a non-vanishing vev,
〈|Φ|〉 = 50 , minimizing its potential energy by settling into the rim of the so-called
“Mexican hat” potential. We can parameterize the field fluctuations around this
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CHAPTER 3. AXION DARK MATTER

vacuum configuration in terms of its massive radial degree of freedom A(G) and
its massless angular phase degree of freedom �(G):

Φ(G) = 1√
2

(
50 + A(G)

)
4 8�(G). (3.4)

The phase �(G) corresponds to the broken symmetry generator and represents a
massless Nambu-Goldstone boson. From here on, wewill define the canonically
normalized axion field as:

0(G) = 50�(G). (3.5)

The axionfield therefore possesses a shift symmetry 0(G) → 0(G)+const, keeping
it initially massless at this initial high temperature stage, ) � ΛQCD.

The second process is an explicit symmetry breaking, followed by instanton
effects. As the temperature decreases to lower energy scales ) ∼ ΛQCD, in fact,
the exact shift symmetry responsible for the masslessness of the axion field is
explicitly broken. At this stage, when ) � 50 , non-perturbative effects, such as
instantons, which are tunneling effects between different topological vacuums
of QCD, get switched on, explicitly breaking the *(1)%& shift symmetry and
turning the axion into a pseudo-Nambu-Goldstone boson. This simply means
that the axion is no longer massless, but it gets a temperature-dependent mass.
These processes tilt the previously symmetric potential, generating a new pe-
riodic potential (� → � + 2=� 50) for the angular field. In order to keep the
minimum at � = 0 and therefore enforcing the dynamic cancellation of the CP
violating term, it is usually chosen to have the form:

+QCD(�) = "())(1 − cos�) =⇒ +QCD(0) = "())
[
1 − cos

(
0

50

)]
, (3.6)

where "()) represents the finite-temperature topological susceptibility of the
QCD vacuum.

More on this will be revisited in Section 3.2.1.

There are four possible cosmological ways in which a relic abundance of ax-
ions can be produced:

• Production via decay of a parent particle, with mass much larger than the
axion’s;

• Thermal production, happening when axions are coupled to the SM;
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• Production via decay of a topological defect;

• The misalignment mechanism, which will be thoroughly analyzed in the
following section;

In the subsequent sections wewill summarize these productionmechanisms
[39], specifically focusing on themisalignementmechanism,whichwill be needed
further on in this thesis. For completenesswe brieflymention the other three too,
even though the first two do not produce axions as a CDM candidate.

3.2.1 THE MISALIGNMENT MECHANISM

We want to explain how to reconcile the oscillating behaviour of a classical
field with the cosmological behaviour that matter requires. We therefore de-
scribe the mechanism that will be needed throughout this work, in order to de-
scribe the abundance of axion DM, specifically to explain the axion dark matter
production: the misalignment mechanism.

SCALAR MISALIGNMENT

At first we briefly describe the misalignment mechanism for a generic scalar
field ), so we could think of the axion as a background field [36], homogeneous
and time-dependant like the inflaton in Chapter 4. The scalar field has an initial
value )8 ≠ 0 which is displaced from the potential minimum. After a symmetry
breaking occurring during a phase transition, the field is able to move towards
the minimum. As can be seen from Appendix B, then, the equation of motion
for this field for a harmonic potential and constant mass <), is:

¥) + 3� ¤) + <2

)) = 0. (3.7)

Considering that we are interested in DM production, this dynamics will take
place before matter-radiation equality; hence, we can consider � =

1

2C . The so-
lution to this equation can be found to be

)(C) = )8

(
2

<)C

) 1

4

Γ

(
5

4

)
�1

4

(<)C), (3.8)

where �=(G) is the Bessel function and Γ(G) is the gamma function.
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.1

4

(G) ∝ G−
1

4 , in order to prevent ) from diverging at C = 0, one needs to impose
22 = 0. Moreover ��(G) ' 1

Γ(�+1)( G2 )�, so at C = 0 )(0) = )8 = 21(<)C)−
1

4
1

Γ( 5

4
)(
<)C

2
) 1

4

and therefore 21 = )82
1

4Γ(5

4
), which inserted into Eq. (3.13) gives the solution

presented in Eq. (3.8).
As we are interested in the late time behaviour, we can use the WKB approx-

imation and the ansatz

)(C) = A(C)2>B(<)C + 
), (3.14)

with an arbitrary phase 
 and the functionA slowly varying ( ¤A/<) ∼ �/<) �
1). This basically represents a slowly decaying envelope and a fast oscillating
part. In the equation of motion this gives A(C) ∝ C− 3

4 ∝ 0−
3

2 . The solution to this
equation is [38]

)(C) = )82>B(<)C)
(
08
0

) 3

2

. (3.15)

Assuming that the field starts from a misaligned value different from 0 ()8 ≠ 0

and ¤)8 = 0) the energy density can be written as

�) =
1

2
¤)2 + 1

2
<2

))
2
=

1

2
<2

)()8)2
(
08
0

)3

∝ 0−3, (3.16)

which tells us that at late times � � <0 this field behaves like pressureless
matter; ) is indeed a cold dark matter candidate. It is also worth mentioning
that at early times � � <0 , instead, the Hubble friction dominates maintaining
the axion at its initial value and its energy density to a constant value �) = const.
The equation of state in this period of time gives a value of $ = −1, meaning that
this field behaves as a contribution to the vacuum energy. For this reason, axions
can not only be considered as DM contributions, but also in DE and inflation
models.

Having said that ) can be a good candidate for DM,we can try tomake sense
of it as such by evaluating its abundance.

Ω)ℎ
2
=

�0

)

�2/ℎ2
= 0.12, (3.17)

where the experimental value of theDMabundance has been placed on the RHS.
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As seen from Eq. (3.16) the energy density scales as

�)(C0) = �)()0) = �)(C>B2)
(
00

0>B2

)−3

= �()>B2)
6∗B()0)
6∗B()>B2)

(
)0

)>B2

)3

. (3.18)

Considering )()>B2) = )8 , hence �()>B2) = 1

2
<2

))
2

8
, and identifying the oscillation

temperature through the condition 3�()>B2) = <), meaning)>B2 = ("%

�

√
10

6∗()>B2)<))
1

2 ,
one finds

Ω)ℎ
2
=

1

2

)3

0

�2/ℎ2

6∗()0)
6∗()>B2)

(
�

"%

√
6∗()>B2)

10

) 3

2

)2

8<
1

2

) . (3.19)

AXION MISALIGNMENT

Let us now focus on the more specific process, not just scalar but axion mis-
alignment mechanism. The misalignment mechanism takes its name from the
fact that the axion field is initially displaced and then a dynamical process brings
this value to the potential minimum. This is due to the fact that the axion mass
is temperature dependent; at very high temperatures we mentioned that it is
basically massless, which implies that no value of � is preferred, therefore there
is no reason why it should be zero. Consequently, at early times we expect the
axion field to be misaligned with the minimum of the potential and the specific
initial value will be determined by some stochastic process. At temperatures
around ) ∼ Λ&�� the axion acquires a mass, which becomes comparable to the
rate �, making the axion field start rolling towards the minimum � = 0, where
it will oscillate analogously to the inflaton field, with the only exception that the
axion field does not decay.

For theQCDaxion, the*(1)%& symmetry is explicitly broken bynon-perturbative
topological effects. This implies that, in order to evaluate this mechanism, one
must account for the coupling of the axion field to gluons. The effective po-
tential for the complex scalar field Φ will then be expressed as the sum of the
high-energy Peccei-Quinn potential and the low-energy QCD instanton poten-
tial:

+(Φ) = +%&(|Φ|) ++&��(�) =
�

8
(|Φ|2 − 5 2

0 )2 + "())(1 − cos�). (3.20)

Wewill express the term "()), theQCD topological susceptibility, as a temperature-
dependent axion mass: "()) = <̃2

0()) 5 2
0 . With this change, the potential would

39



3.2. AXION COSMOLOGY

go as:

+0 = <̃0(C)2 5 2

0

[
1 − cos

(
0

50

)]
, (3.21)

which can be expanded, with a dominant term that will coincide with the mass
term

+0 ≈
1

2
<̃0(C)202. (3.22)

From (3.21) we can see that the potential energy for the axion is periodic; it is
then easy to compute the equations of motion for the field �, and consequently
simply for 0(G), in an expanding Universe;

¥� + 3� ¤� + <̃2

0()) sin(�) = 0 (3.23)

This equation is very similar to (3.7); in particular for very small values of �
we can make the approximation B8=� ≈ � which leads to the same dynamics as
the scalar case. For values �8 ≈ �wewill not have a harmonic oscillator solution
approximation but the cosine-like potential.

As briefly mentioned in the introduction of the chapter, we assume the QCD
axion mass scaling:

<̃2

0()) =




<2
0

(
)

)&��

)−= for ) > )&��

<2
0 for ) < )&��

(3.24)

where <0 is the axion mass at )0. Again, in [54] a good fit for this expression
shows that the power is compatible with = ≈ 8.

Considering this relation, the solution to �(C) evolving in a cosmological
background can be computed.
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From this we get an expression for the energy density today:

�0()0) = =0()0) · <0

=
1

2
<̃0()>B2) 5 2

0 �
2

8

(
00

0>B2

)−3

· <0

=
1

2
5 2

0 �
2

8 <0<̃0()>B2)
(
6∗B()0)
6∗B()>B2)

) (
)0

)>B2

)3

,

(3.27)

which allows us to get an expression for the relic abundance:

Ω0ℎ
2
=

�0()0)
�2/ℎ2

=
1

2

�2

8
5 2
0 <0<̃0()>B2)
�2/ℎ2

(
6∗B()0)
6∗B()>B2)

)
)3

0

)3
>B2

. (3.28)

Now imposing again the oscillation condition 3� ≈ <0()), which in this case is
a good approximation [61], we find:

)>B2 =

(
"%

�

√
10

6∗()>B2)
<0

) 2

4+=
)

=
=+4

&��
, (3.29)

where we consider = = 0 in the case in which ) < )&�� . Now, substituting this
in Eq. (3.28) and employing the relation between decay constant and axionmass
of Eq. (3.1), one gets:

Ω0ℎ
2
=

1

2
�2

8 (5.7 · 10−3�4+2)2 6∗B()0)
6∗B()>B2)

)3

0

�2/ℎ2

(
"%

�

√
10

6∗()>B2)
<0

)− 6+=
4+=
)
− =
=+4

&��
.

(3.30)
As we will see in chapter 5, the fact that the relic abundance has an exper-

imental upper bound of Ω�"ℎ
2 < 0.12 allows us to constrain the parameter

space of the DM candidate we are considering. In this case Ω0ℎ
2 ∝ �2

8
<

− 6+=
4+=

0 ,
which relates the two axionic parameters, the initial misalignment angle and
the mass of the axion.

However, there is an epoch in cosmology that may change the analysis until
now performed: inflation. Chapter 4 describes the reasons why an inflation-
ary era is needed in cosmology and concludes, in Section 4.4, by looking at the
possible scenarios of axions being born before or after inflation takes place.
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3.2.2 OTHER PRODUCTION MECHANISMS

Apart from themisalignmentmechanism, whichwill be one of themain pro-
cesses studied in this thesis to explain the production of axions as DM, some
other mechanisms were mentioned above.

A population of axions can be produced from the decay of a parent particle
- coupled to the axion field, provided that the kinematic condition <- > <0 is
satisfied. These axions are relativistic if the decay happens after they decoupled
from the SM. In this situation axions are classified as dark radiation, which can
affect the CMB in different ways. Of course, these relativistic axions cannot be a
candidate for cold DM.

Another mechanism is thermal production, meaning when axions are cre-
ated and annihilated during interactions happening among particles in the ther-
mal bath. During these processes the number density of axions, =Cℎ0 (C), will
evolve according to Boltzmann’s equations:

3=Cℎ0
3C

+ 3�=Cℎ0 = Γ(=4@0 − =Cℎ0 ), (3.31)

where the rate can be expressed as Γ =
∑
8 =8〈�8E〉 and the equilibrium num-

ber density is =4@0 =
�(3)
�2 )

3. The relative strength between � and Γ determines
the evolution of the process. Specifically, whenever Γ > �, axions reach a ther-
mal distribution and may constitute the population of thermal axions observed
today, provided that inflation did not dilute them.

Lastly, axions can be produced from the decay of a topological defect. The
breaking of the *(1)%& symmetry leads to topological defects, which in our
case are domain walls and axionic strings, that will later decay into cold axions.
Specifically, these are formed from the winding around the � angle that leads
to a string-like topological defect along the length of the region enclosed by the
winding. It is important to distinguish the pre-inflationary scenario �� < 50

when the PQ symmetry gets broken before inflation takes place, with the con-
sequence that all topological defects get washed away, and the post-inflationary
scenario �� > 50 , in which their decay produces axions. This distinction will be
further analyzed in chapter 4.
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Inflation

In Section 1.2.1 somedrawbacks regarding theΛCDMmodelwere presented.
Some of them, like the smoothness, flatness, horizon and entropy problems,
have already hinted at a possible explanation, which relies on the theory of in-
flation. A note to be made here [5] is that the flatness and horizon problems are
not strict inconsistencies of the Standard cosmological model, since we could
have a Universe evolving homogeneously, as observations suggest, if the initial
value of Ω was close to unity. The flatness of the Universe cannot, therefore, be
predicted by the model, but it must be assumed in the initial conditions.
Let us now study the characteristics that the inflationary theory needs to have
in order to solve the problems listed above.

4.1 INFLATION DYNAMICS

In order to solve these issues we need a field satisfying accelerated expansion
and negative pressure:

¥0 > 0 ↔ ? < −1

3
�. (4.1)

The best candidate for this is a simple scalar field. The reason for this choice
emerges from an analogy with the cosmological constant Λ. To Λ is, in fact,
associated a stress-energy tensor that can be written in the form of a perfect
fluid:

)Λ
�� = (?Λ + �Λ)D�D� + ?Λ6�� = ?Λ6�� , (4.2)

where the last equality comes from the equation of state of the cosmological
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4.1. INFLATION DYNAMICS

constant, $ = −1. As seen, Λ can be interpreted as the energy of the quantum
vacuum state of the system.

Taking the vacuum expectation value one gets:

〈0|)Λ
�� |0〉 = 〈)Λ

��〉 = −〈�〉6�� . (4.3)

If, on the other hand, we consider a scalar field ) with the Lagrangian

ℒ) = −1

2
6��%�)%�) −+()) (4.4)

and an associated stress-energy tensor

)
)
�� = %�)%�) + 6��ℒ , (4.5)

and we also assume that 〈)〉 = constant, we get

)
)
�� = −+(〈)〉)6�� , (4.6)

which mimics the expression seen for the cosmological constant. Since Λ ex-
hibits a negative pressure and driving an exponential expansion, it would be a
good candidate as it would satisfy the requests of Eq. (4.1); the only issue with
it is that inflation needs to end at some point, in order to allow scales to re-enter
the horizon. This is why we consider the scalar field ), imposing, however, that
its vacuum expectation value is not constant but depends on time

〈0|)|0〉 = 5 (C) ≠ constant, (4.7)

so thatwe canhave a dynamical evolutiondetermining the endof the accelerated
expansion that we call inflation. Of course, as we are interested in an isotropic
evolution, we don’t consider anything that has a preferred direction, as a vector
or spinor field, which would violate rotational invariance. Hence the field is
scalar.

To sum up, inflation is the theory describing the dynamical evolution of a
weakly coupled scalar field which was initially displaced from the minimum of
its potential.

For the sake of completeness, we mention that the Lagrangian in Eq. (4.4)
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could contain an additional term related to the coupling of the inflaton field to
gravity, +�)2', but we will here consider a minimally coupled model, meaning
� = 0.

4.1.1 EQUATION OF MOTION OF THE SCALAR FIELD

We now want to analyze the dynamics of the evolution of the scalar field,
rolling on a potential +()), from whose minimum ) = � it was initially dis-
placed, moving in a background RW space-timewith expansion rate� and hav-
ing a certain energy density �).

Looking at the calculations performed in Appendix B, we can start analyzing
this dynamics from the equations of motion:

¥) + 3� ¤) − ∇2)

02
= −%+

%)
. (4.8)

This equation of motion represents the inflaton field rolling down the scalar
potential +()) with a friction given by � and it has two different regimes: the
first one, in which the friction dominates and ) rolls at an asymptotic velocity,
and a second one, when the friction becomes negligible and the field ends up in
the rapid oscillation regime.

Expressing the scalar field as a sum of a classical background and field fluc-
tuations:

)(®G, C) = )0(C) + �)(®G, C), (4.9)

wherewe assume a homogeneous scalar fieldwith quantumfluctuations treated
as small corrections (�)(®G, C) � )0(C)), we get that our system is well defined by
these two equations for the background field:





¥) + 3� ¤) = −%+
%)

�2 =
8��

3

(
1

2
¤)2 ++())

)
=

8��
3

�)

. (4.10)

Moreover, it is useful to write the following relations, that emerge from the com-
ponents of the stress-energy tensor [52]

)00 =

¤)2

2
++()) = �) , (4.11)
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ters, & and �, as:

& ≡
"2

%

2+2

(
%+

%)

)2

, (4.14)

� ≡
"2

%

+

%2+

%)2
. (4.15)

From the slow-roll conditions, and consequent approximation to the equa-
tions of motion seen in Eq. (4.13), one can show that

¤)2/2

+
' 1

2+

1

9�2

(
%+

%)

)2

'
"2

%

6+2

(
%+

%)

)2

=
&

3
. (4.16)

From this expression, one can see that the first slow-roll condition becomes:

& � 1. (4.17)

We can also see this when computing the second derivative of the scale factor
and requiring it to be positive during inflation (acceleration expansion):

¥0 = ¤¤0 = ¤0� + 0 ¤� = 0�2 + 0 ¤� = 0�2
(
1 +

¤�
�2

)
= 0�2(1 − &) > 0. (4.18)

As we need not only to impose a positive acceleration, but also that infla-
tion lasts long enough to solve the horizon and the flatness problem, we need a
second condition, which from the definition in Eq. (4.15) is simply

� � 1. (4.19)

During inflation, the slow roll parameters & and � can be considered approx-
imately constant, considering that the potential +()) is flat. Indeed, as we are
working at first order, it can be checked that ¤&, ¤� = O(&2, �2).

4.1.3 COHERENT OSCILLATIONS: REHEATING

The reheating phase is a post-inflationary period, coming before the radia-
tion era, in which the Universe is reheated. This happens after the accelerated
expansion, when the temperature goes as ) ∝ 0−1 ∝ 4−�C . Inflation ends when
the curvature of the potential is not negligible anymore, in other words, in the
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regime in which + ′′ � �2. The flat region is already passed, slow roll cannot
happen anymore and the scalar field rolls down towards the minimum of the
potential ) = �, where it starts oscillating with a high frequency $2 = + ′′(�).
This oscillation results in an unstability of the inflaton field, which starts decay-
ing into other forms of matter and radiation with rate Γ), generating the particle
content of the Standard Model and maybe Dark Matter. The equation of motion
in this period of time needs to account for the decay rate and therefore gets then
modified into:

¥) + (3� + Γ)) ¤) ++ ′()) = 0. (4.20)

Remembering that the energy density of the inflaton field could be written as

�) =
1

2
¤)2 ++()), (4.21)

one can derive it with respect to time, and substitute the result in Eq. (4.20) after
this got multiplied by ¤):

¥) ¤) + 3� ¤)2 + Γ)
¤)2 ++ ′()) ¤) = 0, (4.22)

which in terms of �) becomes

¤�) + ¤)2(3�2 + Γ)) = 0. (4.23)

Assuming rapid oscillations of the field once it reaches the minimum of the
potential, ) oscillates sinusoidally () = )0 sin($C)), hence +()) =

1

2
$2)2 =

1

2
$2)0 sin2($C) and 1

2
¤)2 =

1

2
$2)0 cos2($C). Since 〈sin2(G)〉 = 〈cos2(G)〉 =

1

2
, we

can take the average over a period of oscillation:

1

2
〈 ¤)2〉2H2;4 = 〈+())〉2H2;4 ⇒ �) = 〈 ¤)2〉2H2;4 , (4.24)

which allows us to modify Eq. (4.23) in terms of the energy density:

¤�) + (3� + Γ))�) = 0. (4.25)
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In this case, the equation of state looks like

$ =
?

�
=

〈1

2
¤)2 −+())〉

〈1

2
¤)2 ++())〉

= 0, (4.26)

suggesting that ) behaves as pressurelessmatter in this oscillating phase. More-
over, equation (4.25) represents the decay of this massive particle species, with
solution given by:

�) = "4

(
0

0>B2

)−3

4−Γ)(C−C>B2), (4.27)

where "4 is the vacuum energy of the inflaton field at that time and C>B2 is the
time at which oscillations start. To the equation involving �) we can add the
equation regarding the energy density in the relativistic decay products; the
equation related to the energy density of radiation and the Friedman equation
now becomes:

¤�' + 4��' = Γ)�); (4.28)

�2
=

8

3
��(�) + �'). (4.29)

These two equations, together with Eq. (4.27), describe the reheating process,
in which the inflaton field ) oscillating decays into massive light particles. )

particles oscillate starting from the time C>B2 ' �−1 ' "%

"2 until C ' Γ−1

) . The way
they are written makes it easy to compare the rate at which the decay happens
with respect to the expansion rate, allowing to identify when these processes are
happening. Between these two times the field is decaying, but not in an effective
way yet, and light particles begin being produced. The non-relativistic ) parti-
cles dominate the energy density of the Universe, which is hence behaving as in
a matter-like epoch, where 0(C) ∝ C

2

3 (and consequently � =
2

3C ) and �' doesn’t
go as the usual 0−4 behaviour. Substituting these values in Eq. (4.28) we obtain:

¤�' + 4
2

3C
�' = Γ)�) = Γ)�>B2

(
0

0>B2

)−3

' Γ)"
4

(
C

C>B2

)−2

'
Γ)"

2

%

C2
. (4.30)

The approximate solution to this is given by:

�' '
"2

%
Γ)

10�C

[
1 −

(
C

C>B2

)− 5

3
]
' (6/�) 1

2

10
"%Γ)"

2

(
0

0>B2

)− 3

2
[
1 −

(
0

0>B2

)− 5

2
]
. (4.31)
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which gives the following result for the reheating temperature:

)Aℎ ≡ )(C = Γ
−1

) ) =
(

2

�

√
10

6∗
Γ)"%

) 1

2

. (4.35)

We will see in Sec. 5 how this expression gets modified if one assumes that
the potential is not quadratic.

4.2 QUANTUM FLUCTUATIONS OF THE INFLATON FIELD

Up until now the background evolution of the inflaton field was studied.
If we introduce the quantum fluctuations around the classical background, as
seen in Eq. (4.9), the general equations of motion (4.8) can be applied to both
contributions and one gets:





� ¥) + 3�� ¤) − ∇2�)

02 = −+ ′′�)

¥)0 + 3� ¤)0 − ∇2)0

02 = −+ ′
. (4.36)

The second equation of this system can be derived so that we can compare ¤)0

and �):
¥¤)0 + 3� ¤¤)0 = −+ ′′ ¤)0, (4.37)

where we also neglected the laplacian due to the fact that )0 only depends on
time coordinates; considering the large scale regime in which : � 0�, we can
neglect also ∇2�)

02 . Comparing (4.36) and (4.37), one can see that �) and ¤)0 have
the same equation of motion in the large scale approximation, meaning that the
two solutions may not be independent. Checking the Wronskian, one is able to
infer a dependence between the two quantities �) ∝ ¤)0, which we can express
as

�)(®G, C) = −�C(®G) ¤)0(C), (4.38)

where �C(®G) represents the local time shift of the inflaton that, due to quantum
fluctuations, slow rolls down the potential at slightly different rates. Thiswaywe
can write the inflaton field, considering both the background and the quantum
fluctuations, as

)(®G, C) = )0(C − �C(®G)), (4.39)
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which tells us that the effect of these fluctuations is making all of the Universe
experience the same values of ) but at slightly different times; for instance dif-
ferent patches of the Universe will end inflation at different times.

4.2.1 QUANTUM FLUCTUATIONS SOLUTIONS

Let us now solve the equation

� ¥) + 3�� ¤) − ∇2�)

02
= −+ ′′�). (4.40)

Going into Fourier space:

�)(®G, C) = 1

(2�)3
∫

33:4 8
®:· ®G�)(:, C), (4.41)

and quantizing the field, rescaling it as �) =
�)̂
0(C) , one gets:

�)̂(®G, �) = 1

(2�)3
∫

33:[D:(�)0̂:4−8 ®:· ®G + D∗:(�)0̂†:4 8
®:· ®G], (4.42)

where we can assume the so-called Bunch-Davies vacuum choice:

D:(�) ≈
4−8:�√

2:
. (4.43)

In Fourier space, using |�)̂: | = |D: |, the KG equations become:

D′′: (�) +
[
:2 − 0′′

0
+ %2+

%)2
02

]
D:(�) = 0. (4.44)

For the massless case, the second derivative term vanishes and one can identify
two regimes.

• Sub-Horizon regime : � 0�. The EOM reduces to

D′′: + :2D: = 0 ⇒ D:(�) =
1√
2:
4−8:� , (4.45)

which identifies an oscillating solution, specifically:

�): =
1

0

1√
2:
4−8:�. (4.46)
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• Super-Horizon regime : � 0�. The EOM reduces to

D′′: − 0′′

0
D: = 0 ⇒ D:(�) = �(:)0(�) + �(:)0−2(�). (4.47)

Neglecting the decaying term that gets washed away by inflation, this im-
plies:

�): = �(:) = constant. (4.48)
Fluctuations get then frozen on super-horizon scales. After the expan-
sion, couples of particle-antiparticle cannot annihilate anymore, hence a
net amount of particles is generated.

4.3 COSMIC NO-HAIR THEOREM

We conclude this chapter by mentioning something that confirms the the-
ory of inflation as an attractor solution towards a homogeneous and isotropic
Universe.

Up until now, inflation has been analyzed in the context of a flat FRW cos-
mological model. If we start from different initial conditions, though, like an
anisotropic or non-homogeneous Universe, is inflation still a valid theory? The
answer should be yes if wewant to have validity for themost general conditions,
solving the problem of initial data. This explanation takes the name of Cosmic
no-Hair Theorem.

Consider for example a Bianchi model with

�2
=

8���)$)
3

+ �(0G , 0H , 0I), (4.49)

which represents an anisotropic Universewhere the anisotropies get collected in
the � function, which depends on the three different scale factors of the three di-
rections of the 3-dimensional space. Defining a mean scale factor, that accounts
for the different evolutions along the G, H and I axes of the Universe, we can
write

+ = 0G · 0H · 0I → 0 ∝ + 1

3 . (4.50)

The key concept here is that � goes at least like 0−2, whereas in �)$) there are
�<0CC4A ∝ 0−3, �A0380C8>= ∝ 0−4 and �Λ which is constant. Wald’s theorem uses
this to show that a cosmological model with non-zero vacuum energy asymptot-
ically evolves to a de Sitter state. As the Universe expands, the � term becomes
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more and more negligible and the cosmological constant energy density term
starts to dominate; this way all anisotropies will disappear, demonstrating how
the expanding Universe predicted by inflation constitutes an attractor solution
towards a homogeneous and isotropic state, solving in a sense the problem of
initial conditions.

4.4 AXION INTERPLAY WITH INFLATION

There are twopossible scenarios involving axionfields during inflation: axion-
driven inflation and axions DM fields as spectators during inflation [38].

Regarding the first case, we have already seen in this chapter how inflation is
an expansion theory driven by a scalar field ) slow-rolling on a potential +()).
Axions are good inflaton candidates, considering that the shift symmetry pro-
tects the flatness of the potential from quantum corrections. Inflation is followed
by a period of reheating, in which the inflaton field decays; because of this, if in-
flation is axion-driven, that axion is not DM, therefore it is not the QCD axion.
As this thesis focuses on the axion as a DM candidate, this scenario will not be
analysed further.

Let us then focus on the case of axions as spectator fields during inflation. To
understand this we consider that the temperature of the Universe during infla-
tion, obtained from the Hawking radiation emitted from the de-Sitter horizon,
is

)� =
��

2�
= "?

√
�B
A)
8
, (4.51)

where �� is the inflationary Hubble scale, �B the scalar amplitude and A) is the
tensor-to-scalar ratio. Experimental constraints on these values imply an upper
bound on �� , which translates into ��

2� < 1.4 · 1013�4+ . The two conditions of
unbroken or broken symmetry during inflation can be equivalently expressed
as either 50 < ��

2� or 50 > ��

2� .

4.4.1 PQ SYMMETRY UNBROKEN DURING INFLATION: 50 < ��
2�

In this first case, during inflation the *(1) symmetry is unbroken and the
field has zero vev. The symmetry then breaks after inflation, when the temper-
ature drops below 50 . Since the decay constant is larger than the scale of non-
perturbative physics, the axion has no potential at this time, and thus �8 has no
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preferred value, meaning that it follows a uniform distribution on [−�;�]. This
initial value, as we will see, fixes the axion relic abundance. On average, this
initial angle will have a value of:

〈�2

8 〉 =
1

2�

∫ +�

−�
�23� =

�2

3
. (4.52)

There is a consequence to the symmetry being broken after inflation, which is
the rise of topological defects, such as axion strings and domain walls. When
the PQ symmetry breaks after inflation, some of those defects will remain in the
present Universe andmay create problems, whichwill however not be discussed
here.

4.4.2 PQ SYMMETRY BROKEN DURING INFLATION: 50 > ��
2�

In this scenario, the rapid expansion of inflation washes all the phase transi-
tion relics away. If in the previous case the PQ symmetry breaking established
causally disconnected patches, each with a different value of the initial �8 and
produced topological defects, here each patch of �8 is stretched out, meaning
that a single uniform value of the initial �8 , which is completely random, is ev-
erywhere. Therefore:

〈�2

8 〉 = constant. (4.53)
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5
Axionic Dark Matter during

Reheating

5.1 POST-INFLATIONARY INFLATON OSCILLATIONS

As seen in Section 4, inflation is a period of exponential expansion in which
the inflaton field ) slow-rolls along a potential +()), followed by a period of
oscillation of the field along the minimum of the potential, that takes the name
of reheating. Up until now we have considered a quadratic potential +()) =

1

2
<2

))
2, that allowed harmonic oscillations and ensured a constant mass + ′′ =

<) for the field [29]. We will now, however, consider an 
-attractor model that
goes as + ∼ ): , specifically the T-model, whose name derives from the fact that
it contains different powers of the tanh function [22]:

+()) = �"4

%

[√
6 tanh

(
)

√
6"%

)] :
' �"4

% ×




1 for ) � "%
(

)√
6"%

) :
for ) � "%

, (5.1)

where " = "% is the Planck mass, and � is a coupling whose values will be
presented later on. Depending on the value of : we have harmonic (: = 2) or
anharmonic (: > 2) oscillations during reheating.

This is a good potential, as it is sufÏciently flat for larger values of ), so that
the inflaton can have its slow-roll regime, and yet it allows oscillations around
the minimum at ) = 0.
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equation:
3

3C
() ¤)) − ¤)2 + (3� + Γ))) ¤) + )+ ′()) = 0. (5.6)

In this case, we can assume that the inflaton decays slowly so that Γ) and �

can be considered as constants over a cycle. Then averaging over one oscilla-
tion brings the first and the third term to zero, allowing us to get the following
relation:

〈 ¤)2〉 ' 〈)+ ′())〉 = :〈+())〉, (5.7)

which then leads to

�) ' 1

2
〈 ¤)2〉 + 〈+())〉 ' : + 2

2
〈+())〉 = +()0), (5.8)

%) ' 1

2
〈 ¤)2〉 − 〈+())〉 ' : − 2

2
〈+())〉 = : − 2

: + 2
+()0), (5.9)

where in the first equation, Eq. (5.8), the equality with +()0) comes from the
consideration that at the maximum oscillation amplitude, ) = )0, the inflaton
stops moving, meaning that its kinetic energy is zero and we can take �) =

+()0). These two together imply a modification of the equation of state that will
now be

$) =
: − 2

: + 2
. (5.10)

As anticipated, for : = 2 we get $) = 0 meaning matter, whereas for : = 4 we
obtain a correspondencewith radiation. This :-dependent $) will appear in the
Boltzmann equations describing the evolution of the energy density respectively
of the inflaton and of radiation during reheating:

3�)

3C
+ 3�(1 + $))�) = −(1 + $))Γ)�) , (5.11)

3�'
3C

+ 4��' = +(1 + $))Γ)�) , (5.12)

where the difference in signs on the RHS is due to the fact that ) is decaying,
hence diminishing its energy density, whereas the product of the decay injects
energy density into the thermal bath, hence the positive sign in equation (5.12).
These two, together with the Friedmann equation

� =

√
�) + �'

3"2

%

, (5.13)
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tell us that the oscillations of the inflaton around the minimum of the potential
allow an energy transfer from the inflaton to the particles emerging from the
decays, which will thermalize and form the thermal bath.

The reheating process depends not only on the form of the potential chosen,
but also on the couplings of the inflaton to other fields [30]. The decay rate Γ)

appearing in Eqs. (5.11) and (5.12) gets contributions that we can summarize in
the following three different processes:

• The ) → 5̄ 5 fermionic decay, which appears in the Lagrangian as ℒ ⊃
H) 5̄ 5 ;

• The ) → 11 bosonic decay, which appears in the Lagrangian asℒ ⊃ �)11;

• The )) → 11 bosonic annihilation, which appears in the Lagrangian as
ℒ ⊃ �)212.

As it will now be shown, the effective inflaton mass is field dependent, the
decay ratewill therefore bemodified and consequently the temperaturewill too,
no longer scaling as ) ∝ 0−1. Similarly the maximum and reheat temperaure
evaluated in Section 4.1.3 will now change as well.

Let us first analyze the inflaton decay into two fermions. In our model, since
the potential is no longer quadratic, the inflaton mass, which is defined through
the second derivative of the potential itself, gets modified as

<2

)(C) = + ′′()0(C)) = :(: − 1)�"2

%

(
)0(C)
"%

) :−2

. (5.14)

It is now evident that themass is no longer constant but it has a time dependence
due to )0(C). This modifies the decay rate, making it time-dependent too:

Γ)→ 5̄ 5 (C) ≡
H2

eff(:)
8�

<)(C). (5.15)

The details of this calculation can be found in appendix C.
Similarly, the other two processes will now have decay rates that look like:

Γ)→11(C) ≡
�2

eff(:)
8�<)(C)

; (5.16)
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Γ))→11(C) ≡
�2

eff(:)
8�

�)

<3

)(C)
. (5.17)

The rates computed assumed that the decay products, fermionic or bosonic,
had no mass. In reality, they do get a mass, just like the inflaton does during
the oscillations. Since they emerge from the interaction with ) their masses are
effective masses:

<2

eff ≡





H2)2 for ) → 5̄ 5

2�) for ) → 11

2�)2 for )) → 11

, (5.18)

that come from comparing the interaction Lagrangian terms for the three pro-
cesses with the mass terms: <#̄# for fermions and 1

2
<212 for bosons. These ef-

fective masses get kinematic constraints due to the fact that the inflaton needs to
be heavier than the two particles produced, resulting in the condition<2

4 5 5
(C) �

<2

).
Inverting the relations (5.8), (5.14) we can express the envelope )0 and the

inflaton mass in terms of the energy density �); specifically:

)0 =

(
�)

�
":−4

%

) 1

:

, (5.19)

<) =

√
:(: − 1)

√
�"%

(
�)

�"4

%

) :−2

2:

. (5.20)

Substituting these two values in the results found for the decay rates (5.15),
(5.16), (5.17) we get :

Γ)→ 5̄ 5 =
H2

eff
8�

<) =
H2

eff
8�

√
:(: − 1)� 1

2"%

(
�)

�"4

%

) :−2

2:

=
H2

eff
8�

√
:(: − 1)� 1

:"%

(
�)

"4

%

) 1

2
− 1

:

.

(5.21)
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The same can be done for the bosonic decay:

Γ)→11 =
�2

eff
8�<)

=
�2

eff
8�

1
√
:(: − 1)

1

�
1

2

· 1

"%
�

:−2

2:

(
�)

"4

%

)− :−2

2:

=
�2

eff
8�

1
√
:(: − 1)

1

�
1

:

· 1

"%

(
�)

"4

%

) 1

:− 1

2

,

(5.22)

and the bosonic annihilation:

Γ))→11 =
�2

eff
8�

�)

<)
=

�2

eff
8�

1

[:(: − 1)] 3

2

1

�
3

2

· 1

"3

%

�)�
3
:−2

2:

(
�)

"4

%

)− 3(:−2)
2:

=
�2

eff
8�

1

[:(: − 1)] 3

2

1

�
3

:

·"%

(
�)

"4

%

) 3

:− 1

2

.

(5.23)

To simplify the notation we can group the three expressions into:

Γ)(C) = �)

(
�)

"4

%

) ;
, (5.24)

where

�) =





H2

eff
8�

√
:(: − 1)� 1

:"% for ) → 5̄ 5
�2

eff
8�

1√
:(:−1)

1

�
1

:
· 1

"%
for ) → 11

�2

eff
8�

1

[:(:−1)] 3
2

1

�
3

:
·"% for )) → 11

(5.25)

encodes the square of the coupling for each process and

; =





1

2
− 1

: for ) → 5̄ 5

1

: − 1

2
for ) → 11

3

: − 1

2
for )) → 11

(5.26)

is the parameter characterizing the specfic decay channel.
We now want to get an expression for the radiation energy density, so we

consider equation (5.11), we multiply by 0 6:
:+2 both sides, we replace $) with Eq.

(5.10), we use this last equation to substitute Γ) and we replace the temporal
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derivative with 3
3C = 0� 3

30 . Altogether this gives

0�
3

30
(�))0

6:
:+2 = −3�

(
1 + : − 2

: + 2

)
�)0

6:
:+2 − �)

�;)

"4;
%

(
1 + : − 2

: + 2

)
�)0

6:
:+2 . (5.27)

The left hand side can be rewritten using integration by parts:

3

30
(�))0

6:
:+2 =

3

30
(�)0

6:
:+2 ) − �)

6:

: + 2
0

6:
:+2

−1, (5.28)

where you can see that the second term on the RHS cancels with the first term
on the RHS of equation (5.27). The final equation then looks like

3

30
(�)0

6:
:+2 ) = −

�)

0�

2:

: + 2

�;+1

)

"4;
%

0
6:
:+2 . (5.29)

This expression gets simplified assuming that �) � � at early times, render-
ing the RHS negligible and ensuring that the quantity in the parenthesis remains
constant:

�)(0) = �4=3

(
0

04=3

)− 6:
:+2

. (5.30)

This is the expression of how the energy density for the inflaton field evolves
in time, or with the scale parameter, and it will be useful for some following
computations. Let us now derive the radiation energy density. First of all we
can see that

3

3C
(�'04) = ¤�'04 + 403 ¤0�' = 04( ¤�' + 4��'), (5.31)

which highlights a similarity with the LHS of (5.12). We can again get the rela-
tion

¤�' + 4��' =
1

04
0�

3

30
(�'04). (5.32)

Therefore
1

04

3

30
(�'04) = 2:

: + 2

�)

0�

�;+1

)

"4;
%

. (5.33)

The integration of this, considering �) as in Eq. (5.30) and �2 ∝ �), meaning

65



5.1. POST-INFLATIONARY INFLATON OSCILLATIONS

that � = �4=3

( 04=3
0

) 3:
:+2 , gives:

�' =
2:

: + 8 − 6:;

�)

�4=3

�;+1

4=3

"4;
%

(
04=3
0

)4 [(
0

04=3

) :+8−6:;
:+2

− 1

]
. (5.34)

Considering 0 � 04=3 at later times, for the case in which 8 + : − 6:; > 0, we
can get rid of the 1 factor into parenthesis and get an expression of the radiation
energy density depending on 0:

�0�04=3
'

=
2:

: + 8 − 6:;

�)

�4=3

�;+1

4=3

"4;
%

(
0

04=3

) :+8−6:;
:+2

−4

∝ 0
−3:−6:;
:+2 .

(5.35)

Then knowing the relation �' ∝ )4 it is easy to derive the relation between
the temperature and the scale factor, which in our + ∼ ): model becomes :-
dependent:

) ∝ 0−
3:+6:;
4:+8 . (5.36)

It needs to be noted how in the case in which : + 8 − 6:; < 0 and still in
the limit 0 � 04=3, only the −1 term survives inside the brackets and Eq. (5.34)
simply reduces to

�0�04=3
'

=
2:

6:; − : − 8

�)

�4=3

�;+1

4=3

"4;
%

(
04=3
0

)4

∝ 0−4,

(5.37)

meaning that the temperature would here scale as

) ∝ 0−1. (5.38)

decay channel dependence : = 2 : = 4 : = 6

) → 5̄ 5 ) ∝ 0−
3:−3

2:+4 ) ∝ 0−
3

8 ) ∝ 0−
3

4 ) ∝ 0−
15

16

) → 11 ) ∝ 0−
3

2:+4 ) ∝ 0−
3

8 ) ∝ 0−
1

4 ) ∝ 0−
3

16

)) → 11 ) ∝ 0−
9

2:+4 ) ∝ 0−1 ) ∝ 0−
3

4 ) ∝ 0−
9

16

Table 5.1: Sum up of the temperature behaviour for the three different decay
channels in the T-model.

We can now compute themaximum temperature by imposing themaximum
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condition on the �' curve, which is simply 3�'
30 = 0.

Not considering the constant factors in Eq. (5.34), as they will get cancelled,
we find

0 =
3

30

[(
0

04=3

) :+8−6:;
:+2

−4

−
(
0

04=3

)−4]

=

(
: + 8 − 6:;

: + 2
− 4

) (
0

04=3

) :+8−6:;
:+2

−5

· 1

04=3
+ 4

(
0

04=3

)−5

· 1

04=3
.

(5.39)

Being 0<0G the value that satisfies this relation, it is easy to see that

0<0G = 04=3

(
4: + 8

3: + 6:;

) :+2

:+8−6:;

. (5.40)

Plugging this value in Eq. (5.34) we can find the maximum of the curve:

�<0G' = �'(0<0G) =
2:

: + 8 − 6:;

�)

�4=3

�;+1

4=3

"4;
%

(
4: + 8

3: + 6:;

)− 4:+8

:+8−6:;
[(

4: + 8

3: + 6:;

) :+8−6:;
:+2

· :+2

:+8−6:;

− 1

]

=
2:

: + 8 − 6:;

�)

�4=3

�;+1

4=3

"4;
%

(
4: + 8

3: + 6:;

)− 4:+8

:+8−6:;
[
4: + 8 − 3: − 6:;

3: + 6:;

]

=
2

3 + 6;

�)

�4=3

�;+1

4=3

"4;
%

(
4: + 8

3: + 6:;

)− 4:+8

:+8−6:;

.

(5.41)
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Putting together equations (5.35) and (5.30), the condition simply becomes

2:

: + 8 − 6:;

�)

�4=3

�;+1

4=3

"4;
%

(
04=3
0Aℎ

) 3:+6:;
:+2

= �4=3

(
0Aℎ
04=3

)− 6:
:+2

, (5.44)

which allows us to figure out the redshift between the time of reheating and the
end of inflation

0Aℎ
04=3

=

[
: + 8 − 6:;

2:

�4=3

�)

"4;
%

�;
4=3

] :+2

3:−6:;

=

[
: + 8 − 6:;

2:

"4;−1

%
�

1

2
−;

4=3√
3�)

] :+2

3:−6:;

.

(5.45)

valid for 8+:−6:; > 0. Instead, in the case inwhich 8+:−6:; < 0, the condition
becomes

2:

6:; − : − 8

�)

�4=3

�;+1

4=3

"4;
%

(
04=3
0Aℎ

)4

= �4=3

(
0Aℎ
04=3

)− 6:
:+2

, (5.46)

and one finds
0Aℎ
04=3

=

[
6:; − : − 8

2:

"4;−1

%
�

1

2
−;

4=3√
3�)

] :+2

2:−8

. (5.47)

Now we simply plug this back in one of the two equations for �, as they
coincide at CAℎ , to get the value of the energy density at reheating. For 8+:−6:; >

0 we find:

�Aℎ = �4=3

(
0Aℎ
04=3

)− 6:
:+2

= �4=3

[
: + 8 − 6:;

2:

"4;−1

%
�

1

2
−1

4=3√
3�)

]− 6:
:+2

:+2

3:−6:;

= �4=3

[
: + 8 − 6:;

2:

"4;−1

%
�

1

2
−1

4=3√
3�)

]− 2

1−2;

.

(5.48)
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Lastly, we use this relation to get the value of )Aℎ which will look like:

)Aℎ =

(
30

6∗()Aℎ)�2

) 1

4

�
1

4

Aℎ
=

(
30

6∗()Aℎ)�2

) 1

4

�
1

4

4=3

[
: + 8 − 6:;

2:
·
"4;−1

%
�

1

2
−;

4=3√
3�)

]− 1

2−4;

=

(
30

6∗()Aℎ)�2

) 1

4
[
: + 8 − 6:;

2:
·
"4;−1

%√
3�)

]− 1

2−4;

�
1

4

4=3
�
−( 1

2
−;)( 1

2−4; )
4=3

=

(
30

6∗()Aℎ)�2

) 1

4
[
: + 8 − 6:;

2:
·
"4;−1

%√
3�)

]− 1

2−4;

.

(5.49)

The same procedure can be applied for the case inwhich 8+:−6:; < 0; using
Eq. (5.47) for the redshift we get the same structure for the energy density, but
with the opposit sign inside of the squared parenthesis and a different exponent,
specifically − 3:

:−4
. We then find the following reheating temperature:

)Aℎ =

(
30

6∗()Aℎ)�2

) 1

4
[
6:; − : − 8

2:
·
"4;−1

%√
3�)

· �
:−6:;+8

6:

4=3

]− 3:
4:−16

. (5.50)

5.2 AXIONS PRODUCED VIA MISALIGNMENT DURING RE-
HEATING

In this section we will analyze the production of QCD axions via the stan-
dard misalignment mechanism, already seen in chapter 3, during the epoch of
reheating. Specifically we will have a DM abundance which we will assume to
be produced by axions when the misalignment mechanism takes place after the
inflaton domination, where the temperature is no longer simply inversely de-
pendent on the scale factor. In chapter 3 we already presented the Lagrangian
term for the axion field and its consequent equations of motion:

¥� + 3� ¤� + <̃2

0(C) sin� = 0, (5.51)

where �(C) ≡ 0(C)
50

. We will now analyse different temperature regimes, namely
when the oscillations of the axion field takes place either before or after the re-
heating phase started.
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5.2.1 MISALIGNMENT AFTER REHEATING: )Aℎ ≥ )>B2
The dynamics of the axion field is encoded in the previous equation; for ex-

ample this tells us that the axionwill start to oscillate at a temperature)>B2 which
is reached at the condition 3�()>B2) ≡ <̃0()>B2). We will consider

�2()) = �())
3"2

%

(5.52)

and, as seen in Chapter 3, the mass gets a temperature dependence such as

<̃0()) = <0 ×




(
)&��
)

)4

for ) > )&��

1 for ) < )&��
, (5.53)

where <0 is the axion mass at zero temperature and can be expressed as

<0 ' 5.7 × 10−6

(
1012�4+

50

)
4+. (5.54)

Plugging these two expressions into the oscillation condition requiredwe get
the following oscillation temperature:

)>B2 '





(√
10

6∗()>B2)
"%

� <0

) 1

2

for )>B2 ≤ )&��
(√

10

6∗()>B2)
"%

� <0)
4

&��

) 1

6

for )>B2 ≥ )&��
, (5.55)

where, since misalignement and hence oscillations started after reheating
took place, radiation domination has been assumed, meaning � ∝ )2.

5.2.2 MISALIGNMENT DURING REHEATING: )Aℎ < )>B2
In this case, instead, we take into consideration oscillations of the axion that

start during the reheating period.
We can now discuss two additional scenarios.

)&�� < )>B2

We can check that from Eq. (5.53) the axion mass is temperature dependent.
In this regime one gets the expression for the oscillation temperature by impos-
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ing once again 3�()>B2) = <̃0()>B2). We can use the relation between the Hubble
rate and temperature

� ∼ �
1

2 ∼ 0−
3

2
(1+$)) = 0−

3:
:+2 , (5.56)

in ourmodel, where $) =
:−2

:+2
. This tells us that the relation between theHubble

rate and the scale factor is

�(0) = �(0Aℎ)
(
0Aℎ
0

) 3:
:+2

, (5.57)

which is in agreement with the result found in the previous section.
And using the temperature dependence on the scale factor written in Eq. (5.36),
due to the fact that the inflaton is decaying during reheating:

�()) = �()Aℎ)
(
)

)Aℎ

) 4

1+2;

. (5.58)

Matching this expression with (5.53) in the oscillation condition:

�

√
6∗()Aℎ)

10

)2

Aℎ

"%

(
)>B2
)Aℎ

) 4

1+2;

= <0

(
)>B2
)&��

)−4

. (5.59)

After a simple manipulation this yields

)>B2 = )Aℎ

(
1

�

√
10

6∗()Aℎ)
<0 · )4

&��
·"%

)6

Aℎ

) 1+2;
8+8;

. (5.60)

)&�� > )>B2

In this case (5.53) tells us that the axion mass is constant, so the matching
equation will just be

�

√
6∗()Aℎ)

10

)2

Aℎ

"%

(
)>B2
)Aℎ

) 4

1+2;

= <0 , (5.61)

which implies

)>B2 = )Aℎ

(
1

�

√
10

6∗()Aℎ)
<0 ·"%

)2

Aℎ

) 1+2;
4

. (5.62)

We will now use the two equations (5.60) or (5.62) and (5.49) or (5.50), that
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express respectively the oscillation and the reheating temperature, to impose
constraints related to the regime that we are interested in analyzing, specifically
when CAℎ > C>B2 , meaning when the axion field starts oscillating while the infla-
ton is decaying and injecting entropy in the thermal bath. We therefore look at
the inequality

)>B2 > )Aℎ , (5.63)

which gives us different constraints depending on the regimewe areworking on.
The goal is to find a constraint on the value of the couplings that will depend
on a function 5 (<0 , :, ;) of the continuous variable <0 and of the two discrete
variables : and ;, representing respectively the power of the model chosen and
the decay channel that we are probing.

Let us first analyze the possibility in which 8 + : − 6:; > 0, as surely the
fermionic and bosonic decays will always satisfy those conditions for the poten-
tials studied in this thesis (: = 2, 4, 6). The only situation in which this is not
satisfied is the bosonic annihilation for : = 2, which will then analyzed sepa-
rately.
Consider again the case in which )&�� < )>B2 ; in this case we use Eq. (5.60) to
get the wanted relation

(
30

6∗()Aℎ)�2

) 1

4
[
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√
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2−4;

<

(
1

�

√
10

6∗()Aℎ)
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&��

) 1

6

. (5.64)

Through algebraic manipulation, we can extract a constraint on �) that looks
like

�) <
: + 8 − 6:;
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·
"4;−1

%√
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6∗()Aℎ)�2
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) 1

4

·
(√
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&��

) 1

6
]2−4;

. (5.65)

This is the function 5 (<0 , :, ;) that was mentioned before. We know that �)

is related to the couplings of the three interactions discussed in the previous
section; this means that expliciting this dependence we can obtain constraints
on the three couplings H4 5 5 , �4 5 5 and �4 5 5 .
Expliciting �), the couplings will have constraints that look like:

H2

eff <
4�√

3

14 − 2:

:
3

2

√
: − 1

�− 1

:

(
�46∗()Aℎ)2

3 · 900

1
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)8

&��

) 1

3:

· <
2

3:
0 (5.66)
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for the fermionic decay;

�2
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4�√

3

√
: − 1

:
(4: + 2)"

4

:−2

%
�

1

:

(√
10 · 6∗()Aℎ)

30
3

2

· �2"%)
4

&��

) 2

3
(1− 1

: )
· <

2

3
(1− 1

: )
0

(5.67)
for the bosonic decay;
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· <

2

3
(1− 3

: )
0 (5.68)

for the bosonic annihilation. Again, it is to be noted that this last derivation is
only valid for the case in which : = 4, 6. For the bosonic annihilation in the case
: = 2 the term 8 + : − 6:; = −2 < 0, meaning that the reheating temperature
used has to be (5.50). Moreover in this regime the temperature scales as ) ∝ 0−1,
so the Hubble dependence on it changes too. We can obtain for )&�� < )>B2 and
: = 2 an oscillation temperature of

)>B2 =

[
"%

�

√
10

6∗()Aℎ)
<0)

4

&��

] 1

6

, (5.69)

which is consistently in agreement to eq. (5.55). The condition )>B2 > )Aℎ gives
then the constraint
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"3

%

�
1

6

4=3

]− 3

4

<

[
"%

�

√
10

6∗()Aℎ)
<0)

4

&��

] 1

6

, (5.70)

and hence

�2

eff <
4�√

3
2

3

2

�
3

2

�
1

6

4=3

"2

%

(
6∗()Aℎ)�2

30

)− 1

3
[
"%

�

√
10

6∗()Aℎ)
)4

&��<0

]− 2

9

. (5.71)

If, instead, we look at the )&�� > )>B2 regime, we can employ relation (5.62)
and get the following inequality

(
1

�

√
10

6∗()Aℎ)
<0"%

)2

Aℎ

) 1+2;
4

> 1, (5.72)
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which results in

)Aℎ <

(
1

�

√
10

6∗()Aℎ)
<0"%

) 1

2

. (5.73)

Now, substituting the expression for )'� found in (5.49), we get

(
30

6∗()Aℎ)�2

) 1

4
[

2:

: + 8 − 6:;

√
3�)

"4;−1

%

] 1

2−4;

<

(
1

�2

10

6∗()'�)

) 1

4√
<0"% , (5.74)

yielding the wanted inequality

�) <
: + 8 − 6:;

2:
·
"2;
%√
3

(
1

3

) 1

2
−;

· <1−2;
0 . (5.75)

The results for the couplings in this regime are:

H2

eff <
8�

√
:(: − 1)

7 − :
:

1√
3

(
1

3

<2
0

"2

%

1

�

) 1

:

(5.76)

for the fermionic decay;

�2

eff <
4�

3
√

3

√
: − 1

:
(4: + 2)(3�"2

%)
1

:<
2− 2

:
0 (5.77)

for the bosonic decay;

�2

eff <
4�√

3

√
:(: − 1) 3

2

(4: − 10)
3"2

%

(3�"2

%)
3

:<
2− 6

:
0 (5.78)

for the bosonic annihilation in the case : = 4, 6. Similarly, for : = 2 in the
)&�� > )>B2 regime, the oscillation temperature becomes

)>B2 =

[
"%

�

√
10

6∗()Aℎ)
<0

] 1

2

. (5.79)

The condition )>B2 > )'� gives then the constraint

(
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, (5.80)

75



5.2. AXIONS PRODUCED VIA MISALIGNMENT DURING REHEATING

and hence

�2

4 5 5 <
4�√

3
2

3

2

�
3

2

�
1

6

4=3

"2

%

(
6∗()'�)�2

30

)− 1

3
[
"%

�

√
10

6∗()'�)
<0

]− 2

3

. (5.81)

Taking the square rootwe can plot a curve corresponding to the upper bound
of each coupling. Moreover we canmake use of experimental constraints to find
a specific range on the G-axis. Specifically, wewill consider the following validity
range regarding <0 in the case of QCD axions:

10−6eV < <0 < 10−5eV. (5.82)

This choice is valid whenever the initial misalignment angle is considered to be
of order �8 ∼ O(1), as can be seen from [44]. We will therefore restrict to this
regime of validity, considering �8 ∈ [0.1; 1]. Moreover, we can use the following
expression for � (see App. D):

� ' 18�2�(∗

6
:
2#2∗

. (5.83)

From [31] we can see the values of � used depending on the different values of
:; for the case of : = 2 we can compute it from the formula, keeping inmind that
the values used are �(∗ = 2.1 · 10−9 [50] and #∗ = 55. A note has to be made for
the latter: the number of e-folds belongs to #∗ ∈ (50, 60); here, a fiducial value
of #∗ = 55 is adopted. Although a dependence on the specific channel probed
exists, this difference is sufÏciently small that the average value of 55 is consid-
ered to be a good approximation.

: �
2 2.06 · 10

−11

4 3.43 · 10
−12

6 25.71 · 10
−13

Table 5.2: Values of � used for each value of :.

Lastly, as far as the relativistic degrees of freedom are concerned, seing that
their value is temperature dependent, we refer to [19] in order to derive them in
the different regimes we are interested in.
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)&�� < )>B2 )&�� > )>B2)&�� < )'� < )>B2 )'� < )&�� < )>B2
6∗ ∈ [61.75; 106.75] 6∗ ∈ [10.75; 17.25]

Table 5.3: Summary of [19] results for 6∗()). As we can see, we can take an aver-
age value for each of the two regimes, respectively 84.25 and 14.01, considering
that the approximation will cause a variation of the order of at most 2, hence
negligible.

If we check the dimensionalities of the couplings, we will see that Heff and
�eff are both dimensionless, whereas �eff has the dimension of a mass. To ensure
consistent dimensionality in the plot, it has hence been divided by a quantity
with mass-dimension 1. What could be used is either "% or <)(04=3), which can
be evaluated from (5.14) inserting the condition that

)4=3 =

√
3

8
"% ln

[
1

2
+ :

3
(: +

√
:2 + 3)

]
, (5.84)

which comes from the approximated solution to ¤)2

4=3
= +()). In the end what

we divide by will become

<) = "%

[
:(: − 1)�

[√
3

8
ln

(
1

2
+ :

3
(: +

√
:2 + 3)

) :−2] ] 1

2

. (5.85)

We are finally able to plot the bounds found for the couplings, in the different
temperature regimes analysed.
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5.2.3 ALPS

In the case of axion-like particles themass<0 does not depend on time, there-
fore the oscillation temperature can be obtained in the same way as (5.62):

)>B2 = )Aℎ

(
1

�

√
10

6∗()Aℎ)
<0 ·"%

)2

Aℎ

) 1+2;
4

(5.87)

The calculations that follow and the bounds found will then coincide with the
scenario in which )&�� > )>B2 .

5.3 GRAVITATIONAL AXIONS

In Section 5.2 we talked about axion production via the standard misalign-
ment mechanism, where the axion behaved as a scalar field and its initial posi-
tion led it to oscillate along the potential, leading to the observed DM produc-
tion.

We now look at another production mechanism, specifically 2-to-2 processes
mediated by a graviton, that can emerge from the thermal bath and from the
scattering of the inflaton condensate.

)/SM

)/SM

)
��

)/("
"%

)
��
0

"%

0

0

ℎ��

Figure 5.8: s-channel gravitational production of axions.

We want to understand how non-minimal couplings [55]

�((
2', (5.88)

affect the production of gravitational dark matter during reheating. We can
assume the scalar in the final state to be the DM particle produced from the
graviton-mediated process [3]. We therefore consider couplings between mat-
ter particles, that are mediated by massless gravitons. Firstly, expanding the
metric around the flat spacetime, 6�� ' ��� + 2ℎ��

"%
, we can see the interaction
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term emerging from the action as

√−6ℒ 8=C = − 1

"%
ℎ��()��

("
+ )��

) + )��
0 ), (5.89)

where the stress-energy tensors have indices representing SM fields, the infla-
ton and BSM fields (in our case, the axion), respectively. The form of the stress
energy tensor )��

8
depends on the spin of the field [56]. In the case of scalar DM

or the inflaton it looks like

)
��

(
= %�(%�( − 6��

[
1

2
%
(%
( −+(()

]
, (5.90)

where ( = 0, ) is the scalar.
The objective is the analysis of these interactions, to determine if they can

account for the correct amount of dark matter observed today.
The interaction considered will then be [60] [42]

)/("0(?1) + )/("0(?2) → -1(?3) + -1(?4), (5.91)

and it will be mediated by the graviton, which has momentum : = ?1 + ?2. We
evaluate the tree level amplitude by contractingwith the indices of the graviton’s
propagator:

ℳ01
= "0

��Π
����"1

�� , (5.92)

where the propagator for a massless graviton of momentum : has, in the De
Donder gauge, the form

Π
����(:) = ������ + ������ − ������

2:2
, (5.93)

and the indices 0, 1 denote respectively the spins of the SM and DM particles,
the initial and final states of the process.

Considering that we are looking for axionic DM, we will restrict ourselves
to the case of scalar dark matter. In this case, the partial amplitude for the final
state can be expressed as

"0

�� =
1

2
[?1�?2� + ?1�?2� − ���(?1 · ?2 + <2)]. (5.94)

The rate will be evaluated assuming massless initial states, which is justified
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by the large energy associated to their momenta ?1 and ?2 at the end of inflation,
so large that it dominates over electroweak scale massess.

There are two gravitational productionmechanisms, both represented in Fig.
5.8:

• Production from the thermal plasma. The interactions considered will be
(" + (" → 0 + 0 and the SM particles in the initial states will either be
scalars, fermions or bosons.

• Production from the inflaton condensate. The interaction will be ) + ) →
0+ 0 and the evaluation of thematrix element will be done considering the
inflaton not as made of particles with different energies, but as a coherent
collection of non-relativistic quanta at rest, hence as an oscillating classical
field.

In the following subsections the derivation of the matrix elements necessary
to evaluate the rate of the two processes will be presented.

5.3.1 THERMAL SCATTERING

We first calculate the rate of production in the case of scattering of SM parti-
cles mediated by a graviton.

SCALAR INITIAL STATE

Let us start with the case in which the SM particles in the initial state are
scalars. Assuming that we are in the high energy limit, neglecting then the mass
term in (5.94), the evaluation required becomes

ℳ00
=

1

8:2
[?1�?2� + ?1�?2� − ���?1 · ?2][������ + ������ − ������]×

× [?3�?4� + ?3�?4� − ���?3 · ?4]

=
1

8:2
[?1�?2� + ?1�?2� − ���?1 · ?2][2?�3 ?�4 + 2?�

3
?
�
4
]

=
1

8:2
[4(?1 · ?3)(?2 · ?4) + 4(?1 · ?4)(?2 · ?3) − 4(?1 · ?2)(?3 · ?4)].

(5.95)

It is easier to now introduce the Mandelstam variables. Using the fact that B =

(?1 + ?2)2 ' 2(?1 · ?2), C = (?1 − ?3)2 ' −2(?1 · ?3), D = (?1 − ?4)2 ' −2(?1 · ?4),
moreover that by momentum conservation ?1 + ?2 = : = ?3 + ?4 and that in
the massless limit B + C + D ≈ 0, so that we can write D = −(B + C), this equation
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becomes

ℳ00
=

1

2B

[(
C

2

)2

+
(
D

2

)2

−
(
B

2

)2]

=
1

8B
[C2 + (B + C)2 − B2] = 1

4B
(C2 + BC).

(5.96)

Now, adding the coupling at the vertex and squaring, we get:

|ℳ00|2 =
1

16"4

%

C2(B + C)2
B2

. (5.97)

FERMIONIC INITIAL STATE

The second matrix element that needs to be evaluated is the one in which
the SM particles in the interaction are taken to be fermions; Eq. (5.92) gets then
modified and one needs to consider the matrix element of the initial particles as
the fermionic one, and the one of the final particles still as the scalar, being in
our assumption the product again made of axions:

ℳ 1

2
0
= "

1

2

��Π
����"0

�� . (5.98)

In this case the fermionic partial amplitude is

"
1

2

�� =
1

4
Ē(?2)[��(?1 − ?2)� + ��(?1 − ?2)�]D(?1). (5.99)

This leads to

ℳ 1

2
0
=

1

16:2
Ē(?2)[��(?1 − ?2)� + ��(?1 − ?2)�]D(?1)[������ + ������ − ������]×

× [?3�?4� + ?3�?4� − ���?3 · ?4]

=
1

16:2
Ē(?2)[��(?1 − ?2)� + ��(?1 − ?2)�]D(?1)×

× (2?�
3
?�

4
+ 2?�

3
?
�
4
− 4���?3 · ?4 + 4���?3 · ?4)

=
1

16:2
Ē(?2)[4 /?3(?1 − ?2) · ?4 + 4 /?4(?1 − ?2) · ?3]D(?1)

=
1

4:2
Ē(?2)[ /?3(@ · ?4) + /?4(@ · ?3)]D(?1),

(5.100)
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where, to make things easier, we defined @ = ?1 − ?2. Moreover we have the
momentum conservation relations ?1 + ?2 = ?3 + ?4 = :. We will use the Man-
delstam variables that we had introduced for the scalar case, which allow us the
rewriting of the amplitude in the form

ℳ 1

2
0
=

1

4:2
Ē(?2)[

B + 2C

2
/?3 −

B + 2C

2
/?4]D(?1) =

B + 2C

4B
Ē(?2)[ /?3]D(?1), (5.101)

where we used the Dirac equations /?1D(?1) = 0 and Ē(?2) /?2 = 0, together with
the fact that from momentum conservation ?3 − ?4 = 2?3 − (?1 + ?2). Squaring
this we get

|ℳ 1

2
0|2 =

(B + 2C)2
16B2

CA[ /?2 /?3 /?1 /?3]. (5.102)

We now use the properties of the trace, specifically the ones concerning the trace
over 4 �-matrices:

CA[/0/1/2/3] = 4[(0 · 1)(2 · 3) − (0 · 2)(1 · 3) + (0 · 3)(1 · 2)]. (5.103)

In our case this gives us

|ℳ 1

2
0|2 =

(B + 2C)2
16B2

4[(?2 · ?3)(?1 · ?3) + (?2 · ?3)(?3 · ?1)]

=
(B + 2C)2

16B2
[2DC]

=
(−C(B + C))(B + 2C)2

8B2
.

(5.104)

Adding the coupling at the vertex, and averaging over all possible initial spin
states ( ¯|ℳ|2 =

1

1+2B1
1

1+2B2

∑
0;;B?8=B |ℳ|2, where in our fermionic case B1 = B2 =

1/2) this is finally:

|ℳ 1

2
0|2 =

(−C(B + C))(B + 2C)2
32"4

%
B2

. (5.105)

BOSONIC INITIAL STATE

Lastly, we consider a bosonic initial state, whose partial amplitude is

"1

�� =
1

2
[&∗

2
&1(?1�?2� + ?1�?2�) − &∗

2
?1(?2�&1� + &1�?2�) − &1?2(?1�&

∗
2�

+ &∗
2�?1�) + ?1?2(&1�&

∗
2� + &1�&

∗
2�) + ���(&∗2 · ?1&1 · ?2 − ?1·2 &∗2&1)].

(5.106)
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The contraction between the propagator and the scalar final state gives

Π
����ℳ0

�� =
1

B
(?3�?4� + ?3�?4�), (5.107)

which in the contraction with eq. (5.106) is symmetric in the � and � indices and
therefore gives

ℳ10
=

1

B
{(&∗

2
· &1)[(?1 · ?3)(?2 · ?4) + (?1 · ?4)(?2 · ?3)] − (&∗

2
· ?1)[(?2 · ?3)(&1 · ?4)

+ (?3 · &1)(?2 · ?4)] − (&1 · ?2)[(?1 · ?4)(?3 · &∗2) + (?1 · ?3)(&∗2 · ?4)] + (?1 · ?2)
[(&1 · ?3)(&∗2 · ?4) + (&1 · ?4)(&∗2 · ?3)] + (?3 · ?4)[(&∗2 · ?1)(&1 · ?2) − (?1 · ?2)(&∗2 · &1)]}.

(5.108)

Due to the length of this derivation, the intermediate steps are omitted. Sub-
stituting the Mandelstam variables and squaring the matrix element, together
with the fact that ∑

�

&�(?,�)&∗�(?,�) ' −��� , (5.109)

we get the final result of

|ℳ10|2 =
1

8"4

%

C2(B + C)2
B2

. (5.110)

We evaluate the total matrix element factoring in the number of degrees of
freedom of each kind of particle in the SM. The scalar sector has 4 dof coming
from the fact that the Higgs is a complex doublet. The fermionic sector includes
quarks, 2 flavours (up and down) x 3 colours x 2 chiralities (left and right), and
leptons, 2 chiralities for the charged one and 1 for the neutrino; the total is 15 dof
that need to be multiplied by 3 generations, for a total of 45. Lastly, the bosonic
sector contains the mediators, 8 gluons for (*(3), 3 weak bosons for (*(2) and
1 *(1) boson for the hypercharge, for a total of 12. The final matrix element
squared is

|ℳ|2 = 4|ℳ00|2 + 45|ℳ 1

2
0|2 + 12|ℳ10|2

=
1

4"4

%

C2(B + C)2
B2

+ 45

32"4

%

[−C(B + C)(B + 2C)2]
B2

+ 3

2"4

%

C2(B + C)2
B2

,
(5.111)
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which we will use in the evaluation of the rate

'()) = 1

1024�6

∫
51 52�1�23�13�23 cos�12

∫
|ℳ|23Ω13, (5.112)

where �8 are the energies of the particles 8 = 1, 2, �12 is the angle formed between
their momenta and the thermal distribution functions are

58 =
1

4
�8
) ± 1

, (5.113)

depending on the bosonic or fermionic nature of the particles. For the evaluation
of the rate we can therefore follow the computations performed in App. A and
consider the thermal scattering rate as the following:

')0 = �0

)8

"4

%

, (5.114)

where �0 =
3997

41472000
�3 [3]. To evaluate the axionic number density through this

channel, the equation to be solved is

3#)
0

30
=
02

�
')0 , (5.115)

where #0 = 03=0 and in which we can insert the following expressions:

)4
=

(
30

6∗�2

)
�' , (5.116)

that sees [2]

�' = �'�

(
0'�
0

)4 [1 − ( 0
04=3

) :+8−6:;
:+2

1 − ( 0'�04=3
) :+8−6:;

:+2

]
. (5.117)

Moreover we will use
� '

√
�)√

3"%

, (5.118)

where

�) = �'�

(
0'�
0

) 6:
:+2

. (5.119)
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Our equation becomes

3#)
0

30
=
02

�
')0 = 02

√
3"%√
�'�

(
0

0'�

) 3:
:+2 �0

"4

%

(
30

6∗�2

)2

�2

'�

(
0'�
0

)8 [1 − ( 0
04=3

) :+8−6:;
:+2

1 − ( 0'�04=3
) :+8−6:;

:+2

]2

.

(5.120)
To make it easier we define the constant factor

� =
�0

√
3

"3

%

(
30

6∗�2

)2

�
3

2

'�
· 08

'�0
− 3:
:+2

'�
·
[

1

1 − ( 0'�04=3
) :+8−6:;

:+2

]2

. (5.121)

Then we can integrate it in the range 04=3 < 0 < 0'� , so:

#)
0 (0'�) − #)

0 (04=3) = �

∫ 0'�

04=3

[
0

3:
:+2

−6

(
1 − 2

(
0

04=3

) :+8−6:;
:+2

+
(
0

04=3

) 2(:+8−6:;)
:+2

)]
30.

(5.122)
The second term in the difference can be neglected, as axions have not yet

been produced at the end of inflation, when the interactions have yet to take
place.
In the end, considering that

#)
0 (0'�) = =)0 (0'�) · 03

'� , (5.123)

we can simplify and get the final expression for the axion number density

=)0 (0'�) =
√

3

"3

%

�0(: + 2)�
3

2

'�

(
30

6∗�2

)2 [
1

1 − A :+8−6:;
:+2

]2 [
− (: + 8 − 6:;)2

6(: + 5)(: + 2 + 6:;)(1 − 2:;) A
2:+10

:+2

− 1

2: + 10
+ 2

: + 2 + 6:;
A
:+8−6:;
:+2 + 1

6 − 12:;
A

2:+16−12:;
:+2

]
.

(5.124)

The full result, substituting the expression for A is:

=)0 (0'�) =
√

3�0

"3

%

(
30

6∗()Aℎ)�2

)2 �
3

2

'�

[1 − ( 04=30Aℎ
) :+8−6:;

:+2 ]2
(: + 2)

[
1

6 − 12:;
+ 2

6:; + : + 2

(
0Aℎ
04=3

) 6:;−:−8

:+2

+

(
1

12:; − 6
− 2

6:; + : + 2
+ 1

10 + 2:

) (
0Aℎ
04=3

) 12:;−6

:+2

− 1

10 + 2:

(
0Aℎ
04=3

) 12:;−2:−16

:+2

]
.

(5.125)
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Exploiting the fact that
0Aℎ
04=3

=

(
�Aℎ
�4=3

)− :+2

6:

, (5.126)

we can rewrite it as:

=)0 (0'�) =
√

3�0

"3

%

(
30

6∗()Aℎ)�2

)2 �
3

2

'�

[1 − ( �Aℎ
�4=3

) :+8−6:;
6: ]2

(: + 2)
[

1

6 − 12:;
+ 2

6:; + : + 2

(
�Aℎ
�4=3

) :+8−6:;
6:

+

(
1

12:; − 6
− 2

6:; + : + 2
+ 1

10 + 2:

) (
�Aℎ
�4=3

) 6−12:;
6:

− 1

10 + 2:

(
�Aℎ
�4=3

) 2:+16−12:;
6:

]
.

(5.127)

5.3.2 INFLATON SCATTERING

The second process considered is through the inflaton condensate. We can
express its rate as [55] [37]:

'
):

8
= 6-

∫
3Ψ1,2,3,4(2�)4�(4)(?1+?2−?3−?4)[|ℳ1+2↔3+4|2 51 52(1± 53)(1± 54)−(3+4 ↔ 1+2)].

(5.128)
Ignoring the Bose enhancement and Pauli blocking effects this can be simply
rewritten as

'
):

8
= 6-

∫
33®?3

(2�)32?0

3

33®?4

(2�)32?0

4

(2�)4�(4)(?1 + ?2 − ?3 − ?4)|ℳ|2. (5.129)

We can use the computation in appendix C to understand that the phase space
integral can be written as

�=
8�

=
1

8�

√

1 − 4
<2

-

B
, (5.130)

if the DM particles have the same mass and, including the symmetry factor ;
that accounts for identical particles in the final state, the rate becomes

'
):

8
= 6- · 1

;!

∞∑

==1

|ℳ= |2
�=
8�
. (5.131)
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Now the matrix element can be obtained by considering again

ℳ ∼ 1

"2

%

)
��

) Π����)
��

-
. (5.132)

Having considered the inflaton as a classical oscillating field with only time-
dependance, the energy momentum tensor,

)
��

) = %�)%�) − ���ℒ , (5.133)

will have non-vanishing derivatives only for the 0 − th components. Moreover,
since the condensate satisfies )00

) ∼ �), specifically expanding the potential en-
ergy in terms of the Fourier modes

+()) = +()0)
∞∑

==−∞
P=4

−8=$C
= �)

∞∑

==−∞
P=4

−8=$C . (5.134)

Hence:

ℳ ∼ 1

"2

%

)00

) Π00��)
��

-

=
1

"2

%

· �)(P :)=
1

2:2
[��0��0 + ��0��0 − ����00]1

2
[?3�?4� + ?3�?4� − ���(?3 · ?4 + <2

-)]

=
1

"2

%

· �)(P :)=
1

4B
[4?0

3
?0

4
+ 2<2

-].

(5.135)

In the centre of mass frame, where �3 = �4 =
�=
2

we can write 2?0

3
?0

4
=

�2
=

2
=

B
2
,

so:

ℳ =
1

"2

%

· �)(P :)=
1

4

(
1 +

2<2

-

B

)
. (5.136)

Squaring it and taking into account symmetry factors, this becomes:

|ℳ|2 =

�2

)

"4

%

· |(P :)= |2
(
1 +

2<2

-

B

)2

. (5.137)
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We can now insert the result found in (5.131), with 6- = ; = 2, to get the rate

'
):

8
=

2

16�
·
�2

)

"4

%

∞∑

==1

(
1 +

2<2

-

B

)2

|(P :)= |2〈�=(<- , <-)〉. (5.138)

To lighten the notation, we define

Σ
:
0
=

∞∑

==1

(
1 +

2<2

-

B

)2

|(P :)= |2
√

1 −
4<2

-

�2
=

. (5.139)

In the end, the rate considered is

'
)
0 =

2�2

)

16�"4

%

Σ
:
0
. (5.140)

Again using

�) = �'�

(
0

0'�

)− 6:
:+2

, (5.141)

� '
√
�)√

3"%

, (5.142)

one gets
3#0

30
=
02'

)
0

�
=

√
3

8�"3

%

Σ
:
0
�

3

2

'�
02

(
0

0'�

)− 9:
:+2

. (5.143)

From now on we will define the constant term

�′
=

√
3

8�"3

%

Σ
:
0
�

3

2

'�
. (5.144)

Integrating in the same limit as last section, and again considering #0(04=3) = 0,
we find

#0(0'�) = =0(0'�) · 03

'� = �′ · 0
9:
:+2

'�

∫ 0'�

04=3

0−
9:
:+2

+230

= �′ · 0
9:
:+2

'�
· : + 2

−9: + 3: + 6
0−

9:
:+2

+3|0'�04=3

= �′ (: + 2)
6 − 6:

· 0
9:
:+2

'�
· 0

6−6:
:+2

'�

[
1 −

(
04=3
0'�

) 6−6:
:+2

]
,

(5.145)
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so that in the end:

=
)
0 (0'�) = �′ (: + 2)

6 − 6:
[1 − A 6:−6

:+2 ]

=

√
3

8�"3

%

Σ
:
0
�

3

2

'�

(: + 2)
6 − 6:

[
1 −

(
0'�
04=3

) 6:−6

:+2

]

=

√
3

8�"3

%

Σ
:
0
�

3

2

'�

(: + 2)
6 − 6:

[
1 −

(
�4=3
�'�

)1− 1

:
]
,

(5.146)

where again the notation is A = 0'�/04=3. In the limit A � 1 we simply have

=
)
0 (0'�) =

√
3

8�"3

%

Σ
:
0
�

3

2

'�

: + 2

6: − : A
6:−6

:+2 . (5.147)

5.4 RELIC ABUNDANCE

Let us now evaluate the relic abundance contributions that we would get
from the number densities obtained in Sections 5.2 and 5.3. Specifically, con-
sidering axions as dark matter, we can evaluate which production mechanism
dominates over the other.

As far as the calculation of the relic abundance, it can be obtained from the
number density using the following expression [36]

Ω0ℎ
2
= 1.6 · 108

6∗()0)
6∗()Aℎ)

=0()Aℎ)
)3

Aℎ

<̃0()Aℎ)
1�4+

. (5.148)

5.4.1 STANDARD MISALIGNMENT PRODUCTION

Again, we will have to make a distinction based on whether oscillations start
during or after the reheating period. We will therefore use (5.55), (5.60) and
(5.62) to express )>B2 in these two regimes.

)Aℎ ≥ )>B2
Let us firstly evaluate the )Aℎ ≥ )>B2 . In this case, the axionic number density

can be expressed through

=0()Aℎ) =
�0()Aℎ)
<̃0()Aℎ)

, (5.149)
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where the energy density can be found manipulating the following expression,
which comes from the conservation of the axions’ number densities and the as-
sumption of entropy conservation:

�0()Aℎ) = �0()>B2)
<̃0()Aℎ)
<̃0()>B2)

B()Aℎ)
B()>B2)

. (5.150)

Now, the energy density associated to oscillations is related to the potential, and
considering the time (and therefore temperature) dependance of the mass it can
be written as:

�0()>B2) =
1

2
<̃2

0()>B2) 5 2

0 �
2

8 . (5.151)

We immediately see the appeareance of the initial misalignment angle, which
makes sense considering that our DM candidate are axions, which are assumed
here to be produced trough themisalignment mechanism. The entropy ratio, on
the other hand, gets simplified if we consider that

B()) = 2�2

45
6∗B()))3. (5.152)

Inserting all these expressions in (5.148) we find the relic axionic abundance to
be

Ω0ℎ
2
=

1.6 · 108

2

6∗()0)
6∗()Aℎ)

6∗B()Aℎ)
6∗B()>B2)

5 2
0 �

2

8

)3
>B2 · 1�4+

<̃0()>B2)<̃0()Aℎ). (5.153)

Now, we can again make a distinction between the case in which )>B2 ≥ )&��

and the one in which )>B2 ≤ )&�� , as <̃0 and )>B2 will be different (see Eqs.
(5.53) (5.55)). As we will be working with many different temperature regimes,
to simplify the understanding, each of themwill be labelled by a circled number
¬-±.

The relic abundance for regime ¯, )>B2 ≥ )&�� , will be

Ω0ℎ
2
=

1.6 · 108

2

6∗()0)
6∗()Aℎ)

6∗B()Aℎ)
6∗B()>B2)

(5.7 · 10−3�4+2)2
�2

8

1�4+

)8

&��

)7
>B2)

4

Aℎ

=
1.6 · 108

2

6∗()0)
6∗()Aℎ)

6∗B()Aℎ)
6∗B()>B2)

(5.7 · 10−3�4+2)2
�2

8

1�4+

(
�

"%

√
6∗()>B2)

10

) 7

6 )
10

3

&��

)4

Aℎ

<
− 7

6

0 ,

(5.154)
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whereas for regime °, )>B2 ≤ )&�� but )Aℎ ≥ )&�� , it will be

Ω0ℎ
2
=

1.6 · 108

2

6∗()0)
6∗()Aℎ)

6∗B()Aℎ)
6∗B()>B2)
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8

1�4+
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4
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=
1.6 · 108

2
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8
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�

"%

√
6∗()>B2)
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&��
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Aℎ

<
− 3

2
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(5.155)

Finally, for regime ±, )&�� ≥ )Aℎ ≥ )>B2 , as <̃0()Aℎ) = <̃0()>B2) = <0 :

Ω0ℎ
2
=

1.6 · 108

2

6∗()0)
6∗()Aℎ)

6∗B()Aℎ)
6∗B()>B2)

(5.7 · 10−3�4+2)2
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8

1�4+

1

)3
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6∗()Aℎ)

6∗B()Aℎ)
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√
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− 3

2

0 .

(5.156)

)>B2 ≥ )Aℎ
Let us now turn to the case in which )>B2 > )Aℎ . First of all, we have seen

that )>B2 becomes dependent on the reheating temperature (Eqs. (5.60), (5.62)).
Additionally, the energy density expression gets modified by another ratio

�0()Aℎ) = �0()>B2)
<0

<̃0()>B2)
B()0)
B()>B2)

· (()>B2)
(()Aℎ)

, (5.157)

which accounts for the entropy injection in the thermal bath due to the fact
that the inflaton is decaying during reheating. This ratio can be equivalently
expressed as

(()>B2)
(()Aℎ)

=
6∗B())
6∗B()Aℎ)

. (5.158)

This implies that the relic abundance is expressed, in this regime, as

Ω0ℎ
2
=

1.6 · 108

2

6∗()0)
6∗()Aℎ)

5 2
0 �

2

8

)3
>B2 · 1�4+

<̃0()>B2)<̃0()Aℎ). (5.159)

Doing the same calculations as before, just taking into account the different
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expressions for )>B2 , we get:

Ω0ℎ
2
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1.6 · 108

2

6∗()0)
6∗()Aℎ)
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(5.160)

whenever )&�� < )>B2 and )&�� < )Aℎ , which we define to be regime ¬. If,
instead, )&�� < )>B2 but )&�� > )Aℎ , regime ­, we get
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(5.161)

Lastly, for )&�� > )>B2 > )Aℎ , regime ®:

Ω0ℎ
2
=

1.6 · 108
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(5.162)
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) Regime Ω"�(
0 ℎ2

¬ )>B2 > )Aℎ > )&�� 2.6 · 10−5 · �2

8
(�4+)11

)11

Aℎ

[
"%

�

√
10

6∗()Aℎ)
)4

&��

)6

Aℎ

<0

]− 7(2;+1)
8(1+;)

­ )>B2 > )&�� > )Aℎ 0.3 · �2

8
(�4+)7
)7

Aℎ

[
"%

�

√
10

6∗()Aℎ)
)4

&��

)6

Aℎ

<0

]− 7(2;+1)
8(1+;)

® )&�� > )>B2 > )Aℎ 6.2 · 102 · �2

8
(�4+)3
)3

Aℎ

[
"%

�

√
10

6∗()Aℎ)
<0

)2

Aℎ

]− 3

4
(1+2;)

¯ )Aℎ > )>B2 > )&�� 8.6 · 10−22�2

8
(�4+) 31

6

)4

Aℎ

<
− 7

6

0

° )Aℎ > )&�� > )>B2 5.9 · 10−28�2

8
(�4+) 11

2

)4

Aℎ

<
− 3

2

0

± )&�� > )Aℎ > )>B2 1.2 · 10−24�2

8
(�4+) 3

2<
− 3

2

0

Table 5.4: Summary of the misalignment abundances in the 6 different tempera-
ture regimes. The numerical factors have been evaluated so that the dependance
between the reheating temperature and the axion mass is evident. The number
of relativistic degrees of freedom as of today has been taken to be 6∗()0) ≈ 3.36,
whereas the others depend on )Aℎ or )>B2 and, as they depend on the regime,
they can be read off from Tab. 5.3.

5.4.2 GRAVITATIONAL PRODUCTION

Let us first comment on the relative dominance between the two gravitational
production processes; comparing equations (5.127) and (5.146) we find that

=)0

=
)
0

� 1, (5.163)

meaning that gravitational production is always dominated by the scattering of
the inflaton zero modes.

: = 2 : = 4 : = 6

Σ:
0

1/16 0.063 0.056

�4=3 (5.2 · 10
15�4+)4 (4.8 · 10

15�4+)4 (4.6 · 10
15�4+)4

Table 5.5: Values of Σ:
0
and �4=3 used for each value of : [56].
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) Regime Ω�'�+
0 ℎ2

¬, ¯, ° )Aℎ > )&�� Ω0ℎ
2 = 3.2 · 103 · <0

(�4+)3
)7

Aℎ

(=)
0 + =)0 )

­, ®, ± )Aℎ < )&�� Ω0ℎ
2 = 3.8 · 107 <0

1�4+
1

)3

Aℎ

(=)
0 + =)0 )

Table 5.6: Summary of the gravitational abundances in the 6 different tempera-
ture regimes.

Having now evaluated all the wanted relic abundances, we can check which
production mechanism is more relevant with respect to the other. To do so we
take the ratio between the expressions of their abundances and evaluate its dis-
crepancy with respect to 1. Since this function depends on some known pa-
rameters but also on )Aℎ and <0 , we can restrict ourselves to a certain regime of
validity considering the range of validity of the latter to which we previously
restricted ourselves. Focusing on the case in which )>B2 > )Aℎ , as we did in sec-
tion 5.2, we can determine which contribution is more relevant by considering
the first three different regimes:

• ¬ )&�� < )Aℎ < )>B2

(Ω0ℎ
2)"�(

(Ω0ℎ2)�'�+ =

(5.7 · 10−3�4+2)2 �2

8

2

)4

&��

)4

Aℎ

(=)
0 + =)0 )

[√
6∗()Aℎ)

10

�

"%

)6

Aℎ

)4

&��

] 7

8

(1+2;)
1+;

·<− 7

8

(1+2;)
1+; −1

0 .

(5.167)

We can manipulate this expression to determine when this ratio exceeds
unity and hencewhen the standardmisalignment production becomes the dom-
inating production mechanism over the gravitational production, by expressing
)Aℎ as a function of <0 . The plot 5.10 shows the ratio in this first case, dividing
the plane in two regions depending on whether the misalignment mechanism
comes to dominate over the gravitational production or viceversa.
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5.5 PBH REHEATING

We now introduce a new factor into our analysis, Primordial Black Holes,
and compare the inflaton driven reheating that we have seen up until now with
the PBH reheating.

5.5.1 PRIMORDIAL BLACK HOLES

Black Holes are predicted by General Relativity to be regions of a certain
mass where the gravitational field is so strong that not even light can escape [7].
There are different types of Black Holes, depending on their mass scale, both
those that derive from the collapse of astrophysical objects and those produced
in the Early Universe, which gives them the name of ”Primordial Black Holes”.
PBHs are therefore objects that could have been produced in the Early Universe,
through various mechanisms, after the collapse of a region with large energy
density fluctuations, usually considered ��

� ≳ �2 ∼ 1.
We assume that the mass of the PBH is monochromatic [34], peaked around

a specific mass that we define as "8= , so that the mass distribution is simply

5%��(") = �(" −"8=). (5.171)

This initial mass is assumed to be a fraction of the Hubble mass at the time of
collapse, meaning that it can be rewritten as

"8= = �"� = �
4

3
�

�(C8=)
�3(C8=)

= 4��
"2

%

�(C8=)
, (5.172)

where � = $
2

3 is a parameter determining the efÏciency of the collapse.
As PBHs decay [33], the evolution equation for their mass will have the form

3"��

3C
= −&

"4

%

"2

��

, (5.173)

where & =
27

4

�6∗()�� )
480

. Solving this equation one finds the evaporation time,
meaning the time at which the PBH mass has fully evaporated:

C4E =
"3

%

3&"4

%

' 1B

(
"8=

1086

)3

. (5.174)
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This imposes an upper bound on the value of the initial PBH mass, because
evaporation must occur before BBN (which happened at around C ∼ 1B) in order
not to have perturbative effects given by the entropy injection in the thermal
bath, that would follow the PBH evaporation. Moreover, for the mass to have
been inside of the horizon at the end of inflation one sees that

"8= ≳ �4=3/�3

4=3 ' 16. (5.175)

These two constraints give us the range of validity in which the initial mass
can be restricted:

16 ≲ "8= ≲ 1086. (5.176)

One last parameter needs to be introduced for the sake of the following anal-
ysis. We therefore define

� =
���(C8=)
�)$)(C8=)

, (5.177)

which tells us what fraction of the total energy density is associated to Black
Holes.

Constraints on the � parameter arise from requiring that the abundance of
gravitational waves generated from the density fluctuations due to the inhomo-
geneities of the PBH is not in conflict with BBN constraints. The upper bound
on � was derived in [12]:

� < 1.1 · 10−6

(
�

0.2

)− 1

2
(
6��

108

) 17

48
(
64E

106.75

) 1

16
(
"8=

1046

)− 17

24

. (5.178)

Solving Eq. (5.173) gives

"3

��(0) = "3

8= +
&"2

%
"8=

2��(1 + $)

[
1 −

(
0

08=

) 3

2
(1+$)]

, (5.179)

where we employed √
�8= = 4��

√
3
"3

%

"8=
. One can also use the fact that

08=
04=3

=

(
"8=

√
�4=3

4��
√

3"3

%

) 2

3(1+$)
, (5.180)

which comes from the fact that �8= = �4=3( 04=308=
) 3

2
(1+$) and from the relation of

�8= with the initial mass already presented. The mass expression can therefore
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be rewritten, in the limit of 0 � 08= , as

"3

��(0) ' "3

8=

[
1 −

2
√

3&"5

%√
�4=3"

3

8=
(1 + $)

(
0

04=3

) 3

2
(1+$)]

. (5.181)

Another useful equation to write is the equation describing the evolution of
the energy density of PBHs, namely:

¤��� + 3���� =
���
"��

3"��

3C
�(C − C8=)�(C4E − C). (5.182)

This comes from the Boltzmann equation formatter componentswith a negative
term on the RHS, highlighting the decreasing in time due to evaporation. The
twoHeaviside functions ensure the validity between the formation of PBHs and
their complete evaporation. This can be rewritten changing the time variable
into the scale factor:

0�
3���
30

+ 3���� =
���
"��

0�
3"��

30
. (5.183)

Dividing by 0� and separating the variables:

1

���

3���
30

=
3"��

"��
− 3

30

0
, (5.184)

which integrated gives

���(0) = ���(08=)
(
08=
0

)3 (
"��(0)
"8=

)
. (5.185)

Implementing Eq. (5.181) in the latter, one finally gets the expression for the
PBHs’ energy density:

���(0) = ��4=3

(
4��

√
3"3

%

"8=
√
�4=3

) 2$
(1+$)

(
04=3
0

)3 [
1 −

2
√

3&"5

%√
�4=3"

3

8=
(1 + $)

(
0

04=3

) 3

2
(1+$)] 1

3

.

(5.186)
There is a threshold value for �, that we call ���

2A8C
, above which PBHs dom-

inate over the total energy density. Specifically, to evaluate its expression one
needs to ensure that PBHs come to dominate before their evaporation, in other
words whenever 0�� < 04E . We obtain the expressions of the redshifts as fol-
lows: to get the evaporation time we impose that the mass of the BH vanishes at
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04E , in other words we require from (5.181) that "(04E) = 0. This clearly gives:

04E
04=3

=

(√
�4=3"

3

8=
(1 + $)

2
√

3&"5

%

) 2

3(1+$)
. (5.187)

To get the redshift of the BH domination, instead, we identify the moment in
which the PBH crosses the inflaton, which we know to have an energy density
that goes as �) ∝ 0−3(1+$). Neglecting the second subdominant term in Eq.
(5.186), and imposing the resulting expression (evaluated for 0 = 0��) to be
equal to the inflaton’s, this gives:

0��
04=3

=

(
"8=

√
�4=3

4��
√

3"3

%

) 2

3(1+$)
�−

1

3$ . (5.188)

Imposing (5.187) and (5.195) to be equal, the critical value is then found at
[35]

���2A8C =

(
&

(1 + $)2��

) 2$
1+$

(
"%

"8=

) 4$
1+$
. (5.189)

5.5.2 PBH REHEATING TEMPERATURE

In order to evaluate the PBH temperature we need to distinguish between
two separate cases.

PBH DOMINATION

Whenever the parameter � crosses the critical threshold (5.189), � > ���
2A8C

,
PBHs dominate the energy density of the Universe over the inflaton. In this case
reheating endswith their decay, that generates entropywhich is then transferred
to the thermal bath. The condition for that to happen is identified by:

Γ�� = �. (5.190)

Using the fact that

Γ�� = &
"4

%

"3

8=

, (5.191)
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where & =
�6��
480

, and using �'� = 
))
4

'�
, one gets

)Aℎ = "%

(
3&2


)

) 1

4
(
"%

"8=

) 3

2

. (5.192)

WITHOUT PBH DOMINATION

On the other hand, if � < ���
2A8C

, PBHs are not the dominant component of the
energy density of the Universe, but they are still decaying, hence transferring
entropy to the thermal bath. This allows us to identify the reheating temperature
with the value corresponding to ���

'
at the time in which they evaporate. In the

end the reheating temperature is found to be:

)Aℎ ' "%

[
�

3($)+1)
4(1−3$) )
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where

� =
5 + 3$)

2
√
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(4�
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√
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1 + $)

] 5+3$)
3+3$)

. (5.194)

We now focus on the first scenario, meaning when PBHs come to dominate
the energy budget of the Universe after a certain point. We have different situ-
ations, let us first consider the situation in which the inflaton decays, allowing
PBHs to dominate the energy density over radiation.

Having gotten the expressions of the PBH reheating temperatures in this
regime, it is now interesting to evaluate how the analysis previously done in
section 5.4, where only the inflaton was decaying and reheating the Universe,
changes. In addition to the )Aℎ difference, in a Universe where PBHs dominate
the energy density, also the oscillating conditions for the axions are different.
For simplicity we consider at first only PBHs, ignoring the presence of the in-
flaton and assuming radiation domination before the PBH starts to dominate.
We can identify with C4@ the time at which �' and ��� cross each other. Having
assumed a PBH dominated Universe, the evaporation of the PBH, which hap-
pens at C4E , will always be after C4@ . Constraining oscillations to happen before
the evaporation of the PBH we identify two regimes: either )Aℎ,�� < )>B2 < )4@

or )Aℎ,�� < )4@ < )>B2 . The Hubble rate will be different for the two cases, as it
goes like radiation domination case for the second case and like matter for the
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first.

�()>B2) = �4@





(
)>B2
)4@

)2

for )>B2 > )4@
(
)>B2
)4@

) 3

2

for )>B2 < )4@
. (5.195)

Performing the same analysis as the previous section, we can then identify
the oscillation temperature in different regimes. Specifically, we again require
)Aℎ,�� < )>B2 and, imposing 3�()>B2) = <̃0()>B2) while using Eq. (5.195), we get
the oscillation temperature.

We can now evaluate the relic abundance, which, seeing that misalignment
is the dominating production mechanism, will be given by

Ω0ℎ
2
=

�0()0)
�2/ℎ2

, (5.196)

where the energy density will simply be

�0()0) = �0()>B2)
<0

<̃0()>B2)

(
00

0>B2

)−3

, (5.197)

and �0()>B2) = 1

2
<̃2
0()>B2) 5 2

0 �
2

8
.

In order to proceed we then need to determine the redshift between when
axions start oscillating and the present time. To begin, assume that axions start
oscillating before PBHs start dominating the energy density budget; in this case
the expressions for the oscillation temperature will be:

• )>B2 > )4@ , )&�� :

)>B2 =

[
"%

�

√
10

6∗()>B2)
)4

&��<0

] 1

6

; (5.198)

• )4@ < )>B2 < )&�� :

)>B2 =

[
"%

�

√
10

6∗()>B2)
<0

] 1

2

. (5.199)

We can hence split the redshift in three phases:

08=
00

=
08=
04@

04@

04E

04E
00

, (5.200)

due to the different behaviours of the dominating components at different times.
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temperature result in Eq. (5.192). The relation will then be

���(04E) = �'(04E). (5.205)

We will use the fact that evaporation and reheating happen almost simultane-
ously, so that �'(04E) = 
))

4

Aℎ,��
, with 
) =

�2

30
6∗()Aℎ,��). Moreover we can

express

���(04E) = ���,4@

(
04@

04E
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04@

)3 ( 04@
04E

)3

. (5.206)

Additionally, we will express ���,8= = ��',8= to express it in terms of the initial
mass, seen that:

"8= = �
4�

3

�',8=
�3(C8=)

, (5.207)

which implies

�',8= = 48�2�2
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%
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. (5.208)

Therefore the condition (5.205) will become:
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and hence
04@

04E
=
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Lastly, the remaining piece is
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(
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3

. (5.211)

Combining the three different pieces, one finds
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(5.212)

Having now gotten the total redshift we can compute the relic abundance, as-
suming 0>B2 = 08= and, again, that axions get produced mainly through mis-
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alignement mechanism:

Ω0ℎ
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(5.213)
As always, we impose the usual Ω0ℎ

2 < 0.12 upper bound, so that we can
identify a parameter space relating the axionic <0 to the pbh’s �.

Before showing this, wemight alsomention the fact that axions are not exclu-
sively produced through misalignment in this context, but they can also come
from PBH evaporation. If we add this density contribution to the relic abun-
dance evaluation, we find a � independent term:
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We can substitute

=4E%�� = = 8%��
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, (5.215)

where �8
A03

= 
))4
>B2 . To be precise there’s a coefÏcient that should be added in

this expression, to indicate how much of the decay actually contributes to this
density, but, as it is at most of order 1 (or 10−2 which is even smaller), we neglect
it. In any case, as will be shown by the total result, in the low axion mass regime
that we consider, the evaporation contribution is negligible with respect to the
misalignment production.

So in the end:
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(5.216)
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6
Conclusions

6.1 SUMMING UP

This thesis focused on axions as possible Dark Matter candidates. After a
brief contextualization of the Physics models currently used, namely the Stan-
dard Model and the ΛCDM model, and their issues in Chapter 1, axions were
introduced and later presented in Chapters 2 and 3, respectively. Chapter 4 fo-
cuses on the Inflationary phase and Reheating, which will constitute the frame-
work of the analysis. The main work was then developed in Chapter 5.

Axions emerge theoretically as a solution to the strong CP problem that ap-
pears in the context of the Standard Model, but can also be useful in a cos-
mological framework, as they can serve as Dark Matter candidates. The con-
text in which axions were studied in this thesis is the Reheating epoch, a post-
inflationary phase needed in order to thermalize the Universe. Axions were
considered to have been produced through two different mechanisms: the mis-
alignment mechanism, in which the axion oscillates around the minimum of
the potential, and gravitational production, inwhich they are produced after SM
particles interactions or from the inflaton condensate, both cases being graviton-
mediated. The goal was to restrict the parameter space, which in this analysis
consisted of the reheating temperature )Aℎ and the axion mass <0 at )0, which
we chose in the range 10−6eV < <0 < 10−5eV. To do so, one can consider the ex-
perimental upper bound on the abundance of axions in the case they constitute
DM, namely Ω�"ℎ

2 < 0.12.
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6.1. SUMMING UP

In the following sections the main results of the thesis will be summarized.

6.1.1 AXIONS PRODUCED DURING MISALIGNMENT MECHANISM

AT-attractor potential was considered,+()) ' �
):

":−4

%

, with three possible in-
teractions for the inflaton field, namely fermionic and bosonic decay and bosonic
annihilation, each characterized by a different :-dependant ; parameter. After
evaluating the explicit expressions for the radiation and inflaton energy densi-
ties, the twowere equated, allowing the evaluation of the reheating temperature.

After this preliminary analysis, axions were considered to have been pro-
duced through misalignment mechanism, meaning initially displaced from a
position �8 along their potential and being later able to roll down and start os-
cillating. Imposing the oscillating condition 3�()>B2) = <̃0()>B2), it was possible
to derive the oscillation temperature in different temperature regimes.

Wanting to study axions in the case they were produced during Reheat-
ing, one can compare these oscillation temperatures to the reheating tempera-
ture previously derived, imposing oscillations to have started during reheating
()>B2 > )Aℎ). In the end we could find some upper bounds on the couplings of
each of the three inflaton interactions.
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Table 6.1: Summary of the coupling constraints. (Note: the bosonic annihilation
coupling �4 5 5 is here derived only for : = 4, 6).

The Table above shows the final bounds on the couplings found. Seen the
axion mass dependence, and knowing it can be restrained to a certain range in
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our analysis, we could plot the resulting parameter space in Plots 5.4, 5.5 and
5.6.

6.1.2 GRAVITATIONAL AXIONS

The second production mechanism considered comes from 2-to-2 processes,
either fromSMparticles interacting (thermal scattering) or from the inflaton con-
densate (inflaton scattering), mediated by a massless graviton. The evaluation
of the rates of these gives respectively the following number densities:
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6.1.3 RELIC ABUNDANCES

The number densities previously derived can be employed in the evaluation
of the relic abundance through:

Ω0ℎ
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= 1.6 · 108

6∗()0)
6∗()'�)

=0()'�)
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. (6.3)

) Regime Ω�'�+
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Table 6.2: Gravitational abundances.

In the same way, for the misalignment mechanism production:
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Table 6.3: Misalignment abundances.

These two tables sum up themain results of the thesis. Summing bothmech-
anisms contributions and imposing theDMexperimental upper bound, the plots
5.12 were realized. Additionally to the excluded region due to overproduc-
tion, each regime imposes further constraints on the parameter space, leaving
in white colour the only acceptable co-existing region between <0 and )Aℎ . One
can clearly see how the different regimes leave more or less space to the right
amount of axion DM produced; for example in regime ¯: )Aℎ > )>B2 > )&��

the allowed white region is much more extended than the other cases, some of
which are all cancelled by overproduction or regime constraints.

6.1.4 PBH REHEATING

In the last section, the total energy densitywas hypothesized to be dominated
by matter after a certain point, specifically by objects formed in the Early Uni-
verse and known as Primordial Black Holes. This domination phase depends
on the parameter � seen in Eq. (5.177). If they do dominate at a certain point,
they are said to drive reheating, modifying )Aℎ .

Apreviously radiation dominated phase is assumed, which implies a certain
expression for the reheating and the oscillation temperature.

In the end, the axion abundance in this scenario was evaluated, considering
that they were produced both via misalignment and through the PBH evapora-
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tion:

Ω0ℎ
2
=

1

2

<̃0()>B2)
<0

(5.7 · 10−3�4+2)2�2

8

�2/ℎ2

[(
&

2��

)2 60

6'�
)3

0

(

)

12&2

) 3

4
(
"8=

"7

%

) 1

2
]
�−1+

1

�2/ℎ2

60

64E

)3

0

)3
4E

<̃0()4E)
(

&

2��

"2

%

"2

8=

)2

))4

>B2

"8=
.

(6.4)

This expression was used to plot 5.14, which shows the restricted range of
� allowed in order not to have overproduction of axions, in the case they are
DM. As the relic abundance line lies well below the ���

2A8C
limits considered in

this analysis, the <0 range chosen does not really affect the range of validity of
the � parameter.

6.2 DISCUSSION AND FUTURE PROSPECTS

In this work we have discussed the production of axions as DM candidates,
in the epoch of reheating, through different mechanisms: misalignment, grav-
itational production and from PBH evaporation. The goal was to restrict the
parameter space {<0 ; )Aℎ} in different temperature regimes. Depending on the
productionmechanism, other parameters come into play, such as the initial mis-
alignment angle �8 , or � and "8= in the case of PBHs. Many of the plots have
been shown for a single situation, the case inwhich the potential had a : = 2 and
the inflaton was decaying into fermions during reheating, hence ; = 0. The anal-
ysis can therefore be extended to see how this behaviour changes for different
:-powers or different decay channels. Regarding the PBH analysis, we focused
on the case in which the inflaton decays, we get to radiation domination and
afterwards the PBH dominates over the total energy budget of the Universe. Of
course, there are many other scenarios that could be explored. One could study
the situation in which PBHs never come to dominate, hence having a reheat-
ing temperature as the one presented in Eq. (5.193), which brings an additional
� dependence and therefore enriches the parameter space analysis. Otherwise
the inflaton can be thought not to decay beforehand, bypassing the radiation era,
and therefore implying a different temperature dependence in Eq. (5.195).
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A
Equilibrium thermodynamics

In this appendix, we review some thermodynamic relations used through-
out this thesis, focusing on the evolution of number densities in an expanding
Universe, governed by the Boltzmann equation.

A common form for the equations encountered will be

3=

3C
+ :�= = C , (A.1)

where = is the number density of the species, C stands for the collision term rep-
resenting interactions, and � =

1

0
30
3C , with 0 being the scale factor. The constant

: is typically taken to be : = 3 in the case of matter and : = 4 in the case of
radiation.

It is easy to see that they can be recast into a compact form defining

. = 0:=. (A.2)

We can see that

3.

3C
=
3(0:=)
3C

=
3=

3C
· 0: + = · :0:−1

30

3C
. (A.3)

In analogy to (A.1) we can write

1

0:
3.

3C
=
3=

3C
+ =:�, (A.4)
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or simply
3.

3C
= 0:C . (A.5)

A.1 NUMBER DENSITY EQUATION

In Section 5.3weuse Eqs. (5.115) and (5.143). This comes from the Boltzmann
equation

3=-
3C

+ 3�=- = '8- , (A.6)

where - is the produced species considered, in our case - = 0 are the axions,
'8
-

is the rate at which the process happens, so either thermal ')0 or inflaton
scatterings ')

0 . We use the Hubble rate � =
¤0
0 =

30
3C

1

0 to change variable, from C

to 0
3

3C
= 0�

3
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, (A.7)

so that our equation becomes
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Then, using the fact that .- = =- 0
3:

3.-
3C

=
3=-
3C

· 03 + 302 ¤0=- ⇒ 3.-
30

=
3=-
30

· 03 + 302=- . (A.9)

Comparing the two equations (A.8) and (A.9) we are left with

3.-
30

=
02'8

-

�
. (A.10)

A.2 THE RATE

Consider the scattering

("(?1) + ("(?2) → 0(?3) + 0(?4), (A.11)
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SM(?1)

SM(?2)

0(?3)

0(?4)

Figure A.1: s-channel gravitational production of axions.

and let us evaluate the rate of this process. We know that
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We will consider the centre-of-mass frame for particles with momenta ?3, ?4,
meaning that ®?3+®?4 = 0 andhence�3 = �4; moreover, assuming to be in a regime
inwhichmasses are negligible compared to the temperature<1, <2, <3, <4 � ).

First of all, let us show that this expression is equivalent to equation (5.112).
In order to do thatwe exploit themasslessness of the particles considered, which
implies ?8 = �8 . This means that the phase space elements can be written as:

3Π8 =
33?8

(2�)32�8
=
�2

8
3�83Ω8

(2�)32�8
. (A.13)

For the case of 8 = 1, 2 we additionally consider that
∫
3Ω1 = 4� and

∫
3Ω2 =∫

3)123 cos�12 = 2�
∫
3 cos�12. As far as the final state:

∫
3Π33Π4(2�)4�(4)(?1 + ?2 − ?3 − ?4) =

1

16�2

∫
3Ω13. (A.14)

Plugging everything back, and considering the additional internal symmetry
factor of 1/2 due to the identical particles, we get:

'()) = 1

1024�6

∫
51 52�1�23�13�23 cos�12

∫
|ℳ|23Ω13, (A.15)

where �8 are the energies of the particles 8 = 1, 2, �12 is the angle formed
between their momenta and the thermal distribution functions are

58 =
1

4
�8
) ± 1

, (A.16)
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A.2. THE RATE

depending on the bosonic or fermionic nature of the particles. For the evaluation
of the rate it is useful to perform some variable change. In particular we see that
3Ω13 = 2�3 cos�13, where we will call cos�13 = G, with G ∈ [−1; 1]. Moreover
C = B

2
(cos�13 − 1) and B = 2�1�2(1 − cos�12), where we will call cos�12 = I with

I ∈ [−1; 1].
We will now present the general resolution, not considering numerical fac-

tors, that will be used in Chapter 5. Let us first consider the scalar and bosonic
cases, which have a matrix element |ℳ|2 ∝ C2(B+C)2

B2 and a positive sign in Eq.
(A.16). Performing the variable change above described, the rate reduces to

'()) = 1

2048�5

( ∫ +∞

0

�3

4
�
) − 1

) ∫ +1

−1

(G − 1)2(G + 1)23G
∫ +1

−1

(1 − I)23I, (A.17)

where the two integrals for �1 and �2 have been grouped under a generic �
integral squared, seen as they are the same and each equal to �4

15
)4.

For the fermionic case, instead, |ℳ|2 ∝ [−C(B+C)(B+2C)2]
B2 and a negative sign in

Eq. (A.16). The rate reduces to

'()) = 1

512�5

( ∫ +∞

0

�3

4
�
) + 1

) ∫ +1

−1

−G2(G2 − 1)3G
∫ +1

−1

(1 − I)23I. (A.18)

In this case the energy integral equates to 7

120
�4)4.

Evaluating the numerical parts of the integrals and summing them respect-
ing the coefÏcients of each matrix element, leads to Eq. (5.114).

120



B
Equations of motion for a scalar field

From the minimal action principle one can get the equations of motion for
the inflaton field ):

%(

%)
= 0. (B.1)

Having considered the following action,

() =
1

16��

∫
34G

√−6ℒ) , (B.2)

with
ℒ) = −1

2
6��%�)%�) −+()), (B.3)

varying the action gives

0 = −
∫

34G

{
�[√−6+())] + 1

2
�[√−66��),�),�]

}

= −
∫

34G

{
√−6 %+())

%)
�) + √−66���(),�)),�

}
.

(B.4)

The second half of this equation can be rewritten using integration by parts

√−66���(),�)),� = −%�[
√−66��),�]�) + %�[

√−66���)),�]. (B.5)

Putting to zero the second term, which is a boundary term, and inserting this
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relation in (B.4) we get:

1√−6 [
√−66��),�],� =

%+

%)
⇒ □) =

%+

%)
. (B.6)

The D’Alambertian operator can be written as

□) =
1√−6 (6

��√−6),�),�

=
1

03
(60003),0),0 +

1

03
(6 8803),8),8

=
1

03
(−03),0),0 +

1

03
(0),8),8

= − ¥) − 302 ¤0 ¤)
03

+ ∇2)

02

= − ¥) − 3� ¤) + ∇2)

02
.

(B.7)

Unifying (B.6) and (B.7) one gets the Klein-Gordon equation for the scalar
field ):

¥) + 3� ¤) − ∇2)

02
= −%+

%)
. (B.8)
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C
Decay rates

C.1 DECAY RATE OF THE INFLATON FIELDOSCILLATINGABOUT
A QUADRATIC POTENTIAL

Let us evaluate the decay rate of the inflaton field into two fermions, given
the interaction coupling H.

)(k)
H

5 (p)

5̄ (q)

Figure C.1: Decay of scalar ) into a fermion-antifermion pair.

The matrix element reads

8ℳ() → 5̄ 5 ) = 8HD̄(?)E(@), (C.1)

so that
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C.1. DECAY RATE OF THE INFLATON FIELD OSCILLATING ABOUT A QUADRATIC
POTENTIAL

|ℳ|2 = H2CA[Ē(@)D(?)D̄(?)E(@)]
= H2CA[(/? + < 5 )(/@ − < 5 )]
= H2[?
@�4�
� − 4<2

5 ]
= 4H2(? · @ − <2

5 ).

(C.2)

In the inflaton rest frame we have :� = (<) , 0, 0, 0), ?� = (
√
<2

5
+ ?2∗ , ?∗, 0, 0)

and @� = (
√
<2

5
+ ?2∗ ,−?∗, 0, 0). Themomentum conservation :� = ?�+@� allows

us to rewrite ? · @ =
<2

)

2
− <2

5
, hence:

|ℳ|2 = 4H2

(<2

)

2
− 2<2

5

)
= 8H2

<2

)

4

(
1 − 4

<2

5

<2

)

)
. (C.3)

Energy conservation on the other hand translates into

<) = 2
√
<2

5
+ ?2∗ , (C.4)

which inverted is

?∗ =
<)

2

√√√

1 − 4
<2

5

<2

)

. (C.5)

The decay rate can be evaluated from

Γ)→ 5̄ 5 =
1

2�)

∫
|ℳ|23Φ2 =

1

2<)

?∗
4�<)

|ℳ|2. (C.6)

Substituting the result just found one gets

Γ)→ 5̄ 5 =
1

2<)

<)

2

√√√

1 − 4
<2

5

<2

)

1

4�<)
8H2

<2

)

4

(
1 − 4

<2

5

<2

)

)

=
<)

8�
H2

(
1 − 4

<2

5

<2

)

) 3

2

.

(C.7)
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APPENDIX C. DECAY RATES

In the limit < 5 � <) the decay rate reads simply

Γ =
H2<)

8�
, (C.8)

where H is the effective Yukawa coupling that determines the strength of the
decay.

C.2 DECAY RATE OF THE INFLATON FIELDOSCILLATINGABOUT
A T-MODEL POTENTIAL

The evaluation of the phase space reads

∫
3Φ2 =

∫
33®?�

(2�)32��

33®?�
(2�)32��

(2�)4�(4)(?= − ?� − ?�). (C.9)

In the rest frame of the decaying mode we have ?= = (�= , 0, 0, 0), meaning that
®?= = 0 and consequently, from the 3-dimensional delta function, ®?� = −®?�.
This allows us to integrate only over one of the two, say for instance 33®?�, using
the shorthand ? ≡ |®?�| ≡ |®?�|, that in spherical coordinates can be rewritten as
?23?3Ω. Moreover the energy conservation gives the relation

�= =

√
?2 + <2

�
+
√
?2 + <2

�
. (C.10)

We are left with
∫

3Φ2 =
1

(2�)2
1

4

∫
?23?3Ω

����
�(�= − �� − ��)

=
4�

16�2

∫
?2

����
�(�= − �� − ��)3?,

(C.11)

whereweused the fact that
∫
3Ω = 4�. Wedefine 5 (?) =

√
?2 + <2

�
+
√
?2 + <2

�
−

�= and thanks to the delta property

�( 5 (?)) = �(? − ?∗)
| 5 ′(?∗)| , (C.12)

125



C.2. DECAY RATE OF THE INFLATON FIELD OSCILLATING ABOUT A T-MODEL
POTENTIAL

where ?∗ is the momentum that satisfies �= = �� + ��, and to the fact that we
can evaluate the derivative as

3 5

3?
(?∗) = 3��

3?
(?∗) + 3��

3?
(?∗) = ?∗

��
+ ?∗

��
= ?∗

(
�� + ��
����

)
, (C.13)

so that | 5 ′(?∗)| = ?∗�=
����

. Now putting everything together it’s easy to see that

∫
3Φ2 =

1

4�

[ (?∗)2
����

· 1

| 5 ′(?∗)|

]
=

?∗

4��=
. (C.14)

Let us now manipulate Eq. (C.10) to find an expression for ?∗ that we can
substitute in the result just found. Specifically, squaring it once and then a sec-
ond time gives:

�2

= = ?∗2 + <2

� + ?∗2 + <2

� + 2

√
(?∗2 + <2

�
)(?∗2 + <2

�
); (C.15)

4(?∗2 + <2

�)(?∗2 + <2

�) = (�2

= − 2?∗2 − <2

� − <2

�)2. (C.16)

Simplifying we are left with

4?∗2�2

= = (�2

= − <2

� − <2

�)2 − 4<2

�<
2

� , (C.17)

so that finally

?∗2 =
(�2

= − <2

�
− <2

�
)2 − 4<2

�
<2

�

4�2
=

. (C.18)

Using the difference of squares property:

?∗2 =
(�2

= − <2

�
− <2

�
− 2<�<�)(�2

= − <2

�
− <2

�
+ 2<�<�)

4�2
=

=
(�2

= − (<� + <�)2)(�2
= − (<� − <�)2)

4�2
=

=
1

4

(
1 − (<� + <�)2

�2
=

) (
1 − (<� − <�)2

�2
=

)
.

(C.19)
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Finally

∫
3Φ2 =

1

4��=
· 1

2

√(
1 − (<� + <�)2

�2
=

) (
1 − (<� − <�)2

�2
=

)

=
1

8��=
�=(<� , <�),

(C.20)

where we defined

�=(<� , <�) =
√(

1 − (<� + <�)2
�2
=

) (
1 − (<� − <�)2

�2
=

)
. (C.21)

This will appear in the evaluation of the decay rate which is written as

Γ= =
1

2�=

∫
|ℳ= |23Φ2 =

�=

16�2�2
=

|ℳ= |2. (C.22)

In our case we can write the decay rate as

Γ) =
1

8�(1 + $))�)

∞∑

==1

|ℳ= |2�=�=(<� , <�). (C.23)

Exploiting the fact that ) is oscillating with a certain frequency $, the energy
can be written as �= = =$. We recall that the field could be factorized as )(C) =
)0(C) · P(C), where P(C) varies rapidly with respect to )0, that we approximate
as constant over a short time range. Therefore we get:

�) =
1

2
¤)2 ++())

=
1

2
)2

0
¤P2 ++()0P),

(C.24)

and since we have been considering +()) ∝ ): , then we can say that +()0P) =
P :+()0). Moreover, at the maximum of the oscillation P = 1, � = 0 and
consequently �) = +()0). Using these relations, we can then rewrite our time
derivative as:

¤P2
=

2

)2

0

[�) −+()0P)] = 2+()0)
)2

0

[1 − P :]. (C.25)

Furthermore, the mass can be expressed as a function of the envelope via the
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C.2. DECAY RATE OF THE INFLATON FIELD OSCILLATING ABOUT A T-MODEL
POTENTIAL

second derivative of the potential:

<2

) = + ′′()0) = �:(: − 1)):−2

0
. (C.26)

Substituting this in the previous equation, we finally find

¤P2
=

2<2

)

:(: − 1)(1 − P :), (C.27)

We integrate this, assuming that the oscillating function P(C) starts at its maxi-
mum P = 1 at C = 0 and drops to its minimum P = 0 at a quarter of a period
C = )/4. ∫

1

0

3P√
1 − P :

=

∫ )/4

0

<)

√
2

:(: − 1)3C. (C.28)

We relate the period to the frequency ) =
2�
$ and perform the computation,

knowing that the left hand side integral equates to 1

:
Γ(1/:)Γ(1/2)
Γ(1/:+1/2) . This leads to:

$ = <)

√
�:

(: − 1)
Γ(1

: + 1

2
)

Γ(1/:) . (C.29)

P(C) can be expanded as a Fourier series in terms of this frequency $:

P(C) =
∞∑

==−∞
P=4

−8=$C . (C.30)

C.2.1 INFLATON DECAY INTO TWO FERMIONS

In the case on the inflaton decay into two fermions we have a matrix element
structure similar to (C.1), with the difference that in this model the field can be
rewritten in an oscillating and an envelope part. Thus

ℳ= = H)0P= D̄(?�)E(?�). (C.31)

The matrix element squared will be, looking at the calculation done for (C.3),
fixing the coupling and writing �= instead of <),

|ℳ= |2 = H2)2

0
P2

=2�2

=

(
1 − 4

<2

5

<2

)

)
= H2)2

0
P2

=2�2

=�
2

=(< 5 , < 5 ), (C.32)
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which we can plug in the expression for the decay rate:

Γ) =
1

8�(1 + $))�)

∞∑

==1

|ℳ= |2�=�=(<� , <�)

=
H2)2

0

4�(1 + $))�)

∞∑

==1

|P= |2�2

=�
2

=(< 5 , < 5 ) · �=�=(< 5 , < 5 ),
(C.33)

because in our case the two particles � and � have the samemass< 5 . Averaging
over one oscillation we can exploit the fact that �) =

1

2
¤)2 ++()) so that

〈�)〉 = +()0) =
)2

0
+ ′′()0)
:(: − 1) . (C.34)

Together with 1 + $) =
2:
:+2

and �= = =$ we can rewrite the rate as

Γ)→ 5̄ 5 =
H2)2

0
$3

4�(1 + $))〈�)〉
∞∑

==1

|P= |2=3〈�3

=(< 5 , < 5 )+〉

=
H2(: + 2)(: − 1)

2 · 4� · $
3

<2

)

∞∑

==1

|P= |2=3

〈(
1 −

(
2< 5

=$

)2) 3

2

+

〉

=
H2

8�
$

[
(: + 2)(: − 1)

(
$

<)

)2 ∞∑

==1

|P= |2=3

〈(
1 − ℛ

=2
P2

) 3

2

+

〉 ]

=
H2

8�
$
H(:,ℛ) ,

(C.35)

where ℛ = (2< 5 /$)2|)→)0
. Moreover we used the notation

(1 − G)+ ≡ (1 − G)�(1 − G), (C.36)

in order to only include kinematically allowed decays, so that in the case in
which =$ < 2< 5 there is not enough energy to create the two fermions.

We can conclude that the fermionic decay has the final form

Γ)→ 5̄ 5 (C) ≡
H2

4 5 5
(:)

8�
<)(C), (C.37)

where we identify
H2

4 5 5 (:) = 
H(:,ℛ)
$

<)
H2. (C.38)

129



C.2. DECAY RATE OF THE INFLATON FIELD OSCILLATING ABOUT A T-MODEL
POTENTIAL

C.2.2 INFLATON DECAY INTO TWO BOSONS

In this case, the interaction considered is different andwe parametrize it with
ℒ� = �2−�)�1112, so that we can express the two bosonic interactions just by
modifying the value of �. The matrix element is just ℳ= = �2−�)�

0
(P�)= that

squared in the decay rate gives

Γ)�→1112
=

�4−2�)
2�
0

8�(1 + $))�)

∞∑

==1

|(P�)= |2�=〈�=(<� , <�)+〉

=
�4−2�)

2�
0

8�(1 + $))�)
$

∞∑

==1

|(P�)= |2=〈�=(<1 , <1)+〉.
(C.39)

From here we can set � = 1 and � = � to get the inflaton decay into two
bosons:

Γ)→11 =
�2)2

0

8� · 2:
(: + 2)
)2

0
<2

)

:(: − 1)$
∞∑

==1

=|P= |2〈�=(<1 , <1)+〉, (C.40)

which can be written in the form

Γ)→11(C) =
�2

4 5 5
(:)

8�<)(C)
, (C.41)

if one, including symmetry factors, defines

�2

4 5 5 (:) =
�2

4<)
(: + 2)(: − 1)$
�(:,ℛ) , (C.42)

where


�(:,ℛ) = 4

∞∑

==1

=|P= |2
〈(

1 − ℛ
=2

P2

) 1

2

+

〉

. (C.43)

Similarly, the annihilation into 2 bosons is represented by a � coupling, through
a matrix element which looks like is ℳ= = 2�)2

0
(P2)= . We can therefore write,

including symmetry factors,

Γ)→11 =
�2�)

8�

:(: + 2)(: − 1)2
<4

)

$
∞∑

==1

=|(P2)= |2〈�=(<1 , <1)+〉. (C.44)
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The decay rate can be compared to

Γ))→11 =

�2

4 5 5

8�

�)(C)
<3

)(C)
, (C.45)

provided that

�2

4 5 5 (:) =
�2

8<)
:(: + 2)(: − 1)2$
�(:,ℛ) , (C.46)

where, similarly to before, ℛ = (2<1/$)2|)→)0
.
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D
Evaluation of �

Starting from our T-model potential, we want to get an expression for the
values of � that are presented in Tab. 5.2. To derive it we will use the following
relations between hyperbolic functions:

3

3G
(tanh G) = sech2G; (D.1)

sech2G

tanh G
= 2csch(2G); (D.2)

1

cschG = sinh G; (D.3)
∫

sinh(0G)3G =
1

0
cosh(0G). (D.4)

We start from the & slow-roll parameter:

& ≡ 1

2
"2

%

(
+ ′

+

)2

=
1

2
"2

%

[
:
sech2

( )√
6"%

)

tanh
( )√

6"%

) · 1√
6"%

]2

=
:2

3
csch2

(
)

√
6"%

)
.

(D.5)
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This comes in useful when evaluating the number of e-folds at the end of infla-
tion:

#∗ '
1

"2

%

∫ )∗

)4=3]

+())
+ ′())3) ' 1

"2

%

∫ )∗

)4=3]

3)
√

2&

'
√

3

2

1

"%:

∫ )∗

)4=3]

3)
√

csch(
√

2

3

)
"%

)
' 3

2:
cosh

(√
2

3

)

"%

)
.

(D.6)

Inverting this we can express )∗ in terms of #∗:

)∗ =

√
3

2
"% cosh−1

(
2:#∗

3

)
. (D.7)

Then we evaluate the amplitude of the curvature power spectrum

�(∗ '
+∗

24�2&∗"4

%

' �"4

%6
:
2 tanh:

(
)∗√
6"%

)
· 1

24�2"4

%

· 3

:2
· 1

csch2
(√

2

3

)
"%

)

' �
6
:
2

8�2:2
tanh:

(
)∗√
6"%

)
· sinh2

(√
2

3

)

"%

)

.

(D.8)

Inverting it, we get an expression for � which is

� ' 8�2:2

6
:
2

· �(∗ ·
1

tanh:
(

)∗√
6"%

)
· sinh2

(√
2

3

)
"%

)
. (D.9)

From (D.6) we can write

cosh

(√
2

3

)

"%

)
' 2:#∗

3
, (D.10)

and

sinh2

(√
2

3

)

"%

)
' cosh2

(√
2

3

)

"%

)
=

4:2#2
∗

9
, (D.11)
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which comes from sinh2 G = cosh2 G − 1, where we can neglect the −1 for large

values of G. Moreover for large )∗, tanh:
(

)∗√
6"%

)
→ 1. The simplified expression

is then
� ' 18�2�(∗

6
:
2#2∗

. (D.12)
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