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Abstract

In recent years, mathematical epidemiology research has experienced a re-
markable growth, largely driven by the impact of COVID-19. Early contri-
butions to the field date back to the beginning of the twentieth century with
compartmental models. Today, mathematical epidemiology is often integrated
with artificial intelligence tools to enable more precise simulations using real
data, while still providing the structural framework for transmission dynamics.

We begin our investigation with the well-known epidemiological SIS model
based on Markov chains. The population is compartmentalised into suscepti-
bles, who can contract the disease, and infectious individuals, who can spread
it among the population or to newborns. In the standard formulation, recov-
ery occurs in an exponentially distributed time. However, exponential distri-
butions fail to capture the complexity of recovery in real-life. We therefore
generalise the model so that the recovery times follow a generalised Erlang
distribution, which we develop here for the case of two successive infectious
stages, representing a first step towards the broader class of Phase-Type dis-
tributions. Inspired by a previous work of Gémez-Corral A. et al., we then
quantify the severity of disease spread by tracking the number of secondary
infections — both horizontal and vertical — produced by a single infectious
individual introduced, at time zero, into an entirely susceptible population.






Chapter 1

Introduction

In recent years, mathematical epidemiology research has experienced a re-
markable growth, largely driven by the impact of the COVID-19 pandemic.
Although few early works in the field are known, modern contributions date
back to the beginning of the twentieth century with the compartmental models
of Kermack W. O. and McKendrick A. G. [38]. Nowadays, mathematical epi-
demiology is often integrated with artificial intelligence tools for more precise
simulations on real data [36] [59] [58]. Nevertheless, mathematical modelling
maintains its centrality in epidemiology, providing the structural framework for
understanding disease transmission dynamics. The success of the discipline lies
in its ability to simulate disease evolutions without direct experiments, where
the latter are always difficult to design and raise serious ethical concerns [12].
Epidemiological models can outline the progression of a disease, predicting, for
example, whether it dies out or persists among the population, and suggesting
appropriate control strategies such as vaccination or isolation.

The SIS epidemiological model based on Markov chains and incorporat-
ing births and deaths is at the foundation of our work. Here, the population
is compartmentalised into susceptibles, who are healthy individuals, and in-
fected individuals spreading the disease [2] [1] [12]. In the classic SIS model,
infected individuals can recover in an exponentially distributed time. However,
although exponential distributions yield to tractable models, they are unable
to capture the complexity of a recovery in real life due to the memoryless
property [55]. According to Llyod A. L. [45] [44], mixtures of exponential dis-
tributions, such as Erlang distributions, can be chosen to provide more realistic
approximations.

In this thesis, we have modified the stochastic SIS model based on Markov
chains by choosing a more realistic recovery period with a generalised Er-
lang distribution, also known as a hypoexponential distribution. The infective
compartment is split into k successive stages of infectiousness as for the Erlang



4 1. Introduction

recovery, but infected individuals can spend different amounts of time in each
of these stages. In particular, we have treated the case with k = 2 stages. This
generalisation serves as a gateway to the broader class of Phase-Type distri-
butions [50] [40], which in recent years have been successfully employed in the
modelling of the healthcare framework [22]. In addition, inspired by the paper
of Gémez-Corral A., Palacios-Rodriguez F. and Rodriguez-Bernal M. T. [25],
we developed an algorithmic procedure to investigate the severity of a disease
that can be modelled as our new SIS.

Chapter 2 provides the necessary knowledge in probability theory and
stochastic processes to understand this work. It introduces on one hand dis-
crete and continuous time Markov chains as fundamental models for random
phenomena evolving in time [55] [51] [13]. On the other hand, it furnishes
an overview of exponential distributions and their mixtures up to Phase-Type
distributions, focusing on the versatility of the latter [50] [49] [40].

Chapter 3 furnishes an essential description of the basis of mathematical
epidemiology [12] [11] [3], and its current frontiers. We discuss the differences
between an epidemic and an endemic situation, and present some basic com-
partmental models. Then, we compare stochastic models with deterministic
ones as the most suitable to simulate the dynamics of small heterogeneous com-
munities, such as hospital wards, schools, and families. Afterwards, we define
the basic reproduction number Ry as a threshold for disease progression [29].
Considering that this number exhibits certain flaws in stochastic frameworks,
we introduce in its place the exact reproduction number Ry cpoct [4] - & ran-
dom variable. Lastly, we focus on the actual need for more realistic models
and briefly outline the new frontiers in epidemiology: the use of complex non-
exponential distributions [22] [41] [31] [24] [45] [44], and the integration with
artificial intelligence tools [36] [59] [58].

Chapter 4 encloses the core of the thesis. The object of study is a Markov
chain defined on the susceptible compartment S and two successive infective
compartments I; and . Births and deaths are allowed in all compartments,
and the population can grow up to a fixed size. Firstly, we characterise this
process as a quasi-birth-and-death process of susceptibles [23] [40], whose gen-
erator is a four-dimensional tensor with tri-diagonal structure. In the litera-
ture, it is common to compactly rewrite such a generator as a sum of Kronecker
products in order to make it easier to handle [27] [16]. However, our genera-
tor has a nested structure made of block matrices whose dimensions vary and
decrease from top left to bottom right. For this reason, we have defined the
generalised tensor product as a new mathematical tool that can rewrite the
block entries of our generator into more compact expressions. Secondly, we
tag an infected individual 1%, and we introduce it at time zero in a totally sus-



ceptible population. The exact reproduction number Ry ¢zqc is used to count
the number of secondary infections produced by 1* until it is no longer in-
fectious. We decompose R ecgact as the sum of two random variables Ry a0
and R{femct, respectively related to the vertical and horizontal transmissions
of the tagged individual. Afterwards, we enlarge the original Markov chain by
the random variables RK exacts Rg{emct, and a random variable o denoting the
position of 1* inside the infective compartment. To this new chain, we apply
the first-step analysis in matrix form. Finally, a section is dedicated to the
resolution of the latter matrix equation, providing the algorithms to solve it.
The scope of these algorithms is to draw a distribution of the exact number of
secondary infections caused by 1* during its infectious period.

Chapter 5 provides a numerical simulation of the theoretical results of
Chapter 4 for some choice of parameters, showing that our model is effective
in predicting the severity of a disease. Since the exact reproduction number is
split in two components, we have further studied separately the distributions
of vertical and horizontal transmissions.

Appendix A implements in Python the algorithms of Chapter 4 with a few
comments.






Chapter 2

Preliminaries on probabilities

In this chapter, we provide the fundamentals of Markov chains and Erlang
distributions, which are the two main mathematical objects used throughout
the thesis. Then, we introduce Phase-Type distributions, as a natural gener-
alisation of Erlang distributions.

2.1 Discrete-time Markov chains

Markov chains are among the simplest mathematical models for random
phenomena evolving in time, belonging to the class of stochastic processes [51].
Their main characteristic is that they satisfy the so-called Markov property,
which asserts that any state depends only on the immediate previous one
and forgets about all the antecedent past steps. Despite their apparently
simple structure, many natural random phenomena can be described in terms
of consecutive steps and can be effectively modelled through Markov chains.

Definition 2.1.1. Let T be a set. A stochastic process (or random process) is
a family X := (X (¢)),c; of random variables defined on the same probability
space (2, F,P), and taking their values in some given measurable space (S, 2).
The set S is called state space, and its elements are called states. If T' C Z, X
is a discrete-time stochastic process. If T is an interval of R, X is a continuous-
time stochastic process.

Usually, 7' denotes a set of times. The notation X; or X (¢) refers to the
process at time t € T

In the following, let S be a countable space, and T C Ny be the set of
times.

Definition 2.1.2. A matrix P is stochastic if every row (pi,j)jes is a distribu-
tion, i.e.
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L. pi; >0, for every 7,5 € S,
I1. Zjespm =1, for every i € S.

Definition 2.1.3. A discrete-time stochastic process X = (X,,), -, is a ho-
mogeneous discrete-time Markov chain with initial distribution A := (\;);cg
and stochastic matrix P, if it satisfies:

. P(Xg=1)= M\, forevery i € S,

II P(Xn+1 :j | Xn :i,Xn_l :in—lw'-;Xl :il,Xo :’Lo) -
=P (X =j | Xp=1i) = Dijs
for states ig, i1, ...,in, 7,7 € S (Markov property).

Moreover, we call P a transition matriz, and we say that X is Markov(\, P).

Theorem 2.1. A discrete-time stochastic process X is Markov(\, P) if and
only if for all ig,7;,...,ixy € S and N € N*:

P (Xo =0, X1 =i1,..., XN = in) = NigDig,is Dirsin - - - Pin_rsin-
Proof. See [51], Theorem 1.1.1. O

The next two Theorems compute the probability that the Markov chain
after n steps is at a certain state.

Theorem 2.2. Let X be Markov(\, P) where P is the transition matrix,
then P = P™ for every n > 0, i.e. the n'"-step transition matriz is the n'*
power of matrix P.

Proof. See [55], Chapter 4.2. O
Theorem 2.3. Let X be Markov(\, P), then for all n,m > 0:

L P(X,=j)=(AP");, for every j € S,

L B (X =5) =P (X = | Xon =14) = ", for every i,j € S.
Proof. See [51], Theorem 1.1.3. O

The concept of communication divides the state space into separate
classes [51] [55], which separately determine the behaviour of the whole Markov
chain.
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Definition 2.1.4. Let X be Markov(\, P), let i, € S be states. We say
that j is accessible from i if there exists n € Ny such that P; (X,, = j) > 0. We
denote it with ¢ — j. Moreover, i communicates with 7 if i — 7 and 7 — 7, we
denote it with ¢ < j.

Lemma 2.1. The relation <« partitions the state space S into equivalent
classes, called communicating classes.

Definition 2.1.5. Let X be Markov(\, P), let S be the state space, then:

[. aclass C' C S is closed if for every i € C' such that ¢ — j, then j € C.
Otherwise, it is said open.

II. astate i € S is absorbing if {i} is a closed class.
ITI. X and P are irreducible if the state space S is a single class.
Definition 2.1.6. Let X be Markov(\, P). The state i € S is recurrent if
P; (X,, = ¢ for infinitely many n) = 1,
otherwise, it is transient if
P; (X,, = i for infinitely many n) = 0.

There is an extensive theory about recurrent and transient classes that

goes beyond the scope of this thesis. For a comprehensive treatment, see
Chapter 1.5 in [51], and Chapter 6.3 in [55].

2.1.1 Hitting probabilities and mean hitting times

In the theory of Markov chains, a fundamental random variable is the
hitting time to a state, or more generally, to a set of states. It is also possible
to compute the probability that the chain hits a state, and the average time it
takes to hit it.

Definition 2.1.7. Let X be Markov (A, P), let A C S be a set of states. The
hitting time of A is the random variable H4: Q — Ny U { +o0} given by:

H* (w) =inf{n >0: X, (w) € A},
where H* (w) = +o0 if the chain never hits A.

Definition 2.1.8. Let X be Markov (A, P), let A C S be a set of states.
The hitting probability hi* is the probability that the chain ever hits A starting
from i € §, and it is defined as:

hit =P; (H* < +00).
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Definition 2.1.9. Let X be Markov (A, P), let A C S be a set of states. The
mean hitting time k' is the average time that the chain takes to hit A starting
from i € S, and it is defined as:

k' =E; (H").

)

Hitting probabilities and mean hitting times can be explicitly calculated as
a solution of a system of linear equations.

Theorem 2.4. Let X be Markov (A, P), let A C S be a set of states. The
vector of hitting probabilities (hA) is the minimal non-negative solution of
the system of linear equations

ht =1 ific A
hit = jespighi ifi g A

Proof. (Existence) We show that (hf)ie 5 satisfies the system of linear equa-

tions. If i € A, then H* = 0 and clearly h{ = 1.
If i ¢ A, then H* > 0, and applying Markov property and homogeneity:

Bt =Pi (H < +o0) = 3 P (H" < 400, X1 = j) =

jES

jES JjeS

(Minimality) Let (uj‘)je  be an another non-negative solution of the sys-
tem. If i € A, clearly k! = h! = 1. If i ¢ A, we get

- Zpivj'u;‘ = Zpi,jﬂf1 + me-lu;‘ =

jes jEA J¢A
= Zpi,j + sz',j <Z Pikki + ZPMM?) =
jEA J¢A keA k¢ A
= Zpi,j + Z DPi,jPjk + Z PiiPikbe =
jEA j¢AkEA j¢AkEA
=P (X1 €A)+P (X1 ¢ A Xo € A)+ > pigpisis =
i¢AkEA
=P (HA 1)+IP> ( Z pszjk,uk =

J¢Ak¢A

=P (H*<2)+ > pipisii-
JEAkEA
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After repeating the substitutions n times, we obtain

A A A
pit =P (H* <n) + Z PijiPjr gz - - - Pin—1,5n Mo,
]1¢A7]2¢Aa7]n¢‘4

The last term on the right is a non-negative residual, hence p* > P (H 4 < n)
If n — 400, we finally get

pt > lim P; (H* <n)=P; (H" < 4+00) = h{".

n—-+oo ’
0
Theorem 2.5. Let X be Markov (A, P), let A C S be a set of states. The

vector of mean hitting times (kJZA) is the minimal non-negative solution of
the system of linear equations

i€S

kA =0 ifieA
Proof. See [51], Theorem 1.3.5. O

2.2 Mixtures of exponential distributions

Exponential distributions are commonly used as a first approximation of
real-world distributions. They are characterised by the memoryless property,
according to which the elapsed time does not affect the probability of a fu-
ture event. Models that employ the exponential distribution are, in general,
analytically tractable because of this property.

Definition 2.2.1. A continuous random variable X is said to have an expo-
nential distribution with parameter A > 0, if its probability density function
is given by

f(x) =X forx>0

or equivalently, if its cumulative distribution function is
Fx(z)=P(X<z)=1-e forz>0.
We say that X ~ Ezxp (\).

The mean of X ~ Exp(\) is given by

I
o\
+
g
>
8
[
>
g
U
S
|

E(X):/O+Oomf(x) dx
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Since
+oo +oo 2
E (X?) = / 22 f (z) dx = / \e?e ™ dr = >
0 0 A
its variance 1s
Var (X) =E(X?) -E(X)* = .
The Laplace-Stieltjes transform of X ~ Exp (A) is

,CX (0) =E (G_QX) = )\—+€

Theorem 2.6. A continuous random variable X :  — Ny U {400} is expo-
nentially distributed if and only if it satisfies the memoryless property

for every A > 6.

PX>s+t]|X>s)=P(X >t) forall s,t>0.
Proof. =) Let X ~ Exzp()), then for all s,¢ > 0:

P(X > t —A(s+t)
P(X>s+t|X>s)= E»(X;H)):ex —eM=P(X >1).
S e s

<) Let X satisfy the memoryless property whenever P (X > s) > 0. Then,
the function gx (t) = P (X > t) satisfies for all s, > 0:

gx(t+s)=P(X >t+s5)=P(X >t+s5X >s)=
=PX>t+s|X>s)P(X>s)=P(X>t)P(X >5s)=9x (t)gx (s).

Since X > 0, there exist n € Nt such that gx (1) > 0. Then

n

1 1 1 \"
gx()=gx(-+—-+-+=)=9x| =) >0
non n n

—
n times

So, for all integers p,q > 0 it holds

o <§> - (p11Q) =ox (D)7

We deduce that for all rationals r we have gx (r) = gx (1)". Since gx is
continuous and rational numbers are dense in real numbers, the relationship
also holds for the positive reals.

As a result, for any real ¢t > 0:

P(X > 1) = gx () = gx (1) = etlnlox(D) = =M

where gx (1) is a positive constant in (0, 1], and so A = —In(gx (1)) > 0. O
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Theorem 2.7. Let I be a countable set, and let (X;),., be i.i.d. random
variables such that X; ~ Exp(A;) and 0 < A := > ., \; < +o0o. Then,
the infimum X := inf;c; X; is exponentially distributed with parameter .
Moreover, the infimum is attained at a certain random index K € I with

probability P (K =1i) = \;/\.
Proof. See [51], Theorem 2.2.3. O

Although the memoryless property leads to analytically tractable models, it
prevents exponential distributions from capturing the complexity of real-world
phenomena. The immediate generalisation of the exponential distribution is
the FErlang distribution, which is able to model a sequence of independent,
identically and exponentially distributed tasks [21].

Definition 2.2.2. A continuous random variable X is said to have a k-Erlang
distribution with parameter A > 0 and & € NT, if its probability density
function is given by

(Az)"!
(k—1)!

f(z) = Xe ™ for x > 0,

or equivalently, if its cumulative distribution function is

k—1

1
FX(x):IP(ng):l—zﬁe”\x()\x)n for x > 0.
n=0

We say that X ~ Erlang (k,\).

Theorem 2.8. A continuos random variable X is Erlang (k, A) if and only if
there exist k i.i.d. random variables X, Xo, ..., Xy ~ Exp (A) such that X is

distributed as their sum, i.e. X 4 Xi+Xo+ -+ X,
Proof. See [55], Chapter 5.2.3. O

Exp(h) Exp(A) Exp(h)

Figure 2.1: Erlang(k, \) distribution.

It follows that the mean of X ~ Erlang (k,\) is
k
A?

=

s
H
I
=
s
H
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and its variance is

Var(X) =kVar(X;) = %

The Laplace-Stieltjes transform of X ~ Erlang (k, \) is

k k
A
=1

Probability Densi

Figure 2.2: Probability density functions of the k-FErlang distribution. On the
left, £ = 2 is fixed and X varies. On the right, A = 2 is fixed and k varies. Notice
that the exponential distribution is a particular case of the Erlang distribution
for k =1.

The immediate generalisations of the k-Erlang distribution are the hy-
perexponential distribution and the hypoexponential distribution, where the
random variables X; have all different exponential rates.

Definition 2.2.3. A continuous random variable X is said to have hyperez-
ponential distribution for k € Nt if its probability density function is

k

f(x)= Zin (x)p; forall z >0,

=1

where Y; ~ Exp ();) are indipendent random variables, and p; := P (X =Y))
such that Zle p; = 1. This distribution is often referred to also as convez
mixture of k exponential distributions.
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P4 Pz Pk

Exp(hq) BExplay  coiamsiesiid Exp(h)

Figure 2.3: The hyperexponential distribution.

Its mean is

and its Laplace-Stieltjes transform is

k

Dil;

Lx (0) = Z for every \; > 0.
— A+ 6

Definition 2.2.4. A continuous random variable X is said to have hypoezpo-
nential distribution for k € N or k-generalized-FErlang distribution, if

XLX+ X0+ + X,

where X; ~ Exp();) are independent random variables. We say that X ~
Hypo (A, Ag, ..., \g) or X ~ gErlang (A, Ag, ..., \g) .

Exp(Aq) Exp(hy) Exp(h)

and its variance is
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The Laplace-Stieltjes transform of X ~ gErlang (A1, Aa, ..., \) is

k k k
Lx (0):H£Xi (0) :H()\A):_ ) for every A\; > 0.
i=1 i=1 N

From Chapter 5.2.4. in [55], if X ~ gErlang (A1, Aa, ..., Ag), its density
function is

k k
A s
f(m)=Z<H )\j—]Ai>>\i6Al for all z > 0.

i=1 \j=lj#i

Observe that the exponential distribution is a particular case of the Erlang
distribution for k& = 1, i.e. Exzp(\) = Erlang (1,)\). The Erlang distribu-
tion is a particular case of the gFErlang distribution when Erlang (k,\) =

gErlang (A, Ag, ..., \g) for Ay = dg ==X\, = A\

Probability Der
o

00
4 1 2 3 4 5
x

Figure 2.5: Example of comparison between exponential, Erlang, gErlang, and
hyperexponential distributions, for k£ = 3. The gErlang distribution is the one
that offers major flexibility.

2.3 Continuous-time Markov chains

This chapter introduces the continuous-time Markov chains (CTMC'), pro-
viding the fundamental definitions of transition semi-group and infinitesimal
generator. Several properties holding for the discrete-time Markov chains can
be extended to the continuous setting.

As in Chapter 2.1., we call S the countable state space. The set of times
is now T'=R*.
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Definition 2.3.1. A continuous-time stochastic process X = (X (t)),5, is a
homogeneous continuous-time Markov chain if for all ¢, j,41,19,...,i, € S, for
all timest > 0and s > s, > -+ > 89 > s7 > 0 it holds:

P(X(t+58) =3 | X(8)=0,X (50) = in1s. s X (82) = in, X (81) = i1) =
—P(X(t+5)=j| X (s)=1), (2.1)

called Markov property, and if the right-hand side of equation (2.1) is indepen-
dent from s. In this case, we define the transition probability from state ¢ to j
in time £ > 0 as

pij () =P (X (1) =j) =P(X(t+s) =7 X(s) =1). (2.2)
For brevity, we refer to this chain also as CTMC.

Definition 2.3.2. Let (X ()),., be a CTMC, we call transition semi-group
the family of matrices { P (t)};>¢ whose entries are the transition probabilities
n (2.2), ie

P(t) = (pi,j (t))i,jgs'

Lemma 2.2. The transition semi-group { P (¢)};>¢ satisfies:
I. P(0) is the identity matrix,
II. P(t+s)=P(t)P(s)=P(s)P(t)forallt,s > 0 (semi-group property).

Proof. The first property is obvious. The second property derives from the
Chapman-Kolmogorov equation

pzy t—l—S szk pk] [
keS

The distribution of a CTMC at time ¢ > 0 is a vector A (t) := (X; (t)),cs
whose entries are \; (t) := P (X (t) = i). We observe that

P(X(t)=i)=) PX{#)=iX(0)=k = pri(®)X(0).
kesS keS

Hence, the distribution of a CTMC at time ¢t > 0 can be obtained from the
initial distribution A (0) and the transition semi-group {P (t)}:>0 as

AT = X0 P(t).

Theorem 2.9. The probability distribution of a C'T'M (' is entirely determined
by its initial distribution and its transition semi-group.



18 2. Preliminaries on probabilities

In the following, we introduce the infinitesimal generator, which is essential
for the characterisation of C'TMC's.

Definition 2.3.3. Consider a CTMC with transition semi-group {P (t)}+>o,
then we define the transition rates as:

I ¢ ;= lim Pij (1) — dpi; (1)

S S,
lim, = o > 0 for all states i £ j € S,

t=0

IL gii = —qi = — Z ¢; <0.
JES,JF#1
Moreover, the transition rates can be collected in a matrix called the infinites-
1mal generator
Q= (Qi,j)z‘,jes
such that its diagonal entries are not-positive, its off-diagonal entries are not-
negative, and the sum of the entries on each row is zero.

Remark. We always assume to work is a setting where
I. limits for ¢; ; exist for every 7,j € S,
II. ¢;; < +oo for every i € S,

ITI. supg;; < +oo.
=
From the definitions, it holds the following relationship between the gener-
ator and the transition semi-group of a CTMC:

dP(t)

O="a

t=0

Then, from the semi-group property and under the condition that P (0) is
the identity matrix, we obtain

Pt+s)=P(O) _p _ppPEr0-PO)

S S S

and for s — 0 we get the forward Kolmogorow equation
Pt)=P()Q.
Similarly, we obtain the backward Kolmogorow equation

P () =QP(t).
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From the Kolmogorov equations, we find that the transition semi-group
can also be computed as
P (t) = €'?,

and this is the unique solution to Kolmogorow equations.
For more details, see [13], Chapter 13.2.

Lemma 2.3. The probability distribution of a CTMC X is entirely determined
by its initial distribution A (0) and its generator (). We refer to a CTMC also
saying that X is Markov (A (0), Q).

Example 2.3.1. The simple birth-and-death process is a fundamental example
in the theory of continuous-time Markov chains, on the state space & = Nj.
From every state ¢ € Ny, allowed transitions end up in 2 — 1, ¢ + 1, or ¢, with
rates given by the following diagram [33], Chapter 4.3:

2 A By il A i ;o
T T T /‘_} mm —a
[ o] 1] | 2 {i=11) [ | i+1
R N _\_______,f}\_ e _ﬂ__/k\_ S \___.:';\- _.r"-_h________,—’\. . _ . -
u I 1l o In Hin Higa

The generator is the tridiagonal matrix:

-0 Ao 0 0
pr —(A ) A 0
0 12 —(A2 + p2) A2
Q=1 , . . .
0 i (it ) A
0 . . .

Now, we introduce an essential tool for the study of a CTMC, which is its
jump chain. The jump chain of a CTMC X tracks the sequence of states taken
by X, after each jump.

Definition 2.3.4. Let X := (X (t)),5, be a CTMC, then:

J() =0
' {Jn+1 =inf{t > J,: X (t) # X (J,)}, forn>0

are the jump times of X.

IS — Jp— Jpo1 it 1 <400, forn>1
T 40 otherwise

are the holding times of X.
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I1. Y, := X, for n >0, is the jump chain of X.

Lemma 2.4. The jump chain of a CTMC is a discrete-time Markov chain,
whose transition matrix is the jump matriz 11 := (7 ;), ..o defined as

(2
“iif i g #0
Tj = g
’ 0 iHi#j,¢=0

T4 - — .
’ 1 iftg =0

Lemma 2.5. The holding times of a CTMC are exponentially distributed, in
particular S, ~ Exp (anfl).

On the other hand, a CTMC can be entirely reconstructed from exponential
holding times and the jump chain. For more details, see Chapter 2.2. and
Chapter 2.4 in [51].

The notions regarding communicating classes, and recurrence or transience
of states are inherited from the discrete theory of Markov chains, passing
through the discrete jump chain. For more details, see Chapter 3.2 in [51].

2.3.1 Hitting probabilities and mean hitting times

Definitions and theorems concerning the hitting probabilities and mean
hitting times of a CTMC are a direct consequence of the jump chain and
Section 2.1.1. The reference is Chapter 3.3 in [51].

Definition 2.3.5. Let X be Markov (A (0),Q), let A C S be a set of states.
The hitting time of A is the random variable D4: Q — Ry U { 400} given by

DA =inf{t >0: X (t) € A},
where D4 = 400 if the chain never hits A.

We observe that if H# is the hitting time of A, the events {D? < +o00} =
{H# < 400} coincide.

Definition 2.3.6. Let X be Markov (A (0),Q), let A C S be a set of states.
The hitting probability h{* is the probability that the chain ever hits A starting
from ¢ € S, and it is defined as:

hit =P; (D" < 400) =P; (H* < 4+00) .

)
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Definition 2.3.7. Let X be Markov (A(0),Q), let A C S be a set of states.
The mean hitting time ki* is the average time that the chain takes to hit A
starting from ¢ € S, and it is defined as:

k' =E; (DV).

Theorem 2.10. Let X be Markov (A(0),Q), let A C S be a set of states.
The vector of hitting probabilities (h{‘)ie 5 is the minimal non-negative solution
of the system of linear equations

ht =1 ifie A
Zjesq@jh’? =0 ifs §é A.

Proof. We apply Theorem 2.4 to the jump chain Y of X, so

ht =1 ifieA
h;A = ZjES 7Ti7jh3~4 le ¢ A

Consider the second equation. From the definition of the jump matrix I and
multiplying both sides by ¢;, we obtain the conclusion. O]

Theorem 2.11. Let X be Markov (A(0),Q), let A C S be a set of states.
The vector of mean hitting times (k;-“)l.e s 1s the minimal non-negative solution
of the system of linear equations

kA =0 ifieA
1+ Y es gkt =0 ifi ¢ A,
Proof. See [51], Theorem 3.3.3. O

2.4 Phase-Type distributions

Phase-Type distributions, introduced by Neuts M. F. in 1975 [50], are based
on the method of stages as a natural generalisation of the exponential and
Erlang distributions. The underlying idea is to model the time of absorption
of a finite-state Markov chain. Phase-Type distributions consist of a class
of transient states {1,...,n} such that the transition rates are included in a
matrix, and of an absorbing state 0. The distribution then describes the time
of absorption to 0, given an initial distribution on the transient states.

This class of distributions is considered very useful in modelling because it is
both versatile and complex. Since Phase-Type distributions can be represented
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through a matrix, they usually lead to computationally tractable models, pro-
viding an introduction to the “matrix analytic methods” [40]. Furthermore,
they can approximate arbitrarily closely any real non-negative probability dis-
tribution. Another advantage is that they are closed under various operations.
For a complete reference, see Chapter 2 in [40], and Chapter 1 in [28].

Definition 2.4.1. Consider a continuous-time Markov chain X on the
states {0, 1,...,n}, with initial probability vector (79, 7) and infinitesimal gen-

erator
0 0

where 7 is a row vector of size n, T is a n xn matrix, and t is a column vector of
size n. The distribution of the time until absorption to state 0 for the chain X,
is called Phase-Type distribution or PH distribution with representation (1,T).
We also say that X is PH (7,T).

Seeing the underlying Markov chain structure of X, the terms states or
phases of X are used interchangeably to refer to the set {0,1,...,n}.

Notice that one could choose another absorbing state, instaed than 0 as in
the definition. Moreover, observe that, since () is the generator of a CTMC,
we must have:

T, <0, t,>0, T;;>0 foralll<i#j<n,

)

and
71, 4+t=0, 71,4+7=1,

where 1,, is a column vector of all ones. Therefore, 7y and t are respectively de-
termined by 7 and T', which explains why a representation of a PH distribution
is just given by the couple (7,7).

Theorem 2.12. Let X be PH (7,T) on the states {0,1,...,n}, then its den-
sity function is given by

fx (x) =71el* ¢ for x>0,
and its cumulative distribution function is given by
Fy(r)=P(X <z)=1-7e""1, forz>0.
Proof. See [40], Theorem 2.4.1. O

Definition 2.4.2. Let X be PH (r,T) on the states {0,1,...,n}. It is
nondefective if Fy (00) = 1, i.e. if absorption occurs almost surely in a fi-
nite time, starting from any phase i € {0,1,...,n} with 7; > 0.
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Theorem 2.13. Let X be PH (7,T) on the states {0,1,...,n}. It is nonde-
fective if and only if the matrix 7" is not singular, if and only if {1,2,...,n}
are transient states.

Moreover, (—T‘l)i, ;18 the expected total time spent in phase j until ab-
sorption, given the initial phase i.

Proof. See Theorem 2.4.3. in [40], and Lemma 2.2.1. in [49]. O

In the following, we assume always that PH distributions are nondefective.
If so, the Laplace-Stieltjes transform is a rational function:

Lx(0) =E (e) = o+7(OI—T)"'t for>0.

We observe that representations are not unique, and for any PH distribu-
tion, there exist infinitely many different representations. An immediate way
to see it, is by adding a new state to the chain which does not interfere with
the absorbing process. We call equivalent representations those that represent
the same probability distribution, despite their number of phases and different
structure of the generator. Therefore, a common task is to find a minimal rep-
resentation for the PH distributions. For more details, see Chapter 1.4. in [28].

Similarly, we can define the discrete PH distributions.

Definition 2.4.3. Consider a discrete-time Markov chain X on the
states {0, 1,...,n}, with initial probability vector (79, 7) and transition prob-

ability matrix
10
=i 7)

where 7 is a row vector of size n, T' is a n X n matrix, and ¢ is a column vector
of size n. the distribution of the time until absorption to state 0 is a discrete
Phase-Type distribution, with representation PH, (7,T).

Theorem 2.14. Let X be PH, (7, T) on the states {0,1,...,n}, then

O) =170
P(X=4k)=7T""% forke{l,...,n}.
Proof. See [40], Theorem 2.5.3. O

As in the continuous case, PH, (7, T) is nondefective if and only if T is
transient. In this case the generating function is:

ox (0) =E () =7+ 07 (I —0T)""t for |0] < 1.
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2.4.1 Common examples

Mixtures of exponential distributions owe their popularity in stochastic
modelling to the memoryless or partial memoryless property. Due to their
flexibility and algorithmic tractability, Phase-Type distributions are popular
to fit actual data. They find applications, for example, in modelling and sim-
ulation in insurance, risk management, actuarial sciences, and healthcare [52].
In the class, the Coxian representation is particularly suitable for theoretical
analysis and numerical computation.

In this section, we show how the mixtures of exponential distributions we
have seen so far belong to the class of PH distributions.

Example 2.4.1. Let X ~ Exp(\) exponential random variable, then it is a
PH distribution with representation 7 = (1), T = (=\).

Example 2.4.2. Consider X with hyperexponential distribution, obtained as
a mixture of k£ independent exponentially distributed random variables of pa-
rameters A1, Ao, ..., g, and each one chosen with probability respectively of
P1, P2, - .-, pr- Then, X is a PH distribution with representation

X 0 ... 0
T:(PlaP%---,pn), T = 0 —/\2 0
0 ... 0 -\

Example 2.4.3. Consider X ~ gErlang (A, A2,...,A\x) on {1,2 ... k},
then X is a PH distribution with absorbing state k, and with representation

X A0 0
0 =X XN ... 0
7=(1,0,...,0), T=1| o 0o . -l 0
0 0 ... —Apl1 et
0 0o ... . — Ak
If Ay =Xy =--- =X\, =: A, we find the representation for X ~ Erlang (k, ).

Example 2.4.4. An important subclass of PH distributions is the Cozxian dis-
tribution due D. R. Cox [15], which is an extension of the gErlang distribution
where, after each transient state, the chain can proceed to the next one, or
end in the absorbing state:
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Exp(hq) Expihg) Expihy)

Figure 2.6: Coxian distribution with £ random variables exponentially dis-
tributed with parameters Ay, Ao, ..., A\x, and an absorbing state. After each
phase i € {1,...,k}, an experiment determines to proceed to the next phase
with probability p;, or to get absorbed.

Its PH representation is

—)\1 pl)\l 0 ce 0
0 —)\2 pg)\z R 0
T=(1,0,...,0), T=1| o 0 0
0 0 ceo = Aem1 Pr—1Ak—1
0 0 — Ak

Example 2.4.5. Here is a discrete example. Consider a negative binomial
distribution X ~ NB (n, ), then it is a discrete PH distribution with repre-

sentation

1—XA A 0o ... 0
0o 1-Xx X ... 0
r=(1,0,...,0), T= : ’ ’ :
1-Xx A
0 0 1-A

2.4.2 Main properties

A clear advantage of PH distributions is that they are closed with respect
to various operations. We state the theorems just for the continuous case, but
they can be formulated similarly for the discrete case.

Theorem 2.15. Let X be PH (7,7) with n phases, let Y be PH (5,5)
with m phases, then their sum X + Y is PH (v, C) with n + m phases such

that
=, c=(3 '),
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where - represents a scalar product between vectors, and t = —T1'1,,.
Proof. See Theorem 2.6.1 in [40], or Theorem 3.16 in [57]. O

Theorem 2.16. Let X be PH (7,T) with n phases, let Y be PH (/3,S) with
m phases, and denote with F', G respectively their cumulative distribution
functions. Then the convex mixture 6F + (1 — 0) G, for 6 € [0, 1], is PH (v, C)
with n + m phases, where

y=(0m,(1-0)8), C= (g g)

Proof. See Theorem 2.6.2 in [40], or Theorem 3.17 in [57]. O

Theorem 2.17. A finite mixture of & PH distributions with representation
(7;, T;) and mixture density (pi, po, ..., pr) is a PH distribution with represen-
tation

7 0 ... 0
( ) o 0O 7, ... 0

= Tl ey DETE) =
Y P1T1 PrTk 0 0
0 ... ... T

The following operator, here defined, is widely used in the study of Markov
chains because it allows for a compact representation of matrices made of
repeated blocks of the same size.

Definition 2.4.4. Let A € M, ,,,, B € M,,, be two matrices, then their
Kroenecker product A ® B is the matrix of dimension nr x mgq, written in
block-partitioned form as

Al,lB ALQB [ Al,mB

Ao B AssB ... Ay, B
A® B = <ai’jB)i7j — 2,:1 2,:2 2,:

A B A2B ... A,.DB

Among the basic properties of the Kronecker product, we find that it is as-
sociative, distributive, compatible with scalars, and satisfies the mixed product
rule for any A, B, C, D rectangular matrices:

(A® B)(C® D) =AC ® BD.

Definition 2.4.5. Let A € M, «,, B € M,,,«m be two squared matrices, then
their Kroenecker sum is

A B=A® I, +1,® B,

where [, € My is the identity matrix.
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For more details and examples about the Kronecker product, see [27].
Whereas, regarding its applications in Markov chains, look at [16].

Theorem 2.18. Let X be PH (r,7) with n phases, let Y be PH (3,5)
with m phases, then Z = min (X,Y") is PH (v, C) with nm phases, where

y=1T®p, C=T&S.
Proof. See Theorem 2.6.4 in [40], or Theorem 3.18 in [57]. O

The most important property of PH distributions is that they approximate
any other real positive distribution.

Theorem 2.19. The class of continuous PH distributions is dense in the class
of probability distributions on R*.

Proof. See Theorem A5.14 in [5], or see Theorem 3.20. in [57]. O






Chapter 3

Basic notions on mathematical
epidemiology

The mathematical modelling of a disease is a field of study that, in the
last few decades and especially after COVID-19, has become even more pop-
ular [19] [53] [36]. The first known result in mathematical epidemiology is
a defence of inoculation, an early form of vaccination, against smallpox in
1760 by Daniel Bernoulli [7]. However, the first contributions to the mod-
ern mathematical epidemiology are due to En’ko P. D. in the second half of
the nineteenth century [18]. Later, at the beginning of the twentieth century,
compartmental models were developed, especially thanks to the contributions
of some public health physicians such as Kermack W. O. and McKendrick A.
G. [38]. A particularly instructive and award-winning work was that of Ross R.
on malaria [54] [46], which led, in successive years, to an increased attention
towards the discipline. Nowadays, mathematical epidemiology is integrated
with artificial intelligence tools, enabling more precise simulations [36] [58].

Understanding the overall behaviour of a disease is fundamental to look-
ing for the right questions in research. The term epidemic refers to a sudden
outbreak of a disease that infects a substantial portion of the population in a
region, before it disappears [12]. In this case, it is common for epidemiologists
to search for the final size of the epidemics, in other words, how many infec-
tions are produced until the disease extinction [32] [10]. Relevant examples
of epidemics were the SARS virus in 2002, the Ebola virus, and the avian
flu. If an epidemic is not contained in its spread, we use the term pandemic,
such as for COVID-19. On the other side, the term endemic refers to a dis-
ease that breaks out and remains present in the population. Diseases such as
measles, malaria, typhus, or cholera are endemic because they are common, for
example, in less developed countries, even if in the Western world they have
been eradicated [12]. In this case, an epidemiologist can focus on the efficacy

29
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of different containment measures. Other common questions can regard the
oscillating behaviour of some epidemics, which keep returning in intervals of
years and possibly diminishing in severity [30].

The success of mathematical epidemiology is due to the fact that it permits
the design of an epidemic or endemic evolution without a direct experiment.
Indeed, experiments in epidemiology are often difficult to design and, anyway,
raise serious ethical questions [12]. Moreover, the use of predictive AT models
can be unsuccessful because data may be noisy or incomplete, or might raise
problems of interpretation [20] [36]. In this contest, the mathematical analysis
of disease spread allows us to better understand the underlying mechanisms
and to outline its evolution, suggesting appropriate control strategies, such as
vaccination or isolation.

3.1 Deterministic and stochastic compartmen-
tal models

In mathematical modelling of disease transmission, there is always a trade-
off between simple and tractable models, and more complex and accurate mod-
els. Most epidemic models are based on the idea of McKendrick A. G., which
consists of splitting the population into a certain number of compartments [38].
Each compartment represents a possible state for the individuals in the pop-
ulation, and the sum of all individuals in each compartment is the total pop-
ulation. Since every disease to model requires different assumptions, it is
fundamental to choose the compartments case by case. The most common
ones are:

o Susceptibles (S): healthy individuals who can contract the disease;

e Infectious (I): individuals who are currently infected and can transmit
the infection to the susceptibles;

e FEzposed (E): individuals who have been exposed to the disease, but who
are not infectious yet;

e Removed (R): individuals who have developed an immunity against re-
infection;

e Vaccinated (V): individuals who have developed a total or partial immu-
nity due to vaccination.
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However, depending on the situation, one can also consider other compart-
ments, such as Quarantine (Q), which groups individuals under a total or
partial isolation.

Another factor to consider when choosing the compartments is the trans-
mission mode of the disease, either by contact or through vectors. For example,
the flu is transmitted by human-to-human contact, whereas malaria is trans-
mitted by vector agents, which are mosquitoes, and require new compartments
themselves [54]. Less often, a disease admits multiple forms of transmission of
comparable importance, such as the medieval plague or COVID-19 [42].

A compartmental model is called from the letters that denote its compart-
ments. Here, in the following, we give a list of the most common and simple
compartmental models, with some concrete examples:

e SI: susceptibles are infected, and the infection is conserved in time. It is
the case of winter flu, some sexually transmissible diseases such as HIV
or herpes, and other viral infections.

e SIS: susceptibles can be infected and recover, becoming vulnerable again
to reinfection. It is the case of some sexually transmissible diseases such
as syphilis and chlamydia, tuberculosis, meningitis, and other bacterial
infections.

e SIR: susceptibles can be infected and recover, but then develop per-
manent immunity against reinfection. In general, the modeller should
always consider whether immunity is developed after recovery. It is the
case of many childhood diseases, such as smallpox, measles, and rubella.
A historical example of SIR epidemic is the Great Plague of London
in 1665-1666 [47]. On the contrary, many bacterial infections confer no
immunity, and in this case, the SIS model is more adequate.

e SEIS/SEIR: infected individuals do not immediately become infectious.
The time of incubation is called latency period, and it is often negligible.
Examples where considering the compartment (E) is essential are the
tropical diseases such as malaria, whose symptoms show up days after
the contagion [46].

e SISV: it works as the SIS model, but there is the possibility to develop
partial or total immunity thanks to vaccination. For example, it is the
case of chickenpox in those countries where vaccinations against this
disease are recommended.

An epidemiological model must describe how the individuals move in time
between the various compartments and at what rates. If such a purpose is ex-
pressed by the solution of a set of differential equations, we say that the model
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is deterministic. Otherwise, if the model is described through a stochastic
process and results are expressed in terms of distributions, it is said stochastic.
The structure of stochastic epidemiological models can rely on discrete-time
Markov chains, continuous-time Markov chains, or on stochastic differential
equations [12]. In the literature, it is also common to find hybrids of the two.

Deterministic models are able to tell exactly, in a homogeneous and well-
mixed population, how many individuals are in the various compartments at
a certain time. The describing system of differential equations often can not
be solved, and a qualitative analysis of the solution is preferred. However, a
better approach is to work with stochastic models where the results are given
in terms of distributions.

The other advantage of stochastic models is that random effects can be
included. Moreover, the assumption of deterministic models to have a homo-
geneous and well-mixed population is reasonable only once the epidemic is well
underway. In the outbreak of the disease, in small communities, transmissions
depend strongly on how the group of infectives interacts randomly with that of
susceptibles. Indeed, it is common to have small heterogeneous communities
where there exists a small number of individuals particularly infectious with
respect to the others [3].

Therefore, deterministic models are more suitable for large populations,
whereas stochastic models provide a successful option for small communities.

Example 3.1.1 (SIS deterministic model [1]). Consider a homogeneous and
well-mixed finite population of fixed size N, divided into two labelled com-
partments S and I. Denote with S (¢) the number of susceptible individuals
at time ¢ > 0, and with I (¢) the number of infected individuals at time ¢ > 0.
Moreover, S (t) + I (t) = N at any time ¢ > 0.

Assume that births and deaths in S and I occur at the same constant
rate a > 0, and that infected individuals give birth to susceptible offspring.
Let > 0 be the transmission rate for the disease, and v > 0 be the recov-
ery rate. Hence, the disease spread is governed by the system of differential
equations:

s I
al  pn
©_Fer- I 1
© = L51— (a+7) (31)

If we set to zero the right-hand sides of the differential equations (3.1), we
obtain two equilibria:

71:0, 72:]\]—(1_&"’_7)
o
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To study the stability of the equilibria, we need at first to linearize the
system of differential equations [56]. If the vector field is

X (S,1) = <—%Sl+(a+7)], %51—(a+7)1>,

its jacobian is
—L] LS4 (a +7)>
v §9—(a+)

X'(S,1) = (

The eigenvalues of

0 —p+(a+ 7))
X' (N,0) = (
NO={0 u-ta+m)
are 0 and u — (a+7), thus the equilibrium I; is stable if y < a +~v. In
this case, the system converges to a disease-free situation, where all infected
individuals die out.
The eigenvalues of

X' (N(a+7)/m, N (1= (a+7)/u) = (—Huj(éa:vv)) 8)

are 0 and —p + (a + ), thus the equilibrium Iy is stable if o ++ < p. In this
case, the system converges to an endemic situation, where the disease persists
indefinitely.

Moreover, rather than seeking an explicit formula for I (t), we can in-
stead give a numerical approximation of the solution. With Euler’s method,
over a sufficiently small time interval At, we can make the approximation
dS/dt ~ AS/At, where AS = S (t + At) — S (t). Hence

S(t+At)=5(t) — %S(t)](t)AtnL(oz—l—v)](t)At.
Similarly, we can approximate the number of infectives:
T(t+A) =1(t)+ %S(t)[(t)At— (a+7)I(t) AL

Notice how the approximated solutions justify the choice of system (3.1).

Example 3.1.2 (SIS stochastic model [1]). Consider a population of finite
fixed size N, divided into two labelled compartments S and I. Transitions on
these two compartments are described by the random variables S (t) and I (¢),
which count the number of individuals, respectively, in S and /. Observe that
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there is only one independent random variable I (t), because S (t) := N — 1 (1).
The stochastic process {I (t)}:+>o on the state space {0,1,..., N} is naturally
a CTMC. Otherwise, if the population is not of fixed size, the dynamics is
described by the bi-variate process {(I (t),S (t))}+>0. For more details, see
Chapter 3 in [12].

Compartmental models can have different fundamental characteristics. For
example, demographic effects can be considered or not. If demographic effects
are not included, the population is assumed to be constant, and births and
deaths are not allowed, or they happen at the same rate. Otherwise, the
population is not constant, and births and deaths occur at a different rate. In
the latter case, we should distinguish between two forms of transmission from
infectious individuals:

e Horizontal transmission: the disease is spread between individuals of the
same generation or, anyway, within the population;

e Vertical transmission: the disease is spread from an infected parent to
the offspring, who are born infectious.

In general, when we deal with short-lasting epidemics, and especially if
the disease is not fatal, births and deaths happen in negligible numbers, and
it is common to consider the total population fixed. On the contrary, if the
epidemic is long-lasting or endemic, the demographic effects should be taken
in count. For example, contrary to the winter flu, HIV and AIDS are fatal and
act on a large time scale, hence demographic effects must be included.

Another factor to consider is the possibility of emigration and immigration.
In this work, we have denied migration. Some other features to consider can
be the age at the infection time, the spatial spread of the disease, and the
resistance to medical treatment. For a reference, consult [11].

3.2 The basic reproduction number R

One of the most remarkable results in mathematical epidemiology is the
fact that most diseases exhibit a threshold, under which they are likely to die
out. This threshold is set by the basic reproduction number R, [29], which
is widely used in mathematical epidemiology to give a general measure of the
disease spreading.

Definition 3.2.1. The basic reproduction number Ry is the expected number
of secondary infections caused by a single infective individual, introduced at
time zero into a whole susceptible population, until it is no longer infectious.
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Example 3.2.1 (SIS deterministic model [1]). Refer to Example (3.1.1). From
the definition, the basic reproduction number is expressed as the number of
successful transmissions by a single infective individual, over the average period

of infectivity 1/a + ~:
,u

oz+7'

Ry =

The parameter Ry has a biological interpretation. If Ry < 1, the equi-
librium I, is stable, hence the system converges to a disease-free situation.
If Ry > 1, the equilibrium I, is stable, hence the system converges to an
endemic situation. The behaviour of the system with respect to Ry is also
investigated in an early work of L. J. S. Allen [2], leading to the same conclu-
sions.

In general, as put in evidence in [29], the basic reproduction number works
as a threshold for the model, determining its progression. In a short epidemic
such that we can neglect demographic effects, we have Ry = 1 if all individ-
uals recover with full immunity against reinfection. Otherwise, if Ry < 1 the
epidemic dies out, and if Ry > 1 the epidemic becomes endemic.

Therefore, the basic reproduction number can be used as a tool in the study
of control measures. Looking for the parameter to be less than one, we can
prevent the disease from becoming endemic.

3.2.1 The failure of R,

From the very definition in [29], the basic reproduction number Ry is suit-
able in the following situations:

e 1o migration;
e population is large enough to be assumed homogeneous and well-mixed;

e epidemiologists want to have an overall and average measure of the dis-
ease spread;

e the severity of the disease is defined at the outbreak of the disease.

Hence, in deterministic models R, offers an adequate measure of the dis-
ease severity. However, in stochastic models, the basic reproduction num-
ber can fail its purpose. Stochastic models often deal with small hetero-
geneous communities, where the randomness of initial contacts is relevant.
Moreover, Ry is an average value computed at the invasion time. It can over-
estimate the severity of contagions at the early outbreak of the disease and
underestimate its severity in the future. To have a more realistic measure of
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the disease spread, it would be preferable a parameter that updates itself as
the disease progresses. Therefore, Artalejo J. R. and Lopez-Herrero M. J. [4]
have developed a random variable replacing the basic reproduction number in
stochastic models:

Definition 3.2.2. The ezact reproduction number Ry czqct is the ezact number
of secondary infections caused by a single infective individual, introduced at
time zero into a whole susceptible population, until it is no longer infectious.

Whereas Ry is an average number defined at the invasion time, Ry epacr 1S
a random variable updating as the disease progresses. The basic reproduction
number gives a threshold for the disease extinction, while the exact reproduc-
tion number leads to results in terms of distributions of the probability mass
function of Ry ezact-

In addition, as reported in [43], the concept of basic reproduction number
is deeply flawed because there exist many different methods to compute it that
do not necessarily agree on the result. The procedure is selected case by case
according to the specific epidemiological model. Moreover, depending on the
chosen method, the value of Ry can indicate something slightly different from
its actual definition.

We conclude that some specific deterministic situations can actually benefit
from Ry, whose computation method should be explicitly stated anyway. Oth-
erwise, for stochastic models, it would be more accurate to work with R czqct-

3.3 New frontiers

This section explores the emerging frontiers of mathematical epidemiol-
ogy, focusing on the development of increasingly complex and realistic mod-
elling frameworks. We will see, in the first subsection, that the usage of
mixtures of exponential distributions, rather than the pure one, provides a
better approximation of real-world dynamics. In the second subsection, hy-
brid Al-epidemiological models are discussed together with the advantages and
drawbacks of the use of artificial intelligence tools.

3.3.1 About the use of more complex distributions

In this section, we want to give a broad idea of the usage of non-exponential
distributions in epidemiology. In particular, we focus on Erlang and Phase-
Type distributions, since, in recent years, they have been increasingly employed
in the healthcare industry, offering more realistic approximations.
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The targets of mathematical epidemiology are often small heterogeneous
communities of humans and animals [37], such as intensive care units, hospital
wards, households, schools, and farms, for whom stochastic models based on
Markov chains are particularly suitable. As an example, the authors of [14]
have developed a Markov chain model to investigate the spread of antibiotic-
resistant bacteria in hospitals.

In Markov chains, inter-event times are exponentially distributed and sat-
isfy the memoryless property, leading to tractable models. However, exponen-
tial distributions are not enough to capture the complexity of a disease, since,
in the real world, the probability of leaving a compartment should depend on
the time spent in it. Mixtures of exponential distributions, such as Erlang, hy-
perexponential, hypoexponential, Coxian, and Phase-Type distributions, are
often considered more realistic and used in place of pure exponential distribu-
tions. We can replace, for example, the distribution of the contagion period
from S to I, or of the recovery period from I to S. As a consequence, the
new models usually need multiple sequential compartments of susceptible or
infectious individuals.

The works of Llyod A. L. [45] [44] discuss how Erlang distributions are more
realistic for modelling the recovery period than the exponential ones. In this
case, the infection time is split into k successive stages. It should be pointed
out that these steps do not need to correspond to the biological features of
the infection, but serve as a mathematical device to approximate the overall
recovery behaviour. In [9], it is empirically shown how the Erlang distribution
better approximates the age distribution of incidence of childhood cancers,
with respect to other distributions. Meanwhile, in [35], the authors present
an efficient procedure to compute the final epidemic size distribution of a SIR
model with k-Erlang infectious period. In [24], an Erlang SEIR model with m
exposed concatenated classes and n infectious concatenated classes is studied.

On the other hand, Phase-Type distributions, conceived as the highest
generalisation of exponential distributions, have been successfully used in the
healthcare system modelling [22]. Since their introduction by Neuts M. F. in
1975 [50], they have found applications in stochastic modelling of diverse areas,
because of their versatility and computational tractability [49]. In addition,
they can approximate any real non-negative distribution arbitrarily closely [40].
Because of these remarkable properties, Phase-Type distributions are appear-
ing even more frequently in the literature. For example, in [41], the authors
modelled the hospital length of stay of geriatric patients using Coxian Phase-
Type distributions, as an indicator of the hospital activity and management.
Despite their tractability, Phase-Type distributions can be considered overpa-
rameterized, and Coxian distributions, a particular case, are often chosen in
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place of them [22]. One of the most common applications of Phase-Type dis-
tributions in healthcare regards the length of stay of patients in hospitals and
nursing homes. However, this class of distributions can also be employed to
model the time of retention of drugs, the treatment length, the post-transplant
time, and in genetics. More references about the applications of Phase-Type
distributions can be found in [22] [31].

3.3.2 Hybrid Al-epidemiological models

These years are characterised by the constant presence of artificial intelli-
gence in all the scientific disciplines. The integration of mathematical mod-
elling and artificial intelligence has greatly enhanced epidemiological research,
enabling more precise simulations. In this subsection, we present the fun-
damental challenges in classical mathematical epidemiology and discuss how
artificial intelligence tools can address them. This section is directly inspired
by the latest papers [36] [59] [58].

Under the term of Al-based methods, we put all the machine learning,
deep learning, and reinforcement learning tools, statistical inference, Bayesian
networks, and many other advanced tools. Since these algorithms are trained
on a set of data to predict on unseen data, they are also referred to as predictive
algorithms. For a reference, see [26] [48] [17].

In recent epidemiological models, the analytic approach of compartments
still plays a fundamental role. However, classic models are often limited by
oversimplifying assumptions, fixed parameters, noisy or incomplete data, and a
lack of granularity. These models often struggle to incorporate individual-level
data such as age, comorbidities, socioeconomic factors, and spatiotemporal
data. In this context, artificial intelligence based methods offer a solution for
managing:

e data extraction: real data are often extracted by very different infrastruc-
tures such as smartphones, medical machines, and government databases.
Moreover, raw data often come with unwanted features, and the desired
features need to be extracted.

e data preprocessing: to increase data quality through noise removal, filling
incomplete data, and data normalization.

e contacts modelling: in small heterogeneous communities, considering
how individuals interact is fundamental. These interactions can be mod-
elled through networks, for example.

o individual-level features: to include individual-level data regarding, for
example, age, comorbidities, socioeconomic position, and genetics.
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e cnuironmental influence: to include vector agents and environmental
factors such as meteorological conditions.

e spatiotemporal modelling: some deep learning models can retain or dis-
card the memory of the past.

e real-time parameters: parameters, such as the contact rates, are not fixed
but can be updated in real-time.

e optimisation tools: to identify the best strategy to reduce disease trans-
mission by minimizing a cost function.

However, pure Al-epidemiological models are not successful on one side
because training data could be very difficult to obtain or could be noisy. On
the other side, pure predictive models could lack interpretability and trans-
parency, thereby reducing their versatility. As discussed in [36], a successful
epidemiological model should rely on accurate real-time data, on a skeleton
provided by classic mathematical epidemiology, and on artificial intelligence
tools.

Artificial intelligence can answer the need for more flexible, complex, and
real data-driven approaches, enhancing the predictive power and robustness
of classic epidemiological models. Mathematical epidemiology is nowadays
shifting toward hybrid modelling, combining analytical methods with artifi-
cial intelligence techniques. However, it must be noted that hybrid models
raise ethical concerns about health surveillance and problems related to old
infrastructures for data collection.






Chapter 4

Stochastic SIS model with
gErlang recovery times

We begin our investigation with the well-known stochastic SIS model based
on Markov chains [2] [1] [12]. The population is compartmentalised into suscep-
tibles who can contract the disease and infectious individuals who are suffering
from the disease. In the standard formulation, infected individuals recover in
an exponentially distributed time. However, an exponential distribution does
not capture the complexity of healing in real-life because of the memoryless
property, which implies a constant hazard rate of recovery [55]. In many real-
istic scenarios, the probability of recovery depends on how long an individual
has been infected. For example, after only a few days, recovery the next day
is unlikely, whereas after about a week, it becomes much more likely.

Motivated by these observations, it is natural to consider a stochastic SIS
model with a more general recovery-time distribution. In particular, we focus
on the Erlang distribution [21]. This serves as a gateway to the broader class of
Phase-Type distributions - a dense family in the class of distributions on posi-
tive real numbers [50] [40] [57] [22]. In our model, the recovery period is subdi-
vided into k successive stages that any infected individual must pass through
to finally heal. These k stages are obviously ideal and could provide only an
approximation of what happens in a real-life situation; nevertheless, they offer
the possibility to better model the complexity of the recovery [45]. Moreover,
in order to allow an infected individual to spend different amounts of time in
each of the different stages, we assume that the recovery time follows a gener-
alized Erlang or hypoexponential distribution with % different stages [55] [57],
hereafter referred to, for brevity, as a gErlang distribution.

In this chapter, we analyse the case of a recovery period consisting of k = 2
stages, leaving to a future investigation the general case of k stages.

41
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4.1 SIS model with two-stage recovery times

In this section, we will consider the infective period as subdivided into two
stages of infection. The infective compartment is split into two infective states
I, and I, while the susceptible state is denoted by S. With the same letter,
we also refer to the number of individuals in the respective compartments:

e [; (t) := “number of individuals in compartment I; at time ¢ > 07,

e S (t) := “number of individuals in compartment S at time ¢ > 0" ,

where j € {1, 2}.
The total number of infected individuals at time ¢ > 0 is given by summing
those in the two stages:

I(t):=1(t)+ 15 (t),

and the total number of individuals in the population at time ¢t > 0 is given
by the sum
N(@t):=1()+S(t)e{0,1,...,M},

where M < +oo due to the limited resources of the environment, which is
assumed to be finite.

—
¥
—
[y
X
—
M
R

Figure 4.1: SIS 2-gErlang model.

In our model, we allow births and deaths in both the susceptible and in-
fective compartments, with the only restriction that the total population must
be, in number, less than M. As for the classic SIS model, the infective and the
infectious period coincide. A susceptible individual can contract the disease
horizontally from other infected individuals within the population, or vertically
if transmitted at birth. We assume that the new infected enters into the first
stage of the disease I;, and to recover, needs to overcome sequentially both the
infective stages [; and I5. If the infectious individual successfully progresses
through both the infective compartments, it fully recovers and returns to the
susceptible state, becoming vulnerable to reinfection.
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Births and deaths are allowed in the susceptible compartment and at both
infective stages as well, with all different rates:

a susceptible individual dies with rate ag;

an infected individual in I; dies with rate ay ; for every j € {1,2};

a susceptible individual gives birth to susceptible offspring with rate 8g;

an infected individual in I; gives birth to offspring with rate §;; and
these offspring are susceptible with probability p;, for every j € {1, 2}.

If an infected individual gives birth to infectious offspring, we have a vertical
transmission. Meanwhile, horizontally, the contagion of a susceptible can occur
from infected individuals in both the compartments I; or Is. An infected
individual in /; transmits the disease to a susceptible individual with rate p;
for every j € {1,2}.

An infected individual can progress from I; to Iy and from I, to S, due to
natural causes or due to medical treatment. We use the subscript /V to indicate
the progression to the next stage due to natural causes, and T' to denote the
progression due to medical treatment. If C' stands for the maximum number
of ill people that can be taken in care by the healthcare system:

e the progression from Iy to Iy happens with rate given by the following

function v (m) := yy1m + 1 min{m,C} for all m € I,

e the progression from I, to S happens with rate given by the following
c

function vy (m) := yyam + ~yro2min{m, C} for all m € I,.

This SIS 2-gErlang model can be regarded as a tri-variate competition
process [34], in which the two infective compartments and the susceptible
compartment compete with each other, and transitions within the infective
compartment from stage 1 to stage 2 of the disease are also possible. The
tri-variate competition process appears as follows:

-

X(t) = (S(8), 1(t)),

where I(t) := ([1(t), I5(t)) is the vector of infectives in the two stages. The
process Y takes values on the state space

S :={(s,9) | i = (ir,iz), s+ il € {0,1,...,M}}.
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—

To simplify the notation, we call the state z := (s,i) = (s, (i1,42)) € S,
and define a transition map p: § x & — § acting such that for any initial
state x € § and transition event e € £, p associates the new state in S after
the transition. We denote, for any ¢, B € {S, I}, [, }:

r. ] e if e = death in e
p(r,e):=<qx.1e if e = birth in e

x.(e — W) if e = progression from e to B

Now, the non-zero transition rates are the following:

(

Qass ify=x.15

ar 1t ity=x.11

Qg 2iz ify=u.]1

<1 - 5s+|5|,M> < Bss + Z?:l PiBr; i ) ify=x.15

o <1 - 5s+|Z|,M> < Z§=1 (1 —p;)B1; i ) ify=ao.11
Z?=1 1S U ify=x.(5— 1)
vy (i) ity =a.( — 1)
| V5 (i2) if y = 2.(I, — S)

for any different states x,y € S. Hence, the transition rate out of state
xr = (s, (i1,12)) € S is the following:

Qe ‘= — Qe = Z-1 <al,l + 5[,1 (1 - 5s+m,M>> + i2 <a172 + ﬁ[,2 (1 o 55+‘;|7M>>+

+5 <a5 + Bs (1 - 5s+|ﬂ,M>> + V9 (i) + S (ig) + pysiy + pasis.

4.1.1 Characterisation as QBD process

The state space S can be decomposed into levels dependent on the suscep-
tible individuals, while the components in vector ¢ = (i1,i5) vary under the
limitation that s + |i| € {0,1,..., M} :

where £(s) = {(s,1) | 7 = (i1,i2), s + |i] € {0,1,...,M}}. But also, each
level £(s) can be decomposed as a union of levels dependent on the first coor-
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dinate of the vector 7. It follows that the state space can be decomposed as:

M M-—s

S=J U ts.in)

s=0 11=0

where in each level ((s,iy) = {(s,7) | 7 = (i1,42), s+ |i| € {0,1,...,M}} only
the second coordinate of infected varies.

We then notice that transitions of susceptible individuals are at maximum
of 1 step. Indeed, after a transition, s can remain the same, increase by 1, or
decrease by 1. The same happens for transitions inside I; and Is.

These observations lead us to rewrite the process as a QBD process,
where the generator () is a tridiagonal matrix, whose entries are again tri-
diagonal matrices of tri-diagonal matrices. The generator turns out to be a
four-dimensional tensor:

Qoo Qoa 0 0 0 0 . 0
Qo Qi1 Qg 0 0 0 . 0
0 Q21 @22 Q23 0 0 . 0
Q - O O Qs,sfl Qs,s Qs,s+1 0 e 0
0 0 0 s 0 QMfl,MfQ QMA,MA QMA,M
0 0 0 0 QM,M—I QM,M

The generator () represents the transitions of susceptibles, from a level £(s)
to an another level ¢(s —1), £(s) or £(s+1). On the diagonal of the generator,
there are those transitions that leave invariant the number of susceptibles,
which are the transitions inside the infective compartment I. On the upper
diagonal, there are the transitions that increase the number of susceptibles by
one, corresponding to the birth of a susceptible or to the final step of recovery
from I, to S. On the lower diagonal, there are the transitions that decrease
the number of susceptibles by one, corresponding to the death of a susceptible
or to the new infection of a susceptible.

In general, quasi-birth-death processes, i.e. QBD processes, are widely used
in place of simple birth-and-death processes because they allow modelling by
levels, and track the changes of state inside each level. For more details about
QBD processes, see [23], and Chapter 1 and 6 of [40].

Call Sy := {0,1,...,M} the set of indexes where s varies,
Ins:=40,1,..., M — s} the set of indexes where i; varies. From the previ-
ous observations, the entries of the generator are again tri-diagonal matrices.
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In order to compact the notation, we call 7.” (- ; - ; - ) the tri-diagonal ma-
trix whose sub-diagonal, diagonal, and upper-diagonal entries are respectively
given by the items inside the parentheses. Since we have to deal with non-
squared tri-diagonal matrices, in 7_" the superscript r denotes the number of
rows and the subscript ¢ denotes the number of columns.

For every s € Sy, :

Qs = Tar- ( Qsiny(sin—1) 3 Qsinsin) 5 Qsinsint) | 11 € Tars) s

which is a (M — s+ 1) x (M — s+ 1) tensor.
For every s € Sy :

Q&s—i—l = T]\J/y__j—’—l ( 0 ; Q(s,i1),(s+1,i1) ; 0 ‘ il € ]M,5+1) )

which is a (M — s+ 1) x (M — s) tensor. Notice that the last row of Qg1 is
of all zeroes, because the last entry Qs ar—s),(s+1,m—s—1) of the lower diagonal
is actually zero.

For every s € Sy \{0} :

Qs -1 = T]\J/\[/[_;Tzl ( 05 Qsin),(s—1,1) 5 Qsyin),(s—1,i141) | 11 € ]M,s) )

which is a (M — s+ 1) x (M — s+ 2) tensor.

Now call Ipss4, :=90,1,..., M —s—i;} the set of indexes where iy varies.
Observe, that the entries of Qs s, Qs s+1, @s.s—1 are again tri-diagonal matrices
which can be expressed through the notation with 7.

Transitions preserving the number of individuals in both S and I;, corre-
spond to deaths in I5. Then, for every s € Sy, ¢ € Iy :

TM*S*i1+l

Qs,in)(si1) = Tar—siri1 (i2a1,2 5 = Qs (ir,in)) 5 0 ‘ 1y € [M,s,il)-

Transitions preserving the number of susceptibles and increasing by one
the number of infectives in I, correspond to the birth of a new infective from
individuals in I; or in I5. Then, for every s € Sy, 11 € Ips41

M—s—i 2 . .
Qoo = TH (05 30 (=) Bryig 3 0| ia € Tagaiia)

and observe that its last row is of all zeroes, because the last transition rate
on the diagonal q(s, m—s—i1),(s,i1+1,M—s—i;—1) 18 zero.

Transitions preserving the number of susceptibles and decreasing by one
the number of infectives in I, correspond to deaths in I; which leave invariant
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the number of individuals in I5, or correspond to the progression from I to Is.
Then, for every s € Sy, iy € Ins\{0} :

Qsin)(sir—1) = Tapoiity (05 apyin 5 vf (i) ).
Transitions increasing the number of susceptibles by one, correspond to the
birth of a new susceptible from individuals in .S, I; or I3, and to the progression

from I, to S. In both cases the number of individuals in [; is preserved. Then,
for every s € Sar—1, 41 € Ins -

. 2
Qsin),(s+1,i1) = Tapowit ™ ( vs (i) ; Bss + ijlpjﬁl,j ij; 0

Transitions decreasing the number of susceptibles by one, correspond to
the death of susceptibles, which preserve the number of individuals in both I;
and I, compartments, or correspond to the progression from S to I;. Then,
for every s € Sy \{0}, i1 € Inrs :

i9 € IM,s,z'l) .

M—s—i1+1
Qsin)(s—1i) = Tas—ainiz (05 ags; 0),

and observe that its last column is of all zeroes because the last transition

rate qsi M—s—ii),(s—1,i1,M—s—i;+1) 1S zero. Regarding the progression from S to Iy,

susceptibles get infected from individuals in [y or in I, and so for every
S € SM\{O}, il < [M,s .

_ g M-s—i1+1 0 - 2 0| I
Qsin)(s—1in+1) = Tar_s i1 P2 Mas s 0] 2 € Ty )
Moreover, from Gauss Formula, the dimension of matrix Q) s is

(M—s+1)2(M—s+2) % (M—s+1)2(M—s+2), for Qs is (M—s+1)2(M—s+2) o (M=5)(M—s+1)

(M—s+1)(M—s+2) > (M —s+2)(M—s+3) 2 ’
2 2 :

and for Q) s_1 is

Example 4.1.1. The case M = 2 gives the following generator:

Qoo Qo1 O
Q - Ql,O Ql,l Q1,2 =
0 QZ,l QQ,Z

doo0 0 0 1+ 0 0 1 0 0 0 1 0 0
ara  4,0,) 0 , 0 (1—p2)Bia, 0 V(1) paBras 0 0

0 2015 qoen, OO0 0 0 ] 0 @), 0 | | 0
ari v7(1) 0 qou 0 '(1=p)Bra| O 0 'pifra| O

0 e M) geany 0 0 ] 0 0 ()] 0
N 0 0 0 1 2a5;4 vW(2) 0 qozo 0 0 1+ 0 0
ag 0 0 1 0 0 | 0 quo0 O 1 0 Bs

0 a0 O R N arz_quon, 0 | v5(1)
0 0 0 ! as 0 l 25 arn (1) ! qua 0

0 0 0 0 0 : 0 205 0 ' 0 | dq@oo
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4.1.2 Generator as tensor product

In order to simplify working with the generator, it is convenient to express
it compactly as a sum of Kronecker tensor products [27] [16]. However, the
standard Kronecker product does not work here because, as Example 4.1.1
shows, the block dimensions are not constant in the generator, but decrease
from the top left to the bottom right. In the following, we have exploited the
patterns in the block submatrices entries to define a new tensor product that
takes care of the changes of dimensionality.

Definition 4.1.1. Let two matrices A = (a;;)i; € Mpxq, B € Myxm, such
that p < n and ¢ < m. Denote by Bjys the submatrix of B, obtained by
keeping just the first n rows and the first m columns of B.

The generalized tensor product A®B is the matrix:

a1,1BnXm al,Qan(mq) 01,3an(m72) s a17anx(m—q+1)
a21Bn—1)xm  @22Bm-1)x(m-1)  @23Bn-1)x(m-2) .- 2,4 Brx(m-q+1)
p1Bn—priyxm  p2Bupii)xm-1) @p3Bm-pii)xm-2) - - GpgBmn-pti)xm—g+1)

In other words, the first row of A®B is obtained by multiplying a;; by
the whole matrix B, a;2 by B without the last column, a; 3 by B without
the last two columns, and so on. The first column of A®B is obtained by
multiplying as; by B without the last row, as; by B without the last two
rows, and so on. Starting from the very first entry a;;, moving to the right
corresponds to deleting the last columns of B, and moving to the bottom
corresponds to deleting the last rows of B.

Remark. The generalized tensor product is clearly distributive and com-
patible with scalars, so it is bilinear. However, unlike the standard Kronecker
tensor product, due to the varying block dimensions, it is not associative.

As we have seen, the generator () is a tridiagonal matrix whose entries are
again tridiagonal matrices. The latter can be decomposed into the diagonal,
upper-diagonal, and lower-diagonal:

Qss = Dss +Us s + L 5 for every s € Sy,

Qs.s+1 = Ds 41 for every s € Sy_q,
Qs.s—1 =Ds 1+ L1 for every s € Sy \{0},

where D stands for the diagonal, U stands for the upper-diagonal, £ stands
for the lower-diagonal.
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The idea is to rewrite Qs s, Qs s+1, and Qs s—1 as sums of generalized tensor
products, exploiting the patterns of the items in their diagonal, upper-diagonal,
and lower-diagonal. Let’s treat at first the case M = 2, whose correctness can
be easily checked out from Example 4.1.1. Then, the expressions for M = 2
are generalized to any finite M.

Call ¥ a vector, we denote by DL (¥) the zero matrix with ¢ on the diagonal,
U!(¥) the zero matrix with ¢ on the upper-diagonal, L.(¥) the zero matrix
with ¥ on the lower-diagonal. The indices r and ¢ respectively denote the
number of rows and columns, so the matrix dimension. We call 1 the vector
of all ones.

4.1.2.1 Case M=2

Call Qo := _Dg<Q(O,O,O); 4(0,0,1)5 4(0,0,2)» 4(0,1,0)5 4(0,1,1) 5 Q(0,2,0)) the diagonal ma-
trix made of transition rates {—q(si, is)|._o } (i1.,io) Ordered gradually lexicograph-
ically such that s + 14 +i, < M = 2.

The computation

0O 0 0 0 00
100 00 0 arz 0000010
. 0 2072 0, 0 0,0
01 0|®@a|[100]=]-+-"51 AL
00 1 i P 0 0 070 070
0 0 0larp 0,0
0 0 010 010
yields to Doy = Qo + s (Dg(f) ® L3(1, 2))
The computations
0O 0 0 0 00
000 100 0000000
N 0O 0 0, 0 0,0
a1 00f&f010)=]--F--T--Zi-__J1Z |
020 00 1 a0 0,00,0
0 ap 00 0 00
0" "0 012a, 010
0 0 O 0 0 0
0 0 010 00 0 000
B . 0 0 0 10 0 |0
vy (1) 0)@|0 0 1) =1f-5-"car "6 "0 0 "0 |
IJC(Q) 0 00 Vl() I I
' 0 0 (M0 0 10
0 0 0 10 v(2)10
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vield to Loo = oz, (L§(1, 2) & D;’;(I)) + (L§<y§(1), V0(2)) & Ug(f)).

The computations

0 0
Bri(l—p1) 0 0
0 0
010
0 0 1
0 0 O

yield to Uy, = fra(1-p1) (U3(0, 1) & DY(T)

In conclusion, for M = 2:

Qo = Doy + Lo +Uop =

The computation

10 0) -
@55]s=1 <0 1 0>®(

yields to Dy = ags|s=1 (D%(T) ® D%(I))

The computations

N 0 0O
#13:1001

O = O
o O =

® Bra(l—p2)

o O O

o = O

o = O

q(0,0,1)

o

o

aSS|s:1

00000 0
00 0:0 0, 0
000,00, 0
0 0 O:O 0:6171(1—]71) ’
00000 0
0000 0 0
0000 0 0
00 010 Bral—p2)i0
00 0,0 0 0
0000 0 0|’
0000 0 10
00010 0 0
)+ra(1-p) (UB(T) & D3(0,1,2)).
0 0 0
i 0 ﬁm(l—PQ)i 0
0 0 | 0
| G(0,1,0) 0 Bra(l—p1)
vi(1) 1 ary Qo1 0
' 2a v (2) ' 40,20
0 0 0 0 0
agsls—1 0, 0 0,0 |,

000 0
0,00, 0
010 01/118’371
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0
|
0

. (Ug(f) & D§(0,1)).

)) + 28|

d

11181 (Ug(o, 1) & D2

yield to L{Lo

In conclusion, for M = 2:

)

OO”M
S
o 3o
|
|
00”%
OO”O
o %”O
|
%0”0
~_
I
S
S
l_l
=)
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vield to Dy 1 = Bss|s=0 <D3( ) (T)) + 1B ( 5(0,1) & Dg@)) +

& D
+ oo (DI(T) & DYO.1)) + (DY) & L3CK(1).05(2) ).

In conclusion, for M = 2:

0 0 0

v§ (1) p2Bra | 0

0 v9(2), 0
=Doy1= |- ----2F -~ -
00 A

0 0o + 0

Similarly, one could compute the other non-zero entries of the generator,

which are @11, Q1,2, @2,1, Q2,2

4.1.2.2 Case finite M

For any M < +oo and for any s € Sy, call @, the diagonal matrix
of transition rates {—gq(s.i»)}(i1,i,) Ordered gradually lexicographically such

thats+i1+z'2§M.
For any s € Sy;:

Qs,s = Ds,s + Es,s + us,s -
— [0+ o (DA & 02 - ) |+

+ [ozm (Lz,2, . M = 5) & DY) +

M+1—s
+ (BHEROE Q0@ 01 - ) & D)+

+ {(1 —p1)Bra (U]{‘jjll “50,1,...,M —1—3s) ® Dyt~ j(f)) +

+ (1 —p2)fBre (Uﬁﬁf “3(1) @ DYITE0,1,. .. M — s))]. (4.1)
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For any s € Sy;_1:

Qs.s+1 = Dy 11 =
— |fss (D) & DYT(D) +
B (DUE(0,1, M — 1= 5) & DYfH=(D)) +
+ p2Bi2 (D%ti‘s(f) & DM*1=s(0,1,..., M —1— s))] +

n [D%t;—%f) & LA WE (1), /02, . VS (M — s>>} (42)

For any s € Sy \{0}:

Qs,s—l - Ds,s—l + Ls,s—l -
— |ass (D) @ DY) |+
# [ims (U000 -9 & DRED) +

+ 125 (Um_—;(f) ® Dy =50,1,. .., M — s))} : (4.3)

To summarize, the generator ) is a block tri-diagonal matrix. Its diago-
nal blocks are the matrices () s, while the upper-diagonal and lower-diagonal
blocks are respectively the matrices Q511 and Qs s—1. All of the latter ma-
trices can be computed from expressions (4.1), (4.2), and (4.3). Therefore, we
can rewrite the generator compactly as follows:

Q = T]\]}{:_ll (Qs,s—l ; Qs,s ; Qs,s—i—l | S € SM>7

The advantage of this compact expression is that it enhances the reader’s
understanding, while the use of the generalized tensor product allows for an
efficient numerical implementation of the generator. See Appendix A for the
Python implementation of the generator.
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4.1.3 Computing the exact measure of the disease spread

Computing the exact reproduction number allows for a measure of the dis-
ease spread, in other words, how many secondary infections a single individual
produces until it is no longer infectious [4] [43].

Let 1* be the tagged infectious individual, which at time ¢ = 0 gets in-
fected and immediately enters the compartment [;. Indeed, remember that
in the classic SIS model, the infective and the infectious period coincide, so
immediately after a susceptible is infected, it becomes infectious and can infect
someone else.

Let 7 be the random variable that gives the random time at which 1*
is no longer infectious. Assuming that 1* does not die at the first step of
the disease, 7 is gErlang distributed on two stages. More in general, 7 has a
Phase-Type distribution with transient states {I;, I} and absorbing state S,
with representation (p,T'), where

p=(1,0), T= <_ (e 27 (D) v () )

0 — (Oé[’g + 1§ (1))

At the random time 7 + 0, the tagged individual 1* must have reached a
final absorbing status I*. It may have encountered three possibilities: death
before recovery, natural recovery, or recovery by medical treatment. If 1* dies
before recovering, its death can happen right after the first or the second stage
of the disease: we say respectively I* = Dy and [* = D,. If 1* receives medical
treatment during the recovery, it reaches the final status I* = T". Otherwise, 1*
recovers naturally and reaches the final status I* = N. In conclusion, at the
random time 7 4 0, the tagged infected individual 1* must have reached an
absorbing status I* € {Dy, Dy, N, T'}.

oI — 1
(C \

N

Figure 4.2: The three possible paths that the tagged individual 1* can follow
in [0,7): in red if it dies, in blue if it recovers by natural causes, in green if it
recovers due to medical treatment.
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In the random time interval [0,7), the tagged individual 1* is still in-
fectious, and can spread the disease horizontally among the population, or
vertically to the offspring. Therefore, the number of secondary infections is
computed by summing both the horizontal and vertical transmissions. For
this reason, the exact reproduction number is split as a sum of two random
variables Rg epact = RK ezact T Rgemct.

We denote with xo = (s,7) = (s, (i1,i2)) € S the initial state of the
Markov chain y, which describes the number of individuals in the compart-
ments at time ¢ = 0. To estimate the number of secondary infections pro-
duced by 1*, we should compute the probability that, starting from the initial
state xo = (50, (1,0)) € S and zero transmissions (Ry cuacr: Riesact) = (0,0),
the tagged individual reaches any status I* € {D;, Dy, N, T} for secondary
infections (RY cpaer> Rotewact) = ("v,7w), where (ry,rg) € No x Ny.

Therefore, it is convenient to enlarge the Markov chain y into a new one
that keeps track in time also of the increasing secondary infections. Meanwhile,
we also need to consider that the tagged infectious individual 1* can move
inside the infective compartment, from stage I; to stage Iy of the disease.

Hence, the new enlarged Markov chain is

X = (Xtu Ot (RO,e:mctz/a RO,e:vactf))tZO )

on the state space
S = {(x, L, (rv,rg)) |z €S8, l€{1,2}, (ry,ry) € Ny x NO}.

Once fixed the disease stage or level [ € {1,2}, we can think of 7 and ry as
the coordinate axes of a bi-dimensional space where the chain moves, counting
the secondary infections produced by the tagged individual. Considering that
the tagged individual 1* can transition from I; to I, we can imagine that y
moves on a double-layered grid of couples (ry,7y) as in Figure 4.3.

As soon as 1* becomes infected at time zero, the new Markov chain y en-
ters the coordinate point (0,0) of level [ = 1. Then, if 1* infects an individual
among the population, the chain moves one step upward to the point (0, 1),
representing a new horizontal transmission; if 1* gives birth to infectious off-
spring, the chain moves one step to the right to the point (1,0), representing
a new vertical transmission. In general, on each level, we move upward if
1* produces a new horizontal infection, or to the right if 1* produces a new
vertical infection. If the tagged infectious individual dies at the first step of
the disease I* = Dy, the chain stops on level [ = 1. Otherwise, after a certain
number of moves on level [ = 1, the chain jumps to level [ = 2, and keeps
moving.
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rg |0 ¢ T e > W (1) > (M)
I=1 [ h X [y X
TH-1 [ry-10 M- IERE. BUddbvecceocuiies | t (LS R W (1)
1 (1.00 B (11 B cidideccccadisdiis —3 i1~ 1) » (1.5
A Y X X X
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o 1 ry-2 ry-1 v

Figure 4.3: Double-layered grid where the enlarged Markov chain y moves.
The tagged infectious individual starts in (0,0) at level [ = 1. Eventually,
after a certain number of moves, it jumps to level [ = 2.

4.1.3.1 First-step analysis applied to x

We define the probability that the tagged infectious individual 17, start-
ing from state ((s, (i1,42)),{, (rv,ru)) € S, gets absorbed into I* producing
(rv,ry) secondary infections:

0 - ‘_
]P)(s,(il,ig)) (Z TV, TH) = (4.4)

=P (I* = i*7 RE)/,ea:act =Ty, Rgexact =TH | (XO? 00) = ((Sa (ila Z2)) >l)) ’

forl € {1,2}, (s, (i1,42)) € Ssuchthati; > land s € Sy;_1,i* € {D1, Dy, N, T},
and pairs (ry,ry) € Ng x Np.

In the following, we take inspiration from [25] to compute probabilities
(4.4). By looking at Figure 4.3, fixed a maximum couple (ry,7y) € Nogx Ny, we
can notice that the chain at any (r{,,7%) € {0,1,...,ry} x{0,1,..., 75 }\{(0,0)}
depends only on the two immediate previous couples (7,75 — 1)
and (r{, — 1,7r%). Therefore, the strategy to compute (4.4) is to develop an
iterative procedure that starts from the couple (0,0) and, considering a jump
from level I = 1 to | = 2, increases the coordinates of (r{,, %) one by one up
to (7’\/, TH).
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When the chain y starts in couple (0,0) at level [, there are five possible
type of transitions for 1*:

e 1* progresses inside the infective compartment, and the chain jumps from
level [ =1 to level [ = 2;

o if (ry,rg) = (0,0), the tagged individual 1* remains in (0,0), and gets
absorbed in a status i* € {Dy} if [ =1, or i* € {Dy, N, T} if | = 2;

e all individuals except for 1* transition, and 1* still remains in (0,0) on
the same level [;

e 1" produces a vertical infection, and the chain y moves one square to the
right on the same level [;

e 1* produces an horizontal infection, and the chain y moves one square
upwards on the same level .

In the following, we call the initial state = := (s, (i1,i2)) € S. We denote
with the superscript (I) transitions that occur on the same level [. We refer
with ]5.(9 to the transition probabilities concerning all individuals except for the
tagged one at level [. For any [ € {1,2}, z € S such that i, > 1 and s € Sy;_1,
probabilities (4.4) satisfy

PO (i, rv,ri) = 011 (1= 8i-.p,) Pow.(hiost) 'Pf.zhelz) (i, rv,ra) +
I
+ Oy ra).(00) pg(g)l +

+ > PO ey ry) +
yES y#w

+ (1= 0r0) Py PO (e — L) +

+ (1 =60 'pgcl,)x.(S%Il) .P"(El.)(S%Il) (& ry,rp —1). (4.5)
In the following, we explicitly give the non-zero terms of (4.5). There is a
unique term associated with the transition of 1* from level [ =1 to [ = 2:
vy (1)
@
Depending on the level, the immediate absorption probabilities are

px,x.(llﬁlg) =

pgz) =1{i" = D1} - mity

T

» o . . min{1, C
P2 = 1{i* = Dy} - q” + 1 :N}-%+ﬂ{z _ py . Jr2min{l, O}

Zx,n
’ xT x QCC



58 4. Stochastic SIS model with gErlang recovery times

Now, for every level [, call [ its complement in {1,2}. In level [, if 1* does
not transition, but the other individuals do:

~ % agS ok
Z P PO (v, ry) = —= 'P:(El.)w (@ rv,re) +
YES y#z I ~~ 4
death of s
s + 11+ 1 .
n (1 _ 5|x|,M) Bs p151,; 1+ p2Biaia 'P:(L«l.)Ts (i*, 1y, rr) +
birt?lrofs

a 1y —1 % apg iy l -

+ %)-P%h (i ry,rg) + I; l -IP)SCLZ (@ rv,rE) +
death Z)? i — 1 deat;l,of i
(1 =p)Bra(tt = 1)+ (L —pp) Brii -

+ (1= Opay.a) . Py, (Corvre)

[\ J/

~
birth of infected offspring from 4; — 1 or 47

spu (i — 1) + spg iy .
+ p Ll PO o @ rvore) +

- S

~
s are infected from 4; — 1 or if

C (; C (s
v (l1 - 5l,1) l . v (22 - 51,2) l -
+ : q ’ 5}?([1—)[2) (Z ? TV? TH) + - q : ;)(]2_)5) (7/ I TV? TH) .

Vv v
progression of 41 — §; 1 to I2 progression of i3 — §; 2 to S

The transition probability that 1* in level [ causes a vertical infection is

1 —pi) Br
pgy)mﬂl = (1 — §|$|7M) % for [ € {1,2},
and the transition probability that 1* in level [ causes an horizontal infection
is
! S
pi’,)ac.(s—)ll) = q_ fOI' [ € {1,2}

Now, we prepare to rewrite equation (4.5) in matrix form. Since for each

[ € {1,2} we assume i; > 1, we define for every s € Sy;_; the column vectors

- l -k
PO (@ ry ) = ( ]PES)’(Z.M.Q)) (@, rv,ru) ) | iel{eo{(l],l,.MM—s} im0} (4.6)
2 sLyeeey —S8—11

with states gradually ordered lexicographically.
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Proposition 4.1. For any level [ € {1,2}, s € Sy;_1, the column vectors with
states gradually ordered lexicographically

l x
(P iy G rvarm) )| tre(oa.ni—s) (4.7)
i2€{0,1 ..... M—S—i1}

2(M —s)—ip+3

have entry ]P’E?( +io+ 1, and

72.1#.2))(2 ,Tv,Tg) in position i;

M — (M — 2
the vector dimension is ( S+ )2( Gl )

Proof. Considering that states are ordered gradually lexicographically, the po-
sition of the triple (s, (i1,12)) in the vector is given by the position of (s, (i1, 0))
summed with iy + 1. The position of (s, (i1,0)) is obtained from an application
of the arithmetic progression formula:

M—-s+1)+(M—-s+1-1)4+--+(M—-s+1—-(i1 — 1)) =
’il—l il

=Y (M—s+1-a)=> (M-s+2-b)=
a=0 b=1
M—-—s+1+M—-s4+2—i; . 2(M—5)—i1+3

=1 =11 .

2 2

An application of the arithmetic progression formula also gives the vector
length:

M-—s M—s+1

> (M—s+1-i)= > (M-s+2-a)=

11=0 a=1

M —-s+1)(M—s+2—-1+M—-s5+2-M+s—1)
— 5 -

:(M—s—l—l)z(M—s—l—Z). O

Proposition 4.2. Vectors (4.6) have entry Pg?(il i) (¢*,ry,ry) in position

, 2(M —s)—t1+ 1+ (M —s+1)(M—s)
(Zl — 55’1> .
2 2
Proof. 1f | = 1, the first M — s+ 1 entries of (4.7) are removed. The position

of the triple (s, (i1,42)) is given by an application of the arithmetic progression
formula:

+ 19+ ;1 and length

i1—1
Y (M —s+1l—a)+ip+1=_(ij—1)

a=1

2(M —s) — iy +2

+iy+ 1.
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If | = 2, we remove all the entries with i = 0, hence the triple (s, (i1,12))
is in position

i1—1 it ,

, , 2M —s) -1 +1
E (M—s—a)Jer:E (M —s—=b+1)+iy =1 ( 2) ! + .
a=0 b=1

For both levels, we remove a total of M — s+ 1 entries from vectors (4.7),
hence the dimension is
(M —s+1)(M—-s+2)
2

(M —s+1)(M—s)

—(M—-s+1) = 5

]

Because we want to multiply vectors pg) (¢*,rv,ry) by the entries of the

generator (), we need to remove the rows and columns with transition rates
corresponding to 7; = 0.

Definition 4.1.2. For each | € {1,2}, let A be any submatrix of the generator
containing infinitesimal transition rates. We denote by A®) the matrix A under
the assumption that 1* is in level [. We further denote with A®) the matrix
obtained from A®) by removing all rows and columns corresponding to the
states such that ¢; = 0.

Theorem 4.1. Given i* € {Dy, Dy, N,T}, (rv,ry) € Ny x Ny, for every

I € {1,2}, s € Sp_1, vectors pg)( ,Tv,Tx) satisfy the equation in matrix
form:

o PV (v re) = 61 (1= i p,) hohy(2) P (v, re) +
+ 00 4 1 Lovsenors + (4.8)
+ (1= 000) @y o G v ) +
+ st+1 ps+1(. rv,rE) +

+ (1=08,,0) QVY pO (i ry —1,ry) +

4 (1= 00) (1= 850) QO O (@ 1y rw — 1),

where
1 ok
(]Z(*) = :ﬂ_{’L :Dl}'al,l

02 = 1{i* = Dy} - ayo+ 1{i* = N} - gy + 1{i* = T} - 47, min{1, C}

are scalars,
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Q™ = (1) - Ly (D) © Uprhi=s(D)
is the matrix associated with the progression from I; to I,
QU = (1 —pi) Bry - Upfi=2(1) @ Dyf=a(1)

H,(l M+1 M+1
Qusth =5 - Upiia =2 (T) @ D=3 (T)
are the matrices associated respectively with the vertical and horizontal trans-
missions.

Proof. 1t is a direct consequence of the first-step analysis equation (4.5) when
multiplied by —q,.

For every s € Sy—; and ¢’ € {s,s + 1,s — 1}, the matrix QSZ, contains
the infinitesimal transition rates from s to s’ assuming that 1* is in level [.
This matrix is generally obtained from (), by scaling back all the scalars 4
to iy — 1, and leaving the others unchanged.

The matrices ]1_”2’(2), Q" Qf;@l, are obtained from expressions (4.1),

(4.3). The matrix Qs,s . is obtained from expression (4.2). Observe that lel 41
contains the transition rates related to the birth of a susceptible which are not
affected by the shift of 7; to 7, — 1, and other transition rates related to the
progression from I, to S which are. [

4.1.3.2 Recursive solution

This subsection is dedicated to the resolution of the equation in matrix
form (4.8) for the vectors p(!). For anyl € {1,2}, s € Sy _1,4* € {Dy, Dy, N, T},
and (ry,ry) € Ny x Ny, define the known vectors

(O (@ v ra) s = 60 (1= 6e.p,) QU5 p@ (0% vy, ) +
+ Oryrm).(0.0) qi("l‘) IW +
+ (1_ TvO) stl)ps)( Tv—1TH> +

+ (1_57“1{,0) (1_55,0) st()l pg)l( Tv,’f'H—l)-

Then, the equation (4.8), becomes

—QU, p (i* vy rar) = tO (i, vy rw) + (1= 000) QUy pOy (i, r rar) +

+ Qs ,5+1 pi—?—l ( y TV, TH) (49)
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Observe that equation (4.9) for [ = 1 differs from that for [ = 2 just by an
additional term related to the level jump. Thus, the approach is to compute
firstly the vectors p® by solving (4.9) for [ = 2, and secondly to solve (4.9)
for [ = 1 in order to obtain p().

Proposition 4.3. For every | € {1,2}, s € Sy, i* € {Dy,Dy, N, T},
(rv,rm) € Nog x Ny, equation (4.9) is solved by

pgl) (Z*a TV7TH) - hfgl) (i*ar‘/v 7/‘H) + (]— - 5870) Hél) p2121 (Z*a rv, TH) 5

where

71—
. 7 l 1) ]
H() (1 —0s0) (— g)s — (1 = 05,0-1) Qg ?e—i-l Hs(+1> Qg,)s—l

— —_— -1
B @) = (—QU = (L= am) QU HY)

tgl) (i*7TVaTH) + (]- - sM 1) lel-l-l h(sl—f-l (i*ﬂﬂVaTH))
(4.10)

Proof. In the following computations, fix a level [ € {1, 2}, a certain absorbing
status i* € {Dy, Dy, N, T}, and a couple (ry,ry) € Ny x Np.

If s = M, there are no infected individuals. Therefore, we assume py; = 0.
If s =M — 1, equation (4.9) becomes

~Qnr—1.01-1 Pr-1=tr—1 + Qpi_y pr—a Pr—2,
it follows
PM-1 = (_@M—l,M—l)il lv—1 + (_@M—LM—l)il @M—l,M—z DPMm—2.
We make the ansatz that for every s € Sy;:
ps = hs+ Hy psy (4.11)
where H, and h; need to be determined. Then

Ps+1 = hs—i—l + HS—H Ps = hs—l—l + Hs+1 (hs + Hs ps—l) -
= (hs-i-l + Hs-i—lhs) + Hs+1Hs Ps—1- (412)

Plug the expressions (4.11), (4.12) into the equation (4.9):
_@s,s (hs + Hs ps—1> - ts + (1 - 63,0) @s,s—l Ps—1 +

+ @s,s—l—l (h8+1 + Herlhs) + Hs+1Hs Ps—11>
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and put in evidence the terms with vector p,_1

_@s,s hs — @s,s H; Ds—1= ts+ (1 - 55,0) @s,sfl Ps—1 +
+ @s,s—&—l (h8+1 + HS-HhS) +
+ @s,s—&-l Hg1Hs ps—1. (4.13)
Terms associated with the vector ps_; in (4.13), satisfy the following equal-
ity o o o
_Qs,s Hy = (]' - 6870) Qs,s—l + Qs,s+1 Hg1 Hy,
and if we group all terms with H,, we obtain an explicit expression for H,:

1

HS = (1 - 5870> (_Gs,s - @s,s—&—l HS+1)7 68,8—17

which is a matrix of dimension (Mfer;)(M*S) X (M78+2)2(M75+1).

Instead, terms not associated with the vector p,_; in (4.13), satisfy

_Gs,s hS =ts+ @s,s—i—l h5+1 + @5754-1 Hs+1 hs:

and if we group all terms with h,, we obtain an explicit expression for h,:

hs = (_6578 - @878+1H8+1)71 (ts + Gs,s+1hs+1) )

(M —s+1)(M—s)
2

which is a vector of dimension , as ps and t,. O

Now, we give the pseudocode implementing (4.10) and computing p®, p).

Algorithm 1 Computation of the column vectors {pgl) (% r,ry) L€
{1,2}, s € {0,1,.... M — 1}, (ri,,ry) € {0,1,...,ry} x {0,1,...,rg}} for
a predetermined status i* € {Dj, Dy, N,T} and a selected pair (ryv,rg) €
Ny x Np.
l.=2
while [ > 1 do:
compute {H" : s € {0,1,..., M — 1}} from Algorithm 2
compute {pgl) (7, 75) Yoy, o, from Algorithm 3
1=1—1
end while
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Algorithm 2 Computation of the matrices {HS(Z) : se€{0,1,...,M —1}}
for a given level [ € {1,2}.
s =M-—1
while s > 0 do: X
B = (1 0,0) (<00 — (1 gy @ 1) QT
s =s5—1
end while

Algorithm 3 Computation of the column vectors {pgl) (%1, 1) s €
{0,1,...,M =1}, (r},,7y) € {0,1,...,ry} x {0,1,... 7y }}, for a given level
I € {1,2}, a predetermined status i* € {Dj, Dy, N, T}, and a selected pair
(Tv,T‘H) S NO X No.
7:=0
w = min{ry,ry}
while j < w do:
Ty i=7
Ty =7
while 7, < rg do:
compute {pgl) (*,ry, 1) s €{0,...,M — 1}} from Algorithm 4
ryi=ry+1

end while
Ty =7
=741

while r{, <ry do:
compute {pgl) (*,ry, 1) s €{0,...,M — 1}} from Algorithm 4
ry =1y +1
end while
=41
end while
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Algorithm 4 Computation of the column vectors {ps (%, 7r,,1y) s €
{0,1,...,M — 1}}, for a given level I € {1,2}, a predetermined status
i* € {Dy, Dy, N, T} and a fixed pair (r,,7) € {0,1,...,rv} x{0,1,...,rg}.
5s:=0
while s < M — 1 do:

D vt rhy) =0 (1= 00 py) QR pP (% ety ) +

l —_
+ (1, ,(0,0) g\ 1% +

+ (1=dg0) QU P (ry — L) +
+ (1= 6,,0) (1= u0) QLY 1 P (%7, 77 = 1)
s=s4+1
end while
while s > 1 do:
s=s—1

—_— -1
hgl) (Z*a T’(/, T}{) = ( g{S (1 - 5S,M—1) Qgg—&—l H5(21>

(8 @) + (= 0 Q0 B ()

end while

pg)( TV Ty) = h (@, )

while s < M — 2 do:

s:=s+1

I )

p (@, vy) o= B r, )+ HE p2 )
end while







Chapter 5

Numerical modelling

In this chapter, we will give a numerical example of the results of Chapter 4.
The general idea behind the choice of parameters should be that we expect
an infected individual in the second stage of the disease to show fewer symp-
toms than in the first stage. We expect that the more an individual moves
through successive stages of infection, the less contagious it is. As a conse-
quence, progression through the infective compartments should be associated
with increasing birth rates, decreasing death rates, and reduced transmission
rates. Meanwhile, rates regarding susceptible individuals should reflect the
highest frequency of births and the lowest frequency of deaths.

In our example, we consider a small community with a maximum of
50 people, where only a maximum of 15 people can receive medical treatment.
At time zero, the population is composed by 10 susceptibles, and an infected
individual just introduced:

e small community of maximum size M = 50;
e the chain at time zero is xo = (s, (i1,42)) = (10, (1,0));

e (' = 15 maximum number of people that can be taken care of by the
healthcare system.

We want to plot the probability mass functions of Ry .puers Bilepact:
(1) 1% o .
IP)(10,(1,0)) (RO,e:ract = 7“V) =

= Z Z ]P)SZ),(LO)) (]* = i*7 R(‘)/,exact =Tv, R(I){eac(wt = TH) ’

i*E{D17D27N,T} rg>0
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Pﬁ% (1,0)) (Rgemct =rn) =

_ E : § : 1) x PV _ H _
- P(lO 1,0)) =1, RO,exact =Tv, RO,ezact - TH) )

i*€{D1,D2,N, T} rv=>0

and the total mass function of R egqct:

) f— —_
(10,(1,0)) (Ro,exact = 7") =

- Z Z Pgév(lvo)) RO exact — TV Rgemact =T — TV) )

i*e{D1,D2,N,T} rv=0

for any given i* € {D, Dy, N, T}, (ry,rH) € Ny x Np.

The Python code to compute these probability mass functions is provided
in Appendix A. Although these summations are theoretically infinite, they are
truncated by imposing upper bounds of r#* = r}}** = 9 as in [25], to ensure
reasonable execution times.

To choose the other parameters, for every [ € {1,2}, we have considered
the expected rate of producing a vertical or horizontal infection over leaving
state I:

SHu (1 —p1) Br
ag+vf (1) ag+yf (1)
If these ratios are large, we have a large number of vertical and horizontal
transmissions, so larger values of ry, ry are needed. Thus, we decided to
choose the other parameters such that these ratios are around or less than
it = ri® = 9. Otherwise, the model still works, but the distribution could
have a not visible heavy tail. Our parameters are:

o (11 €{1.25,2.5,3.75,5.0,10.0}, fBr2 = %/81,1 birth rates of infected indi-
viduals;

e (s = 2811 birth rate of susceptible individuals;

e py = po = 0.2, i.e. 80% of the offspring of infected individuals are
infected;

e 11 €4{1.0,5.0,7.0,10.0}, po = %,ul infection rates from both the infective
compartments;

o ag = fBs = 2B, i.e. the subpopulation of susceptibles has a stable
behaviour over time;

o ay1 =501, a0 = 50”’1 = 411 death rates of infected individuals;
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5) ) . .
e Vw1 = 6.0, yw2 = Z’yN,l progression rates if recover is due to natural

causes;
3 5) 15 . . .
® Yr1 = ZVYN1, VT2 = ZﬂT’l = gny,l progression rates if recover is due to
treatment.

We consider four different scenarios depending on the infection rate
w1 € {1.0,5.0,7.0,10.0}, i.e. low, medium, high and very high transmissibility.
For each, we consider five possible birth rates 5y, € {1.25,2.5,3.75,5.0,10.0.}.

The total probability mass function of R ¢4 is plotted, for each of these
fifteen scenarios, in Figure 5.1. It is observed that, as the intuition suggests, the
higher the infection rate u, is, the more easily the pathogen spreads. In other
words, the higher the transmission rate, the greater the number of secondary
infections that are likely to occur. Fixed a certain 3 ;, for small values of y,
the total distribution is more concentrated around r = 0 secondary infections.
Whereas, for larger values of 17, the peak of the total distribution of secondary
infections shifts towards larger values. For example, in the high transmissibility
case p1 = 10.0, the total mass function appears concentrated around r = 3 for
Bra =125, and r = 2 for f;; = 2.5 and ;1 = 3.75. On the contrary, the more
the birth rate f8r; increases, the more the total distribution is concentrated
around 7 = 0. The latter can be explained by considering that a1 = 5871 and
aro =401, from whom inversely depends the average time of recovery [0, 7).
To high values of 51 correspond very high values of a7 and a; 2, which imply
a very short recovery that permits to track just a few or zero transmissions.
Therefore, to high transmission rates ;1; and low birth rates 3;; corresponds a
total distribution of secondary infections shifted towards high values, implying
that there are likely to occur more transmissions.

The marginal mass functions of Ry 4. and R{,,,., are plotted in Figure 5.2,
Figure 5.3, Figure 5.4, and Figure 5.5, considering all the fifteen scenarios, and
showing the contribution of vertical and horizontal transmissions to the total
mass. We observe that R, is not sensitive to the variation of parameters,
since in all the scenarios we obtain the same marginal distribution around
ry € {0,1}. For higher values of fr;, ry = 2 with probability smaller than
0.02. The greatest contribution to the total mass is provided by Ré{emct. In
other words, when the scenario changes, the spread of the pathogen is partic-
ularly influenced by the horizontal contacts and not by the birth of infected
newborns. It can be observed that the overall behaviour of the distributions
of Ro czact is reflected in that of the distributions of R{,,,.,. Indeed, low birth
rates 87, and large transmission rates j; shift the distribution of Ré{emd to-
wards larger values, implying that there are likely to occur more horizontal
transmissions.
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Figure 5.1: Bar charts of total probability mass function for four scenarios of
w1 € {1.0,5.0,7.0,10.0}, and five scenarios of 8, € {1.25,2.5,3.75,5.0,10.0}.
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Chapter 6

Conclusions

In this work, we tracked the number of secondary infections generated by
a single tagged individual 1*, introduced at time ¢ = 0 into a fully susceptible
population, as a measure of the disease severity. We followed this individual
until it ceased to be infectious at the random time 7 + 0, when it reached a
final absorbing status I* € {Dy, Dy, N, T'}.

We started by formulating the SIS model based on Markov chains allowing
births and deaths, and assuming the recovery times to follow a generalised
Erlang distribution over 2 steps. The theoretical part exploits the generalised
tensor product to rewrite the generator entries in a compact expression. We
then construct an enlarged Markov chain whose states are identified by the
number of people in compartments .S, I, I, the vertical and horizontal trans-
missions of the tagged individual (ry,7y), and the position of the tagged in-
dividual in I; or in I,. We proceed by applying to the new chain the first-step
analysis in matrix form - a well-known tool in the theory of Markov chains.
This procedure leads to a set of two equations, which we recursively solved.
Finally, we formulate a pseudocode providing the algorithmic procedure to
compute the distribution of Ry epact = R(‘{ exact T R(‘)/, exact

The remarkable advantage of rewriting the generator entries through the
generalised tensor product is that it allows for an efficient numerical imple-
mentation. Furthermore, the numerical results we obtained support both
the intuition and the findings of the inspirational paper by Gémez-Corral A.,
Palacios-Rodriguez F. and Rodriguez-Bernal M. T. [25]. For diseases with high
transmissibility rates and few infected newborns, the distribution of secondary
infections reaches the peak towards large values, implying that the disease is
more severe. Moreover, we found that horizontal transmissions among the
population have a greater impact on the disease spread than the birth of in-
fected newborns.

1)
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A possible extension of this work is to consider £ general stages of infec-
tiousness, which should provide a more realistic approximation of recovery
times. We are currently working on this further extension.



Appendix A

Python code

We give the Python code to:

compute the generator () and its entries;

0 4

initialise the global storage for vectors psl ®

gl), hgl), and matrices Hsl :
compute the matrices involved in the first-step analysis in matrix form;
compute vectors tgl), hgl), and matrices Hs(l);

compute Algorithms 1, 2, 3, 4 of the pseudocode;

plot the bar charts of total and partial probability mass functions.

We make the following observations regarding the code:

the generator Q is theoretically a four-dimensional tensor. To perform
multiplications, we removed the nested structure and worked with a
Numpy array instead.

we built a function to delete rows and columns of matrices corresponding
to iy = 0 for each [ € {1,2}.

the matrix —Q) — (1 =65 m-1) lel o H 5(21 is invertible and well condi-

tioned.

for more stability and faster execution, we preferred np.linalg.solve
over np.linalg.inv to invert matrices.

algorithms 1, 2, 3, 4 have no output, but they fill the entries of the global
storage.
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import numpy as np
import matplotlib.pyplot as plt

np.set_printoptions(linewidth=200) #to visualize clearly even bigger matrices in output

300

Compute generalized tensor product, and remove nesting.
Removing nesting is necessary to represent Q_{s,s}, Q_{s,s+1}, Q_{s,s-1}
as single Numpy arrays,

and allow multiplications by these arrays and vectors, e.g. p_{s}
)

1
2
3
4
5
6
7
8
9

#GENERALIZED TENSOR PRODUCT BETWEEN A AND B MATRICES
def gentp(A, B):

P, q = np.shape(A)

n, m = np.shape(B)

if p >n or q > m: #dimension check
raise ValueError (f"Error of dimension\n{A} is {A.shape},\n{B} is {B.shapel}")
else : #initialize T as an array of objects

#to store matrices as its entries,
#as many as the entries of A
T = np.empty((p, q), dtype=object)

for i in range(p): #1i=0,...,p-1
for j in range(q): #j=20,...,9-1
T[i, j] = A[i, jl * B[ :n-i, :m-j]
return T
#REMOVE NESTING FROM TENSOR
def flatten_tensor (nested_tensor):
try:
if isinstance(nested_tensor, np.ndarray): #if input is a Numpy multi-dim array
data = nested_tensor.tolist () #put sub-arrays in a list
else:

data = nested_tensor
return np.asarray(np.block(data),dtype=float) #keep blocks, transform list in a single array

except ValueError as e:
raise ValueError(f"The blocks do not align geometrically: {el}")

#RETURN GENERALIZED TENSOR PRODUCT ALREADY FLATTEN
def tp(A,B):
return flatten_tensor (gentp(A,B))

300

Rates for the generator
)

M = 50 #maximum population
C = 15 #healthcare threshold
53
54 b_1 = 3.75
55 mu_1 = 5.0
56 gamma_N1 = 6.0
57
58 params={’a_1’: Bb*b_1, ’a_2’: 4*b_1, ’a_s’: 2xb_1,
59 ’b_2’: 5/4xb_1, ’b_s’: 2*b_1,
60 ‘mu_2’: 4/5%mu_1, ’p_1’: 0.2, ’p_2’°: 0.2,
61 ’gamma_N2’: 5/4*gamma_N1,
62 ’gamma_T1’: 3/2*gamma_N1, ’gamma_T2’: 15/8*gamma_N1, }
63
64 a_l, a_2, a_s = params[’a_1’], params[’a_2’], params[’a_s’]
65 b_2, b_s = params[’b_2’], params[’b_s’]
66 mu_2, p_1, p_2 = params[’mu_2’], params[’p_1’], params[’p_27]
67 gamma_N2 = params[’gamma_N2’]
68 gamma_T1, gamma_T2 = params[’gamma_T1’], params[’gamma_T2’]
69

70 #PROGRESSION RATE FUNCTION FROM Il to I2
71 def nu_1(i):
72 return (gamma_N1*i) + (gamma_T1*min(i,C))

74 #PROGRESSION RATE FUNCTION FROM Il to I2
75 def nu_2(i):
76 return (gamma_N2*i) + (gamma_T2*min(i,C))

78 #DELTA KROENECKER
79 def delta(x,y):

80 if x==y:
81 return 1
82 else:

83 return 0



79

84
85 #RATES q(s,(i_{1),i_{2}) COMPUTATION
86 def out_state(s, i_1, i_2): #positive output

return (
i_1x (a_1 + b_1*(1-delta(s + i_1 + i_2, M))) +
i_2*%(a_2 + b_2x(1-delta(s + i_1 + i 2, M))) +
s *(a_s + b_s*(1-delta(s + i_1 + i_2, M))) +
nu_1(i_1) + nu_2(i_2) + (mu_1*s*i_1) + (mu_2%sx*xi_2)

)

#LIST OF GRADUALLY ORDERED q(s,(i_{1),i_{2}) GIVEN M,s
#e.g. for M=2,s=0: compute q(s,(i_{1),i_{2}) for entries (0,0,0),(0,0,1),(0,0,2),(0,1,0),(0,1,1),(0,2,0)
def ordered_states(s):
L = 1list )
for i in range(M-s+1):
for j in range(M-s-i+1):
L.append(out_state(s, i, j))
return L

PR}

Create diagonal, upperdiagonal, lowerdiagonal matrix
of given shape

from given vector
3

#matrix creator from a vector
def create_matrix(row: int, col: int, vec, sh: int):
base = np.diag(vec, k=sh) #create matrix from vector
mat = np.zeros((row,col)) #create matrix of desired shape

r_limit = min(base.shape[0],row)
c_limit = min(base.shape[1],col)

mat [:r_limit,:c_limit] = base[:r_limit,:c_limit] #fill mat up to limits
return mat

#diagonal matrix
def D(row: int, col: int, vec):
return create_matrix(row, col, vec, 0)

#upperdiagonal matrix
def U(row: int, col: int, vec):
return create_matrix(row, col, vec, 1)

#lowerdiagonal matrix
def L(row: int, col: int, vec):
return create_matrix(row, col, vec, -1)

PR}

Compute Q_{s,s} , Q_{s,s+1}, Q_{s,s-1}.

Implemented from equations in Chapter 2.1.2.2 of thesis
EE

#Q_s,s MATRIX
def Q_diag(s):
if s<0 or s>M:
raise ValueError(f"s value out of range: {s}")
else:
r = M+l-s

tildeQ = -np.diag(ordered_states(s)) #diagonal matrix of q_{s,(i1,i2)}’s
nu_vec=1list () #vector of \nu_{1}(i1)’s
for j in range(l,r):

nu_vec.append (nu_1(j))

D1 = tildeQ + a_2% tp( D(r,r,np.ones(r)), L(r,r,np.arange(l,r)) )

Ll = a_1*% tp( L(r,r,np.arange(1,r)), D(r,r,np.ones(r)) )

L2 = tp( L(r,r,nu_vec), U(r,r,np.ones(r-1)) )

158 Ul = (1-p_1)*b_1* tp( U(r,r,np.arange(0,r-1)), D(r,r,np.ones(r)) )
160 U2 = (1-p_2)*b_2*% tp( U(r,r,np.ones(r-1)), D(r,r,np.arange(0,r)) )
162 return D1 + L1 + L2 + Ul + U2

164

165 #Q_s,s+1 MATRIX
166 def Q_upperdiag(s):
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167 if s<0 or s>=M:

168 raise ValueError(f"s value out of range: {s}")

169 else:

170 r = M+1l-s

171 c = M-s

172

173 nu_vec=list () #vector of \nu_{2}(i2)’s
174 for j in range(l,r):

175 nu_vec.append (nu_2(j))

176

177 D1 = b_s*s* tp( D(r,c,np.ones(c)), D(r,c,np.ones(c)) )

17

179 D2 = p_1*b_1* tp( D(r,c,np.arange(0,c)), D(r,c,np.ones(c)) )
180

181 D3 = p_2*b_2% tp( D(r,c,np.ones(c)), D(r,c,np.arange(0,c)) )
182

183 D4 = tp( D(r,c,np.ones(c)), L(r,c,nu_vec) )

184

185 return D1 + D2 + D3 + D4

186

187

188 #Q_s,s-1 MATRIX
189 def Q_lowerdiag(s):

190 if s<=0 or s>M:

191 raise ValueError(f"s value out of range: {s}")

192 else:

193 r = M+1l-s

194 c = M+2-s

195

196 D1 = a_s*s* tp( D(r,c,np.ones(r)), D(r,c,np.ones(r)) )

197

198 L1 = mu_1*s* tp( U(r,c,np.arange(0,r)), D(r,c,np.ones(r)) )
199

200 L2 = mu_2*s* tp( U(r,c,np.ones(r)), D(r,c,np.arange(0,r)) )
201

202 return D1 + L1 + L2

203

204

205 2

206 Generator. Obtained from matrices Q_{s,s}, Q_{s,s+1}, Q_{s,s-1}.

207 In the numerical part, computing the entire generator is not useful,
208 anyways the result is given by completeness

209 2

211 #GENERATOR Q
def generator_Q():
if M <= 0:
raise ValueError
else:
gen=np.empty ((M+1,M+1), dtype=object)

gen[0,0]1=Q_diag (0) #fill non-zero entries of Q,
gen[0,1]1=Q_upperdiag (0) #with Q_{s,s-1}, Q_{s,s}, Q_{s,s+1}
for s in range(1,M+1):
gen[s,s-11=Q_lowerdiag(s)
gen[s,s]=Q_diag(s)
if s < M:
gen[s,s+1]1=Q_upperdiag(s)

for i in range(M+1):
for j in range(M+1)

if gen[i,j] is None: #fi1ll "None" entries, with matrices of zeros
#of appropriate shape
for k in range (M+1): #search for not-None block in same row

if gen[i,k] is not None:
rows = np.shape(gen[i,k])[0]
break
for k in range (M+1): #search for not-None block in same coloumn
if genl[k,j]l is not None:
columns = np.shape(genlk,jl)[1]

break
gen[i,j] = np.zeros((rows,columns))
return flatten_tensor (gen) #return a not-nested Numpy array

In the following, we define the matrices of scalars necessary
to implement Algorithms.

246 ALL these matrices are defined in Chapter 2.1.3.1.,

247 as a consequence of first-step analysis.

248 >

249




Compute constant scalar q_{i~{*}}~{(1)}

PR}

idx = {’D1’: 0, ’D2’ : 1, °’N’: 2, ’T’: 3} #dictionary of i* states
def qi_star(l,i): #i is a string, e.g. input ’N°’
qi_values_1 = {
D1’ : a_1l,
}
qi_values_2 = {
’D2° : a_2,
N H gamma_N2,
T’ : gamma_T2 *min(1,C),
}

if i not in qi_values_1 and i not in qi_values_2:
raise ValueError(f"Invalid state {i}")
else:
if 1==1 and i in qi_values_1:
return qi_values_1[i]
elif 1==2 and i in qi_values_2:
return qi_values_2[i]
else:
return 0

Functions that delete rows and columns

corresponding to transition rates for i_{1}=0
0

def indices_to_delete(l, s): #returns list of indexes to delete
list = []
if 1 == 1:
for il in range(M-s+1):
list.append(il) #indexes 0,1,2,....,M-s
else:
for il in range(M-s+1): #indexes i2

list.append ((il * (2%x(M-s) - il + 3)) // 2)
return list

def delete_rows(l, s, A): #delete rows of A corresponding to indexes
return np.delete(A, indices_to_delete(l, s), axis=0)

def delete_columns(l, s, A): #delete columns of A corresponding to indexes
return np.delete(A, indices_to_delete(l, s), axis=1)

Compute matrix Q"{I1->I2}_{s,s} of progression

PR}

def Q_I1_to_I2(s):
r = M+l-s
mat = nu_1(1)* tp( L(r,r,np.ones(r-1)), U(r,r,np.ones(r-1)) )

mat = delete_rows (1,s,mat)
mat = delete_columns (2,s,mat)
return mat

Compute matrices Q_{s,s} {V}, Q_{s,s-1}"{H},
that contain the rates associated to
- 1% produces a vertical infection

- 1% produces a horizontal infection
IR

#Q_{s,s}"{V} MATRIX
def v(1):
if 1==1:
return (1-p_1)*b_1
elif 1==2:
return (1-p_2)*b_2

def QV(1,s):
if s<0 or s>M:
raise ValueError(f"s value out of range: {s}")
else:
r = M+l-s
mat = v(1)* tp( U(r,r,np.ones(r-1)), D(r,r,np.ones(r)) )
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mat = delete_rows(l,s,mat)
mat = delete_columns(l,s,mat)
return mat

#Q_{s,s-1}"{H} MATRIX
def h(l,s):
if 1==1:

return mu_1%*s
elif 1==2:

return mu_2%*s

QH(l,s):
if s<=0 or s>M:
raise ValueError(f"s value out of range: {s}")
else:
r = M+l-s
c = M+2-s
mat = h(1l,s)* tp( U(r,c,np.ones(r)), D(r,c,np.ones(r)) )

mat = delete_rows(l, s, mat)
mat = delete_columns(l, s-1, mat)
return mat

Compute matrices \barQ_{s,s}"{(1)}, \barQ_{s,s-1}"{(1)} for 1=1,2,
that store the transitions of all individuals

without the tagged infected one 1°{*} in level 1.

Scalars i_1 are shifted to i_1-1 if 1=1.

Scalars i_2 are shifted to i_2-1 if 1=2.

Scalars q_{(s,(i_{1},i_{2}))} are left untouched.

Functions obtained from those of Q_{s,s}, Q_{s,s-1}.
Iy

def shift_right(vec : np.array): #Shifts all the elements of vec (vector of type Numpy array)
367 #one position to the right,
368 #and put a O in the very first position
369 #e.g. [1,2,3] -> [0,1,2]
370 #e.g. [0] -> [0]
371 if len(vec) > 0:
372 return np.insert(vec[:-1], 0, 0)
373 else: #if vec is an empty list, do nothing
374 #e.g. [1 —>
375 return vec

376
377 #\barQ_{s,s} " {(1)}
378 def Q_diag_1(s):

379 if s<0 or s>M:

380 raise ValueError(f"s or 1 out of range: {s}, {1}")

381 else:

382 r = M+l-s

383

384 tildeQ = -np.diag(ordered_states(s))

385

386 nu_vec = list ()

387 for j in range(0,r-1):

388 nu_vec.append(nu_1(j))

389

390 D1 = tildeQ + a_2% tp( D(r,r,np.ones(r)), L(r,r,np.arange(1,r)) )
391

392 L1 = a_1% tp( L(r,r,np.arange(0,r-1)), D(r,r,np.ones(r)) )

393

394 L2 = tp( L(r,r,nu_vec), U(r,r,np.ones(r-1)) )

395

396 Ul = (1-p_1)*b_1x tp( U(r,r,shift_right(np.arange(0,r-1))), D(r,r,np.ones(r)) )
397

398 U2 = (1-p_2)*b_2x tp( U(r,r,np.ones(r-1)), D(r,r,np.arange(0,r)) )
399

400 mat = D1 + L1 + L2 + U1l + U2

401

402 mat = delete_rows(l,s,mat)

403 mat = delete_columns(1,s,mat)

404 return mat

405

406

407 #\barQ_{s,s} " {(2}
408 def Q_diag_2(s):

409 if s<0 or s>M:

410 raise ValueError(f"s value out of range: {s}")
411 else:

412 r = M+l-s

413

414 tildeQ = -np.diag(ordered_states(s))



nu_vec=1list ()
for j in range(l,r):
nu_vec.append(nu_1(j))
D1 = tildeQ + a_2* tp( D(r,r,np.ones(r)), L(r,r,np.arange(0,r-1)) )
L1 = a_1*% tp( L(r,r,np.arange(1,r)), D(r,r,np.ones(r)) )
L2 = tp( L(r,r,nu_vec), U(r,r,np.ones(r-1)) )
Ut = (1-p_1)*b_1* tp( U(r,r,np.arange(0,r-1)), D(r,r,np.ones(r)) )
U2 = (1-p_2)*b_2*% tp( U(r,r,np.ones(r-1)), D(r,r,shift_right(np.arange(0,r))) )
mat = D1 + L1 + L2 + Ul + U2
mat = delete_rows(2,s,mat)
mat = delete_columns(2,s,mat)

return mat

#\barQ_{s,s-1}"{(1)}
def Q_lowerdiag_1(s):
if s<=0 or s>M:

raise ValueError(f"s value out of range: {s}")
else:
r = M+l-s
c = M+2-s
D1 = a_s*sx tp( D(r,c,np.ones(r)), D(r,c,np.ones(r)) )
L1 = mu_1xsx tp( U(r,c,shift_right (np.arange(0,r))), D(r,c,np.ones(r)) )
L2 = mu_2xs* tp( U(r,c,np.ones(r)), D(r,c,np.arange(0,r)) )
mat = D1 + L1 + L2
mat = delete_rows(l, s, mat)
mat = delete_columns (1, s-1, mat)

return mat

#\barQ_{s,s-1}"{(2)}
def Q_lowerdiag_2(s):
if s<=0 or s>M:

raise ValueError(f"s value out of range: {s}")
else:
r = M+l-s
c = M+2-s
D1 = a_s*s* tp( D(r,c,np.ones(r)), D(r,c,np.ones(r)) )
L1 = mu_1#*s* tp( U(r,c,np.arange(0,r)), D(r,c,np.ones(r)) )
L2 = mu_2*s* tp( U(r,c,np.ones(r)), D(r,c,shift_right(np.arange(0,r))) )
mat = D1 + L1 + L2
mat = delete_rows(2, s, mat)
mat = delete_columns (2, s-1, mat)

return mat

def Q_diag_bar(l, s):
if 1==1:
return Q_diag_1(s)
if 1==2:

return Q_diag_2(s)

def Q_lowerdiag_bar(l, s):
if 1==1:
return Q_lowerdiag_1(s)
if 1==2:

return Q_lowerdiag_2(s)

PN

Compute matrix Q_{s,s+1}"{(1)} =
= Q_{s,s+1} " {upsS}t + Q_{s,s+1}°{I2 to S} {(1)}

PR

#Q_{s,s+1}"{up S} MATRIX

495 def Q_upS(s):
496 if s<0 or s>=M:
497 raise ValueError(f"s value out of range: {s}")

498 else:
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r = M+l-s
c = M-s

D1 = b_s*s* tp( D(r,c,np.ones(c)), D(r,c,np.ones(c)) )
D2 = p_1*b_1x tp( D(r,c,np.arange(0,c)), D(r,c,np.ones(c)) )
D3 = p_2%b_2* tp( D(r,c,np.ones(c)), D(r,c,np.arange(0,c)) )
return D1 + D2 + D3

#Q_{s,s+1}"{I2 to S}"{(1)} MATRIX

def Q_upperdiag_1(s):

if s<0 or s>=M:
raise ValueError(f"s value out of range: {s}")

else:
r = M+l-s
c = M-s
nu_vec = list ()

for j in range(l,r):
nu_vec.append (nu_2(j))

D4 = tp( D(r,c,np.ones(c)), L(r,c,nu_vec) )
return D4

#Q_{s,s+1}"{I2 to S}"{(2)} MATRIX

def Q_upperdiag_2(s):

if s<0 or s>=M:
raise ValueError(f"s value out of range: {s}")

else:
r = M+l-s
c = M-s
nu_vec = list ()

for j in range(0,c):
nu_vec.append(nu_2(j))

D4 = tp( D(r,c,np.ones(c)), L(r,c,nu_vec) )
return D4

#\barQ_{s,s+1}"{(1)} MATRIX

def Q_upperdiag_bar(l,s):

= Q_upS(s) + Q_upperdiag_1(s)

= Q_upS(s) + Q_upperdiag_2(s)

548

549

550 mat = delete_rows(l, s, mat)

551 mat = delete_columns(l, s+1, mat)

552 return mat

553

554

555 277

556 In the following, we define the empty external storage for the Algorithms,
557 where 1=1,2:

558 - 5dim array mat_p[l-1,s,i,rV,rH], to store vectors p_{s} ({1}) (ix,rV,rH)
559 - 5dim array mat_t[l-1,s,i,rV,rH], to store vectors t_{s} ({1}) (i*,rV,rH)
560 - 5dim array mat_h[l1-1,s,i,rV,rH], to store vectors h_{s} " ({1})(i*,rV,rH)
561 - 2dim array H[1-1,s], to store matrices H_{s}"{(1)}, which NOT DEPEND on rV,rH,ix
562

563 1 in {0,1}

564 s in {0,1,...M-1}

565 i* in idx

566 rV in {0,1,...,max_rV}

567 rH in {0,1,...,max_rH}

568

569 It is necessary to establish a max_rV, max_rH

570 to define the dimension of the storage.

571 200

572

573 idx = {’D1’: O, ’D2’: 1, ’N’: 2, ’T’: 3} #dictionary of ix states

574 #use example: if i=’N’, look at entry 2 of mat_pl
575

576 max_rV = max_rH = 9

577

578 max_L = 2 #number of levels

579

580 #initialize vectors p,t,h_{s} {(1)}(i*,rV,rH) of lenght (M-s+1)*(M-s+2)/2
581 mat_p = np.empty( (max_L,M,len(idx),max_rV+1,max_rH+1), dtype = object)



645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
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mat_t = np.empty( (max_L,M,len(idx),max_rV+1,max_rH+1),
mat_h = np.empty( (max_L,M,len(idx),max_rV+1,max_rH+1),

for 1 in range(max_L):
for s in range(M):
dim = ((M-s+1)*(M-s))//2
for i in range(len(idx)):
for rV in range (max_rV+1)
for rH in range(max_rH+1):
vector = np.zeros((dim,1))

dtype
dtype

mat_p[l, s, i, rV, rH] = vector.copy()
mat_t[1l, s, i, rV, rH] = vector.copy()
mat_h([l, s, i, rV, rH] = vector.copy()

object)
object)

#each entry is a vector

#initialize matrices H_{s}"{(1)}, dependent only on s\in{0,1,...M-1}

H = np.empty( (max_L,M), dtype = object)

for 1 in range(max_L):
for s in range(M):
a = ((M-s+1)*(M-s))//2
b = ((M-s+2)*x(M-s+1))//2
H[1,s] = np.zeros((a,b))

PR

In the following, we give the functions to compute vectors

t_{s} {(1)}(i*,rV,rH), H_{s} " {(1)}, h_{s} " {(1)}(i*,rV,rH)

PR

#compute vector t_{s} {(1)}(i*,rV,rH)
def t_compute(l, s, i, rV, rH):
if rV > max_rV or rH > max_rH or rV < 0 or rH < O:
raise ValueError(f"rV or rH values out of range:
elif 1 < 1 or 1 > max_L:
raise ValueError(f"l out of range: {1}")
elif s < 0 or s > M:
raise ValueError(f"s out of range: {s}")
else:
dim = ((M-s+1)x(M-s))//2
x = np.zeros ((dim,1))

if 1==1 and i!=’D1’:

x += Q_I1_to_I2(s) @ mat_pl[1l,s,idx[i],rV,rH]
if rV==0 and rH==0 :

x += qi_star(l,i) * np.ones((dim,1))
if rv > 0 :

x += QV(1,s) @ mat_p[l-1,s,idx[i],rV-1,rH]
if rH > 0 and s > 0 :

x += QH(l,s) @ mat_p[l-1,s-1,idx[i]l,rV,rH-1]
return x

#compute matrix H_{s}"{(1)}
def H_compute(l, s):
if 1 <1 or 1 > max_L:
raise ValueError(f"l out of range: {1}")
elif s < 0 or s > M:
raise ValueError(f"s value out of range: {s}")

else
if s == 0: #H_{0}=0 from initialization
return H[1-1,s]
if s !'= 0:
¢ = Q_diag_bar(l,s)
if s !'= M-1:

c += np.dot( Q_upperdiag_bar(l, s), H[1l-
#print (f"conditioning number is {np.linalg.cond(- c)}") #problem is well-conditioned

#print (f"determinant is {np.linalg.det(c)}")

return np.linalg.solve( - c, Q_lowerdiag_bar(l,

#compute vector h_{s} {(1)}(i*,rV,rH)
def h_compute(l, s, i, rV, rH):
if rV > max_rV or rH > max_rH or rV < 0 or rH < O:
raise ValueError(f"rV or rH values out of range:
elif 1 < 1 or 1 > max_L:
raise ValueError(f"l out of range: {1}")
elif s < 0 or s > M:
raise ValueError(f"s out of range: {s}")
else:
a = Q_diag_bar(l,s)
if s!= M-1:

{rv},

#each entry is a matrix

{rH}")

1, s+1] )

{rv},

a += np.dot( Q_upperdiag_bar(l, s), H[1-1, s+1] )

s) )

#invertible

{rH}")

#choice for more numerical stability
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666 b = mat_t[l-1,s,idx[i],rV,rH]
667 if s!= M-1:
668 b += Q_upperdiag_bar(l,s) @ mat_h[1l-1,s+1,idx[i],rV,rH]

670 return np.linalg.solve( - a, b ) #choice for more numerical stability
673 277

674 In the following, we give Algorithms 4,3,2,1

675 2

677 # Algorithm 4, it fills the entries of mat_p[l-1], mat_h[1-1]
678 def algorithm_4(1l: int, i: str, rV: int, rH: int):

679 if 1 <1 or 1 > max_L:

680 raise ValueError(f£"l out of range: {1}")

681 elif rV > max_rV or rH > max_rH or rV <0 or rH < 0:

682 raise ValueError (£f"rV or rH out of maximum range: {rV, rH}")

683 else:

684 s=0

685 while s<= M-1 : #compute t_{s} {(1)}(ix,r_V’,r_H’)
686 mat_t[1-1,s,idx[i],rV,rH] = t_compute(l,s,i,rV,rH)

687 s = s+1

688

689 while s>= 1 : #compute h_{s} " {(1)}(i*,r_V’,r_H’)
690 s = s-1 #backward from s=M-1 to s=0

691 mat_h([1-1,s,idx[i],rV,rH] = h_compute(l,s,i,rV,rH)

692

693 mat_p[l-1,s,idx[i],rV,rH] = mat_h[l-1,s,idx[i],rV,rH] #p_{0}"{(1)}=h_{0}"{ (1)}
694 while s<= M-2 : #compute p_{s} " {(1)}(i*,r_V’,r_H’)
695 s = s+1 #forward from s=0 to s=M-1

696 mat_p[l-1,s,idx[i]l,rV,rH] = mat_h[1l-1,s,idx[i]l,rV,rH] + (H[1-1,s] @ mat_p[l-1,s-1,idx[i],rV,rH])
697

698

699 #Algorithm 3, it increases the entries rV, rH
700 def algorithm_3(1l: int, i: str):

701 if i not in idx:

702 raise ValueError (f"Unknown state ix: {i}")
703 elif 1 < 1 or 1 > max_L:

704 raise ValueError(f"1l out of range: {1}")
705 else:

706 j =0

707 w = min(max_rV, max_rH)

708 while j <= w:

709 rv = j

710 rH = j

711 while rH <= max_rH:

712 print(1l,i,rV,rH) #print to see algorithms at work
713 algorithm_4(1, i, rV, rH)

714 rH = rH + 1

715 rH = j

716 o= jo+1

17 while rV <= max_rV:

718 print(1,i,rV,rH) #print to see algorithms at work
719 algorithm_4(1, i, rV, rH)

720 rVv = rV + 1

721 jo= 3+ 1

722

723

724 #Algorithm 2, it fills the entries of H[1]
: def algorithm_2(1l: int):
if 1 <1 or 1 > max_L:
raise ValueError(f"l out of range: {1}")

else:
s = M-1
while s>=0: #compute H_{s}"{(1)} backward
H[1-1, s] = H_compute(l, s)
s = s-1

735 #Algorithm 1, it fills levels 1=1,2
736 def algorithm_1(i: int):

737 if i not in idx:
738 raise ValueError (f"Unknown state ix*: {i}")
739 else:

if i==’D1’: #if ix=D1, compute just level 1=1
algorithm_2(1)
algorithm_3(1,’D1’)
else:
1 = max_L #for max_L=2
while 1>=1: #compute firstly p~{(2)}, secondly p~{(1)}
algorithm_2(1)
algorithm_3(1,i)
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PR

Run Algorithm 1 for all ix, to fill all entries of mat_p,

and so all joint probabilities
IR

5
algorithm_1(’D1’)
algorithm_1(’D2’)
algorithm_1(’N’)
algorithm_1(’T’)

3o
IR

For big M, max_rV, max_rH, it goes very slow.

It is convenient to parallelize these operations,
which are all indipendent to each other,

and execute the code locally offline.
I

#PARALLEL COMPUTING OF mat_p
from concurrent.futures import ThreadPoolExecutor

with ThreadPoolExecutor (max_workers=4) as executor:

list (executor.map(algorithm_1, idx.keys())) #[°D1’, ’D2’, ’N’, ’T’]
3o
In the following, we give the code to plot
the probability mass functions of
R_{exact,0}, R_{exact,0}"{V}, R_{exact,0}"{H},
assuming 1°{*} starts in level 1=1
IR
#bar chart of total mass function of R_exact,O
#given data (s,(i_1,i_2))
def pmf_total(s, il, i2):
if s + i1 + i2 > M or s + il + i2 < 0
raise ValueError(f"selected population out of M={M}: {s+i1+i2}")
if i1 == 0:
raise ValueError(f"at least one infected needed")
else
entry = ((i1-1)*(2*x(M-s+1)-il1))//2 + i2 #selected entry p_{s,(il1,i2)} in vector p_{s}
r_max = max_rH + max_rV + 1
pmf = np.zeros(r_max)
for r in range(r_max): #compute probability mass function for r in 0,..,r_max
for i in idx:
for rV in range(max_rv + 1):
rH = r - rV
if rH >= 0 and rH <= max_rH: #search for couples (rV,rH) such that rV+rH==r
pmf [r] += mat_pl[0,s,idx[i],rV,rH][entryl.item()
x_vec = np.arange (r_max) #values on axes x
fig, ax = plt.subplots() #returns a figure and a plot
bars = ax.bar(x_vec, pmf) #plot pmf
ax.bar_label (bars, fmt="7.4f", padding=3, rotation=’vertical’, fontsize=8) #add height of bars

ax.xaxis.set_major_locator (plt.MaxNLocator (integer=True))

ax.set_x1im(0-0.5, r_max-0.5)
ax.set_ylim(0, 1)

ax.set_title(fr"$\beta_{{I,1}}={b_1},\ \mu_{{1}}={mu_1}$")

ax.set_xlabel ("$r$")
ax.set_ylabel ("$probability$")
plt.show ()

#bar chart of marginal mass function of R_exact ,0"{V}
#given data (s,(i_1,i_2))
def pmf_vertical(s, il, i2):
if s + i1 + i2 > M or s + i1l + i2 < 0
raise ValueError(f"selected population out of M={M}:

{s+i1+i2}")

# ensure integer ticks on x-axis

else
entry = ((i1-1)*(2x(M-s+1)-il1))//2 + i2 #selected entry p_{s,(i1,i2)} in vector p_{s}
pnf = np.zeros(max_rV + 1)
for rV in range(max_rV + 1): #compute probability mass function for rV in 0,..,max_rV

for i in idx:
for rH in range(max_rH + 1):

pmf [rV] += mat_p[0,s,idx[i],rV,rH][entry].item()

x_vec = np.arange(max_rV +1) #values on axes

X
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fig, ax = plt.subplots() #returns a figure and a plot

bars = ax.bar(x_vec, pmf) #plot pmf

ax.bar_label(bars, fmt="7.4f", padding=3, rotation=’horizontal’, fontsize=8) #add height of bars
ax.xaxis.set_major_locator (plt.MaxNLocator (integer=True)) # ensure integer ticks on x-axis

ax.set_x1im(0-0.5, max_rV+0.5)

ax.set_ylim(0, 1)

ax.set_title(fr"$\beta {{I,1}}={b_13},\ \mu_{{1}}={mu_1}$")
ax.set_xlabel ("$r_{V}$")

ax.set_ylabel ("$probability$")

plt.show ()

#bar chart of marginal mass function of R_exact ,0"{H}
#given data (s,(i_1,i_2))
def pmf_horizontal(s, i1, i2):
if s + i1 + i2 > M or s + il + i2 < 0
raise ValueError(f"selected population out of M={M}: {s+il+i2}")

else
entry = ((i1-1)*(2*%(M-s+1)-i1))//2 + i2 #selected entry p_{s,(i1,i2)} in vector p_{s}
pmf = np.zeros(max_rH + 1)
for rH in range(max_rH + 1): #compute probability mass function for rH in O,..,max_rH
for i in idx:
for rV in range(max_rV + 1):
pmf [rH] += mat_p[0,s,idx[i],rV,rH][entry]l.item()
x_vec = np.arange (max_rH +1) #values on axes x
fig, ax = plt.subplots() #returns a figure and a plot
bars = ax.bar(x_vec, pmf) #plot pmf
ax.bar_label(bars, fmt="7.4f", padding=3, rotation=’horizontal’, fontsize=8) #add height of bars
ax.xaxis.set_major_locator (plt.MaxNLocator (integer=True)) # ensure integer ticks on x-axis

ax.set_x1im(0-0.5, max_rH+0.5)

ax.set_ylim(0, 1)

ax.set_title(fr"$\beta {{I,1}}={b_1},\ \mu_{{1}}={mu_1}$")
ax.set_xlabel ("$r_{H}$")

ax.set_ylabel("$probability$")

plt.show ()

Check how close to 1 the distribution sums, for given initial state
W

def check_sum(s, i1, i2, 1):

entry = ((i1-1)*(2%x(M-s+1)-il1))//2 + i2 #selected entry p_{s,(i1,i2)} in vector p_{s}
total = 0.0

for i in idx:

for rV in range(max_rv + 1):
for rH in range(max_rH + 1):
total += mat_p[l-1, s, idx[il, rV, rH][entryl.item()

return total

print (check_sum (10, 1, 0, 1))
pmf_total(10,1,0)

pmf_vertical (10,1,0)
pmf_horizontal (10,1,0)
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