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Abstract

This thesis explores parity-violating extensions of standard electromagnetism, which can be realized
through a Chern-Simons term coupling the dual of the electromagnetic tensor to a scalar field (or
pseudo-scalar field, such as an axion-like field) where the latter may act as dark matter or dark energy.
This interaction rotates the linear polarization of light in a manner similar to birefringent materials
and is therefore commonly referred to as the Cosmic Birefringence (CB) effect. Since the Cosmic
Microwave Background (CMB) is linearly polarized due to Thomson scattering at the last scattering
surface, the CMB is often used to probe this phenomenon. In fact, recent analyses on Planck data,
have intriguingly hinted at a detection of CB with a statistical significance ranging from 2.4 to 3.6
sigma [1, 2, 3, 4]. These measurements have attracted significant attention in recent years, as they
hold the potential to uncover new physics beyond the standard model of particle physics and cosmol-
ogy. In this thesis, we compute how CB affects the CMB angular power spectra. Additionally, we
analytically derive two harmonic-based estimators, known in the literature as D-estimators, which
constrain the CB effect by utilizing information from the TB (temperature anisotropies and B-mode
polarization) and EB (E- and B-mode polarization) CMB angular power spectra. We verify that these
estimators correctly recover the birefringence angle and assess their expected statistical efficiency, re-
covering known results from the literature. Additionally, we perform a detailed analysis of the joint
estimator, obtained by combining the two D-estimators, and provide an analytical expression for the
total joint uncertainty. While it is known that the joint estimator is dominated by the one derived
from the EB spectrum, the final expression for the combined estimator can be considered new.
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Introduction

The Cosmic Microwave Background (CMB) is a relic radiation from the early universe, originating
approximately 380,000 years after the Big Bang. During this epoch, so-called recombination, pho-
tons were allowed to travel freely for the first time once the universe had cooled enough to combine
protons and electrons into neutral hydrogen atoms. This nearly uniform radiation field is observed
in microwavelength, today, with a current temperature of 2.725 K, and its nearly perfect blackbody

spectrum is defined by Planck’s law:
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where B(v, T) is the spectral radiance at frequency » and absolute temperature 7'(K), 4 is Planck’s
constant, ¢ is the speed of light, and k5 is Boltzmann’s constant. The spectral radiance describes the
amount of energy emitted by a black body per unit area, per unit solid angle, per unit frequency, in
units W.om =25 L Hz L.

The observations and study of CMB provide an important window into the early universe since
its accidental discovery by Penzias and Wilson in 1965. These observations played a significant role
in developing the standard model of cosmology, the ACDM model, also known as the concordance
model. COBE satellite was the first to map temperature anisotropies of CMB radiation [5], this was
followed by later missions such as WMAP [6] and Planck [7], which provided increasingly sensitive

measurements of the temperature and polarization spectra of CMB. The angular power spectrum is



used to describe the distribution of the anisotropies arising from the temperature fluctuations in the
CMB radiation across different angular scales. By using spherical harmonics, these anisotropies can
be decomposed into multipole moments, ¢, where smaller multipoles correspond to larger angular
scales. Using this mathematical representation, we can analyze the observed anisotropies to get infor-
mation on the structure and evolution of the universe, obtain important cosmological parameters,
and distinguish between different models of the universe.

Figure 1.1 represents the 2018 SMICA temperature map of CMB observed by the Planck satellite,
illustrating the distribution of temperature anisotropies in the CMB, which correspond to the small

density fluctuations in the photon-baryon fluid at the time of photon decoupling.

Figure 1.1: Planck CMB sky from the 2018 SMICA temperature map, smoothed to 5°. Source: Planck Collaboration [8]

The measured temperature in a direction 7 in the sky divided by the average CMB temperature

today (75) is given by [9]:

(%)
Ty

=14 0(n), (1.2)

where the fractional temperature fluctuation ©(7) is defined as:

ST(7)

O(n) = T, (1.3)

The statistical analysis of the CMB temperature fluctuations are done by measuring the correlations
between hot and cold spots as a function of their angular separation. This results as the angular power

spectrum shown in Figure 1.2. We can write the two-point correlation function to make a comparison



of the temperatures at two different points 7 and 7'
C(6) = (©(n)0(7)) (1.4)

where 72- 7' = cosf. Letus expand the temperature field in spherical harmonics since the observations

of anisotropies are done on the spherical last scattering surface:
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where 4;,, are the expansion coefficients that quantify the contribution of each spherical harmonic
Y}, indexed by the multipole moment ¢ and the azimuthal index 7. The functions Y}, represent
scalar spherical harmonics, which describe the angular dependence of the temperature fluctuations
observed in the universe.

We can define the two point function of expansion coefficients as:
*
<d[md[/m/> == C[é‘y/amml y (1.6)

where the superscript * denotes complex conjugation, C; is the angular power spectrum and Kro-
necker deltas occur due the statistical isotropy. The angular power spectrum serves as the harmonic

space counterpart to the two-point correlation function in real space. Let us substitute 1.5 into 1.4:
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where P(cos 0) are Legendre polynomials. Asa result, we can observe that the information in the C;’s
is exactly the same as that of the function C(6).

Figure 1.2 illustrates the Planck mission’s observed power spectrum that contributed to determin-
ing the concordance model’s parameters. In this figure, Dy is equivalent to £(2¢ 41) C;). The angular
power spectrum shows distinctive peaks corresponding to sound waves in the early universe. These

peaks contain crucial details on the composition and the initial conditions of the universe, as well as



its expansion history.
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Figure 1.2: A compilation of recent measurements of the angular power spectra of the CMB, which form the foundation for most

cosmological analyses. The top panel displays the power spectra of the temperature anisotropies, as well as the E-mode and B-mode

polarization signals. The middle panel illustrates the 7-F cross-correlation spectrum, while the bottom panel presents the lensing

deflection power spectrum. Different colors represent data from various experiments, each shown with its original binning. The

dashed line represents the best-fit ACDM model based on the Planck temperature, polarization, and lensing data. Source: Planck

Collaboration [8].



1.1 ACDM MoDEL

The ACDM model, is currently the most successful cosmological model that describes large-scale
structure and evolution of the universe from the Big Bang to the present day. Itis based on the Cosmo-
logical Principle, which assumes that the universe is homogeneous and isotropic on large scales. This
model explains the dynamics of the universe through three main components: dark matter (CDM,
or Cold Dark Matter), dark energy (A, represented by the cosmological constant), and ordinary mat-
ter (baryons). According to current observations [10], the universe’s composition is approximately
68% dark energy, 27% dark matter, and only 5% baryonic matter. Interactions of these components
are well explained within the framework of General Relativity, and the dynamics of the universe’s
expansion are governed by the Friedmann equations. These equations give the relation between the
scale factor «(z), the energy densities of each component, and the curvature of spacetime. The space-
time metric used is the Friedmann-Lemaitre-Robertson-Walker metric (FLRW metric). It describes a
homogeneous, isotropic, expanding universe that satisfies the cosmological principle, using an exact

solution of Einstein’s field equations of general relativity:

2_ 22 2
ds® = —cdt” + a(¢) (1—/er2

+ 2d& 4 #* sin? (9d¢2) , (1.8)
where t represents time, 4(#) is the scale factor describing the relative expansion of the universe, ¢ is
the speed of light, £ denotes the spatial curvature (with values £ = 0 for flat, £ = +1 for closed, and
k = —1 for open universes), and (7, 8, @) are comoving coordinates.

Alexander Friedmann derived the Friedmann equations in 1922 from Einstein’s field equations for
the FLRW metric and a perfect fluid with a mass density p and pressure p to describe the universe’s
expansion. The first Friedmann equation describes the evolution of the scale factor:

H =

A\* 82G kP AP
:Tﬁ——+—7 (1.9)
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where H is the Hubble parameter, z is the time derivative of the scale factor, G is the gravitational
constant, p is the total energy density of the universe.
The second Friedmann equation describes the acceleration of the universe’s expansion, and it is
given by:
a 47G ( 3])) Ac?
=—— (p+
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where 4 is the second time derivative of the scale factor, and p is the pressure. Together, these equations
describe the behavior of the expanding universe under the influence of dark matter, dark energy, and
baryonic matter. The scale factor @ (which is set to 1 at the present time, #) is related to the redshift

z of the universe as follows:

B 1
14z

a(t)

(r.rr)

Thus, as the universe expands (and redshift decreases), the scale factor  increases. This reflects the
stretching of spacetime itself.

We can express the energy density p in terms of a dimensionless parameter called the density pa-
rameter ), which quantifies the total energy density of the universe relative to a critical density P,

The critical density p_is defined as the density required for a flat universe (£ = 0):

3P

P 300 (r.12)

The total energy density p is the sum of the densities of different components, such as matter (includ-

ing both dark matter and baryonic matter), dark energy, and radiation:

.p:.pm +./0A+Jor (1'13)

Now, we define the density parameters Q; for each component 7 as:

=1 (1.14)
Pe

Thus, the total density parameter ) becomes:
Qtat:Qm+QA+Qr7 (I'IS)

where Q,,, Q 5, and Q, are the density parameters for matter, dark energy, and radiation, respectively.
Table 1.1 represents key cosmological parameter constraints derived from CMB observations with
Planck, combining temperature, polarization, and lensing data. Additional resultsincorporate Baryon

Acoustic Oscillations (BAO) for refined constraints.



Table 1.1: Parameter confidence limits derived from Planck CMB temperature, polarization, and lensing power spectra, including BAO
data. The first set of rows provides 68% confidence limits for the base-ACDM model. The second set presents 68% constraints on
derived parameters inferred from the base-ACDM model. Further details can be found in [7]. Adapted from: [8].

Parameter Planck alone Planck + BAO
Qpi? 0.02237 4+ 0.00015 0.02242 + 0.00014
Q. h? 0.1200 4 0.0012 0.11933 £+ 0.00091
1008y 1.04092 4+ 0.00031 1.04101 4+ 0.00029
T 0.0544 4 0.0073 0.0561 = 0.0071
In(101°.4,) 3.044 4 0.014 3.047 £ 0.014
g 0.9649 £+ 0.0042 0.9665 £+ 0.0038
H, 67.36 = 0.54 67.66 £ 0.42
Qp 0.6847 £ 0.0073 0.6889 4+ 0.0056
Q. 0.3153 + 0.0073 0.3111 £ 0.0056
Qb 0.1430 £+ 0.0011 0.14240 4 0.00087
Qb 0.09633 £+ 0.00030 0.09635 + 0.00030
og 0.8111 £ 0.0060 0.8102 £ 0.0060
75(Qn /0.3)0° 0.832 4+ 0.013 0.825 4 0.011
Zre 7.67 £0.73 7.82+0.71
Age[Gyr] 13.797 4 0.023 13.787 £ 0.020
7% [Mpc] 144.43 £+ 0.26 144.57 £ 0.22
1004, 1.04110 + 0.00031 1.04119 4+ 0.00029
arag Mpc] 147.09 + 0.26 147.57 4 0.22
Zeq 3402 + 26 3387 £ 21

keq [Mpcfl] 0.010384 + 0.000081 | 0.010339 4 0.000063

1.2 CosMIC MICROWAVE BACKGROUND RADIATION: FEATURES

AND OBSERVATIONAL SUPPORT FOR THE ACDM MODEL

Difterent observations, such as Type Ia supernovae [11, 12], large-scale structure [13], and baryon
acoustic oscillations [14] support the ACDM model. However, CMB provides particularly powerful
data because it represents the universe at an early stage, and allows precise measurements of cosmolog-

ical parameters [7], such as the Hubble constant Hj, baryon density parameter Q;, and dark matter



density parameter Q.. The Hubble constant Hj is the present value of the Hubble parameter H(z),
which describes the expansion rate of the universe. It is expressed in units of kilometers per second
per megaparsec (km/s/Mpc) and is a critical parameter in determining the age, size, and evolution of

the universe.
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Figure 1.3: The angular variations in the CMB power spectrum reflect the dynamics of sound waves in the photon-baryon fluid. At
large scales (region I), the fluctuations are frozen, revealing the spectrum of the initial conditions. At intermediate scales (region Il), we
observe the oscillatory behavior of the fluid at the moment of last scattering. On small scales (region IlI), fluctuations are suppressed
as their wavelengths are shorter than the photons’ mean free path, leading to damping. **Note:** The correct y-axis label should be
I({ 4+ 1)C; /27 rather than Cj. Source: TASI Lectures on Primordial Cosmology-Daniel Baumann [15]

Figure 1.3 illustrates the CMB power spectrum measured by the Planck satellite, along with ground-
based observations from the Atacama Cosmology Telescope (ACT) and the South Pole Telescope
(SPT). These measurements highlight the acoustic peaks and the damping tail that characterize this
spectrum. Through these features, we can gain insight into the physical mechanisms that took place
in the early universe, as well as the initial conditions and the components of the universe, and the
dynamics of these components during recombination. Each region of the CMB power spectrum cor-
responds to different physical processes with interesting aspects. These regions can be categorized
as low multipoles (large angular scales), intermediate multipoles, and high multipoles (small scales),

which are characterized by large angle correlations, acoustic peaks, and a damping tail, respectively
[o]:

1. Large-Angle Correlations (Region I): Large angular scales in the CMB spectrum correspond



to fluctuations that remained outside the horizon at recombination. These fluctuations could
not evolve before photon decoupling. Therefore, they directly reflect the initial conditions of

the density fluctuations of the universe.

2. Acoustic Peaks and Intermediate-Angle Oscillations (Region II): On intermediate scales,
perturbations with shorter wavelengths entered the horizon before recombination. Within this
horizon, photon-baryon fluid was tightly coupled and perturbations in this fluid propagated as
sound waves, driven by the photon pressure and baryonic mass. These sound waves were frozen
in different phases when photons decoupled, resulting in an oscillatory pattern of peaks in the
CMB power spectrum. The first acoustic peak represents fluctuations on the scale of horizon
at the last scattering surface, the point at which the universe changed from being opaque to
transparent, providing insights into the total density of the universe. Higher acoustic peaks
are influenced by the composition of the photon-baryon fluid and the gravitational effects of

dark matter.

Another interesting feature of the acoustic peaks is the strong correlation between the peak
heights and the matter density. If Q, at fixed Q,,4* (h is the dimensionless Hubble constant)
increases, the Hubble rate increases mutually. Therefore, this causes the distance to the last
scattering surface to decrease, and the peaks to move to larger angular scales (smaller multi-

poles).

3. Small-Scale Damping and the Damping Tail (Region III): At small angular scales that are
smaller than the mean free path of photons, photon diffusion begins to erase density variations
(anisotropies) in the fluid, which leads to a damping effect. As interactions and scattering rates
in the photon-baryon fluid affect the amount of damping, this damping tail limits the baryon-

to-photon ratio and sheds light on the early thermal history of the universe.

To understand the physical mechanisms that produced the observed temperature anisotropies and
the polarization patterns in CMB, we need to discuss the processes at the last scattering surface, ap-

proximately 380,000 years after the Big Bang.

1.3 TEMPERATURE ANISOTROPIES AND THE LAST SCATTERING

SURFACE

The temperature anisotropies observed in CMB arise from density fluctuations in the photon-baryon

fluid at the time of photon decoupling. Before recombination, the universe was a hot, dense plasma



in which all atoms were ionized, and photons and baryons were tightly coupled through Thomson
scattering. Hence, it was opaque to photons due to the scattering of photons by free electrons. As
the universe expanded, the temperature of this plasma started to decrease, and this caused combining
protons, helium nuclei, and electrons into neutral atoms, which did not scatter photons as before.
This moment is referred to as the ‘last scattering’, after which photons could propagate their journey
freely for more than 13 billion years until they reach our instruments today.

The small density fluctuations that existed in this hot plasma correspond to small variations in
temperature at photon decoupling. While higher density regions are associated with slightly hotter
regions of the universe, lower density regions are associated with cooler regions, at the last scattering
surface. These density variations originated from gravitational potentials, which had been induced
by quantum fluctuations in the early universe, from inflationary processes. Acoustic oscillations trav-
eling through the photon-baryon fluid are the direct consequences of these fluctuations, and they are
imprinted in the CMB power spectrum as a series of acoustic peaks, indicating the competition be-
tween photon pressure and gravitational collapse. Therefore, the temperature anisotropies in CMB

reflect the initial conditions of the universe at recombination.

1.4 E-MODE POLARIZATION

Thomson scattering is the main mechanism for establishing the polarization of the CMB radiation
during the epoch of recombination. When photons scatter off free electrons in the plasma, they be-
come polarized in regions where the radiation is not isotropic. This polarization is strongest at angles
corresponding to the acoustic peaks, where the photon-baryon fluid was oscillating.

CMB polarization was first detected in 2002 by the Degree Angular Scale Interferometer (DASI)
[16]. The polarization produced in the early universe is predominantly E-mode polarization (even-
parity fluctuations), which corresponds to the gradient of density perturbations in the universe. The
observed E-mode polarization is directly associated with temperature anisotropies in the primordial
plasma. Let us consider a plane wave photon density perturbation propagating in a direction trans-
verse to the line of sight [9], where the plane wave corresponds to hot and cold alterations of the
photon temperature. The polarization direction of the outgoing radiation will be aligned with the
hot regions, and the polarization directions will be either parallel or perpendicular to the wavevector
k. This type of polarization pattern is called an E-mode.

We can obtain information about the geometry of the universe as the distribution of polarization
will be sensitive to the curvature of the universe [17]. E-mode pattern will change when the geometry

deviates from flatness. From this, we can get insights into the overall shape of the observed universe.

I0



Additionally, E-mode polarization is influenced by the contributions of baryonic matter, dark matter,
and dark energy as their densities affect the evolution of the sound waves in the universe [9]. These
aspects of E-mode polarization provide crucial information in understanding the main properties of
our universe.

Figure 1.4 represents polarization map of CMB observed by the Planck satellite. We can see the
polarization field, represented as rods of varying length, superimposed on the temperature map given

in Figure 1.1. This polarization field highlights the E-mode and B-mode patterns.

160 K

| 041 K -160

Figure 1.4: The map shows the polarization field as rods of varying length superimposed on the 2018 SMICA temperature map,
smoothed to 5°. Source: Planck Collaboration [8]

1.3 B-MODE POLARIZATION

The B-modes are odd-parity fluctuations and can be used as a powerful probe of both early and late
universe physics. Scalar density fluctuations in the universe cannot produce this type of polarization
pattern due to the property of symmetry, where azimuthal symmetry of these fluctuations prohibits
this polarization pattern [9]. Therefore, the B-mode pattern can be a key probe of non-scalar, tensor
fluctuations that took place in the early universe, where they can arise from primordial gravitational
waves during inflation, a period of rapid expansion that occurred during the first fraction of a second
after the Big Bang. Inflation generates gravitational waves, which imprint a characteristic B-mode sig-
nature on CMB. These primordial B-modes are expected to be detectable at larger angular scales and
would provide direct evidence for inflationary models if discovered [18, 19, 20]. Theoretical models
predict that the amplitude of these primordial B-modes is related to the energy scale of inflation, and
their detection could provide crucial information about the very early universe.

A possible detection of primordial B-modes was reported in 2014 from the BICEP2 experiment
[21]. However, this result was later revised due to the contamination from galactic dust. Despite this,

the detection of primordial B-modes remains a key goal for future experiments such as LiteBIRD
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[22, 23], CMB-S4 [24] and the Simons Observatory [25].

In addition to primordial B-modes, gravitational lensing by large-scale structure can also generate
B-mode polarization at smaller angular scales [26]. As CMB photons pass through the universe, they
are deflected by the gravitational fields of large-scale structures, such as galaxies and galaxy clusters,
producing a lensing B-mode signal. From this signal, we can obtain information about the distribu-
tion of mass in the universe, particularly the dark matter distribution. Measurements by experiments
like Planck, ACT, SPT, and BICEP/Keck arrays support that the lensing B-modes are smaller in am-
plitude compared to the primordial ones but are present at much higher multipoles.

Figure 1.5 shows the B-mode polarization power spectra with contributions from primordial gravi-
tational waves generated during inflation represented by two models; the blue solid line and the orange
dashed line, lensing B-modes produced by the deflection of CMB photons by large-scale structures

represented by the grey solid line, and effects from cosmic birefringence with the red dashed line.
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Figure 1.5: The B-mode polarization power spectra display E(é + 1) CgB/ZW in units of [uKz. Contributions include cosmic birefrin-
gence with {@ = 0.3° (red dashed) and a sourced GW signal from SU(2) gauge fields combined with the vacuum contribution of R?
inflation (orange dashed). The green filled circles represent the summed contributions, averaged over multipoles in bins centered at
{. The grey solid line corresponds to the lensed B-mode power spectrum, which is subtracted. The bands indicate 68% confidence
intervals for full-sky, noiseless experiments (including the lensed B-mode contribution). The blue solid line shows the vacuum contri-
bution alone. Source: [27].

An interesting aspect of polarization in CMB is the potential for parity violation. In a universe

with perfect symmetry, the polarization pattern of the CMB should be symmetric under a mirror

I2



transformation, i.e., no preferred direction for polarization. However, certain physical effects can
break this symmetry, leading to the violation of parity. One such eftect is cosmic birefringence (CB),
which could arise if there is an interaction between photons and hypothetical particles (such as axions)
in the early or late universe [28]. This interaction causes a rotation in the polarization of photons, dis-
torting the observed E-mode and B-mode patterns. As a result, cosmic birefringence would produce
cross-correlations between the temperature anisotropies, E-modes, and B-modes, i.e., non-zero TB,
and EB correlations, making it detectable in the CMB data. This contribution is most prominent at
¢ 2200 [27].

Although there is no direct evidence for cosmic birefringence currently, recent measurements have
placed tight constraints on its magnitude. Studies have reported values for the birefringence angle «
with statistical significances ranging from 2.4 ¢ to 3.6 ¢, with results such as 2 = 0.35° &+ 0.14° [1],
2 = 0.30° 4 0.11° [2],and 2 = 0.33° T30 [3, 4]. Although these results are exciting, a convincing
detection has not yet been made. If'a confirmed signal of cosmic birefringence, with a higher statistical
significance achieved in future observations, this would open a fascinating window for physics beyond
the standard model, as it would imply that the parity symmetry is violated, as well as contributing to
the physics of dark matter and dark energy.

Ground-based experiments like the Simons Observatory and the CMB-S4 array, along with space
missions like LiteBIR D, are designed to achieve the sensitivity required to detect these B-mode signals.
The detection of B-modes would provide a groundbreaking test of inflation and offer insights into
new physics beyond the ACDM model, potentially including cosmic birefringence.

Figure 1.6 shows the current measurements of the angular power spectrum for the temperature
and polarization anisotropies in CMB. The projections shown in grey illustrate the anticipated im-
provements from CMB-S4, an upcoming ground-based experiment designed to enhance the preci-

sion of CMB measurements, especially in polarization modes.
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Figure 1.6: Current measurements of the angular power spectrum of the CMB temperature and polarization anisotropy are shown.
The horizontal axis is scaled logarithmically in multipole £ for £ < 30 (left of the vertical dashed line) and as 006 ot higher multipoles.
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for TT and EE spectra and A¢ = 30 for BB) for a ACDM cosmological model with » = 0. [24]
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Cosmic Birefringence

Cosmic birefringence refers to the rotation of the polarization plane of the CMB radiation as it propa-
gates across the universe, potentially caused by a pseudoscalar field that could be linked to dark matter
or dark energy. This effect, if present, leaves a distinct signature in the polarization field of CMB. We
will first present the Stokes parameters, which provide a framework for describing the polarization
of radiation. It will be followed by a discussion on how this pseudoscalar field could modify the La-
grangian of the electromagnetic sector with an extra term, the so-called Chern-Simons term, through
the interaction between photons and axion-like particles. This additional term leads to a mixing be-
tween the Q and U Stokes parameters, causing a rotation of the polarization plane by an angle 2. We
will then derive the equations for how this rotation affects the observed temperature and polariza-
tion cross-power spectra, and discuss its potential observable consequences, which could provide a
valuable understanding of the physics beyond the standard model.

Figure 2.1 illustrates a sketch of the cosmic birefringence effect as the a clockwise rotation of the

plane of polarization of the CMB radiation on the sky, as observed on Earth.

Is



Figure 2.1: Rotation of linear polarization by cosmic birefringence. Polarization pattern at the surface of last scattering (black lines
inside the left circle) changes when the plane of linear polarization (orange line) rotates by an angleﬂ as CMB photons travel to reach
us today (right circle). Source: [27]. Credit: Y. Minami.

2.1 STOKES PARAMETERS

The polarization of radiation is often described using the Stokes parameters Q, U, and V. Let us
consider a (quasi)monochromatic electromagnetic wave with a frequency wj traveling along the z-
direction where the amplitudes and phases vary slowly over time relative to the wave’s inverse fre-

quency. The electric field at a given location in space can be represented by its components [20]:

E, = a.(¢) cos|wot — 6,(2)], (2.1)

E, = a,(t) cos[wot — 6,(¢)] . (2.2)

The Stokes parameters quantify this polarization and are calculated as time-averaged values based on

the electric field components.

I= <d§> + <ozy2> , (2.3)
Q= ()~ (a}). (2.4
U= (2a,a,cos(6, — 6,)) , (2-5)
V= (2a.a,sin(0, — 6,)) (2.6)
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where [ represents the total intensity of the wave, combining the contributions from both the x- and y-
polarized components. Qand Udescribe linear polarization, with Q indicating the intensity difference
between horizontal and vertical polarization, and U corresponding to the intensity difference between
polarized components oriented at 45° angles. When the x and y-components of the field oscillate in
phase (or anti-phase), the polarization ellipse degenerates into a line. We say that the wave is linearly
polarized. 7 characterizes circular polarization, measuring the difference in intensity between left-
and right-handed circularly polarized light. For unpolarized radiation, Q = U = V"= 0. The Stokes
parameter 7 is expected to be zero for the CMB radiation because the processes generating CMB,
such as Thomson scattering, do not produce circular polarization (see, however, e.g [29] and other
references therein). As a result, V7is generally considered negligible in CMB studies under standard
assumptions, and is not considered further.

From Egs. 2.4 and 2.5, we can show that a rotation of the coordinate system by an angle « trans-

forms the Stokes parameters describing the same radiation field as:

Q' = Qcos(2a) + Usin(2a), (2.7)
U' = —Qsin(2a) + Ucos(2a) . (2.8)

This rotational behavior of the Stokes parameters forms the basis for describing linear polarization
in terms of its amplitude, P, and position angle, ¢. The relationship Q & U = Pet?¥ shows that
polarization transforms like a spin-2 field. According to the International Astronomical Union (IAU)
definition, ¢ > 0 corresponds to a counter-clockwise rotation of the polarization plane on the sky. In
contrast, the CMB community often adopts a right-handed coordinate system, where the z-axis aligns
with the observer’s line of sight, resulting in an opposite sign convention for U/ and the position angle.
Therefore, we define the position angle (PA) 2 = —y, where 2 > 0 indicates a clockwise rotation on
the sky and Q + /U = Pt = PeT2Y,

2.2 A PseuposcALAR FIELD

In this section, we will discuss the possible existence of a psuedoscalar field, y, which changes sign
when the spatial coordinates are inverted, using some of the results from [27, 28, 30]. This pseudo-
scalar field could be linked to a hypothetical, axionlike particle that affects the polarization of the
CMB radiation in a parity-violating way if coupled to the electromangetic field, through its journey
from the last scattering surface to the present day. Furthermore, we can relate this field to dark matter

(see [31, 32, 33]) or dark energy (see [27], and [34, 35, 36, 37]), depending on its dynamics.
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The FLRW spacetime metric in Eq. 1.8 for a spatially flat universe (¢ = 0) in Cartesian coordi-

nates, simplifies to:
ds* = —df + a(t)*(dx* + dy* + d2°) . (2.9)

Introducing the conformal time 7, defined by:

dt
772/%, dt = a(t)dy, (2.10)

the metric becomes:
ds* = a*(y) (=dy” + dx* + dy* + dz*) . (2.11)

This can be expressed in terms of the metric tensor:

ds* = Zgwdx‘“dx” , (2.12)
124
with the metric tensor given by:
L = dz(y)diag(—l, 1,1,1), (2.13)

where g, v run over (0,1, 2, 3), corresponding to 7, x, ¥, z (¢ = 1 in natural units).

We can write the action and the Lagrangian density for a free electromagnetic field as [27]:

Ippr = /d4x\/ —¢Lr (2.14)

1 v
Ly = _ZZF/"’F& ) (2.15)
[uv

where F,, = 04,/0x* — 04,/0x” is the antisymmetric electromagnetic tensor defined in terms of
the electromagnetic four-potential 4, and ¢ is the determinant of g,,.

The equation of motion for A with gauge conditions 4y = 0 and V - A = 0 is given by:

A" —V*A =0, (2.16)
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where V = 0/0x and the prime denotes 0/0%. We can write the equation of motion for =+ helicity

states:
A+ kAL =
L+HkA4dL =0, (2.17)

where k is comoving wavenumber.
A pseudoscalar field, y, can couple to the electromagnetic field through a Chern-Simons term. In

this scenario, the standard Maxwell Lagrangian density is modified with an extra term [30, 27]:

L= Ley+ Les, (2.18)
where
Los = — 2 o FF, (2.19)
cs = )( 2.19
4f
and

E/lV/l 1/

FF= ZF”ZZ\/_ (2.20)

Here, a.,, is a dimensionless coupling constant, f is a characteristic energy scale, often called the "decay
. . . /. . . . . . .
constant”, with the dimension of energy, and ¢#” is the Levi-Civita symbol, fully antisymmetric

0123 = 1. a,,/f can be considered as a free parameter, linked to the properties of dark matter or

with ¢
dark energy. Its value can be constrained using observational data, such as the CMB polarization.

The parity violation arises because FF = —4B-E, where E (electric field vector) has odd parity and
B (magnetic field vector) has even parity (E and B should not be confused with E and B polarization
modes). Consequently, FF changes sign under spatial inversion. For the interaction term ;(Fﬁ to
remain invariant, the field y must be pseudoscalar.

From Eq. 2.19, itis evident that when y is constant, the term ;{FIV does not contribute to the equa-
tion of motion since FFis a total derivative. The Chern-Simons term can only affect the dynamics,
if the field y varies in spacetime, meaning that the derivative of the pseudoscalar field, y’, is non-zero,
resulting in violation of parity. If y is constant, then y’ = 0, and the contribution of the ;(Fj: term

vanishes. This results in no parity-violating effect.
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The equation of motion for modified A is now given by:
/
A"~ VA - (52X x A=0. (2.21)
S
The coupling modifies the wave’s dispersion relation, which defines the connection between its fre-

quency @ and wavenumber k. This modification causes the relation to depend on the wave’s helicity,

distinguishing between the two polarization states:

AL+ (kz F /mj:;{> AL =0. (2.22)

When the effective angular frequency, i =k F ka,, X/, changes slowly over time during a single

oscillation period, such that &/, | /o7 < 1, the WKB approximation gives the solution, as shown in

[27]:

A:I: ~ (Zwi)—l/ze—z'fd;ywi—i-zﬁi 7 (2'23)

where J5 is the initial phase for the & states. The phase velocity, describing how the wave propagates,

is approximately:

W4 ~ fxem/'t/
p ~1F 20 (2.24)

where the correction term is extremely small. The ratio of the photon wavelength to the size of the
observable universe gives a measure of how small the correction is. Despite the smallness of this cor-
rection term, the effect becomes important over the long period of time, more than 13 billion years,
for the CMB radiation, meaning that the difference [ dy(w; — w_) becomes large enough to be
detected in the CMB data. This integral represents the total accumulated difference in frequencies
(ws — w_) (which are time dependent) over this long time. As a result, the difference in the phase
velocity causes the plane of linear polarization to rotate (see [27] and other ref.s therein). We can now

define the birefringence angle, « as:

1 1
a=3 (0, —d-) — > /d;; (wy —w_) . (2.25)
For simplicity, we assume the initial rotation angle at the last scattering surface 0, — J_ = 0. From
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Eq. 2.24, the isotropic birefringence angle, 2 becomes:

o

Cery [0 ,

=5 % dyy’, (2.26)

7Ls
where 7, and 7, correspond to the conformal times at the last scattering surface and the present
epoch, respectively. The varying nature of y introduces a rotation of the polarization plane of the
CMB photons as they propagate across the universe, which results in a mixing between Q and U
Stokes parameters.

Although the standard treatment of CB is based on the isotropic birefringence, it is also important
to consider the possibility of anisotropic birefringence, where the rotation angle can be expressed as
the sum of isotropic and anisotropic components. Ref.s [38, 39, 34, 40] provide a detailed treatment
of these models. The anisotropic birefringence angle in these models depends on the direction of the
photon. This effect may arise when considering fluctuations in the scalar field. During this thesis, we

will always consider a homogeneous field y = y(7) sourcing isotropic birefringence.

2.3 THEIMprACT OF CosMIC BIREFRINGENCE ON CMB SrECTRA

In this section, we assume that the rotation angle « characterizes the rotation of the CMB polarization
spectra due to a birefringence effect. This angle represents the amount of rotation of the E-mode
and B-mode polarization components compared to their primordial (unrotated) form. This rotation
mixes the E-mode and B-mode spectra, modifying the observed CMB power spectra.

Observed Stokes Parameters with the modification of the Chern-Simons term is given by [28]:

(Q£7U)" = exp (£722)(Q £ :U). (2.27)

Here, the superscript "0” indicates the observed Stokes parameters, while Q and U without the super-
script represent the intrinsic (unrotated) Stokes parameters.

In a spatially flat universe, we perform multiple expansions for temperature and polarization anisotropies
in terms of spin-weighted spherical harmonic functions for describing the CMB fluctuations across
the sky [28, 38, 20, 18]:

T(7) =Y arimYim(#) (2.28)

Im

(Q+:iU)(n) = Z 12 im22 Yim (1) (2.29)

Im
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Here, the term 4,1}, refers to the spin-weighted spherical harmonics with spin-weight &2 for the

two polarization states. The expressions for the expansion coefficients are given as:

ann = [ 0 ¥, ) T13), (2.30)
ssaim = [ 40 ¥, ()(QEU)(H). (231)

We can introduce the linear combinations of 45 ;,, and 2, 5, to define the polarization E- and B-mode

harmonic coefficients:

aAEim — _(ﬂZ,Zm + ﬂ—Z,Zm)/Z ; (2“32‘)

apim = 1(aspm — a—apm)/2 . (2.33)

For a real field X, we can write [20]:

Y;m = }Il—m(_l)_m7 (2'34)
so that;
ap = ap,(=1)7", (2.35)

Utilizing Eq. 1.6, we can rewrite the two-point function of the expansion coefficients by the following

relation:

<ﬂX (dl)’,m’)*> = 511/37&17%/6?0/) (236)

Im

where X and Y stand for T (temperature), E-mode polarization, and B-mode polarization and the
power spectra are defined as:
1 m
XY X /Y \x
CZ - 21_,_ 1 ZZ dlm(dlm) . (2’37)

=—m

The expansion coeflicients after the rotation in Eq. 2.277 can be written as:

oy = / 40,7, () (Q + 1U)(3) (2.38)
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= /dQ 0Y,(7) exp (£422)(Q £ iU)(n) , (2.39)

and a7, remains unchanged.
The following equations show how the primordial power spectra are transformed by this rotation,

leading to the observed spectra:

Ty

ﬂlm - dlm + ﬂlm ) (2.40)
E, E B

a,’ = a, cos2a — ay, sin 2a + dlm : (2.41)
Bo 2 2

a,’ = ay cos2a+ ay, sin2a + aj’ . (2.42)

nE _nB
Here,a] ,a% a4} withoutthe superscript “o” represent the primordial signal components,and 4}, 27% | a7%

denote the corresponding instrumental noise.

In the ideal case where noise is absent from the calculation, the observed spectra takes the form of:

'‘B,o 1 - Eo/ Boy\x

m

= Z (a7, cos 22 — a}, sin 2a) (a}, cos 2z + aj,, sin 22

m

1 . ) *
T 20+ 1 Z [dfmdfm cos’ 22 + ab b cos2asin 2a — a4 cos2asin 22 — ab a, sin” 24]
/=

—m
= CF cos® 2a + C;F cos 2asin 22 — C7P cos 2asin 22 + C” sin” 2a

= CZEB (c032 2a — sin® 204) + (CfE — CfB ) cos 2z sin 2a

= P cosda + ~ (CEE CPP) sin 4a (2.43)

m

0 1 0 0
G = D an(a)’

2l +1 &
1 & * *
= 771 Z [(afm cos 2z — ay sin 22)(ak, cos2a — 4, sin 205)]
I=—m
1 m

= U1 E [afmafm cos” 2a — alEmﬂfm cos 2asin 2a — aj, a;, cos 2asin 2z + a5, ah, sin” Zac]
I

=—m

= CF cos” 22 — C}* cos 2asin 2a — CFP cos 2asin 28 + C sin® 24
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= CfE cos® 2a + CfB sin 2¢ — ZCfB cos2asin 2, (2.44)

m

B,D . 1 370 B,o *
= l; @i (21,
1 “ ) )
=571 Z_Z [(a, cos 2a + ay, sin 22)(a}, cos 2 + a},, sin 22|

m

1 . . ) *
T 2l+1 Z a},a}, cos* 2a + aj,ay, cos 2asin 2a + a4, cos 2asin 24 + a4, sin® 22|
/

= CP cos® 2a + CF® cos 2asin 22 + CF* cos 2asin 28 + CE sin® 2a

= CfB cos® 2a + CfE sin 22 + ZCfB cos 2asin 2a, (2.45)

CH — PP = CFF cos® 22+ CFP sin® 2a — 2CFP cos 2asin 2 — CFF cos? 2 — CFF sin® 2a
— 2CF® cos 2asin 2a
= (CF — CP) cos® 2a — (CFF — CPP) sin® 2a — 4CF sin 2a cos 2a
= (CFF — CPP)(cos® 2a — sin® 22) — 4C sin 2a cos 2a

= (CF — ) cos 4a — 2CP sin 4ar

1
(CFP — PPy = E(CfE — CP) cos 4o — CP sin 4ax (2.46)

1 m
TBo _ T/ Boysx
Cl o 2l +1 Z Ay, (dlm)

1 i )
- 2/ +1 Z [(ﬂlj;n (dfm cos 2z + ézfm sin 205)]
I=—m

m

1 ) *
T o+1 Z [af;afm cos 2z + a} al, sin 24}
p—
B CITB cos 22 + CJTE sin 2z | (2.47)
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TE,0 § :
CZ 50 70

m

E (a},(aj, cos 2a — ay, sin 2z)]

m

1
- 20+1 Z [ﬂly;ndlEm cos 2z — ﬂgn dfm sin Za}
J=—
B CZTE cos 2z — CZTB sin 2z . (2.48)

The equations above provide the foundation for constructing the statistical estimators aimed at mea-

suring the cosmic birefringence angle 2, as discussed in the next chapter.
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D-estimators

3.1 DEFINITION AND MAIN PROPERTIES

In this chapter, we introduce the D-estimators, which are harmonic-based estimators derived from
the observed CMB spectra. These estimators will be used to estimate the true birefringence angle
a, which is used to characterize the rotation of the CMB polarization spectra caused by a potential
birefringence effect. Here, the parameter j3, referred to as the estimator angle, is the quantity we aim
to determine from our analysis. It serves as an estimation of the true birefringence angle «. The D-

estimators are defined in terms of the observed power spectra as follows [41, 42]:

0 0 1 0 0 .
DfB’ 8) = CZEB’ cos 4, —E(CZEE —CfB’ ) sin 48, (3.1)
DITB’O(‘@) = CITB’O cos 28 — CZTE’O sin 2, (3.2)

where CZE 52 and CITB"’ are defined in Eq.s 2.43 and 2.47. Taking the ensemble average of Eq.s 3.1 and

3.2

(DER(8)) = (G™) cos 48 — S((CF™) — (") sin 46 (53)

(D™ () = (C/™") cos 28 — (€™} sin 26. (3.4)
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From now on, D¥#(8) and D/*(8) will be denoted simply as Df? and D}®, along with their ensemble

averages. Equations 3.3 and 3.4 are related to the primordial (unrotated) spectra in given way:

(D) = (i) cos4f — 5 ((GE5) — (™)) sin 46
= (C") cos 4a cos 48 + % ((C7") = (C/")) sin 4a cos 48
- % ((CFF) — (C%)) cos 4asin 48 + (C;”) sin 4a sin 48

= (C7")(cos 4a cos 48 + sin 4asin 48) + — ((C7F) — (C7®)) (sin 4a cos 48 — cos 4z sin 48)

1
2
= <CZEB> cos4(a — ) + % ((C’fE> — (Cf3>) sin4(a — )

where we used the following trigonometric identities (with 4 = 4« and B = 4p):

cos A cos B+ sin A sin B = cos(4 — B),
sin 4 cos B — cos A sin B =sin(4 — B) .

Let us consider the scenario at the last scattering surface where the primordial CfB = 0. This choice
implies the absence of parity-violating physics at the last scattering surface, consistent with the stan-

dard cosmological model, which assumes no mechanisms breaking mirror symmetry in the early uni-

= (D) = 2 () — (%)) sind(x — ). (5.5
(D/*"y = (C/"*) cos 28 — (C/"*) sin 28

C/”)(cos 28 cos 2a + sin 2B sin 2a) + (C/*) (cos 28 sin 22 — sin 23 cos 2z)

{
= (C/") cos 2B8cos 2z + (C/*) cos 28sin 22 — (C/*) sin 28 cos 2a + (C/*) sin 28 sin 24
{
(C/P) cos2(a — B) + (C/F) sin2(x — B) .

At the last scattering surface, we similarly assume that CZTB = 0, again reflecting the assumption of

no parity-violating interactions influencing the CMB. Under this condition:

= (D) = (C[") sin2(a— ). (5.6)
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Equations 3.5 and 3.6 imply that the estimators D¥* and D/® provide information about the birefrin-
gence angle through the rotation of the primordial CMB spectra. These estimators work because, in
nature, Cf¥ # CP% and CJ* # 0, allowing for the detection of any non-zero rotation angle 4.

However, if C+** = C?, the estimator D would not be useful for estimating the birefringence
angle, as its expected value would be zero even if 8 # 0. Similarly, for DZTB, if CZTE = (0, this estimator
would also lose its effectiveness in providing information about 8. Thus, the natural asymmetries in
the CMB spectra make these estimators effective tools for detecting rotation effects.

To estimate the birefringence angle 2, we need to analyze the behavior of certain polarization spec-
tra correlations, particularly the DZEB and DZTB estimators, and the covariances associated with these
correlations. This involves computing expectation values and covariances for these estimators to as-
sess how well they can detect a non-zero rotation angle.

The role of the covariances is particularly important because they determine the statistical uncer-
tainty of the estimators, which affects the precision of the estimation of «. In this analysis, we focus
on the case where 8 = a, aligning the estimator angle 8 with the true birefringence angle 2. Com-
puting the covariances under this assumption allows us to evaluate the effectiveness of the estimators
in inferring the actual physical rotation, assuming such a rotation is present in the universe. This
approach lays the groundwork for estimating « in later sections, once the necessary covariances have

been derived.

3.2 CHARACTERIZATION OF THE Di’-ESTIMATOR

In this section, we focus on the characterization of the D¥-estimator, which is used to estimate the
angle Bbased on the cross-correlation between the E-mode and B-mode polarization spectra. We begin
by examining the expectation value of this estimator and its covariance structure in order to evaluate
the estimator’s performance and uncertainty. This analysis provides a detailed understanding of the
behavior of the DfB -estimator, which will be important later for combining EB and TB correlations

in the joint estimator.

3.2.1  COVARIANCE OF /8

In order to compute the covariance, first we need to show:

(05" = (D) D} — (Df)) ) = (D Dy — DI (Dy) — Dy (D) + (D)D) )
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Using the linearity of the expectation:

(D)D) = (D)D) + (D) (D)
(D)D)

(D" = (D) (D} — (D}™)) ) = (D™ D) -
_ < ZB,oD;'::B,z)) .
Using Eq. 3.1, we can write:

(D) = ([ cossf — J(C1 — ) sin4f]

Jatcossg - (6 - e

= <CfB’0Cf,B’0> cos” 48 — <CfB’oé(CfE’o — CﬁB’a» cos 48 sin 48

— (GG — )G sin 48 cos 48 -+ (5 (GFE — CI)(CH* — i) sin 46
To compute (D} D}??), we must first evaluate the expectation values of each term, utilizing Equa-

tions 2.43, and 2.46:
1
1.(C°CP) cos? 48 = < {CfB cos 4a + E(CZEE — C7%)sin 405}
1
: {C@B cos 4a + E(CI:;E — C¥)sin 405} > cos” 44
= (C/PCP) cos® 4a cos® 468
1
+ (CfBE(CE,E — CP)) cos 4a sin 4 cos” 4
1
+ <§ (CFF — CPP)CP) cos 4asin 4a cos® 48
1 1
+ (E(CfE - CfB)E(C]::E — C3P)) sin® 4 cos” 468
1 1
2.(CPP = (CF" — COP)) cos 4B sin 48 = < {CfB cos 4a + E(CfE — CP)sin 404}
1
: {E(C’?E — ) cos 4a — C}° sin 4051 > cos 48 sin 448
1
= (CfBE (CFF — CP)) cos® 4a cos 48 sin 43
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— (C/PCIP) cos 4arsin 4a cos 48 sin 48
1 1

+ <£ (CFF — %) 5 (CFF — C3P)) cos 4a sin 4a cos 46 sin 468
1

— <§ (CFF — CPP)CyP) sin® 4a cos 46 sin 463

1
3.(=
<2

1
(7P — CPP) P cos 48 sin 48 = < {E(CfE — CP%) cos 4a — C;” sin 44

. {C cos 4a + — (C — O sin 44 > cos 443 sin 43

1
= (z (CFF — CPP)CIP) cos® 4a cos 46 sin 4f3

1 1
+ <E (CrF — CZBB)E (CIF — CIP)) cos 4a sin 4e cos 48 sin 408
— (CPPCLP) cos 4asin 4a cos 46 sin 443

1
- (CfBz (C3F — CP)) sin® 4e cos 48 sin 46

B

CEE — BB cos 4a — CEP sin 4a| ) sin® 4
/

(G = C")) sin® 4f =

NI>—‘

S

(CFE — CP) cos 4a — C¥ sin 404]

N =

|

- <Cf35 (CFF — CJP)) cos 4a sin 4a sin” 4

1
( (CEE CIBB)E(C@E—CB,B)>cosz4asin24ﬂ

1
- <§ (CFF — CPP)CIP) cos 4a sin 4a sin® 43
+ (CFECIP) sin® 4asin® 48 .
Now, let us combine all the terms we have computed individually:
(DFPDLPY = (CFPCP) cos® 4a cos™ 468
+ (CfBE(CE,E — CP)) cos 4a sin 4z cos” 43

1
+ (E(CfE — C7P)C)P) cos 4asin 4o cos® 46
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1 1

+ (G = CP)S (G = ) sin® dacos 4f
1

—(C"S(GF = G7)) cos® dasin 48 cos 48

+ (CPPCLP) cos 4asin 4a cos 48 sin 48

1 1

- (E(CfE - CZBB)E(C@E — C})) cos 4a sin 4e cos 48 sin 43
1

+ (5(CfE — CPP)CP) sin® 4a cos 46 sin 4f3

1
— <E(CfE — CPP)CJP) cos® 4a cos 48 sin 4f3

1
2
+ (CFECLP) cos 4asin 4a cos 48 sin 48

1
- (E(CfE — CPP)=(CIF — C}P)) cos 4asin 4e cos 48 sin 483

1
2
1 1
+ <E(CfE - CfB)E(C€E — C%)) cos® 4asin® 468
1
- <CZEBE(CE/E — C})) cos 4a sin 4a sin” 45
1
- <E (CFF — CPP)CP) cos 4asin 4a sin® 43

+ (CPP=(CF — CP)) sin® 4a cos 40 sin 443

+ (CFPCP) sin® 4asin® 48 .

After modifying the trigonometric terms in the above expression using the previously introduced

trigonometric identities for angle summation and subtraction, the expectation value of the D-estimators

for the EB-EB case becomes:

(D"Dy") = (C/°C) cos™ 4(a — §)

1 1

+(CP(CF = C7) 5 sin8(z — )
1 1

+ (5(@55 — C;%)CE,B>z sin 8(a — f)

1 1
+ (z(cff — Cfﬂ)i(cf?F — CPB)) sin® 4(a — B) .
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Recalling Eq.s 3.7 and 3.5, we can rewrite the expression for the covariance:

(DE D) — (D) (D) = (GG cos” 4z — )

4 <ch% (i — c@B)% sin 8(« — )

+ (5 (CE = )G sin8(a— )

T — ) (G — ) (sin” 4 — )
— 5 (G = (%) 5 (GF) — (CP) sin’ 4(2 — ).
Let us analyze the expectation of the each angular power spectra separately, for clarity, using Eq. 2.37:

l

1 *
LGP = ST > ap(at,)”

and

I
1 1 ¥ "
(PGP = 21—+121’—+1< S a4 a4, >
m=—lm'=—1

1 1 . )
- 21 —|— IZZ/—H Z<dfm <dfm) ﬂﬁm/ (45"1/) > .

mm’

Applying the Wick’s theorem;

1 1 * * * *
<CZEB Cb;B) - ZZ—H 2[,—_|_1 Z{ <ﬂlEm (ﬂfm) > <ﬂ§m’ (dﬁm’) > + <dlEmﬂ§m’> <<ﬂfm) (dﬁm’) >

mm’

o+ (af(af) W (ah) ) |

Using Eq.s 2.36 and 2.3 5, the above expression becomes:

~ 2 ir 1 21/1+ 1{2 DCECE LYY b G owd i + Y Z(Cfg)zs”s’”’”’} ’
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where we used the property of Kronecker delta;

{ 1, ifl=7andm=m'
é\Zm,l’m’ =

0, otherwise

Given the sums:

/ v
do=2041, ) =2l+1,
m=—I1 m! =1
and the condition that:

511/ 75 0sl=/
=20 +1=2/+1,

we can now express the following:

1
(CEBCEBY = m{(zz +1)2CEECEE 1 9, CEECHD Z St + 3 (CEP) Z Sy }

o 5

= CHBCIE 4+ (2] 4+1)CFFCBE + —= (21 +1)(CF®)?
! +(zz+1)2< GG +(zl+1)2< +0(G7)
o
£B ~EB I LE ~BB £B
= CPcy +21+1(C[ P+ (CF)) .

Considering C** = 0,

(et — e,

2. Using the following definitions:

m

1 *
CfB Y Z ﬂfm<ﬂfm) )

2/+1 =
1 & .
CI;E — 7 1 Z dﬁm’(ﬂl/m') y
I'=—m'
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m/

1 *
2[/_'_1 Z dﬁm’(dﬁm/) )

' =—m!

P

and applying the property of linearity of expectation, Wick’s theorem and following the previous

rules, we have:
1 1
(CfBz(CE,E — ) = (CEB CiF — —CEBC€B>

1
5<C'ZEBCVEE> <CEBC,B>

; *
§<21+121,—|—]_Zzﬂlm ﬂlm ﬂ[/ ’dl’ /) >
<21+12[’—{—lzzﬂlm d[m 4[/ , ﬂl, )*

NI>—‘

rangle

Lt Z{<aﬁn<afm>*><a§m,<afm/>*>+

220120 +14—

<dfmﬂlE’m’> <(ﬂfm ) i (ﬂfm’ ) *> + <ﬂlEm (df;m’ ) *> < (dfm ) *dﬁm’ > }
1 1 1 " "
T 2211271 Z { (@ (a0,) )@l (@h,0)")

+ (@l ) (@) (@,)") + (g, ) W (ap,) ar,, />} :

After some algebra we find:

oy
CEB CB/B i CBB CEB
( ! +2 2] +

Y

2]+

N | =

1 o
(P — i) = (CfBC’%“EJr = CEECEB> -

Considering CfB =0,

1
(G5 (G = G7) =
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1 1 1
3. (z(CfE — CP Py = (ECfchiB - 5C;%C’%B>
1 1
= (G G°) - (G ah)

1 1 1 . .
= 22/ 1127 +1 Z<ﬂlEm(dlEm) @ (@ )*)

mm’

1 1 1 » «
T2+ 12 +1 Z(ﬂfm (@) @ (1))

mm!

1 1 1 . .
= 22/ 120 +1 Z{(ﬂlEm<dlEm> Yl (i )*)

mm’

bl () ) + <afm(ﬂ§m/)*><(ain>*a§m/>}

1 1 1 . .
- Ezl—ﬂzl’Jrlz{(dfm(ﬂfm) ><dZE’m’(ﬂ§m’) )

mm’

+ (@t ) (@) (@r)7) + <ﬂfm(ﬂ§m/)*><(ﬂfm)*ﬂ§mf>}

DN | —

1 o
=3 (CfECE,B +2 CfECfB> —

o
CBBCEE 42
2/ +1 ( ! +

2041
Considering C+* = 0,

1
G - ) =0,

1 EE BB EE BB _ 1 EEI FE 1 EE1 BB 1 BBl EE 1 BBl BB
4.(5(CF = AP (CF = a) = (S OF LGP - SO A - S AP aF + AP

1
2
4

For clarity, let us break this expression into two parts. We will analyze the following:
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4

b) S ((CPPCH) —

4

) - ((CEECEE) —

(cEEci) = -

(i) = -

42/ 4120 +1

T 421120 +1

4204120 14—
+ <ﬂfmd§m’> <(ﬂfm)* (dﬁm’

1
=7 (CfEC€E +2

4204120 14—

T 4204120 +14=

11 1 . .
> lab(ah,) b (al,)")

4204120 +1 4

11 1 . .
Z <ﬂfm (ﬂfm) dﬁm’ (dﬁm’) >

1 1 1

Z{ ( (a1,,) ")t (@1r,)")

+ (@t ) (@) (@) + <ﬂfm(ﬂ§m/)*><(ﬂfm)*ﬂfm/>}

1 1 1

> { (a, (a3,,)") g (@ )")

"y <ﬂfm(a§m/)*><(afm)*aﬁm/>}

2l+1

|

911’ CfECfE> . 811’ CfBCfB) ]

CFECEB 4 2
2/+1 ( ! +

1 1 1 . X
42/ 112/ +1 Z<dfm(dfm) @, ()"
1 1 1

Z <ﬂfm (dfm)*ﬂgm’ (ﬂﬁm’ ) *>

1 1 1

Z{@fm(afm)*ﬂaﬁm/ o))

+ (@t ) (@) (@) + (@ (@) W (ap,) ar,, />}

1 1 1
420+12/ +1

Z { (ap,(3,)") @y (@r))

B () ) + <a;%m,>*><<afm>*afm,>}

o

(Cf%?f +2—
20+1

P
CEB CEB ]
20+1" )

|

(CfBCf,B +2— CBBCfB> —
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Now, let’s combine the final results from parts (a) and (b):

1
2

1 1
(5(655 — O (CF - ) = Z (CECr + CPClf — ¢iFC — ¢PC)

Where CF# = 0,

1
2

() + (G = 2(G7)) -

1
4

1
(E(CfE - CPZ(GF = CF)) == (CFCF + PP — ¢iF ClF — C)PCF)

In the same way,

() =,

(@ =a’,
(CFy =P
Then;

SUCE) = ()5 (G — ()

(") +(G")) -

1 1
= ~(CFF — ) (CFF — P

= (GG + Ol — P - PG

38



Now, combining all the terms computed separately earlier:

oy
(D D) = 7 = CI*CPP cos” 4 — )

20+ 1
1
+ 2 (GG + CPG7 =GP GP = GG sin’ d{a — §)
1 o EE\2 BB\ ;2
+ 2911 ((Cl )+ (C) )sm 4(a — )
o .
=35 ICZEECfB(l — sin® 4(a — f))
1
+ 7 (GG + OGP = GG = GG sin’ d{a — )
1 o EE\2 BB\2\ : 2
20+ 1 ((CF)? + (C7)?) sin® 4(a — f)
220417 ! L 20417
1
+3 (CrFCF + CP Gl — CiF Gl — CJP G ) sin® 4(a — )
Then;
w1
(D pft) = s 3G = et ala =) + P
1
+2 (GG + CPClf — CF G — CPCYF ) sin® 4(a — ) (3.9)

and

.o 1 .
(D) — DD = 0 |G - P ) + G

1

+2 (GG +G7C7 =GP G = GG sin® 4(a — )
1

- (CrFCF + CPClP — PGP — CPP G ) sin® 4(a — f) -

Finally, the covariance of EB correlation is:

o 1
(DFDE) — 0 D) = 0 [ L — P sint sla—)+ PP ] . (a0
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In the case « = §, our result becomes:

,0 ,0 0 0 5[1/
<DfB Z/B ) — <DfB ) 1/3 ) = 21+1C5ECfB. (3.11)

Setting the physical birefringence angle « equal to the estimator angle 8 is necessary to ensure con-
sistency between the actual polarization rotation in the observed signal and the angle assumed in our
model when estimating correlations. If # and 3 differ, the model would not accurately account for
the true rotation effect, introducing discrepancies in the correlation terms. By setting 2 = £, we
align the physical reality with our estimation framework, allowing the covariance result to simplify
to the form shown in Eq.3.11, where the covariance reduces to %CfE CP. This result reflects an
idealized, unbiased case with no misalignment in the assumed and actual rotation angles, enabling a

straightforward interpretation of the EB-EB correlation as a product of EE and BB power spectra.

3.2.2 UNCERTAINTY OF

We now evaluate the uncertainty in the D-estimators for the EB-EB correlation using a chi-squared
expression based on the Gaussian approximation. We assume that the difference (2 — j) follows a
Gaussian distribution centered around zero, indicating that 4 is an unbiased estimator of «. The chi-

squared expression is given by [43]:

Lo ) = —o—ewp () (5.12)
= ;eXP (_@—_W) ; (3.13)

where:
* (a — p) represents the deviation between the true angle and the estimator,

* & is the variance in the measurement, indicating the spread or uncertainty in the estimator’s
accuracy. Smaller values of ¢ imply a more precise estimator with less deviation between 2 and

£, while larger values suggest greater variability in £ as an approximation of «.

Modeling (2 — 8) as a Gaussian variable with variance ¢ allows us to assess the uncertainty in the
estimator £ and strengthen the robustness of our analysis of the cosmic birefringence effect. These
analysis helps identify the most likely value for 8 while ensuring its consistency with the true birefrin-

gence angle «.
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In the * analysis, we assume @ = 8 within the covariance matrix to model statistical uncertainty.
In this way, we assume that the D-estimators D78 and D are unbiased estimators of the theoretical
spectra C"? and C*¥ when f = . Meanwhile, by allowinga # Bin (D? D5?), we maintain sensitivity
to potential discrepancies between the true birefringence angle « and the estimator angle 2. This
allows us to assess whether the 4 that minimizes y* aligns with «, providing a reliable method for
detecting the true birefringence angle.

Let us analyze the ;{2 statistic for the £B component:

0(1253> _ Z DEBo ;1/1 DEBo>

w
_ Z COUZ_I/I <DZEB,o D[b;B’0>,

w

where the covariance matrix Covyy is defined by Eq. 3.11. In above expression, the inverse covariance
matrix Covl}l can be factored out of the expectation as it acts as a fixed, known matrix with respect to

the D-estimators. Then, using Eq.s 3.11 and 3.9 the y* becomes:

o -
%ﬁ = Z{ (ZZili— ICfECfB)

w

3[[/ 1 .
2+1 (z“’ff — CP")?sin’ 4(z — ) + CfchB)

NH

(CFECIE + CIPCRP — CIPCRP — CPPCRP) sin® 4(a — @] } :

Using the property of J;» we simplify the sum by setting | = I, leading to:

) = ;{ ()

1 1
(E(Cff — CPP)?sin” 4(a — B) + CfECfB)

2/+1

1
+3 (CrFCt + CPCl? — P el — CPP G sin® 4(a — f) }
1 CEE CBB) CEE CBB)
Z E—EECBB sin’ )+ Zl + Z CEECBB 517124(04 —A)(2l+1).
/

Considering the Gaussian approximation, we focus on terms up to the second-order in the Taylor
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expansion for small y defined asy = « — 3, where y < 1:

EE BB
%B 2l+ +?/ZZ4 CcEEciB) [(2Z+ ) ] (3.14)

Given the expression in Eq. 3.13, now we can write:

CEE BB ) 2

L(a,B,0%) o exp <__7;Z4 CEECiB [(2/+1) + ]) :

We focus on the dependence of £ on 7and simplify this as:

L(a,,7) o exp <_2i02) : (3.15)

Here, we disregard the normalization factor since our aim is to concentrate on the effect of (z — f)

and 7. We can now express the uncertainty as follows:

_1
2

Tp = <4Z CcEECiB> (27 +1) + ]> : (3.16)
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Figure 3.1: Uncertainty of the EB-EB correlation

These results demonstrate that our method is effective because EE >>> BB, which is a natural
feature of the CMB polarization. The ratio of BB/EE is not constant and varies with ¢, since EE
exhibits an oscillatory behavior. This ratio, and consequently the uncertainty, becomes smallest when
O’s are near the peaks of EE, due to the acoustic oscillations that occurred in the early universe. In
Figure 3.1, the gz curve exhibits a characteristic decrease as the multipole moment £ increases. This
trend indicates that the uncertainty is higher at lower multipoles (large angular scales) and decreases
at higher multipoles, which are more sensitive to smaller-scale features of the CMB. This behavior
arises because, at low multipoles, the EE and BB spectra typically have higher power. As a result,
the uncertainty in the correlation between these spectra is larger at these scales, where the system is

dominated by large-scale cosmological features.
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3.3 CHARACTERIZATION OF THE D/?-ESTIMATOR

In this section, we focus on the characterization of the DZTB-estimator, based on the cross-correlation
between the T-mode and B-mode polarization spectra. The expectation value and covariance struc-
ture of this estimator are derived in Appendix A. Here, we summarize how these analyses are used to

assess the estimator’s uncertainty.

3.3.1 UNCERTAINTY OF

Let us analyze the ;(2 statistic for the 7B component:

W8 = (DI (B)Coou(BD™(B))

w

where the covariance matrix Covy is defined by Eq. A.7. Then, using Eq.s A.7 and A.s, the y* be-

comes:

S |
(Pg) = Z{ <—zzi lchch> [2 zi (GG + () = GG ) sin® 2(a — ) + C1C
w

+ CIECHE sin® 2(a —ﬂ)] } :

Using the property of Jy, we simplify the sum by setting 1 = I, leading to:

) = Z{ (211 ICZTTCfB) -1

/

1
S (TG 4 (G — ) sine (e — ) + €]

+ (CFF)?sin® 2(a — {8)] }

Considering the Gaussian approximation, we focus on terms up the second-order in the Taylor ex-

pansion for small y defined as y = & — 3, where y < 1:

CTTCEE + ( CTE)Z _ CTTCBB ( CTE)Z
) = 1)+ Y [(TELGTZ AR ) G
/ Cl Cl CZ Cl
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After modifying the above equation, the final expression for the (;(2T8> becomes:

CEE CBB (CTE )2 (CTE )2
<){2TB 2[ + + }/2 Z 4 [ Z + CTchBB + (2[ + 1) CTTC'BB:| :
l / /

(3.17)

Focusing on the dependence of £ on ¢, as defined in the previous section, we can express the uncer-

tainty as follows:

CEE CBB ( CTE ) ( CTE )
4 Lim + (24 1)
[ Z CBB C[Tchi’B CTTCBB

(3.18)

Equation 3.18 defines the analytical expression of ¢, where the uncertainty is dominated by the

term (2/ + 1)(CF¥)? /CITCP8. We can see that the uncertainty is inversely related to the expression

)
IR )

+ (20 +1)

cr-cr (G
T

This means that when the CZ* and C7* terms dominate over C?2, the uncertainty is minimized.
/ / / Y

45



101

org [deg]

1072

10! 102 103

[max

Figure 3.2: Uncertainty of the TB-TB correlation

Figure 3.2 shows how the uncertainty from the TB-TB correlation varies among multipoles. In
the figure, o7 decreases as £ grows, indicating increased precision for estimating the birefringence
angle for higher multipoles. The observed trend is consistent with theoretical assumptions, since the
impact of large-scale characteristics (which contribute to larger uncertainty) decreases with higher

multipoles.

3.4 JOINT ESTIMATOR

In this section, we introduce a methodology to estimate the joint covariance between the TB and
EB estimators. Our goal is to determine the combined covariance and associated uncertainty in es-

timating the angle 4. This approach involves calculating the joint ;[2 statistic, which is given by the
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following expression:

W) = 24 (P 0) D™ (p)) Coui g;f% ,

and
ot — (D% = o) (Di* = (0P)) ) (DI = (D) (D} = (D}™) )
(@ =) (D> = (0") ) (0" = @) (0 — ("))

where Cov[l/1 represents the inverse of the covariance matrix for the joint estimator of 4, which we will
compute for the correlation between TB and EB. To simplify the analysis, we express the covariance

matrix as a block matrix containing four components:

Cov Ay By
W= ;
Cw Dy

and its inverse as:

Covl — X Yw
1
g Zy Wiy

Each of these components, Ay, By, Cyr, and Dyy corresponds to the covariance between different
combinations of the TB and EB, capturing the relationships both within and between the two. These
sub-matrices are the components of the inverse covariance matrix, which we will use to compute the
joint uncertainty. The components of the inverse covariance matrix are derived using standard ma-
trix inversion techniques. They are given by the following expressions, using the Schur complement

formula [44]:

Xy = A4y + Ay, By (Dy — Cpdy' By) ™' Cu Ay,
Yy = —A;'By(Dy — Cpdy'By) ™",

Zy = —(Dy — Cypdy'By) ' Cudy!

Wi = (Dy — Cpdy, By )"
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Using the derived components of the inverse covariance matrix, we can rewrite the expression for the

;(2 of the joint estimator as:

(o) = <EDfB’”XwD?” + Y DD Y DD+ 3 D WDE> |

w w w w

By applying the linearity property of expectation, we can separate these terms and compute them

individually. Each of these terms corresponds to a different contribution to the joint uncertainty:

<X;im> _ <ZDZTB,0XH,D;B,0> 1 <ZD1TB,0YH/D§B,0> X <Z DZEB,oZH,D;B,o>

w w w

+ <Z D VVH/DfB"’> : (3.19)

w

3.4.1  COVARIANCES OF THE JOINT ESTIMATOR

Let us start with the expression for 17y, which represents the covariance between the EB at different

angular scales:

1. Wi = (Dy — Cpdy,' By)™

= (ot = ot e~ o) - (o - 0t (017 1))

-1
-1
(1 = o™)) (D1 = o)) ) - (DI = D" (D3 - <D§B"’>)>) -
Utilizing the Equations 3.11, A.7, and A.14, and using the property

(2% = @) (05 = (03)) ) = (05 —{0p™)) (D~ (D}™)) )

o o o o
crEcy? — 2l+1C,TECZBB 21+ICZTTCfB c/Ecyt
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G B

= o (20+1) [CfECfB cr

CTEY21 !
=02l +1)—= o {C ( C{ZTT) ] : (3.20)

The expressions for Z;y and Yy involve similar computations, but they also include the cross-covariances

between TB and EB.
2. Zy = —(Dy — Cydy'By) ' Cpd;

- (<(Df3’” = (D)) (D = (D)) = (D} — (Of™) (PP — (™)) )
(o= @) (pite = @) (D = (D)) (D — (D)) )
(27 = ) (D= (0j)) ({ (217 = 0")) (B3 = (D))

Inserting the final expression of Wy into Zjy:

-1
T — —3 (21 + ) CEE (CZTE)Z r CTECBE o CTT BB
o= —oy CBB CITT 1~ g

2/ +1 2/+1
CTE (CTE)Z -1
= —0p(2l+1)—— {CEE L ] ) (3.21)
CTTCBB CZTT

3. )/11/ e _AZ_Z/IBZZ’ (Dll’ . CZZ’AZ_ZIIBZZ’)_I
—1
- (o= ) (57— ) (o ) )

' <<(DzEB’0 —(D;") (D™ = (D)) — <(DE — (DPP) ( DB _ <D§B’”))>

(o~ o)) (pf= = (pf2)) ) (D — (™)) (g - <D§B’”>)>> _

@)

CEE
o

311’ TT ~BB B 5 TE BB
Yy =—( ——C"'C C C o (2L +1
p// <21+1 Y] 2l + 11( + >CBB
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= —511/<21+ )

ok {CEE (Cff)zr_ (3.22)

TT BB T
c/'a C/
We see that Yy = Zyy as expected.

4. Xy = A;l,l —i—A;l/lBﬂ/ (DZZ’ — CH/A[[}BH/)’ICH/AE,I

_ <<<DITB,0 _ <DZTB,0>) < DIBo _ TBo >>>

i (<<DZTB,0 _ <DZTB,0>> ( DIBo _ TBo ) ) 1<< TBo <DZTB,0>> (DfB,o _ <D§B,a>)>
(o = o o8 - o) - (ot - o) (o - )
(o~ o)) (D= — o))y (D~ (D)) (D5 - <DfB’”>>>> _
(o = (o) (D= (0i) ) ({ (07 = @) (D~ (0j)))

Inserting the final expression of Yy into Xjy:

dr TT ~BB - CTE FE (CZTE)Z -
X ) = U 2 1 C
4 (zz+1c G7) o2+ )CTTCBB cTT

511’ TE ~BB é\11’ TT ~BB -
. CrC C C
20+170 0 \ 2+ !

1
= o2+ 1) = {1+
CTTCo? I

After some modification Xy becomes:

-1
CEE |: CEE ( ilzfy? 2 :| )

XH/ = 311/(2[4— ) (3.2.3)

1
CTTCBB
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3.4.2 JOINT UNCERTAINTY

We are now ready to compute the terms of the joint (37, ,,) separately:

<ZDTB XD TBo> _ ZX”' <DZTB,0D;B,0>

w w

In the above expression, X7 can be factored out because it is deterministic with respect to the D-
estimators and therefore treated as a constant in the expectation. Utilizing Eq.s 3.23 and A.5 we can

now write:

TB,0 ~\TB,0 EE FE (CfE)
%:Xz;/ (D™D} = %:aw (2 +1) = CTTCBB c {c o

o
{ U [(C/TTCfE + (CZTE)Z _ CZTTCIBB) sin2 2z —p) + CZTTCfB}

20+1

+ CZTEC;E sin’ 2(a— ﬁ)}

( TE)Z

I Mot |:CEE %TT }_1{1+sin22(4—ﬂ)

w

CEE ( CTE ) 2 CZTE CZY;E
|:CBB + CTTCBB 1+ (21 + 1>W} :
]

Using the the property of the Kronecker delta as given in 3.8, applying Taylor expansion for small y

up to the second order, and modifying the above expression, we obtain:

X DTB,oDTB,o CEE CEE CTE)
Z A\ v Z CTT
VA
(P e -y (cry
+ }; Z 4CEE |:CEE CT T CfB CZTchB ( l+ 1) CTTCBB
(3.24)

(o) = v (o0t

w w
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Utilizing Equations 3.22 and A.12:

Z T80 1yEBo Z CTE . (1
W 1E 88
TR ICZ C;” cos2(a — B) cos 4(a — B)

1
+ ECZTE(C”?E — CP)sin2(a — f) sin 4(a — f)

o

NETEN

C/ECF sin2(a — B) sin 4(zx — ‘8)]

— _Zsﬂ, (€ {CfE () }_ cos 2(a — f3) cos 4(a — B)

CTT CTT
/4

(CI*)> (CiF — CBP) (crr217' ,
- Z ow (204 1) T L o L2 lciE— (,{ZTT 5 sin 2(a — ) sin4(a — B)

w

C'TE CEE (CITE)Z ‘ .
— Z 311/ 7 CBB {C E a7 ] sin2(a — B) sin4(a — f) .

w

Let us use the the property of the Kronecker delta, and Taylor expand the expression for small y up

to the second order:

> i (opep) == 3 ) o - GE] a-2i-w

w

(CTE) (CEE CBB) (CTE)Z *11
=) (2r+1) c{fT o crt — é}T 5274y
/
(CTE) CEE { (CITE)2:|1
— CHE— 2y - 4y
21: CIT CF# crT

s YD [ D] 10

crr crr
(G (G = C) T _ ()
(21 + 1) C[TT CfB CfE - CZTT 472

/
-1
S G e (G
1 CZTT CZBB l CZTT
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After some modifications, the above expression becomes:

o EBo (% (™
Z Yy <D1TB’ Df& > == Z CTT CfE é[TT

w /
(I [ e (CP] 8 10 cr-cr
-7 § : crr G [Cl - crr Cf?B CEE +4(2/4+1) CPBCEE :

(3.25)

<ZDEBOZZZ/ TB()> _ <Z D[TB,D}/”/DZE/B,0>

Vi VA
asaresult of Z;y = Yy and (DZTB’OD}E;B’0> = (Df B’”D;B’o>. Therefore, Equation 3.25 holds also here.
e Sofwone) = 5w (o0

VA VA

Using Eq.s 3.20 and 3.9:

DEB,oDEBo EE (CZTE)Z B
Z W (D" Dy, ng, (20 +1) c

T
i i G

{ o { (cFF — CfB)Zsinzlt(ac—ﬂ)jLCfECZBB}

20+1

+\|>—

(CFECF + P ClP — CFC)P — PO sin® 4 (a — [@)}

N Z S CrE |:CEE (CTE)2:| .

CTT
/4

CEE _ (BB CTE)2 —11 .
‘|’Z§U’(Z l) |:CfE—(l>:| Esmz/t(a—/ﬁ)

CPECEE 4 CBBCBE — CPECEE — CBBCEF
_|_Z§U/2l+1)<l / / leBl / / l)
VA
—1
g (G5 1
. {C[ — CZTT n sin’ 4(a—B).
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Using the the property of the Kronecker delta 3.8, applying Taylor expansion for small y up to the

second order, and modifying the above expression, we obtain:

Z W (D" Dy ~ Z CcrE [CfE Y ]

TT
w / C
CEE CBB) ( CTE)Z -1
+ 7 Z o [CfE C{TT } (8 +4(2/+1)) .
/

(3.26)

We now compute the total joint uncertainty by summing over all the terms derived the individually,

in oin t). This provides an estimate of the total uncertainty in the joint estimator for 4, taking into

account both the auto- and cross-correlations between TB and EB:

() =% <(Df3’”(ﬂ) Di(g)) Covy! (l'; %) >

_ ZCEE |:CEE (CCY;ET) }

CTE) -1 CEE _ (BB (CTE) (CTE>2
4cEE CEE ( / / / 21 1
+ 7/2 Z |: CTT CfB C[TchB ( + ) CTTCBB
(G [ e _ (]
-2 Z CTT [CfE - CTT
CTE CEE 8 10 (CfE — CfB)
ROk [ - F () oot (S|
clr

+ Z CF [CfE — @1 B

CTT
( TE)Z

+?’ZZ CEEcngB) {CfE CCTT } 8+ 4(2/+1)].

Finally,

(CTE)Z -1 (CTE>2 (CTE>2 -1
<?ém‘m> = Z ZCfE {CfE - C{TT - Z 2 C{TT CfE - CZYTT
; ! ! !

54



+7 )G {CfE - (%#} " {4 CfEC;BCfB é?g?; +(20+1) é?;?;
SN cd (R B )
¢ G G G
+ %[84&(21“)}}. (3.27)
And the joint uncertainty becomes:
P Ao R o
+%[8+4(2]+1)]}}_2. (3.28)

Equation 3.28 represents the main result of this work and introduces a novel method for estimating

the joint uncertainty derived from both EB and TB correlations.
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Figure 3.3: Comparison of the Joint Uncertainty with the Uncertainties from the EB-EB and TB-TB Correlations

In Figure 3.3, the red curve represents the combined uncertainty from both EB and TB correla-
tions. This joint uncertainty curve lies below the individual oz (green) and o7 (blue) curves across
the multipole range ¢, indicating that the combination of both correlations yields a slightly improved
uncertainty estimate.

The main finding we obtain is that combining information from both EB and TB correlations
offers a modest reduction in the total uncertainty. This effect is most prominent in the lower multi-
pole range, where the combined correlation information more effectively constrains the uncertainty.
However, the reduction is not large, and the EB component dominates over the joint uncertainty,
with the TB component contributing less significantly. TB offers a complementary but less impact-

tul contribution, therefore it is better to be used as a consistency check.
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Conclusions

Cosmic birefringence refers to the rotation of the plane of polarization of the CMB photons caused
by an interaction with a pseudoscalar field y on its journey in the universe from the last scattering
surface to the present day. This field couples to the dual of the electromagnetic field tensor viaa Chern-
Simons term. As a result, the Maxwell equations of the standard electromagnetism are modified with
an additional term in the Lagrangian density: £ = Lz + Lcs, where Log = (—aten /4f) ;(FIN’:.
This term becomes effective when the y varies in time, meaning that the time derivative of this field,
x' is non-zero. The varying nature of this pseudoscalar field violates the parity [27, 28]. The parity
violation arises because FF = —4B - E, electric field vector E and magnetic field vector B exhibit odd
and even parity, respectively.

In this thesis, we explored the implications of this rotation on the CMB power spectra. We intro-
duced the isotropic birefringence angle @, which quantifies the rotation of the E-mode and B-mode
polarization components. This rotation generates non-zero TB and EB correlations in the observed
power spectra, that are otherwise zero in a parity-conserved scenario. We assumed no parity viola-
tion at the last scattering surface (7B = EB = 0 initially), neglecting mechanisms breaking mirror
symmetry in the early universe. We used the modified observed CMB spectra under ideal conditions
(neglecting the noise) to derive D-estimators [41], which are harmonic-based estimators used to es-
timate the birefringence angle 2. These estimators are based on the parameter 4, which represents
the estimator angle. When the birefringence angle equals the estimator angle (¢ = £), it becomes
possible to determine the birefringence angle by setting the D-estimators DITB and DfB to zero. This

property ensures that the estimators remain unbiased for the theoretical spectra C/? and C** when
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B = a. More technically, these estimators work because, in the intrinsic nature of the CMB, the EE
and BB power spectra are not equal (C* £ C#), and the cross-spectrum C/* is inherently non-zero.
These distinctions make it available for detecting any non-zero rotation angle 2 (see Eq.s 3.5 and 3.6).

We defined and analytically characterized these estimators and performed a y* analysis under the
Gaussian approximation to derive an analytical expression for the uncertainty of 4 for the EB and TB
correlations, and their joint (combined) estimator. These analyzes include detailed computation of
covariance matrices and uncertainties. From the ;(2 analysis for DfB we have obtained the uncertainty
for 8, as given in Eq. 3.16 and shown in Figure 3.1. Eq. 3.16 demonstrate that our method is effective
because £E > BB, which is a natural feature of the CMB polarization. We observe that the ratio
of BB/EE is not constant and varies with /, since EE exhibits an oscillatory behavior. This ratio,
and consequently the uncertainty, becomes smallest when £’s are near the peaks of EE, due to the
acoustic oscillations that occurred in the early universe. Similarly, from the ;(2 analysis for DZTB we have
obtained the uncertainty for 5, as given in Eq. 3.18 and shown in Figure 3.2. Our results from the
analysis of TB correlation show that when the C/* and C7* terms dominate over C#2, the uncertainty
of A from the TB correlation is minimized.

Finally, we have performed a joint analysis of DfB and DZTB , employing a joint ;(2 analysis that in-
cludes the cross-correlation between TB and EB. Following the same approach used for the other cases,
we derived an analytical formula for the joint uncertainty under the Gaussian approximation. This
expression, provided in Eq. 3.28 and shown in Figure 3.3, represents one of the main finding of this
thesis. In Figure 3.3, we also compare the behavior of the joint uncertainty to the individual uncer-
tainties derived from D* and D/®. The results show that combining EB and TB slightly reduces the
overall uncertainty, with the most noticeable improvement seen at lower multipoles, where the com-
bined information provides tighter constraints. However, the EB component largely dominates the
joint estimator, leaving the TB contribution with limited impact. Thus, treating TB independently
as a consistency check may be a more practical approach.

Although the domination of EB in the joint estimator is already known in the literature, our work
introduces a new analytical expression for the uncertainty of 8 for the joint estimator, that is not
present in the literature. So far, these results have been developed in an idealized framework, consid-
ering only the CMB. In the future, we aim to investigate how our findings—particularly the behavior
illustrated in Figure 3.3—are modified when non-idealities such as incomplete sky coverage, instru-
mental noise, and foreground residuals are included in the analysis. Addressing these non-idealities
involves different strategies. Instrumental systematics require dedicated simulations, but other more
standard effects, such as those mentioned above, can be addressed using the analytical expressions

derived here or closely related ones. Consequently, these analytical expressions can be beneficial for
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forecasting the expected performance for 4 in future CMB experiments, in cases where systematic
effects are not overly complex.

Recent studies [1, 3, 4] have reported statistically significant non-zero birefringence angle, , at
confidence levels ranging from 2.4 sto 3.6 . Upcoming CMB experiments such as the ground-based
CMB-$4 array [24], Simons Observatory [25], and the space mission LiteBIRD [22] promise to im-
prove the precision of polarization measurements, particularly for the B-mode. These advancements
in observational cosmology could illuminate new physics beyond the standard model and enhance

our understanding of fundamental symmetries in the universe.
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Appendix

A.1  CovarIANCE oF C/?
Using Eq. 3.2:
(DZTB’”D;B’”) = < [CZTB’O cos 28 — CZTE’O sin 2[6}
|G cos 26— €} sin 28] )
= <CZTB’0C;B’0> cos* 28 — (CZTB’OC;E’D) cos 28sin 288

— (CZTE’OC;B’O) cos 2f3sin 23 + (C’ZTE’”CZE’0> sin® 28.

B0 TB . . L
To compute (D, °D,”), we first need to determine the expectation values of each individual com-

ponent, using Equations 2.47, and 2.48:
I.
(CPCP) cos® 28 = < [C[P cos2a + C[" sin 2a] [C}” cos 2a + C}F sin 22] > cos” 23

= (CIPCYP) cos® 2a cos® 2B + (CIPCIF) cos 2asin 22 cos™ 28
+ (C[TEC;B> cos 2z sin 2a cos® 28+ (CZTEC;E> sin® 2 cos® 28
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<CZTB’0C;E’0)> cos2Bsin 2 = < [CZTB cos 2z + C/F sin 205] [(C;E cos 2z — Cy sin 204] > cos 28sin 23
= (CTPBCTEY cos? 2a cos 2B'sin 28 — (CTECTPY cos 2 sin 24 cos 28 sin 2
(C,°C 1 G
+ (C/ECF) cos 2asin 2z cos 28 sin 28 — (C/FC}P) sin® 2a cos 23 sin 23

(CTCP%) cos 28sin 28 = < [C[F cos 22 — C[" sin 2] [C}” cos 2a + C}F sin 24 > cos 28sin 23
= (CFCP) cos® 2z cos 28sin 28 + (C/EC)F) cos 2a sin 26 cos 28 sin 23
— (C/PCHP) cos 2asin 2z cos 2B sin 28 — (C[PCHF) sin® 2z cos 28 sin 4
! !

(CTCF) sin? 28 = < [C[F cos 22 — C[" sin 2a] [C} cos 22 — C}” sin 2] > sin” 23
= (CTECTEY cos? 2asin” 28 — (CTECTBY cos 2z sin 2a sin” 2
/ 1
— (CPBCTEY cos 2asin 2asin® 28 + (CTECIBY sin® 2asin 2
/ /

Now, let us combine all the terms we have computed individually:

<D1TB’0D;B70> = (C/2C}P) cos® 2z cos® 28 + (C/PC)F) cos 2 sin 22 cos” 23
+ (CIEC)P) cos 2asin 2a cos® 28 + (CJECHF) sin® 2 cos” 28

— /) cos” 2z cos 28 sin 28 + /) cos 2z sin 2z cos 28 sin

CIPCIF) cos? 2 cos 28sin 28 + (CIECIP) cos 2a sin 22 cos 23 sin 2,

— (CIECHF) cos 2asin 2a cos 28 sin 28 + (C[FC,P) sin® 2z cos 28 sin 23

— (CTEC)P) cos® 2a cos 2B;sin 28 — (CJECHE) cos 2a sin 2 cos 28 sin 28

+ (CECIP) cos 2asin 2a cos 2Bsin 28 + (CIECIF) sin® 2z cos 2Bsin 448

+ (CZTEC?E> cos® 2z sin® 28 — (C[TEC?B> cos 2z sin 22 sin* 28

— (CPBCTEY cos 2asin 2asin® 28 4+ (CTECIP) sin® 2 sin® 23..

! !
By applying the trigonometric identities for angle summation and subtraction, as introduced ear-

lier, the expression above simplifies. Finally, the expectation value of the correlation between the
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D-estimators for the TB-TB case becomes:

(DI DIBY — (PP cos? 2(n — ) (A.1)
+ (CPEClE >— sin 4(a — f) (A.2)

+(Grc” >55m4(0¢ ) (A3)

T (CIECH) sin® 2(a— ). (A.4)

Recalling Eq.s 3.6 and A.4, as shown previously:
<<D1TB,0 - DZTB,0> (D;Bo - DTB o>> _ <D;B,0D;3,o> - <D1TB,0><D;B,0>

= (CTBCTB> cos? 2(a —p)

+ <CTBC >— sin4(ax — )

+(CIEC)® >— sin4(a — f)

+(CTECHF) sin® 2(a — B)

— (C[TE><C?E> sin® 2(a—p).
We now proceed by examining the expectation values of each angular power spectrum individually,
applying Eq. 2.37:

I.

/
§ ﬂlm )

and

(GPG% = 211121'+1<Z Z %1 (@i)" @l (@)’ >

m=—lm'=—1'

11 ) )
- 21_|_ 12/ +1 Z(ﬂly;n(dfm) ﬂ;m’<ﬂﬁm’) >
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Applying the Wick’s theorem;

1 1 * * * *
(&G0 = s Z{(ﬂz@(ﬂfm) Neth s (@) + i) (@) (@f0)")

+ {af(af ) W(ah) ah ) |

Using Eq.s 2.36 and 2.3 5 the above expression becomes:

21:' 12/ +1 {Z Z CrG + Z Z Cl 0w s C7P 01 0y
+ Z Z 0w Oy 911'5%/} .

Using the property of Kronecker delta given in Eq. 3.8, and the sums over /, /', m, and m’, we

can now express the following:

1
(CPECTE) = W{QH 1)2CIECTE 511,CTTCBBZ St + 30 (CTP) Z Syt }

o
2/ +1

=CCP + [CCP+ (G .

Considering CZTB = 0, the absence of parity-violating physics at the last scattering surface,

o

CTT CBB
2[+1

— (ClCHt) —

. Using

Z’

1
TE __ § T E *
CZ’ = 2[——|—I _Z/ﬂl/m/(ﬂllm/) y

Wwe can now write:

/ 4

(c/*cF) = 21:_121,1_H<Z Z aj,(@0,) i1 (i) >

m=—lm'=—1I'
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1 1 . .
- 21+12l/ +lz<dgn(ﬂfm) d;m’<d§m’) >

1 1 * * * *
= 2[—“21/ +1 Z{<ﬂ;1(dfm) ><d;m/<ﬂl€m’> > + <dlj;nd;m’><(dfm) (ﬂﬁm/) >

o+ {af(af) W (ah, ) ah) |
After some algebra, the above expression becomes:

o

¢ty = ek
\Gran) =d TR

(CZTTC[EB + CfBCfE) ]
Considering C/*, C* = 0,

(CIECi?y = 0.

/ I
1 1

TE ~TB T E\x T B \*

<CZ Cy >: 21+12l’+1<z Z dlm(ﬂlm) ﬂl’m’(dl’m’) >

m=—lm'=—1'

1 1 . .
- 2[_|_121/ +IZ<4177;1(41EM> d;m’(ﬂﬁm’> >

mm!

1 1 * * * *
= 21—4-121/ +1 Z{<d};ﬂ(4fm) ><d;m’(ﬂﬁm’> > + <ﬂgviﬂ;m’><(dfm) (dﬁm’) >

mm'

+ (af(af) W (ah,) et ) }

After some algebra, the above expression becomes:

o

c/tc,’y = cFc?
(GGh =G M7

(c'c + cffcft) .
Assuming CT%, C¥* = 0,

(clFCPy = 0.
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1 1 / /

=il 2 ahlah) ek )

m=—lm'=—1'

1 1 . .
- 2[_|_12[/ +IZ<417;”(41EM) ﬂ;m’(ﬂlE’m’> >

mm’

(creir)

1 1 * * * *
= 2[——“2[/ +1 Z{<d;€n<ﬂfm) ><d;m’(ﬂl€m’) > + <d£nd;m/><(dfm) (dﬁm’) >

mm!

+ (af(af) W (af,) a0}
After some algebra, the above expression becomes:

o

CTECTE) = CTECTE
(G ) ! 1+y+1

[C' e+ (¢ .
5. Following the same approach as shown previously in the EB case in Section 3.2.1:
() = .
and
(CFy = CF.
Then;

(CIPNCFy = ClFCyF.

Now, combining all the terms computed separately earlier:

oy
(DZTB’OD;B’()) _ le— ICITTCfB cos* 2(a — B) + CIECHE sin* 2(a — B)
dur -
o7 (GG + (Cf)) sin® 2 — )
r -
= 5770 G —sin” 2(a = )
oy
b (GG 4 (CPP) s 2l - ) + CP s 2
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= (T + (/") = C[7 %) sin® 2(a — B)

20 +1
o -
gETn lchCfB + CIFCF sin® 2(a — B) .

Rewriting the above expression, it becomes:

o
2/+1

(DI D]) = S [(CTC + (G = G i 2a— )+ €G] + GG sin 2= ).

(Ass)

Now we can write:

_ o
21+1
+ CIECFsin®*2(a — B) — C/FCF sin® 2(a — B) .

(DI D) — (D) (D}*) [(CITCEE 4 (G — CITCE) sin® 2(a — §) + G CEY]

Finally, the covariance of TB-TB becomes:

o
(DIP*DIPy — (DI**)(DIP) = 5 zi ; [(CITCEE 4 (CTE)? — CTTCPP) sin® 2(a — B) + CITCEE]
(A.6)
In the case 2 = §, our result becomes:
0 0 o 0 5 ’
(DP*DP) — (D) (D} = Pl ()

T 2+1 !

A2 CRrOSS-COVARIANCE oF C/2-CFF
Using Eq.s 3.1 and 3.2, we can write:
(DZTB’ODf,B’O> = < [CZTB’O cos28 — CZTE’O sin 2{8}
1
: {Cf&a cos 4f — E(CIE,E’” — ) sin 4{8} >
1
= (CPCEPY cos 2B cos 48 — (CP = (CE* — CBP%)) cos 28sin 4
JERSY 15\ /
- (CZTE’”C}?B’”) cos 48sin 23 + <C1TE’” (CfE"’ — CﬁB”’» sin 24 sin 48 .

1
2
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TB.0 EB . g
To compute (D;”’D}**), we must first evaluate the expectation values of each term, utilizing Equa-

tions 2.43, 2.46, 2.47, and 2.48:

I.
<ClTBonB ) cos® 48 = < [C[TB cos 2a + C/* sin 20:]
: {C cos4a + — (C — ) sin 405} > cos 2f3 cos 483
c/Pch > cos 2 cos 4a cos 23 cos 48

c/? ( — C3%)) cos 2esin 4e cos 23 cos 483

=
+
+(CFC ) cos 4a sin 2z cos 23 cos 43
+

CTE ( — %)) sin 2a sin 4a cos 23 cos 46
2.
1
<C[TB’0§(C“;E’0 — CP)) cos 2Bsin 48 = < [C/? cos 22 + C[" sin 24|
1
: {E(Cf?E — CP) cos 4o — Ci° sin 40:] > cos 28sin 483
= (C]" ( — CJ%)) cos 2a cos 4a cos 28 sin 463
—(C*cC ) cos 2a sin 4a cos 23 sin 403
+ <CTE (CF — CIP)) cos 4asin 2z cos 28 sin 483
— (C/ECyP) sin 2asin 4a cos 23 sin 48 .
3.

(/P CLP?) cos 48 sin 28 = < [C]F cos 22 — C}” sin 24]
. {C cos 4a + — (C — CP)sin /m} > cos 48sin 23
= <C1TECEB> cos 2 cos 4a cos 43 sin 23

+(C; ] (C — C}%)) cos 2a sin 4e cos 48 sin 23

— <C1TBC, ) cos 4a sin 2z cos 4f3 sin 23
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1
— <C1TBE(C€E — C3%)) sin 2a sin 4a cos 48 sin 288

(G TEU (CEEO C77)) sin 28 sin 48 = <[C1TE cos 2a — C/” sin 22

1
: {E(CgE — CP) cos 4a — C’ sin 405} > sin 28 sin 48

(C’TE (CFF — C3P)) cos 2a cos 4a sin 28 sin 468

—(Cl*cC ) cos 2z sin 4a sin 28 sin 443

—(CP* ( — C}%)) cos 4a sin 2a sin 2 sin 468
+ (C[PC}P) sin 2a sin 4a sin 28 sin 44 .

Now, let us combine all the terms we have computed individually:

(D" Dy = (c]PC > cos 22 cos 4a cos 23 cos 413
+(C/® ( — C3%)) cos 2a sin 4a cos 23 cos 4f3
+(c/FC ) cos 4a sin 2z cos 28 cos 4
+ (CF ( — C3%)) sin 2a sin 4a cos 28 cos 483
c/® ( — %)) cos 2a cos 4a cos 2 sin 463
+(C/* ) cos 2z sin 4e cos 23 sin 43
c/F ( — C}%)) cos 4a sin 2z cos 23 sin 43
+ (CIECEP) sin 2a sin 4a cos 28 sin 448

c/t ( — CP)) cos 2a sin 4a cos 4f3 sin 28

—

{

—

{

—(CTFC > cos 22 cos 4a cos 44 sin 20
—

+(CT ) cos 4a sin 2z cos 48 sin 23
+

CTB ( — C}%)) sin 2a sin 4a cos 46 sin 28

+ <CZTE£ (CFF — CP)) cos 2a cos 4a sin 28 sin 44
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— (CECLP) cos 2a sin 4a sin 20 sin 443
(CTB (CFF — CIP)) cos 4a sin 2a sin 2§ sin 443
+ <C1TBC/ ) sin 2z sin 4e sin 28 sin 483 .

Simplifying the expression above by applying the trigonometric identities for angle summation and

subtraction, as introduced earlier, the expectation value of the correlation between the D-estimators
for the TB-EB case becomes:

(D" D"y = (C[PC}) cos 2(ex — B) cos 4(a — B) (A-8)
4 <ch§(0€5 ) cos 2(a — ) sin 4(x — B) (A.o)
+ <CZTECE,B>% sin 4(a — B) (A.10)
+ <CTE (CEE — CBBY) sin 4(a — B) sin 2(a — ). (A.11)

Recalling Eq.s 3.6, 3.5, and A.11, we can write:

(D = D) (D — D) ) = (CPCi¥) cos2(a — ) cos 4lx — )
(PP — ) cos2(e — ) sin (e — )

+ <CTECEB> sin2(a — f8) cos 4(a — f)
P
<ch>l ((C5) — (") sin2(e — B)sin 4(x — §).

CiF — CF)) sin2(a — B) sin 4(z — f)

We now proceed by examining the expectation values of each angular power spectrum individually,

applying Eq. 2.37:

I.

1 1 . .
(PO = Sy D) (ah))

204+12/+1
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Applying the Wick’s theorem;

1 1 * * * k
(€)= Vi1 11 Z{(ﬂfw(ﬂfm) Nl (@) + (@) () (@)

mm'

o+ {af(af) W (ah) af ) |

Using Eq.s 2.36, the property of Kronecker delta in Eq. 3.8, the sums over /, /', m, m', and Eq.

2.35, we can now express the following:

o
2/ +1

(CIPCPPy = CP O + 2 (P + Pl

Considering CZTB , CfB = 0 at the last scattering surface with no parity-violating physics:

o
(e - e

1 1 1
(CPE(CH = ci) = (CPEctE — el
1 1
= S (C*C) - (Al
= 2ar a1 2 i) b i)

— ST 1 D i (@) @b @)

1 1 1 . . .
= 521—“ 27 +1 Z{ <4171;z (dlEm) ><ﬂ§m/ (ﬂgm’) > + <d;ﬂd§m/> <<dfm) (d

. 1 1 1 i}
Fladuab @) ah) | = 5y 377 2o @b e Y at o at

mm'

+ap,an,)((a1,) (@p,)") +{ap,(@h,.)") <(ﬂfm)*ﬂﬁm/>}
After some algebra, the above expression becomes:

o
2/ +1

o
2/ +1

1 1 1
<C[TE§(CE,E — CP)) = EC/TEC’?? + crEcH — 5C,Tch?B — CrECPE
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Considering C/*, C¥* = 0:

o

CTECEE.
20410 1

1 1
<CZTE5(CE,E — ) = ECl”f(c’?? — CP) +

<C1TB%(C€E — CB)) = (%CZTBCE,E — %CZTBC’?B>
= (e - 5
101 1
T 2204120 +1
1 1 1
C22/+120 +1
11 1
T 220+120 +1

)

(e

> lan

mm!

>

mm’

T

B
A

E
Aim

E
* Yt

I

T

B
Al

B
Al

B
* )t

(@)@ (1,0 )")

) @, (

T

B
Aim

E
A

I'm’

> {ah(ah,)a
1 1 1

>}_§21+121/+1

) (ap,)") + (g (@) )

B
A

+ <ﬂlj;nﬂlE’m’> <( A

mm

B

T B
Al

B
i@ !

T
A

A

)

+

After some algebra, the above expression becomes:

(ap,)") +

>-{

B

T E
Al

@) (@) (@r))

a1

)

B
Al

)Nt (a)")

/

)

B
*dllm/

1 1 o 1 S
CTB_ CE/‘E - CJ?B — _CTB CE;E CTE CEB _ _CTB CZ?B o CTB CBB ]
Considering C/*, C* = 0:
1
<CZTB£(CE/E ) =0.
1 1
TE ~EB T E \x FE B *
<CZ Cy > - 21+12[,+12/<ﬂlm<ﬂlm) ﬂl’m’(dl’m’) >
1 1 * * * *
= 21+121/ +1 %{<4177;1(41Em) ><ﬂlE’m’ (dﬁm/) > + <dlyi;¢dlE/m’><(ﬂlEm) (ﬂgm’) >
+ {af (af) W(af,) ek ) |
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After some algebra, the above expression becomes:

o
2/ +1

oy
(CIECIFY = CTECl® 4 2T Crs

CTBCEE )
2/+1 L

Considering C/%, C¥# = 0

{clFciFy =0.

(CPRY5(CFF = CBP) = S(CPPNCE) = S(CPP )

= C,TE%(O?E — )

Now, combining all the terms computed separately earlier:

o
(D D) = 2 CIECH cos 2(a — ) cos (e — )

2041
1
+ ECZTE(C€E — C8)sin 2(a — B) sin 4(a — B)
o
+ zlilClTECfEsinZ(ae — B)sin4(a — f) , (A.12)

and

oy
(DPDfRe) — (D) (D) = 5 CICH cos 2 — ) cos 4(a — )

T 2+1
1
+ ECZTE(C’?E — C%)sin2(a — B) sin 4(ax — f)
o

+ C/ECE sin 2(a — B) sin4(a — f)

2/ +1
1
— ECZTE(C@E — C¥)sin2(a — B) sin4(a — B) .

Finally, the covariance of TB-EB becomes:

(DP*DIF) — DIP) (D) = [P con (e~ ) conile )
+ CIFCF sin2(ax — p) sin4(a — ) | . (A.13)
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In the case « = §, our result becomes:

0 0 4 4 3[[/
(DD = (D)D) = 577 G (A14)

A.3  CROSS-COVARIANCE oF CB-CT8

Using Eq.s 3.1 and 3.2, we can write:

(D) = ([ st — 1P — P sinsg]

. [CZB’O cos 23 — C;E’o sin 2,8} >

1

= (C7PC)P) cos 28 cos 48 — <z (CF — CPP*YCyP*) cos 28sin 48
1

— (CZEB’QC;E”) cos 4Bsin 283 + <5 (CIEE’O — CIBB’O) C;E’g> sin 28 sin 453 .

We can see that the above expression is identical to (D,**D}"’) except for the multipoles 1 and 7,
however yielding the same results as in Eq.s A.12 and A.14 after applying Wick’s theorem with the

rules used in previous sections. Therefore we can write:

oy
(D} Dy") = S CFCPP cos 2(e — B) cos e — f)

S 20+1
+ %C/TE(C@E — C%)sin2(a — B) sin 4(ax — f)
+ Z;\i 1CZTECZEE sin2(a — B) sin4(a — f), (A.1s)
and
(DfPDP) — (D)D) = ) et (816
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