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Introduction

The Airy equation is one of the first cases that Stokes studied in
his work [9], as it is a simple case in which one can have a clear
view of the Stokes phenomenon.

Let V be a complex line with complex coordinate z, whose
dual is V* with complex coordinate w. In V* the Airy equation
Qi = 0, with Q = 0% — w, has two entire solutions that have an
integral representation given by

otw) = [ e (5 -a0) s )

with v an appropriate integration path.
For large value of |w/, this is asymptotic to a linear combination
of

2
vy = w Vet (1+O(w™)), where g, = :|:§w3/2,

that are multivalued functions of the complex variable w.

The integral above is the Fourier-Laplace transform of ef(?),
where f(2) = 23/3.
This transform has a realization at the Weyl algebra level that is

the isomorphism
P—1tp

given by z +— —0y,, 0, — w.
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This induces an equivalence between holonomic algebraic D-modules
on V and on V*, that we still denote by M — M.

So, following the notation in [2], let N' = Dy+/Dy-Q be the
Dy+-module associated to the Airy operator Q).
By the observations above, one knows that N has two exponential
factors at oo, that are g, and ¢g_.

At the level of Weyl algebra, one has N' ~ “M, where M =
Dy /Dy P is the Dy-module associated to P = 22— 0,.
The equation P¢ = 0 has the entire solution ¢(z) = e/*), so f is
the only exponential factor of M.

At level of R-constructible enhanced ind-sheaves, if Sol” de-

notes the enhanced solution functor, what we just said is that
Sol”(N)|sxr = (B & E) |sxr,
in an appropriate sector S, and
Sol?(M) = E*/3,

Moreover,
g o\ A
SolE(N):(EZ /3) ,

where * is the enhanced Fourier-Sato transform.
Considering only the case of enhanced sheaves, we will establish
explicit isomorphisms

(E9+ sy Eg—)

A
33
S;xR = (Ez/ ) S, xR

with .5; a sector bounded by two consecutive Stokes lines.
A
This will allow us to reconstruct the sheaf (Ezg/ 3) .
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The contents of this thesis are both the mathemathical notions
just mentioned and the explicit computation of what we need to
study the Airy equation.

In chapter 1 we construct the category of enhanced sheaves by
adding a real variable to the sheaves of k-vector spaces on M,
where £ is a field and M is a good topological space.

First of all we define the functors of convolution in Db(k‘MxR) in
the new variable ¢ € R, and we prove some properties of these
new functors.

Then we define the category of enhanced sheaves by a quotient of
D*(kprxr) with the subcategory 7= 1D?(kyr), where 7 : M x R —
M is the projection. We define also the Grothendieck operations of
this new category, and we prove that they satisfy similar properties
to those of classical sheaves.

Then we talk about ind-sheaves, bordered spaces and enhanced
ind-sheaves. These are the consequent generalizations of enhanced
sheaves, so we decide to mention them even if they are not neces-
sary in the computation of the Airy case.

Finally, we define the R-constructible sheaves, that we will use
in the following.

In chapter 2 we give some basic notions on D-modules and
the definition of the enhanced solution functor, since we talked
about them in this introduction, and to recall us that there is
another equivalent way to study the Airy equation, even if we do
not handle it.

The notions instead that will be used in the following is that
of exponential D-modules and exponential enhanced sheaves.
Here in fact we concentrate on the definitions of them and in some
of their properties.
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In chapter 3 we find the analogues of the classical Fourier-
Laplace transform at the level of D-modules and enhanced sheaves.
Since originally the Fourier transform was introduced as an inte-
gral transformation with a fixed kernel, first of all we define the

. . D *

integral transformations o and o. Then we use them to define
the Fourier-Laplace transform for D-modules and the enhanced
Fourier-Sato transform for enhanced sheaves.

In chapter 4 we study the Airy equation.

In the first section we find explicitly the integral representation
of the solutions of the Airy equation (1). Then, using Morse
theory, we built the cycles that make this integral converges.

In the following, we explain well the Stokes phenomenon and
we translate the explicit computations we made before at level
of R-constructible enhanced sheaves. We study E9+ ¢ EY9-, that
comes from the asymptoticity of the solutions of the Airy equation,
and (E#"/3)*, that comes from the integral form of the solutions,
reaching to show how to connect them.



Chapter 1

More general sheaves

1.1 Sheaves

Recall that a topological space is good if it is Hausdorff, locally
compact, countable at infinity and has finite soft-dimension.

Let M be a good topological space and let k£ be a field. Fol-
lowing the notation used in [7], denote by D’(kzs) the bounded
derived category of sheaves of k-vector spaces on M.

For S C M a locally closed subset, denote by kg the zero exten-
sion to M of the constant sheaf on S with stalk k.

For f : M — N a morphism of good topological spaces, denote by
®, 1. Rfi, RHom, Rf. and f' the six Grothendieck operations
for sheaves.

Define the duality functor of D®(kyr), by

DMF = RHO?%(F, wM),

for F'' € D?(kys) and wyy := a!Mk:{pt} the dualizing complex, where
ay : M — {pt}.

Note 1.1. If M is a € -manifold of dimension dj; and ory :=
H~% (w)) is the orientation sheaf, we have

wyr = oryrlda].

9
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1.2 Enhanced sheaves

1.2.1 Convolution
Consider the maps

Wqi,qo: M X RXR— M xR

given by q1(z,t1,t2) = (2, t1), @2(x, 11, t2) = (2, t2) and p(z,t1,t2) =
(z,t; +t5). The functors of convolution in D°(kysg) in the vari-
able t € R are defined by

Fi @ F = Ru(g ' Fi @ ¢y ' F), 11)
RHom™(Fy, Fy) = qu*RHom(qz_lFl, M!Fg).

We'll write kg—gy (resp. kp<oy, kp=oy ) instead of Eyrcqoy (resp.
Karxgter: <ob, Barxer: t>01)-

The convolution product ® makes D?(kprxr) into a commuta-
tive tensor category, with kg_gy as unit object.

Notice that K>y is idempotent for é), ie.
ki=0y ® K=oy = K0y
Moreover, also kg<gy is idempotent for é, and one has

k(i=0y ® ki<oy = 0.
Lemma 1.2. Let K € D(kywr). The functors of convolution
form an adjoint pair ( ® K, RHom*(K, )), i.e.
Home(kMxR)(Kl ® K, KQ) o~ Home(k]Wx]R)(K17 RHOTI’L*(K, KQ)),
fOT’ K, Ky € Db(kMXR).
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Proof. Let Hom = Hompyy,, ). One has

Hom(K; é K, K5) = Hom(R (q1 K1 ®qy 'K, K3))
~ Hom(q; ' K1 ® g5 ' K, /' K>)
~ Hom(q; 'Ky, RHom(qy 'K, i' K5))
~ Hom (K, Rgi,RHom(q; ' K, i' K5))
= Hom(K;y, RHom™ (K, K>)).
[

Remark 1.3. Since ky—gy is the unit object for é, by adjunction
one has

RHom* (ky—oy, H) =~ H, VH € D"(kyxr).

Properties of the convolution functors

Note 1.4. Notice that mou = mo ¢ = 7o ¢y and that the
following diagrams are Cartesian:

MxR2ZL25M xR, MxRZ-L2L0M xR,
al & /| &
MxR—"—M MxR—"—M

MxR22. MxR.

o

MxR—"——M

This means that one has
7 Rm ~ Rug; ' ~ Rugy ' ~ Raug,
T R, o~ qu*,u! ~ ng*,u!.

For a proof of these facts one can see for example [7].
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Now we’ll use this and some classical adjunctions and equiv-
alences for sheaves, to prove some properties of the convolution
functors in D°(kyrxg).

Proposition 1.5. Let K, Ky, K3 € D’(kpr«r). One has

(K1 ® K») @ K3~ Ky & (K> @ Ky),
RHom™ (K; © Ka, K3) ~ RHom*(Ky, RHom" (K», K3)).

Proof. Consider
Woat, dh, @y : M x R® — M x R,

where :ul(xa tla t27 t3) - (:C? i1+t + t3> and qlla qga Qé are the pro-
jections.
The first equivalence follows since both (K; ® Ks) ® K3 and

K, ® (Ko ® K3) are isomorphic to
Ri\(q7 Ky @ qy Kr @45 ).

Let Hom = Hom py and K € D%(kpr«r). One has

karxr)

Hom(K, RHom™ (K, Ko, K3))
~ Hom(K ® (K ® Ks), K3)
~ Hom((K ® K) ® Ks, K3), by the first isomorphism
~ Hom(K ® K, RHom™ (K3, K3))
~ Hom(K, RHom" (K1, RHom" (K, K3))).

So we have the second equivalence by Yoneda. N
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Proposition 1.6. Let K, K, Ky € D’(ky«wr) and L € D%(kyy).
One has

7@ (K @ Ky) ~ (n L @ K1) @ Ko,
RHom(n 'L, RHom* (K1, K3)) ~ RHom*(r 'L ® K, K>).

In particular,

TULRK ~ ('L @ kyg) ® K,
RHom(r 'L, H) ~ RHom" ('L @ ky—oy, K).

Proof. For the first equivalence:

(1L ® K1) ® Ky = Rpu(a; (n 'L @ K1) ® g5 ' Ko)
~ Ru(qy'n 'L @ g Ky @ gy ' Ks)
~ Run(p'n 'L @ q7 'Ky @ ¢5 ' K)
~ 7 'L ® Ru(q; ' K1 ® gy ' Ko)
=L@ (K, ® K>).
For the second one:
RHom(n 'L, RHom* (K1, K>))
= RHom(n 'L, Rpi. RHom(qy ' K1, ' K))
~ Rq.RHom(q 'n 'L, RHom(q; ' K1, /' K3))
~ Rqi.RHom(gy 'n 'L, RHom(qy ' K1, i)' KK3))
~ RQ1*R7—[0m(q2_17T_1L & q2_1K1, /L!KQ)
~ Rqi,RHom(q; ' (7 'L @ K)), ' Ks)
= RHom* ('L ® K1, K>).

The last isomorphisms follows from the first ones and Remark
(13), with Kl = k{t:O} and K2 =K. []
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Proposition 1.7. Let K, K1, Ky, K3 € D"(kyrxr) and L € D®(kyy).
One has

Rr. RHom(K, & Ko, K3) ~ Rr, RHom(K,, RHom* (Ko, K3)),
RHom*(K,n'L) ~ 7' RHom(RmK, L).

Proof. For the first equivalence:

R, RHom/(K| ® Ks, K3)
= Rm,RHom(Rm(q, ' K1 ® ¢, ' K3), K3)
~ R, Ry, RHom(q ' K1 ® 5 'Ky, i K3)
~ Rm,Rqi.RHom(q; 'Ky, RHom(qy ' Ko, ' K3))
~ Rm,RHom (K, Rqi.RHom(qy Ky, i' K3))
= Rm.RHom(K1, RHom" (K, K3)).

Instead, for the second one:

RHom*(K,n'L) = Rgi.RHom(qy 'K, i'n' L)
~ Rg.RHom (g, 'K, ¢\7'L)
~ RHom(Rqugy 'K, m'L)
~ RHom(r 'RmK,x'L)
~ 7' RHom(RmK, L).

Proposition 1.8. Let K1, Ky € D’(kyrxr). One has

Rm(K) @ Ky) ~ RmK) ® RmKo,
Rm,RHom™ (K1, K3) ~ RHom(Rm K1, Rm.K>).
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Proof. For the first equivalence:

Rmy(K) ® K») = RmRyn(q; 'K © g5 )
~ RmRqu(q; ' K1 ® ¢, ' K>)
~ RW!(Kl X RQ1!QQ_1K2)
~ Rm(K; @ 7' RmK>)
~ RmKy ® RmKs.

Instead, for the second one:

Rm,RHom* (K, Ky) = Rm,Rqi.RHom(q; ' K1, 1/' Ky)
~ R, Ru. RHom(qy ' K1, i K>)
~ Rr,RHom(Rmg; 'Ky, Ky)
~ Rr,RHom(m 'Rm K1, Ks)
~ RHom(RmKy, Rr.K5).

[]

Proposition 1.9. Let L € D’(ky;) and H € D°(kyrxr). Con-
sider a : M x R — M x R defined by a(x,t) = (x,—t). One
has

RHom*(H,7 'L ® kj—gy) ~ Ra,RHom(H,7'L).
Proof. Consider
M M xR -2 M x R?,
defined by ip(x) = (z,0) and 0*(z,t) = (x,—t,t). Then the

following diagram is Cartesian:

M xRS M x R2.

| J»

M—" M xR
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Notice that kgy—gy ~ Rig«ky. Then:

RHom™*(H, 7 'L ® kyy—gy) ~ RHom*(H, Rio.L)
~ Rq.RHom(qy ' H, 1i' Rig. L)
~ Rqi,RHom(qy; ' H, R6*7'L)
~ Rq,RS*RHom (0" 'q; ' H, 7' L).

One can conclude since ¢ 0 0 = a and g3 0 0% = 1dpr«R. O

1.2.2 Enhanced sheaves

Recall that if P is a full triagulated subcategory of a triangulated
category Q, the quotient category Q/P is defined as the localiza-
tion Qy of Q with respect to the multiplicative system > of mor-

phism v fitting into a distinguished triangle X — Y — Z +—1>,
with Z € P.

Let m: M x R — M be the projection.
Consider the full subcategories of D° (ky/xr)

Ni = {K € Db (kMxR) : k{q:tZO} ® K ~ O}
= {K € D" (knxr) : RHom™ (k{zi>0y, K) ~ 0},
N =N NN_=71Dky).
Definition 1.10. The categories of enhanced sheaves are defined
by
E% (kar) == D (karsr) /N,
E°(kyr) == D° (k) /N

Recall that if P is a triangulated subcategory of Q, the right
orthogonal P+ and the left orthogonal +P are the full subcate-
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gories of Q defined by
PL={X € Q: Homo(Y,X)~0 VY € P},
P ={X € Q: Hmg(X,Y)~0 VY € P}.
One has
Eb(ky) =Ny = {H: Kiti>0y ©H s H},
EMkar) =N = {H: (kpso ® kpgy) @ H > H}.
The same equalities hold for right orthogonals, replacing é with

RHom".
The quotient functor

Q : D(kyrwr) — E%(Kar),

has fully faithful left and right adjoints, respectively given by

LE(QF) = (ki=0y @ k<)) @ F € LN,

(1.2)
RP(QF) = RHom" (kysoy @ k<o), F) € N,

for F € D"(kyrxr).
One has TN, @ *N_ ~ N, so there are natural equivalences

Bl (kar) = N JN = SN = EL (k).

Eb(kM) ~ TN ~ Ei(kM) D EE(/CM) (1.3)

The same equivalences hold when replacing left with right orthog-
onals.

Notice that these results say us that the objects F' € E% (kyy)
are such that

k{:l:tZO} X F ~ F and ]{{:tho} X F ~ 0,



18 More general sheaves

and the objects F' € E’(kys) are such that

(k{tz()} D k{tgo}) QX F ~F.

(1.3) also shows that the categories of enhanced sheaves defined,
are triangulated categories.

Operations on enhanced sheaves

Let f: M — N be a morphism of good topological spaces.
Enhanced sheaves are endowed with the six operations ®, RHom*,

Ef~' Ef. Ef,, Ef'. Here, é and RHom* descend from Db(kNMxR),
and the exterior operations are defined by Efi(QF) = Q(RAF),

Ef Y QG) =Q(f'Q), ..., where we set f = f X idg.

There is a natural embedding

e : D'(kar) — Eb (kar) € E'(kyy)

L (1.4)
F— k{tZO} QT F,

that is well defined since, by Proposition 1.6 and by the idempo-
tency of kg>¢y, one has

k=01 @ (ks @7 F) o (kps0y ®@kis0)) @1 ' F = kpsgy@m ' F

Proposition 1.11. If f : M — N is a morphism of good topolog-
ical spaces, then € interchanges the operations ®, f~', and Rfi

with é), f‘l, and ng, respectively.
Proof. Consider the diagram

MxR=—M

N

N xRZ - N.



1.2 Enhanced sheaves 19

This is a Cartesian square, so one has

fIRm ~ Rmf_l, T RS Rfm_l,
Rﬂwl ~ 7' Rf,, Rmf! ~ f'Rr..

Let F,G € D(ky).

e By Proposition 1.6, for the product one has

E(F) é E(G) = (k{tZO} ® 7T_1F) é (k{tZO} ® 7T_1G)

~ (ko) ® kppsoy) @ T F @7 G
~ ki>0y ® T F®G)=€e¢F®Q).

e Since f doesn’t act on ¢ € R, then kg>oy =~ f‘lk{tzo} (de-
noting in the same way ky;y >0y and ky>0y). So,

e(RAF) = by ® T 'RAF

~ ko) ® Rfm_lF ~ f}(e(F)), and
e(f'F) =kysoy@a ' fTIF

~ [ hpzop ® [ UF = U (e(F)).

[]

Notice that, since the external operations on enhanced sheaves
are induced by the ones in D?(kjs«wr), the compatibility with
composition of morphisms and the equivalences between the mor-
phisms that compose a Cartesian square are satisfied also at level
of enhanced sheaves.

There are also properties that connect the different Grothendieck
operations.
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Proposition 1.12. Let f : M — N be a morphism of good
topological spaces. Let F € D°(kyxgr) and G, H € D(kyyr).
One has

EAEFY(QG) ® (QF

EfN(QG) @ (QH)) ~ Ef (QG) ® Ef (QH),

)) = (QG) ® EA(QF),
)
RHom*((QG), Ef.(QF)) ~ Ef.RHom"(Ef(QG), (QF)),
(QG)
)

12

12

)
)
)
RHom*(Efi(QF), (QG)) ~ Ef.RHom*((QF), Ef(QG)),
Ef' RHom™((QG), (QH)) ~ RHom"(Ef~(QG), Ef (QH)).
Proof. To avoid confusion, denote by qi, o, t : M x R? — M xR
the usual operations and by ¢1,¢/s, i/ : N x R? = N x R the
same in N. Let ) be the quotient functor both in M and in N,
for semplicity. Let f = f X idr X idg.
One has the Cartesian square

MxRLM xR
|7 |7
N xR?25 N xR,
[t remains Cartesian also is we replace u, p/ with either ¢y, ¢’y or

G2, q'y.
Now we use these facts and Note 1.4 to prove the proposition.

(i)
(QG) @ EA(QF) ~ Q(Ri\(¢y'G ® ¢y ' RAF))
~ Q(R\(¢'y'G ® Rfugs ' F))
~ Q(Ry\RA(f'q7'G® g ' F))
~ Q(RARm (g f~ 1G@lel’))
~ Ef(Ef(QG) ® (QF)).
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(i1)

~ Q(f 'R\(¢'G® ¢y H))

QRuf (¢ Gady H))
~ Q(Ru(f'q, G flqy H))

Q(Rum(q,' f'Goq [ H))
— Ef {(QG) ® Ef {(QH).

Ef(QG) ® (QH)) =~

(iii)

Rq'\,RHom(q'y G,y Rf.F))
Rq',RHom(q'' G, Rf WF))
Rq | Rf.RHom(f 'q5'G. (/' F))
(Rf.Rq1.RHom(g; ' f 1G,u’F>>
feRHom* (Ef(QG), (QF)).

RHom*((QG), Ef*(QF)) Q

QQQQA

(iv)

RHom*(Efi(QF), (QG)) = Q(Rqy.RHom(q5 RAF, 1" G))
~ Q(Rq . RHom(Rfig; 'F, 1" G))

~ Q(Rq\.Rf.RHom(¢;'F, f'1/'G))
Q(Rf*RQ1*RH0m(C]2 g f G))
Ef.RHom™((QF), Ef (QG)).

2R
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(v)
Ef' RHom*((QG), (QH)) ~ Q(f' Rq' |, RHom(¢5 ' G, /' F))
~ Q(Rqi.f' RHom(q'y'G u”F))
~ Q(Rq.RHom(f'd5 G, f'i!

F))

~ Q(Rqn.RHom(q; ' f G, ' f' F))

~ RHom (Ef~(QG), Ef (QQ)).

[]

1.3 Enhanced ind-sheaves

Let M be a good topological space. The derived category of en-
hanced ind-sheaves on M is defined as a quotient of the derived
category of ind-sheaves on the bordered space M x R.,. Let’s
mention here these notions even if they are beyond the scope of
this thesis.

References are made to [5] for ind-sheaves, and to [3], [4] and
[6] for bordered spaces and enhanced ind-sheaves.

1.3.1 Ind-sheaves

Let C be a category and CY = Fct(C?,Set) be the category of
contravariant functors from C to the category of sets. Denote
h:% — € the Yoneda embedding given by X +— Homeg(*, X).

We denote by 7 lim” the inductive limit in ¢V, ie. if1Iis a
small category and a : I — ¥ is a functor, we set ” @”a =
lig(h o ). In other words, ” lig”oz is the object of €V defined

Tlim 7o s € 3 X = lim Homeg (X, afi)).

el
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Definition 1.13. An object F of CV is an ind-object if there exists
a small filtrant category J and an inductive system F’ : J — C
such that F7~ " lim " F"".

J

Denote by Ind(C) the full subcategory of C¥ consisting of ind-
objects in C.

Definition 1.14. An ind-sheaf is an ind-object in the category
of sheaves with compact support.

Denote by I(ky) = Ind(Mod.(kyr)) the category of ind-sheaves,
where Mod.(kyy) is the category of sheaves with compact support.
[t is an abelian tensor category with ® as a tensor product and
kyr as a unit object.

There is a natural embedding of sheaves into ind-sheaves:

Fis?” hﬂ”(kU ® F),
U

for U running over the relatively compact open subsets of M. It is
an exact and fully faithful functor and it has an exact left adjoint
a given by

(o7 ](kM> — MOd(k‘M)
7 ]iﬂ”Fi |_> @ E,
The functor a has an exact fully faithful left adjoint, denoted S.

(1.5)

Denote by D°(Ikj;) the bounded derived category of ind-sheaves
and, for a morphism f : M — N of good topological spaces, de-
note by ®, RZhom, f~', Rf., Rfy, f' the six Grothendieck
operations for ind-sheaves.
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Remark 1.15. In I(kys) there is a sheaf-valued hom-functor
Hom := o o Thom,

such that I'(M; Hom(F, G)) ~ Homyq,,)(F,G).

1.3.2 Ind-sheaves on bordered spaces

Definition 1.16. A bordered space is a pair My, = (M, M) of a
good topological space M and an open subset M C M.

A morphism f : M, — N4 is a continuous map f: M — N
such that the first projection M x N — M is proper on the closure
ff of the graph I'y of f. This assumption is satisfied in particular
if either M = M or N is compact.

Moreover the composition of two morphism is the composition of
the underlying continuous maps.
In this way, we have constructed the category of bordered spaces.

The category of topological spaces embeds into that of bordered
spaces by the identification M = (M, M).

Definition 1.17. A morphism f : M, — N is called semi-
proper, if the second projection I'y — N is proper.
fis proper it f : M — N is proper.

Definition 1.18. A subset S of a bordered space M,, = (M, M)
is a subset of M. We say that S is open (resp. closed, locally
closed) if it is so in M.

We say that S is relatively compact if it is contained in a compact
subset of M.
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The triangulated category of ind-sheaves on M, is defined by
D(Iky.) = D(Ind(Mod.(k.,))),

where Mod.(ky.) C Mod(kyr) is the full subcategory of sheaves
on M whose support is relatively compact in M.
There is a natural equivalence of triangulated categories

D"(Ik,) ~ D"(Tky;) /D" (Tkyp ar)-

The quotient functor q : D°(Iky;) — D°(Iky..) has a left

adjoint | and a right adjoint r, both fully faithful, given by
(qF) = ky @ F, r(qF) = RZhom(ky, F).
For f : M., — Ny a morphism of bordered spaces, the six oper-
ations for ind-sheaves on bordered spaces are defined by
qF1 ® qFy = q(F1 ® Fz), RZhom(qFi,qFy) = qRZhom(F, F3),

Rfu(aF) = qRqu(kr, ® p;'F), Rf.(qF) = qRq.RThom(kr,,p, F),
1 aG) = qRpu(kr, ® p;'G), f(4G) = qRpr.RThom(kr,, pyG),
where p; : M x N — M and py : M x N — N are the projections.

There is a natural exact embedding

w2 DP(kay) — DP(Tkyr)
F—7 lig”(k[] ® F),
U

for U running over the family of relatively compact open subsets
of M.

1.3.3 Ind-sheaves with an extra variables

Notation 1.19. Let R := RU {+00, —00} be the two-point com-
pactification of the affine line. The bordered line is

R, := (R,R).
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Note 1.20. Let P = R U {oo} be the real projective line.
R is isomorphic to (R, P) as a bordered space.

Let M, be a bordered space. Consider the morphisms
1y q1, G2 - Moo X Ry X Rog = Moo X Ry,

where p(z,t1,t2) = (x,t1 + t2) and ¢1, g2 are the natural projec-
tions.

Definition 1.21. The convolution functors are defined as follows:
b b b
® : D" (Tkaxr.,) X D*(Tkaroxr..) = DTk xr..)
(F1, F2) = Run(qy ' Fy © g5 ' Fy),
Thom™ : D*(ITky g )P x D°(Tky_wr.) — DP(Tkas_r.)
(F1, F5) — Rqu.RThom(q; ' Fy, W' Fy).
The category D°(Iky;_xr.. ) has a structure of commutative

+
tensor category with ® as a tensor product and kg—gy as unit
object.

1.3.4 Enhanced ind-sheaves

Denote by 7 : Moo xRy — M, the projection. As we did for en-
hanced sheaves, consider the full subcategories of D® (Iky_xr_)

+
Ny ={K € D" (Iky_xr.) : k{0 ® K ~ 0}
= {K € D" (Ikn_xr..) : Zhom™ (k{z0y, K) ~ 0},
N =N, NN =7D"Tkn).

Definition 1.22. The categories of enhanced ind-sheaves are de-
fined by

B (Tky)
E'(Tky)

DY (Tkyr_xr.) JN=,
DY (Tky_xr.) /N
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One has
+ ~
LNi = {H k{;tzo} ®H — H}a
+ ~
L,/\/’ = {H (k{tZO} S5 k{tgo}) X H— H}a

+
and the same equalities hold for right orthogonals, replacing ®
with Zhom™.

Denote @Q : D*(Iky_xr.) — E’(Ikys) the quotient functor. It
has a left adjoint L¥ and a right adjoint R”, given by

+
LE(H) = (kgop @ bpzoy) © H - € 7N,
RP(H) = Thom™ (kysoy @ kyeoy, H) € N

for H € E'(Ika).
One has * AN, ® *N_ ~ * N, so there are natural equivalences

B (Tky) ~ N2 /N =~ +N-,
E'Iky) ~ "N =~ EY (Tky) © EP (Tka).

The same equivalences hold when replacing left with right orthog-
onals.
The category E°(Ikjs) is endowed with an analogue of the

+
convolution functors, denoted again ® and Zhom™. Moreover,

it f: My — Ny is a morphism of bordered spaces, we have
Ef~Y, Ef., Efy, Ef that are induced by f at the level of ind-
sheaves.

Moreover, E°(Ikys) has a natural hom-functor Hom?® with values
in D°(kyr), given by

Hom?® : EP(Iky)P x E*(Tkyr) — DP(kyr)
(K1, K3) — aRm,RThom(LP K, LFK,),



28 More general sheaves

where « induced by (1.5).
Set

kar =" lim "kysay € E*(Tky).

a——+00

The duality functor for enhanced ind-sheaves is defined by

DY E'(Iky) — E*(Tky)%
K +— Thom™ (K, wﬁ) :

where we set w?, = k¥, @ 7wy,
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1.4 R-construibility

Proofs of the propositions of this section can be found in [7], Chap-
ter VIIL.

1.4.1 Subanalytic sets

Let Z be a subset of X, real analytic manifold.

Definition 1.23. One says Z is subanalytic at x € X if there
exist an open neighborhood U of z, compact manifolds YJ’(Z =
1,2,1 < j < N) and morphisms f; : Y]Z — X such that:

ZNU =UNUL SN\ 7).

If Z is subanalytic at each z € X, one says Z is subanalytic in
X.

Subanalytic sets inherit the following properties.

Proposition 1.24. (i) Assume Z is subanalytic in X. Then Z
and Int(Z) are subanalytic in X. Moreover the connected
components of Z are locally finite and subanalytic.

(ii) Assume Zy and Zy are subanalytic in X. Then Z1 U Zy, Z1 \
Zo, Z1 N Zy are subanalytic.

(1ii) Let f Y — X be a morphism of manifolds. If Z C X is
subanalytic in X, then f~1(Z) is subanalytic in'Y .
If W C Y is subanalytic in Y and f is proper on W, then
f(W) is subanalytic in X.

(iv) Let Z be a closed subanalytic subset of X. Then there exist
a manifold Y and a proper morphism f .Y — X such that
fiy)=2.
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1.4.2 R-constructible sheaves

Let k£ be a field and M be a real analytic manifold.

Definition 1.25. Let F' € Ob(D"(M)).

One says that F'is R-constructible it there exists a locally finite
covering M = U, X; by subanalytic subsets such that for all
j€Zand all i € I, both F|x, and H(F)|x, are locally constant
of finite rank.

Example 1.26. If Z is a locally closed subanalytic subset of M,
then the sheaf k7 is R-constructible.

Denote by D%_.(kas) the full subcategory of DP(kjs) whose
objects have R-constructible cohomologies.
This is a triangulated category that is closed under ®, RHom and
the duality functor Dy;.

Proposition 1.27. Let f : M — N be a morphism of real ana-
lytic manifolds.

(i) The functors f=% and f' send Db_.(ky) to Db _.(kur).

(11) If f is semiproper, then the functors Rfy and Rf. send
Dy _(ku) to Dy_ (k).
Let P =R U {oo} be the real projective line.
Denote by D%_.(ky«r..) the full subcategory of D%_ (kar«r) whose
objects F' are such that Rj F' is R-constructible in M x P, where
j: M xR — N xR is the embedding. We can also consider

Df&_c(k’MxRoo) as a full subcategory of D]%_C(kMxp), since Rj is
fully faithfull.

Definition 1.28. The triangulated category Eﬂ%_c(k:M) of R-constructible
enhanced sheaves is the full subcategory of Db_ (karxgr..) whose

objects F' satisty F' >~ k>0 é F.
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If My, = (M, M) is a bordered space, the category Eb_.(Ikys.)
of R-constructible enhanced ind-sheaves is defined as the full sub-
category of E*(Iky;_) whose objects K satisfy the following prop-

erty: for any relatively compact open subset U C M there exists
F € E%_ (kyr) such that

1 L .E 5
T ky @ K ~ ky ® QF.
Proposition 1.29. Let f : M — N be a morphism of real ana-
lytic manifolds.
(i) Eb_(Ikyr) is a triangulated subcategory of E°(Ikyy).

(i) The duality functor DY, gives an equivalence

E]lb%—c(IkMy)p — E]lb%-c(IkM))

~

and there is a canonical isomorphism of functors idED%_ (Tha) —
DY o DE,.
(iii) The functors Ef~' and Ef' send E%_(Iky) to Eb_.(Tka),
and
DY, oEf™ ~Ef' oD},

DY oEf ~Ef1oD¥.
(iv) Assume that f is semi-proper. Then the functors Ef. and
Efy send E%_(Iky) to Eb_ (Tky), and

DY o Ef, ~ Efyo DY,

DY o Efy~ Ef, o DY}

+
Proposition 1.30. Let K,K' € E}_(Iky). Then both K &
K' and Thom™ (K, K') are R-constructible, and one has isomor-
phisms



32 More general sheaves

(i) DF, (K o K’) ~ Thom* (K, DX K");

(i) DEThom™(K,K') ~ K @ DEK’;
(iii) Thom™ (K, K') ~ Thom™ (DEK', DE.K);
(iv) Hom® (K, K') ~ HomP (DY, K', DY, K).



Chapter 2

Riemann-Hilbert correspondence

Most of the results of this chapter will not be used in the follow-
ing. Anyway, since these are classical and interesting notions, it
was decided to insert them to have a more complete view of the
treatment.

2.1 D-modules

References for this section are made to |7] and [8].

Let X be a complex manifold with (complex) dimension dx.
Denote by Ox and Dx the rings of holomorphic functions and
of differential operators, respectively. Denote by (2x the sheaf of
differential forms of top degree dx with coefficients in Ox.

Denote by D?(Dx) the bounded derived category of left Dx-
modules. For f : X — Y a morphism of complex manifolds,

D
denote by ®, Df*, Df, the operations for D-modules.
There is an equivalence of categories

r: D"(Dx) — D"(DY)
/\/lr—>/\/l’":QX®éX/\/l.

33
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Let M € D*(Dx). Its dual is
DxM = RHomp, (M,Dx ®o, Q% ") [dx],

where Q%! == Home, (Qx, Ox) and the shift is chosen so that
]D)XOX ~ OX.

Recall that a Dx-module M is locally of finite type (resp.
presentation) if locally on X, there exists an exact sequence D% —
M — 0 (resp. DY — DY — M — 0), for some n € N (resp.
no,n1 € N).

A Dx-module M is called coherent if it is locally of finite type
and if, for any open subset U, any sub-Dy-module locally of finite
type is locally of finite presentation.

Definition 2.1. A Dy-module M is quasi-good if, for any rela-
tively compact open subset U C X, M|y is the sum of a filtrant
family of coherent (Ox|y)-submodules.

A Dx-module is good if it is quasi-good and coherent.

To a coherent Dx-module M we can associate its character-
istic variety char(M), that is a closed conic involutive subset of
the cotangent bundle 7*X. When dimc(char(M)) < dx, M is
called holonomic.

Denote by D? (Dx) the full subcategory of D*(Dy) of objects
with holonomic cohomologies, and by Dg_hol(DX) the full subcat-
egory of objects with good and holonomic cohomologies. Both are

triangulated categories.

2.1.1 Exponential D-modules

Let D C X be a complex analytic hypersurface and denote by
Ox (xD) the sheaf of meromorphic functions with poles along D.
It is a holonomic D x-module.
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Let M € D*(Dx), set

M(+D) = M & Ox (D).
Set U = X \ D. For p € Ox(xD), set
Dye? = Dy /{P|Pe? = 0 on U},
£7 1y = Dxe? ® Ox(xD).

Hence Dxe¥ is a Dx-submodule of SU‘X
Note that Sg‘X 1s a holonomic Dx-module which satisfies

55|X = ‘%X( D).

Lemma 2.2. For ¢ € Ox(xD) one has
(DX5U|X) (xD) ~ €U|<§(

2.2 Tempered solutions

Definition 2.3. The solution functor is

SOZX : Db(DX)Op — Db((C)()
M = RHOmDX(M, OX)

Dy
It M= DP with P € Dx, then

Solx (M) = RHomp, (M, Ox) = (Ox = Ox) € D'(Cx).

By the functor £ (the left adjoint to a in (1.5)), there is a
natural notion of Dx-module in the category of ind-sheaves. We
denote by D°(IDx) the corresponding derived category.

Let U C X be an open subset of the real analytic manifold X.



36 Riemann-Hilbert correspondence

Definition 2.4. A function ¢ : U — C has polynomial growth at
xo € X\U if there exist a sufficiently small compact neighborhood
K of xy and constants C' > 0, r € Z~( such that

lp(z)] < C dist(K\U,z9)"" Vr € KNU,

where dist is an Euclidean distance with respect to a local coor-
dinate system.

A smooth function ¢ € €L (U) is tempered at xy € X \ U if all
of its derivatives have polynomial growth at x.

For an open subanalytic subset U in X, denote by €5 " (U)
the subspace of €3°(U) consisting of tempered ¢ *°-functions.
The presheaf €5 : U +— €' (U) is an ind-sheaf on X

The ind-sheaf of tempered holomorphic functions O% is defined
as the Dolbeault complex with coefficients in €y o
More precisely, denoting by X the complex conjugate manifold
to X, and by Xg the underlying real analytic manifold, we set:

O% = RHomp,. (Ox-, €x.") .
Definition 2.5. Define the tempered solution functor by

Sol'y : D" (Dx)? — D"(ICx)
M — R?—[ompx(/\/l, Oj’;()

One has Solx =~ « o Sol.

2.3 Enhanced solutions

Let P = CU {00} be the complex projective line and 7 : X x P —
X X P be the closed embedding.
Denote by 7 € P the affine coordinate, so that 7 € Op(x00).
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Definition 2.6. The enhanced solution functor is given by
Sol% : D'(Dx)? — E*(ICx)
M = i'Sol’y  z(M K" Eqp) 2],
where X denotes the exterior product for D-modules.

The functorial properties of Sol” are summarized in the next
theorem:

Theorem 2.7. Let f : X — Y be a complex analytic map and
N € D! (Dy). Assume that suppM is proper over' Y. Then one
has

SolL(Df*N) ~ Ef 1SolE(N),
SolE(D f.M)[dy] ~ EfuSol%(M)[dx],

D
SolZ(My) ® Sol%(My) ~ SolZ (M, & My).

Notation 2.8. Let D C X be a closed complex analytic hyper-
surface and set U = X \ D. For ¢ € Ox(xD), we set

E? = kpinp(o)20) € Eg-o(kx),
E¢ = kL é QE? € B} _(Iky),
where Q) s the quotient functor and we set for short
{t+Rp(z) >0} ={(z,t) € X x R|t + Rp(x) > 0}.

Lemma 2.9. Let g : Y — X be a morphism of manifolds and
© € Ox(xD). Then

Eqg Y(E¥) ~ E%*.
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Lemma 2.10. Let o, € Ox(xD), then
EY ® EY ~ BV,

Proof. Recall that, in (1.1), to define the convolution product é)
we used q1,¢2, 1 : X x R2 = X x R, that do not act on X.
So proving this lemma is equivalent to proving that

k{tza} ® k{tzb} = k{t2a+b}a

where a = Rp(z) and b = R (z), since we can fix v € X.

First of all one has kg>qn é kg=py =~ Ruks, where we set
S:{tlza, tQZb}CR2.
Let T'C S be a halfline that starts in (a,b). One has a morphism
ks — kp and R/L!]{?T ~ k{tzm—b}-
One can conclude since Ruks ~ Rk, in fact

Rumks\r — Runks — Rukr RN
is a distinguished triangle and Riukg\r = 0. ]
Theorem 2.11. Using Notations 2.8, one has

Sol% (&

U|X) ~ [E¥.
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2.4 Riemann-Hilbert correspondence

Theorem 2.12. The enhanced solution functor induces a fully
faithful functor

Sol¥ : D! (Dx)? — E%_(ICx).

Morever, there is a functorial way of reconstructing M € D% (Dx)

from SolZ(M).
Denote by 7 : U — X the embedding.

Lemma 2.13. Let M € D% (Dx) be such that M =~ M(xD).
Assume that X is compact. Then there exists F € Eg_ (ky) such
that Rjy/F € B _(kx) and

SolZ(M) ~ kE © QR F

Proof. Set S = Sol%(M). Since M is holonomic, S is R-constructible.

~ -
Since X is compact, there exists F' € Eb_(kx) with S ~ k¥ ®
QF'. Since M ~ M(xD), one has

Sy @S~ kE®Q(r ky ® F).

Hence F = j~'F' satisfies the assumptions in the statement. [J






Chapter 3

Fourier transform

Originally, the Fourier transform was introduced as an integral
transform with kernel associated to e~ *%) where z is a system of
coordinates in a complex vector space and w a system of coordi-
nates in the dual vector space. Hence, if we want to generalize the
classical definition at level of D-modules and of enhanced sheaves,
first of all we have to define an analogue of the integral transform.

For this chapter, we use the same notations introduced in [1].

3.1 Integral transforms

Consider a diagram of complex manifolds

XySYY.

At the level of D-modules, the integral transform with kernel £ €
D’(Dg) is the functor

(3.1)

.6 L : D"(Dx) — D'(Dy)
D
M s M6 L = Dg.(L & Dp*M).

41
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At the level of enhanced ind-sheaves, the integral transform with
kernel H € E*(Ikg) is the functor

S H : E(Iky) — E'(Iky)
+ + 1
KHKOHZEQH(H@E]? K)
By the isomorphisms in Theorem 2.7, one has

Corollary 3.1. Let M € Dz_hol(DX) and L € Dg_hol(DS). As-

sume that p~Lsupp(M) N supp(L) is proper over Y. Set K =
SolE (M) and H = Solk(L). Then there is a natural isomor-
phism in By (Iky):

SolE(M 6 L) ~ K & H[ds — dy].

Consider now the diagram of real analytic manifolds induced

by (3.1)

X xR Y xR,

where p = p X tdr and ¢ = q X idR.
The natural integral transform for R-constructible enhanced sheaves
with kernel L € E}__(kg) is the functor

oL : By (kx) — Eb_ (ky)
F FSL=Ra(Loj 'F).

Proposition 3.2. Let M € D', (Dx), L € D, ,(Ds), and

assume that p~tsupp(M) N supp(L) is proper over Y. Let F €
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EY_ (kx), L € Eb_(ks), and assume that there are isomorphisms

SolZ (M) ~ kX é QF,

. (3.2)
SolE(L) ~kf @ QL.

Then there is a natural isomorphism in Eb_ (Iky):

SolE(M O L) ~ kE & Q(F 5 L)[ds — dy).

Note that if X and S are compact, then for any M € D! (D,)

and £ € DY (Ds) there exist F € Eb_ (kx) and L € Eb_ (ks)
satisfying (3.2).

3.2 Fourier-Laplace transform

Let V be a complex vector space with finite dimension dy, and
let P = (Ve R)\ {0})/RT be its projective compactification.
Denote 7 : V — P the embedding and H = P\ V.

Recall that the classical Fourier transform interchanges objects in
V with objects in the dual space V*.

Definition 3.3. Let D? (Dy_) be the full subcategory of DY (Dp)
whose objects M satisfy M ~ M (xH).

The pairing
VxV'—C
(2, w) = (2, w)

defines a meromorphic function on P x P*, where P* is the pro-
jective compactification of the dual vector space of V, and it has
poles along (P x P*) \ (V x V¥).



44 Fourier transform

Let Vo = (V,P) and Vi = (V* P*). Consider the projections

Voo X VI
Voo Ve
Definition 3.4. Set
L=k Lo=gl)
T YUV Vo x V0 TP VEXV|VE XV

The Fourier-Laplace transform of N' € D) (Dy: ) is given by

NN=NS L€ Db (Dy.).

The inverse Fourier-Laplace transform of M € D% (Dy_) is
given by

MY = M5 L e Dl (Dy.).

Theorem 3.5. The Fourier-Laplace transform " and the inverse

Fourier-Laplace transform ¥ are quasi-inverse of each other, and

interchange DY ,(Dy_) and D} ,(Dy ).

3.3 Enhanced Fourier-Sato transform

Definition 3.6. Define EY_ (ky_) to be the full triangulated sub-
category of Eb_ (ky) whose objects F satisfy RjiF € Eb_.(kp).

Consider the projections
VxV*xR

R N

VxR \Y VxR
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Definition 3.7. Using Notation 2.8, set
L=E%" and L* = B~

The enhanced Fourier-Sato transform of G € EI%_C(IW;O) is
given by
G* = Go Ldy] € Eb (kv.).

The enhanced inverse Fourier-Sato transform of F € Eb_ (ky_)
is given by
FY = Fo Lldy] € B (kv:).

Proposition 3.8. The enhanced Fourier-Sato transform * and

the enhanced inverse Fourier-Sato transform ¥ are quasi-inverse
of each other, and they interchange E}_(ky_) and Ef_.(kv- ),
since p and q are semiproper.

Using the Definitions 3.7 and let € as in (1.4).
Denote by u : V x V* = V x V. the embedding.

Lemma 3.9. For F' € D}_.(ky_) one has
e(F')" ~ RG(L@p ' F'),
Z,W + -
SOlgOOXV;O (E) - ]E’é/x&ﬂvooxv;o &~ k{}:‘ooXV*oo @ QRUIL

Lemma 3.10. Denote by h : Vj‘ — V7 the embedding.
Let M € Db (Dy_) and F € E}_(ky_.) satisfy

Solf (M)~ k& QRjF. (3.3)

Then, there is an isomorphism

Sollh. (M") = ki@ QRInF*[dy).
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An analogous result holds for A and A replaced by V and Y,
respectively.
Note that the hypothesis (3.3) is not too restrictive, since for any
M € D! (Dy_) there is an F € Eb_.(ky_) satistying it, by
Lemma 2.13.



Chapter 4

The Stokes phenomenon of the
Ailry equation

4.1 The Airy equation

Let z be the coordinate of a complex line V, and w the dual
coordinate on V*.

The Awry equation on V* is

Qv = 0, where Q = 0% — w. (4.1)

4.1.1 Solution by integral representation

We will find solutions of (4.1) in the form
P(w) = /f(z)e_zwdz, (4.2)
2l

where f(z) is an unknown function and + is a path to be deter-
mined.
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Note that integrating by parts, one has:

Je "
. — gy — d
wa(z)e 2 Af(z) 5,

_ L (a(f Be ) f’(z)e_zw> az

= f(2)e |, — / F(2)e "dz,

v

where we set g(2)|, = g(b) — g(a), with a and b the endpoints of
the path ~.

So, substituting (4.2) in the Airy equation and differentiating un-
der the integral sign, we obtain:

P —wp = Lfo(z)e_zwdz — Awf(z)e_zwdz
= f(z)e ™|, + / (ZQf(Z) — f(2)) e *dz = 0.

ol
First of all, f(z) can be chosen such that

23

2f(2) = f(2) =0, le f(z)=ceT,

where c is a constant. For simplicity, let ¢ = 1.
So, we have

D(w) = /7 exp (%3 - zw) dz. (4.3)

[t remains to choose v such that
23
f(2)e™ ™|y = e37], = 0.

Clearly this is satisfied if 7y is a closed curve, but this choice gives
the trivial solution of (4.1), ¥ (w) = 0.
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23
So, since es *Y #£ (0 for any value of z, the only other pos-
sible choice of ~ is a path that begins and ends in sectors of

23 . . .
z = oo for which €37 — 0 as z — oo. This is equivalent
3
to%(%—zw) — 0 as z = 0.

Now, for large z, %3 — 2w =~ 2. So, setting z = |z]e?, one has
R(23) = |2]> cos(30). Then, to have the right convergence, v has

to begin and end in sectors of |z| = oo for which

“ 5 : <f<Z 2 € Z

5 T3 5 T3nm n€l.
There are three of such sectors (modulo 27) defined by the choice
of n =0,1,2: call them 1y, v; and 15 respectively.

Denote by «y; the path that begins in v; and ends in v, where
j is thought modulo 3.
Notice that the sum of vy + 1 + 72 is homologous to zero, hence
the three corresponding solutions sum to zero.

100 F
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4.1.2 Morse theory

We now follow [10] for a while to find explicitly the integration
cycles.

By an appropriate change of variables, all solutions to (4.1)
have the form

o) = [ exp(@)ds, (4.4)
C
where 7 = A (%3 — x), and C is the integration cycle correspond-
ing to .
Proof. Using first of all the ramification

r:C, — C,
2

v w =07,

and then the isomorphism

~ Z = v
C, xC; +— C, x C;, defined by { :
V="
we obtain:
3 3 3..3 3
z z
——zw:——mﬂ:ﬁ—xv?’:v?’ x——x )
3 3 3 3

Finally setting A = v, we have exactly the exponent Z in (4.4).
[l

Let X be the complex x-plane and u € R, denote X, the part
of X where the points are such that R(Z) < u, fixed A\. Then C
is contained in X \ X_p, with T" very large (i.e. it is contained in
the coloured region of Figure (4.1)).
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Figure 4.1: X\ X r={x € X: T+ R(Z) >0}

Moreover, it can be seen that, if C; corresponds to v; for j =
0,1, 2, they are such that C; + Cy + Cs is the boundary of an inner
region, so it’s zero at level of homology. In other words, they are

linearly dependent.

Definition 4.1. The critical points of a function are the points

at which all first derivatives vanish.

A critical point is non-degenerate if the matrix of second deriva-

tives is invertible at that point.

A Morse function is a real-valued function whose critical points

are non-degenerate.

Let f = f(x) = f(a+1b) = u(a, b) +iv(a,b) be a holomorphic

function. By the Cauchy-Riemann equations:
Ug = Uy Ugq = Vab = —Upp
=
{Ub = —Uq {uab = Upp = —Vqaa
Recall that 9, = % (Oy — 10y). Then one has

/=
f// —

((ug + o) + 1(vg — up)) = ugq — tup

N =D =

((Uaa — upb) + 1(Uah + Uagh)) = Uaq — PUgp-

(4.5)
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First of all, f/ = 0 if and only if du = 0. It means that the real
part of an holomorphic function has the same critical points of
the function. Moreover, one has

det(Hess(u)) = ugaup, — u2, = —(u?, + u?,) = —|f"|. (4.6)

So, a point is non-degenerate if 0 # det(Hess(u)), that is equiv-
alent to f” # 0.

Consider h = R(Z). Since Z is a holomorphic function, h has
the same critical points of Z:

0L

ox
So there are two critical points p4 at x = +1, and the values of
7 and h at them are respectively

=Mz -1)=0 & z ==+l

2 2
1, = :Fg)\, hy = :Fgg%()\)-

Moreover,
0’1
axQ |pﬁ:
so the critical points are non-degenerate.
Then h is a Morse function.

— 2\z],, = 2\ £0,

Definition 4.2. The index of a non-degenerate critical point is
the number of negative eigenvalues of the matrix of second deriva-
tives at that point.

In other words, it’s the number of directions in which the consid-
ered Morse function decreases.

If f(z) = f(a+ib) = u(a,b)+iv(a,b) is a holomorphic function
and ¢ is a critical point, then it has index 1 by (4.6).
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Moreover, one has
u(z) — u(xo) = R(f(x) — f(x0))
— R (%f”(mo)(a: —20)* + o((z — 330)2))

1 " 2
~ SR () (@ = 20)?)

since we are only interested in a neighborhood of x.

If f"(xg) = re™ and x — 29 = pe, then the quantity above
is equal to 1rp?cos(n + 26). When cos(n + 20) = =£1, one has
the directions of the positive and negative eigenspace of Hess(u)
respectively. These are given by

9=9+:—g—|—k7r, keZ, or

now
0=0_=——+4+—+km keZ.
2—|—2+ m, k€

So, the positive and the negative eigenspaces of Hess(u) are
Re™ = R (£f"(z0)) /2.

In our case, Z"”(py+) = £2X. So there is only one negative
eigenspace of Hess(h) for p+, then they both have index 1.

Notice that both the degeneracy and the index of a critical
point are independent from the choice of the local coordinate sys-
tem used. So the above computation makes sense.

Definition 4.3. u is a perfect Morse function if the difference

between the indices of distinct critical points of v are never equal
to 1.

In general, if u is a Morse function on a manifold X, the rank
of the ¢g-dimensional homology group of X is at most the number
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of the critical points of u with index ¢q. Moreover, these upper
bounds are reached if u is a perfect Morse function.

In our case, it is easily seen that h is a perfect Morse function.
If T is very large, then the first homology group of X \ X_7 has
rank 2 while the others homology groups vanish. This is why the
cycles C;, © = 1,2, 3 are linearly dependent.

Morse theory gives also a recipe to construct the generators of
the homology. On any manifold X with real coordinates ~*, we
can pick a Riemannian metric ¢”/. The gradient flow equation is

' 0u

a7 oy

It’s also called downward flow since u is strictly decreasing along

(4.7)

a flow, except for a constant solution that sits at a critical point
) 2

for every t. Indeed: % = 3", g;ﬁ- 8(% =—>. (gﬁ) <0.

A non-constant flow can reach a critical point of u only at t = o0,

in fact if at some t, the flow reaches a critical point, then it has

to be constant, by the flow equation.

Let p be a non-degenerate critical point of u, consider (4.7)
on (—oo, 0] with the boundary condition that ~'(t) approaches p
for ¢ —+ —oo. If p has index £, the space of solutions 7, is a
k-dimensional manifold, since the only possible directions for the
flow starting from p are the ones for which u decreases. Since
(4.7) is first order in time, a flow is uniquely determined by its
value at ¢ = 0, so J}, can be thinked as a submanifold of X by the
embedding

T — X
7' (t) = 7' (0)
equivalently 7, can be thought as the submanifold of X consisting
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of points that can be reached at every ¢ by a flow that start at p
at t = —o0.

J, define a cycle in Hy (X, X_p; Z)ifit’s closed, i.e. any sequence
of points in J), has a subsequence that either converges or tends
to u = —oo. This fails only if there exists a complete flow line [
(defined in R U {#£oo} ) which starts at p at t = —oo and ends
at another critical point ¢ at t = +o00, in fact in this case [ C 7,
and a sequence of points in [ can converge to g ¢ J,.

In our case, we can use the Kahler metric ds? = |dz|?, so the
flow equation becomes

or _ 0T

ot~ 0x

aE 9
ot Ox

3(Z) is conserved along every flow, indeed

O3T) _ 0 (1, 2\ _1(0T0r 0T0r
ot Ot \ 2 21\ 9z Ot 0T Ot

by (4.8). Recall that the value of Z at the critical points of h is

?

L=%2) = S(L) =730\,

So I(Z4) = (Z-) if and only if the imaginary part of \ is zero,
that is A is real. Hence, a flow can connect p, and p_ only if A
is real. Conversely, if A € R, the part of the real axis (—1,1) is a
flow that connect the two critical points. Since we consider A\ # 0,
I(A) = 0 counsists of two open rays, called Stokes rays.

In conclusion: away from the Stokes rays, a downward flow
that starts at one critical point cannot end at the other, instead
it always flow to h = —o0. Since p+ have index 1, we can attach

to them J,, = J+, that are 1-dimensional manifolds.
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In any case, if A\ # 0, then Z, # Z_. So, on a Stokes ray it has
to be R(Z,) = hy # h_ = R(Z_). Indeed, if R(A) > 0 then
hy < h_, and if R(A\) <0 then h_ < h.

Explicitly computation

Since (Z) is conserved along a flow, then J; and J_ are respec-
tively contained in the graph of

I(I) = $(L.) = 7530V,

Given py = +1, the critical points of Z(z) = A (%d — :J::), set
¢ = x — p4 as the local coordinate. Then,

T(x) - T(ps) = 5E°6 +3).

Set A = re™, & = pe™. We saw that our cycles J4 are contained
in §(Z) = ¥(Z4), that is equivalent to:

0=S(Z(x)) — S(Z(ps)) = S(Z(z) — I(p+))
2
_ TP i(3041) i(20+n)
3 R (pe + 3e )
2
:%%Qmm@ﬁ+nﬁahm@ﬁ+m%
So,
B . sin(20 4 n)
p=r) = $35111(319 +n)

Then its slopes at py is given by p = 0, i.e.

n s
9o=—24nt hez
0 9 27 € 3
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and slopes at oo is given by p = o0, i.e.

n ™
Voo = ——+ k=, keZ,
3 3
unless one has the case %, 1.e.

n=0Bh—-2k)r 3JhkeZ <& neln.

So we have an explicit parametric computation of the graphs
that contain our cycles, that is given by:

v =ps+E&=pr+p)e”, 9 elo,2n]

These are shown in Figure 4.2.

As we can see, the equations found describe different branches

in the complex z-plane X and we can’t take all of them into
account. There are two possible choices: following Witten’s argu-
ment as in [10], one can choose the steepest descent curves, i.e.
those along which h decreases. In this way, we can find the gen-
erators of the relative homology H1(X, X _7;7Z).
But we make a different choice, since we are interesting in the com-
pact support cohomology, that is described by Borel-Moore cycles.
We will see why in the following section, precisely in (4.11), when
we will talk about enhanced Fourier-Sato transform.

So we choose the steepest ascent curves. In this way if the criti-
cal point belongs to the region t+h(z) > 0, also its corresponding
cycles is contained in it.

Making a choice rather than the other means choosing the
range of the parameter 9 in the above computation.

Since Voo = (—n + k7)/3, k € Z, the range for one of the curve
should be

—n+kr —n+(k+1)m
3 7 3

Y€ Ry = , fixed k € Z.
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Figure 4.2: The green graph represents (Z) = $(Z,) and the blue one
represents $(Z) = J(Z_); the red points are pL and the gray region is the
one described by t + h(x) > 0 (in this case with ¢ very large). The five
different images show what happens to the graphs at the varying of A, more
precisely as its argument n grows.
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In this way we are sure that we have pick up a whole cycle (from
o0 to oo) and that it passes through the critical point, in fact
Vo= (—n+ km)/2 € Ry.

Figure 4.3: The green curves represents the growing of the graph that con-
tains J,, the blue one represents the growing of the graph that contains J_
and the gray one represents h at infinity.

To choose the right k, let’s look at Figure 4.3: we need the
coloured curves to have, near the asymptotes, the same sign as
the gray one, which represents h at infinity. So for the curve that
pass through p, we pick k = 2, instead for the one that pass
through p_ we pick £ = 1.

So fixed ¥ € Ry for the parametric computation of 7, and
¥ € Ry for J_, we finally obtain the cycles that we can see in
Figure 4.4.

Here we can clearly notice that when X\ approaches the Stokes
rays (the first and the last images), J. approaches p.
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Figure 4.4: The green cycle is J, while the blue one is J_. The various
images of this figure represent what happens when A\ varies. The gray region
is the one described by t + h(z) > 0, with ¢ very large.
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Crossing a Stokes ray

j—/

Figure 4.5: Chosen an appropriate orientation for the cycles, this figure il-
lustrates their behavior in crossing a Stokes ray

As we approach a Stokes ray, denote ¢ and ¢’ the critical points

with, respectively, larger and smaller value of h. After choosing
an appropriate orientation for the cycles attached to the critical
points, denote them J and J'.
Since ¢’ is the critical point with smaller value of h, the downward
trajectories that starts at ¢’ can only flow to h = —o0, so even
if J' crosses a Stokes ray, nothing happens. Instead, exists a
trajectory that starts at ¢ and flow down to ¢/, as depicted in
Figure 4.5(b), so J jumps in crossing a Stokes ray:

J—J+T,

where the sign depends on the orientation of the two cycles and
the direction in which A crosses it. In other words, the passage is

described by
J 1 +1 J
7)>6 @) e

In (a) and (c) of Figure 4.5, are represented the cycles "before"
and "after" the jump, with a fixed choice of orientation for them.
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So we can see that going from (a) to (c) (passing through (b)) we

have j = J — J'. Then the transformation matrix is ((1) _11>

Viceversa, i.e. crossing the Stokes ray in the opposite direction,

Wehavej:j+j’, SO (é 1)

4.2 The Stokes phenomenon

The solutions 1(w) of the Airy equation (4.1) are asymptotic for
large value of |w| to a linear combination of

1 2 3
V4 = w 4exp <:I:§w2> : (4.10)
that are multivalued functions of the complex variable w with a
branch point at w = 0.

The Airy function Ai(w) is an entire solution of (4.1). Therefore,
as we go once around the branch point, it will return to its original
value, but v, and v_ will not. Indeed, in the exponential factors
of (4.10), it appears the square root of a complex number. So, we
need to pick up a determination of it in order to make sense to
the definition of v4. This choice gives a ramification, i.e. if we go
once around the branch point we do not return to the same value,
but if we go around twice, we do.

This means that the asymptotic behavior of the function is not
the same in the whole complex plane: this is the basic Stokes phe-
nomenon.

In fact, we can see that if the sign of i (%w§> changes, the expo-

nential factors in (4.10) either increase to 400 or decrease to 0.
So, there is a change of the asymptotic behavior when w crosses
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the lines (called Stokes lines) defined by R (%wg) =0, i.e. when

the argument of w is equal to § + 2nm,n € Z.

Figure 4.6: In this figure the dotted line represents «, the argument of w,

and the curve around it is the one defined by cos(3a).

Stokes studied his phenomenon in the Airy case in |9]. Here we
find Figure 4.6, that gives us a clear view of what we just said.
In fact, the dotted circle represents @ = arg(w) and it alone is
supposed to vary (i.e. |w| is fixed). The curve instead is the one
defined by cos (%a), that describes

2 2 3
R(Zw?) = Z|wf?cos [ =a ) .
3 3 2

So, the ramification that we were talking about can be seen fol-
lowing the curve, since it needs two complete revolutions to return
to itself.

Moreover, if we cover the figure with successive circular sectors
in which we take into account the part outside the curve, then
if we going twice aroud it turns out that the central region was
never considered, the regions bounded by the different branches
of the curve were considered once and the external region twice.
This explains how in the next section we choose to study the sheaf
which is locally constant along this stratification.
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4.2.1 Level of R-constructible enhanced sheaves

The idea now is to translate the asymptotic informations given by
(4.10) at level of R-constructible enhanced sheaves.

Let ¢ (w) = ﬂ:%w% and denote by a the argument of w.
We want to study E¥+ @ EY-. The stalk of this sheaf changes at
the change of t € R and o = arg(w):

o if exists n € Z such that a + 2n7 € {m, £3} (i.e. if we are
on a Stokes line), then (¢, ) = R(¢_). So:

C* ift+R(Yy) > 0;
Uiy BY-) = ’ v
(E oL )(w,t) - {0 , otherwise ;

o if o +2nm ¢ {m,£3},Vn € Z, then N(zp;) # R(P_). So:

(i) if 2+ 30T < o < T+3nm, n € Z, then R(¢y) > R(y-)
and we have
0 Lift<—R);
(B @EY),,=3C . if —R(p) <t<—R(py);
C? | ift > —R(y);

(i) if —% + %mr <a< g+ %mr, n € Z, then R(Y,) >
R(y_) and we have

(B @), =1C . if =R(s) <t < -R(w-):
C? Lift > —R(yp).

Notice that the rank of (Ezﬁ+ &) Ew*)(w ;) can be seen also by

Figure 4.7, indeed if o = arg(w) is fixed, there are three cases: if
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Figure 4.7: Graphics of () and R(¢)_)

we are below both the graphics it is zero, if we are between them
it is 1 (i.e. the stalk is C) and if we are above both of them it is
2 (i.e. the stalk is C?).

Define ¢, := —R(¢y) and t_ := —R(¢_). When w is fixed,
these are well defined real numbers, and notice that the sheaf that
we are considering can be rewritten as

E’¢+ &b E¢— = C{tzt.,.} I C{tzt_}'

In this way we can easily see that the rank of (Ew+ &) Ezﬁ*)(w )’
if we are not on a Stokes line, change exactly when ¢ = ¢, and
t=1t_.

4.2.2 The enhanced Fourier-Sato transform

Recall that the classical Fourier-Laplace transform of a function
f:R — Cis given by
£ 1 —zw
- dz,
) = gz [ e e
with v an appropriate path. So, by (4.3), we see that Ai(w) is
exactly the transform of exp(2?/3).
Recall also that in the previous chapter we defined the en-
hanced Fourier-Sato transform as an analogue of the above trans-
form for R-constructible enhanced sheaves.
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In this case we are working with a one-dimensional complex vector
space V with complex coordinate z, and its dual V* with complex
coordinate w.

So using the same notations as in Definition 3.7, for F € E%_.(Cy_)
one has

P = Rg (B &5 F) 1],

where ® denotes the convolution functor, p: VX V* xR — V xR
and ¢ : VxV* xR — V* x R denote the projections, and where,
for ¢ a meromorphic function, one sets

E" = Cipn(u()=0)-

As we just saw, the Airy function is the transform of e¥(®),
with ¢(z) = 23/3, so we want to study the enhanced Fourier-Sato
transform of F' = E¥:

* .3
F* = R (E‘Z“’ ® ﬁ_lE‘p> 1] ~ RG(Es =)[1].
In fact, let (2, w) = ¢(z). By Lemma 2.9, one has p~1E¥ ~ E?.
* i _ .3
Moreover, the convolution E~*% @ E¥Y ~ E~*WT¢ = F~*W*% by

Lemma 2.10.
So, the stalk of F* at (w,t) € C x R is

(F)\)(w,t) = RFC ((j_l(w, t)’ E%_Zwlql(w’t)) [1]

= I, (C. x {w} x {1} foxal

sz{w}x{t}> [1].
(4.11)

Therefore we are interested in the compact support first ho-
mology group of the region S = {t + R (%3 — zw) > 0}.
Fixed w € C, at the change of ¢ € R one has S as in Figure 4.8.
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So the homology group that we are studying vanishes in the first
case, has rank one in the second case and has rank 2 in the last
one.

Figure 4.8: The region defined by t + R (% — zw) > 0 in the complex z-
plane, fixed w and increasing t.

4.2.3 Conclusions

Recall that if S is a subanalytic subset of the complex vector space
V, its Borel-Moore homology groups are defined by

HPM(S:C) = H*RI'(S; ws),

where k € Z and wg is the dualizing complex of S.
So,if S={z:t+ R <%3 — zw) > 0} as in the previous sections,

by Poincaré duality one has
HPM(S) = HY(85Co)".

This is exactly what we need to compute the homology of (4.11)
of the previous section.

Recall that, using Morse theory, we were able to find the cycles
J+ and J_, that pass through the critical points p, and p_ of
7T, respectively. Reversing the change of variables used to obtain
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(4.4), we have T = %3 — zw and py = +w'/?.
J+ were constructed to be those along which we have steepest
ascent of h = R(Z). Since S is defined by t + h(z) > 0, if pp. € S
then also the whole corresponding cycle is contained in the region.
This makes them Borel-Moore cycles, hence they are the genera-
tors of the dual of the compact support homology in (4.11).

The change of its rank is when ¢t = ¢, and ¢t = t_. In fact,

p+=w%€S,ift2t,,and
p_=—wi S, ift>t,.

Suppose now that w is fixed and ¢, < t_ (the opposite case is
analogous). One has

(a) if t < t, neither of the cycles are contained in S, so

rank ((F*)(w’t)) = rank ((Ew+ D Ew)(w’t)) =0;

(b) ift, <t<t_,only J-CS,so

rank ((F)‘)(w’t)) = rank ((Ed’+ D E¢‘)<w t)) = 1;
(c) if t > t_, both J; and J_ are contained in S, so

rank ((F™) () = rank ((Ew+ S> Ew)(w’t)) =2.

Since we can do the same computation that we did before to
find explicit parametric equations for J,., we can draw the cycles
in the complex z-plane. In this way we can have a clear view of
what we just described by looking at Figure 4.9. Here is shown
the case t; < t_, as above, so the three images represent the cases
(a), (b) and (c) respectively.
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Figure 4.9: Here are represented the cycles J, (the green one) and J_ (the
blue one), and their position with respect to the region S (the coloured one).
This is the case when ¢, < t_, and the three figures show what happens
when ¢ is respectively ¢t <t,,t, <t <t_andt>1t_.

Recall that the Stokes lines are defined by R (%w?’/?) = 0.
Let [; be the Stokes lines cyclically ordered and let .S; be the sector
bounded by [;_1 and ;.
The discussion we have done so far in this chapter leads us to
conclude that

Jes S, xR (E‘?/Ur o EQ/L)

S:xR; (4.12)

for every sector S;.
Moreover, one knows that (4.12) extends to W; = S; U l; U Si41.
We just saw that the homology that defines F'* is generated by
the cycles denoted by Ji, and recall that in (4.9) we computed
the transformation matrices that describe what happens to our
generator cycles when we cross a Stokes line. In other words,
these transforms explain how to pass from an isomorphism to the
other in W; N W, ;.
In conclusion, we are sure that we can reconstruct the sheaf
F* completely from EY+ @ EY-.
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