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�V�W�D�W�L�F�DSRs �H �X�Q�D �G�L�Q�D�P�L�F�DSRd��

SR(t) = SRs(t) + SRd(t) ����������

�6�L �L�Q�G�L�F�D �F�R�QY ���S�P�R�O���/���P�L�Q�� �O�D �I�R�U�Q�L�W�X�U�D �G�L �Q�X�R�Y�D �L�Q�V�X�O�L�Q�D �V�L�Q�W�H�W�L�]�]�D�W�D �Q�H�O�O�H �F�H�O�O�X�O�H� ��
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SRs(t) = Y(t) ����������

Y_(t) = � � f Y(t) � [SRb + � � (G(t) � h)]g Y(0) = 0 ����������
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SRd(t) =

8
<

:
K � G_(t) if G_(t) > 0

0 if G_(t) � 0
����������
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�U�L�P�D�Q�H �V�W�D�E�L�O�H �R �G�L�P�L�Q�X�L�V�F�H�� �L�O �U�L�O�D�V�F�L�R �G�L�Q�D�P�L�F�R �Q�R�Q �V�L �Y�H�U�L�I�L�F�D��

�'�D�O �P�R�G�H�O�O�R �L�Q�R�O�W�U�H�� �q �S�R�V�V�L�E�L�O�H �V�W�L�P�D�U�H �W�U�H �L�Q�G�L�F�L �U�H�O�D�W�L�Y�L �D�O�O�D �V�H�Q�V�L�E�L�O�L�W�j �S�D�Q�F�U�H�D�W�L�F�D �D�O �J�O�X�F�R�V�L�R��

�,�O �S�D�U�D�P�H�W�U�R� s�� �F�K�H �U�D�S�S�U�H�V�H�Q�W�D �L�O �F�R�Q�W�U�R�O�O�R �V�W�D�W�L�F�R�� �U�H�J�R�O�D �O�D �V�H�F�U�H�]�L�R�Q�H �G�L �L�Q�V�X�O�L�Q�D �L�Q �U�L�V�S�R�V�W�D �D�O

�O�L�Y�H�O�O�R �G�L �J�O�X�F�R�V�L�R �H�G �H�T�X�L�Y�D�O�H �D�O �J�X�D�G�D�J�Q�R �G�H�O �V�L�V�W�H�P�D� �� �$�O�O�R �V�W�H�V�V�R �P�R�G�R�� �L�O �F�R�Q�W�U�R�O�O�R �G�L�Q�D�P�L�F�R

� d �G�H�V�F�U�L�Y�H �O�D �Y�H�O�R�F�L�W�j �G�L �Y�D�U�L�D�]�L�R�Q�H �G�H�O �J�O�X�F�R�V�L�R�� �F�R�U�U�L�V�S�R�Q�G�H�Q�G�R �D�O �S�D�U�D�P�H�W�U�RK �� �,�Q�I�L�Q�H��� b �q �O�¶�L�Q��

�G�L�F�H �G�L �U�H�V�S�R�Q�V�L�Y�L�W�j� ���F�H�O�O�X�O�D�U�H �E�D�V�D�O�H�� �R�V�V�L�D �L�O �U�D�S�S�R�U�W�R �W�U�D �O�D �V�H�F�U�H�]�L�R�Q�H �E�D�V�D�O�H �H �O�D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�H

�E�D�V�D�O�H �G�L �J�O�X�F�R�V�L�R��

���������� �&�L�Q�H�W�L�F�D �G�H�O �&���S�H�S�W�L�G�H

�3�H�U �T�X�D�Q�W�R �U�L�J�X�D�U�G�D �O�D �F�L�Q�H�W�L�F�D �G�H�O �&���S�H�S�W�L�G�H�� �H�V�V�D �q �G�H�V�F�U�L�W�W�D �G�D �X�Q �P�R�G�H�O�O�R �E�L���F�R�P�S�D�U�W�L�P�H�Q�W�D�O�H��

�F�K�H �F�R�P�S�U�H�Q�G�H��

�‡ �X�Q �F�R�P�S�D�U�W�L�P�H�Q�W�R �F�H�Q�W�U�D�O�H �D�F�F�H�V�V�L�E�L�O�H �F�K�H �U�D�S�S�U�H�V�H�Q�W�D �L�O �S�O�D�V�P�D �H �L �W�H�V�V�X�W�L �D �U�D�S�L�G�R �H�T�X�L�O�L��

�E�U�L�R�� �/�D �V�H�F�U�H�]�L�R�Q�H �S�D�Q�F�U�H�D�W�L�F�D �V�L �D�F�F�X�P�X�O�D �G�L�U�H�W�W�D�P�H�Q�W�H �L�Q �T�X�H�V�W�R �F�R�P�S�D�U�W�L�P�H�Q�W�R�� �G�D �F�X�L

�q �S�R�V�V�L�E�L�O�H �P�L�V�X�U�D�U�H �O�D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�H �S�O�D�V�P�D�W�L�F�D �G�H�O �&���S�H�S�W�L�G�H�� �Q�R�U�P�D�O�L�]�]�D�W�D �S�H�U �L�O �Y�R�O�X�P�H

�G�L �G�L�V�W�U�L�E�X�]�L�R�Q�H �G�H�O �F�R�P�S�D�U�W�L�P�H�Q�W�R��

�‡ �X�Q �F�R�P�S�D�U�W�L�P�H�Q�W�R �S�H�U�L�I�H�U�L�F�R �F�K�H �U�D�S�S�U�H�V�H�Q�W�D �L �W�H�V�V�X�W�L �D �O�H�Q�W�R �V�F�D�P�E�L�R �F�R�Q �L�O �S�O�D�V�P�D��

�G�H�V�F�U�L�Y�H�Q�G�R �O�D �G�L�V�W�U�L�E�X�]�L�R�Q�H �G�H�O �&���S�H�S�W�L�G�H �Q�H�L �W�H�V�V�X�W�L �S�H�U�L�I�H�U�L�F�L��

����



�0�D�W�H�P�D�W�L�F�D�P�H�Q�W�H�� �L�O �P�R�G�H�O�O�R �q �G�H�V�F�U�L�W�W�R �G�D�O�O�H �V�H�J�X�H�Q�W�L �H�T�X�D�]�L�R�Q�L��

8
<

:
CP_ 1(t) = � (k01 + k21) � CP1(t) + k12 � CP2(t) + SR(t) CP1(0) = CPb

CP_ 2(t) = k21 � CP1(t) � k12 � CP2(t) CP2(0) = CPb � k21
k12

����������

�G�R�Y�HCP1 �HCP2 �L�Q�G�L�F�D�Q�R�� �U�L�V�S�H�W�W�L�Y�D�P�H�Q�W�H�� �O�H �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�L �G�L �&���S�H�S�W�L�G�H �Q�H�O �S�U�L�P�R �H �Q�H�O �V�H��

�F�R�Q�G�R �F�R�P�S�D�U�W�L�P�H�Q�W�R�� �H�Q�W�U�D�P�E�H �H�V�S�U�H�V�V�H �L�Q ���S�P�R�O���/���� �, �S�D�U�D�P�H�W�U�Lk12 �Hk21 ���P�L�Q�í1�� �G�H�V�F�U�L�Y�R�Q�R

�L�O �W�D�V�V�R �G�L �V�F�D�P�E�L�R �W�U�D �L �G�X�H �F�R�P�S�D�U�W�L�P�H�Q�W�L�� �P�H�Q�W�U�Hk01 ���P�L�Q�í1�� �U�D�S�S�U�H�V�H�Q�W�D �L�O �W�D�V�V�R �G�L �F�O�H�D�U�D�Q�F�H

�P�H�W�D�E�R�O�L�F�D �I�U�D�]�L�R�Q�D�O�H �G�H�O �&���S�H�S�W�L�G�H�� �R�Y�Y�H�U�R �O�D �S�R�U�]�L�R�Q�H �G�L �&���S�H�S�W�L�G�H �F�K�H �Y�L�H�Q�H �H�O�L�P�L�Q�D�W�D �G�D�O�O�¶�R�U��

�J�D�Q�L�V�P�R��

�1�H�O �S�U�L�P�R �F�R�P�S�D�U�W�L�P�H�Q�W�R�� �O�D �V�H�F�U�H�]�L�R�Q�H �E�D�V�D�O�H �G�L �L�Q�V�X�O�L�Q�DSRb ���S�P�R�O���/���P�L�Q�� �S�X�z �H�V�V�H�U�H

�T�X�D�Q�W�L�I�L�F�D�W�D �F�R�P�H��

SRb = k01 � CPb ����������

�G�R�Y�HCPb ���S�P�R�O���/�� �L�Q�G�L�F�D �O�D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�H �E�D�V�D�O�H �G�L �&���S�H�S�W�L�G�H �Q�H�O �F�R�P�S�D�U�W�L�P�H�Q�W�R��

�3�H�U �V�W�L�P�D�U�H �L �S�D�U�D�P�H�W�U�L �F�L�Q�H�W�L�F�L �G�H�O �P�R�G�H�O�O�R�� �V�L �X�W�L�O�L�]�]�D �P�R�G�H�O�O�R �G�L �S�R�S�R�O�D�]�L�R�Q�H �S�U�R�S�R�V�W�R �G�D �9�D�Q

�&�D�X�W�H�U�� �6�L �W�U�D�W�W�D �G�L �X�Q �P�H�W�R�G�R �E�D�V�D�W�R �V�X �X�Q �P�R�G�H�O�O�R �P�D�W�H�P�D�W�L�F�R �F�K�H �F�O�D�V�V�L�I�L�F�D �J�O�L �L�Q�G�L�Y�L�G�X�L �L�Q

�E�D�V�H �D�O �O�R�U�R �J�U�X�S�S�R �P�H�W�D�E�R�O�L�F�R �G�L �D�S�S�D�U�W�H�Q�H�Q�]�D ���V�R�J�J�H�W�W�L �Q�R�U�P�R�S�H�V�R�� �R�E�H�V�L�� �G�L�D�E�H�W�L�F�L �Q�R�Q �L�Q�V�X�O�L�Q�R��

�G�L�S�H�Q�G�H�Q�W�H �1�,�'�'�0���� �,�Q �S�D�U�W�L�F�R�O�D�U�H�� �S�H�U�P�H�W�W�H �G�L �V�W�L�P�D�U�H �L �S�D�U�D�P�H�W�U�L �F�L�Q�H�W�L�F�Lk21��k12 �Hk01��

�,�O �S�U�L�P�R �S�D�V�V�D�J�J�L�R �F�R�Q�V�L�V�W�H �Q�H�O�O�¶�L�G�H�Q�W�L�I�L�F�D�U�H �O�D �F�D�W�H�J�R�U�L�D �G�H�O �V�R�J�J�H�W�W�R�� �S�R�L�F�K�p �T�X�H�V�W�D �V�X�G�G�L�Y�L�V�L�R��

�Q�H �q �I�R�Q�G�D�P�H�Q�W�D�O�H �S�H�U �O�¶�D�V�V�H�J�Q�D�]�L�R�Q�H �G�H�L �S�D�U�D�P�H�W�U�L�� �,�Q �T�X�H�V�W�D �I�D�V�H�� �V�L �G�H�W�H�U�P�L�Q�D �O�¶�H�P�L�Y�L�W�D �E�U�H�Y�H

(a) ���P�L�Q���� �R�Y�Y�H�U�R �L�O �W�H�P�S�R �Q�H�F�H�V�V�D�U�L�R �D�I�I�L�Q�F�K�p �O�D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�H �G�L �&���S�H�S�W�L�G�H �Q�H�O �F�R�P�S�D�U�W�L�P�H�Q�W�R

�F�H�Q�W�U�D�O�H �V�L �U�L�G�X�F�D �G�H�O�O�D �P�H�W�j �G�X�U�D�Q�W�H �O�D �I�D�V�H �L�Q�L�]�L�D�O�H �G�L �G�H�F�O�L�Q�R�� �H �O�D �I�U�D�]�L�R�Q�H(F ) ���D�G�L�P�H�Q�V�L�R�Q�D�O�H����

�F�K�H �U�D�S�S�U�H�V�H�Q�W�D �O�D �S�R�U�]�L�R�Q�H �G�L �&���S�H�S�W�L�G�H �V�R�J�J�H�W�W�D �D �X�Q�D �I�D�V�H �G�L �H�O�L�P�L�Q�D�]�L�R�Q�H �S�L�• �O�H�Q�W�D�� �, �Y�D�O�R�U�L �G�L

�U�L�I�H�U�L�P�H�Q�W�R �S�H�U �T�X�H�V�W�L �S�D�U�D�P�H�W�U�L �V�R�Q�R �U�L�S�R�U�W�D�W�L �Q�H�O�O�D �W�D�E�H�O�O�D ��������

�(�P�L�Y�L�W�D �E�U�H�Y�H ���D�� �)�U�D�]�L�R�Q�H ���)��

�P�L�Q �D�G�L�P

�1�R�U�P�D�O�H �������� ��������

�2�E�H�V�R �������� ��������

�1�,�'�'�0 �������� ��������

�7�D�E�H�O�O�D �������� �3�D�U�D�P�H�W�U�L �G�L �H�P�L�Y�L�W�D �E�U�H�Y�H �H �I�U�D�]�L�R�Q�H�� �V�H�F�R�Q�G�R �L�O �P�R�G�H�O�O�R �G�L �9�D�Q �&�D�X�W�H�U ���D�G�D�W�W�D�W�D �G�D
�>�����@����

����



�6�X�F�F�H�V�V�L�Y�D�P�H�Q�W�H�� �V�L �F�D�O�F�R�O�D �O�¶�H�P�L�Y�L�W�D �O�X�Q�J�D(b) ���P�L�Q���� �F�K�H �U�D�S�S�U�H�V�H�Q�W�D �L�O �W�H�P�S�R �Q�H�F�H�V�V�D�U�L�R �D�I��

�I�L�Q�F�K�p �O�D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�H �G�L �&���S�H�S�W�L�G�H �Q�H�O �F�R�P�S�D�U�W�L�P�H�Q�W�R �F�H�Q�W�U�D�O�H �V�L �U�L�G�X�F�D �G�H�O�O�D �P�H�W�j �G�X�U�D�Q�W�H �O�D

�I�D�V�H �W�D�U�G�L�Y�D �G�L �G�H�F�O�L�Q�R�� �4�X�H�V�W�R �S�D�U�D�P�H�W�U�R �G�L�S�H�Q�G�H �G�D�O�O�¶�H�W�j �G�H�O �S�D�]�L�H�Q�W�H ���H�V�S�U�H�V�V�D �L�Q �D�Q�Q�L���� �S�R�L�F�K�p

�S�X�z �L�Q�I�O�X�H�Q�]�D�U�H �F�D�P�E�L�D�P�H�Q�W�L �Q�H�O�O�D �F�O�H�D�U�D�Q�F�H �U�H�Q�D�O�H �R �H�S�D�W�L�F�D��

b= 0:14� (�H�W�j+ 29:2) ����������

�,�Q�I�L�Q�H�� �L �S�D�U�D�P�H�W�U�L �F�L�Q�H�W�L�F�L �Y�H�Q�J�R�Q�R �F�D�O�F�R�O�D�W�L �F�R�P�H��

k12 = F �
�O�Q(2)

b
+ (1 � F ) �

�O�Q(2)
a

����������

k01 =
�O�Q(2)

a
+

�O�Q(2)
b

k12
����������

k21 =
�O�Q(2)

a
+

�O�Q(2)
b

� k01 � k12 ������������

������ �0�R�G�H�O�O�R ���� �P�R�G�H�O�O�R �D �G�X�H �O�L�Y�H�O�O�L �G�H�O�O�D �U�H�V�S�R�Q�V�L�Y�L�W�j

� ���F�H�O�O�X�O�D�U�H

�,�O �P�R�G�H�O�O�R �F�R�Q�V�L�G�H�U�D�W�R �I�L�Q�R�U�D �q �L�G�H�D�O�H �S�H�U �T�X�D�Q�W�L�I�L�F�D�U�H �O�D �V�H�F�U�H�]�L�R�Q�H �G�L �L�Q�V�X�O�L�Q�D �T�X�D�Q�G�R �L�O �J�O�X�F�R�V�L�R

�V�X�S�H�U�D �O�D �V�R�J�O�L�DGb�� �7�X�W�W�D�Y�L�D�� �T�X�D�Q�G�R �L�O �O�L�Y�H�O�O�R �G�L �J�O�X�F�R�V�L�R �V�F�H�Q�G�H �D�O �G�L �V�R�W�W�R �G�L �T�X�H�V�W�R �Y�D�O�R�U�H�� �L�O �P�R��

�G�H�O�O�R �D�V�V�X�P�H �F�K�H �O�D �V�H�Q�V�L�E�L�O�L�W�j �G�H�O�O�H �F�H�O�O�X�O�H� �U�L�P�D�Q�J�D �L�Q�Y�D�U�L�D�W�D�� �4�X�H�V�W�R �S�R�W�U�H�E�E�H �F�R�P�S�U�R�P�H�W�W�H�U�H

�O�D �F�D�S�D�F�L�W�j �G�H�O �P�R�G�H�O�O�R �G�L �S�U�H�G�L�U�H �O�D �V�H�F�U�H�]�L�R�Q�H�� �S�R�L�F�K�p �Q�H�L �S�D�]�L�H�Q�W�L �V�R�W�W�R�S�R�V�W�L �D �E�\�S�D�V�V �J�D�V�W�U�L�F�R �L�O

�J�O�X�F�R�V�L�R �S�X�z �U�H�V�W�D�U�H �D�O �G�L �V�R�W�W�R �G�H�O �Y�D�O�R�U�H �E�D�V�D�O�H �S�H�U �X�Q �S�H�U�L�R�G�R �S�U�R�O�X�Q�J�D�W�R �D �F�D�X�V�D �G�H�O�O�D �3�+�+��

�3�H�U �V�X�S�H�U�D�U�H �T�X�H�V�W�D �O�L�P�L�W�D�]�L�R�Q�H�� �q �S�R�V�V�L�E�L�O�H �G�L�V�W�L�Q�J�X�H�U�H �G�X�H �U�H�J�L�P�L�� �X�Q�R �S�H�U �Y�D�O�R�U�L �G�L �J�O�X�F�R�V�L�R

�V�X�S�H�U�L�R�U�L �D�O �O�L�Y�H�O�O�R �E�D�V�D�O�H �H �X�Q�R �S�H�U �Y�D�O�R�U�L �L�Q�I�H�U�L�R�U�L�� �,�Q �T�X�H�V�W�R �P�R�G�R�� �O�D �V�H�Q�V�L�E�L�O�L�W�j �G�H�O�O�H �F�H�O�O�X�O�H

�S�D�Q�F�U�H�D�W�L�F�K�H �D�O�O�D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�H �G�L �J�O�X�F�R�V�L�R �Q�R�Q �q �F�R�Q�V�L�G�H�U�D�W�D �F�R�V�W�D�Q�W�H�� �P�D �Y�D�U�L�D �L�Q �E�D�V�H �D�O �U�H�J�L�P�H

�J�O�L�F�H�P�L�F�R�� �6�L �L�Q�W�U�R�G�X�F�R�Q�R �T�X�L�Q�G�L �G�X�H �S�D�U�D�P�H�W�U�L �G�L�I�I�H�U�H�Q�W�L��� 1 �T�X�D�Q�G�R �L�O �J�O�X�F�R�V�L�R �q �V�X�S�H�U�L�R�U�H �DGb

�H� 2 �T�X�D�Q�G�R �L�Q�Y�H�F�H �q �L�Q�I�H�U�L�R�U�H�� �F�R�P�H �P�R�V�W�U�D�W�R �L�Q �)�L�J�X�U�D ��������

�$ �V�H�F�R�Q�G�D �G�H�O�O�¶�L�Q�W�H�U�Y�D�O�O�R �J�O�L�F�H�P�L�F�R �F�R�Q�V�L�G�H�U�D�W�R�� �O�D �U�H�O�D�]�L�R�Q�H �q �P�R�G�X�O�D�W�D �G�D �G�X�H �J�X�D�G�D�J�Q�L �G�L�V�W�L�Q�W�L��

�S�H�U�P�H�W�W�H�Q�G�R �X�Q�D �G�H�V�F�U�L�]�L�R�Q�H �S�L�• �D�F�F�X�U�D�W�D �G�H�O�O�D �U�L�V�S�R�V�W�D �S�D�Q�F�U�H�D�W�L�F�D��

�/�D �V�H�F�U�H�]�L�R�Q�H �V�W�D�W�L�F�D �S�X�z �H�V�V�H�U�H �T�X�L�Q�G�L �F�D�O�F�R�O�D�W�D �F�R�P�H��

8
<

:
SRs

_ (t) = � � � f SRs(t) � [SRb + � 1�Â(G�íGb)]g G > G b

SRs
_ (t) = � � � f SRs(t) � [SRb + � 2�Â(G�íGb)]g G � Gb

������������

����



�)�L�J�X�U�D �������� �9�D�U�L�D�]�L�R�Q�H �G�H�O �S�D�U�D�P�H�W�U�R� �D �V�H�F�R�Q�G�D �G�H�O �O�L�Y�H�O�O�R �J�O�L�F�H�P�L�F�R��

�6�H �V�L �F�R�Q�V�L�G�H�U�D �O�D �V�H�F�U�H�]�L�R�Q�H �V�W�D�W�L�F�D�� �D �P�H�Q�R �G�H�O �U�L�W�D�U�G�R�� �O�D �F�X�U�Y�D �F�K�H �G�H�V�F�U�L�Y�H �O�D �V�H�F�U�H�]�L�R�Q�H

�L�Q �I�X�Q�]�L�R�Q�H �G�H�O�O�D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�H �G�L �J�O�X�F�R�V�L�R �S�U�H�V�H�Q�W�D �G�X�H �S�H�Q�G�H�Q�]�H �G�L�V�W�L�Q�W�H�� �F�L�D�V�F�X�Q�D �G�H�O�O�H �T�X�D�O�L

�T�X�D�Q�W�L�I�L�F�D �F�R�Q �P�D�J�J�L�R�U�H �S�U�H�F�L�V�L�R�Q�H �O�¶�L�Q�V�X�O�L�Q�D �U�L�O�D�V�F�L�D�W�D �Q�H�L �G�X�H �L�Q�W�H�U�Y�D�O�O�L �F�R�Q�V�L�G�H�U�D�W�L�� �,�Q �S�D�U�W�L�F�R�O�D�U�H��

�V�L �V�X�S�S�R�Q�H �F�K�H �T�X�D�Q�G�R �L�O �J�O�X�F�R�V�L�R �V�X�S�H�U�D �L�O �Y�D�O�R�U�H �E�D�V�D�O�H�� �V�L�D �Q�H�F�H�V�V�D�U�L�D �X�Q�D �P�D�J�J�L�R�U�H �V�H�F�U�H�]�L�R�Q�H

�G�L �L�Q�V�X�O�L�Q�D �S�H�U �F�R�Q�W�U�D�V�W�D�U�H �O�¶�H�F�F�H�V�V�R �G�L �]�X�F�F�K�H�U�L�� �J�L�X�V�W�L�I�L�F�D�Q�G�R �F�R�V�u �X�Q �J�X�D�G�D�J�Q�R �S�L�• �H�O�H�Y�D�W�R�� �$�O

�F�R�Q�W�U�D�U�L�R�� �S�H�U �Y�D�O�R�U�L �G�L �J�O�X�F�R�V�L�R �L�Q�I�H�U�L�R�U�L �D�O�O�D �V�R�J�O�L�D �E�D�V�D�O�H�� �O�D �U�L�F�K�L�H�V�W�D �G�L �L�Q�V�X�O�L�Q�D �q �P�L�Q�R�U�H �H �V�L

�D�V�V�X�P�H �F�K�H �O�D �V�H�Q�V�L�E�L�O�L�W�j �G�H�O�O�H �F�H�O�O�X�O�H� �V�L�D �U�L�G�R�W�W�D�� �G�H�W�H�U�P�L�Q�D�Q�G�R �X�Q�D �S�H�Q�G�H�Q�]�D �L�Q�I�H�U�L�R�U�H �G�H�O�O�D

�F�X�U�Y�D�� �4�X�H�V�W�R �F�R�P�S�R�U�W�D�P�H�Q�W�R �q �L�O�O�X�V�W�U�D�W�R �Q�H�O�O�D �)�L�J�X�U�D ��������

�)�L�J�X�U�D �������� �6�H�F�U�H�]�L�R�Q�H �V�W�D�W�L�F�D �G�L �L�Q�V�X�O�L�Q�D�� �D �P�H�Q�R �G�H�O �U�L�W�D�U�G�R�� �D�O �Y�D�U�L�D�U�H �G�H�O �J�O�X�F�R�V�L�R�� �F�R�Q �G�X�H
�S�H�Q�G�H�Q�]�H �G�L�I�I�H�U�H�Q�W�L��

������ �0�R�G�H�O�O�R ���� �P�R�G�H�O�O�R �+�L�O�O �G�H�O�O�D �U�H�V�S�R�Q�V�L�Y�L�W�j� ���F�H�O�O�X�O�D�U�H

�8�Q�D �S�R�V�V�L�E�L�O�H �V�W�U�D�W�H�J�L�D �S�H�U �D�I�I�L�Q�D�U�H �L�O �P�R�G�H�O�O�R �F�R�Q�V�L�V�W�H �Q�H�O �P�R�G�L�I�L�F�D�U�H �O�D �U�D�S�S�U�H�V�H�Q�W�D�]�L�R�Q�H �G�H�O�O�D

�U�H�V�S�R�Q�V�L�Y�L�W�j� ���F�H�O�O�X�O�D�U�H�� �L�Q �P�R�G�R �F�K�H �Q�R�Q �V�L�D �S�L�• �G�H�I�L�Q�L�W�D �G�D �X�Q�R �R �G�X�H �Y�D�O�R�U�L �F�R�V�W�D�Q�W�L�� �P�D �G�D �X�Q�D

����



�F�X�U�Y�D �F�R�Q�W�L�Q�X�D�� �H�O�L�P�L�Q�D�Q�G�R �F�R�V�u �O�D �G�L�V�F�R�Q�W�L�Q�X�L�W�j �L�Q �F�R�U�U�L�V�S�R�Q�G�H�Q�]�D �G�H�O�O�D �V�R�J�O�L�D �E�D�V�D�O�HGb��

�,�Q �S�D�U�W�L�F�R�O�D�U�H�� �T�X�H�V�W�R �Q�X�R�Y�R �D�S�S�U�R�F�F�L�R �V�L �E�D�V�D �V�X�O �0�R�G�H�O�O�R �� �H �S�U�R�S�R�Q�H �G�L �F�R�O�O�H�J�D�U�H �L �Y�D�O�R�U�L� 1 �H

� 2 �W�U�D�P�L�W�H �X�Q�D �W�U�D�Q�V�L�]�L�R�Q�H �S�U�R�J�U�H�V�V�L�Y�D�� �,�Q �T�X�H�V�W�R �P�R�G�R �V�L �V�X�S�S�R�Q�H �F�K�H �O�D �V�H�Q�V�L�E�L�O�L�W�j �G�H�O�O�H �F�H�O�O�X�O�H

� �Y�H�Q�J�D �U�D�S�S�U�H�V�H�Q�W�D�W�D �L�Q �P�R�G�R �S�L�• �D�F�F�X�U�D�W�R�� �S�R�L�F�K�p �Q�R�Q �q �S�L�• �D�V�V�R�F�L�D�W�D �D �X�Q�D �V�R�J�O�L�D �G�L �J�O�X�F�R�V�L�R

�F�K�H �F�D�X�V�D �X�Q �F�D�P�E�L�D�P�H�Q�W�R �E�U�X�V�F�R �Q�H�O�O�D �G�L�Q�D�P�L�F�D �V�H�F�U�H�W�R�U�L�D�� �$�O �F�R�Q�W�U�D�U�L�R�� �O�D �V�H�Q�V�L�E�L�O�L�W�j �Y�D�U�L�D �L�Q

�P�R�G�R �J�U�D�G�X�D�O�H�� �U�L�I�O�H�W�W�H�Q�G�R �X�Q�D �U�L�V�S�R�V�W�D �F�R�Q�W�L�Q�X�D �H �S�U�R�S�R�U�]�L�R�Q�D�O�H �D�O�O�D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�H �G�L �J�O�X�F�R�V�L�R��

�/�D �)�L�J�X�U�D ������ �P�R�V�W�U�D �L�O �F�R�P�S�R�U�W�D�P�H�Q�W�R �G�H�O �P�R�G�H�O�O�R �S�U�R�S�R�V�W�R��

�)�L�J�X�U�D �������� �(�V�H�P�S�L�R �G�L �Y�D�U�L�D�]�L�R�Q�H �F�R�Q�W�L�Q�X�D �G�H�O �S�D�U�D�P�H�W�U�R� �L�Q �I�X�Q�]�L�R�Q�H �G�H�O �O�L�Y�H�O�O�R �G�L �J�O�L�F�H�P�L�D��

�,�O �Q�X�R�Y�R �S�D�U�D�P�H�W�U�R� �F�R�Q�W�L�Q�X�R �V�H�J�X�H �O�¶�D�Q�G�D�P�H�Q�W�R �G�L �X�Q�D �V�L�J�P�R�L�G�H�� �G�H�O�L�P�L�W�D�W�D �G�D�L �G�X�H �Y�D�O�R�U�L� 1

�H� 2�� �F�K�H �U�D�S�S�U�H�V�H�Q�W�D�Q�R �U�L�V�S�H�W�W�L�Y�D�P�H�Q�W�H �O�D �V�H�Q�V�L�E�L�O�L�W�j �S�H�U �E�D�V�V�H �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�L �G�L �J�O�X�F�R�V�L�R �H �O�D �P�D�V��

�V�L�P�D �V�H�Q�V�L�E�L�O�L�W�j �S�H�U �J�O�L�F�H�P�L�H �H�O�H�Y�D�W�H�� �,�O �Y�D�O�R�U�H �E�D�V�D�O�H�� �V�F�H�O�W�R �F�R�P�H �S�X�Q�W�R �G�L �I�O�H�V�V�R �G�H�O�O�D �V�L�J�P�R�L�G�H��

�V�H�J�Q�D �X�Q �F�D�P�E�L�R �G�L �F�R�Q�Y�H�V�V�L�W�j �F�K�H �U�L�I�O�H�W�W�H �X�Q�D �Y�D�U�L�D�]�L�R�Q�H �Q�H�O�O�D �V�H�Q�V�L�E�L�O�L�W�j �G�H�O�O�H �F�H�O�O�X�O�H �S�D�Q�F�U�H�D�W�L��

�F�K�H�� �,�Q �T�X�H�V�W�R �P�R�G�R�� �L�O �Q�X�R�Y�R �P�R�G�H�O�O�R �q �F�R�H�U�H�Q�W�H �F�R�O �0�R�G�H�O�O�R ���� �Q�H�O�O�D �G�H�I�L�Q�L�]�L�R�Q�H �G�H�L �S�D�U�D�P�H�W�U�L��

�H�O�L�P�L�Q�D�Q�G�R �S�H�U�z �O�H �G�L�V�F�R�Q�W�L�Q�X�L�W�j �L�Q�W�U�R�G�R�W�W�H �G�D�O�O�D �V�R�J�O�L�D �I�L�V�V�D��

�,�O �U�L�T�X�D�G�U�R �J�L�D�O�O�R �H�Y�L�G�H�Q�]�L�D �O�¶�L�Q�W�H�U�Y�D�O�O�R �I�L�V�L�R�O�R�J�L�F�R �G�L �L�Q�W�H�U�H�V�V�H�� �D�O�O�¶�L�Q�W�H�U�Q�R �G�H�O �T�X�D�O�H �V�L �R�V�V�H�U�Y�D �V�R�O�R

�X�Q�D �S�R�U�]�L�R�Q�H �G�H�O�O�D �F�X�U�Y�D �V�L�J�P�R�L�G�D�O�H�� �,�Q�I�D�W�W�L�� �D �F�D�X�V�D �G�H�O�O�D �F�U�H�V�F�L�W�D �J�U�D�G�X�D�O�H �G�H�O�O�D �F�X�U�Y�D�� �Q�H�O�O�¶�L�Q�W�H�U��

�Y�D�O�O�R �Q�R�Q �q �S�R�V�V�L�E�L�O�H �Y�L�V�X�D�O�L�]�]�D�U�Q�H �O�¶�D�Q�G�D�P�H�Q�W�R �F�R�P�S�O�H�W�R�� �F�K�H �V�L �H�V�W�H�Q�G�H �R�O�W�U�H �L �Y�D�O�R�U�L �G�L �J�O�X�F�R�V�L�R

�Q�R�U�P�D�O�L �S�H�U �O�¶�R�U�J�D�Q�L�V�P�R��

�3�H�U �P�R�G�H�O�O�D�U�H� �L�Q �I�X�Q�]�L�R�Q�H �G�H�O �J�O�X�F�R�V�L�R�� �V�L �S�U�R�S�R�Q�H �O�¶�X�W�L�O�L�]�]�R �G�H�O�O�D �I�X�Q�]�L�R�Q�H �G�L �+�L�O�O�� �4�X�H�V�W�D �V�F�H�O�W�D

�R�I�I�U�H �G�L�Y�H�U�V�L �Y�D�Q�W�D�J�J�L�� �S�R�L�F�K�p �S�H�U�P�H�W�W�H �G�L �G�H�V�F�U�L�Y�H�U�H �X�Q�D �W�U�D�Q�V�L�]�L�R�Q�H �F�R�Q�W�L�Q�X�D �H �S�U�R�J�U�H�V�V�L�Y�D�� �H�Y�L��

�W�D�Q�G�R �E�U�X�V�F�K�H �Y�D�U�L�D�]�L�R�Q�L �R �G�L�V�F�R�Q�W�L�Q�X�L�W�j�� �,�Q�R�O�W�U�H�� �J�U�D�]�L�H �D�L �V�X�R�L �S�D�U�D�P�H�W�U�L �U�H�J�R�O�D�E�L�O�L�� �O�D �I�X�Q�]�L�R�Q�H �G�L

�+�L�O�O �S�X�z �D�G�D�W�W�D�U�V�L �D �G�L�Y�H�U�V�L �V�F�H�Q�D�U�L �I�L�V�L�R�O�R�J�L�F�L�� �U�H�Q�G�H�Q�G�R�O�D �S�D�U�W�L�F�R�O�D�U�P�H�Q�W�H �Y�H�U�V�D�W�L�O�H�� �0�R�G�L�I�L�F�D�Q�G�R

�R�S�S�R�U�W�X�Q�D�P�H�Q�W�H �W�D�O�L �S�D�U�D�P�H�W�U�L�� �q �S�R�V�V�L�E�L�O�H �R�W�W�H�Q�H�U�H �G�L�I�I�H�U�H�Q�W�L �D�Q�G�D�P�H�Q�W�L �G�H�O�O�D �F�X�U�Y�D�� �P�R�G�X�O�D�Q�G�R �O�D

����



�V�H�Q�V�L�E�L�O�L�W�j �G�H�O�O�D �U�L�V�S�R�V�W�D �D�O �J�O�X�F�R�V�L�R��

�0�D�W�H�P�D�W�L�F�D�P�H�Q�W�H�� �O�D �I�X�Q�]�L�R�Q�H �G�L �+�L�O�O �q �G�H�I�L�Q�L�W�D �F�R�P�H��

� (G(t)) =
bmax � G(t)n

kn
d + G(t)n

������������

�4�X�H�V�W�D �I�R�U�P�X�O�D�]�L�R�Q�H �L�Q�W�U�R�G�X�F�H �W�U�H �S�D�U�D�P�H�W�U�L �I�R�Q�G�D�P�H�Q�W�D�O�L��

�‡bmax ���P�L�Q� 1���� �U�D�S�S�U�H�V�H�Q�W�D �L�O �Y�D�O�R�U�H �P�D�V�V�L�P�R �F�K�H� �S�X�z �D�V�V�X�P�H�U�H �D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�L �H�O�H�Y�D�W�H �G�L

�J�O�X�F�R�V�L�R�� �I�X�Q�J�H�Q�G�R �G�D �O�L�P�L�W�H �V�X�S�H�U�L�R�U�H �G�H�O�O�D �I�X�Q�]�L�R�Q�H��

�‡kd ���P�J���G�/���� �L�Q�G�L�F�D �O�D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�H �G�L �J�O�X�F�R�V�L�R �S�H�U �F�X�L� �U�D�J�J�L�X�Q�J�H �O�D �P�H�W�j �G�H�O �V�X�R �Y�D�O�R�U�H

�P�D�V�V�L�P�R ��� = bMax/2 ���� �4�X�H�V�W�R �S�D�U�D�P�H�W�U�R �G�H�W�H�U�P�L�Q�D �O�D �S�R�V�L�]�L�R�Q�H �G�L �I�O�H�V�V�R �G�H�O�O�D �F�X�U�Y�D��

�Y�D�O�R�U�L �S�L�• �E�D�V�V�L �G�Lkd �L�P�S�O�L�F�D�Q�R �X�Q�D �U�L�V�S�R�V�W�D �S�L�• �U�D�S�L�G�D �D�O�O�¶�D�X�P�H�Q�W�R �G�H�O �J�O�X�F�R�V�L�R�� �P�H�Q�W�U�H

�Y�D�O�R�U�L �S�L�• �D�O�W�L �L�Q�G�L�F�D�Q�R �X�Q�D �W�U�D�Q�V�L�]�L�R�Q�H �P�H�Q�R �S�U�R�Q�W�D��

�‡n�� �V�L �W�U�D�W�W�D �G�H�O�O�¶�H�V�S�R�Q�H�Q�W�H �F�K�H �F�R�Q�W�U�R�O�O�D �O�D �S�H�Q�G�H�Q�]�D �G�H�O�O�D �V�L�J�P�R�L�G�H�� �U�H�J�R�O�D�Q�G�R �O�D �U�D�S�L�G�L�W�j

�G�H�O�O�D �W�U�D�Q�V�L�]�L�R�Q�H�� �$�I�I�L�Q�F�K�p �L�O �F�R�P�S�R�U�W�D�P�H�Q�W�R �G�H�O�O�D �F�X�U�Y�D �U�L�P�D�Q�J�D �V�L�J�P�R�L�G�H�R��n �G�H�Y�H �H�V�V�H�U�H

�P�D�J�J�L�R�U�H �G�L ���� �3�H�U �H�Y�L�W�D�U�H �X�O�W�H�U�L�R�U�H �F�R�P�S�O�H�V�V�L�W�j�� �Q�H�O�O�R �V�W�X�G�L�R �q �V�W�D�W�R �I�L�V�V�D�W�R �D ����

�7�D�O�H �P�R�G�L�I�L�F�D �G�L� �F�R�Q�V�H�Q�W�H �G�L �P�R�G�H�O�O�D�U�H �D�Q�F�K�H �O�D �V�H�F�U�H�]�L�R�Q�H �L�Q �P�R�G�R �F�R�Q�W�L�Q�X�R�� �J�D�U�D�Q�W�H�Q�G�R �X�Q�D

�W�U�D�Q�V�L�]�L�R�Q�H �J�U�D�G�X�D�O�H �W�U�D �L�O �U�H�J�L�P�H �V�R�W�W�R �H �V�R�S�U�D �E�D�V�D�O�H�� �,�Q�R�O�W�U�H�� �L�O �Y�D�O�R�U�H �G�L� �Y�D�U�L�D �L�Q �I�X�Q�]�L�R�Q�H �G�H�O

�J�O�X�F�R�V�L�R�� �S�H�U�P�H�W�W�H�Q�G�R �G�L �U�D�S�S�U�H�V�H�Q�W�D�U�H �L�Q �P�R�G�R �S�L�• �I�L�V�L�R�O�R�J�L�F�R �O�D �V�H�Q�V�L�E�L�O�L�W�j �G�H�O�O�D �U�L�V�S�R�V�W�D�� �V�H�Q�]�D

�O�D �Q�H�F�H�V�V�L�W�j �G�L �L�Q�W�U�R�G�X�U�U�H �G�L�V�W�L�Q�]�L�R�Q�L �Q�H�W�W�H �W�U�D�P�L�W�H �X�Q�D �V�R�J�O�L�D�� �,�Q�I�D�W�W�L�� �O�D �V�H�F�U�H�]�L�R�Q�H �V�W�D�W�L�F�D �U�L�V�X�O�W�D�Q�W�H

�q �P�R�V�W�U�D�W�D �L�Q �)�L�J�X�U�D �������� �6�L �R�V�V�H�U�Y�D �L�O �U�L�V�X�O�W�D�W�R �G�H�O�O�D �P�R�G�H�O�O�D�]�L�R�Q�H�� �F�K�H �Q�R�Q �q �S�L�• �F�D�U�D�W�W�H�U�L�]�]�D�W�R �G�D

�X�Q�D �V�S�H�]�]�D�W�D�� �P�D �G�D �X�Q�D �F�U�H�V�F�L�W�D �F�R�Q�W�L�Q�X�D �H �J�U�D�G�X�D�O�H��

�)�L�J�X�U�D �������� �6�H�F�U�H�]�L�R�Q�H �V�W�D�W�L�F�DSRs�� �D �P�H�Q�R �G�H�O �U�L�W�D�U�G�R�� �L�Q �I�X�Q�]�L�R�Q�H �G�H�O �J�O�X�F�R�V�L�R�� �F�R�Q �P�R�G�H�O�O�D�]�L�R�Q�H
�G�L� �W�U�D�P�L�W�H �L�O �P�R�G�H�O�O�R �G�L �+�L�O�O��

����



������ �0�R�G�H�O�O�R ���� �P�R�G�H�O�O�R �Q�R�Q �O�L�Q�H�D�U�H �G�H�O�O�D �U�H�O�D�]�L�R�Q�H �W�U�D

�V�H�F�U�H�]�L�R�Q�H �V�W�D�W�L�F�D �H �J�O�L�F�H�P�L�D

�4�X�H�V�W�¶�X�O�W�L�P�R �P�R�G�H�O�O�R�� �L�Q�Y�H�F�H �G�L �P�R�G�H�O�O�D�U�H �L�O �S�D�U�D�P�H�W�U�R� �� �V�L �F�R�Q�F�H�Q�W�U�D �G�L�U�H�W�W�D�P�H�Q�W�H �V�X�O�O�D

�V�H�F�U�H�]�L�R�Q�H �V�W�D�W�L�F�D��

�,�O �P�R�G�H�O�O�R �2�&�0�0 �D�V�V�X�P�H �F�K�H �O�D �V�H�F�U�H�]�L�R�Q�H �V�W�D�W�L�F�D�� �D �P�H�Q�R �G�H�O �U�L�W�D�U�G�R�� �V�L�D �L�Q �X�Q�D �U�H�O�D�]�L�R�Q�H �O�L�Q�H�D�U�H

�U�L�V�S�H�W�W�R �D�O�O�D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�H �G�L �J�O�X�F�R�V�L�R�� �6�L �W�U�D�W�W�D �G�L �X�Q�¶�D�S�S�U�R�V�V�L�P�D�]�L�R�Q�H �F�K�H �G�L�Y�H�Q�W�D �V�H�P�S�U�H �P�H�Q�R

�D�F�F�X�U�D�W�D �Q�H�L �S�D�]�L�H�Q�W�L �F�R�Q �3�+�+�� �P�D�Q �P�D�Q�R �F�K�H �O�D �J�O�L�F�H�P�L�D �V�F�H�Q�G�H �V�R�W�W�R �E�D�V�D�O�H�� �S�R�L�F�K�p �O�D �V�H�Q�V�L�E�L�O�L�W�j

�G�H�O�O�H �F�H�O�O�X�O�H �S�D�Q�F�U�H�D�W�L�F�K�H �S�R�W�U�H�E�E�H �Y�D�U�L�D�U�H��

�3�H�U �D�I�I�U�R�Q�W�D�U�H �T�X�H�V�W�D �F�U�L�W�L�F�L�W�j�� �L �P�R�G�H�O�O�L �S�U�H�F�H�G�H�Q�W�H�P�H�Q�W�H �S�U�R�S�R�V�W�L �P�L�U�D�Y�D�Q�R �D �P�R�G�L�I�L�F�D�U�H �O�D �V�H�Q��

�V�L�E�L�O�L�W�j �F�H�O�O�X�O�D�U�H �S�H�U �D�G�D�W�W�D�U�O�D �D�O�O�H �F�R�Q�G�L�]�L�R�Q�L �D�Q�D�O�L�]�]�D�W�H�� �, �U�L�V�X�O�W�D�W�L �G�H�L �0�R�G�H�O�O�L �� �H �� �V�X�J�J�H�U�L�V�F�R�Q�R

�F�K�H �O�¶�D�Q�G�D�P�H�Q�W�R �G�H�O�O�D �V�H�F�U�H�]�L�R�Q�H �V�W�D�W�L�F�D �G�H�O�O�¶�L�Q�V�X�O�L�Q�D�� �D �P�H�Q�R �G�H�O �U�L�W�D�U�G�R�� �Q�R�Q �G�L�S�H�Q�G�D �O�L�Q�H�D�U�P�H�Q�W�H

�G�D�O�O�D �J�O�L�F�H�P�L�D��

�$ �E�D�V�V�L �O�L�Y�H�O�O�L �G�L �J�O�X�F�R�V�L�R�� �O�H �F�H�O�O�X�O�H� �S�D�Q�F�U�H�D�W�L�F�K�H �V�R�Q�R �V�F�D�U�V�D�P�H�Q�W�H �V�W�L�P�R�O�D�W�H�� �U�L�V�X�O�W�D�Q�G�R �L�Q �X�Q

�U�L�O�D�V�F�L�R �P�L�Q�L�P�R �G�L �L�Q�V�X�O�L�Q�D�� �6�R�O�R �T�X�D�Q�G�R �L�O �J�O�X�F�R�V�L�R �S�O�D�V�P�D�W�L�F�R �U�D�J�J�L�X�Q�J�H �X�Q�D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�H

�V�X�I�I�L�F�L�H�Q�W�H�� �V�L �D�W�W�L�Y�D �X�Q �P�H�F�F�D�Q�L�V�P�R �G�L �V�H�F�U�H�]�L�R�Q�H �S�L�• �L�Q�W�H�Q�V�R �H �U�D�S�L�G�R�� �6�X�F�F�H�V�V�L�Y�D�P�H�Q�W�H�� �L�O

�U�L�O�D�V�F�L�R �G�L �L�Q�V�X�O�L�Q�D �F�R�Q�W�L�Q�X�D �D�G �D�X�P�H�Q�W�D�U�H �I�L�Q�R �D �V�D�W�X�U�D�U�V�L �D �Y�D�O�R�U�L �J�O�L�F�H�P�L�F�L �P�R�O�W�R �H�O�H�Y�D�W�L�� �,�O

�F�R�P�S�R�U�W�D�P�H�Q�W�R �G�H�V�F�U�L�W�W�R �q �L�O�O�X�V�W�U�D�W�R �Q�H�O�O�D �)�L�J�X�U�D ��������

�)�L�J�X�U�D �������� �6�H�F�U�H�]�L�R�Q�H �V�W�D�W�L�F�DSRs�� �D �S�D�U�W�H �L�O �U�L�W�D�U�G�R�� �L�Q �I�X�Q�]�L�R�Q�H �G�H�O �J�O�X�F�R�V�L�R�� �P�R�G�H�O�O�D�W�D �F�R�Q �+�L�O�O��

�/�D �U�L�V�S�R�V�W�D �L�Q�V�X�O�L�Q�L�F�D �V�H�J�X�H �X�Q �D�Q�G�D�P�H�Q�W�R �V�L�J�P�R�L�G�D�O�H�� �4�X�H�V�W�R �W�L�S�R �G�L �P�R�G�H�O�O�D�]�L�R�Q�H �F�R�Q�V�H�Q�W�H

�G�L �R�W�W�H�Q�H�U�H �X�Q�D �Y�L�V�L�R�Q�H �S�L�• �D�S�S�U�R�I�R�Q�G�L�W�D �H �D�F�F�X�U�D�W�D �G�H�O�O�D �V�H�F�U�H�]�L�R�Q�H �G�L �L�Q�V�X�O�L�Q�D�� �V�X�S�H�U�D�Q�G�R �O�D �V�H�P��

�S�O�L�I�L�F�D�]�L�R�Q�H �G�L �X�Q�D �U�H�O�D�]�L�R�Q�H �O�L�Q�H�D�U�H �F�R�Q �L�O �J�O�X�F�R�V�L�R�� �,�Q�R�O�W�U�H�� �S�H�U�P�H�W�W�H �G�L �H�V�W�H�Q�G�H�U�H �O�¶�D�Q�D�O�L�V�L �D �O�L�Y�H�O�O�L

�J�O�L�F�H�P�L�F�L �D�O �G�L �I�X�R�U�L �G�H�O�O�¶�L�Q�W�H�U�Y�D�O�O�R �I�L�V�L�R�O�R�J�L�F�R�� �I�R�U�Q�H�Q�G�R �X�Q�D �U�D�S�S�U�H�V�H�Q�W�D�]�L�R�Q�H �S�L�• �F�R�P�S�O�H�W�D �G�H�O�O�D

�F�X�U�Y�D �G�L �V�H�F�U�H�]�L�R�Q�H�� �L�Q �F�D�V�L �L�Q �F�X�L �O�D �J�O�L�F�H�P�L�D �H�V�F�D �G�D�O �U�D�Q�J�H �I�L�V�L�R�O�R�J�L�F�R ���F�R�P�H �D�Y�Y�L�H�Q�H �Q�H�L �V�R�J�J�H�W�W�L

����



�D�I�I�H�W�W�L �G�D �G�L�D�E�H�W�H �R �G�D �3�+�+����

�3�H�U �P�R�G�H�O�O�D�U�H �O�D �V�H�F�U�H�]�L�R�Q�H �V�W�D�W�L�F�D�� �V�L �U�L�F�R�U�U�H �D�O�O�¶�X�W�L�O�L�]�]�R �G�H�O�O�D �I�X�Q�]�L�R�Q�H �G�L �+�L�O�O��

SRs
_ (t) = � � �

�
SRs(t) �

smax � G(t)n

kn
d + G(t)n

�
������������

�,�O �S�D�U�D�P�H�W�U�Rsmax ���S�P�R�O���/���P�L�Q�� �L�Q�G�L�F�D �L�O �P�D�V�V�L�P�R �G�H�O�O�D �V�H�F�U�H�]�L�R�Q�H��kd ���P�J���G�/�� �q �O�D �F�R�Q�F�H�Q��

�W�U�D�]�L�R�Q�H �G�L �J�O�X�F�R�V�L�R �S�H�U �F�X�L �O�D �V�H�F�U�H�]�L�R�Q�H �V�W�D�W�L�F�D �U�D�J�J�L�X�Q�J�H �O�D �P�H�W�j(kd = smax /2) �Hn �U�H�J�R�O�D �O�D

�S�H�Q�G�H�Q�]�D �G�H�O�O�D �V�L�J�P�R�L�G�H��

�*�U�D�]�L�H �D�O �O�L�P�L�W�H �V�X�S�H�U�L�R�U�H �G�H�O�O�D �V�L�J�P�R�L�G�H�� �O�D �V�H�F�U�H�]�L�R�Q�H �S�X�z �V�D�W�X�U�D�U�H�� �U�L�I�O�H�W�W�H�Q�G�R �X�Q �F�R�P�S�R�U�W�D�P�H�Q�W�R

�S�L�• �U�H�D�O�L�V�W�L�F�R�� �S�R�L�F�K�p �D �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�L �P�R�O�W�R �H�O�H�Y�D�W�H �G�L �J�O�X�F�R�V�L�R �O�D �U�L�V�S�R�V�W�D �F�H�O�O�X�O�D�U�H �W�H�Q�G�H �D �V�W�D��

�E�L�O�L�]�]�D�U�V�L�� �$�O �F�R�Q�W�U�D�U�L�R�� �Q�H�L �P�R�G�H�O�O�L �S�U�H�V�H�Q�W�D�W�L �S�U�H�F�H�G�H�Q�W�H�P�H�Q�W�H�� �O�D �V�H�F�U�H�]�L�R�Q�H �F�R�Q�W�L�Q�X�D �D �F�U�H�V�F�H�U�H

�L�Q�G�H�I�L�Q�L�W�D�P�H�Q�W�H �F�R�Q �O�¶�D�X�P�H�Q�W�R �G�H�O�O�D �J�O�L�F�H�P�L�D�� �D �P�H�Q�R �G�H�O �U�L�W�D�U�G�R��

�7�X�W�W�D�Y�L�D�� �Q�H�O�O�¶�L�Q�W�H�U�Y�D�O�O�R �J�O�L�F�H�P�L�F�R �R�V�V�H�U�Y�D�W�R�� �q �G�L�I�I�L�F�L�O�H �F�K�H �O�D �V�D�W�X�U�D�]�L�R�Q�H �G�H�O�O�D �V�H�F�U�H�]�L�R�Q�H �G�L

�&���S�H�S�W�L�G�H �Y�H�Q�J�D �U�D�J�J�L�X�Q�W�D�� �S�R�L�F�K�p �V�L �P�D�Q�L�I�H�V�W�D �W�L�S�L�F�D�P�H�Q�W�H �D �O�L�Y�H�O�O�L �G�L �J�O�X�F�R�V�L�R �S�L�• �H�O�H�Y�D�W�L��
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�&�D�S�L�W�R�O�R ��

�,�G�H�Q�W�L�I�L�F�D�]�L�R�Q�H �H �V�W�L�P�D �S�D�U�D�P�H�W�U�L�F�D

�8�Q�D �Y�R�O�W�D �G�H�I�L�Q�L�W�D �O�D �V�W�U�X�W�W�X�U�D �G�H�O �P�R�G�H�O�O�R �X�W�L�O�L�]�]�D�W�D �Q�H�O�O�R �V�W�X�G�L�R�� �V�L �S�U�R�F�H�G�H �F�R�Q �O�¶�L�G�H�Q�W�L�I�L�F�D�]�L�R�Q�H

�H �O�D �V�W�L�P�D �S�D�U�D�P�H�W�U�L�F�D�� �R�Y�Y�H�U�R �O�¶�D�V�V�H�J�Q�D�]�L�R�Q�H �G�L �Y�D�O�R�U�L �Q�X�P�H�U�L�F�L �D�L �S�D�U�D�P�H�W�U�Lp�� �Q�H�F�H�V�V�D�U�L �S�H�U

�F�R�P�S�O�H�W�D�U�H �L�O �V�L�V�W�H�P�D �G�L �H�T�X�D�]�L�R�Q�L �F�K�H �G�H�I�L�Q�L�V�F�H �L�O �P�R�G�H�O�O�R�� �6�X�F�F�H�V�V�L�Y�D�P�H�Q�W�H�� �L�O �P�R�G�H�O�O�R �G�H�Y�H

�H�V�V�H�U�H �V�R�W�W�R�S�R�V�W�R �D �X�Q �S�U�R�F�H�V�V�R �G�L �Y�D�O�L�G�D�]�L�R�Q�H �S�H�U �Y�H�U�L�I�L�F�D�U�H �O�D �V�X�D �F�D�S�D�F�L�W�j �G�L �U�D�S�S�U�H�V�H�Q�W�D�U�H

�D�F�F�X�U�D�W�D�P�H�Q�W�H �L�O �V�L�V�W�H�P�D �U�H�D�O�H �H �J�D�U�D�Q�W�L�U�H �F�K�H �L �V�X�R�L �S�D�U�D�P�H�W�U�L �V�L�D�Q�R �V�W�L�P�D�W�L �F�R�Q �S�U�H�F�L�V�L�R�Q�H��

������ �,�G�H�Q�W�L�I�L�F�D�]�L�R�Q�H

�/�¶�L�G�H�Q�W�L�I�L�F�D�E�L�O�L�W�j �D �S�U�L�R�U�L �q �X�Q�¶�D�Q�D�O�L�V�L �S�U�H�S�D�U�D�W�R�U�L�D �G�D �V�Y�R�O�J�H�U�H �S�U�L�P�D �G�H�O�O�D �V�W�L�P�D �S�D�U�D�P�H�W�U�L�F�D�� �Y�R�O��

�W�D �D �Y�H�U�L�I�L�F�D�U�H �V�H �W�X�W�W�L �L �S�D�U�D�P�H�W�U�L �G�H�O �P�R�G�H�O�O�R �S�R�V�V�D�Q�R �H�V�V�H�U�H �G�H�W�H�U�P�L�Q�D�W�L �X�Q�L�Y�R�F�D�P�H�Q�W�H �G�D�L �G�D�W�L

�G�L�V�S�R�Q�L�E�L�O�L�� �6�H�� �L�Q �F�R�Q�G�L�]�L�R�Q�L �L�G�H�D�O�L �G�L �P�R�G�H�O�O�R �S�U�L�Y�R �G�L �H�U�U�R�U�L�� �Q�R�Q �q �S�R�V�V�L�E�L�O�H �L�G�H�Q�W�L�I�L�F�D�U�H �W�X�W�W�L �L

�S�D�U�D�P�H�W�U�L�� �W�H�Q�W�D�U�H �X�Q�D �V�W�L�P�D �Q�X�P�H�U�L�F�D �E�D�V�D�W�D �V�X�L �G�D�W�L �V�S�H�U�L�P�H�Q�W�D�O�L �U�L�V�X�O�W�H�U�H�E�E�H �L�Q�X�W�L�O�H��

�4�X�H�V�W�R �S�U�R�F�H�V�V�R �q �I�R�Q�G�D�P�H�Q�W�D�O�H �S�H�U �G�H�I�L�Q�L�U�H �O�H �F�R�Q�G�L�]�L�R�Q�L �V�S�H�U�L�P�H�Q�W�D�O�L �L�Q �P�R�G�R �H�I�I�L�F�D�F�H�� �6�H �L�O

�P�R�G�H�O�O�R �U�L�V�X�O�W�D �S�R�F�R �L�Q�I�R�U�P�D�W�L�Y�R�� �S�R�W�U�H�E�E�H �H�V�V�H�U�H �Q�H�F�H�V�V�D�U�L�R �D�U�U�L�F�F�K�L�U�O�R�� �D�G �H�V�H�P�S�L�R �D�J�J�L�X�Q�J�H�Q�G�R

�P�L�V�X�U�D�]�L�R�Q�L �S�H�U �R�W�W�H�Q�H�U�H �S�L�• �G�D�W�L�� �$�O �F�R�Q�W�U�D�U�L�R�� �V�H �L�O �P�R�G�H�O�O�R �q �W�U�R�S�S�R �F�R�P�S�O�H�V�V�R �H �D�O�F�X�Q�L �S�D�U�D�P�H�W�U�L

�Q�R�Q �S�R�V�V�R�Q�R �H�V�V�H�U�H �V�W�L�P�D�W�L �F�R�Q �F�H�U�W�H�]�]�D�� �V�L �S�X�z �V�H�P�S�O�L�I�L�F�D�U�O�R�� �U�L�G�X�F�H�Q�G�R �L�O �Q�X�P�H�U�R �G�L �F�R�P�S�D�U�W�L�P�H�Q��

�W�L �H �S�D�U�D�P�H�W�U�L �D�O �P�L�Q�L�P�R �H�V�V�H�Q�]�L�D�O�H�� �/�¶�R�E�L�H�W�W�L�Y�R �q �W�U�R�Y�D�U�H �X�Q �J�L�X�V�W�R �H�T�X�L�O�L�E�U�L�R �W�U�D �X�Q�D �G�H�V�F�U�L�]�L�R�Q�H

�D�F�F�X�U�D�W�D �G�H�O �V�L�V�W�H�P�D �I�L�V�L�R�O�R�J�L�F�R �H �O�D �S�R�V�V�L�E�L�O�L�W�j �G�L �L�G�H�Q�W�L�I�L�F�D�U�H �F�R�U�U�H�W�W�D�P�H�Q�W�H �L �V�X�R�L �S�D�U�D�P�H�W�U�L��

�8�Q �P�H�W�R�G�R �X�W�L�O�L�]�]�D�E�L�O�H �S�H�U �Y�H�U�L�I�L�F�D�U�H �D �S�U�L�R�U�L �O�¶�L�G�H�Q�W�L�I�L�F�D�E�L�O�L�W�j �G�L �X�Q �P�R�G�H�O�O�R �O�L�Q�H�D�U�H �Q�H�O�O�D �G�L�Q�D�P�L�F�D �q

�O�¶�D�Q�D�O�L�V�L �G�H�O�O�D �I�X�Q�]�L�R�Q�H �G�L �W�U�D�V�I�H�U�L�P�H�Q�W�R�� �4�X�H�V�W�¶�X�O�W�L�P�D�� �Q�H�L �P�R�G�H�O�O�L �O�L�Q�H�D�U�L�� �q �H�V�S�U�H�V�V�D �F�R�P�H �X�Q �U�D�S��

�S�R�U�W�R �G�L �S�R�O�L�Q�R�P�L �L �F�X�L �F�R�H�I�I�L�F�L�H�Q�W�L �G�L�S�H�Q�G�R�Q�R �G�D�L �S�D�U�D�P�H�W�U�L �G�H�O �P�R�G�H�O�O�R�� �6�L �X�W�L�O�L�]�]�D �O�D �W�U�D�V�I�R�U�P�D�W�D

�G�L �/�D�S�O�D�F�H �S�H�U �F�D�O�F�R�O�D�U�H �O�D �P�D�W�U�L�F�H �G�H�O�O�D �I�X�Q�]�L�R�Q�H �G�L �W�U�D�V�I�H�U�L�P�H�Q�W�RH (s)��

����



H (s) =
Y(s)
U(s)

=
� nsn� 1 + � n� 1sn� 2 + ::: + � 2s + � 1

sn + � nsn� 1 + ::: + � 2s + � 1
����������

�G�R�Y�HY(s) �HU(s) �U�D�S�S�U�H�V�H�Q�W�D�Q�R �U�L�V�S�H�W�W�L�Y�D�P�H�Q�W�H �O�D �W�U�D�V�I�R�U�P�D�W�D �G�L �/�D�S�O�D�F�H �G�H�O�O�¶�R�X�W�S�X�W �H �G�H�O�O�¶�L�Q��

�S�X�W �G�H�O �V�L�V�W�H�P�D�� �, �F�R�H�I�I�L�F�L�H�Q�W�L� n �H� n �V�R�Q�R �G�H�I�L�Q�L�W�L �S�D�U�D�P�H�W�U�L �R�V�V�H�U�Y�D�E�L�O�L �H �G�L�S�H�Q�G�R�Q�R �G�D�L �S�D�U�D�P�H�W�U�L

�L�Q�F�R�J�Q�L�W�L �G�H�O �P�R�G�H�O�O�R��kij �HVi �� �G�H�I�L�Q�H�Q�G�R �F�R�V�u �X�Q�D �U�H�O�D�]�L�R�Q�H �D�O�J�H�E�U�L�F�D�� �6�H �O�¶�L�Q�V�L�H�P�H �G�L �H�T�X�D�]�L�R�Q�L��

�Q�R�W�R �D�Q�F�K�H �F�R�P�H �V�R�P�P�D�U�L�R �H�V�D�X�V�W�L�Y�R�� �S�X�z �H�V�V�H�U�H �U�L�V�R�O�W�R�� �R�Y�Y�H�U�R �D�P�P�H�W�W�H �X�Q�D �V�R�O�X�]�L�R�Q�H �X�Q�L�Y�R�F�D

�S�H�U �O�H �L�Q�F�R�J�Q�L�W�Hkij �HVi �� �D�O�O�R�U�D �L�O �P�R�G�H�O�O�R �q �L�G�H�Q�W�L�I�L�F�D�E�L�O�H �D �S�U�L�R�U�L��

�,�Q �E�D�V�H �D�O�O�¶�L�G�H�Q�W�L�I�L�F�D�E�L�O�L�W�j �G�H�L �S�D�U�D�P�H�W�U�L�� �X�Q �P�R�G�H�O�O�R �S�X�z �H�V�V�H�U�H �F�O�D�V�V�L�I�L�F�D�W�R �F�R�P�H��

�‡ �X�Q�L�Y�R�F�D�P�H�Q�W�H �L�G�H�Q�W�L�I�L�F�D�E�L�O�H �V�H �W�X�W�W�L �L �S�D�U�D�P�H�W�U�L �G�H�O �Y�H�W�W�R�U�Hp �V�R�Q�R �L�G�H�Q�W�L�I�L�F�D�E�L�O�L �F�R�Q �X�Q�¶�X�Q�L�F�D

�V�R�O�X�]�L�R�Q�H �S�R�V�V�L�E�L�O�H��

�‡ �L�G�H�Q�W�L�I�L�F�D�E�L�O�L �P�D �Q�R�Q �X�Q�L�Y�R�F�D�P�H�Q�W�H �V�H �W�X�W�W�L �L �S�D�U�D�P�H�W�U�L �V�R�Q�R �G�H�W�H�U�P�L�Q�D�W�L �L�Q �P�R�G�R �X�Q�L�Y�R�F�R��

�D�G �H�F�F�H�]�L�R�Q�H �G�L �X�Q�R �R �S�L�• �S�D�U�D�P�H�W�U�L �F�K�H �D�P�P�H�W�W�R�Q�R �S�L�• �V�R�O�X�]�L�R�Q�L�� �P�D �L�Q �Q�X�P�H�U�R �I�L�Q�L�W�R��

�‡ �Q�R�Q �L�G�H�Q�W�L�I�L�F�D�E�L�O�L �V�H �D�O�P�H�Q�R �X�Q �S�D�U�D�P�H�W�U�R �Q�R�Q �q �L�G�H�Q�W�L�I�L�F�D�E�L�O�H �H �D�P�P�H�W�W�H �L�Q�I�L�Q�L�W�H �V�R�O�X�]�L�R�Q�L��

�8�Q�¶�X�O�W�H�U�L�R�U�H �W�H�F�Q�L�F�D �S�H�U �V�W�X�G�L�D�U�H �O�¶�L�G�H�Q�W�L�I�L�F�D�E�L�O�L�W�j�� �S�D�U�W�L�F�R�O�D�U�P�H�Q�W�H �X�W�L�O�H �S�H�U �P�R�G�H�O�O�L �Q�R�Q �O�L�Q�H�D�U�L

�L�Q �F�X�L �Q�R�Q �S�X�z �H�V�V�H�U�H �D�S�S�O�L�F�D�W�R �L�O �P�H�W�R�G�R �G�H�O�O�D �I�X�Q�]�L�R�Q�H �G�L �W�U�D�V�I�H�U�L�P�H�Q�W�R�� �q �O�¶�H�V�S�D�Q�V�L�R�Q�H �L�Q �V�H�U�L�H �G�L

�7�D�\�O�R�U�� �,�Q �T�X�H�V�W�R �F�D�V�R�� �O�D �G�L�Q�D�P�L�F�D �G�H�O�O�¶�R�X�W�S�X�W �Y�L�H�Q�H �H�V�S�U�H�V�V�D �F�R�P�H��

y(p; t) = y(p; t0) + ( t � t0)y_(p; t0) +
(t � t0)2

2!
y•( p; t0) +

(t � t0)3

3!
������
y (p; t0) + ::: ����������

�/�H �G�H�U�L�Y�D�W�Hyk(p; t0) �V�R�Q�R �S�D�U�D�P�H�W�U�L �R�V�V�H�U�Y�D�E�L�O�L�� �6�H �T�X�H�V�W�L �Y�H�Q�J�R�Q�R �H�V�S�U�H�V�V�L �L�Q �I�X�Q�]�L�R�Q�H �G�Lp �V�L

�R�W�W�L�H�Q�H �X�Q �V�L�V�W�H�P�D �G�L �H�T�X�D�]�L�R�Q�L�� �Q�R�W�R �F�R�P�H �V�R�P�P�D�U�L�R �H�V�D�X�V�W�L�Y�R��

yk(p; t0) = �^ k = 0;1;2; ::: ����������

�/�D �U�L�V�R�O�X�]�L�R�Q�H �G�L �T�X�H�V�W�R �V�L�V�W�H�P�D �I�R�U�Q�L�V�F�H �X�Q�D �F�R�Q�G�L�]�L�R�Q�H �Q�H�F�H�V�V�D�U�L�D �H �V�X�I�I�L�F�L�H�Q�W�H �S�H�U �D�I�I�H�U�P�D�U�H

�O�¶�L�G�H�Q�W�L�I�L�F�D�E�L�O�L�W�j �G�H�O �P�R�G�H�O�O�R�� �7�X�W�W�D�Y�L�D�� �Q�H�L �P�R�G�H�O�O�L �Q�R�Q �O�L�Q�H�D�U�L�� �X�Q�D �G�L�I�I�L�F�R�O�W�j �F�R�P�X�Q�H �q �G�H�W�H�U�P�L��

�Q�D�U�H �L�O �Q�X�P�H�U�R �H�V�D�W�W�R �G�L �H�T�X�D�]�L�R�Q�L��

�1�H�O �F�D�V�R �V�S�H�F�L�I�L�F�R �G�H�O �0�R�G�H�O�O�R �2�U�D�O�H �0�L�Q�L�P�R �G�H�O �&���S�H�S�W�L�G�H�� �L�O �P�R�G�H�O�O�R �q �L�G�H�Q�W�L�I�L�F�D�E�L�O�H �D �S�U�L�R�U�L �V�H

�L �G�D�W�L �G�L �&���S�H�S�W�L�G�H �P�L�V�X�U�D�W�L �Y�H�Q�J�R�Q�R �F�R�Q�V�L�G�H�U�D�W�L �F�R�P�H �R�X�W�S�X�W �G�H�O �P�R�G�H�O�O�R �H �O�H �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�L �G�L

�J�O�X�F�R�V�L�R �F�R�P�H �L�Q�S�X�W��

����



������ �6�W�L�P�D �S�D�U�D�P�H�W�U�L�F�D

�/�D �V�W�L�P�D �G�H�L �S�D�U�D�P�H�W�U�L �q �V�W�D�W�D �R�W�W�H�Q�X�W�D �D�W�W�U�D�Y�H�U�V�R �X�Q �D�S�S�U�R�F�F�L�R �%�D�\�H�V�L�D�Q�R�� �F�K�H �F�R�Q�V�L�V�W�H �Q�H�O�O�¶�L�Q�W�H��

�J�U�D�]�L�R�Q�H �G�L �L�Q�I�R�U�P�D�]�L�R�Q�L �D �S�R�V�W�H�U�L�R�U�L�� �G�H�U�L�Y�D�W�H �G�D�L �G�D�W�L �V�S�H�U�L�P�H�Q�W�D�O�L�� �F�R�Q �G�L�V�W�U�L�E�X�]�L�R�Q�L �D �S�U�L�R�U�L �V�X�L

�S�D�U�D�P�H�W�U�L�� �D�V�V�X�Q�W�H �L�Q�G�L�S�H�Q�G�H�Q�W�L �G�D�L �G�D�W�L�� �,�Q �S�D�U�W�L�F�R�O�D�U�H�� �q �V�W�D�W�R �X�W�L�O�L�]�]�D�W�R �O�R �V�W�L�P�D�W�R�U�H �0�D�V�V�L�P�R �$

�3�R�V�W�H�U�L�R�U�L ���0�$�3������

�,�O �Y�H�W�W�R�U�H �G�H�L �S�D�U�D�P�H�W�U�Lp �q �F�R�Q�V�L�G�H�U�D�W�R �X�Q�D �Y�D�U�L�D�E�L�O�H �F�D�V�X�D�O�H �L�Q�G�L�S�H�Q�G�H�Q�W�H �G�D�L �G�D�W�L�� �F�D�U�D�W�W�H�U�L�]�]�D�W�D

�G�D �X�Q�D �G�L�V�W�U�L�E�X�]�L�R�Q�H �G�L �S�U�R�E�D�E�L�O�L�W�j �D �S�U�L�R�U�Lf p(p)�� �/�¶�R�V�V�H�U�Y�D�]�L�R�Q�H �G�H�L �G�D�W�Lz �P�R�G�L�I�L�F�D �T�X�H�V�W�D �G�L�V�W�U�L��

�E�X�]�L�R�Q�H�� �G�H�I�L�Q�H�Q�G�R �O�D �G�H�Q�V�L�W�j �G�L �S�U�R�E�D�E�L�O�L�W�j �D �S�R�V�W�H�U�L�R�U�Lf pjz(pjz)�� �4�X�H�V�W�D �G�L�V�W�U�L�E�X�]�L�R�Q�H �D �S�R�V�W�H�U�L�R�U�L

�S�H�U�P�H�W�W�H �G�L �G�H�W�H�U�P�L�Q�D�U�H �O�¶�L�Q�W�H�U�Y�D�O�O�R �G�L �F�R�Q�I�L�G�H�Q�]�D �H�Q�W�U�R �F�X�L �U�L�F�D�G�R�Q�R �L �Y�D�O�R�U�L �V�W�L�P�D�W�L �G�H�L �S�D�U�D�P�H�W�U�L��

�/�¶�R�E�L�H�W�W�L�Y�R �G�H�O�O�R �V�W�L�P�D�W�R�U�H �0�$�3 �q �L�Q�G�L�Y�L�G�X�D�U�H �L�O �Y�D�O�R�U�H �G�Lp �F�K�H �P�D�V�V�L�P�L�]�]�D �O�D �S�U�R�E�D�E�L�O�L�W�j �D

�S�R�V�W�H�U�L�R�U�L��

p̂MAP = argmax
p

f pjz(pjz) ����������

�$�S�S�O�L�F�D�Q�G�R �L�O �W�H�R�U�H�P�D �G�L �%�D�\�H�V�� �V�L �S�X�z �H�V�S�U�L�P�H�U�H �O�D �G�L�V�W�U�L�E�X�]�L�R�Q�H �D �S�R�V�W�H�U�L�R�U�L �F�R�P�H��

f pjz(pjz) =
f zjp(zjp) � f p(p)

f z(z)
����������

�/�D �I�X�Q�]�L�R�Q�H �G�L �Y�H�U�R�V�L�P�L�J�O�L�D�Q�]�Df zjp(zjp) �H�V�S�U�L�P�H �O�D �S�U�R�E�D�E�L�O�L�W�j �G�L �R�V�V�H�U�Y�D�U�H �L �G�D�W�L �V�S�H�U�L�P�H�Q�W�D�O�L

z �G�D�W�R �X�Q �G�H�W�H�U�P�L�Q�D�W�R �Y�D�O�R�U�H �G�H�L �S�D�U�D�P�H�W�U�Lp�� �4�X�H�V�W�D �S�U�R�E�D�E�L�O�L�W�j �G�L�S�H�Q�G�H �G�D�O �P�R�G�H�O�O�R �H �G�D�O�O�¶�H�U�U�R�U�H

�G�L �P�L�V�X�U�D�]�L�R�Q�Hv�� �D�V�V�X�Q�W�R �F�R�P�H �X�Q�D �Y�D�U�L�D�E�L�O�H �F�D�V�X�D�O�H �Q�R�U�P�D�O�P�H�Q�W�H �G�L�V�W�U�L�E�X�L�W�D �F�R�Q �P�H�G�L�D �Q�X�O�O�D �H

�Y�D�U�L�D�Q�]�D� 2�� �H�G �q �L�Q�G�L�S�H�Q�G�H�Q�W�H �G�D�L �G�D�W�L �R�V�V�H�U�Y�D�W�L�� �/�D �G�L�V�W�U�L�E�X�]�L�R�Q�H �D �S�U�L�R�U�Lf p(p) �H�V�S�U�L�P�H �O�H �F�R�Q�R��

�V�F�H�Q�]�H �F�K�H �V�L �K�D�Q�Q�R �V�X�L �S�D�U�D�P�H�W�U�L �G�H�O �P�R�G�H�O�O�R �S�U�L�P�D �G�L �R�V�V�H�U�Y�D�U�H �L �G�D�W�L�� �P�H�Q�W�U�H �O�D �G�L�V�W�U�L�E�X�]�L�R�Q�H

f z(z) �U�D�S�S�U�H�V�H�Q�W�D �O�D �S�U�R�E�D�E�L�O�L�W�j �F�R�P�S�O�H�V�V�L�Y�D �G�H�L �G�D�W�L �H�� �S�R�L�F�K�p �Q�R�Q �G�L�S�H�Q�G�H �G�Dp�� �S�X�z �H�V�V�H�U�H �L�J�Q�R��

�U�D�W�D �Q�H�O �S�U�R�F�H�V�V�R �G�L �P�D�V�V�L�P�L�]�]�D�]�L�R�Q�H��

�1�H�O �F�D�V�R �L�Q �F�X�L �V�L�D �L�O �Y�H�W�W�R�U�H �G�H�L �S�D�U�D�P�H�W�U�Lp �V�L�D �O�¶�H�U�U�R�U�H �G�L �P�L�V�X�U�Dv �V�H�J�X�D�Q�R �X�Q�D �G�L�V�W�U�L�E�X�]�L�R�Q�H

�J�D�X�V�V�L�D�Q�D�� �V�L �D�V�V�X�P�H �F�K�Hp �D�E�E�L�D �X�Q�D �P�H�G�L�D� p �H �X�Q�D �P�D�W�U�L�F�H �G�L �F�R�Y�D�U�L�D�Q�]�D� p�� �P�H�Q�W�U�H �S�H�Uv �V�L

�F�R�Q�V�L�G�H�U�D�Q�R �X�Q�D �P�H�G�L�D� v �H �X�Q�D �P�D�W�U�L�F�H �G�L �F�R�Y�D�U�L�D�Q�]�D� v �� �/�D �S�U�R�E�D�E�L�O�L�W�j �D �S�U�L�R�U�L �G�Lp �S�X�z �H�V�V�H�U�H

�R�W�W�H�Q�X�W�D �G�D��

f p(p) =
1

[(2� )M det(� p)]1/2
exp(�

1
2

(p � � p)T � � 1
p (p � � p)) ����������

���0�D�[�L�P�X�P �$ �3�R�V�W�H�U�L�R�U�L

����



�H �O�D �I�X�Q�]�L�R�Q�H �G�L �Y�H�U�R�V�L�P�L�J�O�L�D�Q�]�D��

f zjp(zjp) =
1

[(2� )N det(� v)]1/2
exp(�

1
2

[z � G(p)]T � � 1
v [z � G(p)]) ����������

�&�R�P�E�L�Q�D�Q�G�R �O�H �G�X�H �H�V�S�U�H�V�V�L�R�Q�L �Q�H�O�O�D �I�R�U�P�X�O�D �G�L �%�D�\�H�V�� �V�L �R�W�W�L�H�Q�H��

f pjz(pjz) =
1

[(2� )N det(� v)]1/2 [(2� )M det(� p)]1/2
expf�

1
2

([z � G(p)]T � � 1
v [z � G(p)]+ ����������

+ ( p � � p)T � � 1
p (p � � p))g ����������

�3�R�L�F�K�p �P�D�V�V�L�P�L�]�]�D�U�H �T�X�H�V�W�D �I�X�Q�]�L�R�Q�H �H�T�X�L�Y�D�O�H �D �P�L�Q�L�P�L�]�]�D�U�H �O�¶�H�V�S�R�Q�H�Q�W�H�� �L�O �S�U�R�E�O�H�P�D �0�$�3 �V�L

�U�L�G�X�F�H �D��

p̂MAP = argmin
p

f [z � G(p)]T � � 1
v [z � G(p)] + ( p � � p)T � � 1

p (p � � p)g ������������

�/�D �I�X�Q�]�L�R�Q�H �F�R�V�W�R �U�L�V�X�O�W�D�Q�W�H �q �F�R�P�S�R�V�W�D �G�D �G�X�H �W�H�U�P�L�Q�L�� �L�O �S�U�L�P�R �P�L�V�X�U�D �O�D �F�R�H�U�H�Q�]�D �W�U�D �L�O �P�R��

�G�H�O�O�R �H �O�H �R�V�V�H�U�Y�D�]�L�R�Q�L �V�S�H�U�L�P�H�Q�W�D�O�L�� �U�D�S�S�U�H�V�H�Q�W�D�Q�G�R �O�D �G�L�I�I�H�U�H�Q�]�D �W�U�D �L �G�D�W�L �R�V�V�H�U�Y�D�W�L �H �T�X�H�O�O�L �S�U�H�Y�L�V�W�L

�G�D�O �P�R�G�H�O�O�R�� �S�R�Q�G�H�U�D�W�D �U�L�V�S�H�W�W�R �D�O�O�D �G�H�Y�L�D�]�L�R�Q�H �V�W�D�Q�G�D�U�G �G�H�O�O�¶�H�U�U�R�U�H �G�L �P�L�V�X�U�D�]�L�R�Q�H�� �,�O �V�H�F�R�Q�G�R �W�H�U��

�P�L�Q�H�� �L�Q�Y�H�F�H�� �L�Q�F�R�U�S�R�U�D �O�¶�L�Q�I�R�U�P�D�]�L�R�Q�H �D �S�U�L�R�U�L �V�X�L �S�D�U�D�P�H�W�U�L �D�W�W�U�D�Y�H�U�V�R �X�Q�D �G�L�V�W�U�L�E�X�]�L�R�Q�H �J�D�X�V�V�L�D�Q�D

�F�H�Q�W�U�D�W�D �L�Q� p �F�R�Q �P�D�W�U�L�F�H �G�L �F�R�Y�D�U�L�D�Q�]�D� p�� �S�H�Q�D�O�L�]�]�D�Q�G�R �V�R�O�X�]�L�R�Q�L �F�K�H �V�L �G�L�V�F�R�V�W�D�Q�R �W�U�R�S�S�R �G�D�O�O�H

�V�W�L�P�H �L�Q�L�]�L�D�O�L��

�1�H�O�O�R �V�W�X�G�L�R�� �S�H�U �T�X�D�Q�W�R �U�L�J�X�D�U�G�D �L �S�D�U�D�P�H�W�U�L �G�L �V�H�F�U�H�]�L�R�Q�H�� �V�R�Q�R �G�L�V�S�R�Q�L�E�L�O�L �L�Q�I�R�U�P�D�]�L�R�Q�L �D �S�U�L�R�U�L

�V�R�O�R �V�X�O �S�D�U�D�P�H�W�U�R� �� �F�R�Q �L�O �V�X�R �Y�D�O�R�U�H �H �O�D �V�X�D �Y�D�U�L�D�Q�]�D �G�H�I�L�Q�L�W�L �U�L�V�S�H�W�W�L�Y�D�P�H�Q�W�H �L�Q� p �H� p�� �3�H�U

�T�X�D�Q�W�R �U�L�J�X�D�U�G�D �L �S�D�U�D�P�H�W�U�L �F�L�Q�H�W�L�F�L�� �V�L �G�L�V�W�L�Q�J�X�R�Q�R �G�X�H �F�D�V�L�� �Q�H�O �S�U�L�P�R �O�D �F�L�Q�H�W�L�F�D �q �I�L�V�V�D�W�D �G�D�O

�P�R�G�H�O�O�R �G�L �S�R�S�R�O�D�]�L�R�Q�H �G�L �9�D�Q �&�D�X�W�H�U�� �S�H�U �F�X�L�� �X�Q�D �Y�R�O�W�D �F�D�O�F�R�O�D�W�L �L �S�D�U�D�P�H�W�U�Lk21��k12 �Hk01 �G�D�L

�S�D�U�D�P�H�W�U�L �D�Q�W�U�R�S�R�P�H�W�U�L�F�L �G�H�O �S�D�]�L�H�Q�W�H�� �T�X�H�V�W�L �U�H�V�W�D�Q�R �L�Q�Y�D�U�L�D�W�L �S�H�U �O�¶�L�Q�W�H�U�D �D�Q�D�O�L�V�L�� �/�D �G�L�V�W�U�L�E�X�]�L�R�Q�H

�D �S�U�L�R�U�Lf p(p) �G�H�L �S�D�U�D�P�H�W�U�L �F�L�Q�H�W�L�F�L �Q�R�Q �q �L�Q�I�R�U�P�D�W�L�Y�D�� �L�Q�G�L�F�D�Q�G�R �O�¶�D�V�V�H�Q�]�D �G�L �F�R�Q�R�V�F�H�Q�]�H �V�X�O�O�H �O�R�U�R

�Y�D�U�L�D�Q�]�H�� �1�H�O �V�H�F�R�Q�G�R �F�D�V�R�� �L�Q�Y�H�F�H��� p �H� p �I�R�U�Q�L�V�F�R�Q�R �L�Q�I�R�U�P�D�]�L�R�Q�L �V�X�L �S�D�U�D�P�H�W�U�L �F�L�Q�H�W�L�F�L�� �F�R�Q �L

�Y�D�O�R�U�L �D �S�U�L�R�U�L �G�L �T�X�H�V�W�L �X�O�W�L�P�L �G�H�U�L�Y�D�W�L �G�D�O �P�R�G�H�O�O�R �G�L �9�D�Q �&�D�X�W�H�U �H �U�L�S�R�U�W�D�W�L �Q�H�O�O�D �7�D�E�H�O�O�D ��������

����



�1�R�U�P�D�O�H �2�E�H�V�R
k21 ���P�L�Q� 1�� ����������� ���������� �������������� ����������� ���������� ��������������
k12 ���P�L�Q� 1�� ����������� ���������� �������������� ����������� ���������� ��������������
k01 ���P�L�Q� 1�� ����������� �������� �������������� ����������� ���������� ��������������

�7�D�E�H�O�O�D �������� �9�D�O�R�U�L �P�H�G�L� �G�H�Y�L�D�]�L�R�Q�H �V�W�D�Q�G�D�U�G�� �F�R�Q �F�R�H�I�I�L�F�L�H�Q�W�L �G�L �Y�D�U�L�D�]�L�R�Q�H�� �H�V�S�U�H�V�V�D �L�Q �S�H�U�F�H�Q��
�W�X�D�O�H �W�U�D �S�D�U�H�Q�W�H�V�L�� �G�H�L �S�D�U�D�P�H�W�U�L �F�L�Q�H�W�L�F�L ���D�G�D�W�W�D�W�D �G�D �>�����@����

������ �9�D�O�L�G�D�]�L�R�Q�H �H �V�H�O�H�]�L�R�Q�H �G�H�O �P�R�G�H�O�O�R

�'�R�S�R �D�Y�H�U �G�H�I�L�Q�L�W�R �O�D �V�W�U�X�W�W�X�U�D �G�H�O �P�R�G�H�O�O�R �H �V�W�L�P�D�W�R �L �S�D�U�D�P�H�W�U�L�� �V�L �S�U�R�F�H�G�H �D�O�O�D �Y�D�O�X�W�D�]�L�R�Q�H �G�H�O�O�D

�T�X�D�O�L�W�j �H �G�H�O�O�¶�D�F�F�X�U�D�W�H�]�]�D �G�H�L �U�L�V�X�O�W�D�W�L��

�8�Q �D�V�S�H�W�W�R �F�U�X�F�L�D�O�H �q �O�D �F�D�S�D�F�L�W�j �G�H�O �P�R�G�H�O�O�R �G�L �D�G�D�W�W�D�U�V�L �D�L �G�D�W�L �R�V�V�H�U�Y�D�W�L�� �J�D�U�D�Q�W�H�Q�G�R �X�Q�D �U�D�S�S�U�H�V�H�Q��

�W�D�]�L�R�Q�H �I�H�G�H�O�H �G�H�O �V�L�V�W�H�P�D�� �4�X�H�V�W�D �Y�D�O�X�W�D�]�L�R�Q�H �V�L �E�D�V�D �V�X�O�O�¶�D�Q�D�O�L�V�L �G�H�L �U�H�V�L�G�X�L�� �R�Y�Y�H�U�R �O�D �G�L�I�I�H�U�H�Q�]�D

�W�U�D �L �Y�D�O�R�U�L �R�V�V�H�U�Y�D�W�Lz �H �L �Y�D�O�R�U�L �S�U�H�G�H�W�W�L �G�D�O �P�R�G�H�O�O�Ry�� �F�D�O�F�R�O�D�W�L �X�W�L�O�L�]�]�D�Q�G�R �L �S�D�U�D�P�H�W�U�L �V�W�L�P�D�W�L

�R�W�W�L�P�D�O�L��

r = z � y(p̂) ������������

�0�D�J�J�L�R�U�H �q �O�D �Y�L�F�L�Q�D�Q�]�D �G�H�L �U�H�V�L�G�X�Lr �D�O�O�R �]�H�U�R�� �S�L�• �D�F�F�X�U�D�W�D �U�L�V�X�O�W�D �O�D �S�U�H�G�L�]�L�R�Q�H �G�H�O �P�R�G�H�O�O�R��

�S�R�L�F�K�p �L�Q�G�L�F�D �X�Q�D �E�X�R�Q�D �D�G�H�U�H�Q�]�D �D�L �G�D�W�L �V�S�H�U�L�P�H�Q�W�D�O�L�� �$�I�I�L�Q�F�K�p �L�O �P�R�G�H�O�O�R �V�L�D �F�R�Q�V�L�G�H�U�D�W�R �E�X�R�Q�R��r

�G�H�Y�H �U�L�V�S�H�W�W�D�U�H �O�H �S�U�R�S�U�L�H�W�j �G�H�O�O�¶�H�U�U�R�U�H �G�L �P�L�V�X�U�Dv�� �L�O �T�X�D�O�H �q �P�R�G�H�O�O�D�W�R �F�R�P�H �U�X�P�R�U�H �E�L�D�Q�F�R�� �R�Y�Y�H�U�R

�G�H�Y�H �D�Y�H�U�H �P�H�G�L�D �Q�X�O�O�D�� �Y�D�U�L�D�Q�]�D �Q�R�W�D �H�G �H�V�V�H�U�H �Q�R�Q �F�R�U�U�H�O�D�W�R�� �3�H�U �Y�H�U�L�I�L�F�D�U�H �T�X�H�V�W�D �F�R�Q�G�L�]�L�R�Q�H�� �V�L

�D�Q�D�O�L�]�]�D�Q�R �L �U�H�V�L�G�X�L �S�H�V�D�W�Lwres�� �R�W�W�H�Q�X�W�L �Q�R�U�P�D�O�L�]�]�D�Q�G�R �L �U�H�V�L�G�X�L �F�R�Q �O�D �G�H�Y�L�D�]�L�R�Q�H �V�W�D�Q�G�D�U�G �G�Lv��

� v �� �/�D �Y�D�U�L�D�Q�]�D �G�H�O �N���H�V�L�P�R �F�D�P�S�L�R�Q�H �G�Lwres �q��

var(wresk) = var(
r k

� k
) =

1
� 2

k

� var(r k) =
1
� 2

k

� var(vk) =
� 2

k

� 2
k

= 1 ������������

�4�X�L�Q�G�L�� �L�Q �E�D�V�H �D�O�O�H �D�V�V�X�Q�]�L�R�Q�L �I�D�W�W�H�� �L �U�H�V�L�G�X�L �S�H�V�D�W�L �G�R�Y�U�H�E�E�H�U�R �H�V�V�H�U�H �Q�R�Q �F�R�U�U�H�O�D�W�L �H �F�R�Q

�X�Q�¶�D�P�S�L�H�]�]�D �F�R�P�S�U�H�V�D �Q�H�O �U�D�Q�J�H[� 1; +1] ��

�8�Q �X�O�W�H�U�L�R�U�H �F�U�L�W�H�U�L�R �S�H�U �Y�D�O�X�W�D�U�H �O�H �S�H�U�I�R�U�P�D�Q�F�H �G�H�O �P�R�G�H�O�O�R �q �L�O �F�D�O�F�R�O�R �G�H�O�O�D �6�R�P�P�D �G�H�L �4�X�D�G�U�D�W�L

�G�H�L �5�H�V�L�G�X�L �3�H�V�D�W�L ���:�5�6�6������

WRSS = r T � � 1
v r ������������

���:�H�L�J�K�W�H�G �5�H�V�L�G�X�D�O �6�X�P �R�I �6�T�X�D�U�H�V

����



�4�X�H�V�W�D �P�L�V�X�U�D �W�L�H�Q�H �F�R�Q�W�R �G�H�O�O�H �G�L�Y�H�U�V�H �Y�D�U�L�D�Q�]�H �G�H�O�O�H �R�V�V�H�U�Y�D�]�L�R�Q�L�� �D�V�V�H�J�Q�D�Q�G�R �S�H�V�L �G�L�I�I�H�U�H�Q�W�L

�D�L �U�H�V�L�G�X�L �L�Q �P�R�G�R �G�D �U�L�I�O�H�W�W�H�U�H �O�¶�L�Q�F�H�U�W�H�]�]�D �U�H�O�D�W�L�Y�D �D �F�L�D�V�F�X�Q �G�D�W�R��

�2�O�W�U�H �D�O�O�D �T�X�D�O�L�W�j �G�H�O �P�R�G�H�O�O�R�� �q �L�P�S�R�U�W�D�Q�W�H �D�Q�F�K�H �Y�D�O�X�W�D�U�H �O�D �S�U�H�F�L�V�L�R�Q�H �F�R�Q �F�X�L �V�R�Q�R �V�W�D�W�L �V�W�L�P�D�W�L

�L �S�D�U�D�P�H�W�U�L�� �S�R�L�F�K�p �F�L�z �G�H�W�H�U�P�L�Q�D �O�¶�D�I�I�L�G�D�E�L�O�L�W�j �F�R�P�S�O�H�V�V�L�Y�D �G�H�O �P�R�G�H�O�O�R�� �$ �W�D�O�H �I�L�Q�H�� �V�L �F�D�O�F�R�O�D �D

�S�R�V�W�H�U�L�R�U�L �O�D �P�D�W�U�L�F�H �G�L �F�R�Y�D�U�L�D�Q�]�D �G�H�L �S�D�U�D�P�H�W�U�L��� p̂�� �G�H�I�L�Q�L�W�D �F�R�P�H��

� p̂ = ( ST � � 1
v S + � � 1

p )� 1 ������������

�G�R�Y�H �6 �q �O�D �P�D�W�U�L�F�H �G�L �V�H�Q�V�L�E�L�O�L�W�j�� �F�K�H �F�R�Q�W�L�H�Q�H �W�X�W�W�H �O�H �G�H�U�L�Y�D�W�H �S�D�U�]�L�D�O�L �G�H�O �P�R�G�H�O�O�R �U�L�V�S�H�W�W�R �D�L

�S�D�U�D�P�H�W�U�L�� �1�H�O �F�D�V�R �G�L �S�H�V�L �D�V�V�R�O�X�W�L�� �L�Q �F�X�L �F�L�R�q �V�L �D�V�V�R�F�L�D �X�Q �S�H�V�R �D�O�O�D �Y�D�U�L�D�Q�]�D �G�L �F�L�D�V�F�X�Q �S�D�U�D�P�H�W�U�R��

�L�Q�G�L�S�H�Q�G�H�Q�W�H�P�H�Q�W�H �G�D�J�O�L �D�O�W�U�L�� �O�D �P�D�W�U�L�F�H �S�X�z �H�V�V�H�U�H �F�D�O�F�R�O�D�W�D �D�Q�F�K�H �F�R�P�H��

� p̂ = ( J T J + � � 1
p )� 1 ������������

�G�R�Y�HJ �q �O�D �-�D�F�R�E�L�D�Q�D �G�H�O�O�D �I�X�Q�]�L�R�Q�H �F�R�V�W�R�� �R�Y�Y�H�U�R �O�D �G�H�U�L�Y�D�W�D �G�H�O�O�D �I�X�Q�]�L�R�Q�H �F�R�V�W�R �U�L�V�S�H�W�W�R �D�L

�V�X�R�L �S�D�U�D�P�H�W�U�L�� �/�D �-�D�F�R�E�L�D�Q�D �S�H�U�P�H�W�W�H �G�L �T�X�D�Q�W�L�I�L�F�D�U�H �L�O �F�R�Q�W�U�L�E�X�W�R �G�H�L �G�D�W�L �V�S�H�U�L�P�H�Q�W�D�O�L �Q�H�O�O�D �V�W�L�P�D

�S�D�U�D�P�H�W�U�L�F�D�� �/�¶�L�Q�I�R�U�P�D�]�L�R�Q�H �D �S�U�L�R�U�L�� �L�Q�Y�H�F�H�� �q �L�Q�W�U�R�G�R�W�W�D �V�H�S�D�U�D�W�D�P�H�Q�W�H �D�W�W�U�D�Y�H�U�V�R �L�O �W�H�U�P�L�Q�H� � 1
p ��

�S�H�U �S�H�Q�D�O�L�]�]�D�U�H �L �Y�D�O�R�U�L �G�H�L �S�D�U�D�P�H�W�U�L �O�R�Q�W�D�Q�L �G�D�O�O�D �G�L�V�W�U�L�E�X�]�L�R�Q�H �D �S�U�L�R�U�L��

�'�D�O�O�D �P�D�W�U�L�F�H� p̂ �V�L �U�L�F�D�Y�D �O�D �Y�D�U�L�D�Q�]�D �G�H�L �S�D�U�D�P�H�W�U�L �V�W�L�P�D�W�L�� �G�D�W�D �G�D�J�O�L �H�O�H�P�H�Q�W�L �V�X�O�O�D �V�X�D �G�L�D�J�R�Q�D�O�H��

�/�D �G�H�Y�L�D�]�L�R�Q�H �V�W�D�Q�G�D�U�G��SD(p̂)�� �q �R�W�W�H�Q�X�W�D �F�R�P�H �O�D �U�D�G�L�F�H �T�X�D�G�U�D�W�D �G�H�O�O�D �Y�D�U�L�D�Q�]�D �H �S�H�U�P�H�W�W�H �G�L �Y�D��

�O�X�W�D�U�H �O�D �S�U�H�F�L�V�L�R�Q�H �G�H�O�O�D �V�W�L�P�D�� �4�X�H�V�W�D �S�U�H�F�L�V�L�R�Q�H �q �H�V�S�U�H�V�V�D �L�Q �W�H�U�P�L�Q�L �G�L �F�R�H�I�I�L�F�L�H�Q�W�H �G�L �Y�D�U�L�D�]�L�R�Q�H

�&�9 �������� �F�D�O�F�R�O�D�W�R �F�R�P�H��

CV(p̂i ) =
SD(p̂i )

(p̂i )
i = 1;2; :::N ������������

�,�Q�I�L�Q�H�� �L�O �S�U�L�Q�F�L�S�L�R �G�L �S�D�U�V�L�P�R�Q�L�D �S�X�z �H�V�V�H�U�H �X�W�L�O�L�]�]�D�W�R �S�H�U �E�L�O�D�Q�F�L�D�U�H �O�D �Q�H�F�H�V�V�L�W�j �G�L �D�Y�H�U�H �X�Q�D

�E�X�R�Q�D �D�G�H�U�H�Q�]�D �G�H�O �P�R�G�H�O�O�R �D�L �G�D�W�L �F�R�Q �O�¶�D�F�F�X�U�D�W�H�]�]�D �G�H�O�O�D �V�W�L�P�D �G�H�L �S�D�U�D�P�H�W�U�L�� �$�X�P�H�Q�W�D�U�H �O�¶�R�U�G�L�Q�H

�G�H�O �P�R�G�H�O�O�R �S�X�z �U�L�G�X�U�U�H �L �U�H�V�L�G�X�L�� �P�D �D�O �F�R�V�W�R �G�L �X�Q�D �P�D�J�J�L�R�U�H �L�Q�F�H�U�W�H�]�]�D �Q�H�O�O�D �V�W�L�P�D �S�D�U�D�P�H�W�U�L�F�D��

�7�U�R�Y�D�U�H �X�Q �F�R�P�S�U�R�P�H�V�V�R �W�U�D �T�X�H�V�W�H �G�X�H �H�V�L�J�H�Q�]�H �U�L�V�X�O�W�D �T�X�L�Q�G�L �I�R�Q�G�D�P�H�Q�W�D�O�H��

�,�Q �T�X�H�V�W�R �V�W�X�G�L�R�� �O�¶�L�Q�G�L�F�H �G�L �S�D�U�V�L�P�R�Q�L�D �D�G�R�W�W�D�W�R �S�H�U �F�R�Q�I�U�R�Q�W�D�U�H �L �P�R�G�H�O�O�L �H �Y�D�O�X�W�D�U�H �H�Y�H�Q�W�X�D�O�L �P�L��

�J�O�L�R�U�D�P�H�Q�W�L �R �S�H�J�J�L�R�U�D�P�H�Q�W�L �q �V�W�D�W�R �L�O �F�U�L�W�H�U�L�R �G�L �$�N�D�L�N�H ���$�,�&������ �1�H�O �F�D�V�R �G�L �S�H�V�L �D�V�V�R�O�X�W�L�� �V�L �D�V�V�X�P�H

�F�K�H �O�D �P�D�W�U�L�F�H �G�L �F�R�Y�D�U�L�D�Q�]�D� v �V�L�D �Q�R�W�D�� �S�H�U�P�H�W�W�H�Q�G�R �F�R�V�u �G�L �S�H�V�D�U�H �F�R�U�U�H�W�W�D�P�H�Q�W�H �L �U�H�V�L�G�X�L �Q�H�O

�F�D�O�F�R�O�R �G�H�O �:�5�6�6�� �X�W�L�O�L�]�]�D�W�R �S�H�U �Y�D�O�X�W�D�U�H �O�D �S�D�U�V�L�P�R�Q�L�D �G�H�O �P�R�G�H�O�O�R �H �O�D �T�X�D�O�L�W�j �G�H�O�O�¶�D�G�D�W�W�D�P�H�Q�W�R��

���$�N�D�L�N�H �,�Q�I�R�U�P�D�W�L�R�Q �&�U�L�W�H�U�L�R�Q

����



AIC = WRSS + 2 � M ������������

�G�R�Y�HM �U�D�S�S�U�H�V�H�Q�W�D �L�O �Q�X�P�H�U�R �G�L �S�D�U�D�P�H�W�U�L �V�W�L�P�D�W�L �Q�H�O �P�R�G�H�O�O�R�� �3�H�U�W�D�Q�W�R�� �X�Q �Q�X�P�H�U�R �H�O�H�Y�D�W�R

�G�L �S�D�U�D�P�H�W�U�L �G�D �V�W�L�P�D�U�H �D�X�P�H�Q�W�D �O�D �F�R�P�S�O�H�V�V�L�W�j �G�H�O �P�R�G�H�O�O�R �H�� �G�L �F�R�Q�V�H�J�X�H�Q�]�D�� �L�O �Y�D�O�R�U�H �G�L �$�,�&��

�8�Q �P�R�G�H�O�O�R �q �W�D�Q�W�R �P�L�J�O�L�R�U�H �T�X�D�Q�W�R �S�L�• �U�L�H�V�F�H �D �P�D�Q�W�H�Q�H�U�H �E�D�V�V�R �T�X�H�V�W�R �Y�D�O�R�U�H�� �L�Q�G�L�F�H �G�L �X�Q �E�X�R�Q

�E�L�O�D�Q�F�L�D�P�H�Q�W�R �W�U�D �O�¶�D�G�H�U�H�Q�]�D �D�L �G�D�W�L �V�S�H�U�L�P�H�Q�W�D�O�L �H �O�D �S�U�H�F�L�V�L�R�Q�H �G�H�O�O�H �V�W�L�P�H �G�H�L �S�D�U�D�P�H�W�U�L��

����



����



�&�D�S�L�W�R�O�R ��

�5�L�V�X�O�W�D�W�L

�3�H�U �F�L�D�V�F�X�Q �P�R�G�H�O�O�R�� �O�¶�D�Q�D�O�L�V�L �G�H�L �U�L�V�X�O�W�D�W�L �V�L �F�R�Q�F�H�Q�W�U�D �V�X�O�O�D �S�U�H�F�L�V�L�R�Q�H �G�H�O�O�H �V�W�L�P�H �S�D�U�D�P�H�W�U�L�F�K�H��

�V�X�O�O�¶�D�G�H�U�H�Q�]�D �G�H�O�O�D �S�U�H�G�L�]�L�R�Q�H �G�H�O �P�R�G�H�O�O�R �U�L�V�S�H�W�W�R �D�L �G�D�W�L �V�S�H�U�L�P�H�Q�W�D�O�L �H �V�X�L �U�L�V�S�H�W�W�L�Y�L �U�H�V�L�G�X�L �S�H�V�D�W�L��

�,�Q�R�O�W�U�H�� �V�L �H�V�D�P�L�Q�D�Q�R �O�D �V�R�P�P�D �G�H�L �T�X�D�G�U�D�W�L �G�H�L �U�H�V�L�G�X�L �S�H�V�D�W�L ���:�5�6�6�� �H �O�¶�L�Q�G�L�F�H �G�L �$�N�D�L�N�H ���$�,�&��

�F�R�P�H �L�Q�G�L�F�D�W�R�U�L �S�H�U �O�D �V�H�O�H�]�L�R�Q�H �G�H�O �P�R�G�H�O�O�R �R�W�W�L�P�R��

�/�¶�D�Q�D�O�L�V�L �q �V�W�D�W�D �F�R�Q�G�R�W�W�D �L�Q �0�$�7�/�$�%�� �X�W�L�O�L�]�]�D�Q�G�R �O�D �I�X�Q�]�L�R�Q�H�O�V�T�Q�R�Q�O�L�Q�S�H�U �O�D �U�L�V�R�O�X�]�L�R�Q�H �G�L �S�U�R��

�E�O�H�P�L �G�L �R�W�W�L�P�L�]�]�D�]�L�R�Q�H �Q�R�Q �O�L�Q�H�D�U�H�� �4�X�H�V�W�R �D�S�S�U�R�F�F�L�R �F�R�Q�V�H�Q�W�H �G�L �G�H�W�H�U�P�L�Q�D�U�H �L �Y�D�O�R�U�L �G�H�O�O�H �Y�D��

�U�L�D�E�L�O�L �F�K�H �P�L�Q�L�P�L�]�]�D�Q�R �O�D �I�X�Q�]�L�R�Q�H �F�R�V�W�R�� �/�D �I�X�Q�]�L�R�Q�H�R�G�H������ �L�Q�Y�H�F�H�� �q �V�W�D�W�D �L�P�S�L�H�J�D�W�D �S�H�U �O�D

�U�L�V�R�O�X�]�L�R�Q�H �G�L �H�T�X�D�]�L�R�Q�L �G�L�I�I�H�U�H�Q�]�L�D�O�L �R�U�G�L�Q�D�U�L�H ���2�'�(�� �G�L �S�U�L�P�R �R�U�G�L�Q�H�� �V�I�U�X�W�W�D�Q�G�R �L�O �P�H�W�R�G�R �G�L

�5�X�Q�J�H���.�X�W�W�D �G�L �R�U�G�L�Q�H �������� �7�D�O�H �I�X�Q�]�L�R�Q�H �q �V�W�D�W�D �X�W�L�O�L�]�]�D�W�D �S�H�U �U�L�V�R�O�Y�H�U�H �O�H �H�T�X�D�]�L�R�Q�L �G�H�O �V�L�V�W�H�P�D��

�F�R�Q�V�H�Q�W�H�Q�G�R �G�L �T�X�D�Q�W�L�I�L�F�D�U�H �O�H �F�R�Q�F�H�Q�W�U�D�]�L�R�Q�L �G�L �&���S�H�S�W�L�G�H �Q�H�L �G�X�H �F�R�P�S�D�U�W�L�P�H�Q�W�L �H �O�D �V�H�F�U�H�]�L�R�Q�H

�V�W�D�W�L�F�D��

������ �0�R�G�H�O�O�R �G�H�O�O�D �O�H�W�W�H�U�D�W�X�U�D

�,�O �P�R�G�H�O�O�R �G�L �U�L�I�H�U�L�P�H�Q�W�R �q �V�W�D�W�R �W�H�V�W�D�W�R �V�X�L �G�D�W�D�E�D�V�H �G�H�O�O�R �V�W�X�G�L�R �S�H�U �L�Q�G�L�Y�L�G�X�D�U�H �O�H �F�D�X�V�H �G�H�O�O�D �V�X�D

�L�Q�D�G�H�J�X�D�W�H�]�]�D�� �,�Q �S�D�U�W�L�F�R�O�D�U�H�� �V�L �V�R�Q�R �F�R�Q�I�U�R�Q�W�D�W�H �O�H �S�U�H�V�W�D�]�L�R�Q�L �G�H�O �P�R�G�H�O�O�R�� �G�L�V�W�L�Q�J�X�H�Q�G�R �L �F�D�V�L �L�Q

�F�X�L �O�D �F�L�Q�H�W�L�F�D �q �I�L�V�V�D�W�D �D �Y�D�O�R�U�L �S�U�H�G�H�W�W�L �G�D�O �P�R�G�H�O�O�R �G�L �9�D�Q �&�D�X�W�H�U �H �T�X�D�Q�G�R �L�Q�Y�H�F�H �q �V�W�L�P�D�W�D �F�R�Q

�L�O �%�D�\�H�V�L�D�Q�R��

�1�H�O �F�D�V�R �L�Q �F�X�L �O�D �F�L�Q�H�W�L�F�D �q �I�L�V�V�D�W�D�� �L �S�D�U�D�P�H�W�U�L �F�L�Q�H�W�L�F�L �V�R�Q�R �V�W�D�W�L �G�H�W�H�U�P�L�Q�D�W�L �V�H�J�X�H�Q�G�R �O�H �S�U�R�F�H�G�X�U�H

�G�H�V�F�U�L�W�W�H �Q�H�O�&�D�S�L�W�R�O�R ���� �/�D �7�D�E�H�O�O�D �������� �L�Q�Y�H�F�H�� �U�L�S�R�U�W�D �L �Y�D�O�R�U�L �V�W�L�P�D�W�L �G�H�L �S�D�U�D�P�H�W�U�L �G�L �V�H�F�U�H�]�L�R�Q�H��

�L�Q�V�L�H�P�H �D�L �U�L�V�S�H�W�W�L�Y�L �F�R�H�I�I�L�F�L�H�Q�W�L �G�L �Y�D�U�L�D�]�L�R�Q�H ���&�9����
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