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Abstract

In this thesis, we describe the first stages of the implementation with GoSam of single Higgs
production at a future e+e− collider within the framework of Standard Model Effective Field
Theory (SMEFT). Studying SMEFT effects at such high energies is crucial to disentangle different
new physics footprints or, alternatively, to set robust bounds on them.
Our focus will be on Higgs production via vector boson fusion, which becomes increasingly
relevant at center-of-mass energies above 300 GeV compared to the Higgstrahlung production
channel which, instead, is dominant at low energies. One of the aspects of this thesis is to study the
relevance of the interference at leading order between the two production mechanisms, to justify
the separate treatments of the two.
Up to now, SMEFT effects in vector boson fusion have been investigated only at leading order.
However, to fully exploit the discovery potential of a future collider, next-to-leading order elec-
troweak corrections must be included. These corrections not only improve the precision of the
predictions, but are also particularly relevant because they become sensitive to operators that do
not contribute at leading order.
Finally, we discuss the progress that has been achieved in the implementation of the process,
together with the validations steps that have been taken so far.
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Chapter 1

Introduction

The Standard Model (SM) of particle physics is the quantum field theory that describes how the
basic constituents of matter, the fermions, interact via weak, strong and electromagnetic forces. SM
predictions have been experimentally confirmed at colliders with extraordinary precision, making it
one of the greatest achievements of modern physics. Nevertheless, some experimental observations
suggest that the model is not complete. Indeed, it does not explain the baryon asymmetry of the
universe and the presence of dark matter and dark energy. There are also some limits within
its theoretical formulation, for example the exclusion of gravity among its particle interactions,
the hierarchy problem for the Higgs mass or the impossibility to define a non-vanishing mass for
neutrinos.
In order to address these problems, a large number of theories Beyond the Standard Model (BSM)
have been proposed, but none of these models has achieved experimental confirmation so far. An
alternative approach is to parametrize deviations from the SM using an effective field theory. In this
scenario, the SM is the low-energy description of a more fundamental theory, whose new heavy
degrees of freedom are integrated out and the resulting theory contains only effective interactions
among SM fields. The effective Lagrangian consists of a series of local interaction operators of
increasing dimension and relative effective couplings, known as Wilson Coefficients (WCs). Within
this thesis, we employ the Standard Model Effective Field Theory (SMEFT).
In order to compare the theoretical predictions with the measurements from particle collider
experiments, quantum corrections must be included. Predictions for New Physics (NP) at high
energies can be made more robust if quantum corrections are included not only in the SM, but
also in the SMEFT. Next-to-leading order (NLO) corrections in dimension-six SMEFT are almost
fully automatized for Quantum Chromo-Dynamics (QCD) [1]. This is not the case for electroweak
(EW) corrections, which must be calculated for each specific process.
This thesis focuses on the study of the Higgs production mechanisms at future electron-positron
colliders, which in the following we assume to be the FCC-ee [2], within the SMEFT. At low
energies, the predominant channel is Higgsstrahlung (HS), e+e− → Zh, motivating a dedicated
experimental run at

√
s = 240 GeV where a maximum is reached. This channel has already

been studied in detail and the quantum corrections at NLO in the SMEFT can be found in [3].
Instead, we focus on the collider run at

√
s = 350 or 365 GeV, where the Vector Boson Fusion

(VBF) mechanism, e+e− → νν̄h, becomes more relevant for a final state with a Higgs and two
electron neutrinos. We show the predominance of VBF with respect to HS at these higher energies,
studying as well the interplay between the two via interference effects, and we set the stage for the
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renormalization of its SMEFT matrix element. We compute the counterterms needed to implement
the UV renormalization within the SM and check that they cancel the UV pole of the 1-loop
amplitude. In the literature, the NLO corrections in the SM and the NLO cross sections can be
found in [4]-[5]. However, in this thesis, we present the UV pole of the analytic gauge-independent
expressions for the counterterms and the UV pole of the NLO amplitude.
Studying this process at

√
s >350GeV within the SMEFT is advantageous because NLO corrections

become sensitive to NP operators not contributing at TL and, therefore, NP effects could be
uncovered. In [6], the numerical LO and NLO cross sections are presented for the SM and the
Two-Higgs Doublet Model (2HDM). However, a full implementation within the SMEFT has not yet
been presented. We perform our computation with GoSam [7] , a program for automated calculation
of one-loop amplitudes. In what follows, we describe the status of this program, describing in
detail the computational and conceptual aspects that have been studied.
The present thesis is organized as follows. Chapter 2 provides an overview of the SM: the gauge
group and the particle content are presented, together with a detailed description of the different
sectors of the SM Lagrangian. Moreover, we briefly describe its limitations. In Chapter 3 the two
main approaches (Top-Down and Bottom-Up) to the usage of EFTs are presented. We also introduce
and discuss the SMEFT in order to establish the conventions used throughout the thesis. Chapter
4 investigates the interplay between VBF and HS at

√
s = 350 GeV by studying how large the

interference between the two production mechanisms could be in the SMEFT. Moreover, truncation
effects on the total cross section are studied, in order to keep under control the convergence of the
EFT expansion. Chapter 5 provides the theoretical framework for the implementation of the EW
NLO corrections to VBF: the basis of dimension-six SMEFT operators contributing at NLO to the
VBF is presented and the ultraviolet (UV) renormalization in the Fleischer-Jegerlehner (FJ) tadpole
scheme [8] is discussed. Furthermore, we describe the treatment of the infrared (IR) divergences.
Chapter 6 provides the analytic result of the VBF renormalization within the SM in the FJ scheme
and its matching with the numerical result from GoSam. Finally, we present our conclusions and
discuss the outlook for further studies in Chapter 7.
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Chapter 2

The Standard Model of Particle Physics

The Standard Model (SM) of particle physics provides a successful description of the fundamental
constituents of matter and their strong and electroweak interactions. The SM does not describe
gravity which, being much weaker than the other interactions, becomes only relevant at high
energies, close to the Planck scale.
The SM provides a consistent theoretical framework to compute observables relevant at particle
collider experiments, being its last founding prediction the discovery of the Higgs boson in 2012.
Despite a large number of precision experiments have proven the SM to be a very good description
of particle physics, there are still open questions that need to be addressed in the future. Many
phenomena, such as the presence of dark matter in the universe or the hierarchy problem of the SM
Higgs boson, suggest, indeed, that the SM must be extended.
In this first chapter, a brief description of the four categories of particles of the SM is provided,
together with the mathematical framework defining their interactions. As any other model of
particle physics, the SM has to be constructed specifying the gauge group of the theory, together
with the possibility of a Spontaneous Symmetry Breaking (SSB) into a smaller group, and the
particle content.

2.1 The gauge group
The gauge group of the theory is:

GSM = SU(3)C ⊗ SU(2)L ⊗ U(1)Y , (2.1)

where

• SU(3)C describes strong interactions. It has 8 generators, namely λa/2, where λa are the
Gell-Mann matrices; as a consequence, there are 8 gluon fields Ga

µ, a = 1, ..., 8 that transform
in the adjoint representation of the gauge group.

• SU(2)L ⊗ U(1)Y describes electro-weak interactions.

– SU(2)L has 3 generators, σi/2, where σi are the Pauli matrices satisfying the commu-
tation relation [σi, σj] = 2iϵijkσk; thus, there are 3 vector bosons W i

µ, i = 1, 2, 3.
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– U(1)Y has 1 generator, Y/2, where Y is the hypercharge, and therefore it is associated
to 1 vector boson Bµ.

The introduced gauge bosons Ga
µ, W i

µ, Bµ are defined in the following subsection.

2.2 The particle content
In the SM, all matter in the universe is made up of elementary particles that can be grouped into
four categories, according to their quantum numbers and the ways they interact with other particles:
gauge bosons, quarks, leptons and the Higgs scalar.

Gauge bosons

The gauge fields are massless vector bosons with two degrees of freedom. Their transformations
under GSM are:

Ga
µ ∼ (8, 1, 0), W i

µ ∼ (1, 3, 0), Bµ ∼ (1, 1, 0). (2.2)

The first two numbers in bold denote the SU(3)C and SU(2)L representation (in this order), while
the third number denotes the field hypercharge. The gluon fields Ga

µ transform indeed under the
adjoint representation of SU(3)C and W i

µ under the adjoint representation of SU(2)L.

Quarks

The quarks are fermions with fractional electric charges and are subject to both strong and elec-
troweak interactions. As all fermions, they are classified into three generations, which differ only
by the fermion masses. In the following, the subscripts L and R refer to the left and right two-
component Weyl spinors in which fermions can be decomposed by acting on the dimension-four
Dirac spinor Ψ with the left and right projectors

ΨL = PLΨ = 1 − γ5

2 Ψ and ΨR = PRΨ = 1 + γ5

2 Ψ. (2.3)

The Lorentz group is instead locally isomorphic to two independent copies of the SU(2) algebra,
SU(2)spin

L ⊗ SU(2)spin
R , labeled by two spins (jL, jR). If, for example, jL = 1/2 and jR = 0,

fermions transform non-trivially only under SU(2)spin
L . This is the case for left-handed fermions

that belong to the (1/2, 0) representation of the Lorentz group and act as doublets under the weak
isospin SU(2)L group of GSM; right-handed fermions belong instead to the (0, 1/2) representation
of the Lorentz group and are SU(2)L singlets:

qL
i =

{︄(︄
uL
dL

)︄
,

(︄
cL
sL

)︄
,

(︄
tL
bL

)︄}︄
, uiR = {uR, cR, tR}, diR = {dR, sR, bR}. (2.4)

They transform under GSM as:

qiL ∼ (3, 2, 1/6), uiR ∼ (3, 1, 2/3), diR ∼ (3, 1, −1/3). (2.5)
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As shown in eq. (2.5), all quarks transform under the fundamental representation of SU(3)C , as
they interact via strong interaction. Strong interactions feature the so-called color confinement: at
energies ≲ 1 GeV the quarks are only found in bound states, called hadrons. They are held together
by gluons, the mediators of the strong force.

Leptons

Leptons are fermions with electric charge -1 or 0. They are subject to electroweak interactions,
but they do not couple to gluons. As for the quarks, they are divided into three generations, with
left and right-handed fermions belonging to the (1/2, 0) and (0, 1/2) representation of the Lorentz
group, respectively:

lL
i =

{︄(︄
νeL
eL

)︄
,

(︄
νµL
µL

)︄
,

(︄
ντL
τL

)︄}︄
, eiR = {eR, µR, τR}. (2.6)

In this thesis, neutrinos are assumed to be massless; hence, there is no need to introduce right-handed
neutrinos, as detailed in section 2.3.4. Leptons transform under GSM as:

liL ∼ (1, 2, −1/2), eiR ∼ (1, 1, −1). (2.7)

Higgs scalar

The only scalar of the Standard Model is the Higgs scalar, a complex SU(2) doublet:

φ =
(︄

φ+
φ0

)︄
=
(︄

ϕ1 + iϕ2
ϕ3 + iϕ4

)︄
, (2.8)

where ϕ1,2,3,4 are real scalar fields. Under GSM, it transforms as:

φ ∼ (1, 2, 1/2). (2.9)

Under the assumption that its potential produces a stable and non-vanishing vacuum, the SSB of
the SM gauge group GSM into the smaller group

G = SU(3)C ⊗ U(1)em (2.10)

can occur, providing mass terms for all the massive particles of the SM, as detailed in section 2.3.2.

2.3 The Standard Model Lagrangian
The most general SM Lagrangian, invariant under GSM, can be schematically written as:

LSM = −1
4F µνFµν + iΨ̄γµDµΨ + (Dµφ)†(Dµφ) − V (φ†φ) + (Ψ̄Y φΨ + h.c.)

= Lg.b.
kin + Lf

kin + Lφ
kin + Lφ

pot + LY .
(2.11)

In the following, the different sectors of LSM are analyzed separately.
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2.3.1 The bosonic sector
The gauge boson kinetic Lagrangian is

Lg.b.
kin = −1

4F µνFµν ⊃ −1
4W µν,iW i

µν − 1
4BµνBµν , i = 1, 2, 3 (2.12)

where the field strength tensors are defined as

W i
µν = ∂µW i

ν − ∂νW
i
µ + gϵijkW j

µW k
ν ,

Bµν = ∂µBν − ∂νBµ.
(2.13)

The gluon fields are not included since they are not relevant for the purposes of this thesis.
From the first term in eq. (2.12), we expect triple and quartic self interactions among gauge bosons,
as a consequence of the non-abelian EW structure of the SM.
The gauge transformations for the electroweak (EW) sector in the fundamental representation are

U( ⃗θ(x)) = e−iθ⃗(x)· σ⃗
2 ∈ SU(2)L, U(β(x)) = e−iβ(x)Y ∈ U(1)Y (2.14)

and they transform the gauge fields in the following way:

σ⃗ · W⃗ ′
µ = U(θ)(σ⃗ · W⃗µ)U(θ)−1 + i

g
U(θ)∂µU(θ)−1,

B′
µ = Bµ + 1

g′ ∂µβ(x),
(2.15)

where g and g′ are the coupling constants of, respectively, SU(2)L and U(1)Y .

2.3.2 The Higgs Sector
The Higgs kinetic term is written in terms of the covariant derivative

Dµφ =
(︂
∂µ − ig

σ⃗

2 · W⃗µ − ig′YφBµ

)︂
φ, (2.16)

where σi/2 are the three SU(2) generators and Yφ = 1/2 is the Higgs hypercharge.
The potential of the Higgs doublet can instead be written as:

V (|φ|2) = λ

4

(︄
|φ|2 − v2

2

)︄2

, where |φ|2 = φ†φ. (2.17)

λ must be positive to have a potential bounded from below and the coefficient of |φ|2 is negative to
realize a SSB of the theory, as detailed in the following.
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Electroweak Spontaneous Symmetry Breaking

The Higgs potential has a relative minimum at |φ| = v/
√

2 and therefore, using the polar
parametrization, yields

φ(x) =
(︄

0
ρ(x)√

2

)︄
ei

ζi(x)τi

v , (2.18)

where four scalar fields ρ(x) and ζ i(x) (i=1,2,3) have been introduced.
One can write ρ(x) = v + h(x), where the Higgs scalar field h(x) represents the fluctuations of
ρ(x) around the minimum of the potential. ζ i are instead the three Goldstone bosons and they
represent the fluctuations of φ along the flat directions of the potential. They are associated to the
broken generators of SU(2)L ⊗ U(1)Y , which are τ1, τ2 and τ3 − Y/2. The EW symmetry of the
theory is indeed broken as

SU(2)L ⊗ U(1)Y =⇒ U(1)em (2.19)

and the unbroken generator of U(1)em is the electric charge Q = τ3 + Y/2. We stress that the
vacuum of the theory is invariant under U(1)em transformations.

Figure 2.1: Visual representation of the Higgs potential. The minima of the potential can be found
going towards the yellow region.

There is a dependence on ρ(x) in V (|φ|2) and, in particular, substituting ρ(x) = v + h(x) inside
the potential, one can find the mass for the scalar Higgs field:

V (h(x)) = λ

16((v + h(x))2 − v2)2 = 1
2

1
2λv2⏞ ⏟⏟ ⏞
M2

h

h(x)2 + λ

4 vh(x)3 + λ

16h(x)4. (2.20)
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If we exploit the unitary gauge (UG), where ζ i(x) = 0, then the masses for the EW massive bosons
defined as

W ±
µ =

W 1
µ ∓ iW 2

µ√
2

, (2.21)

Zµ = cWW 3
µ − sWBµ (2.22)

and for the photon field
Aµ = cWBµ + sWW 3

µ (2.23)

are manifest from the kinetic term of the Higgs doublet Lφ
kin.

sW and cW are, respectively, the sine and cosine of the so-called Weinberg angle, whose tangent is
defined as the ratio of the U(1)Y and SU(2)L coupling constants:

tW = g′

g
, (2.24)

and has an experimental value of
s2
W ≃ 0.22.

Before SSB, the gauge bosons W i
µ and Bµ are massless, with two polarization states. When

the gauge symmetry is spontaneously broken, the degree of freedom of the Goldstone bosons is
absorbed by the gauge fields in Lφ

kin, providing the longitudinal polarization of massive spin-1
particles.
The mass spectrum before and after SSB is:

before SSB after SSB

particle squared mass d.o.f. particle squared mass d.o.f.

φ λv2

2 4 h λv2

2 1
W i
µ 0 3 × 2 W ±

µ
g2v2

4 2 × 3
Bµ 0 2 Zµ

g2+g′2
4 3

Aµ 0 2

Table 2.1: Boson mass spectrum before and after EW SSB.

After SSB, the Goldstones do not appear anymore in the UG in the physical spectrum since they
have already provided the missing degree of freedom for the longitudinal polarization of the massive
gauge bosons.
In the UG, the expectation value for the complex field φ is chosen such that its phase is zero. In
this special case, all the Goldstone fields disappear from the Lagrangian.
The complete Higgs sector of the SM Lagrangian in the UG is:

(Lφ
kin + Lφ

pot)|u.g. = 1
2(∂µh)(∂µh) − 1

2M2
hh2 + (v + h)2

4 g2W +
µ W −µ+

(v + h)2

2
(g2 + g′2)

4 ZµZµ − λvh3 − λ

4 h4.

(2.25)
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Conversely, in a different gauge, the Goldstones can still be explicitly present in the Lagrangian;
however they are unphysical and, indeed, they do not appear as external states in physical processes.

Rξ gauges

In Rξ gauges, the Goldstone bosons do not appear as explicit degrees of freedom in the spectrum.
In the Lagrangian, after SSB, the gauge bosons mix with the Goldstone fields. As a consequence,
the quadratic part of the Lagrangian is not diagonal in the gauge and Goldstone fields, and the
propagators are therefore not immediately well defined. These gauge-Goldstone bosons mixing
terms are not present in the unitary gauge, where the quadratic operators produce the following
propagators for massive vector bosons:

Πu.g.
X,µν = i

p2 − M2
X

(︄
− gµν + pµpν

M2
X

)︄
, X = Z, W ±. (2.26)

Nevertheless, it is not convenient to use the unitary gauge in practical computations because the
term proportional to pµpν in eq. (2.26) leads to a worse ultraviolet behaviour in intermediate loop
integrals.
In Rξ gauges, the Lorentz-invariant gauge-fixing terms

−(∂µZµ − ξZmZχ)2

2ξZ
and −

(∂µW +
µ − iξWmWφ+)(∂νW −

ν + iξWmWφ−)
ξW

(2.27)

are added to the Lagrangian in order to eliminate the gauge-Goldstone bosons mixing terms. This
procedure yields diagonal quadratic terms for both the Goldstone and the gauge boson fields,
leading to the following propagators:

ΠRξ

X,µν = −igµν
p2 − M2

X

+ ipµpν
M2

X

(︄
1

p2 − M2
X

− 1
p2 − ξXM2

X

)︄
, (2.28)

Πχ = i

p2 − ξZM2
Z

, Πφ± = i

p2 − ξWM2
W

(2.29)

where X = Z, W ±, χ is the neutral and φ± the charged Goldstone bosons.
In Rξ gauges the Goldstone bosons have an unphysical mass-squared ξXM2

X , where ξX are arbitrary
real gauge-fixing parameters. The limit ξX −→ ∞ reproduces the unitary gauge, as the Goldstones
do not propagate anymore. Since physical quantities are gauge independent, quantities such as
scattering amplitudes and cross sections must be independent on ξX .
A gauge fixing term is needed also for the photon field. The term of Lg.b.

kin quadratic in the photon
field Aµ contains the operator

∂µ∂ν − □gµν (2.30)

which is not invertible. This problem originates from the gauge invariance of electromagnetism.
LSM is invariant under the transformation in eq. (2.31)

Aµ −→ Aµ + ∂µΛ(X), (2.31)
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where Λ(X) is a scalar function. If the operator in eq. (2.30) is applied to Aµ = ∂µΛ(X), it gives
zero:

(∂µ∂ν − □gµν)∂µΛ = (□pν − □pν)Λ = 0 (2.32)
The quadratic operator becomes invertible only after fixing the gauge. This is done by adding the
gauge fixing term

−(∂µAµ)(∂νAν)
2ξA

(2.33)

to the Lagrangian, depending on an arbitrary real parameter ξA. This produces the following photon
propagator:

ΠRξ

A,µν = −igµν
p2 + (1 − ξA)ipµpν

p4 . (2.34)

The Feynman gauge ξA = ξZ = ξW = 1 eliminates the longitudinal momentum-dependent terms
in the numerator of the vector bosons propagators.
In this thesis, all the computations are performed in the Feynman gauge in order to simplify
intermediate expressions and improve the ultraviolet behavior of propagators in loop computations
in GoSam.

2.3.3 The Yukawa sector
The Yukawa sector of the SM Lagrangian, before SSB, reads:

LY = −(q̄L)i(Yu)ijφ̃(ūR)j − (q̄L)i(Yd)ijφ(dR)j − (l̄L)i(Ye)ijφ̃(eR)j + h.c., (2.35)

where the conjugate Higgs doublet has been introduced, defined as:

φ̃ = iσ2φ
∗ = i

(︄
0 −i
i 0

)︄(︄
ϕ1 − iϕ2
ϕ3 − iϕ4

)︄
=
(︄

ϕ3 − iϕ4
−ϕ1 + iϕ2

)︄
. (2.36)

It is possible to diagonalize the Yukawa matrices by applying the following field rotations:⎧⎪⎪⎨⎪⎪⎩
u′
L = LuuL

d′
L = LddL

e′
L = LeeL

,

⎧⎪⎪⎨⎪⎪⎩
u′
R = RuuR

d′
R = RddR

e′
R = ReeR

, (2.37)

where L and R are unitary 3 × 3 matrices in flavour space and the primed fields denote the new
mass eigenstates.
The Yukawa sector of the SM Lagrangian after SSB, written in the unitary gauge and in the new
mass basis, is:

LY |u.g. = −v + h√
2

{︄
(ū′

L)i (LuYuR
+
u )ij⏞ ⏟⏟ ⏞

(ŷu)ij

(u′
R)j + (d̄′

L)i (LdYdR
+
d )ij⏞ ⏟⏟ ⏞

(ŷd)ij

(d′
R)j + (ē′

L)i (LeYeR
+
e )ij⏞ ⏟⏟ ⏞

(ŷe)ij

(e′
R)j

}︄
.

These ŷf (f = u, d, e) are diagonal matrices in flavour space and their eigenstates are real and
proportional to the fermion masses:

(mf )ii = v√
2

(ŷf )ii. (2.38)
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2.3.4 The fermionic kinetic sector
The fermionic sector of the SM Lagrangian in the unitary gauge reads:

Lf |u.g. =
∑︂
f

f̄ iLi/∂f iL +
∑︂
f

f̄ iRi/∂f iR Kinetic terms

− g√
2

(︄
W +
µ (ūiLγµdiL + ν̄iLγµeiL)⏞ ⏟⏟ ⏞

J−µ

+W −
µ J+µ⏞⏟⏟⏞

(J−µ )†

)︄
Weak charged interaction

− g

cW
Zµ

∑︂
f

(︄
f̄ iLgfLγµf iL + f̄ iRgfRγµf iR

)︄
Weak neutral interaction

− eAµ

∑︂
f

(︄
f̄ iLγµf iL + f̄ iRγµf iR

)︄
Qf Electromagnetic interaction

where f = e, u, d and i = 1, 2, 3 is the flavour index. The change of basis in eq. (2.37) affects
only the weak charged interactions. Due to the unitarity of the L and R matrices, the kinetic
sector is unaffected by the field rotations. The same happens to weak neutral and electromagnetic
interactions. This stems from the commutativity of γµ and L/R matrices, since γµ acts in the spinor
space while L and R act in the flavour space.
After applying the field rotations in eq. (2.37), the weak charged current yields:

LCC = − g√
2

(︄
(ū′

L)i (LuL
†
d)ij⏞ ⏟⏟ ⏞

(VCKM)ij

/W
+(d′

L)j + (v̄′
L)i (LνL

†
e)ij⏞ ⏟⏟ ⏞

(UPMNS)ij

/W
+(e′

L)j + h.c.

)︄
, (2.39)

where VCKM and UPMNS are flavour mixing unitary matrices. If right-handed neutrinos were
introduced, the Yukawa sector would have had a new term with a yukawa coupling for neutrinos:

LY ⊃ −(l̄L)i(Yν)ijφ(νR)j + h.c.. (2.40)

In the limit of massless neutrinos, that is ŷν = 0, it would be possible to choose whichever unitary
matrix Lν in order to write the Lagrangian in the neutrinos mass basis

ν ′
L = LννL. (2.41)

As a consequence, under the assumption that neutrinos are massless, one can choose Lν = Le and,
therefore, UPMNS (Pontecorvo-Maki-Sakata-Nakagawa) to be the identity matrix.
The quark flavour-mixing effects are instead given by the VCKM (Cabibbo-Kobayashi-Maskawa)
matrix:

VCKM = LuL
†
d =

⎛⎜⎝Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

⎞⎟⎠ . (2.42)

The VCKM matrix is complex and unitary by construction and thus, it has nine real degrees of
freedom, as one can realize by imposing V †

CKMVCKM = 1. Only four of them are physical: 3
angles which describe the mixing between the three families of quarks and 1 phase that can not
be eliminated. From precision flavour measurements, it turns out that the CKM matrix is nearly
diagonal: the largest elements are on the diagonal, so flavour-changing transitions are suppressed.
If one imposes exact flavour conservation in weak interactions, then also the CKM matrix reduces
to the identity. This will be the case for the present thesis.
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Chapter 3

Effective Field Theories

The energy scales involved in particle phenomenology span tens of orders of magnitudes, from
atomic physics to cosmic rays. It is often not necessary to know in detail the laws at all energies
to describe some processes at a given scale. If this is the case, then one can use an Effective Field
Theory (EFT) with a limited range of applicability in the energy domain, which is usually simpler
than the full theory. One example is classical mechanics, which is an effective theory of special
relativity at small velocities v ≪ c, written as an expansion in powers of the small parameter v2/c2

to the desired accuracy.
Three properties need to be specified in order to describe an EFT:

• The Lorentz and gauge symmetries of the model, which determine the allowed interactions
among fields;

• The set of fields and their transformation properties under the symmetry of the model;

• The power counting, which is a set of rules allowing to organize the Lagrangian as a series
expansion in terms of a small parameter E/Λ. Λ is called cut-off and is the scale at which
the EFT ceases to be valid and E stands for the typical energy scale of the process. Clearly,
it must hold E ≪ Λ.

An EFT can be constructed following a Top-Down (TD) or a Bottom-Up (BU) approach.

Top-Down approach

In the TD approach, the EFT is used when its UV completion is known. It is useful to make precise
predictions by integrating out heavy particles that are not dynamically relevant at low energies.
With the TD approach one obtains an effective theory that accurately describes the physical system
at low-energy scales and, at the same time, encodes the effects of the underlying high-energy theory
within the Wilson Coefficients (WCs).
In order to derive the EFT Lagrangian from the full theory, the matching between the latter and
the low-energy theory must be performed. In this way we ensure that both theories yield the same
amplitudes at low energies, provided that the matrix element of the full theory is expanded in inverse
power of mh. Hence, the effect of the heavy particle that has been integrated out is incorporated in
the low-energy WCs.
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In the following, a more detailed description of the previous strategy is given.
The full theory Lagrangian depends on heavy fields, symbolically denoted by φh, with mass mh,
light fields φl with mass ml ≪ mh and generic coupling constants denoted by g.
The first step consists of constructing an effective Lagrangian, by integrating the heavy fields out:

LUV(φh, φl, g) =⇒ LEFT(φl, c) (3.1)

The EFT Lagrangian depends only on the light fields and on the new coupling constants denoted
by c. The latter are the WCs.
We discuss now the example of a light Dirac fermion Ψ interacting with a heavy real scalar field
Φ. The UV Lagrangian is:

LUV(Φ, Ψ, Ψ̄) = Ψ̄(i/∂ − ml)Ψ + 1
2∂µΦ∂µΦ − 1

2m2
hΦ2 − gΦΨ̄Ψ. (3.2)

It is possible to obtain the effective Lagrangian by expressing the heavy field Φ in terms of the light
ones from its equation of motion, in the limit k2 ≪ m2

h, as in eq. (3.3)

∂µ

(︄
∂L
∂µΦ

)︄
− ∂L

∂Φ = 0

(□ + m2
h)Φ = −gΨ̄Ψ =⇒ Φ = − g

m2
h

Ψ̄Ψ (3.3)

and by substituting this expression of Φ into the UV Lagrangian in eq. (3.2).
The EFT Lagrangian is:

LEFT(Ψ, Ψ̄) = Ψ̄(i/∂ − m)Ψ + g2

2m2
h

Ψ̄ΨΨ̄Ψ. (3.4)

Diagrammatically, this means that, in the low energy limit in which the momentum of the scalar
field k is much lower than its mass mh, the interaction mediated by Φ for the ΨΨ̄ −→ ΨΨ̄ scattering
is replaced with a 4-fermion interaction, as shown in Figure 3.1.

p1

p2

k

∆(k)

p3

p4

=⇒
k2 ≪ m2

h

p1

p2

p3

p4

Figure 3.1: Diagrams in the full theory (left) and the EFT (right). The effective operator is
represented with a black square dot.

In eq. (3.4), where the heavy field Φ has been integrated out, only its mass mh appears in the
coefficient of the effective 4-fermion operator. Indeed, in the low-energy limit, the propagator
yields:

∆(k) = i

k2 − m2
h

k2≪m2
h−−−−→ − i

m2
h

(3.5)
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We have performed the matching by using the equations of motion: such approach takes the name
of functional approach. More generally, within this approach, the heavy field is integrated out from
the functional integral and the result is the EFT action SEFT that depends only on the light fields:

Z =
∫︂

DΦ DΨDΨ̄ eiSUV[Φ,Ψ,Ψ̄] =
∫︂

DΨDΨ̄eiSEFT[Ψ,Ψ̄], (3.6)

where
SUV[Φ, Ψ, Ψ̄] =

∫︂
d4xLUV[Φ, Ψ, Ψ̄], SEFT[Ψ, Ψ̄] =

∫︂
d4xLEFT[Ψ, Ψ̄]. (3.7)

Conversely, the diagrammatic approach consists of matching a set of amplitudes in both theories
and imposing that the two results are the same at energies much lower than mh. In our case,
equating the two amplitudes stemming from the Feynman diagrams in Fig. 3.1, properly expanded
in E/mh, provides an equation for c.
We can generalize the findings of this simple example by stating that the EFT Lagrangian can be
expressed as an infinite sum of higher-dimensional operators built out of the light fields:

LEFT = LD≤4 +
∞∑︂

D=5

1
mD−4
h

nD∑︂
i=1

C
(D)
i Q

(D)
i , (3.8)

where here and in the following D is the mass dimension of the operator Qi and nD is the
finite number of independent operators with dimension D. C

(D)
i is the dimensionless Wilson

coefficient associated to the dimension D operator Q
(D)
i . By retaining higher terms in k2/m2

h,
higher-dimensional operators would be generated.

Bottom-Up approach

EFTs can also be a useful tool in the opposite scenario, namely when the full theory is unknown
and, therefore, it is constructed based only on symmetry arguments that must be satisfied in order
to correctly recover the known low-energy behavior. Indeed, the Lagrangian in eq. (3.8) can be
defined without any reference to the complete model, where mh represents the typical energy scale
of the heavy degrees of freedom. In other words, the EFT offers a framework to parametrize a
general theory satisfying the assumed symmetries. Moreover, the WCs of the effective operators
are free parameters of the theory, to be bound by comparison with experiments, thus they do not
emerge from the matching procedure as in the Top-Down approach. This is the philosophy that will
be followed within this thesis in the framework of the SMEFT, describred in the following section.

3.1 Standard Model Effective Field Theory
The SMEFT is parametrized by adding, to the SM Lagrangian, a series of higher dimension
operators constructed with SM fields, that must transform under GSM exactly as in the SM.
The assumption that the Higgs boson transforms as part of an SU(2)L doublet could be lifted. In
such case, the resulting EFT would be the the so-called Higgs Effective Field Theory (HEFT), in
which the Goldstones and the physical Higgs boson transform in different representations and are
not bound to be a SU(2)L SM doublet. As a consequence, the electroweak symmetry breaking is
not linearly realized in the HEFT framework.
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The SMEFT operators are defined using only symmetry arguments: Lorentz invariance, the SM
gauge symmetry GSM in eq. (2.1) and, eventually, global symmetries such as baryon and lepton
number. In fact, the UV theory must have a local symmetry group that includes GSM as a subgroup.
Instead the global symmetries could be approximate symmetries accidentally arising at low energies
and, therefore, one can make different assumptions by deciding whether to include them or not.
Furthermore, the SMEFT Lagrangian is built on the assumption that no other light degrees of
freedom, apart from the SM ones, are present.
The SMEFT Lagrangian can symbolically be decomposed as

LSMEFT(Ψ, φ, A) = LSM(Ψ, φ, A) +
∞∑︂

D=5

nD∑︂
i=1

C
(D)
i

ΛD−4 Q
(D)
i (Ψ, φ, A), (3.9)

where the same notation as in eq. (3.8) is used and Λ denotes the new heavy BSM scale. Ψ, φ and
A symbolically denote the SM fermion, Higgs and gauge fields, respectively.
The SM is the low-energy dimension-four limit of the SMEFT; the order d in which to truncate the
series determines the precision of the EFT expansion.
Up to dimension 6 the SMEFT Lagrangian is given by

LSMEFT = LSM + 1
ΛL5 + 1

Λ2 L6 + O(Λ−3), (3.10)

where L5 and L6 contain all the dimension-five and dimension-six operators, respectively.
There is only one dimension-five operator, called Weinberg operator, which introduces a Majorana
mass for left-handed neutrinos. Hence, this operator violates lepton number, which is one of the
global symmetries of the SM, and for this reason its effect is very suppressed.
In this thesis, the operators taken into account do not violate lepton and baryon number conservation.
Therefore, only operators in L6 will be considered.
A minimal set of dimension-six operators, namely a basis, is constructed by eliminating the
redundant ones applying:

a) Integration by parts. The action S =
∫︁

d4xL is the same for two Lagrangians that differ only
for total derivative terms, once it is assumed that all fields vanish at infinity. We can therefore
take into account only the operators of one of the two Lagrangians.

b) Field redefinitions. According to the LSZ reduction formula, it is possible to perform field
redefinitions, reducing the number of operators without modifying physical observables.

c) Fierz identities and Dirac structure reduction. These identities are relations among four-
fermion operators; the number of the independent ones can, therefore, be reduced ([9]).

The most common minimal set of dimension-six operators in the SMEFT is the Warsaw basis,
described in the next paragraph.

Warsaw basis

Assuming one fermion generation, the Warsaw basis contains 59 non-redundant dimension-six
operators, conserving baryon and lepton numbers [10]. They are divided into classes according to
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their field content in Table 3.1. If all the three fermion generations are included, the number of
independent operators increases to 2499, in the most flavour-agnostic scenario.
Operators of class 7 are matrices in the flavour space, namely they have indices [a, b], with
a, b = 1, 2, 3. In order to preserve the flavour, they must be diagonal, namely a = b.
The operators can also be classified as potentially tree-generated (TG) or loop-generated (LG), as
in Ref. [11–13], under the assumption of renormalizable and weakly coupled extensions of the SM.
Different BSM theories can generate different operators at different orders in the loop expansion of
a certain process, hence this strategy allows to know which operators are potentially generated by
tree-level matching, hence potentially contributing dominantly to observables. Conversely, if the
operators are generated at loop-level in the matching, they are expected to contribute subdominantly,
as they would be suppressed by an additional loop factor of, at least, 1/(16π2). In the Warsaw
basis, there are three classes of LG operators: X3, X2φ2 and Ψ2Xφ, as also stressed in Table 3.1.
In order to reduce the number of free parameters, some flavour assumptions can be taken. A common
choice is Minimal Flavour Violation (MFV) hypothesis [14]. The largest flavour-symmetry group
of the SM Lagrangian is

Gflavour = U(3)5 = U(3)l ⊗ U(3)q ⊗ U(3)e ⊗ U(3)u ⊗ U(3)d. (3.11)

This symmetry allows independent unitary rotation in flavour space on each of the five fermion
fields without modifying the gauge and kinetic terms of the SM Lagrangian. Mathematically,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

lL
U(3)l−−−→ UllL, Ul ∈ U(3)l

qL
U(3)q−−−→ UqqL, Uq ∈ U(3)q

eR
U(3)e−−−→ UeeR, Ue ∈ U(3)e

uR
U(3)u−−−→ UuuR, Uu ∈ U(3)u

dR
U(3)d−−−→ UddR, Ud ∈ U(3)d

. (3.12)

The MFV hypothesis assumes that the Yukawa sector of the SM Lagrangian in eq. (2.35) is the
only source of Gflavour breaking. To formally restore the symmetry, the Yukawa matrices can be
promoted to spurion fields such that, under Gflavour, they transform as⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Ye
U(3)5

−−−→ UlYeU
†
e

Yu
U(3)5

−−−→ UqYuU
†
u

Yd
U(3)5

−−−→ UqYdU
†
d

. (3.13)

The operators in classes 5 and 6 of Table 3.1 connect left-handed and right-handed fermions. In
order to preserve the symmetry Gflavour, a Yukawa spurion must be inserted. In MFV, operators that
contain Yukawa spurions are suppressed by Yukawa eigenvalues and CKM factors.
Finally, the allowed 4-fermion operator structures that are invariant under the U(3)5 symmetry
(3.11) are (L̄L)(L̄L), (R̄R)(R̄R) and (L̄L)(R̄R). There are two independent WCs associated
to, for example, Oll because there are two ways in which its flavour indices can be contracted:
(l̄pγµlp)(l̄rγµlr) and (l̄pγµlr)(l̄rγµlp). Therefore, if i, j, k, l are flavour indices, we have the following
structure for the WCs associated to Oll:
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Ci,j,k,l
ll Oi,j,k,l

ll = (C1δijδkl + C2δilδjk)Oi,j,k,l
ll =

= (C1 + C2)Oi,i,i,i
ll + C1Oi,i,j,j

ll + C2Oi,j,j,i
ll

(3.14)

As a consequence, the two independent WCs associated to Oll are C1 and C2 and the following
relations yield: ⎧⎪⎪⎨⎪⎪⎩

C1 + C2 = Ci,i,i,i
ll

C1 = Ci,i,j,j
ll

C2 = Ci,j,j,i
ll

where i, j = 1, 2, 3 and i ̸= j. (3.15)

There is instead only one possible way to contract, for example, the O(3)
lq flavour indices such that

the invariance under the U(3)5 symmetry is preserved: (l̄pγµτ I lp)(q̄rγµτ Iqr). Therefore, there is
only one independent WC: C

(3),i,i,j,j
lq where i, j = 1, 2, 3.
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1 : X3 (LG)
OG fABCGAν

µ GBρ
ν GCµ

ρ

O
G̃

fABCG̃Aν
µ GBρ

ν GCµ
ρ

OW εIJKW Iν
µ WJρ

ν WKµ
ρ

O
W̃

εIJKW̃ Iν
µ WJρ

ν WKµ
ρ

2 : φ6

Oφ (φ†φ)3

3 : φ4D2

O
φ□ (φ†φ)□(φ†φ)

OφD (φ†Dµφ)∗(φ†Dµφ)

5 : ψ2φ3

Oeφ (φ†φ)(l̄perφ)
Ouφ (φ†φ)(q̄purφ̃)
Odφ (φ†φ)(q̄pdrφ)

4 : X2φ2 (LG)
OφG (φ†φ)GA

µνG
Aµν

O
φG̃

(φ†φ)G̃A
µνG

Aµν

OφW (φ†φ)W I
µνW

Iµν

O
φW̃

(φ†φ)W̃ I
µνW

Iµν

OφB (φ†φ)BµνBµν

O
φB̃

(φ†φ)B̃µνBµν

OφW B (φ†τIφ)W I
µνB

µν

O
φW̃ B

(φ†τIφ)W̃ I
µνB

µν

6 : ψ2Xϕ (LG)
OeW (l̄pσµνer)τIφW I

µν

OeB (l̄pσµνer)φBµν

OuG (q̄pTAσµνur)φ̃GA
µν

OuW (q̄pσµνur)τI φ̃W I
µν

OuB (q̄pσµνur)φ̃Bµν

OdG (q̄pTAσµνdr)φGA
µν

OdW (q̄pσµνdr)τIφW I
µν

OdB (q̄pσµνdr)φBµν

7 : ψ2φ2D

O
φl(1) (φ†i←→Dµφ)(l̄pγµlr)

O
φl(3) (φ†i←→DI

µφ)(l̄pτIγµlr)
Oφe (φ†i←→Dµφ)(ēpγµer)
O

φq(1) (φ†i←→Dµφ)(q̄pγµqr)
O

φq(3) (φ†i←→DI
µφ)(q̄pτIγµqr)

Oφu (φ†i←→Dµφ)(ūpγµur)
Oφd (φ†i←→Dµφ)(d̄pγµdr)
Oφud (φ̃†iDµφ)(ūpγµdr)

8 : (L̄L)(L̄L)
Oll (l̄pγµlr)(l̄sγµlt)
O

qq(1) (q̄pγµqr)(q̄sγµqt)
O

qq(3) (q̄pγµτIqr)(q̄sγµτIqt)
O

lq(1) (l̄pγµlr)(q̄sγµqt)
O

lq(3) (l̄pγµτI lr)(q̄sγµτIqt)

8 : (R̄R)(R̄R)
Oee (ēpγµer)(ēsγµet)
Ouu (ūpγµur)(ūsγµut)
Odd (d̄pγµdr)(d̄sγµdt)
Oeu (ēpγµer)(ūsγµut)
Oed (ēpγµer)(d̄sγµdt)
O

ud(1) (ūpγµur)(d̄sγµdt)
O

ud(8) (ūpγµTAur)(d̄sγµTAdt)

8 : (L̄L)(R̄R)
Ole (l̄pγµlr)(ēsγµet)
Olu (l̄pγµlr)(ūsγµut)
Old (l̄pγµlr)(d̄sγµdt)
Oqe (q̄pγµqr)(ēsγµet)
O

qu(1) (q̄pγµqr)(ūsγµut)
O

qu(8) (q̄pγµTAqr)(ūsγµTAut)
O

qd(1) (q̄pγµqr)(d̄sγµdt)
O

qd(8) (q̄pγµTAqr)(d̄sγµTAdt)

8 : (L̄R)(R̄L)
Oledq (l̄per)(d̄sqt)

8 : (L̄R)(L̄R)
O

quqd(1) (q̄j
pur)εjk(q̄k

s dt)
O

quqd(8) (q̄j
pT

Aur)εjk(q̄k
sT

Adt)
O

lequ(1) (l̄jper)εjk(q̄k
sut)

O
lequ(3) (l̄jpσµνer)εjk(q̄k

sσ
µνut)

Table 3.1: The 59 independent dimension-six operators built from SM fields which preserve
baryon and lepton number from [15]. p, r, s, t are fermion flavor indices, j, k are indices in the
fundamental representation of SU(2)L, I, J, K (A, B, C) are indices in the adjoint representation of
SU(2)L (SU(3)C) and µ, ν . . . are Lorentz indices. The contraction of indices in the fundamental
representation of SU(3)C is left implicit.
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Chapter 4

HS+VBF leading-order cross section at the
circular colliders

Future colliders offer promising prospects in unveiling NP and finally solve the SM shortcomings.
Most likely, the next collider to be built will be an electron-positron collider, whose clean environ-
ment will bring an unprecedented precision for many SM parameters, providing a powerful stress
test for the theory itself. A deviation from the SM expectation could be the first indirect sign of
BSM physics.
Among the various projects, the Future Circular Collider (FCC) is a future underground circular
collider, planned with a circumference of 90.7 km, that could follow the Large Hadron Collider
(LHC) at CERN from the late 2040s [2]. For the first 15 years, the FCC would be an electron-
positron collider (FCC-ee), evolving in the following decades to a hadron collider (FCC-hh).
There are two production mechanisms for single Higgs production in association with two electron
neutrinos. The first is the Higgsstrahlung (HS), in which a virtual Z boson decays into a Higgs
boson and a Z boson (which following decays into two electron neutrinos), as in the left diagram
of Fig. 4.2. The cross section of this s-channel process has a maximum around

√
s = 240 GeV. At

higher energies, the cross section decreases with the inverse of the squared centre-of-mass (CM)
energy s of the e+e− system.
The second production channel instead the Vector Boson Fusion (VBF), a t-channel in which both
the electron and the positron emit a W boson. The two W bosons then fuse into a Higgs boson,
as shown in the diagram on the right of Figure 4.2. Its cross section grows with the logarithm
of s and, therefore, the VBF is expected to become the predominant channel at high energies, far
beyond

√
s = 209 GeV, the maximum reached by the Large Electron-Positron Collider (LEP), as

Figure 4.1 shows.
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Figure 4.1: Cross section trends for the two separated subprocesses (blue for the HS and green
for the VBF) and for the total process (red) [16]. The HS cross section has a maximum at about√

s = 240 GeV and then decreases with the inverse of s. The VBF cross section instead grows with
the logarithm of s.

e−

e+

νe

ν̄eZ
Z

h

e−

e+

νe

ν̄e

h

W

W

Figure 4.2: Lowest-order diagrams for e+e− −→ νeν̄eh.

FCC-ee measurements relevant for single Higgs production are planned two different values for
the center-of-mass energy: at

√
s =240 GeV, where the optimal event rate and the best signal-to-

background ratio for the HS are achieved, and at
√

s =350 or 365 GeV.
In the following, a detailed analysis is performed to quantify how important the VBF is relative
to the HS at a CM energy of 350 GeV, at LO in the SMEFT. Moreover, we discuss how large the
interference between the two production mechanisms could be.

4.1 Identification of relevant dimension-six SMEFT operators
Dimension-six operators can contribute to the e+e− −→ νeν̄eh cross section, both by shifting SM
couplings with a term proportional to their corresponding Wilson coefficients and by creating new
interaction vertices. Since we truncate the Lagrangian at dimension-six, each Feynman diagram
contains at most one NP vertex, since multiple insertions would be of higher order. Furthermore,
the amplitudes are computed in the limit of massless fermions.
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Consistently, the cross section is truncated up to linear terms in 1/Λ2, where Λ denotes the NP
scale as in Chapter 3, and it can be written schematically as:

σVBF+HS =
∫︂

dΦ3|MVBF + MHS|2

=
∫︂

dΦ3

(︄
|MSM

VBF|2 + 2 Re(MSM∗
VBF MNP

VBF)
)︄

Pure VBF cross section

+
∫︂

dΦ3

(︄
2 Re(MSM∗

VBF MSM
HS + MNP∗

VBFMSM
HS + MSM∗

VBF MNP
HS )

)︄
VBF-HS interference

+
∫︂

dΦ3

(︄
|MSM

HS |2 + 2 Re(MSM∗
HS MNP

HS )
)︄

. Pure HS cross section

dΦ3 symbolizes the phase space element for the three particles in the final state and NP denotes the
SMEFT contribution linear in 1/Λ2.

The operators contributing to the tree-level cross section σVBF+HS could, in principle, be 12: OφW ,
OeW , O(3)

φl , OeB, OφB, OφWB, O(1)
φl , OφD, Oφ□, Oφe, Oφ and Oeφ. However, only 7 operators

contribute, as explained in the following in detail. The operators Oeφ, OeW and OeB are excluded
under the MFV assumption, as explained in Sec. 3.1. They involve fermions of the first and second
generations and, therefore, in the massless-fermion limit, they are neglected.
Even if the MFV assumption was not taken into account, OeW and OeB could still be neglected.
The first contributes to the VBF vertices involving a W boson and a fermionic current, whereas the
second contributes to the HS vertices with a photon or a Z boson and the electron current.

e−

e+

CeW
νe

ν̄e

h

W

W

Figure 4.3: VBF diagram with a contribution from the SMEFT operator OeW represented with the
black square dot.

e−

e+
CeB

νe

ν̄eA
Z

h

e−

e+
CeB

νe

ν̄eZ
Z

h

Figure 4.4: HS diagrams with the photon propagator on the left and the Z boson propagator on the
right. The black square dot represents the SMEFT operator OeB.
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OeW and OeB flip the fermion chirality because they connect a left-handed lepton doublet to a right-
handed electron. In contrast, the SM operators that contribute to these vertices are proportional to
γµ, if the propagator is a photon, or to a mixture of γµ and γµγ5 if the propagator is instead a Z or
a W boson. In both cases, the SM currents do not flip chirality:

Ψ̄LγµΨR = 0, Ψ̄Lγµγ5ΨR = 0.

Since we are working in the limit of massless fermions, chirality coincides with helicity. In σVBF+HS,
terms proportional to the Wilson coefficients CeW or CeB give zero because two orthogonal helicity
states are multiplied. Oφ is neglected as well since it contributes to vertices with two neutral
Goldstones G0 and one Higgs boson h. Since it has been imposed that at most one NP vertex can
be present in each diagram, every time that Oφ contributes to the square vertex in Figure 4.5, there
is a SM vertex, represented by the circle, mediated by a Yukawa interaction, proportional to the
fermion mass.

e−

e+

∝ me Cφ

νe

ν̄eG0

G0

h

Figure 4.5: HS diagram where the propagator is the neutral Goldstone G0. The black dot represents
a SM vertex proportional to the electron mass. The SMEFT operator Oφ is instead represented
with the black square dot.

In the massless-fermion limit, the amplitude of every diagram containing Oφ vanishes.
Finally, we neglect O(1)

φl because it does not contribute to the cross section. When the term of the
modulus square of the amplitude proportional to C

(1)
φl is integrated over the phase space for the final

state particles, it gives a vanishing contribution to the SM cross section.
To summarize, the set of operators we consider in this analysis is, therefore: {OφW , O(3)

φl , OφB,
OφWB, OφD, Oφ□, Oφe}.

4.2 Quantifiation of truncation effects on the cross section
In this section, we analyze the relative size of the quadratic contribution of the cross section,
proportional to 1/Λ4, compared to the linear contribution in 1/Λ2, at a CM energy of

√
s =350

GeV. The squared amplitude of e−e+ −→ hνeν̄e is computed with GoSam [7]. The integration over
the phase space to obtain the cross section is performed with the Monte Carlo generator Whizard
[17]. This analysis is performed by independently varying one WC from each class of the Warsaw
basis relevant for our process, namely CφD, CφW and Cφe. The least stringent bounds from LHC
measurements used for our analysis are provided in Table 4.1.
The SMEFT cross section can be parametrize as

σSMEFT = σSM +
∑︂
i

Ciσi +
∑︂
i,j

CiCjσij. (4.1)
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Each WC Ci in eq. (4.1) already includes the factor 1/Λ2.

Wilson coefficient Lower bound (·10−6 GeV−2) Upper bound (·10−6 GeV−2 )

CφW -0.273 0.707
C

(3)
φl -0.136 0.064

CφB -0.310 0.573
CφWB -0.525 0.504
CφD -1.063 1.149
Cφ□ -1.715 1.879
Cφe -0.583 0.527

Table 4.1: Experimental bounds on Wilson coefficients from LHC measurements, taken from [18]
and [19].
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Figure 4.6: Plots with cross sections trends for different truncation orders in 1/Λ2 and for different
WCs. In the bottom R21= (σquad − σlinear)/σlinear represents how the quadratic cross section differs
from the linear one, in percentage.

In Figure 4.6 the WCs have been varied within the LHC bounds in Table 4.1.
We observe that σquadratic does not differ significantly from σlinear or, in other words, their difference,
quantified by R21, is very small in the whole range of the considered WCs. The projected WCs
bounds for the FCC are much more stringent [18]: as a consequence, we expect R21 to be very
close to zero. We conclude that the quadratic terms are subdominant, hence we will consistently
truncate our results up to the linear term in 1/Λ2.

4.3 Quantifying VBF-HS interference and VBF dominance at
350 GeV in LO SMEFT

The linear SMEFT cross section can be parametrized as the SM one plus seven linear terms,
each of them proportional to one of the WCs of our SMEFT basis at the end of Sec. 4.1. This
parameterization holds for both the total cross section and the two individual channels:

σTOT
SMEFT − σTOT

SM =
7∑︂
i=1

CiA
TOT
i (4.2)

σHS
SMEFT − σHS

SM =
7∑︂
i=1

CiA
HS
i (4.3)

σVBF
SMEFT − σVBF

SM =
7∑︂
i=1

CiA
VBF
i (4.4)

The SMEFT cross sections have been computed for randomly chosen values of the seven WCs
within the interval (−10−3, 10−3) ×GeV−2.
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The Ai coefficients have been computed as

Ai = σSMEFT − σSM
Ci

(4.5)

with errors

∆(Ai) =

√︂
∆(σSMEFT)2 + ∆(σSM)2

|Ci|
(4.6)

by considering only one WC at a time.
The WCs are C1 = CφW , C2 = C

(3)
φl , C3 = CφB, C4 = CφWB, C5 = CφD, C6 = Cφ□ and

C7 = Cφe. The correspondent Ai coefficients and their errors can be found in Tables 4.2.

ATOT
i (Ai ± ∆(Ai))(GeV2)

ATOT
1 (348 ± 4) · 104

ATOT
2 (2240 ± 5) · 103

ATOT
3 (191 ± 2) · 104

ATOT
4 (2974 ± 7) · 103

ATOT
5 (−1114 ± 6) · 103

ATOT
6 (4473 ± 7) · 103

ATOT
7 (−906 ± 2) · 103

AHS
i (Ai ± ∆(Ai))(GeV2)

AHS
1 (686 ± 1) · 104

AHS
2 (581 ± 2) · 103

AHS
3 (121 ± 1) · 104

AHS
4 (3068 ± 4) · 103

AHS
5 (3078 ± 6) · 103

AHS
6 (970 ± 1) · 103

AHS
7 (−878 ± 1) · 103

AVBF
i (Ai ± ∆(Ai))(GeV2)

AVBF
1 (−109 ± 7) · 104

AVBF
2 (1831 ± 3) · 103

AVBF
3 (−226 ± 2) · 103

AVBF
4 (−232 ± 2) · 102

AVBF
5 (−908 ± 1) · 103

AVBF
6 (3670 ± 6) · 103

AVBF
7 (738 ± 8) · 10

Table 4.2: Ai coefficients and their errors for the total cross section (TOT) and for the two individual
processes (HS and VBF).

We want to quantify how large the interference between the HS and the VBF processes is at√
s = 350 GeV. We first obtain the SM cross section:

σTOT
SM = (36.89 ± 0.05)fb, σHS

SM = (8.48 ± 0.01)fb, σVBF
SM = (30.40 ± 0.05)fb.

The interference contribution, in percentage, with respect to the VBF cross section and the total
one is:

ISM =

⃓⃓⃓⃓
⃓⃓σTOT

SM − σHS
SM − σVBF

SM

σVBF
SM

⃓⃓⃓⃓
⃓⃓ · 100 = (6.5 ± 0.2)% (4.7)

YSM =

⃓⃓⃓⃓
⃓⃓σTOT

SM − σHS
SM − σVBF

SM

σTOT
SM

⃓⃓⃓⃓
⃓⃓ · 100 = (5.4 ± 0.2)%. (4.8)

The SM interference never exceeds few percent of the total amplitude. We aim to understand if the
same result holds also in the SMEFT.
In order to do that, we sample 1000 randomly chosen parameter points within the bounds in Table
4.1 and, for each set of the 7 WCs, we compute the quantities I and Y , defined as:

I =

⃓⃓⃓⃓
⃓⃓σTOT

SMEFT − σHS
SMEFT − σVBF

SMEFT

σVBF
SMEFT

⃓⃓⃓⃓
⃓⃓ and Y =

⃓⃓⃓⃓
⃓⃓σTOT

SMEFT − σHS
SMEFT − σVBF

SMEFT

σTOT
SMEFT

⃓⃓⃓⃓
⃓⃓ (4.9)

The distributions of I and Y for the 1000 points are represented in the histograms in Figure 4.7.
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Figure 4.7: Histograms representing the distributions of I and Y , as defined in eq. (4.9).

Figure 4.7 shows that, for certain combinations of WCs, the interference contribution can exceed
20% of either the VBF or the total cross section. These results demonstrate that, within the SMEFT
framework, the interference between HS and VBF can not always be neglected.
Nevertheless, the interference starts playing a more important role for less frequent combinations
of WCs, namely the graph is decreasing towards increasing I, Y .
Moreover, the histogram I on the left of Figure 4.7 shows a trend similar to that of Y, on the right.
As a consequence, one can expect the VBF process to be the dominant production mechanism at√

s = 350 GeV.
In order to verify this claim, we define the quantities A, B to quantify the relative importance of
the two production channels:

A = σVBF
SMEFT

σTOT
SMEFT

and B = σHS
SMEFT

σTOT
SMEFT

, (4.10)

whose histograms are reported in Figure 4.8.

Figure 4.8: Histograms representing the distributions of A and B, as defined in eq. (4.10).
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We can therefore conclude that, at the CM energy
√

s = 350 GeV at which we are studying the
process e+e− −→ νeν̄eh, the VBF is the dominant channel. For this reason, as a first step of our
analysis, we focus on the VBF process, potentially leaving the whole process as a subsequent step.

31



32



Chapter 5

Operator basis and NLO effects of SMEFT
operators in VBF

In this section, we describe in detail the VBF production channel, discussing which operators we
consider in our analysis.
HS and VBF can be distinguished based on the spinor structures of the fermionic currents appearing
in the amplitude, as in [4]. In other words, the HS involves lepton-lepton and neutrino-neutrino
currents, whereas the VBF contains only lepton-neutrino currents. This distinction is obvious at
tree-level. We mention that, at loop level, there are diagrams which involve only neutral current,
hence in the categorization we adopt are labelled as HS, but do not involve any internal Z boson,
as the one in Fig. 5.1:

e−

e+

νe

H

νe

W

W

e

W

νe

Figure 5.1: NLO HS subprocess with no internal Z boson.

We recall that both the CKM and the PMNS matrices are set to be equal to the identity. As a
consequence, flavour-changing transitions are neglected and neutrinos are assumed to be massless.
The SMEFT basis of non-parity violating dimension-6 operators contributing to this process
includes classes 2,3,7 and some of the 4-fermion operators of class 8, cf. [15]. Classes 5 and 6 are
neglected because of the MFV hypothesis, as explained in Sect. 4.1. LG operators of classes 1 and
4 are not included in loop diagrams because they are suppressed as explained in 3.1. Instead, both
LG at tree-level and TG at loop-level are included on the same footing. Finally, class 8 contains
four-fermion operators. They can contribute to the process through, for example, the penguin
diagrams topologies shown in Fig. 5.2
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Figure 5.2: Penguin diagrams topologies contributing to the NLO VBF process.

Only the first topology is studied, since the others contains two NP vertices. The fermionic loop
can contain leptons or quarks, as shown in Figure 5.3.

e− νe

h

e+ ν̄e

W

W

Cll

l νl

e− νe

h

e+ ν̄e

W

W

C
(3)
lq

u d

Figure 5.3: 4-fermion operators contributing to the penguin diagrams.

The only SMEFT operator that contributes to the 4-lepton vertex in the left diagram of Figure 5.3
is Oll. Indeed, Ole does not contribute because only left-handed fermions can couple to the W
boson.
In the case of a quark loop, as in the diagram on the right of Figure 5.3, the only SMEFT contribution
comes from O(3)

lq . Indeed, the operator O(1)
lq does not enter because its isospin structure does not

mix neutrinos and electrons. This is instead possible for O(3)
lq due to the presence of the Pauli

matrices in the current.
The number of independent WCs associated to these operators, under the MFV assumption, is
studied in 3.1.

5.1 UV Renormalization

5.1.1 Renormalization of EFTs
When a theory is studied at NLO, i.e. one-loop corrections are added to the tree-level (TL) process,
UV divergencies arise from loop computations. The bare Lagrangian is rewritten as the sum of a
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renormalized Lagrangian containing finite and physical parameters and a counterterm Lagrangian.
The coefficient of the latter are chosen such that they cancel the divergencies stemming from the
bare Lagrangian order by order in perturbation theory. This is necessary to get finite physical
predictions. Renormalizable theories, such as the SM, require only a finite number of counterterms
to absorb all the divergent contributions. Indeed, the SM is described by a finite number of input
parameters, whose values are fixed by experiments. Each physical quantity can be expressed as
a function of these input parameters. As a consequence, an infinite number of predictions follow
from a finite number of measurements and, therefore, from a finite number of counterterms.
An infinite number of counterterms is instead needed to cancel all the divergences for non-
renormalizable theories since the number of free parameters is not finite. This is the case for
EFTs, for example the SMEFT. Nevertheless, the latter is renormalizable order by order in the EFT
expansion.
A generic EFT Lagrangian can be written as

LEFT =
∑︂
D>0

∑︂
i

c
(D)
i O(D)

i

ΛD−d , (5.1)

where i is an index running over all the different D mass dimension operators.
In the previous expression, we denote the dimension of space-time with d. Multiple insertions
of operators with D > d can generate operators of arbitrarily high dimension. For example, in
order to remove divergences stemming from a 1-loop process with two insertions of a dimension-5
operator, a dimension-6 counterterm is needed, as showed in Figure 5.4.

C5 C5 +
C6

= Finite

Figure 5.4: Dimension-6 counterterm needed to cancel the divergencies stemming from the 1-loop
amplitude with two insertions of a dimension-5 operator.

This means that the Lagrangian contains a new dimension-6 operator with a WC c6(µ) evolving
with the energy scale µ through its Renormalization Group Equation (RGE) that contains a term
proportional to the second power of the dimension-5 WC. Multiple insertions of the new dimension-
6 operators would need a dimension-8 counterterm to cancel divergencies stemming from 1-loop
processes and so on. Hence, non-renormalizable theories are those with operators of dimension
D > d because an infinite number of counterterms is needed to renormalize the theory.
Conversely, renormalizable terms are only those with mass dimension D ≤ d. A theory is referred
to as "renormalizable" if this condition holds for all its operators.
Nevertheless, if we consider a fixed expansion order, then only a finite number of counterterms
is needed to renormalize all the divergences [20]. We work at dimension-six, hence only the
renormalization constants for such operators are required to renormalize the theory. Practically,
this corresponds to neglecting diagrams having multiple insertions of dimension-6 operators.
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5.1.2 Electroweak input schemes in the SMEFT
SMEFT predictions depend on the input parameters and the renormalization schemes in which
they are defined. In the EW sector of the SM, 3 input parameters are needed. There are different
schemes for such input, depending on which observables are measured with the best accuracy.
Indeed, it would be desireable to not have large uncertainties, otherwise they would propagate into
all predictions. Moreover, input parameters introduce a number of WCs into physical observables,
as, in the SMEFT, they can receive corrections from dimension-6 operators. It is preferred to keep
this number small, so that the predictions mainly depend on dimension-6 operators describing new
interactions for that specific process rather than on those entering as NLO corrections to the input
parameters.
Predictions given with two different schemes are the same only if loop corrections are computed
to all orders. However, one can make computations only at finite orders. An input scheme can
indeed make the perturbative expansion converge faster than another one. The input scheme we
use is the αµ scheme, whose EW input parameters are the masses of the heavy vector bosons MZ

and MW and the Fermi constant GF . This is the preferred scheme in SMEFT because it reduces
the dependence on WCs in propagators, as it includes both the weak gauge boson masses [21].
In addition, all the WCs of the SMEFT operators contributing to the process, already listed in
Sect. 5, are renormalized in the MS scheme, which means that their counterterms are chosen to
subtract the UV-divergent poles together with the universal finite term ln (4π)−γE , where γE is the
Euler-Mascheroni constant. We use a hybrid scheme for the renormalization of our parameters, i.e.
masses and coupling are defined using different schemes. The masses of the heavy vector bosons
are defined in the On-Shell (OS) scheme. This means that the finite parts of their counterterms
are fixed such that the renormalized masses are equal to the poles of their respective propagators.
Finally, the Fermi constant GF is measured in muon decay. Historically, it is defined as a WC of the
4-fermion operator in the Fermi effective theory. It is calculated in [22], by matching the SMEFT
onto this effective theory, by integrating out the W, Z, h bosons and the top quark from the SMEFT
Lagrangian. The quantity that we actually renormalize is the VEV v of the Higgs field, which is
related to GF through the renormalization condition of the αµ scheme:

v =
⎛⎝ 1√

2GF

⎞⎠1/2

(5.2)

This relation must hold at all orders in perturbation theory.

5.1.3 Tadpole renormalization
S-matrix elements are made finite by only renormalizing the input parameters and the fields of the
theory, without introducing tadpoles at all. Tadpoles are diagrams where a single field is connected
to a loop without further external legs. We cannot have tadpoles of the charged fields W ± or
G±, as the vacuum is neutral. Those diagrams, therefore, would violate charge conservation. We
do not have tadpoles of vector fields Zµ or Aµ either, as the vacuum is invariant under Lorentz
transformation. Hence, a vector with a VEV different from zero would violate Lorentz symmetry.
Finally, also tadpoles of G0 are not present, as it is a CP-odd pseudoscalar, whereas the vacuum
is CP-even. Therefore, the only non-vanishing tadpole diagrams are those involving the physical
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Higgs field. These tadpoles represent quantum corrections that generate terms linear in the physical
Higgs field h when the potential of the Higgs doublet in eq. (2.17) is expanded around its Vacuum
Expectation Value (VEV).
In Rξ-gauge, an additional renormalization constant for the VEV of the Higgs field is necessary if
one wants to render all n-point Green’s functions finite. Nevertheless, parameters, like masses, can
still depend on the gauge.
The tadpole diagrams Th which carry an explicit dependence on the gauge-fixing parameter ξ are
those with a Goldstone boson running in the loop, as in Fig. 5.5. Hence, in unitary gauge, we do
not have a gauge dependence since Goldstone bosons are not present.

h

G±

and

h

G0

Figure 5.5: Gauge-dependent diagrams of Th.

In the conventional scheme, where only 1PI diagrams are consider at NLO, hence no tadpoles are
included, parameter definitions can be gauge-dependent.
Conversely, the Fleischer-Jegerlehner (FJ) tadpole scheme [8, 23] is used to have gauge-independent
physical parameters. In this case, tadpole contributions are added to the 1PI diagrams, as explained
in detail in the following to define a gauge-independent heavy vector boson mass.
The implementation of the FJ scheme consists in redefining the bare Higgs VEV v0 such that
the expansion of the Higgs field is performed around the minimum of the loop-corrected Higgs
potential, rather than the tree-level one. This translates into the following equation:

v0 = vFJ
0 + ∆v, where ∆v = Th

m2
h

. (5.3)

vFJ
0 is the shifted VEV and it is renormalized as

vFJ
0 = vFJ + δvFJ (5.4)

where the counterterm δvFJ is gauge independent.
Inserting eq. (5.4) into eq. (5.3) and defining a counterterm δv for v0,

v0 = vFJ + δvFJ + ∆v = vFJ + δv (5.5)

one finds how the new gauge-independent counterterm is related to the latter:

δvFJ = δv − ∆v. (5.6)

Performing this shift everywhere in the Lagrangian is equivalent to introduce the tadpole contri-
butions, in addiction to the One-Particle Irreducible (1PI) diagrams, at NLO. We illustrate this
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point with the example of the vector boson masses counterterm in the FJ scheme, needed in the
renormalization of our process.
In the conventional scheme, the UV-divergent terms of the 1PI corrections to the vector boson
propagator are canceled by the counterterm, represented with a star in Figure 5.6.

+ = 0

Figure 5.6: Definition of the vector boson squared mass counterterm in the conventional scheme.
This counterterm, represented by the starred propagator, is gauge-dependent. This equation holds
for the divergent part.

From eq. (5.6) and being the masses of the vector bosons proportional to the Higgs VEV, it follows
that the counterterm of the vector boson squared mass is

δm2
V

FJ = δm2
V − 2∆v. (5.7)

There are two equivalent ways to obtain the gauge-independent quantity δm2
V

FJ.
We can shift the VEV to its correct minimum of the Higgs loop-corrected scalar potential every-
where in the Lagrangian without adding regular tadpoles in the NLO diagrams. They are indeed
canceled by the counterterms for the 1-point function of the Higgs field, as shown in Figure 5.7.

+ + + h + h = 0

Figure 5.7: Diagrams to be added to the mass squared counterterm in order to remove the UV
divergences and get a gauge-independent result. The shift of the vev, represented by the triangle
insertion, is implemented. Regular tadpoles do not enter as they are removed by the counterterm
for the 1-point function of the Higgs field.

The triangle in Figure 5.7 represents a counterterm insertion due to the VEV shift.
A second implementation method consists of adding the Higgs tadpoles to the 1PI diagrams. In
this second case, the UV-divergent contributions stemming from the insertion due to the VEV shift
are canceled by the counterterms for the 1-point function of the Higgs field, as shown in Figure 5.8.

+ + + h + h = 0

Figure 5.8: Diagrams to be added to the mass squared counterterm in order to remove the UV di-
vergences and get a gauge-independent result. Regular tadpoles are added to the 1PI diagrams. The
VEV shift, represented by the triangle insertion, does not enter as it cancels with the counterterms
for the 1-point function of the Higgs field.
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From a practical point of view, this means that one considers also the diagrams containing tadpoles,
whereas the first method treats them as a counterterm in the propagator of all the particles which
couple to the Higgs boson. This second method is the one we exploited for the VBF renormalization.
From a diagrammatic perspective, the gauge-independent FJ counterterm for a massive vector
boson can be represented as in Figure 5.9 when the VEV in shifted or as in Figure 5.10 when the
regular tadpole contributions are added, as in our case.

= −

⎛⎜⎜⎜⎜⎝ +

⎞⎟⎟⎟⎟⎟⎠
Figure 5.9: Diagrammatic representation of the gauge-independent counterterm for the squared
vector boson mass when the VEV shift is performed.

= −

⎛⎜⎜⎜⎜⎝ + h

⎞⎟⎟⎟⎟⎟⎠
Figure 5.10: Diagrammatic representation of the gauge-independent counterterm for the squared
vector boson mass when the 1-loop tadpoles are added to the 1PI diagrams.

5.2 IR divergences
After the UV renormalization of the theory, the VBF NLO amplitude contains IR divergences. In
Dimensional Regularization (DR), where we work in a d = 4 − 2ϵ dimensional space-time, they
manifest themselves through single and double poles in 1/ϵ. In order to remove the IR divergences
arising from the virtual contributions, real photon emission contributions from the initial charged
states must be included.
IR divergences are classified as soft or collinear. We have a virtual soft IR divergence when
the momentum of a photon inside a loop integral goes to zero. They are canceled by real soft
IR divergences. The latter accour because a detector with energy resolution ∆E is not able to
distinguish a state with a single electron |e− > from the state |e− +γsoft >, where the electron emits
a photon with an energy lower than the detector resolution. Hence, from an experimental point of
view, these two states are degenerate. The consequence of this experimental limit to the accuracy
with which energy states can be measured is that some energy will always be lost in emitted soft
photons. What one actually observes is the sum of the elastic process, in which no photons are
emitted, and the one in which some energy, up to the detector resolution, is lost in photons.
The tree level cross-section process involving a single emitted photon is of the same order, in the
electromagnetic coupling, as a 1-loop correction to the original process with no emitted radiation.
The cancellation of soft IR divergences between the NLO elastic process, where photons only
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appear in virtual corrections, and the inelastic process, with energy loss from real photon emissions
less that ∆E, persists to all orders in perturbation theory [24].
Collinear virtual divergences appear in one-loop diagrams when a photon inside a loop is parallel to
an external massless particle. Accordingly, collinear real divergences are present when a massless
fermion emits a photon with momentum parallel to its own. When the energy of this photon goes
to zero, both soft and collinear divergences are present and they correspond to double poles in 1/ϵ
in the virtual corrections.
There are different IR subtraction schemes one can implement to cancel the soft divergences.
Whizard, which we employ for our Montecarlo implementation of the phase space integrals, uses
the FKS subtraction scheme, explained in detail in Appendix A.
After exploiting the FKS subtraction scheme, the amplitude is still divergent as it contains single
poles in 1/ϵ due to the collinear initial state divergences. Indeed, real initial state collinear
divergences do not cancel automatically with those from virtual diagrams. In order to have a finite
amplitude one can exploit the massification procedure [3], which consists of restoring the leading
logarithmic dependence of the amplitude on the electron mass. From a practical point of view, this
means that collinear single poles in 1/ϵ are substituted by

1
ϵ

−→ log
(︄

s

m2
e

)︄
, (5.8)

where s is the Mandelstam variable s = (q1 + q2)2 with q1 and q2 the momenta of the initial state
particles. In the limit of massless electron me −→ 0 we recover the collinear IR divergences.
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Chapter 6

Comparison of the numerical and analytical
UV pole

In this chapter, we build the framework to renormalize the VBF within the SM. We analitically
compute the UV pole in 1/ϵ of the counterterm amplitude with FeynArts and FeynCalc [25–29].
This must be the opposite of the pole we get from GoSam, in order to cancel the UV divergences
stemming from the NLO amplitude.
The output of GoSam is the term proportional to 1/ϵ of the interference between the Tree Level
(MTL) and the Counterterm (MCT) amplitude, normalized to the Born (MB):

1
4 · 2 Re

∑︂
Pol.

(M∗
TLMCT). (6.1)

The Born amplitude is
MB = 1

4
∑︂
Pol.

|MTL|2 = 1
4MTL

∗MTL, (6.2)

The factor of 1/4, both in eq. (6.1) and eq. (6.2) is the spin average factor.

6.1 Counterterm amplitude
The TL amplitude is:

iMTL = iA

(︃
ū(p1)γµPLu(q1)

)︃ −igµρ

(p2 − q2)2 − M2
W

gρσ
−igσν

(p3 + p2 − q2)2 − M2
W

(︃
v̄(q2)γνPLv(p2)

)︃
, (6.3)

where
A = 4

v3 M4
W .

The notation used for the momenta is shown in Figure 6.1.
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e−

e+

νe

ν̄e

h

W

W

q1

q2

p1

p2

p3
p3 + p2 − q2

q2 − p2

Figure 6.1: Convention of momenta for the VBF Feynman diagram.

The Feynman rules used to compute MTL are:

e− νe

W µ

= −i
√

2MW

v
γµPL

and

W +
σ

W −
ρ

h = 2i
M2

W

v
gρσ.

MCT depends on the counterterms of the input parameters and on the wavefunction renormalization
constants of the external fields. The only input parameters in MTL are MW and GF = 1/(

√
2 v2).

Hence, MCT can be written as:

MCT = ∂MTL

∂MW

δMW + ∂MTL

∂(1/v2)δ(1/v2) + MTL · ZeZνe

√︂
Zh, (6.4)

where δMW is the counterterm of the W mass, δ(1/v2) the counterterm associated to the quantity
1/v2 (following the definitions given in [22]), Ze, Zνe and Zh the wavefunction renormalization
constants of the electron, the neutrino and the Higgs boson field, respectively. The wavefunction
renormalization constant associated to the field f can be written as

Zf = 1 + δZf , (6.5)

where δZf contains the UV divergent term in 1/ϵ. Hence, the relevant part of the Lagrangian can
be expanded as

MCT ⊃ MTL

(︄
δZe + δZνe + 1

2δZh

)︄
. (6.6)

We have validated the expression in Eq. (6.4) by an analytic computation of UV divergent parts at
one-loop order obtained with the same computational framework.
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In the next sections, we detail how the counterterms are determined, focusing on the divergent part.
The masses of all the charged fermions contributing to the self-energy diagrams have been kept
different from zero. This is only a computational expedient to avoid that IR divergencies are mixed
with purely UV divergences. Nevertheless, since we are studying the VBF at very high energies,
all the fermions but the top are taken to be massless after the pole extraction.

6.1.1 UV pole of the MW counterterm
The UV pole of the counterterm for MW has been computed by imposing that the UV divergences
of the 1-loop corrections of the W boson propagator are canceled by the counterterm insertion

δΓWµν(k) = −δZW (k2gµν − kµkν) + (δM2
W + M2

W δZW )gµν . (6.7)

The one-loop UV-divergent self-energy can be expressed as

ΣW
µν(k) = A(k2gµν − kµkν) + B M2

Wgµν . (6.8)

In Σµν we do not only include 1PI diagrams but also the Higgs tadpoles in order to implement the
FJ scheme, as explained in detail in Sect. 5.1.3.
The counterterm insertion must satisfy:(︄

δΓWµν(k) + ΣW
µν(k)

)︄
div

= 0, (6.9)

diagrammatically represented in Figure 6.2.

⎛⎜⎜⎜⎜⎝ W µ W ν + W µ W ν

⎞⎟⎟⎟⎟⎟⎠
div

= 0,

Figure 6.2: Diagrammatic representation of the renormalization condition in eq. (6.9).

where the subscript div stresses that this only holds for the divergent part. Equation (6.9) does
not put any condition on the finite parts of the counterterm. However, at the present stage, we are
interested in the divergent parts only, hence it is not necessary to provide a prescription for the finite
terms.
Equations (6.8,6.9) provide A − δZW

div = 0 which immediately gives δZW
div = A. This means

that A can be extracted by selecting the coefficient of k2 from the one-loop self-energy ΣW
µν(k).

Subsequently, one determines the counterterm for the squared W mass δM2
W by imposing

B M2
W = δM2

W + M2
W δZW −→ δM2

W = M2
W (B − A). (6.10)

Finally, δMW is given by:
δMW = 1

2MW

δM2
W . (6.11)

The analytic expression of δMW can be found in the Appendix B.
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6.1.2 UV pole of the wavefunction renormalization constants
We now discuss how we compute the leptonic renormalization constants. There is no difference
between the electron and the muon wavefunction renormalization constants in the limit of massless
fermions and flavour conservation, as well as for the renormalization constants of the two neutrinos.
The self energy Σf (p) of a massless fermion f can be decomposed as [30]

Σf (p) = /pPLΣf
L(p2) + /pPRΣf

R(p2). (6.12)

The UV pole of the wavefunction renormalization constant of the left-handed fermion is the same
but opposite sign of the divergent part of Σf

L(p2). Only the left-handed counterterm is needed, as
it follows from the chiral structure of Eq. (6.3).
First of all, we compute the 1-loop self energy of the fermion f

Σl(p) = l l

γ

l

+ l l

Z

l

+ l l

W

νl

,

if f is a charged lepton and

Σνl(p) = νl νl

Z

νl

+ νl νl

W

l

,

if f is a neutrino. In the latter case there is no correction involving the photon, as neutrinos are
chargeless.
From eq. (6.13) we have

tr[Σf (p)/pPR] =

=Σf
L(p2)pµpν

4 tr[γµ(1 − γ5)γν(1 + γ5)] + Σf
R(p2)pµpν

4 tr[γµ(1 + γ5)γν(1 + γ5)] =

=Σf
L

pµpν
4 2 tr[γµγν ]⏞ ⏟⏟ ⏞

4gµν

=

=2p2Σf
L(p2),

(6.13)

so we can obtain the wavefunctions renormalization constants as

δZf = −Σf
L(p2) = −

tr[Σf (p)/pPR]
2p2 . (6.14)

The analytic expressions for δZl and δZνl
can be found in Appendix B.
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The UV pole of the h wavefunction renormalization constant has been computed by imposing
that the UV divergences of the 1-loop corrections of the h boson propagator are canceled by the
counterterm insertion

δΓh(k2) = −k2δZh + (δM2
h + M2

hδZh). (6.15)

The one-loop UV-divergent self-energy can be expressed as

Σh(k2) = Ak2 + B. (6.16)

In this case we do not need to include the contribution of the Higgs tadpoles in Σh(k2). Indeed,
the wavefunction renormalization is determined by the term of the self energy depending on the
momentum of the particle flowing through the 2-point function. Loop tadpole integrals are just
constants, namely they are momentum-independent and therefore they do not contribute to δZh.
Tadpoles can only renormalize masses or the VEV.
The counterterm insertion must satisfy⎛⎝δΓh(k2) + Σh(k2)

⎞⎠
div

= 0, (6.17)

that can diagrammatically be represented as in Figure 6.17.

⎛⎜⎜⎜⎜⎝ h h + h h

⎞⎟⎟⎟⎟⎟⎠
div

= 0

Figure 6.3: Diagrammatic representation of eq. (6.17).

In order to find the UV term of the h wavefunction constant, one can impose A − δZdiv
h = 0 which

immediately gives δZdiv
h = A. As in Sect. 6.1.1, A can be extracted by selecting the coefficient

of k2 from the one-loop self-energy Σh(k2). The analytic expression for δZdiv
h can be found in the

Appendix B.

6.1.3 UV pole of the VEV counterterm
The NLO muon decay can be describe by the following effective Lagrangian:

Leff = LQED + LF, (6.18)

where the Lagrangian of quantum electrodynamics reads

LQED = −1
4FµνF

µν + Ψ̄(iγµDµ − m)Ψ, Ψ = e, µ (6.19)

and the Fermi Lagrangian LF is instead

LF = −2
√

2 GF (ν̄µγνPLµ)(ēγνPLνe). (6.20)
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The Fermi constant is calculated by matching the effective Lagrangian Leff with LSM from which
the heavy electroweak bosons W, Z, H and the top quark have been integrated out.
The VEV of the Higgs field is defined as a function of GF through the renormalization condition
in eq. (5.2).
Following the notation in [22], the bare VEV v0 and the renormalized one v are related through eq.
(6.21)

1
v2

0
= 1

v2 + δ

⎛⎝ 1
v2

⎞⎠ = 1
v2

⎛⎝1 − 1
v2 ∆v(4,1,µ)

⎞⎠, (6.21)

where the superscript (4, 1, µ) symbolizes that we are working with SM 4-dimensional operators,
at 1 loop order and in the αµ scheme, respectively.
Using the same notation as in eq. (6.21), the bare SM amplitude for the muon decay can be written
as

ASM
0 = − 2

v2
0

⎛⎝A
(4,0)
0 + 1

v2
0
A

(4,1)
0

⎞⎠Sµ, (6.22)

where
Sµ =

(︂
ū(q2)γνPLv(q3)

)︂(︂
ū(q1)γνPLu(p)

)︂
. (6.23)

The momenta of the spinors in eq. (6.23) are understood from Figure 6.4.

µ−

ν̄µ

e−

ν̄e

p q2

q1 q3

Figure 6.4: Feynman diagram for the 4-fermion interaction in the muon decay.

A
(4,0)
0 and A

(4,1)
0 are SM coefficient of the amplitude at TL and at NLO, respectively.

The effective amplitude reads, instead,

Aeff = − 2
v2 Sµ. (6.24)

Following [22], the matching is perfomed off-shell, where all the masses and external momenta are
set to 0. Hence, loop corrections involve only photons and yield scaleless integrals, which can be
set to 0. The counterterm of the VEV is calculated by ensuring the condition in eq. (5.2) in the αµ
scheme. This translates into the requirement that the renormalized SM amplitude matches order
by order in perturbation theory to Aeff:

ASM = − 2
v2

⎛⎝A(4,0,µ) + 1
v2 A(4,1,µ)

⎞⎠Sµ
!= Aeff. (6.25)
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The renormalization condition in eq. (6.25) can be applied to eq. (6.22), once the bare VEV has
been substituted by eq. (6.21) and the external fields have been written as the renormalized ones
multiplied by the square root of their wavefunction renormalization constants:

− 2
v2

⎛⎝1 − 1
v2 ∆v(4,1,µ)

⎞⎠⎛⎝A(4,0,µ) + 1
v2 A(4,1,µ)

⎞⎠Sµ

⎛⎝1 + 1
2∆Zf

⎞⎠ != − 2
v2 Sµ, (6.26)

where
∆Zf = ∆Zµ + ∆Zνµ + ∆Ze + ∆Zν̄e . (6.27)

Notice that ∆Zf contains only the contribution from the W and the Z, since the photon corrections
vanish because they are scaleless.
In eq. (6.27), the square root of the wavefunction renormalization constant of a generic lepton l
has been Taylor expanded as √︂

Zl =
√︂

1 + ∆Zl ≃ 1 + 1
2∆Zl. (6.28)

Collecting terms order by order in perturbation theory as in eq. (6.29)

− 2
v2 A(4,0,µ)Sµ⏞ ⏟⏟ ⏞

TL

− 2
v4

⎛⎝A(4,1,µ) − ∆v(4,1,µ) + 1
2∆Zf v2

⎞⎠Sµ⏞ ⏟⏟ ⏞
NLO

+...
!= − 2

v2 Sµ, (6.29)

the following relations yield:⎧⎨⎩A(4,0,µ) = 1
A(4,1,µ) − ∆v(4,1,µ)A(4,0,µ) + 1

2A(4,0,µ)∆Zf v2 = 0
(6.30)

From eq. (6.30), one finally finds the expression of the VEV counterterm in the SM using the αµ
renormalization scheme:

δ

(︄
1
v2

)︄
= − 1

v4 ∆v(4,1,µ) = − 1
v4

(︄
A(4,1,µ) + 1

2∆Zf

)︄
. (6.31)

The wavefunction renormalization constants in ∆Zf are calculated as detailed in subsection 6.1.2.
A(4,1,µ) is instead calculated as

A(4,1,µ) = −Aµ decay
NLO

(2/v4) , (6.32)

where Aµ decay
NLO is the NLO amplitude of the muon decay in the SM. As discussed before, the FJ

tadpole scheme has been applied, so tadpole diagrams have been included in the computation. The
analytic expression of δ(1/v2) can be found in Appendix B. We have compared our final result with
[22]. We stress that this reference performs the computation in the unitary gauge, but since in our
tadpole scheme δv is gauge independent, a comparison of this intermediate result can be performed.
We mention, however, that the tadpole contribution and the 1PI contribution are, individually, gauge
dependent, whereas their sum is gauge-independent.

47



6.2 Numerical comparison of the UV pole
The numerical quantity we want to compare with GoSam is the UV pole of

2 Re(M∗
TLMCT)

MB

. (6.33)

The analytical expression of eq. (6.33), obtained using the Mathematica package FeynCalc is:

256 M7
W (p̄1 ·q̄2) (p̄2 ·q̄1)
v6 ∆3

1 ∆3
2

[︄(︂
∆2 − 2M2

W

)︂(︄
2(p̄2 ·q̄2)

[︂
8 δMW + 3MW δ(1/v2) v2 + 2MW δZ

]︂

+ M2
W

[︂
4 δMW + 3MW δ(1/v2) v2 + 2MW δZ

]︂)︄
− 4 δMW M2

W ∆1

]︄
,

(6.34)

where

∆1 = 2(p̄2 ·q̄2) + M2
W , ∆2 = −2(p̄2 ·p̄3) + 2(p̄2 ·q̄2) + 2(p̄3 ·q̄2) − M2

H + M2
W (6.35)

and
δZ = δZe + δZνe + 1

2δZh. (6.36)

GoSam gives the numerical result of the UV pole for a randomly chosen configuration of the external
particle momenta. The values of the parameters are instead taken from a UFO model [31], created
with SMEFTfr [32]. In this model the particle content, the parameters and the interaction vertices of
the defined Lagrangian are described. We perform the computation within such framework, rather
than relying on the GoSam SM built-in model file since the inclusion of the SMEFT operators,
which represents the following stage of this study, will be straightforward.
In the following we compare the pole we get from eq. (6.34) with the numerical one from GoSam
at

√
s = 350GeV for different configurations for the momenta of the external particles:

momenta configuration analytic pole GoSam pole

1 0.016 -0.016
2 -0.128 0.122
3 -0.045 0.042

For the numerical evaluation, we used the following set of numerical parameters:
MW = 80.4GeV, MZ = 91.2GeV, Mh = 125GeV, GF = 1.16 · 10−5GeV−2, Mt = 173GeV.
The three momenta configurations are:
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Configuration 1:

q1 =

⎛⎜⎜⎜⎝
+175

0
0

−175

⎞⎟⎟⎟⎠ , q2 =

⎛⎜⎜⎜⎝
+175

0
0

+175

⎞⎟⎟⎟⎠ , p1 =

⎛⎜⎜⎜⎝
+119
+101
−18.9
+60.0

⎞⎟⎟⎟⎠ , p2 =

⎛⎜⎜⎜⎝
+71.3
−6.70
−5.01
−70.8

⎞⎟⎟⎟⎠ , p3 =

⎛⎜⎜⎜⎝
+159
−94.8
+23.9
+10.8

⎞⎟⎟⎟⎠

Configuration 2:

q1 =

⎛⎜⎜⎜⎝
+175

0
0

−175

⎞⎟⎟⎟⎠ , q2 =

⎛⎜⎜⎜⎝
+175

0
0

+175

⎞⎟⎟⎟⎠ , p1 =

⎛⎜⎜⎜⎝
+81.1
−3.08
+57.2
−57.4

⎞⎟⎟⎟⎠ , p2 =

⎛⎜⎜⎜⎝
+98.7
−49.0
+44.1
+73.5

⎞⎟⎟⎟⎠ , p3 =

⎛⎜⎜⎜⎝
+170
+52.0
−101
−16.1

⎞⎟⎟⎟⎠

Configuration 3:

q1 =

⎛⎜⎜⎜⎝
+175

0
0

−175

⎞⎟⎟⎟⎠ , q2 =

⎛⎜⎜⎜⎝
+175

0
0

+175

⎞⎟⎟⎟⎠ , p1 =

⎛⎜⎜⎜⎝
+147
+111
+87.1
+39.2

⎞⎟⎟⎟⎠ , p2 =

⎛⎜⎜⎜⎝
+19.9
−1.34
−18.0
−8.56

⎞⎟⎟⎟⎠ , p3 =

⎛⎜⎜⎜⎝
+183
−110
−69.2
−30.6

⎞⎟⎟⎟⎠
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Chapter 7

Conclusions and Outlook

In this thesis we analysed the production of a Higgs boson through Vector Boson Fusion (VBF) at
a future e+e− collider. We introduced the SM of particle physics, presenting its main features and
its limitations. Subsequently, we introduced the EFTs and, in particular, the SMEFT, as a possible
parametrization to extend the SM by supplementing it with operators of higher dimension built
with SM fields. We studied the truncation effects on the total cross section for e+e− → νeν̄eh for
one WC for each operator class of the Warsaw basis. We found that the quadratic contribution to
the cross section in 1/Λ2 is negligible, as it contributes for less than 5% to the total result in the
worst possible scenario, namely for CφW .
We then analyzed how to potentially disentangle the two different production channels, VBF and
Higgsstrahlung (HS), for single Higgs production at lepton colliders. Practically, we analyzed
how large could the interference between VBF and HS be at

√
s = 350 GeV at LO. We found

that, for some combinations of the WCs, it can exceed 20% of either the VBF or the total cross
section. Nevertheless, the interference progressively decreases with an increasing number of WC
combinations, hence it has an important effect only for some WC combinations. Our findings allow
us to focus on the VBF, as it is the dominant channel for the process e+e− → νeν̄eh at the energy
scale of interest.
We started the implementation of the NLO corrections to VBF, presenting the basis of SMEFT
dimension-six operators which contribute. We described the αµ input scheme and the FJ tadpole
scheme in order to fix the theoretical framework for the UV renormalization. Furthermore, we
discussed how to treat IR divergences.
Thus far, we extracted the UV pole in the SM, both analytically from the counterterm amplitude
and from GoSam. We compared the two, validating our framework.
The goal of this project is the computation of the NLO EW corrections of the cross section for
Higgs production via vector boson fusion at an e+e− collider in SMEFT. The SMEFT HS channel
has already been widely studied and presented in the literature. Our goal would complete the
SMEFT NLO analysis and would provide further information of the sensitivity on the considered
operators in the high energy runs of future lepton colliders. Indeed, it would also be the missing
piece to understand the interplay of other operators with the one modifying the trilinear Higgs
self-coupling. In this way one could estimate the potential of the FCC-ee to measure the trilinear
coupling. Moreover, this process can be used to study the off-shell Higgs decays into leptons and
neutrinos, that would provide an additional missing ingredient for a complete SMEFT description
at NLO. So far, indeed, an exhaustive picture of Higgs decays is missing. To conclude, a consistent
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and complete NLO SMEFT study, including the single Higgs production in HS and VBF and
the whole picture of Higgs decay, would allow us to fully exploit the potential of the FCC-ee in
precision Higgs measurements and in capturing SMEFT effects.
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Appendix A

The FKS subtraction scheme

The squared modulus of the UV renormalized amplitude at NLO accuracy for a given process can
be written as

|M |2 = |MLO|2 + 2 Re(M∗
BMV) + |MR|2 (A.1)

where MLO is the LO amplitude, MV is the NLO virtual amplitude and MR is the NLO real
amplitude. Both the virtual and the real amplitudes diverge. The virtual IR divergences appear
when a loop integral, with a photon flowing inside it, is computed. The virtual amplitude is
integrating over the phase space for the n final particles involved in the process. The real cross
section is instead computed by integrated |MR|2 over the phase space element for n+1 particles, as
a photon is also present. This integral contains the IR poles.
Whizard integrates finite quantities at each phase space point. In order to obtain finite quantities,
we need to remove the divergent terms of the real NLO amplitude, hence a subtraction scheme
must be chosen. Whizard uses the FKS subtraction formalism, proposed by Frixione, Kunszt, and
Signer [33]. For a generic 2 → n scattering process, the real-emission contribution develops a
large number of overlapping infrared (soft and collinear) singular regions as the number of external
charged particles increases. The FKS subtraction scheme addresses this complexity by introducing
a partition of the real-emission phase space into sectors through suitable partition functions. In each
sector, only the soft and collinear singularities associated with a single FKS emitter are present,
greatly simplifying the construction of the subtraction counterterms.
The FKS scheme classifies the IR divergences by defining a set PFKS of ordered pairs of particles
(i, j) that induce a soft singularity, a collinear one or both of them in the n + 1 phase space. For
the VBF process, this set can be defined as

PFKS(VBF) = {(i, j) | i = 3, j = 1, 2,

MIR −→ ∞ if ki −→ 0 or ki ∥ kj} ,
(A.2)

where j = 1, 2 corresponds to the initial state particles, the electron and the positron.
Using the notation 1 = e−, 2 = e+ and 3 = γ, the pairs in PFKS fot the VBF are:

• (3,1): γ is a soft photon and/or γ is emitted parallel to e−

• (3,2): γ is a soft photon and/or γ is emitted parallel to e+.
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For each pair (i,j)∈ PFKS, a positive-definite function Sij is defined such that Sij goes to zero in all
regions of the phase space where MR diverges, except if the i particle is soft or if i and j particles
are collinear. The partition in the n + 1 phase space can therefore be written as

MR =
∑︂

(i,j)∈PF KS

SijMR (A.3)

with ∑︂
(i,j)∈PF KS

Sij = 1. (A.4)

In each of these regions, the FKS subtraction scheme subtracts the local S term to the squared
modulus of the real amplitude such that in an "unresolved limit", i.e. the limit in which MR is
divergent, the quantity |MR|2 − S is finite. In order to restore the previous expression, the S term
must also be added: this is performed by adding the integral of S over the phase space element
of the photon, inside the integral over the n-particle phase space of the virtual contribution. The
expression of the differential cross section for some observable O is therefore:

dσ

dO
∼
∫︂

dΦn|MLO|2⏞ ⏟⏟ ⏞
LO

+
∫︂

dΦn

(︄
2 Re(M∗

BMV) +
∫︂

dΦ1S

)︄
+
∫︂

dΦn+1(|MR|2 − S)⏞ ⏟⏟ ⏞
NLO

. (A.5)

If the cross section was computed analytically, the virtual and real contributions would have the
following structures: ∫︂

dΦn2 Re(M∗
BMV) ∼ A

ϵIR2 + B′

ϵIR
+ B′′

ϵUV
+ C (A.6)

∫︂
dΦn+1|MR|2 ∼ Ã

ϵIR2 + B̃

ϵIR
+ C̃, (A.7)

where A, B′, B′′, C, Ã, B̃ and C̃ are real finite quantities.
The IR divergences from the virtual amplitude would have canceled the divergences stemming from
the real amplitude if there had not been initial state collinear divergences (KLN theorem [34]). In
other words, using the previous notation from the FKS formalism (A.2),

A = Ã and B = B̃ if ki ∦ kj, (i, j) ∈ PFKS.

Once the FKS subtraction scheme has been applied, the virtual and the real soft IR divergences
cancel each other out and the UV divergent terms of the virtual amplitude are canceled by the
counterterms before the integration occurs: the expression of the cross section is therefore left with
only the collinear initial state divergences.
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Appendix B

Counterterms in the FJ scheme

The analytical expressions for the UV poles of the counterterms used to compute eq. (6.4) are
presented below. They do not depend on the gauge choice, since the tadpole FJ scheme [8] has
been implemented. Moreover, they do not depend on the fermion masses, as they have been set
equal to zero, except the top mass.
The counterterm for the W boson mass is:

δMW = −MW

96v2c2
WM2

hπ2ϵ

(︄
− 6 CW MW M3

Z + 4 C4
W M2

H (22 M2
W + 3 M2

Z)

+ C2
W

(︃
9 M4

H + 18 M2
H M2

T − 72 M4
T − 92 M2

H M2
W + 36 M4

W

+ 3 M2
H M2

Z + 76 M2
H M2

W S2
W

)︃
+ 12 M2

W (2 M2
Z − M2

H S4
W )
)︄

,

(B.1)

where SW and CW are the sine and cosine of the Weinberg angle, and they are defined as a function
of the input parameters as:

CW = MW

Mz

, SW =

⌜⃓⃓⎷1 − M2
W

M2
Z

. (B.2)

The wave function renormalization constant for the lepton is

δZl = S2
W

16π2v2ϵ

M4
Z − 4M4

w + 2M2
W M2

Z

(MW − MZ)(MW + MZ) , (B.3)

the one for the neutrinos is

δZνl
= S2

WM2
Z(2M2

W + M2
Z)

16π2v2ϵ(MW − MZ)(MW + MZ) , (B.4)

whereas the one for the Higgs boson reads:

δZh = M2
W − C2

W (3M2
t − 2M2

W )
8π2v2C2

W ϵ
. (B.5)

Finally, the counterterm associated with 1/v2 calculated from the muon decay and cross-checked
with [22] yields:
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δ(1/v2) = S2
WM2

Z

8π2v4ϵ(M2
W − M2

Z)2 ·
(︂

− 3M2
ZS2

W (−M2
t + 2M2

W + M2
Z) − 2M4

W

+ M2
WM2

Z + M4
Z

)︂
.

(B.6)
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