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Introduction

Categories of modules are among the nicest examples of abelian categories. The interesting
question from which this thesis starts is to recognise when a certain abelian cocomplete
category C is equivalent to a category of modules Mod R. The answer to this question
is a classical result obtained by Morita back in 1958. Morita Theory states that such a
category C is equivalent to a category of modules Mod R if and only if C admits a particular
object P, a so-called progenerator, i.e. a finitely generated projective generator. Moreover,
for such an object, C is equivalent to mod(End P). Two non isomorphic progenerators may
have different endomorphism ring but equivalent categories of modules. In other words,
fixed R ring, the endomorphism rings S := End P for any P progenerator in mod R are
exactly the rings for which mod R is equivalent to mod S.

In this thesis we consider some objects which extends the notion of a progenerator.
We will consider the over a finite-dimensional algebra A and study how the category of
modules over their endomorphism ring compare to mod A.

The two kinds of objects we will consider are tilting modules first and then silting
complexes. They have weaker assumptions than the classical Morita progenerator, but we
still obtain some nice equivalences, which are the main object of interest of this thesis. For
tilting modules, we have the Brenner—Butler Theorem, a classical result from the 80s. If
Ais an algebra and B is the endomorphism ring of a tilting A-module, this theorem yields
equivalences between two pair of full subcategories of mod A and mod B, respectively, that
play a key role in terms of approximation. A similar result holds in the more general case
of silting complexes, due to Buan and Zhou.

In the last part we study the properties of the endomorphism algebras of the special
objects we are considering. Under some assumptions on A, it turns out that they are
characterized by a nice homological property: every indecomposable module is either
close to being injective or close to being projective.

Throughout the thesis we will illustrate the results with many examples computed
using representations of path algebras of quivers.

In Chapter 1 we establish our notation and we lay the foundations of our work. We
present the settings in which we will be working, the categories of finitely generated mod-
ules (§1.2) and the derived categories (and more generally triangulated categories(§1.5)).
We also briefly introduce the theory of quivers (§1.3), which will be used to construct
examples of the results we're stating. Finally, we discuss two important structures that
are fundamental in our work: torsion pairs (§1.4) and ¢-structures (§1.6). In particular we
are very interested in the HRS-tilting process which appears many times in connection
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with the main results.

In Chapter 2 we focus on tilting modules (2.1.10). We first show the basics properties
of tilting theory and then turn our attention to the Brenner-Butler Theorem. We have
that a tilting module induces a torsion pair in mod A, (T(T'), F(T))

Taking B = End(7'), we can endow 7" with a structure of left B-module. The key
passage is that g7 is a tilting left B-module, which yields a torsion pair (X(7"), Y(T)) in
mod B. The Theorem of Brenner and Butler (2.2.11) states that there are equivalences of
categories between 7 (7') and Y(T') and also between F(T') and X (7).

In this case by passing to B we don’t lose any information on the algebra we started
from. Indeed we have that A is exactly the algebra endomorphism of the left B-module
T (2.2.5).

In Chapter 3 we enlarge our setting and from the category of modules we pass to the
derived category. Here we are interested in the (2-term) silting complezes (3.1.2). They
can be regarded as a generalization of tilting modules. In the first part of the chapter we
present the main results about silting theory.

As with tilting modules, also a 2-term silting complex P induces a torsion pair in
mod A, (T(P),F(P)). Let B = Endpea)(P). In mod B, P induces a 2-term silting
complex Q that defines a torsion pair (7(Q), F(Q)). It is a recent result of Buan and
Zhou [BZ16b] that there exists an equivalence of categories between T (P) and F(Q)
and there exists an equivalence of categories between F(P) and T(Q) (3.2.5). Thus,
this theorem of Buan and Zhou generalizes the Brenner—Butler theorem. We study this
equivalences in the second section of this chapter.

We then focus on what happens when we repeat the process on Q. In the tilting case
we obtain again the starting algebra A. In general this does not happen anymore with
silting complexes. Indeed we have that Endps(5)(Q) is an epimorphic image of A and so we
lose some information, but not much. Indeed we recover the torsion pair (7 (P), F(P)).

Finally, we present another result of Buan and Zhou. Starting from mod A with
A hereditary finite-dimensional algebra (or more generally from an hereditary abelian
category) the endomorphism ring of 2-term silting complexes can be characterized by a
homological property: being shod (3.4.2).

We end the thesis with a chapter dedicated to the study of an interesting example
that illustrates the main results of Chapter 3.



Chapter 1

Preliminaries

1.1 Approximations

In this section we follow [GT06]. Let D be a category.

Definition 1.1.1. Let M, N, C be objects of D. We say that f: M — C' is left minimal
if for any g : C' — C such that gf = f we have that g is an automorphism. Similarly, we
say that h : C'— N is right minimal if for any g : C' — C' such that hg = h we have that
g is an automorphism.

Definition 1.1.2. Let C C D be a class of objects closed under isomorphisms and direct
summands. Let M € D.

We say that a morphism f € Homp(M,C) with C' € C is a C-preenvelope (or left
approzimation) of M if for any morphism f' : M — C’ with C’ € C there exists a
morphism ¢ : C'— C' such that [/ = gf:

M%C’

I
\ 'y
f <+

.

Equivalently, the map Homp(f,C") : Homp(C, C’") — Homp(M, C") is surjective for each
C’ € C. Moreover, we say that f is a C-envelope (or left minimal approzimation) if it is
a C-preenvelope and left minimal.

Dually, a morphism f € Homp(C, M) with C' € C is a C-precover (or right approz-
imation) of M if for any morphism f' : C' — M with C" € C there exists a morphism
g : C" — C such that f' = fg¢:

c LM

+

9,

I %

C'.
That is, the map Homp (C', f) : Homp(C',C) — Homp(C’, M) is surjective for each
C’ € C. Moreover, we say that f is a C-cover (or right minimal approzimation) if it is a
C-precover and right minimal.
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Definition 1.1.3. A class C C D is called preenveloping (or left functorially finite) if
every object M € D admits a C-preenvelope. Moreover, C is enveloping if every object
M € D admits a C-envelope.

Dually, a class C C D is called precovering (or right functorially finite) if every object
M € D admits a C-precover. Moreover, C is covering if every object M € D admits a
C-cover.

C is called functorially finite if it is both left and right functorially finite.

1.2 Finite-dimensional algebras

Throughout the whole thesis A will always be a finite-dimensional K-algebra (with K
field) i.e. an algebra whose underlying vector space has finite-dimension. With Mod A we
will denote the category of right A-modules and with mod A its full subcategory of finitely
generated modules, that is for any M € mod A there exist finitely many m; € M such
that M =), m;A. Since A is finite-dimensional, we have that all modules in mod A are
finite-dimensional. We also denote by A Mod and A mod the respective categories of left
A-modules.

In mod A we call proj A and inj A the full subcategories of mod A consisting respectively
of projective and injective modules.

We recall that a non-zero module is called indecomposable if it cannot be written
as direct sum of two non-zero submodules. If M € mod A is indecomposable then the
endomorphism algebra End M is local.

We also recall that, since A is finite-dimensional, then there exists an indecompos-
able decomposition A = P, & ...® P, where P; are the indecomposable projective right
modules. We now state the Krull-Remak-Schmidt Theorem that states that under our
conditions every module admits a unique decomposition into indecomposable modules.

See [ASS06], [AF92].

Theorem 1.2.1 (Krull-Remak-Schmidt). Let A be a finite-dimensional K -algebra. Then
every M € mod A admits a decomposition

M=M OM®...0 M,

where M; are indecomposable modules for all i = 1,..., k. The decomposition is unique
up to permutation of the indecomposable modules M;.

We introduce two important functors between categories of modules.
Definition 1.2.2. Let A be a finite-dimensional K-algebra. We define the functor:
D :=Homg(—, K) : (mod A)°®®* — Amod.

For any M € mod A the left A-module structure of D(M) = Homg (M, K) is given by
(ap)(m) = p(ma) for each a € A, m € M and ¢ € Homg (M, K). For any f: M — N in
mod A the map D(f) : D(N) — D(M) is the A-module homomorphism given by ¢ — ¢f.
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D is a duality of categories, called standard K-duality. Its quasi-inverse is D :=

Homg (—, K) : (Amod)°® — mod A.
Definition 1.2.3 ([ASS06]). The Nakayama functor is defined as:
v := DHomy(—,A) : mod A — mod A.

We have that v induces an equivalence between proj A and inj A.

1.3 Quivers

In this section we give a brief introduction to the theory of quivers. We will use them as
examples throughout the elaborate. We will only state the main definitions and results.
The interested reader may refer to [ASS06], which is our main reference for this section.

Definition 1.3.1. A quiver @ is a quadruple (Qo, Q1, s, t) where Qo and @), are the sets of
points or vertices and arrows respectively and s, t are two maps ()1 — Q) that associates
to each arrow o € Q) its source s(a) € QQp and its target t(a) € @y respectively. We will
denote an arrow « with source s(a) = a and target ¢(«) = b simply as a: a — b.

A quiver @ is finite if both Qy and ), are finite sets. We will only work with finite
quivers. A path of lenght [ from a to b is a composition of arrows ajas ..., a; such that
s(a) = a,t(aq) = b and s(a;41) = t(;) for any i = 1,...,1 — 1. For every vertex a € Qg
we also have the stationary path €, : a — a of length zero. We say that @) is acyclic if it
contains no cycles, i.e. paths of positive length where the target and source coincides. )
is connected if the underlying graph is connected.

Example 1.3.2. The following picture represent an acyclic, connected, finite quiver @):

3

PN
A

4
where Qo = {1,2,3,4} and Q1 = {«, 5,7}

An interesting property of quivers is that every quiver naturally defines an algebra.
In the following K will always be an algebraically closed field.

Definition 1.3.3. Let ) be a quiver. The path algebra K@ of () is the K-algebra where
the basis of the underlying K-vector space is given by the set of all paths. The product
of two path «;...q; and B;...0 is the path ay...qf;...0 if t(oy) = s(f1) and 0
otherwise.

We have the following properties.
Lemma 1.3.4. Let Q) be a quiver and K@ be its path algebra. Then:
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1) KQ is an associative algebra,

2) KQ has an identity element (which is Y, €a) if and only if Qo is finite,
3) KQ is finite-dimensional if and only if Q is finite and acyclic,

4) KQ is hereditary if Q is finite, connected and acyclic.

Example 1.3.5. Consider the quiver of Example 1.3.2. The path algebra K@ has di-
mension 9 and a base is given by {e1, €2, €3, €4, , 8,7, af, ay}. For example we have that
aoegyof =qaf and g1y = 0.

Moreover, by the previous lemma, we have that K () is finite-dimensional and heredi-
tary.

Definition 1.3.6. Let @) be a quiver. We define relation in ) an element of K@) of the

form: .
p= Z Aiw;
i=1

where \; € K are not all zero and w; are paths in @) of lenght greater or equal than 2 that
have the same source and target.

So relations are just K-linear combinations of paths of length at least two with same
source and target. We are only interested in the sets of relations for which the ideal they
generate is admassible.

Definition 1.3.7. Let @) be a finite quiver. A two-sided ideal Z of K(Q) is admissible if
there exists an integer m > 2 such that:

m 2
R3S CIC R}

where Ry is the ideal of K() generated by the arrows of Q.
In this case, we say that () together with Z is a bound quiver. The quotient algebra
KQ/T is called bound quiver algebra.

So Z may be induced by a set of relation. In this case, if we have no relation we
obviously have Z = 0.

Example 1.3.8. An example of a quiver with relation is the following:
2
VAN
4 1
"X y
3

with the relation ya — §5. Note that Z = (ya — ) is an admissible ideal and so this is
an example of bound quiver. In the algebra K(@Q)/Z we have ya = 00.
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The importance of bound quiver algebras in the theory of finite-dimensional algebras
is explained by the following two results.

Proposition 1.3.9. For a finite quiver ) and an admissible ideal T we have that the
bound quiver algebra KQ /T is finite-dimensional.

Recall that an algebra is connected if it is not the direct product of two algebras. More-
over, it is called basic if, whenever {eq,...,e,} is a complete set of primitive orthogonal
idempotents, we have ;A 22 e;A for all i # j.

Theorem 1.3.10. Let A be a basic and connected finite-dimensional algebra. Then there
exists a quiver Q and an admissible ideal T of KQ such that A= KQ/T.

We now turn our attention to the modules over the path algebras and we will see how
they are connected to quivers.

Definition 1.3.11. Let @) be a finite quiver. A representation of () is given by:
1) a K-vector space M, for each a € Qo,

2) a K-linear map ¢, : M, — M, for each arrow o : a — b in Q.

We will focus on finite-dimensional representations, that are representations where all the
vector spaces are of finite dimension. They form a category which we denote by rep(Q).

Example 1.3.12. Consider the quiver of example 1.3.2. An example of representation

of it is the following:
K

'\
(1 0]

K+— K?

e

0

By abuse of notation we usually drop the maps and just write the dimension of the vector
space associated to every vertex. So we write this representation as:

1

12

0
Theorem 1.3.13. Let Q) be a finite, connected and acyclic quiver. Then there exists an
equivalence of categories mod K(Q = rep(Q).

So we can look at the modules over the path algebra of a quiver by looking at the rep-
resentations of the same quiver. We now give a quick description of the simple, projective
and injective modules over K@) /Z by means of representations of the quiver ¢ bounded
by the ideal Z. For each vertex a € (g there exists a simple S(a), a projective P(a) and
an injective module I(a) associated to it. The simple module is given by S(a) = (Mj, pp)
where g = 0 for every 5 € ()1 and:

M, = K ifb=a
0 ifb#a.
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The projective module P(a) is given by (M,, ¢p) where M, is the K-vector space with
basis the set of all the @ = w + Z with w path from a to b and, for any 3 : b — ¢, ¢g is
the map given by right multiplication by 8 = 8 + Z.

Dually the injective module I(a) is given by (M,, vp) where M, is the K-vector space
with basis the set of all the w = w +Z with w path from b to @ and, for any 8 : b — ¢, ¢3
is the map given by left multiplication by 8 = 3 + Z.

Example 1.3.14. Consider the quiver of Example 1.3.8:
2
/ "X
4 1
N y
3

without relations. Then, for example, we have that the simple associated to the vertex 2
is:

0,0
whereas P(1) is:
1
2 1 1
and 1(3) is:
0
0,1

Note that if we consider the relation ya — §3, then P(1) becomes:

1
111

Furthermore, the ones described before are the only simples, projective and injective
modules. Indeed we have a one to one correspondence between (), and each one of the
sets of simple modules, of projective modules and of injective modules. Note however
that those sets may not be disjoint. For example, in the quiver of Example 1.3.2 we have
S(4) = P(4).

We now want to give an outline of Auslander—Reiten theory. In particular we are
interested in the so called Auslander—Reiten quiver that we will largely use in the examples
of the next chapters. Firstly we need to define the Auslander—Reiten translation.

For any module M € mod A consider a minimal projective presentation of M:

P2 P2 M0

that is, an exact sequence where py : Py — M and p, : P, — ker pg are projective covers.
Applying the A-dual functor

(=)' := Hom4(—, A) : mod A — Amod
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to it, we obtain the exact sequence:
0— M'"— P} — P! — cokerp| — 0

We define Tr M := coker pt. Let now modA := mod A/P, where P is the ideal of mod A
such that P(M, N) is the subset of all homomorphism between M and N that factors
through a projective A-module. Then Tr induces a duality functor modA — Amod.

Definition 1.3.15. The Auslander—Reiten translation is defined as:
7:= DTr

with inverse
1 =TrD.

It is interesting to point out that 7M is zero if and only if M is projective and dually,
771N is zero if and only if N is injective.

One of the main results of the Auslander—Reiten theory is the Auslander—Reiten quiver.
The idea is to describe the category mod A through a quiver. Since according to the
Krull-Remak—Schmidt Theorem (1.2.1) every module in mod A can be decomposed into
indecomposable modules, it is sufficient to study these modules. Thus, in the Auslander—
Reiten quiver, the vertices represent the indecomposable modules and the arrows the
so-called irreducible morphisms, i.e. morphisms that do not factor through retractions or
sections. For example the Auslander—Reiten quiver of the quiver in Example 1.3.2 is:

1

OOO<

11O< 1

N \
/! /

10« 011
1 / \0
121< 01
N
1OO< 010< 111
111< 810<

where the translation 7 is indicated by the dotted arrow and goes from right to left. Note
that all the injective indecomposable modules are on the right and, as we stated before,
they are not images of a translation. Similarly, all the projective modules are on the left.

In each row we have an injective on the right, then all its iterated translations until
we reach a projective.

In the quiver we can also see the short exact sequences. Indeed for every indecompos-
able nonprojective M, there exists an extension between 7M and M given by the direct
sum of all indecomposable lying in between, with arrows from M and to 7M. Note that

0
001
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these short exact sequences never split since the morphisms are irreducible. For example
in the quiver above, we have the short exact sequences:

0—>111—>121—>010%0

1 1 0
1 1 0 0 0
0—>121—>011@111@010—>011—>0.

Not all the short exact sequence are obtained in this way. For example, we also have:

1 1 0
0—>010—>011%001—>0.

1.4 Torsion Pairs

In this section we will introduce torsion pairs, which will be of fundamental importance
in the following. Let A be an abelian category, for example mod A or Mod A. The idea
is in some sense to generalize in an abelian category what happens when we are dealing
with abelian groups, with the notions of torsion subgroups and of torsion-free quotient
groups.

Definition 1.4.1. A torsion pair is a pair (T, F) of full subcategories of A such that:
e Hom(T,F) =0 for each T'€ T and F € F;

e for ecach M € A there exists a short exact sequence of the form 0 —- T — M —
F—0withT €T and F € F.

T is called torsion class, whereas F is the torsion-free class. In the following we will
refer to the short exact sequence 0 — 17" — M — F — 0 in the definition as the torsion
sequence of M.

Thus we can see a torsion pair as a pair of subcategories which generate the category
A by extensions and that have no morphisms from one to the other.

We now look at the first properties of torsion pairs. We begin by defining the Hom-
orthogonal classes:

T+ :={M € A|Hom(T,M) =0}
LF .= {M € A|Hom(M, F) =0}
Proposition 1.4.2. Let (T, F) be a torsion pair. Then F =T+ and T = +F.

Proof. We only prove that F = T+, the other equality is dual. By the definition of torsion
pair, we already know that F C T+. To show the other inclusion, let M € T+. By the
definition of torsion pair, we have a short exact sequence 0 — T — M — F — 0, with
T €T and F € F. Since M € T+ we have no morphisms between 7 and M, so the map
between T" and M in the sequence is the zero map. Thus, by exactness, M is isomorphic
to F' and so M € F. O
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Proposition 1.4.3. For each M € A, the torsion sequence is unique up to (unique)
1somorphism.

Proof. Let us take two torsion sequences (71,75 € T and Fy, Fy € F ) as in the picture:
y X
y X

Since Hom(T7, F3) = 0, we have that the map fsay is zero, so that, since T is the
kernel of (3, there exists a unique morphism u : T} — T5 such that asu = «; by the
universal property of the kernel. Similarly, the map [ias is zero since it goes from a

torsion object to a torsion-free. So, by the universal property of the kernel of §; (which
is T7), there exists a unique morphism v : T3 — T5 such that as = ajv.

B1

> B >0

0 > Ty — %, R > 0

0 N NN C TN 7} 5 0

PN
|

u, 'v
J

0 STy 2, x 5 0
We now check that v and v are inverse to each other. We have: ajvu = asu = ay.
Since «; is monic, we get vu = idp,. Moreover, csuv = ;v = e, and as before, since oo
is monic, we get uv = idp,, so that 77 and 75 are isomorphic.
Dually, we obtain that F} and F, are isomorphic using the universal property of the
cokernel and the fact that $; and Sy are epic. So the torsion sequence is unique up to
isomorphism. O

For any torsion pair (7, F) we can define a functor
t: A—=T
called torsion radical. Indeed, let X € A, then there exists the torsion sequence:
0—=T—M—F —=0.

We define tM :=T'. Note that this is well-defined as a consequence of Proposition 1.4.3.
Moreover, for any f : M — N we have the map fr : Thy — Ty given by the universal
property of the kernel:
0 > Ty > X > Fy > 0
fr i f
\l/
0 > Ty > Y y Iy > 0.

We define tf := fr. It is a good definition since f7 is unique as it is given by the universal
property of the kernel. It is easy to see that t is indeed a functor. Furthermore it is a
subfunctor of the identity functor since the module ¢tM is a submodule of M. Dually we
can define the functor —/t—: A — F.
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So for any M € A we can write the torsion sequence as:

0—tM— M — M/tM — 0

We now look at some properties of closure of the torsion and torsion-free classes.

Proposition 1.4.4. Let (T,F) be a torsion pair in A. T is closed under extensions,
quotients, finite sums, direct summands and existing coproducts and colimits. Dually F
15 closed under extensions, subobjects, finite sums, direct summands and existing products
and limits.

Proof. We prove the proposition only for 7, as it is dual in the case of F.

e Extensions: consider a short exact sequence of the form 0 -+ A — B — C' — 0 with
A, C € T. We will show that B € T. To prove it we use Proposition 1.4.2, so we
show that B € LF. For each F' € F, apply the contravariant functor Hom(—, F') to
the short exact sequence to obtain:

0 — Hom(C, F') — Hom(B, F) — Hom(A, F) — Ext'(C, F) — - -+

By hypothesis, A,C € T =1F, so Hom(C, F) = Hom(A, F') = 0. By exactness we
thus have Hom(B, F), i.e. B € F =T as this holds for any F' € F.

e Finite sums: let A,B € 7. We can consider the splitting short exact sequence
0—>A—>A®B — B — 0. Since T is closed under extensions, A@B € T.

e Quotients: let B — C' — 0 be an epimorphism. Applying Hom(—, F) we get the
monomorphism 0 — Hom(C,F) — Hom(B,F). Since Hom(B,F) = 0 we have
CetF=T.

e Direct summands: if A® B € T, then so are both A and B as they are its quotients.

e Coproducts: let A; € T for any i. To show that also U;A; € T we use Proposition
1.4.2. We have the canonical isomorphism:

Hom(H A F) = H Hom(A;, F).
Since A; € T = LF for any i, we have [[, Hom(A4;, F) = 0 and so Hom(] [, 4;, F) =
0. Thus Hl A, S J‘.F = T

e Colimits: in an abelian category every colimit is a quotient of a coproduct ([Ste75,
IV Proposition 8.4]), so it follows that T is closed under taking colimits as it is
closed under quotients and coproducts.

]

Corollary 1.4.5. Fvery simple module is either torsion or torsion-free.
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Proof. Let 0 =T — S — F — 0 be the torsion sequence with 7€ T and F € F. T is
then a submodule of S, so either T'=S andso S € T,or T =0 and so S € F as it is
isomorphic to F'. O

It turns out that in Mod A and mod A torsion and torsion-free classes are characterized
by the closure properties of Proposition 1.4.4 .

Proposition 1.4.6. Let T be a full subcategory of Mod A (or mod A) closed under quo-
tients, extensions and existing coproducts. Then T is a torsion class of some torsion
pair. Dually, if F is closed under subobjects, extensions and existing products, then it is
a torsion free class of some torsion pair.

Proof. We only prove the first statement as the second is dual. For any M € Mod A (or
mod A) we define tM to be the trace of 7 in M, i.e. :

tM = ZN.

NCM
NeT

Note that tM € T. Indeed, if we are in Mod A this holds since tM is a quotient of [ [vcar N
NeT
and 7T is closed under quotients and coproducts. In the case of mod A put an order on the

submodules of M in 7 and consider the increasing chain Ny C Ny + Ny C Ny + No+ N3 C
... It stabilizes to some ) | N; since M is Noetherian. Then tA = >""" | N; is a quotient
of @ | N; and so is in 7. Thus tM is the largest submodule of M that lies in 7. Because
of these observations we have that 7 = {M | tM = M}. We now show that t(M/tM) =0
for any M € Mod A. Assume that t(M/tM) = M'/tM for some tM C M' C M. We
have the short exact sequence:

0—=tM— M — M'/tM — 0

with tM, M'/tM € T. Since T is closed under extensions we have: M’ € T and since
it is a submodule of M: M’ C tM. Thus M’ = tM and so t(M/tM) = 0. Define
F :={M | tM = 0}. In particular we have M/tM € F for any M. We claim that the

pair (7T, F) is a torsion pair. For any module M we have the short exact sequence:
0—tM— M — M/tM — 0

where tM € T and M/tM € F. Finally, let f : T — F with T € T and F € F. Since
T € T,imf C F belongs to T as T is closed under quotients. So im f C ¢tF = 0 and
Hom4(7,F) = 0. Hence we conclude. O

From now on we will be working in mod A.

Example 1.4.7. Consider the Auslander—Reiten quiver of the quiver ) of Example 1.3.2.
Let T be the full subcategory of mod K@ given by direct sums of the indecomposable
modules in the set with the lines. Similarly let F be the full subcategory of mod K@)
given by direct sums of the indecomposable modules in the dotted set.



18 Chapter 1. Preliminaries

n by
NN
121 811
7NN S
\\ / \111

0
\
1

Note that 7T is closed under quotients and extensions, while F is closed under subobjects
and extension. Then from Proposition 1.4.6 we have that (7, F) is a torsion pair. We

can see for example that the torsion sequence of (1] 11 is given by:

0 0 0
O—>110—>111—>001—>0.

Remark 1.4.8. Every torsion class is right functorially finite, while torsion-free classes are
left functorially finite. In particular for any module M € mod A its right T-approximation
is its torsion part while its left F-approximation is its torsion-free part. This comes
directly from the universal property of kernel and cokernels.

Definition 1.4.9. A torsion pair (7, F) is called splitting if the torsion sequence splits
for any module. It is called hereditary if T is closed under subobjects.

Proposition 1.4.10. For a torsion pair (T,F) in mod A the following are equivalent:
1) (T, F) is splitting;
2) Exty(F,T) =0 for any T € T and F € F;

3) every indecomposable is either in T or in F.

Proof. The equivalence between (1) and (2) is immediate since Ext!(F,T) with
F e Fand T € T is the group of extensions between 7 and F, which is zero if and
only if every torsion sequence splits.

To show that (1) implies (3), let M be an indecomposable module. Then, by
assumption the torsion sequence 0 — Ty — M — Fj; — 0 splits, i.e.

M =Ty & Fyy.

Since M is indecomposable, we have either T)y = M and Fj; = 0 (so M is torsion)
or Ty =0 and Fyy = M (so M is torsion free).
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Conversely, let M € mod A. Decomposing M into indecomposable modules (using
Theorem 1.2.1 ), we can write:

M:éMi:MT®Mp

=1

with M; indecomposable for each i, My := @Mie’r M; and Mp = GBM@-EF M;. Note
that we have the equality since by assumption every indecomposable is either torsion
or torsion free, so each M; is a direct summand of exactly one between M and Mp.
Consider now the short exact sequence:

0— My 5 M5 My — 0.

It is isomorphic to the torsion sequence and it obviously splits. So (3) implies (1)
as well. O

Example 1.4.11. The following Auslander—Reiten quiver represents a splitting torsion
pair in mod K@) where @) is the quiver of Example 1.3.2. The torsion class is the one
denoted with the lines and the torsion-free class is denoted by the dots. Note that we can
easily see that it is splitting by the previous proposition, since every indecomposable is
either torsion or torsion-free.

Proposition 1.4.12. Let C C mod A a class of modules. Then the pair (+(C*),Ct) is a
torsion pair. It is called torsion pair generated by C.

Proof. Using Proposition 1.4.6, it is easy to see that C* is a torsion-free class. Indeed,
consider the monomorphism X < Y with Y € Ct. Since Hom4(C, —) is left exact and
Hom4(C,Y) = 0 also Hom4(C,X) = 0 and so C' is closed under subobjects. Now,
consider the short exact sequence 0 — X — Y — Z — 0 with X, Z € C*. Applying
Hom4(C, —) to it we get Hom4(C,Y") = 0 as both Hom4(C, X') and Homy4(C, Z) are zero.
So Ct is also closed under extensions. Similarly we get that it is closed under direct sums
considering the split short exact sequence 0 — X — X @Y — Y — 0 with X,Y € C*.
By Proposition 1.4.2 we conclude. [
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Example 1.4.13. The torsion pair of Example 1.4.7 is the torsion pair generated by
1 0 1

C = add {000,100,110}.

Proposition 1.4.14. If (T,F) is a torsion pair in mod A, then (DF,DT) is a torsion

pair in A mod.

Proof. Since D is a duality, we have in particular that it is fully faithful, so that 0 =
Hom(7,F) = Hom(DJF,DT). Moreover, D is dense, so every M € Amod is isomorphic
to DN for some N € mod A. Consider the torsion sequence of N with respect to (7, F):
0—T— N — F — 0. Applying D to it we obtain:

0—=DF M — DT —0

so that (DF, DT) is a torsion pair. ]

1.5 Triangulated Categories

In this section we give a brief presentation of triangulated categories by stating the main
results which we will need in the following. In particular, we will focus on the specific
examples of homotopic and derived categories which will be the main setting on where
we will work. We mainly follow [Har66]. Other useful references are [KS06] and [NeeO1].

Definition 1.5.1. Let 7 be an additive category and ¥ : 7 — T an autoequivalence.
A triangle is a sextuple of the form (XY, Z, u,v, x) where X,Y, Z are objects of 7 and
u: X —=>Y,v:Y — Zw:Z — XX are morphisms in 7. We will denote triangles in
following way:
X5Y 5Z53X
A morphism of triangles is a triple of vertical maps that makes all the squares commute.

LY A7 23X

A

! !
X2y L7 Y ayX/

We say that T endowed with a family of triangles is a triangulated category if the
following axioms are satisfied:

(TR1) — X % X —0— SX is a triangle.
— Every sextuple isomorphic to a triangle is a triangle.
— Every morphism can be embedded in a triangle. So for any morphism u : X —

Y, there exists a triangle X %Y 5 Z % X, Z is called the cone of w.

(TR2) X &Y = Z 5 ¥X is a triangle if and only if Y & Z = ¥X U RY s a
triangle.
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v

(TR3) Given two triangles X = Y = Z = %X and X' Yyt Y 7z SX and two
morphism f: X — X’ and g : Y — Y there exists a morphism h : Z — Z’ such
that (f, g, h) is a morphism of triangles.

(TR4) Consider the triangles X % Y 5 U % SX,V % Z 5 W 5 SY and X 2%
745V 5 vx. There exists f: U — V,g: V — W and h : W — XU such that
ULV SwhsUisa triangle and such that all the squares commutes.

I |
X w7z 4y _ ¢ yx
b gl
<+ N
W:W
c hi
<+ N
YY = 2

Note that the morphism A in (TR3) may not be unique. The object Z in (TR1) that
completes u to a triangle is called cone of u. (TRA4) is also called Octahedral Aziom and
it yields a triangle whenever there exists two morphism that can be composed. The new
triangle is given by the cones of the two morphism and their composition.

In the following we will use X[n| to denote "X and call X[1] the shift of X. With
X[—1] we will denote the quasi-inverse of X[1].

An important family of functors are the following:

Definition 1.5.2. Let 7 be a triangulated category and A an abelian category. An
additive functor H : T — A is called covariant cohomological if for any triangle X =
Y % Z % X[1] there exists an exact sequence:

H{(uld)) H(v[i]) H(wli])

- = H(XTi]) H(Y[i]) H(Z[i]) H(X[i+1]) = -

If the functor yields the same exact sequence with reversed arrows, it will be called
contravariant cohomological functor. We will usually denote H(X[i]) with H*(X).

Proposition 1.5.3. We have the following properties in a triangulated category T :
1) Two consecutive morphisms in a triangle compose to zero, i.e. for any triangle
X5y 5725 X[

we have: vu =0 and wv = 0.
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2) For any M € T the functors:

Homr(M,—),Homy(— M) : T — T

are cohomological functors. The former covariant, the latter contravariant.

3) In the axiom (TR3), if f, g are both isomorphism, then also h is an isomorphism.

Proof.

1) Consider the triangle X = Y % Z % X[1], we will show that vu = 0. By
(TR1) there exists the triangle:

7% 750 2]

and by (TR2) we have that:

ufl]

Y 5 75 X[1] — Y[1]

is a triangle. Consider the maps v:Y — Z and id : Z — Z. By (TR3) there exists
a map X[1] — 0 that completes them to a morphism of triangles:

— =7 —> X[1]] —> el

Y
Ul id
7 .

9,z >0 > Z[1].

By commutativity we have 0 = v[1]u[l] = (vu)[1] = ¥(vu). Since ¥ is an automor-
phism we have vu = 0. By the same reasoning we can show that wv = 0 starting

from the triangle Y = Z = X[1] —edll, Y[1].

w

Let M € T. Consider the triangle X % Y = Z % X[1]. To prove that
Homy (M, —) we have to show that the sequence:

Hom (M, u) Hom(M,v)
—_— B—

- — Hom¢ (M, X) Hom+(M,Y') Homs (M, Z) —

is exact. It is enough to prove the exactness in Homy(M,Y") as using the other
triangles given by (TR2) and the same reasoning we get the exactness in the other
degrees.

Since by (1) we have vu = 0, for any f € Homs(M, X), we get:
Homr(M,v) o Homy(M,u)(f) = vuf =0

so that im(Homz (M, u)) C ker(Homy(M,v)).

On the other hand, let g € ker(HomT(M v)r), so that Homz(M,v)(g) = vg = 0.
For (TR1) there exists the triangle M M =0 M]I1]. For (TR2) and (TR3)
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there exists a morphism f : M — X that completes g: M — Y and 0:0 — Z to a
morphism of triangles:

So by exactness we get: ¢ = uf = Homy(M,u)(f), i.e. ¢ € Homy(M,u). Hence we
have exactness in Hom+(M,Y).

3) Consider the morphism of triangles:

X——Y —"—7—-X[l]

le gl~ hi l £11]

X Ly Yz X1,

We want to show that A is an isomorphism. Apply the covariant homological functor
Hom+(Z’, —) to obtain the commutative diagram with exact columns:

Hom+(Z', X) LN Hom+(Z', X")

where f, denotes Hom7(Z’, f) and so on. Since f and ¢ are isomorphism, we have
that also fi, gs, f[1]« and g[1], are isomorphisms. By exactness of the columns and
the five lemma we have that h, is an isomorphism. In particular we have that there
exists a morphism ¢ € Hom7(Z', Z) such that h¢ = h.(¢) = idz € Homy(Z', Z").
Similarly, repeating the reasoning using the homological functor Homs(—, Z), we
obtain a map ¢ € Homs(Z', Z) such that 1»h = idz. So h is an isomorphism and
¢ = 1) is its inverse.

O
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1.5.1 Homotopy category

For an abelian category A (e.g. A = mod A) we can define the category of chain complexes
C(A) where the objects are complexes of the form:

X x 1L x0 8y

where X* € A for any i € Z and d* are morphisms in A such that d'*'d’ = 0 for any
i € Z. So in particular we have that imd’ C kerd*! for each i € Z. The quotient
ker d1/im d’ is called cohomology in degree i and is denoted by H*(X). A morphism
between complexes f : X — Y is a family {f; : X* — Y'},cz such that every square
commutes, i.e. di f* = fiTldk.

We define an equivalence relation on the morphisms of C(A), the homotopy equivalence.
We say that f,g : X — Y are homotopic (f ~ g) if there exists a family of morphism
hi: X' — YL for any i € Z such that f' — ¢g' = h'"'dy + di ' h':

) dizt . dd )
Xzfl X s Xt X >Xz+1
T I
g
Ple Pie 1
T v -
Y — Y — Y
dy dy

Starting from the category of chain complex we can build the homotopy category IC(A).
The objects of K(A) are the same of C(A). For any X,Y € K(A) the morphisms from
X to Y are:

Hom,C(A)(X,Y) = Homc(A) (X,Y)/ ~ .

So two maps are equal in IC(A) if they are homotopic. We say that a map is null-
homotopic if it is homotopic to the zero map. We also define the category Kt (A) as
the full subcategory of IC(A) of bounded below complexes, i.e. of complexes X such that
X™ =0 for all n > n for some n. Similarly we define £~ (A) as the full subcategory of
K(A) of bounded above complexes. Finally the bounded homotopy category is Kb(A) :=
Kt(A)NK(A).

We have the following important result ([KS06, Theorem 11.2.6]):

Proposition 1.5.4. K(A) is a triangulated category.

Here we only show how we define the translation and the cone of a morphism. First
of all we need to define the shift functor. For any complex X we define the complex
YX = X[1] as (¥X)" := X! and diy 1= —di{":

X x 1L x0 8y

X[ :- - X0 28 xT 2 x2
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Given a morphism f : X — Y we define the cone Cy := X[1]®Y with differential

—d 0.
( fX dY)'
i1 dy ! i dx i1
X e —— X > X y X' — ..
f fit fi Fitl
v "_1 di;t A i, Y 1
Y — Y s Y? )YZ+—>"'
0 0 0
b2 (1) di 0 (1) i (1>
<4 ) ~ ) fz inl ) ~ ) fi+1 ) ~ )
Cf e — 5 X' Yl—l Xz+1 DY? Xz+2 D Yz-i—l SN
1 (10 (10 (10
4 v _di, + X it + ,
X[1] > X7 > X' y X

It is easy to check that the diagram is commutative.

1.5.2 Derived category

Starting from the homotopy category, we now construct the so called derived category
that will be the main setting on which we will work in Chapter 3. It is constructed using
the process of localization of categories. As a reference for derived categories, see [GMO03].

Definition 1.5.5. Let C be a category and S a class of morphisms in C. We say that S
is a localizing class if the following holds:

(LC1) S is closed under composition and idx € S for any object X of C.

(LC2) For any morphisms v : X — Y, s: Z — Y with s € S, there exist morphisms
v:W = Z t: W — X with t € S such that the following diagram commutes:

W -2y Z
X Y.

Dually, for any morphisms v : W — Z, s : W — X with s € S, there exist
morphisms v : X — Y, t: 7 — Y with t € § such that the following diagram

commutes:
W —=Z
I
sesl 1tes
\lf
X - Y.

(LC3) For any morphisms f,g: X — Y, the following are equivalent:
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a) there exists s : Y — Y’ such that sf = sg
b) there exists ¢ : X’ — X such that ft = gt

Definition 1.5.6. Let C be a category and S a localizing class. The localization of C at
S is a category C[S™!] together with a functor @ : C — C[S™!] such that:

e ()(s) is an isomorphism for all s € S;

e every functor F' : C — D such that F(s) is an isomorphism for all s € S factors
uniquely through Q:

Remark 1.5.7. The construction in [GM03] may not give a category with Hom-sets as
opposed to Hom-classes. In our case, this will never happen (Remark 1.5.12).

So the localized category C[S™'] is the smallest category where all the morphisms in
S are invertible. Note that generally there is no need for S to be a localizing class, this
assumption is made to have a nice description of the localized category.

The idea behind the derived category is that we are only interested in the cohomologies
of our complexes, so to build the derived category of the abelian category A we localize
the homotopy category at quasi-isomorphism, making them invertible.

Definition 1.5.8. A morphism f € Homy(4)(X,Y) is called quasi-isomorphism if the
induced map in cohomology H"(f) : H"(X) — H"(Y) is an isomorphism. We denote
with quiso the class of all quasi-isomorphisms.

It turns out that quiso forms a localizing class ([GMO03, Theorem I11.4.4]), so it makes
sense to consider the localization at quiso.

Definition 1.5.9. We define the derived category of A as the category:
D(A) := K(A)[quiso™"].
Similarly we define D*(A) := K*(A)[quiso™ ] for x = +, —,b.

Example 1.5.10. Projective and injective resolutions of a module are quasi isomorphic
to the module. So if P : P~ — ... — PY is a projective resolution of M then the two
complexes:

e 0= P PP 50— -
= 0-M—=0—---

are isomorphic in D(mod A).
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So the objects of D(A) are the same of C(A). Given two objects X and Y in D(A)
a morphism between them in the derived category is an equivalence class of the so-called
roofs, that are diagrams of the form:

X/Z\J:Y

where s € quiso and f is a morphism in K(A). Two such roofs are equivalent if there
exists a quasi-isomorphism ¢ and a morphism g such that the two triangles in the picture
commutes:

Given two roofs X & VL Y and Y & W % Z, we define their composition as the big
roof X < U £ Z where v and the quasi-isomorphism u exists by (LC2):

V/UXW
NN

With this definition of composition it is easy to verify that it is associative and that the

identity is the roof X x4 x

Moreover we have that D(.A) is an additive category and that it is triangulated, with
the same shift functor of K(A).

For the derived category D(A) of an abelian category A we have the following funda-
mental results that will be very useful later on.

Proposition 1.5.11 ([Har66, Proposition 4.7]). Let P be the full subcategory of projective
objects in A and T the full subcategory of injective objects in A. Then the natural functors:

p: K (P)— D (A

i: KYZ) — DT (A)
are fully faithful.

Moreover, if A has enough projectives, then p is an equivalence of categories and
dually, if A has enough injectives, then i is an equivalence of categories.

Remark 1.5.12. The previous proposition shows that D~ and D are categories with
Hom-sets.
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We will largely use the previous proposition when we will work in mod A. In particular
we will use that all the maps in D’(mod A) are simply maps in K°(proj A). We will usually
denote by D(A) the derived category of mod A.

Proposition 1.5.13. Consider an abelian category A and its derived category D(A).
Then:

o The functor Q : A — D(A) that sends every object X to the complex concentrated
in zero with X in degree zero is fully faithful. Moreover, ) is an equivalence of
categories between A and the full subcategory of D(A) that has non-zero cohomology
only in degree zero.

e Forany X,Y € A. We have the isomorphism:
Ext’; (X,Y) = Homp(4) (X, Yn])

for any n € Z.

1.6 {¢-Structures

As we said, torsion pairs can be defined in abelian categories. They can also be generalized
to triangulated categories as in [IY08]. Here we are interested in a special class of torsion
pairs, the so called t-structures. We will follow [BBD8&2].

Definition 1.6.1. Let D be a triangulated category. A t-structure on D is a couple of
full subcategories (U, V) such that:

1) U[1] CU and V[-1] C V,
2) Hom(U,V[-1]) =0,
3) U xV[—1] := {X € D | there exists a triangle U — X — V[-1] — U[1] with U €
UVvev=n.
U is called aisle of the t-structure, whereas V is the coaisle.

We can see that 2) and 3) are similar to the condition for a torsion pair. In this sense
we can look at t-structures as the torsion pairs with the torsion class closed under positive
shifts and the torsion free class closed under negative shifts. To know more about this
refer to [IY08]. Similarly to the case of torsion pairs we have that if (U4, V) is a t-structure,
then we have that i = 1V and U = V+.

A fundamental example of a t-structure is the following.

Example 1.6.2. Let D(.A) be the derived category of an abelian category A. Define:
D=0 .= [X € D(A) : H(X) =0 Vi > 0}
D= = {X e D(A): H(X) =0 Vi < 0}.

The pair (D=°, D=9) is a t-structure in D(A) and it is called standard t-structure in D(A).
For example, to verify (1), observe that D=°[1] = {X[1] € D(A) : H(X[1]) =0Vi > 0} =
{X[1]eD(A): HT(X)=0Vi>0} ={X[1] € D(A) : H(X)=0Vi>—1} C D=0,
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Similarly to what we did in the example we can define:
D=":={X € D(A) : H(X) =0 Vi > n}
D=":={X € D(A) : H(X) =0Vi < n}.

Using the same reasoning of the previous example, we can actually see these are just the
shifts of the standard ¢-structure:

D" =D<n] D" =D=>"[n]

We have that (D=",D=") is a t-structure. This follows from a more general statement:
shifts of t-structures are t-structures. To show this, let us take (U, V) t-structure in D
triangulated category. We will show that (U[i], V[i]) is a t-structure in D for any i € Z. By
definition of ¢-structure we have U[1] C U, by applying the shift i times to both sides we get
U[i+ 1] C U[i] and similarly for V. Next, consider f € Hom(U[i], V[i —1]) (for any i € Z),
then f[—i] € Hom(U,V[—1]) = 0, so that f = 0 since the shift is an autoequivalence.
Finally, to get the canonical triangle of any X € D, consider X[—i|. Since (U,V) is a
t-structure, there exists the canonical triangle U — X[—i] — V[—1] — U[1] which is just
the triangle U[i] - X — V[i — 1] —» Ui + 1].

Proposition 1.6.3. For any X € D the triangle given by the t-structure is unique up to
1somorphism.

Proof. Let us consider two triangles as in the picture:

U—= )’( ® V1] —— U]

‘ /

X L vi-1] — U]

\

7
/

\

7

U —=

with U,U" e Y and V, V' € V.
Applying Hom(U, —) to the second triangle yields the exact sequence:

Hom(U,a')
_—

0 = Hom(U, V'[~2]) — Hom(U, U") Hom (U, X) — Hom(U, V'[~1]) = 0

since V'[-2],V'[-1] € V[—1]. Thus Hom(U,«') is an isomorphism, so there exists a

unique morphism f € Hom(U, U’) such that Hom(U, &/)(f) = a, i.e. &/ f = «. Similarly,

applying Hom(U’, —) to the first triangle we get the isomorphism Hom(U’,U) Hom(0),

Hom(U’, X)), so that there exists a unique morphism g € Hom(U’,U) such that ag = «'.

U—25 X L5 v[-1]——U[
Ty

!

h

U x v —— o

We now check that f and g are inverse to each other. For the same reason as before,

applying Hom(U, —) to the first triangle yields the isomorphism Hom(U,U) Hom(e),
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Hom(U, X). We have Hom(U, o) (gf) = agf = &' fa = Hom(U, a)(1y), so since Hom(U, «)
is iso: ¢gf = 1y. Similarly, applying Hom(U’, —) to the second triangle yields fg = 1};, so
U and U’ are isomorphic.

Finally, V and V' are isomorphic since the first two terms of the triangles are.
O

Given a t-structure (U4,V) in D triangulated category, we can define the truncation

functors:
<0.D U

=0 DY
in the following way. For any X € D we have the triangle given by the ¢-structure:
U— X —V[-1] = U[1]
and we define 7=°(X) := U and 72°(X) := V. Then, for any f : X — Y, using the same
reasoning as in the previous proof, we obtain the commutative diagram:

UX > X )Vx[—l]—>Ux[1]

fu i f fvi
Uy > Y > Vy[—l] E— Uy[]_]
with Uy, Uy € U and Vy, Vy € V. We define 7=°(f) := fy and 72°(f) := fy/[1]. It is easy
to see that with this definition 7<% and 7% are indeed functors. Note in particular that

they are well defined by Proposition 1.6.3.
In the same way we also define:

=" D — Uli]
=" D — V[i]
for any 7 € Z. Note that for any X € D and ¢ € Z we have the triangle:
X =5 X = 77X - r X1

Example 1.6.4. Let D = D(A) for some abelian category A and consider the standard
t-structure (D=, D=9). For any complex X € D(A):

X x 2y 0 &y
we have: 72 .
X)X 2 A X L kerd® 50— -
and .
(X)) 0 — A x0 L1y

ker d—1
In particular we have the short exact sequence:

0—79X) - X = 7=4X) =0
which yields the triangle:
7<9(X) —» X = 7=24X) — 7=(X)[1].
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Proposition 1.6.5. Let (U, V) be a t-structure on D triangulated category. We have the
adjoint pairs:

w:USD =0
=0 DSV

where 1y and vy are the inclusions of U and V in D respectively.

Proof. Refer to [BBD82, Proposition 1.3.3] and [KV88, Proposition 1.1] O
Definition 1.6.6. Given a t-structure (U, V), we define the heart of the t-structure as
H:=UNV.

We have the following fundamental result about the heart of a t-structures from
[BBD82]:

Theorem 1.6.7. Let (U, V) be a t-structure on a triangulated category D and let H be its
heart. Then H is an abelian category. Moreover short exact sequences in H are triangles
in D with all the objects in H.

Definition 1.6.8. We define the n-th cohomology with respect to the t-structure as the
functor:

H': D —H
X — TS”TZ”(X).

5”7—2” Z”TSTL

Note that we have 7 up to natural equivalence, so we can equivalently

define:

=T

H"(X) = m=2"1="(X).
Note also that we have H"(X) = H°(X|[n]).

Example 1.6.9. In the case of D = D(A) with A abelian category and the standard -
structure (D=Y, D=%) we have that the cohomology functors with respect to the ¢-structure
coincide with the standard notion of cohomology. Indeed we have that:
Xn—l g1

- — — X"=>0— -

ker dn—1
which has cohomology only in degree n and equal to kerd"/imd"~'. Thus H"(X) is
isomorphic to the complex with the classical cohomology concentrated in degree n.

H'(X) = —0

1.6.1 HRS-tilting

In this section the HRS-tilting process, introduced by Happel, Reiten and Smalg in
[HRS96]. It is a process to construct a new ¢-structure starting from an existing ¢-structure
and a torsion pair in its heart.

In [HRS96, Proposition 2.1, Corollary 2.2] this construction was made for the derived
category of an abelian category with the standard t-structure. Here we present a gener-
alized version with an arbitrary triangulated category and t-structure as in [Pol07] and
[FMT16, Proposition 1.8]. The proof follows [Pav22].
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Proposition 1.6.10. Let C be a triangulated category and D = (D=°,D=%) q t-structure
on C and denote the shifts D="[n] and D="[n] respectively by D="" and D="". Let H =
D=0ND=0 be its heart and t = (T, F) a torsion pair in H. Then there exists a t-structure
(D2, DY) given by:

D’ ={XeD:HY(X)eT} =D [1]«T

D’ ={X eD>": H,'(X) e F} = F[1] « D=°

where Hi denote the i-th cohomology with respect to the t-structure D. This t-structure
1s called HRS-tilt of D with respect to t. The heart of this t-structure is given by:

He={X eH:H)YX)€eT, Hy'(X) € F}.
Moreover, we have that (F[1],T) is a torsion pair in Hy.

Proof. We obviously have D°[1] € Dg° and D°[—1] € DZ°. Consider now Homp(X,Y)
with X € D and Y € DZ°[—1]. Using Proposition 1.6.5 we have:

Homp(X,Y) = Homp(iX,Y) = Homp (X, 75Y) =
= Homp (X, i7=%Y) = Homy (HS(X), HH(Y)) =0

since HY(X) € T and HY(Y) = Hp'(Y[1]) € F as Y[1] € D°.
We now prove that D = D’ x DZ°. Let X € D. We have the canonical triangle of
Tngi
5 X = 75X = H)(X) = 757 X[1].

Moreover, H%(X) € H, so the torsion sequence given by (7, F) yields the triangle:
tHp(X) — Hp(X) — fHp(X) — (tHp(X))[1].

Considering these two triangles, by the octahedral axiom we have that there exists U
and the triangle given by the third column:

tHR(X) ——— Hp(X) ———— [Hp(X) ——— (tHp(X))[1]

|

I

‘ ‘ I
I

v ~

tHp(X) —— (T%fIX)[l] > U] » (LHp(X))[1]

(5 X)[1]

(Hp(X))[1] — (fHp(X))[1]

Since tHY(X) € T and 75 ' X € D=[1], from the second row we get that U € Dg’.
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Now, consider the diagram given by the octahedral axiom, where the first row is the
shift of the triangle in the third column of the previous diagram and the second column
is the canonical triangle of X given by the t-structure D:

U—— 715X ———— fHY(X) —— U[1]

l > X H\i; >UH[1]

~

>1 >1
TD X:TD X

|

I

I
2

(50X 1] —— (FHB(X)1

As before, the third column shows that V € DZ°. So the second row of this last
diagram shows that D = D + DZ°. Thus (D%, DZ°) is a t-structure.
The description of H follows directly from the definition of heart. Moreover, we have:

He = D’ NDE0 = (D=[1] + T) N (F[1] * D=°) = F[1] * T

Finally we have Homy (F[1], T) = 0 since F[1] C D=°[1] and T C D=°. O
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Chapter 2

Tilting Theory

2.1 First properties

Let A be a finite-dimensional K-algebra. We will work on mod A, the category of finite-
dimensional modules over A.

We begin by defining two class of modules which we will use later and by studying
some of their closure properties.

Definition 2.1.1. We define the Ext'-orthogonal of T' € mod A as
T+ :={M € mod A : Ext'(T, M) = 0}.
Lemma 2.1.2. T+ is closed under extensions.

Proof. Let 0 — A — B — C — 0 be a short exact sequence with A,C € T+, Applying
the covariant functor Hom(7, ) we obtain the long exact sequence

0 — Hom(T, A) — Hom(T, B) — Hom(T,C) —
— Ext’(T, A) — Ext'(T, B) — Ext'(T,C) — - - - .

Since both A and C' are Ext'-orthogonal to T we get Ext' (T, A) = 0 and Ext*(T, C) = 0,
so by exactness Ext' (T, B) = 0, i.e. B € T, O

Lemma 2.1.3. If pdT < 1 then T+ is closed under quotients.
Proof. Let 0 - A — B — C — 0 with B € T*'. Applying Hom(T', —) as before we get:
oo — Ext!(T, B) — Ext'(T,C) — Ext*(T, A) — - - - .

We have Ext! (T, B) = 0 since B € T+ and Ext*(T, A) = 0 since pd T < 1, so by exactness
Ext'(T,C) =0, ie. C € TH. O

Definition 2.1.4. For any module T" € mod A we define genT" as the family of quotients
of copies of T

genT :={M € mod A | 3T¢ - M for some d > 0}

35
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Lemma 2.1.5. genT is closed under quotients.

Proof. 1t is immediate, since if M € genT" and N is a quotient of M, then the composition
of maps T% - M (coming from the fact that M € genT) and M — N (coming from the
fact that N is a quotient of M) makes N an element of genT'. O

Lemma 2.1.6. IfgenT C T, then genT is closed under extensions.

Proof. Let 0 > A — B — C' — 0 be a short exact sequence with A,C € genT. Then
there exists n > 0 and an epimorphism 7™ — C'. Let now P be the pullback of the two
maps B — C and T" — (. By the properties of the pullback we have the following
diagram with horizontal exact sequences:

0 > A > P
0 > A > B y C' > 0.
In particular, note that the map between P and B is epic since it is the pullback of an
epimorphism.

Now, by hypothesis, A € genT C T, so Ext' (7", A) = Ext'(T, A)® = 0. This
means that P = A@T". Thus, since A € genT', there exists m > 0 and an epimorphism
Tmtn =TT — A@T™ = P, which composed with P — B gives that B € genT. [

s T > 0

We can now define the modules that will be the main interest of this chapter, the
tilting modules. We start by requiring some weaker conditions.

Definition 2.1.7. Let T' € mod A. We say that T is a partial tilting module if it satisfies
the following conditions:

(T1) pdT < 1,
(T2) ExtY(T,T) = 0.

Note that any projective module is partial tilting. It is interesting to note also that
the direct sum of two partial tilting modules may not be partial tilting. In fact if 77, T5
are partial tilting then Extly (T}, T1) = Ext!(Ty, Ty) = 0 but Ext) (T3, T3) and Extly (T, T1)
may not be zero.

Remark 2.1.8. If T is partial tilting, then genT C T+t In fact by (T2) we have that
T € T* and, since by (T1) pdT < 1, T+ is closed by quotients. Since T is trivially
closed under direct sums as well, we get the claim. This means that, if T" is partial tilting,
then both genT and T+ are closed under extension and quotients, so they are torsion
classes.

Proposition 2.1.9. If T € mod A is a partial tilting module, then both genT and T
are torsion classes. The corresponding torsion free classes are

T+ :={M € mod A | Hom,(T, M) = 0}

and
cogen(7T) := {M € mod A | 3 M — T for some d > 0}.
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Proof. Omitted, refer to [ASS06, Lemma 2.3]. O

We saw that starting from a partial tilting module we get two torsion pairs. They
become interesting if we add more conditions on the module we’re considering.

Definition 2.1.10. Let T" € mod A. We say that T is a tilting module if T is partial
tilting and moreover it satisfies the following condition:

(T3) There exists a short exact sequence of the form:
0—-A—Ty—T,—0
where Ty, T} € add T'.

Notice that the condition (T3) can be changed with the following: for any indecom-
posable projective A-module P there exists a short exact sequence of the form:

O0—->P—>Ty—>T,—0
with Ty, T; € add T', since A is the sum of all the indecomposable projectives.

Remark 2.1.11. Every tilting module is faithful since it cogenerates A.

Example 2.1.12. Let @ be the quiver of Example 1.3.2:
3

2+——1

N

4

0 1 0 0
111@111@110@1
is acyclic, finite and connected, K() is hereditary and so clearly pdT < 1. From the
Auslander—Reiten quiver it is easy to see that there are no extensions between any two
direct summands of T, so Ext}y(T,T) = 0.

The KQ-module T" = 00 is tilting. Indeed, since the quiver

(1]00 (1]10 311
NN SN
110 121 011
NN
100 010 111
111 810 001
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Finally, for any projective P we have a short exact sequence 0 — P — T, — T7 — 0 with
Ty, Ty € add T, namely:

1 1 0
0—>OOO—>111—>111%0

0—>(1)00—>(1)00—>0—>0

11169(1)10—>011—>0

1
O—>110ﬁ1 1

0—>111—>111—>0—>0.

The next lemma is known as Bongartz’s Lemma and it states that we can always
obtain a tilting module starting from a partial tilting. It is proven firstly in [Bon81], here
we follow [ASS06] in the proof.

Lemma 2.1.13. Let T' € mod A be a partial tilting module. Then there exists E € mod A
such that T ® E s a tilting module.

Proof. Ext}(T, A) is a finite-dimensional vector space. Take ey, ...,e, as a basis. Then
each e; is an extension from 7T to A, so it can be represented by a short exact sequence
0— ALy E; 2 T — 0. Consider now the maps f: A" — @ E; and g : @ E; — T"
given by:

f 1 0 g1 0

They yields the short exact sequence:

O%A”L@EiﬁT“%O.
i=1
Consider the map k : A" — A that sums all the components, i.e. k =[1,1,...,1]. Let E

be the pushout of f and k. By the properties of the pushout there exists a commutative
diagram with exact rows of the form:

~
o

i=1

An f>éEi g, n
!

0 >
0 y A * S+ F LN M0 y 0.

We claim that E is the module we were looking for, i.e. that T'& E is tilting. The short
exact sequence 0 — A 5 E 5 T — 0 is enough to show (T1) and (T3). In fact it is
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exactly the sequence that we ask for in (T3) since E,T" € add(T' & E). Moreover, since
pdT < 1 and A is projective, we get that pd £ < 1 from the horseshoe lemma and so
pd(T@® F) <1 and we get (T1).

It is left to show that Exty(T @ E,T® E) = 0. To do this, call ¢; : T — T™ the i-th
inclusion. We can then consider the map:

Extl(t;, A) : Ext}(T™, A) — Ext!(T, A)

which sends every short exact sequence of the form 0 - A — X — T™ — 0 to the class
of short exact sequences 0 -+ A — Y — T — 0, where Y is the pullback of the maps
X — T™ and t;. Denote by e the representative in Ext!, (7™, A) which corresponds to the
short exact sequence 0 — A % E %% T — 0. We want to show that Ext!(t;, A)(e) = e
foreachi=1,...,n. Let a; : A - A" and u; : E; — @} | E; for each i = 1,...,n be the
other inclusions to the i-th component. Consider the commutative diagram with exact
rows:

2
e}

0 > A" f>éEi g,
i=1

’“ |
0 y A * »F L ST y 0.

Now, ka; is just the identity on A, so composing the vertical maps we obtain the following
commutative diagram:

0 v AL p S, |
Y
0 y A —— F —— T" s 0.

Since the first vertical arrow is the identity, by the characterization of the pullback, we
have that E; is the pullback of w and ¢;, so we get Ext!(t;, A)(e) = e; as we wanted.
Consider again the short exact sequence 0 — A = E 5 T™ — 0:

e applying Hom4(7', —) to it, we obtain the long exact sequence:
oo = Homu (T, T™) 2 Ext!y (T, A) — Ext!(T, E) — Exty (T, T™) — - --

where Ext!(T,T") = 0 since T is partial tilting. By what we prove before we have
e; = Extly(t;, A)(e) = 6(t;), so every element of the basis of Exty(T, A) is in the
image of &, thus § is surjective. Then by exactness Ext) (T, E) = 0;

e applying Hom4(—, E) to it, we obtain the long exact sequence:

oo = Homa(A, E) — Exty(T", E) — Ext}(E, E) — Ext4 (A, E) — ---
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where Ext(A, E) = 0 by the projectivity of A and Ext! (1", E) = Ext' (T, E)" =0
by additivity of Ext and from the previous point;

e applying Hom4(—,T) to it, we obtain the long exact sequence:
oo = Hom4 (A, T) — Ext'(T",T) — Ext}(E,T) — Ext} (A, T) — - --

where Ext! (A, T') = 0 by the projectivity of A and Ext}, (7", T) = 0 since T is partial
tilting. Then by exactness Extly(E,T) = 0.

So, since also Ext!y(T,T) is zero, we get Exty(T @ E,T® E) =0 and so T ® E is tilting.
0

The short exact sequence 0 — A — E — T™ — 0 built in the proof is called Bongartz’s
exact sequence.

Remark 2.1.14. Note that the completion to a tilting module is not unique. Indeed for
example consider the quiver Q):

3

PN
A

4

and the partial tilting module T = (1) 10 on KQ@Q. Then both

0 1 1 0
Tl—llO@llo@lll@lOO

and

0 0 1 0
T2_110@111@111@100

are completion of T" to a tilting module.

We now want to give a characterization of tilting module according to the two classes
we previously built and studied. We start with a lemma.

Lemma 2.1.15. Let T € mod A such that genT = T**. Then for any M € genT there
exists a short exact sequence

0K =T M0

with K € T+,
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Proof. Let M € genT. Hom4(T, M) is a finite-dimensional vector space, so take fi,..., fy
to be a base. Consider the map f = (fi,..., f4) : T¢ — M. This is an epimorphism. In
fact, since M € genT, there exists an epimorphism g = (g1, ..., gm) : T™ — M for some
m > 0. Since every g; is a map from T to M, we can write g; = ijl a;; f; for suitable
aij € A. If we consider the map a : T™ — T? given by the matrix (a;;)" withi =1,...,m
and j =1,...,d, we have that g = fa, so f is epic since g is.

T [fi,... . fa) M

a1 dg1 - Ampl
- Gml]
Q1g Q24 **°  Qmd

Now, let K be the kernel of f to obtain the short exact sequence:
0K —=T"— M—0.

It is left to show that K € genT. To prove it apply Hom (7, —) to the short exact
sequence, obtaining:

HomA(va)

.-+ = Hom (T, T%) Hom (T, M) — Ext} (T, K) — Ext(T,T%) — - - - .

Notice that Ext!(T,7?) = 0 since obviously T € genT = T, From the same reasoning
as before (taking m = 1) we get that Hom 4 (7, f) is epic since every morphism from 7" to
M factors through f. So by exactness we have Exty (T, K) =0, i.e. K € T+ ]

Proposition 2.1.16. Let T be partial tilting. Then T is tilting if and only if genT = T+1.

Proof. < Since T is partial tilting, by Bongartz’s Lemma there exists a module E
such that 7@ F is tilting. In particular, this means that Ext;,(E,T) = 0 and also
Exty(T,E) = 0 since Exty(T @ E,T® E) is zero. The latter equivalence yields
E € TH so, by hypothesis, £ € genT. By the previous lemma there exists a
short exact sequence of the foom 0 - K — 7% -+ E — 0 with K € T*. Now,
since T @ F is tilting, we have pd E < 1, so that by Lemma 2.1.3, B! is closed
under quotient. As we mentioned before, Ext},(E,T) = 0, so T € E*' and also
genT C E*+1. So K € E**. This means that Ext}(E, K) = 0 so the short exact
sequence 0 — K — T? — E — 0 splits and £ is a direct summand of 7. This
means that £ € addT. So T was already a tilting module.

= Since T is partial tilting we already know that genT" C Tt. To complete the proof
we want to show that taken M & T there exists d > 0 and an epimorphism
T? — M. A is projective, so there exists a map A¢ — M. Since T is tilting by
hypothesis, there exists a short exact sequence 0 — A — Ty — T — 0. We can
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then consider the short exact sequence 0 — A4 — T¢ — T — 0. Let P be the
pushout of the two morphisms A? — T¢ and A — M. By the properties of the
pushout we get the following commutative diagram with exact rows:

0 > Al > T4 > T >0

Lol

0 > M > P > T > 0.

Since M € T+ we have Ext)(T,M) = 0, but also Ext)(add7, M) = 0. So in
particular: Ext) (T, M) = 0. This means that the short exact sequence 0 — M —
P — T? — 0 splits, thus there exists an epimorphism P — M. We then get the
claim considering the composition of epimorphisms 7% — P — M.

[]

We saw that when starting from a partial tilting module 7" we obtain two (in general
different) torsion pairs (T, cogen(7T)) and (gen T, T+). From the last proposition we
get that in the case T is tilting the two torsion pair are the same and so we can talk about
the torsion pair induced by T'. We will denote it with (7(7), F(T)).

Example 2.1.17. Consider the tilting module

0 1 0 0
T = 111@111@110@100
from Example 2.1.12. Since in a torsion pair both torsion class and torsion-free class are
closed under direct sum, we can see the torsion pair (7(7"), (7)) induced by T looking

at the Auslander—Reiten quiver:

The direct summands of 7" are denoted with a rectangle, whereas F(T') is denoted
with the dots and 7 (7T") with the lines. Note that we have that 7(7T) is exactly genT and
T+1) as from the previous proposition, and dually F(7T') is T+ and cogen(7T).
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Remark 2.1.18. Note that every injective module is torsion in the torsion pair induced
by T tilting. Indeed, take E injective, then Ext' (T, E) = 0 and so E € T+ = T(T).

On the other hand, if the projective which are torsion are in add7. Indeed, take
P €T = genT projective, then there exists an epimorphism 7™ — P for some m > 0.
By the projectivity of P, this epimorphism splits, so we get that P is a direct summand
of T™, thus P € addT'.

As an immediate consequence of 2.1.15 we get the following result:

Corollary 2.1.19. Let T € mod A be tilting and M € T+*. There exists an exact sequence
of the form:
=Ty =Ty =Ty — M —0

with T; € add T for any i > 0.
Proof. By 2.1.15, since M € T+, there exists a short exact sequence:
0—>Lyg—Ty—M—0

with Ly € T+ and Ty € add T'. If we continue to apply 2.1.15 to L; with ¢ > 1 we obtain
the short exact sequences:

0—>Li+1—>7}+1—>[zi—>0

with L.y € T+ and Tj,; € addT. Glueing these short exact sequences together we
obtain the long exact sequence of the claim. O

2.2 Brenner—Butler Theorem

In this section we reach the main result of the chapter: the Brenner and Butler Theorem.
It states that whenever we have a tilting module, there exists an equivalence of full
subcategories of mod A and the categories of modules over the endomorphism algebra of
the tilting module. The main result was first proven in [BB80]. We will follow [ASS06].

Let A be a finite-dimensional algebra over a field. Take T' € mod A and let B =
EndT. We can give T a natural left B-module structure, where the product on the
left is given by: b-t = b(t) with t € T and b € B = EndT. Since any b € B is a
right A-module homomorphism, we get that the left B-module structure is compatible
with the right A-module structure of T, in particular g7, is a bimodule. So for any
M € mod A, Hom,4 (T, M) has a natural structure of right B-module given by the left
B-module structure of T: f - b(t) = f(bt) for any f € Homs(T, M), t € T, b € B.

So we obtain that the functor Hom 4 (7', —) maps mod A to mod B. We begin by giving
some first results about this functor.

Lemma 2.2.1. Let A be an algebra, T € mod A and B = EndT. The functor Hom4 (T, —)
induces an equivalence of categories between add T and proj B.
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Proof. 1t is clear that Hom 4 (7', —) maps add T into proj B, indeed:
Hom 4(7,add T') = add Hom(T',T) = add B = proj B

by additivity of Hom. Moreover, let P € mod B be indecomposable and projective. Then
it is a summand of B = Homu(7,T). So P = Homy(7T,Tp) for some Ty € add7. Thus
in particular the functor is dense. To show that it is an equivalence of categories we
are left to show that it is full and faithful. To do this, consider the following chain of
isomorphisms with M € mod A:

Hompg(Hom (T, T),Hom (T, M')) = Hompg(B,Hom (T, M)) = Hom 4 (T, M).
By the additivity of Hom we then get that for any 7Tj € add T™:
Homp(Hom 4 (7', Ty), Hom A (T, M')) = Hom 4(To, M).

This shows that Homy4 (7, —) is full and faithful on add 7', so it is an equivalence of
categories between add 7" and proj B. O]

Note that for now we didn’t ask anything on 7. If we ask for T" to be tilting we can
say more. In particular we have the torsion class 7 (7') induced by T and this next result
shows that Hom 4 (7, 7(T)) is a full subcategory of mod B closed under extensions.

Proposition 2.2.2. Let T' € mod A be tilting and M, N € T(T). We have the functorial
1somorphisms:

1) Hom (M, N) = Hompg(Hom4(T, M),Hom (T, N));
2) Extl (M, N) = Exty(Hom4 (T, M), Hom4(T, N)).

Proof. 1) By Corollary 2.1.19, stopping at the second iteration, we get the exact se-
quence:

O—->Li—-T1—Ty—-M—=0

with Ly € T(T) and Ty, Ty € addT. Applying to it firstly Hom4 (7, —) and then
Homp(—,Hom4(T, N)) we obtain the exact sequence:

0 — Homp(Hom4 (T, M),Hom (T, N)) — Homp(Hom4 (T, Ty),Hom4 (T, N)) —
— Hompg(Hom (T, T}), Hom4 (T, N))

since Ext!(T,L;) = 0. On the other hand, applying to the first exact sequence
Hom4(—, N) we get the exact sequence:

0 — Homyu (M, N) — Hom4(Ty, N) — Hom (T3, N).
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So we have a commutative diagram of this form, with the isomorphisms that follow
from Lemma 2.2.1:

~ ~

Homy (M, N) ----- » Hompg(Hom 4 (7', M), Hom (T, N))

~ ~

Hom4(Ty, N) —— Homg(Hom (T, Ty), Hom (T, N))

~ ~

Hom4(T1, N) —— Hompg(Hom (T, T1), Hom (T, N)).

The dotted arrow exists by the universal property of the kernel and it is and iso-
morphism since the other two horizontal maps are.

Let T* be the exact sequence given by Corollary 2.1.19:

AP, N LN, RN V)

with 7; € addT for any ¢ > 0. Consider the complex Hom (7T, 7%). It is exact.
Indeed, we can decompose T™ into the short exact sequences 0 — kerd; — T; —
imd; — 0 with kerd;,imd; € T(T'). The functor Hom (T, —) is exact on each of
these short exact sequences since Ext'(T,kerd;) = 0 (from kerd; € T(T)). So we
can compose the short exact sequences:

0 — Homy (7T, kerd;) — Hom (T, T;) — Hom (T, imd;) — 0

obtaining a long exact sequence, that is exactly the complex Hom4(7T,7*). Now,
since every T; € addT, by Lemma 2.2.1 we have that Hom(T,T;) € proj B, so
Hom 4 (T, T*) represents a projective resolution of Hom4 (7', M) in mod B. Thus, by
definition of Exty as derived functor, we get that Exty(Hom (T, M), Homu (T, N))
is the first cohomology group of the complex Homg(Hom 4(7T',T*), Hom 4(T, N)). By
part (1) this last complex is isomorphic to Hom 4 (7™, N), so we want to show that
Ext, (M, N) is isomorphic to the first cohomology group of Hom4(T*, N). To show
this, consider the exact sequence:

HOmA(j7N)
Al

0 — HomA(M, N) — Homu(Ty, N) Hom(L, N) —

— Ext! (M, N) — Exty(Ty, N) — - --

obtained by applying Hom 4(—, N) to the short exact sequence 0 — ker dj SN LN
M — 0. Since Ty € addT and N € T(T) = T+, we have Ext}(Tp, N) = 0. So
we get that Ext!y(M, N) = coker Hom 4(j, N) is isomorphic to the first cohomology
group of the complex Hom 4(7*, N). This concludes the proof.

0
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We have seen that T has a structure of B-A-bimodule. In the case that T is a tilting
module, we obtain that also g7 is tilting. To show it we will need the following remark.

Remark 2.2.3. If T4 is tilting, then we have:

D(gT) = Homu(T,DA).
Indeed we have the following chain of isomorphisms:
D(T) = D(gTa®4A) = Homg (gTa®4A, K) =2 Hom 4 (T, Homg (A, K)) = Hom4 (T, DA)
where the third isomorphism comes from the adjunction — ®4 A 4 Homg (A, —).
Proposition 2.2.4. Let Ty be a tilting module. Then gT 1is tilting, where B = Ends T'.
Proof. We prove the tilting axioms for g7

(T1) we want to show that pd g7 < 1. From (T3) of T4 there exists a short exact
sequence 0 - A — Ty — T} — 0 with 7o, 77 € addT'. Applying Homa(—, gT4) to
it we obtain the exact sequence:

0 — Hom(T1,T) — Homa(Ty, T) — Hom (A, T) — Exty(Ty,T) — - .

Since Ty € add T and T4 is tilting, we have Ext}y(T1,T) = 0. Moreover Hom (A, T) =
Hom (A, pT4) = gT and Hom 4 (T}, T), Hom 4 (T, T') are projective B-modules since
Ty, Ty € addT. So the last sequence represents a projective resolution of g7 and
thus pd g7 < 1.

(T2) we check that Exty(7,7) = 0. Recall that DA is injective in mod A since A is
projective. In particular DA € T(T). So, using the second point of Proposition
2.2.2 and Remark 2.2.3, we get:

Extp (DT, DT) = Exty(Hom (T, DA), Hom4(T, DA)) = Extz(DA, DA) = 0
from which we get Extp (T, T) = 0.

(T3) to build the short exact sequence 0 — B — Ty — T} — 0 with T, 77 € add g7,
consider the projective resolution of Tx: 0 — P, — Fy — Tx — 0 and apply
Hom 4(—, gT4) to it to obtain the exact sequence:

0 — Hom (T4, 5T4) — Homy(Py, gT4) — Homu(Py, gT4) — Ext\(T,T) — - -

Since T is tilting Exty (T, T) = 0. Moreover, Hom (P, gT4), Hom4(Py, gT,) are
in add g7 and Hom (T4, sT4) = B, so we get the short exact sequence we were
looking for.

]

From gT we can also recover the initial algebra A as the opposite of its endomorphism
algebra:
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Lemma 2.2.5. The canonical homomorphism
A — End(pT)°?

a— (t— ta)

18 an isomorphism.

Proof. First note that A and End(5T")°? are isomorphic as K vector spaces, since:
A~ End DA = EndHom (T, DA) = End DT

where the second isomorphism follows from the fact that DA € T(7T) and Proposition
2.2.2 (1), whereas the last isomorphism follows from Remark 2.2.3. So in particular we
get dimg A = dimg End(gT). To prove that the given homomorphism is in fact an
isomorphism we just need to check that it is monic. Let a € A be in the kernel. We thus
get that T'a = 0, which yields a = 0 since 7' is faithful being tilting. O]

So we have seen that if T is tilting as a right A-module, then it is tilting also as a left
B-module. This means that 7" induces a torsion pair in Bmod, (7 (g1"), F(5T)), given
by:

T(BT) = gT*+ = {pM | Extyx(T, M) = 0} = gen gT

F(gT) = gT*+ = {gM | Homp(T, M) = 0} = cogen 7(5T).

We are interested in a torsion pair in mod B and not in B mod. So the idea is to use
Proposition 1.4.14 and consider the torsion pair:

(X(T),Y(T)) := (DF(BT), DT (8T))-

To have a better description of the new torsion pair we built in mod B we use the
following lemma:

Lemma 2.2.6. Let B be a finite-dimensional K-algebra. There exist functorial isomor-
phisms:
Homp(X,DY) = D(X ®pY)

and
Exth(X,DY) = DTor?(X,Y)

for any X,Y € mod B.

Proof. The first isomorphism follows from the adjunction —®pT - Homg (T, —). For the
second one refer to [ASS06, Proposition A.4.11]. O

Proposition 2.2.7. Any tilting module T € mod A induces a torsion pair (X(T'), Y(T))
in mod B given by:

X(T) = {Xp | Homp(X,DT) =0} = {Xp | X ®5 T = 0}

V(T) = {Yp | Extp(Y,DT) =0} = {Yp | Tor{(Y,T) = 0}
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Proof. The first two equivalences follows directly from how we defined the two classes
and using the fact that D is an equivalence of categories. The other equivalences follows
from the isomorphisms Homp(X, DT) = D(X ®pT) and Exty(Y, DT) = D Tor? (Y, T) of
Lemma 2.2.6. ]

Remark 2.2.8. Note that J(T) contains all the projective right B-modules as Ext (P, DT')
is obviously zero for any P projective.

We now introduce two lemmas that will be useful in the proof of the Brenner and
Butler Theorem. They state that if we restrict to 7(7") and Y(7T'), then the functors
Hom (T, —) and — ®p T becomes quasi-inverse.

Lemma 2.2.9. Let T's be a tilting module. For any Yg € Y(T') we have an isomorphism:
dy : Yg = Homu(T,Y ®@pT)
y— (t—yet).
Proof. We first consider dpr : (DT)g — Hom (T, DT ®p T'). We have:
Homp(T,T) = Homg(DT,DT) = D(DT @5 T)

where the first isomorphism follows from the fully faithfulness of D, while the second is
simply Homp(X, DT) = D(X ®p T) with X = DT. In particular we get DT ®p T =
DHomp(DT,DT) = DA from Lemma 2.2.5. So Hom4 (7T, DT @5 T') = Hom (T, DA) =
DT from 2.2.3 and thus dpr is an isomorphism. By additivity oh Hom, we get that also
O+ is an isomorphism for any 7% € add DT'.

Now we want to show the claim for an arbitrary Yz € Y(T'). There exists a short
exact sequence 0 - Y — T* — Z — 0 with 7% € add DT and Z € Y(T). Indeed, since
gT is tilting and DY € T(T), there exists the short exact sequence in Bmod0 — Y’ —
T"— DY — 0 with Y’ € T(T) and T" € addT by Lemma 2.1.15. Applying D (which
is exact since mod K is semisimple) to it we obtain 0 — Y — DT’ — DY’ — 0 with
T*:=DT'"€addT and Z := DY' € T(T).

So from Y € Y(T') we have the short exact sequence

0=Y =T =Yy, —0
and since Yy € Y(T') we also have:
0—=>Yy—=>17 Y1 —0
which combines into the exact sequence:
0=Y >T7 =17 =Y, =0 (2.1)

with Yy € T(T) and T5, T} € add DT. In particular, since Yy, Y; € Y(T'), we have
Tor?(Yy, T) = 0 and Tor?(Yy,T) = 0. So applying — @5 T to the two short exact
sequence we obtain the short exact sequences:

0=>Y@pT —>TyT —-Yy®T —0
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and
0=>Yo@pT =TT Y, T —0

which combines into the exact sequence:
0=>Y@T —->1T,0T =TT —-Y,@5T — 0.
Applying Hom 4 (7', —) to it we obtain:
0 — Homu(T,Y ®@pT) — Homa (T, 1T @pT) — Homa (T, 17 @ T) — Homa (T, Y1 ®5T).

Considering this last sequence and 2.1 we obtain the commutative diagram with exact
rOWS:

0 —— Homu(T,Y ®5 T) —— HomA(T, Ty ®5T) —— Homu(T, T} @5 T)

oy 5T5T% 5T1*T%

0 > Y > Ty > AT

Since both d7x and d7; are isomorphism, then dy is an isomorphism by the five lemma. [

In this lemma we also have a characterisation of the modules in the torsion class of a
tilting module in terms of the canonical homomorphism Hom4 (T, M) @ g T — M.

Lemma 2.2.10. Let M,T € mod A and B = EndT. Consider the A-module homomor-
phism €y given by:
Hom (T, M) @ T — M

fet— f(t).
We have:

1) M € genT if and only if epr is an epimorphism.
2) If T is tilting, then M € T(T) if and only if €y is an isomorphism.
Proof. 1) Let M € genT. Consider the short exact sequence:
0= K —TL M0

given by Lemma 2.1.15, where f = (f1,..., fa) with fi,..., fq basis of Hom (T, M).
By construction of f, Hom4 (T, f) is an epimorphism, so applying Hom (7', —) to
the short exact sequence yields:

0 — Hom4(T, ) — Hom 4 (T, T%) — Hom (T, M) — 0.

Now, applying —®pgT to it and considering the respective e _ we get the commutative
diagram:

Hom (T, K) ®p T —— Homu(T,T%) @ T — Hom(T, M) @ T — 0

aKl e | aMl

K y T ! s M

e}
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Note that e74 is an isomorphism. Indeed, by additivity of Hom and by the properties
of tensor product we have:

Hom, (T, 7% ®@p T = Homs(T,T) ®p T = B @5 T = T
Since fer, is epic (since both are), by commutativity of the diagram we have e,
epic.
Conversely, let £); be surjective. Hom4 (7T, M) is a finitely generated B-module, so
there exists an epimorphism ¢ : B™ — Hom4 (T, M). So we have €y og ®T : B™ —
M. By the isomorphism 7™ = B™ ®@p T we get that M € genT.
2) If €) is an isomorphism, then by 1) M € genT = T(T') since T is tilting.

Conversely, note that for any 77 € add T" we have that e is an isomorphism from
the fact that Homu(T,T) ®p T = B®p T = T and by additivity of Hom. Now, let
M € T(T). Applying Lemma 2.1.15 to M and subsequently to Ly we obtain the
short exact sequences:

0—=Lo—Ty—>M—0

0—>Li—1T1—=Ly—0
with T, T} € add T and Lo, Ly € T(T'), which combines into:

0—>Li—T,—Ty— M — 0.

Applying Homy4 (T, —) to the two short exact sequences and combining them we
obtain the exact sequence:

0 — Homu (T, L1) — Homu(T,T1) — Homu (T, Ty) — Homu (T, M) — 0

since Ext!y(T, Ly) = Exty (T, L;) = 0 as Lo, L, € T(T). Applying — ®p T to this
sequence and considering the respective € we get the commutative diagram:

Homa(T, 1) @ T —— Homu (T, Ty) @ g T —— Homu (T, M) @ T —— 0

€T1l ETO\L EA{\L

T )T() > M

2\
<

Since both e7, and 7, are isomorphisms, then so is €); by the five lemma.

m
We can now prove the main theorem of this section: the Brenner—Butler Theorem.

Theorem 2.2.11. Let A be a finite-dimensional K-algebra. Let T € mod A be a tilting
module and B = EndT". Consider the torsion pairs induced by T in mod A and mod B:
(T(T), F(T)) and (X(T),Y(T)). Then:

1) T(T) and Y(T') are equivalent categories via the quasi-inverse functors Hom (T, —)
and — QpT':

Hom,(T,—) : T(T) S Y(T) : —@p T.

n
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2)

F(T) and X(T) are equivalent categories via the quasi-inverse functors Ext' (T, —)
and Tor? (=, T):

Exty(T,—) : F(T) S X(T) : Tor?(—,T).

Proof. 1) Consider M € T(T). Using the isomorphism of Lemma 2.2.6 we have:

D Hom (T, M) = D Homu(T, DDM) = D(D(T @4 DM)) =T ®4 DM.

Since M € genTy we have DM € gen 4T, so that T ®4 DM € gen gT = T (gT).
So, by the isomorphism, D Hom4 (T, M) € T (gT) and thus Hom4(T, M) € Y(T) =
DT (sT). So Homu(T,—) maps T(T) to Y(T). Moreover, since T' is tilting, by
Lemma 2.2.10 we have that M = Homy (T, M) ®p T, hence — ®@p T o Hom4(T', —)
is naturally isomorphic to the identity functor in 7 (7")

Conversely, let Y € Y(T). Then Y ®p T € genT = T(T'). Moreover, by Lemma
2.2.9: Y = Homu(T,Y ®p T). Hence also Homa(T, —) o — ®p T is naturally iso-
morphic to the identity functor in Y(7T") and so the two functors are quasi-inverse

between T (T") and Y(T).

Consider N € F(T). Let E € mod A injective such that N — E. Taking L as the
cokernel of this map we obtain the short exact sequence:

0O0—+N—F—L—0.

Since E is injective it belongs to 7 (7") and thus also L € T(T") since T (T") is closed
under quotients. Applying Hom 4 (7', —) to the short exact sequence we get the exact
sequence:

0 — HomA(T, N) — Homu(T, E) — Hom (T, L) — Exty(T, N) — Ext (T, E) — --- .

Now, Hom4 (T, N) = 0 since N € F(T) and Ext} (T, E) = 0 since E is injective. So
the sequence just becomes the short exact sequence:

0 — Homu(T, E) — Hom4(T, L) — Extly(T, N) — 0.
Apply — ®p T to get the exact sequence:

0 — Tor? (Exty (T, N),T) — Homs(T, E) @ T —
— Homu(T, L) @p T — Exty(T,N) @ T — 0

since Tor” (Hom 4 (T, L), T) = 0 by the fact that L € T(T) and so by 1) Hom (T, L) €
Y(T). Consider now the following commutative diagram, where g and €, are iso-
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morphisms from Lemma 2.2.10:

~

Tor? (Exty (T, N),T) --%“~» N

v ~

Homa(T,E) ®p T —— E

~ ~

Homa(T, L) @p T ——— L

~

Exty(T,N)®p T ------- > 0

i
S

The map « is induced by the others passing to the kernel. Since cg and ¢ are
isomorphism, then also the dotted maps are. In particular we obtain:

Exty(T,N)®@pT =0
and so Ext!y (T, N) € X(T) and:
Tor? (Exty (T, N),T) = N

and thus Tor{ (—, T) o Ext!y (T, —) ~ id (7).

Conversely, take Xp € X(T). Dually as before, take P € mod A projective such
that P — X. Taking Y to be the kernel we have the short exact sequence 0 —
Y - P — X — 0. Since P is projective, P € Y(T) and so also Y € Y(T') as Y(T)
is closed under subojects. Applying — ®p T to the short exact sequence we get the
short exact sequence:

0= TorP(X,T) Y ®T - P®pT —0

since Tor?(P,T) = 0as P € Y(T) and X ®3 T = 0 as X € X(T). Applying
Hom 4 (T, —) to it we get:

Hom (T, Tor? (X, T)) — Homu(T,Y ®p T) — Homu (T, P ®@p T) — Ext' (T, Tor? (X, T)) — 0

because Ext!(T,Y @5 T) = 0 since Y € Y(T) and so, by (1), Y @p T € T(T).
In particular we have the following commutative diagram, where dy and dp are
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isomorphism from Lemma 2.2.9:

0 ----- > Hom (T, Tor? (X, T))

~ ~N

Y —— Homu(T,Y @5 T)
Y

N N

P6—> HomA(T,P®BT)
P

IR

X iy Ext!y (T, Tor? (X, T))

where (3 is induced by the other maps passing to the cokernel. Since dy and dp are
isomorphisms, also the dotted maps are. So we have:

Hom (T, Tor? (X, T)) = 0
and thus Tor? (X, T) € F(T) and:
Ext! (T, Tor? (X, T)) = X.

So Exty (T, —) o Tor{’(—, T') =~ idx(r) and thus Ext} (T, —) and Tor{’(—, T are quasi-
inverse between F(T') and X' (T"). This concludes the proof.
[

Example 2.2.12. We show an example of the equivalence given by the Brenner—Butler
Theorem. Consider again the quiver:

3

2+—1

«

PN
A

4
and the tilting module:

0 1 0 0
T—lll@lll@llO@IOO.

Recall that the torsion pair (7 (7T'), F(T)) is:
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We have that the endomorphism algebra of T4 is:

B = EndA(T) =

coo X
coRmX
cxe X
mR AR

which is represented by the quiver:
2
/ ’X
4 1
N y
3

with the commutative relation va — 3. The Auslander—Reiten quiver of B is:

1 0 1
100 010 001
SN N SN
180 110%1}1%0(1)1 081
N SN SN S
1?0 0(1)0 0(1)1

We want to find the torsion pair (X (T"), Y(7T')) and see the equivalences given by the
theorem. From Proposition 2.2.7 we know that X' (T") = {Xp | Hompg(X, DT) = 0} and
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V(T) = {Ys | Exty(Y, DT) = 0}. By Remark 2.2.3 we know that D(pT) = Hom (T, DA)
where DA is the direct sum of all the injectives, so:
1 0 0 0

DA:011@011@111@001.

Thus we get:

D(pT) = 1,180 080 1601

and the torsion pair (on the indecomposable) is given by:

where X(T') is denoted by the dots and Y(T) is denoted by the lines. Note that
we have the equivalences stated by the Brenner-Butler Theorem: every module in 7 (T')
corresponds via Hom 4 (7', —) to a module in Y(T") and every module in F(T") corresponds
to a module in X(7T) via Ext} (T, —). For example we have that:

Hom (T, 21) = 110 € Y(T)
and
Ext;(T,(l]OO) = 0(1] 1€ X(T).

Remark 2.2.13. We can look at the equivalence given by the Brenner-Butler Theorem
from another point of view, using the HRS-tilting. In fact, mod A is equivalent to the
heart of the standard t-structure on D(A). In mod A, given a tilting module 7" we have
the torsion pair (7(7"), F(T')) induced by T. The HRS-tilting process gives us a new -
structure and in particular an abelian category H, which is its heart. Thanks to a theorem
of Happel, Reiten and Smalp ([HRS96, Theorem 4.3]) we have that #H is exactly the
category of modules over the opposite of the endomorphism algebra of T', so H = mod B.
Finally, the HRS-tilting states that (F(7)[1], T (7)) is a torsion pair in ‘H. Since obviously
F(T)[1] is equivalent to F(T'), we get the result of the Brenner-Butler Theorem: we have
found a torsion pair in mod B where the torsion class is equivalent to the torsion-free class
of the torsion pair in mod A and vice versa. The Brenner—Butler Theorem also gives us
the quasi-inverse functors.
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Chapter 3

Silting Theory

3.1 First properties

In this section we take a first look at silting complexes.

Definition 3.1.1. Let D be a triangulated category. A full subcategory 7 C D is said
to be:

e triangulated if it is closed under shifts and cones;
e thick if it is triangulated and closed under direct summands.

If X is a family of objects in D, we denote by thick(X) the smallest thick subcategory of
D which contain X.

We recall that the category K°(proj A) is the bounded homotopy category with finitely
generated projective right A-modules in each degree.

Definition 3.1.2. A complex X € K’(proj A) is called silting if
1. Homp(4)(X, X[n]) = 0 for each n > 0;
2. thick(X) = K*(proj A).
If a complex satisfies only the first condition we say that it is presilting.

We will look at them embedded in the bounded derived category, thanks to the
monomorphism: K°(proj A) < Db(A).

Remark 3.1.3. From the isomorphism K°(proj A) ~ D(A) (by Proposition 1.5.11), we
have that in the first point of the definition we can look at the morphisms between X and
its shifts in the homotopy category and not in the derived category.

In the following we will be mainly interested in 2-term silting objects, that are silting
complexes with non-zero modules only in degree 0 and —1. So they are complexes of the
form:

...—>O—>O—>P_1i>P0—>0—>O—>...

57
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with Py and P_; projective. Note that in this case the first condition in the definition of
silting complex becomes Hompy(4) (X, X[1]) = 0. In fact we have only two terms and, by
the previous remark, the morphisms are in the homotopy category, so we automatically
get that Hompe(4)(X, X[n]) = 0 for n > 1.

Example 3.1.4. The complex A = A[0] with the algebra A in degree 0 and zero every-
where is silting. Firstly, it is obviously in K?(proj A) since A is projective. Now, since A is
a projective module, Homp4)(A, A[n]) ~ Ext"(A, A) = 0. Finally, using the triangulated
structure of K(A), up to shifting, we can get sums of A in each degree, and then any
projective is a direct summand of it. Thus we get that we can generate all the category
K®(proj A) from A via cones, shifts and direct summands, i.e. thick(A4) = K®(proj A).

Example 3.1.5. Every tilting module is a 2-term silting complex. In fact, let 7" be a
tilting module. Take P = (P_; — F) to be its minimal projective resolution. Then
P = T in D*(A) and so Homps 4y (P, P[1]) = Hompsa) (T, T[1]) = Ext' (T, T) = 0 since T
is tilting. So P is presilting. Moreover, consider the short exact sequence:

0—-A—-Ty—>T, =0

with Ty, T} € add T'. In particular Tj, 77 € thick(P). The short exact sequence corresponds
to a triangle A — Ty — T} — A[l] and since thick(P) is closed under cocones, we have
that A € thick(P). So thick(P) = K(proj A) and P = T is silting.

Conversely, we have that a 2-term silting P is a module if and only if it has no
cohomology in degree —1, and it this case P = H°(P) is tilting. In particular this holds
if and only if Hompu 4 (P, P[—1]) = 0.

For any 2-term complex we have this interesting remark:
Remark 3.1.6. Let X € D?(A) be a 2-term complex. There exists a triangle:
H ' (X)[1] = X = H'(X) - H'(X)[2].
Indeed consider the standard t-structure (D=, D=%) and the canonical sequence of X:
T5IX = X = 729X = 757X

But, 72X is the complex --- — 0 — imd — Xy — 0 — --- which is isomorphic to
HOX) in D°(A). Also, 771X is the complex --+ — 0 — kerd —+ 0 — 0 — --- with
ker d in degree -1. This means that 7=7'X = H~!(X)[1]. So the canonical sequence of X

becomes the triangle we were looking for.

Lemma 3.1.7. Let P € K®(proj A) be a 2-term complex. Then for any X € D°(A) and
any v € Z we have the short exact sequence:

0— Home(A)(P, Hl_l(X)[l]) — Home(A)(P, X[Z]) — Home(A)(P, Hl(X)) — 0.
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Proof. Recall that we have H'~1(X) = H1(X[i]) and HY(X) = H°(X[i]). So we want to
show the existence of the short exact sequence:

0— Home(A)(P,H’l(X[i])[l]) — Hompu 4y (P, X[i]) — Home(A)(P,HO(X[z'])) — 0.

Without losing any generality we can consider X instead of X[i]. Consider the canonical
triangle given by the truncations on the standard ¢-structure (D=°, D=°):

<X o X =5 21X — TSOX[l]

with 70X € D=0 and 72'X € D=! = D=°[—1]. Applying Homps(4) (P, —) to the triangle
we obtain the exact sequence:

HOme(A)(P,Tz:lX[—l]) — Home(A)(PjTSOX) — Homp 4y (P, X) — Home(A)(P,721X)

Now, both Homps(4)(P, 72! X[—1]) and Homps(4) (P, 72'X) are zero since 72'X[—1] and
72X are zero in degrees 0 and —1. By exactness, we thus get that Homps () (P, 75°X) =
Home(A) (P, X)

Consider now 7=°X and its truncation triangle given by the t-structure (D=72 D=72):

7S72X 5 750Xy 20 TS*ZX[l]

where 757X € D=7? and 7= '7=X € D="'. Applying Homps(4)(P, —) to the triangle
we obtain the exact sequence:
e — Home(A)(P, TSiQX) — Home(A) (P, T§0X> — Hompb(A)(P, TzilTSOX) —
— Home(A)(P,Tgiw([l]) —> e
Again, 752X and 757?%[1] are zero in degrees 0 and —1, so Hompu 4 (P, 7572X) =
Homps 4y (P, 7=72X[1]) = 0. Thus Homps 4)(P,7=°X) = Homps4)(P, 727 '7=°X) by

exactness and so:
HOme(A)(P,X) o Home(A)(P,TZ_lTSOX).

Notice that we have restricted X to the terms in degree —1 and 0 and so we can consider
X to be a 2-term complex. Then using Remark 3.1.6 we get a triangle:

H'(X)1] - X = H'(X) = H1(X)[2].
Applying Homps 4) (P, —) we get the exact sequence:

0 = Homps () (P, H(X)[~1]) = Homps 4y (P, H"(X)[1]) — Homps(4)(P, X) —
— Home(A)(P, HO(X>> — Home(A)<P, Hil(X>[2]) =0.

This concludes the proof. O

The previous lemma states that to know the morphisms between a 2-term complex
and a shifted bounded complex, we can look at the morphism between the 2-term complex
and the cohomologies of the complex in the right degrees.
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Lemma 3.1.8. Let X € mod A. There exists a functorial isomorphism:
Homops () (P, X) = Hom(H°(P), X)
and a monomorphism:
Home(A)(HO(P), X[1]) = Hompu(a) (P, X[1]).
Proof. By Remark 3.1.6, there exists the triangle:
H'(P)[1] - P — H(P) — H '(P)[2].
Applying Homps(4)(—, X) to the triangle we obtain the long exact sequence:

<+« = Homps 4y (H ' (P)[2], X) = Homps(ay(H*(P), X) — Homps (4 (P, X) —
— Hompu(4y(H ' (P)[1], X)) — Homps(4)(H°(P)[—1], X) — Homps(4)(P[—1], X) — - --

We have Homps(4)(H ' (P)[2], X) = 0 and Homps 4y (H ' (P)[1], X) = 0 since X is con-
centrated in degree 0, while the cohomologies are in degree —2 and —1 respectively. So by
exactness we get the isomorphism. On the other hand, we have Homps 4 (H*(P)[-1], X) =
Hompu 4y (H(P), X[1]) and Homps(4)(P[—1], X) = Homps4)(P, X[1]). Again, by exact-
ness, we get the monomorphism. O

We have seen that to a tilting module we can associate a torsion pair given by the
Ext'-orthogonal and the Hom-orthogonal. We want to generalize it to 2-term silting. So,
define:

T(P) = {X € mod A| Home(A) (P,X[l]) = O}

f(P) = {Y € mod A| Home(A)(P,Y) = O}

Note that, if P is a module, these definitions coincide with the ones given in the tilting
case.

We have another description of the pair (7 (P), F(P)) that will be useful later. Re-
calling that gen X denotes the full subcategory of the objects generated by X and that
dually cogen X denotes the full subcategory of the objects cogenerated by X, we have the
following result in [HKMO02]:

Proposition 3.1.9. Let P € K°(proj A) be a 2-term silting complex. Then we have:
(T(P), F(P)) = (gen H°(P), cogen H (v P)).

Definition 3.1.10. Let C be a full subcategory of mod A. We say that M € C is Ext-
projective in C if Extly(M,C) = 0. We say that M € C is Ext-injective in C if Ext'(C, M) =
0.

The definition of Ext-projective and Ext-injective generalise the one of projective or
injective to a full subcategory. Indeed, being Ext-projective in C means exactly to behave
like a projective in the subcategory, and dually with the injectives. For example any
module 7" is Ext-projective in T(T).
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Proposition 3.1.11. Let P € K®(proj A) be a 2-term silting complex and (T (P), F(P))
be its associated torsion pair. Then:

1) for any X € mod A, we have X € add H°(P) if and only if X is Ext-projective in
T(P);

2) for any X € T(P), there exists a short ezact sequence
0—=L—>Ty—>X—=0
with Ty € add H°(P) and L € T(P);
3) for any X € mod A, we have X € addtvA if and only if X is Ext-injective in T (P);
4) for any X € T(P), there exists a short exact sequence
0=-X—->Ty—L—0

with Ty € addtvA and L € T(P);

5) for any X € mod A, we have X € add H ' (vP) if and only if X is Ext-injective in
F(P);

6) for any X € F(P), there exists a short exact sequence
0—>X—F—L—0

with Fy € add H'(vP) and L € F(P);

7) for any X € mod A, we have X € add A/tA if and only if X is Ext-projective in
F(P);

8) for any X € F(P), there exists a short exact sequence
0—-L—>F—>X—=>0

with Fy € add A/tA and L € F(P).

Proof. We prove only the first four statements as the others are dual.

1) = LetY € T(P), so we have Hompe(4)(P,Y[1]) = 0. From the monomorphism
of Lemma 3.1.8 we get also Homps(4)(H"(P),Y[1]) = 0. By the isomorphism
Homops () (H(P), Y[1]) = Ext), (H°(P),Y’) we get that H°(P) (and by additiv-
ity add H°(P)) is Ext-projective.

< Let M be Ext-projective in 7(P). Consider Ty %+ M an add H°(P)-precover
of M. Since M € T(P) = gen H°(P), we can consider « epic. Taking L as the
kernel of a we get the short exact sequence:

0—=>L—>1Ty—M—0.
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2)
3)

4)

Since « is an add H°(P)-precover, we have that Hom 4(H°(P), a) is an epimor-
phism and, by the isomorphism of Lemma 3.1.8, also Homps 4y (P, ) is epic.
Applying Homps 4) (P, —) to the short exact sequence we obtain the exact se-
quence:

e —> Home(A)(P,To) — Home(A)(P, M) —
— Home(A)(P, L[l]) — Home(A)<P,T0[1]) —

Since T, € add H°(P) we have that Homps(4) (P, To[1]) = 0. Indeed, shifting
the triangle from Remark 3.1.6 for P and then applying Homps (P, —), we
get the exact sequence:

-+ = Homps 1) (P, P[1]) = Hompy 1) (P, HO(P)[1]) —
— Home(A)(P, Hﬁl(P)[ZS]) — e

Since both Homps(4)(P, P[1]) and Hompe 4 (P, H ' (P)[3]) are zero (by the
fact that P is a 2-term silting), we have Homps 4y (P, H°(P)[1]) = 0 and so also
Hompe(4) (P, add H°(P)[1]) = 0 by additivity of Hom. In particular Ty € T (P).
Since Hompe 4y (P, Ty[1]) = 0, we get by exactness that Homps 4 (P, L[1]) = 0,
so L € T(P). By assumption M is Ext-projective in T (P), and since both Tj
and L are in T (P), the short exact sequence splits. So M € add H°(P).

This follows from the previous proof by replacing M with an arbitrary X €
T(P).

Refer to [ASS06, Proposition VI.1.11]. Recall that X € addtrA means that X
is the torsion part of an injective module.

Let X € T(P). Consider an injective envelope v : X < [I. [ is injective, i.e.
I € addvA. Consider the torsion sequence of I with respect to the torsion pair

(T(P), F(P)):
X

%

Since X € T(P) and I/t] € F(P), ya = 0. By the universal property of the
kernel, there exists o/ : X — ¢I such that o/ = «a. &/ is monic since « is. Let
L be the cokernel of o/ to get the short exact sequence:

B

0 > t1 ; L I/t —— 0.

O—>X°‘—,>t]—>L—>0.

This is the sequence we were looking for. Indeed, ¢tI € addtvA and, by (3), it
is Ext-injective in 7 (P), in particular ¢t € T(P). So, L € T(P) since T (P) is

closed under quotients being a torsion class.

[]
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Now, for any m € Z, define the two full subcategories of D?(A):
D="(P) := {X € D"(A) | Homps4)(P, X[i]) = 0, i > m}
D>"(P) := {X € D"(A) | Homps(4)(P, X[i]) =0, i < m}.
Proposition 3.1.12. Let P € K®(proj A) be a 2-term silting complex. Then
1) (T(P),F(P)) is a torsion pair in mod A;
2) (D=m(P),D="(P)) is a t-structure in D*(A) for each m € Z.

Proof. The proof of (1) can be found in [HKMO02]. Here we only show (2). Consider the
standard t-structure (D=, D=%) of the triangulated category D’(A). The heart of this
t-structure is isomorphic to mod A. By (1) we know that t = (7 (P), F(P)) is a torsion
pair in mod A. So we have that there exists a t-structure (D, D;°) in D¥(A) given by:

D’ ={X e D’(A) | H'(X) € T(P), H*(X) = 0 Vk > 0}

Dy’ = {X e D'(A) | H'(X) € F(P),H*(X) =0 Vk < 0}

that is the HRS-tilt of (D=°, D°) with respect to (7 (P), F(P)). We have that (D, DZ°)
is exactly (D=°(P), D=°(P)). Indeed we have:

D=(P) = {X € D(A) | Homps(4)(P,X[i]) = 0 Vi > 0}
= {X € D*(4) | Hompsay(P, H 1 (X)[1]) =0 Vi >0
and Homps(4)(P, H (X)) = 0Vi > 0}
={X eD(A) | H(X) =0Vi >0 and Homps(4)(P, H(X)[1]) = 0}
={X e D"(A) | H(X)=0Vi>0and H'(X) € T(P)} = D;’

where the second equivalence follows from 3.1.7 and the third one follows from the fact
that for a module M we have Homps4)(P, M) = 0 = Hompy 4) (P, M[1]) if and only if
M = 0. Dually, we have DZ° = D=%(P). Finally, for an arbitrary m € Z it suffices to
start with the ¢-structure (D=™,D=™) and apply the same reasoning. O

Remark 3.1.13. Note that 7(P) = D=(P) N mod A. In fact, we obviously have that
D=Y(P)Nmod A C T(P). On the other hand, let X € T (P). By definition it is in mod A.
Moreover, we have that Homps4) (P, X[i]) = 0 for any i > 2, since P is a 2-term silting.
The fact that X € T precisely tells us that Homps 4 (P, X[1]) = 0, so, combining the
two, we have that X € D=(P). Dually, we have that F = D='(P) N mod A.

Consider now the t-structure (D=°(P), D=°(P)) and call C(P) := D=°(P) N D=°(P)
its heart. We recall that C(P) is an abelian category and that the short exact sequences
in C(P) are the triangles in D°(A) with terms in C(P).

We now study the main properties of C(P) that will be useful later.

Theorem 3.1.14. Let P € K*(proj A) be a 2-term silting complex. Then:
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1) (F(P)[1], T(P)) is a torsion pair in C(P).

2) X € D*(A) is in C(P) if and only if H*(X) € T(P), H™' € F(P) and H(X) =0
for any i #0,1.

3) Hompuay(P, —) : C(P) — mod B is an equivalence of categories.

Proof. (1) and (2) follows directly from the fact that (D=°(P), D=°(P)) is the HRS-tilt
of the standard ¢-structure with respect to the torsion pair (7 (P), F(P)). For a proof of
(3) refer to [HKMO02]. O

Define:
X(P) = Home(A)(P,]—"(P)[l]),

y(P) = HOI’T'IDb(A)(P,T(P)).

They are full subcategories of mod B by Theorem 3.1.14. From the same theorem we get
these two immediate corollaries.

Corollary 3.1.15. Let P € Kb(proj A) be a 2-term silting complex. Then (X(P), Y(P))
s a torston pair in mod B and

Home(A)(P, —) : T(P) — y(P)
Hompu 4y (P, —[1]) : F(P) — X(P)

are equivalences of subcategories which sends short exact sequences with terms in T (P)
(or F(P)) to short exact sequences in mod B.

Proof. This comes directly from Theorem 3.1.14 (3), from the definition of X(P) and
Y(P) and from the fact that 7(P) and F(P)[1] are in C(P). O

Corollary 3.1.16. Let P € K°(proj A) be a 2-term silting complex and M € T(P),N €
F(P). We have the functorial isomorphisms:

Hom g (Hompu 4y (P, M), Homps 4y (P, N[1])) = Homps 4 (M, N[1]) = Extl (M, N)
Ext;(Homaps(ay (P, M), Homps 4y (P, N[1])) = Homps( 4 (M, N[2]) = Ext (M, N).
Proof. These isomorphism derives directly from Theorem 3.1.14 (3) and from the isomor-

phism Hompe 4y (M, Ni]) = Ext’y(M, N). O

This next theorem is the silting version of the Bongartz Lemma for tilting modules. In
particular it states that any presilting complex is a direct summand of a silting complex
and thus we can always complete a presilting to a silting.

Theorem 3.1.17. [BZ16b] Let P € Kb(proj A) be a 2-term presilting complex. Then
there exists a 2-term complex E € K®(proj A) such that P® E is a 2-term silting complex.
Moreover there exists a triangle:

A—E— P — A[l]
with P’ € add P.
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Proof. We build E starting from the triangle. We start by considering A[1] and we take
f : P" — A[l] to be an add P-precover of it. We then take E to be the cocone of f, thus
obtaining the triangle:

A—>E—>P’L>A[1].

We now check that P @ E is a silting complex. First, obviously, by additivity of Hom we

have:

Hom(P @ E,P @ E[1]) = Hom(P, P[1]) @ Hom(P, E[1]) ® Hom(E, P[1]) ® Hom(E, E[1]).

We show that they are all zero.

1)
2)

Finally, from to the triangle, we have that A € thick(P @ E), so that thick(P © E)
K®(proj A). This concludes the proof.

Hom(P,P[1]) = 0 since P is silting.

Hom(P, E[1]): apply Hom(P, —) to the triangle to get the exact sequence:

Hom(P, P') ™0, Hom(P, A[1]) — Hom(P, E[1]) — Hom (P, P'[1])

Now, Hom(P,P’[1]) = 0 since P is silting and P’ € add P. Moreover Hom(P, f) is
epic since f is an add P-precover (and P € add P), so the map

Hom(P, A[1]) — Hom(P, E[1])
is the zero map. Thus, by exactness, we get Hom(P, E[1]) = 0.
Hom(E, P[1]): apply Hom(—, P) to the triangle to get the exact sequence:
.-+ — Hom(P'[-1],P) — Hom(E[-1],P) — Hom(A[-1],P) — - --
which is just:
-+« — Hom(P',P[1]) — Hom(E, P[1]) — Hom(A,P[1]) — --- .

We have that Hom(P’, P[1]) = 0 since P’ € add P and also Hom(A, P[1]) = 0 since A
is concentrated in degree zero and P[1] has no term in degree zero. So, by exactness,
Hom(E, P[1]) = 0.

Hom(E, E[1]): apply Hom(—, E) to the triangle to get the exact sequence:
.-+ — Hom(P'[-1],E) — Hom(E[-1],E) — Hom(A[-1],E) — - - -
which is just:
.-+ — Hom(P', E[1]) — Hom(E,E[1]) — Hom(A, E[1]) — --- .

As before, we have that Hom(P’,E[1]) = 0 by (2), since P’ € add P, and also
Hom(A, P[1]) = 0, since A is concentrated in degree zero and E[1] has no term in
degree zero. So, by exactness, Hom(E, E[1]) = 0.

o

In particular, from this theorem, we get that if P € K°(proj A) is a silting complex we
have a triangle:

Ap: ASP L P 5% Al
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3.2 A silting theorem

In this section we present the generalization of the theorem of Brenner and Butler to the
case of silting complexes. It is due to Buan and Zhou in the paper [BZ16b].

We start with some results that will be necessary later. We recall that with | X| we
denote the number of indecomposable direct summand of X up to isomorphism.

Lemma 3.2.1. Let P € K°(proj A) be a presilting complex. Then, P is silting if and only
[P = |A].

Proof. Omitted. Refer to [AIR14, Proposition 3.3]. O

Lemma 3.2.2. Let P € K°(proj A). Then, for any P € add P and X € D°(A), there is
a functorial isomorphism:

Homps 4y (P, X) = Hompg(Homps 4) (P, P), Homps 4) (P, X)).
Proof. If P’ = P we have:
Hom g (Hompy(4) (P, P), Homps 4y (P, X)) = Homp (B, Homps4) (P, X)) = Hompe4) (P, X).
The result then follows from the additivity of Hom. m

Lemma 3.2.3. Let 0 — txy — X — fx — 0 be the torsion sequence of X € mod A
associated to the torsion pair (T (P),F(P)). Then we have the isomorphisms:

Home(A)(P, X) = Home(A)(P, tX),
Home(A)(P,X[l}) = Home(A)(P7 fx[l])

Proof. Applying Homps(4)(P, —) to the torsion sequence we obtain the long exact se-
quence of derived functor. Since X € mod A, using that Ext'(P, —) = Hompe 4y (P, —[1]),
it becomes:

0— Home(A)(P7tX) — Home(A)(P,X) — Home(A)(P,fx) — Home(A)(P,tx[l]) —
— Home(A)(P,X[l]) — Home(A)(P, fX[l]) — Home(A)(P,tx[2]) = 0.

Since tx € T(P) and fx € F(P) the sequence becomes:

0— Home(A)(P,tX) — Home(A)(P, X) —0—=
—0— Home(A)(P,X[l}) — Home(A)(P,fX[l]) —0

so, by exactness, we get the claim.

Lemma 3.2.4. Let X € Kb(proj A). If H*(X) =~ H '(vX) 20 then X 0.
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Proof. Let X = (X_; = X). From H°(X) = X,/imx = 0 we get that z is an epimor-
phism. Since Xj is projective, x splits. Similarly, from H'(vX) = kervz = 0, we get
that vz is a monomorphism. Since v is an equivalence between proj A and inj A, we have
that X _; is injective and so vz splits. So vz is a split monomorphism in inj A, thus z is a
split monomorphism in proj A. As it was already a split epimorphism, we have that = is
an isomorphism. The complex is then exact and so isomorphic to zero in D°(A). O

Obviously, also the converse hold, so we actually have an if and only if.

We are now ready to state and prove the first important result. We show that a 2-term
silting complex in mod A induces a 2-term silting complex in mod B. Moreover we obtain
a result similar to the Theorem of Brenner and Butler: we have the equivalence between
the classes of two torsion pairs in mod A and mod B.

Let P € Kb(projA) be a 2-term silting complex. We have seen that there exists a

triangle of the form A = P’ EN TRER A[1] with P/, P” € add P which is unique up to
homotopy equivalence. From it, we can build the 2-term complex Q:

Hom P,f)
Homp ) (P, P) — 2,

Home(A) (P, P”).

We have that Q is unique up to isomorphism and moreover Q € K’(proj B). In fact we
have that P,P’,P"” € add P, so that Homps(4)(P,P’) and Homps 4)(P,P”) are both in
End(add P) = add End(P) = add B which is just proj B.

Proposition 3.2.5. The complex Q is a 2-term silting complex in K°(proj B). Moreover
we have T(Q) = X(P) and F(Q) = Y(P).

Proof. We begin the proof by showing that Q is presilting, i.e. that Homps ) (Q, Q[1]) =
Homyeb (oroj 5)(Q, Q[1]) = 0. Let a € Homys (i) (Q, Q[1]), we will show it is null-
homotopic. Then « is of the form:

Hom P,f)
Q : 0 ? Home(A) (P, P/) GG Home(A) (P,P//)
o 0 a_q
l l Home(A) (P.f) l "
Q[l} : Home(A)(P,P') Home(A)(P,P") > 0.

So a_; € Homg(Homps(4)(P,P’), Homps 4 (P, P")). Then by Lemma 3.2.2 there ex-
ists a unique i € Hompy 4)(P’,P”) such that oy = Hompy4)(P,h). Consider the dia-
gram:

A—csp L pr % A

|

PP LA

—ll, pryy).

Applying Homps(4)(A, —) to the second triangle we get that

Home(A)(A, f) : Home(A)(A, P,) — Home(A) (A, P//>
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is epic since Hompe(4)(A, A[1]) = 0. So there exists hy : A — P’ such that fh; = he.
Similarly, applying Homps(4)(—, A[1]) to the first triangle, we get that Homps(f, A[1])
is an epimorphism, so that there exists hy : P” — A[1] such that hyf = gh. We thus
obtain a morphism of triangles:

A—cp L pr_ ¢ > A[1]

hll hl ha hy [1]l

p-l,pr 2 > A1]

We now show that A is null-homotopic. Consider the map hy : P” — A[l]. Since
g : P” — A[1]is an add P-precover, hy must factor through g. So there exists hs : P” — P”
such that hy = ghs.

A e N P/ f P// g9 N A
oL ] ]
P’ / ., P S g 1] 5[1}, P/ 1.

We have g(h — hsf) = gh — ghsf = gh — hgf = 0 by commutativity. Then, by the
triangles axioms (TR1) and (TR3), there exists hy : P’ — P’ such that fhy = h — hsf:

T AN - N SR Y5}
: |

v s + —e[1] ~
P’ s P’ 2 A[l] > P'[1]

We thus have h = fhy + haf. Applying Homp4)(P, —), by additivity, we get:
a = Home(A) (P, h,) = Home(A) (P, f) Home(A) (P, h4)+H0me(A) (P, hg) Home(A) (P, f)

Hence « is null-homotopic, so that it is zero in Homys (o 5)(Q, Q[1]) and thus Q is
presilting.

To show that it is silting we use Lemma 3.2.1 and show that |Q| = |A|. Obviously we
have |Q| < |A| since in A we have all indecomposable projectives as direct summands. So
we show |Q| > |A|. Take A = @], P, so that Py, P,, ..., P, are all the indecomposable,
pairwise non-isomorphic, projective A-modules. For each i = 1,...,n consider an add P-
envelope P; <% P’. Using that e and e; are preenvelopes we obtain maps a : P, — P’
and b : P’ — P! such that ae; = er; and e;m; = be. Since ¢; is an envelope, ba is an
automorphism in P;. So, up to precomposing with the inverse of ba, we obtain that P; is
a direct summand of P’. We can then take the cone P! of ¢; and complete the morphisms
we have to a morphism of triangle by (TR3), so there exists ¢ : P! — P” and d : P" — P/.
Since both 1p, and ba are isomorphisms, also dc is. So, as before, P! is a direct summand
of P”.

e P/ f P// g y A[l]

3
iy pum—-
o

> P!
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We thus get the triangles:
P, % P 5 P % P

for each ¢« = 1,...,n. By construction, their direct sum is a direct summand of Ap. So,
denoting by Q, the 2-term complex

Home(A) (P,fi)
—r

Home(A) (P, P;) Home(A) (P, P,/L,)

in K*(proj B), we get that @;_, Q, is isomorphic to a direct summand of Q. To prove our
statement we show that each Q; is nonzero and any two of them have no direct summand
in common.

If Q;, = 0, then we obviously have H%(Q;) = 0 and H'(vQ;) = 0. We get:
HO(QZ) = coker Home(A) (P, fz) = Home(A)(P, Pl[l]) = Home(A)(P, Pz/tljl[l]),

where the first isomorphism follows from the fact that Homps 4y (P, Pj[1]) = 0, while the
second isomorphism follows from Lemma 3.2.3. On the other hand, we get:

H ' (vQ,) = ker v Hompu (4 (P, fi) = ker Homps 4y (P, v ;)
= Home(A) (P, VPZ) = Home(A)(P,thi).

Here the first isomorphism comes from the fact that:
Home(A)(P, VP) =D HOme(A)(P, P) 2DB=vB=v HOme(A)<P, P)

and by additivity of Homps4) (P, —), whereas the second isomorphism follows from the
fact that Homps(4) (P, vP7[1]) = 0 and the last one again from Lemma 3.2.3. So, if Q; = 0,
we have that tvP; € F(P) and P;/tP; € T(P) so that they are both zero. This means
that P; is torsion, while v F; is torsion free. P; is projective, in particular is Ext-projective
in 7(P), so by Proposition 3.1.11 we have P; € add H°(P). Again using the projectivity
of P;, there exists a morphism P, — PY so P; € add P. Similarly, using Proposition 3.1.11
and the fact that vP; is injective, we obtain P;[1] € add P. But this is a contradiction
since 1p, € Homp4)(F;, P;[1]) = 0. So Q; 20 for every i = 1,...,n.

We need now to check that Q, and Q; have no common direct summands for i # j.
If, for i # j, H°(Q;) and H°(Q;) have a common direct summand, then by the fact
that Hompu(4) (P, —) is an equivalence, also P;/tP; and P;/tP; should have a common
direct summand. But this is not possible, since we have that (if P;/tP; # 0) P, is a
projective cover of P;/tP; and P; is indecomposable and not isomorphic to P;. So H(Q;)
and H°(Q;) have no common direct summands. Similarly, also H™'(vQ;) and H~(rQ;)
have no common direct summands, since v FP; is an injective envelope of tvP; (if tv P; # 0).
So, if Q; and Q; have a common direct summand X, then H*(X) = H~!(vX) = 0 and,
by Lemma 3.2.4, we get X = 0. Thus |Q| > |A| and so Q is silting.

It is left to prove that 7(Q) = X(P) and F(Q) = Y(P). We prove only the former
as the proof of the latter is similar. From Proposition 3.1.9 we have a characterization

of T(Q) as gen H°(Q). We just showed that H(Q) = Homps(4)(P, A/tA[1]), so we'll
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prove that X'(P) = genHompu(4)(P, A/tA[1]). Recall that we have Hompu 4 (P, —[1]) :
F(P) — X(P) which is an equivalence. Since by definition A/tA[l] € F(P), we have
Hompu(4)(P, A/tA[l]) € X(P). Being a torsion class, X'(P) is closed under quotients, so
we get gen(Hompu 4 (P, A/tA[1])) € X (P).

On the other hand, take X € X(P). From the same equivalence we have the existence
of X’ € F(P) such that X = Homps4)(P, X'[1]). From Proposition 3.1.11 there exists a
short exact sequence of the form

0=L—>F—X =0
with L € F(P) and Fy € add(A/tA). It induces the triangle
L— Fy— X' — L[1]
in D"(A). Applying Homps(4)(P, —[1]) we obtain the long exact sequence:

- = Hompu(4) (P, L[1]) — Home(A)(P, Fyll]) —
— Home(A)(P, X/[l]) — HOmeb(A)(P, L[Q]) =0—---

So we have:
X = Hompu ) (P, X'[1]) € gen(Hompu ) (P, Fu[1])) C gen(Hompe(a) (P, A/tA[L]))

since Iy € add(A/tA). This concludes the proof. O

3.3 Silting twice

In the tilting case we started from a finite-dimensional algebra A and a tilting module T’
over it. We then took B to be the endomorphism algebra of T" and a tilting module over
it, which happened to be T as a left B-module. We showed in Lemma 2.2.5 that taking
the endomorphism algebra of gT" we can recover the initial algebra A.

In the silting case we proceeded in the same way. We began by considering a finite-
dimensional algebra A and a silting complex P € K°%(projA). Again, we took B to
be the endomorphism algebra of P and, in K°(proj B), we built a complex Q which is
silting by Proposition 3.2.5. Our aim now is to relate the endomorphism algebra of Q,
Endpi(5)(Q) =: A, to the starting algebra A, generalizing what we had in the tilting case.

We thus want to define an algebra homomorphism ¢p : A — A. We will see that it is
an epimorphism and that it is an isomorphism if P is tilting. To build ¢p, consider the

triangle Ap. In particular, consider the map P’ Iy P” and define Q € add P to be the

complex given by P’ L P in degree —1 and 0, and zero in all the other degrees. Now,
as we saw before, Homps4)(P, —) : add P — proj B is an equivalence of categories, so the
functor Hompe(4)(P, —) induces an equivalence of triangulated categories K°(add P) and

K*(proj B), which sends Q to Q. So we obtain the isomorphisms:

Ende(addP)(Q) = E”de(proj B)(Q) = EndDb(B)(Q) = A
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In order to construct ¢p : A — A, we build an algebra homomorphism Ends(A) —
End g (adap)(Q)- In the following, we will represent P’ as:

P .p1h po
and P” as the cone of A < P':
PP lg AP po

Moreover, in the triangle Ap:

the maps e, f, g are given by:

0—2 44 pl P o p0 plgg P po
Ol l (Bl)l ll © 1)l ol
pl_P,po pigagr opo A0 .

Let a € Ends(A). We want to find b : P’ — P’ and ¢ : P” — P” such that the
following diagram commutes:

|

A—<s P —Lypr 2, A

PR
2
=

<_

o

To build b consider the diagram:

—g[-1

P”[_].]

| A
L A
Since Homps(4)(P"[—1], P') = Homps4)(P", P’[1]) = 0 as P',P” € add P, there exists a
map b : P’ — P’ such that be = ea:

pr—1] c,p I, pr

pro1] g e p S pr
al bi
P"[-1] S g e, p L pr

Then b = (b1, by) is a chain map:

p1 p s po

|

p-t 2, po
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and so bap = pb;.

The central square in the diagram with the two triangles is commutative in K®(proj A),
so the map ea — be = (0,ea — bye) : A — P’ is zero, i.e. is null-homotopic. Thus, there
exists a map t : A — P~! such that pt = ea — bye:

06— 9 4

¢t -
Ol - lea—bge

P—l ol p PO

Consider now the map ¢ € Endps(4)(P’) given by:

plga P9 , po

(59| |+

plga— P9 o po

It is a chain map (i.e. the previous diagram commutes). Indeed, using the definition
of t and the fact that b is a chain map, we have:

by t
oo (1) = Cph =gt ea) = (<bap ) = alp )
Moreover we have that cf = fband a[l]g = gc. Indeed, for the former, both ¢f and fb
. ‘ by t\ -1 —by -1
are equal to by in degree 0, whereas: (cf)_1 = <O a) () = () = ()b = (fb)-1.
Similarly, both gc and a[l]g are zero in degree 0 and (gc)_; = (0 1) (bl Z) =(0 a)=

0
a(0 1) = (a[l]g)-1.
Thus, (a, b, c) is a morphism of triangles and we obtain the following diagram:

A
A

So for any a € End4(A) we build (b, ¢) € Endgs(agap)(Q). In the following proposition
we show that this assignment is a surjective algebra homomorphism.

e

p L pr 9 All]
I
PP 9 An).

7

S

\
7
€
7

Proposition 3.3.1. Let ¢p be the map defined by:

QSP : EndA(A) — Ende(proj A)(Q)
a s (b,c)

where b = (by,by) and ¢ = ((%1 Z) ,bg). Then ¢p is a well-defined algebra homomor-

phism. It is surjective and we have:
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kerqb _jvau ‘ u € Hompb(A)(A, Pl),Oé S Homeb(A)<P1,P2[—1D,
P v € Hompp(a)(P2[—1], A) where Py, P, € add P '

Moreover, ker ¢p = 0 if and only if Homps 4y (P, P[—1]) = 0.

Proof. We begin by showing that ¢p is well-defined. Recall that to define ¢p we made a
choice on b and consequently on c. We need to show that two different choices of b give
homotopic maps, so that they are equal in K°(add P). So, for any a € End4(A), let (b, c!)
and (0%, ¢®) be two maps in End e 4) that make the following diagram commute:

P/ f P//

P/ f P//

0

show that (b, c!) and (b?, ¢?) are homotopic, we show that their difference:
by — b7t -t
@)= e - ) = (ob - -, (U0 ) -

(o ({4 %))

is null-homotopic. Consider the map p : P” — P’ given by:

for i = 1,2. Recall that we have b' = (b%,05) and ¢* = ((b1 2) ,bg) for i = 1,2. To

p” Plg A Cre ., po
ul l(_b? —10) lbg
P’ p-l , PV

_ .

First, note that p is a chain map. Indeed:
p(=0) —t%) = (=pby + pb —pt' + pt*) = (~byp + bp bye — bie) = Uy(—p e)

by definition of #!,#? and since b, b? are chain maps. We now check that u is the desired
homotopy, i.e. it is such that the following diagram commutes:

P/ f P//

o8, b%)l / l((”%’ 2). 1)
f

P/ P//

Indeed:

uf == = eye ((3)1) = (0 - (7)) a8) =ty
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and

fo= () ) ot == ()0 —on) = (5 §)#):

So (b, c!) and (b2, ¢?) are homotopic and thus ¢p is well-defined.

Now, ¢p is an algebra homomorphism. Indeed, let a,a € End4(A). Then

¢ (aa) = (57 ((ZS ata) ’52))

with b such that be = eaa and f such that pt = eaa — boe. On the other hand we have:

o= (8 (3 )3 )58)) = (oo (5 2)05)

with be = ea, be = ea and pt = ea — boe, pt = ead + bye. To show that they are equal
it suffices to show that bb and bit + ta satisfy the condition on b and # respectively. We
have:

(bb)e = bea = eaa

using the properties of b and b. In particular, byby = bs. Moreover:
p(bit + ta) = pbit + pta = bypt + eaa — byed = by(ed — bye) + ead — byea
= —bybse + ead = e(ad) — boe

using the properties of ¢,¢ and the fact that b is a chain map. So we have ¢p(aa) =
¢p(a)pp(a) and so ¢p is an algebra homomorphism.

We now check that ¢p is surjective. Let (b, c) € Endgs(aaq P)(Q) defined by:

P/ f P//
(bl,bg)l l((g; 2), o)
P/ f P//
We will show that it is the image of some a € End4(A) via ¢p. In particular, since we
are in K°(add P), we will show that (b, ¢) is homotopy equivalent to a map of the form:

P/ f P/l

0| [CRY

P/ f P//

for some a € End4(A) and some ¢t : A — P~1 such that pt = ea — bye (as, by construction
of ¢p, t has to be an homotopy between ea — bye and zero). Since (b, ¢) is a chain map
we have cf = fbin K°(proj A), i.e. they are homotopic. Now:

= (6 ) (0) ) = ((5) =)
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o= () ~((2)%)

So there exists a homotopy (5) : P° — P71 @ A such that the following diagram com-
mutes:

and

p-1 p pPo

(016—31)1 )l . (z) -7 lbrc()
o

p_l@AWPO.

i.e. such that:

rp=c — b

yp = ¢s

—pz + ey = by — co.
Define a := ¢4 + ye and t := ¢y + ze. With this choice of a and ¢t we get the claim. First
of all we have that ¢ satisfies pt = ea — bye. To show it, consider the chain map:

A c y PO

gl |

P_l@AW}PO

which, composed with ¢, yields the commutative diagram:

A c » PO

)| [

Pil@AWPO

so that we have cype = ecy — pcy. Using this fact and the conditions we found before we
get:

pt = pea + pre = pes + coe + eye — boe = ecy + eye — bae = e(cy + ye) — boe = ea — bye

as we wanted. Let ¢:= ((% !),by) = (( ©52¢),b2). It is left to show that ¢ and ¢ are
homotopic. We have:

cme= () b —a) = (350) =) = (1) (0) (0 (1))

)
so that the diagram:
ploa 29, po
O |o-e

A—1_ —1

S
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commutes and thus ¢ and ¢ are homotopic via (g) Hence, ¢p is surjective. Now we want

to give a description of ker ¢p. Define:

7. Jvau | u € Hompy(4)(A, P1), a0 € Hompe 4y (P, Po[-1]),
T v E Home(A) (PQ[—l],A) where Pla P2 € add P '

AL PSPy -1 5 A

We will show that ker pp = I, so the kernel is the family of endomorphisms of A that
factors through two complexes of add P, with one shifted. We first show ker ¢pp C I. Take
a € ker ¢pp. Then ¢p(a) = (b,c) = 0 in K°(add P), i.e. it is null-homotopic. Thus there
exists d = ((dy,ds), w) : P” — P’ such that b = df and ¢ = fd in K°(add P):

P/ f P/l

s
d -~
b - c
///

P/ & f P// .

In particular we have b homotopic to df:

(b1,b2) ~ ((d1, d2), w) (<_01) 71> = (—di, w).

So there exists § : P° — P~! homotopy:
pt—2> 5 po

blu_dl - 6 g b2uw

1
-1 0
P N &
p

such that:

5p:b1+d1
pod = by — w.

On the other hand, we have ¢ homotopic to fd:

(G5 2) ) = (o)1)= (57 757) )

So there exists (§) : P° — P~! & A homotopy:

ploAa— P9 po
o]0 )
Pl@A- s PO

(=p e)
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such that:

b —w=(—pe)(g)=—pe+teb.

{(’nzdl ti) = (5) (—p e) = (T525%)

In particular we have fp = 0 and fe = a. Consider now the map (°5°) : P° - P71 @ A
and the diagram:

Using the conditions above, we have that:
p(d+e)=pd+pe=by—w—by+w+ el =eb

and
(5+E)p:5p+8p:b1+d1—b1—d1:0

These two, together with 8p = 0, ensure that (535) is a chain map. Finally, we have that
(0 1) (535) e = fe = a, so the vertical map in the diagram compose to a and thus a € I
as it factors through P° and P~ ®.

We have to prove now that I C ker¢pp. Let a € I, then we can write a = vau with
u € Hompe(4y(A,P1), @ € Hompu4)(P1, Po[—1]) and v € Homp4)(P2[—1], A) where
P,,Py[—1] € add P. Since e : A — P’ is an add P-preenvelope, there exists v’ : P’ — P,
such that v'e = w. Similarly, since g : P” — A[l] is an add P-precover, there exists
v : Py[—1] — P’[—1] such that g[—1]v' = v. Let 8 : P’ — P"[—1] defined by 8 := v'au’.
Then we have a = g[—1]fe:

Let 3 be represented by:
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Thus, we have:

pip =0
Pop =0
pB = ef3s

and since g[—1] = (0 1) we also have:
a=g[—1]pe = (0 1) (g;) e = Pae.

Consider the map ¢ € End b (5dq p)(Q), which is homotopic to ¢p(a), given by:

Pl f Pl/

(0.6 L((52).e52)

pP—L P

1 is null-homotopic in add P. In fact, (0, ef3;) is null-homotopic in K°(proj A):
pt—r . po
| 2 ]
p1 p PO

since, by before, f1p = 0 and efy = pB;. Also ((8526) ,662) is null-homotopic in
K*(proj A):

PlaoaA_—P9 | po
(0] /
<0°B;:>l (2) l%
‘/

Pil@AWPO

since (—p €) (4,) = eB2 and:

(;82) =P )= (—2217 ﬁ(2)6> N (8 62e) '

Thus, a € ker ¢pp and so ker pp = 1.

It is left to prove that ker ¢p = 0 if and only if Hompes4)(P, P[—~1]) = 0. Obviously, if
we have no map between P and P[—1], by the description of ker ¢p we have ker ¢pp = 0.
Conversely, let 0 # 1 € Homps(4)(P, P[—1]). 7 is a chain map of the form:

pt L P ——0

[

0 —— P! —2— PO
Since 7 is not zero, there exists P; and P; projective indecomposable direct summands
of P® and P! respectively, such that 7 restricted to P, and P; is non-zero. As they
are projective indecomposable, they are also direct summands of A, so 1 induces a map

a, € End4(A) which factors through 1. Thus ker ¢p # 0 and so we get the claim. O
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Note that the last statement of the previous proposition means exactly that ¢p is an
isomorphism if and only if P is a tilting complex. In this sense we can see the proposition
as a generalization of what happens in the tilting case.

Corollary 3.3.2. If P is tilting, then also Q is tilting.

/ Hom'Db(A)(P’f) I\ . 1
Proof. To show that Q : Homps4)(P,P’) —————— Homps4)(P,P") is tilting we
show that Homp(p)(Q, Q[—1]) = 0. So, let o € Hompy(5)(Q, Q[—1]). Then it is of the
form:

Hom P,f)
Hompu(a)(P, P') — 25 Homg( ) (P, P”)

g ! |

Hom (P,f
> Home(A)(P,P’) &

)
Home(A) (P, P//)

and such that a Hompu4)(P, f) = Homps4) (P, f)a = 0 since « is a chain map.
By Lemma 3.2.2, since P’,P” € add P, we have an isomorphism:

Homps 4y (P”, P") = Homp(Hompe 4y (P, P”), Homps ) (P, P’))

so there exists h : P” — P’ such that Homps4)(P, k) = a. Moreover hf = fh = 0 since
h is a chain map:

-

|

P”.

L

RN >
P’ >

f

<

0

g

We thus have the following diagram:

A—c sp L ypr 9, 4n

|

pro1] g e p S pr

Applying Hompy A)(P" ,—) to the second triangle, we obtain the exact sequence:

Home(A>(P/’,e) Home(A)(P”,f)
_—

e —> Home(A)(P”, A) Home(A) (P//, P/) Hompb(A) (].:)N7 P//) —
Now, Home(A)(P", f)(h) = fh =10, so h € ker Home(A)(P”, f) and thus, by exactness,
h € im Homps(4)(P", €). Hence there exists h; : P” — A such that Homps 4)(P", €)(hy) =

€h1 = h:

g

A—e P Ly pr 9 A

/ f N P//
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Similarly as before, we have eh; f = 0 and so, applying Home(A)(P', —) to the second
triangle, we get the exact sequence:

Hom (P',—g[-1]) Hom (P,e)
RN Home(A)(P/, P”[_H) Db(A) Db(A) HOme(A>(P,., P/) .

HOme(A) (P/, A)

We have hyf € ker Hompy4)(P', €) since Hompu 4y (P’ €)(h1f) = ehif = 0. So by ex-
actness, hyf € imHomps4)(P’, —g[—1]), i.e. there exists hy : P’ — P”[—1] such that
—g[—l]hg = hlfl

L pr 9 AN

P
hy 7~
2. lhlf lh
L

Pl 4N g e p L pr,

Now, hy : P' — P"[—1] and we have Homps4)(P’,P"[—1]) = 0 since P is tilting. So
hy = 0 and hyf = 0. Applying Homps4)(—, A) to the first triangle we obtain the exact
sequence:

HOme(A)(g,A ome(A)(fv

) H A)
cee —> Hompb(A) (A[l}, A Home(A) (P//, A) Home(A) (P/, A) —

Since hy f = 0, hy € ker Hompy4y(f, A). But Hompe(4)(A[1], A) = 0 and so, by exactness,
Hompu(4)(f, A) is monic. Thus h; = 0 and so h = ehy = 0, which implies a = 0. So Q is
tilting. []

We built an epimorphism ¢p : A — Endpi(5)(Q) = A. This induces an inclusion
functor between the categories of modules ¢, : mod A — mod A.

Theorem 3.3.3. We have ¢.(X(Q)) =T (P) and ¢.(Y(Q)) = F(P)

Proof. We prove that ¢,()(Q)) = F(P) as the other statement is similar. We have the
following chain of equivalences:

Q)= Home(B)(Q,T(Q)) = Home(B)(Qa X(P)) =
= Hompu(s)(Q, Homps 1) (P, F(P)[1]))

where the first and last equalities follows from the definitions of 7(Q) and X'(P),
while the second one follows from Proposition 3.2.5.
We want to show that there exists an A-module isomorphism between Y and

Homps ) (Q, Hompe 4y (P, Y[1]))

for each Y € F(P). Indeed from the previous chain we have that )(Q) is just the family
of Homps () (Q, Hompe4) (P, Y[1])) with Y € F(P).
There exists a triangle:

Home(A) (P,f)
—

Home(A) (P, P/) Home(A) (P, P”) — Q — Home(A)(P, P,)[l]
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since Q is the cone of Hompu4)(P, f). Applying Homp(—, Homp 4 (P,Y[1])) to the
triangle, since Homg(Hompu(4)(P, P’)[1], Homps 4y (P, Y[1])) = 0, we get that

Homps ) (Q, Hompu 4y (P, Y[1]))
is the kernel of the map
Hom g (Hompe(4) (P, f), Hompe 4) (P, Y[1])).
By Lemma 3.2.2 this is isomorphic to:
Hompe(4)(f, Y[1]) : Homps 4y (P”, Y[1]) = Hompe 4y (P, Y[1]).

Since Y € F(P), Hompy4)(P',Y) = 0, so by applying Homps(4)(—, Y[1]) to the triangle
Ap we get that Hompe(4)(A4,Y) =2 Homa(A,Y) = Y is the kernel of Hompu 4 (f, Y[1]).

So we obtain the vector space isomorphism:
¢ : Hom4(A,Y) = Homps(5)(Q, Hompe 4y (P, Y[1])).
For any map v € Hom4(A,Y"), the morphism ¢(v) is given by the chain map:

Hom ®P,f)
Homgp () (P, P') — 2 Homps(4)(P, P”)
lHome(A)(P,v[l]g)

» Hompu 4y (P, Y[1])

S<—

So it is given by the shifted post-composition to g : P” — A[1]. We now prove that ¢ is
an A-module map. To show it, let a € End4(A) and (b, ¢) = ¢p(a). We have:

op(a)p(v) = (0, Hompua) (P, v[1]g)) © Hompua) (P, (b, c)) = (0, Hompe(4) (P, v[1]gc))
= (0, Hompu ) (P, v[ta[l]g)) = ¢(va)

where the third equality follows from the fact that (a,b,c) is a map of triangles. So ¢ is
an A-module isomorphism and we conclude the proof since ¥ = Hom4(A,Y). O

Let us recap what we have done in this chapter, following the diagram below. Our
setting is D(A) and we take a two-term silting complex P. By Proposition 3.1.12 we
have that P induces a torsion pair in mod A: (7 (P),F(P)). In Proposition 3.1.12 we
also saw that the via the HRS-tilting on this torsion pair we obtain the t-structure
(D=(P),D=°(P)). In its heart C(P) we have the torsion pair (F(P)[1], 7 (P)). By The-
orem 3.1.14 we have that Hompu(4)(P, —) is an equivalence of abelian categories between
C(P) and mod B, where B = Endps(4)(P). Moreover, by Corollary 3.1.15 we have that
X (P) and Y(P) are equivalent to F(P)[1] and T (P) respectively. So (X (P),Y(P)) forms
a torsion pair in mod B.

Now in Db(B) we define the complex Q using the morphism P’ ENy=T coming from the
triangle Ap. From Proposition 3.2.5 we have that Q is a silting complex and so, as before
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with P, Q induces a torsion pair (7(Q), F(Q)) in mod B. From the same proposition we
also have that the torsion pair induced by Q coincides with the torsion pair (X' (P), Y(P)).
Thus, we have passed from mod A, with the torsion pair induced by P, to mod B, with
the torsion pair induced by Q.

Repeating the same process done with Q we obtain firstly, as a result of the HRS-
tilting, the torsion pair (F(Q)[1], 7(Q)) and then, via the equivalence Homps(5)(Q, —),
the torsion pair (X(Q),Y(Q)) in mod A, where A := Endps(p)(Q). In Proposition 3.3.1
we show that A is an epimorphic image of A. So, in particular, passing to the categories
of modules, we have a natural inclusion mod A — mod A. Finally, by Theorem 3.3.3 we
have that the torsion pair (X (Q),Y(Q)) coincides with (7 (P), F(P)).

So, if we start from a silting complex P, and apply the previous process twice, we
don’t return back to the whole category of modules over the original algebra A, but to a
subcategory of it. However, we still get an equivalence if we restrict to the torsion pair
induced by P.

It is interesting to notice that if P is tilting, then by Proposition 3.3.1 we have A = A
and so we obtain the same results found in Chapter 2.

(ModA, (T(P), F(P))) ~rrvnnnnnn B nnsnnnnnnnrnes (C(P), (]:(fl’)[l], T(P))
= [Hompp 4y (P—)

(modB, (X(P),Y(P)))

(C(Q), (F(Q, T(Q)) +ppa (mod B, (T(Q), F(Q)))

3.4 Silted algebras

In this section we will be working in the setting of hereditary algebras or hereditary
abelian categories. We will study endomorphism algebras of 2-term silting complexes and
characterize them with some nice homological properties.

We recall that an algebra is called hereditary if it has global dimension equal to 1, i.e.
if Ext"(—, —) vanishes for all n > 2. Similarly an abelian category is said to be hereditary
if Ext"(—, —) vanishes for all n > 2.

We now introduce the main object that we will study in this section: silted algebras
and shod algebras.

Definition 3.4.1. Let B be a finite-dimensional K-algebra, with K field. We say that
B is silted if there exists a finite-dimensional hereditary algebra A and a 2-term silting
complex P € K’(proj A) such that B = Endps4)(P).

The algebra is called quasi-silted if there exists an Ext-finite hereditary abelian category
H and a 2-term silting complex P € D°(H) such that B = Endpss)(P).
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So a silted algebra is simply the endomorphism algebra of a silting complex coming
from a finite-dimensional hereditary algebra, whereas in the case of quasi-silted we start
from hereditary abelian categories. In particular we obviously have that all silted algebras
are quasi-silted, since we can just take H = mod A.

Definition 3.4.2. Let A be a finite-dimensional algebra. We say that the category mod A
has the shod-property if for every indecomposable module X we have pdX < 1oridX < 1.
We call algebras with the shod-property shod algebras.

Note that having the shod-property means that every module is close to be either
projective or injective. The name shod in fact stands for small homological dimension.

With this property we are also able to give a bound on the global dimension, thanks to a
result in [HRS96].

Proposition 3.4.3. Let A be a shod algebra. Then gl.dimA < 3.
Proof. Let M € mod A, and consider the beginning of its minimal projective resolution:
P—FP—M—0.
Let K be the kernel of the map P, — Fy, so that we obtain the exact sequence:
O->-K—-P—-F—~M-—0.

Let X be an indecomposable direct summand of K. Since there exists the previous exact
sequence we have that Ext’ (M, X) # 0. Since idX = sup{n|Ext’y(—, X) # 0}, we get
that idX > 2. Since A is shod, we must have pdX < 1. Repeating this argument for all
the indecomposable direct summands of K, we have that also K has projective dimension
not greater than one. So there exists a projective resolution of K:

0— PF — PE —0.

So we get that:

0P —-PF P =P —0
is a projective resolution of M, so that pdM < 3. Being M arbritrary, we have that
gl.dimA < 3. O

Definition 3.4.4. We call a shod algebra strictly shod if it has global dimension equal
to three.

Let X,Y € mod A be indecomposable modules. We say that X is a predecessor of Y
and that Y is a successor of X if there exists a sequence

xhx x5 ox, Iy
with X; indecomposable and f; non-zero for i =0, ..., n.

Recall that in the previous chapter, starting from a finite-dimensional algebra A and
a silting complex P € K°(proj A), we built a torsion pair (X (P),)Y(P)) in mod B, where
B = Endps4)(P). We now see that we can say more about that torsion pair in the case
that A is hereditary.
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Proposition 3.4.5. Let A be a hereditary algebra, P € K°(proj A) a 2-term silting com-
plex and B = Endpva)(P). We have:

1) The torsion pair (X (P),Y(P)) is split in mod B.

2) X(P) is closed under successors and Y(P) is closed under predecessors.

3) For any X € X(P) we have idX <1 and for any Y € Y(P) we have pdY < 1.

Proof. 1) Using the isomorphism of Corollary 3.1.16 and the definition of X' (P) and

Y(P) we get the following equalities:

Ext’ (T (P), F(P)) = Ext(Homps 4y (P, T(P)), Hompe 4y (P, F(P)[1]))
= Exty(X(P),Y(P)).

Since A is hereditary, Ext% (—, —) vanishes, we obtain Exty (X (P), Y(P)) = 0, so the
torsion pair (X (P),Y(P)) is split since it has no extensions.

We show only that X' (P) is closed under successors, as the other statement is dual.
Let X € X(P) and take Y to be a successor of X. So there exists a sequence

X f—0> X f—1> X, > .= X, f—"> Y with X; indecomposable and f; non-zero
for i = 0,...,n. We will show the claim by induction on n. For n = 0, we have

X &y, Since fo is not zero and X is torsion, Y cannot be in Y(P). Since, by 1),
we have that (X (P), Y(P)) is split, we have that Y € X(P). Now let n be arbitrary
and suppose that the claim holds for ¢ = 0,...,m» — 1. So we have the sequence

X2 x5 x, 5 .= X, 2% V. By induction hypothesis X,, € X(P) and so,
by the reasoning of the case n =0, also Y € X'(P). So we get the claim.

We show that for any Y € Y(P) we have pdY < 1, the other is similar. Let
Y € Y(P) = Hompu 4 (P, T(P)), so there exists M € T(P) such that ¥ =
Hompu(4)(P, M). By Proposition 3.1.11 2), there exists a short exact sequence

0O—-L—>1Ty—M—=0

with L € T(P) and Tj € add H°(P).
For any N € T(P), applying Hom4(—, N) to the short exact sequence we obtain
the exact sequence:

++- = Exty(Ty, N) — Exty (L, N) = Ext’ (M, N) — --- .

Notice that Ext% (M, N) = 0 since A is hereditary and Ext}(Ty, N) = 0 since Tj €
add H°(P) and so, by Proposition 3.1.11, Ty is Ext-projective in T(P). So, by
exactness, also Ext! (L, N) = 0. This holds for any N € T (P), so L is Ext-projective
in 7(P) and again from Proposition 3.1.11, L € add H°(P).

Since A is hereditary, for every complex X we have:

X = B H(X)[-i].

1€EZ
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In particular we have that H°(P) € add P. Combining these two results we get that
L € addP.

So we have Ty, L € add P. Applying Homps(4) (P, —) to both we get that Homps 4) (P, Tp),
Hompu(4)(P, L) € add B = proj B. So Hompu(4)(P,Ty) and Homps 4y (P, L) are pro-
jectives. Now, applying Hompe(4)(P, —) to the short exact sequence we obtain the
short exact sequence:

0 — Homp(4) (P, L) — Hompe(4)(P, T) — Hompe( 4y (P, M) — 0

since Hompu(4)(P, L[1]) = 0 as L € T(P). So we get that pdY < 1 as this short
exact sequence is a projective resolution of Homps 4y (P, M) =Y.
O

Corollary 3.4.6. Fvery silted algebra is shod.

Proof. 1t follows from the previous proposition by the fact that every module in X'(P) or
Y(P) has either the projective dimension or injective dimension not greater than one and
since the torsion pair is splitting. O

We define tilted algebras and quasi-tilted algebras in the same way as we defined silted
and quasi-silted algebras but for tilting objects. We clearly have that tilted algebras are
quasi-tilted and, moreover, since all tilting objects are silting, that (quasi-)tilted algebras
are (quasi-)silted. It was shown in [HRS96] that quasi-tilted algebras are shod. They
were able to prove something more by giving a characterization of quasi-tilted algebras in
terms of shod algebras:

quasi-tilted algebras are exactly the shod algebras of global dimension at most two.

In the paper [BZ16a], Buan and Zhou studied (quasi-)silted algebras and gave the following
characterization of them in terms of shod algebras:

Theorem 3.4.7 ([BZ16a]). Let A be a connected finite-dimensional K -algebra with K
algebraically closed field. Then we have:

1) A is a quasi-silted algebra if and only if it is a shod algebra.
2) A is strictly shod if and only if it is a silted but not tilted algebra.

So we have that quasi-silted algebras are exactly the algebras with the shod property.
Moreover, we can see that we have a clear distinction between silted algebras and quasi-
tilted algebras by their global dimension (of course without considering tilted algebras
which lie exactly in the intersection of the two).



86

Chapter 3. Silting Theory




Chapter 4

An example

In this last part of the thesis we present a complete example to show all the main results
of Chapter 3. We begin by considering the following quiver Q:

1

|

2 >3 >4 > D.
We have that @ is finite, acyclic and connected, so A := K@ is hereditary. The
Auslander—Reiten quiver of mod A is:

0081 00(1)0 01%1 11(1)0 00(1)0
N SN SN SN S
0011 0121 1221 1110
N AVAVA
0011 0110 1111
01(1)1 11%1 01%0 1180
NSNS N SN
1111 0010 0100 1000

Now, denote by P; the projective module relative to the vertex ¢. Let P be the complex
in Db(proj A) given by:

P=PR[lleRl&P,— P)®&P &P
0 0 1 1 0
= 1111 @ 0111112 0000 ® 0011 © 0001-

It is easy to check that we have Homys po; 4) (P, P[1]) = 0. Moreover, since all the
projectives appear in P, we have that thick(P) = K’(proj A). So P is a silting complex.

87
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By Theorem 2.2.11, P induces a torsion pair (7 (P), F(P)) in mod A given by:
T(P) ={X € mod A | Homps (4 (P, X[1]) = 0}
F(P) ={Y € mod A | Homp 4 (P,Y) = 0}.

We can look at the torsion pair in the Auslander—Reiten quiver. 7 (P) is denoted with
the lines and F(P) by the dots:

6 s 7T — 38— 39410

o B v 4

and 7 is the ideal generated by the relations fv and ). The Auslander—Reiten quiver of
B is:

11100
00011 01100 11000
00001 00010 00100 01000 10000
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By Corollary 3.4.6, B is a shod algebra as it is the endomorphism algebra of a silting
complex. We can directly see that every indecomposable has either projective dimension or
injective dimension less or equal than one from the following diagram. It is the Auslander—
Reiten quiver where in every vertex corresponding to the indecomposable module X we

write the pair (pd X, id X).
(0,0)
SN
(0,1) (3,0)
SN SN SN
(2,1) (3,1) (1,0)

The global dimension of B is 3. Indeed, for example, the minimal projective resolution
of the module S(7) = 01000 is given by:

(0 = P(10) - P(9) —» P(8) — P(7) = S(7) — 0) =
= (0 — 00001 — 00011 — 00110 — 01100 — 01000 — 0).

So B is a silted algebra that is strictly shod.
By Corollary 3.1.15, in mod B we have the torsion pair (X' (P), Y(P)) given by:

X (P) := Hompu4) (P, F(P)[1])

y(P) = Home(A)(P,'T(P)).

Namely, in the Auslander—Reiten quiver they are:
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We now want to find the complex Q constructed in the Chapter 3. We have to start
from the triangle:

Ap: ASP L P Al
where P/, P” € add P. Moreover, e is an add P preenvelope, so we get that:
P/ = P1 @ P5 @ P]
and
P” = Pg[l] @Pg[l] @(P4 — Pl)
The map f goes from P; to (Py — Py;). So the complex Q is:

Hom P,f)
Q = Homps (1) (P, P') — 2" Homps (1) (P, P")

= 00011[1] ® 00001[1] (00011 — 00110) & 11100 & 01100.

By Proposition 3.2.5, Q is a silting complex. We now want to compare the endomorphism
algebra of Q with A.
The endomorphism algebra of Q is:

A= Ende(proj B) =

cocoR
commR
RO
oxooo
oo

It can be represented by the quiver:

14 —%515—"313 4512

with relation bd = 0. Note that A is a quotient of the algebra A. The Auslander-Reiten
quiver of mod A is:
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As before, Q induces a torsion pair (X (Q),Y(Q)) in mod B. From Proposition 3.2.5
we have that 7(Q) = X(P) and F(Q) = Y(P). So the torsion pair (X¥(Q),V(Q)) =
(Hompe(5)(Q, F(Q)[1]), Hompi ) (Q, T(Q))) is:

where X (Q) is denoted with the lines and Y (Q) with dots.

Finally, we can see how mod A is a subcategory of mod A. Indeed in the Auslander—
Reiten quiver of mod A we can find the Auslander-Reiten quiver of mod A. In the follow-
ing picture we have the Auslander-Reiten quiver of mod A and in blue we have mod A.

Note also that the torsion pair (7 (P), F(P)) and (X (Q),Y(Q)) coincide, as from Theo-
rem 3.3.3.
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