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Abstract:

The goal of this thesis project is to study the C,-semilinear representation C, ®z, T},(X),
where X is an abelian variety over a local field K, following Fontaine’s paper “Formes
différentielles et modules de Tate des variétés abéliennes sur les corps locaux". The main
goal is to prove the Hodge-Tate decomposition T,,(X) ®z, C, = (Vo @k C,) ® (Vi @k Cp(1))
where Vg, V; are K-vector spaces of same dimension of X.

Thus, in the first chapter we compute the continuous cohomology groups of C,(n) with
respect to Gx = Gal(K, K). In the second chapter, Fontaine’s work analyse the module
of Kahler differentials €2 = QOK((’)@ ) using an integration of invariant differentials along
elements of the Tate module of a ﬁp—module ['. Finally, in the third chapter we prove
Tate-Raynaud theorem using the identification V,(2) = C,(1) and then the Hodge-Tate
decomposition is obtained involving the dual abelian variety and the cohomology groups
of C,(n).
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Introduction

The profinite Galois group Gx = Gal(K, K) (for a local field K) is a topic of great interest
in algebraic number theory. Therefore arithmetic geometry is keen on understanding the
action of G on geometric objects, for example on the Tate module 7,(X) of an elliptic
curve X or, more in general, of an abelian variety over K. In particular, the aim of this
thesis project is to study the C,-semilinear representation C, ®z, T),(X) and to prove
that it admits a Hodge-Tate decomposition, i.e. that it decomposes as finite sum of
Vi ®k C,(i) for some i € Z, where the V;’s are finite dim. K-vector spaces. These i’s
are called Hodge Tate weights and they indicate that the action of G is twisted by
the i-power of the cyclotomic character xcya : Gk — Z,. The main reference of this
thesis project is Fontaine’s paper “Formes différentielles et modules de Tate des variétés
abéliennes sur les corps locaux" [Fon82].

We begin with a brief overview of the results on abelian varieties that will be necessary
for this project, giving the references for a more detailed dissertation.

In the first chapter we study the continuous cohomology groups of C,(n). If n # 0
then the 0-th and 1-st cohomology group of C,(n) are trivial and later this result will be
a key algebraic tool for the decomposition. The main idea of the proof is to consider the
cyclotomic extension K., given by all p*-roots of unity and to study the ramification of
the intermediate cyclotomic extensions using the upper ramification groups.

The second chapter is dedicated to the study of the module of Kéahler differentials
Q= QOK(O@p). We consider I, the Z,-module structure on mg, given by the multiplica-

tive formal group G,,. An original work of Fontaine studies an integration of invariant
differentials on I' along elements of the Tate module of I' . This allows to identify {2 with
(Q,/a)(1) for some fractional ideal a, that implies V,(Q2) = Homg, (Q,, Q) = C,(1).

Finally, in the third chapter we consider an abelian variety X over K with good
reduction, i.e. there exists an abelian scheme X over O such that X = X Xgpeco, SpeckK.
Assuming the good reduction, we prove Tate-Raynaud theorem: there exists an injective
K-linear map

Qx<X) — Homzp[g] (TP(X), ‘/p(Q))

where Qx (X)) is the K-vector space of global differential forms on X. The G x-equivariant
isomorphisms V,(€2) = C,(1) and the cohomological results of chapter one lead to the
HodgeTate decomposition theorem for 7,(X) ® C,, that is a G -equivariant C,-linear
isomorphism

TP(X) ®Zp Cp = (VO QK (Cp) 2 (Vl QK Cp(l))

where Vg, V; are K-vector spaces of same dimension of X.



Chapter O

(zeneralities on Abelian Varieties

0.1 Definitions

Definition 0.1.1. A group wvariety over K is a group object in the category of algebraic
varieties over K, i.e. it is an algebraic variety V over K endowed with regular maps
m:V XV = Vandinv : V — V and an element e € V(K) such that the following
diagrams are commutative:

vy xy vy sy
Eb\f” E}\f"
\% %
‘I (id,inv) VXV ‘[v (inv,id) VXV
SpecK —~—=V SpecK —-—=V

idxXm

VxVxV—VxV
lmxid lm
VxV n Vv

which represent respectively the properties of the identity element, of the inverse and the
associativity rule.

The definition implies a structure of group on V(K) and on the other hand this structure
implies the commutativity of the previous diagrams. In general, for every extension L/K,
the set of points V(L) inherits a group structure.
Let a a K-rational point of a group variety V. We define the right translation by a to be
the map ¢, : V' — V given by the composition
d

vy v By
The map ¢, is an isomorphism and its inverse is Z;,,(q). In particular, a group variety V'
is always non-singular since we may translate a non-singular open to every point of V.

Definition 0.1.2. An abelian variety over K is a complete and connected group variety
over K.



We need to introduce also the definition of abelian scheme.

Definition 0.1.3. An abelian scheme over a ring R is a group scheme A over R such
that the structure morphism A — SpecR is of finite presentation, proper, smooth and
with all fibers geometrically connected.

Notice that a group scheme is simply the analogous of a group variety in the settings of
schemes.

0.2 Properties

An abelian variety turns out to be projective and commutative (with regard to the group
law), thus we will use the additive notation and we may use 0 instead of e. We state the
main tools towards these results without any claim to completeness and we also introduce
some important notions, such as the Tate module and the sheaf of differentials.

Commutativity

Theorem 0.2.1 (Rigidity theorem). Let a: V X W — U be a regular map and assume V
complete and V- x W geometrically irreducible. If there are points ug € U(K), vg € V(K)
and wy € W(K) such that

a(V x {woe}) = {uo} = a{ve} x W)
then a(V x W) = {ug}.
This implies the important corollary:

Corollary 0.2.2. FEvery reqular map o : A — B of abelian varieties is a composition of
a homomorphism with a translation.

Proof. We may translate and assume «(0) = 0 so then ¢ : A x A — B defined as
o(a,a’) = ala+d') — ala) — a(d’) is a regular map and by the Rigidity Theorem is the
zero map, i.e. « is a homomorphism. O

In particular, inv is a regular map that maps 0 to 0 and by this corollary it is an
homomorphism, hence the operation m of an abelian variety is commutative.

Theorem of the cube/square

The result regarding abelian varieties being projective requires deep work and technical-
ities, thus for our purposes we may as well define abelian varieties directly as projective
group varieties instead of complete.

However, we state two important results on that direction since they will be useful in
defining the dual variety in the next section.

Theorem 0.2.3 (Theorem of the cube). Let U, V , W be complete geometrically irre-
ducible varieties over K, and let ug € U(K), vy € V(K), wy € W(K) be K-rational
points. Then an invertible sheaf L on U x V' x W is trivial if its restrictions to

UxV x{w},Ux{ve} x W, {ug} xV x W

are all trivial.



Theorem 0.2.4 (Theorem of the square). For every invertible sheaf L on an abelian
variety A and for every couple of points a,b € A(K) then

£ LOL~ LRt

A interesting family of regular maps between abelian varieties are the isogenies, i.e.
surjective homomorphisms with finite kernel. In particular, for every n > 0, the map
na:A— A that maps a — a+ -+ a (n-times) is an isogeny ([Mil86] section 1.7).

Proposition 0.2.5. Let A be an abelian variety of dimension d and let n > 0. Then
na A — A s an isogeny of degree n?®, in particular it is surjective and A,(K) =
Ker(ny : A(K) — A(K)) contains n* points.

Since this must hold for every n > 0, then the finite abelian groups structure theorem
implies that A, (K) = (Z/nZ)*® as group.
Moreover, for a prime [ we define

Ti(A) = lim A (K)

called the Tate module of A. It is a free Zi-module of rank 2d. The action of Gal(K /K)

on A (K) induces an action on T;(A) which will be the main object of interest in this
thesis project.

We conclude this section stating an important proposition regarding the sheaf of differ-
entials Q%,/ 5 for a group variety V, referring to 3.2, 3.3 in [Spr81].

Proposition 0.2.6. Let V' be a smooth algebraic variety over K of dimension d over K,
then

1. The sheaf of differentials Q%//K on V is a locally free sheaf of Ovy-modules of rank d.
2. If V is a group variety, then Q%//K 1s free.
Part 2 derives from the the natural isomorphism

Qo @K Oy = Q%//K

where () is the dual of space of the tangent space Ty, at 0 to V. The map is given by
the pullback of wy € €2 via the translations. In particular, the everywhere regular forms
on an abelian variety A are exactly the invariant forms (see [MRMT74| pag. 39-40).

0.3 Pic’(A) and the dual variety

Let £ be an invertible sheaf on A; from the theorem of the square we deduce that the
map

Aot A(K) — Pic(A),a — t:L® L7
is a homomorphism for every L. Let define
C(L) = {a € A(K) [ Az(a) = 0}.

It is a closed subset of A and it is key in the definition of Pic’(A), due to the next
proposition.



Proposition 0.3.1. For an invertible sheaf L on A the following conditions are equivalent:
o (L) =A(K)
e M*L~p"L.Rq¢L
where p, q are the two projections A x A — A.
We define Pic”(A) as the subgroup of Pic(A) of the classes of invertible sheaves re-
specting the equivalent conditions of Proposition 0.3.1.
An important property of invertible sheaf £ € Pic’(A) is that for every couple o, 3 : V —

A of regular maps holds
(a+pB)L~a"L&[L.

The dual abelian variety A" has the goal of parametrizing the elements of Pic’(A). We
introduce an axiomatic definition of AY and we won’t deepen into the actual realization
of the variety; for our purposes we assume the existence of the dual abelian variety AY
for every abelian variety A over K.

We consider A the set of pairs (AY,P) where AY is an algebraic variety over K and P is
an invertible sheaf on A x AV satisfying the following conditions:

o Plaxp € Pic’(Ay) for all b € AY;
o Plioyxav is trivial.

We define the dual abelian variety AV and the Poincare sheaf P as a pair (AY,P) € A
satisfying the following universal property: for any pair (T, L) € A there exists a unique
regular map « : T — A" such that (1 x «)*P ~ L.

Some important remarks:

1) Assuming the existence of the dual variety (AY,P), the universal property implies its
uniqueness up to a unique isomorphism.

2) The universal property states that

Hom(T, AY) ~ {L € Pic(A x T) satisfying above conditions}
and applying to T" = SpecK we obtain
AY(K) = Pic’(A)
3) Finally, by the actual construction of AV as quotient A/C(L) for an ample divisor £

we have that A and AY have the same dimension, since C'(£) has dimension zero (see
[MRMT74] sections 2.7, 2.8).

0.4 Welil pairing
For every m > 0, the Weil pairing is a canonical nondegenerate pairing
em : An(K) x A (K) = pim(K)

where ji,,(K) is the group of m-th roots of unity in K.



Definition of Weil pairing

For simplicity, let assume K algebraically closed, so let a € A,,(K) and o’ € AY.(K) C
Pic’(A). If o is represented by the divisor D on A, then m*D is linearly equivalent to
mD by the property of Pic’(A). Since a’ € AY,(K) then both m*%D and mD are linearly
equivalent to 0, i.e. there exist rational functions f and g on A such that mD = (f) and
m*%D = (g). Since

div(f o ma) = miy(div(f)) = mi(mD) = m(m} D) = div(g™)

we deduce that ¢"/(f omy) is a constant function ¢ on A since it has no zeros and poles.
Therefore,
g(x +a)™ = cf(mz +ma) = cf(mz) = g(x)™

which implies g/(got,) to be a function whose m-th power is 1. Since K (A) = K we may
identify the function with an element of u,,(K) and we define

em(aa a/) = g/(g © ta)'
From the definition follows the next lemma.

Lemma 0.4.1. Let m,n be positive integers, then for all a € Ap,(K) and d’ € AY,, (K)
holds

emn(a,a’)" = e, (na,na’).

This lemma is useful since for every prime [ it allows to define a nondegenerate pairing
e Ti(A) x T)(AY) — Zy(1) as

e((an), (a,)) = (e (an, ay))

where Z,(1) = Jm fiye (K) (see paragraph on cyclotomic character in section 1.1).



Chapter 1

(alois cohomology

In this chapter we compute the 0" and 1 Galois cohomology groups of C,(n). I personally
preferred to follow the exposition on [Jor12|, rather than the one in [Tat67], although they
are similar in most parts. I will assume the basics of p-adic number theory, whereas I will
introduce the upper and lower ramification groups. For further readings on these topics
see [Neul3| and [Ser13].

1.1 Generalities on Galois cohomology

We revise the definitions and basic results of Galois group cohomology. We refer to the
work of Tate and his definition of continuous cohomology.

Let G be a profinite group, then we consider a topological abelian group M endowed
with a continuous G-action, i.e. there is have a continuous map G x M — M (o, m) —
o(m) € M such that for every m,n € M and for every o,7 € G

lg(m) =m om+n)=oc(m)+o(n) o(t(m)) = (o-71)(m)
We can directly define the 0 and the 1% cohomology groups of M with respect to G.

Definition 1.1.1. The 0" cohomology group of M with respect to G is the group of
G-invariants:

H(G, M) =M ={me& M :o(m)=m for every o € G}
Definition 1.1.2. The 1% cohomology group of M with respect to G is the group
HYG,M)={f:G — M: fcontinuous map s.t. f(or)=0c(f(1))+ f(o)}/ ~
where f ~ g if for some m € M we have g(o) = f(o) + o(m) —m.

This definition gives rise to a group indeed, using the standard terminology, it is the
group of continuous 1-cocycles, i.e. continuous maps G — M that satisfy the cocycle
condition written above, quotient the subgroup of 1-coboundaries, i.e. all the maps (that
are necessarily continuous) o +— o(m) — m for a certain m € M.

The definition of H'(G, M) with ¢ > 1 is possible in an analogous way and this
construction is just a particular case of the right derived functor for the functor (—)¢, but
this goes beyond our point of interest; Serre’s book [Serl3| is recommended for a more
general approach.

We know recall some tools very useful when dealing with cohomology groups.
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Theorem 1.1.3. Let H C G be a normal subgroup of a profinite group G and let M
be a topological abelian group endowed with a continuous G—action. Then we have the
following exact sequence of groups:

0 — HYG/H, M™) ™5 gy(G, M) 2% HY(H, M)/

Remark 1.1.4. The map inf : H (G/H, M%) — HY (G, M) is defined as follows: if
fe HY G/H, M%), then inf(f)(g) = f(gH) with g € G.

The map res : H'(G, M) — H'(H, M) is the restriction of the domain and it’s possible
to define an action of G on H'(H, M) as (9(f))(h) = g(f(g'hg)). The cocycle condition
implies that H acts trivially on H*'(H, M) and moreover the image of res is G (or G/H)
invariant in H'(H, M).

Theorem 1.1.5 (Hilbert 90). If L/K is a finite Galois extension, then

Hl(GL/K,LX) — O
H'(Grx,L)=0

where Gk 1s the Galois group associated to L/K.

Proposition 1.1.6. If the profinite group G is procyclic, i.e. it has a dense subgroup
generated by one element g, then

H°(G, M) = MY
HYG, M)~ M/(g—1)M

Proof. Of course, M® C M9 and by continuity if m € M9 then ¢'(m) = m for every
J eq.

For H', using the cocycle condition on f : G — M we deduce that the value of f(g"*) is
determined by f(g). This implies that a continuous cocycle f : G — M is determined by
f(g) € M. A continuous cocycle is then a coboundary if f(g) = g(m) —m = (¢ — 1)m for
some m € M, so H' (G, M) = M/(g —1)M. O

In general, Galois cohomology is the continuous cohomology with respect to the ab-
solute Galois group G = Gal(K*?/K), which is a profinite group, for a certain field
K.

In particular, we are interested in the case K finite extension of Q,, so K is a complete
discrete valuation field of characteristic 0 with finite residue field of characteristic p > 0.
We consider an algebraic closure K = @p and its completion C,. The action of G =

Gal(Q,/K) extends by continuity to C,,.

Cyclotomic character

For every n € N we fix (,, a primitive p"—adic root of 1 in @p, in a compatible way,
ie. ¢y = (. Then every 0 € Gk maps (, to (" with z, € (Z/p"Z)* compatible
family, i.e. x,+1 = 2, (mod p"); we define the cyclotomic character xcya : Gx — Z; as
Xeyel(0) = {Zn}n € Z). Note that every {z,}, € Z) can be identified with an element of
Gal(Fx/Q,p) where F is given by Q, adjoint all the p" roots of unity.

We can then twist C, by a power of the cyclotomic character: C,(n) is the 1-

dimensional C, semi-linear representation C,v with action of Gk defined as o(zv) =



0 () Xeyaa(0)™v. Strictly speaking, it means that C,(n) is C, as vector space but the Ga-
lois action of G is twisted by the n—power of the cyclotomic character. Another way
to describe Cp(n) is C,(n) = C, ®z, T®" where T = m /i (K) with the convention of
keN

taking 7%~ the dual of T®" for positive n (remind that p,x(K) is the group of p"-roots
in K and the natural embeddings give a projective system).

The goal of this chapter is to compute H°(Gg,C,(n)) and H(Gg,Cy(n)) and this
computation will be key later combining it with the work of Fontaine.

1.2 Ramification and ramification groups

In this section we introduce the upper and lower ramification groups; they will help us to
compute or estimate the ramification of intermediate extensions.

Definition 1.2.1 (Lower ramification groups). If L/K is a finite Galois extension, then
for uw > —1 the lower ramification groups are defined:

Grku =10 € Gk :vp(o(x) —x) >u+1,Ve € Or}

Since vy, has only integer values on L, we have Gk, = Gpr/k 4], S0 then we can

define G/, also as the subgroup of G k that acts trivially on Oy / m;ﬂ (where my, is
the maximal ideal in Or). An element of G’k is then trivial in Gy where [, k are the
residue fields. Moreover, by Galois correspondence we have that if for every x € O and
for every u we have vy(o(x) — x) > u, then it means that o is the identity on L. We
summarize these properties in the next proposition.

Proposition 1.2.2. 1. Griku = Gr/r [ul-
2. Grx,—1 = Gk and G o = Ir, (the inertia subgroup).
8. Ifu>u then Grxw C Grjiu and for u>> 0 we have Gr r, = {1}
For the definition of the upper ramification groups we need the following function.

Definition 1.2.3. If L/ K is a finite Galois extension we define ¢k : [—1,00) = [—1,00)
as

t
1
t) = du
¢L/K( ) /o [GL/K,O : GL/K,u]

Remark 1.2.4. Using the previous proposition we see that ¢r,x is a piece-wise linear
function of slope 1 in the interval [—1,0] and slope 1/erx = 1/#I1/k fort > 0.

Definition 1.2.5 (Upper ramification groups). Foru > —1, the upper ramification groups
are defined in terms of the lower ramification groups as

LK = GL/K,¢>;}K<u)
We will also make use of Herbrand’s theorem:
Theorem 1.2.6 (Herbrand). Let L/M/K be finite Galois extensions, then

1 Gy =Gy /(G e 0 Gryar)



2. ¢L/K = ¢M/K o ¢L/M
We denote by Dy,/k the different of the finite extension L /K ; then this final theorem
will be the key of our computations later on.

Theorem 1.2.7. Let L/K be a finite extension, then
1. If I is a (fractional) ideal of L then v (Trp k(1)) = |vk(IDr k)]
2. If L/K is Galois,

oo o0

on(Dix) = / (#Cpku—Ddu  ox(Dyjx) = / (1-—

-1 -1

1
#G1 )k

)du

Proof. 1. We prove that vi (Trz k(1)) > n if and only if vg (/D k) > n and the result
follows from the fact that Try k(1) C K whereas IDy/x C L.
UK(TI'L/K(I)) >n <— TrL/K(I)mI}" - OK <~ TrL/K(Im;(") - OK g
= Imy" C D < vg(l) —n>wk(Dy ) <= vk(IDpjx) >n
where we used the definition of the inverse different DZ/IK ={zeL:Tryx(z0L) C
Ok}

2. First we observe that the RHS is finite since # G,k ., = 1 for u big enough. Secondly,
the equation on vr(Dy,k) is derived directly from the one on vg(Dy k) with the
substitution u = QSZ}K(t), so we are proving only the first equation.

We are in the case K and L finite extensions of Q,. This means that O = Ok(x)
for some element z € Op; if we denote with f(X) the minimal polynomial of x,
then Dy k is generated by f'(x). Now,

X)) =] X-ol@)=r@= 1] @-o@)
o€GL /K 0€GL K,0#1

So we get v.(Dr/x) = > vi(x — o(z)). The last step is to observe that o €

o#1

Gr/ku <= vi(r —o(x)) > v+ 1. This implies that
Z vp(z —o(z)) = n(#GL/K,n—l - #GL/K,n)
owp(z—o(z))=n

So denoting with N the maximum of vy (z — o(z)) for o # 1, we get

Z vp(z —o(x)) = Z n(#G L kn-1 — #GL/kn)

o#l =0

N-—1
( > #GL/K,n> — N#Grxn

n=0
—1

(#Grjkn — 1)

3

=

3
o

o0

= /(#GL/K,u — 1)du
-1

since #G kN = 1 by assumption on N.

10



1.3 Ax—Sen—Tate Lemma

In this section, we will prove the Ax—Sen—Tate Lemma that will play an important role in
computing H(Gr,C,(n)) and H*(Gg,Cpy(n)). We first need a lemma on the valuation
of roots of polynomials and thus a lemma on the approximations of algebraic numbers.

Lemma 1.3.1. Let f € @p [z] be a monic polynomial of degree n such that every root has
valuation > u, then we have:

1. If n = p*ng with p{ng then %" has a root B with v(B) > u.

2. If n = p* then f®°) has a root 8 with v(B) > u— %

Proof. We write f(X) = X" + a,_1 X" '+ -+ + ag. We remind that the opposite of
the slopes of the Newton polygon associated to f are the valuations of the roots of f
(counted with multiplicity). This implies that all slopes are < —u so v(a,) > iu for every
0 <i<n—1. We write ¢ = p*, then

n—q .
f@ _ Z (n — z) a, X"

¢ =\ q

So the product of the roots of f(gq) is :i:aq/(Z), thus
n
= ()
B root of f(a) q

so there exists a root [ such that

R ) (o)
n—q n—q \\¢ n—q \\¢q
. To conclude we need to notice that
((n)) 0 if n = pFng
v g
q v(p) if n = ptt

since v(n —m) = v(m) for every m < ¢ in both cases, whereas v(q) = v(n) in the first
case and v(q) + 1 = v(n) in the second case.

]

Now we prove a lemma about approximation of algebraic numbers. If o € K, we
define Ag(a) = minv(o(a) — a) with 0 € Gg(a)/k-

Lemma 1.3.2. Let K/Q, finite extension and let o € K. Then there exists B € K such
that

v(a—B) > Ar(a) — @Uﬂ)a

Proof. We will show a stronger statement:
lLogpn |
~ v(p)

v(a = B) > Ag(a) = >

—~ (p—1)p~!
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where n = [K(«a) : K] = deg  with  minimal polynomial of a over K. We are going
to show this by induction on n; the case n = 1 is trivial since we can choose o = f5.

The inductive step is the following. Let P(X) = Q(X + a) which has roots o(«) — «
for 0 € Gg(a)/K, so we get that all roots of P(X) have valuation > Ag(a). We write

k1 and ¢ = p* as in the previous lemma. Thus we get a root 3 of P@

~ {AK(Q) n :pkn(]

n=pngorn=p
such that

v(B) = v
AK(Q> — pk(;p—)l) n = pk+l

Let 3 = 4 a so that § is a root of Q@ such that v(3 — a) = ’U(B) Now,

v(o(B) = B) =v(e(B) —ola) +o(e) —a+a—p) =
(B) = o)), v(o(a) = a),v(a =)} > (1.1)
(), v(a = B)}

> min{v(o
> min{Ag

so we get

Ak () n = pkng

Ag(a) — pqul(f?l) n = ptt!

Ag(B) > {

We can use the inductive hypothesis on Q@ of degree n — ¢ to find a v € K such that

Llogp(n—q)]

v(B—7) > Ar(B) — Z %

Finally we notice that in the case n = p*ng we have |log,(n—q)| = k+[log,(no—1)| =
k + [log,no] = [log,n| so we get

[log,n|
v(B—7) > Ak(a) - Z (p_v(%

whereas if n = p**!, then |log,(n — ¢)| = k while |log,n| =k + 1, so
v(B =) >AK(a)—ﬂ—§:& :AK(Q)_S%%
- prp—1) = ptp-1) —~ptp—1)
We conclude since v(a —v) = v(a— B+ —7) > min{v(a— ), v(—7)} =v(B—7) O

We can state and prove the Ax—Sen—Tate lemma:

Theorem 1.3.3 (Ax-Sen-Tate). Let L/K be an algebraic extension. Then C5* = L. In
particular, if L/ K is finite then CEL = L.

Proof. Let v be a valuation on L and let x € C?L. We can then choose «,, € @p such
that z = lim,,_, «,,. For o € G we have

v(o(ay) —ap) =v(o(a, —x) — (o, — x)) > min v(o(a, — ), v(a, — ) = v(ay, — x)

12



so we get Ar(a,) > v(ay, — x). Using Lemma 1.3.2 we can choose (3, € L such that

V(B — an) > Ap(an) — (;_(pl))z; this implies

U(l’ - 5n) = U(.’ﬂ — Qp + Qp — Bn) Z min ’U('CE - Oén),’U(Oén - Bn) >

: v(p) v(p)
>min v(r — ay,), Ar(a,) — ——— >v(r —a,) — ———
so we deduce that lim (3, = x as well, so = € L.

n—oo
On the other hand, if z € ﬁ, then x = lim 3, for some 3, € L. The action of G, is
continuous so for o € G we get o(z) = o(lim G,) = limo(5,) = lim 3, = x since 3, are
invariant under the action of G7. O

1.4 Cyclotomic extensions and ramification estimates

Let F = Q, and K/F a finite extension; we define K,, = K((,) (where (, is a primitive p"-
adic root of unity over K') and K, the minimal field that contains every K,,. Analogously
we define F,, = Q,(¢,) and Fio. We call I'x = Gk /i, 'k, = Gk /K, Hxk = Gk, that
is kerxcya. We use the similar notation for F' recalling that I'p = Ly, Up, = 14+p"Z, with
Gp,p = (Z/p"Z)*. This is summarized in the following diagram of Galois extensions:

Qp—@p
Ko—Fy

In this section our goal is to study the relation between the cyclotomic extension of K
and the cyclotomic extension of ' = @Q, and this will provide us some estimates of the
ramification of K, /F, with the help of the upper ramification filtration groups.

We begin with a lemma on the cyclotomic extensions.

Lemma 1.4.1. 1. The cyclotomic character factors as Gx — T'x — I'r 2 Z), so we
Just think Xcya as the embedding I'x — I'p.

2. There exists an integer ng such that 1+ p"*Z, C Xeya(T'k)
3. Forn > ng we have Xeya(U'k,) = 14 p"Z, and K,, N Fx = F,.

Proof. 1. We have already mentioned that kerx.ya = Hg, so we consider cya : I'x —
Z, and notice that this is compatible with the isomorphism I'r = Z, i.e. Xcya :
'k — I'r is given by the restriction to Fl,. Now this map is injective since if g € I'x
is nontrivial, then g doesn’t map ¢, to itself for some n € N. This implies that g|z_

is not trivial. So we have the embedding Xcye : ['x — T'p.

13



2. First, Xcya is continuous since maps I'x,, — I'p, and since I'k is a profinite group, we
get Xeyel(Cx) s compact. We consider the logarithm log : 1 + p*Z, — p*Z,, which
is a continuous homomorphism so by continuity we get l0g(Xcya(I'r) N (14 p?Zy)) is
the image of a compact inside the closed p*Z,, so it is closed and thus open as well
(again because working in Z, that is profinite). The logarithm is also invertible so
Xeya (L) N (1 + p*Z,) is an open subgroup in Z) so it contains some 1+ p"KZ,.

3. We want to prove that for n > nx we have xeya(I'k,) = 1 + p"Z, = I'r,. Indeed,
the injection I'x < I'p gives an injection ', — I'p ; moreover, Ik surjects onto
'z, by part two. To conclude we notice that if g € ' is mapped to an element
of I'p, it must fix (yn, so g € I'k,,, so 'k, = I'p, since we have surjectivity and
injectivity, both given by Xcyel.

Finally, K, N F,, = Fofn = Firn — F, for n > ng.
]

Remark 1.4.2. We remind that 'y = Gk /x = l'&lGKn/K where Gk, /xk < Gp,/r and
since G, /p = (Z/p"Z)* is cyclic (p > 2), then 'k is procyclic, i.e. there exists v € I'x
such that (7y) is dense in I'.. We will call v the topological generator of T'k.

Using the study of the Galois groups of the cyclotomic extensions of K and F' we can
now compare their upper ramification filtrations, keeping the same assumptions (F = Q,
and K/F finite).

Lemma 1.4.3. 1. Forn > ng the extension K, 1/K, is totally ramified of degree p.

2. The index [K,, : F,] is decreasing and if K/F is Galois, then Gk, r, = Gk /r. for
n big enough.

3. If K/F is a Galois extension, there exists ux such that if n > nx and u > ug then

u ~ u
GKn/FnK = GFn/FnK :

Proof. 1. For n > ng, using Lemma 1.4.1, we have

GKTE+1/KTL g GFn+1/Fn
- IFn+1/Fn
={9€Gp,./r v(g(x) —x) > 0 for every v(xz) > 0}

—

={g € GKpir /K - v(g(z) ) > 0 for every v(z) > 0}
= Ik, /K,

where the second line follows since F,.1/F, is totally ramified of degree p and
the fourth line follows because actually both defining conditions are equivalent to
v(9(Cnr1 — Cur1) > 0. Thus the extension K,,,1/K, is totally ramified of degree p.

2. We simply have [K,, : F,,] = [KF, : FF,] bounded by [K : F] and decreasing, so it
must stabilise to [Ko 1 Fi).

3. We can define ug such that G3* B = {1} by proposition 1.2.2. By lemma 1.4.1
K K
we have for n > ng that K, N F,, = F,, so GKn/FnK = GKn/KnK X GKnK/FnK =

GFn/FnK X GKnK/FnK'

14



Using Herbrandis Theorem for u > ug we havethat G p =Gy 5 /(G’;(n/FnK
G?(n/KnK) and since GiILan/FnK = {1} then G}L(n/FnK = Gk, /K., = Gr,/F,, - ADb-
plying Herbrand’s Theorem again, we get G%n/FnK = Gl}t{n/FnK/(GIIL(n/FnK NGr,/r,),
50 G%n/FnK —» G%n/FnK C Gr,F,,- We already have G%n/FnK — fon/FnK that
implies G, S Gy [ by the same argument of part one. Combining the two
arguments, we get G}L{n/FnK > G%n/FnK'

O

Before applying these lemmas to estimate the ramification of the cyclotomic extensions
of K, we need to revise the case of the cyclotomic extensions of F' = Q,. In the next
proposition we will denote with G(n) the Galois group of the totally ramified extension
F,/F so that G(n) = (Z/p"Z)*; moreover, we remind that ¢, — 1 is a uniformizer for
F,,. To determine the ramification groups we define, for 0 < m < n, the subgroup G(n)™
consisting of the elements of G(n) that are =1 (mod p™). In this way G(n)" = G, /5,
since the automorphism corresponding to a € G(n)™ maps (,, to (% = (,, since a = 1
(mod p™).

Proposition 1.4.4. The lower ramification groups for F,/F are:

GQ = G(TL)

G, = G(n)t ifl<u<p—1
G, = G(n)? ifp<u<p’—1
G,=Gn)"={1} if p" Tt <

Thus, for everyn € N and u > —1 we have G%H/F =GR, /F., -

Proof. Let a be an element of G(n) and let o the corresponding element in the Galois
group. Let m be the largest integer such that a = 1 (mod p™); this means that a € G(n)™
and a € G(n)™*. We have already mentioned that o € G, if and only if v, (0((,) — () >
u + 1, so then:

UF, (U(Cn) - Cn) = VUF, (CS - Cn) = UF, (Cgil - 1)

Using our assumption on a, we have that (¢~! is a primitive root of unity of order p"~™,
so ¢! — 1 is a uniformizer of F,,_,, and we get

vE, (G = 1) = [Kpn 1 Kpnom] = 0(p") /¢ (p" ™) = p™

that provides the characterization of the lower ramification groups as in the statement.

We know now that the jumps in the lower filtration happen when u = p™ — 1 with
0 <m < n—1. Then if we prove that ¢p, /p(p™ — 1) = m, the upper ramification groups
are as stated, since G(n)™ is G, /r,, as explained before the statement.

71—
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Finally we can estimate the valuation of the relative different D, /p:

Lemma 1.4.5. 1. The sequence {p"v,(Dk, r,)} is bounded.
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2. There exists a constant ¢ and a bounded sequence a,, such that

an
Up<DKn/F) =n+c—+ ﬁ

Proof. We first assume that K/F is a finite Galois extension and then we will derive the
result for finite extension.

1. Assuming n > nx we have:

Up(Dk,/r) = Vp(Dryr,,. ) — vp(DryyF,, )

o G 7
= — — ” du
6FTLK./F —1 #G n/FnK #GKn/FnK

")
=— — u
€Fn /F J—1 #Gun/FnK #Gun/FnK

1 UK 1
< / ” du
anK/F -1 #GFn/FnK

where we used Theorem 1.2.7 and that, for u > ug, G,l;(n/FnK = ’llf_‘n/FnK. Now
USng that GFn/FnKW = GFn/F,’U N GFn/FnK and that GFn/F,v = G?Z?;,F(v) = GFn/F,v =
GFn/Fan/F(v)J for proposition 1.4.4, we get

- =G - =G G

i/ Frge Fu/ P b s, . (W) F”/prn/Foqui/FnK (w)] Fu/Fug

To conclude we use that ¢, /r = ¢, «/F© OF,/ Fuy by Herbrand’s Theorem. Thus

u — —_
Fn/Fny — GFn/F\_qunK/F(u)J N GFn/FnK = GFTL/Fmax(l_¢FnK/F(u)J,nK)

n—maz(|¢p, , /r(w)]nK)

so #G% JEny =P and the integral becomes:

UK
pnfUp(DKn/Fn) S 1 / pmaw(WFnK/F(u)J,nK)du
eF"K/F -1

and the right hand side is independent of n so p"v,(Dk, /r,) bounded.

2. The result follows from v,(Dk, /r) = vp(DPk,/F,) + Vp(Dr,/r) and the explicit cal-
culation of v,(Dp, /), using lemma 1.4.3 and that #Gp, /p, = p" " for i > 0:

o0

1
v, (D = l—— )du
p( Fn/F) /_1 < #GF,L/FWJ )

- 1
pr— 1 —_————
i—0 ( #GFn/Fi>

Tyt
=1l=—== -p
prip—1) =
1 p"—1
=1 +n—
ptp—1) p*Hp—1)
B 1
- —
Indeed, now we can assign ¢ = —p%l and a,, = p"vp(Dk, /F,) to satisfy v,(Dk,/r) =

n+c+ a,p~" with a,, bounded.
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Finally the case K/F finite. We consider L the normal closure of K over F. Then the
lemma applies to L so we get

Up<DLn/F) =n-+c+ Z_Z
Since vp(Dr,/r) = vp(Dr,/k,) + p(DPk,/r) We just need to prove that v,(Dr, Kk, ) is
definitely constant. If O, = Ok(z), then Op, = Ok, (x), so Op_ = Ok, (z). This
implies that, for n big enough, the minimal polynomial of z over K, is also the minimal
polynomial over K. Then for n big enough we have v,(Dy,/k,) = v,(F'(x)) , where
F(X) is the minimal polynomial of x over K.

[]

1.5 Galois cohomology of l/(\oo

In this section, we compute the first cohomology group of C, with respect of Hx = Gk,
and later this will result into an inflation-restriction sequence.

Theorem 1.5.1. Let L/K/Q, be finite extensions, then mg_ C Try_ k. (mr.).

Proof. For n > max(ng,ny) we know that L, = LF, and K, = KF,, so G, /k, =
Gr. /K. for n > cp i for some constant ¢y g > max(ng,ng). Thus for n > ¢ gk,

Trr. ko (mp,) = Trp, )k, (mz,) = m3z

where we can compute the exponent ¢, thanks to Theorem 1.2.7:
Cn = L/UKTL (anDLn/Kn)J = L/UKn (an) + eKn/F/Up(IDLn/Kn)J =

= ler,/k, t €r,/F.€F,/F(Vp(Dr,/r) — Up(Dk,/F))]
Now for n > ¢y g we have e/, < [Lyn : K] < [L: K] and e, jp, < [K, @ F] < [K:
F] and ep,/p = p" ' (p — 1) since F,/F is totally ramified of degree ¢(p™) = p"*(p — 1).
Using lemma 1.4.5, we have v,(Dyr,/r) — vp(Dk,/r) = ¢ + anp™™ with a,, bounded, so ¢,
is bounded by some constant ¢. Summing up, m% C Try_ k. (mz.. ) for all n.
Let € my and let x € mg,, for some m. Since eg, /k,, is unbounded for n > m,
then we can choose n such that ex,/k,, > csoxr € mg, Cmg C Try k(M ). O

Corollary 1.5.2. Let K/Q, be a finite extension, then
1. Every finite extension of K« is of the form Lo, = LK, for a finite extension L/K.

2. If L/K is finite, then there exists o € Lo such that Try_ k. () = 1 and v(o) >
—v(7g) where Tk is the uniformizer for K.

Proof. 1. Let L, be a finite extension of K, then it is a simple extension since it’s
finite and the characteristic of K is zero. Let Lo, = Ko(f) and P(X) the minimal
polynomial of 3 over K. Since every coefficient of P(X) is an element of K, for
some finite n, then 3 is algebraic over some K, for n big enough. Thus f is algebraic
over K, so L = K(p) is a finite extension that gives Lo, = LK.

2. Theorem 1.5.1 yields o € m_ such that v(a’) > 0 and Tr;_ k(') = 7. Then
a = o /T satisfies our request since Try_ k(o) = 1 and v(a) > —v(7mg) by our
choice of «'.

[l
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Lemma 1.5.3. If M € H'(Hg,p"Og,), then there exists x € p"'Oc, such that the map
g M(g)+g(z) —x € H'(Hg,p""'Oc,).

Proof. Since p”“OCP is open in p"Oc,, using continuity of M : Hx — p"Oc, we have
H' = M~ (p"**Oc,) open subset of Hx. Now H' must contain G, where L’ is a finite
extension of K. By corollary 1.5.2, then G, = Hp,i.e. L' = Lo, = LK, where L/K
is a finite extension, and increasing L (so decreasing H) we can assume that L/K is a
Galois extension and that M(H) C p"?Oc,

From corollary 1.5.2 let o € Lo such that Try_ k(o) = 1 and v(a) > —v(7g) > v(p).
We fix a set T' = {t1,ts,...,t,} of representatives of Hx/Hy in Hg, where T is finite
since #1 = #Gr /K., We define

T = Ztl(Q)M t

For g € Hx and g7 = {gt; : t; € T} then we can compute g(zr) using the cocycle
condition for M:

= Z(gti)(a)M(Qtz’) - <Z(9ti)<a)> M (g)
= Tgr — M(g)

where at the end we used that . (gt;)(a) = Trp__ k(o) = 1 since ¢gT is another set of
representatives of Hx /Hyp = G /Ko~ Moreover, we have gt; = h;t;, where h; € Hy and
Ji is a permutation of {1,2,...,m}. Thus

Tyr — T = Z(gti)(oz)M(gti) — 7
= i(hitji)(a)M (hitj,) — wr
Z (t5,5 hat,) (@) M (1,65 hat,) — o
= Z i, () [M(t;,) + t5, (M (£ it )] — ar

= Ztﬁ ()t (M(t; hit;,))
%

where in the third line we use t;lhitji € Hy since Hy, is normal in Hg, so it acts trivially

on o € Ly and in the fourth line we use that ¢, is a permutation so z7 simplifies.
Finally, since v(a) > —v(p) and M(t;, - hit; ) € p"?O¢, we get xgr — xr € p"TO¢,

for every g € Hg, so M(g) + g(xr) — xr = xgr — xp € p"T'O¢, as wanted. H

Remark 1.5.4. Note that g — M(g) and g — M (g) + g(z) — x are equivalent cocycles
so they represent the same element in the first cohomology group H*(Hy,C,).
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Theorem 1.5.5. We have H'(Hf,C,) = {1}.

Proof. Let M € H'(Hy,C,). Since M is continuous and Hy compact, then Im(M) C
p™Oc, for some ng € Z, i.e. m € HI(HK,p”OO(Cp). Now, iterating lemma 1.5.3, we obtain
for every n > ng elements x,, € p"‘l(’)@p such that

M(g) + Z (9(zn) — ) € pmHO(Cp

n=ng

Since z,, € p"'Oc,, thenz = Y x, converges and M (g)+g(z)—z € p™Og, for every m,

n=ng

so M(g) = z — g(x) and this means that M is a coboundary, i.e. H'(Hg,C,) ={1}. O

1.6 Normalized Traces and Cp(n)GK

In this section we introduce a family of linear and continuous operators and their study
will lead to H(G g, Cp(n)) together with the Ax-Sen-Tate Lemma.

Definition 1.6.1. For n > ng, we define pr, : Ko — K, defined in the following way:

We remark that pr, is well defined, i.e. if x € K, and we consider it as element of
K, k11 we obtain

pra(@) =p " Tk k(@) =0 T ek i (Tok ey s (7)) =

since K, ypr1/ Ktk is cyclic of degree p.

Lemma 1.6.2. Let n > ng and x € K, then vy(pri(z)) > v,(x) — anp™™ where oy, is a
bounded sequence.

Proof. We assume x € K, ;. Then

vp(prn(x)) = =k +vp(Trg,,, k. (%)) = =k + v,(Trk, /K, (mUKK”““ (x)))

n+k

Now we are going to first use Theorem 1.2.7 and then estimating thanks to lemma 1.4.5

VK, ()
LvKn (mKn_:;;k )DKnJrk/Kn)J

lpra() = k4

VK, (T)
(v, (g5 ) + vk, (D, i) — 1)

1

€K, /F
ik an, 1

ptk Pt er, E P H(p—1)

€K, /F

= —k+up(z) + (UP(DKn+k/F) - vp(DKn/F)) o

=vp(r) —k+n+k+c+

«
= vp(z) — p_:
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where

O — . — An+k + P
N ekym(p—1)
is bounded since since a, is bounded and eg,/r, < [K, @ F,] = [Ks : Fy| for n big
enough. O

Corollary 1.6.3. For n > ng, the linear function pry, is uniformly continuous on K
and so it extends to a continuous function pr, : Koo — K,

Proof. 1t is just an application of the previous lemma:

pra(@) = pra(y)| = lpra(e —y)| < o —ylp™r"
and since o, is bounded we have an upper-bound of p*=? ", O

We define K- = {z € Ko pry(xz) = 0}. We can then write the following short exact
sequence of (Q,—vector spaces:

O—>K¢—>@—>Kn—>0

Since pr,|k, = idg,, we have that the inclusion K, < l/(; is a right splitting, so for
n>ng weget[/(;:Kn@KnL.

Finally, the next proposition will show the power of the family of continuous operators
that enable to approximate equivariantly elements of K.

Proposition 1.6.4. Forn > ng and x € I/(\oo we have

1. vy(pry(z)) > vp(x) — ayp™ where oy, is the bounded sequence of lemma 1.6.2;

2. x = lim pr,(z);

n—0o0

3. pry commutes with the action of 'y = Gk /K-

Proof. 1. We know that pr, is continuous on f/(\oo and v, is continuous as well so the
inequality is induced by lemma 1.6.2.

2. We fix n and we write x = lim z,, with z,, € K,,. For every C > 0, we can
m—00
choose m such that for z,,, € K,m we have v,(x — 2,1.m) > C. We remind that

Protm+j (xn+m) = Tnim for every j > 0. So

Up(x - prn—&—m(x)) = Up(x — Tnt+m +prn+m(xn+m) prn—&-m( ))
> min{vy(z — Zogm), Vp(Pratm (T — Toim)) }
> min{C,C — amp "™}
= C — appmp "™

>C — apimp "

Since aymp~ " is bounded as m — oo, then we obtain x = lim pr,i,(x) =
m—r0o0

lim pry,,(z) by making C' — oc.
m—0oQ
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3. Let v € 'k be a topological generator (see Remark 1.4.2). Then, for n > ng the
group G, ,/k, = Gp,,./F, is cyclic and it is generated by a power 7*, i.e. 7|k, .,
is a generator of G, /K, (we will write 7 instead of v*|, ). Thus,

ypra(z) =p~Fy Z(vs)i(@ =p* Z(vs)i(v(m)) = pra(y(z))

Theorem 1.6.5. Let K/Q, be finite and Hx = Gk_ . Then,

0 n#0

H* (G, Cyn)) = Cp(n) 7~ = {K n=0

Proof. The case n = 0 is a direct application of Ax—Sen—Tate Theorem. So we assume
n # 0. Assume that ae € C,(n)°% with a € C,. Then for every g € G we must have:
ae = g(ae) = g(a)xialg)e

S0 g(Oé) = aXCycl(g>_n' -

In the case g = h € H, then xcya(h) = 1 so we have h(a) = «, ie. a € CfK = K, by
Ax-Sen-Tate. This implies that g(a) = axcya(g) ™™ must hold for every g € I'x = G /k-
Using proposition 1.6.4, we have o = r&iinwprm(a) and using that g € I'x commutes with

DIy We get
9(Prma) = prong(a) = prn(Xeya(9) ") = Xeya(g) " prm(a)

where we used that Xcya(g) € Q,. Comparing first and last term we obtain

n __ me(Oé)
Xeya(g)" = 9(prm(a))

If we choose g € I',, = Gk_/Kk,, which invaries pr,,(a) € K,, then xcya(I'k,,)" = 1.
This is a contradiction since for m > nyx we have xcya(I'x,,) = 1+ p™Z, by lemma 1.4.1.
This proves that C,(n)“% = 0 when n # 0. O

1.7 Topological generators

Let v be a topological generator for I'x and ~,, a topological generator for 'k, . Since ',
is subgroup of the procyclic group I'x we have v, = 7® for some integer s and for n > ng
we can choose 7, in order to have v, = 72" because K, /K, is a cyclic extension of
degree p*. We now need two lemmas in order to prove that the linear and continuous
operator v, is a homeomorphism when restricted to K .

Lemma 1.7.1. Ifx € Ko and m > 1, then v,((1 — 7)) > v,((1 — 7)()).
Proof. We just use the factorization 1 —y™ = (1 —y)(1+y +---+y™1):

vp((1 =) (%)) = vp(jz:;l%(l - %)(fﬁ))

> min{v, (75 (1 — ) ()}

= vp((1 = ) ()
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Lemma 1.7.2. If x € K,, with m > n > ng then

m—1
ay

0p(& = pra(@)) = vp(1 —7a)(2)) —1 - > %

k=n p
where ag s the sequence defined in 1.6.2 or 1.6.4.

Proof. We prove by induction on m—n. The case m = n+1 is obtained using the previous
lemma:

vp(T — pro(x)) = vp(pr — Tre, /K, () —1=

- vp(Zu - v@)(w)) 1z minfu(1— 7@} — 12 (1 - 7)(@)) — 1

i=1
For the inductive case we assume the inequality for m = n + k and we prove it for m + 1.

So we take & € K41, then we can use the inductive hypothesis on Trg, ./, (z) € Ky,
to get

m—1
(6773

Up(Terﬂ/Km(x) _prn(Terﬂ/Km (:U))) > Up((l - 7”)(Ter+1/Km <x>>) —-1- Z p_k

On the other hand, by linearity of the trace we have

Up((L = 1) (T /86 (2)) = Up(Tric 186, (1 = 70 ) ()
= p(prm((W)(2))) + 1

> 0, (1= ) (@) + 1 — 22

1

where we used proposition 1.6.4. Combining this with the inductive hypothesis we obtain

m
(6773

Op (T 80 (0) = PP (T /0 (2))) 2 0p((1 =) (2)) = Y o

k=n

We conclude using again the inductive hypothesis for K, 1/K,,:

0y(& = pro(a)) = v, (x T, () (T, (5) — prn<x>>)

> min{v,(z — pr,,(2)), vp(Trk,, ., /x,. () — p Pr,(2)) — 1}

m

> min{v,((1 —v,)(x)) — 1, 0,((1 — y,)(z)) — 1 — Z %}
— (=) - 1= > %

where the fact that p pr,(z) = pr,(pz) = p" " Trk,., . /k,. () = pr,(Trk,, /K, (7)) Was
used in the second line. ]

We are now ready to discuss the invertibility of the operator 1 — ~,.

Proposition 1.7.3. Let n > ng. The operator 1 — 7, is bijective on K-, its inverse
(1 —~,)~" is continuous and the operator norm ||(1 — ~v,) || is bounded independently of
n.
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Proof. First, 1 — v, (K:-) C K since v, commutes with pr,, by proposition 1.6.4. More-

over, 7, is a generator of 'k, , so the kernel of 1 — ~,, on I/(\Oo is [/(\oo% = K, =K,
by Ax-Sen-Tate lemma. This implies that the operator 1 — , is injective on K- due to
KN K, = {0}. Thus, for m > n, the restriction of the linear map 1 — v, to the finite
dimensional K —vector space K,, N K is bijective. Let y € K,, N K:-; using surjectivity
we have y = (1 — ,)(x) for some z € K,, N K;-. We apply the previous lemma to x:

m—1
g

Vp(x — pro(x)) > vp((1 — ) (x)) — 1 — Z o

k=n
Now pr,,(z) = 0 from 2 € K- and z = (1 —v,))"(y), so
(1= 7)1 (%) = vp(y) — C

(o ¢]
where C'=1+ ) :‘—’,j that converges since oy are bounded. Thus on K, N KnL we deduce
k=n

< |p|®

11 =) = supl L=
so the operator (1—+,)~! is continuous on K, N K+ and its norm is bounded independent
of n and m. Then, (1 —v)~! extends to a continuous operator on K of norm bounded
independent of n. O

Finally, we show how the previous proposition on 1 — v, helps treating the general case
Koo (n).

Proposition 1.7.4. Let k # 0. Let vy the topological generator of 'k, then 1 — v :
Koo (k) — Koo (k) is surjective.

Proof. Let C be the uniform bound on [|(1—+,) || on K from the previous proposition.

We know that X’jycl is a continuous character and that I'x, form a neighborhood around

the identity in T, so we have lim x} ,(7,) = 1 in T'x that implies [1 — x5 4(7)| < C7!
n—oo

for n big enough. For the rest of the proof, we will assume n such that the previous

inequality holds. Then [|(1 = x&q(7m))(1 =) 7"|| < 1 and so working on K, we get:

oo

1 1 |
- (1=y) " (—14xE () (A=) L)
1-— anlcﬁycl(’yn) (1 _ fYn) <1 + < Cyd(vn))’}%) 12:; cycl

Y

Remind that we have just implicitly used that K- is a Banach space (since pr, is
continuous), therefore the space of continuous operators on K is a Banach space as well.

Since we were able to invert 1 — fynxl(fyd('yn) . K} — K it must be surjective. By
definition of K::(m), this is equivalent to 1 —~, : K- (k) — K1 (k) surjective. Note that
we haven’t used k # 0 so far.

Now we need surjectivity on K, (k). For n > ng, we have that xeya(T'k,) = 1+ p"Z,
from lemma 1.4.1, so x¥ 4(7.) # 1 because k # 0. Then, if 0 # = € K,(k), we have
that (1 — ) (2) = (1 — Xba () # 0, therefore 1 — 1, : K, (k) — K, (k) is an injective
K —linear map so it’s also surjective by/t_lﬁ finite iigension.

In this way, we get that 1 — v, : K(k) = Ky (k) is surjective. Finally, using that

1

Yo = 7y° for some integer s, we have 1 —~,, = (1 — ) ( i ’yi) so 1 —~ must be surjective
i=0

as well.
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1.8 First cohomology group of C,(n)

Theorem 1.8.1.
0 ifn#0

(G Cy(n) = {V il

where V' is a 1-dimensional K —vector space.

Proof. We first write the inflation-restriction sequence for Hy C Gx and I'y = G /H:

0 — H'(T'k,Cp(n)") — H' (Gg,Cp(n)) — H*(Hg,C,(n))

Now, since the action of the cyclotomic character is trivial on Hy, we have C,(n)* =

(CH)(n) = Koo(n) by Ax-Sen-Tate lemma and H'(Hg,C,(n)) = H'(Hg,C,) = 0
by Theorem 1.5.5. Then from the exact sequence and proposition 1.1.6 we obtain the
following isomorphisms of K —vector spaces
H'(Gx,Cy(n)) = H' (T, Koo () = Koo(n)/ (1 = ) K (n)

where 7 is a topological generator of the procyclic group I'k.

If n # 0, the map 1 — ~ is surjective on K, (n) by proposition 1.7.4, thus the result
H'(Gg,Cpy(n)) = 0.

If n = 0, then H'(Gg,C,) & K./(1 — 7)K. Note that in the proposition 1.7.4

[

we have proved that 1 — v is surjective on K:-(n) also for n = 0, so f/(;/(l - 7)[?; ~
To conclude, we prove that K = K,/(1 — v)K, using the natural map from the

inclusion K — K,,.

The map is injective because if x € K satisfies z = (1 — 7,)(y) for some y € K, then

recalling that v, = v* for some s we have that

(Kt Kz =T, x(z) = (1+ 7+ +97)(@) = (1-7")(y) =0
since 7, fixes y € K,,.
To prove surjectivity, we have to use the inflation-restriction sequence on I';, C I' acting
on K,; using that I'x /T'x, = Gk, /x and that I'x, fixes K, we obtain:
0— H' (Gr,/x, K,) = H' (Tg, K,) = H' (Ui, K,) “5n /%
We know that H'(G, /i, K,) from Hilbert 90. So we get an injection

Kn/(l_’Y)Kn >~ H' (FKa Kn) — H' (FKn7 Kn)GKn/K = (Kn/(l_Vn)Kn)GK"/K = KSKn/K =K

This implies that the dimensione of the K —vector space K, /(1 — v)K, is at most one
and since we already proved that K — K, /(1 — v)K,, we obtain an isomorphism. [
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Chapter 2

Fontaine’s theorem on Kahler
differentials

In this chapter we keep the notation of the previous one. We consider a finite extension
K/Q,, the Galois group G = Gal(K/K) and C, the p-adic closure of K = Q,. We denote
with K the maximal unramified Q,—extension contained in K, i.e. Ky = Frac(W(k))
where £k is the (finite) residue field of K. When not specified, the valuation v is the p—adic
valuation, i.e. v(p) = 1.

Before engaging with the work of Fontaine in [Fon82|, we recall the general definitions and
properties of formal groups and Kéhler differentials. Further readings on formal groups
are |[LT65],|CF67|, whereas regarding Kéhler differentials we recommend |[Har13|.

2.1 Formal groups at one parameter

Let R be a ring (commutative with identity).

Definition 2.1.1. A one-parameter (commutative) formal group F over R is a power
series F(X,Y) € R[X,Y] such that:

o F(X,Y)=X+Y + (terms of degree > 2);
o« F(X,F(Y,2)) = F(F(X,Y),Z);

F(X,Y)=F(Y,X),

there exists a unique power series i(T) € R[T] such that F(T,i(T)) = 0;
e F(X,0)=X and F(0,Y) =Y.

We say that F(X,Y) is the formal group law of F.
Homomorphisms of formal groups are defined in the following way:

Definition 2.1.2. Let (F,F) and (G,G) be formal groups over R. A homomorphism
from F to G is a power series f(T) € R[T] such that f(0) =0 and

fIF(X,Y)) = G(F(X), f(Y))

It’s natural to define F, G isomorphic if there exist homomorphisms f : F — G and
g:G — F such that f(g(T)) = g(f(T)) =T that is the trivial homomorphism.
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It’s possible also to define invariant differentials on a formal group.

Definition 2.1.3. An invariant differential on a formal group F over R is a differential
form w(T) = P(T)dT with P(T) € R[T] such that

wo F(X,)Y)=w(X)+wlY)

or equivalently P(F(X,Y))Fx(X,Y) = P(X) where Fx(X,Y) is the partial derivative of
F with respect to its first variable. An invariant differential form w(T) = P(T)dT is said
to be normalized if P(0) = 1.

Proposition 2.1.4. Let F be a formal group over the ring R; there exists a unique
normalized invariant differential form on F and it’s given by

w= Fx(0,T)"'dT
Thus every invariant differential form on F s of the form rw for some r € R.

In this chapter we will be interested in the formal multiplicative group G,, that is an
example of the class of Lubin-Tate formal groups.

Let K a local field, g the cardinality of the residue field and 7 a uniformizer for Of.
Let F; the set of formal power series such that f(7) = 7T (mod deg > 2) and f(T') = x1
(mod 7). The next proposition, proved by an inductive reasoning, leads to the definition
of Lubin-Tate formal groups.

Proposition 2.1.5. Let f € F;, then there exists a unique formal group law Fy with
coefficients in Ok such that f is an endomorphism of Fy. We say that Fy is the Lubin-
Tate formal group associated with f € F.

Proposition 2.1.6. Let f € F, and Fy the corresponding group law, then for any a € Ok
there exists a unique [a]; € Ok[T] such that

e [a]f commutes with f;
o [a]/(T) =aTl (mod deg > 2);
e [a]s is an endomorphism of F.
Moreover, the map a — [a]f is an injective homomorphism of rings Ok — End(FYy).

The Lubin-Tate formal groups or, more generally, formal groups over discrete valuation
rings are interesting since their properties allow to define new operations on the maximal
ideal (or on the principal units). Indeed, if R is a discrete valuation ring with maximal
ideal M, then for every m,n € 9 the map (m,n) — F(m,n) € M is a well-defined
abelian operation, since the converge of the series is given by the positive valuation of
m and n. The inverse of m is of course i(m). Lubin-Tate formal groups are even more
powerful since they give rise to a module structure; this will be discussed in detail in
section 2.3.
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2.2 Kahler differentials

Let A aring, B an A—algebra and M a B—module.

Definition 2.2.1. A A—derivation of B into M is an additive map d : B — M such that
d(bb') = bd(b') + b'd(b) for every b,b/ € B and d(a) =0 for every a € A.

Definition 2.2.2. The module of Kdhler differentials of B over A is a B—module Q4(B)
endowed with an A—derivation d : B — Q(B) satisfying the following universal property:
for every B—module M and for every A—derivation d' : B — M there exists a unique
B—module homomorphism f : Qa(B) — M such that d' = f od.

Lemma 2.2.3. The module of Kdhler differentials commutes with direct limits, i.e. if
{Bi, ¢i;}ijer is a direct system of rings over A (for a direct set I), then

Q4(B) = 1i_n>qQA(Bl-)
where B = @B’
Proof. We sketch the proof. From the definition we have a functorial isomorphism
Homp(Q4(B;), N) = Dery(B;, N)
for every B;—module N. Then if M is a B—module, we have
Dery (B, M) = DerA(lignBi, M) = l'ngerA(Bi, M) =

o @Homgi(QA(Bi), M) = HomB(lién Qu(B;), M)
so lim (2 A(B;) satisfies the universal property of Q4(B). O

Proposition 2.2.4. Let B an A—algebra, let I be an ideal of B and let C = B/I. Then
there is a natural exact sequence of C—modules:

1)1 5 Qu(B) @5 C — Q4(C) =0
where for every b € I, if b is its image in 1/I?, then vb = db® 1.

Construction

There is a constructive proof of the existence of the module of Kéahler differentials. Indeed,
we consider the free B—module generated by the symbols {db | b € B} and we divide by
the relations d(b + V') = db+ dV'; d(bb') = bdb' + b'db and da = 0 for all b,b' € B and
a € A; this B—module 2, endowed with the map d : B — 2 that maps b — db, satisfies
the required universal property.

Examples

An important example is the case B = A[X]. The Kéhler differentials module Q5,4 is a
free B-module generated by dX, since the relations imply dF(X) = F'(X)dX.
Therefore, the case B = A[X]/(F(X)), with F(X) an irreducible polynomial over A
derives by the previous one using proposition 2.2.4. Indeed, Q24(B) is again generated by
dX, but it is not a free B—module, since F'(X)dX = dF(X) = 0. Using that Im(vy) is
generated by dF(X) ® 1, we get the annihilator of dX is generated by F'(X).
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2.3 Main Theorem

As previously mentioned, we now focus our attention to the formal multiplicative group

N

Gn(X,Y)=X+Y+XY =(1+X)(1+Y)—1. This is a Lubin-Tate formal group
defined over Q,, and associated with f(7T") = (14 T')? — 1. Moreover, for every a € Z, the
series [a]; becomes the series

oo

af(T)=(1+T)" —1= (G)T”

1) = (41 - 1= 32 (1
Notice that the binomial coefficient (Z) is defined in Z, since the binomial is a continuous
function in a and so we use the fact that a is a limit of integer numbers, whose binomials
are of course integers.
We use the formal multiplicative group to redefine the sum operation on mg ie. rhy =
x4y + xy for every x,y € mg - Moreover, we can define also a multiplication of a € Z,
and x € mg as follows:

a n
axx =[a]s(z) = ; <n>x
well-defined since v(z) > 0. Proposition 2.1.4 yields that the sum @& and the scalar
product * are compatible, so they defined a new Z,—module structure on mg that will
be denoted with T'.
Therefore, we consider the Tate module T),I" = 1&11 ['[p"]. We can study it easily since
if x, € I'[p"] then
0=p"*x, = (142, —1

that is equivalent to z,, = ¢, —1 where ¢, is a p"—adic root of unity in @p. This means that
a family of (x -) compatible x,, = €, — 1 corresponds to a family of compatible p"—adic
roots. Thus, T,I" is a Z,-free module of rank 1 and we consider a generator u = (uy,)y,
corresponding to a compatible family of primitive p”—adic roots €,. The correspondence
between z,, and €, shows that the action of G on T,I" is given by the cyclotomic character
(cf section 1.1).

We consider wr the Z,—module of invariant differentials of I'. It is a Z,-free module
of rank 1 as well, and it can be easily checked that it is generated by wy = HLXdX . We
can define a trivial action of G on wr.

Let 2 = QOK(O@p) be the module of Kahler differentials. The action of G' on €2 is the
natural action deriving from o(da) = do(«).

We know define an integration of invariant differentials along elements of 7,,I". Given

an element o € I' and w = awy € wr we can combine them naturally in aﬁda e Q.

Proposition 2.3.1. The application (—, =) : T' X wr — Q that maps

da €

— =
(e, awp) (o, w) al -

is a Zy,—bilinear map and it verifies (g(a),w) = g({o,w)) for every g € G, € I',w € wr.

Proof. The linearity in the second variable and the compatibility with the G—action derive
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from the definitions. We now discuss the linearity with respect to the first entry. Indeed,

(o + B,wo) = md(a@ﬁ) =

1
- 1+a—|—5+aﬁd(a+6+a6>:

1
- o) =
1
- 1+«

= (o, wo) + (B, wo)

A1+ a) + (1L +9) =

where we used that d(1) = 0 and the product relation. Similarly, if a € Z,, then

1 “ B
<(IOZ7WO> = md((l + (X) — ]_) =
1 a
= md((l + Cl{) ) =
Ca(l+a) ! B
T (Trap (T THmw

where we used again that a is a limit of integers and that the map a +— da € Q is
continuous with respect to the m@p—adic topology on §2. O]

Assuming a trivial action of G on wr, then @p ®z, T,(I') ®z, wr is a @p—vector space
of dimension 1 endowed with a semi-linear continuous action of G.
Every element of @p@)zp T,(I')®z,wr can be written (not uniquely) in the form p™"a®u®wy
where u and wy are the generators of the respective Z,-module and a € (’)@p. Proposition

2.3.1 allows us to show that the element a(u,,wp) does not depend on how we write the
element of Q, ®z, T,(I') ®z, wr; indeed, using p™"a@uwy = p~" ' (pa) @ u@wy we have

pa<ur+17 wo> = a<p * Upy1, wo) = a(ur, w0>

where we used that p % u,1; = u, and the linearity given by the previous proposition.
Therefore we can define a map

Exr =€ Q, ®z, T,(T) ®z, wr —

that maps p~"a @ u®@wy to a(u,,wp). It is a well-defined O@p—linear map that commutes
with the action of G.

Theorem 2.3.2. The map & is surjective and if
agr =0a= {a € @p | Up(a) > —U(DK/KO) - 1/(p—-1)}
then the kernel of & is the O@p—submodule agr @ T,(T) @ wr of Q, ®z, T,(T) ®z, wr.

The proof of the theorem is explained in detail in section 4; we now focus on this
important corollary.

Corollary 2.3.3. Let a be the closure of axp in C,. Then,
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1. Q= (Q,/a) ®z, T,(I') ®z, wr
2. T,(Q) := Homy, (Q,/Z,,Q) = a ®z, Ty(I') ®z, wr
3. ‘/p(Q) = HOII]ZP (Qp, Q) & (Cp ®Zp TP(F> ®Zp wr

are isomorphisms of O@p—modules (resp. Oc,—modules, C,—vector spaces) that commute
with the action of G.

Proof. 1. The first isomorphism derives from the fact that
Q~Q, ®z, T,(I') ®z, wr/a ®z, T,(T') ®z, wr
that is isomorphic as O@p—module to (@p Ja) @z, T,(T) ®z, wr.
2. We have that

Homy, (Qp/Zy, ?) = Homy, (Q,/Z,, (Q,/a)) @z, T,(T) ®z, wr
= Howy, (lim 1/p"Z,/Zy, (Q,/0)) @z, T,(T) @z, wr
= lim Homg, (1/p"Z,/Zy, (Q,/a)) @z, T,(T') @z, wr
o1
= 1&11 ﬁa/a ®Zp Tp(F) ®Zp wr
>~a ®Zp Tp(F) ®Zp wr
where at the last line we used that every compatible sequence #an (with a, €
a) gives rise to a Cauchy sequence. This correspondence is compatible with the

equivalence relations, i.e. the quotient by a corresponds to converging to the same
limit in Q,.

3. Similarly:

Homg, (Q,, ©2) = Homgz, (Q,, (@p/a)) ®z, T,(I') ®z, wr
= Homg, (lmy 1/5"Z,, (T,/a)) @z, Ty(T) @z, wr
= lim Homy, (1/p"Z,, (Q,/a)) ®z, T,(T') ®z, wr
= 1im Q,/p"a ®z, T,(T) @z, wr
= Cp ®z, Tp(I') ®z, wr

since C,, is the closure of @p.
O

A choice of generator of T,(I') and for wr provides the following G—equivariant iso-
morphisms:

Q=(Q/a)(1) T, =al)  V(Q)=Cy1)

since the action on wr is trivial and the action on 7,,(I") is exactly the one of the cyclotomic
character.
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2.4 Proof of Theorem 2.3.2

This section is totally devoted to the proof of Theorem 2.3.2. As in the previous sections,
if K' C L are two finite extension of K, we denote with dr g : Op — Qo,,(Or) the
canonical map from O and the Op-module of Ok —differentials of Or. We also denote
with d : Oz — (2 the canonical map. We will subdivide the proof in many lemmas.

We have already mentioned in the first chapter that there exists an element x € Op,
such that O, = Og-[x] and that the different Dy, /x is generated by P’'(z) where P(X) is
the minimal polynomial of x over K’.

Lemma 2.4.1. 1. The Op—module Qo,,(OL) is generated by dp/xx and its annihi-
lator is Dp k.

2. The extension L/K' is unramified if and only if Dyjx = Op, equivalently if and
only if Qo,,(Or) = 0.

Proof. 1. Since Op, = Ok/[X]/(P(X)), we have already seen in section 2.2 that Qo (Op)
is generated by dp k@, where x has minimal polynomial P(X). Moreover, since
P(X) is the minimal polynomial we have that P'(x)dz = dP((x)) = 0, hence the
annihilator of dw is Dy g = (P'(x)).

2. The second equivalence is a direct consequence of part 1. The first equivalence
derives from the following property of the inverse different: since Tr(my) C mg
then my, C my - DZ/IK, that is equivalent to my, - Dy /g C mg - Of.

Indeed, if Dy /x» = O, then we get my, C mg/-Op, ie. L/K'is unramified. If L /K’
is unramified, then my, = mg - Op, hence Dy x» must be Op.
m

If If K" ¢ K” C L then we can define a canonical map r : Qo _,(Or) — Qo,.,(Or)
that maps dr/xa to dpjgra for a € Op.

Lemma 2.4.2. Let K' C K” C L be finite extensions of Ko and 7w the canonical map
Just defined, then m is surjective and for every w € Qo,,(OL)

v(Ann(r(w))) = max(0,v(Ann(w)) — v(Drr/k))
. So in particular r is an isomorphism if K" /K is unramified.

Proof. Let b be a generator of O as O —algebra, i.e. Op = Og/[b]. Then of course
O = Ok [b] as well so by lemma 2.4.1 we have that dp b (resp. dp/k»b) generates the
Op—module Qo , (Or) (resp. Qo,,,(Or)) which implies r surjective.

If w = a-dg kb is a nontrivial element of Qo , (Or), by lemma 2.4.1 we have v(Ann(w)) =
v(Dr/kr) — v(a); similarly, for r(w) = a - dp/gb we have two cases: if v(Dr k) < v(a)
then 7(w) = 0, otherwise we have v(Ann(r(w))) = v(Dr k) — v(a), so in general

v(Ann(r(w))) = max{0,v(Dr k") — v(a)}

. To conclude, we know that v(Dp,x») = v(Dr/k/) — v(Dgr/kr), so we substitute
U(DL/K”) — ’U(Cl) = U(Ann(w)) — U(DK”/K)' ]

Lemma 2.4.3. Let L be a finite extension of K and 7y a uniformizer for L. Then the
Or—module Qo, (Or) is generated by dp k.
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Proof. Let K’ be the maximal unramified extension of K contained in L. Then Oy is
generated by 7, as O algebra and by lemma 2.4.1 we have that Qo (Op) is generated
by dp/kmr; by lemma 2.4.2 we have that the canonical map Qo, (Or) — Qo,,(Or) is an
isomorphism, so 2, (Of) is generated by dy/xmr since it’s mapped to dr /7. O

If L C L’ are extensions of K then we can define a canonical map i : Qp, (O) —
Qo (Or/) mapping di/xa to dpjxa for every a € Op.

Lemma 2.4.4. Let L C L' be finite extensions of K. Then the canonical map i :
Qo0,(0r) = Qo (Or), induced by the inclusion Op C O, is injective. Moreover,
for every w € Qo,.(Ofr)

Ann(i(w)) = Ann(w) - O

Proof. We can separately solve the cases L'/L unramified and totally ramified, since we
can always decompose a finite extension as the composition of an unramified and a totally
ramified extension.

If L'/L is unramified, we choose a uniformizer 7, of L. Lemma 2.4.3 implies that if w
is a nontrivial element of Qo, (Of), then w = a - dy /7, with a € Op and by lemma
2.4.1 v(Ann(w)) = v(Dr/k) — v(a). We consider i(w) = a - dy/kmy; since 7y, is also a
uniformizer for L', then v(Ann(i(w))) = v(Dr/k) — v(a). Finally, v(Dp/k) = v(Dr/k),
since we have Dr//p, = Oy, thus Ann(i(w)) = Ann(w) - Op.

If I'/L is totally ramified, we choose 7y a uniformizer for L. Let P(X) = X" +
A1 X" 144 a; X + ap the minimal polynomial of 7, over L; it is an Eisenstein poly-
nomial and so 7, = —ag is a uniformizer for L. We write a nontrivial element of Qp, (Or)
as w = a - dp/gmy, with a € O and by lemma 2.4.1 v(Ann(w)) = v(Dy/k) — v(a). The
image is i(w) = a - dp g7y and since 7, = a7 + ayr%, + .- 47}, then

dL’/Kﬂ—L = (CLl + 2&27'('[/ R mrz/_l) . dL’/Kﬂ-L’ = P/(T('L/> . dL’/Kﬂ-L’

Thus, i(w) = P'(7r)-a-dy k7 so we have v(Ann(i(w))) = v(Drjx) —v(P' (7)) —v(a);
reminding that v(P'(7r/)) = v(Dr/1), we get

v(Ann(i(w))) = v(Pr/k) — v(Dryr) — v(a) = v(Dr/k) — v(a) = v(Ann(w))
so we obtain Ann(i(w)) = Ann(w) - Op. O

Lemma 2.2.3 implies that Q = Qo, (Og ) = lim Qo, (Or) where the limit is over all

L/K finite extensions. The previous lemma implies that the canonical maps Qo, (Or) —
() are injective, thus we can identify Qo, (Op) with a O —submodule of €.
Moreover, the previous lemma shows that if w € Q and L/K finite extension such that
w € Qp, (0Or) and denoting with a the annihilator of w considered as element of Q.. (Oy),
then, passing to the limit, Ann(w) as element of Q is a - O@p. In particular, Ann(w) is a
principal ideal of (’)@p with same p—adic valuation of a.

Lemma 2.4.5. Let w,w’ € Q. Then there exists ¢ € O such that W' = cw if and only if
Ann(w) C Ann(w').

Proof. It’s clear that if w’ = cw then Ann(w) C Ann(w’).

We assume Ann(w) C Ann(w’). We can also assume w’ # 0, that implies w # 0. From the
limit description of 2, we have that w,w’ € Qp, (Or) for a finite extension L/K. Let 7,
be a uniformizer for L; we have w = a - dy k7, and w' = a' - dp g7, for some a,a’ € Oy,
The assumption of w,w’ # 0 implies that v(Dy/x) > v(a) and v(Dr/x) > v(ad'), so
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v(Ann(w)) = v(Dr/k) — v(a) and v(Ann(w')) = v(Dr/x) — v(a’). The assumption
Ann(w) C Ann(w’) implies that v(a’) > v(a) hence there exists ¢ € Of, such that a’ = ca,
thus W' = cw. O

Lemma 2.4.6. Let Q2 = Qo, (Of). Then the canonical map pr : Qo — Q is surjective
and its kernel are the differentials that are annihilated by Dk k. More precisely, if w € €
we have

v(Ann(pr(w))) = max(0, v(Ann(w)) — v(Dk/k,))

Proof. The proof derives by the limit on L of lemma 2.4.2 for K/ = Ky and K" = K,
since we know that w € §p is also an element of Qo, (Op) for some L/Kj finite. O

Lemma 2.4.7. Let wy be a generator of wr and let uw = (u,)nen a generator of T,(T).
For every integer r > 0 we have

v(Ann((u,,wp))) = max <O,r — p%l — U(DK/KO)).

Proof. Lemma 2.4.6 allows to assume that K = K, i.e. that K/Q, is unramified. We
can also assume r > 1. We have already seen that u, = ¢, — 1 where ¢, is a p"—adic
root of unity and that wy = i=dz. We have discussed in section 1.4 that F. = Q,(u,) is
a totally ramified extension of F' = Q, with uniformizer u,. We have also computed in
lemma 1.4.5 v(Dp,/p) =1 — zﬁ' Since K/F is unramified, then w, is also a uniformizer
for K, = K(u,), so we get [K, : K| = [F, : F| = ¢(p"). Therefore the minimal polinomial
of m, over K is the minimal polinomial of 7, over F' = Q,, so

v(Ann(dr,)) = v(Dp,/rp) =1 — ]%

Moreover is a unit in O, so we have v(Ann((u,,wp))) =r—1/(p — 1). O

1
14y,
Conclusion of proof of Theorem 2.3.2.

Assuming again the choice of generators u and wy, we fix w € 2. We can choose r big
enough in order to have v(Ann(w)) < r —1/(p — 1) — v(Dk/k,). Thus by lemma 2.4.7
we have that Ann((u,,wp)) C Ann(w) and by lemma 2.4.5 there exists ¢ € Og, such that
w = c(u,,wp). Therefore,

w=EpP c®u® w)

and this prove that £ is surjective.

Every element o € @p®Tp(F) ®uwr can be written uniquely as a @ u®wy with a € @p. We
choose r big enough such that » > 1/(p — 1) + v(Dg/k,) and such that a, = p"a € Og, -
Then by lemma 2.4.7, £(a) = a,(u,,wp) is zero if and only if v(a,) > r—1/(p —1) —
v(Dk/k,) that is equivalent to v(a) > —1/(p — 1) — v(Dk/k,). Thus the kernel of ¢ is
agr ® Tp(F) & wr.
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Chapter 3

Hodge—Tate decomposition of the Tate
module of an abelian variety

In this final chapter we will prove the Hodge—Tate decomposition for the Tate module of
an abelian variety over K with good reduction (following [Fon82]). This last assumption
is not necessary as shown in Fontaine’s paper, but it will ease the dissertation from a
geometric point of view. We will assume the results on abelian varieties stated in chapter
0, whose main references are [Mil86] and [MRM74]; all the results are generalizations of
results on elliptic curve presented in [Sil09].

3.1 Tate-Raynaud theorem

Let X be an abelian variety over K of dimension d and let Qx = Q}(/ i the sheaf of
differential forms.

Theorem 3.1.1 (Tate, Raynaud). There exists an injective K -linear and functorial (in
X ) map
px : Qx(X) = Homg, ) (TH(X), C,(1)).

Definition of px
As mentioned, we assume X to have good reduction, i.e. there exists an abelian scheme
X defined over Ok such that X = X Xgpec(0y) Speck.

X X

L

Spec K —— Spec Ok

This reduction needs also to be compatible with the two operations, i.e.

X x XX o X

L]

Ixx Xy

is a commutative diagram of schemes over SpecOg and similarly for the identity and the
inverse morphism.
If u : Spec O@p — X is a point of %((’)@p) and w is a global section of the sheaf Q, then
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u*(w) is an element of Qo (O@p) = Q. Indeed, u*(w) is the image of w under the map
u* Qf{/Spec(’)K — QSpecO@p/SpecOK =
Thus, we can define a map

<,> : Qx(%) X %(O@p) —Q

mapping (w,u) to (w,u) = u*(w). This map is of course Og-linear in the first variable;
since the action of g € G on w is given by the composition with an isomorphism of Spec(’)@p,
the map verifies (w, gu) = g({w, u)) for every g € G, u € %(O@p) and w € Qx(X).

Lemma 3.1.2. We have an isomorphism of K -vector spaces Qx(X) = K ®o,, Qx(X) and
an isomorphism of groups %((’)@p) = X(Q,).

Proof. Using proposition 8.10 of [Har13|, we have that Qx(X) = ¢*Qx(X) where g : X —
X is the projection map given by the base extension. For every affine open U = SpecA
of X, we have V' = U Xgpeco, Spec K = Spec(A ®p,, K) is an affine open of X. So
Qx<V) = Qv/K(V) = QK(A ®(9K K) = QOK(A> ®(9K K = Qx(U) ®(/)K K, where we used
the compatibility of tensor product and Kéhler differentials. Since it holds for every affine
open U and the gluing is unique, we get Qx(X) = Qx(X) ®o, K.

Regarding the second part, we can identify X (@p) with %(@p) just using the universal
property of base extension. Then, we apply the Valuative Criterion of properness to the

proper morphism X — Spec Ok:

X Spec Ok

Spec @p — S.i)ec (’)@p

Indeed, for every w : Spec @p — X, u is extended uniquely to SpecOf since we are
working with schemes over O ; hence the valuation criterion implies a unique factorization
through Spec O@p. Finally, these identifications commute with operations my, my since
the operations commute with the projection morphism X — X. O

Proposition 3.1.3. We have that
o the map w — 1 ®@w from Qx(X) to Qx(X) is injective;
o ifwe Ox(X) and uy,us € %(O@p) = X(Q,) then

(W, ug + ug) = (w,u1) + (w, uz).

Proof. 1t is sufficient to prove each part independently.

e Since SpecOf is Noetherian, then Qy is a coherent sheaf, so Qx(X) is finitely gen-
erated as Ox—module since it’s a coherent sheaf on a finite type scheme over Ok
Since X — SpecOf is smooth, then )y is also a locally free Ox-module of finite
rank. Hence, the global sections Qx(X) is torsion free and the kernel of the map
w— 1 ® w is the torsion of Qx(X).
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e Using the fundamental property of the product and the one of the fiber product,
we have X x X = (X x X) Xgpec 0, Spec K. We know that the differential forms of
Qx(X) are invariant, i.e. that pri x(w) + pr3 y(w) = my (w) for every w € Qx(X).
Moreover, by the functoriality of the differentials, we have the following commutative
diagrams:

Qe (X) —25 -~ Q¢ (X)

| |

QxXx(:f X %) T@KhQXXX(X X X)

where the vertical arrows are pri; and priy (for pro and m as well). Thus if
w € Qx(X), then pri x(w) + pr3 x(w) — my(w) is in the kernel of Qxxx(X x X) —
Qxxx (X x X) that is Qgxx(X X X)40r. The same reasoning for the previous point
implies that the torsion is trivial, so Qxxx(X x X) is torsion free, hence pri y(w) +
pry x(w) = my(w) for every w € Qx(X). Let uy, up two points of %((’)@p) and let v
be the point (u1,us) of X x X; then uy = pryxov, ug = proxov and u; +us = myowv
and also uj(w) = v*(pri x(w)), us(w) = v*(prs x(w)). Finally,

(1 + ug)*(w) = v*(my) = v (pri (W) + pryx(w)) = ui(w) + uz 2 (w)

for all w € Qx(X).

Using the previous proposition, we can define a pairing
Qx(X) x X(Q,) — Q

that is Ok —linear in the first variable and Z[G]:linear in the second; this pairing de-
fines an O —linear map Qx(X) — Homgyg(X(Q,),€2). Moreover, defining V,(X) =
Homyz(Z[p~'],X(Q,)) we need a lemma.

Lemma 3.1.4. We have the following O —module isomorphism:
V,(2) = Homg, (Q,, Q) = Homg(Z[p™'], Q)
and the following O -inclusion:
Homyq) (X(Q,), ) — Homge) (Vo (X), V().

Proof. For the first isomorphism, we consider Z[p™'] C @,, so the restriction is an
injective map Homgz, (Q,,Q) — Homgz(Z[p~'],2). On the other hand, given a map
¢ € Homz(Z[p~'],Q), we consider the map ¢'(a) = ap~*@¢(p*@) for a € Q,. This
map is the inverse of the restriction.

Regarding the inclusion, the map is given by post-composition. Let ¢ : X (@p) — Q and
assume ¢ o f =0 for every f € V,(X). Let f, € V,(X) such that f(1) = x; this is always
possible since X (Q,) is p-divisible. Then ¢(f,(1)) = ¢(z) = 0 and varying = € X(Q,)
we get that the post composition map Homyze(X(Q,), Q) — Homge(V,(X), V,(Q)) is
injective. O
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By lemma 3.1.4, the map Qx(X) — Homyg (X(@p),Q) induces an O —linear map
Qx(X) — Homyq(Vp(X), Vp(2)) and by extension of scalars we obtain a K —linear map

px = pxr : Qx(X) = K ®o, Qx(X) — Homgg)(V,(X), V,())

since V,(2) is already a K —vector space. Finally, for every w € 2x(X) the restriction of
px(w) to T,(X) is Z,—linear, so this gives the K —linear map

px = px;r+ Qx(X) = Homgg)(T,(X), V,(2))

We remind that Theorem 2.3.2 gives V,(2) = C,(1), so px is the candidate solution for
Tate-Raynaud theorem.

Lemma 3.1.5. The maps px and px depend functorially on X .

Proof. 1t is sufficient to prove this for p. The commutativity of the following diagram

Qx (X) —— Homy g (V,(X), V5(2))

| |

Qx/(X') — Homgj¢1 (Vo (X7), V()

is given by the compatibility of the reductions X and X’ (that we have to assume). In
this sense px and px are functorial in X. ]

3.2 Proof of Tate-Raynaud theorem

We are left to prove that px is injective. We will subdivide this task in two propositions:
Proposition 3.2.1. The map px, defined in section 3.1, is injective.

Proposition 3.2.2. The map Homg, ¢(V,(X), C,(1)) — Homg,()(T,(X), C,(1)) induced
by the inclusion of T,(X) in V,(X) is injective.

We begin with a lemma:

Lemma 3.2.3. For every K -rational point u of X we have that the completion of the local
ring at u is Ox, = K[&1,&, ..., &]; analogously for X and u the corresponding closed
point of X we have Ox 4 = Ok[&1, &2, ..., &4

Proof. We remind that by smoothness Oy, is a regular local ring of dimension d. This
means that m, /mi is a Ox,/m, = K-vector space of dimension d and we consider
mi,ma, ..., mg € m, a K-basis. By completion, we have a morphism ¢ : K[&1,&,...,&] —
@ x,» mapping &; to the image of m; in @ x,» and mapping K to the image of the global reg-
ular maps; by Nakayama’s lemma the homomorphism ¢ is surjective. Since m,, = m,O X5
then the residue field of O x 1s again K. The ring O x 1S a regular local ring, a fortiori
an integral domain. Hence ¢ is a surjective ring homomorphism between two integral
domains of the same dimension and thus is an isomorphism.

The case for X is analogous, with the accuracy that Oy ; is a regular local ring of dimension
d+1. O
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Proof of proposition 3.2.1 Let e the identity point of X. We define Q?S;t(@xé) as the
@xﬁé module of O continuous differentials of @x@ It is defined as the solution of the
universal problem for continuous Og-derivations. It can be proved that in this case it is
a (’A)x,é free module generated by d¢;,d&s, ..., d¢; and that it is isomorphic to the comple-
tion of Qp, (Oxe) (see [Gro64| 0.20.4.5 and 0.20.7.14.2). We also have the compatibility
(Qx/04)e = Qo4 (Ox), so we have an injective Ok-linear map

Qo (Oxe) = QS (Oxe).

We want to compose this map with the localization Qx(X) — Qp, (Oxe). This local-
ization is injective because if a global section w € Qx(X) C Qx(X) becomes zero in the
stalk Qo, (Oxz) then it becomes zero in every stalk (global differentials are translation
invariant) and by sheaf property w = 0. Summing up, we have a canonical and injective
map X

Qx(X) = Q5™ (Oxe).

Every continuous O g-homomorphism of @x,é to (’)@p corresponds to some oy, g, . .., ay
elements of mg . Then to every w € Q%);t((’jxé) and continuous Og-homomorphism of
@x,é to O@p can be associated an element of Q = Qp, (O@p) that is w computed in
aq,aa, ..., a4 (the substitution is well-defined since a; € m@p). Now, every continuous
O-homomorphism of (’jx,é to (’)@p induces a local homomorphism Oy — (’)@p which can
be identified with a point %((’)@p) = X(Q,) by Proposition 2.6.3 in [Mum99]; thus the
set of continuous Og-homomorphisms of Ox; to (’)@p can be identified with a subset of

X(Og,) = X(Q,). When operating on this subset, the pairing (,) described in section 3.1

coincides with the pairing on x(X) considered as element of Q%j;t(@xé)
Hence, in order to prove 3.2.1, is sufficient to prove the next lemma:

Lemma 3.2.4. For every nonzero continuous differential form

d
w=>> &, &, L) d& € U Ok[6r, &, - - Eal)
=1

d
there exist x1,y,...,7q € mg such that ) a;(x1, s, ..., 7q) - dz; is a nonzero element
P —

=1
of €.
Proof. We first prove this lemma in the case d = 1. So we assume w = a(§) - d§ with

a(€) = 3 a;& is a formal nonzero power series in £ with coefficients in Og. Let vy the
i=0
valuation on Q, normalized for K, i.e. v(K*) = Z and let
s = i.nl\flv(a,-) ip = smallest integer such that v(a;,) = s.
1€

For every z € Q, with v(z) < 1/iy then v(a;z°) < s+ 1 < v(a;a7) for every i # iy and
this implies v(a(z)) < s+ 1. Now it’s always possible to find a finite extension L/K such
that v(Dr k) > s+ 1 and such v(7r) < 1/ip; an example is a cyclotomic extension I,
for n big enough. Then, under these assumptions, the annihilator of dmy, is O@p *Dr/x
(see section 2.4), so «a(x) - dz # 0.

The general case is implied by the case d = 1 and the next lemma. O
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Lemma 3.2.5. Let a1(&1,8,...,84), .- aq(&1, o, .., €a) be formal power series in the
variables &1,&o, ..., &g with coefficients in Ok. Assuming that not all «; are zero, then
there exist formal power series ¢1, ¢a, . . ., ¢q in one variable & and coefficients in O such

d
that > a;(é1, P2, - - -, Pa)@l is a nonzero element of Ok[£].
i=1

Proof. First we will assume that a power series f(&1,&, ..., &) € Ok[&, ..., &4] is identi-
cally zero if and only every it is evaluated to zero for every choice of x1, 2o, ..., x4 € mg.
Indeed, this can be proved considering the smallest (by degree) nonzero term among the
one involving the minimum number of variables; giving those variables a valuation equal
to 1 and then giving all the other variables a big enough valuation.

d
We choose ¢; of the form ¢; = a;&+bi€? with a;, b; € O. Writing A = Y a(¢1, da, . - ., Pa) b}
i=1
we have .
A=) i@+ i€, g€ + ba€?) - (a; + 2b:€).
i=1

If ; = > oy with o, a homogeneous polynomial of degree m and if r is the smallest

m=0
integer such that there exists j with «;, # 0 then
A= (Z a; - ai,r(al, C ,ad>> ’ 57" + (Z a; - ai,rJrl(al, . ,ad)—i—

aai,r

J 1,

where we have written explicitly only the terms of degree < r + 1. We have 3 cases now.

o If> &y (&, ..., &) # 0then there exists ay, as, . . ., agsuch that > a;-a; (a1, . .., aq) #

0 S(Z) A # 0 for every choice of the b;.

o If Z&- c0ir(&1,-..,€) = 0, but Zfi cirt1(61, &2, ..., &) # 0 then there exists
al,(lzg, ...,aq such that Zai . Oéiﬂuri((ll, as,...,aq) # 0, so choosing b; = 0 we get
A 0. Z

o If Y & i, (&h,...,&) =0and > & - a;,r41(&1,&, ..., &a) = 0, then for every j the
derivation of the first identity Wiéh respect to §; yields:

a 7,7
aj,?”(&laf?v"')&d) +Z§Z ) %(517627"'75(1) =0

Then

a i,r -
A= [ij(hj’rw“'”’ad)+Zai'aigf(abm,ad))} S
J 2,J J
:<ij'%m(ala---7ad))-5’“+1+....
j

Since we have chosen j and r such that o;,(&,...,&) # 0 then we can find
ai,as,...,aq such that a;,(ai,...,aq) # 0. We conclude choosing b; = 1 and
the other b; = 0 in order to get A # 0.
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]

Proof proposition 3.2.2. For every abelian group H, we define V,,(H) = Homg(Z[p™'], H).
The subgroup X (@p) is the normal subgroup of X (@p) given by the points of order a
power of p. Since X(Q,) is p-divisible, then J = X (Q,)/X,=(Q,) is uniquely p-divisible,
i.e. for every j € J there exists a unique j’ such that pj’ = j. So we have an exact

sequence of abelian groups

0 — X~ (Q,) = X(Q,) = J —0.
Applying Homgz(Z[p~'], —) the following sequence is exact:
0= Vo (Xp=(Q,)) = V(X (Q,)) — /.

Indeed, we used the left exactness of Hom and that Homgz(Z[p™!], J) = J since J is
uniquely p-divisible. Moreover, we want to prove also and that V,(X(Q,)) — J is surjec-
tive.

Indeed, if j € J, then we can define a map Z[p~'] — X(Q,) mapping 1 to j, mapping p~*
to a p-th root of j and so on. This is always possible since X (@p) is p—divisible and all
the possible choices will be mapped to the same j as element of Homgz(Z[p~'], J). So we

have the following exact sequence:

0= Vp(Xp= (@) = Vp(X(@y)) = J.

We apply the contravariant Homyg(—, C,(1)) recalling that V,(X,~(Q,)) = Q, ®z,
T,(X), hence the exact sequence

0— Homz[g](J, (Cp(l)) — Homz[g}(%(){), (Cp(l)) — Homz[G](@p ®Zp Tp(X), (Cp(l))

Thus the kernel of the restriction Homgzq(V,(X), Cy(1)) — Homge(T,(X), Cp(1)) can
be identified with Homz;¢(J, Cp(1)).

Since X (Q,) is the union of X (L) for every finite Galois extension L/K, then J = UJ#
for all H normal open subgroup of G. If f : J — C,(1) is a Z[G]| homomorphism, then, for
every normal open subgroup H, we have f(J#) c C,(1) = 0 since we apply Theorem 1.6.5
to H = Gal(Q, /L) for some L/K finite Galois extension. Hence, since f(J) = Uf(J") =0
we proved that the restriction map Homz(V,(X), Cp(1)) — Homgzg(T,(X), Cy(1)) is
injective and this implies that the map Homy, ¢(V,(X), C,(1)) — Homyg, (1,(X), C,(1))
is injective. O

3.3 Hodge-Tate decomposition

We are now able to prove the Hodge-Tate decomposition for the Tate module of an
abelian variety X with good reduction. We need to work with the dual abelian variety
XV; it can be proved that XV has good reduction as well. We define the K-vector spaces
LieX = Homg(Qx(X),K) and LieXY = Hompg(Qxv(XV), K); they both are vector
spaces of dimension d equal to the dimension of X and XV and they are both endowed
with a trivial G-action.

Theorem 3.3.1. There exists a G-equivariant Cy-linear isomorphism
Ty(X) ®z, C, = ((LieX")" @k C,) & (LieX @ Cy(1)).
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Proof of Theorem 3.3.1
The Tate-Reynaud theorem yields an injective K-linear map

Qx (X) = Homgz, i) (Ty(X), Cy(1)) = Home, ¢)(Ty(X) @z, Cpr Cy(1))
that implies a surjective K-linear map and G-equivariant map
T,(X) ®z, C,(—=1) = Homg (Qx(X), K)
hence a surjective C,-linear map and G-equivariant map
T,(X) ®z, C, = LieX ® Cy(1).
Applying the Tate-Raynaud theorem to XV leads to the G-equivariant injection
(LieXY)* ® C, — (T,(X"Y) @ C,)*(1).

Now we consider the Weil pairing 7,,(X) x T,,(X") — Z,(1); it is a nondegenerate pairing
so it induces a perfect pairing (7,(X) ® C,) x (T,(X") ® C,) — C,(1), i.e.

(T,(XY) ® C,p)*(1) = T,(X) ® C,.
We can then assemble a sequence
0= (LieX¥)* ® C, S Ty(X) ® C, 2 LieX ® C,p(1) — 0 (+)
where « (resp. () is an injective (resp. surjective) G-equivariant C,-linear map.
Proposition 3.3.2. The sequence (%) is exact.

Proof. We have that dim¢, Ima = dimg, (LieX")* ® C, = d; moreover dimc, kerf =
2d — d = d since T,(X) is a free Z,—module of rank 2d. Hence to prove that (x) is exact,
it is sufficient to prove o a = 0.

Let ey, e, ..., eq basis of (LieX")*, then e; ®1,e2®1,...,e,®1 is a C,-basis of (LieX")*®
C,. Since e;®1 is G-invariant then the (Boa)(e;®1) € (LieX®C,(1))¢ = 0 since Theorem
1.6.5. This holds for every e;, so foa = 0. O

Proposition 3.3.3. The sequence (x) is G-equivariant split.

Proof. The sequence is exact and therefore it splits as sequence of C,-vector spaces (finite
dimensional vector spaces are projective). We need then to prove that there exists a
G k-equivariant splitting.
We start by twisting by C,(—1) the sequence:

0 — (LieX")" ® Cp(—1) & T,(X) ® Cp(—1) S LieX ® C, — 0.

Let vq,v9, ..., vy basis of LieX. Since the sequence splits there exists w € W = T,(X) ®
C,(—1) such that f(w) = e; ® 1. For every o € G, we have

flow —w) =cf(w) — f(w) =1 ®1—e3®1=0

so ow —w € a((LieXY)* ® C,(—1)). Thus for every o € G there exists 7, € (LieX")* ®
C,(—1) such that a(v,) = cw — w. The map

v: G — (LieX") ® Cp(—1)
ol
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is a continuous 1-cocycle. To prove v,, = 07, + 7, it is sufficient to prove that the two
terms have same through the injective G-equivariant map «. Indeed, a(v,,) = oTw — w
and

aloy, — ) =o(tw —w) +ow —w =oTW — W.

The cocycle [y] € H'(G, (LieX")*®C,(—1)) = 0 by Theorem 1.8.1, hence 7 is a cobound-
ary, so there exists y € U* @ C,(—1) such that for every o € G, it holds v, = oy — v.
Then

ow —w = a(y,) = aloy —y) = ca(y) — a(y)

ie. o(w—a(y)) =w — a(y) for every o € G. We define w' = w — a(y); w is G-invariant
and S(w') = f(w — aly)) = B(w) — B(a(y)) = e ® 1. Analogously for every e;, we can
find G-invariant elements w; € W such that g(w)) = e; ® 1. The map

s:LieX®C, =W
e; @1 w;

is a G-equivariant section of f3.
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