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Introduction

In this thesis we deal with a class of McKean-Vlasov Stochastic Differential
Equations (MV-SDEs).

MV-SDEs are more involved than classical SDEs as their coefficients depend
on the law of the solution itself. They are sometimes referred to as mean-field
SDEs and were first studied by McKean in A class of Markov Process associ-
ated with non linear parabolic equations (1966). These equations describe the
limiting behaviour of individual particles having diffusive dynamics and which
interact with each other in a "mean field” sense.

In this thesis, we are interested in showing existence and uniqueness of solu-
tions for a class of MV-SDEs that arise in the study of the Large Deviation
Principle for weakly interacting Ito diffusions. One way of proving limit theo-
rems of this type is through the so-called weak convergence approach, which
requires, besides tightness and identification of the limit, uniqueness of solu-
tions for a controlled version of the limit model.

Let T > 0 be a time horizon and d,d; € N. Let P(RY) be the space of
probability measures on R? and let P;(R?) be the space of probability mea-
sures on R¢ with finite moment of first order.

Let ((Q2, F,P), (Fi)icpo,r)) be a stochastic basis satisfying the usual hypotheses
endowed with a d;-dimensional (F;)-Wiener Process (W}):c(0,17-

The aim of this work is to investigate the cases in which the SDE has the
following form:

dX (t) =b(t, X, Law(X (t)))dt + o(t, X, Law(X (¢t)))u(t)dt
+ o(t, X, Law (X (t)))dW,,

with initial condition X (0) = X fixed and u € U, where U is the space of all
(Fi)-progressively measurable functions w : [0, T] x Q — R% such that:

[ o

Equation (0.1) is called controlled McKean-Vlasov stochastic differential equa-
tion. It is sometimes referred to as (controlled) non-linear SDE. This denomi-
nation is due to the non-linearity of its infinitesimal generator.

(0.1)

E

< Q.
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The complications in such an expression are not only due to the non-linear
nature of the equation but also to the presence of the control u(-). We think of
u as a control, although we are not selecting w. It is simply a given stochastic
process with finite integral moment of second order.

There are different ways to deal with both the problem of Existence and that of
Uniqueness of solutions. The approach depends on the assumptions we make
on the various coefficients appearing in the equation.

In particular, the case in which the coefficients are globally Lipschitz and the
control is not present, or it is present but bounded, has already been discussed
in several works and one can quite easily show that the solution in this case
exists and is unique.

The presence of an unbounded control complicates quite a bit our problem, at
least for the Uniqueness problem. In fact, the introduction of an unbounded
control, u, makes the actual drift coefficient only locally Lipschitz. As opposed
to ordinary stochastic differential equations, for MV-SDEs it is possible to find
counterexamples to uniqueness when the coefficients are only locally Lipschitz,
see [13].

In order to deal with the problem of Existence of solutions for the equa-
tions above, we introduce a functional W that associates to an element 6 =
(61)teo) € C([0,T], P1(R?)) the flow of measures corresponding to the marginal
laws of the solution of the SDE:

AX(t) = b(t, X, 0(1))dt + o (t, X, 0(8))u(t)dt + o (t, X, 0(t))dW,.

Then W is well defined under quite general assumptions on the coefficients b
and o and with initial condition X (0) = X fixed.

A fixed point for W(-) is the flow of measures associated to a solution for the
Equation (0.1).

We exploit Brouwer-Schauder-Tychonoff Theorem to show that W(-) admits at
least one fixed point. We need to restrict ourself to consider a convex compact
subset of C([0,7T],P1(R?)) to be in the hypotheses of the theorem. The key
tool to obtain compactness is a version of Ascoli Arzela Theorem.
Furthermore we need to show that the functional W(-) is continuous.

In the case in which the coefficients b and o are globally Lipschitz the conti-
nuity of W(-) can be showed directly. When the coefficients b and o are simply
uniformly continuous, we are still able to show the continuity of W(-) but we
need to exploit the Martingale Problem.

Secondly, we develop the Uniqueness topic.
We obtain some positive results, imposing stronger assumptions on coefficients
or controls.



In particular, we are able to show uniqueness in the case of finite moments of
exponential order of the control u(-), that is: there exists a positive ¢ > 0 such

that
E[echT |“(t)‘2dt] =D < oo0.

We also show Uniqueness of solutions in the case of ”delayed volatility coef-
ficients”, that is: there exists 6 > 0 such that for all ¢ € [0,T], all ¢,¢ €
C([0,T],R%), all u € P(R?):

o(t,o,u) =o(t,,n), once ¢(s)=1(s) Vse[0,t—0]






Chapter 1

Existence of solutions

1.1 Relative Compactness

Let us consider a Polish space*, E, and a complete metric 7(-, ) on it.
We define C' = C([0, T'], E), the space of continuous functions from the interval
[0,T] to E, and define the distance between two points x and y in C as :

p(r,y) = ti[%% r(z(t), y(t)).

We introduce the concept of modulus of continuity :

Definition 1.1. Let x € C([0,T], E), we define the modulus of continuity
of x as:
w,(0) = w(z,d8) = sup r(z(s),z(t)), 0<d6<T.

|s—t|<6

Remark 1.2. The definition of modulus of continuity given above let us deduce
a necessary and sufficient condition for an x to be uniformly continuous on

[0,7):

(lslil(l)wx(é) = 0. (1.1)

Any x € C satisfies (1.1).

Remark 1.3. We can notice, exploiting the property of the sup of a difference

*A Polish space is a separable completely metrizable topological space; that is, a space
homeomorphic to a complete metric space that has a countable dense subset.



1.1. RELATIVE COMPACTNESS

and triangle inequality, that:

w2 (0) —wy(9)] = | sup r(x(s),2(t)) — sup r(y(s),y(t))]

|s—t]<5 |s—t]<6
< s Ir(a(s): 2(6) = r(y(s): y(2)
< s Ir(a(s) (1) = (o0 4(5)) + r(2(0),(5)) = r(y(s).y(0)
< sup {Ir(@(s).2(0) = (a0 )]+ Irwl0)5(s)) = (o) w®)

< sup {r(a(s),y(s) + r@(t).y(t) } < 2p(a.y),

|s—t[<o
which means that w(z, ) is continuous in x for a fived 6.
We recall the definition of relative compactness.

Definition 1.4. A set A is relatively compact if A, the closure of A, is
compact. This fact is equivalent to the condition that each sequence in A
contains a convergent subsequence (which may not lie in A)

Here we present a generalized version of Ascoli-Arzela Theorem, Theorem
A2.1in [9], which completely characterizes relative compactness in C([0, 7], E).

Theorem 1.5 (Ascoli -Arzela ). Fiz two metric spaces [0,T] and E, where the
interval [0, T] is, obviously, compact and E is complete, and let D be dense in
[0,T]. Then, the set A C C([0,T], E) is relatively compact if and only if:

m A is relatively compact in E, for everyt € D (1.2)
and
lim sup w,(§) = 0. (1.3)

In that case, even Ute[O,T] m A is relatively compact in E.

Remark 1.6. Let us notice that the functions in A are by definition equicon-
tinuous at the point ty € [0,T] if, ast — to, sup,ea 7(x(t), x(to)) — 0; and the
condition (1.3) defines uniform equicontinuity over [0,T] of the functions in

A.

Proof: If A is compact, (1.2) follows easily.
Let us recall a result.

Lemma 1.7. If f, \, 0 for each x and if each f, is everywhere upper semi-
continuous the convergence is uniform on each compact set.

6



CHAPTER 1. EXISTENCE OF SOLUTIONS

Since w(z, n~1) is continuous in z and non increasing in n, if A is compact
exploiting the theorem above we have that lims o w,(d) = 0 holds uniformly
on A, that is (1.3).

Now suppose that (1.2) and (1.3) hold.

The idea now is to exploit (1.2) and (1.3) to prove that A is totally bounded.
In fact, C' = C([0,T], E) is complete, because of the completeness of F, and so
A totally bounded is a condition equivalent to A compact.

Given € > 0, by hypothesis (1.3), we can choose k& € N large enough that
w,(Tk™Y) < ¢, for all x € A.

D C [0,7] is a dense subset of [0,7]. We can consider a finite set I, =
{t1,...,tm} C D such that V¢t € [0,T]: 3t; € I, such that |t —¢;] < Tk

By hypothesis (1.2), we know that, for any t; € I, C D, m, A is relatively
compact. Because of the completeness of E and the result quoted above, m;, A
is totally bounded, V¢; € Ij,. Hence, for all ¢; € I}, we can define a finite e-net,
Hj, on m, A.

Define i as H = @}, H;.

Consider y € H.

Choose an element x, in A such that supjeg .0 7(2y (), y(t;)) <€, if it ex-
ists, and otherwise select arbitrarily an element in C([0, 7], ) that satisfies the
same condition and set it to be x,. We build the set B as B = {z, : y € H}.
B is finite, since #B = #H =[] m} #H; < oo. We want to show that B
is a finite é-net for A.

Let z be a generic element in A.

Vt; € Ij, there must be y; € H;, such that r(y;, 2(¢;)) < e. Hence, there exists

jell,...,

.....

-----

We have, for all t € [0,T]:

r(ay(t), 2(8) < rlzy(t), 2y (t:)) + r(zy (), y(4)) + r(y(t), 2(:)) +r(2(t:), (1))
<w,, (Thk™) +e+e+w,(Tk™) < 4e,

where t; € I is such that [t — ¢;] < Tk™L.
Hence we have that:

p(zy,z) = sup r(zy(t),2(t)) < 4e.
te[0,7)

Thus B is a finite 4e—net for A and, since € is arbitrarily small, we can deduce
that A is totally bounded as desired.
m

Theorem 1.8. Suppose that 0 =tg <ty <---<t,=1T and

1<i<v



1.1. RELATIVE COMPACTNESS

Then, for arbitrary ,

w,(0) <3 max sup r(x(s),z(ti—1)). (1.5)

lsisvy, 1 <s<t;

Remark 1.9. We underline that (1.4) does not require t; — t; 1 > 0 for the
extremals i =1 or i = .

Proof: Let m be the maximum in (1.5) that is

M = MaX)<j<y SUPy, | <oy, T(2(8), 2(ti—1)).

Let us notice that if |s — ¢| < §, then s and ¢ must lie in the same interval
[ti—1,t;] or at least in adjacent ones. In the first case, if for example s and ¢
are in the same interval [¢;_1, ], then:

r(z(t), z(s)) < r(x(t),x(ti1)) + r(z(ti-1), z(s)) < 2m.

In the second one, if s and ¢ are in adjacent intervals, [t;_1,t;] and [t;, ;1]
respectively, then

r(z(s),z(t)) < r(x(s),x(ti—1)) + r(z(tizr), z(t;)) + r(z(t;), z(t)) < 3m.
This implies that

ws(0) = | S;ltlllzér(w(S)ax(t)) < 3m,

that is (1.5).



CHAPTER 1. EXISTENCE OF SOLUTIONS

1.2 Fixed-point Theorems

Here we give a few definitions and results that are necessary to the fixed-point
theorems we would like to exploit. For this part we refer to chapter 17 in [1].

Definition 1.10. A correspondence ¢ from a set X to a set'Y assigns to
each x in X a subset ¢p(x) of Y.

We write ¢ : X — Y to distinguish a correspondence from a function from X
toY.

We wish to denote restrictions on the values of a correspondence.

A correspondence ¢ : X — Y is said to be non-empty-valued if, for each
r € X, ¢(x) is a non-empty subset of Y.

If Y is a topological space, then we say that the correspondence ¢ : X — Y
is closed-valued or has closed values if ¢(z) is a closed set for each x € X
and analogously we say that ¢ is convex-valued if for each z € X ¢(x) is a
convex subset of Y.

Just as functions have inverses, so do correspondences.

Definition 1.11. The upper inverse ¢" (also called the strong inverse ) of
a subset A of Y is defined by

¢"(A) ={r € X : ¢(z) C A}

Definition 1.12. A correspondence, ¢ : X — Y, from a topological space to
a topological vector space is upper demicontinuous if the upper inverse of
every open half space in'Y is open in X.

Definition 1.13. A correspondence, ¢ : X — Y, between topological spaces
has closed graph, if its graph Gr(¢) = {(z,y) € X xY;y € ¢(x)} is a closed
subset of X x Y.

Definition 1.14. Let A be a subset of a set X. A fixzed point of a function
f A — X isapoint x € A satisfying f(x) = z. A fized point of a
correspondence ¢ : A — X is a point x € A satisfying x € ¢(x).

Definition 1.15. Let A be a subset of a vector space X. A correspondence
¢ : A — X is itnward pointing if, for each x € A, there exists some y € ¢(x)
and A > 0 satisfying x + ANy — x) € A.

We are now ready to state the following theorems.

Theorem 1.16 (Halpern-Bergman). Let K be a non empty compact convex
subset of a locally convex Hausdorff space X, and let ¢ : K — K be an inward
pointing upper hemicontinuous correspondence with non-empty closed convex
values. Then, ¢ has a fixed point.



1.2. FIXED-POINT THEOREMS

Theorem 1.17 (Kakutani-Fan-Glicksberg). Let K be a non-empty compact
convex subset of a locally convex Hausdorff space, and let the correspondence
¢ . K - K have closed graph and non-empty convex values. Then, the set of
fixed points of ¢ is compact and non empty.

The next fixed point theorem is immediate from the fact that continuous
function define upper hemicontinuous correspondences, but is stated separately
for historical reasons. This is the result we will use.

Corollario 1.18 (Brouwer-Schauder-Tychonoff). Let K be a non-empty com-
pact convex subset of a locally convex Hausdorff space, and let f : K — K
be a continuous function. Then, the set of fixed points of f is compact and
non-empty.

10



CHAPTER 1. EXISTENCE OF SOLUTIONS

1.3 Existence in Wasserstein-1 metric

The topic of existence of solutions can be developed considering different met-
rics on the space P;(R?), which is the space of probability measures on R?
with finite moments of first order.

We focus our interest on the Wasserstein-1 metric.

Definition 1.19. Let u, v € Py (R?), we define the distance in Wasserstein-1
metric between |1 and v as:

vET (1)

Wilu,v) = int / 2 — yldy(a.y),
R4 x R4

where T'(u, v) denotes the set of all measures on RY x RY with marginals 1 and
v on the first and the second factor respectively.

According to Kantorovich-Rubistein Theorem, for example Theorem 1.14
n [15], this metric can also be rewritten as:

Wi, v) = sup{ S@utdz) = | flep(de) : Lip(f) < 1},

where Lip(f) denotes the Lipschitz constant of f.
In particular, this definition justifies the following:

Proposition 1.20. Setting p and v € P1(R?), let X,, (resp. X,) be a stochas-
tic variable whose law is pu (resp. v). It is true that:

WI(M’V) < E“Xu - X,,’]

Proof. Let f : R — R be a Lipschitz function such that its Lipschitz constant
Lip(f) < 1. This implies that Vz,y € RY, it holds:

|f(x) = f(y)] < Lip(f)|z —yl < |z —yl.

Hence, we have:

/f u(da) /f E[f(X,)] — E[f(X,)] < [E[f(X,) — F(X,)]
<E[|f(X,) - F(X }<E[|X ~x.

This means that:
Wi(p.v) = sup { [ tamtan)- [ rawis) s Lin() < 1} < E[IX,~X,[].
O

11



1.3. EXISTENCE IN WASSERSTEIN-1 METRIC

Remark 1.21. Let us highlight that we have the natural inclusion P (R?) C X,
where X denotes the space of finite signed measures endowed with the topology

of weak convergence.

Furthermore, we can notice that, if (N, )nen 48 @ convergent sequence in (Py(R?), W),
it converges also in (X,dyr). The converse is not true. Let (Vn)nen C P1(RY)

be a convergent sequence in (X, dpr). In general, this sequence does not con-
verge in (P1(RY), W1). In fact, convergence in (P1(R®), W) is stronger than

the one in (X, dyr), because it requires the convergence of the first moments.

We introduce the space of continuous functions on Py (R?), C([0, T7], P1(R%)),
equipped with the following metric, induced by Wasserstein-1:

Definition 1.22. Let p,v € C([0,T], P1(R?)), we define the metric pi(-,-) as:

pr(p,v) == sup Wil 1)
te[0,T
Remark 1.23. Let C([0,T],X) be the space of continuous functions on the
space of finite signed measures, X, equipped with the following metric:

por(p,v) = sup dpr(p, v1), pv € X.
te[0,7]

C([0,T1,X) is a locally convex Hausdorff topological vector space.

There is a natural inclusion: C([0,T],P1(R%)) c C([0,T], X).

Furthermore, the topologies, induced by the metrics py, ppr,, are compatible.
Let (fn)nen be a convergent sequence in (C([0,T], P1(R%)), p1). This sequence
does converge in (C([0,T],X), ppr.). The converse is not true.

This implies that any compact subset of C([0,T], P1(R?)) is a compact subset
of C([0,T],X). These facts will be helpful in the future.

Now, we have to recall the background of our problem.

Let T' > 0 be the time horizon and d, d; € N.

Let U be the set of all quadruples ((©2, F,P), (F¢)ieo,r), u, W) such that the
pair ((Q, F,P), (Fi)icpo,r)) forms a stochastic basis satisfying the usual hy-
potheses, W is a d;-dimensional (F;)-Wiener process and u is an R%-valued,
(Fi)-progressively measurable process such that:

]E[/OT u(t)Pde] = Q < oo,

For simplicity, we may write u € U instead of ((Q2, F,P), (F¢)icpp,r), u, W) € U.
Let b, o be predictable functionals on [0, T] x C([0, T], R?) x Py (R?), with values

"Let us recall that the metric dy;, induces on X the topology of weak convergence. As a
reference on can see Theorem (11.3.3) in [6].

12



CHAPTER 1. EXISTENCE OF SOLUTIONS

in R? and R¥% | respectively.
Given u € U, we would like to study the following non-linear controlled SDE:

dX; =b(t, X, Law(X}))dt + o(t, X, Law(X}) )u(t)dt

+o(t, X, Law(X,))dW,, (1.6)

where the initial condition is X (0) = X, with E[|X,|?] < oco.

A solution of (1.6) under u € U is a continuous R%valued process X defined
on the given stochastic basis and adapted to the given filtration such that the
integral version of (1.6) holds with probability one. A solution is said to be
strong when it is adapted to the filtration (.7:",53 ’XO), i.e. the filtration gener-
ated by W and X,, completed with respect to P. We say that for Equation
(1.6) there is trajectorial uniqueness (we simply write uniqueness) if, given a
couple of solutions X and X', defined on the same filtered probability space
(Q, F, (F:),P) with the same Wiener process W, the processes X, X are in-

distinguishable, that is P(X (¢t) = X'(t),Vt € [0,T]) = 1.

Consider the following Lipschitz and growth conditions on b and o.

(L) There exists L such that for all ¢ € [0,7], all ¢,v» € C([0,T],R?) all
p,v € Pr(RY)

|b(ta ¢7 :u)_b(tv ¢a V)|+|O'(t, ¢7 ,u)—a(t, 1/)’ ’/)| < L( sup |¢(3>_¢(8)|+Wl (:ua V)) :

s€[0,¢]

(G) There exists a constant K > 0 such that for all ¢ € [0,7], all ¢ €
C([0,T],R9), all u € P(RY)

bt 6 ) < K (1+ sup [6(s)]),  lo(t6,m)] < K.

s€[0,t]

Remark 1.24. We want to underline that these conditions are sufficient to
guarantee that, for any fived 0 € C([0,T], P1(R?)), the following SDE has a
unique strong solution, whose moment of second order is bounded by a constant
that does not depend on the specific 6

dXt = b(t, X, Qt)dt + U(t, X, Qt)u(t)dt + O'(t, X, Qt)th

X(0) = X,. (L.7)

As we have anticipated in the Introduction, we will deduce Existence of solu-
tions for the Equation (1.6) with a fixed point argument.
To this purpose, we introduce the following functional:

- C([0,T], PL(RY)) — C([0,T], P1(R%))

See the Appendix B for the proof, in particular Theorem B.1.

13



1.3. EXISTENCE IN WASSERSTEIN-1 METRIC

that associates to v € C([0, T], P1(R?)) ¥ (v) = (U(v)s)iepor) € C([0, T], P1(R?)),
such that WU(v); = Law(X"(t)),Vt € [0, T], where X” is the unique solution of
the SDE (1.7), with 0 = v.

Thanks to Remark 1.24, we already know that this functional is well defined.

A fixed point for the application W is a u € C([0, T}, P1(R?)) such that ¥(u) =

u, that is equivalent to the fact that u(t) = Law(X*(¢)),Vt € [0,T], where X*

is the solution of the SDE:

dXt = b(t, )(7 [Lt)dt + U(t, X, Mt)U(t)dt + U(t, X, Mt)th (1 8)
X (0) = Xo, '

hence p is the law of a solution of McKean-Vlasov SDE.

In particular, p is the law of the solution of Equation (1.8), namely X*.

By hypothesis, Equation (1.7), for a fixed flux of measures p, has a unique

strong solution. Hence, we are able to deduce the existence of a strong solution
for McKean-Vlasov SDE.

Remark 1.25. The argument that we will develop is not sufficient to have
the uniqueness of solution. In fact, the fized-point theorem that we will exploit
guarantees the existence of at least a fized point, not its uniqueness.

To show that the function ¥ admits at least a fixed-point, we would like
to exploit Brouwer-Schauder-Tychonoff Theorem.
We need to prove that the hypotheses of the theorem are satisfied.

First of all, we need to focus our attention on a non-empty, compact con-
vex subset of the space C([0,T],P1(R%)), in order to restrict ¥(-) to this set.
Let us notice that, according to the Remark 1.23, we only need to find such a
compact subset in C([0, T'], P;(R?)); it will then naturally be a compact subset
of the locally convex Hausdorff space C([0,77], X).

Define A C C([0,T7], P1(R%)) as:

A= {peC([0,T],PL(RY) : u(t) = Law(X (t)),Vt € [0,T],
where X = (X(t)):cpo,77 is the solution to the following equation:
dX: =b(t, X, 0;)dt + o(t, X, 0;)u(t)dt + o(t, X, 6;)dW,,
with initial condition X (0) = Xy, fixed, and 6 € C([0,T], P1(R%))}.

Obviously, A is non-empty and, thanks to Remark 1.24, we have already no-
ticed that each p € A is the law of a process (X;)¢co,r), such that:

E[ sup th|2] < RSP Z R,

t€[0,T]

14



CHAPTER 1. EXISTENCE OF SOLUTIONS

with R = 4(E[| X,|*] + TK?E| fo lu(t)|?dt] + 4T K? + 2K*T?).

Now, consider B C C([0, T], P1(R%)).

B :={uecc(0,T),P(RY) : u(t) = Law(Y(t)), t€[0,T], with

t t
Y(t):X0+/ bsds+/ &AW,
0 0

where b, is a Re-valued, F,-progressively measurable process, such that:

t
E[/ beldr] <CViE—s,  0<s<t<T,

s is a R4 _valued, F,-progressively measurable process, bounded by
the constant K and
E| sup [Y(HP] < R},

te[0,7

where C = K((2T + 2TR')z fo |u(t)[2dt]2)

Furthermore, we can prove the following.

Proposition 1.26. Consider the subsets of C([0,T], P1(R?)), A and B defined
above. Then the following inclusion holds:

AC B.

Proof. We have to show that any u € A is in B.

Consider a € A. It must be u(t) = Law(X?(t)),Vt € [0,T], where X? is the
solution of Equation (1.7), for a fixed 6 € C([0,T7], P;(R%)).

We must check that drift and volatility coefficients, in this case, satisfy the
hypotheses to let u be in B. Certainly, b,0 and u take values in the right
space and are F;-progressively measurable, by hypothesis.

By Remark 1.24 we already know that

IE[ sup \XQIQ] <R.

te[0,T)

Furthermore, by hypothesis (G) on o, we know that: |o(t, ¢, )| < K, for any
¢ € C([0,T),RY), p € Py(RY) and t € [0, 7).

To conclude that A C B, we have only to show the hypothesis on the drift
term.

15



1.3. EXISTENCE IN WASSERSTEIN-1 METRIC

Exploiting triangle inequality and Holder inequality, we can deduce:
/ o(r. X7, 0r)) + o (r, X7, 6(r))u(r)] |
<E / (. X, 0r))| +lo(r, X7, 6())u(r)]dr|

<E / 1b(r, X°, 6 |dr +E / o (r, X?, 0(r))u (r)|dr]

1
SE[/]brXH |dr\} —|—IE /|a'rX9 0(r))u (r)\dr|2]2:A.
Exploiting (G) hypotheses on b and ¢ and Hélder inequality, we have:

1 t 1

A<]E KO+ sup (X0 )|)d'r’|2r +]E[\/ K|u(r)\dr|2]2
wel0,r] s

1

< KE[(t—s)/ (1+ sup IXH(w)DQdT}é +KE[(t—3) /:‘“(T)Fd’"r

s we(0,r]

= \@KME[/“ sup !X9<w)!2dr}§ +K\/E1E[/OT\U<T)|2dr]5

s we(0,r]
3 T 1
dr +E[/ |u(r)|2dr} :
0

< Km<<2T+2TR’> +E[/T|u(r)|2dr];> —OVi—s.

sup | X"(w)|”

wel0,r]

SK\/t—s<<2T+2/TE

Hence, we can conclude that A C B. O
Remark 1.27. In particular, this implies the following chain of inclusions
Im(V)=AC BCB.

Hence, the following restriction of V is well defined:

v:B— B.

Furthermore, we can notice that B is non-empty. In fact, A is non-empty and
ACB.

We will prove that B, the closure of B, is the non-empty, compact, convex
subset of C([0,T],P;(R?)), which we have to restrict ¥ to, in order to be in
the hypothesis of Brouwer-Schauder-Tychonoff Theorem.

Proposition 1.28. Consider the non-empty set B, which is defined as:

16



CHAPTER 1. EXISTENCE OF SOLUTIONS

B :={peC(0,T],P.(RY) : u(t) = Law(Y (t)), te€[0,T], with

t t
Y(t):X0+/ bsds+/ &, dW,,
0 0

where by is a Re-valued, F,-progressively measurable process, such that:

t
B[ b <CVi=s, 0<s<i<T

65 is a RN yalued, Fy-progressively measurable process, bounded by
the constant K and

B[ sw [V(0)F] < R,
te[0,7
where C' = K((2T + 2TR')? + E[fOT lu(t)]2dt]2) < .
Then, B, the closure of B, is compact in C([0,T], P1(R%)).

Proof. The statement of the proposition is equivalent to the relative compact-
ness of B.

In order to show that B is relatively compact, we would like to exploit a gen-
eral version of Ascoli-Arzela Theorem, namely Theorem 1.5.

First, we would like to show that there exists a set D dense in [0,7] such
that Vt € D: m(B) is relatively compact in P;(R?). Actually, in this case
we will have D = [0,7]. By definition of B, we already know that there
exists a positive constant, R’ < oo, such that for any process Y such that
iy € B Elsup,o [V (7] < R

Let us notice that for any process Y such that uy € B, exploiting Markov
inequality, we have, Vt € [0, T]:

E[|Y(t)]?)] R
P(Y ()] > 0 = BY () > &) < SO 7
Hence, we can deduce that, for any fixed ¢ € [0,7] :
_ R
sup  P([Y(?)| € B(0)) > 1— —.
py (t)em(B) €

So, ¥Vt € [0, T}, the set m(B) is tight.

By Prokhorov Theorem, we have that m;(B) is relatively compact in P(R?).
Now, we would like to show that V¢ € [0,7] m(B) is relatively compact in
P1(RY). In order to do this, we will exploit the notion of sequential com-
pactness. Let us consider a sequence (fin)nen C cl(m(B)). Since cl(m(B)) is
compact in P(R?), there must be a subsequence (i, Jxen Of (fin)nen such that:

Ly — koo My in P(R). (1.9)

17



1.3. EXISTENCE IN WASSERSTEIN-1 METRIC

We would like to show that
Hony, —k—o00 Ky in Pl(Rd)7 (110>

in order to deduce that cl(m;(B)) is compact in (P;(R?), W), and so that 7;(B)

is relatively compact in (P (R?), W;).5

By Dominated Convergence Theorem, for instance Lemma 3.11 in [9], we have
that (1.9) implies (1.10), once the sequence (Xp, )en, with p,, = Law(X,, ),
is uniformly integrable.

Uniform integrability is a condition equivalent to sup,ey E[| Xn, | - Ix,, 5an] = 0,
as M — oo.

Vk € N, exploiting Holder inequality and finiteness of moments of second order
of the elements of the sequence, we have:

Ell Xo |- Lyxo sy < AVE[ X 2] \/ELx,, 0] < VRWP(1 X, | > M)

X TR
<\/ﬁ\/lp> |Xnk|2>M2)<\/ﬁ H nk|]<\/ﬁ R %’

that clearly goes to zero as M goes to infinity.
We proved the first hypothesis of Ascoli-Arzela Theorem.

In order to deduce our thesis, we have to prove the following:

lims 0)=0
iy sup w,(6) =0,
where w,,(-) denotes the modulus of continuity of 4, that, in this case, is defined

| wa(8) = sup Wi(u(s),u(t), with & € (0,T].

|s—t/<6

Now, fix © € B and § € (0,7]. Let 0 < s < ¢t < T such that |s — ¢] < §.
Suppose that 4 is the law of a certain process (Y'(t))¢co,r), whose coefficients
satisfy the hypotheses to let u be in B.

Exploiting Proposition 1.20, the hypotheses on Y and Hélder inequality,
we have that:

Wauts). ) < B[ ()~ 0] =2[| [ butr+ [ o]

SED/tmr@ +1E[| /t&rdWA] gE[/t|l§r|dr] +E[|/t@dwr|z]§ _

$Here we exploited the fact that Wasserstein-1 metric corresponds to weak convergence
plus convergence of the first moments topology, see Theorem 7.12 in [15].

18



CHAPTER 1. EXISTENCE OF SOLUTIONS

Exploiting the hypotheses on b and & and Ito [sometry, we can deduce:
t 1 t 1
A <OVEis 3+E[/ |6T|2dr] C <OV s+E[/ K2dr] P < (C+K)Wi—s.

This estimation does not depend on the specific ¢ and s, but only on their
difference, namely § = |t — s|. Furthermore, it is valid for each p € B.

Hence, we can deduce the following estimation:
supw,(8) =sup sup Wi(u(t), u(s)) <sup sup (C+ K)Vt—s

peB pEB |t—s]<b pEB |t—s]<6
< sup(C + K)o = (C + K)Vs.
neB

This shows that:
0 < limsupw,(d) < (lsin(l)(C' + K)o =0,
H

6—0 HGB

and this ends our proof. O]

In the second place, we need to show that the closure of B is convex.
In general, the convexity of B implies the convexity of its closure. We can
limit ourself to show that B is convex.

Proposition 1.29. Consider the non-empty set B, which is defined as:
B = {p e C([0,T],P1(RY)) : u(t) = Law(Y (1)), t€[0,T], with

t t
Y(t):X0+/ Bsds+/ GodWs,
0 0

where by is a Re-valued, F,-progressively measurable process, such that:

t
E[/ b|dr] < CVE—s, 0<s<t<T

65 is a RN _yalued, F,-progressively measurable process, bounded by
the constant K and
B[ sw [V(6)F] < R,
te[0,7
where C = K((2T +2TR')z + E[[] Ju(t)|?dt]?) < oc.
Then, B is conver.

Proof. Let p and v be a couple of elements in B. Suppose that, V¢ € [0, 7],
p(t) =Law(Y(t)) and v(t) =Law(Z(t)), respectively, with:

t t
Y(t) = Xo + / beds + / &AW,
0

0

t t
Z(t) = Xo + / beds + / AL
0

0
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1.3. EXISTENCE IN WASSERSTEIN-1 METRIC

with suitable hypotheses on coefficients.

Our purpose is to show that any convex combination of the type ny = Au + (1 — A,
for A\ € [0,1] is an element of B.

Let &\ be a Bernoullian variable of parameter A, independent from the pro-
cesses in B and Fy-measurable.¥ For any ¢ € [0, T, 1), is the law of the process
Wi(t) =& -Y(t)+ (1 —=&) - Z(t). In fact, for any D € F, for any t € [0,T],

we have:

(D) =P(Wi(t) € D) =P(& - Y(E) + (1 —&\) - Z(t) € D)
=P -Y()+(1-8&)-Z(t) € DIy =1)-P(6y=1)
+PEN-Y () + (1 =6 Z(t) € DI =0) - P(§y =0)
—B(Y(t) € D)- A+ P(Z(t) € D) - (1 = \) = Aae(D) + (1 — Nn(D).

We have to check the hypotheses on drift and volatility coefficients of W), in
order to conclude that 1, € B. We can rewrite W, (¢), for t € [0,7] as:

Wa(t) =& - Y () + (1= &) - Z(t)
— - <X0+/tl35ds+/t&de8> +(1-¢&)- <X0+/tl§8ds+/t5—deS>
0 0 0 0

t t
—X0+/f,\'bs+(1—£)\>'bsd5+/g)\'(3'3+(1—€)\)'53dWs
0 0

t ¢
= Xo+ / bsds + / osdWy
0 0

Naturally, b and &, take values in the right spaces and are both F;-progressively
measurable. Furthermore, Vs € [0, T], we have that

|Os| = |§>\a-s+(1_§)\)5-s| < |€)\| |&s|+|(1_£>\)| |5-s|
<O K+ [1-8) K= K+(1-8) K=K

and that

E[/St|b,,|dr] :E[/:|§A-BT+(1—§A)-5r|dr]

—&[ [ o b+ (180 Bl = 1] P = 1)
+E[/: €2 by (1= €) - Byldr|é&y = 0] - P&y = 0)

:E[/t|ér|dr} -A+E[/t|BT|dr} (1= N <OVE—s- A+ COVEi—s-(1-)\)
_oviss, S

9If it is not possible to define such a variable £y, we can extend the sample space € in
order to make it feasible.
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Finally, we have:

E[ sup \W(t)ﬂ :E[ sup |&, - Y (£) + (1 —&)'Z(t)ﬂ

t€]0,7] t€[0,7]
= E[ sup IY(t)Iﬂ P&y =1)+ E[ sup |Z(t)|2}P(§A =0)
t€[0,T t€[0,T7]

<AR'+(1-MNR =R.
This ends the proof that i, € B. Hence, B is convex. O

There is one last step to end our proof of the existence of solutions for
Equation (1.6).
Once we prove the continuity of the functional ¥, we are in the hypotheses of
Brouwer-Schauder-Tychonoff Theorem and we get the existence of solutions.

Proposition 1.30. The functional ¥, introduced previously, is continuous
with respect to the metric on C([0,T], P1(R?)), defined by:

pr(p,v) = SUD¢eo,17] Wi (s vi).

Proof: Let u be a fixed element in C([0,T],P;(R%)) and in the same space
consider a sequence (fi,)nen such that lim, o p1 (s, pn) = 0.

We have to prove that this implies that lim, . p1 (Y (), ¥(@,)) = 0, in order
to deduce the continuity of .

Exploiting the definition of p;(-,-) and Proposition 1.20, we have that:

pr(W (), W(pn)) = sup Wi(W(p)e, V(pn)e) < sup E[XF — X{™]
t€[0,7) t€[0,T

<E[sup [X}' = X{"[] =,
te[0,T

where (X{')ico,77 (resp.(X{")icjo,r] ) denotes the solution to the SDE

dX; =b(t, X, py)dt + o(t, X, pe))u(t)dt + o(t, X, u)dWy, X(0) = Xo

(resp. dXy = b(t, X, un(t))dt + o(t, X, pn (t))u(t)dt + o(t, X, pn(t))dWy ).

We would like to show that the right term (%) goes to zero, as n goes to infinity,
to infer our thesis.

For M € N, define an (F;)-stopping time 73, by
t
Ty (w) = inf{t € (0,77 : / lu(s,w)|*ds > M}
0

with inf @ = co. Observe that P(ry <T) — 0, as M — o0,
since EUOT lu(t)|?dt] < oo.
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Using Holder’s inequality, Doob’s maximal inequality, It6 [sometry we obtain
for M € Nand all t € [0,T] :

t/\TM
E| sup X, — Xi, [7| <4TE / |b(r, X*, pu(r)) — b(r, X“",un(r))|2d7“]
s€[0,¢] 0
t/\TM t/\TM
+4E / lo(r, X*, p(r)) — o(r, X+, un(r))|2d7’./ lu(r)|*dr
0 0
t/\TM T
+ 16E / lo(r, X*, u(r)) — o(r, XF (1) 2dr
0
t/\’TI\/[ T
<ATE / |b(r, X*, u(r)) — b(r, X“",,un(r))|2d7“
0
tATM
+ (4M + 16)E / lo(r, X*, u(r)) — o (r, X*, un () Pdr| = A.
0

Now, we exploit hypothesis (L) to deduce the following:

tATM
N <8LHT+ M +4)E / sup | X# — XE 2+ Wy (u(r), ,un(r))2d7"]
0

s€[0,7]

tATM
<8LAT + M + 4) (E[/ sup | X — Xé‘"Ier] + sup Wl(u(r),un(T)V)
0

56[077’] TE[O,T]

t
§8L2(T+M+4)/ E[ sup [XE_— Xt ]2]dr+8L2(T+M+4)Tp1(u,un).
0

SATM SATN
s€[0,7]

Applying Gronwall Lemma we have:

E

SATM SATM
s€[0,t]

sup | X# _ XHn ’2] < 8L2(T—|—M+4)Tp1(,u,/Ln)68L2(T+M+4)t,
and we can deduce that VM € N:

E

SATM SATM
s€[0,T7]

sup | XYy, — X3 '2] < 8LA(T + M +4)Tpu(p, p ) THIHOT,

Now, we go back to our first case.
Exploiting Cauchy-Schwarz inequality, linearity of expected values, Holder in-
equality and the fact that:

$up 4 | sup;eio ry | X212, sup, e B supyeo ry | X2 2}} ~ R < oo, for any
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M € N we have that:

E| sup [X{— X{[| =E| sup |X{ = X{"|(Ir 57 + Iry <)
s€[0,T] s€[0,7]
=E| sup |X£ - Xétn| ’ ]ITM>T +E| sup |X£ - X5n| ’ ]ITMST]
| sef0.7] s€[0,7]

<E| sup | XK ~— X |
]

SATM SATM
s€[0,T

+E

sup |X5 - X5n| ']ITMST
s€[0,T

<E| sup |XF_ — Xk |2

SATM SATM
s€[0,T7]

+E

s€[0,T7]

2 1
32301 (o<1

< 2L\/2(T + M + )T pr (i, o)L T+MHIT 2\/R’]P’(TM < T) ’

Since limy/_,o P(72; < T) = 0, we can choose M € N such that
62
P(TM < T) < TR

Placing M in the inequality above, we can deduce:

E| sup | XV - Xgny] < 2L\/2(T + M+ 4)Tpy(p, i) EHMFDT %

s€[0,T7]

Hence, for any € > 0, we can find an n € N such that Vn > n:

1 2T 1
< _ —8L4(T+M+4)T 2

and we have that:

p1(W(p), ¥(pa)) < E +5<e

sup !Xﬁ—Xﬁ"ll <

s€[0,T]

N
N

]

Finally, we would like to show that for a sequence (t, )nen C B, fhn —n—oo 4
in C([0,T], P(RY)) (w.r.t. ppr) implies ji, —n oo g in C([0,T], Py (RY)) (w.r.t.

p1).
This fact allows us to deduce that the continuity of the functional ¥|z w.r.t.

p1 implies its continuity w.r.t. ppr.

We have the following conditions:

i)
por (i, 1) = sup dyr(pn(t), p(t)) —rn-s00 0,
t€[0,T]
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which implies that

sup /M/\ ||t (£, dx) /M/\ |z|pu(t, dx)| —nseo 0, VM € N.
te[0,T]

i)

sup sup sup /\x! pn(t, dz), sup /|x\ p(t da:)} < R' < c0.
n€eN ¢€[0,T] te [0,17

To deduce our thesis we need to show the uniform convergence of the first
moments, that is:

sup ’/\xmn (t,dx) /|x|u(t,dac)‘ — o0 0.
t€[0,1]

We can write:

sup ‘/]x\un(t,dx)—/\xm(t,daz = sup ‘/m fin (t, d)
t€[0,T]

te[o T)

sup )/ |x|(un(t,dx)—ﬂ(t,dx + sup (/ 2| (a1, d) — (t,dx)))
te[0, 7] ' J|x|>M te[0,7] ' J|z|<M
—A+B.

@mm

Exploiting Holder inequality, Markov inequality and condition ii), we can write

A< sup / 2lpn(t, dz) + sup / elu(t, do)
te[0,7] J|z|>M || >M

t€[0,T]

< sup / it der)? / 2t dz)} + sup / u(t, da)? / 22u(t, do)’}
te[0,T) J|z|>M |z|>M

te[0,7
2R’
< VR sup / un(t,dac)%jL sup / p(t,dr)z | < :
te[0,T] J|z|>M |x|>M M

te[0,T

NI

that could be made smaller than £ choosing M > GTR,.
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Analogously, we have that

B= s [l A MG de) — e )|

te[0,7]

< s | f ol A MGt de) =t )|

+ sup ’A>M lz| A M (p,(t, dz) — (t,d:v))‘

te[0,T]

< sup /|m| A M (pn(t, dx) — (t,dx))‘
t€[0,T]
;M sp | [ Gt do)  ult.de)
te[0,T] ' J|z|>M
< sup | [ fal A Mot )~ . d)
t€[0,7]
eMsp ([t [ utde)
t€[0,T] || >M |z|>M
R/
< sup ‘/|x|AM(un(t dr) — u(t,do))| + 2M T
te[0,T] M
Now, we can make +2M % = QWR, smaller than £ by a proper choice of M,

as above. Furthermore, by hypothesis i) for a fixed M we can choose 7 such
that: VYn > i sup;ep ’ [ lz] A M (pn(t, dz) — p,(t,dat))‘ < 5. Hence, we have
that Vn > n:

sup ‘/|x|un (t,dz) /|:1c|,u (¢, dx S Cy
te[0,7 3

and, since € > 0 is arbitrary, we can conclude.

QJ|”\
Oolr'n
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1.4 Existence under relaxed hypotheses

Looking at the proof of Existence of solutions for Equation (1.6) in previous
section, we can notice that we used hypothesis (L) only in the proof of the
continuity of the functional ¥(-) and to guarantee that Equation (1.7) has a
unique strong solution for all fixed 6 € C([0,T], P1(R?)).

In this section we will show that hypothesis (L) can be relaxed and that we
are able to guarantee Existence of solutions for Equation (1.6) under the hy-
potheses that b(-) and o(-) are uniformly continuous and that the SDE (1.7)
has a unique strong solution for 6 € C([0,T], P;(R?)), with finite moments of
second order.

As above, let T' > 0 be the time horizon and d, d; € N.

Let U be the set of all quadruples ((2, F,P), (Ft)icjor], u, W) such that the
pair ((2, F,P), (Fi)iepo,r)) forms a stochastic basis satisfying the usual hy-
pothesis, W is a d;-dimensional (F;)-Wiener process and v is an R%-valued,
(Fi)-progressively measurable process such that:

E[/OT u(t)Pde] = Q < oo,

For simplicity, we may write u € U instead of ((Q2, F,P), (F¢)icpo,m, v, W) € U.
Let b, o be predictable functionals on [0, 7] x C([0, T], R?) x Py (R?), with values
in R? and R?% | respectively.
Given u € U, we consider the non-linear controlled SDE:

dX; =b(t, X, Law(X;))dt + o(t, X, Law(X;))u(t)dt

1.11
+o(t, X, Law(Xy))dWr, .

where the initial condition is X (0) = X, with E[|X,[?] < oc.
In this section we establish the following conditions on the coefficients b and
o and on the control u:

(UC) The functions b(t, -, -) and o(t, -, -) are continuous, uniformly in ¢ € [0, 7.
(G) There exists a constant K > 0 such that for all ¢t € [0,7], all ¢ €
C([0,T],R%), all 1 € P, (RY)

bt 6.0 < K (14 sup [6()]).  lo(t,6,4)] < K.

s€[0,t]

(U) The coefficients b, o and the control u are such that for all § € C([0, T], P1(R?))

the Equation below admits a unique strong solution with moments of sec-
ond order bounded by the constant R’ > 0, i.e. E[sup,cpq |[X:?] < R'.

dXt = b(t, X, Ht)dt + U(t, X, Qt)u(t)dt + U(t, X, et)dVVt

X(0) = Xo (1.12)
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Remark 1.31. We want to underline that the conditions (UC) and (G) are
not sufficient to guarantee existence and uniqueness of solution for the equation
above for any fived 0 € C([0,T], P1(RY)). Hence, to exploit the same results
used in the previous section it is necessary to add hypothesis (U).

As anticipated above, the only part that needs to be changed because of this
new set of hypotheses is the proof of the continuity of the functional W(-).
Let us recall that the functional, ¥ : C([0,T],P1(R%)) — C([0,T], P1(R?)),
associates to 8 € C([0,T], P1(R%)) ¥(0) € C([0,T], P1(R?)), such that ¥(9); =
Law(X(t)),Vt € [0,T], where X is the unique strong solution of the SDE
(1.12).

Thanks to the hypothesis (U), we already know that this functional is well
defined.

We will exploit the Martingale Problem to deduce that ¥(-) is a continuous
functional.

First, we need to enlarge the space where our solutions live.

It will be advantageous to have a path space which is Polish for the control
process u € U. We decide to work with the space of deterministic relaxed
controls on R% x [0, 7] with finite first moments. Let us first recall some facts
about deterministic relaxed controls (see, e.g.,[3]). Let R denote the space of
all deterministic relaxed controls on R% x [0, T, that is, R is the set of all pos-
itive measures r on B(R% x [0, T]) such that r(R% x [0,¢]) = ¢ for all ¢ € [0, 7).
Let r € R and B € B(R%). Then, the mapping [0,7] > t — r(B x [0,1]) is
absolutely continuous, hence differentiable almost everywhere.

B(R%) is countably generated. Hence, the time derivative of r exists almost
everywhere and is a measurable mapping 7; : [0,7] — P(R%) such that
r(dy x dt) = r(dy)dt . Let R, denote the space of deterministic relaxed
controls with finite first moments, that is,

Ry = {7" ER: ly|r(dy x dt) < oo}.

R%1 x[0,7

By definition, R1 C R. R endowed with the topology of weak convergence of
measures is a Polish space (not compact in our case). We equip R, with the
topology of weak convergence of measures plus convergence of first moments.
This topology turns R, into a Polish space (cf.[3] ). We can notice that,
for T = 1 (else one has to renormalize), the topology coincides with that
induced by the Kantorovich-Rubinstein distance or Wasserstein distance of
order one. Since the controls appear in an unbounded (but affine) fashion
in the dynamics, ordinary weak convergence will not imply convergence of
corresponding integrals, but convergence in Ry will.

Any R4 -valued process v defined on some probability space (€, 7', P’) induces
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an R-valued random variable ¢ according to

(B xI):= /5U(t7w)(B)dt, BeBR"),IcC[0,T],we.
I

If v is such that fOT |v(t,w)|dt < oo for all w € €, then the induced random
variable ¢ takes values in Ry. If v is progressively measurable with respect

to a filtration (F}) in F , then ¢ is adapted in the sense that the mapping
t — (B x [0,1]) is (F})-adapted for all B € B(R%).

Given an adapted (in the above sense) R;-valued random variable ¢, which
corresponds to the control v € U, and a v € C([0, T, P1(R?)), we will consider
the controlled SDE

dX, = b(t, X, v)dt + / o(t, X, v)ys(dy) |dt + o(t, X, vp)dW,
R91 (113)

X(0) = Xo,

where W is a d;-dimensional (F})-adapted standard Wiener process.
We deal with weak solutions of (1.13) or, equivalently, with certain probability
measures on B(Z), where

Z =C([0,T],RY) x Ry x C([0,T], R™).

For a typical element in Z let us write (¢, 7, w) with the understanding that
¢ € C([0,T],RY), r € Ry, w € C([0, T], R%).

The inclusion of W as a component of our canonical space Z will allow
identification of the joint distribution of the control and driving Wiener pro-
cess. Indeed, if the triple (X, ¢, W) defined on some filtered probability space
(QV, F P, (F])) solves (1.13) for some continuous v : [0,7] — P;(R%), then
the distribution of (X,¢, W) under P’ is an element of P(Z).

Hence, P(Z2) is the space we will focus on.

In fact, the question whether a probability measure © € P(Z) corresponds
to a weak solution of the Equation (1.13), for a fixed flow of measures p, can
be conveniently phrased in terms of an associated local martingale problem.
Given f € C*(R? x R™), define a real valued process (M7°(t))scjo,r) on the
probability space (Z,B(Z),0) by

Mpo(t, (@, w)) = f(p(t), w(t))—f(e(0), w(O))—/O » AZ () rw(s))rs(dy)ds,
(1.14)
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where for s € [0,T],¢ € C([0,T],R?) and y, 2 € R%,

AZ (), y,2) =<b(8 so,us) + 0 (s, ¢, 1s)y, Va f(0(s), 2))

o0 f
T3 Z oo ji(s, %MS)M(SO(S),Z)
]k 1
1 92 f (1.15)

528—:{[2(90(5)72)

0 f
+ = ZZUM S, ¢, s &L’kﬁzl( ©(s),2)
=1

k 1

The expression involving A°(f) in (1.14) is integrated against time and the
time derivative measures r; of any relaxed control r. Since we may use
r(dy x dt) in place of r5(dy)ds, the measures rs are not actually needed.

The key tool is a one-to-one correspondence between weak solutions of (1.13),
with v = p, and a local martingale problem.

Proposition 1.32. Let © € P(Z2) be such that ©({(p,r,w) € Z : w(0) = 0}) = 1.
Then © corresponds to a weak solution of (1.13), with v = p, if and only if
Mz is a local martingale under © with respect to the canonical filtration (G;)
for all f € C}(RY x R™).

Proof. As in [3], we refer to the proof of Proposition 5.4.6 in [10], page 315.
There is no need to extend the probability space (Z,B(Z),0) even if the
diffusion coefficient o is degenerate. In fact, the canonical process on the
sample space (Z, B(Z)) includes a component which corresponds to the driving
Wiener process. ]

Remark 1.33. The canonical filtration (G;) in B(Z) is not necessarily © —
complete or right continuous, while in the literature solutions to SDFEs are
usually defined with respect to filtrations satisfying the usual conditions (i.e.,
being right continuous and containing all sets contained in a set of measure
zero). This is not a problem. In fact, it is possible to show that the local
martingale property of the processes M7® under © with respect to the canonical
filtration (G;) implies that the canonical process on (Z,B(Z2)) solves (1.13),
with v = p, under ©, with respect to the filtration (gg) which satisfies the
usual conditions. See [3].

Let us recall that we are supposing that

]E[/OT |u(t)|2dt} ~ Q< o, (1.16)
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This implies, in particular, that fOT lu(t, w)|?dt < oo, for P-almost all w € €.

Since we are working with weak solutions, modifying u on a set of P-measure
: T

zero has no impact on our proof. Thus we may assume [ |u(t,w)|dt < oo, for

all w e Q.

Let’s go back to our proof. In order to show the continuity of the functional
U (-), we need to prove that, given a sequence (i,,)nen C C([0, T], P1(R%)) con-
vergent w.r.t. p; metric to u € C([0, 7], P1(R?)), (¥(uy))nen must converge to
U(u), as n — 0o, w.r.t. pg.

Vn € N, we define ©,, € P(Z) as the weak solution of equation

dX; = b(t, X, p,(t))dt + / o(t, X, pn(t)ys(dy)dt + o(t, X, p,(t))dW,

R4
X(O) — Xo,
(1.17)
and define ©,, as the weak solution of equation
X, =W X (00t + [ ot X p(O)sldy)de + ot X, u(0)dI -
R91 .

X(0) = Xo,

where ¢ is the relaxed control corresponding to u € U. We can notice that ©,,
(resp. ©,) corresponds to the law of the process (X,,,s, W) (resp. (X*,¢s,W)),
where (X,,(t))iepo,r) (resp. (X*(t))icpo,r) is the unique strong solution of the
SDE (1.17) (resp. (1.18)).

We will show that ©,, =, O, in P(Z).

By Mapping Theorem and the continuity of projections we get that the se-
quence of first marginals of (©,) converges to the first marginal of ©, in
P(C([0,T],R%)). Again, by Mapping Theorem and the continuity of the pro-
jections, this implies that W(u,) — ¥(u), in C([0,T], P(R?)). This last fact,
together with the fact, that we will show, that the sequence (X,,)nen has finite
moments of first order convergent to the first moment of the solution of the
SDE (1.13) with v = g, implies that W(i,) —n 00 ¥(p), in C([0,T], P1(R?)),
w.r.t. p; metric, as desired.!

So, once we have proved ©,, —,_,o ©, weakly, we can conclude.
First of all, we want to show that the sequence (0,,),¢n is tight in P(Z). Since,

IHere we have exploited the fact that Wasserstein metric, and so py, corresponds to the
topology induced by weak convergence plus the convergence of first moments. See Theorem
7.12 in [15].
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Vn € N, 0,, corresponds to the law of the process (X,,,s, W), it is sufficient
to prove tightness of the sequence (Law(X,,))nen in P(C([0,T],R%)), in order
to prove the tightness of (©,,). In order to prove that this sequence of laws is
tight we will exploit Aldous’s tightness criterion(Theorem 16.10 in [2]).

Theorem 1.34 (Aldous’s tightness criterion). Consider a sequence of C([0,T], R%)-
valued random variables (X, )nen. If the sequence satisfies the two conditions
that follows then the sequence of their laws is tight.

lim limsupIF’< sup |X,(s)| > a) =0 (1.19)

a—0 n s€[0,T]

ii) For each e,n > 0, there exist a §o > 0 and a ng € N such that, if 6 < dg
and n > ng and if 7 is a discrete X,,—stopping time such that 7 < T,
then

P(| X, (T +6) AT) — Xp(7)| =€) < . (1.20)

We can start by proving that condition i) holds.
Fix a € R. Exploiting (U) hypothesis and Markov inequality, we have ¥n € N:

E[Supse[O,T] |Xn(5)|2] R
IF’( sup | X,(s)| > a) < <

s€[0,T

This estimation does not depend on n and let us deduce that

/

R
0 < lim limsupIP’< sup | X, (s)| > a) < lim — =0,

a—r00 n SG[O,T] a—oo

that ends our proof on condition i).
Now, we have to prove condition ii). Fix arbitrarily ¢,7 > 0 and let 7 be a
discrete X,,- stopping time such that 7 < T'. Exploiting triangle inequality,
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Holder inequality, It6 isometry and Markov inequality, we get:

P Xn((T+0) AT) = Xn(7)] = €)
(T4+0)NT (T+8)AT
= p( / b(t, Xn, pin(t))dt + / o (t, X, pin () )u(t)dt

(T4+0)NT
[T ot Xl > o)

(T+)AT
/ o (b, X, i (8)ult)

(T4+0)AT
< / Ib(t, X, (1)) +

(T4+0)AT
S [ ot X menam| = )

(T+8)AT (T4+0)AT 1
<e([ B Xl [ ol X (et

(T+)AT b c (T4+8)AT c
2 > — > =
x/T u(t)[2dt3 > 2) +P<‘/T o(t, X, pin (1)) AW, | > 2)
(T4+0)AT (T48)AT % c
< P(/ K(1+ sup \Xn(s)])dt+K\/3</ \u(t)\zdt) > 5)
T s€[0,¢] T
B[ o(t, X, (0)Pd]
+4 _
€
(T4+6)AT T % € K25
g]P(/ K1+ sup ]Xn(s)|)dt+K\/5</ |u(t)|2dt> > —) +am?
T s€[0,T] 0 2 €

<p(sK 1+ sup 16+ KVE( [ orar)’ 2 5+ 4

s€[0,T7

K s o] « 0B P

€2

€
/ 2
- 2K(1+\/E)5+K\/5\/@+4K25
€ €
/ 2
<2K<1+\/§)50+K\/5—0\/@+4K Jo

_— )
€ €2

which is clearly less than 1 with a good choice of §y, small enough.
Hence, (Law(X,,))nen is tight.

We have shown that (©,),en € P(Z), O, = Law((X,,s,W)) Vn € N, is
tight.

By Prokhorov’s Theorem, we know that any subsequence of (0,,) possesses

33



1.4. EXISTENCE UNDER RELAXED HYPOTHESES

convergent sub-subsequence.

In the next lemma we identify the limit points of (0,,),en as being weak solu-
tions of Equation (1.18). By trajectorial uniqueness of solutions for Equation
(1.13) for a fixed flux of measures 6, they must equal ©,. This implies that
©, = 0,,in P(Z), as n — oo.

Lemma 1.35. Let (Oy;)jen be a weakly convergent subsequence of (Op)nen -
Let = be an element of P(Z) such that Oy, — Z, as j — 0o, weakly. Then =
is a weak solution of Equation (1.18). Hence, = = ©,,.

Proof. Set I = {Nj,j € N}, and write (O, )ner for (On;)jen. By hypothesis
0, — Z, weakly. Recall from Proposition 1.32 that a probability measure
© € P(Z) with O({(¢,r,w) € Z : w(0) = 0}) = 1, corresponds to a weak
solution of (1.13), with 6 = y, if (and only if), for all f € C*(R? x R™), M3 is
a local martingale under © with respect to the canonical filtration (G;), where
Mg is defined in (1.14).

In verifying the local martingale property of M® when © = =, we will work
with randomized stopping times. Those stopping times live on an extension,
(Z,B(Z)), of the measurable space (Z,B(Z)) and are adapted to a filtration
(G,) in B(Z), where

Z:=2Zx0,1, G :=G xB(0,1]), telo,T],

and (G;) is the canonical filtration in B(Z). Any random object defined on
(Z,B(Z2)) also lives on (£, B(Z)), and no notational distinction will be made.
Let A denote the uniform distribution on B([0, 1]). Any probability measure ©
on B(Z) induces a probability measure on B(Z) given by © := © x . For each
k € N, define a stopping time 73, on (’Z, 8(2)), with respect to the filtration
(G) by setting for (z,a) € Z x [0,1],

Te(z,a) == inf{t € [0,T] : v(t,z) > k+a} AT,

where

o((rw), 1) = / lylr(dy x ds) + sup |o(s)] + sup [ew(s)].
R%1 x[0,¢] s€[0,¢] s€[0,t]

Note that the mapping that associates to t € [0,7] v((¢, r, w),t) is monotonic
for all (¢, r,w) € Z. Hence, the stopping times have the following properties.
The boundedness of ¢ and w (being continuous functions on a compact in-
terval) and the boundedness of fRle[O’T} ly|r(dy x ds) imply that 7, — T as
k — o0o. The second property of note is that the mapping

Z % [0,1] 3 (z,a) — 1x(z,a) € [0,T]
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is continuous with probability one under O=0x)\V0 e P(Z). To see this,
note that for every z € Z the set

A, ={ceR; :v(z,s) =cforall s €[t t+ 0], somet e [0,T], somed >0}

is at most countable. However, Z — 74(2) fails to be continuous at (z,a) only
when k£ 4 a € A,. Therefore, by Fubini’s Theorem,

O({(z,a) € Z : 7, discontinuous at (z,a)})

:éHAZ(k+a)@(dzxda):/Z/[Ol]]IAZ(kJra)/\(da)@(dz):0

Notice that if M7° is a local martingale with respect to (G;) under © = © x \
with localizing sequence of stopping times (7x)ren, then M7e is also a local
martingale with respect to (G;) under © with localizing sequence of stopping
times (7x(+,0))ren, see the Appendix in [3]. Thus, it suffices to prove the
martingale property of M7® up till time 75, with respect to filtration (Qt) and

probability measure ©. X R
Clearly, the process M7°(- A 7%) is a (G¢)-martingale under © if and only if

Eosa [0+ (M7 (A7) = M (10 A7i))] =0 (1.21)
for all to, 1, € [0,T] with ¢y < t;, and G,-measurable ¥ € Cy(Z).

Let (k),to,tl,@b,f) € N x [O,T]2 X Cb(ﬁ) X C(Rd X Rd1>. For all n € N, @n
is a weak solution of Equation (1.13), with v = p,,. Proposition 1.32 implies
that, Vf € C}(R? x R%), M}") is a local martingale on (Z,B(Z),0,,), where
M }") is defined by:

M (t, (@1, w)) = F((), w(t)—F((0), w(0)— / AW (), 7, w(s))rs(dy)ds,

“ (1.22)
where for s € [0, 7], € C([0,T],R%) and y, 2 € R%,
AP ()(,9,2) =(b(s, @, 1n(3)) + (5, 0, p1(5))y, Vi (0(5), 2))
1<~ o, B2 f
+ §j§1(00 )jk(s, @, “”(3))ag;jaxk ((s), 2)
1ol 92 f (1.23)

+ 5 8—25(90(3), z)
=1

d dy 2
F 0D uls, ()5 —(o(s). )

8a:kazl
k=1 1=1
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Hence, it must be true that:
Eo, x [w (Mt Am) = M (tg A)) | = 0. (1.24)

As a consequence of assumption (UC) and by construction of the stopping
time 7, the integrand in (1.21) is bounded; thanks to assumption (UC) and
the almost sure continuity of 7, it is continuous with probability one under
2 =E2x A\ By weak convergence and the Mapping Theorem, for instance
Theorem 2.7 in [2], it follows that

Eo, x| (M7 (i A i) — M7 (to A7)

(1.25)
—n—oo BExa [1/) (Mt A7) — MEP(to A Tk))]

Recall that, by hypothesis, we have u,, — p in p; metric.

We claim that this fact, together with the hypothesis (UC) and the construc-
tion of 74, implies that

sup sup [ M (¢ A (2), 2) — [MP(EATL(2), 2)]| —nso 0.
tG[O,T] ?:’EZA

In fact, if we consider, for example the integral, corresponding to the first term
in the drift , which is

tATE(2)
/0 (0(s, @, pin(5)), Vaf (p(s),w(s)))ds.

By the assumed uniform continuity properties of b, this converges uniformly
intel0,T],ze€Zto

tATE(2)
/0 (b(s, 0, 11(5)), Vo f(@(s), w(s)))ds.

We can prove a similar result for all the other terms. Since v is bounded, it
follows that

‘E(anm [w (M (t A Te) — MP(to A Tk))}

) ) (1.26)
~Eo, [¢ (M (1 A ) = M (1 A Tk))} ‘ e 0.

Remembering (1.24) and exploiting results (1.25) and (1.26) and triangle in-
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equality , we have
Bz [+ (MF(t Ami) = M7 (to A7) |
= [Exs [0 - (MP (0 A7) = M (2o A 70))]
— B |1 (M (1 A7) = M{(tg A )|
< B [0 (M7 (1 A ) = M7(to A )]
[0+ (MFE(t A ) = Mt A7) ]
+ [Bo [0 (M (tl/\Tk) Mty A7)
v

_EGnX)\ 77/) tl/\Tk) M( )(to/\Tk ” —>n—>oo 0

_E@ XA

We have showed that
Exyx [¢ (Mt A T) — MEP(tg A Tk)ﬂ —0.

Hence, = = 0, unique weak solution of SDE (1.18).
]

Consider the sequence (X,,)nen, where, Vn € N, X, is the unique strong
solution of Equation (1.17). This sequence takes values in the Polish space
C([0,T],R%). We must check the uniform convergence of the moments of first
order of X,, to the moment of first order of X*, unique strong solution of the
SDE (1.18). Namely, we should check that :

sup. [E[Xa(t)]] = X" (0)]]| —>noo 0.
te[0,T
We have already showed that the two following statements hold:

i) X, — X*, in distribution.

i) sup { sup, en B | supyeiory [ X (0) ] B[ supiepoy [X#(0)] } < B < o0,
We claim that i) and ii) imply that
sup[E[]X, (0] = E[ X ()]]| —uoc 0.
t€[0,T)
Exploiting triangle inequality, we can write

sup_|E[|X(6)]] — E[lxX* ()]

t€[0,T]

< sup [E[IXa(®)] L, e = X0 Txopen] |

t€[0,T]

+ sup [B[1X,(0)] Ty, — X0 Ixepont| | = A+ B,

t€[0,T]
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Exploiting Holder inequality, Markov inequality and condition ii), we have:

B < sup E[\Xn(t)\ ']I\Xn(t)|>M] + sup E[IX“(t)\ -H|Xu<t>\>M]
te[0,T] te[0,7]
1 1 1 1
< sup E[1X, (0P| P(1Xu(6)] > M)" + sup E[|x(t)P] "B (|x0(8)] > M)’
t€[0,T7] t€[0,T
3 3 R
< R’< sup P(]Xn(t)| > M) + sup ]P’(\X“(t)\ > M) > < QM’

te[0,T] t€[0,T]

which can be made smaller than £ for a suitable choice of M > STRI.
Analogously, we get:

4= Sup} ‘E“Xn(t)\ ANM - Tix,@<m — [ XP(E)|AM - Hm(t)\sM] ‘

tel0,T

< sup E[|Xn(t)| AM — [ XH(1)] A M”

t€[0,T]

+ sup [B[[Xa(O] A M Ty = 1XPO) A M - Txupu|

te[0,T]

< sup [E[1X,(6)] A M = |X"(t)] A M|
te€[0,7
+M( sup P(|Xn(t)| > M) + sup ]P>(|X"(t)| > M))
te[0,7] te[0,T]
R/
< sup [E[1X0(6)] A M — | X7(t)| A M] ‘ raM
te[0,7

As above, 2M%2 = QWR/ can be made smaller than £ choosing M big enough.
Furthermore, hypothesis i) guarantees that, for every M fixed,
SUPyeio.r ‘E“Xn(t)] AM — | XE()| A M} ‘ < £ forn > nyy.

Hence, we have
sup_ | X,(8)]] — B X" (1) < &, ¥n = na,
te[0,7)

which let us conclude by the arbitrariness of € > 0.

This ends our proof of the continuity of functional ¥(-) and proves the Exis-
tence of solutions for MV-SDEs under relaxed hypotheses.

Remark 1.36. We would like to underline that the hypothesis of uniqueness
of solutions in (U) is not strictly necessary. Removing that condition we will
get a V() which is no more a function but a correspondence. In this case to
show Existence of solutions for our SDEs we could exploit Theorem 1.17 and
limit points must be included in the set of weak solutions for SDE (1.18).
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Uniqueness of solutions

2.1 Control with finite exponential moments

Let T > 0 be a time horizon and d,d;, € N. Equip C([0,7],RY) with the
supremum-norm topology. Let P(R?) be the space of probability measures on
R,

Let ((©2, F,P), (Fi)teo,r1) be a stochastic basis satisfying the usual hypotheses
and carrying a d;-dimensional (F);-Wiener process (W)scpo7)-

Let dyr, be the bounded Lipschitz metric on P(R?), that is, given p, v € P(R?),

oa1,) = sup{ Stan)— [ i) I < 1},
R R
where ||.||yz is defined for bounded Lipschitz functions f : R — R by

| £lloz = sup |f(z)] + sup M

z€R4 r#ycRd |IL’ - yl

Remark 2.1. Let us recall that this metric induces the topology of weak con-
vergence. See, for instance, chapter 11.53 in [6].

It possible to show the following estimations.

Theorem 2.2. If X, Y are two R¥*-valued random variables on the same prob-
ability space and A is in F, both the following are true:

dyr.(Law(X), Law(Y)) < E[| X — Y]], (2.1)
dpr.(Law(X), Law(Y)) < E[|X — Y| -14] + 2P(A°). (2.2)

Proof. Let X,Y be two R%valued random variables on the same probability
space. Consider f : RY — R, such that || f||,r < 1. This means that, Va,y €
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R?, we have:

(@) - i)

’Ix y| < sup
[z — | vtw |V~

< |z -yl

|/ (v) — f(w)

e =y < 1ozl — vl
o]

We are now able to show the first result:

dpr,(Law (X)), Law(Y"))

=sup{ [ fE)Law(X)(de) ~ | fa)Law(¥)(dz): |l < 1]

= sup{E[f(X)] — B[] 1l < 1} < sup {EIF(X) = SO = 1 llor < 1}
< E[|X . Y|].

In order to prove Property (2.2), consider A € F, we have that:

dyr (Law (X), Laww(Y)) = sup { B[ (X)] = E[f (V)] || fll < 1}
< sup {E[F(X) = OO+ Il <1
< sup {E[IF(X) = F(V)] - La] + B[ f(X) = F(V)] - Tae] : | flle <1}
< sup {E[If(X) = (V)] - La] + B2 fllckac] | fllor < 1}
< sup {E[1X = Y| L] + 2 f [oP(A°) : [ e <1
<E[IX - YL + 2P(4°).
This ends our proof. O

Let b, o be predictable functionals on [0, 7] x C([0,T],R?) x P(R?) with
values in R? and R¥% respectively.
Now, consider the following non-linear SDE:

dX, =b(t, X, Law(X (t)))dt + o(t, X, Law(X (£)))u(t)dt

+o(t, X, Law(X (t)))dWs, (2:3)

with X(0) = X fixed, such that E[|X,|*] < oo, and u a R%-valued (F)-
progressively measurable process such that

E /T\u(t)|2dt] < 0.

Consider the following Lipschitz and growth conditions on b and o.
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(L) There exists L such that for all t € [0,7], all ¢,¢ € C([0,T],R?) all
p,v € P(RY)

|b(t7 ¢7 :U’)_b(tv wa V)|+|U(t7 ¢7 :U’)_O-(t7 wv V)’ < L< sup |¢(8)_¢(S>|+dbL<uv V)) :

s€[0,¢]

(G) There exists a constant K > 0 such that for all t € [0,7], all ¢ €
([0, T],RY), all ;1 € P(RY)

ot 6 )| < K(1+ sup [6(s)]), ot 6,0)] < K.

s€[0,¢]

Let us notice that these conditions are sufficient to guarantee the finiteness of
the moments of second order of the solutions of the SDE.*

Proposition 2.3. Grant conditions (L) and (G). Let ((Q2, F,P), (Fi)icppm) be
a stochastic basis satisfying the usual hypotheses and carrying a dq-dimensional
(F)e-Wiener process (Wi)iepr) and let u be a R -valued (F;)-progressively
measurable process such that

/0 |u(t)\2dt] — Q< oo

Suppose that X, X are solutions of (2.3) over the time interval [0,T], under
the control u, with initial condition X (0) = Xo = X (0), P-almost surely.
Then, for all M € N, we have:

E

dyr,(Law(X (t)), Law(X (1)))? < +2K / 21 (1) SQLS)° o ds,

M2

where Q(t) ]E[fo lu(s Pds] < E[fo lu(s st} =Q < o0 and
Ky = By + (B )?ePMTT | with By = 8L*(T + M + 4).

Proof. For M € N, define a (F;)-stopping time 75, by:
t
v (w) = inf{t € [0, 7] : / lu(s,w)|*ds > M},
0

with the obvious assumption inf(@) = oco. Observe that P(7y, < T) — 0 as
M — oo, thanks to the fact that E[fo lu(t) th} < 00

Set 6(t) = Law(X (1)), 0(t) = Law(X (t)),t € [0,T].

*See Appendix B, in particular Remark B.3.
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2.1. CONTROL WITH FINITE EXPONENTIAL MOMENTS

Using Holder’s inequality, Doob’s maximal inequality, the [to isometry and
condition (L), we obtain for M € N, all ¢ € [0, T7,

E| sup | X(sA7a) — X (s A71a)?

s€0,t]

<ATE

/0 " o, X, 00r)) — b(r,f(,é(r))mr]

+4E

/0 o X, 00)) — o(r, X, 6(r)) [2dr - /0 ™ yu(r)y%zr]

+ 16E

/0 o X, 00)) — o(r, X, é(r))\%zr]

<ATE

/0 ™ o, X, 007)) — b(r, X, é<r))\2dr]

+ (4M + 16)E

/0 o X, 00) = o(r. ~,9~(r))]2dr]

<8L*(T+ M +4)E

/Ot/\TM ( sup | X(s) — X(3)|2 + dpr,(6(r), é(r>>2> dr]

s€[0,7]

t
< 8L2(T+M—i-4)/ E[ sup | X (s A71ar) — X (s A 7ar))?]dr
0

s€[0,r]

+ 8LAT + M + 4) /Ot dyr,(0(r), 0(r))?dr-.

We recall the following generalized version of Bellman-Gronwall’s Lemma.

Lemma 2.4. Let I denote an interval of the real line of the form |a,0) or
[a,b] or [a,b), with a < b. Let a,b and u be real-valued functions defined on
I. Assume that b and u are continuous and that the negative part of « is
integrable on every closed and bounded subinterval of I. Furthermore, assume
that b is non-negative and u satisfies the integral inequality:

u(t) < aft) + / o(s)u(s)ds,  viel

Then . .
u(t) < alt) + / a(s)b(s) exp( / b(r)dr)ds  tel.
Applying that Lemma with
b(s) = +8L*(T + M + 4)(= By),

als) = +8LA(T + M + 4) /0 Cdy (00r), 8(r))2dr = Bay /0 (00, 8(r)) 2,
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CHAPTER 2. UNIQUENESS OF SOLUTIONS

we can deduce the following estimation:

E
s€[0,t]

t
sup | X (s A1y) — X(s A TM)]2] < at) + BM/ afs)ePr =) gs =
0

t t s
= BM/ dbL(G(r),é(r))2dr+BM/ BM/ dbL(e(r)’é(r»?dTBBM(t—s)dS
0 0 0

t
< KM/ dyr,(0(r), 0(r))?dr,
0
with KM = BM + (BM)QeBMTT.

Furthermore, using property (2.2), Cauchy-Schwarz inequality and the well-
known fact that (a + b)* < 2(a® + b%), we have that

dyr (6(1),6(1))” < 2B[| X (£) = X (8)*Tocry,] + 8P(t > 7as)?
<2E[|X(t ATar) — X(EATa0))?] + SIP’(/t lu(s)[*ds > M) :

Exploiting what we have shown above and Markov inequality, we have that

dyr (0(1),0(1))* < 2Ky /OtdbL(8(3>,§(S))2ds+8< (Jy |u )[2ds) )

S 2KM /Ot dbL(G(s),é(s))st + 86]2\4(2;)27

where Q(t) = E(fy |u(s)[?ds).
Now applymg Lemma (2 4) a second time, we get:

dor,(0(1),0(1))? < +2K / 2 (t=s 862\/[2) ds.

We get a stronger result if we improve our hypotheses.

Proposition 2.5. Grant conditions (L) and (G). Let ((Q, F,P), (Ft)icpm) be
a stochastic basis satisfying the usual hypotheses and carrying a dy-dimensional
(F)i-Wiener process (Wy)ep,r) and let w be a R -valued (F;)-progressively
measurable process such that there exists a positive constant, ¢ > 0, such that :

eclo u(t>|2dt] .

Suppose that X, X are solutions of (2.3), over the time interval [0, T], under
the control u, with initial condition X (0) = Xo = X(0), P-almost surely. Then
X, X are indistinguishable, that is :

P(X(t) = X(t),¥t € [0,T]) = 1.
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2.1. CONTROL WITH FINITE EXPONENTIAL MOMENTS

Proof. For M € N, define a (F;)-stopping time 7y, by:
t
v (w) = inf{t € [0,T] : / lu(s,w)|*ds > M},
0

with the obvious assumption inf(&) = co. Observe that P(1y < T) — 0 as
M — oo, thanks to the fact that E[fOT \u(t)\th} < 0.

Set 6(t) = Law(X (1)), 0(t) = Law(X (), t € [0,T].

Choose § € (O, ﬁ) such that T' = [, for some [ € N. We get a finite covering

of the compact interval [0, T of the type 2;10[14;5, (k+1)8] =1[0,T].

Consider the first subinterval of time [0,0] and let ¢ < §. Using Holder’s
inequality, Doob’s maximal inequality, the It6 isometry and condition (L), we
obtain, for M € N:

E| sup |X(s A7) —X<5ATM)|2] < 4E /OWM 1b(r, X, 6(r)) — b(r. ~,9~(T))|2dr]
L 4E /0 o X, 0(0)) — o, % 6(r)) 2 /0 o |u(r)|2dr]
+16E /0 o X 0() — o(r, X, 5(7’))|2dr]

< 16 /0 . X 00) — b X é<r))|2dr]

+ (M + 16)E /0 v |0(7",X,9(7“))—J(T,X,é(rm?dr]

<8L*(6+ M +4)E /OtATM ( sup | X (s) — X(s)]? + dbL(H(r),é(r))2>dr] .

s€[0,r]

Exploiting the property (2.2) of dyz(+,-) and the fact that (a+b)* < 2(a*+b?),
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CHAPTER 2. UNIQUENESS OF SOLUTIONS

we deduce:

E

s€0,t]

sup | X (s A7) —X(S/\TM)P]

<8L*(6+ M +4)E

¢
/ sup | X (s A Tar) —X(s/\TM)\2dT]
0

s€[0,7]

+8L*(§ + M + 4)E

/Ot/\ﬂvf <E[|X(T’) — X(T)|Ht<’7']\/[:| + 2P(t > TM)>2dr]

= 8L2(5+M+4)</OtIE[ sup | X (s A7a) — X (s A7) dr

s€[0,r]

+E

/Ot/\mj ok [\X(r ATyn) — X(T A TM)F} n 8IF’< /Ot |u<v)‘2dv . M)zdr] )

<24L*(6 + M + 4)E

¢
/ sup | X (s A Tar) —X(S/\TM>|2CZT’]
0

s€[0,r]

t t 2
+64L2(6+M+4)/ IP’(/ lu(v)[?dv > M) dr
0 0

<24L%(6+ M+ 4)E

t
/ sup | X (s A 1u) —X(S/\TM>’2d7”]
0

s€0,r]
2

T
4 BALA(5 + M + 4)5@(/ lu(v)|*dv > M)
0

Exploiting the assumptions on the finiteness of the moments of exponential
order of u together with the fact that

]P)|:f0T ]u(v)|2dv > M] = ]P)[ecfoT [u(v)[2dv > ecM:| :
using Markov inequality, we can rewrite the previous as:

E

sup | X(sA7y) — X(s A TM>|2]

s€[0,t]

<24L*(5+ M +4)E

s€[0,r]

¢
/ sup | X (s A Tar) —X(S/\TM)|2dT‘]
0

E |:ecf0T |u(v)|2d1):| 2
2
+ 64L%(0 4+ M +4)6 T
t B V2
< 3ByE / sup | X (s A7y) — X (s A7y)|Pdr| + 8Buno
0 s€0,r]

where B, as above and V = E[ecfoT |“(”)|2d”}
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2.1. CONTROL WITH FINITE EXPONENTIAL MOMENTS

Now, applying Gronwall Lemma to the previous, we get the estimation:

2

% V
E| sup |X(s A7a) — X(s Ama)?| < 8Bad—-e*Prt,
e C

s€[0,¢]

Hence, for every t € [0, 6] we have the following

E| sup |X(sA7ar) — X(sA7Tar)|?| < 8BpdV2e2eM+35u0,

s€[0,t]

Since ¢ > 126L% and By, = 8L2(§ + M +4), at the limit for M — oo, applying
the monotone convergence Theorem, we have:

E| sup |X(s) — X(s)|*| = lim E| sup |X(s A7) — X(sA7ar)]?
5€[0,6] M=o | 5e(0,0]

< lim 8By 0V2e2eM+3Bud —
M—o0

and so P(X(t) = X(¢),0<t<4) =1

Now, we can repeat the same argument for the time interval [0, 20], exploiting
that we know that is X (s) = X(s) ,Vs€[0,0], P —a.s..

Let us notice that, in particular, this implies that :

sup |X(s) — X(s)] = sup |X(s) — X(s)|, P—a.s., fortel[s,20],

s€[0,t] s€[4,t]
sup | X(s) — X(s)| =0, P—a.s., fortel0,d].
s€[0,t]

Furthermore, we have that:

dbL(Q(t)v e(t)) = O? te [Oa 6]
For M € N, we recall the definition of the (F;)-stopping time 7y;:
t
v (w) = inf{t € [0,T] : / lu(s,w)|*ds > M}.
0

Let t € [6, 20].
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CHAPTER 2. UNIQUENESS OF SOLUTIONS

Exploiting the definitions of X and X and the triangle inequality, we have:

E SSGI[IOI;] X (s ATar) — X (s A TM)|2]
~E| s | OWM(UQ; X,0(r)) — o(r, X, 6(r)))dW,

+ /0 T b X,00)) — b(r, X, 6(r))) + (o, X, 0)) — o(r, X é(r)))u(r)drF]
<4B| s OWM Ib(r, X, 0(r)) — b(r, ~,0~(r))|d7“|2]

+4E _siﬁt% | o(r, X,0(r)) — o(r, X é<r>>||u<r>|dr|2]

+4E _Ssg[l()%| OWM(U(r, X, 6(r)) — J(T,X,é(r)))dWTF] _ A

Applyng hypothesis (L) to the first term, Holder’s inequality to the second
and Doob’s maximal inequality, we can write:

SATM - ~
A <AL’E| sup | sup | Xy — Xo| + dbL(Q(T),Q(r))dr|2
selo,t] Jo we[0,r]
SATM . SATAM
+4E| sup / lo(r, X,0(r)) — 0(7",X,9(7’))|2d7" / |u(7“)|2dr
s€[0,¢] JO 0
2 2 tATM o
+4(;—) E |/ (o(r, X, 0(r)) — o(r, X,6(r))dW, [*| = v
- 0

Exploiting the fact that [;"™ |u(r)[?dr < M and It6 isometry, we have that:

v < 4L°E

SATM ~ ~
sup | sup | Xy — Xo| + dpr.(0(r), 9(r))dr]2]

sefo,t] Jo we(0,7]

s /0 |a(r,X,9(r))—a(r,X,@('r’))|2dr]

s€(0,t

+4ME

+ 16E
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2.1. CONTROL WITH FINITE EXPONENTIAL MOMENTS

Using the sup properties and hypothesis (L) once more, we can deduce:

O < 4L°E

sefo,t] Jo we(0,7]

SATM _ ~
sup | sup | Xy — Xo| + dor,(0(r), 0(7’))dr|2]

+ (4M + 16)E

/0 "o X, 000)) — o(r, X, é(r))|2dr]

tATM ~ ~
<A4L’E|| / sup | Xy — Xo| 4+ dor(0(r), 0(r))dr|?
0 we0,r]
tATM ~ o~
+ (4M + 16)E / |o(r, X, 0(r)) — o (r, X, 0(r))|*dr
0
tATAM - ~
<A4L’E|| / sup | Xy — Xo| 4+ dor(0(r), 0(r))dr|?
0 we[0,r]

+ (4M + 16)L°E

tAT)M - ~
/ sup | Xy — Xo| + dbL(é’(r),Q(r))|2dr] = 9.
0

we[0,r]
Furthermore, remembering that

sup | X(s) — X(s)| =0, forte[0,0], P—a.s.

s€[0,t]
sup | X (s) — X(s)| = sup |X(s) — X(s)|, forte[§,20], P—a.s.
s€[0,1] s€fs.t]

dp(0(2),0(1)) =0, ¢ €]0,0],

we can write:

O < 4L°E

ATv WE[S,7]

tATM ~ ~
\ / sup | Xy — Xo| + dpr(6(r), 9(7“))617"\2]
s

+ (4M +16)L°E

ATM we(d,r]

tATM ~ ~
/ | sup | X, — Xu|+ dbL(H(r),G(r))|2dr] = 0.
5

Exploiting Holder inequality applied to the first term, we get:

& < 41%5E

/;ATM ( sup | X, — Xw| + dbL(e(T),H(r)))2dr]

NTM wE[é,T‘}

+ (4M + 16)L°E

/;ATM < sup | Xy — Xo| + dor(0(r), Q(r)))er]

AT we[d,r]

<AL*(04+ M +4)E

ATM we[d,r]

/;ATM < sup | Xy, — Xo| + dpr(0(r), Q(r)))gdr]
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CHAPTER 2. UNIQUENESS OF SOLUTIONS

tATN ~ ~
< 8L*(5 + M + A)E / Sup | X — Kul? + dor (0(r), 0(r))?dr

SATNM WE[S,T]

t ~
<8L*(§+ M +4)E / SUp [ Xunryy — Xwnry |* + dor (0(r), G(T))2dr]

& welo,r]

" 2
Sup ’X'LU/\T]W - X”LU/\’T]\/] ’
wel0,r]

t
§8L2(5+M+4)</ E
é

Exploiting the Property (2.2) of dyr(+,-), the fact that (a + b)? < 2(a® + b?)

and Cauchy-Schwarz inequality, we deduce:

E

sup | X (s A7y) — X(s A TM)\QI

s€[0,t]

t
§8L2(5+M+4)/ E
é

sup | X (w A 7y) — X(w A TM)\QI dr
wel0,r]

2

+8L* (0 + M +4) /; (E[|X(r) — )N((r)]]IKTM] + 2P(t > TM)) dr

t
§8L2(5+M+4)/ E
1)

sup | X (w A 71y) — X(w A TM)|2] dr
we(0,r]

t
+ 8L (0 + M +4) / 2E[| X (r) — X (7)|*i<ry,] + 8P(t > Tas)2dr
)

t
§24L2(5+M+4)/ E
é

sup | X (w A1) — X(w A TM)|2] dr

we[0,r]

t
+64L*(6 + M + 4)/ P(t > 7p)%dr
)

t
§24L2(5+M+4)/ E
0

sup | X (w A1) — X(w A TM)|2] dr

welo,r

]
t t 2
+64L2(6+M+4)/ 1@(/ u(v) Pdv > M) dr
1 0

t
§24L2((5+M+4)/ E
0

sup | X (w A1) — X(w A TM)|2] dr
we(0,r]

2

T
+BAL2(5 + M + 4)5[@(/ lu(v)[2dv > M)
0

Exploiting the assumptions on the finiteness of the moments of exponential

order of u together with the fact that
]P)|:fOT ’U(U)de > M] = P[echT [u(v)[2dv > GCM:| :
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2.1. CONTROL WITH FINITE EXPONENTIAL MOMENTS

using Markov inequality, we can rewrite the previous as:

E

sup | X (s A1) — X(s /\TM)P]

s€[0,t]

t
324L2(6+M+4)/ E
0

sup | X (w A1) — X(w A TM)|2] dr

we(0,r]
p 2
E [ecfo |u(v)|2dv]
+64L%(6 + M +4)6 prY
t ~ V2
< SBM/ E| sup |X(wATy)— X(wATy)|?|dr + 8BM5€2W’
0 we[0,r]

where By = 8L*(§ + M + 4) as above and V = E [ecfoT |u(v)|2dv:|.
Now applying to the previous Gronwall Lemma, we get the estimation:

- V2
E| sup | X (s A7a) — X(s A7ag)|* | < 8Bpd—7e®PM
e C

s€[0,t]

Hence, for every t € [0,26] we have the following

E| sup |X(sATa) — X(s A7)} < 8By 0V 2e2eM 4383,

s€[0,t]

That, for ¢ > 126L?, thanks to monotone convergence theorem, at the limit
for M — oo gives:

E| sup [X(s) — X(s)[

5€[0,26)

<0

)

and so P(X(t) = X (t),0 <t < 26).

Reasoning by induction repeating iteratively what we have done above, ex-
ploiting each time what we have found in the previous passage, we are able to
show:

P(X(t) = X(1),0<t<T)=1. O

Remark 2.6. We can notice that the constant ¢ > 0, appearing in the con-
straint on the control, namely

E

eclo u(t)Pdt] < o,

s arbitrary. In fact, we can opportunely modify the proof by a suitable choice

of 6 > 0.
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CHAPTER 2. UNIQUENESS OF SOLUTIONS

2.2 Delayed volatility coeflicients

In order to prove Uniqueness of solutions, we can alternatively operate strength-
ening the hypothesis on the volatility coefficients .

As in the previous case, suppose to be interested in studying the non-linear
SDE:

dX, =b(t, X, Law(X (t)))dt + o (¢, X, Law(X (£)))u(t)dt

+ o(t, X, Law(X (t)))dW, (2.4)

where b, o are predictable functionals on [0,7] x C([0,T],R?) x P(R?) with
values in R? and R%*% respectively, X (0) = X fixed, such that E[| Xo|?] < oo,
and u a R%-valued (F;)-progressively measurable process such that

E

/OT |u(t)|2dt] ~ Q< oo

As previously, we consider the following Lipschitz and growth conditions
on band o :

(L) There exists L > 0 such that for all t € [0, 7], all ¢, € C([0,T],R?) all
p,v € P(RY)

bt 6, 1) =0t 0, 0) + o, 6, 1) = (8,0, 9)| < L sup [6(5)—(s)|+dor (1,) ).

s€[0,t]

(G) There exists a constant K > 0 such that for all ¢ € [0,7], all ¢ €
C((0,7], RY), all 4 € PR

ot 6 )| < K(1+ sup [o(s)]), ot 6, 0] < K.

s€[0,¢]

In addition, we suppose a condition of "delay” on o:

(A) There exists 6 > 0, fixed, such that, for all t € [0,7], all ¢,v €
C([0,T],R%), all 4 € P(RY)

o(t, o, pu) = o(t, ¥, ), once ¢(s) =(s) Vs e |[0,t—0].

Let us notice that these conditions are sufficient to guarantee the finiteness of
the moments of second order of the solutions of the SDE.T

fSee Appendix B, in particular Remark B.3.
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2.2. DELAYED VOLATILITY COEFFICIENTS

Remark 2.7. We would like to underline that if t € [0,0) we will assume

o(t,p,u) =o(t, v, p) iff ¢(0) =1(0).

Proposition 2.8. Grant conditions (L),(G) and(A). Let (2, F,P), (Ft)iejo.11)
be a stochastic basis satisfying the usual hypothesis and carrying a d, -dimensional
(F)e-Wiener process (Wy)iepr) and let u be a R -valued (F;)-progressively

measurable process such that
T
/ () 2dt | < oo.
0

Suppose that X, X are solutions of (2.4), over the time interval [0, T], under
the control u, with initial condition X (0) = Xo = X (0) P-almost surely. Then
X, X are indistinguishable, that is

E

P(X(s) = X(s), Vse€[0,T]) =1.

Proof. The proof works in an inductive way. We exploit Property (A) on a
sequence of intervals of amplitude ¢ to show that on each of them we have
Uniqueness of solutions.

Set 0(t) = Law(X (1)), 0(t) = Law(X (t)),t € [0, T].

Let’s start by considering the first time interval [0, §]. Suppose that 0 < ¢ < .
Using Holder’s inequality, Doob’s maximal inequality and It6 isometry, we
obtain for all ¢ € [0, 4],

E| sup |X(s) — X(s)|*| < 4TE

s€[0,t]

/0 b(r, X, 0(r)) — b(r, ~,9~(7’))‘2d7’]

+4E /0|o—(r,X,e(r)>—a<r,f(,é(r))|2dr-/0 \u('r’)|2dr]

+16E /0|0(7“,X,9(7’))—U(T,X,é(T))]er].

Thanks to hypothesis (L), applied to the first term on the right, and triangle
inequality, we deduce:

< 8TL’E /Ot ( sup |X(s) — X(s)|? +dbL(9(1~),é(1~))2)dr]

s€[0,7]

+4E

+ 16E
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CHAPTER 2. UNIQUENESS OF SOLUTIONS

Exploiting hypothesis (A), in particular with regard to the Remark 2.7, and
the fact that by hypothesis X (0) = Xy = X(0), P-a.s., we have that:

lo(r, X,0(r)) — o(r, X,00r))| =0, Vrel0,f], Vtel0,8, P—as.,

and so we are allowed to write:

O =8TL*E

s€[0,r]

/Ot < sup | X (s) — X(s)]* + dbL(e(T)’é(T))2>d7’]

¢
+4E /dbL(G( ), 0(r /|u )[2dr
0

+ 16E /t dyr,(0(1), é(r))QdT]

¢
= 8TL’E / sup | X (s) — X (s)|*dr
0

s€[0,r]

—|—8TL2/0 dbL(H(r),HN(r))QdT

+ 4F /|u |dr] / dpr (6(r), é(r))2dr+16/ dy (0(r), B(r))*dr

0

= 8TL’E /0 sup | X (s) — X(s)°dr| + (8TL* 4 4Q + 16) /Ot dy (0(r), B(r))?dr,

s€[0,r]

with the notation E fo lu(r)?dr| <E fo lu(r)|?dr| = Q < oo.

Now, thanks to Property (2.1) of bounded Lipschitz metric and Cauchy-
Schwarz inequality, we have:

2
dbL(é’(r),é(r))2 <E||X, — )N(T| <E||X, — XT|2] ,
and, naturally, we have:
E ‘Xr - Xr|2 S E sup ’Xs - Xs|2] .
s€[0,7]

Hence, we deduce that:

E sup | X(s) — X(s)P] dr

s€[0,7]

sup yx<s)—5((s>12] < (164 16T L2+ 40) /tIE

s€]0,t]

Applying Gronwall’s Lemma, we finally get:

vte[0,8], E

s€[0,t]

sup [ X (s) —X(S)V] <0,
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2.2. DELAYED VOLATILITY COEFFICIENTS

that is P(X(s) = X(s), Vs € [0,0]) =

Now, we would like to extend the reasoning above to the time interval [, 24].
We exploit the fact that X (s) = X(s),Vs € [0,0] P-a.s..

Let t € [§,26]. We use in sequence Holder’s inequality, Doob’s maximal in-
equality and It6 isometry, in order to obtain:

E ssel[t)%] X (s) — X(s)|*| <4ATE /0 b(r, X,0(r)) — b(r,X,é(r))Fdr]
+4E /0 o(r, X, 0(r)) — o(r, X, 6(r))[2dr - /0 |u(7‘)|2dr]
+ 16E /0 lo(r, X,0(r)) — U(T,X,é(r))]2dr] =A.

Applying the hypothesis (L) to the first term and triangle inequality to the
second and third

A < 8TL’E
s€[0,r]

/Ot ( sup |X(s) — X(s)|* + dbL(e(T)7é(T))2)dr]

+ 4K /0 (lo(r, X,0(r)) — U(T,X,@(T’))| + |a(r,X,9(r)) — o(r,X,é(r))\)er : /0 ]u(r)\er]

+ 16E

/0 (|o(r, X,0(r)) — o(r, X,0(r))| + |o(r, X,0(r)) — U(T,X,é(r))\)er] = .

Since § < t < 26 and remembering the previous step?, applying hypothesis

(A), we can deduce: o(r, X,0(r)) = o(r, X,0(r)), Vre [0,1].

Furthermore, applying (L) we have: |o(r, X, 0(r))—o(r, X, 0(r)) |2 < dy(0(r), 0(r))?,
Vr € [0,t]. We are able to write:

O < 8TL’E

s€[0,7]

/0 sup [X(s) — X(s)” + dun (0(r), é<r>>2dr]

+4E / lu(r)] dr] / dpr,(0(1), é(T))ZdT—i-16/tdbL(9(T),(§(7‘))2d7’

0
= 8TL2/ E
0

t
= (16T L* + 4Q + 16)/ E
0

sup X (s) — X(s)[*

s€[0,r]

dr + (8TL? + 4Q + 16) /O t dyp(0(r), O(r))%dr

sup | X (s) — X (s)*|dr

s€[0,r]

tX(s) = X(s),¥s €[0,0], P—a.s.
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where in the last passage we have exploited the fact, previously shown, that
do (0(r),0(r))? <E| supep, X (s) — X(s)?|.

Applying Gronwall’s Lemma to: V¢ € [0, 20]

t
E| sup |X(s) — X(s)|*]| < (16TL2—|—4Q+16)/ E| sup |X(s)— X(s)|*|dr.
s€0,t] 0 s€[0,r]
We get:
E| sup |X(s) — X(s)]*| <0, 0<t<26,
s€[0,t]
that is:

P(X(s) = X(s), Vs€]0,20]) = 1.

Reasoning iteratively on the various time interval of the type [kd, (k + 1)d],
untill we cover the whole time interval [0, T, we are able to show that:

Vke{0,...,1—1}
P(X(s) = X(s), Vs e [kd,(k+1)8]) =1,

that is X (s) = X(s) Vs € [0,7] P-as., once Ji_y[kd, (k + 1)d] D [0, T].
[
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Appendix A

McKean Example of Interacting
Diffusions

In this chapter we present an example which justifies the introduction of MV-
SDEs.

Let’s use a probabilistic method to study McKean’s example of interacting
diffusions. For this chapter we refer to [14].

Let b : R? x R? — R? be a bounded Lipschitz functional. Let u be a proba-
bility on R? and denote with B the standard R?Wiener measure. Construct
on (R? x Co(R,,R?))N" with product measure (u @ W)®N" | the processes
XN i =1,... N, satisfying:

N
. . 1 ; j
dXtZ’N = dw: + N E b(XtLNv X)fLN)dt i = ]'7 e ’N’ (A 1)
=1 ’

X (0) =z,

where ¢, (w'),i > 1, are the canonical coordinates on the product space (R x
Co)V". We will show that, when N goes to infinity, each X*", has a natural
limit X*. Each X’ will be independent copy of a new object: "the non-linear
process”.

Let’s give a brief description of the non-linear process.

Consider a filtered probability space, (2, F, Fy, (Wy)i>0, Xo, P), endowed with
an R%valued Wiener process (W;);>0, and an u-distributed, Fop-measurable
R?-valued random variable X,. We study the equation:

dXt = / b(Xt, y)ut(dy)dt + th,
Rd
X(0) = Xo, u(dy) is the law of X,.

(A.2)

Theorem A.1. There is existence and uniqueness, trajectorial and in law, for

the solution of SDE (A.2).
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Remark A.2. We can notice that the non-linear process has time marginals
which satisfy in a weak sense the non-linear equation:

Oyu = %Au —div (/b(-,y)ut(dy)u).

Indeed, for f € C2(R?), applying It6’s formula, we have:

FX)=10%0) = [ Vreegans [ (Ga7000+ [ BV

Integrating this, we get:

) uto)-uonde =0+ [ [ (Garars [ e yuldn i Ju s,

Rd

that can be rewritten as:

/Rd/ fl@)Ous(x dex_/Rd/ Af / b(zw, y)us(dy)V f(z ))us(x)dsdx.

Now, exploiting Divergence Theorem and the facts:
e div(gX) = VgX + gdiv(X)
e div(fg) = fdiv(g) + gdiv(f) +2VfVyg

together with the fact that f has compact support, we obtain:

// f(w)dus (@ de:U_// 5Aus(z le(/Rd b(l’»y)us(dy)us(x)>f(x)dsdx

That is clearly a weak version of the equation above.

Let us now turn to the proof of Theorem A.1 .

Proof. We introduce the Kantorovitch-Rubinstein or Wasserstein metric on
the set P(C) of probability measures on C = C([0, T, R?), defined by

Dy(my,my) = inf { / (80D X, 1) = X ()] A )b, ) s

m e P(CxC), piom=my, pQOm:mg},
where (X;)sepo,r] is simply the canonical process on C.

Dy(-,-) is a complete metric on P(C) , which gives to P(C) the topology of
weak convergence. The proof of this fact can be found in [5].
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APPENDIX A. MCKEAN EXAMPLE OF INTERACTING DIFFUSIONS

Let T > 0. Define ® the map which associates to m € P(C) the law of
the solution of:

Xy = Xo+ Wi + /Ot (/cb(Xs, ws)dm(w))ds, t<T. (A.4)

Observe that this law does not depend on the specific choice of space 2, we
use.

If m € P(C) is a fixed point of @, (A.4) defines a solution of (A.2), up to time T,
and conversely, if X;, ¢ < T, is asolution of (A.2), then its law on C([0, T], R),
is a fixed point of . There is a correspondence between our problem and a
fixed point problem for ®. We can exploit the following contraction lemma:

Lemma A.3. Fort <T,
T
Dr(®(mq), (my)) < CT/ D, (mq,mg)du, mq,my € P(C),
0

where cr is a constant and, D,(my,ma) (< Dr(my,ms)) is the distance be-
tween the images of my, and mq on C([0,u], R?).

Proof. Define the processes X! and X2, as follows.

t
X} _X0+Wt+/ (/b(Xsl,ws)dml(w)>ds, L<T,
0 C

t
X2 :X0+Wt+/ (/b(Xf,ws)dmg(w))ds, t<T.
0 C

We have that

sup [ X — X7|

s<t

< sup XO + Ws + / </b<X717 wu)dm1<w)>du - [XO + Ws
s<t 0 C

+/05 </Cb(X3,wu)dm2(w)>duH

<su | S [t s ) = [ X w0, )
<[] [poct wadmu) — |05 w)dmw o

c c
Since b(+,-) is bounded and Lipschitz, exploiting triangle inequality, we can
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write
‘/Cb(a:,wu)dml(w) —/Cb(y,wu)dmg(w)‘
< ‘/Cb(a:,wu)dml(w)i/cb(y,wu)dml(w) -
< | [ o) = b dm () + | [ bl wdlms = ma) o)
< [ [pte 100 = b wlam )+ [ bw0d) = bl s )

< K(lz—ylA1)+ K/ lwl —w?| A ldm(w', w?),

by, wy,)dmso(w) )

where m is any coupling of my, my on C([0, u], R%).
From this fact, we get

t t
sup [X! — X2 < K/ yx;(w)—xg(wﬂmu(/ Dy (1, ma)ds.
0 0

s<t

Using Gronwall’s Lemma, we have

t
sup | X! — X2|A1< KeKT/ Dg(my,ms)ds,
0

s<t

from which we can deduce

Dy (®(my), ®(m3)) 1nf{/ sup | X! — XZ| A 1>dm(w1, wy)

s<t

m € P(CxC), pirom=®(m), prom=®(my)}

< inf{/KeKT/ Dg(my, ms)dsdm(wy, ws)
0
mePCxC), prom=>®(my), prom=D(msy)}

t
gKeKT/ Dy(mq, ms)ds,
0

and so the Lemma follows. O]

From Lemma A.3, we can immediately deduce weak and strong uniqueness
for the solutions of (A.2).
The existence part can be proved exploiting a standard contraction argument.
Namely, for T' > 0, and m € P(C), iterating the lemma, we get:
Tk
Dp(®*(m), @ (m)) < er =7 Dr(®(m), m)
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Hence, (®*(m))gen is a Cauchy sequence, and converges to a fixed point of ®:
Pr. Now, if T" < T, the image of Pr on C([0,7"],R?) is still a fixed point, so
the Pr are a consistent family, yielding a P on C([0, 0o, R?). This provides the
required solution. O

Using Theorem A.1, we now introduce on (R% x Co)¥", where we have con-
structed in (A.1) our interacting diffusions X BN §=1,..., N, the processes
Xt 1> 1, solution of:

X! =zl +w + / b( X! y)us(dy)ds,
Rd

(A.5)
us(dy) = Law(X?)
Theorem A.4. Forany:>1, T >0:
sup VNE[sup | X — X|] < c0. (A.6)

t<T

Proof. We drop the superscript N for notational simplicity. We have:

Xi—X / Zb (X7, X7) /Rdb(Xﬁ,y)us(dy))ds
- [+ z{ BXE X) — DXL, ) + DL X) — DXL, )

000X — [ X))}
Ra
Introducing the notation
bs(z,2") = b(x,2") — / b(z,y)us(dy),
R4

we see that:

N
7 7, 7 7 1 T VI
E[ sup |X;—X{|] <K/ E[| X —X{|] NZ_: | X7 X7 +E|—Zb XS,Xg)\Dds.

0<t<T

7=1
Summing the previous inequality over ¢ = 1,..., N and using symmetry, we
find:
NE[ sup | X} — ZE sup | X! — Xi,]
0<t<T 0<t<T

i=1

/ E[| X! — X + E| |—Zb (X2 X)) ds.
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Applying Gronwall’s lemma, and symmetry, we find:

Lo |- X < k) [ (8 |—Zb (X2, X2)])) s

0<t<T

Our claim will follow provided that we can show:

i c(r )
[|—Zb X, X9),| ] =\
We can notice that

[ Zb (XL XD)°| = %E[ i by(XL, X2)by( XL, K1)

jk=1

and, for j # k, we have:
E b, (X1, X2)bs (X2, X2)|
=B (05150 — [ () (408 X0 = [ o(Sptan))]
— B[ XU XD — [ WO ) 0% ) + 052, X))

+ ([ X puiany] o

and so we get:

N
1 o 1 o X2
7 7 - ) 7\2 _ ) 7\2 _ A
E[(x Zb (X3, %2)°] = NQJE[;MXS,XS)}S SB[ (XL X7 =

Hence, we can deduce that:
¢ 1 & i oin2]2 X*\: X
j=1

from which our claim follows. O

P(E) denotes, here, the set of probability measures on E, where F is a
separable metric space.

Definition A.5. Let E a separable metric space, uy a sequence of symmetric
probabilities on EY. We say that uy is u—chaotic, u probability on E, if for
G1,-- -, 0L €EC(E), k> 1,

k

lim (uy, @ @@ @1 ©1) = [[(u,6). (A7)

i=1
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The notion of u—chaotic means that the empirical measures of the coor-
dinate variables of EVV, under uy tend to concentrate near u, as the next
proposition shows. This is a type of law of large numbers.

Condition (A.7) can also be restated as the convergence of the projection of uy
as E* to u®* when N goes to infinity. In the coming proposition we suppose
uy symmetric.

Proposition A.6.

i) uy is u-chaotic is equivalent to Xy = + Ziv dx, ( P(E)-valued random
variables on (BN, uy), X; canonical coordinates on EV ) converges in law
to the constant random variable u.
It is also equivalent to condition (A.7), with k = 2.

i) When E is a Polish space, the P(E)-valued variables Xy are tight if and
only if the laws on E of X1 under uy are tight.

Proof. Let’s start by proving i).
First, suppose uy satisfies (A.7) with & = 2, and consequently with £ = 1 as

well. Take ¢ € Cy(E) , we want to compute E[{ Xy — u, ¢)?]. By definition, we

have:
N N

(X = 0,6) = {5 D0 0x, — w0 = = D 9(X0) — {u. )

i=1 i=1
Hence, we get:

2l
(]
5SS
=
F

N

.

E[(Xx —u, )" =E[(

N N

- 5[5 2 9(X)6(X,) ~ 20u.0) 5 3 00X0)] + (w07

= = 2 BB, — 20, 0) BB + (w6 = 1.

ij=1
Now, exploiting the symmetry and the fact that {X;}; are i.d., we have:

N N N

A< BB 4 DD EIG)S0)] — 2w 6) 5 DB + {u.9)”
i=1 i,5=1,(i%) i=1
=SB0+ S TEB()G()] - 2 B + (.00

Now, we can write:
El6(X1)?] = (ux, ? @ 1@ 1) — (u,6") by (A.T) with &k = 1,
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and so we get

1 2
NEW(XD ] —0.

Moreover, we have:
E[¢(X1)] = (un, ¢ @1---@1) — (u,¢) by (A.7) with k =1,
and
E[¢(X1)p(Xs)] = (un, ¢ @ ¢ @ 1--- @ 1) — (u,¢)> by (A.7) with k = 2.

This implies that Xy converges in law to the constant random variable equal
to u.

Conversely, suppose Xy converges in law to the constant u. Exploiting triangle
inequality, we can write:

k
(v, 1@ @ér @1 @1) = [J(u 0
=1

< un, 1 @@ ¢ @1 @ 1) = (un, | [(Xn. 60)))] (A-8)

=1
k k
+ [(un, [T Xns 0)) = [T (ws 0)]
=1 =1

The second term of the previous inequality goes to zero, since by hypothesis
Xy converges in law to the constant w.
The first term, using symmetry, can be rewritten as:

s 57 3 61Xt - 0xXowy) = [[ (X 000

g€SN

Observe now that, if M >|| ¢; [|eo, 1 <@ < k, we have:

SUP ‘N' Z $1(Xo(1)) Xok)) ﬁ (Xn, &5)

gESN i=1
SM":K%‘W'%WH@W (NNf!@!)]
:2M’“(1—$!_k>!> 0

Here we simply used that there are N!/(N — k)! injections from {1, ..., k} into
{1,...,N} each of them has weight (N — k)!/N! in the first sum and 1/N* in
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the second sum, and in the second sum there are also N¥ — N!/(N — k)! terms
where repetitions of coordinates occur. So we see that the first term of (A.8)
goes to zero, and this proves 7).

Let’s prove i) .

Definition A.7. For a probability Q(dm) on P(E), define the intensity,
I1(Q), as the probability measure:

1(Q), f) = /P (140G / » / f(z)dm(2)dQ(m),  (A9)

for f € B(E), the space of bounded functions on E.
We would like to show a more general fact.

Proposition A.8. Tightness for a family of measure Q on P(E) is equivalent
to the tightness of their intensity measures I(Q) on E.

Our claim i) follows directly from the proposition above. In fact, in our
situation of 4i), by symmetry, the intensity measure of the law of Xy is just
the law of Xy, under Ey.

Indeed, with Qg law of Xy, we have :

<I<QXN>,f>—/P( m. 1)@m= [ fm. Nz(sx

/p@/ flzdmiz)oxm) = Z | #ayimy, @)

E

_ /Ef(x)dmxl(x) = E[f(X))] = (Po (X)), /),

where P o (X;)~! stands for the law of the projection on the first coordinates
of uy.

Let’s prove Proposition A.8.

Proof. The map that associates to a Q € P(P(E)) its intensity, 1(Q), is clearly
continuous for the respective weak convergence topologies. So, the statement
above will follow if we prove that whenever (1,,)nen, I, = 1(Q,), is tight, then
(Qn)nen is tight.

For each € > 0, denote by K. a compact subset of E, with I,(K¢) < ¢, for
every n € N.

Now for €, > 0, and any n € N, exploiting Markov inequality, we get:

—_

Qu({m € P(E)/m(K(,) = n}) < —1,(K) < e

3
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It follows that :

el e

QR<U{m€P( )/m( ) >

k>1

}><Ze2k<6

k>1

This means that @QQ,, puts a mass greater or equal to 1 — € on the compact

subset of P(E), ;= {m € P(E)/m(st) > 11}
This proves the (Q,)qen are tight. ' H

]

We are now interested in studying the relation between weak convergence
of a sequence of measures on P(FE), namely (Q,,),en, and the weak convergence
of the sequence of their intensities: (I,), = (1(Qy))n-

Let (Q,)nen be a sequence of probability measures on P(E).
We say that (Q,)nen converges weakly to Q |

Q. —n5%'Q  if VfeG(P(E)R)

Considering the sequence of the intensities, (I,), = (1(Q,)),, which is a se-
quence of probability measure on E, we say that (1(Q,,)),en converges weakly

to 1(Q) ,

1(Q,) —v*y 1(Q) if VgeC(E,R)

n—o0

<mmmzﬁmm@mmm—mmm@@zé (m, g)dQ(m).

(E)

It is clear that Q,, —¥°*¥ Q implies that 1(Q,) —2*W [(Q).

n—o0 n—o0

In fact Vg € Cy(E,R) we have:
uw@mz/ WMWMW:/ G(m)AQu(m) —nosse (1(Q), G)
P(E) P(E)
=/<m®@%%
P(E)

where We have exploited the fact that for g € C,(E,R), G defined by
G(m) = = [, g(x)m(dz) is in C,(P(E),R).

We want to check if it is true that:

1(Q,) —veakly [(Q) implies Q,, —wely Q.

n—oo n—oo
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Under the hypothesis that (1(Q,))nen converges weakly to I(Q) , hence
Vg € Gy(E,R)

Q). g) = /P OB 0 (1(Q),9) = /P , (mo)dg(m)

we can deduce that (I,)nen is tight.

Exploiting Proposition A.8 we have that also the sequence (Q,), is tight.
Now we consider an arbitrary sub-sequence of (Qy,)n, (Qn, k-

(Qn, )k is tight because of the tightness of (Q,),. By Prokhorov Theorem
there exists a sub-sub-sequence (@"kl ); weakly converging to some probability
B. Because of the hypothesis: (I(Q,))nen converges weakly to I(Q) , it must
be necessarily I(B) = I(Q).

The problem lays in the fact that I(B) = I(Q), does not imply that B = Q.

We can check this in simpler case. Suppose E = {0, 1}.

In this case P(E) = {ms = (ma(0),ma(1)) = (a,1 —a) : a € [0, 1]}.
Let Q be a probability measure on P(FE), we define its intensity by:
Vfe B(E)

@)= [ af0)+0-0)f0)en,
= [ 50+ a(s0) - F0)0(dm,).
P(E)

Considering two probability measure on P(F), respectively Q; = §,,, and
2
Q2 = 1(0img + Oy ), have that:

@), f) = /p L 0+ a0 = (1)
1

= S(F(0) + (1)),

@)1 = [ 70 +a(7(0) = 1)) Gy + b))

P(E)

_ %( FO) + F(1) + (£(0) = £(1)))

1

= S(£(0) + £(1),

that is Vf € B(E) : (I(Qi), f) = (I(Q2), f) and so I(Q1) = I(Q2).

Nevertheless, clearly, we have Q; # Q5. In fact, if we consider
9:P(E) — R,g € Cy(E), g >0,9(mo) = 1,supp(g) C {mq : o € [0,1/4]},
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<Q17.g> = 07

(Qy,9) = 17

that is (Q1, 9) # (Q2, 9), and so Q; # Q.
The argument can be simply extended to any E finite and let us think that

I(Q) is a sort of "mean” of Q.

[\

Exploiting the example given above we can formulate a counterexample for
the Proposition:
I1(Q,) —veakly 1(Q) implies Q,, —@e2*ly Q.

Consider the sequence of probability measures on P(E) , (Q,)nen, given by:
QZk = 57”1
2

1
Q2k+1:§(5m0+5m1), k=0,1,2,...

We have that clearly (Q,)nen can not converge weakly to any Q € P(P(E)).
As we have seen above, it is true that I(Q,) = I(Q),Vn € N, and so
[(Qy,) —2ey [(Q), with Q = 6y, .

n—oo
We have found the counterexample we were looking for:
A sequence in P(P(F)) for which we have: I(Q,) —¥*% J(Q), but not
Qn _>weakly Q

n—oo
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Appendix B

Some notes on SDEs

We want to recall some well-known results related to linear SDEs. We need
to exploit them in order to show existence and uniqueness of solutions in our
non-linear environment.

Let T' > 0 be a time horizon and d, d; € N.
Let ((©2, F,P), (Fi)teo,r1) be a stochastic basis satisfying the usual hypotheses
and carrying a d;-dimensional (F);-Wiener process (W4)scpo17-

Theorem B.1. Consider the following SDE:
dXt = b(t, X, Qt)dt + O'(t, X, Qt)u(t)dt + O'(t, X, Qt)th, (Bl)

with the initial condition X (0) = Xy, such that E[|X,|*] < oo, 8 € C([0, T], P1(R?))
fized and u a R -valued (F;)-progressively measurable process such that

/0 |u(t)\2dt] — Q<o

Under hypotheses (L) and (G) on b and o, we have that Equation (B.1) has a
unique strong solution, whose moment of second order satisfies the following:

E

E[ sup |Xt|2} < RSCT? Z R < 0, (B.2)

t€[0,T]
with R = 4(E[| Xo?] + TK?E[[] |u,|*dr] + ATK? + 2K°T?).

Remark B.2. We can notice that the constant R’ does not depend on the
specific 0 € C([0,T], P1(R?)), that is involved in the equation.

Proof. Let’s start by proving the uniqueness of solutions. Let X = (X;)sejo.1]
and X = (Xi)icpo,r) be strong solutions of Equation (B.1) for a fixed 0 €
P1(RY). For M € N, define an (F;)-stopping time 7 by

m(w) = inf{t € [0, 7] : | X (t,w)| A |X(t,w)] /\/0 lu(s,w)|*ds > M},
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with inf @ = oco. Observe that P(ry; < T) — 0 as M — oo, since X, X are

continuous processes and E[fOT lu(s)|ds] < Q.
Using Holder’s inequality, Doob’s maximal inequality, the Ito isometry, and
condition (L), we obtain for M € N, all ¢ € [0,T]:

E[ Sup |XS/\’TM - XS/\T]\4|2i| S 4TE

s€[0,¢]

t/\T]W -
/ b(r, X, 0,) — b(r, X, 60,)2dr
0

+4E

tATM 5 tATM
/ 0(r, X, 0,) — o(r, X, 0,)2dr / () [2dr
0 0

+ 16E

t/\TM -
/ lo(r, X, 0,) — O'(T,X,QT)FdT
0

<ATE

tATM ~
/ Ib(r, X,0,) — b(r, X, 0,)|*dr
0

+ (4M + 16)E

tATNM N
/ lo(r, X, 0,) — O'(T,X,gr)|2d7“
0

tATM -
< (4T +4M + 16)E / sup | X — XSIer]
0

s€[0,r]

t
§(4T+4M+16)/ E
0

sup | Xsary, — XS/\TM|2] dr.

s€[0,r]

An application of Gronwall’s lemma yields that

E[ SUp | Xonry, _XS/\TM’Q] =0,
s€[0,T7]

hence P(X(t) = X(¢t), forall t < 7py) = 1 for all M € N. This implies the
assertion since 7y 00 as M — oo P-almost surely.

Now, we are interested in showing the existence of solutions for Equation
(B.1) for a fixed § € P, (RY).
Denote with M[0, T the vector space of R-valued, progressively measurable
processes Y = (Y)iepo,r), such that: E[supcjoqy | Xi|?] < 0o. On this space we
consider the following metric

1X = V[a, == \/E[ sup | X, — V2|, X,Y € My[0,T].

te[0,T
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For M € N, define an (F;)—stopping time 7, by

To(w) := 0,

¢
v (w) :=inf{t € [0,T] : / lu(s,w)*ds > M}, M>1,
0

with inf @ = oo. Observe that 7, is P—a.s. increasing in M and that P(r; <
T) — 0 as M — oo, since ]E[fOT lu(s)]?ds] = Q < oo.
For M € N, we define the control u,, as:

U’M<t7 w) = H[O:TM(W)] (t)u<t7 w)'
Hence, for all M € N, we can define a new SDE:

dXt = b(t, X, gt)dt + U(t, X, gt)UM(t)dt + O'(t, X, Qt)th,

X(0) = X,. (B:3)

We are going to show that, for all M € N, the Equation (B.3) has a unique
strong solution XM = (XM),ci01).

Let’s start by proving the uniqueness part.

Consider XM = (XM)yepr) and XM = (XM),c0.1 strong solutions of (B.3).
For L € N, define an (F;)-stopping time 7, by

mo(w) = inf{t € [0,T] : [ XM(t,w)| A | XM(t,w)| > L},

with inf @ = co. Observe that P(r, < T) — 0 as L — oo since X™ XM are
continuous processes.
Using Holder’s inequality, Doob’s maximal inequality, the [to isometry, and
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condition (L), we obtain for M € N, all t € [0,T]:

E[ sup | XM XM

SATL, SATL,
s€[0,t]

|2] < 4TE

tATL B
/ |b(r,XM,9r) —b(r,XM,QT)PdT]
0

+4E

tATL 5 IATL
/ lo(r, XM,HT) —o(r, XM,HT)|2dr/ |uM(r)|2dr]
0 0

+ 16E

tATL N
/ lo(r, XM,QT) —o(r, XM,Qr)lzdr]
0

<ATE

tATL B
/ b(r, XM 6,) — b(r, XM, HT)Ier]
0

+ (4M + 16)E

tATL, B
/ lo(r, X™.0,) —J(T,XM,GT)\zdr]
0

< (4T + 4M + 16)E

s€[0,7]

tATL 5
/ sup ]XSM—X;W\QdT
0

t
§(4T+4M+16)/ E
0

SATL, SATL,
s€[0,r]

sup | XM — XM ]2]dr.

An application of Gronwall’s lemma yields that

E[ sup | XM —Xjﬁm\?} —0,
s€[0,T7]

hence, VM € N, P(XM(t) = XM(t), for all t < 7;) = 1 for all L € N. This
implies the assertion since 77, oo as L — oo P-almost surely.

Now, we can prove the existence part.

Fix the initial condition X, and a probability space (€2, F,P), where it is de-
fined a R%-valued Wiener process, W = (Wt)te[O,T]- Choose the standard
expansion (g_tJr)te[O,T] of the natural filtration generated by the Brownian Mo-
tion and the initial condition Xy. On this space, for each M € N, we will
build a process XM continuous and adapted which is a strong solution of the
SDE (B.3) and we will show that X™ € M,[0, T']. We will get the process XM
through an iterative process. Our procedure produce a solution X adapted
to (Q_H)te[o,ﬂ. Since (G;4) C (F;), XM must be adapted to (Ft)eepo,1], too. We
have already shown uniqueness of solutions for (B.3). This implies that every
solution Y defined on 2, a priori adapted to (F¢)cpo,r), is indistinguishable
from XM hence, it is adapted to (C;t+)te[0,:q,too.
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For Y € M,[0,T], we define the process JY(Y) = (JM(Y))ep,r) as:

t t t
JM(Y) = Xo—l—/ U(S,Y,Hs)dWs—i—/ b(s,Y,Qs)ds—i-/ o(s,Y, 05)up(s)ds.
0 0 0
Thanks to hypothesis (G), it follows immediately that drift and volatility

terms are in M5[0, T, too. Exploiting Doob’s maximal inequality, [t6 isometry,
Holder’ inequality and condition (G), we are able to write:

te[0,7

+TE[/OT|b(s,Y,98)|2ds} +E[/OT|J(S,Y,05)|2d5/O |uM(5)|2ds]>

g4(]E[|X0|2]+4TK2+TE[/OT|K(1+ sup |Yr|)|2ds] +K2TE[/OT|U(5)|2ds]>

rel0,s]

E[ sup |JtM(Y)|2} < 4(E[|X0|2] +4E[/OT|U(5,Y, 95)|2ds}

T

< 4(1E[|X0\2] +4TK? 4+ 2K°T? (E[ sup |YT|2} + 1) + K2TQ> < 0.

rel0,7]
This fact proves that JM(Y) € M,[0,T], for all Y € M,[0,T], and so that
JM(-) is a functional from M;[0, 7] in itself.
Let YY" € M,[0,T]. Exploiting Doob’s maximal inequality, It6 isometry,
Holder’s inequality and condition (L), we can show:

T
E| sup [JM(Y) = J(Y')]?| <ATE / \b(nYﬁ»—b<r>Y”9r>l2d7"]
te[0,7) 0
T T
4| [ 10,00 — ol 00 Pdr [ () dr
0 0
T
+ 16E / lo(r,Y,0,) —o(r, Y”QT)IQdT’
0
T
< ATE / b(r,Y,0,) — b(r,Y",0,)[*dr
0

+ (4M + 16)E

T
/ 0(r,Y,0,) — o(r, Y, GT)Ier]
0

T
< (4T +4M + 16)E / sup |V, — Y![dr
0

s€[0,r]

sup [Y, — Y{|*

s€[0,7]

T
< (4T+4M+16)/ E dr.
0
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Hence, we have the following:

T
E| sup |[JM(Y)—JMY)?| < (4T+4M—|—16)/ E| sup |Y; —Y/]*|dr
te[0,T] 0 s€[0,r]
T
:CM/ E| sup |Y, — Y/]*|dr.
0 s€[0,r]
(B.4)
This fact naturally yields that
E| sup |[JM(Y) = J(Y)P| < CuTE| sup [Y, =Y.
te[0,T] s€[0,T]

Hence, JM : M;[0,T] — M,[0,T] is a continuous functional.

Now, we define iteratively a sequence of processes X M) = (Xt(Mm))tE[O,T] €
M;[0,T], as XM = Xy and XMn+l) = JM(x(Mn)) ¢ N,
To be more precise, for ¢ € [0,7] and n € N, we define:

XM = X,

t
Xt(M,n—i-l) _ JtM(X(M’n)) — X(] + / 0'(3, X(M’n), Qs)dWs
0

t t
—l—/ b(s,X(M7”),95)ds+/ o(s, XM 0 Vup(s)ds.
0 0

Exploiting the relation (B.4), for all n > 2 and t € [0, 7], we have:

T
E gCM/E
0

Sup ’Xt(M,ﬂri’l) _ Xt(M,TL)’2

te(0,7)

sup \Xt(M’") — Xt(M’n*l)\Z dr.
te(0,r]

(B.5)

For n = 1, using It6 isometry, Cauchy-Schwarz inequality, Doob’s maximal
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inequality and (G) hypothesis, we have:

| sup [X{43) - X0

t€[0,T]

=K

t
sup |X0+/ o(s, Xo, 0s)dW;
0

t€[0,T]

t t
+ / b(s, Xo, 0s)ds + / o(s, Xo,0s)ups(s)ds — X()]Q]
0 0

T
/ ]b(s,X0,95)|2ds]
0

T T
/ (o (s, Xo, 0 2ds / fung (s)Pds
0 0

< 12F +3TE

T
/ (s, Xo, 0,)[2ds
0

+ 3E

T
< 12K°T + 3TE / K*(1+ sup |Xo|)%ds| +3K*TQ
0

rel0,s]

< 12K*T + 6T°K*(1 + E[| Xo[*]) + 3K°TQ.

Hence, we get:

M2 M,1
sup [ X% — xR
te[0,7

E < 12K*T + 6T°K*(1 + E[| Xo[%]) + 3K°TQ = S.

(B.6)

Exploiting the relations (B.5) and (B.6), we can show by induction the follow-
ing estimation for all t € [0,7] and n € N :

Tn—l

B (n—1)!

sup | XM - xR < g0

te[0,7

(B.7)

This relation shows that the sequence of processes (X (M’”))neN is a Cauchy-
sequence in M;[0,T]. In fact, for m > n, we can write:

3

< E
k=

E| sup [X{M - xMm)2

t€[0,T]

sup |Xt(M,k+1) B Xt(M,k)|2

te[0,T7]

S

—_

Tk—1
k—1
= \/ S Y]

=N

3

bl

This sequence can be made, arbitrarily, small, choosing n big enough, since
it is a convergent sequence. M50, 7], with the metric introduced above, is
a complete metric space.* Hence, there must exist a process XM € M,[0, T

*The proof of this fact follows immediately exploiting Lemma 4.6 in [9].

75



such that XMm) — . XM in M,[0, T7.

Finally, let’s show that X* is a solution for equation (B.3).

By construction, we have XMn+) — JM(x(Mm)) for all n € N. Since
XMn) s XM in M,[0,T], taking the limit for n — oo and exploiting the
fact that JM : My[0,T] — M>[0,T)] is a continuous operator, we get the rela-
tion XM = JM(XM), that is:

t t t
XM = X0+/ b(s,XM,HS)ds—i-/ U(S,XM,GS)UM(s)dS—l—/ o(s, XM 0,)dW,,
0 0 0

(B.8)
which is the integral form of equation (B.3).
By construction, XM has been determined as an element of M>[0, T|, namely as
an equivalence class of processes. We need to show that it is possible to choose
a real process XM so an element in the equivalence class, that is continuous.
The expression (B.8) shows that XM is the sum of a stochastic integral and
of two ordinary integral, hence, there must be a continuous version of it: this
version of XM is a solution for equation (B.3). This must be a strong solution
of (B.3), since at the beginning we decided to work with the completion of the
natural filtration of the Brownian motion, (g;_F)te[O’T].
We have shown that VM € N there exists a unique strong solution X of
equation (B.3).
We can define the process X = (X¢).ejo,1] as:

XMt w) ifte (my_1(w), ()], VM € Ny
X(t,w):{XO(EJ) ) L (o) () S

The process X is well defined since, for t € [0, 7p], we have XM (t) = XM+1(¢),
P — a.s.. In fact, for t € [0, 7], up(t) = upr1(t) = u(t) and so the two
processes solve the same SDE that has a unique strong solution and therefore
they must be indistinguishable.

Now, we need to show that X is a solution of equation (B.1).

Exploiting the fact that for s € [0,7y,] XM = X,, VM € N,Vt € [0,T], we
have

X(t/\TM):XM(t/\TM)

AT tATM
= X, +/ b(s,XM,é’s)ds +/ 0<S,XM,QS)U(S)H[OJM](S)CZS
tO/\TM 0
+/ U(S,XM,QS)dWs
’ tATM AT
= Xo+ / b(s, X, 05)ds + / o(s, X, 05)u(s)ds
0 0

tATM
+/ o(s, X, 0s)dWs.
0
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Since 1)y — o0, as M — oo, in the limit we get:

t t
X(t) = Xo+ / b(s, X, 0s)ds + / o(s, X, 0s)u(s)ds
0 0

t
+ / o(s, X, 0,)dW,,
0

which is an integral version of equation (B.1).
By the uniqueness of solution for equation (B.1), we can conclude that X is
the strong solution of (B.1) we were looking for.

Finally we can show the estimation (B.2).
Suppose that (X;).e(0,7) is a solution for the equation (B.1), with § € C([0, T, P1(R%))
fixed. For M € N, define a (F;)—stopping time 7, by:

Ty (w) :=inf{t € [0,T] : | X (t,w)| > M},

with inf @ = 4-00.
Let t € [0, T], exploiting in order Holder’s inequality, It6’s isometry and Doob’s
maximal inequality, we have:

E[ sup |XWM|2} < 4E[|X,[?] + 4E
}

s€[0,¢

tATM tATM
/ lo(r, X, 0,)|2dr / fu(r)[2dr
0 0

tATM tATM
/ b(r, X, 0,)[2dr | / o (r, X, 0,)dV, |
0 0

tATM t
/ lo(r, X, 0,)dr / |u(r)|2dr]
0 0

tATM tATM
/ b(r, X, 0,)[2dr / o(r, X, 0,)2dr | = ¢
0 0

+4TE + 16E

<A4E[|X,[*] +4E

+4TE + 16E

77



Exploiting (G) hypotheses on b and o:

tATM
O <A4E[|Xo|?] +4TE / K21+ sup |X,|)%dr| +4K°TE
0

s€[0,r]

[ |u<r>r2dr]
A \u(r)\?dr]
A \u(r)\?dr]

+ 16 KT

tATM
<4E[|Xo|*] +4TE / 2K*(1+ sup |X,|[*)dr| + 4K*TE
0

s€[0,7]

+ 16K°T

sup | Xopar,|? | dr +8T?K? + AK°TE

s€[0,r]

t
< AE[|Xo|’] +8TK2/ E
0

+ 16 K*T

t
=R+8TK2/ E
0

sup |X5ATM|2] dr.

s€[0,r]
Now, applying Gronwall Lemma, we have that for each M € N, for each
te0,7T]:

]E[ sup |X5ATM|2} < RS
s€[0,t]

In particular, for t =T, we have:

E[ Sup ‘Xs/\TM|2] < Res(TK)2 =R < .
s€[0,7
Finally, exploiting monotone convergence theorem, we get:

E[ sup |X5|2} = lim E[ sup |XS/\TM|2] < R*TH)’ = R < 0.
s€[0,T] M—=oo  Lgeio1)

Remark B.3. Now, consider the McKean-Viasov Equation:

dX, = b(t, X, Law(X (£)))dt + o (t, X, Law(X (t)))u(t)dt + o(t, X, Law(X (t)))dW;,
X(0) = X,
(B.9)

with the same hypotheses on coefficients and control as in the Theorem (B.1).
If X is a solution of Equation (B.9), i.e. a solution of Equation (B.1) with
0, = Law(X,), we are able to show the finiteness ofE[supte[QT} |)~(t|2], with

the same arguments used in the proof above.
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