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Abstract

Weak measurements are considered fundamental for sharing the nonlo-
cality of an entangled two-qubit state between several sequential obseers.
In this thesis work, we show that this is not necessarily true. Indced
it is possible to share the nonlocality using only standard projectve
measurements, without the need for any quantum ancilla. We will rst
show that two sequential observers can both violate the CHSH inequalit
when the initial state is a maximally entangled two-qubit one and all the
observers are allowed to share classical randomness. Afterward, we Wil
determine the optimal trade-o relation between the CHSH parameters
in the same scenario. We also show that two sequential violations can
be reached without the need of sharing classical randomness, but ugjn
only projective measurements and local randomness. Secondly, wellwi
study what happens if the initial state is non-maximally entangled and
we will show that not only it is always possible to have two sequentil
violations with a partially entangled state, but that in some cases these
states make larger sequential violations. Lastly, we prove that it is also
possible for three sequential observers to violate the CHSH inequ&ji
These results show that standard, projective, measurements are simple
and useful resource for sharing quantum nonlocality between sequtal
observers.
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Chapter 1

Introduction

Since the beginning of the 28 century Quantum Mechanics has changed the way
we conceive the world revealing new interesting phenomena and leau) to the
research for new models and theories to describe them. Among the varis new elds
born thanks to the discovery of Quantum Mechanics we can acknowledge @ntum
Information theory. Information theory is the eld that studies how in formation can
be quanti ed, stored, and processed. Its foundations can be traced b&cto 1948,
when C. E. Shannon published'A mathematical theory of communication" [2] and
has gained popularity ever since. The study of this eld has deeply a eted our
lives allowing for the development of many tools we use daily. Quantuninforma-
tion theory, on the other hand, proposes this study when the system casidered is
quantum mechanical. Indeed by considering a quantum system to cay informa-
tion, researchers have introduced plenty of new protocols both for @mputing and
for cryptography. While quantum computing is still at an early stage, quantum
cryptography implementations are being achieved more and more often. Altough
there are still some technological limitations, such as the distance it at which
a quantum key can be e ciently broadcast with current technologies, the birth of
several companies proposing quantum cryptography devices makes it reazable
that in the near future quantum cryptography will become more and more usd.

In this thesis, we are going to study one of the most peculiar charactestics of
gquantum mechanics: non-locality. As we will see more in detail in thefollowing
sections, non-locality is indeed a useful resource to be used iugntum cryptography
systems. When performing quantum cryptography protocols, it is important to
consider the fact that the state and the devices used might be not redible, i.e. they
can be imperfect and behave di erently from what the user wishes.To overcome
this problem the idea of device-independent quantum cryptographyhas been born.
In this scenario the user does not trust the used devices, segrthem as black boxes.
This way the security proof of the quantum protocol will be independent of the
device used. With this aim, in 1998 Mayers and Yao [3] proposed the concepf
self-testing quantum apparatus. The idea is that the user does not asime the
apparatus to be trusted in any way and that its properties are uniquely determined
on the basis of their input-output statistics. A particularly usefu | test for self-testing
the honesty of a device is the Bell test. To perform this kind of tes, non-locality is
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CHAPTER 1. INTRODUCTION

a fundamental resource.

In this scenario, we are going to study the possibility to share a nondcal correlation
between sequential observers sharing a two-qubit entangled stateln particular,
we are going to propose a new way of performing this task in contrast with te
standard method widely found in the literature. Indeed the standard procedure
involves the use of sophisticated measurements, namely positive ogor-valued
measures (POVMs), whose implementation typically requires additonal ancillary
qubits. In our protocol instead, all the observers will be allowed touse only standard
projective measurements which are much easier to implement. Ithis work we are
rst going to prove the validity of this protocol and study its limits in the case there
are only three observers. Moreover, we are going to study what happenéthe initial
shared state is a general two-qubit pure state instead of a maximally er@ngled one.
Finally, we are going to present an example showing the possibilitya use it also
when the observers are four. The importance of this work is rstly to point out that
the common knowledge that POVMs are necessary to share non-locality beeen
sequential observers is wrong. In addition to this conceptual statemt, this thesis
proposes a new easier way to perform this task.

In the following sections, we are going to introduce some useful magmatical
tools used in quantum information as well as concepts like Bell inequities and in
particular the Clauser-Horne-ShimonyHolt (CHSH) inequality. Afterward , we are
going to introduce the idea of sharing non-locality between sequdial observers.
Finally, in the following chapters, we are going to the main part of the thesis, in
which we analyze and discuss what happens when the observers can onlgrform
standard projective measurements.

1.1 Tools and concepts for Quantum Information

In this section, we are going to present some useful tools and concepised when
dealing with quantum information. In particular, we are introducing the qubit and
the way to represent it, the idea of non-locality, Bell inequalities with a particular
focus on the CHSH inequality, and nally quantum measurements.

This introductory section does not pretend to describe exhaustiely all the topics
presented, which lie outside the aim of this thesis work. We are inded trying only
to give an idea of the objects we are going to talk about and use.

1.1.1 Qubits

In classical information theory, the basic unit of information is the bit. It represents
a logical state assuming one of two possible values, namely 0 and 1. Similgrin
guantum information theory the basic unit is the qubit (quantum bit) . It represents
the state of a system, such as a two-level system, belonging to the Hiért space
H = C?, having as basis vectorg0i and jli. The peculiar characteristic of the qubit
is that it is not bound to be only in the basis states, it can be a linear conbination
of them. In this case, we say that the qubit is in a superposition. The qubit state
j i can be thus generally written as:
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CHAPTER 1. INTRODUCTION

ji= joi+ jai (1.2)
where and are complex coe cients satisfying the normalization constraint

j j?+ ] j?=1. Since quantum states are de ned up to a global phase, it is possible
to impose the condition 2 R and rewrite the state as

j 1 =cos 2]0I € sin 5 jli 1.2)
where and are real numbers. We can interpret these angles as spherical coordires
and identify the point a=(sin cos; sin sin; cos ) on the Bloch sphere. This
is a unit sphere in R® having the computational basis vectorsfj 0i ;jlig as the z-axis,

as x-axis the vectorsfj +i = %1 ji = O tgandfjRi = PglijLi = %1
for the y-axis. The vector -ais the Bloch vector associated with the statej i. In

gure 1.1 we report a representation of the Bloch sphere.

0)

1)

Figure 1.1: Bloch sphere representation.

We are also going to represent qubits with the matrix representation In this
representation, we associate the computational basis vectors with

0 = é i1 = 2 (1.3)

which are the eigenvectors of the Pauli matrix .

The states we have used so far are only pure states. To talk about more genaé
states, namely mixed states, it is necessary to introduce the desity matrix formalism.
In this formalism, the state can be written as

1 1
=§(1+1°~)=§(1+rxX+ryy+rZ z) (1.4)
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CHAPTER 1. INTRODUCTION

where 1 is the identity matrix and , y and , are the Pauli matrices

0 i 10

- _ 1 _
1= - 0 O ) 70 1

10 0
0 1 1 (1.5)

The real vector ¥ = (ry;ry;r;) is the Bloch vector of the state and it represents the
state in the Bloch sphere. Vectors withk#k = 1 represent pure states. Mixed states
are represented by vectors withktk < 1, thus inside the sphere.

1.1.2 Composite systems and entanglement

To introduce the representation of the state of a composite quantum sgtem we
can start again by comparing it with its classical counterpart. In the classical case,
when we consider a system composed af basic systems we simply obtain an-bit

string of Os and 1s. In the quantum case, the state of a composite system loags to

the Hilbert space obtained as the tensor product of the sub-system Hilert spaces.
Considering n qubits each in a Hilbert spaceH = C?, the state of the total system

j 1 belongs to

(e}
Hyor = '—| H {z I—} = H=C (1.6)

n times

Thus, the state of the composite system is represented by an2Zcomponent complex
vector. If the total state can be written as the tensor product of the states of the
sub-systems, the state is calledseparable For example, if we consider a 2-qubit
system, the total statej i =j 10 j i, with j 1i and| »i states of the two single
qubits, is separable. When it is not possible to write the total statein this way, the

state is not separable, it isentangled For example, if we consider again a 2-qubit

system, the state = %‘gﬂ is entangled.

Entanglement highlights the non-local nature of quantum theory. If for example we
consider the 2-qubit entangled state = @H%ﬂ and we measure the value of the

rst qubit, the outcome will be either 0 or 1 and this will also deter mine the value
of the second qubit.

This quantum theory result does not satisfy the principle of locality stating that an
object is directly in uenced only by what happens in its immediate surroundings.
For this reason, Einstein, Podolski and Rosen published the 1935 paper "&h
Quantum-Mechanical Description of Physical Reality Be Considered @mplete?"
[4] considering the theory of quantum mechanics theory incomplete del to this
violation of the locality principle. Indeed, they argued that, since information can
not travel faster than light, it is impossible that an action taken on a particle, such
as measuring the rst qubit of , could a ect instantaneously another p article, such
as the second qubit of . They stated that "If, without in any way disturbing a
system, we can predict with certainty (i.e., with probability equato unity) the value
of a physical quantity, then there exists an element of physical ragl corresponding
to this physical quantity.". From this, they stated that the second particle must
already have a precise value before the measurement. The reason theselver does
not know this value is due to his lack of knowledge of some "hidden varial@" not
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CHAPTER 1. INTRODUCTION

included in the theory. Theories trying to explain quantum mechanics results by
including hidden variables are referred to as local hidden variablegheories.

1.1.3 Bell theorem and CHSH inequality

In 1964, John Stewart Bell published "On the Einstein Podolsky Rosen paadox"
[5] where he mathematically proved that the correlations between meagement
outcomes predicted by quantum mechanics are incompatible with locahidden
variable theories. Moreover, he stated that"If [a hidden-variable theory] is local it
will not agree with quantum mechanics, and if it agrees with quantum ethanics it
will not be local."[6], thus a non-local structure is an essential characteristic of any
theory reproducing the predictions of quantum mechanics.

In particular, Bell considered the problem in which two independent observers per-
form measurements on two separated entangled particles and proved matimatically

that, if the outcome of these measurements depends on some local hiddgariables,
the correlation between the outcomes is upper bounded. On the otherdnd, if we

take into consideration quantum mechanics, the correlations can violatehis inequal-

ity. This result is called Bell's theorem and the inequality is called Bell inequality.

Beginning with this proof, several other versions of Bell inequaliy have been found.
The rst experiment showing a violation of a Bell inequality was accomplished by

Freedman and Clauser [7]. Afterward, many other experiments has beenacried out

to test Bell's theorem, con rming that entangled states can violate Bell's inequalities.

Between them we cite the experiment by Aspect, Dalibard and Roger [8]

In this thesis, we are going to consider the Clauser-Horne-Shimony-Hb[CHSH)[9]
inequality. To introduce this inequality we consider the Bell experiment schematically
reported in 1.2.

x=0,1 y=0,1
a | ——| =5
\ 4
a=0,1 b=0,1

Figure 1.2: CHSH scenario - Alice A) and Bob (B) share the two-qubit entangled state .
Depending on their input value x and y, they obtain the outputs a and b, respectively.

In this experiment, a two-qubit entangled state is prepared. Each ofthe two qubits is
sent to an independent observer. These observers, referred to &dice and Bob, can
choose one between two local measurements to perform on their half di¢ entangled
state. In particular, they choose between two input valuesx 2f 0;1gandy 2 f 0; 1g
for Alice and Bob respectively, and perform the corresponding measureThus, we
are denoting asAy and By Alice's and Bob's observables. The measurement outcome
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CHAPTER 1. INTRODUCTION

are labelled asa 2 f 0; 1g for Alice and b2 f 0; 1g for Bob.
The CHSH parameter can be de ned as

X
S= ( 1)YPAByi = hAgBoi + PAgB1i + M1Boi h A;Bii (1.7)
x;y=0;1

where with h i we indicate the expectation value.

If the system can be described by a local hidden variable theory, wean write the
CHSH inequality S 2. On the other hand, if we consiger guantum mechanics the
CHSH parameter can reach the Tsirelson's bounds 2 2. This boundary can be
reached when Alice measures along two orthonormal basis vectors and Bob alotige
diagonal directions. For example, for the statej *i = %%ﬂ Alice can measure
Ag= xandA;= ,, while Bob Bg = Jpg—z and By = —p=*. In the quantum

case, we can rewrite the CHSH parameter as
S=Tr[ ((Aot+ A1) Bo)l+Tr[ ((Aoc A1) Bi) (1.8)

where is the state shared between Alice and Bob andlr is the trace operator.
These inequalities are fundamental for self-testing devices. bleed when obtaining
a CHSH inequality violation, we can deduce some properties of the state ahthe
measurements that produced that violation. For example, if we reach tle Tsirelson's
bound we can arm that the measurements are like the ones just reported up to a
global rotation.

1.1.4 Weak measurements

When an observer measures a quantum state it perturbs it. Weak measements are
a means for an observer to gain some partial information on a system while disrbing
it only a bit. There will be a trade-o relation between how much inf ormation can
be extracted from a system and how much the system is disturbed. ®one hand,
the weaker the measurement, the less information can be extracted,ub the less the
system is perturbed. The weakest measurement is the trivial meagsement in which
the observer simply does not perform any measurement, gaining no iofmation, but
leaving the state unperturbed. On the other hand, the stronger themeasurement
the more information can be obtained and the system is perturbed. The tsongest
measurement possible is the projective measurement, in which evobtain all the
information of the state, but we project it on the measurement operator égenspace.
Practically, to perform this kind of measurement, it is necessary b weakly couple
the system with the measurement device (usually called ancilla).The information
will be obtained by measuring the ancilla.

Mathematically this kind of measurement can be described by a positie operator
valued measure (POVM)f M;g. If the dimension of the Hilbert space they are acting
on is nite and the number of elements in the POVM is n, the POVM is simply a set
Bf n positive semi-de nite Hermitian matrices satisfying the completeness relation

L, M; = 1. Each elementM; of the set is associated with the measurement
outcome i. When performing a measurement on the state , the probability of
obtaining the outcomei is Py = Tr[ M j].

14
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In the case of two-outcome measurements, a POVM simply becomes an orderpair
of positive semi-de nite matrices (Mg; M1) such that Mg+ M1 = 1.

Given an observableO having only two possible values (for simplicity we can refer
to them as 0 and 1), we can write the POVM associated with it asf M;gi=o:1 such
that Mg M = O. This relation together with the completeness relation allows us
to write Mg = 42 and M; = 1.9, thus M; = 1O,

A more complete description of weak measurements can be found in [10].

1.1.5 Quantum channels and Kraus operators

A quantum channel is a completely positive, trace-preserving map hat transforms a

state (represented by its density matrix) into another state, : ! C To describe
the action of this map it is possible to use the Kraus operator<:
o X
=( )= KK/ (1.9)

r the channel to be trace-preserving, the Kraus operators must satfy the condition

i KiKiy = 1. If we consider the POVM f Mg, the Kraus operators representing
the quantum instrument are such that M; = KiyKi. As long as the operators satisfy
the previous relations, they d|9 have not a univocal de nition, thus we can use the
Luders rule and chooseK; = = M; [11].

In this thesis, we are going to consider projective r‘r}fasurementwhich satisfy the
additional property Mi2 = M;. In this caseK; =  M; = UiM; where U; is an
arbitrary unitary operator.

1.2 Sequential CHSH scenario

Up to this point, we only considered only two observers: Alice and Bob. h this
section, we are going to introduce a more general problem that involves are
observers on one of the two sides.

Since the work of Silvaet. al., [12], extensive research has been conducted on
whether it is possible to re-use the post-measurement state of a Beexperiment to
share nonlocality between several sequential observers. As in théasdard scenario,
the maximally entangled two-qubit state is shared between two initial observers
Alice and Bob®. They can both perform local measurements on their half of
the state. Afterward, Bob® can relay his post-measurement state to another
independent observer Bof?) who can also perform a local measurement, relay the
post-measurement state to another observer, and so on. Each Bob has havestown
input y; 2 f0; 1g and output Iy 2 f 0; 1g. This scenario is schematically reported in
gure 1.3.

Lots of research has been carried out on whether it is possible for each ofdke
Bob(") to violate the CHSH inequality together with Alice both in theory [13{23]
and experiment [24{28]. A brilliant result recently obtained by Colbeck and Brown
[29] is that an arbitrary number of Bob can achieve a CHSH violation with Alice.
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CHAPTER 1. INTRODUCTION

¥,=0,1 Ya=0,1
b,=0,1 b,=0,1
Figure 1.3: Sequential CHSH scenario - AliceA) and a rst Bob ( B®) share the two-qubit

entangled state . They both measure their half of the state. After his m easurementB®
relays the post-measurement state taB ® , who measures it and so on.

To perform such a task, weak measurements are considered to be fundemntal.
Indeed a projective measurement leaves the state separable, malj it impossible for
other subsequent observers to violate the CHSH inequality. On the dier hand, by
interacting weakly with the state, it is possible to tune the amount of non-locality
used to violate the CHSH inequality and the amount left for the other obsevers.

Using the notions introduced in 1.1, we are now going to write the CHSH paameter
for each Bob.

Consider the set two-outcome observable$Ay; B)(,?; i §:)g with x = f0; 1g,

yi = f0;1g for i =1;:::;n. The CHSH parameter Sy between Alice and BoH¥) is
h i h i

Sc=Tr ® (Ag+A) B +1r ® (A, Ay BW (1.10)

where ) is the state received by Bol¥).

To write this state we need to write the Kraus operators associated vith the previous
measurements. Each observable is associated with the measurementesptors

Agjx and Bg:j)yk, for Alice and Bob(¥) respectively. We denote aK S(‘j)yk the Kraus

operators that represent the instrument used by BoKK) to realise the measurement
k) _ k) Y (K

Boive = Koive Koy

Since each Bob acts independently, Ba*D) is ignorant of the input and output
values of BobK), yy and b. Then state shared between Alice and Bof*?) is Bob(K)'s
post-measurement state averaged oveyx and bc. The state shared by Alice and
Bob(k*1) can be obtained by the recursive relation

1 X

(k+1) _ (k) (K) kK Y
= L Ky L Ky, (1.11)
b ;yk=0;1

In chapters 2 and 3, we will use a slightly di erent notation for simpli city. Since
we are going to consider only two observers other than Alice, we are going tcall
them Bob and Charlie. Bob's and Charlie's measurements, correspondto the
observablesBy and C; with y;z = f0;1g, will be noted simply as By, and Cg,.
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With this notation, we can rewrite equation (1.11) as
1 X

AC = 1 Kgy as 1 Kgy” (1.12)

b;y=0;1

highlighting that g is the state shared between Alice and Bob, while oc between
Alice and Charlie.

As for the CHSH parameters, we can rewrite them as:

Sag =Tr[ aB ((Ao+ A1) Bo)l+Tr[ as (Ao A1) Bi)l (1.13)
Sac =Tr[ ac ((Ao+ A1) Co)l+Tr[ ac (Ao A1) Cy)] (1.14)
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Chapter 2

Double violation

In this chapter, we will show that it is possible to have two sequatial violations of
the CHSH inequality between independent parties measuring one habf a two-qubit
state using exclusively projective measurements.

First of all, we can observe that in the case of a single qubit, the only pasble
projective measurements are either basis measurements i.e. measments in the
direction of a certain Bloch vector fBg,;B1yg = fivi ; ~v g, corresponding to a
rank-1 projection, or trivial identity projections fBg;,;B1,g= f1;0g, for which the
measurement outcome does not depend on the state. When these measuare
performed on one qubit o an entangled pair, the former measurement makebe
whole post-measurement state separable, thus it disentangles it, wie the latter
leaves it unchanged.

Since both Alice and Charlie do not need to relay their post-measuremnt state to
anyone they can simply perform basis projections and consume all the &amglement
making the state separable. As for Bob, since he can perform only a combinain of
the measurements just described, he can use one of three di erestrategy types:

() Both measurements are rank-1 projection, thus the state becomes semble.
This way Bob can violate the CHSH inequality, but, being the state serable,
it is not possible to have a second violation.

(I Both measurements are trivial i.e. identity measurements. In ths case, it is
not possible to obtain a rst violation, while the second one is possible

(1) One measurement is trivial and the other is a basis projection. Sine one
measurement is the identity, one output is simply discarded. Thws a rst
violation will be impossible, but a second one is still possible.

As we have just observed, these strategies, individually, can not adave more than
one CHSH inequality violation. The idea is to overcome these unsuceses by
exploiting classical shared randomness between the parties. Thisay it is possible
to stochastically combine these individually unsuccessful stitegies to achieve the
two sequential violations of the CHSH inequality.

Practically this means that before the beginning of the experiment,the parties need
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CHAPTER 2. DOUBLE VIOLATION

to share a correlated string of classical data, such as a sequence of randowimbers.
These data will allow them to decide which strategy to choose for eachun of the
experiment. Let =1;2;3 be the variable stating which strategy to use. Itis subject
to some probability distribution fp g*_, . We can rede ne the CHSH parameter as
the expectation value
x3
S = pSie (2.1)
=1
where S/(m) is the CHSH parameter between Alice and Bob as de ned in equation

(2.13). Analogously we can de ne the CHSH parameterS/&C) between Alice and
Charlie.

This scenario is schematically represented in gure 2.1.

y,=0,1 Y,=0,1

b,=0,1 b,=0,1
Figure 2.1: Sequential CHSH scenario - AliceA) and a rst Bob ( B®) share and measure
the two-qubit entangled state . Afterwards, B@ relays the post-measurement state to

B®  who measures it and so on. Before the beginning of the experiment, lahe observers
can share a string of classically correlated data .

In the following, we are going to consider as initial state shared betweae Alice and

Bobj Ti = ﬂs}jﬁ, wherejOi and jli are the eigenstate of , with eigenvalue 1
and -1 respectively.

Since all the states and measures we are going to consider lay on a 2D plamee can,
without loss of generality, restrain the problem to the XZ-disc of the Bloch sphere
(the y component will be always 0).

2.1 Proof of principle

To begin with, we are proving that both Bob and Charlie can violate the CHSH
inequality simply by using a strategy of type (I) to maximize S(AlE)s, and (Il to

maximize Sl(f’c) and combining them afterward. Since we are not using strategy (1),
p2 is set to 0 and we can simply writep; = pandpz =1 p. We are going to consider
the simple caseSag = Sac. In general, we are not interested in this condition,
but it simpli es the calculation and it is enough to show that both parame ters
can be greater than 2 at the same time. The strategies we are using predesome
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CHAPTER 2. DOUBLE VIOLATION

parameters, which we will use for the maximization process. Finallywe are going to
nd p to combine the strategies together such thatS® = S@),

Strategy type (I) ( = 1): We start by choosing the observables. In particular Alice's
observables areAg = 45'5—2 and A, = P51, Bob's are Bo = cos x + sin
and B; = sin 4 + cos ; and Charlie's areCgo = C; = cos  + sin , for a
certain angle 2 [0;2 ). As already mentioned in 1.1.5, Bob is allowed to perform
a unitary operation which can depend on both Bob's input and output Uy, after
the measurement. In this case, we choose them to be independent thfe output
b. When the input y = 0 we choose the identity operator, Up = 1, which means
that no operation is performed on the measured state. As for the other inpt
U= €( @) v, which, for a state having 0 y-component as in this case, is simply a
rotation of =4 of the state in the XZ-plane.

We can use eq.(1.10) to compute the CHSH parameters for this strategy, obtaining
s =2 P35 cos (2.2)

To compute the state shared between Alice and Charlie, oc we can use eq(1.11).
Since we are using projective measurements the Kraus operator can ksmply
written as Ky, = UyByy, where Byy = w is the measurement operator
associated with the observableBy. From these calculations, we obtain the second
CHSH parameter

P .
S,&lé = 2(cos +sin ) (2.3)
Now we can maximizesglé, nding SSE); = 2p§ when = 0. If we choose this

measurement angle, the second CHSH parameter results EE,&% =P 2.

Strategy type (I1) ( = 3): In this case we choose as observablel, = cos  +
sin ;andAi=cos x sin ,foracertainangle ,Bpo=landBi= ,,Co= «

and C1 = ;. In this case, Bob does not perform any unitary transformation of the
state after the measurement. Following the steps performed for therst strategy we

obtain the following CHSH parameters

s{) =2cos (2.4)

S,(fc) =2sin +cos (2.5)

Maximizing S, we nd St = PStor =arctan2 and St = ok

We want to use the two strategies just found to compute the nal CHSH parameters
as de ned in equation (2.1). Beingp and 1 p the probabilities to use strategies (I)
and (1) respectively, we obtain

p_— 4(1

Sie =PSB+ s =2 2+ 25 P 2.6)
p_ p-

Sac = pSL +(1 PSS =" 2p+ 51 p) 2.7)
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To verify that it is possible for both Spg and Sac to exceed 2, it is su cient to check
whether their value ngn Sag = Sac is greater than 2. Imposing thiﬁ condition we
nd the value p = gsi—f’p—g 0:240 which leads toSpag = Sac = g%ﬁ—g 2:039,
which is indeed greater than 2.

This simple computation shows that it is indeed possible for two obsesers performing
sequential measurements on one half of a two-qubit maximally entangledtate
j *i to both violate the CHSH inequality, when classical correlation betweea the
measurement choices is present.

2.2 Optimal trade-o

Let's consider once again Alice and Bob sharing the maximally entangled state
j +i - jOOI+%1lI .

Since the qubit is not relayed to anyone afterward, the optimal measuements
for Alice are always rank-1 projective. This corresponds to Alice measing the

observablesAg= & ~and A; = & ~ with kaxkk=1, x =0; 1.

Every rotation of the vectors & and & can be absorbed into a global rotation of
Bob's measurements via the relationO 1j i = 1 OTj i. For this reason, we
can simply choosegy = (cos ; 0;sin ) and & = (cos; 0; sin ) and restrict the

problem to the unit disk identi ed by the interception between the XZ-plane and

the Bloch sphere.

To do so we introduce the unnormalized states remotely prepared byAlice on
Bob's side ,x. These correspond to the eigenvectors of Alice's observables, namely
ajx = %(l +( 1)2a& ~). We observe that, since Alice's measurement operators

are trace-one and that the local state is maximally mixed,p(ajx) = Tr ¢ =1=2.

We will now rewrite the equation for the CHSH parameter in a slightly di erent, more
convenient, way. Firstly, from the de nition of the unnormalized s tates remotely
prepared by Alice on Bob's side ., we dene x = gy 1jx = ¥=. Using this
de nition for 4, the CHSH parameter between Alice and Bob becomes

X
Spe = ( DY «By] (2.8)

x;y=0;1

Considering that C, =2Cp 1 and remembering how the state oc can be obtained
evolving ag from equation (1.12), we can rewriteSac as
1 X XZX q — 9 — y
Sac = > (1 Tr Usy Bhy x  BryUp,Cojz (2.9)
x;z=0;1 y;b

Now we want to study the trade-o relation between Spg and Sac when Bob's
measurements are projective, namely they satisfBy By = b;yBry. As already
discussed we can choose without loss of generality the Kraus operators the
form Ky, = UpyBpy. Remembering also that the trace is cyclic the second CHSH
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parameter becomes
X X
Sac =cos  Tr By xBpyUp Coolby +sin Tr Bpy zBrjyUp,CojrUny
yib yib
(2.10)

Also in this case we chose Charlie’'s measurements to be projectigince, as in Alice's
case, he does not need to relay the qubit to anyone afterward.

In the following, we are examining the three strategies we discusseat the beginning
of this chapter one by one.

2.2.1 Strategy type ()

As already discussed, this strategy corresponds to Bob performing twprojections
on basis vectors. We also remember that since Bob's measurement brealhe
entanglement, this kind of strategy allows for a rst Bell inequality violation Sag > 2,
but not a second oneSac > 2.

By de ning the rank-one projectors P,y = Ug’yConUby we can rewrite equation
(2.10) as
X X
Sac = COS Tr Byy x BpyPoyb *sin Tr Byy zBuyjyPiyb (2.11)
y;b y;b

We can now write an upper bound for the parameterSyc by assuming that Poyy, is
aligned with the eigenvector with the largest eigenvalue of the operatoByy, xByy
and, analogouslyPiyy, is aligned with By, ,Byy. The upper bound onSac can be
written as
X X
Sac cos max Bbjy X Bbjy +sin max Bbjy Z Bbjy (2.12)
y;b y:b

where max Bpy xBpy and max Bpy zBpy arethe largest eigenvalues aByy x By
and Byy By respectively.

Observe that an operator de ned asP (4 ~) P, with P rank-one projector, is a
rank-one operator itself. Thus the operatorsBy;, xBpy and By, ;By, are rank-one
and their spectra have the form(; 0). For this reason we can write their largest
eigenvalue as max [P(t ~)P]=maxfO; Tr[(¢ ~)P]g.

SinceTr[(¢ ~)P] is the expectation value of the observables ~ in the state P,
we can expect that in the caseP = By, this expectation value will be identical for
b=0 and b= 1, but with opposite signs, being one positive and one negative. For
this reason, we expect that each of the two terms in equation(2.12) will have a
contribution only from one value of b for each y value.

Finally, since when choosing Alice's measurement we decided t@strict the problem
to the XZ-plane, the optimal choice for the Bloch vectors associated wh Bob's
measurements lay in the same plane, thus we can writg, = (cos y;0;sin ). With
these choices, we can rewrite a simpli ed version for both the CHSH arameter
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between Alice and BobSag and equation (2.12)

Sag =(®0+ @) To+(8 &) BL=2cos cos g+2sin sin 3 (2.13)
Sac  cos (jcos gj +jcos 1)) +sin (jsin gj + jsin 1)) (2.14)

These relations show that the pair (Sas ; Sac) is fully characterized by the variables
(; o )

As a rst thing, we want to recover the classical boundary. To do so we an simply

choose g= 1= , Which leads toSpg =2 cos (2 ) and Sac = 2. While 2 [0; 4]

we recover 0 Sag 2 and Sac = 2. This choice is optimal because, being Bob's
measurements both rank-1, the state relayed to Charlie is separable @ncan not

violate the CHSH inequality, it can reach the value of 2 at the best.

Moving to the non-classical range 2 Sag 2p 2, we are now going to look for the
maximum value obtainable by Sxc for a certain Spg . To do so, we are going to
prove that for every pair (Sag ;SRC) obtained with ( ; o; 1), there exists another
pair (Sag ; Sac ), such that Spc SRC, obtained with ( = 4; 0= ; 1= 3 )
for some 2 [0; 5], thus this triple is the optimal choice for (; o; 1).

Firstly, since the value for Sag should not change with this choice of the parameters,
satisfy p_
2C0S C0S g+2sin sin =2 2cos (2.15)

When ¢=0, 1= 5 and = - the left-hand-side of equation(2.15) is maxi-
mized/minimized and becomes 2 2. Now we want to show that with this choice
of we haveSpc SRC. This last condition becomes

cos (jcos oj+ jcos 1j)+sin (jsin oj+ jsin 1j) IOi(cos +sin ) (2.16)

In the range of our interest, without loss of generality, we can simplifythis relation
and drop the absolute values by taking o; 12 [0; 5].

After rearranging the disequality, squaring both sides and substitding via equation
(2.15), we obtain

2 2

cog cog g+cos® 1 +sin 2 sin 3+sin 2 +sin(2 )sin( o+ 1) 2 (2.17)
We can nally di erentiate the left-hand side with respectto ¢ and 1 respectively
and look for the maximum. We nd that both the derivatives have two join t roots,
oneat = z, o+ 1= 5, andtheotherat = (o= 1. In both cases, the
derivative with respect to vanishes. Both these solutions bring to a maximum
value for the left-hand-side of equation(2.17) equal to 2, thus proving the inequality
to hold.

Hence, we can choose parameters such that= ;, o= and ;=5 . This
brings us to the relations
p_
Spag =2 2c0S (2.18)
P ,
Sac 2(cos +sin ) (2.19)
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To obtain the trade-o relation, we can simply substitute the former e quation into
the latter and obtain s 1p
% +5 8 (Swe)? (2.20)

Since the inequality is tight, this trade-o relation is optimal. To p rove the tightness
of the inequality it is su cient to observe that the strategy (I) prop osed in section
2.1 has exactly this trade-o . We can also observe that the maximum ofSac occurs
at Spg = 2 and gives Sac = 2. This means that at the endpoint of its interval
of validity, whichis 2 Spxg 2 2, this function meets the classical trade-o we
already found in 0  Spg 2.

Sac

A plot of the optimal trade-o relation for this strategy type is reported i n blue
in gure 2.2. In the gure are also plotted two black dashed lines highlighting
the classical boundf Sag ; Sac g = ngLZg@Qd two light green lines highlighting the
Tsirelson's boundfSag ;Sacg=f2 2,2 2g.

Figure 2.2: Trade-o relation between the CHSH parametersSag and Sac for strategies
of type () (blue). The dashed black and green lines represent thelassical and Tsirelson's
bounds respectively.

2.2.2 Strategy type (Il

We can now move to the second strategy, in which Bob performs only triial projective
measurements. With this strategy we do not expect any CHSH violation forBob,
only Sac can be greater than 2. This corresponds to deterministically choosing
value for b based ony without taking into consideration the quantum state. The
operators representing this kind of measurement arel(; 0) which gives alwaysb=0
as output, or (0; 1) giving always the output b= 1. From the expression for Sag
given in equation (2.9) it is immediate to nd that Sag = 0. In the case in which also
Alice performs trivial (identity) measurements the value for Sag could be increased
to Sag = 2, but this would imply that Sac 2. Even though this case exists, it is
not interesting in our context since this does not lead to any CHSH viohtion at all.
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We want to nd an expression for Sac in the case in which Alice performs rank-1
projective measurements and, thusSag = 0. Since Bob's instrlyment becomes only a
unitary operator, the post-measurement state becomes®= % y(1 V) (1 Vyy)
where Vy is the operator in f Ugy; U1yg associated to the only possible output (unit
probability event) of Bob's measurements. It is trivial to see that an optimal choice
can simply beVy = 1, which leaves the state unperturbed, °= *. If we consider
Alice and Charlie now, we arﬁ in a simple Bell scenario and, thus Chaig can reach
the Tsirelson bound Spc =2 2 by performing the measurements x and z, while
Alice chooses as measurement angle= ;. It is interesting to observe that contrary
to the rst and the third strategies, in which, as we will see, we can nd a trade-o
relation between %AB and Sac, this trivial strategy trade-o is simply the point:

(Sae;Sac)=(0;2 2).

2.2.3 Strategy type (1)

We recall that this kind of strategy consists in Bob performing one trivial (identity)
measurement and one basis projection. With this strategy we expect dy Charlie
to be able to violate CHSH.

Firstly we observe that the CHSH parameter is invariant the following under coordi-
nate permutations: fy! y & a! aifx=1gandfb! bify=0 & x! x &
a! ag where with the bar we denote the bit- ip operation. For this reason, we
can, without loss of generality, assign to the inputy = 0 the single outcomeb= 0,
meaning that the rst observable By = 1, while the second measurement will be a
basis projection corresponding to the observabl®,; = B ~, where®Bis a unit Bloch
vector. Thus the operators associated with the measurements can be itten as

Bojo=1,Bgjo=1andBy; =3 1+( 1) ~ .

As for the unitaries implemented by Bob's measurements, thanks to e invariance
under a global rotation of the unitaries U,y, we may x a reference one, in this case,
we chooseUgg = 1. We can also notice that, sinceBljo =0, the post-measurement
state will not depend on the choice ofU;g. Moreover, fory = 1 we can use some
considerations pointed out when considering the rst strategy. In particular, we
remember that, given a unit vector 4, the eigenvector ofBy, (4 ~)By;y corresponding
to its largest eigenvalue is identical for bothb = 0 and b = 1, with one positive
eigenvalue and the other zero.

Remembering from equation(2.10) that the unitaries aim to align the projectors
Cojo and Cq;1 with the eigenvectors of By, (8 ~)Byy. Since, as just discussed, these
eigenvectors do not depend orb, we can optimally chooseUg; = U1 Us.

As discussed in the rst strategy, since the states remotely prepagd for Bob by
Alice are in the XZ-plane, thus it is optimal for him to choose b= (cos; 0;sin ).
So the rst CHSH parameter is Spg = 2 sin sin . Taking into consideration
the considerations just made on the unitaries, we remain with only one nitary.
We can optimally take it as a rotation in the XZ-plane, U; = € v. Finally,
writing Charlie's measurements in terms of Bloch vectors, alwaysn the XZ-plane,

26



CHAPTER 2. DOUBLE VIOLATION

€ = (cos z;0;sin ;), we can write the second CHSH parameter as

1
Sac = > cos (cos(2 +2 0) +cos(2 0)t+2cC0S o)+

+ %sin (sin(2 +2 1) sin(2 1) +2sin 1) (2.21)

Deriving this expression with respectto , o, 1, , one nds out that when

0 = = 0 and = 1= 3 all the derivatives vanish and, considering the
concavity of the manifold, we can deduce that this set of variables, whih gives
Sac = cos +2sin , is optimal. We observe that = 5 is @ maximum also for

Sag leading to Sag = 2 sin . Comparing these two nal expressions for the CHSH
parameters we nd the optimal trade-o relation which is

r

(SaB )2

Sac =Sas + 1 4 (2.22)

From this equation we see that whenSpg = p“—g, Sac IS maximized and we have
S; = 5> 2. When Spg < #%, which means < arcsin#, this solution is not
optimal. Anyway, Sag < p“—g the optimal trade-of is simply given by Sac = P 5 with
no dependence orSpg . Indeed this is the maximum value Sac can assume when
the only constraint on Bob's measurements is t‘pe rank, thus the stratgy. Indeed, if
weset =0, = 1= ,and = 3

5 sin ; - Y
= 5arcCoS gr’4o0s— » We obtain Spc = 5 for
every value of , while leaving Sag free to change.

In gure 2.3 we report the plot of the optimal trade-o relation for this str ategy
type in yellow. In the gure are also plotted two dashed black and a grea line
highlightlipg the classical bound f Sag ; Sac g = f2;2g and the Tsirelson's bound
Sac =2 2 respectively.

Figure 2.3: Trade-o relation between the CHSH parametersSag and Sac for strategies of
type (lI1) (yellow). The dashed black and green lines represent he classical and Tsirelson's
bounds respectively.
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2.2.4 Mixing via shared randomness

We are now going to combine stochastically these three projectivetsategies to nd
the optimal trade-o between Spg and Sac.

We start by observing that apart from the case (ll) in which we found a single point
in the plane, the other two trade-o s are concave functions.

The mixing of such functions via shared randomness is their linear@mbination with

all non-negative coe cients which sum up to 1. This is justi ed if w e remember that
the combination coe cient associated with a function corresponds tothe probability

of using that strategy. Performing such a combination is equivalent to nding the

convex hull of the set de ned by the functions.

In the following, we are considering this mixing procedure case bgase.

Mixing (1) and (lI1)

We start remembering that the optimal trade-o for strategy QII) and (Il 1) are

respectively the point (0;2 2) and the function Sac = Sag + % 4 SﬁB.

For simplicity, in the following, we are going to consider the variable x and its
function f (x) instead of Spg and Sac respectively.

Thanks to the geometrical considerations e just made, we only need tabk for

the Ene tangent to the function f (x) = x + % 4 x2 and passing through the point

(0;2" 2). To nd the point of tangency we need to solve the equation
f (x1) 3= fAx1)(x1 0) (2.23)

where f {x) is the rst derivative of f. Since SABq>7O, we c&lrLconsider only the
positive solution obtaining the point (x1;f (x1)) = ( . 5585+ ). Itis important

to notice that the point of tangency we found x; = % is greater than 94—3. Indeed,
when we studied case (1) we discussed that equatiotf2.22) represents the traﬁig—o
only when Spg > p‘%, while for 0< Sag < p“—g the trade-o is simply Sac = 5.

Returning to the original notation, we write the tangent line as
|
p .

~|

p—

Spc= 1 Spg +2 2 (2.24)

o)

o
~l|

which will be the boundary we are looking for in the interval 0 x

M

In gure 2.4 we report in yellow the trade-o0 between Sag and Sac for type Il
The req)llne is its tangent line passing through the point de ned by drategy type
I, (0;2 2). The black points highlight this point and the point of tangency. As in
previous gures, we also reported with black and green dashed lines thclassical
and Tsirelson's bounds.
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Figure 2.4: Tangent line (red)ptg the trade-o relation for strategies of ty pe (ll1) (yellow)
passing through the point (0;2 2). The dashed black and green lines represent the classical
and Tsirelson's bounds respectively.

Mixing (1) and (l11)

Now we move to the mixing of the two non-trivial strategies. Thus we are looking
for the line tangent to both the trade-o functions.

For simplicity, insteaq1 of equations (2.20) and (2.22) we are going to consider the
functionsf (x) = x+ 1 % and g(x) = 5+ % 8 X2

To nd the points of tangency ( x1;f (x1)) and (x2; g(x2)) we need to solve the two
equations
f(x1) g(x2),

2.25
VT (2.25)

FAx1) = gix2) =

wheref ®and g®are the rst derivative of f and g respectively. The solution is
r_ r

2 2
X1 =3 £ X2 =4 g: (2.26)
Going back to the original notation we nd the tangent
P— S
SAC = 10 % (227)
q

In between the two points of tangency, namely 3 % Sag 4 % this is another

portion of the boundary.

In gure 2.5 we report in yellow and blue the optimal trade-o between Sag and Sac

for type (I11) and type (I) strategies respectively. The green line between them is
their common tangent line and the black points highlight the points of tangency. As
in previous gures, we also reported with black and green dashed linethe classical
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and Tsirelson's bounds.

Figure 2.5: Common tangent line (green) to the trade-o curves for strateges of type (1)
(blue) and (I1l) (yellow). The dashed black and green lines repreent the classical and
Tsirelson's bounds respectively.

Mixing (1) and (1)
We gan now compute the tangent to the curve given by(2.20) through the point
(0;2" 2) as already done previously.

. . p
- 1
Instead of writing the curve as in (2.20) we useg(x) = 5+ 5 8 x? and look for

the tangency point by solving

o) 2 2= g)(xi 0) (2.28)

and choosing the positive solution.

_ PP
The point of tangency results to be P 6; 2; 6). And the tangent can be written as

P
Sac = w +2"2 (2.29)

As we can see in gure 2.6, this line (pink) is inside of the region desdoed by the
previously calculated curves (dashed red, yellow, and green lingsthus it is not

going to be part of the boundary. This means that it is always possible to okain a

better trade-o by mixing other strategies, thus we are not going to usethis case.
In the plot, we highlighted points A, B, C, and D in which the function d e ning

the boundary changes. In the subplot, we highlighted a region in which lhe optimal

trade-o is simply given by choosing deterministically a strategy of type Ill. We are

going to better discuss this region in the following.
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Figure 2.6: Plot - Tangent line (solid pink line) tor;rle trade-o curve f or strategies of type
() (solid blue line) passing through the point (0;2° 2). This line is always under the curves
obtained by mixing strategies of type (Il) and (I1l) (dashed red line between A and B), (I1)
and (I11) (dashed green line between C and D) or deterministically wsing type (lI) (dashed
yellow between B and C). The dashed black and green lines represeiite classical and
Tsirelson's bounds respectively. Subplot - Zoom on the region betven points B and C.

Intermediate regions

qu to now, we fgund the optimal trade-o in the intervals 0 Sas % and
3 2 Spg 4 2. To cover the complete interval 0  Spag 2p 2 we need to
determine the optimal trade-o0 in
r_ r
z <Spg <3
rzf

2
4 —-<S 2
5 AB

(2.30)

all N

P

NI

(2.31)

Since these intervals are not covered by the mixture of di erent ¢rategies, the
boundary in those regions is simply a deterministic strategy. In paricular, in the
interval (2.30) the deterministic strategy (lll) is optimal, thus in that interval ,
the boundary is represented by equation(2.22). As for the other interval, the
deterministic the optimal deterministic strategy is (1), thus t he boundary is given
by (2.20). The complete boundary of the set Gag ; Sac) reachable by means of
projective measurements and with shared randomness is given by thiur-part
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piecewise function

8 b_ b q-
% 1 L Sae+2 2 if0 Sas z
p q - q-—
- Sag + 3 4 (Sag)? q%<SAB<3q% 2:32)
AC — J— - - .
§p1 SAaB if 3q§ Sae 4 2
“ S+ 1 8 (Spp)® if4 2<Sps 3

This function is represented in gure 2.7. In the plot, we report as dasied lines the
trade-o relations found for strategies of type (I) and (I1) when they ar e not part
of the boundary. The solid lines form the boundary, while the black poirts highlight

the passage from one de nition interval to another one. The colors of the lires are
the same used in the previous plots, namely yellow for type Ill, bl for type I, red
for a combination of (1) and Ill, and green for the combination of (I) and Ill. In the

subplot, we highlight the region where the boundary is reached by deteninistically

choosing type (lIl) strategies.

Figure 2.7: Plot - Boundary of the set (Sag ; Sac ) reachable under projective measurements
and shared randomness (solid lines). The color of the lines corresponds the strategy
needed to reach it: yellow for type Ill, blue for type I, red for a conbination of (II) and I,
and green for the combination of (I) and Ill. The dashed lines are the relaions obtained in
cases (l) (blue) and (l11) (yellow) when they are not part of the boundary. The black points
highlight the change in the de nition of the function. Subplot - Zoom on t he region where
strategy (llI) is part of the boundary.
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2.3 Only local randomness

In the above protocols, we have exploited some classical shared randoess. We are
now going to show, with an example that this useful resource is not sictly necessary.
Indeed even classically independent parties, thus with no shaterandomness, can
reach at least two sequential CHSH violations using projective meas@ments. In
this case, the observers are only allowed to generate classical randonsselocally.
This corresponds to replacing the collective variable with a triple of variables

associated with Alice, Bob, and Charlie respectively (a; B; c¢)- The independence
of the observers can be expressed by the factorization of the probabiit namely

p( )= p( a)p( 8)P( c).

In this quantum strategy, we are allowing only Bob to use local randomnes, while

Alice and Chatrlie will not use it.
p

w

x +3 z,A1=cos(2) x sinQ2) z,

Alice's and Charlie's observables areAg =

Co=cos % x sin% 7 Cy=cos x +sin I 7. Bob, instead, can
randomly choose between two strategies, labeledg 2 f 0; 1g. The probability for
him to use the strategy g =0is q= p( 8 =0). When g =0, Bob measures

B(()O) =cos & x +sin 2 7 and Bio) = ﬁxog—z Then he applies the unitary
2_j

operators = = an = =e 771 . en g =1, bOD measures
torsUSY = U = 1and Ul = LD Y. Wh 1, Bob
oz

B = 1and B{"Y = %% Then he appliesUy = e &' ¥, UfY = 1 and

U= Uz e

w\HN‘

If we look for the condition Sag = Sac, we nd the solution g 0:358, which gives
Sas = Sac 2:046> 2, thus a double violation of the inequality.

It is interesting to point out that, since in this case Alice and Charlie do not rely on
any shared randomness, from their point of view this experiment is iéntical to the
standard CHSH scenario. The remarkable di erence is that Bob can decidaevhich
set of observables to measure, independently from Alice and Charlie.
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Chapter 3

Partially entangled state

In the standard CHSH scenario maximally entangled states are necessatg reach
the largest CHSH parameter. We are now going to show that in the sequenrti
scenario when using projective measurements, this is not true gmore. Thus we are
going to study the same scenario as in chapter 2 if, instead of using #hinitial state

j ti= %*EL“, we use the pure statgy i = cos' jOO + sin' j11i with * 2 [0; z].
As in the previous case, we can restrict Alice's and Charlie's measument to the
XZ-plane without loss of generality. As for Bob's measurements, we can résct

them on that plane too when they are represented by rank-1 operators.

Firstly, we are going to describe some analytical strategies producimcouples of CHSH
parameters outside the boundary described by equatiorf2.32). These strategies
will show that, in certain cases, with partially entangled states it is possible to
outperform maximally entangled ones. Afterwards, we are proving that eery pure
state ] + i can produce a couple $a5 ;Sac) > (2;2).

3.1 Outperforming maximally entangled states

3.1.1 Strategy type (I)

To start we remember that in this strategy type Bob performs two rank-1 projective
measurements.

In the following, we are going to present a particular strategy. We werenot able to
numerically obtain any type (I) strategy better than this, for any value of the angle

Alice's observables of this strategy areAg = x and A1 = z, while Bob's ones are
Bo=cos x +sin zandBi=cos x sin 7. Finally Charlie's observables
areCo=cos x +sin zandCy= <cos x sin z. The unitaries used by
Bob after the measurements areUpy = Uy with Up = 1 and Uy = d( 2) v, The
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CHSH parameters obtained from these measurements are

Sag =2(cos sin(2' ) +sin ) (3.2)
SAC =2sin (32)

Finding sin from the rst equation and substituting it into the second one we nd

I
r :
1 . . 5
= —— _ Spg +sin(2' 4 1+sin(2' Sag )? 3.3
c L+ sin@ )2 AB (2") (2") (Sag) (3.3

As expected, it we choosé = ; we recover(2.20). In this case, we could not nd
any evidence that partially entangled states could produce larger violaibns than
maximally entangled ones. In gure 3.1, we report this trade-o relation for some'
values.

Figure 3.1: Type () strategy trade-o for partially entangled states for some values of' .

3.1.2 Strategy type (II)

In this case, Bob can only perform trivial measurements. The strategy w are going to
describe is the optimal one for this kind. Since Bob observables a8y = B1 = 1, the
rst CHSH parameter is Spg =2hAg 1i =2 Tr Ag cos' johOj +sin' ?j1hlj
When Alice measuresAg = 7z, the parameter becomesSayg = 2 cos (2 ), which is
optimal because 0 and 1 are eigenvectors of sigma z. To choose Charlie'sane
surementa we consider that the optimal CHSH parameter value for any state

jriis 2 1+sin(2' )2 [30]. This can be reached if we let Charlie measure
Co=c¢c0s x+sin and C; = cos y+ sin , with = arctan(sin(2' )).
From this, we can deduce that the strategy is optimal. We can conclude tht optimal
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type (1) strategies produce

Sag =2cos(2) (3.4)
q___ -~
Sac =2 1+sin(2')? (3.5)
Inverting the rst equation and substituting ' = %arccos S% in the second one
we nd the trade-o relation
p__
Sac = 8 (SaB)? (3.6)

Even if, being deterministic, this strategy cannot produce doubk violations, we

can observe that it can outperform what is attainable with maximally entangled

states. Indeed, comparing this function with the boundary we found br maximally

entangled states in equation(2.32), we nd the former exceeds the latter when

0<Sag <h where p_

h= 82 7p? 2 165 (3.7)
113

In gure 3.2 we report the plot of this trade-o together with the boundary function.

Figure 3.2: Type (ll) strategy trade-o for partially entangled states ' (blue) compared
with the boundary function (red).

3.1.3 Strategy type (l11)

In this case, Bob has one trivial and one rank-1 projective measurementAlso, we are
going to show that there exist strategies producing couplesSag ; Sac ) laying outside
the boundary for the maximally entangled state. We are doing so by presding
an example strategy. Again these points will not be double violations sinceve are
considering a deterministic strategy.

The measurements aréAyx = ( 1)*cos x +sin 7 for Alice, Bp= 1andB1 = x
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for Bob, Co = 7 and Cy = x for Charlie. Bob is not required to perform any
unitary operation after his measurement U,y = 1). The expressions for the CHSH
parameters in this case are

Sag =2sin( +2") (3.8)
Sac =sin +2cos sin(2') (3.9)
Inverting the rstone we nd = 2 arcsin SAZB . Substituting this relation
in the second one we obtain
S
, S Sas : 2
Sac =sin(2') 1 — (1 2cos(2))+ — 2sin(2 )“+cos(2')
(3.10)
Maximizing this last equation over ' we nd an expression for the optimal angle'
0 Y s - 1
1 P———— 8S
' =arccos@—%J 9  g(Sas)+ 33 g(Sag)t+ p—2B_A (3.11)
4 9(SaB)

where

g(x) =11+ h(x)+ (121 24x?)=h(x)

p 1
h(x)= 8x* 39&2+8x? x4+117x2 484 +1331 (3.12)

The optimal trade-o for this strategy, which is not, in general, the best for all
strategies of type (lll), can be recovered by substituting this expression for' in
equations (3.12).

To show that this strategy can outperform what is obtainable by the maximally
entangled state we can simply compare the trade-o obtained with the bourlary
in equation (2.32). As shown in gure 3.3 this is the case between points A and
B, hence while 184. Sag . 1.99. Observing how the angleé changes withSpg ,
we notice that the entanglement becomes weaker whe8ag increases and reaches
' 0:686 forSpg 1:99.

We studied this strategy because it brings an analytic expression fortte trade-o .
We also numerically searched over general quantum strategies of thisnd. As a
result, we found that for any value of Spg, the improvement in Spc is at most
2 103

3.1.4 Double violation

Now we report an immediate way to see that with partially entangled states it is
possible to outperform the result found with maximally entangled states. We can
simply consider the three strategies presented in the previousestions and use shared
randomness to combine them. Using equation$3.1), (3.2), (3.4), (3.5), (3.8) and
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Figure 3.3: Plot - Type (lll) strategy trade-o for partially entangled stat es' (blue)
compared with the boundary function (red). Subplot - Zoom of the region where a partially
entangled state can outperform a maximally entangled one.

(3.9) obtain the following CHSH parameters

Sag =2(p1sin(2 )cos + ppsin + ppcos(2 )+ pssin( +2')) (3.13)
Sac =2p1sin +2pycos(2 )+ pssin (2sin(2' ) +1) (3.14)

where p1, p2, and p3 are the probabilities to use the strategies of type (l), (Il), and
(1) respectively.

We can consider the simple case in which =2', =2', and p, = 0. With these
simplifying assumptions and remembering thatp; + p, + p3 = 1, the relations for
Sag and Sac become

Sag =2pgsin(2' )+ (2 py)sin@éd') (3.15)
Sac =sin(2" )(1+ p1+2(1  p1)sin(2' )) (3.16)
If we now consider the angle' = ;—6 and impose the condition Sag = Sac, we

nd that for p1  0:644Sps = Sac 2:136. Even if these choices for the strategy
parameters are sub-optimal, this CHSH value is larger than what it is posdile to
obtain with maximally entangled states. Indeed if we impose the same&ag = Sac
constrain to equation (2.32), we nd Sag = Sac =2:108< 2:136.

To better see how certain states can outperform maximally entangled ore we
considered generic measurements for Alice, Bob, and Charlie, unitaes for Bob as
well as the distribution fp g3:1. Then we numerically maximized Sac for a given
value of Spp .

In gure 3.4 we illustrate the results of this maximization for some xe d values of"
together with the boundary given by equation (2.32). Notice that for both ' = &
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and' = % we found many points going beyond the boundary. In particular, as
shown in the right plot of gure 3.4 the angle ' = % presents an improvement also
in the double violation region.

Figure 3.4: Left - Numeric optimization of a generic strategy for some values together
with the boundary function (red). Right - Focus on the double violation region for' = %

3.2 Double violation with generic pure entangled states

Now we are going to show that every pure entangled statg i can produce a
double CHSH violation. We are proving this by considering only combinatons of
strategies of type (1) and (I) for simplicity. In particular, we are goi ng to consider
the strategies described in section 3.1.1 and 3.1.2. We are looking for thangent
line to the trade-o equations (3.3) passing through the point described by(3.4) and

(3.5). Given this tangent, we can nd its intersections with the lines Spg =2 and

Sac = 2. Finally, we can check whether the non- xed coordinate of these pants is
greater than 2. If this is the case for both the points, we can conclude thathere
exists a region in the Sag ; Sac )-plane inside which we nd both CHSH parameters
violate the Bell inequality.

More in detail, to nd the tangent we start by looking for the point of tange ncy
(x1;f (x1)) by solving the following equation

f(x1) yp=fAx)(x1 xp) (3.17)

where the function f (x) is simply equation (3.3) with the substitution Spg ! X,
xp and yp are the coordinates of the point given by equations (3.4) and (3.5).

r !

x+sin(2') 4 1+sin(2')? x2 (3.18)

q__
(Xp;yp)= 2c0s(2);2 1+sin(2' )2 (3.19)

_ 1
H9% Tosinee)

Once obtained the pointxy, the tangent line is simply t(x) = f {x1)(x  x1) + f (x1).
Finally we can nd the coordinates of the intersection points Sac (sas =2) = (2;1(2))
and Spp (sac =2) = t (2);2 wheret 1(x) is the inverse function of t(x).
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Unfortunately, both the expression for the tangent and these points are ambersome,
so we do not report it. On the other hand, we are going to plot the y-coordnate
of Sac (sas =2) and the x-coordinate of Spg (sac =2) as a function of ' in gure 3.5.
From the plot it is already possible to observe that these curves are geger than 2
for' 60, thus when' 6 0 both Spg and Spc exceed the local bound.

To be more quantitative we can expand the expression for these curvder ' 0.
We nd
_ pi v 2 ' 3
Sag (Sac =2) =2+4 2 1 + O(" ) (3.20)
p_
Sac(Sae =2)=2+2 2 2 '2+0( 3 (3.21)

This proves that both interception points are above the local bound, tus that for
' 6 0the tangent passes through the double violation region, namely $ag ; Sac) > 2,
in the (Sag ; Sac )-plane.

Figure 3.5: Dependendence of the pointSac (s =2) and Sag (sac =2) as a function of'

for the tangent line between the curve(3.18) and the point (3.19). For ' & 0 both the
curves are always greater than 2, thus the tangent passes through the doubliolation region
(SaB ;Sac) > 2.

41



CHAPTER 3. PARTIALLY ENTANGLED STATE

42



Chapter 4

Triple violation

Now we are going to present evidence that it is possible to reach 3 CHSHlations
in the scenario in which, apart from Alice, we have three sequentiabbservers on
Bob's side. The initial state we are going to consider is again maximally etangled,
specically j Ti = %J%ﬂ. For this mean, we are switching back to the more
general formalism used in section 1.2. This way we are going to call the obsers
Alice, Bob®, Bob® and Bob®, their input x, y1, y» and y3 and their output a, by,
b, and bs, each infO0; 1g, respectively. With this formalism their observables are

Ay, Bf&), Bg), Bﬁ) and the measurements operators 4y, B&?yl, ng?yz and BSJ.)Ys.

Moreover, we are going to write the CHSH parameters between Alice and Bdb,
Bob® and Bob® asS! ', s{) and S’ respectively and for each value of .

We can repeat an argument similar to the one already made at the beginning of
chapter 2. In this case, though, while Alice is still allowed to perfom two basis
projections, i.e. rank-1 measurements, and make the state separablthe second Bob
is not. Indeed after the measurement, the second Bob will relay hipost-measurement
state to the third Bob. Bob ®) on the other hand will not relay his post-measurement
state to anyone, thus he does not need to save any entanglement. For threason, he
can perform two basis projections too. As for Bok? and Bob@, they can perform
a combination of trivial measurements and basis projections generaling what is
discussed in chapter 2. Afterward, they are allowed to apply unitary ogerators before
sending the state to the following Bob. In the following, we are not goimg to give
a complete description of the problem. We only intend to show a simfe strategy
producing 3 violations. Since in this example we are going to use onlyhtee kinds of
strategies, we are not going to present all the possible combinations.

In particular, we are going to consider three cases:

~

= 1 is the analogous of the rst case considered in chapter 2. In this case,
all the observers perform two basis projections. We can expect a Bleliolation
for the rst CHSH parameter S;, but not for the following ones.

A~

= 2 provides for the second violation, S, > 2. Indeed in this case Bok!
performs a trivial and a rank-1 measurement allowing a violation forS,, but
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not for S;. Afterwards, Bob® and Bob® performs two rank-1 measurements.
Since all the state arriving to Bob® is separable,S; can not violate the Bell
inequality.

= 3 allows the third violation, Sz > 2. In this case both Bod? and Bob®
perform one trivial and one rank-1 measurement. Finally only Bol® performs
two basis projections, thusS; and S, show a violation, but Sz can.

4.1 Example strategy

We are now proposing a strategy showing that it is possible to reach thee sequential
violations. We built this strategy using the cases just described gch that each case
provides for a CHSH violation, while the other two parameters only neary fail for
this purpose.

When = 1, Alice's observables areAy, = X—J'(pl)i and Bob®'s ones are
Bc(,l) = cosS x + sin gz, Bil) = sin x + cos z. Moreover he applies the
unitaries USY = 1 and U = &€ @) v with Ut(nlz/l = U{Y. The other two Bob
both measure Bf,z) = B§3) = cos x + sin 7z independently of y and do not

use unitariesp The three CHSH parameters obtained areS(l) =2 2cos and
s = s = "2(cos +sin ).

When =2 we can choose the following observabled, = cos™ x +( 1)*sin” z,
B = 1andB{" = ;. Bob® andBob® perform the same measurements, namely
B(Z) = B(3) = x andBj () = B(3) = 7. Inthis case, none of the observers performs
any unltary (U= 1) Wlth these ch0|ces we obtain the parameter§(2) =2sin”,
8(2) =cos " +2sin " and 8(2) = & +sin ®

Finally, if =3 Alice measuresA, = cos™ x +( 1)*sin~ z. Bob® and Bob®
perform the same measurementsB(()l) = B(()z) = 1and Bgl) = Bf) = z,and
Bob® measureB((f) = x and Bf) = z. Asin the previous case, no unitaries are
used. The CHSH parameters obtained with these measurements atéf) =2sin~
s® =2sin ~and S = 1 cos~+4sin ~

The nal CHSH parameter is obtained by combining the parameters obtainedfor
each value of as . , .
Si = p1SY + poS® + pas®® (4.1)

where S; with i = f1;2;3g is the CHSH parameter between Alice and Bol), p1, po
and p3 are the probabilities associated with =1, =2 and =3 respectively.

There are several choices for the angles and probabilities to reach theesequential
violations.

For example, we can choose as measurement angles 5 ~ = 31,8816 gng

impose the conditionS; = S, = S3 S, From the condition we get the values for
the probabilities p;  0:086,p, 0:019 andps 0:895 and for the CHSH parameter
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S 2:0023. Although this is not a large violation, it still shows that three sequertial
violations are possible.
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Chapter 5

Conclusions

We have proven the incorrectness of the common knowledge that seesak measure-
ments as necessary to produce multiple sequential violations of th€EHSH inequality.
Indeed we have shown that by allowing the observers to use some sleal classical
randomness it is possible to use projective measurements to obtait least three
sequential violations. Notice that the shared randomness does not modifthe funda-
mental structure of CHSH, indeed this only a ects the strategy type the observers
are going to use. Once decided the type, for each strategy the obsergecan choose
independently which measurements to perform. We have also stued in detail the
optimal trade-o obtainable between the CHSH parameters in the case that here are
only two sequential observers. Lastly, we have considered what happs if the party
shares a generic two-qubit pure entangled state, instead of a maximallgntangled
one. In this case, we have shown that not only it is always possible togach a double
CHSH violation, but a non-maximally entangled state can outperform maximally
entangled ones. These results are relevant not only from a conceptual pdiof view
but can also be applied in the self-testing scenario. Indeed, it ipossible to certify
whether measurement devices implement weak measurements bymparing the
CHSH parameters with the results of this thesis [31].
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