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Abstract

Since the early works of Einstein-Podolsky-Rosen and Schrédinger, entan-
glement is universally considered one of the most distinctive and puzzling
features of quantum mechanics. In traditional introductions to the topics,
entanglement is presented as a consequence of the linear structure of the
Hilbert space, which imposes that composite systems must have some pure
states —the “entangled states”— that are not the product of pure states of
the component systems. But is entanglement just a mathematical accident
of the linearity of quantum mechanics, or perhaps a more fundamental fea-
ture related to the physical content of the theory? This thesis aims at giving
a characterization of entanglement and of the transformations of entangled
states only in terms of basic information-theoretic principles, without ap-
pealing to the specific details of the Hilbert space formalism of quantum
mechanics. The principles used in this characterization provide a new angle
on the foundations of thermodynamics, on the definition of entropic quant-
ities, and on the relations between thermodynamics and information theory.
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Introduction

Thermodynamics has proven to be one of the most successful physical the-
ories, for its applications range from physics, to chemistry, up to biological
sciences.

One of the most puzzling aspects of thermodynamics is surely irreversib-
ility and its second law, which inspired many discussions in the community
of physicists. Related to this, a paradigmatic issue is the famous Maxwell’s
demon paradox [I], 2], which is directly related to the notion of informa-
tion. A further step towards a tight relationship between thermodynamics
and information theory came with the work by Szilard [3]|, but perhaps the
most surprising contribution is Landauer’s principle [4]. Landauer discovered
that irreversible computation in computer feeds entropy to the environment.
Therefore, in order to restrain thermal dissipation in computers, the idea of
reversible computation was developed |7, [§].

The idea that thermodynamics is related to information theory should
not surprise, if one concurs with Wheeler’s opinion that each area of physics
should be reread from the point of view of information theory [9]. In this vein,
this work is aimed at setting an information-theoretic basis for the found-
ations of thermodynamics. We deal with this issue not in the framework
of classical or quantum theory, but in the framework of a generic probabil-
istic theory. A general probabilistic theory is a physical theory that admits
probabilistic processes. Addressing the foundations of thermodynamics for a
general probabilistic theory, we will not be bound to the details of a specific
physical theory, but we will be able to tackle the issue from a purely oper-
ational viewpoint, which means from the way information is processed in a
theory.

The central point of our analysis is the purification postulate. Loosely
speaking, this means that even when we have partial information about the
system we are examining, we can recover a complete picture if we extend our
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viewpoint to a larger system including also the environment. This postulate
has a strong connection with the customary procedure in thermodynamics of
enlarging the system to deal with a larger isolated system. In other words, the
purification postulate expresses a sort of information conservation principle:
information can never be destroyed, it can only be discarded [10].

In this work, we will follow the route charted by Thirring [I1]: he sets
the foundations of thermodynamics on measures of mixedness, namely on
measures of the quantity of information we have. Therefore, a large part of
this work will be devoted to the analysis of mixedness and of its measures.
Eventually, it will turn out that a particular measure of mixedness fulfils an
inequality that can be interpreted as the second law of thermodynamics.

Thanks to the purification postulate, the subject of mixedness is closely
related to entanglement. Entanglement has been proven to be one of the
essential ingredients to build the foundations of statistical mechanics [12]:
we need no more to resort to the equal a priori probability postulate [14].
According to this postulate, the state of a system is equally likely to be each
of the states compatible with its thermodynamic properties. A common
argument to justify the equal a priori probability postulate is the ergodic
hypothesis. However, using entanglement between a system and the environ-
ment, the equal a priori probability postulate is no more a postulate, because
it has been proven that almost every state of the system fulfils it.

In this thesis, one of the main original results is a general proof that the
connection between entanglement and mixedness is much closer than what
we may think at first glance. Indeed, entanglement is a powerful tool for
communication purposes, whereas mixedness means lack of information. Yet
these two aspects are so related that measures of mixedness are also meas-
ures of entanglement. Therefore, it is completely equivalent to build the
foundations of thermodynamics starting from entanglement or from mixed-
ness. The other important and original result is an operational procedure of
diagonalization of mixed states, without any references to the Hilbert space
formalism.

The overview of the present work is as follows. In chapter [T we will
introduce the basic operational formalism for quantum theory. In this way,
the reader is introduced to a first example of operational formalism in the
familiar context of quantum mechanics. Then we are ready to deal with the
operational formalism for general probabilistic theories, which is based on
category theory. We will present it in chapter [2| and in the same chapter, we
will start setting some reasonable axioms, which might be relevant also for
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thermodynamics. Chapter [3|is entirely devoted to the purification postulate,
and to explore its consequences for general probabilistic theories. We will
see that this postulate is the essence of every admissible quantum theory,
because it accounts for the fact that ignorance about a part is always com-
patible with maximal knowledge about the whole, a feature that Schrodinger
thought as the actual essence of quantum theory [15]. In chapter |4 we come
to the original part of this work and to the first major new result: we develop
some tools to order states according to their entanglement or their mixedness.
We will show that these two orderings are perfectly equivalent, establishing
a tight relationship between entanglement and mixedness for general prob-
abilistic theories. In chapter [, adding a new axiom concerning the issue of
distinguishing states, we devise a diagonalization procedure for mixed states
even in a general probabilistic theory, and this is the second major original
result. The remaining two chapters are devoted to exploring methods to
measure mixedness based on the abstract version of the eigenvalues of mixed
states. In particular, in chapter [, we present the formalism of majoriza-
tion, a widely used tool to measure mixedness of probability distributions
in statistics. This tool is closely related to measures of mixedness, namely
functions that quantify the mixedness of a given state by assigning a number
to it. We apply these new tools to arbitrary d-level systems in chapter[]] We
will study the properties of a particular measure of mixedness, managing to
prove an abstract version of the second law of thermodynamics.



Chapter 1

Operational framework of
quantum theory

In this first chapter, we invite the reader to familiarize with the basic oper-
ational formalism for a well-known and established theory: quantum theory.
This formalism will serve as a guideline to set the operational formalism for
general probabilistic theories. In this way, the reader can get sufficient fa-
miliarity with operational formalism before coming to the abstract version,
which we will use throughout this work and which we will introduce in the
next two chapters.

Following the approach of [16], operational formalism for quantum theory
originates as a generalization of traditional formalism for isolated systems.
We assume the reader to be already familiar with formalism for isolated
systems, as well as with mixed states and partial traces.

The simplest way to achieve this generalization is to consider open quantum
systems: for these systems, we are forced to abandon traditional formalism in
favour of a more general one. The route to this generalization closely follows
a method widely used in thermodynamics: whenever we have an open sys-
tem, we enlarge our viewpoint to include the environment in our treatment.
In this way, we end up with an isolated system, where traditional formalism
of quantum mechanics still holds. Then, the final step is to restrict our atten-
tion to the original open system, by discarding the environment performing
a partial trace over it.

Quite surprisingly, quantum theory, unlike classical theory, has an ex-
tremely interesting and important feature: each extension of traditional form-
alism actually originates from formalism for a larger isolated system. This
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means that the procedure of considering an open system as a part of a larger
isolated system is not a mere matter of convenience, but it is fully justified
by the theory itself. This makes quantum theory the natural framework in
which to develop a theory of thermodynamics.

In this chapter, some of the proofs are very long and technical, therefore
we decided to omit them, for they are beyond the scope of this work. Anyway,
references will be given to the benefit of the interested reader.

1.1 Purification

We begin presenting purification in quantum mechanics. This property will
play a central role throughout this work, and it is a distinctive feature of
quantum theory. However, we must first familiarize with Schmidt decom-
position, which is a powerful tool. From now on, we will assume that every
state vector is normalized.

1.1.1 Schmidt decomposition

In this section we consider systems made up by two subsystems. The states
of such systems are called bipartite states. A bipartite pure state can be
expressed as a particular linear combination of pure states.

Theorem 1.1.1 (Schmidt decomposition). Let H = Ha ® Hp. FEuvery bi-
partite pure state 1) \p can be expressed as

NS DAL N (1)

where p; are the eigenvalues of the marginal stat{:] pa on subsystem A and
17) A and |j')g are eigenvectors of pa and pp respectively, where pg is the
marginal state of [1) .5 on subsystem B.

Proof. Any vector |t)) ,p in Ha ® Hp can be expressed as

V) A = chk A lk)s (1.2)

'Recall the marginal state of |¢)) ,p on Ha is a density operator defined as py =

tre V) A (Y]ap-
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where {|j),} is an orthonormal basis for %, and {|k)z} is an orthonormal
basis for Hg. Let us define

’}>B = Z Cik [k)p
-,

Here ‘5> ’s need not to be mutually orthogonal or normalized. Some of them

then

can even be the null vector. Suppose we have chosen the basis {|7),} to be
a basis of eigenvectors of pa,

pa = ij ) a (s - (1.3)

We can compute ps also as a partial trace of [1) yp (¥ sp-

or = try [Z (a k1 0 [7) <7%\B)] = 32 tla 13),, (K1), =
=S S, (), = S,

Comparing this expression of pa with the one in eq. (L.3), we find that
<E ‘E> = p;0x. This means that the vectors ‘3> are in fact orthogonal.
B B

We can rescale them to make them be an orthonormal set. Let us define
1 =
j)
B

|j/>B =T =
if p; # 0. We can assume p; # 0 because we will use |j')5 only for j appearing

VPj
in eq. (1.3). Therefore we have
|¢>AB :Z\/]Tj|j>A |j,>B- (1.4)
J

Note that this expression is well-defined even if some of the p;’s are zero. If
we compute the marginal state on system B starting from eq. (1.4)), we have

pB = tra [U)p (V]yp = ZPJ 178 (s -

This shows that |j')y’s are eigenvectors of pg. O
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Eq. is called Schmidt decomposition for 1) 5. Note that Schmidt
decomposition differs from a generic linear expansion of |1) ,, such as eq. ,
because there is only one index j, irrespective of the fact that Ha and Hg
may have different dimensions.

Corollary 1.1.2. The two marginals of a bipartite pure state have the same
non-zero eigenvalues, with the same degeneracy.

Proof. Immediate from the construction of Schmidt decomposition, for p;’s
are the non-zero eigenvalues of both pa and pg. O]

The interesting point is that pn and pg have the same non-vanishing
eigenvalues even if Ha and Hp have different dimensions. In that case,
the difference of dimension is fully accounted by the presence of additional
eigenvectors with zero eigenvalues.

Now we might wonder: given a bipartite pure state, is Schmidt decompos-
ition unique? Clearly Schmidt coefficients cannot vary, the only possibility is
that the vectors vary. If py and pg have no degenerate eigenvalues, then the
corresponding eigenvectors are fixed, and Schmidt decomposition is unique.
This gives us also a tool to calculate Schmidt decomposition for states with
non-degenerate marginals: we diagonalize pp and pg and we pair up eigen-
vectors of pa and pg with the same eigenvalue.

What if pp and pp are degenerate? Clearly, in this case, we can associate
different bases of eigenvectors to pa and pg, so Schmidt decomposition is not
unique, as the following example shows.

Example 1.1.3. Suppose Hap ~ C?® C?. Consider the bipartite pure state

== S Dali. (1.5

where {|j), [7/)g} is an orthonormal basis for Hap. Eq. is already a
Schmidt decomposition of 1) 5, and we can see that py = pp = Clll, which
is clearly degenerate. We can obtain another Schmidt decomposition if we
consider a d X d unitary matrix U. We know that Zizl U,;“jUkl = 0;. Then

d

AR = \/—Z i all)g Z Uk:l|] All)g =

7,l=1
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d
1 .l
:ﬁ Z Ukj 70a Ukt |1 -

Jk,l=1

Now define |k), = S0, Ug; i), and [K)g = 30, Un|l)p. In general,
kYo # 17) 5 and |E)g # |j')g, but we can write

1 < ,
|¢>AB = ﬁ ; |k>A |k >B7

and this is another Schmidt decomposition for [¢),5.
We conclude with the following lemma, which we will use in section [£.5]

Lemma 1.1.4. Suppose Hap = Ha @ Hp and let [1) g5 and |¢) \p be two
bipartite pure states such that they have the same Schmidt coefficients. Then

D) ap = Ua @ VB V) s5-

Proof. Suppose we have

n

WJ)AB = Z \/p_j|aj>A |5j>]3

J=1

and n
|¢>AB = Z\/FJ‘O‘;>A ‘BJ,'>B
j=1

Since {’O‘j>A}?:1 is an orthonormal set, it can be completed to an orthonor-

mal basis. The same holds for {|3;),}" {|a§>A}n K and {‘6;>B}n . Let
j= j=1

j=1
d
{|ozj>A}j; be the completion of {|ozj>A};L:1, and let {}a;>A}jil be the com-

n
pletion of {‘Oé;>A} . Then we know there is a unitary operator Uy on A
j=1

d
transforming {]aj)A};lfl into {}aDA} " . A similar argument holds also for
- i1

{|Bj>B}?:1 and {‘5§~>B} o eventually yielding

n
j:

Un ®@ Vi [{) a5 = Z\/p_j‘a;>A ‘61,'>B = 1) an -
=1
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1.1.2 Purification

Purification plays a crucial role in all this work, so it is better we start to
familiarize with it in the context of quantum mechanics. It is simply the
statement that every mixed state comes from a pure state in a larger system.
In quantum theory, purification is a theorem, but in our treatment of general
probabilistic theories we will promote it to a postulate.

The concept of purification can be defined as follows.

Definition 1.1.5. Let p be a state of a system A with Hilbert space Ha. We
call purification of p a pure state |¢) , of a larger system Hap = Ha ® Hp

such that p = trg |¢) 5 (V| sp-
System B is called purifying system.

It is clear that pure states can be purified. Indeed, if |a), is a pure state,
a purification of |a), is, for example, 1),z = |@), |B)g, Where |3)y is any
pure state of any system B.

But the really interesting aspect is whether mixed states can be purified.
In classical mechanics this is impossible: a bipartite state is pure if and only
if it is the product of pure states, therefore we cannot distil purity from mixed
states.

Surprisingly, in quantum theory, every state can be purified.

Theorem 1.1.6. Every state p of system A can be purified. Moreover, if p
has two purifications, they differ by a local unitary operator on the purifying
system. In other words, if |1) \g and |@) \p are two purifications of the same
state p of system A, we have

|¢>AB =12 ® Us |1/’>AB :

Proof. Let us diagonalize p, as
p=> pjlia (s
j=1

where we assume p; > 0, so n < da, and dy = dimH,, being Ha the
Hilbert space associated with system A. Consider another system B with
Hilbert space Hg, and the orthonormal set {|j")};_, for Hp. Recalling the
construction of Schmidt decomposition, we have that

W’)AB = Z \/p_]|]>A |jl>B
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is a purification of p.
Suppose now we have two purifications of p, |¢),p and |¢) 5. By con-
struction, we have

|¢>AB = Z \/ZTJ|]>A |]1>B
j=1
and

[)an = 2 V3 lidal3)s -

Completing {[71)p},_; and {[j3)g}_, to orthonormal bases of Hp, we find a
unitary operator Ug on Hp such that Ug |ji)g = |j5)p for every j. Therefore,

O)an = 2_ Vi lidali)s = 2 v/Pili)aUslit)s =

=12 QU |¢Y) -
L]

Loosely speaking, this theorem states that in quantum theory, whenever
we do not have maximal information, we can “retrieve” it by enlarging the
system conveniently. Moreover, this enlargement is not so arbitrary, because
purification is essentially unique (up to unitary operators in the purifying
system).

Theorem gives us some information about how large the purifying
system must be.

Corollary 1.1.7. If p is a state of Ha, with n < da non-vanishing eigenval-
ues, where du is the dimension of Ha, then the purifying system Hpg is such
that dim Hg > n.

Proof. Immediate from the construction of a purification of p. O]

Now, let us move to the generalizations of the concept of operation on
a quantum system. Loosely speaking, we can consider an operation every
map that acts on quantum states. In the traditional formalism, operations
are essentially unitary transformations (deterministic transformations) and
orthogonal measurements (probabilistic transformations).
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1.2 POVMs

We start analysing a first extension of orthogonal measurements. Recall that
every projective measurement comprises two ingredients:

1. a rule to assign probabilities of the various outcomes of the measure-
ment;

2. a rule to determine the state immediately after the measurement.

In some applications, we have little interest in knowing the state after the
measurement, or we cannot simply have access to it because the measurement
has destroyed the system (as when an electron is absorbed by a photographic
plate). Therefore, the main concern when performing a measurement is how
to assign probabilities to the various outcomes. This question will lead us
directly to the formalism of POVMs as a generalization of projective meas-
urements.

Consider an isolated system AB with Hilbert space Hap = Ha ® Hg,
which is initially in a product state pap = pa ® pg. Suppose we perform
a projective measurement on Ha ® Hp, described by mutually orthogonal
projectors { E,}. We know that outcome a occurs with probability

Pa = trAB Ea (PA & PB) .
Suppose we are interested only in probabilities, and we want to express p,
using only objects related to Ha. We can write
Pa = tra [trB Ea (PA ® PB)] .

Let us evaluate trg E, (pa ® pg). Introducing an orthonormal basis {|j) , } for
Ha and an orthonormal basis {|u)g} for Hp, we have, using matrix elements,

15 Ea (pa ® p8) = D (Ba) i (08)k; (08), =1 D (Fa)ji (pa);

jﬂk?lj‘)l/ J?k

where we set

(Fa)jk = Z (Ea>jp,k:y (pB)Vu :

JTR%

Now, recalling the definition of matrix elements

Gla Falkya =Y Gla (uls Ba k) o )5 Wl o5 1)

2l
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therefore
Fuo ="l Balv)g (vl o 1)
TR

and recognizing Dirac’s resolution of identity, we have

F, = Z (kg Eaps |1)p = trs Eaps,
I

as we might have expected. Hence, we have
Do = tra Fupa.
Let us see the properties of this new operator F, on H,.

e [t is hermitian, because

Fj = trg (E‘ap]g,)Jr = trp pEET = trg pBEa = F,.

a

e It is positive. Indeed if {|p)g} is a basis of eigenvectors of pg, pp =
>, Pl (g, then

(Wla Faltda =D pu (Wly () Ba ([0)4 I1)g) 2 0,

because p, > 0 and FE, is positive. This property is related to the fact
that probabilities are non-negative.

e We have ) F, = 14. Indeed,

ZFa = trp Z Eq.pp = trg 1appp = 14,

where we used the fact that > E, = 1ag. This property is related to
the fact that probabilities must sum to 1.

An observer who has access only to system A will describe the measurement
as a collection of operators {F,} with the properties just shown.
In this vein, we define general measurements as follows.

Definition 1.2.1. A POVMP|on A is a collection of operators {F,} on Hx
such that

2 Positive-Operator- Valued Measure
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e [, is hermitian, for every a;
o F,is positiveE] (and F, < 1), for every a;

o> F,=1

Notice that F,, < 1 for every ao is necessary, otherwise » Lao F, could
not be a positive operator. This means nothing the probability of outcome
a is less than or equal to 1.

We therefore set the following axiom.

Axiom 1.2.2. A (demolition) measurement in quantum theory is described
by a POVM {F,}. The probability p, of outcome a, given a state p, is

Pa = tr Fap~

Note that POVMs do not give any information about the state after
the measurement, either because we are not interested in it, or because the
system has been destroyed (whence the term “demolition measurement”).

A projective measurement {F,} is clearly a particular case of POVM,
with the additional constraint E,FE, = 0., FE,.

In our line of reasoning, we derived some POV Ms starting from a compos-
ite system, performing an orthogonal measurement on it, and then restricting
to a subsystem. Does every POVM come from a similar procedure? The an-
swer is affirmative [19].

Theorem 1.2.3 (Naimark). For every POVM {F,} on Ha, there exist a
Hilbert space Hg, a density operator pg on Hg, and a projective measurement
{E.} on Ha @ Hp such that

tra Fupa = trap Eq (pa @ pB)
for every state pp of Ha.
Proof. We omit the proof. The interested reader can see [16]. O

Even in Naimark’s theorem we see that the characterizing feature of
POVMs is probability: indeed, the extension is defined starting from prob-
ability. Therefore, two POVMs are equal if they yield the same probabilities
for every state.

3We will often write F, > 0. Moreover, recall that the writing A < B, where A and B
are two operators, means that B — A is a positive operator, or, in other words, B— A > 0.
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1.3 Quantum channels

Now we start analysing the evolution of a quantum system when some phys-
ical operations that do not destroy it are performed. In this section we
examine deterministic evolutions, namely when the output of some physical
transformation is completely determined by the input. This means that no
random or probabilistic processes occur.

The prototypes of all deterministic transformations are unitary transform-
ations, which are the deterministic transformations occurring in an isolated
system. We will see that if the system is not isolated, other types of determ-
inistic transformations will appear.

Consider an isolated system AB with Hilbert space Hap = Ha ® Hg,
which is initially in a product state pap = pa ® |[0)g (0|g. We are entitled to
assume that system B is in a pure state, because, if this is not the case, we
can always purify it enlarging system B conveniently.

The composite system undergoes unitary evolution described by unitary
operator Upg.

pas — Uap (pa @ 0)g (Ol) Ul. (1.6)

We want to find out how the state of subsystem A evolved. To do so, let us
perform a partial trace over Hp.

ph = tr [Usn (pa @10} (01) ULy | =

= Z (klg Uags |0)g pa (0fg U);B k)g
k

where {|k)g} is an orthonormal basis for Hp. Here, M}, := (k|3 Uap |0) is a
linear operator acting on H,, whose matrix elements are

(la M |1y = (Gla (Kl Uas [0)5) D4 =

= ((la (kl) Uag (10} 1) 4) -
Therefore we can express p, as

Py = Z MypaM;.
k:

We have that the M;’s satisfy the property >, M,IM;C = 14. Indeed,

Z MiiMk = Z (Ol UXZB k) (Kl Uap |0)p =
k k
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= <0|B U/LBUAB ’0>B = <O’B 1aB ’0>B = 14.

Let us check if the resulting state p/, is still a density operator.

e oy is hermitian. Indeed,

(hy)" = Z Myl M| = Z MypaM} = ply.
k f

e /y is positive. Indeed,

Wla Pl = D2 (Wla M) pa (M 1)) = 0,

k
because py is positive.

e /)y has unit trace. Indeed,

trply = Ztr ]\/[kpAM,;r = Ztr M,IMkpA =trps = 1.
k k

Hence the normalization condition ), M;Mk = 14 is related to the
fact that the trace is preserved.

Now we can give the following definition of deterministic transformation,
called quantum channel.

Definition 1.3.1. A quantum channel on H, is a deterministic transforma-
tion that acts on density operators on H, and transforms them into density
operators on Ha according to the rule

pr—r D MpMj,
k

where M}’s are operators on ‘Ha, called Kraus operators, such that M]IMk =
1.

Unitary transformations are special kinds of quantum channels, as shown
in the following example.
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Example 1.3.2. A unitary transformation on Ha is a quantum channel.
Indeed it acts on states as
p— UpUT.

We will call it unitary channel, and we will write a unitary channel channel
as
U (p)=UpU".

A unitary channel has only one Kraus operator, the unitary operator itself,
for UUT = 1.

We can generalize our definition of quantum channel allowing an output
system different from the input system.

Definition 1.3.3. A quantum channel from Ha to Hp is a deterministic
transformation] that acts on density operators on H, and transforms them
into density operators on Hp according to the rule

k

where M,’s are operators from Ha to Hp, called Kraus operators, such that
S MM, = 1.

This definition of quantum channel is often called operator sum repres-
entation of a quantum channel. We will give a more abstract definition in
section [[3l

For the time being, we can set the following axiom.

Axiom 1.3.4. Every deterministic transformation from Ha to Hg s a quantum
channel from Ha to Hg.

In the following treatment, for the sake of simplicity, we will deal with
channel with equal input and output systems, but the generalization is
straightforward.

In our derivation of quantum channel, we started from an isolated system,
where the evolution is unitary. Is it true that every channel comes from
a unitary transformation in a larger system? The answer comes from the
following theorem by Stinespring [20].

4Recall that a deterministic transformation is a process in which the output state is
completely determined by the input state. There is no randomness.
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Theorem 1.3.5 (Stinespring). Fvery operator sum representation of a quantum
channel comes from a unitary transformation in a larger system.

Proof. Suppose a channel on H, has Kraus operators {M}7_,. We choose
a Hilbert space Hp with dimHg > n. If |¢), is any pure state of Ha,
{|k)},_, is an orthonormal set for Hp, and |0); is some pure state in Hg,
define an operator Upag on Ha ® Hp whose action is

n

Uap [9) 5 |0)5 = D (My[) 4 @ [k)g) -

k=1

This action preserves scalar product, indeed, if we take another pure state
|9") , on Ha, we have

(Z Wi @ <z|B> (z Mol @ |k>B> .

=1

= W]y Y MM [)y = (0|95 = ('], (Olg) ([4)4 10)p) -

k=1
Therefore Upp can be extended to a unitary operator acting on all Ha ® Hg.
Taking the partial trace over B, we find that

) 1> b (Us [0 [0)) (1 (015 UL ) =

=" M), (], M.
k

Since every mixed state is a convex combination of pure states, we see that
Uap gives rise to the quantum channel

pr— ZMkpM,I
k

in A. O]

We see that non-unitary channels have the property of transforming sep-
arable pure states of the composite system into entangled pure states. Indeed,
the action of Uyp on the separable state 1), [0)y is

n

()4 10)p = D (Mi [¥)4 ® k)p),

k=1
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and the right-hand side is in general an entangled pure state. Therefore,
quantum channels in general build up correlations between a system (A) and
its environment (B).

Finally, we must note that, in general, quantum channels are not in-
vertible, or as we will often say, are not reversible. Indeed, the following
proposition holds.

Proposition 1.3.6. A quantum channel on Hy is reversible if and only if it
18 unitary.

Proof. Omitted. For further details, see [16]. O

1.4 Quantum instruments

In section [I.2] we generalized orthogonal measurements as far as the prob-
abilistic aspect is concerned. Now we want to find a generalization also for
non-demolition measurements, that are measurements that do not destroy
the system. So, it makes sense to wonder about the state after the measure-
ment.

Recall that a projective measurement {F,} on a state p yields outcome
a with probability p, = tr E,p, and in this case the state immediately after

the measurement is
- E.pE,

Pa = % E.p

Note that we must introduce a normalization factor tr F,p, that corresponds
to the probability p,, because the sole action of the projector F, on p gives a
state with trace less than or equal to 1, because tr E,pF, = tr E,p = p, < 1.

To find out what generalization we need, it is useful to proceed in the
customary way of enlarging the system. The idea is to perform an ortho-
gonal measurement on the ancillary system after the compound system has
undergone unitary evolution.

Consider a unitary operator Uag on the Hilbert space Ha ® Hp, and
suppose the compound system is initially in a product state ppp = pa ®
|0)5 (0]g. Let us take an orthonormal basis {|a)gz} for Hp. We can describe
a measurement that does not destroy system A as a unitary evolution Uag,
followed by a measurement on Hp. Because of entanglement, the state of
system A will change. Suppose we choose the orthogonal measurement given
by {la)g (alg}. This is clearly an atomic (or pure) measurement, because
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it projects on subspaces of dimension 1. This kind of measurement has
maximum “resolving power”.

After unitary evolution, the state of Ha ® Hp is given by eq. (1.6). Then
we perform the orthogonal measurement {|a)g (a|g}. The probability of out-
come a is given by

P = e [la)g {aly Uss (pa © 10}y (01) Uls| =

— tra ({aly Uns [0 pa (015 Ul la)g ) =
= tra Mopa M) = tra MIM,pa,

where we set M, := (a|g Uag |0)g, and we call them Kraus operators, because
their definition is analogous to the one given in section [1.3|for quantum chan-
nels. Note that this expression for the probability of outcome a resembles
the one given for a POVM, in which p, = tra Fypa. If we set F, := MIM,,
we have > F, = Y., MIM, = 14, and F, is clearly positive. So {F,} is
a POVM. This should not surprise, because POVMs are naturally associ-
ated with probabilities; hence, if a measurement must assign probabilities to
the various outcomes, it must comprise a POVM in its formalism. Recall
this is true for orthogonal measurements, where the POVM is given by the
projectors themselves.

Let us move to examine the state of system A after this non-demolition
measurement if the outcome is a. The non-normalized version of the state is

P = tr [0}y {aly Uas (pa © [0)5 (015) Uk la)y {aly] =

= <a|B Uas |0>B PA <O’B U/LB |a>B = apAMz]zL‘

The normalized state is
MapAMz]zL

tl“A M;MapA.

Again, the trace of the non-normalized state is the probability with which the
state is prepared. We see that Kraus operators characterize the measurement
completely, because they give both the probability and the state after the
measurement.

Therefore we can give the following provisional definition for a non-
demolition generalization of a projective measurement. Later we will give
a more general definition.

Py =
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Definition 1.4.1 (Provisional definition). A quantum measurement on Ha
is a collection of Kraus operators {M,} on H (such that Y, MM, =1 and
MIM, < 1), where each operator corresponds to a measurement outcome.
Given a state p before the measurement, the probability of getting outcome
a is

Pa =11 M;Map>
and the state immediately after the measurement is

p/ _ Mang
“ ot M;Map

Orthogonal measurements are included among quantum measurements,
as shown in the following example.

Example 1.4.2. Projective measurements are a special type of quantum
measurements. Indeed, if we have an orthogonal measurement {E,}, then
E,’s are Kraus operators, because > EIFE, = > FE, = 1. The probabil-
ity of outcome a is p, = tr ElE,p = tr E,p, and finally the state after a
measurement, if the outcome is a, is

. E.pE}  EupE,
“ wrElE,y trE;p

Definition sheds a new light on quantum channels. Suppose we
do not know the outcome of a quantum measurement, then the state is
the incoherent superposition of all the possible states after the measurement,
weighted with their probabilities. In symbols, if we do not know the outcome,
the state after the measurement is

p= ;papa Ztr i, p Mo rM*Ma,o = M,pM].

a

This is the same expression as a quantum channel. Therefore we can interpret
a quantum channel as a coarse-graining over a collection of probabilistic op-
erations. Each of them is described by a Kraus operator M, and occurs with
probability p,, that depends on the input state. This also means that we can
associate a quantum channel with every quantum measurement, a quantum
channel with the same Kraus operators as the quantum measurement.

Now we can try to generalize further this notion of quantum measurement.
Indeed, in our derivation, we performed an atomic orthogonal measurement
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on Hgp. This accounted for orthogonal measurements on H,, but now we
want to enlarge our perspective. A first step is to consider a generic ortho-
gonal measurements {E,} on Hgp, not only atomic measurements. Recall
that every projector of an orthogonal measurement can be decomposed as
a sum of atomic projectors, therefore we expect to obtain Kraus operators
that are a sum of atomic Kraus operators. Even more generally, we can con-
sider an orthogonal measurement {E,} on Ha ® Hgp (and not only on Hg!),
following unitary evolution Uxg. What is the final state of system A?

Again, we start from a product state pap = pa ® |0)5 (0|g. After the
projective measurement { £, }, if the outcome is a, the (non-normalized) state
of AB is

Pap = EalUag (pa @ [0)5 (0l) UL .

If {|k)g} is an orthonormal basis for Hp, the state of subsystem A is
P = trs | BaUss (pa © [0)y (0l5) UlpEa] =
= Z (klg EaUag [0)5 pa (O[5 UZ\BEa k)g =
k

= Z Mak:pAM(jka
k

where we set My, = (k|g E.Uap|0)5. Now, these operators satisfy the
properties
° ka MJkMak = 1. Indeed,
Z (Ol U/T\BEa k) (klg EaUag [0)5 =

a,k
= (0lg UkpEaUsg [0) = (0] UlgUsn [0)g = 1a.

where we used the properties of orthogonal measurements and of unit-
ary operators.

o Clearly then >, Mngak < 1 for every a. This means that an addi-
tional positive operator is needed to obtain the identity as sum.
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These two properties mean that {Zk M(IkMak} is a POVM with outcomes

{a}. 3, MI, M, must play a central role in determining probabilities. In-
deed, the probability of outcome a is

Pa = tra {U“B [EaUAB (pa ® [0)5 (Olp) U/ZBECL] } = tra f)-

Even in this case, the probability of outcome a is the trace of the non-
normalized state p/, after the measurement if the outcome is a. Expanding
the expression of tr p), we find

k k

e, (z MngakpA> ,
k

confirming that >, Mngak =: F, are elements of a POVM.
We can finally give the following general definition for measurements that
have an output state.

Definition 1.4.3. A quantum instrument is a collection of operators { M},
called Kraus operators, where a labels the various outcomes, such that

o S MM, <1

i Za,k Mt-zrkMak =+

A quantum instrument performs a probabilistic transformation on states of
system A: given an input state p, we have the transformation

Zk MakpM;rk:
tr (Zk MlkMakp>

p—

with probability

Pa = tr (Z M;kMakp> )
k

for every a.

>k MakpMcIk

Each of the transformations p — (o M M) is called quantum opera-

tion.
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We can associate a POVM and a coarse-graining channel with every
quantum instrument. The POVM is needed to assign probabilities and it

(R} = {zM;kMak} |

as we have seen above. The coarse-graining channel arises if we do not know
the outcome, but we know the input state. In this case the output state is

P= Papl =Y MupM},.
a a.k

Therefore the coarse-graining channel is the deterministic transformation

1Y L — Z MakﬂMlm
a,k

whose Kraus operators are M,;’s.
Note that definition is really general. It comprises the previous defini-
tion but also channels.

Example 1.4.4. In definition [I.4.1] we considered only quantum instruments
where Kraus operators had only the outcome label (k took only one value,
so there was no sum over k). In that case, we find again MM, < 1 and
> MIM, = 1. The associated POVM is {M]M,}, whereas the associated
channel is the transformation p — > M,pM].

Example 1.4.5. Quantum channels are deterministic transformations, and
deterministic transformations are a special kind of probabilistic transforma-
tions, in which there is only one outcome. The associated POVM is therefore
the identity 1 and it is made of one element. Since a takes only one value,
we have that ZakM;kMak = 1 becomes ), M,IMk = 1, and this is the
normalization condition for Kraus operators of a channel. Therefore we have
equality in ), MikMak <1

In this vein, we can prove the following lemma.

Lemma 1.4.6. A quantum instrument with Kraus operators { Mg} is a
quantum channel if and only if ), M;kMak =1 for some a.
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Proof. We already saw necessity in example [1.4.5
To prove sufficiency, suppose we know that ), M ;OkMaok = 1 for some

outcome ag. Since it is 3, , M), M, = 1, we have

1= Z Mngak = Z MlokMaok + Z Z M(IkMak =
a,k k

a#ag k

=1+ > Y MMy

a#tao k

This means that >, >, M/, M, = 0, and since all the operators are

positive, Y, MlkMak = 0 for every a # ag. This means that outcomes
a # ag occur with zero probability, therefore the quantum instrument is
actually a quantum channel. O]

Now we can set the following axiom.

Axiom 1.4.7. Every probabilistic transformation on a quantum system is
given by a quantum instrument.

In our treatment of quantum instruments, we started from unitary evolu-
tion and orthogonal measurements in a larger system and then we restricted
our attention to a subsystem. Is it true that every quantum instrument
can be obtained in this way? The answer is affirmative and comes from the
following theorem.

Theorem 1.4.8 (Ozawa). Fvery quantum instrument on Ha, with Kraus
operators { My}, comes from a unitary evolution followed by a measurement
i a larger system.

Proof. Omitted. See [21]. O

1.5 Axiomatic approach to quantum operations

In the previous section we saw that quantum instruments are a collection
of probabilistic transformations on the states of a system, called quantum
operations. If the quantum instrument has only one quantum operation, it
is a deterministic transformation on the states of a system: it is a quantum
channel.
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Since we are considering probabilistic transformations on the states, we
free ourselves from the idea of a quantum instrument representing a meas-
urement, so we allow an output system different from the input system.

In this section, we restrict ourselves to quantum operations rather than to
quantum instruments. A quantum operation output encodes both the prob-
ability and the output state. To encode both these aspects in one expression,
we allow quantum operations to be not trace-preserving. The trace of the
output state is then the probability, as we noted above.

Therefore, using Kraus operators {M,;}, a quantum operation is the
(probabilistic) transformation

pr— Z MakpM(Ikv
k

where the trace of the output state is the probability of occurrence of this
quantum operation.

However, in this section, we want to follow a different approach to quantum
operations, more axiomatic. We want to identify the minimal requirements
for a map to be a quantum operation.

First of all, a quantum operation C must map states of a system A into
(non-normalized) states of another system B. According to the probabilistic
interpretation of trace, we must require 0 < trC (p) < 1. Thus, quantum
operations must be trace-non-increasing. In particular, if the quantum op-
eration is a quantum channel, it occurs with probability 1, so it has to be
trace-preserving.

Then we require linearity for convex combinations. Suppose we have an
ensemble of states p =3 p;p;, we require

C (ijp]) = ijc (pj) -

If we allow non-linear quantum operations, we can come to paradoxes, such
as the so-called “Everett phone paradox” (see [16]).

Finally, the last requirement concerns the fact that the output of a quantum
operation must be a positive operator. But we ask something stronger. Sup-
pose a quantum operation C acts from A to B, but we consider an input
state p which is a state of system AC, where C is another system. Suppose
we apply C only to A, so subsystem C does not evolve. Then C (p) must be
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a valid state of system BC, therefore the map C ® Z¢ must yield positive
operators as output, for any system C, where Z¢ is the identity channel on
C. This requirement, called complete positivity, is reasonable also on physical
grounds. Suppose, in addition to the physical system A on which we have
control, there is a system C, of which we are unaware. Since we can control
only system A, when we apply a quantum operation C on A, we are in fact
applying C ® Z¢. Complete positivity is simply the requirement that a state
of the combined system evolves to another state.

Remark 1.5.1. Complete positivity is stronger than positivity. Indeed, trans-
position 7' is positive, but not completely positive. To see it, consider Ty ®1g,
where Hap ~ C?®C?, and consider the pure state |¢) \p = \/ia ijl 170 A 1785
where {|j>A}?:1 and {\j’}B}jzl are orthonormal bases for H, and Hp respect-
ively. Then, if we act on p = |¢) \5 (@] g With T ® 1p, we have

d
1 , ‘
p= D i) (kL @ 1) (K g —
Gik=1
1 d
— = 2 D k) il © 1) (K-
Gk=1

After simple passages, we can see that the operator dp’ acts on pure states
as

dp' ([9) 5 le)s) = @) 4 1)

Therefore dp’ is a swap operator, so one of its eigenvalues is -1, corresponding
to swap-antisymmetric pure states.

Now we can give the following abstract definition of quantum operation.

Definition 1.5.2. A quantum operation C is a map from states of Ha to
states of Hp such that

e it is trace-non-increasing: 0 < trC (p) < 1;
e it is linear for convex combinations: C (Z] ijj) =>_;0iC (p;);

e it is completely positive: C ® Z¢ (p) is positive for any system Hc.

Therefore we can give more abstract definitions of quantum channel and
quantum instrument.
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Definition 1.5.3. A quantum channel is a trace-preserving quantum oper-
ation.

Definition 1.5.4. A quantum instrument is a collection {C,} of quantum
operations, such that ) C, is a quantum channel (i.e. it is a trace-preserving
quantum operation).

Quite surprisingly, these abstract definitions are equivalent to those given
with Kraus operators. Indeed, we have the following theorem.

Theorem 1.5.5 (Kraus representation theorem). A map C from the states
of Ha to the states of Hg is a quantum operation if and only if, for every
state p

C(p) = MypMy,
k

for a set of operators { My} from Ha to Hgp, such that ), MkpM,I < 1, where
we have equality if and only if C is a quantum channel.

Proof. Omitted. The interested reader can find it in [17]. O

M,’s are Kraus operators. Now it is clear why Kraus operators for
quantum instruments have two indices, unlike for the case of quantum chan-
nels. One index labels quantum operations in the quantum instrument, the
other labels Kraus operators for a fixed quantum operation. In this way, the
more Kraus operator are present, the more the quantum operation is “mixed”,
because it involves a coarse-graining (the sum over index k). Recall that our
provisional definition of quantum measurement (definition was atomic
and every quantum operation had only one Kraus operator.

In this way, we can associate Kraus operators with every quantum oper-
ation. Is this association unique? The answer is negative, as the following
counter-example shows [I7]. This means that there can be different processes
that give rise to the same dynamic for the system.

Example 1.5.6. Let H ~ C? (g-bit). Consider the Kraus operators

we(ih) (i)

giving rise to the quantum operation

pr— ]\LpJWlT + Mgng.
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This corresponds to the physical situation in which we toss a fair coin, and,
according to the outcome, we do nothing or we apply o3 to the system.
Now consider the Kraus operators

10 0 0
w-(on) »=(07)

giving rise to the quantum operation
p— N1pN1T + NQpNQT.

This corresponds to the physical situation of an orthogonal projection on
the basis {|0),|1)}. Although the physical situation is completely different
from the previous one, the dynamic is the same. Indeed, note that N; =

\/Li (Ml + Mg) and N2 = \/LQ (M1 — Mg) One has

p — NipN{ + NopNj =

1
=5 |(M +M2)P<M1T+M2T) + (M —Mz)P(Mf —MJ)} =

This shows that the quantum operation is actually the same.

In general, we can note that if we have n Kraus operators {M};_,, and
we take a n X n unitary matrix Uj;, we have that N; = )", UM are other
Kraus operators describing the same quantum operation. Indeed

SN = 33 U 3 U -
J ik l

= Z5k1MkPMlT = Z MypMjl.
kol k

In fact, this is the only possibility that two sets of Kraus operators give rise
to the same quantum operation.

Theorem 1.5.7. Suppose {M},_, and {N,},", are Kraus operators giving
rise to quantum operations C and D respectively. By appending some zero
operators to the shortest set, we can always be in the case when n =m. Then

we have C = D if and only if there is a n X n unitary matriz U such that
Mk = Z?Zl UklNl-
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Proof. We already saw sufficiency. The proof of necessity is omitted. See
[17] for reference. O

Finally, we have a corollary that says how many Kraus operators we can
have for a given quantum operation.

Corollary 1.5.8. If a quantum operation C acts on the states of a d-dimensional
Hilbert space, then it has at most d*> Kraus operators.

Proof. Immediate from the proof of theorem|1.5.7 See, for instance, [16]. O

Now we completed our exploration of operational formalism for quantum
mechanics and we can move to the abstract version of operational formalism.



Chapter 2

Operational probabilistic theories

Now, we became familiar with operational formalism for quantum mechanics:
POVMs, quantum channels, quantum instruments. Thus, it is time to begin
our exploration of foundational issues. In the past, foundational questions
were essentially related to the measurement problem, giving rise to differ-
ent interpretations of quantum mechanics. However, recently the fields of
quantum foundations and quantum information have started to merge, pos-
itively influencing each other |26, 27]. Correspondingly, interests in founda-
tional topics moved towards general probabilistic theories, which are general
theories with a probabilistic structure. In other words, general probabilistic
theories describe what sets of experiments we can do with physical devices,
and assign probabilities to the outcomes of such experiments.

Clearly, classical and quantum theory are included in this formalism.
Why do we study operational probabilistic theories that are more general
than quantum mechanics? We can single out at least three reasons.

1. We want to understand quantum mechanics better.
Indeed, what are the features that single out quantum mechanics among
all the other possible operational probabilistic theories?

2. We want to study extension of quantum mechanics.
Suppose that some day quantum mechanics or some of its axioms will
prove to be wrong. An analysis of more general theories will show how
we can modify quantum mechanical axioms to make the theory fit the
experiments.

3. We want to study restrictions of quantum mechanics.

34
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Suppose we are not able to prepare all the states allowed by quantum
mechanics. Then, what is our theory actually like?

In our treatment of general probabilistic theories, we will use a high-level
language, derived from category theory. This formalism is particularly apt
to capture the operational-informational background of a theory, namely,
loosely speaking, the way in which “information is processed” [31]. In this
vein, we will address our analysis in an abstract way, without resorting to
the specific formalism of a given theory; instead, we will try to derive our
consequences directly from the operational formalism.

Nevertheless, one should not think that our high-level language is com-
pletely unrelated to experiments. In fact, it is even closer to an experimental
set-up in a laboratory.

Suppose we have an experimenter in a laboratory. He can build up ex-
periments connecting devices, and this can be done either sequentially or in
parallel. Every device has an input and an output system and possibly some
(classical) outcomes that can be read by the experimenter. Each outcome
actually identifies a process that occurred between the input and the output
system when a particular device was applied. In some cases, the experi-
menter has no control on the outcomes: this means that particular device
implements a random process. Some devices have no input: they simply
prepare a state. Other devices have no output: they are measurements.

This very simple experimental situation can be translated into a formal
language using graphical language, in which each device is represented as a
box.

Many works have been done on this subject (see for instance [32 [33] 34
35, 36l 37, B38]); in the present treatment, we will follow the line of reasoning
of [39, [40] for the present and the next chapter, where informational axioms
leading to quantum mechanics are identified.

The key idea is to impose some reasonable axioms to a general probabil-
istic theory to restrict ourselves to a class of theories. However, in the present
treatment, we are not interested in deriving quantum mechanics, so we will
not assume all the axioms presented in [40], but only the ones that are needed
for the subsequent analysis of foundational aspects of thermodynamics.
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2.1 Basic notions

In this section we introduce the basic elements of operational formalism and
their graphical representation. As we will see, they have a direct experimental
interpretation.

2.1.1 Systems and tests

In an operational theory, there are two primitive notions, which are the basis
of every operational language: systems and tests.

We can have an intuition about their meaning thinking again to a concrete
experimental situation. A test represents a physical device (beam-splitter,
polarimeter, Stern-Gerlach magnet, etc.). Every device has an input and an
output, which will be called nput and output system respectively. In this
way, systems somehow play the role of labels attached to input and output
ports of a device.

We denote systems with capital letters in Roman character: A, B, etc. We
will sometimes personify the systems saying “Alice” for system A, “Bob” for
system B, and so on. This personification is especially meaningful for multi-
party communication purposes: it stresses the fact that we can associate an
actual experimenter that performs his own experiments with every system.

There is also a particular system, the trivial system, that simply means
“nothing”, and we will denote it by letter I. A device with trivial system as
input is simply a device with no input, and a device with trivial system as
output is simply a device with no output.

Some physical devices have various outcomes, each outcomes corresponds
to a particular event that occurred in the laboratory and that can be identi-
fied by the experimenter. Therefore, we can give the following characteriza-
tion of a test.

Definition 2.1.1. A test with input system A and output system B is a
collection of events {C;},.y, labelled by outcome i in some set X.
X is called outcome set.

We will often say that {C;},.y is a test from system A to system B; if A
and B coincide, then we say that {C;},. is a test on system A.

To clarify the role of outcome ¢ better, we can regard it as what the
experimenter actually sees when he performs his experiment (a sequence of
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digits, a spot in a photographic plate, etc.). The outcome set X is the set
that contains all the possible outcomes for a given test.

Graphically, we can represent a test as a box with in-coming and out-
coming wires that represent input and output system respectively.

—A {Ci}iEX B

When there is no ambiguity, we will omit the outcome set X. From the
graphical representation, it is apparent the role of systems as labels.
If we want to express that actually the specific event C; occurred, then

we will write
|

Whenever the trivial system I is involved, we omit the corresponding line
and letter. In particular, when we have no physical inputF_-] for our device, we
have a preparation-test, that we represent as

({pi} A= {Pi}L,

namely with a rounded box on its left side. Intuitively, preparation-tests pre-
pare a system in a particular “state”, although we will clarify this statement
later.
We will often use the Dirac-like notation |p;), for the preparation-event p;.
The subscript A is intended to stress the fact that p; is related to system A.
Here we use a round bracket to stress the fact that this definition is different
and more general than the ket notion in quantum mechanics.

Similarly, when we have no physical outputﬂ for our device, we have an
observation-test, that we represent as

D) -

namely with a rounded box on its right side. Intuitively, observation-tests
destroy a system while acquiring some information from it, so they are related
to demolition measurements.

We will often use the Dirac-like notation (a;|, for the observation-event a;.
Again, the subscript A stresses the fact that a; is related to system A, and

!Recall that no physical input means the trivial system I as input.
2 Again, no physical output means the trivial system as output.
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again we use round bracket because this definition is different and more
general than the bra notion in quantum mechanics.
Finally, if we have a test from the trivial system to itself, we omit both
the lines and the box.
pii= — P

Definition 2.1.2. We say that a test is deterministic if its outcome set has
only one element.

If a test is deterministic, we omit braces and write simply C instead of
{C}.

In a non-deterministic test, we cannot to predict what particular outcome
we will obtain. Instead, for a deterministic test, the outcome is completely
determined. Since with non-deterministic tests we are not able to predict the
outcome, we would like to set up a probabilistic structure that enables us at
least to define probabilities for the various outcomes. We will address this
issue soon, but first some other notions are needed.

2.1.2 Sequential and parallel composition

Since we are implementing a graphical language that has a direct link to ex-
perimental apparatuses, the next step is to describe how to connect devices.
Devices can be connected sequentially or in parallel. Let us start from se-
quential composition. Intuitively, two devices can be connected sequentially,
i.e. one after another, if the output system of the former is the input system
of the latter.

Definition 2.1.3. If {C;},.y is a test from A to B with outcome set X,
and {Dj}jeY is a test from B to C with outcome set Y, we can consider the
sequential composition {D; o Ci}(m.)GXXY , which is a test from A to C and
has outcome set X x Y.

Note that sequential composition of tests works exactly as composition of
functions: the test {D;}. , follows the test {C;}, y, therefore D; is written
first.

The graphical representation is rather intuitive: suppose we want to com-
pose event D; after event C;; we simply write

—AD; 0 4= A 2D, S
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In this way, there is a natural ordering on tests, the one given by sequential

composition. Indeed, some tests are performed first and other later. Using

graphical language, this ordering goes from left to right: every box follows

all the other on its left. However, we should not confuse this ordering with

temporal ordering. We will come back later on this point in section [2.3]
Now let us see an example of sequential composition of tests.

Example 2.1.4. Consider the diagram

(Lo} FA{C 2 (o))

It gives instructions to build up the experiment: first, we initialize system A
with the preparation-test {p;} on A, then we perform the test {C;} from A
to B and finally we acquire some information from B by destroying it with
the observation-test {by}.

If we want to express which events actually occurred, we write

@G b

This means that the preparation-event p;, the event C; and the observation-
event b, occurred. We can represent the whole sequence in Dirac-like notation

as (b|Cj |pi).

Let us now define the identity test.

Definition 2.1.5. The identity test for system A is a deterministic test Zx
on A such that C; 0o Z, = C; for every event C; from A to B, and Z, o D; = D;
for every event D; from B to A.

Graphically, we have

A[+lLAT[A]1 B _ _AJpLB

LG = 1Y)
for every C;, and

B [p|lA[F] A _ B [p|lA

| Di "I = — Dy

for every D;. According to this definition, it is clear that for every system A
the identity test Z, is unique.

Applying the identity test is just like doing nothing. For this reason we
will often omit the box for the identity test.
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We sometimes want to “identify” similar system, namely systems that
behave exactly in the same way from an operational point of view, but they
are yet distinct. In quantum mechanics, we can consider the polarization
of a photon and the spin of an electron. Although they are completely
different physical systems, they are described by the same Hilbert space (or
by isomorphic Hilbert spaces to be precise).

Definition 2.1.6. We say that system A and system A’ are operationally
equivalent (and we write A = A’) if there is a deterministic test U; from A
to A’ and a deterministic test Uy from A’ to A, such that

A@A'@A _ A@A7

where 7, is the identity test on A, and

A/@A@A’ _ A'@A’7

where Z,/ is the identity test on A’.

If A= A’ we can transform tests on system A into tests on system A’
by taking the sequential composition with the intertwining tests i/ and Us.

Indeed, if C; is an event on system A, the corresponding event C; on system
Alis

A [p 1A . AN (771 A[p A [77]4A

Now we move to the other type of composition: parallel composition. If
we have two systems A and B, we can consider them together, forming the
composite system AB.

Definition 2.1.7. If A and B are two systems, the corresponding composite
system is AB. Moreover, system composition has the following properties.

1. AI =TA = A for every system A

2. AB = BA for all systems A, B

3. A(BC) = (AB) C for all systems A, B, C

These properties have a rather intuitive meaning.

1. When we combine a system with “nothing”, we still have the original
system. In this case we will typically omit the line for the trivial system.
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2. The composition of systems does not depend on the order we compose
them.

3. This particular form of “associativity” allows us to write simply ABC,
without parentheses. Again, the order of composition is irrelevant.

Diagrammatically, we represent composite systems as a collection of lines
one under another. We will typically omit the line for the trivial system.
Therefore, we can represent an event C; from system AB to system CD as a
box with multiple lines, one for each system.

A C

AB.CD: . C: R

By property [2| it is completely irrelevant to write A rather than B on the
upper input wire, and the same holds for every wire.
For composite systems we depict preparation-events as

@f , (2.1)
fD . (2.2)

Now we can define parallel composition of tests.

and observation-events as

Definition 2.1.8. Let {C;},.x be a test from A to B, and let {D;},_, be a
test from C to D. The parallel composition {C; ® Dj}(m.)eXXY is a test from
AC to BD with outcome set X x Y, and it is represented diagrammatically

as
. s Ao
C.R7D; = .
C ¢ J | D
| D C Dj D

We can combine parallel and sequential composition in a straightforward
way. Suppose A; is an event from A to B, B; is an event from B to C; Dy, is
an event from D to E and & is an event from E to F. Then we have

_A ¢ AdBioA S
(B'OAZ')(X)(&ODk) = =
-5 :
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A | B |_C
A5
D [p, |E @ F
If we parallel-compose a test from A to B with the identity test Z¢ on

another system C, we have a test from AC to BC that actually acts only on
A.

Definition 2.1.9. Consider a test {C;},.y from the composite system AC
to BC. If {C;},.x acts only on A (from A to B), we say that it is a local test
from A to B.

In other words a local test {C;},.y from AC to BC is such that C; =
D; ® Ic, for some test {D;},_y from system A to system B.

A B AB AB
CCZ‘C:C.c:C

We will write simply D; in formulas in place of D; ® Z¢, for example we will
write D; |p) ¢ instead of D; ® Z¢ [p) oc-

As in quantum mechanics, we can prove that local tests on different sys-
tems commute.

Proposition 2.1.10. Let {C;}, .y be a test from system A to system B, and
let {Dj}jEY be a test from system C to system D. Then we have

A [~] B A [~ 1 B
] ) ]
C Dj D B C 'Dj D

Proof. The proof is straightforward. Recall that we can insert the identity
test when we have a line. In this way

A[p] B A[p]1 B [F#]1 B
] el {7
C ijD C@C'DjD

Recall that every event commutes with the identity test.

A (o] ] A [F1_A [p/]
C'BlllB Ill |&|B

[t
C@CjD C'DjD@D

)
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or, in other terms,

Alp]l B A [c. B
G G
D

C 'DjD C'D

We are then entitled to write

A.B

C 'Dj D
in place of
A l?l B
k2l
C 'Dj D
or
A IC_I B
[t
C 'Dj D

This shows that the parallel composition of two tests can be seen as a se-
quential composition of two local tests on different systems.

Note that we can compose preparation-tests only in parallel; the same
holds for observation-tests, so we will write simply |p;), |o;)g in place of
1pi) s ® |oj)ps and (a4, (bj|g in place of (a;|, ® (bj]g. Diagrammatically,

(Pi

poaloe = 2.3
and
A
(ai|A (bj|B: B @ (24)

Remark 2.1.11. When there is no ambiguity in what kind of composition we
are considering, we will write it simply as a product. For instance, if C; is
an event from A to B and D; is an event from B to C, we will write D; o C;
simply as D;C;.
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Now we can define operational theories.

Definition 2.1.12. An operational theory is given by a collections of systems,
closed under composition, and a collection of tests, closed under sequential
and parallel composition.

Although our graphical language can seem naive and not so sound, it has
very strong foundations in category theory [31], 4], 42]. Therefore, we are
entitled to use graphical language to prove theorems in abstract scenarios for
operational theories.

For the reader familiar with category theory, an operational theory is
a strict symmetric monoidal category (see [43]), where there is a parallel
composition of systems, which is symmetric (AB = BA). Systems are objects
and events are arrows. Every arrow has an input and an output object, and
arrows can be sequentially composed. A test is a collection of arrows labelled
by outcomes.

Now we can add the probabilistic ingredient to our theory: basically, we
want to assign a number in the interval [0,1] to every test from the trivial
system to itself.

Definition 2.1.13. An operational-probabilistic theory (probabilistic theory
for short) is an operational theory where for every test {p;},.y from the
trivial system I to itself one has p; € [0,1] and >, p; = 1.

Moreover, the sequential and parallel composition of two events from the
trivial system to itself is given by the product of probabilities: p; o p; =

Pi ®@ pj = pipj-
This definition says that every event from I to itself can be interpreted

as a probability. In particular, we can associate a probability with every
diagram with no external lines.

Example 2.1.14. Let us consider again

FAE ).

This is a diagrams without external lines; indeed the sequential composition
of the three events is an event from the trivial system I to itself (no input
and no output). So we have p;;i, := (bi| C; |pi), that is the joint probability of
having the preparation-event p;, the event C; and the observation-event by.

Henceforth we will assume that our operational theories are also probab-
ilistic.
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2.1.3 States, effects and transformations

Sometimes it happens that we can obtain the same physical configuration
with different experimental procedures. For instance, in quantum mechanics,
we can consider the mixed state p = %1 of a g-bit. This state can be prepared
either totally ignoring the state of the system, or by taking the partial trace
of one of Bell states [16].

The issue is now how to distinguish or identify different situations.

Let us consider, for instance, preparation-events. If we compose a preparation-
event with an observation-event, we get a probability. Indeed, suppose we

have
ALa).

Then we have p;; = (a;|p;), which is the joint probability of having the
preparation-event p; and the observation-event a;.

Remark 2.1.15. p;; should not be confused with a conditional probability,
namely p;; is not the probability of having the observation-event a; if the
preparation-event is p;. Indeed, assuming this conditional interpretation
would imply that information flows from the preparation-event to the observation-
event. This assumption is known as causality, to which we will come soon.

In general, in a non-causal theory, the observation-event can influence the
preparation-event, so, in principle, we are not allowed to say what event
influenced the other.

If we have a preparation-event p; on A, we can associate a real-valued
function p; with it. This function acts on observation-events a; on A and
yields the joint probability p;;.

pi : (aj] — (a;|p:) = pij

Similarly, if we have an observation-test a; on A, we can associate a real-
valued function @; with it. This function acts on preparation-events p; on A
and yields the joint probability p;;.

aj < |pi) — (aglpi) = pij

From a probabilistic point of view, we cannot distinguish two preparations
of the system if they yield the same probabilities for all the observation-tests,
even if the preparations were obtained operatively in completely different
ways. If we consider an experimenter, he can distinguish two unknown pre-
parations of the system by examining the statistics he gets from performing,
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in principle, all the possible measurements on the system. If he finds any
difference in the statistics, then he concludes the preparations were different.

A very similar reasoning holds also for observation-events.

In this vein, we can introduce an equivalence relation between preparation-
events (and similarly between observation-events). If p; and o; are two
preparation-events on system A, we say that p; ~ o if pi = Ej, namely
if for every observation-event a; on A we have (ax|p;) = (ax|o;). Similarly, if
a; and b; are two observation-events on A, we say a; ~ b; if @; = Zj, namely
if for every preparation-event p, on A we have (a;|pr) = (bj|p)-

Definition 2.1.16. Equivalence classes of indistinguishable preparation-events
are called states. The set of states of system A is denoted by St (A).

Equivalence classes of indistinguishable observation-events are called ef-
fects. The set of effects of system A is denoted by Eff (A).

We can assume that equivalence classes were taken from the very begin-
ning, so from now on we will say that a preparation-test is made of states
and that an observation-test is made of effects. In particular, when we have
a deterministic preparation-test, we will call it deterministic state; and when
we have a deterministic observation-test, we will call it deterministic effect.

Example 2.1.17. The trivial system has a unique deterministic state and a
unique deterministic effect: it is number 1.

Let us introduce some more terminology about states and effects.

Definition 2.1.18. A state in a composite system AB is called bipartite
state.

An effect in a composite system AB is called bipartite effect.

A bipartite (effect) is called product state (effect) if it is obtained by
parallel composition of states (effects) of A and B.

Bipartite states are depicted as in , bipartite effects are depicted as
in . Product states are represented diagrammatically in , product
effects are represented diagrammatically in (2.4)).

Let us see what states and effects are in quantum mechanics.

Example 2.1.19. In quantum mechanics, we can associate a Hilbert space
Ha with every system A. Deterministic states are density operators, which
means trace-class positive operators with trace equal to 1. A non-deterministic
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preparation-test is sometimes called quantum information source: it is a col-
lection of trace-class positive operators p;, with tr p; < 1. This is essentially
a random preparation: a state p; is prepared with a probability given by
tr p; (recall section [1.5]). Therefore in quantum mechanics St (A) is the set of
trace-class positive operators with trace less than or equal to one.

An effect is, instead, represented by a positive operator P, with P < 1,
where 1 is the identity operator. Observation-tests are then POVMs. The
pairing between states and effect is given by trace: (P|p) = trPp. In quantum
mechanics there is only one deterministic effect: the identity 1. This is not
a coincidence, but it follows from causality (see section [2.3)).

In this way, states and effects are identified with the corresponding func-
tions. Therefore, two states py and p; of system A are equal if and only if
(alpo) = (a|py) for every effect a € Eff (A). Similarly, two effects ag and a; of
system A are equal if and only if (ag|p) = (a1|p) for every state p € St (A).
We say that effects are separating for states and states are separating for
effects.

Since states and effects are actually real-valued functions, we can take
linear combinations of them with real coefficients; in other words they span
real vector spaces. Let Stg (A) be the vector space spanned by states and
let Effg (A) be the vector space spanned by effects. These vector spaces can
be finite- or infinite-dimensional. In our treatment, to avoid mathematical
subtleties, we will assume that these vector spaces are finite-dimensional.
Clearly, Effg (A) is the dual vector space of Stg (A) and Stg (A) is the dual
vector space of Effg (A). For finite-dimensional vector space, we have dim Stg (A) =
dim Effg (A).

Example 2.1.20. Let us see what Stg (A) and Effg (A) are in finite-dimensional
quantum theory, namely when the Hilbert space is finite-dimensional (H =~
C9, for d > 2). Stg (A) is the vector space of hermitian matrices of order d.
It is a real vector space with dimension d?. Effg (A) is again the vector space
of hermitian matrices of order d.

Remark 2.1.21. In general, St (A) and Eff (A) are not vector spaces. Indeed,
a state is a function which takes values in [0, 1] interval according to our
probabilistic interpretation. Clearly, a general linear combination of [0, 1]-
valued functions does not take values in [0, 1]. Instead, if we take a convex
combinationf| of [0, 1]-valued functions, we get another [0, 1]-valued function.

3Recall that a convex combinations of points x;’s is defined as > Az, where A; >0
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This is the first hint to the fact that St (A) and Eff (A) are in fact convex
sets.

Now we can define the equivalence classes of indistinguishable events for
general tests, namely for tests from system A to system B.
__ First of all, note that every event C; from A to B induces a linear operator
C; from Stg (A) to Stg (B). We define C; as

@‘ p)a > Cilp) s s (2.5)

for every [p), € St(A). Note that C;|p), is a state of B. We want to
check whether the linear extension of is well defined. Now, we know
how é\z acts on states, namely on the spanning set St(A). How can we
define its action on all Stg (A)? If v € Stg(A), then we can express it
as a linear combinations of states, v = > a;p;, where a; € R for every

7. The most obvious linear extension of 1) is CAiv = Zj ajé\ipj. The
problem is that, in general, v does not have a unique expression in terms
of states. Suppose that v = Zj a;p; and v = Zj Bjo;, where 3; € R for
every j. Our extension is well-defined if and only if >_; oszAipj =2 ﬁjCAiaj
whenever -, a;p; = >, 8;0;. Using linearity of summations, this problem
is equivalent to check if >~ a;Cip; = 0 whenever . a;p; = 0.

By definition of effects, we have 3, a;p; = 0if and only if 3, o (a|pj2 =
0 for every effect a € Eff (A). Let b be an arbitrary effect on B. Then (b|C; is
an effect on A, therefore 3, a; (b[C; [p;) = 0. Since b is arbitrary, this implies

that Zj aj@pj = 0. This proves that the linear extension is well-defined.
Our construction, and in particular, basically say that events are
characterized by their action on states.
Likewise, for every system C, the event C; ® Z¢ from AC to BC will induce
a linear operator from Stg (AC) to Stg (BC). We then give the following
definition.

Definition 2.1.22. Two events C; and C; from A to B are indistinguishable
if for all systems C the linear operators associated with C; ® Z¢ and C! ® Z¢
are the same.

Recall we already encountered the practice of appending an ancillary
system and considering C; ® Z¢ when we discussed complete positivity for
quantum operations in section (1.5

and Zz )\, =1
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Again, we take the quotient set of events by the indistinguishability rela-
tion.

Definition 2.1.23. Equivalence classes of indistinguishable events from A
to B are called transformations from A to B.

The set of transformations from A to B is denoted by Transf (A, B). The
set of transformations from A to itself is denoted simply by Transf (A).

Remark 2.1.24. One may wonder why we gave such a definition of indistin-
guishable events, involving an ancillary system C. The most obvious way
of defining indistinguishability would be to say that C; and C. are indistin-
guishable if C;p = Clp for every p € St (A). Actually, this is not enough for
general probabilistic theories. Indeed, Wootters provided a counter-example
concerning quantum mechanics with real Hilbert space [44]. Tt can be shown
that there exist two transformations that are locally indistinguishable, but if
we add an ancillary system, they produce orthogonal output states.

The condition C;p = Cip for every p € St(A) is sufficient for indistin-
guishability if the theory satisfies local discriminability (see [39)] for further
details). Quantum mechanics with real Hilbert space does not fulfil this
property.

We conclude that it is not enough to say that C; and C; from A to B are
indistinguishable if they act in the same way on every state of system A.

Again, we will assume that equivalence classes have been taken from the
very beginning, so we will consider tests as collections of transformations.

Definition 2.1.25. A deterministic transformation C € Transf (A, B) is
called channel.

Channels deterministically transform states of system A into states of
system B.

Among all possible channels, reversible channels are particularly import-
ant.

Definition 2.1.26. A channel U € Transf (A, B) is said reversible if it is
invertible, namely if there is another channel &/~ € Transf (B, A), called the
inverse, such that U ' ol =Ty and U o U™ = T5.

Using diagrams, we have

A [771.B [,—1LLA _ A [+]LA
U——u! 1]
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and
BIFIA@B _ B@B

Clearly, reversible channels on A form a group, called G,.

Now, we can rephrase the definition of operationally equivalent systems:
two systems A and A’ are operationally equivalent if there exists a reversible
channel from A to A’.

A strongly related topic is the one of invariant state, which we will use
very often in the rest of this work.

Definition 2.1.27. A state y € St(A) is called invariant if it is left invariant
by the group Ga.

In other words, x is invariant if and only if Uy = x for every reversible
channel on A.

Similarly to invariant states, we can consider channels with invariant
output, they are called twirling channels.

Definition 2.1.28. A channel 7 on A is called a twirling channel ifUT =T
for every reversible channel &/ on A. Using diagrams,

for every U € Ga.

Note that since we require the output to be invariant, we apply the re-
versible channel after (in the order of sequential composition) channel 7.

Before moving to other topics, let us see what transformations, channels
and reversible channels are in quantum mechanics.

Example 2.1.29. A test in quantum mechanics from H, to Hg is a col-
lection of completely positive, trace non-increasing linear maps {Cy} such
that >, Ci, is a trace-preserving map. In this way, transformations are the
Ci’s, that are quantum operations (see section . Each quantum opera-
tion maps linear operators on H, into linear operators on Hg. A test is a
quantum instrument.

A channel is a completely positive trace-preserving map from linear op-
erators on n H, to linear operators on Hp (see again section .

Finally, reversible channels are unitary channels. They act on A as
U (p) = UpUT, where U is a unitary operator. It follows that two systems
are operationally equivalent if and only if their Hilbert spaces have the same
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dimension, otherwise it would not be possible to define unitary operators
from one space to the other.

We have only one invariant state. If # ~ C?, then it is x = 51. We will
see in the next chapter that uniqueness is not a coincidence.

2.2 Pure conditioning

Even in an abstract probabilistic theory, it makes sense to talk about pure
and mixed states, or, more generally, about pure and mixed transformations.
The idea behind pure and mixed events is coarse-graining. Let us clarify
this idea with the example of the roll of a die. In this random experiment,
there are some atomic events, namely that cannot be further decomposed:
they are the numbers from 1 to 6. So, an atomic event is, for example, “the
outcome of the roll is 2”. However, we can consider the event “the outcome of
the roll is odd”. This event is the union of the atomic events relative to 1, 3,
5. We did a coarse-graining: we joined together some outcomes, neglecting
some information. Indeed, if we know only that the outcome was “odd”, we
cannot retrieve any information about which number actually came out.
In this vein, we give the following definition.

Definition 2.2.1. A test {C;},.y is a coarse-graining of the test {D;},_ if
there is a partitionﬂ {Yi} of Y such that C; = >,y D;. In this case, we say
that {D;}.., is a refinement of {C;}, .

As we can see, this definition gives a precise characterization of what we
mean by “joining together outcomes”. A test that refines another extracts
more information than the other one. It is clear that if {C;},_ is a coarse-
graining of the test {D;},,-, then it has fewer outcomes.

By performing a coarse-graining, we can associate a deterministic trans-
formation with every test. Indeed, let us take a test {C;},. from A to B and
let us sum over the outcomes i. Then we obtain the channel C = >, C;
from A to B, which is called the channel associated with the test {C;},_ -
Similarly, we can obtain a deterministic state summing all the states in a
preparation-test; and we can get a deterministic effect summing all the ef-

fects in an observation-test.

4Recall that a partition of a set Y is a collection of subsets Y; such that they are
non-empty, they are pairwise disjoint and their union is Y.
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Definition 2.2.2. A test {C;},.y such that the associated channel }_,_, C;
is twirling is called a twirling test.

We can consider also refinements of single transformations.

Definition 2.2.3. Let C be a transformation from system A to system B.
Consider a test {D;},.y from system A to system B and a subset X, C X
such that C = Ziexo D;. Each transformation D;, for ¢ € X is a refinement
of C.

Some transformations cannot be refined further.

Definition 2.2.4. A refinement C’ of a transformation C is called trivial if
we have C' = XC, for some A € (0, 1].

This type of refinement is called trivial because a refinement of any trans-
formation C can be always obtained by taking a subset of a test, made of
{PiC}icx,, with the property that p; € (0,1] for every i € Xp and >, p; = 1.

It is then reasonable to give the following definition.

Definition 2.2.5. A transformation C is pure (or atomic) if it has only trivial
refinements.

It is not possible to extract further information from a pure transforma-
tion.

Clearly, this definition applies also to states, which are particular trans-
formations from the trivial system I to a system A. Thus, we have pure
states, which admit only trivial refinements. The non-pure states are called
mized. In this way, a pure state represents maximal knowledge about the
preparation of a system, whereas a mixed state expresses some lack of in-
formation.

Definition 2.2.6. A state w is called completely mized if any other state
can refine it, namely for every state p there is a non-vanishing probability
p € (0,1] such that w = pp + (1 — p) o, where o is another state.

A completely mixed state expresses the fact that we have complete ignor-
ance about the preparation of the system: the system could be in any of its
allowed preparations.

Let us see some examples in quantum mechanics.
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Example 2.2.7. If we diagonalize a density operator p = > . p; |v;) (¢,
each density operator p; |¢;) (| is a refinement of p. More generally, a
refinement of p is a state o such that o < p. Indeed, in this way the difference
p— o0 is a positive operator and can be interpreted as a state. This means that
the supportf] of o is contained in the support of p (see proposition [A.1.1)).

A pure state is a density operator p that is proportional (with non-
vanishing proportional coefficient) to a rank-one projector. A state is com-
pletely mixed if and only if it is proportional (with non-vanishing propor-
tional coefficient) to a full-rank density operator. Clearly, the invariant state
X = él is an example of completely mixed state. As we will see in the
following chapter, this is not a coincidence.

In quantum mechanics, we can associate Kraus operators { M}, } with every
quantum operation C, such that C(p) = >, MkpM,I, for every state p, as
shown in section A quantum operation is pure if and only it has only
one Kraus operator (recall the provisional definition [I.4.1).

Let us analyse the relationship between pure states and reversible chan-
nels.

Lemma 2.2.8. Let U be a reversible channel from A to B. Then |1), is
pure if and only if U |), is pure.

Proof. Necessity. Suppose, by contradiction, that U [¢), is mixed. Then it
can be written as a coarse-graining of other states.

Uy = o) (2.6)
Now, we apply U " to both sides of eq. (2.6). By linearity, we have
[)s = Zufl pi)g

which is absurd because a pure state has been written as a coarse-graining
of other states.

Sufficiency follows from necessity, by applying the reversible channel 2/~*
to U |¢) ,, which is pure by hypothesis. O

5Recall the support of a matrix is the orthogonal complement of its kernel.
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This means that reversible channels do not alter the “purity” of a state:
they map pure states into pure states and mixed states into mixed states.
A similar statement holds also for effects.

Lemma 2.2.9. Let U be a reversible channel from A to B. Then (b|y is pure
if and only if (b|gU is pure.

Proof. The proof is analogous to the proof of lemma m

Now we move to the issue of composition of pure transformations. Is the
composition still pure? Intuitively, such a composition should not destroy
information. However, the issue is not so trivial, therefore it is worth setting
an axiom, called pure conditioning.

Axiom 2.2.10 (Pure conditioning). Sequential and parallel compositions of
pure transformations are pure transformations.

From now on, we will consider only theories where this axiom holds.
Quantum mechanics and classical mechanics are examples of theories that
fulfil pure conditioning, because, for instance, the product of two pure states
is a pure state. Actually, in classical mechanics, the only bipartite pure states
are product of pure states.

Pure conditioning is a fairly reasonable property. If it did not hold, we
would have a theory in which there is an information leakage when we com-
pose transformations. This would constitute a serious limitation for exper-
iments: in such a theory it would be virtually impossible to build up an
experimental apparatus connecting various devices, because each connection
would imply a loss of information.

In the following, we will often use a straightforward consequence of pure
conditioning. Suppose we have a bipartite pure state |1) 5 of system AB. If
we apply a pure effect (a|, to A, then we get a pure state |p)g of system B.

A
([, - @

Indeed, we are applying a pure effect on A and the identity on B, which are
both pure. By pure conditioning, |¢)q is pure.
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2.3 Causality

In this section we will examine the issue of the “direction” in which inform-
ation flows in an experimental apparatus or in a diagram. We have already
mentioned that the order of sequential composition does not correspond, in
general, to temporal ordering, which is the ordering given by information
flow. When these two ordering coincide, we say that the theory is causal.

Requiring causality is equivalent to require that the experimenter’s future
choices do not influence his present experiments. Causality is implicit in
most works on general probabilistic theories (see [32, 35| [36, [45] [46], [47] [48]),
but there can be theories that do not fulfil causality requirement. Actually,
theories with non-fixed causal structure might play an important role in
physics. Indeed, according to the work by Hardy [49], a quantum theory
with indefinite causal structure could be a route to the formulation of a
quantum theory of gravity.

However, in our treatment we will assume causality.

Definition 2.3.1 (Causal theories). A theory is causal if for every preparation-
test {pi};cx and every observation-test {a;},., on system A, the marginal
probability p; := >,y (a;]pi) , is independent of the observation-test {a;}, .

In other words, if {a;} ., and {bi},c, are two observation-tests, we have

> Aaslpi)y =Y (belpi) s - (2.7)

jEY keZ

Loosely speaking, the preparation of the system does not depend on the
choice of subsequent (or “future”) measurements. In this way, the direction
in which information flows, that we can identify with temporal ordering,
coincides with the ordering given by sequential composition. In general, this
is not obvious, as the following example shows [50].

Example 2.3.2. Consider a theory in which the states of a system are
quantum operations on that system. In particular, deterministic states are
quantum channels. Then we can consider the channels of this theory to be
quantum “supermaps”’, that map quantum channels into quantum channels.

Let us consider a preparation of a state C; followed by a measurement A;,

which we represent as
(A,
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Note that the measurement follows the preparation in the composition order.
But if we recall that C; is a quantum operation, namely a box with an input
and an output line, in quantum theory such a diagram will look like

Note that the effect A; is split in two parts: one is before the quantum oper-
ation and the other is after, otherwise we could not have a diagram with no
external lines. Since this diagram is a diagram in quantum theory, which is
causal (see below), the order of sequential composition coincides with tem-
poral order. Therefore, in the theory in which states are quantum operations,
the preparation of a state is influenced by a subsequent measurement.

We will restrict ourselves only to causal theory. This is essentially the
causality requirement (or axiom).

Now it is possible to talk about conditional probabilities: p;; = (a;|p;) is
the probability of getting outcome 7 if the prepared state was .

However, definition is not so practical to work with, although it is
operational. We will mostly use the following characterization.

Proposition 2.3.3. A theory is causal if and only if for every system A
there is a unique deterministic effect (e|,.

Proof. Necessity. Suppose, by contradiction, that there are two deterministic
effects e and €’ for system A. Deterministic effects are particular examples
of observation-tests. Eq. then states that (e|p;), = (€/|pi), for every
pi € St(A). This means that e = €.

Sufficiency. Suppose there is a unique deterministic effect e for system
A, and consider the observation-test {aj}jey. Doing a coarse-graining over
the effects, we obtain the deterministic effect ¢/ = ZjeY a;. Since the de-
terministic effect is unique, it must be ¢/ = e. Hence, for every state p;, we

have
Z (ajlpi) = (elpi),

jEY
and the right-hand side does not depend on the choice of the observation-test.
This means that theory is causal. O

We have noticed that if we perform a coarse-graining over the effects in
an observation-test, we have a deterministic effect. By uniqueness of the
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deterministic effect, we have that if {a;},_ is an observation-test on system
A, then Y ._a; = e, where e is the deterministic effect of A. This is a
necessary condition for {a;}, .y to be an observation-test. In section [3.2] we
will see that it is also sufficient if the theory satisfies another requirement:
the purification postulate.

We saw in example that in quantum mechanics there is only one
deterministic effect, the identity operator. Hence quantum mechanics is a
causal theory.

Let us see a straightforward corollary of uniqueness of the deterministic
effect.

Corollary 2.3.4. Let A and B be two systems. In a causal theory, if (e|,
and (e|g are the deterministic effects of systems A and B respectively, then
the deterministic effect for system AB is (e|, (e|g.

Proof. The parallel composition of two single-outcome tests is clearly a single-
outcome test, hence the effect (e|, (el is deterministic and acts on AB. By
uniqueness of the deterministic effect, we conclude that (e[, 5 = (e, (e]g. O

In a causal theory, we can define marginal states. Suppose we have a
bipartite state of system AB and we are interested in the state of subsystem
A. We want to throw away all the information concerning system B. This
operation resembles marginalization in probability theory, whence the name.
In quantum mechanics, this operation is simply taking the partial trace over
B.

Definition 2.3.5. The marginal state (marginal for short) |p), on system
A of a bipartite state |0),p is obtained by applying the deterministic effect

to B: |P)A = (€|B |U)AB

= (ol

In a causal theory, we have also useful properties for the characterization
of channels and tests.

Proposition 2.3.6. Let C € Transf (A,B). C is a channel if and only if

(el € = (el
A A . B - — _A -
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Proof. Necessity is straightforward. Since a channel is a deterministic trans-
formation, then (e|;C is a deterministic effect on system A. By uniqueness
of the deterministic effect, (e|gC = (e],.

Sufficiency. Suppose we have a test {C;},.y from system A to system
B such that C := Cj, fulfils (e|;C = (e[,. We want to prove that {C;},.
is actually a deterministic test. Let us consider the channel C’ associated
with the test {C;},cx, namely C' = ).  C;. Since C’' is a channel, we have
(e|[gC" = (e|,. Recalling the expression of C’, we have

(el = (el C" = (el Ciy + (elg Y Ci = (el + (el Y Ci,

i#io 1710

because (e[ Ci, = (e[,. This means (e|g >, ,; C; = 0, namely >, C; = 0.
Therefore C = C’, whence the test was in fact deterministic. Thus C is a
channel. O

In particular, if A is the trivial system, we have that a state |p)g is
deterministic if and only if (e|p), = 1. Moreover, for every test {C;},.y from
A to B, we can consider the associated channel ) ._ C;. Therefore we have

> (elp Ci= (el

1€X

This is a necessary condition. We will prove that in theories with purification
it is also sufficient.

In a causal theory we have no signalling. This means that if we have a
bipartite state, it is not possible for a party to communicate the outcome of
a local measurement on its system to the other without exchanging physical
systems.

Theorem 2.3.7. In a causal theory it is impossible to have signalling without
the exchange of physical systems.

Proof. Suppose we have two distant parties, Alice and Bob, that share a
bipartite state |0),5. Suppose Alice performs a local test {A;},. on A
and Bob performs a local test {B;}, ., on B. Let us define the joint prob-
A _

ability p;; = (e|,gAi ® Bj|0o),p and the marginal probabilities as p

B
> jey (€lyp A ® Bjlo),p and p§- )= > iex (€lap Ai ® Bj|0) s Each party
cannot acquire any information about the outcomes of the other party based
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only on its margmal probability. Indeed, let us examine Alice’s marginal
probability pZ ) better. Let |p)  be the marginal state of |0),5 on system A.

P = (elap Ai @ Bj o) yp = (el (el Ai @D Bi o) ap

Jjey JjeYy

= (e[ Ai® ((6|B ZBJ> |0)ap = (€ly Ai @ (el [0) op =

JeEY
= (e[s Ailp)a

We see that Alice’s marginal probability does not depend at all on the test
performed by Bob, so she cannot get any information about the outcome of
Bob’s test based only on her system.

A similar reasoning applies to Bob’s party: he cannot gain any informa-
tion about the outcome of Alice’s test. O

Since in a causal theory the order of composition coincides with the order
in which information flows, we may choose a later test according to the
result of a previous test. Suppose we perform first a test {C;},.y from A to

B. According to the outcome i, we then perform different tests {DJ(Z)}
7 szY'

from B to C. Here the superscript in round brackets is aimed at highlighting
the dependence of the test on the outcome of the previous test. Let us make
this concept more precise with the following definition.

Ji

is a test from B to C, then the conditioned test is a test from A to C Wlth
outcomes (i, j;) € Z := J,cx {i} x Y; and events { ;o Ci}( s
1 7]7{ EZ

Definition 2.3.8. If {C;},_y is a test from A to B and, for every i, {D(i)}

The graphical representation is as usual.

A (4) C . _A [/ B (@) |_cC
Dji oG T |&| Dji

Conditioning expresses the idea of choosing what to do at later steps using
classical information about outcomes obtained at previous steps.

A particular case of conditioning is randomization, which we will use
extensively hereafter.
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Definition 2.3.9. If {p;},. is a set of probabilitieﬁ and, for every i,

{C@}' is a test from A to B, we can construct the randomized test

{piCj(»_i)} , which is a test from A to B whose events are defined as
¢ JieX,jey;

A (4) | B
Al B . Cii
Di Cji

2.3.1 Operational norms

In this subsection we want to introduce norms for states, effects and trans-
formations. These norms have a direct relationship with the issue of distin-
guishing states, effects and transformations.

Definition 2.3.10. Let p € St (A). We define the norm of p as

ol := (elp) -

It can be shown that this norm is related to the issue of distinguishing
states, so it has an operational meaning [39].

Clearly we have 0 < ||p|| < 1, because of the probabilistic interpretation
of the action of effects on states. We have the following proposition.

Proposition 2.3.11. One has

ol = Jnax (alp) .

Proof. Let us consider an observation-test {a;},.y on A, and let a := aj,.
We have } .\ a; = e, then

ol = (elp) = (ailp) + (alp) .
i#ig

Since this is a sum of non-negative numbers (each term is a probability),
then (alp) < ||p||- Since a is arbitrary, the thesis follows. O

6Recall that a set of probabilities can be seen as a test from the trivial system to itself.
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Definition 2.3.12. A state p such that ||p|| = 1 is called normalized.
We denote the set of normalized states of system A by Sty (A).

Normalized states have an operational meaning, expressed by the lemma
below.

Lemma 2.3.13. In a causal theory, a state is normalized if and only if it is
deterministic.

Proof. Tt is a trivial corollary of proposition [2.3.6] as we have already noted.
]

Example 2.3.14. In quantum mechanics, we have

o[l = tr1p = trp.
Therefore normalized states are density operators (the trace is equal to 1).

For every state p, we can consider the normalized state

__ P
p=—".
ol

This means that we can perform a rescaled preparation. Suppose we have the
preparation-test {p;}. Clearly ||p;|| < 1 and one has equality if and only if this
is a single-outcome preparation-test. Even in the case of multiple outcomes, if
we have the state p;,, we can promote it to a normalized state p, . This means
that in a causal theory, each preparation-event can be promoted to a single-
outcome preparation-test, that is a deterministic state. This characterization
of causal theories in terms of rescaled preparations is so strong that it is a

sufficient condition for causality.

Lemma 2.3.15. A theory where every state is proportional to a deterministic
state, that in general depends on the particular state we are considering, is
causal.

Proof. Let p be a generic state of system A. Suppose, by contradiction, there
are two deterministic effects e and €’ for system A. By hypothesis, p = kp,
where p is a deterministic state and in general it depends on p. Since p is
deterministic, the composition of p with e and €’ is the deterministic effect
of the trivial system, which is 1. Then,

(elp) =k (elp) = k =k (¢'[p) = (¢'lp) -

Since p is arbitrary, e = ¢’ and the theory is therefore causal. O
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In a causal theory, every non-normalized state p; can be written as p; =
pip, where p; € [0,1] and p is a normalized state. Clearly, p; = | p;||, but
since p; € [0,1], we can regard p; as a randomization of the deterministic
state p. Indeed, the norm of a state is the probability of preparing that
state in a given preparation-test, as in quantum theory (recall section .
Recall the fact that (e|p;) gives the conditional probability of e given p;.
Since e is deterministic, the probability comes only from the preparation of
p;- Therefore states with vanishing norm cannot be prepared, so they are
not true states.

The norm of states satisfies the following property.

Proposition 2.3.16. If C € Transf (A,B) is a transformation and p €
St (A), then

ICollg < Iplla
and one has equality if and only if C is a channel.

Proof. By definition, ||[Cp|lg = (e|gC |p),. Since (e|z C is an effect of system
A, we have (€ C |p), < (e|p),. Then we have [IColly < [l
By proposition C is a channel if and only if (e|3C = (e, , then

ICrllg = (elgClp)a = (elp)a = llPlla -
O

Extending the norm to every element of Stg (A), we can use it to define a
topology. In particular, consider the closure of St (A). It is the set of points
of Stg (A) such that there is a sequence of states converging to them. In
other words, every point in the closure of St (A) can be approximated with
arbitrary precision by physical states. It is then sensible to assume that every
closure point of St (A) is a state, therefore St (A) is closed.

Assumption 2.3.17. For all systems A the set St(A) is closed.

Lemma 2.3.18. If a probabilistic theory is not deterministic, then St (I) =
[0, 1].

Proof. Let us prove that the closure of St(I) is [0,1]. If the theory is not
deterministic, there is a binary test {po, p1} from the trivial system to itself.
This test can be thought as a biased coin, and tossing this coin many times,
according to the law of large numbers, we can obtain an arbitrary approxima-
tion of a coin with any bias p € [0, 1] (for further details see [39]). This proves
that St (I) is dense in [0, 1]. Since St (I) is closed, then St (I) = [0, 1]. O
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We can define also a norm for effects. The simplest way is the following,
close to the statement of proposition [2.3.11

Definition 2.3.19. Let a € Eff (A). We define the norm of a as

lall := sup (alp).
pESt(A)
Even in this case 0 < |la|]] < 1. Clearly, for the deterministic effect,
llell = 1, because (e|p) = 1 if p is normalized.
We can also define a norm for general transformations [39)].

Definition 2.3.20. Let C € Transf (A, B). We define the norm of C as

Il = sup sup [Colyc
C peSt(AC)

We have to add an ancillary system C and to calculate the supremum over
the states p of AC of the norm of Cp. Eventually, we take the supremum
over all possible ancillary systems.

We will prove later that also the sets of transformations is closed.

After having defined such norms, it is possible to prove that the sets of
states, effects and transformations are convex in a non-deterministic causal
theory.

Proposition 2.3.21. If a causal theory is not deterministic, then for all
systems A and B, the sets St (A), Eff (A) and Transf (A, B) are convex.
Moreover, even Sty (A) is conver.

Proof. Let p € [0,1]. Since we proved that St (I) = [0, 1] for a non-deterministic
theory (see lemma , p € St(I). Let {C;},cx and {D;},_, be tests from
A to B. By randomization, we can consider the test {pC;};c xU{(1 — p) D;}, -
By coarse-graining, the convex combination pC; + (1 — p) D, is still a trans-
formation from A to B. Taking A or B equal to the trivial system, one has
the thesis for states and effects.

Let us prove that any convex combination of normalized states is a nor-
malized state. Let p and o be two normalized states of system A. Then

lpo+ (1 —p)all = (elpp+ (1 —p)o) =p(elp) + (1 —p) (e|lo) =

=p+1l-p=1
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This proposition shows that convex combinations of (normalized) states,
effects and transformations are still (normalized) states, effects and trans-
formations respectively. Clearly, pure states, pure effects and pure trans-
formations are the extreme points of such sets.

Let us focus on the set of normalized states. We want to show that
convex combinations of normalized states do not have only a mathematical
meaning, but can be realized from an operational point of view. Suppose we
have p, = ppo + (1 — p) p1, where po, p1 € Sty (A). We can prepare p, from
an operational point of view using the following procedure.

1. First of all, we perform a binary test in some arbitrary system with
outcomes {0, 1} and outcome probabilities po = p and p; =1 — p.

2. If the outcome is ¢, then we prepare p;. In this way, we realize the
preparation-test {popo,p1p1}. Note that each state is not normalized
because it is not deterministic: the state p; is prepared with probability

Di-

3. Finally, we perform a coarse-graining over the outcomes, getting p, =
ppo+ (1 =p)p1.

In the following, we will mainly focus on normalized states, because every
non-normalized state can be reduced to a normalized state. A coarse-graining
of normalized states is a non-trivial convex combination of them. Clearly,
pure states admit only trivial convex decompositions.

Every convex decomposition of a state p reflects a particular way of pre-
paring p. We can give the following definition.

Definition 2.3.22. Let p be a normalized state. We say that a normalized
state o is compatible with p if we can write p = po+(1 — p) 7, where p € (0, 1]
and 7 is another normalized state.

The set of all normalized states compatible with p is called the face iden-
tified by p, and we will denote it by FJ,.

The states in the face identified by p are states that refine p.

Example 2.3.23. In quantum mechanics, given p, the states compatible
with p are density operators whose support is contained in the support of p,
because they refine p.
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Clearly, a state o is compatible with p if it is in some convex decompos-
ition of p. This means in particular that all pure states are incompatible
with each other, otherwise we would have a pure state that comes from a
coarse-graining of other pure states, which is absurd. Therefore, if ¢ is pure,
then Fw = {77/1}

A completely mixed state w, instead, is a state such that every normalized
state is in the face identified by w. In symbols, F,, = St; (A).

Lemma 2.3.24. A state w € Sty (A) is completely mized if and only if
Span (F,,) = Stg (A).

Proof. Necessity is straightforward. If w is completely mixed, we have F, =
Sty (A), therefore St (A) C Span (F,,). Since Span (St (A)) = Stg (A), one has
the thesis.

Sufficiency. Suppose we have Span (F,) = Stg (A). Then, for a generic
normalized state p, one has p € Span (F,). Hence it can be written as a
linear combination of n states compatible with w, p =" | a;p;, where a;’s
are real numbers and p; € F,, for every i, but we do not assume that p;’s are
normalized. Since p; € F,, we can write

w:pi+0-i7

where o; is another state. Therefore

1 n
W—E;(Pﬂrai)-

Let us define 0 := w — pp, where p := ﬁ and a := max; {a;}. Clearly a >0
because Y ., a; ||p;|| = 1, so there must be at least a positive coeflicient a;.
Moreover, since ||p;|| < 1, we have

n n
1= Zai [pil| < Z%
1 =1

1=

therefore clearly it must be a > %, otherwise it could not be > " ; a; > 1.

Hence 0 < p < 1. Recalling the expressions of w and p in terms of the p;’s,
one has

n n

] — 1 1 i

=1 =1
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Clearly, 5t < %, so 13t is positive. Taking the normalized state o associated
with o, we have that 7 is a convex combination of states, so it is a state. This
shows that w is a coarse-graining of p and @ (w = pp + (1 — p) 7), therefore

p € F,,. Since p is arbitrary, w is a completely mixed state. O]

Clearly, every mixed state can be ultimately decomposed into a convex
combination of pure states, since the ultimate refinement for a mixed state
comes from pure states.



Chapter 3

The purification postulate

In this chapter we analyse the purification postulate, the analogous of the-
orem [L.1.6] Here we will treat it as a postulate. In [40] it has been shown
that the purification postulate is the key feature of every quantum theory. Tt
expresses the idea that every physical process (even processes of stochastic
nature!) can be ultimately described in terms of pure and reversible pro-
cesses. In this way, the ignorance about a part is always compatible with
maximal information about the whole [15]. This makes the purification pos-
tulate one of the main requirements to build foundations of thermodynamics
and statistical mechanics [12].

The purification postulate is a principle of conservation of information:
we can always recover maximal information by enlarging the system con-
veniently. This means that information was not destroyed, but was simply
discarded because we considered a too small system. If we consider pieces
of information contained in physical systems as fundamental blocks forming
our world, then conservation of information is a reasonable requirement.

We will see that the purification postulate is the ultimate reason for
the validity of extension theorems, such as those presented in chapter
(Naimark’s theorem, Ozawa’s theorem, etc.).

3.1 The purification postulate

In this section we will introduce the purification postulate and we will derive
its first consequences.

Definition 3.1.1. Let |p), be a normalized state of system A. A purification

67
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of |p) , is a normalized bipartite pure state |¥), such that (e|g |V) g = 0)a-
Using diagrams,

ase

System B is called purifying system.

B-'

In other words, to purify a state, we must add an ancillary system B,
that acts as environment, and we must consider a pure state of this bipartite
system such that if we discard the ancillary system, we find the original
state. Therefore, every normalized bipartite pure state is a purification of its
marginals.

Clearly, it is not always possible to purify states. In classical theory, a
bipartite state is pure if and only if it is the product of two pure states, hence
it cannot have mixed marginals. Therefore, in classical theory, mixed states
cannot be purified.

Remark 3.1.2. The notion of purification must be kept well distinct from
the similar notion of extension. An extension of p € Sty (A) is a normalized
bipartite state ¢ € St; (AB) such that (e|g|0),g = |p),- A purification is
clearly an extension, but we require that the bipartite state is pure, whereas
for a generic extension the state could in principle be mixed.

When we purify a state |p),, we can associate a state of B with it: it is
enough to take the marginal of the purification on the purifying system B.

Definition 3.1.3. Let |¥),; be a purification of |p),. The complementary
state of |p), is the state [p)g € Sty (B) defined as [p)g = (e, |¥V)ap, OF

A e
@ = (o[

Clearly, if |V),p5 is a purification of |p),, if we apply a local reversible
channel Uy on the purifying system, we get another pure state |U’),5 by
lemma 2.2.8] Besides, [¥),} is such that (e[ ),z = |p), because Ug is a
channel. Hence, |U’),5 is another purification of |p),. Now we have all the
ingredients to state the purification postulate.

Axiom 3.1.4. Every state has a purification, unique up to reversible chan-
nels on the purifying system.
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In other words, purification postulate states that if we have two purific-
ations |V),p and |U’),, of the same state |p),, they are related by a local
reversible channel on the purifying system B. Using diagrams, if

A A
@: @
A

- (g

A straightforward consequence of uniqueness of purification up to revers-
ible channels is that the complementary state of a state |p), is unique up to
reversible channels. Indeed if we have two purifications |¥),5 and [¥V') 5,

then

A A
\Il/ B = \I] B . B s
C C —.—U
and taking the deterministic effect on A, we have

Now we prove an important result for theories with purification, which
we will often use hereafter.

Proposition 3.1.5. For any couple of pure states 1, 1)' € Sty (A) there is a
reversible channel U on A such that ¢ = U.

Proof. Every system is a purifying system for the trivial system [. Then
1 and ¢’ are purifications of the same deterministic state of trivial system
(which is number 1), therefore

I . r
@L:@A.A’

and recalling that we can omit the lines for the trivial system, because [A =

A, we finally obtain
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In other words, the action of the group G, is transitive on pure states of

system A.

Now, we would like to see what we can say if we have two purifications
of the same state, but with different purifying systems.

Lemma 3.1.6. Let ¥ € St; (AB) and V' € Sty (AC) be two purifications of
the state p € Sty (A). Then there exist a channel C € Transf (B, C) such that

@

Moreover, C has the form

B.C

A

BC

B

(po <

C

o

U

for some pure state vy € Sty (C) and some reversible channel U on system

BC.

Proof. Let |n)g and |¢g)s be arbitrary normalized pure states of system B
and C respectively. Then [¥'),|n)g and [¥),p @) are two purifications
of p with the same purifying system BC. Indeed,

A A
A v C g
- =\l = C—-
. €
According to the purification postulate, we have
A A
/
[\I/ c_ _ [\IJ B C
U

Taking the deterministic effect on system B we have the thesis, where

B.C:

B

(po FE

C

B@'

U

Note that C is a channel because U is a channel, although, in general, C is

not reversible.

]
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Now, let us move to analyse how we can induce a particular preparation
of a mixed state by performing a measurement on the purifying system. This
is an extremely important result, that will be used extensively throughout
this work.

Theorem 3.1.7 (Steering property). Let p € Sty (A) and let ¥ € St; (AB)
be a purification of p. If {pi},cx is a preparation-test for system A such that
Y icx Pi = p, then there exists an observation-test {b;},. on the purifying
system B such that

pi A = | @ .

Proof. Let us consider | X| normalized pure states {;},. y of some system C
such that there is an observation-test {c;},.y C Eff (C) such that (c;|p;)q =
;5. Now, let us consider the state o := > ._ p; ® ¢;, which is clearly
an extension of p (to see it it is enough to take the deterministic effect on
system C). Let us consider a purification |®),.y of |0),o with purifying
system D. |®),.p is also a purification of p, with purifying system CD.
Then [p;), = (¢il¢|0) ac, and

- Qi (-

e

= [0)) ,
(om
where (V}|op = (ci|c (e|lp- So, we found a particular purification of p with
a special purifying system such that we can obtain every p; by applying a
suitable effect on the purifying system. Now we want to prove that this

holds for every purification of p. If |¥), is another purification of |p),, by
lemma [3.1.6] we have

A A
— A _ _ _
ECD@BCD
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A
g
2 {5)

where b; is an effect on B defined as (b;|g := (b}|p C- O

In other words, working with normalized states, suppose we have the
following convex decomposition of p = > ._\ pip;, where p; is normalized
for every + € X. We can prepare each state p; with the corresponding
probability p; by taking a purification of p and applying a suitable effect
b; on the purifying system. We express the fact that p; is prepared with
probability p; by considering the non-normalized (or randomized) state p;p;.

A

= (5D

Recall that a state lies in a convex decomposition of p if and only if it is in
the face identified by p. Therefore, we can say that a state |o), is compatible
with |p), if and only if, given a purification |¥), of |p),, one has

A
AN A~ = | T ,
C
where b, is an effect in the purifying system B and A € (0, 1].

We might wonder: how large should the purifying system be? A first
answer comes from the following corollary of the steering property.

Pi-—A :G

Corollary 3.1.8. Let p € Sty (A) and let ¥ € Sty (AB) be a purification of
p. Then we have the following bound on the dimension of the vector space
associated with the purifying system B

dim Stg (B) > dim Span (F,) ,

where F, is the face identified by p.
In particular, if p is completely mized, then

dim Stg (B) > dim Sty (A).

Proof. Let us consider the map f from Effg (B) to Stg (A) such that b —

(blg | W) sp- According to the steering property, the range of f contains F),
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because every effect on the purifying system induces a state of A compatible
with p. In general, dimRan f < dim Effg (B), a fortiori dim Span (F,) <
dim Effg (B). Since Effg (B) is the dual space of Stg (B), they have the same

dimension, whence
dim Stg (B) > dim Span (F,) .

If we have a completely mixed state, by lemma [2.3.24, Span(F,) =
Stg (A), whence

]

This means that in the completely mixed case, the purifying system must
be at least as large as system A. Note that this result is equivalent to
corollary for quantum mechanics.

Now we move to other aspects of the purification postulate.

Definition 3.1.9. We say that two transformations A, A’ € Transf (A, B)
are equal upon input of the state p € Sty (A) if Ao = A'o for every state o
compatible with p. In this case we will write A =, A’

This means that in quantum mechanics two quantum operations are equal
upon input of the density operator p if they coincide on every density operator
whose support is contained in the support of p.

In general, we can prove the following proposition. Loosely speaking, one
has that equality on purifications implies equality upon input.

Proposition 3.1.10. Let p € Sty (A) and let ¥ € Sty (AB) be a purification
of p. If A and A’ are two transformations from A to C such that A|W¥),5 =
A'|U) g, then A=, A'.

Proof. By the steering property, a state o € Sty (A) is in the face identified
by p if and only if there exist an effect b, on the purifying system B such

that N
v = Do @L )
b

where p, € (0,1]. Hence, we have A =, A’ if and only if Ac = A’c, namely
if and only if

L - @—- DI
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Clearly, if A|¥),5 = A'|¥),p, then equality in (3.1) holds, therefore we
conclude that A =, A'. O

This proposition shows that if two local transformations are equal on a
purification of a given state, then they are equal upon input of that state.
Is the converse true? In other words, if two transformations are equal upon
input of p, do they yield equal outputs if applied to a purification of p?

The answer, in general, is negative. The answer is affirmative for theories
that fulfil local discriminability, but, for instance, in quantum mechanics with
real Hilbert space, this property fails [44].

However, the converse of proposition holds for effects. Essen-
tially, the reason is that only one system is enough to distinguish effects,
whereas, we need an ancillary system for general transformations (see sub-

section [2.1.3]).

Proposition 3.1.11. Let p € Sty (A) and let ¥ € Sty (AB) be a purification
of p. If a and o' are two effects on A, then one has (al, |V) g = (¢'|5 |¥V)Ap
if and only if a =, a'.

Proof. Necessity was already proven in proposition it is enough to
take C to be the trivial system I.

Let us move to sufficiency. Suppose a =, «’. This means that (a|o) =
(a'|o) for every normalized state o compatible with p. By the steering prop-
erty, for every effect b, on B, we get a state o compatible with p.

A
v =p, @14,
C

where p, € (0,1]. Hence, if a =, @/, then

@A@_\DA

Since this equality holds for every effect b,, we conclude that

S (D
CL=- (L

that is (al, [¥),p = (0|5 [¥) - H
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Now we move to a particular type of states.

Definition 3.1.12. We say that a state p € Sty (AB) is dynamically faithful
(faithful for short) for system A if, for any A, A" € Transf (A, C), we have
A=A"if Alp)ag = A |p)sp-

In this way, we can discriminate two transformations acting on A by
checking their action on a dynamically faithful state for A. Note that the

faithful state is not a state of A, but we must consider an ancillary system
B.

Proposition 3.1.13. If a pure state |V) g is faithful for system A, then its
marginal w on A is completely mized.

Proof. Consider two distinct effects a,a’ € Eff (A). Then, since |¥),y is
faithful, (al, |V)ag 7 (@[5 [¥)ap- (aly |¥)sp and (d'|, [¥),p are states of
system B, therefore there is an effect b on B such that

on-Hon -]

Let us define p, € Sty (A) as

pb-_A = @

B E )
where p, € (0,1]. By construction, p, € F,,, being w the marginal of |¥),, on
A, and (a|py) # (a'|py). This means that F,, is a separating set for Effg (A)

(i.e. its elements are able to distinguish between elements of Effg (A)). This
means that F,, is a spanning set for Stg (A), hence w is completely mixed

(see lemma [2.3.24)). O

Once more, to state the converse, namely that if a state is completely
mixed then a purification is faithful, local discriminability is necessary [40].
Nevertheless, we can state the following proposition.

Proposition 3.1.14. Let |V¥),5 be a bipartite pure state with a completely
mized marginal |w), on A. If A, A" € Transf (A, C) and A V) g = A" |¥V) 5,
then Al|p), = A" |p), for every p € St(A).
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Proof. If A, A" € Transf (A, C) are such that A|V),; = A" |V),5, then, by
proposition [3.1.10} this implies A =, A’. Since w is completely mixed, we
have A|p), = A’ |p), for every p € St (A). O

However, if we content ourselves with faithful states for effects, we can
prove a complete equivalence between faithful states and completely mixed
marginal.

Definition 3.1.15. We say that a state p € Sty (AB) is faithful for effects
of system A if, for any a,a’ € Eff (A), we have a = d’ if a|p) g = d'[p) ap-

We can distinguish between two effects by checking their action on a
faithful state for effects. The purification postulate guarantees the existence
of pure faithful states for effects.

Proposition 3.1.16. A pure state |V), g is faithful for effects of system A
if and only if its marginal |w), on A is completely mized.

Proof. We already proved necessity in proposition 3.1.13} a faithful state is
clearly a faithful state for effects.

Sufficiency. Suppose w is completely mixed. We proved in proposi-
tion that (alp) = (d'|p) for every p € St(A). This means that

a=ad. O

3.2 Choi correspondence

In this section we analyse an important correspondence between states and
transformations. Although it may seem a technical result at first glance, it
has a lot of important implications. The basic ingredients are purifications
of completely mixed states.

Definition 3.2.1. If ¥ € St; (AC) is a purification of a completely mixed
state of A, for every transformation C € Transf (A, B), we define the Choi

state Re € St(BC) as
: B

In other words, |R¢)po = C|V)sc-
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Lemma 3.2.2. Let {R;}, . be a preparation-test for system BC such that

PGS w

C 9

where |V), is a pure state. Then, there exist a system D, a pure state
o € Sty (BD), a reversible channel U on system ABD and an observation-
test {d;};cx on system D, such that

D D
d; )
20
CB ( 2 {y A
RiC: A B ’
@
C

Proof. Let |Ug)pp be a purification of the coarse-grained state R = ), R;,

with purifying system D.
B _ [
Vg =R g
C
Let us take the deterministic effect on B. Recalling (3.2)), we have

O B e A e
. B:@@
C

for any outcome i € X.

C

Hence |V ) ppe and |¥) 4 have the same marginal on system C. By lemmal[3.1.6]
there exists a channel C from A to BD, defined as

D D
0o |-BD A e 0
g - & uBDD=(° by Ao,

A B




CHAPTER 3. THE PURIFICATION POSTULATE 78

for some pure state ¢y € St; (BD) and some reversible channel & on ABD;

such that
BD : A . BD

D D

D ®o

. CBMA@
A B ’

C

- (L

Now, according to the steering property, there exists an observation-test

{di},cx on D such that
: B
Ri c = \IJR B

We immediately get the thesis.

(Ricz A B

Then

Vg

We have the following important theorem.

Theorem 3.2.3 (Choi correspondence). If C € Transf (A, B), the map C —
Re, for a given purification |V),. of a completely mized state of A, has the
following properties.

1. It defines a surjective map between tests {C;},.x from A to B and
preparation-tests {R;},. of BC, such that

> (els|Ri)pe = (el [¥)ac- (3:3)

i€eX

The map is bijective if |V), is faithful for A.
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2. The transformation C is pure if and only if Re is pure.

3. The map C — Re, from Transf (A, B) to bipartite states |R)go of BC
such that (e|g |R)ge € Fz, where |0)q = (e]y |V) ¢ is surjective. It is
bijective if |V) o is faithful for A.

Proof. Let us prove the three items.

L. Let {Ci},cx be a test from A to B; it must be Y ._\ (e|gCi = (e],.
We can consider the preparation-test {R;},.y, made up of Choi states
associated with C;’s, with R; := Re,.

T - (B
R; c — | ¥

— -
Clearly, it holds

S (22 -y (4 GO
vt cC

i€X 1€X

A e
:@ Lo

C Y

because >,y (e|gCi = (e|,. Hence, eq. is fulfilled. We have
just shown that we can associate a preparation-test of system BC with
every test {C;};,.y C Transf (A, B). If two tests {C;},.y and {C;},.  are
such that Re, = Rer for every i € X, then C;|p), = Ci[p), for every
p € St(A), according to proposition [3.1.14} If |W),, is faithful for A,
then {Ci},cx = {Ci},ex-

Let us now prove the converse, namely that we can associate a test
from A to B with each preparation-test {R;}, . on BC that satisfies

eq. (3.3). In this case, by lemma [3.2.2] there exist a system D, a pure
state ¢y € Sty (BD), a reversible channel on ABD and an observation-

test {d;},cy on D such that
D D dz )
%o
Hu 1o

B
(RiC: A B
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for any outcome i € X. Now we define a test {C;},.y from A to B,

where 5 5 @
A B
In this way,

B A,C_Z‘lB
(R@- - 26 G
— C

and therefore item [I] is proven.

2. Ttem [2] is a straightforward consequence of item [I Necessity is trivial,
because if C is pure, then R is pure too, by pure conditioning, being
the composition of a pure state with a pure transformation. Conversely,
if Re is pure, C must be pure, otherwise we would have a non-trivial
refinement of Re.

3. Consider the Choi state R¢ associated with C € Transf (A, B). If we
take the deterministic effect on system B, we have

@B@_C
¢ | ¢ = |V

C

Now, (e| C is an effect on A, so, according to the steering property, it
will induce a state of C which is in the refinement set of the marginal
of |¥),. on C, that is |@).. As in item [I, we do not have injectivity,
because if C and C’ are two transformations such that R = Re we can
conclude only that C|p), = C'|p), for every p € St(A). If |¥), is
faithful for A, then C =C'.

Let us prove surjectivity. Consider |R)p such that (e|g |R)p is com-
patible with |&),. This means there exists a preparation-test {w;},.
for system C such that & =) . w; and (el |R)go = |@iy) for some
iop € X. Now, consider an arbitrary set of normalized states {p;},. of
system B and consider the collection of states {R;},.y of system BC,
defined as R;, := Rand R; := p;Qw; if i # ip. {R;},.y s a preparation-
test, and it can be obtained by randomization of the normalized states
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R; = gz” with probabilities ||R;||. Let us check if {R;},  satisfies

eq. (3.3). We have

Z elg |Ri)p Z|ch—|w

1€ X 1€X

because (e|g |R)pe = |Wiy)c and (el |Ri)pe = |wi)o also for @ # . By
definition, |@)y = (€] |¥)q, 50 eq. (3.3) is fulfilled. Therefore, using
item |1, there is a test {C;},., € Transf (A,B) such that R; = Rg,.
In particular, R = R;, = Re, . Thus, we managed to associate a
transformation C := C;, with the bipartite state |R)g.

]

We see that the map is almost bijective, because it may happen we
can associate two tests {C;},.y and {C;},. with the same preparation-
test {R;};,cy. However, these two tests are almost equal, because we have
Cilp)y = Cllp), for every p € St(A) and for every ¢ € X. If the theory
satisfies local discriminability, then this is enough to conclude that C; = C.,
but in general this is not true.

Clearly, the surjective map from states St (BC) to transformations Transf (A, B)
can be extended to a linear map from the vector space Stg (BC) to the vector
space Transfg (A, B). This shows that dim Transfg (A, B) < dim Stg (BC), so
Transfr (A, B) is a finite-dimensional vector space too.

Now let us come to the implications of Choi correspondence. An imme-
diate corollary states that the characterization of tests and observation-tests
presented in section is also sufficient.

Corollary 3.2.4. Let {C;},.y € Transf (A, B) be a collection of transforma-
tions from A to B. {Ci},.y is a test if and only if

Z (elg Ci = (el4 -

ieX

Proof. We already proved necessity in section [2.3]

Sufficiency. Consider the Choi state associated with the transformation
Ci, |Ri)pe = Ci|V),sq, where |¥), . is a purification of a completely mixed
state of A. Clearly {R;},_ satisfies eq. by hypothesis, so we can associ-
ate a test with {R;},. y, such that R; is the Choi state associated with C; for
every i € X. But we already have that {C;},.y produces {R;}, y, therefore
{Ci}icx is a test. O
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In particular, we have that {a;},. v € Eff (A) is an observation-test if and
only if } . a; = e (here we have B = I).

Other corollaries show that every transformation comes from a reversible
channel on a larger system. This is the abstract versions of Ozawa’s theorem
in quantum mechanics [21].

Corollary 3.2.5. If the theory admits a faithful pure state for A, for every
test {Ci},cx from system A tlo system B, there exist a system E, a pure
state po € Sty (BE), a reversible channel U on ABE, and an observation-test
{citicx on system E such that for every i € X one has

e GRS
AB: BUA@_

A B

Proof. Let |V), be a faithful pure state for system A. Let us consider the
Choi states |R;)p associated with C;’s. We know that ).\ (e|g |Ri)gc =
(els |¥) s According to lemma [3.2.2] there exist a system E, a pure state
vy € Sty (BE), a reversible channel &/ on ABE, and an observation-test
{ci}icx on system E such that for every i € X one has

E E g,
®o B A D
( U Ao

B
[RiC: A B

We define “ ‘
G )
®o
i =C U o
A B
whence

B ADiB
e - [

But |R;)gc = Ci |¥) zq, SO we have

LB (L
U = |V

C
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Since |¥), is faithful for system A, we conclude that C; = D; for every
1 € X, whence the thesis follows. n

We can treat immediately two particular cases. The first case is when
we have a deterministic test, i.e. a channel C from A to B. In this case, we
replace the observation-test on E with the deterministic effect.

E E@
—Hc =@B U 1o,

A B

for some system E, some pure state ¢y € St; (BE) and some reversible channel
U on ABE. This is the abstract version of Stinespring’s theorem [20].

The second case is when we have an observation-test {a;},.y on A. In
this case, system B is the trivial system, and

E E R
sy = QT

A A

for some system E, some pure state ¢y € Sty (E) and some reversible channel
U on AE. This is the abstract version of Naimark’s theorem for quantum
mechanics [19].

We see that the purification postulate is the actual reason that enables
us to prove these important theorems even in an abstract scenario.

Actually, there is another characterization of observation-tests, which
holds also when there are no faithful pure states for system A. We will
use this characterization to diagonalize mixed states in chapter o

Corollary 3.2.6. For every observation-test {a;},.y on A, there is a system
B and a test {A;};c C Transf (A, B) such that every A; is pure and (a;|, =
(elg A

@) = A{Aal{o

Proof. Let |¥),. be a purification of a completely mixed state of A. Let
|R;) be the Choi state associated with (a,|,.

A g,
e - (o[ 5.
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Let us consider a purification |¥;)p of |R;)o. If we take the deterministic
effect on B, and we sum over i, we have

> (u] =y G- -

1€X 1€X

:Z v A= ] A-.
C

C

i€X
Therefore, since |¥;)gq’s fulfil eq. (3.3)), by Choi correspondence there exists
a test {A;},cy C Transf (A, B) such that

B AAiB
GrOnem

where every A; is pure because |¥; ) is pure (see theorem [3.2.3). If we take
the deterministic effect on system B, we get

@C ::g :

Recalling the definition of R; (eq. , we have

- (L2
\\/ .

C

Since |V),. is faithful for effects of system A, it immediately follows that
(@il = (elg As. N

Now we have some results about the topological properties of sets of
transformations, channels and states.

Proposition 3.2.7. Given two systems A and B, Transf (A, B) is compact
in the operational norm.

Proof. The proof is slightly too technical and lengthy, so we invite the inter-
ested reader to refer to [39). O

Proposition 3.2.8. Given two systems A and B, the set of channels from
A to B is compact in the operational norm.
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Proof. Since Transfg (A, B) is finite-dimensional and the set of channels is
limited (indeed ||C|| < 1 for every channel C from A to B), it is enough to
show that it is closed. Consider a Cauchy sequence of channels {C,},x-
Since Transf (A, B) is closed, {C,}, oy converges to a transformation C. We
must show that C is a channel. Indeed, since each C, is a channel, we have
(e|gCn = (€| 5. Hence, for every state p € St(A), one has

(e\BC |p)A = nl_lffoo (e‘BCn ’P)A = (€|P)A

This shows that (e|gC = (e|,, so C is a channel, according to proposi-
tion 2.3.61 O

Then we can prove a result about reversible channels acting on a system

A.

Proposition 3.2.9. The group Ga of reversible channels acting on A is a
compact Lie group.

Proof. Let {Uy,}, .y be asequence of reversible channels converging to a chan-
nel U. Let us show that U is reversible. Consider the sequence {U, '} .
Since the set of channels is compact, we can choose a subsequence {L{n_kl}
converging to a channel C. Every subsequence of {4}, converges to U,

therefore
UC = lim U, U, ' =T.

k—+o00

Similarly one proves that also CUU = Z, so U is reversible and C is its inverse,
U~! = C. This proves that G, is closed and therefore compact.

Since G, has a faithful finite-dimensional representation (see [53]) it is a
Lie group. [l

Finally, we have a result about the topology of pure states.
Proposition 3.2.10. The set of pure states of a system A is compact.

Proof. Again, to prove compactness it is enough to prove closure. Let us con-
sider a sequence of pure states {wn}nGN converging to some state p. We want
to show that p is pure. In a theory with purification, the set of pure states
is transitive under the action of the group of reversible channels. Therefore,
we can write ¢, = U,po for some pure state ¢q, for every n € N. Since G,
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is compact, we can consider the subsequence {U,, }, which converges to the
reversible channel Y. Therefore,

k—4o00
Therefore p is pure. O]

Remark 3.2.11. For a generic probabilistic theory, without purification, in
general, it is not true that the set of pure states is closed. Let us consider
the convex hull of the subset of the 3-dimensional real affine A (R?) space

S={(z,y,0) € A(R®) : 2® +¢y* =1} U{(1,0,£1)}.

S is the union of a circumference and two points, therefore its convex hull
is the union of two cones having vertexes in (1,0,1) and (1,0, —1) and the
same circle {(z,y,0) € A (R?) : 2% + y? < 1} as basis. The set of pure states
is made of the two vertexes (1,0,1) and (1,0, —1) and of the points of the cir-
cumference {(z,y,0) € A (R3) : 2% + y* = 1}, except the point (1,0,0), which
is mixed. But we can find a sequence of pure states on the circumference that
converges to (1,0,0); thus in this theory there is a sequence of pure states
converging to a mixed state. The set of pure states is not closed.

The last consequence of Choi correspondence concerns invariant states.
We are able to prove that the invariant state exists and it is unique. In
addition it is a completely mixed state.

However, we need a lemma first.

Lemma 3.2.12. For every system A, there exists a twirling test {piui}iex,
where p;’s are probabilities and U;’s are reversible channels. One of the re-
versible channels U; can always be taken to be the identity.

Proof. Let dVV be the normalized Haar measure on the Lie group G,, namely
such that fGA dWW = 1. Let us define a channel 7 as

T=[ waw. (3.5)

Ga

Let us show that 7T is a twirling channel (see definition [2.1.28). Let U € Gy,
then

UT = UWdaw = Waw =T,
GA C'»"A
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where we used invariance of the Haar measure. Since reversible channels span
a finite-dimensional vector space, their convex hull is a finite-dimensional
convex set. Then, by Carathéodory’s theorem (theorem [A.1.2), the integral
in eq. can be replaced by a finite convex combination of reversible

channels
T = Zpiui-
i€ex
This shows that {pilf;},. y is a twirling test. Since UT = T, for every T, to

have identity among U;’s, it is sufficient to choose one of the U;’s, say U,
and apply Z/{igl after 7. In this way, we have

T = szu@';lui =pl+ Zpiuu
i€X ii
where ﬁz = L{igll/li. The lemma is proven. O
Now we are ready to state the following proposition.

Proposition 3.2.13. For ecvery system A, there is a unique invariant state
1X)a- Moreover x is completely mized.

Proof. Let channel T be defined as in lemma [3.2.12] For every couple of
pure states ¥ and v/, there is a reversible channel such that v = U1. Let
us evaluate 7).

To = Tl — /G WU dw = | Wpdw' = Te.

Ga

where we used invariance of the Haar measure. This shows that 7 is constant
on pure states. Define x := T1). Since every (normalized) mixed state can
be written as a convex combination of (normalized) pure states, we have

Tp=T<;pm> = ;p[ﬁ/}i = (Zp) X=X

Therefore T is constant on all states. In particular, if p is an invariant state,

we have
Tp= Wde:(/ dW)p:p.
GA C';A
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But 7p = x. This shows that the invariant state exists (because x = T p for
any state p) and it is unique (because every invariant state is equal to x).

Let us show that x is completely mixed. By lemma [3.2.12] we have that T
can be expressed as a sum of the transformations of a twirling test containing
identity. Therefore, for every p

X=Tp=pip+ > pilhp.
iio
This means that every p is compatible with x, so x is completely mixed. [J

Now we have concluded our introduction to probabilistic theories; in the
next chapter we will start examining the core of this work: entanglement and
mixedness in the context of a general probabilistic theory.



Chapter 4

Entanglement in theories with
purification

In this chapter, we enter into the core of the present work and into its original
part. We follow the route delineated by Thirring [I1], according to which
the foundations of (quantum) statistical mechanics should be based on an
ordering of states according to their mixedness. We have already mentioned
that pure-state entanglement also plays a central role in the foundations of
statistical mechanics [12]. It is indeed possible to define also an ordering of
entangled pure states in terms of their entanglement.

At first glance, entanglement and mixedness may seem the farthest con-
cepts. Indeed, pure-state entanglement has been proven to be a valuable
resource to implement information protocols, such as quantum teleportation
or dense coding (see [16, [17]). Mixedness, instead, means incompleteness
of information, so it does not appear as the most valuable of resources.
Yet their equivalence is a well-established fact in quantum mechanics (see
|17, 59, 60L 61} 62]). Therefore, it is the same to build foundations of thermo-
dynamics on mixedness or on entanglement, at least in quantum mechanics.

But what about general probabilistic theories? Can we prove the same
equivalence between entanglement and mixedness? In this chapter we will
try to answer this question, and our analysis will be carried out in the frame-
work of general probabilistic theories that satisfy causality, pure conditioning,
and, above all, purification. The important and original results we present
set forth the equivalence between entanglement and mixedness even in an
abstract framework.

As a side result, we will prove for the first time an important theorem con-

89
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cerning a particular type of communication protocols in an abstract frame-
work.

4.1 Entanglement and mixedness

We begin presenting the important relationship between entangled states and
mixed marginals in general probabilistic theories. However, we must first give
the definition of entangled states for bipartite states.

Definition 4.1.1. A normalized bipartite state o € St; (AB) is said separable
if it can be written as a convex combination of product states, namely |0) g =
> i Dilpi)a |Ti)g, where p; > 0 for every ¢ and ), p; = 1, and p; € St (A)
and T; € St1 (B)

A bipartite state is entangled if it is not separable.

From now on, we will concentrate exclusively on the pure state case.

Note that a bipartite pure state is separable if and only if it is a product
state, because it cannot be written as a non-trivial convex combination of
product states.

We have the following important proposition concerning pure product
states.

Proposition 4.1.2. A bipartite pure state |¢) 5 is a product state if and
only if one of its marginals, say |p),, is pure.

Proof. Necessity. Suppose |¢) .5 = |@), |8)g, where both |a), and |5) must
be pure, otherwise |¢) 5 would be mixed.

s (e
Qe
If we apply the deterministic effect to system B, we get the marginal state
19) a-

We immediately see that |p), = |&),, hence |p), is pure. Similarly, one
proves that also |p) is pure, therefore actually both marginals of |¢), are
pure, not only one.
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Sufficiency. Now suppose that the bipartite pure state [¢'),,; has a pure

marginal [p), = |a),.
A
P = (@

This means that |¢),5 is a purification of |a), with purifying system B.
By pure conditioning, another purification of |a), with the same purifying
system, is |a), |3')g, where |3)g is a pure state of system B. Therefore,
[9) op differs from |a), |3")g by a local reversible channel ¢/ on system B.

@L@A—

Now, U |')g is another pure state of system B, say |5)g. Therefore, [¢), 5
is the parallel composition of |«), and |3)g, hence it is the product of two

pure states.
A (e
Ch - G

Note that we did not have to assume the purification postulate to prove
necessity. Therefore, a bipartite pure product state has pure marginals in
every causal theory.

Proposition [4.1.2] says that a bipartite pure state is entangled if and only
if it has a mixed marginal. Actually, both marginals are mixed.

Remark 4.1.3. Following the proof of proposition we can prove that if
1 € Sty (A) is pure and p € Sty (AB) is an extension of ¢, then p = ¢ ® o,
for some o € St; (B). Indeed, if p is pure, by proposition we have
p =1 ®1, where ¢’ is a pure normalized state of system B.

If p is mixed, we can consider one of its purification, say |®),zc- |®)apc
is also a purification of ¢ with purifying system BC. By pure conditioning,
|P) s = V) |©) e, Where [p)g is a pure normalized state of BC. Indeed,
we showed in the proof of proposition that every purification of a pure
state is a product of pure states. Since |®),p is a purification of |p),g, we

O
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A
araArsyat
We have then p = ¢ ® o, where 0 = (€| |p)go. Note that o is mixed,

otherwise, by pure conditioning, p would be pure. This implies also that ¢
is entangled, because it has a mixed marginal.

have

The result expressed in proposition 2| clearly holds also for quantum
mechanics. However, in quantum mechanlcs, we can take advantage of its
specific formalism, in particular of Schmidt decomposition, to prove it. We
report this proof to give a comparison with the proof of proposition [£.1.2]

Proposition 4.1.4. A bipartite pure state |) 5 s a product state if and
only if one of its marginals, say pa = trp |V) zp (¥|sp, s pure.

Proof. Necessity. Let us suppose |¢) , is a product state, [¢) \g = |a) 5 [B)g;
then it is immediate that py = |a), (a],, hence pa is pure. Similarly one
proves that pg is pure too.

Sufficiency. Let us suppose py is pure, then it has only one non-vanishing
eigenvalue, which is 1. The other marginal pg has only one non-vanishing
eigenvalue too. Therefore there is only one term in the Schmidt decom-
position of |1),5, whence [¢) 5 is a product state. In particular, suppose
pa = |a), (a|, and pg = |B)p (B, then the Schmidt decomposition of 1) ,5
is |) xg = |@) o |B)gs 50 [¢) op 18 the tensor product of its marginals. O

We can note that in this proof the assumptions of causality, pure condi-
tioning and purification are not apparent, but they are hidden behind the
formalism.

According to proposition we can see that the purification postulate
is a sufficient condition for the existence of entangled states: every theory
which satisfies the purification postulate admits entangled pure states, as
shown in the following corollary.

Corollary 4.1.5. If p is mized and ¥V is one of its purifications, then U is
entangled.

Proof. U has a mixed marginal, which is p, therefore it is entangled. O



CHAPTER 4. ENTANGLEMENT 93

Recall that the purification postulate is just a sufficient condition for
entanglement. A general probabilistic theory may admit entangled states
even without the purification postulate, even though this is not true for
classical theory.

4.2 The relation “to be more entangled than”

We have just seen that pure-state entanglement and mixed marginals are two
equivalent notions. In this section, we would like to define an order on the set
of bipartite pure states, according to their entanglement. This is important
not only for the foundations of thermodynamics, but also because pure-state
entanglement can be used as a resource, therefore we would like to compare
two pure states and say which is more entangled (and hence more useful as
a resource).

In quantum mechanics, LOC(ﬂ protocols have been proven not to increase
entanglement of a bipartite pure state |55, 56]. Therefore, it is natural to
say that a pure state is more entangled than another one if the former can
be transformed into the latter by means of an LOCC protocol.

An LOCC protocol is a communication protocol in which there are two
parties that are allowed to perform only local tests. They are allowed to use
classical communication to communicate the outcome of each (local) test to
the other party. The situation becomes more intriguing if we think the two
parties to be very far away from each other. An LOCC protocol has the
following form.

A {Ail} Ay {AE“JI)} As S

2 -

v - ’ - -
B {Bj(il)} Bi1 {B§i1,j1,i2)} B

1 2

Here, round brackets explicitly show the dependence of the test by previ-
ous outcomes via classical communication, more or less like the notation for
conditioning (see section [2.3)). Classical communication is represented as a
dashed arrow, where the tip specifies the direction in which classical com-

munication goes. Hence, the test {Bﬁl)} follows the test {A;, } temporally,
therefore it is represented after (i.e. to the right of) {A;,} in the diagram.

'Local Operations and Classical Communication
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Clearly, there is no apparent reason why LOCC protocols should begin
with Alice applying a test on her system. The protocol could start with Bob
as well, this is only a matter of convention. We will adopt this convention
for the rest of this work, unless explicitly stated.

Let us see some examples of particular types of LOCC protocols.

Example 4.2.1. If we consider an LOCC protocol made up only of determ-
inistic tests (i.e. channels), classical communication is not necessary, because
each party knows with certainty the output of the various transformations
of the other party. In this case, there is no reason for Bob to perform his
channels after Alice, because he must not wait for classical communication
from Alice. For this reason, we will write Bob’s channels under Alice’s ones

in diagrams.
@ A A Aq A Ag

(4.1)

In this diagram, A;’s (for i = 1,...,n) are Alice’s channels, whereas B;’s (for
j=1,...,m) are Bob’s ChannelsE]

Such a protocol with only channels is equivalent to a protocol in which
Alice and Bob apply one channel each. It is enough to take the sequential
composition of the channels of the two parties.

A z An

v B [~] B
ﬁ n

In this diagram, A=AA, 1...A and B = B,B,_;. .. B1, where A;’s

and B,’s are the channels of (4.1). Clearly, A € Transf (A, A,,) and B €
Transf (B, B,,), where A,, and B,, are the output systems of the last channels.

Example 4.2.2. We can consider LOCC protocols in which Alice can use
classical communication with Bob, but Bob is not allowed to communicate
with Alice. In this way, Bob can use only channels on his system.

A {All} Al {Alz} e
w B b (i1) B\l ; Bo
B B g

2 Actually, without loss of generality we can assume n = m. Indeed, consider the case
when n < m. We can always add m — n identity channels to Alice’s channels, such that
the sets of Alice’s and Bob’s channels have the same cardinality.
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In this case, since there is no classical communication from Bob to Alice,
Alice can perform her tests at the same time as Bob’s channels.

Once more, we can consider the sequential composition of Alice’s tests
and Bob’s channels. In this way, we end up with a protocol in which Alice
performs only one test, communicates her outcome to Bob, and Bob applies
a channel according to the outcome.

AL

B S 1.Bn

B

Here {./Tz} is the sequential composition of all Alice’s tests, whereas B is

the sequential composition of all Bob’s channels and it depends on Alice’s
outcome 1.

This type of protocols, in which only one round of classical communication
is allowed, are called 1-way LOCC protocols.

Thanks to LOCC protocols, we can give the following definition.

Definition 4.2.3. Let [¢),5 and [¢'),5 be two pure bipartite states. We
say that [¢),p is more entangled than |¢'),5 if [¢),5 can be transformed
into [¢') ,g by an LOCC protocol.

Note that this is a fully operational definition, without any references
to the mathematical structure of the theory. In this way, this definition is
as valid in quantum mechanics as in other conceivable theory that admits
entangled states. Using diagrams, we can express the fact that |1)),5 is more
entangled than |¢'),y as

A LA} {AEQJ”} A2 A

v Tl o~ - @ =
. {th} : R

1

Note that when transforming one entangled state into another, the last out-
put systems must be A and B, in order to have an equality in the above
diagram.



CHAPTER 4. ENTANGLEMENT 96

4.2.1 Mathematical properties

Intuitively, the relation “to be more entangled than” (entanglement relation
for short) resembles an order relation. Let us check if it satisfies the properties
of an order.

Reflexive property |[¢),5 is more entangled than [¢),p.

Indeed,
A A . A
= |¢ :
@ C

and this is an LOCC protocol in which the two parties apply the identity
channel.

Transitive property If |¢),5 is more entangled than |¢),5 and |¢),p is
more entangled than |I'), 5, then |¢),5 is more entangled than |I') .
Indeed, if |¢)),p is more entangled than |¢),q, then

e A {Azl} Ay {A2(217j1)} | Ax
@ s =Y T e T~
. By ‘o

1

Besides, if |¢) ,p is more entangled than |I') 5, then

A A (A (AR Y e
Nil B1 ~
B {B]( )}

1

We can compose the two LOCC protocols, and the resulting protocol is still
an LOCC protocol from [¢)),5 to |I') \p-

Antisymmetric property This property fails, namely, if |¢),, is more
entangled than |¢),p and |¢),p is more entangled than [¢),y, we cannot
conclude that |¢) .z = |¢) 5. Now we show a counter-example.

Consider [¢) \g # |@)Ap, such that

A Ay A
(- (2
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where U is a reversible channel. We can regard the right-hand side as an
LOCC protocol with only one reversible channel &4/ on A. This shows that
|¢) g is more entangled than |1)),5. However, on the other hand,

LA AWA
- (=

At the right-hand side we have another LOCC protocol, with reversible chan-
nel /. This shows that |¢) , is more entangled than |¢) 5. In this counter-
example, we have that |¢),; is more entangled than |¢),; and vice versa,
but, by hypothesis, |¢), 5 # |¢)sg. This fact shows that antisymmetric
property generally fails.

We have just shown that the entanglement relation is not an order, since
it does not fulfil antisymmetric property. Such a binary relation is called a
preorder [57].

Definition 4.2.4. A binary relation < is called a preorder if it is reflexive
and transitive.

Clearly, orders and equivalence relations are both preorders. Let us show
now that our relation between bipartite pure states is mot an equivalence
relation, by showing that |+),p is more entangled than the product state
|a) , |B)g, but clearly the converse does not hold.

Example 4.2.5. We may consider

< : B @ B : B '
where A and B are channels that prepare |a), and |3)g respectively, namely
A =|a), (e|, and B = |B)g (e|g. The right-hand side is an LOCC protocol,
then |¢),p is more entangled than |«a), |5)g, but the converse is not true,

because we cannot eliminate parallel composition with local operations and
classical communication.

This fact tells us that our relation is not an equivalence relation. Ac-
cording to proposition each genuine preorder (i.e. such that is not an
equivalence relation) can be turned into an order on a quotient set. In our
case, we consider the equivalence relation “to be as entangled as”, which is
the equivalence relation associated with our preorder.
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Definition 4.2.6. We say that |¢),p is as entangled as (') g5 if |¢),p 18
more entangled than |¢'),5 and |¢) ,p is more entangled than |1)) .

It would be interesting to characterize this equivalence relation better.
We have seen that if |¢) 5 differs from [¢)) .5 by a local reversible channel,
then [¢),p is as entangled as [¢),,5. In quantum mechanics it is true also
the converse, namely that if |¢)),p is as entangled as |¢') 5, it must differ
from [¢)’) .z by a local unitary channel. But what can we say about a general
probabilistic theory? We will give an answer in chapter

Summing up, all we did in this section was to prove that it is possible
to quantify entanglement of a bipartite pure state in a very primitive sense,
that is we can order bipartite pure states according to their entanglement
and to establish a sort of hierarchy among them [58], as it is shown in the
following graphical example.

[ J [}
[ ]

In this graph, each node represents a bipartite pure state. From the top
to the bottom, we go from the most entangled states to the least entangled
ones. Each row represents an equivalence class. We draw a solid line between
nodes that are connected by the order relationE] < and there is no other node
between them.
In the bottom row, there is an isolated node. It is not in the same equivalence
class as the other node in the same row, otherwise it would be connected

to the nodes of the row above. This means that we cannot compare its
entanglement to any other node: the order < is in general not total.

3Here the attentive reader should have noted that we did a little abuse of notation,
because the order is defined between rows (equivalence classes), not between points. The
notation used here was aimed only at stressing that if two points are connected by a line,
then we can say that a point is “strictly” more entangled than the other.
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4.3 The relation “to be more mixed than”

In this section we introduce a relation on the set of states, that orders them
according to their mixedness, more or less in the same way we ordered bi-
partite pure states according to their entanglement. The rest of this chapter
will be devoted to proving the equivalence of these two relations.

We can give the following definition.

Definition 4.3.1. Let p and p’ be two states of system A. We say that p is
more mized than p’ if p can be written as

p= Z pldip,

where p;’s are probabilities (p; > 0 for every ¢, and ), p; = 1), and U, are
reversible channels on system A for every i.

We will call ). pd; random reversible channel (RR). Using diagrams, if
p is more mixed than p’, we write

(p -4 :AA7

where the RR-box indicates a random reversible channel.

We see that p is more mixed than p’ if the former can be obtained from
the latter by a random deterministic (and reversible) evolution. Suppose
we start with p/, but we ignore its evolution. We only know that it evolves
with a reversible channel randomly chosen from the ensemble {p;i4;}, where
P evolves with U; with probability p;. Then the state after this unknown
evolution is precisely p = > . pildip'.

We can have a pictorial insight about the relation “to be more mixed
than” (mixedness relation for short), as shown in the following example.

Example 4.3.2. Let us consider a theory with only 4 pure states, which are
the vertexes of a square. Then the set of states of this theory is the convex
hull of these 4 points, that is a square. All the points in the square, except
the 4 vertexes, are mixed states.
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The group of reversible channels maps pure states into pure states, this
means that it is the dihedral group D4, which has 8 elements. Let us pick
up a generic (mixed) state P of this theory: it is a point of the square. We
want to identify the states that are more mixed than P. According to the
definition, we apply all the reversible channels {Z/{i}le to P and then we take
the convex hull of these 8 points (in blue).

Therefore, the blue octagon is the set of states that are more mixed than
P. Note that pure states are not in this set; this seems quite obvious, but we
will prove it in the next subsection (see example [£.3.3). Note that the centre
O of the square is invariant under Dy, therefore the convex hull generated by
the action on O of the group of reversible channels is made only of O itself.
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This means that there are no states more mixed than it. It is a maximal
element.

In general, the invariant state y is always a maximal element, therefore
we say that it is a mazimally mized state. Indeed, suppose that a state p is
more mixed than x.

p= Zpiui (x) = ZPz’X =X

This proves that y is a maximal element and that it is the only element in
its equivalence class, because there are no other states more mixed than y.

4.3.1 Mathematical properties

Similarly to the case of entanglement, the mixedness relation resembles an
order relation. Let us check its properties.

Reflexive property p is more mixed than p. Indeed, we have p = 7 (p),
and Z is a particular random reversible channel, made up only of the identity
channel.

Transitive property If p is more mixed than p’ and p’ is more mixed than
p", then p is more mixed than p”.

Indeed, if p is more mixed than p’, then p = >, pilip'; if p’ is more mixed
than p”, then p" =3, p;jU;p". Combining this two statements, one has

pP= Zpiui (Z @ajl)//> = Zpiﬁjuiajﬂﬂ = Z Qisz'jP”-
i J i,J 2]

Here we set V;; := L{Zﬂj, which is clearly a reversible channel for every ¢ and
J; and ¢;; := p;p;. From the properties of p; and p;, it follows that ¢;;’s are
probabilities too. Hence, we showed that p is more mixed than p”.

Antisymmetric property Even in this case, antisymmetry fails. The
counter-example is constructed in a very close way to the one in subsec-

tion A.2.11
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Consider p # p, such that p = U (p’). This is a particular random
reversible channel, so p is more mixed than p/. On the other hand, p' =
U (p), whence p’ is more mixed than p, but, by hypothesis, p # p'.

Note that if we take the deterministic effect on system B in the counter-
example in subsection [4.2.1] we get exactly this counter-example for the
marginal on system A.

Even in this case, the mixedness relation is a preorder. However, it is not
an equivalence relation as the following example shows.

Example 4.3.3. Let us show that every state p is more mixed than a pure
state 1. By definition, p can be expressed as a convex combination of pure

states.
pP= Z Dipi
i

As a consequence of purification postulate, for every ¢; there exists a revers-
ible channel U; such that U; () = ;. Then,

p = szuz‘ (),

whence p is more mixed than ). The converse is not true, because a random
reversible channel is a coarse-graining and a pure state cannot be the coarse-
graining of a mixed state.

Thus, we can define an equivalence relation and then an order on the
quotient set, as we have done with entangled states.

Definition 4.3.4. We say that p is as mized as p' if p is more mixed than
p and p’ is more mixed than p.

Again, it would be interesting to characterize this equivalence relation
better. We have seen that if p differs from p by a reversible channel, then
p is as mixed as p’. Once more, in quantum mechanics it is true also the
converse. But what can we say about a general theory? We will give an
answer to this question in chapter

Note that a graphical representation of the order between mixed states is
exactly the same as the one on page [98]
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4.4 Equivalence between entanglement and mix-
edness

In this section we prove that the entanglement and the mixedness relations
are equivalent in a general probabilistic causal theory with the purifica-
tion postulate, with a further assumption. This result is already known
in quantum mechanics (see [I7]). In this way, entanglement and mixedness
show up as two sides of the same physical phenomenon even in a general
probabilistic theory, and the order between entangled states is equivalent to
the order between mixed states. This will enable us to choose the more apt
relation according to our specific needs.

4.4.1 More mixed implies more entangled

One implication in the equivalence requires less effort to be proven.

Lemma 4.4.1. Let |[¢),g and [{') g be two bipartite pure states, and let
|p)a and |p') s be their marginals on system A. If |p), is more mized than
10') s> then |1) zp is more entangled than |\)') \p5-

Proof. By hypothesis, |p), = >, pillia|p'),, for some reversible channels
U;’s acting on A. Let us define |0) 5 = >, pilli [{) ap-

- (]

B

Clearly, |o),p is mixed, because it is given by a coarse-graining. By hypo-
thesis, the marginal of |¢'),; on A is [p'),, hence |0),5 is an extension of
|p)a, as the following diagrams show.

GraR
B

Let us consider a purification |I') yp of [0) sp; |I') ape 18 clearly a purific-
ation of |p), too, with purifying system BC, because |0),p is an extension
of |p) . Now, consider [¢) o5 |0), where |0) is some pure state of system C.
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19) ap 10)¢ is a purification of |p),, with purifying system BC. By uniqueness
of purification (up to reversible channels on the purifying system), there ex-
ists a reversible channel ¢/, acting on BC, such that |I') yp = Usc |¥) 45 10) -

A A
FB:@B .

L C @c C

A

B _
F - E B '
“Ho

In this way, Alice and Bob are able to transform [¢),p into |I") 5 only
via local operations. Indeed, it is enough that Bob adds a system C and
applies the suitable reversible channel &/ on BC.

By the steering property, there exists an observation-test {¢;} on C, such

that for every ¢ one has

where

A

A Z/{z A
r E = Di @ B . )
omy

A A Y, A
(LS (L

Hence, if Bob performs an observation-test on C and gets outcome ¢, he
prepares p;l; a |Y') \g- Now, he calls Alice to communicate her his outcome.
Alice applies Z/{Z—TA1 on A and she obtains p; [¢') \. Summing over ¢, that is
doing a coarse-graining, Alice is able to get [¢') \p.

In this way, we were able to transform |¢),p into |¢’) .z by means of an
LOCC protocol. Therefore, |1)),5 is more entangled than [¢') . O

because

The expression p; [{') g in the proof means that |¢'),5 has been gen-
erated with probability p;. There are several possible events, but in all of
them [¢'), is always prepared. If we sum over i, one gets the “average”
state produced by the protocol, but > . p; [¢') g = |¢')sg- Notice that the
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coarse-graining is not on repeated tests, but it is the average over possible
outcomes.

Remark 4.4.2. In the statement of the lemma, we stressed the fact p is more
mixed than p’ on system A. So far, there is no guarantee that even |p)g is
more mixed than |p').

4.4.2 More entangled implies more mixed

It is much more challenging to prove the converse implication, namely that
if [¢) o is more entangled than [¢)’) 5, then |p), is more mixed than |p), in
the framework of a general probabilistic theory.

It is not so hard to prove it if we consider a special case: when |¢),p
can be transformed into [¢)'),5 by means of a 1-way LOCC protocol (see
example [1.2.2). We note that in the proof of lemma the resulting
LOCC protocol was in fact a 1-way LOCC protocol. In this way, 1-way
LOCC protocols seem to play an important role as far as entanglement is
concerned.

Lemma 4.4.3. Let 1) ,g and |{)') ,p be bipartite pure states. Suppose that
V) op @5 more entangled than '), and that there exists a 1-way LOCC
protocol with classical communication from A to B with a reversible channel
U on B, such that it transforms [¢) xp into ')\, namelyf]

/L_ ERAt i e— 4.2
@B _wB \WB' (4.2)

[l

Then |p)g is more mized than |p')g, where |p)g and |p')g are the marginals
on system B of |) ,g and |{) \g respectively.

Proof. Note that we can rewrite (£.2) as
A w A
/ N 4.3
N Z C i Tl (4.3)
Rkl

because we are summing over all possible events in the test {A;}.

“Here, for the sake of simplicity, instead of writing &/(*), as in section we write
simply U;.
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Now, (4.3)) is a coarse-graining of

AWA
(R »

[

Then, (4.4)) is a refinement of |¢’) , 5, and since [¢)") , 5 is pure, such refinement

is trivial. A ] A
o[ AR (T
B W B _pl w B )
e

where p; € (0,1], and >, p; = 1. If we now apply U, ' to B, we have

@A@A @

N = =

B E B ui—1 B B
A
= Di 7//
[ B [7-1] B

Now we sum over 7

_
¢B—_ B[y~ ] B ’

where A is the channel associated with the coarse-graining of the test {A;}.
Clearly ). pd; ' is a random reversible channel. Finally, let us apply the
deterministic effect on A, getting |p)y = Y., pild; ' |p')g. Hence |p)g is more
mixed than [p')g. O

Note that if the 1-way LOCC protocol goes from A to B, we can show
that |p)g is more mixed than |p')g if 1), is more entangled than [¢'),p.
Thus, the direction in which classical communication goes is essential in
establishing which marginal is more mixed than the other. If the target of
the communication is Bob, than we can say something about mixedness of his
state; if the target is Alice, then we can evaluate mixedness of her marginal.

Even if there exists a 1-way protocol from A to B, there is no guarantee
that there exists a 1-way protocol in the other direction, namely from B to
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A. In other words, even if |p); is more mixed than |p’)g, we cannot say that
|p) o is more mixed than |p),. A priori we might have a rather paradoxical
situation in which [¢),p is more entangled than [¢'),y, but, for example,
in A we have that |p'), is more mixed than |p),, whereas in B |p)g is more
mixed than [p)g.

4.5 Lo-Popescu theorem

We have just seen that we can prove the equivalence between entanglement
and mixedness if we restrict ourselves to 1-way LOCC protocols with a re-
versible channel. Tt would be fine if we could prove this equivalence with full
generality, namely also for generic LOCC protocols.

Fortunately, in quantum theory there is a theorem that guarantees that
every LOCC protocol can be reduced to a 1-way LOCC protocol with a
unitary channel [17], 63].

Theorem 4.5.1 (Lo-Popescu). If [1) 5 can be transformed into |¢) 5 by
an LOCC protocol, then it can be transformed into |¢) \g by a 1-way LOCC
protocol, where Alice applies a quantum instrument, she communicates her
outcome to Bob, and Bob applies a unitary channel on his system.

Proof. The core of this proof is to show that every quantum operation made
by Bob can be “simulated” by one made by Alice, followed by a unitary
correction channel on Bob’s system. For the sake of simplicity, we will analyse
only the case when all quantum operations are pure, as the ones presented
in the provisional definition where there is only one Kraus operator.
We will defer the general case until the treatment of Lo-Popescu theorem for
general probabilistic theories.

Let us start from the bipartite pure state |1)),5 and let us consider its

Schmidt decompositio [V)ap = 225 V/Ajl7)a l7)g- Suppose Bob applies a
quantum instrument with Kraus operators {A/;}, which can be expressed in

his Schmidt basidf] as
M= M lk)g (g -
k.l

5Here, for the sake of simplicity, we omit the prime for kets of system B in Schmidt
decompositions.

6Here, we are enlarging the set of Schmidt vectors of system B conveniently if it is not
an orthonormal basis for Hp already.
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Suppose Bob gets outcome j. The state after his measurement is

5 am pl (1a ® M) [9) 1 = ;Zmeu AR, (45)

Ikl

where p; is the probability of outcome j and it is given by

i = (lap MIM; 1) yp = > N Myl (4.6)
k.l

Let us define a quantum instrument on Alice’s system with Kraus operators
{N;}, defined with respect to Alice’s Schmidt basis as

Ny = Mgk (1 -
k,l

In this way, they are perfectly equivalent to Bob’s ones, the difference is in the
fact that now the vectors of Bob’s Schmidt basis became the corresponding
vectors of Alice’s Schmidt basis. If Alice gets outcome j, then the state after
her measurement is

[©5) aB = (N ® 1) [V) o *—Z\/_Mykz’kﬂl (4.7)

J jk’l

where p; is still given by eq. (4.6). Comparing eq. with eq. , we
see that [1);) 5 and |p;) 5 are the same state, up to exchanging the role of
system A and system B. Therefore they have the same Schmidt coefficients.
By lemma [I.1.4] they differ by a tensor product of unitary operators, namely
Vi) ap = Uja @ VB [©)) zp-

Therefore, when Bob applies a quantum instrument with Kraus operators
{M;}, this is equivalent to the situation in which Alice applies a quantum
instrument with Kraus operators {U;N;} on her system, and then Bob applies
the appropriate unitary operator V; on his system.

If the original LOCC protocol is a multi-round one, whenever Bob per-
forms a measurement and communicates the result to Alice, we simulate his
measurement by a measurement performed by Alice. In this situation, Alice
communicates her outcome to Bob, and he applies a unitary transformation.
Taking the sequential composition of all Alice’s measurements and of all
Bob’s unitary channels, we see that this protocol is equivalent to one where
there is only one measurement by Alice, followed by classical communication
from Alice to Bob and a unitary channel applied by Bob. O
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Clearly, this proof cannot be fitted easily into an abstract operational
framework, because, at first glance, it seems to heavily rely on the math-
ematical structure of quantum theory. However, we can see that the core
of the proof is the fact that we can exchange the role of system A and sys-
tem B. This is a purely operational fact, that can be implemented even
without any references to Hilbert spaces. However, we must note that this
exchange of systems is allowed by Schmidt decomposition, therefore it holds
only when system AB is in a pure state. Indeed, when we write a Schmidt
decomposition of a bipartite pure state, say [¢) g = >, \/Pj 154 [3")5: Pj’s
are the eigenvalues of the two marginals ps and pp and |j), and |j’)5 are
the eigenvectors of ps and pp respectively (cf. subsection [I.1.1)). Therefore,
we see that we can associate every eigenvector of py with a corresponding
eigenvector of pg.

This is not true when system AB is in a mixed state, because Schmidt
decomposition does not exist for mixed states.

Now, it seems reasonable to assume that such an exchange of subsystems
for bipartite pure states is possible even in an abstract scenario. We might be
tempted to state that in system AB, system A and system B are operationally
equivalent (see definition [2.1.6)), which is the most naive way to implement
a sort of equivalence between A and B. However, this is not true even in
quantum mechanics: when Ha and Hp have different dimensions, it is not
possible to find a unitary operator from H, to Hg.

Therefore, we make a weaker assumption, as stated in the following axiom.

Axiom 4.5.2. For any bipartite pure state 1)\, there exist two channels
C € Transf (A,B) and R € Transf (B, A) such that

S o

B . N A
First of all, we must note that these two channels, in general, depend
on the (pure) state of the system, namely if the state changes, the channels
change too. The only important point is that such two channels exist, it is
not even necessary that C and R are reversible.
These channels simply implement an exchange of the roles of A and B.
This exchange is achieved by means of a local protocol, so it does not involve
any “quantum” communication between the two parties.
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A first trivial consequence of the axiom is that if we apply the channels
twice, we undo the exchange of the two subsystems.

A [A] B [ A
@ (R @L
B [HplLA [»] B B
(R——1C]
As one could expect, these two channels transform one marginal state of
a bipartite pure state into the other one.

Proposition 4.5.3. Let |¢),p be a bipartite pure state and C and R its
associated channels. If |p), and |p)g are the marginal states on systems A
and B respectively, then C|p), = |p)g and R |p)g = |p)4-

Proof. Let us prove the statement for marginal |p),, the other one can be
proven in an analogous way.

Let us apply C and R to the pure state [¢),, and let us take the de-
terministic effect on system A. Since R is a channel, we have

A,?B AcB
(o~ (L - @

On the other hand, if we recall the action of C and R on [¢) ,5, we can write

Crveloretlt
PR O
This proves that C |p), = |p)g- O

Now, let us move to the core of this section: an abstract version of Lo-
Popescu theorem. Essentially, the key idea in this respect is presented in the
following lemma.

Lemma 4.5.4. Consider a bipartite pure state 1) g as input of a I-way
LOCC protocol with classical communication from B to A, such as

A AW A A
@B B :pi@B |

[seAA
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where B; is a transformation in a test on B, A9 is a channel on A which
depends on the outcome of the test on B, and p; € (0,1]. Then, this protocol
is equivalent to a 1-way LOCC protocol with classical communication from A
to B. Using diagrams,

A AD A A A
¢ - = ’(/) A )
[ LB -2 [ B B0 B

where JZ(Z 18 now a transformation in a test on A and B® s a channel on B
which depends on the outcome of the test on A.

Proof. We must distinguish two cases. The first and easiest case is when
A® and B; are pure. In this case, by pure conditioning, we know that after
A and B; the state will still be pure. Therefore, according to axiom [4.5.2]
there exist two channels R’ € Transf (B, A) and C’ € Transf (A, B) such that
they interchange the two systems. Therefore, we are entitled to build up
a l-way LOCC protocol from A to B in a similar fashion to the proof of
theorem [£.5.1] In this vein, we exchange the two systems before applying
A®Wand B; and then we exchange the two systems again after A®@and B;.
This will not clearly affect the final output of the protocol, because A® is
still applied on A and B; is still applied on B. Thus we have

@A@B@B@A A

=pi | Y
On the other hand, on the left-hand side, we can regard {R'B,C} as a test
{.Zl;} on system A, and C'A®YR as a channel B® on system B, which will

depend on the outcome of {.Zl} Now classical communication goes from A

to B. Using diagrams, we can write

@A@B@B@A@A@A
BRI A Ao B E B6 B

In this way we prove that

> .Al 4 A
7/) h = Di @ B )
B ’BV(,L) B
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whence this new 1-way LOCC protocol, with classical communication in the
opposite direction, has the same output as the original one, thus proving the
equivalence between the two protocols.

If A; and B; are not pure, some more passages are necessary. Suppose B;
is not pure (the cases when A® is not pure or B; and A® are both not pure

are analogous). This means that B; = ), B;,, where B;,’s are pure.

A

A A —— :L
w - - szk 2/)/ B 9
= Zkz B;, . k

where p;, is the probability associated with each pure transformation B;, .
We can consider a refinement of the LOCC protocol, namely

A .,4(1'16)L A
Vs B [B :pik(w B

i

We have already proved that in this case the statement of the lemma holds

A A(Zk) A A szk A
’(/) 5 = w ~ N 7
B;, B Blix) B

then we can redo the coarse-graining over B;, and in this way we manage to
prove the statement of the lemma even in the non-pure case.

A\

E S A A A A

B> B [ = S, Bx)

O

So far, we have proved that in every l-way LOCC protocol, classical
communication can be inverted. Note that lemma {4.5.4) admits a really
straightforward generalization when we have a generic transformation AE-Z)
on A instead of a channel A®. Indeed, the fact that A% was a channel was
actually unessential in the proof. This slight generalization will be used in
proving the abstract version of Lo-Popescu theorem.

Nevertheless, we still miss a part of Lo-Popescu theorem, namely that we
can always use reversible channels. This is stated in the following lemma.
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Lemma 4.5.5. Fvery 1-way LOCC protocol from A to B is equivalent to a
1-way LOCC protocol from A to B with a reversible channel on B.

A Az A A Az A
¥ ~ = v ~ ,
B B(Z) B B Z/{(Z) B

where A; is a transformation on A, BY is a channel on B and UD is a
reversible channel on B.

Proof. Let |¢)') 5 be the output of such a protocol, where B® need not to

be reversible.
A IZI A A
¢ h = Di 1/// B
B B(Z) B

where p; € (0,1]. Let us define |¢;) 5 as

A AAiA
pi@ s = @ . - ; (4.8)
A A
@BB@B :@B '

Now let us take the deterministic effect on B. Recalling that B is a channel,

we have
A A
G Ol e
B R0 |2 ()

This shows that [¢;),p and |¢'),p have the same marginal on A. Hence,
they must differ by a reversible channel 4/ on the purifying system B.

A A
@BU@B :@B

then
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Multiplying both sides by p;, and recalling (4.8)), we finally get

A ITZI A A
(8 > =pi| Y| 5 -
B u(z) B

This proves the statement of the lemma. O

Now we are ready to state and prove the abstract version of Lo-Popescu
theorem.

Theorem 4.5.6 (Lo-Popescu, abstract version). If |¢) g can be transformed
into |p)ap by an LOCC protocol, then it can be transformed into |¢) g by
a 1-way LOCC protocol, where Alice performs a test, she communicates her
outcome to Bob, and Bob applies a reversible channel on his system.

Proof. Let us consider a generic LOCC protocol [

A {Ah} A {Alh]l} A —
¥ - - - -
B {B 11)} B {B i1,51,02) } B

In general, the protocol is not made of all pure transformations. However,
we can decompose each non-pure transformation into a sum of pure ones.
Taking all the sums out of the protocol, we end up with a pure LOCC
protocol, with some sums in front of it. In this way, we can examine the
resulting pure LOCC protocol. We can regard this protocol as a sequential
composition of several 1-way LOCC protocols, corresponding to the various
rounds of classical communication. Let us focus on each of these 1-way LOCC
protocols. We proceed in this way:

e if classical communication goes from Alice to Bob and Bob applies a
channel, we do nothing;

e whenever we encounter a test on Bob’s system, followed by a channel
on Alice’s system, we swap them, according to lemma [4.5.4] and now
classical communication goes from Alice to Bob;

"Here, for the sake of simplicity, we suppose all the tests are on A or on B.
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e if a test on Bob’s system is followed by a non-deterministic test on
Alice’s system, this is a bit tricky situation, so it is better to see a
simple example to understand what we do in this case. Suppose we
have the LOCC protocol

S (AT A T Gingz) A

B {BJ} B {Bj(glyil)} B

where T0U1172) s some operation on Alice’s system, that may be a
channel or a non-deterministic test. We can swap {B;, } and {Agl)},

according to the generalization of lemma Now the protocol be-
come

A {Bj } A T(jl,i1,j2) LA

B {Az(il)} B {B§;1,11)} B

Let us take the sequential composition of tests {Agl)} and {Bgl’il)}

on Bob’s system, this is a test {gj(;l)}

A {B] } A T(jl,j2) LA
w ~ ~
B {B](gl)} B

Then, we swap {gj(gl)} and T Ud2)

A (B} A (B

B T(jlij) B

8Here we do slight abuses of notation, and for instance we call {B;, } the swapped test,
even if it is on A, just to make it clearer that we swapped it.
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Again, we take the sequential composition of tests on Alice’s system,

let us call it {/T“}

A {"Zn} A
w ~
B 7—(11) B

If 7() is a channel, we are done, because we are in the standard form
for a 1-way LOCC protocol (see example . If 70V is a non-
deterministic test, we still need a further passage. We can regard this
case as if 7() is followed by the identity on Alice’s system, irrespective
of any Bob’s outcome.

A { A} I
w ~ r e
B T(il)B—

Now we swap 7) and Z, gettin

A (A} A T A
(G AN
B V71 B
1Z]
Finally, we take the sequential composition {JZZ of the two tests on

Alice’s system and we have

A {A\l} A

Since the protocol is pure, every operation we did, implying the swap of the
two systems, is licit. Eventually, we drop to the standard form of a 1-way

LOCC protocol
A A A
RN
(G ~ :
B B(l) B

9Beware that here 7 is not, in general, the identity channel on B; it is only the “swapped
version” of the identity channel on B, obtained by composing the swapping channels C and
R.
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and we have classical communication from A to B. By lemma we
are entitled to replace the channel on B with a reversible channel. Now we
have constructed our 1-way LOCC protocol with reversible channel, that is
completely equivalent to the initial multi-way LOCC protocol. O

Clearly, by lemma [4.5.4] if we construct a 1-way LOCC protocol from
Alice to Bob, there exists another one from Bob to Alice, so the role of Alice
has nothing special.

Coming back to our discussion about mixedness, recalling lemma [4.4.3
this result states that if [¢),5 is more entangled than [¢’),5, then [p), is
always more mixed than |p’), and |p)g is always more mixed than |p’);. We
can sum up all the results of this chapter in the following theorem.

Theorem 4.5.7 (Equivalence between entanglement and mixedness). Let

() ap and |V') g be bipartite pure stales, lel |p),, |p)g and |p'),, |p')p be
their marginals. The following statements are equivalent.

1. |¢Y) zp s more entangled than |¢') \p5.
2. |p) s is more mized than |p'),.
3. |p)g is more mized than |p)g.

Now we have established the complete equivalence between entanglement
and mixedness. This enables us to choose the relation we prefer in order to
study its properties. We will choose the mixedness relation, which is simpler
to treat and has some powerful tools related to it.



Chapter 5

Diagonalizing mixed states

In this chapter we want to build up some further tools to characterize and
study the mixedness relation. In particular, our aim is to develop an abstract
theory of majorization for mixed states, which we will do in the following
two chapters. In quantum theory, it is a well established fact that mixedness
relation is equivalent to majorization [11], 17, [60, 61, 62]. Majorization, as
we will see in section [6.2] is a preorder that can be defined between sets of
eigenvalues of density operators. Therefore, the issue is then how to give an
abstract definition of eigenvalues of a mixed state.

When we diagonalize a density operator p, we can write p = >, p; [7) (Jl,
where p|j) = p; |7) for every |j). Clearly, from an operational point of view,
we cannot exploit the idea of eigenvalues and eigenvectors, because in an
abstract scenario mixed states are not operators. Nevertheless, we see that
when diagonalizing p, we are actually writing p as a convex combination of
pure states, which makes sense in a general theory. However, p can be ex-
pressed as a convex combination of pure states in many other ways. What
special feature distinguishes diagonalization from all the other convex com-
binations?

In quantum mechanics, this feature is the fact that eigenvectors are or-
thogonal pure states. We can translate this mathematical property into op-
erational language as the fact that an experimenter can perfectly distinguish
an eigenvector from all the other eigenvectors of a given density operator.

Therefore, this chapter is mainly devoted to the introduction of the no-
tion of perfect distinguishability among states, and to the exploration of its
consequences as far as the abstract version of the diagonalization of mixed
states is concerned. Eventually, we come to the second central original result

118
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of the present work: we develop a new protocol to diagonalize mixed states
even in an abstract framework. Diagonalization will be defined as a convex
decomposition of a mixed state in terms of perfectly distinguishable pure
states.

5.1 Perfect distinguishability

We begin this section with the definition of perfectly distinguishable states.

Definition 5.1.1. We say that the normalized states {p;} are perfectly dis-
tinguishable if there exists an observation-test {a;} such that (a;|p;) = d;;.
We say that the observation-test {a;} is perfectly distinguishing.

This definition is aimed at imitating the definition of orthogonal states
in quantum mechanics.

In quantum mechanics, the role of reversible channels is played by unitary
operators. Unitary operators have two key features: they are invertible and
they preserve scalar products. It is interesting to see if reversible channels
preserve the abstract version of orthogonality. The answer is affirmative.

Lemma 5.1.2. Let {p;} be a set of perfectly distinguishable states. If U
is reversible channel, then {Up;} is another set of perfectly distinguishable
states.

Proof. Let {a;} be the perfectly distinguishing test for {p;}. Then {a,U/~'}
is a perfectly distinguishing test for {Up;}. Indeed, for every ¢ and j we have

(ald ™ Up;) = (alU™U|p;) = (ailp;) = di;.
]

For the rest of this work, we will assume the following axiom related to
perfect distinguishability.

Axiom 5.1.3. For every normalized pure state |1) there ezists a pure effect

(a| such that (altp) = 1.

This means that there exists a pure effect that yields 1 on |¢), as if it
were the deterministic effect. We will show in a while that this pure effect is
unique, but some other results are necessary.
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Example 5.1.4. In quantum mechanics, axiom holds. Indeed, for
every pure state 1)) (1| we can associate a (unique) pure effect, given by the
projector on the subspace spanned by [¢). It is exactly |[¢)) (¢]. In this way,

tr |i) (P [¢) (b = tr [9) (¥] = 1.

This shows that in quantum theories the duality between pure states and
pure effects is stronger than a simple duality between the associated vector
spaces.

Now we prove an important proposition, which will play a central role in
all our treatment of diagonalization.

Proposition 5.1.5. Let p be a normalized mized state of system A. Let p,
be the maximum weight with which a pure state appears in a convexr decom-
position of p into pure states,

pe i=max{p € (0,1 : p=pa+ (1 — p) o, a pure}.

Then, if we purify p with purifying system B, and p is the complementary
state (see definition , there is a pure state of B that appears in a conver
decomposition of p into pure states with the same weight p.

Proof. By hypothesis, we can write p = p.a + (1 — p,) o, where « is a nor-
malized pure state of A and ¢ is another normalized state of A, which can be
possibly mixed. Let us purify |p),, and let |¥), 5 be one of its purifications.
According to the steering property, there exists an effect b, which in principle
may be not pure, on B such that it prepares a with probability p,.

v = P« @L (5.1)
T

Let a be a pure effect such that (a|a) = 1, it exists by axiom If we

apply a on A in (5.1), we get
C%
g B : = D« -

Now, let us change perspective slightly. Suppose we apply a on A to the
state |W),p (without b on system B!). By the steering property and pure
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conditioning, since a is pure, it induces a pure state [ of system B in a
convex decomposition of p such that

@B@:qB, (52)

where ¢ € (0,1]. If we now apply b (the effect on B that prepares o on A),

we have N
@ (BB

Since (b|3) € [0, 1], then it must be ¢ > p,. Now, let us apply b, a pure effect

such that (E|ﬁ> =1, in (5.2).
A
@ 2[5

On the other hand, b will induce some pure stat a compatible with p on
A, with probability p € (0, 1]. Using diagrams,

A :)
q=€ =p (a Mo,

whence ¢ < p. But, by hypothesis, p < p,, so we have the chain of inequalities
Pe < q < p < p,. It follows that we actually have p, = ¢ = p.

This proves that there exists a pure state S in B such that it has the same
weight p, in a convex decomposition of p. O]

The pure state 3 is such that (b|5) = 1, because p, = ¢, where b is the
effect that prepares o, and f is prepared by a.

Remark 5.1.6. In our previous line of reasoning, the starting point was the
maximum probability p, with which a pure state appears in a convex decom-
position of p. This quantity is not as simple to define as it may appear at
first glance. Actually, we must proceed in the following way.

1Recall that b is pure.
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e We consider all the convex decompositions of p into pure states. We
take the supremum of the weights in each decomposition.

e Then we take the supremum over the set of suprema.

In other words, p, is defined as

ps = supsup {p;} .
{pi} ¢
If the vector space associated with the states of our theory is finite-dimensional,
then each convex decomposition can be taken to have a finite number of
terms, according to Carathéodory’s theorem (see theorem . Therefore,
in this case, which is the case we are interested in, the inner supremum is in
fact a maximum.
p» = supmax {p;} .
{ni} °*
But what about the outer supremum? It is important that it is in fact a
maximum, because in that case we can associate a pure state a with it and
proposition makes sense.

This is true if and only if the set of pure states is closed. Indeed, let us
consider a converging sequence of probabilities {p;n},.y and a converging
sequence of pure states {c .}, y, such that p =3, p; na;, for every n € N,
We would like to replace this sequence with its limit (this is equivalent to
impose a closure condition), so that we can write p = ). p;a;, where q; is
a pure state for every 7, and p; and «; are the limits of the two sequences.
So, we require that every converging sequence of pure states converges to a
pure state, which means that the set of pure states is closed. But we already
know that this is true in a theory with purification (see proposition [3.2.10)).

Now let us turn to prove the uniqueness of the effect defined in ax-
iom As we will show soon, this problem is strongly related to its
dual problem: suppose we know that (a|t)) = 1, where a is a pure effect. Do
there exist other (possibly mixed) states such that (a|p) = 17 The answer is
negative: it must be p = 1. First of all, let us prove that such a p must be
pure. We need a preparatory lemma.

Lemma 5.1.7. If (alp) = 1, therf|a =, e.

?Recall that a =, e means that a is equal to the deterministic effect upon input of p

(see definition [3.1.9).
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Proof. Let o be a state compatible with p. This means that p = po +
(1 —p) 7, for some p € (0,1]. If (a|p) = 1, then

1 =p(alo)+ (1 —p) (a|7)

Since (alo) < 1 and (a|7) < 1, we have that the right-hand side is less than
p+1—p=1anditis equal to 1 if and only if (a|o) = (a|7) = 1. This means
that a behaves as the deterministic effect when applied to all the states in
the face identified by p. O

Now we are ready to prove that if (a|p) = 1, then p must be pure.

Lemma 5.1.8. Let a be a pure effect. If we have a normalized state p such
that (alp) = 1, then p is pure.

Proof. By lemma [5.1.7, if (a|p) = 1, then a =, e. According to proposi-

tion |3.1.11, we have
C : C -
v = | U
B

B Y

where VU is a purification of p. Since a is pure, by pure conditioning it will
induce a pure state on system B, so the complementary state p is pure. By
proposition [4.1.2] v is the product of its marginals, ©» = p ® p, whence p is
pure. ]

The next step is the proof of the dual uniqueness statement, which is
easier.

Proposition 5.1.9. Let a be a pure effect such that (ala) = 1 for some
normalized pure state . If (alp) = 1, then p = 1.

Proof. Clearly, by lemma p must be pure. Let o/ # a be another pure
state such that (a|a’) = 1. If we consider the mixed state o = (o + o),
we have (a|o) = 1 (ala) +  (d'|a) = 1; but this is impossible, because, by
lemma o must be pure. Therefore o = o, O

This result enables us to say that the effect b on B that prepares o on
A with probability p, can be taken to be pure. Indeed, recall the proof of
proposition where b is a pure effect that prepares the pure state o
on A with probability p. But since p = p,, then (a|a) = 1, therefore, by
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proposition a = «. Hence, the pure effect b actually prepares o with
probability p,. This shows a can be always prepared with probability p,
using a pure effect on B.

To see the uniqueness of the pure effect associated with a pure state, we
apply the same argument of the proof of proposition to the case when
p is the invariant state xy. We can follow the same line of reasoning thanks
to the following lemma.

Lemma 5.1.10. Let x be the invariant state of system A and let ¢ be a
normalized pure state. Then

Pmax = pp = max {p:Jo,x =pp+ (1 -p)o}
does not depend on .

Proof. Since for any couple of pure states ¢ and 1 there is a reversible channel
U such that ©» = Uy, applying U to x yields Ux = pyp + (1 — p) ¢b. Because
X is invariant, one has x = pi) + (1 — p) ¢0. This shows that p, actually does
not depend on the particular pure state ¢. O

Since x is completely mixed, every (pure) state is compatible with it. p,,
is nothing but p,, relative to the pure state ¢. The surprising result is that
ps is the same for all pure states. Note that py.. is non-vanishing.

Now we can prove uniqueness.

Proposition 5.1.11. For every normalized pure state « there is a unique
pure effect a such that (a|a) = 1.

Proof. Suppose, by contradiction, that there are two pure effects a and o
such that (a|la) = (¢/|) = 1. Let |¥),5 be a purification of the invariant
state, and let b the pure effect that prepares o with probability puac. Then,
recalling the proof of proposition a and @’ prepare two pure states on
B, say 8 and /', such that (b|3) = (b|#’) = 1. Hence, by proposition [5.1.9

B = ['. Therefore
P
v, =l :

Since x is completely mixed, |¥) ,, is faithful for effects of system A, therefore
a=da. ]
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Now, let us see some consequences of proposition The most obvi-
ous consequence is that we can associate a pure effect with every normalized
pure state and vice versa. In this way, we expect that the action of the group
of reversible channels is transitive also on the set of pure effects {a} such
that ||a|| = 1.

Corollary 5.1.12. If a and o’ are two pure effects with ||a|| = ||d’|| = 1, then
there is a reversible channel such that o' = ald.

Proof. Let o and o/ be the normalized pure states associated with a and o
respectively. We know that there is a reversible channel U such that o = Uda/.
Now, we have 1 = (a|a) = (a|lda’) = (a’|a). Since ald is a pure effect (see
lemma , by the uniqueness of the pure effect associated with «, we
conclude that o' = ald. O

Let o and o' be two normalized pure states and a and o’ their associated
effects. If o = Ua, notice that the corresponding effects are related by
a' = ald~t. In other words, if we go from a pure state to another by U, we
go from one corresponding effect to the other by U/~

5.2 Diagonalizing mixed states

In this section we deal with the issue of diagonalizing mixed states, namely
of writing a mixed state as a convex combination of perfectly distinguish-
able pure states. The starting point for diagonalization is a straightforward
corollary of proposition [5.1.5]

Corollary 5.2.1. Consider p = p.a + (1 — ps) o, where p, is defined in
proposition [5.1.5, and let a be a pure effect such that (ala) = 1. Then
(a\p) = Dx.

Proof. According to the proof of proposition [5.1.5] if we apply a to a puri-
fication of p, it prepares a pure state 5 on B with probability p,.

A
(v [, =n

If we now apply b (the effect that prepares «) to B, we know that (b|5) = 1,
so we can put the deterministic effect in place of b. Hence

A :>
p*:p*:p*: @B -:
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= Ho.
This shows that (a|p) = p.. O

This corollary enables us to define p, in an alternative way.

Proposition 5.2.2. Let p € Sty (A). Define p* := max, (a|p), where the
mazimum is taken on the set of pure effects such that ||al| = 1. Then p* = p,.

Proof. By corollary clearly one has p* > p,. Suppose, by contradiction,
that p* > p,. In this way, since p* is the maximum, there exists a pure effect
a’ such that (d'|p) > p.. Let (d'|p) = A

- D - (v], 2

where |V), 5 is a purification of p. Now, a' prepares a pure state 8’ of B with
probability A. Indeed, if we take the pure effect b’ that yields 1 when applied
to ', we have

A [
=€ D G,
D
St T

D
— _ A
- (o[ @

which means

This implies ¢ > A > p,. Therefore ¢ > p,, and the pure state o’ appears in
a convex decomposition of p with a weight strictly greater than p,, and this
contradicts the fact that p, is the maximum weight for a pure state. O]
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This alternative way of defining p,, using effects instead of states, strengthens
the idea of duality between states and effects.

The result expressed in corollary has deep and important implica-
tions. Since (a|p) = p., this means that (a|o) = 0, provided?| p. # 1, where
p=p.a+ (1 —ps)o. Indeed,

p+ = (alp) = p. (ale) + (1 = p.) (alo) = p. + (1 = p.) (alo),

because (a|a) = 1. This implies that « and o are perfectly distinguishable
from each other. Indeed, we can build up an observation-test {a,e — a} that
distinguishes between o and ¢. This is a hint of the fact that we are on the
right track to write p as a convex combination of perfectly distinguishable
pure states. Besides, if (a|o) = 0, then (a|7) = 0 for any state 7 compatible
with 0. To show it, it is enough to recall that 7 € F, if and only if there
exists p € (0,1] such that o = pr + (1 — p) 7. If (a|]o) = 0, then

0=p(alr) + (1 =p)(alr).

It must be (a|7) = 0, because the right-hand side is a sum of two non-negative
numbers. In particular, (a|a) = 0 for any pure state « in the face identified
by o.

Corollary 5.2.3. Every pure state is perfectly distinguishable from some
other pure state.

Proof. Let us consider the invariant state y. For every normalized pure state
¥, we have X = pmax?® + (1 — Pmax) 0, Where o is another normalized state.
By corollary [5.2.1] if a is the pure effect such that (al¢)) = 1, then (a|o) = 0.
If o is pure, then v is perfectly distinguishable from o by means of the
observation-test {a,e — a}.

If o is mixed, than (a|p) = 0, for every pure state ¢ in the face identified
by o. Therefore v is perfectly distinguishable from ¢ by the observation-test
{a,e — a}. O

We can proceed in this manner on the way of diagonalizing p.

e Once we have determined p, =: p; and we have found o =: a; such
that p = p1ay + (1 — p1) 01, we repeat the previous procedure for the
state o;.

31f p, = 1, then p is pure, and we are done. Therefore, it is licit to assume p, # 1.
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o We find po, defined as the maximum weight such that we can write
01 = peay + (1 — pg) 09, where a is a pure state and oy is another
state; and so on.

This process must end sooner or later when we find that the remaining state
o; is pure. At each step 1, o is perfectly distinguishable from o; and therefore
it is perfectly distinguishable from each of the pure states in the face identified
by o;.

At the end of this procedure, we can write p as p = >, p;c;, where
pi > pi1 for every i and (a;|a;) = 0 for every j > i, where a; is defined as
the pure effect such that (a;|a;) = 1.

Our next goal is to show that all the a;’s are perfectly distinguishable.
Therefore, we move on to consider the following issue.

Suppose somebody prepares a normalized pure state taken from the set
{a;}. We know that for every pure state a; there is a (unique) pure effect a;
such that (a;|oy;) = 1, and that (a;|a;) = 0 for every j > i. Are we able to
distinguish the pure states perfectly, namely to identify with certainty which
state has been prepared?

The answer is affirmative, but we have to construct a distinguishing pro-
tocol carefully. The key idea will be to switch from pure effects to pure
transformations, that occur with the same probability as the effects, accord-
ing to corollary [3.2.6, We will focus on transformations rather than on effects
because we want to do a procedure that involves several iterations of a basic
procedure. If we use effects, we will not be able to iterate the procedure,
because effects destroy the system we are examining.

Before explaining the procedure, we need a result about the relationship
between effects and their associated transformations.

Proposition 5.2.4. Let a be an effect such that (alp) = 1, for some normal-
ized state p € Sty (A). Then there exists a transformation T on A such that
(a|=(e|]T and T =, T.

Proof. Let us consider a purification ¥ € St; (AC) of p. By corollary
there exists a system B and a pure transformation A € Transf (A, B) such
that (a|, = (e|g A. Let us apply A on system A; the resulting state |3)g.
will be pure, because A is pure.

B AB
@ngc
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Let us now take the deterministic effect on system B.

6—-3 _ @ _ @—H D)
C C

C

By lemma [5.1.7) (alp) = 1 implies a =, e. According to proposition [3.1.11

we have then
A o) A Te)
N c = |V .

C

This means that |¥)5. and |V), are two purifications of the same state
(their marginal on C). Then, there exists a channel C from B to A to such

that
A B.A A@B@A

Since equality on purifications implies equality on input (see proposition|3.1.10)),
we have that CA =, Z,.

A 7] ~1LA  _ A A
(AR =
Let us take the deterministic effect on A.
A@B@A@:p A.A-
Since C is a channel, the left-hand side is nothing but (a|,. If we define a
transformation 7 on A as T := CA, we then have

A@: A.A-:p A.A-.

The proposition is proven. O

Note that, unlike in corollary [3.2.6] here the transformation is on A,
whereas in corollary [3.2.6] the transformation is from A to B, where system
B need not to be equal to A. Therefore, for a generic effect (a|, we have
(a|, = (e|g‘A, where A is a pure transformation from A to a system B.
However, if (a|, is such that |la|| = 1, namely there is a normalized state p
such that (a|p) = 1, the transformation can be taken to act on A, without
an additional system B. However, in general, in this case the transformation
is not pure.

Now we can explain our procedure of discriminating the pure states
{a;};,, such that (a;|e;) = 1, and that (a;|a;) = 0 for every j > i.
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e Let us consider the observation-test {a;,e — a;}, which perfectly dis-
tinguishes oy from the other states, and we apply the associated test
{.Al, Af}, according to corollary If the outcome is A;, then we
conclude that the state is a. If not, the state is one of the other ones.
Now we consider p; = -5 3" ;. Since (e — ai]p1) = 1, because
(a1]o) = 1, then Af will leave all the pure states {a;};_, invariant,
according to proposition We are ready to repeat the test.

e This time we consider the observation-test {as, e — as}, which perfectly
distinguishes as from the remaining states, and we apply the associated
test {Ag, AQL} If the outcome is A, then the state is an. If not, we
consider py = —5 3" Sy Since (e — ag|ps) = 1, then Ay leaves all
the pure states {a;},_, invariant. Now we repeat the procedure again.

e In this way, repeating the procedure several times, we are able to
identify the state with certainty.

We therefore managed to “diagonalize” every normalized mixed state p, namely
we managed to write it as a convex combination of perfectly distinguishable
pure states.

Remark 5.2.5. Note that, in general, the perfectly distinguishing test for the
pure states {«;} is not made of the pure effects {a;} such that (a;|c;) = 1. In
other words, in general, the perfectly distinguishing test is not pure. Indeed,
suppose that {a;};_, are perfectly distinguishable pure states, and that if we
add some pure state o, 1, the states {ai}?:ll are perfectly distinguishable
too. Suppose we want to build up the perfectly distinguishing tests for these
two sets by putting together all the pure effects a; associated with the pure
states. In this way, the perfectly distinguishing test for {a;}; , would be
{a;};_,, and we have > "  a; = e. The perfectly distinguishing test for the
pure states {o;}' ! is {a;}77,, and again 327" a; = e. Comparing the two
sums we have

n+1 n
€= E a; = E Q; + Qpg1 = €+ Apy1-
i=1 i=1

This means that a,,; = 0, but this is absurd because by hypothesis (a,11|@,+1) =
1.
Therefore not all the perfectly distinguishing tests are pure.

We can now give the following definition.
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Definition 5.2.6. Let p be a normalized mixed state. A diagonalization of
p is a convex decomposition of p into perfectly distinguishable normalized
pure states.

We call the weights in a diagonalization of p the eigenvalues of p relative
to that diagonalization.

We have proven that every mixed state can be diagonalized.

In general, the diagonalization of p will not be unique, since it is not
unique even in quantum mechanics. However, in quantum mechanics two
different diagonalizations of a mixed state can differ only by the choice of the
eigenvectors (by a change of basis), whereas the eigenvalues are the same.
In a general theory, we do not know if this is true; and this is the reason
why we were forced to specify that the eigenvalues are relative to a specific
diagonalization.

However, if recall the procedure of diagonalization, we see that each ei-
genvalue is defined as the maximum weight with which a pure state appears
in a convex decomposition of the given mixed state. Since we know that the
maximum of a set is unique, we are tempted to state that the eigenvalues
of a mixed state are uniquely defined. If the mixed state is non-degenerate,
namely if at any step of the procedure the maximum is achieved by a unique
pure state, this is true. And of course this is always true for the largest ei-
genvalue p;. Problems arise if somewhere the maximum is achieved by more
than one state. In this way, when we diagonalize, we have to choose one of
these states and the eigenvalues found at later steps may in principle depend
on the choice of the pure state. So, if for non-degenerate mixed states the
eigenvalues are well-defined, for the other states the question remains open,
at least in our procedure of diagonalization.

Nevertheless, the most serious issue is that there might be other diagon-
alization procedures which are different from the one we presented in this
section. Indeed, we showed a procedure to diagonalize mixed states, but we
cannot tell whether this is the only procedure of diagonalization. Clearly,
different procedures of diagonalization can yield different eigenvalues, even if
the state is non-degenerate.

Our procedure of diagonalizing mixed states gives us also some results
about the relationship between our diagonalization of p and the correspond-
ing diagonalization of its complementary state p. In proposition we
showed that the pure effect a, where (a|a) = 1 and « appears in a convex
decomposition of p with weight p,, prepares a pure state § of B such that
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[ appears in a convex decomposition of p with the same weight p,. Actu-
ally, since every step in our procedure of diagonalization involves a p, of a
particular mixed state, we see that at the end we manage to write p as a
convex combination of pure states with the same weights as p. But do we
actually get a diagonalization of p? In other words, are the pure states in this
convex decomposition of p perfectly distinguishable? The answer is clearly
affirmative. Indeed, applying a similar argument to the one in corollary
to system B, one gets that (b|p) = p., where b is the pure effect associated
with 5. Then one can redo the same procedure to diagonalize p. This means
that the pure states appearing in the convex decomposition of p are perfectly
distinguishable. Then we can say that the complementary state p has a diag-
onalization with the same eigenvalues as the corresponding diagonalization
of p.



Chapter 6

A two-level system

This chapter is devoted to analyse the first consequences of our procedure of
diagonalization of mixed states, as far as mixedness relation is concerned. In
this vein, we will focus on the simplest with perfectly distinguishable pure
states, a 2-level system. The main tool to study mixedness relation using
the eigenvalues we have just defined is given by majorization, a widely used
tool in statistics. We will develop this topic first in full generality, and then
applying it to the case of a 2-level system. Related to this subject, we have
Schur-concave functions, which directly measure mixedness by assigning a
real number to each mixed state according to its eigenvalues. Among them
we have entropies, that emerge in our treatment as measures of mixedness.

There have been several approaches towards a definition of entropy in
general probabilistic theories [64] 65 [66]. In particular, Barnum et al. [64]
base their definition on states, whereas Short and Wehner [65] rely on effects.
Our innovative approach, based on diagonalization of mixed states, has the
merit of unifying these two approaches, because, as a consequence of propos-
ition [5.2.2] we can achieve diagonalization of mixed states starting from pure
states or pure effects indifferently.

6.1 A two-level system

In this section we see some consequences of the results of the the previous
chapter for a 2-level system, which is the simplest system where we can take
advantage of the procedure of diagonalization. We will assume axiom [5.1.3]
as well as all the results of the previous chapter.

133
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Before introducing the definition of a 2-level system, we define what a
maximal set of perfectly distinguishable states is.

Definition 6.1.1. Let {p;};_, be a set of perfectly distinguishable states.
We say that {p;};_, is mazimal if there is no state p,41 such that the states

{p:}5] are perfectly distinguishable.

Intuitively, a 2-level system, is a system where every maximal set of per-
fectly distinguishable states is made of two elements.

Definition 6.1.2. A 2-level system (or g—bit[[) is a system whose maximal
sets of perfectly distinguishable states have 2 elements.

Actually, we will focus on maximal sets of perfectly distinguishable pure
states. We know that such sets exist because every pure state is perfectly
distinguishable from another pure state (see corollary . In general, the
maximal sets of perfectly distinguishable pure states are not pairwise disjoint.
Suppose 1 is perfectly distinguishable from 5 by means of the observation-
test {aj,as}. Nothing forbids that 1 is perfectly distinguishable also from
another pure state ¢;, by an observation-test {a}, a,}. Clearly, at least one of
the two observation-tests is not pure. Indeed, if they were both pure, then
a; = a), because there is only one pure effect that yields 1 on ;. Since
a; + a; = e and a} + a, = e, this would imply also a; = a). Therefore
(az|12) = (as]t)y). By proposition [5.1.9] then 1y = 4.

Thus, a sufficient condition to have pairwise disjoint maximal sets of
perfectly distinguishable pure states is that all the perfectly distinguishing
tests are pure.

The most important consequence of the definition of a 2-level system is
about diagonalization. Since in a 2-level system we have at most two perfectly
distinguishable pure states, every mixed state diagonalization has two terms.

In this way, we can write p = py+(1 — p) 1)/, where ¢ and ¢’ are perfectly
distinguishable pure states. We will use the convention p > 1 — p, namely
p > % (and clearly p < 1). We see that diagonalizations in a 2-level system are
somehow “rigid”: it is necessary to specify only one of the weight, because
the other one is completely determined. This “rigidity” will enable us to
easily prove some specific results for a 2-level system, such as the following
proposition.

LGeneralized bit
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Proposition 6.1.3. Every diagonalization of the invariant state x has p = %,

namely there exist two perfectly distinguishable pure states v and )’ such that
1 1,/
X =3¢+ 3¢

Proof. Let us consider a diagonalization of the invariant state x = py +

(1 —p)', where % < p < 1. Let us apply a reversible channel I/, such

that Uy = ', to x. According to lemma " = Uy will be perfectly
distinguishable from U = 1)'. Then we another diagonalization of .

x=p¢' + 1 =p)" =p+(1-p)y

We want to prove that, actually, ¢" = 1. Now,

1 1—»p 1—»p
p=-x——Ly=x+-—=LA
p p p
N g
l—p™ 1-p l—p "’
where A = y — /. Since%>0andﬁ>0, then ¢ and " are in the

same half-line with initial point x and direction A. TIf % > ﬁ, which
means 0 < p < %, then 9" lies in the segment with extremal points y and
1. But this is impossible, because we are assuming % < p < 1. I, instead,
% < 1%})7 which means % < p < 1, ¥ can be can be written as a convex
combination of x and ¢”. This is impossible, because v is pure. The only left

possibility is that % = ﬁ, which means p = %: in this case ¢" = 1. H

We have just proven that every diagonalization of y has only the eigen-
value % with multiplicity 2. In particular, we have that maximal sets of
perfectly distinguishable pure states that diagonalize the invariant state are
related to each other by reversible channels.

Now, we would like to prove something stronger, namely that whenever
we take a maximal set of perfectly distinguishable pure states, their convex
combination with equal weights yields the invariant state.

We need an additional assumption. To identify what the best choice is,

let us prove some additional results.

Lemma 6.1.4. In a 2-level system there is a pure state which is perfectly
distinguishable from another pure state by a pure observation-test.
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Proof. Let us consider a diagonalization of the invariant state x = 1 (¢ + ¢),
obtained according to the procedure of the previous chapter. Let us prove
that ¢ can be perfectly distinguished from ¢’ by a pure observation-test,
namely made of the pure effects a, and a, associated with ¢ and ¢’ re-
spectively. Since the two pure states have the same weight, we can apply
all the results of the previous chapter to both of them. Then we know that
(aply) = (ay|Y') = 1 and (ay|Y’) = (ay|yp) = 0. We want to prove that
ay + ay = e; thanks to the purification postulate this is a sufficient condi-
tion for {ay,aw} to be a test. Let us consider a purification |®),5 of [x),-
According to the steering property, a, and a,s induce pure states on B such

that N
CL¢ 1
(o], -3 G

A CLqr/)/ 1
_ ! B
| =3
From the results of the previous chapter, we know that the complementary
state is p = 3 (8 + ). So

A tar) :
EB_GB _@'

and

B

Since |x), is completely mixed, |®),y is faithful for effects of system A.
Therefore we conclude that a,+ay = e, so ay, and a, make up an observation-
test. O

A straightforward corollary is the following.

Corollary 6.1.5. In a 2-level system every pure state is perfectly distin-
quishable from another pure state by a pure observation-test.

Proof. Consider the state 1) defined in the proof of lemmal[6.1.4] v is perfectly
distinguishable from ¢’ by the pure observation-test {a,, ay }. Now, every
pure state can be obtained by applying a suitable reversible channel U to .
By lemma [5.1.2] the set {Ud¢),Uy)'} is a set of perfectly distinguishable pure
states. The perfectly distinguishing test is {a,Ud ', ap U1} and it is also
pure. This proves that every pure state can be perfectly distinguished from
another pure state by means of a pure observation-test. O
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Therefore, if a pure state is perfectly distinguishable from more than one
pure state, then in one case perfect distinguishability is achieved by means
of a pure observation-test; in the other cases the perfectly distinguishing test
is not pure.

Proposition 6.1.6. The following statements are equivalent in a 2-level sys-
tem.

1. Given two mazimal sets of perfectly distinguishable pure states {1,1'}
and {@,¢'}, there exists a reversible channel U such that {p, ¢’} =

{Uyp,uy'}.
2. FEvery perfectly distinguishing test is pure.

Proof. Let us prove the two implications.

Suppose that every perfectly distinguishing test is pure. Let {1, ¢’} and
{p,¢'} be two maximal sets of perfectly distinguishable pure states. We
know that there is a reversible channel U/ such that ¢ = Uy. U maps
perfectly distinguishable sets into perfectly distinguishable sets. Therefore,
{UY,UY'} = {p,UY'} is a set of perfectly distinguishable pure states. As we
noted above, if every perfectly distinguishing test is pure, then every pure
state is perfectly distinguishable from only one pure state. Now, since ¢ is
perfectly distinguishable only from ¢’, this means that ¢’ = U

Let us prove the converse implication. Suppose ¢ can be perfectly dis-
tinguished from ¢’ by a pure observation-test. Then, if {¢, ¢’} is another
maximal set of perfectly distinguishable pure states, there is a reversible
channel such that {¢, ¢'} = {U,UY'}. Since 1) and ¢)" are perfectly distin-
guishable by the pure observation-test {ay, ay }, then ¢ and ¢’ are perfectly
distinguishable by the pure observation-test {a,U ', apU~'}. In this way,
the (pure) states in every maximal set of perfectly distinguishable pure states
are distinguishable by a pure observation-test. O

We want to assume one of the two statements, to derive some further
results. Since they are equivalent, we can choose either one. It will turn out
to be more convenient to make the following assumption.

Assumption 6.1.7. Given two maximal sets of perfectly distinguishable pure
states {1, '} and {p,¢'}, there exists a reversible channel U such that

{o, ¢y ={Uy,Uy'}.
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Note that with this assumption, the definition of a 2-level system is some-
what redundant. Indeed, if every maximal set of perfectly distinguishable
pure states can be obtained from one maximal set of perfectly distinguishable
pure states made of two elements, all maximal sets of perfectly distinguish-
able pure states have two elements.

Remark 6.1.8. With this assumption, the proof that every diagonalization
of the invariant state y has % eigenvalues is simpler. Indeed, let us consider
a diagonalization of the invariant state y = py + (1 —p)¢’. According
to assumption there is a reversible channel such that Uy = ¢’ and
U = 1. Basically, U only permutes ) and v'. If y is invariant, we have

X =Ux =pY' + (1 —p).

Now we have two diagonalizations of y. Taking (a,|x) on both of them,
where (ay|t)) =1 and (ay|¢’) = 0, one gets p = 1 — p, whence p = 1.

Now we prove an important result for the invariant state.

Proposition 6.1.9. Let ¢ and ¢’ two perfectly distinguishable pure states.
Then § (¢ +1') = x.

Proof. Let us consider a diagonalization of x. According to proposition[6.1.3]
we have x = 5 (¢ +¢'), where ¢ and ¢’ are perfectly distinguishable pure
states. By assumption [6.1.7] there is a reversible channel such that Uy = ¢
and Uy’ = 1¢)'. Then we have

quxzé(usoﬂLUw’):%(@/}ﬂ//)'
0

In this way, we have proven that the only degenerate state is the invariant
state x and that all its diagonalizations have the same eigenvalues. For all the
other mixed states p, p is uniquely defined as the maximum weight with which
a pure state appears in a convex decomposition of p. So, their eigenvalues
are uniquely-defined, at least in the procedure of diagonalization presented in
section [5.2] as we noticed in the previous chapter. But what about different
procedures of diagonalization? Are the eigenvalues always the same for a
given state? The answer will be given in section [6.3]

Remark 6.1.10. The fact that y can be diagonalized using every couple of
perfectly distinguishable pure states, clearly shows that, in general, the di-
agonalization of a mixed state is not unique, even for a 2-level system.
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6.2 Majorization and its properties

Finally we introduce the main practical tool to have a better insight about
the mixedness relation, taking advantage of the diagonalization procedure.
This was essentially the main reason why we introduced and discussed di-
agonalization of mixed states. And this is also why it is so important that
eigenvalues are well-defined, so that they completely characterize a given
mixed state.

6.2.1 Heuristic introduction

We want to quantify how mixed a probability distribution is. Intuitively, a
probability distribution is “more mixed” than another one if it is flatter, or
in other terms, more equal. Some early studies about mixedness in statistics
were in fact inspired by economic studies.

For instance, Lorenz [67] studied the concept of income inequality. Let
us consider a population of n individual, and let x; be the wealth of i-th
individual. Let us order individuals from poorest to richest: in this way, 1
is the poorest individual, whereas n is the richest. Now we plot the points

<E i), where k =0,...,n and S = Zle x;, with Sy = 0. Hence Sy is the

n’ Sy
total wealth of the poorest k individuals. Finally, we join these points with
a polygonal chain starting from (0,0) and ending in (1, 1).

12

0.8 4
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In this figure, we can see three different wealth distributions. The red line
is a straight line and corresponds to the situation in which wealth is evenly
distributed. The more a polygonal chain is bent in the middle, the more
uneven is the distribution. The extreme case is when we have a polygonal
chain made of the lower side of the [0, 1] x [0, 1] square, and of the left vertical
side of the same square. This situation means that all the wealth is owned
by a single individual.

Let us consider the B-line and the C-line. Let x; be the wealth of each
point in the B-line and let y; be the wealth of each point in the C-line. Since
the C-line is more bent than B-line, this means that?

k k
sz‘ > Zyi

1=1 =1

and obviously Y ", z; = > » ,y;. Therefore we can see that an income
distribution is more even (or more mixed) than another if the following two
conditions are fulfilled.

° Zlexi EZleyi forevery k=1,...,n—1

i Z?:l Ti = Z?:l Yi

6.2.2 Majorization

The concept of majorization captures the idea that a vector is more random
than another.
We introduce a notation [GS].

Notation. Given a vector z € R", we define x| as the decreasing rearrange-
ment of z. We denote the i-th component of x| as ;.

We define 4 as the increasing rearrangement of x. We denote the i-th
component of x4 as x;).

In this way, xp;) > x4 for every ¢, whereas x;) < x(;41) for every i. With
the heuristic motivation in mind, let us give the following definition.

Definition 6.2.1 (Majorization). Let z,y € R". We say that = is majorized
by y (or that y majorizes ), and we write z =< y, if

2Recall that x; are in increasing order.
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o« ¥ xp < S yp forevery k=1,...,n—1

® DT =D Y

Our intention is to apply the definition of majorization to the eigenval-
ues of mixed states, therefore in this specific case the latter requirement is
always fulfilled because we know that > "  xp = >y = 1. Note that
our procedure of diagonalization naturally yielded eigenvalues in decreasing
order.

However, there is nothing special about decreasing order as opposed to
the increasing order. Indeed, the majorization conditions in definition [6.2.]]
are equivalent to

k k
° zz':l L@y = Zi:l Y()
DT = D Y

These two conditions are exactly the same we met at the end of our heuristic
introduction in subsection

To see the equivalence of these two conditions for majorization, first of
all notice that 3", xq) = > 1"y and D7 @) = D0, yp) are exactly the
same condition; in particular

n k n—k
doag = zp+ Y wa, (6.1)
=1 =1

=1

and similarly for the sum with y;. Suppose we know that Zle xp <

>y v Then, if we subtract S0, oy < D777 yyg from S50 @ = 327, v,
recalling eq. , we get Z;:lk T > Z?:_lk Y@;). Similarly one proves that
the increasing-order conditions imply the decreasing-order conditions.

Thus, decreasing (or increasing) order has nothing special, but we prefer
resorting to decreasing order when studying majorization.

Example 6.2.2. Let x be a vector of n non-negative real numbers such that
p1

Pn



CHAPTER 6. A TWO-LEVEL SYSTEM 142

and > p; = 1. We will call this type of vectors vectors of probabilities.
Clearly, when comparing two vectors of probabilities, we need not to check the
condition )", x; = Y1 Y, because it is automatically satisfied, because
Yo x = 2 iy Y = 1. Without loss of generality, we can assume p; > p;41

for every 1 = 1,...,n — 1. Then x is majorized by
1
0
y=1 .
0

Indeed, p; < 1, otherwise it could not be Y | p; = 1, for the p;’s are all
non-negative. In addition,

k
Y p<14+0+...40=1
i=1 k-1

for k =2,...,n — 1. This shows that = < y.

Example 6.2.3. Let x be a vector of n probabilities

P1
Tr = .
Dn
Then x majorizes
0
y =

1

Indeed, it is well known (from the properties of arithmetic mean) that
% < Zlepi, for every k < n. This shows that y < =z, for every such =.

This means that y is the minimum of vectors of probability according to
majorization relation.

Since we are working with rearrangements of a vector, it will be useful
to analyse this topic better. We will make use of permutations. Indeed,
suppose we want to translate into mathematical language the fact that we are
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exchanging the entries of a vector in R" to order it. We need a representation
of the symmetric group S,,.

Suppose we want to permute the entries of a vector z by the permutation
T e S, Ifr=>3"" ze;, where {e;}]_, is the canonical basis for R", and we
want to move the i-th entry to the 7 (7)-th entry, then the resulting vector
is ©x = Y I, Tiexi). Therefore we look for a matrix that transforms e;
into er(;. This matrix simply permutes the basis vectors. We will call it
permutation matrix.

We can associate a n X n matrix II with every permutation = € S,,. It is
the matrix whose i-th column is er;). We sum up all these remarks in the
following definition.

Definition 6.2.4. A square matrix II of order n is said to be a permutation
matriz if Il;; = 0; (;), for some permutation m € S,.

In this way, a permutation matrix can be obtained simply permuting the
columns of the identity matrix.

Example 6.2.5. Let us consider the permutation matrix

II =

_ o O
o O =
O = O

This matrix maps e; into ez, e; into e; and es into e;. The associated

permutation is then
(1 23
"m\312)

namely the cycle ( 1 3 2 )

Permutation matrices give a representation of the permutation group S,,.
Indeed, if IT and X are the matrices associated with the permutations 7 and
o, then IIY is the matrix associated with 7 o . Indeed

(I2) 5 = Y 8in()Si0tk) = Oirnio(k)) = iiroo(r)-
J

6.2.3 Mathematical properties

Clearly, majorization is a binary relation on the set of vectors in R”. Let us
analyse its properties.
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Reflexive property It is obvious from the definition of majorization that
r <Xz for every z € R™.

We can say even something more. If we consider any rearrangement of
x, namely Ilz, where II is a permutation matrix, then x < ITx. This holds
because, as far as majorization is concerned, only the values of the entries of
x are important, not the order in which they appear.

Transitive property Suppose x <y and y < z. Then we have z < z, for
every x,vy,z € R". Indeed, if x <y, then Zle xp) < Zle ypi) for every k =
L...,n—1and " oz ="y If y < 2, then Zle Y < Zle 2y for
every k=1,...,n—1and >y = > ., 2. Combining everything, one
has Zle xp) < Zle zy forevery k=1,...,n—1and >z =D 1 2

Antisymmetric property Once more antisymmetric property fails. Sup-
pose we know that x < y and y < x. What can we conclude?

If x < y, then Zle xp < Zle yp for every k = 1,...,n — 1 and
S ap = Yo v If the converse also holds, then 35y < S°F  ayy for
every k = 1,...,n—1. This means that we actually have Zle T = Zle Yi)
for every k = 1,...,n and this means that ;) = y;) for every ¢. In other
words, x; = y;, whence z and y differ only by a rearrangement of their
entries. We conclude that y = Ilx, for some permutation matrix II.

Again, majorization is a genuine preorderE] therefore we can turn it into
an order by taking the quotient with respect to vectors that differ by a
permutation matrix, i.e. that differ only by a rearrangement of their entries.
Indeed, the associated equivalence relation is x ~ y if + = Ily. From an
operative point of view, this can be achieved by rearranging each vector in
decreasing order before comparing it to any other vector. In this way <
becomes an order between sets of numbers and no more between vectors.

However, the order is not total, as the following example shows.

Example 6.2.6. Let us consider two vectors x and y in R3.

y:

(GGG N
WSS [N [ =

3Tt is not an equivalence relation, as shown for instance in example
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In this case we have neither x < y, nor y < x. Indeed, % < %, so y A x, but
2+2>14 1, 502 Ay This shows that the order is not total.

Majorization has a close relationship with doubly stochastic matrices,
which we will use in the following. Fist of all, let us define what a doubly
stochastic matrix is.

Definition 6.2.7. A square matrix P of order n is called doubly stochastic
if each entry is non-negative and the sum of all the entries in each row and
in each column is 1. In symbols, P;; > 0, >, Pj; = 1 (each row sums to 1)
and ). P;; =1 (each column sums to 1).

Clearly, the identity matrix and permutation matrices are trivial examples
of doubly stochastic matrices. A less trivial example is the following.

Example 6.2.8. The n X n matrix

3=
S|

S [
S e

is a doubly stochastic matrix.

In order to prove some results about doubly stochastic matrices, we need
an alternative and more compact characterization of them.

Lemma 6.2.9. Let P be a square matrixz of order n with non-negative entries.
If u € R™ is such that

and

where u' is the transpose of u.
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Proof. Let us see what the two conditions mean. Pu = umeans ) 7 | Pjju; =
u;, but u; = u; = 1, so actually this relation reads E;.L:l P;; = 1. Similarly,
u'P = u' means Y  u;P;; = uj;, that is > | P;; = 1. O

Vector u plays also a special role in majorization. Indeed, if x < u, then
x = u. To see it, it is enough to recall example where u plays the role
of

1

1

and we showed that such vector is the minimum in majorization relation.
Thanks to lemmal6.2.9, we can easily show that the product of two doubly
stochastic matrices is still a doubly stochastic matrix.

Lemma 6.2.10. Let Py and P, be two doubly stochastic matrices. Then their
product P = Py Py is a doubly stochastic matriz.

Proof. Clearly, P = PP, is a square matrix with non-negative elements.
Then it is enough to check the two conditions of lemma We have

Pu= P Pu= Pu=u,

where we used the fact that both P, and P, are doubly stochastic. Very
similarly,

UtP = utP:[PQ = UtPQ = Ut.
Hence P is a doubly stochastic matrix. O

We will make use also of the following result by Birkhoft [70], which we
will not prove. For a proof see [68].

Theorem 6.2.11 (Birkhoff). Doubly stochastic matrices are the convex hull
of permutation matrices, where permutation matrices are the extreme points
of it.

This means that doubly stochastic matrices can be thought as performing
a random permutation. Indeed, every doubly stochastic matrix P can be
expressed as a convex combination of permutation matrices II;.
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We are ready to state the equivalence between majorization and doubly
stochastic matrices. The first thing we will do is to have a characterization
of doubly stochastic matrices in terms of majorization.

Proposition 6.2.12. A square matriz P of order n is doubly stochastic if
and only if Px < x for every r € R™.

Proof. Sufficiency. Suppose Pz < x for every x € R™. In particular, Pu < u,
where u is defined as in lemma As we noted above, it must be Pu = u
because v is the minimum in majorization relation.

Now let us take x = e;, the j-th vector of the canonical basis for R". We
know that Pe; < e;, which means

: =€
Pnj

In particular, this implies > " | P;; = 1, namely «'P = u. It also implies
that min; P;; > 0 for every j, so P has non-negative entries. We conclude
that P is a doubly stochastic matrix.

Necessity. Suppose P is doubly stochastic. Let us consider y = Px.
We can suppose, without loss of generality that x and y are arranged in
decreasing order. If this is not the case, let us consider the permutation
matrices I and > such that Ilx and Yy are arranged in decreasing order.
Then, it is enough to replace P in the following argument by X PII"! and z
and y by IIz and Xy. Y PII! is still a doubly stochastic matrix, because it
is the product of doubly stochastic matrices. So, let us assume a decreasing
order for z and y. We have y; = 2?21 P;jz;. Summing over ¢ ranging from
1 to k < n, we have

k k n
Dovi=> > Pyri=Y ) Piry=> t,
i=1 i=1 j=1 j=1 i=1 j=1

where we set

Clearly, 0 <t; <1 because P is doubly stochastic, and

k k n

;ti:iZBJZZZBjZk.

j=1 i=1 i=1 j=1
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Let us calculate S2F 4 — 3% ;.

k k n k n k n
=1 =1 =1 =1 =1 =1

i=1
k n
= (wi—a) (= 1)+ Yt — ).
i=1 i=k—+1
In the first sum, x; — x; > 0 because z is arranged in decreasing order and
1 < k, whereas t; — 1 < 0. Hence the first sum is non-positive. In the
second sum, t; > 0, whereas x; — x;, < 0 because z is arranged in decreasing
order, but now ¢« > k. This shows that Zle Yi — Zle x; < 0, that is

Zle Y < Zle x; for every k < n. Moreover, we have
n n n n n n
SR 9 SLED 9l p o PR o
i=1 i=1 j=1 j=1 \i=1 j=1
This proves that y < . O
Now, it is time to give a characterization of majorization using doubly

stochastic matrices. This will be a key result which we will use several times
henceforth. First of all, we need the following definition.

Definition 6.2.13. A T'-transform is a doubly stochastic matrix defined as
T=X+(1-)Q,

where A € [0,1] and @ is a permutation matrix associated with a transposi-

tion [

Let us see what the effect of a T-transform is. Suppose x € R™; if ()
exchanges i-th entry with j-th entry, then

I I
o = :

X )\ill']—i-(l—)\) Z;

Ty Ty

“Recall that a transposition is a permutation that exchanges only two elements of a
set.
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Essentially, the T-transform mixed the i-th with the j-th entry.

Remark 6.2.14. Note that a T-transform is a doubly stochastic matrix be-
cause it is a convex combination of two permutation matrices (see the-

orem [6.2.11]).

Let us now see an example of a T-transform.

Example 6.2.15. Consider

103
P = 010
103
We can write it as
3 1 00 1 0 01
P:Z 010 +Z 010
0 0 1 1 00

P is clearly a T-transform, where \ = % and

Q=

_ o O

01
10
0 0

is the permutation matrix associated with the transposition ( 1 3 )
Now we need the following technical lemma.

Lemma 6.2.16. If x <y, then x can be derived from y by successive applic-
ations of a finite number of T-transforms.

Proof. First of all, suppose that x can be obtained from y by permuting its
entries by a permutation matrix II. We know that the associated permutation
can be decomposed as a product of a finite number transposition, namely II
is a product of transposition matrices. But transposition matrices are T-
transforms (with A = 0), so in this case we proved that x can be obtained
from y by applying a finite number of T-transforms.

Now, let us suppose that x cannot be obtained from y by simply per-
muting its entries. Without loss of generality, we can suppose x and y are
arranged in decreasing order. If this is not the case, it is sufficient to consider
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the permutation that achieves decreasing order: every permutation matrix
is a product of a finite number of T-transforms.

So, if z and y are arranged in decreasing order and x # y, let j be the largest
index such that z; < y; and let k be the smallest index greater than j such
that xp > y. Since © < y, 7 and k£ must exist because the smallest index ¢
for which z; # y; must satisfy x; < y;, whereas the largest index such that
x; # y; must satisfy x; > y;. Clearly we have y; > x; > 3, > y; because x
and y are arranged in decreasing order. Let us define

0 :=min{y; —xj, Tk — Yk}

(note that § > 0),
)
Yi — Yk
(note that 0 < XA < 1 because § < y; — ;) and

1—)M:=

(y(l))t:(yl con Y1 Y =0 Yir1 ooor Ykl Ykt O Yrg1 - yn)

After some passages we can rewrite this expression as

D) =M+ =N (% - Gt Y Uit o Uk U Ykrt e Yn )

Therefore y) = Ty, where T is the T-transform T = A1 + (1 — )\) Q, where
() interchanges the j th and the k-th entries. By proposition [6.2.12, y) < y.
We have also z < yM, indeed

e

forl=1,...,7 — 1andxj<y] andy =y, fori=454+1,...,k—1; and

e

MN
||M~

=1

MN
||M~

=1

forl=Fk,...,n—1 and finally

R NI
=1 1=1 i=1
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Let v,w € R™. Let us denote by d (v, w) the number of non-vanishing entries
of the vector v —w. If § = y; — x;, then yj(-l) = x;, whereas y,(cl) = 3, if
0 = xx — Y. Therefore d (z,yV) < d(z,y) — 1. Therefore y) is “closer”
than y to x, because it has more entries equal to the entries of x. Therefore,
we went from y to y") by a T-transform , and still we have 2 < y). Now we
can iterate the procedure again, going from y to y® (such that z < y®)
by another T-transform, and y® will be even “closer” to z, and so on. At
any step k, d (1:, y(k)) is strictly decreasing and < y®), so sooner or later we

will obtain x, only by a composition of a finite number of T-transforms. [J

From the proof of this lemma, it is apparent that at most n — 1 T-
transforms will be necessary. Indeed, in the worst case, d (z,y) = n; this
means that all the entries of x and y are different. Therefore d (az,y(l)) <
n — 1 and, in the worst case, d(q:,y(l)) = n — 1. So, after k iterations,
in the worst case it will be d (x,y(k)) = n — k. In particular, after n — 1
iterations, we have d (z,y"~") < 1. But, since z < y"~!, we cannot have
d (z,y"" V) = 1, otherwise it cannot be Y1, z; = Y1 | y;. Hence, it must
actually be d (x, y(”*l)) = 0. Thus, we showed that we need at most n — 1
T-transforms.

Now we can prove the main result.

Theorem 6.2.17. Let z,y € R™. Then we have x < y if and only if v = Py,
where P is a doubly stochastic matriz of order n.

Proof. Sufficiency. Suppose we have x = Py. Then, by proposition
we have Py <y, soz X y.

Necessity. Suppose x =< y. By lemma [6.2.16] we know that we can
obtain x from y by a product of a finite number of T-transforms. Since 7T-
transforms are doubly stochastic, their product is still a doubly stochastic
matrix. Therefore we can obtain x from y by applying a suitable doubly
stochastic matrix P, z = Py. O

This means that if a vector x is majorized by y, then the former can be
obtained from the latter by means of a random permutation. In this way,
thinking again of income inequalities in subsection[6.2.1] we can regard Robin
Hood’s actions as doubly stochastic matrices, that increase “mixedness” by
redistributing wealth among the individuals of the population.

Remark 6.2.18. Even if a product of T-transforms is a doubly stochastic
matrix, this does not mean that every doubly stochastic matrix is a product
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of T-transforms. However, this is surely true if the doubly stochastic matrix
is in fact a permutation matrix, because every permutation is a product of
transpositions, which are T-transforms with A\ = 0.

Suppose x = y, then we now that there exists a doubly stochastic matrix
P such that x = Py. One might wonder if such doubly stochastic matrix P
is unique. The following counter-example shows that it is not true in general.

Example 6.2.19. Consider

4 5
r=1 3 y=1 3
2 1

We can easily check that + < y. We can choose as intertwining doubly
stochastic matrix

11
7z 0
{0
0 5 3
Indeed,
11
i 20\ (] ;
03 3 1 2
But we can also choose 5 .
1 0 g
Py = 01 0
1 3
1 03

(which is a T-transform, see example [6.2.15)), indeed

20 1 5 4
010 3 )1=13
Lo i)\t 2

Actually, we can even take any convex combination of P, and P,. Thus, the
intertwining doubly stochastic matrix is not unique in general.

After all these results, we can move to a more physical situation in which
we can apply our theory of majorization to analyse mixedness in a 2-level
system.
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6.3 Mixedness relation in a two-level system

In this section we will show that in a 2-level system, mixedness relation
between mixed states is equivalent to majorization relation between the ei-
genvalues. In this chapter we deliberately choose to prove theorems in a
more general way than it would be required for a 2-level system, because
then proofs can be adapted also for a d-level system (see chapter [7).

Theorem 6.3.1. Let p and o be two mized states of a 2-level system, such
that p is more mized than o. Then, if x and y are respectively the vectors of
the eigenvalues of diagonalizations of p and o, we have x < y.

Proof If p is more mixed than o, we have p = >, \ylUyo. Suppose p =
Z] 1 pjY; and 0 = Z] 19;%;- Then, p =", \ilUyo becomes

Z P = Ak Z 4Urp;-
j=1 k j=1

Let us consider the (pure) effect a; such that (a;|¢;) = d;;. We get

2
bi = Z%‘ Z Ak (ai| Uy |@5) -
j=1  k
This expression can be rewritten as p; = 212‘:1 P;q;, where
Py=> Nel(ai|Uelos) = MMy,
k k

and My, ;; = (a;| Uy |p;). We want to prove that My ,;;’s are entries of a doubly
stochastic matrix M for every k.
We have M ;; > 0 because (a;| Uy |p;) € [0,1]. If we compute 37, M5,

we get
2

> (il Uy lips) = (Z a;

_ — (eloy) = 1,

where we used the fact that {a;}._, is an observation-test and that U is a
(reversible) channel. We have to prove also that Z | My = 1.

U lo;) = (e|lUp |p;) =

2

D (il Uy ;) = (ai| Uy

J=1
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Now, 23:1 @; = 2x (see proposition , whence

[\

> @il Us lp5) = 2 (asl Ui |x) = 2 (ailx)

Jj=1

because y is invariant. Now, y = %(wl + 1h9), therefore (a;|x) = % Finally
we get 2321 My;;=2-3=1

This proves that M is doubly stochastic. By theorem the set of
doubly stochastic matrices is convex, therefore P = >, Ay M}, is a doubly
stochastic matrix. In this way, we have that x = Py. By theorem
this means that z < y. O

Remark 6.3.2. Note that to prove this theorem we actually exploited some
results about 2-level systems, namely that the invariant state can be diag-
onalized with respect to every maximal set of perfectly distinguishable pure
states.

A straightforward consequence of this theorem is that eigenvalues of a
mixed state do not depend on the procedure of diagonalization.

Corollary 6.3.3. Let p be a mized state of a 2-level system. Then all diag-
onalizations of p have the same eigenvalues.

Proof. Let p = py+(1 — p) ¢’ and p = qp+(1 — q) ¢’ be two diagonalizations
of p, and let x and y be the vectors of the eigenvalues associated with the two
diagonalizations. We know that p is more mixed than p. This implies x < vy,
but also y < x, therefore x = Ily, for some permutation matrix II. This
means that z and y differ only by a rearrangement of their entries, whence
the eigenvalues of p are uniquely defined. m

Thus, we are entitled to talk about the eigenvalues of a state and not of
a specific diagonalization.

Loosely speaking, theorem [6.3.1] states that if p is more mixed than o,
then its eigenvalues are “flatter” than the ones of o.

In a 2-level system, majorization is particularly simple: since the sum of
eigenvalues of mixed states is always 1 and we have only two eigenvalues,
we actually need to check only one condition about the largest eigenvalue.

Indeed,
p q
(1—p) 5(1_(1)
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if and only if p < ¢. Tt is then clear that in this case majorization is a total
order, because either p < ¢, or ¢ < p.

We would like to prove also the converse of theorem [6.3.1] in this way we
would set forth the equivalence between mixedness relation and majorization.

Theorem 6.3.4. Let p = Z?Zl pit; and o = Z?:1 qipi be diagonalizations
of the mized states p and o. Let x and y respectively be the vectors of their
eigenvalues. If x <y, then p is more mized than o.

Proof. If x < y, then, by theorem [6.2.17] one has x = Py for some doubly
stochastic matrix P. Now, by Birkhoft’s theorem, P = ), A;Il;, where II;’s
are permutation matrices, therefore x =, A\¢Il,y. In particular, this means
that p; = >, M Z?:l Ik ;jq;. Therefore we have

2 2 2 2 2
p=2_pi =2 > MY Mg = 3 M) a5 ) Tt
i=1 ko =1 ko o=l =1

=1

Our goal is to prove that p = >, \yUyo, namely
DI 7
k J

Therefore it is enough to prove that Z?Zl I, ;;4; can be written as Uyp;. If we
recall the definition of a permutation matrix, then there exists a permutation
7 € So such that Il ;; = 0; x,(;)- In this way,

2 2
Z Iy, 4510 = Z 0i.mu() Vi = V()
=1 =1

Therefore, 1y, ;) can be obtained by a permutation of the pure states 1);’s.
According to assumption we can obtain the v;’s from the ¢;’s by
applying a suitable reversible channel. Hence, for every k there is a reversible
channel U, such that v, ;) = Urp;. In this way we manage to write

p= Z Ak Z qiUip;.
k J

This proves that p is more mixed than o. 0
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Remark 6.3.5. Again, to prove this theorem, we actually exploited some
results about 2-level systems. In this case we used assumption [6.1.7]

In this way, we proved the equivalence between mixedness relation and
majorization.

Therefore, the fact that a mixed state is more mixed than another one
depends only on the eigenvalues of the two states and not on the pure states
that appear in the diagonalization. In other words, mixedness depends only
only the way pure states are mixed together to get a mixed state, and not
on the specific pure states involved.

Since mixedness relation is completely equivalent to majorization, it in-
herits the properties of majorization. In particular, since majorization is a
total order for a 2-level system, mixedness relation is a total order on the set
of states of a 2-level system. Again, this is a consequence of the “rigidity” of
2-level systems.

Example 6.3.6. We can see, in another way, that every state is more mixed
than a pure state. Indeed, we can associate a vector

x:<1£p>

with % < p < 1 with every state, whereas we can associate the vector

(o)

with every pure state. Clearly x < y because p < 1.

Example 6.3.7. Now we can prove that the invariant state is not only a
maximal element, but actually the maximum according to the mixedness
relation. Indeed, the vector of eigenvalues of y is

(1),

whereas, as usual, the vector of eigenvalues of a generic state is

=(42,).

with % < p < 1. Then y < x because p > % This shows that the invariant
state is the most mixed state of all states.

DO [0 | =
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As we can see, majorization is a practical tool to see if a state is more
mixed than another one, since it involves numbers rather than abstract en-
tities like states.

In subsection we had an open issue, namely to characterize the
equivalence relation “to be as mixed as”. Now we will answer this open
question.

Proposition 6.3.8. In a 2-level system, p is as mized as o if and only if
p=Uo, for some reversible channel U.

Proof. We already proved sufficiency in subsection [£.3.1]

Let us move to necessity. If p is as mixed as o, then x <y and y =< =z,
where x and y are the vectors of the eigenvalues associated with p and o.
According to the results of subsection [6.2.3] this happens if and only if  and y
differ by a permutation matrix, namely if p and ¢ have the same eigenvalues.
Thus, p = p+(1 — p) ¢’ and 0 = pp+(1 — p) ¢’. By assumption[6.1.7] there
exists a reversible channel U such that Uy = 1 and Uy’ = 1)'. Therefore,

U =pUp+ (1 —p)U =pp + (1 —p)y = p.
O

In particular we see that two equally mixed states have the same eigen-
values.

6.4 Schur-concave functions

In the previous sections we saw how majorization can simplify our analysis of
mixedness of states. However, majorization requires performing some checks
on the set of the eigenvalues. We would like to have a more immediate tool
to say when a state is more mixed than another one by simply assigning a
number to states and comparing those numbers. Clearly, this new tool must
be completely equivalent to majorization.

The first notion we need is that of order-preserving functions.

Definition 6.4.1. Let (A, <) be a (pre)ordered subset of R". A function
f A — Ris said to be order-preserving or isotonic if r < y implies

[ (@) < f(y)
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In this definition f associates a real number to each vector. Our goal is to
find some functions that preserve the order given by majorization. This is the
basic requirement. In this way, the order between vectors is translated into
the natural order between real numbers. However, we must note that, the
natural order on real numbers is total, whereas majorization gives rise only
to a partial order (unless we are in R?). This discrepancy in the characters
of these two order relations will cause some troubles in our search of such
functions.

Definition 6.4.2. A real-valued function f : A — R" that preserves major-
ization is called Schur-convex function. In other words, a function is Schur-
convex if x <y implies f (z) < f (y), for every x,y € A.

A function f is called Schur-concave if — f is Schur-convex.

Schur-concave functions reverse the order given by majorization, namely
if v <y, then f(z) > f(y).

We can give an equivalent characterization of Schur-convex functions us-
ing doubly stochastic matrices, according to theorem [6.2.17]

Proposition 6.4.3. A function f is Schur-convez if and only if

f(Pz) < f(z)

for every doubly stochastic matriz P of order n and for every x € R".
A function [ is Schur-concave if and only if

f(Pz) = f(2)
for every doubly stochastic matriz P of order n and for every x € R".

Proof. By theorem [6.2.17, Pz < x, for every doubly stochastic matrix P.
Therefore f is Schur-convex if and only if f(Pz) < f(z). Similarly one
proves the statement for Schur-concave functions. ]

Since we have in mind to apply these new tools to vectors of eigenvalues,
we will assume that the set A, which will be the set of vectors of eigenvalues,
is symmetric, namely if x € A, then also Ilx € A, for every permutation
matrix II. Indeed, every vector of eigenvalues can be rearranged and the
resulting vector is still a vector of eigenvalues.
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Remark 6.4.4. If a function is Schur-convex on A, then f (Ilz) = f (x). In-
deed, x < Ilz < xE] then f (z) < f (Ilz) < f () and this chain of inequalities
implies f (z) = f (Ilz); we say that such a function is symmetric. This means
that every Schur-convex function is actually defined on equivalence classes
given by the equivalence relation associated with majorization, namely z ~ y
if x = Ily. Thinking of mixed states, this means that Schur-convex functions
take the same value on equally mixed states, which have the same eigenval-
ues.

We have seen that in a 2-level system p is more mixed than o if and
only if x < y, so, loosely speaking, in some sense if x is less than y. In
this way, we see that majorization relation is in the “opposite” direction of
mixedness relation. We are instead looking for a practical tool that tells us
immediately when a state is more mixed than another. In this vein, we want
some function such that f (z) > f(y) if p is more mixed than o, namely if
x < y. Hence we are looking for a Schur-concave function.

When we want to prove that some function is Schur-concave, it is some-
times useful to note that we can consider R? instead of R”. This is a con-
sequence of lemma Indeed, suppose x <y, where z,y € R". If  and
y differ by more than two entries, we can apply some T-transforms in order
to make them differ only by two entries. Recall that x and y cannot differ by
less than two entries, unless x = Iy for some permutation matrix II. There-
fore, it is enough to prove that f (z) > f (y) when z and y differ by only two
entries, namely when only two arguments of f are free. Therefore, since f
is symmetric (see remark [6.4.4), and so there is no privileged argument, it
is sufficient to prove that f (z1,xe,x3,...,z,) is Schur-concave in x; and z,,
or, in other words, when its domain is a subset of R2.

Let us introduce a sufficient condition for Schur-concavity which we will
use later.

Proposition 6.4.5. If f is symmetric and concave, then it is Schur-concave.

Proof. According to what we have said above, it is enough to prove the
statement in R2. Suppose = =< y, then, by theorem xr = Py, where P is
a doubly stochastic matrix. By Birkhoff theorem, P is a convex combination
of permutation matrices. In R?, there are only two permutation matrices

0h) es(i)

5Note that this does not imply that IIz = z, since < is a preorder and not an order.
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pa (2o (2 0)- (2 )

where A\ € [0,1]. Then, we have
:l:l o )\ 1 — )\ yl
./EQ B 1 — A )\ yQ ’

{ 1= Ay 4+ (1= A)y,
o= (1—=XNy +Ayp

So,

namely

Since f is concave,

f ) =y + (1= A yo, (1= A yr + Aya) > Af (y1,92)+(1 = A) f (y2,51) -

Since f is symmetric, f (y1,42) = f (Y2, y1), 50 Af (Y1, y2)+(1 = A) f (y2,41) =
f (y1,y2). We proved that f (z1,22) > f (y1,y2), which means that f is Schur-
concave. ]

Actually, we want a complete equivalence between the order induced by
f and majorization. Requiring that f is Schur-concave means that if x <y,
then f(z) > f(y). Now we require also that f (z) > f(y) implies z < v,
and here the troubles come. Clearly, if f () > f (y) for every Schur-concave
function, then z < y. Indeed, the majorization conditions in the increasing
order form are all Schur-concave functions by definition. We would like to
restrict ourselves only to a proper subset of Schur-concave functions. We will
see that it is enough to check the condition f (z) > f (y) only for a particular
class of Schur-concave functions.

Corollary 6.4.6. Let I be an interval and let g : I — R be a concave
function. Then f : I — R defined as

F@) =g )

18 Schur-concave.

Proof. Such an f (x) is clearly symmetric and concave, so proposition m
applies. ]
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Definition 6.4.7. A Schur-concave function f : I™ — R is said to be
concave and separate-variable if f(x) =Y ", g (z;), where g : I — R is a
concave function.

Note that the summation ranges up to n.

Example 6.4.8. Let us consider a subset A of R”, where every vector is a
vector of probabilities.

D1
Pn
Let us consider Shannon entropy H, defined as

H(z) == pilog,pi,
=1

where @ > 1 and we set Olog,0 = 0. Here ¢ = —xlog, x is concave, be-
cause its second derivative is always negative. Therefore H is a concave and
separate-variable Schur-concave function.

In particular, we have that

1 1
H(l,...,O)gH(pl,...,pn)gH(—,...,—), (6.2)
n n

because in examples [6.2.2] and [6.2.3| we proved that

3=

P 1

S .o

Pn 0
In particular, eq. 1} implies H (z) < —n - %loga %, namely
0 < H <log,n.

The class of concave and separate-variable Schur-concave functions is
enough to give an equivalent characterization of majorization.

Theorem 6.4.9. Let x,y € R". Then x <y if and only if f (x) > f (y), for
every continuous concave and separate-variable Schur-concave function f.
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Proof. Necessity is trivial, because it directly follows from corollary

Sufficiency. Suppose f (z) = Y1, g (x;),and that Y | g (z;) > > 0 9 (v:).
Let us take, for fixed k =1,...,n, g (z) = min {z — Y(k) O}. Then we have

k

k k
> g we) = (e —vwm) =D ve — kyw
=1

i=1 i=1
because y;) < yw) if i <k, and we have

n

> a(yw) =0.

i=k+1
Combining these two sums, we have

k

> 9 We) =D v — kyw):
=1

=1

Since g (z) is continuous and concave, by hypothesis we know that

Zj: 9 (@) > Zj: g () -

We also know that g (2) <0 and g(z) < z — yu), whence

k k

n k
> we —kyw =D 9 (za) <D g (xe) <D (re —yw) =
=1

i=1 =1 =1

k
= @@ — kyo.
=1

Therefore we conclude that
k

k
PIECED IR (6.3)
i=1 i=1
for every k = 1,...,n. We must show that if £ = n equality holds. To
do that, let us take ¢g(z) = —z, which is continuous and concave. In this
way, by hypothesis, we have — >~  @; > —>"" y;, which means ).  x; <
> v yi. Therefore, recalling that implies > x4y > DoY), we
have ", x; = >, y;. This proves that z < y. O
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6.4.1 Rényi entropies

In this subsection we present a widely used one-parameter family of Schur-
concave functions, Rényi entropies. They were introduced by Rényi [75] as
a generalization of Shannon entropy. Rényi entropies H, (z) are defined as

1l—«

1 n
Ha (.T) = logazx?a
i=1

where x is a vector of probabilities, « > 0 and o # 1 and a > 1, with the
convention that 0% = 0 for every such a.
It is interesting to study some particular cases and limits.

e a = 0 In this case, Hy(x) is the logarithm of the number of non-
vanishing entries of x.

e o — 1 We want to study the limit lim,_,; H, (z). In this case we have
a 8 indeterminate form. Using de I’'Hopital rule, we have

1 ~ | ;
lim H, (z) = lim log, 3 2% & — lim 2 1 log, v _
a—1 a>11 — « — a—1 Zj:l ﬂf?

n
= — E xX; 1Oga X,
i=1

which is Shannon entropy.

e o — +oo We want to study the limit lim,_., ., H,. It is useful to recall
the definition of a-norm (a > 1) of a vector.

lall, = (ZW) ! (6.4)

i=1
In particular, ||z|| = lim,— 4o |||, = max; |z;]. Therefore

(07

H,(z)= ] :
(@) = —% 1og, |,
and
Hy (z) == lim H,(xz)= —log, ||z|, = —log, max x;.
a—+00 7

This is called min-entropy.
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Rényi entropies satisfy some interesting properties. First of all, they are
Schur-concave functions.

Proposition 6.4.10. H, (x) is Schur-concave for every o > 0.

Proof. We already know that the thesis holds for a = 1, because we have
Shannon entropy, which is Schur-concave. First of all it is useful to rewrite
Rényi entropies (with o # 1) as

(0%
Hy (1) = = log, |l

ever[| for 0 < a < 1. Note that ||z, is a symmetric function of z, namely
its value does not change if we permute the entries of x, therefore H, () is a
symmetric function of z. If we manage to prove that H, (z) is also concave,
we are done, according to proposition [6.4.5] We must distinguish two cases.

e Suppose 0 < a < 1 In this case %= log, is an increasing function, and
i . o .
||z||, is concave; therefore t*~log, |||, is concave.

e Suppose a > 1. In this case ;2 log, is a decreasing function, and ||z||,,
is convex because it is a norm; therefore *~log, ||z[|, is concave.

We managed to prove that H, (z) is always concave, therefore it is also
Schur-concave. O

Now we want to study the relationship between Rényi entropies with
different . We need the following lemma first.

Lemma 6.4.11. Let {p;};_, and {q:};_, be two sets of probabilities. Then
the quantity

o qi
H(pi H Qz‘) = —sz‘ 10&}77 (6-5)
i=1 v

where a > 1 and 0log, 0 = 0, is always non-negative and vanishes if and only
if pi = q; for every i.

6We are in fact extending the notation of eq. (6.4) also for 0 < a < 1. However, in this
case, ||e|, is no more a norm because triangle inequality fails.
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Proof. The fundamental inequality for the natural logarithm says that Inz <
x — 1 and equality holds if and only if x = 1. Therefore

1
1 < = (z—1).
ogal’_ma(fc )

Applying this inequality to eq. (6.5]), we obtain

H(pi |l ;) = Zplloga—z—zple__):

n

1

=— i — ¢i) = 0.
1naizl(p )

Therefore H (p; || ;) > 0.
We have equality instead of inequality if and only if ;’7? = 1 for every 1,
namely if and only if p; = ¢; for every . ]

Actually, H (p; || ¢;) is not just a formal means to prove some statements.
It is interesting on its own, because in classical probability theory it is useful
to measure the “distance” between two probability distributions. H (p; || ¢;)
is called relative entropy of {p;} to {¢}.

Proposition 6.4.12. The family of Rényi entropies is decreasing in o.

Proof. The family of Rényi entropies is differentiable in a. Therefore, let us
compute 2

0H, 1 u 1 mooa2l ;
— 5 log, Z x4 Liz1 fz O8q Ti,
da (1— —a Yo
Let us set N
Z;
Zi ‘= n

Zj:l g
Note that z; > 0 and E?:l z; = 1, so the z;’s can be thought as probabilities.

Then

OH,, 1 - o
do. (1—a)’ [(1_a)zzi10ga$i+logazxi] -

i=1 i=1

= ﬁ [izilogaxi —aizilogaxi+1ogaix?] .
-«

=1 i=1 =1
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Let us evaluate —a' ) ., z;log, x; + log, > ., x¢. Using the properties of
logarithms,

— i zlog, x; + log, i = — i z;log, x3 + log, i x
=1 =1 =1

=1 i=

We replace z{' in the first logarithm with z; 37 | #%. Then

— zn:zi log, =8 = — z”: z; log, <zz ix?) = — zn: (zz log, 2z + z; log, ix?‘) =
X . j=1

=1

n n
(e
= —log, E xg — E z;log, zi,
i=1 i=1

because the z;’s sum to 1. Then

—« z”: z;log, x; + log, Zn: g = — Zn: z; log, z;.
i=1 i=1 i=1

OH,
da

OH, 1 - X
a:_ — Zl —Z .
da (1_a)2< ;Z Vb z>

By lemma |6.4.11} the round bracket is always non-negative, therefore % is

non-positive, whence the entropies are decreasing in a. O]

Plugging this result into the expression of , we have

This means that if a; < ay then H,, () > H,, (z). In particular,
Ho(z)> Hy(x) >...> Hy ().

Now, it is clear why H., () is called min-entropy: it takes the smallest value
among all Rényi entropies.

The proof of proposition gives us also some information about when
all Rényi entropies are equal.

Corollary 6.4.13. All Rényi entropies of x are equal if and only if all the
non-vanishing entries of x are equal.
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Proof. The entropies are equal, i.e. constant in «, if and only if % = 0.

Recalling the proof of proposition [6.4.12| and lemma, [6.4.11] this happens if
and only if x; = z; for every ¢. This means that

T = = 6.6

Z Z;'L:1 Ty (6:6)

for every . This equation is trivially solved if z; = 0, for some 7. Note that

not all entries of x vanish, otherwise x would not be a vector of probabilities.
Therefore, at least one entry is non-vanishing.

If only one entry is non-vanishing, then it must be 1 and 1 solves eq. .

Suppose there are more than one non-vanishing entries. Let us take two

of them. Without loss of generality, we can take them to be for + = 1 and

for i = 2. Eq. reads

(e
xr = %
j=1%;

x&
To = n—z(,
Zj:1 Z;

Taking the ratio between these two equations, one gets

(0%
T T
L2 T2 ’
whose non vanishing solution is 7* = 1, namely z; = z».
Repeating this procedure, with z;, in place of =5, where z;, is any other

non-vanishing entry of x, one gets x;,, = x;. This means that all the non-
vanishing entries of x are equal. 0

This corollary highlights some important facts about Rényi entropies.

o [fz= ( 10 ... 0 ), this is a trivial case when all the non-vanishing
entries are equal. Therefore all the Rényi entropies are equal and to
know what H, () is, it is enough to compute only one of them, say[]
HO-

H, (z) =Hy(x) =log,1 =0

o 1 = ( % % 0 ... 0 ), where we have k£ non-vanishing entries,

is another case when all Rényi entropies are equal. Therefore
Ha (LL’) = HO (‘1;) = logak

"Alternatively, we already did the calculation for Shannon entropy in example
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o If x = ( % . % ), again all Rényi entropies are equal.

H, (z) = Hy(x) =log, n

In particular, recalling that r = ( 10 ... 0 ) is the maximum in major-
ization relation, whereas x = ( % ) is the minimum, one has

S|

0< H,(z) <log,n

for every a > 0 and for every .

One might wonder if this family of functions gives a complete characteriz-
ation of majorization. In other terms, if H, (z) > H, (y) for every a > 0, can
we conclude that < y? The answer is negative, as the following counter-
example shows [78].

Example 6.4.14. In this example we will show that there exist two vectors
of probabilities in R® such that neither z < y, nor y < x, but H, (z) > H, (y)
for every a > 0. As we can see, the pathology arises because majorization is
not a total order.

Consider

- (2 2 2 2 1 1 1 1
x_(g 9 9 9 36 36 36 36)
— (4 1 1 1 1 1
y—(9 5 9 9 9 g U 0)
; 2 4 2,2,2,2 4,1 ,1,1 8 7
Notlcethat9§9,soyﬁ:z:and9+9+9+929+9+9+9becau56929,

so x A y. Therefore, neither z <y, nor y < x.
Let us see what we can say about Rényi entropies. We have, for instance,

Hy (z) =log,8  Hy(y) =log,6

1 4
H, (z) =log,9 — glog, 4 Hi(y) =log,9 — ;log, 4

Hy (z) =log, 9 — log, 2 Hy (y) =log, 9 —log, 4
Therefore we have H, (x) > H, (y) at least for a = 0,1, +00. Let us show
that H, (z) > H, (y) for every a > 0, a # 1. If H, () < H, (y) for some
«, then, by continuity in «, there exists g such that H,, (z) = H,, ().
Therefore, to prove that H, (x) > H, (y) for every «, it is enough to prove
that H, (z) = H, (y) is impossible. Now,

ORIl

H, (z) =
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4
H, 1 - :
-1 |(5) +2(5)
Let us try to solve the equation H, (x) = H, (y) for « > 0 and « # 1.

2\ 1\“ 4 1\“

4(2) +4(=) =(2 -

) () -6) = 6)

4.8 4+4=16%“+5-4"

We set © = 2%, then the equation becomes

and

vt —42® + 5x® —4=0.
Factorizing the left-hand side, one gets
(x —2) [:C(:C—l)2+2] =0

We have a solution for x = 2, which means a = 1, but we are assuming
a # 1. The other factor is, instead, always positive for x > 0, as it is our
case. Therefore the equation H, (x) = H, (y) has no solution. We then
conclude that H, (x) > H, (y) for every o > 0.

Therefore we have that all Rényi entropies evaluated on x are greater than
the corresponding entropies evaluated on y; yet x and y are “incomparable”
in the majorization relation.

Rényi entropies enjoy also another property: additivity.

Definition 6.4.15. Given two vectors x,y € R", we define their dyadic
product T @y as (r ®y); = y;.
We want to see how Rényi entropies behave on dyadic products.

Proposition 6.4.16 (Additivity). We have H, (zx ® y) = H, (z) + Ha (y)
for every v,y € R"™ and for every a > 0.

Proof. Let us compute H, (r ® y) explicitly.

1 n N 1 n N n N
Ha(x®y):1_a10ga2(xiyj) :1_aloga (sz) <Zyj>:
i=1 j=1

1,5=1

logaZx +

logazy] ) + Hq (y)
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6.5 Schur-concave functions for a two-level sys-
tem

In this section we want to apply the formalism of Schur-concave functions
to a 2-level system, to relate mixedness relation to inequalities between real
numbers. In a 2-level system, all is simpler because majorization is a total
order on vectors of probabilities in R2. Indeed, we have that + < y if and
only if p < ¢, where p = maxx; and ¢ = maxy;.

Therefore, in a 2-level system, we have x < y if and only if f (z) > f (y),
where f is some decreasing function of the maximum of a vector ff

Such a function is clearly Schur-concave (even in R™). Indeed, if z < y,
then max; x; < max; y;; therefore f (max; x;) > f (max; y;) if f is a decreasing
function.

Therefore in R? one function is enough to infer majorization between
vectors of probabilities. For instance, we can use min-entropy, which is indeed
a decreasing function of the maximum of a vector. Min-entropy H () is
enough to give a complete characterization of mixedness for a 2-level system.

Instead of referring to the min-entropy as the min-entropy of the vector x
of the eigenvalues of p, we prefer calling it the min-entropy of p and writing
it as

S (p) i= Hao (3).

in order to comply with literature. For a 2-level system, we can say that p is
more mixed than o if and only if Sy (p) > Sy (0).

What about all the other Schur-concave functions? The answer comes
from the following proposition.

Proposition 6.5.1. Let p and o be two mixed states of a 2-level system, and
let f be a Schur-concave function. Then p is more mized than o if and only
if f(x)> f(y), where z and y are the vectors of the eigenvalues of p and o
respectively.

Proof. Necessity is immediate, and follows from the definition of Schur-
concave function. Indeed, if p is more mixed than o, then z < y. Since
f is Schur-concave, we conclude that f (z) > f (y).

Let us move to sufficiency. Suppose we know that f (z) > f(y). Then,
by definition of Schur-concave function, we know that y A z. Since the

8 Alternatively, we can choose an increasing function of the minimum of a vector.
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majorization order is total for a 2-level system, we conclude that x < y, and
therefore p is more mixed than o. O]

This proves that the choice of min-entropy, has nothing special, although
it was the simplest one. We can choose whatever Schur-concave function we
want, for example any of the Rényi entropies.

As done with min-entropy, we slightly change the notation to explicitly
show that Schur-concave functions must be thought as functions of the mixed
state itself. Therefore we will write

f(p) = f(x),

where z is the vector of the eigenvalues of p. Actually, when f is a Reényi
entropy, we prefer writing S, (p), instead of H, (p), to better comply with
common use in literature.

We conclude this section with a theorem that sums up all the results we
have got so far for a 2-level system.

Theorem 6.5.2. The following statements are equivalent in a 2-level system.
1. p is more mized than o.

2. v =y, where x and y are the vectors of the eigenvalues of p and o
respectively.

3. f(p)> f(o) for some Schur-concave function f.

We then see that for a 2-level system, it is not necessary to check the
conditions of theorem namely to consider all concave and separate-
variable Schur-concave functions. It is indeed enough to consider only one
Schur-concave function, regardless of the fact that it may be separate-variable
or not.



Chapter 7

(zeneral measures of mixedness

In this chapter we extend and generalize the results obtained for a 2-level
system to a d-level system, with d arbitrary. Here, the overall picture is
richer and more complicated, because majorization is no more a total order.

We will choose a particular Schur-concave function, Shannon entropy,
which is concave and separate-variable, and we will study its properties.
These property will be virtually identical to the well-known properties of
quantum von Neumann entropy, such as subadditivity or triangle inequality,
but here we will derive them starting from our procedure of diagonaliza-
tion. Therefore their validity is more general than the mere field of ordinary
quantum mechanics.

Thanks to these properties, we will prove an inequality for Shannon en-
tropy that strongly resembles a second law of thermodynamics. This inequal-
ity was already known in quantum mechanics, but here we prove it in a more
general framework.

7.1 A d-level system

Now we want to generalize the results concerning 2-level systems for a generic
d-level system, following the conceptual scheme of the previous chapter.

Definition 7.1.1. A d-level system is a system where all maximal sets of
perfectly distinguishable states have d elements.
d is called the dimension of the system.

Again, we will focus on maximal sets of perfectly distinguishable pure
states.

172
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Clearly, in a d-level system, every diagonalization of a mixed state has at
most d terms.

As we did in section we will make an assumption very close to as-
sumption [6.1.

Assumption 7.1.2. Gliven two mazimal sets of perfectly distinguishable pure

states {1[)1-};2{:1 and {goi}fzp there exists a reversible channel U such that ¢; =
UY; for every i.

Thanks to this assumption, we can prove several results. Again, it is im-
mediately clear that all maximal sets of perfectly distinguishable pure states
have the same cardinality, because they all come from one set of perfectly
distinguishable pure states by applying reversible channels.

Proposition 7.1.3. Every diagonalization of the invariant state y = Z?Zl i
has p; = é, for every i.

Proof. Suppose {a;} is the perfectly distinguishing test, then p; = (a;|x)-
Let us consider all the possible permutations of the pure states {¢;}. For
instance, if 7 € S;, we can consider the permuted states {wﬁ(,-)}, which
are obviously still perfectly distinguishable. By assumption there is a
reversible channel U, that achieves this permutation, namely ¥y, = Uzip;.
Let us apply U, to x.

d d
X =D pilhatly = Y pjtha(y
j=1 =1

Now let us apply a; to x. We have (a;|x) = Z;l:l P;0ix (), Whence p; = pr-13).
Since this holds for every m € Sy, one has p; = p; for every j. This implies
that the weights are equal, therefore p; = é. O]

Note that, in this case, we had to make assumption [7.1.2]to prove that the
eigenvalues of the invariant state are all equal. Instead, for a 2-level system,
we managed to prove it without any additional assumption. Again, this is
essentially due to the fact that dimension” 2 is somehow “rigid”.

In particular, proposition implies that the pure states that appear in
every diagonalization of the invariant state y form a maximal set of perfectly
distinguishable pure states because there are exactly d perfectly distinguish-
able terms. One can wonder about the converse: is it true that if we take
any set with d perfectly distinguishable pure states, and we consider their
convex combination with equal weights %l, we obtain the invariant state?
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Proposition 7.1.4. Let {wi}le be a maximal set of perfectly distinguishable
pure states. Then 52?:1 W; 18 the invariant state .

Proof. Let us consider a diagonalization of x, say y = éZle ;. Here,

{gpi}le is a maximal set of perfectly distinguishable pure states. By assump-
tion there is a reversible channel U such that Up; = 1); for every 1.

Then we have . .
X:UX: ZUQPZ': sz
i=1 i=1

QU=
ISH

]

Following a line of reasoning very close to the proof of lemma [6.1.4, one
can prove that every maximal set of perfectly distinguishable pure state can
be distinguished by a perfectly distinguishing pure test.

7.2 Majorization in a d-level system

Now we have all the ingredients to state the complete equivalence between
majorization and mixedness even for a d-level system, with d > 2.

Recalling the analogous result for a 2-level system, this is a direct con-
sequence of the assumption that we can obtain all maximal sets of perfectly
distinguishable pure states starting from a single one by applying suitable
reversible channels.

Theorem 7.2.1. Let p and o be two mized states of a d-level system, and
let x and y be the vectors of the eigenvalues of two diagonalizations of p and
o respectively. The following statements are equivalent.

1. p is more mized than o
2. x Xy

Proof. The proof is completely identical to the proof of theorems and
6.3.4) provided we replace 2 with d. O

Once more, mixedness depends only on the way pure states are mixed
together and not on what the particular pure states are.

We also have the analogous of corollary and the proof is completely
identical.
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Corollary 7.2.2. Let p be a mized state of a d-level system. Then all diag-
onalizations of p have the same eigenvalues.

Now we are completely entitled to talk about eigenvalues of a mixed state,
regardless of a specific diagonalization. Note that we can regard the vector
of the eigenvalues of p as a probability distribution.

If d > 2, the mixedness relation is not a total order, because even major-
ization is not a total order, as we showed in example [6.2.6

Recalling examples[6.2.2/and [6.2.3, we have another way to see that every
mixed state is more mixed than a pure state, because

D1 1
0

Pl <

Dd 0

Moreover, we can say that the invariant state is not only maximal, but ac-
tually the maximum in mixedness relation. Indeed,

Ul

P

PN

Dd

Qi e

In particular, this tells us that every purification of the invariant state is more
entangled than any other bipartite pure state, according to the equivalence
between mixedness and entanglement we established in section

Now we can give a final answer to the open question about when a mixed
state is as mixed as another one.

Proposition 7.2.3. In a d-level system, p is as mized as o if and only if
p =Uo, for some reversible channel U.

Proof. We already proved sufficiency in subsection [1.3.1]

Let us move to necessity. If p is as mixed as o, then x < y and y <
x, where x and y are the vectors of eigenvalues associated with p and o.
According to results of subsection this happens if and only if z and y
differ by a permutation matrix, namely if p and ¢ have the same eigenvalues.
Thus, p = Z?Zl pit; and o = Zle pip;. By assumption there exists a
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reversible channel U such that Up; = 1; for every i. Therefore,

d d
Uo = ZpiUgoi = Zpi%' =p.
i=1

i=1
[

We can see that equally mixed states have the same eigenvalues.

This result is also an answer to the equivalent question about entangled
pure states. We then have that a bipartite pure state |¢)), is as entangled
as |¢) \p if and only if [¢) ,g = U |P) o5, for some local reversible channel (on
A or on B) U.

7.3 Shannon entropy for d-level systems

Once we have established the complete equivalence between mixedness and
majorization, we can try to apply the formalism of Schur-concave functions
to a generic d-level system. However, if d > 2 then majorization order is
not total. Therefore we cannot use only one Schur-concave function to infer
mixedness. If f is a Schur-concave function and we have f (p) > f (o), we
can say that y £ x, so o is not more mixed than p. But we cannot conclude
that p is more mixed than o because the order is not total, maybe p and
o are not “comparable”. Therefore we have to use theorem to state a
complete equivalence with mixedness relation.

Therefore, in this section we decide to abandon the proposal of studying
general Schur-concave functions, but we focus on Shannon entropy. In partic-
ular, we want to analyse and characterize the relationship between Shannon
entropy and bipartite states. Namely, if we know the Shannon entropy of
a bipartite state, what can we say about the Shannon entropy of its two
marginals?

Intuitively, according to the well known results in quantum mechanics
|16, 17, 80], one would expect that Shannon entropy will be subadditive even
in general probabilistic theories, but it will be additive if and only if the
bipartite state is a product state.

Let us begin our treatment from the simplest case, that is from product
states. Suppose we have two systems, A and B that are d-level systems, but
possibly with different d, i.e. dn # dg. Suppose we know that system AB
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is in the product state pp ® op. Clearly the two marginals are pp and op
respectively, as the following diagram shows for the marginal on system A.

The problem is now how to characterize the eigenvalues of p ® o in terms
of the eigenvalues of p and o. Let us first deal with the trivial case when
everything is pure. If p and o are both pure, then p ® o is pure by pure
conditioning. There is nothing to prove, for S (p® o) = 0and S (p)+.S (0) =
0 + 0 = 0, because everything is pure.

Let us then focus on the non-trivial situation. Suppose we have the two
diagonalizations p = 2?21 pia; and o = Zdil ¢;B;. Suppose «;’s are per-
fectly distinguishable by the observation—testET {ax}, whereas f3;’s are perfectly
distinguishable by the observation-test {b;}. Then

da dp

pRT = pigjo; ® B;.

i=1 j=1

Clearly, the pure states o;®f; are perfectly distinguishable by the observation-
test {ax ® b;}. Let us first show that {a; ® b} is an observation-test.

Zak@)bl:Zak@szzfiA@(iB:@AB
kel k !

Now, let us show that it is perfectly distinguishing.
(ar]x (Oulg i) o [B5)g = ikt = 06, (k1)

Therefore, p@ o = Z?ﬁl Zjil Pig;0; ® Bj is really a diagonalization of p® o
and the vector of the eigenvalues of this diagonalization is the dyadic product
of the two vectors of the eigenvalues of p and o.

Now we make the following rather weak and reasonable assumption.

Assumption 7.3.1. The composition of two d-level systems with dimension
da and dg is still a system where all maximal sets of perfectly distinguishable
states have the same cardinality.

'Note that if some p; vanishes, then ay’s are fewer than d, and this is the reason why
we do not specify the range of k. The same holds also for b;’s.
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This assumptions says nothing about the dimension of the composite
system. With this assumption we know that in AB the eigenvalues do not
depend on the specific diagonalization. We can then say that the eigenvalues
of p® o are p;q; so the vector of the eigenvalues of p® o is exactly the dyadic
product of the vectors of the eigenvalues of p and 0. We know that Rényi
entropies are additive, so, in particular,

H(z®y)=H(z)+ H(y),

which means that
S(peo)=S(p)+S(o).

Actually, this holds for every Rényi entropy, as we proved in proposi-

tion [6.4.16

Proposition 7.3.2. If we have a product state pp @ og, then S, (pa ® o) =
Sa (pa) + Sa (oB) for every a > 0.

As we noted in the previous section, we can regard the eigenvalues of
a mixed state as a probability distribution. We consider the probability
distribution associated with a state of AB as the joint probability distribution
of the ones associated with its marginals. If we have a product state, then
the probability distributions of its two marginals are independent: indeed,
Dij = Diqj, where p;;’s are the eigenvalues of p® . In other words, we do not
have correlations between the two marginals.

What happens if |p) 5 is not a product state?

First of all, we want to define some observables that are functions of a
state. Let p be diagonalized as p = Zlepﬂ/zi. If f:]0,1] — R s a function,
in general, we can define, relative to the given diagonalization,

d

(f (o) =) f (i) (ail,

i=1

where (a;|’s are the effects that make up the perfectly distinguishing test for
the pure states 1;’s. Clearly, p; is the weight naturally associated with a;,
namely the weight with which 1); appears in the diagonalization.

We can exploit this new formalism to express Shannon entropy in a new
form.
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Example 7.3.3. Let us consider Shannon entropy. Recall that S(p) =
— % pilog, pi. Now, let us compute

(_ loga p’p Zlogapl CL1| ij ’w]

= — Z D logapz iy = sz logapl

3,j=1

This is precisely Shannon entropy S (p). Therefore S (p) = — (log, pl|p)-
Now we want to define relative entropy.

Definition 7.3.4. Let p and o be two normalized states. The relative entropy
of ptoois

S(pll o) :=(log, p —log,clp),
where a > 1.
Thanks to this definition and to the following lemma, we can prove some

further important results about Shannon entropy. The proofs will be virtually
identical to the ones in [17].

Lemma 7.3.5 (Klein’s inequality). Let p and o be two normalized states.
One has S (p || o) >0 and S (p || o) vanishes if and only if p = o.

Proof. Let p = Zlepiwi and o = Z‘Z:l 4 i b diagonalizations of p and
o respectively. Let a; and b; be pure effects such that (a;|¢;) = 0;; and
(bi]¢;) = 6;;. Recall that a;’s and b;’s are pure because we are considering
a maximal set of perfectly distinguishable pure states. Now, let us compute
S (p || o) explicitly. In particular, as we showed above,

(log, plp) = sz log, pi,

and

d
(log, olp) = Zlogaqg (b; |sz i) = Z (bjlebs) pilog, 4;-

2Here, for the sake of simplicity, we are tacitly assuming that all p;’s and g;’s are
non-vanishing, but the proof can be easily fitted to the general case.
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Then
S(pllo) sz (logapz ZPU log, qa) :

where we set P;; := (b;|¢);). Pi;’s are the entries of a doubly stochastic matrix.
Indeed P;; > 0 because (b, Wz) [0,1]. Then

d d
Z Z b |¢z = |wz) =1
j=1

J=1

and, finally,
d
1
Z ZbWi):d(bﬂX):d'a:l,
=1

where we used the fact that the invariant state y can be diagonalized with re-
spect to every maximal set of perfectly distinguishable pure states. Since the
logarithm is concave, 25:1 P;;log, q; < log, Z?Zl P,;q; and one has equality
if and only if there is a j such that F;; = 1. In this way,

d J ;
Slollo) = Z (logapz‘ - 10gaZBjCJj> = - pilog, ]%
= i=1 i

J=1

where we set r; 1= E;l 1 Pijq;. Since r; > 0 and Ed r; = 1 because P
is doubly stochastic, by lemma [6.4.T1) the right-hand 51de is always non
negative, therefore S(p | o) > 0. Moreover, S (p | o) = —3% pi log, 7t if
and only if there is a j such that P;; = 1, namely P;’s are the entrlesl of
a permutation matrix. In this case, — ZZ L pilog, ”f vanishes if and only if
r; = p; for every i. Relabelling the pure states that api)ear the diagonalization
of o, one can take P;; to be d;; (recall that P is now a permutation matrix).
This means that ¢; = p; for every i, and P;; = (b;|¢;) = d;;. This implies
that v; = ¢; for every ¢ by proposition Then o = Z?:l p;;. Therefore
we conclude that S (p || o) = 0 if and only if p = 0. O

Now we can apply this result to prove subadditivity of Shannon entropy,
namely that S (pap) < S (pa)+ S (p), where pap is a generic bipartite state
and pa and pg are its two marginals on system A and B respectively.
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Proposition 7.3.6 (Subadditivity). Shannon entropy is subadditive, namely
S (pas) < S (pa) + 5 (ps)

and it is additive if and only if pap is a product state.

Proof. Let us apply Klein’s inequality when p = pag and 0 = pa ® pg. We
have
— (log, plp)pp < — (log, a]p) x5 -

The left-hand side is Shannon entropy of p, so we have S (p) < — (log, 7|p) Ap
Let us characterize — (log, o|p) ,5. Recalling that o = ps ® pg, we have

d
(log, o[sp = Z log, pig; (@il (bjlg (7.1)

1,7=1

where pp = Zle pia; and pg = 2?:1 q;B3; are diagonalizations of py and pg
respectively, with perfectly distinguishing tests {a;} and {b;}. Now, let us

rewrite eq. (|7.1]) as

d d
> log, pig; (aily (bl = Y (log, pi (il (bsls +log, 45 (ail, (bjl5) =
ij—1

1,5=1

bj|]3 =

d d d d
= Z log, pi (4] o (Z bj| + Z log, q; (Z a;| (
=1 B Jj=1 =1 A

J=1

d d
= Zlogapi (ail, (elg + Zk’ga q; (el (bjl -
i=1 Jj=1

Now we are ready to compute — (log, o|p) sp-

— (log, o1p) g = Zlogapl (ails (elg 1P)an Zlogaqj (ela (bjlg 1P)ap =

=1 7j=1

:—Zlogapz (ailp) 5 Zlogafb (bjlp)g szlogapz Zq] log, qj =

=5 (pa) +S(PB)~

We have then S (pap) < S(pa) + S (ps). Throughout the proof, equality
holds if and only if p = o, namely pap = pa ® pg. This proves that Shannon
entropy is additive if and only if a bipartite state is a product state. O
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One might wonder if subadditivity is merely a coincidence of the func-
tional expression of Shannon entropy or has a more fundamental nature. If
its nature were more fundamental, this would mean that a generic bipartite
state is not more mixed than the product of its marginals. The following
counter-example [II] shows that subadditivity does not hold for Rényi en-
tropies with o # 1, so it is a mere coincidence due to the functional form of
Shannon entropy.

Example 7.3.7. Let us consider the composition of two g-bits and the di-
agonalization of the bipartite state

pag = (pq+e)ar @B+ [p(l —q) —clay ® fot

+[(1=plg—claa®@ B +[(1—p) (1 —q) +elar @ fa,

where p,q € (0,1), but p,¢ # 3. Actually, we have a family of states, each
one labelled by an ¢ > 0. If ¢ = 0, then pap is a product state and its
marginals are

pa =pag + (1 —p) as pB = qB1+ (1 —q) B (7-2)

According to subadditivity, the maximum Shannon entropy is achieved when
the state is a product state, that is when € = 0. If this property holds for
every Rényi entropy, then one must have S, (pa) < Sa (pa) + Sa (pB) for
every a > 0, where py and pg are defined in eq. . This means that
Sa (pap) has a maximum for e = 0. Let us see if the function

ge)=@g+e) +p(1—q) =" +[(1—-p)g—e]* +[(1—p) (1 —q) +¢]%,

which is differentiable in €, has a maximum for e = 0. If a =0, g(¢) = 4
and therefore Sy (pap) = So (pa) + So (ps) always. This clearly contradicts
subadditivity. We can now suppose a > 0. Computing the first derivative of
g (¢), and evaluating it for € = 0, we obtain

JgO) =alpa)* —pA-* = [1-p) g +[1-p)(1-q) ]

Note that the expression is well-defined even for 0 < a < 1, because p,q €
(0,1). Tt is convenient to set t := p*~ ! u = ¢®71 v = (1 _p)a—l and
w = (1—¢)*"". In this way, one has ¢’ (0) = 0 if and only if

(t—v)(u—w)=0.
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This happens if and only if ¢ = v or u = w. Let us solve then

pt=01-p)

a—1
(—p ) ~ 1.
1—p

A trivial solution is when p = 1 — p, namely p = %, but this is excluded by
hypothesis. Then it must be o = 1. A similar line of reasoning applies also
for gq. This proves that we really have an extreme of g (¢) for ¢ = 0 if and
only if a = 1.

We conclude that the only subadditive Rényi entropy is Shannon entropy
(a=1).

that is

Hence, subadditivity does not come from a fundamental reason concern-
ing mixedness.

Let us now explore some other properties of Shannon entropy. These will
be essentially corollaries of subadditivity.

Recall that if a bipartite state pap is pure, then its two marginals have
the same eigenvalues (see section . This clearly means that they have
the same Shannon entropy, so subadditivity reads S (pa) > 0, with equality
if and only if the bipartite pure state is in fact a product state, for we have
S (pa)+S (pB) > S (pas), but S (pag) =0 and S (pa) = S (pg), because the
two marginals have the same eigenvalues. This is nothing but the statement
that the marginal of a bipartite pure state can be mixed and in particular it
is pure (S (pa) = 0) if and only if the bipartite pure state is a product state
(see proposition [4.1.2).

But we can say something more even in the case when the bipartite state
is not a pure state, thanks to triangle inequality.

Proposition 7.3.8 (Triangle inequality). Shannon entropy fulfils triangle
inequality, namely
S (pas) =[S (pa) — S (pB)l-

Proof. Let us consider a purification of |¥) , 5 of |p) \g With purifying system
E. Let us apply subadditivity to system AE.

S (par) < S (pa) + S (pr)
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Since ABE is in a pure state, as we noticed above, the marginals on each
couple of systems (e.g. AE and B) have the same Shannon entropy. Therefore

S (pae) = S (ps) and S (pe) = S (pas). Hence,
S(ps) < S (pa) + S (pas)

that is
S (pas) = S (ps) — S (pa) -
Since the situation is symmetrical for A and B, one concludes that

S (pas) = |5 (pa) = 5 (ps)] -

If we sum up all the result, we have

1S (pa) — S (pB)| < S (paB) < S(pa) +S(ps).

7.4 A derivation of the second law of thermo-
dynamics

Subadditivity is the key ingredient in deriving an inequality that can be in-
terpreted as a form of second law of thermodynamics, even though, in our
framework, the physical interpretation is still open. However, the important
point is that this inequality is derived from a function measuring mixedness,
which shows that measures of mixedness play a central role in thermodynam-
ics.

Our proof follows the one given in [16] very closely. Suppose we are in a
physical theory in which time evolution for an isolated system is given by a
one-parameter subgroup of reversible channels {14}, .

Consider a system A and the environment E and suppose they are com-
pletely uncorrelated at the initial time ¢t = 0, i.e. system AE is in a product
state pa ® pg. According to additivity of Shannon entropy, we have

S(pa ® pe) =5 (pa) + S (pE) -

Now consider system AE at a time ¢t > 0. In general, the state pp =
U, (pa ® pr) will be no more a product state.

/L (pa A A
(pAE E :@E U E




CHAPTER 7. GENERAL MEASURES OF MIXEDNESS 185

However, since reversible channels preserve mixedness, we are sure that p)yg
is as mixed as pp ® pg (see proposition [7.2.3)), and this means that S (p)y ) =
S (pa ® pg). By subadditivity,

S (Pag) < S (P) + S (pw),

where py and pf; are the marginals of p),r on the system and on the envir-
onment respectively. Putting all together, we have

S(pa) + S (pr) > S(pa) + S (pe) -

This inequality can be read as “the sum of the entropies of the system and
of the environment is non-decreasing”. This sounds like a second law of
thermodynamics. Nevertheless, this is essentially a mathematical result; so
far there is no physical meaning behind Shannon entropy and there is even
less meaning in thinking at the sum of Shannon entropies of the system and of
the environment as the entropy of the universe. Indeed, one may argue that
the actual final entropy of the universe is S (p\g) and not S (pa) + S (pg).



Conclusions

Starting from the purification postulate, we developed a theory for quan-
tifying and measuring entanglement and mixedness. As a central original
result, we managed to prove that these two seemingly distinct aspects are in
fact two sides of the same phenomenon. This sets forth a close relationship
between entanglement and statistical mixtures, and assigns a primary role
in the foundations of statistical physics to pure-state entanglement. In this
vein, even stochastic processes, namely processes naturally involving mixed-
ness, can be realized in a pure and reversible fashion exploiting entanglement.

As a side, but not minor, result, we managed to prove an abstract version
of Lo-Popescu theorem, an important result about a class of communication
protocols, LOCC protocols.

In a general probabilistic theory, mixed states are far from being dens-
ity operators. However, we managed to devise a diagonalization procedure
that enables us to define the analogy of eigenvalues. This was achieved by
introducing a further axiom regarding distinguishability of states.

In this way, we managed to associate a set of eigenvalues with every mixed
state even in general probabilistic theories. We then exploited eigenvalues to
turn the issue of quantifying mixedness from an operational issue to an issue
concerning real numbers.

Thus, the theory of majorization came to the aid of us, and we proved
it to be an equivalent means to compare mixedness of states. Since we were
looking for a more immediate tool to measure mixedness of a state, we turned
our attention to Schur-concave functions as measures of mixedness. In par-
ticular, we proved some interesting properties for a particular Schur-concave
function, Shannon entropy, which are completely analogous to the properties
of quantum von Neumann entropy. Eventually, these properties naturally led
to a proof of an inequality that can be interpreted as a second law of thermo-
dynamics. In this way, we showed that measures of mixedness, although they

186
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may appear as a completely abstract and mathematical tool, play a central
role in defining thermodynamic inequalities. Therefore, entanglement and
mixedness seem to be the key ingredients to build the foundations of ther-

modynamics.
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Appendix A

Some useful mathematical results

In this appendix we collect some interesting (and not too difficult) mathem-
atical results that are used in this work, but that are not completely related
to the subjects presented.

A.1 Some theorems

First of all, we prove a proposition concerning the support of a density op-
erator in a finite-dimensional Hilbert space.

Proposition A.1.1. Suppose p and o are positive operators such that p < o.
Then the support of p is contained in the support of o.

Proof. Recall that the support of an operator is the orthogonal complement
of its kernel. If V and W are subspaces of a Hilbert space H, then we have
VL < Wt if and only if W < V. Therefore it is enough to prove that
ker o < ker p.

Suppose, by contradiction, that there is a vector |¢) such that (| o |¢) =
0, but (| pl) # 0. Since p is a positive operator, (| p ) > 0. If p < o,
then 7 := o — p is another positive operator. We can compute (| 7 [1)).

(W) = Wlo—pl) = (Plo ) — @ ply) =
=—Wlply) <0

This contradicts the fact that 7 is a positive operator. We then conclude
that ker o < ker p, namely the support of p is contained in the support of
0. ]
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The next result we present is a theorem by Carathéodory about convex
geometry [81], [82].

Theorem A.1.2 (Carathéodory). Let A (Rd) be a d-dimensional real affine
space. If a point x lies in the convex hull of a set S C A (Rd), then it lies in
the convex hull of at most d + 1 points of S.

Proof. If z is in the convex hull of S, then it can be written as a convex
combination of a finite number of elements in S.

n
Tr = E iy,
i=1

where x; € S and A\; > 0 for every ¢, and ) A\, = 1. If n < d+ 1, there is
nothing to prove. Suppose then that n > d+1. This means that then—1 > d
vectors z; —x; (for ¢ > 2) must be linearly dependent. Thus, there exist n—1
not all vanishing real numbers «; such that """, a; (z; — z1) = 0. If we now
define a; = —> " ,a;, we have D" oy = 0 and > oy (z; — 1) = 0.
Therefore, we can write, for any u € R,

n

T = ka —MZ% (2 —x1) = Z()\z‘ — poy) T,
=1 =1

i=1

where we used the fact that >  a; = 0. Let us choose y as

N
o= 1%1§rln{a_,~ Ty > 0}.

Notice that there exists at least one «a; which is positive because «;’s are
not all 0 and ), a; = 0. In this way, clearly p > 0, and A\; — poy; > 0
and one has equality for the index ¢ that achieves the minimum. In this
way © =y . (A — pa;) x;, and the right-hand side is actually a sum with
n — 1 term (one of them vanishes). Besides, Y . | (A — pa;) = 1 because
>or, @; = 0. We managed to write x as a convex combination of n’ =n — 1
points. If n” > d + 1, then we repeat this procedure several times, until we
achieve n’ = d + 1. O

We conclude with a mathematical result about preorders.
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Proposition A.1.3. Let (X, <) be a preordered set, where < is not an equi-
valence relation. If v,y € X, deﬁn{:] r~yife Syandy S . Then ~ is
an equivalence relation.

We can define an order < on the set X/ ~, such that [x] < [y] if + Sy,
where [x] and [y] are the equivalence classes of x,y € X.

Proof. 1t is easy to prove that ~ is an equivalence relation. Indeed, x ~ x
because x < x for every z € X, since < is reflexive. In addition, if x ~ v,
then y ~ z, by definition of ~, for every xz,y € X. Finally, if x ~ y, and
y ~ z, then z ~ z. Indeed, form the fact that = ~ g, it follows that x < y
and y < x; and from the fact that y ~ z, it follows that y < z and z < .
Since < is transitive, one has z < z and z < x, whence x ~ z. Therefore, ~
is an equivalence relation.

Now, first of all, let us prove that our definition of < is well-posed. If we
take 2’ ~ x and y' ~ y, we have that 2’ < 2 (and z < 2'), and y < ¢/ (and
Yy < y). Thus, if 2 <y, then 2/ < o/, hence < is well-defined.

Now, let us show that < is an order. It is reflexive, for [x] < [z] means = < z,
and this is true because < is reflexive. It is transitive, since if [x] < [y] and
[y] < [2], it means that < y and y < z, whence z < z, because < is
transitive. Thus, it follows that [z] < [2]. Finally, < is also antisymmetric.
Indeed, if [z] < [y] and [y] < [z], this means that 2 < y and y < 2, that is
x ~y. Hence [z] = [y].

O

LIf < were an equivalence relation, then 2 ~ y, for every y € X, and there would be only
one equivalence class. In this case, the result of proposition would be degenerate.
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