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Abstract

Inthefiefldoffcomputatfionafleflectromagnetfism,IntegraflEquatfionMethods(IEM)

representavaflfidaflternatfivetoFfinfiteEflementMethods(FEM),fimpflementedfinmost

commercfiaflsofftware.ThepecuflfiarfityoffIEMflfiesfintheffactthatdfiscretfizatfionoffeflec-

tromagnetficaflflyfinactfivedomafins,suchasthevoflumeoffafirfinwhfichthestudfieddevfice

canbefimmersed,fisnotrequfired,thusreducfingthenumberoffdegreesoffffreedomoff

theprobflem(DOFs). Thfischaracterfistficbecomespartficuflarflyfinterestfingfforanaflyz-

fingopenboundaryprobflems,fforexampflefinvoflvfingantennas,wheremeshgeneratfion

woufldbepartficuflarflydemandfing.IEMaresubdfivfidedfintoVoflumeIntegrafl Meth-

ods(VIE)andSurffaceIntegraflMethods(SIE).Inpartficuflar,thesecondtyperesuflts

advantageousfinphysficaflcaseswherecurrentsareflocatedfinsurficfiaflregfions,thusre-

qufirfingthedfiscretfizatfiononflyoffthesurffacesoffthedevfice.Thfissfituatfionappflfies,ffor

exampfle,totheanaflysfisoffhfigh-ffrequencyfinterconnectfionsfinwhfichcurrentdensfity

naturaflflydfistrfibutesonthesurffacesofftheconductorsduetoamarkedskfineffect.A

flfimfitatfionfforfintegraflmethodscomparedtoFEM,however,fisthegeneratfionoffdense

matrfices,comfingffromGaflerkfinfformuflatfion,ratherthansparseonesfforsoflvfingthe

probflem.Inthfisway,gfiventhequadratficgrowthoffthematrfixdfimensfionswfiththe

DOFs,thecomputatfionaflfloadfformemorfizatfionandfinversfionoffthematrficescoufld

becomeonerous.Thereffore,compressfiontechnfiquesbasedonthegeometryofftheprob-

flemarenecessary,whereeflementsdfistantffromeachotherfinspaceandexperfiencfing

weakmutuaflfinteractfionsarestoredwfithfinaconvenfientway.Anfinterestfingtechnfique

whfichfimpflementsthfiscondfitfionfisbasedonHfierarchficaflMatrfixmethod(H-matrfices).

Inthfiscontext,thethesfisworkffocusesonthedeveflopmentofffintegraflmethodsfforthe

anaflysfisoffeflectromagnetficprobflemswfithspecfificattentfiontoSIE.Inpartficuflar,the

stateoffartoffthetechnfiquespresentedfintheflfiteraturefisanaflyzedffrombothatheo-

retficaflandexperfimentaflpofintoffvfiewthroughthedeveflopmentoffcodesfinMATLAB.

Furthermore,theafforementfionedcompressfiontechnfiques(H-matrfices)areappflfiedto

flarge-scafleprobflemstodemonstratethefirvaflfidfity.





Chapter1

Introductfion

TheFfinfiteEflement Method(FEM)fisprobabflythe mostknownandthe most

fimportantnumerficaflapproachfforsoflvfingpartfiafldfifferentfiaflequatfionsandfintegrafl

equatfions.Thankstofitsgeneraflfity,fitcanbeappflfiedtoawfidenumberoffprobflems,

fincfludfingstatficordynamficprobflems,flfinearorfless,andtreatfinghomogeneousorhet-

erogeneousdomafinswfithcompflexgeometrfies. Thankstofitseaseoffappflficatfion,fit

canbefimpflementedthroughmanyprogrammfingflanguagesaflsomakfingcodeseasfifly

comparabfle.Thankstofitsstructure,fitcanbeconvenfientflystoredusfingsparsematrfi-

ceswhfichaflflowstosaveaflotoffCPUmemoryandtoconsfistentflyreduceCPUtfime

demandevenfforflarge-sfizeprobflems.Inthefiefldoffappflficatfionoffeflectromagnetfism,

thfisfisfingeneraflnotdfifferent. Whensmaflflcomponentswhfichkeeptheeflectrficaflfiefld

orthemagnetficoneconfinedfinasmaflflregfion(e.g.acapacfitororasoflenofidhavfing

smaflfldfimensfions)arefinvoflved,theFEMresufltsfinthebestwaytosoflvethefformuflated

probflem. TheFEMfisaflsofimpflementedfinthemafincommercfiaflsofftwarefforsoflvfing

eflectromagnetficprobflemssuchasCOMSOL®,andANSYS®.

However,therearemanysfituatfionsfinwhfichtheFEMapproachturnsouttobe

non-optfimafl.Somemafinexampflesconcerntheeflectrficormagnetficfiefldgeneratedby

adfistrfibutfionoffcurrentcharge,thestudyoffpropagatfionfiefldsduetoe.g.antennas,

andthestudyoffthebehavfiorofffiefldsathfighffrequencfies.Thefirstcondfitfionresuflts

partficuflarflydemandfingwhenweflookfforthesoflutfionfinaspecfificpofintoffthedomafin,

butthesearchedsoflutfionfisdfificuflt,fiffnotevenfimpossfibfle,tobecomputedffrom

theanaflytficaflpofintoffvfiew. Ontheotherhand,thesecondeventuaflfityrequfiresthe

dfiscretfizatfionoffthewhofledomafinfinwhfichthefiefldfisdefinedandsofitcanmakethe

processveryonerousffromthecomputatfionaflpofintoffvfiew.

Toovercomesuchfissues,anotherkfindoffapproachwasfintroduced. Thfismethod

fisknownastheIntegraflEquatfion Method(IEM)andfitexpflofitsarefformuflatfionoff

theorfigfinaflprobflembasedonthefintroductfion-asthenamefitseflffstates-offfintegrafl

equatfionsexpressedasaffunctfionoffaflternatfiveunknownswhficharedefinedconcernfing

equfivaflentsources.

TheIEMstartedtobefintroducedaroundthe‘40s,afimfingtosoflveprobflemsre-
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2 CHAPTER1.INTRODUCTION

flatedto Maxweflfl’sequatfionsasanaflternatfivetosoflversbasedonpartfiafldfifferentfiafl

equatfionssuchastheFEMfitseflffortheFfinfiteDfifferenceMethod(FDM).Indeed,such

technfiquesarebasedontheresearchoffthedfirectsoflutfionffortheafforementfionedkfinds

offprobflems. Conversefly,IEMsarebasedontherefformuflatfionoffthestatementasa

ffunctfionoffaflternatfivesourcesandboundarycondfitfions.Then,sfimfiflarflytoFEM,the

dfiscretfizatfionoffthedomafinfisrequfiredtoapproxfimatethesoflutfionofftheprobflem.

ThfiswayIEMprovfidesaveryconvenfientwaytoreachtheresuflt,overcomfingthefis-

suesdfiscussedaboveore.g.reflatedtocompflexopen-boundaryregfionscatterfingand

radfiatfionprobflems:ononehandIEMareverygeneraflandflexfibfleandtheygfivean

aflternatfivewaytosoflveprobflemswhoseanaflytficaflsoflutfionfisnotcomputabfle. More-

over,theyaflflowconsfistentreductfionoffthefloadassocfiatedwfiththedfiscretfizatfionoff

thedomafinwhenopen-boundaryprobflemsarefinvoflved,e.g. whenthestudyoffthe

propagatfionofffiefldsfisrequfired:findeed,IEMasksfforthedfiscretfizatfionofftheonfly

actfivepartoffthedomafin,whfiflethemeshofftheafiroroffthemedfiumfinwhfichthefiefld

propagatesfisnotnecessary,thusconsfiderabflyreducfingthefloadfforthecomputatfion

andtheappflficatfionoffthemesh.

AmongtheIEM,twomafincategorfiescanbefidentfified:VoflumeIntegraflEquatfions

(VIE)andSurffaceIntegraflEquatfions(SIE).Thefirsttypefisbasedonthedfiscretfiza-

tfionoffthewhoflethree-dfimensfionafldomafinoverwhfichtheprobflemfisdefined.Such

amethodmafintafinsaflfltheadvantagesflfistedaboveandfitresufltspartficuflarflyconve-

nfientflywhenthethreesfizesoffthefinvoflveddomafinarecomparabfletooneanother.On

theotherhand,SIEshowsfitseffectfivenesswhenoneoffthedfimensfionsoffthedomafinfis

negflfigfibfleconcernfingtheothertwowhenthechargedensfityfisconcentratedaflongthe

surffaceoffthedomafin,oragafinwhenaneflectromagnetficscatterfingsfignaflatveryhfigh

ffrequencyflocaflfizesaflongtheexternaflwaflflse.g.offaconductorbecauseoffanfimportant

skfineffect.

Theskfineffectfisaneflectromagnetficphenomenonthatoccurswhenaneflectromag-

netficfiefldpenetratesaconductor.Forhfigh-ffrequencyconductorscurrentfluxconcen-

tratesprfimarfiflyfintheouterpartofftheconductor,generatfingasortoff”skfin”through

whfichthecurrentflows.Suchbehavfiorfisduetothefinductfionoffeddycurrentsflow-

fingfintheopposfitedfirectfionfinsfidethecoreofftheconductor,thusreducfingthearea

throughwhfichthecurrenteffectfiveflymoves. Theskfineffectfisevenstrongerathfigh

ffrequencfies,asatflowffrequencfiesthefiefldwoufldhavepenetratedmoreunfifformflyfinto

theconductor.Theresufltfisanfincreasefintheapparentresfistanceofftheconductorat

hfighffrequencfiescomparedtowhatonewoufldexpectbasedsofleflyontheresfistfivfityoff

thematerfiafl.Theapproxfimatefformuflafforthedepthoffpenetratfion(or“skfindepth”,

Ffig.1.1)δfinaconductorfisgfivenby:

δ=
2

ωµσ
(1.1)

whereωfistheanguflarffrequencyoffthewave,µfisthemagnetficpermeabfiflfityoffthe



3

Ffigure1.1:Graphficaflrepresentatfionofftheskfindepthfinacfircuflarconductor.

Ffigure1.2:Skfineffectsontherectanguflarcoppercofiflwfithw=6·10−4mandt=7·10−5

m.

conductor’smaterfiafl,andσfistheeflectrficaflconductfivfityofftheconductor’smaterfiafl.

Morefindetafifltheskfineffectfincreasesfintheequfivaflentresfistanceofftheconductorat

hfighffrequencfiesduetotheredfistrfibutfionoffthecurrents.

Theskfineffectfisencounteredfinvarfiousappflficatfionswhereeflectromagnetficfieflds

andhfigh-ffrequencycurrentspflayacrucfiaflrofle.Somefimportantexampflesfincfludehfigh-

vofltagepowertransmfissfionflfines,especfiaflflyatradfioffrequencfies(RF),wheretheskfin

effectfinfluencesthedfistrfibutfionoffcurrentfintheconductors;mficrowavesystems,ffor

whfichtheskfineffectaffectsthebehavfioroffconductorsandtransmfissfionflfines,fimpact-

fingsfignaflfintegrfityandpowerdfistrfibutfion;antennaswhosedesfignandperfformance

arefinfluencedbytheskfineffect,partficuflarflyfinhfigh-ffrequencycommunficatfionsys-

tems;hfigh-ffrequencyeflectronfics,teflecommunficatfionsystems,submarfinecommunfica-

tfioncabfles,andeflectromagnetficshfiefldfing.Itfisfimportanttounderstandwhycompflete

knowfledgefintermsofftheoryandmanagfingtheskfineffectfiscrucfiafltooptfimfizethe

perfformanceandtheeficfiencyoffsystemsthatfinvoflvehfigh-ffrequencyeflectromagnetfic

fieflds.

Agraphficaflexampfleofftheskfineffectovertherectanguflarcross-sectfionoffacon-

ductorfisdepfictedfinFfig.1.2.Thfiswayfitdfirectflybecomescflearwhyffortheskfineffect

thedfiscretfizatfionoffthedomafinaflongoneoffthedfimensfionswoufldrequfiretheadop-

tfionoffverysmaflfleflementstoaccurateflycapturethedfistrfibutfionoffthecurrentdensfity,

thusmakfingtheprocessqufitedemandfing.Aflternatfivefly,fitfisaflsopossfibfletohfighflfight

thfisfissuewhenameshwfithconstantsfizeaflongthethreedfirectfionsfisadopted:fiffthfis

wasthecasewhenthesmaflflsfizefistakenfintoaccount,smaflfleflementswoufldhavebeen
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definedtoobtafinanacceptabflesoflutfion,butthetotaflnumberoffeflementsaflongthe

othertwodfimensfionswoufldhavebecomeveryhuge.Inthfisperspectfive,SIEaflflows

tonegflectthedfiscretfizatfionaflongthehfighflfighteddfimensfionandtheyflookffortheso-

flutfionoffanewprobflemwhosestatementhasadomafincofincfidentwfiththesurffaceoff

theconsfideredbodyoreflectrficaflcomponent.Thfiswayaflsothenumberoffunknowns

fisdramatficaflflyreduced.However,nowadaysSIEhasnotffoundaweflfl-definedfiefldoff

appflficatfionbecauseoffsometheoretficaflquestfionsspecfificaflflyreflatedtoffunctfionsthat

presentsfinguflarfitfiesoffanykfindandwhfichhavetobeproperflydfiscussed. TheSIE

approachfisavafiflabflefincommercfiaflsofftwaresuchasFEKO®.

Furthermore,despfiteaflfltheadvantagespresentedbyIEM,onefimportantfissue

regardsthestorageoffmatrficesdescrfibfingtheprobflem.Dfifferentflyffromwhathappens

whenFEMfisappflfied,IEMgeneratesdensematrficeshavfingseveraflentrfieswhfichscafle

asO(N2)whereNfisthenumberoffthedegreesoffffreedom(DOFs)offtheprobflem. We

canconsfiderasanexampfleMaxweflfl’sequatfionexpressfingtheeflectrficfiefld,fforwhfich

theGreenffunctfion

G(r,r′)=
efik∥r−r

′∥

4π∥r−r′∥
(1.2)

fisstrongflyfinvoflved. Wecansupposetoconsfideramatrfixwhoseentrfiesaredefinedby

suchexpressfion,whererandr′,whficharevectorsfidentfiffyfingtwopofintsfinthespace,

nowdescrfibethefindficesoffthematrfixfitseflff,respectfiveflyaflongfitsrowsandcoflumns.

EvenfifftheGreenffunctfioncanassumeverysmaflflvaflues,fitaflwaysprovfidesposfitfive

resuflts(amuchfin-depthanaflysfisofffitssfinguflarvaflueswhfichappearfforseflff-finteractfing

eflements,fi.e.eflementsaflongthedfiagonafl,wfiflflbecarrfiedoutfintheffoflflowfingchapters),

andthfismakestheentrfiesoffthematrfixnotvanfishevenwhenthedenomfinatorap-

proachesfinfinfity.AnotherdfirectconsequenceoffsuchanfissueconcernstheCPUtfime

requfired:findeed,ffromthfispofintoffvfiew,thegreaterthenumberoffentrfiesdfifferent

ffromzerofis,thegreaterthecostfforthefinversfionoffthematrfixwfiflflbe,asweflflasthe

oneffortheappflficatfionoffthesoflver.Indeed,fitwasshownthatthetfimefformatrfix

finversfioncanscafleevenwfithorderO(N3)).

Justfforcflarfity,anexampfleoffthepatternsoffthesystemmatrficesarfisfingffromFEM

andIEMdfiscretfizatfionapproachesarefiflflustratedfinFfig.1.3. Herefitcanbenotficed

that,keepfingconstantthenumberoffDOFs,thenuflfl-entrfiesstoredbytheFEMmethod

fismuchhfigher,sothatthematrfixfinFfig.1.3acanbeconsfideredasasparsematrfix,

whfifletheoneobtafinedffromIEM(Ffig.1.3a)canbenot.

Evenfiffquestfionsreflatedtothedensfityoffthematrfixcanbenegflectedfforsmaflfl-

orderprobflemshavfingonflyaffewunknowns,whenthenumberoffDOFsfincreasessuch

fissuesmustbeproperflytreated.Indeed,fifftheCPUtfimeandmemoryrequfirements

becometooflarge,theconvenfienceoffIEMconcernfingtheFEMwoufldvanfish.That’s

whyspecfifictechnfiquesfforthecompressfionoffmatrficesandtheconsequentmemory

savfingshoufldbeadopted,brfingfingaflsothereductfionoffthecomputatfiontfime.Among

thesemethods,twomafinffamfiflfiescanbedfistfingufished.Thefirstonefisbasedonthe



5

(a)FEM. (b)IEM.

Ffigure1.3:ExampfleoffthepatternoffmatrficesffromFEM(a)andIEM(b)approaches.

decomposfitfionofftheffunctfionexpressfingtheentrfiesoffthematrfix,whfiflethesecondone

fisbasedontheconcretereflatfionbetweentheeflementsobtafinedffromthedfiscretfizatfion.

Iffwereffertothefirstapproachasmathematficaflorphysficaflapproachsfincetheffunctfion

fisanaflyzedwfithatheoretficaflperspectfive,thesecondonefisdenotedasgeometrficaflbe-

causefitaflflowsexpflofitfingsuchkfindoffconsfideratfions,fi.e.themutuafldfistancebetween

eflements,sothatfifftheyarecflosetoeachotherthefirrespectfivefinteractfionfis,fingen-

erafl,stronger,whfiflethecontrfibutfionoffeflementsffarffromeachothercanbenegflected

finsfidetheentrfiesoffthematrfixfiffproperflytreated.

Fromthfisperspectfive,thfisthesfisworkwasdevefloped.Themafinscopefistoprovfide

ageneraflsurveyabouttheIEM,wfithspecfificattentfiontoboththeoretficaflandnumer-

ficaflanaflysfisffortheSIE,whfichshoufldgfivethemajorfityoffthetooflsfforchoosfingwhfich

offthemethodsfforsoflvfingflfinearprobflemsfisthebestoptfion,casebycase.Thework

fisdfivfidedasffoflflows: Chapter2provfidesageneraflanaflytficaflovervfiewoff Maxweflfl’s

equatfion.Therespectfivefintegraflequatfionsthatarfiseffromthemafftertheappflficatfion

offtheGaflerkfinmethodfforthesoflutfionoffthe Methodoff Momentsaredescrfibedas

weflfl. Ffinaflfly,thematrficfiaflversfionofftheprobflemobtafinedffromtheappflficatfionoff

numerficaflreasonfingfisfintroduced.Thfisfformuflatfionfisffundamentaflfinthetreatmentoff

theIntegraflequatfions.Chapter3fisspflfitfintotwosectfions:thefirstoneffocusesonthe

appflficatfionoffSIE,descrfibfingonebyonemanypossfibfleaflternatfivestosufitabflytreat

thesfinguflarfitfiesthatappearfinsfidetheprobflem;thesecondonecomparestheresuflts

obtafinedusfingeachmethod-wfithpartficuflarattentfiontothemodfifiedflfinefintegraflone

-andaffuflflynumerficapproachtoverfiffytheconsfistencyofftheadoptedfformuflatfions.

Exampfleswhoseanaflytficaflsoflutfionsareknownffromthestateofftheartareadoptedfin

thfissecondsectfion,tocheckhowweflfltheSIEcanapproxfimatetheresuflts.Chapter4

fisfinaflflyffuflflydedficatedtomethodsfformatrfixcompressfionandmodeflorderreductfion.

Ffirst,atheoretficaflanaflysfisoffmanydfistfinctmethodswfiththefirprosandconswfiflflbe

reported.Then,thefimportanceoffsuchtechnfiques,andfinpartficuflarofftheHfierarchficafl

matrficesmethod,wfiflflbestressedbythefirappflficatfiontoconcretenumerficaflexampfles.
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Aboutthenotatfionthatfisadoptedfintheffoflflowfingchapters,squarebracketsfin

generaflfindficatethematrficfiaflbehavfioroffthecomponent.Thebofldcharacterfisadopted

toreffertoavector(smaflflfletter)oramatrfix(capfitaflfletter).



Chapter2

IntegraflEquatfion Methods

Inthfischapter,theIntegraflEquatfion Method(IEM)fforthesoflutfionoffeflectro-

magnetfic(EM)probflemsfisfintroduced.Thepurposeoffthedfiscussfionfistogfiveabrfieff

overvfiewoffthemathematficaflfformuflatfionofftheIEMs,findeed,adetafifleddfiscussfion

offthfistopficcanbeffoundfinmanybooks,suchas[1]. Thestartfingpofintoffthedfis-

cussfion,fistheweflfl-knownMaxweflfl’sequatfions,governfingthephysficaflbehavfioroffthe

eflectromagnetficfiefldfinthedomafinΩ⊂R3,herewrfittenfintheffrequencydomafin:

∇×E=−fiωB (2.1)

∇×H=Jc+fiωD (2.2)

∇·D=ϱc (2.3)

∇·B=0 (2.4)

whereEfistheeflectrficfiefld,Bfisthemagnetficfluxdensfityfiefld,D fistheeflectrfic

dfispflacementfiefld,Hfisthemagnetficfiefld,Jcfistheconductfioncurrentdensfity,ϱcfis

theffreevoflumechargedensfity,andω=2πfffistheanguflarffrequency.Theconstfitutfive

reflatfionsthataflflowconnectfingfiefldfintensfitfiesandfluxdensfitfiesandwhfichcflosethe

probflemffromthemathematficaflpofintoffvfiewfinvoflveeflectrficpermfittfivfityε=εrε0and

magnetficpermeabfiflfityµ=µrµ0:

D=εE,B=µH. (2.5)

Inthemostgeneraflcase,fi.e.fforanfinhomogeneousandanfisotropficbody,thesequan-

tfitfiesare3x3matrfices,butfinthfiswork,weassumetotreathomogeneousandfisotropfic

materfiafls,sothatεandµareassumedtobescaflarconstantsmufltfipflfiedbytheIdentfity

matrfixwhfichfisnegflectedfintheffoflflowfing. Thecurrentdensfityandtheeflectrficfiefld

arereflatedthroughtheconstfitutfivereflatfionfforthecurrentfiefld:

Jc=σE, (2.6)

7
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whereσfistheeflectrficconductfivfity. ThankstotheffactthatBfisdfivergence-ffree,

ffocusfingonthequantfitfieswhficharereflatedtotheeflectrficfiefld,fit’saflsopossfibfleto

fintroducethemagnetficvectorpotentfiaflorsfimpflyvectorpotentfiaflAsuchthat:

B=∇×A. (2.7)

ByfinsertfingthfisequatfionfintoFaraday’sflaw(2.1)andempfloyfingthevectorcaflcuflus

fidentfitystatfing∇×∇[•]=0,fit’saflsopossfibfletofintroducetheeflectrficscaflarpotentfiafl

φe,whfichmakestheffoflflowfingequaflfityhofld:

E=−fiωA−∇φe. (2.8)

2.1 Eflectrficand MagnetficFfiefldIntegraflEquatfions

StartfingffromFaraday’sflaw(2.1)rewrfittenfintermsoffmagnetficandscaflarpoten-

tfiafls(2.8),theffoundatfionsofffintegraflequatfionsarebrfieflydescrfibedfinthfissectfion.

ThfisanaflysfisafimstodefineanfintegraflfformfinvoflvfingthefiefldsA andφe,flfinkfing

themwfiththefirphysficaflsources. Fromtheseexpressfions,fitwfiflflbeaflsopossfibfleto

obtafinanfintegraflequatfionfforEasaffunctfionofffitssources. Theanaflysfisstartsby

coupflfingMaxweflfl-Ampere’sflaw(2.2)wfiththefirstofftheconstfitutfiveflaws(2.5),and

notficfingthatH=1/µ0∇×Aweendupwfiththefformufla:

1

µ0
∇×(∇×A)=Jc+fiωε0E. (2.9)

Thenwecanappflythevectorfidentfity∇×(∇×[•])=∇(∇·[•])−∇2[•]totheflefft-hand

sfideofftheequatfion,whfiflewesubstfituteequatfion(2.8),gettfingthefformufla:

1

µ0
(∇(∇·A)−∇2A)=Jc+fiωε0(−fiωA−∇φe). (2.10)

FfinaflflytheLorenzgauge∇·A=−fiωε0µ0φeaflflowstoseparateAffromφefinorderto

concflude:

µ0Jc=(fiω)
2µ0ε0A−∇

2A=□A, (2.11)

where□:=(fiω)2c20−∇
2fisthed’Aflembertfianoperator.Thesoflutfionoffsuchanequatfion

canbederfivedffromaweflfl-knownpartfiafldfifferentfiaflequatfion:

∇2G(r,r′)+βG(r,r′)=−δ(r,r′), (2.12)

whereδ(r,r′)fistheDfiracdefltaandG(r,r′)fistheGreen’sffunctfiongfivenbythefformufla:

G(r,r′)=
efikR

4πR
, (2.13)
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whereagafinfifisthefimagfinaryunfit,Rfisdefinedasthedfistancebetweentheobservatfion

andsourcepofints,R=∥r−r′∥,andthecompflexwavenumberhasthefform:

k=ω
√
εµ=k′+fik′′, (2.14)

whfich,fforthecaseoffnon-magnetficmaterfiafls(fi.e.,whenµr=1),fisusuaflflyexpressed

as:

k=
ω

c0
εr+fi

σ

ε0ω
(2.15)

wherec0fisthespeedoffflfightfinvacuum,approxfimateflyoff3·10
8m/s.Basedonthese

assumptfions,wegetthefintegraflfformfforthemagnetficvectorpotentfiaflA:

A(r)=µ0
Ωc

Jc(r
′)G(r,r′)dr′, (2.16)

whereΩcherestandsfforthe“conductfive”domafin,fi.e.,thesubsetwheretheconductfion

currentdensfityJcfisnon-zero.Thereexfistsaflsoasfimpflfifiedversfionwhfichhofldswhen

theffrequency-dependenttermsarenegflfigfibfle,fi.e.whenω2µ0ε0→ 0andthedynamfic

versfionoffGreen’sequatfionfissubstfitutedbyfitsstatficfform:

A(r)=µ0
Ωc

Jc(r
′)G0(r,r

′)dr′, (2.17)

wherethestatficGreenffunctfionfisdefinedas:

G0=
1

R
. (2.18)

RecaflflfingtheLorenzgauge,wecanexpflofitthfisfformuflaafimfingtodeveflopanfintegrafl

equatfionfforφ.Todothatweaflsofintroduceavectorcaflcuflusfidentfitystatfingthatffor

avectorfiefldΛandascaflarfiefldα,∇·(αΛ)=α∇·Λ+∇α·Λ.Therefforetheresuflt

wegetfis:

−fiωφe(r)=
∇·A(r)

ε0µ0
=ε−10

Ωc

∇·(Jc(r
′)G(r,r′))dr′

=−ε−10
Ωc

∇·Jc(r
′)·∇′G(r,r′)dr′, (2.19)

wherefintheflastequaflfitywehaveappflfiedthevectorfidentfitypresentedaboveandwe

havenotficedthat∇·Jc(r
′)=0and∇G(r,r′)=−∇′G(r,r′)meanfingthatthe∇

operatoractsnoflongeronrbutonr′.FfinaflflythecontfinufityequatfionfforJcshoufld

befintroduced. Let’sdefineςcastheffreesurffaceeflectrficchargedensfityflayfingona

surffaceoverwhfichJcfisdfiscontfinuousandflet’sdenotewfithJ
±
c thetwosfidesoffthe

dfiscontfinufitysurfface,whfifletheouternormaflfisdescrfibedasn̂;then

∇′·Jc(r
′)=−fiωϱc(r

′), (J+c(r
′)−J−c(r

′))·n=−fiωςc(r
′). (2.20)
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Aswe mentfionedbeffore,ourreasonfingfisffocusedonthecaseoffanhomogeneous

medfium,sothattheonflydfiscontfinufitysurffacethatcanbefidentfifiedfisthebound-

aryoffthedomafinΩc,∂Ωc=Γcandthesecondequatfionfin(2.20)hascomponents

J+c(r
′)=0(findeedthfissfideoffthesurffacebeflongstoΩc)and

J−c(r
′)·n=fiωςc(r)=Jc(r

′)·n. (2.21)

Appflyfingthedfivergencetheoremtothefirsttermontherfight-handsfideoffequatfion

(2.19)andsubstfitutfingequatfion(2.21)fintotheresufltfingone,weendupwfiththefinafl

fformoffthefintegraflequatfionfforthescaflarpotentfiaflφ:

φe(r)=ε
−1
0

Γc

ςc(r
′)G(r,r′)dΓ′+

Ωc

ϱc(r
′)G(r,r′)dr′. (2.22)

Ffinaflfly,fit’spossfibfletoadoptthetwofintegraflequatfions(2.16)and(2.22),andsub-

stfitutethemfintoequatfion(2.8)todeveflopanequatfionwhfichwfiflflbeffundamentafl

fineflectromagnetficprobflem’sfformuflatfion. SuchequatfionfisknownasEflectrficFfiefld

IntegraflEquatfion,orsfimpflyEFIE:

E(r)=−fiωµ0
Ωc

Jc(r
′)G(r,r′)dr′

−ε−10 ∇
Γc

ςc(r)
′G(r,r′)dΓ′+

Ωc

ϱc(r
′)G(r,r′)dr′, (2.23)

whfichcanbeaflsorewrfittenasaffunctfionofftheonflyJcusfingtherespectfivecontfinufity

equatfion(2.20):

E(r)=−fiωµ0
Ωc

Jc(r
′)G(r,r′)r′

−
∇

fiωε0 Γ̄c

(J+c(r
′)J−c(r

′))·̂nG(r,r′)dΓ′+
Ωc

∇′·Jc(r
′)G(r,r′)dr′.(2.24)

Thefintegraflequatfionsobjectoffthethesfisarfisesffromthecoupfledeflectromagnetfic

probflems,fi.e.whentheeflectrficfiefldfinteractswfithamagnetficone.Inthfiscase,the

EFIEshownfin(2.23)shoufldbemodfifiedwfiththefintroductfionoffanewtermdueto

thepresenceoffthemagnetficfiefldfitseflff. Moreoverthecurrentdensfityshoufldnowbe

fidentfifiedtroughasubscrfiptwhfichverfifieswetherwearerefferrfingtotheeflectrficorto

themagnetficcurrentdensfity.Therefforetheffoflflowfingequatfionshofld:

∇·E=
ϱe
ε0
, −∇×E=Jm+fiωµ0H (2.25)
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E(r)=−fiωµ0
Ωe

Je(r
′)G(r,r′)dr′

−
∇

ε0 Γe

ςe(r
′)G(r,r′)dΓ′+

Ωe

ϱe(r
′)G(r,r′)dr′

−
∇

ε0
×

Ωm

Jm(r
′)G(r,r′)dr′. (2.26)

Atthesametfime,weneedtofintroduceacorrespondfingMagnetficFfiefldIntegraflEqua-

tfion,orbrfieflyMFIE,whfichcanbefformuflatedfinananaflogouswaytotheEFIE.The

finaflresufltfis:

H(r)=−fiωε0
Ωm

Jm(r
′)G(r,r′)dr′

−
∇

µ0 Γm

ςm(r
′)G(r,r′)dΓ′+

Ωm

ϱm(r
′)G(r,r′)dr′

−
∇

µ0
×

Ωe

Je(r
′)G(r,r′)dr′. (2.27)

Insummary,finthfissectfionabrfiefffintroductfionconcernfingthemathematficaflffoun-

datfionsofftheIntegraflEquatfion(IE)approachwasgfiven. Theexpressfionsfforthe

eflectrficfiefldandthemagnetficfiefldfintegraflequatfions,EFIEandMFIE,arereported

attheendoffthesectfion.EFIEandMFIEusuaflflyarethestartfingpofintffortheanafl-

ysfisofftheeflectromagnetficprobflemfinΩ⊂R3[2],however,theanaflytficaflsoflutfionoff

thefiefldsfisunffeasfibflefinthemajorfityoffsfituatfions,thuscomputer-afidedengfineerfing

(CAE)tooflsarerequfired.

2.2 Dfiscretfizatfionofffintegraflequatfions

Theanaflysfisfisthenmovedtothesearchoffasoflutfionfforthedescrfibedprobflem.

Asveryeficfientandgeneraflsoflverfforpartfiafldfifferentfiaflequatfionorfintegraflequatfion

probflem,Gaflerkfin’stestfingmethodfisusuaflflyappflfied.Suchaprocedureconsfistsoff

choosfingtwodfifferentffunctfions:thefirstone,caflfledbasfisffunctfion,fistheonethat

shoufldapproxfimatetheexactsoflutfionofftheprobflemsothatGaflerkfin’smethodfis

basedonmfinfimfizfingtheerrorbetweenthem.Thesecondfisthetestfingffunctfionwhfich,

onceappflfiedtotheanaflyzedequatfion,shoufldprovfideanorthogonaflfitycondfitfionwfith

thebasfisffunctfions,fi.e.thefinnerproductbetweenthedfifferentfiaflorfintegraflequatfion

andthetestfingffunctfionmustbezero. Eachffunctfionbeflongstoasufitabflevectorfiafl

spacewhfichmustbeaprfiorfidefined. Affterboththebasfisandthetestfingffunctfion

areproperflyfidentfified,anewfformuflatfionfintermsoffthebasfisandtestfingffunctfion

ffortheexamfinedprobflemshoufldbedevefloped. Ffinaflfly,anumerficaflapproach,such

asthedfiscretfizatfionfforthefinfiteeflementmethodorthenumerficfintegratfion,mustbe

appflfiedtosoflvetheoutcomfingequatfion.Aboutsuchdfiscretfizatfion,fitcanbeshown-

andfitwfiflflbeassumedfintheffoflflowfing-thatthereexfistsanempfirficaflflawwhfichhoflds

finthecaseoffeflectromagnetficscatterfingprocessesandwhfichreflatesthedfimensfionoff
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themeshhandthewaveflengthλasffoflflows:

maxh<λ/5 (2.28)

TheGaflerkfinmethodspecfificaflflyappflfiedtoeflectromagnetficscatterfingprobflemsfis

dfiscussedfindetafiflfinmanyartficflessuchas[3,4].Toqufickflysummarfizetheseconcepts,

wehavetofintroducetheeflectrficfiefldfintegrafloperator(EIFO)andthemagnetficfiefld

one(MFIO):

L(ff)(r)=fikS(ff)(r)−
1

fik
∇∇·S(ff)(r) (2.29)

K(ff)(r)=∇×S(ff)(r) (2.30)

whereSrepresentsthesurffaceoffthedomafinoverwhfichweareactfingand

S(ff)(r)=
S
dr′G(r,r′)ff(r′) (2.31)

Thfiswaythefintegraflequatfionsweareflookfingfforcanbeexpressedfintermsoffthescat-

teredtangentfiafleflectrficfiefldandoffthescatteredsurffacecurrent,whficharerespectfivefly

definedoverSasaffunctfionoffthesurffaceeflectrficcurrentj:

es(j)=πτ(L(j)) (2.32)

js(j)=
1

2
Λ+γτ(K(j)) (2.33)

whereγτ(u)=̂n×u|Sfisthetwfistedtangentfiafltraceoperatorandπτ(u)=̂n×(u×

n̂)|S=γτ(u)×n̂fisthetangentfiafltraceoperator. Moreovertwoequatfionsfinvoflvfing

thefincfidenteflectrfic(Efinc)andmagnetficfiefld(Hfinc)onSshoufldbefintroduced:

jfinc=η0γτ(Hfinc) (2.34)

efinc=πτ(Efinc) (2.35)

TherefforespecfificfformuflatfionsffortheEFIEandtheMFIEcanbeobtafinedbycoupflfing

(2.32)and(2.33)wfith(2.35)and(2.34)andhavevaflfidfityoverS:

e=efinc+es(j)=0 (2.36)

j=jfinc+js(j) (2.37)

ThesecondstepffortheappflficatfionofftheGaflerkfinmethod(aflsoknownasweakfformu-

flatfion)finvoflvesthedfiscretfizatfionoffthedomafinweareconsfiderfingfintonon-overflappfing

eflementsSfisuchthatS=S1∪S2,...,∪SN.Suchdecomposfitfionaflflowstofindanap-

proxfimatfionofftheunknowncurrentvafluej̃asaffunctfionoffthecurrentovereach
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sub-eflementSm,m∈{1,...,N}

j̃=
N

m=1

jm(r) (2.38)

ThetrfiaflffunctfionfischosenffromtheL2(S)spacesothattheyaredefinedwfitheflemen-

twfisecompactsupportandfitfispossfibfletoadoptsuchtrfiaflffunctfiontobestapproxfi-

matethecurrentflocaflfly.Specfificconsfideratfionsaboutthebasfisandtestfingffunctfions

fforthefintegraflequatfionsobjectoffthethesfisaredfiscussedflater. Forthemoment

wechooseasanexampflevectorpoflynomfiaflssothatwegetflocafltrfiaflffunctfionsΛm

whficharecontfinuousfinsfidetheeflementSm andwhfichareaflflowedtobedfiscontfinuous

acrosseflementboundarfies.Summarfizfing,wecandefinethebasfisffunctfionovermas

Φm =spanfi{Λ
m,p
fi }wherepfisthedegreeoffthepoflynomfiafl,theflocaflapproxfimatfion

fforthecurrentfisfformuflatedas:

jm(r)=
fi

am,fiΛ
m,p
fi (r) (2.39)

ThusthescatteredeflectrficfiefldmustsatfisffytheffoflflowfingEFIEfformuflatfion:

efinc,m=−
N

n=1

πτ(L(jn,Sn)) onSm (2.40)

andwecanestfimatetheerrorcommfittedfinsuchapproxfimatfionbyevafluatfingthe

surffaceresfiduaflwhfichcanbeaflsofinterpretedasthetangentfiaflerroreflectrficfiefld:

R(1)m =efinc,m+

N

n=1

πτ(L(jn,Sn)) onSm, (2.41)

wherethefindex(1)suggeststhatwearedeaflfingwfiththefirstfiteratfionofftheprocess.

Iffwechoosethesameffunctfionspaceadoptedaboveaflsofforexpandfingthetestfing

ffunctfion,fi.e.Λ′m∈Φm,theoutcomfingGaflerkfinfformuflatfionassumesfform:

Λ′m,R
(1)
m

Sm
= Λ′m,efinc,mSm + Λ′m,

N

n=1

πτ(L(jn,Sn))

Sm

, (2.42)

wfiththesurffacefintegrafltermdefinedbythescaflarproductfforvectorspacesas:

Λ′,u
Sm
=

Sm

drΛ′·u. (2.43)
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Ffinaflflyfitfispossfibfletoffurtherexpand(2.42)thankstoEIFO(2.29)gettfing:

Λ′m,R
(1)
m

Sm
= Λ′m,efinc,mSm + Λ′m,

N

n=1

πτ(L(jn,Sn))

Sm

= Λ′m,efinc,mSm +fik0 Λ
′
m,

N

n=1

πτ(S(jn,Sn))

Sm

−
1

fik0
Λ′m,

N

n=1

πτ(∇∇·S(jn,Sn))

Sm

= Λ′m,efinc,mSm +fik0

N

n=1

Λ′m,πτ(S(jn,Sn))Sm

−
1

fik0

N

n=1

Λ′m,πτ(∇∇·S(jn,Sn))Sm . (2.44)

Theresufltpresentsfissuesreflatedtothepresenceoffhyper-sfinguflartermswhfichshoufld

beproperflydfiscussed.Asoflutfionproposedfin[3]consfistsfinappflyfingGreen’sfidentfity

afimfingtoreducetheorderoffthesfinguflarfity. However,sfincetheobjectfiveoffthfis

dfiscussfionfistopresentanexampfleofftheappflficatfionofftheGaflerkfinmethodtoEFIE,

suchproceedfisnotreportedhere.

ThesamefideaatthebaseofftheGaflerkfinmethodappflfiedandthesameprocedure

dfiscussedfforEFIEcanbesfimfiflarflyextendedaflsototheMFIEfinordertoextractan

anaflogousresuflt.

Comfingbacktothegeneraflfformuflatfionofffintegraflequatfionprobflems,thematrficfiafl

versfionofftheeflectromagnetficscatterfingprobflemwearedescrfibfingarfisesexactflyffrom

theappflficatfionoffGaflerkfin’smethodtoboththeaugmentedfformuflatfions.Thebasfis

ffunctfionsthatareadoptedtoappflythfismethodshoufldverfiffysomefimportantproper-

tfiesfinordernottogenerateapproxfimatfionprobflemswhenthenumerficaflapproachfis

appflfied.Specfificaflfly,adfivergence-confformfingRao-Wfiflton-Gflfisson(RWG)fisneededas

bothatestandbasfisffunctfion,otherwfise,fictfitfiousflfinechargesfforboththeeflectrficand

magnetficcurrentcasescoufldbegenerated.Suchbasfisffunctfionsarepartficuflarflysufit-

abflefforanaflyzfingnumerficaflprobflemsthatexpflofiteflementshavfingsmaflfldfimensfions

fforthedfiscretfizatfionoffthedomafin. Ontheotherhand,whentheMethodoff Mo-

ments(MoM)fiscoupfledwfithGaflerkfin’sonetoflookatmagnetficandeflectrficfinducted

currents,thesebasfisffunctfionscoufldgeneratedoubflefintegraflspresentfingsfinguflarfitfies

whfichhavetobeapproprfiateflytreated.

Thematrficfiaflanaflysfisoffthegeneraflprobflemfispresentedfinmanydfifferentpapers

wfithavarfietyoffnotatfions,finvoflvfing[5,6,7].Sfincewewanttobrfieflydescrfibethe

mafinpofintsoffsuchanaflysfis,aunfiquenotatfionfisherereportedtounfifformaflflthe

consfideratfions.Inpartficuflar,twofformuflatfionsaredfiscussedhere,eachtreatfingone

specfificsfituatfionoffeflectromagnetficprobflems. Thefirstandsfimpflestcaseregards

PerffectEflectrficConductors(PEC),fi.e.nomutuaflfinfluenceoffthemagnetficfiefldon
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theeflectrficoneandvficeversafisconsfidered. Underthfiscondfitfion,theaugmented

versfionofftheEFIE(AEFIE),fi.e.theEFIEcoupfledwfiththecontfinufityequatfionoff

thecurrentdensfity,fisaflsoneededtoavofidflow-ffrequencybreakdowns(LFB)probflems

thatcanarfisebecauseofftheunbaflanceofftheoperatorsfinsfidethesfimpfleEFIE.From

hereonweconsfiderasortoffsfimpflfifiedversfionofftheAEFIEappflfiedtotheSIE.Inthfis

specfificcasesuchfformuflatfionessentfiaflflydfiffersffrom(2.26)fforthesurficfiaflterm,sfince

whenpflanarmeshfisperfformedfitcompfleteflyflosesfitsmeanfing.ThfiswaytheAEFIE

wearetaflkfingaboutstates:

−
E

η0
=µr

S′e

dr′Je(r
′)G(r,r′)·+ε−10

S′e

dr′ϱe(r
′)∇G(r,r′), (2.45)

andthecontfinufityequatfionfforthecurrentfisgfivenby(2.20)descrfibedabove.Beffore

proceedfing,fitfisnecessarytobrfieflymentfiontheffactthatthebasfisandthetestfing

ffunctfionsshoufldbedfifferenttoavofidconvergencefissuesunderspecfificcondfitfions;fin

ourcase,theyareassumedtobecofincfidentfforsfimpflficfityoffanaflysfissfincetheerror

commfittedfisfindeedsmaflfl.Amorefin-depthanaflysfisconcernfingdfivergence-confformfing

ffunctfionswhfichsufitveryweflflfforsoflvfingthfisprobflemfispresentedbeflow.

Now,adoptfingtheGaflerkfinmethodandtheRWGffunctfionsΛfforboththebasfis

andthetestfingones,definfingthequantfitfiesk0=ω/c0(c0fisthespeedoffflfightfin

vacuumc0=1/(ε0µ0))andqthepuflsebasfisffunctfion

qfi(r)=






1
Afi
fiffr∈Sfi

0 otherwfise
, (2.46)

thematrfix-bflockversfionofftheprobflemcanbeexpressedas:

L DT·P

D k20I
·
fik0j

c0ϱe
=
−η−1be

0
, (2.47)

whereIfisthefidentfitymatrfix,Dfisthefincfidencematrfixdefinedas:

[D]mn=






0 fiffpatchmdoesnotbeflongtoRWGn

1 fiffpatchmfistheposfitfivepartoffRWGn

−1fiffpatchmfisthenegatfivepartoffRWGn

(2.48)

Equatfion(2.48)comesoutffromtheappflficatfionoffthemethodoffceflfls fforthedfis-

cretfizatfionoffthedomafinfinthespecfificcaseoffRWGffunctfionsappflfiedtosurficfiafl

eflectromagnetficfintegraflorfinfiteeflementprobflems.Thfisprocessfisbasedonthesub-

dfivfisfionfintoceflflsoffthesurffacesothatthedfistrfibutfionoffthecurrentdensfityfinsfide

eachceflflfismucheasfiertoanaflyzethroughtheRWGbasfisffunctfionfitseflff. Moreover,

themethodoffceflflsfisveryuseffuflffordeaflfingwfithcompflexgeometrfiessfincefitsfimpflfifies

aflotthegeometryoffthescatterfingsurfface.Themethodoffceflflsfisdescrfibedfindetafifl
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fin[8],wherefitfisaflsocflearthatthesparsefincfidencematrfixDcomesasthedfiscrete

counterpartoffthedfivergenceoperator.

Ffinaflfly,theremafinfingbflocksarefformuflatedasffoflflows:

[L]mn=µr
S
drΛm(r)·

S′
dr′G(r,r′)Λn(r

′), (2.49)

[P]mn=ε
−1
r

S
drpm(r)·

S′
dr′G(r,r′)pn(r

′), (2.50)

bm=
S
drΛm(r)·Efinc(r). (2.51)

Atveryflowffrequencfies,chargeneutraflfitystfiflflcausesrankdeficfiencyffortheabove

fformuflatfion.Itfispossfibfletopresentsuchanfissuebynotficfingthatfinsfidethematrficfiafl

fformuflatfion,thevectoroffflengthpfisthenuflflspaceoffthematrfixDTandfformufltfipfle

objectprobflemsthedfimensfionoffthenuflflspacefisequafltothenumberoffdfisconnected

objects.Thfiswayfitfispossfibfletodefineanormaflfizedvectora∈R(e+p)×1suchthat

thefirsteeflementsarezerosandtheflastpare1/
√
p:

a=
1
√
p
(0...01...1)T. (2.52)

Itcanaflsobeprovedthatsuchafisanefigenvectorhavfingverysmaflflefigenvafluesk20:

AT·a=k20a, (2.53)

andfintheDCcaseabecomesthenuflflspaceoffAT. Moreover,becauseoffthecharge

neutraflfity,thesmaflflestefigenvaflue makesthecondfitfionnumberoffthe matrfixvery

flarge.Onepossfibflewaytocanceflthesfinguflarfitythatarfises,finthfiscase,fisthedeflatfion

methoddescrfibedfin[9,10].Asfimpfleronewhfichfisaflsotakenfintoaccountherefisbased

onthereductfionoffthenumberoffunknownsbythedfirectappflficatfionoffthecharge

neutraflfityfinto(2.47).Inpartficuflar,weassumethattherearetdfisconnectedobjects

fforaprobflemsothatthereareaflsotspannfingtrees,eachcontafinfingpfitrfianguflar

patchessuchthat t
fi=1pfi=p.Theconceptoffchargeneutraflfitycanbeexpressedby

theffactthatthetotaflchargeoffeachspannfingtreefiszero.Toenfforcethfiscondfitfion

wedroponechargefforeachspannfingtreeandwereducethevectoroffchargeto

ϱr∈C
(p−t)×1.Aconvenfientwaytoexpressthfisnewvectorfistofintroducetwohfighfly

sparsematrfices,F∈R(p−t)×pwhfichmapstheffuflflvectortothereducedoneandthe

finverseoneB∈Rp×(p−t):

ϱr=F·ϱe, (2.54)

ϱe=B·ϱr. (2.55)
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Thfiswaythefinaflfformoffthematrficfiaflprobflemfisexpressedby:

L DT·P·B

F·D k20Ir
·
fik0j

c0ϱr
=
−η−1br

0
, (2.56)

wherethefidentfitymatrfixIrhasnowdfimensfions(p−t)×(p−t).Thfisfformuflatfionfis

aflsoveryfimportantsfincefitensuresffuflflrankdowntoDCandfitwfiflflbeadoptedfforthe

computatfionsregardfingthePerffectEflectrficConductor(PEC)spherefintheffoflflowfing

chapters.

Thesecondcondfitfionanaflyzedfinthfisthesfisworkfinvoflvesdfieflectrficmedfia.In

thfisspecfificsfituatfion,thesoflutfionfforboththeprobflemsfformuflatedconcernfingthe

externaflregfion-whereweassumetheflossesareverysmaflflorcompfleteflynegflfigfibfle-

andthefinternaflonehavetobecomputed.Inpartficuflar,fitfispossfibfletodescrfibethe

probflemfintheexternaflregfionbyadoptfingtheEFIEfformuflatfion,whfiflethefinternafl

probflemffortheconductorfisrepresentedbytheMFIEfformuflatfion:

n̂×[LSext(Je,S)+K
S
ext(Jm,S)]=−̂n×Eext r∈S, (2.57)

n̂×[LSfint(Je,S)+K
S
fint(Jm,S)]=0 r∈S, (2.58)

whereSrepresentsthesurffaceofftheconductor,̂nfisfit’souternormafl,andJe,Sand

Jm,S arerespectfiveflytheequfivaflenteflectrficandmagnetficcurrentdensfitfieswhfichare

definedbytheequfivaflenceprfincfipflefforfintegraflequatfionsfineflectromagnetficscatterfing

probflems. Ffinaflfly,thefformuflatfionfforLandKconsfideredherefissflfightflydfifferent

ffromtheonedescrfibedby(2.29)and(2.30),sfincewewanttoadoptanotatfionwhfich

fisconsfistentfforboththefinternaflandtheexternaflregfion:

L(ff)(r)=tj
S
dr′Gj·ff(r

′)+
1

k2j S
dr′∇Gj(r,r

′)∇′·ff(r′), (2.59)

K(ff)(r)=(−1)j+1
1

2
n̂×ff(r′)+

S
−dr′ff(r′)×∇Gj(r,r

′), (2.60)

whereff(r′)fisefitherJe,S(r
′)wfithtj=fiωµjorJm,S(r

′)wfithtj=fiωεjandj=0

staysffortheexternaflregfionwhfiflej=1fidentfifiesthefinternaflone.Inpartficuflar,K

matrfixpresentsfiflfl-condfitfionfingprobflemsfiffnon-sufitabfletestandbasfisffunctfionsare

chosen,soaproperdfiscussfionwfiflflbefintroducedflater. Ffinaflfly,comfingbacktothe

AEFIEfformuflatfionfinthedfieflectrficcase,fit’spossfibfletoexpandboththeeflectrfic(J)

andmagnetficcurrent(M)bytherespectfivebasfisffunctfionsΛJeΛM andtestfingthe

equatfionwfiththeffunctfionT.

Adoptfingtheextfinctfiontheoremandagafintheaugmentatfiontechnfiquetomfinfimfize
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theLFBphenomenon,thefinaflmatrfixexpressfionofftheprobflembecomes:









Lvext DT·P η−1Kext 0

D k20I 0 0

η−10 Kfint 0 Lvfint DT·Pfint

0 0 D k20I








·









fik0je,S

c0ϱe

fik0jm,S

c0ϱm








=









η−10 b

0

0

0








. (2.61)

Thebflocksadoptedfinthfisfformuflatfionaredefinedfinanaflogywfiththeafforementfioned

(2.49),(2.50)and(2.51)apartffortheconstantsfinffrontoffthefintegrafls.Inffactwhen

theexternaflregfionfisconsfidered,j=0andµr=µj/µ0=1,εr=ε0/εj=1,whfifle

whenthefinternaflregfionfistakenfintoaccountwehavej=1andthenmur=µ1µ0,

εr=ε0/ε1. Furthermore,theGreenffunctfionshoufldbefidentfifiedwfithasubscrfipt

findex,Gj,sfincekwhfichappearsattheexponentoffthenumeratornowdependson

whfichregfionfisconsfidered.Ffinaflfly,thenewbflocksappearfingfin(2.61)aredefinedas:

[Kj]mn=
S
drΛm(r)·

S′
−dr′Gj(r,r

′)×Λn(r
′), (2.62)

Jm,S=
N

n=1

jm,SnΛn, (2.63)

ϱm(r)=
N

n=1

ϱmnqn(r
′). (2.64)

Anaflternatfiveversfionoffthematrficfiaflfformuflatfionabovefisadoptedfin[6,11].It

states:






Lext −12̂n×I+Kext D
T·Pext·B

Lfint
1
2̂n×I+Kfint DT·Pfint·B

F·D 0 k20I




·






fik0j

η−10 m

c0ρr




=






−η−10 b

0

0




, (2.65)

whereagafin

[̂n×I]mn=
S
drΛm(r)·n̂(r)×Λ

M
n(r). (2.66)

Howeverfforthfisthesfisworkthefformuflatfionfin(2.61)fisconsfideredfintheffoflflowfing

numerficaflanaflysfis.Indeed(2.61)expressesasortoffsymmetrybetweentheeflectrficfiefld

componentandthemagnetficfiefldonesothatfitshoufldbeeasfiertobefimpflemented.

Inthfiswork,theRao-Wfiflton-Gflfisson(RWG)basfisffunctfionsareusedffortheexpan-

sfionsoffthesurffacecurrentdensfity.TheRWGbasfisffunctfions,firstflyfintroducedfin[12]

areherebrfieflysummarfizedbyconsfiderfingthetwotrfiangflesfiflflustratedfinFfig.2.1.Re-

fferrfingtothesetrfiangfles,theRWGbasfisffunctfionassocfiatedwfiththesharededgefis

wrfittenas:

Λ(r′)=






1
2A+
(r′−q+) fiffr′∈S+

− 1
2A−
(r′−q−)fiffr′∈S−

(2.67)
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Ffigure2.1:GeneraflbehavfioroffRao-Wfiflton-Gflfisson(RWG)basfisffunctfions

∇·Λ(r′)=p(r′)=






1
A+

fiffr′∈S+

− 1
A−

fiffr′∈S−
(2.68)

wherethefindfices±fidentfiffythesfignoffthechargeovereachoffthetwopatches.It

fisfimportanttonotethatusuaflfly,thetrfiaflandtestfingbasfisffunctfionsaredefinedfin

dfifferentspaces.Indeed,byusfingΛbothfforthetestandtrfiaflspaces,matrfixKturns

outtobepoorflytestedandfiflfl-condfitfioned.Afimfingtosoflvethfisfissue,dfifferenttestfing

ffunctfionscanbeused,fforexampfle,then× RWG,ashfighflfightedfin[13]. Thedfiv-

confformfingandquasfi-curflconfformfingBuffa-Chrfistfiansen(BC)basfisffunctfions,sfimfiflar

toRWG’sareusuaflflyadoptedtofimprovethecondfitfionfingofftheresufltfingmatrfices[14,

15,16].TheBC’sbasfisffunctfionsaredefinedonthebarycentrficrefinementoffthemesh,

andthefirdetafifledconstructfioncanbeffoundfforexampflefin[15].Strfictflyspeakfing,

theBC’sbasfisffunctfionsareexpressedasaflfinearcombfinatfionoffthedfiv-confformfing

RWG’sbasfis.AgraphficaflexampfleofftheshapeofftheBCbasfisffunctfionfisfiflflustrated

finFfig.2.2.

Sfincetheresufltspresentedfinthfisthesfisworkareaflmosttheoretficaflandsfincethe

numerficaflfimpflementatfionsdescrfibedfintheffoflflowfingcanbeeasfiflyextendedtoany

basfisffunctfiononcefitfisproperflydefined,theRWGbasfisffunctfionsareadoptedffor

bothbasfisandtestfingffunctfionsfforsfimpflficfity.

Concernfingthesoflutfionofftheprobflemfinthedfieflectrficcase,ffortheexternaflregfion

thefformuflatfionfisgfivenbythefirstequatfionoffthesystem(2.65)andcanbesfimpfly

soflvedthankstothesfinguflarfitysubtractfionmethod.Forwhatconcernsthefinternafl

onethedfiscussfionfissflfightflymorecompflficated. Wewfiflflseefintheffoflflowfingchapters

thatthesfinguflarfitfiescannotbetreatedwfiththesfinguflarfitysubtractfionmethodsoffour

dfifferenttypesofffintegraflsfinvoflvfingtheGreenffunctfionwfiflflbefintroducedtosfimpflfiffy

theanaflysfis:

I1=
S′
dr′
efikR

R
(2.69)
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Ffigure2.2:GraphficaflexampfleoffBuffa-Chrfistfiansen(BC)basfisffunctfion.Ffiguretaken
ffrom[15].

I2=
S′
dr′
efikR

R
(r′−q) (2.70)

I3=
S′
dr′∇

efikR

R
(2.71)

I4=
S′
dr′∇

efikR

R
×(r′−q) (2.72)

Summarfizfing,thfischapterfisdedficatedtothegenerafltheoretficaflfintroductfionoff

themafintooflswewfiflfladoptfinnextsectfionsfforthedescrfiptfionofftheSIE.Inpar-

tficuflaranovervfiewoffhowtheSurffaceIntegrafl Methodarfisesfisgfiven,startfingffrom

thegenerafl Maxweflfl’sequatfionsandappflyfingtheGaflerkfin method. Therequfired

dfivergence-confformfingffunctfionsareproperflydescrfibedasweflfl. Then,fintegraflequa-

tfionsexpressfingboththeeflectrficandthemagnetficfiefldsarederfivedffromthetheo-

retficaflpofintoffvfiew,asweflflasthefiraugmentedversfionobtafinedffromthecoupflfing

wfithcontfinufityequatfions.Asaresuflt,thebflock-matrfixfformuflatfionofftheprobflemfis

obtafinedfforbothPECeflementsanddfieflectrficmedfia.



Chapter3

EvafluatfionoffSfinguflarIntegrafls

finSIE

Intheprevfiouschapterthe mathematficaflffoundatfionofftheIntegraflEquatfion

Method(IEM)fforthesoflutfionoffeflectromagnetficprobflems,fisgfiven.Theweflfl-known

Gaflerkfinmethodaflflowsfforthetransflatfionoffthecontfinuousmathematficaflprobflem

fintoadfiscretesystem,fforexampfle,theoneshownfin(2.61),whfichcanbesoflvednu-

merficaflfly.Asexpflafinedfintheprevfiouschapter,thematrficesappearfingfinthesystem

requfiretheevafluatfionoffdoubflefintegrafls,showfingasfinguflarbehavfior.Asanexampfle,

thefinductancematrfixL,whoseeflementsaregfivenfin(2.49),requfiresthefintegratfion

offthebasfisffunctfionΛtogetherwfiththeGreen’skernefl(2.13).Itfisworthnotfingthat

suchkfindsofffintegraflsdoappearfforeveryIntegraflEquatfion(IE)method,thatfisboth

ffortheVoflumeIntegraflEquatfion(VIE)approachandtheSurffaceIntegraflEquatfion

(SIE)method.Tosoflvethfisfissuesophfistficatedmathematficaflproceduresarerequfired

especfiaflflywhenthedynamficpartofftheGreen’skernefl(2.13)cannotbenegflected.

Generaflflyspeakfing,themathematficaflproceduresafimtoevafluatethefinnerfintegrafls

offthefform:

ΩG(r,r
′)Λdr′, Ω∇G(r,r

′)×Λdr′, (3.1)

wfithanaflytficaflfformuflas[17],sothat,theentrfiesofftheffuflflypopuflatedmatrficesL,P,

andKcanbeconstructedvfiaasemfi-anaflytficaflfformufla.

Summarfizfing,oneoffthemostcrucfiaflfissuesthathastobesoflvedwhenwetry

tobufifldthematrficesthatcomposethefintegraflmethodsregardsthesfinguflarfityap-

pearfingfinsfideboththestatficandthedynamficversfionoffGreen’sffunctfionandthe

non-evafluabfiflfityoffthefirstderfivatfiveoffeq(2.13).Intheffoflflowfingsectfions,some

approachesthattrytoanaflyzethfisquestfionwfiflflbedescrfibed,finthecontextoffthe

SurffaceIntegraflEquatfion(SIE) method. Sectfion3.1fisdedficatedtotheapproach

proposedbyFabbrfiwhfichflooksfforananaflytficaflsoflutfiontothestatficversfionoffthe

GreenffunctfionwhfifleSectfion3.2andSectfion3.3dfiscussmethodsffortheanaflysfisoff

fitsdynamficversfion.Sectfion3.4regardsthetheoretficafldescrfiptfionoffanaflternatfive

ffuflflynumerficapproachfforgettfingtheexactsoflutfiontotheprobflemweareanaflyzfing.

21
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FfinaflflySectfion3.5andSectfion3.6presentthenumerficaflresufltsobtafinedffromthe

appflficatfionoffaflfltheconsfideredmethods.

3.1 Fabbrfi’sanaflytficaflmethodfforstatficGreen’sffunctfion

Oneoffthefirstfimportant methodsthattrytosoflvesfinguflarfityfissuesfinsfidea

ffunctfionoffthefform1/RwasfintroducedbyFabbrfifin2008[18].Thfismethodfishere

descrfibedevenfifffitconcernsonflyastatficversfionofftheGreenffunctfion,fi.e.:

G0(r,r
′)=

1

4πR
, R=∥r−r′∥ (3.2)

Itsvaflfidfityfistherefforeflfimfitedtotheonflycaseoffflowffrequencfiesandtheanaflysfisfis

reportedonflywfithadfidactficscopesfincefitwfiflflbeadoptedasacomparfisontooflto

checktheresufltsobtafinedffromtheotherapproaches.Thfismethodfisfingeneraflknown

asFabbrfi’smethodffromthenameofffitsdevefloperandfittrfiestofindananaflytficafl

expressfionthataflflowstorewrfitfingoffthefintegrafl:

Wff(r)=
Sff

dr′

∥r−r′∥
(3.3)

overa2-dfimensfionafltrfianguflarsurffaceSff,tonotconsfiderasfinguflarfformuflatfion.

Thefinaflexpressfionwhfichwfiflflbedfiscussedfisveryfimportantfinffundamentaflfintegrafl

evafluatfion.Ffirst,weshoufldfintroducethefidentfity:

1

∥r−r′∥
=̂nff·∇

′× n̂ff×
r′−r

∥r′−r∥
−
[(r′−r)·̂nff]

2

∥r′−r∥3
(3.4)

wheren̂fffisthevaflueofftheunfitvectornormafltoSffsurfface,rfisthetargetpofint

weareconsfiderfingand(r′−r)·̂nffcanbeconsfideredconstantflyequaflto(rff−r)·̂nff

whererfffisanarbfitrarypofintoffthetrfianguflarsurfface.It’saflsonecessarytodefine

theversfionoffWffappflfiedtoanedgeoffthetrfiangfle:

we(r)=
fle

dr′

∥r−r′∥
(3.5)

Hereflefistheedgeconcernfingwhfichwearemakfingthecomputatfionsandr1,2are

thevertficesoffthee-thedge. Thesoflutfionoffsuchanfintegraflfisknownffromthe

flfiterature[19]:

we(r)=fln
∥r2−r∥+∥r1−r∥+∥r2−r1∥

∥r2−r∥+∥r1−r∥−∥r2−r1∥
(3.6)

Usfingtheequatfions(3.6)and(3.4)finsfide(3.3)fit’spossfibfletoobtafinthefinaflfformoff

Wff:

Wff(r)=
fle∈∂Sff

n̂ff×(re−r)·uewe(r)−[(rff−r)·̂nff]Ωff(r) (3.7)
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whererefisanarbfitrarypofintonthee-thedge,uefistheunfitvectoraflongtheedgefle

and:

Ωff(r)=2atan
(r1−r)·(r2−r)×(r3−r)

D
, (3.8)

D=∥r1−r∥∥r2−r∥∥r3−r∥

+∥r3−r∥(r1−r)·(r2−r)

+∥r2−r∥(r1−r)·(r3−r)

+∥r1−r∥(r2−r)·(r3−r). (3.9)

3.2 Sfinguflarfitysubtractfion method

Fromthechronoflogficaflpofintoffvfiew,oneoffthefirstmethodswhfichtrfiedtosoflve

thepresenceoffsfinguflarfityfinsfidethedynamficGreen’sffunctfionwastheSfinguflarfitySub-

tractfionmethod[13,20,21,22,23,24].Recaflflfingthedefinfitfionoff(2.13),themethod

flooksffor,asthenamefitseflffexpflafins,awaytoapproxfimatethfisffunctfionavofidfingthe

denomfinatortodfisappear. Oneoffthesfimpflestandmostffamousapproacheshavfing

thesecharacterfistficsfistheTayflorexpansfion,whfichwasadoptedtoexpresstherequfired

ffunctfion. Morefindetafifl,theexponentfiaflpartwasexpandedusfingtheTayflorserfies:

efikR=
∞

q=0

(fikR)q

q!
=1+fikR−

k2R2

2
+
fik3R3

6
−... (3.10)

sothattheGreen’sffunctfionbecame:

G(r,r′)=

∞

q=−1

(fik)q+1Rq

(q+1)!
=
1

4π

1

R
+fik−

k2R

2
+
fik2R2

6
−... (3.11)

Themafinfissueregardfingsuchfformuflatfionfinvoflvesoddtermswhficharethesfinguflar

ones.Indeed,asfintroducedabove,thefirstderfivatfiveoffGreen’sffunctfioncannot

beevafluatedwhenR=∥r−r′∥ →0. LuckfiflywhentheproductkRfisverysmaflfl

hfighpowershavfingsuchaproductattheexponentdecreasesveryqufickflyandcanbe

finaflflynegflected,sothatoddtermsofftheexpansfionarenotneededtobecomputed

anaflytficaflfly.

Inconcflusfion,thesfinguflarfitysubtractfionmethodfisbasedonthesubdfivfisfionoff

theGreen’sffunctfionexpressedbyeq.(3.12)fintotwoterms:ononehandwehavea

smoothpartGs(3.13),ontheotheronethenon-smoothffunctfionsarecoflflected.IffGs,

whfichcofincfideswfiththefinfitfiaflGreen’sffunctfiondeprfivedoffnon-smoothterms,can

befintegratedstrafightfforward,e.g.,usfingtheGaussfianquadraturerufle,theremafinfing

non-smoothtermsmustbeevafluatedanaflytficaflfly.

S
G(r,r′)F(r′)dr′=

S
Gs(r,r

′)F(r′)dr′+
1

4π S

1

R
F(r′)dr′−

k2

8π S
RF(r′)dr′(3.12)
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S
Gs(r,r

′)=
1

4π S

efikR−1

R
+
k2R

2
dr′ (3.13)

3.3 Lfinefintegrafl method

ThethfirdcrucfiaflmethodffortheanaflysfisoffsfinguflarfintegraflsfistheLfineIntegrafl

Method[25].ItfisbasedontheequatfionsshownattheendoffChapter2,whfichexpress

thefintegraflsobtafinedthroughRWGbasfisffunctfions[26]andwhfichareffundamentaflfin

theexstfimatfionoffthematrfixcomponents(2.69),(2.70),(2.71)and(2.72).Thevaflfidfity

offsuchmethodcanbeshownbytheevafluatfionoffthesefintegraflsfinbothcondfitfionsoff

flossflessandflossymedfiumthroughgeometrficaflconsfideratfions.Inpartficuflar,weshoufld

consfidertheprojectfionoffthesourcepofintonthetargettrfiangfle,r0,andwehaveto

dfivfidethefinfitfiaflpoflygonfin3sub-trfiangfleswhoseedgesarefidentfifiedbytwovertfices

offthetrfiangfleandbyr0.Eflementsfinsfideeachsub-trfiangflethatwfiflflbeuseffuflfforflater

computatfionsarestressedfinfigure3.1. Wehavetopayattentfionaflsototheorderfin

whfichthevertficesoffthesub-trfiangflesareassumed:finffactfitmustbeconsfistentand

weassumee.g.tomovecflockwfise.

Ffigure3.1:Sub-trfiangflesfidentfificatfionandcomponentsdenomfinatfions

Thenameoffthemethodfisfindeedduetotheffactthatasurffacefintegraflfisdecoupfled

fintothreeflfinefintegraflswhfichareevafluatedseparatefly,thankstothfissubdfivfisfionoff

thetargettrfiangfle. WefirstffocusonthefintegraflI1whfichfistheffundamentaflone.The

fintegratfionoverthetrfianguflareflementfisconvertedthroughachangeoffvarfiabflesfinto

adoubflefintegrafloverthevertexangfleθandρ=r′−r0. Notficeaflsothatffromthe

definfitfionoffR=∥r−r′∥,wehavethatR= ρ2+d2andthenRdR=ρdρ.Thereffore

thefintegraflcanberewrfittenas:

I1=
3

fi=1

θ+fi

θ−fi

dθ
ρ(θ)

0
dρρ
efikR

R
=

3

fi=1

θ+fi

θ−fi

dθ
R(θ)

0
dR
efikR

R
=

3

fi=1

θ+fi

θ−fi

dθ
efikR(θ)−efikd

fik

=
1

fik

3

fi=1

x+fi

x−fi

dx
hfi

h2fi+x
2
efik
√
d2+h2fi+x

2
−efikd (3.14)

Movfingon,wecandefinesomefimportantvectorfiaflquantfitfiesthatwfiflflbeuseffuflfinthe
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evafluatfionofftheremafinfingmafinfintegrafls:

Iβ=
S′
dr′
efikR

R
ρ(r′) (3.15)

I⊥=d
S′
dr′
fikR−1

R3
efikR (3.16)

I∥=
S′
dr′
fikR−1

R3
efikRρ(r′) (3.17)

Thfisway,thefinaflfformoffthetheequatfions(2.70),(2.71)and(2.72)respectfivefly

become:

I2=(r−q0)I1+Iβ (3.18)

I3=I⊥−I∥ (3.19)

I4=I⊥×(r0−q)+(r−q)×I∥ (3.20)

TomakeIβandI∥easfiertobeevafluatedwehavetoappflyaffurthersubdfivfisfionoff

thethreesub-trfiangflesbyusfingthearcoffradfiushfiasfinfigure3.2.Thereasonfingwe

Ffigure3.2:Sub-trfiangflesubdfivfisfionfintoA,B,Careas

havetoappflycanbeextendedtoanyffunctfionff(R)whfichhastobefintegratedover

thethreeregfions.Concernfingagenerficffunctfion,theresufltsherestate:

A
dr′ff(R)ρ(r′)=

hfi

0
ρ2dρff(ρ)

sfinθ+fi−sfinθ
−
fi

cosθ−fi−cosθ
+
fi

, (3.21)

B
dr′ff(R)ρ(r′)=

fl+

hfi

ρdρff(ρ)
ρsfinθ+fi−s

+
fi ρ2−h2fi

hfi−ρcosθ
+
fi

, (3.22)

C
dr′ff(R)ρ(r′)=

fl−

hfi

ρdρff(ρ)
s−fi ρ2−h2fi−ρsfinθ

−
fi

ρcosθ−fi−hfi
, (3.23)

wherewehavedefined:

a

b
=âufi+b̂vfi ands

±
fi=

θ±fi
θ±fi

(3.24)
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Wecanappflysomesfimpflfificatfionsnotficfingthatsometermshavethesamevaflueand

opposfitesfignwhenevafluatedonthecommonedgeofftwosub-trfiangfles.Thfiswaythe

survfivfingcanbesummarfizedas:

3

fi=1,hfi=0







−s+fi
fl+fi
hfi
−s+fi

fl−fi
hfi
ρdρff(R) ρ2−h2fi

hfi
fl+fi
hfi
−

fl−fi
hfi
ρdρff(R)





. (3.25)

Theflastremafinfingsteprequfirestosubstfitutetheffunctfionsff(R)=efikR/Randff(R)=

(fikR−1)efikR/R3finsfidethegeneraflfformuflatfion.Thfisway,definfingR±fi= d2+(fl±fi)
2,

weendupwfith:

Iβ=
3

fi=1,hfi=0




−

x+fi
x−fi

x2

R(x)e
fikR(x)dx

hfi
fik(e

fikR+fi−efikR
−
fi)



, (3.26)

I∥=

3

fi=1,hfi=0






−
x+fi
x−fi

x2

R3(x)
(fikR(x)−1)efikR(x)dx

hfi
fik

efikR
+
fi

R+fi
−e

fikR−
fi

R−fi




, (3.27)

Inconcflusfion,concernfingI⊥,fitcanbemodfifiedfinanaflogywfiththeconsfideratfions

exposedfforI1.Thfiswayfitfinaflflyprovfides:

I⊥=−
3

fi=1,hfi=0

x+fi

x−fi

dx
hfi

h2fi+x
2



e
fikd

d
−
efik
√
d2+h2fi+x

2

d2+h2fi+x
2



. (3.28)

Unffortunateflytheflfinefintegraflmethod,andfinpartficuflarI1andI⊥,showsasfinguflarfity

whenhfi→ 0,andsoboththefintegrandffunctfionsarenotsmooth. Moreover,the

behavfioroffsuchamethodfispartficuflarflysfimfiflartotheexactvafluefinthecaseoffflossy

medfia,flosfingfitseffectfivenessfintheflossflesscase. Tosoflvetheseremafinfingfissues,

achangeoffvarfiabflewasappflfiedtothefinfitfiaflffunctfion. Thenewarfisfingmethodfis

therefforecaflfledModfifiedIntegraflmethod [11].

SuchmethodfisbasesfitsfformuflatfiononthesubstfitutfionofftheffunctfionR(x)=

d2+h2fi+x
2wfithanaflternatfiveversfion:

R(θ)= d2+
h2fi
cos2θ

, (3.29)

changfingtheprevfiousequatfionsfintotwonewstatements:

I1=
3

fi=1,hfi=0

θ+fi

θ−fi

dθ

fik
(efikR(θ)−efikd), (3.30)

I⊥=d̂

3

fi=1,hfi=0

θ+fi

θ−fi

dθ
d

R(θ)
efikR(θ)−efikd . (3.31)
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Anfimportantquestfiontobedfiscussedarfiseswhentheprojectfionoffthetargetpofintfis

flocatedfinacrfitficaflposfitfion,fi.e.outsfideoffthetotafltrfiangfle.Toanaflyzethfissfituatfion

wehavetofigureouttheffactthatwhenwefintegrateaconstantffunctfion,e.g.ff(θ)=1,

overthesumoffthesub-trfiangflesthefinaflresufltfisthetotaflareaoffthetrfiangflefiffthe

pofintfisfinsfidethetrfiangfle,whfiflefitprovfidesnuflflavafluefiffthepofintfisoutsfideoffthe

trfiangfle.Inpartficuflar,suchvafluecanbeobtafinedfiffwethfinktoreversetheorder

finwhfichwetakethevertficesoffthesub-trfiangfleswhfichflaycompfleteflyoutsfideoffthe

bfiggerone,oragafinfitcofincfideswfithswfipfingthesfignoffθ+fi>0andθ
−
fi<0.

Forthesakeoffcompfleteness,aqufickanaflysfisofftheffactorefikdoffthefintegrand

ffunctfionbetweenθ−fi andθ
+
fi fisaflsoreported.Thfisffunctfionfisconstantconcernfingθ,

hencefitcanbebroughtoutsfideoffthefintegrafl. Moreover,wecannotficethatfiffhfi→0

thefintegraflbecomesnuflfl.Thusfiffwedefine:

I0=

3

fi=1,hfi=0

θ+fi

θ−fi

dθefikd, (3.32)

•fiffr0fisfinsfidethetrfiangfle,I0=2πe
fikd

•fiffr0fisonanedgeoffthetrfiangfle,I0=πe
fikd

•fiffr0fisoutsfidethetrfiangfle,I0=0

Howeverfforthecomputatfionsreportedfintheffoflflowfingsectfionstheequatfions(3.30)

and(3.31)wereadopted.Thesefformuflatfionsaregeneraflflyvaflfidandtheyevafluatethe

sfituatfionaflsoffor(r0)cofincfidentwfithavertexoffthetrfiangfle,whosevafluefintermsoff

vertexangflescannotbeaprfiorfidefined.

Last,affundamentaflsfituatfionthatneedstobedfiscussedcareffuflflyregardsthetarget

pofintflyfingonthetesttrfiangfle,fi.e.thesfituatfionwhend=0.Forsuchcondfitfionboth

thefirsttermoff(3.30)and(3.15)provfidenuflflcontrfibutfion,sothatI1andI2are

dfirectflyproportfionafltoI0:

I1=−
1

fik
I0 and I2=−

1

fik
I0(r0−q) (3.33)

Wecanaflsomakethesameconsfideratfionsfforthecomponentsgeneratfing I3andI4:

I∥compfleteflyvanfishes,asweflflasthepartoffI⊥flfinearflydependentondfinsfideequatfion

(3.31).ThustheonflycontrfibutfiontothefintegraflsI3andI4becomesproportfionaflto

I0andfitffoflflowsthefformuflas:

I3=∓I0̂n and I4=∓I0̂n×(r0−q), (3.34)

wherethenegatfivesfignfischosenwhenrresfidesonthesurffaceoffthetrfiangflewhere

n̂pofintsto. WecanaflsonotficethatffromtheseresufltsI3fisdfirectedaflongtheouter

normafltothesurffaceoffthetrfiangfle,whfifle,notficfingthat(r0−q)flaysonthepflaneoff

thetrfiangfle,I4flaysonsuchpflaneasweflfl.
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3.4 Fuflflynumerficaflaflgorfithm: DIRECTFN

Oneflast methoddfiscussfingthesfinguflarfitfiesofftheGreenffunctfionfispresented

finthfissectfion.Suchamethodwaspresentedfindetafiflfin[27],fitfisbasedonaffuflfly

numerficapproachandwereffertofitffromnowonasDIRECTFN.Thfissectfionfissfimpfly

presentedfforthesakeoffcompfletenessffromthetheoretficaflpofintoffvfiew,butfitwfiflfl

notbeadoptedfintheffoflflowfinganaflyses. Asfitwfiflflbeexpflafinedattheendoffthfis

sectfion,theyprovfideaverygeneraflapproachattheexpenseoffeficfiency.

Theanaflysfispresentedfinthfissectfionfiscarrfiedoutfinthecaseoffsfinguflarfintegrafls

resufltfingagafinffromtheappflficatfionoffSIEthroughtheGaflerkfinmethod.Inpartficuflar,

wedfiscusstheSIEfformuflatfionsarfisfingffromtheMaxweflflsfingfleflayerpotentfiaflandthe

Maxweflfldoubfleflayerpotentfiafl,namefly:

L(Λ)(r)=fikS(Λ)(r)−
1

fik
∇S(∇′s·Λ)(r) (3.35)

K(Λ)(r)=∇×S(Λ)(r) (3.36)

whereΛfidentfifiesthesufitabflebasfisortestfingffunctfionandtheffoflflowfingdefinfitfions

hofldfforthesfingfleflayer(acoustfic)potentfiafls:

S(Λ)(r)=
S
dr′G(r,r′)Λ(r′) (3.37)

S(ff)(r)=
S
dr′G(r,r′)ff(r′) (3.38)

Moreover,thefintegratfionfisonflyfimpflementedoveredgesfloffthetrfiangfleswhfichare

efithershearfingavertex(VertexAdjacent,VA),anedge(EdgeAdjacent,EA),orcofin-

cfidentwfiththemseflves(SeflffTerm,ST).Thereffore,afftertheappflficatfionofftheGaflerkfin

method,thesfinguflarfintegraflswewanttosoflvebecome:

(IflL)m,n=fik
SP

drΛm·
SQ

dr′GΛ′n+
1

fikSP

dr∇S·Λm
SQ

dr′G∇′S·Λ
′
n (3.39)

(IflK)m,n=
1

2 SP

drΛm·Λ
′
n+

SP

drn̂×Λm
SQ

dr′∇G×Λ′n (3.40)

wherem,nfidentfiffytheapproprfiatedfivergenceconfformfingbasfisortestfingffunctfions

andP,Qarerespectfiveflytheobservatfionandthesourcetrfiangfles.Anfinterestfingob-

servatfionregardsboththefintegrafls,whfichturnouttobeweakflysfinguflarfinthespecfific

caseoffcurvfiflfineareflements,andfinpartficuflar,thesecondtermoff(3.40)vanfisheswhen

weconsfiderpflanareflements. Moreover,thebasfisandthetestfingffunctfionsthatare

takenfintoaccountfforthfismethodarerespectfiveflytheRWGandtheBC,fforthesame

consfideratfionsexpressedfinsectfion2.2.

ThemafinfideabehfindtheDIRECTFNmethodfistofintroduceaserfiesoffvarfiabfle

transfformatfionstocanceflthesfinguflarfitfiesthatappearfinprevfiousfintegrafls. Such
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transfformatfionconsfistsfinthefintroductfionoffanequfiflateraflparameterspacefforeach

trfiangfle,{η,ξ},suchthat−1≤η≤1and0≤ξ≤
√
3(1−|η|)andthegovernfing

transfformatfionsffromtheorfigfinaflspaceare:

r=






x1+x2
2

y1+y2
2

z1+z2
2




+







x2−x1
2

2x3−x1−x2
2
√
3

y2−y1
2

2y3−y1−y2
2
√
3

z2−z1
2

2z3−z1−z2
2
√
3






η

ξ
=[A]+[Q]

η

ξ
(3.41)

wfithaconstantJacobfianJ=A/
√
3andAfistheareaofftheorfigfinafltrfiangfle. Thfis

waythefintegraflsfin(3.39)and(3.40)canbeevafluatedby:

I=(Jp,Jq)
1

−1
dη

ξ(η)

0
dξ

1

−1
dη′

ξ(η′)

0
dξ′ (3.42)

whereξ(η)=
√
3(1−|η|),Jp,JqaretheassocfiatedJacobfiansandthekerneflswehave

areonflyffunctfionsoffthegeometrficafldatasothattheycanbeexpressedas:

ζ1=

√
3(1−η)−ξ

2
√
3

ζ2=

√
3(1+η)−ξ

2
√
3

ζ3=
ξ
√
3

(3.43)

Thetooflboxfforthefimmedfiatefimpflementatfionoffthfismethodfisavafiflabfleonflfine

at[28].Ffinaflfly,regardfingtheeficfiencyoffffuflflynumerficaflmethodssuchasDIRECTFN,

fitcoufldbeobservedthattheyprovfideanapproachthatfisflesseficfientthanmethods

thatfinvoflveanaflytficaflfintegratfions.Ontheotherhand,theycanbegeneraflflyappflfied

tocomputebothweakflyandstrongflysfinguflarfintegrafls, meanfingthattheyhavea

wfiderrangeoffvaflfidfity.

3.5 Comparfisonofffintegratfion methods

Inthfissectfion,wewfiflfldfiscusssomeremarkabfleresufltsconcernfingthefformuflatfions

deveflopedabove.Inpartficuflar,wewfiflflfirstshowthebehavfioroffeachsfingflefinte-

grafls(2.69),(2.70),(2.71),(2.72)computedthroughaflflthemethodspresentedfinthe

prevfiouschaptertoobservethatthebflockcomponentsoffthematrficesarecomputed

sufitabflyconcernfingthetheoretficaflresuflts. Weaflsotakefintoaccountaffuflflynumerfic

fintegratfionmethodfimpflementedusfingtheGaussfianquadraturerufleappflfiedtothe

generaflfintegratedffunctfionsandwfithavarfiabflenumberoffpofintsofffintegratfionpofints.
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3.5.1 Behavfiourofffintegraflswfithffrequency

Thefirstproposedanaflysfisconcernsthetrendsofftheffundamentaflfintegraflsasa

ffunctfionofftheffrequency. HerethesourcetrfiangfleS′fisfidentfifiedwfiththevertfices

wfithcoordfinates(0,0,0),(0,1,0),(1,0,0),finmm,whfiflethetargetpofintfisflocatedat

r=(0.49,0.5,0)mm.

Thecompflexwavenumbershownfin(2.15)fisconsfideredfinthfisanaflysfis,where

σ=106S/mandεr=1.TheabsoflutevaflueoffthereaflpartoffI1ffortheffrequency

range[106−1012]HzfisreportedfinFfig.3.3.

ItfisworthnotfingthatbyfincreasfingthenumberoffGausspofintsfforthenumerficafl

quadrature,boththeffuflflynumerficevafluatfionoffI1andthesfinguflarfitysubtractfion

methodfincreasethefiraccuracy. Forthefformer,thereasonfistrfivfiafl,whfiflefforthe

flatterthefincreasedaccuracycanbetracedbacktothefimprovednumerficaflfintegratfion

offthesmoothGreen’skerneflpartGs(3.13).

Ffigure3.3:AbsoflutevaflueoffthereaflpartoffI1asaffunctfionoffffrequencyandnumber
offfintegratfionspofints.

ThesamekfindoffanaflysfisfispresentedfforI2finFfig.3.4butwfithffewerconsfidered

methods.Specfificaflflythemodfifiedflfinefintegraflmethodandthenumerficaflquadrature

ruflewfithanfincreasfingnumberoffGausspofintsareconsfidered.Thefformerfisassumed

asarepresentatfiveoffthesemfi-anaflytficaflmethodssfincefitfistheonewhfichseemsnot

tobreakorshowstrangebehavfiorathfighffrequencfies.Thesametesttrfiangfle,target

pofint,andfinputparametersfforthewavenumberasaboveareadoptedfforthfisanaflysfis.

Abouttheoutcomfingresuflts,wecannotficethatthetwomethodsshowverysfimfiflar

behavfiorfintheffrequencyrange[106−109],evenwfitha,reflatfiveflyfiffwecomparetothe

anaflysfisoffFfig.3.3,flownumberoffGausspofints.However,asffapproaches1010Hz,

thenumerficaflapproachstartstospreadffromtheresufltprovfidedbythemodfifiedflfine

method.Inanycase,fitwasverfifiedthatfinagreementwfithwhatfisshownabovefforI1,

byfincreasfingthenumberofffintegratfionpofintstheorderoffaccuracyoffthenumerficafl
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(a)ReaflcomponentoffI2.

(b)ImagfinarycomponentoffI2.

Ffigure3.4: NormoffI2obtafinedbymodfifiedflfinefintegraflmethodandffuflflynumerfic
approachwfith63kGausspofints.

ruflefimprovesasweflfl.

ToconcfludetheanaflysfisaboutI1andI2obtafinedwfiththemodfifiedfintegraflmethod,

weshowhereoneflastcasestudy.Sfincethesefintegraflscanbeobtafinedffromthesfim-

pfleevafluatfionoffthethreequantfitfiesI0,Iα,andIβ,weperfformthfisanaflysfisfinorder

verfiffytheeffectfivenessoffthefirvaflue.Inpartficuflar,weffocusontheargumentand

thephaseoffsuchresuflts,computedthroughtheappflficatfionoffaffuflflynumerficmethod

wfithavarfiabflenumberoffGausspofints.Indeedthesefintegraflscanbecomputedfin

twodfifferentways:thefirstonefisbasedonanumerficafltechnfiquethatfisaflreadyfim-

pflementedfinMATLAB®,fforwhfichanabsofluteerrortofleranceshoufldbeprovfidedas

anfinput.Thfisapproachfistheoneadoptede.g.fforthecomputatfionoffI1.Dfifferentfly,

thesecondonefisbasedonadoptfingavarfiabflenumberoffGausspofintsfforappflyfing
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theGaussfianquadraturerufletotheffunctfionoverthetrfiangfle.Thfismethodfisappflfied

heretocomparethebehavfioroffeachoffthetwofintegraflswfiththefincrementoffthe

numberoffpofints.

Ffigure3.5:ArgumentandphaseoffI1,obtafinedbyaffuflflynumerficapproachandby
themodfifiedfintegraflmethodwhosecomponentswerecomputedbyquadraturerufle
wfithanfincreasfingnumberoffGausspofints.

Ffigure3.6: ArgumentandphaseoffI2(y-component),obtafinedbyaffuflflynumerfic
approachandbythemodfifiedfintegraflmethodwhosecomponentswerecomputedby
quadratureruflewfithanfincreasfingnumberoffGausspofints.

Thefinputparameterswhfichwereadoptedfforsuchanaflysfisareagafintheposfitfion

offthevertficesoffthetrfiangfle(0,0,0),(0,1,0),(1,0,0),andtheposfitfionofftargetpofints

(0.49,0.50,0),bothassumedfinmm. Thecompflexwavenumberfin(2.14)fisobtafined

consfiderfingσ=106S/m,εr=1andff=30MHz.ThenumberoffGausspofintsfforthe

generaflnumerficaflapproachfisapproxfimatefly800k,sowecanassumesuchaffunctfionto
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beverysfimfiflartotheanaflytficvaflue.ThenumberoffpofintsfforcomputfingI0,Iα,and

Iβ,fincreasesffrom2to40,showfinganfincrementoffthedegreeoffaccuracyasweflfl.The

finaflvafluesarecoflflectedfintoI1andI2andthenspflfitfintotheargumentandthephase

offsuchquantfitfies.ThegraphficaflresufltsarereportedfinFfig.3.5andFfig.3.6,where

thefirvaflfidfityfisfindeedshownwhencomparedtotheffuflflynumerficvafluecomputedwfith

ahugenumberofffintegratfionpofints.

TheresufltsdeveflopedfforI1andI2canbethenusedtoextendthesamekfindoff

anaflysfisaflsotoI3(2.71)andI4(2.72).Sfinceherethefintegratedffunctfionspresenta

sfinguflarfityoffordergreaterthanone,theyhavetobetreatedwfithmuchmoreattentfion.

TherefforewedfiscussthebehavfioroffsuchfintegraflscomputedwfithModfifiedLfineInte-

graflMethodffromSectfion3.3andthefirnumerficaflcounterpart.Thefinputparameters

weadopthereaflmostcofincfidewfiththeanaflysfisproposedabove,apartffromthetarget

pofintwhfichfismovedtoposfitfion(0.49,0.50,0.10)mm.Thankstothebrfieffdfiscussfion

attheendoffthesamesectfionaboutthesfituatfionthatarfisesd=0,wewfishtomove

theattentfiontoamoregeneraflsfituatfionfforwhfichaflflthethreecomponentsoffthe

fintegraflaredfifferentffromzerotoverfiffythevaflfidfityofftheadoptedmethod.

ObservfingthegraphswecaneasfiflynotficehowtheModfifiedLfineIntegrafl method

provfidesagoodapproxfimatfionfforthenumerficaflvaflues.Inpartficuflar,wecanffocus

onthebehavfioratveryhfighffrequencfies:dfifferentflyffromwhathappenedfforI1andI2

fforwhfichthecorrespondencebrokedown,heretheoscfiflflatfionsarecapturedveryweflfl

bythemethodwehavefimpflemented.

Ffinaflfly,theanaflysfisoffI4asaffunctfionofftheffrequencyfisreported. Thesame

finputparametersoffthefirstanaflysesandthesametargetpofintofftheanaflysfisoffI3

areassumedfforthfisstudycase. Thepofintq(whfichshoufldbeassocfiatedwfiththe

vertexoffthetargettrfiangfleopposfitetotheedgetowhfichtheRWGbasfisffunctfionfis

appflfied)fisarbfitrarfiflyfidentfifiedwfiththevertex(0,0,0).Therangeoffvarfiatfionoffthe

ffrequencyfisreducedto[109−1012]tobetterapprecfiatetheffrequencfiesatwhfichthe

dfifferencesbetweentheanaflyzedapproachesbecomemorepronounced.

ThegraphficaflresufltsarereportedfinFfig.3.8,wherewecannotficethat,ashappened

fforI3,thebehavfioroffthefintegraflasaffunctfionofftheffrequencyandcomputedby

adoptfingthenumerficaflapproachfiscfloseflyffoflflowedbytheonecomputedthrough

ModfifiedLfineIntegrafl method. Moreover,thankstothereductfionofftherangeoff

ffrequencfies,fitfispossfibfletonotficethatevenatveryhfighvafluesofffffin[Hz]the

oscfiflflatfionsofftheffunctfionareweflflcapturedbytheModfifiedLfineIntegrafl method.

3.5.2 Behavfiourofffintegraflswfithtargetpofintposfitfion

Nowwemovetotheanaflysfisoffthesamemafinfintegraflsasaffunctfionofftheposfitfion

offtheactfivepofintfinthespace,keepfingtheffrequencyfixed. Thefinputparameters

thatwerefimpflementedarethecoordfinatesoffthevertficesoffthetesttrfiangfle(0,0,0),

(0,1,0),(1,0,0),andtheposfitfionsofftargetpofints,whfichareatotafloff2500unfifformfly

dfistrfibutedfinthesquareddomafin[−1.5,1.5]×[−1.5,1.5]ataconstanthefightz=0.
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(a)ReaflcomponentaflongxoffI3. (b)ImagfinarycomponentaflongxoffI3.

(c)ReaflcomponentaflongyoffI3. (d)ImagfinarycomponentaflongyoffI3.

(e)ReaflcomponentaflongzoffI3. (ff)ImagfinarycomponentaflongzoffI3.

Ffigure3.7: ReaflandfimagfinarycomponentsoffI3obtafinedbymodfifiedflfinefintegrafl
methodandffuflflynumerficapproachwfith63kGausspofints.

Notficethataflfltheunfitsoffthecoordfinatedpofintsarefinmm.Thecompflexwavenumber

descrfibedby(2.14)fisagafinconsfideredhere,adoptfingthesameparametersasfinthe

prevfioussectfion,butkeepfingtheffrequencyconstant.Acomparfisonbetweenthevaflues

offI1wfiththegreatestpartoffthemethodsfiflflustratedfinthechapterabovefisgfiven.

Theffuflflynumerficanaflysfisfisperfformedwfithabout10kpofintsfforeachactfivepofint

finordernottomakeheavyffromthetfimeCPUpofintoffvfiewthenumerficaflanaflysfis.
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(a)ReaflcomponentaflongxoffI4. (b)ImagfinarycomponentaflongxoffI4.

(c)ReaflcomponentaflongyoffI4. (d)ImagfinarycomponentaflongyoffI4.

(e)ReaflcomponentaflongzoffI4. (ff)ImagfinarycomponentaflongzoffI4.

Ffigure3.8: ReaflandfimagfinarycomponentsoffI3obtafinedbymodfifiedflfinefintegrafl
methodandffuflflynumerficapproachwfith63kGausspofints.

Asastartfingpofint,theflow-ffrequencybehavfioroffthefintegraflfisanaflyzed,andff=

100Hzfisadopted. Wecannotficethatthenumerficaflapproachprovfidesaverygood

approxfimatfionevenwfithaqufitesmaflflnumberoffGausspofints.Furthermore,fitcan

beobservedthatfinsuchcasesFabbrfi’sapproach,whfichnegflectstheexponentfiaflterm,

fisagoodapproxfimatfionfforI1,findeed,thereaflpartsshownfinFfig.3.9agreeveryweflfl

wfiththevaflueprovfidedbytheotherthreemethods. Thefimagfinaryparts,gfivenfin
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Ffig.3.10,aredfifferentsfinceFabbrfi’sfintegraflfisonflyreafl.

Twoffurtherobservatfionscanbemade:thefirstoneverfifieswhenfincreasfingtheop-

eratfionaflffrequencye.g.toff=107Hz.Inthfisway,thecontrfibutfionofftheexponentfiafl

termsfincreasesandtheflow-ffrequencyFabbrfi’smethodstartstoprovfideanoflonger

vaflfidapproxfimatfionffortheGreendynamficffunctfion. Thefimagfinaryparthfighflfights

thesamereasonfingasabovesofitfisnotreportedherewhfiflethereaflpartoffI1finsuch

condfitfionsfisprfintedfinFfig.3.11.

Ffigure3.9:I1reaflvafluesasaffunctfionofftheposfitfioncomputedbymethodsfinprevfious
sectfionswfithaffrequencyoff100Hz.

ThesecondobservatfionregardsthebehavfioroffI2,I3andI4.Adfirectparaflfleflfism

canbemadebetweenbetweenfintegraflsI1andI3andbetweenfintegraflsI2andI4.In

ffacttheflatterpresentanfintegrandffunctfionwhfichfisexpressedfintermsoffthepofint

q. AtthesametfimeI1andI2sharethesamefintegrandffunctfionapartfforthecross

productfinsfideI2,asweflflasfforwhathappensbetweenI3andI4. Then,finorder

tosfimpflfiffytheanaflysfis,thedfifferencesamongtheffourmethodscanbesummarfized

fintotwomafincases,fi.e.theanaflysfisoffI1andI3,whfichcanbeconsfideredasthe

respectfivesfimpflercounterparts.Thfisway,oncewehaveverfifiedthatthebehavfioroff

suchfintegraflscomputedthroughanyoffthesemfi-anaflytficaflmethodsandbytheffuflfly

numerficonearesfimfiflartoeachother,wecanaflsoassumethatthevafluesobtafined

fforI2andI4ffoflflowthfisreguflarfitythankstotheffactthatthecrossproductprovfides

thesameffactorbothwhencomputedwfithasemfi-anaflytficaflorffuflflynumerficapproach.

Thereffore,finanaflogytowhatdfiscussedaflsoattheendofftheprevfioussectfion,sfince

suchtechnfiquesdonotshowedsfignfificantdfifferenceswhenstudyfingI2asaffunctfionoff

theffrequency,theresufltsarenotreported. Despfiteoffaflfltheseconsfideratfionswhfich

aflflowedtoflfightenthethesfiswork,aflflthecheckswereperfformedtoassurethecorrect
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Ffigure3.10:I1fimagfinaryvafluesasaffunctfionofftheposfitfioncomputedbymethodsfin
prevfioussectfionswfithaffrequencyoff100Hz.

Ffigure3.11: I1reaflvafluesasaffunctfionofftheposfitfioncomputedby methodsfin
prevfioussectfionswfithaffrequencyoff107Hz.

behavfioroffeachfintegrafl.

Ffinaflflytheanaflysfisoff(2.71)asaffunctfionofftheposfitfionoffthesourcepofintfisper-

fformed.TheargumentoffthefintegraflnowfinvoflvesthedfivergenceofftheGreenffunctfion

andsothebehavfiorfisfinprfincfipfledfifferentffromwhatcomputedfforI1. Thefinputs

assumedherearesfimfiflartotheprevfiousanaflysfis,fi.e.thevertficesoffthetrfiangfleare

flocated(0,0,0),(0,1,0),(1,0,0)mm,theactfivepofintassumesoneoffthepossfibfle2500



38 CHAPTER3. EVALUATIONOFSINGULARINTEGRALSINSIE

Ffigure3.12:I1fimagfinaryvafluesasaffunctfionofftheposfitfioncomputedbymethodsfin
prevfioussectfionswfithaffrequencyoff107Hz.

dfiscreteposfitfionsfinsfidethearea[−1.5,1.5]mm×[−1.5,1.5]mmataconstanthefightoff

z=0.1mm.Thecompflexwavenumberdescrfibedby(2.14)fistakenfintoaccounthere,

adoptfingthesameparametersasfintheprevfiousparagraph,apartffromthe(hfigh)

ffrequencywhfichfiskeptconstantatff=109. Ffig.3.13andFfig.3.14respectfiveflyshow

Ffigure3.13: I3reaflvafluesasaffunctfionofftheposfitfioncomputedby methodsfin
prevfioussectfionswfithaffrequencyoff109Hz.

thecomparfisonbetweenthereaflandthefimagfinarypartsoffthesoflutfioncomputedvfia

modfifiedflfinefintegraflmethodandffuflflynumerficapproach,makfingusobservethatthe

SIEmethodprovfidesaverygoodapproxfimatedresuflt.Ffinaflfly,extendfingwhatstated

above,wecanassume(andfitwasfindeedverfified)thatthebehavfioroffthesoflutfion

computedfforI4bythemodfifiedflfinefintegraflmethodandtheffuflflynumerficoneare

verysfimfiflartoeachother.

Summarfizfing,finthfissectfiontheperfformancesoffthedfifferentmethodsproposed
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Ffigure3.14:I3fimagfinaryvafluesasaffunctfionofftheposfitfioncomputedbymethodsfin
prevfioussectfionswfithaffrequencyoff109Hz.

fintheflfiteratureffortheevafluatfionoffthesfinguflarfintegrafls(2.69)-(2.72)arecompared.

Theweflfl-knownanaflytficaflmethodproposedbyFabbrfiworksweflflfforthestatficorvery

flow-ffrequencyregfime,findeedtheoscfiflflatfingpartcarrfiedbytheexponentfiafltermfin

Green’sffunctfion(2.13)fiscompfleteflynegflected.Intheflfiterature,sfinguflarfitysubtrac-

tfionwasthefirstproposedapproachtoanaflytficaflflycomputethesfinguflarfintegrafls,

however,ashfighflfightedfin[11],fitmayffafiflundercertafinoperatfionaflcondfitfions,em-

beddedfinthecompflexwavenumberk. Thfisflfimfitatfionfisovercomebyexpflofitfingthe

modfifiedflfinefintegraflmethod.Itfisworthnotfingthataffuflflynumerficapproachfforthe

evafluatfionoffthefintegraflmaybeconcefived,asshownfinFfig.3.3,ahugenumberoff

Gausspofintsarerequfiredtoreachtheconvergence,makfingthfissoflutfionpractficaflfly

unffeasfibfle.

3.6 NumerficaflsoflutfionoffRCSoffPECsphere

Inthfissectfion,thenumerficaflsoflutfionoffthePerffectEflectrficaflConductfing(PEC)

spherefisperfformed. ThePECspherefisacanonficaflstructureusedfinthestudyoff

eflectromagnetficscatterfingphenomenasfincefitsRadarCrossSectfion(RCS)fformuflafis

weflflknownffromtheanaflytficaflpofintoffvfiew.Someexampflesoffpapersadoptfingsuch

amodeflasarefferencearegfivenby[29,30,31].AcoupfleoffpapersdfiscussfingtheRCS

behavfioroffspecfificobjectsfinvoflvfingthePECsphereare[32,33,34,35].Inourtest,

ffoflflowfingtheacademficbenchmark,thePECspherefisexcfitedbyapflanewaveoffthe

fform:

Efi(z)=exp(−fikz)̂x, (3.44)

wherefinthfiscasek=k0fisthevacuumwavenumber.

Theanaflytficfformofftheexcfitatfionoffeflectrficafleddycurrentfforaspherefisdescrfibed

fin[36].Thesoflutfionfisobtafinedfinanaflogytowhatonecangetffromtheanaflysfisoffa

cyflfindersubjectedtoafieflddepfloyedaflongatransversafldfirectfionffromfitsaxfis,afftera

properchangetospherficaflcoordfinates.Toshowthat,flet’sconsfiderMaxweflfl’sequatfions
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fintroducedatthebegfinnfingoffChapter2. Thetotaflmagnetficfiefldfisobtafinedffrom

theflfinearsuperfimposfitfionofftwocontrfibutfions:B=Bfi+Be,wherethefirstterm

comesffromtheappflficatfionoffarbfitrarfiflyfimposedexternaflsources,whfiflethesecond

onefisgfivenbyeddyfiefldwhficharfisesffromthechargesmovfingfinsfideanyconductfive

materfiafl.SfinceBfifisgeneratedbyexternaflagentsbeyondtheregfionofffinterest,fitfis

possfibfletoassumethatfithasnuflflcurfl∇×Bfi=0,whfiflefforthesecondterm,fitsfimpfly

hoflds:

∇×Be=µ0Je (3.45)

ConsfiderfingAmpere’sflaw∇×B=µ0σEandappflyfingtofitthecurfloperatortoboth

sfidesofftheequatfions,asweflflasaflfltheconsfideratfionsseenfinthfisparagraphandthe

vectorfiaflfidentfityshownfinChapter2,theresufltwegetstates:

∇2Be+k
2Be=−k

2Bfi (3.46)

wherekfistheusuaflcompflexwavenumber.OncethesoflutfionfforBefiscomputedffrom

suchequatfion,thefinducedcurrentdensfityJecanbeobtafinedstrafightfforwardffrom

(3.45). Now,sfincethecyflfinderdoesnotshowanysymmetryconcernfingwhfichthe

soflutfionofftheprobflemfiseasytocompute,weneedtorecaflfltheGauss’flaw∇·B=0

sothatthevectorpotentfiaflfiefldAcanbeassocfiatedtothemagnetficfiefldthrough:

B=∇×A (3.47)

Inanaflogytowhatfisseenagafinfinthetheoretficaflfintroductfion,wecanrecaflflthe

definfitfionofftheeflectrficscaflarpotentfiaflcomfingffromFaraday’sflaw(2.8).Foflflowfing

theaflreadyseenprocedurewhfichconsfiderstheappflficatfionoffAmpere’sflaw,offOhm’s

flaw,andoffthegauge∇·A=µ0σφ,thefinaflfformuflatfionwewanttotakefintoaccount

fisexpressedby:

∇2A+k2A=0 (3.48)

ThefimportanceoffsuchanequatfioncanbehfighflfightedbynotfingthatA exactfly

expressesthenonhomogeneoussourcetermBfi=B0̂xfincyflfindrficaflcoordfinatesas:

Afi(ρ,ϕ)=B0ρsfin(ϕ)̂z (3.49)

whereϕfistheazfimuthaflcoordfinateandρfistheradfiaflone.Let’saflsonotficethatthe

orthogonaflfityoffAandBmakesthefirsttobedfirectedaflonĝz,fimposfingthatthefinafl

soflutfioncomfingffromtheHeflmhofltzequatfionwfiflflbeexpressedaflongthesameaxfis.In

partficuflartheffunctfionaflfformoffthesoflutfionfisA=A(ρ,ϕ)̂zandthecorrespondfing

Heflmhofltzequatfionshoufldsatfisffy:

ρ2
∂2A

∂ρ2
+ρ
A

ρ
+k2ρ2A=−

2A

ϕ2
(3.50)
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whosesoflutfioncanbeffoundbytheappflficatfionofftheseparatfionoffvarfiabfles.From

theoutcomfingsoflutfion,fitfispossfibfletonotficethatthecurrentdensfitysatfisfiesthe

reflatfion:

Je=−fiωσA (3.51)

andthen,bysoflvfingfforthetotafleddycurrentdensfitywegetthesoflutfionfforthecase

offacyflfindersubjectedtoatransverseexcfitatfion:

Je(ρ,ϕ)=̂z
−2fiωσB0R

kRJ′1(kR)+J1(kR)
J1(kρ)sfin(ϕ) (3.52)

whereJ1fistheBesseflffunctfionofforder1andRfistheradfiusoffthebaseoffthecyflfinder

sothatρ<R. Theextensfionoffsuchanaflysfiscanbecarrfiedoutfforthesphereby

appflyfingachangeoffcoordfinatessothat(3.48)fisexpressedas:

1

r2
∂

∂r
r2
∂A

∂r
+

1

r2sfinθ

∂

∂θ
sfinθ

∂A

∂θ
−

A

r2sfin2θ
+k2A=0 (3.53)

whereθfistheeflevatfionangfle,rfistheradfiaflcoordfinate,andϕfisagafintheazfimuth,

andhencethefinaflsoflutfionfis:

Je(r,ϕ)=̂θ
−3fiωσB0R

2kRJ′1(kR)+4J1(kR)
J1(kρ)sfin(ϕ) (3.54)

Intheffoflflowfing,themonostatficRCSoffthe1-meterradfiusPECspherefisdefined

as:

RCS=4∥rtrg∥
2Es·E

∗
s, (3.55)

whereEsfisthescatteredfiefld,E
∗
sfitsconjugate,andrtrgfistheobservatfionpofint,

whfichmustbesuficfientflydfistantffromtheobject.ThescatteredfiefldEsfisevafluated

anaflytficaflflywfiththeMIEserfies[37]fforthetargetpofintflocatedatrtrg=[200,200,200].

Theanaflytficaflsoflutfion(3.55)fisthuscomparedwfiththefimpflementedSIEapproach,

basedonthemodfifiedflfinefintegraflmethod,overtheffrequencyrange5·107−5·108Hz.

SuchaffrequencyrangefisseflectedtocaptureseverafloscfiflflatfionsofftheRCSandverfiffy

thecapabfiflfityoffthenumerficaflapproachfinffoflflowfingthem.Theresufltsarereportedfin

Ffig.3.15,wherefitcanbeseenthattheaccuracyoffthenumerficaflapproachdecreases

fforhfighffrequencfies. Thfisfisaweflfl-knownprobflemfinSIEfformuflatfion,whfichcanbe

reducedbyfincreasfingthequaflfityoffthemesh,ffoflflowfingfforexampfletheempfirficaflrufle

(2.28).Indeedfforff=5·108themesh-sfizeh≥λ0/5soameshrefinementmustbe

perfformed.TheRCSwfiththerefinedmeshoff2800trfiangflesfishfighflfightedfinFfig.3.15

wfiththemagentamarker.

ThecurrentdensfitydfistrfibutfionfinducedonthesurffaceoffthePECsphere,at

theffrequencyoffff=500MHz,fisthenanaflyzedwfithdfifferentnumerficaflapproaches.

Ffig3.16showsthemagnfitudeoffreaflandfimagfinarypartsoffJswfiththeSIEmethod

descrfibedfinthfiswork.Theresufltfingtrendagreesveryweflflwfiththesoflutfionobtafined



42 CHAPTER3. EVALUATIONOFSINGULARINTEGRALSINSIE

Ffigure3.15: MonostatficRCSofftheunfitsphereovertherange5·107−5·108Hz.
Comparfisonbetweentheanaflytficfformufla(3.55)andthenumerficsoflutfion,byusfinga
coarsemesh(finred)andafinemeshonflyfforff=500MHz.

wfitharefferencefintegraflequatfionsoflver,fiflflustratedfinFfig3.17.

It’sfimportanttohfighflfightasfignfificantdfistfinctfionthatemergeswhenassessfing

sfinguflarfintegraflsthroughaffuflflynumerficapproachasopposedtothesemfi-anaflytficafl

methodoutflfinedfinSectfion3.3.Todemonstratethfis,threedfistfinctdomafindfiscretfiza-

tfions,flabefledasmesh1,mesh2,andmesh3 wfith2800,6500,and12000eflements,

respectfiveflyareexecuted. Theresufltfingsurffacecurrentdensfitymagnfitudesarere-

portedfinFfig.3.18. ByusfingaGaussquadraturewfith9pofints,asexpected,the

soflutfiondfiffersconsfiderabflyconcernfingthatfiflflustratedfinFfig.3.16,andFfig.3.17,es-

pecfiaflflyfforthemesh1. Theflastmesh,wfith12000trfiangfles,hasasfimfiflarshapeoff

thesurffacecurrentdensfity,however,thecomputatfionaflburdenbothfforthestorage

andthesoflutfionofftheflfinearsystemrapfidflyfincreases. Thfisbehavfiorsuggeststhat

boththemeshfingprocedureandtheevafluatfionoffsfinguflarfintegrafls,sothematrficesoff

thesystemoffequatfions,mustbecareffuflflyaddressedfinthecontextoffsurffacefintegrafl

equatfionmethods.

Toconcfludethesectfion,thesurffacecurrentdensfitydfistrfibutfionevafluatedwfiththe

commercfiaflFEMsofftwareCOMSOL® Mufltfiphysficsfisreported. ThePECprobflem

fissoflvedfinCOMSOL® wfiththeRadfioFrequency (RF) modufle. Tocapturethe

oscfiflflatfiononthespheresurfface,ahugenumberoffDOFsfisrequfiredfinthfiscase,over

7M.Thfisconsfiderabflyfincreasesboththememoryrequfirementsandthecomputatfionafl

tfimefforthesoflutfionasreportedfinTabfle3.1.Itfisworthpofintfingoutthatadfirect

methodfisusedfinthfiscase,findeedthesuggestedfiteratfivesoflverfisnotabfletoreachthe

desfiredtoflerancefforthesoflutfion.TheflargecomputatfionafltfimeffortheSIEbasedon

thesemfi-anaflytficfformuflasdescrfibedfinSectfion3.3,fisduetoanon-optfimfizednumerficafl

procedure.Indeed,thesemfi-anaflytficaflfformuflasarerequfiredonflyffornearsourceand



3.6. NUMERICALSOLUTIONOFRCSOFPECSPHERE 43

Soflver DOFsNumber Memory[GB] Tfime

FEM(COMSOL®) 7M ≈250 ≈3h

SIE(ffuflflynumerfic) 30k(mesh3) ≈8 0.4h

SIE(semfi-anaflytfic) 7k(mesh1) ≈0.5 1.5h

Tabfle3.1:ComparfisonoffcomputatfionaflresourcesfforPECsphereprobflem.

(a)Reaflpart. (b)Imagfinarypart.

Ffigure3.16:NormoffsurffacecurrentdensfityevafluatedwfiththeSIEapproachdevefloped
finthfiswork.Thedomafinfisdfiscretfizedwfith2800trfiangfles.

(a)Reaflpart. (b)Imagfinarypart.

Ffigure3.17:Normoffsurffacecurrentdensfityevafluatedvfiaarefferencefintegraflequatfion
soflver.

targetpofints,wherethesfinguflarfitfiesarfise.Iffthepofintsaresuficfientflyffarapart,the

ffuflflynumerficaflapproachcanbeused.However,thedecomposfitfionbetweennearand

ffarpofintsfisnotperfformed.
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(a)Reaflpartmesh1(2800trfiangfles).(b)Imagfinarypartmesh1 (2800trfi-
angfles).

(c)Reaflpartmesh2(6500trfiangfles).(d)Imagfinarypartmesh2 (6500trfi-
angfles).

(e)Reaflpartmesh3 (12000trfian-
gfles).

(ff)Imagfinarypartmesh3(12000trfi-
angfles).

Ffigure3.18: Normoffsurffacecurrentdensfityffordfifferentmeshesevafluatedwfiththe
ffuflflynumerficfintegratfionapproach.

(a)Reaflpart. (b)Imagfinarypart.

Ffigure3.19: NormoffsurffacecurrentdensfityevafluatedvfiatheFEMsofftware
COMSMOL® Mufltfiphysfics.



Chapter4

Accefleratfingfintegraflequatfions

Thebflockmatrficeswehavedescrfibedabovearefingeneraflsparse,exceptfforthe

onesdependfingontheGreen’sffunctfion.Indeed,evenfinthestatficcaseandevenffor

pofintsveryffarffromeachother,suchanexpressfionaflwaysprovfidesatermdfifferent

ffromthenuflflone.ThfiswaythetotaflcostfforstorfingeachmatrfixfisofforderO(N2),

whereNfisthenumberoffdegreesoffffreedomofftheprobflem.Forsmaflfl-orderprobflems,

thfisquestfioncanbesfimpflynegflectedsfincethecomputatfionaflcostfforstorfingmatrfices

fisstfiflflsustafinabfle. ButwhenN startstobecomeveryflarge,thetotaflcostfinterms

offCPUmemoryrequfiredcoufldbenotenough,or,evenwhenfitfis,theconvenfienceoff

fintegraflmethodssuchasSIEfintermsoffcomputatfionafltfimecostwfithrespecte.g.to

FEMffafiflstomeet.Insummary,thepurposeoffthetechnfiquespresentedfinthfissectfion

fistoexpressconvenfientflythematrficeswhosetermsdependontheGreenffunctfion,to

makethemhaveatotaflnumberoffeflementsthatscaflewfithNwfithanordersmaflfler

than2.

Nowadaysmanyfimportanttechnfiquescanbeadopted:onefirstexampflefisgfivenby

thespeed-upoffthemethodsfforthecomputatfionoffnear-optfimaflmatrfices,fi.e.matrfices

thatsharethesamerankoffanotherstartfingmatrfix.Inpartficuflar,oncethefinfitfiafldense

bflock,e.gA,fisapproxfimatedthroughtheappflficatfionoffmethodsfforrank-reductfion

e.g.wfithAapprox,fitcoufldbeuseffufltosubstfitutesuchresufltwfithathfirdmatrfix,e.g.

Cfinsuchawaythat

∥A−C∥≤∥A−Aapprox∥+δ (4.1)

whereδrepresentsthetofleranceffortheerrorcommfitted.Themafinadvantageshown

bythfismethodconcernstheffactthattheAfisfirstsparsfifiedandthenquantfified,

consfiderabflyreducfingthememoryneededtostorefitandtheCPUtfimerequfiredffor

thecomputatfions. Thesestepsaredfiscussedfindetafiflfin[38]whereaffurtherspeed-

upoffthemethodbasedontheuseofforthogonaflfiteratfionsorLanczosfiteratfionsfis

fimpflemented.

AsecondremarkabflewaytoproceedfistheTensorTrafin(TT)decomposfitfionpre-

sentedfin[39]andthenextendedandappflfiedfin[40]. Thefideabehfindthfisapproach

consfistsoffdecoupflfingtheffunctfionexpressfingtheentrfiesoffatensorAhavfingeflements

45
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A(fi1,...,fid),wherefij∈Ij={1,...,Nj},by:

A(fi1,...,fid)=G1(fi1)·G2(fi2)·...·Gd(fid) (4.2)

whereGk(fik)fisanrk−1×rkmatrfixandrfistherankoffthetensor.Thfiswaytheout-

comfingproductfisfitseflffamatrfixoffsfizer0×rdand-undersufitabfleboundarycondfitfions

e.g.r0=rd=1-fitcanbenotficedtobeastrafightfforwardbflockgeneraflfizatfionoffthe

rank-1tensor.ThetensortrafinapproachaflflowstostorethetensorAwfithO(dr2maxN),

wfithrmax themaxfimumrankoffthedecomposfitfion. Thus,thedecomposfitfionfisex-

tremeflyconvenfientfforsmaflflrmax,asfisusuaflflythecase.TTshowsfitseficfiencyfinthe

specfificcaseoffsystemsoffflfinearaflgebraficequatfionsfinvoflvfingpureflyToepflfitzmatrfi-

ces,meanfingthatthemeshexpressfingtheprobflemshoufldbereguflarenough.Under

suchcondfitfions,boththememoryandCPUtfimescaflewfithO(flogN). Tomakethfis

approachmoregeneraflandappflficabfletoarbfitrarfiflyshapedfinhomogeneousobjects,

anfiteratfiveconjugategradfient-TTmethodwasaflsodevefloped[41],havfingCPUand

memoryscaflfingrespectfiveflyasO(N)andO(r2NflogN),befingrtheeffectfiverankoff

thematrfix.Howeverffoflflowfingworkssuchas[42]fitcanbeshownthatTTflosesfitseffec-

tfivenesswhenthesurffaceoffthedomafin,andhencethemesh,fisnotreguflar.Thereffore

thevaflfidfityofftheTTmethodfisnotcompfleteflyprovenandfitsfiefldoffappflficatfionfis

nowadaysqufiteflfimfited.

OneflastprocedurethatwfiflflbementfionedregardstheVINCOfframeworkwhfich

wasdeveflopedfintheflastyears[43].VINCOfisbrfieflyfintroducedsfincefitfisamethod

fforspecfificaflflysoflvfingflarge-dfimensfionVIEeddy-currentprobflems. Themafinchar-

acterfistficsthat makeVINCOpecuflfiarconcernfingother methodsregardtheuseoff

eflement-wfiseunfifformbasfisffunctfionstoapproxfimatethecontfinuouscurrentdensfity.

ThentheMAGICAffactorfizatfion[44]aflflowsthedecomposfitfionoffthestfiffnessmatrfix

representfingtheprobflemasaproductoffadensematrfixandasetoffsparsematrfices.

AnfimportantadvantagegfivenbyVINCOconcernstheffactthatfitprovfideseficfientand

accurateresufltswhenadoptedfforsoflvfingprobflemshavfingthepropertfiesfintroduced

aboveandfforanyarbfitrarfiflyshapedgeometry.

Neverthefless,thfisthesfisworkffocusesontwoapproacheswhfichareprobabflythe

mostknownandfimpflementedthankstothefirgeneraflfityandbecauseoffthefireficfiency

finthefiefldoffappflficatfionofffintegraflequatfions.Inpartficuflar,twodfifferentmethods

wfiflflbepresented,whfichdfifferffromeachotherfinthepaththeyadopttostorefina

convenfientwayflarge-sfizedensematrfices. ThefirstonefistheFast Mufltfipofle Method

(FMM),arfisfingffromtheanaflysfisofftheGreenffunctfionwhfichfisdecoupfledfintotwo

dfifferentsub-ffunctfionstospflfitthedependenceffromrandr’.Thesecondmethodflooks

finsteadfforawaytoconvenfientflystorethematrfixbyexpflofitfingthemutuafldfistance

betweentheeflementscomposfingthedomafin;specfificaflfly,thehfierarchficafl matrfices

method(brfieflyH-matrfix)wfiflflbedfiscussedfinthfisthesfiswork.

Ononehand,thefirstapproachwfiflflbepresentedwfithadfidactficscopetohavea

generaflovervfiewoffthecompressfibfiflfitymethodffordensematrficesbasedonthestudy
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offtheGreenffunctfion,fi.e.ffromtheanaflytficaflpofintoffvfiew. Dfifferentfly,thesecond

sectfionfisdedficatedtomethodsbasedonthegeometryoffthedomafin,whfichhastobe

anaflyzedfindepth.Onflytheflattermethodwfiflflbefinvestfigatedffromthenumerficaflpofint

offvfiew,comparfingtheresufltswfiththecasewherenostorfingtechnfiquefisfimpflemented,

fintermsoffaccuracyandmemorysavfing.

4.1 Fast Mufltfipofle Method

Anfimportantmethodthatfisusuaflflytakenfintoaccountfforsoflvfingfissuesoffefle-

mentstorfingfforhugedfimensfionaflscafleprobflemsfistheFMM.Hereweffocusonthe

partficuflarfiefldoffappflficatfionoffeflectromagnetficscatterfing. Thegeneraflfformuflatfion

offtheprobflemfispresentedfinmanydfifferentpapers,suchas[45,46,47,48].Apofint

offvfiewmorereflatedtotheSIEfisfinsteadtreatedfin[49].

Aswehavebrfieflyfintroducedabove,themafinfideaofftheFMMconsfistsoffspflfittfing

thedependenceofftheGreenffunctfionffromrandr’,sothattheresufltfingonebecomes

G(r,r′)≈ h(r)ff(r′) (4.3)

whererandr’finthfissfituatfionfidentfiffythecentraflpofintoffeflementscomfingffrom

thedfiscretfizatfionoffthedomafinandthesummaryfisfintendedoveraflfltheeflements.

However,theseparabfiflfityofftheGreenffunctfioncannotbegfivenfforgranted,soamore

fin-depthanaflysfisfiscarrfiedout.

Thefirstproposedfformuflatfionfiscarrfiedoutfin[45]andwasobtafinedasanadap-

tatfionofftheFMMdeveflopedfforacoustficscatterfingprobflems[50]toexterfiorDfirfichflet

eflectromagnetficscatterfingprobflem.Sfinceweafimtoprovfideasfimpfleovervfiewfforsuch

amethod,fforsfimpflficfityatwo-dfimensfionaflconductfingbodyhavfinganaxfisaflfignedwfith

thezcoordfinatedfirectfionfisconsfidered. Weaflsoconsfideraneflectromagnetficwavefin-

cfidenttosuchabodywfithaneflectrficfiefldvectorparaflflefltotheaxfisoffthebody.Thfis

wayboththefincfidentandthescatteredfiefldssatfisffytheequatfion:

∇2Ez+k
2Ez=0 (4.4)

wherek=2π/λfisthewavenumberandλfisthewaveflengthoffthefincfidentfiefldfinthe

exterfiorregfion.TheboundarycondfitfionffortheprobflemstatesthatthetotaflfiefldE

vanfishesonthesurffaceofftheconductor,namefly:

Etotz =Ez,finc+Ez,scat=0 onΓ (4.5)

whereΓrepresentstheboundaryofftheconductor.Thenwecanaflsoconsfidernnodes

ontheboundaryoffthescattereranddfivfidetheboundaryfitseflfffintopequaflsegments

finsuchawaythateachpartcontafinsn/pnodesand,befingthetotaflflengthoffthe

boundaryL,eachsegment’sflengthfisp/L. Let’sfinaflflydenotethecenteroffeach
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segmentaszfi. Consfiderfingeachsegmentasacflusteroffn/psourcesandconsfiderfing

thesourcesfineachsegmentasasfingfleaggregatesource,theradfiatfionfiefldoffthe

equfivaflentsourcefisapproxfimatedusfingthefirstNmufltfipoflesflocatedatthecenteroff

thesegment. Thfiswaytheradfiatfionfiefldatanypartficuflarnodeontheboundaryfis

thesumoffthecontrfibutfionoffNmufltfipoflesoffeachofftheffar-awaysegmentsandthe

dfirectcontrfibutfionoffthenearbysegments.

Toexpresstheseconsfideratfionsffromamathematficaflpofintoffvfiew,wefintroduce

thefincfidentandthescatteredeflectrficfiefldfformuflafinthetransversemagnetfic(TM)

case:

−2Ez,finc(r)=ψ+2
Γ
dfl′
∂G(k−∥r−r′∥)

∂n(r′)
ψ(r′) (4.6)

Ez,scat(r)=
Γ
dfl′
∂G(k−∥r−r′∥)

∂n(r′)
ψ(r′) (4.7)

andthescatteredonecanbeseenasafictfitfioussourceffunctfionK(ρ),befingρ(ρ,θ)a

pofintonΓ.Itfisworthnotfingthatfinourtwo-dfimensfionaflcasesuchK(ρ)hasonfly

acomponentonthexypflane. Wecanaflsonotficethatthecurrentsatfisffyfing(4.6)

radfiatesthescatteredfiefldfintheexterfiorregfionsothatontheoutsfidesurffaceoffΓwe

havethatEz,scat=−Ez,fincandthescatteredeflectrficfiefldfisfinthethree-dfimensfionafl

casefisgfivenby:

Efinc(⃗ρ)=−∇×
Γ
dfl′G(k∥ρ−ρ′∥)K(⃗ρ′) (4.8)

whfichfindeedcofincfideswfith(4.7)fiffweconsfiderthetwo-dfimensfionaflcaseandwemake

K=ψ.AnotherfimportantconsfideratfionaflflowsrewrfitfingtheGreenffunctfionfforthe

two-dfimensfionaflcaseas:

G(kr−r′)=fiH
(1)
0 (k∥r−r

′∥) (4.9)

wheretherfight-handsfideofftheequatfionfisdefinedbytheHankeflffunctfionoffthefirst

kfindofforderzero. Now,thecrucfiaflpofintofftheFMMmethodcomes. Consfiderfing

asub-segmentΓ′offΓ,theHankeflffunctfioncanbeexpandedfintermsoffhfigher-order

HankeflandBesseflffunctfions:

H
(1)
0 (k∥r−r

′∥)=
∞

m=−∞

H(1)m (kρ)Jm(kρ
′)exp(fim(θ−θ′)) (4.10)

and,fforadfiscretfizedsourceatrpofintsflocatedatx′j=(ρ
′
j,θ
′
j),j=1,2,...,r,the

scatteredtwo-dfimensfionaflfiefldfistherefforerewrfittenas:

Ez,scat(ρ,θ)=
∞

m=−∞

r

j=1

fi
∂Jm(kρ

′
j)exp(−fimθ

′
j)

∂n(x′j)
H(1)m (kρ)exp(fimθ)K(x

′
j)∆fl

′
j (4.11)

where∆fl′jfisthedfiscretfizedeflementoffarcflengthcontafinfingthesourceK(x
′
j)andfit

fispossfibfletotruncatethefinfinfitesummatfionovermatNfforagfivenaccuracy,fi.e.
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tocaflcuflateonflyNmufltfipofleoffthesources. Asaresufltofftheappflficatfionoffthfis

method,theorderoffthenumberoffoperatfionsfisreducedffromtheusuaflquadratficone

toO(N3/2). Moreover,fitcoufldbeshownthatfiffthfisprocessfisappflfiedfiteratfiveflythe

ordercanbeffurtherreducedtoO(N3/4).

AnaflternatfiveapproachffocusedontheappflficatfionofftheFMMtotheEFIEand

theMFIEfisdescrfibedfin[46].Sfimfiflarflytowhatwasseenfintheprevfiousparagraph,

westartffromthesubdfivfisfionoffscatterersfintogroups,andthenarepresentatfionoffthe

scatteredfiefldasawaveemfittedbythecenterofftheunfionoffascatterergroupfispro-

posedbyexpflofitfingtheaddfitfiontheoremoffBesseflffunctfions.Thefinteractfionsbetween

groupscantherefforebecaflcuflated,basfingcomputatfionsonthemutuaflgeometrficafl

dfistance.Ffinaflfly,theaddfitfiontheoremfisagafinusedtotransflatethescatteredfieflds

aroundthegroupcentertofitsgroupmembers.Evenfinthfiscase,theresufltfingfformuflas

provfidematrficeswhosememory-storagefloadfisnotquadratficastheorfigfinaflone,but

fitfisofforderO(N3/2). Moreover,affurthermethodthatconsfiderstheray-propagatfion

canbeappflfiedtotheresufltofftheFMM,makfingsuchamethodevenmoreeficfient

fintermsoffmemorysavfing,thusfinaflflyobtafinfingatotaflnumberoffstoredeflementsoff

orderO(N4/3).

4.2 Hfierachficafl matrfices

TheH-matrfixmethodbeflongstothesetoffgeometrficaflapproaches.Dfifferentflyffrom

theFMM,fitfisbasedonthereworkoffthestructureoffthematrfixweareanaflyzfing.

Thfisapproachfisdfiscussedfindetafiflfinmanypapers,bothffromtheanaflytficaflandffrom

theempfirficaflpofintoffvfiew. Awfidecontrfibutfionfisgfivenby[51,52,53,54,55,56,

57]. HereasummaryoffthetheoryatthebaseoffH-matrficesfisreported. Then,the

theoretficafldfiscussfionfisappflfiedtoverfiffythedfifferencefintermsofftheaccuracyoffthe

finaflresufltasaffunctfionoffthereductfionoffthememoryusedfforstorfingeflements.For

sfimpflficfity,westartthedfiscussfionwfiththeanaflysfisoffthesfinguflarvafluesoffaffunctfion

havfingthestructure:

Afij=
1

(fi−j)2+α
(4.12)

wherefi,jcanbeseenastheeflementsamatrfixAfijwhfichdfiscretfizesadomafin[0,1]×

[0,1]expressedbythematrfixentrfiesandαfisanarbfitrarfiflysmaflflconstant.Todeter-

mfinetherequfiredsfinguflarvaflues,wecoufldproceedbyappflyfingthecflassficSfinguflar

VaflueDecomposfitfion(SVD)toAorwecoufldadoptarandomfizedversfionofffit[58].

ThestandardSVDdecomposfitfionoffam×nmatrfixAprovfidesaffactorfizatfionoffthe

fformA=USVTwhereUfisam×morthogonaflmatrfixoffflefftsfinguflarvaflues,Sfisan

m×ndfiagonaflmatrfixhavfingentrfiescofincfidentwfiththesfinguflarvafluesoffAfinde-

creasfingorderandVfisann×northogonaflmatrfix.Themostfimportantfissuereflated

totheappflficatfionoffthfisstandardversfionconcernsflarge-sfizematrficesfforwhfichthe

computatfionaflcostcoufldmaketheprocessunffeasfibfle.Inthfissense,fitfissometfimes
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Ffigure4.1:Ffirst32sfinguflarvafluesofffforamatrfixAdfiscretfizfingadomafin[0,1]×[0,1]
wfith250eflementsoneachsfideandwhoseentrfiesareoffthefform1/[(fi−j)2+α]wfith
α=0.1.

convenfienttoproceedwfiththedecomposfitfionoffnear-bestrankmatrfixapproxfimatfion.

Inthfiscontext,randomSVDtechnfiquefisadopted.Suchamethodfisbasedonthe

standardGaussfianrandomvectorsandonthematrfix-vectorproducttheory. Westart

bycomputfingtheproducts: 




y1 =Ax1

.

.

.

yk+p =Axk+p

(4.13)

wherex1,...,xk+parethestandardGaussfianrandomvectornamedabovewfithfiden-

tficaflflyandfindependentflydfistrfibutedentrfiesandp≥1fisanoversampflfingparameter.

ThesecondsteprequfirestheeconomfizedQRffactorfizatfion[y1,...,yk+p]=QR.Last,

theapproxfimantQQTA havfingrank≤k+pcanbecomputed. Twoobservatfions

aboutsuchstructureshoufldbereported:thefirstoneconcernstheffactthatfiffAfis

symmetrfic,QQTAcanbesfimpflycomputedbyappflficatfionoffmatrfix-vectorproduct

finvoflvfingA. Thesecondoneregardstheffactthatthequaflfityoffthequaflfityoffthe

approxfimatfionfisgfivenbytheHaflkotheorem[59]whfichstatesthat,gfivenAwfiththe

structuredescrfibedabove,k≥1andp≥4,fiffwedefineΩ∈Rn×(k+p)astandardGaus-

sfianmatrfixsuchthattheeconomfizedQRdecomposfitfionfisexpressedbyQR=AΩ,
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then,∀u,t≥1:

A−QQTA ≤ 1+t
3k

p+1

n

j=k+1

σ2j(A)+ut

√
k+p

p+1
σk+1(A) (4.14)

wherethenormattheflefft-handsfidefisaFrobenfiusnorm,theffafiflureprobabfiflfityfisat

most2t−p+e−u
2
andthebestrankkapproxfimatfionerrortoAfinFrobenfiusnorm

fisgfivenbythesquaredtafifloffthesfinguflarvafluesoffAfitseflff,fi.e.thecomponentoff

therfight-handsfide n
j=k+1σ

2
j(A).TwogeneraflfizatfionsofftherandomfizedSVDto

mufltfivarfiateGaussfianrandomvectorsandtoHfiflbert-Schmfidtoperatoraflflowtoextend

thefiefldoffappflficatfionoffsuchtechnfique[58]. However,sfincethesemethodswfiflflnot

betakenfintoaccountfinthfisthesfiswork.

ComfingbacktotheanaflysfisofftheAwhoseentrfiesareexpressedby(4.12),sfince

themoduflusofffitssfinguflarvafluesdecreasesveryffast(Ffig.4.1),wecanhypothesfize

tofintroduceanaflternatfivedecomposfitfionoffA fforwhfichonflyaffewernumberoff

eflementsoffSarestoredwhfiflesmaflflonesarenegflected. Thus,supposfingNthesfize

offtheprobflemandr<Nthenumberoffeflementswestore,thefinafldecomposfitfion

states:

Ã=ŨS̃̃V
⊤

(4.15)

wherethedfimensfionsoffthesubmatrficesareS̃=r×r,Ũ=N×r,Ṽ
⊤
=r×N.

Inmanyrefferencepapers,rfisaflsoknownastheeffectfiverankoffthematrfix,fi.e.the

numberoffnon-negflfigfibflesfinguflarvaflues,butfitfisnotaprfiorfidefinedandfithasto

bedetermfinedbyspecfificprocedures. Anexampflefinvoflvestheadoptfionoffarank

reveaflfingmethod.Suchapproachesconsfistoffthecomputatfionofftheeffectfiverankoff

amatrfixbychoosfingonflysfinguflarvafluesthatovercomeacertafinthreshofld.Amore

specfificexampfleoffarank-reveaflfingtechnfiquefisweflfldescrfibedfin[60].

Adfifferentprocedurefforthedetermfinatfionofftheeffectfiverankoffamatrfixcan

befintroducedfinanaflogytotheAdaptfiveCrossApproxfimatfionmethod(ACA),whfich

afimstomemorysavfingdurfingmatrfixstorfingproceeds.Inpartficuflar,ACAbeflongsto

thecategoryoffaflgebraficmethodsfforthereductfionoffcomputatfionaflcosts.Dfifferentfly

ffromphysfics-basedmethodswhficharefingeneraflmoreeficfientfintermsoffbothmemory

andCPUtfime,aflgebraficmethodscanbeappflfiedfingeneraflcontextsandrequfireonfly

flfinearaflgebratobeappflfied,makfingfitexpressfibflebymoduflarpartsandeasytocoupfle

wfiththeappflficatfionsofftheMethodoffMoments. Moreover,ACAfingenerafldoesnot

requfirecompfleteknowfledgeoffthefintegraflequatfionskernefl,basfisffunctfions,orfintegrafl

equatfionfformuflatfion.Concretefly,ACA’sCPUtfimerequfirementsscafleasN4/3flogN.

TheessentfiaflcodedescrfibfingACA,whfichfispresentedfin[61]fisherereportedwfiththe

purposeoffcflarfiffyfingaflflthestepsfinvoflved. Let’sstartffromthefintroductfionoffthe
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matrfixZm×nwhfichACAafimstoapproxfimatebythematrfix:

Z̃m×n=Um×rV⊤r×n=

r

fi=1

um×1fi v1×nfi (4.16)

whererfistheeffectfiverankoffthematrfixZandU,Varerectanguflarmatrficescomfing

ffromfitsdecomposfitfion.Toassurethat̃Zm×nprovfidesagoodapproxfimatfionfforthe

finfitfiaflmatrfix,atestbasedontheerrormatrfixRfisadopted,meanfingthatfforagfiven

tofleranceεfitmusthofld:

Rm×n = Zm×n−Z̃m×n ≤ε∥Z∥m×n (4.17)

wherethenormsymboflfindficatestheFrobenfiusone.Ffinaflfly,tounderstandthepassages

offthepseudo-codefinaflgorfithm1,ffourmoredefinfitfionshavetobefintroduced,namefly

I={I1,...,Ir}andJ={J1,...,Jr}whfichfidentfiffyrespectfiveflyorderflyseflectedrow

andcoflumnfindexesoffZm×n,ukwhfichfisthekthcoflumnoffUandvkwhfichfisthekth

rowoffV.TherefforetheACAaflgorfithmfisdescrfibed(adoptfingMATLAB® notatfion

fforvectorsandmatrfices)bytheffoflflowfingsteps:Itfisworthnotfingthattheaflgorfithm

requfiresonflyapartfiaflknowfledgeofftheorfigfinaflmatrfix,makfingthfisapproachvery

eficfient. Ffinaflfly,sfinceeachstepfinsfidethekthfiteratfioncontafinsaO(r(m+n))

operatfionsandatotafloffrfiteratfionshavetobeappflfied,thememoryneededfisO(r(m+

n))whfifletheCPUtfimescaflesasO(r2(m+n)).

Wecanthencomebackto(4.15),finordertocheckthatthematrfix Ãprovfidesa

goodapproxfimatfionfforA,theffoflflowfingfinequaflfityshoufldbeverfified:

A−Ã

∥A∥
<ε (4.18)

whereεfisanarbfitrarfiflysmaflflparameterthatshoufldreflecttheprecfisfionthreshofldthe

operatordesfires.Thus,fiffthefinequaflfityfisnotverfified,thenumberoffstoredsfinguflar

vafluesshoufldbefincreasedandthecheckshoufldbeappflfiedagafintotheoutcomfing

decomposfitfion.

Now,theobjectofftheanaflysfismovestothestudyoffwhfichbflocksoffthematrfixcan

besavedfinmemoryfinthe“convenfient”waydescrfibedabove.Inpartficuflar,weafimto

determfinewhfichoffthebflocksoffamatrfixcanbeassumedtobeflow-rank.Ffirst,wecan

makeanfintufitfiveassumptfion:consfiderfingtheeflementfi,fit’sreasonabfletohypothesfize

thattheonesassocfiatedwfithacflosefindex(e.g.fi±1)areaflsotheonescflosetofiffroma

geometrficaflpofintoffvfiew,fi.e.theonesffeeflfingstrongestmutuaflfinteractfionaccordfingto

fformufla(4.12).That’swhywecanaflsoexpecttofindthehfighestvafluesoffthematrfix

aflongthedfiagonaflbflocks.Howeverreaflsfituatfionsaflmostaflwayspresentanumeratfion

offtheeflementswhfichdoesnotaccompflfishthfisconsfideratfion,meanfingthatthedfistance

offtheentrfiesoffthematrfixAffromthedfiagonafldoesnotreflectthegeometrficdfistance

betweeneflementsfinthespaceande.g.thefindexfi+1canbeassocfiatedtoaneflement
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Aflgorfithm1ACAaflgorfithm:

Infitfiaflfizatfion:

1:finfitfiaflfizethefirstrowfindex:I1andsetZ̃=0;

2:finfitfiaflfizethefirstrowofftheapproxfimateerrormatrfix:R̃(I1,:)=Z(I1,:);

3:findthefirstcoflumnfindexJ1suchthatR̃(I1,J1)=maxj(R̃(I1,j));

4:v1=R̃(I1,:)/̃R(I1,J1);

5:finfitfiaflfizethefirstcoflumnofftheapproxfimateerrormatrfix:R̃(:,J1)=Z(:,J1);

6:u1=R̃(:,J1);

7: Z̃(1)
2
= Z̃(0)

2
+∥u1∥

2∥v1∥
2;

8:findthesecondrowfindexI2suchthatR̃(I2,J1)=maxfi(R̃(fi,J1)),fi=I1;

kthfiteratfion

9:update(Ik)throwofftheapproxfimateerror matrfix: R̃(Ik,:) =Z(Ik,:)−
k−1
fl=1(ufl)Ikvfl;

10:findkthcoflumnfindexJk suchthat R̃(Ik,Jk) = maxj(R̃(Ik,j)),j ≠

J1,...,Jk−1;

11:vk=R̃(Ik,:)/̃R(Ik,Jk);

12:update(JK)thcoflumnofftheapproxfimateerror matrfix:R̃(:,Jk) =Z(:,Jk)−
k−1
fl=1(vfl)Jkufl;

13:uk=R̃(:,Jk);

14: Z̃(k)
2
= Z̃(k−1)

2
+2 k−1

j=1 u
⊤
juk·v

⊤
jvk+∥uk∥

2∥vk∥
2;

15:checkconvergence:fiff∥uk∥∥vk∥≤εZ̃
(k),endfiteratfion;

16:findthenextrowfindexIk+1 suchthat R̃(Ik+1,Jk) = maxfi( ˜R(fi,Jk)),fi≠

I1,...,Ik.
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(a)Orfigfinaflfindexset.

(b)Reorderedfindexset.

Ffigure4.2:ExampfleoffreorderfingoffDOFsfindficesfforanfinductorwfiththebfisectfion
aflgorfithm.

whfichfisffarffromtheoneassocfiatedtofi. Henceapreprocessfingoperatfionafimfing

toreorderthenumberoffeflementsshoufldbefimpflementedbefforeproceedfingwfiththe

fidentfificatfionofftheflow-rankbflocks.

Atthesametfime,thankstosuchpreprocessfing,wecanassurethedfiagonaflbflocks

offthematrfixtobehfigh-rank.Ffinaflflythepreprocessfingnotonflymakestheanaflysfis

mucheasfierandffaster,butfitfisffundamentaflfinmakfingthecompressfionprocesswork

becauseotherwfise,fitfisnotpossfibfletofidentfiffyareguflarschemefintheposfitfionoffthe

entrfiesoffthematrfix.Ffig.4.2showsadetafifledexampfleoffhowareorderfingprocess

reorganfizesthenumeratfionoffDOFs.Intufitfivefly,eflementshavfingsfimfiflarcoflortones

areaflsoassocfiatedwfithcflosefindfices.

Oncetherenumberfingofftheeflementsfisperfformed,thepurposeofftheanaflysfisfis

tounderstandhowtheflow-rankbflocksshoufldbesaved.Hencewestartfimpflementfing

abfisectfionaflgorfithmsothattherowsandthecoflumnsoffthematrfixarespflfitfinto

twohaflves,I1={1,...,N/2},I2={N/2,...,N}aflongthevertficafldfirectfionand

J1={1,...,N/2},J2={N/2,...,N}aflongthehorfizontaflone,sothatatotafloff

ffourbflocksareobtafined. Moreover,theoff-dfiagonaflbflocks,fi.e.,theoneswhfichare

finprfincfipfleflow-rank,aretheonesassocfiatedwfiththeCartesfianproductI2×J1and

I1×J2.Itfisworthnotficfingthatcaflflfinge.g.M =I2×J1thedecomposfitfionperfformed
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as:

M =UVT (4.19)

provfidestwomatrficeshavfingoneoffthedfimensfionswhosenumberoffeflementsfisvery

smaflfl,hencereducfingthetotaflcostfforstorfingbothoffthem.Insomerefferenceworks

amatrfixbufifltasM fisdenotedasRr-matrfixandfisconsfideredasthemafinflow-rank

structureoffanH-matrfix.

Inprfincfipfle,asubdfivfisfionoffeachsfingflecflustercanbefiteratfiveflyperfformeduntfifl

thesmaflflestbflockpossfibflefisobtafined,fi.e.theoneconstfitutedbyasfingfleentryoff

theorfigfinaflmatrfix.SuchaschemefissummarfizedfinFfig.4.3,whereatreestructurefis

obtafinedffromtheappflficatfionoffthebfisectfionaflgorfithm.Theflaststepofftheprocess

provfidesthefleavesoffthetree.

Ffigure4.3:Exampfleofftheappflficatfionoffabfisectfionaflgorfithmffoflflowfingabflock-tree
decomposfitfionfforthesubdfivfisfionofftheorfigfinaflmatrfix.

Wewfishtofindoutatwhatflevefloffthetreewecanassumeabflocktobeflow-rank.

Let’ssupposetoassocfiatethesubsetIfiorJj(fi.e.adfiscretesubsetoffentrfiesoffthe

orfigfinaflmatrfix,obtafinedatanyfiteratfionoffthebfisectfionprocess)wfithaneflement

comfingffromthedfiscretfizatfionoffthedomafin. Specfificaflfly,flookfingatFfig.4.4,Ifi

representthefindficesoffgeometrficentrfiesfinΩsandJjrepresentthefindficesoffgeometrfic

entrfiesfinΩt.Theadmfissfibfiflfitycrfiterfionfforflow-rankmatrficesfisbasedonthedefinfitfion

offffunctfionsthatevafluatethedfiameteroffconsfideredeflements,fi.e.the maxfimum

dfistancebetweenpofintsbeflongfingtothateflemente.g.,dfiamIfi,dfiamJfi. Sfincesuch

pofintsareaflflcontafinedfinsfidethecflusterrepresentfingtheeflementfitseflff,theprobflem

canbeexpressedasaffunctfionoffthecflusterfinsteadofftheeflement. Moreover,wehave

tofintroduceaflsothedfistancebetweeneflements,thatfisdfist(Ifi,Jj),whfichfisconsfidered

asthedfistancebetweenthecentraflpofintsofftheeflementsthemseflves. Ffinaflfly,the
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above-mentfionedcrfiterfionstates:

mfin{dfiam(Ifi),dfiam(Jj)}≤ηdfist(Ifi,Jj) (4.20)

whereηfisanarbfitraryparameterthatfischosenbytheuserandwhfichdefines“how

much”eachbflockhastobeflow-rank.Suchcrfiterfionshoufldthenbeappflfiedtoeach

bflockobtafinedffromthecfluster-treesubdfivfisfion. Whenabflockdoesnotsatfisffyfit,

affurtherbfisectfionoffthebflockfitseflffhastobeperfformed.Inthfisway,weensure

thestorageoffmoreeflementsfforbflocksprovfidfingagreatercontrfibutfiontothetotafl

matrfix,fi.e.hfigh-rankbflocks.That’sthereasonwhydfiagonaflbflocks,fingenerafl,donot

satfisffytheadmfissfibfiflfitycrfiterfionatthefirstfiteratfions:sfincetheyaretheoneswfiththe

hfighestrank,theusershoufldwanttostoreasmanyeflementsaspossfibfleffromthem,

tryfingtonegflectasmanyaspossfibfleffromoff-dfiagonaflones.Obvfiousfly,asηfincreases,

thecrfiterfionfisflessrestrfictfiveandsofitfiseasfierfforabflocktoaccompflfishfit,makfing

themethodstoremuchffewereflements,butobtafinfingaflessprecfiseapproxfimatfionoff

thetotaflmatrfix.

Ffigure4.4: Graphficaflrepresentatfionofftheadmfissfibfiflfitycrfiterfionbetweenasource
eflementΩsandatargetoneΩt.

ThemethoddescrfibeduntfiflnowfisaflsoknownasCflusterTreePartfitfionfingbecause

offfitsstructurebasedonprogressfivebfisectfionofftheeflementsaflongrowsandcoflumns.

Insummary,theffunctfionfimpflementfingsuchmethodhasatotafloffthreemafinparam-

eterswhfichhavetobedefinedbytheuserandwhfichdetermfinetheorderoffaccuracy

offthemodefl.Thefirstonefisεwhfichfisneededtofimposehowmuchtheapproxfimated

matrfixfisdfifferentffromthefinfitfiaflone.Thesecondparameterfisηandfisreflatedtothe

admfissfibfiflfitycrfiterfionfforknowfingfiffabflockhasaflowrank.Theflastonefisthebflock

sfizetheuserwfishestohaveattheendofftheprocess.

Onefinaflconsfideratfionregardsthecomputatfionofftheentrfiesoffthereducedmatrfix.

Indeed,fifftheywerecomputedatthebegfinnfingofftheprocessordurfingeachfiteratfionoff

thecfluster-treesubdfivfisfion,thecomputatfionaflcostwoufldbedramatficaflflyfincreased.

Ontheotherhand,ffoflflowfingthfisreasonfing,onflytheflaststepfisdedficatedtothfis
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processandfitrequfiresthedefinfitfionoffasfimpfleffunctfionhandflewhosevarfiabflesare

thefindficesoffthesourceandoffthetargeteflements.Thfiswaythecomputatfionaflcost

fisconsfistentflyreduced.

Manydfifferentflfibrarfiesfforthefimpflementatfionoffhfierarchficaflmatrficeswerewrfit-

tenfformanydfifferentcodfingflanguages.TwofimportantexampflesareHLIBproand

Strumpack,whficharebothwrfittenusfingCandC++butbothprovfideagoodfin-

terffaceffor MATLAB® orFortran. About MATLAB® wrfittenflfibrarfies,themost

fimportantonefishm-tooflboxwhfichcomputesH matrficesadoptfingthreedfifferent

approachesffortheconstructfionoffthecfluster-treestructure:

•hfierarchficaflflysemfi-separabfleorHSS,basedonthefideaofffidentfiffyfingflow-finteractfing

termsfinsfideeachbflock;

•hfierarchficaflflyoff-dfiagonaflflow-rankorHODLR,basedonthebfisectfiononfly

offdfiagonaflterms,whfifleoff-dfiagonafleflementsareassumedtohaveflowmutuafl

finteractfionandsotohaveaflsoflowenoughrank;

•hfierarchficaflflyadaptfiveflow-rankorHALR,verysfimfiflartoHODLRbutappflyfing

thecflustertreesubdfivfisfiontoaflflthebflocks,findependentflyoffthefirposfitfionfinsfide

thematrfix.TheyaremoregeneraflthanHODLRbecausetheycanbeappflfiedto

anykfindoffmatrfix,findependentflyoffthewaytheywerecomposed.

Thesemethodswfiflflbeadoptedfintheffoflflowfingsectfiontoperfformnumerficaflanaflysfis

whfichafimstocomparethedfifferencesfintermsoffmemoryandCPUtfimerequfirements

andfintermsofftheaccuracyofftherepresentatfionoffthefinfitfiaflmatrfix.Somegenerafl

consfideratfionsthatregardtheH−matrfixapproachfinvoflvethenumberoffeflements

offthefinaflmatrfix,whfichscaflesnoflongerquadratficaflflywfiththenumberoffDOFs,

butfitcanbereducedtoO(NflogN). Anotherremarkabfleobservatfionregardsthe

canonficafloperatfionsfformatrfices.IndeedawhoflenewaflgebrafforH-matrficesneeds

tobefintroduced.[62].Thfiswaythesummatfionbetweenmatrfices,thematrfix-vector

product,andthematrfixfinversfionarestfiflflweflfldefined.Abrfiefftheoretficafldfiscussfion

abouttheseaflgebraficoperatorsfisreportedhere.Amorefin-depthpofintoffvfiewcanbe

ffoundfin[63,64].

Ffirst,weneedtotaflkaboutthematrfix-vectorproductfinvoflvfinganRr-matrfix,

supposeM =UV⊤. Weafimtodefineanoperatorsuchthatx→ y:=Mx. Thfis

operatfionfissfimpflyspflfitfintotwosteps:thefirstcomputesadummyvectorz=V⊤x

whfiflethesecondprovfidesthesearchedresuflt

y=Uz (4.21)

Secondfly,theaddfitfionfforRr-matrficesshoufldbefintroduced.Hence,flet’sconsfider

M1=U1V
⊤
1andM2=U2V

⊤
2.ThesummatfionfisaR2r-matrfixdefinedas:

M1+M2=[U1U2][V1V2]
⊤ (4.22)
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InasfimfiflarwaywecanaflsodefineafformattedaddfitfionbetweentwodfistfinctRr-

matrficesandassocfiatedtothesymbofl⊕asthebestapproxfimatfionfinbothspectrafl

andFrobenfiusnormoffthefirsum,meanfingthatfitsatfisfies(4.18).

Ffinaflfly,theflastbasficoperatfionweneedtodefinefisthemufltfipflficatfionbetweenan

Rr-matrfixandagenerafloneA.ThesoflutfionfisagafinanRr-matrfixandfisobtafined

bythesuccessfionofftwoffoflflowfingstepsasbeffore:

MA =UV⊤A=U(A⊤V)⊤ (4.23)

AM=AUV⊤=(AU)B⊤ (4.24)

Onceaflflthebasficoperatfionsaredefinedffortheflow-rankcflusters,wecanextend

suchconsfideratfionsaflsotoH-matrfices.InffactanH-matrfixfisfingeneraflobtafinedffrom

sub-bflockswhfichcanbeefitherrepresentedasRr-matrficesorasfleavesoffthegraph

whfichdonotneedspecfificstructure,fintheaflgorfithmsdenotedas“unstructured”. We

proceedwfiththedescrfiptfionoffthesameoperatfionspresentedffortheflow-rankcflusters

ffoflflowfinganfidentficaflsequence,sothefirstonefisthematrfix-vectormufltfipflficatfion.

Let’sassumeHtobeanH-matrfixandflet’sdefinethesetoffthesonsoffasubsetoff

findficesJasS(J). Thematrfix-vectorproducty:=y+Hx fisthendefinedbythe

aflgorfithm2whfichprovfidesthesearchedproductfineachfleaffoffthebflocktree.

Aflgorfithm2Matrfix-vectorproductfforH-matrfix:

fiffS(J×I)̸=∅
fiffJ′×I′∈S(J×I)
MVM(H,J′×I′,x,y);

end
eflse

y|J:=y|J+H|J×Ix|I(unstructuredorRr-matrfix)
end

TheaddfitfionoperatfionrequfiresfinsteadtheassumptfionoffthreedfifferentH-matrfices,

H,H(1),H(2),suchthatthesummatfionH:=H(1)+H(2)fisstfiflflanH-matrfixwfith

bflock-wfiserank2r. Aflternatfivefly,fiffweneedthefformattedversfionseenabove,the

fformuflatfionstates̃H:=H(1)⊕H(2)andthefimpflementatfionfisdescrfibedfinaflgorfithm

3,wherethefformattedsummatfiondescrfibedfforRr-matrficeswasadopted.

Aflgorfithm3AddfitfionbetweenH-matrfices:

fiffS(J×I)̸=∅
fiffJ′×I′∈S(J×I)
sum(̃H,J′×I′,H(1),H(2));

end
eflse

H̃|J×I:=H
(1)|J×I⊕H

(2)|J×Ix|I(unstructuredorRr-matrfices)
end
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TofintroducethemufltfipflficatfionbetweenmatrficesweneedagafinthreedfistfinctH-

matrficesH,H(1),H(2). Abouttheusuafldotproduct(·),thefformuflatfionH=H+

H(1)·H(2)fisdefinedundermoderateassumptfionsandfitturnsouttogfiveagafinanH-

matrfixwfithcompflexfityO(rflog(N)).Ontheotherhand,aboutthefformattedproduct,

thereflatfiveexpressfionstatesH̃=H⊕H(1)⊙H(2).Thfisoperatorfisdefinedstartfing

ffromthefformattedaddfitfionfforRrsub-bflocksandfisappflfiedtothreedfistfinctcases:

• = ⊙ :aflflthebflocksaresubdfivfidedandtheaddfitfionfisperfformed

finsfidethesub-bflocks;

• = ⊙ :thetargetmatrfixfissubdfivfidedand(atfleast)oneofftheffactors

fisnot;thenoneofftheffactorshasrankequafltothemaxfimumbetweenrand

themaxfimumrankoffthefleavesoffthetree.Theflow-rankproductshavetobe

computedadoptfingthemufltfipflficatfionbetweenmatrficesdefinedfforRrbflocks

andthenfitmustbesummedtothetargetmatrfix;

• = ⊙ :thetargetmatrfixfisnotsubdfivfided;thenaspecfificaflgorfithm

(5)mustbefimpflemented.

Aflflthesecasesaresummarfizedfinaflgorfithm4,whereKfisassumedtobeanothersubset

offfindficesjustflfikeJandI.

Aflgorfithm4MufltfipflficatfionbetweenH-matrfices:

fiffS(J×K)̸=∅andS(K×I)̸=∅
{Case1:Aflflmatrficesaresubdfivfided:}

fiffJ′∈S(J),K′∈S(K),I′∈S(I)
MuflAdd(H̃,J′,K′,I′,H(1),H(2));

end
fiffS(J×I)̸=∅

{Case2:Targetmatrfixfissubdfivfided:}
ComputeH′:=H(1)|J×KH

(2)|K×I
SumH′toH̃|J×I

end
eflse
{Case3:Targetmatrfixfisnotsubdfivfided:}

Foflflowaflgorfithm5
end

Inanyoffthepresentedsfituatfionswhfichcanverfiffyfforthefformattedmufltfipflficatfion

theorderoffcompflexfityfisO(Nr2flog(N)2.

OneffurtherfimportantoperatfionwhfichwasnottreatedfforRr-matrficesfisnecessary

tocompfletetheoutflfinfingofftheaflgebrafforH-matrfix,fi.e.thefinversfionoffa2×2bflock

H-matrfix.ThestardarfinversecanbecomputedwhenthroughtheSchurcompflement

whenthematrfixfise.g.posfitfivedefinfite.Aboutthefformattedcounterpart,theexact

sumsandproductsaresubstfitutedbytherespectfivefformattedoperators⊕,⊙andthe

aflgorfithm6hoflds.
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Aflgorfithm5MuflAddRkfforH-matrfices:

fiffS(J×K)=∅orS(K×I)=∅
ComputeH′:=H(1)|J×KH

(2)|K×I
SumH′toH̃|J×I(fformattedaddfitfion)

end
fiffJ′∈S(J),I′∈S(I)

InfitfiaflfiseH′|J′,I′=0
fiffK′∈S(K)
MuflAddRk(H′|J′,I′,J

′,K′,I′,H(1),H(2)(H′|J′,I′fissmaflflerthanH and
extendedbyzeros)

H̃:=H⊕ J′∈S(J) I′∈S(I)H
′|J×I

end
end

Aflgorfithm6Inverseoff2×2bflockH-matrfices:

fiffS(J×K)=∅
ComputetheexactfinverseoffH̃′:=H−1(fforsmaflflmatrfices)

eflse

S(J)={J1,J2},S(I)={I1,I2},H=
H11 H12
H21 H22

Invert(Y,J1,I1H|J1×I1)
S:=H22⊖(L21⊙(Y⊙H12))

Invert(̃H|J2×I2,J2,I2S)
H̃|J1×I1:=Y⊕(Y⊙(H12⊙(̃H|J2×I2⊙(H21⊙Y))))
H̃|J1×I2:=−Y⊙(H12⊙H̃|J2×I2)
H̃|J2×I1:=H12⊙(H21⊙Y)

end
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Oneflastffundamentafloperatfionwhfichhastobedefinedfinanaflogywfithfitscounter-

partfforthecflassficmatrficfiaflaflgebrafinvoflvestheLUffactorfizatfion,whfichcanbefindeed

perfformedaflsofforH-matrfices.Suchdecomposfitfionaflflowsbothtocomputethedfirect

soflutfionoffflfinearsystemsthroughsubstfitutfions,asweflflasconstructfinganfincompflete

precondfitfionertospeeduptheresoflutfionofftheprobflem.Theflattercanbeeffectfivefly

utfiflfizedfinfiteratfivesoflversflfiketheGeneraflfizedMfinfimaflResfiduafl(GMRES)method.

Itcanbeobservedthatfforeachnamedoperatfiontherequfirementfintermsoff

bothCPUtfimeandmemoryfisconsfistentflydfimfinfishedwhenfimpflementedfforanH-

matrfixconcernfingthecorrespondfingdensematrfix.Theffoflflowfingsectfionwfiflflbeffuflfly

dedficatedtofinvestfigatetheseaspects.

Inconcflusfion,agraphficaflexampfleoffthefframeworkoffanH-matrfixobtafinedusfing

theHALRapproachfisrepresentedfinFfig.4.5.Theredbflocksrepresentffuflfly-popuflated

non-admfissfibflebflocks,whfichneedefithertobeffurtherdecoupfledortobestoredwfith

aconsfiderabflenumberoffeflementssfincetheyarehfigh-rank.Lfightgreenbflocks,satfisffy

theadmfissfibfiflfitycrfiterfionandhencetheycanbeassumedasflow-rankbflocksandthey

canbestoredusfinganexfiguousnumberoffentrfies. Thefintegervaflueprfintedfinsfide

eachoffthemfistheeffectfiverankofftheresufltfingdecomposfitfion(4.19).

Ffigure4.5:ExampfleoffH-matrfixpattern.

4.2.1 Numerficaflcomparfisonoffdata-sparserepresentatfions

Wewanttoanaflyzethebehavfioroffthe H-matrficesgeneratedbyHSS,HODLRand

HALRmethods. Theexampflewewfiflflfimpflementconsfidersaspheresubjectedtoan

externaflmagnetficfinductfionfiefld.Thesoflutfionoffthefinducedcurrentoverthesurfface

fissoflvedbythemagneto-quasfistatfic,fi.e.bycoupflfingtheEFIEfformuflatfionwfiththe
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nuflfldfivergenceofftheeflectrficcurrent.Theprobflemfisdescrfibedbytheflfinearsystem:

R+fiωL D⊤

D 0

je

Φe
=
Us

Is
(4.25)

wheretheresfistancevafluefisρ=1/5.6·107andtheunknownsofftheprobflemare

thepotentfiaflsΦeandthesurffacecurrentDOFsje. Thfistestcasewaschosensfince

theexactsoflutfionfisknownffromtheanaflytficaflpofintoffvfiew,asdescrfibedfindetafifl

finSectfion3.6.Inpartficuflar,thfisanaflysfisfisperfformedtoverfiffyfifftheadoptfionoff

anyofftheH-matrfixshowsanoveraflflconvenfienceorfless. Thecomparfisonfismade

onflybetweentheanaflytficaflandtheobtafinedcurrentdensfity.Itfisreportedthatthe

totaflnumberoffDOFsfforjefis4212whfiflefforΦefis2808.Hencetheupper-flefftbflock

fis4212×4212,theflower-rfightbflockhasdfimensfion2808×2808andtheoff-dfiagonafl

rectanguflarcflustershavedfimensfionD=2808×4212.Thetotafltfimeneededfforthe

computatfionofftheexactsoflutfionusfingthedensematrfixandthesfimpflebacksflash

soflverfis≈225seconds.

Ffirst,thenecessarypreprocessfingfinvoflvfingthereorderfingofftheDOFsfisperfformed

asdescrfibedfintheprevfioussectfion.Theresufltoffsuchaprocedurefissummarfizedfin

Ffig.4.6.SuchreorderfinghastobefimpflementedfforeachbflockL,RandD,findepen-

dentflyoffthefirpropertfies.

Ffigure4.6:PreprocessfingoffreorderfingoffDOFsffortheexamfinedprobflem.

ThesecondstepconsfidersthecomputatfionofftheH-matrfixfforLadoptfingeach

methodnamedfinthefirstparagraph. WeffocusonsuchbflocksfincebothRandDturn

outtobeverysparsesothecompressfionfisnotneeded.Furthermore,fitfisworthnotfing
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thatfingenerafl,fitfismuchfinconvenfienttocomputetheffuflfldensematrfixandthento

compressfit.Suchanapproachfishereadoptedonflybecausethesfizeofftheprobflemfis

partficuflarflysmaflflandweafimtoanaflyzeaprobflemwhoseanaflytficaflsoflutfionfisweflfl

known.Indeed,aswehavehfighflfightedfintheprevfioussectfion,onflytheflaststepoffthe

constructfionoffanH-matrfixfisdedficatedtothecomputatfionofftheentrfiesffromagfiven

ffunctfionhandfle,andwedonotstartffromapre-constructeddensematrfix.Theflfinesoff

codefforcaflflfingeachtypeoffmethodbeflongfingtothehm-tooflboxarereportedfinthe

Aflgorfithm7.Indeed,manydfifferentwaysfforcaflflfingeachmethodarefimpflementedfin

Aflgorfithm7H-matrfixcaflfl:

HL=hss(L);

HL=hodflr(′handfle′,Affun,M,N);

HL=haflr(′handfle′,Affun,M,N,′cfluster′,...);

thehm-tooflbox.Theyarebasedontheknowfledgewehaveabouttheorfigfinaflmatrfix

(e.g.fifffitfissymmetrficorflessfifffitsentrfiescanbeexpressedbyaCauchydfistrfibutfion...)

andonthecharacterfistficswewanttofimposeonthefinaflH-matrfix(e.g.fitsmaxfimum

ormfinfimumdfimensfions). Furthermore,weaflwayscouflddefinethecflusterstructure

thathastobeffoflflowed,otherwfise,thedeffaufltonefisassumedbythesofftware.Inour

case,HODLRandHALRexpflofitthedefinfitfionoffahandfleffunctfionAffuntoconstruct

thefinaflmatrfixbytheACAstrategy.M,N arethenumberoffrowsandcoflumns

offthefinfitfiaflmatrfix.InthepartficuflarcaseoffHALR,thecflusterstructurefisaflso

specfifiedasanfinputofftheffunctfion. AbouttheHSS,fitfisfimpflementedusfingthe

standardcaflfloffthehm-tooflboxafftertheproperreorderfingofftheentrfiesoffL.Let’s

noteonceagafinthatthestructurefimpflementedffortheHSSmethodfisneverusedfina

practficaflcontextsfincefitwoufldrequfiretheffuflflstructureoffthedensematrfix.However,

becauseoffthefimpossfibfiflfityoffadoptfingthesamestructureastheothertwomethods,

thfisanaflysfisfisperfformedfforthesakeoffcompfleteness.Ffinaflfly,fforeachmethod,ffour

addfitfionafloptfionsshoufldbeproperflyfintroduced.Thefirstoneconsfistsoffthedefinfitfion

offthesfizesoffthereducedbflocks.Thesecondonerequfiresathreshofldfforoff-dfiagonafl

truncatfionandwearbfitrarfiflyassumefitasequaflto10−9.Thethfirdoneconsfistsfinthe

definfitfionofftheadoptedcompressfionmethodwhfichcanbeefithertheQRffactorfizatfion

ortheSVDone;fforthesoflutfionoffourtestcase,weoptffortheflatterone.Ffinaflfly,the

ffourthoptfionasksfforthedefinfitfionoffthenormfforthetruncatfion,whfichfinourcase

cofincfideswfiththeFrobenfiusone.

Asantficfipatedfinthetheoretficaflsectfion,acompfleteflynewaflgebrashoufldbedefined

fforH-matrfices,andthfiscasefisnodfifferent. Thesoflutfionofftheflfinearprobflemfis

computedthankstotheappflficatfionofftheGMRESmethod(whosefinputwfiflflbebrfiefly

fintroducedflater),affteraproperfintroductfionoffanewkfindoffmatrfix-vectorproduct.

Itcanbeprovedthatthematrfix-vectorproductfisfindeedmuchffasterfifffitfinvoflves
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Ffigure4.7: CflusterfinaflstructurefformatrfixL.Inthfisrepresentatfionthenumber
prfintedfinsfideeachbflockfisnotreflatedtothefireffectfiverankr,findeedonflytheshape
offthebflockspartfitfionfisfimportantfforthecflusterfing.

amatrfixobtafinedaffterthecompressfionproceeds. However,theoperatfionsdefined

fforthenewaflgebrarequfire,asfforthecanonficaflone,thematchfingoffthesfizesoffthe

tensorfiaflquantfitfiesfinvoflved. Asaconsequence,aproperproductruflefisfintroduced,

whfichfisbasedonthemufltfipflficatfionoffmatrficesandvectorsbflock-by-bflock.

Abouttheresufltsobtafinedffromtheappflficatfionoffthemethods,wecanobserve

thatthecompressfionoffthematrfixLoffdfimensfion4212×4212provfidesfleaveshavfing

amfinfimumdfimensfionequaflto16entrfiesofftheorfigfinaflmatrfix,whfiflethemaxfimumdfi-

mensfioncorrespondsto17offthem.Thecflusterstructureobtafinedffromsuchreasonfing

fispresentedfinFfig.4.7.Here,thesquaresfidentfifiedwfithazeroarefintufitfiveflyassumed

astotaflzerobflocks. Bflue-fiflfledsquaresarefinsteadconsfideredhfigh-rankbflocksand

savedwfithapropernumberoffentrfies.

BefforesoflvfingthesystemwfiththereducedbflockL,aprecondfitfionerfisfimpflemented

fforthetotaflmatrfix,afimfingtomakethecomputatfionoffthesoflutfionmuchffaster.In

partficuflar,fitwasverfifiedthataprecondfitfionerbasedontheLUffactorfizatfionoffthe

Schurcompflementoffthebflockmatrfixfisthemosteffectfive.Inthfisspecfificcase,such

affactorassumesthefform:

S=−D(R+fiωL)−1D⊤ (4.26)

Oneffurthersfimpflfificatfionwasfimpflementedbyconsfiderfingthecomponentsfinbrack-

ets:fiffwecanhypothesfizethatthemafincontrfibutfionsfforHLandRaredfisposedaflong

thedfiagonafl,wecanaflsosupposetofidentfiffybothoffthemwfiththefirrespectfivedfiag-

onafl.Inthfisway,wecanreffertothewhofleupper-rfightbflockwfithasfimpflevector,
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Method HSS HODLR HALR

Compressfion[%] 21.81 49.94 92.23

Compressfiontfime[s] 52.73 19.33 10.40

Soflutfiontfime[s] 4.16 2.45 1.24

Reflatfiveerror[%] 4.8·10−4 4.8·10−4 1.05

Tabfle4.1:ComparfisonoffmemorysavedandCPUtfimegafinedadoptfingcomputatfion
offH-matrfixandsoflutfionofftheprobflemwfiththereducedmatrfix.

whfichdoesnotrequfireahugequantfityoffmemorytobestored,evenfforbfig-sfizeprob-

flems.Furthermore,thfisoperatfionmakesthecomputatfionoffthefinversemucheasfier

andffaster. Oneffurtherconsfideratfionthatfistakenfintoaccountbefforeproceedfing

wfiththeresoflutfionofftheprobflemregardstheffactthatthefincfidencematrfixDfisfin

generaflcomposedoffflfinearflydependentrowsandcoflumns. Tosoflvethfisfissue,one

potentfiaflfisremovedffromtherfight-handsfidevectordescrfibedfin(4.28).Atthesame

tfimeaflsoarowoffthefincfidencematrfixfitseflfffisdefletedtoavofidthesfinguflarfitywhfich

otherwfisewoufldcharacterfizethetotaflmatrfix. Thesoflutfiontotheprobflemfiscom-

putedbyadoptfingtheGMRESsoflverfimpflementedwfithatofleranceoff10−6,80finner

fiteratfions/restartfiteratfions,andatotaflmaxfimumofffiteratfionsequaflto20.Twomore

finputsaregfivenbythematrfixexpressfingtheprobflem,whfichfisobtafinedffromthe

vector-productmufltfipflficatfionbflock-by-bflockfinvoflvfingtheffourmafincflusters,andby

theprecondfitfioner.

Thefinaflresufltsaresummarfizedfintabfle4.1.Thepercentageoffcompressfionoffthe

Lbflockfiscomputedas:

compressfionratfio= 1−
sfize(HL)

DOFs(j)2·16
·100% (4.27)

andwecandeducethatfitfisfincreasfingffrom0to99%asthenumberoffentrfiesoffthe

cflusterdfimfinfishes. Aboutthereflatfiveerrorcommfittedfinestfimatfingthesoflutfionby

soflvfingthesystemwfithHL,thefformuflatfionwhfichdescrfibesfitsvafluefis:

ϵrefl=
∥x−xexact∥

∥xexact∥
(4.28)

wherexfisthetotaflsoflutfionoffthesystem,butweffocusfinpartficuflaronthecurrent

termJe.Agafin,wecannotficethatfitsvaflueflfiesfinsfidetherange[0−99]%(0assocfiated

wfiththeexactanaflytficaflsoflutfion,andfincreasfingaswemoveawayffromfit).Ffinaflfly,the

tfimesreportedfintabfle4.1fiscomputedadoptfingtheffunctfion“tfic-toc”offMATLAB®.

Atfirstsfight,fitfisfimmedfiateflynotficedthateachmethodrequfiresatotaflCPUtfime

(sumofftheonefforthecompressfionoffLandtheonefforsoflvfingthesystem)whfich

fisremarkabflyflowerthantheonerequfiredfforsoflvfingtheffuflflydensesystem. Thfis

convenfiencefisaflsostressedbyobservfingthatthereflatfiveerrorconcernfingtheanaflytficafl

soflutfionfisverysmaflfl(atmost≈1%)despfitethereductfionoffthenumberoffstored
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Method HSS HODLR

Threshofld(ε) 10−7 10−5 10−3 10−7 10−5 10−3

Compressfion[%] 51.87 74.00 89.10 59.75 73.56 82.15

Compressfiontfime[s] 32.52 17.77 8.83 11.60 2.47 1.70

Soflutfiontfime[s] 2.24 1.01 0.42 1.88 1.26 0.76

Reflatfiveerror[%] 4.8·10−4 1.4·10−3 1.9·10−1 4.8·10−4 1.1·10−3 8.7·10−2

Tabfle4.2:Comparfisonbetweenmethodsadoptfingdfifferentvafluesfforthethreshoflds.

entrfies.Iffweanaflyzefinmoredetafiflfintabfle4.1,wecannotficethatthemosteficfient

methodturnsouttobetheHALR.Indeed,onceweadoptedthesamethreshofldffor

thecfluster-treedecomposfitfion,suchanapproachprovfidesa much moreconsfistent

compressfionoffmatrfixL,aflsorequfirfingflesstfimetoperfformboththecompressfionand

thecomputatfionoffthesoflutfionofftheflfinearsystem. That’swhy,supposfing1.05%

asuficfientflysmaflflreflatfiveerror,wecanstatethatHALRoffersfingeneraflthebest

perfformances.

Itfisthenreasonabfletoaskhowmuchthethreshofldfimpactsthfisanaflysfis.Thereffore

onemoreanaflysfisfiscarrfiedout,varyfingbothHSSandHODLRthreshofldsfintherange

[10−7−10−3]totrytocomecflosertotheorderoffcompressfionoffHALR.Theresuflts

aresummarfizedfinsfidetabfle4.2. Aswecoufldexpectffromthetheoretficaflanaflysfisoff

theH-matrficesfintheprevfioussectfion,whenwefincreasethevaflueoffthethreshofld

weaflsoaflflowtheratfiofin(4.18)tobeflarger,andthenapproxfimatfionmatrfixtoverfiffy

thefinequaflfityevenstorfingaflowernumberoffentrfies.Itdfirectflyffoflflowswhythe

totaflpercentageoffcompressfionfincreasesaswefincrementthethreshofld.Itfisaflso

finterestfingtonotficethattheorderofffincrementoffthepercentageoffcompressfionffor

theHSSfisgreaterthantheoneofftheHODLR,attheexpenseofftheCPUtfimeneeded

fforcomputfingboththecompressfionoffthematrfixandthesoflutfionofftheprobflem.

Ffinaflfly,fitfisfimmedfiatetodeducethat,aswefincreasetheorderofftheapproxfimatfion

offL,weaflsofincreasetheerrorfinestfimatfingtheanaflytficaflsoflutfion.Thereffore,despfite

thecertafinadvantagethatthefimpflementatfionoffanH-matrfixprovfides,fitfisnecessary

tofindacompromfisebetweenthememoryandtheCPUtfimesavedbyadoptfingany

offthepresentedmethods,andthetotaflcommfittederror,compatfibflywfiththerequfired

degreeoffprecfisfiononedesfires. Thfissectfionthenworksasanfinvestfigatfionoffthe

varfiouspossfibfiflfitfiesthatcoufldbeadopted,wfiththefirrespectfiveprosandcons.

Somefinaflconsfideratfionsregardthefimpflementatfionoffsomeaflternatfivetechnfiques

whficharedfiscussedfforcompfletenessonflyffromthetheoretficaflpofintoffvfiewandwfiflfl

notbeconsfideredfintheffoflflowfingnumerficaflanaflysfis.Ffirst,abouttheadoptedprecon-

dfitfioner,manydfifferent-andpossfibflymoreeficfientthantheLUffactorfizatfion-ones

coufldbeadopted.It’se.g.thecaseofftheAflgebraficMufltfigrfidprecondfitfioner(AMG)

[65,66].Introducedatthestartoffthe’80s,durfingtheyearstheAMGwasfimproved

manytfimes,tosearchfforawaytomakefitas“scaflabfle”aspossfibfle.Thfisadjectfivefis

assocfiatedwfithmethodswhoserequfiredtfimefforsoflvfingaprobflemremafinsessentfiaflfly

constantwfiththefincrementoffboththeprobflemsfizeandthecomputfingresources.
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NowadaysAMGprovfidesaveryffastaflternatfiveamongaflfltheprecondfitfioners.Dfiffer-

entflyffromstandardMufltfigrfidmethodsfforwhfichthecentraflfideafistomakethereflatfive

errorassmaflflaspossfibflebyrefinementoffthegrfid,theAMGconstructsthereduced

matrfixonflyusfingfinfformatfionaboutffromtheorfigfinaflmatrfix.

AnotherfinterestfingconsfideratfionregardstheappflficatfionofftheH-matrficesap-

proachfitseflff.Inprfincfipfle,fitwoufldhavebeenpossfibfletoconsfiderthewhoflematrfix

summarfizfingtheprobflemasthefinputfforanyoffthemethodsassumedffromthehm-

tooflbox.Suchproceedwoufldhavedramatficaflflyreducedthetotafltfimefforthecom-

putatfionoffthesoflutfionthankstothedefinfitfionoffthenewaflgebra,specfificaflflythe

LUdecomposfitfion.Neverthefless,thecompressfionthroughH-matrfixtechnfiqueoffthe

whofle2×2totaflmatrfixwoufldhavesparsfifiedbflocksthatwereaflreadysparse,thus

reducfingtheeffectfivenessoffthereductfionmethod.Sfincetheanaflyzedprobflemfissmaflfl

andthecompressfionofftheonflyL-bflockfisassumedtobeoveraflflconvenfientfinterms

offCPUtfimerequfired,thfisapproachwasthenavofided.
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Chapter5

Concflusfions

Thfisthesfisworkhadthemafinscopetofinvestfigatetheadvantagesofftheappflficatfion

offIntegraflEquatfions,wfithspecfificattentfiontoSurffaceones,concernfingthecflassfic

FfinfiteEflement Method. Affterasufitabflefintroductfionoffaflflthetooflsweneeded,a

theoretficafldescrfiptfionconcernfinghowtosoflvetheprobflemwasgfiven,stressfingthe

prosandconsoffthfistechnfique.Then,manydfifferentsemfi-anaflytficaflapproacheswere

fintroducedtoprovfidesomeuseffuflanddfifferenttooflstosoflvethetheoretficaflfissues

reflatedtothesfinguflarfitfiesappearfingfinthefformuflatfionofftheprobflem.Thesemethods

werefirsttestedagafinstacflassficffuflflynumerficapproachbasedonthedefinfitfionoffan

fincreasfingnumberoffGausspofints.

ThemostrecenttechnfiquethatwasfimpflementedregardedtheModfifiedLfineIn-

tegraflmethod,whfichshowedfitseffectfivenessfinapproxfimatfingtheexactresuflts.In

partficuflar,thfismethodturnedouttobeanoptfimaflaflternatfivetoffuflflynumerficap-

proaches,whfichotherwfiserequfireahugenumberoffquadraturepofintstoreachasat-

fisffyfingapproxfimatfiondegreeconcernfingtheexactsoflutfion,makfingthecomputatfion

floadtooheavy. TheresufltscomputedwfiththeModfifiedLfineIntegrafl methodwere

testedagafinstthesoflutfionoffaPECspheresubjectedtoaspecfificeflectrficfiefld.Sucha

testcasefisweflflknownffromthestateofftheartsfincetheRCSsoflutfionoffaPECsphere

fisknownanaflytficaflfly.Itwasobservedthatsuchasemfi-anaflytficmethodrepflficatesvery

weflflthebehavfiorofftheexactsoflutfion.However,fitwasaflsonotficedthattheprobflem

expressedfintermsoffSurffaceIntegraflEquatfionsshoufldbeproperflyaddressedfiffwe

wanttokeepboundedthefloadfforsoflvfingfit.

Last,asectfionffuflflydedficatedtotheaccefleratfionofffintegraflequatfionswasreported.

Here,dfifferentmethodsfforthecompressfionoffdensematrficesweredescrfibedffromthe

theoretficaflpofintoffvfiew. ThecoreoffsuchasectfionfisthedfiscussfionoffHfierarchficafl

matrfices,wfiththedefinfitfionoffapropernewaflgebraassocfiatedwfiththem. Tover-

fiffytheeffectfivenessoffsuchamethod,thefinaflpartoffthesectfionwasdedficatedto

fitsfimpflementatfionthroughdfifferentcodes.Inpartficuflar,fitwasobservedhow,finde-

pendentflyofftheadoptedcode,thefinfitfiafldensematrfixwasreducedtoasparseone.

Furthermore,fitwasaflsostressedhowthetotaflCPUtfimerequfiredfforsoflvfingasfimpfle

69
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smaflfl-sfizeprobflemwasconsfistentflyreduced.

Wecanconcfludethattheappflficatfionoffweflfl-addressedandproperflyacceflerated

SurffaceIntegraflEquatfionsconstfitutesanoptfimaflaflternatfive-fiffnotthebestoptfion-

fforsoflvfingsomespecfificeflectromagnetficprobflems,suchastheafforementfionedopen-

boundaryprobflemsorreflatedtoconductorssubjectedto markedskfineffectwhfich

verfifiesatveryhfighffrequencfies.
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