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Abstract

The aim of this work is to study the dynamics of cold atoms trapped in a
one-dimensional periodic lattice generated by an optical potential. Such a
system is described by a standard model in condensed matter, namely the
so-called Bose-Hubbard model |7]. Arrays of cold neutral atoms or ions are
the basic elements of some proposals of quantum computers, which motivates
the interest of understanding their dynamics from a mathematical point of
view [10].

The main targets of this Master Thesis are the following. First, start-
ing from a classical Hamiltonian of the Frenkel-Kontorova type and thanks
to Perturbation Theory, to derive the discrete Bougolyubov-Gross-Pitaevskii
(dBGP) equation. Second, starting from first principle formulation, to pro-
vide a systematic, quantum mechanical, perturbative derivation of the Bose-
Hubbard (BH) model to orders higher than the first one in the small param-
eter.
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Introduction

The starting point, is describing the setting and the model from a physical
point of view. The first chapter of this thesis is dedicated to such physical
description. The main idea is to trap an atom in one dimension, using a
laser beam i.e. to send against the atom some photons, of a well defined
frequency, in order to decelerate it. Then, as a further step, one can extend
the machinery to the three dimensional case sending photons in all directions.
From a mathematical point of view, such optical cooling is like applying
an (optical) potential to the array of atoms. The interference between two
counter propagating laser beams can be represented by an optical standing
wave with space period A/2, in which the atoms can be trapped and where
A is the wavelength of the laser beam [5].

Such a trapping potential is generated by overlapping two counter propa-
gating laser beams in each direction. The resulting classical Hamiltonian, of
the Frenkel-Kontorova type, which is the starting point of our investigation
in second chapter, reads

Z[ Uy — 1)+ V()| (1)

defining a system of N equal particles of mass m pairwise interacting through
an inter-particle potential U and subject to a periodic confining potential V'
of period d = A/2. In (1) z; and p; denote position and conjugate momentum
of the j-th particle of the array. Periodic boundary conditions are chosen in
such a way that

the space-period of the system being L = Nd.
In the specific case considered here the trapping potential V() is of the
form:

V(z) = Vysin®(kz) , (3)



where k = m/d and Vj > 0 is the maximum amplitude of the trapping
potential. Such a potential is generated by counter propagating laser beams
(and suitable magnetic traps not included in the model treated here). The
inter-particle potential U for neutral atoms, the only case considered here, is
of the attractive Van der Waals form:

: (4)

where C'is a suitable positive, dimensional constant. See e.g. |7].

The Hamiltonian system (1) can be treated both form the classical and
from the quantum point of view. In both cases, the perturbative setting
consists in studying the small nonlinear motions of the system close to ideal
crystal equilibrium: z; = jd (j € Z). By setting x; = Z; + ¢; and expanding
the potentials V" about 0, and U about d, the Hamiltonian (1) takes on the
form:

H(q,p) = h(q,p) + Pi(q) + Po(q) + ... , (5)

where

h(q,p) = i (% + m;}? Q?) : (6)

Py(q) = ZN; (—%q;‘ + g(%’—kl — qj)Q) ; (7)
Py(a) = i (e + Gl —0)*) ®)

the dots in (5) denoting higher order terms O(|g|® 4+ |Ag|*). The parameters
w,\, K,T', a appearing in (6)-(8) are linked to the derivatives of V' and U in
an obvious way.

The Hamiltonian (5) is now regarded as a perturbation of the Hamilto-
nian h of N non interacting, identical harmonic oscillators whose flow ®! is
27 Jw-periodic in time for all initial conditions. In so doing, we are supposing
an ordering of the kind | X;| > |Xp | > |Xp,| > -- -, where X is the Hamil-
tonian vector field of G(q,p). The central idea of Hamiltonian perturbation
theory consists in looking for a change of variables that removes, completely
or partially, the perturbations P; from H, up to some pre-fixed order n. To
this purpose, the relevant concept is that of normal form.
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Definition (Normal form) A Hamiltonian of the form H = h—i—_Pl +P+. ..
is said to be in normal form to order n with respect to h if {P;,h} = 0 for
anyt=1,...,n.

We thus look for a smooth, close to the identity, canonical change of variables
C, such that the transformed Hamiltonian H™ := H o C;!, where H is of
the form (5), turns out to be in normal form to order n with respect to h,
namely

HY =h+ P+ P+ -+ P, +R, (9)

where {P;,h} = 0foranyi =1,...,nand Ris asmall remainder (in the sense
specified above). The canonical transformation C,, is obtained by composing
the time-one Hamiltonian flows ®¢,, ..., ¢, of suitable, unknown generating
functions G4, ..., G, namely C,, = (I)(_;,IL 0---0 Cba. The natural variables for
the computation of the normal form (9) in our case are the complex Birkhoff

variables
mwq; + 1p; mwq; — 1p;
Z] — q] + pj 7 Z]* — q] pj 7 (22 — _1)
2mw

10
2mw (10
with respect to which the unperturbed Hamiltonian (6) reads h = 3 w|z;|?
and the perturbations P; have a simple computable structure to all orders.
The main result, on the classical side, is the following.

Theorem For any fized n, there exists a close to the identity, canonical
transformation C, : (z,2*) — (a,a*) such that H™ (a,a*) = H(C;'(a,a*))
is in normal form to order n with respect to h. In particular,

_ w 27 Jw
Pi(a,a") = o ), P (P} (a,a"))dr =
N N N
= WY P+ 7Y aj(ap+a;) +U Y |a|*, (11)
i=1 =1 =1

with suitable real parameters W, J and U.

The Hamiltonian i+ P; is that of the discrete Nonlinear Schrédinger (dANLS),
or discrete Bogolyubov-Gross-Pitaevskii ({BGP) equation, a complex equa-
tion which is guessed to describe the dynamics of the atomic array at ex-
tremely low temperatures. The first few normalized perturbations P, P;
and so on, are explicitly computable, though their link with the original
perturbations Py, P»... is not as easy as (11). The Theorem above implies
that the classical dynamics of the atomic array is well described, to any
fixed perturbative order, i.e. on arbitrarily large time-scales, by a suitable
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deformation of the dBGP, if the amplitude of the initial conditions is small
enough.

The third chapter is focused on the term of remainder, in particular on
the estimate of its effects.

Of course, an atomic array of cold atoms is a quantum-mechanical system,
so that its dynamics must be studied in the framework of quantum mechan-
ics analyzed in chapter four. This is done transforming the Hamiltonian (1)
into a differential operator H by the procedure of canonical quantization,
which amounts to set H := H(x, —h0d,), where 0, := (0,,...,0.,) and h
is the Planck constant (actually i = h/2m is the so called normalized Planck
constant). The state of the system is then described by the Schrodinger
equation iy, = H1p, where ¢(t, z) is the complex valued wave function of
the system defined on the configuration space. The formal solution of the
equation is given by ¢(t) = U g (t)1(0), where U g (t) := exp(—tHt/h) is the
unitary time evolution operator associated to the quantum Hamiltonian H.
As is well known, one can regard everything in the equivalent representation
of the dynamics, due to Heisenberg, where any quantized operator F' evolves
along the flow of H by unitary conjugation, namely F(t) := Uy (t)'FU g ()
(a dagger here denotes the adjoint). In such a way, the algebra of operators
F. G, ... defined on the configuration space of a given system becomes a
Poisson algebra with Poisson bracket given by {F, G} := —[F, G]/h, where
[ ,] denotes the standard commutator. Since the formal properties of Hamil-
tonian perturbation theory depends only on the algebraic properties of the
Poisson structure, one can extend the classical results listed above to the
quantum case.

One thus canonically quantizes the Hamiltonian (1) and gets the quantum
Hamiltonian H, or its equivalent expansion (5)-(8), that can be rewritten in
terms of the Dirac, Boson or ladder operators

b, = mwq; + hoy, b mwq; — hdy, | (12)

2mwh J 2mwh

the quantum version of the Birkhoff variables (10) up to a scale factor 1/+v/%.
The quantum Hamiltonian H = h + P; + Py + ... thus obtained can now
be brought into normal form to any order n through a suitable canonical
transformation (i.e. unitary conjugation).

Definition A quantum Hamiltonian of the form H = h +_P1 + Pyt ... s
said to be in normal form to order n with respect to h if [P;, h] =0 for any
1=1,...,n.
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Theorem For any fized n, there exists a close to the identity, canonical
(unitary) transformation C,, : (b,b') — (a,a’) such that H™ = CI HC,,
s in normal form to order n with respect to h. In particular,

_ w 27 Jw

Py(a,a") = Ul (1)P U (7)dr =

2 Jy
N N N
= W Z aja; + jz a}(ajﬂ +a;_1)+U Z a}zai (13)

with suitable real parameters W, J and U.

The quantum Hamiltonian h + P; is that of the standard BH model. Suc-
cessive corrections Ps, P3 and so on, are computable as well. Notice that
the BH Hamiltonian is just the quantum version of the dBGP Hamiltonian.

As a matter of fact, the classical mechanics describes well both the dynam-
ics and the statistical properties of condensed matter at high temperatures.
On the other hand, the surprising feature of trapped cold atoms is that the
lower their temperature is, the closer their dynamics is to that of the "clas-
sical" dBGP equation. The reasons of such a behavior are explained in [§],
where it is proved that the quantum evolution of any operator F'(a,a') along
the flow of the BH model is close (in a suitable sharp sense) to the evolution
of its classical analogue along the flow of the dBGP model, over times that
grow exponentially like e*/”, where T is the temperature of the system. The
results listed above may allow to improve such a conclusion extending it, in
principle, to any higher order approximation (i.e. BH deformation) of the
true Hamiltonian (1).
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Chapter 1

Optical Cooling and Trapping of
Atoms

A laser beam is a monochromatic wave with a specific frequency wy. The
idea of scientists in 80’s was that of exploiting the quantum jump and the
emission of photons due to the atom-laser interaction, in order to cool down
and trap atoms in laboratory.

The idea of this chapter is to illustrate how to construct a trap for an array of
atoms with a laser beam. For precision measurements it is desirable to keep
atoms inside the observation region as long as possible, free from interactions
with other particles or with the wall of the vacuum chamber. In order to
reach this goal, one has to reduce the atom velocity and trap the atoms
for a sufficiently long time in a small and well-defined volume away from
any wall of the vacuum vessel. This is possible due to new techniques of
optical cooling and trapping, which allows one to reduce the temperature
of an atomic gas down to below 1uK [5]. The first section of this chapter
analyzes such technique in dimension one, instead in the second section we
extend the method of trapping atoms in the three dimensional space.

1.1 One-dimensional Cooling

In order to illustrate the above technique, let’s consider the following:

I) An atom, of mass m, which is moving with the velocity v along the
Z direction, in the ground state, where AF is the energy difference between
the first excited state level and the ground one.

IT) A photon with the specific frequency wy, = w = AE/h and momentum
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Figure 1.1: The image illustrates the first step of collision. The photon is
represented by the blue arrow and it has momentum p;, = ik = hr/c, instead
the ball represents the atom, whose momentum varies by Ap = py.

Ap

Figure 1.2: On the left side the second step of collision: emission of a fluo-
rescence photon and recoil. On the right side: a complete collision.

pr, = hk, traveling in the opposite direction of the atom —z.
During the collision between these particles, the photon is absorbed by the
atom and the total momentum p = mv + ik must be conserved (Figure 1.1).
After photon absorption, the atom becomes excited and has a lower velocity
v' = v — (hk)/m even if the speed variation is very small:

Av| = |/ — o] = [h| = nL

m mc

If instead of a photon one takes a laser beam, for conservation of energy and
momentum, the atom slows down till it stops.
After absorption, the excited atom emits photon with frequency w; in a
random direction and comes back to its ground state. Due to momentum
conservation, the atom recoils in the opposite direction (Figure 1.2).



Figure 1.3: The image represents two photons sent against the atom, when
the motion takes place along the z axis.

[

" « Fluorescence

© 4

Atom beam " Laser beam

Y

p=m-v P=N-hK

Figure 1.4: For many absorption-emission cycles, the average recoil of the
fluorescence photons is zero and the net momentum transfer for N absorbed
photons is Ap = Nhk.

Now let us assume the motion taking place along the = axis.

Suppose to send two photons against the atom, which is in its ground state,
in opposite directions. The photons have frequency wy smaller than w in
order to trap the atom: w;, < w = AE/h where AF is the energy difference
between the first excited state and the ground one. If the atom is stationary
then it remains stationary because wy, is not large enough for atom to jump
to its first excited level (Figure 1.3).

Instead, if the atom is moving with a velocity v then, by Doppler shift, it
stops. Indeed due to its velocity, the atom perceives the photon (in the
opposite direction of its motion) with a sufficient frequency w} = w allowing
the quantum jump. Then if it emits in any of the two possible directions,
thus recoiling in the opposite one, the process starts again until the atom
reaches a minimal velocity (kinetic energy), i.e. a minimal temperature.

1.2 Three-dimensional Cooling
In the previous section, it was discussed how to decelerate only one velocity

component of atoms. The experimental goal is the deceleration of all the
three velocity components resulting in a real three-dimensional cooling and



Optical
molasses

Figure 1.5: Optical molasses with six pair-wise counter propagating laser
beams.

a corresponding reduction of the gas temperature. So one should decelerate
and almost stop a single atom by extending this optical trap in the three
dimensional space. When an atom in a gas cell is irradiated from six laser
beams pointing into the z, y, 2 directions, the atom suffers a recoil if it
absorbs photons from the six beams. The total recoil vanishes on (statistical)
average and so the atom is trapped (Figure 1.5). When the laser frequency
wy, is slightly smaller than the resonance frequency w atoms moving towards
a laser beam have a larger probability to absorb a photon than those atoms
that move in the direction of the beam. Therefore in this case the atoms are
pushed towards the overlap region of the six laser beams. This method of
trapping atoms is called "Laser cooling".

Often a magnetic field is used in order to box the array of atoms and
isolate them from the outside. For this reason the trap is also call "Magneto-
optical trap" (MOT) (Figure 1.6). Atoms can be trapped in a magneto-
optical trap which consists of an anti-Helmholtz pair of coils, producing a
cylindrically symmetric, homogeneous magnetic field which causes a Zeeman
splitting of the absorption line that increases with increasing distance from
the trap center. The trapping is caused by atomic recoil, due to photon
absorption which depends on the distance from the trap center [5].

1.3 Optical Lattice

Trapping of atoms can be expressed by a confining periodic potential V. The
interference between two counter propagating laser beams can be represented

4
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Figure 1.7: Optical lattice: in this case each atom occupies a well of the
potential.

by an optical standing wave with period A/2, in which atoms can be trapped
and where A\ = ¢/v is the wavelength and v is the frequency of the laser.
Such potential is generated by overlapping two counter propagating laser
beams for each axis direction. Atoms thus trapped are often called Cold
Atoms because their low kinetic energy. The potential minima form an
optical lattice with a lattice constant d = A/2. Neutral atoms can be trapped
in such potential minima of the lattice. Depending on the atomic density in
the condensate the different minima can be populated with N atoms (N =
0;1;2;...). This allows to study interactions between atoms in the same
minimum or in neighboring minima.

It’s experimentally possible to construct an atomic array with up to about
hundred cold atoms each staying in the bottom of the well of effective periodic
potential V' (z) (Figure 1.7). From now on we assume a periodic potential of
the following form:

1 — cos(2kx)

V(z) = Vysin®(kz) = Vg 5 ,

(1.1)

where k = 27/ is the wave vector of the laser light and Vj is the maximum
depth of lattice potential. The period d of the potential is obtained by setting



2kd = 27 so that d = 7/k. In atomic array d = w/k = \/2 represents the
space between two consecutive atoms where each of them occupies a well of
the potential. Recall that holds A\v = ¢ where v = w/27 and d = 7c/w;
moreover w = AF/h so that:

mch

d= AE (1.2)
Such relation tells that the distance d is related to AE which changes ac-
cording to the given atom. Often scientists use Rubidium 87 with a suitable
laser light. The choice of the atom and laser depends by the ability to re-
produce the experiment in laboratory. Sometimes instead of atoms are used
ions whose interaction is different with respect to neutral atoms. The differ-
ent interaction influences the choice of the potential U which appears in the
Hamiltonian.

Coulomb’s force expresses the interaction between two ions (of charge ¢;
and ¢o):
4142 142
F(d) =k—=; U(d) = —=. 1.3
() = K22 () = 2 (13)
The interaction between two neutral atoms is expressed by the Lennard-
Jones’s potential (Figure 1.8):

Uld) = — — — (1.4)

where:

e B and C are positive constants for the repulsive and attractive compo-
nent, respectively.

e n > 12 is a phenomenology parameter, useful for describing Pauli ex-
clusion principle.

In experiments Rubidium atoms have A &~ 780 nm s0: de, = A\/2 ~4-107°
cm. Instead in condensed matter the dimension of atoms is A = 10~8cm and
the distance between them is almost the same d.,, ~ 1078 cm. This implies
that the distance between cold trapped atoms is much larger than that in
ordinary condensed matter: d., = 103d,,,. From now on, due to the distance
between particles, the repulsive part of potential will be omitted and we will
considered only the Van der Waals component —C'/d®. The possibility of
tunneling effect (that would bring two atoms into the same well) is inhibited
by the low temperature of the atoms.



Pauli repulsion

Potential energy, V

Dipole-dipole attraction

\/

Distance between atoms, r

Figure 1.8: U is the intermolecular potential between two neutral atoms or
molecules, ¢ is the well depth and a measure of how strongly the two particles
attract each other, o is the distance at which the intermolecular potential
between the two particles is zero, r is the distance of separation between
centers of both particles.

The Van der Waals form potential energy U; of a single neutral atom due
to its interaction with the other ones, that are equally spaced, is:

c C C
m::%—ﬁ—@ﬁ—@ﬁ+m>z

_ _§<1+l+i+...>. (1.5)

Note that the Van der Waals interaction quickly vanishes at large distances
between interacting atoms. It’s a generalized harmonic series, which always
converges. One can neglect terms of order higher than first one (which means
retaining only the nearest neighbor interaction), because they give only a
small correction to the value of the series. On the other hand, consider an
array of equally spaced ions of charge q. The Coulomb potential energy of
one of them is:
2 2 2
q q q
U::4—+—+—+”):
! d ' 2d " 3d
2q° 1 1
- L1445+ 1.6
T(rg+gt (1.6)
If the number of ions is infinite the previous expression is a harmonic series,
that is logarithmically divergent. Condensed matter ions have alternating
charges so for the Leibniz’s criterion the sum converges.
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The energy is infinite. In such cases we speak about long range forces because
the contribution of interactions between distant ions cannot be neglected.



Chapter 2

Classical-Mechanical System

The central idea of this chapter is to analyze the problem from the point of
view of classical mechanics. In the first part we will write the classical Hamil-
tonian and study the boundary conditions due to the periodicity of the model.
The next section consists in studying the small nonlinear motions of the sys-
tem close to ideal crystal equilibrium expanding the potentials V' about 0,
and U about d, and then to apply perturbation theory. The Hamiltonian is
now regarded as a perturbation of the Hamiltonian h of N non interacting,
identical harmonic oscillators. The central idea of Hamiltonian perturbation
theory consists in looking for a change of variables that removes, partially,
the perturbations up to some pre-fixed order n. We will compute the normal
form to second order. The Hamiltonian h + P; is that of the discrete Non-
linear Schrodinger (ANLS), or discrete Bogolyubov-Gross-Pitaevskii ({BGP)
equation, a complex equation which is guessed to describe the dynamics of
the atomic array at extremely low temperatures.

2.1 Model and Classical Hamiltonian

The most general classical Hamiltonian for a N array of neutral atoms inter-
acting through a two-body potential U while moving in an external potential

WAWAWAW

Figure 2.1: The image represents a sketch of the array of atoms confined by
the periodic potential V. Each atom occupies a well of the potential.



L-periodicity

<)

Figure 2.2: Extended the model by periodicity.

V' is described by the Frenkel-Kontorova model:

Z [ + U —25) + V()] (2.1)

7j=1
where m is the atom mass and
e p;?/2m is the kinetic energy for single particle;

o U(zji1 —xj) = —C/(x;41 — ;)% is the interaction potential between
two consecutive particles;

e V(x;) = Vysin®(kx;) is the periodic potential due to the laser.

2.1.1 Boundary Conditions

A priori such model could be constructed with an infinite number of atoms.
The period of the optical potential V' is d and we suppose to have the sys-
tem to be periodic of period L where L >> d. Now we consider, in such
infinite L-periodic model, only one period (Figure 2.2). The topology (but
not geometry), where such periodic model lives in, is the same of the circle
in which, roughly speaking, the first particle is identified with the last one.

Of course the fundamental period d of the optical potential is related
with the number of particles N by L = d/N which will be justified in the next
section. Boundary conditions for positions and momenta result by imposing
L-periodicity:

.Tj+N:.I'j+L; jle, (22)
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Remark 1 The interaction potential between the consecutive particles which
occupy xo and xy positions is the same as the ones between xry and rny1,
indeed:

Ulyy —ay)=U(xy+L—an)=U(x1 + L — (vo+ L)) = U(xq — x0).

The periodic boundary conditions are equivalent to study the problem in
Z mod N, denoted by Zy. For this reason the sum which appears in the

Hamiltonian is denoted, from now on, by el

2.1.2 Classical Hamiltonian Equations

The classical Hamiltonian equations of the system (2.1) are:

o OH by
o Opj S om’
o _oH
p; = arj =
- [aU(xjH — i) + OU(w; = xj-1) + 8V($j>} —
= - |:($j+1 — ;)7 + (@) —a;0)" + V()§<2k5 Sln(Qk‘:Ej)ﬂ —

= — — kVysin(2kx;).
(Tjp1 —x)" (25 —254)7 osin(2ha;)

2.1.3 Crystal Equilibrium

Let us now consider the equilibrium solutions obtained by solving the system:

_ 9H _p; 0.
0 = op; = = p;=0;
0 — _0H _ 8U($] — il?j_l) _ 0U(:vj+1 - l’j) o 8V($])

8x]~ 8xj 8xj 8xj

The first equation expresses a stationary condition for the j-th particle. Now
we focus our attention on equally spaced equilibria, which means:

Tjp1 — L5 = d VJ € 7. (24)
In this particular case one gets:

OU(xjp —x;) _ OU(d)
895]- 8:15]-

—0, (2.5)

11
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Figure 2.3: Two examples of equally spaced particles.

so solving the second equation one obtains:

0= —mg—gj) = kVpsin(2kz;), (2.6)
_ _ U A
2kZ; =s = T; = =18 Vs € Z, (2.7)

where k= \/2.
Assuming s = 2j means that the particles are in the bottom of each well
(Figure 2.3).
A

zj= §j =d VjeZ. (2.8)
Such type of equilibria are referred to Crystal Equilibria. If one now im-
poses periodic boundary conditions then, the number of particles N, consid-
ering only a period L, is related to the fundamental period d by the following
formula that holds for all j € Z:

Tjian = T+ L (2.9)
which, due to (2.8), becomes (j + N)d = jd + L and implies Nd = L.

2.1.4 Analysis of Potentials

The perturbative setting consists in studying the small non linear motions of
the systems close to the crystal equilibrium. In order to reach this goal one
has to first perform a simple translation of the position variables:

Ty =T +q; =jd+q; pj=0p; (2.10)

The periodic boundary conditions satisfied by the canonical variables ¢; and
p; are:

¢Gj+N = ; J=1...N, (2.11)

12



0-Position

Figure 2.4: The image represents small motions of neutral atoms around
their crystal equilibrium.

Consider such translation and re-write the expression of potentials with this
change of variables:

U(rj —x5) = U(Tj1 + g1 — T — q5) = U(d+ qj41 — ¢;); (2.13)
Viz;) =VI(Z;+q;) = V(jd+q;) = V(g). (2.14)
Now, assuming that the atoms perform small oscillations around their ideal

equilibrium position, one can make a Taylor expansion of V' (Figure 2.4).
The periodicity of the potential implies that:

V(jd) = V(d) = V(0) = 0 and V'(jd) = V'(0) = 0,

! 1 174 1 "
V(g;) = V(0) + V'(0)g; + 5V (0)g;* + EV 0)g;* + ... (2.15)

In the specific case of the periodic potential V (q;) = Vi sin®(kg;), the Taylor
expansion has the form:

Vig) = 01 cos(2k)] =
= D= (1 (ke + 3y (2ke) — (kg + )] =
= % [%4(/@%)2 - 2—1416(kqj)4 + %064(/’{:%)6 + .. } =
= o[ (ke — Sha) + (k) ] =

S OB COREICA RSS!

where k = 7/d and ¢;/d << 1, which means that the Taylor expansion holds
only for small displacements from the equilibrium position thus

Viot(q) = Z Vi(g) = Z %[(%%)2—%(gqj>4+%<gqj>6+---] (2.16)
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Notice that the optical potential is periodic of period d with an even axial
symmetry so that: V(z) = V(—=z) and V(0) = 0.

In addition if the interaction force between particles is weak, then one can
Taylor expanded the potential U around d:

1
Uld+ g1 —q;) = U(d)+U'(d)(qj41 — q5) + aU”(d)(qu —q;)° +
1

+ 3!U//,(d)(Qj+1 — (]j)g + ... (2.17)

The potential energy due to the sum of all interactions has the following
expression:

Uot(q) = D Uld+g1 —q) =

JEZN
= NU(d "(d o —q. w o —a.)?
= U()"‘U()Z(QJH q;) + 9 Z(qﬁrl ;)" +
JELN JELN
U///(d)
+ TZ(%+1—CIJ‘)3+“':
JELN
U//d U///d
= NU(d)+ Q()Z(Qj+1—qj‘)2+ 6<)Z(Qj+1—qj)3+~-,
JELN JELN

where the last equality holds because the first sum Z;V:I(qjﬂ —qj) = qn+41—
q = 0.

In the specific case of the Van der Walls interaction, derivatives of different
orders are:

C 42C 336C
_$7 U”(d> = _F7 U”/(d) = 9 5

U(d) =

and the Taylor expansion is given by:

NC  21C 56C
Uird) = ——5 = = D (i = 0) + —5 D (g — )+ =

JELN JELN
C 21 56
:—ﬁ[NJFﬁ Z(C]jﬂ—%‘y—ﬁ Z(C]j+1—9j)3+-~]-
JELN JELN

(2.18)
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Now, the Hamiltonian, takes on the following form:

H(q,p) =) [p] + V(gy) + U(gj1 — g )] =

| ELN 2
= 3 [ v (b - ket + )+
(B0 -+ T g -0+ ] )

In order to have an easier writing of the Hamiltonian rename some constants,
linked to the derivatives of V and U, and replace them into H.

2

2
® W — 2ok _>%k2:mw;
m 2

L AVokt Vok* _ A.
o A= = = AR =

. AVokS T _ 2VpkS.
o I''== =5 =%

o K :=U"(d);

U//l(d)

® (¥ = 3

The Hamiltonian now reads:

H(q,p) = Z [(gjn + m; qj> + (— %Q}*Jr %(qm — qj)2>

JELN

+ (gq? + %(Qj—l-l - %)3) + . } : (2.20)

2.2 Perturbation Theory

The idea of this section is to write H in the form:
H(q,p) = h(q,p) + Pi(q) + Paq) + . .. (2.21)

where h is an integrable unperturbed Hamiltonian and P := H — h is called
the Perturbation split into ordered perturbation terms P; (first order per-
turbation), P, (second order perturbation), and so on, with the following
property

IXnll >> [IXp || >> || Xp|[ >> ...

15



in the sense of vector fields.

In our particular case the unperturbed Hamiltonian h is given by the
Hamiltonian of N independent identical harmonic oscillators, so that:

2 2
D mw
ha.p) = Y (B +5-d): (2:22)
JELN
A, K
Pi(q) = Y. ( - ZCJ}‘ + 5 (¢4~ %’)2); (2.23)
JELN
r «
Pyq) = > (EC]? + 3 (@ — %‘)3>- (2.24)
JELN

2.2.1 Hamiltonian Normal Form

The central idea of Hamiltonian perturbation theory, which goes back to
Lagrange and Poincaré and has then be developed by Birkhoff, Bogoliubov
and Kolmogorov, consists in looking for a change of variables that removes,
completely or partially, the perturbation P; from H, up to some pre-fixed
order. Complete removal of the perturbation, already at first order (i.e. the
complete removal of P;) is not possible, in general.

Definition 2 (Normal form). A Hamiltonian H™ of the form

H™ =h+Y " P+ R, (2.25)

Jj=1

where {P;,h} = 0 for any j = 1,...,n is said to be in Normal Form to
order n with respect to h.

The perturbations terms P; are first integrals of h, which includes also the
case of absence of perturbation of order j that is P; = 0.

The aim of Hamiltonian perturbation theory is finding a suitable change
of variables that maps the quasi-integrable Hamiltonian (2.21) into its normal
form to some fixed order. Then one looks for a smooth, close to the identity,
canonical change of variables of the type

C:(p,q) — (Q,P)

such that H o C~! is in normal form:
H(C™HQ, P)) = h(Q, P) + P(Q, P) + P,(Q, P) +.... (2.26)

in which Py, P, ... are first integrals of h.

16



Remark 3 A precise formulation of Lagrange’s theory of perturbation shows
that P, is the time average of P, on the unperturbed flow of h, instead P» is
the time average on the unperturbed Hamiltonian flow of h of Py plus another
term depending on Pj.

The canonical transformation C'is very conveniently made by composing the
Hamiltonian flows of suitable generating Hamiltonians at unit times. Each
generating Hamiltonian defines a flow whose composition gives the canonical
transformation:

I R —1
C=05 0od, 0 0Pg.

Where @5]1, is the flow of the Hamiltonian G at time —1.

The Gy,...,G, are called the Generating Hamiltonians of the canoni-
cal transformation, to be determined order by order. An Averaging theorem
ensures that given a Hamiltonian H there is always a (local) canonical trans-
formation C for a suitable choice of G1,...,G,,.

2.2.2 Birkhoff Variables

Let us introduce the complex coordinates (z, z*) known as Complex Birkhoff

Variables:
. Wy +wp; o . Wg; —1p;

Zi ; R —L T 2.27
! 2mw ! 2mw ( )
where ¢ is the imaginary unit (22 = —1).
In terms of such coordinates the previous variables p; and ¢; become:
Zj + Zj* Zj — Zj*
4; T bj % ( )
One also gets:
2 2
‘ : 1
2P = 2;- 25 = tmeg, 4o _ L, (2.29)

2mw w

The next steps are: to express H in terms of the complex Birkhoff variables,
to compute its normal form, to some prefixed order with respect to the
unperturbed Hamiltonian (2.22). We obtain such Hamiltonian replacing the
expressions (2.28)-(2.29) in the (2.20):

H(z,2")=h(z,2")+ Pi(2,2") + Py(2,2") + ... (2.30)

17



The unperturbed Hamiltonian A and the first two order perturbations P; and
P, in terms of Birkhoff variables become:

h(z,z") = Z w)z;|?; (2.31)

JELN
* —A * K * * 2
Pi(z,2") = je%: {m(%‘ + 2 )+ - [(Zj+1 +zj11") — (7 + 2 )} };
N
(2.32)
r « 3
Py(z,2%) := (2 + )+ — | (zj1 + 2 — (25 + 20| ¢
jEZZN {48m3w3 7o 32w’ { AR 7 } }
(2.33)
The Poisson bracket of two functions F' and G on the phase space reads:
oF 0G  OF 0G
F.G = —_—— — ), 2.34
which, in terms of the Birkhoff variables becomes:
oF 0G  O0F 0G
F.G}, .- — — 2.35
{£.c} Zz(azjaz 0z az) (2.35)

The fundamental Poisson brackets are:
{25, 2} = =105 and {zj, 2.} = {2}, z;} = 0. (2.36)
Let’s focus on the Hamiltonian given by the sum of N harmonic independent

oscillator Hamiltonians, i.e. h = 37 w[z|* to which there correspond the
Hamiltonian equations:

0z; Oh 8h
Z; ={z,h} = Z 62] 8zk — 82}-‘ = —wz;, (2.37)
and similarly
: dz; Oh oh
zi ={zj,h} = Z i = 15— = w2;. (2.38)

9z; 0z, 0z

Thus, with respect to the Birkhoff vector (z,z*)T, the equations of motion
of the harmonic Hamiltonian are:

C)-(r D)) o

The flow @} of the Hamiltonian & is the solution of the Hamiltonian equations
at time s, corresponding to any given initial condition (zq, 25)T at s = 0. The
explicit expression of the flow is:

5 (20, 25)" = exp(sA) (20, 25)" = (20e7%, z5e*) 7. (2.40)

18



2.2.3 Averaging Theory [4]

A canonical change of variables leaves the Hamiltonian equations invariant
in form. A very convenient way of performing the canonical transformations
is to do it through Hamiltonian flows. To such a purpose, let us consider a
Hamiltonian h(z) and its associated Hamiltonian equations & = Xj(z). Let
®;, denote the flow of h, so that ®;(y) is the solution of the Hamiltonian
equations at time s, corresponding to the initial condition y at s = 0. We
also denote by

L,:={,h} =(JVh)oV =X,0V, (2.41)

the Lie derivative along the Hamiltonian vector field X},; notice that L, F' =
{F,h}.

Lemma 4 For any function F' one has
Fodj =etnF.
Proof. Set F(s):= F o ®; and notice that F(0) = F. Then

CLRO) = {F 1) = LF
Then
d oy Flste)=Fls) | F(s)o®;—Fls) _
o5 Fls) = lim ——— = : B
_ d%ﬁ(s) s = {F(s),h} = Ly F(s)

Definition 5 Given the Hamiltonian h, for any real function F' on the phase
space, its time-average (F), along the flow of h and its deviation from the
average 0, F' are defined by:

1 s
(F), = t£+mo<>¥/0 (F o ®;)ds; (2.42)
WF = F—(F),. (2.43)

In the particular case in which the Hamiltonian h is periodic, of period T,
one has
1 T
(F), = —/ (F o @} )ds. (2.44)
0

T
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Lemma 6 The time-average (-), is invariant with respect to the flow of h,
i.e. for any function F' one has

(F),0®; =(F), Vs & Ly(F), =0.

Proof. Two equivalent proofs of the statement are given. The first one starts
by writing down explicitly (F), o ®; and making use of the group property
of the flow, namely ®} o &% = ®;** which yields:

T T+S

1 1
(F),o®; = lim = [ (Fo®")dr = lim — (F o ®})du.

T—00 T 0 T—00 T s

Now, by splitting f;“ du = fso du + [/ du + f:ﬂ du, observing that the
first and the third integral are on bounded intervals, and making use of the
boundedness hypothesis on @} the thesis of the Lemma follows. The second
proof starts from the chain of identities

d
TF o @) = LyF o ® = {F,h} o @} = {F o} h}.

Now, integrating the above identity (left and rightmost members) from 0 to
t and dividing by ¢, one gets

Fodt —F 1 [ 1 /[t
O—h:_/{pocpi,h}dsz{_/ Focp;ds,h}
t t 0 t 0

where the second equality follows by the bi-linearity of the Poisson bracket
(think of computing the integral as the limit of Riemann sums). The thesis of
the lemma, right form, follows in the limit as ¢ — +o00, by observing that the
left hand side of above identity vanishes in the limit (recall the boundedness
of the flow). m

Lemma 7 For any function F, the solution of the equation
LthéhF@ {G,h} =F— <F>h’

s given by

t
G =K+ '6,(F) = K + lim 1/ (s— )(OhFodi)ds  (2.45)
0

t——4o0 t

where K is an arbitrary element of ker Ly,.
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Proof. Taking into account the Homological equation L,G = 6, (F)

L,G = O6,(F)
1 /[ 1 [
lim —/ (s —t)e*[,Gds = lim —/ (s — t)esLr 6, (F)ds
t—+oo t 0 t—+oo t 0
im 2 [ s 0L (eta) tim 2 [ (s = Detra,(F)d
Jim 1 [ s=ngenans = tm g [ s—nets s
: 1 sL t ' sL : 1 ! sL
dm i {[e-oene] - [lencat = g [0t
1 [ 1 [
G — lim —/ efhGds = lim —/ (5 — t)estr 6, (F)ds
t—+oo { 0 t—+oo t 0

1 t
G =K+ lim —/(s—t)(éhFOCI)fL)ds.
0

t—+oo t

The choice of K = lim; % fot e*frGds is not unique thanks to K € ker L.
[ ]

Notice that in the particular case in which the Hamiltonian A is periodic,
of period 7 one has

T

G- K= 1/ s<5hF o @;) ds. (2.46)
0

Theorem 1 (Averaging principle). Consider a quasi integrable Hamiltonian
Hy =h+ AP, + )P, + ... where Hy = h is integrable and its flow bounded
in some norm. Here X\ denotes the small parameter. Then

I) For any choice of the generating Hamiltonians Gy, ...,G, defining the
canonical transformation Cy = @y, " o (IDé‘;:L(_Tl) 0---0 <I>2\;_117 one has

H" = HyoCy' =h+Y NP+ Ry,

j=1
where, for 7 =1,...,n and starting with F; =0,
Pj:—Lth+.Pj+F}‘[h,P1,...,f)j_l,Gl,...,Gj_l];
Ro= Y N(Pj+FhP,... . Piy,Gh,...,Gy).
jzn+l

II) The perturbation at order j = 1,...,n of the normal form is given by
Py =(P;+ F}), .

III) The n normalizing, generating Hamiltonians Gy, ..., G, are given by

Gj = Kj + L}:15h(Pj + F}), Kj € keth.
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In particular, the normal form Hamiltonian to second order reads explicitly
H? = h+ AP + \*P.
A 1 + 2 + R3

where:

P =(P),; (2.47)

Py = (P), + % {0nPr,0nG1 Y)Y, + {Pr, K1} (2.48)

2.2.4 Application to the Hamiltonian (2.30)

In order to apply the perturbative theory to our specific Hamiltonian and
compute the normal form, recall the flow of h, which is ®§ = (ze~™*, %)
and which has period 7 = 27/w. By definition (2.42) and thanks to the
formula,

27 Jw

w 1 ifm =0,

0 ifmeZ\ {0}, (2:49)

27 Jo

e ds = Oy = {

one can compute the Hamiltonian normal form as follows.

Remark 8 The average theory has been conveniently exposed making use
of the small parameters \. In our application to the cold atoms problem,
the actual small parameter is the amplitude of the displacement q; and as a
matter of fact A = 1.

Theorem 2 The Hamiltonian of cold atoms problem, in normal form to the
first order 1s:

H(1)<aa CL*) = H(Cl_l(av CL*)) = h(av a*) + Pl(av a*) + RQv

where

B w 27w

Pi(a,a) = oy i P (P} (a,a"))dr =

N N N
= WZ |Clj|2 + JZ CL;-(CLJ'_H + CLj_1> + UZ |CLj‘4, (250)
j=1 i=1

j=1
with suitable real parameters W, J and U.
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Proof. The specific computation for P, = (P,), is

W 27w
(P aa) = o [ Pu(@iaa))ds =
T Jo
27w
W A —iws * _tws\4
=2 )y A gl
JELN
K ) y ) . 2
ey [(aﬂlews +aj"e™?) — (a;e"" +a; ews)} }ds -
K 7 . . 3A .
=) {% (@501 = a5)(an" = 2 )} = Gz (4 )2} =
JEZN
K 7 . . 3A
= Z {% |aja|* + lay* — 105 — ajaj-&-l} - W’aj|4} =
JEZN )
K . 3A 4
= 2 { g (20’ — a1 = 1] - g el =
JELN
K K . . 3A
=2 aolol = 2 gl end] - 3 gl -
JELN JELN JELN
K K 3A
=3 el = X gagtilwn an] - X glal’ =
JELN JEZLN JELN
=W Z |G,j‘2 +J Z CL; [CL]'_H + aj_l] +U Z ’CL]"4.
JELN JELN JELN
So the Hamiltonian in normal form to the first order is:
HWY(a,a*) = h(a,a*) + Py(a,a”) + Ry, (2.51)
where
Pl(a, CL*) = W Z |aj|2 + J Z a;f |:aj+1 —I— aj_1:| + U Z |(1j|4, (252)
JELZN JELN JELN
with
K
W= —,; (2.53)
mw
K
J=—— 2.54
5 (2.54)
3A
U:=— 2.55
8m2w? ( )
[ ]
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The truncated normal form

H(l)_R2:h+P1:
=W +w) S 0P+ T Y @ fagataa| + U Jalt

JELN JELN JELN

is the Hamiltonian of the discrete Bogolyubov-Gross-Pitaevskii (ABGP) or
the discrete Nonlinear Schrodinger (ANLS) equation namely:

’Ldj = (W + w)aj + J((Zj+1 + (]ijl) + 2U|aj]2aj. (256)

An equation of this form describes the dynamics of the trapped atoms at low
temperature [8].

The first few normalized perturbations P,, P; and so on are explicitly
computable, though their link with the original perturbations P, P, ... is
not as easy as (2.50). Theorem 2 implies that the classical dynamics of
the atomic array is well described, to any fixed perturbative order, i.e. on
arbitrarily large time-scales, by a suitable deformation of the dBGP, if the
amplitude of the initial conditions is small enough.

In order to compute P, according to formula (2.48) one has to compute
the generating Hamiltonian ;. To such a purpose we first need:

K * *
onPr =P —(P), =) [m«%‘ﬂ —2j)* + (211" — Zj)2> +
JEZN

Morevore we will make use of the formula:

w [ d L vmez
l mmesqg - - 0. 2.58
o 5 - Vme \ {0} (2.58)
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The computation of GGy follows:

w 27 Jw
Gi(z,z") = - $Op P (®j (2, 2%))ds =
T Jo
27 Jw
w K —2iws WS * *

- Z %/0 S{4mw [e 28 (i1 — 25)° € (2t — 21)2} +

JELN

A . . . .

— T (6_4lw82’;~1 + 64ZWSZ;4 + 46210‘)82’]‘2;3 + 46—210.132]32;)}(18 _
_ Z [ K ((Zj+1* - Z;)Q _ (zj41 — Zj)2> i

: dmw 21w 21w

JELN

A ( z;.l 2;4 4zjz;3 4zjzj>]
16m2w? diw 4w 2iw 2iw /1

Choosing K; = 0 as a kernel element in (2.46), compute the second order
perturbation term in normal form:

Py = (P, + 5 (6P, G, (2.59)

where we observe that 0,G; = G when K; = 0.
By an easy computation one gets:

w 27w
(P, (a,a") /0 Po@(a,a))ds = 3 2o’ (2.60)

2T .
JELN

In order to compute the Poisson bracket between 6, P, and (7 using the
formula

8(5hP1 8G1 _ 85hP1 8G1)
0z; 07 0zt 0z /)’

J

(5P, Gy = Z (

JELN

one has to compute first the derivatives with respect to z; and 2} and then
the products between them.

athy‘Pl B % [(Zj = zj1) = (Zn = ZJ)} B 4m[;w2 (ng + Z;?) + 3Z322;>;
82;;? — % [(z; —zj ) — (2 — ZJ*)} — 4m/:w2 (Z;‘i’* + 2%+ 32:;22]');
?3(2;]1 - _4m[§w2 [(Zj —zj-1) — (Zj+1 — ZJ')} - ﬁ( -2 27" - 62322;>;
B = T [ = %)~ (5 = 50] = g (57 4 657 25

J
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06, P, 0G K? « “ X X
hi1 1 — |:(ZJ _ Zj—l) — (Zj+1 — Z]):| [(Zj+1 — ZJ) — (Z] - Z]—l):|+

0z; 0z - 8mw?

165—?{;)4 (233 + 2;3 + 3z]22;> |:(Zj+1* — Z;) — (2" — Z;—l)] +

- )5 22

+ ﬁjwﬁ) (zf + zj?’ + 3z]2,z;) (zjg + szzj2 — 2z]3>

2
TR P R [ T

% (zj*?’ + Zj3 + 3z;-‘22j> [(Zj —2j1) — (241 — Z])] +

- —322{5%04 [(Z; - Z;'Ll) - (Z;H - Z;)} ( - Z;)’ + 22;3 - 6232'2;)+

A2
AT (zf + 2% + 3zj2zj) ( — 24+ 227 - 6z§z}‘>.

The explicit expression of the bracket is:

PGy = Y - o[ 20— G = )] [(5 - ) — (- )]+

 4Am2w?
JEZN
AK 71 . .
— m _((Zj — Zj_1> — (Zj+1 — ZJ)> < — 3Zj3 — 122j22j>+

- ((zj* —zj ) — (2 — zj)) (32’5’ + 122;7:]2)] +

A? [ 3 %3 %6 6 4 %2 x4 2

So now one can compute the average of the previous Poisson bracket along
the unperturbed flow of h:

w 2w Jw
(ﬁﬂ%Gﬁhwﬂﬂz——A {60 P1, G} (@ (0, a))ds =

2m
Z{ 17A2 a5+ 3AK| 4
= - a; — |
i 32miws "’ 2m3uwt Y
N
SAK 1 Yl )
~ o (7570 (s + o) + el (a4 0 )|+
2
+ WM’H t+aj1— 2aj|2}. (2.61)
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Finally the perturbation term of second order P, has the form:

Pya,a) =U > gl + M Y ag|* + T Y lagen + aj-1 — 2a;+

JELN JELN JELN
+N Z [a;%j(aj,l + ajq1) + ajai(al_, + a;ﬂ)} (2.62)
JELN
where
~ 17A2 5T
U:=— : 2.63
64miw®  12mdw3’ ( )
N K2
Ji=—; 2.64
Im2w3 ( )
~ 3AK
M= ———: 2.65
Am3wt’ ( )
~ 3AK
Ni=——. 2.
16m3w? (2.66)

We have thus proved the following:

Theorem 3 The Hamiltonian of the cold atoms problem in normal form to
the second order 18

H®%(a,a*) = h(a,a*) + Pi(a,a*) + Py(a,a*) + Rs, (2.67)

where Py and P, are given in (2.50) and (2.62) respectively.
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2.3 Summary of the Classical Part

We summarize the model obtained in the classical case in order to have a
general and complete point of view.

The starting Hamiltonian before the canonical transformation is the follow-
ing:

2
B Dj mws o A, K 9
H(q,p) = Z [<2m 5 qj> - (— 70+ 5 (00— ) )
JELN

Iy o 3
(G0 + Flam —a))]. (2.68)

The Hamiltonian in normal form, to second order is:
H® =h+4 P 4 P, + Ry (2.69)

where h is the unperturbed Hamiltonian and P, and P, are the first and
second term of perturbation.

h = Z wla;|?; (2.70)

JELN
=W Z la;|* + J Z (aj41+aj—1)+U Z |a;|*; (2.71)
JELN JELN JELN
D, — U Z ’CL]"G + M Z ’CLJ"4 + j Z |CLJ'+1 + aj—1 — 2aj|2+
JELN JELN JELN
83 a0 + apn) + adaj (e, + apy)], (2.72)
JELN
where the Coefﬁcients are W = %, J = 27{;}, U = Sni‘ﬁwg instead
T 17A2 J K2 M = BAK A7 3AK
U= T 64miud + 12m w3" — T 8m2w3? 4m3wi? 16m3wt *

The explicit expression of the truncated normal form is

H(2)—R3 - h—|—]51—|—P2:
— Z {(W+w>’aj|2 + JCL;< [aj+1 —|—Clj_1] +
JELN
+ (U + M)lag* + Ulag|* + Tlaja + ajr = 20, +

+ N [afaj(aj—l +aj1) +ajaj(aj_, + “;H)] }
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The corresponding discrete Bogolyubov-Gross-Pitaevskii ({IBGP) or discrete
Nonlinear Schrodinger (ANLS) equation, corrected to second order is:

i, = (WHwa;+ J(aj+aj 1) +2(U + M)|a[Pa; + 3U]ay["a; +
j[(aj + Qj_o — 2aj_1) — 2((1j+1 + Qi1 — 26Lj) + (Clj+2 + a; — 26Lj+1)] +

_|_
+ N[Qa;aj(aj—l +aji) +af(a)_y + afy) + a5 050 + a§—1a;—1]- (2.73)
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Chapter 3

The Remainder Term

In the previous chapter one, thanks to the canonical transformation, we wrote
the original Hamiltonian in normal form, which looks like a perturbation
of the dBGP equation. Now focus our attention on the remainder R,
appearing in the Hamiltonian normal form of order n.

3.1 Estimate of the Remainder

The idea of this section is to find an explicit estimate of the effects of re-
mainder term in

H™ = h 4+ AP+ NPy + -+ A"Py + Ry - (3.1)

In general consider a vector field X and its integral curve ¢® which solves the
following problem, for any given starting point x

d
. S:X S
730 °¢

that is
&= X(x) = x(s) = ¢°(20).

Now consider any function f(z(s))

d 0 d
B0 = X g ) (o) =

-y a%f(x(snxj(x(s» -
— (L f)(x(s)).
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where Ly f =X -Vf = f'X is the Lie derivative of f along X.

d / S d S

T(fod) = (60 =
=fo¢d’Xog®=
= (f'X)o ¢’ =
= (Lx[)o¢"

Integrating from 0 to A > 0 the previous equality:

)\d s _ g o b° o A g o d*ds
| gtroons= [ @xnooas— foot—s= [ (Lx)osas

Solving the integral on the left side and iterating the procedure:

A
fod =1+ [ (Lxfyogds -
0
A S0
=+ [ [sn+ [ @i osas]as -
A S0
= AL d dsi (L% f) o ¢ =
f+(xf)+/0 30/0 si(Lxf)o¢

)\2 A 80 s1
:f+)\(LXf)+7(L_2Xf)+/O dso/o d31/0 dsy (L3 f) o 6% —

n

2
= FAML) + o (D) ot (LR ) + R =
oy (3.2)

The previous computation is the Taylor expansion where the term of remain-
der at order n 4+ 1 has an integral form:

3 A S0 Sp—1
R,y = / dso/ ds;--- / ds, (L% f) o ¢ (3.3)
0 0 0
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In the specific case in which f = H = h+ AP, + X*P, + ..., ¢°* = ®f, where
(1 is a Hamiltonian and Ly = Lq, one has:

Ho®} =ho®} + AP o®} +NPodp =
X\ _
= h+ A(Lah) + 5 (Lih) + R4
+ AP+ A2 (Lo Py) + AR+
+ NP+ AR =

1 ~
=h+ MNLih+ P)) +/\2(§L§h+L1P1 + P2) + R (3.4)

where

Ry = R” + ARY™Y + N2R(™), (3.5)

In order to be in normal to the first order
Ho® =h+ P+ R

which means
Lih+ P, € ker Ly,

In particular the reminder of the normal form
1 .
R, = )\2(§th + L1 P+ P) + Rs

is determined by a specific G;. Clearly it’s possible to use this machinery
to compute the Hamiltonian normal form to any order n with its remainder

Rpsi.

3.2 Effects of the Remainder

The advantage to get a normal form to high order in the small parameters
is easily seen to be in the longer time of preservation of approximate first
integrals, or "adiabatic invariants" of the system.
Consider a function J which commutes with all terms in the Hamiltonian
(3.1):
{h,J} =0={P;, J}. (3.6)

The evolution of J along the flow of H™ is given by
J=A{J H"} = {J, Ruya} (3.7)
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that is {J, H™ — R,,;} = 0.

If R,y1 = A""r,, with 7, = O(1) then

% = [T, N} = AT ) (3.8)

If moreover [{J,r,}| < C,, one obtains the following estimate:
t
|J(t) — Jo| = |/\”+1/ {J,ra}dt] < ALC, . (3.9)
0

Thus for times as long as |t| < 1/A™ one has
|J(t) — Jo| < CpA. (3.10)

In general, due to the growth of C), with n, there’s an optimal value of n in
this scheme, as shown first by Nekhoroshev.

In this conclusive section we use perturbation theory, and in particular the
Hamiltonian normal form, to construct approximate solutions of the original
problem and we will show in which sense they are actually close to exact
solutions [9]. The original problem is given by the equations of motion with
Hamiltonian

H=h+ )P, + )R

FR—:
cj = Z@z;‘
Z =gt

J 0z;

By defining the vector u := (2, z*)T, one can rewrite such equations as
i = Au+ X1 (u) + N Xpg(u) (3.11)

where A is the linear operator linked to h: Au = JVh(u) and X; = JVP,.
The Hamiltonian normal form to first order is obtained by a coordinate
transformation u := T)(v) = & (v).

HY = h+ AP + MR
with corresponding equations:
0= Av + AN(v) + N*R(v) (3.12)
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where N = Xp instead R is a remainder. The truncated, or simplified

system, instead is:
W = Aw + AN (w). (3.13)

The solutions w of the simplified system are expected to approximate well the
solutions of the complete problem v. However, depending on the remainder
R then it could happen that the solutions of the equation (3.13) and solutions
of the equation (3.12) are very different. In order to ensure that they are
close to each other one should be able to prove some a priori estimate of R
and get an estimate of the time scale on which this happens. To reach this
goal consider a solution w(t) of (3.13) and construct an approximate solution
u of the original system:

alt) = Th(w(t)). (3.14)

The error r(t) is defined as the difference between the true solution u and
the approximate one u:

r(t) == u(t) — u(t). (3.15)
Such error fulfills the equation:
r(t) = u(t) — u(t) =
= Au+ X, (u) + N2 Xg(u) — T =
= Au+ AX1(u) £ N2 Xp(u) — T} (Aw v )\N(w)) _

= Ar + Au + AX1(r + @) + N2 Xg(r + u) —Tg(Aer)\N(w)) =

)
= Ar + At + AX1(r +a) + N2 Xg(r +0) — Au — A\X,(a) — N2 Xg(a)+
+ NPT (w)R(w) =

= Ar + A\ X (r + @) — X1(@)] + N[ Xg(r + a) — Xp(@)] + NT(w)R(w)

where the following equivalence which holds for every v has been used:

AT\(v) + AX1(Ta(v)) + N2 Xg(Ta(v)) = @ = T (v)[Av + AN (v) + N*R(v)].
(3.16)

The equation satisfied by the error is:
= Ar+ A X (r+a)— X, (@) + N[ Xr(r+u) — Xp(@) |+ Ty (w)R(w). (3.17)

The main point is that the reminder is evaluated on the approximate solution
w, so this gives a small contribution if some control on the approximate
solutions is available. Assume that R(w) is bounded, then in order to control
the norm of r one has just to apply Gronwall’s lemma (that follows) to
estimate solutions of (3.17).
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Lemma 9 Gronwall’s Inequality Let I denote an interval of the real line
of the form [0,T). Let o, 8 and u be real-valued functions defined on I.
Assume that § and u are continuous and that the negative part of « is inte-
grable on every closed and bounded sub interval of I. If B is non-negative, «
is non-decreasing and if u satisfies the integral inequality

u(t) < aft) + /tﬂ(s)u(s) ds, Vtel (3.18)
then .
u(t) < alt) exp ( /0 B(s) ds), vtel. (3.19)

Let us now define p(t) := e~“r(t). Notice that the evolution of h is unitary

which means |e=4!| = 1 so |r(t)| = |p(t)|. Thus, p(t) satisfies the equation
p(t) = e MAAX + N T'R(w)], (3.20)

where AX = AX; + AMAXg. Supposing that X = X; + AXy is a Lipschitz
vector field of constant L and 7"R is bounded then:

0= [ s

()1 = 001 < [ oGl
< /Ot(A|AX| + NT'R|)ds
< [0 = TR
Y /Ot r(s)|ds + \2Ct.

Now apply the Gronwall’s lemma with u = |p|, a(t) = A2C't and B(t) = AL
one gets the estimate:
Ip(t)] < N2Cte . (3.21)

Such estimate shows that the distance |p(t)| between the true and the ap-
proximate solutions of the problem, is small of order A on a time scale of
order 1/ that cannot be increased.
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Chapter 4

Quantum-Mechanical System

The central idea of this chapter is to describe the model of an atomic ar-
ray of cold atoms from the point of view of quantum mechanics. In the
first part we will transform the Hamiltonian H into a differential operator
H by the procedure of canonical quantization. Then we will represent the
dynamics of the system defined by H using Heisenberg picture, where any
quantized operator F' evolves along the flow of H by unitary conjugation,
namely F(t) := Ug(t)/FUg(t). In such a way, the algebra of operators
F.G, ... defined on the configuration space of a given system becomes a
Poisson algebra with Poisson bracket given by {F, G} := —i[F, G]/h, where
[ ,] denotes the standard commutator, namely [F, G| := FG — GF'. Since
the formal properties of Hamiltonian perturbation theory depend only on
the algebraic properties of the Poisson structure, we will extend the classical
results listed above to the quantum case.

4.1 Model and Quantum Hamiltonian

Recall the classical Hamiltonian obtained in the previous chapter:

N 2 2
D; mw A K
H(q,p) ZZ [(ﬁJr 5 Qf-) + (—ZQ?+§(%+1—%)2)

J=1

T «
+ (gqgﬁ + §(Qj+1 - Qj)?’)]

In order to work in a quantum setting one has to apply canonical quantization
to each variable involved in the model. Such procedure is described in the
next section.
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4.1.1 Canonical Quantization

In physics, quantization is the procedure to transform a classical Hamiltonian
system into a quantum mechanical model. This procedure is basic to theories
of particle physics, nuclear physics, condensed matter physics, and quantum
optics.

(Quantization converts classical functions defined on the phase space into
operators acting on some Hilbert space.

Definition 10 In quantum mechanics one defines q as the Position Oper-
ator and p as the Momentum Operator. By definition they act on some
function ¢ and work as follows:

qg=q = qp=q¢; (4.1)
0 (0]
= —1h— = —h—. 4.2
pi=—ihg = po=—ihg (4.2)
The fundamental commutation relation:
lg.p] = 1. (4.3)

Roughly speaking the position operator multiplies the function ¢ for the q
variable, instead the momentum operator takes the derivative of the function
¢ with respect to the q variable and multiplies the result by the constant
(—2h). The explicit computation of the commutator between g and p is:

lq,p|é(q) = (ap — Pq)9(q) =

= q(—z a?—?} - (—zha%)qqﬁ@ =

= —th6¢—@ — < —1hop(q) — thaq;_(qq)> =

The quantum Hamiltonian operator has the same structure of the classical
one where the p and q variables are substituted by the operators p and q:

0
Hiq,p) = Hlg, —th5.) =
2 n* 9 A K
=2 (50 - gmap) + (- 30+ Flam —02)t
JELN
(g S - 0))] (1.0

Notice that it is equivalent to do quantization before or after the translation
of the original variables (2.10).
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4.2 Heisenberg Picture [6]

We now examine the effect of applying time translation to operators, as
well as to wave functions. The transformed operators are called Heisenberg-
picture operators:

Qu(t) = U'()QU (). (4.5)
In the Schriédinger picture, the wave function ¢ evolves in time according to
the Schrodinger equation:

HV(q,t) = zh%\lf(q, t). (4.6)

The solution of the latter equation, if the Hamiltonian is independent of time,
is

U(q,t) =U)¥(q,0); U(t) :=e (4.7)

The operators g and p have no time dependence of their own, and the time
dependence of expectation values (or, more generally, matrix elements) comes
from the time dependence of the wave function:

(@) = (¥(1)|QI¥()) . (4.8)

In the Heisenberg picture, the wave function Vg (q) = ¥(q,0) is constant
in time, and the operators evolve in time according to Equation (4.5). The
time dependence of expectation values (or matrix elements) is carried by the
operators.

(Q) = (Vu|Qu(®)|VE). (4.9)
Of course, the two pictures are entirely equivalent since:

(TO)QI¥(1) = (TO)UT QU 1)|¥(0)) = (VulQpu ()| ¥r).  (4.10)

If the Hamiltonian is time-dependent one can still write the formal solution
to the Schrédinger equation in terms of the time-translation operator, U :

U(g,t) =Ul(t,t0)¥(g, to) (4.11)

Hitg.
’

but U(t,t,) no longer takes on the simple form e~ # however, for an

infinitesimal time interval &

Ulty +6,t0) ~ 1 — %H(to)é. (4.12)

Due to (4.5), the time evolution of Qg (t) is given by
d 1 0
%QH = —ﬁ[Q.mH] + EQH' (4.13)
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As a consequence, if Qg (t) = H(t) and

OH
= =0
ot
then:
Ly R (4.14)
a R '

From now on, we work in the Heisenberg picture omitting everywhere the
subscript H for the operators.

4.3 Perturbation Theory in Quantum Mechan-
ics

The formalism of Hamiltonian perturbation theory developed in the classical
context can be applied to quantum mechanics once one identifies the relevant
quantum objects such as Hamiltonian flows and canonical transformations.
To such a purpose, we start by observing that unitary transformations of
the wave function, the unknown of the Schrodinger equation, are canonical

transformations of the latter equation. Indeed, given any unitary operator
U independent of time, and defining ¥ := U™V and H' = U'HU, one has

Wy = HU <= h0, = H'V, (4.15)

where UTU = 1, the equation on the right hand side being identical in form
to that on the left one. The idea of this section is to write the quantum
Hamiltonian of (4.4) in the form:

H(q,p) = h(q.p) + P:1(q) + P3(q) + . . ., (4.16)

where h is the unperturbed Hamiltonian and P := H — h is the perturbation
split into ordered terms Pq, Ps, and so on.
In our particular case holds:

h(g,p) =) (mw q; — h—28—1>; (4.17)

= 2 2m 0q
A, K
Pi(q) =) ( - Zq;‘ + 5 (g — %)2); (4.18)
JELN
r «
Py(q):= ) (gq]@ + 3 (g~ qj)3>- (4.19)
JELN

in complete analogy with the classical case.
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4.3.1 Hamiltonian Normal Form in Quantum Mechan-
ics

In the perturbative context one can try to remove the leading order pertur-

bation P; (and then the higher order contributions as well) by looking for

a particular unitary operator U that conjugates H to its normal form, to
leading order.

Definition 1 A quantum Hamiltonian H™ of the form

H™ =h+> Pj+ Ry, (4.20)
j=1
where [Pj,h] = 0 for any j = 1,...,n is said to be in Normal Form to

order n with respect to h.

4.3.2 Ladder Operators

Creation and annihilation operators b;r- and b;, also called Dirac, Boson
or ladder operators, are defined by the following formulas:
b e mwq; +1p; bl mwq; — 1p;
’ Vomhw ! 2mhw
They are the quantum version of the Birkhoff variables (2.27) up to the scale
factor 1/v/h with the property

[b:,bl] = 6, (4.22)

(3 Vi

(4.21)

A dagger above and in the sequel denotes the adjoint.

One thus canonically quantizes the Hamiltonian (2.20) and gets the quan-
tum Hamiltonian H, or its equivalent expansion (4.17)-(4.19), that can be
rewritten in terms of the ladder operators. Due to the definition (4.21) and
to the commutation relation (4.22) one gets

by m’w’q} + pj + mw(q;p; — P;q;) _
777 2mhw
m*wq; + p; 4 vmwih

N 2mhw N

1w, P why

_ﬁ< 2 7 om 7)‘

L mw? p; _

_%< 9 %>_§_

1
“n(m) 5



Thus, the unperturbed Hamiltonian h which is the sum of N Hamiltonians
of single harmonic oscillators reads:

h(b,b) := > Tw(blb, + =) hw(bbl — - (4.23)

JELN JELN

Clearly one can also express the operators of position and momentum in
terms of creation and annihilation operators and then replace them into the
Hamiltonian like we’ve done in the classical case:

h

mwh

— (b —bl). (4.24)

The next steps are: to express H in terms of the ladder operators and to com-
pute its normal form to some prefixed order with respect to the unperturbed
Hamiltonian (4.23). We obtain such Hamiltonian replacing the expressions
(4.24) in (4.4):

H(b,b') = h(b,b") + Py(b,b') + Py(b,b) + ... (4.25)

The two order perturbations P; and Ps in terms of ladder operators become:

Pibb) = 3 {0 by b+ (b 8], — (b + 5] )

: 16m2w? dmw
JELN
3
NG a | h 3
Py(b, bT) = Z {—48m3w3 (b, + b;r-)(j + 3V 29w |:(bj+1 + b;_,_l) — (b + b;[)} }
JELN

Definition 11 Given the creation and annihilation operators b} and bj the
Number Operator n; is defined by

with the property [n;,ny) =0 V7, k.

The number operator is the observable that counts the number of "quasi-
particles". The Hamiltonian h in terms of the number operators becomes:

h=) hwn;+ %). (4.27)

Notice that, instead of h, one can study h =)
don’t influence the dynamics.

€l Iwn; because constants
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The evolution of any operator Q with respect to the flow of a Hamiltonian
h is given by:

. 1
Q=—Q.h] =L@ = Q) =c"Q) (4.25)
It follows that the evolution of b; and b;r- trough h is given by:

whb; = [bj, h] = [b;, > hwblbi] = > hwlb;, blby] = hwlb;, bi]b;
kel keZn
= h(,«ij,
hence it holds '
bj = —w)bj — bj (t) = €_Zwtbj (0), (429)

and similarly for creation operators, one has:
t _ awtpt
bj(t) =e bj(O). (4.30)

One should obtain the same result using Taylor expansion for e“»! in the
following way:

bj(t) = e"'b;(0) =
t2
= (1+tLh+§Li+...)bj(o) =

= 5,(0) + -2 [b,(0), B + (-
=b;(0) + t%hwbj(O) + %(%)2(hw)2bj(0) 4=

= b;(0) +1=b,(0) + 1ﬁ—(%)ij(o) +o=

2
2

t
= b;(0) — twib;(0) — szbj(()) =
= e 'b,(0).

)?[[B;(0), k], ] + -+ =

4.3.3 Averaging Theory in Quantum Mechanics

By analogy with the classical case one looks for a unitary operator U, that
is the Schrodinger flow at time A of some unknown Hamiltonian (Hermitian)
operator G, namely

WG

Uy=e ", (4.31)
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To any Hermitian operator G one can associate the operator
Lg:=—=],G] (4.32)

i.e. the quantum Lie derivative along the flow of G. One easily proves the
following

Lemma 12 For any pair of Hermitian operators F' and G independent of
A, one has

et Fe e = MG, (4.33)
In particular, it follows that F is invariant with respect to the flow of G if
and only if [F,G] = 0.

Proof. Define F'()\) the left hand side of the previous equation and take its
derivative with respect to A\, getting
d ?
nFN =7
The latter differential equation can be formally integrated with the initial
condition F(0) = F, to yield the equation. m
We are interested on normal form up to a fixed order of a Hamiltonian.
Let us very quickly see how the classical procedure for finding the normal
form is kept conceptually the same up to first order concerning higher orders,
it will be evident that there is really nothing different to do with respect to
the classical case. Now, supposing that the quantum Hamiltonian has the
form

(GF(\) — F(NG) = LaF(\). (4.34)

H=h+ P, + .. (4.35)

NG
and transforming it by U, = e~ # "~ , one obtains

H, = U\HU, =
1AG1 1AGq
= en (h+ AP +...)e & =
= h+AP;+ Lg,h)+0(\?) =
= h+ AP, +0(\),

4.36

4.37
4.38
4.39

(4.36)
(4.37)
(4.38)
(4.39)

and one requires that P, .= P, + Lg,h is invariant with respect to the flow
of h, that is L, P, = 0. Similarly to the classical case, one finds:

P1:<P1>h'

Taking into account that Lg,h = —LpG; one writes down the Quantum
Homological Equation (to first order):

Pl - P1 - LhGl (440)
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and solves it for P, and G, exactly as done in the classical case. The result
is the following

- ]. t 18 18
P, = (Py), = lim —/ et Pre i ds: (4.41)
0

t—+4oo t

onP, = P, — Py; (4.42)

i ds, (4.43)

t—+00

1 t s
G, =K, + lim —/ (s — t)e+7h(5hP1)e_
0

where K is any Hermitian operator such that [K;; h] = 0. The formulas for
the next orders can be obtained by using the quantum Averaging Principle.
Below is reported the second order perturbation term:

4

_ 1 1
Py = (Po),+5(—50nPLonGi]) —

5 [Py, K], (4.44)

where 6,G1 = G7 — K. It follows that the averaging principle, holds in
quantum mechanics to all orders, with a formulation that, up to the replace-
ment of the Poisson bracket {,} with the commutator [,] divided by A, is
completely analogous to the classical one. In particular, to first order, the
perturbation in normal form is the time average of the perturbation along
the flow of the unperturbed system. We have seen, then, that the Hamil-
tonian perturbation theory represents a powerful tool that can help study
quasi-integrable systems, in the sense described before. As observed in the
classical case, we will work with A = 1 in the sequel.

4.3.4 Application to the Quantum Hamiltonian (4.25)

Theorem 4 The Hamiltonian of the quantum cold atoms problem, in normal
form to the first order is

HY(a,a") = U HU, = h(a,a’) + Py(a,a’) + R, (4.45)

where,
~ W 27w h vk
Piaa) = 2 [ e ()P (s -
2m Jo
N N N
R0 SRS SRR
j=1 j=1 7=1

(4.46)

with suitable real parameters W, J and U.
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Proof. The specific computation for Py = (Py),, is

27 Jw

(Pola.al) = 2i et () Pret T (1)dr =
T
27 Jw 9
“ AR
- —wWT T _wT\4
= o) X [t e
JELN
—Kh —WwT wT —wWwT T 2
" e <(aj“ +al ) = (aje + ale )> }dr _
AR?
B Z [_ 16m2w2(6 ; T2>+
jELy
Kh
* 2mw <(aj+1a}+1 + a,ja;) - (aj+1a;r' + a;ﬂaj)ﬂ -
Kh Kh
_ : ; T T
B jezzz [Qmw(aj+1aj+l +aja;) — %(ajajﬂ +aj,,a5) +
N
3AR? 2
C 8m2w? (aja; )] -
Kh KT
= Z %ag’a} - Z —QTM(CIJ;CLJ-Jrl +a}aj,1) 4
JELN jeln
_ Z 3AR ( ) TQ) _
Sm2w?2 7Y
JELN
Kn 1 Kh
T ow %% 2mw aj(ajy1 +aj-1)+
JEZN ]EZN
SAR ) 3AR2
— g 2o (afa) -5 Y aja;
JELN el

So the quantum Hamiltonian in normal form to first order is:
HY(a,a") = U HU, = h(a,a’) + Pi(a,a’) + R, (4.47)
where

WZaa]%—jz (ajr1 + a1 jL?/{ZaT2 2 (4.48)

JELN JELN JELN
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with

Kh  3AR?
= (449)
Kh
3AR?

The truncated quantum normal form

HY - R, = h+P,=
Ww) 3 aja;+7 ) ajlam+a)+U Y afa]

JELN JELN JELN

defines the so-called Bose-Hubbard (BH) model, the reference standard model
in optically trapped cold atom systems. The corresponding BH equation is

w;, = WHw)a;+T(aj1+aj_1)+ QUa;af. (4.52)

Successive corrections Ps, P3 and so on are computable as well. Notice that
the BH Hamiltonian is just the quantum version of the dBGP Hamiltonian.
As a matter of fact, the classical mechanics describes well both the dynamics
and the statistical properties of condensed matter at high temperatures.

The results listed above allow to improve such a conclusion extending it,
in principle, to any higher order approximation (i.e. BH deformation) of the
true Hamiltonian.

In order to compute P, like in the classical case, one has to compute G4
but we first need

AR?

Py~ Py (P, = 3 [~ e o
JELN
Kh
T ime <(bj+1 —b;)* + (bl — b})Qﬂ : (4.53)
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The computations of G follows:

27 [w
G (b, b1) = ; / et S Pre T ds =
T

27 [w AhQ
W 4 —dwws 3 —2wwsyt 14 dwws
= % 8|: Z —m(bje +4bj€ bj+bj (& +
JEZLN
Kh
+ 4bT3e2zwsbj) 4m ((bj2+1 —2wws + b26—22ws _ 2bj+1bje—2uus)+
(b;[il 2uws + b}262zws 2b;+1bjr 2uus)>i| ds =

4 377 t4 13
16em2w3” 4 2 4 2

JEZLN
Kh
Sumw? <( b§+1 b? +2bj1b;) + (bﬁ-l + bT? - 2b;+1bT)>]

Choosing, K1 = 0, as a kernel element in (4.43), compute the second order
perturbation term in normal form:

1

Py = (Py), +3 <—%[(5hP1, G1]>h, (4.54)

where we observe that J,G; = G; when K; = 0. By an easy computation
one gets:

w 271‘/0.) wth —th
(Po) (a,a)) = = / I Pt dr —
s

L w
27

27w T i 3
6 () (a7 +ale)
N

0 J
h ’
o —wwT WT —wwT wWT
+ 3 \/ S [(@jie™“ + a;r-ﬂe ) — (aje ™" + a;r )] ]dT =

-5 ) () o

JEZN

In order to compute the Lie bracket between d;, P1 and G one has to compute
the commutator [0 P71, G| = 0, P1G1 — G160 P1. Notice that holds the
following relations:

0
il bT”)
T< k /)
bj
mn n— a n
[bl,by] = nb} 0% = %(bk)'

J

[b;, b]"] = nb}" '8, =
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Such relations, allows us to write the commutator between F' and G as
follows:

OF 0G OF 8G>.

Z <8bj obl bl Ob;

JELZN

So in order to compute [0, P71, G1] one has to calculate first the derivatives

of 0P, and G with respect to b; and b;r- and then the products between
them.

&;hbfl = _16/:”—2;(%? + 12bb] + 4b]°) + % <(bj —bj 1) — (bjy1 — bj));

a‘;"; = 16/::;2 (465 + 4b1° + 12b1%b;) + % ((b} —bl_,)— (b, — b}));
%Zl = —me}wa(—bjf — 6b7b! + 2b1") + 41[;22 ((lyj+1 —b;) — (b; - bj_l));
fo = —mehng(—zbjf +b” +6b!°b;) + 4;;32 ((b} —bl_,)— (bl — b})>.

Dby 0Gy __AH 3 2y 1 3 3, p13 2
Ob; bl 256im*wd (4b] + 12b7b] + 4b]") (—2b] + b” + 6b°b;)+

AKR? 3 29T 3 1 t + t

- m(4bj +12b;b; + 4b; )<(bj —bj_4) —(bj, — bj))—i—
AKR

- 3umiwl ((bj = bj1) = (bj1 — bj)) (—2b% + bI° + 6b°b;)+
K2R?

(B = bj-1) = (bjs1 — b)) (6] = b]_,) = (b].., — b))

Sum2w3

06, P1 0G ARt
ahbT b = grgiss (6] + 4b) + 1267%b;) (b — 6bb] + 2b[°)+
g J

AKR?

~ Garior (16 + 477 +12b°b)) (“’m —b;) — (b — bj71)>+
AKR?

 32umBw?! <(bj B bjﬂ) - (b}H - b;)) (—b? — Gb?bj» + 2b}3)+
](2h2

T Smeas (@ = b)) = (bl - bj)) ((ij —b;) — (b - bj—l))'
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The explicit expression of the bracket is:

AR
0Py, Gr] = D { Geo i | (46] + 126%] + 46°) (26 + bl + 661’8+
JELN

— (4b% + 4b!® + 12b!°b;)(—b? — 6b2b] + 2b;3)} N

AKR3 3 27t 13 i + i ;
 6dmBw? [(4bj +12b;b; + 4b, )<(bj —bj_y) — (bj, — bj)>+

— (4B + 4b1* + 12b1%b)) ((bj+1 —b) — (b, — bj_l))} +

AKR?
BRI [(( i — bj—1) — (b1 — bj)) (—2b% + b” + 6b!%b;)+

- (<b} = b)) = (bl — bT))(—bj’? — 667! + 2b}3)} +
K2ﬁ?
(0~ i) — (s = ) (6] 8 ) — 8, )

- ((b} —bl_})— (b, — bj)) ((bj+1 —b;) = (b; - bjA))] }

So now one can compute the average of the previous Lie bracket along the
unperturbed flow of h:

7 .|. w 271'/(1.} +zsh __1sh .'.
<—7—i[5hP1,G1]>h(a,a):—/0 et —ﬁ[ahpl,c;] (@, al)ds =

2T
17A2R3 3 13 3 43
:jezz: { 6dmias [a a; +a; ]*
N
27A%h3
32m4w5[ i T2 +aT2 2]+
3AKR? 2,2 3AKR? i
Am3w? [a @ ‘+ a; } + Am3w? [a]aj ta a]}
3AKRK?
- 16m3w4[ 32 j< -1 T @) + (a’;[ 1+ aj)aja+

+ a}za,j(aj_l + aj+1) + (aj—l + aj+1)a;['2aji|

K°h i i
—gﬁﬁK%fﬂfﬁﬂﬂﬁ@“—%l alin)+
+ <2a;- — a;r-fl — a}+1> <2aj ; a]+1>} }
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Finally the perturbation term of second order P, has the form:

L{Z[a?’T?’ T33}+MZ[2T2 TQQ]—H/VZan—i—

JELN JELN J€iN
Y 2 Tt t t I )a’al
+N Z [aja’j(a’j—l +aj,)+ (aj +aj,,)aja;+
JELN

+ala;(a; 1 +a5) + (a1 + aﬁl)a’?a’j} -

+J Z [(2%‘ —a;1—a;)(2al —al_ —al )+

€Ly
+ (20,; — a;_l — a;+1)(2aj —aj_ — ajﬂ)} (4.56)
where
~ 233 3
u=- 112;%&5 2571:;,03; (4.57)
J = —%; (4.58)
2 2%3
e,
2
N = —%; (4.60)
2
W = %. (4.61)

We have thus proved the following:

Theorem 5 The quantum Hamiltonian of the cold atoms problem in normal
form to the second order is

H®(a,a') = h(a,a’) + Pi(a,a’) + Py(a,a’) + Rs, (4.62)

where Py and Py are given in ({.46) and (4.56) respectively.
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4.4 Summary of the Quantum Part

In this section we summarize the model obtained in the quantum case in
order to have a general and complete point of view and also to compare with
the results obtained in the classical case.

The starting quantum Hamiltonian before the unitary transformation is:

H(q,p) = H(q, —zhaaq)
h? 0% mw? A K
=2 (- qmap T d) (30 gl —0))
+ (gq? + %(QjJrl - qj)?’)} . (4.63)

The quantum Hamiltonian in normal form to second order is:
H® =h+ P, + P, + Rs (4.64)

where h is the unperturbed Hamiltonian and P;, P, are the first and the
second term of perturbation.

h= hwala;; (4.65)
JEZLN

P, =W Z a;r.aj +J Z T(aj+1 +a;j_)+U Z aJr2 % (4.66)
JELN JE€EZN JE€EZN

PQZZ;{Z[(I?CL?) T3 3]+MZ[2T2 ;2 2}+W2aaj+
JEZN JEZLN JEZN

+N Y [aia}(a;—l +aj,) + (aj_y +aj,)ajal+

JEZN

+ a}zaj(ajq +aji1)+ (aj1 + a’a+1>a;2a’j] +

+7 Y |a; - a; 1 - aj)(2a] — @], —al,)+

JELN

+ (20} — al_, ~ al,)(2a; — a; 1 — a;1)]. (4.67)

; Kh _ _3AR? — Kh o 3AR?
where the coefficients are W := = — =5 J , U = =255

mw
: Yy 17A253 5Fh3 " _ 3AKH? 27TA%R A7 _ 3AKRZ 7
1nstead, Z/{~— 128mAw?® + 24m3w3? M = 8m3w? 64mAwd? N T 32m3w?? J =
_ _K?%h W = 3AKhK?

16m2w3”’ T 4mlwt-
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The explicit expression of truncated quantum normal form is

H® —R3;=h+ P, + P, =
= Z {(ﬁw + W + W)a;aj + ja}(ajﬂ + Cl/j_l) —I—Z/{a?a?—i—

JELN
+U [a?a}?’ + a}?’ai’] + M [a?a}z + a?ai] +
—|—/\7[a§a}(a}_l +aj,) + (al_y +aj,,)ajal+
+al’aj(a; 1+ aj) + (a0 + aj+1)a;2aj] +
+ j[@aj —aj_1 — aj+1)(QG; - a’;f'—l - a’}+1)+
+ (2a] - al_, — al,))(20; - a; 1 - ;)| }.

The corresponding Bose-Hubbard (BH) equation, corrected to second order
is:

wa; = (hw+ W+ W)aj + J(ajt1 +a;_1) + 2Z/{a;a§ +3U [a?a;f? + a}zai’] +
+2M [a?a} + a}aﬂ + N[a?(a;_l + ahl) + 2a§+1a}+1 + 2a§_1a}_1+
+ (@, +aj,,)a} + 2ala;(a;-1 + @) + 2(a;-1 + aj+1)a§aj] +

+27|2(20; — a; 1 — aj1) — (20501 - a; — a542) — (2051 — a; 5 - ;).
(4.68)
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