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Abstract

The nuclear force is approximately independent of the nucleon charge. This feature is re
ected in
the similar structure of mirror nuclei, where the number of protons and neutrons is interchanged.
Small di�erences in the excitation energies of analogue states arise primarily from the Coulomb
interaction and to a lesser extent from isospin-breaking componentsof the nuclear interaction.
Recent theoretical and experimental studies have further highlighted the important role of low-l
orbitals, which in
uence not only these energy di�erences but alsobroader properties such as
neutron skin.
This thesis presents a systematic study of Mirror Energy Di�erences (MED) for nuclei with
masses 19� A � 35 in the sd-shell, carried out within the nuclear shell-model framework. MED
act as a magnifying lens for probing the microscopic structure of excited states, providing insights
into pairing correlations, angular-momentum{dependent structural evolution, and changes in
nuclear radii. For the �rst time, methods of calculation largely developed for the fp -shell
have been applied systematically to both natural-parity positive states within the sd-shell and
negative-parity intruder states arising from cross-shell excitations.
The analysis, performed in nuclei with isospin values of up toT = 2 for positive parity and
up to T = 3=2 for negative parity, was carried out using the ANTOINE shell-model code,
with e�ective interactions tailored to the sd-shell. The results demonstrate that the adopted
theoretical framework reproduces the main experimental trends. Deviations, particularly at high
spin, are interpreted as a consequence of valence-space truncationsand the growing role of core
excitations, a distinctive feature compared with fp -shell nuclei. Moreover, single-particle energy
corrections are found to be larger than those in thefp -shell, emphasising the sensitivity of the
sd-shell nuclei to interaction details.
Beyond reproducing the available experimental data, the present calculations also predict yet
unobserved states, providing valuable guidance for future measurements. The study establishes
a solid framework for extending MED analyses in thesd-shell and for addressing Triplet Energy
Di�erences (TED). It further opens the way to investigations of el ectromagnetic transitions and
to the study of MED in mirror nuclei of astrophysical interest, wher e sd-shell systems play a
central role in explosive stellar nucleosynthesis.
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Chapter 1

Introduction

Symmetry is one of the fundamental and most powerful concepts in modern physics, after its
introduction by E. N•other. Symmetries, in fact, are intimately li nked to conservation laws and
conserved quantities, the latter being fundamental in quantum mechanics because they lead to
good quantum numbers.

Along these lines, Heisenberg formulated the notion of isospin, whichallows us to study the
symmetry between protons and neutrons in an atomic nucleus. The concept of isospin and its
formalism are based on the fact that we can see the proton and the neutron as di�erent states
of a doublet called the nucleon. Using isospin in nuclear physics, onecan test the other two
keystones: charge symmetry, which tells us that neutron-neutron and proton-proton interactions
are equal, soVnn = Vpp, and charge independence,Vnn + Vpp = 2Vnp . The latter implies that
all eigenstates of a system of two identical nucleons (i.e.nn or pp) must also be eigenstates of
the mixed np system, as these con�gurations correspond to isospinT = 1 states. However, the
reverse does not hold, since thenp can additionally access states with isospinT = 0, which are
antisymmetric in isospin and hence forbidden for identical nucleonpairs by the Pauli exclusion
principle, see Fig.1.1.
By observing, and moving from the valley of stability towards driplin es along theSegr�e chart1

(Fig.1.3) one can de�ne isobars, which are nuclei with the same massA=N+Z , but di�erent
number of protons and neutrons. States of isobaric nuclei with the same total angular mo-
mentum ~J , parity, wavefunctions, and isospin ~T are called Isobaric Analogue States=IAS and
they are degenerate in energy if any symmetry breaking mechanism is absent. So, if even small
di�erences in energies are present, these can be related to electromagnetic origin attributable to
the numerical imbalance2 between protons and neutrons.
The IAS energies di�er from each other by a quantity known asCoulomb Displacement Energy
(CDE) that amount approximately to tens of MeV.
Normalising energies with respect the ground states, another quantitycan be introduced: the
Coulomb Energy Di�erences (CED), which takes into account the displacement in energy exci-
tation. Isobaric analogue states (IASs) are expected to exhibit slight variations with increasing
spin, mainly because of the in
uence of the Coulomb energy. In fact, this can subtly modify the
structure of nuclear orbitals, consequently in
uencing the wavefunctions of the excited states.
Looking again to the nuclear chart one can de�nemirror nuclei , which are those with same mass

1Or chart of nuclides: it is the \map" of nuclear physics, playing the analogue role of Mendeleev in this context.
2assuming equal massA

1



CHAPTER 1. INTRODUCTION

Figure 1.1: Nucleon pairs. Schematic representation of the di�erent nuclear Cooper-type pairs. The
valence neutrons (blue) or protons (red) that form the pair occupy time-reversed orbits (circling in
opposite directions). If the nucleons are identical they must haveantiparallel spins|a con�guration that
is also allowed for a neutron{proton pair (top). These are isovector pairs. The con�guration with parallel
spin is only allowed for a neutron{proton pair (bottom). This is the isoscalar pair. Ref.[46].

A, but reversed number of protons and neutrons3. In this context, the study of the di�erences
in excitation energy between analogue states of pairs of mirror nuclei leads to de�ne the Mirror
Energy Di�erences (MED):

MED exp
J = EJ (Z> ) � EJ (Z< )

whereasEJ (Z> ) denotes the excitation energy of the state with angular momentumJ in the
nucleus with the largest Z among those that form a mirror pair. Furthermore, of capital inter-
est in the framework of the nuclear shell model is the study of MED as afunction of angular
momentum J to obtain information regarding the violation e�ects of isospin conservation and
evolution of the nuclear structure. An example can be seen by observing Fig.1.2.

Bentley and Lenzi [3] successfully implemented this strategy in nuclei with mass rangeA =
40� 55 using the nuclear shell model in thefp-shell.
The purpose of this thesis is to test this strategy for nuclei belonging to the sd-shell (in this
caseA = 19 � 35, also predicting some values for states not yet experimentally obtained.

In Chapter 2 an overview of the Shell Model in nuclear physics is presented, also introducing
the code used to perform calculations.
The concept of isospin and its implications in the de�nition of mirror n uclei and mirror energy
di�erences are treated in Chapter 3, while the complete systematic study of MED in the sd-
shell for both positive and negative parity states is performed inChapter 4. The analysis was
conducted following increasing isospin values: fromT = 1

2 to T = 2 for states J + and from
T = 1

2 to T = 3
2 for states J � .

In the �nal Chapter 5, the conclusions of this thesis are presented, as well as potential directions
for future research.

3Given two nuclear species (Z1 ; N1) and (Z2 ; N2), they are mirror if Z1 = N2 and Z2 = N1 .
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CHAPTER 1. INTRODUCTION

Figure 1.2: Example of MED for the T = 1/2 yrast states in the mirror pair 29P� 29Si. The lower panel
shows the contribution of the di�erent components to the MED. Ref.[31].

Figure 1.3: Segr�e Chart in which magic numbers are highlighted and the colours encoded information
regarding the half-life of each nuclide. Adapted form [36].
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Chapter 2

Theoretical framework

In this chapter, after a brief survey on the experimental Shell Model evidences, the theoretical
framework necessary for the development of the thesis work will be introduced. The main
references are [5, 14, 24, 25].

2.1 Shell Model experimental evidences

There are a number of experimental facts con�rming the validity of shell model and so the shell
structure of the nucleus:

ˆ Nuclear mass measurements, when graphed against their neutron numberN or proton
number Z , reveal systematic deviations from the liquid-drop model. These deviations
show extra binding energy at the so-called magic numbersZ; N = 2 ; 8; 20; 28; 50; 82; 126
and reduced binding energy for located nuclei midway between these closed shells, see Fig.
2.1;

Figure 2.1: Deviation of nuclear masses from their mean (liquid drop) values as a function ofZ or N .
Taken from [25], adapted from [34].

5



2.1. EXPERIMENTAL SM EVIDENCES CHAPTER 2. THEORETICAL FRAMEWORK

ˆ Shell structure is underlined in the discrete strength distribution in nucleon-transfer re-
actions, for example, the pick-up reaction 206Pb(3He; d)209Bi in nucleon (two-nucleon
separation energies, see Fig. 2.2;

Figure 2.2: Single-nucleon states in209Bi : the upper �gure shows the proton single-nucleon states cor-
responding to the spectra below; in the lower picture the spectra obtained from the pick-up reaction
206P b(3He; d)209Bi is shown. Refs. [25, 28].

ˆ Even-even nuclei located near the valley of� -stability and having both proton and neutron
numbers equal to magic values, such asN = 8 ; 20; 28; 50; 82; 126, exhibit unusually high
excitation energies for their �rst excited states relative to neighbouring nuclei. As said
before, this is similar in atomic physics: atoms with completely �lled electronic (sub)shells
also have higher �rst excitation energies than those with partially �l led shells, leading to
the emergence of analogous magic numbers in both systems, see Fig. 2.3.

6



CHAPTER 2. THEORETICAL FRAMEWORK 2.2. THE NUCLEAR SHELL MODEL

Figure 2.3: The average excitation energies of the �rst-excited statesin doubly-even nuclei, mostly
J � = 2 + level, plotted as a function of the N number. Refs. [13, 25, 28].

2.2 The Nuclear Shell model

Following the discovery of the neutron by Chadwick in 1932, Ivanenko andGapon, inspired
by the atomic model, introduced the �rst rough idea of a shell model that incorporates proton-
neutron interactions [21]. Shortly thereafter, Heisenberg proposed the isospin symmetry, treating
protons and neutrons as two states of the same particle, while Majorana andWigner contributed
to the formulation of the nucleon-nucleon force, a short-range, attractive interaction largely
charge independent and capable of overcoming Coulomb repulsion. In the1950s, the modern
nuclear shell model was independently developed by Goeppert-Mayer and Jensen, introducing
spin-orbit coupling to explain nuclear magic numbers. Although the early models assumed
charge symmetry and independence, it is now understood that these are approximate, broken
by electromagnetic e�ects and isospin-violating components in the strong interaction.
As said, the nuclear shell model was introduced, as we know it today, by Mayer and Jensen [23,
32] to solve the puzzle of the experimental observed regularities of nuclear properties related to
N and Z numbers: 2, 8, 20, 28, 50, 82, 126, the so-calledmagic numbers. Unlike other models
known at the time (i.e. Liquid Drop Model ), the introduction of the shell model led to a match
between theoretical predictions and experimental data on magic numbers. Since then, the shell
model has been developed to accurately describe low-energy nuclear structures of nuclei with
light- and medium-mass numbers, as well as the decay processes involved.
The name of the model clearly recalls the atomic shell model. The analogylies in the fact that
magic numbers correspond to particularly stable con�gurations, leadingto peaks in separation
energy near shell closures. Stable con�gurations are associated with stable nuclei, which are
geometrically spherical and exhibit reduced collective behaviour. It is a quantum many-body
model in which the A nucleons forming the nucleus interact through nuclear and Coulomb forces,
mediated by a mean �eld. This is made possible through the following approximations:

ˆ Each nucleon in anA-nucleon system moves independently in an average potential, pro-
duced by A(A � 1)

2 pairs of nucleon-nucleon (NN ) interactions in the nuclear medium. Higher

7



2.2. THE NUCLEAR SHELL MODEL CHAPTER 2. THEORETICAL FRAMEWORK

body interactions, such asNNN can be e�ectively thought as in-medium NN interactions.
A further distinction must be made, namely the NN interaction in a nuclear medium is
di�erent from the free NN interaction: the free nuclear NN interaction is strongly re-
pulsive at short distances and attractive at larger distances and includes non-central and
spin-dependent forces that attach two nucleons to a constant distance of about 1fm. This
is guaranteed by the antisymmetric nature of fermionic wavefunctions and by the Pauli
principle.
Further information regarding the meson exchange theories describing NN potential is
reported in Fig.2.4.

Figure 2.4: Hierarchy scales of NN potentials type: NNdistancer is given in units of the pion's wavelength
� � 1 � 1:4fm . Region I (r � 1:5fm ): � -exchange potential;region II (r � 0:8 � 1:5fm ): �� -exchange
potentials; region III (r � 0:5fm ): relativistic regime, so multi-pion or heavy-meson exchange potential
is needed. Refs.[28, 44, 48].

ˆ Each particle is subject to a central force responsible for the existence of bound states in
its motion.

Normally, nucleons will �rst occupy the lowest energy states, until they reach the Fermi energy
EF . So, a nucleon with energyE < E F cannot move freely toward a di�erent state because all
the others are just saturated. In this way energy and momentum exchangeis inhibited by Pauli
principle.

2.2.1 The Non-interacting Shell model

In a more general situation, using the approximations exposed before, one can build the non-
interacting Shell Model (or, single-particle Shell Model), described by the following Hamiltonian:

H0 =
AX

i =1

h0i =
AX

i =1

(K i + Ui ) (2.1)

whereas the h0i are the single-particle Hamiltonians, K i and Ui are respectively the single-
particle kinetic and potential term. This arises from the one-particle Schr•odinger equation,

8



CHAPTER 2. THEORETICAL FRAMEWORK 2.2. THE NUCLEAR SHELL MODEL

describing a nucleon moving in a central spherically symmetricpotential:

(K + U(r )) � � (r ) = � � � � (r ) (2.2)

in which � is a set of quantum numbers,� � are the discrete single-particle energies and� � (r ) are
the single-particle wave functions solutions of the one-body Schr•odinger equation. The latter
form a complete set of orthonormal states

Z
� �

� (r )� � (r ) dr = � �� 0 =

(
1; for � 0 = �;

0; for � 0 6= �;
(2.3)

where � is a set of quantum numbers. The nuclear state is described by an anti-symmetrized
many-body wave function, speci�cally a Slater determinant constructed from the single-particle
wave functions of the individual nucleons:

	( ~r1; : : : ; ~rA ) =
1

p
A!

det

0

B
B
B
@

� 1(~r1) � � � � A (~r1)
� 1(~r2) � � � � A (~r2)

...
. . .

...
� 1(~rA ) � � � � A (~rA )

1

C
C
C
A

(2.4)

in which 	( ~r1; :::; ~rA ) is the many-body wave-function, � A (~rA ) are the single-particle wave-
functions and A labels the mass number.
Therefore, the eigenproblem can be rewritten as

H0 j	 i = E j	 i =
X

i

� i j	 i (2.5)

consideringE as the total energy of the multi-particle state. Once this approximation has been
imposed, one has to choose a single-particle potential to solve the full problem. A realistic and
common choice is the Woods-Saxon (WS) potential

UWS(r ) =
V0

1 + e(r � R0 )=a
(2.6)

in which V0 � � 50 MeV is a constant well depth, R0 = r0A
1
3 describes the potential range,

with r0 � 1:2 fm, while a � 0:7 fm is a constant that measures the surface di�usion, orskin
thickness. The WS potential is a phenomenological model that approximates the mean-�eld
potential experienced by nucleons inside the nucleus. It is shaped after the observed nuclear
matter density pro�le and is widely used to �t experimental observ ables such as energy levels,
radii, and scattering data. Despite having an analytic form, the Woods{Saxon potential does
not admit exact solutions, so the eigenstates must be computed numerically.
A more practical and analytically solvable choice is the harmonic oscillator(HO) potential
Fig.2.5, due to its numerous symmetries and characteristics

UHO (r ) =
1
2

M N ! 2r 2 (2.7)

describing an isotropic tridimensional harmonic oscillator of a nucleonwith mass M N and !
oscillation frequency. Implementing it in the Schr•odinger equation, one gets

h0� (r ) =
�

�
~2

2M N
r 2 +

1
2

M N ! 2r 2
�

� (r ) = �� (r ) (2.8)

9



2.2. THE NUCLEAR SHELL MODEL CHAPTER 2. THEORETICAL FRAMEWORK

Figure 2.5: Woods-Saxon, Harmonic Oscillator and Squaredpotentials in comparison. Ref.[41].

Ignoring the spin, the single-nucleon wavefunctions� (~r) can be decomposed into a product of a
radial wavefunctions Rnl (r ) and a spherical harmonicsYlm l (�; ' ), containing angular informa-
tion, as

h0� (~r) � � nlm l (~r) =
Rnl (r )

r
Ylm l (�; � ) (2.9)

where n is the number of nodes of the radial wavefunction;l is the orbital angular momentum
and ml its projection onto the z� axis. Being normalized wavefunctions of~l2 and lz, one has

(
l̂2� = ~2l (l + 1) �

l̂z� = ~ml �
(2.10)

In this way, radial wavefunctions are solutions of the Schr•odinger equation:

�
�

~2

2M N

d2

dr2 +
~2

2M N r 2 l (l + 1) +
1
2

M N ! 2r 2
�

Rnl (r ) = �R nl (r ) (2.11)

with n 2 N the radial quantum number of nodes as just said before, so:

Rnl (r ) = Nnl r l+1 exp
�

�
r 2

2� 2

�
L l+1 =2

n

�
r
�

�
(2.12)

whereNnl is the normalisation factor coming from the normalisation condition
R1

0 R2
nl (r ) dr = 1

and � =
q

~
M N ! is the harmonic oscillator length while L l+1 =2

n ( r
� ) are the generalized Laguerre

polynomials. Applying parity operator P on the space spanned by a single-nucleon coordinates
(r; �; � ) one obtains:

(r; �; ' ) P�! (r; � � �; � + ' ); (2.13)

P � nlm l (~r) = P
�

Rnl (r )
r

Ylm l (�; ' )
�

= ( � 1)l � nlm l (~r): (2.14)

10



CHAPTER 2. THEORETICAL FRAMEWORK 2.2. THE NUCLEAR SHELL MODEL

So the parity of single-nucleon wavefunction is positive (or negative) if l is even (or odd), and
the eigen-energies corresponding to Eq.(2.11) are:

� = ~!
�

2n + l +
3
2

�
= ~!

�
N +

3
2

�
(2.15)

whereas: N 2 N, l = N; N � 2; :::; 0, n = N � l
2 . Therefore, energy levels can be described by

a single quantum number, the principal quantum number N . Since N = 2n + l, if N is odd
so it is also l , and the conventional notation in nuclear physics isl = 0 ; 1; 2; 3; ::: = s; p; d; f; :::.
This leads to a degeneracy of energy levels, given by the fermionic nature of nucleons and the
isotropy of the harmonic oscillator. The total degeneracy of theN th oscillator shell for identical
nucleons is

NX

l=0 or 1

2(2l + 1) = ( N + 1)( N + 2) (2.16)

Unfortunately, the harmonic oscillator potential in Eq.(2.7) is insu�ci ent to properly describe
the number of nucleons corresponding to magic numbers. So Mayer and Jensen introduced a
spin-orbit coupling term

Uls (r ) = f (r )(~l � ~s) (2.17)

to Eq.(2.7), whereas~l, ~s are respectively the quantum angular momentum operator and the spin
operator of a nucleon, while the radial function f (r ) can be evaluated as

f (r ) = � Vls
@
@r

V(r ) (2.18)

in which Vls is a constant term and V(r ) is the mean �eld potential. In this way the spin-orbit
term is peaked around the nuclear surface, because there is the greatest density change there.
Given the full potential

U(r ) = UHO (r ) + Uls (r ) =
1
2

M N ! 2r 2 + f (r )(~l � ~s) (2.19)

the Hamiltonian in spherical coordinates becomes

h0 = �
~2

2M N

d2

dr2 +
~2

2M N r 2 l (l + 1) +
1
2

M N ! 2r 2 + f (r )(~l � ~s) (2.20)

Adding the spin-orbit interaction the conserved quantum number now becomes the total angular
momentum ~j = ~l + ~s. So, the total single-nucleon wavefunctions are

� nlsjm (r ) =
Rnl (r )

r
[Yl (�; ' ) 
 � s]jm

=
Rnl (r )

r

X

m l ms

hlm l ; smsj jm i Ylm l (�; ' )� sms

(2.21)

in which, as usual,Rnl is the radial part, Y are the spherical harmonics while� is the spinorial
part, s is the intrinsic nucleon spin, ml = lz, ms = sz, m = j z are the projections on thez-axis,
hlm l ; smsj jm i are the Clebsch-Gordan coe�cients.
Only one nucleon can be in a speci�c con�guration, as required by the Pauli principle: being
a state labelled by (n; l; j; m j ), it is possible to distinguish orbits using the z-projection of j ,
generating 2j + 1 magnetic degenerate substates. In absence of~l � ~s interaction, states with
j = l � 1

2 are degenerate. By applying spin-orbit on a generic statej� i :

2~l � ~sj� i = ~2[j (j + 1) � s(s + 1) � l (l + 1)] j� i (2.22)

11



2.2. THE NUCLEAR SHELL MODEL CHAPTER 2. THEORETICAL FRAMEWORK

Now there can be: j = l � 1
2

(
j = l + 1=2 ) 2~l � ~sj� i = l~2j� i
j = l � 1=2 ) 2~l � ~sj� i = � (l + 1) ~2j� i

(2.23)

and the negative sign Eqs. (2.17, 2.18) gives the lower energy state for the state with j = l + 1
2

with respect to that with j = l � 1
2 , splitting the energy degeneracies.

Again, one can also add a term proportional to~l � ~l : Ull (r ) = g(r )(~l � ~l), so that:

U(r ) = UHO (r ) + Uls (r ) + Ull (r ) =
1
2

M N ! 2r 2 + f (r )(~l � ~s) + g(r )(~l � ~l) (2.24)

This last term acts on orbits by correcting the spacing between them:

~l � ~l j� i = ~2l (l + 1) j� i (2.25)

according with the angular momentum l.
In the right side of Fig.2.6, it is possible to appreciate the single-nucleon level structure, in
particular how closed lying orbits (the shells), are separated by larger energy gaps. The existence
of magic numbers emerges from the structure of shells and shell gaps. So,a proton (neutron)
closed shell is formed if all orbits in a given shell are saturated by protons (neutrons). The
number of protons (or neutrons) in each closed shell is determined bysumming the occupation
numbers of the individual orbitals that make up the shell.
Recalling the nuclear chart in Fig.1.3 it is possible to distinguishbetween closed-shell nuclei,
such as16

8 O8 or 40
20Ca20, in which each shell is closed and open-shell nuclei, such as17

8 O9, in
which shells are partially occupied. The latter ones are also known asvalence shells.

12



CHAPTER 2. THEORETICAL FRAMEWORK 2.2. THE NUCLEAR SHELL MODEL

Figure 2.6: Sequence of single-nucleon states:a) HO potential; b) WS potential; c) ls splitting; d)
number N of degenerate nucleons in each shell;e spectroscopic (n; l; j ) notation of the single-nucleon; f
shell parity ( � 1)l ; g) matching of the magic number in correspondence of shell closure. Refs.[13, 28].

However, nucleons can be excited to higher energy levels, typically into the next shell that is
not fully occupied, leaving behind vacancies in the closed shell. These processes are known
as particle-hole excitations, where the excited nucleon is the particle, and the vacated state is
referred to as a hole.

2.2.2 The Interacting Shell Model

In the shell model description of heavy nuclei, it is a conventional approach to assume an inert
closed-shell core, with only the degrees of freedom of the valence nucleons in the remaining
shells treated explicitly. If all shells are taken into account, the approach is calledno-core Shell
model, but with growing masses, A, and therefore with growing degeneracy of the associated
shell model orbitals, it quickly becomes computationally di�cult t o handle1.

1At present only nuclei with mass A � 20 can be treated with this approach.
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For many-nucleons systems, shell model calculations are typically limited to the valence shell
above a presumably inert closed-shell core. Orbitals above this valence space (the so-called
excluded space) are typically neglected. However, in some cases, such as calculationsinvolving
two main shells, cross-shell particle-hole excitations may be included.
In this thesis, we focused on thesd-shell consisting in the 0d5

2
, 1s1

2
and 0d3

2
as valence orbitals,

but during the analysis also the possibility of promoting nucleons from the lower p-shell and
from sd to fp shell is considered to study negative-parity states. Being the nucleus a system of
interacting fermions, the Hamiltonian should consist of nucleons kinetic energies and nucleon-
nucleon interactions:

H =
AX

i =1

K i +
1
2

AX

i;j =1

Vij (2.26)

whereas the1
2 factor is to avoid double counting in the two-body interaction. Higher body terms

are neglected in this stage. Then, introducing a single-particle potential U(r ), the Hamiltonian
can be rewritten as

H =
AX

i =1

[K i + U(r i )] +
1
2

AX

i;j =1

Vij �
AX

i =1

U(r i ) (2.27)

so that the Schr•odinger equation will be

H j� i =

0

@
X

i

(K i + Ui ) +
X

i<j

Vij �
X

i

Ui

1

A j� i = E j� i (2.28)

where j� i encodes the many-body state and the auxiliary single-body potentialUi is added
and subtracted to compare the perturbed Hamiltonian Hpert: =

P
i<j Vij �

P
i Ui with the

unperturbed one H0 =
P

i = ( K i + Ui ). Ui is chosen so thatH0 � H1 and the perturbative
approach is allowed.
As just said before, facing the full problem is di�cult; for this reas on, one has to restrict the
full Hilbert H space to a portion of it, the previous mentioned model spaceM � H , so that
H = M [ (H nM )2. In this subspace, one can take the statej� 0i , and then consider the following
Schr•odinger equation:

Ĥe� j� 0i = E j� 0i (2.29)

in which Ĥe� is the e�ective Hamiltonian. The model space M is de�ned by an inert nucleus
and a valence space. The inert nucleus, which represents the interacting vacuum of theory,
consists of fully occupied orbitals, whose nucleons are considered \frozen" and unable to make
transitions to other orbitals.
In contrast, nucleons outside the core are free to occupy various con�gurations within the valence
space. Orbitals outside the valence space, called outer space, are excluded from occupation.
The valence space should be chosen so as to strike a balance: it must besimple enough to allow
tractable calculations, but rich enough to capture all relevant degreesof freedom. In M , the
Hamiltonian can be rewritten as

Ĥef f = H0 + H residual =
AX

i =1

h0(i ) + H residual (2.30)

2States belonging to M can be obtained by applying the projector P̂ : j� 0i = P̂ j� i . Idem for states j� i 2 (H nM ),
but with the projector Q̂: j� i = Q̂j� i .
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and H residual denotes the residual Hamiltonian. So the energy of the system, following the
Eq.(2.29) can be divided in two contributions:

(H0 + H residual )j� i = ( E0 + Eresidual )j� i (2.31)

Then, following the same philosophy explained in the Eqs. (2.1-2.4), one builds a basis of
eigenstates of single-nucleon Hamiltoniansj� i i , each of which has an eigenenergy� i :

h0(i )j� i i = � i j� i i (2.32)

So that the many-nucleons antisymmetric wavefunction can be constructed as the Slater deter-
minant of the � i :

 0
n =

1
p

A!
det

0

B
@

� 1 (�! r1) � � � � 1 (~rA )
...

. . .
...

� A (�! r1) � � � � A (~rA )

1

C
A (2.33)

where n stands for the particular con�guration of the many-nucleons state of the system and
obeys the equation

H0
�
�  0

n

�
= E 0

n

�
�  0

n

�
=

AX

i =1

� i j 0
n i : (2.34)

The di�erent con�gurations describe how the valence nucleons (theprotons and neutrons outside
the inert core) are distributed among the available orbitals in the model space. These con�g-
urations may also include particle-hole excitations. To representthem, the common notation
is:

j� (� m1
1 � � � � m r

r ) 
 � (� n1
1 � � � � ns

s )i (2.35)

where� = protons, � = neutrons, � and � are the occupied valence orbits, whilem and n specify
the number of protons and neutrons. The number of con�gurations increases dramatically
with the dimension of the valence space, for this reason one can build the true many-nucleons
wavefunction summing over all the possiblen con�gurations

j	 pi =
X

n

apn
�
�  0

n

�
such that

X

n

a2
pn = 1 (2.36)

therefore the probability to be in the n con�guration is given by Pn = a2
pn . In this way, the

Schr•odinger equation can be rewritten as:

H j	 pi = Epj	 pi = Ep

kX

n=1

apn j 0
n i ()

kX

n=1

apnh 0
l jH j 0

n i = Epalp (2.37)

in which both sides are multiplied by h 0
l j and the orthonormality condition h 0

l j 0
k i = � lk

holds. The Hamiltonian matrix element H ln = h 0
l jH j 0

n i = h 0
l j(H0 + H residual )j 0

n i can be
divided into a diagonal and an o�-diagonal part, involving, respectively, t he unperturbed part
and the residual one: H ln = E 0

n � ln + h 0
l jH residual j 0

n i . While the Ep value of the Eq.(2.37)
using

P
n H ln anp = Epalp . In this way, the eigenvalue equation becomes a matrix equation

[H ][A] = [ E ][A] that forms a secular equation for theEp eigenvalues:
�
�
�
�
�
�
�
�
�

H11 � Ep H12 : : : H1n

H21 H22 � Ep : : : H2n
...

...
...

Hn1 : : : Hnn � Ep

�
�
�
�
�
�
�
�
�

= 0 (2.38)
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Having the energiesEp, it is possible to use

kX

n=1

E 0
n � ln anp +

kX

n=1



 0

l

�
� H residual

�
�  0

n

�
anp = Epalp (2.39)

to extract the coe�cients anp . Eventually, by using the orthonormalisation
P k

n anpanp0 = � pp0

in the previous equation, one gets

kX

l;n =1

alp0E 0
n � ln anp +

kX

l;n =1

alp0


 0

l

�
� H residual

�
�  0

n

�
apn = Ep� pp0 (2.40)

that is again a matrix equation of the type [A]� 1[H ][A] = [ E ], indicating a transformation
to a new basis that makes [H ] diagonal. Facing this problem in nuclear physics is usually
computationally hard, becausek rapidly increases the basis dimension. For this reason, it is
fundamental to adopt the appropriate methods and calculation strategies.

2.2.3 Second Quantisation formalism

The aim of this subsection is to introduce the second quantisation formalism in order to rewrite
what has been done till now, using occupation number formalism.
As usual, one has to de�ne the fermionic operatorsay

� i and a� i which, respectively, create and
annihilate a single-nucleon statej� i = jn; l; m; j; � i :

j� i = ay
� j0i ;

j0i = a� j#i :
(2.41)

Closed shells are taken as vacuum statesj0i . These are Hermitian operators following the
relations: (a� )y = ay

� , (a� ) = ( ay
� )y, and obeying to the anti-commutations rules:
n

ay
� ; a�

o
= ay

� a� + a� ay
� = � �� ;

n
ay

� ; ay
�

o
= f a� ; a� g = 0 :

(2.42)

The coordinate representation of the single-nucleon state� is h~rj� i � � � (~r). Therefore, an
antisymmetric A� nucleon state is

j� 1; � 2; : : : ; � A i = ay
� A

ay
� A � 1

ay
� A � 2

: : : ay
� 2

ay
� 1

j0i : (2.43)

H0 and H residual in Eq.(2.31) are given respectively by a symmetric one-nucleon operator Ô and
a two-nucleon operatorT̂ :

Ô =
AX

i =1

Ô (~ri ) ; T̂ =
AX

i<j

T̂ (~ri ; ~rj ) (2.44)

Ô can be described by matrix elements between one-nucleon states:

h� jÔj� i =
Z

� �
� (~r)Ô (~ri ) � � (~r)d~r (2.45)

while T̂ is given by matrix elements between normalised and antisymmetric two-nucleon states:

h�; � jT̂ j
; � i =
Z

� �
� (~r1) � �

� (~r2) T̂ (~r1; ~r2)
�

1 � P̂12

�
� 
 (~r1) � � (~r2) d~r1d~r2 (2.46)
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whereasP̂12 is an exchange operator. So, the one-nucleon and two-nucleon operators are written
in a second-quantised formalism as

Ô =
P

�;� h� jÔj� i ay
� a� ; and T̂ = 1

4

P
�;�;
;� h�; � jT̂ j
; � i ay

� ay
� a
 a� ; (2.47)

where the 1
4 factor to avoid a four-fold counting. Finally, the shell-model Hamilton ian can be

written, in the second-quantisation formalism, as:

Ĥ =
X

�;�

h� jÔj� i ay
� a� +

1
4

X

�;�;
;�

h�; � jV̂ j
� i ay
� ay

� a
 a� : (2.48)

2.3 The Eigenvalue Problem

There are several numerical algorithms available for matrix diagonalisation. For example, Ja-
cobi's method is suitable for small matrices (sized � 50), Householder's method is typically
used for medium-sized matrices (50� d � 200), and Lanczos' method is preferred for large-scale
problems (d � 200) and extremely large matrices. In this work, the Lanczos method [29] has
been used because, as can be seen later, the matrix size will be large.After that, one has to
calculate Eq.(2.40) using some code. In this thesis, the ANTOINE code by Caurier, Nowacki
[14, 15] was used.

2.3.1 The Lanczos Method

The Lanczos algorithm, introduced in Ref. [29], is used to diagonalise theHamiltonian matrix
and thus obtain the energy eigenvalues of the nuclear states. Starting from a chosen pivot state,
the method iteratively constructs an approximate eigenvector, allowing to identify speci�c states
with a de�ned total angular momentum J and parity P, denoted byjJ P i . This approach returns
the energy of the lowest state with the speci�ed quantum numbers.
The algorithm is particularly suitable for Shell Model calculations, where typically only a limited
number of low-level eigenstates with speci�c total angular momentum and isospins are required.
Furthermore, the Lanczos method is highly e�cient in this context b ecause the Hamiltonian
matrices involved are sparse; the number of non-zero elements scales linearly with the matrix
size, rather than quadratically [14]. Using this method, the Hamiltonian matrix is written in such
a basis that it becomes tridiagonal. One has to take a random pivotj1i , such that ja1i = H j1i
is calculated and posed to be equal to:

ja1i = H11j1i +
�
�20� with



1 j 20� = 0 = ) H11 = h1 j a1i = h1jH j1i (2.49)

So, the other two matrix elements can be calculated:

j2i =
j20i

p
h20 j 20i

=) H12 = h1jH j2i ; H22 = h1jH j2i (2.50)

Iterating this algorithm n-times, the jan i vector can be de�ned:

jan i = H jni = Hn;n � 1jn � 1i + Hn;n jni +
�
�n + 1 0� ; (2.51)

Therefore, the Hamiltonian matrix has the form:
2

6
6
6
6
6
4

H11 H12 0 0 � � � 0
H21 H22 H23 0 � � � 0

0 H32 H33 H34 � � � 0
...

...
...

...
. . .

...
0 0 0 0 Hn;n � 1 Hn;n

3

7
7
7
7
7
5

(2.52)
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Importantly, the number of iterations required by the Lanczos method depends only weakly on
the matrix size and instead scales approximately linearly with the number of non-zero elements
in the matrix.
Convergence also depends on the number of eigenstates computed and thechoice of the initial
pivot state. These features make the Lanczos algorithm an ideal tool for e�cient diagonalisation
in the context of shell model studies.
To solve the problem, another step must be taken: the choice of the basis, which, in fact, is only a
matter of convention. Basically, there are two main options: theJT � scheme and them� scheme.
The ANOTOINE code usesm� scheme, so here this scheme is described. In them� scheme, the
basis is given by Slater determinants built from single-nucleon statesjn; l; m; j; � i , characterised
by the harmonic oscillator quantum numbers n; l; j , the magnetic quantum number m and the
isospin � . The Slater determinants are given by:

� a1 ;:::;aA (1; : : : ; A) =
1

p
A!

det

0

B
@

� a1 (1) � � � � aA (1)
...

. . .
...

� a1 (A) � � � � aA (A)

1

C
A = ay

a1
� � � ay

aA
j0i (2.53)

In this scheme the basis of the many-body matrix elementsH reduces to the two-particle matrix
elementsH with a phase and this is why m� scheme is good. In contrast, onlyj z and � z are
good quantum numbers. This means that the dimension of the Slater determinants will depend
on the total degeneracy of neutrons and protons in their valence spaces 
n =

P
j n

(2j n + 1) and

 p =

P
j p

(2j p + 1). In particular, the dimension of the con�guration space is proportional to
the product of the binomial coe�cients:

�

 p

Np

��

 n

Nn

�
: (2.54)

whereasNp and Nn are the numbers of active protons and neutrons in the model space. In this
work, 16

8 O8 is treated as the inert core and 0d5=2, 1s1=2 and 0d3=2 as valence shells. Therefore,
as an example, the dimension of the con�guration space for23

12Mg11 is
� 12

4

�� 12
3

�
= 108900.

2.3.2 The ANTOINE Shell Model Code

Based on the ideas of the Glasgow group [50] the ANTOINE Shell Model Code, originally
developed by E.Caurier and F.Nowacki [15], is a logical implementation of the Lanczos method
in the m� scheme, representing the Slater determinant basis as a word of integers, where every
bit of the word corresponds to a single-nucleon statejn; l; m; j; �; � z i 3. Therefore, each bit has a
value indicating if it is empty or occupied, labelled, respectively, by the values 0 and 1.
A two-body operator of the type ay

� ay
� a
 a� search the word with bits �; �; 
; � in the 0011

con�guration and changes it to 1100 4.

In the basis of the m� scheme, the full many-body statejI i is written as ji; � i , which separates
the proton ( i ) and neutron (� ) Slater determinants. Each state is characterised by a total
M = M 1 + M 2, whereM 1 and M 2 are the projections of the angular momentum for protons and
neutrons, respectively. Given a �xed M , only combinations of M 1 and M 2 summing to M are

3 � and � z represent isospin number and its z-axis projection. These are deeply treated in the �rst part of
Chapter 3.

4This, in fact, mimics the action of ladder operators in the secon d quantisation formalism: ay \creates" an
occupied bit, by 
ipping a 0 to a 1, the contrary for a that destroys an occupied bit to an empty one: from a 1
value bit to a 0.
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allowed. For a proton state ji i with �xed M 1, the maximum neutron states M 2 and associated
� can be determined.
A mapping array R(i ) is built so that full states are labelled I = R(i ) + � , with an analogous
mapping for jj; � i states. The elements of the proton-proton (hi jH jj i ) and neutron-neutron
(h� jH j� i ) matrix are precomputed, so Lanczos iterations need only loop over� and i to access
all non-zero elements.hI jH jJ i .
The elements of the proton-neutron matrix require more care. IfjI i = ji; � i , jJ i = jj; � i , and
the states di�er by a one-body proton operator ay

qar with � m = m0� m, then the neutron Slater
states must di�er by � � m by using a one-body operator at position� . To simplify this, an
index array Q is de�ned so that K = Q(s) + � labels the relevant matrix element V (K ). With
precomputed I = R(i ) + � , J = R(j ) + � , and V(K ), nonzero valueshI jH jJ i can be e�ciently
accessed and stored.

Figure 2.7: Schematic representation of the shell-model basis of them� scheme. The shell-model basis is
constructed as a product of two Slater determinants, one for protonsji i and one for neutronsj� i . Proton
determinants are represented in the upper row and neutron determinants in the lower row, grouped into
blocks with the same value ofJz . States with total Jz = 0 are formed by pairing proton and neutron
determinants that have the same absolute value ofM but opposite signs. A generic two-body proton{
neutron operator, ay

m an ay
� a� , conserves the totalM , so any increase of the protonM must be matched

by a corresponding decrease in the neutronM , and vice versa. Refs.[14, 28]
.

A standard ANTOINE code input usually requires: a valence space made bythe orbits occupable
by the valence nucleons; the number of valence nucleons, specifying protons and neutrons; a
suitable e�ective interaction; a set of initial states characterised by their parity and total angular
momentum J P .

2.3.3 E�ective Interactions

A key step to make robust predictions and calculations is the choice of the e�ective interaction
to implement in the ANTOINE code. In this thesis, two main interact ions have been used: the
USDA interaction 5 [12] to study positive-parity states in the sd-shell and the PSDPF interaction
to investigate negative-parity intruder states.
The USDA has been used to make calculations for nuclei with an inert corecorresponding to

5Proposed by Brown and Richter as an \evolution" of the Brown-Wil denthal USD interaction proposed in [11].
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that of 16
8 O8, corresponding to the s and p shells andsd-shell as valence space. The PSDPF

uses a core corresponding to42He2 and the p � sd � fp orbits as model space. Following [12],
the interaction is built starting from the e�ective Hamiltonian 6:

He� =
X

a

� an̂a +
X

a� b;c� d

X

JT

VJT (ab; cd)T̂JT (ab; cd) (2.55)

T̂JT (ab; cd) =
X

MT z

Ây
JMT T z

(ab)ÂJMT T z (cd) (2.56)

This operator de�nes the two-body scalar density for a pair of nucleons.

To simplify notation, the e�ective Hamiltonian is expressed as a linear combination:

He� =
X

i

x i Ôi

where each coe�cient x i may correspond to parameters such as� a or two-body matrix elements
VJT , and Ôi represents either one-body or two-body operators (^n and T̂).

The Hamiltonian is thus completely determined by the parameter vector ~x, and has eigenstates
j� k i with associated eigenvalues� k :

� k = h� k jHe� j� k i =
X

i

x i h� k jÔi j� k i =
X

i

x i � k
i

where we de�ne � k
i = h� k jÔi j� k i .

To �t the Hamiltonian to the experimental data, the values of x i are adjusted by minimising
the chi-squared function:

� 2 =
X

k

 
E k

exp � � k

� k
exp

! 2

Here,E k
exp and � k

exp represent the experimental energy levels and their uncertainties, respectively.
The dataset referenced in Ref. [21] includes 608 states across 77 nucleiin the sd-shell.
The strength of this interaction lies in its proven ability to accur ately reproduce experimental
data, as demonstrated by numerous theoretical calculations reported in [12, 14].

6Using the second quantisation formalism introduced in Sec.2:1:3.
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Chapter 3

Mirror Nuclei and Mirror Energy
Di�erences

3.1 Isospin Formalism

Isospin symmetry, although approximate, plays a fundamental role in nuclear physics by exploit-
ing the near equivalence of protons and neutrons, treating them as two charge states of a single
particle: the nucleon. This is justi�ed by their nearly identic al masses:mp = 938:27 MeV=c2

and mn = 939:57 MeV=c2 and the approximate charge independence of nuclear forces, meaning
that the interactions pp, nn and pn are similar, as already seen in Chapter 1.
This symmetry has long guided the formulation of nucleon-nucleon interactions and is incorpo-
rated into nuclear models like the shell model, where it simpli�es calculations and allows nuclear
states to be classi�ed by isospin quantum numbers, an approach that alsoextends to baryons
and mesons in particle physics. However, isospin symmetry is not exact. It is broken by elec-
tromagnetic interactions, small di�erences in the strong force, and the mass di�erence between
protons and neutrons.
Although such e�ects are minor on the nuclear scale, they are crucial for understanding isospin-
forbidden processes. To describe nucleons as a doublet, Heisenberg introduced isospin in analogy
to what Pauli did with spin. The isospin space, or isospace, is an abstract space spanned by the
vectors representing proton and neutron:

jpi =
�

0
1

�
; jni =

�
1
0

�
: (3.1)

The isospin operator is a vector~� de�ned by its components, de�ned as the projections along
x; y; z axis in the isospace:

� x =
1
2

�
0 1
1 0

�
; � y =

1
2

�
0 � i
i 0

�
; � z =

1
2

�
1 0
0 � 1

�
(3.2)

These components obeys to theSU(2) commutation relations [� x ; � y ] = i� z, with the cyclicity
property. Casimir operator1 ~� 2 commutes with the SU(2) generators [~� 2; � i ] = 0 ; for i = x; y; z:
The eigenvalues of the Casimir operator is� (� + 1). Now, if � z acts on a proton or on a neutron

1 It is an operator that commutes with all the elements of a Lie a lgebra. The commutators shows that isospin
operators t i , i = x; y; z form a Lie algebra T and ~� 2 commutes with all the elements � i 2 T.
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state, recalling the de�nition in Eq. (3.1):

� z jpi =
1
2

�
1 0
0 � 1

� �
1
0

�
= �

1
2

jpi ; � z jni =
1
2

�
1 0
0 � 1

� �
1
0

�
=

1
2

jni : (3.3)

By using the � i operators, one can introduce other two ladder operators:

� + � � x + i� y ; � � � � x � i� y ; (3.4)

which obey to the commutation relations in the following way:

[� z; � � ] = � � � ; [� + ; � � ] = 2 � z: (3.5)

Applying these operator to a proton or a neutron state one transforms the state itself:

� + jpi = jni ; � � jpi = 0 ; � � jni = jpi ; � + jni = 0 : (3.6)

Starting from ~� and � z, the isospin operator and the related z-axis projection of a many-nucleons
system can be de�ned as

~Ttotal =
AX

i =1

~� i ; Tz =
AX

i =1

� zi ; (3.7)

in which A stands for the number of nucleonsN + Z in the nucleus. ~T, Tz and ~T2 obeys to
similar relations already seen for~� , � z and ~� 2: commutation relation hold for ~T, the eigenvalues
of ~T2 Casimir operator is T(T + 1). Total many-nucleons isospin T depends on the number of
nucleon A, in particular, if A is odd T is half-odd number while if A even,A is an integer.
As for ~� 2, there are (2T +1) eigenstates of ~T2 distinguished by their z� projection Tz and forming
the so-called isospin (or isobaric) multiplet, with Tz = � T; � T + 1 ; :::; T � 1; T: In general, a
T = 1

2 , T = 1, T = 3
2 , ... isospin multiplet forms, respectively, a doublet, a triplet, a quadruplet,

etc... of states. Given a nucleus withN neutrons and Z protons, it will have a

Tz =
N � Z

2
; (3.8)

while the total isospin is given by

T = jTz j; jTz j + 1 ; : : : ;
1
2

A: (3.9)

So, in general, ground states of nuclei haveT = Tz except for odd-odd nuclei.
Assuming a two-body nucleon-nucleon interaction and invokingcharge symmetry (Vnn = Vpp)
and charge independence(i.e., Vpp = Vnn = Vnp in the T = 1 channel2), a system ofA nucleons
described by an isospin-invariant Hamiltonian H0 satis�es

[H0; ~T] = 0 ; (3.10)

meaning that the total isospin ~T is conserved3. Thus, H0 eigenstates can be labelled by their
isospin quantum numbersT and Tz.
In these terms, the isospin formalism can be used to classify nuclear states. Introducing other

2Notice how this is a strong approximation.
3 It can be noticed that charge operator Q can be de�ned in isospin terms as: Q = q1� 2� z

2 , hence if [H 0 ; Tz ] =
0 =) [H 0 ; Q] = 0 and electric charge is conserved.
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relevant quantum numbers (�; J; A; ::: ) as � , then the previous Hamiltonian eigenstates can be
represented asj�; T; T z i and one gets

T2j�; T; T z i = T(T + 1) j�; T; T z i ;

Tz j�; T; T z i = Tz j�; T; T z i :
(3.11)

As a consequence states in the isobars, having same� and T quantum numbers but di�ering
for their Tz are known as isobaric analogue states (IAS) and are degenerate in energy4.
Recalling the principles of the spin formalism from which isospin draws inspiration, all member
states of an isospin multiplet can be transformed by the total isospin raising and lowering
operators

T� � Tx � iTy =
AX

i =1

[� x (i ) � i� y(i )]; (3.12)

obtained by summing over single-nucleon operators de�ned in Eq.(3.6). Similarly, for Eq. (3.5),

[Tz; T� ] = � T� ; [T+ ; T� ] = 2Tz: (3.13)

Acting with T� on a nuclear statej�; T; T z i , one gets

T� j�; T; T z i =
p

T(T + 1) � Tz(Tz � 1)j�; T; T z � 1i : (3.14)

As de�ned earlier, IAS in mirror nuclei 5 share the same energy levels scheme. Therefore,
studying their excitation energy di�erences, known as Mirror Energy Di�erences (MED), pro-
vides insight into isospin-symmetry breaking components of the nuclear interaction allowing one
to detect subtle structural changes as functions of total angular momentum J and excitation
energy.
Di�erently from IAS, in a mirror pair, the number of pp interactions in one nucleus is equal to
the number of nn interactions in the other of the doublet. Therefore, in a mirror pair charge
symmetry is su�cient to provide isospin symmetry.

4Under the previous hypothesis, all this goes under the name of isospin symmetry principle .
5Recalling that these are pairs of nuclei with their numbers of pro tons and neutrons interchanged.
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Figure 3.1: A schematic visualisation of the classi�cation of nuclear states according to the total isospin
quantum numbers T, Tz . Each circle represents a set of states, of given isospin, which are allowed by the
Pauli principle. Note that the diagram assumes that the lowest-energy set of states in any nucleus have
the lowest allowed value of isospin. This is usually, but not always,true, e.g., odd-odd N = Z nuclei
(equal and odd numbers of neutrons,N , and protons, Z ). Picture taken from [4].

3.2 Energy Di�erences along Isobaric Multiplets

Following [3] here, the Isobaric Multiplet Mass Equation (IMME) is introduced by using the
isospin formalism.
Isospin non-conserving interactions, primarily the Coulomb force, lift the degeneracy of IAS,
typically lowering the binding energy (BE) of higher Z members of the multiplet, due to pp
repulsion. The resulting energy di�erence is calledCoulomb Displacement Energy(CDE) and
for two IAS that di�er by the exchange of k protons and neutrons the CDE quanti�es this shift

CDE (T; Tz) = M T;Tz � = M T;Tz + k + k� nH (3.15)

whereasM is the atomic mass, � nH is the neutron-Hydrogen atomic mass di�erence andTz the
isospin z-projection of the larger Z isobar.
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Figure 3.2: The experimental BE of theA = 21, Tz = � 1=2; � 3=2 nuclei, both for ground states and for
T = 3=2 IAS. The CDE between the neighbouring members of theT = 3=2 quadruplet is indicated. It
can also be noticed that ground states BE form the well-known Weizs•acker parabola. Ref.[3].

A classic application of the isospin quantum number in nuclear physics is the analysis of the
mass (or BE) of IAS as a function of Z or Tz. This approach, �rst introduced by Wigner in
1957 [51], led to the formulation of the Isobaric Multiplet Mass Equation (IMME).
One can start from the eigenstates6 j�; T; T z i of the charge-independent Hamiltonian. Hence,
any charge-violating interaction H 0

CV , which will spoil the degeneracy of the IAS energy, can be
treated at the perturbative level, if the splitting is small with respect to the BE.
In the lowest-order approximation, the isospin symmetry turns out to be broken in a dynamical
way7[20]. In this manner, the Hamiltonian can be written as H = HCI + H 0

CV and the total BE
will become:

BE (�; T; T z) = h�; T; T z jHCI + H 0
CV j�; T; T z i : (3.16)

If charge-violating interactions emerge as a purely two-nucleons interaction, H 0
CV can be written

as a rank-2 tensor:

H 0
CV =

2X

k=0

H (k)
CV (3.17)

in which k = 0 ; 1; 2 are, respectively, the isoscalar, isovector and isotensor components of this
interaction. Each one of these components can be related to the various NN-interactions as
reported in [38]:

H (0)
CV =

Vpp + Vnn + Vnp

3
(3.18)

H (1)
CV = Vpp � Vnn (3.19)

H (2)
CV = Vpp + Vnn � 2Vnp (3.20)

These components are related to charge-symmetry and charge-independence. Moreover,H (1)
CV is

invariant with respect to SU(2) isospin group, whilst H (1)
CV and H (2)

CV are SO(2) � SU(2) isospin

6Using the notation introduced in the last part of the previous se ction.
7 In this context dynamical symmetry breaking of SU(2) isospin symmetry arises from explicit physical interac-

tions (e.g. Coulomb force or di�erences in nuclear forces pp 6= np 6= nn , instead in HEP this concept is emergent
and non-perturbative (e.g. chiral symmetry breaking in QCD due to the vacuum structure of the theory).

25



3.2. IMME CHAPTER 3. MIRROR NUCLEI AND MED

group invariant. H (1)
CV shows that a non charge-symmetric nuclear interaction implies a non-zero

isovector component. However,Vpp is the only term that contributes to the isovector term whose

nature has a Coulomb origin. In a similar way, H (2)
CV is strongly related to charge-dependence of

the NN interaction.
From what was seen previously, the total energy splitting of the isobaric multiplet is given by:

�BE( �; T; T z) =

*

�; T; T z

�
�
�
�
�

2X

k=0

H (k)
CV

�
�
�
�
�
�; T; T z

+

: (3.21)

By applying the Wigner-Eckart theorem, it is then possible to extract the Tz dependence of the
energy splitting of the multiplet:

� BE (�; T; T z) =
2X

k=0

(� )T � Tz

�
T k T

� Tz 0 Tz

�
h�; T kH (k)

CV k�; T i (3.22)

where the matrix elements with two bars denote the reduced matrixelements in the isospin
space. The 3� j Wigner symbols for the three k values assume analytic form, leading to the
relation:

� BE (�; T; T z) =
1

p
2T + 1

�

"

M (0) +
Tzp

T(T + 1)
M (1) +

3T2
z � T(T + 1)

p
T(T + 1)(2 T + 3)(2 T � 1)

M (2)

#

(3.23)
whereasM (k) = h�; T kH (k)

CV k�; T i are independent ofTz but dependent on� and T, see Sec.[2.2]
in [3].
Reordering terms, the IMME takes the form:

� BE (�; T; T z) = a + bTz + cT2
z (3.24)

so, the binding energy splitting of an isobaric multiplet is quadratic in Tz and the IMME coe�-
cients depend only onT and M (k) . From Eq. (3.23) one can deduce that each coe�cient brings
information on di�erent tensor components of the interaction.

The a coe�cient is a mixture mostly dependent on the isoscalar component and a small isotensor
one, while b and c are purely related, respectively, to the isovector and isotensor components.
Therefore, the latter leads to information regarding the charge-symmetry and charge indepen-
dence of NN attractive interaction.
The IMME holds for any isospin non-conserving interaction, not just the Coulomb force. Al-
though its quadratic form remains intact, the coe�cients can change depending on the in-
teraction. Deviations from the quadratic form may occur due to higher-order perturbations,
three-nucleons forces, or signi�cant isospin mixing, (see Fig.3.3).

26



CHAPTER 3. MIRROR NUCLEI AND MED 3.2. IMME

Figure 3.3: a) IMME coe�cients related to a 'cubic IMME': BE (T; Tz ) = a + bTz + cT2
z + dT3

z obtained
from �ts to experimental T = 3

2 quadruplets (from [10]. From this, it is possible to conclude that the
nature of the IMME is quadratic; b) coe�cients prediction using relations Eq.(3.26). Ref.[3].

An exhaustive knowledge of the charge-violating components of the interaction is crucial to
reproduce IMME coe�cients. Facing this problem directly, one can take as a �rst assumption
that the major contribution of the energy splitting in IAS is due to th e Coulomb interaction:
treating the nucleus as a simply uniform charged sphere, its energycan be expressed as:

EC =
3e2Z (Z � 1)

5RC
=

3e2

5r0A
1
3

�
A
4

(A � 2) + (1 � A)Tz + T2
z

�
: (3.25)

Therefore, the IMME coe�cients can be rewritten as:

a =
3e2A(A � 2)

20r0A
1
3

; b = �
3e2(A � 1)

5r0A
1
3

; c =
3e2

5r0A
1
3

: (3.26)

The predictions of coe�cients b and c are reported in Fig. 3.3b.

3.2.1 Coulomb Displacement Energy

In more advanced calculations, a key quantity to reproduce is the Coulomb Displacement Energy
(CDE), the di�erence in binding energy between two neighbouring members of an isobaric
multiplet, as de�ned by Eq. (3.15).
This is directly tied to the IMME coe�cients.

Speci�cally, for adjacent members8:

CDE (T; Tz) = � b� c(2Tz + 1) + � nH (3.27)
8Recalling Eq. (3.15)
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The CDE has been extensively studied, especially in the foundational works of Nolen and Schi�er
in [35] and Auerbach in [1], who compared theoretical estimates with experimental data across
many IAS. In the original Nolen-Schi�er analysis, the nuclear interaction was taken as charge-
symmetric and charge-independent, implying that the IMME coe�c ients b and c arise solely
from Coulomb forces. They evaluated Coulomb energy di�erences using independent particle
models.
In this contest CDE was estimated by converting a neutron into a proton within the neutron
rich nucleus of a multiplet, including contributions from direc t Coulomb interaction, exchange
e�ects and electromagnetic spin-orbit coupling.
These, however, undersestimated experimental values by about 7%,a discrepancy known as the
Nolen-Schi�er anomaly, see the Sec.[2.3] in [3].
Further corrections, such as Coulomb distortion, isospin mixing and intrashell interactions, nar-
rowed the gap but did not resolve it. Later studies introduced re�nements like con�guration
mixing and core polarisation, yet the anomaly persisted.
Some works [33, 42] suggested that its origin lies in charge-symmetry breaking in the NN force,
while others, like Du
o and Zuker in [17], showed that including neutron skin and quantum
Coulomb e�ects could largely explain it, although accuracy below 100 keV remains challenging.

3.2.2 Mirror Energy Di�erences

For a pair of mirror nuclei, the Coulomb Energy Di�erences are referred as Mirror Energy
Di�erences (MED). These are de�ned for each pair of mirror nuclei as the di�erence between
the excitation energy as a function ofJ :

MED J;T = E �
J;T;T z = �j Tz j � E �

J;T;T z = jTz j (3.28)

with the implicit assumption that the lowest isospin states9 are taken into account. It is impor-
tant to note that the energies of the two levels are normalised to the absolute binding energy
of the ground states. Doing this, it is allowed to delete the bulk of the energy di�erences due
to the Coulomb interaction and to study �ne variations, otherwise hardl y to appreciate. The
previous equation can be put in another form, by using the IMME, e.g. forT = 1

2 states in a
pair of nuclei with Tz = � 1

2 :

MED J = E �
J;Tz = � 1

2
� E �

J;Tz =+ 1
2

= � � bJ (3.29)

and � bJ de�nes the change in theb coe�cient as a function of the spin J , in relation to the
ground state.
As a result, MED not only reveals subtle changes in energy di�erenceswith increasing spin,
but also allows us to disentangle charge-symmetry breaking e�ects (isovectorial terms) from
those related to charge independence (isotensorial terms). If we canaccurately account for all
electromagnetic contributions to the MED, the remaining discrepancy with experimental data
can be attributed to unknown charge-symmetry violating forces, such as those stemming from
the nucleon{nucleon interaction.
In addition, MED o�ers valuable insight into how the nuclear structu re evolves with total angular
momentum.
In essence, MED serves as a tool that enhances our view of the underlying physics of excited
mirror states, deepening our understanding of both charge-symmetrybreaking and structural
dynamics in nuclei.

9Those for which T = jTz j:
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Figure 3.4: Coulomb energy di�erences (CEDs) for the pair of mirror nuclei 51F e (Z=26, N=25) and
51Mn (Z=25, N=26).The left of the diagram shows a portion of the level schemes of the two nuclei.
States are labelled by their angular momentum (J ) and parity ( � ) quantum numbers. Gamma-decay
energies in keV are also shown. On the right of the �gure, the corresponding CEDs are indicated as a
function of J. Ref.[46].

3.3 Origin of di�erences in excitation energy of analogue states

Assuming charge symmetry and charge independence of the nuclear force, excitation energy
di�erences between IAS in mirror nuclei should stem purely from electromagnetic e�ect. The
dominant contribution comes from the Coulomb interaction which acts only on protons and
causes isospin dependence, contributing hundreds of MeV to nuclear masses and tens of MeV
to the CDE. Minor contributions include the proton-neutron mass di� erence and other small
electromagnetic terms.
When comparing excited states, large Coulomb contributions largely cancel out due to nor-
malisation to the ground state. As reported in [3], this leads to MED and TED10, for the
shell f 7

2
of 100 keV and 200 keV respectively, whilst in thesd-shell, some MED values reach

200� 300 keV. However, these small di�erences act as sensitive probes of nuclear structure. If
electromagnetic e�ects are well-modelled, the remaining deviations can signal isospin-breaking
contributions from the nuclear interaction. These aspects are further explored in shell-model
studies by Zuker et al. [17, 19, 30, 52].

10 Triplet Energy Di�erences, de�ned as TED J = E �
J;T z = � 1 + E �

J;T z =+1 � 2E �
J;T z =0 = 2� cJ .
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Due to these considerations, the Coulomb interaction Hamiltonian can be written as

H = VCM + Vcm (3.30)

whereas the two terms are: the monopole termVcm that takes into account single-particle and
bulk e�ect due to the spherical �eld, containing terms quadratic i n ay

i aj , and the multipole
term VCM , related to the rest of possible interactions, as correlations terms between nucleons
belonging to the valence space. Furthermore, also the Isospin Non-Conserving (INC) nuclear
contributions can be added. So, following the steps of [3], there are four di�erent e�ects: the
multipole and monopole Coulomb �eld contributions, the single-particle corrections contribution
and the INC interaction contributions.

3.3.1 The Coulomb multipole term

The multipole Coulomb term VCM , arises from the Coulomb contribution to the e�ective two-
body interaction between valence nucleons. Its dependence on theangular momentum J re
ects
the alignment of the spins of pairs of nucleons with rotational angular momentum.
To better understand this e�ect, consider two identical nucleons (protons in this case), occupying
the same shell, such asf 7

2
, initially coupled to the total angular momentum J = 0. One way to

change nuclear energy is to break this pair and recouple the nucleons with a di�erent total J .
When a pair aligns to a higher J , the Coulomb energy decreases. In particular, when the pair
reaches the maximum alignment allowed by the shell (i.e.J = 2 j � 1, that is, J = 6 in f 7

2
) the

Coulomb repulsion is minimised due to the maximal spatial separation among the two protons;
see Fig. 3.5.
Since the Coulomb interaction is repulsive, such a spin alignment lowers the excitation energy
of the nuclear state. Along a rotational band, each successive pair alignment alters the regular
energy spacing of the band.
Assuming isospin symmetry, this alignment e�ect will occur similarly in both mirror nuclei, but
the Coulomb contribution will only appear in the nucleus where protons align. In the mirror
partner, neutron alignment does not produce the Coulomb e�ect. Therefore, analysing the
Mirror Energy Di�erences between rotational states in mirror nuclei can reveal which type of
nucleon is aligning. A positive shift in the MED typically signals neutron alignment in the
proton-rich nucleus, whereas a negative shift indicates proton alignment in the neutron-rich
mirror partner.
Thus, the multipole Coulomb term re
ects the energetic preference for aligning nucleon pairs
rather than simply increasing the rotational frequency to reach higher excited states.
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Figure 3.6: MED and alignment for the mirror 51F e � 51 Mn as a function of the angular momentumJ .
It can be notice the correlation between the experimental MED and the\quasi-alignment" calculated in
the shell model framework, as a function ofJ . See Sec.[4.1.1] in [3].

Figure 3.5: Calculation of the probability distribution for the relative distance between two identical
particles in the shell f 7

2
as a function of their coupled angular momentum. The centre of these plots

corresponds to a zero separation. Refs. [46, 47].
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3.3.2 The Coulomb monopole term

In addition to the multipole term that accounts for the Coulomb interact ion among protons
belonging to the valence shell, to better reproduce mirror energydi�erences, it is necessary to
take into account a monopole correction termVcm . This term derives from the fact that the
nuclear radius changes along the rotational band in relation to its angular momentum J .
As mentioned previously, aligning a pair of nucleons to higher spin can,in some cases, be
energetically more favourable than simply increasing the rotational frequency to reach higher
energy levels. For example, in nuclei within thef 7

2
shell, the occupation of valence orbitals other

than f 7
2
, which play a key role in generating collective low-lying states,tends to decrease along

the yrast line. Since the nuclear radius depends on the occupation ofthese orbitals, this leads
to a change in the nuclear size.
In the calculation of MED, the term Vcm accounts for this e�ect. It can be estimated by
considering the Coulomb energy of a uniformly charged radiusRC :

EC =
3
5

Z (Z � 1)e2

RC
: (3.31)

The di�erence between the energy of the ground states ofTz = � n
2 mirror nuclei, Z> and Z< ,

such that Z> = Z< + n, then the Coulomb energy di�erence of the ground state is:

� EC = EC (Z> ) � EC (Z< ) '
3
5

n(2Z> � n)e2

RC
: (3.32)

Its contribution is on the order of tens of MeV. When computing the Mirr or Energy Di�erences
(MED) for each state with spin J , viewed as a function of angular momentum, these values
must be normalised to the MED of the ground state. By doing so, the monopoleterm � EC in
e�ectively cancels out. However, a small residual contribution remains, which can be attributed
to changes in the charge radius as the angular momentum increases. This leads to the following
result:

� M (VCr (J )) = � EC (J ) � � EC (0) =
3
5

n(2Z � n)e2
�

1
RC (J )

�
1

RC (0)

�

=
3
5

n(2Z � n)e2
�

RC (0) � RC (J )
R2

C

�
=

3
5

n(2Z � n)e2 � R(J )
R2

C

(3.33)

whereas � R(J ) = RC (J ) � RC (g:s:), following [18, 30, 52] this is equal for both nuclei, only
Z changes. A general rule can be formulated regarding the variation of the charge radius
as a function of angular momentum: orbitals with lower angular momentum are associated
with larger radii, resulting in reduced Coulomb repulsion; in contrast, orbitals with higher
angular momentum are more spatially con�ned, leading to stronger Coulomb e�ects. In the
case of thefp -shell, for instance, thep orbital extends further than the f orbital. As protons
are promoted from the p to the f orbital, an increase in Coulomb repulsion is observed. At
high angular momentum, where nucleons predominantly occupy thef 7

2
orbital, the monopole

Coulomb contribution becomes more signi�cant compared to lower-spin sates, where thep3
2

orbital still contributes notably to the wave function.
In practical terms, one can estimate variations in the charge radius by tracking changes in orbital
occupation numbers along the yrast line11. For mirror nuclei, assuming equal charge radii, the

11 Yrast states are the lowest energy states with a given angular momentum J . Plotting them in a Energy-vs-
Angular Momentum graph, they will dispose along the yrast line .
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Figure 3.7: The shell model prediction of the fractional occupation number for 50Cr for neutrons and
protons in the fp space. From [3].

radial Coulomb contribution is obtained by averaging the occupation numbers of protons and
neutrons:

� M (VCr ) = n� r

�
m� (Jg;s) + m� (Jg;s)

2
�

m� (J ) + m� (J )
2

�
; (3.34)

in which n is the Z � N di�erence in the two nuclei, � r is a parameter, that can be deduced from
the single-nucleon energy, whilem�;� encoded the information regarding occupation numbers of
p-orbit in fp -shell in the wave-function for protons and neutrons with the angular momentum
J . In the case of fp -shell analysis conducted in [3], this parameter is based on experimental
values and is valued around 200 keV.
In the present work, this parameter is evaluated in the same way; however, as it will be shown in
the next chapter, its value ranges between 50� 200 keV, depending on the occupation numbers
and aiming for the best agreement with experimental data through a systematic study of the sd-
shell. Sometimes along this work, the monopole termVcm is written in the form VCr underlying
its radial dependence.

3.3.3 Single-Particle Energies corrections

The next contributions one has to take into account concern the single-particle energy correc-
tions, both for protons and neutrons, which receive di�erent contributions from their interaction
with the electromagnetic �eld. In particular, there are two main e�e cts:

1. Interaction of protons in the valence space with the monopole electromagnetic �eld gen-
erated by the core. This contribution a�ects only protons. In the harmon ic oscillator
approximation, their energy is proportional to the square of the orbital momentum l. The
expression for the protons single-particle energy splitting has been calculated by Du
o and
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Zuker in [18]:

E ll =
� 4:5Z

13
12
cs [2l(l + 1) � N (N + 3)]

A
1
3

�
N + 3

2

� keV; (3.35)

in which N is the principal quantum number, l the orbital momentum and Zcs is the closed
shell above which the this e�ect acts;

2. The contribution due to the Relativistic Electromagnetic Spin-Orbit force (EMSO), that
a�ects both protons and neutrons. Analogously to the atomic case, this interaction is
caused by the Larmor precession of nucleons in the nuclear electric �eld due to their
intrinsic magnetic momenta � s and by the Thomas precession of protons due to their
charge and orbital magnetic moment � l . This contribution is di�erent for protons and
neutrons, so it provides a �ne correction to the �nal calculus of the MED. The EMSO
potential can be written in the form [3, 26, 35]:

Vls = ( gs � gl )
1

2m2
N c2

�
1
r

dVC

dr

�
~l � ~s (3.36)

whereasmN is the nucleon massgs and gl are the gyromagnetic factors12, coming from the
expressions of Larmor and Thomas precessions, respectively linked to� s and � l . Then,
assuming the potentialVC is that of a uniformly charged sphere of radiusRC , the previous
expression accounting for the perturbation of the single-nucleon energies caused by the
EMSO force is:

E1s ' (gs � gl )
1

2m2
N c2

�
�

Ze2

R3
C

� D
~l � ~s

E
: (3.37)

This contribution has a di�erent sign depending on whether it is th e orbit of a proton
or a neutron and also depends on the spin-orbit coupling:~l � ~s = l

2 if j = l + s, while
~l � ~s = � l+1

2 if j = l � s. By doing further approximations, one reaches the values reported
in the following Table (3.1):

� � � �
j = l + 1

2 j = l � 1
2 j = l + 1

2 j = l � 1
2

E ls � 42Z
A l keV 42Z

A (l + 1) keV 35Z
A l keV � 35Z

A (l + 1) keV

Table 3.1: Approximate values of the energy shifts produced by the EMSO potential obtained from Eq.
(3.37).

To better understand how this e�ect contributes to the excitati on energy, consider the
example of a nucleus in which a proton is excited from thed3

2
shell to the f 7

2
shell.

This con�guration results in a lower excitation than in the mirror nuc leus, where the
same excitation involves a neutron. According to Table (3.1), for protons,the spin{orbit
potential raises the d3

2
shell by 63 keV and lowers thef 7

2
shell by 63 keV, increasing the

gap by � E � 126 keV, where � E is the unperturbed energy di�erence. For neutrons, the
d3

2
shell is lowered and thef 7

2
is raised by 52:5 keV, increasing the gap by � E � 105 keV.

Thus, the proton excitation requires 231 keV less energy than the neutron excitation,
highlighting the signi�cant contribution of the electromagnetic spin -orbit interaction to
MED.

12 For protons g�
s = 5 :586, g�

l = 1, while for neutrons g�
s = � 3:828, g�

s = 0.
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Figure 3.8: Increasing and decreasing of neighbouring orbits, caused bydi�erent l � s alignment due to
the Vls . Refs. [45, 49].

3.3.4 Isospin Non-Conserving Nuclear Interactions

Assuming isospin symmetry, the di�erence between the experimental MED and its theoretical
prediction, which accounts for all known Coulomb corrections, should be minimal. However, this
is not always the case. Such discrepancies suggest that Isospin Non-Conserving (INC) nuclear
interactions may play a signi�cant role. For instance, in many mirror n uclei within the fp -shell,
the observed MED cannot be fully explained by electromagnetic e�ects alone [2].
The most logical approach to account for INC e�ects would involve constructing an e�ective
potential that includes an isospin non-conserving term. However, this is a challenging task. Con-
sequently, it is often more practical to develop phenomenological models based on experimental
observations. A model developed by Zuker et al. [52] aimed to estimate the contribution of INC
nuclear interactions to MED in the f 7

2
shell, speci�cally studying the mirror pair 42T i � 42 Ca.

The results show that electromagnetic e�ects alone cannot fully account for the experimen-
tal MED values. For example, a signi�cant discrepancy of around 100 keV is observed at the
J � = 2 + state.

J = 0 J = 2 J = 4 J = 6

Coulomb Contribution VC (keV) 81.60 24.60 6.40 -11.40
MED

�
42Ti � 42Ca

�
� VC (keV) 5.38 92.55 4.57 -47.95

Table 3.2: MED in 42T i � 42 Ca, from [52].

To address this, an ansatz was proposed: assuming a 100 keV di�erence in the matrix elements
between the proton and neutron pairs in the f 7

2
shell coupled to J = 2. This approach suc-

cessfully reproduced MED values in otherfp -shell nuclei with di�erent mass numbers (e.g.,
A = 47; 49; 50; 51). Later, Kaneko et al. [27] suggested an alternative parametrisation using a
100 keV di�erence for the matrix elements J = 0. Further studies con�rmed that the relevant
INC e�ect lies in the di�erence between the matrix elements in J = 2 and J = 0, rather than
in their absolute values.
Eventually, this approach was extended beyond thef 7

2
shell to all orbitals of the fp -shell, and

even to thesd-shell, proving successful in explaining MED in cases such as the pair 23Mg � 23Na,
as exposed in [7].
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The physical origin of INC term suggests that it may arise from the breaking of the charge
symmetry in the NN interaction. Using known proton-proton and neutron- neutron scattering
lengths, corrected to exclude electromagnetic contributions, thepredicted INC matrix elements
are:

V J =0
B � 11 keV V J =2 ;4;6

B = 0 keV (3.38)

However, these values disagree (both in sign and magnitude) with those found in prior models
[2], implying that unaccounted electromagnetic e�ects may be in
uencing the INC interaction.
It is important to note that, while in nuclei with mass number A = 40 � 55 the f 7

2
shell dominates

the wave functions, in the sd-shell nuclei, all three orbitals play a signi�cant role. Therefore,
an isospin-breaking termVB must be considered for each orbital. For the sake of simplicity, the
same value, set to� 70 keV for positive parity states and � 100 keV for negative parity states,
will be applied uniformly to all orbitals within a given major shell.

Figure 3.9: Example of experimental and theoretical MED in mirror nuclei 23Mg � 23 Na obtained with
the USD interaction. The isospin symmetry breaking (ISB) part VB , the radial contribution VCm and
the multipole term VCM are enlightened. Ref.[8].

In the next chapters, all these techniques will be applied to mirror nuclei belonging to the sd-
shell, with massesA = 19 � 35 in order to con�rm the validity of this theoretical approach and
verify the robustness of the current approach to nuclear physics farfrom stability.
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Chapter 4

Study of medium-mass mirror nuclei

This chapter is the core of this work and is dedicated to the applicationof all the shell model
theoretical notions developed in the last years to the medium-mass nuclei. More speci�cally,
here the systematic study of MED of nuclei belonging tosd-shell with mass rangeA = 19 � 35
will be treated; see Fig. 4.1. Following a systematic approach, all mirror nuclei pairs listed in
the tables (A.1-A.4) will be analysed in the same way.

Figure 4.1: A particular of the Segr�e chart with the sd-shell mirror nuclei studied in this work. In evidence
the isospin Tz component. Picture adapted from [49]. All the nuclei shown are already been discovered
[16].

Positive parity states were studied using the USDA e�ective interaction [12]: this allows multi-
particle excitations, using the 16

8 O8 as the core and thesd� shell as a valence space, so the orbits
d3

2
, s1

2
, d5

2
. For the negative parity states, which are intruder states, due to the fact that their

parity is not the natural one inside the sd� shell, the PSDPF was used as an e�ective interaction
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[9]. The PSDPF uses4
2He2 as the core, and the valence space is now extended from thep� shell

to the fp � shell, to allow for the promotion of a nucleon from the p� shell to the sd� shell and
from the sd� shell to the fp � shell.

MED comparisons have been made using the following relations:

MED J
exp = EJ (Z> ) � EJ (Z< ) (4.1)

MED J
T h: = � hVCM i + � hVcm i + � hE ll i + � hE ls i + � hVB i (4.2)

Calculations have been performed using the shell model code ANTOINE, in the context of the
interacting shell model, taking into account the yrast states1. Only pairs of mirror nuclei with
at least two known experimental states2 were considered. The experimental states selected for
analysis have been taken from the NNDC database [16], using the Evaluated Nuclear Structure
Data File (ENSDF) and the Experimental Unevaluated Nuclear Data List (XUNDL) to compare
the theoretical prediction with the newest available experimental data. The objective of this
study is not to perform a best-�t procedure but rather to conduct a systematic analysis of the
MED of the nuclei within the sd-shell. To do this, it is fundamental to �x the parameters
described in the previous chapter.
Regarding the isospin-symmetry breaking term Sec.[3.3.4], the strength that accounts for J = 0
couplings in the T = 1 channels is set to� 70 keV for the study of positive parity states and to
� 100 keV for negative parity states. The di�erent choice for the parameters has been adopted
after a brief analysis done at the beginning of this work, in which it emerged how negative states
MED improved �xing � V B = � 100 keV.
Concerning the radial term, since the s1

2
orbit is the lowest in angular momentum, it has a

greater radius as reported in [6] and its occupation characterises the radial term in the sd-shell.
For the parameter � r , de�ned in Sect. [3.3.2] Eq.(3.34), the values have been set equal to 200
keV for the isobars with A � 27, due to the low occupationss1

2
, and to 50 keV for those masses

29 � A � 35, in which the total occupation ms 1
2

= m� + m� > 1 with at least one nucleon in

the orbit s1
2
.

4.1 Positive parity states

An examination of the MED associated with states of positive parity is presented here; after
that, a general analysis that compares all the results will be performed. Only states with natural
parity in the sd-shell will be analysed. Recall that:

ˆ the core is 16
8 O8;

ˆ the valence space is the sd-shell, spanned by the orbits (1d5
2
; 2s1

2
; 1d3

2
).

Structure of the following paragraphs For each couple of mirror nuclei will be reported
a table containing the experimental data and the results of the theoretical calculations, the
reference of the �gures referring to the data reported in the tables, and a comment on the
analysis done. This will be done for either positive- and negative-parity states analysis.

1With a few minor exceptions, which will be clari�ed later.
2The ground states plus an yrast excited state above it.
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4.1.1 Mirror nuclei with T = 1
2

The net di�erence jN � Z j = 1, so in a mirror pair there is a nucleus with an excess of a proton
and the other one has an excess of a neutron.

A=19 In the mirror pair 19Ne and 19F, as can be seen from the Tab.4.1, the theory captures
the shape and trend of the MED, but slightly overpredicts its magnitude, from � 7 keV for the
lower spin state to � 30 keV for the higher one. These discrepancies are not large, suggesting
that the relevant physical ingredients are mostly included. From the theoretical contributions,
see Fig.4.2, it can be observed that the radial contribution increases with the spin due to the
decrease in the occupation of thes1

2
orbit, which has a larger radius, while the Coulomb multipole

term decreases due to angular momentum alignment. In this case, it is possible to a�rm that
the nucleons couples involved in the alignment arepp in 19Ne and nn in 19F. The ISB term
provides a modest correction as well as the single-particle corrections term.

J � Eexp19 Ne Eexp19 F Eth MED exp MED th � VCM � E ll+ls � VCr � VB

1=2+ 0 0 0 0 0 0 0 0 0
5=2+ 238 197 47 41 48 � 0:05 � 8 62 � 6
9=2+ 2795 2780 2521 15 32 � 52 � 6 63 27
13=2+ 4635 4648 4440 � 13 16 � 93 � 30 111 27

Table 4.1: Experimental data and theoretical calculations for the19Ne and 19F.The table is structured in
the following way: total angular momenta and the parity of the states; the experimental excitation energy
Eexp [16]; the calculated energyE th ; the experimental and theoretical MED; the Coulomb multipole term
� VCM , the single-particle corrections term � E ll + ls , the radial term � VCr and contributions from the
isospin-breaking term � VB . All energies are given in keV.

A=21 Even in the mirrors 21Na and 21Ne, theoretical MED overestimates the experimental
data, see Tab.4.2, especially in the high-spin regimeJ � 9

2 . The same happens for the radial
term, due to the increasing occupation of orbitals with larger spin having smaller radii. In fact,
to reach higher spin, it is convenient to decrease the occupation ofs1

2
, in favour of orbits with

higher J . This is also re
ected in the values of the � E ll + ls term. The trend change from 7
2

+

to 9
2

+ is mainly due to the increase in the radial and isospin-breaking contributions. Observing
Fig.4.3, it can be seen that theVB term is crucial in these calculations because it is the only
term that gives negative contributions to the theoretical MED. A posit ive MED value is also
predicted at 13

2
+ .
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J � Eexp21 Na Eexp21 Ne Eth MED exp MED th � VCM � E ll+ls � VCr � VB

3=2+ 0 0 0 0 0 0 0 0 0
5=2+ 332 351 299 � 19 3 � 7 2 14 � 5
7=2+ 1716 1746 1776 � 30 � 6 3 6 � 1 � 14
9=2+ 2829 2867 2801 � 38 5 � 12 14 16 � 13
11=2+ 4419 4433 4374 � 14 41 3 13 44 � 20
13=2+ n 6448 6230 n 67 31 19 51 � 34

Table 4.2: Experimental energies [16] and theoretical calculations for the21Na and 21Ne. Idem as in
Tab.4.1.

A=23 In the mirror couple of 23Mg and 23Na, the typical staggering behaviour, see Fig.4.4,
is captured by the theoretical calculations. The theory systematically underestimates negative
MED while overestimates positive ones, with a di�erence of about 50 keV for states with J > 11

2 .
Moving towards higher spin, observing the data reported in Tab.4.3, the alignment of angular
momenta enhances the multipole Coulomb term, thell and ls contributions, increasing spatial
overlaps and Coulomb repulsion (clearly observable by the red line).The increase in theVCM

term re
ects the increase in magnitude in higher spin states, whereas the trend of the radial
monopole term tells how the occupancy of thes1

2
orbit varies with J , balancing the negative

terms for large J . In conclusion, it is possible to a�rm that the theory well describe s this case.

J � Eexp23 Mg Eexp23 Na Eth MED exp MED th � VCM � E ll+ls � VCr � VB

3=2+ 0 0 0 0 0 0 0 0 0
5=2+ 451 440 447 11 20 1 3 12 4
7=2+ 2052 2076 2185 � 24 � 23 � 20 � 6 � 12 15
9=2+ 2715 2704 2828 11 31 � 10 8 16 17
11=2+ 5454 5534 5527 � 81 � 54 � 47 � 25 � 8 25
13=2+ 6195 6235 6321 � 41 � 14 � 59 � 7 18 34
15=2+ 8938 9040 8921 � 102 � 24 � 70 � 28 45 29

Table 4.3: Experimental energies [16] and theoretical calculations for the23Mg and 23Na. Idem as in
Tab.4.1.

A=25 The experimental MED of the 25Al and 25Mg mirror pair are very small, see Tab.4.4.
reaching nearly +20 keV at J � = 9

2
+ . However, theoretical values describe in good agreement

the trend of the data. From the contributions panel in the Fig.4.5, it can be seen how the
calculations systematically underestimate the experimental data, but the marginal di�erence
con�rms the validity of the theory. Moreover, two positive MED are pr edicted at 11

2
+ and 13

2
+ .
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J � Eexp25 Al Eexp25 Mg Eth MED exp MED th � VCM � E ll+ls � VCr � VB

5=2+ 0 0 0 0 0 0 0 0 0
7=2+ 1613 1612 1739 1 � 12 21 8 � 24 � 17
9=2+ 3424 3405 3515 19 3 31 13 � 13 � 27
11=2+ n 5252 5079 n 18 27 10 � 9 � 10
13=2+ n 5461 5529 n 148 124 43 27 � 45

Table 4.4: Experimental energies [16] and theoretical calculations for the25Al and 25Mg. Idem as in
Tab.4.1.

A=27 In this case of the mirror nuclei 27Si and 27Al, as can be seen from the Tab.4.5, the
experimental MED decreases sharply with increasing spin, reaching approximately -95 keV at
J � = 9

2
+ . The theoretical calculation reproduces the qualitative behaviour but signi�cantly

underestimates the magnitude, particularly at J � = 9
2

+ , where the discrepancy exceeds 80 keV.
The radial correction is strongly attractive and shows the largest variation, especially negative
for J � = 7

2
+ and J � = 9

2
+ , re
ecting the high occupancy of the s1

2
orbit. This highlights its

critical role in shaping the downward trend of the MED visible from t he Fig.4.6. The � E ll + ls

term increases moderately with spin and contributes decisivelyto the overall trend, together
with the isospin-breaking contribution.

J � Eexp27 Si Eexp27 Al Eth MED exp MED th � VCM � E ll+ls � VCr � VB

5=2+ 0 0 0 0 0 0 0 0 0
7=2+ 2164 2212 2304 � 48 � 69 15 � 7 � 78 1
9=2+ 2910 3004 3036 � 94 � 10 � 6 34 � 49 11
11=2+ 4447 4510 4478 � 63 39 � 17 31 9 16

Table 4.5: Experimental energies [16] and theoretical calculations for the27Si and 27Al. Idem as in
Tab.4.1.

A=29 In the case of mirrors 29P and 29Si, MED values are large, see Tab.4.6, oscillating
between +100 and -100 keV. Theoretical predictions, as can be seen from Fig.4.7, qualitatively
follow the trend of the experimental data, but with some discrepancies that increase with spin.
From the contributions panel, one can notice that all the terms presenta typical staggering
trend, in particular the � E ll + ls term. The radial and isospin-breaking terms are fundamental
to reproduce well the experimental data, especially at higher spins, in which they contribute to
lowering the values ofVCM and � E ll + ls . A positive MED is also predicted at 11

2
+ .

A=31 The experimental MED of the couple31S and31P, show a strong, staggering trend with
large negative values developing at higher spin, see Tab.4.7. The curve starts slightly negative
at 1

2
+ , oscillates around zero, and then falls below -100 keV at11

2
+ . The theoretical prediction

in this case fails a little: up to the state 7
2

+ the trend is not well reproduced, while it becomes
aligned with experimental data, even if it overestimates them, at higher spin, in particular at
11
2

+ where the shift is about 80 keV; see Fig.4.8. The termsVCM and � E ll + ls show a marked

spin dependence, which becomes signi�cantly negative at72
+ and beyond, reaching below -30

keV. The monopole radial term vary smoothly but characterises both the �rst part, in which the
experimental trend is not reproduced, and the second part, in which the trend is captured, but
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J � Eexp29 P Eexp29 Si Eth MED exp MED th � VCM � E ll+ls � VCr � VB

1=2+ 0 0 0 0 0 0 0 0 0
3=2+ 1384 1273 1252 110 81 23 46 14 � 2
5=2+ 1954 2028 2062 � 74 � 29 7 � 1 � 17 � 18
7=2+ 4081 4080 4219 1 68 17 56 � 4 � 1
9=2+ 4642 4741 4593 � 99 � 14 13 6 � 11 � 21
11=2+ n 7139 7049 n 74 60 44 � 3 � 27

Table 4.6: Experimental energies [16] and theoretical calculations for the29P and 29Si. Idem as in Tab.4.1.

with the aforementioned shift. Fundamental is the VB contribution, which is always positive,
modelling the overall theoretical MED, underlying how the ISB contributions become decisive
at higher spin states.

J � Eexp31 S Eexp31 P Eth MED exp MED th � VCM � E ll+ls � VCr � VB

1=2+ 0 0 0 0 0 0 0 0 0
3=2+ 1249 1266 1104 � 17 18 � 10 � 6 19 15
5=2+ 2234 2234 2342 1 � 19 � 28 � 21 � 5 35
7=2+ 3350 3415 3437 � 65 � 28 � 29 � 32 11 22
9=2+ 5301 5343 5316 � 42 17 � 8 0 7 17
11=2+ 6343 6453 6683 � 111 � 42 � 37 � 32 � 8 35
13=2+ 9154 9177 9309 � 23 � 39 � 61 � 7 � 16 44

Table 4.7: Experimental energies [16] and theoretical calculations for the31S and31P. Idem as in Tab.4.1.

A=33 For the 33Cl and 33S mirror pair, both the experiment and the theory agree on the trend;
see the Tab.4.8 and the Fig.4.9. MED rises from3

2
+ to a peak at 5

2
+ � 20 keV, then drops at

7
2

+ . The theoretical curve closely matches both the magnitude and shape of the experimental
MED, especially at low spin. This suggests that the theoretical framework captures the dominant
contributions well at low spin but fails when increasing spin, principally due to the sharp negative
values ofVB and E ll + ls . Furthermore, a positive MED is predicted at 9

2
+ .

J � Eexp33 Cl Eexp33 S Eth MED exp MED th � VCM � E ll+ls � VCr � VB

3=2+ 0 0 0 0 0 0 0 0 0
5=2+ 1986 1967 1913 19 21 � 11 4 22 6
7=2+ 2975 2969 2991 6 � 37 33 � 36 12 � 46
9=2+ n 4049 4194 n 8 6 1 7 � 6

Table 4.8: Experimental energies [16] and theoretical calculations for the33Cl and 33S. Idem as in
Tab.4.1.
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A=35 Regarding the mirrors 35Ar and 35Cl, the behaviour observed, see the Tab.4.9, shows
that the theory underestimates the experimental MED, while preserving the trend. From the
contribution panel, see Fig.4.10, it becomes evident that the Coulomb multipole term and the
isospin-breaking term manifest opposite behaviour, as well as the monopole term and single-
particle corrections. Nevertheless, the calculations follow the correct experimental trend. In
addition, a negative MED is predicted at 9

2
+ .

J � Eexp35 Ar Eexp35 Cl Eth MED exp MED th � VCM � E ll+ls � VCr � VB

3=2+ 0 0 0 0 0 0 0 0 0
5=2+ 1751 1763 1598 � 12 � 3 � 8 � 15 13 7
7=2+ 2603 2646 2776 � 43 � 13 � 33 � 12 � 1 33
9=2+ n 3944 4093 n � 13 � 8 � 16 5 6

Table 4.9: Experimental energies [16] and theoretical calculations for the35Ar and 35Cl. Idem as in
Tab.4.1.

4.1.2 Comment on T = 1
2

The analysis of mirror energy di�erences in odd A, T = 1=2 mirror nuclei across thesd-shell
(A = 19{35) reveals a complex but interpretable behaviour driven by evolution of the nuclear
structure with the spin. Because of their even-odd nature, these nuclei are particularly sensitive
to single-particle e�ects, resulting in MED trends that vary more than in even-even systems.
In many cases a general increase in MED magnitude with spin is observed. Theoretical shell-
model calculations generally reproduce the qualitative MED behaviour. Quantitative agreement
is often within 20{50 keV, but discrepancies up to � 100 keV occur, especially inA = 25; 29; 31.
Overall, while the model captures the major mechanisms shaping MED across this mass range,
the data also expose speci�c nuclei and spin regions where further re�nement of valence space
is necessary.

Figure 4.2: Top panel: the experimental MED val-
ues and theoretical predictions for the 19 Ne and 19 F
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.3: Top panel: the experimental MED val-
ues and theoretical predictions for the 21 Na and 21 Ne
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.
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Figure 4.4: Top panel: the experimental MED val-
ues and theoretical predictions for the 23 Mg and 23 Na
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.5: Top panel: the experimental MED val-
ues and theoretical predictions for the 25 Al and 25 Mg
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.6: Top panel: the experimental MED val-
ues and theoretical predictions for the 27 Si and 27 Al
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.7: Top panel: the experimental MED val-
ues and theoretical predictions for the 29 P and 29 Si
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.
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Figure 4.8: Top panel: the experimental MED val-
ues and theoretical predictions for the 31 S and 31 P mir-
ror pair. Bottom panel: the di�erent contributions
to the theoretical prediction.

Figure 4.9: Top panel: the experimental MED val-
ues and theoretical predictions for the 33 Cl and 33 S
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.10: Top panel: the experimental MED val-
ues and theoretical predictions for the 35 Ar and 35 Cl
mirror pair are displayed. Bottom panel: the di�er-
ent contributions to the theoretical prediction.
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4.1.3 Mirror nuclei with T = 1

Now the net di�erence jN � Z j = 2, so in a mirror pair there is a nucleus with an excess of two
protons and the other one has an excess of two neutrons. As a consequence, see the Tab. A.2,
there are even-even and odd-odd nuclei. This di�erent nature of the nuclei may in
uence the
di�erent contributions involved in the MED calculations.

A=20 Observing the Fig.4.11 of the mirrors20Na and 20F, the theoretical calculations capture
the experimental trend, with a growing discrepancy in magnitude with increasing spin. This
increment can be principally related to the radial term, that is the dominant contribution caused
by a decreasings1

2
orbit occupation, as one can see from the contributions; see Tab.4.10. The

multipole, the isospin-breaking and the single-particle correction terms modulate the trend, but
do not dominate. The increase in magnitude of the Coulomb multipole termcan be related to
the breaking of a pp couple in 20Na and a pair of neutrons in 20F. A positive MED value is
predicted at 5+ .

J � Eexp20 Na Eexp20 F Eth MED exp MED th � VCM � E ll+ls � VCr � VB

2+ 0 0 0 0 0 0 0 0 0
3+ 596 656 580 � 60 � 52 � 9 20 � 67 4
4+ 802 823 814 � 21 25 � 28 5 52 � 4
5+ n 1824 1740 n 30 � 18 17 46 � 15

Table 4.10: Experimental data and theoretical calculations for the20Na and 20F.Idem as in Tab.4.1.

A=22 In this case the theoretical curve of the 22Mg and 22Ne mirror couple, exposed in
Fig.4.12, follows the experimental trend only for the lower spin states, then at higher spin it
systematically overestimates the data. From the contributions reported in Tab.4.11, it can be
seen that this behaviour is closely linked to that of the radial part, especially at higher spin, due
to the decreasing occupancy of thes1

2
orbit from 2 + ! 6+ . The only ever negative term is that

of the Coulomb multipole.

J � Eexp22 Mg Eexp22 Ne Eth MED exp MED th � VCM � E ll+ls � VCr � VB

0+ 0 0 0 0 0 0 0 0 0
2+ 1247 1275 1309 � 28 � 34 � 11 � 5 � 27 9
4+ 3308 3357 3323 � 49 � 19 � 10 � 6 � 8 5
6+ 6254 6311 6266 � 57 14 � 35 6 28 15

Table 4.11: Experimental data and theoretical calculations for the22Mg and 22Ne. Idem as in Tab.4.1.

A=24 In the 24Al and 24Na mirror nuclei, there are two states to examine and a theoretical
prediction for a third state at 6 + . As can be seen from Tab.4.12, the theoretical calculations
for the state 5+ are in line with the experimental results. By observing the Fig.4.13, unlike the
two previous pairs, the MED are now positive and from the contributions panel it is possible to
see how all the terms give positive values to MED. The prediction of 6+ negative MED value is
driven by the behaviour of the radial term at higher spin, highlightin g a larger s1

2
occupation.
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J � Eexp24 Al Eexp24 Na Eth MED exp MED th � VCM � E ll+ls � VCr � VB

4+ 0 0 0 0 0 0 0 0 0
5+ 1539 1514 1557 25 35 9 8 13 6
6+ 3875 n 3929 n � 2 29 18 � 48 � 1

Table 4.12: Experimental data and theoretical calculations for the24Al and 24Na. Idem as in Tab.4.1.

A=26 The mirror couple case26Si� 26Mg is more complex, as can be seen in Fig.4.14. The
experimental data are well reproduced by the model for the states 2+ and 4+. The model fails
for the states 3+ and 5+, see Tab.4.13, in particular in the �rst case, in which the experimental
MED value is negative while the theoretical value is positive, with a di�erence of � 230 keV.
Unlike the previous cases, MED have a larger magnitude. From the contributions panel, clearly
emerges how the multipole term plus the single-particle corrections term dominate, but it can
also be noticed how theVB and VCr terms modulate the �nal MED values. Furthermore, the
behaviour of VB and VCr terms is the same for lower spin , then they tend to behave in the
opposite way. Another fact that can be observed is that from the state 2+ on, VB and � E ll + ls

manifest the same trend, similarly to what happens forVCM and VCr from the state 3+ . In
addition, a positive MED value is predicted at 6+ .

J � Eexp26 Si Eexp26 Mg Eth MED exp MED th � VCM � E ll+ls � VCr � VB

0+ 0 0 0 0 0 0 0 0 0
2+ 1797 1809 1938 � 11 5 42 15 � 19 � 33
3+ 3758 3942 3898 � 184 42 � 28 68 � 13 15
4+ 4446 4319 4402 127 118 109 41 6 � 39
5+ 7198 6978 7058 220 49 0 78 � 25 � 4
6+ n 8201 8120 n 81 88 49 � 14 � 30

Table 4.13: Experimental data and theoretical calculations for the26Si and 26Mg. Idem as in Tab.4.1.

A=28 Regarding the mirror couple 28P and 28Al, the theoretical model fails in trend pre-
diction, as shown in Fig.4.15. This is mainly due to the Coulomb multipole term and the
single-particle corrections, observe the Tab.4.14, which dominate over the isospin-breaking and
radial terms. The latter vary around the null value, re
ecting a small occupancy in thes1

2
orbit

and so a nearly constant radius. As in the26Si� 26Mg case, MED present a large magnitude.

J � Eexp28 P Eexp28 Al Eth MED exp MED th � VCM � E ll+ls � VCr � VB

3+ 0 0 0 0 0 0 0 0 0
4+ 2216 2272 2118 � 56 26 16 12 3 � 5
5+ 2483 2582 2480 � 99 110 43 95 � 9 � 19

Table 4.14: Experimental data and theoretical calculations for the28P and 28Al. Idem as in Tab.4.1.

A=30 Observing the upper panel of the30S and 30Si couple in Fig.4.16, one can see how the
theoretical model follows the experimental data. It can be noticed, from the contributions in
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Tab.4.15, how the isospin-breaking term plays a crucial role in determining the �nal theoretical
MED, especially for lower spin states, where theVCr and � E ll + ls terms are quasi-negligible.
Then, for higher spin the radial contribution becomes relevant, due to a larger s1

2
orbit occu-

pancy, together with the Coulomb multipole term, bringing the MED to negative values. The
discrepancy at high spin states is captured by the shift of� 100 keV among the experimental
and theoretical trend.

J � Eexp30 S Eexp30 Si Eth MED exp MED th � VCM � E ll+ls � VCr � VB

0+ 0 0 0 0 0 0 0 0 0
2+ 2210 2235 2295 -25 2 -26 2 0:4 26
3+ 4688 4831 4863 -143 -34 -33 -1 -23 24
4+ 5132 5279 5315 -147 -28 -25 -7 -10 14

Table 4.15: Experimental data and theoretical calculations for the30S and 30Si. Idem as in Tab.4.1.

A=32 In contrast to the previous case, for the mirror pair 32Cl and 32P the model fails at the
2+ spin states, while reproduces very well states at higher spin, as is evident from Fig.4.17. The
calculations, reported in Tab.4.16 fail in the estimation values at 2+ state: this mainly comes
from the VCM , � E ll + ls and VCr terms. Then, in the higher spin states (3+ ; 5+ ) the behaviour
of the single-particle corrections on one side and that of the radial and isospin-breaking terms
is reversed. This case shows an interesting interplay of contributions. The crossing trend of the
di�erent terms reproduces the non-monotonic shape of MED, being the di�erence between the
model and the observations is smaller than 5 keV. Moreover, at 4+ a negativevalue MED is
predicted by calculations.

J � Eexp32 Cl Eexp32 P Eth MED exp MED th � VCM � E ll+ls � VCr � VB

1+ 0 0 0 0 0 0 0 0 0
2+ 90 78 177 12 -16 -2 -5 -11 2
3+ 1737 1755 1832 -18 -18 -21 -27 10 20
4+ n 3149 3219 n -17 -26 -33 24 18
5+ 4757 4743 4741 14 11 5 23 -17 -0,4

Table 4.16: Experimental data and theoretical calculations for the32Cl and 32P. Idem as in Tab.4.1.

A=34 In the mirror couple 34Ar and 34S, as shown in Fig.4.18 the model captures the full
experimental MED trend. It is interesting to notice from Tab.4.17 h ow the radial and ISB terms
have the opposite behaviour to the others. The interplay of the various contributions is essential
for achieving the alignment between the experimental and theoretical trends.

J � Eexp34 Ar Eexp34 S Eth MED exp MED th � VCM � E ll+ls � VCr � VB

0+ 0 0 0 0 0 0 0 0 0
2+ 2091 2128 2106 � 36 � 13 � 25 � 18 14 16
4+ 4644 4689 4807 � 45 � 11 � 4 � 21 11 4

Table 4.17: Experimental data and theoretical calculations for the34Ar and 34S. Idem as in Tab.4.1.
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4.1.4 Comment on T = 1

For T = 1 positive-parity states in the sd-shell, the shell model generally reproduces the qualita-
tive MED trends, with the radial term and Coulomb multipole providi ng the main contributions
and isospin-breaking terms giving smaller adjustments. The agreement is good in lighter and
heavier systems (A = 20; 24; 30{34), but in mid-shell nuclei (A = 22; 26; 28) the model shows
larger deviations, sometimes even predicting the wrong sign. Overall, the essential physics is
well captured, though limitations appear where cross-shell mixing and con�guration dependence
are strongest.

Figure 4.11: Top panel: the experimental MED val-
ues and theoretical predictions for the 20 Na and 20 F
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.12: Top panel: the experimental MED val-
ues and theoretical predictions for the 22 Mg and 22 Ne
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.13: Top panel: the experimental MED val-
ues and theoretical predictions for the 24 Al and 24 Na
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.14: Top panel: the experimental MED val-
ues and theoretical predictions for the 26 Si and 26 Mg
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.
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Figure 4.15: Top panel: the experimental MED val-
ues and theoretical predictions for the 28 P and 28 Al
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.16: Top panel: the experimental MED val-
ues and theoretical predictions for the 30 S and 30 Si
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.17: Top panel: the experimental MED val-
ues and theoretical predictions for the 32 Cl and 32 P
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.18: Top panel: the experimental MED val-
ues and theoretical predictions for the 34 Ar and 34 S
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.
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4.1.5 Mirror nuclei with T = 3
2

In this context, the net di�erence N � Z = 3 indicates that within a mirror pair, one nucleus
exhibits an excess of three protons, while the other one has an excess ofthree neutrons, as
illustrated in Table (A.3). Moreover, this characteristic renders the analysed nuclei particularly
signi�cant due to their association with the driplines.

A=21 As one can see from the Fig.4.19, the theoretical calculations regarding the couple
21Mg � 21F, reproduce the trend of the experimental data, but with a light underestimation at
9
2

+ . The total MED contributions, see the Tab.4.18, are mainly driven by the multipole term,
whereas the isospin-breaking one tends to the opposite direction, towards positive values (� 40
keV). The radial term, as long as the single-particle corrections are quasi-negligible. The small
values ofVCr suggest a little occupation of thes1

2
orbit. The term VCM is characterised by the

realignment of a couple of protons in21Mg and a couple of neutrons in21F.

J � Eexp21 Mg Eexp21 F Eth MED exp MED th � VCM � E ll+ls � VCr � VB

5=2+ 0 0 0 0 0 0 0 0 0
9=2+ 1672 1755 1730 -83 -34 -75 -2 -4 47

Table 4.18: Experimental data and theoretical calculations for the21Mg and 21F. Idem as in Tab.4.1.

A=23 For the mirror pair 23Al and 23Ne, the adopted method �nely reproduces the data with
a discrepancy between the theory and the observations of about 5 keV, seeFig.4.20. What is
interesting is the comparison of the various contributions, reportedin the Tab.4.19, with respect
the the previous case. Now, the main term is the radial one, whereasVB , VCM , and � E ll + ls

tend to cancel the e�ect of each other. The greaterVCr value re
ects a larger occupancy in the
s1

2
. The result is the excellent match between theory and experiment, underlying how all the

terms are crucial to furnish a correct result.

J � Eexp23 Al Eexp23 Ne Eth MED exp MED th � VCM � E ll+ls � VCr � VB

5=2+ 0 0 0 0 0 0 0 0 0
7=2+ 1619 1702 1817 -83 -88 17 6 -93 -18

Table 4.19: Experimental data and theoretical calculations for the23Al and 23Ne. Idem as in Tab.4.1.

A=25 For what concerns the 25Si and 25Na mirrors, as is apparent from the Fig.4.21, the
theoretical MED does not follow the experimental behaviour: it actually turns positive for 9

2
+

(� 20 keV), deviating from the experimental data (� � 55 keV). This poor agreement with
experiment, both in sign and magnitude, is caused by the dominant Coulomb multipole and
single-particle correction terms. The calculation fails to capture the correct pattern, as reported
in the Tab.4.20.
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J � Eexp25 Si Eexp25 Na Eth MED exp MED th � VCM � E ll+ls � VCr � VB

5=2+ 0 0 0 0 0 0 0 0 0
9=2+ 2365 2419 2522 -54 24 32 28 -26 -10

Table 4.20: Experimental data and theoretical calculations for the25Si and 25Na. Idem as in Tab.4.1.

A=27 In the case of the mirror nuclei 27Mg and 27P, as shown in the Fig.4.22, the theoretical
calculations reproduce correctly the experimental trend, but there is mismatch going towards
higher spin states 5

2
+ of about 120 keV. In this case, the MEDth values present a greater

magnitude in comparison to the previous cases. The theoretical estimation, as can be seen
from the Tab.4.21, is strongly in
uenced by the multipole and single-particle correction terms
for higher spin states, while the radial term is fundamental for the 3

2
+ state giving a positive

contribution of � 130 keV and together with the isospin-breaking term low the MED value at
5
2

+ . The large di�erence in the VCr term from 3
2

+ to 5
2

+ underlines the increasing occupancy in

the s1
2

orbit. Finally, two positive MED are predicted for the excited stat es at 7
2

+ and 9
2

+ .

J � Eexp27 Mg Eexp27 P Eth MED exp MED th � VCM � E ll+ls � VCr � VB

1=2+ 0 0 0 0 0 0 0 0 0
3=2+ 1120 985 971 135 177 28 33 131 -15
5=2+ 1569 1699 1661 -130 8 52 83 -92 -34
7=2+ n 3110 3030 n 112 70 132 -60 -31
9=2+ n 4399 4019 n 75 119 54 -50 -49

Table 4.21: Experimental data and theoretical calculations for the27Mg and 27P. Idem as in Tab.4.1.

A=29 For the couple 29S and29Al, the theoretical calculations, as is evident from the Fig.4.23,
are in line with the observed data. From the contributions reported in the Tab.4.22, only
the isospin-breaking and the multipole terms are decisive to determine the �nal theoretical
calculations for lower spin states, while the radial term and the � E ll + ls contribution have a very
limited role. In conclusion, a positive and a negative MED values are calculated respectively for
the excited states 9

2
+ and 11

2
+ .

J � Eexp29 S Eexp29 Al Eth MED exp MED th � VCM � E ll+ls � VCr � VB

5=2+ 0 0 0 0 0 0 0 0 0
7=2+ 1727 1754 1853 -27 -10 -28 -7 -2 27
9=2+ n 3578 3542 n 17 -42 14 6 38
11=2+ n 5855 5856 n -24 -39 75 -74 14

Table 4.22: Experimental data and theoretical calculations for the29S and 29Al. Idem as in Tab.4.1.

A=31 In the case of the mirror pair 31Cl and 31Si, the theoretical trend describes well the
experimental data, as can be seen from the Fig.4.24 and almost all the contributions follows the
same behaviour, see Tab.4.23. The small discrepancy can be imputed to the Coulomb multipole
contribution, which reduces the �nal result. Moreover, a negative MED value is predicted at
7
2

+ , characterised by theVCr term.
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J � Eexp31 Cl Eexp31 Si Eth MED exp MED th � VCM � E ll+ls � VCr � VB

3=2+ 0 0 0 0 0 0 0 0 0
5=2+ 1728 1695 1603 33 49 -11 24 16 19
7=2+ n 3874 3894 n -77 -1 -27 -42 -7

Table 4.23: Experimental data and theoretical calculations for the31Cl and 31Si. Idem as in Tab.4.1.

A=33 Regarding the mirror couple 33Ar and 33P, the staggering experimental trend is not
followed by the theoretical model, with a sensitive di�erence in magnitude (� 60 keV) in the
3
2

+ state. As can be seen from the lower panel in the Fig.4.25, the isospin-breaking and the

radial terms are positive, this tends to deviate from a correct prediction in the 3
2

+ state. Then,
the interplay between the di�erent terms allows to bring the t heoretical estimate closer to the
experimental evidence for the5

2
+ state, see Tab.4.24 for the numerical results.

J � Eexp33 Ar Eexp33 P Eth MED exp MED th � VCM � E ll+ls � VCr � VB

1=2+ 0 0 0 0 0 0 0 0 0
3=2+ 1359 1432 1441 -73 -10 -32 -42 45 18
5=2+ 1798 1848 2027 -50 -23 -49 -15 -7 48

Table 4.24: Experimental data and theoretical calculations for the33Ar and 33P. Idem as in Tab.4.1.

4.1.6 Comment on T = 3
2

The MED systematics for T = 3=2 mirrors are generally smoother and more regular than in
the T = 1=2 case. Experimental trends typically show monotonic variations with spin, such
as the clear decrease inA = 21 and A = 23, or modest increases inA = 31, and these are
largely well reproduced by theory. The main drivers are the Coulomb multipole and spin{orbit
corrections, with the radial term becoming important in nuclei with signi�cant s1=2 occupation
(e.g., A = 23, A = 27). Deviations remain moderate, usually within a few tens of keV, though
certain cases (e.g.,A = 25) show failure in both sign and magnitude. Overall, the theory is
consistent, capturing the balance of the di�erent contributions, with discrepancies highlighting
sensitivity to changeling of nuclear structures for higher spin states.
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Figure 4.19: Top panel: the experimental MED val-
ues and theoretical predictions for the 21 Mg and 21 F
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.20: Top panel: the experimental MED val-
ues and theoretical predictions for the 23 Al and 23 Ne
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.21: Top panel: the experimental MED val-
ues and theoretical predictions for the 25 Si and 25 Na
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.22: Top panel: the experimental MED val-
ues and theoretical predictions for the 27 Mg and 27 P
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.
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Figure 4.23: Top panel: the experimental MED val-
ues and theoretical predictions for the 29 S and 29 Al
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.24: Top panel: the experimental MED val-
ues and theoretical predictions for the 31 Cl and 31 Si
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.25: Top panel: the experimental MED val-
ues and theoretical predictions for the 33 Ar and 33 P
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

4.1.7 Mirror nuclei with T = 2

In this case, the overall disparity between protons and neutrons isjN � Z j = 4, so in a mirror pair
there is a nucleus with an excess of four protons and the other has an excess of four neutrons.
This sharp di�erence in the N � Z number makes the proton-rich nuclei very unstable and
di�cult to analyse experimentally due to their short life, this i s the cause of the poverty of
available data in this dripline region.

55



4.1. POSITIVE PARITY STATES CHAPTER 4. STUDY OF MIRROR NUCLEI

A=24 Observing the Tab.4.25 of the24Si and 24Ne mirror couple, the theoretical calculations
correctly reproduce the trend of the experimental data, with a little di�erence at 2+ . As can be
noted from the contributions panel in the Fig.4.26, it is clear how the radial (due to a strong
s1

2
occupancy) and isospin-term are decisive for a negative result, while the positive VCM and

� E ll + ls terms are the cause of the failure in magnitude estimation. Furthermore, a positive
MED value is predicted at 4+ .

J � Eexp24 Si Eexp24 Ne Eth MED exp MED th � VCM � E ll+ls � VCr � VB

0+ 0 0 0 0 0 0 0 0 0
2+ 1872 1982 2181 -110 -54 33 39 -106 -19
4+ n 3963 4060 n 45 70 -5 23 -43

Table 4.25: Experimental data and theoretical calculations for the24Si and 24Ne. Idem as in Tab.4.1.

A=28 As reported by the Tab.4.26 of the mirror nuclei 28S and28Mg, the calculations present
an overestimation of (� 40 keV) in the state 4+ . This can be seen from the lower panel in
the Fig.4.27. The Coulomb multipole and single-particle correction terms tend to increase with
spin, while the radial term has an opposite trend at higher spin, causedby a rising s1

2
orbit

occupation. The isospin-breaking term, being negative, mitigates the di�erence in the �nal
results. In addition, a positive higher MED value is predicted at 6+ .

J � Eexp28 S Eexp28 Mg Eth MED exp MED th � VCM � E ll+ls � VCr � VB

0+ 0 0 0 0 0 0 0 0 0
2+ 1507 1474 1527 33 42 14 10 27 -10
4+ 4040 4021 4200 19 60 47 22 11 -20
6+ n 7931 7955 n 127 59 68 9 -9

Table 4.26: Experimental data and theoretical calculations for the28S and 28Mg. Idem as in Tab.4.1.

A=32 In the case of the 32Ar and 32Si couple, the theory correctly predicts the sign and
general scale, as is clear from the data in the Tab.4.27. The panels in the Fig.4.28 con�rm the
return of negative MED after the inversion behaviour at A = 28. A negative MED value is
predicted at 4+ , characterised by the radial term.

J � Eexp32 Ar Eexp32 Si Eth MED exp MED th � VCM � E ll+ls � VCr � VB

0+ 0 0 0 0 0 0 0 0 0
2+ 1867 1941 2136 -74 -57 -38 -14 -37 32
4+ n 5881 6091 n -160 -54 83 -219 30

Table 4.27: Experimental data and theoretical calculations for the32Ar and 32Si. Idem as in Tab.4.1.

A=34 Regarding the mirrors 34K and 34P, calculations correctly predict the sign and general
scale, see the Tab.4.28. This pattern con�rms the persistence of negative MED for lower spin
states in proton-rich T = 2 nuclei. As can be seen from the Fig.4.29, in this case all the
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contributions are negative, capturing the right �nal trend. Moreover , a negative MED value is
predicted at 3+ .

J � Eexp34 K Eexp34 P Eth MED exp MED th � VCM � E ll+ls � VCr � VB

1+ 0 0 0 0 0 0 0 0 0
2+ 401 429 280 -28 -20 -4 -10 -5 -1
3+ n 2676 2713 n -23 -17 -80 77 -3

Table 4.28: Experimental data and theoretical calculations for the34K and 34P. Idem as in Tab.4.1.

4.1.8 Comment on T = 2

For T = 2 mirror nuclei, the MED behaviour is more systematic. Experimental MED vary
smoothly with spin, and the shell model reproduces both trend andmagnitude reasonably
well, with typical deviations of 10{50 keV. Failures mainly occur in A = 24, where theory
underestimates experiment at higher spin. In summary, the modelis e�ective for T = 2 mirrors,
with good predictive power except in the analysed cases.
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Figure 4.26: Top panel: the experimental MED val-
ues and theoretical predictions for the 24 Si and 24 Ne
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.27: Top panel: the experimental MED val-
ues and theoretical predictions for the 28 S and 28 Mg
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.28: Top panel: the experimental MED val-
ues and theoretical predictions for the 32 Ar and 32 Si
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.29: Top panel: the experimental MED val-
ues and theoretical predictions for the 34 K and 34 P
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.
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4.2 Final comment on Positive parity states

Across thesd-shell, MED in mirror nuclei with T = 1
2 ; 1; 3

2 ; 2 are largely explained by the inter-
play of Coulomb monopole and multipole terms, spin{orbit corrections, and isospin-breaking
contributions. The theory reproduces the main trends: staggering ornot monotonic spin-
sensitive behaviour in odd-A, T = 1

2 mirrors; good agreement in lighter and heavierT = 1
systems but failures in mid-shell nuclei; smooth, accurately reproduced patterns in T = 3

2 mir-
rors; and systematic, accurate reproduction inT = 2 cases. Discrepancies are typically tens of
keV but can reach about 100 keV at higher spin or in mid-shell masses. The main limitation
is the restricted valence space of the e�ective interaction, which constrains the treatment of
cross-shell excitations, especially at higher spins.

4.3 Negative parity states

Following the same approach used for positive parity states, a detailedoverview of the MED for
negative parity yrast states is provided here, followed by a general comparison of the results.
As said, only states with the unnatural negative parity in the sd-shell will be analysed. Recall
that the e�ective interaction used is the PSDPF [9], in order to permit particle promotions from
lower to higher shells (cross shell excitations), having in thisway negative parity states. Hence,
in this part:

ˆ the core is 4
2He2;

ˆ the valence space given by the p-shell, the sd-shell and the fp -shell, spanned by the
orbits (1p1

2
; 1d5

2
; 2s1

2
; 1d3

2
; 1f 7

2
; 2p3

2
; 1f 5

2
; 2p1

2
).

Since the negative parity states are intruder states, the lowest yrast state is not the ground state3

of the analysed nucleus. To account for this, the collected experimental energies were normalised
by setting the lowest negative parity yrast state to zero and rescaling those with increasingJ .
In the following tables, those normalised experimental MED are reported as MEDNorm:

exp .

4.3.1 Mirror nuclei with T = 1
2

The net di�erence jN � Z j = 1, so in a mirror pair there is a nucleus with an excess of a proton
and the other one has an excess of a neutron; see the Tab. A.24.

A=19 Regarding the mirror couple 19Ne� 19F, as can be seen from Fig.4.30, the theoretical
calculations reproduce the trend of the experimental data quite faithfully, with an erroneous
prevision in the sign of the state 7

2
� only. The results of the model, reported in the Tab.4.29,

highlight the role of the radial term in the �nal MED overestimation. Th is is due to the
decreasing in the s1

2
orbit occupation. Finally, it is possible to conclude, despite the light

discrepancy of about� 20 keV, that the model works �ne.

3 In the sd-shell, the ground states obviously have positive parity.
4The states studied for both parities, positive and negative, a re shown in bold.
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J � Eexp19 Ne Eexp19 F Eth MED exp MED Norm:
exp MED th � VCM � E ll+ls � VCr � VB

1=2� 275 110 47 165 0 0 0 0 0 0
5=2� 1508 1346 1590 162 -3 -3 -1 0.3 0.2 -2
7=2� 4142 3999 4343 143 -22 2 -34 -24 46 15
9=2� 4200 4033 4110 167 2 27 -12 -8 47 -0.4
13=2� 8428 8288 8167 140 -25 -2 -72 -25 63 32

Table 4.29: Experimental data and theoretical calculations for the19Ne and 19F. The table is structured
in the following way: total angular momenta and the parity of the states; the experimental excitation
energy Eexp [16]; the calculated energyE th ; the experimental and the normalised experimental MED;
the theoretical MED; the Coulomb multipole term � VCM , the single-particle corrections term � E ll + ls ,
the radial term � VCr and the isospin-breaking term � VB . All energies are given in keV.

A=21 In the 21Na and 21Ne case is very interesting, the theoretical calculations can reproduce
the correct trend of the experimental data. The theoretical predictions overestimate the observed
data, as shown in the Tab.4.30, but this di�erence becomes smaller moving towards higher spin
states. By comparing the two panels in the Fig.4.31, one can see how the Coulomb multipole
and single-particle correction terms dominate and have a staggering trend. This suggests that
the con�guration at these spins is particularly sensitive to proton-neutron asymmetries in the
Coulomb �eld and the multipolar term. The isospin-breaking term oscillates and tends to
moderate the MED values, being opposite in values with respect to the multipole term. The
radial term is negligible, underlining a constant radial structure. A negative MED value is
predicted at 9

2
� .

J � Eexp21 Na Eexp21 Ne Eth MED exp MED Norm:
exp MED th � VCM � E ll+ls � VCr � VB

1=2� 2798 2789 2447 9 0 0 0 0 0 0
3=2� 3679 3664 3326 15 6 42 29 23 -1 -8
5=2� 3862 3884 3636 -22 -31 -9 -21 -3 -1 16
7=2� 5815 5818 4652 -3 -12 -10 -24 17 -1 -3
9=2� n 6033 5546 n n -10 -31 2 -2 20

Table 4.30: Experimental data and theoretical calculations for the21Na and 21Ne. Idem as in Tab.4.29.

A=23 For the mirrors 23Mg� 23Na, the theoretical prediction correctly follows the experimen-
tal data, with a little trend discrepancy in the state 3

2
� as can be seen from Fig.4.32. As reported

in the Tab.4.31, the principal contribution to the calculations is due to the multipole and single-
particle correction terms, whose magnitude increases with angular momentum. This indicates
a structural change evolving with J . The nearly null values of VCr con�rm the small s1

2
orbit

occupation. The term VB shows its largest amplitude at 7
2

� , consistent with a shell evolution
involving fp orbitals that are more spatially extended, increasing sensitivity to spin-orbit and
multipole Coulomb e�ects.
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J � Eexp23 Mg Eexp23 Na Eth MED exp MED Norm:
exp MED th � VCM � E ll+ls � VCr � VB

1=2� 2771 2641 1929 131 0 0 0 0 0 0
3=2� 3794 3678 3170 116 -15 -10 -8 -8 -0.02 6
5=2� 3972 3848 3204 124 -7 -21 -11 -8 -1 -1
7=2� 6129 6042 5502 87 -43 -61 -46 -31 -1 18
9=2� 6448 6354 5659 93 -37 -68 -41 -27 -6 5

Table 4.31: Experimental data and theoretical calculations for the23Mg and 23Na. Idem as in Tab.4.29.

A=25 In the case of25Al and 25Mg, the experimental MED shows a strong positive value� 75
keV at 7

2
� , while the theoretical prediction is opposite� � 100 keV suggesting a clear discordance

between the model and the data; see Fig.4.33. The only contributions thatcharacterise the
theoretical results obtained are the multipole and single-particle correction terms, as reported
in the Tab.4.32. The almost null values of the isospin-breaking and radial terms imply that the
core Coulomb �eld and radial corrections are not driving this discrepancy.

J � Eexp25 Al Eexp25 Mg Eth MED exp MED Norm:
exp MED th � VCM � E ll+ls � VCr � VB

3=2� 3062 3413 3767 -351 0 0 0 0 0 0
7=2� 3696 3971 3946 -275 76 -99 -57 -41 -0.1 -0.004

Table 4.32: Experimental data and theoretical calculations for the25Al and 25Mg. Idem as in Tab.4.29.

A=27 As can be noted from the Fig.4.34, the theoretical prediction for the mirrors 27Si �
27Al systematically underestimates the experimental data. The experimental MED shows a
clear monotonic decrease with spin, reaching very large negative values(� -240 keV) at 9

2
� .

The theoretical curve captures the initial states from 1
2

� to 5
2

� , then fails to reproduce the

strong decrease observed at higher spin72
� and 9

2
� ; see contributions reported in the Tab.4.33.

J � Eexp27 Si Eexp27 Al Eth MED exp MED Norm:
exp MED th � VCM � E ll+ls � VCr � VB

1=2� 4138 4055 2155 83 0 0 0 0 0 0
3=2� 5227 5156 3221 71 -12 -10 -12 -7 -4 12
5=2� 5501 5438 3713 62 -21 -2 2 2 -5 -1
7=2� 6389 6477 5710 -88 -172 -31 -32 -15 -4 21
9=2� 7070 7227 6434 -157 -241 -5 -5 0.1 -3 3

Table 4.33: Experimental data and theoretical calculations for the27Si and 27Al. Idem as in Tab.4.29.

A=31 In the 31S and31P case, as suggested by the data reported in the Tab.4.34, the stagger-
ing behaviour of the experimental data is correctly reproduced bythe model, despite a modest
shift in the state 11

2
� . As one can see from the contributions graph in the Fig.4.35, the multipole

Coulomb term is modulated by the isospin-breaking term only, whichincreases with spin. The
radial term is again negligible. This case is interesting because of thestrong MED values and
the interplay of cross-shell interaction from sd to fp shells.
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J � Eexp31 S Eexp31 P Eth MED exp MED Norm:
exp MED th � VCM � E ll+ls � VCr � VB

7=2� 4450 4431 5659 19 0 0 0 0 0 0
9=2� 6376 6501 7090 -126 -145 -157 -101 -59 -6 8
11=2� 6833 6668 7836 165 146 -60 -62 -23 -4 28
13=2� 8461 8705 9193 -244 -263 -316 -226 -122 -3 35

Table 4.34: Experimental data and theoretical calculations for the31S and 31P. Idem as in Tab.4.29.

A=35 For the couple 35Ar � 35Cl, the monotonic trend of the observed data is faithfully repro-
duced by the model, except for the higher spin state at13

2
� , in which the overestimation is more

evident (� 320 keV of di�erence), see the Fig.4.36. By looking at the Tab.4.35, �E ll + ls and VCM

are the dominant terms, which explains most of the total MED. The other two contributions do
not a�ect the �nal theoretical MED predictions.

J � Eexp35 Ar Eexp35 Cl Eth MED exp MED Norm:
exp MED th � VCM � E ll+ls � VCr � VB

7=2� 3197 3163 4307 34 0 0 0 0 0 0
9=2� 4359 4348 5358 11 -23 -73 -33 -35 11 -17
11=2� 5384 5407 6383 -23 -57 -96 -21 -67 13 -19
13=2� 5766 6087 6675 -322 -356 -624 -399 -254 0.3 29

Table 4.35: Experimental data and theoretical calculations for the35Ar and 35Cl. Idem as in Tab.4.29.

4.3.2 Comment on T = 1
2

The analysis shows regular behaviour as for positive-parity states, re
ecting the intruder nature
of these excitations and the role of cross-shell mixing with thefp -shell. In lighter systems such
as A = 19 and A = 21, the theoretical calculations reproduce the experimental MED trends
reasonably well, with only modest discrepancies (on the order of 20{30 keV)and occasional sign
mismatches in individual states. At A = 23 the model still follows the general evolution with
spin, although contributions from multipole and single-particle terms dominate and highlight
the sensitivity of these states to structural changes. Larger inconsistencies emerge at mid-
shell: in A = 25 the theory fails, predicting opposite sign compared to experiment at the 7=2�

state, while for A = 27 it underestimates the steep experimental decrease of MED withspin.
In heavier nuclei (A = 31; 35) the agreement improves again in capturing the staggering or
monotonic trends, though deviations at high spin can reach several hundred keV. Overall, the
results con�rm that the shell model with cross-shell excitations captures the qualitative MED
behaviour, but its quantitative reliability decreases at higher spins and in mid-shell nuclei.
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Figure 4.30: Top panel: the experimental MED val-
ues and theoretical predictions for the 19 Ne and 19 F
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.31: Top panel: the experimental MED val-
ues and theoretical predictions for the 21 Na and 21 Ne
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.32: Top panel: the experimental MED val-
ues and theoretical predictions for the 23 Mg and 23 Na
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.33: Top panel: the experimental MED val-
ues and theoretical predictions for the 25 Al and 25 Mg
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.
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Figure 4.34: Top panel: the experimental MED val-
ues and theoretical predictions for the 27 Si and 27 Al
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.35: Top panel: the experimental MED val-
ues and theoretical predictions for the 31 S and 31 P mir-
ror pair. Bottom panel: the di�erent contributions
to the theoretical prediction.

Figure 4.36: Top panel: the experimental MED val-
ues and theoretical predictions for the 35 Ar and 35 Cl
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

64



CHAPTER 4. STUDY OF MIRROR NUCLEI 4.3. NEGATIVE PARITY STATES

4.3.3 Mirror nuclei with T = 1

In this case, the absolute di�erenceN � Z = 2, indicating that within a mirror pair, one nucleus
has two extra protons, while the other one has an excess of contains two additional neutrons;
see the Tab. A.2.

A=20 The 20Na� 20F case is well reproduced by the theoretical model, as shown in the
Fig.4.37. The main contributions, as reported in the Tab.4.36, are given by the positive values of
the Coulomb multipole and single-particle corrections terms and the isospin-breaking negative
term, which is the cause of the theoretical systematic underestimate. As already seen in the in
the previous cases, the radial term is negligible. A positive MED value is calculated at 4� .

J � Eexp20 Na Eexp20 F Eth MED exp MED Norm:
exp MED th � VCM � E ll+ls � VCr � VB

1� n 984 1338 n 0 0 0 0 0 0
2� 1346 1309 1394 37 37 25 15 17 0 -7
3� 1992 1971 1822 21 21 18 15 15 2 -13
4� n 2968 3115 n n 13 17 15 2 -20

Table 4.36: Experimental data and theoretical calculations for the20Na and 20F. Idem as in Tab.4.29.

A=26 For mirrors 26Si and 26Mg, as illustrated in Fig.4.38, the magnitude of the MED returns
to be large, as in heavierT = 1

2 isobars. Looking at the Tab.4.37, the theoretical calculations
capture the trend of the experimental data, but with an overestimation of � 300 keV. This mis-
match is due to the multipole and single-particle corrections terms, which are strongly negative.
The isospin-breaking term is the only one that compensates a bit, butnot enough to bridge the
gap. In addition, two negative values MED are predicted at 4� and 6� .

J � Eexp26 Si Eexp26 Mg Eth MED exp MED Norm:
exp MED th � VCM � E ll+ls � VCr � VB

3� 6787 6876 6062 -89 0 0 0 0 0 0
4� n 7283 7510 n n -586 -535 -194 23 119
5� 7522 7950 8015 -428 -339 -650 -578 -214 19 123
6� n 9169 9183 n n -700 -605 -230 18 118

Table 4.37: Experimental data and theoretical calculations for the26Si and 26Mg. Idem as in Tab.4.29.

A=32 As can be seen from the Tab.4.38 of the pair32Cl � 32P, the theoretical predictions
present a monotonic negative trend, di�erently from the experimental data, which are negative
in the state 4� , but not in the spin state 3� . This di�erence can be seen from the panels in the
Fig.4.39, and its origin lies in the multipole and single-particle corrections terms, while VB and
VCr are negligible, being smaller even by a couple of orders of magnitude. Two other negative
MED values are calculated for the excited states 5� and 6� .
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J � Eexp32 Cl Eexp32 P Eth MED exp MED Norm:
exp MED th � VCM � E ll+ls � VCr � VB

2� 2932 3264 3218 -332 0 0 0 0 0 0
3� 3164 3319 3638 -155 177 -187 -123 -75 3 8
4� 3055 3445 3762 -391 -58 -228 -153 -84 -3 11
5� n 4275 4414 n n -263 -176 -117 10 20
6� n 5862 6082 n n -287 -191 -112 -5 21

Table 4.38: Experimental data and theoretical calculations for the32Cl and 32P. Idem as in Tab.4.29.

A=34 From a synoptic comparison between the Fig.4.40 and the Fig.4.38 emerges how the
mirror couple 34Ar � 34S case is very similar to theA = 26 previously analysed. So, there is a
systematic overestimation of� 130 keV of the model with respect to the observed data reported
in the Tab.4.39. This comes again from the sharp di�erence in magnitude between the multipole
and single-particle terms and theVB and VCr terms, which are positive. Moreover, a negative
MED value is predicted at 6� .

J � Eexp34 Ar Eexp34 S Eth MED exp MED Norm:
exp MED th � VCM � E ll+ls � VCr � VB

3� 4513 4624 5622 -111 0 0 0 0 0 0
5� 5307 5691 6298 -384 -272 -404 -260 -182 1 36
6� n 7791 8220 n n -375 -275 -167 23 44

Table 4.39: Experimental data and theoretical calculations for the34Ar and 34S. Idem as in Tab.4.29.

4.3.4 Comment on T = 1

The MED analysis highlights a systematic but not fully consistent behaviour of the shell-model
predictions. In the lightest case (A = 20), the experimental trend is well reproduced, with
positive contributions from Coulomb multipole and single-particle terms partially compensated
by the negative isospin-breaking correction, leading to a slight theoretical underestimate. At
A = 26 and A = 34, the MED magnitudes become much larger and the model consistently
overestimates the experiment, by about 300 keV and 130 keV, respectively. In both cases, the
discrepancy originates from the dominance of strongly negative Coulomb multipole and single-
particle corrections, which are insu�ciently balanced by the posit ive ISB and radial terms. At
A = 32, theory predicts a smooth monotonic decrease of MED with spin, in contrast to the
experimental pattern that alternates sign between states; here again,the failure arises from
the multipole and single-particle components, whileVB and VCr are negligible. Overall, the
calculations capture some qualitative aspects of the MED evolution but tend to exaggerate
the absolute magnitudes or even predict the wrong sign, particularly atmid- and high-mass
numbers, re
ecting the limitations of the e�ective interaction i n treating cross-shell excitations
and the �ne balance among Coulomb and ISB terms.
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Figure 4.37: Top panel: the experimental MED val-
ues and theoretical predictions for the 20 Na and 20 F
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.38: Top panel: the experimental MED val-
ues and theoretical predictions for the 26 Si and 26 Mg
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.39: Top panel: the experimental MED val-
ues and theoretical predictions for the 32 Cl and 32 P
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.

Figure 4.40: Top panel: the experimental MED val-
ues and theoretical predictions for the 34 Ar and 34 S
mirror pair. Bottom panel: the di�erent contribu-
tions to the theoretical prediction.
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4.3.5 Mirror nuclei with T = 3
2

Here the net di�erence jN � Z j = 3, so in a mirror pair there are a nucleus with an excess of
three protons and the other one has an excess of three neutrons; see Tab. A.3. Furthermore,
this means that the analysed nuclei have a strong interest, belonging to the driplines.

A=21 The 21Mg and 21F is the last mirror couple examined. As can be noticed from the
Fig.4.41, the prediction of the model is good. The small di�erences come from the multipole
and single-particle terms, which well reproduce the behaviour ofexperimental data reported in
the Tab(4.40). The deviation from can be attributed to the positive isospin-breaking term. In
addition, a negative MED value is calculated at 9

2
� .

J � Eexp21 Mg Eexp21 F Eth MED exp MED Norm:
exp MED th � VCM � E ll+ls � VCr � VB

1=2� 1081 1101 672 -20 0 0 0 0 0 0
3=2� 1989 2040 1844 -51 -31 -22 -25 -15 -3 21
5=2� 2048 2068 1856 -20 0 -17 -9 -7 -5 3
9=2� n 4055 3741 n n -9 -5 -12 4 3

Table 4.40: Experimental data and theoretical calculations for the21Mg and 21F. Idem as in Tab.4.29.

Figure 4.41: Top panel: the experimental MED values and theoretical predictions for the 21 Mg and 21 F mirror
pair. Bottom panel: the di�erent contributions to the theoretical prediction.

4.4 Final comment on Negative parity states

The analysis of negative-parity MED in the sd-shell for T = 1
2 ; 1; 3

2 mirror nuclei highlights both
shared features and important di�erences in the theoretical description. In the T = 1

2 systems
(A = 19{35), lighter nuclei ( A = 19; 21) are well described, with discrepancies of only a few tens
of keV, while mid-shell cases such asA = 25 and A = 27 expose clear failures, including wrong
signs and underestimated slopes.
In heavier systems (A = 31; 35), the agreement improves again in reproducing staggering or
monotonic trends, though deviations at high spin may reach several hundred keV. This re
ects
the strong in
uence of cross-shell mixing with thefp -shell and the limits of the restricted valence
space at higher spin. In theT = 1 mirrors ( A = 20; 26; 32; 34), the picture is somewhat more
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systematic: the A = 20 case is well reproduced, but at higher masses the model consistently
overestimates the MED magnitude (by 130{300 keV), driven by the dominanceof strongly
negative Coulomb multipole and single-particle contributions not adequately balanced by the
isospin-breaking and radial terms. At A = 32, the theory also misses the alternating sign seen
in the experimental data, instead predicting a monotonic decrease. These failures point to the
limitations of the e�ective interaction in handling cross-shell excitations and the delicate balance
among Coulomb and ISB contributions. The T = 3

2 case with A = 21, shows the best overall
agreement: the theoretical MED closely follow experiment, with only small deviations arising
from the interplay of multipole and single-particle terms, while the isospin-breaking correction
accounts for residual di�erences.
A common feature are the small values of the radial term, re
ecting a nearly constant evolution
occupancy of thef 7

2
orbit and the lower importance of the s1

2
. In conclusion, while the shell

model with cross-shell excitations qualitatively captures the main features of negative-parity
MED across all isospins, its quantitative accuracy varies: it is strongest for light or high-isospin
systems, but diminishes in mid-shell and high-spin states, where the restricted valence space
and insu�cient treatment of cross-shell correlations lead to overestimation or incorrect sign of
MED values.
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4.5 MED results overview

The global comparison of positive- and negative-parity MED in thesd-shell reveals both common
patterns and marked di�erences, strongly connected to the adopted model spaces and the role
of cross-shell excitations.
For states of positive parity within the sd-shell valence space, examined using the e�ective
USDA interaction [12], the systematics of the MED are mainly driven by Coulomb monopole
and multipole contributions, spin{orbit corrections, and isospin-breaking terms. Radial e�ects
are also present but generally remain modest in comparison.
Theoretical predictions generally succeed in reproducing qualitative behaviours. They capture
the staggering or irregular spin dependence in odd-A, T = 1

2 nuclei, and show good agreement
in T = 1 systems, except at mid-shell where deviations in sign or magnitude can occur. In
addition, they consistently reproduce the smooth trends observed in the T = 3

2 nuclei and the
almost systematic behaviour characteristic ofT = 2.
Quantitatively, discrepancies generally remain within a few tensof keV, although they may
extend to � 100 keV at higher spin or in mid-shell nuclei. The principal limitati on is rooted
in the constrained valence space, which restricts the depiction ofcross-shell admixtures and
becomes increasingly signi�cant with increased angular momentum and excitation energy.

Negative parity states, studied with the PSDPF interaction [9] in the sd-shell and allow the exci-
tation of only one nucleon from the p shell or to the fp shell, that facilitates p-sd-fp cross-shell
mixing, exemplify the intruder nature of these excitations and exhibit a higher sensitivity to
proton-neutron asymmetry and shell evolution. The latter comes from the fact that cross-shell
excitations directly depend on how the shell gaps evolve with isospin and angular momentum,
whereas positive-parity states con�ned to thesd-shell are comparatively less a�ected.
Within T = 1

2 systems, lighter nuclei (A = 19; 21) are accurately reproduced, whereas mid-shell
nuclei (A = 25; 27) demonstrate evident discrepancies, such as incorrect signs and underesti-
mated slopes.
In contrast, heavier nuclei (A = 31; 35) exhibit an improved correspondence with trend repro-
duction, although with signi�cant deviations at high spin.
For T = 1, the observed behaviour presents greater uniformity: the lightest case (A = 20) is
satisfactorily described, but at A = 26; 32; 34, the theoretical model consistently overestimates
MED magnitudes or fails to capture alternating signs. This is primarily attributed to overly
strong Coulomb multipole and single-particle corrections that are insu�ciently counterbalanced
by ISB contributions.
The T = 3

2 example (A = 21) achieves the highest level of agreement, displaying only minor
residual di�erences.
In all instances involving negative parity, the radial terms are nearly negligible, indicating the
limited in
uence of s1=2 occupancy within these intruder con�gurations, while highlightin g the
increasing importance of thef 7=2 orbit as cross-shell excitations become more relevant.

In conclusion, both positive- and negative-parity MED analyses highlight the capability of the
shell model to reproduce global qualitative features, but quantitative precision depends on
isospin, parity, and mass region. Positive-parity states bene�t from more robust interactions
within the sd valence space, while negative-parity states expose the fragility of the model under
strong cross-shell mixing, particularly at mid-shell and high spin.
Since no best �t has been performed, the only two free parameters available, namely the radial
and the isospin-breaking ones, are insu�cient to improve the analysis for high-spin states, where
there is competition between excitation energies and promotion of nucleons from the core.
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The common thread in both cases is the limitation of e�ective interactions: the restricted model
space and the approximate treatment of cross-shell correlations systematically emerge as the
main source of discrepancies, either as overestimation, wrong slopes, or incorrect MED sign.
The USDA allows multiparticle excitation within the sd-shell only, cutting over lower and higher
orbits, while the PSDPF has a large valence space but permits only single-particle excitation.
This underlines the need for re�ned e�ective interactions that b etter incorporate cross-shell
dynamics. However, it should be considered that the lack of suitable e�ective interactions in
this �eld is also due to the ease with which computational complexity grows with increasing
valence spaces and the number of nucleons that can be excited.
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Chapter 5

Conclusions and future directions

Isospin symmetry is a cornerstone of nuclear structure theory. In the limit where only the strong
nuclear interaction is considered, it requires that the excitation energy spectra of mirror nuclei
be identical. The inclusion of the Coulomb interaction, which acts exclusively among protons,
induces a breaking of this symmetry.
In this context, the study of Mirror Energy Di�erences, de�ned as t he excitation energy dif-
ferences between analogue states in mirror nuclei, provides a sensitive probe of the underlying
shell-model structure. In particular, within the sd-shell, MED analyses o�er direct insights into
the interplay between Coulomb e�ects, con�guration mixing, and possible isospin-nonconserving
components of the e�ective nuclear interaction.
This work has presented, for the �rst time within this framework, a systematic analysis Mir-
ror Energy Di�erences of 29 pairs of light and medium-mass nuclei (A = 19{35) belonging to
the sd-shell. By exploiting the sensitivity of MED to subtle structu ral e�ects, we have shown
how these observables act as a magnifying lens for the microscopic properties of excited states,
bringing to light key features of nuclear structure such as nucleon{nucleon pairing correlations
and the mechanisms driving structural evolution with angular momentum and nuclear radius.
A distinctive element of this study is the simultaneous treatment of both natural-parity positive
states within the sd-shell and negative-parity intruder states, the latter arising from cross-shell
excitations either from the p to the sd shell or from the sd to the fp shell. The analysis was
carried out using the full set of available experimental data, covering nuclei with isospin values
of up to T = 2 for positive parity and up to T = 3=2 for negative parity, beyond which the
scarcity of observed states, prevents a systematic approach.

The theoretical framework, originally developed forfp -shell nuclei, proves to be generally robust
in the sd region, successfully reproducing the main experimental trends. Deviations, particu-
larly for high-spin states, highlight the intrinsic limitations of th e e�ective interaction, most
notably the restricted model space. This truncation e�ectively imposes a cut-o� on the system's
degrees of freedom, reducing the fraction of the wave function associated with orbitals outside
the valence space. Such e�ects become crucial in describing MED athigh angular momentum,
where competition with core excitations emerges. This observation represents a distinctive fea-
ture of sd-shell nuclei, as systematicfp -shell analyses have not revealed comparable behaviour,
probably due to the larger valence space and the dominance of thef 7=2 orbital in fp -shell wave
functions, see [2, 3].
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From a quantitative perspective, the present study also indicates that the single-particle energy
corrections in the sd-shell are signi�cantly larger than those reported in fp -shell investigations,
marking another important structural di�erence between the two mass regions.
Furthermore, by adopting recently re�ned radial and isospin-breaking parameters, the present
calculations not only reproduce known experimental trends but alsoenable predictions of MED
for states yet unobserved experimentally.

These results pave the way for several natural extensions. In particular, the mass range under
investigation can be extended both toward thesd-shell closure atA = 40 and toward lighter
nuclei (A = 17{18), employing e�ective interactions other than USDA or PSDPF. A fur ther line
of development is the systematic study of Triplet Energy Di�erences (TED) acrossA = 18{38,
thus testing not only charge symmetry (as done with MED) but also chargeindependence of
the nuclear force.
In addition, the accuracy of the calculations presented here suggests that MED can be exploited
not only to interpret known spectra, but also to extrapolate the excitation spectrum of mirror
partners that remain experimentally inaccessible. In fact, as observed in this study, the theo-
retical trends generally reproduce the experimental behaviour,thus allowing one to hypothesise
or even partially reconstruct the level scheme of unknown mirrors.This aspect is particularly
relevant for nuclei of astrophysical interest produced in the rp-process, many of which are lo-
cated near the proton dripline, where their intrinsic instabilit y makes
 -decay competitive with
proton emission. In this context, the investigation of mirror nuclei represents a promising direc-
tion, especially considering the role ofsd-shell nuclei in nuclear astrophysics, both in explosive
stellar environments such as novae and supernovae and in the nucleosynthesis processes (rp-, r-,
and s-processes) responsible for the synthesis of heavier elements. Extensive studies onsd-shell
nuclei of astrophysical relevance have been reported in [22, 37, 40, 43].

A further benchmark for the study of valence-space con�gurations, in both natural and unnatu-
ral parity states, is provided by electromagnetic transition probabilities, which are more directly
sensitive to the underlying wave functions. Here, isospin symmetry imposes strict selection rules.
For instance, in the limit of good isospin conservation, the B(E1) values in mirror pairs should
be identical, since the multipole operator decomposes into isoscalar and isovector components,
with the isoscalar contributions expected to cancel out, see [39]. Consequently, measurements
of transition probabilities and lifetimes in mirror nuclei o�er a str ingent test of both the theo-
retical description and the degree of isospin symmetry conservation,complementing the insights
obtained from MED systematics.
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Appendix A

List of studied mirror nuclei

In this Appendix are reported all the mirror nuclei studied in this thesis. These are ordered by
their isospin T = 1

2 ; 1; 3
2 ; 2. All nuclei disposed along the same line (Z> , Z< ) are isodiaphers.

In the tables are present all the masses related to the positive parity states, while only a subset
of them furnished a valuable set of negative parity states, due to the unnatural parity 1 of these
intruder states. Negative parity states were studied only for the masses signed in bold type.

T = 1=2
A 19 21 23 25 27 29 31 33 35
Z>

19
10Ne9

21
11Na10

23
12Mg11

25
13Al 12

27
14Si13

29
15P14

31
16S15

33
17Cl16

35
18Ar 17

Z<
19
9 F10

21
10Ne11

23
11Na12

25
12Mg13

27
13Al 14

29
14Si15

31
15P16

33
16S17

35
17Cl18

Table A.1: T = 1
2 mirror nuclei.

T = 1
A 20 22 24 26 28 30 32 34
Z>

20
11Na9

22
12Mg10

24
13Al 11

26
14Si12

28
15P13

30
16S14

32
17Cl15

34
18Ar 16

Z<
20
9 F11

22
10Ne12

24
11Na13

26
12Mg14

28
13Al 15

30
14Si16

32
15P17

34
16S18

Table A.2: T = 1 mirror nuclei.

T = 3=2
A 21 23 25 27 29 31 33
Z>

21
12Mg9

23
13Al 10

25
14Si11

27
15P12

29
16S13

31
17Cl14

33
18Ar 15

Z<
21
9 F12

23
10Ne13

25
11Na14

27
12Mg15

29
13Al 16

31
14Si17

33
15P18

Table A.3: T = 3
2 mirror nuclei.

1Studying sd� shell, the natural parity of the states is the positive one.
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T = 2
A 22 24 28 32 34
Z>

22
13Al 9

24
14Si10

28
16S12

32
18Ar 14

34
19K 15

Z<
22
9 F13

24
10Ne14

28
12Mg16

32
14Si18

34
15P19

Table A.4: T = 2 mirror nuclei.
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