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I wandered lonely as a cloud

I wandered lonely as a cloud

That floats on high o’er vales and hills,

When all at once I saw a crowd,

A host, of golden daffodils;

Beside the lake, beneath the trees,
Fluttering and dancing in the breeze.

Continuous as the stars that shine
And twinkle on the milky way,

They stretched in never-ending line

Along the margin of a bay:

Ten thousand saw I at a glance,
Tossing their heads in sprightly dance.

The waves beside them danced; but they

Out-did the sparkling waves in glee:

A poet could not but be gay,

In such a jocund company:

I gazed—and gazed—nbut little thought
What wealth the show to me had brought:

For oft, when on my couch I lie

In vacant or in pensive mood,

They flash upon that inward eye

Which is the bliss of solitude;

And then my heart with pleasure fills,
And dances with the daffodils.

~ William Wordsworth
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Introduction

A problem that arises in Diophantine geometry is whether rational and integral points
on a variety defined over a number field are dense or not. In particular, the goal would
be to find geometric conditions that can characterize potential density (i.e. the closed
rational points become Zariski dense after at most a finite extension of the base field)
and mordellicity (i.e. there exists an open subset of the variety that contains only finitely
many rational points, even after finite extensions of the base field).

Integral points can be interpreted as points that do not become points at infinity of
the variety reduced modulo every prime of the ring of integers. This concept can be
generalized introducing the notion of an orbifold pair, a variety together with a simple
normal crossing divisor in the form A = 7% (1 —1/m;)Dj, where D; are prime (Weil)
divisors. This is not completely new, it generalizes log-pairs that arise naturally in arith-
metic geometry and play an important role in the minimal model program and in the
study of moduli spaces of higher dimensional varieties.

The integral points of the orbifold pair are then the ones that, modulo all but finitely
many primes, if they belong to any of the divisors D;’s, their intersection number with
them is "higher than m;", in a sense that is made precise in the first chapter. In partic-
ular, if all multiplicities are infinite, these are the integral points on the quasi-projective
variety complement of the support of the divisor A; on the other hand, if A is the zero
divisor, we are considering exactly the rational points. According to Campana, the prob-
lem of potential density of rational and integral points cannot be solved without taking
into account also the "intermediate" cases.

The density problem was first formulated by Mordell in the case of projective curves
(1922) and solved by Siegel (1929) in the affine case. Later, Faltings proved the projective
case (1983). They understood that the geometrical invariant that characterizes density
is the genus of a curve, or, equivalently, the degree of its canonical divisor: curves are
potentially dense if and only if the degree of the canonical divisor is non-positive and
they are mordellic elsewhere (see theorems and [1.2.2)).

In the orbifold case, the problem is still open, but there are many results towards the
proof. Also in this case, it is conjectured that positivity of the degree of the canonical
divisor of the orbifold pair (defined as the canonical divisor of the curve plus the divisor
A) characterizes potential density as above. In particular, this is proven in the "classical
version' by reducing to Faltings theorem by means of suitable ramified covers. To
finish the proof of the "general version" it is possible, using the previous results, to reduce
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8 INTRODUCTION

the situation to the study of just a few orbifold pairs. In this cases it is even possible to
show that abc conjecture implies the result [4, section 3.6].

Thanks to the birational classification of surfaces made by the Italian school in the
19" century, also in the case of surfaces a lot of progress has been made. The situation
about rational points is almost understood and, as for integral and orbifold integral
points, there are many results and examples that agree with the conjectures made for
higher dimensional varieties. Anyway, the work is not completed yet, in many cases it
is still open how to solve the conjectures.

In higher dimension the problem is pretty much open. The guiding ideas to approach
it come from the fact that we expect that density properties are preserved by birational
morphisms, Chevalley—Weil theorem [I.3.2] that says that they are preserved also by étale
covers and Bombieri, Lang and Vojta’s conjectures that say that varieties of general type
are mordellic.

Also in the higher dimensional case, the canonical divisor plays a central role. Indeed,
it is conjectured that the Kodaira dimension of a variety can characterize density prop-
erties. Thus, tools from birational geometry come into play.

Harris and Tschinkel recently introduced the notion of weakly special varieties, varieties
X such that, if X’ — X is an étale cover, then X’ does not admit any dominant map
towards a variety of general type. They conjecture that these are exactly the potentially
dense varieties. Campana was able to construct a map that divides the weakly special
part of a variety and the part of general type: the weak core map. It is a fibration from
the variety X to a variety of general type, the weak core, with the property that the
fibers are weakly special.

The main flaw of this approach is that the weak core is not preserved under étale covers.
However, this problem can be solved by taking into account possible multiple fibers of
fibrations and this is possible by considering orbifold pairs and "orbifold morphisms".
This is also the main reason why we need to introduce orbifolds in the discussion.

The subsequent modification of the notion of weakly special varieties is the notion of
special varieties (and special orbifold pairs), conjectured by Campana to be the poten-
tially dense ones. The weak core map is modified into the core map, a fibration with
special fibers and base of (orbifold) general type. It turns out, according to Campana’s
point of view, that there are three building blocks that can be distinguished using the
invariant given by the Kodaira dimension:

e varieties (and orbifold pairs) X of (orbifold) general type, i.e. whose Kodaira
dimension £(X) = dim X;

e varieties (and orbifold pairs) with 0 Kodaira dimension;

e rationally connected varieties (and orbifold pairs) characterized by the fact that
they do not admit any fibration towards a variety with positive Kodaira dimension.

Special varieties are conjectured to be towers of fibrations over a point with general
fibers of one of the last two types.



Now, we come to the structure of the thesis.

In the first chapter, we present the definitions of orbifold pairs and orbifold integral
points.
Then, we discuss the known results for curves and surfaces. In particular, we study a
proof of Siegel’s theorem and of the classical version of Mordell orbifold conjecture.
This latter can be reduced to the study of some particular cases and the main idea to deal
with them is to construct suitable orbifold étale covers from curves for which we already
know density properties using Faltings’ theorem. With a modification of Chevalley—Weil
theorem for the orbifold case, we are then able to transfer the density result to our initial
orbifold pair. Various techniques are used to construct these maps, including Riemann
existence theorem and origami covers.
Siegel’s theorem is studied using the approach of Corvaja and Zannier (2002) that re-
duced it to an application of subspace theorem [I.3.1]
The advantage of this approach is that it can be generalized to surfaces, but introduc-
ing some more hypotheses involving numerical conditions. This is discussed in the last
section of this chapter after recalling some general numerical properties. The last
section contains also the birational classification of surfaces with the known results on
rational points for each class.

To be able to study the higher dimensional case, we need some tools that are devel-
oped in the second chapter. In particular, in the first section we discuss some classical
results about invertible sheaves, linear systems, how they can define maps to a projec-
tive space and when these maps are embeddings (ampleness properties). Besides, we see
some useful formulas involving the canonical sheaf.

This first section allows us to have the right background to understand the definition of
the Iitaka and the Kodaira dimensions, notions discussed in the second section. If L is
a line bundle on a variety X, the litaka dimension x(X, L) is an invariant that gives the
dimension of the image of our variety X under the rational morphism defined by mL for
big m, it gives the asymptotic behavior of these maps. The Kodaira dimension is the
same quantity, with L = wx, the canonical sheaf.

An important property of these dimensions is the easy additivity property, which states
that, if p : X — Z is a fibration and L is an invertible sheaf on X, then x(X,L) <
R(X, Lx,) +dim Z, where X, is the general fiber of p. This theorem is studied in the
third section.

The last two sections of the chapter are devoted to the construction of two important
fibrations: the Iitaka—Moishezon fibration and the maximal rationally connected (MRC)
quotient. The first one, given a line bundle L on a variety X, is birationally equivalent
to all maps defined by mL for m big enough and sufficiently divisible. Furthermore, its
general fibers have 0 litaka dimension.

On the other hand, the latter one is a fibration such that the very general fibers cor-
respond to rationally connected components and the base is not uniruled. These maps
are particularly important in our discussion because the weak core map (and the core
map with suitable orbifold modifications) can be obtained by applying them alternately
a finite number of times.
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In the last chapter we see the constructions of the weak core and the core maps and
their relation to conjectures about density properties.
The first section contains some technical results of Chow space theory and the construc-
tion of the C-quotient, where C is a class of varieties with a given property. This map is
a fibration with base belonging to the class and general fiber that does not admit any
fibration towards a variety in the class C.
This construction is then applied to varieties of general type to construct the weak core
map, in the next section. Here, we present the notion of weakly special variety and an
example that shows the necessity of taking into account multiple fibers and, therefore,
pass to an orbifold point of view.
The third section develops the technical tools needed to deal with orbifolds. In particu-
lar, it is introduced the notion of orbifold base of a fibration, with which we keep track
of multiple fibers, and we restate some definitions and results in the orbifold case.
At last, we are able to construct the core map, prove that the core is preserved under
étale covers and state the main conjecture presented in the thesis, formulated by Cam-
pana in [4], which says that the core map splits every variety in its mordellic (the base
of orbifold general type) and potentially dense part (the special fibers).



Notations

k number field

Oy, ring of integers of k

Opp local ring at p, prime of Oy,

S finite set of places of k

Oy, s localization of O at S

[Fy residue field at a prime p

Ox structure sheaf of a scheme X

Ox,p stalk of Ox at the point P

X (k) = {Spec(k) — X} set of closed k-points of a scheme X

K algebraic closure of a field K

=,, congruence modulo n

disc(k/Q) discriminant of the number field &

kyp completion of £ at a prime p

Ry localization of a ring at the ideal I

m1(X) fundamental group of X

HY(X, L) global sections of the sheaf L on X

hY(X, L) dimension of the space of global sections of an Ox-module L as a vector space
over the field of definition of X

H'(X, L) i*® cohomology group associated with the sheaf L on X

hi(X, L) dimension of the space H*(X, L) of an Ox-module L as a vector space over the
field of definition of X

V(I) zero locus of the ideal I

K x canonical divisor of X

wx canonical bundle on X

mp maximal ideal of the local ring .#p for a sheaf .% on a scheme X and a point P € X

X (Zariski) closure of X

A variety in the whole thesis will refer to a separated irreducible and reduced alge-
braic noetherian scheme of finite type over a field k.

A property true for m > 0 means that there exists mg > 0 such that the property
holds for all m > my
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12 NOTATIONS

Given an irreducible variety X, we say that a property holds at a general point if
it holds for all points in the complement of a Zariski closed subset (proper subset). A
property holds at a very general point if it is satisfied off the union of countably many
closed subvarieties (proper subvarieties).



Chapter 1

Orbifold integral points: curves
and surfaces

In this chapter we discuss the notion of orbifold integral points over a number field, a
generalization of integral and rational points. We, then, take a look at the situation
on curves and surfaces. A classical result by Faltings relates the density of these points
to the genus of the curve, in the general case the degree of the canonical divisor plus
the orbifold divisor is conjectured to determine their behaviour. This result is known
in the quasi-projective case thanks to Siegel’s theorem and is completely proven in the
"classical" setting. As for surfaces, thanks to their classification, much is known in the
projective case. For the quasi-projective case there is a generalization of Siegel’s theorem,
which, however, does not characterize completely potential density and mordellicity as
for curves. For the general orbifold case there are conjectures that agree with those that
will be stated later for higher dimensional varieties, proven in many examples.

In the first section we discuss the definition of an orbifold pair, which is a variety to-
gether with a particular Q-divisor, and the notion of orbifold integral points. To define
these points we impose a condition on their intersection with the orbifold divisor modulo
primes. We allow only "big enough" intersections.

The second section is devoted to the study of density of integral points on curves, here
we present the known results and the orbifold Mordell conjecture.

Then, we present a proof of Siegel’s theorem following the approach of Corvaja and
Zannier, using subspace theorem [I.3.1}

The fourth section deals with the proof of the "classical" form of Mordell orbifold con-
jecture. The idea is to construct covers ramified in the support of the orbifold divisor
and to study the relation between the rational points of the domain (for which we can
use Faltings’ theorem) and the orbifold integral points of the base of these covers.

The proof we saw for Siegel’s theorem can be applied also to the case of surfaces, but
adding some more numerical conditions. In the fifth section, after presenting the known
results on rational and integral points on surfaces, we study some numerical properties
and the adapted proof in this situation.

13



14 CHAPTER 1. ORBIFOLD INTEGRAL POINTS: CURVES AND SURFACES

1.1 Orbifold integral points

This first sections is devoted to the definition of orbifold integral points. First, we need
to be able to talk about "reduction modulo primes" of varieties and points over a num-
ber field, so we introduce the notion of models. Then, we discuss the notions of orbifold
pair and orbifold integral points. We conclude this section with some easy examples of
orbifold integral points of the projective line.

We start with a couple of examples to motivate the definitions.

Example 1.1.1. e Let £ C C be a number field, and Oy its ring of integers.
Consider the projective line PY(C) = {[zo : x1]|2z0,71 € C}, then the rational
points over k are P1(k) = {[zo: 21]|r0, 1 € k}, while the integral points are
PY(O) = {[ro : 71] |20, 71 € Ok}. In this case the integral and the rational points
actually coincide as for every x € k we can find n € Z such that nx € O, so if
[0 : 71] € PL(k), then there exists n € Z for which [z : 1] = [nzg : nz1] € PH(Oy).

e Instead, if we remove one point and we consider the affine line: A'(C) = {z € C},
then the rational points over k are A'(k) = {z € k} and the integral points are
AY(Oy) = {z € O} and these two sets do not coincide. How can we recognize
integral points between rational ones? If k = Q, so O = Z, after embedding the
affine line in the projective line, we can write every rational point as [1: ¢] = [b: a],
a,b € Z, ged(a,b) = 1 and a point is integral if and only if there are no primes
dividing b or, in other words, if and only if [b : a] #, [0 : 1] = oo, which is the point
we remove from the projective line to obtain the affine line, for every prime p.

For the discussion on general varieties we need a notion of reduction modulo a prime,
so we need to introduce the concept of models.

Definition 1.1.2. Let X be a (quasi-)projective variety over a number field k£ with ring
of integers Or. A model of X over k is a variety X with a dominant, flat morphism
of finite type

X — Spec(Oy)

such that the fiber over the generic point 7, X, is isomorphic to X.
Let p € Spec(Oy) be a non-archimedean prime, and denote by F its residue field. Define
then the reduction modulo p of X as the fiber

X, == X xo, Spec(Fyp).

Now we have the right setting to define the reduction modulo primes of points. To
do it we need to be able to lift rational points to points over Spec(QOy) and to do it, we
will use the valuatative criterion of properness.

Theorem 1.1.3. Valuatative criterion of properness [H, ch.II, theorem 4.7]
Let f : X — Y be a morphism of finite type, with X noetherian. Then, f is proper if
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and only if, for any field K, any valuation ring R with quotient field K and any pair of
morphisms Spec(K) — X, Spec(R) — Y forming a commutative diagram:

Spec(K) — X

/1
| .4 lf

Spec(R) ——=Y

there exists a unique morphism Spec(R) — X making the whole diagram commutative.

Let X be a (quasi-)projective variety with a proper model f : X — Spec(Oy) (for
example, if X' is projective over Spec(Oy), then the model is proper). If P € X (k) is a
rational point of X over k, then it is identified with a k-morphism P : Spec(k) — X. We
can apply the valuatative criterion of properness to obtain a point: P : Spec(Of) —
X. In fact, for every prime p € Spec(Oy), let Oy, be the local ring at p and consider
the commutative diagram:

Spec(k) P x X)———=4X

—

Spec(Okp) Spec(Oy)

By the valuatative criterion of properness, we obtain a unique point B, for every prime.
Then, define
P :Spec(Oy) = X;  p+— Py(Spec(Oy)), (0) — P

Definition 1.1.4. With the notations above, the reduction modulo p of a rational
point P is the image of B, in the fiber A}, i.e. it is P,(Spec(Okyp)) X0, Spec(Fy). By
abuse of notation we denote it by F.

Example 1.1.5. If £ is a number field with ring of integers O, X C P} is a projective
variety, P = [po : ... : py] € X(k), then we claim that we can find coordinates for this
point such that all p; € O and for every prime p of Oy, there exists an index 7 such
that p; ¢ p, so the reduction modulo p of P is just the point [py mod p... : p, mod p]
which is a well-defined point of IP’I’F‘p. Indeed, we can first multiply each p; by an integer

so that all p; lie in O, then we can factorize each ideal (p;) = ]I, peg . Note that in these
factorizations we are using only finitely many primes p of Of. Let q be one of those,
without loss of generality we can assume e} < €] Vi = 0,...,n. As the class group of a
number field is finite, there exists f’ such that g7 = (a) is principal, define f := f’ — ¢}
and take an element o € q/. Then, [po : ... : pu] = [apo : ... : ap,] and ap; € q/" Vi, so
ap; = amy, 3m; € O. So, P =[mp : ... : ) and 79 ¢ q. We can apply this process to all
the finitely many primes involved in the factorization to obtain the claim.
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Now, we can define what an integral point is: a point that can be reduced modulo
almost every prime. Later, we define another notion of integral points, the orbifold
integral points. The idea of this latter definition is to remove some codimension one
subvarieties from a projective variety X, but allowing "sufficiently high intersection" of
points with these subvarieties modulo a finite set of primes.

Definition 1.1.6. Let X be a projective variety over a number field k with ring of
integers Oy, S a finite set of non-archimedean places of k. Let f : X — Spec(Oy,s) be
a proper model of X over Spec(Oy, g), where Oy, g is the localization of Oy at S. The
S-integral points of X are morphisms P : Spec(Oj s) — &', which are sections of f.

Definition 1.1.7. An orbifold pair consists of an irreducible, normal, projective va-
riety X over a number field k together with an effective Q-divisor, A = Z;lzo ¢;Dj,
where:

e D; are irreducible, distinct prime (Weil) divisors on X,
e ci=1- mi] € (0,1], for mj € Z~; (with the convention m; = oo if ¢; = 1).
The support of the divisor, supp(A) is the union of the prime divisors Dj.

Definition 1.1.8. A Weil divisor D = E?:o Dj on a variety X is said to be of simple
normal crossing (SNC) if D; are smooth subvarieties for all j and, for every point P
of X, a local equation for D is 1 - ... - z,, for independent local parameters z; € Ox p,
the stalk of the structure sheaf at the point P, with » < dimX.

An orbifold pair (X,A) is smooth if X is smooth and the divisor corresponding to
supp(A) is of simple normal crossing.

Definition 1.1.9. Let (X, A) be an orbifold pair and let Kx be the canonical bundle
on X. The divisor Kx + A is called the canonical bundle of the pair.

To define orbifold-integral points we need to be able to reduce also the divisor in
the orbifold pair modulo primes, so we need to introduce the notion of model for the
orbifold pair.

Definition 1.1.10. Let (X, A) be an orbifold pair over a number field k£ with ring of
integers Ok. A model of the pair is a proper model X — Spec(Oy) of X, together
with a model D — Spec(Oy) of the divisor D corresponding to supp(A) such that D is
a Cartier divisor of X.

Arithmetic intersection numbers

To define what an orbifold integral point is, we need to "control" the intersection of a
point with the orbifold divisor A modulo primes.

Let (X,A=3;(1— m%-)Dj) be a smooth orbifold pair and let (X', D) — Spec(Oy) be a
model of the pair. Let S C Spec(Oy) be a finite set of primes containing all the finitely
many primes p for which the fiber (&}, A,) is not smooth. Instead of working with Oy,
we work with Oy, .

Let P € X (k) be a closed k-point of X, assume that, for every j, P ¢ D;. Let g; be a
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local equation in an open subset containing P defining the component D, corresponding
to D; in D. As P ¢ Dj, g;(P) # 0, so the reduction of g;(P) modulo primes does not
vanish for all but finitely many primes.

Definition 1.1.11. Let p € Spec(Oy) be a finite prime. The arithmetic intersection
number, (P, D,), is the largest integer ¢ such that g;(P) € p’.

Remark.

(i) The quantity g;(P) € O,s and (P, D;), > 1 only for the finitely many primes dividing
9i(P).

(ii) The number (P, D;), is independent of the choice of the local equation. Indeed, if h;
is another equation for the subvariety, then h; = g;v;, with v; € O%, invertible around
the point P, so v;(P) € Oj.s 1s a unit modulo primes not in S.

Definition 1.1.12. Let (X, A) be a smooth orbifold pair over a number field k, S a
finite set of places containing the ones over which (X, A) has "bad reduction". A point
P € X(k) is called (S, A)-integral (resp. classically (S, A)-integral) if:

(i) for every j, P ¢ Dj;

(ii) for every p ¢ S s.t. (P, Dj), > 1, then (P, D), > m;j (resp. m;|(P, Dj)y).

We denote the set of such points (X, A)(S, k) (resp.(X, A)*(S,k)).

Remark. Note that, when A = 0, these points are exactly the rational points of the
projective variety X, whereas when A is a Z-divisor (all m; = co) these points are the
integral points for the quasi-projective variety X ~\ supp(A). The other cases vary from
the projective to the quasi-projective variety.

Example 1.1.13. Some examples on P!

e Let A = (0)+ (o00). If ¢ € P}(Q), with ged(a, b) = 1, then the point ¢ corresponds
to the section [b : a] € P} and the reduction modulo a prime p is [bmod (p) :

a mod (p)] € P} . The points (0) and (co) correspond respectively to the sections
[1:0] and [0 : 1]. So,

<Z (0)>p >1 < pla;
(Z,<oo>)p >1 & ph

= (P}, A)(Q) = {% [there is no prime p such that p|a or p|b} = {£1}

o Let A =(0)+ (c0) and S = {p1, ..., ps} a finite set of primes. In this setting we do
not ask any condition for the primes in .S, so:

(P, A)(Q,S) = {% Vp ¢ S, p faorp fb} =set of units of Z[S™1].
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e Let A =(0)+ (1) + (c0) and S = {p1,...,ps} a finite set of primes. Then, to the
two conditions above, we are adding also:

b:a]#,[1:1] < a#,b Vp¢ S
SVpé S, pfa—be ci=a—bcset of units of Z[S™].

So the set (P!, A)(Q, S) corresponds to the solutions of the S-unit equation a =
b+ c.

o Let A = (1 — %) (0)+ (1 — %) (1)+ (1 — %) (), q,7,s > 2. In this case, whenever
an intersection number is strictly positive, then it has to be > ¢, 7,s. So, (P!, A)(Q)
corresponds to the solutions of the unit equation a = b+ ¢, where a is an s-powerful
integer, b is a g-powerful integer and ¢ is an r-powerful integer (an integer x is called
k-powerful if, for every prime p with p|z, in fact p*|z).

Definition 1.1.14. An orbifold pair (X, A) is said to be potentially dense if there
exists k’/k, a finite extension and S’ a finite set of primes such that (X, A)(S’, k') is
Zariski dense in X. Conversely, it is said to be mordellic if there exists an open dense
subset U C X such that (X N U, A)(S, k') is finite for every finite extension k'/k and
every finite set of primes S’.

Example 1.1.15. These definitions are not exclusive, there can be varieties that are
neither mordellic, nor potentially dense. For example, if X = F' x C, with F' a curve of
genus < 1 and C' a curve of genus > 2. Indeed, consider the second projection, p, C' is
mordellic and F is potentially dense (we will see this in the next section in theorem,
thus k-rational points of X are concentrated in the finitely many fibers of p over the
rational points of C and these fibers are potentially dense.

1.2 Orbifold integral points on curves

In this section we state what is known so far about finiteness of orbifold integral points
on curves and the orbifold Mordell conjecture for curves. We discuss some of the proofs
in the next sections. When the divisor A = 0 the behavior of rational points on a curve
is completely determined by the genus and so by the degree of the canonical divisor of
the curve (Faltings’ theorem). In the case where the orbifold divisor A coincides with
its support (quasi-projective case) the degree of the canonical divisor plus the degree of
A determines if the orbifold pair is mordellic or potentially dense (Siegel’s theorem). It
is proven that also for the classical (S, A)-integral points this is the right invariant to
look at and it is conjectured that the same conclusion holds in the non-classical setting
as well.

Theorem 1.2.1. Let C' be a connected, smooth, projective curve over a number field k,
denote by g its genus and by K¢ its canonical divisor. Then:
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e if g =0 (deg(Kc)= —2 < 0), there exists a quadratic extension k'/k such that
C (k') # 0. Then, C over k' is isomorphic to P}, so it has infinitely many rational
points;

e if g=1 (deg(Kc)=0), after at most a finite extension of the base field k' /k, C'(K')
s an elliptic curve with infinitely many rational points;

o if g > 2 (deg(Kc)> 0), then C(k') is finite for every finite extension k'/k of the
base field. (Faltings’ theorem)

Theorem 1.2.2. Let C' be a connected, smooth, projective curve over a number field k
and D = Z?:o P; a smooth divisor on it, where P; are distinct points on C. Denote by
K its canonical divisor. Also, consider S to be a finite set of places of k. Then:

e if deg(Kc + D) <0, after at most a finite extension of the base field k' /k, the set
of (S, D)-integral points is infinite;

e if deg(Kc + D)> 0, then the set of (S, D)-integral points is finite for every finite
extension k' /k of the base field. (Siegel’s theorem)

Remark. The first part of this theorem is straight forward. Indeed, deg(D) > 0 and
deg(K¢ + D) <0 if and only if ¢’ := C'\ D is one of the followings:

e (' is the affine line (projective line minus one point);

e (' is the formal multiplicative group G,, (projective line minus two points, so
isomorphic to a plane affine curve with equation zy = 1).

In both cases the S-integral points are clearly Zariski dense (possibly after a finite
extension of the base field).

The general case is still a conjecture: orbifold Mordell conjecture for curves.
Conjecture 1.2.3. Let (C,A) be a curve orbifold pair over a number field k, denote by
K¢ the canonical divisor. Let S be a finite set of places of k. Then (C,A)(K',S") (resp.

(C,A)*(K',8")) is finite for every finite extension k'/k and S’ finite set of places of k' if
and only if deg(Kc + A) > 0.

Remark. Results we have so far.

e The conjecture for classical integral point is completely solved and we will talk
about it in section L4l

e Note that (C,A)*(k,S) C (C,A)(k,S5), so, if deg(Kc+A) <0, then (C,A)*(k, S)
is infinite and so must be (C, A)(k, S).

e Moreover, if the genus of C'is > 2, then (C,A)(k,S) C (C,0)(k,S) and the latter
is finite by Faltings’ theorem and consequently the former is finite as well.
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o If A, A’ are two orbifold divisor such that A" > A (which means that A" — A is
effective), then (C, A")(k,S) C (C,A)(k, S), hence if the second is finite, so is the
first.

e By these remarks we have reduced to study only some "minimal" cases with
deg(Kc + A) > 0:

(i) if the curve has genus 1, so the degree of the canonical divisor is 0, then the
minimal case is with A = (1 - %) (a) for a closed point a of the curve.

(ii) if the curve has genus 0 the canonical divisor has degree —2, so the degree of A
has to be strictly bigger than 2. Call s the number of points in the support of
AyjsoA=370 (1 - n%) (a;) for closed points a;. Then >%_; (1 — m%) > 2,
which implies »77_, (n%) <s—2.

So the minimal cases for a curve with genus 0 are:

s=3 (m17m27m3) € {(2737 7)7 (274) 5)a (37374)}7
s=4 (m17m27m3am4) = (2727273)

s=5 (mi,ma,ms,my,ms)=(2,2,2,2,2)

1.3 Siegel’s theorem

We do not discuss in this thesis the proof of Faltings’ theorem, but we see the one of
Siegel’s theorem, using the approach of P. Corvaja and U. Zannier, based on the subspace
theorem.

Let k£ be a number field, for every valuation v, on AT, we can define a norm. If
P = (z1,...,xy) € A, denote by | - |, the corresponding norm on k and let:

[1Plly := max {|z],}
i=1,....,n

Look at A} as a subset of P} and define, for the points in P} \ A}, the points at infinity,
| P||, := co. We need to define also another element, the height of a point:

H(P) = [TIIPl.,

where the product is taken over all the valuations on k.

Theorem 1.3.1. Subspace theorem [T, Subspace theorem], equivalent to [S, theorem 1F]
Let S be a finite set of non-archimedean places of k, T the union of S and the set of the
arcimedean ones and N > 2 an integer. Consider, for allv € T, N linearly independent
linear forms in N wvariables with coefficients in k,, the completion of k with respect to
v: Lyai(X1, ... XN), oo, Lun(X1, ..., XN). Then, the solutions (x1,...,xn) € (’)IZXS to the
inequality

N
H H |Ly7i($1, vy TN) |y < H(x1y 00y 2p) "€
veT i=1
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lie in the union of finitely many proper linear subspaces of A}}.

We need also another classical result, Chevalley—Weil theorem, which is true also for
higher dimensional varieties.

Theorem 1.3.2. Chevalley—Weil

Let f: X — Y be a finite étale covering of normal projective varieties defined over a
number field k. Then, there exists an integer T > 0 such that for all P € Y (k), there
exists P' € X (k') such that f(P") = P and the relative discriminant of k' /k divides T
In particular, applying Hemite—Minkowski theorem we find k'/k finite extension
such that Y (k) C f(X(K')).

Theorem 1.3.3. Siegel

Let C C A} be an affine curve over a number field k and CcC Py its projective closure.
Let d be the number of points at infinity of the curve, i.e. d := #C\ A} and let D be the
divisor which is the sum of the points at infinity of the curve. If deg(K¢)+d > 0, then
the set of (S, D)-integral points is finite for every finite extension k'/k of the base field
and finite set of places S.

Remark. This version is actually equivalent to the one stated in theorem Indeed,
for every curve C and every divisor which is a sum of points, D = Zgzl P;, we can find
an embedding in a projective space PV, with N > 0, such that the points at infinity of
the curve are exactly P, ..., P;.

Proof. First of all, note that we can suppose that the curve is smooth. Indeed, if not,
we can prove the result for its normalization and conclude for the curve itself.

Step 1 We can reduce to prove that the number of (S, D)-integral points is finite whenever
d > 3. Indeed, if d = 1 or 2, then, for deg(K)+d to be > 0, the genus of the curve
must be positive. For any smooth curve with positive genus g there are unramified
covers of any degree; they can be constructed with standard techniques of covering
spaces as the first homology group of the complex Riemann surface associated with
the curve is a free abelian group of rank 2¢g. Choose one of those with degree > 3:
f:C"— C and set D' := f~1(D), the support of D’ contains more than 3 points,
thus, applying the remark above, we get the result for the curve C’ with the divisor
D'. Using Chevalley-Weil theorem we can conclude the same also for the
original curve as there exists k'/k finite extension such that the (S, D)-integral
points of C over k are contained in the image of the ones of C’ over k.

Step 2 The statement we are left to prove now is therefore the following.
Let C C A} be a smooth affine curve over a number field k with C C P} its
projective closure, smooth as well. Denote by D the divisor corresponding to the
points at infinity. If the support of D has degree at least three, then the set of
(S, D)-integral points is finite for every finite extension k'/k of the base field and
finite set of places S.
Let us suppose that the conclusion of the theorem was not true, i.e. there exists
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an infinite sequence of distinct (S, D)-integral points {P;, P»,...}. Let S’ be the
union of S and the set of archimedean places, for every v € S’, consider k,, the
completion of k with respect to v. The points P; can be considered inside C (ky),
after a base change of C and this latter curve is compact with respect to the
norm induced by v on the projective space P}. Hence we can extract a converging
subsequence. As S’ is a finite set, passing to subsequences, we can suppose that
(P;)ien converges for all v € S’; call R, the v-adic limits.

Let S* := {v € S’|R, € Supp(D)}, note that this set is not empty. Indeed, if it
was, then, up to finitely many points, ||F;||, would be bounded for all v € S” and
this would imply that the height of P; was bounded as well, as the coordinates
of these points are in O g. This leads to a contradiction because there are only
finitely many points with bounded height.

If % is an Os-module associated with a divisor E (for the correspondence, see

theorem [2.1.2), denote by h%(C,.#) = h%(C, E) the dimension over k of the set
of global sections of %, denoted by H 0(C~’, F)=H 0(6’, E). By Riemann-Roch
teorem [H, ch.IV, theorem 1.3], for N > 0, h%(C, Kz—ND)=0and h(C,ND) =
Nd+1—g:= M + 1, where g is the genus of the curve. Let Vy := HO(G,ND)
and B = {fo, ..., far} a basis of it over k. After multiplying by a suitable nonzero
constant, we may assume that f;(FP;) € O.s Vi, j.

For every v € S*, consider a filtration Vy = W, 1 2 W, 2 D ... defined as:

W, = {f € Vx|ordg,f >j— N —1} = HY(C,ND — NR, + (j — N — 1)R,)

where ordp, f is the order of vanishing at R, of the function f.

As we supposed that the degree of D is > 3, ND—NR,+(j— N —1)R, is effective.
Applying Riemann—Roch theorem again, for N > 0, we get hO(CN' ,ND — NR, +
(j—N-1)R,)=j—N—-1+Nd—N+1-—g, whence dim (W, ;/W, j+1) <1 and
dimW%]‘ >M—j5+1.

For every v € S*, choose a basis B, of Viy that contains a basis of each W, ; (note
that, after a finite number of steps, W, ; = 0). Each element of this new basis
can be expressed as a linear combination L, ;(fo,..., far) of elements in B with
coefficients in the algebraic closure of k. Moreover,

OrdRuLu,j > ] —N-1

Let ¢, be a local parameter at R, then L, ;(fo,..., far) = tI=N=1F, where F is a
regular function. Since {P;};en tends to Ry, in the v-adic norm F'(F;) is eventually
bounded and

Lo (fo(Bi), ooy far (P))]w < aftu (PN !
for a constant «. Furthermore:

M+1 M 2

ordg, [[ Lvj(fo, - far) =D (=N+j) = %((d—Q)N*'O(l)) > (d—2)N7+O(N)
j=1 j=0
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and this quantity is strictly positive.

For all v € 8"\ S*, let L, := fj_1.

Let x := (fo(By),.... fm(P;)). If v e S\ S* ||x||, is uniformly bounded for all
but finitely many P;’s as the sequence has a finite limit. Also if v ¢ S’ [|x]|,
is uniformly bounded since the P;’s are (S, D)-integral points. Therefore, we can
conclude that:

M+1
H H |Ly,;(x)], < B H |Ly;(x)], <7 H \tV(B)],(jd—z)NerO(N)
ves' j=1 veSsS* vesS*

for some constants 3 and . As the order of f; at each R, is at least —IN, we can
bound in a similar way the height of x:

H(x) <$§ H max | f;(P;)|, < € H ‘tu(Pi)rN

VES* VES*
for some constants § and e. From these last two inequalities, we conclude that:

M+1
I II IZvsx)ls < ¢H (x) - O0/2+0M

vesS' j=1

for a constant (. As H(x) goes to infinity with ¢ (as otherwise there would be
only finitely many points in the sequence), we can choose u such that, for all but

finitely many P;’s,
M+1

IT II 120l < Hx) 7

ves’ j=1
Hence, we can apply the subspace theorem which tells us that the solution
points of the inequality lie in finitely many hyperplanes. In particular, there ex-
ists an hyperplane that contains infinitely many of the points (fo(F;), ..., far(B;)).
However, the functions f; are linearly independent, thus this situation cannot hap-
pen.

qged

1.4 Classical orbifold Mordell conjecture

1.4.1 Tools

The next goal is to see the proof of the calssical version of Mordell orbifold conjecture.
The strategy is to reduce to use the finiteness results we already have by means of
suitable ramified covers m : ¢/ — C. The first part of this section gives the relation
between rational points on C’ and orbifold-integral points on C.

Before starting the discussion, we recall some results from number theory which are
used later.
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Theorem 1.4.1. Purity of branch loci [N, theorem 41.1]

Let (R, m) be a regular local ring and (P,n) a normal local ring which dominates R and
which is a ring of quotients of a finite separable integral extension of R. If every height
one prime in P is unramified over R, then P is unramified over R.

Proposition 1.4.2. Let [/k be a finite extension of number fields, then a prime p of
k is ramified in | if and only if it divides the relative discriminant of the extension.
Moreover, the biggest power e of the prime dividing the relative discriminant is bounded
by a function which depends only on the degree [l : k| of the extension (not on the field
l and neither on the chosen prime p).

Theorem 1.4.3. Hermite-Minkowsk:
For every N € N, there are only finitely many number fields k/Q such that |disc(k/Q)| <
N.

Definition 1.4.4. Let 7 : C' — C’ be a surjective (hence finite) regular map over a
number field k of smooth projective curves with a "good model" over Spec(Oy,s), with

S a finite set of non-archimedean places of k. Let A =}, (1 — n%) P; be an orbifold
smooth divisor on C'. We say 7 is classically orbifold étale over A if it is unramified
outside supp(A) and if, for every j and every a € 7 !(P;), the ramification order at a

is eq = m;.

Remark. Asking that 7 is classically orbifold étale over A is equivalent to asking 7*(K¢c+
A) = K¢r, where Ko and K¢ are the canonical divisors of the two curves (Riemann—
Hurwitz’ formula).

Definition 1.4.5. Given a ramified cover 7 : ¢’ — C, we can define the group of deck
transformations associated with it, deck(w) = {f : ¢’ — C’|n(f(a)) = 7(a) Va € C'}.
A cover 7 is said to be Galois if its group of deck transformations acts transitively on
the fibers, #deck(mw) = deg(m) and the image of the fundamental group of C’ under the
map induced by m, is a normal subgroup of the fundamental group of C.

Consider a smooth orbifold pair (C,A = 37, (1 — m%) P;) and a Galois, classically
orbifold étale cover over A, 7 : ¢/ — C with a model over Spec(O,g) for S a finite
set of non-archimedean places of k. This cover induces a finite Galois E| extension on
the function fields of the two curves with Galois group G: «* : k(C) — Ek(C'). So
k(C") ~ k((%;[)g)”}, there exists a polynomial p(z) € k(C)[x]. Take a rational closed point
of C, a € C(k) \ supp(A) and consider the specialization of the field extension at a.
Choosing coordinates we can have a more explicit description of the situation. Locally
in an affine open subset around a, k(C') can be described as Quot(%), where I(C)

is the ideal associated with the curve in this affine and p(z) = p(y1, ..., Yn, ). With these

Lthe group of deck transformations corresponds to this Galois group, so, as the former acts transitively
on the fibers by definition, the second acts transitively on the roots of the polynomial defining the
extension, whence the fact that the extension is Galois.
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coordinates, a = (ay, ..., a,) and the specialization at a of the extension can be described
as:

k(C)|a ~ Elyi, ...y Yn) ~k— k(C/)|a ~ (@t am )

(I(C))yl — a1,y Yn — an)

for some t € N and some fields [;’s, which correspond to the irreducible factors p;’s of
play,...,an,x) = Hle pi(ay,...,an,x). Let I, be the compositum of all [;’s. Note that
there exists a bound D for the degree of the extension [l, : k] which does not depend
on the particular point chosen (for instance we may take D = d¢, where d =deg(p(x))).
Moreover, each field I; is Galois over k as in k(C'), there must be all the roots of
p(ai, ..., an, ) because k(C’) is the splitting field of p(z), so each I; must contain all the
roots of its corresponding irreducible factor p;. Hence, [, is Galois over k.

le@@lt

Remark. The map 7 induces an inclusion also of O¢[C] (resp. k[C]) in Ok[C’] (resp.
k[C"]). Besides, O;[C] (resp. k[C]) is locally defined as W (resp. %),
where we can assume that I(C') admits a set of generators of polynomials with coefficients
in O, and Ok[C'] (resp. k[C’]) denotes the integral closure of Ok[C] (resp. k[C]) in

k(CY).

Definition 1.4.6. A model of the cover 7 over Spec(Oy, g) is called a good model if
the primes of Oy (viewed as primes in O[C]) which ramify in Ox[C’] are contained in
Sbad, the set of primes dividing the order of G and the primes where two points in the
support of A meet.

Proposition 1.4.7. In the above setting, suppose also that ™ admits a good model. If
a € C(k) \ supp(A), then:

(i) the finite primes of k which ramify in l, are contained in the set S = Spaq U Sa,
where Syeq 15 the set of primes dividing the order of G and the primes where two
points in the support of A meet and Sq is the set of primes p such that (a, Pj), > 1
for a point P; in the support of A;

(ii) if for every p € Sa, (a, Pj)y =m; 0, then I, is unramified at p.

Proof. (i) Let p ¢ S and denote by O, the local ring of integers of k,, the completion
of k with respect to p. Let { be a generator of the maximal ideal of O, and ¢, a
uniformizer at a for the curve C' with the scalars extended to k,. Consider (t,) as
an ideal of Oy[t,]. The map 7 defines a finite extension of the field ky(t,).

In coordinates, keeping the notations used above, this extension is defined by the
image of the polynomial p(yi,...,yn,x) in k(ts)[z] by the map sending y; to its
image in the local ring (identified with k(t,)). Denote this resulting polynomial as
p(tq, x). The extension defined by 7 corresponds to the extension (’;((Z),?)]) =L L,
for some fields L;. By switching the affine patch we are choosing, if necessary, we
can assume that ord,(y;) > 0, so that we can consider also the extension defined

by m on the rings of integers. Denote by O,[C’] the integral closure of Oy[t,]
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in (’;(é‘;)g}). Choose a prime ideal 7 in O,[C"] containing t,, note that this choice

corresponds to the choice of an irreducible factor p;(t,, ) of p(t,, x). Remark that:

Ol (ki(ta)[w]
A O \pi(ta, )

|specialized at a) ~ (l;)q
q

where q is a place above p ﬂ Let m = (&,t,) be the maximal ideal of O,[t,] and n a
maximal ideal in O, [C’] over m and containing /. The height one primes contained
in m are only (£) and (¢,) and we claim that they are both unramified in O,[C"].
Indeed, the only finite Galois extensions of ky(t,) are of the form lq(t}/ ), where e
corresponds to the ramification of 7 at a. But by hypothesis (a, P;), = 0 for every
j, so e =1, hence (t,) is unramified. On the other hand, (&) is unramified because
lq is unramified over k, as p ¢ Spaq. Thus, we are in the situation of theorem of
purity of branch loci so, applying this result we conclude that m is unramified
in O,[C"], which is equivalent to saying that its maximal ideal is generated by £ and
tq- So, specializing at a, we get that ((’)p [C"]|specialized at a) = (l;)q has maximal
ideal generated by &, i.e. p is unramified in /; and this is true for all ¢, so it holds
also for the compositum [,.

Let j be the index such that (a, P;), > 0 for a prime p ¢ Sp,q and let ¢; be a
uniformizer for P; € C/k. The map 7 induces a finite field extension:
k(t;
k(t,) — Flel
piltj,x)
where p;(tj,x) is an irreducible factor of p(¢;, ), polynomial defined as in the
previous part.

Let &7 be a place of k(t;) containing both p and ¢; and 7/ a place of L; above it.
Complete the fields with respect to these two ideals to get an inclusion of Puiseux
series:
a((t)) = 1a((55"™))

where [ is an unramified extension of kp as p ¢ Spaq. The induced extension has
this form, assuming that all mjth roots of unity are in k, because all finite Galois
extensions of the Puiseux series field are in this form and locally the map 7 can
be described as t; — t;nj . As we are considering a point a for which (a, Pj), > 0,
it makes sense to evaluate Puiseux series at a (they converge). So, specializing at
a we get that:

1 .
(1)p = la((t5(a)'/™9)).
But, by assumption, (a, P;), = mje for a positive integer e, thus the valuation of
ti(a)'/™i at q is an integer, i.e. the valuation of (I;), is contained in Z, which in
turn implies that the extension is unramified.
qed

2The irreducible factors of p(a, x) correspond to the irreducible factors of p(ta,z) by Hensel’s lemma.
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Remark. This theorem cannot be used for the non-classical conjecture as the proof of it
requires the divisibility of the arithmetic intersection numbers by the multiplicities m;.

The next result allows us to compare orbifold-integral points on C and rational
points on C’, when we have a "good" cover. It is an orbifold version of Chevalley—Weil
theorem [1.3.2] for curves.

Theorem 1.4.8. Let m : C' — C be a classically orbifold étale cover over A =
>, (1 — T%J) P; with a good model over Spec(Oy.g). Then:

(1)
7(C' (k) \ {ramification points}) C (C, A)*(k,S);

(2) there exists k' [k, finite extension, such that

m(C'(K) 2 (C, A)" (K, S5).

Proof. (1) Let a = w(b) € C(k) for a non-ramification point b € C’(k). If there exist
j and p ¢ S such that (a, Pj), > 1, then by hypothesis we know that the cover
induces a map m,, over the residue field F,, which is ramified at P; with order
m;. But a =, P}, so if we call t’; and ti the uniformizers of C' and C’ over F, at
respectively a = P; and b, then the map induced on the local rings looks like:

/o p pm;
Op.a — (’)p,b, ity

ie. m, (t’;) = tzmj. Choose t; and t; lifts of t'; and ) over O, g with ordp, (t;) = 1,
so the equation defining P; locally looks like t; = 0. Then, 7*(¢;) =, t;nj, SO
ti(a) = tj(m(b)) =p tp(b)™. By assumption, t;(a) =, 0 =, t,”’, hence, as p is
prime, ¢, € p. Let e be the largest integer such that ¢, € p¢, than mje is the largest
integer such that t;(a) € p¢, which means (a, Pj), = em;, so a € (C,A)*(k, S).

(2) Let a € (C,A)*(k,S), by enlarging S if necessary, we can assume Spaq C S. For
every j and p ¢ S, by definition of classically integral points, either (a, Pj), = 0
or mj|(a, P;j),. So, by proposition p is unramified in l,. Moreover, we
know there is a bound D for the degree of [, over k which is independent of a:
[le : k] < D. So, by proposition the relative discriminant of [l, : k] is
bounded by a product of primes in .5, raised to a bounded power, which in turns
imply that the discriminant of [, over k is bounded. Then, by Hermite-Minkowski’s
theorem [T.4.3] we can conclude that there are only finitely many possibilities for
these fields [,. Let &’ be the compositum of all of them, this is the finite extension
of k we were looking for.

ged

In the second part of this section we discuss Riemann existence theorem, which is
used to produce classically orbifold étale covers in some of the cases we will deal with
in the next section. This theorem has two versions, one algebraic and one analytic and
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the tool we will use is actually the theorem that allows to switch from the algebraic to
the analytic version. By the sake of completeness, we state all the results here, but we
prove only the theorem which is needed in the discussion to follow.

Consider the function field of P&, namely C(z), and let L be a finite Galois extension
of it with Galois group G. Let p € P*(C) be a closed point and

bp: C(z) = C((t)); xz—t+p

(so that t can be considered a uniformizer at p). All Galois extensions of C((t)) are
of the form C((t'/¢)) with Galois group generated by the element w, : t/¢ — t1/¢(,
(¢e a primitive e root of unity). The map 6, extends (uniquely up to conjugation)
to ¥, : L — C((t'/¢)). Define g, to be the restriction of w, to L with respect to the
map ¢, so g, € G, it has order e and is unique up to conjugation (the conjugation
corresponds to the choice of an ideal above (¢)). So, the extension L together with the
point p determines a conjugacy class of GG, namely C),, whose elements have all order e.
This number e is called the ramification index of L at p and the point p is said to
be ramified when e > 1.

Definition 1.4.9. A ramification type is an equivalence class of triples (G, P, {Cp}pep),
where G is a finite group, P is a finite set of closed points of P}(C) and C), are conjugacy

classes inside G. Two such triples (G, P, {Cy}pep) and (G', P', {C} }pcp') are equivalent

if P = P’ and there exists an isomorphism of groups G — G’ mapping each C, to C;,.

Theorem 1.4.10. Riemann existence theorem- algebraic [16, theorem 1.2]

Let (G, P,{Cp}pep) be a ramification type with P = {p1,...,p,}. Then, there exists a
finite Galois extension L/C(x) with that ramification type if and only if there exists a
set of generators of G, {g1, ..., gr} with g; € Cp, for each i and gy - ... - g, = 1.

Remark. Under some other assumptions on the ramification type it can be shown that
such extension is unique. For more details see [16].

Theorem 1.4.11. Riemann existence theorem- analytic [16, theorem 2.1]

Let 'Y be a compact Riemann surface, p1,...,ps distinct points on it and cq,...,cs € C.
Then, there exists g € M(Y') (the field of meromorphic functions on'Y ) with g(p;) = ¢
for all 7.

The connection between the two versions of the theorem is to be found in the theory
of covers.
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If 7 : X — P{ is a Galois cover of Riemann sur-
faces, then we can extend it to the compactification of the surfaces and we get a ramified
cover 7 : X — IP’}C. Let’s take a closer look at what happens. Consider a point p; € P, a
"neighborhood" of it in IP’}C \ P is a punctured disk D. Let E be a connected component
of 771(D), then mg : £ — D is a homeomorphism (after possibly restricting D), so E
is itself a punctured disk and 7z has to be of the form z — 2 for an integer number e
(all the homeomorphisms of the punctured disk can be put in this form). Thus, 7 has
degree e and its group of deck transformations is generated by the map we : z — (.2
(where ¢, is an e*® root of unity). Note that the choice of another connected component
of 7=1(D) corresponds to a conjugation of this element w, by a deck transformation of
m. Hence, p; defines a conjugacy class of G, call it C),. When we consider the compact-
ification of 7 it is clear that p; becomes a ramified point with ramification index e. If
e = 1, take the point p; away from the set P.

Definition 1.4.12. In the setting above, we say that (G = deck(w), P, {C}}pep) is the
ramification type of f.

Theorem 1.4.13. Let (G, P = {p1,...,pr}, {Cp}pep) be a ramification type. Then, there
exists a finite Galois covering space from a Riemann surface X, m: X — P{\ P, with
that ramification type if and only if there exists a set of generators of G, {g1, ..., gr} with
gi € Cp, for each i and g1 - ... - g, = 1.

Proof. If 7 : X — PL\ P is a Galois cover, define G = deck(m) = %‘é})})). In partic-

ular G is a quotient of my (]P’%: \ P), which is generated by loops ; around p; such that
[I; vi = 1. Denote by g; the image of ; inside deck(w), then, using the notations above,
gi|e is a generator of deck(m g). In particular, it belongs to Cp, and it has order e. As
G is a quotient of m (PL \ P), these elements g; generate G and they have the required
properties.

Conversely, we have to construct a cover of Riemann surfaces with the prescribed rami-
fication type. We can do it using a quotient of the universal cover of IP’(IC \ P, but we will
construct it in another way. Without loss of generality, we may assume that p, = co. As
a set, define X := IP’}C X GG and as map of sets, define 7 to be the projection in the first
component. Now, we need to give X a structure of Riemann surface. Let g; € C),,, define
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"neighborhoods" of the missing point p; such that the sheet corresponding to an element
g € G is close to the sheet corresponding to gg; and do it in a way such that the loop
around p;, when lifted to X, goes from the sheet corresponding to g to the one corre-

997 X

oy 997

—O— 99i W 99i
\ s‘) AN~ A
O g g
£
\_/

O PL\ P
sponding to gg;. U

The fundamental group of the complex plane without » — 1 points is the free group
F,_1 on r — 1 generators vi,...,¥.—1. Since G is generated by ¢1,...,g9r—1, it can be
presented as a quotient of F,._1 by a normal subgroup, so it corresponds to a Galois
covering space. Then g, = (g1 - ... - gr—1) ! corresponds to the loop going around oo,
Y = (y1-...%—1) "', So, the Galois cover we constructed has the desired properties. qed

1.4.2 Proof

For proving the "classical" version of the conjecture we can reduce to deal with
only some particular cases. Here we prove the conjecture for each case using the tools
developed in the previous discussion.

Remark. Let A = 3, (1 — mi) P; and A" = Y7, (1 — n%) P; be two smooth orbifold
divisors on a curve C, then we say that A|A’ if supp(A) is contained in supp(A’) and,
whenever P; = Pj, then mj|n;. Note that, when we are in such situation we have that

(C,A)*(k,S) C (C,A)*(k,S).
Let g be the genus of the curve and call s = #supp(A).

* If g > 2, then by Faltings’ theorem (C, 0)*(k, S) is finite and it contains (C, A)*(k, S),
which is then finite as well.
Case deg(K¢c +A)=0

* If A =0, then g =1 and we already have the result.

* If A > 0, then g = 0 so the degree of A must be exactly 2. Then deg(A)=
s — Z;(%) and s > 3.

_ _ 1 1 _
Case 1 s =3, deg(A)=s— Zj(m—j), 80 > = L
Case 2 s = 4, the only possibility is to have all m; = 2.

*xs>4, % mi] < %s < s — 2, so this case cannot happen.
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Case deg(K¢c + A)< 0
The genus can only be 0, so deg(A)< 2 and, as 3, % < %s, we deduce s < 3.
J

Case 3 s = 3 with Zj:1,2,3m%- >1
Case 4 s =2

*xs=1 A= (1 - %) (a) for a point a of the curve, consider A’ = (1 - %) (a) +

(1 - %) (b) with b a point of the curve distinct from a, then A|A’, so by the re-
mark above, we reduce this case to Case 4.

Case deg(K¢ + A)> 0

Case b Ifg=1land s=1, A = (1 — %) (a), for a point a of the curve. Let p be a prime
divisor of m (the case m = oo is already solved by Siegel’s theorem) and define
A = (1 — %) (a), so that A’|A. So it is enough to prove the case with prime
multiplicity.

* If g =1 and s > 1, consider A’ constructed taking one of the points in A with
exactly the same multiplicity. Then A’|A; so we have reduced this case to the
previous one.

* If g =0, so deg(A)> 2, then s > 2. If s > 3, consider A’ constructed using three
of the points in supp(A) with their multiplicities so that A’|]A. So we see it is
enough to prove the statement for s = 3.

M g:07 8237 Zj:1,2,3 (l_mL]) < L.

For each case 1,...,6, we construct classically orbifold étale covers so that, applying
theorems and we will get the finiteness result as stated in the theorem [1.2.3
In most of the cases we work over the complex numbers to produce such covers and then
we find covers over k in this way.

Step 1: The curve C is defined over a number field k, choose an embedding ¢ : & — C,
with an extension of scalars using this embedding (C' X gpec(x) Spec(C)) we can see
C as a curve over C and so as a compact Riemann surface.

Step 2: Find a ramified cover with the desired properties of Riemann surfaces, = : C' — C.

Step 3: As the Riemann surfaces involved are compact, the cover we found can be realized
as an algebraic cover of algebraic varieties over the complex numbers.

Step 4: From the theory of algebraic covers, every algebraic cover over the complex num-
bers can be realized as a cover over Q, so we can see 7w as a ramified cover over

Q.
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Step 5: Choosing appropriate coordinates, we can express C, C' and 7 using a finite num-
ber of polynomials with coefficients in Q. Adding all of these coefficients to k, we
obtain a finite extension £’'/k and the morphism 7 can be defined over k'

Case 1/ Case 6 For these cases we construct the cover using Riemann existence the-
orem [1.4.13] Indeed, consider P!\ {0, 1, 00}, its fundamental group is generated by three

100pPS 70,71, Yoo around the missing points. 1 (P*\ {0,1,00}) = (70,71, Yoo 1071700 = 1).
Let p,q,r be the multiplicities "m;" associated with 0,1,00 respectively. Let I'p, .
be the quotient of 71 (P! \ {0,1,00}) generated by three elements go, g1, goo such that

96 =1=9{ = g5 = 909190

Lemma 1.4.14. [9, lemma 2.1] In the notations above, I'y , , is infinite and non abelian
if and only if % + % + % < 1. Moreover, in this case, there exists a normal subgroup
H <Tpgr, with [Ty, ,: H] < oo and the orders of the classes corresponding to go, 91, goo
inTpqr/H are respectively p,q,r.

Using the above result from group theory, we can apply theorem [T.4.13] to the group
G :=T,4r/H to get a cover m : ¢’ — C ramified only at 0,1, 00 with orders p,q,r.
Furthermore, using Riemann—-Hurwitz’ formula, we can compute the genus of the curve
C’:
29(C") —2=d(0—2)+e(p—1)+e€1(qg—1) + €oo(r — 1)
where €0 1, are the number of points over 0,1, 00 and d is the degree of the cover. Note
that, since the cover is Galois, ¢y = %, €1 = g, €00 = %, so that:

11 1
29(0’)—2—2d+3d—d(++)_
p q T

e Case 1: g(C') = 1 and 7(C’'(K') \ {ramification points}) C (P!, A)*(S, k') for a
finite extension &’ of k by part 1 of theorem and the former set is infinite by
theorem [1.2.1] so the latter is infinite as well.

e Case 6: g(C’) > 2 and (P, A)*(S, k) C w(C'(K")) for a finite extension k’ of k by
part 2 of theorem [[.4.§ and the latter is finite by Faltings’ theorem [I.2.1] and then
so is the former.

Example 1.4.15. Let’s see some explicit examples of these covers for case 1.
1. Let (p,q,7) = (3,2,6) and consider C’ = E the elliptic curve defined by the equation
y?z = 2% — 23. Define the map:

m:E—=PY (2,y) — 2t

This map has degree 6, is unramified outside 0, 1,00 and the ramification can be com-
puted as follows:

e over 0 we get the equations z® = 0,y? = —1, so we have two points with ramifica-
tion order 3;
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e over 1 we get the equations 2% = 1, y? = 0, so we have three points with ramification
order 2;

e around oo we can rewrite the map as [z :y : z] = [23: 23] = [Pz + 23 : 23] =

[y2 + 22 : 2%]. Thus, over co we get the equations 22 = 0,23 = 0, so we have one

point with ramification order 6.

2. Let (p,q,7) = (4,2,4) and consider C' = FE the elliptic curve defined by the equation
y?z = 2% — 222, Define:

7:E—=PY  (z,y)— 22
Then, deg(m) = 6 and with similar computations as in the previous example we get that
the map is ramified only over 0,1, co with the prescribed ramification orders.

Case 2 Let ¢’ = E be an elliptic curve with equation y? = z(z — 1)(x — ), A € k,
such that the points of two-torsion (FE[2]) are contained in F(k). Consider the projection
map from the point at infinity:

T E—=C; (z,y)— .

This map has degree 2 and is ramified only over 0,1, A\, co with ramification order 2.
Indeed, 7=1(0,1, A, 00) consists of the points of order 2 (and the unity of E, the point
at infinity), the vertical line passing through these points is tangent to the curve and it
meets E only at the given point and at infinity. So, this is the cover we were looking
for. Thus, by theorem m part 1, 7(E(k) \ E[2]) C (P, A)*(k,S) and the first set is
infinite (possibly after a finite extension of the base field) by theorem whence the
result.

Case 3 In order to simplify the notations, call p, ¢, the three multiplicities of the
points in the orbifold divisor A. The condition % + % + % > 1, implies that (p,q,r) €
{(2,2,7),(2,3,3),(2,3,4),(2,3,5)}.

e Case (2,2,r). Use the cover:

"

7: P 5 Ph ot 5

which has degree 27 and is ramified over +1 with ramification order 2 and over co
with ramification order r.

e Cases (2,3,n). Consider the congruence subgroup I'(n) = {A € SLy(Z)|A =,
T2} < SLy(Z) and the modular curve associated with it: X(n) = H*/I'(n). We
can realize these covers as the natural maps of the modular curves X (n) to X (1).
From a discussion in [D-S], we can compute all the numbers we need. First of
all the genus of these curves, for n = 3,4,5 (and 1) is always 0. X(n) does not
have elliptic points for our choices of n, so the ramification orders over the two
elliptic points of X (1), ¢ and p are respectively 2 and 3. We have then more
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ramification points only over the cusps and the ramification order at the cusps of
X(n)is [SLa(Z)so : £I'(n) o] = n (index of the stabilizers of co).
For the cases n = 3,4 explicit equations of these covers can be:

(t° +8)%°

.l 1.
7T(2’373) . ]P) — ]P) 5 t — 64(t3 — 1)3

and
—28¢(#3 — 1)(#3 + 8)3

(t6 — 20t3 — 8)*

7T(2’374) . Pl — Pl, t—

In all these cases we have: (P! \ {ramification points}) C (P!, A)*(k,S), so, by theo-
rem [1.4.8 part 1 and the fact that the first set is infinite, we get the conclusion.

Case 4 Without loss of generality we can assume that the support of A consists of
the two points 0,00. If A = (1 - %) (0) + (1 - %) (00) we can simply use the cover:

W:P1—>P; t—t"

which is ramified only over 0 and oo with ramification order m. Otherwise, if A =
(1 - %) (0) + (1 - %) (00), define A" = (1 - ﬁ) (0) + (1 - %) (00), then A|A” and
the multiplicities of the two points in A’ are the same, as in the previous case. So,
m(P'\ {0,00}) C (P!, A")*(k,S) C (P!, A)*(k,S) and, from the fact that the first set is
infinite, we get that also the last one is infinite.

Case 5 When p is an odd prime, we can use the theory of "origamis". Let’s start
with an example to understand the idea.

Example 1.4.16. Consider p = 5. Since g = 1, C' is an elliptic curve and, on the
complex numbers, it can be represented as a quotient C/A, for A = 7Z + Z, with 7
a complex number with positive imaginary part. Graphically, we can represent it as
a parallelogram with the opposite edges identified (for simplicity represented with a

rectangle).
a

N —

b b

a

Construct C’ glueing together p copies of this rectangle as in the following picture
and define 7 in the obvious way, as the identity in each rectangle:

a
bd ~
¢ cf a’
ae| ]‘e b’ b’
d f a’

From the picture it is clear that = has order 5
and is ramified only at the point corresponding to all the vertices (which are identified)
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with order 5. To compute the genus of the curve C’, we can use Euler’s formula: 2 —
2g(C") = F — E+V (where F is the number of faces, E the number of edges and V the
number of vertices). In our case we have then g(C’) = 1(=5+ 10 — 1 +2) = 3.

The general situation is exactly the same, considering a similar picture with p rect-
angles in the shape of a stair. The cover 7 : ¢/ — C so constructed has degree p and
is ramified only in one point with order p. Moreover, the genus of the curve C’ can be
computed as before: F'=p, E=2p, V =1,s0¢g(C’) = %(—p+2p—1+2) = %(p—f—l) > 2.
Remark. Actually, there are explicit equations for the curve C’ and the morphism 7 for
every degree. See [14, theorem 3.

Whereas, if p = 2, we cannot do this construction. We will construct the ramified
cover in two steps.

Step 1 Construct f : C® — C a double unramified cover of C. In the picture a represen-
f

tation of a possible cover. T J ]/_\T ]

Step 2 Construct a cover of C ramified with order 2 over two points a1, as. We do it with
a construction similar to the one we used for Riemann existence theorem. Consider
the fundamental group 71 (C'®\ {a1, a2}) = (@, 8,71, 72|laBa' 37! = y172), where
~; are loops around a; and «, 8 are the usual loops that generate the fundamental
group of an elliptic curve. Consider the homomorphism of groups:

@ 7r1(C(2) \{a1,a2}) = So={1,0} «,8+—1, v —o0.

This induces an unramified cover of Riemann surfaces: r : ¢! — C®, which,

RN o

following the construction in theorem [1.4.13| looks like: c®

Then, compactifying domain and codomain, we obtain a morphism p : ¢! — C(?)
with ramification of order 2 over the two points ai,as. Moreover, with Riemann—
Hurwitz’ formula, we can compute the genus of the curve C”:

29(C") —2=2(2-2)+2(2—1) = g(C") = 2.

Finally, compose p o f = 7 choosing a; and as over the same point « in C. So, 7 is
a map of compact Riemann surfaces of degree 4 and ramified only over o with order 2.
This is the map we were looking for.

In all the cases discussed above, we have found a classically étale orbifold cover of the
elliptic curve C' from a curve C’ with genus > 2. So, applying part 2 of the theorem[1.4.8]
we get that the orbifold integral points are finitely many:

(C,A)*(S,k) Cw(C'(K')) which is finite by Faltings’ theorem [T.2.1}
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This concludes the proof of the classical version of the conjecture for curves. qged

1.5 Rational and integral points on surfaces

In the last sections of this chapter, we discuss some known results about surfaces. The
Italian school at the end of the 19*" century classified surfaces birationally, thus, we can
study rational and integral points on surfaces looking at each case. Density of rational
points is well-understood in most cases; on the other hand, the behavior of integral
points is still an open problem. In the next sections we see an analogue of Siegel’s
theorem which, however, does not characterize completely mordellicity.

We start by presenting the classification, every (complex) algebraic surface is bira-

tional to a surface in one (or more, they are not exclusive) of the following classes.

Rational surfaces: these are birationally isomorphic to the plane. Clearly, they
are potentially dense.

Ruled surfaces: they are birationally isomorphic to a product C' x P!, where C
is a curve. They are potentially dense if and only if C' is so, otherwise they are
neither potentially dense, nor mordellic.

Elliptic surfaces: they admit a dominant map f towards a curve, whose general
fiber has genus one. They can be potentially dense, for example if f admits a
section with infinite order (with respect to the group law of the fibers).

Abelian surfaces: surfaces that are also abelian varieties. They admit closed
algebraic points which generate a dense subgroup, therefore they are potentially
dense.

K3 surfaces: they are (smooth projective) surfaces which are simply connected
and whose canonical bundle is trivial. It is conjectured that they are potentially
dense, but it is proven only in some cases, with additional information.

Kummer, bielliptic (or hyperelliptic) surfaces: they are quotients of abelian
surfaces. They are potentially dense since they are dominated by abelian surfaces.

Surfaces of general type: their canonical divisor is big. According to Bombieri—
Lang—Vojta’s conjecture they are mordellic.

Remark. What is proven for surfaces agrees with some conjectures we will present in the
next chapters for higher dimensional varieties, which use the Kodaira dimension (defined
later).
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1.5.1 Numerical properties

The goal now is to generalize Siegel’s theorem to the case of surfaces, with the same
approach used for curves, applying the subspace theorem [I.3.1] However, we need to
be careful, the divisors now are sums of curves and the dimensions of the analogue of
the spaces in the filtration W, ; depend on the curve and also on j, there is no uniform
upper bound. To be able to apply the subspace theorem, we need to add some more
conditions on the type of divisor we are removing from the surface. These are numerical
conditions, so we start by presenting the tools we need to understand them. In particular,
here we discuss general intersection numbers, numerical equivalence and some numerical
properties on surfaces.

In algebraic geometry a tool to control intersections is the Hilbert polynomial. The
idea to define general intersection numbers is to extend the notion of Hilbert polynomial
for a sum of divisors.

Definition 1.5.1. Recall that, for a proper scheme X over a field k and a coherent sheaf
Z on it, we can define the Euler characteristic of .# as the integer:

X(X,.Z7):= Z(—l)idimkHi(X, F).

i>0

Theorem 1.5.2. [D, theorem 1.5] Let D1, ..., D, be Cartier divisors on a proper scheme
X over a field k and let F# be a coherent sheaf on X. The function

(m1, ..., mp) = x(X, F(m1D1 + ... + my Dy))

takes the same values on Z" as a polynomial with rational coefficients of degree at most
the dimension of the support of F.

Definition 1.5.3. Let Dy, ..., D, be Cartier divisors on a proper scheme X over a field k
with r > dim(X). The coefficient of m -...-m, in the polynomial x (X, miDy+...4+m,D,)
is called the intersection number of the divisors and is denoted by Dy - ... - D,.

If Y is a subscheme of X of dimension at most s, we set

Dy-..-Ds-Y :=Dyjy - .. Dy

Proposition 1.5.4. [D, proposition 1.8] Let Dy, ..., D,, be Cartier divisors on a proper
scheme X of dimension n such that D, is effective with associated subscheme Y. Then:

Dy-....Dy=D1-...-Dyp_1-Y.
Proposition 1.5.5. [H, ch.V, exercise 1.1] Let D, D" be divisors on a surface X, then
D.-D' = X(Xa -D — D/) - X(X7 _D) - X(Xv _D/) + X(Xv OX)

Proposition 1.5.6. If D is a divisor on a surface X and C C X is a curve, things are
simple:
D - C = deg(Dc).
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Remark. If the divisor and the curve are in sufficiently general positions, from this result
we can see that their intersection number is exactly the number of intersection points
with the muliplicities coming from the coefficients in D.

Proof. We can assume that the curve is normal, otherwise we can change the surface
birationally such that the curve becomes so. We assume this implicitly whenever it is
needed, from now to the end of the chapter. Consider the exact sequence

0—=0x(-C)—=0O0x - 0c—0
and the twisted sequence
0— Ox(—c — D) — Ox(—D) — Oc(—D‘C> — 0.

From them we get the equalities x (X, —C) — x(X,O0x) + x(C,0¢) = 0 and x(X,—-C —
D) — x(X,D) + x(C, D|c) = 0. Then, putting together these two equations and the
formula from proposition with D' = C, we get:

D-C=—x(C,-Dc) + x(C,0c¢) = deg(D\c)
where the last equality comes from Riemann—Roch theorem [H, ch.IV, theorem 1.3]. qed

Also ampleness (see the first section in the next chapter for the definition) can
be characterized in numerical terms, at least on surfaces.

Theorem 1.5.7. Nakai—Moishezon criterion [H, ch.V, theorem 1.10]
A divisor D on a surface X is ample if and only if D> > 0 and D - C > 0 for all
irreducible curves C' in X.

Lemma 1.5.8. Let D be an ample divisor on a nonsingular projective surface X over

a field k, then for positive integers N, we have:

N2D?
2

h(ND) = + O(N).
Proof. Let K be the canonical divisor of X, then Riemann—Roch theorem for surfaces
([H, ch.V, theorem 1.6]) gives:

1 1
r%(X,ND) = 5(ND)2 —5(ND - K) +x(X, 0x) + h'Y(X,ND) — h’(K — ND).
For N large enough, K — ND < 0, so h%(K — N D) vanishes. Moreover, as D is ample
and Oy is coherent, for N > 0, h'(X, ND) = h}(X,0x ® Ox(ND)) = 0 ([H, ch.III,
proposition 5.3]). The term x(X,Ox) is a constant and ND - K is linear in N. Thus,
we have the claim. qed

Lemma 1.5.9. Let D be a divisor and C' a curve on a smooth projective surface X over
a field k, then:
r’(X,D) — h°(X,D — C) < max{0,1+ D - C}.
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Proof. The exact sequence
0 — Ox(=C+ D) — Ox(D) = Oc(D)c) = 0

gives a long exact sequence in cohomology, from which we get an injection of vector
space
0— H%(X,D)/H°(D — C) — H°(C, D|¢).

From this we get:
h’(X,D) — h*(X,D — C) < dim H*(C, D|¢).

Now, if D is not effective, then dim H°(C, D\¢) = 0. Otherwise, if D is effective, note
that H°(C, K¢ — D) C H°(C, K¢), where the inclusion is given by multiplication by an
element of HY(C, D) # 0. Thus, applying Riemann-Roch theorem, we get:

h(C,Dic)=D-C+1-g+h°(C,Kc— D)
<D-C+1—-g+h*(C,Keg)=D-C+1

where g denotes the genus of C. qged

Lemma 1.5.10. Let D be an ample effective divisor on a smooth projective surface X
over a field k, C an irreducible component of D. For positive integers N, j we have that
either H(X, ND — jC) = {0}, or

0<h(ND - jCO)—h"(ND - (j+1)C) < N(D-C) — jC? + 1.

Proof. Suppose that (ND — jC)-C > 0, in this case we can apply lemma with the
divisor ND — jC' to get the result.

Otherwise, if (ND — jC)-C < 0, we claim that Ox(ND — jC) has no regular sections.
Indeed, if it had, there would be an effective divisor F linearly equivalent to ND—jC (see
proposition, thus E-C = (ND—;C)-C < 0. However, we can write £ = E' +rC,
where E’ > 0 does not contain C in its support and r > 0, then E-C = E' - C + rC?.
As E’ does not contain C, E’ - C > 0 is the number of intersection points of the curve
with the divisor. Besides, D? > 0 as well as D - C > 0 because D is ample (by Nakai-
Moishezon criterion, s0, to have (ND—;C)-C < 0, C? must be positive. Therefore,
E-C=FE-C+rC?>0, contradiction. qed

Lemma 1.5.11. Let D be an ample divisor, C' an effective curve on a smooth projective
surface X over a field k. Then

D?C? < (D-C)%

Proof. As D is ample, by Nakai-Moishezon criterion [1.5.7, D? > 0, D - C' > 0. Hence
the inequality is non-trivial only when C? > 0. In this case, suppose the conclusion of
the theorem did not hold. Consider the intersection form on the subgroup generated
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by D and C inside Pic(X), we claim that it would be positive definite. Indeed, the
discriminant of the inequality

(zD +yC)? = 2°D? + 2zyD - C 4+ 4°C? > 0

would be negative, which gives the claim. However, by Hodge index theorem [H| ch.V,
theorem 1.9 and remark 1.9.1] this form cannot be positive definite, whence a contra-
diction and the conclusion of the proof. qged

1.5.2 An analogue of Siegel’s theorem for surfaces

Now, we have the technical tools we need to state and prove the result that generalizes
Siegel’s theorem (approached using the subspace theorem [1.3.1) to surfaces.
During the proof we use two lemmas, which we state here.

Lemma 1.5.12. Let xq,...,zp, U1, ..., Uy > 0 and R < h be integers such that Zle U; <
d. Suppose further that for each j, 0 < x; < U; and Z _1x; =d. Then:

h R
Y dwp > iU;.
Jj=1 j=1

Proof. We can do the following computations:

R h R

h
DU+ R+V)d =) juj=) jUj+ > (R+1-j)z;

Jj=1 j=1 j—l j—l
R R R
<> jU ZR+1—J <ZJU+ZR+1—3 = (R+1))_ U;.
j=1 j=1 J=1

Whence Z?:1 Jjxr; > Zle JjU;j + (R+1)(d — Zle Uj;) and the result follows since the
last parenthesis is > 0 by assumption. qed

Lemma 1.5.13. Let V' be a wvector space of finite dimension d over a field k. Let
V=W 1DWeD..DWpandV = W{ D Wy D ... D W} be two filtrations on V.
Then, there exists a basis V1, ...,9q of V which contains a basis of each W; and each
Wx.

J

Proof. We proceed by induction on d. If d = 1 the statement is obvious. Then, we can
suppose (by possibly refining the first filtration), that W5 is an hyperplane in V. Let
W/ .= W N W,. By the inductive hypothesis there exists a basis 91, ...,9q—1 of Wa
containing basis of both Wa, ..., W}, and Wi, ..., W}.. If all the W;* = W for i > 2, then
we can just complete the set {11, ...,%4-1} to any basis of V.

Otherwise, let [ be the minimum index such that W;* € W5 and let g € W} \ Ws. For
sure {41, ..., 14} contains a basis for each W;. Now, let i € {1,...,h*}, if i > [, W} = W/,
so the basis we have constructed contains a basis of W;. On the other hand, if i <[, the
constructed basis contains ¢q € W;* C W;* and it contains a basis for W}, which is an

7 7

hyperplane in W/, thus it contains a basis of W}*. qed
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Theorem 1.5.14. Let X be a smooth projective surface over a number field k and let
X C X be an affine open subset. Assume that X \ X = Dy U ...U D,, r > 2, where the
D;’s are distinct irreducible divisors such that:

(i) no three of them share a common point;

(ii) there exists positive integers pi,...,py such that D := p1 Dy + ... + p,. D, is ample
and the following holds. Let &;, for i = 1,...,7 be the minimal positive solution of
the equation D&% —2(D - D;)¢+ D? = 0 (this solution always exists), we have the
inequality

2D%¢; > (D - D;)&2 + 3D?p;.

Then there exists a curve on X containing all the (S, A := Dy + ...+ D,)-integral points,
where S is a finite set of non-archimedean places of k.

Proof. By enlarging k, if necessary, we may assume all the D;’s are defined over k. Let
S’ be the union of S and the archimedean places of k.

Step 1 We reduce to prove the following.
For every infinite sequence of (S, A)-integral points on X, there exists a curve
defined over k, containing an infinite subsequence.
Indeed, assume this holds and enumerate all curves on X defined over k: C1, (o, ....
Remark that X has at most countably many curves on it. In fact, given N,d € N,
there are countably many polynomials with degree smaller than d and coefficients
in k smaller than N. Thus, there are at most countably many polynomials that
define curves on X.
If the conclusion of the theorem was not true, then for every curve, there existed
an (S, A)-integral point outside that curve. Thus, we can construct a sequence of
(S, A)-integral points by taking P; & Cy, P» ¢ C1UC5, and so on (P, ¢ C1U...UC).
From this sequence we cannot extract any infinite subsequence contained in a single
curve. Contradiction.

Step 2 To prove the above claim, we want to follow the steps done for Siegel’s theorem,
reducing to the subspace theorem [I.3.1] but this time we have to be more careful.
Let {P;};en be an infinite sequence of distinct (S, A)-integral points, by possibly
passing to a subsequence, we may assume that it converges for all v € S’. Call
the v-adic limit R, € X (k,). Three different situations can happen (and no others
because of assumption (7)).

Case A The point R, & Supp(D).

Case B There exists an index ¢ such that R, € Supp(D;), but for all j # i, R, ¢
Supp(D;). In this case denote by D, := D; and p, := p;.

Case C The point R, belongs exactly to two components D; and D;. Denote D, :=
D;, D} := Dj; and p, = p;, p;, := pj.
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The goal of this step is to prove the inequality that allows us to apply the subspace
theorem More precisely, fix N > 0 and let Vy := HO(X, ND) (where X is
considered over k). Note that each function is regular in the affine X, in particular,
it can be expressed as a polynomial in the affine coordinates. Let fi,..., far be a
basis of Viy (for N > 0, M > 2). By multiplying all f;’s by a suitable constant, we
may assume that all f;(P;) € Oy g. In each of the cases above, for every v € S we
want to construct linear functions in the f;’s, L, ; which are linearly independent
and such that for an infinite subsequence of {P,;};cn, there exists p, > 0 and a
constant «,, independent of 7 such that:

Case A

Case B

M
[T 120 (Pl < masx 5 (P)L) .
=1

Set L, j := f;. Since the limit R, is finite, these functions are bounded on
the sequence. Therefore:

max; | f(Pi)ly

M M
LV“PZAV: ‘Piu
k@l = 15PN 7 ),

< a (max | f;(P)]) .

Choose a local equation t, at R, for the divisor D,. Define a filtration of
VN =W D Wy D ... with

W; = {f € Vylordp,f >j—1-Np,}, j > 1.

Choose a basis of Viy containing a basis of the filtration, call these elements
L, ; and note that they can be written as linear combinations of the f;’s. In
particular, in this new basis, there are dim(W;/W;41) elements with ordp, =
j —1— Np,, whence:

M

M
ZOI‘dDyLyJ‘ = Z(] -1- pr) dim(Wj/Wj+1)'
j=1 Jj=1

We want to apply lemma [1.5.12, so we need to set x;,U;, h, R and we need
to check the conditions in the statement. Let x; := dim(W;/W,41) and let
h be the maximum index such that W; # 0, note that Z;L:l z; =dimVy =

M=2N 22D 2+ O(N), where the last equality comes from lemma m Define

Uj:=14+N(D-D,)—jD2. By lemma|l.5.10, 0 < z; < Uj,.
Let £ be the minimal positive solution to the equation:

D2¢* —2(D- D))+ D* =0 (x)

(so & = ¢&; in the statement). By lemma |1.5.11] the solutions of this equation

are real. Call ¢ the other solution, then ( + & = 2%?” and (€ = g—;. As D

is ample by assumption, using Nakai-Moishezon criterion [[5.7} we see that
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D? > 0 and D - D, > 0, therefore at least one of the two roots must be
positive. If D2 < 0, then, it is clear that £¢D2 < D - D,,. If, instead, D? > 0,
then £ and ¢ are positive as both the sum and the product of the two roots
are positive and, as ¢ is the smallest root, from (+& = QDDQ v we deduce that

¢D2 < D-D,. Choose 0 < \ < ¢ such that:

D-D D2 D?p
NN 2 s
2 3 2
This is possible by continuity, because £ satisfies the same inequality. Indeed,
by condition (ii), 2D%¢ > D - D&% + 3D?p,,, putting together this with (%)
multipled by 2, gives the result. Moreover, since A < ¢ and £ is the minimal
positive solution that satisfies (%),

D2\ D?
—— ~ DDA+ >0

Now, set R := |A\N]. Let us verify the conditions to apply lemma [1.5.12

R D2
ZUJ-:RN(D-DVHR??”JFO(RJFN)
j=1
D2 2
< N*(D- DA - 225 4 o)

DQ
< 1\727 +O(N)=M = Zx]

Note that, for j < R, U; >0,as 0 < D-D, — ¢D2 < D- D, — AD2%. This,
in turn, implies R < h, otherwise, if not, Z?:1 U; > M, contradiction. Thus,
lemma |1.5.12] yields:

|v
M::o

e

<.
I
-

j(1+N(D-Dy) —jD;)

I
.Mm

=7
=]

BEYD G 4 - D) -

ND.-D, X\D? 1
5 3 + )] -

— N3
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Hence:

M h

ZordDuL,,J = Z(] —1— Npy,)z;j
j=1 j—l

>Z]:L'j (Np, + 1)M

>N

ND-D, XD2 D% 1

3 v v v
— — O(=)| >0 for N >0
( 5 3 5+ ( N) or N>

We can write each L, ; = tordD v F;, where F; has non-negative order at D,,
so |F;(P;)|, are bounded for ¢ > 0. Hence, there exists a positive constant
such that
ZM ordp, Ly ;

HIL v (Bi)l < Bty (Pl
In the same way, there exists a constant + such that, for ¢ > 0,

max | f5(Po)lu < A1t (PN

Putting together the last two estimates, we finally get the claim, using that
Zj]\/il OI‘dDVLVJ‘ > 0.

Case C Consider two filtrations on Viy:

W;:={f € Vylordp, f >j—1—Np,}
Wi ={f € Vnlordpy f > j—1— Np}}.

Using lemma [I.5.13] we can construct a basis for Vi that contains a basis for
each W, WJ*. The elements of this basis can be written as linear combinations
L, of the f;’s. As X is smooth, the local ring at R, is an UFD of dimension

2, thus, if we choose ¢, and ¢}, local equations for D, and D}, they generate

*xordpx Ly,
the local ring and they are coprime. Therefore, L, ; = tgrdD "t oy ]Fj,

where Fj is regular at R,, so it is bounded on all but finitely many of the
FP;’s. Using the same calculations as in case B, we get the claim.

As the constant function 1 € Vi, max; |f;(F;)|, > 0. Define p := min,cg p,, so
that

H 1L (P)]y < o (max | f;(P)],) ™" Vreds.
J

Step 3 Now, we want to apply the subspace theorem Let x; := [f1(P;) : ... : fir(By)],
we may assume that the height H(x;) goes to infinity. Indeed, if not, it would be
bounded for ¢ > 0 and the points x; would lie in a finite set. This would imply
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that the function f;/f2 is constant = ¢ on an infinite subsequence, which means
that an infinite subsequence lies in the curve defined by the equation f; —cfe = 0,
so the claim is true in this case.

But, if H(x;) goes to infinity, for all, but finitely many ’s, H(Xi)_% [[esrow < 1.
Therefore

M
_e
H H Ly (P < H(xi)" 2,
veS’ j=1
which is what we need to apply the subspace theorem [1.3.1. We finally get a
non-trivial relation 3, a; f;(P;) = 0 on an infinite subsequence of {P;};en. As the
functions f; are linearly independent, this relation defines the desired curve.

qged

Corollary 1.5.15. Let X be a smooth projective surface and X C X an affine open
subset such that X \ X = D1 U...UD,, where the D; are distinct irreducible divisors
such that no three of them share a common point. Assume, moreover, that r > 4 and
that there exists positive integers pu, ..., pp, ¢ such that p;p;j(D; - Dj) = ¢ for all pairs i,j.
Then, there exists a curve on X containing all the (S, A := D1+ ...+ D,)-integral points.

Remark. This corollary tells us that, if we remove more than 4 curves from a surface,
this is "most likely" mordellic, this can be seen as an analogue of what Siegel’s theorem
says. It is believed that taking out a divisor of sufficiently large degree from a projective
variety produces a variety of general type, which is conjectured to be mordellic (we
discuss in the next chapters this conjecture).

Proof. We have to check that, with the p;’s in the statement, the assumptions of theo-
rem [[.5.14] are satisfied. Note that

.
cr c

D-Dizzpjpj-Di:f; D2:Zpiiji-Dj:T26; D?:ﬁ.
i=1 bi i Pi

Thus, & = rp; and the inequality becomes 2r3cp; > r3cp; + 3r2cp;, which is equivalent

tor > 4. qged
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Chapter 2

Kodaira dimension

In higher dimension there are varieties which are neither potentially dense nor mordellic.
The objective would be to identify the conditions under which an orbifold pair has one of
these two properties and, for general varieties, to construct the core map. This fibration
conjecturally separates the mordellic part (base of the fibration) and the potentially
dense part (the fibers of the fibration) of a variety.

The invariant which will play the role of the genus for higher dimensional varieties
is the Kodaira dimension. Its definition and some of its properties are discussed in the
second section.

The first part of the chapter, instead, gives some preliminary results about the two
main objects that appear in the definition of the Kodaira dimension: linear systems and
canonical sheaves.

The third section deals with a property of the Kodaira dimension which relates

the dimension of two varieties in a fibration and the dimension of the fibers: the easy
additivity property. This will be used later to study the core map.
In the last two sections we present two fibrations, the litaka fibration and the MRC
quotient. The main property of the first one is that its base has dimension equal to the
litaka dimension of the variety and its fibers have zero Kodaira dimension. The second
one, instead, is characterized by the fact that its base has positive Kodaira dimension
and its fibers are rationally connected. The core map will turn out to be a composition
of appropriate orbifold modifications of these two maps.

2.1 Preliminaries

2.1.1 Divisors and embeddings

In this first part of the section we discuss how divisors can give rational maps to the
projective space and ampleness properties, which are related to divisors that give im-
mersions.

Let L and M be locally free sheaves of rank 1 (i.e. invertible sheaves) on a ringed
space X, then it is easy to see that:

47
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e L ®p, M is a locally free sheaf of rank 1;
e L7 := L* = Homp, (L,Ox) is an invertible sheaf and L ® L* ~ Ox.

Definition 2.1.1. From the comment above, we see that the set of invertible sheaves
on a ringed space X has a group structure, with identity given by Ox. This group is
called the Picard group of X and it is denoted by Pic(X).

Denote by CaCl(X) the free abelian group on the set of Cartier divisors on X, with
operation given by the sum of divisors and the identity given by the 0 divisor.

The next theorem compares the two groups we just defined. In particular, for smooth
varieties they coincide.

Let X be a scheme and let K be its sheaf of total quotient rings of Ox (i.e.
the sheafification of the presheaf U + S(U)~1Ox(U), where S(U) is the set of sections
of Ox(U) which are not zero divisors in each local ring Ox p, for all P € U). Let
D = {(U;, fi)|i € I} be a Cartier divisor on X, where {U;|i € I} is a cover of X such
that D is represented by the functions f; € K(U;) in each U;. Define the sheaf Ox (D)
to be the sub-Ox-module of K generated by f,L»_1 on each U;. Since in U; N Uj, JJ:—; is

invertible, fi_1 and fj_l define the same sheaf in the intersection, thus we get a well
defined O x-module.

Theorem 2.1.2. If X is an integral scheme (e.g. if X is smooth), there is an isomor-
phism of groups CaCl(X) — Pic(X) which associates every divisor D to an invertible
sheaf denoted by Ox (D).

Proof. First of all, note that (keeping the notations above), on each U;, the map Oy, —
Ox(D)y, defined by 1 fi_1 is an isomorphism by construction. So, Ox (D) is a locally
free sheaf of rank 1. Moreover, D can be uniquely recovered from Ox (D) together with
its embedding in K, by taking on each U; the inverse f; of a local generator of the sheaf.
As Ox (D) is an invertible subsheaf of K, this gives a unique well defined Cartier divisor
on X.

The map D — Ox (D) is a group morphism as, if Dy is locally defined by f and D3 by g,
then Ox (D1 —Ds) is locally generated by f~1g, so Ox(D1—Ds) = Ox(D1)-Ox(D2) ! as
subsheaves of K and this product is isomorphic to the tensor product Ox (D;)0x (D2)*.
Now, we show that D; ~ Ds if and only if Ox(D;) ~ Ox(D2), so that the map
D +— Ox(D) descends to a map CaCl(X) — Pic(X). As we have already seen that the
map is a group morphism, it is enough to show that a principal divisor is associated with
the structure sheaf. But this is clear as, if D is principal, it is defined by a meromorphic
global section f € K* and 1+ f~! gives a global isomorphism Ox — Ox (D).

Up to now, we never used the fact that X is an integral scheme. In fact, this property is
used only to show that this association is surjective (injectivity already proven). If L is
an invertible sheaf together with an embedding in I, then we know how to construct a
divisor D whose associated sheaf is L. Thus, it is enough to prove that every invertible
sheaf can be embedded as a subsheaf of . It is a general fact that, if X is an integral
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scheme, the sheaf K is the constant sheaf K, with K the function field of X. Consider
the sheaf L ®p, K. On any open set U where L is isomorphic to Ox, L ® K ~ K, so
it is a constant sheaf on U. But X is irreducible and these opens U cover X, so L ® K
must be a constant sheaf on all of X. Thus, L ® K is isomorphic to the constant sheaf
K and the natural map L — L ® K ~ K gives the desired embedding. qed

Remark. From now on we often freely pass from a divisor to the line bundle associated
with it.
The goal now is to understand how divisors can give maps of a variety inside a

projective space. In particular, we will study the notions of ampleness and of linear
systems.

Definition 2.1.3. Let X be a scheme over Y and L an invertible sheaf on it.

An immersion is a morphism ¢ : X — Z that gives an isomorphism with an open
subscheme of a closed subscheme of Z. Then, L is said to be very ample relative to
Y (we will often omit Y when it is clear from the context) if there is an immersion
i: X — PY¥ for some N such that i*O(1) ~ L.

A sheaf is said to be generated by global sections if there exists a subset {so, ..., s} C
H°(X,.7) such that, for each point of X, the images of s; in the stalks for i = 0,...,r
generate the stalks. If X is a Noetherian scheme, then L is said to be ample if, for every
coherent sheaf .# on X, there is an integer ng > 0 such that, for all m > ng, .# @ L&™
is generated by global sections.

Theorem 2.1.4. Let L be an invertible sheaf on a noetherian scheme of finite type over
a ring A, then the followings are equivalent:

(i) L is ample;
(i) L™ is ample ¥Ym > 0;
(iii) L™ is ample for some m > 0;
(iv) L®™ is very ample for some m > 0.
Proof.
(i) = (ii) Immediate from the definition.
(i) = (iii) Trivial.

(iii) = (i) Assume L®™ is ample. Let # be a coherent sheaf on X, then there exists ng such
that for all n > ng, .Z @ L&™" is generated by global sections. But also . ® L is
coherent, so there exists n; such that for all n > n;, .Z @ L&1+7m) ig generated by
global sections. Repeat this process for the sheaves .# @ L, with i =0, ...,m — 1.
Then take N = max;—o__m—1ni. Then, for all n > N, .% @ L®" is generated by
global sections, hence L is ample.
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L®™ is very ample for some m, so there is an immersion i : X — P such that
L®™ ~ *O(1). Let X be the closure of i(X), it is a projective scheme. Then, a
result by Serre ([H, ch.II, theorem 5.17]) tells us that O(1) is ample on X. But
any coherent sheaf .# on X extends to a coherent sheaf Fon X. If .7 ®@ Ox(1)®"
is generated by global sections, then also .% ® (’)g?" is. Hence, L®™ is ample on X.

First of all we want to show that, for every P € X, there exists an n > 0 and
s € HO(X, L®") such that P € X, and X, is affine (X, = {Q € X|sq ¢ mgL§" }).
Indeed, let U be an affine open neighborhood of P such that Ly is free, let ¥ :=
X \ U and Zy the sheaf of ideals defining Y. In particular, Zy is coherent on X.
Thus, for some n > 0, Zy ® L®" is generated by global sections. In particular,
there exists s € HY(X,Zy ® L®") such that sp ¢ mp(Zy ® L®")p. The sheaf
Iy ® L®" is a subsheaf of L®", so we can think of s as a global section of L®".
P € X5 and X5 CU. But Ly is trivial, so sy = f € HO(U,0p) and X, = Uy is
affine.

Since X is compact, from the cover {X;} we can extract a finite subcover, say
Xy ey X5, - By replacing each s; with a suitable power, we can assume all s; € L®"
for the same n (taking powers does not change X;,). The sheaf L®" is also ample
and to show L®™ is very ample for some m, we may replace L with L®".

For each i = 1,...,k, let B; = H°(Xs,, OXSZ,), since X 1is of finite type, these are
finitely generated A-algebras. Call {b;j|j =1,...,r;} a set of generators. By [H,
lemma 5.14], for each i, j there is an integer n > 0 such that s}'b; ; extends to a
global section ¢; ; € H?(X, L®"). Take n large enough to work for all 4, j.

Define a morphism

0: X =P xe [sT(x) e sP(@) s era(®) et cppy (2)]

The sections s? generate L®" as X, cover X, so this is indeed a morphism. Let
{x;,x;;} be the corresponding coordinates on ]P’]X and let U; be the open subset
where x; # 0. Then o~ (U;) = X; and the map of affine rings

A[xi, .’L‘m’] — BZ'

is surjective. Thus X; is mapped onto a closed subscheme of U; and ¢ gives an
immersion of X in a closed subscheme of U,y U C PY. Hence, L®" is very
ample.

qed

If X is a smooth projective variety, then the groups of Cartier and Weil divisor
coincide and they are isomorphic to the Picard group of the variety. Another useful fact
is that, if D is a divisor and L = Ox (D) is the corresponding element in Pic(X), the
global sections of L describe exactly all the effective divisors which are linearly equivalent
to D. Indeed, to each global section s, we can associate its divisor of zeros with the
following construction. Let {U} be a cover of X such that L ~ Oxy for each U and
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call ¢y the isomorphisms. The collection {(U7 (,OU(S|U))} gives a well-defined effective
Cartier divisor on X.

Proposition 2.1.5. Let X be a smooth projective variety over an algebraically closed
field k. Let Dy be a divisor on X and let L = Ox(Dy) be the corresponding invertible
sheaf. Then:

(i) for each nonzero section s € HY(X, L), the divisor of zeros is an effective divisor
linearly equivalent to Dy;

(ii) every effective divisor linearly equivalent to Dy is of the form (s) for a global section
s € HY(X,L);

(iii) two global sections s,s' € H°(X, L) define the same divisor if and only if there
exists a scalar A € k* such that s’ = \s.

Proof. (i) Identify L with a subsheaf of . Then, s corresponds to a meromorphic
function f in the function field of X. If Dy is locally defined by f; then L is locally
generated by fi_l, so a local isomorphism of L with Ox is given by multiplication
by fi. Then, D is locally defined as (f;f). So, D = Dy + (f), whence D ~ Dy.

(ii) Let D ~ Do, D > 0. Then, there exists f in the function field of X such that
D = (f)+ Dy; f gives a global section of L.

(iii) Using the same construction as before we get f and f’ meromorphic functions on

X associated with s and §'. In particular, as (s) = (s), (%) = 0. This means

that % € HY(X, O%) = k* as X is a projective variety over an algebraically closed
field. So, s’ = \s for a nonzero scalar \.
qged

Definition 2.1.6. The set of all effective divisors which are linearly equivalent to a given
divisor Dy, by the correspondence described above in proposition is in bijection
with H°(X, Ox(Dy))/k*, so it has a structure of a projective space (closed points of a
projective space). This set is called the complete linear system associated with D
and is denoted by |Dgl| or |Ox(Dy)|.

A linear system 0 is a subset of a complete linear system, which corresponds to a linear
subspace for the projective structure. The dimension of 0 is its dimension as a linear
projective variety.

Definition 2.1.7. Let 0 be a linear system on a projective variety X, let F' be the
maximum divisor such that, for all D € 0, D > F. F is called the fixed divisor of 0.
(We say D > D' if D — D’ is effective.)

A point P € X is called a base point of d if P € Supp(D) for all D € 2. (Supp(D) is
the union of all prime divisors of D.) The set of all base points is called the base locus
of the linear system and is denoted by Bs(d). A linear system is called base-point-free
if its base locus is empty.
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Proposition 2.1.8. Let 0 be a linear system on a variety X corresponding to a subspace
V' of the global sections of a line bundle L. Then P is a base point of 0 if and only if
sp € mpLp for all s € V. In particular, 0 is base-point-free if and only if L is generated
by the global sections in V.

Proof. The first claim comes directly from the definition of base point noting that a
point belongs to the support of a divisor D if and only if it is a zero of the global section
defining D.

For the second claim: if V' generates L, then, for every point P there exists a global
section s € V such that sp ¢ mpLp. But then, the divisor corresponding to s does not
have P in its support. Viceversa, if L was not globally generated by V', there exists P
such that all global sections in V' belong to mp L p, but this means that P is a base point
of 0. qed

Remark. Each linear system 0, with corresponding linear subspace of global sections V'
with basis {so, ..., SN}, determines a rational map from the variety X to the projective
space P(V):

Oy : X - P(V); 2z [so(x):...:sny(x)].

Note that @, is well-defined outside the base locus of 9. Moreover, if F' is the fixed
divisor of 0, then the rational map induced by ? — F' is still ®,.

Remark. Let 0 be a linear system and f a subsystem of it on a projective variety X. Let
V' be the vector space associated with 0 and W the subspace determined by . Note that
there is an inclusion of the base loci: Bs(d) C Bs(f), so both ®; and ®; are well-defined
on X \Bs(f). (Note that, if f is base-point-free, also 0 is.) The map ®; can be seen as the
composition of ®; and the projection on the appropriate components of the projective
space target of ®,. But this projection, on the closure of the image of X, Y is finite (as
Y is projective, see |G| lemma 4.1.5 and remark 4.1.6]).

Remark. A very ample divisor L on a variety X is characterized by the fact that there
exists an immersion i : X — P" such that L ~¢*O(1). This is equivalent to saying that
there exists a subset of global sections {sg, ..., s} that generates L and such that the
corresponding linear system gives an immersion.

In particular, if L is ample, a power of it is very ample, say L®™, so the linear system
|L®™| gives an immersion of X in a projective space.

2.1.2 Canonical sheaf

Here we see the properties of a particular divisor of smooth varieties: the canonical
divisor. It is defined as the largest exterior power of the sheaf of differentials and it
carries a lot of information about the variety. For example we saw that for curves the
sign of its degree determines whether C' is potentially dense or not. In higher dimension,
conjecturally, positivity of the canonical bundle again governs potential density of a
variety.
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Definition 2.1.9. Let X be a smooth variety over a field k. Then its sheaf of differentials
Qx/p, (or simply Qx) is a locally free sheaf of rank n equal to the dimension of X ([H,
ch.Il, theorem 8.15]). Its n'" exterior power is a locally free sheaf of rank 1 and it is
called canonical sheaf of X and denoted by wx. The corresponding divisor is called
the canonical divisor of X and is denoted by Kx.

Example 2.1.10. Let k be a field and X = P}!. We want to compute wx. There is an
exact sequence ([H, ch.II, theorem 8.13]):

0— Qx — Ox(—1)"" - Ox —0.
Then, taking the largest exterior power, we get that wx = Ox(—n — 1)
Next, we study how to compute the canonical sheaf of a subvariety.

Definition 2.1.11. Let Y be a smooth subvariety of a smooth variety X over a field
k. Let Z be the ideal subsheaf of Ox defining Y. The locally free sheaf Z/Z? is called
the conormal sheaf of Y in X and its dual Ny = Homo, (Z /I?,Oy) is called the
normal sheaf of Y in X. It is locally free of rank r = codimx (Y'), the codimension of
Y in X.

Proposition 2.1.12. Adjunction formula
Let Y be a smooth subvariety of codimension r in a smooth variety X over a field k.
Then:

Wy X wx & /\T./\/‘y/X.
In the case r = 1, consider Y as a divisor and call L its corresponding invertible sheaf.
Then:

wy Ywx @ L& Oy.

Proof. Let Z be the ideal sheaf defining Y. Then, there is an exact sequence of sheaves
on Y ([H, ch.II, theorem 8.17]):

0—=Z/I% = Qx @ Oy — Qy — 0.

Take the largest exterior powers to get wx ® Oy ~ wy @ A"(Z/Z?). Tensor the above
equality with A"Ay,x, which is the dual of A"(Z /T?):

wx NNy x ~wy ® N(Z/T%) ® NNy x ~ wy.

In the case where r = 1, note that, by construction, L=! ~ 7. Thus, Z/Z? ~ L™! ® Oy
and so its dual ./\/y/ x ~ L ® Oy. The above result applied to this situation gives the
formula. qed

Example 2.1.13. Let H; be an hypersurface of degree d in P, for a field k. Then, Hy is

defined as the zero locus of a homogeneous polynomial of degree d, namely p(xo, ..., Zy,).

The function f = m% defines a linear equivalence between Hy and the divisor dH (where
0
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H is the zero locus of zp). Thus, the sheaf associated with Hy is exactly Ox(Hy) =
Ox(d). From the adjunction formula above and the example we can then
compute

WH, = wpr ® Ox(Hg) @ O, = Op,(d—n—1).

Proposition 2.1.14. [SP, lemma 29.31.9 and 29.52.16] Let f : X —Y andg:Y — Z
be morphisms of schemes. Then, there is an exact sequence of sheaves on X :

f*Qy/X — QX/Z — QX/Y — 0.

Moreover, if f is smooth, the sequence is exact also on the left.

2.2 litaka and Kodaira dimension

In dimension one, the genus of a curve (¢ = h%(C, K¢)) carries a lot of information
about the curve itself. This notion in higher dimensions is more complicated and is
generalized using the asymptotic behavior of linear systems associated with the sheaves
K™, Actually, we can study this behavior for general line bundles (litaka dimension)
and then specialize the definition to the canonical bundle.

Given a projective variety X and a line bundle L, let

N(X,L):={m € NJH°(X, L®™) # 0}.

Note that, if m € N(X, L), then all its multiples are in the set, as if s € HY(X, L®™) is
a nonzero section, then s ® ... ® s (c times) belongs to H°(X, L®™¢) and it is a nonzero
section. Define the exponent of L to be e = ged (m € N(X,L)). All large enough
multiples of the exponent are in fact in N(X, L). Indeed, let m € N(X, L), then m = eu
for an integer p and all multiples of m are in N (X, L). But for every prime p dividing
i, there must exist m, € N(X, L) such that m, = eu, and ged(pp, p) = 1. All multiples
of my belong to N (X, L). But then ged(p, {sp| plie}) = 1, so every large enough integer
can be written as a combination with natural coefficients of y and the p,’s. But this
implies that all large enough multiples of e belong to N(X, L).

Definition 2.2.1. Let X be a projective variety and L a line bundle on it. Consider
v : X — X its normalization with the line bundle v*L. For each m € N(X,v*L),
consider the rational map defined by the linear system |v*L®™| and call Y,, the closure
of its image.

Dy, 1= B pom) 1 X ——» Yy CP(HO(X, 7 LO™))

The Iitaka dimension of (X, L) is

K(X,L)= max {dimY,}.
meN (X ,v*L)

If N(X,v*L) is empty, define (X, L) to be —cc.
In particular, k(X,L) = —oo or 0 < k(X, L) < dim X.



2.2. IITAKA AND KODAIRA DIMENSION 95

Definition 2.2.2. If X is smooth, let Kx be its canonical divisor, then the Kodaira
dimension of X is x(X) := k(X, Kx). If X is not smooth, its Kodaira dimension is
defined as the Kodaira dimension of a desingularization of it.

Remark. In the definitions above we need to consider the normalization of the variety
(or a desingularization) to have a birational invariant. If we do not take it into account
we may get a different result which is not preserved by birational equivalence (see [L1]
examples 2.1.6 and 2.1.8]).

Example 2.2.3.

e If L correponds to a divisor —D, with D effective, then H°(X, —mD) is empty for
all m, so kK(X,L) = —c0.

e k(X,L) = 0 if and only if h%(X, L®™) < 1, for all m € N(X, L) and there exists
an m such that equality holds. Indeed, if h?(X, L®™) = 1, the induced map has
image of dimension zero, a point.

o If B%(X,L®™) <1 and L is torsion in Pic(X), then (X, L) = 0. Indeed, L®™ =
Ox for some m and Ox(X) = k, the base field of X, as X is a projective variety.

e 1(X,L) = dim X if and only if for some m € N(X, L), L®™ is big, which means
that L®™ = A + E for an ample divisor A and an effective divisor E. This is a
consequence of the following lemma:

Lemma 2.2.4. [L1, corollary 2.2.7] Let D be a divisor on X. Then, D is big if
and only if there exists m such that ®|,,,p| is birational onto its image.

e If X is a curve, denote by ¢ its genus. Then, we have k(X) = —o0 if g = 0,
kK(X)=0ifg=1and k(X)=1if g > 2.

Next, we see that the Kodaira dimension is preserved by fibrations. Before that, we
need to study some general results about fibrations.

Definition 2.2.5. A (regular) map f : X — Y between projective reduced and irre-
ducible varieties is called a fibration if it is surjective with connected fibers.

Theorem 2.2.6. Stein factorization [H, ch.IIl, corollary 11.5]

Let f : X — Z be a projective morphism of noetherian schemes. Then f = go f', where
f'+ X — Y is a projective morphism with connected fibers and g : Y — Z is a finite
morphism.

Lemma 2.2.7. Let f : X — Y be a surjective morphism between projective normal
varieties over an algebraically closed field k, then the followings are equivalent:

(a) f is a fibration;

(b) the finite part in the Stein factorization of f is trivial;
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(C) f*OX = OY;

(d) if k(Y) C k(X) is the field extension induced by f on the function fields, k(Y) is
algebraically closed in k(X).

Proof.
(a) « (b) This comes directly from the definitions.
(a) < (c) See [H, ch.III, corollary 11.3].

(b) = (c) This comes directly from the construction of the Stein factorization, see [H, ch.III,
corollary 11.5].

(a) = (d) If k(Y) was not algebraically closed in k(X), then there is a non-trivial finite
extension of k(Y inside k(X), which corresponds to a factorization of f as X
Y’ 2 Y, where v is finite of degree > 2, so its fibers are not connected.

(d) = (b) If k(Y) is algebraically closed in k(X), then the finite part of the Stein factorization
must be trivial.

qed

Proposition 2.2.8. [B, theorem 7.1] Let f : X — Y be a fibration from an irreducible
non-singular algebraic variety X such that the induced field extension k(Y) C k(X) is
separable. Then, the general fiber of f is geometrically integral. (Recall that geometri-
cally integral means that it is integral for all extensions of the base field. Recall also
that a variety is integral if and only if it is irreducible and reduced.)

Proposition 2.2.9. If p: X — Y is a fibration, then x(X,p*L) = (Y, L) for any line
bundle L on'Y .

Proof. Generally, H*(X,p*L) = H°(Y, p«p*L). But, by lemma p«Ox = Oy, so
p«p*L =p*Ox @ L = L, so:

HYX,p*L) = H(Y, L).

Without loss of generality, we can assume X and Y are smooth. Let ®|zem Y --» IP’]kV
be the rational map defined by the linear system |L®™|, then ®|rom| o p is the map
defined by the linear system |p*L®™| by the equality proven above. Viceversa, the
map defined by the linear system |p* L®™| factorizes through p and | om|, again by the
equality proven above. qed

Lemma 2.2.10. If f : X — Y is a fibration between projective irreducible varieties,
then the induced morphism on the Picard groups is injective.
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Proof. If B is a line bundle on Y such that f*B ~ Ox, then H*(Y, B) = H(X, f*B) # 0
by the previous proposition Similarly, H°(Y,B~!) = H°(X, f*B~!) # 0. Let
0#s€ HYY,B)and 0 # 0 € H(Y,B™!), then s® 0 € H(Y,B® B~!). Thus s ® o
is a constant. Moreover, it is non-zero since the fact that both s and o are non-zero
implies that there exists an open subset of X where they both do not vanish anywhere.
Hence, s ® o is a constant which does not vanish anywhere, whence we deduce that s
and o do not vanish anywhere. Therefore they are constants and B = Oy-. qged

Lemma 2.2.11. [D, lemma 1.15] Let X,Y,Y’ be three varieties related by two proper
morphisms f: X =Y, f': X =Y’ such that f.Ox ~ Oy (i.e. it is a fibration) and
such that f' contracts the fibers of f. Then, f’ factors through f.

The following propositions give the first properties of the Kodaira dimension of a
variety.

Proposition 2.2.12. Let X be a smooth projective variety, then k(X) is preserved by
birational maps.

Proof. Let ¢ : X --» Y and ¢ : Y --+» X be two birational maps inverse to each other.
Let V be the largest subset of X where ¢ is well-defined. Then, from [2.1.14] there is an
induced map p*Qy — Qy. They are locally free sheaves of the same rank, dim X, so
we get an induced map on the canonical bundles p*wy — wy, which gives a map on
the global sections. As ¢ is birational, there is an open subset U C V such that ¢(U) is
open in Y. Thus, wy |y >~ wx|,w) via ¢. As a nonzero global section cannot vanish on
a dense open subset, the map of vector spaces ¢* : H(X',wx:) — H°(V,wy) must be
injective.

Now, we want to compare H’(V,wy ) and H°(X,wy). We claim that, as a consequence of
the valuatative criterion of properness X\ V has codimension at least 2. Indeed, if
H is a point of codimension 1 in X then Ox g is a discrete valuation ring (as X smooth).
Consider the diagram below, where 7 are the generic points.

X, ‘ Y

/7
!
-7 3'H

Spec(Ox i) — Spec(k)

By the valuatative criterion of properness for Y we get a unique H compatible with ¢,
but this means we can extend ¢ in a neighborhood of H, because Ox g is a direct limit,
thus every function defined on it is defined in a neighborhood of the point H. So, H € V'
by definition of V.

We claim that the natural restriction H(X,wyx) — H°(V,wy) is bijective. For any U
affine and small enough, wx |y ~ Oy, so H(U,wy) — H°(U N V,wyny) is bijective as
U\ UNYV has codimension at least 2 in U. So the height one primes in U coincide with
the height one primes in U N'V. The result is then a consequence of the fact that, if A is
an integrally closed noetherian domain, then A =, Ay, where the intersection is taken
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over all height one prime ideals. As these opens U cover X, we have the claim.
We proved we have an inclusion ¢* : HO(X',wx/) — H(V,wy) ~ H°(X,wyx); using v
we get the reverse inclusion, whence the result. qed

Definition 2.2.13. Let f: X — Y be a morphism of varieties, then f is called finite
étale cover if it is smooth of relative dimension 0. i.e.

(a) f is flat;

(b) if X’ € X and Y’ C Y are irreducible components such that f(X’) C Y’  then
dim X’ = dimY”;

(c) for each point x € X (closed or not), dimy,)(Qx/y @ k(z)) = 0.

Proposition 2.2.14. Let X be a smooth projective variety, then k(X) is preserved by
finite étale covers.

Proof. Let f: X — Y be a finite étale cover with X and Y smooth. Then, as stated in
we have an exact sequence:

T Qv = Qx = Qx)y — 0.

But, as f is finite étale, Qx,y = 0, so f*Qy/, — Qx/; is surjective. But dim X =
dimY :=n and the local rank of f*Qy, and Qx/;, is exactly n (by smoothness). Since
the induced local map is a morphism of k-vector spaces, it must be injective as well.
Hence, f*Qy /1, ~ Qx/p, so ffwy ~ wx. Therefore, we can apply propositionto get
k(X) = kr(Y). qed

Proposition 2.2.15. Additivity for products
Let Y and Z be smooth projective varieties, X :=Y x Z, then r(X) = (YY) + &(Z).

Proof. Denote by p1 and ps the two projections from X. Locally, in some affine subsets,
we can describe Y and Z respectively as Spec (%) and Spec (%) for some
r, s and some ideals I(Y') and I(Z). Then in the corresponding affine in X, the product
variety is described as

Elyt, o yr] _ klz1, 2]\ Klyt, ..., Yr, 215 ooy 2]
Spec( .1T(Y) © }(z) )_Spec< 1I(Y)J(lZ) >

where in the last equality I(Y) and I(Z) are extended to ideals in k[y1, ..., Yr, 21, .., 2s].
So,

Qx ~ (dy1, ...,dz1, ..., dzs|differentials of polynomials in I(Y),I(Z) = 0) ~ p]Qy ©&p5Qz

Then, taking exterior powers, we get wx = pjwy ® pswz. So, if {s;|i =0, ...,d} is a set
of generators for the global sections of wy™ and {t;|j = 0,...,d'} is a set of generators
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for w3™, then the set {o;; = (s; 0p1) ® (tj o pa)} generates the global sections of w{™.
Then, the map defined by w?}m can be described as

z = [so(pr(x))to(p2(2)) : - = sa(pr(x))tar (p2(x))]-

Without loss of generality, we may assume sg,ty # 0, so that we can recover each s;

and t; as ‘Z}O and % Moreover, note that if we know all s; and ¢;, we have completely

determined also all o;;. So the map

filooo(x) it oga(z)] = ([o10(2) : ...t 0go(2)], [001(2) : ... : 0@ (x)])

is an isomorphism. Furthermore, composing f with the two projections, we get exactly

the two maps defined by pjwy™ and piws™, which factor through Y and Z. Thus, the

dimension of the image of (I)|w®7n| is exactly dim im¢>|w®m| + dim im<I>|w®m‘. But, for m
X Y zZ

big enough, these dimensions stabilize to the Kodaira dimensions of the varieties (we
will see it later, proposition [2.4.4)), whence the claim. qed

Example 2.2.16. Hypersurfaces in P}
Let Hy be an hypersurface of P}, then by the example [2.1.13] we know that wpy, =
OHd(d —n — 1). So:

e if d < n+ 1, there are no global sections and x(Hy) = —00;

e if d =n + 1, the only global sections are the constants and x(Hy) = 0;

if d > n + 1, the canonical divisor is ample, so a power of it gives an immersion,
thus k(Hg) =n — 1.

In the next example (but also later), we will use two embeddings that we wish to
recall: the Veronese and the Segre embeddings. Let My, ..., My be all the monomials of
degree d in g, ..., z, the d*® Veronese embedding of P} is defined as:

vg PP PN [z x> [My:. My).
Let z; j := x;y;, the Segre embedding of the product P} x P} is defined as:
PR x PP — PN ([0 : et Tl [Y0 t o 2 Ym)) = [20,0 2 20,1 ¢ oor © Znym)-

Example 2.2.17. Hypersurfaces in ]Pﬂlzfj X IP’i

Let H := Hggy be an hypersurface of bidegree (d,d’) in IP’Z_j X Pi. Choose a co-
ordinate system for the two projective spaces and call xo,...,z,—; and yo,...,y; the
coordinate functions on the two spaces respectively. Then, H is defined by a poly-
nomial p(zo, ..., Yo, ..., y;) bihomogeneous of degree d in = and d’ in y. The function
f = =L gives a linear equivalence between H and dH; + d'Hy, where Hy = V (x0)

U

§ug
. . . pxdl_d pyd_dl
and Hy = V(yo) as it descends to a meromorphic function f = =% or f = wgiyd
Zg Yo oY%

on the Segre embedding of IP’Z_j X ]P’fc. Consider the two projections p; and ps and
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call J; and J two hypersufaces of degree 1 in ]P’Z_j and ]P’i respectively. Then wg, =
p;Os(d—n—j—1)=0g,(d—n—j—1)and wy, = p5Oy(d —j—1) = O, (d —j—1).
Thus, wy = OPZ‘ijP',Q(d_n_j_l’d/_j_1)|H' Leta=d—-n—j—landb=d —j—1,
so that Opz—jxpi(d —n—j—-1,d—-j-1)= OPZ‘ijP’i(aHl + bH>).

e Ifd<n+j+1ord <j+1, then there are no global sections, so k(H) = —o0.

elfd>n+j+1and d > j+ 1, then we can apply to IP’Z_j X }P’i first the two
Veronese embeddings of degree a and b, (v,,vp) and then the Segre embedding s.
So, (’)szjxlpi (aHy + bH3) = (s(va,vb))*OPg(l) for an N, so it is ample. Thus, a

power of it gives an immersion and k(H) =n — 1.

e Ifd=n+j+1and d > j+1, consider the maps ®,, determined by |OP27J- <P (0,b)]
and its powers. In the first component it is always constant, while it gives an
immersion in the second component. We can compute the Kodaira dimension
of H over an algebraic closure of the field of definition, so we may assume k is
algebraically closed. For every [yo : ... : y;], by Nullstellensatz, there exists a point
[zo : ... : Zn—j] such that p(xo,...,y0,...,¥;) = 0. So the image of ®,, 5 coincides
with the image of ®,,. Thus, k(H) = j.

e Ifd>n+j+1andd =j+ 1, with the same steps, we find k(H) =n — j.

2.3 Easy additivity

In this section we see a result which relates the Iitaka dimension of a variety to the
litaka dimension of fibers in a fibration. One of the two inequalities is still a conjecture
in many cases.

For the next theorem, we need to construct a projective space associated with a
coherent sheaf. This is not done in the category of schemes, but in the category of
analytic spaces. We only sketch its construction here, for more details, see [U, examples
2.8 and 2.9]. Let Sets be the category of sets and An(X) the category of analytic spaces
over a complex space X (varieties over a number field can be interpreted as so with a
base field extension). Let .# be a coherent sheaf on X, define a contravariant functor:

Pg: An(X) — Sets
(f:Y — X) > set of invertible sheaves on Y which are quotients of f*.%.

This functor is representable, call P(.#) — X its representative in An(X), it is called
the projective fiber space associated with .#. If % ~ (9)]\(/+1 is a free sheaf of rank
N +1, then P(.%) is simply X x PY — X the first projection. If .% is locally free of rank
N + 1, then the projective fiber space is constructed locally using the first projection as
above.
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Theorem 2.3.1. Fasy additivity
Let p : X — Z be a fibration and L € Pic(X). Then, for a general fiber X, of p, the
following formula holds:

K(X, L) < k(X Lix,) +dim Z

Proof. Let F,, = p,L®™. There exists U,, an open dense subset of Z such that Fou,, s
locally free and for every u € Uy,, Xy, := p~!(u) is a non-singular fiber (see [U, corollary
1.8] for details). If W C Uy, is an open subset such that F,, ), ~ O%Tvlv, let {@o, ..., Pq}

be a set of local generators so that L%Tl(w) is locally generated by {¢o, ..., ¢}, with
@; o p = ;. Define locally:

R pT (W) = W x P9 2 (p(a), [po(@) : .t pg(@)]);
g W X P W (2,y) - 2
This maps can be glued together (in the category of analytic spaces) to obtain:

X - "R,

X l“’(m)
A

where P(F},) is the projective fiber space associated with F,,,. By Grauert’s proper map-

ping theorem, for every y € Z, there exists U, open dense subset of Z and )y, ..., ¢, €

HO%(p~1(U,), L®™) such that for every z € Uy, if we call X, the fiber above z, H°(X, L%g)
is generated by %y, ..., ¥,. Thus,

W) = ®jpem x, Xy = P(Fn)yi @0 (3, [t0(2) : s ().

But, also, there exists an open dense subset U C U such that dime H O(Xy,L%("y‘) is
constant for all y € U. Then,

dim A™(X) = dim Z + dim ®| e (X,) < dim Z + k(X,, L;x,)

[ Xy

for all y € U, since ®|pem| |x,(Xy) = P(Fn)y, the fiber of g™ over y. Next, we want to
define locally a map h : P(F,,) — P4 If HO(X, L®™) is generated by {¢o, ..., on }, then
H°(Z,p*L®™) is generated by {@y, ..., PN }, where ¢; = @; o p. Define h locally as:

heW xPT—PY (u,y) = [@o(u) : ... : dn(w)],
so that ho h(™) = @ pom|. Then,
dim @ pem|(X) = dimh o h™(X) < dim h™(X) < dim Z + k(Xy, L x,)

for every y € U. Taking m > 0 gives the result (for m > 0 the dimension stabilizes to
the Kodaira dimension, we will see this in proposition below). ged
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Theorem 2.3.2. [15]
In the above setting, taking L to be the canonical bundle, if Z is of general type (i.e.
k(Z) =dim Z), then equality holds:

K(X) =k(X;)+dim Z.

Conjecture 2.3.3. Cn,mﬂ conjecture
In the above setting, it is conjectured that:

R(X) > k(X:) + k(2).

2.4 litaka—Moishezon fibration

For m big enough the maps ®|zem| stabilize and they are all birationally equivalent to
a fixed well-defined fibration, the Iitaka—Moishezon fibration (called also Iitaka fi-
bration). We start proving this result for base-point-free linear systems, then we prove
the general case.

Before starting the discussion, we need some preliminary results about normalization
of varieties and resolutions.

Definition 2.4.1. [H| ch.I, exercise 3.17]

Let X be a variety, then there exists a normal variety X — X such that, for every
f Y — X dominant with Y normal, there exists a unique f: Y - X making the
following diagram commutative:

Such X is called the normalization of X.

Remark. X is constructed affine locally glueing together the spectrum of the normal
closure of the coordinate rings.

Lemma 2.4.2. Let f: X — Y be a fibration with X normal, then also Y is normal.

Proof. Let v : Y — Y be a normalization of Y, then, by the universal property of the
normalization, f factors through v, but v is a finite map, so this forces v to be an
isomorphism. qed

Theorem 2.4.3. Hironaka’s theorem [12, ch.0.5, question E and main theorem II]
Let f: X --+ Y be a rational map. Then f can be resolved into a reqular map by a
sequence of blow-ups with smooth centers: m: Xy — ... = X(9) = X such that fom is
regular. In particular, we can choose X, to be normal.

!The name C,, ., comes from "contractions', which is another way to call fibrations, from a variety
of dimension n to one of dimension m.
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A first result on the asymptotic behavior of litaka dimension says that this dimension
is actually achieved by all sufficiently large m € N(X, L).

Proposition 2.4.4. Let X be a normal projective variety and L a line bundle on it, if
k(X, L) = k, then dim @ om|(X) = « for all sufficiently large m € N(X, L).

Proof. Denote by @) = @ rek. If k = —oco, the statement is obvious, so let us assume
k > 0. Let e be the exponent of L, possibly by replacing L with L®¢, we may assume
e = 1. There exists pg > 0 such that H°(X, L®P) # 0 for every p > po. Fix k such that
dim @, (X) = k. Multiplying by a non-zero section in H(X, L®P), for every p > po, we
have an embedding: HO(X, L®*) C HY(X, L®**P). Let {so, ..., s,} be a set of generators
for HO(X,L®*) and complete it to a set of generators for HY(X, L¥**P) {sg, ..., 5}
Then, calling v}, the projection on the first » + 1 components, we have a factorization:

Oy 0 X Derr, pr v, P x> [so(x) : ..t se(x)] = [so(x) : oo sp()].

Therefore dim ®44,(X) > ®4(X) = &, so, by maximality of k, we conclude that
dim @1, (X) = k. qed

Now, we want to study the asymptotic behavior of @ em| for base-point-free line
bundles.

If L is a line bundle on X, we defined the set N(X, L) = {m € N|H°(X, L®™) #£ 0}.
In the same way we can define M(X,L) = {m € N(X,L)|L®™ is globally generated}.
Note that, if L™ and L®" are both globally generated, then also their product L&®™+n
is. Thus, we can define f = ged (m € M(X, L)) the free exponent of L and, as we did
for the exponent, we can see that every large enough multiple of f is in fact in M (X, L).

Remark. If m € M (X, L), then the linear system | L®™| is base-point-free (see proposition
2.1.5), so the morphism @ em| is regular (well-defined everywhere).

Definition 2.4.5. A line bundle L on a projective variety is called semiample if L&™
is globally generated for some m > 0 (i.e. if M (X, L) # ().

Let X be a normal projective variety and L a line bundle on it. Recall that we denote
d,, = <I>|L®m| and Y, the closure of the image of X under ®,,.

Remark. Let m > 0 be an integer such that L&™ is globally generated, then S* HO(X, L&™)
determines a base-point-free sublinear system of | L®*™| and it corresponds to the Veronese
embedding of Y;,,. Indeed, if H(X, L®™) is generated by the set {so, ..., 5.}, SKHO(X, L®™)
is generated by all the monomials in s; of degree k, which are exactly the monomials defin-
ing the k" Veronese embedding of P". Therefore, ®y,, factorizes through the Veronese
embedding of Y,,, i.e. ®,, = v o Py, with vy a finite morphism (since it corresponds to

a rational projection between projective spaces as seen in the preliminary results about
linear systems and subsystems).
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Lemma 2.4.6. Let X be a normal projective variety and L a semiample line bundle
on it. Fix any m € M(X,L). With the notations above, for sufficiently large k, the
composttion

P
X 2 Vi =5 Y,

gives the Stein factorization of ®,, (i.e. Py, is a fibration). In particular, Yiy, and @k,
are independent from k for k large enough.

Proof. Let X i> V £ Y, be the Stein factorization of ®,,. Let A,, be the ample line
bundle on Y,, which pulls back to L®™ on X. The sheaf B := u*A,, is an ample line
bundle as p is finite (see [LI, proposition 1.2.13]). Therefore, for k > 0, B®* is very
ample on V, hence ®|gex is a birational map with the image. But p*BOk = [®km,
so that HO(X, L®*m) = HO(V, B®¥) by proposition hence V is birational to the
image of ®y,,. But this means that Y, =V and ®,, = ¢ for k£ > 0. qged

This above is the key lemma to understand the asymptotic behavior of the maps ®,,
for base-point-free line bundles.

Theorem 2.4.7. Let X be a normal projective variety and L a semiample line bundle on
it. Then, there is a fibration ® : X — Y such that, for all large enough m € M(X, L),
Y,, =Y and ®,, = . Moreover, there is an ample line bundle A on Y such that
®*A = L%, where f is the free exponent of L (this fact basically means that L®T is
trivial on the fibers).

Proof. Let f be the free exponent of L, by replacing L with L&, we may assume f = 1,
so every big enough power of L is globally generated. Take m; and mso two relatively
prime integers. By lemma above, for k> 0, Yy, and Yy, are independent from
k. Choose k and k' big enough and such that p := km; and ¢ = k'msy are relatively
prime, so Vh > 0, Y, = Y}, and Y; = Y},. Then, Y, = Y,, =Y, and &, = &,, = P,.
Define ® := ®,, and Y :=Y),.

Now we prove that this is the map which gives the statement of the theorem. From the
proof of lemma above, we see that Y carries two ample line bundles A,, A, such
that ®*A, = L® and ®*A4, = L®1. But, as p, ¢ are relatively prime, there exist r,s € Z
such that 1 = pr +¢s. Then, if A:= AY" ® AP® (taking a negative power means taking
the corresponding positive power of the dual sheaf), ®*A = L. Moreover, since ®* is
injective on the Picard groups (see lemma [2.2.10), A, = A®? and A, = A®7 and, in
particular, A is ample.

For the last step, fix ¢,d > 1 two integers. The product S°H°(Y, A,) ® SYHO(Y, A,)
determines a base-point-free linear subseries of HO(Y, A®(wtda)y — HO(X [®(cptda)y,
Then, as in the remark preceding the lemma, using the product of two Veronese embed-
dings, ® factors through ®.,, 4, and a finite map. But ® is a fibration, so the finite map
must be trivial. Furthermore, any large enough m can be written in the form cp + dg,
5o, ®, = ®p14q = P and this concludes the proof. qed

Now we are ready to define the litaka—Moishezon fibration of a variety for a general
line bundle L.
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Theorem 2.4.8. Let X be a normal projective variety and L a line bundle on it such
that k(X,L) > 0 (the case K(X,L) = 0 being trivial). Then, for all k € N(X,L)
large enough, the maps @ : X --+ Yy are all birationally equivalent to a fixed fibration
Py : Xoo — Yoo of normal varieties and the restriction of L to a very general fiber
of Poo has Ilitaka dimension 0. More precisely, for large k, there exists a commutative
diagram:

)‘( < X

By | J{fboo

v

Y, < i Yo

where the horizontal maps are birational and us is a morphism. We have dim Yy, =
k(X, L) and, if we denote by Loo = ul L and F C X a very general fiber of @, then

Remark. Note that, by proposition the fibers of a fibration are irreducible, so it
makes sense to compute their Kodaira dimension.

Proof. The proof is divided in three steps.

Step 1 The idea of the first step is to reduce the problem to the case in which the sheaf
is globally generated in order to use the previous result.
Let m € N(X, L) an integer such that dimY,,, = x(X, L). Claim: @, : X --»> Yy
are all birationally equivalent to a fixed fibration of normal varieties

Ym 2 Xn) = Yim)

for k> 0.

Let um : X(;n) — X be a resolution of the indeterminacy locus of ®,, with X,
normal, this map exists by theorem Let |uf,L®™| = |M,,| + F,, be the
decomposition of this linear system into its fixed part, F,, and its base-point-free
part, |My|, and let ¢y, := @7, |+ Xm -+ Yo, be the rational map defined by
M,,. Note that, by construction, this map factors exactly as ®,, o u,,. Using
the base-point-free subseries |M2F|, define also rational maps ¥, : X m) = Yim:
Clearly, Y;, is birational to its k' Veronese embedding, and, as we pointed out
in the remark preceding the previous theorem, the linear system corresponding
to S¥|M,,| gives the Veronese (re-)embedding of Y,,. But it is also a base-point-
free subsystem of |[M2¥|, so there is a finite map \; (see the remark on sublinear
systems in the preliminary results) making the diagram commutative:

L5k My

Xm) 5= Ym

Vm
A
¢k T’“

!
Yk:m
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This is exactly the setting we had for the previous theorem [2.4.7 hence we can
use that result to say that the maps ¥, for k£ > 0, stabilize to a fixed fibration
Ym) © X(m) — Y(m). Furthermore, [MEF| is a subsystem of |uf, L**"| and uy,
is birational, so we can actually consider it as a subsystem of |L®¥™|. Thus, in
the same way as before, we get a finite map puy, making the following diagram
commutative:

X (m) ~ X

~
(]
w(m) \L ~ N km
~

N
Y(m) = e Yim

But () is a fibration, so the finite map p; must be trivial, it has to be birational,
which means that @y, is birationally equivalent to (..

The next step is the construction of a common model for the 9(,,). By replacing
L with L®¢, we can assume that the exponent of L, e, is 1. Fix p, ¢ > 0 relatively
prime integers such that dimY), = dimY; = (X, L) (this can be done as the
dimensions stabilize by proposition . Now, choose m > 0 such that ) :

X(p) = Y{p) is given by the linear system \Ml?p(m_l)| and )+ X(g) — Y(q) by
| M, f‘](m_l) |. Choose a common model for X,y and X, for example construct Xo

blowing up X both in the centers used to construct X, and in the centers used
to construct X (@) and take a resolution of the result.

X(p)
>N
Xoo X
X(g)
Let s = upovp, = ug0v,. On X, define the base-point-free line bundle

m—1)

My, = U;Mggp(mfl) ® U;M(;@q( . Let Y, be the closure of @5, (X)) and Yoo
its normalization. Call ®, : Xoo — Yoo the corresponding morphism.
Note that Y,y = Yp’( and Y, = Yq’(m,l)q, where the left hand sides are the

closure of the images of the maps vy, with k = p(m=1) and Ypg with h = ¢ in
the notations of the previous step. All the sheaves involved are globally generated,
so the monomials in M), ; correspond to the ones used in the Segre (re-)embedding
of Y,y X Y{y), thus Y can be identified with a subvariety of this product and
we have the two projection maps onto the two factors. In particular, dim Yo, >
dim Y{,,) = k(X,L).

Moreover, | M, ,| is a linear subsystem of |L2(P+9)| so there exists a finite map ¢ :
Yp+q = Yoo such that @5y, | = ¢ 0 ®pyq. This implies that dim Yy = dim Y44 <

'mfl)p
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Step 3

k(X, L), so dim Yy = k(X, L).
Consider the commutative diagram (same process also with ¢ instead of p):

Up
— X

X(p) oo

%»)J/ l%o

Yip) ~w, Too

The map v,) o v, = wy 0 P is surjective, so, in particular wy, is surjective and
is a finite map since dimY(,) = dim Y. But ¢, o v, = wp o $o is a fibration
and the varieties involved are normal, so w, must be an isomorphism and ® is a
fibration.

Before the conclusion a comment on this step that will be used later. Let € : Yo —
Yp) X Yy and H a hyperplane divisor in Y{;,) X Y(,). Note that, by construction,
Apq = € H is a very ample divisor in Y, such that ®5 A, , = M, ,.

To conclude, fix two integers ¢,d > 1. Then, multiplication by a non-zero global

(ec—1)p(m=b ®(d—1)q(m=b
® ug Mg

: ® . . .
section of uj My gives an inclusion:

HO(Xoo, Myg) € HO(Xoo, s MEP™ Y @ur MEW™ V) € HO(X oo, utg L@+,

where the last inclusion comes just from the fact that the second system is a
subsystem of the third one. So, as usual, we have a finite map p making the
following diagram commutative:

Xy —2 o X

|
CI)OO\L | q)cp7”+dqm
A
Yoo < a Y;:pm+dqm

As @, is a fibration, p has to be birational. Each k > 0 can be written as
cp™ 4+ dg™ since p and ¢ are coprime, thus a rational inverse of u as above gives
the desired diagram in the statement.

In this last step we compute the Kodaira dimension of the fibers of ®..

Let Loo := ul L and F a fiber of ®,. As X is birational to X, we can also think
of F' inside X via uo. Note, then, that the image of F' under ®,,  has obviously
non-negative dimension, so k(F, Loor) > 0. To conclude the proof it is enough to
prove the opposite inequality. For k > 0, we have the diagram:

X 2oy

I
Uool | Vk
Y

X--->Y

k
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For each k£ > 0, let U, be the complement of the indeterminacy locus of v, and
U := g0 Uk Moreover, let Vi be the complement of the indeterminacy locus of
¢ and V' := (s Vi The fibers for which we can have the conclusion are those
F, = ®-!(y) such that y € U and Uso(Fy) C V. Since we are imposing countably
many open conditions, we say that the property holds for a very general point y.
Denote F' := F, Observe that ®j(us(F')) = vx(y) is a point, so
Pk : HO(XOO7L§>’€> - HO(Fv LS?ZTF)

has rank 1 as each global section is constant on F'. Our objective is to prove that
Pk is also surjective. Let B be a very ample line bundle on Y., then ®% B is ample
on X. From the second step, we know there exists A := A, ;, ample and globally
generated line bundle on Y, such that ®3 A = M, , on X. Thus, A% @ Bl
(P +q™)

has a non-zero section for all m’ > 0. But Mg?g”/ is a subsheaf of 3" , SO

also Lg%m/(p ") ® B! has a non-zero global section, call it s. Now fix k£ > 0 and

take any r > 0. The diagram

HY(X o0, LE* @ &% BO")——£ HO(X ., LM’ @ §* BET @ §* BYT)

Br,r l lkarrm’
”

" 'S\F ’
HO(F, (LZF @ @5 B®") )¢ HO(F, L™ )

is commutative, where 3, is the natural restriction. But:

HO(X oo, LEF © B BO") = HO (Yo, ®oo o LEF @ BET) 22,
HO(F (L @ DB p) = (Poo LS ® BT) © Cly)

For r > 0, as B is ample, ®n . LZ* @ B®" is globally generated and the restriction
map sends each section to its image in the stalk, so it is surjective. As the rank of
Pk+rm’ 18 1, chasing the diagram, we see that also i, has rank 1. But, if s is a
global section of B¥", then ®*_ | +(8) is constant as @ (F') = y, constant. Therefore

we finally conclude that dim H°(F, L?ZTF) = 1, which implies that x(F, Lo|p) = 0.

qed

Definition 2.4.9. In the setting of the above theorem, the fibration ®, is called the
Iitaka—Moishezon fibration of X, L. It is unique up to birational equivalence.

2.5 The maximal rationally connected quotient

The goal of this section is to understand the construction of the maximal rationally
connected (MRC) quotient. This is the "maximal" fibration such that its fibers are
rationally connected and its base has non-negative Kodaira dimension, which is conjec-
turally equivalent to not being uniruled.
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Definition 2.5.1. A rational curve on a variety X is the image of a regular non-
constant map: P! — X.

An n-dimensional variety is called rational if it is birationally equivalent to P™. It is
called unirational if it is dominated by (i.e. there exists a dominant rational map from)
a rational variety.

A variety X is said to be uniruled if it is covered by rational curves.

A variety is called rationally connected if for any pair of general points there is a
rational curve on X containing both.

It turns out that X is uniruled if and only if there exists a dominant rational map
P! x T --» X for a (n — 1)-dimensional variety T' (where n is the dimension of X).
Therefore, if X is uniruled, x(X) < (P! x T) = —oco. The converse is a conjecture in
birational geometry, known up to dimension 3.

Conjecture 2.5.2. Uniruledness conjecture
A wvariety X is uniruled if and only if K(X) = —oc.

Proposition 2.5.3. K| theorem 3.10.3] Let X be a smooth variety. Then X is rationally
connected if and only if it is chain rationally connected, i.e. for every pair of general
points there exists a chain of rational curves on X containing both.

Rational varieties are potentially dense, as an open subset is isomorphic to an open
subset of the projective space. F. Campana conjectures that rationally connected va-
rieties are potentially dense as well. In the remaining of the section we see how to
"separate" the rationally connected part of a variety. This is done with the construction
of the MRC quotient. To be able to prove its existence, we need to first introduce some
results on constructible sets and a sketch of the construction of the Hilbert space of a
variety.

Definition 2.5.4. A constructible set is a finite union of locally closed subsets.

Lemma 2.5.5. [H, ch.Il, exercise 3.19] Let f : X — Y be a morphism of finite presen-
tation of noetherian schemes, then the image of a constructible set is constructible.

Lemma 2.5.6. [D, lemma 5.1] Let V be a subset of a noetherian topological space X .
If
V=Viu..UV,

is an trredundant decomposition into irreducible components, then:
V=VnWnu..ulvVnv,)

is also an irredundant decomposition into irreducible components. Furthermore, V N'V; =
Vi for every 1.

Lemma 2.5.7. [D, lemma 5.3] Letp : X — Y be a flat morphism and W a constructible
subset of Y. Then:
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(a) p~'(W) = p~1(W);
(b) any irreducible component of p~1(W) dominates an irreducible component of W ;
(c) if W is drreducible and p has irreducible fibers, then p~*(W) is irreducible.

Lemma 2.5.8. [D, 5.5] Let p: X — 'Y be a morphism whose closed fibers are connected.
If X is normal and Y idrreducible, a general fiber of p is irreducible.

Lemma 2.5.9. [D, 5.4] Let p : X — Y be a morphism with Y reduced. Then, there
exists an open dense subset U CY such that p: p~Y(U) — U is flat.

The Hilbert scheme of a variety X is a scheme which parametrizes subschemes of
X. For the construction of the MRC quotient we will use a subscheme of the Hilbert
scheme parametrizing curves with rational components. Here we sketch the construction
of these object, for a more complete presentation see [H-M| ch.I, sections A and BJ.

Fix X a projective scheme and P a polynomial. Define a functor Hp x : Schemes —
Sets which sends a scheme B to the set of proper flat families of subschemes of X,
X — B where the Hilbert polynomial of X is P and such they satisfy a commutative
diagram:

X¥X—LxxB2 .x

B

It can be shown that this functor is representable. The projective scheme representing
it is called the Hilbert scheme of X with polynomial P, denoted by Hilp(X). So, for
every scheme B, Hp x(B) = Hom(B, Hilp(X)). This means that every family ¢ : X — B
of subschemes, corresponds uniquely to a morphism ¢ : B — Hilp(X). We can think at
a point ¢(b) as the subscheme of X corresponding to the fiber of ¢ over a point b € B.

If we consider the scheme B = Hilp(X), in Hom(B, Hilp(X)) there is the identity.
The family corresponding to the identity, ¢ : Hp — Hilp(X), is called universal family
because it satisfies the following universal property: for every family ¢ : X — B, there
is a unique h making the diagram below commutative.

X h Hp

(O

B ——Hilp(X)
©

The union of all these schemes is called Hilbert scheme of X and is denoted by Hil(X).

Later we will need a subscheme of the Hilbert scheme, namely: Raty(X), the pro-
jective scheme obtained as the union of all components of Hilp(X') whose general points
correspond to (reduced connected) curves of degree < d with rational components. (The
bound on the degree is needed to have a fixed Hilbert polynomial.) In the same way as
before we can define the universal family C; associated with this subscheme.
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The maximal rationally connected quotient is constructed as a quotient by algebraic
relations of Raty(X). Let T,C be reduced quasi-projective schemes and X a projective
variety such that there are two maps:

c-I.x

|

T

We define an equivalence relation using these maps. We say that two points x1,x2 € X
are equivalent if there exists {t1,...,t,} C T finite such that both 2 and x5 belong to a
connected component (the same) of F(Cy, ) U...U F(Cy,,). If this happens we say that z;
and x5 are connected by a chain of lenght m. Denote by [z]¢ the equivalence class of x.

Proposition 2.5.10. In the notations above, suppose that m is flat with irreducible
fibers and F is flat. Then, there exists an open dense subset X' C X, a variety Y and
a morphism 7 : X' =Y such that:

(1) 7(x1) = 7(x2) if and only if the closures of the two equivalence classes coincide,
i.e. [z1]p = [x2]es

(2) let x € X', then the general point of T~ (7(x)) can be connected to x by a chain in
C of length dim X — dimY".

Proof. Let x € X and let V,,,(x) be the set of points in X that can be joined by a C-chain
of length m. Let 0(x) = lim,—00 dim Vj,,(z). As V,,(z) are increasing and bounded by
dim X, this limit exists.

Step 1 The goal of this first step is to prove that, if m > d(x), then V;,,(z) = Vi1 ().
First of all we check if V;,,(x) is a constructible set. Note that x,2’ € X are joined
by a C-chain of length 1 if and only if 7(F~!(z)) N7 (F~1(2)) # 0. Indeed, if there
exists t € T such that z, 2’ € F(C;), thent € m(F~!(x))N7(F~1(z')). On the other
hand, if t € 7(F~(z)) N 7(F~1(2')), this means that F~1(z), F~1(2') N C; # 0,
thus z, 2" € F(C;). By definition, V41 () is the set of points which can be reached
with a C-chain of length 1 from a point in V,(z). Therefore, y € Vy41(z) if and
only if there exists 2’ € Vj,,(x) such that nF~1(y)NwF~1(a) # 0, i.e. if and only if
y € Fr~lnF~Y(2'). So, Vipt1(x) = Fr—nF~1(V,(z)). The claim follows with an
induction argument: Vy(z) = {x} is constructible and, by lemma if Vi, () is
constructible, so is Vi,41(z).

Now, let Vi (x) = U; V;i, and F~1(V;,) = U; W}/ be irredundant decompositions
into irreducible components. The map F is flat and all the sets involved are
constructible, so we can apply lemma to get:

m*

FUVR) =UWals FWal) = Vi,
J
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By hypothesis we also have that 7 is flat with irreducible fibers, thus, as KVJ% are
irreducible, also (W) are and, using lemma again, 7 m(Wihi) := Wil are
irreducible as well. By our discussion and using lemma @

Vins1(z U Fr~'nF- U F(W

Note that F(Wy) C Vi, If, for all j, F(W/5) = Vi we say that the component
Vi is stable, we call it unstable otherwise. Note that Vin = Vi1 if and only if all
components V,i are stable. Let m > 6(x), if Vip41(z) has an unstable component,

then this is of the form F(W;/), so also Vi must be unstable, otherwise F(W,5') =
Vi, is stable. Going on in this way, we can construct a chain of (closed) irreducible

components which are unstable' FW5) 2 Vi O ... D Vo(x) = {x}. This implies
that the dimension of F(W,57) is > m+1 > é(z). Contradiction. Thus, Vm > 6(z),
Vin(@) = Vi1 ().

In this step we prove that, if n = dim X (in particular, n > 6(x) for every z € X),
then there exists X’ C X open dense such that, given z, 2’ € X', 2’ € V,,(z) if and
only if V;,(z) = V,, (/).

Let V = Uyex{z} x Vo(z) € X x X. In a similar way as we did in the first step,
it can be proven that V is constructible. Let V be its closure in X x X and ¢ be
the first projection. By lemma there exists X’ C X open dense such that
¢ 1(X') — X' is flat with reduced fibers. Then, by lemma [2.5.7]

¢~ 1(z) = ¢~ (z) = {2} x Va(2).

Thus V,,(z) is dense in ¢~ !(z) for all x € X'.

Let ' € Vy(x), if y € V,,(2'), then y € Va,(x). By the first step: V,,(z') C Va,(z) =
V. (x) and, by symmetry of the reasoning, V,,(z') = V,,(z).

Let p be the second projection from V; then V,,(x) = pg—1(V,(z) N X7).

Hence, by lemmalﬁ'7 ¢ (Vi (x)NX") is dense in ¢~ 1 (Vy,(x)NX"), so pg~ (Vi (2)N
X)) =V, (z).

If 2 € Vy(z) N X', then ¢ (2") = {2’} x V,,(2) and p({a'} x V. (2)) = V,(2),
whence V,,(z) = V,,(2/).

Construction of Y and 7.

Consider the fiber product V x x X’ using ¢: V — X and call o : V xx X’ — X'.
¢ induces a map on the Hilbert scheme ¢ : X’ — Hil(X) which sends a point
to the point in the Hilbert scheme corresponding to its fiber under ¢, V,,(z). The
variety X' is irreducible and so @(X’) is irreducible as well and constructible by
lemma Let Y C im(®) dense open. We can factor:

Shrink X’ to ¢~1(Y) and let 7 := P|-1(v)- This is the morphism we are looking
for.
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Indeed: 7(x1) = 7(x2) if and only if V;,(x1) = V,,(z2). Since q is flat, its fibers have
constant dimension dim X — dim Y. Moreover, 2’ belongs to 7~!(z) if and only if

Vo(x) = V,(2') and this happens if and only if 2/ € V,,(z). Thus, the dimension
of a general fiber of 7 is exactly the dimension of V,,(x), which is dim X — dim Y.
Hence, §(z) = dim X — dimY :=§ for all x € X', which means that the general

point of 7717(x) can be joined to = by a C-chain of length 4.

qed
Actually, we need a stronger result.

Proposition 2.5.11. [D, theorem 5.9] Let T,C defining an algebraic relation on X as
above, with ', proper. Then, there exists an open dense subset X' C X and a morphism
p: X' =Y such that each fiber of p is a C-equivalence class.

Now we are ready to construct the MRC quotient.

Theorem 2.5.12. Let X be a smooth variety. Then X has an MRC quotient, i.e. there
exists a rational map
rx X — R(X)

such that:
(a) rx is defined and proper on a dense subset X' C X ;
(b) the fibers of rx|x are rationally connected;

(c) if Z is a normal variety and ¢ : X --+ Z is a rational map satisfying the first two
properties, then there exists a unique w: Z --+ R(X) such that rx = wo 1.

Moreover, very general fibers of the MRC quotient are rationally connected components.

Remark. In the setting of the theorem above, it was recently proven that R(X) is not
uniruled ([I3}, corollary 9.3]).

Proof. Let Cy, be the universal family of Rat,,(X). Consider the relation given by the

natural maps:
Frm

Crm

T™m l

Rat,,(X)

X

The maps F,, and 7, are proper, so we can apply proposition Therefore, for
every m, we get a dense open subset X/ C X and a morphism p,, : X|, — Z,, whose
fibers are C,,-equivalence classes, which means they are rationally chain connected by
rational curves of degree at most m.

Note that the sequence dim Z,,, is non-increasing as classes get larger with m, so it even-
tually stabilizes at dim Z,,,. Thus, if m > myg, the general fibers of p,, have dimension
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dim X, —dim Z,,, = dim X — dim Z,,,,. Let Z], be a dense open subset where this holds
and let X}/ == p, 1 (Z], Ynp,t(Z],). Note that z, 2" € X]], are Cpy-equivalent if and only
if they are Cy,,-equivalent. Moreover, as classes increase in m, X/, is a union of fibers of
Pmg -

Let X' := X}, 0, X" = Misme Xom» BX) = Zing, X 1= prmyg-

Then, using the fact that smooth varieties are chain rationally connected if and only if
they are rationally connected (proposition , we see that 7x|x is regular proper and
its fibers are rationally connected. In fact, the fibers of 7 x|y (so very general fibers) are
rationally connected components because two points in X” belong to the same rationally
connected component if and only if there is a chain of some length of rational curves
connecting them, but this is true if and only if they are C,,,-equivalent, i.e. if and only
if they belong to the same fiber of rx.

To conclude we are left to check that the universal property holds.

Let Z be a normal variety and ¢ : X --+» Z a rational map satisfying properties (a) and
(b). Let X7 be the open dense subset where it is regular.

If x € X is a very general point, then the fibers of ¢ are rationally chain connected, so
all points in ¢ ~1(x(x)) are Cp-equivalent to x for a suitable m. We can take m > my.
But this means that ¢~ (¢)(2)) C ry'(z), in other words, rx contracts the fibers of 1.
But % is proper over a neighborhood of x, therefore there exists Zy C Z open neighbor-
hood of 9 (z) such that p is well defined on ¥~1(Zy) and V+Oy-1(75) = Oz,. Then, we
can apply lemma [2.2.11] to get the factorization we are looking for. qed

A slight modification of the notion of Kodaira dimension gives an invariant to detect
rationally connected varieties.

Definition 2.5.13. A rational fibration f : X --+ Y is a dominant rational map with
irreducible general fibers. Note that, if the map is regular and X and Y are normal, this
is equivalent to asking that the fibers are connected.

Definition 2.5.14. Let X be any projective variety. Define:
kT (X) = max{k(Y)| 3 a (dominant) rational fibration f: X --» Y}.

Proposition 2.5.15. Assuming the uniruledness conjecture X is rationally con-
nected if and only if kT(X) = —oo.
Moreover, the MRC' quotient is the unique fibration g : X — Z such that:

(1) kT (X,) = —oo for the general fiber X, of g;

(2) k(Z) > 0.
Proof. If X is rationally connected, it is in particular uniruled. Moreover, if f : X --» Y
is dominant, then Y is uniruled as well, so k(Y) = —oo. Conversely, if k1 (X) = —oo0,
it means that for any rational fibration f : X --» Y, k(YY) = —oo. In particular, we

can apply this to the MRC quotient. If X is not rationally connected, R(X) has non-
negative Kodaira dimension as it is not uniruled (use the uniruledness conjecture [2.5.2)),
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contradiction. To prove the second part of the theorem it is enough to spell out the
properties of the MRC quotient using the first part of this theorem. The uniqueness of
a fibration will follow from a reinterpretation of the MRC quotient in the next chapter,
see proposition qged
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Chapter 3

The core map

The goal of this chapter is the construction of the core map. This fibration conjecturally
splits any orbifold pair in its antithetic parts: the base of general type is conjectured to
be mordellic, while the special fibers are conjectured to be potentially dense.

In the first section we see some preliminary results from Chow space theory, we will
discuss only the ideas, not going into details. In particular, we see what the Chow
scheme of a variety is and we see how to construct quotients using it, given a covering
family of the variety. Then, we study particular quotients, the C-quotients, where C is
a "stable" class of varieties having a fixed property. We will apply this construction to
reinterpret the MRC quotient and generalize it to the orbifold context and to construct
both the weak core map and the core map.

In the second section we study the weak core map, which has very similar properties
to the core map. But the main problem with this fibration is that it is not preserved
by finite étale covers, while we expect potential density and mordellicity to be invariant
under them.

For this reason, we need to introduce in our discussion orbifold pairs, they will be used
to keep track of multiple fibers. The third section is devoted to discuss the tools we need
to be able to use them in our construction.

Finally, in the last section we present the core map and we state some conjectures that
use the decomposition it gives. They study the arithmetic properties of the fibers and
the base of the core map.

3.1 Decompositions

3.1.1 Some Chow space theory

In this section we present some results on Chow space theory that will be used in the
remaining of the chapter. The tools we need are a generalization of what we used for the
construction of the MRC quotient. In particular, we discuss without details what is the
Chow space associated with a variety, the notions of covering families, Zariski regularity
and some decomposition theorems. At the end of the section we see a first application

7
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of these results: a reinterpretation of the MRC quotient. This kind of reasoning will be
used later also to construct the weak core and the core maps.

Definition 3.1.1. Let X be a complex variety. A d-cycle of X is a finite linear com-
bination with integer coefficients of compact irreducible analytic subsets of X of pure
dimension d. The support of a cycle is the union of all its finitely many components
with non-zero coefficient. The set of all d-cycles is denoted by C4(X) and the union of
all C4(X) is denoted by Chow(X) and is called the Chow scheme of X.

Thus, any point of the Chow scheme of a variety X parametrizes a cycle. There is an
obvious inclusion of the Hilbert scheme inside the Chow scheme which sends each point
of the Hilbert scheme, which represents a subvariety of X, to the cycle corresponding
simply to that subvariety. By abuse of notation we often refer to a subvariety of X as
its corresponding cycle or its point in the Chow scheme.

Remark. The Chow space can be defined also in a way similar to the one we used for the
Hilbert scheme. We can define a functor F' 5‘% which sends a complex space S to the set
of "analytic families" of compact d-dimensional cycles parametrized by S. This functor
turns out to be representable by a complex space, C4(X). Then, the Chow scheme
Chow(X) can be defined as the union of these spaces for all d > 0.

Definition 3.1.2. A subset S C Chow(X) is called a covering family of X if:
1. S is at most a countable union of compact irreducible subvarieties S; C Chow(X);

2. for all 4, if s € S; is a general point, then the cycle associated with s, Zs, is
irreducible and reduced;

3. X is the union of the supports of all the cycles parametrized by S.

Definition 3.1.3. To each subset S C Chow(X), we can associate its incidence graph,
which is defined as:

Gs :={(s,z)|s € S,x € Supp(Zs)} C S x X

where Z; is the cycle associated with s. Note that, if S is a covering family, the second
projection from Gg to X is surjective.

Proposition 3.1.4. [6, theorem 1.7, result originally due to D.Barlet] Let G C S x X
be an irreducible compact analytic subset such that the restriction of the first projection
p on G is surjective. Then, there exists a unique meromorphic map f :S --+ Chow(X)
sending a general s € S to the reduced cycle of X with support p~'(s). If, moreover, the
fibers of p have all the same dimension and S is normal, then f is holomorphic.

Definition 3.1.5. Let S C Chow(X) be a covering family. For si,...,s, € S, we say
that their corresponding cycles Zs , ..., Z;, form an n-chain if the union of their support
is connected. Two points of X are said to be S-equivalent if there exists an n-chain
containing both in its support, for some natural number n. This notion defines an
equivalence relation on X.
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There is a result very similar to the one we already have for the MRC quotient, but
for a general covering family S.

Theorem 3.1.6. [0, theorem 1.1] Let X be a compact connected normal complex space
and S C Chow(X) be a covering family for X. Then, there exists a meromorphic
fibration qs : X --» Xg such that its general fiber is an equivalence class for the relation
defined by S. This map is called S-quotient of X.

To be able to state the decomposition results we need, we have to introduce other
two technical notions: Zariski regularity and stability of a class of varieties. These are
needed because in the following we want to restrict our attention to particular classes of
varieties and we consider families with general members in that class.

Definition 3.1.7. Let S be a complex space and C C S a subset. Then, C is said to
be Zariski regular or Z-regular in S if, for every Zariski closed subset T'C S, CNT
either contains the general points of 7', or is contained in a countable union of Zariski
closed proper subsets of T

Remark. Actually this is a very typical situation and counterexamples seem to be un-
natural in algebraic or analytic geometry. In particular, this property is always satisfied
by the classes we consider (see [5] for a more precise discussion). In the remaining of the
chapter we implicitly assume that Z-regularity holds and we omit to mention it.

Lemma 3.1.8. [6, proposition 2.4] Let C C S be Z-regular inside a complex space. Then
there exists a countable family of Zariski closed irreducible subsets S; C S such that:

1. C; :=CNS; contains the general point of S;;
2. C is the union of C;’s.
The sets S;’s are called components of C

Proposition 3.1.9. Let X be a normal complex space which admits a meromorphic map
with meromorphic inverse to a compact Kihler mam’folcﬂ and let C C Chow(X) be Z-
regqular. Denote by T the family of components of C (if it is not a covering family for X,
add the cycles corresponding to the points of X ). Let qp : X --+ Xp be the T-quotient
of X and let t € C be a point such that the corresponding cycle Z; meets some general
fiber of qr, then Z; is contained in that fiber. The map qp is called the C-reduction of
X.

Proof. This is immediate from the fact that the fibers of g7 are equivalence classes for
the relation induced by T. However, note that T-chains are in general different from
C-chains. qged

LA Ké&hler manifold is a manifold with a complex structure, a riemannian structure and also a
symplectic structure. All complex projective smooth varieties are examples of compact Kédhler manifolds.
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Proposition 3.1.10. [6, theorem 2.7] Let f : X — Y be an holomorphic fibration
between complex spaces with X normal and meromorphic to a compact Kdihler manifold.
Let C C Chow(X) be Z-regular. Let Cy C C be the set of all t’s such that the cycle Z; is
contained in some fiber of f. Then:

e C; is also Z-regular;

e | factorizes through the Cy quotient qc, : X --» X¢,. More precisely, there exists
he, : Xe, --» Y such that f = he, o qe,;

e fory €Y general, the restriction of qc, to Xy is the Cy-reduction of Xy, where
Cy = Cf N C(Xy).

The map qc, 1is called the C-reduction of f.

3.1.2 The C-quotient

We have now all the ingredients to present the construction of the C-quotient, where C
is a class with a stability property. It decomposes a variety in its part belonging to C,
the base, and in its part which has the "opposite" property of the varieties in C. This
construction will be used to reinterpret the MRC quotient and to construct both the
weak core map and the core map using the classes of not uniruled varieties, general type
varieties and general type orbifold pairs respectively.

Let C be a class of projective Varietiesﬂ with a given property, stable by birational
equivalence, and denote by C' the class of all projective varieties which do not admit
any rational fibration to a variety Z € C with dim Z > 0. The class C* is called the
kernel of C.

Definition 3.1.11. We say that C is stable if it satisfies the following two propertiesﬂ
(E1) If f: X — Z is a (regular) fibration with general fiber in C and Z € C, then X € C.

(E2) For a variety X, denote by C(X) C Chow(X) the class of subvarieties of X con-
tained in C. For any covering family T of irreducible components of C(X), the
general fiber of the T-quotient, g : X --» X, is in C(X).

Remark. In the paper [5], the author defines a class to be stable if it satisfies the following
ones.

(E1") If V C X is a subvariety and f : V --» W is a fibration with general fiber V,, in
C(X), and if there exists a subvariety W' C V such that the point representing the
cycle W' is in C(X) and f(W') = W, then the cycle V is in C(X) as well.

(E2’) For any covering family T of irreducible components of C(X), the general fiber of
the T-quotient, gy : X --+ Xp, is in C(X).

2The results and conjectures in this chapter can be extended also to compact complex manifolds
which are bimeromorphic to some compact Kéhler manifold.
3E stands for extension.
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On the other hand, in the paper [4], the listed properties are more intuitive:
(E1*) If f: X — Z is a (regular) fibration with general fiber in C and Z € C, then X € C.

(E2*) Let X € C, and let ' C Chow(X) be a covering family for X, then its general
member is in C.

Anyway, for the purpose of our discussion, we thought it is more convenient to keep
(E1*) and (E2’).

Theorem 3.1.12. Let C be a stable class. Then, for any complex projective variety X,
there exists a unique fibration vx : X — Cx such that:

1) its general fiber belongs to C+;
2) Cx eC.

If X is defined over a number field k, then so is yx.
~vx 15 called the C-splitting of X and is functorial. More precisely, any rational fibration
f: X --» Z induces a unique rational fibration y; : Cx --+ Cz such that yzof = yroyx.

Proof. Sketch. This theorem is proven by induction on n = dim X. If dim X = 0, the
statement is immediate as, by convention, X € C N C* .

Let g : X — Z be a fibration with Z € C and d := dim Z maximal among the varieties
Z that have such a fibration. If dim Z = 0, then X € C* by definition of C*. Otherwise,
0 <n-—d < n, sowe can apply the induction hypothesis on the general fiber. Let
v: + X, — Y, be the C-quotient of the general fiber X,. By proposition [3.1.10] there
exist a fibration vy,7z : X — Y and a map h : Y — Z such that g = hovx/7 and the
restrictions on the general fibers are exactly the already constructed maps v, : X, — Y,
by their uniqueness. Note that, by construction, Y, € C for the general fiber and
Z € C, so by property (E1), Y € C. But dimY > dim Z, so, by maximality of dim Z,
dimY = dim Z and the map h is finite. Since g is a fibration, it cannot factorize
through a finite map, thus & has to be an isomorphism. Therefore g = vx,z, Y, = {z},
7. : X, — {z}, hence X, € C* and the general fibers of ¢ are exactly X, € C*. Thus, ¢
enjoys the two properties.

Now we prove uniquenessﬂ Let 7 : X — Y be a second fibration for which the two
properties hold. Let y € Y general, let X, := j7!(y) and Z, := g(X,) C Z. Consider

G={(y,2)|lyeY,ze€ Z,} CY x Z.

Then, by proposition there exists a covering family of Z parametrized by Y. As
Z € C, by property (E2*), the general Z, € C. By the properties of j, X, € Ct, thus
it does not admit any fibration towards an element in C. Hence, Z, must be a point.
Therefore, by lemma there exists amap h: Y — Z, y — Z,, such that hoj = g.
Thus, dimY > dim Z. By maximality of dim Z, dimY = dim Z and h is a finite map.

“For this part, we follow the proof in the paper [4], so we use property (E2*) instead of (E2).
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As g is a fibration we conclude that h is an isomorphism.

We are left to prove functoriality. Let f: X --» Z be a rational fibration, let yx : X —
Cx be the C-quotient of X and vz : Z — Cz the C-quotient of Z. Let y € Cx, denote
by X, the fiber of yx over y and by Cz, := vz o f(Xy). Consider the covering family
defined using proposition [3.1.4] by the set:

G:={(y,0)ly € Cx,ce Czy} CCx x Czy.

The general fiber X, € Ct. But, by property (E2*), since Cz € C, Cz,, € C. Thus, Cz,
is a point. Therefore, by lemma [2.2.11] we conclude the existence of a map factorizing
vz o f through vx.

If X is defined over a number field &k, we can do the exact same construction using the
class C restricted to varieties defined over k. Call 7§( the quotient constructed with this
class. By uniqueness of the C-quotient, the map vx must coincide with ’y§< and so it
must be defined over k. qed

As a first application of this construction, we see another (quicker) way to construct
the MRC quotient, assuming C,, ,, and uniruledness conjectures and respec-
tively).

Let C = K29 be the class of projective varieties with non-negative Kodaira dimension.

Lemma 3.1.13. The class K=° is stable.

Proof. (E1) If f : X — Z, with k(Z),k(X;) > 0 for a general fiber, by C), ,, conjec-
ture 233t
K(X) > Kk(X.)+K(Z) >0,

(E2) Let T' C Chow(X) be a covering family of X, with x(X) > 0. Then, consider the
T-quotient of X, gp : X --» Xp, by easy additivity theorem [2.3.1] for the general
fiber X;:

0 < k(X) < K(Xt) + dim X7,

which implies that x(X;) >0, i.e. X; € K20,
qed

Proposition 3.1.14. For any X, there exists a unique fibration px : X — R(X) such
that:

(1) kT (X,) = —oo for the general fiber X ;
(2) K(R(X)) > 0.

Proof. Note that (K2°)* is the class of varieties X with k¥ (X) = —oc by definition.
To conclude, apply theorem [3.1.12] to the class of varieties with non-negative Kodaira
dimension. qed
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Remark. To conclude that this map we have found is actually the MRC quotient, we need
to use the uniruledness conjecture because a priori we cannot say that all varieties
X with k7 (X) = —oo are rationally connected. Anyway, assuming that conjecture, px
coincides with the MRC quotient. With this construction we have also another property
that we did not find before: functoriality.

3.2 The weak core map

In this section we present the weak core map of a variety X. It is a fibration X — Z with
Z of general type and weakly special fibers, conjectured to be mordellic and potentially
dense respectively. We will see, however, that this map is not preserved by étale covers
and this leads to the definition of the core map.

Definition 3.2.1. A (complex) variety X is called weakly special if, for any finite
étale cover v : X’ — X, there is no rational dominant map f : X' --» Z, with Z of
general type and dim Z > 0.

Remark. In [I1], conjecture 1.2], it is conjectured that a variety is weakly special if and
only if it is potentially dense. However, F. Campana conjectures that a slightly different
property, namely specialness (see section below), is the right characterization of
potential density.

Let C := K™?* be the class of varieties of general type. The weak core map is
constructed as the C-quotient using this class.

Lemma 3.2.2. The class K™% s stable.

Proof. (E1) Let f: X — Z be a fibration with Z of general type and general fibers X,
of general type. Then, by theorem [2.3.2}

k(X)) =k(X,)+dimZ =dim X, + dim Z = dim X.
Thus, X is of general type.

(E2) Let T'C Chow(X) be a covering family of X, with x(X) = dim X. Then, consider
the T-quotient of X, qr : X --+ Xp, by easy additivity theorem for the
general fiber X;:

dim X = k(X) < k(Xy) + dim X7,

which implies that £(X;) > dim X — dim X7 = dim X3, i.e. X; € LM,
qed

Definition 3.2.3. The K™#*-quotient of a variety X is called the weak core map of
X.
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Now we want to give another description of the weak core, it corresponds to a com-
position of MRC quotients and litaka fibrations, the so called (J o r)"-decomposition.
Let X be a projective variety and let r : X — Rx be its MRC quotient. Assuming the
uniruledness conjecture k(Rx) > 0, thus the Iitaka fibration of Rx, J : Rx — Y is
well defined for every X. Iterate this process again and again taking the MRC quotient
of Y and then the litaka fibration of the quotient, Ry.

Lemma 3.2.4. The process described above stabilizes in a finite number of steps, less
or equal than n := dim X. In particular, the resulting composition (Jor)" : X — X,
s a fibration over a variety X, of general type with fibers that are towers of fibrations
with fibers alternately rationally connected or with 0 Kodaira dimension.

Proof. Note that, if K(Y) # —oo, then the MRC quotient is the identity. Instead, J is the
identity when Y is of general type. Define inductively the it iterate (Jor)' : X — X;.
Then, dim X;_; > dim X;, the sequence of dimensions is decreasing and dim X; ; =
dim X; if and only if X, 1 is of general type. Thus, the process stabilizes when X is
of general type (from that point on, all the maps are the identity) and this happens in
at most n = dim X steps. The second sentence in the statement of the lemma is then
immediate. qed

The claim is that this composition actually coincides with the weak core map. To be
able to prove that, we need to study the fibers of the (J o r)"-decomposition. We start
with a preliminary result.

Proposition 3.2.5. [5, proposition 2.15] Let f : X ==+ Y and h : V --» Z be rational
fibrations. Assume that f is of gemeral type and assume there is a dominant rational
map g:V --» X. Let vy, : V, -=» Y, := (f 0 g)(V,) be the restriction of g to the general
fiber of h. If Y, has positive dimension, then the fibration part of the Stein factorization
is of general type.

Theorem 3.2.6. Let f : X — Y be a fibration with general fiber in (K™*)* and either
k(Y) =0 or kT(Y) = —co. Then X € (Kmax)L,

Proof. If X was not in (™)L then there existed a fibration of general type g : X — Z.
Apply proposition to the diagram:

id

X —X
1)
Y 7

Consider the restriction of g to the general fiber of f, g, : X, — Z, = g(X,). If
dim Z, > 0, the fibration part of the Stein factorization is of general type. But X, €
(C™ax)Lthus this cannot happen. Therefore Z, is a point. Applying we get a
map h:Y — Z such that ho f =g.
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Consider the case when x(Y) = 0 and apply theorem to get, for the general fiber
Y.:
0=~r(Y)=r(Y,)+dimZ > dim Z > 0.

Contradiction. Therefore, X € (K™3)L. On the other hand, if x*(Y) = —oo, by
definition such h cannot exist. Thus, also in this case we get a contradiction, whence
X € (omax) L, qed

Corollary 3.2.7. Let f : X ——» Y be a fibration with general fiber in (K™ and X
normal variety. Let r be the MRC quotient of Y and J its Ilitaka fibration. Then r o f
and J o f have general fibers in (K™*¥)L. In particular, by induction, we get that the

decomposition (J o 7)™ of any normal variety has general fiber in (K™a)L,

Proof. Firstly, let r : Y — Z be the MRC quotient of Y. Note that the general fiber of

ro f, X, fibers over the general fiber of r, Y,: X, ELN Y, = {z}. As k*(Y,) = —o0 and
the general fiber of f, belongs to (X™¥)L  theorem gives the result. Secondly, do
the same reasoning with J to conclude. qged

Proposition 3.2.8. Let cx : X — Cx be the weak core map constructed as the K™#*-
quotient. Assume the uniruledness comjecture so that the map (J or)" is well
defined. Then cx = (J or)". Moreover, we have an explicit description of (™)L it
consists of varieties which are towers over a point of fibrations with fibers either with
k=0 or with kT = —o0.

Proof. Both maps have bases in K™% and general fibers in (™3)+ by corollary
Therefore, by uniqueness of the weak core, this two maps must coincide. Now, let
X € (lCmaX)L and let cx : X — Cx be its weak core. The variety Cx is a point. As
cx = (Jor)", X is the unique fiber of (J o r)", in particular, it has the described
property. qged

Remark. Note that, by the properties of C-quotients, the weak core map is functorial:
any fibration f : X — Z induces a rational fibration ¢y : Cx --+» Cz. This did not follow
immediately from the definition of the (J o r)™ map because J is not functorial.

Example 3.2.9.

e Let Hy C }P’ZH be an hypersurface of degree d. If d > n + 2, it is of general
type, so computing the (J o r)"-decomposition we see that the weak core map
corresponds to the identity. Conversely, if d = n + 2, the weak core map sends
everything to a point (the litaka fibration does so). The remaining case, d < n+2,
has Kodaira dimension x(Hg) = —oo, but —Kp, is ample, so these hypersurfaces
are Fano varieties. By a result of Campana—Kollar-Miyaoka—Mori, these varieties
are rationally connected, so the MRC quotient sends everything to a point and it
coincides with the weak core map.



86 CHAPTER 3. THE CORE MAP

o Let Hyy C IP’ZH_j X }P’i be an hypersurface of bidegree d, d’. Let us study the weak
core map by computing the (J or)"-decomposition. If d >n+2—jand d’ > j+1,
then it is of general type and so the weak core map is the identity. In the case
when d=n+2—jand d > j+ 1 (or analogously d >n+2—jand d = j+ 1),
the first MRC quotient is the identity and then the Iitaka fibration corresponds
to the second projection onto P, which is rationally connected. Thus, the next
MRC quotient sends everything to a point. The resulting weak core map sends
everything to a point. When d =n+2 —j and d’ = j + 1, the Kodaira dimension
is 0, the first MRC quotient is the identity and the Iitaka fibration is onto a point,
thus the weak core map is onto a point again. If d < n+2—j and d’ < j+1, then
—Kp,, is ample, so the hypersurface is Fano, thus rationally connected. Thus the
MRC quotient is onto a point and it coincides with the weak core map. In the
remaining cases (d < n+2—j and d’ > j+1 or viceversa), the Kodaira dimension
is —oo, but the computation of the MRC quotient is not so straight-forward.

The weak core map thus decomposes every variety into "pieces" which are either of
general type or rationally connected or with 0 Kodaira dimension. General type varieties
are conjectured to be mordellic, while rationally connected varieties and varieties with
0 Kodaira dimension are conjectured to be potentially dense. Anyway, there is one
problem with this map: it is not preserved by étale covers, while we expect potential
density to be preserved by étale covers because of Chevalley-Weil theorem [1.3.2] The
example below shows this flaw. F. Campana corrected this by introducing orbifold bases
of fibrations to take into account possible multiple fibers and constructing the core map,
which can be thought of as an orbifold version of the weak core.

Example 3.2.10. This example shows that the weak core map is not preserved by étale
covers, but it also shows an idea of the solution discussed in the next sections: taking
into account multiple fibers and therefore working with orbifold pairs.
Let C be an hyperelliptic curve of genus g > 2. So, we can describe an affine patch of
C as y? = f(z) for a polynomial f(x) of degree > 3. On C we can consider a particular
map, called hyperelliptic involution, defined on an affine patch as:

T: 0= 0 (2,y) = (2, -y)

Let h: C — P! := C/ (1) be the double cover induced by 7, note that it is ramified over
the 2g + 2 points images of the hyperelliptic points on C' (in the affine patch, they are
the point such that y = 0). Let E be an elliptic curve, Q € E a point of order 2 and ¢
the translation by @, so that ¢ has order 2. Let S’ = E x C and i =t x 7. Note that i
is fixed-point free, so the natural map:

u:S = S:=(ExC)/i

is an unramified double cover.
Since k(E) = 0 and x(C) = 1, it follows that x(S’) = 1. The litaka fibration of S” must
send E to a point and C to a curve birational to C'. Thus it coincides with the projection
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onto C: J' : S" — C. Since C is of general type, the weak core map coincides with J’
and Cy = C.

On the other hand, the Iitaka fibration of S is J : § — P! := C/ (7). Indeed u is
étale, so Qg/g = 0 and Qg = u*Qg by proposition whence, taking exterior
powers, wy = u*wg. As H(S',wf) = (x), x is a generator also of H%(S,wg). Then,
the MRC quotient of P! is a point, which is of general type by definition. So, the weak
core map sends S to a point and Cly is a point, differently from Cg/. The induced map
¢y : Cgr = Cg does not preserve the dimension.

Let us compute the multiple fibers of .J. The map J is ramified with order two over the
hyperelliptic points of C. The idea is that, over a general point, the fiber consists of
two distinct copies of the curve E/ (t), one associated with the point (z,y) € C' and one
with the point (z,—y) € C. But when (x,y) = (z, —y). i.e. y =0, the fiber consists of
only one copy of E/(t), which has to be of multiplicity 2. Thus, the "orbifold base" of
J is the orbifold pair (P!, A), where A =37, 5 15 (1 — %) (pi) with p; the images of
the hyperelliptic points. Note that, by Riemann-Hurwitz’ formula, h*(Kp + A) = K¢,
whence k(P! Kp1 + A) = k(C, K¢) = 1, the orbifold base is of general type.

3.3 Orbifold case

In this section we develop the necessary tools to extend the constructions we made to
the orbifold case. In particular, we need to define the orbifold base of a fibration, which
encodes multiple fibers, the Kodaira dimension of an orbifold pair and what birational
equivalence means in the orbifold context. We then reformulate C, ,,, conjecture in this
setting.

Let f : X — Y be a morphism of varieties over k. Let y € Y be a point (not

necessarily closed) and let I, be the ideal describing y in an affine patch. Call J, = f*I,
the ideal on X describing the fiber over y. The radical of J,, is the intersection of finitely
many prime ideals, call them P; for ¢ = 1,...,d. Let F; be the irreducible component
of the fiber in this affine patch corresponding to P;. The largest integer m; such that
Jy C P is called the multiplicity of F;.
Let f : X --» Y be a (rational) fibration with X and Y smooth projective varieties. Let
E CY be an irreducible divisor and let f*(E) = Y, tsFp, + R be its scheme-theoretic
inverse image in X, where in R we collect all components of the fiber whose image in Y
has codimension at least 2 and t;, are the multiplicities of the (finitely many) irreducible
components Fj. Let m¢(E) := infy{t;}, this is called the multiplicityﬂ of the generic
fiber of f over E.

Definition 3.3.1. In the situation above, the orbifold pair (Y, Ay), where

Afzz<1‘mf1<E>>E

E

5Classically, this multiplicity is defined with the ged, but for our purposes it is more appropriate to
consider the "inf" multiplicity.
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is called the orbifold base of f.

Remark. The generic fiber of f is smooth if, affine locally, X = Spec(B), Y = Spec(A),
where A, B are rings and f induces an extension:

Alt1, ..o, )
(f1(t1s s tn)s oo fn(t1, s tn))

such that the rank of the jacobian defined by f;’s is maximal. But having a jacobian
with maximal rank is an open condition. Thus, if the generic fiber is smooth, the map
is smooth in an open dense subset.

In a fibration the generic fiber is smooth, so the set of prime divisors E such that
mys(E) > 0 is finite.

B =

As the litaka dimension associated with a divisor D deals with the asymptotic be-
havior of mD for m > 0, it makes sense to evaluate it also for a Q-divisor. In fact, if
D is a Q-divisor, there exists n € Z such that nD is a Z-divisor. To compute the litaka
dimension of D we can consider, then, only sufficiently large multiples of nD.

Definition 3.3.2. Let f : X --» Y be a rational fibration. Define the Kodaira di-
mension of the fibration as:

k(Y. f) = ir}f{/ﬁ(?, Ky + Af)}

where f: X — Y ranges through all fibrations birationally equivalent to f and Y, A?)
are their orbifold bases.

Remark. If we consider only the "naive" Kodaira dimension of a fibration as the Kodaira
dimension of its orbifold base, we do not have birational invariance because we do not
have an orbifold version of proposition [2.2.12] which holds only for the usual cotangent
bundle.

We want to find an "easier" description of the Kodaira dimension of a fibration. The
main problem comes from dealing with divisors whose image has codimension > 2. It
turns out that, if we can "get rid" of them (notion of neat model), we can compute
the Kodaira dimension directly using the orbifold base of the fibration. Another way to
compute it, is using the saturation of the sheaf f*Ky in QFf (definition , where
p=dimY.

Definition 3.3.3. Let f : X — Y be a regular fibration. A prime Weil divisor D on
X is said f-exceptional if codimy f(D) > 2. The map f is called neat if it is regular,
X,Y are smooth and there exists a birational regular map v : X — X’ with X’ smooth
such that every f-exceptional divisor of X is also u-exceptional.

Proposition 3.3.4. [J, lemma 1.3] Let fo : Xo --» Yy be a rational fibration and
X' smooth birational to Xo. Then, there exists a neat model f : X — Y birationally
equivalent to fo and a birational reqular map u : X — X' such that every f-exceptional
divisor is also u-exceptional.
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Definition 3.3.5. Let .%’ be a subsheaf of a sheaf .7, .%’ is said to be saturated in .7
if the cokernel of the inclusion morphism, .%#/.%’, is torsion free. If it is not saturated,
the minimal saturated subsheaf of .# containing .%’ is called the saturation of .#’ in
F.

Let f: X --» Y be a rational fibration with X smooth and Y reduced. Define .#; on
X as the saturation of the pull-back of the canonical sheaf on Y, f*Ky, in QX where
p=dimY.

Remark. Z; is a birational invariant, it is preserved by birational modifications of f.

The idea is that we are not working with the "usual" canonical sheaf, but with a
"logarithmic version" of it. If Ay =>77 (1 — i) D; is SNC, then we can assume that

m;
D; are locally the zero locus of the coordinate functions y; (r < p =dimY’). We define
locally O, (log A) as the invertible sheaf on Y generated by the differential form

d d dyy
Y1 A Y2 ALA yl
(1-7-)

(l_le) (1_%2) A dyr+1 VANRTRVAN dyp
Y1 Y2

Let us consider a simple case to get an idea of what is going on. Let X be a surface and

Y a curve. If F = f~1(P) is an irreducible fiber of multiplicity m > 1, locally around

P we can describe f with the map (x,y) — 2™ = u. Thus, f*Ky = f*du = ma™ ldx

locally; while f*(Ky + (1 — 1)(P)) = f* ( d“1> = mdx which describes indeed the

ul

saturation of f*Ky .

Proposition 3.3.6. [J, proposition 1.25] Let f : X --»Y be a rational fibration, with
X smooth projective connected variety. Then:

(a) k(Y. f) =r6(Y,Ky + Ay) if Y is smooth and f is neat;
(b) (Y, f) = r(X, Zy).

Remark. This result tells us that Ay encodes the difference between f*Ky and its sat-
uration, in fact, if f is a neat model, by proposition [2.2.9

K(X, Fp) — w(X, 'Ky) = 6(Y, Ky + Af) — 6(Y, Ky).

This is not true for the "classical" notion of orbifold base using the "gcd-multiplicity"
and this is the main reason for the introduction of the "inf-multiplicity".

Now we want to go a bit further with the discussion considering the case where the
domain is an orbifold pair.

Definition 3.3.7. Let (X, A) be an orbifold pair, its Kodaira dimension is defined as
the Iitaka dimension of the line bundle Kx + A (or, better, of a suitable multiple of it so
that it becomes a Z-divisor). (Recall that in the first chapter we defined the canonical
bundle of an orbifold pair to be exactly Kx + A.)
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Definition 3.3.8. Let (X', A’) and (X, A) be two orbifold divisors. A birational regular
map v : X' — X is said to induce a birational map v : (X', A') — (X,A) if it is
terminal with respect to the orbifold structure. More precisely, if Kx/+ A’ = v*(Kx +
A) +32;e5a;Ej, where aj > 0 and {E}|j € J} is the collection of v-exceptional divisors
on X'.

Remark. With this definition, the Kodaira dimension of an orbifold pair is a birational
invariant.

Definition 3.3.9. An orbifold étale cover between two orbifold pairs is a generically
finite map between them which is terminal with respect to the orbifold structure (so
it can be ramified, but the orbifold divisors "control" the ramification). More precisely,
f:(X,A) — (Y, H) is an orbifold étale cover if it is generically finite and Kx + A =
f*(Ky +H)+3,c;a;Ej, where a; > 0 and {Ej|j € J} is the collection of f-exceptional
divisors on X.

Next, we want to define the orbifold base of a fibration when the domain is itself an
orbifold pair.

Let (X,A) be an orbifold pair, with A = Y, (1 - n%) D;. Let f: (X,A) - Y bea
fibration (in the usual sense as a fibration X — Y'). For any irreducible divisor D C X,
define first its intersection multiplicity with A:

m; if there exists ¢ such that D = D;

1 elsewhere

m(D,A) = {

Now, for any £ C Y irreducible divisor, compute:
f*E=) n;E;+R
Jj€J

where {Ej|j € J} is the collection of irreducible components of f*E mapped surjec-
tively to B by f, n; is their scheme-theoretic multiplicity in the pull-back and R is
f-exceptional. Define finally the multiplicity of f along E as:

mya(B) = inf{nm(E;, A)}

Definition 3.3.10. Let f : X — Y be a fibration with Y smooth and let A be an
orbifold structure on X. The orbifold base of the induced fibration f: (X,A) — Y is

the divisor
1
Arp = 1—-— | E.
! EXC; ( mf,A(E)>

Remark. Let f: X — Y and g : Y — Z be two fibrations with X,Y, Z smooth. Let
H = Ay, then it is not true that Ay g = Ay a. We can only say that

Ag,H > Agof,Av
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where we say that a divisor A is bigger than a divisor B, A > B, if the difference A — B
is an effective divisor.

Indeed, let us compute the multiplicity of the irreducible divisors appearing in both
sides. Let D C Z be a prime divisor, then:

mg, (D) = inf{m;m(H, D;)}
1€
where ¢g*D = >,y m;D; + R. Whereas:
Mgof.A(D) = inf
gor,a(D) = inf {n}

where (g o f)*(D) = ke Dx + R But f*D; = 3 e, Mix Dy + Ry, so ng = my pm;
and infyec i, ny = mym(H, D;). To conclude, note that (J;c; K; € K, but K may contain
another subset J, parametrizing irreducible components of (go f)*(D) which are mapped
surjectively to D, but are f-exceptional. Thus:

Mgos.A(D) = inf{ke inf

0 0 by = G mam (. D)}, ) < (D),

Definition 3.3.11. As before, we can define the Kodaira dimension of a fibration f :
(X7 A) —Y as B
A(X,8), /) = bV, Ky + Azz)}

where f (X,A) — Y ranges over all fibrations birationally equivalent to f with domains
orbifold birationally equivalent.

There is an analogous way to compute directly the Kodaira dimension of a fibration
using the saturation, but this time inside the "log differentials". In fact, k((X,A), f)
can be computed as the Iitaka dimension on X of the line bundle .7 o defined as the
saturation of f*Ky in QX (log A).

Finally, we restate "easy additivity" results/ conjectures in an orbifold version.

Definition 3.3.12. Let f : X — Y be a fibration with X and Y smooth, f is called
prepared if the lucus Y/ C Y of points y with smooth fiber X, has a complement
contained in a normal crossing divisor D such that f~!(D) is also a normal crossing
divisor. (It is possible to show that any fibration has an equivalent prepared model.)

Definition 3.3.13. Let f : (X,A) — Y be a morphism, f is called high if there
exists a birational regular ug : X — Xy with Xy smooth, such that x(X, Kx + A) =
k(Xo, Kx, + (u0)«(A)) and such that every g-exceptional divisor is also ug-exceptional.

Conjecture 3.3.14. Cﬁ’"f?’%
Let f: (X,A) =Y be a (regular) fibration between smooth varieties. Assume that f is
prepared and high, then, for the general fiber (X, Ay, = A|Xy):

(X, Kx +A)> H(Xy,KXy + Ay) + k(Y, Ky + Af,A).
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Theorem 3.3.15. [/, theorem 7.10, result due to E. Viehweg adapted in this context
by F. Campanal Let f : (X,A) = Y be a (regular) fibration between smooth varieties.
Assume that f is prepared and high and of general type, i.e. (Y, Ky + Afa) =dimY.
Then, for a general fiber X,,

K(X,Kx +A) = x(Xy, Kx, +Ay) +dimY

3.4 The core map

In this section we see the construction of the core map, which is quite similar to the
construction of the weak core, but it takes into account multiple fibers with the help
of the introduction of orbifolds in the discussion. This map is invariant by finite étale
orbifold covers and conjecturally divides the potentially dense and the mordellic part of
a variety.

It is conjectured that the potentially dense variety are exactly the special varieties,
so we start by discussing this notion.

Definition 3.4.1. A variety X is called special if x(X,L) < p, for any line bundle
L C OF (the p'" alternating powers of the sheaf of differentials) and any p > 0.

Example 3.4.2. Note that (X, L) < n := dim X, so it is enough to check the property
for p < n.

(1) If X is a curve, the only possible line bundle is L = Kx. Thus, a curve is special
if and only if it is not of general type. In other words, it is special if it is either
rational or elliptic.

(2) If X is rationally connected, it can be proven that h°(X, Q?}m) =0, for all m > 0.
Therefore X is special.

(3) If X is of general type, it is not special. In fact, taking L = Q% = Kx, gives
k(X,L) =n.

(4) If there exists a rational fibration f : X --» Y, where Y is of general type of
dimension p, then X is not special. Indeed, by proposition f*Qy C Qx
and these sheaves are locally free. Thus, taking exterior powers is exact and we
get L:= f*Ky C Qk. Then, x(X,L) = s(Y,Ky) =p by propositionm

(5) Let Y be a variety of general type with dimY = k and Z a variety of positive
dimension, with x(Z) = 0. Consider X := Y x Z, then, L := Ky C Q% as
Qx = Qy ® Qz and k«(X,L) = k, which shows that X is not special, but has
Kodaira dimension x(X) = k € {1,...,n — 1}. There can be found also examples
of special varieties X with dimX = n and x(X) = k € {1,..,n —1}. We can
therefore conclude that the Kodaira dimension does not characterize specialness
directly.



3.4. THE CORE MAP 93

Theorem 3.4.3. [/, theorem 7.4], result originally from [3] Let L C Q¥ be a line bundle.
Then:

(i) k(X,L) <p;

(ii) If k(X,L) = p, there exists a fibration f : X --» Z such that f*(Kz) = L on a
non-empty Zariski open subset of X.

Corollary 3.4.4. If k(X) =0, then X is special.

Proof. If it was not true, by the previous theorem there existed a fibration f :
X --» Z such that f*(Kz) =L C Q% and x(X,L) = p=dim Z. Thus, Z is of general
type and we can apply theorem to get, for a general fiber X,:

0=r(X)=r(X;)+dimZ >dimZ > 0.

Contradiction. (We must have x(X,) > 0, otherwise also x(X) should be —oo by the
same formula.) qed

Corollary 3.4.5. A variety X is special if and only if, for any fibration f : X --» Z,
the orbifold base of any of its neat models is not of general type.

Proof. If X is special, then, for any neat model of the fibration, by proposition [3.3.6
k(Z,Kz + Ay) = k(X,L) < p, where L is the saturation of f*K in Q% (p = dim Z).
Thus, the orbifold base is not of general type.

Conversely, if f was not special, there existed L C QX such that x(X,L) > p. By
theorem [3.4.3] (X, L) = p and there existed a fibration f : X --» Z such that L = f*Ky
generally. Thus, the orbifold base of f is of general type. Contradiction. qed

Finally, we have all the ingredients we need to construct the core map. It is con-
structed using an orbifold modification of theorem [3.1.12] The stable class C now is a
class of smooth orbifold pairs and its kernel is defined as the class C+ of smooth orbifold
pairs admitting no rational fibration such that a neat model of it has orbifold base in C.
Theorem holds also in this context with the same proof.

Lemma 3.4.6. The class C := K3% of orbifold pairs of general type is stable.

orb

Proof. This proof is done exactly like the one for lemma [3.2.2] using the orbifold version
of easy additivity when the base is of general type and easy additivity theo-
rem for the orbifold canonical bundle. qged

Definition 3.4.7. Applying the orbifold version of theorem [3.1.12] to the class C, we
obtain a unique fibration c¢x : X — Cx called the core of X, such that:

e its general fibers are special (consequence of corollary ;

e its orbifold base (Cx, Acy ) is of general type;
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e any dominant map g : ¥ --» X induces a map on the cores ¢, : Cy — Cx such
that cx o g = ¢4 0 cy;

e if X is defined over a number field &, so is its core by uniqueness.

We prove now that the core map is preserved by finite étale covers. However, before
that, we need a technical result.

Proposition 3.4.8. [3, theorem 1.8] Let f : X =Y and ' : X' — Y be two fibrations
andletu: X' — X andv:Y' — Y be two maps such that fou =vo f'. Assume that

u and v are generally finite and surjective, then k(Y', f') > k(Y, f). If, moreover, u is
étale and X, X' are smooth, then s(Y', f') = (Y, f).

Proposition 3.4.9. If u : X' — X s finite étale, c, : Cx+ — Cx is generally finite
(ramified, but orbifold étale). In particular, if X is special, so is X'.

Proof. Consider the Galois closure of u, namely v’ : X” — X’ — X. If we can prove
that the statement is true for «’, then it must be true also for u because, by uniqueness,
the map ¢, factors through c¢,. We can therefore assume that u is Galois. Let G =
deck(u). The group G acts on X', so each element g € G induces a (dominant) map
g : X' — X', which induces a map at the level of the core: ¢4 : Cxs — Cxs. Asuog = u,
CXOUOG=CxOU=CyOCx/ = Cy O Cq 0 cxs by commutativity of the diagram with the
core maps.

Let h : Cx: — Cx//G be the quotient map induced by this action. Given z € X,
u t(z) = {gxolg € G} for a fixed xq since u is Galois, so G acts transitively. By
commutativity, cxs(gzo) = cqyexs(x0), thus h(cx gzo) is constant for all g € G. We can
then define a map ’y : X — Cx//G. The fibers of this map are special. Indeed, if
y € Ox//G, h"(y) = {gylg € G} and Y, = cyI(gy) are special. The map u sends
"locally isomorphically" each of these Y, to the same subvariety of X, which is then
special and is the fiber over y of c.

During the proof of theorem [3.1.12] we saw that, when we are in this situation, we can
construct v : Cx//G --» Cx and cx = v o cy. By proposition as cx- is of general
type, also ¢y is so and it has special fibers. Therefore, applying proposition in the
same way we used it in theorem there exists w : Cx — Cx//G. Thus cx = vowocy
and ¢’y = wowvocy, but cx and ¢’y are dominant, hence v and w are inverse to each other.
We can therefore conclude that, birationally, C'x coincides with Cx//G and h = ¢, is
finite as the group G is so.

Now, let X be special, then Cx has dimension 0 and, as ¢, is generically finite, Cxs has
also dimension 0. Therefore X’ is special as well. qed

A consequence of this proposition is that special varieties are, in particular, weakly
special.

Corollary 3.4.10. If X is special, it is weakly special.

Proof. Let X be special and assume, by contradiction, that it was not weakly special.
Then, it existed a finite étale cover v’ : X’ — X and a dominant rational map f': X’ --»
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Y’ with Y’ positive dimensional of general type.

As in the previous proof, we can reduce to the Galois case. Indeed, consider u : X" —
X’ — X the Galois closure of . Composing X” — X’ and f’ we obtain a dominant
rational map of X” towards a positive dimensional variety of general type, call this map
f' again by abuse of notation. We can, therefore, work with u, which is Galois, instead
of u'.

Let G := deck(u) be the group of deck transformations. First, assume f’ is G-equivariant
(i.e. if there exist 1,29 € X" such that f'(z1) = f'(z2), then f'(gx1) = f'(gx2) for
all g € G). Then, the action of G on X” induces an action on Y’. There are natural
maps v : Y’ = Y’'/G and f: X — Y’'/G, towards the quotient by this action such that
fou=wo f'. Aswu is étale and v is generally finite, by proposition we can conclude
that f is of general type as well. Contradiction.

On the other hand, if f’ is not G-equivariant, we substitute it with f”, a G-equivariant
map that we will construct below and we apply the same reasoning to that.

Enumerate the elements in G = {g1,...,gn} and consider the finite family (f; :=
J"09i)g;ec with the ordering f; : X" — Y; > f; : X — Y if there exists a meromorphic
fibration h : Y; --» Y such that ho f; = f;. The map f” will be the least upper bound
of this family with respect to this order. It can be constructed as the fibration part of
the Stein factorization of the map:

fixfox..xfn:X"=Y' x..xY'

Let Y := f”(X'). We can show that f” is of general type. Proceeding by induction, it
is enough to prove the claim for N = 2. Note that the two projections from Y” to Y’
are both surjective and finite and their bases are of general type. Thus we can apply
theorem to one of the projections to get, for the general fiber Yy” :

s(Y”, ") = 5(Y)) + dimY’ = dim Y.

Whence f” is of general type. We claim that f” is G-equivariant. Indeed, if f”(z1)
1" (x2), then, by construction, g;z1 = g;xo for all i. Therefore, (f1 X fa X ... x fn)(gx1) =
(f1 X fa X ... X fn)(gz2), which gives the result. qed

Next, we want to interpret the core map as an orbifold version of the (J o r)™-
decomposition.
Let (X,A) be an orbifold pair, define j as the litaka fibration associated with (a big
enough power of) the Q-line bundle Ky + A if (X, Kx + A) > 0. Thus, j: (X,A) —
(Y;Aja) is a fibration with dimY = x(X, Kx + A) and x(Xy, Kx, + A|x,) = 0 for the
general fiber X, of j.
Then, we need an analogue of the MRC quotient and we construct it using a C-decomposition
in the orbifold version.

Definition 3.4.11. Let (X, A) be an orbifold pair. Define
KT(X,Kx +A):= HI?X{H)(Z, Asa)}

where f: (X,A) --» Z is a neat model of a fibration from the orbifold pair.
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F. Campana conjectures an orbifold analogue of uniruledness conjecture, to under-
stand it, we need to suitably modify the notions of rational curve and rational connect-
edness.

Definition 3.4.12. A curve in an orbifold pair (X, A = <1 — mi) D;) is a regular
J

orbifold morphism h : C — (X,A) from a curve C. More precisely, it is a regular
morphism such that:

(i) h(C) is not contained in the support of the orbifold divisor A;

(ii) for any a € C and any j such that h(a) € Dj, so h*(D;) = tqj(a) + ..., then we
ask that ¢, ; > m; (or, for the "classical version', we ask divisibility by m;).

Definition 3.4.13. Let (X, A) be a smooth orbifold pair, with X complex projective.
Then (X, A) is k-rationally connected if any two general points of X are contained
in an orbifold rational curve h : P! — (X, A).

Conjecture 3.4.14. Let (X, A) be a smooth orbifold pair with X complex projective.
Then (X, A) is k-rationally connected if and only if k™ (X, Kx + A) = —oo0.

Remark. This conjecture is an orbifold version of proposition [2.5.15] which relies on the
uniruledness conjecture.

>0

To construct the orbifold version of the MRC quotient, consider the class C = K7}

of orbifold pairs with positive orbifold Kodaira dimension.
Lemma 3.4.15. The class ICET% is stable.

Proof. This proof goes in the exact same way as the proof of lemma [3.1.13] using the
orbifold version of Cy, ,, conjecture, and theorem easy additivity for the
orbifold canonical bundle. qed

Proposition 3.4.16. Any smooth orbifold pair (X,A) admits a unique fibration r :
(X,A) = (R,Aa) such that:

(i) KT (X,, Kx, +A|x,) = —oo for the general fiber X, (thus, the fibers are conjectured
to be rationally connected);

(ZZ) H(R, KR—FA,,’A) > 0.

The map r is called the k-rational quotient of (X,A) and is the analogous of the
previous MRC' quotient.

Proof. Note that (ICfr%)L coincides with the class of orbifold pairs with k¥ = —oo by
definition. To get the result, apply the orbifold version of theorem [3.1.12] to the class
>0
= qed

orb*
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We now want to describe the core map as a composition of subsequent x-rational
quotients and litaka fibrations, as we already did for the weak core map.

Let X be a normal variety, consider its k-rational quotient r : X — Rx. Then, using
orbifold uniruledness conjecture [3.4.14] we get that the orbifold Kodaira dimension of
Rx is non-negative. The litaka fibration for the orbifold canonical bundle is, thus, well-
defined. Repeat this process until the maps stabilize to the identity. With the same
reasoning as in the non-orbifold situation, it can be seen that this process stops when
the resulting base is of general type, after at most n := dim X steps. The resulting map
is called the (j o r)"-decomposition.

With the next results, we will prove that the fibers of this decomposition are special,
which, by corollary [3.4.5 are exactly the elements in the class ( (I)I;?)X)L.

Theorem 3.4.17. Let f : X — Y be a fibration with general special fiber. Assume that
either K(Y, Ky + Ay) =0 or (Y, Ky + Af) = —o0, then X is special.

Proof. This proof is done in the exact same way as the one for theorem [3.2.6] considering
suitable "good models" of the involved fibrations to compute their Kodaira dimension
and using the orbifold version of easy additivity with base of general type[3.3.15, qed

Corollary 3.4.18. Let f : X --» Y be a fibration with special general fiber and X a
normal variety. Let v be the MRC quotient of Y and j its orbifold Iitaka fibration. Then
ro f and jo f have special general fibers. In particular, by induction, we get that the
decomposition (j or)™ of any normal variety has special general fiber.

Proof. The proof goes exactly as its twin in the non-orbifold case, using "good models"
for the involved fibrations. qged

Theorem 3.4.19. Let cx : X — Cx be the core map of a smooth connected projective
variety of dimension n. Then, assuming Cnofﬁl conjecture |3.3.14) and the orbifold unir-
uledness conjecture cx = (jor)", where j is the Iitaka fibration relative to the
orbifold canonical bundle and r is the k-rational quotient defined above. In particular,
a variety X is special if and only if it is a tower of fibrations over a point with orbifold
fibers having either k* = —o00 or kK = 0.

Proof. The composition (j o r)™ has special fibers by corollary therefore it must
coincide with the core map by uniqueness of a map with base of orbifold general type
and fibers in the kernel of the class Ki*. Besides, X is special if and only if its core
map is onto a point, thus the decomposition of the core as (jor)™ gives the result. qed

Now, we come to the main conjecture formulated by F. Campana. It says that the
core map splits any orbifold pair in its mordellic part (the base of the core) and in its
potentially dense part (the fibers). We formulate it for varieties, but its possible solution
should consider orbifold pairs.

Conjecture 3.4.20. Let X be a variety defined over a number field k and let cx :
X — Cx be its core map. Then, there exists a complex projective subvariety W C Cx
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such that, for any finite extension k'/k, cx(X (k")) NU is finite, where U := Cx \ W.
Moreover, there exists k' such that, for any k" D k', X (k") is Zariski dense in each fiber
of ex lying over cx (X (k")) NU.

Conjecture 3.4.21. Let (X, A) be a smooth projective orbifold pair over a number field
k.

o If (X,A) is of general type, then there exists a Zariski closed subset W C X such
that, for any pair k',S’, where k'/k is a finite extension and S’ is a finite set
of non-archimedean places of k', the set of (S’, A)-integral points, (X, A)(S", k'),
contained in X \ W is finite.

o If v(X,A) =0 or kT(X,A) = —o0, then there exists k', S’, finite extension of k
and finite set of non-archimedean places of k' respectively, such that the (S’, A)-
integral points are Zariski dense in X.

Remark. The first part of the above conjecture is a generalization of Lang’s and Vojta’s
conjectures in the orbifold context.

Remark. Consider two more properties: the orbifold birational invariance of potential
density and mordellicity and the fact that, if the fibers and the base of a fibration are
potentially dense, so is the domain. These two together with the second part of the
conjecture above and the characterization of specialness in corollary would
imply that the class of special orbifold pairs consists exactly of the potentially dense
ones.

Example 3.4.22. We see now an example that shows that we cannot remove the hy-
pothesis of simple normal crossing on the divisors we are considering.

Consider the projective plane from which we remove the divisor D defined by the equa-
tions XY 4+ Z2 =Y Z and ZX = 0, it is not of simple normal crossing as, around the
point [0 : 1 : 0] we need at least 3 > dimP? linear parameters to define the divisor. In
the usual affine Z # 0, the integral points on the complement of the two lines correspond
to pairs (z,y) with  an S-unit and y € Oy g. The condition that the conic imposes is
that v := zy — y + 1 must be an S-unit. This can be rewritten as:

v—1
r—1

S Ok,g

with z,v S-units. The solutions of this problem are Zariski dense in the plane. For
instance, there exists infinitely many pairs (m,n) such that

3m—1

€.
2n —1

It is, in fact, sufficient to take an odd number n, so that 2" — 1 and 3 are coprime (2"
is congruent to —1 modulo 3 for odd n) and set m to be the order of 3 modulo 2" — 1.
However, the pair (P2, D) is of general type as the degree of the divisor Kp2 + D is
1 > 0, thus Kp2 + D is very ample. The conjectures we saw, then, would imply that this
orbifold pair is mordellic.
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We end this chapter with another conjectural interpretation of special varieties: they
generalize the notion of rationally connected varieties, substituting rational curves with
entire curves.

Definition 3.4.23. An entire curve in a complex projective variety X is a non-constant
holomorphic map h : C — X. Note that this is a generalization of the notion of rational
curves since here we consider holomorphic maps, among which there are the algebraic
maps.

Conjecture 3.4.24. A complex smooth projective variety X is special if and only if any
two points of X are joined by a chain of entire curves. This is in turn equivalent to the
apparently stronger property: any two points of X are contained in an entire curve.

Conjecture 3.4.25. Let cx be the core map of a smooth projective complex variety X.
Then, there exists a complex projective subvariety W C X such that any entire curve
h:C — X has image either contained in c}l(W), or in some fiber of cx. Moreover, X
is special if and only if it contains a dense entire curve.

Proposition 3.4.26. Assuming the conjectures above|3.4.21 and|3.4.23], the followings
are equivalent:

(i) there is an entire curve h: C — X;
(i) X (k') is infinite for some finite extension k'/k.

Proof. Assume X (k') is infinite. Let Z be the Zariski closure of X (k), then Z is positive
dimensional and Z (k') is dense in Z. Thus, by conjecture Z is special. Apply
then conjecture to get the result.

Conversely, assume there is a dense entire curve h : C — X. Let Z be the Zariski
closure of h(C) and Z’ — Z a resolution of singularities. Then h lifts to a Zariski dense
entire curve in Z’. First, we assume that Z, and so Z’, is defined over k. Thus, Z’ is
special by conjecture and, by conjecture there exists k’/k finite extension
such that Z'(k’) is Zariski dense in Z’. Therefore Z(k') is infinite and so is X (k’). In
the general case, let Y be a resolution of the smallest subset of X defined over k and
containing Z. If Y was not special, let ¢y : Y — C be its core map (which is defined
over k). Then, co h(C) is contained in a strict algebraic subset W C C' defined over k,
thus h(C) C ¢y (W) € Y which contradicts minimality of Y. Therefore Y is special and
by conjecture [3.4.21] there is a finite extension k’/k such that Y (k') is infinite, whence
the conclusion. qed

Remark. In the proof it is hidden also another equivalent property: X contains a special
subvariety.
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