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Abstract

In this thesis, we use the on-shell amplitude method to derive a loop-induced
amplitude without referring to a Lagrangian to determine the interaction
rules. As an example, we study Higgs production via gluon fusion, for which
we derive the amplitude for a subset of the contributing diagrams. This frame-
work therefore encodes, in a model-independent way, all possible beyond-the-
Standard-Model effects compatible with general principles such as Lorentz
invariance and little-group scaling of the amplitude. The amplitude obtained
is then matched onto its Standard Model Effective Field Theory (SMEFT)
counterpart, and complete agreement is found. The results of this thesis lay
the groundwork for systematically extending the on-shell amplitude approach
to the one-loop level, providing a general algorithm for the construction and
evaluation of loop amplitudes.
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Chapter 1

Introduction

The standard approach to compute scattering amplitudes relies on de-
termining the set of Feynman rules from the Lagrangian of a chosen theory.
These rules represent the basic building blocks for constructing scattering am-
plitudes and are conveniently expressed in terms of Feynman diagrams. Once
we specify the process of interest, we systematically enumerate all allowed
diagrams and sum them to obtain the corresponding scattering amplitude.
When the relevant couplings permit a perturbative treatment, we end up
with a power-series expansion in small coupling constants. The evaluation
of these diagrams becomes highly non-trivial when loop contributions are in-
volved, as we must deal with complicated integrals over the loop momenta
and we must also take into account the regularization and renormalization of
the theory [1H3].

The Standard Model (SM) of particle physics provides the theoretical
framework in which such calculations can be consistently performed. How-
ever, it is widely recognized as an incomplete theory since, for instance, it
fails to describe the mass of neutrinos, has no viable dark matter candidate
and cannot generate the excess of baryons over antibaryons in the universe.
Indeed, it is commonly interpreted as a low-energy effective description of an
unknown more fundamental ultraviolet (UV) theory. A systematic and model-
independent way to describe potential new physics is to extend the SM by
higher-dimensional operators, leading to a more general description known
as the Standard Model Effective Field Theory (SMEFT). In this approach,
we supplement the SM Lagrangian by an infinite tower of higher-dimensional
operators, each multiplied by a so-called Wilson coefficient whose structure
remains unknown. We construct these local operators using the SM fields
and asking to satisfy fundamental symmetry requirements, in particular in-
variance under the SM gauge group, SU(3). x SU(2)r, x U(1)y, as well as



2 INTRODUCTION

Lorentz invariance. Moreover, we take the fields to transform exactly as in
they do in the SM. The effects of heavy degrees of freedom, which are not di-
rectly accessible at current energies, are encoded into the Wilson coefficients,
suppressed by a characteristic energy scale A, associated with the scale of new
physics. In general an effective theory is valid in the regime where the typical
energy of the process satisfies £ < A [4,5].

Within this scheme, a key strategy to probe beyond-the-Standard-Model
(BSM) physics is to analyze experimental data collected at high-energy par-
ticle accelerators by performing fits to observables, such as cross sections,
computed in SMEFT. In particular, global fits are performed [6-9] for the
Wilson coeflicients that can give a guideline on where new physics can show
up and how. These fits identify which deformations of SM interactions remain
experimentally allowed and help prioritize future measurements. The SMEFT
framework is though limited. Not only does it assume that new physics com-
pletely decouples, but also that the Higgs boson is part of an SU(2) doublet,
which is just an assumption and not an experimentally proven fact. The
so-called Higgs Effetive Field Theory (HEFT) relaxes the assumption of a
linearly realized Higgs doublet. The electroweak Goldstone bosons are de-
scribed nonlinearly, while the physical Higgs is treated as an independent
scalar singlet under the nonlinear realization. Its expansion is more compli-
cated and organized by an appropriate chiral or HEFT power counting [1011].

In this context, the amplitude approach provides a robust framework that
can yield broader theoretical insights. In particular, the on-shell approach
parametrizes interactions directly in terms of amplitudes, without choosing an
off-shell operator basis. Its construction is instead organized by the assumed
particle content, symmetries, locality and power counting. This comes with
many advantages, namely that no SU(2) structure of the scalar fields need to
be assumed, it avoids ambiguities from field redefinitions and allows to write
down process-specific all-order expressions in the EFT.

The first step to implement the amplitude method is to identify the phys-
ical process one wishes to study. In this thesis, we focus on gluon-gluon
fusion into a Higgs boson, which represents the dominant Higgs production
mechanism at the LHC and can therefore be probed with high precision exper-
imentally. In the amplitude method we rely on more general arguments with
respect to using a specific BSM theory. The amplitude is indeed bootstrapped
from Lorentz invariance, little-group scaling, dimensional analysis, locality
arguments, symmetry considerations, and possible factorization properties.
Furthermore, the on-shell approach can describe both decoupling effects of
the SMEFT type and non-decoupling effects characteristic of HEFT, without
assuming that the Higgs belongs to a linearly realized electroweak doublet. In
the non-decoupling case, the low-energy expansion must be organized using
an appropriate HEFT or chiral power counting. Moreover, it avoids issues re-
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lated to field redefinitions and operator choices, as well as unphysical degrees
of freedom like ghosts or issues related to gauge fixing.

An important aspect of this construction is that we must specify the he-
licities of the external massless particles from the outset for the amplitude
method to work properly. As a consequence, the contribution of each helicity
configuration becomes naturally manifest at the amplitude level. Why is this
important? At the High Luminosity Large Hadron Collider (HL-LHC) due to
the large amount of data, we will be able to test kinematic features via multi-
dimensional distributions, where we might be sensitive precisely to effects that
carry helicity suppressions from non-interference with the SM. Furthermore,
we get more and more sensitive to measurements that really probe helicities
and polarisation, or spin correlations link in quantum observables [12}13].

In general, the amplitude method outlined above works remarkably well
at tree-level. At this order, in fact, scattering amplitudes display a relatively
simple analytic structure: as functions of the external momenta, they can be
characterised at most by the simple poles associated with the internal prop-
agators. Moreover, assuming locality, the residues at these poles factorize
into products of lower-point on-shell amplitudes, hence we can decompose
a generic tree-level amplitude into the sum of a factorizable part, obtained
by gluing lower-point amplitudes through factorization channels, and a non-
factorizable part, which is instead bootstrapped from the general arguments
mentioned above. The contact interaction of the amplitude can be naturally
written by making its Lorentz- and little-group structure manifest. To this
end, the spinor-helicity formalism is implemented, as it allows to write the
momenta and polarization vectors in terms of spinors whose transformation
properties under Lorentz- and little-group are well-defined. As a result of
this, the possible singularities of the amplitude are contained in the factoriz-
able piece, whereas the coefficients that parametrize the bootstrapped section
can only be polynomial functions of the Mandelstam variables, hence admit
a Taylor expansion in the relevant variables. The energy dimension of these
coefficients is determined through dimensional analysis which forces us to in-
troduce a cut-off scale that is can be chosen as the minimal energy at which
unitarity would be violated. This clearly establishes a connection between
the on-shell scattering amplitudes and EFTs: each coefficient in the ampli-
tude expansion would in fact be related to a certain combination of Wilson
coefficients of the chosen EFT [14].

What about loop corrections? In this case, the amplitudes are no longer
merely meromorphic functions of the external kinematics. Instead, they de-
velop a richer analytic structure, including branch cuts and logarithmic singu-
larities generated by loop integrations. These non-analytic features encode the
discontinuities of the amplitude and may be systematically studied through



4 INTRODUCTION

unitarity methods [15].

This thesis to our knowledge gives the first application of an agnostic
amplitude basis to the one-loop case, build on bootstrapped contact terms
and general on-shell htt and gtt three-point structures. Accomplishing this
extension represents a major step forward, as it allows us not only cap-
ture the well-established SM contributions to a given amplitude, but also
to probe all possible Beyond-the-Standard-Model physics effects in a model-
independent way beyond tree-level. Qualitatively, the general procedure to
achieve this goal can be summarized in the following steps. We first construct
the model-independent one-loop amplitude starting from the relevant model-
independent tree-level lower-point amplitudes entering the process. This point
relies crucially on the implementation of both massless and massive spinor-
helicity formalism. Then, we expand this amplitude into a sum over the cho-
sen basis of scalar loop integrals, together with the rational term contribution,
each multiplied by an a priori unknown coefficient. Finally, by exploiting gen-
eralized unitarity techniques [15,/16], we determine the precise expression for
all these coefficients. In this last step, performing 4-dimensional cuts over the
internal propagators of the relevant Feynman diagrams of the process ensures
the determination of only the cut-constructible part of the amplitude. By
promoting the cuts to d dimensions [15.(17], the rational term is also properly
captured. Needless to say, the resulting expression must contain the SM con-
tribution, providing a valuable and controlled benchmark for the calculation.

The thesis work is structured as follows. In Ch. [2l we summarize the main
problems of the SM of particle physics. We account for both experimental
and theoretical reasons. This is the starting point for the search for BSM
physics. Then, in Ch. [3| we review the traditional approach to probe BSM
physics. Hence, after briefly introducing the general grounds of EFTs, we
discuss SMEFT. We concentrate on the dimension-6 operators relevant for
the gg — h process in the Warsaw basis. Then, by means of SMEFTFR
v3.03 [18-20], FEYNARTS [21], and FEYNCALC [2224], we reproduce the LO
SMEFT amplitude for the process of interest. We recover the result reported
in Ref. [25].

In Ch. ] we introduce both the massless and massive spinor-helicity for-
malisms. We adopt a hands-on approach by providing some relevant exam-
ples. The aim of this chapter is to establish the power of little-group transfor-
mations in deriving on-shell tree-level amplitudes in a bottom-up approach.
Then, in Ch. [5| we specialize this technology to evaluate the tree-level on-shell
amplitude for the process hgg, as well as those for htt and ttg. These latter
two amplitudes are the building blocks for evaluating the one-loop gg — h
diagrams.

In order to move from tree-level to one-loop amplitude methods, in Ch. [6]
we review the main amplitude techniques to compute one-loop amplitudes
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and establish the connection with generalized unitarity. In this context, we
introduce the van Neerven—Vermaseren basis, which can be implemented to
efficiently reconstruct an amplitude by performing unitarity cuts.

Finally, in Ch. [7] we have all the tools required to perform the calculation
of one-loop Higgs production via gluon fusion. For the scope of this thesis,
we perform the calculation considering the two SM-like diagrams with top
quarks circulating in the loops. We first simplify the evaluation by bench-
marking the algorithm against the SM contribution, which is correctly repro-
duced. We then promote the approach to the BSM structures at first order
in the 1/A expansion. Here, generalized unitarity methods are implemented
computationally by means of MATHEMATICA [26] and its interface with the
package SMASH [27]. Finally, we provide the matching of the amplitude we
obtain with the one derived in the SMEFT framework. The correct imple-
mentation of the amplitude method allows this matching to work properly.
Finally, Ch. [§| provides a summary and outlook.






Chapter 2

Motivations for physics beyond
the Standard Model

Although the SM has been extremely successful in describing a wide range
of experimental data, there are several reasons to believe that it cannot be
the final theory of fundamental interactions [28]. These motivations can be
divided into experimental observations and theoretical considerations.

2.1 Experimental reasons

e Neutrino masses and oscillations. In the SM, neutrinos are massless
particles. This is because of the restricted particle content of the SM: it
does not contain right-handed neutrino fields, and therefore neutrinos
cannot acquire a Dirac mass through the Higgs mechanism. However,
neutrino oscillation experiments have shown that neutrinos produced
in a given flavor state can change their flavor during propagation [29,
30]. This implies that the flavor eigenstates do not coincide with the
propagation eigenstates, namely the mass eigenstates. It turns out that
neutrinos are much lighter than the other SM fermions, suggesting that
their masses may originate from a different mechanism. Moreover, the
ordering of the neutrino mass eigenstates is still under investigation and
is usually referred to as the neutrino mass ordering.

Different solutions have been proposed in order to give mass to neutri-
nos. A minimal extension of the SM consists in adding right-handed
neutrinos and Yukawa interactions, so that neutrinos acquire a mass
through the Higgs mechanism. We consider the right-handed neutrinos
as singlets under SU(3). x SU(2)r x U(1)y, hence they are sterile and
can only be probed indirectly. So far, no conclusive evidence for right-
handed neutrinos has been found. Moreover, following this strategy,

7
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we end up with an exceedingly small Yukawa coupling, especially when
compared to the top Yukawa coupling.

Another possibility is that neutrinos are Majorana particles. In the
minimal SM, this possibility is forbidden by the lepton-number conser-
vation which emerges as an accidental global symmetry of theory. In
particular, the see-saw mechanism introduces a heavy right-handed Ma-
jorana neutrino which is still sterile under the SM gauge group. This
time, however, we are able to provide a small mass to the neutrinos
without assuming an unnaturally small value of the Yukawa coupling.
From an experimental point of view, if neutrinos are Majorana particles,
neutrinoless double-5 decay provides a possible probe. The observation
of this process would therefore establish lepton-number violation and,
under very general assumptions, imply a Majorana mass component for
neutrinos.

Dark matter. Galaxy rotation curves and gravitational lensing obser-
vations suggest the existence of a form of matter that interacts gravita-
tionally but is invisible to electromagnetic radiation. This component is
known as dark matter and accounts for approximately 84% of the total
matter content of the Universe [31].

In terms of particles, the SM does not provide a viable candidate for
dark matter. In particular, the only SM particles with the right qual-
itative features are neutrinos, since they are neutral and weakly inter-
acting. However, their small masses make them relativistic at decou-
pling and until late times, corresponding to hot dark matter. Their free
streaming out of gravitational potential wells suppresses the formation
of structures on small scales, making them incompatible with the ob-
served large-scale structure if they constituted all of the dark matter.
They can therefore account for only a small fraction of the observed
dark matter relic density. Therefore, a particle-physics explanation of
dark matter requires new degrees of freedom beyond the SM.

Matter—antimatter asymmetry. It is known that the observable
Universe contains much more matter than antimatter. In order to dy-
namically generate such an asymmetry, the Sakharov conditions must
be satisfied: baryon-number violation, C and CP violation, and a depar-
ture from thermal equilibrium [32]. In this regards, the amount of CP
violation introduced by the minimal SM is not sufficient. Therefore, the
SM cannot account for the observed baryon asymmetry of the Universe.
This suggests the presence of additional sources of baryon-number vio-
lation and CP violation, together with a new mechanism for departure
from thermal equilibrium, beyond the SM.
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2.2 Theoretical reasons

e Naturalness and the hierarchy problem. One of the main theo-
retical motivations for physics beyond the SM is the hierarchy between
the electroweak scale and much higher energy scales. In particular, the
SM may remain valid up to energies close to the Planck scale,

Ap ~ 10" GeV,
while electroweak symmetry breaking occurs at the much lower scale
v =~ 246 GeV.

The Higgs sector is particularly sensitive to this large separation of
scales. Because the Higgs mass parameter is not protected by a sym-
metry, particles at a heavy scale M that couple to the Higgs generally
induce corrections proportional to M?2. If such scales are far above
the electroweak scale, obtaining v ~ 246 GeV can require cancellations
among independent contributions. This requires a large amount of fine
tuning among various contributions which ask for an explanation. This
sensitivity is the electroweak hierarchy or naturalness problem.

e Triviality and vacuum stability. The Higgs sector may also develop
problems when the SM is extrapolated to very high energies. In partic-
ular, the Higgs self-interaction changes with the energy scale because of
quantum effects. For present central values of the Higgs and top-quark
masses and the strong coupling constant, high-order SM calculations
typically place the electroweak vacuum in the metastable region, with a
tunnelling lifetime vastly longer than the age of the Universe. The dis-
tinction between absolute stability and metastability remains sensitive
to the above-mentioned parameters [33].

e The cosmological constant problem. Another important theoreti-
cal problem concerns the extremely small observed value of the cosmo-
logical constant. The vacuum-energy density inferred from cosmological
observations is tiny compared with the values we would naturally ex-
pect from the energy scales of particle physics, and even more so when
compared with the Planck scale. The enormous difference between the
observed value and theoretical expectations represents one of the most
striking hierarchy and naturalness problems in fundamental physics.

e Unexplained flavor structure. The SM successfully describes the
masses and interactions of quarks and leptons, but it does not explain
why these parameters take the values observed in nature. Fermion
masses span a very wide range, and the patterns of mixing among quarks
and leptons are also remarkably different. These quantities are intro-
duced in the SM as free parameters determined experimentally. The
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origin of this flavor structure therefore remains unexplained and may
point toward additional symmetries, interactions, or organizing princi-
ples beyond the SM.

e Strong CP problem. At the renormalizable level, the SM Lagrangian
must contain the term

2
g ~
Lsm D 932;2 GG, (2.1)
with 6 being a dimensionless parameter, and éfw = %EW,,UG‘W“. This

operator violates CP in the QCD sector of the SM Lagrangian. In
particular, measurements of the electric dipole moment of the neutron
lead to the bound [#] < 10710 [34], implying that CP violation in the
strong interactions is extremely small. The exceedingly small value of
0 is known as the strong CP problem.

Many possible solutions to these problems have been proposed, including
new particles, new symmetries, new interactions, unification mechanisms, and
extended Higgs sectors. However, no direct evidence for a specific BSM model
has been found so far. For this reason, effective field theories provide a useful
framework to describe possible new-physics effects [35,36], if the new physics
is assumed to be much heavier than the electroweak scale. We present the
groundwork of EFTs in the next chapter.



Chapter 3

Effective field theories as tools
to probe BSM physics

Effective Field Theories (EFTs) provide a general framework to describe
the physics of a system at a given energy scale without requiring the full
knowledge of its dynamics. The basic idea is that, if one is interested in
processes occurring at energies much smaller than a certain high-energy scale
A, the details of the dynamics above A do not need to be known explicitly. We
encode their effects in a systematic expansion in powers of small parameters,
such as E/A or m/A, where E is the typical energy of the process and m
denotes a light mass scale [37-41].

An EFT must be constructed in such a way to fulfill the general require-
ments of the system under study, such as its symmetries. In this sense, an
EFT is the most general field theory describing the relevant low-energy de-
grees of freedom, which is organized according to a given power counting
prescription. More explicitly, an EFT is specified by:

e the set of light fields, together with their transformation properties un-
der the symmetries of the system:;

e the symmetries that determine which interactions are allowed;

e a power-counting rule, which organizes the Lagrangian as an expansion
in small parameters.

In principle an EFT receives contributions from an infinite tower of higher-
dimensional operators. Hence, how can such a theory be predictive? In
general only a finite number of them contributes at any fixed order in the
expansion. Therefore, physical observables can be computed to a given preci-
sion in terms of a finite number of parameters, which can either be measured
experimentally or derived from a more fundamental theory.

11
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3.1 Top-down and bottom-up approaches

In QFT, we typically use Lagrangians to encode the behaviour of a theory.
In this context, an EFT Lagrangian acts as a bridge between a high-energy
theory and low-energy observables. This connection can be used in two com-
plementary ways.

Top-down approach. In the top-down approach, one starts from a known
ultraviolet theory and derives the corresponding low-energy EFT. Suppose
that the full theory contains light fields ¢, with masses my; < A, and heavy
fields ¢y, with masses my, = A. The ultraviolet theory can be schematically
written in terms of an action of fields

Suv (e, dn) = /d4x£UV(¢£7¢hac)v (3.1)

where ¢ parametrizes the coupling constants of the high-energy theory.
Therefore, the generating functional of the full theory reads

Zuv|Je, Jn) = /D¢£D¢h exp [Z (SUV(¢Z>¢h) +/d4$JZ¢Z+/d4$Jh¢h>} ,

(3.2)
where Jy and Jp are the light and heavy external sources, respectively.
Conversely, the low energy theory can be described by an action of light
fields only

Sir(¢¢) = / d*z Lir(de, ). (3.3)

Notice that the Lagrangian depends on specific IR parameters, denoted with
c’, which are commonly referred to as Wilson coefficients. The path integral
of this theory can be straightforwardly written as

Zr[Je) = /®¢z exp [Z <51R(¢z) +/d4l‘Je¢é>] ; (3.4)

where the heavy external source has been switched off. Now, since in the IR
region the two theories must give the same predictions, this implies

Zwr|Je] = Zuv[Je, Jn = 0. (3.5)

This relation means that, since the heavy fields cannot be produced on-shell
in the low energy theory, they are removed from the complete spectrum by
integrating them out. It is enough to require that

eiSIR(ng) = /D@L eiSUV(¢£7¢h)7 (3,6)

in order to guarantee the above relation. We define the Wilsonian action as

Sw(¢e) = Sr (o), (3.7)
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which governs the low energy behaviour of the light fields.

In general, the task of determining this action is not trivial. Integrating
out the heavy fields gives, in general, a non-local description. However, at
energies much smaller than the heavy scale, F < A, the effects associated
with the heavy degrees of freedom admit an expansion in powers of 1/A.
This can be seen straightforwardly at tree level. For instance, the propagator
of a heavy particle can be expanded as

1 1 2 4
ey inds A2(1+i2+i4+ > PP < A2, (3.8)
so that the exchange of the heavy particle is reproduced by a tower of lo-
cal interactions with increasing numbers of derivatives. A similar argument
applies at loop level, see e.g., [42]. Therefore, at low energies, the effects of
the heavy degrees of freedom can be encoded in a local expansion in inverse
powers of the heavy scale. The corresponding EFT Lagrangian can then be
written as

Lir(¢e, ¢ ZLIR b0, ), (3.9)

where each term contains the appropriate power of 1/A. The procedure that
determines the low-energy Wilson coefficients ¢’ by comparing the UV theory
and the EFT is called matching.

After matching, the Wilson coefficients are evolved from the high scale
down to the low-energy scale at which measurements are performed. This evo-
lution is governed by renormalization-group equations and is called running.
Finally, the EFT is used to compute physical observables at low energies.

Bottom-up approach. In the bottom-up approach, the ultraviolet theory
is not specified. Instead, one constructs the most general low-energy La-
grangian compatible with the known degrees of freedom and symmetries. For
example, if Lorentz invariance and gauge invariance are imposed, all operators
consistent with these symmetries must be included.

The bottom-up EFT therefore takes the form

LIR ¢€7 ZLIR QSZ) 7 (310)

where the expansion is organized according to the chosen power-counting rule,
and as before, the required precision determines where the expansion has to
be truncated. In this case however, the Wilson coefficients are treated as free
parameters and are constrained by experimental data.

This approach is particularly useful when the underlying high-energy the-
ory is unknown, or when matching from the UV theory is too difficult to
perform explicitly. In particular, a bottom-up approach is usually employed
to parametrize BSM physics. In EFT approaches to new physics, the SM
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is augmented with higher-dimensional operators compatible with the sym-
metries of the theory. In this case the low-energy fields are the SM fields
themselves and local interactions are required.

In this context, the scale of new physics, as well as the pattern and relative
size of the Wilson coefficients associated with the different effective operators,
are among the big open questions in particle physics. In the next section, we
will provide a parametrization of BSM physics by means of SMEFT.

We should briefly comment on the role of field redefinitions in an EFT
Lagrangian. In particular, the S-matrix equivalence theorem states that S-
matrix elements do not depend on the choice of interpolating fields [43]. They
are indeed invariant under local field redefinitions. This can be understood
from the LSZ reduction formula, which relates momentum-space Green’s func-
tions to physical S-matrix elements [2]. Although field redefinitions can mod-
ify the Green’s functions and their residues, these changes do not affect the
resulting S-matrix elements. This allows us to employ the equations of mo-
tion of the fields to eliminate redundant operators in the EFT expansion.
This point is particularly important since, at a fixed order in the expansion
of an EFT Lagrangian, some of the operators that we would naively write in
a bottom-up approach may instead be related by field redefinitions. This is,
in general, a non-trivial task and requires fixing a basis of operators to work
with. More on this will be provided in the context of the SMEFT operators.

3.1.1 Power counting

As discussed above, we need a rule that allows us to organize the EFT
expansion. This is known as power counting. Qualitatively, it dictates which
operators must be kept at a given order [43]. More explicitly, consider a
scattering amplitude normalized to have mass dimension zero. If the relevant
energy scale of the process is F, the insertion of a single operator of dimension
n > 4 gives a contribution of order

M ~ (i)n_4. (3.11)

Here, it is assumed that all the relevant light kinematic scales are of order
E and that no additional suppressions are present. This follows from di-
mensional analysis, since the coefficient of a dimension-n operator has mass
dimension 4 — n and is therefore suppressed by A" 4.

More generally, if several higher-dimensional operators are inserted, the

amplitude scales as
E\N
M~ | = 12
( A) , (3.12)

N=> (n—4), (3.13)

where
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and the sum runs over all inserted operators.

This formula shows how the EFT expansion is organized when the power
counting is based on the canonical dimension of the operators, as in SMEFT
[43]. Other EFTs may require a different power counting scheme. For in-
stance, in HEFT the loop expansion also enters the power counting [10]. At
leading order one keeps only the renormalizable part of the Lagrangian which
is given by operators of dimension equal or lower to n. Corrections of order
E/A instead arise from one insertion of a dimension-five operator. Correc-
tions of order (E/A)? can arise either from one insertion of a dimension-six
operator or from two insertions of dimension-five operators, and so on.

The same logic applies at loop level. For instance, if a loop diagram
with two insertions of dimension-five operators is divergent, the correspond-
ing counterterm has the structure of a dimension-six operator. This reflects
the fact that EFTs are non-renormalizable in the traditional sense: renormal-
ization requires an infinite tower of higher-dimensional operators.

Fortunately, this does not spoil predictivity. At any fixed accuracy in the
expansion, only a finite number of operators contributes. Therefore, we can
use EFTs as well-defined and predictive framework for describing low-energy
phenomena without knowing the detailed dynamics at energies of order A or
above.

3.2 SMEFT

Up to now, we have provided the basic tools for understanding the EFT
framework without relying on a specific theory. In this section, we use this
technology to describe BSM effects in SMEFT.

SMEFT provides a model-independent description of possible deviations
from the Standard Model at energies below the characteristic scale of new
physics which we still call A. As for the general case, the main assumption
is that the high-energy effects are encoded by significantly heavier degrees of
freedom with respect to those at the electroweak scale. This means that the
former can be integrated out. This results in an expansion encoded in a tower
of higher-dimensional local operators constructed exclusively from Standard
Model fields and invariant under the gauge SM group

SU(3)e x SU((2)r, x U(1)y. (3.14)

In SMEFT, the Higgs field is assumed to belong to an SU(2); doublet, so
that electroweak symmetry breaking is linearly realized as in the Standard
Model.

The SMEFT Lagrangian is obtained exploiting a bottom-up approach,
and is organized as an expansion in inverse powers of the new-physics scale

A,

ol
Lsmerr = LM + Z L@ L@ = Z WQZ@’ (3.15)
d>4 i
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where Lgy is provided in Appendix di) are gauge-invariant operators
of dimension d, while Ci(d) are the corresponding Wilson coefficients. These
parametrize the high-energy content which has been integrated out from the
unknown ultraviolet (UV) completion. These coefficients are taken to be
dimensionless since their mass dimension is made explicit via the A parameter.

In this work we focus on dimension-six operators only, and use the first
non-redundant operator basis determined in the literature, namely the so-
called Warsaw basis [44]. The construction of this basis was achieved by
making field redefinitions on the SM fields, use integration by parts identities
as well as Fierz identities. In particular, The Warsaw basis is constructed
such as to remove as many derivative operators as possible. Clearly, as al-
ready pointed out many field redefinitions are possible and one should fix a
preferable one from the outset. More on this can be found in [45].

We do not attempt a comprehensive review of SMEFT here. Instead, we
retain only the dimension-6 operators relevant to the analysis of Higgs produc-
tion through gluon fusion, which is the main production mode at the LHC. In
particular, the SM contribution to this process is loop induced, and, at lead-
ing order, the dominant contribution is generated by a top-quark triangle. In
SMEFT, this process receives both modifications of the top-mediated ampli-
tude and genuinely new contributions. In principle, loops involving lighter
quarks may also contribute in SMEFT, however, in the following we restrict
our analysis to the top-quark contribution and neglect light-quark loops. The
operators that directly generate the relevant interaction structures are [20]

Qpi = (¢1¢) GG,
0,0 = (#1¢) GG
ve = (@' Ttr) § Gy,
= (w ) @3tr@) , .
0 (49)2 ()
)
where
g =ioap, G, = %ewng“p", (3.17)

g3 = (tr,br)" is the third-generation left-handed quark doublet, and the
covariant derivative is defined in Eq. (A.7]).
Therefore, we are interested in the following part of the SMEFT La-
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grangian

Q(S?&IEFT = % CocQupc + C aQ
+ (C32Q3% + CE QY +he.) (3.18)
+ CooQuo + CuopQoyp |-

Here, the coefficients Cyc and C'~ are real. These two operators are respon-
sible for the non-vanishing tree level amplitude for gg — h, which is absent
in the SM case. Cy,q produces a CP-even interaction, whereas Csoé produces
its CP-odd counterpart.

The latter four operators in the list contribute only to the loop diagrams.
The first one, Qg?’G, provides a genuinely new contribution by modifying the
top-gluon vertices and is usually referred to as the chromomagnetic dipole
operator. The remaining three operators modify the top-Higgs interaction.
In particular, Q,0, Qup, and Re (ng’p) modify the CP-even top Yukawa
coupling, while a non-zero Im (Qi?o) generates a CP-odd pseudoscalar top-
Higgs interaction. Consequently, the Higgs coupling to top quarks contains
both CP-even and CP-odd components, leading to CP violation.

In Appendix we first provide the relevant Feynman rules for the
process gg — h at one loop. Then, we summarize the steps required to obtain
computationally the SMEFT amplitude at leading order (LO) in the EFT
expansion, i.e. at O(1/A?). Considering the CP-even part of the amplitude,
we obtain

. as a v v
M (1) + g(p2) = h) = i 5> 0" expean [PPh — (p1-p2)g™] F(7),
(3.19)
with
2
F(1) = et F1 (1) + cg(r) Fo(T) + Re(ctg)%Fg(T). (3.20)

The expressions for the coefficients ¢;, ¢4, and ¢y in terms of the Wilson
coefficients are given in Eq. (A.32), whereas the form factors Fi(7), Fa(7),
and F5(7) are given in Eq. (A.31), with 7 = 4m?/m?2 and m the top mass.
The above result coincides with that of Ref. [25].







Chapter 4

The on-shell way

Effective field theories, such as SMEFT and HEFT, provide a system-
atic way to parametrize the unknown effects of physics beyond the Standard
Model. However, they unavoidably rely on the assumptions made when con-
structing the Lagrangian. A possible way to describe BSM effects without
relying on a specific BSM Lagrangian, is to use on-shell amplitude methods.
In this framework, the fundamental object is the scattering amplitude itself
rather than the Lagrangian, which is not explicitly specified. These ampli-
tudes can be constructed by relying on general principles such as Lorentz
invariance, little-group scaling, and locality.

In this section, we introduce the spinor-helicity formalism, which provides
the mathematical language needed to parametrize model-independent on-shell
amplitudes. Both the massless and massive versions of the formalism are
discussed, together with some useful examples that establish the notation
and illustrate the underlying working principles.

4.1 The massless spinor helicity formalism

The spinor-helicity formalism is commonly employed in the calculation of
scattering amplitudes. Compared to the conventional four-vector formalism,
it has several advantages, as it makes the helicity structure of an amplitude
manifest from the outset. In the case of massless particles, helicity is conserved
under free time evolution and is also invariant under Lorentz transformations.
It therefore serves as a quantum number that labels an irreducible represen-
tations of the Poincaré group. For this reason, it is convenient to start from
the massless case, where the formalism is more naturally defined, and then
extend it to the massive case.

We begin the discussion with Dirac spinors and later extend it to spin-1
particles. In Appendix we introduce the notation used in this section.

19
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By reviewing the representations of the Lorentz group, we introduce left-
and right-handed spinors as the objects of its first two non-trivial irreducible
representations. We denote by DULJr) the (251 4 1)(2jg + 1)-dimensional
representation of the Lorentz group, where j;, and jr label the representations
associated with the two independent SU (2) algebras introduced in Eq. .
Therefore, we denote by

DEY  and DO, (4.1)

the left- and right-handed Weyl representations, respectively. These repre-
sentations act on left-handed spinors v, (x) and right-handed spinors wl(m),
respectively. Here, undotted and dotted indices each take two values, since
both representations are two dimensional. By convention, undotted indices
transform in the left-handed representation, while dotted indices transform
in the right-handed one. In this context, a Dirac field is a four-dimensional
completely reducible representation of the Lorentz group, given by

DDiraC = D(%’O) D D(O’%) (42)

On the other hand, the vector representation is provided by their tensor prod-
uct,

N[

D(z2) = D2 g pO:2), (4.3)

This is a 4-dimensional irreducible representation of the Lorentz group. In
fact, although under rotations only the spatial components of a four-vector
are mixed, the presence of boosts ensures that all components are mixed with
each other. A natural question arises: are we sure that this is actually the
Lorentz vector representation? The other possible candidates may be the
representations (%, 0) and (0, %), which have the correct dimension. However,
these two contain only angular momentum j = %, whereas (%, %) contains
j =0 and j = 1, which coincides with the behavior of a Lorentz vector under
rotations. This property allows us to make a general statement about the
structure of a Dirac field.

Consider a field carrying one undotted and one dotted index, A4s(x). Such

a field belongs to the (%, %) representation, namely to the Lorentz vector rep-

resentation. A field in the vector representation is usually written as A*(x),

where p is a Minkowski index. Therefore, there must exist a dictionary relat-

ing the components of A,;(z) to those of A*(z). This relation can be written
as [3]

Aal) = o, A4, (@), (4.4)

and analogously ) )
Aaa(l,) — 5’“0’(114#(.%), (45)

where the symbols o, and o# 4 contain the Pauli matrices and are defined

in Egs. (B.31) and (B.34).
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We specialize the two relations above to the case of a momentum four-
vector, since we generally work in momentum space:

=% p") = (BE,p"),  p'py=m’ (4.6)

By contracting it with the gamma matrices in the chiral-basis representation

of Eq. we can write
_ 0 Paa
p - (pda 0 > ) (47)

0 3 1 ;2
o wy _ (PP —p +1p 4
Paa = Pp (o )aa <—p1 —z'p2 p0+p3 ) ( '8)

with

and similarly .

P =p, (aH)*. (4.9)
The momentum bispinors pa; and p** can be regarded as 2 x 2 matrices. Their
determinant is Lorentz invariant and satisfies

detp = p''p, = m2. (4.10)

4.1.1 Spinor notation

The momentum-space Dirac equation reads
(p—m)u(p) =0 and (p+m)v(p) = 0. (4.11)

Here, u(p) and v(p) denote the Dirac wave functions in momentum space,
linear combinations of which form a Dirac field,

U(x) ~ u(p)e T+ v(p)eP, (4.12)

which satisfies the Dirac equation in coordinate space. To work in the chiral
representation, which distinguishes left- and right-handed representations, we
introduce the chirality projectors

_ 1ty

=)
+ 2 )

(4.13)

with v5 = iy9v172773. Here, we consistently employ the chiral representation
of the gamma matrices provided in Appendix [B.1.1]

We now label the left- and right-handed representations by =+, referring to
the two possible values of the helicity of the fermionic particle, h = j:%. This
can be done, since we consider for now the massless limit, in which chirality
and helicity coincide. In our notation, chirality is actually opposite to helicity
only for antiparticles, as is evident in Egs. (4.14) and (4.15)). In the massless
case, helicity becomes a Lorentz-invariant quantity.
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h >0 h <0
— Uyt — U_
E>0
—_—e U4 —_— U_
— D — D
- U4 e U_
EF <0
_(_.17+ —_— B_
— P — D

Table 4.1: Relation between the sign of the energy, helicity, and the corresponding
chiral spinors. The yellow arrow indicates the spin direction, while the red arrow
indicates the momentum direction.

As mentioned above, a massless partlcle is completely specn‘ied by its
helicity and by the sign of its energy, since [H h] — 0, where H is the Dirac
Hamiltonian and A is the helicity operator. In this context, u(p) represents
positive-energy solutions, while v(p) represents negative-energy solutions. We
further specify their chirality and helicity by defining the chiral spinors as

us(p) = Pxu(p),  vx(p) = Pxo(p), (4.14)

u+(p) = u(p)P+, vx(p) = v(p)P. (4.15)
In Tab. we provide a diagrammatic representation of the chiral spinors
and their Dirac adjoints. Each spinor is identified by its helicity and by the
sign of its energy. The yellow arrows represent the direction of the spin,
whereas the red arrows represent the momentum flow, which is conventionally
chosen from left to right.
Moreover, crossing symmetry, namely incoming <> outgoing and fermions
+> antifermions, exchanges the wave functions and flips the sign of the helicity.
Therefore, in the massless case the wave functions are related as

ur =vy and Uy = Us. (4.16)

The last step is to introduce an explicit representation of the wave func-
tions. This is done in terms of angle and square spinors, which are the central
objects of the spinor-helicity formalism:

w == (). wm == (%),

p]
iy (p) =v-(p) = ((p|* 0), a(p)=0:(p)=(0 [pla)-

These spinors must satisfy the massless Dirac equation in momentum space,
namely

(4.17)

pus(p) = pos(p) = ux(p)p = v+(p)p = 0; (4.18)
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this requires the angle and square spinors to satisfy

e =0,  paalp)®=0,  [Plap® =0,  ®%Paa =0,  (4.19)

where the representation of p in Eq. (4.7) has been used. These equations are
the massless Weyl equations.

4.1.2 Properties of angle and square spinors

In this section we present the main properties of the angle and square
spinors which will be necessary for later applications.

Reality conditions. The Dirac-conjugate field ¥ is obtained from ¥ by
Dirac conjugation. When this operation is applied to the momentum-space
Dirac equations, it relates the spinors associated with particles and antipar-
ticles. This relation, however, holds only if the momentum p* is real, namely
if all its components are real numbers. In that case, angle and square spinors
are not independent, but are related by complex conjugation:

P eR: (IP)a)” = [Plas (Ip)*)" = (p|* (4.20)

For complex momenta, instead, this reality condition is lost; in this case,
angle and square spinors must be treated as independent variables. Let us
verify the first equality as a consistency check. Using the definition of the
Dirac adjoint and the ° defined in Eq. , we obtain

a4 (p) = ul (p)y

=0 (In*)") (2 (1]> (4.21)
= ((Ip1*)" 0).
On the other hand, from Eq. ,

a(p) = (" 0). (4.22)

0

Comparing the two expressions, we find

(IP)*)" = (p|", (4.23)

as required.

Completeness relation. Consider the spin-sum completeness relations for
Dirac’s wavefunctions

> un®@anp) =p, Y va(p)Ou(p) = p, (4.24)

h=+ h=%+
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where we have set m = 0. By employing the explicit forms of the chiral wave

functions in Eq. (4.17) and of p in Eq. (4.7), we obtain

Pai = Palplas 7 = [p]%(p|" (4.25)

These two expressions are 2 X 2 matrices that occupy the two off-diagonal
blocks of a larger 4 x 4 matrix. For this reason, we can employ the following
abuse of notation, which will be used extensively in what follows:

p = p)lpl + (Pl (4.26)

where the 4 X 4 matrix p is written as the sum of its two 2 X 2 components.
Notice we have also suppressed the Weyl indices.

Angle and square spinor brackets. Given two massless momenta p and
q, we define the Lorentz-invariant spinor products

(pa) = @|"1@)ar  [pa] = [plala]®, (4.27)

where we have introduced the NW-SE \ contraction rule for undotted Weyl
indices and the SW-NE 7 contraction rule for dotted Weyl indices. Since
the spinor indices are contracted with the two-component Levi-Civita ten-
sors € and € defined in Eq. , these products are antisymmetric by
construction

(pq) = —(qp), [pq] = —[qp]. (4.28)

Moreover,
(pp) =0,  [pp]=0. (4.29)

In case of mixed contractions between angle and square spinors, they do not
define Lorentz scalars, because they carry different types of spinor indices. In
this sense, one writes

(plal = (p|*la)* =0,  [plg) = [plala)a = 0. (4.30)

More precisely, these expressions are not allowed scalar contractions unless an
object carrying one dotted and one undotted index, such as Ugd, is inserted.
We will address this point later.

A very useful identity relates spinor products to the scalar product of the
two momenta:

(pa)lapl =2p-q = (p+ q)*, (4.31)
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where in the last passage we used that the particle is massless. This relation
can be proved in the following way
(pa)[ap] = (p|*|9)a [glalp)®

= ﬁaaQad

=pu (") @ (07) 44

= puqy Tr(c"0")

= 2puqvg"”

=2p-q, (4.32)

where we used Egs. (4.25]), (4.8), (4.26]) and (B.36]).

)iza

Moreover, we adopt the following convention for negative spinor momenta
|=p)=—lp), |—pl=+p] (4.33)

Momentum conservation. In amplitude calculations, we use the all-incoming
convention, so that momentum conservation for an n-particle process reads

> =0 (4.34)
=1

In the spinor-helicity formalism this condition can be written by contract-
ing the momentum-conservation equation with arbitrary massless reference
spinors (g| and |k]. Using the spinorial representation of a massless momen-

tum, one obtains
n

> {qi)ik] =0, (4.35)
i=1
for any lightlike momenta g and k. This form is often very useful because it
allows to rewrite spinor products using momentum conservation directly.

Spinor bilinears. In amplitude calculations it is common to deal with
spinor bilinears which are constructed employing Pauli matrices in such a
way to properly contract all dotted and undotted indices.

With a similar notation abuse implemented in Eq. we can write the
4-dimensional gamma matrices as the sum of its 2-dimensional Pauli matrices
components

vt = ot + ¥, (4.36)
in accordance with Eq. . With this object we can build spinors bilinears
like

[k7*p) and  (k|]v"|p], (4.37)

with k* and p* two different massless momenta. Note these expressions com-
bine the 2-component spinors with the 4 X 4 gamma matrices. We interpret
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these expressions thinking that the 2-component spinors act as projectors
which single out the matching sigma-matrix contained in v*. Explicitly we
have

[k [p) = [Kla (6*)* Ip)a  and  (k[y*|p] = (k|* (0")aa [P} (4.38)
Some useful relations hold for spinors bilinears:

o Momentum reconstruction:

| {ely# k] = 28" | (4.39)

Contracting both sides with an arbitrary four-vector g, we find

Qu k" |k] = (k|d|k]

= (kla)[q|k]
= 2k"q,. (4.40)
e Same-chirality contractions:
(oK) =0, [ply"[k] =0.] (4.41)

Following the discussion we have just presented, it is not possible in this
case to project the v-matrix onto a Pauli-matrix whose indices contract
consistently with the spinors. In particular

(I Ik) = (1 (") g [R)as — [PIV"IK] = [pla (8")* (K] (4.42)

In both cases, one spinor index remains of the wrong type, so no Lorentz-
covariant contraction can be formed. Hence these same-chirality con-
tractions vanish.

e Charge conjugation:

| e[y [p) = (pl" K] | (4.43)
Contracting both sides with an arbitrary four-vector g,, we find

qulk[*p) = [k|d|p)
= [k] (gl(al) Ip)
= [kql(qp)
= [qk](pq)

= qu{py"[k]. (4.44)

Since this relation holds for an arbitrary g, the identity follows. Notice
that the compact notation introduced above allows us to avoid display-
ing the Lorentz indices explicitly.
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o Fierz identity:

[ D Eull) = 2[ik] (L) (4.45)

Using charge conjugation,

[Elull) = (UK, (4.46)
so that it is enough to prove
[i[7*1) (vl k] = 2[ik](L5)- (4.47)
To this end, consider on the one hand that
[y p pvulk] = il 1) Gyl D, (4.48)

on the other hand

(i1 p pvulk] = pjapnsliln Yy P yulk]

= 4p; - pi [ik]
= 2[5l (GD)[ik]
= 2[51){1j) [ik]. (4.49)
In the second line we used the four-dimensional «y-matrix identity
Yy = 497 1, (4.50)
which holds in d = 4 spacetime dimensions.
Therefore,
i) Ualk] = 20007 ) (4.51)
and, after cancelling the common factor [jI], we obtain
[l (vl k] = 2[ik] (L) (4.52)
e Schouten identity:
[13) (k) + 13} (ki) + k) (ij) = 0. (4.53)

This identity follows from the simple fact that any three two-component
spinors are linearly dependent. Therefore, given three spinors [i), |j),
and |k), one can write

|k) = ali) + b|j). (4.54)
Contracting this relation with (i| and (j|, respectively, gives
1k
(ik)y = b(ij), b= Z,,;,
4.55
k) _ G 459

(jk) = a(ji), a= TR
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Hence,
(k) o (k)
) =~ 1)+ ) (456)
Multiplying by (ij) and using (ik) = —(ki), we obtain
|2} (k) + 1) (ki) + [k) (i) = O, (4.57)
which proves the Schouten identity.

Contracting the identity with a fourth spinor (r|, one obtains the more
commonly used form

(ri)(jky + (rj){ki) + (rk){(ij) = 0. (4.58)
An analogous identity holds for square spinors:
[ri][7k] + [rj]lki] + [rk][ij] = O. (4.59)

4.1.3 Polarization vectors

For a massless vector boson with momentum k, we introduce an arbitrary
massless reference momentum r, with » # k, and define the polarization
vectors as in [46]

e

oy Bl o Gkl
M(k’ ) \/§<k7“>7 u(k’ ) ﬂ[kr]’ (4~60)

where the usage of 7, in place of the Pauli matrices is understood.

The arbitrariness in the choice of r reflects gauge invariance: changing the
reference spinor changes the polarization vector by a term proportional to the
momentum k,, which does not affect gauge-invariant on-shell amplitudes.

The polarization vectors must satisfy some fundamental properties.

e Transversality:
T\ — 1.
k“au (k;r) =0, r“su (k;r) =0. (4.61)
Indeed,

k|k|r
kte ! (k;r) = \w =0, rhef(k;r)

(klkr]

V2 kr)

(
PR i ISP (1)
ke, (kir) = V2 [kr] =0, rte, (k;r) NATS

These relations follow from the massless Weyl Egs. (4.19) for the spinors
associated with k£ and 7.

k) _
(4.62)
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o Slashed polarization vectors:

#* (ki) = <,{2> K|+ kD, (ki) = [f] (K] + Il
(4.63)

These relations connect the 4-dimensional slashed polarization vectors
with the 2-dimensional spinor variables. Hence, they encode the nota-
tion abuse we have already encountered before.

For example, by inserting ¢ ™ between two external spinors, one finds

(il (k)] = (i) < (k)
(i) )

V2 (kr)

Y2 ki)

o)
i [ﬂ\rw] hl (4.64)

(kr)

By exploiting this strategy the slashed polarization vectors are correctly
reproduced.

o Complex conjugation: for real momenta,
(ef (ksm))" =), (ki ). (4.65)

Indeed, for real k£ and r, angle and square spinors are related by complex
conjugation. Therefore,

- (52)

(k]
V2 [kr]
= ¢, (k). (4.66)
e Normalization:
et (k;r)-e (kyr) = —1. (4.67)

Indeed,
L [E|yulr) (k"]
2 (kr)[kr]
1 2(kr)[kr]
2 (kr)[kr]
=—1. (4.68)

et (k) e (ksr) =

where the Fierz identity was implemented.
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o Same-helicity contractions:

et (k;r)-et(k;r) =0, e (k;r)-e (k;r) =0. (4.69)

For the positive-helicity case,

et(ksr) et (kyr) = _ L lkmlri ki)

2 (kr)?
[kk](rr)
(kr)?
= 0. (4.70)

Similarly,

_ Y{k|yulr[(kly*r]
2 [kr]?

= 0. (4.71)

Gauge transformations: changing the reference spinor changes the po-
larization vector by a term proportional to the external momentum k*.
For the positive-helicity polarization, one finds

Klvul®  [klylr)
V2(k7) V2 (kr)
(k) [kl 7) — (K7 [yl r)

+(1L. = +( L. —
E,u (ka’r) _8/,L (k,T‘) -

V2 (k) (kr)
_ [Ely (Ckr)|7) — (KT r))
V2 (k7) (kr)
L (rr)
= el
B (rr)
= \@(km(kmk (4.72)

where in the fourth step we have employed the Schouten identity (4.58]),
while in the last step we have used Eq. (4.40)). Therefore,

N - . T
57[(14:;7‘) = 5:(k;r)+0+(r, 7) Ky, Co(r,7) = —V2 <k7<"><l>cr) (4.73)
Hence two polarization vectors with different reference spinors differ
only by a gauge transformation. If the amplitude satisfies the Ward
identity [2]
k, MH =0, (4.74)

then the physical quantity sff(k;r) M* is independent of the choice of
the reference spinor.
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Remark. For each external vector boson, one is free to choose the corre-
sponding reference spinor r;, with r; # k;. However, this choice must be kept
fixed in all diagrams contributing to the same process. After summing over all
diagrams, the final on-shell amplitude is independent of the reference spinors
r;.

4.1.4 The little group scaling

In this section, we present a powerful tool that can be used together with
the spinor-helicity formalism to infer the form of an on-shell scattering am-
plitude, namely the little group. A somewhat formal discussion of the little
group can be found in Appendix In this section, instead, we provide a
more direct and intuitive approach, starting from the simple case of massless
particles.

The discussion of the spinor helicity formalism in the previous sections,
allowed us to disentangle the presence of left- and right-handed indices be-
longing to the two non-equivalent 2-dimensional irreducible representations
of Lorentz group. This relation was given in Eq. as

Paa = [P)alpla; P = |p]*(p|*, (4.75)

The introduction of little-group techniques follows from noticing that these
relations are invariant under the scaling

p) = wlp),  |p] = wp], (4.76)

which is indeed a little-group transformation, as it leaves the massless mo-
mentum p* invariant. As reported in Eq. , the little group of the
momentum p* does not change the momentum itself, but acts at most on
the internal labels, which we denoted collectively by ¢ in the Appendix. In
the present massless case, the physically relevant non-trivial part of the little
group is U(1). From a physical point of view, we can straightforwardly jus-
tify this statement. For a massless particle, we can choose a frame in which
p* = (F,0,0,FE). The transformations that leave this vector invariant form
the Euclidean group in two dimensions, denoted by E(2). This group con-
tains rotations in the transverse (z,y)-plane, together with two translation-
like generators. The physically relevant finite-dimensional representations
are obtained by requiring the translation-like generators to act trivially on
the states. Therefore, the non-trivial part of the massless little group is its
rotational subgroup,

SO(2) ~U(1). (4.77)

In particular, in the spinor representation of a massless momentum, the little-
group transformation is realized as the scaling in Eq. . For real mo-
menta, w must be a complex phase, so that the reality condition relating
angle and square spinors is preserved. For complex momenta, instead, angle
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and square spinors are independent, and therefore w can be taken to be any
non-zero complex number.

The invariance of an on-shell massless momentum under the U(1) little
group allows one to constrain an on-shell tree-level amplitude without speci-
fying a Lagrangian. In fact, a Feynman amplitude essentially consists of prop-
agators, vertices, and external-line factors. However, the momenta appearing
in propagators and vertices are invariant under little-group transformations.
More explicitly, only the wave functions associated with the incoming and
outgoing particles transform under the little group.

Suppose we write a scattering amplitude involving massless particles en-
tirely in terms of spinor variables. Let ¢ = 1,2,...,n label the external
particles involved, so that we can denote the amplitude as

Mn<1h1,...,ihi,...,nh”), (4.78)

where we have specified the helicity of each particle and denoted each mo-
mentum p; simply by its label 7. Now, the little-group scaling of the external
states is then fixed as follows:

e a scalar external state carries no little-group weight, thus it does not
scale;

e for massless Weyl fermions, the external spinors scale with weight w 2",

where h = i%;

e for massless spin-1 bosons, the polarization vectors have little-group
weight w™2", with h = 1. Indeed, under the scaling in Eq. (4.76)), the
massless vector bosons in Eq. (4.60) transform as

5ﬁ (p;r) — wﬂsff(p; r) = w*Qhelf (p;7), h = +1. (4.79)

This transformation is the little-group transformation associated with
the external leg of momentum p; the chosen reference spinors are held
fixed. A separate rescaling of the reference spinors would cancel between
the numerator and denominator and leaves the polarization vector hence
unchanged.

Thus, for amplitudes involving only massless particles, little-group covariance
gives a strong constraint. Under the little-group scaling of the spinors as-
sociated with each external particle, the on-shell amplitude must transform
homogeneously with weight —2h;, where h; is the helicity of the i-th particle.
Therefore [47],

M, (1h1, it ,nh") = w; M, (1h1, il ,nh”) (4.80)

This result can be applied to all the n massless particles involved in the process
of interest.
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4.1.5 Three-point amplitudes from little-group scaling

We now apply the discussion developed so far to the case of three-point
amplitudes. We consider both a top-down and a bottom-up approach. The
former relies on the specification of a Lagrangian, which in this case is the
simple QED Lagrangian. In particular, we use the explicit representation of
the wave functions in terms of spinor variables, Eq. , together with the
explicit form of the polarization vectors in Eq. , in order to implement
the spinor-helicity formalism.

Conversely, from a bottom-up perspective, we will eventually recover the
same result, but starting from more general principles. In particular, we will
implement little-group scaling, dimensional analysis, and locality arguments.

Top-down derivation from QED. Consider the three-point QED ampli-
tude involving a massless electron e, a massless positron €, and a photon ~.
We choose the following helicity configuration and momentum assignments

e~ (p), et(p), 7 (p3),

where all momenta are taken to be incoming. The SM Feynman rule reads [2]

et (p2)
v (p3) =ieyt. (4.81)

e”(p1)

Using the QED vertex and the negative-helicity polarization vector, the
amplitude can be obtained in the spinor helicity formalism

Ms(1-,25,,37) = ie vy (p2)yuu—(p1) €2 (p3; q)
(3|uld]
V2 34]

) 1
=1e m 2(31)[2q]

iV <1f’3>£]2ql (4.82)

= ie [2|y"[1)

where in the third line we used the Fierz identity. The result still depends on
the reference spinor ¢, but this dependence must cancel in the final on-shell
amplitude. Indeed, using momentum conservation, p; 4+ p2 + p3 = 0 one can
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eliminate ¢ as follows:

(13)24] = {31 el
— a1l + )l
= 2135 (1]pslq]
- <<12>>2[ ql. (4.83)
Substituting this expression into Eq. (4.82)), we obtain
Ms(1,28,,37) = ievz L3 (4.84)

(12)

Notice that this final result depends only on angle brackets. This is a
special feature of three-point kinematics with massless external particles. This
fact becomes clear from

(12)[21] = 2p1 - p2 = (p1 +p2)* = p3 = 0. (4.85)
Two important consequences follow:
e Three-point amplitudes depend either on angle brackets or on square
brackets.

Since
(12)[21] = 0, (4.86)

either (12) = 0 or [21] = 0. The same reasoning applies to the other
pairs of external particles.

Suppose, for instance, that (12) # 0. Then [12] = 0. Moreover, using
momentum conservation,

0= (1\(p1 + 7, +p3)|3] = (12)[23], (4.87)
and therefore
[23] = 0. (4.88)

Similarly, one obtains [13] = 0. Hence, if the angle brackets are non-
vanishing, all square brackets vanish:

[12] = [13] = [23] = 0. (4.89)

Conversely, if the square brackets are non-vanishing, all angle brackets
vanish:

(12) = (13) = (23) = 0. (4.90)

Therefore, a non-vanishing three-point amplitude involving only mass-
less particles can depend either on angle brackets or on square brackets,
but not on both.
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e Non-vanishing three-point amplitudes require complexr momenta.

For real momenta, angle and square spinors are related by complex
conjugation. Therefore, if all square brackets vanish, the corresponding
angle brackets must vanish as well, and vice versa. This would make
any massless three-point amplitude vanish.

Non-trivial massless three-point amplitudes are therefore naturally de-
fined with complex momenta. In this case, angle and square spinors
become independent variables, and the two kinematic branches are in-
dependent.

Bottom-up derivation from little-group scaling. At this point, we
want to use the spinor-helicity formalism to obtain the tree-level on-shell
three-particle amplitude in a model-independent way, namely without a pri-
ori knowledge of a Lagrangian that dictates the interactions. Suppose that
the amplitude depends only on angle brackets; we will comment on this point
later. The most general three-point ansatz is

M3(1h1,2h2,3h3> = ¢ (12)™12(13)®12 (23) 723, (4.91)
where ¢ is an overall constant. The amplitude scales in the following way:

w;2h1 w;2h2 w§2h3 Ms (using Eq. )7

Mg —
wic12+3613 w§12+€1¢23 w§13+x23 Mg (using Eq. )

Equating the two scalings gives

T12 + w13 = —2hy,
12 + xo3 = —2ho, (4.92)
713 + T23 = —2h3.

The solution is
r12 = h3 — hy — ho, 713 = ha — hg — hy, w3 = h1 — ha — h3. (4.93)

Therefore little-group scaling fixes the angle-bracket three-point amplitude to
be

Ms (1’“ : 2h2,3h3) = ¢ (12)hs=M—h2(13)h2=hs=h1 (93 hi—h2=hs (4.94)

Applying this formula to

1
hi =5 hy = +— hs = —1,

27
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one immediately obtains

(13)*
(12)°

Ms(1-,25.37) =c

e~ et Yy

(4.95)

in agreement with the top-down calculation, with
c=ieV2.
We can now comment further on the procedure just described.

e Dimensional analysis provides an additional selection rule.

Let us evaluate the mass dimension of the parameter ¢ appearing in the
amplitude of Eq. (4.94]). First, recall that in four spacetime dimensions
an n-point amplitude has mass dimension [47]

M,] =4 —n. (4.96)

For a three-point amplitude this gives [M3] = 1. Since each spinor
bracket has mass dimension one, the coupling in the angle-bracket so-
lution has dimension

[C] =1+ hy+ hg + hs. (4.97)

For the QED amplitude above this gives [¢] = 0, as expected for the
dimensionless electric charge. Other helicity assignments may require a
coupling with non-zero mass dimension; if such a coupling is not present
in the theory, the corresponding amplitude is absent. In particular, if
we set hy = hy = h, we must have [¢] # 0, which means that
+ - — +

Ma(17,25,,37) =Ms(1_,2,,37) = 0. (4.98)
This result is expected from the fact that QED interactions preserve chi-
rality. In the massless limit, this means that the two outgoing fermions
must have equal chirality, namely opposite helicitiesﬂ

Let us observe another important point related to the mass dimension
of c. If we set

hy = +1, ho = —1, hs = +1, (4.99)
2 2
and try to use the angle-bracket solution, the coupling would have non-
zero mass dimension, namely [¢] = 2. This would seem to suggest
that this amplitude cannot be generated by the dimension-four QED
interaction. However, this cannot be the case. How do we solve this
issue?

'Recall that, in our notation, helicity coincides with chirality for particles, while it is
opposite to chirality for antiparticles.
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Instead of starting from the ansatz in Eq. (4.91)), we can consider its
parity conjugateﬂ

Ms (1h1 ,oh2 3h3) = E[12]%12[13)%13[23)72. (4.100)

Following steps analogous to those above, one finds that little-group
scaling fixes the square-bracket exponents in terms of the helicities of
the external particles,

Mg (1’11, 2h2’ 3h3) = [12]—h3+h1+h2 [13]—h2+h3+h1 [23]—h1+h2+h3 )

(4.101)
Specializing this equation to the case of the QED vertex, we find the
parity-conjugate QED amplitude

Ms(1F,2-,,37) =¢ [

24,3, (4.102)
with [¢] = 0, as expected. The remaining non-vanishing helicity configu-
rations can be obtained straightforwardly from Eqs. (4.94) and (4.101]).
The configurations with equal fermion and antifermion helicities vanish,
as discussed above.

A natural question arises at this point. If we do not require the overall
coefficient of the amplitude, here denoted by ¢, to have vanishing mass
dimension, namely if we also allow amplitudes generated by higher-
dimensional operators, how do we know whether the ansatz should be
written in terms of angle brackets or square brackets?

e The role of locality.

To answer the question above, we need to take into account the locality
of the operators that generate a given amplitude. Again, we provide an
example that illustrates the issue. We consider a three-gluon amplitude
with two negative-helicity gluons and one positive-helicity gluon. Using

Eq. (4.94), we find

Ms(1,2,3F) =c 127 (4.103)
97979 (13)(23)° '
For brevity, we omit the fully antisymmetric color factor f%1%2%3  which
ensures Bose symmetry under the exchange of the identical gluons 1 and
2. This amplitude has the correct mass dimension with a dimensionless
coupling c.

2Parity reverses the spatial momentum of a particle. This also flips the sign of the
helicity, which in turn implies that, in order to provide the correct little-group weight, angle
brackets must be exchanged with square brackets and vice versa: (--) <> [--].
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Now, let us try to build the same helicity configuration using the square-
bracket amplitude in Eq. (4.101)). This yields

Ms(1,2,3)) =¢ [1[?1’]2[]233] : (4.104)

In this case, the coefficient has non-zero mass dimension, [¢] = 2.

Therefore, what is the correct physical amplitude between the two?
From Eq. , we see that the momentum dependence scales as M1,
since spinor brackets carry mass dimension one. This is compatible with
the fact that the amplitude comes from the local ¢ AAOA interaction
contained in Tr F,, F'*¥. On the other hand, in Eq. the momen-
tum dependence scales as M. This means that such an amplitude
would have to come from an interaction term of the form

0
cCAA=A.
g
However, this cannot originate from a local Lagrangian. Therefore, we
discard the amplitude in Eq. (4.104)) as unphysical.

By now, the importance of little-group scaling as a tool to determine
model-independent scattering amplitudes should be clear. Moreover, we ob-
served that dimensional analysis provides an additional selection rule for the
determination of an amplitude, together with the requirement that it must
be generated by local operators. These general arguments uniquely fix the
massless three-particle amplitude and can also be used in more complicated
cases that will be explored in the following.

4.2 The massive spinor helicity formalism

Up to this point, we have discussed how to use the spinor helicity formal-
ism to determine tree-level scattering amplitudes. This was done both in a
top-down and a bottom-up approach, applied to three particle scattering pro-
cesses. Now, we wish to extend the formalism to include massive momenta.
This will allow us to consider more complicated scattering processes involving
both massless and massive particles, such as Higgs bosons and quarks.

Some of the techniques discussed in the previous sections for the massless
case can also be directly applied to the massive case. We will point out these
similarities when needed.

A straightforward extension to the massive case can be obtained through

the following argument. Given a massive momentum P, such that P2 = m?,

and two non-collinear massless momenta ¢* and k*, such that ¢> = k2 = 0,

we can write
b gy 4105
PH = . .
R (4.105)
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The idea is that, by decomposing a massive momentum as the sum of two
massless momenta, we can reuse many of the tools developed for the massless
spinor-helicity formalism. In particular, from the equation above, we may

write

m2

(kq)[qk]

Although this provides a straightforward extension to massive momenta, the
formalism is not particularly efficient. In particular, the covariance of an
amplitude under little-group transformations of the massive momentum is
obscured. To see this, notice that the definition provided in Eq. con-
tains three redundant real degrees of freedom. In fact, both massless and
massive momenta possess three real degrees of freedom, given by their four
components subject to the corresponding on-shell condition. These three spu-
rious degrees of freedom are related to the massive little group, which in four
dimensions is SO(3), or equivalently its double cover SU(2) for particles with
spin. Therefore, just as the invariance of a massless momentum p under the
U(1) little group is manifest in Eq. , we can make the analogous prop-
erty manifest in the massive case as well.

P=g+ k. (4.106)

To this end, it is convenient to introduce a new set of spinors |p’), |p;]
which carry a manifest SU(2) index I. Explicitly, we can define the momen-
tum spinor variables as

Paa = P Valprla, P = p1]%(p"|" (4.107)

Therefore, we can also write a massive momentum p* employing

p= 1)l + 1] (4.108)

This momentum is now manifestly invariant under the transformations
—1\J
phy = Whilph), Il = (WY rlpals (4.109)

where W/ is a matrix in the SU(2) little group. To raise and lower these in-
dices we can employ the 2-dimensional Levi-Civita tensor defined in Eq. (B.25)),

where we simply replace the Lorentz indices with the SU(2) little group ones,
IJ
e,

Following the conventions of Ref. [46] we write the explicit expressions of
the massive Dirac wavefunctions as

do= (). vw= (). (4.110)

ar(p) = (=4 lra), )= (@I} Iplra)-
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Plugging these objects into the momentum Dirac equation (4.11)), yields the
massive Weyl equations
I7é I —aa |, I Ia
Paa |P]" = m|[p")a, P |p*)a =m|p']%,
o , , . (4.111)
[p']a ™ = —m (p|% (' paa = —m[p a-
For brevity, we collect in Appendix all the other relevant relations among
massive spinors which we use to set the notation.

4.2.1 hgq amplitude from massless to massive

As an intermediate example between the massless and massive spinor he-
licity formalisms, let us consider the Yukawa interaction between the Higgs
boson and a quark—antiquark pair. We take

h(p1)7 q](pQ)a QZ(p?))a with b1 = —p2 —Pp3, p% = p?’, = m37
(4.112)
where i, j are colour indices, and the momenta all incoming .
The corresponding Standard Model Feynman rule gives [2]
q; (pQ)
,,,,, h(p1) = —idy ﬂ, (4.113)
V2
ai(p3)
where y, = ‘/ivmq is the yukawa coupling of the quark ¢. In this section,

we first evaluate the squared modulus of the amplitude for this process,

‘M(h, q, q) 2, in the massless case and then extend the calculation to the
massive case using the spinor-helicity formalism. This provides a useful ex-
ample for understanding the connection between the massless and massive
formulations and will also be relevant for the subsequent calculation of Higgs
production in gluon fusion. Finally, as a consistency check, we compare the
resulting amplitude with the one obtained using standard Dirac-spinor tech-
niques.

Massless helicity amplitudes. When the two external fermions are treated
as massless, the only non-vanishing helicity amplitudes are those with equal
helicities, since the Higgs—quark interaction ﬂips chirality:

M(1n,24,34) = —i 5” \[ 32], (4.114)
M(1,2;,,3;) = —idi; \y; (32), (4.115)
M(1h,25,35) = M(1h,25,35) = 0. (4.116)

These on-shell tree-level amplitudes can be obtained in two equivalent ways:
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e Bottom-up approach. Take Egs. (4.94) and (4.101]), and specialize

them to the present process by setting hy = 0, hy = —% and hy = —% in

the former equation, and hy = 0, ho = —% and hy = —% in the lattelﬂ
Then you just need to match the generic coupling ¢ to the SM one of

Eq. (4.113)), obtaining ¢ = —iéij%.

e Top-down approach. Start directly from the helicity amplitudes of
the process M(lh, 2(}5, 3ij) = —id;j %ﬂi (p2)u(ps) and use the explicit
form of the Dirac wave functions in terms of spinor-helicity variables,

namely Eq. (4.17]).

This being said, we can easily evaluate the squared amplitude by summing
over all helicities and colors of the particles involved:

|M(ha q Q) |2massless = Z ‘M‘gnassless
hel., col.
2

= N 5L ([320(28) + (32)[23]
2
=N, %q (2p2 - p3 + 2p2 - p3)

= 2N, y; p2 - ps. (4.117)

Here, we have implemented Eq. (4.31]) to convert the spinor products into
momentum dot products, and also Eq. (4.20) when evaluating the complex
conjugated amplitudes.

Massive amplitude. Let us now turn to the most interesting case, namely
the massive one. As already discussed, in the massive spinor-helicity formal-
ism, helicity is replaced by an SU(2) little-group index. We assign the index
I to leg 3 and the index J to leg 2, and obtain the massive amplitude in a
top-down approach,

MY = M(1h,24,.5,35,)
. Yqg — I
= —170;; v U

Lo Yq I I
=10;; —= ((3'27) +[3°2]) - 4.118
i ((372,) +[3"24]) (4.118)
where the explicit form of the massive Dirac wavefunctions Eq. (4.110)) was
used. Clearly, also here a bottom-up approach can be used; however we have
not yet developed the needed tools.

3Notice we are using Eqgs. and (4.101) as if all particles involved were massless,
though the Higgs boson its clearly not. From a practical point of view this is completely
fine as the Higgs is a scalar, therefore it does not bring about any little group index that
would spoil the equations we are using here.
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Since each external fermion has spin 1/2, each leg carries only one little-
group index, and no symmetrization is required. We will address this point
more accurately later. By exploiting the high-energy limit as prescribed in
Appendix we correcly reproduce the massless components:

1 mq—>0

M; —— —

2 mq—>0

9 32], MZ s — (32), (4.119)

J l] \[ J 1] \[
Notice we are taking the massless limit of the kinematic mass, thus we are
keeping the Yukawa coupling constant. We can now proceed to evaluate
the squared modulus of the amplitude by summing over the two little group
indices I, J and color. First, exploiting Eq. (C.3) we obtain

(372)" = —12731]. (13"2s))" = —(273y). (4.120)

> M= (312J> 3'2,)) (2731 + (2731))

spin, col.
y2
= —N, 5‘1 {<3—’2J)[2J31] + [372,1(273;)

+(312,)(273;) + [372,][273/]|. (4.121)
Each of the four terms can be evaluated using Eq. (4.107]) and the identities
reported in Eq. (C.1]). The relevant contractions are
(3"2,)[2731] = (3" (12)al2”a) I31)°
—(3"|*(p2)aal31)"
—(p2)aa(p3)™
= —2p2 *P3. (4122)

372,1(2731) = [3"]a (12/1%(271%) I31)a
= [3"a(p2)*I31)a
—(92)**(P3)aa
= —2p9 - p3. (4.123)

(872)(2781) = (31° (122)a (271" 131)s
= myq (3"|"50131)s
= my (3[31)
= —mq (31[3")
= mg 5}
=2m;. (4.124)
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[372,1(2737] = 3] (12,1%127);) 311"
= —mg [3]46%137)°
= —m, [3[3/]
= my [31]3']
= mg 5}
=2m;. (4.125)
Therefore, we obtain
2

BT = 3. % (s - )

=2Ney; (p2-ps —m7). (4.126)

As a benchmark for the calculation, we can evaluate the same object using
standard Dirac-spinor techniques, obtaining

Mgl = 30 7 = N3 (5, + ) (= m)]

spin, col.
y2
= Nc Eq (4p2 - p3 — 4m])
= 2N, yg (pg - p3 — mg) . (4.127)

This equation is exactly the same of Eq. . Hence, we have managed
to obtain the correct amplitude in case of massive quarks using the massive
spinor helicity formalism.

We conclude that the result in Eq. therefore misses the term pro-
portional to mg, because the external fermions were treated as massless when
performing the polarization sum.

This example provided a first introduction to massive calculations within
the spinor-helicity framework and made the connection with the massless for-
malism explicit. Moreover, we derived the massive amplitude for this process
using a top-down approach. In the following section, we will instead focus
on the bottom-up construction of massive amplitudes based on little-group
covariance.

4.2.2 Little group scaling in the massive case

As already pointed out, the massive little group in four spacetime dimen-
sions is SU(2). Therefore, massive particles of spin s transform in spin-s
representations of SU(2). In the notation of [48], these representations are
described by the states

|pa 5z>a
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where

J2’p, 5z> = 5(5 + 1)|pa 5z>7 Jg’p, 5z> = 5z|pa 5z>7 (4~128)

and J is the total angular momentum operator of the particle. See Ap-
pendix for further discussion on particle states. Here, s labels the ir-
reducible representation of SU(2), whose dimension is

25 + 1. (4.129)

Namely, a spin-s representation is spanned by

{Ip,s1), .-, |pss2s41) } - (4.130)

For our purposes, however, it is more convenient to label the spin-s rep-
resentation by a symmetric rank-2s tensor of SU(2),

Yhtos, (4.131)

where each index I; = 1,2 is a little-group index. The generators of SU(2)
act on this object as [4§]

I O_a I O.a Ios
(Jagp)rlzs = () Q/)J11'2~"1'2s e ( ) ¢Il"'125*1‘]25. (4.132)

2 J1 2 Jas

In this way, the spin-s representation is obtained as the completely symmetric
product of 2s spin—% representations. This implies that any massive spin rep-
resentation can be built by combining spin—% representations, and the massive
helicity spinors introduced above are precisely SU(2) doublets.

For instance, an amplitude involving a massive fermion of momentum p;
and a massive spin-2 particle of momentum ps must carry one little-group
index for the fermion and four symmetrized little-group indices for the other
particle. If particles 3 and 4 are massless with helicities hg = % and hy = —1,
respectively, the amplitude can be written schematically as

M(1], 202 s i} 3+3 41, (4.133)

where the SU(2) little-group indices label massive particles, whereas massless
particles are identified by their helicities. Here, as in the massless case, we
abbreviate the spinor associated with the external leg i as |p;] — |i] or |p;) —

|2).
Under a little-group transformation, this amplitude transforms as

3
M1, 2T ik ghe amly s (W) (W)™t g (W) 2 gy (W)™ 5 (W)™

- § ! ! ! ! !
X Wy 2(2)10472(71)3\/[(11 o155, 04} 3+%7471)7
(4.134)
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where we employ Eqgs. (4.109)) and (4.80|) for the massive and massless little-
group scalings, respectively. Notice that we use curly brackets to indicate that
the indices Jy, J2, J3, J3, J4 must be symmetrized. From this relatively simple
example, we can understand the advantage of employing explicit little-group
indices when defining massive momenta.

More generally, an amplitude with a massive spin-s particle of momentum
pl can be written as |48

M(l{ll“'IZS}, - ) _ |1>({1{1 . ’1>£222} M{a17---7a23}
. o , (4.135)
— |1}a1,{11 . ‘1]123}@23 ]\4{&17”.7

d2s}

since, as seen in the previous example, the little-group indices must be man-
ifest for the scaling to work properly. The reduced amplitudes M and M do
not carry any massive little group index and are equivalent, as one can switch
between dotted and undotted spinors by exploiting Egs. . Moreover,
they are totally symmetric in the a or & indices; again, this is conventionally
indicated by curly brackets.

Let us now give a “legal” expression for the amplitude in the previous
example, namely an expression with the correct little-group transformation
properties.

Again, consider an amplitude with particles 1 and 2 massive, of spin 1/2
and 2, respectively, and particles 3 and 4 massless, with helicities hy = % and
hy = —1. For the massless particles, little-group covariance fixes the required
weights. Since particle 3 has helicity hg = 3/2, the amplitude must scale as

M — wz 23M = wy M. (4.136)

This implies that the amplitude must contain 3 square spinors of momenum
p3, namely |3]3.

Similarly, since particle 4 has helicity hy = —1, the amplitude must scale
as

M — wy MM = wiM. (4.137)

Hence, the amplitude must also contain 2 square spinors of momenum ps,
namely |4]%.

For the massive particles, the amplitude must carry the appropriate SU (2)
little-group indices. Therefore, for particle 1 we need one index I, while for
particle 2 we need four symmetrized indices Ji, Jo, J3, Jy.

Two possible legal structures, which reproduce the correct little-group
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weights but do not exhaust all the possibilities, are then

M1, 200208} 345 4=1y = o) [2713] [2723] [2733] (4. 274) (174)
+cg [2713] [2723] [2733) (17274) (4] |4)
+ symmetrization over {Ji, Ja, Js, Ju},
(4.138)
where we require symmetrization over the J; with ¢ € 1,2, 3, 4 little group in-
dices. It would clearly be notationally cumbersome to keep all explicit SU(2)
little-group indices in our expressions. Fortunately, this is not necessary. We
will denote massive spinor-helicity variables in boldface and suppress their
SU(2) little-group indices. Since these indices are always completely sym-
metrized, they can be restored unambiguously whenever needed. With this
convention, expressions such as the one above can be written in the compact
form

M(1572,2572 372 471) = [23]% (c1 (42)(14) + 2 (12) (4|pigpl4)) . (4.139)
This expression would otherwise be written as
[2{1:T2005 3)3 <C1 (427072981 (1) 4 ¢, (11} 2J1,J2,J3}><4m/19/2|4>) . (4.140)

It is important to stress that, for massive particles, there is no analogue
of the usual massless helicity weight. Therefore, expressions involving mas-
sive spinors may look, from a purely massless point of view, as if they were
combining terms with different helicity weights. This is not a problem. The
massive spinors transform as SU(2) little-group tensors, and the suppressed
little-group indices ensure that the full expression has the correct transforma-
tion properties.



Chapter 5

Amplitude method at tree level

What we aim to do in this thesis is to extend the “amplitude method” to
the one-loop level, in the case of Higgs production via gluon fusion. In this
section, we review what we exactly mean by “amplitude method”, looking
at tree-level examples. Understanding the working mechanism at tree level
is indeed necessary for its later extension to one loop. Moreover, the former
case is well established in the literature, for instance, in Refs. [49-51].

As presented in Sec. little-group scaling efficiently constrains mass-
less tree-level amplitudes, together with dimensional analysis and the locality
of the operators. In this section, we want to focus on this subject and extend
the discussion to the massive case. To this end, we will explicitly imple-
ment the massive little-group scaling presented in Sec. for which no
examples were given. Although not explicitly implemented in this thesis, we
will also give some hints on how to treat higher-point tree-level amplitudes.
Special care must be taken when treating these amplitudes. The point is
that their form is determined not only by the general principles stated above,
giving the so-called “bootstrapped” part, but also by a “factorizable” part,
which comes from gluing together the lower-point on-shell amplitudes they
are made of. Mastering these two methods makes it possible to derive on-shell
scattering amplitudes from a bottom-up perspective, without relying on prior
knowledge of a Lagrangian. In this sense, we usually call these amplitudes
model-independent. What we have just discussed is exactly what we mean
by the “amplitude method”.

The program of this section is therefore to first present a general discussion
on the topic and then compute some scattering amplitudes of interest at tree
level. The first is the hgg process, for which we provide a matching onto
SMEFT. Thereafter, we will apply the amplitude method to the processes
htt and ttg. These are of fundamental importance for the extension of the
amplitude method to one loop in the hgg process.

47
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Finally, we stress that we will not explicitly compute amplitudes which re-
quire a factorizable part. To see how factorizable contributions are evaluated
in higher-point amplitudes, see for instance Refs. [2}46,49,50].

5.1 Bootstrapping and gluing on-shell am-
plitudes

As briefly reviewed in Sec. [3] effective field theories provide a systematic
description of possible new physics arising at high energy and parametrized
through an expansion in inverse powers of a heavy scale A. In the conven-
tional Lagrangian approach, this requires the construction of a complete set of
independent local operators, followed by the derivation of the corresponding
Feynman rules, similarly to what was described for SMEFT in Sec. What
we do here is to change this perspective. Since the quantities that ultimately
enter physical observables are on-shell scattering amplitudes, it is more nat-
ural to formulate the EFT expansion directly at the level of amplitudes.

An on-shell amplitude is constrained by Lorentz invariance, little-group
covariance and locality. unitarity and the statistics of identical particles.
These principles can be used to determine the allowed kinematic structures
without referring explicitly to a Lagrangian or to a particular choice of opera-
tor basis. In this formulation, redundancies associated with field redefinitions
are absent from the outset, since they do not affect the physical S-matrix.

A general n-point on-shell amplitude may be written schematically as

Mo =T ca({si}) (- )P, (5.1)

where T denotes an invariant tensor carrying the internal quantum numbers of
the external states, e.g. color, whereas (...) and [...] represent contracted he-
licity spinor structures. Their exponents are fixed by the little-group weights
of the external states, both for massless and massive particles. The coefficients
Co, are Lorentz-invariant functions of the generalized Mandelstam variables

sij = (pi +p5)%, (5.2)

or, more generally, of independent multiparticle invariants. Throughout this
discussion, all external momenta are taken to be incoming. Eq. is what
we mean by the bootstrapping of an amplitude. We have already seen that
the main ingredient we use here is little-group scaling, as shown in Egs.
and , for the massless and massive cases, respectively.

Let us now focus on the so-called factorizable part of the amplitude. At
tree level, locality implies that the only singularities of the amplitude are sim-
ple poles associated with physical internal propagators. Notice that this point
is one of the most evident differences between tree-level and loop-level am-
plitudes, since in the latter a much more complicated non-analytic structure
emerges from the integrations over the loop momenta. Sticking to tree-level
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amplitudes, consider a channel with momentum F;; the residue at the pole
Pf = m? must factorize into a product of lower-point on-shell amplitudes,

i
— 10 =0
P}Q%:e;?Mn—;ML(...,Z )Mp (i), (5.3)
where the sum runs over the physical polarization or little-group states of the
exchanged particle. Clearly, the state i carries momentum opposite to that
of 4.
It is therefore useful to decompose the full tree-level amplitude as

M, = ME + mNF, (5.4)

where MF is the factorizable contribution containing all physical poles, whereas
MSF is a local, non-factorizable contribution with no poles. Obtaining both
parts is what we mean by the “amplitude method”.

The two parts are constructed in different but complementary ways. The
factorizable part is obtained by gluing lower-point amplitudes across all al-
lowed physical channels, while the non-factorizable part is obtained by boot-
strapping all local spinor structures compatible with the quantum numbers
and symmetries of the process, as shown in Eq. .

For example, the factorizable contribution to a four-point amplitude can
be constructed as

M BRAE MM ) 7~UV
ORI AP D DE L L L AR
v |4

channels oy

where 4, j,k, ¢ € {1,2,3,4}, 1y is the particle of mass my being exchanged,
and oy labels its little-group states. The first sum runs over all possible
factorization channels, while the second implements the contraction over the
little-group indices of the internal particle. Here, vy denotes the same parti-
cle as ¥y, but with opposite helicity and momentum, since each three-point
amplitude requires all particles to be incoming. This prescription allows the
full amplitude to reproduce the correct poles and residues. For higher-point
amplitudes, the same principle can be applied recursively, although additional
care is needed to organize the different factorization channels and avoid over-
counting.

The remaining contribution, MY | contains the information that cannot be
reconstructed from lower-point amplitudes. Since all singularities are already
contained in ME, its coefficients are analytic functions of the independent
Mandelstam invariants. They can therefore be expanded as

1 1
ca({si}) =+ 43 s
1<J
1 2
T D ColueSigsne oo

i<j
k<t
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where the powers of 1/A displayed explicitly account only for the additional
suppression associated with increasing powers of the Mandelstam invariants.
Depending on the spinor-helicity structure labelled by «, the leading coeffi-
cient c&o) may itself start at order 1/A™, with n fixed by dimensional anal-
ysis. This expansion naturally organizes the amplitude according to its en-
ergy growth. Terms containing higher powers of the Mandelstam invariants
correspond to interactions of increasing canonical dimension and must be ac-
companied by increasing powers of the EFT suppression scale. At this stage,
Bose symmetry can also be imposed: if identical particles are present among
the external states, invariance of the amplitude under their exchange relates
some of the coefficients appearing in the expansion. When matched to a La-
grangian description, the independent coefficients appearing in the on-shell
amplitude are related to linear combinations of Wilson coefficients.

As a final comment, notice that gauge redundancy does not enter explicitly
in this construction because the amplitudes are written directly in terms of
physical on-shell states. For external massless gauge bosons, the combination
of little-group covariance, locality and consistent factorization ensures that
the final result possesses the correct gauge-invariant physical content. In this
sense, gauge invariance is implemented directly at the level of the observable
amplitude.

In the following, the “amplitude method” is illustrated through explicit
examples.

5.1.1 Bootstrapping hgg

Let us consider the three-point amplitude involving one massive scalar and
two massless gluons. The most general ansatz built out of square brackets is

M (h, 1gvh1,2gvh2) = 3P[12]"c_y(s12, A), (5.7)

where a and b are color indices and c_4 is an analytic function of the gen-
eralized Mandelstam variables, which in this case reduce to the Higgs mass
squared,

510 = (p1 + p2)* = m2, (5.8)

and of A, which parametrizes the scale of an unknown high-energy theory.
The mass dimension of c_g4 is

[c_g)=—-d=1—n. (5.9)

Under little-group transformations, the amplitude scales in two equivalent
ways:
77" 1,%" My (using Eq. [{30)),
M; — (5.10)
ty " Ms (using Eq. (4.76])).
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Notice that the scalar particle does not contribute any little-group weight.
Comparing the two scaling behaviours gives

n = 2h1 = 2h2, (5.11)

and therefore
hi1 = hso. (5.12)

Thus, the amplitude vanishes for opposite-helicity gluons, while for h; =
ho = +1 one finds n = 2. This has a straightforward physical interpretation
in terms of total angular momentum conservation in a scattering process. For
convenience, consider a Higgs boson at rest and picture its decay into two
gluons in the center-of-mass frame. Since the Higgs boson is a spin-0 particle,
the total angular momentum of the final state must also vanish. This can
be achieved if the spins of the two gluons, which are emitted with opposite
three-momenta due to momentum conservation, either both point along their
respective momentum directions or both point opposite to them. In other
words, the only possible helicity configurations are precisely those predicted
by the spinor-helicity formalism.
The positive-helicity amplitude is therefore

M (h, 19+, 22*) = §%[12]2c_1 (512, A). (5.13)

Here, since the coefficient ¢ of the amplitude has mass dimension of —1, we
can write

1_(m?
c(mi,A) = G <Ag> , (5.14)

where ¢ is dimensionless. Locality implies that ¢ is analytic and can be ex-

panded as

2 o) 2\ N

~(Mp\ _ Z My
n=0

Absorbing this expansion into the effective coefficient c;{g;, the most general

three-point amplitude becomes

o
a+ ob+) _ sab hgg 1012
M(h,lg 20 >_5 L2 [19]?. (5.16)

Notice that, with respect to the discussion in Sec. here we allow for a
non-zero mass dimension of the coefficient ¢. This hints at the presence of a
higher-dimensional operator, specifically one of dimension 6, which generates
this amplitude in the first place. Before looking at the connection between the
amplitude and the EFT operators from which it may be generated, let us first
comment on the other non-vanishing helicity configuration of the amplitude.

As already pointed out in the general discussion of three-point on-shell
amplitudes in Sec. the negative-helicity configuration requires a different
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ansatz from the one in Eq. , namely one built out of angle brackets. If
we used the square bracket ansatz instead, a manifestly non-local amplitude
would be generated and should therefore be discarded.

In particular, for the negative-helicity configuration, we should instead
start from

M (h, 197, 2;’7—) = §%(12)"¢_y(s12, A). (5.17)

In this case, following steps similar to those above, we readily obtain

a,— ob,—\ _ abcgi 2
M(h,lg 20 )_5 S99 (12)?. (5.18)

As expected, this amplitude is the parity conjugate of the positive-helicity
configuration. This is, again, a confirmation of the correct implementation
of the spinor-helicity formalism. Notice that the coefficient C;;; can be in
general different from Chyg" On considering a purely CP-even theory, the two
coefficients must be equal to each other. This is for example the case of the

SM in which

2 2
‘MSM <h, 1;*,25*)) - ‘MSM (h, 137—,23’—)‘ . (5.19)

Matching onto SMEFT. We now consider for simplicity the amplitude
with all positive helicity configuration. We saw that the emergence on the
inverse of the EFT scale A must hint to the presence of dimension-6 operators.
In this context, SMEFT provides this kind of contribution through a subset
of operators we already pointed out in Sec. which are

Qe = (¢l0) GLGM™, Q5= (4lp) GG, (5.20)

The relevant Feynman rule that can be obtained from these operators is re-
ported in Eq. . These two operators are CP-even and CP-odd, respec-
tively.

Now, we can match the SMEFT Wilson coefficients C, and Csoé onto
the c;g; coeflicient appearing in the bootstrapped amplitude. We can do this
analytically in two steps; first evaluate the SMEFT amplitude in the spinor
helicity formalism, then confront what we obtained with Eq. . Notice
we must declare the helicities of the gluons from the outset.
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g (p)
M 15" 20 ) svper = S h(p)
90" (p2)
4“) ab v v H nvpo + +
=32 97 |Cec (=p1- P29 +11p3) + C e prop2s | € (p1) € (p2)
4iv 6 Cpq | — 2 [12] +2007C [12]
A2 2 mi
59[12)? .
= (—22UC¢G+2UC¢6>
2iv .
= - 6 (C@G +zc¢é).

(5.21)
where we used the following relations

2
e p-py = % from the kinematics of the process;

2
€t (p1;p2) - € (p2;p1) = % Using the definition of the polarization
vectors in Eq. (4.60)), and choosing the reference momenta as 1 = ps
and ro = p1, we obtain

e (p1;p2) - (p2im) = % [1’752’3&21'%#'”

[
(21) (227

== (5.22)

where Eqgs. ) and - were used.
® D1pP20E, (pl)aj' (p2)e'P? = —£[12]%. A proof is provided in Appendix|[B.1.1

The result in Eq. (5.22) can be now matched onto the general on-shell
parametrization derived above in Eq. (5.16]). Comparing this expression with
the SMEFT amplitude, we obtain the matching relation

21'1) .
G =% (q{,@ + zcw@) . (5.23)
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This result makes explicit how the dimension-five on-shell interaction is gen-
erated, within the SMEFT, by dimension-six gauge-invariant operators after
electroweak symmetry breaking. In particular, the factor v/A originates from
the insertion of the Higgs vacuum expectation value in @, and Q«pé' For a

matching onto SMEFT up to order 1/A? see also Ref. [49].
By following a similar calculation, one finds that the matching of the all
negative-helicity amplitude onto SMEFT yields

2iv

oo = (CWG - z'qp@) : (5.24)

which differs from CZ;; by a sign difference on C’(pé. This is expected from

the fact that in a CP-even theory cZgZ = Cpgg which implies at the level of
SMEFT that Cso@ = 0.

5.1.2 Bootstrapping htt

We now consider the three-point htt amplitude, which will serve as one
of the building blocks for the gluon-fusion Higgs-production amplitude dis-
cussed in Ch. [7] Here, we derive its general on-shell form. As for the hgg
amplitude, htt does not have a factorizable part, being a three-particle am-
plitude. Therefore, all we need to do is bootstrap its non-factorizable part.
To this end, we exploit Eq. , which constrains the amplitude to be of
the following form

M(1n, 20, 35,) = 0ij (chiz(32) + c1f[32]) . (5.25)

Here, we are implementing the bold notation to avoid showing explicitly the
little-group indices of ¢ and ¢. It is natural to ask whether a structure of the
form

(3[p,12] (5.26)

should also be considered, as p, 1s invariant under little-group transforma-
tions. We can recast this term in the following form

(3lp,12] = 35 (—p, —p,)127]
= — (3" p,[27] — (3% [p,[2”]

Here, m; is the top-quark mass, and we have exploited momentum conser-
vation, Egs. , and the massive Weyl equations . Hence, the
independent bootstrapped structures contained in Eq. already account
for a term such as (3[p, [2].

What is different with respect to the SM amplitude? In Sec. we
already encountered the amplitude involving a Higgs and two quarks. There,
we made use of a top-down approach, starting from the SM interaction vertex.
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We report here the result obtained in Eq. (4.118]), adapting the momentum

definitions:
Yt

i ﬁ
We straightforwardly notice that matching to the SM provides the following

values for the coefficients cﬁtLt— and cﬁ? of the bootstrapped amplitude:

M(14,2,,35,) = —i0 ((32) +[32]) . (5.28)

SM:  clh=cfl— U (5.29)

V2

The fact that in the SM the two coefficients are equal to each other reflects
the parity conservation of the interaction. The SM operator htt is indeed
parity conserving; therefore, applying a parity transformation to Eq. ,
thus exchanging angle and square brackets, leaves the amplitude unchanged.
Conversely, the model-independent expression for the amplitude allows for a
more general interaction in which parity can also be violated, for instance via
an operator of the form ihty°t. This can be seen more explicitly by recasting

Eq. (5.25) as

RR + CLL RR LL

M(Lh, 21,,3y,) = 8y | P ((32) + [32]) + ML (—(32) + [32]) |

2

(5.30)
The second term on the right-hand side is precisely the parity-violating term,
which changes sign under a parity transformation. Also, as expected, if the
two coeflicients cﬁtL{ and cft? are equal, as in the SM, the parity-violating term
vanishes.

Let us now comment on the choice of notation for the coefficients of the
amplitude, which coincides with that of [46]. In cﬁ? and cﬁtLt—, the RR and
LL chirality pairs give rise to chirality-violating terms, which is consistent
with the fact that the Higgs boson flips chirality in this interaction. We stick
to this notation since it makes the chiral structure of the spinors manifest.
More explicitly, (32) and [32] are Lorentz-invariant contractions of spinors
transforming in the left- and right-handed Weyl representations, respectively.
Although their Lorentz indices are fully contracted, they retain the suppressed
SU(2) little-group indices associated with the two massive external particles.

As a final remark, we highlight the fact that the amplitude of Eq.
can be matched onto its SMEFT counterpart, whose Feynman rule is reported
in Eq. . From a qualitative comparison, we can see that the combina-
tion (cﬁ? + cﬁtLt—) /2 should account for a simple modification of the Yukawa
coupling due to the presence of the real part of the Wilson coefficient Cgi,
whereas the parity-violating coefficient (cf% — cFL)/2 can be matched onto
the imaginary part of the same Wilson coefficient. We will not make the
matching explicit here, as it will be performed in Ch. [7] when matching the
one-loop Higgs production via gluon-fusion process. Here, we only wanted to
make a qualitative connection with SMEFT.
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5.1.3 Bootstrapping ttg

The last on-shell amplitude we want to determine via bootstrapping is
the interaction between a gluon and a pair of top and anti-top quarks. This
amplitude will be of fundamental importance when studying the one-loop
production of a Higgs via gluon fusion. We start from the positive-helicity
configuration,

M(15,24,357), (5.31)

As before, we use the bold notation to keep the massive little-group indices
implicit. Since particles 1 and 2 are massive spin-1/2 states, each of them car-
ries one SU (2) little-group index. To bootstrap this amplitude, we implement
the square-spinor representation of Eq. ; the amplitude can therefore
be written as o

M (17, 2¢,37) = [1)%12]" M, (5.32)
where all the dependence on the massless particle is contained in M;. More-
over, we are omitting the color factor (7');; that will be restored at the end
of the derivation.

The reduced amplitude M_; is strongly constrained by the massless little
group, which dictates the scaling of the square and angle spinors as reported

in Eq. . In particular, under
3) — ws3),  [3] — w5 3], (5.33)
an amplitude containing a particle of helicity hg must transform as
M — wz M. (5.34)

We say that particle 3 carries helicity weight hs. For a positive-helicity gluon,
hs = +1, and therefore

M(17,2¢,3)) — w3 *M (15,24, 3]). (5.35)

Since the massive spinors |1] and |2] are unaffected by the massless little-
group transformation of particle 3, the entire weight ws 2 must be carried by

M,

A first possibility is immediate. The tensor
M_; = [3|a[3]; (5.36)

has precisely the required weight, since each |3] transforms as w; L1t therefore
generates the legal structure

M(15 2, 3;) D [31][32]. (5.37)

However, this is not the only possible structure. In two-component spinor
space, a rank-two dotted tensor can also contain an antisymmetric part pro-
portional to €,;. Since €,; itself carries no little-group weight, it has to be
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multiplied by a scalar quantity transforming as ws 2. Such a quantity natu-
rally arises from the special kinematics of the three-point amplitude.
To see this, consider the following two objects

3), 3. (5.38)

Their spinor contraction vanishes:

(31p,13] = P (37,13]
= 2p1 - p3
= (p1 +p3)® — pl — p3
= (—p2)® — m}
0. (5.39)

Here we have used momentum conservation assuming all particles to be in-
coming and on shell,

p1+p2+p3 =0, pi =ps =mj, p3 = 0. (5.40)

The above condition implies that [3) and p, [3] are not independent. We can
therefore define a scalar quantity x through

P13l =z [3). (5.41)

The proportionality coefficient can be extracted by introducing an arbitrary
auxiliary spinor |r). Contracting the previous relation with (r| gives

x = w (5.42)

Under the little-group transformation, we have
T — wy 2w, (5.43)

since the numerator contains one |3] and therefore scales as wsg ! whereas the
denominator contains one |3) and scales as ws. Thus, = carries exactly the
helicity weight required for a positive-helicity gluon. We can consequently
construct the second possible tensor structure as

rp, |3
My, = < Jf?l)i | €ab> (5.44)

which gives
(rlp,|3]
(r3)

M(152,3)) D [12] (5.45)
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Therefore, up to scalar coefficients, the positive-helicity amplitude contains
two independent structures,

[13][23],  [12] (rlp I3 (5.46)

Before putting together these two structures, we can work further on the
latter. One can make use of the following identity

(rlp,[3] (r1)[32] + (r2)[31]

[12] TR S + [13]]23]. (5.47)

whose derivation is reported in Appendix Making use of the positive-
helicity slashed polarization vectors defined in Eq. (4.63]), the previous relation
reads
(rlp,13] — my
12]—-L1— = — ((1|¢7512] + (2|¢4[1]) + [13][23], (5.48)
<,,,.> \/§ ( 3 3 )

Hence, instead of using [12]x and [13][23] as a basis, we may equivalently
choose the polarization-dependent structure and the pure square-bracket struc-
ture. The general positive-helicity amplitude can then be parametrized as

M(17,,24,,35%) = ()1 (cm ((LIEF12)+ (2145 1)) + cFR(13][23])
(5.49)

Here, we have also restored the color structure with (7°);;.

The negative-helicity amplitude follows from an entirely analogous argu-
ment. In this case the required massless little-group weight is wg' 2 and the
roles of angle and square spinors are exchanged. One can define the corre-
sponding quantity

L C

R T w3 “T, (5.50)

and construct the two independent structures

T =

(13)(23),  (12)i. (5.51)

Equivalently, choosing again a basis involving the polarization vector, the
negative-helicity amplitude can be written as

M(15,,21,,357) = (1)1 (cqn (115121 + (2Uf511]) + b (13)(23) ).

(5.52)
Let us further analyze the amplitudes we obtained. Using dimensional anal-
ysis, the couplings cfffR
the presence of a dimension-6 operator generating these couplings, hence a
BSM interaction. Indeed, as can be inferred from the SMEFT Feynman rule

and Cﬁé‘l‘ have mass dimension —1, which hints at
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reported in Eq. , an additional structure with respect to the SM is gen-
erated by the so-called chromomagnetic operator. Conversely, the coefficient
g 18 dimensionless, hinting that the operator that generates it is the renor-
malizable QCD interaction vertex.

What we do now, instead, is match the bootstrapped amplitude onto the
SM one. This will be important in order to benchmark the future computation

of hgg at one loop. We can do this using the explicit expressions for the Dirac
wavefunctions in the massive formalism given in Eq. (4.110)):

fjj (p1)
9% (p3)
tiI (p2)

= —igs (T*)ji ur(2)vuv” (1) €l (p3, 7)
o) J
= =g, (1) ({287 21a) (s 0" (_‘,ﬁiﬁ-) o (1)

= —igs (T%);i ((21¢311] + (1l¢512]) - (5.53)

In the calculation, we assigned the SU(2) little-group indices I and J to par-
ticles 2 and 3, respectively. The matching between Eq. (5.52)) and Eq. (5.53))
then reads

SM : Cgit = —1Gs, cfng = 0. (5.54)

The fact that cfém = 0 in the SM confirms our predictions. In the case of
negative-helicity gluons, we clearly obtain

SM: P =o. (5.55)







Chapter 6

One-loop amplitudes and gen-
eralized unitarity

It is now time to go beyond tree level and consider one-loop amplitudes.
In this section, we aim to review some of the main results concerning one-
loop amplitudes, such as the possibility of expressing them in terms of a
basis of only four types of scalar integrals. This result is of fundamental
importance for introducing generalized unitarity methods, which in fact aim
at determining the coefficients of this expansion, thus effectively evaluating
the one-loop amplitude.

Before doing so, we will first briefly focus on the so-called Passarino—
Veltman (PV) reduction, which is a powerful tool that allows tensor integrals
to be reduced to scalar integrals, since the former are the ones that usually
emerge from one-loop diagram computations. We then proceed by reviewing
the cutting rules, making contact with the well-known optical theorem. This
is done in order to introduce the generalized unitarity method in a natural
way.

To systematize the use of this method, it is convenient to introduce the van
Neerven—Vermaseren parametrization of the loop momentum. We present it
for a generic N-point amplitude in D dimensions in order to be as general as
possible. A particularly useful feature of the van Neerven—Vermaseren basis is
that it provides a natural bridge between integrand reduction and generalized
D-dimensional unitarity.

6.1 Basic properties of one-loop integrals

In general, when going from tree level to loop level, the main difference
is the emergence of the so-called Feynman integrals. These are integrals over
the loop momenta of a given diagram and require specific techniques in order
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to be evaluated. Here, we do not provide an exhaustive discussion of the
subject, but only introduce the theoretical tools needed for this thesis.

Given an N-point one-loop amplitude, the following type of integral nat-
urally emerges in the computation:

7 N/ dP1 N(I)
N (2m)D [(l +qo)? — mﬂ [(l +q1)? — m%] e [(l +qn-1)% — m?vg ’ |
6.1

where the momenta ¢; are obtained from the external momenta p; as follows

J N
G= P =0 with > pp=0, (6.2)
k=1 k=1

and N(l) is a polynomial in the loop momentum [ and in the external kine-
matic variables. Throughout, the Feynman +ie prescription is understood in
all propagator denominators and will be suppressed unless explicitly needed.
Fig. [6.1] provides the diagrammatic representation of this loop integral. We
define a scalar integral as the special case in which N(I) = 1. The general
goal is to compute Iy efficiently.

D3

Figure 6.1: Generic one-loop N-point diagram. All external momenta are taken to
be incoming, with ¢; = > 7 _ k.

An important feature of one-loop integrals is that Feynman integrals may
be UV divergent. In particular, if the polynomial N(I) contains a sufficiently
high power of the loop momentum, the Feynman integral may diverge in
the ultraviolet (UV) region. From simple power counting, we can observe
that Iy is UV divergent if it contains tensor integrals of rank r with r >
2N — 4. This follows from the fact that each propagator in the denominator
of Iy contributes two powers of the loop momentum [. This immediately



ONE-LOOP AMPLITUDES AND GENERALIZED UNITARITY 63

implies that only one-point and two-point scalar integrals are UV divergent.
Moreover, the highest rank of an N-point one-loop diagram is r = N in
renormalizable theories such as the SM [15]. This implies that only one-,
two-, three-, and four-point one-loop integrals can be UV divergent, whereas
five- and higher-point one-loop integrals are necessarily ultraviolet finite.

An important point concerning loop amplitudes is how to deal with the
resulting divergences. Loop integrals require the so-called regularization and
renormalization procedures in order to obtain a completely finite result for
a given process of interest. There exist different kinds of regularization for
divergent diagrams and different renormalization schemes. We refer to stan-
dard textbooks for a detailed discussion of these subjects [1,12]. Commonly,
one employs dimensional regularization, as it provides an economical tool to
deal with divergences in loop integrals. In this case, the dimensionality of
spacetime is set to D = 4 — 2¢, with € a small positive parameter. In this way,
UV divergences arise as poles in the variable € and can therefore be removed
in a straightforward way once a renormalization scheme has been defined.

Up to the required order in €, a generic one-loop integral with four-
dimensional external kinematics can be reduced to a linear combination of
scalar one-, two-, three-, and four-point integrals, together with a rational
contribution [15],

Iy = Z 64’jDéj)+Z 03,]-0(5]')—!-2 cz,jBéj)—FZ C1,jA(()j)+fR+O(D—4). (6.3)
J J J j

Here, the coefficients ¢, ; contain the process-dependent kinematic infor-
mation and are evaluated in D = 4, namely, they do not depend on €. More-
over, R denotes the rational part whose contribution originates from informa-
tion that is lost if the loop momentum and numerator algebra are restricted to
four dimensions. For instance explicit D-dependence in tensor or spin algebra,
generates dimension-shifted integrals and O(e) coefficients. When combined
with ultraviolet or infrared poles, these terms can leave finite rational re-
mainders. The integrals appearing in the expansion, Dy, Cy, By, Ag, carry a
subscript 0, indicating that they are scalar integrals. They are called box, tri-
angle, bubble, and tadpole scalar integrals, respectively. These names clearly
refer to the associated scalar Feynman diagrams; hence, a diagrammatic rep-
resentation of this one-loop decomposition can also be provided. Notice that
the index j encodes the different combinations of the external momenta p;
entering the corresponding g;.

In order to perform this decomposition, it is necessary to reduce tensor
integrals to scalar integrals. Recall that, in a renormalizable theory, the rank
r of a tensor integral of the form given in Eq. is bounded by r < N.
Therefore, we shall consider the following tensor integrals, defined with the
same normalization adopted for the scalar integrals above and with D = 4—2e:

D 2¢
iy = [ 12 o
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Bo; BY; B* (p1;mi,m3)

APl e (1; 1 141
:/ p=e (15 1% ), (6.5)
(2m)P dids

. . V. vo o2 2 2
COa CN, cr ) cH (p17p2am17m2am3)

B / dPr o p2e (15 17 1M 1MV (6.6)

N (27T)D d1d2d3 ’ '
Do; DF; DH; DFe; DB (py . py, ps;m3, m3, m3, m3)

- / APy 2 (1; 15 1017 101015 1911906 -

=] @np dydadsdy ‘ '

where we use a shortened notation for the denominators,

i1 2
di:<l—|—2pk) —m?, i=1,...,4. (6.8)
k=1

Moreover, we have introduced a factor p?¢ = p?=P, where i is an arbitrary

mass scale, so that the mass dimensions of the integrals coincide with their
corresponding dimensions in D = 4.

We now introduce an algorithm that allows tensor integrals to be reduced
to combinations of scalar integrals, namely the PV decomposition [52]. We
specialize it to the specific case of a rank-two bubble integral and then apply
it to the gluon self-energy as a hands-on example.

6.1.1 Example: reduction of a rank-two bubble integral

As a simple example of the PV procedure, we consider the massless rank-
two integral

de M2€(£+p)M€V
0% —
") / (2m)P didy (6:9)
where
dy =0 dy=(+p> (6.10)

Since p* is the only external momentum available, Lorentz covariance implies
that the tensor integral can be decomposed as

I (p) = g" a(p®) + pp” b(p?), (6.11)

where a(p?) and b(p?) are scalar form factors.
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The two form factors can be determined by contracting Eq. (6.11)) with
9w and p,p,. This gives

y dPe pPe-(t+p
gMVI'U' :Da—i—pr:/(zﬂ)D H dl(dz ) EIl, (612)
y dPe p2e(e- -0+
pupu It :p2a+p4b:/(2W)D e p():ll[?zb( p) =I5 (6.13)
To evaluate the first contraction, we use
1
E-(€+p)=§(d1+d2—p2). (6.14)
Therefore,
e [ (Ll
YEo ) oot \a T d T dids
2
= —%Bo(p; 0,0). (6.15)
where we used the scalar bubble
dPy 'u2€
BO(pa 0’0) = / (27T)D 62(£+p)27 (616)

and that the one-propagator integrals appearing in the first line are scaleless
tadpoles and hence vanish in dimensional regularization.
For the second contraction, one can write

1 1
Cp=g(da—di—p"), p-(l+p)=;(d—di+p’). (6.17)
It follows that
1
(€-p)lp-(E+p) =7 [(d2 — d1)* — p] . (6.18)
Consequently,
1 dPe d d 4
12_/ (B oy P
4 (27T)D dl d2 dldg
p
= = Bo(p;0,0), (6.19)

where the first three terms vanish because they reduce to scaleless integrals.
The form factors therefore satisfy

2

FAE-[a) e

p
2 Bo(p:0,0)
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Solving this system gives

2 —
a0) = g P00, bGF) = 5

4(1 - D)

For a two-point function, there is only one independent external momentum,
so the corresponding Gram matrix is one-dimensional and proportional to p?.
In this context, the standard PV reduction assumes that the Gram matrix
of the independent external momenta is invertible. Exceptional kinematics
with a vanishing Gram determinant must be treated separately, while small
Gram determinants may lead to numerical instabilities. In the present case
the system can be straightforwardly solved:

_ Bo(p; 0,0)
i(1-D)

Bo(p;0,0).  (6.21)

1" (p) [p°g"™ + (D = 2)p'p"] . (6.22)

Application to the gluon self-energy As an application of the rank-two
bubble reduction derived above, we consider the fermion-loop contribution to
the gluon self-energy. Among the different one-loop contributions to the gluon
two-point function, this is the one generated by the n; quark flavours circulat-
ing in the loop. We assume that the quarks are massless. The corresponding
diagram is reported in Fig. [6.2]

l+p
/\
a, p b,v
p \’/ p
12

Figure 6.2: Fermion-loop contribution to the gluon self-energy.

Using Tr(t%?) = Trd®, and including the minus sign associated with a
closed fermion loop, the diagram gives

iﬂgb,uu(p) _ _92 nfTF5ab Tr(’y””yafy”’yﬂ> Is(p), (6.23)
where 5 - s
d¥l p* (L +p)*L

I1*(p) = 24

0= | G Aoy (024

Using the rank-two bubble reduction derived above, one immediately finds

By(p;0,0)
7o8 :%{2aﬁ D_9 aﬁ] 6.95
) =Ja—py (P97 + D=2, (6.25)

The Dirac algebra and all contracted Lorentz indices are treated in D dimen-
sions, with Tr(1) = 4. Now, using

Tr(y“*yo"y”'yﬁ) =4 (g“o‘g”ﬁ —g"g™ + guﬁgua> ) (6.26)
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we obtain

Tr (’y“'y“'y”’yﬁ ) Los(p) = 2%)__12) Bo(p;0,0) (p°g"™ —p"p”) . (6.27)
Therefore,

LG (p) = g*nyTro® 72(5__12) Bo(p; 0,0) (p'p” —pg"™) . (6.28)

Notice that the result is manifestly transverse:
puIISH (p) = 0. (6.29)

Clearly, this result contains a UV divergence, which must be renormalized in
order for the diagram to be completely finite.

This example illustrates the power of the PV reduction: once we know
how to decompose any tensor integral, it is only a matter of computing scalar
integrals to obtain the desired one-loop amplitude.

6.1.2 Passarino—Veltman reduction pattern

As shown in the previous section, the PV algorithm allows us to decompose
a tensor integral in terms of scalar integrals. We have provided the simple
example of a rank-two tensor bubble integral. In general, a rank-r form factor
of an N-point integral is expressed in terms of lower-rank coefficients of the
same topology and coefficients of integrals with one propagator removed. The
latter are (N —1)-point functions. Repeating the procedure eventually reduces
every tensor integral to scalar tadpole, bubble, triangle, and box integrals. In
Tab. we summarize the reduction pattern for all tensor integrals. For
a precise definition of the coefficients appearing in the table, see Ref. [15].
Though we do not explicitly derive all form factors, we summarize through
the following steps the PV reduction algorithm:

e contract the tensor integral with all independent external momenta and,
when necessary, with the metric tensor;

e rewrite the scalar products involving the loop momentum in terms of
inverse propagators and kinematic invariants, allowing propagator-like
denominators to be canceled;

e solve the resulting linear system of equations for the scalar form factors.

By applying these steps recursively, tensor integrals are reduced to lower-rank
tensor integrals and, eventually, to scalar one-loop integrals.
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Form factor Lower-rank form factors and scalar integrals
D —  Dooij, Diji, Ciji, Cij, Ci, Co
Dyoi; — Dk, Dyj, Cyj, C;

Doooo — Dooi, Doo, Coo

D, —  Dooi, D;j, Cij, C;

Dooi —  Dyj, Dy, Cy, Co

D;; —  Doo, D, Ci, Co

Do — Dy, Do, Cy

D; — Dy, Cy

Cijk — Cooi, Cij, Bij, B;

Cooi —  Cy, Gy, B;, By

Cij — Coo, Ci, Bi, BO

Coo — G, Co, By

C; —  Co, By

By —  Boo, B1, Ao

Boo — B, Bo, Ao

B — By, Ao

Table 6.1: Reduction chains in the PV procedure. Tensor form factors of rank r are
expressed in terms of lower-rank form factors and scalar integrals.
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6.2 Implications of unitarity

The basic mathematical object of scattering processes in QFT (quantum
field theory) is the S-matrix. It maps asymptotic incoming states into asymp-
totic outgoing states, after they have interacted in a certain way described by
the underlying theory at play. It is conventionally written as

S =1+1T, (6.30)

where T is the transition matrix and contains the non-trivial part of the scat-
tering process. Its matrix elements define the scattering amplitude through

(fIT]iy = (2m)*6W (p; — pr) M(i — f), (6.31)

where p; and py denote the total initial- and final-state momenta, respectively.
Conservation of probability requires the S-matrix to be unitary,

STS =1. (6.32)
Using Eq. (6.30)), this condition becomes
1= (1 - z'TT) (1 +4T). (6.33)

Notice that the transition matrix is not, in general, Hermitian: 7T # T. To
express Eq. (6.33)) in terms of scattering amplitudes, we insert a complete set

of intermediate states,
1 Z/dl‘[x ) . (6.34)
X

where the sum runs over all possible intermediate states, including their dis-
crete quantum numbers, and

d3pj
JjEX J

is the multiparticle phase-space measure.
Taking the matrix element of Eq. (6.33]) between (f| and |é), the left-hand

side gives

(fli(TT = T)|i) = i(i|T| f)* — i( f|Ti)
= i(2m)*0W (p; — pp) M (f —4) —=M(i — f)].  (6.36)

The right-hand side instead reads

STt =Y / I, (f|T" |} (x| T]i)

=Y [ dtt a5, - )20 5 0~ p)

X M(i = x)M*(f — x). (6.37)
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After factoring out the overall momentum-conserving delta function, one ob-
tains the generalized optical theorem,

M@ — f) =M (f = i) = iZ/de (27m)26W (p; — pa) M(i = z)M*(f — ).
: (6.38)

Sums over the spin, polarization and internal quantum numbers of the inter-
mediate particles are implicit.

For forward scattering, f = ¢, the generalized relation reduces to the well-
known optical theorem:

2 ImM(i — i) Z/dl_[ (2m)26W (p; — pa) IM(i — x)* | (6.39)

An important feature of this equation is that it relates the imaginary part
of a scattering amplitude to products of amplitudes of lower perturbative
order. This relation provides the theoretical basis of unitarity-cut methods,
in which selected internal propagators are placed on shell and a loop amplitude
is reconstructed from products of on-shell amplitudes.

If the initial state consists of a single particle A, its partial decay width
into an arbitrary multiparticle state x is

(A = 2) = 2m1A / dIL, (27)%6@ (pa — p) [M(A = 2).  (6.40)

It then follows from Eq. (6.39) that
ImM(A — A) =ma Yy T(A = x)=malt. (6.41)

Similarly, for a two-particle initial state A = a + b, the total cross-section
in the centre-of-mass frame is related to the forward scattering amplitude by

Im M(A — A) = 2Ecum|pi| Y o(A = ), (6.42)

which is the usual optical theorem for the forward cross-section.

Now, Eq. admits a simple diagrammatic interpretation which we
report in Eq. : the imaginary part of a scattering amplitude can be
obtained by summing over all possible on-shell intermediate states = that cut
the diagram into two lower-order amplitudes.

A, L N
B g1 =x o \”’"“”mf

The precise connection between the imaginary part of an amplitude and
unitarity cuts, are given by the cutting rules [2] that can be summarized as
follows:

2Im|
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1. Cut the diagram in every possible way such that all cut propagators can
be simultaneously placed on shell without violating momentum conser-
vation.

2. For each cut propagator, perform the replacement

1

3. Sum over all possible cuts.
4. The resulting expression gives the discontinuity of the diagram, with

Disc(iM) = limJr [iM(s + i€) — iM(s — i€)] = —2 Im M. (6.45)

e—0
Notice that rule number 2 provides a precise physical interpretation of a
unitarity cut: cutting a propagator means placing the corresponding particle

on shell. This is indeed enforced by the Dirac delta function, which requires
that p? = m? [53).

Relation between optical theorem and unitarity cuts: the muon
decay. As a simple example of the relation between the optical theorem
and unitarity cuts, let us consider muon decay in the Fermi theory, including
only QED corrections. The effective Lagrangian of interest reads

4Gp -, _ _ _ _
Lfomi = — N3 [(ELy" L) (Pu,Lyuver) + (AL er) We,vuvu,L)]-  (6.46)

Here, terms involving only muonic or electronic fields have been neglected,
and the Fierz identity [2] has been applied. The first term in Eq. can
annihilate a left-handed muon and create a left-handed electron together with
a muon neutrino and a right-helicity electron antineutrino state created by the
left-chiral neutrino field. This generates Feynman diagrams in which the muon
is annihilated. By similar reasoning, the second term in the Lagrangian, i.e.
its Hermitian conjugate, is also required, as it generates Feynman diagrams
in which the outgoing muon is created. We will need both contributions for
the purposes of this section.
The optical theorem for forward muon scattering reads

2ImM(p — p) = Z/dl‘[x (2m) W (p, — px) [ M(p — X)|%. (6.47)
X

In the present case the sum over intermediate states naturally includes
X={Xo=€ tevy, X1 =€ Tev,", ..}. (6.48)

Suppose we are interested in the QED corrections up to relative order a.
Then, it is sufficient to retain the first two decay channels, namely the three-
particle state Xy and the four-particle state X;. The inclusion of both virtual
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corrections to Xy and real-photon emission through X is also required for the
cancellation of infrared divergences, in accordance with the KLN theorem [2].

Let us focus on the process M(u — Xp) only. This can be expanded in
the following way

M(p — Xo) = Mo + Myirt + O(a?), (6.49)

where My is the tree-level Fermi amplitude, while M,;+ denotes the one-loop
QED virtual correction at first order in «. In relative power counting one has

Mo~ O(1),  Muire ~ O(a). (6.50)

From a diagrammatic point of view we have

Uy Vn
M(M — Xo) = u —P—% e + u *i%’ e~ + O(a2).
Ve Ve

MO Mvirt

(6.51)
Since the optical theorem holds at any order in perturbation theory, we
can write that at relative order O(1) we have

2 TmM(p — M)‘o = /dHXO (2m) 48 (p, — pxo )| Mo |- (6.52)

1)

Conversely, at relative order O(«) the optical theorem yields
2 Tm M(p — “)‘O( = / ALy, (27)'8 (b — pe) [ MM + Mo M|

N </ dllx, (2m)*6 (p, — px, )| M (™ — Xl)‘2> ’o( )

(6.53;

The two interference terms are precisely the virtual corrections of relative
order a.

Let us now make contact with unitarity cuts. The O(1) relation in Eq. (6.52)),
contains the squared modulus of My, which directly corresponds to a three-
particle cut through the Xy intermediate state. Hence, Eq. has the
following diagrammatic interpretation

Vu
2Im M= )]y~ # % e

1 ]je
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Conversely, let us consider Eq. . The first line corresponds to two
different three-particle cuts which pass through the Xy intermediate state and
contains the virtual QED correction to the decay. The second line corresponds
instead to the four-particle cuts and represents real photon emission, yu —
e V. 1,7y, namely the X intermediate state. In the present discussion we only
focus on the first contribution. Explicitly, Eq. naturally allows for the
following diagrammatic interpretation

vy ! (6.55)

+ (4—particle cuts).

In summary, this example explicitly illustrates the connection between the
optical theorem and unitarity cuts. The imaginary part of the forward ampli-
tude p — p is obtained by summing over all allowed on-shell cuts. At order «,
the three-particle cuts reproduce the interference between the tree-level decay
amplitude and the virtual QED corrections, while the four-particle cuts ac-
count for real photon emission. This is the simplest manifestation, within the
Fermi theory, of the general statement that cuts extract the discontinuity of
a loop amplitude and relate it to products of lower-order on-shell amplitudes.

6.3 Generalized unitarity

Up to this point, we have explored the relation between the imaginary part
of an amplitude and on-shell unitarity cuts. In this section, we see how the
latter can provide further insights into the structure of a scattering amplitude.

We refer to this extension as generalized unitarity. The basic idea is that,
by taking more than one cut of a one-loop amplitude, we can reconstruct
its complete behaviour in terms of the scalar integrals defined in Eqgs. ,
, , and , thus bypassing the PV-reduction algorithm. Multiple
cuts indeed act as projectors onto specific integral topologies and can be used
to determine their coefficients recursively. In order to illustrate the working
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principle schematically, we consider a 4-point amplitude and decompose it in
terms of scalar integrals:

—d +c><[+b>©<+a§%. (6.56)

Notice that the above decomposition matches the one reported in Eq. ,
but this time the scalar integrals are sketched as Feynman diagrams. Actually,
in this expansion we are missing the rational term R, which requires more care
to be extracted and will be discussed in the following sections.

Let us now exploit generalized unitarity with the aim of finding all the
coefficients multiplying the different topologies. We first cut as many inter-
nal propagators as possible; in this case, we should perform a quadruple cut.
Clearly, this puts four internal propagators on shell. By cutting the left-hand
side of Eq. along its four internal propagators, only one term in the
expansion on the right-hand side survives, namely the box contribution. This
is because, in the case of the triangle, bubble, and tadpole topologies, we can-
not possibly take four cuts, since there are not enough internal propagators.
Diagrammatically, this translates into:

-1 find =g, (6.57)

Let us consider now triple cuts. This time, cutting through three internal
propagators is allowed for both the box and triangle integrals. Since the triple
cut is shared by the box and triangle topologies, we can obtain the coefficient
¢ by subtracting from the triple cut of M the remaining contribution from
the triple cut of the box diagram. Diagrammatically, this can be written as
follows:

(6.58)

C.

Similarly, a double cut receives contributions from boxes, triangles and
bubbles. After subtracting the already known box and triangle contributions,
the remaining term determines the bubble coefficient b:

' (6.59)
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Finally, a single cut can receive contributions from all the integral topolo-
gies. Once the coefficients d, ¢ and b have been determined, their contributions
can be removed and the remaining term isolates the coefficient a:

=d +c

+b>®<+a% find, a.

The derivation of the coefficients is clearly recursive. In particular, cutting
the highest possible number of internal propagators is usually relatively easy
from a computational point of view. However, going down to the tadpole
contributions requires much more care, and therefore an automation through
some software is usually preferred.

We will apply this mechanism to the evaluation of the gluon-fusion Higgs
production process, in which we implement this cut construction of the am-
plitude by means of a MATHEMATICA [26] package called SMASH [27].

A convenient way of exploiting the generalized unitarity method just out-
lined, is by expanding the loop momentum in some four-momentum basis
before taking the cuts. This is because, as prescribed in Eq. , taking
a cut means substituting an internal propagator with a delta function whose
argument p?> — m? depends on the loop momentum of the amplitude itself.
If we manage to parametrize the loop momentum in some basis, each delta
function basically constrains one of the coefficients of this expansion. In this
way, the set of delta functions in the loop integral, which corresponds to the
set of propagators that have been cut, allows us to determine the constrained
loop momentum that can flow through the cut diagram. We will see that
this point significantly reduces the computational effort, since, in the end, we
will not need to perform the actual loop integrals, but only to determine the
constraints on the loop momentum imposed by the Dirac delta functions.

The central point is: in which basis should we expand the loop momen-
tum? The answer is actually not trivial, since it generally depends on both
the dimensionality of spacetime, which plays a fundamental role in the de-
termination of the rational term R, and the external momenta involved in
the process. In the following section, we will provide the fundamental tools
needed to perform this loop-momentum expansion.

(6.60)

6.3.1 The van Neerven—Vermaseren basis

The implementation of generalized unitarity requires a convenient parametriza-
tion of the loop momentum. In particular, it is useful to separate the compo-
nents of the loop momentum that are determined by the external kinematics
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from those belonging to the transverse space. The van Neerven—Vermaseren
basis provides a natural framework for performing this decomposition [54].

A fundamental constraint is provided by the Schouten identity. In 4-
dimensional space-time, a totally antisymmetric rank-five tensor necessarily
vanishes since 2 of its indices must be repeated. Therefore, in D = 4 the
following holds

(A eb2pspa — g1 Api2pizjia 4 pH2 PERYET

MMk | s i s, (6.61)

where [ is the loop momentum. We use this relation as the starting point of
the discussion as it makes the linear dependence of sufficiently large sets of
momenta explicit.

We will actually only present the result of the expansion of the loop mo-
mentum in D-dimensions, while showing the working mechanism in a simpler
situation, namely in a 2-dimensional space-time.

The two-dimensional basis. To introduce the basic idea, consider a two-
dimensional vector space spanned by two linearly independent, but not or-
thogonal, vectors ¢} and ¢4. Their linear independence requires

€M = e qy g2, # 0. (6.62)

If g1 and g9 were parallel, €192 would vanish and they would not span the
two-dimensional space, so the construction below would not be well defined.
An arbitrary vector £# belonging to this space can be written as

" = c1¢) + cadhy. (6.63)

However, since ¢; and ¢o are not orthogonal, the coefficients ¢; cannot be
obtained directly by contracting ¢ with ql’-L . For instance,

Q-0 =ci1qi + ea(q1 - g2), (6.64)

which depends on both coefficients.
Let us consider the Schouten identity in two dimensions

eV = RN 4 Ve, (6.65)
Contracting this equation with ¢1 g2, one obtains
et = (0. 1) + (£ go)eP. (6.66)

It is therefore natural to introduce the dual vectors

Ag2 @A
vy = ¢ vy = ¢ (6.67)

€11q2’ €11a2’
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in terms of which

= (- q)v} + (£ g2)v3, (6.68)

which is obtained from Eq. by dividing by €9192. The two sets of vectors
are dual, since
Vi - q5 = (5ZJ (669)

I

The vectors v; are not, in general, orthonormal among themselves,

Vi Uj 75 51] (6.70)

Nevertheless, they define a useful coordinate system because the coefficient
of vf" in Eq. is precisely the projection £ - g;.

Suppose now that the vectors ¢; appear as shifts of the loop momentum
in the inverse propagators

di=({+q)?—mi,  do=0—mj  q=0. (6.71)

Here, we are clearly still referring to the momentum configuration presented
in Fig. [6.1) where the vectors ¢; are combinations of the external momenta
p;. The difference between the two denominators read

di—d0:2€'qi+q3—m?+mg, (6.72)

and hence .
E'qz‘=§[di—do—qz~2+m?—m2}. (6.73)

This is the crucial property of the basis: factors of the loop momentum along
the physical directions can be traded for differences of inverse propagators,
which may subsequently cancel against the denominators of the integrand.

The same construction can be reformulated without explicitly referring
to the Levi-Civita tensor in order to set the stage for arbitrary dimensional
space-time. First, in two dimensions, we can use the identity

e"h2ey, ,, = 0plle, (6.74)
with all other components fixed by antisymmetry. where the rank-two gener-
alized Kronecker symbol is defined as

vivo
oz b3

sl gt
stz = det ( ) — G — 6k (6.75)

We can now rewrite the dual vectors introduced in Eq. (6.67). Starting

from
equ

ol = (6.76)

€192 ’
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we multiply both numerator and denominator by €4,4,, obtaining

Hq2
Ho_ E<11<12 €

1= q19
€q1q2 € 142

v, P o
Epae'u 91492 92,v

€po eaﬁQng q1,a92.8 .

Using Eq. (6.74)), the numerator becomes

(6.77)

v P o _ v P o
€po€ 4145 Q2,0 = 0474143 g2 0

— g2
- 6¢11Q2 :

(6.78)

Expanding the generalized Kronecker symbol explicitly,

551(]1122 = (5555 - 65;5’;) qfngg,,,

=qi'a5 — db (a1 - @) (6.79)

Similarly, ,
gty = 0195 — (@1 - a2)d4- (6.80)

Whereas, the common denominator reads

= q1q2
Ag = €g1q:€

— 59192
- 56]1'12

= Oy 41 209195 (6.81)
= (616Y — 010V q1uq2,040 a5
= ¢ig — (01 @)

This is precisely the so-called Gram determinant associated with the two

vectors ¢q; and qo.
The dual vectors can therefore be written as

oo Oirs _ a39) — (01 42)d3 w_ O _ 4idh — (01 @)t
Ay GFg— (- g2)? 2 Ay g3 — (a1 g)?
(6.82)
The duality relations can now be verified directly. For instance,
2.2 )2
v1-qL = @9 A(fh %) —1, (6.83)
2
2 2
43\q1 - q2) — (g1 - 42)q
o1 g2 = 2( )A( )2:0, (6.84)
2
and analogously
V2 - q1 = O, V2 - Q2 = 1. (6.85)

Hence,
vi- g5 = bij. (6.86)
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In what sense are we avoiding using the Levi-Civita tensor in this new con-
struction? Notice that though Eq. holds in a 2-dimensional space-time
only, the generalized Kronecker symbol 6,/ can be easily extended up to a
n-dimensional space-time. Explicitly, we have shifted from the dual vectors in
Eq. defined using the e tensor, to those in Eq. , which can belong
to any chosen dimensional space-time. This is important since it allows the
construction to be extended to generic one-loop configurations.

Before seeing how the van Neerven—Vermaseren decomposition makes it
particularly convenient to impose generalized unitarity conditions, we first
need to provide the D-dimensional extension of the case just discussed.

Physical and transverse spaces. We now consider a generic N-particle
scattering amplitude in a renormalizable quantum field theory in D-dimensional
space-time. Each one-loop Feynman diagram contributing to the amplitude
can be described by an integrand of the form

Ny(p1,...,pn; €
jN(plaapNag): j(dlldg"'dg )a

(6.87)

where R denotes the number of loop-momentum-dependent propagators and
di=(+q)—m?  i=1,...,R, (6.88)

where we are slightly changing the notation with respect to the one adopted
in the previous section. The vectors ¢; will be referred to as the propagator
momenta.
Associated with the R propagators there is a set of R inflow momenta k;,
defined by
ki = qi — qi—1. (6.89)

The k; are either external momenta p; or linear combinations of them,

N
ki = Z Q;ipj, (6.90)
i=1

where the coefficients «;; depend on the particular diagram. Momentum
conservation implies

> k=0 (6.91)
A suitable diagrammatic representation is shown in Fig. 6.3
The vector space spanned by the inflow momenta k; is called the physical
space. Since Eq. (6.91)) implies that at most R — 1 of them are linearly
independent, its dimension is

Dp =min(D,R —1). (6.92)

1With respect to Fig. ﬂ we use the notation adopted in this section
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Figure 6.3: Generic one-loop N-point diagram. All external momenta are taken to
be incoming.

The orthogonal complement of the physical space defines the transverse space,
whose dimension is therefore

Dr =D — Dp =max(0,D — (R —1)). (6.93)

Thus,
D =Dp+ Drp. (6.94)

In particular, if R > D, the physical space spans the entire D-dimensional
space and
Dy =0. (6.95)

This was the case of the 2-dimensional parametrization provided above. The
inflow momenta define a natural, although in general non-orthogonal, coor-
dinate system in the physical space. In order to construct the corresponding
dual basis, we introduce the generalized Kronecker symbol

Oy Oy oo 0L
5512 5522 S B2

Sk =det | T Ol (6.96)
o Ous e Ol

The Gram determinant associated with a set of s vectors is then defined as
Ak, ... k) = 6100 = det(k; - k). (6.97)

The generalized Kronecker symbol vanishes whenever the number of anti-
symmetrized indices exceeds the dimensionality of the vector space. For the
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special case in which the number of indices equals D, it can be expressed in
terms of two Levi—Civita tensors,

JITHD = D, (6.98)

up to the sign convention associated with the metric and the Levi—Civita
tensor.

We can now construct the van Neerven—Vermaseren basis of the physi-
cal space. Choosing Dp independent inflow momenta, the dual vectors are
defined by

5161"-’%71 pwkivikpp
ki-ki—1kikivrkpp

A(klw"?kDp) 7

where we simply generalized what we found in Eq. (6.82]). By construction,
these vectors satisfy

’UZH(kl,‘..,k‘DP)E 1= 1,...,Dp, (699)

vi-kaéij, i,jzl,...,Dp. (6100)

The vectors v therefore constitute the basis dual to the independent inflow
momenta k!'. This property is especially useful because the coefficient of each

v in the decomposition of an arbitrary vector is simply its projection onto

1
When R < D, it is useful to introduce the projector onto the transverse
space,
ki-kr_1v

v _ kl"'kR—lu
ki,....kp_1) = . 101
wy” (K1, ... kr-1) Al n D) (6.101)

It satisfies the standard properties of a projection operator,

wy =Dr=D+1-R, kfwy, =0, wh w™ = wh, (6.102)
We denote by
nk, r=1,...,Dp, (6.103)

an orthonormal basis of the transverse space. These vectors satisfy
Ny Ng = Opg, ki -n,. =0, v; - ny =0, (6.104)

and the transverse metric can be written as
Dt
wh = " nln. (6.105)
r=1
The full D-dimensional metric tensor can consequently be decomposed
into its physical and transverse components,
Dp
g = Kol +w, (6.106)
i=1
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or, equivalently,
Dp Dy
g" = Ko+ il (6.107)
i=1 r=1

We can now apply this decomposition directly to the loop momentum.
Contracting Eq. (6.107) with ¢, gives

DP DT
0= kol ) (L), (6.108)
=1 r=1

The first term contains the components of the loop momentum in the physical
space, whereas the second term contains its transverse components.

The physical projections can be expressed directly in terms of inverse
Feynman propagators. Using

di = (0+ q;)* —m3, dic1 =0+ qi—1)* —mi_y, (6.109)
together with

ki = qi — gi—1, (6.110)

we obtain

di —dicy =20 (¢ — qi1) + @] — ¢4, —m +mi_,

=20-ki+q — g —mi+mi,. (6.111)

Therefore,

1

Cki= g [di—dic = (¢ =m7) + (g0 — misy)] - (6.112)

Substituting Eq. (6.112)) into Eq. (6.108]), the loop momentum can be

written as

1 Dp Dr
t=Vh + 5 > (di — di)vl + Y (0 n)nk, (6.113)
=1 r=1
where
12k
Vi = =52 [ —mi) = (¢ —mi )] ol (6.114)
=1

Here the cyclic convention
doZdR, mo = Mmp (6.115)

is understood.

Equation is the central result for the applications that follow. The
components of the loop momentum along the physical space are expressed
in terms of inverse propagators, while only the projections onto the trans-
verse directions remain irreducible. Consequently, once a set of propagators
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is placed on shell, the corresponding conditions d; = 0 directly constrain the
physical components of the loop momentum.

In fact, a particularly useful feature of the van Neerven—Vermaseren basis
is that it provides a natural parametrization of one-loop integrands in terms of
a restricted set of irreducible loop-momentum structures. In a renormalizable
theory, this allows the integrand to be organized as a linear combination
of terms containing four, three, two, or one Feynman denominators, with
numerators of a highly constrained polynomial form.

Moreover, the same decomposition makes it particularly convenient to
impose generalized unitarity conditions. Once the loop momentum has been
separated into its physical and transverse components, the solutions satis-
fying quadruple-, triple-, double-, and single-cut on-shell conditions can be
constructed systematically. The van Neerven—Vermaseren basis therefore
provides a natural bridge between integrand reduction and generalized D-
dimensional unitarity.

We provide a 2-dimensional example to illustrate these two features of the
van Neerven—Vermaseren basis.

A rank-two bubble and the connection with unitarity. Let us con-
sider a rank-two two-point integrand in 2-dimensional space-time,

~ (ﬁ . l)2
I(k = 6.116
( amlva) d1d2 ) ( )
where
dy=12-m3,  dy=(+Fk)?—m3, (6.117)
and
n-k=0, k? #£0, n? = 1. (6.118)

Since n* is orthogonal to the only independent external momentum k¥, it
spans the transverse space of the corresponding two-point function.

The rank-two two-point function in two dimensions is UV divergent. We
therefore regularize it by analytically continuing the loop momentum to

D =2—2e. (6.119)
As the basis vector of the physical space, we choose
kM
nt = —— n? = 1. (6.120)

Vi

Together with n#, it satisfies
n*n” + akn’ = gg;, (6.121)

where g“z” denotes the metric tensor of the two-dimensional subspace. Con-
tracting this relation with [,1,

(L k)

~ 2 2 2 2

(6.122)
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Now, in order to decompose the loop momentum we exploit Eq. (6.107)),
also accounting for the extra-dimensional contribution:

M= (-n)nt+(-a)a" + (L ne)nk, (6.123)
where nt' parametrizes the additional (D —2)-dimensional space. Accordingly,
P =0+ ) =0y +12, 2= (nc-1)* (6.124)

Thus, besides the physical and transverse two-dimensional components, the
loop momentum contains an additional component which disappears if the
calculation is performed strictly in two dimensions.

The scalar products entering Eq. can again be expressed through
the inverse propagators. From Eq. , one obtains

By =di+mi—p?  20-k=dy—di —77, (6.125)
where we define
i = k* + mi —m3, r3 = k* 4+ m3 —m?, (6.126)

Using these relations, the original integrand can be rewritten as

~ 2 * 2
j(kﬁ,mth) = (n l)
dids (6.127)
_ MR L [k 3 k2R '
dydy 4%2 dq da
where 4 9, 9 2 2 22
\2 k™ = 2k%(mi + m3) + (m7 — m3) ) (6.128)

4k2
This already shows the structure expected from integrand reduction: a two-
propagator contribution accompanied by two one-propagator contributions.
Up to now, we have shown how the van Neerven—Vermaseren basis can be
exploited in order to reduce one-loop integrands to a linear combination of
terms containing Feynman denominators.

Actually, even without knowing Eq. (6.127]), we could have started with a
general ansatz of the form

(- l)2 B bo + bl(ﬁ 1) 4 ba(ne - l)2
didy dids
arot+aii(n-l) +aig(n-l)
di
a0 + a271(n . l) + ag,z(ﬁ . l)
+ & .

+ (6.129)
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Comparing this parametrization with Eq. (6.127]), one immediately finds

bo=—-X\2, b1 =0, by=—1, (6.130)
and
r% 1 0
a = —_— a = —_—— a =
L= g2 MU ok T
) (6.131)
T 1 1

2
a20=—""5+=, a1 = ——, ags = 0.
20= 2 T 5 2,1 Wi 2,2
What can be shown is that the same coefficients can be obtained with-
out performing the explicit algebraic reduction, but by exploiting generalized
unitarity. We provide the computation for the b-coeflicients. Multiplying

Eq. (6.129) by dids, we obtain

(- 1)% = [bo + ba(fu- 1) + ba(ne - 1)?]
+ la1,0 +a11(n-1) + a1 2(h - 1)] de (6.132)
+ [a20+ az1(n - 1) + az2(n-1)] dy.

To isolate the b-coefficients, we choose special values of the loop momen-
tum satisfying
dy(l) = da(l) = 0. (6.133)

In this way, the terms proportional to d; and do vanish identically, so that
only the residue associated with the two-point topology survives. Setting
these Feynman denominators to zero has precisely the meaning of putting the
two propagators on shell of the bubble diagram associated with the integrand
under study. Diagrammatically, this is precisely what we did in Eq. ,
except that here we do not have higher-point cut topologies to subtract.
For the moment, let us restrict the loop momentum to the two-dimensional
subspace by setting
ne- 1 =0. (6.134)

Imposing the above cut conditions on the loop momentum of Eq. (6.123]), two
solutions emerge

IF = aen +ifeh, (6.135)
where
7“2
Qe = ——= Be= A\ (6.136)

VK2
In particular,
n-1E = i (6.137)

Substituting the two solutions into Eq. (6.132)) gives
bo+b1(R-17)==XN2,  bo+bi(n-1])=—\2 (6.138)

from which
bo = —\%, by =0, (6.139)
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which correctly reproduce the first two coefficients of the integrand reduction.
Let us now consider the coefficient by. This coefficient cannot be deter-
mined from a strictly two-dimensional loop momentum, since in this case
ne -1 = 0. To determine it, we must allow the loop momentum to probe the
additional (D — 2)-dimensional space. The cut conditions remain the same,

but we choose instead
I* = aen £ ifBene. (6.140)

This is obtained from Eq. (6.135]) simply by replacing i — n.. The conditions

AlE=0, (ne-15)?2=-)2 (6.141)
hold. Equation therefore gives
0 = by — ba A2, (6.142)
Using by = —\?, we obtain
by = —1. (6.143)

The coefficients associated with the one-propagator terms can be deter-
mined analogously by imposing a single-cut condition. For example, the co-
efficients a1 ; are isolated by requiring

di(l)=0,  do(l) £0, (6.144)

while the coefficients az; follow from the opposite choice. We do not display
the calculation here for brevity; see Ref. [15] for the derivation.

The point of this discussion was to make the connection between integrand
reduction and unitarity particularly transparent. The coefficients of the dif-
ferent integral topologies are obtained by evaluating the integrand at special
values of the loop momentum for which selected inverse Feynman propagators
vanish. Since

di(1)=0 (6.145)

is precisely the on-shell condition for the corresponding internal particle, the
algebraic projection onto a given residue is naturally interpreted as a gener-
alized unitarity cut.

Moreover, the role of the D-dimensional loop momentum is already visible
in this simple example. In particular, the structure

(ne - l)2
dids

(6.146)

cannot be detected by restricting [ to the original two-dimensional space. The
continuation of the loop momentum to D = 2 — 2¢ dimensions is therefore
essential to reconstruct this contribution. The analogous extra-dimensional
structures in four-dimensional calculations are precisely responsible for con-
tributions to the rational part of one-loop amplitudes.
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6.3.2 Integrand reduction in D dimensions

We now extend the previous discussion to D-dimensional space-time. The
aim is not to reproduce the complete derivation of the reduction procedure,
but rather to introduce the general parametrization of a one-loop integrand
and to emphasize the role played by the D-dimensional loop momentum. This
construction is known as OPP parametrization [15,55]. We consider a generic
one-loop integral of the form

B dPl Num(l)
Iv= / P Tty (6:147)

where
di(l) = (1 + ¢)* — m? (6.148)

are the inverse Feynman propagators. We can decompose the numerator in
the following suggestive way

dPi 1 ~

11,12,03,14,15 J&{i1,i2,i3,i4,i5}

+ Z CAl;1i2i3i4 (l) H d](l)
11,12,13,%4 J¢{i1,42,13,04}

+ Z Civigis (l) H dj(l) (6-149)
i1,i2,i3 J¢{i1,i2,93}

+3 b [ 40

11,52 Jj¢{i1in}

+> a0 ] dj(l)}-

i1 J#i1

The functions €, c?, c, E, and a are respectively associated with five-, four-,
three-, two-, and one-point functions.

An important feature of Eq. is that, in the present discussion, all
inverse propagators appear only to the first power. More generally, higher
powers of propagators may arise, for instance in particular expansions or
in multi-loop calculations after IBP reduction, but such cases will not be
considered here. Therefore, by choosing special values of the loop momentum
for which different subsets of inverse propagators vanish, one can project
directly onto the corresponding functions. This is precisely the point at which
integrand reduction naturally connects with generalized unitarity.

Parametrization of the loop momentum. The van Neerven—Vermaseren
basis introduced in the previous section provides a convenient way of deter-
mining the allowed [-dependence of the functions appearing in Eq. (6.149)).
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Consider first a five-point function with propagators
di()=(1+q¢)?>—m?,  i=0,....,4, ¢y =0. (6.150)

The four vectors qi,...,qs span the four-dimensional physical space. The
loop momentum is therefore decomposed as
4
"= Z(l cqi)vl + (1 no)nt. (6.151)
i=1
The first term contains the four-dimensional components of the loop momen-
tum, whereas n!' parametrizes its extra-dimensional component.
As before, the physical projections are directly related to inverse propa-
gators,

l-gi= % [di —do — (¢f —mi +m)] . (6.152)

Consequently, the dependence of a numerator on the physical components
of I* can be systematically traded for inverse propagators. What remains
after this procedure are irreducible scalar products involving the transverse
components of the loop momentum.

For a rank-five five-point function, repeated application of Eq.
shows that the corresponding five-point residue contains no irreducible de-
pendence on [,

Corasa(l) = Eaan- (6.153)
For a four-point function, the physical space is three-dimensional. The
loop momentum is decomposed as
3
="l q) + (1 ma)nlf + (1 ne)nk, (6.154)
i=1
where n/; spans the four-dimensional transverse space. For tensor integrals of
rank not higher than four, the most general four-point residue can be written
as |15]
ngzg(l) = C?(] + C?l(l “ny) + (iz(l . ne)g
+ds(l-n)?(1 - ng) + da(l - ne)™.
For a three-point function, the physical space is two-dimensional and the
four-dimensional transverse space is also two-dimensional. Thus,

(6.155)

2
= "ol (1 qi) + (1 mg)nk + (1-na)nf + (- nont. (6.156)
i=1

Taking into account the relations among the different transverse components,
the corresponding residue may be parametrized as

Eom(l) = E() =+ El (l . n3) + Eg(l . 714) + 53 [(l . n3)2 — (l . 714)2]
+ 54(1 . ng)(l : 7”L4) + E5(l . ’I’Lg)3 + 56(l : 7”L4)3 (6.157)
+ (- n6)2 +cs(l- n5)2(l -n3) + co(l - nG)Z(l “ny).
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Similar considerations determine the parametrization of the two-point and
one-point functions. For a rank-two two-point function one finds

boi (1) = bo + bi(l - na) + ba(l - 3) + b3 (I - na)
04 [(1-n2)? = (L-14)?] + b5 [(1-n3)? — (1 -14)?]
+bg(1 - n9) (L - n3) + br(l - nz) (L - n4)
+ bs(l - mo)(L- ng) + bo(l - ne)?,
while the general numerator of a one-point function is
() = ag +ai1(l-ny) + as(l - ng) + as(l-ng) + as(l - nyg). (6.159)

make an important feature of integrand reduction explicit. The dependence on
the loop momentum is highly constrained: after all reducible scalar products
have been expressed through inverse propagators, only a finite number of
irreducible transverse structures remain.

The precise polynomial degree appearing in the previous expressions is
a consequence of the maximal tensor rank allowed in a renormalizable the-
ory. In an effective field theory, higher-rank numerators can occur, and the
parametrizations must be enlarged accordingly. The logic of the construction,
however, remains unchanged.

(6.158)

From the integrand to scalar integrals. We now want to make contact
with the one-loop decomposition in terms of scalar integrals of Eq. (6.3). To
this end, notice that not every term appearing in Egs. 76.159 sur-
vives loop integration. In particular, the I-dependent four-dimensional tensor
structures vanish upon performing the angular integration in the transverse
spaceE|

After integration, the amplitude can therefore be written in the simplified
form

In = i1iniziqis Li12131485

11,12,3,%4,15

+ a9 T

11121314 111213174
11,12,13,04

(6.160)
0
+ z§122i3]%1i2i3
11,12,13
0 ~(0)
+ Z bz(ll)zl“22 Z ( I
11,12

Here I;; . ;. denote scalar loop integrals, Whlle R contains the rational contri-
bution. Notice that the [-dependent structures vanish and a decomposition
of the form of Eq. (6.3)), is precisely what remains.

2For example, in the four-point residue of Eq. , the terms proportional to d1 (I'na)
and ds(l - nc)?(L - ny) vanish after integration, since they are odd under (I - n4) — —(1 - n4).
In contrast, terms involving even powers of the extra-dimensional component (I -ne) do not
generally vanish and can contribute to the rational part of the amplitude.
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The role of the D-dimensional loop momentum. Finally, we should
comment more of the role of the D-dimensional loop momentum to extract
the rational term contribution of an amplitude. We already hinted that the
rational term is precisely the reason why the dimensionality of the loop mo-
mentum must be treated carefully. Although the external kinematics can be
kept four-dimensional, the loop momentum entering the regularized integral
is genuinely D-dimensional. Its extra-dimensional component is represented
in the previous parametrizations by [ - n..

A calculation in which the loop momentum were restricted from the be-
ginning to four dimensions would set

I ne=0 (6.161)
and would therefore lose all information contained in structures such as
(1-ne)?, (1-ne)?, (1-n)%(1 - ny). (6.162)

These terms are invisible to strictly four-dimensional cuts, but can give non-
vanishing contributions after integration.
The origin of this effect can also be understood directly from PV reduction.
Taking [56]
D =4 — 2e, (6.163)

the reduction coefficients may contain explicit dependence on e. Rational
contributions arise when such terms multiply ultraviolet poles. Schematically,

Rational terms ~ €By(p; m?, m?), €Ag(m?), (6.164)

since Ag and By are the ultraviolet-divergent scalar one-loop integrals. Indeed,

m? 1
Ao~ ——+ 0% By~ -+ 9(e%), (6.165)
so that .
e<+0@%>:1+0@y (6.166)
€

Contributions of O(e) can, when mutliplied with poles in 1/€ leave finite re-
mainders.

This explains why the rational term cannot, in general, be reconstructed
from a purely four-dimensional analysis. The missing information originates
from the D-dimensional structure of the loop momentum and of the reduction
coefficients. In the van Neerven—Vermaseren parametrization, this informa-
tion is encoded explicitly through the n.-dependent terms, which therefore
must be retained.



Chapter 7

Higgs production via gluon-fusion
at one-loop

In this section, we finally apply everything we have discussed so far to
the case of Higgs production via gluon fusion at one loop. This process is of
extreme importance in the panorama of particle physics. Indeed, it represents
the dominant Higgs production mechanism at the LHC and is therefore of
central importance for testing the Higgs boson properties.

Exploiting the spinor-helicity formalism discussed in Ch. 4] we were able
to determine tree-level scattering amplitudes from general principles such as
little-group scaling and locality. Furthermore, we specialized these tools to
the calculation of the gluon-fusion Higgs production process at tree level in
Ch. The general principles we relied on provide a tree-level expression
that is not allowed in the SM, but which we were instead able to match onto
SMEFT.

The aim of this section is to find the one-loop BSM amplitude for gg — h.
In doing so, we will need to bring together not only the spinor-helicity formal-
ism, but also the characterization of one-loop amplitudes reported in Ch. [6]
In particular, both the decomposition into scalar integrals and generalized
unitarity methods will be implemented. Finally, we will provide a matching
onto the corresponding leading-order SMEFT amplitude of Eq. .

7.1 Extending the analysis to one loop

In the SM, Higgs production via gluon fusion is loop induced. Therefore,
if we want to extend the amplitude approach to one loop, we will need to re-
cover the SM result in our expression. Recovering the SM result then provides
a powerful benchmark for the calculation. Recall that in Sec. we boot-
strapped the hgg amplitude at tree level. There, we obtained a non-vanishing

91



92 HIGGS PRODUCTION VIA GLUON-FUSION AT ONE-LOOP

9“(p2) 9" (p3)

9"(p3) 9% (p2)

Figure 7.1: SM-like diagram contribution to Higgs production via gluon fusion.

contribution which already represents a beyond-the-Standard-Model (BSM)
contribution, which we report again here for completeness,

b bcézgg 2
M (hyg"* (pr), 9" (p2) ) = " == (12" (7.1)

This refers to the case in which both gluons have positive helicity, while the
opposite-helicity configuration is reported in Eq. . Recall that these are
the only two non-vanishing helicity configurations, mixed gluon helicity lead
to vanishing amplitudes. After evaluating this amplitude, we matched it onto
SMEFT. This matching is possible because SMEFT contains specific higher-
dimensional operators that are able to generate a tree-level contribution to
the process of interest.

What happens at one-loop level? If we said that amplitude methods pro-
vide the model-independent contributions to a specific scattering process, why
do we need to extend the analysis even further? The main point is that loop
amplitudes contain more complicated non-analytic structures than in the tree-
level case. Actually, since hgg is a three-point scattering amplitude, it con-
tains no factorizable parts, namely, not even simple poles appear at tree level.
Conversely, once we go to loop level, we expect the amplitude to decompose
into a sum of scalar integrals, just as we saw in Eq. . Hence, divergences
may also appear.

Let us outline the strategy we want to pursue. The idea is to construct
the model-independent one-loop amplitude starting from the relevant model-
independent lower-point tree-level amplitudes entering the process. We have
already bootstrapped the relevant lower-point amplitudes for the one-loop
SM-like diagrams, namely Egs. and (5.52). These are the htt and ttg
on-shell scattering amplitudes, respectively. They represent the basic building
blocks for the two diagrams of interest, reported in Fig. We refer to these
diagrams as SM-like diagrams and assume that only the top quark flows in
the loop, since it is the heaviest quark and therefore gives the dominant
contribution. Notice that we are considering Higgs decay rather than Higgs
production. However, the two processes are related by crossing symmetry in
such a way that they are described by the same analytic amplitude. Hence, at
the amplitude level, there is no distinction between considering one process
or the other. Moreover, we use the same colors to denote the lower-point
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Higgs-top and top-gluon interactions as those used in Appendix [A22] for the

corresponding SMEFT vertices. However, here we use squared vertices to

indicate that we are employing the rules obtained via the amplitude method.
From a kinematic viewpoint, we are considering

h(p) = g(p2) + g(p3) (7.2)

where p is the incoming Higgs momentum, while po and ps are the outgoing
momenta of the two external gluons. Therefore,

p’=mj,  p3=p;=0, (7.3)
and momentum conservation implies
s = 2ps - p3 = mj, 2p - py = mj, 2p - ps = mj. (7.4)

Concerning the propagating internal particles, we call k the loop momen-
tum and define

ko =k—py, kh=k—ps,  ks=k—py—ps, (7.5)

as shown in the diagrams.

Now, let us consider the amplitude for the Higgs boson decay into two
positive-helicity gluons,

D
Mo = [ (;lw)kDuQE T (K). (7.6)

As already discussed in Sec. the negative-helicity amplitude can be read-
ily obtained via a parity transformation. Assuming that the only diagrams
contributing to the process are the two reported above, we write

_ A (k) | A (k)
Tar(k) = dodyda * dodids

(7.7)

With the tilde notation, we denote the amplitude obtained by exchanging the
two gluons, namely

Ari(k) = Ars(R)] - (7.8)
The denominators dgy, di, d2, and d3 are defined as
do = k* — m?2, dy = (k — p2 — p3)* — m?, (7.9)
d2:(k_p2)2_m27 d3: (k_p3)2_m27 '

where m denotes the top-quark mass. These are the denominators associated
with the internal propagators in the diagrams.

The aim of this section is therefore clear: to determine the explicit ex-
pression of M, by exploiting amplitude methods, without referring to a
Lagrangian.
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In order to evaluate M, 4, we first compute the numerators of the inte-
grand, A4 (k) and consequently A, (k). To approach this task, we first
sew together the three lower-point amplitudes entering the first diagram in

Eq. (7.1),

A (k) = (=1) BN (L, (=k)ey 1, (k) )
X M(ké, (—k2)t;,0, (—2)57)
X M((k‘z)g‘j, (—k3)te,L (—3)Z’+)

=10 (CﬁtLgUf?ﬂ kr) + Chtt Tk — ])

X (T%)ji | cgir €5 (D23 p3) (KT 19| —ka,g] + (ka1 1k])

b PG| 2] —21]

X (Tb)ej

J])

cgit € (p33p2) (k3 |1V | —ks,L] + (—

+ e [ky | =3][ha,cl —3]]~ (7.10)

The factor (—1) in the first line is inserted because of the fermion loop, while
i3 comes from taking into account the three propagators. Notice that we
choose the reference momenta of the two gluons to be ro = p3 and r3 = po.
Moreover, we assign the little-group indices I, J, and L to the massive top
quarks circulating in the loops. By employing the conventions for negative
momenta inside spinors given in Eq. , and using Tr[TaTb] = %5‘”’ to
evaluate the color factor of the diagram, we obtain

' 5ab
Aqy (k) =i 3 ( Chtt<k3 \kr) + Chtt [k3 |k1])
 [eqines (p2:s) (67 19¥ ks g) — (ko gy 7)) -+ 14T 2] ks (2]
1) + B 3] ks, 13
(7.11)

x [cgtts (P33 p2) (k3 17" [ks,] =

where the polarizations vectors are defined in Eq. (4.60)), and take the follow-
ing explicit form

= BB = ) = <¢2‘2:Y<2|§§
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They satisfy

€l = 53_73 =0, E4o €43 = —5. (7.13)
m

Moreover, the contractions with the external momenta always vanish,

Di- € = 0, i,j = 2, 3. (7.14)

Now, we should multiply all terms together and perform some simplifi-
cations. These involve using much of the technology we introduced to deal
with both massless and massive spinors. The aim is to make the dependence
on the loop momentum k explicit. The reason for doing so will become clear
when performing the calculation explicitly.

Instead of evaluating Ay (k) in its full form, it is convenient to first re-
cover the pure SM contribution and then evaluate the remaining BSM struc-
tures.

7.1.1 Obtaining the SM contribution

Let us consider the SM contribution to A4 (k) in Eq. (7.11). To isolate
this contribution, we exploit the mapping of the model-independent coeffi-
cients onto the corresponding SM ones:

Y

Nk

This mapping was obtained in Ch.[5]when matching the htf and #tg amplitudes
onto the SM. Recovering the pure SM contribution allows us to benchmark
the procedure and highlight the remaining BSM contribution.

Upon using the SM couplings, Eq. reduces to a much simpler ex-
pression,

. LL _ RR _ _. o RRR _
SM Chit = Chr — ¢ Cgtt = —1Gs; Coit = 0. (7.15)

2rasm ,
AT (k) = — — 0 P ([k3 k] — (k5 [kr))
x & (pa; ps) (kT |7# kg, 5] — (ka, 17" k']
x eF (p3;p2) (k317" |ka,] — (ks Ly Ik3]) - (7.16)
where, in place of the Yukawa coupling we used
V2m
Yt = ’ (717)

v

with v the vacuum expectation value of the Higgs boson, measured to be
v =~ 246 Gev [2]. Moreover, we use the strong coupling constant as = g2/(47).

The expression above contains eight different terms we need to evaluate.
The explicit computation is reported in Appendix[D.1.1] We end up with the



96 HIGGS PRODUCTION VIA GLUON-FUSION AT ONE-LOOP

following expression

2masm
AP (k) = — — 5l (p2; p3) € (p3; p2)

x {m [T&" (a%”&ﬁa“) +Tr (a%“a%“) } (ks.akap + kaka,p)
+m {Tr (5%%"0“) +Tr (a%%“&“) } kaks 5

+m? [Tr (6Vo") + Tr (a”a“)] } (7.18)

Notice that we have managed to achieve what was stated above, namely
to isolate the dependence on the loop momentum k. To proceed further,
we should evaluate the trace using Eqgs. and . This step was
automated using FORM [57H59]. Moreover, exploiting the kinematic relations

in Egs. (7.3) and (7.4]), we obtain

8magm? o
AP = ~ = 6 b{z% B (eF -2b) + (o) (m2 = )

Fae) ) - () B

where we implemented the orthogonality of the polarization vectors to the
physical space, Eq. .

At this point, we can convert this expression back to the spinor-helicity
formalism. The reason for doing so is that the spinor-helicity formalism allows
for a more direct implementation of generalized unitarity cuts, as we will see
later. In doing so, we must take care when treating the loop momentum k. In
particular, we always want it to be placed inside spinor bilinear forms. Doing
so, ensures the correct implementation of the upcoming generalized unitarity
algorithm. To perform the conversion, we need Eq. to reconstruct the
massless momenta in terms of spinors, Eq. for the explicit expressions
of the polarization vectors, and their dot product in Eq. . We also
implement the following spinor relation

[23]2 1 mp
23)(32 = —(23)[32)(32)[23] — = —— 7.20
23)(32) 1w = ~ (BRI T =l (120)
which allows to collect a common —[3%2 factor in front of the amplitude. We
h

are eventually left with
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2

(07 m2 2 m
A () = - ST g (BT { - (K2 = (m® &) + T
" (7.21)

+ %[2|%|3>[3|%|2>}.

Without having to translate back to spinor variables, we could have imple-
mented the explicit expressions of the polarization vectors in Eq. from
the outset. In this way, we would have also bypassed the evaluation of the
traces. In Appendix we show this alternative way of performing the
present calculation, in which the slashed polarization vectors are made explicit
from the outset. This method, however, obscures the last term appearing in
Eq. , which can still be recovered by exploiting the Schouten identity.
Though still not evident here, the form obtained after applying the Schouten
identity allows for the determination of the rational-term contributions, which
would not otherwise emerge from the original form. Therefore, this point re-
quires some care and is of physical importance.

_ Finally, we can straightforwardly obtain the expression for the numerator
A4 (k), in which the two gluon momenta are exchanged. Equation ([7.8])
yields

A () = - ST o (- [iff) { — (313 — (m? — £2) + T
" (7.22)

+ 2 [3!kl2>[2!%|3>}-

2
h
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7.2 Implementation of a generalized uni-
tarity algorithm

In this section, we make use of the techniques discussed in Ch. [6], namely
generalized unitarity and the van Neerven—Vermaseren basis. The goal is to
derive the expression for M, 4 reported in Eq. . We momentarily pause
the SM derivation, since what we discuss here does not require specifying a
particular theory and will also be used for the BSM terms.

Let us start by considering the following expansion in terms of scalar
integrals,

3

X
NS
SOF

+ b01

+ b12 + b3

1
2

+ ag 2 + a QQ +@Ql 2
3

+ as

+ R,
(7.23)
where R is the rational term. The scalar triangle, bubble, and tadpole dia-
grams are defined as follows
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g > / de “ . (7.24)
- ‘< [ i 729

dPEk u?e
= — 2
/ (27T)D dl dj dl ’ (7 6)

Co[1]

where d;, with i € {0,1,2,3}, are defined in Eq. , and the arguments of
the square brackets denote the numerator of the integral. With respect to the
definitions provided in Egs. , , and , we allow for the presence of
a numerator, denoted within the square brackets, which in this case is simply
1. Moreover, due to the equal masses of the internal propagators, all tadpole
integrals are equal, as are the two triangle integrals, up to a redefinition of the
loop momentum. The bubble integrals instead fall into two distinct classes,
according to the invariant momentum flowing through them. Nevertheless,
we retain all of them, since they make explicit which propagators can be cut.
From now on, we label the propagators appearing in the above diagrams by
the corresponding index i € {0, 1,2, 3}.

We use the above expansion as an ansatz for the structure of the amplitude
of interest, M:

L + L =8. (7.27)

This equation sets the aim of this section, namely to reconstruct the am-
plitude M by determining the explicit expressions for the coefficients of &.
Notice that we do not specify the helicities of the gluons in M, since this
procedure applies to any gluon-helicity configuration.

To exploit generalized unitarity methods for this reconstruction, we need
two main ingredients: the cutting procedure discussed in Sec. and a suit-
able D-dimensional parametrization of the loop momentum. Before outlin-
ing the reconstruction algorithm, we therefore specialize the van Neerven—
Vermaseren basis introduced in Sec. to the present process.

Van Neerven—Vermaseren parametrization of the loop momentum.
In Ch. [6] we explained what a van Neerven—Vermaseren basis is, and discussed
its applicability in the context of generalized unitarity. Now, we need to apply
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the previous construction to the process of interest. What we want to obtain
is an expansion of the loop momentum similar to the one of Eq. .

We defined the kinematics of the process in Eq. , hence from momen-
tum conservation p; = ps 4+ p3. This implies that only two external momenta
are linearly independent. Hence, for the triangle topology contributing to
the hgg amplitude, the four-dimensional physical space is two-dimensional,
namely

Dp =2, (7.28)

where Eq. (6.92) was used. The corresponding van Neerven—Vermaseren dual
vectors can be found by specializing Eq. to the above kinematics:

i n
vy = Bs vl = P (7.29)
P2 - P3 D2 - P3
so that
v -p2 =1, vy -p3 =0, vy -pa =0, vy -p3 = 1. (7.30)

The two remaining four-dimensional directions that parametrize the trans-
verse space, can be conveniently chosen in terms of the polarization vectors
of the external gluons. For positive helicities polarization vectors we choose
the ones defined in Eq. , where we chose the momentum of the other
gluon as reference momentum

With this choice of reference momenta, both polarization vectors are or-
thogonal to the entire physical space,

Di- € = O, i,j = 2, 3. (7.31)

Thus, €' , and €/} ; provide a null basis for the two-dimensional transverse
space associated with the hgg kinematics.
A D-dimensional loop momentum can consequently be decomposed as

k' =aph +bph +cel y +del 5+ kent, (7.32)

where nt parametrizes the extra-dimensional component of the loop momen-
tum. The decomposition therefore separates naturally into

apy +bpy +celf y +dell 5+ ke nt : (7.33)
—_— — ——

physical space transverse space extra-dimensional space

This is the explicit realization of the van Neerven—Vermaseren decompo-
sition for the hgg kinematics. The projections along po and ps are reducible
scalar products and can be expressed in terms of differences of inverse prop-
agators. On the other hand, the projections along e, o and e4 3 represent
the irreducible four-dimensional transverse components of the loop momen-
tum. Finally, the component proportional to nt contains the genuinely D-
dimensional information and becomes essential for reconstructing the rational
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part of the one-loop amplitude. The coefficients a, b, ¢, and d are initially free
and therefore parametrize a generic loop momentum. The unitarity cuts will
constrain these coefficients by imposing the appropriate on-shell conditions
on the internal propagators.

Algorithm implementation. With the van Neerven—Vermaseren parametriza-
tion at hand, the generalized-unitarity reconstruction can be summarized as
follows:

1. We perform unitarity cuts on both sides of Eq. , starting from
the highest number of internal propagators that can be simultaneously
cut. By performing triple cuts, we obtain the coefficients cg12 and cp13;
cutting two propagators instead allows us to single out the contributions
of bo1, bo2, bos, b12, and by3, after subtracting the already determined
higher-topology contributions; finally, single cuts allow us to evaluate
ap, ai, as, and as.

2. Once the diagrams are cut, we are left with a set of equations involving
only cut diagrams. More precisely, when we perform a cut through an
internal propagator, we put the corresponding particle on shell, meaning
that we replace the propagator 1/d; with the Dirac delta distribution
—27i 0(d;), as prescribed by the cutting rule in Eq. . It is therefore

convenient to introduce the notation

(7.34)

ir)7 r=1,..n"

Cutj, ...i,, [M] = M‘%—)(—Zﬂi)é(d

r

The set of equations involving cut diagrams is then obtained by cutting

both sides of Eq. (7.27)),
Cuti, ...i, [M] = Cuty,...i, [8] . (735)
For instance, for the first triple cut, the above equation reduces to

Cutona M) = a1 (-2mi) 8300, (130

since, on the § side, only the first scalar triangle survives when prop-
agators 0, 1, and 2 are simultaneously put on shell. Conversely, the
left-hand side reads

Cutara ) = [ 3152 AQK) (-2 0(d)d(@)o(cs). (7)

where A(k) denotes the corresponding numerator.
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3. For each cut, we constrain the loop-momentum parametrization of Eq. (7.32)
by imposing the appropriate on-shell conditions,

di (k) = diy(k) = ... = d; (k) = 0. (7.38)

These conditions imply that the parameters a, b, ¢, and d are no longer

all independent and therefore determine the corresponding on-shell parametriza-

tion of the loop momentum for each cut. In Sec. we explain this
procedure in more detail, collecting the resulting parametrizations for
all the cuts in Tab. [D.1]

4. Once the constrained loop momentum has been obtained, it is substi-
tuted into the corresponding numerator A(k). The coefficient associated
with the cut can then be extracted by comparing the two sides of the
cut equation, since the remaining cut measure is identical on both sides.
For instance, for the triple cut 012, in the present case one obtains

co12 = A(K)| go—dy =dy=0 - (7.39)

The same procedure is applied recursively to lower topologies, after
subtracting the contributions associated with the coefficients already
determined from higher cuts.

Moreover, since the loop momentum is parametrized in D = 4 — 2¢ di-
mensions, the cut solutions retain the dependence on the extra-dimensional
component k.. Terms proportional to k2 contain the genuinely D-
dimensional information and give rise, after integration, to the rational
contribution R.

The algorithm described above was implemented in MATHEMATICA [26]
using the package SMASH [27]. This package provides a convenient frame-
work for manipulating both massless and massive spinor-helicity variables,
making it particularly suitable for the process under consideration.

For the SM amplitude, the calculation was first carried out analytically by
hand and subsequently reproduced using the implementation described above.
The agreement between the two calculations provides a non-trivial benchmark
for the algorithm before applying it to the more general amplitude.

7.3 SM amplitude

Having set up the algorithm for extracting the coefficients of the scalar-
integral decomposition in Eq. , we can reconstruct the SM amplitude.
In Tab. we report the expressions obtained for the triangle, bubble, and
tadpole scalar coefficients. Notice that both the bubble and tadpole coeffi-
cients sum to zero, as expected, since the SM amplitude must be divergence
free. As an example, in Appendix we provide a detailed derivation of the
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coefficient bg; by exploiting the algorithm described in the previous section.

Let us now reconstruct the amplitude for the hgg process in the SM. To
this end, we combine the scalar-integral decomposition with the expressions
for the coefficients obtained through the generalized unitarity algorithm. We
obtain

8rasm? [23]2 m? 1
SM s ab 2 h

= - —— ]2 -2 + — | -

M " 1) < m% x 4 Cy m 5 =

} , (7.40)

where the two triangle scalar integrals were cast into a single Cy(p2, p3; m?, m?, m?)
through loop-momentum redefinitions. We pause briefly to discuss the rational-
term contribution. Computationally, its contribution, reported in the last row

of Tab. comes from performing the triple cuts 012 and 013. This means
that, to extract the actual value of R, we need to evaluate [15]

2 2 2 . 2
R = _gab (— [23l > Iy  12) = gab (—[2?& ) WSV (7.41)
mh v mh TV

in the notation introduced in Eq. (7.26]). This is precisely the contribution in
SM
MY
Now, we can exploit the following relation |60]

C ( .m2 m2 m2) _/ de MQG
WP T @D (K2 = m)[(k — p2)2 — m2[(k + ps)2 — m?]
i 2
il
1672 m3
(7.42)
with 7 = 47%2 and f(7) defined in Eq. (A.28]). Then, the above amplitude
h
reads
sMo_ - Qs e (12312 mj,
=2 gab (1290 ) gy, 4
My =ig 0 < mZ ) 2 1(7) (7.43)

This result agrees with the amplitude computed in Eq. . To see this
explicitly we first set to zero all the SMEFT Wilson coefficients, then we
exploit Egs. , and to perform the kinematic contractions
in the spinor-helicity formalism. The all-negative-helicity amplitude can be
simply obtained via a parity transformation,

Las o, (23)2\ m?
MM = i 0 b <— e ) 7’15(7). (7.44)

Here, we have introduced the standard form factor

Fi(r) = %T 14+ (1—7)f(7)]. (7.45)
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€012 €013

2 2
Triple cut Amma, (4m2 — m%) Amma, (4m2 — m%)

v

bo1 bo2z bos bz bz

Bubble 0 0 0 0 0

ao al a2 asg
167mm2as 167mm2as, 16mm2as, 167mm2as,
Tadpole | — 5 — 5 5 5
vmy vmy vmy vmy
Ro12 Ro13
. 16mm2as 5 16mm2as 5
Rational | —k;, — k?
v v

Table 7.1: Triple-cut, bubble, tadpole, and rational coefficients. The common factor
670 (—[23]?/m3) has been factored out from all coefficients. The terms proportional
to k2 have been separated from the triple-cut coefficients and collected in the rational
contribution. They will lead to the rational term only once integrated.

Although the two amplitudes are not identical, since they carry opposite
little-group weights, they are characterized by the same scalar form factor.
Indeed, parity exchanges angle and square brackets, (23) <+ [23], while leaving
the scalar coefficient unchanged. Therefore, in the SM, the ++ and ——
helicity configurations contain the same dynamical information, while the
factors (—[23]?/m3?) and (—(23)?/m}) only encode their different helicity
structures.

For real external momenta, the two spinor structures are related by com-
plex conjugation. Using the property reported in Eq. , one finds

([2312> <[zglz>* _ [23]2<32>2 _ ({23]<232>>2 . (7.46)

my my my mp

Hence, these helicity-dependent factors drop out from the squared amplitude,

and therefore ) )
IMPY " = [N (7.47)
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7.4 BSM amplitude at LO

In the previous section, we computed the SM amplitude for Higgs pro-
duction via gluon fusion. We were able to set the notation and establish
the method for recovering the well-known SM result. Indeed, it served as a
benchmark for the algorithm based on generalized unitarity.

In this section, we instead focus on all possible BSM structures that can
emerge at LO in the A expansion from the same SM-like diagrams reported
in Eq. . Recall that, before specializing the amplitude to the SM case,
we obtained the general expression for the first diagram, namely Eq. ,
which we report again here for completeness:

. 5ab
Aqy (k) =i o> ( chtt<k3 k1) + chtt [k3 ‘kl})

X |cgit 25 (023 p3) (K 1y ko, g] = (g 17 7)) + BRI 2] 2]

7 [Ig]) + R kg 3] ks, 13]
(7.48)

X |cgit &5 (93 p2) (k7 11" |ka,c) — {

This expression was obtained by sewing together the tree-level amplitudes
for positive-helicity gluons. The amplitude for the second SM-like diagram,
which we denote by fl++(k:), can then be obtained by exchanging the two
gluon momenta.

Since we have already computed the SM contribution to this amplitude,
we can rewrite A4y (k) in a form that makes the SM and BSM structures
explicit,

89b | R +CLL
CRR_CLL
R (AR CAL)

x [eqn 5 (2 pa) (6 " aa] = (hag 1 101]) + R 2], 12

7 Ik3]) + CﬁfR[kéj\3][k37L|3]} :
(7.49)

X [ Cyit €y S (p3ip2) (<k‘2]\’7'/’k3,ﬂ —{

where the first two lines now resemble the parametrization of the htt ampli-
tude reported in Eq. . In particular, the piece proportional to (cht ;- cﬁtLt )/2
is responsible for a parlty -violating interaction between the Higgs and the top
quarks. Conversely, (chtt + chtt) /2 contains the SM coupling and, at most,
modifications to the Yukawa coupling.

Similarly to before, we now need to perform the spinor contractions. We
can recycle much of the calculation performed in the previous section, except
for the terms involving the coefficient cRRR For convenience, we display these

two parts separately.
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7.4.1 Computation of the SM-like numerator

Let us consider the SM-like term contained in Eq. ((7.48)). In practice, we

neglect the coefficient cf{fR and consider it only later. Hence,

ke - 6ab
AR (k) = i -5 (iR Tkg ki) — crir (k5 |kr))

X cqiv €5t (D23 03) (KT [7"[kz,] — (ka,g 7" k"))
x cqn & (p3ip2) (k3 17" |ka,.n] — (ks L7 [K3]) (7.50)

where in the first line we factored out a minus sign. The above contribution
resembles the pure SM one of Eq. , except for the use of general coeffi-
cients instead of the corresponding SM ones. For this reason, the calculation
is essentially the same and is reported explicitly in Appendix We obtain

ASNTRe (k) = i(zb cor e (p2i p3) &5 (p3; p2)

X {m [cﬁlf Tr (&O‘U”&ﬂa“) + cﬁtLgT (Jo‘6yaf8&“> } k3 aka
<0a5”0'86“> } koka g
(o0

T
+m [cﬁ#— Tr (60‘0”560“> + cft? Tr
Tr (o® BU”&“) } koks g

+m [Cfg Tr <6a0’86”0“) + kL
+m3 {cﬁ? Tr (6% o) + ik Tr (0¥ 5") ] } (7.51)

Using Egs. (B.36), (B.38) and (B.39), the amplitude can be rearranged as

2
" Cor T
Asﬂf hke(k) = ZQT §ab e;(pz;p:a) ey (p3;p2)
RR | .LL
Chet T Chti

5 Tr (’YQ’YV’Y 7“) (k3.aka g + kakag)

+Tr (7“75 'y”v’“‘) kaks,g +m? Tr (7”7”)]

CRE _ LL
b bty ea"W( — ks.akag + kakas — kakg,ﬁ) .
(7.52)

Notice that (¢f + cf-l) /2 multiplies the same contribution obtained in the
SM case of Eq. ((7.18]), whereas the other combination is responsible for parity
violation. These behaviors were expected.
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To proceed further, we need to evaluate the traces and contract the indices.
We have already done this for the SM part, obtaining Eq. . On the other
hand, for the epsilon-dependent term in the above equation, we implement
the momentum definitions in Eq. , together with Eq. . Eventually,
the expression reads

RR | .LL
ASNHIRe (1) — 9.2 5 <_ [23]2> {Chtt T Chii

gtt 2
mj 2

— (2/k|2] = (m* - &?)

2 RR LL 2
my 2 Ciit — Ciit mp
“hy 2 19 2 “htt  “htt | _""h

(7.53)
As a crosscheck, notice that by using the SM couplings in Eq. (7.15), the
above equation correctly reduces to Eq. (7.21)).

7.4.2 Computation of the pure BSM factor

Let us now consider the left over pieces, namely the ones proportional to
RRR

the coefficient Coit These terms are purely BSM. Their contribution can be

extracted from Eq. (7.48)), and read

cRRR ‘ (5ab
AL (R) =i con B (=l (kg [kr) + e F k5 ki)

x {62(192;193) (k" (7 k2] = (kg 7" K] k3 13][ks,L]3]

+ [K112][ka,s12] € (P33 p2) (k3 17" [k3,z] — (ka,Lly” |R3]) }
(7.54)

Since we are interested in the leading-order amplitude in the 1/A expansion,
we must retain only the contributions linear in the coupling c%m. This is
because, as already discussed in Sec. dimensional analysis suggests the
presence of a dimension-6 operator generating this coupling.

To perform the calculation, we first need to rewrite the two new terms in
a more convenient form. This is because both [ky |3][ks 1|3] and [k!|2][k2,/|2]
obscure the presence of a polarization vector that can be factored out:

1913] (k.0 13] = ——= <7, ([613) (817" ka0 + ka1 13) 81" IK5]) . (7.55)

b
22

121212 = 5 5, (82 (2 ) + Do 2] @1#E]). (7.56)

These can be straightforwardly verified by using the explicit expressions of
the slashed polarization vectors of Eq. (4.63)).
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Using Egs. (7.55)) and (7.56]), we can factor out the two polarization vectors

s ., and E;V to ease the computation; obtaining

)

Core g RRR 1+ 4 [ 1L,L RR[1.L
Ay (k) = i concg /3“2 S (chiz (kg k) — ciilhes |kr])

" { (K |7 k2,] — (ko g7 %))

x (1413] (31" ka,o] + [ks.[3] 31y k)

o+ (1712] (217 ) + [k,012) 217 K]

(ki |y |ks,L] — (ks,Llv” |k9]) } (7.57)

where we collected a minus sign in the first line. In Appendix [D.4] we ex-
plicitly show all the steps involved in performing the spinor contractions.
Eventually, we convert the amplitude back to the spinor-helicity formalism

by exploiting Eqgs. (4.39), (7.12)), and (7.20). We obtain the following result:

22 2

my

RRR
Rk Cqit CF 23]2
Ajf’fﬁ (k) =i 97 gt gab <—[ ] ) {QOZ cﬁ?

+ il | = (21KI21 [BIKI3) + (2IK[2] (k> — m?) (7.58)

— (2[K[2)* + K*mj; + (2/}]3] <3Ué|2]] }

An important point is that this amplitude was obtained by setting to zero all
~5 terms appearing in the traces, as highlighted in Eq. This corresponds
to obtain the CP-conserving part of the amplitude only. In other words,
we adopt the NDR-DISCARD prescription [61], in which the remaining ~s-
odd traces are set to zero. We did the same for the SMEFT amplitude of

Eq. (19)

7.4.3 Complete amplitude

We can now combine the SM-like contribution with the term linear in
cfffR. Since both contributions share the same overall kinematic factor, it is
convenient to factor it out and write the complete numerator, up to linear
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order in c}g’;fR in a single expression:
. 23)2 cRE 4 oL
Asi (k) =icgy 0 <— [ml ) {2 Cgit M H ( — (2|¥2] — (m? - k?)
h

o hit —hi (]
+2hgmmmwo th/@;)]

4J”P%W%H%QMWWW>MM@Lm)

— (2[KI2] + K*mj, + (2|K|3] <3!k!2]>] }
(7.59)

The next step is to reconstruct the full amplitude. To this end, we employ
the generalized unitarity algorithm described in Sec. This calculation
was performed completely automatically using MATHEMATICA and its inter-
face with SMASH. In Tab. we collect the expressions for the coeflicients
obtained. Notice that, upon using the SM couplings defined in Eq. , the
BSM coefficients reduce to the corresponding SM ones reported in Tab.

Let us now provide the full expression for the reconstructed amplitude. In-
serting the coefficients of Tab. into the amplitude expansion of Eq. ,
we obtain

2 22

my,
2

2 RRY [ Ty 2
+imeyy (Chtt + htt) <2 —2m )

RRR .RR
M,y = 52 (_ [23]2) {200 [Hmmh gtt Cgit - Chit

L9 LL _ RR
+ me2,m? (¢t — ¢
9 gtt '''h ( htt htt ) ] (7.60)
RRR LL
i gtt mj, Cott Cntt
0
2v/2
, RRR LL
i [icgmi Cott ~ Chtt i 2 RR
~ 16n2 Woi + 2im ey (e + chig)

where Cy and By indicate Cj (pQ,pg; m2,m?, m2) and By (pl; m?, m2), respec-
tively. We stress that the above expression is not the full LO result of the
h — gg process. This is because, as already stated, we are taking into account
the SM-like diagrams of Fig. [7.I]only. A complete expression should contain
also the terms obtained from sewing four-point vertices which would appear
by considering diagrams (6) and (7) of Fig.
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Co12 Co13
2 RRR .RR 2 RRR .RR
im*mj, cgp, Cott  Chtt immj, cgpy Cott  Chtt
2v/2 2v/2
. 2 LL RR . 2 LL RR
) +amcy (Chti + Chiz ) tumegy (Chtf + Chiz )
Triple cut m2 m2
x | = — om? x | —L& — 2m?
2 2
Lo LL _ RR Lo LL _ RR
+ mcyn mh (Chtt Chtt + mcyn mh (Chtt Chit )
bo1 boz bos biz bis
2 .RRR .LL
i Cqft M, Coy " Chisi
Bubble 0 0 0 0
2V2
agp aj
) 8m c i 1 8m c i
Tadpole | - ¢, 7 | —2= + R — .| —2 +c
p 4 Cott m? ( Chtt T Chit ) 4 Cott m? ( Chtt htt)
V2 +y) rrr oL V2(z+Y) prr L1
rt+y—1 Cott  Chtt cty—1 Cott  Chtt
a2 as
2 2
Tadpole 2”” Cott (chtt + Chtt ) QZm Cott (Chtt + Chtt )
mj mj,
R012 R013
2 RRR .LL 2 RRR LL
i cgir i K Cott  Chtt i Copp 0, K Cott  Chtt
Rational 2V/2 22
2 2 RR
+ 2im k¢ c gtt (Chtt + chtt ) + 2imkZ ¢ gtt (Chtt + Chip )

Table 7.2: Triple-cut, bubble, tadpole, and rational coefficients. The common factor
6% (—[23]?/m3) has been omitted from all coefficients for brevity. The coefficients
associated with the cuts (012) and (013) are identical for both the triple-cut and
rational contributions. They will lead to the rational term only once integrated.
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7.4.4 Matching onto SMEFT

In this section, we provide the matching onto SMEFT of the amplitude for
Higgs production via gluon fusion obtained in Eq. . The complete LO
SMEFT amplitude is reported in Eq. . However, here we focus only
on the SM-like contributions, namely on diagrams (2), (3), (4), and (5) of
Fig. Hence, we neglect both the C,g contribution, which arises from the
tree-level diagram, and the term proportional to By(0;m?, m?), which comes
from the last two diagrams of Fig.

We also take into account another modification with respect to Eq. .
In order to find the correct expressions for the coefficients cﬁtLt— and cft?, we re-
tain the CP-odd contribution to the Higgs-top interaction, namely Eq. .
This means taking into account the presence of 5, which multiplies the imag-
inary part of ng. To this end, we cannot employ the NDR-DISCARD pre-
scription for evaluating the Dirac traces, as discussed in Sec. Instead,
we make use of the BMHYV scheme [62,63]. Concerning the top-gluon inter-
actions, we instead retain only the CP-even part.

Applying these modifications, the SMEFT amplitude of the SM-like dia-
grams of Fig. only, can be written as

SMEFT m[23]2 ab ) 8T 2 2 i

— 4iV2 wav? Tm Cgi Co

+ 4y/27mas Re C32, KBO — 1622> + 2m200] },
T

(7.61)
where X is defined in Eq. (A.26)), yet we report it here for completeness

1
V2

We can now compare Eq. ([7.61]) with the corresponding amplitude obtained
from the on-shell construction. The latter can be written as

1
X = Coomv® — —Cypmv® — Re(C’Si) v3 + A?m. (7.62)

4

Siraam [ cEL 4 ¢BE )
M = —[23 26(11) S htt htt 4 2 2 C v
++ (23] { m2 5 (4m® —mj) 0+8772
LL _ RR
ctl _ I
— 8imasm (W) Co
VT prr| LL i 2 RR
+ NG Coit | Chit By — 162 +2m°c; Co| ¢,

(7.63)



112 HIGGS PRODUCTION VIA GLUON-FUSION AT ONE-LOOP

where ¢,z = —2i,/Tas was used. We can now match Egs. (7.61)) and (7.63)).
First, matching the parity-even contribution gives

( chti T i X
= . 7.64
! ( 2 ) A2y (7.64)
The contribution proportional to Im 0337 instead fixes the parity-odd com-
bination,
LL RR 02
Chtt — Chae | _ W 33

i ( 5 ) = an Im Cp. (7.65)

Combining these two relations and using the definition of X, the two co-
efficients are independently fixed as

m  muv 1 iv?
) Cﬁt[t/ — + F <C<p|j - 4C@D> \fAQ Re 033 fAz Im CSS;,

, m  mu 1 v? '
icfht = > + Az <C’¢D - 4C@D> BTVl Re Cfif; \[Az Im 033

(7.66)
Finally, the terms proportional to Re C’ o give
8
cft—fR ekl = A—m Re C33, (7.67)
cRRR RR _ O po 033, (7.68)

gtt  Chit A2

Since chR starts at O(A~2), only the SM part of chtt and chtt contributes to
these relations at linear order in the SMEFT expansion. In particular,

m
ek =t =—— +0(A?). (7.69)
It then follows that
icitt = —p Re C33, (7.70)

which, as expected, is a purely BSM coeflicient, since its leading contribution
already appears at order 1/A2.



Chapter 8

Conclusions

On-shell amplitude methods provide a compelling approach to study BSM
physics directly at the level of the amplitude for a given scattering process,
in an EFT framework. At tree level, a satisfactory description of this ap-
proach has been developed in recent years. However, a comparably systematic
bottom-up construction of model-independent one-loop amplitudes is still less
developed.

In this thesis, we successfully computed the leading-order Higgs production
via gluon fusion in the EFT expansion, without the need for a Lagrangian
to dictate the interaction rules. Since the amplitude approach requires the
helicities of the massless particles involved to be specified from the outset, we
focused on the all-positive gluon-helicity configuration. The main result has
been presented in Eq. . This expression considers a subset of the LO
contributing diagrams, namely the SM-like triangle diagrams of Fig. For
a precise definition of all the parameters entering the amplitude, see Ch.[7]

The first part of this amplitude correctly reproduces the SM contribution
in the corresponding limit, while the remaining structures are genuinely BSM.
As a benchmark of the calculation, we matched our result onto its SMEFT
counterpart and found complete agreement with Ref. [60].

A natural extension of this work would be to consider the other two com-
plementary diagrams contributing to the LO amplitude for the process of
interest, namely diagrams (6) and (7) of Fig. This additional contribu-
tion would be particularly interesting because the BSM vertex is now a four-
point interaction and therefore contains both factorizable and non-factorizable
structures.

Another possible direction would be to consider HEFT as an alternative
effective description of new physics. Among other things, HEFT relaxes some
of the assumptions underlying SMEFT by allowing the Goldstone bosons and
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the physical Higgs boson not to belong to the same linearly transforming
SU(2) doublet.

Furthermore, one could focus on the study of multi-Higgs production pro-
cesses induced by gluon—gluon fusion. Although these processes are charac-
terized by small cross sections, the inclusion of one-loop corrections is well
motivated by ongoing experimental efforts to measure double-Higgs produc-
tion [64-66] and even triple-Higgs production [67,68].

Lastly, at the High-Luminosity Large Hadron Collider (HL-LHC), multi-
dimensional differential distributions will provide increasingly detailed infor-
mation on the kinematic structure of scattering processes. This may enhance
the sensitivity to observables probing helicity and polarization effects, as well
as spin correlations and quantum observables |12,/13]. In this context, the
amplitude method provides a particularly suitable framework, since it makes
the helicity and spin structure of the scattering process manifest and thereby
facilitates a more direct connection with suitably designed observables.



Appendix A

SMEFT conventions and Feyn-
man rules of interest

In this appendix, we set our notations for the definition of SMEFT La-
grangian following [20]. First, we briefly review the SM Lagrangian before
the occurrence spontaneous symmetry breaking, then we present the relevant
Feynman rules for the Higgs production via gluon fusion in the SMEFT frame-
work. Finally, we evaluate the LO contribution to its scattering amplitude,
using computational techniques.

A.1 The Standard Model

A quantum field theory describing elementary particles and their interac-
tions is specified by its gauge symmetry, its field content and, possibily, by
the pattern of spontaneous symmetry breaking. The Standard Model (SM)
is a renormalizable and anomaly-free gauge theory based on the symmetry
group

GSM :SU(?))C X SU(?)L X U(l)y, (Al)
where SU(3). describes the strong interactions, while SU(2)r, x U(1)y is the
gauge group of the electroweak sector. The corresponding gauge fields are
denoted by G, Wl and By, with A=1,...,8 and I = 1,2,3.

The matter fields are arranged into three generations, labeled by p =
1,2,3. In the gauge basis, the left-handed fermions transform as doublets of

SU(2)p,
I// ula
w= (7). a=(32). (A2)
Lp Lp
whereas the right-handed fermions,
CRpr  Uhips T (A.3)
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SU(3). SU(2)L Ul)y
/
Vip 1
l’Lp / 1 2 -3
e’Rp 1 1 -1
/
u
dp={ " 3 2 +5
u’Rp 3 1 —1—%
1
d/Rp 3 1 -3
+
2
p=1", 1 2 +3
%2
0%
P =102 = v 1 2 -3
_SO_

Table A.1: Transformation properties of the Standard Model fields under SU(3). x
SU(2)r x U(1)y, where p = 1,2, 3 labels the fermion generations.

are singlets under SU(2)r. Here a =1, 2,3 is a colour index. Notice we have
used ‘primed’ notation for fermion fields, reserving the ‘unprimed’ symbols
for the physical mass eigenstates basis, where flavor space rotations have been
performed.

The scalar sector contains one complex SU(2)r, doublet,

i =(%). (A.4)

whose conjugate doublet is defined as
© = io9p™. (A.5)

We collect in Tab.[AT]the transformation properties of the SM fields under
SU(3). x SU(2)r, x U(1)y we have just introduced.

The electric charge is related to the third component of weak isospin and
to the weak hypercharge through

Q=T*+Y. (A.6)
The gauge interactions are introduced through the covariant derivative
Dy =8, +ig B,Y +igWIT! +ig, G4, (A7)

where ¢', g and g, are the U(1)y, SU(2);, and SU(3). gauge couplings, re-
spectively.
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In the fundamental representations, the generators of SU(2), and SU(3).
respectively are

(A.8)
with o the Pauli matrices and A the Gell-Mann matrices [2]. These satisfy

!, 1) = i TG K T4, TP] = i fABCTC, (A.9)
and are normalized as

1 1
Tr(t't7) = 217 Tr(TATE) = 2548, A.10
1"( ) 2 ? I‘( ) 2 ( )
The generators that do not act on a given representation are understood

to vanish.
With the convention adopted in Eq. (A.7)), the field-strength tensors are
defined through the commutator of covariant derivatives and explicitly read

B, = d,B, — 8,B,, (A.11)
Wi, =0,W] —9,W,) — g’ FWIwr, (A.12)
G, = 0,Gy — 9,G} — g fPCGRGY. (A.13)

Notice that the non-Abelian terms in W;fy and G;‘V are responsible for the
three- and four-gauge-boson self-interactions characteristic of Yang—Mills the-
ories.

Finally, the complete renormalizable SM Lagrangian can be written as

I
+ (D) (DH ) + mPplp — %(¢T90)2
i (DU + ey + 4 D, + Wy Dl + Ay Pl
- @ree’Rgo + @[ Tutln® + ¢4 Tadpe + h.c.) . (A.14)

We can conveniently separate the different sectors as

LS\){ = Lgauge + Lfermion + LHiggs + LYukawa- (A15)
Here, the gauge kinetic terms describe the propagation and self-interactions
of the gauge bosons. The fermion kinetic terms contain both the free fermion
dynamics and their interactions with the gauge fields. Them scalar kinetic
term generates the interactions between the Higgs doublet and the electroweak
gauge bosons, while the Yukawa sector provides fermion masses and Higgs—
fermion interactions after electroweak symmetry breaking.

We refer to standard textbooks |1,2] for the realization of the electroweak
symmetry breaking and the transition to the mass basis.
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A.2 gg — h at leading order in SMEFT

The renormalizable Lagrangian in Eq. contains all operators of
canonical dimension equal or smaller than four that are compatible with
the SM gauge symmetry and field content. It therefore provides the natu-
ral dimension-4 starting point for the construction of SMEFT, namely

ol
Lommrr = Lsm + Y L@, £ =" ﬁdi)7 (A.16)
d>4 i

where di) are gauge-invariant operators of dimension d, while CZ-(d) are the
corresponding Wilson coefficients.

The dimension-6 operators of interest for the process under study, namely
Higgs production via gluon fusion, are collected in Sec. of the main text,
specifically in Eq. .

In this section, instead, we present the relevant Feynman rules that can
be obtained from those operators once spontaneous symmetry breaking has
been performed. The precise steps involved in the derivation are reported in

Ref. [20]. Conventionally, all momenta are taken to be incoming.

The direct Higgs—gluon interaction generated by Q. and Q(pé is

95 (p2)
4iv ab v N
h(pl) ***** = F Y Cth (—p2 *P3g +p2p3)
(A.17)
95(p3)
+ Cw@GMVpJPQpp3U:| .
The Higgs—top interaction is
7?1(172)
o My v? 1
h(pl) ***** = —Z(S]ZT 1 + F O@D — ZCL’DD
ti(ps)

Re(Ci’f;) +1 Im(CSi) Y5] -
(A.18)

5 U
T jiiﬂAQ[
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The top—gluon interaction, including the chromomagnetic insertion, is

9:(p1) = —igs(T*)jin"

tj(ps)

2
- \j/\;va(Ta)ji o [Re(C2) +i Im(C2) s -
(A.19)

The chromomagnetic operator 33& also generates the four-point interaction
httg,

2
77777 = —X;pg(Ta)ji ot [Re(Cfé) +1 III](CSSC;) 75] .

tj(pa)
(A.20)
Finally, the non-Abelian term in G, generates the contact vertices ttgg and
httgg. We omit these rules for brevity.

Notice that in the last three Feynman rules, we explicitly write the Wilson
coefficients ng’) and Cg’?(’;, splitting them into their real and imaginary parts.
This makes manifest the fact that the imaginary parts of these coefficients
are solely responsible for CP-odd interactions.

The Feynman rules reported in Egs. (A.17), (A.18), (A.19)), and
are those contributing to the LO gg — h amplitude in SMEFT, in the 1/A?
expansion.

Having specified the rules of the model, we can proceed with the ex-
plicit computation of the amplitude. This is carried out with the aid of
SMEFTFR v3.03 |18-20], FEYNARTS [21], and FEYNCALC [22-24]. In par-
ticular, SMEFTFR provides the Feynman rules for the process under con-
sideration, while FEYNARTS is used to generate the relevant diagrams and
amplitudes, and FEYNCALC is used to perform the subsequent algebraic ma-
nipulations and loop reduction. The combined use of these three packages

therefore provides a complete framework for the automated evaluation of the
SMEFT amplitude.
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A.2.1 Computational implementation

To evaluate the SMEFT amplitude for the process gg — h at LO, we start
by choosing the following kinematic configuration

9(p1) + g(p2) = h(p). (A.21)

Then, by exploiting the CreateTopologies function of FEYNARTS the rele-
vant diagrammatic topologies can be generated. The corresponding particle
content is subsequently inserted through InsertFields, using the SMEFT
model file employed throughout this work. The relevant amplitudes are then
constructed with CreateFeynAmp. Schematically, this procedure takes the
form

topsLoop = CreateTopologies[1l, 2 -> 1,
ExcludeTopologies -> {SelfEnergies, Tadpoles}];

insLoop = InsertFields[topsLoop,
{vi4l, v[4]l} —> {S[1]},
Model -> "SMEFTHgg",
GenericModel -> "SMEFTHgg",
InsertionlLevel -> {Particles}];

ampLoopFA = CreateFeynAmp[insLoop, Truncated -> Truel;

The amplitudes generated by FEYNARTS are then converted into the internal
FEYNCALC representation by means of FCFAConvert. In this step we denote
the loop momentum by k and perform the calculation in D dimensions. In
particular, the conversion is performed according to the schematic code

ampLoop = FCFAConvert [ampLoopFA,
IncomingMomenta -> {pl, p2},
OutgoingMomenta -> {p},
LoopMomenta -> {k},
ChangeDimension -> D,
UndoChiralSplittings -> True,
DropSumOver -> True,
Contract -> True,
TransversePolarizationVectors -> {pl, p2}];

An important step involves the evaluation of the traces. To this end,
we employ the NDR-DISCARD prescription [61]. In this prescription, traces
containing an unpaired 5 are discarded, thus restricting the present analysis
to the CP-even part of the amplitude, as done in Ref. [25]. We note that
traces containing an odd number of v5 matrices and six or more Dirac matrices
require particular care in dimensional regularization, due to the well-known
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reading-point ambiguity of the NDR scheme [69]. Since the corresponding CP-
odd contributions are not considered in the present calculation, this ambiguity
does not affect our result.

Furthermore, since the SMEFT amplitude is required only up to O(1/A?),
all Wilson coefficients are multiplied by an auxiliary parameter ewc and the
resulting expression is expanded up to first order,

Ci; — ewcC;, M = Mgpt + ewcMaimes + O(eve)- (A.22)

The auxiliary parameter is set to one only after the truncation. This proce-
dure guarantees that products of dimension-6 Wilson coefficients, correspond-
ing to terms beyond the linear SMEFT approximation considered here, are
discarded. In Fig. we report the only contributing diagrams. Apart
from the pure SM contribution shown in diagram (2), all the other diagrams
contain one insertion each of a dimension-6 operator.

The resulting tensor loop integrals are reduced to the Passarino—Veltman
basis (see Ch. [6.1.2) using the TID function,

ampPV = TID[ampLinear, k, ToPaVe -> True];

so that the result could be expressed in terms of the scalar functions By and
Cy, defined as

Bmmﬁm@z/d% n ,
(2m)d (k2 — m%) [(k +p)? — mg]

d 2¢
) / (d k i (A.23)

C y P23 27 27
0(p1, p2; mi, m3, m3 2m)? (k2 —m3) [(k +p1)? — m3]
. 1
[(k +p1+p2)? —m3]’

where we are employing the definitions given in Eq. . Lorentz contrac-
tions and scalar-product simplifications were subsequently carried out using
Contract, ExpandScalarProduct and DiracSimplify.

As a non-trivial check of the calculation, gauge invariance was verified.
Denoting the tensor amplitude by M*”, we explicitly checked that

pl#ij =0, p2VMMV = 0. (A24)

These identities were verified algebraically with FEYNCALC after the tensor
reduction.
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The non-exhaustive steps we have just sketched yield

5ab y y
MEMEFT — STy ez [Pivh — (prp2)g™] {\/5 Re(Cly) mmiv/as
h

X {167‘(’230(]); m?2,m?) + 1672 By (p1; m?, m?)

+ 32m%m2Cy(p1, pa; m?, m?, m?) — Z}

+ 4v/mmag X {87r2(4m2 - m%)CO(th; m®,m?, m2) + Z]

+ 8i7r3/QCSDG,0 miv? } , (A.25)
where we have introduced the convenient combination
1 1
_ 2 2 33\ 3 2
X = Coomv” — ZC@Dmfu -7 Re(CW) v’ 4+ Am. (A.26)

The scalar integrals appearing in the amplitude can be written in the following
way [25]

I N A\ € 1 _
By(p;m*,m*) = T6n2 F(l—l—e)( 3 > L +2 29(7')] + O(e),

. 2 €
I N AT 1
Bo(p1;m ,m)——167r2 F(1+6)< 3 ) g—i-(‘)(e),

e 02 02) i T
Co(p1,p2;m*,m*,m*) = T1672m? §f(7) + O(e),
(A.27)
where 7 = 4m?/m? and the functions f(7) and g(7) read
arcsin? L T>1
e v a
T) =
L[ (14vI=7\ ] o
—— |In( ———) —in| , T <1,
4 1-v1—-1
(A.28)
1
v7T—1arcsin| — |, T2>1,
(7) v
g(r) =
1+v1—-1 )
VI—r (Y20 |, r< 1
: [“(1— Vl_T> m} r
With these definition we can rewrite Eq. (A.25)) in the standard form
. aS al 14 v

MEMERE = o2 5% e1yea, [pYDh — (pr- p2)g™] F(7)- (A.29)
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where, the form factor F'(7) reads

™ 2\ m2
F(r) =T(1+¢) <4mﬁ2‘ > [CtFI(T)HgOFQ(T)+Re(ctg)vz,Fgo(T) . (A.30)

with

Fi(r) = 57+ (1-Df ()],

Fy(r) = 12, (A.31)

6
Fyo(r) = —+3 (1 —7f(r)—29(7)],
and in our notation
X Tv2 3

v
A2’ 90 asA\2 $G.0; o(etg) V2masmA2

The above expression of the amplitude precisely coincide with the known
result obtained in Ref. [25]. The different normalization of the Wilson coeffi-
cients simply derives from using different conventions.

ct = Re(C2). (A.32)

As a last step we should apply the renormalization procedure. Notice that
the chromomagnetic form factor Fso(7) contains an ultraviolet divergence of
the form 1/e. As discussed in Ref. [25], this divergence can be absorbed into
the renormalization of the coefficient c,. The bare coefficient is written as

cq0 = ¢q(ir) + dcg, (A.33)

where p1p denotes the renormalization scale of ¢, and the MS counterterm is
2

m 2
ey = oo Re(erg) T (1 -+ ) (4m)° (—1 I “) . (A.34)

Mk
This counterterm reflects the one-loop mixing of Qz‘% into @, appearing in
the SMEFT renormalization-group equations [70].

Since Fy(7) = 12, the counterterm proportional to dc, contributes pre-
cisely to the same Lorentz structure as the chromomagnetic term. After
consistently expanding the dimensional-regularization factors to order €, the
subtraction acting on Fy yields

F5(r)=3|1—71f(r) —29(7) + ZIHTI;% : (A.35)

The 1/€ pole has thus completely disappeared, as expected.
The final renormalized form factor can therefore be written as

m2
F(1) = e Fi (1) + cg(r) Fo(T) + Re(ctg)ﬁFg(T). (A.36)
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Figure A.1: Leading-order contributions to gg — h in the SMEFT at linear order in
1/A2. Diagram (1) corresponds to the direct Higgs—gluon interaction generated by
Quc. Diagram (2) is the pure Standard Model contribution. Diagram (3) denotes
the SM-like top-loop contribution with a modified Higgs—top interaction, receiving

33

corrections from @,

Q,0, and Q,p. Diagrams (4)—(7) arise from a single insertion

of the chromomagnetic operator Q3%,. Standard Model vertices are left unmarked,
while green, magenta, and cyan dots denote the modified Higgs—top, chromomagnetic,

and direct Higgs—gluon interactions, respectively.



Appendix B

Representations of the Lorentz
group

In this Appendix we briefly review the finite-dimensional representations
of the Lorentz group in four spacetime dimensions following Ref. [3]. The
notation that we introduce here is extensively employed in the main text, in
particular in the spinor helicity formalism.

B.1 The Lorentz group

The Lorentz group can be defined as the group of transformations that
leave the Minkowski metric invariant,

Apquung = v (B'l)

where we use the mostly negative convention g,, = diag{+1,—-1,—1,—1}.
A generic field ¢ 4(z), where A denotes a generic Lorentz index, transforms

according to
UAN)pa(x)U(A) = LaB(A) pp(A~ ), (B.2)

where U(A) acts on the Hilbert space and L4®(A) is a finite-dimensional
matrix acting on the Lorentz indices of the field. The matrices L4?(A) form
a representation of the Lorentz group, since they satisfy the composition rule

LaP(A)Lp®(A) = La“(A'A). (B.3)
For an infinitesimal Lorentz transformation,
AMV == 5“1/ + w”lj) w}LV = _wV,UJ (B4)

the corresponding operator acting on the Hilbert space can be written as

Ul+w)=1+ %wWM’“’, (B.5)
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where M* are the generators of Lorentz transformations. They satisfy the
Lorentz algebra

[MH M) = i (gH MY — g MM — g 4 MM (B.6)
It is convenient to separate rotations and boosts. We define

1 . .
Ji= e M, K= MY, (B.7)
where J; generate spatial rotations and K; generate boosts. The Lorentz

algebra then becomes

(i, Jj] = deijny, (B.8)
[Ji, K] = i€ Ky, (B.9)
[KZ‘,KJ‘] = _ieijkjk- (BlO)

The first commutation relation is the usual angular momentum algebra. The
presence of the minus sign in the boost commutator reflects the non-compact
nature of the Lorentz group.
The classification of finite-dimensional representations becomes simple if
we define the combinations
1

— 1
Ni= g (hi—iKi),  Ni=g(hi+iKi). (B.11)

Using the Lorentz algebra above, one finds

[Ni, Nj] = i€iji Nk, (B.12)
[NZ’,NJ‘] = ieijkﬁk, (Blg)
[N;, Nj] = 0. (B.14)

Therefore, the Lorentz algebra is equivalent, after complexification, to two
independent SU(2) algebras,

50(1,3)c ~ su(2)r, ® su(2)g. (B.15)

As a consequence, an irreducible finite-dimensional representation of the Lorentz
algebra is labelled by two angular momenta,

(Jr,JR); (B.16)

where jr and jgr are integers or half-integers. The dimension of the represen-
tation is

dim(jr, jr) = (2jr + 1)(2jr + 1). (B.17)

Some important examples are reported in Tab.



REPRESENTATIONS OF THE LORENTZ GROUP 127

Lorentz representation Dimension Field type
(0,0) 1 scalar representation
(%, O) 2 left-handed Weyl spinor
((), %) 2 right-handed Weyl spinor
(%, %) 4 Lorentz vector

Table B.1: Some basic finite-dimensional representations of the Lorentz group.

B.1.1 Left- and right-handed spinor fields

We denote the left-handed Weyl spinors with a left-handed spinor index
that takes on two possible values

Ya(T). (B.18)
Whereas, we indicated a right-handed Weyl spinor as
Vi), (B.19)

where in this case @ is a right-handed spinor. In particular, a right-handed
Weyl field is the hermitian conjugate of a field in the (%, 0) representation,
thus we write

()] = ¥](2). (B.20)

Under a Lorentz transformations, these object behave in the following way
U(N) ™ a(2)U(A) = La"(A) (A~ ), (B.21)
UM 9](2)U(A) = Ra*(A) 9 (A 2), (B.22)

where L.’ and Rdi’ are matrices in the (l 0) and (O, %) representations, re-

29
spectively.

We introduce another invariant symbol of the Lorentz group €4, such that
Lo (M) Ly (A)eca = €ap. (B.23)

Notice this behavior is similar to that of the Minkowski metric g,,,, as reported
in Eq. . In particular, as we use g,,,, to raise and lower vector indices, we
can then use €4 to raise and lower left-handed spinor indices. Analogously,
we can define another invariant symbol whose indices run in the right-handed
field representation, namely e;, such that

RSN R H(M)e,y = e, (B.24)

These two-component Levi-Civita tensors are defined as

I <_01 é) , (B.25)
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With this definition, we have

Eabe? = 845, e%ep. = §%,. (B.26)
We can straightforwardly define
V(@) = ey (), (B.27)
which implies that
Yo = £ab¥’ = €ape" Ve = 62 Y, (B.28)

as expected. However, the antisymmetry of € implies that one has to be
careful with minus signs. For example, the previous definition can be written
in different equivalent forms:

PO = ey = —ePhy = —ihpe™ = P (B.29)

We must also be careful about signs when contracting indices. For instance,

Ve = € VpXa = —"UpXa = —pX". (B.30)

Another invariant symbol is
ot = (0aa, Gaa) » (B.31)

where [ is the 2 x 2 identity matrix, and

o) = (2 é) , o9 = (? _OZ> , 03 = ((1) _01) (B.32)

are the Pauli matrices. Similarly, we can also define

—paa — _ac ad _p
gl = el (B.33)
which yields
ghia = (pia, _gia) (B.34)
These two objects satisfy the following useful relations
ol oW = 264"64", (B.35)
Tr(g*0") = (6")" (6") 40 = 29"". (B.36)

Also,

Tr (5°0%5707) + Tr (0257076 ) = (9767 — g™g™ + °0g™), (B.37)
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where

Tr <6a055705) = 2(gP g7 — g*7gP 4 0GP 4 P19, (B.38)
and,

Tr (aaaﬁﬂaé) = 2(g®B g7 — g*7gP 4 g gBY _ B0y, (B.39)
These two equations implement the convention €pjos = +1, as in Ref. [46].
This explains why the signs in front of the Levi-Civita tensors are reversed

with respect to the corresponding relations reported in Ref. [71].

Moreover, a . and "% can be casted in a 4 x 4 matrix

7= (g 9"). (B.40)

which is the chiral basis representation of the gamma matrices. In this basis
the fifth gamma matrix reads

—I, 0
7 =iy = : (B.41)
0 Iy
which explicitly separates the two Weyl representations of the Lorentz group
by means of the projector operators Py, = 1T and Pp H” , namely

w=p= (2 o wn=Paw=(y p)u. @)
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Useful spinor relation. In this paragraph we show a useful relation which
is used in Sec. when matching the on-shell tree-level amplitude hgg onto
SMEFT,

i
P1pP20g, (P1)E) (o) = = [12] (B.43)

We prove it by choosing the reference momenta r; = ps and ro = p; in the
definition of the polarization vectors in Eq. (4.60):

€avpo D05 €1 (D13 p2) €57 (p2; 1)
e - [1]a#]2) [2]a7[1)
prpo P12 f<12> \/§<21>

€uv Jp p Naa PN
= S (Dlll) @) (2)al20;) (0"

= G BB s (076 (o) ()
2(12)(21) Fler2B T Jba ab

P oo
€uvpo P1P2 (a— B—V)
= —= Tr i
2<12><21> plang o 0“0 0

ieaﬂﬁ”e,ﬂ,p

- _ 9 PO

7 6“”50‘6qu0

= —_— P nd
<12> <21> ppoplapQB

— <12§<21> (5ﬂ(5a (55(%”) PIPSP1ap2s
—< ?2 21) [(pl Pz) pfpg]
_ i (12)%[21]?
2 (12)(21)
_ _%[12]2.

In the fifth step, we used Eq. (B.39)), whereas in the seventh step we employed
the contraction identity

B, = —2 (55’5f; - 5555) . (B.45)
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B.2 Particles in quantum field theory

We now turn our attention to the application of Lorentz transformations
on particle states rather than field. After a brief introduction on what is
meant for a particle state in quantum field theory, we will define the so-called
little group of the Lorentz group.

In quantum field theory, elementary particles are described as irreducible
unitary representations of the Poincaré group, which augments Lorentz group
by taking into account space-time translations too. Since spacetime transla-
tions are generated by the four-momentum operator P*, it is convenient to
choose one-particle states that are simultaneous eigenstates of all components
of PH,

PHlp,a) = p"|p, o). (B.46)

Here p* labels the four-momentum of the state, while o denotes any additional
quantum number needed to distinguish states with the same momentum.
The commutativity of the momentum generators,

[P*, P"] =0, (B.47)

ensures that the four components of P* can be simultaneously diagonalized.
In addition, the operator P? = P,P" is a Casimir operator of the Poincaré
algebra; see, e.g., [72]. Therefore, the subspace of states with a fixed eigen-
value of P? is invariant under Poincaré transformations.

Indeed, let us define the subspace of states |¢)

Lz = {10) : P2|t) =m2|0)}. (B.48)

Since P? = P,P* is a Casimir operator of the Poincaré algebra, it is invariant
under Poincaré transformations

[P%,U] =0, (B.49)

where U is the infinite-dimensional unitary representation of the Poicaré group,
whose existence is assured by Wigner’s theorem [72]. Therefore, for any state
|¢) € L2, one has

P2 (Uty) = UP?|¢)
= Um?|()
=m? (U|L)). (B.50)
Thus U|¢) is again an eigenstate of P? with the same eigenvalue m?, namely
Ule) € Ly (B.51)

Hence the subspace L,,2 is an invariant subspace of the space of physical states
under Poincaré transformations.
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This, however, does not guarantee apriori that the representation acting
on this invariant subspace is irreducible, and indeed it is usually reducibleﬂ

Up to now, we are sure that the momentum of the particle should be
considered as a ”quantum number” of the particle state and that there may
also be others adding up to its characterization. Therefore, we define a particle
state via its momentum p* and comprise in ¢ all other possible labels of the
state. Such a state |p, o) clearly satisfies

P2|p,0) = m?|p, o). (B.52)

B.2.1 Little group

Let U(A) be the unitary operator associated with a Lorentz transformation
A. Once a reference state |k, o) has been chosen, we define a generic one-
particle state with momentum p* as

Ip,o) = U(L(p; k)) |k, 0). (B.53)

The label o denotes the remaining degrees of freedom that are not fixed by
the momentum.

We can now ask how the state |p, o) transforms under a general Lorentz
transformation A. Using the definition above, we have

U(A)|p,o) = U(MU(L(p; k) |k, o)
= U(L(Ap; k) UT(L(Ap; k) UM U (L(p; k)) |k, o)
= U(L(Ap; k) U(W)[k, o), (B.54)
where we have defined
W (A, p; k) = L™ (Ap; k)AL(p; k). (B.55)
This transformation belongs to the little group of k*, since
W (A, p; )k = L™ (Ap; k)AL(p; k)k
= L™ (Ap; k)Ap
= L™ (Ap: k)(Ap)
= k. (B.56)

Hence, W (A, p; k) does not change the reference momentum, so it can act
non-trivially on the internal label . We write this action as

UW (A, p;k)) |k, 0) = Doro(W(A, p; k) |k, 07), (B.57)

where D, (W) is a finite-dimensional representation of the little group.

L At this point one would need to introduce another Casimir of the Poincaré group which
is the square of the Pauli-Lubanski opertor. For a complete discussion on the subject please
see [72].
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Substituting this into the transformation law gives

U(A)|p,0) = Doro(W (A, p; k) U(L(Ap; )) |k, o)
= DU’J(W(Avp; k)) ‘Apa U,>' (B58)

Thus, under a Lorentz transformation, the momentum label transforms as
p — Ap, while the remaining label o transforms according to a representation
of the little group. This is the sense in which the little group classifies the
spin degrees of freedom of one-particle states.

In D spacetime dimensions, the little group for massive particles is SO(D—
1) [48]). For massless particles, the little group is the group of Euclidean
symmetries in (D — 2) dimensions, namely SO(D — 2) augmented by (D — 2)
translations [48]. Finite-dimensional representations require all states to have
vanishing eigenvalues under these translations, and hence the relevant little
group reduces to SO(D — 2).






Appendix C

Massive spinor conventions

This Appendix collects the relevant relations among massive spinors which
are omitted from the main text for brevity. We first introduce useful relations
of the formalism which are extensively used in calculations and then introduce
the high energy limit, along with the massive polarization vectors. In this
discussion we mainly follow Ref. [46].

C.1 Useful relations among massive spinors

In the massive spinor helicity formalism several useful bilinear forms can
be obtained by using the expressions of the momentum in terms of spinor

variables, Eq. (4.107)), and the equations of motions, Eq. (4.111]),

pha (1l = =m 62, ') [prly = m &5,
W'’y =-mé’, '] =me’,
(C.1)
®'ps) = md}, [p'|ps] = —m a7,
(p1lps) = mers, prlps] = —mery.

Moreover, as for the massless case, we use the following convention for
spinors of negative momentum

="y =-Ip"), | —pi]=+lpi]. (C.2)

Also, for real momenta, complex conjugation acts in the following way

(") =1lpdl, (121" =l (C.3)

consistently with the wavefunctions definitions of Eq. (4.110)).
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C.2 The high energy limit

Let p* be a massive momentum satisfying p?> = m?. Choosing a reference
frame in which the spatial momentum is directed along the z-axis, we write

P = k" +q", (C.4)
where
1 1
E+p|o0 E-p|l O
p_ =2 F T — _ 2 _ 2
1 -1
(C.5)
Indeed,
E
0
=1,1 P+ =E-—p'=m’ (C.6)
p

Moreover, both k* and ¢* are null momenta:

k? = (EQH)>2 - <E2+p>2 =0, (C.7)

2o (EQP>2 . <_EQP)2 0. (©3)

In the high-energy limit, £ > m, one finds

2 2 4
E—I—p:E<1+ l—m):2E—m+O<m>—>2E, (C.9)

E2 2F B3
m2 m? m* m?
EFE—p=FE|l—/1l—-—]|=— — —. 1
p ( E2) 2E+O<E3>—>2E (C.10)
Hence,
’q“ — 0, Et — p# as m—)O.‘ (C.11)

Let us now formalize the high energy limit in terms of spinor helicity
variables. First, the massive momentum can be written in bispinor form as

1p"Yalprle = Pag = Kaa + daa

= |k)alkla + |g)aldla, (C.12)
‘pl]d<p1’a _ ﬁda _ kda + qda

= [k]* (k[ + [q]® (g (C.13)
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Therefore, we must have that the massive spinors can be expanded in a basis
¢* of the two-dimensional little-group space:

p"a = 1k)a ¢ +1a)a ¢, (C.14)
[p'la = [kla ¢ = lala ¢ (C.15)

Here I = 1,2 is an index in the fundamental representation of the massive

little group SU(2). For a particle of spin s, the corresponding wavefunction

carries 2s symmetrized little-group indices as explained in the main text.
An explicit choice of basis is

¢t = <(1)> ,  (h= <(1)) : (C.16)

With these conventions we can verify that

ersCH¢T =0, ers¢I¢7 =0, (C.17)
erg¢H¢7 = -1, erg¢I¢t =1, (C.18)

As a consistency check we may use Egs. (C.14) and (C.15)), obtaining

Paa = €1J’pl>a[PJ\a
= €1y (|k)aC "+ |@)aC™) ((KlaCT — [glaC™7)
=1 ¢ ¢ RYalkla — €10¢T ¢ g)aldla
= [k)a[kla + |g)aldle- (C.19)

which correctly reproduces Eq. (C.12]).

C.3 Massive polarization vectors

The polarization vector associated with a massive spin-one particle of mo-
mentum p and mass m can be written in the massive spinor-helicity formalism
as [46)

I J I Jl.
eld = wloulp’] or equivalently, eld = \@M (C.20)

N T a m

Here I,J = 1,2 are indices in the fundamental representation of the massive
little group SU(2). We require symmetrization over these two indices, since
for a massive spin-one particle we select the symmetric triplet representation,
which contains the three physical polarization states. In particular, the three
independent components of the symmetric product of two little-group dou-
blets correspond to the two transverse polarization states and the longitudinal
one.
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More explicitly, the positive- and negative-helicity components are

1 1

+_ 11 _ (ploulp’]
eh=e = —"—, C.21
e V2m (C21)

2 2

—_ 2 _ (P7[oulp]
g, =&t = —rcr—, C.22
FE = (C.22)

whereas the longitudinal component is
_ (pHoulp?] + (ploulp’]

52 = E}f = eil = a S B (C.23)

These polarization vectors obey the standard orthonormality relation
el (M) =—6Y,  ij=+,-,0. (C.24)

The sum over the three physical polarization states gives

> oe(e) =- (gw - p;;@”) . (C.25)

i=+,—,0

This expression also coincides with the numerator of the propagator of a
massive vector boson in unitary gauge.

Massless limit. In the high-energy or massless limit, the two transverse
massive polarization vectors reduce to the corresponding massless polarization
vectors Using the decomposition introduced in the previous sections, namely

Egs. and ( - the I = J = 1 component becomes
_ sz Phalp'la [p la
a k a m allla
_ sl ks o el _ o (.26)
m {pr)

Similarly, for I = J = 2,

522_\f|p> [p la

aa

=2 ’k>:n[q"i m0 fpipfq]'dzg;d. (C.27)

The massless limit was taken as prescribed by Eq. , namely the mo-
mentum ¢ vanishes as m?, while its associated spinors vanish linearly with
m; on the other hand, the momentum k* simply becomes p*. For the former
momentum, we introduced the reference spinors |r) and |r] by writing

m m m

@)a = ) Ma,  ldla= W[?‘Ia = ‘W[r"“ (C.28)
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in this way we retain the direction of the momentum ¢ by using the reference
one r. Also we explicitly highlight the high energy behavior of this momentum
by introducing the mass m. In this way the massless limit m — 0 can be safely
taken and correctly reproduces the two massless polarization vectors reported
in Eq. , as expected.

Let us finally consider the longitudinal polarization. Using the decompo-
sition of the massive spinors introduced above, one finds

Lo _ (Plloulp®] + (ploulp']

H 2m
— klo,|k
_ —lalold) + (Hlo, K (.29)
2m
k. —
=B (C.30)
m
Therefore, in the high-energy limit,
0 _ Pu m
5“_m+o<E>' (C.31)

Contrary to the two transverse polarization states, the longitudinal polar-
ization does not admit a finite massless limit. Indeed, a massless spin-one
particle possesses only the two physical helicity states h = £1, and hence
there is no longitudinal polarization state in the massless theory. The singu-
lar behavior of 62 as m — 0 reflects this change in the particle’s little-group
representation.

C.4 Identity for an amplitude with two mas-
sive and one massless leg

In this section a relation which is needed in Sec. is derived. In the
context of bootstrapping the ttg tree level amplitude, the following indepen-
dent structure emerges
(rlp,13]

(r3)
which depends on a arbitrary reference vector r. Here, p; and py are the
two massive momenta of anti-top and top quarks, respectively. The massless
momentum p3 is instead assigned to the gluon.

We start by making use of the Schouten identity introduced in Eq. .
Its analogous form for dotted spinors reads

[12]

(C.32)

|i][7K] + 1] [ki] + |K][i5] = O. (C.33)

Choosing
=1l bl=12l |kl =13, (C.34)

we obtain

3)[12] = —|1][28] - [2][31]. (C.35)
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Multiplying Eq. (C.35) from the left by (r[p,, we find

(rlp, 131 [12] = —(rlp, 1] [23] — (r[p, [2] [31]
= my(r1")[32] — (r|p,|2] [31], (C.36)

where in the second line we used the massive Weyl equation p, [1] = my|1),
together with [23] = —[32].
The second term can be further simplified by using momentum conserva-
tion,
p1 = —p2 — P3. (C.37)

Indeed,

~(rlp,12] 3] = ((rlp,12] + (rlp, 12]) [31]
= (mu(r2) + (r3)[32]) [31]
= me(r2)[31] + (r3)[31][32]. (C.38)

Combining Eqgs. (C.36]) and (C.38]), we therefore obtain
[12] (r|p, 3] = mu(r1)[32] + my(r2)[31] + (r3)[31][32].

Finally, dividing by (r3) and suppressing the massive little-group indices
through the bold notation gives

{rlp,13] (r1)[32] + (r2)[31]

[12] — = Ny <T3>

") + [13][23]. (C.39)




Appendix D

Explicit computations for hgg
at one loop

In this Appendix, we collect some non-trivial calculations involving both
massless and massive spinor-helicity relations, which we exploit in Ch.[7} The
aim is to obtain the full LO amplitude for the process of Higgs production
via gluon fusion using amplitude methods.

To benchmark the computation, we first compute the SM amplitude, pro-
viding two different procedures which eventually lead to the same result. Fur-
thermore, we introduce the loop-momentum parametrizations for the triple,
double, and single cuts, which we exploit in the generalized unitarity algo-
rithm discussed in Sec. [7.2l

Eventually, we display the relevant calculations involved in the BSM con-
tribution to the amplitude.

D.1 Computation of SM integrand

D.1.1 SM integrand—way 1

In Sec. of the main text, we aim to find the complete SM expression
for the hgg process at one loop. In order to do so, we implement the lower-
point tree-level amplitudes that make up the two relevant Feynman diagrams
of Fig. By doing so, we obtain Eq. , which we report here for
completeness:

A (B) = = T 5 (k) — (k)

x &} (p2;p3) (—(ke,s Iy k"] + (K" |v*|k2,s])
x & (p3ip2) (— (ks Ly k3] + (ki |v"[ks,L]) , (D.1)
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In this section we perform the explicit calculation of the eight resulting terms.
Eventually, we will obtain Eq. (7.18)) of the main text. The calculation reads

[k1lks ] ksl (k1 ka |y k3] = [krlkg ) (kar |y |k ] (ko 7H K]
= [krla |k31% (kar (0" oel k3 1° (ko (0")ae k']
= k3.aka,p K" k1la (%) (0" )be(67) (0" e
= mksaks,s Tr (5°075 ). (D.2)

[t k5] (g K ks 1y 1k3) = — (k1 kS ksr 1K) (hzg | k]
= —[krlalk§ ] ksl (@) (kS ) e (ks (0" de K1)
= m? [krl;(6") " (0") gel k)?
= m? (k112 [ky]; (") (") gz
= m® (6")(0")4e

=m3 Tr (6"0"). (D.3)

[kt [k Iy KT sz 1y k3] = —[kr k5] (ks |69 oy kT
= —[krlalkF1% (ksz P (0 Yo K3 1 Thag | (5 % k).
= m [krla K0 (0" )y (@) %[k T)e
= m kD) lkila K32 (0") (5™
= m ke K3 (0),4(5™) %
= m kaks 5 (0%)ea(@)(0"),4(7") %
= mkakss Tr (%0707 5") . (D.4)
|5 oo KT s |7 K9 = [ kS Thsz Iy 1K) oy D)
= [lrlal g1 s |y (31 ) [las | (5#) % e
= ko [k)e[k1];(3")2(0%) 4(5")%

=mky kg Tr (0*36”06“6“) . (D.5)

— (kg k%) (kg |y |k s |7 kg ) = —(kr|kg) (ks |y |k | (ko | 7" k]
= —(kr|*|k5)a (k3] (0" oelkd | (ko | (o) ae | k']
= m koo (kr|°(0")5e (%) (o) ac| K]

= mkaaks T (5%—”5%%) . (D.6)
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(krlk) (ks (K ks 1y k) = (krlks) (kanly” |3 ) (ko Iy* K]
= (k%5 )alksLly (57 1k3 e (ko | () ael 16
=mkz kg Tr (6500‘6”0“)

— m ks gko Tr (00757 0") . (D.7)

(k| k5 ) oy |7 k") (ks p|v" k3] = (kr|k%) (ks |y |k ) (koo | 7" )
= (k1|5 )a (k3L |" (0" Yo k3 € [ka | j(5*) % K )e
=m? Tr (c¥5"). (D.8)

—(krlkg ) ks WK ) ks 1y [k ) = — (ki k) (kany” |3 ) [kas |7* k)
= —(ka| k5 YalksLly(67)°1k3 e lkasl 4(0*) 1K) e
=mksakopg Tr (U“&"Jﬁ&“) . (D.9)

In these equations we exploited the massive momentum spinor variables de-

fined in Eq. (4.107)), as well as the relations contained in Eq. (C.1)).
Applying these equations, we obtain

2rasm ,
Apy(k) = ——=—19 be (p2ips) &F (p3; p2)

X {m [Tr (50‘0”550“) + Tr (oac‘f”aﬁ&“) } (k3,ak2,8 + kakag)
+m {Tr (60‘0136”0“) + Tr (U“&ﬁJV(?“) } koks g
+m? [Tr (¥Vo") + Tr (U”a“)] } (D.10)

which is Eq. (7.18)) of the main text. After performing the traces using FORM
[57H59], we contracted the indices using Eqgs.(7.13)) and (7.14)), and performed
some spinor manipulations. The expression then reads

Tosm? 2 m?
A (k) = — STOM b (—[jf’]) { — (22 - (m® - 1) + T

v H

+nfg[2|k\3>[3|%r2>}, (.11)

H

namely Eq. (7.21)) of the main text. For a more detailed derivation of this
last part, see the main text.
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D.1.2 SM amplitude—way 2

In this section, we provide an alternative derivation of the integrand
A44(k) in Eq. (7.19). In the main text, we factor out the polarization vec-
tors 55“ and 5:—; and make them explicit only at the end, when converting the
expression back to spinor-helicity variables. In this section, we instead use
the slashed polarization vectors defined in Eq. from the outset. We
will obtain the same result as in the main text, but only after applying the
Schouten identity to one term.

We start from the integrand expression for the SM contribution, in which,
with respect to Eq. , the polarization vectors are contracted with the ~
matrices,

A++(k:):—27ris % ([ k1] — (K% |kr))

X (—(ka,sleh '] + (kK |f [ Ra,s])
x (= (ks zleh [k3] + (k3 |ef ks 1))

- s B k) - (i)

% (= (ka.g[3)[20k"] + (kT[3)[2lk2,11)

x (—(ks,n[2)[3lk3 ] + (k3 |2)[3]ks 1]) (D.12)
As before, eight terms need to be evaluated. We report the explicit calculation
below

[21k"] [k1k5] (ksr2) [3|kzs] (k513) = m [2]K|2) [3[K,[3)
= m ([2[k[2) — [23](32)) ([3[KI3) — [32](23))

= m ([2|F[2) — m7) (BIKI3) —mF) -
(D.13)

— (k%] (k2 13) [21K"] (ks |3] (2]k7) = —m®[23](32)
= —m3m¥. (D.14)

—(31k] [k2.12] (ks |2) [kr|ks] <3V<r’> —m[32] (2|K5F(3)
—m[32] ((2[kK|3) — (23)[3[[3))
—m(32] (k*(23) — (23)[3|K[3))
= mm%{( F-BIE3) . (D.15)

[k1lk5] [k2s12] (3IK") [kar|3] (2|k3) = m[3[K|3) [2[K[2).
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(a5 (kas[3) [21K7) o |2) [31k5) = m (31K 13} [21H]2)
— m ([31]3) — [32)(23)) [2/[2)
= m (3l¥]3) — m3) [212).  (D.16)

(krlk%) (k2s|3) [2|k"] [k3L|3] <2Iké’> = —m [2|}H3]3) (32)
m ([2]FE[3) — [2[K]2)[23]) (32)
(k:2 23](32) — [2|F]2)[23](32))
= —mm (k* — [2[K]2)). (D.17)

(kilks) [k2s12] (31K") (ks1]2) [3|ks] = —m®[23](32)
= —m3m?. (D.18)

—(krlk3) [kas|2] (3|k") [k[3] (21k3) = m [3]K,[3) [2]K]2)
= m ([3[£]3) — [32](23)) [2|K[2)
=m ([3K[3) —m3;) [21k]2).  (D.19)

Hence, we end up with

drasm _,, [23]2
A () = 2T g 29 {mm%f+4m[3\k|3>[2k|2>
v mh
—2m3m% — 2mk*m?% — 2m m%,[2|;é|2>}. (D.20)

Although this method is more straightforward than the one adopted in the
main text, notice that the result we found seems to differ from that of
Eq. (7.21). The above expression contains a term of the form [3|§|3)[2|K|2),
whereas the one in the main text interchanges 2 and 3 in the following way:
[2]§|3)[3]#|2). When performing the unitarity cuts, this difference is essential,
since in the former case we cannot recover the rational-term contribution.
Fortunately, these two forms are related by the following identity:
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[31K[3) [2|K|2) = —[3]ks] [ks|2] (K" |3)(k”|2)
= — ([312 [kslk1] + [3|ks] [kz]2]) (K"|3)(k7[2)  (Schouten)
— [k lkr) [32] (K"[3) (K7 |2) — [3|k.] (k7 12) [k |2] (K'[3)
[32] (2|k7) [k | k1] (K|3) + [3|KI2)[2]#/3)
= [32] (2|FK[3) + [3[FI2)[2[K]3)
= k?[32)(23) + [3[K|2)[2|KI3)
= k*mi; + [3]F12) [21¥]3), (D.21)

where, in the second step, we used the Schouten identity reported in Eq. (4.59)).
Employing this relation and collecting a common factor of 2m, we obtain

T m2 2 m2
Aeslh) = = g (25 { — (2JH12] — (m* ) + 2

+n;[2rk\3>[srkrz>}, (D.22)

H

which precisely coincides with Eq. . This not only benchmarks our
calculation, but also allows us to select one of the two methods. Since the
method presented here involves Schouten rearrangements that may obscure
important contributions, the one reported in the main text is preferable. For
this reason, when computing the complete BSM amplitude arising from the
two SM-like diagrams, we will follow a procedure similar to the one adopted in
the main text. In particular, the term [2|F|3)[3|F|2) becomes of fundamental
importance for the evaluation of rational terms, see Sec.

D.2 Loop-momentum parametrization

To find the complete expression of the amplitude for the one-loop hgg
process, we exploit generalized unitarity. This requires cutting through the
internal propagators of the diagrams, which amounts to putting the particles
flowing through them on shell. Therefore, as implied by the cutting rule in
Eq. , each propagator denominator is replaced by a Dirac delta. As a
consequence, once a given set of propagators is cut, the loop momentum is
constrained by the corresponding on-shell conditions.

In this appendix, we collect the loop-momentum parametrizations that
solve these constraints for the different cuts used in the calculation. Rather
than displaying the derivation separately for each cut, we summarize the
results in terms of a common parametrization.
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The on-shell conditions associated with the four propagators are
dy=0 <— k*=m?
di=0 <— (k—pz—p3)2=m2,
(D.23)
—  (k—p2)? =m?
ds=0 <= (k—p3)?=m’
Using the loop-momentum decomposition introduced in Eq. (7.32), we
choose throughout
mj,
cC=—5 2, D.24
232 (D.24)
for convenience. Therefore, the momentum associated with a generic cut €
can be written as

2
ki = aph +bph + [;Z;’TQ zegh +def” + kent. (D.25)

The corresponding spinor representation is given by

ke = a(12)[2] + [20(2]) + b (13)[3] + [3]{3])

+gmgz<2“;<rz]<s|+|3>[2>

V2
+ d@ (13162 + [2)[3]) + ke ot

(D.26)

The resulting parametrizations for the triple, double, and single cuts are col-
lected in Tab. The triple, double, and single cuts leave one, two, and
three free parameters, respectively.

D.3 Implementation of the generalized uni-
tarity algorithm for the by coefficient

In Sec. [7.2, we qualitatively explained the algorithm used to implement
generalized unitarity as a tool for reconstructing the one-loop hgg scattering
amplitude. Here, we provide the explicit derivation of the coefficient by as
an example. In particular, we first discuss the physical interpretation of the
corresponding double cut in terms of cut diagrams, and then perform the
actual computation required to extract the coefficient. As discussed in the
main text, the same algorithm was also implemented in MATHEMATICA [26]
using the package SMASH [27].

We evaluate the coefficient by; in the SM for the helicity configuration in
which both gluons have positive helicity. The amplitude is

SM de 2e¢ qSM
ML = (2m)D p= I (K), (D.27)
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Cut C a b d k%
Triple cuts
2 12
012 1 0 m” = ke m?
2z
2 12
013 0 1 m” ke m?
2z

Double cuts

2 12 . 2
01 . 12 m kZ 4 x(x —1)my 2
2z
2 12
02 x 0 u m?
2z
2 12
2z
2 12
12 1 y m” = ke m? +ym;
2z
2 12
13 T 1 m” ke m? +zmj,
2z
Single cuts
2 2 2
0 2 y m” — kg —mjay m2
2z
2 12 201 _
La oy moHImOIn0o) e,
: 1)mj,
2 . 2 12
2z
2 . 2 12
3 x y mjz (1 y2) +m” ke m? + zmi
z

Table D.1: Loop-momentum parametrizations for the triple, double, and single cuts.
2

Here, we have defined ¢ = [;WT]% z for all cuts. The free parameters x, y, and z are in

general complex, as the cut conditions are solved in complexified momentum space.
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with SM 1SM
jSM(k) _ ‘A++(k) ‘A++(k)
++ dodyds dodyds

The direct numerator ASM (k) and the inverted one Ail\_/i(k) were obtained in
Eqgs. (7.21]) and (7.22)), respectively. We report them here again for complete-

ness:

(D.28)

2

T m2 2 m
AR () = - ST g (BT { - (K2 — (m® &) + T

4 (D.29)
T %[2|%|3>[3|%|2>},
and
A ) = — ST g (—%) { — ) — (m® ) +
& (D.30)
+ %[3|%|2>[2|%|3>}.

D.3.1 Physical interpretation of the double cut (01)

Before performing the explicit computation, it is useful to consider the
physical meaning of the double cut through propagators 0 and 1. This cut
does not isolate the bubble coefficient directly, since the same two propagators
also belong to both triangle topologies contributing to the physical amplitude.
Therefore, in order to extract byi, the higher-topology contributions already
determined from the triple cuts must first be subtracted.

Diagrammatically, the corresponding cut equation takes the form

D.31
— Torz = — To13 (D-31)
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Here, Tp12 and Tp13 denote the complete D-dimensional residues associated
with the triple cuts (012) and (013), respectively. In terms of the notation used
in the scalar-integral decomposition, they contain both the four-dimensional
triangle coefficient and its k‘?—dependent part,

To12 = co12 + Ro12, To13 = co13 + Ro13- (D.32)

These coefficients are reported in Tab. (7.1]) and read

4m? — mj — 4k?) , (D.33)

a 23]2\ 4mm2as
Torz = Tors = 6°° <— [ml > (
h

v
This distinction is useful here because the full D-dimensional residue must be
subtracted before the lower-topology coefficient can be isolated.

Using the explicit form of the integrands in Eq. (D.28)), the diagrammatic

relation (D.31])) becomes

/ dPk 2 ASM (k) — Toro n AN (k) — Tois
(2m)P d> d;

(—2im)25(do)5(dy)

(D.34)

D
— boy / %u%(—%w)%(do)é(dl).

Since the cut measure is common to both sides, the bubble coefficient is
therefore obtained from

(D.35)

b — A (k) — Torz n j{il\ﬁ(k) — To13

do=d1=0

D.3.2 Explicit evaluation

We now evaluate Eq. (D.35)). The first step is to determine the loop
momentum compatible with the double-cut conditions

do(k) = dy(k) = 0. (D.36)

To this end we use the general van Neerven—Vermaseren parametrization in-
troduced in Eq. and the coeflicients for the cut ¢ = 01 reported in
Tab. [D.Il We obtain

For = 2 (2)021-+ 2102 + (1 ) (381 + 3143

m2

T 22 (28l + 92 D7)
m? — k2 + x(z — 1)m3 2

+ 2. 32)

+

(13162 + [2)[3]) + ke ot
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which represents the constrained momentum that can flow in the diagrams
cut through 0 and 1. Conversely, the two propagators that remain uncut are
easily obtained from this parametrization. Since

dy = (k—p2)® —m?  ds=(k—ps)’—m? (D.38)

2

and k%2 = m? on the cut, we find

d2 = —2]€01 cpP2 = (.CI} — 1)m%, (D.39)
d3 = —2]{501 P33 = — m}% (D40)

In particular,
do + dz = —m%, dods = IE(l — x)mi (D41)

We now evaluate the spinor structures entering Eqgs. (D.29)) and (D.30)).
From Eq. (D.37)), one immediately obtains

(2‘%01‘2] = —da, <3|%01‘3] = —ds. (D‘42)

Moreover, using the standard spinor identities and the explicit transverse part
of the cut momentum,

[21Ko113)[3[Ko1[2) = mi; [kZ —m® — w(z — 1)mj] . (D.43)

The same expression is obtained after exchanging 2 < 3.
Hence, using k3, = m?, the direct numerator becomes

8rasm? [23]?
SM s ab

2
doy + Mh + 2% — 2m? — 2z(x — l)mi] , (D.44)

X
2

while for the inverted contribution we obtain

~ 8rasm? 23)?
AN (kor) = — ——— 4% <[l)

v my,

2
. d3+w;h+2k?3—2m2—295(93—1)mil- (D.45)

Subtracting Eq. (D.33]) from the two numerators gives

Tagm? 2
ST 5ab (_@) [dy — 2z(z — 1)m3], (D.46)

AM (ko1) — Tops = —
++( 01) 012 m?

~ 8masm? 23]?
.A_Si_l\_/[;'_(k()l) — T013 = _T 5ab (_[Tnl> [d3 — 2$(3§‘ — 1)7’)’1%] . (D47)
h
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Equation (D.35|) therefore becomes

by — _ ST sy ([237 [da = 20(x — \m | dy — 22(x — mj
v ms ) | do ds
8rasm? 2312\ [ 11
= - () |2 —2z(z — 1)mE | — + —
v ( m% L 2 )mh do + ds
s 2 9 2 r 1
_ BmOsm sy (—[ 3l ) 2 — 2u(x — 1)m2 (-2)]
v my ) L x(l —z)m;
=0 (D.48)

The vanishing of bg; therefore results from a cancellation between the
direct and inverted triangle contributions after the higher-topology residues
have been subtracted. This provides a useful illustration of the top-down na-
ture of the generalized-unitarity reconstruction: the double cut alone does not
directly determine the bubble coefficient, but does so only once the informa-
tion obtained from the triple cuts has been removed. The same procedure is
applied to the remaining double and single cuts in the complete reconstruction
of the amplitude.



EXPLICIT COMPUTATIONS FOR hgg AT ONE LOOP 153

D.4 Computation of BSM integrand

In Sec. of the main text, we perform the calculation of the pure BSM
contribution in Eq. (7.57]), which we report here for completeness:

Core g7 RRR_ 1+ 4+ (LL,L RR1LL
AL (R) = —i o Coit Cott 22 Eou €3 (cmi (k5 1kr) — chiz k3 k1))

‘ { (k¥ k] — Gz, |1)

x (1413] (31" ka,o] + [ks,[3] (31" 1K)

(16121 @y, o] + Tra, g 12] 2y 1K)
X (1 s, ] = (ks 1 ]) } (D.49)

Similarly to the procedure adopted in the SM case, we want to perform
the calculation in such a way as to single out the dependence on the loop
momentum k. Hence, the sixteen resulting terms are evaluated as follows:

207) o ) s 1y ] kg 19#12) = —m ks apa s T [Pryy®y#] .
(D.50)

—[20k"] el Rz 177 K5 (zgly12) = —m?ha o, Te [Py a9
(D.51)

—(2lka ) [ 1) D] (61197 12) = 2k o, T [P1y #7799
(D.52)

[2[ka.] (k3 |7 [kar] (k5 [kr] (KT |77 (2) = mPkopa s TF[PLW’WW”’Y“} . (D.53)

—(20RT) (ko 15) (s 9] g |9#12) = —mKspa,s T [PraPy0y7 4]
(D.54)

(2087 Chr ) s 1y k) sl ®12) = —hoks akapns Tr [PraPren s o]

21ka] 17 ks ) 5 Vkr) 6719712 = m2hspa s T [Pra®y"a*] . (D.55)
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—[2|kas] (k| [ksL] (k% ) (k' |v*|2)
= kska ~k3ap2,p Tr [PLVBWVVW‘W‘W“] . (D.56)

[31k5] (ks |v*|k"] (k| k5) ks | |3)
= —m?kay [3]7794"3)
= _m2k2,’yp3,p Tr [PL’YpW’Y”’YV] . (D-57)

[3|ksr] (k5 |k [K" 7" kas) (k5 |7"[3)
= —m%ka 5 [3]7"7°7"|3)

= —m2]€275p37p Tr {pL,},p,},u,Y&YV} . (D.58)

—[3|k3] [kas |y &) [kr|kE] [ksr|v"[3)
= —m’ks [3[7"~°4"|3)

= —mzk(;pg’p Tr [PL'ypfy“’y(S’y”] . (D.59)

—[3|ksr] [k5 k1] (K" |7 kas] (k5 |7"[3)
= —m’ks [3[7°7"+"|3)

= —mzk(;pg’p Tr [PL'ypfy‘Sfy“*y”] . (D.60)

—[3|k] (ks |y "] (kr|K5) ksr|v”|3)
= —korksksa [377 7Y’ 7*7"|3)
= —ko~ksks aps, Tr [PL’V”WW“V‘W“W”} : (D.61)

—[3lksr] (k% |kr) [ |v* ko) [k5 147 3)
= —kaykskzaps,p Tr [Pm”v“v‘sv“v”ﬂ : (D.62)

[31k3] (k2 Iy 1K) (kr|k3) (ks |y”[3) = —m®ks.aps,p TrlPLy?y"7*y"]. (D.63)
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[31kse] (k5 kr) (K" 7" ko] [k [ [3) = —m®ks.aps,e Tr[PLyPy99"]. (D.64)

Notice also that the choice of globally factoring out the polarization vectors in
the amplitude of Eq. (D.49) closely follows the method adopted in Sec.
In this way, we managed to express the result in terms of traces of v matrices.

We obtain

AR g rRrRr_1 _+ 4+
g J— ; _
ALY (k)= —i 9 Cqtt Cytt 22 €ou€3p

Cﬁ? [ —m?k3ap2p Tr [PLVE’YQVVV”}

— m’kypap Tr [Pmﬁv”’ﬂﬂ
+ m?ks op2,g Tr [PLVBVVVQV“}
+m’kyyp2,p Tr [F’L'yﬁfy”y”ﬂ
— m*koyps,p Tr [Pry*7 749
— m’ka 5p3,, Tr [Pm'”v“v‘sv”}

—m?ksps,p Tr [Pm”v“v v”}

— m?ksps,p Tr [Pm”v‘sv“v”} ]

B0V

+ ekl — mPkspy s Tr [Pm vy ’y“}

_ k5k3,ak2,7p2’ﬁ TI' PL/yﬁ,yls,yOé,yl/,y/y’yu}

+m?kspap Tr [PL’Y’B’YV’Y(S’Y“}

+ ksko o k3.ap2.5 Tr |PrAy? ’Y%YV’YQV(;W“}

— ko yksks aps,p Tr PLV”’M“’Y‘W%”]

— ko yksksaps,p Tr |Pry? vav‘sv“'ﬂv”]

}. (D.65)

To evaluate the traces, we adopt the NDR-DISCARD scheme [61], in which
the v5-odd traces are set to zero, thus retaining only the CP-even part of the

— m?ks apsp Tr PLy "7y

—m?ks apsp Tr[PLyPy vH"]
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BSM amplitude. Explicitly,

-di 1
TﬂPLr]NDRiﬁwﬂiiqyuq, (D.66)

with I" generically denoting a product of an even number of v matrices. Evalu-
ating the traces using FORM [57-59], and using the contractions in Eqgs. (7.13])

and (7.14)), yields

oA g9 RRR 1 {2 o o rp 23]

AL (k) = —i— cgp Y W Chit
9 et 5 75 tt m}%

23]2 23]
— 8 (ke pa) (k- ) ek 2L (a2 e L
mh mh

23)? [23]2

— 4 (k- QLL_[i_ k-po)2 bl 221

(k- pa) m” eyt m}gl (k- p2)” eyt mi%

[23)2
+2k*mj chk R ami el (k-e3) (k- ef) p. (D.67)
h

Using Eqgs. (4.39)), (7.12)), and ({7.20]), we can convert the amplitude into spinor
variables, obtaining

RRR
c¢RRR Cgft cy [23]2
gLt . gtt ab 2,2 RR
ALY (k) =1 0 ——5 mmy, ¢

2v/2 my

+ crig | — (2AKI2) BII3) + (21K[2] (k2 —m?)

— (2[K[2)* + K*mj, + (2/K]3] (3Ik|2]] } (D.68)

This is precisely Eq. (7.58) of the main text.
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