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This work is splitted into two parts. In part one i provide background information on used
software, the clinical features a user might care about, machine learning algorithms, potential
pitfalls and connections as well as code libraries. Part two contains the concrete contributions
done through my work. It starts with a summary of already implemented algorithms which are
used for obtaining the mesh data and mapping to a cylindrical representation. These parts have
not been implemented by me but serve to provide context, especially to users of the software,
since they form part of the ”MRI to generation” pipeline. My contributions are mainly in
making a motivated choice for a suitable data representation and algorithm, doing experiments
with them, solving the arising problems and providing the prototype of an applicable generative
process.
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Nomenclature

MLE - Maximum likelihood estimation

MAP - Maximum a-posterior

PCA - Principal component analysis

VAE - Variational autoencoder

GAN - Generative adversarial network

DKL - Kullback-Leibler divergence

ELBO - Evidence lower bound

EM - Expectation maximization

MRI - Magnetic resonance imaging

CT - Computed tomography

AHA - American heart association

UVC - Universal ventricular coordinates

LV - Left ventricle

RV - Right ventricle

LCX - Circumflex branch of the left coronary artery

LCA - Left anterior descending coronary artery

RCA - Right coronary artery

IHD - Ischemic heart disease

ACD - Atherosclerotic cardiovascular disease

WHO - World health organization

ATP - Adenosine triphosphate

B-spline - Basis spline

VTK - Visualization toolkit

SDF - Signed distance function

GP - Gaussian Process
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Chapter 1

Motivation

The incorporation of engineering methodologies, such as simulations, machine learning, and
software-development, into modern healthcare systems offers potential benefits in several areas.
Past engineering innovations have already revolutionized modern healthcare to a nearly magical
extent by enabling 3D scans of patient-specific anatomies with tomographic technologies. Al-
ready, algorithms aid in diagnosis [78], drug discovery [35], and therapy outcome prediction [63].
Already, simulations, computer vision, and robotics have become vital parts of surgery. The de-
velopment of computational sciences has initiated in-silico medicine [81], allowing for a powerful
analysis of diseases, treatments, drugs, and further via computer simulations.By leveraging med-
ical imaging technology, computational models enable an in-depth analysis of blood flow [40],
tissue structures [28] and underlying physical processes [68] [43]. Examples are the examination
of electrical patterns in the Atria [73], mechanical and electro-physiological properties related to
tachycardia [85], graph neural networks for blood pressure pulses [74] and simulation of cardiac
stimulation by pacemakers [19]. It is possible to differentiate between patient-specific [42] and
population-based approaches [1]. The former aims to aid diagnosis and treatment of a specific
individual. The latter analyzes whole groups. By simulating drugs on computer models of
representative human populations, animal testing can be reduced, enabling faster, cheaper, and
more ethical pipelines. Furthermore, in silico models enable the representation of otherwise un-
derrepresented patient groups (such as women and/or children with ischemia). Regarding recent
technological development, artificial intelligence has become a technology of major interest due
to its predictive and generative abilities. While powerful, these models are often black-boxes
and hard to interpret, which is a major limiting factor, especially in safety-critical systems. The
last few years have shown great promise with regard to generative algorithms [71], a field which
gained momentum by the recent success of Large Language Models [75]. Generative applica-
tions range from image generation [18] to prompt-conditioned language generation [36], molecule
generation [32] and more. In this work we examine generative algorithms for 3D-meshes cor-
responding to organic geometries. Similarly to algorithms for face generations [72], we aim
to create a generalized population of plausible ischemic scar geometries. Heart meshes with
respective scars model infarcted hearts and are suited for the computer simulation of physical
properties and therapy responses. As such, we enable the representation of a general infarcted
heart population which can be used to examine the effects of scar shape, demographic groups
and therapy methods. This work is supported by ELEM Biotech, a biomedical simulation
spin-off from the Barcelona Super-computing Center. ELEM models virtual cardiovascular and
respiratory systems for specific populations and with desired clinical conditions and treatments,
based on biophysical simulations. These services include applications in drug delivery via air-
ways [11], aortic valve geometries and their effects [56], examining cardio-toxicity of drugs [1]
and more.
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1.1 Problem formulation

Aim of this work is to generate myocardial scar-tissue structures as they occur after a heart
attack. The generated data can be used to gain insights with in-silico methods. We orient
our problem in the area of generative machine learning algorithms for 3D shapes [30]. The
developed software can be incorporated into ELEM’s simulation software [80] and enables the
examination of user-defined ischemic cardio-myopathies. By creating a set of plausible scars one
can evaluate the resulting bio-physical properties via simulation. The main questions addressed
in this work are:

• What kind of features are most relevant?

• What is an adequate shape representation?

• Which algorithm is best suited for shape generation?

This work is separated in two parts. Part one provides the background information on used
software, cardiology, shape representations and machine learning. Part two explains the data-
acquisition, processing and generative algorithm. This involves motivating the chosen repre-
sentation and algorithm as well as outlining encountered difficulties and solutions. We start by
explaining the used software in chapter 2. An introduction into cardiology, ischemia and rele-
vant clinical features is provided in chapter 3. Examinations of common shape representations
are found in chapter 4. Chapter 5 provides an overview over (generative) machine learning.
It ends with the examination of specific algorithms which are potentially suitable for shape
generations. These chapters provide the necessary background information. Chapter 7 explains
the data-acquisition process from MRI scans to volumetric 3D data. Chapter 8 examines the
chosen data representation. Chapter 9 provides a visual analysis of the data and occurring
patterns. This chapter ends by providing a set of generations. Chapter 10 summarizes our work
and looks at future directions.

8



Chapter 2

Part 1: Software

2.1 The Visualization Toolkit

The Visualization Toolkit (VTK) is a C++ class library which offers several objects for the
manipulation of data. It is the companion software to a textbook called ”The Visualization
Toolkit: An Object-Oriented Approach to 3D Graphics” [69], which was written in the 20-
th century and offers perspective on the field of visualization. As very successful software
it is widely used in 3D computer graphics and data visualization. Among its capabilities is
efficient handling of scalars, vectors, tensors, volumetric methods as well as implicit fields and
unstructured grid meshes. Methods contained in VTK are triangulation, contouring, mesh
smoothing and more. Its main features are

• data objects, such as finite element meshes, or unstructured grids for data processing and
analysis

• data arrays, which define discrete field values over any dataset (grid, mesh, points set).
For example, pressure, temperature, velocity vectors, stress tensors

• filters for data processing and analysis which enable, for instance, smoothing, decima-
tion, surface reconstruction, geometric transformations, substructures selection, implicit
modeling

• advanced rendering techniques

• parallelizability of some functionalities for high performance computing

• an API for C++ and Python

Within the context of this work, VTK methods are used extensively to manipulate data and
create visualizations within Paraview.

2.2 Paraview

Paraview is an open-source platform for interactive data visualization focused on simulation
and high performance computing. It is built on top of the Visualization Toolkit (VTK) library.
Among its functionalities is the analysis of extremely large data-sets, rendering and simulation
results. Due to its parallel processing capabilities it is used to visualize tera-scale data which
is often required for CFD-simulations. Furthermore, it runs on windows, mac-OS as-well as
on linux. This makes it a multi-platform visualization application with an extensive range
of use-cases. Examples are the analysis of climate-data [50] (see figure 2.3) and automotive
aerodynamics [29] (see figure 2.2). The Data used in this work corresponds to a human heart
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Figure 2.1: Exemplary Applications of Paraview

Figure 2.2: Car Drag
Figure 2.3: Wind Speed

Car Drag visualization from www.simscale.com/wp-content/uploads/2014/07/futuristic-car drag.png

Weather Speed visualization from www.kitware.com/integration-of-paraview-catalyst-with-regional-earth-

system-model/

geometry and ischemic scar tissue structures. The reference mesh consists of three million cells
and 600.000 vertices. As such, Paraviews capability in handling large data-sets effectively is
required. Figure 2.4 displays our data in Paraview. We differentiate between the left ventricle
(blue) and the right ventricle (red). The shape of ischemic scars is examined only within the
left ventricle. It is obtained by processing MRI scans. Figure 2.4a displays a template heart.
Figure 2.4b and figure 2.4c display two processed patient scars within the template heart. The
hole displayed in figure 2.4c is not physical, instead it is due to the processing, which leaves out
the basal region. Equally, the block-like form of the scars is due to the processing. Figure 2.4b
display a disjoint scar tissue structure. This can also be attributed to the processing. With
significant likelihood the scar tissue it connected. This is explained with more detail in chapter
7.

Figure 2.4: Our Data in Paraview

(a) Front View of a Heart (b) View of a scar from the front (c) View of a scar from the below
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2.3 3D Slicer

3D Slicer is a comprehensive, open-source platform for medical image computing, widely used in
clinical and research settings. It supports visualization, processing, segmentation and analysis
of various imaging modalities, including MRI, CT, Ultrasound and other tomographic meth-
ods. Its flexibility allows users to handle multidimensional datasets with precision, making it a
strong research tool for tasks like treatment planning, diagnostic assessments and quantitative
analysis. 3D Slicer is a powerful due to its wide-ranging functionality and its strong user and
developer community. Ongoing advancements aim to improve segmentation accuracy and en-
hance automation further reducing the risk of errors and expanding its use in various medical
imaging fields.

Key features of 3D Slicer include contrast enhancement and thresholding, which aid in the
accurate segmentation of anatomical structures. Segmentation, a critical step in analyzing
medical images, involves isolating regions of interest, such as tumors or ischemic scars. While
3D Slicer provides both manual and semi-automated tools, manual segmentation can be prone
to user-dependent variability.

Figure 2.5 displays the slice of an MRI scan and the manually obtained segmentation mask
of the heart. The brown mask representing an ischemic scar (see fig. 2.5b) does align fully
with the endocardium, the innermost layer of the myocardium. This misalignment contradicts
the known physical properties of ischemic scars which typically grow from endocardium to
epicardium. Such errors, common in manual segmentation, highlight the need for meticulous
attention.

Figure 2.5: MRI scan and Segmentation

(a) MRI slice (b) Segmentation

yellow = myocardium, green = left chamber, red = right chamber, brown = ischemic scar
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Chapter 3

Part 1: Basics of Cardiology

In the study of heart, clinicians often differentiate between the left and right ventricle/atrium
[84]. The atrium is responsible for receiving blood, while the ventricles are responsible for the
distribution to lungs and body tissue. Size-wise the ventricles are much bigger, the biggest
part being the left ventricle. For the purposes of this work the atrium and right ventricle are
neglected since ischemic scarring occurs predominantly in the left ventricle only [22].

Left and right ventricle (subsequently referred to as LV and RV) operate with equal quan-
tities of blood and under equilibrium conditions but differ strongly in their size, shape and
function. The LV operates against high pressure in the circulatory pathways throughout the
body tissue whereas the resistance in the pulmonary circulation is much lower. Therefore, while
both sides generate the same flow, the pulmonary flow is created against lower pressure. Ac-
cordingly, the left ventricle, presents the more powerful, thicker, myocardial muscle. It receives
oxygen-rich blood from the left atrium and pumps it to the aorta. From here the blood is
distributed to other parts of the body. The oxygen is used for cellular respiration and enables
the synthesis of ATP. After this the de-oxygenated blood is directed to the right atrium via
the Vena Cava. Furthermore, the aorta branches into the left and right coronary artery, blood
vessels which transport oxygenated blood to the heart muscle itself. Blockage of the coronaries
leads to insufficient alimentation of the heart and causes infarcts which manifest as scarring of
the myocardium. The right ventricle receives de-oxygenated blood from the right atrium and
pumps it to the pulmonary artery. Following this, the blood is re-oxygenated in the lungs and
directed to the left atrium through the pulmonary veins. This closes the circulation. Due to the
relation to coronary blockages, the spatial distribution of ischemic scar tissue correlates with
the trajectory of the coronary arteries (displayed in figure 3.2).

3.1 Left Ventricular Segmentation and Coronary Territories

Coronaries can be associated in an approximate manner to 17 standardized heart regions. These
regions are used to segment the heart according to the standard myocardial segmentation estab-
lished by the American Heart Association (AHA), and are generally referred to as AHA-regions.
It defines several regions in the left ventricle which are used by clinicians to communicate lo-
cations across different heart geometries. Figure 3.3 visualizes the AHA-regions of a heart.
Figure 3.3 visualizes a left ventricle with colored AHA-regions in a heart-shaped and a disk-
shaped representation. The apex is mapped to the disk-center, while the base is mapped to
the disk-border. Figure 3.2 visualizes the right coronary artery (RCA) and left coronary artery
(LCA) and their traversal through the AHA-regions. Blockages manifest as scarring in asso-
ciated regions. Figure 3.5 displays such scars in respective regions. Notice that the scars are
predominantly in a location corresponding to a specific coronary artery. This underlines the
correlation between location and affected coronary/AHA-region.
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Figure 3.1: Blood Circulation

https://www.zenflowchart.com/blog/blood-
circulation-in-heart-flowchart

Figure 3.2: Coronaries

https://www.heartfoundation.org.nz/images/heart-
healthcare/coronary-artery-disease.png

Figure 3.3: Left Ventricular Segmentation and Coronary Territories

Figure 3.4: Heart with Colored AHA Regions
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Figure 3.5: Scars in coronal regions (white: LCX, blue: RCA, red: LCA)

(a) Scars in LCX region (b) Scars in LAD region (c) Scars in RCA region
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3.2 Ischemic Cardiomyopathy

Figure 3.6: Transmurality of Infarc-
tion

Cardiomyopathy terms diseases which affect the my-
ocardium leading to abnormal behavior of the heart,
for example causing enlargement, thickness or stiffness.
This effect can lead to symptoms of heart failure, in-
efficient blood flow and pathologies in the electrical
activation pattern (e.g. arrhythmia). Literature dif-
ferentiates between non-ischemic and ischemic heart
disease (IHD). Ischemic cardiomyopathy is related to
coronary artery disease which can manifest as scar-
ring. All other cardio-myopathies are non-ischemic.
IHD is by far more common and will be the focus
of this work. Coronary artery disease reduces blood
flow to the heart and the resulting insufficient nutri-
tion causes cell death (necrosis) in affected areas. In-
sufficient nutrition causes the formation of scar tissue,
which has different electro-mechanical properties than
the surrounding healthy tissue. A result can be arrhyth-
mia, weakened mechanical contraction and an overall
decrease in heart functioning. In response to ischemic
scarring, the heart adopts different techniques to mit-
igate the impaired functioning. The success of these
adoptions, called hyper-enhancements, depends on the
size of the scar. Common adaption strategies are hy-
pertrophy, where the heart-muscle enlarges in an at-
tempt to increase its mechanical pumping ability, and
re-vascularization, where the coronaries can grow new
branches to re-supply damaged cells with nutrients and
prevent total necrosis. The size of the scar can be quan-
tified by its segmental occupancy (see figure 3.7) and
transmurality (see figure 3.6). One can differentiate be-
tween transmural and subendocardial infarctions. Dif-
ferent sizes are correlated to different outcomes of the
hyper-enhancements and treatment options. Its quan-
tification can be used as measure for the seriousness of
IHD. Contrary to chronic ischemic scars, acute ischemic
scars tissue can recover due to re-vascularization. The
extend to which this is possible depends on the trans-
murality (see figure 3.6) of the impaired tissue. It
is known, that scars grow from endocardium to epi-
cardium (i.e. from the inner wall to the outer heart wall). A scar with less than 50% transmu-
rality has good chances of recovering, above 70% it is very unlikely [25]. Therefore, it is common
to examine the segmental intensity (see figure 3.7), together with the segmental transmurality
of scar tissue in order to evaluate the likelihood of recovery, for example AHA-region 1 might
be affected to a degree of 30 % with a transmurality of 75% .

3.3 Significance of Contribution

The disease IHD, also referred to as coronary artery disease (CAD) and atherosclerotic cardio-
vascular disease (ACD), is one of the leading causes of death worldwide. Approximately 1.72%
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Figure 3.7: Segmental Intensity

of the world’s population is affected, resulting in around nine million deaths annually [37]. Ac-
cording to the WHO, 16% of the annual deaths are caused by IHD. In figure 3.8 heart diseases
represent the leading cause of death with a significant margin. Considering this it is safe to
say that heart disease continues to be among the most important medical issues. Although the
heart is one of the most studied organs, many challenges and mysteries remain. The advance of
engineering methodologies and computing into the field of human biology can help to reach a
deeper understanding of heart function, heart diseases, causes of death, and treatments. Never
before has such a low risk/insight ratio been possible. We deliver a framework for the generation
of ischemic scar models, which can be leveraged with simulations of the cardiovascular system.
The generated scars can be filtered to represent desired segmental intensities and transmurali-
ties. This enables the in-silico study of treatments and biophysical effects. Furthermore, privacy
concerns are circumvented by the usage of artificial generation.
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Figure 3.8: WHO Estimates

17



Chapter 4

Part 1: Shape representations

Training machine-learning algorithms requires a suitable data-representation. For example,
molecules might be represented as graphs or strings. Depending on the case different repre-
sentations might be used. For shapes several possible representations exist, each with different
advantages and disadvantages. In the following, these representations are presented and specific
characteristics, and main fields of application, are outlined. For our algorithm we will choose the
signed distance function due to its memory-efficient representation which enables point-to-point
correspondence.

4.1 Voxels

Voxels can be understood as an analog of pixels in 3D-space. They share many properties. For
example, a representation of a 3D-shape by voxels corresponds to discretizing the space with
a grid and labeling each element with the corresponding voxel-value. Like pixel-values, these
can represent a colour, a texture, or any other label. Voxel representations are the natural
data-format for medical images e.g. MRI scans. Here a whole 3D domain is voxelized. Fine
discretization enables high accuracy. This representation in a fixed domain enables voxel-to-
voxel correspondence between different images. However this voxel-to-voxel correspondence is
not necessarily meaningful for the encoded object (imagine a rabbit in the upper corner and
lower corner of the domain). Another disadvantage is that voxelization of a shape located within
a domain is an inefficient way of representing 3D shapes since one also needs to voxelize the
space around it. This leads to a high memory requirement. Furthermore, these representations
are usually not differentiable.

(a) Voxel representation of a rabbit

https://cse.iitkgp.ac.in/ pb/research/3dpoly/bunny2.PNG
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4.2 Point Clouds

A common representation of 3D shapes are Point Clouds. Point Clouds are discrete sets of
points, where each point is labeled with a position in 3D-space. Points can also be labeled with
properties beyond location. This is among the simplest and most memory efficient representa-
tions. The point density can be balanced according to the needs. Adaptive density allows for
good balancing between memory and detail. Furthermore, point clouds are easily manipulated
(e.g. translated, rotated or scaled). However, they are not differentiable and do not provide sim-
ple methods for the establishment of point-to-point correspondence. Since no inherent surface
information available this representation is unsuited for rendering and simulation. Computing
a polygon representation from a point-cloud is computationally expensive. Point-clouds are the
raw data-format obtained by scanning physical space e.g. lidar data.

(a) Point cloud representation of a rabbit

https://www.researchgate.net/publication/228945815 Reconstructing Implicit Surfaces with Boundaries

4.3 Meshes

Meshes, or polygons, correspond to the standard structure required for many algorithms in
computer science and engineering. They consist of a set of points in 3D space connected in a
graph structure. It is the most information heavy shape representation, meaning it is among
the most useful shape representations but potentially with significant memory requirements. It
contains surface information which is suitable for rendering and numerical solvers. Through
a high (selective) density of polygons high accuracy is possible. On the downside it has high
memory requirements since it contains point and connectivity information. Furthermore, point-
to-point correspondence between polygons can be established only for equal topologies. A
representation as polygons is usually not differentiable. Meshes are a standard in engineering,
especially for numerical simulations and computer aided design. It is also used extensively in
computer graphics, gaming, animations and engineering. As such it is studied to a high degree
making shape manipulations relatively easy.

Figure 4.3: Mesh representation of a rabbit
https://i.stack.imgur.com/pFtBn.png
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4.4 Implicit representations

Implicit shape representations do not attempt to represent a shape explicitly, e.g. as one
would do with a field of occupancy, point clouds or meshes. Instead, the shape information is
contained implicitly in some function over 3D space. A very common type of implicit shape
representations is through the use of (un-)signed distance functions. Here, the 3D-shape is
represented by the level of the distance function. For example, values of zero might correspond
to the surface, negative values to the inner volume and positive values to the outer volume.
Each value represents the nearest distance to the boundary. In principle it can also correspond
to some other measure. Implicit representations can be very memory efficient through storing
a function instead of a volume. If this function is continuous it can be differentiable. Surface
information is contained as a level-set and the extraction of mesh-representations is possible
with efficient algorithms such as marching cubes. Being a function within a domain, point-to-
point correspondence is available. Much like for voxels, this correspondence is not necessarily
meaningful for the encoded shape. Shape manipulation can be more difficult than for other
representations. Furthermore, post-processing is required to obtain explicit representations.
These representations are quite popular in computer graphics.

Figure 4.4: implicit representation of a rabbit
https://arxiv.org/pdf/1901.05103.pdf

4.5 Statistical Shape Models

Statistical Shape Models (SSMs) are popular models in computational anatomy. Shapes are
represented as vectors of landmarks. Usually, point-to-point correspondence between the land-
marks of different shapes is available or can be established (e.g. between tips of a thumbs). The
shape distribution can then defined by employing linear methods, such as PCA or nonlinear
methods such as Gaussian Processes or variational autoencoders [21]. This enables the sam-
pling of new shapes, detailed analysis and model fitting methodologies. This representation is
ubiquitous and well studied, making shape manipulation relatively easy, for example through
the usage of provided libraries [47]. PCA and Gaussian processes are among the most easily
interpreted machine learning models. Furthermore, they can be very information efficient if
the required landmarks are sparse. On the down-side, point-to-point correspondence must be
available, restricting the method to equal topologies. The main application domain is in medical
engineering.
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Figure 4.5: statistical shape model of a hand
https://www.slideserve.com/albert/information-theory-and-automatic-model-building
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Chapter 5

Part 1: Machine Learning basics

All of machine learning aims to find a set of model parameter which minimize/maximize a
loss/objective. Usually, the term objective refers to a quantity that is maximized while the loss
is minimized. The objective is designed so that the parameterized model captures desired data
properties. Usually it corresponds to a likelihood-measure describing how well a parametrization
describes available data and/or a loss-function which measures deviations from desirable prop-
erties. The optimal parameters are found at the extremum of this function. Since the set of all
possible parametrization is infinite, assumptions must be made to restrict the search-space to a
feasible size. One such assumption might be that the data comes from a multi-variate Gaussian
distribution, that it follows a linear line (or is separable by such) or that any optimal model
is smooth. The class of considered models is called the hypothesis class. It might for example
consist of polynomials of 2nd order, Gaussian processes with exponential kernel or three layer
deep, eight neurons wide networks with sigmoid activation functions. During algorithm design
it is common to distinguish between a Fisherian and a Bayesian approach. The first bases itself
on the long-term frequency of events and estimates deterministic parameters, while the latter
infers a posterior distribution of probabilistic parameters. In Bayesian models, a known prior
distribution over the parameters is updated to form a posterior distribution. Fisherian models
use deterministic parameters, imposing no distribution. It can be shown that both approaches
are in some sense equivalent and relate to each other via available prior knowledge on the model
parameters. In both cases the parameters are updated to (explicitly) optimize an objective
and (implicitly) model the available data. If this data is labeled, supervised approaches can be
used. Sometimes, the data is unlabeled so that unsupervised learning methods are required.
Some algorithms combine both. We provide an introduction into the basics of machine learning.
Using this basis we then examine principal component analysis and variational auto-encoders,
elucidating their similarities and differences. These algorithms can be used for variational infer-
ence, an approach which can be applied for generative purposes by considering an unobserved
generating variable.

5.1 supervised/unsupervised/semi-supervised ML

An important distinction that can be made in machine learning is between supervised learning,
unsupervised learning and semi-supervised learning. These terms correspond to learning from a
labeled dataset D = {(xi, yi)}Ni=0, extracting patterns from an unlabeled dataset D = {(xi)}Ni=0

and combining both methodologies respectively. Supervised learning is more common and better
studied. Contrary to unsupervised learning it can be applied directly to make predictions by
modeling the conditional probability p(y|x). Furthermore it comes with rigorous mathematical
guarantees. On the other hand, unsupervised learning requires no information on the labels
y and can not be used (directly) for prediction tasks. Examples of unsupervised learning are
clustering and dimensionality reduction. Mathematically rigorous definitions of training-error
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and generalization-error are available only for supervised training settings. However, extension
of these concepts to unsupervised learning may be possible in some cases. Semi-supervised
learning combines both approaches. For example by reducing dimensionality and applying
supervised learning on the low dimensional data representations.

5.1.1 supervised machine learning

In supervised machine learning, a data-set

D = {(x1, y1), ..., (xn, yn)}, (5.1)

with x ∈ Rd and y ∈ Rl, is available. Data samples are drawn from some unknown distribution
(x, y) ∼ p(X,Y ). Goal is finding a function hθ(x) so that

y = hθ(x) for (x, y) ∼ p(X,Y ), (5.2)

where θ corresponds to the model parameters. This requires the definition of a hypothesis class
H that contains all the functions of the hypothesis examined hθ ∈ H. Ideally, the hypothesis
class H would contain all possible functions. In practice, assumptions must be made to restrict
the search-space to a feasible size.

Given H, one aims to find the optimal model hθ ∈ H. This involves finding the function
that minimizes (or maximizes) some performance measure in the training data Dtrain ⊆ D.
However, the actual goal of machine learning is generalization to unseen data and not an op-
timal description of the training data. The unseen data can be represented by the test data
Dtest ⊆ (D \ {Dtrain}). If Dtrain does not have the same distribution as Dtest, one speaks of a
distribution shift. Performance measures, such as training and test error, are evaluated in the
training data Dtrain and the test data Dtest.

The training error can be defined as

Ltraining =
1

|Dtrain|
∑

(xi,yi)∈Dtrain

(yi − hθ(xi))
2. (5.3)

The test error can be defined as

ϵtest =
1

|Dtest|
∑

(xi,yi)∈Dtest

(yi − hθ(xi))
2. (5.4)

The true generalization error ϵ is unknown. However, by the weak law of large numbers, the
empirically estimated ϵtest converges to ϵ as |Dtest| → ∞. If Dtest ∼ p(X,Y ) is drawn from the
same distribution as the data D, then ϵtest is an unbiased estimator of the generalization error,
i.e.

E(ϵtest) = E(x,y)∼p(X,Y ) [y − hθ(x)] = ϵ. (5.5)

The final objective of supervised machine learning is to find

ĥθopt = argmin
θ

E(x,y)∼p(X,Y ) [y − hθ(x)] ≈ argmin
θ

∑
(xi,yi)∼p(X,Y )

[yi − hθ(xi)] , (5.6)

where the last step is due to the famous monte-carlo approximation of definite integrals.

Consider the Chernoff bound

PrD∼p(X,Y )

∣∣∣∣∣∣ 1n
∑

(x,y)∈D

(y − ĥopt(x))
2 − E(x,y)∼p(X,Y )

[
(y − ĥopt(x))

2
]∣∣∣∣∣∣ ≥ ϵ

 ≤ e−2nϵ2 (5.7)
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For simplicity let us write

Pr [|err(h)− ˆerr(h)| ≥ ϵ] ≤ e−2nϵ2 (5.8)

By union bounds
Pr [∃h ∈ H : |err(h)− ˆerr(h)| ≥ ϵ] ≤ |H| e−2nϵ2 . (5.9)

Consider an arbitrary value δ so that

|H|e−2nϵ2 ≤ δ (5.10)

which holds if

n ≥
ln 2|H|+ 1

δ

2ϵ2
(5.11)

so that, by conversion of the union bound,

h ∈ H : Pr [|err(h)− ˆerr(h)| ≤ ϵ] ≥ 1− δ (5.12)

where

ϵ =

√
ln 2 |H|+ 1

δ

2n
. (5.13)

This provides some solid mathematical guarantees on supervised learning. If the training data-
size n is large enough and it comes from the same distribution p(x, y) as the test-data, then the
generalization error is bounded and tends towards zero with probability 1.

Two common algorithms for finding optimal parameters in a supervised machine learning set-
ting are maximum likelihood estimation (Fisherian) and maximum a-posterior (Bayesian). It
instructive to approach deep learning algorithms with neural nets by considering these two types
of machine learning algorithms.

5.1.2 unsupervised machine learning and information theory

The setting of unsupervised machine learning deals with discovering patterns in data. In essence,
there is some data

D = {x1, , ..., xn}

without any available labels. Any algorithm which extracts patterns from label-less data belongs
to the category of unsupervised learning. These algorithms can not be used directly for predic-
tions and classifications. Instead, they aim to cluster the data points into a specified amount
of groups (gaussian mixture models, K-nearest-neighbours), reduce dimensionality (principal
component analysis, gaussian process latent variable models, variational auto-encoders) and/or
discover other meaningful patterns (apriori, frequent pattern, eclat).

Unsupervised learning can be seen as an information representation problem. It involves find-
ing the best representation for the relevant property. The available data are often noisy and
contain irrelevant information. The extraction of all relevant information (and/or removal of
irrelevant information) for the given task corresponds to finding an optimal representation. A
common term for this is feature extraction. This description, via features, can be used to
make predictions and/or compress data. It is often connected to dimensional augmentations.
Kernel-methods might construct additional dimensions to empower linear methods, or apply
dimensionality reductions to remove noise. Finding suitable representations is an important
task of machine learning and often half the solution. A good representation contains all the
relevant information, but ideally not more, in a computationally accessible way.
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Contrary to supervised learning, unsupervised learning can not be defined in any simple way
making evaluation difficult. Many unsupervised learning algorithms optimize a proxy objective
that does not represent the actual goal. As an example, consider the K-nearest-neighbors al-
gorithm which groups data into k clusters. The actual goal is to discover meaningful patterns
which reveal something about the data, not clustering into k groups. The clustering discovered
is not necessarily useful. Meaningful clustering depends on the right number of groups, but it
is impossible to give an axiomatically consistent definition of the ’right’ clustering [38].

For the development of some intuition, the problem of unsupervised learning can be related
to information theory. Both are about finding patterns in data and representing information
in terms of these patterns. Consider the problem of compressing data X = [X1, X2] with some
compressor C(X), then

|C(X)| ≤ |C(X1)|+ |C(X2)|.

In essence, the compression of X = (X1, X2) is smaller than the compression of X1 and X2

summed. The gap between the two corresponds to the mutual information, information on X2

which can be described by X1 and vice versa. Consider an optimal (purely theoretical and
un-computable) compressor K(X) of minimal length and maximal compression, then

|K(X)| ≤ |C(X)|+ |K(C)|,

where K(C) corresponds to the theoretical information magnitude required to define the com-
pressor K itself. The unsupervised learning problem can be viewed as the problem of finding
this optimal compressor. Some program space is searched for an optimal representation of the
information. Since the space of all possible programs is prohibitively large we have to restrict the
search space through our model parametrization. Common models perform clustering and/or
dimensionality reduction. Both can be viewed as compressing information into a number of
groups.

In information theory important concepts related to information compression are the entropy
and the mutual information. The shannon entropy is a measure of the uncertainty or unpre-
dictability of a random variable. For a discrete random variable X with possible outcomes
{x1, x2, . . . , xn} and a corresponding probability distribution P (X = xi) = pi, the Shannon
entropy H(X) is defined as:

H(p) = −E [p(x) log p(x)] =

n∑
i=1

pi log pi (5.14)

By the source coding theorem, an i.i.d random variable X with density p(x), which occurs N
times, can be compressed into N ∗ H(X) bits, where the log is computed with base two. As
example, consider long sequences of k symbols, each representing a random variable with a dis-
tribution defined by the frequency of occurrence. Then the amount of bits required to encode
this sequence is

∑
k NkH(Xk).

Related to the shannon entropy is the relative entropy. It is also called Kullback-Leibler diver-
gence and an ubiquitous quantity in machine learning. It is defined as

DKL(p, q) = −E
[
p(x) log

p(x)

q(x)

]
. (5.15)

The Kullback-leibler divergence has a geometrical interpretation. Although it is asymmetric
and thus not a distance, it is intimately related to the Fisher Information metric and geodesics
on an information manifold. Informally speaking, it is a quadratic form approximation of the

25



geodesic distance between two distributions. Many unsupervised learning algorithms minimize
the Kullback-Leibler (DKL) divergence with the goal of approximating p(x) with a parametrized
q(x).

The cross-entropy unifies the shannon entropy and DKL divergence and allows for another
interpretation. It is defined as

H(p, q) = −E [p(x) log q(x)] =
∑
i

pi log qi (5.16)

and measures the information required to describe q(x) with p(x). It can be interpreted as the
log-likelihood of the data-distribution q(x) when drawing samples from the model-distribution
p(x). The relation with relative entropy and Shannon entropy is given via

H(p, q) = H(p) +DKL(p, q) = H(q) +DKL(q, p). (5.17)

Informally speaking, the amount of information required to describe p with q is the amount
of information required to describe p plus the relative entropy DKL(p, q) i.e. the asymmetric
distance (divergence) between p and q.

These information theoretical quantities enable the description of data-distributions p(x) via
parameterized model distributions q(x). Through optimization of the Kullback-Leibler diver-
gence a model distribution can be fitted to the data. If DKL(p, q) = 0 = DKL(q, p), then both
distributions have equal Shannon-entropy H(p) = H(q) and can be used to encode each other
(H(p, q) = H(q, q) = H(q) = H(p)). Many algorithms use the Kullback-Leibler divergences as
objective function to approximate distributions.

Another important quantity is Mutual Information (MI), which quantifies the amount of infor-
mation obtained about one random variable through another random variable. It measures the
reduction in uncertainty (used here synonymous to entropy) about one variable when knowing
the value of the other. For two random variables X and Y , the mutual information I(X;Y ) is
defined as:

I(X;Y ) = H(X)−H(X|Y ). (5.18)

The conditional entropy H(X|Y ) can be expressed via

H(X|Y ) = H(X,Y )−H(Y ) (5.19)

Alternatively, mutual information can be expressed as

I(X;Y ) =
∑
x∈X

∑
y∈Y

P (x, y) log

(
P (x, y)

P (x)P (y)

)
= DKL(P (x, y)||P (x)P (y)). (5.20)

Thus the mutual information measures how independent two random variables are from each
other. If

P (x)P (y) = P (x, y)

both variables are perfectly independent and

I(X;Y ) = DKL(P (x, y)||P (x)P (y)) = 0.

Often in machine learning (for example in gaussian process latent variable models), a com-
plicated data-distribution p(x, y, z) is parameterized as a factorization p(x)p(y)p(z) (implicitly
assuming independence). The optimal parameters are determined through minimization of the
DKL divergence. Mutual Information is also used to measure statistical similarities between
data X and Y , for example between images in image registration [48]. Many works approach
unsupervised learning from an information theoretic perspective [61], [33], [8], [27].
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5.1.3 semi-supervised machine learning

Semi-supervised machine learning combines supervised and unsupervised methods, for exam-
ple by reducing the dimensionality or grouping the data before training a classification or re-
gression algorithm. Examples may be clustering unlabeled data to a subset of labeled data,
performing dimensionality reductions prior to a supervised learning setup and/or assigning
high-confidence model predictions of unlabeled data-points as labels. The variational auto-
encoder [15] is a semi-supervised learning algorithm. One obtains a latent distribution through
nonlinear dimensionality reduction (z = f(x)) and unsupervised learning, while the reconstruc-
tion (x̂ = g(z)) is optimized through supervised learning. The DKL divergence is used to
align the chosen parametrization of the (unknown) latent distribution q(z) with some assumed
prior-distribution p(z). On the other hand, the data-sample x is used as reference label for
the reconstruction x̂ = g(z) in a supervised learning manner. The objective function sums two
respective loss-terms.

5.1.4 Limits: the Bias-Variance Trade-off

The Bias-Variance trade-off is the classical example for explaining an intricate balance between
training error and generalization capabilities. Assume a labeled dataset

D = {(x1, y1), (x2, y2), ...(xn, yn).}

Let hθ(x) be a parametrization of a model, let y(x) be the outcome observations corresponding
to the data-sample x ∈ D, i.e. y1 = y(x1). Let ŷ(x) =

∫
y p(y|x)dy be the expected label given

some feature vector x. For noiseless data y(x) = ŷ(x). Let

ĥθ(x) = E[hθ(x), D] =

∫
D

∫
x
hθ(x)p(x|Dtrain)dxdDtrain

denote the expected model given the data D, with Dtrain ⊂ D. Here, p(x|Dtrain) denotes
the probability of drawing x given the data Dtrain, while p(Dtrain) denotes the probability of

drawing the training-data Dtrain from D. Denote by E
[
(hθ(x)− y)2

]
the expectation of the

error given a sample x ∈ D. Let ŷ be the true observation and y its measurement. Let ĥθ(x)
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be the true model and hθ(x) the parametrized model. Then the generalization error E becomes

E = Ex,y,D

[
(hθ(x)− y)2

]
= Ex,y,D

[(
hθ(x)− ĥθ(x) + ĥθ(x)− y

)2]
= Ex,y,D

[(
hθ(x)− ĥθ(x)

)2]
+ Ex,y,D

[(
ĥθ(x)− y

)2]
+ 2Ex,y,D

[(
hθ(x)− ĥθ(x)

)(
ĥθ(x)− y

)]
= Ex,y,D

[(
hθ(x))− ĥθ(x)

)2]
+ Ex,y,D

[(
ĥθ(x)− y

)2]
+ 2Ex,y

[(
ĥθ(x)− ED [hθ(x)]

)(
ĥθ(x)− y

)]
= Ex,y,D

[(
hθ(x))− ĥθ(x)

)2]
+ Ex,y,D

[(
ĥθ(x)− y

)2]
+ 2Ex,y

[(
ĥθ(x)− ĥθ(x)

)(
ĥθ(x)− y

)]
︸ ︷︷ ︸

0

= Ex,y,D

[(
hθ(x))− ĥθ(x)

)2]
+ Ex,y,D

[(
ĥθ(x)− y

)2]
= Ex,y,D

[(
hθ(x)− ĥθ(x)

)2]
+ Ex,y,D

[(
ĥθ(x)− ŷ + ŷ − y

)2]
= Ex,y,D

[(
hθ(x)− ĥθ(x)

)2]
+ Ex,y,D

[
(ŷ − y)2

]
+ Ex,y,D

[(
ĥθ(x)− ŷ

)2]
+ 2Ex,y,D

[(
ĥθ(x)− ŷ

)
(ŷ − y)

]
︸ ︷︷ ︸

0

= Ex,y,D

[
(hθ(x))− ĥθ(x))

2
]

︸ ︷︷ ︸
Variance

+Ex,y,D

[(
ĥθ(x)− ŷ

)2]
︸ ︷︷ ︸

Bias2

+Ex,y,D

[
(ŷ − y)2

]
︸ ︷︷ ︸

Irreducible Error

(5.21)
This decomposition of the generalization error into three terms enables a differentiated analysis.
The variance captures how much the model would change if it were trained on a different training
set. It reflects the degree to which the model is overspecialized. The bias captures the degree to
which our model is misaligned from the true data. Plotting both terms over model capacity (see
Figure 5.1) highlights that while complex models can achieve better training errors, the simpler
models generalizes best (see Figure 5.2). This is in accordance with an information theoretical
point of view and Occam’s razor [16]. ”Entities must not be multiplied beyond necessity”.
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Figure 5.1: The Bias Variance Tradeoff

Figure 5.2: Overfitting and Underfitting

https://www.geeksforgeeks.org/regularization-in-machine-learning/
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5.2 MLE - Maximum Likelihood Estimation

Maximum Likelihood Estimation (MLE) is a Fisherian methodology for fitting model param-
eters to a data-distribution [57]. Consider a model, parameterized by a determinstic θ, so
that,

x = h(θ) + ϵ

with ϵ ∼ N (0, σ2) and θ deterministic. Then x ∼ N (h(θ), σ2).

The probability density function of this Gaussian is defined as

p(x, θ) =
1√
2πσ2

exp
−(x− h(θ))2

2σ2
. (5.22)

Given data-samples xi with i = 1, ..., N , Maximum Likelihood Estimation amounts to find-
ing the model which results in the maximum joint probability. For N = ∞, the strong law of
large numbers states

p(x|θ) =
N∏
i=1

p(xi, θ). (5.23)

Maximizing this quantity is an optimization problem. The product can be simplified into a
more computable form by using the log-likelihood. Since the logarithm is strictly monotonous,
extrema are unchanged.

θopt(x) = argmax
θ

N∏
i=1

p(xi, θ)

= argmax
θ

N∑
i=1

ln(p(xi, θ))

= argmin
θ
−

N∑
i=1

ln(p(xi, θ))

= argmin
θ
−

N∑
i=1

[
ln(

1√
(2πσ2)

) +
−(xi − h(θ))2

2σ2

]

= argmin
θ
−

N∑
i=1

−(xi − h(θ))2

2σ2

= argmin
θ

N∑
i=1

(xi − h(θ))2 ∗ const.

.

Often const. = 1
N . Note, that

N∑
=1

(x− h(θ))2 ∗ 1

N

is often referred to as mean squared error. Minimizing the mean squared error returns optimal
model parameters if the data distribution is gaussian. It can be proven that the estimator
h(θopt), is an unbiased minimum variance estimator (UMVE).

Summarizing, Maximum Likelihood Estimation amounts to computing

θopt(x) = argmin
θ

N∑
i=1

(xi − h(θ))2 ∗ const. (5.24)
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5.3 MAP - Maximum A-Posterior

Maximum A-Posterior (MAP) is a Bayesian methodology for fitting probabilistic model param-
eters to a data-distribution [12]. Consider a model, parameterized by θ, so that,

y = h(θ) + ϵ

with ϵ ∼ N (0, σ2) and θ ∼ N (0, τ2). Contrary to MLE we assume probabilistic model parame-
ters.

By definition, the density function of this gaussian can be written as

p(θ) =
1√
2πτ2

exp
θ2

2τ2
.

This corresponds to the prior. In MAP we aim to find the posterior parameter distribution
given the data. Consider the dataset xi and note that

p(x, θ) = p(θ|x1, .., xN )p(x1, .., xN ) = p(x1, .., xN |θ)p(θ) =
N∏
i=1

[p(xi|θ)]p(θ),

where p(x1, .., xN ) = const. is determined by the data. Therefore

θopt = argmax
θ

p(θ|x1, .., xN )

= argmax
θ

N∏
i=1

[p(xi|θ)]p(θ)

= argmin
θ
−

N∑
i=1

[ln(p(xi|θ)]− ln(p(θ))

= argmin
θ
−

N∑
i=1

[
−(xi − h(θ))2

2σ2
]− θ2

2τ2

= argmin
θ

1

N

N∑
i=1

[(xi − h(θ))2]− λθ2,

with λ = σ2

Nτ2
. Note that the first term is equal to the mean squared error, as obtained

during maximum likelihood estimation. The second term can be seen as a regularizer which
constrains the model-parameters θ to be as small as possible. This is in accordance with Occam’s
razor. The loss obtained through maximum a-posterior coincides with a regularized maximum
likelihood approach.

5.3.1 Connections between MLE and MAP

Assume a probability-distribution p(x, θ), as we have done in the maximum likelihood estimation
(MLE) and maximum a-posterior (MAP) sections. Then, by the rules of probability

p(x, θ) = p(x|θ)p(θ). (5.25)

Since, in MLE we consider a deterministic parameter θ, the term p(θ) is irrelevant for optimiza-
tion and the MLE objective

θopt = argmax
θ

p(x|θ)
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is equivalent to
θopt = argmax

θ
p(x, θ).

The unregularized MLE assumption is that p(θ) is uniform, i.e. all θ are equally likely. No prior
information is available.

For MAP consider
p(x, θ) = p(θ|x)p(x). (5.26)

Since p(x) does not depend on θ, the MAP objective

θopt = argmax
θ

p(θ|x)

is also equivalent to
θopt = argmax

θ
p(x, θ).

However, this time the parameters θ are also drawn from a non-uniform prior distribution p(θ),
often a gaussian distribution.

The loss-function resulting via MAP is equivalent to the loss-function resulting via MLE with an
additional term. This methodology which introduces additional penalty-terms to the MLE-loss
is called model regularization. For example, one might penalize the square of the parameter-
magnitude so that the algorithm explores low parameter spaces more. This can help to avoid
over-fitting by balancing small training errors with complex (and strongly biased) models. Reg-
ularization incorporates prior assumptions to derive terms which penalize deviations. Common
methodologies are Ridge regularization and Lasso regularization. maximum likelihood estima-
tion with Ridge regularization is equivalent to maximum a-posterior estimation with a gaussian
prior p(θ).

Summarizing, MLE and MAP are different, although similar methodologies for maximizing
the likelihood of p(x, θ) given some observed data x. MAP requires some prior knowledge on
the model-parameters. MLE is equivalent to MAP if the prior knowledge is encoded in the
objective through an additional regularization term.

5.4 PCA - Principal Component Analysis

Principal component analysis (PCA) is a popular linear algorithm for systems of the form

x = f(z) = Wz (5.27)

or, in the probabilistic PCA setting

x = f(z) + ϵ = Wz + ϵ (5.28)

where ϵ ∼ N (0, σ2I) and z ∼ N (0, I), so that

p(x|z) = N (Wz,WW T ) and p(x) = N (Wz,WW T )

since
Σ = Covar(x) = E(Wz)E(Wz)T = WE(z)E(z)TW T = WW T .

in the former case and

p(x|z) = N (Wz,WW T ) and p(x) = N (Wz,WW T + σ2I)
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since

Σ = Covar(x) = E(Wz+ϵ)E(Wz+ϵ)T = E(Wz)E(Wz)T+E(ϵ)E(ϵ)T = WE(z)E(z)TW T+σ2I = WW T+σ2I

in the latter.

PCA can be motivated from a variety of directions. For simplicity, let us start with equa-
tion 5.27 and extend it to 5.28.

Consider white Gaussian noise z ∼ N (0, I) and a mean-centered Gaussian data-distribution
p(x) = N (0,Σ). Let x, z ∈ Rn. Given the data-set matrix X = (x1, ...., xN ) ∈ RN×n, we can
construct the singular value decomposition

X = U∆V T , (5.29)

with U ∈ RN , ∆ ∈ RN×N and V ∈ Rn (in the complex case we need to consider the conjugate
transpose of V ). Consider the question, which linear transformation of z ∼ N (0, I) yields the
distribution p(x) = N (0, XXT ). The answer is

x = Wz = UD1/2z (5.30)

as becomes obvious from equation 5.27. Note that U is the matrix of eigenvectors of the linear
covariance matrix XXT and that D1/2 is the square-root of its eigenvalue matrix. Thus the
linear transformation relating the data-distribution to isotropic Gaussian noise is defined by
eigenspace of the covariance matrix. The eigenvalues are called the principal components, the
eigenvectors are called principal directions.

Given a dataset X, we can perform the PCA decomposition and yield equation 5.30. By keeping
only the d biggest eigenvectors (D− ∈ Rd×d) and corresponding eigenvalues (U− ∈ Rn×d) , a
dimensionality reduction is performed. Note, that using

W = U−D
1/2
−

in
x = Wz

leads to
x ∼ N (Wz,Σ)

where
Σ = WW T = U−D−U

T ∈ Rn×n

is a singular matrix with rank d < n but dimension n. Along the directions corresponding to
the omitted eigenvectors no variability occurs. Since singular distributions can be hard to work
with a common practice is adding noise (i.e. setting zero eigenvalues to small values). This
addition of noise leads from equation 5.27 to equation 5.28. Consider equation 5.28

x = Wz + ϵ

with W ∈ Rn×d, z ∈ Rd and ϵ ∼ N (0, σ2I). From this equation, we obtain

p(x) ∼ N (Wz,Σ)

with Σ = WW T + σ2I ≈ XXT . Consider the mean centered version p(x) ∼ N (0,Σ) and
perform MLE. with respect to Σ,

Σopt = argmax
Σ

N∏
i=1

log(
1√

(2π)n|Σ|
exp
−xiΣ−1xTi

2
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= argmin
Σ

N∑
i=1

log(
1√

(2π)n|Σ|
) +
−xiΣ−1xTi

2

= argmin
Σ
−N

2
log((2π)n)− N

2
log(|Σ|)− 1

2

N∑
i=1

xiΣ
−1xTi

= argmin
Σ
−N

2
log(|Σ|)− 1

2

N∑
i=1

xiΣ
−1xTi

= argmin
Σ
−N

2
log(|Σ|)− 1

2

N∑
i=1

xiΣ
−1xTi . (5.31)

To determine the extrema examine

− ∂

∂Σ

N

2
log(|Σ|) = −N

2
Σ−1

and

∂

∂Σ
− 1

2

N∑
i=1

xiΣ
−1xTi = +

1

2
Σ−1

N∑
i=1

xix
T
i Σ

−1.

leading to the condition

N

2
Σ−1 +

1

2
Σ−1

N∑
i=1

xTi xiΣ
−1 = 0.

Consider
∑N

i=1 xix
T
i = XXT = UDUT , according to the singular value decomposition (see

equation 5.29) so that
N

2
Σ−1 +

N

2
Σ−1UDUTΣ−1 = 0.

and thus
N

2
+

N

2
Σ−1UDUT = 0→ UDUT = Σ

Aligned with the goal of dimensionality reduction, we only keep the d biggest eigenvalues and
eigen-directions so that

Σ = UDUT ≈ U−D−U
T
− + σ2I.

Let W = U−(D− − σ2I)1/2 so that

WW T = U−D−U
T
− + σ2I ≈ Σ.

D− contains the d biggest eigenvalues and σ = 1
n−d

∑n
j=d+1 λj . Thus, the dimensionality

reduction results in
x = U−(D− − σ2I)1/2z + ϵ.

If we omit the noise term ϵ, this corresponds to a linear projection of the n dimensional data X
onto a subspace of d dimension. This projection is injective, but not surjective. Through the
noise-term it becomes bijective.

PCA is a very well understood and popular method. Being completely linear allows for closed
form solutions, good interpret-ability and analysis. Linearity is at the same time its strength
and main limitation. As a linear transformation of white-noise we can not create a model for
nonlinear distributions.
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5.5 Variational Inference and Expectation Maximization

Generative models of p(x, θ) generally involve a third, unmeasured variable z ∼ p(z) (the
generating latent) so that

p(x, θ) =

∫
z
p(x, z, θ)dz. (5.32)

In PCA we can solve analytically for the maximum likelihood estimator, assuming that z is
drawn from isotropic Gaussian noise. For nonlinear models analytical approaches often fail. A
popular theoretical framework for the analysis of 5.32 is variational inference [9].

Consider

log(p(x, θ)) = log

∫
z
(
p(x, z, θ)

q(z)
q(z))

≥
∫
z
q(z) log

p(x, z, θ)

q(z)

= Ez∼q(z)(log
p(x, z, θ)

q(z)
)

= Ez∼q(z)(log(p(x, z, θ))− Ez∼q(z)(log q(z))

= ELBO(p(x, z, θ), q(z)) (5.33)

where the inequality comes from the Jensen Inequality. Note that Ez∼q(z)(log q(z)) = −H(q(z))
is the negative entropy of q(z). This relates maximum likelihood estimation to entropy maxi-
mization. While the integral in equation 5.32 might not be tractable, the lower bound, defined
by the evidence lower bound (ELBO) often is. Furthermore

log(p(x, θ))− ELBO(p(x, z, θ), q(z))

log(p(x, θ))−
∫

q(z) log
p(x, z, θ)

q(z)
dz

=

∫
q(z) log(p(x, θ)))dz −

∫
q(z) log

p(z|x, θ)p(x, θ)
q(z)

dz

=

∫
q(z) log

q(z)

p(z|y, θ)
dz

= DKL(q(z), p(z|y, θ))dz (5.34)

Here DKL(·, ·) denotes the DKL-divergence between two distributions (see 5.5.2). Summarizing,
we have derived two relationships:

log(p(x, θ) ≥ ELBO(p(x, z, θ), q(z)) = Ez∼q(z)(log(p(x, z, θ))− Ez∼q(z)(log(q(z)) (5.35)

and
DKL(q(z), p(z|x, θ)) = log(p(x, θ))− ELBO(p(x, z, θ), q(z))dz. (5.36)

Expectation maximization algorithms are among the most effective for variational inference
problems [34] [52]. They start with a minimization of the gap defined by equation 5.36 by
finding q(z) closest to p(z|y, θ). In essence, by computing the expected distribution q(z). This
is equivalent to maximizing the ELBO with respect to z at a fixed θt. If p(z|x, θt) can be
evaluated, then one can directly set

q(z) = p(z|x, θt).
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Note, that this equality only holds if the DKL-divergence is zero. Usually q(z) is merely an
approximation of the true latent-distribution p(z|x, θt). This step is called the Expectation-step
because it requires finding the expectation of z given x and θt. Then one can compute the
log-likelihood under p(z|x, θt) ≈ q(z) (sometimes also called Q-function)

Ez∼p(z|x,θt)[log(p(x, z|θ)] ≈ Ez∼q(z)[log(p(x, z|θ)] (5.37)

=
1

n

n∑
i=1

∫
z
p(z|xi; θt) log p(xi, z|θ)dz =

1

n

n∑
i=1

∫
z
q(z) log p(xi, z|θ)dz = Q(θ, θt).

This quantifies how well the data coincides if latent-samples are drawn from q(z).

In the next step, one aims to find θt+1 which maximizes Q(θ, θt). This step is called the
Maximization-step because one maximizes the likelihood of the data x under the latent distri-
bution q(z) with respect to θ.

Repeated iterations of the Expectation and Maximization step are expected to converge, how-
ever, due to a sensitivity to starting parameters, not always to global optima. The Maximization
step is equivalent to maximum likelihood estimation. The EM-algorithm can also be used for
MAP [14]. In Gaussian Mixture Models p(z|x, θt) can be evaluated, allowing for direct iteration
of the EM-algorithm by setting q(z) = p(z|x, θt). However, this direct evaluation is not always
possible. In VAEs, p(z|x, θt) can not be evaluated analytically. Instead it is parameterized
by an imposed prior distribution p(z|x) and q(z|x, ϕ) is optimized w.r.t ϕ through gradient
methods and a DKL-divergence loss. The relation of ELBO maximization with iterative maxi-
mum likelihood estimation and Kullback-Leibler divergence minimization allows for information
geometrical interpretations connecting MLE, EM and VAEs [14].

5.5.1 ELBO - Evidence Lower Bound

The lower bound obtained in equation 5.33 is an ubiquitous quantity in machine learning,
especially in variational inference. Section 5.5 shows how it arises as a tractable optimization
objective for equations of form 5.32. The results from [31] examine its decomposition into mean-
ingful mathematical formulas. This provides insights into the components which are considered
during the optimization process. Let us decompose the formulation of equation 5.35 into its
empirical counterpart and use q(z|x) instead of only q(z). This is allowed since the derivation
of the ELBO does not limit our choice of q(z). We will also remove the explicit parameters θ
to simplify notation. We write

ELBO(p(x, z), q(z|x)) = 1

N

N∑
n=1

Ezn∼q(zn|xn)(log(p(xn|zn))−DKL(q(zn|xn), p(zn)),

where we have n observations of data-samples xn and latent-samples zn respectively. Each
observation is made with equal probability so that q(xn) = p(xn) =

1
N . Furthermore, let p(z)

be an imposed prior (as is the case in many applications), i.e. p(z|xn) = p(z) does not depend
on the observations. However, q(zn|xn) does, since it corresponds to a computed map from
input-space to latent-space. Examine

DKL(q(zn|xn)), p(zn)) =
1

N

N∑
n=1

q(zn|xn)
q(zn|xn)
p(zn))

=
N∑

n=1

q(zn, xn) log
q(zn, xn)

p(zn)p(xn)

=

N∑
n=1

q(zn|xn)q(xn)(log
q(xn|zn)q(zn)
p(zn)p(xn)

) =

N∑
n=1

q(zn|xn)q(xn)(log
q(zn)

p(zn)
+ log

q(xn|zn)
p(xn)

)
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= DKL(q(zn), p(zn)) +

N∑
n=1

q(xn|zn)q(zn) log q(xn|zn)−
N∑

n=1

q(xn|zn)q(zn) log p(xn)

= DKL(q(zn), p(zn)) +

N∑
n=1

q(xn, zn) log q(xn|zn)−
N∑

n=1

p(xn) log p(xn).

= DKL(q(zn), p(zn))−H(q(xn|zn)) +H(q(xn)).

= DKL(q(zn), p(zn)) + Iq(xn, zn).

The negative of the conditional entropy H(q(xn|z)) and entropy of H(p(xn)) = H(q(xn)) =
logN appear. The mutual information of q(xn) and q(zn) is I(xn, zn) = H(q(xn))−H(q(xn|z))
Thus we can write

ELBO(p(x, z), q(z|x)) = 1

N

N∑
n=1

Ezn∼q(zn|xn)(log(p(xn|zn))−DKL(q(zn), p(zn))− Iq(xn, zn).

(5.38)
Through this composition, it becomes apparent, how maximizing the ELBO is related to mini-
mizing the mutual information between xn and zn.

Further decomposition into a mutual information Iq(x, z), an entropy H(q(z)) and cross-entropy
H(q(z), p(z)) term is possible. Consider

ELBO(p(x, z), q(z|x)) = Ez∼q(z|x)(log(p(x|z))−DKL(q(z), p(z))− I(x, z)

= Ez∼q(z|x)(log(p(x|z))− Iq(x, z) +H(q(z))−H(q(z), p(z)) (5.39)

Summarizing, the ELBO maximization corresponds to the minimization of mutual information
between x and z, maximization of the entropy of q(z) and minimization of the cross-entropy
between q(z) and p(z).

Note, that the prior p(z) appears only in the last term. Contrary to the prior, the other
functions are often parameterized and optimized numerically or analytically if possible. This
highlights the importance of good priors, since they add negatively to the ELBO and are (gen-
erally) not optimizable. We show in section 9.2 and 9.4 how using the isotropic Gaussian prior
requires a certain data structure for good generations.

5.5.2 The Kullback-Leibler divergence

The Kullback-Leibler (short KL) divergence (see [3] [5] [54]) is an ubiquitous quantity that
reappears in many (generative) machine learning algorithms. Here we provide a geometrical
intuition on its meaning and highlight some of its limitations and strengths. In machine learning,
one often aims to maximize a likelihood p(x, θ) or log-likelihood log(p(x, θ)) by finding the
optimal parameters θ. The gradient of the likelihood with respect to the parameters is defined
as

s(x, θ) =
∂ log(p(x, θ))

∂θ
(5.40)

and called the score of the model. It can be shown that, under regularity conditions, the score
of the true model θ̃ is zero. In general, the score indicates parameter sensitivity. A high score
means that changing this parameter causes big changes in the likelihood. It is possible to define
the Fisher Information matrix as the covariance of the score

I(θ) = E

[(
∂ log p(x, θ)

∂θ

)(
∂ log p(x, θ)

∂θ

)T
]

(5.41)
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= −E
[
∂2 log p(x|θ)

∂θ∂θT

]
=

∫
x

∂

∂θ
log(p(x, θ)2)p(x, θ)dx.

The equalities are non-trivial and their derivation is not provided here. We refer to [79] for a
more detailed analysis. Note, that this covariance matrix varies smoothly, depending on the
location. It can be shown that I(θ) is a Riemannian metric which provides the tangent space of
θ with an inner product and can be used to define distances between distributions [53], [4]. The
geodesic distance is the path-integral of distances induced in each point by the local covariance
matrix. The idea is similar to the Mahalanobis distance [13], but, due to the covariance inter-
pretation in terms of model parameter sensitivity (contrary to data-variability in Mahalanobis),
one does not use the inverse of the covariance matrix.

Consider a path γ(t) which is related to the displacement of the parameters θ by

dθ =
dγ(t)

dt
dt.

The squared infinitesimal Riemannian distance with the Fisher-information matrix as metric
tensor is given by

ds2 = dθT I(θ)dθ =
dγ(t)

dt
I(θ)

dγ(t)

dt
dt. (5.42)

When I(θ) is large, indicating a high likelihood sensitivity of a parameter, then the distance in
that direction is also large. If we move in directions of high sensitivity (i.e. corresponding to
high information content in that direction) we traverse a larger distance.

The distance between θ1 and θ2 becomes

dG(θ1, θ2) =

∫ 1

0

√
dγ(t)

dt

T

I(γ(t))
dγ(t)

dt
dt =

∫ 1

0
ds, (5.43)

where γ(0) = θ1 and γ(1) = θ2.

Through this geodesic distance, the closeness of distributions can be quantified. The geodesic
distance is symmetric and a true distance. Since direct computation might be intractable,
often quadratic form approximations are used, so called divergences. A famous case is the
DKL-divergence which is defined as

DKL(p(x|θ)∥q(x)) =
∫

p(x) log
p(x)

q(x)
dx (5.44)

For small displacements, it can be shown that

DKL(p(x|θ)∥p(x|θ + dθ)) ≈ 1

2
dθT I(θ)dθ.

Employing this approximation of the geodesic distance solves computational issues but destroys
distance properties such as symmetry. Some algorithms, such as the variational autoencoder,
use the DKL-divergence as a regularizer, optimizing a parameterized distribution q(z|x) so that
it becomes similar to another distribution p(z|x). Furthermore, minimizing the DKL-divergence
can be equivalent to maximum likelihood estimation [14]. Consider standard maximum likeli-
hood estimation

θ̂ = argmax
θ

N∑
i=1

log pθ(xi) (5.45)
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and the discrete DKL-divergence between the empirical data-distribution xi ∼ p(x) and param-
eterized model distribution qθ(x)

DKL(p(x)|qθ(x)) =
N∑
i=1

log
1

qθ(xi)
= −

N∑
i=0

log qθ(xi). (5.46)

Minimizing equation 5.46 with respect to θ is equivalent to maximizing equation 5.45. However,
theDKL-divergence is not symmetric so that this equivalence does not hold forDKL(qθ(x)|p(x)),
although, if the zero is reachable, both have the same optimum. The DKL-divergence requires
both distributions to live in the same space and have significant overlap. If q(x) = 0 where
p(x) ̸= 0 the DKL-divergence is not defined. If p(x) = 0 where q(x) ̸= 0 the DKL-divergence
is zero. This can create differentiability problems and lead to unstable training. Thus, some
algorithm replace it by other similarity measures, such as the Wasserstein distance. An popular
example is the Wasserstein-GAN [6] which stabilizes training by replacing optimization with
respect to a divergence with optimization with respect to the 1-Wasserstein distance [39].

5.6 VAE - Variational Auto-Encoder

The variational auto-encoder [15] is an extension of the auto-encoder. The latter considers a
function

z = gϕ(x)

(the encoder, parameterized by a neural network) to compress data and another function

x = fθ(z)

(the decoder, parameterized by a neural network) to decompress data. The dimensional space
into which data-samples are mapped is called the latent space. Usually a dimensionality re-
duction is performed. Encoder and decoder are trained so that the encodings are mapped to

Figure 5.3: An Auto-Encoder

decodings which are as close to the originals as possible. The information in the input vector is
compressed into the latent space and retrieved by the decoder. Model-optimization is performed
via back-propagation, so that the reconstruction loss

N∑
i=1

(xi − fθ(zi))
2 =

N∑
i=1

(xi − fθ(gϕ(xi)))
2 (5.47)
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is maximized. Here xi corresponds to the original data-sample and zi to the corresponding low-
dimensional encoding. Note that equation 5.47 corresponds to the maximum likelihood objective
(see section 5.2) of a Gaussian data-distribution. If the data distribution does not align well
with the Gaussian assumption, then other choices should be made. The auto-encoder enables
the definition of a mapping from latent-space to data-space and vice-versa. The latent-space is
unrestricted in its structure and the mapping deterministic. This is similar to (non-bayesian)
gaussian process latent variable models [76], however through a neural network instead of a
covariance parametrization.

The main difference between an auto-encoder and a variational auto-encoder is that the latter
considers the latent vector z as coming from an imposed prior distribution with density p(z)
(similar to Bayesian Gaussian process latent variable models). This leads to variational infer-
ence with unobserved latent variable z. The prior distribution is often chosen as the isotropic
Gaussian (as in principal component analysis). By learning a distribution, a structured, contin-
uous latent-space, with neighboring latents corresponding to similar outputs, is learned. During
training, each value has a certain probability of occurring and is mapped to the best correspond-
ing decoding. The encoder learns a mapping from the output space to the latent distribution
via z ∼ N (µz,Σz) = qϕ(z|x) where µz,Σz = gϕ(x) are parameterized by the neural network
qϕ(z|x). Consider the decoder

x = fθ(z)

with z ∼ N (0,Σ). Then

pθ(x|z) ∼ N (fθ(z),Σ) and p(x, z) = pθ(x|z)p(z).

As in variational inference we can derive a lower bound on the data-likelihood

pθ(x) =

∫
pθ(x, z)dz ≥

∫
z
qϕ(z|x) log

pθ(x, z)

qϕ(z|x)
dz = ELBO(pθ(x, z), qϕ(z|x)).

Note, that

ELBO(pθ(x, z), qϕ(z|x)) = Ez∼qϕ(z|x)(log(pθ(z|x))− Ez∼qϕ(z|x)(log(qϕ(z|x))

= Ez∼qϕ(z|x)(log(pθ(z|x)pθ(z))− Ez∼qϕ(z|x)(log(qϕ(z|x))
= Ez∼qϕ(z|x)(log(pθ(z|x)) + Ez∼qϕ(z|x)(log(pθ(z)))− Ez∼qϕ(z|x)(log(qϕ(z|x))

= Ez∼qϕ(z|x)(log(pθ(x|z))−DKL(qϕ(z|x), pθ(z)), (5.48)

which is the usual expression for the objective employed in variational auto-encoders. Since
pθ(z) can not be evaluated directly it is parameterized by a (usually fixed) imposed prior distri-
bution p(z). This is often an isotropic Gaussian (similar to PCA). However other distributions
can be chose, such as the asymmetric Laplace distribution [49].

Summarizing, the objective function of a VAE is defined as

θopt, ϕopt = argmax
θ,ϕ

[
Ez∼qϕ(z|x)(log(pθ(x|z))−DKL(qϕ(z|x), p(z))

]
(5.49)

with the first part corresponds to the log-likelihood of the data given a latent vector and a
decoder parametrization, while the second part corresponding encourages a latent-distribution
close to the prior. We can optimize the first part with (supervised) maximum likelihood estima-
tion while term corresponds to a minimization of the DKL divergence (unsupervised). This posi-
tions the VAE in the realm of semi-supervised models. For the evaluation of Ez∼qϕ(z|x)(log(pθ(x|z))
Monte-Carlo Approximations can be used, so that

Ez∼qϕ(z|x) log(pθ(x|z) ≈
N∑
i=0

log(pθ(x|zi)). (5.50)
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where zi ∼ qϕ(z|x). If one assumes pθ(x|z) = N (fθ(z), σ(z)
2I), then the maximum likelihood

estimator θopt is given by (see section 5.2)

θopt = argmin
θ

N∑
i=1

(xi − fθ(zi))
2.

This is equivalent to the objective used in autoencoders (see equation 5.47). We can then write
the objective function of equation 5.53 as a loss-function

θopt, ϕopt = argmin
θ,ϕ

[
N∑
i=1

(xi − fθ(zi))
2 +DKL(qϕ(z|x), p(z))

]
(5.51)

Figure 5.4: The Variational Auto-Encoder

5.6.1 Potential Pitfalls

If the encoder perfectly maps different inputs xi to the isotropic Gaussian, so that

qϕ(zi|xi) = N (0, I) ∀xi ∈ X,

all information is lost since different samples xi of the dataset X lead to exactly the same
distribution of zi. This event, which happens when the DKL-loss is zero for multiple inputs x,
is called mode-collapse, and is generally undesired. Instead

∑N
i=0 qϕ(z|xi) should be a multi-

modal distribution (with as many modes as training examples, each with different means and
variances). Mode-collapse is caused by the regularizing term DKL(qϕ(z|x), p(z)), which encour-
ages qϕ(z|xi) to follow the prior p(z) for all xi. Thus the regularizing term is often softened
though a weighting hyper-parameter β leading to the objective

Ez∼qϕ(z|x)(log(pθ(x|z))− βDKL(qϕ(z|x), p(z)). (5.52)

If the prior p(z) is the isotropic Gaussian, the actual encoder distribution qϕ(z|xi) should deviate
from p(z) for all, but potentially one sample xi. Choosing the right prior is non-trivial but
very important. The wrong prior can destroy all applicability of the variational auto-encoder.
Another issue can be an uninformative latent spaces due to posterior-collapse, a phenomenon
in which some latent dimensions are filled with random noise and ignored completely during
generation.
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5.6.2 The re-parametrization trick

For neural network optimization the loss-function must be differentiable. However, if we consider
equation 5.53 with the mean squared error loss, we obtain

N∑
i=1

(xi − fθ(zi))
2 − βDKL(qϕ(z|xi), p(z)), (5.53)

where z is a random variable and thus not directly differentiable. This is solved with a re-
parametrization. Consider the Encoder z = gϕ(x). We want z to be a random variable, so that
so that the decoder fθ(gϕ(x)) remains differentiable with respect to θ. Consider an encoder of
the form µ(x) = gµ,ϕ(x), Σ(x) = gΣ,ϕ(x). We can write

z = µ(x) + Σ(x)ϵ ∼ N (µ(x),Σ(x)),

with ϵ ∼ N (0, I)). Due to this construction, also called the re-parametrization trick we can sam-
ple a random variable in differentiable way by a parametrization of µ(x) and Σ(x). Often (but
not always), Σ(x) = σ(x)I is chosen as a diagonal covariance matrix. The re-parametrization
trick can also be applied to non-gaussian distributions.

5.6.3 Connections to PCA

As shown in [64] and [88] VAE pursues PCA directions (see section 5.4) locally. Initially, they
show that disentangled latent features (independent from each other) are sensitive to rotations of
the latent space (the coordinate system matters). A disentangled representation is understood as
encoding one specific ”aspect” of the data, represented by a direction of independent variability.
The transformation obtained by the principal component eigen-decomposition is orthogonal, i.e.
the linear transformation matrix has pairwise orthogonal columns, and is thus an axes-preserving
linear mapping. It aligns with the principal directions of variance in the data, enabling a
representation as their linear combination. The loadings of each column can be gathered in a
diagonal matrix. However, any invertible linear map can be multiplied to the axes-preserving
transformation matrix without destroying reconstructive abilities. Then the columns are no
longer disentangled since they correspond to linear combinations of the eigenvectors representing
main variability directions. PCA performs eigenvalue decomposition on the covariance matrix
Σ, finding its eigenvectors vi and eigenvalues λi. Suppose we apply a rotation R (an orthogonal
matrix, so RTR = I) to the data matrix X, yielding a new data matrix X ′:

X ′ = XR

The covariance matrix of the rotated data is:

Σ′ =
1

n
X ′TX ′ =

1

n
(XR)T (XR) =

1

n
RTXTXR = RTΣR

Thus, the new covariance matrix Σ′ is a similarity transformation of Σ. This means that Σ′

and Σ have the same eigenvalues. Since the covariance matrices Σ and Σ′ share the same
eigenvalues, their eigenvectors (principal components) will be the same up to a rotation. The
new eigenvectors v′

i of Σ
′ are related to the original eigenvectors vi by the rotation matrix R:

v′
i = Rvi

Therefore, the principal components of the rotated data are just the rotated versions of the prin-
cipal components of the original data. This shows that standard PCA is invariant to rotations
of the latent space. However, a disentangled representation in a latent space is destroyed by
rotation. The proof in [64] reformulates the VAE loss (within a specific but plausible parameter
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range) in terms of active and passive variables. The latter are shown to have a low influence
on the DKL-regularization. If the decoder ignores the passive variables (i.e. its derivative with
respect to passive variables is zero), the network is said to operate in a polarized regime. This
assumption allows for a decomposition of the loss into a deterministic and stochastic part. In
the following, the main expressions are stated. For more details, the reader is referred to [64].
The deterministic part is written as

Lrec(xi) = ∥Decθ(µ(xi))− xi∥

the stochastic part as

L̂rec(xi) = E∥Decθ(µ(xi))−Decθ(Encϕ(xi))∥.

The latter is simplified to

Eϵ(xi) ∥Decθ(µ(xi))− (Decθ(µ(xi)) + Jiϵ(xi))∥2 = Eϵ(xi)∥Jiϵ(xi)∥
2.

where Ji denotes the Jacobian of the decoder

Ji =
∂DEC(µ(xi))

∂µ(xi)
.

The stochastic loss minimization is formalized as optimization problem

min
Vi,σi

∑
xi∈X

logEϵ(xi)∥Jiϵ(xi)∥
2 s.t.

∑
xi∈X

DKL(xi) = C.

Every minimum of this optimization problem is global and so that the columns of the Jacobians
Ji are orthogonal. This supports the statement that a VAE searches for a trade-off between
good reconstructions and orthogonal directions. The effect is localized by the consideration of
multiple Jacobians Ji for each input xi. Rotations destroy disentanglement while maintaining
orthogonality. The VAE objective with a Gaussian prior is invariant with respect to rotations.
Due to the initialization dependent performance variance of VAE’s both, disentangled and
entangled representations might be learned. Several approaches exist to encourage disentangled
representation learning. [88] shows how modifications of the training procedure (specifically,
through a dataset manipulation) can be used to favor the disentangled representation. [49]
uses an asymmetric prior distribution, so that the latent representation is no longer rotation
invariant.

5.7 Comparing PCA and VAE

Building on machine learning basics, such as MLE (section 5.2) and MAP (section 5.3), we
showed that PCA (section 5.4) can be considered a particularly simple (i.e. linear) form of
variational inference (section 5.5) with an analytical solution. In more complicated (intractable)
cases, a tractable lower bound (section 5.5.1) replaces the objective that is optimized. It can
be formulated in different ways and be decomposed into several information theoretical terms.
This decomposition highlights the importance of an adequate prior distribution. Furthermore,
maximizing the ELBO is intimately related with a minimization of the DKL-divergence (section
5.5.2)). The DKL-divergence can be interpreted as a quadratic form approximation of the
geodesic distance between probability distributions. Variational auto-encoders (section 5.6)
are semi-supervised machine learning algorithms which maximize the ELBO objective through
minimization of the DKL-divergence and the reconstruction loss. The minimization of the DKL-
divergence corresponds to fitting a posterior mapping q(z|x) to p(z|x). Since p(z|x) is not known
and can usually not be evaluated, it is parametrized by an assumed prior distribution p(z),
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often the isotropic Gaussian. Thus, minimization of the DKL-divergence encourages a latent-
distribution where each sample x is mapped close to the prior. Possible problems can be mode-
collapse, posterior collapse and implausible prior assumptions. We also mention that VAEs
with an isotropic Gaussian prior can be considered a non-linear variant of PCA. As such, the
reconstructive abilities are invariant to rotations, meaning that the learned representations are
not necessarily disentangled. Figure 5.5 and figure 5.6 display the application of PCA and VAEs
to a gaussian and non-gaussian data distribution. In the gaussian case, both models are capable
of generating samples from the data-distribution. This experiment shows the equivalence of both
models in linear regimes. In the non-linear case, PCA can find the principal axes of the data,
but models a gaussian data-distribution which is not aligned with the real data-distribution.
Contrary to this, the VAE can model the nonlinear data distribution. This shows that the VAE
can learn a potentially non-linear map from isotropic gaussian noise to the data-distribution,
while PCA always parametrizes a linear map. However, as displayed in figure 5.8, even the
variational autoencoder might struggle to represent certain data distributions.

Figure 5.5: Test on a gaussian data distribution

Figure 5.6: Test on a non-gaussian data distribution

Figure 5.7: Test on a non-gaussian data distribution
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Figure 5.8: Test on a non-gaussian data distribution

5.8 Gradient descent

All machine learning problems can be viewed as optimization problems within a very large
parameter space. Some metric, called objective or loss function, is defined. This metric cor-
responds to the performance of the model. A way of determining extreme points, when no
direct analytical solution can be found, is through a numerical scheme called gradient descent.
Consider a loss function L(θ). For example, in the supervised learning setting, we might choose
a model

y⃗ = hθ(x⃗) + ϵ

with ϵ ∼ N (0, τ2) with corresponding loss-function

L(θ) =
1

2
(hθ(x⃗)− y⃗)

where
hθ(x⃗) = θ⃗TΦ(x⃗) + b⃗.

Note, that for the linear kernel Φ(x⃗) = x⃗ we can find the optimum analytically. However, we can
choose any other continuous function. One can minimize L(θ), without knowing much about
its form, by examining its Taylor-expansion and considering only the first few terms

L(θ + s) ≈ L(θ) + ▽L(θ)T ∗ s.

The Goal is to learn θ which minimizes L(θ). Herefore, the simplest numerical update scheme
(gradient descent) is:

θt+1 = θt − γ▽θL(θ).

Then
L(θt+1) = L(θt − γ▽θL(θ)) ≈ L(θt)− γ▽θL(θ)

T▽θL(θ) ≤ L(θt)

which proves
L(θt+1) ≤ L(θt)

The weight θt is moved in the direction of its negative gradient. In essence, if θt has an
increasing effect onto the loss function (infinitesimal increments of θt create changes proportional
to ▽θL(θt) ), it is moved towards the negative direction of ▽θL(θt). This means that weights
which increase L(x⃗, θ) are decreased, while weights which decrease L(θ) are increased. The
parameter γ is called the learning rate and corresponds to a proportionality factor in the update
scheme. Big values of γ mean big update steps, small values mean small update steps. If the loss-
function is strictly convex and γ is chosen right, this scheme guarantees finding the parameters
θ which minimize it. The algorithm can be written as:

1: procedure Simple Gradient Descent
2: initialize parameters θ0
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Figure 5.9: A loss landscape and a descent path

https://mriquestions.com/back-propagation.html

3: initialize threshold ϵ
4: initialize flag converged = false
5: initialize k = 1
6: repeat
7: Compute g = ∂L

∂θk−1

8: Update θk = θk−1 − γ ∗ g
9: if ||θk − θk−1|| ≤ ϵ then

10: converged← true
11: end if
12: until converged == true

If L(θk) has multiple local minima, or γ is too large, no convergence to a global minimum
can be guaranteed. Optimizing the gradient descent algorithm to enable faster convergence
to global minima is a field of on-going research. Problems that can occur, are getting stuck
in sub-optimal minima, diverging loss due to exploding gradients or failing to converge due to
vanishing gradients. A common methodology to address these problems is choosing adaptive
learning-rate schemes in an informed manner. Figure 5.9 shows a two-dimensional loss landscape
and a possible descent path following negative gradients.

5.9 Artificial neural networks

An artificial neural network contains a mathematical model which can be viewed as a high level
abstraction of a neuron. A node receives weighted inputs from its connected nodes and outputs
a value if the sum of all inputs surpasses a specified threshold (see figure 5.10). A method called
back-propagation is then used to update the weights and thresholds through gradient descent.
The computation across a single layer can be represented as a linear function which is passed
through a nonlinear activation function,

fout(x) = σ(Wθfin(x)− b) (5.54)

where fin(x) ∈ Rn is the input feature vector corresponding to the output of n neurons, fout(x) ∈
Rm the output feature vector corresponding to the output of m neurons, Wθ ∈ Rmxn is a weight
matrix and b ∈ Rn a bias vector representing the threshold for firing. The output of the linear
computation is fed through an element-wise non-linear activation function. Neural Networks (see
figure 5.11) correspond to a sequential application of equation 5.54. The non-linear activation
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Figure 5.10: The perceptron / A single artificial neuron

https://www.analyticsvidhya.com/blog/2021/06/beginners-guide-to-universal-approximation-theorem/

Figure 5.11: Structure of a multilayer perceptron neural network

https://www.researchgate.net/figure/Structure-of-multilayer-perceptron-neural-network fig2 342852638

function enables neural nets to learn any continuous function by the universal approximation
theorem.

5.9.1 The universal approximation theorem

Artificial neural nets are very powerful function parameterizations due to the universal approx-
imation theorem. This theorem states that any nonlinear function can be approximated by
a multi-layer perceptron (see figure 5.11). It does not state how the multi-layer perceptron
needs to be constructed (i.e. which depth, width and activation function is required) nor which
approximation accuracy is obtained. Several formal proofs exist and all of them are quite in-
volved. We will only provide an intuition. Consider a single neuron, which receives n inputs x1,
to xn respectively. The values are summed and passed through a non-linear activation function.
Consider as activation function a sigmoid function. Note, that when the summation of weighted
input exceeds a threshold, then the output is one, if it is below a threshold, then the output is
zero. For the sake of the argument, let us assume a very steep slope so that we consider these
two as the only possible outputs. This constructs a step function. Within a thought experiment,
let us try to construct a rectangular function. It is one only within a specific range and zero
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elsewhere. Consider two step functions, each with a different threshold. Then just subtract
one from the other. This results in a rectangular function with value one only above the lower
threshold and below the upper threshold and zero elsewhere. This function can be constructed
by two artificial neurons, whose outputs are subtracted. A generalization of this subtraction
could be a weighted sum of the outputs. Like this we could construct rectangular functions with
arbitrary values and arbitrary ranges. Note, that any continuous function can be approximated
by rectangular functions. For reasons of visualization we only consider one-dimension, but the
same holds in higher dimensions. This theorem is at the heart of artificial neural networks.
Often, the exact function is not known. Therefore, one assumes that it can be represented by a
neural net and that the parameters can be found through gradient descent. A downside of the
universal approximation theorem is that there is no statement regarding the form of the neural
network. Thus the depth, width and activation functions are determined mainly be trial and
error.

5.10 Deep Learning Libraries

Within most deep learning library a complex, differentiable function is specified. Usually by
terms of layer width, layer depth, activation functions (i.e. the model parameterization) and
a loss-function. Then the output of this non-linear function, which is composed of the neural
network and its loss function, is minimized. The problem of minimizing (or maximizing) a
function is called an optimization problem. A common algorithm to tackle these problems
is gradient-descent. For strictly convex function it is guaranteed to find the global minimum
if the step size is chosen adequately. Functions containing complex artificial neural networks
usually do not satisfy this strict convexity constraint. However, gradient descent still converges
to local minima and exploration strategies can help to find the lowest possible minimum. These
strategies are part of the optimization process. Since the implementation of such an algorithm
for a large set of possible parameters is very labour intensive, programmers tend to rely on
the deep learning libraries, such as PyTorch. Here, the optimization procedure is computed
without requiring user-interference. The degrees of freedom the programmer has during the
implementation of such an optimization problem are:

• Choice of data - this parameter corresponds to the model input x

• Parameterization of layers and activation functions of the model (described by fθmodel
)

• Parameterization of the loss function (described by lθloss)

• Choice of the optimizer, defining the optimization strategies during back-propagation.

A very simple Pseudo-code example for the implementation of a neural network is:

1: procedure Train Model
2: load data
3: parameterize model fθmodel

4: parameterize loss lθloss
5: choose optimizer optimizer(θmodel)
6: for iteration ≤ maximal number of iterations do
7: for x in data do
8: compute model output y ← fθmodel

(x)
9: compute loss loss ← lθloss(y)

10: compute gradients
11: update model parameters
12: end for
13: iteration = iteration +1
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Figure 5.12: An example of an augmented computational graph

https://pytorch.org/blog/computational-graphs-constructed-in-pytorch/

14: end for
15: end procedure=0

The loss object is a PyTorch-tensor. Its backward method propagates the gradient to other
tensors with which it is connected. The optimizer is predefined by PyTorch and receives the
model parameters. Its step method applies one optimization step to the model parameters.
This optimization step depends on the tensor-gradients computed by the backward method.

5.10.1 Back-propagation, computation graphs and automatic differentiation

An important concept for the optimization of neural networks is back-propagation. This al-
gorithm is the basis for the optimization process. It essentially consists in computing the
gradients of the latest (output) layer and propagating it backwards by the chain rule to the
previous layer. The process is repeated until the input-layer is reached. Through this the
gradient of the output-function with respect to each parameter is computed. The parame-
ters are then shifted in a proportional manner. PyTorch uses a computation graph to handle
back-propagation. During the definition of the neural net tensors (e.g. y1, y2, x1, x2, z), the
corresponding gradient is computed in the backwards path. Sums, Multiplications and special
Operations like the log(), sin() or ReLu() are also included. If one performs special operations,
for example by defining a loss-function which is not differentiable everywhere, it is possible to
specify the gradient-computation manually. This specifies how the gradient flows through the
custom function. An example definition of pytorch tensors is provided by

x = torch.tensor([0.5, 0.75], requires_grad=True)

v = x[0] * x[1]

v
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tensor(0.3750, grad_fn=<MulBackward0>).

Notice, here the parameter
for i in range(0,max_epoch_number)

batch_label = get_batch_label()

model_input = get_input()

prediction = model(input)

loss = loss_fct(batch_label, model_input)

loss.backwards()

optimzer.step()

Notice, that the loss.backwards(), the optimizer.step() and the model() and functions are con-
nected in the background. The programmer does not need to program this connection. Auto-
matically, the optimizer step uses the gradient information from the backwards pass to update
the model parameters.

5.10.2 Optimizer

Pytorch uses the optimizer class to perform parameter updates based on gradients computed
in the backwards pass. Different classes exist. Commonly used types are the SGD (Stochastic
Gradient Descent) and the Adam optimizers. Each allows for the specification of parameters,
the most general being the learning rate. This parameter is a constant factor related to the
update magnitude. During initialization the optimizer also receives the list of parameters which
are to be updated. Usually these are simply the model parameters, however it is possible to
use user-defined parameters. Allowing for example to update multiple models with the same
optimizer or, as in Auto-decoders [86], to update a latent-space directly. In this thesis, we use
the Adam optimizer. The name comes from adaptive moment estimation. It has little memory
requirements, is computationally efficient and very appropriate for a wide variety of machine
learning tasks. The optimizer allows for the specification of four parameters.

• α, corresponding to the learning rate, the proportion that weights are updated (common
range is 0.1 to 1e-6)

• β1, corresponding to the exponential decay rate for the first moment estimates (often 0.9)

• β2, corresponding exponential decay rate for the second-moment estimates (often 0.999)

• ϵ, a very small number to prevent division by zero

Consider the momentum

mt = β1mt−1 + (1− β1)[
∂L

∂θt
]

and the quantity vt (for root mean square propagation [41], [66])

vt = E
[
∂L

∂θt

]2
= β2vt−1 + (1− β2)[

∂L

∂θt
]2

= β2E
[

∂L

∂wt−1

2]
+ (1− β2)

∂L

∂θt

2
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Since both parameters are initialized at zero, they have a tendency to be biased towards zero
as β1 and β2 go towards one. This allows for a combination of root mean square propagation
and momentum by considering the update step

θt+1 = θt −mt
α

√
vt + ϵ

.

Note, that the momentum mt adds a fraction of the previous gradient to the current gradient.
If the previous gradient has been pointing consistently in the same direction, the momentum
term will accumulate and accelerate optimization in that direction. The hyper-parameter β1
is the momentum decay which exponentially decays past momentum vectors. The parameter
vt is a weighted moving average of the squared gradient corresponding to the variance of the
gradient. If the variance is high, the step size is reduced.

The Adam optimizer uses

m̂t =
mt

1− βt
1

and v̂t =
vt

1− βt
2

to update the weights according to

θt+1 = θt − m̂t
α√
v̂t + ϵ

.

This corresponds to a warm-start, where the influence of momentum and root mean square
propagation are incremented over time.
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Chapter 6

Introduction into my contributions

Through usage of the software, algorithms and concepts explained in part one we aim to create
a useful generative model for ischemic scar shapes.

In chapter 7 we examine the available pre-processing steps, provide summaries of used algo-
rithms and highlight the results as well as potentially problematic processing artifacts. Without
addressing these further, the 3D models provided by the pre-processing are accepted as ground-
truth references for the examination of the generations.

In chapter 8 we explain the motivation for our data-representation. We explain an already
implemented module for the numerical computation of universal ventricular coordinates, en-
abling a mapping from a template heart geometry (achieved through the pre-processing) to
a cylindrical representation. This representation is visually close to the heart representation
chosen by the American Heart Association. Following this mapping to a cylinder we begin with
the actual implementations of my work. These include the parallel computation of a signed
distance function, bridging C++ code and python via the c-types library. For completeness we
provide short summaries of possible algorithms, but in the end use the already implemented
components of the VTK-library. Following this, we attempt to fit an auto-encoder to this data
representation. We see that model fitting to more than two data samples is not possible and
provide as possible explanation the curse of dimensionality. We then reduce the dimensionality
by exploiting the correlation of close signed distance values and the continuity of the signed
distance function through mapping to basis spline coefficients. A detailed explanation of the
underlying mathematics is provided. We then show that an auto-encoder can be fitted to the
whole data-set. This concludes the part on the chosen data representation.

In the chapter 9 we first motivate our choice of algorithm and then examine the generative
capabilities of principal component analysis and a variational auto-encoder. We show that nei-
ther principal component analysis nor variational auto-encoders create satisfactory scars. We
provide a possible explanation by considering the extreme case of only two data samples and
a one dimensional latent space, leading to the hypothesis that lacking shape overlap prevents
plausible generations when using a gaussian latent distribution as prior. We align the scars
before computing the signed distance function, essentially considering shape and position as
independent from each other. Through this alignment the quality of generations is improved
significantly. Further research leads us to consider and test the manifold hypothesis of data
distributions. We provide an intuition for how such a manifold could look like in our case. We
show that training on very few neighboring shapes with similar shape and locations (i.e. with
sufficient overlap) enables plausible generations through simple principal component analysis.
Furthermore, we show that the variational auto-encoder achieves superior generative quality on
the same set of neighboring shapes and hypothesize that it is more robust against remaining
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nonlinearities. Taking these insights, we train a variational auto-encoder on three sets of shapes
with sufficient overlap. We show that certain visually striking features, which are distinct among
the three groupings, are maintained in the generations and propose this mechanism for guiding
generations through clustering the training data sets. Through comparison to smaller training
data sets it becomes apparent that models trained on smaller groupings create more finer level
features, some of which can be attributed to the pre-processing. This mechanism can enable
the aimed generation and combination of specific features by training only on shapes which
already contain them. Importantly we also mention that intelligent clustering which ensures
sufficient overlap can render the need for shape-alignment obsolete. This might be preferred
due to the likely correlation between the affected coronary, the location and the shape. Finally
we examine the generations in the heart mesh and provide segmentation masks. These display
clinically important characteristics, such as growth from endocardium to epicardium. Visual
inspection of these masks indicates that the generations are plausible.

In chapter 10 we provide a summary of this work, the main problems we encountered, our
solutions and the obtained results. We also outline future directions this work can take.
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Chapter 7

Part 2: Data acquisition

In this chapter the data acquisition and processing is explained. We start with the segmentation
of patient data obtained from MRI scans. The contour lines obtained from the segmentation
masks are used to fit a heart template geometry via B-spline based mesh morphing. The result
is a heart with patient-specific geometry. The segmentation masks enable the assignment of
vertex labels, differentiating between healthy myocardium and ischemic scar tissue. Since, for
each patient-specific mesh, the number of vertices coincides with a template geometry, the cell
values can be mapped back to the template. By representing scars in the template, the patient
specific heart is abstracted away. Each case is represented as a scar within the same template
heart.

7.1 Segmentation

The patient specific data consists of several (usually ca. 5-10) horizontal slices of MRI images.
Figure 7.1a shows such a MRI slice. The segmentation-masks are obtained by manual segmen-
tation. An example is displayed in figure 7.1b. The segmentation masks differentiate between
healthy myocardium (yellow), left-ventricle (green), right ventricle (red) and ischemic scar tissue
(brown). The contour lines obtained from these masks on different vertical levels are displayed
in figure 7.1c. Due to the low amount of MRI slices, the contour lines of the corresponding heart
geometry are determined at a relatively low vertical resolution. The contour corresponding to
the healthy myocardium mask outlines the outer heart geometry and corresponds to the endo-
cardium, the contours of left and right ventricle masks correspond to the epicardium. These
three contours define the patient-specific heart-wall geometry at respective heights.

Figure 7.1: Fitting the left ventricle

(a) MRI scan (b) MRI scar with masks (c) Contour lines
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7.2 Fitting the patient heart

The contour lines (see section 7.1), are used to obtain a 3D mesh of the patient specific heart
with nonrigid image registration methods [67]. An available template geometry is fitted via
free-form deformation, so that the epicardium and endocardium coincide with the segmentation
contours. The template heart is visualized in figure 7.2a. Outcomes at specific time-steps of
the morphing are visualized in figure 7.2b and 7.2c respectively. The algorithm (a free form
deformation) is explained with detail in [67]. In the following we provide a high-level descrip-
tion. The method utilizes basis splines and an energy (or cost) function, which balances the
mesh-curvature and line fitting to avoid physically unrealistic gradients in the heart walls.

Consider a three-dimensional domain (the image volume)

Ω = {(x, y, z)|0 ≤ x < X, 0 ≤ y < Y, 0 ≤ z < Z} (7.1)

with volume V = XY Z within which the contours are located. Let Φi,j,k be a set of n = nxnynz

control points, where nx, ny, nz denote the number of control points in the x, y, z direction
respectively. These control points correspond to mesh vertices. Let T (x, y, z) represent the
contour lines and consider the B-spline

T̃ (x, y, z) =

3∑
l=0

3∑
m=0

3∑
n=0

Bl(u)Bm(v)Bn(w)Φi+l,j+m,k+n

with i = ⌊x/nx⌋−1, j = ⌊y/ny⌋−1, k = ⌊z/nz⌋−1, and u = ⌊x/nx⌋−x/nx, v = ⌊y/ny⌋−y/ny,
w = ⌊z/nz⌋ − z/nz. For more details the reader is referred to [67].

The function Bi represents the i-th basis function of the B-splines, which in total are

B0(u) = (1− u)3/6

B1(u) = (3u3 − 6u2 + 4)/6

B2(u) = (−3u3 + 3u2 + 3u+ 1)/6

B3(u) = u3/6

The number of control points of nx,ny,nz are hyper-parameters of the B-spline transformation
and correspond to the resolution of the control point mesh Φ. Choosing the right amount
of control points is a design choice which balances the trade-off between the computational

Figure 7.2: Fitting the left ventricle

(a) Template heart (b) Early timestep (c) Late timestep
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complexity and the accuracy of the approximation. A multi-resolution approach is used to
compute T̃ (x, y, z) as linear combination of B-splines T̃r with respective resolution (i.e number
of control points nr = nx,rny,rnz,r), via

T̃ (x, y, z) =
L∑

r=0

T̃r(x, y, z).

This enables a separation of the coarser deformations from the finer high-resolution deforma-
tions and results in a more computationally efficient approach. The low-resolution forms are
approximated at lower computational cost. The resolution is incremented in an iterative man-
ner to approximate regions which require high resolution. This hierarchical approach enables
much faster convergence, since low-resolution details do not need to be approximated with a
high resolution mesh. To penalize smoothness of the mesh-deformation a penalty term C is
computed:

Csmooth =
1

V

∫ X

o

∫ Y

0

∫ Z

0
[
∂2T̃

∂2x2
+

∂2T̃

∂y2
+

∂2T̃

∂z2
]dxdydz.

The penalty-term for line fitting is computed as

Cfit =
1

V
(T (x, y, z)− T̃ (x, y, z))2

for all (x, z, z) ∈ N and zero elsewhere. Both together form the optimization loss:

C = Cfit + Csmooth

The algorithm which fits the mesh to the contour lines can be described by the following Pseudo-
code

1: procedure Fit Mesh to Contours
2: initialize control points Φr=0 by minimizing Cfit

3: repeat
4: ∇C ← ∂C(Φr)

∂Φr

5: while ||∇C|| > ϵ do
6: Φr ← Φr + µ ∇C

||∇C||

7: ∇C ← ∂C(Φr)
∂Φr

8: end while
9: increase control point resolution Φr to Φr+1

10: until finest resolution is reached
11: end procedure

More details and references can be found in [67]. Once the patient specific heart is obtained, its
cell values can be filled according to the by assignment to the closest segmentation mask. Cells
are labeled as left ventricle myocardium, right ventricle myocardium and ischemic scar tissue.

7.3 Iso-surface extraction

Implicit shape representations define a field of level-set values in 3D-space. The shape boundary
is represented by a specific level set. Often the zero level. In a binary representation with values
zero and one, the shape boundary is defined by the transition. In the continuous case, the cell
values often correspond to the distance to a surface. The binary values (healthy myocardium
and ischemic scar tissue) obtained from the patient-data (see section 7.2) define an implicit
binary shape representation (right ventricle, left ventricle, ischemic scar). For representations
of this type, the marching cubes algorithm [45] can be used for surfaces extraction. Here we
present a detailed explanation of the algorithm, encompassing both binary and continuous scalar
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fields. Figure 7.3a displays the marching cube which, as the name suggests, is translated over
the domain. Figure 7.3b displays a discrete field with respective iso-surface. Figure 7.3c displays
a continuous field with respective iso-surface. The marching cube algorithm can be summarized
in the following four bullet points:

Figure 7.3: Marching cubes

(a) the cube (extracted from [45]) (b) a discrete field (c) a continuous field

1. Cube Configuration: The scalar field is divided into cubes formed by eight neighboring
voxels. For each cube, an 8-bit index is generated. In a binary field, the value at each
vertex is either zero or one. In a continuous field, the value can vary, with negative values
typically indicating inside the object and positive values indicating outside.

For both cases, the index is computed by treating each vertex value as a bit in an 8-bit
integer, where the bit is set to one if the value exceeds the threshold (commonly zero) and
zero else. This index determines which of the 256 possible cube configurations applies.

Figure 7.4b displays a cube with its 8-bit index.

2. Lookup Table: A precomputed lookup table maps each index to a set of edges, indicating
where the surface intersects the cube. This table is essential for efficiently determining
the surface geometry without recalculating the intersections for each cube configuration
from scratch. Each 8-bit index points to its respective surface configuration. Figure 7.4a
displays some of the possible surface configurations.

3. Edge Interpolation: The precise position where the surface intersects an edge of the
cube is determined by linear interpolation of the scalar values at the edge’s vertices.

• In the binary case, the scalar values are 0 or 1 and the intersection is typically
approximated at the midpoint of the edge whose vertices have values zero and one.

• In the continuous case (e.g., signed distance function), the intersection can be
determined more accurately through interpolation

p =
|f(v1)|

|f(v1)|+ |f(v2)|
× v2 +

|f(v2)|
|f(v1)|+ |f(v2)|

× v1

where f(v1) and f(v2) are the scalar values at the vertices v1 and v2. This interpo-
lation enables the extraction of a smooth surface even when the underlying grid is
relatively coarse.

4. Surface Construction: Using the computed intersection points, the algorithm con-
structs surface triangles within the current cube. These triangles are generated according
to the lookup table. This specifies the mesh connectivity.
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Figure 7.4: Look-up table and 8-bit index (extracted from [45])

(a) Look-up table (b) 8-bit index for a cube

The marching cubes algorithm is versatile and can be applied to a variety of domains. In
medical imaging it is used to reconstruct surfaces of organs from volumetric scans. In computer
graphics, it is employed to generate meshes from defined scalar fields. The choice between
binary and continuous scalar fields depends on the application’s specific needs for surface detail
and smoothness. In this work, marching cubes is applied to the binary volumetric field obtained
during the data acquisition and to a continuous signed distance function which is used during
the generative process.

7.4 Acquisition Results and Processing Artifacts

A disadvantage of our processing methodology is that the vertical resolution of the MRI scans
and consequently also the segmentation masks is low. Only approximately ten horizontal slices
exist for each heart. The current approach identifies the nearest mask for each cell and assigns
corresponding values. The result are nonphysical processing artifacts. For example, the cell-
values have a block like structure and sometimes the extracted scar displays seemingly separated
”blocks”. In reality, the tissue structure is most likely smooth and connected. Furthermore,
MRI scans are usually not available at the base. Scar tissue there is not captured, leading to
nonphysical holes. In figure 7.5c the disjoint, block like, structure of the obtained scar is visu-
alized. Figure 7.5c also displays seemingly disconnected tissue structures. Furthermore, it does
not display any scar tissue at the base. However, it is likely that the scar tissue is connected
and also covers the base. Another example of such a case is visualized in figure 2.4c. In section
8, which describes the scar representation in a disk domain, the missing data at the heart base
is visible as holes in the scar.

For the purpose of this work, the obtained scars, including processing artifacts, will be con-
sidered ground-truth. This needs to be considered when evaluating the representative power of
the data.
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Figure 7.5: Assignment of cell values based on the Segmentation Mask

(a) segmentation mask with scar
mask

(b) Heart with contour lines (c) Obtained Scar (view from be-
low)
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Chapter 8

Part 2: Data Representation

A first step in designing machine learning applications is choosing a data-representation and
algorithm. Shape analysis and generation is an extensively studied field in medical imaging
technology. The main models are statistical shape models [10] and their non-linear alternative,
Gaussian morphable models [46]. Both require point-to-point correspondence between shapes.
This correspondence can be achieved by manual landmark annotation, non-rigid image registra-
tion or both. Good libraries exits which implement many methodologies for shape modeling and
generation [10] [26]. A major limiting factor of these models is that the shapes must have equal
topology. While this is plausible for many organic geometries, such as mammalian hearts, many
bone-structures, kidneys and more, our data-samples contain topologically differing shapes. It
is unclear if this dissimilarity can be attributed to the processing (and thus be eliminated by
additional processing steps) or if it is inherent in the data itself. Thus we consider the extracted
scars, including processing artifacts, as ground-truth and attempt to generate shapes while al-
lowing for differing topologies. This makes standard statistical shape models unsuited for our
problem. We consider a shape representation as signed distance function in a compact domain.
For the mesh vertices on which the signed distance is defined we achieve point-to-point corre-
spondence. We then apply algorithms such as principal component analysis, gaussian process
latent variable models, gaussian morphable models and variational auto-encoders to the vertex
values. However, this corresponds to the modeling of continuous signed-distance functions and
not necessarily the implicit shape.

In the section 8.1 and 8.2 we present our data representation. Section 8.3 elucidates how
the high-dimensional feature vector prevents model fitting and how basis-spline coefficients can
be used as a low-dimensional features.

8.1 Universal ventricular coordinates

In clinical practice the left ventricle of the heart is represented by a Standardized Myocardial
Segmentation and Nomenclature provided by the American Heart Association. This represen-
tation flattens the heart into a disk, with the apex at the center and the base on the border.
17 regions are distinguished. These regions enable a standardized communication regarding
locations in the heart. For example, clinicians define scar-shapes by the degree of occupancy
and transmurality within each standardized region. To approach the clinical setting, we choose
to map the left ventricle to a cylinder. The height is representative of the wall-thickness at
respective positions. The mapping into the disk requires the usage of standardized ventricular
coordinates. Each point in the template heart is assigned four coordinates, ρ, Φ, θ and γ. These
four coordinates (also called universal ventricular coordinates) enable the representation in a
cylinder.
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Figure 8.1: Mammalian hearts in universal coordinates (extracted from [7])

In this section the procedure for mapping sets of cardiac ventricles to topologically equivalent
representations is presented. This mapping is used to compare quantities of interest between
different heart geometries and presented in [7]. It is based on the knowledge that mammalian
hearts share a common structure with generally four-chambers and two ventricles. Figure 8.1
visualizes a mapping from a rabbit heart to a human heart via universal ventricular coordi-
nates. Describing tensors on a generic heart is important for comparison and quantification
across geometries. For example, mammalian hearts express electrical heterogeneity with re-
spect to trans-mural, apicobasal and left-right gradients [7]. The segmentation of AHA-regions
already describes various heart geometries in a generalized framework. However, [7] highlights
the low-resolution of this mapping and provides a more detailed way of computing a generalized
representation of mammalian hearts. Universal ventricular coordinates are presented. The four
coordinates are

• ρ, which represents the distance between the endocardium and epicardium, i.e. the trans-
murality.

• Φ, which represents the circumferential distance from the long axis of right ventricle and
left ventricle respectively.

• r, which corresponds to the distance traveled along the long axis of the ventricles from
apex to base, i.e. the apicobasal coordinate.

• γ, which is used to distinguish between right and left ventricle.

The computation of these coordinates is explained in [7]. We provide a short summary. Given
the surfaces for the heart base, epicardium, endocardium of both ventricles and septum, the
universal ventricular coordinates can be obtained by solving the Laplace equations with Dirichlet
boundary conditions applied onto each surface.

• For the trans-mural coordinate, the epicardium is assigned ρ = 1, the endocardium is
assigned ρ = 0 (see figure 8.2).

• For the apicobasal coordinate, the base is assigned r = 0 and the apex is assigned r = 1
(see figure 8.3).

• For the rotational coordinate, the left ventricle endocardium is assigned Φ = ±π at the
wall where it combines with the right ventricle. Furthermore, Φ = ±π

2 at the outer
junctions of left and right ventricle, Φ = 0 at the middle of the septum and Φ = ± π

2.5 at
the inner junctions of left and right ventricle (see figure 8.4).

61



Figure 8.2: Boundary conditions for the transmural coordinate (extracted from [7])

Figure 8.3: Boundary conditions for the apicobasal coordinate (extracted from [7])

• To seperate left and right ventricle, the left ventricle endocardium gets γ = 0, the right
ventricle endocardium gets γ = 1, the septum gets γ = 0.5 (see figure 8.5).

The Laplace equation is defined as

∇2f =
∂2f

∂x2
+

∂2f

∂y2
+

∂2f

∂z2

where
yb(x) = f(x) ∀x ∈ ∂Ω

correspond to the boundary conditions on the boundary ∂Ω.

Computing the coordinates corresponds to finding a solution f , so that the specified boundary
conditions are satisfied. Since the Laplace equations appear in heat-flow one can formulate the
problem as fixing a temperature at the specified boundaries and computing heat flow until a
stationary temperature distribution is achieved. The stationary distribution corresponds to the
universal ventricular coordinate. The heat flow is computed numerically on a discretization of
the domain, e.g. by the finite element method. We will not go deeper into the numerical solving
procedure and point to [7] for additional information.

Figure 8.4: Boundary conditions for the rotational coordinate (extracted from [7])
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Figure 8.5: Boundary conditions for the left and right ventricle (extracted from [7])

Once the universal ventricular coordinates are computed, each point of the left ventricle is
mapped to a cylinder with coordinates r for the radius, ρ for the height and Φ for the angular
coordinate. The end-result is a cylindrical mesh with the same connectivity information as the
heart mesh.

Figure 8.6: Representation as heart

Figure 8.7: Representation as disk

8.2 Signed distance representation

Within the disk-mesh, a signed distance function is computed. Each node in the disk-mesh is
labeled with its minimal distance to the scar boundary. The signed distance function is de-
scribed by a function d(p, S), where p is a point in (usually three dimensional) space. This
function is defined over the whole domain. Its values are so that d(p, S) < 0 if p is inside the
shape and d(p, S) > 0 if p is outside the shape. Values of p which are positioned exactly on the
surface boundary correspond to d(p, S) = 0. The signed distance function requires the shape-
boundary to be closed, allowing for a distinction between inner and outer space. The shape
is represented only implicitly in form of a function. Recovering the shape-surface requires us-
age of other algorithms. We use marching cubes (see section 7.3) to extract surface information.
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Computing the signed distance function requires two objects. A set of points in space, as
well as surface-information of the shape boundary. These objects can be used to assign to each
point the distance to the surface. In our case, the shape-information is in the vertex values of
the heart-mesh. Some values are assigned to the healthy myocardium and others to the scar
tissue. Similar to a signed distance function the representation is implicit, however in a discrete
manner. By using the Extract-Surface function (which implements marching cubes) provided
by paraview and vtk we convert the implicit scar representation into a surface-mesh represen-
tation. We then compute the signed distance information for each points within the disk. The
relevant algorithms perform a computation of Point-Plane distances and a Boolean function
which differentiates between inner and outer points. The computation of the distance and the
boolean function can be separated. One employs a point-plane distance algorithm. The other
uses the winding-number or ray-casting algorithm.

8.2.1 Point-Plane Distance algorithm

Let
Pi = (xi, yi, zi), i = 0, 1, ...N − 1

be a set of N three-dimensional coordinates corresponding to a set of discrete points. Let

a⃗j = (xa, ya, za)j ,

b⃗j = (xb, yb, zb)j ,

c⃗j = (xc, yc, zc)j

with
j = 0, 1, ...M − 1

be a set of vertices corresponding to a cell of a surface mesh with M triangular faces. The
normalized normal vector of the plane can be computed as

n⃗ =
(aj × bj)(aj × cj)

||(aj × bj)(aj × vj)||
,

where × denotes the cross product. To find the projection of a generic 3D point

p⃗ = (xp, yp, zp)

onto the plane consider the decomposition

p⃗ = αn⃗+ β1n⃗
⊥
1 + β2n⃗

⊥
2 ,

where αn⃗ corresponds to the distance of p⃗ to the plane, β1n⃗
⊥
1 + β2n⃗

⊥
2 corresponds to the

coordinates of the projection and n⃗⊥
1 , n⃗

⊥
2 are mutually orthogonal vectors of the plane. Define

the plane equation
n⃗ · x⃗+ d = 0.

Compute d for the plane using any point within the plane (for example a⃗j , b⃗j or c⃗j) as x⃗. Then
the minimal distance of p⃗ to this plane is given by

n⃗ · p⃗+ d = β1n⃗
⊥
1 + β2n⃗

⊥
2 .

The projected coordinate can be written as

p⃗proj. = αn⃗ = p⃗− β1n⃗
⊥
1 − β2n⃗

⊥
2 = p⃗− (n⃗ · p⃗+ d) = p⃗− (n⃗ · p⃗− n⃗a⃗j).
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8.2.2 Winding number algorithm

The winding surface algorithm (see [2]) computes the solid angle to point p⃗ for every triangle
of the surface mesh defined by

a⃗j = (xa, ya, za)j ,

b⃗j = (xb, yb, zb)j ,

c⃗j = (xc, yc, zc)j ,

and sums them. The solid angle is computed as

Ωi = 2 · atan2
(
n⃗i · a⃗pi, ∥a⃗pi∥∥b⃗pi∥∥c⃗pi∥+ (b⃗pi · c⃗pi)∥a⃗pi∥+ (c⃗pi · a⃗p)i∥b⃗pi∥+ (a⃗pi · b⃗pi)∥c⃗pi∥

)
,

where a⃗pi,b⃗pi,c⃗pi respectively correspond to the distance between a⃗i, b⃗i, c⃗i and p⃗proj.. The vector
n⃗ corresponds to the normal vector of the triangle and is computed via

n⃗ = a⃗b× a⃗c.

The winding number for point p⃗ is computed as the sum of all solid angles and is

w =
T∑
i=0

Ωi,

where T is the number of triangles within the surface mesh. If p⃗proj. is within the surface,
then w ≈ 4π, else w ≈ 0. The winding number algorithm is quite robust but computationally
expensive, although it can be parallelized heavily. For complex meshed, with the possibility of
self-intersections this algorithm is recommended.

8.2.3 Ray Casting Algorithm

A method to determine whether p⃗ is inside or outside the surface mesh is via a ray-casting
algorithm (see [62]). This method is less robust than the winding-number algorithm, but often
good enough, easier to implement and requires less computation. Consider the point p⃗ and
define a ray

y⃗ray = p⃗+ γr⃗.

Consider the three vertices a⃗j , b⃗j , c⃗j of triangle j and the three corresponding edges

e⃗1 = a⃗j − b⃗j ,

e⃗2 = a⃗j − c⃗j

and
e⃗3 = b⃗j − c⃗j .

To find the intersections of the ray with each edge by solving the linear system of equations

y⃗ray = p⃗+ γr⃗ = a⃗j + ue⃗1 + ve⃗2, where u ≥ 0, v ≥ 0, u+ v ≤ 1.

One can solve for u,v and γ via linear programming. If γ is positive and u, v satisfy u ≥ 0, v ≥
0, u+ v ≤ 1, then the ray intersects the triangle. If the number of intersections is odd, then the
p⃗proj. is not within the triangle.
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8.2.4 Parallel computation in VTK

The vtk -library provides a FindClosestPoint() function. This function accepts a surface-mesh
and a 3D coordinate as input. It returns the closest point on the surface as well as the cor-
responding distance. Additionally, the selector -class has a function IsInsideSurface(), which is
used to determine the sign of the returned distance. It employs the ray casting algorithm.

Since the disk contains 600000 points, the computational efficiency becomes relevant. Running
the FindClosestPoint() and IsInsideSurface() in a python for-loop takes a significant amount of
time. It is better to write the code in C++ and connect it to python with the c-types library.
Using vtks parellizability and running the for-loop in several threads with vtkSMPTools results
in a significant speed-up. Since the selector -class with the IsInsideSurface() -method is not
thread-safe, it must be initialized within the loop for each thread. Contrasting this, the Cel-
lLocator -class can be initialized only once for each shape due to its thread-safe computation.
However, in principle the winding number algorithm and ray casting algorithm are both paral-
lelizable and it is only due to the reliance on the selector class that this part must be initialized
for each thread. The function we use to compute the signed distance values is

1: function ComputeSignedDistance(SignedDistanceVector, pointSet, Point number, sur-
face, transformed)

2: Initialize cellLocator(surface)
3: numberOfPoints ← Get number of points from surface
4: grains ← Point number / 28 + 1
5: vtkSMPTools::For (0, Point number, grains, &(int startPtId, int endPtId))
6: Initalize selector(surface)
7: double∗ p - a pointer to the current point coordinates
8: double closestp[3] - array to store the closest point’s coordinates
9: double dist2 - distance squared from the current point to the closest point on surface

10: vtkIdType cellID - identifier for the closest cell
11: int subID - identifier for the sub-cell of the closest cell
12: vtkNew<vtkGenericCell> genericCellPtr: pointer to a generic cell object
13: For intptId from startPtId to endPtId:
14: p← pointSet[ptId] - Point coordinates at index ptId in pointSet

15: If selector.IsInsideSurface(p)
16: sign← −1
17: else
18: sign← 1
19: cellLocator.FindClosestPoint(p, closestp, genericCellPtr, cellId, subId, dist2)
20: SignedDistanceVector[ptId] ← sign×

√
dist2

21: End parallel For
22: end function

This computation returns a vector with 600000 signed distances, one for each point of the mesh.
Figure 8.8 displays an implicit signed distance function and an extracted iso-surface. Recovering
the scar-shape involves iso-surface extraction with the marching cubes algorithm (see section
7.3). The iso-surface is defined on the zero level set of the signed distance field. No important
features are lost.
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Figure 8.8: Zero level set of a signed distance field

(a) a signed distance field (b) iso-surface on the zero level

8.3 Dimensionality reduction with basis splines

The scar is represented as a signed distance function (SDF) in the 3D-domain of a disk, i.e.
s = f(x, y, z). The signed distance values are available on discrete points as a vector of ca.
600000 signed distance values. Initial tests with an (non-variational) auto-encoder show that
this high dimensionality prevents model-fitting. We are unable to fit our model to more than
a single data-sample. Figure 8.9 displays the training progress on a single shape. Only points
with negative values are shown. Each of the 600000 discrete points is updated individually. This
independent consideration of each pixel leads to a very high-dimensional optimization problem.
However, it is a-priori known that the signed distance function is smooth and that close pixel
values are highly correlated. We use this prior knowledge and represent each function as basis-
spline coefficients. The curse of dimensionality is related to optimization with many independent

Figure 8.9: Over-fitting a variational auto-encoder to the high dimensional signed distance

(a) Epoch 0 (b) Epoch 2000 (c) Epoch 5000

components. We refer the reader to [17] for an insightful perspective on high dimensional
optimization. An exponential scaling law relates training error and feature-dimensionality,
indicating that high dimensional feature-vectors makes convergence difficult. Optimization of
our auto-encoder model occurs via the Euclidean distance between input and output pairs.
Consider

dist(x, y) =
√

(x1 − y1)2 + (x2 − y2)2 + · · ·+ (xd − yd)2.
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When sampling points uniformly random from the d-dimensional space, the distance distribu-
tion tends to become concentrated around a mean value. This effect is called concentration
of measure [17]. Figure 8.10 displays the euclidean distance between points drawn uniformly
from space. With increasing dimensions, the distances converge to higher and more similar
values. For training on a single data-sample this is not problematic since input and output

Figure 8.10: Concentration of measure in high dimensions

https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote02 kNN.html

are fixed and there is no need to distinguish between pairs. As soon as two data-samples are
considered, this can make training difficult. Finding an optimal separating hyperplane between
high dimensional samples is difficult considering that nearly all points have nearly equal distance.

The signed distance function is a continuous function. This continuous function can be rep-
resented as a linear combination of weighted basis functions. We call this methodology of
representing lines, surfaces, or 3D-functions, in terms of continuous basis function coefficients,
a B-spline representation. The continuous function is mapped to few coefficients. Through this
representation we alleviate the problem of high-dimensional feature vectors and incorporate
prior-knowledge of function smoothness.

By mapping the function to coefficients of basis splines, the dimensionality is reduced hun-
dredfold. Figure 8.15, displays the fitting process on the basis-spline representation. It becomes
possible to fit an auto-encoder to all 44 data-samples.

8.3.1 Bezier functions

We explain Bezier curves and build up to Basis-splines. Bezier-curves can be used to represent
functions as linear combination of Bernstein polynomials. Consider a 1D-function and d control
points ci with i = 0, ..., d− 1. Consider the parametrization of the Bernstein polynomials, with
u ∈ [0, 1] and degree d,

Bi,d(u) =

(
d

i

)
(1− u)d−iui.
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Often we will omit the degree index d. If d = 4, then the cubic bernstein polynomials are
defined as

B0(u) = (1− u)3,

B3(u) = 3u(1− u)2,

B2(u) = 3u2(1− u),

and
B3(u) = u3.

Figure 8.11a and 8.11b display quadratic and cubic bernstein polynomials respectively. The
construction of a degree d bezier-curve requires d + 1 control points. Note, that, for cubic

Figure 8.11: Bernstein polynomials

(a) quadratic Bernstein polynomials (b) cubic Bernstein polynomials

https://www.youtube.com/watch?v=qhQrRCJ-mVg

Bernstein polynomials, we can write

B(u) = [B0, ..., B3](u) = [u3, u2, u, 1]


−1 3 −3 1
3 −6 3 0
−3 3 0 0
1 0 0 0

 = u⃗T M̃.

The Bernstein polynomials are used to define a Bezier-curve as

f(u) =

d∑
i=0

ciBi,d(u)

which can be written in matrix form

f(u) = Bc⃗ = u⃗TMc⃗,

where c⃗ = [c0, c1, ..., cd]
T , u⃗T = [ud, ud−1, ..., 1] and M is a matrix of scalars. The index d

corresponds to the number of bernstein-polynomials (and is thus related to their degree). There
are as many bernstein polynomials as there are control points ci. Furthermore, each bernstein
polynomial influences all control points. For most practical purposed d = 3 is sufficient. A
cubic Bezier curve can also be written as

f(u) = (1− u)3c0 − 3t(1− t)2c1 + 3t2(1− t)c2 + t3c3.
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Assume there is a function r(u) which is provided as vector of discrete values at n points, i.e.
r ∈ Rn. This function can be approximated as a Bezier-curve by determining the coefficients
c = [c0, c1, ..., cd]

T which minimize the mean squared error

E(c) =

(
r(u)−

d∑
i=0

ciBi,d(u)

)2

≈
n∑

j=0

(
r[j]−

d∑
i=0

ciBi,d[j]

)2

(8.1)

or in matrix notation
E(c) = (r⃗ −Bc⃗)2 .

Similarly, the same concept can be applied to 2D-surfaces. Herefore, consider mx control points
in x-directions, my control points in y-direction and a total of m = mxmi control points. Then,

Bi(u) = Bx
i (u)B

y
i (u)

and the Bezier-curve is defined analogously

f(u) =

m−1∑
i=0

ciBi(u) = Bc⃗.

Figure 8.12 displays control-points and a constructed 2D-surface respectively.

Figure 8.12: A Bezier surface

https://www.youtube.com/watch?v=qhQrRCJ-mVg

8.3.2 Basis splines

The Basis-spline ( short B-spline) approach approximates functions by the linear combination of
section-wise defined bezier curves. Each bezier curve is restricted to a finite range of influence.
This has the advantage of increased control and removes the dependency between basis func-
tion degree and number of control points. However, this section-wise construction introduces
continuity issues and requires a specific, recursive definition.

A d degree B-spline defined by n control points will consist of n − d basis functions. For

70



example, a cubic B-spline defined by 6 control points P0, ..., P6 consists of 3 Bezier curves.
The support of each basis-function is defined through a knot vector k ∈ n + d + 1. The knot
vector contains values in the range [umin, umax] in a non-decreasing manner. Typically, as in
section 8.3.1, umin = 0 and umax = 1, but other ranges are also possible. The first and last
element have multiplicity d + 1, meaning, that the value umin is repeated in index 0 to d − 1
and umax in index n + d + 1 to n + 1. All other values are chosen with uniform intervals
and multiplicity one. Uniform intervals are not strictly necessary but make application easier.
The knot vector k = [u0, u1, ....u(n+d+1)] determines the local support of each basis function Bi

with i ∈ [0, .., n − 1]. The knot-vector helps define a special set of basis functions which fulfill
continuity conditions. These functions are calculated recursively via the Cox-de-Boor formula.
These basis-functions are non-negative and have local support.
One starts with base case (degree 0) functions defined as

Bi,0(u) =

{
1 if ui ≤ u < ui+1,

0 otherwise.

and then recursively constructs higher degree functions via

Bi,d(u) =
u− ui

ui+d − ui
Ni,d−1(u) +

ui+d+1 − u

ui+d+1 − ui+1
Ni+1,d−1(u),

where d denotes the degree. Note, that if u /∈ [ui, ui+1], then Ni,0(u) = 0. This ensures that
the basis-function of the i-th control point only has local support. Through this, the knot-
vector influences the support region of each basis function Bi,d(u). At the boundaries, values
are repeated for continuity. Figure 8.13 displays a set of basis-functions with local support and
their knot values. For each control point we obtain one Bezier-function, i.e. i ∈ [0,m− 1] The
B-spline is defined as

f(u) =

d∑
i=0

ciBi,d(u) = Bc

A function r(u) which is represented as vector of discrete values at n points i.e, r⃗ ∈ Rn can
be approximated by determining the coefficients c = [c0, c1, ..., cd]

T which minimize the mean
squared error

E(c) =

(
r(u)−

d∑
i=0

ciBi,d(u)

)2

= (r⃗ −Bc⃗)2.

B-splines allow for independent degree d and control point number n. The local support property
enables easier optimization and introduces a sparse structure into the B-matrix, which can be
exploited for computational efficiency.

8.3.3 Application to the signed distance function

We apply the Basis-spline approximation to a 3D signed distance function by defining multiple
1D basis functions. We choose the l.i. coordinate lines r, θ, z in cylindrical coordinates as basis
directions and define mr,mθ,mz control-points in each direction. The 3D-domain is discretized
into m = mrmθmz control points whose coefficients define the m-dimensional vector c⃗. The
Basis-function in 3D is defined as the product of the 1D Basis-functions functions, which are
each constructed via the Cox-de-Boor recursion (for brevity the index d for degree is omitted),
to

Bi(u) = Br
i (u)B

θ
i (u)B

z
i (u).

The B-spline curve is defined as linear combination

f(u) =
m−1∑
i=0

ciBi(u) = Bc⃗.
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Figure 8.13: Basis functions and knot values

https://www.youtube.com/watch?v=qhQrRCJ-mVg

B has dimension m× n, where Bi,j = Bi(rj , θj , zj).

Given the n-dimensional signed distance vector s, the mean squared error can be constructed

E(c) = (s⃗−Bc⃗)2.

Minimizing with respect to c⃗ ∈ Rm yields the optimal weights. The analytical solution for the
optimal parameter values is

c⃗ = (BTB)−1BT s⃗.

Once c⃗ has been obtained, s⃗ can be reconstructed through s⃗ = Bc⃗.

To evaluate the required number of control points in each direction, we visually inspect the
reconstructions and compare the results to the originals. Figure 8.14 displays a scar projected
onto basis splines with varying number of control points. Less control points correspond to
a stronger dimensionality reduction. The B-spline projection creates a smooth surface, which
alleviates some of the processing issues explained in section 7.4. However, it can also have
undesired effects. Figure 8.14b displays a bridge between two initially disconnected parts. We
choose a resolution which reconstructs the signed distance function nearly lossless for all scars
and consider processing artifacts as ground-truth.
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Figure 8.14: Projection onto basis splines

(a) original (b) low resolution (c) high resolution

8.3.4 Results

During computation, we store the B and (BTB)−1 matrices in a sparse format. For our purposes
we choose 30, 50 and 5 control points in θ, ρ, z coordinates respectively. This corresponds to
a nearly exact reconstruction of the original signed distance function, including all processing
artifacts. The projection reduces dimensionality by a factor of one hundred and enables over-
fitting an auto-encoder to the whole dataset. Figure 8.15 visualizes model output snapshots
during the training process. Whereas training on the high-dimensional signed distance function
(see figure 8.9) optimizes every point individually, training on the B-spline representation is
coarse grain.

Figure 8.15: Overfitting a variational auto-encoder to the B-spline coefficients

(a) Epoch 0 (b) Epoch 2000 (c) Epoch 5000
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Chapter 9

Part 2: Algorithm and Generations

Generative models span from actor-critic methods such as generative adversarial networks, to
statistical kernel-parametrization with Gaussian Process latent variable models, to variational
auto-encoders over normalizing flows, diffusion models and, finally, linear principal component
analysis. In principle, all of these models can be formulated in a way that enables learning
a low-dimensional latent space distribution. However, the simplest models for these purposes
tend to be variational auto-encoders and principal component analysis.

Generative adversarial networks implicitly minimize a divergence objective through adversarial
training. While they achieve state of the art results in generative tasks, the implicit optimization
through adversarial training makes interpretation and training difficult. Statistical covariance
parametrization (as common in Gaussian processes) are among the most interpretable mod-
els but can suffer from a high computational complexity. In general, these models require a
high amount of expertise for optimization, although, recently, many python libraries (such as
gpytorch [24]) enable their usage in a deep-learning framework similar to pytorch. While pop-
ular statistical computational anatomy, this model class is relatively unexplored for generative
purposes. Diffusion networks have enjoyed great success in image-generation with applications
such as Open-AIs DALL-E [59] and Stability AIs Stable-Diffusion [65]. However, these models
require a high number of iterations for sampling, making them slow. They can be considered a
special case of variational auto-encoders, where transitions in a markov chain are modeled by
the latter. Contrary to many of these methods, which replace a maximum likelihood objective
with a lower bound or optimize the real objective implicitly through adversarial training, nor-
malizing flows can be optimized with respect to the maximum likelihood. However, they require
the computation of the transformation Jacobian which is computationally expensive, especially
for expressive models.

In our work we will apply variational auto-encoders and principal component analysis to gen-
erate data-samples. The latter is a well-understood linear data-analysis method which is easy
to implement and use. By virtue of its analytical solution no numerical optimization procedure
is needed. The former corresponds to a (at first view) conceptually simple model class with
relatively low computational bottlenecks. It is easy to implement and train and widely used for
dimensionality reduction tasks and generative purposes. These models are explained in section
5.4 and section 5.6. We use sklearn to program the principal component analysis model and
pytorch for the variational auto-encoder.

9.1 Naive PCA

Through PCA we compute a linear map from isotropic gaussian noise to the data-distribution.
This requires meaningful point-to-point correspondence which is not a-priori given between

74



the scar meshes. Common approaches (e.g. used in statistical shape models) establish cor-
respondence through non-rigid registration to a template mesh. However, due to the different
topologies of the scar meshes, this is not possible. No point-to-point correspondence can be triv-
ially established between topologically different domains. However, since the signed distance
values are available on identical point-sets (the heart mesh is the same for each scar), correspon-
dence is provided for heart mesh vertices and their signed distance values. The signed distance
function function implicitly represents scar shapes which can be recovered through iso-surface
extraction at the zero level-set. While the point-to-point correspondence is correspondence of
signed-distance values and not shape landmarks, we attempt the direct application of principal
component analysis. We reduce the dimensionality through a mapping to B-spline coefficients
and use the respective coefficient vector as representation of a shape. In a first attempt we
model the data-distribution through PCA.

Fig. 9.1 displays a scar shape and its reconstruction using 8 and 43 principal components.
As expected, using 8 principal components keeps the main form but disposes of small variabili-
ties. Using 43 components represents the shape nearly lossless. We use 43 principal components

Figure 9.1: Principal component reconstructions

(a) Original scar shape (b) Reconstruction with 8 princi-
pal directions

(c) Reconstruction with 43 prin-
cipal directions

to create new scars by sampling from the modeled distribution. Visual inspection reveals that
some generated shapes are implausible. Fig 9.2a shows a completely nonphysical shape and
Fig. 9.2b corresponds to a purely positive signed distance function from which no shape can be
extracted. This indicates that the shape distribution represented by B-spline coefficients can
not be represented by a linear transformation of white noise.

Figure 9.2: Samples from the PCA distribution

(a) Sample 1 (b) Sample 2
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9.2 Naive VAE

We train a variational auto-encoder on 44 shapes represented by the basis spline coefficients.
We choose the mean squared error as reconstruction loss. The decoder output correspond to
generated B-spline coefficients, which are mapped to signed distance functions. This func-
tion implicitly represents generated scar shapes which can be recovered through iso-surface
extraction at the zero level-set. We choose an isotropic Gaussian as prior distribution of the
latent-variables. Regularization with the DKL-divergence encourages encoding close to this prior
distribution. After the training, the encoder is disposed of. Latent variables are sampled from
the isotropic Gaussian and decoded.

Figure 9.4 displays some of the generated shapes. Fig. 9.3a displays a shape which (through
visual inspection) can be considered plausible. However, figure 9.3b and figure 9.3c are question-
able generations. The scars in our training data revolve around the disk center and are either
circular, semi-circular shaped or elliptical (see figure 9.14). Figure 9.3b does not display these
features and looks a bit out of place when compared to the available samples. Figure 9.3c corre-
sponds to a purely positive signed distance function from which no scar shape can be extracted.

Figure 9.3: Generations (VAE trained on basis spline coefficients)

(a) a VAE generation (b) a VAE generation (c) a VAE generation

It is likely, that these issues are due to the low amount of available data samples. Consider
the extreme case, where only two samples are available. Consider training a variational auto-
encoder on these two shapes with a one dimensional latent space. Each of the two samples is
encoded to a Gaussian distribution with mean and covariance. Due to the DKL-divergence term,
the encoding is encouraged to be as close the isotropic Gaussian as possible. Avoiding mode col-
lapse (where both distributions become the isotropic Gaussian exactly), leads to a multi-modal
distribution with two peaks. During sampling from this multi-modal distribution, sometimes a
latent variable is decoded which has equal probability of belonging to either shape. For these
samples, a trained decoder generates a sample which minimizes the reconstruction loss with re-
spect to both shapes. This reconstruction is the euclidean mean of the signed-distance function.

Figure 9.5 displays the isotropic Gaussian and two latent distribution corresponding to the
two training data-samples. The latent-value which intersects both distributions, leads to a
generation which minimizes the reconstruction loss to both shapes. If the two data-samples
correspond to figure 9.4a and 9.4b, then the euclidean mean is a purely positive signed distance
function. If the data-samples correspond to figure 9.4a and 9.4c, the euclidean mean contains
positive and negative values. This example illustrates how the lack of overlapping scars can
lead to implausible generations (for example purely positive signed distance functions) for some
latent codes.
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Figure 9.4: Data-sample examples

(a) Sample 1 (b) Sample 2 (c) Sample 3

Figure 9.5: 1D latent space visualization with two training samples

9.3 On the mean of distributions

The problematic elucidated in section 9.2 is related to the representation as signed distance
function and the euclidean mean squared error (also called the L2 distance) as reconstruction
loss. Note, that the signed distance function can be interpreted as a distribution simply by
normalizing it so that all values sum up to one. Consider the three distributions (interpretable
as shapes) displayed in figure 9.6. The three shapes have the same mean squared error to each
other, i.e. equal L2 distance. However, intuitively we can see that the shape represented by p2
should be closer to p1 than p3. The L2 distance is not able to capture this. The Kullback-Leibler
(DKL) divergence (see section 5.5.2) is an approximation of the distance between distributions
with strong theoretical background, however, it is not well defined for these shapes, since they
have no overlap. In the domain where p1 ̸= 0 we have p2 = 0 and p3 = 0. This would lead
to a Kullback-Leibler divergence of zero or be ill-defined with division by zero. Thus neither
the L2 distance, nor the DKL divergence are suited to measure similarity of these distributions.
Another type of distance based on optimal transport is robust to the issues which arise with the
DKL divergence and captures several properties which are not represented by the L2 distance.
This distance is called the Wasserstein distance (see [39], [82] , [58]). For illustrative purposes
only, we contrast some of its properties with properties of the L2 distance to highlight the
problematic than can arise from using the L2 distance as reconstruction loss. As mentioned in
section 9.2, during variational training a latent sample can appear which has equal probability
of belonging to two inputs. Thus its optimal reconstruction must be so that it minimizes the
reconstruction loss to both shapes. If the reconstruction loss is the L2 distance (equivalent to
the mean squared error), then the optimal reconstrucion corresponds to the euclidean mean. In
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Figure 9.6: Three densities p1, p2, p3. Each pair has the same distance in L2. However in
Wasserstein distance p1 and p2 are closer.

https://www.stat.cmu.edu/%7Elarry/=sml/Opt.pdf

the Wasserstein space, the distribution which minimizes the summed Wasserstein-distance to
all other distributions is often called the Wasserstein barycenter. The upper image in figure 9.7
displays two distributions (interpretable as shapes) in red and blue. The black dotted line show
the euclidean mean (i.e. the L2 barycenter). The green dotted line displays the wasserstein
barycenter. Note that the bell shaped form of the initial distributions is preserved by the
latter and destroyed by the former. Note, that if the two initial shapes were aligned, both
barycenters would coincide, i.e. the L2 distance and the Wasserstein distance are equivalent.
The Wasserstein distance can also be used to define geodesics between distributions. The
lower image in figure 9.7 shows an interpolation along the geodesic connecting the two initial
distributions. In fact, the Wasserstein distance gives rise to a Riemannian manifold, which,
by definition, is locally isomorphic to Euclidean space. Figure 9.8 displays another example

Figure 9.7: Top: Two distributions p1 (blue), p2 (red) and the barycenters with the L2 and
wasserstein distance. Bottom: Interpolation from p1 to p2 along the Wasserstein geodesic.

Image from A Novel Optimal Transport-Based Approach for Interpolating Spectral Time Series [60]
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which illustrates the euclidean mean and Wasserstein barycenter between data-samples. We

Figure 9.8: The top five lines show five, one-dimensional datasets. The red points are what
happens if we simple average the give empirical distributions. The blue dots show the Wasser-
stein barycenter which, in this case, can be obtained simply by averaging the order statistics.

https://www.stat.cmu.edu/%7Elarry/=sml/Opt.pdf

mention these examples merely to point out the problematic related to the L2 distance to
quantify the quality of reconstructions. Computation of wasserstein distances (and geodesics)
gets complex very quickly. Within the context of this work, we do not provide any experiments
with it. Instead, we require the shapes to be sufficiently similar so that the L2-distance can be
used. One way of encouraging such a similarity is by aligning the shapes and/or by restriction
to infinitesimal neighborhoods (since the manifold is locally isomorphic to euclidean space).
Future work could examine the effect of a Wasserstein reconstruction loss. The curious reader
is referred to [39] for a first (intuitive) introduction into optimal transport, to [82] and [58]
for the (more rigorous) mathematical theory behind the Wasserstein space and to [87] for an
implementation of a variational autoencoder with Wasserstein loss for the latent distributions
and the reconstructions. In contrast, [77] develops a variational autoencoder with Wasserstein
loss only in the latent space.

9.4 Shape alignment

The low data density leads to implausible generations due to lacking shape overlap (see section
9.2). As a solution we perform a pre-processing step which aligns the shapes. In doing so we
consider shape and position as independent from each other. This is not true. The diseased
coronary is correlated with the location, size and shape of the scar. However, this assumption
is a reasonable first approximation and alleviates the limitations posed by the data. The corre-
lation could potentially be modeled through post-processing.

We morph the shapes with the goal of increasing overlap through a diffeomorphic mapping,
allowing for some bending and scaling. This normalizes position and size and considers these
factors independent from shape. We choose a transformation class which enables a computable
inverse and restrict the map so that is maintains desired properties. The transformation pa-
rameters are chosen by minimization of an energy-function between the target and the morphed
shape. This energy-function considers a distance between shapes and a penalty term for strong
bending and scaling.

9.4.1 Optimization objective

The optimization procedure is similar to diffeomorphic image registration. Analogously, we
search for a transformation which maps between shapes and is invertible. We choose a loss, or
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energy, which quantifies the distance between the shape boundary S1 and S2. It is defined as
the integral of the closest distance

d(S1, S2) =

∫
x∈S1

d(x, S2)dx,

where d(x, S2) = min(|x−x2|2) with x2 ∈ S2 denotes the smallest squared distance from x ∈ S1

to the surface S2. Furthermore, we add a term which penalizes the type of transformation. In
image registration such a penalty might be constructed to be a gradient regularization (imposing
a smoothness constraint), an elastic regularization (penalizing bending and ensuring physicality)
and a diffusion regularization (penalizing scaling). We choose a transformation which bijectively
maps points in the disk to points in the disk. It is defined in cylindrical coordinates, acting
independently in each of the coordinates, as

(ρ, θ, z) 7→ f(ρ, θ, z) = (fρ(ρ), fθ(θ), fz(z)).

The z coordinate is kept unchanged:
fz(z) = z

and the transformations affecting the polar coordinates (ρ′ = fρ(ρ) and θ′ = fθ(θ)) are defined
implicitly by

2πρ′ − a sin(2πρ′)− b cos(2πρ′) + b = 2πρ+ a sin(2πρ) + b cos(2πρ)− b

and
θ′ − µ sin θ′ − ν cos θ′ = θ + µ sin θ + ν cos θ + α.

Here, we have ρ ∈ [0, 1] and θ is cyclic modulus 2π. This implicit definition is bijective and
smooth and thus diffeomorphic. However, we still employ penalty terms to constrain the trans-
formation. The total energy-function results in

Lenergy(a, b, µ, ν, α) = Lsimilarity(a, b, µ, ν, α) + λLregularisation(a, b, µ, ν, α), (9.1)

where Lregularisation is composed as the sum of the individual penalty terms, a, b, µ, ν, α, corre-

sponds to the transformation parameters and Lsimilarity =
∑N

i=0 d(S1, Si) measures similarity
between the shapes (S1, S2). A possible term for gradient regularization is

Lgradient =
∫ ((

dρ′

dρ

)2

+

(
dθ′

dθ

)2
)
dρdθ,

which in discrete settings can be written as

Lgradient =
N−1∑
i=1

((
ρ′i+1 − ρ′i
ρi+1 − ρi

)2

+

(
θ′i+1 − θ′i
θi+1 − θi

)2
)
(ρi+1 − ρi)(θi+1 − θi).

A possible term for elastic regularization is

Lelastic = Relastic =

∫ ((
dρ′

dρ
− 1

)2

+

(
dθ′

dθ
− 1

)2
)
dρdθ,

which in discrete settings can be written as

Lelastic =
N−1∑
i=1

((
ρ′i+1 − ρ′i
ρi+1 − ρi

− 1

)2

+

(
θ′i+1 − θ′i
θi+1 − θi

− 1

)2
)
(ρi+1 − ρi)(θi+1 − θi).
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It penalizes deviations from the identity transform. A possible term for diffusion regularization
is

Ldiffusion = Rdiffusion =

∫ ((
d2ρ′

dρ2

)2

+

(
d2θ′

dθ2

)2
)
dρdθ,

which in discrete settings can be written as

Ldiffusion =

N−1∑
i=2

((
ρ′i+1 − 2ρ′i + ρ′i−1

(ρi+1 − ρi)2

)2

+

(
θ′i+1 − 2θ′i + θ′i−1

(θi+1 − θi)2

)2
)
(ρi+1 − ρi)(θi+1 − θi).

Each of these terms is weighted and summed to the similarity loss. By adjusting the respective
weights we can control for the amount of bending, stretching and scaling.

9.4.2 Transformations and generations

We choose a reference shape and align all other shapes to it by choosing a transformation which
minimizes the energy function. This is done via gradient based optimization (see section 5.8).

Figure 9.9a display the reference shape. Figure 9.9b displays a shape before the transformation
and 9.9c displays the shape after the transformation. The main features are maintained while
the shape overlap is increased. This causes the overlap of negative regions in the signed distance
representation and enables the use of the mean squared error as reconstruction loss by avoiding
the generation of purely positive signed distance functions. The normalization is applied as

Figure 9.9: Shape Transformation

(a) Reference shape (b) Original Shape (c) Transformed Shape

a pre-processing step of the training data. This provides a generative model of shapes in the
same normalized location. The generated shapes can be moved to any other location as a post-
processing step. Figure 9.10 displays examples. Figure 9.10a and 9.10b can both be considered
plausible scars. Figure 9.10c displays some nonphysical features. Our experiments show that
the position normalization alleviates the issue of purely positive signed distance generations.
However, the generations lack features, such as circular topologies (see figure 9.21a).
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Figure 9.10: Generations on normalized shapes

(a) generated shape 1 (b) generated shape 2 (c) generated shape 3

9.5 Manifold hypothesis

A common assumption in data science is the manifold hypothesis [20], [44], which states that
real world data tends to live on a low dimensional manifold. A manifold is a topological space
M that satisfies the following conditions:

• There exists a collection of open sets {Ui}i∈I that cover M , i.e.,
⋃

i∈I Ui = M .

• For each Ui, there exists a homeomorphism φi : Ui → Rn (where n is a fixed integer) such
that φi(Ui) ⊆ Rn. The pair (Ui, φi) is called a chart.

• The maps φi and φj must satisfy the compatibility condition: for any x ∈ Ui ∩ Uj , the
map φj ◦ φ−1

i : φi(Ui ∩ Uj) → φj(Ui ∩ Uj) is a smooth (or continuously differentiable,
depending on the context) map.

An atlas A on a manifold M is a collection of charts {(Ui, φi)}i∈I such that:

• The sets {Ui}i∈I cover M , i.e.,
⋃

i∈I Ui = M ,

• For each pair of charts (Ui, φi) and (Uj , φj), the map φj ◦φ−1
i : φi(Ui∩Uj)→ φj(Ui∩Uj)

is smooth (or continuously differentiable).

An atlas is called a smooth atlas if the transition maps between charts are smooth.

Figure 9.11: A manifold with its charts

image from the book Quaternion Algebras (pp.605-627) [83]

Let M be a smooth manifold and p ∈ M a point on the manifold. The tangent space of
M at p, denoted by TpM , is a vector space that consists of the tangent vectors at the point
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p. There are two common equivalent definitions of the tangent space. The tangent space at a
point p ∈M , TpM , is the set of derivations at p. A derivation is a linear map δp : C

∞(M)→ R
that satisfies the Leibniz rule:

δp(fg) = δp(f)g(p) + f(p)δp(g),

for all smooth functions f, g ∈ C∞(M), where δp(f) represents the derivative of f at p in
the direction of the tangent vector. This definition captures the idea of a tangent vector as a
linear map acting on smooth functions. The tangent space can also be understood as the set
of equivalence classes of smooth curves passing through p. Let γ : (−ϵ, ϵ) → M be a smooth
curve such that γ(0) = p. The tangent vector to the curve γ at p is given by the derivative of
γ at t = 0, denoted γ̇(0). The tangent space TpM is the set of all such derivatives of smooth
curves through p. In both definitions, the tangent space is a vector space that consists of the
directions in which one can move infinitesimally from the point p on the manifold. Figure 9.12
visualizes a manifold, its tangent space at point p, a curve γ(t) and its tangent vector v. The
tangent bundle of M , denoted by TM , is the disjoint union of the tangent spaces at each point
of M . It is defined as:

TM =
⊔
p∈M

TpM.

The tangent bundle is itself a smooth manifold with twice the dimensionality of M and the
following key properties:

• Projection map: There is a natural projection map π : TM → M , which projects a
pair (p, v) ∈ TM to the point p ∈M :

π(p, v) = p.

• Smooth structure: The tangent bundle TM inherits a smooth structure from the man-
ifold M . It is given a smooth atlas where each chart of M is ”lifted” to a chart on TM .
If we fix a matric in the tangent spaces of the tangent bundle we say that we have a
Rimaniann structure on the manifold M

Figure 9.12: A manifold and its tangent space

image from Visualization of Nil, Sol, and SL2(R) geometries [55]

Figure 9.13a visualizes a manifold in form of a circle and its tangent bundle.
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Figure 9.13: Linear approximation of a manifold

(a) A circle and its tangent bundle

image from
https://math.stackexchange.com/questions/2328045/tangent-

spaces-of-so3

(b) A data distribution on a circle

Let us consider a simple data distribution on a manifold, for example on a circle. An exam-
ple is visualized in 9.13b. Note, that the data distribution on the circle is locally isomorphic to
a gaussian data-distribution. While principal component analysis can not model the non-linear
data manifold (see section 5.7) we can approximate the circle by a number of gaussian distribu-
tions which individually can be modeled by principal component analysis and then reconstruct
an approximation of the data manifold as the combination of all principal component models.
We have shown in section 5.7 that a variational auto-encoder can directly sample from the data
manifold when it is a circle, but that it might struggle for more complex manifolds. Nonetheless,
its ability to model non-linear maps make it more robust for modeling data distributions on
non-euclidean manifolds.

With reference to the manifold hypothesis [20], [44] we hypothesize that our data is distributed
on some differentiable manifold. Figure 9.14 shows how such a manifold could look like. ”Sim-
ilar” shapes are located in neighborhoods of each other. This assumption is strengthened by
our data representation as a signed distance function which, through normalization so that its
values integrate to one, can be interpreted as a probability distribution. The field of infor-
mation geometry (see [53]) and optimal transport (see [58]) both formalize the existence of a
differentiable manifold on the set of probability distributions. Information geometry utilizes the
fisher information matrix (see section 5.5.2) as a Riemannian metric tensor and employs two,
the exponential and the logarithmic connection, whereas the Wasserstein space, arising from
optimal transport, is a true Riemannian manifold with the Wasserstein distance as metric and
the Levi-Civita connection. In both models, geodesics between probability distributions can be
formalized, although their computation might be complex. Thus it is reasonable to assume that
our data lies on a differentiable manifold with infinitesimal neighborhoods and tangent spaces
being isomorphic to euclidean space. We choose a set of similar shapes and assume that they
are located within an approximately euclidean neighborhood. In analogy to the distribution
on a circle we expect that it is possible to model the data-distribution within an infinitesimal
neighborhood using PCA. Figure 9.15 displays a chosen set of three shapes. While the shapes
displayed in figure 9.15a and figure 9.15b are very similar, the shape in figure 9.15c is more dis-
similar, indicating a bigger geodesic distance. We will assume that all three shapes are within an
approximately euclidean neighborhood of the data manifold. In manifold learning, a common
methodology approximates the data manifold by a set of euclidean neighborhoods [51].

84



Figure 9.14: The shape manifold

Figure 9.15: Shapes from a neighbourhood

(a) Shape 1 (b) Shape 2 (c) Shape 3

9.5.1 PCA

We apply PCA on the B-spline coefficients representing the shapes displayed in figure 9.15. If
the manifold hypothesis holds, we expect that sampling from the model distribution produces
visually plausible generations. Figure 9.16 displays some generations. The generative quality
is clearly improved when compared to naive PCA on the whole data space (see section 9.1).
This indicates that restricting the model to a set of similar shapes can improve the generative
quality. The generations displayed in figure 9.16b and 9.16a are good generations. The shape
visualized in figure 9.16c displays an implausible part in form of exaggerated scar tissue growth
towards the left of the disk. This might be caused by the disjoint scar tissue and the more
dissimilar shape of figure 9.16c.
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Supporting the hypothesis of euclidean neighborhoods, we achieve generations of better quality
by restricting the training data to similar shapes. However, some implausible generations occur,
indicating that the chosen samples are not sufficiently similar to be considered within the same
euclidean space.

Figure 9.16: Generation within a neighborhood

(a) generated shape 1 (b) generated shape 2 (c) generated shape 3

9.5.2 VAE

We train a variational auto-encoder on the samples displayed in figure 9.15. Figure 9.17 displays
the generations. Visual inspection indicates that better generations are obtained when compared
with PCA based models. While figure 9.17a and figure 9.17b are similar in quality to the PCA
generated samples, figure 9.17c is of better quality This indicates that by employing non-linear
methods on nearly euclidean neighborhoods of the data-manifold we achieve similar results
to PCA if the data really can be assumed to lie in a euclidean neighborhood. However, the
variational auto-encoder is more robust to deviations. As shown in section 5.7, the variational
auto encoder can also model data distributions which lie on a curved, non euclidean manifold.
For example, while the data-distribution modeled through PCA did not generate the disjoint
scar tissue (see figure 9.16c), the variational auto-encoder creates data samples with a similar
disjoint scar tissue (see figure 9.17c). The generations visualized in figure 9.17a and figure 9.17b
are visually appealing and hard to distinguish from the samples in the data set while being
novel. Many fine level details are maintained.

Figure 9.17: Generation within a neighborhood

(a) generated shape 1 (b) generated shape 2 (c) generated shape 3

9.5.3 Clustering

In another experiment we cluster the scars into three groups. These groups are called the cir-
cular, longitudinal and semicircle clusters, with the naming suggestive of visually striking char-
acteristics. Some shapes can belong to both groups. Since shapes within a group are similar,
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they can be considered neighborhoods of the low-dimensional latent-space. We train variational

Figure 9.18: Feature based groups

(a) Circular shaped scar (b) Semi-circular shaped scar (c) longitudinally shaped scar

auto-encoders on each group separately and examine the generations. Visual inspection indi-
cates that the visually striking features (circular, longitudinal, semicircle) are maintained in the
generations.

Figure 9.19: Feature based generations

(a) Circular shaped generation (b) Semi-circular shaped genera-
tion

(c) longitudinally shaped genera-
tion

9.6 Generated scars

Our experiments examine training on the full (but transformed) dataset (see section 9.4) and
training on a small set of similar shapes 9.5. It is striking that the generations obtained by
training on a small set of similar shapes contain many of the more detailed features found in
the dataset. For example, the scars have a block like structure which likely originates from
the processing (see section 7.4). Contrary to this, the generations created on the full dataset
are smoothened and only contain the most general features, such as the overall shape and size.
Training on three groups (see section 9.5.3), each containing visually striking features that we
want to generate, strikes a middle ground. While generations with circular topology (which
did not occur after training on the full aligned dataset) can be created, the generations are
smoothened and do not display the block like structure found in the dataset. Further research
could examine the best similarity measure, iterative methods with differently sized groups and
automatized clustering (with K nearest neighbors or Gaussian Mixture Models) and more.

We train variational auto-encoders separately on clusters corresponding to a circular, longi-
tudinal and semicircular shape and visualize the generations in the disk (see figure 9.20), heart
(see figure 9.21) and as segmentation masks (see figure 9.22). The generations display visually
plausible features indicating that they can be considered ischemic scars. For example, the cir-
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cular, longitudinal and semicircular structure of the respective cluster is preserved. The size
and shape is similar to samples in the data set. Furthermore, the segmentations show that
the generated scars tend to grow from endocardium to epicardium. This is in accordance with
clinical knowledge.

Figure 9.20: Generations in disk

(a) Generation 1 in disk (b) Generation 2 in disk (c) Generation 3 in disk

Figure 9.21: Generations in heart

(a) Generation 1 in heart (b) Generation 2 in heart (c) Generation 3 in heart

Figure 9.22: Segmenations

(a) Segmenation 1 (b) Segmenation 2 (c) Segmenation 3
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Chapter 10

Part 2: Conclusion

We provide a theoretically motivated methodology which enables the generation of novel scar
shapes. For this purpose, we examined shape representations and algorithms for their suit-
ability. Due to topological differences, we do not use standard statistical shape models but a
choose a signed distance representation with a variational auto-encoder. In first experiments,
we highlight the high-dimensionality of our representation and related difficulties. Our solution
is mapping the high-dimensional signed distance feature vector onto basis spline coefficients.
We highlight the unsuitability of the isotropic Gaussian prior with an L2 reconstruction set for
our sparse dataset with low shape overlap. Considering shape and position as independent we
perform a normalizing transformation based on non-rigid image registration. Experiments show
that the quality of the generations is improved and purely positive signed distance generations
are avoided. Furthermore, we provide theoretical motivations supporting the manifold hypothe-
sis. In analogy to manifold learning, we show that even linear methods (PCA) can be employed
for plausible generations when the training data consists only of a few selected similar shapes.
We provide a visual comparison to non-linear generations from a VAE, indicating that these are
more robust to remaining non-linearity. We show how clustering into meaningful groups can
be used to guide the generative process. Visual comparison to samples generated by training
on bigger data sets shows that training on fewer shapes generates more of the high frequency
features. In a last step we provide visualization of generated scars within the disk and heart
representation. Furthermore, we create an artificial segmentation to model the data format
which is commonly available to clinicians. The generated shapes are visually appealing and
clinically relevant features, such as growth from endocardium to epicardium, are maintained.
Our work considers the scars obtained from processing as ground-truth. However we point out
several processing artifacts. Among these are the low-vertical resolution of MRI scans (leading
to a block-wise structures and disjoint parts) and missing scans in the apex (leading to shapes
with nonphysical holes). Summarizing, this work provides insights into the data and challenges
associated to generative algorithms. We provide solutions regarding high-dimensionality, and
low-quality generations due to data sparsity and show that training in neighborhoods of few,
but similar, shapes can be advantageous. This is related to the manifold hypothesize which
we test by applying linear methods. Our results suggest the applicability of linear methods in
euclidean tangent spaces. However, nonlinear methods are more robust to approximation errors
by virtue of their ability to model distributions on nonlinear manifolds.

We can now answer the questions stated in the problem formulation

• What kind of features are most relevant?

A user would likely care about the segmental occupancy degree and transmurality of
a scar. These are related to the severity of infarction. By labeling the generated scars, a
gallery can be filtered.
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• What is an adequate shape representation?

Due to differing topologies, statistical shape models can not be applied trivially. By
using a signed distance function we can generate shapes from data samples with differing
topologies, as long as the shape overlap is adequate. This overlap dictates the generation
due to the pixel wise reconstruction loss. The high dimensionality can cause issues for
model fitting. We use a dimensionality reduction by representing the function as basis
spline coefficients.

• Which algorithm is best suited for shape generation?

For very similar shapes, principal component analysis can produce signed distance func-
tions from which a plausible scar can be extracted. However, variational auto-encoders
are more robust against nonlinearities and work better for more dissimilar shapes. Usage
of the gaussian prior distribution and a pixel wise reconstruction loss, requires that the
shapes are aligned so that the signed distance functions have overlapping regions with
negative values. Clustering techniques can be used to guide the generations. Intelligent
clustering can render the need for shape alignment obsolete. This might be preferred, due
to the correlation between the affected coronary and the scar.

Looking to the future, steps towards an automated clustering could be examined. We showed
how generations performed on few structurally similar data-samples are qualitatively better
than generations on the whole data-set. It is unclear which distance measure is the best, how-
ever several possibilities can be explored. To name a few, the Wasserstein-distance [23] and our
shape distance (see section 9.4) are promising candidates. Possible clustering algorithms are K-
means and Gaussian Mixture Models. Given a shape distance, evaluation methods can consider
the closeness of the generated shapes to the data samples. Far generations can be discarded,
while close shapes can be added to the training data. This increases the data density and gen-
erative capabilities. The generated scars can be labeled with their segmental occupancy and
transmurality and stored in a gallery. Filters can be applied to select shapes with relevant labels.

By aligning the shapes, we consider it to be independent from the position. However this
simplifying assumption is not true in general. Additional research which correlates shape with
position might be useful. Users familiar with the dataset and cardiomyopathy can do manually
placement of scars by applying knowledge of physically realistic locations. Alternatively, the
training data does not have to normalized with respect to position, orientation and scaling,
as long as it has sufficient overlap. This can be advantageous since it removes the need for a
post-processing step.

An interesting approach could also be model fitting to provided segmentation masks, simi-
lar to gaussian morph-able models [46]. Through this, a clinician could draw the scar into the
MRI scan. A disadvantage of this approach is the purely two-dimensional nature of MRI scans.

While we used a variational autoencoder to describe the data-distribution, comparisons with
gaussian process models could be insightful. Such comparisons have been done in ?? for non-
linear statistical shape models. Direct application of a gaussian process model on a statistical
shape model has not been considered due to the complications unequal topologies create for
point-to-point correspondence. However, similar to free form deformations [70], which establish
correspondence in the domain within which the shape is located as opposed to the shape itself,
it could be interesting to examine the applicability of gaussian process models on the signed
distance representation. Recent development of user-friendly libraries for such models make
research in this direction attractive.
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Rahbani, and P Kahr. Scalismo: Scalable image analysis and shape modelling, 2023.

[11] Hadrien Calmet. Large-scale CFD and micro-particle simulations in a large human air-
ways under sniff condition and drug delivery application. Phd dissertation, Universitat
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