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Abstract

The problem of stationary, spherically symmetric accretion onto a Schwarzschild black hole
is discussed here with the use of a formalism which is completely consistent with Einstein’s
General theory of Relativity.

The transfer of heat is a significant part of this process, however treating it without approx-
imations has proven difficult. Here I explore the adiabatic case first; then I consider a more
general case by assuming that all the heat transfer happens through electromagnetic radiation.
For the latter I apply the PSTF formalism which, roughly speaking, while still being relativistic
allows for the decomposition of the radiation into its first moments: energy density and flux.

The numerical analysis of the differential equations the problem can be reduced to shows
a bimodal behaviour: a branch of solutions has a much higher efficiency (ratio of luminosity
to accretion rate) than another.

In order to treat this problem, first I briefly recall the formalism of general relativity; then
I treat the basics of the relativistic formulation of the fluid dynamical equations, including the
relativistic version of the Second Principle of thermodynamics.

Contents

1 Introduction

2 Notational preface
3 Relativity

3.1 Specialrelativity . . . . .. ...
3.2 Differential geometry and tensor calculus . . . ... ... ... ... 0 0L
33 General Relativity . . . . ... ... ..

Fluid dynamics

4.1 Nonrelativistic fluid mechanics . . . . . . . . . . . . . .. ..
4.2 The relativistic fluid . . . . . . . . ... e
4.3 Bondi accretion: the adiabaticcase . . . . . .. ... ... ... ... .. ...

Radiative effects in spherical accretion
5.1 Thorne’s PSTF moment formalism . . . . . . . . . . . . . i
5.2 Generalized Bondi accretion . . . . . . . . ...

Conclusions

1 Introduction

e U1 = W=

The proper study of the problem of accretion onto a black hole requires the use of a relativistic

formalism, since the gravitational effect of such an object can only be properly described as
the curvature of space-time, and the speed of matter from radial infinity to the horizon spans
the whole interval [0, ¢]: neither the non-relativistic nor the ultra-relativistic approximations are
justified if the whole accretion problem is to be considered.

To this end, in section 3 I will briefly recall the basics of special relativity, differential geometry

and general relativity in order to introduce the Schwarzschild metric, which is the geometrical
background on which the spherical accretion problem is studied.

In classical mechanics the equations of fluid dynamics are the conservation equations of mass

(the continuity equation), of momentum (the Navier-Stokes equations) and of energy. In section 4



I will compare the equations of motion of a non-relativistic fluid to those of a relativistic fluid: the
classical equations have direct relativistic analogues; however an important difference is the fact
that the energy conservation equation cannot be decoupled from the momentum conservation
equations since they are the components of the same tensorial equation: the conservation of the
stress-energy tensor.

I will use the formalism first introduced by Eckart [Eck40] for the decomposition the stress
energy-tensor, and following Taub [Tau78] analyze the spatial projection of the conservation equa-
tions, distinguishing the relativistic forces acting on the fluid due to viscosity and to heat transfer.

I will then give a proof of the relativistic Second Principle of thermodynamics, which will
justify the definition of an ideal fluid: ideality implies the isentropicity of flow lines.

The relativistic equations of fluid dynamics are very complicated in the general case: in order
to be able to analyze the solutions one has to make several simplifying assumptions. I will derive
the equations which govern accretion in the spherically symmetric, adiabatic case. These already
give an interesting result: they show a critical point corresponding to the adiabatic speed of
sound: to avoid a divergence of the velocity gradient, one must impose the condition that the
speed of sound be reached exactly at a certain critical radius.

In order to describe the heat transfer one assumes that the stress-energy tensor of matter is
simply the ideal-fluid one, and that all of the transfer of heat happens through radiation. The
description of the radiation stress-energy tensor is, however, difficult in general. In section 5
I will introduce and apply the PSTF moments formalism by Thorne [Tho81]: it is a relativistic
generalization of a technique from classical mechanics which allows, in the spherically symmetric
case, for a simple description of the stress-energy tensor in terms of few scalar moments; these are
tied to each other by differential equations which are derived as a harmonic expansion of the
transfer equation for photons.

With these tools, the equations of motion can be reduced to a system of six ODEs, which still
show the adiabatic speed of sound critical point but also have another one. Also, they can be
integrated numerically [NTZ91]: the solutions, when characterized by their efficiency, cluster in
two regions.

2 Notational preface

I will use Greek indices (u, v, p...) to denote 4-dimensional indices ranging from 0 to 3, and
Latin indices (i, j, k...) to denote 3-dimensional indices ranging from 1 to 3.

I will use the “mostly plus” metric for flat Minkowski space-time, 1, = diag(—,+, +, +):
therefore four-velocities will have square norm u*u, = —1. I will use Einstein summation con-
vention: if an index appears multiple times in the same monomial, it is meant to be summed
over.

I will adopt the abuse of notation by which a vector is denoted by its components, and a free
index means we consider all of the possible values it can take, such as x# denoting a point in
spacetime.

Take a diffeomorphism x — y, with Jacobian matrix dy//9x". The indices of contravariant
vectors, transforming as

oy
2 -2y 21
Ve — ( axV>V 2.1)
will be denoted as upper indices, while the indices of covariant vectors, transforming as
oxV
Vi — <8y”> Vy (22)



will be denoted as lower indices; the same applies to higher rank tensors.

Unless otherwise specified, I will work in geometrized units, where c = G = 1.

In section 5 I will use the notation from Thorne [Tho81]: Ay will represent a sequence of k
indices labelled as «;, for i between 1 and k. The same will hold for B, — { ,Bi} etc.

Take a tensor with many indices, TAkB,- These indices can be symmetrized and antisym-
metrized, and I will use the following conventions:

1

T(Ak)Bj K 2 To(agg (2.3)
: UESk
1 .

Tiags, = 17 L 1800 To(aps, (2.4)
toeSk

where S; > o is the group of permutations of k elements, and sign¢ is 1 if ¢ is an even permuta-
tion (it can be obtained with an even number of pair swaps) and —1 otherwise.

3 Relativity

3.1 Special relativity

Special Relativity is a theory which satisfies the following axioms [Lec14]:

1. space and time are homogeneous (i. e. shift-invariant), space is isotropic (i. e. rotation-
invariant);

2. the speed of light is the same in every inertial reference frame;

3. all the laws of physics are written in the same way in every inertial reference frame.

In special relativity, instead of having vectors in 3D space and a time scalar coordinate, we
denote events as points in 4D spacetime, which is an intrinsically flat semi-Riemannian mani-
fold with metric signature (—, 4+, +, +), with coordinates such as x* = (t,x,y,z). This is called
Minkowski flat spacetime.

This difference is not just semantic: the spacetime formalism is needed because the axioms
are equivalent to the conservation of the spacetime interval ds* = #,, dx" dx", and the only
transformations between inertial reference frames which leave it invariant often mix time and
space: they are represented in 4D spacetime as x* — A", x* + a*, with the A, being (1,1)
tensors which satisfy A" o\ gy = Maps and a* being a generic constant 4-vector.

The flat metric allows us to compute the lengths of vectors, and since it is indefinite there
are nonzero vectors of positive, negative and zero spacetime length. These are respectively called

spacelike, timelike and null-like.

We define the proper time T by dt 4/~ ds%. Unlike coordinate time x° = ¢ this has the

advantage of being Lorentz-invariant.

We can define a tensorial velocity by differentiating the position with respect to proper time:
ut L g /dt. Defined this way, the so-called 4-velocity trasforms like a tensor. If 7 is the regular
three-velocity and v is its magnitude, we define vy = 1/v/'1 — v? and then: u/ = (v, v7).

Now, differentiating any function of position looks like dT4«(x") / dt = (V,T4) dx# /dt =

uh V;,TAk.
Once we have this, we can define the 4-acceleration:
dut
a’ = a4 = ultVu”. (3.1)



The 4-velocity is a unit vector: u*u, = —1, and by differentiating this relation we get the often
used identity u*a, = 0.

We also define the 4-momentum p# = mu#, where m is the rest mass of the body at hand.

The 0-th component of the 4-momentum vector is the energy of the body, while the i-th
components define a new relativistic 3-momentum p’ = ymv': we then have ptp, = m?> =

£ - |p|

3.2 Differential geometry and tensor calculus
3.2.1 Metric

The metric tensor g, is a symmetric (0,2) tensor which defines a scalar product at every point
in our manifold: x -y = g,,x"y". It is not intrinsic to the manifold. By integrating the velocity
vector we can find the lengths of curves x*(A):

14
L— / gﬂv%% A . (3.2)

For a flat spacetime we use the Minkowski metric 77,,. In general, in the presence of matter
the manifold will be intrinsically curved (the meaning of this will be discussed in section 3.3.2),
so there will not be a coordinate transformation to cast g, in the form 7,,,. If we choose a certain
point P, however, it is possible to find a transformation so that g, (P) = #,y(P), 0pgu(P) = 0
[Car97, pages 49-50].

The spacetime interval ds?, defined with guv instead of 7,,, is still an invariant scalar.

3.2.2 Tensor calculus

An object such as 9, A" (the matrix of the partial derivatives with respect to the coordinates of
some vector A") does not in general transform as a tensor.

Because of this, we wish to define a new kind of derivative, which is covariant, that is, which
transforms as a tensor. There is not an intrinsic way to do this, but for any choice of covariant
derivative one makes it can be written as

V}[AV == aHAV + FK”IA“ . (3-3)

where the rank-3 objects I' are called Christoffel symbols. They are not tensors: they depend on
the choice of basis e,.

A specific covariant derivative can be chosen by imposing the condition of it being torsion-
free: I’ZV = F‘Ija and compatible with the metric: Vg, = 0. This allows us to have a well-defined
unique covariant derivative. If we make this assumption, the Christoffel symbols can be calculated
as:

1 «
rll//lp = Egy (apng + avgocp - azxgvp> . (34)

The covariant derivative is the same as the coordinate derivative for scalars.

We can define the covariant derivative of higher order tensor analogously; adding a Christoffel
symbol for every new index. The symbols corresponding to lower indices have a minus sign: this
can be seen by differentiating a scalar such as V, (A, B¥) =9, (A, B") and matching the Christoffel
terms.

The divergence of a vector field A* can be calculated as:

v, AF = \/iigaﬂ (v-ga") (3.5)

where ¢ is the determinant of the metric.



3.2.3 Geodesics

A path x#(A) is called a geodesic if it is stationary with respect to path length. To check whether a
given path is a geodesic we can stationarize the action corresponding to the Lagrangian £(x, x) =
guwx" %" (where we use the notation ¥ = dx/dA). The Lagrange equations then are:

i+ Thed"i =0 (3.6)

where Fffp are the Christoffel symbols, which can be calculated by differentiating the metric, as
shown in (3.4). £ is an integral of these Lagrange equations.
If the parameter A is taken to be the proper time s, then the equation is
dut
I —
a5 + ypu'uf = 0. (3.7)
Notice that this is equivalent to the covariant acceleration (3.1) being zero.

3.2.4 Fermi-Walker transport

Take a general vector field V#(s) defined along a curve, with the curve’s tangent vector u* whose
covariant acceleration is a#. Then we say that V¥ is transported according to Fermi-Walker if it
satisfies

VE = u'V, V" = 2V,ultaf!. (3.8)

This condition is always satisfied by V* = u/, since a#u, = 0, whether or not the curve is a
geodesic: the tangent vector is always Fermi-Walker transported, but it is parallel transported only
for geodesics.

The justification of this definition is the fact that we want the transformations of our reference
frame to be infinitesimal Lorentz boosts, which are generated by antisymmetric tensors, and we
want to forbid any rotations in the plane orthogonal to a* and u.

3.2.5 Tetrads and projectors

We want to work in a reference in which the velocity u* is purely timelike. This can always
be found by the equivalence principle. Such a reference can be completed into what is called a
tetrad, for which the metric becomes the Minkowski metric in a neighbourhood of the point we
consider.

We call the velocity u# = V(%) and complement it with three other vectors V(P;) such that

H v
8 Vi) Vig) = M) (p) (3.9)

where the brackets around the indices denote the fact that they label four vectors, not the com-
ponents of a tensor.
We can choose the vectors V(’;) so that they are Fermi-Walker transported along the worldline
defined by u#: this allows us to find the relativistic equivalent of a non-rotating frame of reference.
It is useful to project tensors onto the space-like and time-like subspaces defined by our tetrad
(and we wish to do so in a coordinate-independent manner, so just taking the Oth and i-th com-
ponents in the tetrad will not suffice). We therefore define the projectors:

hw = Uyly + guv Ty = —Uylly (3.10)

respectively onto the space- and time-like subspaces defined by the four-velocity.



3.2.6 Killing vector fields

Suppose there is a certain direction (which, for simplicity, we assume to be along one of our
coordinate axes) along which the metric is preserved: an & such that dzg;,,, = 0.

Then the metric properties of curves along the manifold are unchanged if we shift their coor-
dinate representation by a constant along the & coordinate axis.

Let us call the direction of this translation " = 6 if we use this coordinate system. It can be
shown by direct computation that

Vg}‘ = 7( a8uv t al/g;m - ay&ﬁi) (3.11)

but by hypothesis the first term on the RHS of (3.11) is zero, therefore we have shown that
V¢ = V[, in this coordinate frame, but since this is a covariant equation it extends to every
other one.

This can equivalently be stated by writing V,¢,,) = 0: this is called Killing’s equation [MTW73,
section 25.2, page 650]. This is useful since: given a geodesic x#(A), for which we define u# =
dx# / dA, it must be the case that u"V,u* = 0. Then, the component of u* along ¢ (u® = utg,) is
conserved:

o

d

a (“ng) =u'Vy (“”Cy) = ¢hu? vu‘u‘EuV AT =0. (3.12)

3.2.7 Surfaces in space-time and acceleration decomposition

We consider 3D space-like surfaces in 4D space-time: if a fluid is moving with velocity u*, we
denote the solutions of the differential equation associated with the vector field as x* (&, s), where
&' are the 3D coordinates of the starting position and s is the time at which we look at the solution.

Then the “starting” hypersurface is £ = {x”(@i,O) }

Suppose we have a curve ¢(7) in £. Then we can define the two-dimensional surface defined

by the evolution of &(7): x#(&(1),s) & x#(1,s). If we also define the “spatial” tangent vector

AF = dxH / dr, it follows from Schwarz’s theorem that:

2xH B %xH . BLP‘ _oAF
0Tds  0sOT ot  0s

Now let us take the spatial vectors of an orthonormal Fermi-Walker transported tetrad V(’; ) as

(3.13)

described in section 3.2.5, and express A¥ in this frame: its covariant components will be

X(a) = Vi - (3.14)

If we differentiate (3.14) with respect to s, and use (3.13) with the fact that % = AV, we get:

dx dv, dA*
(a) (@p 5 “A
i = ds A +V( Ol (3.15a)
= Vi M Wﬂay + Vi Vytty (3.15b)
= v(a)A vyup (3.15¢)
= (Vg ) Ve, v, X (3.15d)

where in the last step we expressed everything with respect to the tetrad coordinate system.
Therefore, in those coordinates, the evolution of the components X (@) is linear, and defined by



the tetrad components of the two-form V,u, [Tau78, section 4]. So, we want to decompose this
tensor:

1
Volr = Wer + Opr + Z0her —  acug (3.16)
~— ~— 3 ~—
spatial  spatial —~— acceleration

rotation shear Sp atlal.
compression

1. 6 = V,u" is the bare trace of the tensor, corresponding to the expansion velocity;

2. a, = u"V,yu# is the covariant acceleration;

3. Opr = (V(Vuv))hghlé —1/30her = V(,lig) + Uy — 1/30hs7 is the spatial symmetric trace-
free part of the tensor, which corresponds to the shear stress;

4. wer = hghgv[vuy] = J[¢Uy] + a[7lly) is the spatial (antisymmetric, trace-free) rotation tensor.

To verify the formulas given for o, and w,+ it is enough to expand the definitions, simplifying
the terms which contain products of the 4-acceleration and the 4-velocity; also, the terms such as
utuVsuy, vanish since 0 = urVy (utuy,) = 2utuVouy,.

3.3 General Relativity
3.3.1 The Equivalence Principle

In the General theory of Relativity we make a stronger claim than that of the axioms of SR, which
are only formulated for inertial reference frames.

The Einstein Equivalence Principle states [Car97, p. 100] that in small enough regions of space-
time the laws of physics are those of special relativity, and we cannot detect gravitational effects
locally. The frame of reference in which we must write the laws for them to appear in their
special-relativistic form is called the Locally Inertial Reference Frame or Local Rest Frame (LRF).

Unlike special relativity, the transformation laws between different reference frames are not
linear, but can be in general be represented as diffeomorphisms.

We model spacetime as a manifold which has intrinsic (basis-independent) curvature; an ob-
ject which is modelled in newtonian mechanics as being in free fall, accelerated by a gravitational
force, is modelled in general relativity as following a geodesic in the manifold.

3.3.2 Curvature

The intrinsic curvature of spacetime is fully described by the Riemann curvature tensor, which is
a fourth rank tensor: for any generic vector V¥,
RE, VY v, v V. (3.17)
It can be calculated using the Christoffel symbols, and while they are not tensors R}, is one.
This result follows by expanding all the covariant derivatives in formula (3.17):

Rigr = 9pTty — 96Th, + T4, T3, — T, T, (3.18)

The Christoffel symbols can be nonzero if we choose certain coordinates even for flat space-
time, but the Riemann tensor is zero if and only if the spacetime is flat.
The Riemann tensor satisfies the following identities [MTW?73, egs. 8.45 and 8.76]:



V[AR],W]‘DU =0 (3.19a)
Ryvpr = Ryu)joe] = Ripo)[u] (3.19b)

R[;n/pa] =0= Ry[vpa] . (319C)

If we define the Ricci tensor R, = R,ﬂpv and the curvature scalar R = R,,¢"", we can derive
from (3.19a) the contracted Bianchi identity VR = 2VyRy, which means that V, (RP‘V -1 2Rg”") =
0.

3.3.3 The Einstein Field Equations

They describe the way the presence of matter changes the geometry of spacetime. They in-
volve the stress-energy tensor T which is defined in section 4.2.1 and the Einstein tensor G'" =
R* —1/2Rg"", which is the only independent tensor satisfying the following properties: it can
be constructed from only the Riemann tensor and the metric, it vanishes for flat spacetime and it
identically satisfies the conservation laws V,G"" = 0.

The field equations (EFE) are:

G = 87TH . (3.20)

The constant comes by imposing continuity with the newtonian limit, in which we know the
gravitational field ® is determined by the matter density py according to the Poisson equation
aiaicb = 47'(p0.

The matter density py is replaced in the relativistic formulation by Ty; as for the gravitational
field ®, in order to see how it appears in the relativistic formulation we must calculate the weak-
field limit of the Einstein tensor: this is done by assuming the metric is in the form g,y = 17,0 + hyy
with ‘hw < ’17;,1,

By comparing the geodesic equation we get with this perturbed metric with the equations of
motion of a particle in a newtonian gravitational field we can identify ® = —1/2hg [Car97, eq.
4.20]. The expression for the Ricci tensor contains exactly the derivatives needed to get the Lapla-
cian operator which appears in the newtonian Poisson equation: Rgg = —1/20;0'hgg. Substituting
this into the Einstein Equations (as they appear before the determination of the proportionality

constant) yields 1/ 20;0'hoy « Tpp, which can be directly compared with the newtonian limit.

The EFE can be written in a more general way by removing the condition that the LHS vanish
for flat spacetime, and thus including there a cosmological constant term AgM with constant A. It
is unclear whether this term should appear, and what the value of A should be.

3.3.4 The Schwarzschild solution

The EFE are generally very difficult to solve, but they admit analytical solutions in certain special
cases. One of the simplest is that of a central mass M described with spherical coordinates
(t,7,0,9) and in the presence of spherical symmetry. Here I present a sketch of the procedure
used to derive the metric, following what is done in Carroll [Car97, section 7].

We impose the condition that the stress energy tensor be identically zero for radii greater than
a certain (arbitrarily small) radius, r > r..

Then, we can write down the most general possible spherically symmetric metric, which turns
out to be [Car97, eq. 7.13]:



ds? = —e2:(rt) 42 4 () qp2 4 42 (d92 1 sin? Gd(p) (3.21)

and plug this into the equations G,, =0 = Ry, = 0 for all r > r.. We get the result that the
metric possesses a timelike Killing vector field which is orthogonal to a family of hypersurfaces
t = const: therefore it is static, unchanging with time. « and B only depend on r, and we can
show that

20(1) _ -26() _ (1 N f) (3.22)

for some C. By continuity with the weak-field limit, for which we have the newtonian grav-
itational field ® = —M/r and goo = —(1 +2®), one sets C = —2M. Keeping the notation
d = —M/r we have:

ds” = —(1+2®)dF* + - +12 Gdr+7? (d92 +sin? 0 d(p) (3.23)
or, equivalently,
1
gu = diag (—(1 +2d), 1529 12, 1 sin’ 9) : (3.24)

It approaches the spherical-coordinates flat metric 77, = diag (—1, 1,72, 7% sin? 9) both in the
limit M — 0 and the limit » — co. Its determinant is g = —r*sin? 6, so /— g= 2 sin 6.
4 Fluid dynamics

4.1 Nonrelativistic fluid mechanics

Nonrelativistic (compressible) fluid mechanics is described by the equations:

9tpo + ai(povi) =0 conservation of mass (4.1a)
00 (E)tvi + o/ ajvi> = ajaij conservation of momentum (4.1b)
000:E + v'9;E = 9 <(7i7 v; + KaiT> conservation of energy (4.1¢c)

where py is the density of the fluid, v’ are the components of the velocity vector field, o/ is the
classical stress tensor. E is the energy density of the fluid, x is the thermal conductivity, T is the
temperature field of the fluid.

We use the compressible formulation in order for these to be closer to their relativistic coun-
terpart, for which compressive effects cannot be ignored.

The nonrelativistic stress tensor can be written as:

Oij = —(p— éakvk)(si]' + Zﬂa(ivj) (4.2)

where p is the (isotropic) pressure, 7 the viscosity, ¢ is the bulk viscosity.! We are assuming that
the normal stresses are only those exerted by pressure, so the diagonal terms ¢;; (not summed)
must just be —p, and the term —&9;v* must equal 179(jv;y = 2n0;v; (not summed). Therefore, by
isotropy, ¢ = —21/3.

For consistency with the later sections, here we define & with the opposite sign to what appears in [Tau78, page
301].

10



Note that we are working in Euclidean 3D space, so the metric is the identity and upper and
lower indices are equivalent.
The energy density is the sum of kinetic and internal energies:

E=1vv/2+¢ (4.3)

where ¢ is the specific internal energy.

4.2 The relativistic fluid

We want to develop a formalism to treat a fluid dynamical problem in the presence of relativistic
speeds and strong gravitational fields, such as in spherical accretion onto a black hole. It will
have to be fully relativistic: the conservation laws will have to be written as tensorial equations.

We treat the fluid as a continuous medium which will have a certain density of particles per
unit volume n: that is, what we consider “infinitesimal” is not actually arbitrarily small but should
be considered much smaller than the characteristic lengths of the problem, while still containing
many particles.

The 4-current of particles is N¥ = nu*, where u/ is the 4-velocity field of the fluid. If these
particles have a certain rest mass my, we can then define the rest-mass-flow vector pou* = moN¥,
which is conserved: V,(pou") = 0, since particles do not spontaneously appear or disappear
nor change their rest mass. The presence of particles with different rest masses can be easily
accounted for by adding the mass flow vectors.

Particles in a fluid can have three kinds of energy we concern ourselves with: rest mass,
kinetic energy and other forms of energy (thermal, chemical, nuclear...). We can always perform
a change of coordinates to bring us to the Local Rest Frame, in which the kinetic energy is zero.

Do note that, since our volume element is not actually arbitrarily small, being in the LRF only
means that, locally, the average velocity of the fluid is purely timelike: the temperature can be
nonzero, so in the LRF the particles in the volume element will still have isotropically distributed
nonzero velocities.

We write the sum of mass-energy and internal energy as p = po(1 + €), the energy density of
the fluid in its Local Rest Frame, while pg is the mass density in the LRF. So, € is the ratio of the
internal non-mass energy to the mass.

4.2.1 Stress-energy tensor

The stress-energy tensor T"' is a symmetric (2,0) tensor whose y, v components are defined as
the flux of u-th component of the four-momentum p# through a surface of constant coordinate
xv.

Because of our choice of the metric signature, the spatial part of the tensor corresponds to the
negative of the classical continuum-mechanics stress tensor: T = —¢', since that tensor describes
the stresses on the “box” of fluid [Mor16].

To give an example: for a gas of non-interacting particles, the stress-energy tensor is very
simple: the momentum density is pu¥, and then to obtain the flow through a surface of constant
x" we just need to multiply by u", so in the Local Rest Frame we have:

™ = pulu’ = (4.4)

O O O
o O O O
o O O O
o O o O

11



The fact that momentum is conserved (which follows from Noether’s theorem applied to the
translational invariance of spacetime) can be expressed as the statement that the stress-energy
tensor is conserved: V,TH = (.

In our example, this can be written as

p(a"—i—u”(vﬂu’*))—i—u”ji =0. (4.5)

4.2.2 Relativistic non-ideal fluid dynamics

The evolution of the fluid is described by the conservation of the stress-energy tensor V, T#" = 0
and the conservation of mass V,(pou') = 0.

If we wanted to analyze our fluids without any approximation we would need to consider
the stress-energy tensor of the fluid when solving the Einstein Field Equations: this can be done
but it makes the geometry of the system significantly harder to work with, and since we wish
to consider other effects such as heat transfer and viscosity throughout the fluid we assume the
fluid is not self-gravitating, that is, we solve the conservation equations in a fixed Schwarzschild
metric background. This assumption is reasonable in our case: the components of the stress-
energy tensor of the infalling gas are much smaller than those of the black hole.

Any stress-energy tensor can be decomposed into its space and time-like parts in the local rest
frame of the fluid:

Ty = wuyuy, + 2w(ﬂuv) + Wy (4.6)
where [Tau48, egs. 8.2, 8.3, 8.5]:
w = Tyutu’ = po(l+¢) =p rest energy (4.7a)
wy, = Twhguv = —KhZ(agT + Tay) heat conduction (4.7b)
Wy = Tpohhhd = (p — €0)hyy — 210y pressure and viscous stresses. (4.7¢)

Do note that by definition the tensors w" and w"" are purely spatial: u*w, = u"w,, = 0.

For the definition of the acceleration, vorticity etc. see equation (3.16).

As in section 4.1 7 is the viscosity, ¢ is the bulk viscosity, x is the thermal conductivity, T is
the temperature field, p is the pressure field, pp is the rest mass density while p = po(1 + ¢) is the
energy density measured in the Local Rest Frame.

Equivalently, we can write

Ty =10, - T, +T), (4.8a)
= wuyty + phyy — ¢Ohyy — 2oy + Zw(yuv) (4.8b)
perfect fluid viscous stresses heat conduction.

In the nonrelativistic limit the velocity is approximately u* = (1,9'), so the conservation of
mass becomes (4.1a), while we can obtain both the conservation of energy (4.1c) and the conser-
vation of momentum (4.1b) from the four equations of conservation of the stress-energy tensor,
projected respectively onto the 4-velocity and the subspace orthogonal to it.
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4.2.3 Viscous and heat-flow relativistic forces

If we consider the spatial components of the conservation equations by applying hV, to the
formulation of the stress-energy tensor given in (4.8) we get:

hZVV((p + p)ufu’ + pgh’) = A (T";V — T,iw) (4.9a)
(0 + p)a” + 3" p = WV, (+20h" + 250" — 200l (4.9b)
2
=V, Ty —u’ <§ + 277vava> —Vy(w'u") = w'Vyu’ +a,whu’ .
7z
7y
(4.9¢0)

The vectors .7y, are relativistic forces on the fluid due respectively to viscosity and heat flow.
The equations in (4.9¢) are four, but they were projected into a three-dimensional subspace so
their component along the velocity is trivial, therefore we say that, practically speaking, they are
three independent equations: the relativistic generalization of the Navier-Stokes equations.

4.2.4 The Second Principle in General Relativity

Because of the conservation of the stress-energy tensor, we have:

Vo (T ) = TV, (4.10)

Let us also consider the fundamental thermodynamic relation, which follows from the first and
second principles in classical thermodynamics, as a definition for the scalar entropy per unit rest
mass S:

1
TdS =de+ pdp— . (4.11)
0
Claim 4.1. We can mold equation (4.10) into a version of the second principle of thermodynamics
whw
TV,S!' = £6° + 250y, 0™ + Tp‘ >0 (4.12)

where we define S = poSul +wt /T.

Proof. We will need the decompositions of the derivative of velocity (3.16), of the stress-energy
tensor (4.6), (4.7), the expression of differential entropy (4.11) and the conservation of mass
V,l (pou” ) =0.

First of all, the LHS of (4.10) can be greatly simplified by noticing that u"w, = u*w,, = 0, so
it becomes

V. (uuT”V) =V, | wuuu’ u¥ 4+ uywh u? + wut w” + uy,wh? (4.13a)
—~— —— e~ ~——r
—1 0 -1 0
=V, (—u'po(1+¢) —w") (4.13b)
= —pou'dye — V' . (4.13¢)

In the RHS of (4.10) many terms cancel as well because they contain contractions of space and
timelike indices: we get

1

(Vvuy) ™ = <wvy + o+ 3

Ohy, — ayuv> (wuru’ + wh'u” + ulw” 4+ w"") (4.14a)
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6h
— (wyv + T + 31/“/) + aywﬂ (4:14b)

6h
= ((p—coyn —290™) (ww + 0+ 3’“> +a(—xhE (T + %)) (4140)
= (p—20)6 — 2500t — xka, o' T — xTayat . (4.14d)

So far, we have:

— pou’'dve — Vyw' = (p —£0)0 — 250y, 0" — xa, o' T — xTayal . (4.15)

Let us rearrange (4.15) in a convenient way:

+ pout"dye + p = =V, w" + £6* + 250y o™ + xa, o' T + xTa,al . (4.16)

Now let us consider a quantity we wish to obtain from these manipulations: TV, S¥. It can be
expanded using the continuity equation into:

1 V., T
TV,S' =TV, <p05u” + Tw") = Tpou"9,S + V,w! — w”% . (4.17)

We can turn the differentials in (4.11) into proper-time derivatives: d — d/dt = u"9,. Also,
we can use the continuity equation to see that u"d, 00 = —po0. Then (4.11) becomes:
dS de pdpo de pb
T—= - _ 2 _ =, 4.1
dr  drt pidr dr + 00 (4.18)

So we can write the LHS of (4.16), using the identities in equation (4.17) and (4.18):

00 <uvave + Z") = p0Tu"9,S = TV, S — V,w' + %w"VHT. (4.19)
0

Let us substitute (4.19) into (4.16), and then subtract the desired result (4.12) from the equation:
this way, if we get an identity the proof will be complete (this may seem circular, but it is done
just for convenience in the algebraic manipulations: to get a more rigorous argument one may
just reverse the steps, using the identity (4.20b) in equation (4.20a) to get equation (4.12)).

TV,S! =V, wh + %w”VyT = —V,w’ + 0%+ 210" + xa, o' T + xTay,a" (4.20a)
—V, 0+ %w”VyT = —V,w" + xa,d'T + «Ta,a" — w::ZT” ; (4.20b)
+%w%’v,ﬁ = +xa,d"T + kTa,a" — w:;,” iy (4.200)

The last term in (4.20c) looks like:
wz;u” = %th;ﬁh’”(agT + Ta,) (98, T 4 Ta,) = « (Taﬂaﬂ +2a"9, T + Tayaﬂ> . (4.21)

Inserting the identity in (4.21) and making the last w* explicit in (4.20c) we get:
Lkl (3T + Ta)3,T = O'T + xTa,a" M T3, T + 20", T + Taya" 4.22
—fKU( + Ta")9,T = +xay +xTayal —x| =0, T, T +2a"9, T + Taya (4.22a)

1 v
—|—?h’”8vT8HT +h"a,0,T = —a,o"'T — Ta,a" + <TBVT8VT +2a4"0, T + Tuﬂa”) (4.22b)
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0= —a,0"T — Ta,a" + (ap‘a,,T + Taw") (4.22¢)

Thus we have proved the equation in (4.12); the inequality follows directly from the fact that
we are considering square moduli of spacelike vectors, and the coefficients such as ¢ are assumed
to be positive. O

If we assume that the fluid is in equilibrium (V5" = 0) then we must have 6§ = 0 (no
compression), 0, = 0 (no shear stresses), w, = 0: the interpretation of this last equation is
slightly harder, but it is equivalent to the statement that, in the LRF, the log-temperature gradient
is purely spatial and it defines the acceleration, by a, = —d, log T.

4.2.5 Ideal fluids

They are fluids with 7 = § = x = 0, that is, without viscosity (neither bulk nor shear) nor heat
transmission. They are described by the following stress-energy tensor:

™ = putu’ + ph*" = pohutu" + pg"’ (4.23)

where h = (p + p)/po is the specific enthalpy. If our fluid is ideal then the RHS of (4.12) is zero
and so is w#, therefore TV ,S# = TV, (poSu") = Tpou"d,S by the continuity equation. So, S is
conserved along the world-lines of the fluid.

Also, the RHS of (4.9¢) is zero, therefore we get the Euler equation:

(p+p)a +h"o,p=0. (4.24)

4.2.6 Speed of sound

The definition of the adiabatic speed of sound is v2 = (9p/dp)s: here we give a justification for
it, following an exposition by Yoshida [Yos11].

We work in Minkowski spacetime, where ¢, = #7,,», and with an ideal fluid, for which T, =
(p + p)uyuy + pryy. Then, the equations of conservation of mass and momentum read:

pod,ut 4 uta,p0 = 0 mass (4.25a)
ut (8,,,0 — ha},po) =0 momentum along u* (4.25b)
(p+p)at +h"fo,p =0 momentum normal to u" (4.25¢)

where h is the specific enthalpy. If we consider small perturbations p — p + dp, po — po + dpo,
p — p+0p, u* — (1,6u*,0,0) (the normalization condition is satisfied to first order in du*) we
get the following simplification of our three equations, up to first order in the perturbations:

9t(dp0)

dx(Su*) = — ) (4.26a)

0
9¢(0p) — hor(po) =0 (4.26b)
—(p+p)ot(6u™) = dxp. (4.26¢)

We manipulate these by differentiating and substituting, in order to eliminate the dependence
on du* and pg, and get:

9100+ (p+p)0x(0u™) =0 (4.27a)
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9x0p + (p+p)ot(ou*) =0 (4.27b)

which simplifies to 9%5p — 92,6p = 0.
We can write this as the wave equation (v; 292, — 8§x>5 p = 0, where we define v? = dp/dp,
the square of the characteristic velocity of propagation v;.

4.3 Bondi accretion: the adiabatic case

We now apply the formalism developed in this section to the problem of spherical accretion into
a black hole the adiabatic case, where we model the gas as an ideal fluid.

We assume the geometry of the spacetime is described by the Schwarzschild metric (3.23) and
make the following assumptions:

1. spherical symmetry: dg = d, = 0;

2. stationarity: 0; = 0.

4.3.1 Fiducial congruence

The comoving tetrad defined by the fluid’s motion is called the fiducial congruence reference.

Claim 4.2. When written with respect to the usual spherical coordinates (t, 1,6, @) the fiducial congruence
looks like:

F=e =u' = (’yz/y, —yv,0, 0) (4.28a)
P=e =a"/ /ara, = <—v'yz/y, v,0, 0) (4.28b)
0 =e=(0,0,1/7,0) (4.28¢)
¢ =e, = (0,0,0,1/(rsin(6))) (4.28d)

where vy is the Lorentz factor (v = 1/v/1—92), and y = v/1+2® = /1 —2M/r is the “energy-at-
infinity per unit rest mass” (see [TFZ81, equation 3]).

Proof. We start by proving that rescaling the vectors (u*,a", ey, e,) gives us a comoving tetrad.
They are clearly orthogonal, let us show that they are Fermi-Walker transported (see equation
(3.8)); notice that the condition of being FW-transported is 1-homogeneous, so proving it before
or after normalization makes no difference. For the velocity u# « f we have

u'Vout = at = uy,(uta —ufa) = —(upuf)a" . (4.29)

A

For the acceleration a" « 7 we need the following identity: 0 = d(u"a,) / dt = afa, +

ut day/dr. We multiply this by u* to get: u*(afa,) = da* /dt.
Then, we can prove:

u'Vyat = a,(u'a®) = a,(uta’ — ufa?). (4.30)

In the proof for the § and ¢ vectors, the RHS vanishes immediately since the time-radial
surface to which the velocity and acceleration belong is orthogonal to the sphere’s surface; the
LHS instead vanishes since it is a derivative with respect to proper time, therefore along the
fluid’s flow lines, which all lie in the time-radial surface.

16



Now, we need to show that the velocity and the acceleration actually have the form shown
in (4.28): for the velocity, it is enough to impose the normalization u#u, = —1, and to consider
an observer with velocity k* who is stationary with respect to the spherical coordinates: by
normalization their 4-velocity will be k* = (1/ v/800,0,0, 0), and the local transformation between
the frames will be a Lorentz transformation with factor 7y defined by the fluid’s velocity, therefore
it must hold that y = —k*u,,.

Since goo = —y?/* we have:

v =—k'u'gu = —° \/% = uow/—goo = uo% (4.31)

which gives us u® = 42 /y, while for u! we must impose (already knowing that u?> = u3 = 0):
& y P y &

-1 = (uO)Zgoo + (u1)2g11 (4.32a)

72\’ v\, 127
_ () (¥ T 4.32b
<y><v> +(u)y2 (£:320)

2

142 = (”1)2;52 (4.32¢)
yZ(—r;Z +1) = (u!)? (4.32d)
yor = (u')?. (4.32¢)

We now have a choice for the sign of the radial component of the velocity: since we are
modelling acccretion, we choose u! < 0 (with v > 0).

As for a*, we do not need to compute the covariant derivative since the two components
of the normalized vector we want are determined by u*a, = 0 = u/#"g,, and the normaliza-
tion condition #-# = 1. The first one translates to #y?> + #'v9> = 0 and the second one to
(#)2(=y*/7*) + (#1)2(v?/y?) = 1, since we know the other two components of the accelera-
tion are zero. Solving this system for the two unknown components yields precisely the desired

expression.
The @ and ¢ vectors just need to be rescaled, and they will need to become 1/,/32 and 1/./233
respectively. o

4.3.2 The equations of motion

The first equation we consider is the conservation of mass: if pg is the rest mass density of the
fluid, we must have V, (pou) = 0. This, using the formula for covariant divergence (3.5), yields:

d 2
i (poyvr ) =0. (4.33)
In the newtonian limit both ¢ and y approach 1; also, the infalling mass rate M at a certain
radius is po(r)v(r)47r?. Then, by continuity to the newtonian limit, the quantity which is constant
with respect to the radius must be M/ (47): therefore
M = 4mpgyor?. (4.34)

The second equation we consider is the Euler equation (4.24), which follows from the spatial
projection of the conservation of the stress-energy tensor: because of spherical symmetry, the
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only nontrivial component of this is the radial one, so we need to calculate a' = u#V,u! =
du! / dr + Fllwu?‘uv. To do this we will need the radial Schwarzschild Christoffel coefficients:

MM g 0 0
0 M __ 0 0
- r(2M—r) 4.35
" 0 0 2M-—r 0 (435
0 0 0 (2M — r) sin® (0)

while the proper-time derivative is d /dt = u"9,, = yvd;. Plugging in the expression for the only
relevant component of h#Y, k'l = ¢!l +ylyl = (1 +2®)(1 + v?9?) = y? we get, after a lengthy
computation,
do M
1_2(,2,9Y
a =y <'y vdr+(1+2<b)r2>' (4.36)
Substituting this into the (radial component of the) Euler equation (4.24) we get

do M
o (Po + () = " = o (4372)
, do M 1 dp

TG T ar 22 Tprodr

(4.37b)

The third equation we consider is the projection of the conservation of the ideal fluid stress
energy tensor onto the 4-velocity, —u, V, T" = 0, which can be written as dp/dt + (p +p)6 = 0;
using the conservation of mass, it can be cast into dpy/dt +ppf = 0 or § = —p; ' dpo/d.

Therefore we get an equation for the variation of the total internal energy, which holds for
ideal fluids at constant entropy:

dp _ p+pdoeo 9\ _ pHp def
dt = py dr or 306 S = (4.38)

where Fh is the specific enthalpy.

4.3.3 The Bernoulli equation

From these we can show that

Claim 4.3. The quantity yh\/1+ 2® = yh , is a constant of motion.

Proof. First of all, by direct computation it can be shown from the definition of y that

do M dlogy
2 _— =
TV + (14 20)r2 dr
Then, following Gourgoulhon [Gou06, section 6.3] we find that dp = pg dh in the isentropic

case, therefore

(4.39)

1 %:dlogh (4.40)
p+pdr dr
so we can substitute the results in (4.39) and (4.40) into (4.37b):
dlogh dlogy dlog(hy)
dr * dr dr =0 (2.41)
O
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In the nonrelativistic, weak-field limit this becomes:Bernoulli’s theorem, the classical law of
conservation of energy density,

2

fyh\/1+2d>%5+v2—]>4+e:const. (4.42)
0

4.3.4 Simplifying the equations of motion

We want to write the equations of motion with the formalism of logarithmic derivatives: we re-
place all the derivatives which were with respect to r, d /dr, with derivatives with respect to log,

which properly speaking would be ill-defined but we understand to mean d/dlogr e d /dr;
a more formal approach to this definition would be to use an adimensional radial coordinate
r/(2M) as is done in [NTZ91], but for consistency with [Nob00] I will not use that notation.

We can recast the mass conservation equation (4.33) using logarithmic derivatives, since when
a quantity has zero derivative its logarithm also does:

dlogpo = dlogyv
dlogr dlogr

+2=0. (4.43)

With the same approach we can recast all the equations we found as the following system, in
which we introduce the notation of primes denoting derivatives with respect to log r:

/ /

¥ p .
—4 /= Euler equation (4.44a)
AR 1
p' —hpy =0 energy equation (4.44b)
/ /
@ + Fo +2=0 mass conservation. (4.44¢)

yo  po
We can express the gradients of p and P in terms of the logarithmic derivatives of pp and T as

follows:

/

/
o T

4.45a
pte  po T (4452
P’ Po T
+ 4.45b
ptp po T ( )
where the parameters A, B, a and b are defined by:
po [ 9p T < ap )
B = 4.46a
P+p<&m> prp\ar (4.462)
po [ op T <®>
= b= ; 4.46b
P+p<&m> p+p\oT (1460)

the subscripts T and pp on the derivatives mean that the denoted quantity should be held constant
when differentiating.

These are related by the reciprocity relation [Fla82, eq. B3]: A+ b = 1.

When inserting these relations into equation (4.44b) we get:

Po T po
0=[A—+B= + 4.47
( o TEBT p>@ p) (4.47a)
_ T A-1p
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_ T _beo

T " Bp (4.47¢)
!/ /
- TT (r- 1)28 (4.47d)
where we define the local adiabatic exponent I =1+ b/B.
When we insert the relations into equation (4.44a) we get:
A
0==4a—+b= 4.48a
v 0 TOT (4.48a)
/ / 2
_Y P00 (4.48b)
y P Bpo
/ /
= yy + (—2 - %?) (4.48¢)
/ / /
Y UL Y P Lk (4.48d)
yo v Yo
22 (yo)' a2, M
= (v" — %) 7o 2u; + 7 (4.48e)

where we used: the fact that v2 = (8;9/8,0) = a+b?/B = a+b(l —1) [Fla82, eq. B12],
S

the energy equation (4.47d), the conservation of mass equation (4.43), and the identity we now

derive, starting from the expression for the logarithmic derivative of y (4.39):

Pl (4.49)
2 Y MY
=(¥*-1) . r (4.49Db)
(A | v
— (U + yzr) - (4.49¢)
) (yo)" _ Z/ M
!/ / /
(y;;) B % _ 2 (yy?;) L yMzr (4.49)
/ /
v _ e o) g (4.49¢)
y yo yr

The system which describes the motion is then given by equations (4.47d), (4.48e) and by
(4.44c), which remains unchanged. This is a system of three first-order differential equations in
the varibles T, yv and pp (y and v can be recovered since we have an explicit definition in the form
y = y(v)), which would ordinarily need three boundary conditions, but actually we only need
two.

When v = v, the logarithmic derivative of yv term in (4.48e) vanishes: then, either r =
205y%/ M or the logarithmic derivative diverges. Since the latter condition is unphysical, we must
consider the former, which defines a radius s, and impose v(r;) = vs.

This constrains the acceptable solutions, and allows the solution to be fully determined by just
imposing two conditions, such as po(r — ) = pe and T(r — o0) = Tw.
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5 Radiative effects in spherical accretion

5.1 Thorne’s PSTF moment formalism

The PSTF moment formalism was developed by Thorne [Tho81] in order to treat radiation energy
transfer to an arbitrarily high degree of accuracy: it is fully relativistic, and — in the presence
of certain symmetries, such that it is possible to use its scalar-moments version, which will be
developed in section 5.2.3 — it gives rise to an infinite number of ordinary linear first-order
differential equations for the various scalar moments, which can be truncated at a certain order.

In the presence of those symmetries the scalar moments fully describe the radiation; truncating
the sequence of differential equations at order 6 = 8 probably gives a reasonably high degree of
accuracy in all cases [TN88, p. 1285].

5.1.1 Mathematical introduction

We start by introducing the mathematical operations which will need to be applied to the moment
tensors.

Given any tensor AM-# = AM:c we can use the tensor h* to project it into the space-like
subspace defined by the velocity u*:

P k
AM: (AMk> - <1’[hﬁ;>AMk. (5.1)
i=1

Then, we can take the symmetric part of any tensor as outlined in section 2:
S
AMe (AMk) — AMD) (5.2)
We can select the trace-free part of a projected, symmetric tensor by

[k/2] .
Ab1He (Alll---]‘»k)TF _ Z (_1>1( k'(Zk—Zl — 1)”

i=0

(aay i1 A%2is10%) 1B

k —2i)1(2k — 1)1 (2i)!! o P1--Bi -
(5.3)
To see what this produces, let us consider its action on a rank-two projected tensor: it is just

the subtraction of its trace,
1
APV s APV gWAg. (5.4)

Now, let us consider all the unit vectors n# in the space normal to the velocity, which have
nuut = 0 and n¥n, = 1. They span the sphere S2.
If we have a function F: $2 — R, we can decompose it into harmonics as:

00 k
== 2 yﬂé]...ak H nlxi (5‘5)
k=0 i=0
where the PSTF moments .%,, 4, can be computed as
(2k +1)! F
Tty = ( / P]_[n“z dQ) : (5.6)

In particular, the function we will apply this to is the distribution of electromagnetic radiation
around the black hole. So, we consider a photon, whose trajectory in spacetime is parameterized
as (&), with a choice of ¢ such that the photon’s momentum is p = d/d¢.
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Now, our observer has a timelike velocity u*. We can find a spacelike vector n/ corresponding
to the space-like part of the movement of the photon, or

pt = (—u"py) (u! +n*). (5.7)

It must hold that u*u, = —1 while n*n, = +1 in order for p# to be null-like. Now, we define
a parameter [ which corresponds to the space distance the photon moved through in this frame
(I is not covariant!)

1= [(~wp.de (5.8)
now, d/dlI is parallel to p but it has different length, in fact since dI/d¢ = (—u"p,) itis d/dl =
(n# +ut)a,,.

It holds ([Tho81, eq. 2.17], with the notation from (3.16)), that
dv vy ) = wyd n
Tl (u" +n")Vu(=p'uy) = —v| nua" + 3 +nyn,ot | . (5.9)

We want to quantify the number density of photons in relation to their momentum. We
assume the radiation is unpolarized, therefore for each unit 4 cell in phase space there can be 2
photons: so we denote the distribution function of the photons as 2N (x*, p#).

It is known that the volume element dV,, = d®p /p" is Lorentz invariant (see [MTW73, box
22.5]). We can write this using the photons’ frequency v = —p*u, /h as dV, = vdQdv.

Let us define the specific radiative intensity as

_ OE _ hvwdN
— SAStOVSQY  SAStOVQ)
where §A denotes an infinitesimal area the photons are coming through, J¢ an infinitesimal time,

L,

(5.10)

ov an infinitesimal photon frequency, 6Q) an infinitesimal solid angle.
Then, the number density of photons in phase space is [MTW?73, figure 22.2]
2N (x#, pt) ON ON 1

BV, IevSAsea A (5.11)

therefore I, = 2Nv°h.
Now, we want to describe the variation of the occupation number N with respect to the
photons’ trajectories” parameter /. We encapsulate all possible effects into a source term &:

def d ON dx'  oN dp"
= 9 Hophy =2 It i 12
S = GNP (axu a Taprdl ) (-12)
since the occupation number can be thought of as just a function of the spatial components of the
momentum.
Since d/dl = (n" + u")d, and the covariant derivative of p7 is zero (since the photon’s

trajectory is a geodesic), we can compute

dp?

TR (n* +u" )V p? =TT p"(uf +nP) = —Fzﬁp“(uﬁ +nf). (5.13)

ap
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5.1.2 Moments’ definitions

In this subsection I will follow Thorne [Tho81] in his usage of units where c = h = 1.
We define the (unprojected) k-th moments of radiative transfer:

Ay def S(v—(—p'uy)) £ ;
N [T av, (5.14a)
k av
_/ 2N1/ S(v+p'uy H< ) (vdQdv) (5.14b)
k
_ / LT (" +ut)dQ . (5.140)
i

In general, we can compute the k-th moments of any function just as here we computed those
of 2N = I,,/v3: if we apply this procedure to the the source term & we get the following moments:

k
S =12 / S&(n* +u)dO . (5.15)

5.1.3 Redshift-adapted version

Thorne [Tho81] also defines a redshift-adapted version of the moments” definition: if R is a univer-
sal redshift functions, such that R(p"u,) is conserved along every photon geodesic p*V,p" = 0,
that is, R allows us to calculate the redshift between any two points A, B which are connected by
a geodesic as v4/vp = Rp/Ra.

Then, we define M?" = Mf k/R.

5.1.4 Frequency-integrated version

We may not wish to consider the frequency dependence of the radiation, but instead to treat all
radiative transfer “in bulk”: to this end, we define the frequency-integrated moments:

M4 = / M dy (5.16)

and the same is applied to the source moments St — 54k,
Since this includes the radiation intensity from all frequencies, we have direct interpretations
for the first moments:

M = / I, dQydv energy density of radiation
(5.17a)

M* = / L,(n" +u")dQdv (M°, M") = (energy density of radiation, energy flux)
(5.17b)

M = / L(n* + u®)(nP +uP)dQdv stress-energy tensor of radiation.
(5.17¢)
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5.1.5 The moment equations
These can be derived from the transport equation, see Thorne [Tho81, eq. 3.14]. I present them
only in the grey (frequency-integrated) case:

VM — (k= 1) MAPT(Vug) = S%%. (5.18)

The moments (the frequency-integrated M, but also the full moments M and the redshift-
adapted ones M?k ) satisfy the following:

MAF g =0 (5.19a)
ugMA4P = — M (5.19b)
hp MAPY = M4k (5.19¢)

So, the k-th moment contains all the information about the /[-th moments with | < k; also, to
get lower-order moments we take partial traces onto space- and time-like subspaces: therefore
the unique information to the k-th moment, which is not redundantly expressed in lower-order
moments, is in its PSTF part:

(5.20)

e (MAk)PSTF‘

The same can be applied to M;* and M}q", to the moment equations (5.18) and to the source

moments S — .74 Since we are taking the projection onto the space-like subspaces, we can
simplify the expression of the PSTF moments: all the terms which contain at least a four-velocity
vanish, therefore:

TF
= ( / IT]n dQ) (5.21)

where [ = f I, dv. The first PSTF moments also have physical interpretations:

M = / 1dQ) energy density of radiation (5.22a)
M = / In*dQ) energy flux of radiation (5.22b)
M = / In*nf dQ shears in the stress-energy tensor of radiation. (5.22¢)

We can write the stress-energy tensor T = M!"" with the PSTF moments (see [Tho81, eq.
4.9]):
1
™ = #uru’ + 2.4 " ") + 4™ + 3" (5.23)

and compare these to the expression of the components of the stress-energy tensor (4.7) to get the
following identifications:

M=w=p (5.24a)
M = w! = —xhl (07T + Ta”) (5.24b)
MM+ %///h”” = (p — ZO)W" — 2o (5.24¢)

and since the photons’ paths are geodesics in this case 8 = 0, for the components proportional to
h*¥ of equation (5.24c) we just get p = 1/3p, which is what we expect for a photon gas. For the
traceless part of the equation, we get .Z"" = —2yot.
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5.1.6 The PSTF moment equations

We want to express the grey moment equations (5.18) in terms of the PSTF moments. This can be
done as follows: an expression can be found for the full moments in terms of the PSTF moments
in [Tho81, eq. 4.10c]:

k l

k Lz 1 k(204 1)1 g k
M = = A% Bli%is 14%) (5.25)
E L )tk —T—2j)! 1 (21 + 1+ 2))!! Z.L—_[H x_llgjﬂ

where all the indices of the .#, h and u are meant to be symmetrized.

We insert this into the moment equations and expand, making use of the decomposition of
the covariant derivative of the 4-velocity (3.16).

Then, we should take the PSTF part of the equations. This yields a very complicated expres-
sion, so here I record only the implicit formula given in Thorne [Tho81, eq. 4.11c]:

k

T =V 1 — (k= 1) 4 0,

(vﬁ.//ﬂ‘kﬁ +uPV gt M +

5k

4
—(k — Axp = A
(k—1).# a,g+3//l 0+2k+3

Mgk — ket NPt (5.26)

PSTF
k(k + 3) Ak*l 193 (k — 1)k<k + 2) Ak—Z N1 &) _ Ak
Ve R T § 1 Vi S =7

5.1.7 How to recover the intensity

Once we solve the PSTF grey moment equations, can compute the intensity from the moments by
comparing (5.6) and (5.21):

© (2 +1)!!

I= Z 47tk!

k=0

L H My, - (5.27)
=1

5.2 Generalized Bondi accretion
5.2.1 Simplifications under assumptions of symmetry

Instead of treating the general case as it is done by Thorne [Tho81], we describe the specific
choices made under the assumption of spherical symmetry, following Thorne, Flammang, and
Zytkow [TFZ81].

The fiducial frame defined in (4.28) can still be used here: we denote with a subscript “fid”
the tensors expressed in that basis. We get the following expressions:

a" = (0,dy/dr,0,0)gq (5.28a)
1d
6= -5+ (r vy> (5.28b)
0 0
_ vy 1 _ 1
Twv = dr( > 3 —1/2 -7 ~1/2 (5:280)
~1/2| ~1/2|
fid fid
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Toro = Tprp = % (5.28d)

We can see that the shear has been heavily simplified. This is a specific case of a general
statement about the PSTF moments: in the spherically symmetric case, the k-th PSTF moment
only has one independent component. This is because it satisfies the following identities:

MY = 0 if A contains an odd number of 6s or @s (5.29a)

W _ e %///Ak" . (5.29b)

Equation (5.29a) comes from the fact that an odd number of 6 or ¢ indices corresponds to
and odd number of unit vectors which are integrated on the sphere (see the definition (5.21)):
therefore the integrand is odd.

Equation (5.29b) comes from two observations: first of all, the moments corresponding to
indices 6 and ¢ respectively must be equal because of spherical symmetry; secondly the moments
must be traceless, therefore the sum of the 66, p¢ and rr moments must be zero (for any pair of
indices).

So, with these every k-th moment is fully determined by the component .#"" (k rs), which
we denote by wy. This fact is analogous to the statement that the only spherically symmetrical
one of the spherical harmonics Y}, is Y}, therefore as in that case we have only one independent
component for every [.

5.2.2 Legendre polynomials complement

The I-th Legendre polynomial is:

V(-1 (21 26)" 1ok

Pi( 21 Z KT — K)I(I — 2k)1 (530)

We can see that the coefficient of x! is (21)!/(2/(I!)?). We can rewrite this making use of the
identities (2n)! = (2n — 1)!!(2n)!! and (2n)!! = 2"n!, as:
@) 1) @-D! @+ 531
202 et T 1 12I+1) '
which is equation [Tho81, eq. 5.7d].
In Thorne [Tho81, eqgs. 5.6] we find the statement that:

1 k1)) 1 K "
/ 11<y>Pk<y><,,) d#z(/ 11<mHnrdy> 5:32)
- : - i=1

where 1" denotes the radial component of a normal vector in spherical coordinates, Py is the k-th
Legendre polynomial and y = cos@ where 0 is the azimuthal coordinate of n. I(y) is a generic
function.

5.2.3 The scalar moments

It can be shown, using the identity (5.32) that the definition of wy we gave is equivalent to

-1
1 2k — 1!
wy = /_1 I(cos 0)Py(cos0) <(l')> 27t dcos® (5.33)
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where P is the k-th Legendre polynomial (5.30). Then the first moments are:

wo = / 1dQ radiation energy density (5.34a)
wy = / Icos0d() radiation energy flux (5.34b)
wy = / I <c052 0 — ;) dQ radiation shear stress. (5.34¢)

We can explicitly write the radiation stress-energy tensor in terms of the wy using (5.23):

wo w1 0 0
1
s _ (w1 zwo+ w2 0 0
radiation — 0 3 0 %WO . % W, . (535)
0 0 %wo - %wz

5.2.4 The source moments

We can get an explicit formula for the source moments sy = .’ (k rs) with the same procedure
which was used in section 5.2.3: we get

-1
1 — 1N
Sk = [1 %(cos 6) Py (cos0) <(2kl|1)> 27t d cos@ (5.36)

where dI/dl = [ &v®dv is the frequency-integrated source term in the transfer equation.

5.2.5 The simplified moment equations

It is possible to write equations (5.26) explicitly in terms of the w; and of derivatives wrt the
fiducial basis: one gets [Tho81, eq. 5.10c]

awkﬂ awk 4 5k(k + 1)

+[(2—k)a+ (k+2)bjwgs1 + — + |50+

| W+

of of |3 T 2(2k—1)(2k+3)
K w1 K[(k+3)a+ (1—k)b] .
Tk ) o Qk—1)(2k+1) T (5:37)
3 3(k —1)%k*(k +2) B
_ E(k — 1)0’Wk+2 + 2(2k — 3)(2k — 1)2(2k+ 1)(ka_2 = Sj

where ¢ = dy/dr = \/@"a, is the magnitude of the 4-acceleration, b = y/r is the extrinsic
curvature, 0 is the expansion velocity, ¢ is the scalar shear — the largest eigenvalue of the shear
matrix. Explicit expressions for these are found in (5.28).

Nobili, Turolla, and Zampieri [NTZ91] only used the first two of the moment equations, so
here is how the expression is simplified for k = 0, 1: for k = 0 we get:

awl 8w0 4 3
2 — — — = . .
5 +2(a+b)w + 5 + 39w0 + 50W2 = 8o (5.38)
For k = 1 we get:
awz 8w1 4 1 awo 4q -
5 +(a+3b)w2+¥+ [39+0} w1+§ﬁ+?wo—sl. (5.39)

These have to be simplified further to be used: specifically, they can be expressed with respect
tor,v,y.
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5.2.6 Simplifying the moment equations further

Because of the hypothesis of stationarity, we can express the derivatives in (5.37) as:

9 P29 o
9 a9 9 o

Now, we can make the scalar PSTF moment equations (5.37) fully explicit: denoting derivation
with respect to r with a prime, we have

ydwl +2<o‘ly + y)wl —yv@ _dwo d <r20y) — wzri <vy> =50

dr dr ~r dr  3r2dr dr\ r
(5.41a)
dw, dy 3y dw; 4 d/, 2rd [oy ydwy 4dy
T ar +<dr+r>w2 Yo dr 31’2dr<r0y>wl sar\r ) T3 Ta3a T
(5.41b)

We can simplify these by expanding the derivatives of products d(vyr?) / dr and d(vy/r)/dr:

dw, dy v\~ dwy 4 (d(vy) 2o0y)\ _ (d(wy) vy _
V4 +2<dr+r>w1 kP 3wo< Ep + ; w2 | 4, . ] =50 (5.42a)

dwy  (dy  Sy\, - dw o (d@) oy ydwo  4dy
Y +< +r>w2 LA 2w1< dr +r +3 dr +3drw0_sl’ (542b)

Equations (5.42) are the ones which appear in Nobili, Turolla, and Zampieri [NTZ91, eq. 4]
and which are reported in equation (5.43), with the notation of primes denoting differentiation
with respect to log r:!

/ / /
w) — vw — vwy [(vy) —1| + 2w, (1 + y) — évwg [(vy) 2| =10 (5.43a)
v y 3 vy y
/ !/ /
wh — vw) + lw{] vw (341 ) 20w, (oy) +1] + éy—wo S (5.43b)
3 y vy 3y y

5.2.7 Some properties of the accretion variables

From equation (4.34) we can find an expression [TFZ81, eq. 18a] for y which only depends on r
and constants:

N2
2 2M M
Y= \/yZ(l — 024 0?) = (i) + 2o = J <1 _ r) 4 <4nr2po> (5.44)

therefore by the continuity equation v can also be expressed in terms of r and constants:

. M
~ 4mrpoy(r)
Do note that in the paper [NTZ91] the letter  is used to denote the adimensional radial coordinate r/(2M).

(5.45)
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5.2.8 The source term

The source term can be written [TFZ81, eq. 15] as
1120 +1) (1 dlI
= — P (u)2tdu . 5.46
s (21+1)!!/_1 P2 dn (5.46)
The general relation for the change in intensity is
di,
dl
where py is the rest mass density, while ¢, and «, are the specific coefficients of emission and

= po(ey — 1y 1) (5.47)

absorption. If we integrate this relation over all frequencies and take its k-th moment, we get

sk = po(ex — Kxwg) (5.48)

where wy are the PSTF scalar moments, ¢ is the k-th moment of the emissivity and «; is the k-th
moment of the opacity of the gas.

Equation (5.48) can be taken to be a practical definition of & and x;; we do the integral in
(5.46) and get constant terms and terms proportional to wy, which we split into the two terms in
the RHS of (5.48).

We will only consider the k = 0 and kK = 1 moments. If the emission is isotropic, then the
emissivity moment ¢; is 0 since its definition contains an integral of the product of an even and
odd function.

Because of this, we just call the one emissivity moment we need & = ¢.

The source moments given in [NTZ91, eq. 6] are:

e

S0 = Po (s — Wy <K0 — Kes 4k (T — Ty)>> (5.49a)
51 = —pPowW1K1 (549b)

with

1 / hvwy(r,v) dv
Ty = —=0 (5.50)

4ks / wo(r,v) dv
0

The term proportional to the electron scattering opacity «es in the zeroth source moment
accounts for the Compton heating and cooling of the gas caused by the interaction with the
photons.

The determination of the radiation temperature T, with the definition given here is impossible
if only the frequency-integrated transfer problem is solved, since it involves the specific energy
density per unit frequency: a reasonable approximation has to be made in order to compute it in
this case.

Nobili, Turolla, and Zampieri [NTZ91, eq. 17], following the works of Park and Ostriker,
propose the following differential equation for the determination of the logarithmic derivative of
T, when the temperature profile is known:

T, _ 4kpTmax(r,7*) T - T,
T, Me T

(5.51)
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where 7 is the adimensional optical depth, which will be defined in 5.2.13. This differential
equation has to be solved simultaneously with the ones which will be found later.

Furthermore, we use the facts that ¢/xg = aT* if there is thermodynamic equilibrium and that
we have the following expression for the emissivity ¢ in terms of the cooling function A(T) (given
in (5.58)):

e = POAET) (5.52)
m
P
to write the source term sg as
2
N pOA(T) wo 4kB
As for the s; term, we model x; as
K1 = Kes + (Kt) = Kes + 6.4 x 102 cm g 20T~ 7/2 (5.54)

where the second term is the conventional approximation of the Rosseland mean opacity com-
puted taking into account only free-free transitions: the definition of the RMO is a harmonic
mean of the opacities at every frequency, weighted by the derivatives with respect to temperature
of the Planck function! at specific frequencies [RL04, eq. 1.110].

” @i dv
1 _Jo dT «ff (5.55)
(xg) *dBy o
o dT
The expression we get for s; is:
I (Kes 464 %102 cm g*zporm) . (5.56)

5.2.9 Cooling function

The cooling function A(T) is defined by the following relation, which describes the variation in
the energy density by radiative processes:

d
d{ = n2(T(T) — A(T)) (5.57)
where p is the energy density (measured in erg cm ™), ny is the baryon density (measured in

3.1

cm~3), while T and A are the heating and cooling functions, both measured in ergcm®s™~1, see

[GH12, equation 1].
The cooling function of the infalling gas is plotted in figure 1 and given in equation (5.58):

-1
A(T) = ((142 < 10—27’1"1/2 (1 144 % 10—10T> + 6.0 % 10—22T—1/2>

—12\ 1
+1025 T 3 —1
15849 x 10° K ersems

IThe Planck function [RL04, eq. 1.51], here given reintroducing c explicitly,

(5.58)

_ 2hv3c?
" exp(hv/kgT) — 1

quantifies the spectral radiance emitted by a blackbody.
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= Cooling function
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Figure 1: Cooling function graph.

5.2.10 How the conservation equations change using the moment equations

The way we use the grey moment equations (5.43) to study the accretion problem is by using
them to simplify the conservation equations V,, TH#".

The full energy momentum tensor of the problem is given, in the fiducial reference frame, by
combining an ideal-fluid stress-energy tensor (with pressure p and rest energy density p) with

the one given in (5.35):

o+ wo w1 0 0
+ R 4w, 0 0
Y T LR B 5.59
radiation + matter 0 0 p + % _ w72 0 ( )
0 0 0 p+ -3

fid
The t,r by t,r components of the stress-energy tensor with contravariant indices in spherical

coordinates are:

v v(3p+wgy+3wy ) —3w
’Y4<va1+ (( 03 d 1)+w0>

2 7 <v(—p—w2—p+vw1—§wo)+w1

7 (colrun) + ) (o (o) —2) + 3
(5.60)
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5.2.11 The total luminosity E

We can project the conservation of the stress energy tensor along the unit vector in the time
direction in the spherical reference frame, (e;),: we get (e;),V,T"" = VVT[‘ =0.
Then, applying (3.5) and our symmetry assumptions:
= rzslmeaar (1’2 sin QT[) = 1’12881’ (rth’) — r*T/ = const . (5.61)
In [TFZ81, before eq. 18] this appears with an additional immaterial factor of 47t.
The quantity which is conserved is rzgttT”, where T is the (0,1) matrix element which
appears in (5.60). We can simplify it by expressing it in terms of the radiation luminosity L which
is L = 47tr?w: we get

0=V,T}

L 4
4712 gy (72(1 + 02)4717 —v9? (p +po+wy+ 3w0>> = const . (5.62)

We can also substitute in the expression for v = M/ (47'cr2poy>, and recognize the expression

for the specific enthalpy h and for y? = —guy*:

= —E = const . (5.63)
00

This is the total luminosity of the accretion process (while L is only the radiation luminosity).

—y2(1+vz)L+yM<h+4w0/3+w2> def

5.2.12 The full equations of motion
The conservation of the stress-energy tensor can be projected onto f and # and cast into [NTZ91,

eq. A7]:

dy  dp 4 dy 1 dwo 1 d (555 1dys Y
(p+p)dr +ydr +3w0dr + 397 ar * yor? dr (y or wl) + r3dr <r yw2> =0 (564a)

51

dp_ptpdeo duwo dwo d o2y, 1 das rd (ye)
dr po dr +dr +3yvr2dr <yw)+yzvr2dr (yrw1>+w2yvdr . =0 (5.64b)

so/ (y)

where the identifications come from the manipulation of the moment equations (5.43) (see [NTZ91,
eq. A8]).

By adding the continuity equation (4.43) to the equations (5.64) — which are reworked slightly
to get the expressions of logarithmic derivatives — we get the full system of the simplified con-
servation equations we will work with. Here, as in [NTZ91] and as in section 4.3.4, primes denote
differentiation with respect to logr.

/
/ p6 rSo
14 —(P+P)%+@=0 (5.65b)
/ /
(Z;yy)+20+2:0 (5.65¢)
0

32



We can express these in terms of the variables (yv)(r), po(r) and T(r). To this end, we apply
the same manipulations used in section 4.3.4 and thus get [NTZ91, eqgs. 15]:

2o ) M _

(v* —v5) 7o 205 + 2 + (T p) (T—1)so+wvs1) =0 (5.66a)
T 0o S0 _
7—(F—1)p—0—m—0 (5.66b)

/ /
%?+(’j°+2:o (5.66¢)
0

where I', B, and vg are those defined in section 4.3.4.

Their expressions will in general be unknown: they are however defined in terms of deriva-
tives of p and p, so if we can write an equation for those variables in terms of T and pg we can
compute all the desired thermodynamic variables. The desired equations of state, which need to
account both for slow-moving and fully relativitic regimes, are [NTZ91, egs. 16]:

. F pokBT
_ 3 F n—1_ pokpT _F poEn
P=pot (2(1+F)+< 0 1)) m, +<1 1+F> m, (5.670)

where F = 2(T/1K) exp (—1.58 x 10°K/ T) and the quantity F/(1+ F) is the approximate degree
of collisional ionization, § = kgT/m, while 7 is defined with the use of the modified Bessel
functions of order n, Ky,: 7 = K3(671)/Ky(671); mp, and m, are the masses of the proton and
of the electron, kp is the Boltzmann gas constant, while Ey is the energy of first ionization of a
hydrogen atom.

5.2.13 Closures and singularities

The full system of differential equations which has to be solved is composed of the two grey
moment equations (5.43), the three equations of motion (5.66), plus the equation for the radiation
temperature (5.51), to be solved in the six unknowns wy, wy, po, yv, T, T,,.

The shear moment w, also appears in the grey moment equations (5.43), but it cannot be
determined simultaneously. A closure relation is a reasonable approximation for the behaviour of

wy: what is assumed is
2 1

31+ 1"
where T is the electron scattering optical depth, which is defined [RL04, eqs. 1.25, 1.26] as the
function along photon paths such that the incoming intensity diminishes as I = Ipe™; f(7)
is called the variable Eddington factor, while n € IN can be chosen to reproduce different be-
haviours. The error introduced by this approximation is typically of the order of 15 % [TN88].

The flow is called optically thick when, along a typical photon path 7 >> 1, and optically thin
when 7 < 1. In these two cases f(T) approaches 0 and 2/3 respectively.
If we substitute the closure relation into the grey moment equations (5.43) and solve for wy,

Wy = f(T)ZUo wo (568)

where [ = 0,1, we get an equation of the form [NTZ91, eq. 18]:

1
(vz —of(1) — 3>w; = a function of r, wy, wy,v,7’,1. (5.69)

This adds a singularity to the system in addition to the one at v = v discussed in section 4.3.4.
This singularity is located at the zeroes of the Legendre polynomial P> (v) (see (5.30), the order of
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the polynomial is 2 = 1 + Inax where Imax = 1 is the maximum order of moments considered) in
the optically thick limit, and at v — 1 in the optically thin limit.

5.2.14 Boundary conditions

To solve the differential equations boundary conditions must be provided, both at the horizon
and at infinity. Here are the conditions used by Nobili, Turolla, and Zampieri [NTZ91].

At radial infinity we suppose there is radiative equilibrium (sp = 0) and the density gradient
vanishes (¢/py = 0), so by the energy equation:

T/
L= 00) =0, (5.70)
Also, we assume the energy density and energy flux decay as =2 wo, wy < 72, or
/ /
%(r%oo):%(r—)oo):—z (5.71)

At radial infinity the effects of Comptonization are negligible: this is expressed as
T(r — o) =T, (r — ). (5.72)

All the previous conditions are fixed, and we have a residual degree of freedom: we can look
at different accretion rates M, which amounts to fixing the density pg at a certain radius,! we
choose the horizon:

po(r = 2M) = pg hor - (5.73)

Conditions must be assigned at the singularities of the Jacobian of the system: we shall not
explore those here, but they can be found at the end of section 3 of [NTZ91].

Lastly, we must fix the constant mass of the black hole M: the results are generally not scale-
independent, so this is actually an important choice. Nobili, Turolla, and Zampieri [NTZ91] chose
a value of

M =3M;g (5.74)

where M, ~ 2 x 103 kg is the mass of the Sun.

5.2.15 Complement: Eddington luminosity

It is the characteristic luminosity at which the radiation pressure from the photons moving out-
ward equals the gravitational specific force on the infalling matter.
The gravitational force, in the newtonian limit, is

GMm
Pgrav = T . (5.75)

The radiation pressure can be given in terms of the luminosity L (reinserting the units of c for

this) as
L

Pod = ——,

d 7 4y
then, the radiative force on a test object of mass m is given by F.,q = Praqkm, where « is the specific
opacity: the per-unit-mass cross-section of the interaction. We usually assume x = or/m,, that

(5.76)

LThis follows from the continuity equation (4.34): since the two variables are bound by an equation, fixing one also
fixes the other.

34



is, that the interaction between radiation and matter is all due to Thompson scattering and the
matter is only composed of hydrogen atoms.
Equating the forces, we get our result:

LEdd . 47cG
Mk
In the x = or/m, ~ 0.04 m?/ kg case, we get Lgqq/M to be around 6.32W1<g*1 (constants’
values from [18]). If we express this in units of Lo /My ~ 1.93 x 10*4Wkg*1 [Wil18] we get
Lggq/M =~ 3.27 x 10*L,/ M: the amount of radiation emitted by the Sun is much less than the
Eddington limit.

, (5.77)

It is, of course, important to note that this is a limit found with many approximations: non-
relativistic gravity, spherical symmetry, only Thompson scattering, only hydrogen.

5.2.16 Solutions

The solutions of the differential equation system, obtained numerically, include the profiles of all
the variables at hand: a particularly interesting one is the variation of the luminosity L = 47tr?w;
with respect to the accretion rate M. To plot these, adimensional units are used: the luminosity
is rescaled by the Eddington luminosity, defining | = L/Lgqq4; the accretion rate can also be
rescaled by the luminosity if we are working in natural units (otherwise we would need to use
Mgg4qc® = Lgaq), defining ri1 = M/ Lgqq. The results are shown in figure 2.
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Figure 2: Log-log plot of the luminosity against the accretion rate. The crosses are the results
of the simulations by Nobili, Turolla, and Zampieri [NTZ91], the triangles are the results of the
simulations by Park (1990a). Image credit: [NTZ91, fig. 1].
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The ratio between [ and i is called the efficiency e, and it represents the fraction of the mass
of the infalling gas which gets converted to energy in the accretion process.

The numerical solutions for spherical accretion show two branches: the high-luminosity one
has ¢ ~ 5.5 x 107° =+ 2.1 x 1074, while the low-luminosity one has e ~ 8.4 x 1078 + 8.6 x 1077
[INTZ91, tables 1, 2].

6 Conclusions

One important conclusion to draw from the models is that spherically symmetric accretion is
generally a very inefficient process: in disc accretion onto a Schwarzschild black hole the efficiency
can be as high as ~ 0.06 [Nob00, eq. 2.8.5], which is much higher than 2.1 x 1074, the maximum
efficiency obtained in the models of spherical accretion considered here.

Further, the bimodal behaviour of the efficiency does not have an apparent theoretical justifi-
cation.

The research explored in this thesis is pioneering in the numerical study of accretion using a
fully relativistic formulation, but there are many aspects of this problem to be explored beyond
what was treated here. The problem may be treated introducing viscosity (which is done in
[TN89]), time dependence, frequency dependence, considering more of the moment equations,
relaxing the assumption of spherical symmetry.
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