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Abstract

The T2K experiment (Tokai to Kamioka) is a long-baseline neutrino experiment
that investigates neutrino oscillations by producing a beam of muon neutrinos at
the J-PARC facility in Tokai, Japan, and detecting them at the Super-Kamiokande
detector, located 295 km away in Kamioka. Its primary objectives include measur-
ing the oscillation parameters related to the disappearance of muon neutrinos and
the appearance of electron neutrinos. The experiment aims to understand the fun-
damental properties of neutrinos, including CP violation, which may help explain
the observed predominance of matter over antimatter in the universe.

In this thesis, I have studied the resolution of the Super-Kamiokande detector
in the reconstructed neutrino energy and the lepton angle using simulated data
employed by the T2K collaboration to measure oscillation properties.

In particular, I considered the interplay between resolution and binning and
searched for possible areas of improvement.

The presence of biases has been checked as well as the relation between the bin
widths and the resolution in the bins, to prevent the occurrence of undesirable large
migration effects. These studies have been conducted in two dimensions, taking
into account both angle and momenta. The effectiveness of the two-body formula
for neutrino energy has also been verified by analyzing it in the p-6 plane in bins of
the true neutrino energy.

A proposal for binning improvement is put forward and it will be checked against
its effectiveness in improving the uncertainty on the fitted oscillation parameters.
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Neutrino Physics

Despite being the most abundant known massive particle in the universe, neutrinos
pose a remarkable challenge for detection and study due to their extraordinarily
small mass and lack of electric charge, which make them interact with matter only
weakly. Their minimal interaction with matter entails that neutrinos preserve their
direction and momentum and can therefore be exploited in the study of distant
astrophysical sources. Besides, neutrinos undergo flavor oscillations during their
journey, meaning they change their flavor as they propagate. This property, known
as neutrino oscillation, enables the investigation of CP-violation. Neutrinos are also
involved in numerous other phenomena, including cosmic ray showers and various
nuclear processes. All these implications make neutrino physics a paramount field

of research.

1.1 Discovery

Neutrinos are neutral fermions first predicted by Wolfgang Pauli [13] in 1930 to
explain the apparent non-conservation of energy and momentum observed in beta
decay, particularly due to the continuous spectrum of emitted electrons. This pre-
diction addressed the need for a missing energy component in the decay process,
which was later identified as the neutrino [14] [15] [16].



Following the theorization, the first neutrino detection took a while, mainly be-
cause, as neutrinos interact only through the weak force and have very small in-
teraction cross sections, neutrino detectors must operate over extended periods to
accumulate a statistically significant dataset or, alternatively, must have a large
mass. This constraint complicates neutrino research by obscuring neutrino interac-
tions within the effects of nuclear potentials. Therefore, for accurate predictions
of neutrino behavior, nuclear theory must be considered in addition to standard
quantum field theories.

The first detection occurred in the Cowan-Reines experiment on June 14, 1953,
through the observation of the inverse $-decay process: 7, +p — e* +n, using the
Savannah nuclear reactor anti-neutrinos on cadmium-doped water at the Savannah
River Plant in South Carolina, USA [17].

The hypothesis that neutrinos were leptonic flavor-characterized was confirmed
instead in 1962 with the first ever accelerator beam neutrino experiment leading to
the detection of the first muonic neutrino v, [18]. The same results were confirmed
at CERN in 1964 [19].

The v, was detected by the DONUT collaboration at Fermilab in 2000 [20],
following the production of the first 7 lepton in 1975, achieved using an electron-
positron collider at the Stanford Linear Accelerator Center (SLAC) laboratory [21].

1.2 Neutrinos in the Standard Model

In the framework of the Standard Model (SM) of particle physics, neutrinos are
fundamental particles that belong to the lepton family, together with electrons e,
muons u, and tau 7 particles. There are three neutrinos, each associated with a
different lepton flavor. Therefore the SM describes three generations of fermions,
each consisting of a charged lepton (e, p, or 7) and its corresponding neutrino
(electron neutrino v., muon neutrino v, or tau neutrino v;).

Neutrinos are electrically neutral with a lepton number of +1, which makes them
distinct from their antiparticles, which have a lepton number of -1.

One of the key features of neutrinos, according to the SM, is their left-handed
chirality, which means they predominantly interact with left-handed particles and

right-handed antiparticles. Unlike charged particles, neutrinos do not interact via



the electromagnetic force or the strong nuclear force, making the weak nuclear force

their primary mode of interaction.
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Figure 1.1: Schematic overview of the Standard Model (SM). The particles in the SM are categorized based on
their interactions, flavor, charge, and spin. The spin-1/2 fermions, including quarks and leptons, come in three
generations, with each generation ordered by mass (except for the neutrinos, whose masses are much smaller

and still not precisely determined). The spin-1 gauge bosons, such as the photon, W and Z bosons, and gluons,
mediate the electromagnetic, weak, and strong nuclear forces, respectively. Additionally, the SM includes a spin-0
scalar boson known as the Higgs boson, which mediates the coupling of the massive particles with the Higgs field,
giving them their mass. Image taken from [1].
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Neutrinos were initially assumed to be massless in the SM, however they were
later found to have tiny but non-zero masses, as evidenced by neutrino oscillation
experiments reported in Section 1.3.1.

Studying neutrino oscillations is paramount since it is a tool to understand why
in the universe seems to be more matter than antimatter. This issue is called
the Charge-Parity (CP) symmetry violation. In most interactions, CP-symmetry
is conserved, suggesting that the universe began in a symmetric state with equal
amounts of matter and antimatter. However, the observed matter dominance im-

plies a violation of CP-symmetry. In 1966, Andrei Sakharov [22] proposed three

3



conditions necessary for baryogenesis, the process by which matter predominates

over antimatter.

e Departure from thermal equilibrium: matter must exit thermal equilibrium
with the hot plasma which existed at the beginning of the universe;

e violation of C and CP conservation: both C and CP conservation must be
violated

e mnon-conservation of baryon number: baryon number conservation must be
broken.

The CP-violation measured in the quark sector alone is insufficient to satisfy the
second condition for baryogenesis.

However, if neutrinos can violate CP-conservation, and if this violation is sig-
nificant, it could contribute to meeting the condition. Minimal extensions of the
SM that incorporate massive neutrinos with CP-violating oscillations are prerequi-
sites for models such as leptogenesis, which aim to explain the matter-antimatter
asymmetry observed in the universe today. Furthermore, these extensions may
also contribute to the development of a Grand Unified Theory (GUT), potentially

contributing to the understanding of fundamental forces in the future.

1.3 Neutrino Oscillation

1.3.1 Evidences

The late 1990s marked a significant breakthrough in understanding neutrinos, as
Super-Kamiokande (SK) [23] experimentally demonstrated that neutrino survival
probabilities vary depending on both their flavor and the distance they travel. In
particular, by studying neutrinos originating from cosmic rays in the atmosphere,
SK observed that muon neutrinos disappeared after traversing the Earth, while
electron neutrinos remained unchanged.

Further advancements came with the Sudbury Neutrino Observatory (SNO) [24],
which provided additional evidence supporting the notion of neutrino flavor change.
SNQO'’s observations revealed a deficit in the number of electron neutrinos compared
to predictions based on solar models, suggesting that neutrinos were changing their

flavor during their journey from the Sun to the Earth.
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The phenomenon of neutrino flavor change was later confirmed by experiments
such as KamLAND [25], a long-baseline reactor experiment, which detected the
disappearance of electron neutrinos (v,) using artificial neutrino sources, and the
accelerator experiments K2K [26], and MINOS [27], which measured the disappear-
ance of muon neutrinos (v,) and their antiparticles (7).

In addition to the confirmation of the neutrino flavor-changing behavior, these
experiments provided important informations on the oscillation neutrino probability,
leading to the conclusion that it depends on the ratio of the distance traveled to
the neutrino energy (£).

More recently, the long-baseline accelerator experiments T2K [28][7][9] and NOvA
[29] have yielded significant results about neutrino oscillations, constraining the
parameters of the PMNS matrix and sheding some light on the neutrino mass

hierarchy, as briefly discussed in Sections 1.3.2 and 1.3.3, respectively.

1.3.2  Theoretical Frame

Neutrino oscillations are formally described within a framework involving three-
flavored neutrinos, where at least two of them have non-zero masses.

The survival probability is governed by the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix U, a 3 x 3 unitary matrix, often referred to as the MNS mixing ma-
trix [30] [31]. The MNS matrix provides a framework to describe the transformation
between the three flavor eigenstates |ve), |1,), |v-) and the three mass eigenstates
|1), |1v2), |vs) of neutrinos. In particular it is possible to write each flavour states

as a superposition of all the mass eigenstates as

Va) = ZUM\W) (1.1)

where o = {e,pu, 7}, and i = {1, 2, 3}. This relationship can be expressed in

matrix form as:
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The MNS mixing matrix U is often decomposed into four separate matrices,
parametrized by the mixing angles, 015, 613, 023, the CP-violating phase, dcp, and
two mass-squared differences, typically Am2, and |Am3,|. Additionally two phase

factors oy and oy are considered. Therefore U can be expressed as:
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Where ¢;; = cos0;j, si; = sinb;;, and dcp is the CP-violating phase, which is
non-zero only if neutrino oscillation violates CP symmetry.

The phase factors a; and «; are physically meaningful only if neutrinos are
Majorana particles, for example if the neutrino is identical to its antineutrino, con-

sequently do not enter into oscillation phenomena.

Propagation

Since U is unitary (i.e., UTU = UUT = 1, where U' is the conjugate transpose),it
follows from Equation 1.1 that the three mass eigenstates can be expressed as a

superposition of the three flavor eigenstates using the complex conjugate of U:

i) = > Usilva) (1.2)

The probability of flavor-changing over time can be determined by expressing the

time evolution of Equation 1.2 in terms of a plane wave, which represents a solution



to the time-dependent Schrodinger equation—in natural units:
vilt)) = e FEP D (= 0)) = " Une BTy, ) (1.3)

where

t is the time from the start of the propagation;

|;(t)) denotes the neutrino mass state at time t;

E; represents the energy of the mass eigenstate;

p; represents the momentum of the mass eigenstate v;;

Z indicates the position relative to its starting position.

In all currently observed neutrinos, given that neutrino masses are experimentally
measured to be less than 1 eV and their energies are at least 1 MeV, the Lorentz
factor, 7y, exceeds 10° in all cases. Therefore, it is valid to assume that a neutrino
is a relativistic particle, and to adopt the ultrarelativistic limit |g;| > m,;, where m;

is the neutrino mass. As a result, the energy can be approximated as:

/ m? m?

where E is the energy of the wavepacket (particle) to be detected.

By employing also the approximation t ~ L (¢ ~ 1), where L represents the

distance traveled, and neglecting the phase factors, Equation 1.3 simplifies to:

vi(t) = e~ (e = 0)) (1.5)

From Equation 1.5, it becomes evident that the oscillation frequency W;—;L in the
exponent depends on the mass, therefore eigenstates with distinct masses propa-
gate with different frequencies. This means that neutrinos travel through space as
mixtures of different mass eigenstates, each with its own oscillation frequency. In
particular heavier mass eigenstates oscillate more rapidly between different flavor
states compared to lighter ones. This difference in oscillation frequencies leads to

interference between the flavor components of each mass eigenstate. Constructive

7



interference between these components allows a neutrino initially created with a
particular flavor to transition to a different flavor during its propagation.

Finally, the probability to detect a neutrino originally of flavor o with flavor /3 is

2

P(vg — vy) = |(vg|va(L ) (1.6)
Expanding as follows:

Am2L
* c 2 2,
P(v, — v3) =005 — 4X>;Re UganjUﬁj) sin ( 4E] ) +
' 1.7
O™ I (U5 Uil %) sin | 2% o
+ ; m( wiUpiUqj ﬁj)sm °F

where Amg; = m? —m? and the d,4 term represents the Kronecker delta, which
is equal to 1 if @« = 8 and 0 otherwise.

In Equation 1.7 the imaginary part is retained for the neutrino case, while it is
removed for the antineutrino case.

Considering for example the emergence of electron neutrinos (electron antineu-
trinos) from a muon neutrino (antineutrino) beam, P(v, — v.), Equation 1.11

became:

4F

(+) o (AmZ, LN\ . [(Am2, L\ . [AmiL\ .
— Josin ( 32 ) sin ( 4;1 ) sin ( 422 ) sin d¢cp+

Am2,L Am2, L Am2,L
+ Jpsin ( Zgz ) sin (%) cos (%) cos 0cp+

+ solar and matter effect terms

— Am?2. L Am2. L
P (v, — 1) ~sin® O3 sin® 2013 sin” < TEQ ) + sin 2615 cos® o sinZ( T2 >+

(1.8)

where Jy = cos 63 sin 2615 sin 2053 sin 26,3, while the solar term correspond to
the contributions from the smaller mass-splitting, Am3,, which dominate the long-

baseline oscillations driven by the mixing angle 615.
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The survival probability of (V:; is expressed as:

—) (— A 2 L
P(v, — l/'u)) ~1 — 48in? fg3 cos? O3 cos? Hos sin’ ( Z%Q )

Am?2, L
— 48in? O3 cos? 013 sin? Oy sin? 6,5 sin? (%) (1.9)

4 solar and matter effect terms

Moving back from natural units to SI units, which are more convenient for the
has to be

AiijL
2F

construction of experiments, in the formulas above, the term

multiplied for the constant 1.27.

Two-neutrino case

Equation 1.7 holds for any number of neutrino generations. However, expressing
it in terms of mixing angles becomes excessively complex when more than two
neutrinos are involved in mixing, as obtained in Equations 1.8 and 1.9. Conversely,
in the two-flavour neutrino framewok, it’s much simpler to express the oscillation

probability. In such case, the mixing matrix U reduces to:

U— Uasi Ugpo ) cosf sin@ (1.10)

Usi Upz) \—sin@ cosf

and the probability of a neutrino changing its flavor is (in SI units) is given by:

1.27TAm?L
P(vey — vg) = sin® 20 sin® L27Am7L (1.11)
2F
and the survival probability is expressed as:
P(vy, = vy) =1— P(vy, — vp) (1.12)

Figure 1.2 shows the evolution of neutrino flavor states along the propagation

path for the case v, — 1, oscillation.



Figure 1.2: Evolution of neutrino flavor states along the propagation path. Beginning with a pure muon neutrino
(l/'u) beam on the left, the probability waves evolve, causing the neutrino flavor to transition into an electron
neutrino (v,) in the middle region, before reverting to a muon neutrino (v,,) as the beam progresses to the right.
Image taken from [2].

1.3.3 Mass ordering

Experimentally, it has been determined that at least two neutrino masses are non-
zero and that Amysy (also called Amyg, ) is greater than zero. Additionally, |AmZ,|

(sometimes called Am,gy, ) & |Am3,| [3]. Therefore, there are two different possible

Mass Orderings (MOs):

« Normal Ordering (also known as Normal Hierarchy): in this scenario, v is the
lightest neutrino mass eigenstate, 15 is heavier than vy, and v3 is the heaviest.

o Inverted Ordering (also known as Inverted Hierarchy): here, v is the lightest
neutrino mass eigenstate, followed by 14, and 14 is the heaviest.

The two MO are summarized in Figure 1.3.
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Figure 1.3: This figure illustrates the two possible MOs of neutrinos: Normal Ordering (NO) and Inverted Ordering
(10). In the Normal Ordering scenario, neutrino mass eigenstates are arranged such that m; < ms < ms.
Conversely, in the Inverted Ordering scenario, m3 < m1 < m2. Figure taken from [3].

1.3.4 Current Oscillation Parameters

The current knowledge of the oscillation paramters is summarized in the following

Table [11] :

Oscillation Parameter

Value (2024)

Solar Mixing Angle sin?(6;5)

Mass Squared Difference Am3,

Atmospheric Mixing Angle (NO) sin’(6;3)
Atmospheric Mixing Angle (I0) sin®(63)
Mass Squared Difference (NO) Ams3,
Mass Squared Difference (I0) Am2,

Reactor Mixing Angle sin®(6;3)
CP-Violating Phase d¢cp

11

0.307 £ 0.013

(7.53 £0.18) x 107 eV?
0.55870 05

0.55370:055

(2.455 4 0.028) x 1073 eV?
(—2.529 4 0.029) x 1073 eV?
(2.19 4 0.07) x 1072

(1.19 £ 0.22) 7 rad



Difference in Mass Squared (Am2, — Am?2,) < 1.1 x 107* eV? (CL = 99.7%)
Difference in Mass Squared (Am2, — Am2;) (—0.12 £ 0.25) x 1072 eV?

Table 1.1: Summary of the most recent values for neutrino oscillation parameters as of 2024. The uncertainties
are given at the 10 confidence level. The atmospheric mixing angle and mass squared differences are provided for
both normal and inverted mass hierarchies. Additional parameters include the reactor mixing angle, CP-violating
phase, and the differences in mass squared values. The values are taken from [11].

1.4 Neutrino interaction model

There are two primary types of neutrino interactions: charged-current (CC) and
neutral-current (NC). In charged-current interactions, a neutrino exchanges a £W
boson with nucleons, while in neutral-current interactions, a neutrino exchanges a 7
boson with nucleons. In Figure 1.4, the Feynman diagrams for the neutral current
interaction (a) and the charged current for the case of a muon neutrino (b) and an
electron neutrino (c) are shown.

Additionally, neutrino interactions can be classified based on the final state of the
nucleon. If the nucleon’s final state remains unchanged after neutrino scattering, the
interaction is called "elastic”. Conversely, if the final state of the nucleon changes,
it is called "inelastic”. In the case of CC interactions, a specific subtype is known as
"quasi-elastic” (CCQE), where the nucleon undergoes a change but remains bound
within the nucleus.

The interaction of neutrinos with matter is highly dependent on their energies.

17 17 L i Ve e

(@) (b) (c)

Figure 1.4: Feynman diagrams illustrating different neutrino interaction processes. (a) Neutral current (NC) in-
teraction, where a neutrino interacts with a target nucleus via the exchange of a neutral weak boson (Z). (b)
Charged current (CC) interaction involving a muon neutrino (v/,,), where the neutrino interacts with a target nu-
cleus through the exchange of a charged weak boson (W), resulting in the production of a muon. (c) Charged
current (CC) interaction involving an electron neutrino (v/.), where the neutrino interacts with a target nucleus
through the exchange of a charged Weak boson (W), resulting in the production of an electron.
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At lower neutrino energies, elastic or quasielastic scattering processes dominate. In
elastic scattering, neutrinos interact with individual nucleons within atomic nuclei,
transferring momentum but not changing the nature of the target particle. In
quasielastic scattering, a single charged lepton of the same flavor as the incident
neutrino is produced, together with the scattered neutrino. On the other hand, at
higher neutrino energies, Deep Inelastic Scattering (DIS) becomes the main channel
of interaction. In DIS, the neutrino interacts with individual quarks within nucleons,
leading to the disruption of nucleons within the nucleus. This process results in
the constituent quarks undergoing hadronization, producing a large multiplicity of
bound hadronic states.

In addition, resonant processes, in which the energy of the target nucleon is
raised to an excited baryonic state, occur as well. In particular, single resonant
pion production dominates at neutrino energies between the (quasi)elastic and DIS
regimes.

Finally, Final-State Interactions (FSI) must also be considered. These interac-
tions occur after the primary collision process and involve the particles produced in
the initial collision interacting with each other and with the surrounding medium.

In the following the processes introduced above are described with more details.

1.4.1 Neutral-and charged-current interactions

Neutral current (NC) and charged current (CC) neutrino interactions become signif-
icant at energies of above a few hundred MeV. Therefore, for the T2K experiment,
which operates with a narrow-band muon neutrino beam with energies around 0.5
GeV to 1 GeV, both NC and CC interactions are important.

At these energies, neutrinos are energetic enough to undergo both types of in-
teractions with the target nuclei in the detector material. In particular for CC
interactions the neutrino must be energetic enough to produce the mass of the
charged lepton in the final state, consequently the cross-section depends on the
neutrino flavour. Conversely, NC interactions contribute to background processes
due to their inability to produce flavor-identifiable charged leptons.

For CC interactions, two processes are distinguished with respect to the produc-
tion of zero or one pion in the final state, respectively CCOm and the CClzxt. These

interactions are important because they provide important selection criteria for the
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T2K oscillation analysis,

1.4.2 Charged-Current Quasi-Elastic process

CCQE interactions occur when a neutrino interacts with a target nucleon, either a
free nucleon such as hydrogen or a nucleon within a nuclear target like carbon or

oxygen, if the neutrino has sufficient energy to produce a charged lepton.

The term "quasielastic” refers to a process that resembles elastic scattering, in
which the target nucleon is excited but remains intact after the interaction, with
no mesons produced in the final state. These interactions contribute to the CCOr+
cross section. In contrast, when the nucleon is ejected from the target nucleus,

leaving a hole, the process is called one-particle one-hole (1plh).

CCQE processes are important since the CCQE cross section is largely dominant
around 600 MeV, which is also the T2K peak energy. In CCQE interactions, a (anti-
Jneutrino interacts with a target nucleon in a nucleus, resulting in the production
of a negatively (positively) charged lepton of the same flavour and a corresponding

nucleon. The lepton typically carries most of the energy of the incident neutrino.

The interaction occurs via the exchange of a W-boson. As a two-body process,
CCQE interactions follow momentum and energy conservation laws, allowing the
reconstruction of the neutrino’s energy, as will be done in Section 4.2. CCQE

interactions usually produce single-ring electron-like or muon- like events.

vy 67 Vp (*
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Figure 1.5: Feynman diagrams illustrating (a) the Charged-Current Quasielastic (CCQE) interaction and (b) a multi-
nucleon process. Although the two processes are very similar, in (a), a neutrino interacts with a single nucleon,
resulting in the production of a charged lepton while in (b), the neutrino interacts with a correlated pair of nucle-
ons within a target nucleus (2p2h).
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1.4.3  Multi-nucleon processes

Multi-nucleon processes, also known as "np-nh” (n-particles n-holes), refer to inter-
actions where the incoming neutrino interacts with a correlated pair or a cluster of
nucleons within a target nucleus, leading to the emission of more than one nucleon
in addition to the corresponding lepton. Since they are not two body processes,
multi-nucleon processes are considerably more complex to calculate and measure.

The cross-section for these events is generally smaller than that for CCQE pro-
cesses. However, due to their similarity with pure CCQE events, these interactions
increase the total number of expected CCOm events.

An example of a “two-proton two-hole” (2p2h) interaction, in which two nucleons
are ejected from the nucleus, is shown in Figure 1.5 (b).

np-nh events are inherently nuclear processes that can only be investigated by

modern neutrino experiments using a nuclear target.

1.4.4 Single pion production

Single pion production (SPP) is the dominant interaction in the 1 to 10 GeV range,
whereas it is the second most dominant process after CCQE at energies just above
0.5 GeV. In SPP processes, reconstructing the neutrino energy is more complex
than in QE interactions due to the higher momentum transfer to the nucleon.
There are two primary SPP interaction processes: resonant pion production and

CC coherent pion production, which are described below.

Resonant pion production

The largest contribution to SPP comes from resonant pion production, where the
neutrino excites the incident nucleon to a delta baryon state, which subsequently
decays into a meson or a photon and a baryon.

Low-momentum positively-charged pions decay into a muon and a muon neutrino,
which further decays into a Michel electron (or positron) and an electron neutrino.
This process can also produce photons or, when the de-excitation energy is enogh,
heavier mesons, such as kaons and etas. The Feynman diagram of this interaction

is shown in Figure 1.6 (a).
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CC coherent pion production

In addition to the resonant production mode, coherent production, where the neu-
trino interacts with the nucleus as a whole, and diffractive production, can produce
pions without exciting the nucleus. In these cases, the nucleon is not treated in-
dependently of the nucleus. The Feynman diagram of this interaction is shown in
Figure 1.6 (b).

1.4.5 Deep Inelastic Scattering processes

At high neutrino energies and momentum transfers, the nucleon can be excited to
much higher energies, leading to the production of multiple hadrons during deexci-
tation if sufficient energy is available. In deep inelastic scattering (DIS), when the
energy is sufficiently high, the neutrino can probe the internal structure of the nu-
cleon, causing quarks to become unbound, as shown in Figure 1.6 (c¢). This process
disrupts the nucleus, leaving constituent quarks and gluons to undergo hadroniza-
tion. As the momentum transfer increases into the inelastic regime, the interaction
cross section becomes dependent on the nucleon’s internal structure, described by
Parton Distribution Functions (PDFs). Hadronization of the constituent quarks

typically results in a final state with multiple pions or mesons.
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Figure 1.6: Feynman diagrams illustrating charged-current pion production processes: (a) charged-current reso-
nant pion production, where the neutrino excites a nucleon to a AT baryon state that decays into a pion and a
baryon; (b) charged-current coherent pion production, where the neutrino interacts with the nucleus as a whole,
producing a pion without exciting the nucleus; (c) charged-current deep inelastic scattering (DIS), where the neu-
trino interacts with a nucleon, resulting in the breakup of the nucleon and production of multiple hadrons.
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The T2K experiment

The Tokai to Kamioka (T2K) [7][6][28] experiment is a significant undertaking in the
field of neutrino physics. It began in the mid-2000s, with construction beginning
in 2004 and data collection starting in 2009. This experiment is a collaboration
involving 500 physicists and engineers from 60 international research institutions
across 12 countries in Europe, Asia, and North America. It is jointly hosted by the
High Energy Accelerator Research Organization (KEK) [32] and the University of
Tokyo’s Institute for Cosmic Ray Research (ICRR) [33]. The primary objective of
T2K is to measure the parameters of neutrino oscillation.

The T2K experiment has provided the world’s most precise measurement of
the oscillation parameter o3 and has provided valuable insights into the matter-
antimatter asymmetry in neutrino oscillations. Additionally, it was the first exper-
iment to observe the appearance of electron neutrinos in a muon neutrino beam.

The T2K experiment generates a beam of predominantly muon neutrinos with
a peak energy of E, &~ 0.6 GeV. This is achieved by directing protons from an
accelerator onto a target, where magnetic horns are employed to focus the resulting
collision products, which subsequently decay into the neutrinos that constitute the
beam. A suite of near detectors, located 280 meters downstream from the produc-
tion target, characterize the neutrinos before long-baseline oscillations occur. A far
detector, situated 295 kilometers away, measures these long-baseline oscillations.

Figure 2.1 illustrates a schematic layout of the T2K experiment.
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Super-Kamiokande J-PARC
Near Detector 280 m

Figure 2.1: Diagram of the T2K experiment setup: neutrinos are produced at the Japan Proton Accelerator Re-
search Complex (J-PARC) in Tokai, then travel 295 km through the Earth's crust to the Super-Kamiokande detec-
tor in Kamioka. A Near Detector positioned 280 meters from the proton target measures the neutrino beam’s
initial properties. Image taken from [4].
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Neutrino Beam
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2.1 The J-PARC accelerator

The T2K experiment employs advanced accelerator physics to generate and inves-
tigate neutrinos. This process begins at the Japan Proton Accelerator Research
Complex (J-PARC) in Tokai [6].

The J-PARC facility comprises three accelerators: a 300-meter-long linear ac-
celerator (LINAC), a rapid-cycling synchrotron (RCS), and the main ring (MR)
synchrotron.

The LINAC is used to accelerate an H™ beam to 400 MeV. Subsequently, the
H~ beam is converted into an H™ beam through charge-stripping foils during the
injection into the rapid cycling synchrotron (RCS). Within the RCS, the beam is
further accelerated to 3 GeV at a frequency of 25 Hz.

From the RCS, the proton beam is injected into the MR and accelerated to 30
GeV. Protons are grouped into eight bunches, each containing approximately 3 X
10* protons. These can be extracted using either fast extraction for the hadron
beamline or slow extraction for the neutrino beamline.

In fast extraction mode, eight bunches are extracted within a single turn using a
set of five kicker magnets and directed toward the proton beamline. The beam can
be aborted by utilizing the fast extraction kicker magnets to redirect it to a beam
dump.

In slow extraction, a ribbon is employed to split the bunch while a kicker magnet
directs a portion of each bunch to the hadron experiment beamline over multiple
turns. An illustration of the setup is presented in Figure 2.2 (a).

The neutrino beamline consists of two sequential sections: the primary and sec-
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Figure 2.2: (a) Layout of the MR and the associated experimental facilities, the hadron experimental hall, and the
neutrino beam line. Image taken from [5]. (b) Overview of the T2K neutrino beamline at-J PARC. Images taken
from [6].

ondary beamlines. In the primary beamline, the extracted proton beam is moni-
tored and directed toward Kamioka. In the secondary beamline, the proton beam
strikes a target to produce secondary hadrons, which are focused by magnetic horns
and subsequently decay into neutrinos. An overview of the neutrino beamline is

presented in Figure 2.2 (b).

The primary proton beamline directs protons towards a 90 cm long and 2 cm diam-
eter graphite target, resulting in collisions that produce various hadrons, including
charged pions and kaons. To select specific charged pions (7%), three electromag-
netic horns are employed, with the Forward Horn Current (FHC) mode selecting
7t and the Reverse Horn Current (RHC) mode selecting 7. However, complete
separation of charged particles is not achievable, leading to contamination from
other particles, particularly kaons and wrong sign pions, which is more pronounced
in RHC mode due to the nature of pion production. The produced pions can decay
into muons and neutrinos over a 100-meter decay volume. Since the number of
neutrinos cannot be directly measured, the total expected neutrino quantity dur-
ing a run is assessed using the number of protons on target (POT), based on the
assumption that the neutrino production rate remains stable relative to the proton

rate over time.

The data accumulated and measured in POT up to the present is presented in
Figure 2.3, totaling 3.6 x 10*! POT.
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Figure 2.3: The protons on target (POT) delivered to T2K by the MR over time, with the beam intensity overlaid.
The blue line refers to FHC mode while the violet line refers to RHC mode. Image taken from [7].

In the decay volume, charged pions decay into muons and muon neutrinos through
the process 7 — p* +v,. To capture as many muons as possible before they decay
into electrons via ut — et + v, + v, a beam dump is employed. This decay can
contribute to an electron neutrino background. Additionally, kaons contribute to
the electron neutrino background as well, decaying through K+ — 7% +e™ + v,.
Kaons can also decay into muons, complicating the modeling of muon neutrino
flux, especially at higher energies where kaon decays become more significant. A
summary of the various contributions to neutrino production considered in the flux
simulation is presented in Table 2.1. The decay modes for the antineutrinos 7,, and
v, can be derived by applying charge conjugation to the decay modes of 7=, K,
and p~.

2.2 Near detector complex

The T2K experiment utilizes a complex near detector system to measure neutrino
interaction properties close to the source. Located 280 meters from the neutrino

production target, the near detector complex comprises two main components: the
off-axis near detector (ND280) and the Interactive Neutrino GRID (INGRID).
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Table 2.1: The decay modes that generate neutrinos which are taken into account in the flux simulation of T2K,
along with their corresponding branching ratios expressed as percentages [12].

Decay Mode Branching Ratios (%)
Tttt 99.9877

7t et +1, 1.23 x 1074

Kt —ut+u, 63.55

K+ — a0+ 5t + o, 3.353

Kt = 7a%+et 41, 5.07

K} 7 +put +u, 27.04

K} 571 +et+u, 40.55

pt—=et +u,+r. 100

The ND280 detector, positioned off the neutrino beam axis, is specifically de-
signed to measure the flux, energy spectrum, and interaction rates of neutrinos prior
to oscillation. It consists of several sub-detectors, including a 7° detector, a tracker
system with fine-grained detectors (FGDs) and time projection chambers (TPCs),
an electromagnetic calorimeter (ECal), and a side muon range detector (SMRD).
This configuration allows for precise reconstruction of neutrino interaction events,
providing essential data to improve the understanding of neutrino properties and

enhance the accuracy of oscillation measurements.

On the other hand, the INGRID detector is situated on-axis and comprises a grid
of iron and scintillator modules arranged in a cross pattern. Its primary purpose is
to monitor the direction and intensity of the neutrino beam, ensuring both stability
and alignment. The INGRID detector continuously measures the neutrino inter-
action rate, allowing for real-time monitoring and adjustments to the beam, thus

ensuring the accuracy and reliability of the experimental results.

Together, these near detectors provide paramount information about the initial
neutrino flux and interactions. This information is utilized to constrain the uncer-

tainties on the neutrino oscillation parameters.
The near detector complex is shown in Figure 2.4.
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Figure 2.4: Near detector complex of the T2K experiment. Both the off-axis near detector at 280 metres (ND280)
and the Interactive Neutrino GRID detector (INGRID) detector are housed in the same pit underground, with

the centres at approximately 24 m and 33 m, respectively, below the surface. The ND280 can be seen in open
configuration at the top, while the INGRID is shown at the bottom. Image taken from [6].
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2.2.1 The INGRID on-axis detector

The on-axis neutrino Near Detector, INGRID [6], measures the rate and directional
stability of the neutrino beam. Positioned along the axis of the neutrino beam, this
detector is specifically designed to directly monitor the direction and intensity of
the beam through interactions within iron, providing sufficient statistical data for
daily measurements at the nominal beam intensity. By analyzing the number of
neutrino events detected in each module, the beam center can be determined with
a precision of 0.4 mrad at the ND280 complex.

The INGRID detector is composed of 14 identical modules arranged in a cross
structure, divided into two identical groups, as shown in Figure 2.5 (a). It covers
a transverse area of 10m x 10m, with its center aligned at 0° with respect to the

primary proton beam.

(a) (b)

Figure 2.5: (a) The INGRID on-axis detector. (b) An INGRID module. On the left the tracking planes (blue) and iron
plates. On the right the veto planes (black). Images taken from [6].

Each of the 14 modules consists of 11 scintillator planes interleaved with 9 iron
plates, targeting a mass of 7.1 tonnes. Surrounding these modules are scintillator
veto plates that assist in rejecting charged particles originating from outside the

modules. The scintillator planes are composed of 24 vertical scintillating bars at-
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Barrel ECAL

Figure 2.6: Exploded view of the ND280 off-axis detector. Image taken from [6].

tached to 24 horizontal scintillating bars. Figure 2.5 (b) presents an exploded view
of the INGRID module.

2.2.2 The Off-Axis Near Detector

The ND280 detector, located 280 meters from the neutrino production target, is
positioned 2.5° off-axis with respect to the proton beam that produces the neutrino
flux as the far detector Super-Kamiokande (SK). This off-axis placement allows
the detectors to sample a narrower neutrino energy distribution, peaking near the
maximum of the v, appearance spectrum.

ND280 is a magnetized off-axis tracking detector, serving as the primary detector
at the 280-meter site. The entire detector setup is contained within a magnet
recycled from the UA1 and NOMAD experiments at CERN [34], which provides
a magnetic field of 0.2 T. The dimensions of the detector are 5.6 m in width, 6.1
m in height, and 7.6 m in length. The coordinate system is established such that
the z-axis aligns with the nominal neutrino beam direction, while the x and y axes
correspond to the horizontal and vertical orientations, respectively [7].

The ND280 detector is equipped with three principal target subdetectors: a 7°
detector (POD) and two Fine-Grained Detectors (FGDs). These components serve
to provide both the mass of the target material—comprising plastic scintillator,

water, and brass—and facilitate three-dimensional tracking through the detection
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of scintillation light. Positioned downstream of each target subdetector is a gaseous
argon time projection chamber (TPC), which offers detailed information regarding
track curvature for particles that exit the target subdetectors and enter the TPC.

The FGDs and TPCs collectively constitute the tracker region of the detector,
located downstream of the POD within the T2K beamline. Surrounding each of
these detectors and situated downstream of the tracker region are thirteen mod-
ules of the electromagnetic calorimeter (ECal). The ECal is designed as a lead-
scintillator sandwich calorimeter, which facilitates electromagnetic showering from
photons and electrons while also enabling the identification of exiting muons as min-
imum ionizing particles (MIPs), which produce a single track without generating a
shower.

Since 2023, the POD has been replaced by a Super Fine-Grained Detector (Su-
perFGD) and High-Angle Time Projection Chambers (HATPCs).

The SuperFGD features highly segmented target material, enhancing the ability
to reconstruct neutrons and low-momentum protons. The HATPCs improve mo-
mentum measurement, charge identification, and particle identification with bet-
ter angular acceptance than previous detectors. Additionally, the system includes
Time-of-Flight (ToF) capabilities, providing precise timing information to reject
backgrounds and enhance reconstruction accuracy.

2.3 Far Detector

The Super-Kamiokande (SK) detector is the far detector for the T2K experiment
and is situated within the Mozumi mine, near Hida in Gifu Prefecture, Japan, at a
distance of 295.3 kilometers from the neutrino production target. This facility is a
water Cherenkov detector, and is protected by a 2.7-kilometer water-equivalent over-
burden, being located 1,000 meters underground in the Kamioka Mine to mitigate
the effects of cosmic rays and other forms of background radiation.

The detector consists of a large cylindrical tank that contains 50 000 metric tons
of ultra-pure water, with dimensions of 39 meters in diameter and 41.4 meters in

height. The tank is partitioned into two distinct regions:

o The Inner Detector (ID): This region is responsible for the detection of neu-
trino interactions and is equipped with 11 146 photomultiplier tubes (PMTs),
each with a diameter of 50 centimeters. These PMTs are highly sensitive to
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light and are utilized to detect the Cherenkov radiation generated by neutrino
interactions.

« The outer detector (OD): A surrounding layer used to identify incoming
cosmic rays or particles that enter from outside. This region contains 1,885
20-inch PMTs and helps distinguish neutrino signals from background events.
The structure is displaced 2 m from the OD wall and there is a 55 cm dead
region between the ID and OD surfaces.

Control room

.~ Inner Detector

. F‘-» B~ Outer Detector

41m

Detector hall Access tunnel

Figure 2.7: Diagram of the Super-Kamiokande Detector. Image taken from [6].

2.3.1 The Cherenkov rings

When neutrinos interact with water molecules inside the tank, they can produce
charged particles (such as electrons or muons). If these particles move faster than
the speed of light in water (approximately 0.75¢), they emit Cherenkov light. This
Cherenkov light forms a cone that spreads out from the particle’s path. Since the
angle of the Cherenkov radiation cone is constant for a given speed of the particle, a
circular pattern of light, also known as Cherenkov ring, is detected from the PMTs.

Events are classified based on several criteria, including the number of primary

Cherenkov rings produced, the specific ring patterns for each ring, and the presence
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of time-delayed electron rings. The time-delayed electron rings arise from the decay
of muons, as a muon can decay into a positron or electron (and neutrinos) after
coming to rest in the detector. The resulting electron, which produces a Cherenkov
ring after the muon decays, is known as a Michel electron. These Michel electrons

serve as a signature for identifying muons that have decayed within the detector.

Several types of events can be identified: 1Rpu events feature a single sharp
Cherenkov ring, indicative of a muon produced in a charged-current muon neu-
trino interaction. 1Re events show a single diffuse Cherenkov ring, corresponding
to an electron produced in a charged-current electron neutrino interaction. In the
case of 1Re+1de events, the primary electron ring is accompanied by a time-delayed
ring caused by a Michel electron, indicating that the initial interaction produced a
muon which subsequently decayed into an electron. More complex events, such as
Multi-Rpu+1 or 2 de, involve multiple primary Cherenkov rings from several parti-
cles, likely from multi-particle production in neutrino interactions, with one or two

delayed electron rings from muon decays.

a b
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Figure 2.8: Two examples of events detected by the T2K.

A fit to a set of 22 samples at the near detector allows to reduce drastically
the uncertaity on the number of expected v interactions at the far detector. In
particular, from =~ 17% to =~ 3/5%.
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2.4  Neutrino flux model

The neutrino flux model is paramount for T2K oscillation analysis. Accurately pre-
dicting the T2K neutrino beam flux requires an understanding of the contributions
and kinematics of neutrino parents. The modeling of hadron production in the
graphite target is complex due to limited data on proton-carbon interactions in the
30 GeV range. Therefore, there is a necessity for measurements of hadron produc-
tion from a graphite target. Given that direct measurements of hadron kinematics
are not operable within the T2K target hall, external data from the NA61/SHINE
experiment [35] are employed to refine these models. Predictions for pions leaving
the target are adjusted to match the 7™ and 7~ yields recorded by NA61/SHINE,
based on 2009 data from a replica of the T2K production target.

Prior to the 2020 results, T2K relied on "thin target” data and secondary inter-
actions within the target were simulated through Monte Carlo simulations and the
FLUKA package [36]. In the 2020 analysis, hadron production was measured in
a T2K-replica target. The FLUKA 2011.2x software simulates interactions within
the target, while particles emerging from the target and decaying into neutrinos are
tracked through the horn field using the JNUBEAM package, based on GEANT3
[12].

Pions that leave the target and are within the phase space covered by the replica
target data, which is about 90% of the neutrinos at the flux peak, are given the
weight
dn™N4(p, 0, 2, 1)
dnMC(p, 0, z,1)
which is calculated as the ratio of the number of pions observed in the NA61/SHINE

experiment (dn™46!) to the number of pions predicted by the Monte Carlo simula-

w(p77z7/1:) =

tion (dn™®) for a given set of momentum, angle, position, and particle of type i =
{rt, 7 }.

Simulations for particles that are not covered by the replica target data, and
interactions occurring outside the target, are tuned to NA61/SHINE data on 7+,
K 4, KO, A, and p yields from a thin target taken in 2009.

Overall, tuning with the NA61/SHINE 2009 replica target data reduces the un-
certainty from 9 to 5% near the flux peak.
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Figure 2.9: The predicted unoscillated neutrino fluxes at the FD in v-mode (top) and 7-mode (bottom) in logarith-
mic scale with an extended range, after the tuning to NA61/SHINE data on the T2K replica target. Image taken
from [7].
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The T2K oscillation analysis

The primary objective of the T2K Oscillation Analysis (OA) is to extract the key
neutrino oscillation parameters 613, a3, dcp, and Am2, (NO)/|Am32,| (I0) (the
mass splitting) by comparing the unoscillated and oscillated energy spectra of the
T2K neutrino beam. This analysis is highly multi-dimensional and demands careful
management of systematic uncertainties, relying on numerous neutrino interaction

samples.

The oscillation parameters are extracted from the T2K data by varying both the
oscillation parameters and the nuisance parameters (such as flux, cross-section, and
detector response) within the Monte Carlo simulations. The optimal combination
that best matches the observed data is identified. After marginalizing over the nui-
sance parameters, Bayesian credible intervals and contours or frequentist confidence

intervals and contours for the oscillation parameters are then derived.

The effect of adjusting the oscillation parameters on the survival probability of
muon (anti)neutrinos over the T2K baseline and energy range can be combined
with the T2K flux to predict the beam composition at Super-Kamiokande (SK) [8].
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Table 3.1: Comparison of the BANFF and MaCh3 fitting methods.

BANFF MaCh3
MINUIT minimizer Markov Chain Monte Carlo Fitter
Frequentist approach Bayesian approach

Gives postfit covariance matrix to FD fitters Used in MaCh3 ND+FD joint fit

3.1 The T2K analysis streams

T2K follows two main analysis approaches. The first approach involves a frequen-
tist sequential analysis stream through the BANFF and P-Theta framework. This
approach involves two sequential analyses, where data is fitted first at the near detec-
tor and then at the far detector (Figure 3.1(a)). The second approach is a Bayesian
analysis perfomed within the Markov Chain 3 flavour (MaCh3) framework, which
performs a simultaneous fit to data from both the near and far detectors (Figure
3.1(b)).
The diagrams illustrating the two different approaches are shown in Figure 3.1.
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Figure 3.1: Flow diagram illustrating the two parallel analysis approaches in the T2K oscillation analysis. Both
streams use the same input data from ND280 and Super-Kamiokande (SK), derived from internal and external
measurements. Beyond the difference between sequential and simultaneous fitting, the fitting methods and the
interpretation of the results also vary. In the sequential fit stream, the BANFF gradient descent fit generates a
best-fit set of parameters and their covariance matrix, which serve as priors for the P-Theta analysis. The P-Theta
fit then marginalizes over flux, cross-section, and SK detector systematics, allowing for a computationally feasible
grid search over the remaining oscillation parameters, producing a AX2 surface interpreted using frequentist
methods. In the simultaneous fit stream, the MaCh3 MCMC fitter marginalizes over all nuisance parameters from
both detector likelihoods and samples the oscillation parameter space to construct a posterior probability density
function, which is interpreted using Bayesian methods. Images taken from [8].

In the first approach, the BANFF near detector utilizes two different fitters:
GUNDAM for the near detector data and P-Theta for the far-detector data. Firstly,
GUNDAM minimizes a x? by following the gradient (exploiting the gradient descent
algorithm depicted in Figure 3.2(a)) to find the parameter set that best predicts the
data in the Monte Carlo simulation. Once the minimum is located, the covariance
matrix for the ND280 parameters is computed from the inverse of the Hessian
matrix, as explained in section 3.3. After marginalizing over the ND280 parameters,
this covariance matrix is passed to the far-detector fitter P-theta, which marginalizes
over all parameters except the oscillation parameters and perform a grid search over
the reduced likelihood surface to determine the best-fit values of the parameters of

interest.
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Figure 3.2: Two simplified diagrams illustrating the workings of gradient descent and MCMC methods in navigat-
ing the likelihood surface and parameter space. (a) The gradient descent algorithm incrementally moves across
the likelihood surface, reducing X2 values as it seeks the minimum. By normalizing the likelihood and subtracting
the minimum X2, Ax? contours are shown for two parameters, p; and po. These contours can be profiled or
marginalized to yield a one-dimensional AX2 for each parameter. The best-fit point is the lowest value found,
and uncertainties are either derived from the Hessian or from identifying the parameter values corresponding to
a AX2 equal to the 68% or 1o interval. (b) The MCMC method steps through the parameter space based on the
likelihood, gradually constructing a posterior probability distribution by sampling parameter ¢ while marginalizing
over other parameters. Green dots represent accepted values of ¢, and red dots indicate rejected values. Images
taken from [8].

In the second approach, the MaCh3 fitter uses a Markov Chain Monte Carlo
(MCMC) method (depicted in the illustation in Figure 3.2(b)) to step semi-randomly
through the entire parameter space of both the ND280 and Super-Kamiokande like-
lihoods. This generates a posterior probability density function, from which the
posterior probabilities of the oscillation parameters are derived through marginal-
ization. The main difference with respect to is that MaCh3 provides a joint fit of
both near and far detector data.
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3.2 Bayesian vs Frequentist approach

Statistics can be categorized into two main approaches: Bayesian and frequentist.
Each approach addresses different inquiries, and while they yield similar metrics
and values, it is crucial to grasp the distinctions in their interpretations to fully
understand the results.

Bayesian statistics focuses on quantifying degrees of belief regarding a system
based on prior information. For example, if a coin is assumed to be fair, the
probability of landing heads or tails would be considered equal, up to a certain level
of confidence. This belief is represented by a prior probability distribution that
encapsulates the uncertainty about the coin’s fairness. After observing outcomes,
the prior distribution is updated, producing a posterior probability distribution
that reflects both the initial belief and the new data. As more data is gathered, the
posterior distribution adjusts, possibly shifting away from the initial assumption.
In the context of the T2K oscillation analysis, the Bayesian analysis is perfomed by
MaCh3, therefore, it is essential to assess possible dependencies of the result from
the choice of the prior.

In contrast, frequentist statistics defines probabilities based on the frequency of
events over a large number of trials. For instance, the probability of landing heads
would be determined by flipping the coin multiple times and calculating the fraction
of heads observed. This approach does not incorporate prior beliefs or assumptions
about the outcome and instead relies solely on experimental data. The frequen-
tist method is empirical, and probabilities emerge from the relative frequencies of
outcomes over repeated trials. In the T2K oscillation analysis, the BANFF frame-
work adopts this frequentist approach, where the oscillation parameters are inferred

directly from the data without incorporating prior distributions.

3.3 The likelihood function

The likelihood function can be visualized as a multi-dimensional surface with the
number of dimensions given by the number of model parameters. The likelihood
quantifies how well a model’s predictions align with the observed data for various

parameter combinations. This function is often derived by comparing the model’s
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predictions to the data, with a commonly used metric being the chi-squared per
degree of freedom (y?/DoF).

In particle physics, experiments frequently involve counting discrete events, where
each event behaves as an independent random variable. For a basic counting ex-
periment, the Poisson distribution describes the probability of observing k events,
given that the model predicts A events:

Ake_A
p(k|A) = o

Here, X represents the expected number of events according to the model, which

depends on a set of parameters #. In practice, most physical experiments involve
more intricate datasets that cannot be fully represented by a single value. To
address this, the likelihood function is generalized to account for a series of observa-
tions, such as binned data from a measured variable or observable. These bins may
correspond to continuous quantities, like an energy spectrum, or distinct categories,
such as different topological classifications within the experiment, divided into N
observable bins.

For a set of N bins, the likelihood L for observing k; events in the i-th bin, given
an expected number of events )\;, is given by the product of Poisson probabilities

across all bins:

i=1

Here, the event predictions \; are functions of a shared set of parameters, denoted
as 0.

Although this likelihood is unnormalized, certain terms cancel out when it is

divided by the likelihood corresponding to the nominal parameter set. This yields

the expression for the relative likelihood, also known as the likelihood ratio:

N

r H )\f"e_)‘i X k'l‘
ratio — W
el k’l e M X )\z'

From the relation between the Poisson likelihood and the chi-squared statistic,
—21n £ = %2, the difference in y? between a general parameter set and the nominal

one can be expressed as:
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N e
Ax? = 2 N\ — ki +k;In =
This formulation can be easily computed in the context of binned likelihood

analyses.

In some situations, particularly with limited statistics, it may be preferable to
use an unbinned likelihood approach. In such cases, a function is used to estimate
the probability distribution and normalize the data. While a frequentist approach
typically does not consider prior uncertainties, additional constraints on parameters,

p(6), can be included as penalty terms in the likelihood ratio, resulting in:

- N ki —\
(0 Alte N X k!
7T(enom) =1 kile PX A

If the priors are Gaussian, with Gaussian covariances, they take the form:

1

1 _
#0) = G e (32974 109)

where Vj represents the prior covariance matrix. The inclusion of penalty terms
ensures that the minimization of Ay? does not lead to parameter values that stray

more than a few standard deviations from their nominal or prior central values.

Taking the logarithm of the likelihood ratio results in a more comprehensive
expression for —21In L,,40, Which is calculated by summing the covariances of the

parameters p and ¢ across the total number of parameters Npays:

Npars Npars
AX_QZ< — ki + k;In §)+ZZA9V91A0

p=1 g¢=1

This formulation holds when the prior distributions of the parameters are roughly
Gaussian. When this is the case, the prior distributions can be approximated by
quadratic functions near the minimum of the x? surface, referred to as x2,;,. As
a result, the likelihood ratio can be redefined concerning the most likely set of

parameters, and the variation in x?, Ax?, can be expressed as:
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Nparq Npari

GQAX qrnln
AX - Z Z 8qpaqq (qp - Qmin,p)(Qq - Qmin,q)

where ¢ represents all of the parameters, and ¢, are their values at the minimum
of the x? surface, x2,,.

The Hessian matrix, which is defined as:

_OPAY?
pq 8QpaQq

can subsequently be inverted to obtain the covariance matrix at the best-fit point.

3.4  Bayesian approach

A brief overview of the Bayesian approach as implemented in the MaCh3 framework
is provided.

In Bayesian formalism, probability is interpreted as the degree of confidence in
the validity of a hypothesis. This confidence level is informed by both the likelihood
of observing the data and the prior knowledge of the model. Accordingly, Bayes’

theorem expresses the posterior probability as

P({D}|H,I) x P(H|I)
P{D})

where P(H|{D},I) is the posterior probability distribution, representing our be-

P(H|{D},I) = (3.1)

lief in the hypothesis H given the data {D} and any prior information I. The term
P({D}|H,I), is the likelihood, already introduced, which represents the probability
of observing the data given the hypothesis. P(H|I) is the prior probability of the
hypothesis based on any prior knowledge or information I, and P({D}|I) represents
the total probability of the data, which serves as a normalization factor.

Since P({D}|I) is just a normalizing constant, Bayes’ theorem can be rewritten

P(H|{D},I) x P({D}|H,I) x P(H|I) (3.2)

In T2K, the hypothesis H is the predicted number of neutrino events observed

at the near and far detectors. while the likelihood is often simply written as
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exp(—X2/2).

3.4.1 Defining the T2K likelihood

To simplify the computation of the likelihood function, the negative log-likelihood
is utilized. In the Bayesian framework, The T2K negative log-likelihood, with the
ND280 and SK data split into energy bins, can be expressed as [37]:

ND280 bins

I NXD - _1)2
= 3 NG ) - B N (NND s d)) D
wmc,i (0, T

SK bins . 5 NSK
+§; K (0,7, skd, ) — N5, + NS, . In £y
MC, 10) = Npa, Data, N, I\SAIEJJ(bv T, Skd’ d)

+ = ZZAOl ”Aoj

E,,blns El, bins

+ = Z Z Aby( Ab;
Xsecpars xXsecpars

1 > Z Ax (V) Az

%

ND280det ND280det

12 ZAd i Ad;

SKdet SKdet

+ = Z ZAskd Vb Askd,

\)

(3.3)

where V;; represents covariance or fractional covariance matrices constraining
systematic parameters with Gaussian priors, labeled as follows: b for flux, x for cross
section, d for the ND280 detector, skd for the SK detector, and o for oscillation.

Furthermore, Nyp, and Ngk, denote the number of predicted events (from the
Monte Carlo simulations) in a specific bin for ND280 and SK, respectively, while

Nnpa and Ngg g represent the number of observed data events.
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3.4.2  Markov Chain Monte Carlo (MCMC) Technique

A Markov chain [38] is a stochastic process where the probability of transitioning
from one state to another depends only on the current state, and not on the se-
quence of events that preceded it. The behavior of a Markov chain is governed by
a transition matrix that defines the probabilities of moving between states.

Over time, if the chain satisfies certain conditions, it reaches a stationary distri-
bution, which means that it that remains unchanged as the system evolves.

For a Markov chain to reach this stationary state, it must be ergodic, meaning
that it is both irreducible (every state can be reached from any other state) and ape-
riodic (the chain does not get trapped in cycles). In an ergodic Markov chain, the
long-term behavior is independent of the starting state, and the stationary distribu-
tion represents the equilibrium distribution of the system. This ensures that, after a
sufficient number of steps, the system will spend a proportion of time in each state
according to the stationary distribution. The chain is also reversible if, for any two
states, the probability of transitioning from one to the other is equal to the probabil-
ity of transitioning in the reverse direction, given the stationary distribution. This
property, known as detailed balance, guarantees that the system is in equilibrium
and that the stationary distribution accurately represents the underlying process.

Building on the Bayesian approach outlined above, the Markov Chain Monte
Carlo (MCMC) technique is widely used to sample from the posterior distribu-
tion P(H|{D},I). Since computing this distribution analytically is often imprac-
tical, MCMC provides an efficient numerical method to explore complex, high-
dimensional parameter spaces by generating a sequence of samples from the poste-
rior distribution.

MCMC operates by constructing a Markov chain whose equilibrium distribution
corresponds to the desired posterior distribution. The algorithm performs a guided
random walk through the parameter space, with each step determined by the likeli-
hood of the current position in the space. The probability of moving in a particular
direction depends on how likely different points in the parameter space are, based
on the data and the model.

The resulting sequence of steps, or samples, is distributed according to the pos-
terior distribution. These samples are then used to estimate various statistical

properties, such as the mean, variance, or credible intervals for the model parame-
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ters.

One of the main advantages of MCMC is its ability to efficiently explore com-
plex parameter spaces, automatically accounting for nuisance parameters. This is
particularly valuable when dealing with models that have many parameters, where
marginalizing over these parameters analytically would be computationally difficult.
MCMC is also widely used in Bayesian inference for evaluating the normalization
factor P({D}|I) in Bayes’ theorem, which often requires solving multi-dimensional

integrals that are otherwise intractable.
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Analysis

4.1 Inputs of the analysis: Minituples Runll

The following analysis aims to study the resolution of several variables of interest,
such as neutrino energy, momentum and lepton angle in the Monte Carlo simu-
lations used for the T2K oscillation analysis at the far detector. The input data
for this study are the so-called Minituples Run11 !, which were derived from those
provided by the T2K-SK group and separated by sample categories. In particu-
lar, the T2K sample selection classifies events based on the number and type of
reconstructed Cherenkov rings in the Super-Kamiokande detector. 1Ru and 1Re
events correspond to events with a single reconstructed Cherenkov ring, where 1Rp
indicates a muon-like ring and 1Re represents an electron-like ring. The distinction
between muon-like rings and electron-like rings arises from the output of the parti-
cle identification (PID) classifier, which analyzes the shape of the rings. Muon-like
rings are generally sharper, while electron-like rings tend to appear more diffuse
due to multiple scattering effects. The 1Ru topology is the most aboundant, and
it is mainly associated with charged-current quasi-elastic (CCQE) interactions.

In addition to these, more complex event types are identified. 1Re + 1 delayed

electron (1Re + de) events contain a primary electron-like ring accompanied by a

'Runl1 corresponds to the data analyzed by the T2K experiment in 2023.
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delayed electron ring, which is typically produced by the decay of a muon (known
as a Michel electron). This indicates that a muon was created in the interaction
but decayed to an electron before being detected. These events are often used to
tag interactions involving the production of a charged pion (77) in addition to the
electron. The pion decays into a muon (7 — p* +v,), and the muon subsequently

decays into a Michel electron (u* — et + v, + 7).

For interactions involving multiple particles, more intricate topologies are ob-
served. Multi-ring o + 1 delayed electron (multi-Ru + 1de) events are characterized
by multiple Cherenkov rings from muons and other particles, along with a delayed
electron ring, signaling the decay of a muon. Similarly, multi-ring p + 2 delayed
electrons (multi-Ry + 2de) events feature multiple rings and two delayed electron
rings, indicating that multiple muons were produced and subsequently decayed to

electrons.

These samples are identified by the variable iclass, which can take on the
values listed in Table 4.1. Appendix A.1 contains a complete list of files used in

this analysis, sorted by the iclass values and horn current modes.

Table 4.1: Values and descriptions of the variable iclass. It identifies the different samples taken into account in
the OA (oscillation analysis).

iclass sample
11 1R e-like
13 1R p-like
14 1R e-like with 1 delayed-e

31 Multi-ring p-like with 1 delayed-e
32 Multi-ring p-like with 2 delayed-e

The simulations are categorized by both the current mode and the iclass vari-
able, resulting in a total of seven distinct samples: the 1Re-like and 1Ru-like sam-
ples, each in both v-mode (FHC) and v-mode (RHC). Additionally, there are the
categories 1Re + 1de, MultiRy + 1de, MultiRy + 2de in v-mode. These samples,

along with all background contributions, are summarized in Table 4.2.
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Table 4.2: Summary of the samples categories considered in this analysis: the 1Ry and 1Re samples are collected
in both -mode (FHC) and -mode (RHC), while the remaning samples are only collected in FHC mode.

sample mode osc channel background contributions
IR FHC Vy = vy Vy = Ve Ve—bVe Vy—Vy Uy —Ve Ve—r Ve
m
RHC Uy — vy Vy = Ve Ve =1V, Vy =V Uy = Ve Ve—rVe
IR FHC Vy — Ve Vy =V Ve Ve Uy =0, Uy Ve Ve
e
RHC Uy — Ve Vy =V, Ve Ve Uy —Uy Vy = Ve Ve —De
1Re + 1de FHC Vy = vy Vy = Ve Ve—Ve Uy—Vy Vy—Ve Ve—rVe
MultiRy + 1de  FHC Vy = vy Vy = Ve Ve—Ve Vy—Vy Uy—Ve Ve—rVe
MultiRp + 2de  FHC Vy =V Vy = Ve Ve—Ve Vy—V, Uy —Ve Ve—Vg

There are a total of 1486742 MC simulations. Table 4.3 provides the amount
for each sample and its ratio with respect to the total. The contributions of the

background due to the beam contaminations have been included.

Table 4.3: Amount (absolute and relative) of the Minituple run11 samples including the background to the primary

contributions.

1Re MultiR p MultiRp
1Ry 1Re +1de 4+ 1de + 2de
FHC RHC FHC RHC  FHC FHC FHC
Counts 593745 574871 102917 103088 12295 51989 47837
Ratio to total ~ 0.399  0.387  0.069  0.069  0.008 0.035 0.032

Table 4.4 reports the ratios of the different six contributions to each sample

providing a detailed breakdown sorted by sample category.
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Table 4.4: Ratios of the different contributions to each sample. The main contribution for each sample is high-
lighted in green. For 1Ry samples, the main contributions are from the v, — v, andv;, — v, beams. In the
FHC channels (v mode), the 7, — 7, beam is the background, whereas in the RHC channels (I mode), the
background is the v, — v,, beam. For electron ring samples, the contributions are more spread across different
channels, with the main ones being v, = v and V), — V.

sample mode v, v, VU, Ve Ve—Ve Vy—Vy Vy—Ve Ve—rVe

FHC 0.537 0.001 0.001 0.458 0.001 0.001
RHC 0.343 0.001 0.001 0.652 0.001 0.001

1Rp

FHC 0.017 0.425 0.202 0.020 0.203 0.134
RHC 0.017 0.199 0.139 0.017 0.425 0.204

1Re

1Re + 1de FHC 0.040 0.568 0.313 0.035 0.024 0.020

MultiRy + 1de  FHC 0.280 0.704 0.003 0.003 0.005 0.004

MultiRp + 2de  FHC 0.832 0.159 0.001 0.002 0.003 0.003

The details above can also be observed in Figure 4.1.
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0 FHC RHC FHC FHC FHC RHC FHC
1Ru 1Ru Multi-Ry + 1 d.e. Multi-Rp + 2 d.e. 1Re 1Re 1Re + 1 d.e.
Samples

Figure 4.1: Distributions of the different sample selections, with each sample stacked across the six different
channels taken into account. In addition to the information described in Table 4.4, it is evident that the amount of
unoscillated samples for FHC and RHC 1Ry are significantly higher than those for the other channels, while the
FHC 1Re + 1de channel is the least populated.
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4.1.1 Variables of Interest

The neutrino energy, as well as the lepton angle and momentum resolution from the
samples described above, was studied in the following analysis to provide insights
to the optimal binning for these variables. This was achieved by comparing the true
values with the reconstructed values.

Starting from the minituple variables, I performed specific computations to obtain
all the necessary quantities, depending on the sample. Table 4.5 lists all the con-
sidered variables along with their descriptions, while the procedures for computing
the true and reconstructed lepton momentum and angle are detailed in Appendix
A.2.

All the analysis was done within the ROOT CERN framework [39], as all the
MC simulations were stored in TTrees, with different variables stored in separate
TBranches.

As previously observed in Table 4.1, sample types are categorized by the iclass
variable. Additionally, the number of rings for each event is in the nrings branch,
while the interaction modes are stored in the mode branch, whereas the fqwall
and fqtowall branches contain respectively the distance from the event vertex to
its closest point on the detector walls and the distance from the event vertex to
the detector wall along the track direction. Moreover, the true and reconstructed
neutrino energy are stored respectively in the branches pnu[0] and erec, while
the true and reconstructed neutrino momentum and lepton angle must be retrieved

from other variables following the procedure reported in Appendix A.2.

4.1.2 Cuts and Constraints

The following cuts were applied in the analysis to all the samples with the aim of

reproducing the selection performed in [9]:

e erec > 0, in order to discard some unwanted output with negative recon-
structed energy;

« For the p-like samples

— fqtowall > 250 cm;
— fqwall > 50 cm;
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Table 4.5: Name and description of the TBranches used in this analysis.

TBranch Description

iclass sample type

nrings number of rings of the event
mode true neutrino interaction mode

distance from the event vertex to its

fqwall closest point on the detector walls
(in cm)
distance from the event vertex to the
fqtowall detector wall along the track direction
(in cm)
pnulO] true neutrino energy in GeV
erec reconstructed energy in MeV
lepton momenta of a single-ring event,
fqlrmom[0] [1] where i = 1 for muons and i = 2 for
electrons
lepton direction of a single-ring event,
fqlrdir[0][i] where i = 1 for muons and i = 2 for
electrons

lepton momenta assuming a particular
fagmrmom[fit_index] [ith_ring] multi-ring fit denoted by fit_index
and assuming ith ring is the lepton

o for the e-like samples without a delayed electron

— fgtowall > 170 cm;
— fqwall > 80 cm;

o for e-like samples with one delayed electron

— fgtowall > 270 cm;
— fqgwall > 50 cm.
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cuts listed above are illustrated in Figure 4.2.
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Figure 4.2: Scatter plots for fqwall versus fqtowall. The former is the distance to the detector wall while the
latter is the detector’s nearest boundary along the track direction. For the pi-like samples, a minimum distance of
50 cm for fqwall and 250 cm for fqtowall is required (a). For the e-like samples without a decay electron, the
cuts were set to fqwall > 80 cm and fgtowall > 170 cm (b). In contrast, for e-like samples with one delayed
electron, the requirements were fqwall > 50 cm and fqtowall > 270 cm (c). The constrains are highlighed in

red.

49



4.2 Reconstructed energy E7°°

The reconstructed neutrino energy E7°¢ is estimated from final-state charged-lepton

kinematics as

Eree 6,) =
v (pl7 l) Q(MN,Z — El +pl COS(HZ))

(4.1)

where My ;, My, and M; are the mass of the initial-state nucleon, final-state
nucleon, and final-state charged lepton, respectively; E;, p;, and 6; are the energy,

three-momentum, and angle of the final-state charged lepton, respectively [9].

For the CC-0r samples (i.e. the FHC and RHC 1Ry and 1Re) it is assumed that
the event was a CCQE interaction on a stationary bound nucleon (assumed to be

a neutron). Therefore 4.1 becomes [37]

(My — Ey)Ey —mi /2 +my By — Ej /2 + (m2 —m?) /2

ET@C 9 — n 4.2
v (e 61) my — Ey — By + picos(6;) -

where m,,, m,,, and m,; are the proton, neutron, and lepton masses respectively,

For the CC-17+ samples the quasi-elastic assumption is not valid. In this case it
is assumed that the outgoing baryon is a A*" resonance instead of a proton. The

formula for the reconstructed neutrino energy becomes

2

2myE; —mi +mi . —m (4.3)

ET@C , 9 —
V(o 60) 2(my, — E; + prcos(6;))

where ma++ is the A™T resonance mass.

The assumptions made are consistent with the fact that in the CC-Om samples,
the majority of events are CCQE interactions, while in the CC-17+ samples, the

majority of events are ATT resonances.

Some examples are shown in 4.3 where the energy reconstructed spectra of dif-
ferent samples are plotted, highlighting the contribution of each interaction. It is
evident that for the 1Ry and 1Re samples, there is a predominance of CCQE events
(in blue), whereas for the 1Re + 1de and for the multiRing-y examples, the main

contribution is the A™* resonance (in green).
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Figure 4.3: Stacked histograms of erec spectra, where the contribution of different interaction modes has been
highlighted. It's evident that for CC-O7m samples (a, b, ¢, d), the main contribution is from the CCQE interaction,
while for CC-O7 samples, the main contribution is from the A+ interaction.
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In the plot above it also visible that two different binning were used for the
electron and muon rings events. The binning choice is the one used in [9]:
e Binning for u rings events: 0, 100, 200, 300, 400, 500, 600, 700, 800, 900,

1000, 1100, 1200, 1300, 1400, 1500, 1600, 1700, 1800, 1900, 2000, 2100, 2200,
2300, 2400, 2500, 2600, 2700, 2800, 2900, 3000.

e Binning for electron rings events: 0, 125, 250, 375, 500, 625, 750, 875,
1000, 1125, 1250.

4.2.1 Cross-check on the implementation of the formula

It was verified that using the variable erec or plugging the reconstructed momen-
tum and angle in the previous formulas gave the same results.

In the histograms in Figure 4.4, the erec spectra were overlaid with those ob-
tained through the formulas for the FHC 1Ry (a) and FHC 1Re (b) samples, pre-

sented as examples. The ranges were extended to compare the hole spectra.
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Figure 4.4: Reconstructed neutrino energy for FHC 1Ry (a) and FHC 1Re (b) samples. The spectra of the other
samples, which are not reported, show a perfect match aswell.

The plots in Figures 4.4 show that there is a perfect match, this is true for all

the other samples.
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4.3 iso-E curves in the p; and 6; plane

The formula 4.1 shows that the reconstructed neutrino energy, £/, is a function

of the lepton angle, ¢;, and momentum, p;. Consequently, E° was analyzed in
the p;-0, plane. In particular, the iso-E’® curves were compared to the (pje, 6¢°)
distribution. By superimposing the iso-E} curves onto the (pj°¢, 67°) distribution,
one can observe how EJ° varies across the (p,, 6,) plane, therefore visualizing the
relationship between lepton kinematics and reconstructed neutrino energy.

This analysis considered both the complete (pj¢, §,"¢°) distribution and the group-

ing of data into bins of E'e.

4.3.1 Overall (p;, 6;) distribution

Figure 4.5 shows an example for the FHC 1Ry samples of the fact that E,ﬁec(pffc,
0c¢) can be visualized in the (p,, 0,,) space by plotting the iso-E}* curves over the

(pu, 0,) distribution.
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Figure 4.5: Lepton momentum and angle distribution overlaid with the iso-reconstructed neutrino energy (iso-
E7°€) curves for FHC 1R, samples. The color scale represents the density of events in the (plrfc, 9;6‘3) plane.
The lines depict the iso-E],°¢ curves, which divide the energy range from O to 7000 MeV into 14 intervals of 500
MeV each, with the color pattern indicating the corresponding energy value. E} ¢ is computed using the formula
4.2.
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It is visible how at a fixed E)°° the angles and momenta of the lepton are very
anti correlated, showing an hyperbolic curve.

The position on the simulated lepton variables with respect to isolines is deter-
mined basically by the T2K spectrum of the neutrino CC-interactions.

432 (py, ;) in bins of Elre

For the FHC 1Ru samples, true neutrino energy (EY"¢) was divided into 30 equal
bins, and the distribution of reconstructed muon momentum (p;) and reconstructed
muon angle (¢/°°) was plotted. Overlaid on this distribution are the iso-E;* con-
tours, which represent the reconstructed neutrino energy calculated from the kine-

matics of the outgoing muon.

It was observed that the points (p};, 6;°) closely follow the iso-E}* curves, with
the agreement improving when analyzing only the CCQE sample, as expected. This
is because for 1Ru samples, the interaction is assumed to be a charged-current
quasi-elastic (CCQE) interaction on a stationary bound nucleon, and the CCQE

approximation formula (4.2) is used to compute the reconstructed neutrino energy.
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Figure 4.6: Event distribution in the (pz“'7 9;“) plane. The lines show iso-E7°“ curves, which were calculated

using the CCQE approximation formula 4.2. The distribution of (pzec, 9;“) points aligns well with these iso-

E7¢¢ curves. In the figure only the FHC 1Ry CCQE samples are selected.

In the selected sample, the events tend to align with the constant reconstructed
energy curves, as anticipated. However, deviations and the broadening of these dis-
tributions arise also due to the fact that 4.2 is applied using the reconstructed values
of p, and §,, without accounting for nucleon motion within the nucleus, namely,
the Fermi motion. This kinematic effect causes some smearing in the reconstructed
energy, when considering p, and 6, at the true level and a monocromatic true
neutrino energy. A final effect of broadening is due to the fact that it has been
considered an interval in true neutrino energy for each plot. Overall, no evident

problems or anomalies are observed relative to expectations.

4.4 Resolution and Bias study on p; and 6; in 2D

This section presents a resolution and bias study on p; and 6.

« Points in an equispaced grid pattern from the pi™¢ vs #i"¢ distribution were

selected.
o For 0", the grid covers the range between 0 and 180°.

« For pi™e  the range is 0 to 5000 MeV/c? for 1Ry samples, and 0 to 1500
MeV /c? for 1Re samples.

o For 1Ry samples, an interval equal to 1/10 of the distance between the grid
points was used for sampling (p]°°, 67°).
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o For 1Re samples, a larger interval equal to 2/10 of the distance between the
grid points was considered.

« The points (p]°°, 67°°) were then plotted in the p-6 plane to observe how scat-
tered they were relative to the chosen intervals.

o A scan on the grid pattern size was perfomed, starting form 5x5 up to 50x50.

The results obtained are shown in Figure 4.7 and 4.12, for respectively the FHC
1R and 1Re samples. In the plots, the bias is highlighed as a (rescaled) red arrow
in the ”island” plots.

4.4.1 Example for FHC 1Ru

Only the results for the 5x5, 10x10, 20x20, and 40x40 grids are reported, respec-
tively in Figure 4.8, 4.9, 4.10 and 4.11.

For islands with a size greater than 12 samples, the dispersion estimated as the
RMS and the bias-calculated as the difference between the true value of the grid
pattern and the mean of each island—are evaluated and displayed as a color bar on

the z-axis.
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Figure 4.7: Resolution and bias study on p; and 8; for FHC 1Ru. The plots illustrate the scattering of points
(pyec, 67¢¢) relative to selected intervals based on grid patterns from the 6/"“¢ vs p!"“¢ distribution, with a
rescaled red arrow indicating the bias. The grid sizes reported are: (a) 5x 5, (b) 10x 10, (c) 20 x 20, and (d) 40x 40

grids.
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Figure 4.8: The dispersions (RMSs), and the biases for the lepton momenta and angle obtained with the 5x 5 grid.
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Figure 4.9: The dispersions (RMSs), and the biases for the lepton momenta and angle obtained with the 10x 10
grid.
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Figure 4.10: The dispersions (RMSs), and the biases for the lepton momenta and angle obtained with the 20 x 20
grid.
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Figure 4.11: The dispersions (RMSs), and the biases for the lepton momenta and angle obtained with the 40 x40
grid.

4.4.2 Example for FHC 1Re

Analogously with what was done for 1Ry samples, below are reported the results
for the FHC 1Re samples. The results are provided according to the same grid
pattern for a better comparison.
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Figure 4.12: Resolution and bias study on p; and 6; for FHC 1Re. The plots illustrate the scattering of points
(pyec, 67¢¢) relative to selected intervals based on grid patterns from the 6/"“¢ vs p!"“¢ distribution, with a
rescaled red arrow indicating the bias. The grid sizes reported are: (a) 5x 5, (b) 10x 10, (c) 20 x 20, and (d) 40x 40

grids.
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Figure 4.13: The RMS, representing the dispersion, and the bias for the lepton momenta and angle obtained with
the 5x5 grid.
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Figure 4.15: The dispersions (RMSs), and the biases for the lepton momenta and angle obtained with the 20 x 20
grid.
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Figure 4.16: The RMS, representing the dispersion, and the bias for the lepton momenta and angle obtained with
the 40 x40 grid.

The choiche of the rectangle for the true level variables is a trade-off between the
requirement of testing a “single point” in the true space and the need of sufficient
number of simulated events.

Overall, no problematic regions are observed with the specific trend in the bias.

The resolution is also relatively smooth and devoid of anomalous features.
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4.5 B¢ Resolution

Figures 4.17 and 4.18, show the scatter plot of E“¢ vs E!° for each different
sample. It is possible to observe that the majority of the samples align along the
diagonal (in red) with a greater concentration near the peak of the beam energy (0.6
GeV), but there are also some evident spreads, extending more or less widely with
respect to the different samples. For the CCOm samples (Figure 4.17), these spreads
are due to the non-CCQE samples, such as 2p2h (see Section 1.4.3). From those
samples the CCQE approximation does not hold. For CCln** samples (Figure
4.18), the spreads are due to the A™" resonance approximation, as explained in
Section 4.2. These dispersions create tails in the histograms of the reconstructed
energy resolution reported below each plot, which is computed as the difference

between the true and the reconstructed energy, EX™¢ — E°.

To estimate the resolution, Gaussian fits were applied to the resolution histograms.
The fitting range was reduced to obtain a more accurate estimation of the peak,
discarding the influence of tails in the distribution. Conversely, to account for the
effect of tails, the Root Mean Square (RMS) was also computed.
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Figure 4.17: E'"“¢ vs E7°° scatter plot and resolution E"¢ —E"°¢ for CCOm samples. From left: FHC 1Rz, RHC
1Ru, FHC 1Re, RHC 1Re. For these samples, the CCQE approximation is utilized to compute E;°¢, therefore the
tails on the right of the resolution histograms is due to the non-CCQE samples.
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Figure 4.18: EI""¢ vs E7¢° scatter plot and resolution E¥"“¢ — ET¢¢ for CC1m ™ samples. From left: FHC 1Re +
1 de, FHC Multi-Rp + 1 de, FHC Multi-Ry + 2 de . For these samples the AT+ approximation was performed to
compute E] .

The two estimations for the overall resolution for each sample category are re-
ported in Table 4.6.

Table 4.6: Estimated resolution for each sample category, including both the RMS calculations and the Gaussian
fit of the peak. The table summarizes the overall energy resolution for E]°¢ based on the differences between
the true and reconstructed neutrino energies for each sample category.

Sample RMS (MeV) o (MeV)

FHC 1Ru 213 96

RHC 1Ru 169 61

FHC 1Re 197 98

RHC 1Re 155 63

FHC 1Re + 1 de 168 98
FHC Multi-Ry + 1 de 665 310
FHC Multi-Rp 4+ 2 de 478 173

66



For CCO7 samples, the overall resolution, expressed as the RMS, ranges from 150
to 200 MeV. This decreases to 60 to 100 MeV when the effect of tails is not taken
into account, specifically in the o estimations obtained from the Gaussian fits. The
same considerations apply to the FHC 1Re + 1 de samples. In contrast, a wider
spread is observed in the multi-ring muon samples. This is due to the increased
complexity and higher energy of these events, which involve the production of more

particles and present greater challenges for reconstruction.

4.5.1 E° Resolution in bins of E"®

The reconstructed energy resolution was studied by dividing the true energy EY¢
into a given number of equal bins. This number was chosen according to [9]. Specif-

ically:

o for muon rings events 30 bins were chosen in the range [0, 3000] MeV, each
with a width of 100 MeV;

o for electron ring events, 10 bins were selected in the range [0, 1250] MeV, with
each bin having a width of 125 MeV.

For each E'“¢ bin, the resolution was computed as the difference between E“
and £ as done before. For the Gaussian fit, the range was reduced to obtain a
better estimation of the peak, while the RMS was computed to include the effect
of tails.

Two examples are reported below in Figures 4.19 for the FHC 1Ru samples and
4.20 for the FHC 1Re samples.
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Figure 4.19: Resolution histograms obtained dividing the range [0, 3000] MeV of E“® into 30 bins for the FHC
1Ru samples. The Gaussian fits were performed to estimate the peak of the distribution. In each histogram, the

vertical line indicates the zero. 68
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Figure 4.20: Resolution histograms obtained dividing the range [0, 1250] MeV of E"® into 10 bins for the FHC
1Re samples. The Gaussian fits were performed to estimate the peak of the distribution. In each histogram, the
vertical line indicates the zero.

For each sample taken into account in this analysis, the values of E"¢ are plotted
versus the parameters p and o obtained from Gaussian fits, along with the mean
and RMS of each resolution histogram. The resulting plots are shown below in
Figures 4.21 where the 0 and RMS values are compared with the corresponding
bin width, which was chosen in the T2K analysis. In these plots the error band
represents the o (in blue) or the RMS (in red) while the bullets are placed at the u
of the Gaussian or at the RMS of the distriibution. For an easier comparison, the

binwidth used in the T2K analysis is overlayed as an horizontal band.

On the left, only the primary beam contribution is considered, while on the right,

the background contributions are included.
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Figure 4.21: E7° resolution plots for FHC and RHC 1Ry, FHC and RHC 1Re, FHC 1Re + 1 de, FHC Multi-Rys +1
de, FHC Multi-Rpt + 2 de. On the left the signal only, on the right, the background contributions are included.

As expected, the values of the o are smaller than the corresponding RMS values,
and analogously the values of p are smaller than the corresponding mean values.
This is because the former provide an estimation of the peak while discarding the

tail, which is included in the latter and thus makes their value higher.

For all the samples, the resolution (in particular the RMS estimation) increases

with the energy,

For both FHC and RHC 1Ry samples (Figure 4.21 (a, b, ¢, d)), the resolution
spread is around several hundred MeV, while the bin width used in the analysis is
100 MeV.

For FHC and RHC 1Re, and FHC 1Re + 1 de samples (Figure 4.21 (e, f, g, h,
i, j)), there is a smaller resolution width and a bigger bin width, making the two

more comparable.

For FHC multi ring p samples (Figure 4.21 (k, 1, m, n)) the o is far more spread
than the 100 MeV bin width, ranging from 400 MeV to 1000 MeV.

Finally, comparing the left plots with their corresponding ones on the right (with
background contribution included), it can be observed that when background con-
tributions are included, the resolution spread is slightly higher. In Table 4.4 the
background contributions are listed with their percentage contribution, providing
an overall contribution which ranges from 20 % for FHC Multi-Ry + 2 de samples
to around 50 % for FHC 1Re + 1 de.
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4.6 Lepton angle resolution

Since the p-0 fitter uses 2D distributions in p;-0; or E}°-0;, the resolution of the
recontructed lepton angle 6;°° was studied analogously to what was done for the

recontructed energy done in Section 4.5.

In Subsection 4.1.1 the steps for the true and reconstructed angle computation

are reported.

Again, for the sake of an overall comparison, the reconstructed angle distribution
are reported in Figure 4.22, which shows that the most probable polar angle is

always between 20° and 40° for all the samples. In the plots, the background

contributions are included.
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Figure 4.22: Stacked histograms of Glrec spectra, where the contribution of different interaction modes has been
highlighted. It is evident that for CC-O7 samples (a, b, ¢, d), the main contribution is from the CCQE interaction,
while for CC-O7+ samples, the main contribution is from the CC-07 from A+ interaction.

Figures 4.23 and 4.24, show the scatter plot of 6/"¢ vs 6§/ for each different
sample. It is possible to observe that the majority of the samples align along the
diagonal which is highlighted in red, especially for the electron samples (FHC 1Re,
RHC 1Re, FHC 1Re + 1 de), but there are also some evident spreads, extending
more widely for the muon ring samples (FHC 1Ry, RHC 1Ry, FHC 1Ru + 1 de
FHC 1R + 2 de). These dispersions are shown below each plot, in the histograms
of the reconstructed lepton angle resolution reported below each plot, which is
computed as the difference between the true and the reconstructed 6;, 6;"*¢ — ;<.

Analogously to what was done in Section 4.5, to estimate the resolution, Gaussian
fits were applied to the resolution histograms. The fitting range was reduced to
obtain a more accurate estimation of the peak, discarding the influence of the tails.
Conversely, to account for them, the Root Mean Square (RMS) was also computed.

The results show perfectly zero-centered peaks indicating the absence of biases

— unlike those observed in the energy resolution.
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The standard deviations obtained from the Gaussian fits were consistently around

1°-2°.
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4.6.1 67 resolution in bins of 6™

Analogously to that was done in Subsection 4.5.1, the reconstructed lepton angle
resolution was studied by dividing the true lepton angle ;"¢ into a given number
of equal bins. According to the current binning choice, it was decided to divide the
range of [0, 180]° into 18 bins, each with a width of 10°, for all samples.

For each 0/ bin, the resolution was computed as the difference between /"
and 0] as done before. For the Gaussian fit, the range was reduced to obtain a
better estimation of the peak, while the RMS was computed to include the effect
of having different populations. An example is shown below in Figure 4.25 for the
FHC 1Rpu samples.

TN ENER

R e R S B G T T T e e Lo - R e

E N L S e RN g Lo R R ]
e g e g e e g iy

Figure 4.25: Resolution histograms obtained dividing the range [0, 180]° of 91”“6 into 18 bins for the FHC 1Ry
samples. The Gaussian fits were performed to estimate the peak of the distribution.

For each sample taken into account in this analysis, the values of §"“¢ are plotted
againts the parameters p and o obtained from the Gaussian fits, along with the
mean and RMS of each resolution histogram. The resulting plots are shown below
in Figures 4.26. On the left, only the primary beam contribution is considered,

while on the right, the background contributions are included.
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Figure 4.26: 07 resolution plots for FHC and RHC 1Ry, FHC and RHC 1Re, FHC 1Re + 1 de, FHC Multi-Ry: +1
de, FHC Multi-Rpt + 2 de. On the left the signal only, on the right, the background contributions are included.

The plots above show that the angle resolution ranges between 1° and 3°. The
comparison between the Gaussian fit parameters, namely the mean and standard
deviation (u+0) and the mean £ RMS, computed using the entire set of histogram
entries, shows that the estimate obtained from the fit is only slightly smaller. The
non gaussian tails are much less evident in the case of angles with respect to the
reconstructed energy where they played a major role.

Finally, comparing the plots on the left, where only the primary beam contribu-
tion was considered, with their counterparts on the right, where background contri-
butions were included, reveals that the background contributions slightly increased
the spread of the resolution.

Overall, the resolutions are always largely smaller than the bin width adopeted

in the analysis, which is 10 °.

4.7  Updating the Binning

Based on the resolution analysis performed for the reconstructed neutrino energy

and the lepton angle, it was found that while the angle binning choice adequately
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Figure 4.27: Oscillated event rate spectra in reconstructed energy for FHC 1Ry (a) and RHC 1Ry (b) with 50 MeV
binwidth.

covers the resolution range, the energy resolution is significantly more spread out
compared to the bin width, especially for u-like samples. A reasonable choice for
the binning of the p-like reconstructed energy spectrum could be to increase the
binwidth in the [0, 3000] MeV region.

4.8  Effect of the optimized binning on oscillation parameters

In 4.5, the resolutions of the reconstructed neutrino energy were studied for the
binning choice adopted in [9]. It was found that, while the resolution for e-like
samples is comparable to the bin width used in [9], the resolution for p-like samples
is significantly larger, even when excluding the effect associated with the non-CCQE
samples.

Reconstructed energy spectra at SK with different binning configurations were
produced using MaCh3 for 1Ru samples. The outputs for bin widths of 50 MeV in
the range [0, 3000] MeV are presented in Figures 4.27.

The 100 MeV binwidth spectra are shown alongside the spectra presented in [9].
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Figure 4.28: Oscillated event rate spectra in reconstructed energy for FHC 1Ry with 100 MeV binwidth. In (a) the

result obtained with MaChg, in (b) the result from [9].
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Figure 4.29: Oscillated event rate spectra in reconstructed energy for RHC 1Ry with 100 MeV binwidth. In (a) the

result obtained with MaChg, in (b) the result from [9].
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Following the present, and similar, studies, the oscillation parameter fit output
was studied with respect to changes in the reconstructed energy binning. Figure
4.30 shows the fit of the dcp parameter performed with three different binwidths
[10]. In the plot, binvl is the 50 MeV binwidth in the [0, 3000] MeV region, while
in binv2 the binsize in the region [1500, 3000] MeV was changed from 50 MeV to
100 MeV, finally, in binv3 the binsize in the region [0, 1000] MeV was changed from
100 to 50 MeV with respect to the binv2 configuration.

| I
20 I binvi

binv2
I binv3
| ---- Mediana

ol .
5_ =
oF \ | | | | [

-3 -2 -1 0 1 2 3
Ocp

Figure 4.30: Comparison between d¢ p fits for different binwidths. Image taken from [10]

As it can be seen the three different binning choices provide very similar results
especially compared to the band that represents the spread in the results due to
the statistics. This indicates that for this parameter (but the conclusion also hold
for the other ones) the optimization of the fitting is playing a subleading effect in
the results. Nevertheless is it interesting to characterize the performance of the
reconstruction in all the phase space as we have done, especially in view of larger

statistical samples, for which these systematical effects could become more relevant.
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Conclusions

A comprehensive study of the reconstructed neutrino energy resolution EJ° (pje,

g7¢¢ ) was conducted with the aim of providing a guide in the choice of an optimized
binning scheme for E}° and 6]°.

First, it was observed how E}¢ varies across the (p,, 6,,) plane, by superimposing
the iso-E]° curves onto the (pj°¢, 6;°°) distribution. In this way it is possible to
visualize the relationship between lepton kinematics and reconstructed neutrino
energy.

The distribution of pj* and ;°° was further examined by visualizing the samples
for different intervals of true neutrino energy (EY“¢). It was checked that the
samples are aligned along the iso-E curves. In this way it is possible to gain insight
into how the reconstructed kinematic variables behave across different energy bins.
We have shown that the expected behaviour is respected by the results and explained
the reason of deviations from the ideal case in which points should lie exactly on
the iso-F lines (spread in the true values and the simulation of Fermi momentum
of nucleons). This was a new plot that was not used before in other analyses.

The resolution of the (p;, 6;) was further examined by visualizing how the recon-
structed points (pj¢, 0]°°) scatter relative to intervals centered on a grid of true
values (pimc, #iuc). Tt was checked that no anomalies or evident biases affect the
(pjec, 67°°) with respect to the true values.

Then, the study was extended to the resolution of reconstructed neutrino energy
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(E7°¢) and reconstructed lepton angle (67°°). In particular the true neutrino energy
and lepton angle have been divided into several equal bins in order to study the
resolution of the reconstructed variable in the bins. To estimate the resolution, both
the sigma of the Gaussian contribution (which excludes the effect of tails) and the
root mean square (RMS) of the full distribution were calculated. The results show
that the effect of tails, particularly visible in the reconstructed energy of the CCOm
samples, significantly impacts the energy resolution, resulting in values that are
larger than the bin width.

These findings provide valuable insights into the resolution of the reconstructed
variables and offer a foundation for further refinement. In particular, necessary
information to reconsider the current binning strategy have been provided in this
study. They will turn useful especially with the increase in statistics that will

become available in the next years.
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Al

The Minituples Runll are
o« FHC 1Ry, iclass = 13:

t2ksk19b.
t2ksk19b.
t2ksk19b.
t2ksk19b.
t2ksk19b.
t2ksk19b.

fqv4rob.
fqvarob.
fqv4rob.
fqv4rob.
fqv4rob.
fqv4rob.

Minituples Runll recap

21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.

« RHC 1Ry, iclass = 13:

t2ksk19b

t2ksk19b

.fqvaroeb.
t2ksk19b.
t2ksk19b.
t2ksk19b.

fqv4rob.
fqv4rob.
fqv4rob.

.fqv4rob.
t2ksk19b.

fqvarob.

21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.

« FHC 1Re, iclass = 11:

t2ksk19b

t2ksk19b.
t2ksk19b.
.fqv4rob.
t2ksk19b.
t2ksk19b.
t2ksk19b.

fqvarob.
fqv4rob.

fqv4rob.
fqvarob.
fqv4rob.

21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.

« RHC 1Re, iclass = 11:

t2ksk19b

t2ksk19b.
t2ksk19b.
t2ksk19b.

fqv4rob.
fqv4rob.
fqv4rob.

.fqvarob.
t2ksk19b.
t2ksk19b.

fqv4rob.
fqv4rob.

21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.

fhe.
fhe.
fthc.
fhe.
fhe.
fhc.

fhc

fhc.
fhe.

fhc

fthc.
fhe.
fhc.
fhc.
fhc.
fhe.
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numu_x_numu_numuselec.root
numu_x_nue_numuselec.root
nue_x_nue_numuselec.root
numubar_x_numubar_numuselec.root
numubar_x_nuebar_numuselec.root

nuebar_x_nuebar_numuselec.root

.numu_x_numu_numuselec.root
fthe.
fhc.
fhe.
fhc.
fhc.

numu_x_nue_numuselec.root
nue_x_nue_numuselec.root
numubar_x_numubar_numuselec.root
numubar_x_nuebar_numuselec.root

nuebar_x_nuebar_numuselec.root

numu_x_numu_nueselec.root

numu_x_nue_nueselec.root

.nue_x_nue_nueselec.root
fhc.
fhc.
fhc.

numubar_x_numubar_nueselec.root
numubar_x_nuebar_nueselec.root

nuebar_x_nuebar_nueselec.root

numu_x_numu_nueselec.root
numu_x_nue_nueselec.root
nue_x_nue_nueselec.root
numubar_x_numubar_nueselec.root
numubar_x_nuebar_nueselec.root

nuebar_x_nuebar_nueselec.root



FHC 1Re + 1 de, iclass = 14:

t2ksk19b.
t2ksk19b.
t2ksk19b.
t2ksk19b.
t2ksk19b.
t2ksk19b.

fqvarob.
fqv4rob.
fqv4rob.
fqv4rob.
fqv4rob.
fqvarob.

21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.

FHC Multi-ring u, iclass = {31,

t2ksk19b

t2ksk19b.
t2ksk19b.
t2ksk19b.
t2ksk19b.
t2ksk19b.

.fqvarob.

fqv4rob.
fqvarob.
fqv4rob.
fqv4rob.
fqvarob.

21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.
21bv2_runll.

fhe.
fthe.
fthc.
fhc.
fhc.
fhe.

32}:

fhc

85

numu_x_numu_cclpiselec.root
numu_x_nue_cclpiselec.root
nue_x_nue_cclpiselec.root
numubar_x_numubar_cclpiselec.root
numubar_x_nuebar_cclpiselec.root

nuebar_x_nuebar_cclpiselec.root

.numu_x_numu_numucclpiselec.root
fhe.
fhe.
fhc.
fhc.
fhc.

numu_x_nue_numucclpiselec.root
nue_x_nue_numucclpiselec.root
numubar_x_numubar_numucclpiselec.root
numubar_x_nuebar_numucclpiselec.root

nuebar_x_nuebar_numucclpiselec.root



A2  Momentum, Angle, and Energy Reconstruction for Mini-

tuples Runll

This appendix details the steps necessary for the computation of momentum, angle,
and reconstructed energy for the Minituples Run11. Since calculations vary slightly
across samples due to the parent neutrino and its interaction type, the procedure

for each sample is outlined here.

A.2.1 Single-ring Events (iclass 11, 13, 14)

For single-ring events (interaction classes iclass 11, 13, and 14), the following

variables from fiTQun are used to compute the reconstructed momentum and angle:

o fglrmom[0] [particle_type]: Provides the lepton momentum for a single-
ring event.

o fqlrdir[0][particle_type][3]: Provides the lepton direction for a single-
ring event.

The particle_type is equal to 1 for electrons and 2 for muons, therefore, the

electron or muon momenta are:

o For electrons: fqlrmom[0][1].

e For muons: fqlrmom[0][2].

Similarly, the direction of the lepton for each particle type can be retrieved using

fglrdir[0] [particle_type].

A.2.2  Cosine of the Lepton Direction with Respect to the Neutrino Beam

The cosine of the lepton direction with respect to the neutrino beam direction can be
calculated by taking the dot product of the lepton direction, fqlrdir[0] [particle_type],
with the T2K beam direction vector:

T2K Beam Direction = {0.669764, —0.742179, 0.024223}
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A.2.3  Energy Reconstruction

The momentum and cosine of the lepton direction are then used to compute the

reconstructed neutrino energy.

o For iclass 11 and 13, the CCQE equation is used to calculate the recon-
structed energy.

e For iclass 14, the Delta resonance approximation is employed.

A.2.4  Multi-ring Events (iclass 15, 31, 32)

For multi-ring events (interaction classes iclass 15, 31, and 32), you will need

the fiTQun multi-ring variables as follows:

o fgmrmom[fit_index][ith_ring]: Provides the lepton momenta, assuming
a particular multi-ring fit denoted by fit_index and assuming ith_ring is
the lepton.

o fgmrdir[fit_index][ith_ring][3]: Provides the lepton direction, assum-
ing a particular multi-ring fit denoted by fit_index and assuming ith_ring
is the lepton.

0OA2023 and OA2024 Minituples

o For 0A2023 minituples, ipp is used to tag multi-ring mu-like fits.

o For 0A2024 minituples, iep is used to tag multi-ring e-like fits.

Event Class Specific Calculations

In the case of multi-ring events, all three interaction classes (iclass 15, 31, and

32) utilize the Delta resonance equations for energy reconstruction.
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iclass 15: For iclass 15, proceed by using the momentum and direction where

ith_ring == 0, as we assume the first ring corresponds to the electron ring.
iclass 31 and 32: For iclass 31 and 32, the following procedure is used to identify
the most energetic ring:

idx_mu = 0;

if (fgmrmom[ipp][0] < fgmrmom[ippl[1]) didx_mu = 1;
This selects the most energetic ring from the MRmu sample for kinematic calcu-
lations.
Visible Energy Variable

The variable fqevis provides the visible energy of the event, which can be used in

further analyses.

A.2.5 True Variables

For the true event-level variables, the following variables provide the true neutrino

energy, lepton momentum, and direction:

e pnul[0]: Provides the true neutrino energy.
e pnul[LeptonIndex]: Provides the true lepton momentum.

e dirnu[LeptonIndex][3]: Provides the true lepton direction.

Finding the Lepton Index

To identify the LeptonIndex, which is necessary to retrieve the true lepton infor-

mation, the following code snippet can be used:

e numnu: Represents the total number of particles in the simulation.

e dipnu[i]: Provides the PDG code of the particle.
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Neutrino Interaction Mode

The variable mode provides the true neutrino interaction mode, which can be used

to classify the type of interaction (e.g., CCQE, resonance, DIS, etc.).

int LeptonIndex = -1;

for (int i=1;i<numnu;i++) {
if ( (abs(ipnu[i])>=11) && (abs(ipnul[i])<=16) ) { //Check if
outgoing lepton is electron/muon/tau
if ( (abs(ipnu[@]) == abs(ipnul[i])) || (abs(ipnul[@]) ==
abs(ipnul[i])+1) ) { //Check if outgoing lepton is same
family as incoming neutrino
if (Apnu[@]*ipnu[i] > 0) {//Check 1if outgoing outgoing
lepton and 1incoming neutrinio are particle or
antiparticle

LeptonIndex = 1;

break;
}
}
b
}
if (LeptonIndex == -1) {
std::cout << "Lepton not found in following list - Quitting" <<
std::endl;
for (int i=1;i<numnu;i++) {
std::cout << dpnu[i] << " ',
}
std::cout << std::endl;
throw;
}
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