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"Okay. The answer to the ultimate question
of life, the universe, and everything is... 427
The Hitchhiker’s Guide to the Galaxy



Abstract

In this thesis we will solve a conjecture on Fermi-Pasta-Ulam and Toda chains
written in the continuum limit N — oo: this says that every first integral of the
Toda chain admits an extension to the 4th order in the perturbative parameter h
that is an approximated first integral of FPU.
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1 Introduction

Mathematical physics has come a long way since its birth in the 19th century: there
has been an enormous progress thanks to geniuses like Hamilton, Poincaré, Arnold,
Kolmogorov and Nekhoroshev. They have opened entire new sub-fields and research
branches with their results and their theorems. In recent years, KAM theory and inte-
grable systems theory have been applied to new systems and problems and this has led
to even more results and has also contributed to developments in other fields of mathe-
matics and mathematical physics.

In this thesis, we will stick mainly with integrable systems theory and with hamiltonian
perturbation theory. We will study, in particular, the connection between the Toda chain
and the Fermi-Pasta-Ulam (FPU) chain, because both systems still present open ques-
tions nowadays and because there have been interesting developments in recent years.
For example, Boris Dubrovin in [3] has proved that there is a small number of mass-
spring models in which first integrals can be extended to successive perturbative orders
and, fortunately, Toda chain is one of these. Moreover, in [7] the author has conjectured
that first integrals of Toda chain can be extended, in a suitable sense, to approximated
first integrals of FPU chain up to the fourth order of the perturbative parameter. This
thesis will be a natural sequel of this work and its main goal will be solving the con-
jecture. This will be an interesting step forward for a better understanding of FPU chain.

Let’s start with a brief historical and mathematical recap of the two systems.

FPU model The history of non-linear chains and integrable differential equations
began in the summer of 1953. In that year, Fermi, Pasta and Ulam performed the first
calculations on the "MANIAC I” machine of Los Alamos laboratories with the aim of
studying the behaviour of one-dimensional chains of masses and springs with pairwise
forces that contained quadratic and cubic terms. This experiment is well described in
[4], where one can read that "Fermi did some work on the ergodic problem when he was
young, and when electronic computers were developed he came back to this as one of
the problems computers might solve. He thought that if one added a nonlinear term to
the force between particles in a one-dimensional lattice, energy would flow from mode to
mode eventually leading the system to a statistical equilibrium state where the energy is
shared equally among linear modes (equipartition of energy)”.

Following their calculations, if we call ¢, the displacement of the n-th mass (with m =
1 Vi=1,...,N) and F(r) the force when the displacement of the spring is r, we can
write the equation of motion for the n-th mass as

(jn = F(Qn+1 - Qn> - F(Qn - anl) = F(Tn) - F(Tnﬁl)



and the hamiltonian of the system as

Hrpy(q,p) = Z (Z%% + Veru(@ng1 — C]n)) (1.1)

n=1
where Vrpy(r) is the potential

2 3 4 5
VFPUO") = E—FQE—FBZ‘F’Yg—l—...
with «, 3, v etc. constants. Fermi, Pasta and Ulam invented this ad-hoc problem with
the aim of studying a system which was simple from the physical point of view but
unmanageable with paper and pencil only. Their goal was also to begin the study of
nonlinear systems physics and the mathematics beneath them. As mentioned above, they
tried to observe the "mixing” process and the "thermalization” speed in the chain, that is
how the energy propagates in the chain as the time increases and finally becomes the same
for every particle. They started from an initial condition in which only the first harmonic
mode ¢,(0) = Bsin(y77) was excited and, surprisingly, they discovered that this does
not happen: as the time increased, the energy was shared only between a few normal
modes instead of being gradually distributed among all of them. Indeed, they found that
only the first five harmonic modes were excited, while the others had negligible energies.
Further studies on the problem showed how FPU system also presents a recurrence:
YAfter what would have been several hundred ordinary up and down vibrations, (the

system) came back almost exactly to its original sinusoidal shape” ([4]).

Toda model The Toda chain is a one-dimensional nonlinear chain of masses and
springs with pairwise exponential potential. It was invented by Morikazu Toda in 1966.
In [8] we can read that “From the idea that the fundamentals of the mathematical meth-
ods for nonlinear lattices would be elucidated by rigorous results, I was led in 1966 to
the lattice with exponential interaction”. He looked for a “potential which admits inte-
gration of the equations of motion [...J. It is also required that the potential must have
some physical meaning, so that it really provides us with a mechanical system with wide
applicability. Under these conditions, many functions were tried”. These excerpts show
how the model was invented simply by trying out different potentials and finding out
which one of them most simplified the calculations.

The hamiltonian this time is

N 2
Z Dy
HToda(Q7p) - (? + VToda(Qn+1 - Qn>>

n=1

with potential



where A is a real number. In 1974 Flaschka and Henon independently proved that this
Hamiltonian system is integrable and its constants of motion can be explicitly described
(see [6] and [5]). In other articles it was shown how the Toda chain is an integrable
version of the FPU chain. This strong connection is still present in the continuum limit
N — oo and will be used further on this thesis. For now, let’s see it for N finite: we
take A = 2a in the Toda potential (a coming from Vepy) and we expand it using Taylor
series around r = 0 obtaining

7“2 T.3 T’4 7“5

VToda(T) - 5 + ag + BTodaZ + ’YTodag + ...

with Broge = %az, YToda = %oﬁ etc.. We can thus write
(6 - 6Toda)r4 (7 - ’VToda)TB
1 + 5 +...

that shows how FPU is tangent to Toda up to order three. It is therefore possible to
study the first using the second, which offers a much more manageable model.

VFPU(T) - VToda(T) =

Let’s now begin our study with some useful definitions coming from hamiltonian pertur-
bation theory.

Definition 1.1 (Non-degenerate hamiltonian). An hamiltonian Hy(I) which depends
only on its action variables is said to be non-degenerate if det(H{/(I)) #0 ¥YI € D C R"

Definition 1.2 (Generic perturbation). Consider a perturbed hamiltonian H (1, ¢) writ-
ten in action-angle variables of the form

H(I,¢) = Ho(I) + eHy(I,¢) + . .. (1.2)

where I € D C R™ and ¢ € T". We say that Hi(I,®) is a generic perturbation if its
Fourier series

Hy(I,¢)= > Hy,(I)e™?

mez™

has Hy,(I) £0 VYm € Z".

The next theorem says that, under generic perturbations, non-degenerate integrable
hamiltonians exhibit only trivial first integrals:

Theorem 1.1 (Poincaré’s theorem). Consider the perturbed hamiltonian 1.2. Suppose
that Hy is non-degenerate in D and that Hy(1, @) is a generic perturbation.
Then the only first integrals which can be written as power series in € are functions of H

F(H)=F(Ho+e€H,+...)=F(Hy) + eF'(Ho)Hy + ...

where € C®(D x T"), F: D x T" — R and we used Taylor expansion in the second
passage.



Therefore, degenerate hamiltonian under non-generic perturbations might have ex-
tensions of their first integrals from the unperturbed case to the perturbed one. This
is exactly the starting point of the theory developed by Dubrovin in [3] and in other
articles, which regards hamiltonian systems in both cases of finite and infinite degrees
of freedom. Luckily for us, Toda and FPU do not fulfil the hypothesis of Poincare’s
theorem, so we can hope to find extensions.



2 Dubrovin’s theorem

Let’s consider again a one-dimensional chain of N particles that interact pairwise with
potential ¢, function of the displacement between a particle and the next. If we agree to
call q1,...,gn the positions of the particles and pq,...,py their velocities, this system
can be described by the hamiltonian

N

Higp) =Y (% + $(gnar — qn>) (2.1)

n=1
that Vi =1,..., N yield the following equations of motion
o aH(‘]n,Pn) _
4n = ;T = Dn
pn = _$ = ¢/(Qn+1 - Qn) - gbl(Qn - Qn—l)

We are interested in the case N — oo, for which we have the following

Proposition 2.1 (Extension to the continuum limit). The extension of 2.1 to the con-
tinuum limit N — oo 1s given by

H(V,R) = / [V? + 6(R) — %v?] dz + O(h") (2.2)
= Ho(V, R) + h*Ho(V, R) + O(h?) (2.3)

where h = 1/N s the perturbative parameter.

Proof. (sketch) The generating function

N

F(Qa S) = an(qn - Qn—l)

n=1

transforms 2.1 in

K(rs)=Y {w + o(ry)

Being a canonical transformation, the Poisson tensor remains untouched and the new
equations of motion are

. OK(r,s
S = St = ¢/(ra)
r = =250 = (501 — 25, + 501)
Defining h := %, x := hn and 7 := ht we can interpolate s, and r, using two smooth
functions R and S as follows:
ra(t) = R(z,T)

S(x,7
su(t) = 28T



We are interested in the case of h small, so we can take advantage of Taylor expansion
in order to change again the equations of motion. After some minor manipulations (see
3] or the appendix of [7] for further details) and after the last change of variables

V(xa T) = S:):(*/Ea T)
R(x,7):= R(x,T)
we finally obtain the hamiltonian we were looking for. m

We are now in the correct position to introduce the main theorem of this thesis, which
concerns first integrals of H, and their second-order extensions.

Theorem 2.1 (Dubrovin’s Theorem). If in 2.2 the potential has the form
H(R) = ke +aR+ b

where a, b, c, k are constants, one can find a second-order extension of the first integrals
of Ho(V, R). These extensions are therefore approximated first integrals of H(V, R).

Proof. See Dubrovin’s article [3]. O

This theorem immediately tells us that the first integrals of the Toda chain are
extensible to the second order.

2.1 Extension

We have to introduce now some standard mathematical machinery used in the theory of
hamiltonian PDEs.

Definition 2.1 (Poisson brackets). Given two functionals F(V,R) = [ fdx and G(V, R) =
[ gdz, their Poisson bracket is

. _ [[0F . 6G  6F . G
{F,G}—/(VLzFJZVLQG)d(ﬂ—/{Eaxw—i-wafﬁ}

_(of of . _ (0 O,
VLQf - (Wa@) J2 - <ax 0)
are respectively the L? gradient (a vector with functional derivatives as components) and

the Poisson tensor in the coordinates (V, R).

Definition 2.2 (Euler-Lagrange operator). Given f(u(x)) € C*°(D), where D C R, the
Euler-Lagrange operator is the operator that acts on f by the formula

Euf = 0uf — 0:0u, f + 020, f + ...

where

10



We want now to prove a simple result whose immediate corollary will be used through-
out the thesis.

Proposition 2.2. If Flu] = [ f(u)dz is a functional, F[u] is constant Vu iff E,f = 0.

Proof. Flu] = const Yu <= 0F[u] =0 Yu.
Now, we know that

OF[u] = /Euf(u)éudx
so that
OFul =0 Yu <— /Euf(u)(Sudx:O Yu  You
which means
0Ful=0 <= E,f=0
O

Corollary 2.1. Two local functionals F = [ fdx and G = [ gdz commute with respect
to the Poisson bracket {F,G} if and only if

oF _0G  OF _ 6G
oF _0G  OF _ 6G
Let’s consider now a modification of 2.2
H(V,R) = Ho(V, R) + h*Ha(V, R) + O(h*) (2.4)
v2 V2
= / K7 + ¢(R)) + h? (wl(R) — ﬁ)} dz + O(h?) (2.5)

Notice that the only difference between this hamiltonian and 2.2 is the presence of
Y1(R) at the second order of perturbation. We take now into account a first integral
Jo(V,R) = [ jo(V, R)dx of Ho(V, R) and we look for conditions on a functional

Jo(V, R) = /jz(R,V,Rx,Vx,Rm,Vm)dx

such that J = Jo+ h2J, + O(h?) satisfies {J, 7L} = O(h*), i.e. it commutes with respect
to H up to the second order. J is called the second-order extension of .J;. The density
of Jo, up to a total x-derivative, can be written in the following form (see [3])

1
Jo = 5(a(v, RYR2+2b6(V, R)R,V,, +c(V, R)V) +p(V, R)R, +q(V, R)V, +d(V, R) (2.6)

At this point, we can state and prove the extension we were looking for.

11



Theorem 2.2 (Extended Dubrovin’s theorem). If in 2.5 the potential has the form
d(R) = ke +aR +b

where a,b, ¢, k are constants, one can find a second-order extension of the first integrals
of Ho(V, R). These extensions are therefore approximated first integrals of H(V, R).
Moreover, if jo is the density of a first integral, the coefficients of 2.6 satisfy the following
formulas

~ Jovvr @' (R)? ~ ¢"(R)*josv(V, R)
a(‘/a R) - 6 (b”/(R) b(V7 R) - 6¢/,,(R> (27>
_ ¢"(R)jovvr(V,R) 1
c(V,R) = — 66" (R) - E]OVV(Va R) (2.8)
PV = (R, drr = ¢"(R)dvv + U (R)jovv (2.9)

Proof. (sketch) One starts by imposing that
(L H} = {Jo, Ho} + R2({ Jo, Ho} + {Jo, Ha}) = O(RY)

and recalling that {.Jy, Ho} = 0, one has to calculate the remaining terms. This can be
done with the help of a computer software. We used Wolfram Mathematica and obtained
the following functional

¢"(R)

- j 1 1
{JH} = h2/ [‘T—;V + 5(cR — 2by ) V3 + T(av —2bR)R3 — 5(aR + 2crd"(R))R2V,

1
- §(CV¢"(R) + 2ay )R, V2 — aRy,Vy — ViV — bd"(R)Ryw Ry — ¢¢" (R) Vg Ro+
+ (qr — pv)V2+ ¢"(R)(py — qr)R% + dRV, + (dv¢"(R) + joy ¢! (R)) R, | dx + O(hY)

Denoting I the integrand, we use Corollary 2.1 to transform the problem in the two
equations
Evl =0 ERI =0

Checking term by term, one can find the equations that make the coefficients vanish,
obtaining the formulas above. Finally, one recalls that j, is the density of a first integral,
so it must satisfy

jORR = ¢//(R)jOVV

and following the proof given by Dubrovin in [3], one arrives to the thesis. In [7] there
are further details. O

Let us remark a few things:

12



e The equation py = gg tells us that p and ¢ are linked together. Indeed, one can
write

p(V.R) =vr(V.R),  q(V.R)=w(V.R) = 0.v(V,R) = pRy + qVs

for some function v(V, R), so that p and ¢ are components of a gradient. This tells
us that pR,+ ¢V, form a total x-derivative, which can be discarded from j, because
its integral vanishes.

e Consider now equation 2.9 for d. This has two unknowns (¢;(V, R) and d(V, R)),
so one has to first fix ¢;(R) and then see if this equation admits a solution.

e We will use this theorem and the strong connection between Toda and FPU chains
to extend first integrals of the former (which will be our unperturbed system) to
approximated first integrals of the latter.

2.2 Harmonic oscillator case
Before moving towards FPU chain, we examine the special case of an harmonic oscillator
to see what results we obtain. The potential this time reads

R2

SR =w = (R =0 (2.10)

Proposition 2.3. The coefficients of 2.6 in this case satisfy the following formulas:

JORR
12

a = wc+ bV = CRr bR = WCy Pv = 4R dRR = dev + %Wf(R)

Proof. (sketch) We cannot immediately substitute 2.10 in the formulas we found when
extending Dubrovin’s theorem because, if we did, denominators would become zero. We
have thus to recalculate the Poisson brackets:

{J77:Z} = h'2({°]27r7£[0} + {J07 ﬁ?}) - hz/ [%%x - bvxac‘/x - WbRxa:Rx - asz‘/x_

2 2 -2
eV R, - WVE2W e (OnE R0 gy (o= By
+ S (av = 26R) R + (ar — pv)V2 +w(py — ) B + drVit

+ (dyw + jovlb’l'(R))Rz} dx + O(h")

As before, we denote I the integrand and apply Corollary 2.1 to transform the problem
in the two equations
ErlI =0 EyvI =0

13



from which one can obtain the formulas the coefficients must satisfy and also some
constraints on 7jo:
Josr = Jorrv = Jozr2v =0
These yield (see [7]) that the unperturbed first integral must have the following form
_ y(VE oW,
Jo(R, V) = [ jo(R,V)dx = — 7—1—51% +aVR+BR+OV + A de
w

where «, 3, v, d and A are arbitrary constants. We can observe that this is simply a linear
combination of first integrals: in fact, the first term is the unperturbed hamiltonian,

whereas the other three are linked respectively to the translation symmetry, the total
momentum and the length of the system. O]

14



3 Fourth-order extension to FPU

In this section we want to see how the previous results can be applied to FPU chain
in the continuum limit N — oo and how we can build up a 4th-order extension of first
integrals. We rely again on [7] to write the FPU hamiltonian in this case:

Proposition 3.1. The FPU hamiltonian in the continuum case N — oo is given by

1

Krpu(V, R) = / (V; + ngﬁToda(\/ER)) - (¢1(R) — ;L_ivg> +

4
+ (%(R) + %Oxﬂ) dx + O(h®) =

= Ko(V,R) + Ko(V, R) + K4(V, R) + O(h®)

where h = % and € = % are respectively the perturbative coefficient and the specific
energy of the chain and the potentials 1;(R) are given by the formulas

where AB = (B — Proda), DAY = (Y — VToda) €tC..

Proof. (sketch) We start from the hamiltonian Hppy seen in the introduction and we
apply the same canonical transformation of proposition 2.1. Then we use the tangency
between Toda and FPU chains to write

N 4 5
r r
Krpy(s,1) = Kroda(s,7) + Z (Aﬂz” + A’ygn + .. )

n=1

and, similarly as before, using A and ¢ we interpolate as follows:

{sn(t) — YeS(r, )

Now, the change of coordinates



and minor manipulations (see [7]) lead to the hamiltonian Kppr, but we still need to
find the potentials ¥, (R). To do this, first define Q, = {x € C||Im(z)| < o} and for
fixed 7* call

v =max{|[V(z, )], |[R(z, 7")[}

then apply Cauchy estimates (see appendix A) to V', R and their derivatives:
v v v
Vi<v |Vl<=  |Vul<CS5 ... VW <0—
o o o

For consistency, potentials must satisfy the following estimates

h2n

Yn(R) < C—?

O-Qn

and we recall that from Korteweg de-Vries equation studied in [1] we must have

h
o< C

= l/4

We conjecture now v;(R) are given by the formulas

and this concludes the proof. ]

Let’s now move on and let us truncate Krprr to the second order

Contvr) = [ [(% + Horuatver - 3iv2) | -+ o

€ is not a perturbative parameter and it can assume any positive value without affecting
our results. Therefore we set € = ﬁ which gives 2a4/e = 1 and

2V _ 20 e R—1 4

1
— — — — — 1
B ¢Toda ( \/ER) 4@2 P (& R

16



K rpy has the exact shape that is needed in the extension of Dubrovin’s theorem. We can
thus apply the formulas given above to a density jo of a Toda’s first integral to obtain
its second-order extension

) 1 . 1 ) 1 .
]2(‘/7 R) = _aeRRmVx]O?)V(‘/: R) - EGRR?CJOVVR(Va R) - ﬂVfJOVV(‘/a R)
1

12

In this section, we look for conditions on a density

(3.1)
VZjovvr(V, R)

jo = aR2, + BRuViw + V2 + 0RuVP + €R2Voy + uRy + VR, VP + pRIVZ + AR2V,
Tl %nRi + &R,V + %gvﬁ + o
so that
J(V,R) = Jo(V,R) + h*Jo(V, R) + h*J4(V, R) =
= / [jO(V, R) 4+ h*j5(V, R, V., Ry) + h*j4(V, R, Vi, Ry, Vi, Rm)} dx
gives {J, Krpy} = O(RS).

Theorem 3.1 (4th-order expansion). Given the hamiltonian Krpy and a first integral
Jo = [ jodx of the Toda chain, one can find an extension to the fourth order that satisfies
{J,Krpy} = O(h®). Moreover, the coefficients of ju satisfy the following formulas

_ L ap. L r. 1R L .
o= 1206 Joav 7206 JOVVR; B = 1206 Josv + 606 JO3VR;
_ L. L m. _Jovve 1 p.o
Y= 72O]ovv + 180]0\/VR + 1206 J04v'; = 1440 1806 J04v's
1 5. 1 5. 1 ». 14e*%josy L or.
- _ . A= — _ _ .
€ 1206 Josv + 726 JO3VR; 5406 JO3VR 2160 2166 JO5V R
_ Fovve LQQR]'  17eRjovr Le;),Rj ,
2160 360 7V 4320 864 UV
_ Josve L o1 g . __76Rjo4v_LR. R T
V= 1440 1446 Josv 2166 JO5V R; p = —1440 1606 Jo4aVR 1446 JoeVs
Joav I 5. JoavR
= — S - : —0; —0; —0;

orr = ovve + 3jorv ABR’
so that we end up with the density

Ja= OéRix + BRy2Via + '7‘/;233 + 5Rm‘/;c2 + ER?CVJ:J: + NR?Z + VRwag + pRngc2+ (3.2)
ARV, 4wV + o (3.3)

17



Proof. (sketch) Similarly to the second-order extension, one has first to compute the
Poisson brackets

{J,Krpu} = {Jo, Ko} + B*({J2, Ko} + {Jo, K2}) + B ({Jo, Ka} + {Jo, Ko} + {J4, Ko})
and recalling that {Jy, Ko} = 0 and that h2({Jo, Ko} + {Jo, K2}) = O(h*), one has only

to compute its 4-th order term and to impose
{J,Krpu}y = b ({Jo, Ka} + {J2, Ko} + {J4, Ko}) = O(RE)

obtaining

a
{J,Krpu} = h4/ {%%x (BVa + 2YRy070q0) Via + (20Ve + Bd7000 Re) Rag — EVngm—

b
- _‘/xwx‘/xx + (4’7R¢Toda - 24) ‘/xszQ (47V¢/7/“oda + 251% — 2€ — %) ‘/xmcRx‘/x‘{’
b
(25 + QBV + ﬂ - %) V;:xzvf + 4aVRxx:cV;;2 + (25V¢/7/“oda - 26¢/7/“oda + 40‘R)RmaszwVva:+

+ (260 ot + 2B ode) Raza Re 4 (20 + 28R — 2€) Vg Rut Vit
+ Poda(260v + 27k — 20)Vew Ruw Ry + (56v + Byy — 3v) Ve Vio+
+ (4YRV Ptode + BrR — €R — 3A — 6V 000) Vi R2Vi+
+ (27 Poda + 408 + 2Brv — 4p — 1207 o4, — 26v) Ve RV, +
+ 20040 (YRE + €V — P)Vau Ry + (#.ll“oda(ﬁRR + 5ep — 3\) Roo R + (205 + 20y — 2p) Ry V) +
+ (20 + YR + By )V Vi + 31 roda Ve B + Oroga (26 + v + Br) Ry, R + Bar Ry, Vot
+ (BvvOhoga — OV Droge — 3V — 6X + dagy ) Rew R V2 +
+ (46v BT odq + 28RV DT oda — 208D T0da — 40P Toda + 4R — 1201) Rup RIV, +
+ (bvy — vy +wR)V2 + (20gy — 2pv — 3wy Prryge) Vi Ryt
+ (Orr = 3\ = 200 0ty — PR — AWROT000) Vy Rt
+ (Vv Poda — BVRPToda — PRPToda — 20k — 4y )V RS + (2€8v Ooda — 208 0da — 3ir) Ve Rat
i

/!

1
(MV¢Toda /\Rngoda + eRR¢T0da) + T20da( 2§R)R - 5(773 + 2gR¢T0da> V

1
5 (CR - QEV)VS €¢TodaRxxR £%xv g(bTodanxRx

—NRVy + 0gVe + (0v Ooge + 3jov ABRY) R, | dz + O(h®)

1
- §<§V¢£Jl“oda + QUV)vagf +

One calls I the integrand (which can be calculated via computer software) and uses the
Corollary 2.1 to transform the problem in the two equations

ErlI =0 EylI =0

18



from which one can obtain the equations that make the coefficient of j, vanish. These
formulas are correct because they also appear in the fourth-order Toda hierarchy (see
2]). As mentioned previously, in [7] one can find more details on the calculations. [

3.1 Explicit extension and conjecture

In this subsection we will see the explicit extension of jéz), jé?’) and jé4) and we will also

describe the conjecture we will try to solve.
The two most important PDEs we have seen so far are

jorr = € jovy (3.4)

orr = oyvel + 3j0VVAﬁR2

The first gives us the first integrals j(()") of the Toda chain, which are equivalent to the
continuum-limit extension of Henon’s first integrals up to a multiplicative constant. See
(6] for their definition in the case of finite N and appendix C for their extension and

equivalence. The first five j(()n) are

Js) = V; + et

j(()3) = %3 + VeF

jé4) _ %4 LoV 2R 4 2R
i) = ‘3/—5 - gV?’eR + VR

More generic formulas (separately for even n and odd n) are

j(()zn) _ Z C’iVﬂn*l)elR, jé2n+1) _ Z BTIZV2(nfl)+1€lR

=0 =0

where the coefficients are given by

2(n—1)+1]!

1 forl=n

ol —Héb(jfjll)f forl=0,...,n—1 B _ Mopmysg fori=0,...,n—-1
" 1 forl=mn "

The second PDE allows us to fully describe j4 and it is non-homogeneous, so the solutions
must have the form o = oy + 0,, where o is a solution of the homogeneous PDE
orr = efloyy (ie. a first integral) and o, is a particular solution of the entire PDE.
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Proposition 3.2 (Extensions of jé2), jé?’) and jé4)). The 4-th order extensions of jéQ),
j((]?’) and j(g4) to the FPU chain are given by the formulas

1% 1 ABRY 1
j(2) - — + eR o hQ_Vf + h4 6 + —V2
2 24
i =0 2 (Clerp oy - Lyp2) g
0 6 24 7
+ht 1A534v+ieRR v, +ieRRQV +ivv2
4 120 T 1200 T 7200 M
(4) -(4) 2 2 g L ooppe 1 pio 1 R 2\ 1,2
i =gy + B —Ze"VR,V, — —e*"R2 — —e""V7 — — (4" +2V7) V2 | +
3 3 3 24
+h* (V. R)+ieRVR Vie — PR V2 + —2RR2 4 L Ry R2Y,
’ 30 360 T 36 w30 vl
7 Rp21s2 L' R4 1 R 2 eft 2 V!
— — RV - —e?RR — (4 2V — Vi - =
360° FeVe ~q0a¢ Bt (gp (4 +2V) + 5 ) Vee — 1

where o(V, R) satisfies equation 3.5.

Proof. We only need to find a suitable o for the 4th-order extension, because the other
terms have already been found previously. Let’s see the first two extensions in detail:

. j(()?): in this case the PDE reads

orr = eoyy + 3ALR?
This is solved setting oy = j[(,Q) and 0, = %R‘l, which is trivially a particular
solution of the PDE. We have proved in another way that the extension of the
unperturbed hamiltonian is, obviously, the perturbed hamiltonian.

-(3
i

orr = eoyy + 3ABV R?

Here we can simply set oo = 5 and o, = 2LV R
. jé4) (sketch): in order to extend it, we have to solve
ORR — €RO'VV + 3A5(2V2 + 4€R)R2

For this purpose we conjecture (ansatz) that a particular solution for equation 3.5
has the following form

0, = AB[R'Py(V, ") + R P3(V, e™) + R*Py(V, ™) + RP5(V, e™) + Ps(V, e™)]
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where the subscript indicates the maximum degree the polynomial can have. These
are polynomials in which R appears only as ef. With this ansatz, instead of solving
the PDE we have now to solve the simpler system given by the 5 PDEs

(8%31:’2 = eRa‘Q/PQ
8OrPy + 0% Py = 02 Py
12P, + 605 Py + 03P, = 3551, + P02 Py
6Ps + 40p Py + 0% P = 02 Ps

| 2Py + 205 Ps + 03P = ™02 P

The first one gives simply P, = jéQ), whereas the other four PDEs are non-

homogeneous, thus they follow the same solution pattern described above. In
the end we obtain (see [7])

V2
Py=-p+X Py=-8X P=4X P= i — 144X

V5
P; =192X + ¢ (E — VXQ)

where c is a free parameter and we have set X = eft.

O
We can now state the conjecture (contained in [7]) that we will try to solve. As
mentioned above, its proof will be the core of our thesis.
Conjecture 3.1. Fvery jén) can be extended to be an approximated first integral of FPU
chain up to the fourth order with o, that has the following form

op = ABIR'P,_5(V,e") + R*P,_1(V,e™) + R*P,(V, ") + RP, 1 (V, e™) + Poya(V, e")]
and where the polynomials are solutions of the following system of PDEs

(025, 5 = P02 P,_,

8ORPy_o+ 0%P, 1 = eRO2P, 4

12P, 5 + 60rP, 1 + 0%P, = 3550, + 02 P, (3.6)
6P, 1 + 40rP, + 03P, 1 = e®02 P, 1y
(2P, + 20rPoi1 + 0pPoya = €03 Py
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4 Proof of conjecture

As a first attempt we tried to find solutions via induction, but we found the following:

Remark (Polynomials’ dependency upon n) The polynomials that make up the sys-

tem depend on the particular j(()n) one is extending.

Proof. By contradiction, if we suppose induction is working, then the polynomials that
make up 3.6 for n are known and they are also involved in the system for n + 1:

'%Pn_l = €R8‘2/Pn—1
80rPy_1 + 0% P, = eR02.P,
12P, 1 + 60 Py + 0% Py = 354" + €R0% Poy
65, +40rP, 11 + 03P, 0 = eR0L P, 1o

(2Pnt1 + 20 P42 + O Prys = €m0y Prys

From this we can observe that P,_; solves both the second PDE for n and the first for

n + 1, so we have
883Pn_2 = €R6‘2/Pn_1 — 8}2%Pn_1 =0

and this tells us P,_s must not depend on R. Moreover, we know that P,_, solves the
first PDE for n:

0Py o =e"02P, s =0 = 0}P,y=0 = P,o=aV+b

so our polynomial must have a specific form and must not depend on R, and it also has
to be a first integral of Toda chain of degree n — 2. This is possible just for n = 3, where
P, =V, and not Vn, so we found an absurd. O]

This proposition tells us the polynomials are not ”fixed” as we change first integral
and suggests we should write a superscript Pi(") to indicate this dependency, but we will
not do it to avoid heavier notation. Also, there will never be confusion about the first
integral we are extending, because we will never have to study a simultaneous extension
of two of them.

Let’s move on now and let us rewrite the system of PDEs using X = e’ and the operator
Ox instead of R and Og:

X
X:eR = 8R:g—R3X = 8R:X8X = 8?%:Xax+X28§(

= 0% — 02 = X0y + X20% — X0
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We can then write

(X8X+X28X) n— 2—X8V n—2

8XOxPy_o+ (X0x + X20%)P,_y = X2 P,_,

12P, 5 + 6 Xy Po_y + (X0x + X20%)P, = 3507, + X02P,
6P,_1 + 4X0x P, + (X0x 4+ X20%)Pysy = X02 P,y
(2P, +2X0x Py + (X0x + X20%)Pyio = XOLPyio

and with few modifications we obtain

(

(XOx + X20% — X02)P, 5 =0
(XOx 4+ X20% — X02) P,y = —8X0x P,_s
(XOx + X20% — XO2)P, = —12P,_y — 6X0x Po_1 + 357, (4.1)
(XOx 4+ X20% — X02) Py = —6P,_, — 4X0x P,
| (XOx + X20% — X0%) Py = —2P, — 2X0x Py

which shows immediately how the 5 PDEs have similar shapes: they all share the same
operator on the left-hand side and differ just for the non-homogeneous term on the
right-hand side. Moreover, we already know the general solution of the first PDE:

ZZ 0 C’ V2(ﬂ_1_l X! if even n

}% — (n— m
2ol S Bln N if odd n

so we only need to solve the other four. We recall that the system concerns polynomials
in X and V that can be written in all generality as

A= Em: aijVin

1,7=0

where a;; are simply constant coefficients. Setting proper degrees, our main ansatz for
the polynomials will be

n—1 n
P = jén_z) Py = Z Pz‘jVin b, = Z QijVin

1,7=0 1,7=0
n+1 n—+2
7 i 7
Py = E i V' X7 Prio = E si; V' X7
2,7=0 1,7=0

We can now state the main result found in this thesis

23



Theorem 4.1 (Proof of conjecture 3.1). The system of PDEs admits a particular solution
Vn € N that has the following form
o [fevenn

n’ (n_z) 1° “— 1 22 —1-1) v
P,y = 1_6]0 = 1_6 C%_lv 2 X
=0
Pn—l - Zpn—Zm,m—lVrn_Zm)(m_1 Pn - Z qn_gm,m_1V"_2me_1
m=2 m=2
s S VT By S
m=1 m=1
o [foddn
n—3
(n—1)% 2y (=1 o onsy
Pn_ = n — Bn_‘ V ( 5 )—‘rle
ST 16 258
=0
B4l n-3 g
P, = Z pn_2m7m_lvn—2me—1 P, = Z Qn—Qm,m—lvn_Qme_l
m=2 m=2
SR n=341
PnJrl — Z Tn72m,mflvn72me71 Pn+2 _ Z 5n72m,mflvn72meil
m=1

m=1
and the coefficients that make up the polynomials are given by the following recursive
formulas on m:

L4 n—1

-2 —2m —1
Prn—2(m+1),m = _%C%n—l + <n m) (:;,2 & )pn—Qm,m—l Zf even n
n—1)>2 n—2m)(n—2m—1 ‘
DPn—2(m+1),m = —uB& + ( I 5 >pn_2m7m_1 if odd n
2m 2 m
and pp—20 = 0 as boundary condition.
o P,
6 (n—2m)(n —2m —1)
qn—2(m+1),m = — —Pn—2(m+1),m + 2 n—2m,m—1
m m
and @,—20 = 0 as boundary condition.
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L n+1

6 4 +(n—2m)(n—2m—1)
T'n—2(m m — T 5 Pn—2(m m — —_Yn—2(m m T'n—2m,m—
2(m+1), m2p 2(m+1), mq 2(m+1), 2 2m,m—1
i n+2
2 2 (n—2m)(n —2m — 1)
Sn—2(m+1),m — _EQn—Q(m-‘rl),m - Ern—Z(m—‘rl),m + m2 Spn—2m,m—1
In the even case m = 1,...,5 —1 and n > 4, whereas in the odd case m = 1,...,”7_3
and n > 5.

Proof. For the sake of simplicity, we will suppose even n, the case of odd n being analo-
gous, with differences just in the sums and indexes extremes.

n?

e Second PDE. We use the ansatz made above for P,_5 and P,_;. We also use T

as a multiplicative constant for P, 5. Its utility will become clear further on.
Now, the action of the operator X0y + X?0% — X 9% on a monomyal V'X7 gives

(X0x + X?0% — XO02)(V'XT) = j2V' X7 —i(i — 1)V 2 X!

and coefficients are just carried through the calculations undisturbed. With some
similar manipulation we obtain that the PDE becomes

. i i c/. — 1 n n_q1_
(FPVIXT =il = VX iy = = > CL_vETlXt =
1,7=0 =1
_ n201 V-4 x 202 /n—6x2 n? 1) x5!
R B +eo=(37)

The first term of the right-hand side has V" %X and it must be balanced by
analogous monomials in the left-hand side. If we take a look at this, we see that
this is possible if we choose (i, j) = (n—4, 1) for the first term and (7, j) = (n—2,0)
for the second. This means we have the equation

pn_471V”_4X - (TL - 2)(” - 3>pn—2,ovn_4X - _%C%_lvn_élX

n
= Pna1— (n—=2)(n=3)pn2o=—5Crn_,
The same reasoning applied to the second term of the right-hand side
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tells us that we have to choose p,_¢2 and p,_4; in the left-hand side, so that we
obtain the equation

App-62V" X = (n = 4)(n = 5)pu-a V"X = —n®Ch_ V" TOX?
= 4pn—6,2 - (Tl - 4) (n - 5)pn—471 - —7120%_1

We can now repeat the procedure for every term of the right-hand side, obtaining
form=1,...,5 -1

m2pn—2(m+1),m - (n - 2m) (TL —2m — 1)pn—2m,m—1 = _?mcwgnil
n* . n—2m)(n—2m—1
= Prn—2(m+1),m = _%Cgfl + ( >(m2 )pnf2m,m71

This is a recursive formula that gives a coefficient when the previous is known.
The ones not involved in the recursion can be set to zero and we will see that the
fourth PDE will provide us the equation p,,_2 = 0, so that coefficients are always
known Vn € N without arbitrariness. In the end we can write

n

2
Pn—l - an—Qm,m—lvn_Qme_l

m=2
Third PDE. We have to use the ansatz for P,_s and the formula just written for
P,_1. At this point we can see why we introduced ’1‘—2: thanks to this coefficient

—12P,_5 becomes exactly equal to 3 j((]?,)v, thus the non-homogeneous part simplifies
and we are left just with —6X0x P, 1. Without this coefficient the terms cancel
out only for n = 4 and n = 5, so that it becomes impossible to solve the system
for n > 5 because of spurious monomials. At the end the PDE becomes

n 21
Z (jQVZXj _ Z(Z _ 1)Vi72X]'+1) Gij = -6 Z pn—2(m+1),mmvn72(m+1)Xm
i,5=0 m=1

At this point we repeat the procedure above: we take every term of the right-hand
side and we balance it with proper monomyals coming from the left-hand side,
obtaining the recursive formula

6 (n—2m)(n —2m —1)
dn—2(m+1),m = _Epn72(m+1),m +

2 qnf2m,mfl
m

Here again we will see that the fifth PDE will provide us ¢,—20 = 0, so that the
coefficients are always fixed Vn € N without external arbitrariness and we can use
them to construct the polynomial

n

2
Pn = Z qn—Qm,m—lvn_Qme_l

m=2
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e Fourth PDE. The non-homogeneous term this time is —6P,_; — 4X0x P,. If we
substitute the ansatz and we manipulate it, it becomes

n/2 ]
0 Z pn72m7milvn72meil —4 Z qn—2(m+1),mmvn72(m+l)Xm
m=1 m—1

that gives the equation

n+1 n/2
Z (jQVin —i(i — 1)Vi—2Xj+1) ri; = —6 anme,mflvniszmil
i,j=0 m=1

n_
5—1

_4 Z qniz(m+1)’mmvn—2(m+1)Xm

m=1

If we choose now the term with m = 1 in the right-hand side we have
—6pp—2,0V"

this term cannot be balanced on the left, so we must have p,_so = 0. The other
terms on the right-hand side give the recursive formula

6 4 (n—2m)(n—2m —1)
Tn—2(m+1),m = _@pn—Q(m-l—l),m - EQn—2(m+1),m + 2 T'n—2mm—1

m

e Fifth PDE. This is analogous to the fourth:

n

n+2 2
S PVIXT —i(i - DVITXTT ) s = =2 g VX
i,j=0 m=1

n_q
2

-2 Z mrn—Q(m-&-l),mvniZ(erl)Xm
m=1

and with similar passages it gives ¢,_20 = 0 and the recursive formula

2 2 (n—2m)(n—2m —1)
Sn—2(m+1),m = _EQn—Q(m-‘rl),m - Ern—Z(m—‘rl),m 2 Sn—2m,m—1

m

We observe that the coefficients 1,20 and s,_9¢ are not fixed, so they introduce an
arbitrariness in the polynomials P, and P,.5. Coherence with P, _; and P, suggests
to impose 7,209 = Sp,—20 = 0.

The polynomials we have found are trivially solutions of their PDEs because of the
construction we have carried out. O
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4.1 Explicit results

We want to see now what polynomials are given by the formulas above for some value
of n. Of course, in the case n = 4 we expect to find the same we have seen before.

e n = 4. In this case, the index m can only have the value 1, so we have just an
equation for every polynomial and the only non-zero coefficients are pg 1, ¢o1, 701
and sg ;. We also agree to set pag = q20 = 72,0 = S2,0 = 0. The recursive formulas
yield the following linear system

Do,1 = 2p2p — 8 Po1 = —8 po1 = —8
= 2¢20 — 6 = -6 =48

qo,1 42,0 Po,1 N qo,1 Po,1 - qo,1

To1 = —6170,1 - 4QO,1 + 27“2,0 To1 = —6]90,1 - 4QO,1 To1 = —144
50,1 = —2qo,1 — 2r0,1 + 2820 50,1 = —2qo,1 — 2701 50,1 = 192

2 V2
= Py = %jé” =S H+X  Pa=-8X  P=48X  Pu= - lU4X
Py = 192X

We can immediately see that these are identical to the polynomials found before,
the only difference being that we don’t have any free parameter. This happens
because we set to zero the coefficients that possibly can create them.

e n = 5. Here again we have only m = 1, but this time the non-zero coefficients are
P11, 11, 71,1 and s 1. The linear system reads

P11 = 6psp — 8 P11 = —8 P11 = —8
=6 —6 = -6 =148

qi.1 43,0 P11 N q1.1 P11 - q1.1

riq = —6pi11 —4q11 + 6139 rig = —6pi1 —4qi ri = —144

S11= —2q1,1 — 2r1,1 + 68390 S11 = —2q11 —2r1 51,1 =192

3

= P,y = ‘% +VX  Ppi=-8VX P, =48VX Py =-—144VX
Py =192VX

we see that we obtain the same polynomials as before, just with VX instead of X.
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e n=06. Here m = 1,2 and we have two non-zero coefficients for every polynomial:

(

P21 = —36
Po,2 = % (2172,1 - 36)
g2,1 = —6]72,1

Q2 = 1 (2¢2.1 — 12po )
o1 = —6]?2,1 - 46]2,1

S21 = —2(]2,1 - 27’2,1

\ 50,2 =

:>Pn—2:_ 6

P, =216V2X + 189X?

29

o2 = }L (—6290,2 — 8qo,2 + 27"2,1)

2 (—2qo2 — 4102 + 2821)

4
Z (V— +2V2X + X?

P, 1 = —648V*X

4

> pn—l

1323
2

P21 = —36
Pog2 = —27
g2 = 216
go2 = 189
ro1 = —648
To2 = —132&
891 = 864
502 = 999

= —36V2X — 27X?

X? P, =864V%X 4 999X?



5 Conclusions

As preannounced in the abstract, we managed to solve the conjecture and we ended up
proving that for every first integral of the Toda chain there exist a fourth-order extension
which is an approximated first integral of the FPU chain. This extension can also be
written explicitly. In order to extend a generic jén) to the FPU chain, one has to follow
these simple steps:

1. Calculate second-order extension jé") using formula 3.1;

2. Calculate fourth-order extension j Z(ln) (0 excluded) using expression 3.2 and theorem

3.1;
3. Calculate o using the formulas in theorem 4.1 to complete the extension.
Further developments of this result could be

e Study extension up to the sixth-order: this implies a lot more computation but
could as well find when and how motions of Toda and FPU chains start to differ.

e Study extension for lattices in greater dimension
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A Cauchy estimates

Let’s recall a simple result from basic complex calculus:

Proposition A.1 (Cauchy integral formula). If f: D C C — C is an analytic function
and zyp € D, then the following holds

1 f(2) BARIED)
—jé ———dz = —

omi Jo (2 —20)5t1 8

where C, = {2z € D|z = 2o +re'®, ¢ € S'} is a circle of radius r and centre zg completely
contained in D.

Proof. If zy € D and f is analytic in D C C, we have by definition that Vz € D

(J .
I

7>0

and we also have dz = rie®®d¢ from the definition of C,, with ¢ € [0,27[. We can thus
write

1 f(Z f(j Jj—s—1
el _J\=) s=1g, —
210 Jo (2 — 2) S“ " omi jq{ Z ~ %) T
Cr >0
(J , 2T (s)
_Zf (20) / pi—s=1,i(i—s=1)¢ me“f’dgb Zf (20) TJ—S/ ez(j_s)d’dgb: f ('ZO)
= = 2T 0 s!

In the second-last passage we used the fact that e!V=*¢ = §,,, so that in the sum only
the term with 7 = s survives. O

We can immediately use this result to obtain the so-called Cauchy estimates, which
describe how derivatives are bounded in the analytic domain: we rename zy — 2z, z — &
and take the modules of both sides in the formula above

19 (2)] VLSS R T V(9] 2rM(r) _ M(r)
s! 271'% ]5 2]5“ qj_%}é Td¢§ orrs s

from which

FO(2)] < 31@ with  M(r) = sup £

The next result is again quite basic:

Proposition A.2 (Maximum principle). If f : D C C — C is analytic in D, then its
maximum, is reached on the boundary of D.
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Proof. By contradiction, we suppose z is a local maximum point inside the domain in
which f is analytic. We take s=1 and use Cauchy integral formula:

PR e (3

2w Je, & — 2

dg
Now, by definition z is such that

F(2)] > (&) YE€C, Yp

This implies
[f(2)] < M(p) with M(p) = sup|f ()|

P

which is absurd. O]

Now, take u(z) an analytic periodic function with x € %. In order to apply Cauchy
estimates, we immerge the function in C obtaining its analytical extension u(z). Thanks

to Schwarz symmetric principle we have u(Z) = u(z). Indeed, using Taylor series expan-
sion for u(z) we can write

u® (z ul) (x uls) (z
u(z) = 3'( Jomay = u(z)= > %(z—m)s => (;f ) e=ay =2

j>0 ' 7>0 ’ j>0

If u(z) is analytical in the strip Q, = {z € C||Im(z)| < o}, we can extend this up to
the imaginary part of the first singularity. On the other hand, maximum principle says
the maximum is reached on the boundary, so if we agree to call

M(o) = max |u(2)]

using Cauchy estimates we can write

(s) < gl
|ut*) (x)] < s! 7

which is the formula used to estimate functions V' and R in previous sections.
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B Hamiltonian perturbation theory results
Let’s consider a perturbed integrable hamiltonian:
Hy=h+\H, + ’Hy + ...

with A integrable. If Jy is a first integral of h then {h, Jo} = 0 and if we calculate its
total derivative along the flow of H) we have

dJ .
S0 = o= Lo Had = s} + Lo A+ = Mo, i} + 2o, Ha} + O(N)
Introducing 7 = At as a re-scaling of time gives
dJy
— ={Jo,H O(A
ir {Jo, H1} + O(X)

so Jo varies on a time scale of O(1) in 7 and O(5) in t. We want now to see if we can

find a function Jy(H,) such that Jy + X\J;(H;) varies on a time scale of O(55) in t. To

this purpose, in all generality, we can define Jy = Jy + AJ; + \2J, + ... and impose

{Jn. Hy} = {Z )\iJi,ZAjHj} =) N, Hy =) N ( > {JZ-,Hj}> =0

>0 7>0 4,720 k>0 i+j=k

= Y {JHj}=0 Vk>0

itj=k
which gives
(1{7 — 0) {JO,H(]} — O

(k‘zl) {J(),Hl}—l—{Jl,Ho}:O = LhJ1+{JQ,H1}:O
(1{322) {Jo,H2}+{J1,H1}+{J2,h} =0 = thg = —{Jl,Hl}—{Jo,Hg}

where Lj, := {-, h} is the operator that gives the Poisson brackets with respect to h.
We recall now a simple result on hamiltonian flows:

Lemma B.1 (Exchange lemma). For any function F' and any hamiltonian G one has
Fo(bz; _ esLGF

Proof. Deﬁneﬁ(s) = F o ¢¢ and observe that G(s) = G o ¢% = G and F(0) = F. The
derivative of F' with respect to the flow of G now reads

F={FG}o¢y=LcF = F=I4F = .. = =LLF Yn>0
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and if we calculate the Taylor expansion of F (s) we obtain

- s"d"F
F(s) = Z n! dsn
n>0

= Z SnLgF =etlop

n!
s=0 n>0

]

Proposition B.1. The k = 1 equation above is solved <= {Jo,ﬁgh)} = 0, with the
over-line signifying time average on the unperturbed flow of h.

Proof. We use exchange lemma to write
LhJ1 -+ {J(], Hl} =0 <— LhJ1 o (bz = {Hl, J()} o sz < GSLthjl = €SLh{H1, Jg}

and we suppose h is such that the exponential is bounded. If now we integrate the
left-hand side of the last equation and we divide by ¢t we have

1 t d etLh — 1)J1

1 t
= ?/ eth Ly, Jyds = —/ —(e*En Jy)ds = ( .
0

—0 fort— o0
tJ, ds

Applying the same passages to the right-hand side yields

I I I
0=lim - [ e {H,, Jy}ds = lim —/ {H,, Jy} o ¢ids = lim —/ {Hyoo¢ Jylds =
t—oo t 0 t—oo t 0

t—oo t 0

—(h
- {Hl( )7 JO}
that is the thesis. O]

We could as well find similar results for higher k& that make sure the condition

> {7, Hi} =0

i+j=k

is satisfied, so that J, exists. But, if dk > 2 such that the sum above is not zero,
then we're facing an obstacle to the extension of J,. If this happens, then J)(\k_l) =

Jo+AJ1+-- -+ 1T, 1 cannot be extended anymore and we can conclude that J&kil) =

{Jik_l), Hy} = O(N¥). This means Jik_l) varies on a time scale of O(5) in t or O(AF)
in 7.
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C Continuum extension of Henon’s first integrals

In his article [6] Henon defines the following first integrals for the n-particles Toda chain:

0, Ap ﬁp
I =D 3 Ao, s By By sty g, XX X (C)

where m = 1,...,n and the coordinates are u; = @; and X; = e~ *i+1=%)_ The second
sum is intended on every p, «;, 3; € N such that 3; > 1 and

p p—1
Z aj + 2 Z Bj =m
j=0 =0

and the coefficients are given by

p ,pl

(o + —I— —1)
A(ao,...,ap,ﬁo,...,ﬁplzn j 531 B H

=0

According to the article, the first five Jm are
n

J1 = iuz J2 = i [;UZ + X:| J3 Z [;UZ + (UZ + ui+1>Xi:|

1=1 i=1 =

Jy = Z Luz + (U] + wiui 4 uly ) X + 2X2 +XX1+1}

1
Js = Z [5uf + (U + i + g + i )X+ (W wi) X7+ (W 20+ i) XX
and we can notice the first coefficient in the sum is % A simple calculation using the
formula for A shows this is the case Vm.

Proposition C.1. When extended to the continuum case n — oo, Henon’s first integrals

_ (3

are equivalent to Jém) = jém)dx up to a multiplicative constant. This is mC% = =]
- [

m=—1, 2

in the case of even m and mB%,_, = ((m2—1))'
= [

Proof. We want to extend the general formula C.1 to the continuum case. We start by
defining h = % and interpolating the coordinates v and X with two smooth functions V'

in the case of odd m.

and X in the following way:
ui(t) = V(hi,t) = V(z,t)  Xi(t) = X(=,1)
Ui () =V (h(i+1),t) =V(x +ht)  X;(t) = X(z + h,t)

Uitp(t) =V (x + ph,t) Xipp1(t) = X(z+ (p— 1)h,t)
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We are interested in the case of h small, so we can use Taylor expansions

V(z+jh,t) = V(z,t)+ aa—‘;(x,t)jhjL (’)(hz) forj=1,...,p

X
X(x + jh,t) :X(x,t)—l—aa—x(x,t)jh—i—O(hz) forj=1,...,p—1

and taking the limit A~ — 0 (which means n — o0) we are left only with the first terms.
Also, the first sum in formula C.1 becomes f dx and we can write

I = / Z A(Oéo, sy Oy Boy - - - ,5p_1)vz§:0 anZ?;é Fidy

p,2;,8;

We use now the constraints seen above to define

p—1 p
l3225j = Z&j:m—Ql
j=0 =0

Because of the limit operation, we can say that the coefficients A ”aggregate” and end
up depending only on m and [. Now, in the case of even m we have [ € {0,...,%
whereas in the case of odd m we have [ € {0,..., !} and we can write

I3

2

I = /ZA(m,l)Vledex for even m
1=0
m—1

5
Im = / Z A(m, )V™ 2 Xz for odd m
1=0

)

These two formulas are similar to the ones we have written in section 3.1 for j(()2m and
jéQmH) if we agree that X = e and rewrite them using m instead of 2m and 2m + 1.

Also, here we are considering the entire first integrals (not just their densities), so this
motivates the presence of the integral sign.

We will show now that the two sets of first integrals are equivalent up to a multiplicative
constant that depends on m, so that A(m,!) is nothing but a re-scaling of C'(m,![) or
B(m,1). To do so, we take advantage of the first five J,,,. Their continuum extensions

are
| ZE R V3 ~

v4 2y 3~2 V5 3y 2
Io= | | 3VX X de J= [ |5 H4VEX 4 6VR | da
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The first two are equal to Jél) and J ) while the others can be transformed in Jém)
multiplying by 1 % 3 and 5 respectively. In all generality, the first coefficient for J,, is i

while the first for JO is CO in the case of even m and B?n . in the case of odd m. We

can thus conclude that mC’7 and mBY,_, are the multlphcatlve coefficients needed to
2

transform J, in J™. Finally, if we use the explicit formulas for C’O% and BY_, we can
2

(L“)Q

immediately obtain that these coefficients are (( 2)! in the case of even m and =)
in the case of odd m.
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D Wolfram Mathematica code

e Functional derivative of a density f(u) (up to order 5)

funder [f_,u_]:=Sum[(-1) "n*Dt [D[f,D[ulx],{x,n}]],{x,n}],{n,0,5}];

e Poisson brackets of two densities fi(u,v) and fo(u,v)

PP[f1_,f2_,u_,v_]:=funder[f1,ul *Dt [funder[f2,v],x]
+funder [f1,v]*Dt [funder[f2,u] ,x];

e Coefficients C!, and B!,

cln_,1_]:=Piecewise[{{Product[m~2,{m,1+1,n}]/(2(n-1))!,1!= n},
{1,1==n}3}1;
bln_,1_]:=Piecewise[{{Product[m~2,{m,1+1,n}]/(2(n-1)+1)!,1!=n},
{1,1==n}}];

e First integrals of Toda chain

jOeven[V_,R_,n_]:=Sum[c[n/2,1]1V"(2(n/2-1))E~(1R) ,{1,0,n/2}];
jOodd [V_,R_,n_]:=Sum[b[(n-1)/2,1]V"(2((n-1)/2-1)+1)E~(1R),
{1,0, (n-1)/23]1;

e Densities for Dubrovin’s theorem
f00=£f0[ulx],v[x]];
fl=plulx],vx]]v’ [x];
f2=1/2(alulx],vx]]uw’ [x]"2+2blulx],v[x]]u’ [x]v’ [x]

+clulx],vixllv’ [x]"2);
h0=1/2v[x] "2+\ [Phi] [ul[x]];h2=-1/24\[Phi]’’ [u[x]Ju’ [x] "2+0[h] "3;

e Densities for the extension of Dubrovin’s theorem
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j00=j0[V[x],R[x]1];

j2=1/2 (alV[x],R[x]JR’ [x]"2+2b[V[x] ,R[x]]IR’ [x]V’ [x]+

+c[V[x] ,R[x]IV’ [x]"2)+p[V[x] ,R[x]]IR’ [x]+q[V[x] ,R[x]]V’ [x]+d[V[x] ,R[x]];
K0=1/2V[x] ~2+\[Phi] [R[x]];

K2=\[Psi]1[R[x]]-1/24V’ [x]~2+0[h] "3;

Densities for harmonic oscillator case

j00=jO[V[x],R[x]1];

j2=1/2(alV[x],R[x]IR’ [x]~2+2b[V[x],R[x]IR’ [x]V’ [x]+

+c [VIx],R[x]1V’ [x]"2)+p[V[x] ,R[x]IR’ [x]+q[V[x] ,R[x]]1V’ [x]+d[V[x],R[x]];
K0=1/2V[x] ~2+\[Phi] [R[x]]/.{\[Phi] [R[x]]->1/2\ [OmegalR[x]"2};
K2=\[Psi]1[R[x]]-1/24V’ [x] ~2+0[h] "3;

Densities for the 4-th order extension of first integrals

j00:=jO0[V[x],R[x]1];

j2:= 1/2(alV[x],R[x1]R’ [x]"2+2b[V[x],R[x]]1R’ [x]V’ [x]
+c[V[x],R[x]1V’ [x]"2);
j2var=-1/12D[jO[V[x],R[x]1],{V[x],2},{R[x],1}]E"R[x]R’ [x] "2
-1/6D[jO[V[x],R[x]1],{V[x],3}]E"R[x]R’ [x]V’ [x]
-1/12D[jO[V[x],R[x]1],{v[x],2},{R[x],1}]1V’ [x]"2
-1/24D[jO[V[x],R[x]],{V[x],2}1V’ [x]"2;

j4:=\[Alphal [V[x],R[x]1](R’’ [x])"2+\[Betal [V[x],R[x]]IR’>’ [x]V’’ [x]
+\ [Gamma] [V [x] ,R[x]](V’’ [x])"2+\ [Delta] [V[x],R[x]]IR’’ [x] (V’[x])"2
+\ [Epsilon] [V[x],R[x]1V’’ [x] (R’ [x])~2+\ [Mu] [V[x],R[x]] (R’ [x])"4
+\ [Nu] [V[x],R[x]IR’ [x] (V’ [x]) ~3+\ [Rho] [V[x] ,R[x]] (R’ [x]V’ [x]) "2
+\ [Lambda] [V[x] ,R[x]] (R’ [x]) "3V’ [x]+\ [Omegal [V[x] ,R[x]] (V’[x])~4
+1/2\[Etal [V[x],R[x]11R’ [x]~"2+\[Xi] [V[x],R[x]]IR’ [x]V’ [x]

+1/2\ [Zeta] [V[x],R[x]1V’ [x]"2+\ [Sigma] [V[x],R[x]];
KO=1/2V[x] ~2+\ [Philtoda[R[x]];

KOvar=1/2V[x] "2+E"R[x]-R[x]-1;

K2=-1/24(V’ [x])"2;

K4=1/720(V’’ [x]) ~2+1/4\ [Epsilon] O\ [CapitalDelta]\ [Beta]R"4;

Ansatz for o

\[Sigma] [V_,R_]:=\[CapitalDeltal\[Beta] (R"4P[n] [V,E"R]+R"3P[m] [V,E"R]
+R"2P[i] [V,E"R]+RP[j] [V,E"R]+P[k] [V,E"R]);
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e System of PDEs for o

D[P[n-2] [V,R],{R,2}]1==E"RD[P[n-2] [V,R],{V,2}];

8D[P[n-2] [V,R],R]1+D[P[n-1] [V,R],{R,2}]==E"RD[P[n-1] [V,R],{V,2}];

12P [n-2] [V,R]+6D[P[n-1] [V,R],R]+D[P[n] [V,R],{R,2}]==E"RD[P[n] [V,R],{V,2}]
+3D[jO4[V,R],{V,2}];

6P[n-1] [V,R]+4D[P[n] [V,R],R]1+D[P[n+1][V,R],{R,2}]1==E"RD[P[n+1] [V,R],{V,2}];
2P[n] [V,R]+2D [P [n+1] [V,R] ,R]+D [P [n+2] [V,R],{R,2}]==E"RD[P [n+2] [V,R] ,{V,2}];

e Recursion formulas associated with the PDEs

— Even n case

Subscript [p,n-2,0]=Subscript[q,n-2,0]=Subscript [r,n-2,0]=
Subscript[s,n-2,0]=0;

For [m=1,m<=n/2-1,m++,Print [Column [{Subscript [p,-2(1+m)+n,m]
=(-(1/2)mn"2c[-1+n/2,m]+(-1-2m+n) (-2m+n) Subscript [p,-2m+n,-1+m] ) /m"~2,
Subscript[q,-2(1+m)+n,m]=(-6mSubscript [p,-2(1+m)+n,m]+(-1-2m+n) (-2m+n)
Subscript[q,-2m+n,-1+m])/m~2,Subscript [r,-2(1+m)+n,m]=

(-6Subscript [p,-2(1+m)+n,m] -4mSubscript [q,-2(1+m)+n,m] +(-1-2m+n) (-2m+n)
Subscript[r,-2 m+n,-1+m])/m"~2,Subscript[s,-2(1+m)+n,m]=
(-28ubscript[q,-2(1+m)+n,m] -2mSubscript [r,-2(1+m)+n,m] +(-1-2m+n) (-2m+n)
Subscript[s,-2m+n,-1+m])/m~2}117;

— Odd n case

Subscript [p,n-2,0]=Subscript[q,n-2,0]=Subscript [r,n-2,0]=
Subscript[s,n-2,0]=0;

For [m=1,m<=(n-3)/2,m++,Print [Column [{Subscript [p,-2(1+m)+n,m]=
(-(1/2)m(-1+n)"2b[1/2 (-3+n),m]+(-1-2m+n) (-2m+n)
Subscript[p,-2m+n,-1+m])/m~2,Subscript [q,-2(1+m)+n,m]=
(-6mSubscript [p,-2(1+m)+n,m]+(-1-2m+n) (-2m+n)
Subscript[q,-2m+n,-1+m])/m~2,Subscript [r,-2(1+m)+n,m] =
(-6Subscript[p,-2(1+m)+n,m] -4mSubscript [q,-2(1+m)+n,m]
+(-1-2m+n) (-2m+n) Subscript[r,-2m+n,-1+m])/m"2,
Subscript[s,-2(1+m)+n,m]=(-2Subscript [q,-2(1+m)+n,m]
-2mSubscript [r,-2(1+m)+n,m] +(-1-2m+n) (-2m+n)
Subscript[s,-2m+n,-1+m]) /m~2}]1]]
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