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Chapter 1
Introduction

In this work we aim to study the gradient flow on the space of probability measures
on R? generated by the sliced Wasserstein distance with respect to a fixed “target”
probability measure: this distance was first introduced by M. Bernot and others
in [10], and we are going to present it briefly in the following, trying to explain
why it is interesting and useful to study its properties. Our goal is to answer the

following three questions regarding the curve (p;)~o which arises as the gradient

SW2(,v)
2

which will be presented in chapter 3:

flow for the functional F := , SW, being the sliced Wasserstein distance,

e Conjecture 1. Does the curve p; converge to any distribution with respect
to the sliced Wasserstein or (even better) the Wasserstein distance? In this
case, what can we say about the limit measure p., = lim;_, p? Is it true that

Poo = V?

e Conjecture 2.(Lagrangian point of view) Fix an initial particle x € R?. We
want to study the qualitative behavior of the ODE

y=0(t,y),

yO =X,

where v is the velocity field (4.4). In particular we would like to know
existence and uniqueness results, and if the limit map T = lim;_,, y; is well
defined (at least for a.e. x € R?).

e Conjecture 3. Finally, assuming the previous two questions admit a positive
answer, what can we say about the map vy, = lim;,, y;? In particular, is it
true that this map is optimal in the sense of optimal transport between the
initial datum p, and the target measure v (which, under these assumptions,
coincides with the limit of the curve p;)?

Conjecture 3 was actually the starting point of the present work, since the
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article [8] by F. Santambrogio and H. Lavenant suggests a strategy to find a
counterexample to the optimality in the case of the gradient flow for the Fokker
Planck functional. Adapting this article to our case, we managed to prove that
the gradient flow generated by the Sliced Wasserstein distance does not provide
optimal transport, even if numerical computations in the discrete case suggest
that this map is a good approximation of the optimal one. We then focused on the
problem of the convergence of the gradient flow, namely on conjecture 1, finding
some cases that show different behaviors of the convergence of the gradient flow
depending on the initial data (i.e. the starting and target measures).

This work is structured as follows: in the two following chapters we will
present some basic-knowledge results about optimal transport and Wasserstein
spaces, then we will present the sliced Wasserstein distance and its first properties;
in the fourth chapter we will discuss the theory of gradient flows in the space of
probability measures. Chapters 5 and 6 contain the original results we obtained
in this project: we will build the counterexample which proves that conjecture 3 is
false and we will present some convergence results, which give a partial answer
to conjecture 1. Among the 3 conjectures presented, the second one is the most
difficult to treat: some aspects regarding it will be discussed in the final chapter of
this work, which will also contain other possible directions for a further research
on these topics.
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Chapter 2
Optimal transport - basic knowledge

During the last decades, optimal transport has been rediscovered as one of most
flourishing branches of mathematics: the theory was born in the Eighteenth
century in order to answer some very concrete questions regarding the transport
of material from french mines, and nowadays it has become so rich and developed
that it has revealed its importance in lots of mathematical disciplines like PDEs,
fluid mechanics, geometry, probability theory and also applied mathematics like
economics, and image processing (see [7]).

2.1 Monge and Kantorovich problems

Gaspard Monge (1746-1818) is considered to be the father of optimal transport: his
“Mémoire sur la théorie des déblais et des remblais” (1781) is the seminal paper for
this subject since here, for the first time, the following problem was investigated:
we want to transport a fixed mass of material from an initial configuration (or
distribution) to another in the optimal way with respect to the linear cost, namely
minimizing the average displacement of the moved particles. The problem can
be formulated as follows: given two probability densities u and v in R?, we want
to find a map T:R? — R? such that

v(A) = w(T™(4)) (2.1)

for any Borel set A C R (this means that the first distribution is pushed onto the
other) and minimizing the quantity

| 176 - iduco 2)
RY

Condition (2.1) can be written as Tyu = v, where Ty: P(RY) — P(R?) is called the
pushforward of the map T.



2.1. MONGE AND KANTOROVICH PROBLEMS

Remark 1 (Properties of the push-forward). One can check that
® (ToS)y=TyoSy
e If T is invertible, then (T™)y = (Ty)™!

Problem (2.2) can also be formulated for a generic cost function c: RY — R?.
Solving the Monge problem

oP) [ o, duco)

is non trivial. For starters, there may not be feasible (i.e. admissible) maps T, as it
is shown in the following

Example 1. Let a, b € RY, a # b. Define u = 6,, v = % + % If a feasible map
T: P(RY) — P(R?) exists, then taking the Borel set A = {a}, we should have

1 ifaeT(la)),

0 otherwise,

= W(T(A) =

N =

which is a contradiction.

Moreover, even when the set of admissible maps is not empty, the existence
of a minimizer is not guaranteed, since the constraint given by (2.1) is not closed
under weak convergence. Here is an example contained in [11] for the quadratic
cost c(x, y) = |x — yl*:

Example 2. Consider u = H'A, v = (H'.B + H'.C)/2 where A, B and C are three
vertical parallel segments in R* having for abscissas respectively y = 0,y = 1,y = —1.
Obviously the transport cost can not be less than 1 (that’s exactly how much each point
needs at least to be displaced horizontally). Consider then the sequence of maps T, defined

.....

.....

affine map seding As,_1 onto B; and A; onto C;. In this way, the cost of the map T, is less
then 1 + 1/n, so that the infimum in the Monge problem is 1. On the other hand, a map
T realizing this infimum can’t exisist, since this would imply that all the points are sent
horizontally from A to B and C, but this can’t satisfy the condition Tyu = v.

Finally, even if the quantity to minimize may seem “simple”, the constraint
given by (2.1) is highly non linear: this makes the problem really difficult to
treat, even from the numerical point of view. These are the main reasons why the
natural way to formulate the optimal transport problem is the so called Kantorovich
formulation. In presenting it, we will also consider two general Polish spaces (i.
e. complete metric spaces) X and Y in place of R? as the ambient space in which

8 Chapter 2



2.1. MONGE AND KANTOROVICH PROBLEMS

the starting and final probabilities ; and v are defined. Finally, we will denote
by n¥:X XY — X and n':X X Y — Y the natural projections. The problem
reads as follows: given u € P(X) and v € P(Y), we aim to find y € II(y,v) =
{p ePXXY):mip=pmnip= v} minimizing

(KP) fx . c(x, y)dy(x, y).

The setI1(u, v) is called the set of transport plans between p and v. This formulation,
the relaxation of the Monge problem, is obtained via a duality method:

o) ot { [ et Teonduto

:TiBrge]{ f c(x, T(x))aly(x)+(P2(1:1b[(>X ){ f @(T(x))du(x) - f (p(y)dv(y)}}

Z(;g](ox) TiBr;fel{ f c(x, T(X))du(X)+(Pigfx){ f p(T(x))dp(x) — f (P(y)dV(y)}}

= sup { [ nt(etcn - pnauco + [ o)

PeCy(X)

- sup { [ vwue+ [ (p<y>dv(y>} (DP).
PECH(X),PeCy(Y)
P)+Y(y)<c(x,y)

The condition
¢p € Cp(X), Y € Cp(Y) and @(x) +P(y) <c(x,y) forany xe X,y €Y

is usually denoted by
poY <c

Finally one can apply the Fenchel-Rockafeller theorem: under some mild assump-
tions (the cost function should be I.s.c. and bounded from below) the dual of the
formulation called (DP) - i.e. the bidual of the (MP) - is exactly the Kantorovich
formulation of the Problem (KP), and so we recover that a minimizer for the Kan-
torovich problem exists and the duality gap is zero. This motivates the choice of
considering (KP) as the natural formulation for the optimal transport problem:
minimizers (which are called optimal plans) always exist. Furthermore, when they
exist, optimal maps (i.e. minimizers for (MP)) are optimal plans of the form

y(dx, dy) = 6o(y — T(x))p(dx).

Chapter 2 9



2.2. BRENIER THEOREM AND MONGE - AMPERE EQUATIONS

Finally, we observe that in the problem (DP) one can choose

¥(y) = ¢°(y) = infe(x, y) = p(x).

We thus obtain that

(DP) = sup { L Px)du(x) + fy (Pc(y)dv(y)}-

peCy(X)

When they exist, the maps ¢ realizing the supremum above are called Kantorovich
potentials of the problem.

2.2 Brenier theorem and Monge - Ampere equations

In the following we will present without giving proofs some classical results on
the existence and the properties of (optimal) transport maps and plans. For a
complete and detailed discussion on these topics, one can for example consult the
books by C. Villani on this subject ([12], [13]).

Theorem 2.2.1. Let u,v € P(RY), and assume i is atomless. Then there exists at least
one transport map T such that Ty = v.

Theorem 2.2.2 (Brenier 1). Let K C R? be a compact set such that dK is negligible,
and let c(x, y) = h(x — y), with h strictly convex. Let u,v € P(K) and assume that u is
absolutely continuous with respect to the Lebesgue measure. Then the Monge Problem
(MP) admits a unique solution T which is characterized as the unique Borel map such that
v = uo T~' and for which there is a convex function u: K — R such that T(x) = Vu(x)
u — a.e. . Furthermore, there exists a Kantorovich potential ¢ and we have

T(x) = x = (Vi)™ (Vo(x)). (2.3)

The map u: K — R introduced above is called Brenier map of the problem.

Theorem 2.2.3 (Brenier 2). Let c(x,y) = %lx — y[>. Let p,v € P(RY) have finite second
moments and assume that p does not give mass to d — 1 surfaces of class C2. Then the
Monge problem (MP) admits a unique solution T which is characterized as the unique
Borel map such that v = o T~ and for which there is a convex function u: R — R such
that T(x) = Vu(x) u —a.e.

The case in which c(x, y) = 1|x — y|* is called the quadratic-cost case, and we can

deduce by (2.3) that in this situation Vu = id — V.

Remark 2. Actually, in theorem 2.2.3, one should just check that u gives no mass to the
set d({u < oo}) which, actually, is a (d — 1)-rectifiable set of class C?, since u is a convex
map, and therefore {u < oo} is convex too.

10 Chapter 2



2.3. THE ONE-DIMENSIONAL CASE

The case of the quadratic cost is the most interesting for our purposes, since
(among other reasons) this is exactly the cost involved in the definition of the W,
and SW, distances that we will present in the following chapters. This is also
the case in which, by a change of variable prcedure, we can obtain the so called
Monge-Ampere equations in their most elegant form:

Theorem 2.2.4 (Monge-Ampeére equation). Let Q € R?, and suppose that i, v € P(Q)
are absolutely continuous of densities f, g respectively. Let u be the Brenier map for the
quadratic-cost transport problem from p to v. If we suppose that u: Q) — R is strictly
convex and such that det(D?u) # 0 a.e. on {p > 0}, then we have

f()

det(D*u(x)) = )

Vx € Q. (2.4)

Equation (2.4) is a fully-non-linear PDE of (possibly degenerate) elliptic type
and since the 90’s it has been the object of regularity studies: still nowadays lots of
questions related to these problems are open, but here we present two remarkable
theorems by Caffarelli. For a general survey on the state of art of this subject, see

[6].
Theorem 2.2.5 (Caffarelli 1). Let QO C R be open, and convex, and let 1, v € P(Q) be

C% absolutely continuous densities, bounded from below and above by positive constants
on the whole Q. Then the unique solution u of (2.4) belongs to C>*(Q) N Cl2(Q).

Theorem 2.2.6 (Caffarelli 2). Let K C R? be a compact set, and let c(x,y) = |x — yf,
forl < p < oo. Let u,v € P(K)and assume that p(dx) = po(x)dx, v(dy) = p1(y)dy
with both py, p1 € C*(K). Assume also that there exists a > 0 such that po(x) > a > 0,
p1(x) > a > 0 for any x € K. Let u: K — IR be the Brenier map of the transport problem
from u tov. Then

1. ue C®(K)
2. u is uniformly strictly convex

3. Vu:K — R? is a diffeomorphism.

2.3 The one-dimensional case

Theorem 2.2.3 and remark 2 from section 2.2 have an important consequence
in dimension one: suppose that u € $(R) has no atoms. Since every convex
Y:R — R is differentiable a.e., it is differentiable u — a.e.. Therefore, an optimal
transport map between u and any v € P(IR) must exist: since it is the derivative
of a convex function, it will be a monotone non-increasing map. Furthermore,
this transport map can be characterized via the pseudo-inverse of the cumulative
distribution function (CDF) of the probabilities p and v:

Chapter 2 11



2.3. THE ONE-DIMENSIONAL CASE

Definition 2.3.1 (Cumulative Distribution Function). Given a probability distribu-
tion u € P(R), we define its cumulative distribution function F, as

Fu(x) == p(—o0,x].

It is well known that this map is monotone non decreasing and right continu-
ous. We are therefore lead to give the following

Definition 2.3.2 (Pseudo-Inverse map). Given a non decreasing and right continuous
map F:R — [0, 1], its pseudo-inverse is the function F'-1:[0,1] — R, defined by

() = inf (F(t) 2 x}.

If the above set is empty, the infimum is +oo; if instead the set is not bounded from below,
the infimum is —oo.

Now, given two probabilities y,v € P(IR) such that u has no atoms, we can
prove (see [11]) that the map T, (x) = P[V_”(F 4(x)) is the unique monotone non
decreasing map such that (T,,,)st = v. Moreover, if the Kantorivich problem
(KP) has a finite value, T, is the unique optimal transport map. This fact allows
us to have an explicit formula for the optimal transport map between two given
measures, and this will turn out to be useful when building the counterexample
in chapter 4. By the considerations expressed above, it is useful to remark the
following result, which summarizes the properties of one dimensional transport
maps and whose proof can be found in [2]:

Theorem 2.3.1. Let P»(R) = {u € P(R): f]RIxIZdy(x) < oo}, Then, P>(R') is isomet-
rically isomorphic to a closed convex subset of the Hilbert space L*(0, 1), precisely to the
space of square-integrable nondecreasing functions in (0, 1).

12 Chapter 2



Chapter 3

Wasserstein and sliced Wasserstein
distances

In this chapter we will introduce the Wasserstein distance on the space of prob-
ability measures, and we will define the sliced Wasserstein distance, which is the

main object involved in our work.

3.1 Wasserstein spaces

Let Q c RY. Thanks to the transport value associated with the costs of the form
c(x,y) = lx—yl for 1 < p < co we can define a distance called p-Wasserstein distance
over the space £,(Q) := {p € P(Q): flxl”dp(x) < oo}.

Wasserstein distances play a key role in many fields of applications, and seem
to be a natural way to describe distances between equal amounts of mass dis-
tributed on the same space.

Definition 3.1.1 (Wasserstein distance). Let 1 < p < o0, Q C R%. For u,v € P,(2)
define

yellp,v)

W,(i,v) = min {f |x—y|pdy(x,y)} )
QxQ)

Itisinteresting to compare W, distances with the common L7 distances between
functions: one could observe that the behavior of L? distances is “vertical” whereas
Wasserstein distances are “horizontal”. Consider the following

Example 3. Let f, g be two bounded functions defined on [0, 1]. Define gi(x) = g(x—h):
as soon as |h|> 1, the L? distance between f and gy, is (||f||’z,, + ||g|’zp)1/i7, not depending on
h, the “horizontal” displacement of g,. On the contrary, the W, distances keep track of
this information, since the distance from f to gy is of the order of |h|, for |h|— co.

Notice that, since the transport plans are probability measures (defined on the
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3.1. WASSERSTEIN SPACES

product space () X Q)), for p < g < co we have
W (i, v) < Wy(p, v).

Moreover, by Holder inequality, if {2 has a finite diameter, for any 1 < p < co we
have
W, (1, v) < diam(Q) 7 Wi (u, v)7.

Theorem 3.1.1. The Wasserstein distance W), is indeed a distance over P,(Q2).
Proof. See [11], proposition 5.1. O

We are now interested in the topology generated by this metric. The following
theorem links the Wasserstein notion of convergence with the usual weak* con-
vergence. Let us recall that if (X, d) is a Polish space, a sequence {u,},en C P(X) is
said to weakly* converge to u € P(X) if, for any test function ¢ € Cp(X), we have

tim [ g = [ peou

Remark 3 (Prokhorov compactness criterium). A subset K C P(X) is (sequentially)
relatively compact for the weak* convergence if and only if it is tight: for any € > 0O, there
exists a compact subset Y C X such that

sup u(Y \ K) < e.
uek

Theorem 3.1.2. The following conditions are equivalent
1. pp = pin W,

2. {pnlnen — p and
f i) — f P du(),
]Rd IRd

3. {tntnen — wand
lim supf IxPPdu,(x) = 0.
By (0)

R— n

Proof. A sketch of proof for the case p = 1 can be found in [1], Proposition 1.1. O

Thanks the previous theorem, we can now characterize the sequentially com-
pact sets in Wasserstein spaces:

Theorem 3.1.3. Fixp > 1, a > pand c > 0. Then the set

K= {p € P,(RY): fRdlxl"‘dy(x) < c}

14 Chapter 3



3.2. SLICED WASSERSTEIN DISTANCE

is sequentially compact in the metric space (SDP(]R”I), Wp).

Proof. Let {u,}nen be a sequence in K. Let us prove that {u,}.en is tight: for any
¢ > 0 there exists a compact set Ky C IR? such that U (le \ KO) < eforanyn € N:

indeed, for any R > 0, we have that p, (]Rd \ BR(O)) since

—_— RO(I
c> f () > f I dpn(x) > R un(BSO)).
R BE,(0)

Thus p,(B3(0)) < ¢ for R large enough, and so {u,}.en is tight. Therefore, by
Prokorov theorem, there exists a subsequence {u,, }ren and a measure u € Pp(]Rd)
such that pt,, —t-e p. Let us check that u € K: for any M > 0, consider the
continuous and bounded map x — min{|x|%, M}. We have

f min{|x|*, M}du(x) = hm mm{lxl“ M)d u(x).

By monotone convergence, letting M — oo we get

f Ix|“du(x) < limf x| d ur(x) < c.
R4 k—oo R4

By Holder inequality we have f]Rdlxlpt:l p(x) < oo, so that 1 € K. Since we know that
L, %) u if and only if

U, N u and 11m sup [xPPdp, (x) =0,

k=eo g0 JBe0)

we now just need to check the second condition. We have

fodn, () > f Pl P () > RS f il dit, ().
R B (0)

BR(0)

Therefore

c
su [x|Pdu, (x) < —Roeo 0.
kp LE (0) an R[X p

3.2 Sliced Wasserstein distance

Computing Wasserstein distances is not an easy task: this is indeed related to
the optimal transport problem that, as we already said, is difficult to treat from
the numerical point of view. This is why for many applications, in particular for
image processing, rather then finding the optimal transport map, people look for
“good approximations” of it, that possibly are computationally easy to find and
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3.2. SLICED WASSERSTEIN DISTANCE

satisfy some monotonicity assumptions. Since, as we saw, in the particular case of
dimension d = 1, transport maps are nicely characterized and easier to compute,
one of the most common way of doing so is to build these approximations via 1D
constructions. The Iterative Distribution Transfer algorithm (IDT) uses this idea: a
source measure [l is given, together with a target v; in order to approximate the
optimal map between u and v the following algorithm is developed: a sequence
of maps T}, is built and we set p,,41 = (T,,)#ptn. The idea is that u, should converge
tov, so thatthemap T,,0 T,y 0...T; o Ty is a transport map from u to p,+1 (which,
for large n, is a measure very close to v). Each map T, is constructed as follows: at
any step 7, an orthonormal basis B, of R? is (randomly) selected. Then we define
TZZ (for j = 1,...,d) as the monotone 1D transport map from (7;)su, to (7;)sv,
where 71 is the canonical projection in the j-th coordinate of the basis B,,. The map
T, is therefore defined as T,(x) = (T(x1), ..., T%(x)). The interesting thing is that,
if the bases B, are chosen in a suitable way, then the algorithm stops at a constant
measure (, only if u, and v have the same projection along all directions. This
implies that u = v thanks to the following

Lemma 3.2.1 (X-Ray transform). Given two measures u, v over R, if the two families
of measures parametrized by 9 € $71

(ms)ept and (1i5)pv
coincide, then u = v.
Proof. The proof can be found in [11], at Box 2.4. O

From this idea, which was first introduced in [9], M. Bernot defined a similar
construction in which instead of choosing T}, as the vector of optimal maps along
random directions, one takes T,,(x) = jg;d_l T3 (x-9)dH1(8), where T% is the optimal
map between (11g)su, and (1t)4v.

This construction is strictly related to the notion of Sliced Wasserstein distance,
which was introduced by M. Bernot himself and now we will present: in order to
get a nice approximation of the W, distance via one-dimensional constructions,
the following definition based on the behavior of the measures “direction by
direction” is given:

Definition 3.2.1 (Sliced Wasserstein distance). Let u,v € Pp(]Rd), and let 1©° be the
projection on the direction of the unitary vector 9 € $=1. We define
’

SW,(u,v) = ( Jg W e, (n%#v)dwd-l(S))

Theorem 3.2.1. The Sliced Wasserstein distance is, indeed, a distance.

16 Chapter 3



3.2. SLICED WASSERSTEIN DISTANCE

Proof. The triangular inequality comes from the triangular inequality property
of the usual Wasserstein distance and of the ¥ norm. The positivity and the
simmetry of SW, are evident. If SW,(u,v) = 0, then Wy ((rt*)spt, (°)4v) = 0 for
almost any 9 € $°!. Since W, is a distance, (7°)su = (n°)sv for almost any
9 € $71. Since for any s € R we can observe that, denoting by ¥ the Fourier
transform on R, F((1t%)su)(s) = F u(sd), we have

F u(sd) = Fv(s9),
and by the injectivity of the Fourier transform, we get p = v. m|

Proposition 1. If y,v € Pp(]Rd), then SWy,(u,v)l < m,aW,(u,v)F, where m, 4 is the

constant defined by
JC 19 - 2P dS = mg, |2l
Gd-1

for any z € RY.

Proof. Lety € I1(u,v) be an optimal transport plan. Then (1° ® 7t%)yy is a transport
plan between 73 and 7tjv. So

W, (g, Ty vy < f'x-S —y-S'p dy(x, y).

Hence

SW,(u, vy < f ( f -8 -y SIPdS) dy(x, y)

< Mg, f Ix — ylPdy(x, y)

< mapWp(u, vy
O
Proposition 2. There exists a constant Cy4 > 0 such that, for all u,v supported in B(0, R)
Wi(,v) < CaRY@DSW (u, v)/ 6D,
Proof. See [4], Lemma 5.1.4. O

As an immediate consequence of the two previous results, we have the fol-
lowing

Proposition 3 (Equivalence of W, and SW,). There exists a constant C;,, > 0 such
that, for all 1, v supported in B(0, R)

SWy(u, V) < mayWh(, v) < CapRPVEDSI, (u, )@,

Chapter 3 17



3.3. CURVES IN WASSERSTEIN SPACES

3.3 Curves in Wasserstein spaces

In this section we want to study the properties of Lipschitz and absolutely con-
tinuous (AC) curves in Wasserstein spaces. The main difficulty when talking
about these objects is that our ambient space is not a vector space, hence the clas-
sical notion of velocity of a curve has no meaning. Nonetheless we can give the
following

Definition 3.3.1 (Metric derivative). Let (X,d) be a metric space. Let w:[0,1] — X.
We define the metric derivative of w at time t, denoted by |«w’|(t), through

nepy o 1o A@(t +h), w(t))
l@’|(#) = lim m ,

provided this limit exists.

The following Rademacher-type theorem guarantees the a.e. existence of the
above limit for Lipschitz continuous curves, i.e. maps w: [0, 1] — X such that there
exists a costant C > 0 for which d(w(t), w(s)) < C|t — s|, for any ¢,s € [0, 1]:

Theorem 3.3.1. Suppose that w:[0,1] — X is Lispschitz continuous. Then the metric
derivative |’|(t) exists for a.e. t € [0,1]. Moreover, we have, for t <'s,

d(w(t),w(s))SIlw’I(T)dT.

Proof. See [3], chapter 12. O
We give now the definition of absolutely continuous curves:

Definition 3.3.2 (AC curves). A curve w:[0,1] — X is defined absolutely continuous
if there exists g € L'([0, 1]) such that d(w(to), w(t1)) < ft: g(s)ds for every ty < t.

Notice that any Lipschitz curve is also AC. In the following we present a the-
orem, whose proof can be found in [11], that identifies the absolutely continuous
curves in the W, Wasserstein space as the solutions of a continuity equation for a
given L7 velocity field

Theorem 3.3.2. Let (ui)ieqo1) be an absolutely continuous curve in (P(Q2), W,), for
Q c RY p > 1. Then, for a.e. t € [0,1], there exists a vector field v; € LP(u; R?) such
that

e the continuity equation oy + V - (vu;) = 0 is satisfied in the weak sense: for any
test function 1\ € CL(Q), the function t + f Ydu, is absolutely continuous and,

for a.e. t we have
s f Ydpy = fVBU - oidpy.
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e for a.e. t, we have ||[vyl|rp(,) < |W'|(t).

Conversely, if (ue)efo,) is a family of measures in P,(€2) and for each t € [0,1] we have
a vector field v; € LP(uy; RY) with folllvtllya(#t)dt < +oo solving diur + V - (vpr) = 0,
then (U)o is absolutely continuous in (Pp(Q2), W) and, for a.e. t € [0,1], we have
W 1(®) < lloillLe(uy)-

Remark 1. As a consequence of the second part of the theorem, the vector field v; must a
posteriori satisfy |[vs||rr) = |1/I(2).

Definition 3.3.3. For a curve w:[0,1] — X, let us define
n—1
Length(w) := sup {Z dw(ty), w(ti)):n>1,0=tg <ty <---<t, = 1}.
k=0

A metric space (X, d) is a length space if, for any x,y € X, it holds
d(x, y) = inf{Length(w): v € AC(X), w(0) = x, w(1) = y}.

Definition 3.3.4. Given a length space (X,d), a curve w:[0,1] — X is said to be a
geodesic between xy and x, € X if it minimizes the length among all curves such that
w(0) = xo, w(1) = x3.

We say that w is a constant-speed geodesic between xo and x, € X if it satisfies

d(w(t), w(s)) = |t = sld(w(0), w(1)),

forall t,s € [0,1]. A metric space (X, d) is said to be a geodesic space if it holds

1
d(x,y) = min {f |w’|(t)dt: w € AC(X), w(0) = x, w(1) = y}.
0

Remark 2. We can easily check that any constant-speed geodesic is a geodesic.
The following proposition holds:

Proposition 4. Let (X, d) be a geodesic space. Fix an exponent p > 1, and consider curves
connecting xo and x,. The following facts are equivalent:

1. w is a constant-speed geodesic,

2. w e AC(X) and |&'|(t) = d(w(0), (1)) ae.,

3. w solves

1
min {f lw’|(t)Pdt: w(0) = xp, w(1) = xl}.
0
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Theorem 3.3.3. Let QO C R? be convex, take y,v € Py(Q) and y € II(u,v) be an
optimal transport plan for the cost c(x,y) = |x — yI’, p > 1. Define m;: Q2 x QO — Q by
1(x,y) = (1 — t)x + ty. Then the curve p; := (1,)4)y is a constant-speed geodesic in the
Wasserstein space (P,(Q2), W), connecting 1 to v.

Proof. The proof is contained in [11], Theorem 5.27. O

Remark 3. If y comes from an optimal map, then the curve , is obtained as ((1 — t)id +
ET)pu.

Theorem 3.3.4. Consider the geodesic in (PZ(IR"’), Wz) from u to v given by u; =
(1 = t)id + tT)4p, where T is the optimal map transporting p into v. Then the velocity
field vy(y) = (T — id)(T; ' (y)) is well defined on spt(u;) for each t €]0, 1[ and satisfies

at}lt + V- (uoy) =0, ||Ut||U“(M) = |u'|(t) = Wp(y, V).

Proof. See [11], Proposition 5.30. m|

Remark 4. The above theorem can be extended even to the case in which the transport
plan is not associated with a transport map. See as a reference [11].

3.4 Geodesic convexity

Thanks to theorem (3.3.3) and (3.3.4), we can see that (#,(2), W,) is a geodesic
space for Q) convex, p > 1. In the following we will give an important notion of
convexity, related to the structure of the Wasserstein space (£,(€2), W,,):

Definition 3.4.1. In a geodesic metric space X, we define F: X — IR U {+oo} to be
geodesically convex if for every two points xo,x; € X there exists a constant-speed
geodesic w connecting w(0) = xo and w(1) = x; such that [0,1] > t — F(w(t)) is convex.

Remark 5. A functional [0,1] 3 t — G(t) is said to be convex if
G((1 - tx +ty) > (1 - t)G(x) + tG(y)

forany x,y € [0,1].

Remark 6. Definition (3.4.1) reduces to the usual notion of convexity when the space X
is R or any other normed vector space, where segments are the unique geodesics.

Consider the following functionals defined on $,(Q):

W@=memm

ﬂm=LHmm
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Proposition 5. Using the notation above, the functional ‘V is geodesically convex if and
only if V is convex.

Proof. See [11], Proposition 7.24. O

Necessary and sufficient condition for the geodesic convexity of the functional
¥ are more difficult to get. We can state the following

Theorem 3.4.1. Using the notation above, suppose that F is convex and superlinear,
F(0) = 0, and that s — s~F(s") is convex and decreasing. Suppose that Q is convex and
take 1 < p < oco. Then F is geodesically convex in W,,.

Proof. See [2], Proposition 9.3.9. O

Example 4. The following are common convex functionals satisfying the assumptions of
theorem (3.4.1):

o foranyq>1,F(t)=#,
o &(t) = tlogt (the Entropy),

o forany1l-1<m<1, F(t)=—t"
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Chapter 4
Gradient flows

Gradient flows are a link between optimal transport theory and the world of
evolution PDEs: many evolution equations can be seen as a steepest descent
movement in the Wasserstein spaces. Thanks to the preliminaries of the previous
section, we are now able to discuss this topic and focus on the main subject of this
work.

In the following section we will briefly discuss where gradient flows come from
and why it is interesting and worthwhile to study them: without giving rigorous
proofs, we will see that they arise as the limit version of the implicit Euler scheme
for the minimization of a certain functional F in Wasserstein spaces. In order to
get a detailed proof of the construction below, one can consult [2], in which the
theory of Minimizing Movements and General Minimizing Movements built by
E. De Giorgi is widely presented.

4.1 Gradient flow as the limit of the JKO scheme

In this section we want to give an heuristic derivation of the structure and the
equation describing gradient flows on Wasserstein spaces: essentially, gradient
flows can be seen as the continuous-in-time version of a discrete minimization
scheme. Recall the time-discretization scheme associated with the Cauchy prob-
lem

x'(t) =-VF(x(t)) fort>0,

x(0) =xo:

(4.1)

fix a small time step parameter 7 > 0 and look for a sequence of points {xlfeN}k
given by the iterated scheme

v — X[
2T

X, € arg mxinF(x) +
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Under mild assumptions, the optimality conditions of the above minimization

scheme give
T T

Xl =X
k+1 Tk
S * = _VF(Y,)),

which is the discrete-time implicit Euler scheme for (4.1). From this idea, the
following discrete minimization scheme can be developed in any metric space
(X, d) for a given functional F:

d2(p, p°
P(Tk+1) € arg mpin F(p) + w (4.2)
This algorithm is called minimizing movements scheme, and when (X, d) is the usual
euclidean space, we recover the Euler implicit scheme. When instead the space
(X, d) is (P2(Q), Ws) for a given Q C RY, the minimizing movements scheme is
called Jordan-Kinderlehrer-Otto scheme (JKO).
Consider a functional F: P(QQ) —» R U {+o00}. Assume that F and () are such
that, for any 7 > 0 the JKO scheme admits a solution. In order to properly write
the optimality conditions for these problems we need the following

Definition 4.1.1 (First Variation). Given a functional F:P(€2) — R U {+oo}, we say
that p € P(Q) is regular for F if F((1 — €)p + ¢p) < +oo for every € € [0,1] and every
p € P(Q) NLZ(Q).

If p is reqular for F, we will denote by
that

SF
op

d OF
o+ enla= [ Sy

for every perturbation x = p — p with p € LZ() N P(Q).

(p), if it exists, any measurable function such

We will make use of the following result:

Proposition 6. Let QO C R be compact and c: Q) x Q — R be continuous. Define

Te(u,v) == min {fc(x, y)dy:y € Iy, v)}

Then the functional u v~ T.(u,v) is convex. Moreover, if the Kantorovich potential
from u to v is unique, then we have

Proof. Consider u, = p + €x, where xy = [i — u, and estimate the ratio (7.(u.,v) —
Ty, v))/ e

& &

Te(e, v) — Te(,v) . flpdye+f¢6dv—f¢dy—f¢6dv _ fl,l)d)(
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so that lim inf,_,o(7 (e, V) =T (u, v))/ € = f Ydy. Then, consider a sequence of val-
ues ¢ realizing the lim sup, i.e. Bim(7(ue,, v) =T (1, v))/ e = limsup, _,(Tc(pte, v)—
T (1, v))/e. Denoting by 1) the Kantorovich potential from p,, to v, we have

7xmww—7xwv>Sf¢Mww+f¢WV‘f¢”“‘fwwv:”fwmx

Ex &

Recall (see [11], theorem 1.52) that up to further extraction of a subsequence, we
have uniform convergence (¢, 15) — (i, J*) and that (§, ) must be optimal in
the Kantorovich formulation of the problem. By the assumption of uniqueness
of the Kantorovich potential, we have (¢, ¥°) = (i, 1°). Passing to the limit for
k — oo, we have also limsup,_,(7c(ue,v) — Te(u, v))/ € < f Ydy. O

Consider p to be the solution to the JKO scheme at time 7 > 0, i.e. to the
minimization problem (4.2) for (X,d) = (P»(Q2), W,). Taking any perturbation
measure of the form p. = p + e(p — p) = p + ¢x and differentiating w.r.t. € > 0,
one gets

OF 1 6W§(pA,p(Tk))
O:f—(A)dX+—f—dX
aop P TJa op

OF 1
_ -—UMX+—j\dL
L(SPP T Q(P

where ¢ is the Kantorovich potential for the quadratic cost transport problem
from p to p;;,. Form this one can prove that

6—F(p) + % = constant

op
holds p — a.e.. Now, recalling that T(x) = x — Vp(x), we get

T(x)—x
T

OF
=VG?myn

We will denote by —v" the vector field @, since it has the meaning of a velocity,
being a ratio between a displacement and a time step. The minus sign can be
justified by the fact that it is the displacement associated with the transport from
P = Py tO Py, SO We can see it as a backward velocity. Having seen that any
AC curve solves the continuity equation for a given velocity field, we are now
led to deduce that the continuity equation ruling the behavior of the curve (p;)s0
which is obtained as a limit curve of the discrete time-step minimization scheme
presented above letting 7 — 0" must be:

OF
s (o{Eo) o

with no flux boundary conditions on dQ). We can finally give the following
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4.2. SLICED WASSERSTEIN GRADIENT FLOW

Definition 4.1.2 (Gradient Flow). Let Q c R?. Given a functional F:P(Q) - R U
{+00} we say that the curve (pt)i=o is a gradient flow for the functional F if it is the solution
of the continuity equation

s o)

Under mild assumptions, JKO algorithms are known to converge to the min-
imizer of the considered functional: having this new perspective in mind, the
conjectures presented in the introduction of the present work may now appear to
be the natural conjectures one can do investigating the gradient flow associated
to the sliced Wasserstein distance.

4.2 Sliced Wasserstein gradient flow

In this section we will present the model we studied and to which the rest of this
work is devoted. Fix a target measure v € P»(R?): the Sliced Wasserstein gradient
flow (SWGF) is the gradient flow associated with the functional

From now on we will use the following notation: for any 9 € Gi-1

ps = (T3)sp,

where 1y is the canonical projection on the direction 9IR. Recall that py is a
one-dimensional probability measure, and one has

po) = [ _pted + )y,

(4.3)
ve(t) =f v(td + y)dy.
SL
Using (6), and calling ¢y, the Kantorovich potential for the quadratic-cost trans-
port problem from (u;)s to vy, we can derive the associated continuity equation:
the velocity field v, is given by

OSW2(py, v) )

v(x) = _vx( Zép

(4.4)
=— f @ (x - 9)VAHT ().
Sd—l
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The ODE describing the Lagrangian interpretation of this model, for a starting
point x € R? is

Y (t) =oi(y(t) = — f @' (y(t) - 9)SdH(9)
Sd—l
= f 8 (Ts — id) (y(t) - O)dH (), (4.5)
Sd—l
y(0) =x.
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Chapter 5

SWGF does not provide optimal
transport

This chapter contains a counterexample to the conjecture 3 presented in the intro-
duction, namely we show the following:

It is not true that, for any initial distribution py and any target distribution v, the

sliced Wasserstein gradient flow converges to the target measure v itself and the

limit of the flow map arising from the Lagrangian description of the model exists
and is the optimal transport map from p, to v.

Using the idea developed in [8], we can write a necessary condition which must
hold if we want conjecture 3 to be true: take p, sufficiently smooth and quickly
decaying at infinity, and assume that conjecture 3 holds not only for p, but for
all (ps)i>0. This means that the flow y; is well defined for any ¢ > 0, that the limit
lim; . y; =t T exists, and that it is the optimal transport map between py and v.
Under these assumptions, we have that for any t > 0 the SWGF provides optimal
transport from p; to v. Thatis, the map Toy;" is an optimal transport map between
pr and v. Using remark 1 from section 2.1, y; o T™! is also an optimal transport
map between v and p;. Let us denote by S the map T~'. Making use of theorem
(2.2.3), we have that the following condition must hold

Vt>0,Yx € RY, the Jacobian of Yi © S(x) is a symmetric matrix . (5.1)
The Jacobian matrix reads Dy;(S)DS. Moreover, differentiating (4.5) with respect

to x, we see that

oD
yt:—(f Plo(x-99®8 ds),
07t Sd—l !
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together with Dy, = Id. Thus, differentiating the Jacobian of y; o S with respect to
time, we have that condition (5.1) implies that

Vt>0,¥x e RY, [ J[ ;s (S(x) - 9) 9 ® | DS(x) is a symmetric matrix.
Gd-1 !

Valuating this expression at ¢t = 0 and remembering that DS(x) is symmetric for

any x, since our assumption is that S is an optimal transport map between v and

po, we conclude that the matrices

P5(S(x)-9)9®9 and DS(x) should commute for any x
Gd-1
Composing both the matrices with S = T on the right hand side and using the
identity DS(S™') = [DT]™!, and the fact that a symmetric matrix A commutes with
an invertible matrix B if and only if it commutes with B!, we conclude that:

Vx e RY, f Py (x-9)9®9 and DT(x) commute.
S -1

d

Using again the fact that T = Du for a convex map u: R? — R (the Brenier map
of the problem), we can write the necessary condition for which we will build a
counterexample in the following section:

Vx e RY, JE Py (x-9)9®9 and D?u(x) commute.
Gd-1

5.1 Counterexample

For the seek of simplicity we will call py = p in the following. We will also
denote by @ the Kantorovich potential between py and vy with respect to the 2-
Wasserstein distance and by Ty the quadratic-cost optimal transport map between
the two measures. By the previous discussion we aim to show that the matrix

Ml-,j(x) = (ﬁm QDg(X : 19)\9119] d?‘(d_l(S))

i,j

does not commute with D?u, where u : R? — R is a convex function whose
gradient provides the transport map T : R? — R between p and v.

Call uy the Brenier map for the transport between py and vy. Writing the
Monge-Ampere equation for py and vy we have

ps(t)
Vs(ufg(f)) '
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Since we have that ¢§(t) = 1 — u{/(t), we get that

e Ko PeEd) Voo g AL ops®) oo
M= (1 w(ﬁ(x-&)))‘g“gfd‘g‘ 7~ 1 it e

If we choose p and v to be symmetric measures (p(x) = p(—x), v(x) = v(—x) for all
x € R?), we have that T3(0) = 0 for all 9 € $*"!. So our goal can be rewritten as
follows: we want that the matrix

Id — M(0) = J[ ps(0)(8 ® 9)dS does not commute with D?u(0). (5.2)

Since we are free to choose any (symmetric) initial measure p, let us be free to
impose p = (Vu),;'v, for u(x) = |x[*/2+ e¢(x), with ¢ smooth, compactly supported
and symmetric. It is well known that, for ¢ small enough, u is convex and Vu is
a C* diffeomorphism that coincides with the identity outside of a compact set.
Finally, asking ¢ to be symmetric guarantees that p is symmetric, since indeed in
this case the transport map T = Vu is symmetric itself, and the pushforward of
a symmetric distribution via (the invrese of) a symmetric map is symmetric. We
seek for the expression of py(0) in terms of ¢. We start by writing the Monge-

Ampere equation for u:

det D*u(x) = &

v(V(u(x)))’
for every x € RY. Thus
p(x) = det D*u(x)v(Vu(x)).

In our case Vu(x) = x + eVp(x) and det D*u(x) = 1 + ¢Ap(x) + O(¢?). By Taylor
expansion, for any x,z € R%

v(x + €2) = v(x) + eDv(x) - z + O(?).
Thus

p(x) = (1 + eAp + O(ez)) (v(x) + eDv(x) - Vo(x)) + O(e?)
=v(x) + € (Dv(x) - Vo (x) + Ap(x)v(x)) + O(?).

So, remembering the expressions (4.3), we have
ps(0) = f p(y)dy = f (v(y) + & (Dv(y) - Vo) + Ap(y)v(y))) dy + O(&?).
oL oL
We now impose @(x) = e(x) + n(x), with 1, n symmetric functions (so that ¢ is

symmetric) and such that supp(y)) € B(0,1) and supp(n) € B(Res, 1) U B(—Rey, 1)
for a fixed R >> 1, ¢; being the last vector of the canonical basis in R?. In this
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way D?*u(0) = e2D*y(0) and so, by (5.2), our aim becomes to prove that the matrix
f 03(0)9 ® 9 does not commute with D*y(0). We have

ps(0) = j; ) v(y)dy + ¢ fs ) (Dv(y) - Vi(y) + An(y)v(y)) dy + O(?)
- f Yy + ¢ f V)ss(n)dy + O(E),
SL SL

after integration by parts. We deduce that our goal becomes now to prove the
following fact: "D?i(0) must commute with A", where

A= fs Hes)(® © Ddydd
- £ [ v 90w o o)y 53)
- f fs Y © ND)E @ Hdyds,

and 7j is the restriction of ) to B(Re;, 1). For convenience, with a slight abuse of
notation, in the following we will call 7 this very function. Notice therefore that
n(x) = 0if x; < 0. Since the choice of D*(0) is now completely free, we just have
to ensure that the matrix A is not a multiple of the identity matrix, in order to get
our claim. To do so, we can for example check that the diagonal elements of A are
not equal.

Counterexample in R*> If d = 2 we can just check that A;; — Ay, # 0. Take
n(y1,y2) = a’(y1)b(y2) for a” and b positive functions, even on their support and
of unitary integrals, supported respectively in [-7,7], R + [0, 1/2] (so that, if 7 is
small, supp(n) € B(Rey, 1)). Observe that a” — 6; when r — 0.

Using the notation 7;; = (D*n);;, we have that

A =2 ff 92911 + 2919212 + 5n2)v(y)dyds,
SJ.

Ap =2 JC f (i1 + 29192112 + Nn)v(y)dyd?.
SL

Since in dimension d = 2, for any y € 9+ one has

(5.4)

(91, 92) =( 22 }/1)

Iyl 1yl

(notice we could have chosen the opposite vector for 9, but by symmetry of the
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problem, this choice is not relevant), we have

2
Ay =2 f f y—i(yinn = 2y1¥ama + Yinz2)v(y)dyds,
o Il (5.5)

2
Ap =2 f f é_|14(y§”“ = 2y12the + Vi) v(y)dyd?.
SJ_

We now need the following

Lemma 5.1.1. Given f:R? — R, ¢:5"1: R such that the following integrals are well

_ [ fWH(x;g)
fﬁ;l fé; f(y)g(s)d]/d‘g - j];d |x| dx’

H(x;8) = | g®)dH*(9),

d-2
5L

defined, we have

where

872 being the d — 2 dimensional unitary circle having center in x and orthogonal to the
vector x itself.

Proof. Split the sphere in the usual two charts covering it: 3! and $/71. In each of
these domains we can define an orthonormal tangent smooth vector field to the
sphere itself @(3) = (¢1(9), ..., Pa-1(9)) € Myxa-1). We can ask each map ¢; to be
a diffeomorphism with |detD¢;|= 1 on the domain. Furthermore, notice that for
fixed y € RY, z € R}, there exists only one 9 € $%! (or $*!) such that ®(8)z = v,
so that the map A,:R? — $%7! such that A.(y) = 9 is well defined. Moreover, if
lz|= 1, |detD,A.(y)|= 1 for any y. Using the formula

fh(x)dxzf f h(&Ep)p™tdédp,
R 0 Jsi1

we have

fs fs Lf(y)g(s)dydsz fs . fR F(D(9)z)g(9)dzdd -
- fom L L 72f(P®(8)5)g(9)d5dspd—2dp,

Defining also (h/r)(x) := h(x/r), by (5.6), we deduce

fS f; f(y)g(®)dydd

:f f f f (pq)(‘g)é)(gOAé)(Pq)(S)é)dcdepd‘zdp.
0 Gd-1 Jgd-2 p
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Define the change of variables
y=We(9) = D)<,

We have that Wg: 51 — $7! for every & € 5972, W; is a diffeomorphism for every
& e %2 and
detDW, ()= 1

forevery & € $72, 9 € §%1. By (5.7) and since |detD:A:(y)|= |[det®(y)|= 1 for every
y €571, we get

f f F)8(®)dyd? = f G fs _z(goAg)(py)dé)dypd‘zdp

= j; G g(Ag(y))dé) dyp™*dp

Gd-2

i fo m fs Jey fs 8 "Wﬂ) dyp*dp

where S‘;IZ is the d — 2 dimensional unit sphere orthogonal to the direction y € R
and sz g(mdn = G(y) and therefore G(y/|yl) =: H(y) is the integral of the function
yJ.

g in the very same set §{ 2. O

Since in our 2-dimensional case, in equations (5.5) we have ¢ = 1, we deduce

S [ 8x) g(X)
ng j"; g(y)dydS = 5] dx =

R |X] 7'( R4 |x|

Using these formulas, the difference between diagonal elements of the 2x2- matrix
A, up to multiplication by a constant, reads

x - x

A —Ap = fz T(xzﬂn 2x1X2M12 + x%nzz)v(x)dxldxz.
R

Take 1n1(y1, y2) = a"(y1)b(y2) for a” and b positive functions, even on their support

and of unitary integrals, supported respectively in [-7,7], R+ [0,1/2] for R > 1/2,

so that, if r is small enough, supp(1) € B(Rey, 1). Observe that a” — 0.

Since
x2

8i(x) = P |5V(x)
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can be assumed smooth enough in R \ {0}, when we send r — 0 the integrals
defining A;; and Ay, stay bounded (remembering that ) is compactly supported).

Defining
2 _ 42

x%— i
fx1,x2) = ga(x) — g1(x) = WV(xl,xz),

we have that
A11 - Azz :f f(.X')(x%El;lb - 2x1x2aqb2 + x%&lrbzz)dxldx,'z.
R2

We need to be sure that this quantity is not zero as soon as r — 0. Integrating by
parts with respect to the variable x,

A11 - A22 = f(x%b ff]lllr + 2X2b2 f(flxl + f)ﬁlr + bzz ff(x)x%ar) dX2

Sending r — 0, and (with a slight abuse of notation) still denoting f = f(0, x,),

Ay —Ap = fx%bfn + ZXszfde.

Integrating by parts with respect to the remaining variable,

A11 - Azz = fb (fnx% - 2f — 2X2f2) d.X'2.

Remembering that x, can be assumed strictly positive (due to the fact that 7 is
symmetric and supported away from zero), we have that

—2/x* = 5x5 +5x2 x5 —x3

=vx v
fr=m Il? P

then v

filow) = -7—+ —

R PR

and, by similar computations,

v 1%)

folox) = —3w + e

Therefore
All - A22 = fb(—?)i + E - 2£)de

Il |xol x|
Under the further assumption of v to be radial, and thanks to the relations

%

V= v 5.8
™ (5.8)

and v v v
Vvij = Héﬁ + (@ — @)xixj, (5.9)
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we get that Ay; — Ay = 0 for any choice of b if and only if

/

v 1%

P xR

holds for any x € {0} X R: indeed, since b is free to be chosen, so is its support
(which we defined to be of the form R + [0,1/2]). Still remembering that x, can be
assumed strictly positive, we get that this is equivalent to

3v+xp =0,

but this can occur only if v o [x|=, which implies that v is not a probability distri-
bution, being not even integrable. We deduce that, for any radial target measure
v, in dimension d = 2 the sliced Wasserstein gradient flow does not provide an
optimal transport map from the initial distribution to the target measure v itself.

Counterexample in R? Obtaining a similar result for any dimension d > 2
is more difficult: the turning point in R? was (5.5), namely the fact that we
can uniquely express the orthogonal direction to a given vector thanks to the
coordinates of the vector itself, and this was done in (5.4). In higher dimension
this “trick” can not longer be applied. The computation machinery will thus be
more sophisticated. For starters, still assuming v to be radial, from relations (5.3)
we can now deduce that, forany 1 <n <d,

Ann = 2‘](‘[1/\93! [Z \91'19]1]1']'] dde
ij

_ |5dz—1| Z jn; HG SﬁSjSi)%v(x)dx
G n({g‘ J s R e [ e
+ZZfH(x 99)”’] +ZZfH(xS 9,9, 2% ]

i<j<d

In particular, for n = 1, after integration by parts and letting r — 0 we have

d-1
5 'A11 -y f bo; H(x 9292 ) f bony (H(x N )
iTid |x]| (0,x4) R ||
)+ y fb&l](H(xSZSS) )
(0,x4) i#j;i,j;f':l,d |x|

(5.10)

(O/xd )

fb&dd (H(x SZSE | |
+22f17az1 Hx 919) I)

+2 f bo ((&-H(x;&z@i& )1)
i#1,d 0.x) Z‘ R ]

i#£1,d
f bo, ((&1H(x 99~ ) )
R | | 0,x4)
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5.1. COUNTEREXAMPLE

and, forn =d

|Sd—1| B -
Agi = Z ba,l H(x; 939?) + | bow|Hx; 9HZ (5.11)
2 i2d (Oxd) R Il {0,,)
; ba,(H(x,- 22995 +2) f bo ( H6 939) ) )
Z f ! =y |x| (o xg) izd YR |x] (0,x4)

i#jii,j4d ¥R
We can then continue thanks to the following

Lemma 5.1.2. It holds

5
5= ] W= -0+ ).

5]
2

Add:fb6c(22)d(d 1)* |3,

where
Cona = f szszdwd 2(9)
§12

e

d
foranyi# j;i,j #d.

Remark 4. Observe that, using the standard parametrization of the sphere,
[ o

Gd-1
T 27

=f f sin(@1) - - sin(@a-1)” - sin(@1)* - - - cos(@g1)*depr - - - dpa_y
0 0
T Tt 27

= f f sin(gq)* -+ - sin(@g_2)*dep; - - - dpg_o f sin(@4-1)* cos(@a-1)*dpa1
0 0 0

1 Tl 271 . .
:§f f sin(@q)* - - sin(@a_1)*dy - - - dpa_y
0 0

= L_l S?dS = C(4),d,

so that C(4),d = 3C(2,2),d.

Proof. Recalling the notation used in lemma 5.1.1, with a little abuse of notation,

denoting H(x, g) = H, observe we have

H JH H Hv
5, (—v) Y PN L P P
P\ Moo ( (le T ])) 0x:)
14 ajkV v
=9H— + H-— — 53 H—.
" x| T P
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Since v is radial, we make use of (5.8) and (5.9) obtaining

H
a]‘k (mv)

v H(0,xy) v
=diH(0,x5)— + (V’——)é-,
oy~ ORHOXN G+ =0 feal) O

and

H v
Ij (W) '(o,xd) = 9HQ, xd)ﬂ'

Now we proceed with an explicit computation of the terms dH(x, g)(
0,

(5.12)

(5.13)

and

x)

d;H(x, g)'(0 o The result will thus follow by computing the expressions (5.10)

and (5.11), making use of relations (5.12) and (5.13). We start by computing

diH(x,8) , ): since the matrix
0,x

Lj1yx(j-1)
_x S
R = Vx2 + h? Va2 + h?
! (- j-1)x(d-j-1)
___h __x
Vx2 + h2 Vx2 + h2

provides a rotation that alignes the direction e;——% =
direction ¢;, we have

H(xey + hej, §) — H(xeq, 8)
h
x+he;

s [ g(u)du]

1 .
== lim > [ fs SR u)du - fg ) g(u)du)

e

9jH(xeq, g) = lim

1
_hlzf(}h gL

251
1 N
_ . ——1; .
—fy}g(}gg Ve |78
E‘d : O

h

Vx2 + h? Y

Vx2 + h? x% + h?

into the

Thanks to a direct computation, we can then check that, fori # jand i,j # 1,4,

38
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the following expressions hold true:

d;iH(xeq, 959)) = 0,
Ceo)d

8jH(xed, \9%\91\9]) = - |x|

8jH(xed, \9%\9?) = 0,
QjH(xed, \928?) = 0,
8jH(xed, \9%\91\9]) = 0,

Caya

d1H(xes, 9394) = — Xl

81H("Ced/ ‘9?‘91) = Or
Ceod
|x|

7

81-H(xed, 9%\9{19,1) = -

daH(xez, g) = 0 for any g.

We now continue with the explicit computation of the terms d;;H(x, ) o ): to do
X

so, we start by computing d;H(xe; + me;, g). Since the matrix

Ti—1)x(i-1)
, cos & —sina
RS =
Tg—i—1yx(d—i-1)
sin o cos o
with
m(m + h) + x? , hx
cosa = sina =
Va2 + m2 \Jx2 + (m + h)? Va2 + m2 [x2 + (m + h)?

provides a rotation that alignes the direction

(ei m+h +ey X )
x2 + (m + h)? VX2 + (m + h)?

), we have

into the direction (ei

m +e X
v+ N+

H(x + (m + h)e;, §) — H(xey + me;, )

diH(xe; + me;, §) = %Zim

-0 h
Uy
Uy
= lim1 glcosau; +sinaug|—g| : ||du.
T h "
sin @i — COS Ay
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Choosing g = 9797, we obtain

2x 2 . 2x
diH(xey + me;, §) = PR fL uiuugdu =: PR fL f(u)du.

xed+mel- xed+mel-

Since for g = 9293, it holds d;H = 0, we have that

o:H l.
aiz'H(xed, \9129%) - lin}) (xe:; + me;)

= F(R) o)do

S

d
2x X0; mo;
= lim —0? . : )dv
L m—0 m(m? + x?) ( "Verm Ve 2
2C0p)4
|x[?

(5.14)

Choosing g = 9797, we obtain

2x
m? +x2 Jg.

xed+me,-

diH(xes + me;, §) = — (U?ud - ugui)du.

Since, for g = \91.285, it holds d;H = 0, with a computation similar to the one done
in (5.14), we have that

diH(xey + me;)  2Caya
m O xp

d;iH(xeq, 9793) = }nl_fg

Finally, choosing ¢ = 97, we obtain

4x
d1H(xe; + mey, Q) = ———— wluy.
(xes /8) x2+m? Joo 1

Xf,’d +V’lt’1

Since, for this ¢ = \9%, it holds d,H = 0, we have that

d1H(xe; + 4C
dnH(xes, 97) = lim 1H(xeq + mey) _ _-0d

Finally, notice that
QddH(xed, g) =0

for any g. To conclude, we compute the second derivative of the form d;; fori # j.
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We start by computing the expression d;H(xes + me;, ). Since the matrix

Lj-1)x(j-1)

P _hm _h
1 S S R

RI = Lii-1- jyx(i-1-j)
< hm m2 m
_hm 1 _m
S S R

Lg-1-jx@-1-j)

with

R:=Vx2+m?>+h?, S:=R(R+x)

provides a rotation that alignes the direction (e]% +eg + ed%) into the direction ¢,

we have

H(xe; + me; + he;, g) — H(xeq + me;,
diH(xes + me;, g) = lim (e i"8) (xeq )

h—0 h
1 i1 A\l
= |t s{(R0) ") -5((x) ")
ed
01 01
. (1 - %) vj — %’“vi 20;
‘fs‘% h—0 h 8 - ) 8
—?U]‘-l-(l— S)Ui ZJ]'
~0j — o =i
with
ri= Vx2 +m?2.

Choose g = 979;9; and we obtain

diH(xeq + me;, g) = —

mC(Z,Z),d B m?2
(r + x)r (r+x)r)

Since, for g = 8%8119]-, it holds d;H = 0, we have that

djH(xes + me;) _ Cena
m |x[>

8i]-H(xed, 8%81\9]) = rlnl_l’%

1-— W2 4+m?

==
1N
®
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Similarly, choose g = 939;. We obtain

m m?
(r + x)r (C(4)’d +3 (1 B (r+ x)rc(z’z)’d)) '

Notice that also for this g = \9?91., it holds 9;H = 0. Therefore, recalling that
Cwa = 3C(p)4, we have

J1H(xe; + me;, g) = —

d1H(xes +me;) _ Cua
m x>

d1iH(xeq, 939;) = }’}_I{(l)

Finally choose g = 929;9; and obtain
1
d;H(xeq + me;, ) = 2 (ZmC(z,Q),d + o(m)) .

For this g = 929,9; it holds d;H = 0, so that we have

diH(xe; + me;)) 2C
5 1 j i) L@
8in(xed, SdSiSj) = %%LI}) - = |x|2 .

Thanks to the above result, we deduce that

v 1%

|Sd—1| ’ ]
wp ~ @ Dl

2

(An - Add) = f]R bC(Z,Z),d [((1 - dz) - 6(d - 1)2)

and therefore, by the arbitrariness of b, A1; — Az = 0 if and only if

’

v 1%
My g—= + Mpy— =0

for any x € {0} x R*! for M;; > 0, but this can occur only if

c
Mg
| "2

V=

for c € R. This implies that v is not integrable on the whole R? (since it is a
negative power) and therefore it is not a probability measure.
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Chapter 6

Global and asymptotic properties of
the flow

This chapter is devoted to the study of the convergence of the SWGFE. We are
interested in showing that (at least) two different situations can happen. The flow

e could converge, but not to the target measure,
e could converge to the target measure v.

In the first section of this chapter we will give some estimates on the p-moments of
the gradient flow, which will turn out to be useful in the following. Then we will
present the example in which the flow doesn’t converge to the target measure.
After that, we will discuss the main example of SWGF we studied, namely the
Gaussian-target case, in which the flow converges to the target measure itself.
Finally we will treat the more general case in which the initial and target measures
are radial functions: our claim is that in that case the only radial stationary point
must be the target measure itself.

6.1 Bounds on the moments along the flow

In this section we provide some bounds to the p-moments and the co-moment
of the sliced Wasserstein gradient flow. We start by computing the derivative
with respect to time of the p-moment of the sliced Wasserstein gradient flow p;
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associated with a given target measure v: defining M, (p) : fwlxl”dp(x) we have

|x[P

My(p) = o 7}0

- ﬂva)

flxlp “x - op
- flxl’“_zx-(f(Ts(x'S)—x'S)S)P

) Jc‘fbdp_zx'\9(Ts(x“9)_75"9)951‘9

. Q2 2
_ch|x|?7_2—|x S| p+ff|x|i’_2&pd9
e f e Z(ﬁx 9|2)pd9+ f f P2 Ts(x - 9)Ppd9

o3|l (o
—iMpw) + M) ( [ fw sw)’%

M(p)+ M(p) lc M),

(6.1)

IA

I/\

~EII\)

where we used the inequalities

To(x- 9P x-S

ITe(x-9)—x-9) < 5 5

along with Jensen and Holder’s inequalities, the equality

 opds = P
Jclx dFdd = i
JCIx - JPdY < leprSIPdS = cpalxl’.

From (6.1) we deduce that

and the inequality

M, (p:) < max {Mp(po), d’”/ch,de(v)}. (6.2)
Indeed, (6.1) gives a differential inequality of the form

1 C2/p
< ——x+ 1-2/p>=
x’ 2dx X 5
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6.1. BOUNDS ON THE MOMENTS ALONG THE FLOW

and the left hand side is negative for

x > Cdr/?.

Moreover, denoting by
diam(p) := inf{r > 0:supp(u) € C, where C is a ball of radius r},

and recalling that diam(u) = lim, M;/ P(1), we can see that

diam(p;) = ;1_{?0 MP(P)W < max {;1_{2 Mp(po)l/l’, 4112 ;1_{?0 C;’/;Mp(v)l/l?}
= max {diam(po), \/Ediam(v)} ,

since

;LI{}O Cap = FljijroloHSHLn(sdfl) = ||‘9||L°°(Sd*1) =1

Obviously this estimate is vacuous when the initial and target measures are not
compactly supported. Notice however that in this case we can prove a slightly
better estimate: consider B(0, R) to be the smallest ball centered at zero in which
v, the target measure, is supported. Observe that in this model, [Ty(x - 9)|< R
for every x € R%. Let x € R?, with |x|= ¢. By the symmetry in this construction,
we can consider x = ce; without loss of generality. We want to compute what is
the maximum value of ¢ for which the velocity field v; is pointing outwards with
respect to the ball B(0, c), i.e. the maximum radius of the trajectories. To do so, we
can just look at the behavior of the component e; of the velocity field:

i) = F (Tate- 9) - x93,

< JCR|91|—cs§
=R f|91|—cf8§
_R fw—c f 911

RfI9 . . o .
fio v} (x) is negative and hence we deduce that in this setting,

Therefore, if ¢ > IR
1
if the initial datum py is a compactly supported measure,

diam(p;) < max {diam(po), %diam(y)} ,

2,d
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where b, ; is the p-barycenter of the d-dimensional hemisphere:

by = f 9,17 d9.

This value can be computed explicitly: denoting by wg(r) the surface area of the
d-dimensional sphere of radius 7,

d
=2t (5) 27/

_, T Lwa-peay
(%) mi/2

_ 2 T reghrey
VrI(G)  or(dd)
1 TOré

VR T

So in our case:
and

One can observe that
2dT'(%)

—— <
V(s
for all values of d > 2, proving that this estimate is more accurate than the previ-
ous one.
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6.2 The flow may not converge to the target

We consider the following construction in IR?: let the starting measure be

010 01,0
= — 4+ —
Po= 2

and the target measure
_ %0a) N 6(0'_a),
2 2
for a certain a > 0 to be defined. We can show that there exists 2 > 0 such that

the configuration p is stable, i.e. the velocity field associated to the SWGF at time
zero is vy = 0 and therefore the gradient flow is p; = po for any t > 0, so that the
flow does not converge to the target. Calling T the optimal transport map from
ps and vy, we have

vozf(Ts(x-S)—x-S)S

z 0

2
=2 f (cosd —asind)(cosd,sin ) — 2 f (cosd +asin ) (cos I, sin 9)
0

_zf% cos?d —asind cosd 2f0 cos?d +acosdsind
" Jy lcos9sind —asin? 9 x| cos9sind +asin® 9

2

NIR

0
:2( % sin(29) 5 .02 ]
f_% > sgn(S)—af_gsmS

All we have to do now is imposing the second row of the above matrix equal to

_2 z sin(29) _2
a= I > sgn(d) = .

zero:

Tt

I
2
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6.3 The Gaussian-target case

We prove that if the target measure v used in the definition of

0SW(py,v) 3

u(t,x) = -V 5 d
Gd-1

(Tro(x-8) —x-9)dd

is the gaussian distribution, then lim;_,., S;p := p exists and coincides with v, the
guassian distribution itself.
We know that d;p + V(vp) = 0:

ds fps log psdx = f[&sps log ps + dips]dx
== f[V(USPS) log ps — V(vsps)]ldx

= —fV(psvs)logpsdx

_ f psvsinsdx o)
- f 0.V pudx

_ JC l f V(T s(x - 9) - x - 9)dx|dd

. f f oL s((Tos(r) — r)rd

< 1600 - &lpo)l s,

where &(u) = f plog u is the entropy of the (probability) measure u. The last
inequality comes from the geodesic convexity of the entropy in dimension d = 1:
consider the two one-dimensional measures p,s and vy and define the geodesic
w : [0,1] = P(R) with respect to the W, distance connecting them. Since w is a
geodesic, we know by (3.3.4) that it solves the the continuity equation

8ta) + 8r(VtCL)) =0

where the velocity field is v(t, ) = Ts s(S; (1)) =S (1), with S(y) = 1=ty +tT5 ()
and T; s still being the transport map between pgs and v°. We thus have

8tfa)tloga)tdr:f&twtlogwtdr
R R

:—f&r(vta)t)loga)tdr:fvﬁra)t
R R
- [ s o) - s 0w

R
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and valuating at t = 0 we obtain:

SI(PS,S) = fP;,s(r)(Ts,S(V) — T’)di’.

R

Since the entropy is geodetically convex, and following the property that for a
convex function f one has f’'(0) < f(1) — f(0), we have that

&' (w(0)) = E'(pss) = fR Ps,s(N(Ts,8(r) = r)dr < E(w(1)) = E(w(0)) = E(vs) = E(ps,»),

thus the last inequality in (6.3) is proved. Consider then the following;:

AR
= f fR (e O(Teo(x - 9) —x- 9)py(x) = f fR H(Ts,5(r) = 1)ps,s(r)

and, using (R — r) = R*/2 = r*/2 — |R — 1*/2, we obtain

o [ o= f [T sin-f [ Zosr-3 f [1Ts)-rPpest)

|Ts5(r) 72 1
—f [F5%000- £ [ s 35t
Now notice that the gaussian measure minimizes the functional

|x|?
p plogp+p7 .

Indeed f(s) = slogs is a convex function, and thus f(t) > f(s) + f'(s)(t —s) =
f(s) + (logs + 1)(t — s). Thus, for every p, and if v is the gaussian distribution,

fplogpzfvlogv+flogv(p—v)+f(p—v)
—fvlov—f@+fﬁv
N & 2P ) 2"

2 2
f[plogp+%p]Zf[vlogv+%v]=0.

Summing (6.3) and (6.4), and using the fact that v; is still a (one dimensional)

(6.4)

Therefore
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gaussian, we obtain

2
(e + [ e

2 2
< f(S(VS) - S(Ps,s)) + f %VS - JC %ps,s - %Swg(pw V)

2 2
- Fl(evo+ [Tvs)- (et + [ Fous)| - 35030

< —%SW%(,OS,V).

So, finally,

T 2 2
fo SWy(py, v)dt < = [E(pr) — E(po)] - f [%m - %POI dt

e

< E(po) + S Po= C

for every T > 0. Thus
f SW%(pt, v)dt < C,
0

and therefore, since SW, is decreasing along the flow,
tlim SWa(p:, v) = 0.

Since, by (6.1), we have an information about the compactness of the measures set
{pt} ;50 in the space P(R?), W, for every p > 2 (recall theorem 3.1.3),we can deduce
that
Wl”
pr——>V

t—o0

for every p > 2.

6.4 The radial-target case

In the present section we will use the notation and the results contained in [5] for
what concerns the theory of dynamical systems in Wasserstein spaces. Recall that
any gradient flow is a dynamical system and that the notion of curve of maximal
slope is precisely the one needed in order to discuss these topics properly: we can
cite [2] for a detailed presentation.

Beside the lucky Gaussian target case, we have another interesting situation in
which we claim that the only stationary point should be the target measure itself,
precisely the one in which the gradient flow is well posed (it admits existence and
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uniqueness for any t > 0) and both the starting and target measure are radial.
In our setting, the function

E(p) = V)

is a free energy of the dynamical system and the function

6sw2( 1
Glp) = ( | ‘ TR p]

is a weak upper gradient both satisfying assumptions of theorem 2.12 of [5]. The

sliced Wasserstein gradient flow (p;)i=o is therefore a curve of maximal slope. As
such, it must converge to the set of w-limits of the system, which is a subset of the
set of stationary points.

Remark 7. Notice that one can prove the following two conditions to be equivalent:
1. p>0a.e. and G(p) =
2. p=v.

We could therefore be tempted to say that v is the only stationary point, but we are not
considering all the stationary points that are not strictly positive.

By the theory of dynamical systems developed in [5], we know that the set of
stationary points coincides with the zeros of the function G, namely the set

S = {y € P(R% s. t. %(x) J[ TH ™" (x - 9)9d9 = d}

If v is radial, we claim that the only radial measure in S is v itself. Indeed, suppose
that u € S is radial. For starters, recall the coarea formula

h d9 = h(y)dH ) ds,
[momseme= [ ([ e Jas

where E = $%71, f(8) = x- 3 and h(9) = lTV(’}(SS))? . We have therefore (notice that for

any 9, Ty is always the same map, that we will denote by T)

g - f To(x - 9)9d9

1 Tx-y)Y .. 40
- dH ds,
Wy (j{;esdlzyx:s} |vf(y)| (y) °

and by a direct computation of the Hausdorff (d — 2)-dimensional measure of the
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set EN f71(s), we have

d-2

Te-yy(, s )T
f[f;esd—lxy s} |Vf(]/)| (1 Jcf? dy)ds

W41 s Y
CUd R (1 | |2) S) (»f{yesd Lix-y=s} |Vf(y)|dy) .

Since on the set E N f71(s) one has |Vf(y)|= V|x[2—s2, we get

Q..IH
&: e‘e
QU

d-3

X Wi 2\ % T(s) ( f )
Z_al 1-—] = dy|ds
i~ J MQ il \Jyesrtgg 7Y

x| 2\ % T
—2% (1 - S—) ﬁsa%ds.
(Ud —|x| X

Then, using the change of variables t = s|x|, we have

—_2% f (1- tz)“T(ﬂxl)tdt f (1- t2d3T(t|x|) tdt.

Remark 8. From now on, our computations are formal, and there are some problems in
making them rigorous which we will explain in the following.

Take the derivative with respect to A := [x] of the above expression, and deduce
that

1
f (FAT'(tA) — TAA) 1 — ) Tdt = 0
0

This expression must hold for all the x € supp(u) such that there exists a se-
quence {y,},en C supp(u) such that |y,|— |x|. We call A, = {1 € [0,00):dx €
supp(u), Hynlnen C supp(u) s. t. [y.l— |x|= A}. Using the change of variables
tA = s, and calling g(t) := tAT'(tA) — T(tA), we get that

A

:f g(s)s(A2 = 1) T ds
0

- [ s -
R

If the dimension d is even, by taking further derivatives with respect to A and
using the Lebesgue derivation lemma under the integral sign, we obtain

= f g(s)s(A? — 52)?_kds
R
A d
f g(s)s(/\2 — 52)%_7‘ =0
0
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forany A € A, k € N.
By the change of variables u = A? — 5%, we get

A
f (VA2 — )T *du.
0

Use then the change of variables u = 1, to deduce

fwg PENE < dx—'fwf(x)xkdx—o
1/A2 x| x5H+2 . 1/A2 ! .

Now, what we would like to do is to invoke the Stone-Weierstrass theorem, in

order to deduce that the function f) should be the zero function for any A € A,,.
This would give us the claim, since it would imply g(x) = 0 for any x € R and
therefore that the transport map T was linear, which in turn would imply T = id,
by a direct computation. As already pointed out, the above argument is just

formal, since some difficulties arise:

1. We don’t know if the function g is integrable and if the above integrals in
which it is involved make sense

2. For the same reason, the derivation under the integral sign could be a prob-

lem

3. Weare trying to apply the Stone-Weierstrass theorem in a non bounded inter-
val: this could be done employing some more abstract tools, but nonetheless
doing this is a problem, since we are trying to use the theorem using with
not bounded functions.
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Chapter 7
Further perspectives

In this chapter we will present some issues that weren’t treated or fully understood
during this work, but for which we tried to develop some ideas.

Conjecture 2 We still haven’t discuss conjecture 2: the statement of this conjec-
ture is indeed very strong, as a positive answer to it would imply conjecture 1 is
true. Still, saying something about the convergence of the particles moved along
the sliced Wasserstein gradient flow is difficult. One of the approaches we tried
to develop was the following: subdivide the interval (0, o0) in intervals (t, ti+1),
k € N of a length [ti41 — t| to be determined. A standard result in gradient flows
theory tells us that

te1 SW2 SW?2
[ e < T - S0,
ti

This property, indeed, essentially follows from the fact that, for the ODE
xX'(t) = =VF(x(t)),
which represents the R? model for gradient flows, one has

f e ordt = - f "X ) - VGt = - f " 2 Ryt = Fx(t) ~ Flx(t)

t t te

By Holder inequality we have therefore the following estimate:

0o 0 Fra1 ® Frr1
[ wiwa=Y [ wio< Y via=iy [l
0 k=0 Y k=0 b

- SW2 SW2
< Z Viker — fx \/T(Ptk) - T(pfk+1)‘
k=0

If we assume the decay of the term SW?(p;,) — SW?(py,,,) to be fast enough to have
foool p’|(t)dt < oo (and to obtain this we are free to model the choice of the intervals
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(t, tk+1) in the most convenient way), thanks to theorem (3.3.2), we deduce

f ol ot = f pI(DdE < oo, 7.1)
0 0

whereas we recall that the result we would like to obtain in order give a positive

f 04l dt < oo.
0

Even if it is still not clear how to deduce bounds on the L* norm from estimates

answer to conjecture 2 is

on the L*(p;) norm, we think that obtaining (7.1) could be a starting point for a
research which aims to furnish a positive answer to conjecture 2. The biggest
problem in this plan is that providing an estimate for the decrease of the term
SW? along the flow is very hard. One could for example use the following
argument: by equation (6.4) and using the notation x(t) := M3(p;)/2 — M5(v)/2,
¢(t) :== SW?(p;)/2, we have that

Thanks to the monotonicity of g (recall that a functional F decreases along its
gradient flow) one can prove that x is either decreasing or (eventually) monotone
increasing, hence admits a limit x.,, that must be finite thanks to estimate (6.2).
Using the shortcuts y := x — x, and w = ¢ — g, we have therefore the relation

, w
W =—— - h.

Now, if we could prove that w > 0, we would deduce the integrability of the

term SW2(t) — lim;_,., SW?(t), and this would be sufficient to obtain (7.1). This

is equivalent to ask that, along the flow, the second moment of the measure at

time t is larger than the second moment of the target measure. Under which

assumptions this happens?

The SWGEF could not converge(?) Another interesting aspect we didn’t fully
treat is related to conjecture 1: we would like to provide an example in which the
flow does not converge to any measure. To fix the ideas, consider the following

Example 5. In R? consider the following autonomous ODE expressed in polar coordi-
nates: p
a(r cosJ,rsinVd) = =Vf(r,9),

where
1, r<i

fr,9) = s

1+e 7 [sin( +8)+2], r>1.
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Solutions starting in R* \ By spiral toward the unit circle, and we can find subsequences
along this trajectory that converge to different limits. From this example, we can construct
a gradient flow in (P2(IR*), Wa) which exhibits similar spiralling behavior, namely the
solution to the continuity equation

dip—-V-(pVf) =0,
with initial datum 0y, for xo € R* \ By, which is given by p(t) = Oy

Is it possible to choose an initial and target measure in such a way that the
velocity field associated with the SWGF, namely

vi(x) = Jg_l(Tt’S(x ) —x-9)dd

behaves similarly to the function f in the above example? Of course, here we
have a different situation from the one presented before, since the velocity field
v is depending on time and position and even on the curve p; itself, namely the
ODE providing the Lagrangian description of the SWGF is non autonomous.

The positive measure case Beside the problems we already pointed out in the
last part of the work, let us mention a possible way (still unexplored by us)
to deduce a convergence result for positive measures: recalling remark 7 from
section 6.4, we would like to know under which hypothesis the following fact is
true: given an initial and a target measure both positive on the entire space, the
associated gradient flow is (uniformly in t) positive on the entire space. A positive
answer to this result (or to any similar result ensuring the uniform positivity of
the gradient flow) would give a straight-forward answer to the question of the
convergence of the SWGF associated with positive measures.
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