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This thesis investigates constraints on axion-like particles (ALPs) and Kaluza–Klein axions through
the study of the solar axion basin.

The work begins by reviewing the theoretical motivation for axions, namely the strong CP prob-
lem. Possible alternative solutions to this problem are discussed, together with several axion models.
Existing bounds and phenomenological arguments constraining the ALP parameter space are then
examined, with particular focus on the (ma, gaγγ) plane.

The framework of extra-dimensional theories is subsequently introduced, along with the emergence of
axions in this context, referred to as Kaluza–Klein (KK) axions. After this theoretical overview, the
analysis focuses on axion production in the Sun. The three main production channels are reviewed,
and the corresponding energy spectra and fluxes are derived as functions of the axion energy. The
number density of gravitationally trapped axions in the solar gravitational potential is then estimated,
allowing the associated decay rate to be computed. These results are applied both to a generic ALP
model and to KK axions.

Finally, the data collected by LIME, a CYGNO collaboration experiment located at the Gran Sasso
National Laboratories, are used to constrain ALP and KK axion models. A dedicated data analysis
is performed, including a study of the efficiency of the selection cuts applied to the signal. From this
analysis, a sensitivity projection is derived for both generic ALPs and Kaluza–Klein axions.
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Chapter 1

The Strong CP Problem

In this chapter we introduce the strong CP problem. A simple way to state the problem is the
following: why is the electric dipole moment of the neutron so small? A little more precisely, although
the neutron is electrically neutral, it is composed of charged constituents: one up quark, with electric
charge +2/3, and two down quarks, each with electric charge −1/3. At a qualitative level, one may
estimate the electric dipole moment as

d⃗ =
∑

i∈quarks
qir⃗i (1.1)

where Eq. (1.1) should not be interpreted too literally, since quarks cannot be sharply localized inside
the neutron. Nevertheless, this expression is useful for building some intuition about the expected size
of the neutron electric dipole moment. Taking the characteristic neutron size to be rn ∼ 1/mπ, one
finds

|d⃗| ≃ 10−13 ×
√
1− cos θ e cm (1.2)

where θ is simply a geometric angle, as illustrated in Eq. (1.1). Therefore, on dimensional grounds,
one would naturally expect a neutron EDM of order 10−13 e cm.

Figure 1.1: Toy model of the neutron, figure taken from [1]

Since the electric dipole moment is a vector, it must be aligned with the only intrinsic vector associated
with the neutron, namely its spin. Experimentally, the neutron EDM can be probed by applying
parallel electric and magnetic fields, which induce Larmor precession with frequency

ν± = 2 |µB ± dE| . (1.3)

Here, ν is the Larmor frequency, E and B are the electric and magnetic fields, and d and µ are
respectively the electric and magnetic dipole moments. After an evolution time t, the fields are
switched off and the neutron spin state is measured, allowing one to determine ν+. Repeating the
same measurement with antiparallel electric and magnetic fields gives ν−. The difference between
these two frequencies can then be used to constrain the neutron EDM. The current best experimental
bound from Refs. [2, 3] is:

|d⃗| < 10−26 e cm. (1.4)
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1.1. Yang-Mills Theories

From a look to Eq. (1.2) it is clear that this implies θ < 10−13. The strong CP problem can therefore
be phrased as the question of why the parameter θ, which, as we will show, controls the CP violation
in the strong interactions, is so small.

Of course, this qualitative argument must be replaced by a more quantitative and field-theoretic
formulation. We begin by briefly reviewing Yang–Mills theories, which provide the general framework
for most of the fundamental interactions in Nature: the Standard Model itself is a Yang–Mills theory
with a specific matter content. We then focus on Quantum Chromodynamics, the Yang–Mills theory
associated with the strong interactions and embedded in the Standard Model. QCD has several
distinctive features, and it will be useful to discuss some equivalent ways of formulating this theory.
Finally, after introducing the necessary technical ingredients, we analyze the vacuum structure of QCD
and show how it gives rise to the strong CP problem in a more formal way.

1.1 Yang-Mills Theories

We first briefly introduce Yang–Mills theories and then turn to quantum chromodynamics (QCD).
These topics are covered in essentially every textbook on quantum field theory; see, for example
Ref. [4] and Ref. [5]. This introductory discussion is also useful for fixing the conventions that will
be used later. The simplest example of a Yang–Mills theory is given by the well-known case of QED.
One can derive the QED Lagrangian for a Dirac fermion by requiring local gauge invariance under

ψ(x)→ eiα(x)ψ(x)

and noticing that this requires the introduction of a new field Aµ in the derivative term, with trans-
formation law

Aµ → Aµ −
1

e
∂µα

where e is the electric charge. It is also instructive to follow a different approach, discussed for example
in Ref. [5], which makes the connection between gauge fields and connections more transparent. The
reason why one needs to modify the ordinary derivative is that the derivative is formally defined as
the limit

nµ∂µψ(x) = lim
ϵ→0

1

ϵ
[ψ(x+ ϵn)− ψ(x)] .

However, in the presence of a local phase symmetry, the two fields being subtracted transform inde-
pendently, and therefore ∂µψ does not have a simple transformation law. To solve this problem, one
can define a scalar quantity U(y, x) depending on two spacetime points x and y, with transformation
law

U(y, x)→ eiα(y)U(y, x)e−iα(x).

Moreover, as expected, we require that U(x, x) = 1. In this way ψ(y) and U(y, x)ψ(x) actually have
the same transformation law, and we can build a sensible derivative:

nµDµψ(x) = lim
ϵ→0

1

ϵ
[ψ(x+ ϵn)− U(x+ ϵn, x)ψ(x)]

Of course in this limit we are actually evaluating U(y, x) at infinitesimally separated points. Quite
generally, one can choose U(x, y) to be continuous in its arguments; it can therefore be expanded as:

U(x+ ϵn, x) = 1− ienµAµ(x) + O(ϵ2)

Where we extracted an arbitrary constant e and Aµ is defined as Aµ = ∂U(y,x)
∂yµ

∣∣∣
y=x

. From this, one

obtains the usual definition of the covariant derivative:

Dµψ(x) = (∂µ + ieAµ(x))ψ(x) (1.5)

and sees that the gauge field Aµ can be interpreted as a connection.
In 1954, Yang and Mills Ref. [6] extended the gauge principle to non-Abelian symmetries. In partic-
ular, they proposed that the previous construction could be generalized from local phase rotations to

2



1.1. Yang-Mills Theories

local transformations under a generic continuous symmetry group. The group we are interested in is
the group of unitary operators under which the theory is required to be left invariant. Unitarity is
needed in order to preserve probabilities or matrix elements.
We focus on groups that can be parameterized continuously by a finite set of parameters and so that
contain elements arbitrarily close to the identity, in fact the neutral element belongs to a group by
definition, and we are requiring continuity. This type of groups are called Lie groups and can be
viewed as differential manifolds. A generic group element g can be written in the form:

g(α) = 1 + iαaT
a

where T a are the generators of the group. These must be Hermitian in order to ensure unitarity.
Since we are interested in groups admitting finite-dimensional unitary representations, we restrict our
attention to compact Lie groups, that is, groups that are compact finite-dimensional manifolds. The
commutator of two generators must itself be a linear combination of generators, since the T a span the
space of infinitesimal group transformations. One therefore has[

T a, T b
]
= ifabcT c,

where the coefficients fabc are called the structure constants and define the Lie algebra. If there
exists a generator T a that commutes with all the other generators, then it generates an independent
continuous Abelian group U(1).
If no such generator exists, the group is called semisimple. Furthermore, if the generators cannot be
split into two mutually commuting subsets, then the algebra (and the corresponding group) is said to
be simple. An important result is that a compact Lie group can be decomposed into a direct product of
non-Abelian simple groups and Abelian factors. For simplicity, we therefore focus on a simple group.
There are not many types of simple groups, in fact only SU(N), SO(N), Sp(N) and the exceptional
groups can be groups at the same time simple, compact and with a unitary representation. We focus
on SU(N) for some integer N , the set of unitary matrices N ×N satisfying detU = 1, The number
of generators is easily shown to be N2 − 1.
Let us now consider an n-plet of Dirac fermions transforming in some representation of a simple group.
The transformation law is

ψ(x)→ eiα
a(x)taψ(x) = V (x)ψ(x),

where ta are the generators of the Lie algebra in the given n-dimensional representation. In this
case, V (x) is an arbitrary element of the corresponding representation of the gauge group, that is,
as discussed above, an arbitrary special unitary matrix. Once again, one needs to define a covariant
derivative. Proceeding through the introduction of U(y, x), this object is now promoted to an n × n
unitary matrix, with transformation law

U(y, x)→ V (y)U(y, x)V (x)†.

For infinitesimally separated points, y = x+ ϵn, the most general expansion of a unitary matrix is

U(x+ ϵn, x) = 1 + igϵnµAa
µta + O(ϵ2). (1.6)

We immediately understand that the number of gauge fields must be equal to the number of generators
of the group. From this last expression we easily recover the general form of the covariant derivative:

Dµ = ∂µ − igAa
µt

a (1.7)

one can use Eq. (1.1) applied to Eq. (1.6) to find the transformation law for Aa
µ:

1 + igϵnµAa
µt

a → V (x+ ϵn)
(
1 + igϵnµAa

µt
a
)
V †(x)

And using:

V (x+ ϵn)V †(x) =
[(

1 + ϵnµ
∂

∂xµ

)
V (x)

]
V †(x) = 1− ϵnµV (x)

∂

∂xµ
V †(x)

3



1.2. Quantum Chromodynamics

One finds:

Aa
µt

a → V (x)

(
Aa

µt
a +

i

g
∂µ

)
V †(x) (1.8)

Or, for infinitesimal transformations:

Aa
µ → Aa

µ +
1

g
∂µα

a + fabcAb
µα

c

Of course this implies that the covariant derivative has the same transformation law of ψ, and therefore:[
Dµ, Dν

]
ψ(x)→ V (x)

[
Dµ, Dν

]
ψ(x)

It is useful to define also the field-strength tensor F a
µν through the relation:[

Dµ, Dν

]
= −igF a

µνt
a, F a

µν = ∂µA
a
ν − ∂νAa

µ + gfabcAb
µA

c
ν (1.9)

1.2 Quantum Chromodynamics

Quantum Chromodynamics (QCD) emerged from the need to provide a coherent quantum-field-
theoretic description of the strong interaction. In the 1950s and early 1960s, a rapidly growing “zoo”
of strongly interacting particles was discovered, first in cosmic-ray experiments and later in accelerator
data. These particles, collectively known as hadrons, displayed a rich spectroscopy but resisted any
simple unified interpretation. Unlike other successful quantum field theories, where the fields appear-
ing in the Lagrangian could be more directly associated with the observed particle spectrum, the large
number of hadronic states suggested that hadrons might not be elementary.
An essential step toward the modern picture was the development of the SU(3) flavor classification
known as the Eightfold Way, introduced independently by Gell-Mann and Ne’eman in 1961, see Refs.
[7, 8]. This scheme provided a remarkably successful organization of mesons and baryons into mul-
tiplets and led to the prediction of the Ω− baryon. A further decisive advance came in 1964, when
Gell-Mann and, independently, Zweig proposed that hadrons are composite objects built from more
fundamental constituents, later called quarks in Refs. [9, 10].
Despite its phenomenological success, the quark model initially faced a serious conceptual difficulty.
Some baryons appeared to require three quarks of the same flavor in a spatially symmetric ground
state, implying a completely symmetric overall wavefunction for identical spin-12 fermions. This would
be incompatible with the Pauli exclusion principle unless quarks possessed an additional internal
degree of freedom Ref. [11]. In 1965, several authors proposed ways to resolve this problem by intro-
ducing a new hidden three-valued internal quantum number in Refs. [12, 13]. Gell-Mann later coined
the term color for this new degree of freedom, which is one of the fundamental ingredients of QCD.
Nevertheless, a clear explanation of why quarks should be confined was still missing. Important
progress came in 1970 with Khriplovich in Ref. [14] and in 1971 with ’t Hooft in Ref. [15], who com-
puted the one-loop beta function of Yang–Mills theories and found that, under suitable conditions,
it is negative. In fact, in four spacetime dimensions asymptotic freedom occurs only in non-Abelian
gauge theories. For a generic non-Abelian gauge theory, they obtained

β ≡ d ln g

d lnµ
= − g2

(4π)2

(
11

3
C2(G)−

4

3
nfC(r)

)
. (1.10)

Here nf is the number of fermion species in the representation r, and C(r) is defined through the
orthogonality relation

tr[tatb] = C(r) δab ,

which can always be achieved by an appropriate choice of basis for the generators. For groups such as
SU(N), one often adopts the conventional normalization C(r) = 1

2 in the fundamental representation.
The coefficient C2(G) is the quadratic Casimir in the adjoint representation; more generally, for a
representation r the quadratic Casimir C2(r) is defined by

tart
a
r = C2(r) · 1 .

4



1.2. Quantum Chromodynamics

One can show that for the fundamental representation of SU(N), C2(N) = N2−1
2N , while for the adjoint

representation C2(G) = N .
Building on these results, in 1973 Gross and Wilczek in Ref. [16] and, independently, Politzer in
Ref. [17] identified the phenomenon of asymptotic freedom and clarified its physical significance: at
short distances the interaction becomes weak, whereas at long distances it becomes strong.
In the same year, Fritzsch, Gell-Mann, and Leutwyler in Ref. [18] proposed a simple quantum field
theory incorporating all the observed key ingredients. Introducing an SU(3)c gauge group and quarks
u, d, and s transforming as color triplets, they obtained a model with an approximate global SU(3)
flavor symmetry that could reproduce the hadron spectrum. At the same time, the strong-coupling
behavior of SU(3)c at long distances provides a natural mechanism to confine quarks and gluons into
color-neutral bound states—namely, the observed hadrons. In this case the beta function reduces to

β(g) = − g3

(4π)2

(
11

3
N − 2

3
nf

)
< 0 . (1.11)

The associated Lagrangian is:

L = iq̄Liγ
µDµqLi+ iq̄Riγ

µDµqRi− q̄LiMijqRj − q̄RjM
∗
ijqLi−

1

4
GA

µνG
µν,A+ θ

g2

64π2
GA

µνG
A
αβϵ

µναβ (1.12)

Where we have divided left and right-handed fermions, Dµ is the covariant derivative, defined as usual:

(Dµq)ai = (δab∂µ − igAA
µT

A
ab)qbi

The i index is in the flavor space, the a, b are color indices, and A is the index for the 8 gauge fields
(gluons). We wrote the most general Lagrangian with all the ingredients said above, not assuming
any other symmetry. Usually when writing the QED Lagrangian it is done assuming symmetry under
parity, eliminating terms such as cϵF F̃ , (that however as we will see in the next sections are a total
derivative) in this case we cannot work under this assumption, and therefore we must include also the
last term in Eq. (1.12).
This is the term that opens the strong CP problem. Before really moving to the strong CP problem
we present the symmetries of Eq. (1.12). Besides Poincaré and gauge symmetry, we have also some
symmetries in flavor space: in fact, in absence of masses we have symmetry under independent flavor
rotations of the left and right handed fermions:

qLi → ULijqLj , qRi → URijqRj ,

Where UL,R are Nf ×Nf unitary matrices. This regime is actually particularly important since as we
will see u, d and s quarks have masses well below Λχ, the scale at which the perturbative regime is
lost, which is at about ∼ 200 MeV.
The symmetry in this case can act independently for left and right chiralities, since they are not mixed
by the kinetic term. We therefore call “chiral”, the symmetry group U(Nf )L×U(Nf )R, or equivalently
SU(Nf )L × SU(Nf )R × U(1)B × U(1)A the last two abelian groups are given by the transformation
relations: (

qL
qR

)
U(1)B−−−−→

(
eiαBqL
eiαBqR

) (
qL
qR

)
U(1)A−−−−→

(
e−iαAqL
eiαAqR

)
However, even in the massless quark limit, the last symmetry U(1)A is anomalous as we will show.
Let us mention that if, instead, we assumeMij = miδij then the symmetry group becomes SU(Nf )V ×
U(1)B, and in this case we have to rotate left-handed fields in the same way as right-handed fields.
This regime is important after the formation of quark condensates, where as we will see, the quark
bilinear takes a vacuum expectation value.
Finally if after a bi-unitary transformation we arrive at a generic diagonal form for the mass matrix
Mij = miδij the symmetry in flavor space is given by:

qLi → eiαiqLi qRi → eiαiqRi

That is the symmetry given by the group U(1)V1 × · · ·U(1)VNf
.

5



1.2. Quantum Chromodynamics

1.2.1 The Chiral Lagrangian

We now present an alternative way to describe QCD. In fact below a certain scale, Λχ the relevant
degrees of freedom are not those in Eq. (1.12), in fact QCD becomes non-perturbative, and we should
use other degrees of freedom. Let us start by considering at energy scales slightly below Λχ, where
most of the fields can be safely integrated out, with the exception of only the u, d, and s quarks.
Moreover, since mu,d ≪ ms ≲ Λχ, the quark mass matrix can be treated as a perturbation, and we
may first work in the massless limit.
As discussed before, in this limit the theory has the full chiral symmetry

SU(Nf )L × SU(Nf )R × U(1)B × U(1)A,

As we had lowered the energy, perturbation theory breaks down, and a quark bilinear condensate
proportional to the identity in flavor space is formed:

⟨q̄RjqLi⟩ = ⟨Φij⟩ ∝ δij (1.13)

This condensate (and in particular its vacuum expectation value) is the order parameter responsible
for the breaking of the full chiral symmetry, assuming that the bilinear forms well above the scale set
by ms. It is quite easy to construct a toy model in which such a vacuum expectation value is generated
dynamically, for instance the Nambu–Jona-Lasinio model in Ref. [19]. The operator in Eq. (1.13) is the
first gauge-invariant term which breaks chiral symmetry. To see explicitly how Eq. (1.13) transforms
under chiral rotations, we write

Φij = q̄RjqLi → Lii′R
∗
jj′ q̄Rj′qLi′ =

(
LΦR†

)
ij
.

Thus the chiral symmetry is spontaneously broken according to

SU(Nf )L × SU(Nf )R × U(1)B × U(1)A → SU(Nf )V × U(1)B.

By Goldstone’s theorem, we expect one Nambu–Goldstone boson for each broken generator. Therefore,
in this case, we would expect 8+1 Nambu–Goldstone bosons. Since real-world QCD contains massive
quarks, these states are only pseudo-Nambu–Goldstone bosons, because they acquire small masses.
However, experimentally one observes only 8 light pseudoscalar particles, and not 9. This is known
as the U(1) problem, which we will discuss later. We anticipate that its resolution is related to the
fact that the Noether current associated with the UA(1) symmetry is anomalous, as we will show. In
particular this symmetry is already strongly broken when the quark condensate forms, and it should
not be regarded as an exact symmetry of the theory. As mentioned above, QCD in the infrared is
strongly coupled, and therefore the spectrum of physical states cannot be determined perturbatively.
Instead, hadrons are formed, and the relevant degrees of freedom are hadronic rather than quark fields.
We must therefore construct an equivalent QFT description in terms of hadrons. This is usually called
a dual description. Since the number of hadronic states is extremely large, such a description is useful
only in the low-energy regime, where the heavy hadrons can be integrated out and only the Nambu–
Goldstone bosons remain dynamical.
We can describe the Nambu–Goldstone bosons using the Callan–Coleman–Wess–Zumino formalism.
Starting from a group G spontaneously broken into a subgroup H, the commutation relations can be
written as [

T a, T b
]
=ifabcT c[

T a, X b̂
]
=ifab̂ĉX ĉ[

X â, X b̂
]
=if âb̂cT c + if âb̂ĉX ĉ

(1.14)

where T a are the unbroken generators of G, while X â are the broken generators. The first relation in
Eq. (1.14) follows from the fact that H is a group. The second relation follows from the antisymmetry
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1.2. Quantum Chromodynamics

of the structure constants, a property which can always be guaranteed for compact groups, while the
third relation is completely general. We define the Nambu–Goldstone matrix as an element U ∈ G/H:

U(Π) = eiΠâX
â
, (1.15)

where Πâ denotes the set of Nambu–Goldstone bosons, each associated with a spontaneously broken
generator X â. One can then derive the transformation rule for U(Π). Since U(Π) is an element of G,
also gU(Π) belongs to G. Therefore, one can write

U(Π)→ gU(Π) = U(Π′)h,

where h ∈ H. It can be shown that this decomposition is unique. Therefore,

U(Π)→ U(Π′) = gU(Π)h†. (1.16)

We are interested in the particular case of symmetric cosets, for which[
X â, X b̂

]
= if âb̂cT c. (1.17)

In this case, the algebra Eq. (1.14) is invariant under the automorphism P(T ) = T , P(X) = −X.
Starting from gU = U ′h and acting with P on both sides, we obtain

P(g)U † = U ′†h.

Therefore,

U ′† = P(g)U †h† =⇒ U ′ = hUP(g)†.

Combining this relation with U ′ = gUh†, one can construct a new object with a simple transformation
law:

Σ = UU → gΣP(g)†. (1.18)

This is precisely the case relevant for the spontaneous symmetry breaking pattern

SU(N)R × SU(N)L → SU(N)V .

Indeed, [
T a
L, T

b
L

]
= ifabcT c

L,
[
T a
R, T

b
R

]
= ifabcT c

R,
[
T a
L, T

b
R

]
= 0. (1.19)

Defining

T a = T a
L + T a

R, Xa = T a
L − T a

R,

we find [
T a, T b

]
= ifabcT c,

[
Xa, Xb

]
= ifabcT c,

[
T a, Xb

]
= ifabcXc. (1.20)

A representation of the generators can be easily constructed. Since TL and TR commute with each
other, they act on orthogonal spaces:

T a
L =

(
T a 0
0 0

)
, T a

R =

(
0 0
0 T a

)
, (1.21)

where T a is a generator of SU(N). A generic element of the group G is then given by

g =

(
L 0
0 R

)
, (1.22)

while an element h of the unbroken subgroup H is

h =

(
V 0
0 V

)
. (1.23)
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1.2. Quantum Chromodynamics

The Nambu–Goldstone matrix is therefore

U = eiΠ
aXa =

(
ξ 0
0 ξ†

)
. (1.24)

We can finally define the matrix Σ, given by Σ = ξξ. From the transformation law U → gUh†, one
obtains ξ → LξV †, and therefore

Σ→ LΣR†.

Going back to the chiral Lagrangian, we define

Σ = eiλaΠa/f . (1.25)

Here λa are the Gell-Mann matrices. The matrix Π = λaΠa is traceless and Hermitian, and has mass
dimension one, while f is the pion decay constant. The lowest-order term that we can write that is
invariant under chiral symmetry is

Lχ =
f2

4
Tr
[
∂µΣ∂

µΣ†
]
. (1.26)

With this normalization, the Nambu–Goldstone bosons have canonically normalized kinetic terms.
There are different ways to establish the mapping between hadrons and quark bilinears. One possibility
is to use the Noether currents associated with SU(3)L and SU(3)R. Starting from Eq. (1.12), and
using the standard definition of the Noether current,

S
[
eiαaTa

q,G
]
− S [q,G] = −

∫
d4x∂µαaJ

aµ, (1.27)

we can write

Jaµ
L =q̄Liγ

µT a
ijqLj ,

Jaµ
R =q̄Riγ

µT a
ijqRj .

(1.28)

On the other hand, in the chiral effective theory one finds

Jaµ
L =i

f2

4
Tr
[(
∂µΣΣ† − Σ∂µΣ†

)
T a
]

=− f

2
Tr [∂µΠT a] ,

Jaµ
R =i

f2

4
Tr
[(
∂µΣ†Σ− Σ†∂µΣ

)
T a
]

=+
f

2
Tr [∂µΠT a] .

(1.29)

This means that the vector current Jaµ
V has no term linear in Π, while the axial current satisfies

Jaµ
A = −f∂µΠ. By matching the Noether currents in the fundamental and effective descriptions, one

finds, for example,

if∂µπ0 =
1√
2
(ūγµγ5u− d̄γµγ5d),

if∂µπ+ = d̄γµγ5u,

(1.30)

and analogous relations for the other mesons. We can now include the effects of the quark mass matrix.
To do so, we use the spurion method. The idea is to observe that, if the mass matrix M transformed
as

M → LMR†,

then Eq. (1.12) would remain formally invariant under the full chiral symmetry. We must therefore
add a term to the chiral Lagrangian which remains invariant under the transformation law Σ→ LΣR†,
provided that M transforms as above. The leading term of this kind is

LM =
Bf2

2
Tr[ΣM † +Σ†M ]. (1.31)

We will use these considerations later to derive the axion mass in the framework of the Peccei–Quinn
mechanism.
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1.2. Quantum Chromodynamics

1.2.2 Anomalies

Before turning to the strong CP problem in detail, we need to introduce one last ingredient: anoma-
lous symmetries. This will also be essential for understanding the resolution of the U(1) problem.
There are several ways to derive anomalies. For example, by regularizing linearly divergent trian-
gle Feynman diagrams, one finds that preserving gauge invariance necessarily breaks axial current
conservation. Here we follow instead Fujikawa’s approach, in which the anomaly arises from the non-
invariance of the path-integral measure under a symmetry transformation.
Let us first recall the standard Ward identity. Suppose that a field transformation ϕ→ ϕ′ changes the
action according to Eq. (1.27), and assume for the moment that the path-integral measure is invariant,
Dϕ′ = Dϕ. Then

Z =

∫
Dϕ eiS[ϕ] =

∫
Dϕ′ eiS[ϕ

′]

=

∫
Dϕ exp

{
iS[ϕ]− i

∫
d4x ∂µαJ

µ

}
=

∫
Dϕ eiS[ϕ]

[
1− i

∫
d4x ∂µαJ

µ

]
.

(1.32)

Where in the second equality we Taylor expanded the action. Integrating by parts and using the
arbitrariness of α(x), one obtains the usual conservation law for the Noether current,

∂µJ
µ = 0.

However, if the same transformation changes the measure according to

Dϕ′ = Dϕ exp

{
i

∫
d4xα(x)A(x)

}
,

then the same argument gives instead
∂µJ

µ = A. (1.33)

Thus a current associated with a classical symmetry of the Lagrangian need not be conserved in the
quantum theory. In this case the symmetry is said to be anomalous, and Eq. (1.33) is the anomalous
Ward identity.
Let us now compute the anomaly following Fujikawa’s method. We consider a local chiral transfor-
mation of the fermion fields,

U(x) = eiα
a(x)taγ5 , t†a = ta, [γµ, ta] = 0. (1.34)

The corresponding transformation of ψ̄ involves

Ū(x) = iγ0e−iαa(x)taγ5iγ0 = e+iαa(x)taγ5(iγ0)2 = eiα
a(x)taγ5 = U(x). (1.35)

therefore the fermionic path-integral measure transforms with the Jacobian

Ū(x) = U(x) =⇒ (DetU)−1 (Det Ū
)−1

= (DetU)−2 . (1.36)

This factor can be different from 1 and we must compute it. We start from

Tr logU =

∫
d4x ⟨x|tr logU|x⟩ =

∫
d4x δ(4)(0) iϵα(x)tr (tαγ5) , (1.37)

where Tr denotes the functional trace, while tr denotes the trace over internal and Dirac indices.
Hence

(DetU)−2 = e−2Tr logU = ei
∫
d4x ϵα(x)aα(x),

with
aα(x) = −2δ(4)(0) tr (tαγ5) .
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1.2. Quantum Chromodynamics

This formal expression is ill-defined: the trace of γ5 over Dirac indices vanishes, whereas δ(4)(0) is
divergent. Therefore a regulator is needed. Using

δ(4)(0) = ⟨x|x⟩ =
∫
d4p ⟨x|p⟩⟨p|x⟩ =

∫
d4p

(2π)4
eip(x−y)

∣∣∣
x=y

,

we regularize the trace by introducing a gauge-covariant cutoff. We note that crucially we choose
a gauge invariant regularization, since we want to preserve this symmetry. This is very clear if one
would have chosen the alternative route: trying to regularize triangular Feynman diagrams one finds
that it is not possible to preserve both gauge and chiral symmetry. We compute∫

d4x ϵαaα(x) = −2 lim
Λ→∞

TrTΛ, TΛ = ϵα(x)γ5tαf
(
(iγµDµ/Λ)

2
)
, (1.38)

where f(s) is a smooth function satisfying f(0) = 1, f(∞) = 0, and sf ′(s) = 0 at both s = 0 and
s =∞. We then have

TrTΛ =

∫
d4x tr

〈
x
∣∣ϵα(x)γ5tαf ((iγµDµ/Λ)

2
)∣∣x〉

=

∫
d4x ϵα(x)

∫
d4p ⟨x|p⟩ tr

[
γ5tα

〈
p
∣∣f ((iγµDµ/Λ)

2
)∣∣x〉]

=

∫
d4x ϵα(x)

∫
d4p

(2π)4
eipxtr

[
γ5tαf

(
− 1

Λ2

[
γµ
(

∂

∂xµ
− iAR

µ

)]2)]
e−ipx.

(1.39)

Using

f

(
− 1

Λ2

[
γµ
(

∂

∂xµ
− iAR

µ

)]2)
e−ipx = e−ipxf

(
− 1

Λ2

[
γµ
(

∂

∂xµ
− ipµ − iAR

µ

)]2)
, (1.40)

we obtain

TrTΛ =

∫
d4x ϵα(x)

∫
d4p

(2π)4
tr

[
γ5tαf

(
− 1

Λ2
[−i/p+ /D]2

)]
.

Changing variables p = Λq, this becomes

TrTΛ =

∫
d4x ϵα(x)Λ4

∫
d4q

(2π)4
tr
[
γ5tαf

(
[−i/q + /D/Λ]2

)]
. (1.41)

We now expand in powers of 1/Λ. Using the Clifford algebra,(
−i/q +

/D

Λ

)2

= −q2 − 2iqµDµ

Λ
+

/D
2

Λ2
.

A non-vanishing trace with γ5 in four dimensions requires exactly four gamma matrices. Moreover, a
finite contribution in the limit Λ→∞ comes from the term quadratic in /D

2
/Λ2. Therefore

lim
Λ→∞

TrTΛ =

∫
d4x ϵα(x)

∫
d4q

(2π)4
1

2
f ′′(q2)tr

[
γ5tα( /D

2
)2
]
.

After a Wick rotation q0 → −iq0, and passing to spherical coordinates in Euclidean momentum space,
one finds ∫

d4q

(2π)4
1

2
f ′′(q2) =

i

32π4
vol(S3)

∫ +∞

0
dq q3f ′′(q2).

Since vol(S3) = 2π2, and using the change of variables q2 = ξ, we get∫
d4q

(2π)4
1

2
f ′′(q2) =

i

32π2

[
ξf ′(ξ)

∣∣∣∞
0
−
∫ ∞

0
dξ f ′(ξ)

]
=

i

32π2
,
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1.2. Quantum Chromodynamics

where the boundary conditions imposed on f have been used. We now use

/D
2
=

(
1

2
{γµ, γν}+ 1

2
[γµ, γν ]

)
DµDν = DµDµ −

i

4
e[γµ, γν ]Fµν .

Here {γµ, γν} = 2gµν and [Dµ, Dν ] = −iFµν . Since only the antisymmetric part contributes to the
trace with γ5, and using

trD (γ5γ
µγνγσγρ) = 4iϵµνσρ,

one obtains

tr
[
γ5tα( /D

2
)2
]
=

(
i

4

)2

e2trD [γ5[γ
µ, γν ][γσ, γρ]] trR [tαFµνFσρ] = −ie2ϵµνρσtrR [tαFµνFσρ] . (1.42)

therefore,

lim
Λ→∞

TrTΛ =
e2

32π2

∫
d4x ϵα(x)ϵµνρσtrR [tαFµνFσρ] ,

and the anomaly is

Aα(x) = −
e2

16π2
ϵµνρσtrR [tαFµν(x)Fσρ(x)] .

The trace depends on the representation R of the gauge group. We can now apply this result to QCD.
In the non-Abelian case the field strength carries gauge indices, and the corresponding expression
becomes

Aα(x) = −
g2

16π2
ϵµνρσF a

µν(x)F
b
σρ(x)trR [tαTaTb] , (1.43)

where Ta are the generators of the gauge group in the representation R. For SU(3) in the fundamental
representation one has Ta = λa/2, with λa the Gell-Mann matrices.
In QCD, in addition to gauge transformations, one can consider flavor transformations. In particular,

ψ → eiαaTa
ψ, ψ → eiγ5αaTa

ψ. (1.44)

The first transformation is vector-like, while the second is axial. A computation analogous to the one
above shows that the vector current is not anomalous, whereas the axial current satisfies

∂µ
(
ψ̄γµγ5T aψ

)
= − g2

32π2
Tr [T a{TA,TB}]FA

µνF
B
σρϵ

µνρσ. (1.45)

Here the trace is over both flavor and color indices. Explicitly, for the flavor generators we take

UA(1) : T 0 = δijδab,

axial non-Abelian: T a =
1

2
λaijδab, a = 1, . . . , 8,

(1.46)

while the color (gauge) generators are

TA = δij
1

2
λAab, A = 1, . . . , 8. (1.47)

We can now determine which axial symmetries are anomalous. Since flavor and color generators act
on different spaces, they commute. For the non-Abelian axial generators,

Tr
[
T a{TA,TB}

]
= Trflavour[T

a] Trcolor
[
{TA,TB}

]
= Trflavour[T

a] δAB = 0. (1.48)

In the last step we used the fact that the Gell-Mann matrices are traceless. therefore the non-
Abelian axial symmetries are not anomalous with respect to QCD. On the other hand, the axial
U(1)A generator is proportional to the identity in flavor space, and hence

Tr
[
T 0{TA,TB}

]
= Trflavour[T

0] Trcolor
[
{TA,TB}

]
= Nf δ

AB. (1.49)
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1.2. Quantum Chromodynamics

Thus Eq. (1.45) becomes

∂µ
(
ψ̄γµγ5ψ

)
= − g2

32π2
Nf ϵ

µναβGA
µνG

A
αβ. (1.50)

This shows that the classical UA(1) symmetry is explicitly broken by quantum effects. Around the
hadronic scale, where the strong coupling is large, this breaking is not negligible. As a consequence,
one does not expect an additional light Goldstone boson associated with UA(1), in agreement with
the observed meson spectrum.
Other gauge interactions, such as electromagnetic and weak interactions, may also contribute to
anomalies of axial currents. In those cases, however, the strong coupling g is replaced by e or gw, and
the corresponding effects are much smaller at low energies.
The anomaly of the axial current has another important consequence, directly related to the strong
CP problem. Consider the QCD path integral starting from Eq. (1.12), including the most general
θ-term:

Z[M, θ] =

∫
D[q, q̄, G] e

i
∫
d4x

[
q̄i /Dq−(q̄LMqR+h.c.)− 1

4
GAGA+θ g2

64π2 ϵG
AGA

]

=

∫
D[q′, q̄′, G] e

i
∫
d4x

[
q̄′i /Dq′−(q̄′LMq′R+h.c.)− 1

4
GAGA+θ g2

64π2 ϵG
AGA

]

=

∫
D[q, q̄, G] e

i
∫
d4x

[
q̄i /Dq−(q̄Le

2iαMqR+h.c.)− 1
4
GAGA+θ g2

64π2 ϵG
AGA

]
−i

∫
d4xαA

=

∫
D[q, q̄, G] e

i
∫
d4x

[
q̄i /Dq−(q̄Le

2iαMqR+h.c.)− 1
4
GAGA+(θ+2Nfα)

g2

64π2 ϵG
AGA

]

= Z[Me2iα, θ + 2Nfα].

(1.51)

We therefore have the equivalence relation

(M, θ) ∼ (Me2iα, θ + 2Nfα).

If θ were not a physical parameter, the phase of the quark mass matrix would also be unphysical.
Nevertheless it can be easily shown that this is not the case, so that θ must be treated as a physical
parameter.
The equivalence relation in Eq. (1.51) shows that θ and the phase of the quark mass matrix are not
separately physical. With the conventions used above, the invariant combination is

θ̄ = θ −Arg [detM ] . (1.52)

Indeed, under the chiral UA(1) transformation,

Arg [detM ]→ Arg [detM ] + 2Nfα, θ → θ + 2Nfα,

so that θ̄ is invariant. In the next section we will see how this parameter receives also another
contribution related to the non-trivial topological structure of the QCD vacuum.

1.2.3 Back to the Chiral Lagrangian

Before moving on, let us return to the chiral Lagrangian formalism and include the effect of the
anomalous UA(1) symmetry. From the previous discussion, we learned that an axial rotation of the
quark fields,

q → eiγ5αq,

does not leave the quantum theory invariant, because the path-integral measure is anomalous. Equiv-
alently, such a transformation shifts the coefficient of the topological operator GµνG̃

µν . In the two-
flavour theory, and with the conventions adopted above, this effect can be described by treating θ as
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1.2. Quantum Chromodynamics

a spurion. Namely, we assign to θ a transformation law such that the anomalous transformation is
formally promoted to a symmetry:

u→ eiγ5αu, d→ eiγ5αd, θ → θ − 2α. (1.53)

The precise numerical coefficient in the shift of θ depends on the normalization chosen for the axial
rotation and for the operator GG̃. What is important is that the anomalous axial rotation can be
compensated by a shift of θ.
There are important differences between treating θ as a spurion and treating the quark mass matrix
M as a spurion. The mass matrix transforms multiplicatively under chiral transformations, while θ
transforms non-linearly: it shifts. In order to write objects that transform linearly, one may instead
use eiθ. Moreover, in the limit M → 0 the ordinary chiral symmetry is restored, whereas there is no
analogous limit for θ: the UA(1) symmetry is anomalous from the beginning, and setting θ = 0 does
not restore it as an exact quantum symmetry. This is also reflected in the fact that |eiθ| = 1 for any
value of θ.
Because θ, a parameter of the theory, transforms under the anomalous symmetry, the singlet pseu-
doscalar field associated with UA(1), which we denote by η, acquires a mass even in the limit in which
the quark masses vanish. In the chiral Lagrangian, where the degrees of freedom are bosonic and
anomalies are encoded in effective terms, we can implement the anomalous symmetry through the
formal transformation rules

η → η +
√
2αfπ, θ → θ − 2α, M →Me−iα. (1.54)

These transformation rules allow us to construct an effective Lagrangian that correctly reproduces the
anomalous breaking of UA(1).
Again, we must build a Lagrangian that is invariant under Eq. (1.54). We therefore add to the chiral
Lagrangian a term that depends on the determinant of the meson field,

Lχ =
f2π
4
Tr
[
∂µΣ∂

µΣ†
]
+
Bf2π
2

Tr
[
ΣM † +Σ†M

]
+
C

2
f4π detU +

C∗

2
f4π detU

†. (1.55)

In order for this term to reproduce the θ-dependence of the anomalous theory, we take C = |C|eiθ.
Expanding the determinant term around the singlet direction gives a mass term for η,

Lη =
1

2
m2

η

(
η − θfπ√

2

)2

, (1.56)

with m2
η = 2|C|f2π . Thus the η field becomes massive even in the chiral limit, as expected from the

anomalous breaking of UA(1).
At energies below the η mass, we may integrate out the singlet field. Using its vacuum expectation
value, the remaining SU(2) matrix can be written schematically as

U = eiθ/2 exp
(
iσiπ

i/fπ
)
.

The mass term for the neutral pion sector then becomes

Lmass = Bf2π
[
mu cos

(
π0/fπ + θ̄/2

)
+md cos

(
π0/fπ − θ̄/2

)]
, (1.57)

where

θ̄ = θ + θu + θd.

Here θu and θd denote the phases of the up- and down-quark masses. The parameter B can be chosen
real, since the only CP-violating phase in the QCD Lagrangian is the invariant combination θ̄. The
minimum of the potential is obtained from the condition

∂V

∂π0
= 0,
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1.3. QCD vacuum

which gives

tan
π0
fπ

=
mu −md

mu +md
tan

θ̄

2
, V = −m2

πf
2
π

√
1− 4mumd

(mu +md)2
sin2

θ̄

2
. (1.58)

Expanding around the minimum, one finds that the neutral pion mass depends on θ̄, while the charged
pion mass is

m2
π0(θ̄) = B

√
m2

u +m2
d + 2mumd cos θ̄, m2

π± = B(mu +md). (1.59)

For θ̄ = 0, the usual leading-order chiral perturbation theory result is recovered,

m2
π0 = m2

π± = B(mu +md).

Experimentally, the neutral and charged pion masses are very close, up to electromagnetic and isospin-
breaking corrections. This provides a first indication that θ̄ must be very small.

1.3 QCD vacuum

1.3.1 Path Integral Formulation of Yang–Mills Theories

We now turn to the topological structure of the QCD vacuum. As a first step, following Ref. [20], we
review the path-integral formulation of a pure Yang–Mills theory with gauge group SU(N). This first
step helps to clarify how to compute things in a single topological sector, where gauge transformation
are always connected to the identity. We start from the pure Yang–Mills Lagrangian

L = −1

4

∑
a

F a
µνF

µν
a . (1.60)

It is convenient to work in temporal gauge, Aa
0 = 0. In this gauge the dynamical variables are the

spatial components Aa
i . The canonical momenta conjugate to Aa

i are

Πa
i = F a

0i ≡ Ea
i , (1.61)

and, in temporal gauge, this reduces to Ea
i = Ȧa

i . The Hamiltonian density then takes the familiar
form

H =
1

2

[
(Ea

i )
2 + (Ba

i )
2
]
, (1.62)

where the non-Abelian chromomagnetic field is defined by

Ba
i =

1

2
ϵijkF

a
jk =

1

2
ϵijk

(
∂jA

a
k − ∂kAa

j + fabcAb
jA

c
k

)
. (1.63)

The Yang–Mills equations of motion are DµF
µν = 0. In particular choosing the Lorentz index ν = 0

gives Gauss’ law,
DiEi = 0, (1.64)

or, in components,
Ca(A) ≡ (DiEi)

a = ∂iȦ
a
i + fabcAb

i Ȧ
c
i = 0. (1.65)

This equation is a constraint rather than a dynamical equation. Indeed, Ca(A) generates time-
independent gauge transformations, while the Hamiltonian is gauge invariant. After our gauge fixing,
the restriction to time-independent transformations is necessary because we have fixed the gauge
Aa

0 = 0, and a generic time-dependent gauge transformation would not preserve this condition. For
an infinitesimal gauge transformation with parameter λa(x), the gauge field transforms as

Aa
µ → Aa

µ + (Dµλ)
a, δAa

µ = (Dµλ)
a. (1.66)

The corresponding generator is

Qλ =

∫
d3xΠa

i (x)(Diλ)
a(x), (1.67)
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1.3. QCD vacuum

where only the spatial components appear because Aa
0 is not a dynamical variable in temporal gauge.

Using the canonical Poisson brackets{
Aa

i (x),Π
b
j(y)

}
= δabδijδ

(3)(x− y), (1.68)

one immediately finds, as expected

{Aa
i (x), Qλ} = (Diλ)

a(x), (1.69)

Integrating Eq. (1.67) by parts, and assuming that λa(x) vanishes sufficiently fast at spatial infinity,
one obtains

Qλ = −
∫
d3xλa(x)(DiΠi)

a(x). (1.70)

Since Πa
i = Ea

i , the quantity multiplying λa is precisely Gauss’ constraint. Therefore physical states
must satisfy

(DiEi)
a|ψ⟩ = 0. (1.71)

Equivalently, physical states are invariant under gauge transformations connected to the identity and
trivial at spatial infinity:

eiQλ |ψ⟩ = |ψ⟩, λa(x) −−−−→
|x|→∞

0. (1.72)

It is useful to rewrite this statement in terms of finite gauge transformations. Defining Ai = Aa
i T

a, a
time-independent gauge transformation acts as

Ai → UAiU
−1 + i U∂iU

−1, (1.73)

up to the conventional placement of the gauge coupling in the definition of Ai and of the covariant
derivative. Field eigenstates |Ai⟩, however, are not themselves gauge invariant. A gauge-invariant
state can be formally obtained by averaging over the gauge orbit,

|Ai⟩phys =
∫
[Dλ] eiQλ |Ai⟩. (1.74)

Since λ is an integration variable, a further gauge transformation only amounts to a change of variables
in the integral, leaving the physical state unchanged.
To parametrize the physical configuration space, one may choose a representative on each gauge orbit.
For example, one can impose another gauge condition, the transverse gauge fixing:

∇ ·Atr = 0. (1.75)

Then a generic field configuration can be written as

Ai(x, t) = U(x)Atr
i (x, t)U

−1(x) + i U(x)∂iU
−1(x), ∇ ·Atr = 0. (1.76)

Thus the full functional integration over gauge fields can be understood as an integration over physical
representatives, such as Atr

i , together with an integration over gauge transformations U . The latter
integration only counts gauge redundancy and must be treated appropriately in the path integral.
In this way, the temporal-gauge Hamiltonian formulation makes explicit two important points. First,
the condition A0 = 0 can be imposed while leaving a residual class of time-independent gauge trans-
formations. Second, Gauss’ law appears as a constraint on physical states, enforcing their invariance
under gauge transformations connected to the identity and trivial at spatial infinity. This will be the
starting point for understanding the non-trivial vacuum structure of Yang–Mills theory.
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1.3. QCD vacuum

1.3.2 Winding Number

We can now study the structure of the Yang–Mills vacuum and the stationary points of the action.
Useful references for the following discussion are Refs. [21, 22, 23, 24]. Working in Euclidean space,
the requirement of finite action implies that the field strength must vanish at infinity,

F a
µν −−−−→|x|→∞

0. (1.77)

therefore the gauge potential must approach a pure gauge configuration at infinity. In this limit,
Eq. (1.76) reduces to

Aµ(x) −−−−→
|x|→∞

i U(x)∂µU
−1(x), (1.78)

up to the conventional placement of the gauge coupling in the definition of Aµ. In this way, any
finite-action configuration defines a map from the boundary of Euclidean spacetime into the gauge
group. Since the boundary of compactified R4 is a three-sphere, we have

U : S3
∞ −→ SU(3). (1.79)

In other words, we have compactified the boundary of R4 to S3
∞. In Minkowski space one can formulate

an analogous discussion in terms of a cylinder S2 × R, but for the present purpose the Euclidean
formulation is the most convenient one.
Such maps are classified by homotopy theory. Two maps are said to belong to the same homotopy
class if they can be continuously deformed into each other. Before discussing the formal classification,
it is useful to keep the physical picture in mind. As we have said, at infinity the field strength vanishes,
and therefore the gauge field is gauge-equivalent to Aµ = 0. Thus the configuration approaches the
vacuum. Nevertheless, these asymptotic pure-gauge configurations can still differ by their global
topological properties. In the path integral formulation one usually accounts only for local gauge
transformation (i.e. those connected to the identity) and if we have different topological structures
that cannot be continuously deformed into each other one should add the different contributions of
each topological sectors. This different topological sectors are classified by the homotopy class of the
map U : S3

∞ → SU(3). The relevant result is, indicating with πn(G) the homotopy class for a group
G in Sn that π3(SU(3)) = Z, and more generally

π3(SU(N)) = Z, N ≥ 2. (1.80)

therefore each homotopy class is labelled by an integer. A simple way to visualize this classification
is to consider the lower-dimensional analogy of maps from a circle into U(1), namely π1(U(1)). Such
maps can be written as

g(χ) = eiϕ(χ) ∈ U(1), χ ∈ [0, 2π]. (1.81)

They are classified by the number of times the phase ϕ(χ) winds around the target circle as χ goes
once around the domain circle. This integer is the winding number. In Yang–Mills theory the same
idea appears in the classification of maps S3 → SU(N).
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1.3. QCD vacuum

Figure 1.2: Illustration of maps S1 → U(1) with different winding numbers. figure taken from Ref. [21]

The integer which labels the homotopy class of a finite-action Yang–Mills configuration is also called
Pontryagin index. It is given by

ν[A] =
g2

64π2
ϵαβγδ

∫
d4xF a

αβF
a
γδ =

g2

32π2

∫
d4xTrFµνF̃µν . (1.82)

Here as usual F̃µν = 1
2ϵµνρσFρσ is the dual field strength. In Euclidean space we use the convention

ϵ1234 = +1, while in Minkowski space we take ϵ0123 = +1. The normalization in Eq. (1.82) assumes
Tr(T aT b) = 1

2δ
ab. We now show that Eq. (1.82) is indeed a topological quantity. As expected for a

quantity which depends only on the homotopy class, it is invariant under smooth local variations of
the gauge field. Let us consider a variation δAa

µ(x). We have

δAa
µ(x)

δAb
ν(y)

= δabδνµδ
(4)(x− y),

δF a
αβ(x)

δAb
γ(y)

=
(
Dab

α δ
γ
β −Dab

β δ
γ
α

)
x
δ(4)(x− y).

(1.83)

Here Dα is the covariant derivative in the adjoint representation,

Dab
α = δab∂α + facbAc

α, (1.84)

up to the convention used for the gauge coupling. Equivalently, one may write Dα = ∂α − igAc
αt

c,
with (tc)ab = ifacb. The first equality is simply the definition of the functional derivative, while the
second follows from the non-Abelian expression for the field strength. Using these relations, we find

δν[A]

δAb
γ(y)

=
g2

64π2
ϵαβρσ 2

∫
d4x

δF a
αβ(x)

δAb
γ(y)

F a
ρσ(x)

=
g2

32π2
ϵαβρσ

∫
d4x

(
Dab

α δ
γ
β −Dab

β δ
γ
α

)
x
δ(4)(x− y)F a

ρσ(x)

=
g2

16π2
ϵγµαβDab

µ F
a
αβ(y)

= 0.

(1.85)

In the last step we used the Bianchi identity, ϵγµαβDµFαβ = DµF̃
µγ = 0.

therefore ν[A] does not change under smooth local deformations of the gauge field. This proves that
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1.3. QCD vacuum

ν[A] is a topological invariant. As we will also show, for finite-action configurations it is an integer
and coincides with the winding number of the map U : S3

∞ → SU(3). Hence ν[A] labels the homotopy
class of the gauge configuration.

At this point it is useful to rewrite the winding number in a form which makes its boundary nature
explicit. In fact, the topological charge density can be written as a total derivative,

g2

64π2
ϵµναβF a

µνF
a
αβ = ∂µK

µ,

Kµ =
g2

32π2
ϵµαβγAa

α

(
F a
βγ −

1

3
gfabcAb

βA
c
γ

)
.

(1.86)

We have included the normalization factor directly in the definition of Kµ; different conventions in
the literature sometimes define the Chern–Simons current without this prefactor.
Note that the fact that FF̃ can be written as a total derivative is natural in some sense, since ν[A]
is a topological invariant, it should depend only on the behavior of the gauge field at infinity, namely
on the boundary of the configuration. Indeed, using Gauss’ theorem one obtains

ν[A]R =

∫
S3
R

dσµK
µ, (1.87)

and the winding number is obtained by taking the limit R→∞.
Another important remark is that the current Kµ is not gauge invariant by itself. Under a finite gauge
transformation U , it transforms as

Kµ → K ′µ = Kµ +
1

24π2
Tr ϵµαβγ

(
U−1∂αU

) (
U−1∂βU

) (
U−1∂γU

)
+

ig

8π2
∂βTr ϵ

µαβγ∂αU U
−1Aγ .

(1.88)

The last term is itself a total derivative on the boundary, while the second term is the winding-number
density of the gauge transformation U . This makes explicit the fact that the integral of Kµ over S3

∞
measures the homotopy class of the map U : S3

∞ → SU(N).
The limit R → ∞ is well defined for finite-action configurations. Indeed, in Euclidean space one has
the pointwise inequality

−F a
µνF

aµν ≤ F a
µνF̃

aµν ≤ F a
µνF

aµν . (1.89)

therefore, if the Euclidean action is finite, then the integral of FF̃ is absolutely convergent. this gives

SE [A] ≥
8π2

g2
|ν[A]|. (1.90)

And the bound is saturated if and only if

F a
µν = ±F̃ a

µν . (1.91)

Configurations satisfying the plus sign are called self-dual, while those satisfying the minus sign are
called anti-self-dual. The Yang–Mills equations of motion are

δSE [A]

δAβ
= −DαFαβ = 0. (1.92)

Self-dual and anti-self-dual configurations automatically satisfy these equations, since

DαFαβ = ±DαF̃αβ = 0 (1.93)

by the Bianchi identity. However, they are not the only possible stationary points of the Euclidean
Yang–Mills action. Rather, they are the absolute minima of the action in a fixed topological sector,
because they saturate the bound

SE [A] ≥
8π2

g2
|ν[A]|.
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1.3. QCD vacuum

The general construction of all self-dual instanton solutions is provided by the ADHM in Ref. [25]. The
simplest example of instanton solution is obtained for the gauge group SU(2) and winding number
ν = 1. It is the instanton found in Ref. [26], also referred to as BPST solution:

Aµ(x) =
ρ2(x− x0)λ

(x− x0)2 [(x− x0)2 + ρ2]
ηiµλ

(
gσig−1

)
. (1.94)

Here σi are the Pauli matrices, ρ is the instanton size, x0 is the position of the instanton, and g ∈ SU(2)
is a global gauge orientation. The symbols ηiµν are the self-dual ’t Hooft symbols, which intertwine
the spacetime indices µ, ν with the SU(2) gauge index i. In the conventions used here, they can be
written as

η1 =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 , η2 =


0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

 , η3 =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 .

The corresponding anti-instanton is obtained by replacing the self-dual symbols ηiµν with the anti-self-
dual symbols η̄iµν .
We just mention that the BPST solution contains a finite number of parameters, called collective co-
ordinates. These include the position x0, the size ρ, and the global gauge orientation. More generally,
for an SU(N) instanton with topological charge ν, the dimension of the instanton moduli space (that
is the parameter space that defines an instanton solution) is 4N |ν| see e.g. Ref. [21].
In the path integral, one should integrate over these collective coordinates in the semiclassical approx-
imation.
However for self-dual or anti-self-dual at configurations at classical level, the action is fixed entirely
by the topological charge:

SE [A] =
8π2

g2
|ν[A]|, ν[A] ∈ Z. (1.95)

This will be enough to carry on our discussion. From Eq. (1.95) is clear that Yang–Mills theory pos-
sesses infinitely many classical finite-action configurations, one for each topological sector. Physically,
instantons describe tunneling events between vacua with different winding numbers. Slightly more
precisely, an instanton solution with topological charge ν interpolates between vacua whose winding
numbers differ by ν. Since both the initial and final configurations are pure gauge, while the instan-
ton has non-zero field strength in the bulk of Euclidean spacetime, the process can be interpreted as
tunneling between distinct classical minima. If one goes carefully in the imaginary time formulation,
one can see that in this case instanton solutions are just the usual classical motion.
The non-perturbative nature of instantons is already visible from Eq. (1.95). The semiclassical con-
tribution of a configuration with action SE to the Euclidean path integral is weighted by

e−SE = exp

(
−8π2

g2
|ν|
)
, (1.96)

which is non-analytic in g2 around g = 0. Therefore such effects cannot be obtained at any finite order
in ordinary perturbation theory.

Very briefly, and as we have anticipated, the path integral should then be understood as a sum over
contributions from all topological sectors. In each sector, one expands semiclassically around the
corresponding classical configurations, including instantons, anti-instantons, and multi-instanton con-
figurations. The latter can be understood, in a dilute-gas approximation, as configurations made of
several instantons and anti-instantons that are well separated in Euclidean spacetime see Ref. [20].
However, this does not mean that instantons exhaust all possible stationary points of the Euclidean
Yang–Mills action. Rather, they are the relevant leading semiclassical saddles because they are finite-
action configurations of minimal action in each topological sector. Other stationary points, when
present, have larger action or may be singular, and are not included in the leading instanton approx-
imation.
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1.3. QCD vacuum

Merons are singular configurations with fractional topological charge and do not have finite Euclidean
action when considered in isolation. Sphalerons, on the other hand, are unstable static saddle points
of the energy functional, not regular finite-action Euclidean solutions. For this reason, in the standard
semiclassical treatment of pure Yang–Mills theory on R4, the relevant leading finite-action saddles are
instantons and anti-instantons.

Some Properties

Following Ref. [22], we now show explicitly that the topological charge ν[A] is an integer. For sim-
plicity we specialize to the gauge group SU(2). The result generalizes to SU(N), with N ≥ 2, since
π3(SU(N)) = Z. As discussed above, finite Euclidean action implies that the field strength vanishes
sufficiently fast at infinity. More precisely, for the class of smooth configurations we are considering,
one may require

x2Fµν(x) −−−−→
|x|→∞

0 (1.97)

in almost every direction. Hence the gauge field approaches a pure gauge configuration:

gAa
µT

a −−−−→
|x|→∞

iG−1∂µG, (1.98)

where G(x) ∈ SU(2). With respect to Eq. (1.88), we have changed notation in order to reserve G
for the group element defining the asymptotic pure gauge. Using Eq. (1.98) in the expression for the
Chern–Simons current, one finds that, at infinity,

Kµ →
1

24π2
ϵµαβγTr

[
(G−1∂αG)(G

−1∂βG)(G
−1∂γG)

]
. (1.99)

therefore the winding number can be written as the surface integral

ν =
1

24π2

∫
S3
R

dσµ ϵµαβγTr
[
(G−1∂αG)(G

−1∂βG)(G
−1∂γG)

]
, (1.100)

with the integer value obtained in the limit R → ∞. We now make the geometrical meaning of
Eq. (1.100) explicit. Since we are working with SU(2), every group element can be parametrized as

G = V4 I− i σ⃗ · V⃗, (1.101)

where σ⃗ are the Pauli matrices. The conditions G†G = I and detG = 1 imply

V 2
4 + V⃗ 2 = 1. (1.102)

Thus the four real variables Vρ = (V1, V2, V3, V4) parametrize a unit three-sphere. This is the familiar
identification SU(2) ≃ S3. Using this parametrization, Eq. (1.100) becomes

ν =
1

12π2

∫
S3
R

dσ(x) ϵµαβγ x̂µ ϵρτηδVρ∂αVτ∂βVη∂γVδ. (1.103)

This expression has a simple interpretation: it is the Jacobian of the map from the sphere at infinity
in x-space to the group manifold SU(2) ≃ S3 in V -space. To see this more explicitly, note that
dσµ(x) = x̂µdσ(x), so that

dσµ(x)ϵµαβγ = dσ(x) x̂µϵµαβγ . (1.104)

This object selects the three tangent directions to S3
R in x-space. Similarly, since VρV

ρ = 1, the vector
Vρ is normal to the target sphere S3 in V -space, and ϵρτηδVρ selects the corresponding oriented volume
form on the target S3. To see explicitly how Eq. (1.100) becomes the Jacobian of the map between
the two three-spheres, it is useful to rewrite the integrand in terms of the coordinates Vρ. We first use

G−1∂µG = −(∂µG−1)G, (1.105)
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which follows from ∂µ(G
−1G) = 0. Then Eq. (1.100) can be written as

ν =
1

24π2

∫
S3
R

dσµ ϵµαβγTr
[
G−1∂αG∂βG

−1 ∂γG
]

=
1

24π2

∫
S3
R

dσµ ϵµαβγV
ρ∂αV

τ∂βV
η∂γV

δ Tr
[
σ†ρστσ

†
ησδ

]
.

(1.106)

Here we have introduced the compact notation

σρ = (I,−iσi), σρ† = (I,+iσi), (1.107)

so that
G = V ρσρ, G−1 = G† = V ρσ†ρ. (1.108)

The trace appearing in Eq. (1.106) selects the completely antisymmetric part of the product of four
V ’s. Indeed, any contribution in which two of the internal indices coincide gives a term containing a
symmetric product such as

∂αV
λ ∂βV

λ, (1.109)

which vanishes after contraction with the antisymmetric tensor ϵµαβγ . Thus only the part of the trace
which is antisymmetric in the four indices ρ, τ, η, δ contributes. Using the Pauli-matrix identities

Tr(σiσjσk) = 2iϵijk, Tr(I) = 2, (1.110)

one finds
Tr
[
σ†ρστσ

†
ησδ

]
antisym

= 2 ϵρτηδ. (1.111)

therefore Eq. (1.106) reduces to

ν =
1

12π2

∫
S3
R

dσµ ϵµαβγϵρτηδV
ρ∂αV

τ∂βV
η∂γV

δ. (1.112)

Writing dσµ = x̂µdσ(x), this becomes

ν =
1

12π2

∫
S3
R

dσ(x) x̂µϵµαβγϵρτηδV
ρ∂αV

τ∂βV
η∂γV

δ. (1.113)

This is precisely the structure of the Jacobian of the map V : S3
x −→ S3

V . Equivalently,

dσ(V ) =
1

6
x̂µϵµαβγϵρτηδVρ∂αVτ∂βVη∂γVδ dσ(x). (1.114)

Substituting this into Eq. (1.113), we obtain

ν =
1

2π2

∫
mult

dσ(V ). (1.115)

Here the notation
∫
mult indicates that the target sphere may be covered more than once by the map

V : S3
x → S3

V . Since the volume of the unit three-sphere is Vol(S3) = 2π2, the integral gives an
integer ν ∈ Z. More formally, ν is the degree of the map V : S3

x → S3
V . For a regular point of the

target sphere, the degree is obtained by summing over all its preimages, counting each preimage with
a sign determined by whether the map preserves or reverses orientation. This signed number is an
integer and is independent of the chosen regular point. Therefore the winding number ν is an integer
topological invariant.
For a gauge group SU(N) with N > 2, non-trivial configurations can already be obtained by embed-
ding an SU(2) subgroup into SU(N). More generally, the result is guaranteed by

π3(SU(N)) = Z, N ≥ 2, (1.116)

so the integer winding number persists for all SU(N) Yang–Mills theories.

21



1.3. QCD vacuum

The Index Theorem

The fact that ν[A] is an integer can also be understood from the Atiyah–Singer index theorem. This
theorem states that in the presence of an instanton background with winding number k, each Weyl
fermion picks 2kT (R) zero modes, where T (R) depends on the specific group representation, in the
fundamental representation T (R) = 1/2. The index theorem links the index of the Euclidean Dirac
operator in that background see Refs. [25, 27], with the winding number. Let us consider the Euclidean
Dirac operator

i /DEφn = λnφn, (1.117)

where i /DE is Hermitian, so that all eigenvalues λn are real. Moreover, since {i /DE , γ5} = 0, if φn is
an eigenfunction with eigenvalue λn, then γ5φn is an eigenfunction with eigenvalue −λn. Therefore
as already seen in Sec. (1.2.2) all non-zero eigenvalues come in pairs of opposite chirality and do not
contribute to the index.
The only possible unpaired states are the zero modes. In the zero-mode subspace, λn = 0, one can
diagonalize γ5. We denote by n+ the number of zero modes with positive chirality, γ5φu = +φu,
and by n− the number of zero modes with negative chirality, γ5φv = −φv. Using a regulator f , with
f(0) = 1 and f(∞) = 0, one can write the index as

ind(i /DE) = lim
Λ→∞

Tr

[
γ5f

(
− /D

2
E

Λ2

)]
= n+ − n−. (1.118)

On the other hand, evaluating the same regulated trace locally gives

ind(i /DE) =
g2

32π2

∫
d4xTrFµνF̃µν = ν[A]. (1.119)

Thus

n+ − n− = ν[A]. (1.120)

This is the Atiyah–Singer index theorem applied to the Euclidean Dirac operator in a Yang–Mills
background. Since n+ and n− are integers, this also shows that the topological charge ν[A] is an
integer.
We now show explicitly how, for a self-dual or anti-self-dual background, only one chirality can have
zero modes. Let ψ0 be a zero mode of the Euclidean Dirac operator,

i /DEψ0 = 0. (1.121)

Then, of course,

(i /DE)
2ψ0 = 0. (1.122)

Using Euclidean gamma matrices, one finds

(i /DE)
2 = −DµDµ −

g

2
σµνFµν , (1.123)

where σµν = 1
2 [γµ, γν ].We decompose the zero mode into its two chiral components, and use the useful

identity:

σµν = −γ5σ̃µν , σ̃µν =
1

2
ϵµνρσσρσ. (1.124)

Now suppose that the gauge field is self-dual, Then

σµνFµν = σµνF̃µν = σ̃µνFµν = −γ5σµνFµν . (1.125)

Multiplying this equation by the chiral projectors, one obtains

σµνFµνP+ = σµνFµν
1 + γ5

2
= 0. (1.126)
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1.3. QCD vacuum

Thus, for a self-dual field, the spin term in Eq. (1.123) does not act on the positive-chirality component.
Projecting Eq. (1.123) on ψ0,+, we get

0 = (i /DE)
2ψ0,+ = −DµDµψ0,+. (1.127)

For a positive definite operator one cannot have a vanishing eigenvalue, if the eigenvector is different
from zero. Therefore

ψ0,+ = 0, n+ = 0.⇒ −n− = ν[A]. (1.128)

Thus, in a self-dual background, only negative-chirality zero modes can exist. Analogously, in the
anti-self background only positive-chirality zero modes can exist.

1.3.3 The QCD Vacuum in Minkowski spacetime

The discussion above was formulated in Euclidean spacetime. There, finite-action gauge configura-
tions approach pure gauge configurations at infinity, so that one may compactify R4 to S4. The
corresponding topological charge is an integer and is associated with the homotopy class of the gauge
transformation at infinity. We now reformulate the same physics in Minkowski spacetime, following
Ref. [22], in order to understand how the non-trivial vacuum structure of Yang–Mills theory leads to
a new term in the QCD Lagrangian. We work again in temporal gauge,

A0 = 0, (1.129)

so that the residual gauge transformations are time-independent. Consider the cylindrical surface
σ(r, T ) in Minkowski spacetime, with spatial radius r and time extension 2T ,

σ(r, T ) = {xµ : |x| = r or t = ±T} . (1.130)

As in the Euclidean formulation, we restrict the path integral to gauge fields which approach pure
gauge configurations at the boundary. Thus, on the boundary of the cylinder, one may write

−ig Aa
i T

a −→


G−1

m (x) ∂iGm(x), t→ −∞,
G−1

n (x) ∂iGn(x), t→ +∞,
g−1(Ω) ∂ig(Ω), |x| → ∞.

(1.131)

Here Gm and Gn are time-independent gauge functions defined on the initial and final constant-time
hypersurfaces, while Ω denotes the angular coordinates at spatial infinity. Consistency on the lateral
surface requires Gm and Gn to approach the same angular function g(Ω) as |x| → ∞. As we have
seen, since the topological charge density is a total derivative,

g2

64π2
ϵµνρσF a

µνF
a
ρσ = ∂µK

µ, (1.132)

the topological charge can be written as a surface integral,

ν = lim
r,T→∞

∫
σ(r,T )

dσµK
µ(t,x). (1.133)

For a time-independent gauge transformation G, we define its winding number by

K[G] = − 1

24π2

∫
d3xTr

[
ϵijkG

−1∂iGG
−1∂jGG

−1∂kG
]
. (1.134)

The labels m and n are then defined by

K[Gm] = m, K[Gn] = n. (1.135)
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1.3. QCD vacuum

In the limit r →∞, the lateral contribution to Eq. (1.133) vanishes, and the topological charge reduces
to the difference between the Chern–Simons numbers on the final and initial time slices:

ν =

∫
d3x

[
K0(t = +∞,x)−K0(t = −∞,x)

]
. (1.136)

With the convention used above, this gives

ν = n−m. (1.137)

The opposite sign may appear if the orientation of the cylindrical surface is chosen differently; the
invariant statement is that ν measures the change in winding number between the final and initial
asymptotic vacua. It is useful to remove the common angular dependence at spatial infinity by a
gauge transformation,

Gm(x) −→ G′
m(x) = Gm(x) g−1(Ω), (1.138)

and similarly for Gn. Then G′
m → I as |x| → ∞, so each constant-time hypersurface may be com-

pactified as

R3 ∪ {∞} ≃ S3. (1.139)

The asymptotic vacua are therefore classified by maps

S3 −→ SU(3), (1.140)

which are characterized by

π3(SU(3)) = Z. (1.141)

Thus the integers m and n label the topological sectors of the initial and final pure gauge configu-
rations. Although the individual representatives used to describe these sectors are gauge dependent,
the difference ν = n−m is gauge invariant.
In terms of Hilbert space, let |m⟩ denote an equivalence class of states associated with a pure-gauge
vacuum of winding number m, that we will also denote as topological sector. Configurations related
by small gauge transformations, namely transformations continuously connected to the identity, be-
long to the same equivalence class. By contrast, large gauge transformations have non-trivial winding
number and map one sector into another. Thus the states |m⟩ form a convenient basis of asymptotic
vacua, but they are not themselves invariant under all gauge transformations.
Perturbative fluctuations preserve the winding number and therefore contribute to transitions of the
form

|m⟩− −→ |m⟩+. (1.142)

Non-perturbative configurations, such as instantons, instead connect vacua with different winding
numbers. A configuration with topological charge ν mediates

|m⟩− −→ |m+ ν⟩+. (1.143)

Let G̃ be a large gauge transformation with unit winding number,

K[G̃] = 1, G̃(x)→ I for |x| → ∞. (1.144)

Then G̃ maps a representative of the sector m into one of the sector m+1. Denoting by U the unitary
operator implementing this large gauge transformation, we have

U |m⟩ = |m+ 1⟩. (1.145)

Equivalently, the winding number transforms as

U−1

(∫
d3xK0(x)

)
U =

∫
d3xK0(x) + 1, (1.146)
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1.3. QCD vacuum

so that ∫
d3xK0(t = ±∞,x) |m⟩± = m |m⟩±. (1.147)

The basis {|m⟩±} may be chosen orthonormal separately in the in- and out-Hilbert spaces,

±⟨m|n⟩± = δmn, (1.148)

but as we have seen transition amplitudes between in- and out-states need not be diagonal in m.
Physical states must correspond to eigenstates of gauge transformation, working in the basis {|m⟩}
we are already sure that this is the case for small gauge transformation, therefore it is enough to find
eigenstates of U . Since U is unitary this means that a physical state must satisfy an equation of the
type:

U |phys⟩ = e−iθ|phys⟩ (1.149)

Where θ at this point is just an arbitrary phase. We can easily find the expression for the eigenstate
with eigenvalue e−iθ in terms of the pure-gauge states, and it is given by:

|θ⟩± =
∑
m

eimθ|m⟩± → U |θ⟩± = e−iθ|θ⟩± (1.150)

Where the last step can be verified using Eq. (1.145). For this eigenstates we have that the normal-
ization is the following:

±⟨θ′ | θ⟩± =
∑
m,n

eiθm−iθ′nδmn =
∑
m

eim(θ−θ′) = 2πδ(θ − θ′) (1.151)

We have then built an asymptotic vacuum state (being a superposition of vacua in the basis {|m⟩}) that
is also gauge invariant, meaning that we have the physical vacuum. Since a QFT is defined to have only
one vacuum state, we can split the V−space in different Hθ sectors, each of them describing physical
states with a different |θ⟩. The condition on physical observables Ok = U−1OkU and Eq. (1.145)
imply that the T-product on some observables depends only on ν = m− n:

T+⟨m|ΠkOk|n⟩− = T ⟨ΠkOk⟩ν (1.152)

then we can write:

T+⟨θ′|ΠkOk|θ⟩− =
∑
m,n

ei(mθ−nθ′)T+⟨n|ΠkOk|m⟩− = 2πδ(θ − θ′)
∑
ν

e−iνθT ⟨ΠkOk⟩ν (1.153)

After dividing by the vacuum-to-vacuum amplitude, the normalized Green function in a fixed θ-sector
is therefore

T ⟨vac|
∏
k

Ok|vac⟩θ =
∑

ν e
−iνθ ⟨∏k Ok⟩ν∑
ν e

−iνθ⟨1⟩ν
. (1.154)

In the Euclidean path-integral formulation this corresponds to∑
ν

e−iνθ

∫
[dA]ν

∏
k

Ok e
−SE [A] =

∑
ν

∫
[dA]ν

∏
k

Ok e
−SE [A]−iθν . (1.155)

Here [dA]ν denotes integration over gauge configurations with topological charge ν. Since

ν =
g2

32π2

∫
d4xTrGµνG̃

µν , (1.156)

the phase associated with the θ-vacuum may be equivalently incorporated by adding the term

Lθ = θ
g2

32π2
TrGµνG̃

µν (1.157)
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1.3. QCD vacuum

to the QCD Lagrangian. Thus working in a theory with a non-trivial θ-vacuum is equivalent to
working with a trivial vacuum performing the path integral over only small gauge transformations,
but with the modified Lagrangian density,

L′
QCD = LQCD + θ

g2

32π2
TrGµνG̃

µν . (1.158)

This term adds with the phase arising from the quark mass matrix. As we have seen, starting from
the general quark mass term

Lmass = −q̄LiMijqRj − q̄RiM
†
ijqLj . (1.159)

The complex matrix M can be diagonalized by independent unitary transformations acting on left-
and right-handed quarks. As we have already seen, in general this procedure involves an anomalous
axial rotation, which shifts the θ-angle. We have reached the heart of the strong CP problem, that is
since θ receives so different, and independent contributions, why it is so small.
Before elaborating further, we delve to some results that will be useful for the next chapters. The first
is given by the vacuum energy density, that having found the physical vacuum we can now compute
starting from:

⟨θ′|e−HT |θ⟩ = 2πδ(θ − θ′)
∑
ν

e−iθν

∫
DAνe

−SE (1.160)

In the limit T →∞, the left-hand side is dominated by the lowest-energy state in the sector with fixed
θ, since the contributions from the excited Hamiltonian eigenstates are exponentially suppressed:

⟨θ|e−HT |θ⟩ =
∑
n

e−EnT ⟨θ|n⟩⟨n|θ⟩ −→ e−E(θ)T |⟨θ|θ⟩|2 = e−E(θ)V (1.161)

Here E(θ) is the vacuum energy density and V4 is the Euclidean spacetime volume. Therefore

E(θ) = − 1

V
log

(∑
ν

e−iθν

∫
DAνe

−SE

)
= − 1

V
logZ(θ) (1.162)

A crude approximation can be obtained by keeping only the perturbative sector ν = 0 and the one-
instanton sectors |ν| = 1. Since for a configuration with topological charge ν one has

SE ≥
8π2

g2
|ν|, (1.163)

higher-winding sectors are exponentially suppressed in the weak-coupling regime. Thus

E(θ) = − 1

V
logZ0 −

1

V
log
(
1 +K+e

−8π2/g2eiθ +K−e
−iθe−8π2/g2

)
(1.164)

Where K+ = K− is given integrating the gauge fields around the (anti-) istanton solutions weighted
against the perturbative regime. Then, assuming to work in the perturbative (weak coupling) regime
we find the vacuum energy density:

E(θ)− E(0) ≃ −2Ke
−8π2

g2 cos θ. (1.165)

The second result is that we can relate the winding number of a certain theory with chiral violation,
in fact:

∆Q =

∫
d4x ∂µJ

µ
5 (x) = nf

g2

16π2

∫
d4x Tr GµνG̃µν = 2nfν (1.166)

Then if ν = 0 (i.e. we are in a regime dominated by perturbation theory) the charge associated to
Jµ
5 is conserved, while in ν ̸= 0, the Noether current is not conserved. It was in Ref. [28] shown

that the non-perturbative contributions are actually relevant in QCD even if we do not show here the
details, meaning that we have no suppressed ∆Q ̸= 0, so that Q, that here we would identify to be the

26



1.3. QCD vacuum

chirality, must change by multiples of 2nf . At this point let us mention that in Ref. [29] and Ref. [28]
t’Hooft showed that the fermionic zero modes of the full path integral formulation in the form

Z = e
− 8π2

g2 eiθ
∫
[dδA][dq][dq̄]eiδ

2S (1.167)

once a source term η, η̄ is included, generate an effective Lagrangian, called ’t Hooft vertex, that is
schematically given by

Leff = Π
Nf

i (ψ̄iω)(ω̄ψi) (1.168)

where ω is some fixed Dirac spinor. This interaction makes explicit that instantons violate the anoma-
lous axial symmetry.
We now go back to the two different contributions given to θ̄, that we showed are given by the
argument of the quark mass matrix, and by the topological structure of the vacuum QCD. These
contributions add up, to see this explicitly consider the current Jµ

5 . Although Jµ
5 is gauge invariant,

it is not conserved. One can define instead a conserved current

J̃µ
5 = Jµ

5 − nfKµ, (1.169)

whose associated charge is

Q̃5 =

∫
d3x J̃0

5 . (1.170)

This charge generates axial transformations, but it is not invariant under large gauge transformations.
In particular, for the unit-winding transformation U ,

U−1Q̃5U = Q̃5 − nf . (1.171)

Using U |θ⟩ = e−iθ|θ⟩, one finds

eiαQ̃5 |θ⟩ = |θ + nfα⟩. (1.172)

Finally let us mention that the term given in the operator in Eq. (1.157) induces a neutron electric
dipole moment. This can be seen schematically by performing an anomalous chiral rotation which
removes the θ̄GG̃ term and transfers CP violation into the quark mass sector. For illustration, consider
two light flavours with a common mass mq.(

u
d

)
→ exp

[
i
θ̄γ5
2

](
u
d

)
(1.173)

To first order in θ̄, the mass term becomes

Lmass ⊃ −mq(ūu+ d̄d)− imq θ̄(ūγ5u+ d̄γ5d). (1.174)

The second term is CP-violating and induces CP-odd hadronic interactions. These interactions in
turn generate an electric dipole moment for the neutron, usually estimated as

dn ∼ 10−16 θ̄ e cm, (1.175)

up to an order-one coefficient depending on the hadronic calculation. Since experimentally dn is
extremely small, one obtains the bound

|θ̄| ≲ 10−10. (1.176)

The strong CP problem is precisely the absence of an explanation, within ordinary QCD, for why this
parameter should be so tiny.
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Chapter 2

Solutions to the Strong CP Problem

After introducing the strong CP problem in the previous chapter, we now discuss some possible
solutions. Let us first continue the simplified argument presented in the introduction of chapter 1. One
possible way to forbid a neutron electric dipole moment is to require parity to be an exact symmetry
of Nature. Under parity, polar vectors change sign, whereas axial vectors do not. Therefore,

x⃗→ −x⃗, d⃗→ −d⃗, s⃗→ s⃗, (2.1)

where s⃗ and d⃗ denote, respectively, the spin and the electric dipole moment of the neutron.
If the neutron had a non-vanishing electric dipole moment, rotational symmetry would require d⃗ to be
aligned or anti-aligned with the spin, namely d̂ = ±ŝ. Under parity, because d̂ is an axial vector, this
configuration is mapped into d̂ = ∓ŝ. However, since there is only one neutron state, an exact parity
symmetry would require the neutron to be mapped into itself. The only way for both configurations
to describe the same physical state is therefore

d⃗ = 0. (2.2)

Thus, exact parity would solve the strong CP problem by forbidding the neutron electric dipole
moment. However, this possibility is not realized in Nature: parity is violated in the Standard Model:
the weak interaction acts only on left-handed fermion doublets; the minimal Standard Model contains
no right-handed neutrino.
A similar argument can be made by imposing time-reversal invariance. Under time reversal one has

d⃗→ d⃗, s⃗→ −s⃗. (2.3)

Hence a configuration with d̂ = ±ŝ is again mapped into one with d̂ = ∓ŝ, implying that an exact time-
reversal symmetry would also force the neutron electric dipole moment to vanish. Since, by the CPT
theorem, assuming CPT invariance, time reversal violation is equivalent to CP violation, this would
remove the strong CP-violating term. Nevertheless, this is not a satisfactory explanation within the
Standard Model, where CP violation is already present through the complex phase of the CKM matrix.

Figure 2.1: The CO2 atom, the electrostatic potential is minimized with θ = 0. Figure taken from
Ref. [30]
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Finally, one can consider the axion solution. The basic idea is to promote the θ angle to a dynamical
field. Its effective potential is generated by QCD non-perturbative effects and is minimized at a CP-
conserving value, dynamically driving the physical value of θ to zero. At a classical level, this can
be understood by analogy with a system whose configuration is fixed by energy minimization. For
instance, in a CO2 molecule the negatively charged oxygen atoms align with the carbon atom because
this configuration minimizes the electrostatic energy. In the axion case, the dynamics of the axion
field plays an analogous role: the vacuum relaxes to the minimum of the potential, where the effective
strong CP phase vanishes.
In the following we present in a more quantitative way the solutions to the Strong CP problem,
focusing on the Peccei-Quinn solution and on axion models.

2.1 Some Possibilities

We now briefly present some alternatives to the Peccei–Quinn mechanism and to the axion solution.

2.1.1 Massless Up Quark

This solution was first proposed by ’t Hooft in Ref. [28]. The simplest way to remove the strong CP
phase is to assume that one quark, for instance the up quark, is massless. In this case one can perform
a chiral rotation of the u-quark field. Since the left- and right-handed components are not coupled by
a mass term, this transformation does not change the physical content of the theory, while it shifts
the parameter θ̄. Therefore, one can always choose the chiral rotation in such a way that θ̄ = 0
In this limit, θ̄ is not a physical parameter.
Although this solution is conceptually very simple, it is experimentally ruled out. The current value
quoted by the Particle Data Group is

mu = 2.16± 0.07 MeV, (2.4)

which is clearly incompatible with a massless up quark. See Ref. [31].

2.1.2 Parity Symmetry

Another possible solution, already mentioned above, is based on parity. This idea was first discussed
in Refs. [32, 33]. There are different realizations of parity solutions to the strong CP problem. Very
schematically, Ref. [33] presents a possible ultraviolet completion in which the weak gauge sector is
doubled. One introduces a right-handed weak group SU(2)R, possibly accompanied by a U(1)YR

, and
a scalar doublet HR, in analogy with the Standard Model Higgs doublet HL. The color gauge group,
however, remains common to the two sectors and is still SU(3)c. Under parity, the two sectors are
exchanged according to

SU(2)L ←→ SU(2)R, QL ←→ Q†
R, HL ←→ H†

R, LL ←→ L†
R. (2.5)

Parity invariance implies that the Yukawa matrices are Hermitian. Moreover, because there are two
weak gauge groups, the vacuum expectation values of both HL and HR can be chosen to be real.
As a consequence, the physical strong CP phase vanishes. Indeed, the bare QCD angle θ, associated
with the common SU(3)c gauge group, is forbidden by parity, while the contribution coming from the
quark mass matrices is real:

arg detMq = 0. (2.6)

Thus one obtains at tree level:

θ̄ = θ − arg detMq = 0 (2.7)

Parity must eventually be spontaneously broken in order to recover the observed chiral structure of
the Standard Model at low energies. This can be achieved by assuming

⟨HR⟩ = λ⟨HL⟩, λ ̸= 1. (2.8)
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In this picture, the ordinary Standard Model sector has the observed masses and interactions, while
the mirror sector has masses rescaled by the real factor λ. In addition, weak interactions act on right-
handed fields in the mirror sector, rather than on left-handed fields. This scaling property follows
from the fact that the Higgs vacuum expectation value is the only fundamental mass scale in the
electroweak sector of the Standard Model.
At tree level, these models give θ̄ = 0. However, radiative corrections can regenerate a non-zero
value. It was shown in Ref. [34] that, in the Standard Model, finite contributions to θ̄ arise only at
three loops. These corrections are related to the renormalization of the quark mass matrices. More
generally, the running of θ̄ can be studied by treating it as the coefficient of an effective CP-odd
coupling of the form f̄γ5f . If a high-energy mechanism sets θ̄ to zero in the ultraviolet, the resulting
Standard Model contribution provides a useful estimate of the induced value at low energies. Parity
models provide precisely such a mechanism. As argued in Ref. [33], in these models, the additional
corrections generated by the renormalization-group flow are even smaller.
A minimal realization of these models can be described by the effective Yukawa Lagrangian

LY = −yu
QLHLQRHR

Λu
− yd

QLH
†
LQRH

†
R

Λd
+ h.c. (2.9)

Here QR denotes the right-handed Standard Model quarks, whileHR is the SU(2)R doublet introduced
above. After HR acquires a vacuum expectation value vR, the effective Standard Model Yukawa
matrices are

Yu = yu
vR
Λu
, Yd = yd

vR
Λd
. (2.10)

By parity, the matrices yu and yd are Hermitian, and therefore the effective Yukawa matrices are Her-
mitian as well. Their determinants are then real, so that the same argument applies: the contribution
arg detMq vanishes, and one obtains θ̄ = 0 at tree level.

2.1.3 CP Symmetry

These models were first introduced by Nelson in Ref. [35] and were later generalized by Barr in
Ref. [36]. They were originally proposed in the context of grand unified theories, where the gauge
interactions are embedded into a single larger gauge group. In the ultraviolet, CP is assumed to
be an exact symmetry. Under suitable assumptions, in particular on the allowed Yukawa couplings
between fermions belonging to different representations of the large gauge group, one can again get
arg detM = 0. Since CP forbids the bare QCD vacuum angle, this implies

θ̄ = θ − arg detM = 0 (2.11)

at tree level. At the same time, CP can be spontaneously broken, allowing for a non-trivial complex
phase in the CKM matrix. A simple toy model illustrating this mechanism is described by the
Lagrangian

L = µqqc + YijHQid
c
j +Aiaηadciq + h.c. (2.12)

Here q and qc are additional vector-like quarks, while ηa denotes a set of complex scalar fields whose
vacuum expectation values can be complex. The corresponding down-type mass matrix has the
schematic form

M =

(
µ A⟨η⟩
0 md

)
. (2.13)

Although this matrix contains complex entries, its determinant is simply

detM = µ detmd. (2.14)

Therefore, if µ and detmd are real, as enforced by the original CP symmetry, one obtains arg detM =
0. This argument is exact at tree level. Radiative corrections can in general regenerate a non-zero
value of θ̄, but with suitable model-building assumptions it can remain sufficiently small. Compared
with parity-based solutions, CP-based solutions are typically more fragile. In order to obtain a large
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CKM phase while keeping θ̄ small, one often needs non-trivial hierarchies among scales and a restricted
structure of the allowed couplings. Otherwise, dangerous contributions to θ̄ may already appear at
tree level. Furthermore, it has been noted that spontaneous symmetry breaking of CP symmetry in
the early Universe, leads to domains with different CP values, separated by domain walls carrying a
large energy density. Since this energy dissipates very slowly, for VEVs of the order of the weak scale
the present-day domain-wall energy density would exceed the critical density of the Universe, see Ref.
[37]. Many different realizations of this idea have been proposed in the literature; see, for instance,
Refs. [38, 39, 40, 41].

2.2 The Peccei–Quinn Solution

The Peccei–Quinn solution provides a dynamical mechanism by which the physical parameter θ̄ is
driven to zero in the true vacuum of the theory. In Refs. [42, 43], Peccei and Quinn considered models
in which at least one fermion obtains its mass from the vacuum expectation value of a color-singlet
scalar field. After integrating out the gauge fields and the fermions, the effective potential for the
scalar field is such that, for a suitable range of parameters, its minimum corresponds to θ̄ = 0. We
first illustrate the mechanism for a single-flavour toy model; the generalization to more flavours is
straightforward. The Lagrangian is

L = −1

4
F a
µνF

µν
a + iψ̄ /Dψ + ψ̄

(
Gφ

1 + γ5
2

+G∗φ∗ 1− γ5
2

)
ψ − |∂µφ|2 − µ2|φ|2 − h|φ|4. (2.15)

This Lagrangian is formally invariant under a new assumed symmetry, the Peccei–Quinn symmetry
U(1)PQ,

ψ −→ eiωγ5ψ, φ −→ e−2iωφ. (2.16)

However, the corresponding chiral current is anomalous. Under a Peccei–Quinn transformation, the
fermionic measure in the path integral acquires a non-trivial Jacobian, which produces the shift

δSeff = −i 2ω g2

32π2

∫
d4xF a

µνF̃
aµν . (2.17)

Equivalently, the θ parameter is redefined as θ −→ θ − 2ω. This shows that different values of θ are
related by a field redefinition. In the case in which the fermion is massless, or in which the mass term
transforms in such a way as to remain invariant under the chiral rotation (that is the general case in
which we are working in) θ is not a physical parameter.
We still have to show, however, that the theory is CP conserving in the true vacuum of the scalar φ.
If µ2 > 0, then ⟨φ⟩ = 0, and the quark remains massless; in this case one recovers the massless-quark
solution discussed above, and the theory is CP invariant. In the more general case, one must require
that, after setting θ = 0, the fermion mass term is real.
To see this more explicitly, let us start from the path-integral formulation. As discussed in Chapter (1),
the generating functional in the θ vacuum can be written as

Z[J, J∗] =
∑
q

eiqθ
∫
(dAµ)q

∫
dψ dψ̄

∫
dφ dφ∗ exp

{
−
∫
d4x [L(Aµ, ψ, φ) + J∗φ∗ + Jφ]

}
. (2.18)

The integer q labels the topological sector over which the gauge fields are integrated. The scalar
vacuum expectation value is defined by

⟨φ⟩ = 1

Z[J, J∗]

δZ[J, J∗]

δJ

∣∣∣∣
J=J∗=0

= λeiβ. (2.19)

We now integrate over the fermionic and gauge fields. The index theorem tells us that the topological
charge q counts the difference between the numbers of right- and left-handed zero modes of the Dirac
operator. As seen in (1.3.2) for q > 0 the zero modes are purely right-handed, while for q < 0 they
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are purely left-handed . The non-zero modes, instead, come in pairs of opposite chirality.
At fixed gauge-field background, the fermionic integration gives a determinant. In general in fact,∫

Dψ̄Dψ exp

{
−
∫
d4x ψ̄M(x)ψ

}
= detM. (2.20)

In the present case,

M(x) = i /D +Gφ
1 + γ5

2
+G∗φ∗ 1− γ5

2
. (2.21)

In order to use the index theorem, it is convenient to expand the fermion fields in eigenfunctions of i /D
rather than directly in eigenfunctions of M(x), and to work in Euclidean signature. The determinant
then separates into a zero-mode contribution and a non-zero-mode contribution. Let us first consider
the sector q = m > 0. If ϕn are the right-handed zero modes and ψ =

∑
n cnϕn, then, restricting to

the zero-mode subspace,∫
d4xL =

∫
d4x ψ̄

(
Gφ

1 + γ5
2

+G∗φ∗ 1− γ5
2

)
ψ =

=
m∑

n,r=1

c̄rcn

∫
d4xGφ ϕ̄rϕn =

m∑
n=1

c̄ncnGφ,

(2.22)

where in the last step we used the orthonormality of the zero modes and assumed φ to be approximately
constant. Therefore, in the zero-mode subspace, the determinant gives a factor (Gφ)m. Similarly, in
the sector q = −m < 0, the zero modes are left-handed and one obtains (G∗φ∗)m.
Let us now consider the non-zero modes. Since these modes do not have definite chirality, it is
useful to work in the two-dimensional subspace spanned by ϕn and γ5ϕn. If i /Dϕn = λnϕn, then
i /Dγ5ϕn = −λnγ5ϕn. In this basis the operator M takes the form

Mn =

λn +
Gφ+G∗φ∗

2

Gφ−G∗φ∗

2

Gφ−G∗φ∗

2
−λn +

Gφ+G∗φ∗

2

 . (2.23)

Its determinant depends only on the modulus of the scalar field: detMn = |Gφ|2 − λ2n. Thus the
determinant over the non-zero modes has the schematic form∏

λn ̸=0

(
|Gφ|2 − λ2n

)
, (2.24)

and depends only on |φ|. This property is preserved after integrating over the gauge fields. We denote
by Am(|φ|2) the contribution from the non-zero modes and the gauge-field integration in the sector
of topological charge m. The coefficients in opposite topological sectors are related by CP. Indeed,
schematically:

Zq =

∫
q
DΦ e−S[Φ] =

∫
−q

DΦCP e−S[ΦCP ] =

∫
−q

DΦ e−S[Φ]∗ = Z∗
−q, (2.25)

where Φ = {Aµ, ψ̄, ψ, φ} and the CP transformation maps the sector q into the sector −q. We used
the fact that, in the absence of the θ term, QCD is CP invariant, while the scalar field transforms as
φ→ φ∗. It follows that

A∗
m = A−m. (2.26)

Therefore the generating functional can be written schematically as

Z[J, J∗] =

∫
DφDφ∗

[
A0(|φ|2) +

∑
n>0

An(|φ|2)
(
Gφeiθ

)n
+A∗

n(|φ|2)
(
G∗φ∗e−iθ

)n ]
. (2.27)
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Here A0 denotes the perturbative contribution. More generally, when the scalar field depends on
spacetime, (in fact in some steps we assumed φ to be constant) the coefficients An are non-local
functionals of φφ∗, schematically of the form

An[φφ
∗] =

∑
m

m∏
i=1

∫
d4xi d

4yi φ(xi)φ
∗(yi) c

m
n (xi, yi). (2.28)

We now define α = arg
(
G⟨φ⟩eiθ

)
and expand the scalar field around its vacuum expectation value as

φ = eiβ (λ+ ρ+ iσ) . (2.29)

Then
An(|φ|2)

(
Gφeiθ

)n
= An(|φ|2)einα|G|n (λ+ ρ+ iσ)n . (2.30)

As a result, Eq. (2.27) can be rewritten in the schematic form

Z[J, J∗] =

∫
dρ dσ

[
A0(ρ, σ

2) +
∑
n>0

(
Fn(ρ, σ

2) cosnα− σGn(ρ, σ
2) sinnα

)]
. (2.31)

Here Fn and σGn denote, respectively, the real and imaginary parts of An|G|n(λ + ρ + iσ)n. Their
dependence on σ is fixed by the fact that An depends only on |φ|2: the real part is even in σ, while the
imaginary part is odd in σ. Therefore all terms odd in σ vanish after integration over σ. By definition
of the vacuum, one must impose

⟨ρ(α)⟩ =
∫
dρ dσ ρ

[
A0(ρ, σ

2) +
∑
n>0

Fn(ρ, σ
2) cosnα

]
= 0,

⟨σ(α)⟩ = −
∫
dρ dσ σ2

∑
n>0

Gn(ρ, σ
2) sinnα = 0.

(2.32)

If, for a certain value of α, the first condition is not satisfied, one can redefine λ(α) so that ⟨ρ(α)⟩ = 0.
The same argument cannot be applied to the second condition, because α and β are not independent.
In general, the second condition is satisfied only for α = 0, π.
The true vacuum is determined by the effective potential. At linear order in G, its form is:

Veff(φ) = µ2|φ|2 + h|φ|4 −K|Gφ| cosα, (2.33)

where the last term is generated by integrating out the fermionic and gauge fields. The coefficient K
can be written schematically as

K =

∫
(dAµ)1 dψ dψ̄

∫
d4x ψ̄(x)

1 + γ5
2

ψ(x) exp

[
−
∫
d4x′

(
−1

4
F a
µνF

µν
a + iψ̄ /Dψ

)]
∫
(dAµ)0 dψ dψ̄ exp

[
−
∫
d4x′

(
−1

4
F a
µνF

µν
a + iψ̄ /Dψ

)] , (2.34)

and is real and positive. We have found out that the effective potential has no UPQ(1) symmetry and
it explains for example the lack of a goldstone boson after (for real QCD the lack of the η pseudo-
Goldstone boson).
Although the expression above was derived only to linear order in G, it is sufficient to show how the
mechanism works. For a suitable range of parameters, the minimum is obtained at α = 0 (note in
fact that α depends on ⟨φ⟩, and so it depends on the parameters of the potential). More generally,
the Vafa–Witten theorem (see Ref. [44]) guarantees (actually, under certain assumptions, satisfied
by QCD) that the minimum of the potential is located at the CP-conserving value α = 0. From the
definition of α, it is clear that if α = 0, one can perform a chiral rotation of the fermion fields such
that the mass term generated by ⟨φ⟩ becomes real, while at the same time the vacuum angle is shifted
as θ −→ θ − θ = 0. Thus the Peccei–Quinn mechanism provides a dynamical relaxation of the strong
CP phase to zero. We now turn to an important prediction of this mechanism: the existence of a new
pseudoscalar particle, the axion.
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2.3 The Axion Model

We have seen that after integrating out the fermionic fields, QCD non-perturbative effects generate
an effective potential for φ that in particular depends on the phase of its vacuum expectation value
(Eq. (2.33)) and that explicitly breaks U(1)PQ. Since the Peccei-Quinn symmetry is spontaneously
broken, we expect a pseudo-Nambu–Goldstone boson associated with its breaking. This particle is
the axion.
From the derivation of the previous section, one can then already identify the axion field, the axion is
simply the angular part of φ, or equivalently what we called in the previous discussion σ, renormalized
by an energy scale fPQ which dictates the scale of the symmetry breaking of the complex scalar field
φ and has no associated potential. It is mostly a matter of convention whether one calls “axion” the
full angular phase of φ, or only the fluctuation around its vacuum expectation value. We start with
the first convention and later redefine the axion as the fluctuation around the minimum.
However, the Peccei–Quinn mechanism can be reformulated as follows. One extends the Standard
Model by adding new Yukawa interactions, involving additional scalars singlets and fermions, in such
a way that the full theory is invariant under a global U(1)PQ symmetry. When this symmetry is spon-
taneously broken, the axion appears as the corresponding Nambu–Goldstone boson. Its transformation
law then must be:

a(x) −→ a(x) + αfa, (2.35)

where fa is the order parameter of the symmetry breaking and is called the axion decay constant.
Note that this procedure is quite general, and therefore in the definition of the axion field we do not
want to stick just to the model presented in the previous section. More generally, the relevant terms
of our theory become:

Ltot = LSM + θ̄
g2

32π2
Ga

µνG̃
µν
a −

1

2
∂µa ∂

µa+ Lint(∂µa,Ψ) + ξ
a

fa

g2

32π2
Ga

µνG̃
µν
a . (2.36)

Here ξ is the anomaly coefficient. We give motivation of Eq. (2.36). The first two terms are just the
usual SM Lagrangian, with the addition of the θ̄ term. Then we have the usual kinetic term (that
for example arises from the kinetic term of φ) then we add an interaction term with fermions, with a
derivative coupling given the Goldstone boson nature of the axion, and finally we have the last term
that couples the axion with gluons. This term is necessary, since under a U(1)PQ transformation, the
anomalous variation of the fermionic measure shifts the vacuum angle as

θ̄ −→ θ̄ − ξα, (2.37)

while the axion shifts as

a(x) −→ a(x) + αfa. (2.38)

Therefore the combination

θ̄eff = θ̄ + ξ
a

fa
(2.39)

is invariant, and the Lagrangian in Eq. (2.36) is left unchanged, as it should, given that before
considering the effective potential corrections, our theory must be PQ invariant. The Peccei–Quinn
mechanism states that the axion dynamically relaxes the effective strong CP phase to zero (this follows
from the definition of α in the previous section) so:

〈
θ̄eff
〉
= θ̄ + ξ

⟨a⟩
fa

= 0, (2.40)

or equivalently ⟨a⟩ = −θ̄ faξ . This is the same condition denoted by α = 0 in the previous section. The
same conclusion follows from the θ-dependence of the vacuum energy, discussed in Eq. (1.165): the
effect of the axion, as easily seen in Eq. (2.36) is to simply replace:

θ̄ −→ θ̄ + ξ
a

fa
. (2.41)
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The cosine structure obtained in the one-instanton approximation then confirms that the minimum is
reached for ⟨a⟩ = −θ̄fa/ξ. We now define ā as the fluctuation around this vacuum expectation value.
The axion mass is obtained from the second derivative of the vacuum energy with respect to the axion
field. Equivalently,

m2
a =

δ2

δā 2
logZ(θ̄)

∣∣∣∣
ā=0

=
ξ2

f2a

δ2

δθ̄ 2
logZ(θ̄)

∣∣∣∣
θ̄=0

=
ξ2

f2a
χtop. (2.42)

In the last step we used the fact that the axion potential is given by the QCD vacuum energy density
E(θ̄), evaluated after the replacement of Eq. (2.41). The QCD topological susceptibility is defined as

χtop =

∫
d4x

〈
g2

32π2
Ga

µνG̃
aµν(x)

g2

32π2
Gb

ρσG̃
bρσ(0)

〉
. (2.43)

This expression follows by treating θ̄ as a source for the topological charge density. Using translational
invariance, one has

1

V

∫
d4x d4y GG̃(x)GG̃(y) =

∫
d4z GG̃(z)GG̃(0), (2.44)

where z = x − y. The quantity χtop is particularly useful because it can be computed using chiral
Lagrangian techniques as well as non-perturbative lattice methods. Most importantly, it fixes the
characteristic scaling of the axion mass with the decay constant:

m2
af

2
a = ξ2χtop. (2.45)

Equivalently, if one absorbs the anomaly coefficient into the definition of fa, this relation is often
written as

m2
af

2
a = χtop. (2.46)

We can find the axion mass also using the chiral Lagrangian, again using Eq. (2.41) in Eq. (1.58), one
finds

V = −m2
πf

2
π

√
1− 4mumd

(mu +md)2
sin2

(
θ̄

2
+

ξa

2fa

)
. (2.47)

As expected ⟨a⟩ = −θ̄ faξ . Expanding the potential around the minimum gives

m2
a =

ξ2

f2a

mumd

(mu +md)2
m2

πf
2
π . (2.48)

If the anomaly coefficient is absorbed into the definition of the axion decay constant, the standard
expression becomes

ma =

√
mumd

mu +md

mπfπ
fa

≃ 5.7µeV

(
1012GeV

fa

)
. (2.49)

We will return to this expression in the next chapter, where we analyze the experimental bounds on
axions. We now move to a general issue associated with axion models.

2.3.1 The Axion Quality Problem

The axion quality problem arises from the fact that the Peccei–Quinn symmetry is not an exact
symmetry of the theory, but an anomalous global symmetry. In other words, the strong CP problem
is solved by a dynamical mechanism which relies on a symmetry that is expected to be explicitly
broken. This lack of an exact symmetry leads to two related issues.
First, from an effective field theory point of view, once our Lagrangian contains a coupling of the
form (θ̄ + a/fa)GG̃, one should in principle include all other operators compatible with the exact
symmetries of the theory. If no exact symmetry forbids them, Peccei–Quinn-violating operators are
generically allowed.
Second, quantum gravity is widely believed to break global symmetries. This is easily understood by
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considering black-holes. Therefore, even if a global Peccei–Quinn symmetry is imposed at the classical
level, Planck-scale effects can explicitly break it. In both cases, the axion then receives an additional
contribution to its potential, whose minimum is not in general aligned with the CP-conserving point.
This could reintroduce the strong CP problem.
For example, Ref. [45] found that gravitationally induced operators which explicitly violate the Peccei–
Quinn symmetry must have dimension ten or higher (the current bound is dimension 14 [1]) in order
for the axion to provide a natural solution to the strong CP problem. Thus we have to gauge PQ
symmetry, or assume some additional exact symmetry, to protect the PQ solution. We just mention
that gravitational corrections may also have implications for the axion domain-wall problem. The effect
of gravity on the Peccei–Quinn solution can be illustrated by considering the effective Lagrangian

L = |∂µϕ|2 − λ
(
|ϕ|2 − f2a

)2
+ Λ4 cos

a

fa
+
|ϕ|n+3

(
ge−iδϕ+ geiδϕ∗

)
2Mn

Pl

. (2.50)

Here

ϕ = (fa + ϕ̃)eia/fa , ⟨ϕ̃⟩ = 0, (2.51)

and Λ ≃ 100 MeV parametrizes the QCD contribution to the axion potential. The last term is a
dimension-(n+ 4) operator and represents the effect of quantum gravity. In the absence of this term,
the minimum would be located at a = 0. The phase δ is defined relative to the phase of the quark
mass matrix and has no reason to be small. For small a, the potential can be expanded as

V (a) =
1

2
Λ4 a

2

f2a
+

1

2
g
fn+4
a

Mn
Pl

[(
a

fa

)2

cos δ − 2
a

fa
sin δ

]
. (2.52)

Defining

m2
∗ = g

fn+2
a

Mn
Pl

cos δ, m2
phys = m2

0 +m2
∗, m2

0 =
Λ4

f2a
, (2.53)

one obtains

V (a) =
1

2
m2

physa
2 −m2

∗faa tan δ. (2.54)

The minimum is therefore shifted away from the CP-conserving value, giving

⟨θ̄⟩ = m2
∗ tan δ

m2
0 +m2

∗
. (2.55)

Requiring the induced value of θ̄ to satisfy the experimental bound then implies roughly

m2
∗

m2
0

< 10−9 ⇒ gfn+4
a

Λ4Mn
Pl

< 10−9, (2.56)

Using MPl ≃ 1019 GeV, and assuming δ = O(1), this condition can be written as

log10 fa ≲
19n− 13− log10 g

n+ 4
. (2.57)

Combining this with a typical bound fa ≳ 1010 GeV, one finds that for natural couplings, g ∼ 1, one
must require n ≥ 6. Therefore the leading PQ-violating operators must have dimension at least ten.
Smaller values of n are possible only if the coefficient g is highly suppressed, for example |g| ≲ 10−8

for n = 5 and |g| ≲ 10−43 for n = 1.
Similar, and in some cases even stronger, conclusions were found in Ref. [46, 45]. Furthermore, the
authors of Ref. [46] stress that it is not consistent to assume that all low-dimensional PQ-violating
operators are absent while only a very high-dimensional operator has an O(1) coefficient, unless an ad-
ditional symmetry forbids the lower-order terms. The reason is that, once a PQ-violating operator such
as |ϕ|2mϕn is present with an unsuppressed coupling, loop contractions can generate lower-dimensional
PQ-violating operators. The inverse powers of MPl in the original operator are then compensated by
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ultraviolet-divergent loop integrals cut off at the Planck scale, so the resulting lower-dimensional op-
erators are not additionally suppressed. More generally, two operators violating the global charge by
n and n′ can induce an operator violating it by |n − n′|. Therefore Planck-scale PQ-violation can
be consistently suppressed only if all dangerous lower-dimensional operators are exactly forbidden,
for instance by gauge or discrete symmetries, or if all symmetry-violating couplings are themselves
extremely small.

Several mechanisms have been proposed to address the axion quality problem. They can be broadly
grouped into models in which U(1)PQ arises as an accidental symmetry, models in which it originates
from higher-dimensional gauge symmetries, and constructions motivated by string and more broadly
extra dimensional theories. Here we focus on the first two classes. Although these constructions
provide possible ultraviolet completions of the Peccei–Quinn mechanism, they are generally much less
economical than the low-energy axion effective field theory. In this sense, the axion quality problem
represents the hidden complication behind the otherwise elegant low-energy solution.
An example of an accidental Peccei–Quinn symmetry is given in Ref. [47]. The construction introduces
four sets of quarks Q1,2,3,4 and two new confining gauge groups, SU(N) and SU(M). With a suitable
choice of representations, the groups SU(N) × SU(M) confine and produce a new pseudo-Nambu–
Goldstone boson which plays the role of the axion. IfM is chosen sufficiently large, higher-dimensional
PQ-violating operators are suppressed enough for the axion to continue solving the strong CP problem.
The extra-dimensional approach addresses the problem in a different way. The idea is to promote the
axion shift symmetry to a gauge symmetry in the ultraviolet, so that it is protected against Planck-scale
corrections. This can be realized, for example, by identifying the axion with the fifth component A5

of a higher-dimensional gauge field. At high energies, the axion is then protected by five-dimensional
gauge invariance. Another possibility is to gauge U(1)PQ in the bulk. Finally, these five-dimensional
solutions can often be dimensionally deconstructed into purely four-dimensional models, although the
higher-dimensional picture provides the simplest ”UV” motivation for their special structure.

2.3.2 Axion Models

We now present some explicit axion models, starting with the Peccei–Quinn–Weinberg–Wilczek model.
In this original realization, the Peccei–Quinn symmetry is broken at the electroweak scale. As a
consequence, the axion is relatively heavy and strongly coupled, and in fact this model was ruled out
long ago, see Ref. [48] for a modern review.
We then introduce a broader class of models known as invisible axion models. In these constructions,
a new energy scale fPQ ≫ v is introduced, where v is the electroweak scale. Since the axion mass and
its couplings scale inversely with fPQ, the axion becomes lighter and much more weakly coupled. This
new scale is often associated with very high-energy physics, for instance with the grand-unification
scale.
The two main classes of invisible axion models are the KSVZ (Kim–Shifman–Vainshtein–Zakharov)
model and the DFSZ (Dine–Fischler–Srednicki–Zhitnitsky) model. In KSVZ models one introduces
new heavy exotic quarks, together with a complex scalar field whose angular excitation is identified
with the axion. In DFSZ models, instead, no exotic quarks are required: the Standard Model scalar
sector is enlarged by introducing two Higgs doublets, together with the same kind of complex scalar
field. In both cases, the vacuum expectation value of this scalar field sets the Peccei–Quinn scale fPQ.
A common feature of axion models is the structure of the Yukawa sector. After Peccei–Quinn symmetry
breaking, Yukawa interactions typically induce couplings between the axion and fermions. These
couplings can be written in two equivalent forms. The first form is obtained by expanding the scalar
field around its vacuum expectation value, for example

Φ = fPQe
ia/fPQ . (2.58)

This gives non-derivative pseudoscalar interactions such as

Lint = −i
m

fPQ
a ψ̄γ5ψ +

m

2f2PQ
a2 ψ̄ψ + · · · . (2.59)
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Equivalently, one can remove the axion phase from the mass term by a chiral field redefinition. Starting
from

mψ̄eiγ5a/fPQψ, (2.60)

one performs the rotation ψ −→ e−iγ5a/(2fPQ)ψ. The axion dependence is then shifted from the mass
term to the fermion kinetic term, giving the derivative interaction

Lint =
1

2fPQ
ψ̄γµγ5ψ ∂

µa. (2.61)

The two descriptions are physically equivalent. The non-derivative form is often useful for perturbative
expansions in powers of a/fPQ, while the derivative form makes the pseudo-Nambu–Goldstone nature
of the axion more transparent.

The PQWW Axion Model

If all Standard Model fermions carry PQ charge, one has to introduce two Higgs doublets. This is
necessary in order to absorb independent chiral transformations of the up- and down-type quarks, and
of the charged leptons. The Yukawa sector is

LYukawa = Y u
ij Q̄LiΦ1uRj + Y d

ijQ̄LiΦ2dRj + Y ℓ
ijL̄LiΦ1ℓRj + h.c. (2.62)

Here QL and LL are the left-handed quark and lepton SU(2)L doublets, while Φ1 and Φ2 are two
scalar SU(2)L doublets. Their hypercharges are fixed by gauge invariance:

YΦ1 = −1

2
, YΦ2 = +

1

2
. (2.63)

Using Q = T3 + Y , one obtains the component decomposition

Φ1 =

(
ϕ0
ϕ−

)
, Φ2 =

(
ϕ′+
ϕ′0

)
. (2.64)

The vacuum expectation values are chosen so as to generate fermion masses,

⟨Φ1⟩ =
(
v1
0

)
, ⟨Φ2⟩ =

(
0
v2

)
, vF =

√
v21 + v22. (2.65)

Most excitations around these vacua can be written as SU(2)L gauge transformations. The axion is
the neutral phase excitation orthogonal to the Goldstone mode eaten by the electroweak gauge bosons.
After gauging away the unphysical excitations, the scalar doublets can be parametrized as

Φ1 = eiax/vF
(
v1
0

)
, Φ2 = eia/(xvF )

(
0
v2

)
, (2.66)

where x = v2
v1
. Since under U(1)PQ the axion shifts as a −→ a + αvF , and choosing a basis in which

the left-handed fermions are neutral under U(1)PQ, the right-handed quarks transform as

uRj −→ e−iαxuRj , dRj −→ e−iα/xdRj . (2.67)

The charged leptons transform analogously to the up-type quarks in the Yukawa assignment written
above. The Peccei–Quinn current can be obtained in the usual way from Noether’s theorem for internal
symmetries:

Jµ
PQ =

∑
φ

∂L

∂(∂µφ)
δφ. (2.68)

In the present basis it takes the schematic form

Jµ
PQ = −vF∂µa+ x

∑
i

ūiγ
µui +

1

x

∑
i

d̄iγ
µdi + x

∑
i

ℓ̄iγ
µℓi. (2.69)
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From the QCD anomaly of this current one obtains as anomaly coefficient

ξ = Nc

(
x+

1

x

)
. (2.70)

To compute the axion mass, we use the chiral Lagrangian. For simplicity we keep only the two light
quarks, u and d. The kinetic term is

Lχ = −f
2
π

4
Tr
[
∂µΣ ∂

µΣ†
]
, (2.71)

where

Σ = exp

[
i

fπ

(
τ iπi + η

)]
. (2.72)

Here τi are the Pauli matrices and η is the would-be Goldstone boson associated with the anomalous
axial U(1) symmetry in the two-flavor theory. The mass term is written as

LM =
1

2

(
fπm

0
π

)2
Tr
[
ΣAM + (ΣAM)†

]
, (2.73)

with

A =

(
e−iax/vF 0

0 e−ia/(xvF )

)
, M =

 mu

mu +md
0

0
md

mu +md

 . (2.74)

The invariance of LM under U(1)PQ requires

Σ −→ Σ

(
eiαx 0

0 eiα/x

)
. (2.75)

In the definition of M and in the prefactor of LM we have absorbed the constant B introduced in
Sec. (1.2.1) through

m2
π = B(mu +md). (2.76)

Thus the expression above is the same chiral mass term discussed previously in Sec. (1.2.1), with the
only difference that the quark mass matrix now contains the axion phase. Expanding to quadratic
order in the neutral fields gives

Lmass, π0,η,a = −m
2
π

2

[
mu

mu +md

(
π0 + η − xfπ

vF
a

)2

+
md

mu +md

(
π0 − η − fπ

xvF
a

)2 ]
. (2.77)

At this stage the η would have a mass of the same order as the pion, which would reproduce the usual
U(1)A problem. Moreover, after diagonalization the axion would remain massless, since there are only
two independent quadratic combinations for three neutral fields. Both issues are resolved by including
the anomalous contribution. In the absence of the axion, the anomaly can be modeled by adding

Lanom = −C
2
(θ − i ln detΣ)2 . (2.78)

For θ = 0 this term gives a mass to the η field. The constant C can therefore be traded for the physical
η mass, so that schematically

Lanom = −1

2
m2

ηη
2. (2.79)

When the axion is included, the anomaly effectively shifts the vacuum angle. One obtains

Lanom = −1

2
m2

η

[
η +

fπ
vF

(Ng − 1)

2

(
x+

1

x

)
a

]2
. (2.80)

The coefficient multiplying the axion reflects the relative strength of the couplings of the axion and of
the η to GG̃. Since the couplings of the axion to the light quarks are already included in Eq. (2.77),
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one must subtract the first generation, which explains the factor Ng − 1.
The anomalous term completes the quadratic Lagrangian in the neutral sector. After diagonalization,
one obtains three massive eigenstates: the neutral pion, the heavier η, and the axion. We do not
present the full diagonalization here, but quote the final results:

ma = λmmπ
fπ
vF

√
mumd

mu +md
, λm = Ng

(
x+

1

x

)
,

ξaπ = λπ
fπ
vF
, λπ =

1

2

[(
x− 1

x

)
−Ng

(
x+

1

x

)
md −mu

mu +md

]
,

ξaη = λη
fη
vF
, λη =

1

2
(1−Ng)

(
x+

1

x

)
.

(2.81)

All axion models are also characterized by their coupling to two photons. We write the corresponding
interaction as

Laγγ =
α

4π
Kaγγ

a

fa
FµνF̃

µν . (2.82)

Starting from the electromagnetic anomaly of the Peccei–Quinn current,

∂µJ
µ
PQ =

α

4π
ξaγγFµνF̃

µν , (2.83)

In fact one sees that the effective Lagrangian must contain a term of the form Eq. (2.82), in order
to reproduce the anomalous variation under a Peccei–Quinn transformation. Including the charged
leptons, the anomaly coefficient for the PQWW model is

ξaγγ = Ng

[(
2

3

)2

3x+

((
−1

3

)2

3 + (−1)2
)

1

x

]

=
4

3
Ng

(
x+

1

x

)
.

(2.84)

The coefficient Kaγγ differs from ξaγγ for two reasons. First, the contribution of the lightest quark
generation has to be subtracted, since the interactions between the axion and the light quarks are
already included in the chiral Lagrangian. Second, the axion mixes with the neutral mesons π0 and
η, which themselves couple to two photons. After taking these effects into account, one finds

Kaγγ = Ng

(
x+

1

x

)
mu

mu +md
. (2.85)

As we said in the PQWW model the Peccei–Quinn scale is fixed by the electroweak scale,

vF = (
√
2GF )

−1/2 ≃ 250 GeV. (2.86)

The axion is therefore not invisible: its mass and couplings are too large. Parametrically one finds
from Eq. (2.81) ma ∼ 100 keV. Moreover, the model predicts rare meson decays such as

BR(K+ → π+a) = 3× 10−5

(
x+

1

x

)2

. (2.87)

This is incompatible with the experimental bound on invisible kaon decays, see Ref. [49],

BR(K+ → π+ + “nothing”) < 10−8. (2.88)

Thus the original PQWW axion is experimentally excluded. This motivates the construction of invis-
ible axion models. The key point is that the solution of the strong CP problem does not depend on
the Peccei–Quinn scale being tied to the electroweak scale. One can instead introduce a much larger
scale fa, associated schematically with an angular mode of the form eia/fa . For fa ≫ (

√
2GF )

−1/2,
the axion becomes very light,

ma ∼
Λ2
QCD

fa
, (2.89)

and its interactions become very weak.
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2.3. The Axion Model

The DFSZ Axion Model

The Dine–Fischler–Srednicki–Zhitnitsky (DFSZ) model, first proposed in Refs. [50, 51] provide a well-
motivated realization of the Peccei–Quinn mechanism in which the axion is “invisible”, namely very
light and very weakly coupled. In this framework, the Standard Model scalar sector is extended by
two Higgs doublets, Φ1 and Φ2, together with a complex scalar singlet S, all charged under a global
U(1)PQ symmetry. For the Yukawa sector we have,

LYukawa = Y u
ij Q̄Li Φ̃1 uRj + Y d

ij Q̄LiΦ2 dRj + Y ℓ
ij L̄LiΦ2 ℓRj + h.c., (2.90)

where Φ̃1 = iσ2Φ
∗
1, ensuring gauge invariance and consistency with the PQ charge assignment. The

scalar potential is constructed to be invariant under U(1)PQ and contains interactions linking the
singlet and doublet sectors, enforcing a non-trivial PQ charge assignment and connecting the singlet
sector, where the high PQ scale is generated, to the electroweak Higgs sector. The PQ symmetry is
spontaneously broken when the scalar fields acquire vacuum expectation values,

⟨S⟩ = vs√
2
, ⟨Φ1⟩ =

1√
2

(
0
v1

)
, ⟨Φ2⟩ =

1√
2

(
0
v2

)
, (2.91)

We define v =
√
v21 + v22 setting the electroweak scale, and therefore the Higgs sector is basically left

untouched. After PQ and electroweak symmetry breaking, the fields can be parametrized as

S =
1√
2
(vs + ρs)e

ias/vs , Φi =
1√
2
eiai/vi

(
0

vi + hi

)
, i = 1, 2. (2.92)

As usual the physical axion is the Goldstone mode associated with the broken U(1)PQ symmetry,
orthogonal to the neutral Goldstone boson eaten by the Z boson. In the invisible limit vs ≫ v, it is
mostly aligned with the scalar phase,

a ≃ as + O

(
v

vs

)
, fa ≃ vs. (2.93)

The radial excitation of the singlet acquires a mass of order the PQ scale. From the singlet part of
the scalar potential,

V (S) ⊃ m2
S |S|2 + λS |S|4, (2.94)

and one finds, after imposing the minimum condition,

m2
ρs ≃ 2λSv

2
s . (2.95)

And we can safely integrate out of the theory the radial excitation. In the limit vs ≫ v, the DFSZ
model realizes an invisible axion because the axion decay constant is set by the large singlet vacuum
expectation value, rather than by the electroweak scale.
At low energies, using the same chiral Lagrangian methods discussed in the previous section, one finds
in the two-flavor approximation for the axion mass

m2
a =

mumd

(mu +md)2
m2

πf
2
π

f2a
. (2.96)

More precisely, including the strange quark and using current algebra (for a treatment of this topic
see Refs. [52, 53, 54, 55, 56]) one obtains

ma =
mπfπ
fa

[
z

(1 + z + w)(1 + z)

]1/2
, z ≡ mu

md
, w ≡ mu

ms
. (2.97)

Numerically this gives the standard relation

ma ≃ 5.7 µeV

(
1012 GeV

fa

)
. (2.98)
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2.3. The Axion Model

The couplings of the axion to gauge fields are fixed by the PQ anomalies. The effective low-energy
Lagrangian necessarily contains the gluonic interaction

LaGG =
αs

8π

a

fa
Ga

µνG̃
aµν , (2.99)

which is responsible for the solution of the strong CP problem. We repeat an argument that was
already presented with slightly different notation. Note, repeating what was already said above, that
we expect after a chiral rotation of angle α sends θ → θ−Nα, being N the anomaly coefficient, while
we know that a → a + fPQα, so we that fPQ = Nfa. The QCD potential is periodic with period
2πfa, whereas the interpretation of the axion as the phase of the PQ field requires periodicity 2πfPQ.
Therefore N must be an integer. This integer is sometimes also referred as the domain-wall number:
the theory contains N degenerate vacua, each satisfying θ̄eff = 0 and therefore solving the strong CP
problem. This can be easily understood once one considers the scalar field to have a phase in the form
Φi ∼ eia/fPQ .
To compute the anomaly coefficient for QCD it is enough to consider a chiral rotation, each fermion
will have its own PQ charge:

f −→ e−iXfγ
5a/(2fa)f. (2.100)

then N =
∑

q T (rq)Xq, where T (rq) = 1/2 for quarks in the fundamental representation of SU(3)c.
The axion coupling to photons can be derived in analogous way, computing the electromagnetic
anomaly

∆L =
α

8π

a

fa

∑
f

Nf
c Q

2
fXf

FµνF̃
µν . (2.101)

The quantity in square brackets is the electromagnetic anomaly coefficient E, again given the shift of
the axion field it is easy to understand that in the UV the effective Lagrangian is:

LUV
aγγ =

α

8π

E

N

a

fa
FµνF̃

µν . (2.102)

At low energies, however, the physical axion also mixes with neutral mesons, especially with π0 and
η. Since these mesons couple anomalously to two photons, this mixing induces an additional model-
independent contribution to the axion-photon coupling. Using current algebra again, Refs. [54, 57],
the low-energy interaction can be written as

Laγγ = −1

4
gaγγaFµνF̃

µν = gaγγ E⃗ · B⃗, (2.103)

with

gaγγ =
α

2πfa

[
E

N
− 2

3

4 + z + w

1 + z + w

]
. (2.104)

Finally the fermionic-axion couplings are of order

gaf =
Xjmj

fPQ
. (2.105)

In the DFSZ model the coefficients Xf are determined by the PQ charges of the Higgs doublets and,
after imposing orthogonality with the Goldstone boson eaten by the Z, depend on the ratio

tanβ =
v2
v1
. (2.106)

For example, in a common DFSZ convention one finds, up to an overall sign,

Xu =
1

3
cos2 β, Xd =

1

3
sin2 β, Xe =

1

3
sin2 β. (2.107)

After QCD confinement, one should describe the axion couplings in terms of nucleons rather than
quarks. For the DFSZ model the resulting nucleon couplings see Refs. [54, 57, 58, 59], can be written
as

Xp = −0.10− 0.45 cos2 β, Xn = −0.18 + 0.39 cos2 β. (2.108)
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2.3. The Axion Model

The KSVZ Model

The Kim–Shifman–Vainshtein–Zakharov (KSVZ) axion model, introduced in Refs. [60, 61] is the
prototype of hadronic invisible axion models. Its main idea is to introduce at least one new heavy
vector-like quark Ψ, charged under SU(3)c, together with a complex scalar field Φ which is a singlet
under the electroweak gauge group SU(2)L × U(1)Y . The scalar field carries Peccei–Quinn charge
and its vacuum expectation value sets the PQ scale. Since the Standard Model fermions do not carry
PQ charge in the minimal realization of this model, the axion has no tree-level couplings to ordinary
quarks and leptons. The relevant part of the Lagrangian can be written as

L = iΨ̄ /DΨ+ ∂µΦ ∂
µΦ† − V (|Φ|)−

[
Y Φ Ψ̄LΨR + h.c.

]
, (2.109)

where Ψ is vector-like with respect to the Standard Model gauge group. The scalar potential is taken
as before to be

V (Φ) = λ

(
|Φ|2 −

f2PQ
2

)2

, (2.110)

so that the minimum satisfies |⟨Φ⟩| = fPQ√
2
. This Lagrangian is invariant under the global Peccei–Quinn

transformation
Φ −→ eiαΦ, Ψ −→ e−iγ5α/2Ψ. (2.111)

After spontaneous PQ breaking, the scalar field can be parametrized as

Φ =
fPQ + ρ√

2
eia/fPQ , (2.112)

where ρ is the heavy radial mode and a is the axion. The heavy quark mass is then mΨ =
Y fPQ√

2
.

At energies much below the PQ scale, as in the models presented above, the radial excitation can be
integrated out. Under the PQ symmetry the axion shifts as always as a −→ a+ αfPQ. And again we
have the usual PQ solution to the strong CP problem, as usual the interaction Lagrangian is:

LaGG =
αs

8π

a

fa
Ga

µνG̃
aµν . (2.113)

In the simplest KSVZ model with a single heavy quark in the fundamental representation of SU(3)c,
the domain-wall number is N = 1, so that fa = fPQ. More generally, if several heavy quarks or
different color representations are introduced, the anomaly coefficient changes and fa = fPQ/N . The
axion-photon coupling has the same general form discussed above in Eq. (2.104) where E and N
are respectively the electromagnetic and color anomaly coefficients of the Peccei–Quinn current that
depend on the electroweak quantum numbers of the heavy quark. The second term in Eq. (2.104)
is model independent and comes from axion mixing with the neutral mesons. Note that if the heavy
quark is electrically neutral, then E = 0 and the photon coupling is entirely induced by the model-
independent meson mixing contribution. If instead the heavy quark has electric charge Q, one finds
E/N = 6Q2. Thus different choices of the heavy quark electric charge lead to different KSVZ variants,
with the same solution to the strong CP problem but different phenomenology in photon-coupling
searches. A characteristic feature of minimal KSVZ models is that the Standard Model fermions are
neutral under U(1)PQ. As a consequence, the axion has no tree-level coupling to any leptons at the
PQ scale. This is why KSVZ models are often called hadronic axion models.
Couplings to ordinary matter are nevertheless generated at low energies through axion–meson mixing
and through radiative effects. For the nucleon couplings one has (see Refs. [54, 57, 58, 59]):

Cp ≃ −0.39, Cn ≃ −0.04, (2.114)

up to the usual uncertainties of order ∼ 0.01 associated with the nucleon matrix elements.
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Chapter 3

Axion phenomenology, cosmology and
experimental searches

In the first two chapters we introduced the strong CP problem and discussed some of its possible so-
lutions, with particular emphasis on the Peccei–Quinn mechanism. We then showed that this solution
predicts the existence of a new pseudoscalar particle, the axion. As discussed, the phenomenology of
the axion is not unique: there are different axion models with sufficient freedom to obtain different,
model-dependent predictions.
This chapter is devoted to the search for axions and axion-like particles (ALPs). Their phenomenology
is rich and can be explored in a variety of physical settings. We begin by discussing the cosmology of
axions and ALPs, showing how these particles can provide a viable dark matter candidate. We then
review the main constraints on axions and ALPs arising from astrophysical arguments, and finally
present the current experimental strategies aimed at their detection.

3.1 Axion Cosmology

One of the most appealing features of the axion is that it can also account for the dark matter
abundance of the Universe, and therefore, addressing two fundamental problems at the same time:
the strong CP problem and the nature of dark matter, see for example Refs. [62, 63, 64]. Axions can
be produced in the early Universe through different mechanisms, the most important of which is the
misalignment mechanism, which can be studied in different cosmological settings. In this section, we
review how the axion relic abundance can be estimated in these scenarios.
The misalignment mechanism in fact can operate when the Peccei–Quinn (PQ) symmetry is broken
during inflation and then is not restored afterwards. In this case, inflation selects a nearly homogeneous
initial value of the axion field across the observable Universe. Conversely, if the PQ symmetry is
restored either during or after inflation, different causally disconnected regions acquire different initial
values of the axion field. This leads to the formation of topological defects, such as axion strings and
domain walls, whose subsequent evolution and decay can provide an additional contribution to the
axion abundance

3.1.1 ALP Production

The scalar misalignment mechanism describes the production of dark matter from a scalar field initially
displaced from the minimum of its potential. We consider a homogeneous scalar field ϕ with potential
V (ϕ) = 1

2m
2
ϕϕ

2 and initial value ϕi ̸= 0. The action is

S =

∫
d4x
√−g

[
−1

2
∂µϕ∂

µϕ− 1

2
m2

ϕϕ
2

]
, (3.1)
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3.1. Axion Cosmology

Figure 3.1: Evolution of the scalar field and of the energy density associated with the scalar field ϕ.
Figure taken from Ref. [65].

where we assume an FRW metric, gµν = diag(−1, a2, a2, a2). Varying the action gives the Klein–
Gordon equation,

□ϕ−m2
ϕϕ = 0. (3.2)

For homogeneous modes, neglecting spatial derivatives, this becomes

ϕ̈+ 3H(t)ϕ̇+m2
ϕϕ = 0. (3.3)

Thus, the field behaves as a damped harmonic oscillator.
We now assume that these processes take place before matter-radiation equality, so that the Universe
is radiation dominated and H = 1/2t. With initial conditions ϕ(0) = ϕi and ϕ̇(0) = 0, the solution is

ϕ(t) = ϕi

(
2

mϕt

)1/4

Γ

(
5

4

)
J1/4(mϕt), (3.4)

where J1/4 is a Bessel function. A typical profile of the solution is shown in Fig. (3.1). Physically, at
early times the Hubble friction term dominates and the field remains approximately frozen. Oscilla-
tions begin when 3H(Tosc) ≃ mϕ.
At late times, for mϕt ≫ 1, the friction term becomes negligible and the solution can be written

approximately as ϕ(t) ≃ ϕenv(t) cos(mϕt), where ϕenv(t) is a slowly decreasing envelope. The energy
density stored in the scalar field is

ρϕ =
1

2
ϕ̇2 +

1

2
m2

ϕϕ
2. (3.5)

Averaged over many oscillations, this density scales as ρϕ ∝ a−3, which is the same scaling as non-
relativistic matter. Therefore, after oscillations begin, the scalar field behaves as dark matter.
The present-day abundance is obtained by evolving the density from the onset of oscillations to today:

ρϕ(T0) = ρϕ(Tosc)
g∗s(T0)

g∗s(Tosc)

(
T0
Tosc

)3

. (3.6)

This equation follows from the matter-like scaling of the energy density, together with entropy con-
servation, S ∼ g∗s(T )T

3a3 = const.. Using ρϕ(Tosc) ≃ 1
2m

2
ϕϕ

2
i and the Friedmann equation at Tosc,

one obtains approximately

Ωϕh
2 ≃ 0.12

(
ϕi

4.7× 1016GeV

)2 ( mϕ

10−21 eV

)1/2
. (3.7)

This relation shows how the scalar mass mϕ and the initial displacement ϕi must be chosen in order
for the field to reproduce the observed dark matter abundance. The numerical values used here are
typical benchmark values, with ΩDM ≃ 0.12.
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3.1. Axion Cosmology

3.1.2 Axion Production

We now repeat the same arguments of the previous section for the QCD axion. The main difference
is a feature that has not been made explicit so far: the previous discussion was performed at zero
temperature. However, the axion mass is temperature-dependent. This is because the topological
susceptibility, introduced in Eq. (2.43), can in general depend on the temperature. Therefore, Eq. (3.3)
becomes

θ̈ + 3H(t)θ̇ +mθ(T )
2 sin θ = 0. (3.8)

In writing Eq. (3.8), we should remember that in the ALP case the particle was defined as a small
perturbation around the minimum θ = 0. During the cosmological evolution, however, the initial
displacement of the QCD axion does not necessarily have to be small. For this reason, the Taylor
expansion used to identify the axion mass around the minimum is not always the most appropriate
description.
The full temperature dependence of the axion mass has been studied using analytic techniques with
different regimes of validity, such as the dilute instanton gas approximation shown in Ref. [66] and
the interacting instanton-liquid model in Ref [67]. It has also been computed numerically using lattice
QCD in Ref. [68]. The result that we will use is that, for T > ΛQCD, ma(T ) ≈ ma(ΛQCD/T )

n/2.
To derive Ωa, we start from the axion number density. Indeed, since the axion mass depends on
temperature, the comoving energy density is not conserved, whereas the comoving number density is
conserved. Therefore,

na(T0) = na(Tosc)

(
a0
aosc

)−3

. (3.9)

At the onset of oscillations, we can approximate θ(Tosc) ≃ θi and θ̇(Tosc) ≃ 0. Then,

na(Tosc) =
ρa(Tosc)

ma(Tosc)
≃ 1

2
ma(Tosc)f

2
aθ

2
i . (3.10)

It follows that the present axion energy density is

ρa(T0) ≃
1

2
θ2i f

2
amama(Tosc)

(
a0
aosc

)−3

. (3.11)

Again, as in the previous subsection, we use entropy conservation,

g∗,s(T )a
3T 3 = const., (3.12)

to rewrite the dilution factor in terms of the temperature and the relativistic degrees of freedom. This
gives

ρa(T0) ≃
1

2
θ2i f

2
amama(Tosc)

(
g∗,s(T0)T

3
0

g∗,s(Tosc)T 3
osc

)
. (3.13)

The temperature Tosc is defined by the condition 3H(Tosc) = ma(Tosc). For T > TQCD, we take

ma(T ) = ma

(
TQCD

T

)n
, with typically n ≃ 8. Again, following the same steps as before and using the

expression for the Hubble parameter during radiation domination, one finds approximately

Tosc =

[(
10

π2g∗(Tosc)

)1/2

maMPl

] 2
n+4

T
n

n+4

QCD. (3.14)

In practice, one finds Tosc ∼ 1GeV, so that one may use g∗(Tosc) ≃ g∗,s(Tosc) ≃ 61.75, and g∗,s(T0) =
3.91.

Dividing by the critical density, the relic abundance is

Ωah
2 =

θ2i f
2
amama(Tosc)

6H2
0M

2
Pl

(
g∗,s(T0)T

3
0

g∗,s(Tosc)T 3
osc

)
. (3.15)
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Although this expression seems to depend on ma, fa, and θi, for the QCD axion the zero-temperature
mass is fixed by

ma = (5.70± 0.07)µeV

(
1012GeV

fa

)
. (3.16)

Thus, fa can be eliminated in favour of ma. Since Tosc ∝ m
1/(n+4)
a , one obtains the scaling Ωah

2 ∝
θ2im

−n+6
n+4

a . For n = 8,

Ωah
2 ∝ θ2im−7/6

a . (3.17)

A more accurate numerical treatment, including the full temperature dependence of the axion mass
and of the relativistic degrees of freedom, gives instead

Ωah
2 ≃ 0.12

(
θi

2.155

)2(28µeV

ma

)1.16

. (3.18)

This result shows that lighter axions give a larger relic abundance. At first, this may seem counter-
intuitive, since one might expect heavier particles to contribute more to the energy density. The
important point is that the quantity fixed at Tosc is the number density. If the axion is lighter, the
condition 3H(Tosc) = ma(Tosc) is satisfied later, so the axion number density is less diluted by the
expansion of the Universe. As a consequence, lighter axions can lead to a larger present-day abundance.

There is, however, an important cosmological subtlety hidden in the choice of the initial misalignment
angle θi: the PQ symmetry may be broken either before or after inflation. In the following, we discuss
these two different possibilities.

3.1.3 Pre-inflationary Scenario

Let us first consider the case in which the Peccei–Quinn symmetry is broken before, or during, inflation
and is not restored afterwards. In this scenario, inflation stretches a single causal patch to a size
much larger than the observable Universe. Therefore the axion field is homogenized, and our whole
observable Universe is described by one single initial misalignment angle θi. Following Ref. [63].
This makes the pre-inflationary scenario simple, but also less predictive. The relic abundance is not
obtained by averaging over many possible values of θi, but depends on the particular value selected in
our patch. For a generic initial angle θi ∼ O(1), requiring the axion to reproduce the observed dark
matter abundance selects a typical QCD axion mass range. Smaller masses would usually overproduce
dark matter, unless θi is tuned to be small. Conversely, larger masses can be obtained if the field starts
close to the top of the potential, θi ≃ π, where anharmonic corrections become important. Fig. (3.2)
shows the initial angle θi needed to saturate the dark matter density for fixed QCD axion mass.

Figure 3.2: Figure taken from [65]

A 95 % credible interval is given as 0.12 µeV < ma < 150 µeV assuming a uniform prior on θi .
A useful feature of this scenario is that topological defects, such as axion strings and domain walls,
are inflated away. Thus the abundance is dominated by the misalignment mechanism alone. However,
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3.1. Axion Cosmology

the fact that the axion exists during inflation also leads to an important constraint. Like any light
scalar field in de Sitter space, the axion receives quantum fluctuations of order

δθ ≃ HI

2πfa
, (3.19)

where HI is the Hubble scale during inflation. These fluctuations are later converted into fluctuations
of the axion number density, producing isocurvature perturbations, see Refs. [69, 70, 71]. Cosmological
perturbations can be divided into adiabatic and isocurvature modes. In adiabatic perturbations all
components fluctuate together, so that the ratios between matter, radiation and the other species
remain fixed. In isocurvature perturbations, instead, the total curvature perturbation is unchanged,
but the relative abundances of the different components fluctuate. Since the CMB is observed to be
mostly adiabatic, the axion’s isocurvature contribution must be very small.
This gives an upper bound on the scale of inflation. In terms of the axion parameters, one finds
approximately

HI ≲ 2.8× 107GeV θi

(
fa

1012GeV

)
. (3.20)

Thus, if the PQ symmetry is broken before inflation, high-scale inflation is strongly constrained. If
one further assumes that axions make up all of the dark matter, then θi and fa are not independent,
since the relic abundance fixes their combination. Using this relation, the isocurvature constraint can
be rewritten as a bound involving only the axion mass and the inflationary scale. For n = 8, one
obtains

HI ≲ 8.8× 108GeV

(
1 neV

ma

)5/9

. (3.21)

This expresses the consistency condition between pre-inflationary axion dark matter and inflation.
Fig. (3.2) shows also the maximum for HI at fixed axion mass.
Therefore the pre-inflationary scenario is viable, but it ties the axion parameter space to the scale of
inflation. A future detection of primordial tensor modes, corresponding to a large value of HI , could
exclude large portions of this scenario. In the absence of such a detection, however, pre-inflationary
axion dark matter remains possible, with its main uncertainty encoded in the unknown initial value
of θi.

3.1.4 Post-Inflationary Scenario

We now consider the opposite possibility: the Peccei–Quinn symmetry is broken after inflation. In
this case, inflation does not homogenize the axion field, and different causally disconnected regions of
the Universe start with different initial values of the misalignment angle θi. As the horizon grows, all
these regions eventually enter our observable Universe, so the relic abundance is not determined by
one arbitrary value of θi, but by an average over many patches.
This makes the post-inflationary scenario more predictive than the pre-inflationary one. Once the
average over θi is performed, including the anharmonic corrections to the axion potential, one obtains
an effective value θeffi ≃ 2.155. Using this value in the relic abundance formula (3.18) (so assuming
that axions make up all the dark matter content) gives a preferred axion mass around ma ∼ 28µeV,
up to theoretical uncertainties related, for example, to the temperature dependence of the topological
susceptibility.
However, this simple estimate is not the full story. In deriving the misalignment abundance we
treated the axion field as spatially homogeneous, keeping only its zero-momentum mode. In the
post-inflationary scenario this approximation is not fully justified, because the axion field is initially
inhomogeneous. The equation of motion should therefore include spatial gradients,

θ̈ + 3Hθ̇ − 1

a2
∇2θ +m2

aθ = 0. (3.22)

These gradient terms are precisely what lead to additional phenomena, namely the formation of
topological defects.
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Cosmic Strings

When the PQ symmetry breaks after inflation, the axion field randomly chooses different phases in
different causally disconnected regions. Since the axion angle is periodic, there can be closed paths in
space along which the field winds by 2π. At the center of such a winding the phase is not well-defined,
so the full PQ field must go to zero and the symmetry is locally restored, as in the Mexican-hat
potential. In three dimensions, these singular points form one-dimensional objects: global cosmic
strings as described in Ref. [72].
These strings carry energy and form a network in the early Universe. As the Universe expands,
the network evolves and radiates axions. Therefore, in the post-inflationary scenario, the final axion
abundance receives not only the usual misalignment contribution, but also an additional contribution
from the decay of the string network, see Refs. [72, 73]. The precise size of this contribution is
difficult to determine and usually requires numerical simulations, which is one of the main sources of
uncertainty in the post-inflationary prediction Ref. [74].

Domain Walls

When the temperature approaches the QCD scale, the axion acquires its potential and the field starts
to roll toward its minimum. At this stage another type of topological defect can appear: domain walls.
These are two-dimensional surfaces separating regions where the axion field relaxes toward different
equivalent minima of the potential, see Ref. [75]. The fate of these walls depends on the domain wall
number NDW, which, as anticipated in Sec. (2.3.2), counts the number of distinct vacua of the axion
potential. For NDW = 1 there is only one true vacuum, so the walls bounded by strings are unstable
and the network eventually collapses, releasing its energy into axions. This case is cosmologically
acceptable, although it still affects the final relic abundance.
For NDW > 1, instead, the axion potential has several degenerate vacua. In this case the walls
separating different vacua cannot simply disappear, because no vacuum is preferred over the others.
The wall network can then become stable, and its energy density is diluted very slowly compared
with matter and radiation. As a consequence, it may come to dominate the energy density of the
Universe, leading to a cosmology in clear conflict with observations. This is the domain wall problem
(Refs. [75, 76]). Viable post-inflationary axion models must therefore either have NDW = 1 or include
some mechanism that makes the walls unstable before they dominate the cosmic energy density.
In summary, the post-inflationary scenario is more predictive because the initial misalignment angle
is averaged over many patches. However, it is also more complicated because spatial gradients cannot
be ignored: cosmic strings and domain walls form and contribute to the final axion abundance.
Furthermore, other new features emerge in this context: we only mention that these topological defects
can lead to highly inhomogeneous distributions, such as axion miniclusters and axion stars. For this
reason, the preferred axion mass in this scenario is tied not only to the misalignment mechanism, but
also to the dynamics of topological defects.

3.2 ALP Cosmological Bounds

It is useful to summarize the cosmological constraints (and their preferred axion parameters) of axion-
like particles in the two-dimensional parameter space spanned by the ALP mass ma and the inverse
decay constant 1/fa. This is the parameter space shown in Fig. (3.3). Since the interaction strengths
of an ALP are typically suppressed by the scale fa, moving upward in the plot corresponds to stronger
couplings, while moving downward corresponds to more weakly coupled ALPs. Unlike the QCD axion,
for a generic ALP the mass ma and the scale fa are independent parameters. Therefore the allowed
regions are not restricted to a single QCD-axion line, but may fill extended bands.

While for QCD axion appears in Fig. (3.3) as a special line in the (ma, 1/fa) plane, because for the
QCD axion the mass and decay constant are related. The yellow part of the line corresponds to the
pre-inflationary misalignment scenario, where θi can be chosen freely. The red segments correspond
to post-inflationary predictions, including the contribution from topological defects. We do not re-
peat the cosmological bounds presented above, we see that different cosmological assumption identify
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Figure 3.3: Excluded regions in the ALP parameter space, assuming different cosmological scenarios.
Figure taken from [65]

different regions in the parameter space. However, we mention that further cosmological constraints
can be applied to axions. For example from structure formation we have that if the ALP is extremely
light, its de Broglie wavelength can become astrophysically large. In this regime, gradient pressure
suppresses the growth of structure below a characteristic scale, modifying the matter power spectrum.
This gives a lower bound on the ALP mass if the ALP makes up all of the dark matter. Very light
ALPs are therefore constrained by observations of large-scale structure and small-scale structure, in
a way similar to fuzzy dark matter bounds.
The figure (3.3) also shows how non-standard cosmological histories can modify the preferred ALP
dark matter region. For example, an early matter-dominated era before BBN dilutes the ALP abun-
dance through entropy injection. As a result, larger values of fa can be consistent with the observed
dark matter density, shifting the viable band downward in the (ma, 1/fa) plane. Conversely, a period
of kination, where the energy density is dominated by the kinetic energy of a scalar field and redshifts
faster than radiation, changes the time at which ALP oscillations begin and can shift the preferred
region in the opposite direction.
There are also mechanisms that modify the standard misalignment picture itself. In kinetic misalign-
ment, the ALP field starts with a large initial velocity rather than from rest. The field can then roll
over many periods of its potential before becoming trapped, delaying the onset of ordinary oscillations.
This changes the final relic abundance and can populate regions above the standard ALP misalignment
band. In trapped misalignment, the ALP initially oscillates around a false or temporary minimum
before eventually settling into the true minimum. The delay enhances the abundance and therefore
changes the relation between ma and fa required to obtain the observed dark matter density.
Finally, one should distinguish these cosmological bounds from the grey regions in Fig. (3.3). The grey
regions are not cosmological abundance constraints: they usually assume that the ALP has a coupling
either to photons or to nucleons, and therefore combine astrophysical, laboratory and cosmological
information. For instance, sufficiently large photon couplings are constrained by stellar cooling, helio-
scope searches, supernova bounds and cosmological considerations. We present this type of arguments
in the following sections. Similarly, nucleon couplings are constrained by stellar evolution, supernova
physics and fifth-force or spin-dependent searches. These bounds are model dependent, because their
position depends on which coupling is assumed to dominate. By contrast, the colored bands in the
figure mainly indicate regions where different cosmological production mechanisms can generate the
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observed dark matter abundance.

3.2.1 Thermal Relic Axions

The bounds discussed so far rely on the assumption that axions account for the cold dark matter
abundance. There is, however, another cosmological constraint on the QCD axion which is independent
of this assumption. It comes from the fact that axions are thermally produced in the hot plasma of
the early Universe (Refs. [77, 78]).
Since the QCD axion couples to Standard Model particles, thermal processes can produce a population
of axions in the primordial bath. If the interaction rate is larger than the Hubble expansion rate, axions
are kept in thermal equilibrium. As the Universe expands and cools, the interaction rate eventually
becomes inefficient and axions decouple from the plasma. After decoupling, this population survives
as a relic cosmic axion background (Refs. [77, 79]).
The cosmological effect of this thermal population depends on whether the axions are relativistic
or non-relativistic at the epochs probed by observations. If thermal axions decouple early enough
to be relativistic, they behave as hot dark matter. In this case they free-stream out of small-scale
overdensities and suppress the matter power spectrum, in the same way as massive neutrinos, see
Refs. [79, 80]. Large-scale structure observations strongly constrain this possibility, excluding thermal
QCD axions with masses of order the eV scale, see Refs. [79, 80].

Figure 3.4: Upper limit on ∆Neff as a function of the axion decoupling temperature. Figure taken
from Ref. [65]

If instead axions remain relativistic for most of the relevant cosmological history, without becoming
non-relativistic, they contribute to the radiation content of the Universe as dark radiation. By dark
radiation one means any relativistic energy density beyond the Standard Model photons and neutrinos.
Its effect is usually described through the effective number of relativistic species Neff , see Refs. [81,
82], defined by writing the total radiation density after electron-positron annihilation as

ρrad = ργ + ρν + ρDR = ργ

[
1 +

7

8

(
4

11

)4/3

Neff

]
. (3.23)

In the Standard Model one has
NSM

eff ≃ 3.044, (3.24)
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where the small deviation from 3 comes from non-instantaneous neutrino decoupling and finite tem-
perature effects, Ref. [83]. Any extra relativistic component is then parametrized as

Neff = NSM
eff +∆Neff . (3.25)

For a thermal axion background, the contribution to ∆Neff is obtained by comparing the axion energy
density with the energy density of one neutrino species. For a real scalar boson,

ρa =
π2

30
T 4
a , (3.26)

while one neutrino species, with two internal degrees of freedom, contributes

ρνi =
7

8

π2

15
T 4
ν . (3.27)

Therefore a relativistic thermal axion gives

∆Neff =
ρa
ρνi

=
4

7

(
Ta
Tν

)4

. (3.28)

Thus the relevant quantity we need to compute is the ratio between the axion temperature and the
neutrino temperature.
This ratio is fixed by entropy conservation after axion decoupling. If axions decouple at a tempera-
ture Td, they no longer share the entropy released by the annihilation of Standard Model particles.
Consequently, the photon and neutrino baths are heated relative to the axion bath. One finds

Ta
Tγ

=

(
g∗s(T0)

g∗s(Td)

)1/3

, (3.29)

where g∗s is the effective number of relativistic degrees of freedom contributing to the entropy density.
Since after electron-positron annihilation

Tν
Tγ

=

(
4

11

)1/3

, (3.30)

the axion contribution weighted against neutrinos can be written as

∆Neff =
4

7

[
11

4

g∗s(T0)

g∗s(Td)

]4/3
. (3.31)

Equivalently, using the Standard Model entropy degrees of freedom, this is often written as

∆Neff ≃ 0.027

(
106.75

g∗s(Td)

)4/3

. (3.32)

This expression shows the main physical point: the earlier axions decouple, the larger g∗s(Td) is, and
the smaller their contribution to dark radiation becomes, Refs. [82, 84]. Conversely, if axions decouple
late, their temperature is closer to the neutrino temperature and ∆Neff is larger.
Current CMB and large-scale structure data are consistent with the Standard Model value of Neff ,
leaving little room for extra relativistic degrees of freedom, see Ref. [85]. The reason why this becomes
an upper bound on the QCD axion mass is tied to entropy injection in the thermal bath. Once
axions decouple, they no longer interact efficiently with the Standard Model plasma and therefore
do not receive the entropy released when massive species become non-relativistic and annihilate. In
particular, if axions decouple before electron-positron annihilation, the entropy released by e+e−

annihilation heats the photon bath, while the axion bath remains colder.
More generally, the earlier axions decouple, the larger the number of Standard Model degrees of
freedom that subsequently annihilate into the thermal bath. This increases the entropy dilution of
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the axion background and lowers the ratio Ta/Tγ , or equivalently Ta/Tν . As a result, early decoupling
gives a smaller contribution to dark radiation,

∆Neff =
4

7

(
Ta
Tν

)4

. (3.33)

This is why small values of ma, corresponding to large fa and weaker interactions, are safe: the axion
decouples early, remains colder than the photon and neutrino baths, and contributes only a small
amount to ∆Neff .
Conversely, heavier QCD axions have smaller fa and therefore stronger interactions with the thermal
plasma. They remain in equilibrium for longer and decouple later, after fewer Standard Model degrees
of freedom have annihilated. The entropy dilution is then less efficient, the axion temperature is closer
to the neutrino temperature, and the resulting ∆Neff is larger. Requiring this extra radiation to
be compatible with cosmological bounds therefore excludes axions that are too strongly coupled, or
equivalently too heavy. Present analyses typically give sub-eV limits, of order

ma ≲ 0.1–0.3 eV, (3.34)

with the precise value depending on the axion model, the thermal production rates and the cosmolog-
ical datasets used in Refs. [86, 87, 88].

It is important to stress that the decoupling temperature corresponding to the present bound lies
around the QCD crossover, Td ∼ ΛQCD ∼ 100–200MeV.
This is precisely the regime where the computation of the production rate is most delicate, see Ref. [89].
At temperatures well above the QCD transition, the relevant degrees of freedom are quarks and
gluons, and axion production is described using the perturbative coupling of the axion to QCD. At
temperatures below the transition, instead, the appropriate degrees of freedom are hadrons, and the
dominant processes are described by the chiral effective Lagrangian, for example through axion-pion
interactions, see Refs. [79, 89]. Therefore, a reliable determination of the thermal axion bound requires
matching, or at least consistently interpolating, between the perturbative QCD description at high
temperatures and the chiral description at low temperatures.
Future CMB experiments will improve the sensitivity to small values of ∆Neff , as explained in Ref. [84,
90]. This is particularly interesting because even a very early decoupled thermal relic gives a non-zero
minimal contribution to dark radiation. A future detection of ∆Neff > 0 would therefore be a possible
hint of extra light relics that contributed to the early Universe thermal bath, including but not limited
to axions, while the absence of such a signal would push thermal axion bounds towards smaller masses
and weaker couplings.
Another possible production regime is freeze-in. In this case the axion interactions are too weak to
bring the axion population into thermal equilibrium with the Standard Model bath, so there is no
subsequent freeze-out temperature in the usual sense, see Ref. [91, 92]. Nevertheless, axions can still
be slowly produced by rare processes in the plasma. The condition is schematically

Γ(T ) < H(T ) (3.35)

at all relevant temperatures. Since the axion abundance never reaches the equilibrium value, the
resulting contribution to dark radiation is typically smaller than in the freeze-out case. Moreover, the
axion distribution need not be exactly thermal, so it is more appropriate to define its contribution as

∆Neff =
ρa
ρνi

, (3.36)

where ρνi is the energy density of one neutrino species. Unlike the freeze-out case, the freeze-in
abundance can depend on the details of the early thermal history, in particular on the maximum
temperature reached after reheating, since production may be dominated at the highest available
temperatures, see Ref. [93].
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3.2.2 Lower Bounds from Fuzzy Dark Matter

For very small axion masses, the axion field can behave as fuzzy dark matter. In this regime, as
anticipated above, the de Broglie wavelength becomes comparable to astrophysical scales,

λdB ∼
1

mav
, (3.37)

where v is the typical velocity of dark matter inside a halo. If ma is too small, wave effects become
important and the axion field cannot cluster efficiently below a characteristic length scale. This
produces a suppression of small-scale structure and leads to lower bounds on the axion mass.
The same effect appears in the matter power spectrum as a cutoff at large wavenumber k. In terms
of structure formation, this means that the abundance of low-mass halos and subhalos is reduced
compared with the standard cold dark matter prediction. Measurements of galaxy abundances, halo
mass functions and subhalo populations can therefore be used to constrain ultralight axions. Note
however that this argument can be applied to any particle responsible for DM. These probes typically
give bounds around

ma ≳ 10−22–10−21 eV, (3.38)

although the precise value depends on the dataset and on the modeling of nonlinear structure forma-
tion, Refs. [94, 95].
One of the strongest probes is the Lyman-α forest. The absorption lines in the spectra of distant
quasars trace the distribution of neutral hydrogen along the line of sight and therefore give access to
the matter power spectrum on small scales. Since fuzzy dark matter suppresses precisely these scales,
Lyman-α data can set significantly stronger lower bounds, reaching approximately

ma ≳ 10−20 eV. (3.39)

This number should not be interpreted as completely model independent, since it depends on the
thermal history of the intergalactic medium, reionization, and hydrodynamical modeling, see Ref. [96].
Constraints can also be obtained from larger cosmological scales, for example using the CMB. These
bounds are usually weaker, roughly

ma ≳ 10−24 eV, (3.40)

but they are theoretically cleaner because they mostly rely on linear perturbation theory rather than
on nonlinear structure formation and baryonic effects Ref. [97].
Fuzzy dark matter is also phenomenologically interesting because it can soften some of the small-scale
tensions of cold dark matter. In particular, wave pressure naturally leads to the formation of solitonic
cores in the centres of halos, producing shallower density profiles and potentially addressing the core–
cusp problem, see Ref. [98]. However, there is a tension between this motivation and the observational
constraints: the masses light enough to produce sizeable cores are often close to, or below, the values
excluded by Lyman-α forest data.
For sufficiently large masses, the de Broglie wavelength becomes too small to affect the observed
structure formation, and the model approaches ordinary cold dark matter. Future probes such as
galaxy surveys, gravitational lensing, 21-cm cosmology and high-precision CMB measurements may
push the lower bound to larger masses, potentially approaching

ma ∼ 10−18 eV. (3.41)

A compact review of fuzzy, scalar-field and wave dark matter phenomenology can be found in Ref. [99].

3.3 Astrophysical Bounds

Already in the previous sections we have encountered constraints on axions which rely not only on
cosmology, but also on astrophysical arguments. In this section we briefly review some of the most
important astrophysical bounds on axions and axion-like particles. We mainly follow Ref. [100]. Our
goal is not to provide a complete review of all existing limits, but rather to introduce the physical
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mechanisms behind the most relevant bounds and to highlight the role played by astrophysics.
Astrophysical systems are particularly powerful laboratories for weakly coupled light particles. If
axions are produced in stellar interiors, they can escape almost freely because of their extremely small
interaction rates. In this way, they provide an additional channel for energy loss. The existence of
such a new cooling mechanism modifies the structure and the evolution of stars, supernovae, neutron
stars and black holes and can therefore be constrained by comparison with observations.

3.3.1 Solar bounds

The Sun is the closest and best studied star, and hence represents an interesting source of axions. The
solar interior is described by Standard Solar Models (SSMs), which reproduce the present solar lumi-
nosity, radius, age and surface composition by evolving the Sun from its formation to the present time.
These models include nuclear reactions, radiative transport, convection, diffusion and the equation of
state of the solar plasma. Their reliability is tested by helioseismology and by the measurement of
solar neutrino fluxes, see Refs. [101, 102].
In the solar core, axions can be produced through several processes, depending on their couplings to
Standard Model particles. We will compute the production rate inside the Sun for the case of axions
coupled only to photons for different processes in chapter (5). For axion-like particles dominantly
coupled to photons, the most important production channel is the Primakoff process (assuming we
work with very light axions),

γ + Ze→ Ze+ a, (3.42)

in which a thermal photon is converted into an axion in the electric field of charged particles in the
plasma. The relevant interaction is

Laγ = −1

4
gaγγaFµνF̃

µν = gaγγaE ·B. (3.43)

A very simple estimate of the solar bound can be obtained from an energy-loss argument. If the
Sun emitted too much energy in the form of axions, its nuclear burning rate would have to be larger
in order to account for the observed photon luminosity. This would modify the solar structure and
shorten the solar lifetime. A conservative requirement is therefore La ≲ L⊙, where La is the axion
luminosity and L⊙ is the observed solar photon luminosity, Ref. [101]. For Primakoff production, it is
customary to define g10 ≡ gaγγ

10−10 GeV−1 . A standard solar model calculation gives approximately

La ≃ 1.85× 10−3 g210 L⊙. (3.44)

Imposing the conservative condition La ≲ L⊙ therefore gives g10 ≲ 23, or equivalently

gaγγ ≲ 2.3× 10−9GeV−1. (3.45)

This estimate is useful because it shows how stellar energy-loss arguments constrain very weakly
coupled particles. However, it is not the strongest solar bound.
A more refined constraint comes from the fact that an additional energy-loss channel changes the

solar core temperature. Since the flux of high-energy solar neutrinos, in particular those from 8B,
is very sensitive to the central temperature, solar neutrino measurements provide a stronger probe
of axion emission, see Refs. [103, 102]. The axion luminosity induced by Primakoff production leads
approximately to an enhancement of the 8B neutrino flux of the form

Φ(8B)

ΦSSM(8B)
≃
(
1 +

La

L⊙

)4.4

. (3.46)

Requiring consistency with the measured solar neutrino flux gives a stronger bound, typically quoted
as

gaγγ ≲ 6× 10−10GeV−1. (3.47)

As shown in Fig. (3.5) this bound is subject to the details of the solar model, in particular to the
assumed solar metallicity, but it illustrates the strong constraining power of solar observations [102].
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Figure 3.5: We see how the neutrino flux changes as a function of the gaγγ for different solar models:
Z represent the metallicity of different solar models. Figure taken from Ref. [100]

Trapping Regime

The bounds discussed above assume that axions, once produced in the solar core, escape freely from
the Sun. This is the usual situation for sufficiently small couplings, since the axion mean free path is
much larger than the solar radius. In this free-streaming regime, axions act as an efficient additional
energy-loss channel and the corresponding luminosity can be constrained by solar evolution and solar
neutrino data.
However, for very large values of the axion coupling this assumption eventually breaks down. If the
interaction rate becomes large enough, axions can be reabsorbed or scattered before leaving the Sun.
This effect is further enhanced once one considers also axion-electron couplings. In this case their mean
free path becomes shorter than the solar radius and axions no longer provide an efficient mechanism for
energy loss. This is known as the trapping regime. Qualitatively, the same coupling that increases the
production rate also increases the absorption rate. Therefore, beyond a certain coupling strength, the
simple energy-loss argument cannot be applied. For Primakoff-produced axions, the relevant mean
free path is approximately the inverse of the Primakoff conversion rate. In the solar core, where
the temperature is of order Tc ≃ 1.3 keV, (we will see the temperature profile inside the Sun later
on) and the Debye–Hückel screening scale is roughly ks ≃ 9 keV, that is the screening scale of the
solar plasma, whose inverse gives the typical distance over which electric fields are screened by the
surrounding charged particles. Again we will come back to this later on.
One finds that axions with energies of a few keV would be trapped only for extremely large photon
couplings, roughly

gaγγ ≳ 10−3GeV−1. (3.48)

This value is many orders of magnitude above the couplings relevant for ordinary QCD axions and for
the solar bounds discussed above. Moreover, if axions were trapped efficiently, they would contribute
to radiative energy transport inside the Sun. In order not to significantly modify the solar structure,
their mean free path should then be shorter than the photon mean free path, which is of order several
centimeters in the solar core.
The trapping argument is therefore mainly important conceptually. It shows that stellar energy-loss
bounds do not necessarily exclude arbitrarily large couplings: they constrain the free-streaming region,
while at very large couplings the new particle may become trapped. For ordinary solar axions coupled
through the Primakoff process, however, the trapping regime lies at couplings so large that it is not
relevant for the phenomenology considered here.
There is an additional subtlety for QCD axions. In this case the axion mass and the photon coupling
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are not independent, since one can write schematically gaγγ =
Caγ

2πfa
, and ma ∝ 1

fa
. Thus, very large

values of gaγγ correspond to very large axion masses. When the axion mass becomes larger than the
solar temperature, ma ≫ T , thermal production is exponentially suppressed by the Boltzmann factor.
In this heavy-mass regime, as we will see more quantitatively in chapter (5), the dominant production
channel is no longer standard Primakoff conversion, but rather photon coalescence,

γ + γ → a. (3.49)

The resulting production rate is suppressed as Qa ∝ e−ma/T , so that sufficiently heavy axions are
again difficult to produce in the solar plasma. If produced, such heavy axions may decay into two
photons a→ γ + γ, possibly generating a flux of hard solar X-rays see Refs. [104, 105, 106, 107]. The
absence of such an anomalous X-ray flux provides another constraint on heavy axions, as shown in
Refs [105, 106]. However another important argument can be applied to solar axions, i.e. the solar
basin argument, that we will present in more detail in chapter (5).

Axion–Electron Coupling

So far we have mainly discussed solar axions produced through the Primakoff process, which is con-
trolled by the axion–photon coupling. However, in several axion models the axion can also have a
direct coupling to electrons. This is the case, for instance, of the DFSZ-type models.
As anticipated, when the axion couples directly to electrons, the solar axion flux receives additional
contributions. The most important production mechanisms are usually referred to as ABC processes,
namely Atomic recombination, de-excitation, Bremsstrahlung and Compton scattering. Schemati-
cally, these include the processes: γ + e→ e+ a, for Compton-like production, e+ I → e+ I + a, for
electron-ion bremsstrahlung, and bound-bound processes I∗ → I + a.
These atomic processes are particularly important because the solar plasma is not made only of free
electrons and fully ionized nuclei: heavier elements can still have bound electrons in some regions of
the Sun. For this reason, a precise calculation of the ABC flux requires detailed solar opacity tables
and a careful treatment of atomic physics. The resulting solar axion spectrum is different from the
Primakoff one. Primakoff axions are produced mainly by thermal photons with energies of a few keV
and have an average energy around 4 keV. By contrast, the ABC flux is softer, with a typical average
energy around ≃ 2.3 keV.
Moreover, because atomic transitions contribute to the emission, the spectrum can contain several line-
like features in addition to the continuous component. Defining g11 ≡ gae

10−11 . A solar model calculation
gives approximately, from Ref. [108]:

La ≃ g211 7.15× 10−2L⊙. (3.50)

As in the Primakoff case, the conservative requirement that La ≲ 0.04L⊙, gives:

gae ≲ 0.75× 10−11. (3.51)

For DFSZ axions this can be translated into a lower bound on the axion decay constant and an upper
on the axion mass. In the usual normalization one finds approximately

fa ≳ 1.1× 107GeV (2 sin2 β), ma ≲
0.50 eV

2 sin2 β
. (3.52)

Here β is the usual DFSZ angle defined in chapter (2). There is an important difference with respect
to the pure Primakoff case. If gae is non-vanishing, the total solar axion flux is not only controlled by
gaγγ , but also by gae. In DFSZ-like models the ABC flux can even dominate over the Primakoff flux.
The signal may receive a contribution proportional to

RABC ∝ g2aeg2aγγ , (3.53)

This is why the interpretation of helioscope bounds becomes more model-dependent when the electron
coupling is present.
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Solar axions coupled to electrons can also be searched for in low-threshold direct-detection experiments.
In this case axions from the Sun can be absorbed or scattered in the detector, producing electronic
recoils with keV-scale energies. Experiments originally designed for dark matter searches have therefore
become sensitive to solar axions as well. In particular, the XENONnT experiment, Ref. [109] currently
provides one of the strongest bounds on the axion–electron coupling from the solar ABC flux,

gae < 1.9× 10−12 (90%C.L.). (3.54)

In DFSZ models this corresponds approximately to

fa ≳ 4.5× 107GeV (2 sin2 β), ma ≲
0.13 eV

2 sin2 β
. (3.55)

Finally we only mention that in principle one should consider la also axion-nuclear couplings for the
solar production, nevertheless they are strongly model dependent and do not provide competitive
bounds to the ones presented in the previous discussion.

Solar Basins

We conclude this section on solar axion bounds by anticipating one of the main topics of the following
chapters: the possibility that axions or axion-like particles produced in the Sun do not necessarily
escape to infinity, but remain gravitationally trapped in bound orbits around the Sun. This population
of trapped particles is usually referred to as a solar basin.
The basic idea is that particles produced in the solar interior with velocity larger than the solar escape
velocity leave the Sun and contribute to the usual solar axion flux at Earth. However, a fraction of
the particles can be produced with sufficiently small kinetic energy that their velocity is below the
escape velocity. These particles remain gravitationally bound to the Sun and can accumulate over the
solar lifetime. The effect is most relevant for particles with masses comparable to the temperature
of the stellar interior. In the case of the Sun, this corresponds to the keV mass range, since the core
temperature is of order Tc ∼ keV. In fact for much lighter particles the typical thermal velocities are
relativistic and the probability of gravitational capture is strongly suppressed.
This mechanism was first proposed in Ref. [110] and it is particularly interesting for models containing
a tower of massive states, i.e. Kaluza–Klein axions. In these scenarios, the higher-dimensional axion
appears in four dimensions as a set of modes with different masses. Some of these modes can naturally
lie in the keV range, where solar production is efficient and gravitational trapping can become rele-
vant. Even if each individual mode is very weakly coupled, the presence of many accessible states can
enhance the total population accumulated around the Sun. We will focus on this models and extra
dimensional theories in the next chapter.
A solar basin of keV-mass axions or ALPs could be searched for in low-background direct-detection
experiments, where the absorption or scattering of these particles would produce electronic signals
in the keV energy range. Depending on the dominant coupling, the relevant detection channels may
involve the axion–electron coupling gae or the axion–photon coupling gaγγ . In addition, if the particles
are unstable, their radiative decay into two photons could generate an X-ray signal from the quiet Sun
or from the solar surroundings see Refs. [111, 112, 106].

3.3.2 Axion–photon Conversion in Neutron-Star Magnetospheres

In a magnetic field, axions and photons can mix through the axion–photon coupling gaγγ . This leads
to the possibility of axion–photon conversion in astrophysical environments with large magnetic fields
and macroscopic length scales. The relevant quantity controlling the efficiency of the conversion is
roughly the product BL, where B is the magnetic field strength and L is the size of the conversion
region. Therefore, objects such as pulsars, magnetars and large-scale intergalactic magnetic fields can
provide interesting probes of axion-like particles.
However, the conversion is efficient only if the axion and photon remain coherent during propagation.
For non-negligible axion masses, the momentum mismatch between the two states suppresses the
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conversion probability. For very light axions, a typical bound reached is gaγγ < 10−12GeV−1. This
is the reason why many astrophysical bounds on gaγγ , although very strong for generic ALPs, do not
usually reach the QCD axion line. In this sense, helioscopes such as CAST and future experiments
like IAXO or BabyIAXO remain among the most promising approaches to probe realistic QCD axion
models.
Neutron stars are especially interesting because of their extremely large magnetic fields, typically of
order B ≳ 1012G. If dark-matter axions fall into the magnetosphere of a neutron star, they can
encounter a region where the plasma frequency matches the axion mass, see Ref. [113]. In this case,
axion–photon conversion can become resonant, producing a narrow radio line. This possibility has
motivated several searches using radio-telescope observations, for example in Ref. [114].
Independently of the dark-matter axion scenario, neutron stars themselves may also produce axions in
their magnetospheres, especially in polar-cap regions where large values of E ·B can act as an efficient
source. Some of these axions may remain gravitationally bound to the neutron star, forming dense
axion clouds, see Ref. [115]. Such clouds could accumulate over the lifetime of the star and potentially
lead to observable electromagnetic signals.

3.3.3 Globular-Cluster Stars

Globular clusters provide some of the most important astrophysical constraints on axion couplings.
They are gravitationally bound systems containing a large number of stars which formed approx-
imately at the same time and with similar chemical composition. For this reason, the stars in a
globular cluster mainly differ by their mass, making these systems very useful laboratories for testing
stellar evolution.
The evolutionary stage of the stars in a globular cluster can be studied through a color–magnitude
diagram. In this diagram, stars populate characteristic branches corresponding to different phases of
their life. Since axion emission would provide an additional energy-loss channel, it can modify stellar
evolution and therefore change the relative population of stars along these different branches or the
brightness of specific evolutionary features.

Tip of the Red Giant Branch and Axions

Low-mass stars, such as those found in old globular clusters, spend most of their life on the main
sequence (MS), where they burn hydrogen into helium in their cores. Once the central hydrogen is
exhausted, the star leaves the main sequence and enters the subgiant branch (SGB) see figures (3.6)
and (3.7). In this phase the core is mostly made of inert helium, while hydrogen burning continues in
a shell around it. The star then ascends the red giant branch (RGB). During this phase, the helium
core is supported by electron degeneracy pressure, and for this systems the relation between the core
mass and radius is approximately R ∼M−1/3.
As the mass of the degenerate helium core increases, its radius decreases and its gravitational potential
becomes deeper. This drives up the temperature in the hydrogen-burning shell and therefore increases
the luminosity of the star. The star continues to climb the RGB until the core becomes hot and dense
enough to ignite helium, roughly at ρ ∼ 106 g/cm3 and T ∼ 108K ≃ 8.6 keV. For low-mass stars,
M ≲ 3M⊙, helium ignition occurs under degenerate conditions and produces the so-called helium
flash. More massive stars ignite helium under non-degenerate conditions.
The degenerate RGB core before helium ignition is essentially a helium white dwarf, except that it
is surrounded by an active hydrogen-burning shell. After helium ignition, the core expands to non-
degenerate densities of order 104 g/cm3, while its temperature remains of order 108K. The star then
settles on the horizontal branch (HB), where it quietly burns helium into carbon and oxygen in the
core, while hydrogen burning continues in a shell. The star is now much dimmer than at the TRGB
because the larger core radius lowers the temperature of the hydrogen-burning shell, reducing the
dominant hydrogen-burning luminosity. Later, after central helium exhaustion, the star moves to the
asymptotic giant branch (AGB), where it has an inert carbon–oxygen core surrounded by helium- and
hydrogen-burning shells.
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Figure 3.6: Color–magnitude diagram of the globular cluster M5. The main stellar evolutionary phases
are visible: the main sequence (MS), the subgiant branch (SGB), the red giant branch (RGB), the
horizontal branch (HB), and the asymptotic giant branch (AGB). The tip of the red giant branch
(TRGB) corresponds to the brightest point reached by low-mass red giants before helium ignition.

The maximum brightness reached just before helium ignition defines the tip of the red giant branch,
or TRGB.
This observable is very sensitive to additional cooling mechanisms. If axions couple to electrons,
they can be efficiently produced in the dense red-giant core, mainly through bremsstrahlung processes
involving electrons and ions. This extra cooling makes the core lose energy more efficiently. As
a consequence, the helium core must grow to a slightly larger mass before reaching the conditions
required for helium ignition. The star therefore climbs further up the red giant branch, and the TRGB
becomes brighter. The absence of such an anomalous increase in the observed TRGB brightness can
be used to constrain the axion–electron coupling. It is customary to introduce the rescaled coupling
g13 ≡ gae

10−13 . The current bound is, from Refs. [116, 117, 118]

gae ≲ 1× 10−13,

For DFSZ axions, where the axion–electron coupling is present at tree level, this translates into a
strong lower bound on the axion decay constant and therefore into an upper bound on the axion mass.

gae = Ce
me

fa
≃ 2.8× 10−14Ce

( ma

meV

)
,

where Ce is a model-dependent coefficient. In DFSZ models Ce is of order one and depends on the
angle β.
At the limit g13 = 1, the core-averaged axion luminosity is already a fraction of the standard neu-
trino luminosity. In particular, one finds approximately is roughly one fifth of the standard neutrino
luminosity. In this sense, the present TRGB bound is already quite ambitious: it constrains an exotic
cooling channel whose contribution is significantly smaller than the ordinary neutrino cooling.
TRGB bounds are among the strongest astrophysical constraints on gae.
We finally mention that TRGB bounds can also be obtained without relying exclusively on globular
clusters. Field halo stars in the outskirts of galaxies also belong to old stellar populations and can show
a sharp break in their luminosity function. This break is produced by the TRGB and is commonly
used as a distance indicator. In this approach, the TRGB is measured in resolved stellar populations
in galactic halos rather than in globular clusters.
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Figure 3.7: Schematic structure of a low-mass star in different evolutionary phases. During the main
sequence the star burns hydrogen in its core. After core hydrogen exhaustion, hydrogen burning
continues in a shell around an inert helium core, and the star moves through the SGB and RGB
phases. After helium ignition, the star becomes an HB star, burning helium in the core and hydrogen
in a shell. Later, during the AGB phase, the star develops an inert carbon–oxygen core surrounded
by helium- and hydrogen-burning shells.

This method is important because one of the main systematic uncertainties in the globular-cluster
analysis is the determination of the cluster distances. A wrong distance calibration would directly
affect the inferred absolute luminosity of the TRGB, and therefore the axion bound. Using halo field
stars provides an independent way to calibrate the TRGB and reduces the dependence on globular-
cluster distance determinations.

Helium-burning Lifetime and Axions

Horizontal-branch (HB) stars burn helium in a non-degenerate core with a typical mass of order
0.5M⊙. The core temperature and density are approximately T ∼ 108K, ρ ∼ 104 g cm−3. In these
conditions, axions or ALPs coupled to photons can be efficiently produced through mainly the Pri-
makoff process γ + Ze→ a+ Ze, providing an additional cooling channel. As a consequence, helium
would be consumed more rapidly and the HB lifetime would be shortened. The Primakoff energy-loss
rate per unit mass scales approximately as ϵa ∝ T 7

ρ G2
10, as done in Ref. [119] and for typical HB-core

conditions, the core-averaged axion energy-loss rate is of order

ϵa ≃ 30G2
10 erg g

−1 s−1.

This should be compared with the standard helium-burning energy generation rate, roughly

ϵHe ≃ 80 erg g−1 s−1.

Therefore, for G10 ∼ 1, axion cooling would reduce the HB lifetime by a factor of order

80

80 + 30G2
10

,

corresponding to a reduction of about 30% for G10 = 1. This effect can be constrained observationally
by comparing the number of HB stars with the number of red-giant branch (RGB) stars brighter than
the HB. The relevant observable is the so-called R parameter, R ≡ NHB

NRGB
= τHB

τRGB
. Since axion cooling
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shortens τHB, a large axion–photon coupling would reduce R. The observed value of R in globular
clusters is compatible with standard stellar evolution, leaving little room for an additional Primakoff
cooling channel. This leads to the bound, Ref. [120]

gaγγ < 0.65× 10−10GeV−1 (95% C.L.).

For KSVZ axions, this can be translated into

fa > 3.4× 107GeV, ma < 0.17 eV.

For DFSZ models the axion also couples to electrons, and this additional interaction would signifi-
cantly affect RGB evolution. As a result, the R parameter would no longer isolate the axion–photon
interaction alone. For DFSZ axions, constraints from the tip of the red-giant branch provide the more
appropriate and typically stronger bound.

Bounds from the Asymptotic Giant Branch

After helium is exhausted in the core of a horizontal-branch star, the star develops a degenerate carbon–
oxygen core. Helium burning continues in a shell around this core, while hydrogen burning proceeds in
a second, outer shell. As the carbon–oxygen core grows in mass, it contracts and the helium-burning
shell becomes hotter and more efficient. The star then ascends the asymptotic giant branch (AGB).
This phase occurs for stars with M ≲ 8M⊙, which do not ignite the next nuclear-burning stage, but
instead lose their envelope and end their evolution as white dwarfs. AGB evolution is interesting
but complicated in that the burning shells can interact and the occurrence of thermal pulses. New
channels of energy loss, such as axion emission, can modify this evolution. In particular, excessive
cooling may affect the final white-dwarf mass, the number of luminous AGB stars, and the chemical
composition of the material brought to the surface by dredge-up episodes. For QCD axions, many of
these effects in intermediate-mass stars are marginal once present bounds are imposed. However, for
more general ALPs, hotter stellar environments can probe larger ALP masses and can exclude regions
of the Gaγγ–ma plane that are not accessible with low-temperature systems.
The most relevant constraint for low-mass stars in globular clusters comes from the AGB clump. After
the end of core helium burning, the star does not immediately climb the AGB. Instead, it remains
for some time at a luminosity of roughly a few times the HB luminosity. During this stage, low-mass
AGB stars spend most of their AGB lifetime in a narrow luminosity region known as the AGB clump.
The subsequent ascent along the AGB is much faster and ends when the envelope is lost and the star
becomes a white dwarf.
The key point is that helium shell burning in the AGB clump occurs at a higher temperature than
core helium burning during the HB phase. Therefore, energy losses from neutrinos or axions are more
efficient. Axion emission shortens both the HB and AGB-clump lifetimes, but it affects the AGB
clump more strongly. As a result, the ratio

R2 ≡
NAGB

NHB

decreases in the presence of Primakoff axion emission. Since number counts trace evolutionary life-
times, R2 provides a sensitive probe of additional energy losses in helium-burning stars.
Observationally, HST photometry of globular clusters finds a narrow AGB clump and a value of R2

consistent with standard stellar evolution. Since axion cooling would reduce the AGB-clump lifetime
and hence lower R2, the absence of such a deficit constrains the axion–photon coupling. A conservative
recent analysis gives, Ref. [121]

gaγγ < 0.47× 10−10GeV−1 (95% C.L.).

For KSVZ axions, this corresponds to

fa > 4.7× 107GeV, ma < 0.12 eV.

As in the HB case, this bound should not be directly translated to DFSZ axions in a self-consistent
way.
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3.3.4 White Dwarf and Axions

As seen in the previous section, stars with masses M ≲ 8M⊙ after losing most of their envelope,
end their evolution as carbon–oxygen white dwarfs (WD), with typical masses in the range MWD ∼
0.5− 1.4M⊙. WDs are also a powerful laboratory to test new physics.
The subsequent evolution of a white dwarf is essentially a cooling process. Since nuclear burning has
ceased, the star gradually loses its residual thermal energy.
Axions again can provide an additional cooling channel in white dwarfs. In this environment, the
dominant production mechanism is electron bremsstrahlung, e + Ze → e + Ze + a, rather than the
Primakoff process. Therefore, white-dwarf cooling mainly constrains the axion–electron coupling gaee.
The effect of axion cooling can be searched for in two main ways. The first is through the white-dwarf
luminosity function, namely the number density of white dwarfs as a function of their bolometric
magnitude (that is the magnitude over all possible wavelengths). The second is through pulsating
white dwarfs, where an anomalous cooling rate can appear as a drift in the pulsation period.

White-Dwarfs Function Luminosity

The white-dwarf luminosity function (WDLF) describes the density of white dwarfs in the Galactic
neighborhood as a function of their brightness, usually expressed in terms of the absolute bolometric
magnitude Mbol. Assuming a constant birthrate, the slope of the WDLF directly reflects the cooling
speed: if cooling is slower, more white dwarfs accumulate in a given magnitude interval.
At early times, when white dwarfs are still hot, energy loss is dominated by neutrino emission, mainly
through plasmon decay, γ → νν̄.
At later times, photon emission from the surface becomes the dominant cooling mechanism. In the
absence of axions, and for a simple carbon–oxygen white dwarf model, the intermediate-luminosity
part of the WDLF is well described by the Mestel cooling law,

log

(
dN

dMbol

)
=

2

7
Mbol − 6.84 + logB3,

where B3 is the white-dwarf birthrate normalized to 10−3 pc−3Gyr−1. Axions modify both the nor-
malization and the shape of the WDLF. An additional axion luminosity La increases the total cooling
rate, so that white dwarfs spend less time in a given luminosity interval. This changes the predicted
number of white dwarfs at different magnitudes. Comparing stellar-evolution models including axion
emission with the observed WDLF therefore gives a bound on gaee.
A recent self-consistent evolutionary analysis, comparing theoretical models with the WDLF of the
Galactic disk obtained from SDSS, Ref. [122] and SuperCOSMOS data, Ref. [123], found the bound

gaee < 2.8× 10−13

at a nominal 99% confidence level. For DFSZ axions, the original WDLF limit can be translated into

fa > 3× 108GeV, ma <
19meV

2 sin2 β
.

Pulsating White Dwarfs

White dwarfs can also become pulsationally unstable when they cross the instability strip in the
Hertzsprung–Russell diagram. The instability strip is a quasi-vertical region in the Hertzsprung–
Russell diagram: stars contracting increase their opacity, this leads to an increase in pressure and a
subsequent increase in their radius, bringing a more transparent stellar medium. When WD enter this
regime they become ZZ Ceti stars. Their pulsation periods are extremely stable and can be used as
stellar clocks.
As a white dwarf cools, its internal structure slowly changes, and the pulsation period drifts with time.
The rate of period change therefore provides a direct measure of the cooling speed. If an additional
cooling channel such as axion emission is present, the star cools faster and the observed period drift
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can be larger than expected from standard cooling alone.
A particularly important example is the pulsating white dwarf G117-B15A. Its measured period drift
is larger than the value expected from standard white-dwarf cooling. If interpreted entirely as axion
bremsstrahlung, it would require gaee = (5.66 ± 0.57) × 10−13, from Ref. [124]. Similar values have
been inferred from other pulsating white dwarfs.
However, this interpretation is problematic. Such a large value of gaee would imply a strong axion
contribution to white-dwarf cooling and should also show up clearly in the WDLF. It is in tension with
the WDLF bounds and even more strongly with the TRGB constraint on the axion–electron coupling.
Since both the WDLF and TRGB limits rely on less delicate physics than the modeling of pulsating
white dwarfs, the apparent cooling hint from ZZ Ceti stars is usually regarded as more likely due to
unresolved systematics in pulsation physics rather than evidence for axions.

3.3.5 Neutron-Star and Axions

Neutron stars (NS) provide a natural laboratory for axions because QCD axions couple to nucleons.
In this environment, the relevant production mechanism is mainly nucleon bremsstrahlung, N +N →
N + N + a, and, depending on the composition of the core, especially n + n → n + n + a. Axion
emission would act as an additional cooling channel and would modify the thermal evolution of NS.
The cooling of a neutron star proceeds in different stages. During the first seconds after core collapse,
the star cools through an intense neutrino burst. Shortly afterwards, it becomes transparent to
neutrinos, but continues to cool by neutrino volume emission. For the first ∼ 100 yr the crust
thermally relaxes. After this stage, the stellar interior is approximately isothermal and the cooling
is controlled by the core. At late times, around ∼ 106 yr, neutrino emission becomes inefficient and
photon emission from the surface takes over.
Axion bounds from neutron-star cooling are obtained by comparing theoretical cooling curves with
observations of neutron-star ages and surface temperatures. If axion emission is too strong, the star
cools too rapidly and becomes colder than observed. This gives constraints on the axion–nucleon
couplings, especially the axion–neutron and axion–proton Yukawa couplings,

gann = Cann
mN

fa
, gapp = Capp

mN

fa
.

These constraints can then be translated into bounds on fa and ma once a specific QCD axion model
is chosen.

Young Neutron Stars

Young neutron stars, with ages from a few hundred to a few tens of thousands of years, are still in
the neutrino-cooling era. A relevant example is given by the neutron star in the supernova remnant
Cassiopeia A (Cas A).
Cas A is a very young neutron star, with an age of about t ≃ 340 yr. It was initially interesting
because its surface temperature appeared to decrease faster than expected from standard cooling pro-
cesses such as modified Urca emission (that are those processes that produce neutrinos inside NS cores
in non superfluid conditions). A possible explanation involved the onset of neutron superfluidity in
the core, which enhances neutrino emission through pair breaking and formation.
The relevant pairing channel for neutrons is the triplet 3P2 state. Here the notation means that the
two neutrons form Cooper pairs with total spin S = 1, orbital angular momentum L = 1 correspond-
ing to a P wave, and total angular momentum J = 2.
When the temperature drops below the critical temperature for this superfluid transition, neutron
Cooper pairs begin to form and break. This produces efficient neutrino emission through the pair-
breaking-and-formation process. The same physics also affects axion emission, because axions can
couple to the spin fluctuations of nucleons.
Although the originally inferred rapid cooling of Cassiopeia A is now considered likely to be affected by
detector-calibration systematics, the source can still be used to place order-of-magnitude constraints
on axion cooling. Cooling simulations including axion losses give, for representative QCD axion mod-
els, Ref. [125]: fa > 0.3 × 108 GeV for KSVZ axions, and fa > 4.5 × 108 GeV for a representative
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DFSZ choice with cotβ = 10. However, these limits are strongly model-dependent because the axion–
neutron coupling can accidentally become small or vanish for particular choices of the QCD axion
parameters.

Old Neutron Stars

Older neutron stars, with ages of order∼ 106 yr, are close to the transition between neutrino-dominated
and photon-dominated cooling. In this regime, the neutrino luminosity starts to be suppressed by
the decreasing core temperature, while the photon luminosity from the surface becomes increasingly
important. Therefore, an additional axion luminosity can have a visible impact on the late-time
cooling curve.
The strongest and most reliable neutron-star limits come from old isolated neutron stars, in particular
members of the Magnificent Seven together with the pulsar J1605, see Ref. [126]. Their measured
luminosities and kinematic ages can be compared with numerical cooling sequences including axion
emission. If the axion–nucleon coupling is too large, the predicted luminosity at the measured age
becomes too small.
For DFSZ axions, the resulting bound can be written approximately as

mDFSZ
a <

(
33− 17 sin2 β − 1.8 sin4 β

)
meV.

For the reference value sin2 β = 1
2 , this gives approximately ma < 24 meV. For KSVZ axions, the

corresponding conservative limit is

ma < 19 meV, fa > 3× 108 GeV.

Overall, neutron-star cooling constrains axion emission by requiring that the additional axion lu-
minosity does not make observed neutron stars colder than they are. Young neutron stars mainly
probe the axion–neutron coupling through neutron bremsstrahlung and superfluid effects, while old
neutron stars give the most robust QCD-axion bounds after translating the nucleon couplings into
model-dependent limits on fa and ma.

3.3.6 Supernova Neutrinos

Bounds on axion models can also be derived from supernovae. The traditional supernova bound on
axions comes from the duration of the neutrino signal observed from SN 1987A, see Ref. [127]. Neu-
trinos from this supernova were detected by different experiments, in particular IMB, Kamiokande-II
and BUST experiments, mainly through inverse beta decay ν̄e + p→ n+ e+.
After core collapse, the remnant is a proto-neutron star with nuclear density and temperature of order
T ∼ 30 MeV. In this environment, neutrinos are trapped and diffuse out on a timescale of several
seconds. If a new weakly interacting particle, such as an axion, carried away too much energy from
the core, the proto-neutron star would cool faster and the neutrino burst would have been shorter.
For QCD axions, the relevant production mechanism is again mainly nucleon bremsstrahlung, N+N →
N + N + a, controlled by an effective axion–nucleon coupling gaNN . As in the trapping regime dis-
cussed for the solar bounds, the behavior depends on the size of this coupling. There are two regimes
in which this argument can be eluded. If gaNN is very small: axion emission is negligible and the
neutrino signal is unchanged. For larger couplings, axions are produced efficiently and free-stream
out of the core, removing energy and shortening the neutrino burst. If we have even larger couplings,
axions become trapped, similarly to neutrinos, and are emitted only from an “axion sphere”. In that
trapping regime, the effect on the neutrino signal becomes smaller again. However, larger couplings of
this type are not necessarily harmless. First, they may play an important role during the SN collapse
phase. Second, in the water Cherenkov detectors that registered the SN 1987A neutrinos, these axions
would have interacted with oxygen nuclei, leading to the release of γ−rays and causing too many
events.
The most useful regime for the standard SN 1987A cooling bound is therefore the free-streaming

65



3.3. Astrophysical Bounds

regime. A commonly used analytic criterion is that the axion energy-loss rate per unit mass should
not exceed roughly: ϵa ≲ 1019 erg g−1 s−1, as done in Ref. [128]. this corresponds to an axion luminos-
ity La ∼ ϵaMcore ∼ 2× 1052 erg s−1. This is comparable to the neutrino luminosity during the cooling
phase. If axion losses were much larger than this, they would noticeably shorten the neutrino burst.
To put a bound on gaNN we need to study nuclear scattering. Early estimates modeled the nucleon–
nucleon interaction with a one-pion-exchange (OPE) potential however, after including also phe-
nomenological improvements, and information from nucleon–nucleon scattering data, one gets for
KSVZ axions the approximate bound, given in Ref. [129]

fa ≳ 4× 108GeV, ma ≲ 16meV.

For DFSZ axions, the same bound depends on the parameter β. It can be approximated as

mDFSZ
a <

(
23 + 6 sin2 β − 38 sin4 β + 22 sin6 β

)
meV.

For the reference choice sin2 β = 1
2 this gives ma < 19meV.

These bounds could be further improved: in fact other processes could lead to axion emission such
as π−p→ na, nevertheless the importance of axion production form pion’s scattering depends on the
conditions found in SNs cores, therefore while one cannot exclude that the emission rate is enhanced
by pions, one also cannot rely on them for a trustworthy bound. We only mention that including
axions in SN could modify the explosion physics of SN. Furthermore we would expect, in analogy
with neutrinos a diffuse SN axion background coming form axions produced in stellar collapse. These
axions could then convert in photons in astrophysical magnetic fields leading to interesting signals.

3.3.7 Black-Hole Superradiance

Superradiance is a wave-amplification phenomenon that occurs when a wave interacts with a rotating
dissipative system. In the case of a Kerr black hole, an incoming wave can be reflected with a larger
amplitude than the one it initially had, extracting energy and angular momentum from the black hole
rotation, in a similar way to the Penrose’s process see Refs. [130, 131]. The kinematic condition for
amplification is

ω < mΩH , (3.56)

where ω is the wave frequency, m is the azimuthal angular momentum, and ΩH is the angular velocity
of the black-hole horizon. Physically, the wave is amplified when its angular phase velocity is smaller
than the angular velocity of the horizon.
This phenomenon is not exclusive to black holes. A useful analogy is Cherenkov radiation: a charged
particle moving through a medium faster than the phase velocity of light in that medium emits
electromagnetic radiation. In that process, part of the kinetic energy of the particle is converted into
radiation. Similarly, in rotational superradiance, rotational energy is transferred from the rotating
object to the wave.
For black holes, the effect becomes especially important for massive bosonic fields, in fact they can
form bound states around the black hole, analogous to the orbitals of the hydrogen atom. The region
outside the black hole then acts as a kind of gravitational cavity: the wave remains trapped near the
black hole and is repeatedly amplified by superradiance. This leads to the exponential growth of a
bosonic cloud around the black hole, at the expense of the black hole rotational energy.
The efficiency of the process is controlled by the gravitational analogue of the fine-structure constant,

αg = GNMBHma, (3.57)

where MBH is the black-hole mass and ma is the axion mass. Superradiance is most efficient when the
Compton wavelength of the boson is comparable to the gravitational radius of the black hole, λC ∼ rg,
Equivalently, a black hole is most sensitive to bosons with masses of order ma ∼ 1

rg
∼ 1

GNMBH
This

immediately shows that black holes with different masses probe different axion-mass ranges: stellar-
mass black holes are sensitive to heavier axions, while supermassive black holes probe much lighter
axions, giving the possibility to probe GUT and Planckian axions.
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The growth of the superradiant cloud extracts spin from the black hole. Therefore, the observation of
old, rapidly spinning black holes can be used to exclude bosons whose masses would make superradi-
ance efficient. If such an axion existed and its interactions were sufficiently weak, the bosonic cloud
would have grown on astrophysical timescales and spun down the black hole. Observing a black hole
that is still rapidly rotating therefore rules out the corresponding range of ma.
For stellar-mass black holes, spin measurements in X-ray binary systems exclude an axion-mass win-
dow of approximately, from Ref. [132]

0.3× 10−12 eV ≲ ma ≲ 7× 10−12 eV. (3.58)

The bound does not depend only on the axion mass, but also on its interactions. If the self-interactions
are too large, the axion cloud can collapse or saturate before extracting a significant amount of spin
from the black hole. In that case, the superradiance bound can be weakened or may not apply. For
very weakly interacting axion-like particles, instead, the growth of the cloud is more efficient and the
black-hole spin bounds are more robust.

3.4 Direct searches for Axions

Before discussing direct searches for axions and axion-like particles, it is useful to clarify how axion
dark matter should be treated in terrestrial experiments. In the mass range relevant for many direct-
detection searches, axions are extremely light and have a very large occupation number per Compton
wavelength. For this reason, the axion dark-matter background can be described with its classical
solution.
At finite volume V = L3, the Hamiltonian of a free scalar field can be written as

H =
∑
n

ωna
†
nan, (3.59)

where a†n and an are the creation and annihilation operators of the mode n, and ωn is its energy. The
field is decomposed as

ϕ(x, t) =
∑
n

1

L3/2

1√
2ωn

(
ane

ipn·x−iωnt + a†ne
−ipn·x+iωnt

)
. (3.60)

A classical field corresponds to a state with a very large number of particles in the relevant modes.
More precisely, we can consider a coherent state for each mode, that is an eigenstate of a†n for every
n:

|N⟩ =
∑
n

e−Nn/2 e
√
Nna

†
n |0⟩, (3.61)

where Nn is the average occupation number of the mode n. In such a state, it is easy to show

⟨N |H|N⟩ =
∑
n

ωnNn. (3.62)

One can then compute ⟨ϕ⟩ and ⟨ϕ2⟩. Because particles come in waves, the energy at a fixed position
is not constant in time. Let us define:

⟨H⟩T =
1

T

∫
dtH(t) =

∫
d3vf(v)ωvn̄ (3.63)

n̄ is the number density and f(v) the distribution velocity. It is then easy to see that:

⟨H⟩T =
1

V

∑
n

ωnNn. Nn = f(v)n̄

(
2π

ma

)3

(3.64)
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We now expand around a random position x0 and a time t0. This means that all of the relative phases
between the sums will be basically random, for simplicity we assume f(v) to be isotropic.

⟨ϕ⟩ =
∑

iv iθ iϕ

(
2π

mL

)3/2
√

2n̄fiv
ωiv

cos (ωiv t+ ϕiv + ϕiθ + ϕiϕ) (3.65)

The velocity distribution has a characteristic scale v0, therefore we can discretize the modulus of the
velocity in bins with width such that Eq. (3.65) remains constant, inside this interval we assume that
the sum over the velocity and its angles are completely random. Between velocity v and v +∆v the
number of random phases that we are adding is:

N = 4πv2∆v

(
Lm

2π

)3

(3.66)

Summing over this N random phases one gets a factor proportional to N1/2. We get:

⟨ϕ⟩ =
∑
av

(
2π

maL

)3/2√2n̄fav
ma

N1/2 cos (ωav t+ ϕav) =

≃
√
ρ̄

m

∑
av

√
4πv2f(v)∆v cos (ωav t+ ϕav)

(3.67)

Where av is the index for the modulus of the velocity, and we assumed that ωv is well indentified with
the axion mass. In an analogous way one can compute also ⟨ϕ2⟩. The final results are:

⟨ϕ⟩ =
√
ρ̄

m

∑
av

√
4πv2f(v)∆vαav cos (ωav t+ ϕav)

⟨ϕ2⟩ = ρ̄

m2

∑
av

4πv2f(v)∆v cos2 (ωav t+ ϕav)

(3.68)

These sums converge independently of the value of ∆v as long as ∆v is small. The result is that

the axion field is well approximated by a(t) =
√
2ρ
m cosmt as long as coherence is still present, that

for intervals of time τ ∼ 4π
mv2

. Another important preliminary ingredient is given by the interaction
Lagrangian:

Laγγ = −1

4
gaγγ aF

µνF̃µν = −a gaγγ E ·B (3.69)

and the Maxwell’s equations become:

∂µF
µν = Jν − gaγγ(∂µa)F̃µν (3.70)

in components:

∇ · E = ρ− gaγγ∇a ·B

∇×B − ∂E

∂t
= J + gaγγ(ȧB +∇a× E)

∇ ·B = 0

∇× E − ∂B

∂t
= 0

(3.71)

Having this equations, we can solve them in the vacuum. It will be useful to study the probability of
photon-axion conversion inside an external magnetic field, a relevant situation for different direct axion
searches. Suppose that the external magnetic field has the form Bext = Bx̂, and a photon propagates
in the z−direction. We fix the radiation gauge A0 = 0 and ∇ · A = 0. For a wave propagating along
the z−direction we write:

A(z, t) = Ax(z, t)x̂+Ay(z, t)ŷ (3.72)
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It is easy to understand that having E = ∂tA, the component that couples with the axion field is only
Ax, that we rename A∥. We can then write the relevant Lagrangian density:

L =
1

2

(
(∂tA∥)

2 − (∂zA∥)
2
)
+

1

2

(
(∂ta)

2 − (∂za)
2 −m2

a

)
− gaγγ a Bext∂tA∥ (3.73)

The equation of motion are:

(∂2t − ∂2z )A∥ = gaγγBext ∂ta

(∂2t − ∂2z +m2
a)a = −gaγγBext ∂tA∥

(3.74)

Now imposing A∥(z, t) = A∥(z)e
−iωt and a∥(z, t) = a∥(z)e

−iωt we get:

(ω2 + ∂2z )A∥ = iω gaγγBext a

(ω2 + ∂2z −m2
a)a = −iωgaγγBext A∥

(3.75)

We first pass a → ia. Finally we rewrite A∥ = A(z)eiωz and a∥ = a(z)eiωz and neglecting second
derivative terms (we are assuming that A(z) and a(z) are slowly varying) we arrive at:

2iω∂zA∥ = ω gaγγBext a

2iω∂za = m2
aa+ ωgaγγBext A∥

(3.76)

From which we get:

i
d

dz

(
A∥
a

)
=

(
0

gaγγBext

2
gaγγBext

2 −m2
a

2ω

)(
A∥
a

)
(3.77)

It is now easy to find the amplitude for the photon-axion conversion, it is enough to find the two
eigenstates of the matrix, express the photon as a superposition of the two and evolve the states. The
final solution is:

Pγ→a(L) = sin2 2θ sin2
∆oscL

2
(3.78)

Where sin 2θ = (gaγγBext)/∆osc and ∆osc =
√
m4 + g2aγγB

2
ext/2ω. In the small mixing limit we get:

Pγ→a(L) =

(
gaγγBext

q

)2

sin2
qL

2
(3.79)

q = m2
a

2ω is the momentum mismatch between the photon and the axion.

3.4.1 Light-Shining-Through-Walls Experiments

As anticipated above, a laboratory strategy to search for axions and axion-like particles (ALPs) is
based on photon regeneration in external magnetic fields, commonly known as a light-shining-through-
walls (LSW) experiment. In this setup, a high-intensity photon beam, usually provided by a laser,
propagates through a strong transverse magnetic field. In the production region, photons can oscillate
into axions through the axion–photon coupling. An opaque wall blocks the ordinary photons, while
axions, interacting only very weakly with matter, pass through it. In a second magnetic region, called
the regeneration region, axions may reconvert into photons, which can then be detected by low-noise
optical sensors. Therefore we are interested in the chain γ → a → γ. The basic principle is shown in
the figure below. We have already found the probability to have photon-axion conversion in this set
up in Eq. (3.79). When qL≪ 1, namely when the length of the magnetic region is much shorter than
the oscillation length, the conversion remains coherent and the probability reduces to

Pγ→a(L) ≃
(
gaγγBL

2

)2

. (3.80)
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Figure 3.8: A schematic setup of a LSW experiment. Figure taken from Ref. [133].

Since an LSW experiment requires both photon-to-axion conversion and axion-to-photon reconversion,
the total regeneration probability is just the square of Eq. (3.80):

Pγ→a→γ = Pγ→aPa→γ ≃
(
gaγγBL

2

)4

.

In resonantly enhanced LSW experiments, optical cavities may be placed both in the production and
regeneration regions. These Fabry–Perot cavities increase the effective number of photon passes in
the magnetic field and enhance the signal by the power build-up factors βP and βR, giving

Pγ→a→γ ≃
(
gaγγBL

2

)4

βPβR.

The production cavity increases the number of photons available for conversion, while the regeneration
cavity enhances the reconversion of axions into photons at the resonant frequency. In practice, the
two cavities must be mode-matched and phase-locked, which represents one of the main experimental
challenges.
Several LSW experiments have already set bounds on the axion–photon coupling in the range gaγγ ∼
10−6 − 10−7GeV−1. Important examples include ALPS at DESY and OSQAR at CERN, Refs. [134,
135], which use strong accelerator dipole magnets. More advanced setups, such as ALPS II, see
Ref. [136], exploit resonant regeneration and long strings of superconducting magnets to improve the
sensitivity by several orders of magnitude, targeting couplings down to gaγγ ≲ 2 × 10−11GeV−1 for
ma < 10−4eV. Other implementations have also been proposed or performed at microwave Ref. [137],
giving similar performances to the optical experiments and X-ray frequencies as in Ref. [138], although
optical and microwave LSW experiments currently provide the most competitive laboratory sensitiv-
ities, given the low number of photons available for x-ray LSW experiments.
A complementary class of purely laboratory searches is provided by polarization experiments. In this
case no wall is used: instead, a linearly polarized laser beam propagates through a strong external
magnetic field. Since only the photon polarization component parallel to the magnetic field couples
to the axion field, photon–axion oscillations can induce a small depletion of this component. This
produces a rotation of the polarization plane, an effect known as dichroism. At the same time, the
virtual exchange of axions can generate a phase delay between the parallel and perpendicular polar-
ization components, leading to an ellipticity of the outgoing beam, and to a different refraction index,
namely to birefringence. These measurements are also sensitive to the standard QED effect of vacuum
magnetic birefringence, described by the Euler–Heisenberg effective interaction. Experiments such as
PVLAS, Ref. [139] and future experiments such as BMV, Ref. [140] exploit high-finesse optical cavities
and strong magnetic fields to increase the optical path length and improve the sensitivity to very small
polarization rotations or ellipticities. Compared with LSW experiments, polarization experiments do
not require axion reconversion behind a wall, but their interpretation can be more model-dependent,
since the signal appears as a small modification of the optical properties of the vacuum.
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Figure 3.9: Schematic arrangement of an axion haloscope. If the axion has the same frequency of the
cavity, the axion will show as a narrow peak in the power spectrum extracted from the cavity.

3.4.2 Axion Haloscopes

As we have seen before, axions can be treated as coherent oscillating fields. Furthermore, if we assume
that axions constitute a sizeable fraction of the galactic dark matter halo, they are expected to be
present in the laboratory as a non-relativistic field. The local dark matter density is usually taken to
be of order ρDM ≃ 0.3GeV/cm3, so that, for axion masses in the µeV range, the corresponding number
density can be very large. The oscillation frequency is essentially fixed by the axion energy, which is
well approximated by the axion mass, with a small correction due to the halo velocity distribution.
The velocity spread depends on the galactic halo model used, but it is usually of order

δνa
νa
∼ v2 ∼ 10−6.

This means that, in the frequency domain, axions appear as a narrow spectral line, which is an
important feature of axion dark matter searches [133].
One of the standard experimental techniques that exploits this framework to search for axions is the
haloscope. A conventional haloscope consists of a high-quality-factor resonant cavity placed inside a
strong static magnetic field, see Fig. (3.9) for a schematic representation. Through the Primakoff effect,
galactic axions can convert into real photons in the magnetic field. If the resonant frequency of the
cavity matches the axion oscillation frequency, and therefore the frequency of the photon produced by
the axion, the conversion is enhanced and the produced photons populate a resonant electromagnetic
mode of the cavity, see . The signal is then extracted through an antenna or a coupled port and
amplified by a low-noise radio-frequency detection chain, see Refs. [141, 142].
For a resonant cavity haloscope, the expected signal power can be written schematically as

Ps ∼ g2aγγρaB2V C
Q

ma
,

where gaγγ is the axion–photon coupling, ρa is the local axion density, B is the external magnetic
field applied in the cavity, V is the cavity volume, Q is the quality factor of the resonator, and C is
a geometric form factor describing the overlap between the cavity mode and the external magnetic
field. More explicitly, for a cavity mode with electric field E, the form factor is

C =

∣∣∫ dV E ·B
∣∣2

B2V
∫
dV |E|2 .

Therefore, the most useful modes are those whose electric field is well aligned with the external
magnetic field.
Since the axion mass is not known, the cavity frequency must be tunable. This is usually achieved by
inserting movable elements that change the geometry of the cavity. The experiment then scans over
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axion masses by tuning the cavity step by step and integrating for a certain time at each frequency.
A real axion signal would appear as a narrow excess of power above the noise background, with a
linewidth determined by the dark matter velocity dispersion.
The sensitivity of a haloscope depends strongly on the main experimental parameters. The figure of
merit can be defined as proportional to the time needed to scan a fixed mass range down to a given
signal-to-noise ratio. In the absence of systematics, assuming therefore that increasing the exposure
time improves the quality of the readout, one has

Fhalo ∝ ρ2ag4aγγm2
aB

4V 2 Q

T 2
sys

,

where Tsys is the effective noise temperature of the detection chain. This expression shows why large
magnetic fields, large volumes, high quality factors, and very low-noise amplifiers are crucial. This is
true up to a certain quality factor. Indeed, as discussed above, the axion signal itself has an effective
quality factor

Qa ∼
νa
δνa
∼ 106.

If the cavity quality factor becomes larger than Qa, part of the axion signal lies outside the cavity
bandwidth, and therefore part of the signal is lost. For this reason, the relevant enhancement is
effectively controlled by the smaller of the cavity quality factor and the axion quality factor.
The most established haloscope experiment is ADMX, which uses a large microwave cavity inside a
strong solenoidal magnetic field and has reached sensitivity to QCD axion models in the µeV mass
range, Ref. [141].

Figure 3.10: ALP parameter space with its exlcuded regions, focusing on haloscopes. The horizontal
line corresponds to the QCD axions.

ADMX represents the prototype of the conventional cavity haloscope approach. Other experiments
follow the same basic idea but target different mass ranges or use different technological improvements.
HAYSTAC, for example, searches at somewhat higher masses with a smaller cavity and a low-noise
microwave detection chain, Ref. [142]. Experiments such as CAPP and QUAX also use resonant mi-
crowave cavities and low-noise detection chains, exploring other regions of the axion parameter space
Refs. [143, 144].
At higher axion masses, the resonant frequency increases and the required cavity volume decreases,
which reduces the signal power. This makes high-frequency searches more challenging. Several strate-
gies have been proposed to overcome this limitation, including the use of multiple phase-matched
cavities, arrays of smaller resonators, higher-order modes, dielectric structures, or more complex reso-
nant geometries. Examples of this direction include RADES, which studies arrays of coupled cavities,
and other high-frequency programs such as ORGAN [145, 146]. At lower axion masses, on the other
hand, the required cavity volume becomes very large, motivating proposals based on larger magnets
or alternative resonator geometries.
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For axion masses well below the µeV scale, conventional microwave cavity haloscopes become less
effective. In this low-mass region, an alternative strategy is to search for the tiny oscillating magnetic
field induced by the axion dark matter field in the presence of a strong static magnetic field. This is
the basic idea of so-called DM-radio experiments.
A typical setup consists of a large external magnet and a pick-up coil placed inside it. The axion field
induces a small time-dependent magnetic flux through the coil, which can then be read out with a
sensitive magnetometer.
The signal can be resonantly enhanced by coupling the pick-up coil to a tunable LC circuit. Com-
pared with a microwave cavity, an LC resonator is easier to tune at very low frequencies, making this
technique particularly suitable for light axions. A broadband, non-resonant mode of operation is also
possible, although in that case the signal enhancement is smaller.
Experiments such as ABRACADABRA, SHAFT, BEAST, ADMX SLIC, and BASE explore different
implementations of this idea, see Refs. [147, 148, 149, 150]. Current searches are mainly sensitive to
axion masses in the approximate range

10−12 eV ≲ ma ≲ 10−7 eV.

With sufficiently large magnetic volumes, strong magnetic fields, and low-noise readout, DM-radio
techniques could become sensitive to QCD axion dark matter for masses below about ma ≲ 10−6 eV.

Dielectric Haloscopes

As already said, conventional cavity haloscopes become progressively more difficult at high axion
masses. For this reason, alternative haloscope concepts have been proposed to extend dark matter
axion searches above the mass range most naturally accessible with large microwave cavities.
A particularly interesting approach is the dielectric haloscope, whose main example is the MADMAX
proposal [151]. The idea is to place a series of dielectric disks in front of a reflecting mirror, all
immersed in a strong external magnetic field. In the presence of the axion dark matter field, the axion–
photon coupling induces an effective oscillating electric field proportional to the external magnetic
field. When this field crosses an interface between two media with different dielectric constants, the
(modified) electromagnetic boundary conditions require the parallel component of the electric field to
be continuous. As a consequence, to maintain continuity, electromagnetic waves are emitted at each
dielectric interface.
If the positions and thicknesses of the dielectric disks are chosen appropriately, the waves emitted
by the different interfaces can interfere constructively in one direction. The dielectric stack therefore
acts in a way similar to a phased antenna array: the signal is not enhanced by a single narrow cavity
resonance, but by the coherent superposition of radiation emitted at many interfaces. The resulting
power enhancement is usually described by a boost factor β2, so that the emitted power may be
written schematically as

Ps ∼ g2aγγρaB2Aβ2,

where A is the transverse area of the disks and β2 encodes the coherent enhancement produced by
the dielectric structure.
The important difference with respect to a resonant cavity haloscope is that the relevant size is no
longer the volume of a microwave cavity tuned to a single mode. Instead, the sensitivity depends
mainly on the magnetic field, the transverse area of the dielectric disks, and the achievable boost
factor. This makes dielectric haloscopes especially attractive at higher frequencies, where the volume
of a conventional cavity would become very small.
Another advantage is that the frequency response can be engineered by changing the separations be-
tween the disks. In this way, one can tune the dielectric haloscope to different axion masses and choose
a compromise between a large boost factor over a narrow bandwidth or a smaller boost factor over a
broader bandwidth. This tunability is essential because, as in all haloscope searches, the axion mass
is not known in advance.
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Figure 3.11: Schematic arrangement of a helioscope. Solar axions are converted into photons by the
transverse magnetic field inside the bore of a powerful magnet, and then the resulting beam of photons
is focused into a low background detector.

3.4.3 Helioscope Searches

The same solar axion flux that leads to energy-loss bounds can also be searched for directly in labora-
tory experiments. The basic idea is the same as in the LSW experiments: axions produced in the solar
core travel to the Earth and are converted back into photons inside a strong transverse magnetic field,
see Eq. (3.11). We have seen that for an axion of energy ω propagating through a magnetic field B over
a length L, the probability of conversion into a photon is given by Eq. (3.79), however for helioscopes,
the regime qL≪ 1 is given for axions with masses ma < 0.02 eV, For larger axion masses, the axion
and photon waves lose coherence along the magnet length. It is clear why helioscopes, as haloscopes
and LSW experiments require very strong magnetic fields and long magnet lengths. In practice, the
magnet is mounted on a movable platform in order to track the Sun for the largest possible fraction of
the day. Solar axions enter the magnet bore almost parallel to its axis and may be converted into X-ray
photons inside the transverse magnetic field. These photons are then searched for at the opposite end
of the magnet. Modern helioscope designs use X-ray focusing optics placed after the magnet bore, so
that the quasi-parallel photon beam is concentrated onto a small spot on a low-background detector.
This is important because the signal is localized in a small region of the detector plane, whereas the
background can be measured either outside the signal spot or during periods in which the magnet is
not pointing at the Sun. The signal rate scales as R ∝ ΦaPa→γ , since the solar Primakoff axion flux
and the conversion probability scale both with g2aγγ , we have that R ∝ g4aγγ .
The performance of a helioscope is therefore not determined only by the magnetic field and length,
but also by the magnet aperture, the detector background and the efficiency of the optical system. A
useful figure of merit can be written schematically as

Fhelio ∝ B2L2A
ϵoϵd√
ba

√
ϵtt, (3.81)

where A is the magnet cross-sectional area, ϵo is the throughput of the X-ray optics, ϵd is the detector
efficiency, b is the normalized detector background, a is the focal spot area, ϵt is the fraction of time
during which the magnet tracks the Sun, and t is the total data-taking time. This expression shows
why next-generation helioscopes focus on large-aperture magnets, efficient X-ray optics, small focal
spots and ultra-low-background detectors.
the now-decommissioned CAST experiment at CERN, Ref. [152] found in this regime:

gaγγ < 0.66× 10−10GeV−1, ma ≲ 0.02 eV. (3.82)

This remains one of the strongest laboratory bounds on the axion–photon coupling in the low-mass
region.
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Figure 3.12: Excluded region from current and future experiments in the ALP parameter space,
focusing on haloscopes.

To probe higher axion masses, CAST filled the magnet bore with a low-density buffer gas. In a medium,
photons acquire an effective mass mγ , and by tuning the gas pressure one can arrange mγ ≃ ma. This
restores coherence for a narrow range of axion masses. Scanning over different gas pressures, therefore
allows helioscopes to explore masses that would otherwise be inaccessible in vacuum. CAST also
performed runs with helium buffer gas in order to extend the search to larger masses. Using 4He and
later 3He, the experiment was able to scan the region up to masses of order ma ∼ 1 eV. In particular,
CAST excludes a part of the QCD axion parameter space in the eV mass range, although the precise
limit depends on the axion model and on the value of the model-dependent coefficient Caγ .
The successor of CAST is the International Axion Observatory, IAXO Ref. [153] a next-generation
axion helioscope designed to improve the sensitivity to the axion–photon coupling by more than one
order of magnitude. Its design is based on a large superconducting toroidal magnet with several
magnet bores, each equipped with dedicated X-ray optics and low-background detectors. The use of a
large magnet aperture increases the axion-induced photon flux collected by the experiment, while the
optics reduce the effective detector area by focusing the signal onto small spots, thereby improving
the signal-to-background ratio.
An intermediate experimental stage, BabyIAXO, is planned as a technically representative version
of the full IAXO setup. It is intended to test the magnet, optics and detector technologies while
already improving the sensitivity beyond CAST. Besides the standard Primakoff axion search, these
experiments may also be sensitive to solar axions produced through axion–electron interactions, which
would lead to different spectral features and therefore provide complementary information on the axion
couplings. It was shown that for QCD axions they expect to probe gaγγ ∼ 10−11GeV−1, or below,
depending on the axion mass range. This big leap in sensitivity is achieved by the realization of a
large-scale magnet, as well as by extensive use of X-ray focusing optics and low background detectors.
The figure (3.12) summarizes the present experimental exclusions and the projected reach of future
helioscopes in the (ma, gaγγ) plane. In particular, CAST provides the strongest current helioscope
bound at low masses, while BabyIAXO and IAXO are expected to explore a significant part of the
parameter space motivated by QCD axion models and by astrophysical hints.
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3.5 A General View

We summarize the bounds presented in the sections of this chapter in one plot. However let us remark
that we did not review fully all the possible arguments and experiments used to constrain the axion
parameter space.
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Figure 3.13: ALP parameter space, and its excluded regions using different arguments. We included
also projections coming from future experiments, in dashed lines.

We conclude this chapter briefly adding two other bounds present in Fig. (3.13). First the blue region
indicated with ”cosmic background”. The cosmic background (CB) is defined as the isotropic diffuse
radiation field with extragalactic origin found across the electromagnetic spectrum. Different astro-
physical sources dominate the CB emission at different energies. Assuming that dark matter consists
of ALPs with masses on the order of electron volts or higher, an additional contribution to the CB due
to their decay into two photons is produced in the early universe, their decay would produce a photon
cosmic background that remains undetected, see Ref. [154]. In the shaded regions, there are different
projections of future experiments, in particular indicated with ”DMRadio” and ”SRF-m3. In fact at
very low axion masses, below the usual microwave-cavity range, several new haloscope concepts are
now being proposed. DMRadio uses a tunable lumped-element LC resonator placed in a strong static
magnetic field. The axion dark matter field induces an effective electromagnetic current, which is read
out with superconducting quantum sensors. This approach is designed to probe sub-µeV QCD axion
dark matter [155].
SRF-m3, exploits superconducting radio-frequency cavities. In this case the axion field can induce
transitions between two nearly degenerate electromagnetic modes of a high-Q cavity. By tuning the
frequency splitting between the modes, the experiment can scan over the axion mass, Ref. [156]. These
techniques are complementary to conventional microwave-cavity haloscopes such as ADMX and ex-
tend the search toward lower axion masses.
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Chapter 4

Axions in Extra-Dimensional Theories

Extra-dimensional theories provide a geometrical way of extending four-dimensional quantum field
theory. The basic idea is that spacetime may contain one or more compact spatial dimensions which
are not directly accessible at low energies. From the four-dimensional point of view, fields propagating
in the higher-dimensional bulk appear as towers of massive states, the so-called Kaluza-Klein modes.
Moreover, if some fields are localized on lower-dimensional hypersurfaces, or branes, the resulting
low-energy theory can differ substantially from an ordinary four-dimensional theory. These ingredi-
ents make extra-dimensional models useful not only as ultraviolet-motivated frameworks, but also as
phenomenological tools to address hierarchy problems, flavor hierarchies, chirality, and the structure
of beyond-the-Standard-Model sectors.

4.1 Extra-Dimensional Theories in General

The idea of extra dimensions is surprisingly an old idea: For example in 1914 Nordström in Ref. [157]
proposed a 5-dimensional theory to simultaneously describe electromagnetism and a scalar version of
gravity, while Kaluza (1921) in Ref. [158] and Klein (1926) in Ref. [159] elaborated a 5-dimensional
theory, with one spatial dimension compactified on a circle of radius R in an attempt to unify general
relativity and electromagnetism. This theory nevertheless has some predictions that are not satisfied,
and it is not really a viable model to describe nature.
We can briefly describe the basic Kaluza-Klein theory, the metric in this 5-dimensional theory is given
by:

GMN =

(
ḡµν Āµ

ĀT
µ ḡ55

)
with a field redefinition, and assuming that also in in this 5D theory we get the Einstein-Hilbert action
one gets:

S = −1

2
M3

5

∫
d5x
√
GR5[G] = −

1

2
M2

P

∫
d4x
√
g

[
Rr[g] +

1

4
ϕFµνF

µν − 1

6

∂µϕ∂
µϕ

ϕ2

]
(4.1)

Where note that as usual that assuming that the metric is dimensionless [R5] = [R4] = 2 where
R5(4) is the Ricci scalar in 5 (4) dimensions. Therefore in the lhs of Eq. (4.1) M3

5 is the ”Planck”
scale in 5 dimensions and Mp is the usual 4-dimensional Planck scale, that we get after integrating
over the compactified dimension, and in particular, assuming a radius R for the extra dimension,
M2

P =M3
5 (2πR), we will turn back to this point in the next section.

We have different interesting features from Eq. (4.1): in fact beside having the typical action associated
to a gauge theory, we also have a scalar field, called the radion, after canonical normalization of the
kinetic term, this fields gets the typical couplings of a dilaton field. Already in this theory there are
other interesting features, that is the Kaluza-Klein decomposition of the fields, that we are going to
show below.
We already anticipate some crucial aspects where the old Kaluza-Klein theory fails: in fact, without
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making additional assumption, that in the following we will work out, it is not possible to embed
chiral fermions in this theory, and therefore we have no hope to describe the SM with a circular extra
dimension. After Kaluza and Klein the idea of extra-dimensions was later on developed in the 1970’s
and 1980’s, for theories such as supergravity and superstring theories, in this theories nevertheless
extra dimensions were always at the scale of the Planck length. During the 1990’s people began to
consider the possibility of large extra dimensions, see Refs. [160, 161, 162, 163]. In phenomenology
extra-dimensions became particularly popular after 1998, when Arkani-Hamed, Dimopoulos and Dvali
(ADD) addressed them to solve the hierarchy problem in Refs. [164, 165]. We briefly present the main
idea of this theory. It was always assumed that Nature has two different fundamental scales, that
are mEW ∼ 103GeV and MP ∼ 1018GeV, this two scales are quite different, and this disparity
is, as last analysis, the hierarchy problem (that can of course can be formulated introducing the
momentum cut-off for renormalization of the Higgs mass). In Ref. [165] is proposed that actually
the energy scale associated at gravity is ∼ mEW but, once n extra dimensions are included, its 4-
dimensional counterpart is the observed Planck mass. This theory relies on the assumption that
gravity, differently from all the other fields, can also propagate in the extra dimensions (this can vary
in different models).In this case, new physics will only appear in the gravitational sector, and only
when distances as short as the size of the extra dimension are actually reached. Nevertheless it is
hard to test gravity at short distances, because of its weakness. We can say that Newton’s law has
been tested up to 0.05 mm, see Ref. [166], that is therefore the real bound on the size of an extra
dimension.
It is easy to find the relation between the Newton constants GN(4+n), GN(4) (or analogously their
corresponding ”Planck Masses”)

F(4+n)(r) = GN(4+n)
m1m2

rn+2
∼ m1m2

Mn+2
P (4+n)r

n+2

F(4)(r) = GN(4)
m1m2

r2
∼ m1m2

M2
P r

2

(4.2)

using Gauss Law and considering a flat space with mirror masses placed periodically in all the new
dimensions one can show that:

GN(4) =
Sn+3

4π

GN(4+n)

Vn
(4.3)

Where Vn = Rn is the volume of the extra dimensions and Sn = 2πn/2

Γ(n/2) is the surface area of the unit
sphere in n spatial dimensions. Therefore we get the crucial relation:

M2
P ∼Mn+2

P (4+n)(2πR)
n (4.4)

Demanding R to be chosen to reproduce the observed Planck mass and to be equal for all the extra
dimensions yields:

R(n) = 2× 10
31
n
−16mm×

(
1TeV

M(4+n)

)1+ 2
n

(4.5)

Requiring that MP (4+n) = mEW ∼ 1TeV we have for n = 1, R ∼ 1014mm implying deviations from
Newtonian gravity over solar system distances, so this case is empirically excluded. For all n ≥ 2,
however, the modification of gravity only becomes noticeable at distances smaller than those currently
probed by experiment (i.e. at distances d < 0.05 mm). For example at n = 2,with M = 10 TeV
R ∼ 0.01 mm. Different bounds exist for the radii of extra dimensional theories, that we will present
in the following. Note that in a sense we moved the problem setting the Planck mass to the problem
of setting the geometry (i.e. the number, the radius and the topology) of the extra dimensions. Nev-
ertheless different models were proposed to build dynamical mechanism that bring the radii of extra
dimensions to the ”right” value, see Ref. [167].
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4.1. Extra-Dimensional Theories in General

4.1.1 Boundary Conditions

Let us fix first of all some notations: we will consider a five-dimensional spacetime with coordinates

xM = (xµ, y), M,N = 0, 1, 2, 3, 5, µ, ν = 0, 1, 2, 3, (4.6)

where xµ denote the usual four-dimensional spacetime coordinates, while y ≡ x5 parametrizes the
extra spatial dimension. In the following we will assume that the fifth dimension is compactified
on an interval, y ∈ [0, L], whose endpoints may be interpreted as four-dimensional boundaries, or
branes, located at y = 0 and y = L. Unless otherwise stated, capital Latin indices run over the full
five-dimensional spacetime, while Greek indices run only over the four ordinary dimensions:

M,N, . . . = 0, 1, 2, 3, 5, µ, ν, . . . = 0, 1, 2, 3. (4.7)

We now present the most important aspects of extra-dimensional theories. In particular as anticipated
we need to set the topology of extra-dimensional theories. For n = 1 a natural choice would be S1,
nevertheless in this case (as in the Kaluza Klein theory) is not possible to build chiral fermions, that
are fermions with different quantum numbers between their left right handed parts. For this reason it
is necessary to consider compactifications with some sort of (mild) singularities. One example in two
dimensions is the chiral square, where, differently from the torus adjacent instead of opposite sides are
identified, with one extra dimension we have an even simpler possibility, that is the compactification
interval, that we will consider in the following. Once we have a dimension that is compactified,
something new arises: the theory is not fully defined until one specifies the boundary conditions, in
fact in infinite space time this problem is often slipped under the implicit assumption that fields vanish
at infinity (even if, sometimes this request can bring rich phenomenology, as we have seen in Eq. (1)).
In the interval compactification, nevertheless different boundary conditions are physically allowed. We
start from the simple example of a real scalar field:

S =

∫
d5x
√
g

(
1

2
gMN∂

Mϕ∂Nϕ− V (ϕ)

)
(4.8)

where gMN is the background metric. Under a variation δϕ, the action receives two contributions
δS = δSV + δSA:

δSV = −
∫
d5x
√
g

(
1√
g
∂M
[√
g gMN ∂N ϕ

]
+
∂V

∂ϕ

)
δϕ

δSA =

∫
d4x
√
g g5N ∂Nϕ · δϕ

∣∣∣y=L

y=0

(4.9)

Where the last term is a surface term arising from integration by parts. As usual we assumed that
ϕ→ 0 as xµ → ±∞. To derive the equations of motions of ϕ from δS = 0, we need to set to zero the
surface term, that is:

−∂yϕ δ ϕ
∣∣∣
y=L

+ ∂yϕ δϕ
∣∣∣
y=0

(4.10)

To satisfy Eq. (4.10), one possibility is to impose periodicity ϕ(L) = ϕ(0) and ϕ′(L) = ϕ′(0), however
as we will soon see when describing fermions this defines a compactificiation on a circle, and therefore
a vector-like theory. Other simple possibilities are to impose the Neumann or Dirichlet boundary
conditions:

Neumann: ∂yϕ
∣∣∣ = 0 Dirichlet: ϕ

∣∣∣ = 0 (4.11)

We can impose this boundaries in various combinations for example (+,−) = (N at y = 0,D at y =
L) and the other 3 combinations (+,+); (−,+); (−,−).
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4.1. Extra-Dimensional Theories in General

4.1.2 Kaluza-Klein Decomposition

Having said that we need to specify the boundary conditions, we study how a field propagating in
the bulk (that is, in all dimensions, and specifically in our 5D compactification) can be rewritten as
a superposition of 4D fields. This is immediately seen with S1 extra dimension: imposing periodicity,
one can Fourier decompose the field only the extra dimensions, and after integrating over them one
gets a 4D action. In general one needs an orthogonal and complete set of functions in the extra
dimensions. We analyze the case of a scalar, a fermion and a gauge field.

Scalar Fields

Writing a scalar field in the following way:

Φ(xµ, y) =
eA(y)

√
L

∑
n

ϕn(xµ)fn(y) (4.12)

we expect that starting from the action of a free scalar field, we can write it as a :

S =

∫
d5x
√
g

(
1

2
gMN∂

Mϕ∂Nϕ− V (ϕ)

)
⇒
∑
n

∫
d4x

1

2
{∂µϕn∂µϕn −m2

nϕ
2
n} (4.13)

Some considerations: Eq. (4.12) is the decomposition for a generic metric written in the form:

ds2 = gMNdx
MdxN = e−2A(y)ηµνdx

µdxν − dy2 (4.14)

where eventually we can have A(y) = 0, and we recover a flat metric (the factor eA(y) in Eq. (4.12)
in some way compensates the term

√
g). Furthermore note that in 5D Φ has dimension 3/2, while a

generic ϕn has dimension 1. To find the values of mn one needs to find the set {ϕn}, in particular
one writes the EOM for Φ in terms of Eq. (4.12), this defines an ODE for fn with some (Neumann
or Dirichlet) boundary conditions that has solutions only for some mn. An important final remark:
the KK decomposition is defined in terms of the free action, while interactions are to be treated
perturbatively after inserting the previous KK decomposition. For instance:

Lint =

∫ L

0
dy
√
g
1

3!
λΦ3 =

∑
n,m,l

1

3!
λmnlϕmϕnϕl (4.15)

where:

λmnl =
λ

L3/2

∫ L

0
dy e−A(y)fmfnfl (4.16)

and fj are the same functions found from the free scalar decomposition.

Fermions

We have really to define fermions in 5D. In 5d, As in the 4D case, fermions are representations of
the Lorentz group. In this case the Clifford algebra nevertheless is different (since the 5D Lorentz
group is different from its 4D counterpart) and it contains the γ5 Dirac matrix as well. While in 4D
the smallest representation of the Lorentz group is a two-component Weyl fermion, and one gets four
component Dirac fermions only if one requires parity invariance, in 5D due to the fact the Clifford
algebra contains γ5 the smallest irreducible representation is the four component Dirac fermion.
Since a Dirac fermion contains two two-component fermions with opposite chirality, whenever one
talks about higher dimensional fermions one has to start out with an intrinsically non-chiral set of 4D
fermions. This is solved as we have said multiple times with an appropriate compactification of the
extra dimensions. Said that we can proceed with the KK decomposition of fermions. We first present
the action and the EOM for a fermion in 5D in a general background and then its KK decomposition.
Starting from:

SΨ =

∫
d5x
√
g

(
i

2
Ψ̄eMA ΓADMΨ− i

2
(DMΨ)†Γ0eMA ΓAΨ−M(y)Ψ̄Ψ

)
(4.17)
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Where ΓA = (γµ,−iγ5), eMA is the fünfbein and DM is the covariant derivative, DM = ∂M +
1
8ωMAB[Γ

A,ΓB] (ω are the spin connections of the metric gMN ) and we inserted a generic y−dependence
of the mass from the extra-dimension coordinate. From Eq. (4.17) one gets the EOM for Ψ and the
boundary conditions. For the metric given in Eq. (4.14) we get:[

ieA(y)/∂ +

(
∂5 −

1

2
A′
)
γ5 −M(y)

]
Ψ = 0 (4.18)

and the requirement:

δΨ̄γ5Ψ
∣∣∣
y=L

+ δΨ̄γ5Ψ
∣∣∣
y=0

= 0 (4.19)

Writing the boundary conditions in terms of the chiral parts ΨL and ΨR:

(δΨ̄LΨR + δΨ̄RΨL)
∣∣∣y=L

y=0
= 0 (4.20)

If we now impose periodic conditions for example on the left-handed part of Ψ, ΨL(y = 0) = ΨL(y =
L), we see that we would need the same conditions also on the right-handed part, and therefore there
would be nothing that distinguishes between the two chiralities. Instead we can impose:

ΨL

∣∣∣
y
= 0 or ΨR

∣∣∣
y
= 0 (4.21)

In this case one can show that imposing both boundary conditions brings Ψ ≡ 0 in the y coordinate.
Writing also Eq. (4.18) in terms of the chiral parts we get:

ieA(y)/∂ΨL +

[
∂5 −

1

2
A′ −M(y)

]
ΨR = 0

ieA(y)/∂ΨR +

[
−∂5 +

1

2
A′ −M(y)

]
ΨL = 0

(4.22)

and we have the two (times two) possibilities for each boundary:

(−) ≡ ΨL

∣∣∣
y
= 0⇒ ∂5ΨR

∣∣∣
y
=

(
A′

2
+M(y)

)
ΨR

∣∣∣
y
,

(+) ≡ ΨR

∣∣∣
y
= 0⇒ ∂5ΨL

∣∣∣
y
=

(
A′

2
−M(y)

)
ΨL

∣∣∣
y
,

(4.23)

This is at the basis of the advertised result: compactification on an interval necessarily leads to
boundary conditions that distinguish left from right handed fields, which will allow us to easily embed
the SM structure. Similar to the scalar case, specifying the boundary conditions on both boundaries
leads to the four possibilities presented above.
We are now ready for the KK decomposition of 5D fermions. We write:

ΨL,R(x
µ, y) =

e
3A(y)

2√
L

∑
n

ψn
L,R fnL,R (4.24)

as in the scalar case we want to write the action of the fermionic field, in this case Eq. (4.17) as a
superposition of KK free wavefunctions, that is:

SΨ ⇒
∑
n

∫
d4x ψ̄n(i/∂ψn −mn)ψn (4.25)

therefore writing the EOM of Ψ in terms of (4.24) leads to some ODE for the {fnL,R}, that wll lead to
the spectrum of {mn}: (

∂y +M − 1

2
A′
)
fnL = mne

AfnR(
∂y −M −

1

2
A′
)
fnR = −mne

AfnL

(4.26)
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and the two boundaries conditions are given as:

(−) ≡ fnL
∣∣∣
y
= 0⇒ ∂yf

n
R

∣∣∣
y
=

(
A′

2
+M(y)

)
fnR

∣∣∣
y
,

(+) ≡ fnR
∣∣∣
y
= 0⇒ ∂5f

n
L

∣∣∣
y
=

(
A′

2
−M(y)

)
fnL

∣∣∣
y
,

(4.27)

Note that therefore we got a chiral theory for every zero mode. An important remark is surely that it
is always allowed a massless mode. Indeed setting mn=0 = 0 the ODE’s for {fnL,R} can be integrated
immediately to give:

f0L,R(y) = NL,R exp

{(
1

2
A(y)∓

∫ y

0
dzM(z)

)}
(4.28)

For example in the (+,+) prescription, we must set NR = 0, and similarly for the other cases, thus
the 0-mode level is indeed chiral. We note that presumably, the SM fermions could be identified with
such 0-modes, in fact there can be additional contributions to the physical masses arising from EWSB.
Thus, in realistic models, the “0-modes” may not be strictly massless. Furthermore the chirality of the
zero modes is a feature present also in other types of compactification (i.e. those that do not represent
orbifold, that for the other modes are vector-like) and it is an alternative way to get a chiral theory.
It is worth spending some time on this other possibility, that can actually be embedded also in the
”segment” compactification. This is given by the localization mechanism: if we have a ”bulk” Yukawa
coupling of the form Φ(y)Ψ̄Ψ, then if Φ(y) ∼ 2µ2y, then the solution for the left-handed zero-mode is:

ΨL =

√
µ

(π/2)1/4
e−µ2y2 (4.29)

That is a way to localize a chiral fermion on a domain wall (in this case at y = 0). At this point let
us consider the case when we have many fermions in the bulk, Ψi, and their action is schematically
given by:

S =

∫
d5x
√
g

(
i

2
Ψ̄ie

M
A ΓADMΨi −

i

2
(DMΨi)

†Γ0eMA ΓAΨi − Ψ̄i(λΦ(y)−m)ijΨj

)
(4.30)

therefore there will be chiral fermion zero modes centered at the zeros of (λΦ(y) − m)ij , and if we
again set Φ(y) ∼ 2µ2y then the center of the fermion wave function will be at yi = mi/2µ

2 where
mi are the eigenvalue of the mij matrix. Thus we have localized different fermions in different point
of the extra dimensions! This can be used to easily solve two different problem: hierarchy between
fermion masses and explain strongly suppressed higher dimensional operators (for example those that
would give proton decay). Schematically consider:

S =

∫
d5x L̄

[
iγM∂M +Φ(y)

]
L+

∫
d5x ĒC

[
iγM∂M +Φ(y)−m

]
Ec +

∫
d5x κHLTC5E

C (4.31)

L and E are for example the left-handed and right-handed lepton, and the last term is the bulk Yukawa
coupling term written in a form that is both gauge and Lorentz invariant. Note that the terms L̄ΦL
and ĒCΦEC do not contribute to the SM fields, if we assume that them are identified with the KK
zero-modes. Then the effective 4D Yukawa coupling for the zero modes will be of the form:∫

d4x κH lec
∫
dy ΨL(y)Ψec(y − r) (4.32)

where l and ec are the zero modes, Ψ is the wave function of these zero modes, that at the moment
we are assuming to be a gaussian centered around two different points (0 and r) since we assume
again the linear profile for Φ(y). After integration over y we get a coupling exponentially suppressed,
κe−µ2r2/2. This is an hint of how fermions localized in different points of the extra dimension could
naturally generate the fermion mass hierarchy observed in the SM. As last application we can turn as
anticipated to proton decay. In this case we assume that leptons and quarks are localized in different
points of the extra dimension, A dangerous proton decay operator generated by quantum gravity at
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the TeV scale would have the form (we still assume that the electroweak scale is the only natural scale,
and thus associated also to gravity, following the ADD reasoning):∫

d5x
1

M3
EW

(QTC5L)(U
cTC5D

c) (4.33)

and again calculating the wave function overlap of the zero modes as before we get that the effective
4D coupling is exponentially suppressed ∼ e−µ2r2 .

Gauge Fields

We now pass to gauge fields and gauge theories in extra dimensions. We start from:

SA =

∫
d5x
√
g

[
−1

4
FMNFMN

]
+ SGF (4.34)

where the SGF represent the gauge fixing term, chosen to avoid mixing between A5 and Aµ. We
decompose the gauge field in the form:

Aµ,5(x
µ, y) =

1√
L

∑
n

An
µ,5(x

µ)fnµ,5(y) (4.35)

From the EOM for Aµ,5 one derives an ODE for fn. Specifically, using the background defined as in
Eq. (4.14) one gets:

∂y

(
e−2A(y)∂yf

n
A

)
+m2

nf
n
A = 0

∂2y

(
e−2A(y)fn5

)
+m2

nf
n
5 = 0

(4.36)

Studying the zero-mode solution, for example with (+,+) boundary conditions, i.e. ∂yf
n
A

∣∣∣ = fn5

∣∣∣ = 0,

one gets f0µ = 1 and f05 = 0. We note that in this case the zero-mode is not localized on a brane,
in fact unlike the case of fermion 0-modes (which are controlled by the 5D Dirac mass), there are no
free parameters to control the localization of the gauge zero- mode. The fact that the zero-mode of
a gauge field is completely flat in the extra dimension ensures the universality of the gauge coupling,
schematically:

g4 ∼
g5
L

∫
dy |ψ(y)|2f0A(y)⇒ g24 =

g25
L

(4.37)

where in the implication we have set f0A(y) = const. and used the normalization of fermions. For a

(−,−) boundary condition, that is ∂ye
−2AfnA

∣∣∣ = fn5

∣∣∣ = 0, there is no spin-1 zero-mode, but there is a

spin-0 zero-mode with f05 ∝ e2A, In certain constructions, such scalars can be identified with the SM
Higgs field. Notice again that, given the background, the profile of such a 4D scalar 0-mode is fixed
(no adjustable parameters to control its localization).

4.1.3 Effective Field Theory of a 3D Brane

In the ADD theory all particles of the SM are localized in four dimensions, while it is assumed that
gravity can propagate also in the extra dimensions. We will refer to the surface along which some of
the particles are localized as “branes”, in particular a p-brane is a brane (a surface) with p spatial
dimensions. We want to describe this branes with an effective field theory approach, that is we will not
care about the high energy theory that will give rise to the brane, we will just assume their existence,
therefore our thoery is consistent up to a certain cut-off scale, above which the dynamics that gave
rise to the brane as to be taken into account. This is the approach given in Ref. [168].
First of all we fix some notations, that are slighlty different from the ones used above: the 3-brane
will be assumed to be R4, while the compactified extra dimensions are Tn (a n dimensional torus).
The coordinates in the bulk are denoted with XM ,M = 0, 1, . . . , n + 3 the coordinates of the brane
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are denoted by xµ , µ = 0, 1, 2, 3 while the coordinates along the extra dimensions are denoted by
xm ,m = 4, . . . , 3 + n. as before the metric is given by GMN (X) and the position of the brane in the
extra dimension is given by YM (x), function only of the coordinates on the brane, note that these
coordinates are n new bosonic degrees of freedom, we will show that these are dynamical fields, given
our choice for the action of the 3D brane. The effective field theory that we are building is defined
around a vacuum state:

GMN = ηMN ; YM = δMµ xµ (4.38)

That is, we expand about a Minkowski bulk spacetime, with the 3-brane occupying the subspace
spanned by the four Xµ−axes, and with the intrinsic 3-brane coordinates, xµ, agreeing with the bulk
coordinates, Xµ.
We now define the bulk action as anticipated above, using usual higher dimensional Einstein-Hilbert,
plus a bulk cosmological constant:

S = −
∫
d4+nX

√
|G| (Mn+2

∗ R(4+n) + Λ) (4.39)

Here M∗ is the scale that we have denoted before M(4+n) or MEW . to write the effective action, we
need the induced metric on the brane, this is easily found to be:

ds2 = GMNdY
M dY N = GMN

∂YM

∂xµ
dxµ

∂Y N

∂xν
dxν (4.40)

Then the induced metric is just:

gµν(x) = GMN (x)∂µY (x)M∂νY (x)N = ηµν + ∂µY
m∂νYm (4.41)

To write down a 4D effective action we need to write terms that are invariant under a transformation
of the X coordinates, since it corresponds to the usual general covariance of a higher dimensional
gravitational theory. Given that the x coordinates are completely nonphysical, since they only provide
a way to parameterize the surface Y (x), we need terms that are also invariant under a transformation
of the brane coordinates. Practically, this means that one has to contract bulk indices with bulk
indices and brane indices with brane indices. The general form of the brane action is:

SEFT =

∫
d4x

√
|g|
[
−f4 −R(4) +

gµν

2
DµΦDνΦ− V (Φ)− gµνgαβ

4
FµαFνβ + . . .

]
(4.42)

Where f is the energy density of the brane, or brane tension and we considered a general scalar and
gauge field. As we have said x → x′(x) is an invariance of the Lagrangian, and therefore we can set
a gauge fixing condition, which will eliminate the non-physical components of YM . Fortunately, it
is straightforward to eliminate this redundancy, leaving us with only the physical number of 3-brane
degrees of freedom, we set:

Y µ(x)− xµ = 0 (4.43)

while the other Y m(x) are indeed physical. Then, in the path integral formulation, one should integrate
only in the fields that satisfy our gauge fixing condition, furthermore the ghost determinant is actually
trivial.
Finally, expanding the metric given our gauge choice we get:

gµν = ηµν + ∂µY
m∂νYm + · · · ⇒ det g = −∂µY m∂µYm (4.44)

and therefore that the leading term in the action becomes:

S =

∫
d4x f4∂µY

m∂µYm (4.45)

We can conclude that the canonically normalized field is just Zm = fY m.
We now study in more detail the graviton modes. First of all we can expand the metric in the following
way:

GMN = ηMN +
1

2M
n
2
+1

∗
hMN (4.46)
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In this way the graviton has dimension n
2 + 1 that is the right dimension for a bosonic field in 4 + n

dimensions, By definition its coupling with matter is given in terms of the stress-energy tensor of
matter:

Sint =

∫
d4xTµν hµν

M
n
2
+1

∗
(4.47)

Thus as expected the graviton couples linearly to Tµν (this follows immediately by the definition of
the stress energy tensor and by the fact that we impose the Einstein-Hilbert action in the bulk).
Nevertheless we haven’t written Eq. (4.47) in terms of KK modes. For extra dimensions compactified
on a torus, hµν is periodic in the extra dimensions:

hMN (x, y) =
∞∑

k1=−∞
· · ·

∞∑
kn=−∞

hk⃗MN (x)√
Vn

ei
k⃗·y⃗
R (4.48)

Basically we Fourier expanded hMN in the extra dimensions, here Vn = (2πR)n is a normalization
factor, then we can rewrite Eq. (4.47):

∑
k⃗

∫
d4xTµν 1

M
n
2
+1

∗

hk⃗µν√
Vn

=
∑
k⃗

∫
d4x

Tµνhk⃗µν
MP

(4.49)

Furthermore this KK modes can be decomposed in different parts: start with noting that hMN is a
(n+4)× (n+4) symmetric matrix, so with (n+4) · (n+5)/2 components. Then we can use invariance
under X coordinate transformation, therefore we can fix n+4 conditions with hMN → ∂MξN +∂NξM ,
for example in the harmoinc gauge ∂MhMN = 1

2∂Nh
M
M , however this condition does not fully specify ξ,

since adding ξ′µ such that ′
µ = 0 still satify the harmonic gauge, therefore other n+4 conditions can be

imposed. We conclude that the number of degrees of freedom for the graviton are (n+ 4) · (n+ 1)/2.
This means that in dimension higher than 4 we have degrees of freedom other than the two usual
helicity states.

4D Graviton and its KK Modes. The four-dimensional graviton modes are contained in the
upper-left 4× 4 block of the (4 + n)× (4 + n) higher-dimensional graviton matrix:(

Gk⃗
µν

)
. (4.50)

These modes are labeled by the n-dimensional vector k⃗, which corresponds to the KK numbers along
the extra dimensions. The zero mode correspond to the usual graviton, while the other KK modes
become massive, ”eating” a massless gauge field and a massless scalar.

4D Vectors and their KK Modes. The four-dimensional vector fields arise from the off-diagonal
blocks of the higher-dimensional graviton matrix:(

V k⃗
µj

V k⃗
iν

)
. (4.51)

Naively one could think there there would be n such four dimensional vectors, however we have seen
above that the 4D graviton, at fixed k⃗ has to eat one 4D vector to form a full massive spin-2 field,
thus there are only n 1 massive spin 1 particles in 4D. The missing of the last scalar is expressed by
the constraint

k̂jV k⃗
µj = 0, (4.52)

so that there are only n− 1 independent vectors.
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4D Scalars and their KK Modes. The lower-right n×n block of the higher-dimensional graviton
matrix corresponds to four-dimensional scalar fields:(

Sk⃗
ij

)
. (4.53)

Since Sij is symmetric, again naively we would expect n(n + 1)/2 scalar fields, however the graviton

(at fixed k⃗ eats one scalar, while each vector eats another scalar, for a total of n ”eaten” scalars.
Therefore we have only n(n− 1)/2. This can be seen from the constraint:

k̂iSk⃗
ij = 0. (4.54)

It is also convenient to separate the radion as the scalar field associated with the trace hk⃗jj . The
remaining scalar modes are then chosen to be traceless.
The explicit expressions for the canonically normalized four-dimensional fields are

radion: H k⃗ =
1

α
hk⃗jj , (4.55)

scalars: Sk⃗
ij = hk⃗ij −

α

n− 1

(
ηij +

k̂ik̂j

k̂2

)
H k⃗, (4.56)

vectors: V k⃗
µj =

i√
2
hk⃗µj , (4.57)

gravitons: Gk⃗
µν = hk⃗µν +

α

3

(
ηµν +

∂µ∂ν

k̂2

)
H k⃗. (4.58)

Where α =
√

3(n−1)
n+2 . The equations of motion in the presence of brane-localized sources are

(
□+ k̂2

)

Gk⃗

µν

V k⃗
µj

Sk⃗
ij

H k⃗

 =



1

MP

[
−Tµν +

(
ηµν +

∂µ∂ν

k̂2

)
T ρ
ρ

3

]
0

0

α

3MP
Tµ
µ


. (4.59)

Therefore, only the four-dimensional graviton, the radion and their KK modes couple directly to
brane-localized sources. The vector and traceless scalar modes do not couple directly to matter fields
confined on the brane, and are therefore less relevant for processes involving only brane matter.

4.1.4 Phenomenology with Large Extra Dimensions

In this section we present some phenomenology of extra dimensional theories, and how it can be used
to set bounds on this models. We follow Ref. [169]. Before presenting the phenomenological features
of these models, a first important preliminary, which will turn useful again in the next chapter. In
fact a phenomenological feature of large extra dimensional theories is that the mass splitting between
KK modes is of the order of the inverse of the compactification radius:

∆m ∼ 1

R
=M∗

(
M∗
MP

) 2
n

=

(
M∗
TeV

)n+2
2

10
12n−31

n eV (4.60)

where we have just rewritten Eq. (4.4) using a different notation (M∗ =M(4+n) =MEW ). This implies
that for high energy processes in general there is an enormous number of KK modes available. To
compute the number of KK modes available between k⃗ and k⃗ + dk⃗ we can write:

dN = Sn−1k
n−1dk (4.61)
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4.1. Extra-Dimensional Theories in General

where Sn−1 is the usual surface of an n dimensional sphere with unit radius. The actual mass of a

given KK mode is on general grounds m ≃ |⃗k|
R and therefore:

dN = Sn−1m
n−1Rndm = Sn−1m

n−1 M2
P

Mn+2
∗

dm (4.62)

and from that the inclusive cross section of a process is just:

dσ

ds
=

∫ s

0
Sn−1m

n−1 M2
P

Mn+2
∗

dσm
ds

dm (4.63)

For example, if we consider KK gravitons, we expect that dσm
ds ≃ 1

M2
p
and therefore d2σ

dsdm ∼ Sn−1
mn−1

Mn+2
∗

.

Some of the features of large extra dimensions are:

• Graviton production at colliders.

One of the most characteristic signatures of large extra dimensions is the direct production of KK
gravitons in high-energy collisions, as presented in Refs. [170, 171, 172]. Although the coupling
of each individual KK graviton to brane-localized matter is suppressed by the four-dimensional
Planck scale, the inclusive rate can be sizeable because of the large multiplicity of accessible KK
states.
A typical process is the production of a single KK graviton in association with a Standard Model
particle,

e+e− → γGKK, pp→ jGKK, (4.64)

where the graviton escapes and is not detected. Therefore the experimental signature is a photon
or a jet recoiling against missing energy. Since the decay width of an individual KK graviton
is of order ΓG ∼ m3

M2
P
, each mode is extremely long-lived on detector scales. The graviton thus

behaves as an invisible weakly coupled particle. These signatures are particularly clean, since
they lead to mono-photon or mono-jet events with missing transverse energy.

• Virtual graviton exchange.

Besides direct production, KK gravitons can also contribute virtually to Standard Model scat-
tering processes, see Refs. [170, 172, 173]. For example, the process

e+e− → ff̄ (4.65)

receives corrections from the exchange of the whole tower of massive gravitons. Schematically,
the amplitude contains terms of the form

A ∼ 1

M2
P

∑
k⃗

[
Tµν Pµναβ

s−m2
k⃗

Tαβ

]
, (4.66)

where Tµν is the energy-momentum tensor of the brane fields and Pµναβ is the spin-2 projector.
Since the number of KK modes grows rapidly with the energy, the sum over the tower can
compensate the Planck-suppressed coupling.
For n ≥ 2, however, the sum over virtual KK modes is ultraviolet sensitive. This means that
virtual graviton exchange cannot be predicted unambiguously within the low-energy effective
theory alone, and depends on the ultraviolet completion of the model. It is nevertheless useful
to parametrize these effects through higher-dimensional contact operators suppressed by the
fundamental scale M∗.

• Astrophysical constraints: supernova cooling.

Strong bounds on large extra dimensions arise from astrophysics. In particular, KK gravitons
can be produced in the core of a supernova and escape into the bulk, carrying away energy.
This mechanism is analogous to the usual axion cooling bounds that we have seen in (3), any
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4.1. Extra-Dimensional Theories in General

new weakly coupled light degree of freedom can provide an additional cooling channel for the
supernova core.
The typical temperature in a core-collapse supernova is T ∼ 30MeV. Since many KK modes with
masses below this temperature can be emitted, the total graviton production rate is enhanced by
the KK multiplicity. A useful way of estimating the bound is to compare the graviton emission
rate with the standard axion cooling bound. Parametrically, the graviton production rate scales
as

Γgraviton ∼
Tn

Mn+2
∗

. (4.67)

Requiring that this energy loss does not exceed the observed cooling rate of supernovae gives
very strong constraints, especially for n = 2 [174, 175]. Typically, one obtains a bound of order
M∗ ≳ 10− 100TeV, n = 2, while for larger values of n the bound becomes weaker.

• Cosmological bounds and cooling into the bulk.

Cosmology gives another important class of constraints. At sufficiently high temperature, the
thermal bath on the brane can efficiently emit gravitons into the bulk. If this process is too
efficient, the brane loses a large fraction of its energy density into bulk modes, modifying the
standard cosmological history. The ordinary cooling due to the Hubble expansion is parametri-
cally

dρ

dt

∣∣∣∣
expansion

∼ −3Hρ ∼ −3 T
2

MP
ρ, (4.68)

while the energy loss into bulk gravitons scales as

dρ

dt

∣∣∣∣
evaporation

∼ − Tn

Mn+2
∗

ρ. (4.69)

Equating the two rates defines a “normalcy temperature” T∗, below which the universe evolves
approximately as an ordinary four-dimensional universe:

T∗ ∼
(
Mn+2

∗
MP

) 1
n+1

. (4.70)

The reheating temperature after inflation must be below this scale; otherwise the universe would
overproduce bulk gravitons. This bound is particularly restrictive for small n, since in that case
the normalcy temperature can be close to the temperature required for successful Big Bang
nucleosynthesis, see Refs. [165, 176].

• Black-hole production.

A striking possible consequence of large extra dimensions is that the fundamental scale of quan-
tum gravity may be close to the TeV scale. If this is the case, trans-Planckian particle collisions
could produce microscopic black holes, as shown in Refs. [177, 178]. The idea is simple. In four
dimensions, the Schwarzschild radius associated with a mass M is of order rH ∼ GNM.
In 4+n dimensions, instead, the gravitational potential scales differently, and the horizon radius
is actually

rH ∼
1

M∗

(
M

M∗

) 1
n+1

. (4.71)

Therefore, if the impact parameter of a collision is smaller than rH , a microscopic black hole
may form. The corresponding geometrical cross section is roughly

σ ∼ πr2H ∼
1

M2
∗

(
MBH

M∗

) 2
n+1

. (4.72)

Such black holes would not be stable. They would decay through Hawking radiation into Stan-
dard Model particles and gravitons. The resulting events would be characterized by high multi-
plicity, large transverse energy, and a nearly thermal distribution of final states.
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We summerize the current bound in the table below (credits to Ref. [106]):

n 1 2 3 4 5 6

Pendulum 2.2× 105 / / / / /

Colliders / 2.5× 104 6.2× 10−1 3.1× 10−3 1.2× 10−4 1.5× 10−5

SN 1987A 2.5× 1012 4.9× 103 5.8 1.9× 10−1 2.5× 10−2 6.1× 10−3

Neutron star 2.2× 105 7.9× 10−1 1.3× 10−2 1.7× 10−3 5.1× 10−4 2.2× 10−4

Table 4.1: Upper limits on the compactification radius Rmax, expressed in keV−1, as a function of
the number of extra dimensions n. The bounds come from torsion-pendulum tests of Newton’s law,
see Ref. [179], collider searches by CMS, Ref. [180], and astrophysical constraints from SN 1987A and
neutron-star excess heat, Ref. [181].

4.2 Kaluza Klein Axions

We now present axions in the framework of extra dimensions, i.e. Kaluza-Klein axions, following
mainly the seminal papers presented in Ref. [182, 104, 183]. We have seen already that the QCD
axion solution to the Peccei-Quinn solution introduces a new scale, fPQ that is the energy scale at
which the PQ symmetry is spontaneously broken, and that we expect that the mass of the axion is of
order Λ2

QCD/fPQ, and has we have already seen also the axion-photon or the axion-fermion coupling
are ∝ 1/fPQ, so that in general more the axion is light, more its coupling are weak. We have already
shown that in its original proposal this scale was at the order of the electroweak scale, but that this
is already ruled out. The crucial ingredient here is that both the axion’s mass and its coupling are
determined by essentially a single energy scale fPQ.
In extra dimensional theories, however this is no longer true. Firs of all in our previous discussion we
stated that only the electroweak scale is the fundamental scale of Nature, and how the Planck mass is
actually just arises in the 4D point of view. However this statement as it is presented has the problem
to not explain the intermediate scales fPQ. This issue will be solved basically placing the axion in
a number of extra dimensions δ < n. We now present the model in Ref. [182]: Assume there is a
complex scalar field that live in the bulk and it is charged under UPQ(1):

ϕ→ eiαϕ (4.73)

and assume it is spontaneously broken by the bulk dynamics, ⟨ϕ⟩ = fPQ/
√
2, and as usual, neglecting

the radial term we write:

ϕ =
fPQ√

2
eia/fPQ (4.74)

and under a PQ transformation:
a→ a+ αfPQ (4.75)

Where we assume that α is a constant also in the extra dimensions (i.e. UPQ(1) is a global symmetry
also in the extra dimensions). The axion Lagrangian is composed at least by two terms, the first is
just the kinetic term, that comes from the kinetic term of ϕ, as done in Ref. [182] and in the previous
section, we stick to 5 dimensions:

SK =

∫
d4x dyMS ∂

Mϕ∗∂Mϕ =

∫
d4x dy MS

1

2
∂Ma∂

Ma (4.76)

Then from the chiral anomaly restricted to the brane where our fermionic fields live we have:

S =

∫
d4xdy

ξ

fPQ

g2

32π2
aFµνF̃

µν δ(y) (4.77)

note that in odd dimension we can not have local anomalies in the bulk, while we can localize anomalies
on the boundaries. For more information on the chiral anomaly in 5 dimensions, using our compact-
ification see Ref. [184], the result is that the bulk ”is not chiral” that is it cannot have anomalies,
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4.2. Kaluza Klein Axions

that live on the fixed points (i.e. on the boundary) of our theory. We focus on y = 0. This result
is somewhat not so solid if one considers other compactifications, see e.g. Ref. [185]. Other useful
instructive references are given in Refs. [186, 187]. Our full action is then:

S =

∫
d4x dy

(
MS

1

2
∂Ma∂

Ma +
ξ

fPQ

g2

32π2
aFµνF̃

µν δ(y)

)
(4.78)

The axion can be written as a KK tower:

a(xµ, y) =
∞∑
n=0

an(x
µ) cos

(ny
R

)
(4.79)

and under a Peccei-Quinn transformation the KK axion modes transforms as:

a0 → a0 + αfPQ

ak → ak
(4.80)

Inserting the Kaluza-Klein decomposition for the axion, Eq. (4.79) in Eq. (4.78) we arrive at the
effective Lagrangian:

Leff = LQCD +
1

2

∞∑
n=0

(∂µan)(∂
µan)−

1

2

∞∑
n=1

n2

R2
a2n +

ξ

f̂PQ

g2

32π2

( ∞∑
n=0

rnan

)
FµνF̃

µν (4.81)

where rn = 1 is n = 0 and otherwise rn = 1/
√
2. Basically this is due to the integral:

∫ πR

0
cos
(nx
R

)
cos
(mx
R

)
dx =


0, m ̸= n,

πR, m = n = 0,

πR

2
, m = n ̸= 0.

After canonical nomralization of the KK modes it is easy to see that f̂PQ = fPQ(VMs)
1/2, where

V is the volume of our compactified space. For δ extra dimensions this definition generalizes to

f̂PQ ∼ fPQ(RMs)
δ
2 , and we note that the energy scale that sets the coupling between the KK axion

modes and the gluons (or photons) is the the volume-renormalized quantity f̂PQ. Since we Ms ≫ R−1

(we have assumed that Ms ∼ 1 TeV) it follows that f̂PQ ≫ fPQ. This is very similar to what was
proposed for gravity in Ref. [164], in that case we had a very similar relation, MP ∼ (RM∗)

n/2M∗,
therefore since we expect Ms ∼M∗ and we know that R has to be adjusted to get the correct Planck
mass, then if δ = n we would have f̂PQ ∼ MP , which would overclose the universe. However, as also

proposed in Ref. [188], we can set an intermediate set an intermediate f̂PQ if δ < n. In other words,
under these assumptions, the axion must be restricted to a subspace of the full higher-dimensional
bulk A second important remark is that even if f̂PQ sets the scale for couplings between gauge fields
and individual axion modes, the gauge fields couple not to an individual axion mode, but to a linear
superposition of them:

a′ ≡ 1√
N

nmax∑
n=0

rnan =
1√
N

(
a0 +

√
2

nmax∑
n=1

an

)
(4.82)

where N = 1 + 2nmax is a normalization factor, and nmax is a cutoff, determined by the relation
nmax ∼ MsR, that is when the KK axion mass is of the order of Ms the scale at which our 5-
dimensional description is no longer valid. But we have seen that RMs ≫ 1, then, the coupling
between KK axion modes and gluons is:

√
N

f̂PQ

a′FµνF̃
µν ≃ 1

fPQ
a′FµνF̃

µν (4.83)

In other words, the effects of the volume factor in are canceled by the normalization of the Kaluza-Klein
linear superposition a. This result furthermore remains true of any number of extra dimensions. This
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is a serious issue to invisible axion models in extra dimensions, that however, as we will show, can be
solved. let us mention that very similar considerations, that we will not repeat, hold for axion-fermions
couplings. We now study if axions still solve the strong CP problem even in this extra-dimensional
framework. It is enough to consider just a′, that is the superposition that KK axion modes that couples
to gluons and photons to correctly take into account how the QCD potential depends on θ̄. Then
basically as we have seen already in chapter (1), we have that a new term arises V (θ̄) ∼ −Λ4 cos θ̄ + a′,
so that the potential associated to the KK axion modes is given by:

V (an) =
1

2

∞∑
n=1

n2

R2
a2n +

g2

32π2
Λ4

[
1− cos

(
ξ

f̂PQ

∞∑
n=0

rnan + θ̄

)]
(4.84)

This potential is minimized when we look for stationary solutions:

∂V

∂an
=
n2

R2
an(1− δn0) + rn

ξ

f̂PQ

g2

32π2
Λ4 sin

(
ξ

f̂PQ

∞∑
n=0

rnan + θ̄

)
= 0 (4.85)

This has the solutions:

a0 =
f̂PQ

ξ
(−θ̄ +mπ)

ak = 0

(4.86)

where m ∈ 2Z. Thus this higher dimensional Peccei-Quinn mechanism continues to solve the strong
CP problem, where a0 is the usual Peccei-Quinn axion. We now study the axion mass matrix:

Mnn′ =
∂2V

∂an∂an′
=
n2

R2
δnn′ + ξ2

g2

32π2
Λ4

f̂PQ

rnrn′ (4.87)

Calling m2
PQ = ξ2 g2

32π2
Λ4

f̂PQ
and y = 1/(mPQR):

M = m2
PQ(δnn′y2n2 + rnrn′) (4.88)

It is not so easy to find the eigenvalues of M, however after applying some mathematical theorems,
the eigenvalues λ are the solution of the transcendental equation:

πλ̃

y
cot

(
πλ̃

y

)
= λ̃ (4.89)

that we can also rewrite as:

πRλ cot (πRλ) =
λ2

m2
PQ

(4.90)

and λ = λ̃mPQ. For each eigenvalue λ2, the corresponding normalized mass eigenstate âλ in terms of
the KK modes is:

âλ =

∞∑
k=0

Uλkak, Uλk =

(
rkλ̃

2

λ̃2 − k2y2

) √
2

λ̃
(λ̃+ 1 + π2/y2)−1/2 (4.91)

Here we present the zero mode solution as a function of y−1 measured in units of 1/R. The horizontal
line represent the upper limit on the axion mass, that is 1/2R. Studying Eq. (4.90) it is clear in fact
that the axion mass is always below 1/2R. The other line represent the case where the axion mass is
equal to mPQ. This limit is recovered in the case when mPQR→ 0.
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Figure 4.1: Mass of the zeroth axion mode as a function of mR. We reproduced the figure in Ref.
[182].

As a result of this unexpected higher-dimensional behavior for the axion mass, we see that when
mPQ > 1/2R, the Peccei-Quinn scale essentially decouples from the axion mass! once the axion
mass constraint is satisfied by an appropriate choice of R, the parameter mPQ, or equivalently the
Peccei–Quinn scale fPQ, can still be varied without spoiling the bound, provided that

mPQ ≳
1

2R
.

This freedom allows one to suppress the axion couplings to matter, thereby offering a possible mech-
anism for realizing an invisible axion.
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Chapter 5

Axion Production in the Sun and Its
Number Density on Earth

In this chapter, we compute the axion production rate inside the Sun, assuming a photon-axion
coupling. The relevant processes are three: photon coalescence, the Primakoff effect, and plasmon
decay. We then compute their contribution to the axion number density around the Sun, which allows
us to determine the axion decay rate on Earth. Finally, we apply our computations to KK axions.

5.1 Photon Coalescence

We start by considering photon coalescence, γγ → a. Inside the solar plasma, photons acquire an
effective mass, which we denote by ωP . We have

ω2
P =

4παne
me

. (5.1)

Here, ne and me are the electron number density and the electron mass, respectively. The electron
number density is determined by assuming that the Sun is composed only of hydrogen (H1) and helium
(He4), and by imposing electric charge neutrality through the expression

ne = ρ
1 +XH1

2mp
, (5.2)

where ρ is the density inside the Sun, XH1 is the hydrogen mass fraction, and mp is the proton mass.
Knowing these quantities as functions of the solar radius, we can plot the effective photon mass as a
function of the position inside the Sun. We use the Standard Solar Model (SSM) of Ref. [189].

The effective photon mass is a central quantity in our computations, since, for example, plasmon decay
would otherwise be kinematically forbidden. Below, we also show the solar mass fraction constituted
only by hydrogen and helium, confirming that our approximation in Eq. (5.2) is well justified.
Let us mention, for future reference, that photons inside a plasma are actually divided into two types:
longitudinal and transverse plasmons, each with its own dispersion relation. We will return to this
point later, when discussing plasmon decay. For now, we recall that we work only with transverse
plasmons, whose dispersion relation is given by

ω2 = k2 + ω2
P

(
1 +

k2

ω2

T

me

)
≃ k2 + ω2

P , (5.3)

where T is the solar temperature. To show that T/me ≪ 1, and hence that the correction to the usual
dispersion relation is negligible, we plot the solar temperature as a function of the solar radius.
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Figure 5.1: Effective photon mass as a function of the radius inside the Sun, based on data from
the Saclay model presented in Ref. [189]. The photon mass is of the order of 0.1 keV, which is not
completely negligible compared with the typical solar temperature.

Figure 5.2: Mass fraction of Hydrogen plus Helium. Eq. (5.2) is valid under the assumption that the
Sun is composed only of hydrogen and helium; this approximation is valid within 2%.
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Figure 5.3: Temperature inside the Sun as a function of the radius. A typical temperature is about
0.5 keV, comparable to the effective photon mass.
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We are now ready to derive the production rate due to photon coalescence inside the Sun. We start
from the usual interaction Lagrangian

L = −gaγγ
4
aFµνF̃

µν , (5.4)

from which the Feynman rule is easily obtained:

−igaγγϵµνσρp1σp2ρ . (5.5)

We study the axion distribution function, fa(E), through the Boltzmann equation. As usual, fa(E)
is defined through the relation

na =

∫
pEfa(E)

4π

(2π)3
dE. (5.6)

From the Boltzmann equation, we have

dfa
dt

(E) =
1

2E

∫
d3k1

(2π)32ω1

d3k2
(2π)32ω2

(2π)4δ4(k1 + k2 − p)|Mγ |2feq1 (ω1)f
eq
2 (ω2)(1 + fa(E)). (5.7)

Here, p and E are the momentum and energy of the axion, respectively, while k1, k2, ω1, and ω2

denote the three-momenta and energies of the two photons.
We can compute the matrix element for inverse axion decay by taking into account the effective photon
mass. The averaged matrix element is given by

∑
pol

|M̄γ | =
g2aγ
4
ϵµνστ ϵµναβk1σk2τk1αk1β = −

g2aγ
2

(
(k1k2)

2 − k21k22)
)
=
g2aγ
8
m2

a

(
m2

a − 4ω2
P

)
. (5.8)

Using the identity

feq1 (ω1)f
eq
2 (ω2)(1 + feqa (E)) = feqa (E)(1 + feq1 (ω1))(1 + feq2 (ω2)), (5.9)

and working in the dilute limit, we can rewrite Eq. (5.7) as

dfa
dt

(E) ≃ feqa (E)
1

2E

∫
d3k1

(2π)32ω1

d3k2
(2π)32ω2

(2π)4δ4(k1 + k2 − p)|Mγ |2(1 + feq1 (ω1) + f eq2 (ω2)). (5.10)

At this point, it is useful to define

Γaγγ(T ) =
1

2E

∫
d3k1

(2π)32ω1

d3k2
(2π)32ω2

(2π)4δ4(k1 + k2 − p)|Mγ |2(1 + feq1 (ω1) + feq2 (ω2)). (5.11)

Since the matrix element in Eq. (5.8) does not depend on the photon momenta, we factor it out and
focus on the phase-space integral. The integral over d3k2 is trivial because of the Dirac delta, from
which we obtain the relations k2 = p− k1 and E2 =

√
E2

1 + p2 − 2|k||p| cos θ.

We therefore have

Γaγγ(T ) ∼
1

2E

∫
d3k1

(2π)22ω12ω2
δ(ω1 + ω2 − E)(1 + feq1 (ω1) + f eq2 (ω2)). (5.12)

The integral over the azimuthal variable ϕ is trivial, giving a factor of 2π, and we can rewrite the
expression as

Γaγγ(T ) ∼
1

4πE

∫ +∞

0

k21
4ω1 ω2

∫ 1

−1
δ
(√

ω2
1 + p2 − 2|k1| |p| cos θ + ω1 − E

)
×
(
1 + f eq1 (ω1) + f eq2 (ω2)

)
dcos θ.

(5.13)
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The Dirac delta ensures that, for each kinematically allowed value of ω1, the corresponding angle θ is
selected in such a way that four-momentum conservation is satisfied. Applying the properties of the
Dirac delta, we obtain

Γaγγ(T ) ∼
1

16πE

∫ Emax

Emin

k1 ω1 dω1
ω2

k1 pω1 ω2

×
(
1 + f eq1 (ω1) + f eq2 (ω2)

)
.

(5.14)

For each angle, one can find a corresponding value of the energy ω1, but not all energies are allowed.
The maximum and minimum values of the energy correspond to the back-to-back decay configurations.
If the axion energy in the solar frame is E = maγ and therefore p = maγβ, where γ is the Lorentz
factor, then the maximum and minimum photon energies are, respectively,

maγ

2
± γβ

2

√
m2

a − 4ω2
p,

with the condition ma > 2ωp. At first order in ωp, we approximate the maximum and minimum
energies as (E ± p)/2. We are now ready to perform the integral. Since the integration domain is
symmetric around E/2, and since ω2 = E − ω1, we can write

Γaγγ(T ) ∼
1

16πEp

∫ E+p
2

E−p
2

(
1 +

2

eω/T − 1

)
dω. (5.15)

To perform the integral, it is sufficient to change variables to x = ω/T . We finally obtain

Γaγγ(T ) ∼
1

8πE

(
1 +

2T

p
ln

(
1− e−E+p

2T

1− e−E−p
2T

))
. (5.16)

Restoring the matrix element, we get

Γaγγ(T ) =
g2aγγm

3
a

64π

(m2
a − 4ω2

P )

m2
a

ma

E

(
1 +

2T

p
ln

(
1− e−E+p

2T

1− e−E−p
2T

))
. (5.17)

From the axion distribution function, we can obtain the number density per unit energy and time by
using the definition of Γaγγ(T ):

d2na(E)

dEdt
=
pEfeqa (E)

2π2
Γaγγ(T ). (5.18)

We now integrate over the SSM presented in Ref. [189] to obtain the differential solar flux, namely
the number of axions produced per unit time and per unit energy:

dΦcoal

dE
=

1

4πd2

∫
d3r

dna(E)

dE
=
R3

⊙
d2

∫
dna(E)

dE
r̄2dr̄. (5.19)

To express the differential flux in units of cm−2 s−1 keV−1, we multiply the integral by a factor
2.8× 1011. In the following, we present the results for gaγγ = 10−12 GeV−1. The differential flux for
the coalescence process is shown below.
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Figure 5.4: Differential flux for photon coalescence, for different values of the axion mass, as a function
of the axion momentum p. As we will see, this process is less kinematically suppressed than the other
two production processes.

5.2 Primakoff Effect

The Primakoff process, Ze + γ → Ze + a, converts photons into axions in the electrostatic field of a
nucleus or an electron. To derive the differential flux associated with this process, we can again start
from the Boltzmann equation and follow the same arguments used in the photon coalescence case:

dfa
dt

(E) =
1

2E

∫
d3k

(2π)32ω
(2π)δ(ω − E)|Mγ |2feqγ (ω)(1 + fa(E)). (5.20)

Here, the axion has energy E and momentum p, while the photon scattering off the static nucleus has
energy ω and momentum k. The Dirac delta enforces energy conservation, and we fix the momentum
transferred by the nucleus to the axion-photon system to be q = k − p. Following the discussion in
Ref. [190], we assume that the recoiling nucleus carries no energy; therefore, q = (0,q). From this,
we can write the averaged squared matrix element for a photon interacting with a nucleus of charge
Ze as

|M̄| =
g2aγγZ

2e2

2

|k× p|2
q4

· q2

q2 + κ2
. (5.21)

In general, one should sum over the contributions from all nuclear species. In Eq. (5.21), κ is the
Debye screening scale, defined as

κ2 =
4πα

T

ρ

mu

Ye +∑
j

Z2
j Yj

 . (5.22)

Here, Ye is the number of electrons per baryon, while Yj is the number of nuclei of species j per
baryon in the medium. The Debye screening length is the typical length scale of an electromagnetic
interaction inside the plasma. Since the photon acquires an effective mass in a plasma, the potential
of a point-like charge is modified according to the substitution 1

r → e−κr

r . We show below the Debye
screening scale as a function of the solar radius, together with its ratio to the temperature:
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Figure 5.5: Debye screening scale as a function
of the solar radius.

Figure 5.6: κ/T is ∼ 7 over most of the solar
volume [190].

Choosing pµ = (E, 0, 0, p) for the axion four-momentum, we can explicitly write the integral over θ.
We also perform the trivial integral over ϕ, which gives a factor of 2π:

dfa
dt

(E) =
g2aγγZ

2e2

16πE

∫
k2

ω
dk δ

(√
k2 + ω2

P − E
)
feqγ (ω)(1 + fa(E))

×
∫ 1

−1
d cos θ

k2p2(1− cos2 θ)

(p2 + k2 − 2pk cos θ)(p2 + k2 − 2pk cos θ + κ2)
.

(5.23)

The angular integral can be performed analytically, giving the same result as in Ref. [104]. We again
include the factor 2π from the integration over the azimuthal angle ϕ, and perform the integration
over k by applying the properties of the Dirac delta:

dfa
dt

(E) =
g2Z2e2

32π

k

E

[(
(k + p)2 + κ2

) (
(k − p)2 + κ2

)
4kpκ2

ln

(
(k + p)2 + κ2

(k − p)2 + κ2

)
− (k − p)2

4kpκ2
ln

(
(k + p)2

(k − p)2
)
− 1

]
feqγ (ω)(1 + fa(E)).

(5.24)

We now restore the contribution from each nuclear species and obtain

dfa
dt

(E) =
g2aγγκ

2T

32π

k

E

[(
(k + p)2 + κ2

) (
(k − p)2 + κ2

)
4kpκ2

ln

(
(k + p)2 + κ2

(k − p)2 + κ2

)
− (k − p)2

4kpκ2
ln

(
(k + p)2

(k − p)2
)
− 1

]
· 2

eω/T − 1
· eE/T

eE/T − 1
.

(5.25)

In the last two factors, we have explicitly written the thermal distributions; the factor of two comes
from the two photon polarizations. Schematically, Eq. (5.25) can be written as

dfa
dt

(E) =
g2aγγκ

2T

32π

k

E
feqγ (ω)(1 + fa(E)) · Fk(p). (5.26)

As shown in Ref. [104], the function Fk(p), corresponding to the large square brackets in Eq. (5.25),
and it can be approximated in different ways. We denote by Fk(p) the exact expression, by FE(p) the
expression obtained by replacing k with E, and, for small momenta, by

F (p) =
8p2

3(κ2 +m2
a)
. (5.27)

We show below the values of these functions for different radii, comparing the three expressions:
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Figure 5.7: Comparison between Fk, FE , and F for ma = 1 keV. Up to 0.5 keV, all three functions
are in excellent agreement. We fix r = 0.

Figure 5.8: Normalized difference between FE , Fk, and F for ma = 1 keV. The corresponding errors
are about 1% and 15%, respectively; however, restricting to momenta below 0.1 keV, the error is below
1% in both cases.

As already done in the photon coalescence case, we can obtain the number of axions produced per
unit volume, energy, and time through the equation

d2na(E)

dEdt
=
pE

2π2
dfa(E)

dt
. (5.28)

Integrating over the same solar model, we obtain the differential axion flux:

dΦprim

dE
=

1

4πd2

∫
d3r

dna(E)

dE
=
R3

⊙
d2

∫
dna(E)

dE
. (5.29)

The results are shown below:
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Figure 5.9: Differential flux from the Primakoff process for different axion masses. Note the logarithmic
scale and the suppression of the process at low momenta. Due to numerical errors, we could not
compute the full expression for the flux dΦ/dE at low momenta. Therefore, we plot the full expression
for momenta between 10−4 keV and 102 keV, and the approximate expression given in Eq. (5.27) in
the interval between 10−6 keV and 10−1 keV.

5.3 Plasmon Decay

We now study the third and last production mechanism: plasmon decay and coalescence. We want
to compute the conversion rate for γt → a. From now on, we distinguish between the two excitation
modes of the electromagnetic field in a plasma: transverse modes, γt, and longitudinal modes, γl, each
with its own dispersion relation:

ω2 = k2 + ω2
P

(
1 +

k2

ω2

T

me

)
≃ k2 + ω2

P ,

ω2 = ω2
P

(
1 + 3

k2

ω2

T

me

)
≃ ω2

P .

(5.30)

For photon coalescence and the Primakoff process, we used, respectively, two transverse photons and
one transverse photon. The main reason why we distinguish between the Primakoff process and
plasmon decay and coalescence, unlike what is done in other treatments such as Ref. [190], is that
in the latter case we do not assume that the energy of the longitudinal photon vanishes. For the
Primakoff process, this corresponds to assuming that the recoil energy of the nucleus is negligible,
i.e. that mZ ≫ E. Furthermore, we associate a thermal Maxwell-Boltzmann distribution to the
longitudinal photons; this assumption also changes the final result with respect to the Primakoff
process.
As already discussed, from Fig. (5.1), the temperature inside the Sun never exceeds 1.3 keV; therefore,
the thermal corrections in Eq. (5.30) are negligible.
As in the previous cases of photon coalescence and the Primakoff process, we start from the Boltzmann
equation:

dfa
dt

=
1

2E

∫
d3kt

(2π)32ωt

d3kl
(2π)32ωl

(2π)4ZlZt|M|2

× fγt(ωT )
(
δ4(kt − kl − p)(1 + fγl) + δ4(kt + kl − p)fγl

)
(1 + fa(E)).

(5.31)

The first term in brackets is associated with plasmon decay, while the second term corresponds to the
coalescence of a transverse and a longitudinal plasmon. Notice the different thermal factor.
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The Z’s are vertex renormalization factors. In our case, we work in a non-relativistic and non-
degenerate plasma, as appropriate for the Sun. Therefore, following Ref. [190], we can approximate

Zl =
ω2
l

ω2
l −k2l

and Zt = 1.

For the matrix element, we note that the interaction Lagrangian can be rewritten as

L = −gaγγE ·B. (5.32)

Since B = ∇ × A, no magnetic field can be associated with the longitudinal mode. Given E =
−∇A0 − ∂tA, and using a wave decomposition for the electromagnetic field, we obtain B ∝ kt × ϵt
and E ∝ ωlϵl − klϵ0l . Following the discussion in Ref. [190], the normalized polarization vector for the
longitudinal photon is

ϵl =
(k2l , ωlkl)

kl

√
ω2
l − k2l

.

Putting everything together, we can write the averaged matrix element as

|M̄|2 =
g2aγγ
2

(ω2
l − k2l )|k̂l · (kt × ϵt)|2 =

g2aγγ
2

(ω2
l − k2l )|k̂l × kt|2. (5.33)

In the last equality, we used a · (b × c) = c · (a × b). Following the discussion in Ref. [191], one may
also include an additional factor:

|M̄|2 =
g2aγγ
2

(ω2
l − k2l )|k̂l × kt|2

ω2
l

ω2
l + k2l

. (5.34)

We will present the computation both with and without this thermal factor.

After integrating over d3kl, the delta function gives kl = kt ± p, where p is the three-momentum of
the axion. The sign depends on the process considered. We obtain

dfa
dt

=
g2aγγ

16(4π2)E

∫
d3kt

ωl

ωt
fγt(ωt)k

2
t p

2 sin2 θ(1 + fa(E))

×
(
(1 + fγl)δ(ωt − ωl − E)

p2 + k2t − 2pk cos θ
+

fγlδ(ωt + ωl − E)

p2 + k2t + 2pk cos θ

)
.

(5.35)

With the factor introduced in Eq. (5.34), the same integral becomes

dfa
dt

=
g2aγγ

16(4π2)E

∫
d3kt

ω3
l

ωt
fγt(ωt) k

2
t p

2 sin2 θ (1 + fa(E))×[
(1 + fγl) δ(ωt − ωl − E)

(p2 + k2t − 2pk cos θ)(p2 + k2t − 2pk cos θ + ω2
l )

+
fγl δ(ωt + ωl − E)

(p2 + k2t + 2pk cos θ)(p2 + k2t + 2pk cos θ + ω2
l )

]
.

(5.36)

We explicitly write the angular integral, choosing the z-axis along the direction of p. One angular
integration is trivial and gives a factor of 2π. For the term without the additional factor, we have

dfa
dt

=
g2aγγ
32πE

∫
dktk

2
t

ωl

ωt
fγt(ωt) [δ(ωt − ωl − E)(1 + fγl) + fγlδ(ωt + ωl − E)]

×
∫ 1

−1
d cos θ

k2t p
2 sin2 θ

p2 + k2t + 2pk cos θ
(1 + fa(E)).

(5.37)

The integral over θ can be performed analytically in both cases. We obtain

dfa
dt

=
g2aγγ
32πE

∫
dktk

2
t

ωl

ωt
fγt(ωt) [δ(ωt − ωl − E)(1 + fγl) + fγlδ(ωt + ωl − E)]

× (1 + fa(E))
4ktp(p

2 + k2t )− (k2t − p2)2 log
(
(kt+p)2

(kt−p)2

)
8ktp

.

(5.38)
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and, when including the additional factor,

dfa
dt

=
g2aγγ
32πE

∫
dktk

2
t

ωl

ωt
fγt(ωt) [δ(ωt − ωl − E)(1 + fγl) + fγlδ(ωt + ωl − E)]

× (1 + fa(E))ω2
p

[(
(k + p)2 + ω2

p

) (
(k − p)2 + ω2

p

)
4kpω2

p

ln

(
(k + p)2 + ω2

p

(k − p)2 + ω2
p

)

− (k − p)2
4kpω2

p

ln

(
(k + p)2

(k − p)2
)
− 1

]
.

(5.39)

Using ωl = ωp and the properties of the Dirac delta, we get

dfa
dt

=
g2aγγ
32πE

ωlfγt(ωt)(1 + fa(E))

(1 + fγl)
4ktp(p

2 + k2t )− (k2t − p2)2 log
(
(kt+p)2

(kt−p)2

)
8p

+fγl

4ktp(p
2 + k2t )− (k2t − p2)2 log

(
(kt+p)2

(kt−p)2

)
8p

 ,

(5.40)

and

dfa
dt

=
g2aγγ
32πE

ktω
3
pfγt(ωt)(1 + fa(E))

×
[
(1 + fγl)

((
(k + p)2 + ω2

p

) (
(k − p)2 + ω2

p

)
4kpω2

p

ln

(
(k + p)2 + ω2

p

(k − p)2 + ω2
p

)
− (k − p)2

4kpω2
p

ln

(
(k + p)2

(k − p)2
)
− 1

)

+ fγl

((
(k + p)2 + ω2

p

) (
(k − p)2 + ω2

p

)
4kpω2

p

ln

(
(k + p)2 + ω2

p

(k − p)2 + ω2
p

)
− (k − p)2

4kpω2
p

ln

(
(k + p)2

(k − p)2
)
− 1

)]
.

(5.41)

In both cases, in the first term kt is fixed by the relation ωt = ωp + E, while in the second term it is
fixed by ωt + ωp = E.

We have used the relations

fγt(1 + fa)(1 + fγl) = (1 + fγt)fafγl ,

fγtfγl(1 + fa) = fa(1 + fγt)(1 + fγl).
(5.42)

Finally, to obtain the differential flux, we integrate over the Saclay solar model. As before, to express
the differential flux in units of cm−2 s−1 keV−1, we multiply the integral by a factor 2.8 × 1011. We
present below the results both with and without the factor used in Ref. [191], choosing gaγγ = 10−12

GeV−1:

dΦplas

dE
=

1

4πd2

∫
d3r

pE

2π2
dfa
dt

(E) =
R3

⊙
d2

∫
dna(E)

dE
. (5.43)
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Figure 5.11: Differential flux for the plasmon process without the thermal factor, as in [191].

Figure 5.10: Differential flux for different values of the axion mass for the plasmon processes with the
thermal factor.

One can easily see that the inclusion of the thermal factor does not drastically change our conclusions.
Furthermore, as we will see in the next section, we are interested in the study of solar basins, which
are produced by axions with low momenta. In this regime, the dominant production process is photon
coalescence.

5.4 Number Density of Trapped Axions

We now focus on computing the axion number density in the vicinity of the Earth. Low-momentum
axions are expected to remain gravitationally trapped around the Sun, forming a cosmic axion basin, as
shown in Ref. [111]. The long Solar-System timescales over which this production mechanism remains
active allow a significant axion number density to accumulate around the Sun. The large astrophysical
timescales involved in this scenario can therefore lead to a substantial population of trapped axions.
The accumulated trapped population can exceed the instantaneous solar axion population by several
orders of magnitude. This argument becomes stronger when it is applied to KK axions, since in this
case inside the Sun even more modes can be produced.
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We first present a comparison, for different axion masses, of the production rates inside the Sun for
the three different processes:

Figure 5.12: Comparison between the three axion production processes inside the Sun for different
axion masses.

From the figure, it is clear that, at low values of the axion momentum p, photon coalescence is the
dominant production process. We therefore focus on this process.

For an axion to remain gravitationally bound to the Sun, its speed at production must be below the
escape velocity at the production point r0. As a reference, at the solar surface one has vesc(R⊙) ≃
6.0 × 102 km s−1 ≈ 2 × 10−3 c. For a representative axion mass of 1 keV, this corresponds to a
momentum threshold p ≃ mavesc ≈ 2 × 10−3 keV/c. As shown in Fig. (5.12), at this momentum,
photon coalescence is already the dominant production channel.

To compute the number density, we need to perform several integrals. We first consider the production
rate at a distance r for a mode of mass m, keeping in mind that we will later apply the same
computation to KK axions:

PKK(r,m) = 4π

∫
dr0r

2
0

∫
d3pΓaγ(T (r0), p)fa(E)Pr(r0, p). (5.44)

Here, PKK(r,m) is the production rate of the number density at distance r for axions of mass m,
produced per unit time. The inner integral accounts for the contribution from all energies, or more
generally from all axion momenta, while the outer integral sums over all possible production positions
inside the Sun. We have also introduced a new quantity, Pr(r0, p), which is the probability for an
axion produced at position r0 with momentum p to be found at distance r.

Of course, Eq. (5.44) can be interpreted as the number of axions produced inside the Sun per unit
time, given by the first two integrals, multiplied by the probability of finding the axion at distance r
from the Sun. At the end of our computation, we will set r = 1 A.U.

For the moment, we focus on a fixed axion mass. We will then apply our computation either to a generic
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ALP with fixed mass or to a Kaluza–Klein axion tower. In the latter case, we will need to integrate
over all masses, taking into account the corresponding degeneracy, as discussed in Chapter (4).

The probability density Pr(r0, p) can be obtained by noting that the probability of finding an axion
between r and r+ dr, given its initial conditions, is proportional to the time the axion spends in that
radial interval. This time is proportional to the inverse of the radial velocity vr(r). This reasoning
applies only if the axion is in a bound orbit. If the trajectory is unbound, then over sufficiently long
times the probability of finding the axion between r and r+dr for any finite r goes to zero. Therefore,
we must integrate only over momenta, and correspondingly velocities, that give bound trajectories.

Following Ref. [191], we first compute the gravitational potential energy per unit mass inside the Sun,
given a density profile ρ(r):

V (r) = −4πGR2
⊙

(∫ r

0

r′2

r
ρ(r′)dr′ +

∫ 1

r
r′ρ(r′)dr′

)
. (5.45)

Here, R⊙ is the solar radius, and all variables inside the integrals are normalized. It is straightforward
to show that this potential reproduces the classical Newtonian force law; equivalently, one can derive
this result from Poisson’s equation.

In Figs. (5.13) and (5.14), we first show the solar density profile, taken from Ref. [189], and then the
corresponding gravitational potential:
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Figure 5.13: Density inside the Sun as a function of
the solar radius.

Figure 5.14: Potential inside the Sun, normal-
ized to minus the potential at the solar surface.

Because of the low momenta involved, we perform the computation in the classical non-relativistic
limit. Imposing energy conservation, we obtain

1

2
R2

⊙ṙ
2 +

R2
⊙l

2

2r2
+ V (r) = const. (5.46)

We used l = r2θ̇, and again r denotes the radius in units of the solar radius. Of course, the factor R⊙
can be simplified. From this expression, it is clear that we can write

ṙ =
√

2(E(r0, v0)− U(r)). (5.47)

For r < 1, we define

U(r) =
l2

2r2
− 4πG

(∫ r

0

r′2

r
ρ(r′)dr′ +

∫ 1

r
r′ρ(r′)dr′

)
, (5.48)

while for r > 1 we have

U(r) =
l2

2r2
− GM

r
. (5.49)
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From the discussion above, it follows that

Pr(r0, v0) =
N√

2(E(r0, v0)− U(r))
. (5.50)

Here, N is a normalization factor, which can be written in the form N = 1/4πI, where I is given by

I =

∫ rmax

rmin

r3

(2E(r0, v0)r2 + 2GMr − l2) 1
2

. (5.51)

This formula is strictly valid only for r > 1. Nevertheless, we are interested in orbits that reach
distances much larger than the solar radius, since R⊙ ≃ 0.005 A.U.. We therefore approximate the
potential inside the Sun by the expression in Eq. (5.49). This has the advantage that N does not need
to be computed numerically for each value of r0, and instead an analytical closed-form expression can
be obtained. Moreover, this is an excellent approximation: with this choice of N , the integral over all
space for fixed r0, va0, and vr0 is equal to one up to an error of order ∼ 0.5%.

The integral is restricted to the allowed values of r, where rmin and rmax are obtained, as usual, from
the condition that the kinetic energy vanishes. Computing Eq. (5.51) under these assumptions, we
obtain

I =
GM(5G2M2 − 6|E|l2)

16
√
2|E|7/2

π. (5.52)

Figure 5.15: Probability for vr0 = 0.9 vesc, va0 = 0.42 vesc, and for different values of r0 =
{0.2, 0.4, 0.6, 0.8, 1}. Similar behavior is observed for different values of vr0 and va0. The distri-
bution has the expected physical interpretation: it is inversely proportional to the radial velocity.
Therefore, two peaks appear near the minimum and maximum distances, while the minimum of the
distribution, corresponding to the maximum radial velocity, lies near the minimum radius, since the
radial velocity increases as the axion moves toward the Sun.

For the orbit to be bound, the energy E must be negative. We therefore have

N =
4
√
2|E|7/2

GM(5G2M2 − 6|E|l2)π2 . (5.53)

We are now ready to compute Eq. (5.44). First, the momentum integration measure, in the non-
relativistic regime, becomes d3p ≃ m3v2dvd cos θdϕ. We switch to cylindrical coordinates, choosing
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the z-direction along the axis connecting the axion production point r0 and the center of the Sun, while
the ρ-direction coincides with the component of the velocity orthogonal to the z-axis, corresponding
to rθ̇ in the previous spherical coordinates. There is no velocity component along the ϕ-direction,
so the integration over this variable is trivial. We therefore obtain the integration measure d3p ≃
2πm3vadvadvr, where va and vr are the angular and radial velocities, respectively. Taking into account
all factors of π, we obtain

PKK(r,m) =
8π2R3

⊙
8π3

∫
m3vadvadvr

∫
dr0r

2
0Γaγ(T (r0), p,m)fa(E,m)Pr(r0, p). (5.54)

We now have all the ingredients needed to compute the number density for each axion mode, nKK(r,m):

dnKK(r,m)

dt
= −Γ0(m)nKK(r,m) + PKK(r,m). (5.55)

The solution to this differential equation is easily found

nKK(r,m) =
PKK(r,m)

Γ0(m)
(1− exp(−Γ0(m)t⊙)). (5.56)

We now need to define t⊙. Several considerations must be taken into account. First, since we have
adopted a specific solar model for our integration, we must ensure that this model remains valid over
the full integration time. This requirement is essentially satisfied, since the Sun has remained in a
quasi-steady state from approximately 50 million years after its formation and, for our purposes, has
been equivalent to its current state.

Following Ref. [111], a further consideration comes from the dynamical stability of the Solar System.
The Lyapunov time at R = 1 A.U. is about tL = 5× 106 yr. Taking this as the timescale over which
an orbit efficiently explores the entire phase space, a conservative estimate is to set the characteristic
ejection time from the Solar System equal to twice tL, giving t⊙ = 107 yr. Another possible estimate
comes from the study of Near-Earth Objects (NEOs), leading to t⊙ = 108 yr. However, this value is
likely underestimated. The dominant contribution to the trapped-axion number density comes from
directionally isotropic, almost radial orbits with aphelia close to 1 A.U., at all inclinations i with
respect to the ecliptic plane. In contrast, NEOs are preferentially located near the ecliptic plane,
i ≃ 0, and therefore near unstable regions of phase space, since they are usually resonantly driven
away from the asteroid belt or, to a lesser extent, captured through close encounters in the inner Solar
System. Furthermore, the NEO population exhibits strong correlations among its orbital parameters;
thus, because this sample is biased, it is not a reliable statistical sample from which to infer t⊙.

We also note that, in principle, one should consider the possibility that trapped axions are reabsorbed
inside the Sun, but we neglect this effect. As recently found in Ref. [192], t⊙ = (1.20± 0.09)× 109 yr.

To compute PKK(r,m), we use the rate obtained for photon coalescence, which we rewrite here for
convenience:

Γaγγ(T ) =
g2aγγm

3
a

64π

(m2
a − 4ω2

P )

m2
a

ma

E

(
1 +

2T

p
ln

(
1− e−E+p

2T

1− e−E−p
2T

))
. (5.57)

Following Ref. [191], we compare it with

Γaγγ(T ) =
g2aγγm

3
a

64π

ma

E
= Γ0(m)

ma

E
. (5.58)

The difference is of order O(1) for light masses, up to ∼ 3 keV. We show below the number density
associated with several axion masses:
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Figure 5.16: Number density associated with several axion masses. The dashed lines correspond to
Γaγγ = Γ0(m)ma

E , while the solid lines correspond to the full Γaγγ computed for photon coalescence.
For light masses, the difference is of order O(1). For heavier masses, we encountered computational
difficulties, but their contribution is suppressed by the Bose-Einstein distribution function. We observe
that the number density scales as ∼ 1/r4, as found in Ref. [104].

At this point, we can apply this machinery either to a generic ALP with fixed mass or to Kaluza–Klein
axions. As anticipated, the main difference is that, in the KK case, several modes can contribute,
potentially enhancing the axion number density.

5.4.1 ALP

We first apply our computation to the simpler case of a generic ALP interacting with photons as in
Eq. (5.4). Having obtained the axion number density for a fixed mass, we can compute the decay rate
per unit volume for an axion of mass m at a distance r from the Sun simply as

R = n(r,m)Γ0(m, gaγγ).

Here, Γ0(m, gaγγ) = g2aγγm
3/64π is the standard decay rate. We show below R for some fixed values

of the mass as a function of gaγγ , and for some fixed values of gaγγ as a function of the mass.

Figure 5.17: Rate as a function of the coupling gaγγ for different axion masses (left) and as a function
of the axion mass for some fixed coupling gaγγ .
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We anticipate that the rate found in this case is smaller than the one obtained for KK axions. This is
due to the fact that KK axions have a degeneracy of modes for fixed mass, which introduces an overall
factor that increases the rate. Furthermore, the integral over the masses introduces a factor mδ−1,
which shifts, for δ > 1, the peak of the rate toward higher masses. Finally, we present the heat-map
of R in the (m, gaγγ) plane.

Figure 5.18: The maximum rate occurs for masses around 5 keV. An experiment probing the region
within the red line would provide a direct upper bound of approximately 5× 10−10 GeV−1.

The red line represents the region corresponding to one event per m3 per day. Increasing, for example,
the detector volume or the exposure time would allow one to reach sensitivities of about 10−12 GeV−1.
Below, we show the same plot within the current bounds in the (m, gaγγ) plane.

Figure 5.19: ALP parameter space with the region of interest where our considerations apply. The
red line represents the region corresponding to one event per m3 per day.

This region lies within the bound derived from the solar neutrino flux, as discussed in Chapter (3). If
this region of parameter space can be probed directly, this bound should be regarded complementary
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5.4. Number Density of Trapped Axions

to the other indirect bounds applied.

5.4.2 Kaluza–Klein Axions

We now apply our formalism to KK axions. As anticipated several times, we need to integrate over
all masses in order to take into account the contribution of every KK mode. We use the expression

nKK(r) =
2πδ/2

Γ
(
δ
2

) Rδ

∫ ∞

0
mδ−1 nKK(r,m) dm, (5.59)

where in practice we integrate only over masses larger than 2ωp.

Here, δ is the number of extra dimensions in which the axion modes propagate, while R is the
compactification radius. We present below the results for different values of (δ, g, R), chosen to match
those used in Ref. [191].

Figure 5.20: Total axion number density as a function of the distance from the Sun, normalized to
the solar radius. As before, nKK ∼ 1/r4. The integral required a significant computational effort
and led to some numerical noise, so we slightly smoothed the curve with a moving average, although
some bumps are still visible in the plot. For computational reasons, we omit the approximation used
in Ref [191]. The difference between our results and those in Ref. [191] is consistent with an overall
factor of about 3.

For this choice of parameters, we obtain a number density of about 2.6 × 106 cm−3 at r = 1 A.U.,
which is about 3 times larger than the value found in Ref. [191] and 16 times smaller than the result
in Ref. [104].
Finally, we can compute the differential decay rate of trapped KK axions into photons, which is given
by

dR

dm
= Γaγγ

dnKK

dm
=
(
6.51× 10−12days−1

)
g210

( m

keV

)3 dnKK

dm
. (5.60)

We present below, in Fig. (5.22), the differential rate for the same parameter values used in Fig. 7 of
Ref. [191], evaluated at r = 1 A.U. ≃ 200R⊙. We obtain the same shape for the differential rate as
in Ref. [191], with the same overall factor of about 3 already found for the number density. We first
present dnKK

dm in Fig. (5.21).

We now point out that the values used in Ref. [193], as already observed in Ref. [191], are no longer
compatible with the observed solar photon flux in the keV range measured by SPHINX. Furthermore,
the number density adopted in Ref. [193], namely nKKNEWSG

= 4× 107cm−3, is not compatible with
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Figure 5.21: Differential number density as a
function of the axion mass for the same parame-
ter values (δ,R) used in Ref. [191].

Figure 5.22: Differential rate as a function of the
axion mass. The purple line represents the pa-
rameter values (δ,R) used in Ref. [104] and in
Ref. [193]. The other lines represent the differ-
ential rate for parameter values currently com-
patible with the SPHINX data, as shown in
Ref. [191]. The difference is remarkable.

our result, and is even less compatible with the value found in Ref. [191], differing by factors of 16
and 50, respectively.

The set of parameters and results used in Ref. [193] was first obtained in Ref. [104], as the parameter
choice that, at the time, seemed most suitable to explain the coronal heating problem, while for the
number density no explicit derivation was given. Moreover, as stated by the authors, that analysis
was carried out without taking into account the effective photon mass inside the Sun. For this reason,
and given that the results in Ref. [191] also differ significantly from those in Ref. [104], we believe that
the results used in Ref. [193] should now be considered outdated.

We now present the event rate for different choices of the parameters of the Kaluza–Klein axion model
as a function of the coupling gaγγ . We observe that the predicted event rate is very different between
the benchmark parameters used in Ref. [193] and those compatible with the SPHINX observations.

Since the Kaluza–Klein axion model has at least two additional parameters, (δ,R), we present some
more general results. In fact, at fixed number of extra dimensions, there is an upper bound on
the compactification radius, as already discussed in Chapter (4). Since this parameter enters as a
multiplicative factor ∼ Rδ in Eq. (5.59), every result can in principle be rescaled accordingly. The
edge of each shaded region corresponds to the upper bound Rmax on the compactification radius for
each specific value of δ. These limits are reported in the table below.

δ Rmax [keV−1] method

1 2.2× 105 Pendulum
2 4.9× 103 SN 1987A
3 6.2× 10−1 Colliders
4 3.1× 10−3 Colliders
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Figure 5.23: Event rate for the upper bound
of R for each value of the number of extra
dimensions.

Figure 5.24: Number density of trapped KK
axions for some choices of the parameters
(δ,R).

For each value of δ, we present the most stringent bound. We exclude the bounds derived from neutron
stars, since they do not apply if one assumes the existence of KK axions. These bounds can be found
in Refs. [194, 179, 195]. The bounds always imply smaller values of Rmax as δ increases. Since the
overall factor scales as Rδ, we restrict our analysis to δ ≤ 3 in order to obtain phenomenologically
relevant predictions.

Finally, in analogy with Fig. 9 of Ref. [193], we derive the number density as a function of the coupling
gaγγ for the maximum allowed compactification radius.
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Chapter 6

Direct Detection of Solar Axions using
a Gaseous Time Projection Chamber

In this final chapter, we use the results of the previous computations to derive sensitivity projections
for the ALP parameter space using LIME, presented in Ref. [196], a detector operated at the INFN
Gran Sasso National Laboratories (LNGS) within the CYGNO collaboration, see also Ref. [197]. We
first describe the experimental setup, focusing on the detector geometry and gas properties relevant
to the present analysis. We then discuss the data-analysis strategy and finally derive a sensitivity
projection for the ALP parameter space.

6.1 LIME

The Long Imaging ModulE (LIME) is the detector considered in this analysis. LIME is a prototype of
the larger CYGNO experiment, whose long-term goal is the construction of a large optically readout
gaseous Time Projection Chamber with an active volume of about 100 m3, to perform directional dark
matter direct-detection searches. The LIME prototype was designed to validate Monte Carlo simula-
tions, study background sources, and test the optical readout technology under realistic underground
conditions.

Schematically, LIME consists of a box-shaped Time Projection Chamber (TPC) with a drift length
of 50 cm and a transverse area of 33 × 33 cm2. The active volume is filled with a gas mixture of He
(60%) and CF4 (40%), operated at a small overpressure with respect to atmospheric pressure. The
field cage is made of 34 copper rings and is terminated by a 0.5 mm-thick copper cathode. Each ring
is 10 mm thick, with a 4 mm spacing between adjacent rings.

At the end of the drift volume, the ionization electrons are amplified by a triple stack of Gas Electron
Multipliers (GEMs). A GEM consists of a thin Kapton foil, approximately 50 µm thick, coated on
both sides with thin copper layers approximately 5 µm thick. The foil is chemically perforated with
a high density of microscopic holes. When a voltage difference is applied between the two copper
electrodes, a strong electric field is generated inside the holes. The primary electrons produced in the
gas drift towards the GEMs, enter the holes, and are multiplied through an avalanche process.

Gas Mixture

A TPC is a detector in which ionization charge drifts in a gas or liquid under an electric field, allowing
three-dimensional track reconstruction. When a particle crosses the active volume, it may deposit
part of its energy in the medium, producing ionization electrons. Under the action of the electric field,
these electrons drift towards the amplification region, where they are multiplied through an avalanche
process. The resulting charge and light signals can then be used to reconstruct the event topology
and deposited energy.
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6.1. LIME

LIME uses a gas mixture composed of 60% helium and 40% tetrafluoromethane, CF4, in molar fraction.
This mixture was chosen by the CYGNO collaboration as a compromise between detector stability,
charge transport properties, and light yield. Some relevant transport properties of the gas mixture
are shown in Fig. (6.1) and Fig. (6.2). In particular, Fig. (6.1) shows the transverse and longitudinal
diffusion coefficients as a function of the drift field, while Fig. (6.2) shows the electron drift velocity
as a function of the electric drift field. These quantities were evaluated with Garfield in Ref. [198],
with an estimated accuracy of about 10%.

Figure 6.1: Transverse and longitudinal diffusion coefficients as a function of the drift field, computed
with Garfield. The estimated accuracy of the simulation is about 10%. Figure adapted from Ref. [198].

Figure 6.2: Electron drift velocity as a function of the drift field, computed with Garfield. The
estimated accuracy of the simulation is about 10%. Figure adapted from Ref. [198].

For the present analysis, an important quantity is the photon absorption coefficient of the gas mixture,
µmix, or equivalently the absorption length

λ(E) =
1

µmix(E)
. (6.1)

The absorption coefficient of the mixture is computed from the absorption coefficient of each individual
component through:

µmix

ρmix
=
∑
i

wi

(
µ

ρ

)
i

, (6.2)

where wi and ρi are respectively the mass fraction and the density of the i-th component. The mass
fractions are obtained from the molar fractions according to

wi =
xiMi∑
j xjMj

, xi =
pi
p
, (6.3)
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where Mi is the molar mass of the species, xi is its molar fraction, pi is its partial pressure, and p is
the total pressure of the gas mixture.

The absorption length obtained with this procedure for the gas mixture used in LIME is shown in
Fig. (6.3). This quantity determines the probability that a photon produced inside the active volume
is absorbed before leaving the detector.
Given the type of event in which we are interested in, that are axions decaying in two coincident, back
to back photons with the same energy, the absorption length is therefore a central ingredient in the
estimate of the expected number of detectable events.
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Figure 6.3: Photon attenuation length λ(E) in the LIME gas mixture as a function of the photon
energy.

Readout System

Figure 6.4: A schematic view of the LIME detector: we can see the field cage, the stack of the 3
GEMs, the PMTs and the CMOS camera.

The peculiarity of the CYGNO experimental approach is the so-called “optical readout” of the TPC.
In fact, during the amplification process, scintillation light (visible and UV) is produced thanks to the
CF4 component of the gas mixture. The capability to read-out the light by means of optical sensors
instead of the charge makes the CYGNO detectors scalable to the large areas and volumes needed in
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6.1. LIME

the dark matter direct detection field. In LIME we have both optical read-out, consisting of a scientific
CMOS camera (providing the 2D information of the track) with an exposure that can be set from 30
ms to 10 s and a set of four PhotoMultiplier Tubes (PMT, providing the z-coordinate information of
the track) installed in a square around the CMOS sensor, at 19 cm from the last GEM, see Fig. (6.4).
For our analysis only the PMT signals, providing the z evolution of the track, were considered. An
example of the typical LIME dataset is shown in Fig. (6.5).

Figure 6.5: Example of a typical LIME dataset.

A Trigger and Data Acquisition system (TDAQ) has been designed for LIME to synchronize the
readout of the camera with the signals recorded by the four PMTs, see Ref. [199]. In a typical running
configuration, the camera is operated in continuous exposure mode with an exposure time of about
300 ms. The sensor rows are activated sequentially, starting from the top of the camera. The full
activation of the sensor takes approximately 180 ms.
During the time interval in which all rows are simultaneously active, the camera is said to be in the
Global Exposure (GE) condition. After this interval, the rows are progressively deactivated, again in
a sequential way. Therefore, only events occurring during the GE window are guaranteed to be fully
imaged by the camera.
During the full camera exposure window, the PMT signals are sent to a leading-edge discriminator.
The trigger condition is defined by a MAJORITY-2 logic, requiring at least two PMTs to fire in
coincidence, in particular it is also required that the camera is exposed and the digitizer it is ready
to acquire. There are two possible boards for digitization: the first provided by CAEN V1742 with
sampling rate of 750 MHz and 1024 samples stored, and the second provided by CAEN V1720E with a
sampling rate of 250 MHz, and 4000 samples stored. We used the second board, since we are interested
in studying signals within temporal windows up to 10 µs (which is, given the drift velocity, the length
in time of the TPC).
The geometrical configuration of the PMTs with respect to the GEM plane is shown in Fig. (6.6).

We used PMTs to perform both temporal and energy analysis. Following Ref. [200], the light collected
by the i-th PMT from a light-emitting event located at position (xj , yj) on the GEM plane can be
described under the assumption of a perfectly diffuse source. If Lj denotes the light emitted per unit
surface and per unit solid angle by the event j, the amount of light collected by the i-th PMT is

Lij =
LjAjAi cos

2 θij
R2

ij

, (6.4)

where Aj is the area of the emitting event, Ai is the effective area of the PMT, and Rij is the distance
between the source event and the PMT. The angle θij is the angle between the normal to the GEM
plane and the direction connecting the source event to the PMT. Since the PMTs are placed at a fixed
distance h = 19 cm from the GEM plane, one has

cos θij =
h

Rij
. (6.5)

With:

Rij =
√
(xi − xj)2 + (yi − yj)2 + h2 (6.6)
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Figure 6.6: Relative disposition of the sensors with respect to the GEM plane, where light is emitted.
Left: side view showing the field cage and the vertical distance between the PMTs and the GEMs.
Right: front view showing the camera position at the center and the four PMTs at the corners. Figure
taken from Ref. [200].

Therefore, up to geometrical and normalization factors, the collected light scales as

Lij ∝
Lj

R4
ij

. (6.7)

The signal recorded by the i-th PMT is a voltage waveform Vij(t). The corresponding integrated
charge is obtained as

Qij =
1

R

∫
∆t
Vij(t), dt ∝ Lij , (6.8)

where R = 50 Ω is the input impedance and ∆t is the integration time window. The PMT response
is affected by stochastic fluctuations, which become less relevant at high deposited energy, and by
a systematic uncertainty of about 5%. The relative noise was estimated using a 55Fe radioactive
source, whose dominant Kα at 5.9 keV together with a weaker Kβ X-ray lines produce an effectively
monochromatic peak at 5.9 keV. At this energy, the relative noise was found to be approximately
15%.
In the following section, we will present the calibration performed using the same radioactive source.

6.2 Data Analysis

We analyzed the data taken by LIME during RUN5, looking for axion decays. As anticipated, the
specific signature of axion decays we are looking for is the following: two coincident, back to back
photons, with the same energy. In fact as shown in chapter (5) the axions that accumulated around
the solar system are the ones that dominate on earth, therefore they are non-relativistic, meaning they
decay in their rest frame. This is a very specific feature, that allows us to reach a good sensitivity even
with a prototype as small as LIME. To support this expectation at a preliminary level, we present the
probability that both photons are completely absorbed inside LIME as a function of photon energy.

117



6.2. Data Analysis

100 101 102

Energy [keV]

0.0

0.2

0.4

0.6

0.8

1.0

P

Figure 6.7: Probability for both photons, produced back to back and with the same energy to be
absorbed inside LIME as a function of the photon energy. We see that we are sensitive to energies
below the ∼ 10 keV, corresponding to axions with masses below 20 keV.

The data taking lifetime of RUN5 is 1.363× 107 s or about 157.8 days. Considering the active volume
of LIME, this corresponds to an exposure of about 0.0235 m3·years. To process all these data, we
built a waveform–clustering algorithm and applied it to all RUN5 data. Given a 4 PMT waveform,
the code first smooths each channel with a centered moving average to suppress high–frequency noise
that could make the noise in a PMT signal oscillate around the threshold. We then apply a negative
threshold to the smoothed signals (the waveform signals are negative): a sample is considered active
for a given PMT when the smoothed value falls below a fixed threshold. A cluster starts as soon
as at least two PMTs are simultaneously active (coincidence multiplicity ≥ 2); the start is shifted
backward by a configurable number of pre–trigger samples to retain context. A cluster ends when
no PMT remains active, i.e. when all PMTs return above the negative threshold. To avoid artificial
fragmentation, consecutive clusters are merged whenever the start of the next cluster occurs within a
minimum time gap tmin from the end of the previous one; this prevents splitting signals that belong
to the same physical trace (e.g. an electron recoil ER) into multiple clusters see Fig. (6.8).

Figure 6.8: Example of ER, the shaded regions are the ones recognized as clusters by the code.

For each reconstructed cluster, the algorithm stores the start and end times, together with the cor-
responding temporal width. It also computes the integral of the waveform in each PMT over the
cluster time window, as well as the total integral obtained by summing the four PMT contributions.
In addition, for each PMT, the algorithm records the minimum waveform value within the cluster
window, corresponding to the pulse amplitude for negative-going signals, and the sample index at
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which this minimum occurs.
The total number of clusters identified in a given waveform is then simply given by the length of the
reconstructed cluster list. This information is used in the following analysis to characterize the PMT
activity associated with each recorded event and to select waveform structures compatible with the
expected signal topology.
We now describe the selection cuts. They were designed to reject the vast majority of background
events. These cuts are intended to select clusters compatible with the expected axion signature. In par-
ticular, below approximately 20 keV, photons are fully absorbed through the photoelectric effect, and
the resulting photoelectron tracks are short compared to diffusion. Therefore, the signals associated
with the absorption of these photons are expected to be short in time and to have a longitudinal width
comparable to that of photoelectrons produced by the 5.9 keV X-rays from 55Fe. Then we present
the efficiency of these cuts on the signal, that is the percent of signal that survives after the employed
cuts. Starting from 16016226 waveforms, the final selection yields 97 waveforms (≈ 6.1× 10−4%). A
”good” cluster passes our cuts if:

• Width window. Its width lies between 20 and 33 time samples. We recall that we considered
the data recorded by the V1720E Digitizer, for which 1 sample = 4 ns. This choice is motivated
by the reference signal from the source 55Fe placed at z = 25 cm above the GEMs plane, whose
width distribution has mean 33.8 time samples and standard deviation 2.8 (see Fig. (6.9)).
However we will see more quantivatively how this choice is reasonable when we will study the
efficiency of this cut on the signal. This window effectively suppresses noise while retaining
signal. For comparison, a looser window of 20 to 45 time samples would keep 1492 waveforms
(≈ 9.32 × 10−3%), but many of those do not match the expected two–photon topology. An
example of waveform that is allowed if we take a width window 20− 45 is given in Fig. (6.11).

• Total integral. The sum of the four PMT integrals satisfies Integraltot ≤ −200 A.U. For the
55Fe source in the same disposition we observe a mean of −310 A.U. with a standard deviation
of 42 A.U. (see Fig. (6.10)). Again we will verify in the following the efficiency of this cut on
the signal.

For each waveform, we also compute the number of not good clusters and the sum of their widths. At
the event level, to select for events compatible with the axion two-photon decay signature, i.e. with
two “good” clusters, we require:

• at least two good clusters;

• at most three bad clusters;

• sum of bad–cluster widths ≤ 1000 time samples.

At each iteration, we visually inspected the waveforms passing the cuts to verify qualitative improve-
ment of the selection. Some examples of waveforms that passed all the cuts are presented in Fig.
(6.12) and Fig. (6.13). Having so few remaining waveforms at this point to improve the analysis
human inspection can remove clusters with not desired features.
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Figure 6.9: Width distribution for the 55Fe reference sample.
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Figure 6.10: Total integral distribution for the 55Fe reference sample.

Figure 6.11: Example of a cluster type rejected by tightening the width window. Red and green
shaded regions denote “bad” and “good” clusters, respectively.
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Figure 6.12: Example showing a non-monotonic behaviour.

Figure 6.13: Example with monotonic cluster behaviour.

6.2.1 Efficiency

We now study quantitatively how the signal is affected by the cuts that we applied. We start from
the cuts on the width of the clusters. We need first to understand how the width of a signal is
determined. In fact, due to diffusion, we expect the electrons produced by primary ionization to drift
in random directions, resulting in a diffuse signal. Following the general rule for a diffusive process
the expectation is that the width, that we now indicate as σ follows the rule:

σ(z) =
√
σ20 + f2T z (6.9)

To determine the parameters σ0 and fT practically one uses the same monoenergetic radioactive source
(in our case 55Fe) placing it at different positions z and studies how the signal spreads. Below the
results of this procedure:
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Figure 6.14: Width as a function of the source’s distance from the GEMs plane.

To pass from samples to quantities expressed in physical units one needs one final ingredient. First
of all we use that 1 sample = 4 µs, then we use the value of the drift velocity. With a drift field
E = 0.5 kV/cm it is vdrift = 4.4 cm/µs and from that we get σ0 = 562 ± 13 µm and fT = 124.9 ±
2.4 µm/sqrt(cm). The parameter fT (that is often denoted also as D) depends on the drift field too.
For reference, Fig.(6.15) shows how drift velocity and longitudinal diffusion coefficient depend on the
drift field according to Garfield simulation.

((a)) Drift velocity as a function of the drift field.
((b)) For our setup, E = 0.5 V/cm, we expect the diffusion
coefficient to be fT ≃ 125 µm/

√
cm.

Figure 6.15: Drift velocity and transverse diffusion coefficient as functions of the drift field.

We built a MC simulation of our signal and for each event (at fixed energy) where both photons are
absorbed we studied how many pass the cut. In Fig. (6.16) we show an histogram of the width of the
signal for different energies, while in Fig. (6.17) we show the ratio of events that pass our cuts over
the number of events where both photons are absorbed in the detector. We just state without showing
that, if the energy ratio were computed for each photon pair within the same event, all events would
satisfy the cut.
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Figure 6.17: Efficiency of the cut on width as a function of the energy. As expected, no strong energy
dependence is observed, since the profiles of the histograms in Fig. (6.16) are approximately the same.
Moreover, a large fraction of signal events passes this cut for all the energies considered, while requiring
also that both photons are absorbed again we see that we are sensitive to energies below 20 keV.
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Figure 6.16: Histogram of the widths for the events simulated. For each energy we simulated 107

events, so that we can already have an idea of the efficiency at fixed number of events. The dotted
lines are the cuts that we set.

We now consider the efficiency associated with the energy cut. We started determining Ci, the
calibration constants introduced in Eq. (6.1), comparing the data of the 55Fe of RUN5 at z = 25 cm
against our simulation. To do so we first simulated the signal of the 55Fe assuming an elliptical cone
distribution for our source with vertex outside the chamber, at O = (Lx/2, −11.5 cm, Lz/2) and
with angles on the xy plane fixed equal to 22◦ and on the yz plane equal to 12◦, matching the source
collimator aperture. In Fig. (6.18) the projection on every cartesian plane of the events simulated.
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Figure 6.18: Number of events on each xyz plane. We expect the PMT with lower y coordinate,
placed close to the 55Fe source to have a larger signal than the upper PMTs.

We then assumed a fixed energy of 5.9 keV and used the corresponding attenuation length to estimate
the energy measured by each PMT. A Gaussian smearing with σ = 0.135 is also applied to account
for the finite energy resolution of the detector. This value is consistent with the final energy profile
obtained from the total integral. The simulated distributions are shown below along with the real
data in Figs (6.19). Note that given the geometrical disposition of the cone we have a pair PMT near
the vertex of the cone and a pair that are instead more distant, for each pair of this type we expect
the same behavior. After calibration we can compute the total energy that is just the sum of each
PMT’s contribution. Again, we present in Tab. (6.1) the calibration results.

Table 6.1: Calibration results for the four PMTs.

µ [A.U.] σ [A.U.] Gain

PMT1 −19.0± 2.2 13.7± 2.4 710± 80
PMT2 −23.1± 1.4 14.1± 2.3 860± 60
PMT3 −34.4± 1.3 21.1± 1.8 1590± 60
PMT4 −28.5± 0.6 9.8± 0.8 1330± 30

Having found the calibration constants, we can compare the simulated total energy with the real data
of our 55Fe source. In Fig. (6.20) our results.
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present also in the figures below, and which allows us
to find the calibration constants.
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Figure 6.19: Comparison between our simulations and real data of the 55Fe source.
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Figure 6.20: Comparison between real data and simulation of 55Fe. An important remark is that the
units used in both the plot are indeed the same. The results of our simulation are compatible to the
real data within our uncertanties.

. After having calibrated each PMT, and getting good compatibility between the simulated total
energy and the real data, we move to the simulation of axion decays. As discussed above, the energy
of the event placed at position (xj , yj , zj) with real energy E inside the detector is given by:

Esimulated =
4∑
i

Ci(E)

((xi − xj)2 + (yi − yj)2 + h2)2
(6.10)

Where the i−index refers to the i−th PMT, and for the calibration constant we have assumed linearity
on the response of our detector:

Ci(E) = Ci(E
∗)
E

E∗ (6.11)

Here we used E∗ = 5.9 keV, And Ci(E
∗ = 5.9 keV) of course are the constants presented in Tab.

(6.1). We then again added a smearing Gaussian factor, with its standard deviation σ depending on
energy as seen in Ref. [201]:

σ(E) = 0.11 + 0.08

√
E∗

E
(6.12)

Again we used E∗ = 5.9 keV. After having simulated our signal, we have computed the efficiency of
the cut that we set as a function of the axion mass (or equivalently the photon’s energy) we present
in Fig. (6.21) our results, computed both over events where both photons are absorbed and over all
events.
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((d)) efficiency over all events.

Figure 6.21: Efficiency of the cut on energy for different photon energies. We see that we are more
sensitive at higher energies.

To get an idea of the type of signal that we expect, below an histogram of the energies of the events
simulated for different axion masses.
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Figure 6.22: Histogram of the energies of the events simulated. For each energy we simulated 107

events, so that we can already have an idea of the efficiency at fixed number of events. The dotted
line at x = 200 is the cut that we set.

6.2.2 Bayesian Sensitivity Projection for ALP Model and KK Axions

We are now ready to evaluate the total efficiency of the whole analysis. This quantity includes both the
efficiency of the applied selection cuts and the probability that the two photons produced in the axion
decay are absorbed in the detector. Therefore, the total efficiency, that represents the probability that
an axion decay event is detected and survives the full selection procedure is given by:

ϵtot(ma) = ϵcuts(ma)× P (2)
abs(ma), (6.13)

where ϵcuts(ma) is the combined efficiency of the analysis cuts and P
(2)
abs(ma) is the probability that

both photons are absorbed in the detector.
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Figure 6.23: Total efficiency as a function of the axion mass. The efficiency includes the effect of the
selection cuts and the probability that both photons are absorbed in the detector. The efficiency is
highest approximately in the interval ma ∼ 5–15 keV.

For each axion mass, the expected number of selected signal events is obtained by multiplying the
predicted signal yield before the selection cuts by the total efficiency:

NS(gaγγ ,ma) = N0(gaγγ ,ma) ϵtot(ma), (6.14)

where N0(gaγγ ,ma) is the expected signal yield before event selection, evaluated as a function of the
coupling gaγγ and of the axion mass ma.
The purpose of the following analysis is to obtain a sensitivity projection. Therefore, the result should
not be interpreted as an observed upper limit derived from experimental data. Instead, we assume a
background-only dataset, in which all the selected events are attributed to background processes.
Therefore the observed number of events and the nominal background expectation are fixed to be the
same, and in particular xobs = Nbkg = 97.
For a fixed axion mass ma, the only free parameter in the model is the photon–axion coupling gaγγ .
The expected total number of events is therefore

µ(gaγγ ;ma) = Nbkg +NS(gaγγ ,ma). (6.15)

We use a Bayesian approach to infer the posterior probability density of the coupling. Given the
observed data xobs, the axion mass ma, and a set of assumptions I, Bayes’ theorem can be written as

p(gaγγ | xobs,ma, I) =
L(xobs | gaγγ ,ma, I)π(gaγγ | I)

Z(xobs | ma, I)
. (6.16)

Here, p(gaγγ | xobs,ma, I) is the posterior probability density of the coupling, L(xobs | gaγγ ,ma, I) is
the likelihood, π(gaγγ | I) is the prior probability density, and Z(xobs | ma, I) is the Bayesian evidence.
Since the evidence does not depend on the coupling, it acts only as a normalization factor for the
posterior distribution.
The likelihood is described by a Poisson distribution:

L(xobs | gaγγ ,ma) = P (xobs | µ(gaγγ ;ma)) , (6.17)

where

P(x | µ) = µx

x!
e−µ. (6.18)

The prior probability density is assumed to be uniform in the physical coupling within the interval
covered by the signal-rate calculation gaγγ ∈ [10−11 GeV−1, 10−6 GeV−1].
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The posterior distribution is sampled using the emcee Python package, which implements an affine-
invariant Markov Chain Monte Carlo sampler. For each fixed axion mass, the parameter space is
one-dimensional and contains only the coupling gaγγ . We use an ensemble of 32 walkers, initialized
at random positions within the allowed prior range. We present in Fig. (6.24) shows representative
trajectories sampled every 15 points, for one axion mass.

Figure 6.24: Example of walkers for ma = 6 keV for 104 steps, we use a burn-in of 103 steps.

Each walker explores the parameter space according to the posterior probability density. After dis-
carding an initial burn-in phase, the remaining samples represent draws from the posterior distribution

p(gaγγ | xobs,ma, I). (6.19)

The Bayesian credible upper limit at a credibility level q is defined as the value gq for which the
cumulative posterior probability is equal to q:∫ gq

gmin

p(gaγγ | xobs,ma, I) dgaγγ = q. (6.20)

Figure 6.25: Posterior density distribution for ma = 16 keV, the dashed line correspond to g90 and
g95.
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For example, the 90% upper credible bound g90 is defined by

P (gaγγ ≤ g90 | xobs,ma, I) = 0.90. (6.21)

This means that, under the assumptions of the model, the likelihood, and the prior, 90% of the
posterior probability lies below the value g90. Equivalently, the posterior probability that the coupling
is larger than g90 is 10%. We present in Fig. (6.25) an example of posterior that we got. Finally we
plot g90 and g95 as a function of the axion mass, deriving a region of exclusion in the ALP parameter
space.
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Figure 6.26: Exclusion region in the ALPs parameter space at 95 % (and 90 %) credibility level. We
are in a region already excluded by indirect bounds.

Finally we present the same projection for CYGNO04. In this case the volume is eight times bigger,
and therefore we have a double effect: the first is obviously that the exposure at even live time becomes
8 times bigger. The second effect instead is that also the probability for both photons to be absorbed
in this detector increases, meaning that we are more sensitive at higher axion masses. We assumed the
same efficiency for our cuts, and a signal 8 times the LIME’s background signal. The results, along
with LIME’s results are presented below. As done at the end of chapter (5) we can now insert this
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Figure 6.27: Comparison between LIME and CYGNO, we see that the difference is mainly at higher
masses.
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exclusion region in the ALP parameter space with the other bounds. We present below our results,
as long as the CYGNO04 projection.

Figure 6.28: our projected exclusion region lies within the solar neutrinos argument

We see above that our sensitivity projection lies within an area that was already excluded, nevertheless
it is the first case in which the bound is provided by an experiment. We must specify however, that
our analysis was done under the assumption that all the recorded events were actually background
events. In this sense our analysis should be regarded as a projection sensitivity on the ALP parameter
space.

Finally, we present the constraints on KK axions. In this case, our results are less conclusive than in
the ALP scenario. As shown, for instance, in Eq.(5.59), the compactification radius enters the event
rate as an overall multiplicative factor. Consequently, large values of the compactification radius R
can still be allowed provided that the axion–photon coupling gaγγ is sufficiently small. Conversely,
larger values of gaγγ may be compatible with the data for sufficiently small values of R.
Starting from the differential rate for KK axions given in Fig.(5.22), which depends on the energy, or
equivalently on the mass of the KK mode, we included the total detection efficiency and integrated
over the full mass range to obtain the expected total signal rate:

NS(gaγγ , δ, R = 1 keV−1) =

∫ ∞

0
dma, ϵtot(ma), N0(ma, gaγγ , δ, R = 1 keV−1). (6.22)

To constrain the parameter space, as done in the ALP case, we adopt a Bayesian framework. We
model the observed counts via a Poisson likelihood L(gaγγ , R) = Pois(Nobs | µ), with an expected
mean parameter

µ(R, δ, gaγγ) = Nbkg +RδNS(gaγγ , δ, R = 1 keV−1) = Nbkg +NS,R(R, δ, gaγγ). (6.23)

This calculation was performed for each number of extra dimensions δ ∈ 1, 2, 3 and for coupling values
in the range

gaγγ ∈ [10−14, 10−6] GeV−1,
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while fixing the compactification radius to R = 1 keV−1. Once the signal rate is known as a function of
gaγγ , a statistical procedure analogous to that used in the ALP analysis can be applied. Following our
previous assumptions, we set Nobs = Nbkg = 97. We assign a uniform prior to the physical coupling
gaγγ and to the compactification radius, for R ∈ [10−4, 104] keV−1. After exploring the global joint
posterior distribution via a Markov Chain Monte Carlo sampler deploying 40 walkers for 3×104 steps
(with a 2× 103 step burn-in), we compute the conditional posterior quantiles numerically.
Specifically, at each fixed value of the coupling gaγγ , we construct the 1D conditional posterior distri-
bution for the radius, p(R | gaγγ , data) ∝ L(gaγγ , R)π(R). The limit boundary Rup(gaγγ) at C.L. of
1− α is then strictly defined as the upper quantile satisfying:∫ Rup(gaγγ)

Rmin

p(R | gaγγ , data) dR = 1− α, (6.24)

with 1 − α ∈ {0.90, 0.95}. The parameter space lying strictly above the resulting Rup(gaγγ) curve
accounts for the remaining α of the conditional posterior probability mass and is therefore excluded.
We show in Fig. (6.29) our results.

Figure 6.29: Bayesian credible exclusion regions in the (gaγγ , R) plane for different numbers of extra
dimensions δ. The region strictly above each curve is excluded. Solid lines correspond to a 90%
Credible Level, while dashed lines correspond to a 95% Credible Level.

The horizontal dotted line in Fig. (6.29) corresponds to the benchmark value R = 1000 keV−1. with
δ = 2, its intersection with the 95% credible-level exclusion curve yields

gaγγ < 6.44× 10−13 GeV−1.

This projected sensitivity, if confirmed by a dedicated LIME background study, would improve the
current literature bound on the axion–photon coupling by approximately a factor of 1.4. In fact, this
same benchmark was considered by the NEWS-G collaboration in Ref. [193], which obtained the limit

gaγγ < 8.99× 10−13 GeV−1.

It is important to stress, however, that the two analyses adopt substantially different KK-axion number
densities. For R=1000 keV−1 and δ = 2, Ref. [193] assumed a local KK-axion number density
nKK = 4.07×107 cm−3, whereas our calculation, described in Sec. (5.4.2), gives nKK = 2.6×106 cm−3.
The number density employed in our analysis is therefore about 16 times smaller. Since the expected
signal rate scales linearly with the local axion number density, our bound is obtained with a predicted
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signal that is about sixteen times weaker than that assumed in Ref. [193]. We finally note that
a subsequent calculation in Ref. [191] revised the expected KK-axion number density downward to
nKK = 0.79×106 cm−3. To the best of our knowledge, the limit reported by the NEWS-G Collaboration
has not yet been updated using this revised density estimate.
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Conclusions

In this thesis, constraints on axion-like particles (ALPs) and Kaluza–Klein (KK) axions have been
investigated through the study of the solar axion basin.

We started from the very beginning, first introducing the strong CP problem, and explaining how it
provides a natural motivation for axions. We then reviewed the main axion models and presented
the main arguments used to constrain their parameter space. Then we discussed extra-dimensional
theories, together with the properties of KK axions.

The production of axions in the solar interior was studied by considering the main relevant production
mechanisms, with particular focus on the axion-photon coupling. We derived the axion decay rate at
Earth, as well as the energy spectra expected for KK axions.

The theoretical predictions were then compared with data collected by the LIME detector of the
CYGNO collaboration at the Gran Sasso National Laboratories. A dedicated data analysis was
performed, including the evaluation of the signal selection efficiency and the impact of the applied
cuts. Under the assumption that all recorded events are background events, we obtained a sensitivity
projection in the ALP and KK-axion parameter spaces.

For generic ALPs, our projected sensitivity, if confirmed by a dedicated LIME background study,
would yield a direct-detection exclusion region for masses in the range ma ∈ [1, 30] keV, reaching
couplings down to gaγγ ≤ 3 × 10−8GeV−1. Although this parameter space is already excluded by
indirect constraints, our result would provide a complementary direct-detection bound.

For KK axions, considering a specific benchmark choice of the model parameters, our projected sen-
sitivity, if again confirmed by a dedicated LIME background study, would improve the current bound
reported in the literature by approximately a factor of 1.4. This result relies on an updated calcula-
tion of the expected signal, which is approximately 16 times smaller than that adopted in previous
state-of-the-art analysis.
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