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❉❛"♦ ❧✬❛♥❡❧❧♦ ❞❡❧❧❡ ❝♦♦&❞✐♥❛"❡ ❞✐ ✉♥❛ ✈❛&✐❡"8 V 4✐ ❞❡✜♥✐4❝❡ ♣♦✐ ✐❧ 4✉♦

✈✐✐
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❝❛♠♣♦ '✉♦③✐❡♥,❡✱ ❞❡,,♦ ❝❛♠♣♦ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ 1❛③✐♦♥❛❧✐ 2✉ V ✱ ❡ 2✐ ❞❡✜♥✐1❛♥♥♦ ✐
2♦,,♦❛♥❡❧❧✐ ❧♦❝❛❧✐ ❞✐ ,❛❧❡ ❝❛♠♣♦ ❝♦♠❡ ❧✬✐♥2✐❡♠❡ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ 1❛③✐♦♥❛❧✐ ❞❡✜♥✐,❡

♣❡1 ✐ ♣✉♥,✐ ❞❡❧❧❛ ✈❛1✐❡,5✱ ❡22✐ 2♦♥♦ ✐♥ ♣❛1,✐❝♦❧❛1❡ ❛♥❡❧❧✐ ❞✐ ✈❛❧✉,❛③✐♦♥❡ ❞✐2❝1❡,❛

❞✐ ❝✉✐ 2✐ ❞❛15 ✉♥❛ ❜1❡✈❡ ❝❛1❛,,❡1✐③③❛③✐♦♥❡✳

◆❡❧ ,❡1③♦ ❝❛♣✐,♦❧♦ 2✐ ✐♥,1♦❞✉11❛♥♥♦ '✉✐♥❞✐ ❧❡ ✈❛1✐❡,5 ♥❡❧ 2❡♥2♦ ♣✐9 ❣❡✲

♥❡1❛❧❡✱ ♦✈✈❡1♦ ❞❡✜♥✐,❡ ❛❧❧✬✐♥,❡1♥♦ ❞✐ 2♣❛③✐ ♠✐2,✐✱ ♣1♦❞♦,,✐ ❞✐ 2♣❛③✐ ♣1♦✐❡,,✐✈✐

❝♦♥ 2♣❛③✐ ❛✣♥✐✱ ❝♦♠❡ 2♦,,♦✐♥2✐❡♠✐ ❛♣❡1,✐ ❞✐ ✉♥ ✐♥2✐❡♠❡ ❛❧❣❡❜1✐❝♦ ✐11✐❞✉❝✐❜✐❧❡✳

❆♥❛❧♦❣❛♠❡♥,❡ ❛ '✉❛♥,♦ ❢❛,,♦ ♣❡1 '✉❡❧❧❡ ❛✣♥✐ 2✐ ✐♥,1♦❞✉11❛♥♥♦ ❣❧✐ ❛♥❡❧❧✐ ❞❡❧❧❡

❝♦♦1❞✐♥❛,❡✱ ✐❧ ❧♦1♦ ❝❛♠♣♦ '✉♦③✐❡♥,❡✱ ❝❤❡ ✈✐❡♥❡ ❞❡,,♦ ❝❛♠♣♦ ❞❡❧❧❡ ❢✉♥③✐♦♥✐✳

❙✐ ❛11✐✈❛ ❞✉♥'✉❡ ❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ♠♦1✜2♠♦ ,1❛ ✈❛1✐❡,5✱ ❡22♦ 1✐2✉❧,❛ ❡22❡1❡

❧✬❛♥❛❧♦❣♦ ❞✐ ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡ ♣❡1 ✈❛1✐❡,5 ❣❡♥❡1❛❧✐✳ ◗✉✐♥❞✐ ❛♥❝❤❡ '✉✐

2❡❣✉✐15 ✉♥❛ ❝♦11✐2♣♦♥❞❡♥③❛ ,1❛ ♠♦1✜2♠✐ ❞✐ ✈❛1✐❡,5 ❡ ♦♠♦♠♦1✜2♠✐ ,1❛ ❛♥❡❧❧✐

❞✐ ❝♦♦1❞✐♥❛,❡❀ 2✐ ♦22❡1✈❡15 ✐♥♦❧,1❡ ❝❤❡ ❧✬❡22❡1❡ ✉♥ ♠♦1✜2♠♦ B ✐♥ 1❡❛❧,5 ✉♥❛

♣1♦♣1✐❡,5 ❧♦❝❛❧❡✳

❙✐ ❛♥❞1❛♥♥♦ ♣♦✐ ❛ 2,✉❞✐❛1❡ ❧❡ ❞✐♠❡♥2✐♦♥✐ ❞❡❧❧❡ ✈❛1✐❡,5✱ ❞❡✜♥✐,❡ ❝♦♠❡ ✐❧

❣1❛❞♦ ❞✐ ,1❛2❝❡♥❞❡♥③❛ ❞❡❧ ❝❛♠♣♦ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ❞❡❧❧❛ ✈❛1✐❡,5 2✉❧ ❝❛♠♣♦ ❞✐

❜❛2❡ k✱ ✐❧ '✉❛❧❡ 2❛15 2❡♠♣1❡ 2✉♣♣♦2,♦ ❡22❡1❡ ❛❧❣❡❜1✐❝❛♠❡♥,❡ ❝❤✐✉2♦✳ ■♥ ♣❛1,✐✲

❝♦❧❛1❡ ♥❡❧ ❝❛2♦ ❞✐ A2
,✉,,✐ ✐ 2♦,,♦✐♥2✐❡♠✐ ❝❤✐✉2✐ ❞✐ ,❛❧❡ 2♣❛③✐♦ 2♦♥♦ ✐❞❡♥,✐✜❝❛,✐

✉♥✐✈♦❝❛♠❡♥,❡ ❞❛❧❧❛ ❧♦1♦ ❞✐♠❡♥2✐♦♥❡✱ ✐♥ ♣❛1,✐❝♦❧❛1❡ 2✐ ❞✐♠♦2,1❛ ❝❤❡ ✉♥❛ ❝✉1✈❛

❛❧❣❡❜1✐❝❛ ♣✐❛♥❛ ❤❛ ❞✐♠❡♥2✐♦♥❡ ✶✳

❙✐ ❛11✐✈❡15 ❞✉♥'✉❡ ❛❧❧❛ ❞❡✜♥✐③✐♦♥✐ ❞✐ ♠❛♣♣❛ 1❛③✐♦♥❛❧❡ ❡ ❞✐ ♠❛♣♣❛ ❜✐1❛✲

③✐♦♥❛❧❡✱ ❡22❛ B ✉♥❛ ♠❛♣♣❛ 1❛③✐♦♥❛❧❡ ♣❡1 ❝✉✐ ❡2✐2,❡ ✉♥ ✐2♦♠♦1✜2♠♦ ,1❛ ❞✉❡

❛♣❡1,✐ ❞❡❧❧❡ 1✐2♣❡,,✐✈❡ ✈❛1✐❡,5 ✳ ❉❛ '✉❡2,❡ ❞❡✜♥✐③✐♦♥✐ 2❡❣✉♦♥♦ ❞✉❡ ✐♠♣♦1,❛♥,✐

❝♦♥2❡❣✉❡♥③❡✿ ♣1✐♠♦ ❝❤❡ ❞✉❡ ✈❛1✐❡,5 2♦♥♦ ❜✐1❛③✐♦♥❛❧♠❡♥,❡ ❡'✉✐✈❛❧❡♥,✐ 2❡ ❡

2♦❧♦ 2❡ ✐ ❧♦1♦ ❝❛♠♣✐ ❞✐ ❢✉♥③✐♦♥✐ 2♦♥♦ ✐2♦♠♦1✜❀ 2❡❝♦♥❞♦ ❝❤❡ ♦❣♥✐ ❝✉1✈❛ B ❜✐1❛✲

③✐♦♥❛❧♠❡♥,❡ ❡'✉✐✈❛❧❡♥,❡ ❛ ✉♥❛ ❝✉1✈❛ ♣✐❛♥❛✳ ◗✉❡2,♦ 1✐2✉❧,❛,♦ ♣❡1♠❡,,❡15 ❞✐

1✐❞✉12✐ ❛❧ ❝❛2♦ ❞✐ ❝✉1✈❡ ♣✐❛♥❡✱ ❡ ❞✐ 1✐2♦❧✈❡1❡ ❧❡ 2✐♥❣♦❧❛1✐,5 ♣❡1 '✉❡2,❛ ❝❧❛22❡

2♣❡❝✐✜❝❛ ❞✐ ❝✉1✈❡✳

❙✐ ❝♦♥❝❧✉❞❡ '✉✐♥❞✐ ❝♦♥ ❧✬✉❧,✐♠♦ ❝❛♣✐,♦❧♦ ✐♥ ❝✉✐ 2✐ ❞✐♠♦2,1❛ ❝♦♠❡ 2✐ 1✐2♦❧✈♦✲

♥♦ ❡✛❡,,✐✈❛♠❡♥,❡ ❧❡ 2✐♥❣♦❧❛1✐,5 ❞✐ ✉♥❛ ❝✉1✈❛ ❡ ❝♦♠❡ 2✐ ,1♦✈❛ ❧❛ ❝♦11✐2♣♦♥❞❡♥,❡

❝✉1✈❛ ♥♦♥ 2✐♥❣♦❧❛1❡ ❛❞ ❡22❛ ❜✐1❛③✐♦♥❛❧♠❡♥,❡ ❡'✉✐✈❛❧❡♥,❡✳ ▲✬✐❞❡❛ ❣❡♥❡1❛❧❡ B

❞✐ ✧1✐♠✉♦✈❡1❡✧ ✐❧ ♣✉♥,♦ 2✐♥❣♦❧❛1❡ ❡ ❛❧ 2✉♦ ♣♦2,♦ ✐♥2❡1✐1❡ ✉♥❛ 1❡,,❛ ♣1♦✐❡,,✐✈❛✱

'✉✐♥❞✐ ❧❡ ❞✐1❡③✐♦♥✐ ❞❡❧❧❡ 1❡,,❡ ,❛♥❣❡♥,✐ ❛❧❧❛ ❝✉1✈❛ ♥❡❧ ♣✉♥,♦ 2✐♥❣♦❧❛1❡ ❝♦11✐✲

2♣♦♥❞❡1❛♥♥♦ ❛ ✉♥ ♣✉♥,♦ 2✉ ,❛❧❡ 1❡,,❛ ♣1♦✐❡,,✐✈❛✳ ▲❛ 1✐2♦❧✉③✐♦♥❡ ❞✐ 2✐♥❣♦❧❛1✐,5

❛♣♣❛1,❡115 ❛❧❧❛ ✈❛1✐❡,5 ♦,,❡♥✉,❛ ❛❣❣✐✉♥❣❡♥❞♦ ❧❛ 1❡,,❛ ♣1♦✐❡,,✐✈❛ ❛❧ ♣✐❛♥♦ ❛

❝✉✐ B 2,❛,♦ ,♦❧,♦ ✐❧ ♣✉♥,♦ 2✐♥❣♦❧❛1❡✳

❙✐ ✈❡❞15 '✉✐♥❞✐ ❧✬✐♠♣♦1,❛♥③❛ ❞❡❧❧❛ ♠♦❧,❡♣❧✐❝✐,5 ❞❡❧❧❡ ,❛♥❣❡♥,✐ ❛✐ ♣✉♥,✐

2✐♥❣♦❧❛1✐ ❞❡❧❧❛ ❝✉1✈❛ ❡ ❝♦♠❡ ❝♦♥ '✉❡2,♦ ♠❡,♦❞♦ 2✐❛ ♥❡❝❡22❛1✐♦ ❝❤❡ ,✉,,❡ ❧❡

,❛♥❣❡♥,✐ ❞❡✐ ♣✉♥,✐ 2✐♥❣♦❧❛1✐ 2✐❛♥♦ ♦1❞✐♥❛1✐❡✳ ❈❤✐❛1❛♠❡♥,❡ ❝✐K ♥♦♥ B ✈❡1♦ ♣❡1

♦❣♥✐ ❝✉1✈❛ ❛❧❣❡❜1✐❝❛✱ ✉♥ ❡2❡♠♣✐♦ ♥❡ B ❞❛,♦ ❞❛❧❧❛ ❝✉1✈❛ ❝✉2♣✐❞❛❧❡❀ ❛✈1❛♥♥♦

'✉✐♥❞✐ ✉♥ 1✉♦❧♦ ✐♠♣♦1,❛♥,❡ ❧❡ ,1❛2❢♦1♠❛③✐♦♥✐ '✉❛❞1❛,✐❝❤❡✱ ❞✐ ❝✉✐ '✉✐ 2✐ ❞5 2♦❧♦



✐①

✉♥ ❜%❡✈❡ ❛❝❝❡♥♥♦✱ ❡ ❝❤❡ ♣❡%♠❡//❡%❛♥♥♦ ❞✐ %✐❞✉%1✐ ❛ ❝✉%✈❡ ♣✐❛♥❡ ❝♦♥ /❛♥❣❡♥/✐

♦%❞✐♥❛%✐❡✳ ❈♦♥ 5✉❡1/♦ ♣%♦❝❡11♦✱ ❢❛❝❡♥❞♦ ✐❧ ❜❧♦✇✲✉♣ ❞✐ ♦❣♥✐ ♣✉♥/♦ 1✐♥❣♦❧❛%❡

❞❡❧❧❛ ❝✉%✈❛ ❧♦❝❛❧♠❡♥/❡✱ 1✐ 1❛%: ♦//❡♥✉/❛ ❧❛ %✐1♦❧✉③✐♦♥❡ ❞✐ 1✐♥❣♦❧❛%✐/: ❝❡%❝❛/❛✳
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❈❛♣✐$♦❧♦ ✶

❘✐❝❤✐❛♠✐

◗✉❛♥❞♦ &✐ ❝♦♥&✐❞❡*❛♥♦ ❣❧✐ ③❡*✐ ❞✐ ✉♥ ♣♦❧✐♥♦♠✐♦ ✐♥ ✉♥❛ ✈❛*✐❛❜✐❧❡ ❛ ❝♦❡✣❝✐❡♥3✐

✐♥ k ❡&&✐ &♦♥♦ ✐♥ ♥✉♠❡*♦ ✜♥✐3♦ ❡ &♦♥♦✱ ✐♥ ♣❛*3✐❝♦❧❛*❡ ♣❡* k = C✱ ❞❡3❡*♠✐♥❛3✐

❞❛❧ ❚❡♦#❡♠❛ ❢♦♥❞❛♠❡♥)❛❧❡ ❞❡❧❧✬❛❧❣❡❜#❛✱ ♠❛ &❡ &✐ ♣*❡♥❞❡ ✉♥ ♣♦❧✐♥♦♠✐♦ ✐♥ ❞✉❡

♦ ♣✐6 ✈❛*✐❛❜✐❧✐ ❧❡ ❝♦&❡ &✐ ❝♦♠♣❧✐❝❛♥♦ ❡ ❛❧❧♦*❛ ✐♥ ❣❡♥❡*❛❧❡ ❣❧✐ ③❡*✐ ❞❡❧ ♣♦❧✐♥♦♠✐♦

&♦♥♦ ✐♥ ♥✉♠❡*♦ ✐♥✜♥✐3♦✳ ❚❛❧❡ ✐♥&✐❡♠❡ ❞✐ ③❡*✐ &✐ ♣✉9 ✈❡❞❡*❡ ❝♦♠❡ ✉♥ ♦❣❣❡33♦

❣❡♦♠❡3*✐❝♦ ❞❡33♦ ✐♣❡*&✉♣❡*✜❝✐❡ ♥❡❧❧♦ &♣❛③✐♦ An
k ✱ ❡ ✐♥ ♣❛*3✐❝♦❧❛*❡ ♣❡* ♥❂✷ ❝♦♠❡

✉♥❛ ❝✉*✈❛ ❛❧❣❡❜*✐❝❛ ♣✐❛♥❛✳

✶✳✶ ■♥$✐❡♠✐ ❛❧❣❡❜,✐❝✐

❚❛❧✐ ✐♥&✐❡♠✐ ✈❡♥❣♦♥♦ ❞❡✜♥✐3✐ ❝♦♠❡ ✐♥&✐❡♠✐ ❛❧❣❡❜*✐❝✐✳ ■♥✐③✐❛♠♦ ❞✉♥=✉❡ ❧❛

3*❛33❛③✐♦♥❡ ❝♦♥ ❛❧❝✉♥✐ *✐❝❤✐❛♠✐ &✉❣❧✐ ✐♥&✐❡♠✐ ❛❧❣❡❜*✐❝✐ ✈✐&3✐ ♥❡❧ ❝♦*&♦ ❞✐ ❝✉*✈❡

❛❧❣❡❜*✐❝❤❡ ♣✐❛♥❡✳ ❙✐❛ k ✉♥ ❝❛♠♣♦ ❡ &✐❛ k̄ ❧❛ &✉❛ ❝❤✐✉&✉*❛ ❛❧❣❡❜*✐❝❛✳

❉❡✜♥✐③✐♦♥❡ ✶✳✶✳ ❙✐❛ f ∈ k[T1, . . . , Tn] ✉♥ ♣♦❧✐♥♦♠✐♦ ✐♥ n ✈❛*✐❛❜✐❧✐ ♥♦♥
❝♦&3❛♥3❡✳ ❙✐ ❞❡✜♥✐&❝❡

V (f)
def
= {P = (p1, . . . , pn) ∈ An

k̄ | f(P ) = f(p1, . . . , pn) = 0} ⊆ An
k̄ ,

❡&&❛ @ ❞❡33❛ ✐♣❡#0✉♣❡#✜❝✐❡ ❛&&♦❝✐❛3❛ ❛ f ✳
❯♥✬✐♣❡*&✉♣❡*✜❝✐❡ ✐♥ A2

k̄
@ ❞❡33❛ ✉♥❛ ❝✉#✈❛ ❛❧❣❡❜#✐❝❛ ♣✐❛♥❛ ❛✣♥❡✳

C✐6 ✐♥ ❣❡♥❡*❛❧❡ &✐ ❤❛✿

❉❡✜♥✐③✐♦♥❡ ✶✳✷✳ ❉❛3♦ S ✉♥ &♦33♦✐♥&✐❡♠❡ ❞✐ ♣♦❧✐♥♦♠✐ ✐♥ k[T1, . . . , Tn]✱ &✐❛

V (S)
def
= {P ∈ An

k̄ | f(P ) = 0 ∀f ∈ S} =
⋂

f∈S

V (f).

■♥♦❧3*❡ ✉♥ &♦33♦✐♥&✐❡♠❡ X ⊂ An
k̄
@ ✉♥ ✐♥0✐❡♠❡ ❛❧❣❡❜#✐❝♦ &❡ X = V (S) ♣❡*

=✉❛❧❝❤❡ S ✐♥&✐❡♠❡ ❞✐ ♣♦❧✐♥♦♠✐✳

✶
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❉❡✜♥✐③✐♦♥❡ ✶✳✸✳ ❱❛❧❡ ✉♥❛ ❞❡✜♥✐③✐♦♥❡ ❛♥❛❧♦❣❛ ♣❡. g ∈ k[X0, . . . , Xn] ♣♦❧✐✲
♥♦♠✐♦ ♦♠♦❣❡♥❡♦✱

V (g) = {P ∈ Pnk̄ | g(P ) = 0}.
■♥♦❧3.❡ 4❡ I E k[x0, . . . , xn] 5 ♦♠♦❣❡♥❡♦✱ ♦✈✈❡.♦ 4❡ I 5 ❣❡♥❡.❛3♦ ❞❛ ♣♦❧✐♥♦♠✐

♦♠♦❣❡♥❡✐✱ ❛❧❧♦.❛ V (I) = {P ∈ Pn
k̄
| g(P ) = 0 ∀g ∈ I} 5 ✐♥"✐❡♠❡ ❛❧❣❡❜)✐❝♦ ✐♥

Pn
k̄
✳

*+♦♣♦-✐③✐♦♥❡ ✶✳✹✳ ❉❛ -✉❡"/❡ ❞❡✜♥✐③✐♦♥✐ "❡❣✉♦♥♦ ❛❧❝✉♥❡ ♣)♦♣)✐❡/4✿

✶✳ ❙❡ I 9 ✉♥ ✐❞❡❛❧❡ ✐♥ k[T1, . . . , Tn] ❣❡♥❡)❛/♦ ❞❛ S✱ ❛❧❧♦)❛ V (S) = V (I)✳
◗✉✐♥❞✐ ♦❣♥✐ ✐♥"✐❡♠❡ ❛❧❣❡❜)✐❝♦ 9 ✉❣✉❛❧❡ ❛ V (I) ♣❡) -✉❛❧❝❤❡ ✐❞❡❛❧❡ I✳

✷✳ ❙✐❛ I = (f1, . . . , fr) E k[T1, . . . , Tn] ✐❞❡❛❧❡ ✜♥✐/❛♠❡♥/❡ ❣❡♥❡)❛/♦ ❞❛

f1, . . . , fr✱ ❛❧❧♦)❛ V (I) =
⋂r

i=1 V (fi)✳

✸✳ ❉❛/✐ f, g ∈ k[T1, . . . , Tn] ❛❧❧♦)❛ V (fg) = V (f) ∪ V (g)✳ ■♥♦❧/)❡ V (I) ∪
V (J) = V ({fg | f ∈ I, g ∈ J})✱ -✉✐♥❞✐ ♦❣♥✐ ✉♥✐♦♥❡ ✜♥✐/❛ ❞✐ ✐♥"✐❡♠✐

❛❧❣❡❜)✐❝✐ 9 ✉♥ ✐♥"✐❡♠❡ ❛❧❣❡❜)✐❝♦✳

✹✳ ❙✐❛ {Iα} ✉♥❛ ❢❛♠✐❣❧✐❛ ❞✐ ✐❞❡❛❧✐✱ ❛❧❧♦)❛ V (
⋃
α Iα) =

⋂
α V (Iα)✱ ♦✈✈❡)♦

❧✬✐♥/❡)"❡③✐♦♥❡ -✉❛❧✉♥-✉❡ ❞✐ ✐♥"✐❡♠✐ ❛❧❣❡❜)✐❝✐ 9 ✉♥ ✐♥"✐❡♠❡ ❛❧❣❡❜)✐❝♦✳

✺✳ ❙❡ I ⊆ J ✐❞❡❛❧✐✱ ❛❧❧♦)❛ V (I) ⊇ V (J)✳

✻✳ V (fn) = V (f) ∀n ≥ 1 ♣❡) f ∈ k[T1, . . . , Tn]✳

✼✳ V (0) = An
k̄
, V (1) = ∅, V (T1 − a1, . . . , Tn − an) = {(a1, . . . , an)} ❝♦♥

ai ∈ k✳ ◗✉✐♥❞✐ ♦❣♥✐ "♦//♦✐♥"✐❡♠❡ ✜♥✐/♦ ❞✐ An
k̄

9 ✉♥ ✐♥"✐❡♠❡ ❛❧❣❡❜)✐❝♦✳

❉❛✐ ♣✉♥3✐ ✭✸✮✱ ✭✹✮✱ ✭✼✮ ❞❡❧❧❛ ♣.♦♣♦4✐③✐♦♥❡ 4♦♣.❛ 4✐ ♥♦3❛ ❝❤❡ ❣❧✐ ✐♥4✐❡♠✐

❛❧❣❡❜.✐❝✐ ♣♦44♦♥♦ ❡44❡.❡ ✈✐43✐ ❝♦♠❡ ✐ ❝❤✐✉4✐ ❞✐ ✉♥❛ 3♦♣♦❧♦❣✐❛✱ ❡44❛ 5 ❞❡33❛

❚♦♣♦❧♦❣✐❛ ❞✐ ❩❛)✐"❦✐✳

❉❛3❛ A✉❡43❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ✐♥4✐❡♠❡ ❛❧❣❡❜.✐❝♦ 5 ✉3✐❧❡ .✐❝♦.❞❛.❡ ✐❧ 4❡❣✉❡♥3❡

3❡♦.❡♠❛ ❝❤❡ ❡✈✐❞❡♥③✐❛ ❝♦♠❡ ♦❣♥✐ ✐♥4✐❡♠❡ ❛❧❣❡❜.✐❝♦ V (I) = An
k̄
✱ ❝♦♥ I E

k[T1, . . . , Tn]✱ 4✐❛ ✐♥3❡.4❡③✐♦♥❡ ✜♥✐3❛ ❞✐ ✐♣❡.4✉♣❡.✜❝✐✳

❚❡♦+❡♠❛ ✶✳✺ ✭❞❡❧❧❛ ❜❛-❡ ❞✐ ❍✐❧❜❡+7✮✳ ▲✬❛♥❡❧❧♦ ❞❡✐ ♣♦❧✐♥♦♠✐ k[T1, . . . , Tn]
9 ◆♦❡/❤❡)✐❛♥♦✱ ♦✈✈❡)♦ ♦❣♥✐ ✐❞❡❛❧❡ ❞✐ k[T1, . . . , Tn] 9 ✜♥✐/❛♠❡♥/❡ ❣❡♥❡)❛/♦✳

❙✐ ✐♥3.♦❞✉❝♦♥♦ A✉✐♥❞✐ ❧❡ 4❡❣✉❡♥3✐ ❞❡✜♥✐③✐♦♥✐ ❝❤❡ 4♦♥♦ ✐♥ A✉❛❧❝❤❡ ♠♦❞♦

♦♣♣♦43❡ .✐4♣❡33♦ ❛ A✉❡❧❧❛ ❞✐ ✐♥4✐❡♠❡ ❛❧❣❡❜.✐❝♦✿

❉❡✜♥✐③✐♦♥❡ ✶✳✻✳ ❙✐❛ A ✉♥ 4♦33♦✐♥4✐❡♠❡ ❞✐ An
k̄
✳ ❙✐ ♣♦♥❡

I(A)
def
= {f ∈ k[T1, . . . , Tn] | f(P ) = 0 ∀P ∈ A}.

❙✐ ♦44❡.✈❛ ❝❤❡ I(A) ❢♦.♠❛ ✉♥ ✐❞❡❛❧❡ ✐♥ k[T1, . . . , Tn]✱ ❞❡33♦ ❧✬✐❞❡❛❧❡ ❞✐ A✳
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❉❡✜♥✐③✐♦♥❡ ✶✳✼✳ ❙✐❛ I ✐❞❡❛❧❡ ❞✐ R✱ ❝♦♥ R ❛♥❡❧❧♦ ❝♦♠♠✉-❛-✐✈♦✳ ❙✐ ❞❡✜♥✐1❝❡

✐❧  ❛❞✐❝❛❧❡ ❞✐ I ❝♦♠❡

√
I

def
= {f ∈ R | fn ∈ I, ∃n > 0}

❉❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ 4❛❞✐❝❛❧❡ 1❡❣✉♦♥♦ ✉♥ ♣❛✐♦ ❞✐ ♦11❡4✈❛③✐♦♥✐✿ ✐♥ ♣4✐♠♦

❧✉♦❣♦ 1✐ ❤❛ ❝❤❡✱ ❞❛-♦ I E R✱ ❛❧❧♦4❛
√
I E R❀ ✐♥♦❧-4❡ ✐♥ ❣❡♥❡4❛❧❡ ✈❛❧❡ ❝❤❡

I ⊆
√
I✳

*+♦♣♦-✐③✐♦♥❡ ✶✳✽✳ ❆♥❛❧♦❣❛♠❡♥,❡ ❛ -✉❛♥,♦ ❢❛,,♦ ♣❡ ❣❧✐ ✐♥1✐❡♠✐ ❛❧❣❡❜ ✐❝✐✱

1❡❣✉♦♥♦ ❞❛ -✉❡1,❛ ❞❡✜♥✐③✐♦♥❡ ❛❧❝✉♥❡ ♣ ♦♣ ✐❡,6✿

✶✳ ❙❡ X ⊆ Y ✱ ❛❧❧♦ ❛ I(X) ⊇ I(Y )✳

✷✳ I(∅) = k[T1, . . . , Tn]✱ I(A
n
k) = (0) 1❡ k < ✉♥ ❝❛♠♣♦ ✐♥✜♥✐,♦✳

✸✳ I(V (S)) ⊇ S ♣❡ ♦❣♥✐ ✐♥1✐❡♠❡ S ❞✐ ♣♦❧✐♥♦♠✐✱ ❡ V (I(X)) ⊇ X ♣❡ ♦❣♥✐

✐♥1✐❡♠❡ X ❞✐ ♣✉♥,✐✳

✹✳ V (I(V (S))) = V (S) ♣❡ ♦❣♥✐ ✐♥1✐❡♠❡ S ❞✐ ♣♦❧✐♥♦♠✐✱ ❡ I(V (I(X))) =
I(X) ♣❡ ♦❣♥✐ ✐♥1✐❡♠❡ X ❞✐ ♣✉♥,✐✳ ◗✉✐♥❞✐ 1❡ W < ✉♥ ✐♥1✐❡♠❡ ❛❧❣❡❜ ✐❝♦

❛❧❧♦ ❛ W = V (I(W ))✱ ❡ 1❡ J < ❧✬✐❞❡❛❧❡ ❞✐ ✉♥ ✐♥1✐❡♠❡ ❛❧❣❡❜ ✐❝♦ ❛❧❧♦ ❛

J = I(V (J))✳

✺✳ I(X) < ✉♥ ✐❞❡❛❧❡  ❛❞✐❝❛❧❡ ♣❡ ♦❣♥✐ X ⊆ An
k ✳

❙✐ ❤❛ ❞✉♥:✉❡ ✉♥❛ ❝♦44✐1♣♦♥❞❡♥③❛ -4❛ ✐♥1✐❡♠✐ ❛❧❣❡❜4✐❝✐ ❞✐ An
k̄

❡ ✐❞❡❛✲

❧✐ ❞✐ k[T1, . . . , Tn]✳ ❚❛❧❡ ❝♦44✐1♣♦♥❞❡♥③❛ ✐♥ ❣❡♥❡4❛❧❡ ♥♦♥ > ❜✐✉♥✐✈♦❝❛✱ ❜❛1-❛

♣4❡♥❞❡4❡ ✐♥❢❛--✐ ✐❧ 1❡❣✉❡♥-❡✿

❊1❡♠♣✐♦ ✶✳✾✳ ❙✐❛ k[x] ❡ J = (xn) ❝♦♥ n ≥ 2✱ ❛❧❧♦4❛ V (J) = {0} ⊂ A1
k̄
❡

I(V (J)) = (x)✳ ❉✉♥:✉❡ I(V (J)) ⊃ J ♣4♦♣4✐❛♠❡♥-❡✳

❉❡✜♥✐③✐♦♥❡ ✶✳✶✵✳ ❯♥ ✐❞❡❛❧❡ I E R 1✐ ❞✐❝❡  ❛❞✐❝❛❧❡ ♦  ✐❞♦,,♦ 1❡ I =
√
I✳

*+♦♣♦-✐③✐♦♥❡ ✶✳✶✶✳ ❉❛,♦ ✉♥ ✐❞❡❛❧❡ I E k[T1, . . . , Tn] ❛❧❧♦ ❛ V (I) = V (
√
I)✳

❚❡♦+❡♠❛ ✶✳✶✷ ✭❞❡❣❧✐ ③❡+✐ ❞✐ ❍✐❧❜❡+9✱ ✈❡+-✐♦♥❡ ❞❡❜♦❧❡✮✳ ❙✐❛ I E k[T1, . . . , Tn]✱
❛❧❧♦ ❛ V (I) = ∅ 1❡ ❡ 1♦❧♦ 1❡ I = k[T1, . . . , Tn]✳

❚❡♦+❡♠❛ ✶✳✶✸ ✭❞❡❣❧✐ ③❡+✐ ❞✐ ❍✐❧❜❡+9✱ ✈❡+-✐♦♥❡ ❢♦+9❡✮✳ ❙✐❛ I E k[T1, . . . , Tn]✱
❛❧❧♦ ❛ I(V (I)) =

√
I✳

❉✉♥:✉❡ 1❡ J > ✉♥ ✐❞❡❛❧❡ 4❛❞✐❝❛❧❡ ✐♥ k[T1, . . . , Tn]✱ ❛❧❧♦4❛ I(V (J)) =
J ✱ ♦✈✈❡4♦ ❡1✐1-❡ ✉♥❛ ❝♦44✐1♣♦♥❞❡♥③❛ ❜✐✉♥✐✈♦❝❛ -4❛ ✐❞❡❛❧✐ 4❛❞✐❝❛❧✐ ❡ ✐♥1✐❡♠✐

❛❧❣❡4✐❝✐✳
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✶✳✷ ❘✐❞✉❝✐❜✐❧✐*+ ❞✐ ✐♥-✐❡♠✐ ❛❧❣❡❜2✐❝✐

❙✐ ❞✐$❝✉'❡ ♦*❛ ❧❛ *✐❞✉❝✐❜✐❧✐'. ❞❡❣❧✐ ✐♥$✐❡♠✐ ❛❧❣❡❜*✐❝✐✳

❉❡✜♥✐③✐♦♥❡ ✶✳✶✹✳ ❯♥ ✐♥$✐❡♠❡ ❛❧❣❡❜*✐❝♦ V (f) $✐ ❞✐❝❡  ✐❞✉❝✐❜✐❧❡ $❡ ❡$✐$'♦♥♦

∅ 6= V (f1), V (f2) ⊂ V (f) ❝♦♥ V (f1) 6= V (f2) '❛❧✐ ❝❤❡ V (f) = V (f1) ∪ V (f2)✳
❈♦♥'*❛*✐❛♠❡♥'❡ V (f) $✐ ❞✐❝❡ ✐  ✐❞✉❝✐❜✐❧❡ $❡ ♥♦♥ 6 *✐❞✉❝✐❜✐❧❡✱ ♦✈✈❡*♦ $❡ ♣❡*

♦❣♥✐ ❞❡❝♦♠♣♦$✐③✐♦♥❡ V (f) = V (f1) ∪ V (f2)✱ ❝♦♥ ∅ 6= V (f1), V (f2) ⊂ V (f) $✐
❤❛ ♥❡❝❡$$❛*✐❛♠❡♥'❡ ❝❤❡ V (fi) = V (f) ♣❡* i ∈ {1, 2}✳

■ $❡❣✉❡♥'✐ '❡♦*❡♠✐ $♦♥♦ ♥❡❝❡$$❛*✐ ♣❡* ❞❡❝♦♠♣♦**❡ ♦❣♥✐ ✐♥$✐❡♠❡ ❛❧❣❡❜*✐❝♦

✐♥ ❝♦♠♣♦♥❡♥'✐ ✐**✐❞✉❝✐❜✐❧✐✳

❚❡♦+❡♠❛ ✶✳✶✺✳ (❡ ♦❣♥✐ ❝❛♠♣♦ k ❧✬❛♥❡❧❧♦ ❞❡✐ ♣♦❧✐♥♦♠✐ k[T1, . . . , Tn] 0 ✉♥

❞♦♠✐♥✐♦ ❛ ❢❛22♦ ✐③③❛③✐♦♥❡ ✉♥✐❝❛✱ 5✉✐♥❞✐ ♦❣♥✐ f ∈ k[T1, . . . , Tn] ♥♦♥ ❝♦62❛♥2❡

6✐ 6❝ ✐✈❡ ✐♥ ♠♦❞♦ ✉♥✐❝♦ ❝♦♠❡ f = p1 . . . pn ❝♦♥ pi ∈ k[T1, . . . , Tn] ✐  ✐❞✉❝✐❜✐❧✐
❛ ♠❡♥♦ ❞✐  ✐♦ ❞✐♥♦ ❞❡✐ ❢❛22♦ ✐ ❡ ❞✐ ♠♦❧2✐♣❧✐❝❛③✐♦♥❡ ♣❡ ✉♥✐28✳

▲❡♠♠❛ ✶✳✶✻ ✭❞✐ ❙3✉❞②✮✳ ❙✐❛ f ∈ k[T1, . . . , Tn], f = p1 . . . pn ❝♦♥ pi ∈
k[T1, . . . , Tn] ✐  ✐❞✉❝✐❜✐❧✐ ♥♦♥ ❛66♦❝✐❛2✐✳ ❆❧❧♦ ❛ V (f) ⊆ V (g) 6❡ ❡ 6♦❧♦ 6❡ f | g
✭♦✈✈❡ ♦ 6❡ ❡ 6♦❧♦ 6❡ (g) ⊆ (f)✮✳

▲❡♠♠❛ ✶✳✶✼✳ ❙✐❛ f ∈ k[T1, . . . , Tn] ✉♥ ♣♦❧✐♥♦♠✐♦  ✐❞♦22♦✱ ♦✈✈❡ ♦ f =
p1 . . . pr ❝♦♥ pi ∈ k[T1, . . . , Tn] ❛ ❞✉❡ ❛ ❞✉❡ ♥♦♥ ❛66♦❝✐❛2✐ ❡ ✐  ✐❞✉❝✐❜✐❧✐✳ ❆❧❧♦ ❛

❧✬✐♣❡ 6✉♣❡ ✜❝✐❡ V (f) 0 ✐  ✐❞✉❝✐❜✐❧❡ 6❡ ❡ 6♦❧♦ 6❡ f 0 ✐  ✐❞✉❝✐❜✐❧❡✳

❈♦+♦❧❧❛+✐♦ ✶✳✶✽✳ ❙✐❛ f ∈ k[T1, . . . , Tn] ✉♥ ♣♦❧✐♥♦♠✐♦ ♥♦♥ ❝♦62❛♥2❡✱ ❡ f =
pn1

1 . . . pnr
r ❧❛ ❞❡❝♦♠♣♦6✐③✐♦♥❡ ❞✐ f ✐♥ ❢❛22♦ ✐ ✐  ✐❞✉❝✐❜✐❧✐✳ ❆❧❧♦ ❛ V (f) = V (p1)∪

· · · ∪ V (pr) 0 ❧❛ ❞❡❝♦♠♣♦6✐③✐♦♥❡ ❞✐ V (f) ✐♥ ❝♦♠♣♦♥❡♥2✐ ✐  ✐❞✉❝✐❜✐❧✐✳

❙✐ ♦$$❡*✈❛ ✐♥♦❧'*❡ ❝❤❡ ✈❛❧❡ ❧❛ $❡❣✉❡♥'❡✿

:+♦♣♦<✐③✐♦♥❡ ✶✳✶✾✳ ❯♥ ✐♥6✐❡♠❡ ❛❧❣❡❜ ✐❝♦ V ⊆ An
k 0 ✐  ✐❞✉❝✐❜✐❧❡ 6❡ ❡ 6♦❧♦

6❡ I(V ) 0 ✐❞❡❛❧❡ ♣ ✐♠♦✳

❉✐♠♦62 ❛③✐♦♥❡✳ (⇒)✿ ❙❡ I(V ) ♥♦♥ 6 ✐❞❡❛❧❡ ♣*✐♠♦ ❛❧❧♦*❛ ❡$✐$'♦♥♦ F1, F2 ∈
k[T1, . . . , Tn] '❛❧✐ ❝❤❡ F1F2 ∈ I(V ) ❡ F1, F2 /∈ I(V )✳ ❆❧❧♦*❛ V = (V ∩V (F1))∪
(V ∩V (F2))✱ ✐♥❢❛''✐✿ ❧✬✐♥❝❧✉$✐♦♥❡ (⊇) 6 ♦✈✈✐❛❀ ❛❧ ❝♦♥'*❛*✐♦ $✐❛ P ∈ V ✱ ❞✉♥C✉❡

F1F2(P ) = 0 ❞❛'♦ ❝❤❡ F1F2 ∈ I(V )✱ ❛❧❧♦*❛ F1(P ) = 0 ♦♣♣✉*❡ F2(P ) =
0✱ C✉✐♥❞✐ P ∈ V (F1) ♦ P ∈ V (F2) *✐$♣❡''✐✈❛♠❡♥'❡ ❡ $✐ ❤❛ C✉✐♥❞✐ ❧✬❛❧'*❛

✐♥❝❧✉$✐♦♥❡ ❝♦♠❡ $✐ ✈♦❧❡✈❛✳ ❙✐ ❤❛ ♣♦✐ ❝❤❡ V ∩V (F1) ( V ✱ ✐♥❢❛''✐ F1 /∈ I(V ) ⇒
∃Q ∈ V '❛❧❡ ❝❤❡ F1(Q) 6= 0✱ C✉✐♥❞✐ Q ∈ V \ V ∩ V (F1) ❝♦♠❡ $✐ ✈♦❧❡✈❛✳ ❱❛❧❡

❛♥❛❧♦❣❛♠❡♥'❡ ❝❤❡ V ∩ V (F2) ( V ✳ ❆❧❧♦*❛ V 6 *✐❞✉❝✐❜✐❧❡✳

(⇐)✿ ❙❡ V 6 *✐❞✉❝✐❜✐❧❡✱ ❛❧❧♦*❛ V = V1∪V2✱ ❝♦♥ V1, V2 ( V, V1 6= V2✳ ❆❧❧♦*❛
I(Vi) ) I(V )✱ $✐❛ Fi ∈ I(Vi) \ I(V ) ♣❡* i = 1, 2✳ ❙✐ ♠♦$'*❛ ❝❤❡ F1F2 ∈ I(V )✿



✶✳✸✳ ■◆❚❊❘❙❊❩■❖◆❊ ❚❘❆ ❈❯❘❱❊ ❊ ❙❖❚❚❖❱❆❘■❊❚➚ ▲■◆❊❆❘■ ✺

!✐❛ P ∈ V ✱ ❛❧❧♦'❛ P ∈ V1 ❡✴♦ P ∈ V2❀ !❡ P ∈ V1 ⇒ F1(P ) = 0 ⇒ F2F2(P ) = 0
❝♦♠❡ !✐ ✈♦❧❡✈❛✱ ❡ ❛♥❛❧♦❣❛♠❡♥0❡ ♣❡' P ∈ V2✳ ❉✉♥5✉❡ I(V ) ♥♦♥ 6 ✐❞❡❛❧❡

♣'✐♠♦✳

✶✳✸ ■♥%❡'(❡③✐♦♥❡ %'❛ ❝✉'✈❡ ❡ (♦%%♦✈❛'✐❡%0 ❧✐♥❡❛'✐

❙✐ ❞9 ❞✐ !❡❣✉✐0♦ ✉♥❛ ❜'❡✈❡ ✐♥0'♦❞✉③✐♦♥❡ !✉✐ ❞✐✈✐!♦'✐✱ ❝❤❡ !♦♥♦ ✉0✐❧✐ ❛ ❞❡✜♥✐'❡

❧❛ ♠♦❧0❡♣❧✐❝✐09 ❞✐ ✐♥0❡'!❡③✐♦♥❡ 0'❛ ✉♥❛ ❝✉'✈❛ ❡ ✉♥❛ !♦00♦✈❛'✐❡09 ❧✐♥❡❛'❡✱ ✐♥

♣❛'0✐❝♦❧❛'❡ ✉♥❛ '❡00❛✳

❉❡✜♥✐③✐♦♥❡ ✶✳✷✵✳ ■❧ ❣!✉♣♣♦ ❞❡✐ ❞✐✈✐)♦!✐ Div(A) ✭'✐!♣❡00✐✈❛♠❡♥0❡ Div(P)✮
❞✐ ✉♥♦ !♣❛③✐♦ ❛✣♥❡ Ak ✭'✐!♣✳ Pk✮ 6 ✐❧ ❣'✉♣♣♦ ❛❜❡❧✐❛♥♦ ❧✐❜❡'♦ ❣❡♥❡'❛0♦ ❞❛❧✲

❧✬✐♥!✐❡♠❡ ❞❡❧❧❡ ✐♣❡'!✉♣❡'✜❝✐❡ ✐''✐❞✉❝✐❜✐❧✐ ❞✐ A ✭'✐!♣✳ ❞✐ P✮ V = V (f) ❝♦♥

f ∈ k[T1, . . . , Tn] ✭'✐!♣✳ f ∈ k[X0, . . . , Xn]✮ ✐''✐❞✉❝✐❜✐❧❡✳

❉❡✜♥✐③✐♦♥❡ ✶✳✷✶✳ ❉❛0♦ f ∈ k[T1, . . . , Tn], f =
∏r

j=1 p
nj

j ❝♦♥ nj ≥ 1 ❡ pj ❛

❞✉❡ ❛ ❞✉❡ ♥♦♥ ❛!!♦❝✐❛0✐✱ ❛❧❧♦'❛

D = div(f) =
r∑

j=1

njV (pj) =
r∑

j=1

njVj ∈ Div(An
k)

❙✐ ❞❡✜♥✐!❝❡ ✐♥♦❧0'❡

ni
def
= ordVj(D) = ♦'❞✐♥❡ ♦ ♠♦❧0❡♣❧✐❝✐09 ❞✐ D ✐♥ Vj

❯♥ ❞✐✈✐!♦'❡ D ❝♦♠❡ !♦♣'❛ !✐ ❞✐❝❡ ❡✛❡++✐✈♦ !❡ ni ≥ 0 ♣❡' ♦❣♥✐ i = 1, . . . , r✳

❙✐❛ L ✉♥❛ !♦00♦✈❛'✐❡09 ❧✐♥❡❛'❡ ✐♥ Pnk ✱ ❡ !✐❛ D = div(g) ✉♥ ❞✐✈✐!♦'❡ ❡✛❡00✐✈♦

❝♦♥ g ∈ k[X0, . . . , Xn]✱ ❧✬✐♥0❡'!❡③✐♦♥❡ 0'❛ L ❡ D !✐ ✐♥❞✐❝❛ ❝♦♥ L ·D ∈ Div(L)✳
❋✐!!❛0♦ ✉♥ !✐!0❡♠❛ ❞✐ '✐❢❡'✐♠❡♥0♦ !✉ Pnk ✐♥ ❝✉✐ L ❤❛ ❡5✉❛③✐♦♥✐ ♣❛'❛♠❡0'✐❝❤❡



x0
✳

✳

✳

xn


 = A



y0
✳

✳

✳

ym


 ❝♦♥ A ∈M(n+1)×(m+1).

H♦!0♦ D = div(g(x0, . . . , xn))✱ !✐ ❤❛ L ·D = div(g(Aȳ))✱ ❝♦♥ ȳ = (y0, . . . , ym)✳

❉❡✜♥✐③✐♦♥❡ ✶✳✷✷✳ ❉❛0♦ D = div(g) ❡✛❡00✐✈♦✱ ❡ ❞❛0❛ r '❡00❛ ✐♥ Pnk ♣❛!!❛♥0❡

♣❡' ✐❧ ♣✉♥0♦ P ✱ !✐ ❞❡✜♥✐!❝❡ ❧❛ ♠♦❧+❡♣❧✐❝✐+/ ❞✐ ✐♥+❡!)❡③✐♦♥❡ ❞✐ r ❝♦♥ D ✐♥ P ✿

eP (r ·D) = ♦'❞✐♥❡ ❞❡❧ ❞✐✈✐!♦'❡ r ·D ✐♥ P

■♥♦❧0'❡ 6 ✉0✐❧❡ '✐❝♦'❞❛'❡ ✉♥✬✐♠♣♦'0❛♥0❡ ❞✐!✉❣✉❛❣❧✐❛♥③❛✿
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❚❡♦#❡♠❛ ✶✳✷✸ ✭❉✐$✉❣✉❛❣❧✐❛♥③❛ ❢♦♥❞❛♠❡♥0❛❧❡✮✳ ❙✐❛♥♦ C1, C2 ❞✉❡ ❝✉)✈❡ ❛❧✲

❣❡❜)✐❝❤❡ ♣✐❛♥❡ ♣)♦✐❡11✐✈❡ ♣)✐✈❡ ❞✐ ❝♦♠♣♦♥❡♥1✐ ❝♦♠✉♥✐✱ 4✐❛ P ∈ Supp(C1) ∩
Supp(C2)✱ 4✐ ❤❛✿

mP (C1, C2) ≥ mP (C1) ·mP (C2);
❡ ✈❛❧❡ ❧✬✉❣✉❛❣❧✐❛♥③❛ 4❡ ❡ 4♦❧♦ 4❡ C1 ❡ C2 ♥♦♥ ❤❛♥♥♦ 1❛♥❣❡♥1✐ ❝♦♠✉♥✐ ✐♥ P ✳

✶✳✹ ▼♦❧&❡♣❧✐❝✐&+ ❞✐ ✉♥ ♣✉♥&♦ ✐♥ ✉♥❛ ❝✉0✈❛ ❛❧❣❡✲

❜0✐❝❛ ❛✣♥❡

❉❡✜♥✐③✐♦♥❡ ✶✳✷✹✳ ❙✐❛ f ∈ k[T1, . . . , Tn] ♣♦❧✐♥♦♠✐♦ ❝❤❡ ❞❡✜♥✐$❝❡ ✉♥❛ ❝✉7✈❛

C ✐♥ An
k ✳ ❙✐❛ P ∈ C = V (f)✱ ❡$$♦ ; ❞❡00♦ ♣✉♥1♦ 4❡♠♣❧✐❝❡ ♦ ❧✐4❝✐♦ $❡

gradP (f) =

(
∂f

∂t1
(P ), . . . ,

∂f

∂tn
(P )

)
6= (0, . . . , 0).

❆❧ ❝♦♥07❛7✐♦ $✐ ❞✐❝❡ ❝❤❡ P ; ♣✉♥0♦ 4✐♥❣♦❧❛)❡✳

❯♥❛ ❝✉7✈❛ $✐ ❞✐❝❡ ❧✐4❝✐❛ $❡ ♥♦♥ ❤❛ ♣✉♥0✐ $✐♥❣♦❧❛7✐✳

❙❡ C ; ❧✐$❝✐❛ ✐♥ P ❛❧❧♦7❛ ❧❛ 7❡00❛

TP C def
=

{
(x1, . . . , xn) ∈ An

k | ∂f
∂t1

(P )x1 + · · ·+ ∂f

∂tn
(P )xn = 0

}

; ❞❡00❛ ❧❛ 1❛♥❣❡♥1❡ ❛ C ✐♥ P ✳
>❡7 $❡♠♣❧✐❝✐0? $✐ ❞? ❞✐ $❡❣✉✐0♦ ✉♥ ❝7✐0❡7✐♦ ♣❡7 ❝❛❧❝♦❧❛7❡ ❧❛ ♠♦❧0❡♣❧✐❝✐0? ❞✐

✉♥ ♣✉♥0♦ P ❛♣♣❛70❡♥❡♥0❡ ❛❧❧❛ ❝✉7✈❛ C = V (f)✱ ❝♦♥ f ∈ k[T1, . . . , Tn]✳
❙✉♣♣♦♥✐❛♠♦ ✐♥♥❛♥③✐0✉00♦ ❞✐ ❛✈❡7❡ P = (0, . . . , 0) ∈ C✱ $✐ $❝♦♠♣♦♥❣❛

f = fm + fm+1 + · · ·+ fd ❝♦♥ fm 6= 0 ❡ fi ∈ k[T1, . . . , Tn] ♣♦❧✐♥♦♠✐ ♦♠♦❣❡♥❡✐

❞✐ ❣7❛❞♦ i✱ ❞✉♥@✉❡ d = deg(f)✳ ❆❧❧♦7❛ ❧❛ ♠♦❧1❡♣❧✐❝✐19 ❞✐ P ✐♥ C ; mP (C) = m
❡ ✐❧ ❝♦♠♣❧❡44♦ 1❛♥❣❡♥1❡ ; ❞❛0♦ ❞❛ V (fm)✳

❙✐❛ ♦7❛ P = (p1, . . . , pn) ✉♥ ♣✉♥0♦ @✉❛❧$✐❛$✐ ❞❡❧❧❛ ❝✉7✈❛ C✱ ❛❧❧♦7❛ $✐ ❝♦♥$✐✲

❞❡7✐ ❧❛ 07❛$❧❛③✐♦♥❡ T = (T1 + p1, . . . , Tn + pn) ❡ ❧❛ ❝✉7✈❛ 07❛$❧❛0❛ ❞❡❧ ✈❡00♦7❡

P ✱ ♦✈✈❡7♦ ❞❡✜♥✐0❛ ❞❛❧ ♣♦❧✐♥♦♠✐♦ g(T1, . . . , Tn) = f(T1 + p1, . . . , Tn + pn) =
gm + · · · + gd✳ ❆❧❧♦7❛ $✐ ❤❛ mP (C) = mO(CT ) = m ✭❞♦✈❡ O = (0, . . . , 0)
; ❧✬♦7✐❣✐♥❡ ❡ CT ✐♥❞✐❝❛ ❧❛ ❝✉7✈❛ 07❛$❧❛0❛✮✱ ❡ V (gm(T1, . . . , Tn)) ; ✐❧ 7❡❧❛0✐✈♦

❝♦♠♣❧❡$$♦ 0❛♥❣❡♥0❡✳

❙✐ $✉♣♣♦♥❣❛ ♦7❛ ❞✐ ❛✈❡7❡ C = V (f) ⊆ A2
k̄
✉♥❛ ❝✉7✈❛ ❛❧❣❡❜7✐❝❛ ♣✐❛♥❛❀ $✐❛

P ∈ C ❡ V (h) ✐❧ $✉♦ 7✐$♣❡00✐✈♦ ❝♦♠♣❧❡$$♦ 0❛♥❣❡♥0❡ ❝❛❧❝♦❧❛0♦ ❝♦♠❡ ❞❡00♦ $♦♣7❛✳

❉❛0♦ ❝❤❡ f ❡ h $♦♥♦ ♣♦❧✐♥♦♠✐ ✐♥ ❞✉❡ ✈❛7✐❛❜✐❧✐ ❡ k̄ ; ❛❧❣❡❜7✐❝❛♠❡♥0❡ ❝❤✐✉$♦

❛❧❧♦7❛✱ $❝♦♠♣♦♥❡♥❞♦ h ✐♥ ❢❛00♦7✐ ✐77✐❞✉❝✐❜✐❧✐✱ $✐ ❤❛ h =
∏
Lrii ❞♦✈❡ Li $♦♥♦

7❡00❡ ❞✐$0✐♥0❡ ❡ ri ❧❡ 7✐$♣❡00✐✈❡ ♠♦❧0❡♣❧✐❝✐0?✳ ❆❧❧♦7❛ Li $♦♥♦ ❧❡ )❡11❡ 1❛♥❣❡♥1✐



✶✳✺✳ ▼❖❉❯▲■ ✼

❛ C ✐♥ P ❡ ri % ❧❛ '✐(♣❡**✐✈❛ ♠♦❧#❡♣❧✐❝✐#( ❞❡❧❧❛ #❛♥❣❡♥#❡✳ ❙✐ ❞✐❝❡ ❝❤❡ Li % ✉♥❛

*❛♥❣❡♥*❡ ♦-❞✐♥❛-✐❛ ♦ .❡♠♣❧✐❝❡ (❡ ri = 1✱ ❞♦♣♣✐❛ (❡ ri = 2✱ #-✐♣❧❛ (❡ ri = 3 ❡

❝♦(5 ✈✐❛✳

✶✳✺ ▼♦❞✉❧✐

❙✐ ❞6 7✉✐ ❞✐ (❡❣✉✐*♦ ✉♥✬✐♥*'♦❞✉③✐♦♥❡ (✉✐ ♠♦❞✉❧✐ ❝❤❡ (❛'❛♥♥♦ ♥❡❝❡((❛'✐ ♣✐;

❛✈❛♥*✐ ♣❡' ♣'♦✈❛'❡ ❛❧❝✉♥✐ '✐(✉❧*❛*✐✳

❉❡✜♥✐③✐♦♥❡ ✶✳✷✺✳ ❙✐❛ R ✉♥ ❛♥❡❧❧♦ ❝♦♠♠✉*❛*✐✈♦✱ ✉♥ R✲♠♦❞✉❧♦ % ✉♥ ❣'✉♣♣♦

❝♦♠♠✉*❛*✐✈♦ M ✱ ❞♦*❛*♦ ❞❡❧❧✬♦♣❡'❛③✐♦♥❡ ❞✐ ❣'✉♣♣♦ + ❡ ❝♦♥ ❡❧❡♠❡♥*♦ ♥❡✉*'♦

0 = 0M ✱ (✉ ❝✉✐ % ❞❡✜♥✐*❛ ✉♥✬♦♣❡'❛③✐♦♥❡ ❞✐ ♣'♦❞♦**♦ ♣❡' (❝❛❧❛'✐✱ ♦✈✈❡'♦ ✉♥❛

♠❛♣♣❛ ❞❛ R×M −→M ✱ ❝❤❡ (♦❞❞✐(❢❛✿

✶✳ (a+ b) ∗m = a ∗m+ b ∗m ❝♦♥ a, b ∈ R,m ∈M ❀

✷✳ a ∗ (m+ n) = a ∗m+ a ∗ n ❝♦♥ a ∈ R,m, n ∈M ❀

✸✳ (ab) ∗m = a ∗ (b ∗m) ❝♦♥ a, b ∈ R,m ∈M ❀

✹✳ 1R ∗m = m ❝♦♥ m ∈M ❞♦✈❡ 1R % ❧✬✐❞❡♥*✐*6 ❞❡❧❧✬❛♥❡❧❧♦ R✳
D❡' (❡♠♣❧✐✜❝❛'❡ ❧❛ ♥♦*❛③✐♦♥❡ ♣♦♥✐❛♠♦ am = a ∗m✳

❯♥ (♦**♦❣'✉♣♣♦ N ❞✐ ✉♥ R✲♠♦❞✉❧♦ M % ❝❤✐❛♠❛*♦ ✉♥ .♦##♦♠♦❞✉❧♦ (❡

am ∈ N ♣❡' ♦❣♥✐ a ∈ R,m ∈ N ✳ ■♥ *❛❧ ❝❛(♦ N % ✉♥ R✲♠♦❞✉❧♦✳

❙❡ S % ✉♥ ✐♥(✐❡♠❡ ❞✐ ❡❧❡♠❡♥*✐ ❞✐ ✉♥ R✲♠♦❞✉❧♦ M ✱ ✐❧ .♦##♦♠♦❞✉❧♦ ❣❡♥❡-❛#♦

❞❛ S % ❞❡✜♥✐*♦ ❞❛ {∑ risi | ri ∈ R, si ∈ S}✱ % ✐❧ ♣✐; ♣✐❝❝♦❧♦ (♦**♦♠♦❞✉❧♦ ❞✐

M ❝❤❡ ❝♦♥*✐❡♥❡ S✳ ❙❡ S = {s1, . . . , sn} % ✜♥✐*♦✱ ✐❧ (♦**♦♠♦❞✉❧♦ ❣❡♥❡'❛*♦ ❞❛

S (✐ ❞❡♥♦*❛ ❝♦♥

∑
Rsi✳

■❧ ♠♦❞✉❧♦ M (✐ ❞✐❝❡ ✜♥✐#❛♠❡♥#❡ ❣❡♥❡-❛#♦ (❡ M =
∑n

i=1 siR ♣❡' 7✉❛❧❝❤❡

s1, . . . , sn ∈ M ✳ ❙✐ ♦((❡'✈❛ ❝❤❡✱ (❡ R % ✉♥ ❝❛♠♣♦✱ 7✉❡(*♦ ❝♦♥❝❡**♦ ❝♦✐♥❝✐❞❡

❝♦♥ ❧❛ ♥♦③✐♦♥❡ ❞✐ (♣❛③✐♦ ✈❡**♦'✐❛❧❡ ✜♥✐*❛♠❡♥*❡ ❣❡♥❡'❛*♦ ✳

❙✐❛ R ✉♥ (♦**♦❛♥❡❧❧♦ ❞✐ ✉♥ ❛♥❡❧❧♦ S✱ ❛❧❧♦'❛ ❝✐ (♦♥♦ ❞✐✈❡'(✐ ♠♦❞✐ ❞✐ ❝♦♥(✐✲

❞❡'❛'❡ ❧❛ ✜♥✐*❡③③❛ ❞✐ S (♦♣'❛ R ❞✐♣❡♥❞❡♥*❡♠❡♥*❡ ❞❛❧ ❢❛**♦ ❞✐ ❝♦♥(✐❞❡'❛'❡ S
❝♦♠❡ ✉♥ R✲♠♦❞✉❧♦✱ ✉♥ ❛♥❡❧❧♦ ♦ ✉♥ ❝❛♠♣♦✳

✭❆✮ S % ❞❡**♦ ✉♥ ♠♦❞✉❧♦✲✜♥✐#♦ (♦♣'❛ R✱ (❡ S % ✜♥✐*❛♠❡♥*❡ ❣❡♥❡'❛*♦ ❝♦♠❡

R✲♠♦❞✉❧♦✳ ❙❡ R ❡ S (♦♥♦ ❝❛♠♣✐✱ ❡ S % ✉♥ ♠♦❞✉❧♦ ✜♥✐*♦ (♦♣'❛ R✱ (✐
❞❡♥♦*❡'6 ❧❛ ❞✐♠❡♥(✐♦♥❡ ❞✐ S (♦♣'❛ R ❝♦♥ [S : R]✳

✭❇✮ ❙✐❛♥♦ v1, . . . , vn ∈ S✱ (✐❛ ϕ : R[X1, . . . , Xn] → S ❧✬♦♠♦♠♦'✜(♠♦ ❞✐ ❛♥❡❧✲

❧✐ ❝❤❡ ♠❛♥❞❛ Xi ✐♥ vi✳ ▲✬✐♠♠❛❣✐♥❡ ❞✐ ϕ % ❞❛*❛ ❞❛ R[v1, . . . , vn]✱ %

✉♥ (♦**♦❛♥❡❧❧♦ ❞✐ S ❝♦♥*❡♥❡♥*❡ R ❡ v1, . . . , vn✱ ✐♥❢❛**✐ R[v1, . . . , vn] =
{∑ a(i)v

i1
1 . . . v

in
n | a(i) ∈ R}✳ ▲✬❛♥❡❧❧♦ S % ✉♥ ❛♥❡❧❧♦✲✜♥✐#♦ (♦♣'❛ R (❡

S = R[v1, . . . , vn] ♣❡' 7✉❛❧❝❤❡ v1, . . . , vn ∈ S✳



✽ ❈❆"■❚❖▲❖ ✶✳ ❘■❈❍■❆▼■

✭❈✮ ❙✉♣♣♦♥✐❛♠♦ ❝❤❡ R ❡ S /✐❛♥♦ ❝❛♠♣✐✳ ❙❡ v1, . . . , vn ∈ S✱ /✐❛ R(v1, . . . , vn)
✐❧ ❝❛♠♣♦ 3✉♦③✐❡♥5❡ ❞✐ R[v1, . . . , vn]✳ ❙✐ ❝♦♥/✐❞❡7❛ R(v1, . . . , vn) ❝♦♠❡

/♦55♦❝❛♠♣♦ ❞✐ S✱ ❡//♦ 8 ✐❧ ♣✐9 ♣✐❝❝♦❧♦ /♦55♦❝❛♠♣♦ ❞✐ S ❝♦♥5❡♥❡♥5❡ R ❡

v1, . . . , vn✳ ■❧ ❝❛♠♣♦ S /✐ ❞✐❝❡ ❡!"❡♥!✐♦♥❡ ❞✐ ❝❛♠♣✐ ✜♥✐"❛♠❡♥"❡ ❣❡♥❡-❛"❛

❞✐ R /❡ S = R(v1, . . . , vn) ♣❡7 3✉❛❧❝❤❡ v1, . . . , vn ∈ S✳

✶✳✻ ❈❤✐✉'✉(❛ ✐♥+❡❣(❛❧❡

❉❡✜♥✐③✐♦♥❡ ✶✳✷✻✳ ❙✐❛ R ✉♥ /♦55♦❛♥❡❧❧♦ ❞✐ ✉♥ ❛♥❡❧❧♦ S✱ ✉♥ ❡❧❡♠❡♥5♦ v ∈ S
8 ❞❡55♦ ✐♥"❡-♦ ✭♦ ✐♥"❡❣-❛❧❡✮ /♦♣7❛ R /❡ ❡/✐/5❡ ✉♥ ♣♦❧✐♥♦♠✐♦ ♠♦♥✐❝♦ F =
Xn + a1X

n−1 + · · ·+ an ∈ R[X] 5❛❧❡ ❝❤❡ F (v) = 0✳ ❙❡ R ❡ S /♦♥♦ ❝❛♠♣✐✱ /✐

❞✐❝❡ ❝❤❡ v 8 ❛❧❣❡❜-✐❝♦ /♦♣7❛ R /❡ v 8 ✐♥5❡❣7❛❧❡ /♦♣7❛ R✳

+,♦♣♦.✐③✐♦♥❡ ✶✳✷✼✳ ❙✐❛ R ✉♥ !♦""♦❛♥❡❧❧♦ ❞✐ ✉♥ ❞♦♠✐♥✐♦ S✱ v ∈ S✳ ❆❧❧♦-❛

❧❡ !❡❣✉❡♥"✐ ❛✛❡-♠❛③✐♦♥✐ !♦♥♦ ❡7✉✐✈❛❧❡♥"✐✿

✭✶✮ v = ✐♥"❡❣-❛❧❡ !♦♣-❛ R✳

✭✷✮ R[v] = ✉♥ ♠♦❞✉❧♦✲✜♥✐"♦ !♦♣-❛ R✳

✭✸✮ ❊!✐!"❡ ✉♥ !♦""♦❛♥❡❧❧♦ R′
❞✐ S ❝♦♥"❡♥❡♥"❡ R[v] ❝❤❡ = ♠♦❞✉❧♦✲✜♥✐"♦

!♦♣-❛ R✳

❉✐♠♦!"-❛③✐♦♥❡✳ ✭✶✮ ✐♠♣❧✐❝❛ ✭✷✮✿ v ✐♥5❡❣7❛❧❡ /✉ R ⇒ ∃F = Xn + a1x
n−1 +

· · · + an ∈ R[X] ♣♦❧✐♥♦♠✐♦ ♠♦♥✐❝♦ 5❛❧❡ ❝❤❡ F (v) = 0✳ ❉❛ ❝✐> ❞❡7✐✈❛ ❝❤❡

vn = −∑n−1
i=0 an−iv

i
❡ 3✉✐♥❞✐ 5✉55❡ ❧❡ ♣♦5❡♥③❡ ❞✐ ♦7❞✐♥❡ /✉♣❡7✐♦7❡ ❞✐ n ✐♥ v

/✐ ♣♦//♦♥♦ /❝7✐✈❡7❡ ❝♦♠❡ R✲❝♦♠❜✐♥❛③✐♦♥✐ ❧✐♥❡7❛7✐ ❞✐ {v, . . . , vn−1}✳ ❙❡ vn +
a1v

n−1+ · · ·+an = 0✱ ❛❧❧♦7❛ vn = −a1vn−1−· · ·−an✱ 3✉✐♥❞✐ v
n =

∑n−1
i=0 Rv

i
✳

❙❡❣✉❡ ❝❤❡ vm =
∑n−1

i=0 Rv
i
♣❡7 ♦❣♥✐ m✱ 3✉✐♥❞✐ R[v] =

∑n−1
i=0 Rv

i
✱ ❞✉♥3✉❡ R[v]

8 ♠♦❞✉❧♦✲✜♥✐5♦ /♦♣7❛ R✳
✭✷✮ ✐♠♣❧✐❝❛ ✭✸✮✿ ❇❛/5❛ ♣7❡♥❞❡7❡ R′ = R[v]❀ ❛❧❧♦7❛ R[v] 8 /♦55♦❛♥❡❧❧♦ ❞✐

S ❞❛5♦ ❝❤❡ R 8 /♦55♦❛♥❡❧❧♦ ❞✐ S ❡ v ∈ S✱ ❡❞ 8 ♠♦❞✉❧♦ ✜♥✐5♦ /✉ R ♣❡7 ✐♣♦5❡/✐✳

✭✸✮ ✐♠♣❧✐❝❛ ✭✶✮✿ ❙✐❛ R′
♠♦❞✉❧♦✲✜♥✐5♦ /✉ R ❣❡♥❡7❛5♦ ❞❛❣❧✐ ❡❧❡♠❡♥5✐

{w1, . . . , wn}✱ ♦✈✈❡7♦ R′ =
∑n

i=1Rwi ❡ ❝♦♥5❡♥❡♥5❡ R[v]✳ ■♥♦❧57❡ ❞❛5♦ ❝❤❡

R′
8 /♦55♦❛♥❡❧❧♦ ❞✐ S /✐ ♣✉> /❝7✐✈❡7❡ vwi =

∑n

j=0 aijwj ∀i = 1, . . . , n ❝♦♥

aij ∈ R✳ ❉❡✜♥❡♥❞♦ ❧❛ ♠❛57✐❝❡

A =




v − a11 a12 . . . a1n
a21 v − a22 . . . a2n
✳

✳

✳

✳

✳

✳

✳

✳

✳

an1 . . . v − ann


 ,

/✐ ❤❛ ❝❤❡ ✐❧ ✈❡55♦7❡ (w1 . . . wn) ❛♣♣❛75✐❡♥❡ ❛❧ ❦❡7♥❡❧ ❞❡❧❧❛ ♠❛57✐❝❡ A✳ ❉✉♥3✉❡

❞❡5(A) = 0 8 ✉♥ ♣♦❧✐♥♦♠✐♦ ❝❤❡ /✐ ❛♥♥✉❧❧❛ ✐♥ v❀ ✐♥♦❧57❡ 5❛❧❡ ♣♦❧✐♥♦♠✐♦ 8 ♠♦♥✐❝♦
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❞❛#♦ ❝❤❡ v ❛♣♣❛)❡ *♦❧♦ ♥❡❧❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡❧❧❛ ♠❛#)✐❝❡ A✳ ◗✉✐♥❞✐ v 3 ✐♥#❡)♦ *✉

R✳

❈♦"♦❧❧❛"✐♦ ✶✳✷✽✳ ▲✬✐♥$✐❡♠❡ ❞❡❣❧✐ ❡❧❡♠❡♥*✐ ❞✐ S ❝❤❡ $♦♥♦ ✐♥*❡❣.❛❧✐ $♦♣.❛ R
❢♦.♠❛♥♦ ✉♥ $♦**♦❛♥❡❧❧♦ ❞✐ S ❝♦♥*❡♥❡♥*❡ R✱ ❞❡**♦ ❧❛ ❝❤✐✉$✉.❛ ✐♥*❡❣.❛❧❡ ❞✐ R
✐♥ S✳

❉✐♠♦$*.❛③✐♦♥❡✳ ❇❛♥❛❧♠❡♥#❡ ❧✬✐♥*✐❡♠❡ ❞❡❣❧✐ ❡❧❡♠❡♥#✐ ❞✐ S ✐♥#❡)✐ *✉ R ❝♦♥#✐❡♥❡

R✱ ✐♥❢❛##✐ ❞❛#♦ a ∈ R ❛❧❧♦)❛ F = X − a ∈ R[X] 3 ♣♦❧✐♥♦♠✐♦ ♠♦♥✐❝♦ ❝❤❡ *✐

❛♥♥✉❧❧❛ ✐♥ a✳
❙✐❛♥♦ a, b ❡❧❡♠❡♥#✐ ✐♥#❡)✐ *✉ R✱ ❛❧❧♦)❛ b 3 ✐♥#❡)♦ *✉ R[a] ❞❛#♦ ❝❤❡ R[a] ⊂ R✱

9✉✐♥❞✐ R[a, b] 3 ♠♦❞✉❧♦✲✜♥✐#♦ *♦♣)❛ R[a] ❞❛❧❧❛ ♣)♦♣♦*✐③✐♦♥❡ *♦♣)❛✳ ❆❧❧♦✲

)❛ R[a, b] 3 ♠♦❞✉❧♦✲✜♥✐#♦ *♦♣)❛ R✿ *✐❛ ✐♥❢❛##✐ R[a, b] =
∑n

i=0R[a]vi ❝♦♥

{v1, . . . , vn} ∈ R[a, b] ❡ R[a] =
∑m

j=0Rwi ❝♦♥ {w1, . . . , wn} ∈ R[a]✱ ❛❧❧♦)❛
R[a, b] =

∑
i=0,...,n
j=0,...,m

Rviwj ❝♦♠❡ *✐ ✈♦❧❡✈❛✳ ❉❛#♦ ❝❤❡ a + b, a − b, ab ∈ R[a, b]

❛❧❧♦)❛ *❡♠♣)❡ ❞❛❧❧❛ ♣)♦♣♦*✐③✐♦♥❡ *♦♣)❛ *❡❣✉❡ ❝❤❡ #❛❧✐ ❡❧❡♠❡♥#✐ *♦♥♦ ✐♥#❡)✐

*♦♣)❛ R✳

❙✐ ❞✐❝❡ ❝❤❡ S 3 ✐♥*❡❣.❛❧❡ *♦♣)❛ R *❡ ♦❣♥✐ ❡❧❡♠❡♥#♦ ❞✐ S 3 ✐♥#❡)♦ *♦♣)❛ R❀
*❡ R ❡ S *♦♥♦ ❝❛♠♣✐ ❛❧❧♦)❛ *✐ ❞✐❝❡ ❝❤❡ S ❡ ❡$*❡♥$✐♦♥❡ ❛❧❣❡❜.✐❝❛ ❞✐ R✳

✶✳✼ ❊$%❡♥$✐♦♥❡ ❞✐ ❝❛♠♣✐

❙✐ *✉♣♣♦♥❣❛ ❞✐ ❛✈❡)❡ K *♦##♦❝❛♠♣♦ ❞✐ ✉♥ ❝❛♠♣♦ L✱ ❡ *✐❛ L = K(v) ♣❡)

9✉❛❧❝❤❡ v ∈ L✳ ❙✐❛ ϕ : K[X] → L ❧✬♦♠♦♠♦)✜*♠♦ ❝❤❡ ♠❛♥❞❛ X ✐♥ v✱ ❡

*✐❛ ❑❡)(ϕ) = (F )✱ ❝♦♥ F ∈ K[X]✱ ❝✐C ❞❡)✐✈❛ ❞❛❧ ❢❛##♦ ❝❤❡ K[X] 3 D■❉ ❡

❑❡)(ϕ) E K[X]✳ ❆❧❧♦)❛ K[X]/(F ) 3 ✐*♦♠♦)❢♦ ❛ K[v]✱ 9✉✐♥❞✐ (F ) 3 ✐❞❡❛❧❡

♣)✐♠♦✳ ❙✐ ❤❛♥♥♦ ❞✉❡ ♣♦**✐❜✐❧✐ ❝❛*✐✿

❈❛*♦ ✶ ❙✐❛ F = 0✱ ❛❧❧♦)❛ K[v] 3 ✐*♦♠♦)❢♦ ❛ K[X]✱ 9✉✐♥❞✐ K(v) = L 3 ✐*♦♠♦)❢♦

❛ K(X) ❡ ✐♥ 9✉❡*#♦ ❝❛*♦ L ♥♦♥ 3 ✉♥ ❛♥❡❧❧♦✲✜♥✐#♦ ♦ ✉♥ ♠♦❞✉❧♦✲✜♥✐#♦

*♦♣)❛ K✳

❈❛*♦ ✷ ❙✐❛ F 6= 0 ❡ *✐ ♣✉C ❛**✉♠❡)❡ F ♠♦♥✐❝♦✳ ❆❧❧♦)❛ ❞❛#♦ ❝❤❡ (F ) 3 ♣)✐♠♦

❡ K[X] ❯❋❉ *✐ ❤❛ F ✐))✐❞✉❝✐❜✐❧❡ ❡ (F ) ♠❛**✐♠❛❧❡❀ ❞✉♥9✉❡ K[v] 3 ✉♥

❝❛♠♣♦ ❡ ❛❧❧♦)❛ K[v] = K(v)✳ ■♥♦❧#)❡ F (v) = 0✱ 9✉✐♥❞✐ v 3 ❛❧❣❡❜)✐❝♦

*♦♣)❛ K ❡ L = K[v] 3 ♠♦❞✉❧♦✲✜♥✐#♦ *♦♣)❛ K✿ ❝✐C *✐ ♣✉C ❞✐♠♦*#)❛)❡ ✐♥

♠♦❞♦ ❛♥❛❧♦❣♦ ❛ 9✉❛♥#♦ ❢❛##♦ ♣❡) ❧❛ ♣)♦♣♦*✐③✐♦♥❡ ✶✳✷✼✳
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❈❛♣✐$♦❧♦ ✷

❱❛)✐❡$+ ❛✣♥✐

❉✬♦#❛ ✐♥ ♣♦✐ (✐ (✉♣♣♦##* ❞✐ ❛✈❡#❡ k ✉♥ ❝❛♠♣♦ ❛❧❣❡❜#✐❝❛♠❡♥3❡ ❝❤✐✉(♦❀ ❣❧✐
✐♥(✐❡♠✐ ❛❧❣❡❜#✐❝✐ ❛✣♥✐ (❛#❛♥♥♦ ❞❡✜♥✐3✐ ✐♥ An = An

k ♣❡# 8✉❛❧❝❤❡ n✳ ❯♥ ✐♥(✐❡♠❡
❛❧❣❡❜#✐❝♦ ❛✣♥❡ ✐##✐❞✉❝✐❜✐❧❡ (❛#* ❝❤✐❛♠❛3♦ ✈❛"✐❡%& ❛✣♥❡✳

❙✐ ❝♦♥(✐❞❡#❡#❛♥♥♦ ✐♥♦❧3#❡ ❛♥❡❧❧✐ ❡ ❝❛♠♣✐ ❝♦♥3❡♥❡♥3✐ k ❝♦♠❡ (♦33♦❛♥❡❧❧♦✱
❡ ❞❛3♦ ✉♥ ♦♠♦♠♦#✜(♠♦ ϕ : R → S 3#❛ ❛♥❡❧❧✐ (✐ ✐♥3❡♥❞❡ ✉♥ ♦♠♦♠♦#✜(♠♦

❞✬❛♥❡❧❧✐ 3❛❧❡ ❝❤❡ ϕ(λ) = λ ♣❡# ♦❣♥✐ λ ∈ k✳
=❡# ✐❧ ♠♦♠❡♥3♦✱ ❞❛3♦ ❝❤❡ (✐ 3#❛33❡#❛♥♥♦ (♦❧♦ ✈❛#✐❡3* ❛✣♥✐ (✐ ❝❤✐❛♠❡#❛♥♥♦

(❡♠♣❧✐❝❡♠❡♥3❡ ✈❛#✐❡3*✳

✷✳✶ ❆♥❡❧❧♦ ❞❡❧❧❡ ❝♦♦*❞✐♥❛-❡

❙✐❛ V ⊆ An
✉♥❛ ✈❛#✐❡3* ♥♦♥ ✈✉♦3❛✱ ❛❧❧♦#❛ I(V ) > ✉♥ ✐❞❡❛❧❡ ♣#✐♠♦ ✐♥ k[X1, . . . , Xn]

♣❡# ❧❛ ♣#♦♣♦(✐③✐♦♥❡ ✶✳✶✾✱ 8✉✐♥❞✐ k[X1, . . . , Xn]/I(V ) > ✉♥ ❞♦♠✐♥✐♦ ❞✐ ✐♥3❡❣#✐3*✳

❉❡✜♥✐③✐♦♥❡ ✷✳✶✳ ❙✐ ♣♦♥❡

Γ(V ) :=
k[X1, . . . , Xn]

I(V )
,

❡((♦ > ❞❡33♦ ❛♥❡❧❧♦ ❞❡❧❧❡ ❝♦♦"❞✐♥❛%❡ ❛✣♥✐ ❞✐ V ✳
■♥♦❧3#❡ ♣❡# ♦❣♥✐ ✐♥(✐❡♠❡ ♥♦♥ ✈✉♦3♦ V ✱ (✐❛ F(V, k) ❧✬✐♥(✐❡♠❡ ❞❡❧❧❡ ❢✉♥③✐♦♥✐

❞❛ V ✐♥ k✳ ❆❧❧♦#❛ F(V, k) > ✉♥ ❛♥❡❧❧♦ ❝♦♥ ❧❡ ♦♣❡#❛③✐♦♥✐ ❞❡✜♥✐3❡ ✐♥ ♠♦❞♦
♣✉♥3✉❛❧❡✱ ♦✈✈❡#♦✿ ❞❛3✐ f, g ∈ F(V, k), (f + g)(x) = f(x) + g(x) ❡ (fg)(x) =
f(x)g(x) ∀x ∈ V ✳

■❞❡♥3✐✜❝❤❡#❡♠♦ k ❝♦♥ ✐❧ (♦33♦❛♥❡❧❧♦ ❞✐ F(V, k) ❝♦♠♣♦(3♦ ❞❛❧❧❡ ❢✉♥③✐♦♥✐
❝♦(3❛♥3✐✱ ♦✈✈❡#♦ ❞❛3♦ v ∈ k ❛❞ ❡((♦ (✐ ❛((♦❝✐❛ ❧❛ ❢✉♥③✐♦♥❡ ❝❤❡ ♠❛♥❞❛ ♦❣♥✐
x ∈ k ♥❡❧❧✬❡❧❡♠❡♥3♦ v✳

✶✶
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❉❡✜♥✐③✐♦♥❡ ✷✳✷✳ ❙✐❛ V ⊆ An
✉♥❛ ✈❛(✐❡*+✱ ✉♥❛ ❢✉♥③✐♦♥❡ f ∈ F(V, k) 0 ❞❡**❛

✉♥❛ ❢✉♥③✐♦♥❡ ♣♦❧✐♥♦♠✐❛❧❡ 2❡ ❡2✐2*❡ ✉♥ ♣♦❧✐♥♦♠✐♦ F ∈ k[X1, . . . , Xn] *❛❧❡ ❝❤❡

f(a1, . . . , an) = F (a1, . . . , an) ∀(a1, . . . , an) ∈ V ✳

▲❡ ❢✉♥③✐♦♥✐ ♣♦❧✐♥♦♠✐❛❧✐ ❢♦(♠❛♥♦ ✉♥ 2♦**♦❛♥❡❧❧♦ ❞✐ F(V, k) ❝♦♥*❡♥*❡ k✿ ❝✐;
❞❡(✐✈❛ ❞❛ ❝♦♠❡ 2♦♥♦ 2*❛*❡ ❞❡✜♥✐*❡ ❧❡ ♦♣❡(❛③✐♦♥✐ 2✉ F(V, k)✱ ❡ ❝❤✐❛(❛♠❡♥*❡

*❛❧❡ 2♦**♦❛♥❡❧❧♦ ❝♦♥*✐❡♥❡ k ❞❛*♦ ❝❤❡ ♦❣♥✐ ❝♦2*❛♥*❡ 0 ✉♥ ♣♦❧✐♥♦♠✐♦✳

❙✐ ♦22❡(✈❛ ❝❤❡ ❞✉❡ ♣♦❧✐♥♦♠✐ F,G ∈ k[X1, . . . , Xn] ❞❡*❡(♠✐♥❛♥♦ ❧❛ 2*❡22❛

❢✉♥③✐♦♥❡ 2❡ ❡ 2♦❧♦ 2❡ (F − G)(a1, . . . , an) = 0 ∀(a1, . . . , an) ∈ V ✱ ♦✈✈❡(♦ 2❡ ❡

2♦❧♦ 2❡ F −G ∈ I(V )✳
❙✐ ♣✉; >✉✐♥❞✐ ✐❞❡♥*✐✜❝❛(❡ Γ(V ) ❝♦♥ ✐❧ 2♦**♦❛♥❡❧❧♦ ❞✐ F(V, k) ❝♦♥*❡♥❡♥*❡

*✉**❡ ❧❡ ❢✉♥③✐♦♥✐ ♣♦❧✐♥♦♠✐❛❧✐ 2✉ V ✳

❆❧❧♦(❛ ♦❣♥✐ ❡❧❡♠❡♥*♦ ❞✐ Γ(V ) 2✐ ♣✉; ✈❡❞❡(❡ ✐♥ ❞✉❡ ♠♦❞✐✿ ❝♦♠❡ ✉♥❛ ❝❧❛22❡

❞✐ ❡>✉✐✈❛❧❡♥③❛ ❞✐ ♣♦❧✐♥♦♠✐ ✐♥ k[X1, . . . , Xn] ♠♦❞✉❧♦ I(V )❀ ♦♣♣✉(❡ ❝♦♠❡ ✉♥❛

❢✉♥③✐♦♥❡ ♣♦❧✐♥♦♠✐❛❧❡ 2✉ V ✱ ♦✈✈❡(♦ ❝❤❡ 2✉❣❧✐ ❡❧❡♠❡♥*✐ ❞✐ V ❛22✉♠❡ ❧❛ ❢♦(♠❛

❞✐ ✉♥ ♣♦❧✐♥♦♠✐♦✳

❙✐ ♣✉; ♦22❡(✈❛(❡ ❝❤❡ 2❡ V = An
k ❛❧❧♦(❛ f ∈ F(V, k) 0 ✉♥❛ ❢✉♥③✐♦♥❡

♣♦❧✐♥♦♠✐❛❧❡ 2❡ ❡ 2♦❧♦ 2❡ 0 ✉♥ ♣♦❧✐♥♦♠✐♦✳

✷✳✷ ▼❛♣♣❡ ♣♦❧✐♥♦♠✐❛❧✐

❉❡✜♥✐③✐♦♥❡ ✷✳✸✳ ❙✐❛♥♦ V ⊆ An,W ⊆ Am
✈❛(✐❡*+✳ ❯♥❛ ♠❛♣♣❛ ϕ : V → W 0

❞❡**❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡ 2❡ ❡2✐2*♦♥♦ ♣♦❧✐♥♦♠✐ T1, . . . , Tm ∈ k[X1, . . . , Xn] *❛❧✐
❝❤❡ ϕ(a1, . . . , an) = (T1(a1, . . . , an), . . . , Tm(a1, . . . , an)) ∀(a1, . . . , an) ∈ V

❖❣♥✐ ♠❛♣♣❛ ϕ : V → W ✐♥❞✉❝❡ ✉♥ ♦♠♦♠♦(✜2♠♦ ϕ̃ : F(W, k) → F(V, k)
♣♦♥❡♥❞♦ ϕ̃(f) = f ◦ ϕ✳ ❙❡ ϕ 0 ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡ ❛❧❧♦(❛ ϕ̃(Γ(W )) ⊆
Γ(V )✱ >✉✐♥❞✐ ϕ̃ 2✐ ♣✉; (❡2*(✐♥❣❡(❡ ❛❞ ✉♥ ♦♠♦♠♦(✜2♠♦ ❞❛ Γ(W ) ❛ Γ(V )✳

❙❡ f ∈ Γ(W ) 0 ❧❛ ❝❧❛22❡ (❡2*♦ ❞✐ ✉♥ ♣♦❧✐♥♦♠✐♦ F ♠♦❞✉❧♦ I(W )✱ ❛❧❧♦(❛
ϕ̃(f) = f ◦ ϕ 0 ❧❛ ❝❧❛22❡ (❡2*♦ ♠♦❞✉❧♦ I(V ) ❞❡❧ ♣♦❧✐♥♦♠✐♦ F (T1, . . . , Tm)✳

❙❡ V = An,W = Am
❡ T1, . . . , Tm ∈ k[X1, . . . , Xn] ❞❡*❡(♠✐♥❛♥♦ ✉♥❛ ♠❛♣✲

♣❛ ♣♦❧✐♥♦♠✐❛❧❡ T : An → Am
✱ ❛❧❧♦(❛ ✐ Ti 2♦♥♦ ❞❡*❡(♠✐♥❛*✐ ✐♥ ♠♦❞♦ ✉♥✐✈♦❝♦

❞❛ T ✱ ❡ 2✐ 2❝(✐✈❡ >✉✐♥❞✐ T = (T1, . . . , Tm)✳

*+♦♣♦-✐③✐♦♥❡ ✷✳✹✳ ❙✐❛♥♦ V ⊆ An
✱ W ⊆ Am

✈❛.✐❡/0 ❛✣♥✐✳ ❊4✐4/❡ ✉♥❛ ❝♦.✲

.✐4♣♦♥❞❡♥③❛ ♥❛/✉.❛❧❡ /.❛ ❧❡ ♠❛♣♣❡ ♣♦❧✐♥♦♠✐❛❧✐ ϕ : V → W ❡ ❣❧✐ ♦♠♦♠♦.✜4♠✐

ϕ̃ : Γ(W ) → Γ(V )✳ ❖❣♥✐ /❛❧❡ ϕ ; ❧❛ .❡4/.✐③✐♦♥❡ ❞✐ ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡ ❞❛

An
❛❞ Am

✳

❉✐♠♦4/.❛③✐♦♥❡✳ ❙✐ 0 ❣✐+ ♦22❡(✈❛*♦ ✐♥ ♣(❡❝❡❞❡♥③❛ ❝♦♠❡ ❞❛*❛ ✉♥❛ ♠❛♣♣❛ ♣♦❧✐✲

♥♦♠✐❛❧❡ ϕ 2✐ ♣♦22❛ ❛22♦❝✐❛(❡ *(❛♠✐*❡ ❧❛ ❝♦♠♣♦2✐③✐♦♥❡ ❧✬♦♠♦♠♦(✜2♠♦ (❡❧❛*✐✈♦✳



✷✳✸✳ ❈❆▼❇■❖ ❉■ ❈❖❖❘❉■◆❆❚❊ ✶✸

❱✐❝❡✈❡'(❛ (✐❛ α : Γ(W ) → Γ(V ) ✉♥ ♦♠♦♠♦'✜(♠♦✱ ❝♦♥

Γ(W ) =
k[Y1, . . . , Ym]

I(W )
,Γ(V ) =

k[X1, . . . , Xn]

I(V )

✳

❙✐ ♣✉3 (✉♣♣♦''❡ ❝❤❡ Yi (✐❛♥♦ '✐❞♦66✐ ✐♥ Γ(W ) ♠♦❞✉❧♦ I(W )✱ ❞✉♥8✉❡ (✐

♣♦♥❡✿ [Ti(X1, . . . , Xn)] = [Ti] := α(Yi), i = 1, . . . ,m (♦♥♦ ♣♦❧✐♥♦♠✐ ♥❡❧❧❡

✈❛'✐❛❜✐❧✐ X1, . . . , Xn✳

❆❧❧♦'❛ T = (T1, . . . , Tm) : A
n → Am

< ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡ ❝❤❡ ✐♥✲

❞✉❝❡ ❧✬♦♠♦♠♦'✜(♠♦ T̃ : Γ(Am) = k[Y1, . . . , Ym] −→ Γ(An) = k[X1, . . . , Xn]✳
❙✐ ♦((❡'✈❛ ❝❤❡✱ ❞❛6♦ f ∈ Γ(W )✱ (✐ ❤❛ T̃ (f) = f ◦ T = f(T1, . . . , Tm) =
f(α(Y1), . . . , α(Ym)) = α(f) ∈ Γ(V )✱ 8✉✐♥❞✐ T̃ (I(W )) ⊆ I(V ) ❡ T (V ) ⊆ W ✳

❆❧❧♦'❛ T (✐ ♣✉3 '❡(6'✐♥❣❡'❡ ❛ ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡ ϕ : V → W ✱ ❝❤❡ ❛

(✉❛ ✈♦❧6❛ ✐♥❞✉❝❡ ❧✬♦♠♦♠♦'✜(♠♦ ❝♦''✐(♣♦♥❞❡♥6❡ ϕ̃✱ ❡((♦ (✐ < ✈❡'✐✜❝❛6♦ ❡((❡'❡

✉❣✉❛❧❡ ❛❧❧✬♦♠♦♠♦'✜(♠♦ α ❝♦♠❡ ✈♦❧✉6♦✳

❉❡✜♥✐③✐♦♥❡ ✷✳✺✳ ❯♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡ ϕ : V → W < ✉♥ ✐!♦♠♦$✜!♠♦ (❡

❡(✐(6❡ ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡ ❞❛ ψ : W → V 6❛❧❡ ❝❤❡ ψ◦ϕ = idV ✱ ϕ◦ψ = idW ✳

❖++❡,✈❛③✐♦♥❡ ✷✳✻✳ ❯♥✬✐♠♣♦$*❛♥*❡ ❝♦♥!❡❣✉❡♥③❛ ❞❡❧❧❛ ♣$♦♣♦!✐③✐♦♥❡ ♣$❡❝❡❞❡♥*❡

3 ❝❤❡ ❞✉❡ ✈❛$✐❡*6 ❛✣♥✐ !♦♥♦ ✐!♦♠♦$❢❡ !❡ ❡ !♦❧♦ !❡ ✐ ❧♦$♦ ❛♥❡❧❧✐ ❞❡❧❧❡ ❝♦♦$❞✐♥❛*❡

!♦♥♦ ✐!♦♠♦$✜ !✉ k✳

❖++❡,✈❛③✐♦♥❡ ✷✳✼✳ ❙✐❛ ϕ : V → W ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡ *$❛ ✈❛$✐❡*6✱ ❝♦♥

V ⊆ An,W ⊆ Am
✱ ❞❡*❡$♠✐♥❛*❛ ❞❛✐ ♣♦❧✐♥♦♠✐ T1, . . . , Tm ∈ k[X1, . . . , Xn]✳

❆❧❧♦$❛ ♣❡$ ♦❣♥✐ Q ∈ ϕ(V ) !✐ ❤❛ ❝❤❡ ϕ !✐ $❡!*$✐♥❣❡ ❛ ✉♥❛ ♠❛♣♣❛ ϕ̄ : ϕ−1(Q) →
Q ✐♥❞♦**❛ ❞❛✐ ♣♦❧✐♥♦♠✐ T1, . . . , Tm✳

■♥❢❛**✐ Q = (qi, . . . , qm) ∈ W 3 ✉♥❛ ✈❛$✐❡*6✱ ❛❧❧♦$❛

ϕ−1(Q) = V (T1(X1, . . . , Xn)− q1, . . . , Tm(X1, . . . , Xn)− qm)

3 ✉♥ ✐♥!✐❡♠❡ ❛❧❣❡❜$✐❝♦ ❞✐ An
✳

❆ ♠❡♥♦ ❞✐ ❝♦♥!✐❞❡$❛$❡ ❧❡ ❝♦♠♣♦♥❡♥*✐ ✐$$✐❞✉❝✐❜✐❧✐ ❞✐ ϕ−1(Q) *❛❧❡ $❡!*$✐✲

③✐♦♥❡ ✐♥❞✉❝❡✱ ❞❛❧❧❛ ♣$♦♣♦!✐③✐♦♥❡ ❛♣♣❡♥❛ ✈✐!*❛✱ ✉♥ ♦♠♦♠♦$✜!♠♦ ψQ : Γ(Q) →
Γ(ϕ−1(Q))✱ ❞❡✜♥✐*❛ ❞❛ f 7→ f ◦ ϕ̄✱ ❝♦♥ f ◦ ϕ̄ = f ◦ ϕ ♣❡$❝❤@ ❛❧*$✐♠❡♥*✐✱ ❞❛❧❧❛

❝♦$$✐!♣♦♥❞❡♥③❛ *$❛ ♠❛♣♣❡ ♣♦❧✐♥♦♠✐❛❧✐ ❡ ♦♠♦♠♦$✜!♠✐ *$❛ ✐ $❡❧❛*✐✈✐ ❛♥❡❧❧✐ ❞❡❧❧❡

❝♦♦$❞✐♥❛*❡✱ !✐ ❛✈$❡❜❜❡ ❝❤❡ ϕ̄ ♥♦♥ 3 $❡!*$✐③✐♦♥❡ ❞✐ ϕ✳

✷✳✸ ❈❛♠❜✐♦ ❞✐ ❝♦♦+❞✐♥❛-❡

❙❡ T = (T1, . . . , Tm) < ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡ ❞❛ An
❛❞ Am

✱ ❡ F < ✉♥

♣♦❧✐♥♦♠✐♦ ✐♥ k[X1, . . . , Xn]✱ (✐ ♣♦♥❡ F
T = T̃ (F ) = F (T1, . . . , Tm)✳



✶✹ ❈❆"■❚❖▲❖ ✷✳ ❱❆❘■❊❚➚ ❆❋❋■◆■

"❡$ ✉♥ ✐❞❡❛❧❡ I ✐♥ k[Y1, . . . , Ym] ❡ ✉♥ ✐♥+✐❡♠❡ ❛❧❣❡❜$✐❝♦ V ✐♥ Am
✿

• IT ❞❡♥♦2❡$3 ❧✬✐❞❡❛❧❡ ✐♥ k[X1, . . . , Xn] ❣❡♥❡$❛2♦ ❞❛ {F T | F ∈ I}❀
•V T

❞❡♥♦2❡$3 ❧✬✐♥+✐❡♠❡ ❛❧❣❡❜$✐❝♦ T−1(V ) = V (IT )✱ ❞♦✈❡ I = I(V )✳
❙❡ V : ❧✬✐♣❡$+✉♣❡$✜❝✐❡ $❡❧❛2✐✈❛ ❛❞ F ✱ ❛❧❧♦$❛ V T

: ❧✬✐♣❡$+✉♣❡$✜❝✐❡ ❛++♦❝✐❛2❛

❛ F T
✱ +❡ F T

: ♥♦♥ ❝♦+2❛♥2❡✳

❉❡✜♥✐③✐♦♥❡ ✷✳✽✳ ❯♥ ❝❛♠❜✐♦ ❞✐ ❝♦♦'❞✐♥❛)❡ ❛✣♥✐ ✐♥ An
: ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦✲

♠✐❛❧❡ T = (T1, . . . , Tm) : A
n → Am

2❛❧❡ ❝❤❡ ♦❣♥✐ Ti : ✉♥ ♣♦❧✐♥♦♠✐♦ ❞✐ ❣$❛❞♦

✶ ❡ T : ❜✐❡22✐✈❛✳

❙❡ Ti =
∑m

j=1 aijXj + ai0✱ ❛❧❧♦$❛ T = T ′′ ◦ T ′
✱ ❞♦✈❡ T ′

: ♠❛♣♣❛ ❜✐❧✐♥❡❛$❡✱

❝✐♦: T ′
i =

∑m

j=1 aijXj✱ ❡ T
′′
: ✉♥❛ 2$❛+❧❛③✐♦♥❡✱ ♦✈✈❡$♦ T ′′

i = Xi + ai0✳ ❉❛2♦

❝❤❡ ♦❣♥✐ 2$❛+❧❛③✐♦♥❡ ❤❛ ✉♥✬✐♥✈❡$+❛✱ ❝❤❡ : ❛♥❝❤✬❡++❛ ✉♥❛ 2$❛+❧❛③✐♦♥❡✱ +❡❣✉❡ ❝❤❡

T : ❜✐❡22✐✈❛ +❡ ❡ +♦❧♦ +❡ T ′
: ✐♥✈❡$2✐❜✐❧❡✳

❙❡ T ❡ U +♦♥♦ ❞✉❡ ❝❛♠❜✐ ❞✐ ❝♦♦$❞✐♥❛2❡ ❛✣♥✐ +✉ An
✱ ❛❧❧♦$❛ ❧♦ +♦♥♦ ❛♥❝❤❡

T ◦ U ❡ T−1
✳

❙✐ ♦++❡$✈❛ ✐♥♦❧2$❡ ❝❤❡ T : ✐+♦♠♦$✜+♠♦ ❞❡❧❧❛ ✈❛$✐❡23 An
+✉ +❡ +2❡++❛✳

✷✳✹ ❋✉♥③✐♦♥✐ )❛③✐♦♥❛❧✐ ❡ ❛♥❡❧❧✐ ❧♦❝❛❧✐

❉❡✜♥✐③✐♦♥❡ ✷✳✾✳ ❙✐❛ V ✉♥❛ ✈❛$✐❡23 ♥♦♥ ✈✉♦2❛ ❞✐ An
✱ Γ(V ) ✐❧ +✉♦ ❛♥❡❧❧♦

❞❡❧❧❡ ❝♦♦$❞✐♥❛2❡ ❛✣♥✐✳ ❉❛2♦ ❝❤❡ Γ(V ) : ✉♥ ❞♦♠✐♥✐♦✱ ♣♦++✐❛♠♦ ❞❡✜♥✐$❡ ✐❧ +✉♦

❝❛♠♣♦ C✉♦③✐❡♥2❡✳ ❚❛❧❡ ❝❛♠♣♦ : ❝❤✐❛♠❛2♦ ❝❛♠♣♦ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ '❛③✐♦♥❛❧✐ 1✉

V ❡ +✐ ❞❡♥♦2❛ ❝♦♥ k(V )✳ ❯♥ ❡❧❡♠❡♥2♦ ❞✐ k(V ) : ✉♥❛ ❢✉♥③✐♦♥❡ '❛③✐♦♥❛❧❡ +✉ V ✳

❙❡ f : ✉♥❛ ❢✉♥③✐♦♥❡ $❛③✐♦♥❛❧❡ +✉ V ✱ ❡ +✐❛ ❞❛2♦ P ∈ V ✱ ❞✐❝✐❛♠♦ ❝❤❡ f :

❞❡✜♥✐)❛ ✐♥ P +❡ ❡+✐+2♦♥♦ a, b ∈ Γ(V ) 2❛❧✐ ❝❤❡ f = a/b ❝♦♥ b(P ) 6= 0✳

❖++❡$✈✐❛♠♦ ❝❤❡ ❝✐ ♣♦++♦♥♦ ❡++❡$❡ ❞✐✈❡$+✐ ♠♦❞✐ ❞✐ +❝$✐✈❡$❡ f ❝♦♠❡ $❛♣♣♦$2♦

❞✐ ❢✉♥③✐♦♥✐ ♣♦❧✐♥♦♠✐❛❧✐✳ ❆❧❧♦$❛ f : ❞❡✜♥✐2❛ ✐♥ P +❡ : ♣♦++✐❜✐❧❡ 2$♦✈❛$❡ ✉♥

✧❞❡♥♦♠✐♥❛2♦$❡✧ ♣❡$ f ❝❤❡ ♥♦♥ +✐ ❛♥♥✉❧❧✐ ✐♥ P ✳
❙❡ Γ(V ) : ❯❋❉ +✐ ♣✉J +❝$✐✈❡$❡ f ✐♥ ♠♦❞♦ ❡++❡♥③✐❛❧♠❡♥2❡ ✉♥✐❝♦ ❝♦♠❡

f = a
b
❞♦✈❡ a ❡ b ♥♦♥ ❤❛♥♥♦ ❢❛22♦$✐ ❝♦♠✉♥✐✱ ❛❧❧♦$❛ f : ❞❡✜♥✐2❛ ✐♥ P +❡ ❡ +♦❧♦

+❡ b(P ) 6= 0✳

❊1❡♠♣✐♦ ✷✳✶✵✳ ❙✐❛ V = V (XW − Y Z) ⊆ A4
k✳ ❆❧❧♦$❛

Γ(V ) = k[X, Y, Z,W ]/(XW − Y Z).

❙✐❛♥♦ x̄, ȳ, z̄, w̄ ✐ $❡*✐❞✉✐ ❞✐ X, Y, Z,W ∈ Γ(V )❀ ❛❧❧♦$❛ x̄/ȳ = z̄/w̄ = f ∈
k(V ) . ❞❡✜♥✐0❛ ✐♥ P = (x0, y0, z0, w0) ∈ V *❡ y0 6= 0 ♦♣♣✉$❡ w0 6= 0✳ ■♥

♣❛$0✐❝♦❧❛$❡ *✐ ♦**❡$✈❛ ❝❤❡ Γ(V ) ♥♦♥ . ❯❋❉ ❡ ❞✉♥9✉❡ ❡*✐*0❡ ♣✐: ❞✐ ✉♥❛ ♣♦**✐❜✐❧❡

$❛♣♣$❡*❡♥0❛③✐♦♥❡ ♣❡$ f ✳



✷✳✹✳ ❋❯◆❩■❖◆■ ❘❆❩■❖◆❆▲■ ❊ ❆◆❊▲▲■ ▲❖❈❆▲■ ✶✺

❉❡✜♥✐③✐♦♥❡ ✷✳✶✶✳ ❙✐❛ P ∈ V ✱ ❞❡✜♥✐❛♠♦ OP (V ) ❝♦♠❡ ❧✬✐♥/✐❡♠❡ ❞❡❧❧❡ ❢✉♥③✐♦✲

♥✐ 4❛③✐♦♥❛❧✐ /✉ V ❝❤❡ /♦♥♦ ❞❡✜♥✐6❡ ✐♥ P ✳ ❙✐ ♣✉9 ✈❡4✐✜❝❛4❡ ❝❤❡ OP (V ) ❢♦4♠❛

✉♥ /♦66♦❛♥❡❧❧♦ ❞✐ k(V ) ❝♦♥6❡♥❡♥6❡ Γ(V )✱ ✐♥ ♣❛46✐❝♦❧❛4❡ ✈❛❧❣♦♥♦ ❧❡ /❡❣✉❡♥6✐

✐♥❝❧✉/✐♦♥✐✿

k ⊆ Γ(V ) ⊆ OP (V ) ⊆ k(V ).

▲✬❛♥❡❧❧♦ OP (V ) > ❝❤✐❛♠❛6♦ ❛♥❡❧❧♦ ❧♦❝❛❧❡ ❞✐ V ✐♥ P ✳

*+♦♣♦-✐③✐♦♥❡ ✷✳✶✷✳ ✭✶✮ ▲✬✐♥*✐❡♠❡ ❞❡✐ ♣♦❧✐ ❞✐ ✉♥❛ ❢✉♥③✐♦♥❡ 0❛③✐♦♥❛❧❡ 1 ✉♥

*♦22♦✐♥*✐❡♠❡ ❛❧❣❡❜0✐❝♦ ❞✐ V ✳

✭✷✮ Γ(V ) =
⋂

P∈V

OP (V )✳

❉✐♠♦*20❛③✐♦♥❡✳ ✭✶✮✿ ❙✐ /✉♣♣♦♥❣❛ V ⊆ An
✱ ❡ ♣❡4 G ∈ k[X1, . . . , Xn] /✐ ❞❡♥♦6✐

❝♦♥ Ḡ ❧❛ ❝❧❛//❡ 4❡/6♦ ❞✐ G ✐♥ Γ(V )✳
❙✐❛ f ∈ k(V ) ✉♥❛ ❢✉♥③✐♦♥❡ 4❛③✐♦♥❛❧❡ /✉ V ✱ /✐ ❞❡✜♥✐/❝❡✿

Jf = {G ∈ k[X1, . . . , Xn] | Ḡf ∈ Γ(V )}.
❆❧❧♦4❛ V (Jf ) > ❧✬✐♥/✐❡♠❡ ❞❡✐ ♣✉♥6✐ ❞♦✈❡ f ♥♦♥ > ❞❡✜♥✐6❛✳ ❙✐ ♦//❡4✈❛ ✐♥✲

♥❛♥③✐6✉66♦ ❝❤❡ ❞❛6♦ F ∈ k[X1, . . . , Xn] ❡ P ∈ V ❛❧❧♦4❛ F (P ) = 0 /❡ ❡

/♦❧♦ /❡ F̄ (P ) = 0✱ ✐♥❢❛66✐ ♣❡4 P ∈ V /✐ ❤❛ F = F̄ + H,H ∈ I(V ) ❡

H(P ) = 0 ♣❡4 ❞❡✜♥✐③✐♦♥❡✳ ❙✐❛ P ♣♦❧♦ ♣❡4 f ✱ ❛❧❧♦4❛ ♣❡4 ♦❣♥✐ 4❛♣♣4❡/❡♥6❛✲

③✐♦♥❡ f = aλ/bλ, aλ, bλ ∈ k[X1, . . . , Xn], λ ∈ Λ /✐ ❤❛ bλ(P ) = 0✳ ❙✐❛ G ∈ Jf
❛❧❧♦4❛ ∃λ ∈ Λ 6❛❧❡ ❝❤❡ Ḡaλ

bλ
∈ Γ(V ) ⇒ bλ | Ḡ⇒ Ḡ(P ) = 0 ⇒ P ∈ V (Jf )✳

❙✐❛ P ∈ V (Jf )❀ ❛❧❧♦4❛ bλ ∈ Jf ∀λ ∈ Λ✱ ✐♥❢❛66✐ ❜❛/6❛ /❝4✐✈❡4❡ f = aλ
bλ

❞♦✈❡

/✐ /✉♣♣♦♥❡ bλ ❣✐B 4✐❞♦66♦ ♠♦❞✉❧♦ I(V )✱ ❛❧❧♦4❛ bλ(P ) = 0 ∀λ ∈ Λ✱ ♦✈✈❡4♦ P >

♣♦❧♦ ♣❡4 f ✳
✭✷✮✿ ▲✬✐♥❝❧✉/✐♦♥❡ (⊆) > ♦✈✈✐❛ ❞❛6♦ ❝❤❡ Γ(V ) ⊆ OP (V ) ∀P ∈ V ✳ ❙✐❛ ✐♥✈❡❝❡

f ∈ ⋂
P∈V OP (V )✱ ❛❧❧♦4❛ ❧✬✐♥/✐❡♠❡ ❞❡✐ ♣♦❧✐ ❞✐ f > ✈✉♦6♦✱ ♦✈✈❡4♦ V (Jf ) = ∅✱

C✉✐♥❞✐ ❞❛❧ 6❡♦4❡♠❛ ❞❡❣❧✐ ③❡4✐ ❞✐ ❍✐❧❜❡46 ✭6❡♦4❡♠❛ ✶✳✶✷✮ /✐ ❤❛ ❝❤❡ 1 ∈ Jf ✳
◗✉✐♥❞✐ ♣❡4 ❝♦♠❡ > ❞❡✜♥✐6♦ Jf /✐ ❤❛ f = 1 · f ∈ Γ(V ) ❝♦♠❡ /✐ ✈♦❧❡✈❛✳

❙✉♣♣♦♥✐❛♠♦ f ∈ OP (V )✱ ♣♦//✐❛♠♦ ❞❡✜♥✐4❡ ✐❧ ✈❛❧♦4❡ ❞✐ f ✐♥ P ❝♦♠❡ /❡❣✉❡✿

/❝4✐✈✐❛♠♦ f = a/b✱ ❝♦♥ a, b ∈ Γ(V ), b(P ) 6= 0 ❡ ♣♦♥✐❛♠♦ f(P ) = a(P )/b(P )✳
■❧ ✈❛❧♦4❡ ❞✐ f(P ) > ✐♥❞✐♣❡♥❞❡♥6❡ ❞❛❧❧❛ /❝❡❧6❛ ❞✐ a ❡ b✳

❉❡✜♥✐③✐♦♥❡ ✷✳✶✸✳ ▲✬✐❞❡❛❧❡ mP (V ) = {f ∈ OP (V ) | f(P ) = 0} > ❝❤✐❛✲

♠❛6♦ ❧✬✐❞❡❛❧❡ ♠❛**✐♠❛❧❡ ❞✐ V ✐♥ P ✳ ❊//♦ > ✐❧ ♥✉❝❧❡♦ ❞❡❧❧✬♦♠♦♠♦4✜/♠♦ ❞✐

✈❛❧✉6❛③✐♦♥❡ OP (V ) → k ❝❤❡ ♠❛♥❞❛ f 7→ f(P )✳

◗✉✐♥❞✐

OP (V )

mP (V )
> ✐/♦♠♦4❢♦ ❛ k✳

❙✐ ♦//❡4✈❛ ❝❤❡ ✉♥ ❡❧❡♠❡♥6♦ f ∈ OP (V ) > ✉♥✬✉♥✐6B ✐♥ OP (V ) /❡ ❡ /♦❧♦ /❡

f(P ) 6= 0✱ C✉✐♥❞✐✿ mP (V ) = {♥♦♥ ✉♥✐6B ❞✐ OP (V )}.
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▲❡♠♠❛ ✷✳✶✹✳ ▲❡ "❡❣✉❡♥&✐ ❝♦♥❞✐③✐♦♥✐ "✉ ✉♥ ❛♥❡❧❧♦ R "♦♥♦ ❡.✉✐✈❛❧❡♥&✐✿

✭✶✮ ▲✬✐♥"✐❡♠❡ ❞❡❧❧❡ ♥♦♥ ✉♥✐&6 ✐♥ R ❢♦8♠❛ ✉♥ ✐❞❡❛❧❡❀

✭✷✮ R ❤❛ ✉♥ ✉♥✐❝♦ ✐❞❡❛❧❡ ♠❛""✐♠❛❧❡ ❝❤❡ ❝♦♥&✐❡♥❡ ♦❣♥✐ ✐❞❡❛❧❡ ♣8♦♣8✐♦ ❞✐

R✳

❉✐♠♦"&8❛③✐♦♥❡✳ ❙✐ ♣♦♥❣❛ m = {♥♦♥ ✉♥✐*+ ❞✐ R}✳ ❙✐❛ I ✐❞❡❛❧❡ ♣0♦♣0✐♦ ❞✐ R✱
2❡ I ♥♦♥ ❢♦22❡ ❝♦♥*❡♥✉*♦ ✐♥ m ❛❧❧♦0❛ ❡2✐2*❡0❡❜❜❡ a ∈ I ✐♥✈❡0*✐❜✐❧❡✱ ♠❛ ❛❧❧♦0❛

1 ∈ I ❡ 8✉✐♥❞✐ I = R ❝♦♥*0♦ ❧✬✐♣♦*❡2✐ 2✉ I✳
❖0❛✱ 2❡ m ; ✐❞❡❛❧❡ ♣❡0 R ❛❧❧♦0❛ ❡22♦ ; ❧✬✉♥✐❝♦ ✐❞❡❛❧❡ ♠❛22✐♠❛❧❡ ❞✐ R ❞❛*♦

❝❤❡ ❝♦♥*✐❡♥❡ ♦❣♥✐ ✐❞❡❛❧❡ ♣0♦♣0✐♦ ❞✐ R✳
❱✐❝❡✈❡02❛✱ 2✐❛ M ❧✬✐❞❡❛❧❡ ♠❛22✐♠❛❧❡ ❞✐ R✱ ❛❧❧♦0❛ ❝❤✐❛0❛♠❡♥*❡ M ⊆ m

♣❡0❝❤> ❛❧*0✐♠❡♥*✐ 2✐ ❛✈0❡❜❜❡ M = R✳ ❉✬❛❧*0❛ ♣❛0*❡ 2✐❛ x ∈ m ❡ 2✐ ❝♦♥2✐❞❡0✐

(x) E R ❧✬✐❞❡❛❧❡ ❣❡♥❡0❛*♦ ❞❛ x✱ ❡22♦ ; ✐❞❡❛❧❡ ♣0♦♣0✐♦ ♣❡0❝❤> ❛❧*0✐♠❡♥*✐ 2✐

❛✈0❡❜❜❡ x ✐♥✈❡0*✐❜✐❧❡ ❝♦♥*0♦ ❧✬✐♣♦*❡2✐✳ ❆❧❧♦0❛ (x) ⊆ M✱ ❡ 8✉✐♥❞✐ x ∈ M✳

❉❡✜♥✐③✐♦♥❡ ✷✳✶✺✳ ❯♥ ❛♥❡❧❧♦ ❝❤❡ 2♦❞❞✐2❢❛ ❧❡ ❝♦♥❞✐③✐♦♥✐ ❞❡❧ ❧❡♠♠❛ ; ❝❤✐❛♠❛*♦

❛♥❡❧❧♦ ❧♦❝❛❧❡✱ ❧❡ ✉♥✐*+ 2♦♥♦ 8✉❡❣❧✐ ❡❧❡♠❡♥*✐ ❝❤❡ ♥♦♥ ❛♣♣❛0*❡♥❣♦♥♦ ❛❧❧✬✐❞❡❛❧❡

♠❛22✐♠❛❧❡✳

❆❜❜✐❛♠♦ ✈✐2*♦ ❝❤❡ OP (V ) ; ✉♥ ❛♥❡❧❧♦ ❧♦❝❛❧❡ ❡ mP (V ) ; ✐❧ 2✉♦ ✐❞❡❛❧❡

♠❛22✐♠❛❧❡✳

❚✉**❡ ❧❡ ♣0♦♣0✐❡*+ ❞✐ V ❝❤❡ ❞✐♣❡♥❞♦♥♦ 2♦❧♦ ❞❛ ✉♥ ✐♥*♦0♥♦ ❞✐ P 2✐ 0✐✢❡**♦♥♦

2✉ OP (V )✳

/0♦♣♦2✐③✐♦♥❡ ✷✳✶✻✳ OP (V ) ? ✉♥ ❞♦♠✐♥✐♦ ❧♦❝❛❧❡ ◆♦❡&❤❡8✐❛♥♦✱ ❝✐♦? ♦❣♥✐

✐❞❡❛❧❡ ♣8♦♣8✐♦ ❞✐ OP (V ) ? ✜♥✐&❛♠❡♥&❡ ❣❡♥❡8❛&♦✳

❉✐♠♦"&8❛③✐♦♥❡✳ ❈❤✐❛0❛♠❡♥*❡ OP (V ) ; ✉♥ ❞♦♠✐♥✐♦ ❧♦❝❛❧❡ ♣❡0 8✉❛♥*♦ ❞❡*✲

*♦ 2♦♣0❛✱ ❜✐2♦❣♥❛ ♠♦2*0❛0❡ ❝❤❡ ♦❣♥✐ ✐❞❡❛❧❡ ; ✜♥✐*❛♠❡♥*❡ ❣❡♥❡0❛*♦✳ ❙✐ ✈❡✲

❞❡ ❝❤❡ k[X1, . . . , Xn] ◆♦❡*❤❡0✐❛♥♦ ✐♠♣❧✐❝❛ Γ(V ) ◆♦❡*❤❡0✐❛♥♦✱ 2✐❛♥♦ 8✉✐♥❞✐

f1, . . . , fr ∈ Γ(V ) ❞❡✐ ❣❡♥❡0❛*♦0✐ ♣❡0 ❧✬✐❞❡❛❧❡ I ∩ Γ(V ) ✐♥ Γ(V )✱ 2✐ ✈✉♦❧❡

♠♦2*0❛0❡ ❝❤❡ 8✉❡2*✐ 2♦♥♦ ❞❡✐ ❣❡♥❡0❛*♦0✐ ❛♥❝❤❡ ♣❡0 I ✐♥ OP (V )✳
❙✐❛ f ∈ I✱ ❛❧❧♦0❛ ❡2✐2*❡ b ∈ Γ(V ) *❛❧❡ ❝❤❡ b(P ) 6= 0 ❡ bf ∈ Γ(V )✱ ❛❧❧♦0❛

bf ∈ I ∩ Γ(V )✳ ◗✉✐♥❞✐ bf =
r∑

i=1

aifi, ai ∈ Γ(V )✱ ♠❛ ❛❧❧♦0❛ f =
r∑

i=1

(ai/b)fi

❝♦♠❡ 2✐ ✈♦❧❡✈❛✳

✷✳✺ ❆♥❡❧❧✐ ❞✐ ✈❛❧✉,❛③✐♦♥❡ ❞✐/❝1❡,❛

/0♦♣♦2✐③✐♦♥❡ ✷✳✶✼✳ ❙✐❛ R ✉♥ ❞♦♠✐♥✐♦ ❝❤❡ ♥♦♥ ? ✉♥ ❝❛♠♣♦✳ ❙❡ R ? ◆♦❡✲

&❤❡8✐❛♥♦ ❡ ❧♦❝❛❧❡✱ ❡ ❧✬✐❞❡❛❧❡ ♠❛""✐♠❛❧❡ ? ♣8✐♥❝✐♣❛❧❡✱ ❛❧❧♦8❛ ❡"✐"&❡ ✉♥ ❡❧❡♠❡♥&♦
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✐!!✐❞✉❝✐❜✐❧❡ t ∈ R (❛❧❡ ❝❤❡ ♦❣♥✐ ❡❧❡♠❡♥(♦ ♥♦♥ ♥✉❧❧♦ z ∈ R ♣✉0 ❡11❡!❡ 1❝!✐((♦

✐♥ ♠♦❞♦ ✉♥✐❝♦ ♥❡❧❧❛ ❢♦!♠❛ z = tnu ❝♦♥ u ✉♥✐(3 ✐♥ R ❡ n ∈ N✳

❉✐♠♦1(!❛③✐♦♥❡✳ ❙✐❛ m ❧✬✐❞❡❛❧❡ ♠❛**✐♠❛❧❡ ❞✐ R✱ ❡**♦ - ❝♦♠♣♦*0♦ ❞❛❧❧❡ ♥♦♥✲

✉♥✐04 ❞✐ R ❞❛0♦ ❝❤❡ R - ❧♦❝❛❧❡❀ *✐ ❝♦♥*✐❞❡7✐ t ❣❡♥❡7❛0♦7❡ ❞✐ m✳

❉✐♠♦*07✐❛♠♦ ✐♥♥❛♥③✐0✉00♦ ❧✬✉♥✐❝✐04 ❞❡❧❧❛ *❝7✐00✉7❛✿ *✐ *✉♣♣♦♥❣❛ ❞✐ ❛✈❡7❡

utn = vtm ❝♦♥ u, v ✉♥✐04 ❞✐ R ❡ n ≥ m ✐♥0❡7✐ ♥♦♥ ♥❡❣❛0✐✈✐✳ ❆❧❧♦7❛ utn−m = v
- ✉♥✬✉♥✐04✱ ?✉✐♥❞✐ n = m ❡ v = u❀ ✐♥❢❛00✐ *❡ ❢♦**❡ n 6= m ❛❧❧♦7❛ v ∈ m ❝❤❡

♥♦♥ - ♣♦**✐❜✐❧❡ ❞❛0♦ ❝❤❡ m ❝♦♥0✐❡♥❡ *♦❧♦ ❧❡ ♥♦♥✲✉♥✐04 ❞✐ R✳
B❛**✐❛♠♦ ♦7❛ ❛❧❧✬❡*✐*0❡♥③❛✱ *✐ ♣✉C *✉♣♣♦77❡ ❞✐ ❛✈❡7❡ z ♥♦♥✲✉♥✐04 ❛❧07✐♠❡♥0✐

*✐ - ❣✐4 ❝♦♥❝❧✉*♦✳ ❆❧❧♦7❛✱ *✐❝❝♦♠❡ m - ♣7✐♥❝✐♣❛❧❡ *✐ ❤❛ z = z1t ♣❡7 ?✉❛❧❝❤❡

z1 ∈ R✳ ❙❡ z1 - ✉♥✬✉♥✐04 *✐ - ❝♦♥❝❧✉*♦✱ ❛❧07✐♠❡♥0✐ *✐ ♣✉C *❝7✐✈❡7❡ z1 = z2t
❝♦♠❡ ❢❛00♦ ♣7❡❝❡❞❡♥0❡♠❡♥0❡✳

❈♦♥0✐♥✉❛♥❞♦ ✐♥ ?✉❡*0♦ ♠♦❞♦✱ *❡ ♣❡7 ❛**✉7❞♦ *✐ 07♦✈❛ ✉♥❛ *❡?✉❡♥③❛ ✐♥✜♥✐0❛

z1, z2, . . . ❞✐ ♥♦♥✲✉♥✐04 ❞✐ R ❝♦♥ zi = zi+1t✱ ❛❧❧♦7❛ ❡**❡♥❞♦ R ◆♦❡0❤❡7✐❛♥♦ *✐

❤❛ ❝❤❡ ❧❛ ❝❛0❡♥❛ ❞✐ ✐❞❡❛❧✐ (z1) ⊂ (z2) ⊂ . . . ❞❡✈❡ ❛✈❡7❡ ✉♥ ♠❛**✐♠❛❧❡✳ ◗✉✐♥❞✐

❡*✐*0❡ n ∈ N 0❛❧❡ ❝❤❡ (zn+1) = (zn)✱ ❛❧❧♦7❛ zn+1 = vzn ❝♦♥ v ∈ R✳ ❙❡❣✉❡

❝❤❡ zn = vtzn ⇒ vt = 1✱ ♠❛ ?✉❡*0♦ - ❛**✉7❞♦ ♣❡7❝❤- t ♥♦♥ - ✉♥✬✉♥✐04 ❞✐

R✳ ❆❧❧♦7❛ *✐ ❞❡✈❡ ❛✈❡7❡ ❝❤❡ zj ∈ R - ✉♥✬✉♥✐04 ♣❡7 ?✉❛❧❝❤❡ j ∈ N✱ ❡ ?✉✐♥❞✐

z = zjt
j−1

❝♦♠❡ *✐ ✈♦❧❡✈❛✳

❉❡✜♥✐③✐♦♥❡ ✷✳✶✽✳ ❯♥ ❛♥❡❧❧♦ R ❝❤❡ *♦❞❞✐*❢❛ ❧❡ ❝♦♥❞✐③✐♦♥✐ *♦♣7❛ - ❞❡00♦ ✉♥

❛♥❡❧❧♦ ❞✐ ✈❛❧✉(❛③✐♦♥❡ ❞✐1❝!❡(♦ ✭❉❱❘✮✳ ❯♥ ❡❧❡♠❡♥0♦ t ∈ R ❝♦♠❡ ♥❡❧ ♣✉♥0♦ ✭✷✮

❞❡❧❧❛ ♣7♦♣♦*✐③✐♦♥❡ *♦♣7❛ - ❞❡00♦ ♣❛!❛♠❡(!♦ ✉♥✐❢♦!♠✐③③❛♥(❡ ♣❡7 R❀ ♦❣♥✐ ❛❧07♦
♣❛7❛♠❡07♦ ✉♥✐❢♦7♠✐③③❛♥0❡ - ❞❡❧❧❛ ❢♦7♠❛ ut✱ ❝♦♥ u ✉♥✐04 ✐♥ R✳

❙✐❛ K ✐❧ ❝❛♠♣♦ ?✉♦③✐❡♥0❡ ❞✐ R✱ ❛❧❧♦7❛ ?✉❛♥❞♦ t - ✜**❛0♦ ♦❣♥✐ ❡❧❡♠❡♥0♦

♥♦♥ ♥✉❧❧♦ z ∈ K ❤❛ ✉♥✬✉♥✐❝❛ ❡*♣7❡**✐♦♥❡ z = tnu✱ ❝♦♥ u ✉♥✐04 ❞✐ R✱ n ∈ Z✳

▲✬❡*♣♦♥❡♥0❡ n ❞✐ u - ❞❡00♦ ❧✬♦!❞✐♥❡ ❞✐ z✱ *❝7✐00♦ n = ord(z)✳ ❙✐ ♣♦♥❡ ord(0) =
∞✳

❙✐ ♦**❡7✈❛ ❝❤❡ R = {z ∈ K | ord(z) ≥ 0} ❡ m = {z ∈ K | ord(z) > 0}
✐❞❡❛❧❡ ♠❛**✐♠❛❧❡ ✐♥ R✳

❉❡✜♥✐③✐♦♥❡ ✷✳✶✾✳ ❯♥❛ ✈❛❧✉(❛③✐♦♥❡ ❞✐1❝!❡(❛ *✉ ✉♥ ❝❛♠♣♦ K - ✉♥❛ ❢✉♥③✐♦♥❡

v : K → Z ∪∞ ❝❤❡ *♦❞❞✐*❢❛✿

✶✳ v(a) = ∞ ⇔ a = 0✱
✷✳ v(a+ b) ≥ min{v(a), v(b)}✱
✸✳ v(ab) = v(a) + v(b)✳

❆❧❧♦7❛ *✐ ♣✉C ❞✐♠♦*07❛7❡ ❝❤❡ ❧✬✐♥*✐❡♠❡ R = {a ∈ K | v(a) ≥ 0} - ✉♥ ❛♥❡❧❧♦

❞✐ ✈❛❧✉0❛③✐♦♥❡ ❞✐*❝7❡0❛ ❝♦♥ ✐❞❡❛❧❡ ♠❛**✐♠❛❧❡ m = {a ∈ K | v(a) > 0} ❡ ❝❛♠♣♦

?✉♦③✐❡♥0❡ K✳ ❱✐❝❡✈❡7*❛✱ ❞❛0♦ R ❛♥❡❧❧♦ ❞✐ ✈❛❧✉0❛③✐♦♥❡ ❞✐*❝7❡0❛ ❝♦♥ ❝❛♠♣♦

?✉♦③✐❡♥0❡ K✱ ❛❧❧♦7❛ ❧❛ ❢✉♥③✐♦♥❡ ♦7❞✐♥❡ ord: K → Z ∪ ∞ - ✉♥❛ ✈❛❧✉0❛③✐♦♥❡

❞✐*❝7❡0❛ *✉ K✳



✶✽ ❈❆"■❚❖▲❖ ✷✳ ❱❆❘■❊❚➚ ❆❋❋■◆■

✷✳✻ ❙♣❛③✐♦ ♠✉❧,✐♣-♦✐❡,,✐✈♦

❉❡✜♥✐③✐♦♥❡ ✷✳✷✵✳ ❙✐ ❝♦♥'✐❞❡*✐ ❧♦ '♣❛③✐♦ Pn1 × · · ·×Pnr ×Am
✱ ✉♥ ♣♦❧✐♥♦♠✐♦

F ∈ k[X̄1, . . . , X̄r, Ȳ ]✱ ❞♦✈❡ ❝✐❛'❝✉♥❛ ❞❡❧❧❡ ♠✉❧3✐✈❛*✐❛❜✐❧✐ X̄i 5 *✐❢❡*✐3❛ ❛❧❧♦

'♣❛③✐♦ ♣*♦✐❡33✐✈♦ Pni
❡ ❧❛ ♠✉❧3✐✈❛*✐❛❜✐❧❡ Ȳ 5 *✐❢❡*✐3❛ ❛❧❧♦ '♣❛③✐♦ ❛✣♥❡ Am

✱

5 ❜✐♦♠♦❣❡♥❡♦ '❡ 5 ♦♠♦❣❡♥❡♦ *✐'♣❡33♦ ❛ ❝✐❛'❝✉♥❛ ❞❡❧❧❡ ♠✉❧3✐✈❛*✐❛❜✐❧✐ X̄i ♣❡*

i = 1, . . . , n✱ ♠❡♥3*❡ ♥♦♥ ❝✬5 ♥❡''✉♥❛ *❡'3*✐③✐♦♥❡ *✐'♣❡33♦ ❛❧❧❛ ♠✉❧3✐✈❛*✐❛❜✐❧❡

Y ✳

❉❛3♦ ✉♥ ♣♦❧✐♥♦♠✐♦ ❜✐♦♠♦❣❡♥❡♦ F ✱ '✐ ❞✐*< ❝❤❡ ❡''♦ ❤❛ ❣*❛❞♦ (i1, . . . , ir)
'❡ F ❤❛ ❣*❛❞♦ ij >✉❛♥❞♦ ✈✐❡♥❡ ❝♦♥'✐❞❡*❛3♦ ❝♦♠❡ ✉♥ ♣♦❧✐♥♦♠✐♦ ♦♠♦❣❡♥❡♦

♥❡❧❧❛ ♠✉❧3✐✈❛*✐❛❜✐❧❡ X̄j✱ ♦✈✈❡*♦ 5 ♦♠♦❣❡♥❡♦ ❞✐ ❣*❛❞♦ ij *✐'♣❡33♦ ❛❧❧❡ ✈❛*✐❛❜✐❧✐

Xj0, . . . , Xjnj
✳

❉❡✜♥✐③✐♦♥❡ ✷✳✷✶✳ ❙✐❛ S ✉♥ ✐♥'✐❡♠❡ ❞✐ ♣♦❧✐♥♦♠✐ ❜✐♦♠♦❣❡♥❡✐ ✐♥ k[X̄1, . . . , X̄r, Ȳ ]✱
'✐ ♣♦♥❡

V (S)
def
= {(x1, . . . , xr, y) ∈ Pn1×· · ·×Pnr×Am | F (x1, . . . , xr, y) = 0 ∀F ∈ S}.

❆❧❧♦*❛ ✉♥ '♦33♦✐♥'✐❡♠❡ V ❞✐ Pn1 × · · · × Pnr × Am
5 ✉♥ ✐♥'✐❡♠❡ ❛❧❣❡❜*✐❝♦ '❡

V = V (S) ♣❡* >✉❛❧❝❤❡ S ⊆ k[X̄1, . . . , X̄r, Ȳ ]✳

❉❡✜♥✐③✐♦♥❡ ✷✳✷✷✳ ❙✐❛ V ⊆ Pn1 × · · · × Pnr × Am
'✐ ❞❡✜♥✐'❝❡✿

I(V ) = {F ∈ k[X̄1, . . . , X̄r, Ȳ ]❜✐♦♠♦❣❡♥❡♦ | F (z) = 0 ∀z = (x1, . . . , xr, y) ∈ V }

❙✐❛ ♦*❛ I ⊆ k[X̄1, . . . , X̄r, Ȳ ] ✉♥ ✐❞❡❛❧❡✱ ❡''♦ 5 ❜✐♦♠♦❣❡♥❡♦ '❡ ♣❡* ♦❣♥✐

F ∈ k[X̄1, . . . , X̄r, Ȳ ], F =
∑
Fi1,...,ir ∈ I✱ ❝♦♥ Fi1,...,ir ❜✐♦♠♦❣❡♥❡✐ ❞✐ ❣*❛❞♦

(i1, . . . , ir)✱ '✐ ❤❛ Fi1,...,ir ∈ I✳

❉❡✜♥✐③✐♦♥❡ ✷✳✷✸✳ ❉❛3♦ V ⊆ Pn1 × · · · × Pnr × Am
✉♥ ✐♥'✐❡♠❡ ❛❧❣❡❜*✐❝♦

✐**✐❞✉❝✐❜✐❧❡✱ ❞✐ ❞❡✜♥✐'❝❡ ❧✬❛♥❡❧❧♦ ❞❡❧❧❡ ❝♦♦*❞✐♥❛-❡ ❜✐♦♠♦❣❡♥❡❡

Γ(V ) = k[X̄1, . . . , X̄r, Ȳ ]/I(V ),

❡ k(V ) ✐❧ '✉♦ ❝❛♠♣♦ >✉♦③✐❡♥3❡✳



❈❛♣✐$♦❧♦ ✸

❱❛)✐❡$+✱ ♠♦)✜/♠✐ ❡ ♠❛♣♣❡

)❛③✐♦♥❛❧✐

✸✳✶ ❚♦♣♦❧♦❣✐❛ ❞✐ ❩❛,✐-❦✐ ❡ ❱❛,✐❡12

❙✐❛ X = Pn1×· · ·×Pnr ×Am
✱ ❧❛  ♦♣♦❧♦❣✐❛ ❞✐ ❩❛)✐*❦✐ %✉ X ' ❞❡✜♥✐,❛ ♥❡❧ ♠♦❞♦

%❡❣✉❡♥,❡✿ ✉♥ ✐♥%✐❡♠❡ U ⊆ X ' ❛♣❡2,♦ %❡ X \ U ' ✉♥ %♦,,♦✐♥%✐❡♠❡ ❛❧❣❡❜2✐❝♦

❞✐ X✳ ■❧ ❢❛,,♦ ❝❤❡ 9✉❡%,❛ ❞❡✜♥✐③✐♦♥❡ %♦❞❞✐%✜ ❧❡ ♣2♦♣2✐❡,; ❞✐ ✉♥❛ ,♦♣♦❧♦❣✐❛

%❡❣✉❡ ❞❛❧❧❡ ♣2♦♣2✐❡,; ❞❡❣❧✐ ✐♥%✐❡♠✐ ❛❧❣❡❜2✐❝✐ ✭✈❡❞❡2❡ ♣2♦♣♦%✐③✐♦♥❡ ✶✳✹✮✱ ❝♦♠❡

❣✐; ♦%%❡2✈❛,♦ ♥❡❧ ♣2✐♠♦ ❝❛♣✐,♦❧♦✳

❖❣♥✐ %♦,,♦✐♥%✐❡♠❡ V ❞✐ X ' ❞♦,❛,♦ ❞❡❧❧❛ ,♦♣♦❧♦❣✐❛ ✐♥❞♦,,❛✳ ■♥ ♣❛2,✐❝♦❧❛2❡✱

%❡ V ' ✉♥❛ ✈❛2✐❡,; ❞✐ X✱ ✉♥ %♦,,♦✐♥%✐❡♠❡ ❞✐ V ' ❝❤✐✉%♦ %❡ ❡ %♦❧♦ %❡ ' ❛❧❣❡❜2✐❝♦✳

❙❡ X = A1
♦ P1

✱ ✐ %♦,,♦✐♥%✐❡♠✐ ❝❤✐✉%✐ ♣2♦♣2✐ ❞✐ X %♦♥♦ %♦❧♦ ✐ %♦,,♦✐♥%✐❡♠✐

✜♥✐,✐✳ ❙❡ X = A2
♦ P2

✱ ✐ %♦,,♦✐♥%✐❡♠✐ ❝❤✐✉%✐ ♣2♦♣2✐ %♦♥♦ ❝♦%,✐,✉✐,✐ ❞❛ ✉♥✐♦♥✐

✜♥✐,❡ ❞✐ ♣✉♥,✐ ❡ ❝✉2✈❡✳

❙✐ ♦%%❡2✈❛ ❝❤❡ ❞❛,✐ ❞✉❡ ✐♥%✐❡♠✐ ❛♣❡2,✐ ♥♦♥ ✈✉♦,✐ U1, U2 ✐♥ ✉♥❛ ✈❛2✐❡,; V ✱
%✐ ❤❛ U1 ∩ U2 6= ∅✱ ❛❧,2✐♠❡♥,✐ %✐ ❛✈2❡❜❜❡ V = (V \ U1) ∪ (V \ U2) %❛2❡❜❜❡
2✐❞✉❝✐❜✐❧❡✳ ◗✉✐♥❞✐ %❡ P ❡ Q %♦♥♦ ♣✉♥,✐ ❞✐%,✐♥,✐ ❞✐ V ✱ ♥♦♥ ❝✐ %♦♥♦ ✐♥,♦2♥✐ ❛♣❡2,✐
❞✐%❣✐✉♥,✐ ❝❤❡ ❧✐ ❝♦♥,❡♥❣♦♥♦✱ 9✉✐♥❞✐ V ♥♦♥ ' %♣❛③✐♦ ❞✐ ❍❛✉%❞♦2✛✳ ■♥♦❧,2❡ ♦❣♥✐

%♦,,♦✐♥%✐❡♠❡ ❛♣❡2,♦ ♥♦♥ ✈✉♦,♦ ❞✐ ✉♥❛ ✈❛2✐❡,; V ' ❞❡♥%♦ ✐♥ V ✳

❉❡✜♥✐③✐♦♥❡ ✸✳✶✳ ❙✐❛ V ✉♥ ✐♥%✐❡♠❡ ❛❧❣❡❜2✐❝♦ ✐22✐❞✉❝✐❜✐❧❡ ♥♦♥ ✈✉♦,♦ ✐♥ Pn1 ×
· · · ×Pnr ×Am

✳ ❖❣♥✐ %♦,,♦✐♥%✐❡♠❡ ❛♣❡2,♦ X ❞✐ V ' ❞❡,,♦ ✈❛)✐❡ .✳ ❙✉ ❞✐ ❡%%♦

' ❞❛,❛ ❧❛ ,♦♣♦❧♦❣✐❛ ✐♥❞♦,,❛ ❞❛ V ✱ ❡❞ ' ❝❤✐❛♠❛,❛ ❧❛ ,♦♣♦❧♦❣✐❛ ❞✐ ❩❛2✐%❦✐ %✉ X✳

❉❡✜♥✐③✐♦♥❡ ✸✳✷✳ ❙✐ ❞❡✜♥✐%❝❡ k(X) = k(V ) ❝♦♠❡ ✐❧ ❝❛♠♣♦ ❞❡❧❧❡ ❢✉♥③✐♦♥✐

2❛③✐♦♥❛❧✐ %✉ X✱ %❡ P ∈ X ❞❡✜♥✐❛♠♦ OP (X) ❝♦♠❡ OP (V )✱ ❧✬❛♥❡❧❧♦ ❧♦❝❛❧❡ ❞✐

X ✐♥ P ✳

❙✐❛ Y ' ✉♥ ✐♥%✐❡♠❡ ❝❤✐✉%♦ ❞✐ X✱ %✐ ❞✐❝❡ ❝❤❡ Y ' ✐))✐❞✉❝✐❜✐❧❡ %❡ Y ♥♦♥ '

❧✬✉♥✐♦♥❡ ❞✐ ❞✉❡ %♦,,♦✐♥%✐❡♠✐ ❝❤✐✉%✐ ♣2♦♣2✐✱ ❛❧❧♦2❛ Y ' ❛♥❝❤✬❡%%♦ ✉♥❛ ✈❛2✐❡,;✳

✶✾
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❇❛$%❛ ♠♦$%(❛(❡ ❝❤❡ Y , ✉♥ $♦%%♦✐♥$✐❡♠❡ ❛♣❡(%♦ ❞✐ ✉♥ ✐♥$✐❡♠❡ ❛❧❣❡❜(✐❝♦ ✐(✲

(✐❞✉❝✐❜✐❧❡ ♥♦♥ ✈✉♦%♦ ✐♥ Pn1 × · · · × Pnr × Am
✳ ❈♦♥$✐❞❡(✐❛♠♦ 9✉✐♥❞✐ Ȳ ✱ ❧❛

❝❤✐✉$✉(❛ ❞✐ Y ✐♥ V ✱ $✐ ✈❡(✐✜❝❛ ❝❤❡ Ȳ , ✐((✐❞✉❝✐❜✐❧❡ ✐♥ V ❡ ❝❤❡ Y = Ȳ ∩ X✱

9✉✐♥❞✐ Y , ❛♣❡(%♦ ✐♥ Ȳ ✳

❉❡✜♥✐③✐♦♥❡ ✸✳✸✳ ❙✐❛ X ✉♥❛ ✈❛(✐❡%= ✐♥ Pn1 × · · · × Pnr × Am
✳

❉❛%♦ Y ✉♥ $♦%%♦✐♥$✐❡♠❡ ❝❤✐✉$♦ ✐((✐❞✉❝✐❜✐❧❡ ❞✐ X✱ ❛❧❧♦(❛ %❛❧❡ Y , ❝❤✐❛♠❛%♦

 ♦""♦✈❛%✐❡"( ❝❤✐✉ ❛ ❞✐ X✳

❙❡ U , ✉♥ $♦%%♦✐♥$✐❡♠❡ ❛♣❡(%♦ ❞✐ X✱ ❛❧❧♦(❛ U , ❛♣❡(%♦ ✐♥ V ✱ 9✉✐♥❞✐ ❛♥❝❤❡

U , ✉♥❛ ✈❛(✐❡%=✱ ❡ $✐ ❞✐(= ❝❤❡ U , ✉♥❛  ♦""♦✈❛%✐❡"( ❛♣❡%"❛ ❞✐ X✳

❙✐❛ X ✉♥❛ ✈❛(✐❡%=✱ U ✉♥ $♦%%♦✐♥$✐❡♠❡ ❛♣❡(%♦ ♥♦♥ ✈✉♦%♦ ❞✐ X✳ ❉❡✜♥✐❛♠♦

Γ(U,OX)✱ ♦ $❡♠♣❧✐❝❡♠❡♥%❡ Γ(U)✱ ❝♦♠❡ ❧✬✐♥$✐❡♠❡ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ (❛③✐♦♥❛❧✐ $✉

X ❝❤❡ $♦♥♦ ❞❡✜♥✐%❡ ♣❡( ♦❣♥✐ P ∈ U ✱ ♦✈✈❡(♦ Γ(U) =
⋂
P∈U OP (X)✳

▲✬❛♥❡❧❧♦ Γ(U) , ✉♥ $♦%%♦❛♥❡❧❧♦ ❞✐ k(X)✱ ❡ $❡ U ′ ⊆ U ❛❧❧♦(❛ Γ(U ′) ⊇ Γ(U)✳
❖$$❡(✈✐❛♠♦ ❝❤❡ $❡ U = X , ✉♥❛ ✈❛(✐❡%= ❛✣♥❡✱ ❛❧❧♦(❛ Γ(X) , ❧✬❛♥❡❧❧♦ ❞❡❧❧❡

❝♦♦(❞✐♥❛%❡ ❞✐ X✱ 9✉✐♥❞✐ 9✉❡$%❛ ♥♦%❛③✐♦♥❡ , ❝♦♥$✐$%❡♥%❡✳

❙❡ z ∈ Γ(U), z ❞❡%❡(♠✐♥❛ ✉♥❛ ❢✉♥③✐♦♥❡ ❞❛ U ✐♥ k ❞❡%%❛ ❦✲✈❛❧✉"❛③✐♦♥❡ $✉

U ✿ ♣❡( P ∈ U ❡ z ∈ OP (X) ❛❧❧♦(❛ ✐❧ ✈❛❧♦(❡ z(P ) , ❜❡♥ ❞❡✜♥✐%♦✳ ❙✐❛ F(U, k)
❧✬❛♥❡❧❧♦ ❞✐ %✉%%❡ ❧❡ ❦✲✈❛❧✉%❛③✐♦♥✐ $✉ U ✱ ❧❛ ♠❛♣♣❛ ❝❤❡ ❛$$♦❝✐❛ ✉♥❛ ❢✉♥③✐♦♥❡ ♣❡(

♦❣♥✐ z ∈ Γ(U) , ✉♥ ♦♠♦♠♦(✜$♠♦ ❞✐ ❛♥❡❧❧✐ ❞❛ Γ(U) ✐♥ F(U, k)✳ ❈♦♠❡ ❢❛%%♦ ✐♥

♣(❡❝❡❞❡♥③❛ $✐ ✈✉♦❧❡ ✐❞❡♥%✐✜❝❛(❡ Γ(U) ❝♦♥ ❧❛ $✉❛ ✐♠♠❛❣✐♥❡ ✐♥ F(U, k)✱ ✐♥ %❛❧

♠♦❞♦ $✐ ♣♦%(= ❝♦♥$✐❞❡(❛(❡ Γ(U) ❝♦♠❡ ✐❧ $♦%%♦❛♥❡❧❧♦ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ $✉ U ✳ G❡(

❢❛(❡ ❝✐H , ♥❡❝❡$$❛(✐♦ ❝❤❡ ❧❛ ♠❛♣♣❛ ❞❛ Γ(U) ❛ F(U, k) $✐❛ ✐♥✐❡%%✐✈❛✳

)*♦♣♦,✐③✐♦♥❡ ✸✳✹✳ ❙✐❛ V ✉♥❛ ✈❛%✐❡"( ❛✣♥❡ ❞❡✜♥✐"❛ ❝♦♠❡ ♥❡❧  ❡❝♦♥❞♦ ❝❛✲

♣✐"♦❧♦✱ f ∈ Γ(V )✳ ❆❧❧♦%❛✿

✭✶✮ V (f) = {P ∈ V | f(P ) = 0} > ✉♥  ♦""♦✐♥ ✐❡♠❡ ❝❤✐✉ ♦ ❞✐ V ✱ ❡

V (f) 6= V ❛ ♠❡♥♦ ❝❤❡ f = 0 ✐♥ Γ(V )✳
✭✷✮ ❙✐❛ U ✉♥  ♦""♦✐♥ ✐❡♠❡ ❞❡♥ ♦ ❞✐ V ❡ f(P ) = 0 ∀P ∈ U ✱ ❛❧❧♦%❛ f = 0

✐♥ Γ(V )✳
✭✸✮ ❙✐❛ U ✉♥  ♦""♦✐♥ ✐❡♠❡ ❛♣❡%"♦ ❞✐ V, z ∈ k(V )✳ ❙✉♣♣♦♥❡♥❞♦ ❝❤❡ z ∈

OP (V ) ∀P ∈ U ✱  ✐ ❤❛ ❝❤❡ U(z) = {P ∈ U | Z(P ) 6= 0} > ❛♣❡%"♦ ✐♥ U ✳

❉✐♠♦ "%❛③✐♦♥❡✳ ✭✶✮ ❙❡ f(Q) = 0 ∀Q ∈ V ⇒ f ∈ I(V ) ⇒ f = 0 ✐♥ Γ(V )✳
◗✉✐♥❞✐ $✐ ❤❛ ❝❤❡ V (f) ( V ✳ ❙✐❛ ♦(❛ Vf = {P ∈ An | f(P ) = 0} ✐♥$✐❡♠❡

❛❧❣❡❜(✐❝♦ ✐♥ An
❡ 9✉✐♥❞✐ ❝❤✐✉$♦ ♣❡( ❧❛ %♦♣♦❧♦❣✐❛ ❞✐ ❩❛(✐$❦✐✱ ❛❧❧♦(❛ V (f) =

V ∪ Vf ⇒ V (f) , ✉♥ $♦%%♦✐♥$✐❡♠❡ ❝❤✐✉$♦ ❞✐ V ✳

✭✷✮ ❙❡ ♣❡( ❛$$✉(❞♦ $✐ ❤❛ f 6= 0 ✐♥ Γ(V ) ❛❧❧♦(❛ ❞❛❧ ♣✉♥%♦ ♣(❡❝❡❞❡♥%❡ $❡❣✉❡

❝❤❡ V (f) , ✉♥ $♦%%♦✐♥$✐❡♠❡ ❝❤✐✉$♦ ❡❞ , ❝♦♥%❡♥✉%♦ ♣(♦♣(✐❛♠❡♥%❡ ✐♥ V ✱ 9✉✐♥❞✐

V \ V (f) 6= ∅ , ❛♣❡(%♦ ✐♥ V ✳ ❙✐❝❝♦♠❡ U , ❞❡♥$♦ ❛❧❧♦(❛ (V \ V (f))∩U 6= ∅✱ ❡
9✉✐♥❞✐ ❡$✐$%❡ P ∈ V \V (f) %❛❧❡ ❝❤❡ f(P ) = 0 ♠❛ 9✉❡$%❛ , ✉♥❛ ❝♦♥%(❛❞❞✐③✐♦♥❡✳
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✭✸✮ ❉❛❧ ❢❛&&♦ ❝❤❡ z ∈ OP (V ) ∀P ∈ U +✐ ❤❛ ❝❤❡ ✐❧ ✈❛❧♦.❡ z(P ) / ❜❡♥

❞❡✜♥✐&♦ ♣❡. P ∈ U ✱ ❛❧❧♦.❛ +✐ ❝♦♥+✐❞❡.✐ ❧✬✐♥+✐❡♠❡ Vz = {P ∈ An | z(P ) = 0} /

❝❤✐✉+♦ ✐♥ V ✱ 9✉✐♥❞✐ V ∁
z / ❛♣❡.&♦ ✐♥ V ✱ +❡❣✉❡ ❝❤❡ U(z) = (V ∁

z )∪U / ❛♣❡.&♦ ✐♥

U ✳

#$♦♣♦'✐③✐♦♥❡ ✸✳✺✳ ❙✐❛ U ✉♥ %♦''♦✐♥%✐❡♠❡ ❛♣❡+'♦ ❞❡❧❧❛ ✈❛+✐❡'/ X✳ ❙✉♣♣♦✲

♥✐❛♠♦ z ∈ Γ(U) ❡ z(P ) = 0 ∀P ∈ U ✱ ❛❧❧♦+❛ z = 0 ✐♥ Γ(U)✳

❉✐♠♦%'+❛③✐♦♥❡✳ ❙✐❛ X ⊆ Pn1 × · · · × Pnr × Am
✱ +✐ ♣✉= +♦+&✐&✉✐.❡ X ❝♦♥ ❧❛

+✉❛ ❝❤✐✉+✉.❛ ❡ ❞✉♥9✉❡ ❛++✉♠❡.❡ ❝❤❡ X +✐❛ ❝❤✐✉+♦✳ ❆❧❧♦.❛ ❡+✐+&❡ ✉♥ ✐♥+✐❡♠❡

❞✐ ✐♥❞✐❝✐ {i1, . . . , ir} &❛❧❡ ❝❤❡ X ∩ (Ui1 ×· · ·×Uir ×Am) 6= ∅ ❞♦✈❡ Uij / ❛♣❡.&♦
❢♦♥❞❛♠❡♥&❛❧❡ ♣❡. Pnj

✱ ❛❧&.✐♠❡♥&✐ +✐ ❛✈.❡❜❜❡ X = ∅✳
❉❛&♦ ❝❤❡ ✐ .✐+♣❡&&✐✈✐ ❛♥❡❧❧✐ ❞❡❧❧❡ ❝♦♦.❞✐♥❛&❡ +♦♥♦ ✐+♦♠♦.✜ +✐ ❝♦♥+✐❞❡.✐♥♦

♦.❛ ❛❧ ♣♦+&♦ ❞✐ X ❡ U .✐+♣❡&&✐✈❛♠❡♥&❡ ❧❛ ❝♦..✐+♣♦♥❞❡♥&❡ ✈❛.✐❡&? ❛✣♥❡ ϕ−1(X)
❡ ❧✬✐♥+✐❡♠❡ ❛♣❡.&♦ ϕ−1(U)✱ ❞♦✈❡ ϕ : An1×· · ·×Anr×Am → Ui1×· · ·×Uir×Am

✳

◗✉✐♥❞✐ +✐ ❤❛ ♦.❛ ❝❤❡ U / ✉♥ +♦&&♦✐♥+✐❡♠❡ ❛♣❡.&♦ ✐♥ ✉♥❛ ✈❛.✐❡&? ❛✣♥❡

X ⊆ AN
✳ ❆❧❧♦.❛ U / ❞❡♥+♦ ✐♥ X ❡ z(P ) = 0 ♣❡. ♦❣♥✐ P ∈ U ✱ ❞✉♥9✉❡ +✐

❝♦♥❝❧✉❞❡ ♣❡. ✐❧ +❡❝♦♥❞♦ ♣✉♥&♦ ❞❡❧❧❛ ♣.♦♣♦+✐③✐♦♥❡ ♣.❡❝❡❞❡♥&❡✳

✸✳✷ ▼♦%✜'♠✐ ❞✐ ✈❛%✐❡./

❙✐❛ ϕ : X → Y ✉♥❛ 9✉❛❧✉♥9✉❡ ♠❛♣♣❛ &.❛ ✐♥+✐❡♠✐✱ ❧❛ ❝♦♠♣♦+✐③✐♦♥❡ ❝♦♥ ϕ ❞?

✉♥ ♦♠♦♠♦.✜+♠♦ ❞✐ ❛♥❡❧❧✐ ϕ̃ : F(Y, k) → F(X, k), ϕ̃(f) = f ◦ ϕ✳

❉❡✜♥✐③✐♦♥❡ ✸✳✻✳ ❙✐❛♥♦ X ❡ Y ✈❛.✐❡&?✳ ❯♥ ♠♦+✜%♠♦ ❞❛ X ❛ Y / ✉♥❛ ♠❛♣♣❛

ϕ : X → Y &❛❧❡ ❝❤❡✿

✭✶✮ ϕ / ❝♦♥&✐♥✉❛❀

✭✷✮ ♣❡. ♦❣♥✐ +♦&&♦✐♥+✐❡♠❡ ❛♣❡.&♦ U ❞✐ Y ✱ +❡ f ∈ Γ(U,OY ) ❛❧❧♦.❛ ϕ̃(f) =
f ◦ ϕ +&❛ ✐♥ Γ(ϕ−1(U),OX)

❯♥ ✐%♦♠♦+✜%♠♦ ϕ : X → Y &.❛ ❞✉❡ ✈❛.✐❡&? / ✉♥ ♠♦.✜+♠♦ ❝❤❡ ❛♠♠❡&&❡

✉♥ ♠♦.✜+♠♦ ✐♥✈❡.+♦ ψ : Y → X &❛❧❡ ❝❤❡ ψ ◦ ϕ = idX , ϕ ◦ ψ = idY ✳ ◗✉✐♥❞✐

✉♥ ✐+♦♠♦.✜+♠♦ / ♥❡❝❡++❛.✐❛♠❡♥&❡ ❜✐❡&&✐✈♦ ❝♦♥ ϕ ❡ ψ ❝♦♥&✐♥✉❡✳

❙✐ ♦++❡.✈❛ ❝❤❡ ❞❛&✐ ❞✉❡ ♠♦.✜+♠✐ f, g✱ ❛❧❧♦.❛ ❧❛ ❧♦.♦ ❝♦♠♣♦+✐③✐♦♥❡ f ◦ g /

❛♥❝♦.❛ ✉♥ ♠♦.✜+♠♦✳

❉❡✜♥✐③✐♦♥❡ ✸✳✼✳ ❯♥❛ ✈❛.✐❡&? ❝❤❡ +✐❛ ✐+♦♠♦.❢❛ ❛❞ ✉♥❛ +♦&&♦✈❛.✐❡&? ❝❤✐✉+❛

❞✐ An
✭♦ .✐+♣❡&&✐✈❛♠❡♥&❡ Pn✮ / ❝❤✐❛♠❛&❛ ✉♥❛ ✈❛+✐❡'/ ❛✣♥❡ ✭.✐+♣❡&&✐✈❛♠❡♥&❡

✈❛+✐❡'/ ♣+♦✐❡''✐✈❛✮✳

◗✉❛♥❞♦ +✐ +❝.✐✈❡.? ✧X ⊆ An
/ ✉♥❛ ✈❛.✐❡&? ❛✣♥❡✧ +✐ ✐♥&❡♥❞❡.? ❝❤❡ X /

✉♥❛ +♦&&♦✈❛.✐❡&? ❝❤✐✉+❛ ❞✐ An
❀ ♠❡♥&.❡ +❡ ❞✐ ❞✐.? +♦❧♦ ❝❤❡ ✧X / ✉♥❛ ✈❛.✐❡&?
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❛✣♥❡✧ &✐ ✐♥(❡♥❞❡ ❝❤❡ X , ✉♥❛ ✈❛/✐❡(0 ♥❡❧ &❡♥&♦ ❣❡♥❡/❛❧❡ ❞❡✜♥✐(❛ ❝♦♠❡ ♥❡❧

♣❛/❛❣/❛❢♦ &♦♣/❛✱ ❡ ✐♥ (❛❧ ❝❛&♦ ❡&✐&(❡ ✉♥ ✐&♦♠♦/✜&♠♦ (/❛ X ❡ ✉♥❛ &♦((♦✈❛/✐❡(0

❝❤✐✉&❛ ❞✐ An
✳ ❙✐ ♣/♦❝❡❞❡/0 ❛♥❛❧♦❣❛♠❡♥(❡ ♥❡❧ ❝❛&♦ ❞✐ ✈❛/✐❡(0 ♣/♦✐❡((✐✈❡✳

❖!!❡#✈❛③✐♦♥❡ ✸✳✽✳ ❙✐❛ X ✉♥❛ ✈❛&✐❡() ❛✣♥❡✱ ♦✈✈❡&♦ ❡-✐-(❡ ✉♥❛ -♦((♦✈❛&✐❡✲

() ❝❤✐✉-❛ X ′ ⊆ An
❡ ✉♥ ✐-♦♠♦&✜-♠♦ ϕ : X → X ′

✳ ❆❧❧♦&❛ ❡--♦ ✐♥❞✉❝❡ ✉♥

✐-♦♠♦&✜-♠♦ (&❛ Γ(X) ❡ Γ(X ′)✳
■♥❢❛((✐ -✐❛ ϕ̃ : Γ(X ′) → Γ(X) ❞❡✜♥✐(♦ ❞❛ f 7→ f ◦ ϕ✱ 9 ❜❡♥ ❞❡✜♥✐(♦ ✐♥✲

❢❛((✐ ♣❡& f ∈ Γ(X ′) ❛❧❧♦&❛ ❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ♠♦&✜-♠♦ -❡❣✉❡ ❝❤❡✿ f ◦ ϕ ∈
Γ(ϕ−1(X ′)) = Γ(X)❀ ✐♥♦❧(&❡ ϕ̃ 9 ♦♠♦♠♦&✜-♠♦ ♣❡& ❝♦♠❡ -♦♥♦ -(❛(❡ ❞❡✜♥✐(❡

❧❡ ♦♣❡&❛③✐♦♥✐ -✉❧❧✬❛♥♥❡❧❧♦ ❞❡❧❧❡ ❝♦♦&❞✐♥❛(❡✳ ❱✐❝❡✈❡&-❛ -✐❛ ♦&❛ ϕ−1 : X ′ → X ✐❧

♠♦&✜-♠♦ ✐♥✈❡&-♦ ❞✐ ϕ✱ ❛♥❛❧♦❣❛♠❡♥(❡ ❛ ♣&✐♠❛ ❡--♦ ✐♥❞✉❝❡ ✉♥ ♦♠♦♠♦&✜-♠♦

ϕ̃−1 : Γ(X) → Γ(X ′)✳ ❈❤✐❛&❛♠❡♥(❡ -✐ ❤❛ ❝❤❡ ϕ̃−1 = (ϕ̃)−1
✳

-#♦♣♦!✐③✐♦♥❡ ✸✳✾✳ ❙✐❛♥♦ X ❡ Y ✈❛&✐❡() ❛✣♥✐✳ ❈✬9 ✉♥❛ ♥❛(✉&❛❧❡ ❝♦&&✐✲

-♣♦♥❞❡♥③❛ ❜✐✉♥✐✈♦❝❛ (&❛ ♠♦&✜-♠✐ ϕ : X → Y ❡ ❣❧✐ ♦♠♦♠♦&✜-♠✐ ϕ̃ : Γ(Y ) →
Γ(X)✳ ❙❡ X ⊆ An, Y ⊆ Am

✱ ✉♥ ♠♦&✜-♠♦ (&❛ X ❡ Y 9 ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡

(&❛ X ❡ Y ✳

❉✐♠♦-(&❛③✐♦♥❡✳ ❙✐ &✉♣♣♦♥❣❛ ✐♥♥❛♥③✐(✉((♦ ❞✐ ❛✈❡/❡ X ⊆ An
❡ Y ⊆ Am

✈❛/✐❡(0

❛✣♥✐✱ ❛❧❧♦/❛ &✐ ♦&&❡/✈❛ ❝❤❡✿

✭✐✮ ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡ ϕ : X → Y , ✉♥ ♠♦/✜&♠♦✱ ✐♥❢❛((✐ , ❜❛♥❛❧♠❡♥(❡

❝♦♥(✐♥✉❛✳

@❡/ ✈❡/✐✜❝❛/❡ ❧❛ &❡❝♦♥❞❛ ❝♦♥❞✐③✐♦♥❡ ❞❡✐ ♠♦/✜&♠✐✱ &✐ /✐❝♦/❞❛ ❝❤❡ ϕ ✐♥❞✉❝❡

✉♥ ♦♠♦♠♦/✜&♠♦ ψQ : Γ(Q) → Γ(ϕ−1(Q)) ✭✈❡❞❡/❡ ♦&&❡/✈❛③✐♦♥❡ ✷✳✼✮✳ ❙✐❛ ♦/❛

U ✉♥ ❛♣❡/(♦ ❞✐ Y ✱ ❡ &✐❛ f ∈ Γ(U, Y ) =
⋂
Q∈U OQ(Y )✱ B✉✐♥❞✐ f ∈ OQ(Y ) =

Γ(Q) ∀Q ∈ U ✱ ❛❧❧♦/❛ ❞❛❧❧✬♦♠♦♠♦/✜&♠♦ ψQ &✐ ❤❛ f ◦ ϕ ∈ Γ(ϕ−1(Q)) =⋂
P∈ϕ−1(Q) OP (X) ♣❡/ ♦❣♥✐ Q ∈ U ✱ &❡❣✉❡ ❝❤❡

f ◦ ϕ ∈
⋂

Q∈U

⋂

P∈ϕ−1(Q)

OP (X) = Γ(ϕ−1(U), X)

❝♦♠❡ &✐ ✈♦❧❡✈❛✳

✭✐✐✮ (❛❧❡ ♠♦/✜&♠♦ ϕ : X → Y ✐♥❞✉❝❡ ✉♥ ✉♥✐❝♦ ♦♠♦♠♦/✜&♠♦ ϕ̃ : Γ(Y ) →
Γ(X)✿ &✐ ❞❡✜♥✐&❝❡ ϕ̃ ❛♥❛❧♦❣❛♠❡♥(❡ ❛ B✉❛♥(♦ ❢❛((♦ ✐♥ ♣/❡❝❡❞❡♥③❛ ♣♦♥❡♥❞♦

f 7→ f ◦ ϕ✱ ❛❧❧♦/❛ Y , ❛♣❡/(♦ ✐♥ Y B✉✐♥❞✐ ❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ♠♦/✜&♠♦ &✐ ❤❛

❝❤❡ ♣❡/ f ∈ Γ(Y ) ⇒ f ◦ ϕ ∈ Γ(ϕ−1(Y )) = Γ(X)✳
✭✐✐✐✮ ❧✬♦♠♦♠♦/✜&♠♦ ϕ̃ : Γ(Y ) → Γ(X) , ✐♥❞♦((♦ ❞❛ ✉♥✬✉♥✐❝❛ ♠❛♣♣❛ ♣♦❧✐✲

♥♦♠✐❛❧❡ ψ : X → Y ✱ ❝✐E , ❞♦✈✉(♦ ❛❧❧❛ ❝♦//✐&♣♦♥❞❡♥③❛ ❞❡&❝/✐((❛ ♥❡❧❧❛ ♣/♦♣♦✲

&✐③✐♦♥❡ ✷✳✹✳ ❉❛❧❧✬✉♥✐❝✐(0 ❞✐ ϕ̃ &❡❣✉❡ ❝❤❡ ψ = ϕ✱ ♦✈✈❡/♦ ψ , ♠♦/✜&♠♦ (/❛ X ❡

Y ✳
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❙✉♣♣♦♥✐❛♠♦ ♦*❛ X ❡ Y ✈❛*✐❡-. ❛✣♥✐ ❣❡♥❡*✐❝❤❡✱ 4✐ 5 ❣✐. ✈✐4-♦ ❝❤❡ ❞❛❧❧❛

❞❡✜♥✐③✐♦♥❡ ❞✐ ♠♦*✜4♠♦ 4❡❣✉❡ ❝❤❡ ♣❡* ♦❣♥✐ ϕ : X → Y ♠♦*✜4♠♦ ❞✐ ✈❛*✐❡-.

❛❧❧♦*❛ ϕ̃ : Γ(Y ) → Γ(X), f 7→ f ◦ ϕ 5 ♦♠♦♠♦*✜4♠♦✳

❱✐❝❡✈❡*4❛✱ 4✐❛ γ : Γ(Y ) → Γ(X) ♦♠♦♠♦*✜4♠♦✳ ❙✐ ❝♦♥4✐❞❡*✐♥♦ α : X → X ′

❡ β : Y → Y ′
✐4♦♠♦*✜4♠✐ ❝♦♥ ❧❡ 4♦--♦✈❛*✐❡-. ❛✣♥✐ ❝❤✐✉4❡ X ′ ⊆ An, Y ′ ⊆ Am

✱

❡ ᾱ : Γ(X ′) → Γ(X), β̄ : Γ(Y ′) → Γ(Y ) ✐4♦♠♦*✜4♠✐✳ ❆❧❧♦*❛ 4✐❛ δ : Γ(Y ′) →
Γ(X ′) -❛❧❡ ❝❤❡ ✐❧ ❞✐❛❣*❛♠♠❛ 4❡❣✉❡♥-❡ ❝♦♠♠✉-❛✿

Γ(Y )
γ

// Γ(X)

Γ(Y ′)

β̄

OO

δ
// Γ(X ′)

ᾱ

OO

♦✈✈❡*♦ δ = (ᾱ)−1 ◦γ ◦ β̄✱ 5 ♦♠♦♠♦*✜4♠♦ ❞✐ ❛♥❡❧❧✐✳ ❆❧❧♦*❛ ❞❛❧ ❝❛4♦ ♣*❡❝❡❞❡♥-❡

❡44♦ 5 ✐♥ ❝♦**✐4♣♦♥❞❡♥③❛ ❝♦♥ ✉♥ ♠♦*✜4♠♦ ϕ : X ′ → Y ′
✳ ❆❧❧♦*❛ ❛♥❝❤❡ ψ =

β−1 ◦ ϕ ◦ α 5 ✉♥ ♠♦*✜4♠♦ ❞❛-♦ ❝❤❡ 5 ❝♦♠♣♦4✐③✐♦♥❡ ❞✐ ♠♦*✜4♠✐✱ >✉✐♥❞✐ 4✐ ❤❛

❝❤❡ ✐❧ 4❡❣✉❡♥-❡ ❞✐❛❣*❛♠♠❛ ❝♦♠♠✉-❛

X ′ ϕ
// Y ′

X

α

OO

ψ
// Y

β

OO

❚❛❧❡ ψ 5 ✐❧ ♠♦*✜4♠♦ ❝❡*❝❛-♦✱ ✐♥❢❛--✐ 4✐ ✈❡*✐✜❝❛ ❝❤❡ ψ̃ = γ✿ 4✐❛ f ∈ Γ(Y ), ψ̃(f) =
f ◦ ψ = f ◦ β−1 ◦ ϕ ◦ α = ᾱ(f ◦ β−1 ◦ ϕ) = ᾱ(δ(f ◦ β−1)) = ᾱ(δ(β̄−1(f))) =
γ(f)✳

 !♦♣♦$✐③✐♦♥❡ ✸✳✶✵✳ ❙✐❛ V ✉♥❛ %♦''♦✈❛)✐❡'+ ❝❤✐✉%❛ ❞✐ Pn, ϕi : A
n → Ui ⊆ Pn✳

❆❧❧♦)❛ Vi = ϕ−1(V ) 2 ✉♥❛ %♦''♦✈❛)✐❡'+ ❝❤✐✉%❛ ❞✐ An
✱ ❡ ϕi|Vi : Vi → V ∩ Ui 2

✐%♦♠♦)✜%♠♦✳

❯♥❛ ✈❛)✐❡'+ ♣)♦✐❡''✐✈❛ 2 ✉♥✐♦♥❡ ❞✐ ✉♥ ♥✉♠❡)♦ ✜♥✐'♦ ❞✐ ✈❛)✐❡'+ ❛✣♥✐

❛♣❡)'❡✳

❉✐♠♦%')❛③✐♦♥❡✳ ❙✐ ❤❛ ϕi : A
n → Ui, (a1, . . . , an) 7→ [a1 : · · · : ai−1 : 1 :

ai : . . . , an]✱ 4✐ *✐❝♦*❞❛ ❝❤❡ ϕi 5 ✉♥ ✐4♦♠♦*✜4♠♦✳ ■♥♦❧-*❡ V ∩ Ui 5 ❝❤✐✉4♦

✐♥ Ui✱ ❞❛-♦ ❝❤❡ 4✉ Ui 5 ❞❛-❛ ❧❛ -♦♣♦❧♦❣✐❛ ❞✐ ❩❛*✐4❦✐ ✐♥❞♦--❛ ❞❛ Pn✳ ❆❧❧♦*❛

Vi = ϕ−1
i (V ) = ϕ−1

i (V ∩Ui) 5 ❝❤✐✉4♦ ✐♥ An
❞❛-♦ ❝❤❡ ϕi 5 ❝♦♥-✐♥✉❛✱ ❡ ❞❡4❝*✐✈❡

✉♥❛ 4♦--♦✈❛*✐❡-.✿ ✐ ♣♦❧✐♥♦♠✐ ❝❤❡ ❧❛ ❞❡✜♥✐4❝♦♥♦ 4♦♥♦ ✐ ❞✐4♦♠♦❣❡♥❡✐③③❛-✐ ❞❡✐

♣♦❧✐♥♦♠✐ ❝❤❡ ❞❡✜♥✐4❝♦♥♦ V *✐4♣❡--♦ ❛❧❧❛ ✈❛*✐❛❜✐❧❡ i✳ ❙✐❝❝♦♠❡ ϕi 5 ✐4♦♠♦*✜4♠♦

❛❧❧♦*❛ Vi ❡ V ∩ Ui 4♦♥♦ ✐4♦♠♦*✜✳

❙✐❛ ♦*❛ W ✉♥❛ ✈❛*✐❡-. ♣*♦✐❡--✐✈❛✱ ❡ 4✐❛ ϕ : W → V ✐4♦♠♦*✜4♠♦ ❝♦♥ V ⊆
Pn 4♦--♦✈❛*✐❡-. ❝❤✐✉4❛✳ ❆❧❧♦*❛ ❞❛ >✉❛♥-♦ ❛♣♣❡♥❛ ❞❡--♦ 4✐ ❤❛ ❝❤❡ V = (V ∩
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U1) ∪ · · · ∪ (V ∩ Un)✱ ❞❛❧❧✬✐(♦♠♦+✜(♠♦ -+❛ W ❡ V ✱ (✐ -+♦✈❛ W = ϕ−1(V ∩
U1) ∪ · · · ∪ ϕ−1(V ∩ Un)✳ ❖❣♥✐ ϕ−1(V ∩ Ui) 4 ✐(♦♠♦+❢♦ ❛ V ∩ Ui ❝❤❡ (✐ 4

♣+♦✈❛-♦ ❡((❡+❡ ✈❛+✐❡-9 ❛✣♥✐❀ ✐♥♦❧-+❡ ❞❛-♦ ❝❤❡ V ∩ Ui (♦♥♦ ❛♣❡+-✐ ✐♥ V ✱ ❛❧❧♦+❛

ϕ−1(V ∩ Ui) (♦♥♦ ❛♣❡+-✐ ✐♥ W ❝♦♠❡ (✐ ✈♦❧❡✈❛✳

❉❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ♠♦+✜(♠♦ -+❛ ✈❛+✐❡-9 (✐ ♣✉? ♦((❡+✈❛+❡ ❝❤❡ ❧✬❡((❡+❡ ✉♥

♠♦+✜(♠♦ 4 ✉♥❛ ♣+♦♣+✐❡-9 ❧♦❝❛❧❡✱ ✐♥❢❛--✐ ✈❛❧❡ ❧❛ (❡❣✉❡♥-❡✿

 !♦♣♦$✐③✐♦♥❡ ✸✳✶✶✳ ❙✐❛♥♦ X, Y ✈❛&✐❡()✱ f : X → Y ✉♥❛ ♠❛♣♣❛✳ ■♥♦❧(&❡ 1✐❛

X =
⋃
α Uα, Y =

⋃
α Vα✱ ❝♦♥ Uα, Vα 1♦((♦✈❛&✐❡() ❛♣❡&(❡✱ ❡ 1✐ 1✉♣♣♦♥❡ f(Uα) ⊆

Vα ∀α✳ ❆❧❧♦&❛ f 4 ✉♥ ♠♦&✜1♠♦ 1❡ ❡ 1♦❧♦ 1❡ ♦❣♥✐ &❡1(&✐③✐♦♥❡ fα : Uα → Vα ❞✐

f 4 ✉♥ ♠♦&✜1♠♦✳

❉✐♠♦1(&❛③✐♦♥❡✳ ❙❡ f 4 ♠♦+✜(♠♦ ❛❧❧♦+❛ (❡❣✉❡ ❜❛♥❛❧♠❡♥-❡ ❝❤❡ ♦❣♥✐ fα : Uα →
Vα 4 ♠♦+✜(♠♦ ♣❡+ ♦❣♥✐ α✳

❱✐❝❡✈❡+(❛✱ ♣♦(-♦ fα = f |Uα
✱ ❛❧❧♦+❛✿

• f 4 ❝♦♥-✐♥✉❛✱ ✐♥❢❛--✐ (✐❛ A ❛♣❡+-♦ ✐♥ Y ❛❧❧♦+❛

f−1(A) =
⋃

α

(f−1(A) ∩ Uα) =
⋃

α

(f−1
α (A ∩ Uα)),

4 ❛♣❡+-♦ ❞❛-♦ ❝❤❡ ♦❣♥✐ f−1
α (A) 4 ❛♣❡+-♦✳

• (✐ ✈✉♦❧❡ ♠♦(-+❛+❡ ❝❤❡ ♣❡+ ♦❣♥✐ ❛♣❡+-♦ W ❞✐ Y ✱ (❡ h ∈ Γ(W )✱ ❛❧❧♦+❛
h ◦ f ∈ Γ(f−1(W ))✳ ❙✐ ♣✉? (❝+✐✈❡+❡ W =

⋃
α(W ∩ Vα) =

⋃
αWα❀ (✐❛ ♦+❛

h ∈ Γ(W )✱ (❡❣✉❡ ❝❤❡

h ∈
⋂

Q∈W

OQ(Y ) ⊆
⋂

Q∈Wα

OQ(Y ) = Γ(Wα) ∀α,

❛❧❧♦+❛ h ◦ fα ∈ Γ(f−1
α (Wα)) ∀α✳

❙✐ ♦((❡+✈❛ ♦+❛ ❝❤❡

f−1(W ) = f−1(
⋃

α

Wα) =
⋃

α

f−1(Wα) =
⋃

α

f−1
α (Wα) ⊆

⋃

α

Uα,

❡ ✐♥♦❧-+❡

Γ(f−1(W )) =
⋂

P∈f−1(W )

OP (X) =
⋂

α

⋂

P∈f−1
α (Wα)

OP (X).

❉❛ D✉✐ (❡❣✉❡ ❝❤❡ h ◦ f ∈ Γ(f−1
α (Wα)) ∀α✱ ✐♥❢❛--✐ f 4 ✉❣✉❛❧❡ ❛ fα ❧♦❝❛❧♠❡♥-❡

❡ (✐ 4 ✈✐(-♦ ❝❤❡ fα ∈ Γ(f−1
α (Wα)) ♣❡+ ♦❣♥✐ α✳

 !♦♣♦$✐③✐♦♥❡ ✸✳✶✷✳ ❖❣♥✐ 1♦((♦✈❛&✐❡() ❝❤✐✉1❛ ❞✐ Pn1×· · ·×Pnr
4 ✉♥❛ ✈❛&✐❡()

♣&♦✐❡((✐✈❛✳ ❖❣♥✐ ✈❛&✐❡() 4 ✐1♦♠♦&❢❛ ❛❞ ✉♥❛ 1♦((♦✈❛&✐❡() ❛♣❡&(❛ ❞✐ ✉♥❛ ✈❛&✐❡()

♣&♦✐❡((✐✈❛✳
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❉✐♠♦$%&❛③✐♦♥❡✳ "❡$ ✐♥❞✉③✐♦♥❡ +✉ r ❜❛+.❛ ♣$♦✈❛$❡ ❝❤❡ ♦❣♥✐ +♦..♦✈❛$✐❡.4 ❝❤✐✉+❛

❞✐ Pn×Pm 5 ✉♥❛ ✈❛$✐❡.4 ♣$♦✐❡..✐✈❛✱ ♦✈✈❡$♦ ❝❤❡ 5 ✐+♦♠♦$❢❛ ❛ ✉♥❛ +♦..♦✈❛$✐❡.4

❝❤✐✉+❛ ❞✐ PN ♣❡$ 9✉❛❧❝❤❡ N ✳ ■♥❢❛..✐ +✐❛ ✉♥❛ +♦..♦✈❛$✐❡.4 ❝❤✐✉+❛ ❞✐ Pn1 ×
· · · × Pnr

♣❡$ ✐♣♦.❡+✐ ✐♥❞✉..✐✈❛ 5 ✐+♦♠♦$❢❛ ❛ ✉♥❛ ✈❛$✐❡.4 ♣$♦✐❡..✐✈❛ ❞✐ Pn1 ×
· · · × PNr−1

✱ .❛❧❡ ✈❛$✐❡.4 ♣✉= ❡++❡$❡ ✈✐+.❛ ❝♦♠❡ ✉♥❛ +♦..♦✈❛$✐❡.4 ❝❤✐✉+❛ ✐♥

Pn1 × · · · × PNr−1
✳

❙✐ ❝♦♥+✐❞❡$❛ 9✉✐♥❞✐ ❧✬✐♠♠❡&$✐♦♥❡ ❞✐ ❙❡❣&❡ S : Pn × Pm → PN ❝♦♥ N =
nm + n + m ❡ ❞♦✈❡ ✉♥ ♣✉♥.♦ ❞✐ PN 5 ❞❡✜♥✐.♦ ❞❛❧❧❡ ❝♦♦$❞✐♥❛.❡ [Z00 : Z01 :
· · · : Z0m : Z10 : · · · : Znm]✳ S 5 ❞❡✜♥✐.❛ ❞❛✿

S([x0 : · · · : xn], [y0 : · · · : ym]) = [x0y0 : x0y1 : · · · : x0ym : x1y0 : · · · : xnym]

❙✐ ✈❡$✐✜❝❛ ❝❤❡ S ♠❛♣♣❛ Pn × Pm ✐♥ ♠♦❞♦ ✐♥✐❡..✐✈♦ +✉ ✉♥❛ ✈❛$✐❡.4 ♣$♦✐❡..✐✈❛

V ⊆ PN ✳ ❚❛❧❡ ✈❛$✐❡.4 V 5 ❞❡✜♥✐.❛ ❞❛

V (ZijZkl − ZilZkj | i, k = 0, . . . , n, j, l = 0, . . . ,m),

❞♦✈❡ Zij ✐❞❡♥.✐✜❝❛ ❧❛ ❝♦♦$❞✐♥❛.❛ ij✲❡+✐♠❛ ❞✐ PN ✳

❙✐ ✈❡$✐✜❝❛ 9✉✐♥❞✐ ❝❤❡ S : Pn × Pm → V 5 ✉♥ ✐+♦♠♦$✜+♠♦ ❞✐ ✈❛$✐❡.4✱

❛❧❧♦$❛ ♦❣♥✐ ❝❤✐✉+♦ ❞✐ Pn × Pm ✈❡$$4 ♠❛♥❞❛.♦ ✐♥ ✉♥ ❝❤✐✉+♦ ✐♥ V ✱ ❡ ❞✉♥9✉❡

+❛$4 ✉♥❛ ✈❛$✐❡.4 ♣$♦✐❡..✐✈❛ ✐♥ PN ✳ ❆❧❧♦$❛ ❜❛+.❛ ♠♦+.$❛$❡ ❝❤❡ ❧❛ $❡+.$✐③✐♦♥❡

Ui × Uj → V ∩ Uij 5 ✉♥ ✐+♦♠♦$✜+♠♦ ♣❡$ ♦❣♥✐ i = 0, . . . , n, j = 0, . . . ,m✱

✐♥❢❛..✐ Ui ×Uj +♦♥♦ ❛♣❡$.✐ ❝❤❡ $✐❝♦♣$♦♥♦ Pn × Pm ❡ V ∩Uij $✐❝♦♣$♦♥♦ V ✳ ▲♦

+✐ ❞✐♠♦+.$❛ ♣❡$ i = 0 = j✱ ❡ ❣❧✐ ❛❧.$✐ ❝❛+✐ +♦♥♦ ❛♥❛❧♦❣❤✐❀ +✐❝❝♦♠❡ U0 × U0 ❡

V ∩ U00 +♦♥♦ ✈❛$✐❡.4 ❛✣♥✐ ❛❧❧♦$❛ 5 ❡9✉✐✈❛❧❡♥.❡ ♣$♦✈❛$❡ ❝❤❡ ✐ $❡❧❛.✐✈✐ ❛♥❡❧❧✐

❞❡❧❧❡ ❝♦♦$❞✐♥❛.❡ +♦♥♦ ✐+♦♠♦$✜✳

❙✐ ♣✉= ✐❞❡♥.✐✜❝❛$❡ Γ(U0 ×U0) ❝♦♥ k[X1, . . . , Xn, Y1, . . . , Ym] ❡ Γ(V ∩U00)
❝♦♥ k[Z01 : · · · : Znm]/({Zjk − Zj0Z0k | j, k > 0})✳ ❙✐ ❝♦♥+✐❞❡$❛ 9✉✐♥❞✐

❧✬♦♠♦♠♦$✜+♠♦ ❞✐ ❛♥❡❧❧✐ ❞❛.♦ ❞❛✿ Xi 7→ Zi0✱ ❡ Yj 7→ Z0j✱ 9✉❡+.♦ +✐ ✈❡$✐✜❝❛

❡++❡$❡ ✉♥ ✐+♦♠♦$✜+♠♦✳ ❊++♦ 5 ✐♥❞♦..♦ ❞❛ S−1
✱ 9✉✐♥❞✐ S−1

5 ✐+♦♠♦$✜+♠♦ ❞✐

✈❛$✐❡.4 ❡ ❞✐ ❝♦♥+❡❣✉❡♥③❛ ❛♥❝❤❡ S✳
❖$❛ +✐ ♦++❡$✈❛ ❝❤❡ ❧❛ +❡❝♦♥❞❛ ❛✛❡$♠❛③✐♦♥❡ +❡❣✉❡ ❞❛❧❧❛ ♣$✐♠❛ ❞❛.♦ ❝❤❡

Pn1 × · · · × Pnr × An
5 ✐+♦♠♦$❢♦ ❛ ✉♥❛ +♦..♦✈❛$✐❡.4 ❛♣❡$.❛ A ❞✐ Pn1 × · · · ×

Pnr×Pn✳ ❆❧❧♦$❛ ❞❛.❛ X ✈❛$✐❡.4 ✐♥ Pn1×· · ·×Pnr×An
✱ ❛♣❡$.♦ ❞✐ ✉♥ ✐♥+✐❡♠❡ V

❝❤✐✉+♦ ❞✐ Pn1×· · ·×Pnr×An
✱ V ❡ X ✈❡♥❣♦♥♦ $✐+♣❡..✐✈❛♠❡♥.❡ ♠❛♣♣❛.✐ ❞❛ .❛❧❡

✐+♦♠♦$✜+♠♦ ✐♥ ✉♥ ❝❤✐✉+♦ V ′
❞✐ A ❡ ✐♥ X ′

❛♣❡$.♦ ❞✐ V ′
✳ ❙✐ ♣✉= +♦+.✐.✉✐+❝❡ V ′

❝♦♥ ❧❛ +✉❛ ❝❤✐✉+✉$❛✱ 9✉✐♥❞✐ V ′
5 ✉♥❛ +♦..♦✈❛$✐❡.4 ❝❤✐✉+❛ ❞✐ Pn1×· · ·×Pnr×Pn✱

❡ ❞❛❧ ♣✉♥.♦ ♣$❡❝❡❞❡♥.❡ 5 ✉♥❛ ✈❛$✐❡.4 ♣$♦✐❡..✐✈❛✳ ◗✉✐♥❞✐ X ′
5 ✉♥❛ +♦..♦✈❛$✐❡.4

❛♣❡$.❛ ❞✐ ✉♥❛ ✈❛$✐❡.4 ♣$♦✐❡..✐✈❛✳

❙✐ ♦++❡$✈❛ ❝❤❡ ✉♥❛ +♦..♦✈❛$✐❡.4 ❝❤✐✉+❛ ❞✐ ✉♥❛ ✈❛$✐❡.4 ❛✣♥❡ 5 ❛♥❝❤✬❡++❛

✉♥❛ ✈❛$✐❡.4 ❛✣♥❡✳ ■♥♦❧.$❡ ✉♥❛ +♦..♦✈❛$✐❡.4 ❛♣❡$.❛ ❞✐ ✉♥❛ ✈❛$✐❡.4 ❛✣♥❡ ♣✉=

❡++❡$❡ ❛♥❝❤✬❡++❛ ❛✣♥❡✳
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 !♦♣♦$✐③✐♦♥❡ ✸✳✶✸✳ ❙✐❛ V ✉♥❛ ✈❛&✐❡() ❛✣♥❡✱ ❡ ,✐❛ f ∈ Γ(V ), f 6= 0✳ ❙✐❛

Vf = {P ∈ V | f(P ) 6= 0} ✉♥❛ ,♦((♦✈❛&✐❡() ❛♣❡&(❛ ❞✐ V ✳ ❆❧❧♦&❛✿

✭✶✮ Γ(Vf ) = Γ(V )
[
1
f

]
=

{ a

f r
∈ k(V ) | a ∈ Γ(V ), r ∈ Z

}
❀

✭✷✮ Vf 9 ✉♥❛ ✈❛&✐❡() ❛✣♥❡✳

❉✐♠♦,(&❛③✐♦♥❡✳ ❙✐ ♣✉& ❛((✉♠❡+❡ V ⊂ An
❀ (✐❛ I = I(V ),Γ(V ) = k[T1, . . . , Tn]/I

❡ (✐❛ F ∈ k[T1, . . . , Tn] ✐❧ ❝✉✐ +❡(✐❞✉♦ F̄ ♠♦❞✉❧♦ I (✐❛ f ✳

✭✶✮ ❙✐❛ z ∈ Γ(Vf )✱ ✐ ❝✉✐ ♣♦❧✐ (♦♥♦ ❞❡(❝+✐44✐ ❞❛❧❧✬✐♥(✐❡♠❡ V (J) ❝♦♥ J =
{G ∈ k[T1, . . . , Tn] | Ḡz ∈ Γ(V )}✳ ❉❛4♦ P ∈ V (J) ⇒ P 7 ♣♦❧♦ ♣❡+ z ∈
Γ(Vf ) =

⋂
P∈Vf

OP (V ) ⇒ P /∈ Vf ⇒ f(P ) = 0 ⇒ F (p) = 0✳ ❉✉♥8✉❡ V (J) ⊂
V (F ) ⇒

√
J = I(V (J)) ⊃ (F ) ❞❛❧ 4❡♦+❡♠❛ ❞✐ ❍✐❧❜❡+4✱ ❛❧❧♦+❛ F ∈

√
J ⇒

∃N ∈ Z 4❛❧❡ ❝❤❡ FN ∈ J ✳ ❙❡❣✉❡ ❝❤❡ fNz = a ∈ Γ(V ) ⇒ z = a
fN

∈ Γ(V )[ 1
f
]✳

❱✐❝❡✈❡+(❛ (✐❛

a
fN

∈ k(V )✱ ❝♦♥ a ∈ Γ(V ), N ∈ Z✱ ❛❧❧♦+❛ a
fN

7 ❜❡♥ ❞❡✜♥✐4❛

∀P ∈ Vf ⇒ a
fN

∈ OP (V )∀P ∈ Vf ⇒ a
fN

∈ Γ(Vf ) ❝♦♠❡ (✐ ✈♦❧❡✈❛✳

✭✷✮ ❙✐❛ I ′ ❧✬✐❞❡❛❧❡ ✐♥ k[t1, . . . , tn+1] ❣❡♥❡+❛4♦ ❞❛ I ❡ ❞❛ tn+1F − 1✱ ❡ V ′ =
V (I ′) ⊆ An+1

✳

❙✐❛ α : k[t1, . . . , tn+1] → Γ(Vf )✱ ❞❡✜♥✐4❛ ❞❛ ti 7→ t̄i, i = 1, . . . , n✱ ❡ tn+1 7→
1
F
✳ ❆❧❧♦+❛ α 7 (✉+✐❡44✐✈❛ ❞❛❧ ♣✉♥4♦ ✭✶✮ ❡ kerα = I ′✱ ✐♥❢❛44✐ α(tn+1F − 1) =

0 ❡ I ⊆ kerα ♣❡+ ❝♦♠❡ 7 ❞❡✜♥✐4❛ ❧❛ ♠❛♣♣❛ α✱ ✐♥❢❛44✐ ❡((❛ 7 ✉❣✉❛❧❡ ❛❧❧❛

❝♦♠♣♦(✐③✐♦♥❡ k[T1, . . . , Tn][tn+1] ։
k[T1,...,Tn]

I
[tn+1] → Γ(V )[1/F ]✳ ❉✉♥8✉❡ I ′

7 ✐❞❡❛❧❡ ♣+✐♠♦ ❡ ❛❧❧♦+❛ V ′
7 ✉♥❛ ✈❛+✐❡4F❀ ✐♥♦❧4+❡ α ✐♥❞✉❝❡ ✉♥ ✐(♦♠♦+✜(♠♦

ᾱ : k[t1, . . . , tn+1]/ kerα = Γ(V ′) → Γ(Vf )✳

❖+❛ ❧❛ ♣+♦✐❡③✐♦♥❡ (t1, . . . , tn+1) → (t1, . . . , tn) ✐♥❞✉❝❡ ✉♥ ♠♦+✜(♠♦ ϕ : V ′ →
Vf ✱ (✐ ❤❛ ❝❤❡ ϕ 7 ❜✐❡44✐✈❛ ❡ ϕ̃ = (ᾱ)−1

✳ ❙❡ W 7 ❝❤✐✉(♦ ✐♥ V ′
✱ ❞❡✜♥✐4♦ ❞❛❧❧✬❛♥✲

♥✉❧❧❛+(✐ ❞❡✐ ♣♦❧✐♥♦♠✐ Gβ(t1, . . . , tn+1)✱ ❛❧❧♦+❛ ϕ(W ) 7 ❝❤✐✉(♦ ✐♥ Vf ✱ ❞❡✜♥✐4♦
❞❛❧❧✬❛♥♥✉❧❧❛+(✐ ❞❡✐ ♣♦❧✐♥♦♠✐ FNGβ(t1, . . . , tn, 1/F ) ❝♦♥ N > deg(Gβ)✱ ❞❛ 8✉✐

(❡❣✉❡ ❝❤❡ ϕ−1
7 ❝♦♥4✐♥✉❛✳ ■♥♦❧4+❡✱ ❞❛❧❧❛ ♣+♦♣♦(✐③✐♦♥❡ ✸✳✾✱ ϕ−1

7 ♠♦+✜(♠♦

❞❛4♦ ❝❤❡ ϕ̃ 7 ✐(♦♠♦+✜(♠♦ ❞✬❛♥❡❧❧✐✳

❈♦!♦❧❧❛!✐♦ ✸✳✶✹✳ ❙✐❛ X ✉♥❛ ✈❛&✐❡()✱ U ✉♥ ✐♥(♦&♥♦ ❞✐ ✉♥ ♣✉♥(♦ P ∈ X✳

❆❧❧♦&❛ ❡,✐,(❡ ✉♥ ✐♥(♦&♥♦ V ❞✐ P ✱ ❝♦♥ V ⊂ U (❛❧❡ ❝❤❡ V 9 ✉♥❛ ✈❛&✐❡() ❛✣♥❡✳

❉✐♠♦,(&❛③✐♦♥❡✳ ❙✐ ♣✉& (✉♣♣♦++❡ ❝❤❡ X (✐❛ ❛♣❡+4♦ ✐♥ ✉♥❛ ✈❛+✐❡4F ♣+♦✐❡44✐✈❛

X ′ ⊆ Pn✱ ❡ P ∈ U (✐ ♣✉& (♦(4✐4✉✐+❡ X ❝♦♥ X ′∩Ui ❡ U ❝♦♥ U ∩Ui ♣❡+ 8✉❛❧❝❤❡
i ≤ n✳ ◗✉✐♥❞✐ (✐ ♣✉& (✉♣♣♦++❡ ❝❤❡ X ⊆ An

(✐❛ ✈❛+✐❡4F ❛✣♥❡✳

❙✐❝❝♦♠❡ U 7 ❛♣❡+4♦ (✐ ❤❛ X\U 7 (♦44♦✐♥(✐❡♠❡ ❛❧❣❡❜+✐❝♦ ❞✐ An
✱ ❛❧❧♦+❛ ❡(✐(4❡

✉♥ ♣♦❧✐♥♦♠✐♦ F ∈ k[T1, . . . , Tn] 4❛❧❡ ❝❤❡ F (Q) = 0 ∀Q ∈ X \ U ❡ F (P ) 6= 0✳
❙✐❛ ♦+❛ f ✐❧ +❡(✐❞✉♦ ❞✐ F ✐♥ Γ(X) ♠♦❞✉❧♦ I(X)✱ ❛❧❧♦+❛ P ∈ Xf ❝❤❡ 7 ✈❛+✐❡4F

❛✣♥❡ ❞❛❧❧❛ ♣+♦♣♦(✐③✐♦♥❡ ♣+❡❝❡❞❡♥4❡✱ ❡ ❝❤✐❛+❛♠❡♥4❡ Xf ⊆ U ✳
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✸✳✸ "#♦❞♦&&✐ ❡ ❣#❛✜

❙✐❛♥♦ A = Pn1 × · · · × An, B = Pm1 × · · · × Am
'♣❛③✐ ♠✐'+✐✳ ❆❧❧♦/❛ A× B =

Pn1 × · · · × Pm1 × · · · × An+m
0 ❛♥❝❤✬❡''♦ ✉♥♦ '♣❛③✐♦ ♠✐'+♦✳

❙❡ Ui1 × · · ·×An
❡ Uj1 × · · ·×Am

'♦♥♦ ❧❡ ✉'✉❛❧✐ '♦++♦✈❛/✐❡+7 ❛✣♥✐ ❛♣❡/+❡

❝❤❡ ❝♦♣/♦♥♦ A ❡ B✱ ❛❧❧♦/❛ Ui1 × · · · × An+m
'♦♥♦ '♦++♦✈❛/✐❡+7 ❛✣♥✐ ❛♣❡/+❡

❝❤❡ ❝♦♣/♦♥♦ A× B✳

 !♦♣♦$✐③✐♦♥❡ ✸✳✶✺✳ ❙✐❛ V ⊆ A,W ⊆ B #♦%%♦✈❛'✐❡%) ❝❤✐✉#❡✳ ❆❧❧♦'❛ V ×W
0 ✉♥❛ #♦%%♦✈❛'✐❡%) ❝❤✐✉#❛ ❞✐ A× B✳

❉✐♠♦#%'❛③✐♦♥❡✳ ▲✬✉♥✐❝❛ ❞✐✣❝♦❧+7 0 ♠♦'+/❛/❡ ❝❤❡ V×W 0 ✐//✐❞✉❝✐❜✐❧❡ ✐♥ A×B✳

❙✐ '✉♣♣♦♥❣❛ ♣❡/ ❛''✉/❞♦ ❞✐ ❛✈❡/❡ V ×W = Z1 ∪ Z2✱ ❝♦♥ Zi ❝❤✐✉'✐ ✐♥ A×B✱

'✐ ❞❡✜♥✐'❝❡ Ui = {y ∈ W | V × {y} 6⊂ Zi}✳ ❆❧❧♦/❛ U1 ∩ U2 = ∅✱ ✐♥❢❛++✐ '❡ ♣❡/

❛''✉/❞♦ ❡'✐'+❡ y ∈ U1∩U2 ⇒ V ×{y} 6⊂ Z1 ❡ V ×{y} 6⊂ Z2 ⇒ V ×{y}∩Zi 6= ∅
♣❡/ i = 1, 2✱ @✉✐♥❞✐ '✐ ♣✉A '❝/✐✈❡/❡ V ×{y} = (Z1∩V ×{y})∪ (Z2∩V ×{y})
✉♥✐♦♥❡ ❞✐ ✐♥'✐❡♠✐ ♥♦♥ ✈✉♦+✐ ❡ ❛❧❧♦/❛ V ×{y} 0 /✐❞✉❝✐❜✐❧❡✱ ♠❛ ❝✐A ♥♦♥ 0 ♣♦''✐❜✐❧❡

❞❛+♦ ❝❤❡ V 0 ✐//✐❞✉❝✐❜✐❧❡✳ ❙✐ ♠♦'+/❛ @✉✐♥❞✐ ❝❤❡ Ui '♦♥♦ ❛♣❡/+✐✱ ❧♦ '✐ ✈❡❞❡ ♣❡/

U1 ❡ ✈❛❧❡ ❛♥❛❧♦❣❛♠❡♥+❡ ♣❡/ U2✳ ■♥❢❛++✐ '✐❛♥♦ Fα(X, Y ) ❧❡ ♠✉❧+✐❢♦/♠❡ ❝❤❡

❞❡✜♥✐'❝♦♥♦ Z1✱ '❡ y ∈ U1 ❛❧❧♦/❛ ♣❡/ @✉❛❧❝❤❡ α ❡ x ∈ V '✐ ❤❛ Fα(x, y) 6= 0❀ '✐❛
Gα(Y ) = Fα(x, Y )✱ ❛❧❧♦/❛ {y′ ∈ W | Gα(y

′) 6= 0} 0 ✉♥ ✐♥+♦/♥♦ ❛♣❡/+♦ ❞✐ y ✐♥

U1✳ ❯♥ ✐♥'✐❡♠❡ ❝♦♥+❡♥❡♥+❡ ✉♥ ✐♥+♦/♥♦ ❞✐ ♦❣♥✐ '✉♦ ♣✉♥+♦ 0 ❛♣❡/+♦✱ @✉✐♥❞✐ Ui
'♦♥♦ ❛♣❡/+✐✳

❊''❡♥❞♦ ❛♣❡/+✐ ♥❡❧❧❛ ✈❛/✐❡+7 W ❞❡✈♦♥♦ ❛✈❡/❡ ✐♥+❡/'❡③✐♦♥❡ ♥♦♥ ✈✉♦+❛✱ ❛

♠❡♥♦ ❝❤❡ ❛❧♠❡♥♦ ✉♥♦ ❞❡✐ ❞✉❡ '✐❛ ✈✉♦+♦✳ ❆❧❧♦/❛ '✐ ♣✉A '✉♣♣♦//❡ U1 = ∅✱ ❡
@✉✐♥❞✐ ∀y ∈ W ✈❛❧❡ V × {y} ⊆ Z1 ⇒ V × W ⊆ Z1✱ ❡ @✉✐♥❞✐ V × W 0

✐//✐❞✉❝✐❜✐❧❡✳

❙✐❛♥♦ X ❡ Y ✈❛/✐❡+7✱ ❝♦♥ X ❛♣❡/+❛ ✐♥ V ⊆ A✱ Y ❛♣❡/+❛ ✐♥ W ⊆ B ❡

V,W,A,B ❝♦♠❡ '♦♣/❛✳ ❆❧❧♦/❛ X × Y 0 ❛♣❡/+♦ ✐♥ V ×W ✱ @✉✐♥❞✐ X × Y 0

✉♥❛ ✈❛/✐❡+7✳

❙✐ ♦''❡/✈❛ ❝❤❡ ✐❧ ♣/♦❞♦++♦ ❞✐ ❞✉❡ ✈❛/✐❡+7 ❛✣♥✐ 0 ✉♥❛ ✈❛/✐❡+7 ❛✣♥❡✱ ❡ ✐❧

♣/♦❞♦++♦ ❞✐ ❞✉❡ ✈❛/✐❡+7 ♣/♦✐❡++✐✈❡ 0 ✉♥❛ ✈❛/✐❡+7 ♣/♦✐❡++✐✈❛✳

 !♦♣♦$✐③✐♦♥❡ ✸✳✶✻✳ ✭✶✮ ▲❡ ♣'♦✐❡③✐♦♥✐ pr1 : X ×Y → X ❡ pr2 : X ×Y → Y
#♦♥♦ ♠♦'✜#♠✐ ❞✐ ✈❛'✐❡%)✳

✭✷✮ ❙❡ f : Z → X, g : Z → Y #♦♥♦ ♠♦'✜#♠✐✱ ❛❧❧♦'❛ (f, g) : Z → X × Y
❞❡✜♥✐%♦ ❞❛ (f, g)(z) = (f(z), g(z)) 0 ✉♥ ♠♦'✜#♠♦✳

✭✸✮ ❙❡ f : X ′ → X, g : Y ′ → Y #♦♥♦ ♠♦'✜#♠✐✱ ❛❧❧♦'❛ f × g : X ′ × Y ′ →
X × Y ❞❡✜♥✐%♦ ❞❛ (f × g)(x′, y′) = (f(x′), g(y′)) 0 ✉♥ ♠♦'✜#♠♦✳

✭✹✮ ▲❛ ❞✐❛❣♦♥❛❧❡ ∆X = {(x, y) ∈ X × X | y = x} 0 ✉♥❛ #♦%%♦✈❛'✐❡%)

❝❤✐✉#❛ ❞✐ X × X❀ ❧❛ ♠❛♣♣❛ δX : X → ∆X ❝❤❡ ❛##♦❝✐❛ x 7→ (x, x) 0 ✉♥

✐#♦♠♦'✜#♠♦✳



✷✽ ❈❆"■❚❖▲❖ ✸✳ ❱❆❘■❊❚➚✱ ▼❖❘❋■❙▼■ ❊ ▼❆""❊ ❘❆❩■❖◆❆▲■

❉✐♠♦$%&❛③✐♦♥❡✳ ✭✶✮ X ❡ Y #✐ ♣♦##♦♥♦ (✐❝♦♣(✐(❡ ❝♦♥ #♦**♦✈❛(✐❡*- ❛✣♥✐ ❛♣❡(*❡✱

❛❧❧♦(❛ ❞❛❧ ❢❛**♦ ❝❤❡ ❡##❡(❡ ✉♥ ♠♦(✜#♠♦ 7 ✉♥❛ ♣(♦♣(✐❡*- ❧♦❝❛❧❡ ✭✈❡❞❡(❡ ♣(♦✲

♣♦#✐③✐♦♥❡ ✸✳✶✶✮ ❝✐ #✐ (✐❝♦♥❞✉❝❡ ❛❞ ❛✈❡(❡ X ⊆ An, Y ⊆ Am
✳ ■♥ @✉❡#*♦ ❝❛#♦ ✐

♠♦(✜#♠✐ #♦♥♦ ♠❛♣♣❡ ♣♦❧✐♥♦♠✐❛❧✐ ✭♣(♦♣✳ ✸✳✾✮ ❡ ❛❧❧♦(❛ (✐#✉❧*❛ ❡✈✐❞❡♥*❡ ❝❤❡ ❧❡

♣(♦✐❡③✐♦♥✐ #♦♥♦ ♠❛♣♣❡ ♣♦❧✐♥♦♠✐❛❧✐✳

✭✷✮ ❆♥❛❧♦❣❛♠❡♥*❡ ❛ @✉❛♥*♦ ❛♣♣❡♥❛ ❢❛**♦ #✐ ❤❛ ❝❤❡ X, Y, Z #✐ ♣♦##♦♥♦

(✐❝♦♣(✐(❡ ❞❛ #♦**♦✈❛(✐❡*- ❛✣♥✐ ❛♣❡(*❡✱ ❡ ❝✐ #✐ (✐❝♦♥❞✉❝❡ ♥✉♦✈❛♠❡♥*❡ ❛❞ ❛✈❡(❡

X ⊆ An, Y ⊆ Am, Z ⊆ Ar
✳ ▲❛ ❝♦♥❝❧✉#✐♦♥❡ 7 ✐♠♠❡❞✐❛*❛ ❞❛*♦ ❝❤❡ ✐❧ ♣(♦❞♦**♦

❞✐ ♠❛♣♣❡ ♣♦❧✐♥♦♠✐❛❧✐ 7 ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡✳

✭✸✮ ❙✐ ❝♦♥#✐❞❡(✐♥♦ ✐ ❞✉❡ ♠♦(✜#♠✐ f ◦pr1 : X ′×Y ′ → X✱ g◦pr2 : X ′×Y ′ →
Y ❝❤❡ ❛##♦❝✐❛♥♦ (✐#♣❡**✐✈❛♠❡♥*❡ (x′, y′) 7→ f(x′) ❡ (x′, y′) 7→ g(x′)✳ ❆❧❧♦(❛

(f × g)(x′, y′) = (f ◦ pr1((x′, y′)), g ◦ pr2((x′, y′)))✱ #❡❣✉❡ @✉✐♥❞✐ ❝❤❡ f × g 7

✉♥ ♠♦(✜#♠♦ ❞❛❧ ♣✉♥*♦ ✭✷✮✳

✭✹✮ ❙✐❝❝♦♠❡ ❧❛ ♠❛♣♣❛ ✐❞❡♥*✐*- idX : X → X, x 7→ x 7 ❝❤✐❛(❛♠❡♥*❡ ✉♥

♠♦(✜#♠♦✱ ❛❧❧♦(❛ #❡♠♣(❡ ❞❛❧ ♣✉♥*♦ ✭✷✮ #✐ ❤❛✿δX : X → X×X, x 7→ (x, x) 7 ✉♥
♠♦(✜#♠♦ ❝♦♥ ✐♠♠❛❣✐♥❡ ✐♥ ∆X ✳ ■♥♦❧*(❡ ❧❛ ♣(♦✐❡③✐♦♥❡ pr1 : ∆X ⊂ X × X →
X, (x, x) 7→ x 7 ✉♥ ♠♦(✜#♠♦ ❡❞ 7 ❧✬✐♥✈❡(#♦ ❞✐ δX ❝❤❡ 7 @✉✐♥❞✐ ✐#♦♠♦(✜#♠♦✳

❈♦(♦❧❧❛(✐♦ ✸✳✶✼✳ ❙❡ f, g : X → Y $♦♥♦ ♠♦&✜$♠✐ ❞✐ ✈❛&✐❡%0✱ ❛❧❧♦&❛ {x ∈ X |
f(x) = g(x)} 3 ❝❤✐✉$♦ ✐♥ X✳ ❙❡ f ❡ g ❝♦✐♥❝✐❞♦♥♦ $✉ ✉♥ ✐♥$✐❡♠❡ ❞❡♥$♦ ❞✐ X✱
❛❧❧♦&❛ f = g✳

❉✐♠♦$%&❛③✐♦♥❡✳ ❙✐ ❝♦♥#✐❞❡(✐ (f, g) : X → Y × Y, x 7→ (f(x), g(x))✱ 7 ✉♥ ♠♦(✲

✜#♠♦ ❞❛❧ #❡❝♦♥❞♦ ♣✉♥*♦ ❞❡❧❧❛ ♣(♦♣♦#✐③✐♦♥❡ ♣(❡❝❡❞❡♥*❡✳ ❆❧❧♦(❛ {x ∈ X |
f(x) = g(x)} = (f, g)−1(∆Y ) ❝❤❡ 7 ❝❤✐✉#♦ ✐♥ X ❞❛*♦ ❝❤❡ (f, g) 7 ❝♦♥*✐♥✉❛ ❡

∆Y 7 ❝❤✐✉#♦ ✐♥ Y × Y ✳

▲❛ #❡❝♦♥❞❛ ❛✛❡(♠❛③✐♦♥❡ #❡❣✉❡ ❞❛❧ ♣(✐♠♦ ♣✉♥*♦ ❞❡❧❧❛ ♣(♦♣♦#✐③✐♦♥❡ ✸✳✹✳

❉❡✜♥✐③✐♦♥❡ ✸✳✶✽✳ ❙❡ f : X → Y 7 ✉♥ ♠♦(✜#♠♦ ❞✐ ✈❛(✐❡*-✱ ❛❧❧♦(❛ ✐❧ ❣&❛✜❝♦

❞✐ f 7 ❞❡✜♥✐*♦ ❞❛✿ G(f) = {(x, y) ∈ X × Y | y = f(x)}✳

4(♦♣♦6✐③✐♦♥❡ ✸✳✶✾✳ G(f) 3 ✉♥❛ $♦%%♦✈❛&✐❡%0 ❝❤✐✉$❛ ❞✐ X×Y ✳ ▲❛ ♣&♦✐❡③✐♦♥❡
❞✐ X × Y $✉ X $✐ &❡$%&✐♥❣❡ ❛ ✉♥ ✐$♦♠♦&✜$♠♦ ❞✐ G(f) $✉ X✳

❉✐♠♦$%&❛③✐♦♥❡✳ ❙✐ ❝♦♥#✐❞❡(✐ ♦(❛ ❧❛ ❢✉♥③✐♦♥❡ f×idY : X×Y → Y ×Y, (x, y) 7→
(f(x), y)✱ 7 ✉♥ ♠♦(✜#♠♦ ❞❛❧ ♣✉♥*♦ ✭✸✮ ❞❡❧❧❛ ♣(♦♣♦#✐③✐♦♥❡ ♣(❡❝❡❞❡♥*❡✱ @✉✐♥❞✐

7 ❝♦♥*✐♥✉❛✳ ❉✉♥@✉❡ G(f) = (f × idY )
−1(∆Y ) ❞✉♥@✉❡ 7 ✉♥ ✐♥#✐❡♠❡ ❝❤✐✉#♦ ✐♥

X × Y ✱ ✐♥♦❧*(❡ 7 ✐((✐❞✉❝✐❜✐❧❡ ❡##❡♥❞♦ ✐#♦♠♦(❢♦ ❛❧❧❛ ✈❛(✐❡*- X✳

❉❛*❛ ❧❛ ♣(♦✐❡③✐♦♥❡ pr1 : X×Y → X✱ ❡##❛ #✐ ♣✉L (❡#*(✐♥❣❡(❡ ❛ G(f)✱ ❝❤❡ ❤❛
❝♦♠❡ ✐♥✈❡(#❛ (idX , f) : X → G(f) ⊂ X×Y, x 7→ (x, f(x)) 7 ✉♥ ♠♦(✜#♠♦✳
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❞✐ ✈❛2✐❡78

❉❡✜♥✐③✐♦♥❡ ✸✳✷✵✳ ❙✐❛ K ✉♥✬❡)*❡♥)✐♦♥❡ ❞✐ ❝❛♠♣✐ ✜♥✐*❛♠❡♥*❡ ❣❡♥❡2❛*❛ ❞✐ k✳
■❧ ❣!❛❞♦ ❞✐ &!❛'❝❡♥❞❡♥③❛ ❞✐ K )♦♣2❛ k✱ ❞❡♥♦*❛*♦ ❝♦♥ degkK✱ 7 ❞❡✜♥✐*♦ ❝♦♠❡

✐❧ ♣✐8 ♣✐❝❝♦❧♦ ✐♥*❡2♦ ♥ *❛❧❡ ❝❤❡ ♣❡2 :✉❛❧❝❤❡ x1, . . . , xn ∈ K✱ K 7 ❛❧❣❡❜2✐❝♦

)♦♣2❛ k(x1, . . . , xn)✳
❙✐ ❞✐2< ❝❤❡ K 7 ✉♥ ❝❛♠♣♦ ❞✐ ❢✉♥③✐♦♥✐ ❛❧❣❡❜!✐❝❤❡ ✐♥ ♥ ✈❛2✐❛❜✐❧✐ )♦♣2❛ k✳

+,♦♣♦.✐③✐♦♥❡ ✸✳✷✶✳ ❙✐❛ K ✉♥ ❝❛♠♣♦ ❞✐ ❢✉♥③✐♦♥✐ ❛❧❣❡❜!✐❝❤❡ ✐♥ ✉♥❛ ✈❛!✐❛❜✐❧❡

'♦♣!❛ k✱ ❡ '✐❛ x ∈ K \ k✱ ❛❧❧♦!❛✿
✭✶✮ K : ❛❧❣❡❜!✐❝♦ '♦♣!❛ k(x)❀
✭✷✮ ✭'❡ char k = 0✮ ❊'✐'&❡ ✉♥ ❡❧❡♠❡♥&♦ y ∈ K &❛❧❡ ❝❤❡ K = k(x, y)❀
✭✸✮ ❙❡ R : ✉♥ ❞♦♠✐♥✐♦ ❝♦♥ ❝❛♠♣♦ ?✉♦③✐❡♥&❡ K✱ k ⊂ R ❡ p : ✉♥ ✐❞❡❛❧❡

♣!✐♠♦ ✐♥ R, 0 6= p 6= R✱ ❛❧❧♦!❛ ❧✬♦♠♦♠♦!✜'♠♦ ♥❛&✉!❛❧❡ ❞❛ k ❛ R/p : ✉♥

✐'♦♠♦!✜'♠♦✳

❉✐♠♦'&!❛③✐♦♥❡✳ ✭✶✮ ❙✐❛ t ∈ K *❛❧❡ ❝❤❡ K )✐❛ ❛❧❣❡❜2✐❝♦ )♦♣2❛ k(t)✳ ❉✉♥:✉❡

❡)✐)*❡ ✉♥ ♣♦❧✐♥♦♠✐♦ F ∈ k(t)[X] *❛❧❡ ❝❤❡ F (x) = 0✱ ❡ ❛ ♠❡♥♦ ❞✐ ❢❛2❡ ❞❡♥♦✲

♠✐♥❛*♦2❡ ❝♦♠✉♥❡ )✐ ♣✉A )✉♣♣♦22❡ ❝❤❡ ✐ ❝♦❡✣❝✐❡♥*✐ ❞✐ F )✐❛♥♦ ✐♥ k[t] ✐♥✈❡❝❡
❞✐ k(t)✳ ❙✐❝❝♦♠❡ x /∈ k ❛❧❧♦2❛ t ❞❡✈❡ ❛♣♣❛2✐2❡ ✐♥ F ❝♦♥ ❣2❛❞♦ ♠❛❣❣✐♦2❡ ❞✐ ✶✱

❛❧❧♦2❛ )✐ ♣✉A ✈❡❞❡2❡ F ❝♦♠❡ ♣♦❧✐♥♦♠✐♦ ✐♥ k(x)[t] ❝❤❡ )✐ ❛♥♥✉❧❧❛ ✐♥ t✳ ◗✉✐♥✲

❞✐ k(t, x) 7 ❛❧❣❡❜2✐❝♦ )♦♣2❛ k(x) ❡ K 7 ❛❧❣❡❜2✐❝♦ )♦♣2❛ k(t, x)✳ ❆❧❧♦2❛ K 7

❛❧❣❡❜2✐❝♦ )♦♣2❛ k(x)✳
✭✷✮ ❙✐ 2✐❝♦2❞❛ ✐❧ ❚❡♦!❡♠❛ ❞❡❧❧✬❡❧❡♠❡♥&♦ ♣!✐♠✐&✐✈♦ ✿ )✐❛ K ✉♥ ❝❛♠♣♦ ❝♦♥

char(k) = 0✱ L ✉♥✬❡)*❡♥)✐♦♥❡ ❛❧❣❡❜2✐❝❛ ✜♥✐*❛ ❞✐ K❀ ❛❧❧♦2❛ ❡)✐)*❡ z ∈ L *❛❧❡

❝❤❡ L = K(z)✳
❆❧❧♦2❛ K 7 ❝❛♠♣♦ ❞✐ ❢✉♥③✐♦♥✐ ❛❧❣❡❜2✐❝❤❡ ✐♥ ✉♥❛ ✈❛2✐❛❜✐❧❡ )♦♣2❛ k✱ :✉✐♥❞✐

K 7 ✉♥✬❡)*❡♥)✐♦♥❡ ❞✐ ❝❛♠♣✐ ✜♥✐*❛♠❡♥*❡ ❣❡♥❡2❛*❛✱ ✐♥♦❧*2❡ K 7 ❛❧❣❡❜2✐❝♦ )♦♣2❛

k(x)❀ ❞✉♥:✉❡ ♣❡2 ✐❧ *❡♦2❡♠❛ ❛♣♣❡♥❛ ❝✐*❛*♦ )✐ ❤❛ ❝❤❡ ❡)✐)*❡ y ∈ K *❛❧❡ ❝❤❡

K = k(x, y)✳

✭✸✮ ❙✐ ❤❛ ❧✬♦♠♦♠♦2✜)♠♦ k �
�

//
))

R // // R/p
▼♦)*2✐❛♠♦ ❝❤❡ *❛❧❡ ♠❛♣♣❛ 7 )✉2✐❡**✐✈❛✿ )✐❛ ♣❡2 ❛))✉2❞♦ x ∈ R ✐❧ ❝✉✐ x̄

2❡)✐❞✉♦ ✐♥ R/p ♥♦♥ )✐❛ ✐♥ k✱ ❡ )✐❛ 0 6= y ∈ p✳ ❙✐❝❝♦♠❡ K 7 ❛❧❣❡❜2✐❝♦ )♦♣2❛

k(x) ♣❡2 ✐❧ ♣✉♥*♦ ✭✶✮✱ ❡)✐)*❡ ✉♥ ♣♦❧✐♥♦♠✐♦ F =
∑
ai(X)Y i ∈ K[X, Y ] *❛❧❡

❝❤❡ F (x, y) = 0✳ ❙❡ )✐ )❝❡❣❧✐❡ F ❞❡❧ ♠✐♥♦2 ❣2❛❞♦ ♣♦))✐❜✐❧❡ ❛❧❧♦2❛ )✐ ❤❛ ❝❤❡

a0(X) 6= 0✱ ❛❧*2✐♠❡♥*✐ )✐ ❛✈2❡❜❜❡ F = Y
∑
ai(X)Y i−1

❡ )✐❝❝♦♠❡ )✐ 7 )✉♣♣♦)*♦

y 6= 0 ❛❧❧♦2❛ ❡))♦ )❛2< ③❡2♦ ❞✐

∑
ai(X)Y i−1

✳ ❆❧❧♦2❛ a0(x) ∈ p✱ ♣❡2❝❤L )✐ ♣✉A

)❝2✐✈❡2❡ a0(x) = −∑
ai(x)y

i
❀ )❡❣✉❡ :✉✐♥❞✐ ❝❤❡ a0(x̄) 6= 0✱ ♦✈✈❡2♦ x̄ 7 ❛❧❣❡❜2✐❝♦

)♦♣2❛ k✳ ◗✉❡)*♦ 7 ❛))✉2❞♦ ♣❡2❝❤L k 7 ❛❧❣❡❜2✐❝❛♠❡♥*❡ ❝❤✐✉)♦ ❡ ❛❧❧♦2❛✱ ❞❛*♦

G ∈ k[X] ♣♦❧✐♥♦♠✐♦ ❝❤❡ )✐ ❛♥♥✉❧❧❛ ✐♥ x✱ ❡))♦ ❝♦♥*✐❡♥❡ *✉**❡ ❧❡ 2❛❞✐❝✐ ❞✐ G✱

*2❛ ❝✉✐ x✳
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❉❡✜♥✐③✐♦♥❡ ✸✳✷✷✳ ❙❡ X $ ✉♥❛ ✈❛)✐❡+,✱ k(X) $ ✉♥✬❡/+❡♥/✐♦♥❡ ❞✐ k ✜♥✐+❛♠❡♥+❡

❣❡♥❡)❛+❛✳ ❉❡✜♥✐❛♠♦ ❧❛ ❞✐♠❡♥%✐♦♥❡ ❞✐ X ❝♦♠❡ degk k(X)✳

❯♥❛ ✈❛)✐❡+, ❞✐ ❞✐♠❡♥/✐♦♥❡ ✶ $ ❝❤✐❛♠❛+❛ ❝✉)✈❛✱ ❞✐ ❞✐♠❡♥/✐♦♥❡ ✷ ✉♥❛

%✉♣❡)✜❝✐❡✱ ❡+❝✳

❙✐ ♦//❡)✈❛ ❝❤❡ ✉♥❛ ✧❝✉)✈❛✧ $ ❛//✉♥+❛ ❝♦♠❡ ✉♥❛ ✈❛)✐❡+,✱ ♠❡♥+)❡ ✉♥❛ ✧❝✉)✈❛

♣✐❛♥❛✧ ♣✉? ❛✈❡)❡ ♣✐@ ❝♦♠♣♦♥❡♥+✐ ✭❛♥❝❤❡ ❝♦♠♣♦♥❡♥+✐ ♠✉❧+✐♣❧❡✮✳

◆❡❧❧❛ ♣)♦♣♦/✐③✐♦♥❡ /❡❣✉❡♥+❡ /✐ ✈❡❞❡ ❝❤❡✱ ♣❡) ❧❡ /♦++♦✈❛)✐❡+, ❞✐ A2
♦ P2

✱ ❧❛

❞❡✜♥✐③✐♦♥❡ ❝♦♥❝♦)❞❛ ❝♦♥ E✉❡❧❧❛ ❛♣♣❡♥❛ ❞❛+❛✳

*+♦♣♦-✐③✐♦♥❡ ✸✳✷✸✳ ❙✐❛ V ⊆ An
✉♥❛ ✈❛)✐❡/0 ❛✣♥❡ ♥♦♥ ✈✉♦/❛✱ ❛❧❧♦)❛ V 4

✉♥ ♣✉♥/♦ %❡ ❡ %♦❧♦ %❡ Γ(V ) = k✳

❉✐♠♦%/)❛③✐♦♥❡✳ ❙✉♣♣♦♥✐❛♠♦ ❞✐ ❛✈❡)❡ V = P = (p1, . . . , pn) ✉♥ ♣✉♥+♦✱ ❛❧❧♦)❛

P =
⋂n

i=1 V (Ti − pi) ❡ E✉✐♥❞✐ I(P ) ⊇ (T1 − p1, . . . , Tn − pn)✳ ❉✉♥E✉❡ ❞❛+♦

f ∈ k[T1, . . . , Tn] ❞✐ ❣)❛❞♦ d /✐ ♣♦♥❣❛ fi(T1, . . . , Tn) = f(T1, . . . , Tn)− f(T1 −
p1, . . . , Tn− pn)❀ /✐ ❤❛ ❝❤❡ f $ ❝♦♥❣)✉♦ ❛ f1 ✐♥ Γ(V ) ❡ f1(T1, . . . , Tn) ❤❛ ❣)❛❞♦

/+)❡++❛♠❡♥+❡ ♠✐♥♦)❡ ❞✐ d ♣❡) ❝♦♠❡ $ /+❛+♦ ❞❡✜♥✐+♦✳ ❙✐ ♣✉? ❞✉♥E✉❡ ♣)♦❝❡❞❡)❡

✐+❡)❛+✐✈❛♠❡♥+❡ ❞❡✜♥❡♥❞♦✿

fi(T1, . . . , Tn) = fi−1(T1, . . . , Tn)− fi−1(T1 − p1, . . . , Tn − pn),

❡ ❞❛+♦ ❝❤❡ ♦❣♥✐ fi(T1 − p1, . . . , Tn − pn) ∈ I(V ) ♣❡) i = 1, . . . , d✱ /✐ ❤❛ ❝❤❡

f = f1 = · · · = fd ✐♥ Γ(V )✳ ❉✬❛❧+)❛ ♣❛)+❡✱ ❝♦♥ ❛❧ ♠❛//✐♠♦ d ✐+❡)❛③✐♦♥✐✱ /✐

❛))✐✈❛ ❛ ✉♥ ♣♦❧✐♥♦♠✐♦ ❡E✉✐✈❛❧❡♥+❡ ❛ f ❞✐ ❣)❛❞♦ ✵✱ ♦✈✈❡)♦ ✉♥❛ ❝♦/+❛♥+❡✳ ◗✉✐♥❞✐

Γ(V ) = k ❝♦♠❡ /✐ ✈♦❧❡✈❛✳

❱✐❝❡✈❡)/❛ /✐❛ Γ(V ) = k[T1, . . . , Tn]/I(V ) = k✱ ❛❧❧♦)❛ Ti = ai ∈ k ∀i =
1, . . . , n✱ ♦✈✈❡)♦ Ti−ai ∈ I(V ) ∀i = 1, . . . , n⇒ (Ti−ai) ⊆ I(V ) ∀i = 1, . . . , n
⇒ V (Ti − ai) ⊇ V ∀i = 1, . . . , n ⇒ V ⊆ ⋂n

i=1 V (Ti − pi) = P ✱ E✉✐♥❞✐

V = P = (a1, . . . , an)✳

❙✐ ♦//❡)✈❛ ❝❤❡ ❝✐? $ ✈❡)♦ ❛♥❝❤❡ ♣❡) Γ(V ) ✐/♦♠♦)❢♦ ❛ k✳

*+♦♣♦-✐③✐♦♥❡ ✸✳✷✹✳ ✭✶✮ ❙❡ U 4 ✉♥❛ %♦//♦✈❛)✐❡/0 ❛♣❡)/❛ ❞✐ X✱ ❛❧❧♦)❛ dimU =
dimX✳

✭✷✮ ❙❡ V ∗
4 ❧❛ ❝❤✐✉%✉)❛ ♣)♦✐❡//✐✈❛ ❞✐ ✉♥❛ ✈❛)✐❡/0 ❛✣♥❡ V ✱ ❛❧❧♦)❛ dimV =

dimV ∗
✳

✭✸✮ ❯♥❛ ✈❛)✐❡/0 ❤❛ ❞✐♠❡♥%✐♦♥❡ ✵ %❡ ❡ %♦❧♦ %❡ 4 ✉♥ ♣✉♥/♦✳

✭✹✮ ❖❣♥✐ %♦//♦✈❛)✐❡/0 ❝❤✐✉%❛ ♣)♦♣)✐❛ ❞✐ ✉♥❛ ❝✉)✈❛ 4 ✉♥ ♣✉♥/♦✳

✭✺✮ ❯♥❛ %♦//♦✈❛)✐❡/0 ❝❤✐✉%❛ ❞✐ A2
✭)✐%♣❡//✐✈❛♠❡♥/❡ ❞✐ P2

✮ ❤❛ ❞✐♠❡♥%✐♦♥❡

✉♥♦ %❡ ❡ %♦❧♦ %❡ 4 ✉♥❛ ❝✉)✈❛ ♣✐❛♥❛ ❛✣♥❡ ✭)✐%♣❡//✐✈❛♠❡♥/❡ ♣)♦✐❡//✐✈❛✮✳
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❉✐♠♦$%&❛③✐♦♥❡✳ ✭✶✮ ❙✐ ♦%%❡'✈❛ ❝❤❡ U ❡X %♦♥♦ ❡♥-'❛♠❜✐ %♦--♦✐♥%✐❡♠✐ ❛♣❡'-✐ ❞✐

✉♥♦ %-❡%%♦ ✐♥%✐❡♠❡ ❛❧❣❡❜'✐❝♦ ✐''✐❞✉❝✐❜✐❧❡ ♥♦♥ ✈✉♦-♦ V ⊆ Pn1×· · ·×Pnr×Am
✱ ❡

6✉✐♥❞✐ ❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ❝❛♠♣♦ ❞✐ ❢✉♥③✐♦♥✐ %❡❣✉❡ ❝❤❡ k(U) = k(V ) = k(X)✱
❡ ❞✉♥6✉❡ dimU = dimX✳

✭✷✮ V ; ✉♥❛ %♦--♦✈❛'✐❡-< ❛♣❡'-❛ ❞✐ V ∗
✱ 6✉✐♥❞✐ ❞❛❧ ♣✉♥-♦ ✭✶✮ %❡❣✉❡ ❝❤❡

dimV = dimV ∗
✳

✭✸✮ ❙✐ ♣✉? %✉♣♣♦''❡ V ❛✣♥❡ ❞❛✐ ♣✉♥-✐ ♣'❡❝❡❞❡♥-✐✱ ❛❧❧♦'❛ dimV = 0 %❡ ❡

%♦❧♦ %❡ k(V ) ; ❛❧❣❡❜'✐❝♦ %✉ k✱ ♦✈✈❡'♦ %❡ ❡ %♦❧♦ %❡ k(V ) = k✳ ■♥❢❛--✐ %❡ k(V ) = k
❛❧❧♦'❛ ❜❛♥❛❧♠❡♥-❡ k(V ) ; ❛❧❣❡❜'✐❝♦ %✉ k❀ ✈✐❝❡✈❡'%❛ %❡ k(V ) ; ❛❧❣❡❜'✐❝♦ %✉

k %✐❛ x ∈ k(V ) ❡ F ∈ k[X] ♣♦❧✐♥♦♠✐♦ ❝❤❡ %✐ ❛♥♥✉❧❧❛ ✐♥ x✱ %✐❝❝♦♠❡ k ;

❛❧❣❡❜'✐❝❛♠❡♥-❡ ❝❤✐✉%♦ ❝♦♥-✐❡♥❡ -✉--❡ ❧❡ '❛❞✐❝✐ ❞✐ F ❡ 6✉✐♥❞✐ ❛♥❝❤❡ x✳ ❉✉♥6✉❡

k ⊇ k(V )✱ ❡ ❧✬✐♥❝❧✉%✐♦♥❡ ♦♣♣♦%-❛ ; ♦✈✈✐❛✳

❖'❛ %❡ k(V ) = k %✐ ❤❛ Γ(V ) = k✱ 6✉❡%-♦ %❡❣✉❡ ❞❛❧❧❛ ❝❛-❡♥❛ ❞✐ ✐♥❝❧✉%✐♦♥✐

%❡❣✉❡♥-❡✿ k = k(V ) ⊇ Γ(V ) ⊇ k ⇒ Γ(V ) = k❀ ✈✐❝❡✈❡'%❛ %❡ Γ(V ) = k✱
❡%%❡♥❞♦ k ❝❛♠♣♦ ❡ k(V ) ✐❧ ❝❛♠♣♦ 6✉♦③✐❡♥-❡ ❞✐ Γ(V ) %✐ ❤❛ k(V ) = k✳ ❘✐❛%✲

%✉♠❡♥❞♦ %✐ ❤❛ dimV = 0 ⇔ Γ(V ) = k ⇔ V ; ✉♥ ♣✉♥-♦✱ ♣❡' ❧❛ ♣'♦♣♦%✐③✐♦♥❡

♣'❡❝❡❞❡♥-❡✳

✭✹✮ ❈♦♠❡ ♣'✐♠❛ %✐ ❛%%✉♠❡ V ✈❛'✐❡-< ❛✣♥❡✳ ❙❡ W ; ✉♥❛ %♦--♦✈❛'✐❡-<

❝❤✐✉%❛ ❞✐ V ✱ ❛❧❧♦'❛ %✐❛ R = Γ(V ) ❡ p = I(W )/I(V ) ❧✬✐❞❡❛❧❡ ♣'✐♠♦ ❞✐ R ❝♦'✲

'✐%♣♦♥❞❡♥-❡ ❛ W ✳ ❙✐ ♣✉? ❝♦♥%✐❞❡'❛'❡ ❧❛ ♠❛♣♣❛ ϕ : Γ(V ) → Γ(W ) ✐♥❞♦--♦

❞❛❧❧✬✐♠♠❡'%✐♦♥❡ j : W → V ✱ ❡%%❡♥❞♦ j ✉♥❛ ♠❛♣♣❛ ♣♦❧✐♥♦♠✐❛❧❡ ❞❛❧❧❛ ❝♦'✲

'✐%♣♦♥❞❡♥③❛ -'❛ ♠❛♣♣❡ ♣♦❧✐♥♦♠✐❛❧✐ ❡ ♦♠♦♠♦'✜%♠✐ -'❛ ❛♥❡❧❧✐ ❞✐ ❝♦♦'❞✐♥❛-❡

✭✈❡❞❡'❡ ♣'♦♣✳ ✷✳✹✮✱ %✐ ❤❛ ❝❤❡ ϕ ; ♦♠♦♠♦'✜%♠♦✳ ■♥♦❧-'❡ %✐ ♣✉? ♦%%❡'✈❛'❡ ❝❤❡

; %✉'✐❡--✐✈♦ ❡ ❝❤❡ kerϕ = I(W )/I(V )✱ %❡❣✉❡ 6✉✐♥❞✐ ❝❤❡ Γ(W ) = R/p✳ ❉❛❧

♣✉♥-♦ ✭✸✮ ❞❡❧❧❛ ♣'♦♣♦%✐③✐♦♥❡ ✸✳✷✶ %✐ ❤❛ ❝❤❡ Γ(W ) ; ✐%♦♠♦'❢♦ ❛ k✱ ❡ %✐ ; ✈✐%-♦

❝❤❡ ✐♥ -❛❧ ❝❛%♦ W ; ✉♥ ♣✉♥-♦✳

✭✺✮ ❙✐❝❝♦♠❡ ❧❡ ✉♥✐❝❤❡ %♦--♦✈❛'✐❡-< ❝❤✐✉%❡ ❞✐ A2
%♦♥♦ ♣✉♥-✐✱ ❝✉'✈❡ ❛❧❣❡❜'✐✲

❝❤❡ ♦ A2
%-❡%%♦✱ %✐ ❤❛ ❝❤❡ %❡ dimV = 1 ❛❧❧♦'❛ ❞❛❧ ♣✉♥-♦ ✭✸✮ V ♥♦♥ ♣✉? ❡%%❡'❡

✉♥ ♣✉♥-♦✱ ❡ ❞✬❛❧-'❛ ♣❛'-❡ V 6= A2
♣❡'❝❤L dimA2 = 2✳

❙✐❛ V = V (F ) ✉♥❛ ❝✉'✈❛ ♣✐❛♥❛ ❛✣♥❡✱ ❝♦♥ F ∈ k[X, Y ] ♣♦❧✐♥♦♠✐♦ '✐❞♦--♦

♥♦♥ ❝♦%-❛♥-❡❀ %✐ ♣✉? %❝'✐✈❡'❡ F (X, Y ) =
∑d

i=0 ai(X)Y i
❝♦♥ d > 0✳ ❊%%❡♥❞♦

Γ(V ) = K[X, Y ]/(F ) = k[x, y]✱ ❞♦✈❡ x ❡ y %♦♥♦ ❧❡ ❝❧❛%%✐ '❡%-♦ ❞✐ X ❡ ❞✐ Y
'✐%♣❡--✐✈❛♠❡♥-❡ ✐♥ Γ(V )✱ %❡❣✉❡ ❝❤❡ F (x, y) = 0✳ ❖'❛✱ ❞❡--♦ k(x) ✐❧ ♣✐N ♣✐❝❝♦❧♦

%♦--♦❝❛♠♣♦ ❞✐ k(V ) ❝♦♥-❡♥❡♥-❡ x✱ ❛❧❧♦'❛ y ; ❛❧❣❡❜'✐❝♦ %♦♣'❛ k(x)✱ ✐♥❢❛--✐ ;
✉♥♦ ③❡'♦ ❞❡❧ ♣♦❧✐♥♦♠✐♦ F (x, Y ) ∈ k(x)[Y ]✳ ◗✉✐♥❞✐ dimV = degk k(x, y) =
degk k(x, y) ≤ 1✱ ❞✬❛❧-'❡ ♣❛'-❡ dimV > 0 ❞❛-♦ ❝❤❡ V ♥♦♥ ; ✉♥ ♣✉♥-♦✱ ❞✉♥6✉❡

dimV = 1✳
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✸✳✺ ▼❛♣♣❡ '❛③✐♦♥❛❧✐

❉❡✜♥✐③✐♦♥❡ ✸✳✷✺✳ ❙✐❛♥♦ X, Y ❞✉❡ ✈❛+✐❡,-✳ ❉✉❡ ♠♦+✜2♠✐ fi : Ui → Y ❞❛

2♦,,♦✈❛+✐❡,- ❛♣❡+,❡ Ui ❞✐ X ❛❞ Y 2✐ ❞✐❝♦♥♦ ❡5✉✐✈❛❧❡♥,✐ 2❡ ❧❡ ❧♦+♦ +❡2,+✐③✐♦♥✐

❛❞ U1 ∩U2 ❝♦✐♥❝✐❞♦♥♦✳ ❉❛,♦ ❝❤❡ U1 ∩U2 9 ❞❡♥2♦ ✐♥ X✱ ♦❣♥✐ fi 9 ❞❡,❡+♠✐♥❛,❛

❞❛❧❧❛ 2✉❛ +❡2,+✐③✐♦♥❡ ❛❞ U1 ∩ U2✳

❯♥❛ ❝❧❛22❡ ❞✐ ❡5✉✐✈❛❧❡♥③❛ ❞✐ ,❛❧✐ ♠♦+✜2♠✐ 9 ❝❤✐❛♠❛,❛ ✉♥❛ ♠❛♣♣❛ #❛③✐♦♥❛❧❡

❞❛ X ❛ Y ✳

■❧ ❞♦♠✐♥✐♦ ❞✐ ✉♥❛ ♠❛♣♣❛ +❛③✐♦♥❛❧❡ 9 ❧✬✉♥✐♦♥❡ ❞✐ ,✉,,❡ ❧❡ 2♦,,♦✈❛+✐❡,-

❛♣❡+,❡ Uα ❞✐ X ,❛❧✐ ❝❤❡ fα : Uα → Y ❛♣♣❛+,✐❡♥❡ ❛❧❧❛ ❝❧❛22❡ ❞✐ ❡5✉✐✈❛❧❡♥③❛

❞❡❧❧❛ ♠❛♣♣❛ +❛③✐♦♥❛❧❡✳

❙❡ U 9 ✐❧ ❞♦♠✐♥✐♦ ❞✐ ✉♥❛ ♠❛♣♣❛ +❛③✐♦♥❛❧❡✱ ❧❛ ♠❛♣♣❛ f : U → Y ❞❡✜♥✐,❛

❞❛ f|Uα
= fα 9 ✉♥ ♠♦+✜2♠♦ ❝❤❡ ❛♣♣❛+,✐❡♥❡ ❛❧❧❛ ❝❧❛22❡ ❞❡❧❧❛ ♠❛♣♣❛ +❛③✐♦♥❛❧❡ ✱

♦❣♥✐ ♠♦+✜2♠♦ ❡5✉✐✈❛❧❡♥,❡ 9 ✉♥❛ +❡2,+✐③✐♦♥❡ ❞✐ f ✳ ◗✉✐♥❞✐ ✉♥❛ ♠❛♣♣❛ +❛③✐♦♥❛❧❡

❞❛ X ❛ Y ♣✉@ ❡22❡+❡ ❞❡✜♥✐,❛ ❛♥❝❤❡ ❝♦♠❡ ✉♥ ♠♦+✜2♠♦ f ❞❛ ✉♥❛ 2♦,,♦✈❛+✐❡,-

❛♣❡+,❛ U ❞✐ X ❛ Y ,❛❧❡ ❝❤❡ f ♥♦♥ ♣✉@ ❡22❡+❡ ❡2,❡2❛ ❛ ✉♥ ♠♦+✜2♠♦ ❞❡✜♥✐,♦

2✉ ✉♥ 2♦,,♦✐♥2✐❡♠❡ ❛♣❡+,♦ ❞✐ X ♣✐A ❣+❛♥❞❡ ❞✐ U ❛ Y ✳

❉❡✜♥✐③✐♦♥❡ ✸✳✷✻✳ ❯♥❛ ♠❛♣♣❛ +❛③✐♦♥❛❧❡ ❞❛ X ❛ Y 9 ❞❡,,❛ ❞♦♠✐♥❛♥+❡ 2❡

f(U) 9 ❞❡♥2♦ ✐♥ Y ✱ ❞♦✈❡ f : U → Y 9 5✉❛❧✉♥5✉❡ ♠♦+✜2♠♦ ❞❡❧❧❛ ❝❧❛22❡ ❞✐

❡5✉✐✈❛❧❡♥③❛ ❞❡❧❧❛ ♠❛♣♣❛ +❛③✐♦♥❛❧❡✳

❙✐ ♣✉@ ✈❡❞❡+❡ ❝❤❡ 5✉❡2,❛ ❞❡✜♥✐③✐♦♥❡ 9 ✐♥❞✐♣❡♥❞❡♥,❡ ❞❛❧❧❛ 2❝❡❧,❛ ❞✐ U

❉❡✜♥✐③✐♦♥❡ ✸✳✷✼✳ ❙❡ A ❡ B 2♦♥♦ ❛♥❡❧❧✐ ❧♦❝❛❧✐✱ ❡ A 9 ✉♥ 2♦,,♦❛♥❡❧❧♦ ❞✐

B✱ ❞✐❝✐❛♠♦ ❝❤❡ B ❞♦♠✐♥❛ A 2❡ ❧✬✐❞❡❛❧❡ ♠❛22✐♠❛❧❡ ❞✐ B ❝♦♥,✐❡♥❡ ❧✬✐❞❡❛❧❡

♠❛22✐♠❛❧❡ ❞✐ A✳

-.♦♣♦0✐③✐♦♥❡ ✸✳✷✽✳ ✭✶✮ ❙✐❛ F ✉♥❛ ♠❛♣♣❛ #❛③✐♦♥❛❧❡ ❞♦♠✐♥❛♥+❡ ❞❛ X ❛ Y ✳
❙✐❛ U ⊆ X, V ⊆ Y ✐♥/✐❡♠✐ ❛♣❡#+✐ ❛✣♥✐✱ ❡ f : U → V ✉♥ ♠♦#✜/♠♦ ❝❤❡

#❛♣♣#❡/❡♥+❛ F ✳ ❆❧❧♦#❛ ❧❛ ♠❛♣♣❛ ✐♥❞♦++❛ f̃ : Γ(V ) → Γ(U) 6 ✐♥✐❡++✐✈❛✱ 8✉✐♥❞✐
f̃ /✐ ❡/+❡♥❞❡ ❛❞ ✉♥ ♦♠♦♠♦#✜/♠♦ ✐♥✐❡++✐✈♦ ❞❛ k(Y ) = k(V ) ❛ k(X) = k(U)✳
■♥♦❧+#❡ 8✉❡/+♦ ♦♠♦♠♦#✜/♠♦ 6 ✐♥❞✐♣❡♥❞❡♥+❡ ❞❛❧❧❛ /❝❡❧+❛ ❞✐ f ✱ ❡❞ 6 ❞❡♥♦+❛+♦
❝♦♥ F̃ ✳

✭✷✮ ❙❡ P ❛♣♣❛#+✐❡♥❡ ❛❧ ❞♦♠✐♥✐♦ ❞✐ F ✱ ❡ F (P ) = Q✱ ❛❧❧♦#❛ OP (X) ❞♦♠✐♥❛
F̃ (OQ(Y ))✳ ❱✐❝❡✈❡#/❛✱ /❡ P ∈ X,Q ∈ Y ❡ OP (X) ❞♦♠✐♥❛ F̃ (OQ(Y ))✱ ❛❧❧♦#❛
P ❛♣♣❛#+✐❡♥❡ ❛❧ ❞♦♠✐♥✐♦ ❞✐ F ❡ F (P ) = Q✳

✭✸✮ ❖❣♥✐ ♦♠♦♠♦#✜/♠♦ ❞❛ k(Y ) ❛ k(X) 6 ✐♥❞♦++♦ ❞❛ ✉♥✬✉♥✐❝❛ ♠❛♣♣❛
#❛③✐♦♥❛❧❡ ❞♦♠✐♥❛♥+❡ ❞❛ X ❛ Y ✳

❉✐♠♦/+#❛③✐♦♥❡✳ ✭✶✮ ❉❛,♦ ❝❤❡ F 9 ♠❛♣♣❛ ❞♦♠✐♥❛♥,❡ ♦❧,+❡ ❛❞ ❛✈❡+❡ U ❞❡♥2♦ ✐♥

X 2✐ ❤❛ f(U) ❞❡♥2♦ ✐♥ Y ✱ 5✉✐♥❞✐ ✐♥ ♣❛+,✐❝♦❧❛+❡ f(U) ❞❡♥2♦ ✐♥ V ✳ ❙✐ ❝♦♥2✐❞❡+❛
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❧❛ ♠❛♣♣❛ f̃ : Γ(V ) → Γ(U) ❞❡✜♥✐*❛ ❞❛ g 7→ g ◦ f ❀ , ❜❡♥ ❞❡✜♥✐*❛✱ ✐♥❢❛**✐ ❞❛*♦

❝❤❡ V , ❛♣❡3*♦ ❡ f , ♠♦3✜4♠♦✱ 4❡ g ∈ Γ(V )✱ ❛❧❧♦3❛ g◦f ∈ Γ(f−1(V )) = Γ(U)✳
▼♦4*3✐❛♠♦ ♦3❛ ❝❤❡ , ✐♥✐❡**✐✈❛✿ 4✐❛ g ∈ Γ(V ) *❛❧❡ ❝❤❡ g ◦ f = 0 ✐♥ Γ(U)✱ ❛❧❧♦3❛
g ◦ f(u) = 0 ∀u ∈ U ❀ 4✐❝❝♦♠❡ f(U) , ❞❡♥4♦ ✐♥ V ✱ ❛❧❧♦3❛ g(v) = 0 ∀v ∈ V ✱

♦✈✈❡3♦ g = 0 ✐♥ Γ(V ) ♣❡3 ❧❛ ♣3♦♣♦4✐③✐♦♥❡ ✸✳✹✳

❖3❛ f̃ 4✐ ❡4*❡♥❞❡ ❛ ✉♥ ♦♠♦♠♦3✜4♠♦ ✐♥✐❡**✐✈♦ f̃ : k(V ) → k(U)✱ ✐♥❢❛**✐
✉♥ ❡❧❡♠❡♥*♦ ❞✐ k(V ) 4✐ ♣✉= 4❝3✐✈❡3❡ ♥❡❧❧❛ ❢♦3♠❛ h/g, h, g ∈ Γ(V )✱ ❡ ❞✉♥>✉❡

h/g 7→ h ◦ f/g ◦ f ✳ ■♥♦❧*3❡ f̃ , ✐♥❞✐♣❡♥❞❡♥*❡ ❞❛❧❧❛ 4❝❡❧*❛ ❞✐ f ❛❧❧✬✐♥*❡3♥♦ ❞❡❧❧❛

❝❧❛44❡ ❞✐ ❡>✉✐✈❛❧❡♥③❛ ❞✐ F ✱ ✐♥❢❛**✐ 4✐❛ f1 ♥❡❧❧❛ 4*❡44❛ ❝❧❛44❡ ❞✐ ❡>✉✐✈❛❧❡♥③❛ ❞✐

f ❝♦♥ ❞♦♠✐♥✐♦ U1✱ ❛❧❧♦3❛ f(U ∩ U1) = f1(U ∩ U1) ❡ >✉✐♥❞✐ ❡44❡♥❞♦ U ∩ U1

❞❡♥4♦ ✐♥ X 4✐ ❤❛ g ◦ f = g ◦ f1 ✐♥ k(U) = k(U ∩ U1) = k(U1)✳
✭✷✮ ❉❛*♦ P ❛♣♣❛3*❡♥❡♥*❡ ❛❧ ❞♦♠✐♥✐♦ ❞✐ F ✱ 4✐ 3✐❝♦3❞❛ ❝❤❡ mP (X) = {g ∈

OP (X) | g(P ) = 0} ❧✬✐❞❡❛❧❡ ♠❛44✐♠❛❧❡ ❞✐ X ✐♥ P ✳ ❆❧❧♦3❛ F̃ (OQ(Y )) ⊆
OP (X)✱ ✐♥❢❛**✐ ❞❛*♦ g ∈ OQ(Y )✱ ❝♦♥ g = g1/g2, gi ∈ Γ(V ) ❡ g2(Q) 6= 0 4✐ ❤❛

F̃ (g) = g1 ◦ f/g2 ◦ f ❡ (g2 ◦ f)(P ) = g2(f(P )) = g2(Q) 6= 0✱ ♦✈✈❡3♦ F̃ (g) ∈
OP (X)✳ ❙✐ ♠♦4*3❛ ♦3❛ ❝❤❡ ✐❧ ♠❛44✐♠❛❧❡ ❞✐ OQ(Y ) ✈❛ ♥❡❧ ♠❛44✐♠❛❧❡ ❞✐ OP (X)✱
✐♥❢❛**✐ 4✐❛ ❝♦♠❡ 4♦♣3❛ g ∈ mQ((Y ))✱ ❝♦♥ g = g1/g2, g1, g2 ∈ Γ(V ), g2(Q) 6= 0
❡ g1(Q) = 0✳ ❆❧❧♦3❛ F̃ (g) = g1 ◦ f/g2 ◦ f ❡ g1(f(P )) = g1(Q) = 0✱ >✉✐♥❞✐
F̃ (g) ∈ mP (X)✳

❱✐❝❡✈❡34❛ 4✐ 4✉♣♣♦♥❣❛ ❞✐ ❛✈❡3❡ ❝❤❡ OP (X) ❞♦♠✐♥❛ F̃ (OQ(Y ))✱ 4✐ ♣3❡♥❞❛✲
♥♦ ✐♥*♦3♥✐ ❛✣♥✐ V ❞✐ P ❡ W ❞✐ Q✳ ❙✐❛ Γ(W ) = k[y1, . . . , yn]✱ ❛❧❧♦3❛ F̃ (yi) =
ai/bi, ai.bi ∈ Γ(V ) ❡✱ 4✐❝❝♦♠❡ F̃ (OQ(W )) ⊆ OP (V ) 4✐ ❤❛ ❝❤❡ bi(P ) 6= 0✳ ❙✐

♣♦♥❣❛ b = b1 . . . bn✱ ❛❧❧♦3❛ ❞❛*♦ ❝❤❡ 4✐ ♣✉= 4❝3✐✈❡3❡ Γ(Vb) = Γ(V )[1
b
] ✭✈❡❞❡3❡

♣3♦♣✳ ✸✳✶✸✮ 4✐ ❤❛ F̃ (Γ(W )) ⊆ Γ(Vb)✳ ❉✉♥>✉❡ ❞❛❧❧❛ ♣3♦♣♦4✐③✐♦♥❡ ✸✳✾ ❧✬♦♠♦✲

♠♦3✜4♠♦ F̃ : Γ(W ) → Γ(Vb) , ✐♥❞♦**♦ ❞❛ ✉♥ ✉♥✐❝♦ ♠♦3✜4♠♦ f : Vb → W ✳

❙✐❛ ♦3❛ g ∈ Γ(W ) ❝❤❡ 4✐ ❛♥♥✉❧❧❛ ✐♥ Q✱ ❛❧❧♦3❛ g ∈ mQ(W )❀ 4✐❝❝♦♠❡ OP (X)
❞♦♠✐♥❛ F̃ (OQ(Y )) 4❡❣✉❡ ❝❤❡ F̃ (g) ⊆ mp(V )✱ ♦✈✈❡3♦ (g ◦ f)(P ) = 0✳ ◗✉✐♥❞✐

f(P ) = Q ♣❡3 ❧✬❛3❜✐*3❛3✐❡*M ❞❡❣❧✐ ✐♥*♦3♥✐ V ❡ W ✳

✭✸✮ ❙✐ ♣♦44♦♥♦ ❛44✉♠❡3❡ X ❡ Y ❛✣♥✐❀ ❞❛*♦ ❧✬♦♠♦♠♦3✜4♠♦ ϕ : k(Y ) →
k(X) ♣3♦❝❡❞❡♥❞♦ ❛♥❛❧♦❣❛♠❡♥*❡ ❛ >✉❛♥*♦ ❢❛**♦ ♥❡❧ ♣✉♥*♦ ✭✷✮ 4✐ ❝❤❡ ϕ(Γ(Y )) ⊆
Γ(Xb) ♣❡3 >✉❛❧❝❤❡ b ∈ Γ(X)✱ 4✐ ♣♦♥❡ f̃ ❧❛ 3❡4*3✐③✐♦♥❡ ❞✐ ϕ ❛ Γ(Y )✳ ❙✐ ♦44❡3✈❛
❝❤❡ f̃ , ♦♠♦♠♦3✜4♠♦ ✐♥✐❡**✐✈♦ ❞❛*♦ ❝❤❡ ❧♦ , ϕ ❡44❡♥❞♦ ✉♥ ♦♠♦♠♦3✜4♠♦

❞✐ ❝❛♠♣✐✱ ✐♥♦❧*3❡ ❞❛❧❧❛ ♣3♦♣♦4✐③✐♦♥❡ ✸✳✾✱ f̃ , ✐♥❞♦**♦ ❞❛ ✉♥ ✉♥✐❝♦ ♠♦3✜4♠♦

f : Xb → Y ✳

❙✐❛ ♦3❛ WY \ V (G), G 6= 0 ❛♣❡3*♦ ❞✐ ✉♥❛ ❜❛4❡ ❞❡❧❧❛ *♦♣♦❧♦❣✐❛ ❞✐ ❩❛3✐4❦✐

4✉ Y ✳ ❙❡ ♣❡3 ❛44✉3❞♦ f(Xb) ∩W = ∅✱ ❛❧❧♦3❛ f(Xb) ⊆ V (G) ⇒ G(f(P )) =
(G ◦ f)(P ) = 0 ∀P ∈ Xb✱ 4❡❣✉❡ ❝❤❡ G ◦ f = 0 ✐♥ Γ(Xb)✱ ♠❛ >✉❡4*♦ , ❛44✉3❞♦

❞❛*♦ ❝❤❡ f̃ , ✐♥✐❡**✐✈❛✳

❉❡✜♥✐③✐♦♥❡ ✸✳✷✾✳ ❯♥❛ ♠❛♣♣❛ 3❛③✐♦♥❛❧❡ F ❞❛ X ❛ Y , ❞❡**❛ ❜✐"❛③✐♦♥❛❧❡

4❡ ❡4✐4*♦♥♦ ✐♥4✐❡♠✐ ❛♣❡3*✐ U ⊆ X, V ⊆ Y ✱ ❡ ✉♥ ✐4♦♠♦3✜4♠♦ f : U → V ❝❤❡
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"❛♣♣"❡&❡♥(❛ F ✳

❉✐"❡♠♦ .✉✐♥❞✐ ❝❤❡ X ❡ Y &♦♥♦ ❜✐"❛③✐♦♥❛❧♠❡♥*❡ ❡+✉✐✈❛❧❡♥*✐ &❡ ❡&✐&(❡ ✉♥❛

♠❛♣♣❛ ❜✐"❛③✐♦♥❛❧❡ ❞❛ X ❛ Y ✳ ◗✉❡&(❛ 7 ✉♥❛ "❡❧❛③✐♦♥❡ ❞✐ ❡.✉✐✈❛❧❡♥③❛✳

❙✐ ♦&&❡"✈❛ ❝❤❡ ✉♥❛ ✈❛"✐❡(: 7 ❜✐"❛③✐♦♥❛❧♠❡♥(❡ ❡.✉✐✈❛❧❡♥(❡ ❛❞ ♦❣♥✐ &✉❛ &♦(✲

(♦✈❛"✐❡(: ❛♣❡"(❛✳ ■♥♦❧("❡ ❧❡ ✈❛"✐❡(: An
❡ Pn &♦♥♦ ❜✐"❛③✐♦♥❛❧♠❡♥(❡ ❡.✉✐✈❛❧❡♥(✐✳

 !♦♣♦$✐③✐♦♥❡ ✸✳✸✵✳ ❉✉❡ ✈❛%✐❡'( )♦♥♦ ❜✐%❛③✐♦♥❛❧♠❡♥'❡ ❡0✉✐✈❛❧❡♥'✐ )❡ ❡ )♦❧♦

)❡ ✐ ❧♦%♦ ❝❛♠♣✐ ❞✐ ❢✉♥③✐♦♥✐ )♦♥♦ ✐)♦♠♦%✜✳

❉✐♠♦)'%❛③✐♦♥❡✳ ❙✐❛♥♦ X ❡ Y ❞✉❡ ✈❛)✐❡*+ ❜✐)❛③✐♦♥❛❧♠❡♥*❡ ❡0✉✐✈❛❧❡♥*✐✱ 0✉✐♥✲

❞✐ ❡3✐3*♦♥♦ ✐♥3✐❡♠✐ ❛♣❡)*✐ U ⊂ X ❡ V ⊂ Y ❡ f : U → V ✐3♦♠♦)✜3♠♦✱ ✐♥

♣❛)*✐❝♦❧❛)❡ f 7 ✉♥❛ ♠❛♣♣❛ )❛③✐♦♥❛❧❡ ❞♦♠✐♥❛♥*❡✳ ◗✉✐♥❞✐ ❞❛❧ ♣✉♥*♦ ✭✶✮ ❞❡❧❧❛

♣)♦♣♦3✐③✐♦♥❡ ♣)❡❝❡❞❡♥*❡ 3✐ ❝❤❡ f ✐♥❞✉❝❡ ✉♥ ♦♠♦♠♦)✜3♠♦ ❞❛ k(V ) ❛ k(U)❀
❞✉♥0✉❡✱ ♣)♦❝❡❞❡♥❞♦ ❛♥❛❧♦❣❛♠❡♥*❡ ♣❡) f−1

❡ 3✐ *)♦✈❛ ✉♥ ♦♠♦♠♦)✜3♠♦ *)❛

k(U) ❡ k(V )✱ *❛❧✐ ♦♠♦♠♦)✜3♠✐ 3♦♥♦ ❧✬✉♥♦ ❧✬✐♥✈❡)3♦ ❞❡❧❧✬❛❧*)♦ ❞❛❧❧❛ ♣)♦♣✳ ✸✳✾✳

❙❡❣✉❡ ❝❤❡ k(U) = k(X) 7 ✐3♦♠♦)❢♦ ❛ k(V ) = k(Y )✳
❱✐❝❡✈❡)3❛✱ 3✐❛ ϕ : k(X) → k(Y ) ✐3♦♠♦)✜3♠♦✱ 3✐ ♣✉E 3✉♣♣♦))❡ X ❡ Y ❛✣♥✐✳

❆❧❧♦)❛ ❛♥❛❧♦❣❛♠❡♥*❡ ❛ 0✉❛♥*♦ ❢❛**♦ ❞❡❧❧❛ ❞✐♠♦3*)❛③✐♦♥❡ ❞❡❧❧❛ ♣)♦♣♦3✐③✐♦♥❡

♣)❡❝❡❞❡♥*❡ 3✐ ❤❛✿ ϕ(Γ(X)) ⊆ Γ(Yb) ♣❡) 0✉❛❧❝❤❡ b ∈ Γ(Y )✱ ❡ ϕ−1(Γ(Y )) ⊆
Γ(Xd) ♣❡) 0✉❛❧❝❤❡ d ∈ Γ(X)✳

❆❧❧♦)❛ ϕ 3✐ )❡3*)✐♥❣❡ ❛ ✉♥ ✐3♦♠♦)✜3♠♦ *)❛ Γ((Xd)ϕ−1(b)) ❡ Γ((Yb)ϕ(d))✳
❙❡♠♣)❡ ❞❛❧❧❛ ♣)♦♣♦3✐③✐♦♥❡ ✸✳✾ 3❡❣✉❡ ❝❤❡ (Xd)ϕ−1(b) 7 ✐3♦♠♦)❢♦ ❛ (Yb)ϕ(d)✱ ❝❤❡
3♦♥♦ ❞✉❡ ❛♣❡)*✐ ❞✐ X ❡ Y )✐3♣❡**✐✈❛♠❡♥*❡❀ ❞✉♥0✉❡ *❛❧❡ ✐3♦♠♦)✜3♠♦ 7 ✉♥

)❛♣♣)❡3❡♥*❛♥*❡ ❞❡❧❧❛ ♠❛♣♣❛ ❜✐)❛③✐♦♥❛❧❡ *)❛ X ❡ Y ✳

❈♦"♦❧❧❛"✐♦ ✸✳✸✶✳ ❖❣♥✐ ❝✉%✈❛ 9 ❜✐%❛③✐♦♥❛❧♠❡♥'❡ ❡0✉✐✈❛❧❡♥'❡ ❛ ✉♥❛ ❝✉%✈❛

♣✐❛♥❛✳

❉✐♠♦)'%❛③✐♦♥❡✳ ❙✐❛ V ✉♥❛ ❝✉)✈❛✱ ❛❧❧♦)❛ ❞❛❧ 3❡❝♦♥❞♦ ♣✉♥*♦ ❞❡❧❧❛ ♣)♦♣♦3✐③✐♦✲

♥❡ ✸✳✷✶ 3✐ ❤❛ ❝❤❡ k(V ) = k(x, y) ♣❡) 0✉❛❧❝❤❡ x, y ∈ k(V )✳ ❙✐❛ I ✐❧ ♥✉❝❧❡♦

❞❡❧❧✬♦♠♦♠♦)✜3♠♦ 3✉)✐❡**✐✈♦ ❝❤❡ ✈❛ ❞❛ k[X, Y ] ❛ k[x, y] ⊆ k(V ) ❝❤❡ ❛33♦❝✐❛
X 7→ x, Y 7→ y❀ ❛❧❧♦)❛ I 7 ✐❞❡❛❧❡ ♣)✐♠♦✳ J♦3*♦ V ′ = V (I) ⊆ A2

7 ✉♥❛ ✈❛)✐❡*+✳

❙✐❝❝♦♠❡ Γ(V ′) = k[X, Y ]/I 7 ✐3♦♠♦)❢♦ ❛ k[x, y]✱ 3❡❣✉❡ ❝❤❡ k(V ′) 7 ✐3♦♠♦)❢♦

❛ k(x, y) = k(V )✳ ◗✉✐♥❞✐ dimV ′ = 1✱ ❡ ❛❧❧♦)❛ V ′
7 ✉♥❛ ❝✉)✈❛ ♣✐❛♥❛ ❞❛❧❧❛

♣)♦♣♦3✐③✐♦♥❡ ✸✳✷✹ ♣✉♥*♦ ✭✺✮❀ ❡ V ❡ V ′
3♦♥♦ ❜✐)❛③✐♦♥❛❧♠❡♥*❡ ❡0✉✐✈❛❧❡♥*✐✳

❉❡✜♥✐③✐♦♥❡ ✸✳✸✷✳ ❯♥❛ ✈❛)✐❡*+ 7 ❞❡**❛ ❜✐%❛③✐♦♥❛❧❡ 3❡ 7 ❜✐)❛③✐♦♥❛❧♠❡♥*❡

❡0✉✐✈❛❧❡♥*❡ ❛❞ An
♦ Pn ♣❡) 0✉❛❧❝❤❡ n✳



❈❛♣✐$♦❧♦ ✹

❘✐)♦❧✉③✐♦♥❡ ❞✐ )✐♥❣♦❧❛0✐$1

✹✳✶ ▼❛♣♣❡ '❛③✐♦♥❛❧✐ -✉ ❝✉'✈❡

❉❡✜♥✐③✐♦♥❡ ✹✳✶✳ ❯♥ ♣✉♥$♦ P &✉ ✉♥❛ ❝✉)✈❛ ❛)❜✐$)❛)✐❛ C - ❝❤✐❛♠❛$♦ ♣✉♥#♦

%❡♠♣❧✐❝❡ &❡ OP (C) - ✉♥ ❛♥❡❧❧♦ ❞✐ ✈❛❧✉$❛③✐♦♥❡ ❞✐&❝)❡$❛✳

❙❡ C - ✉♥❛ ❝✉)✈❛ ♣✐❛♥❛ 6✉❡&$❛ ❞❡✜♥✐③✐♦♥❡ ❝♦♥❝♦)❞❛ ❝♦♥ 6✉❡❧❧❛ ❞❛$❛ ✐♥
♣)❡❝❡❞❡♥③❛ ♥❡❧ ❝❛♣✐$♦❧♦ ✶ ✭✈❡❞❡)❡ ❞❡✜♥✐③✐♦♥❡ ✶✳✷✹✮✳ ■♥❢❛$$✐ ✈❛❧❡ ✐❧ &❡❣✉❡♥$❡✿

❚❡♦+❡♠❛ ✹✳✷✳ ❙✐❛ P ✉♥ ♣✉♥#♦ ❞✐ ✉♥❛ ❝✉.✈❛ ✐..✐❞✉❝✐❜✐❧❡ ♣✐❛♥❛ C✱ ❛❧❧♦.❛ P 2

♣✉♥#♦ ❧✐%❝✐♦ %❡ ❡ %♦❧♦ %❡ OP (C) 2 ✉♥ ❛♥❡❧❧♦ ❞✐ ✈❛❧✉#❛③✐♦♥❡ ❞✐%❝.❡#❛✳

❙✐❛ P ♣✉♥$♦ &❡♠♣❧✐❝❡ ❞❡❧❧❛ ❝✉)✈❛ C✱ &✐ ✐♥❞✐❝❛ ❝♦♥ ordC
P ❧❛ ❢✉♥③✐♦♥❡ ♦)❞✐♥❡ &✉

k(C) ❞❡✜♥✐$❛ ❞❛❧❧✬❛♥❡❧❧♦ ❞✐ ✈❛❧✉$❛③✐♦♥❡ ❞✐&❝)❡$❛ OP (C)✱ &✐ - ✈✐&$♦ ♥❡❧ &❡❝♦♥❞♦
❝❛♣✐$♦❧♦ ❝❤❡ $❛❧❡ ❢✉♥③✐♦♥❡ - ✉♥❛ ✈❛❧✉$❛③✐♦♥❡ ❞✐&❝)❡$❛✳

❉❡✜♥✐③✐♦♥❡ ✹✳✸✳ ❙✐❛ K ❝❛♠♣♦ ❝♦♥$❡♥❡♥$❡ k✱ &✐ ❞✐)C ❝❤❡ A - ✉♥ ❛♥❡❧❧♦ ❧♦❝❛❧❡

❞✐ K &❡ A - ✉♥ &♦$$♦❛♥❡❧❧♦ ❞✐ K✱ K - ✐❧ ❝❛♠♣♦ 6✉♦③✐❡♥$❡ ❞✐ A✱ ❡ A ❝♦♥$✐❡♥❡
k✳

D❡) ❡&❡♠♣✐♦✱ &❡ V - ✉♥❛ ✈❛)✐❡$C✱ P ∈ V ✱ ❛❧❧♦)❛ OP (V ) - ✉♥ ❛♥❡❧❧♦ ❧♦❝❛❧❡
❞✐ k(V )✳

❆♥❛❧♦❣❛♠❡♥$❡✱ &✐ ✐♥$❡♥❞❡)C ❞✬♦)❛ ✐♥ ❛✈❛♥$✐ ❝❤❡ ✉♥ ❛♥❡❧❧♦ ❞✐ ✈❛❧✉$❛③✐♦♥❡

❞✐&❝)❡$❛ ❞✐ K - ✉♥ ❛♥❡❧❧♦ ❞✐ ✈❛❧✉$❛③✐♦♥❡ ❝❤❡ &✐❛ ✉♥ ❛♥❡❧❧♦ ❧♦❝❛❧❡ ❞✐ K✳

❚❡♦+❡♠❛ ✹✳✹✳ ❙✐❛ C ✉♥❛ ❝✉.✈❛ ♣.♦✐❡##✐✈❛✱ K = k(C)✳ ❙✉♣♣♦♥✐❛♠♦ L ✉♥

❝❛♠♣♦ ❝♦♥#❡♥❡♥#❡ K✱ ❡ R ✉♥ ❛♥❡❧❧♦ ❞✐ ✈❛❧✉#❛③✐♦♥❡ ❞✐%❝.❡#❛ ❞✐ L✱ ❛%%✉♠✐❛♠♦

✐♥♦❧#.❡ R 6⊃ K✳ ❆❧❧♦.❛ ❡%✐%#❡ ✉♥ ✉♥✐❝♦ ♣✉♥#♦ P ∈ C #❛❧❡ ❝❤❡ R ❞♦♠✐♥❛

OP (C)✳

✸✺



✸✻ ❈❆"■❚❖▲❖ ✹✳ ❘■❙❖▲❯❩■❖◆❊ ❉■ ❙■◆●❖▲❆❘■❚➚

❉✐♠♦$%&❛③✐♦♥❡✳ ❯♥✐❝✐%. ✿ ❙❡ ♣❡& ❛((✉&❞♦ R ❞♦♠✐♥❛ OP (C) ❡ OQ(C)✱ ❝♦♥ P 6=
Q✳ ◗✉✐♥❞✐ (✐❛ f ∈ mP (C) ❡ 1/f ∈ OQ(C)✱ ♦✈✈❡&♦ f (✐ ❛♥♥✉❧❧❛ ✐♥ P ♠❛ ♥♦♥ ✐♥

Q✳ ❙✐❛ m ❧✬✐❞❡❛❧❡ ♠❛((✐♠❛❧❡ ❞✐ R✱ (✐❝❝♦♠❡ R ❞♦♠✐♥❛ (✐❛ OP (C) ❝❤❡ OQ(C) (✐
❤❛✿

❼ f ∈ mP (C) ⇒ f ∈ m ⇒ ordR(f) > 0✱
❼ 1/f ∈ OQ(C) ⇒ 1/f ∈ R ⇒ ordR(1/f) ≥ 0 ❡ ordR f ≤ 0✱

❡ ❞✉♥7✉❡ (✐ ❤❛ ✉♥❛ ❝♦♥8&❛❞❞✐③✐♦♥❡✳

❊$✐$%❡♥③❛ ✿ ❙✐ ♣✉: ❛((✉♠❡&❡ C (♦88♦✈❛&✐❡8; ❝❤✐✉(❛ ❞✐ Pn✱ ❡ ❝❤❡ C ∩ Ui 6=
∅ ∀i = 0, . . . , n ✭❛❧8&✐♠❡♥8✐ (✐ &✐❞✉❝❡ n✮✳ ❆❧❧♦&❛ Γ(C) = k[X0, . . . , Xn]/I(C) =
k[x0, . . . , xn]✱ ❞♦✈❡ xi ? ❧❛ ❝❧❛((❡ &❡(8♦ ❞✐ Xi ✐♥ Γ(C)❀ ❛❧❧♦&❛ xi 6= 0 ♣❡&❝❤A

❛❧8&✐♠❡♥8✐ (✐ ❛✈&❡❜❜❡ C ∩Ui = ∅✳ ❙✐❛ N = maxi,j ord(xi/xj)✱ (✐ ♣✉: (✉♣♣♦&&❡

❛ ♠❡♥♦ ❞✐ ❝❛♠❜✐♦ ❞✐ ❝♦♦&❞✐♥❛8❡ ❝❤❡ N = ord(xj/xn) ♣❡& 7✉❛❧❝❤❡ j✳ ❆❧❧♦&❛

♣❡& ♦❣♥✐ i (✐ ❤❛✿ ord
( xi
xn

)
= ord

(xj
xn

· xi
xj

)
= N − ord

(xj
xi

)
≥ 0.

❙✐❛ ♦&❛ C∗ ❧❛ ❝✉&✈❛ ❛✣♥❡ ❝♦&&✐(♣♦♥❞❡♥8❡ ❛ C∩Un✱ ❛❧❧♦&❛ (✐ ♣✉: ✐❞❡♥8✐✜❝❛&❡

Γ(C∗) ❝♦♥ k[x0/xn, . . . , xn−1/xn]✱ 7✉✐♥❞✐ R ⊇ Γ(C∗) ❞❛8♦ ❝❤❡ ♦❣♥✐ ❡❧❡♠❡♥8♦

❞✐ Γ(C∗) ❤❛ ♦&❞✐♥❡ ≥ 0✳
❙✐❛ m ❧✬✐❞❡❛❧❡ ♠❛((✐♠❛❧❡ ❞✐ R✱ ❡ (✐ ♣♦♥❣❛ J = m ∩ Γ(C∗)❀ (❡❣✉❡ ❝❤❡ J ?

✐❞❡❛❧❡ ♣&✐♠♦ ❡ 7✉✐♥❞✐ J ❝♦&&✐(♣♦♥❞❡ ❛ ✉♥❛ (♦88♦✈❛&✐❡8; ❝❤✐✉(❛ W ❞✐ C∗✳ ❙❡

(✐ ❛✈❡((❡ W = C∗✱ ❛❧❧♦&❛ J = 0 ❡ 7✉✐♥❞✐ ♦❣♥✐ ❡❧❡♠❡♥8♦ ♥♦♥ ♥✉❧❧♦ ❞✐ Γ(C∗)
(❛&❡❜❜❡ ✐♥✈❡&8✐❜✐❧❡✱ ♠❛ ❛❧❧♦&❛ Γ(C∗) = k(C∗) = K ❡ 7✉✐♥❞✐ R ⊃ K ❝♦♥8&♦

❧✬✐♣♦8❡(✐✳

◗✉✐♥❞✐ W = {P} ❞❛❧ ♣✉♥8♦ ✭✹✮ ❞❡❧❧❛ ♣&♦♣♦(✐③✐♦♥❡ ✸✳✷✹✳ ❙✐ ✈❡&✐✜❝❛ 7✉✐♥❞✐

❝❤❡ R ❞♦♠✐♥❛ OP (C∗) = OP (C)✱ (✐ ♠♦(8&❛ ✐♥❢❛88✐ ❝❤❡ OP (C∗) (✐ ✐♠♠❡&❣❡

✐♥ R✿ ✉♥ ❡❧❡♠❡♥8♦ ❞✐ OP (C∗) (✐ (❝&✐✈❡ ❝♦♠❡ f/g✱ ❝♦♥ f, g ∈ Γ(C∗) ❡ g /∈ J
✭❛❧8&✐♠❡♥8✐ g(P ) = 0✮✱ 7✉✐♥❞✐ g /∈ m✱ ♠❛ ❞❛8♦ ❝❤❡ g ∈ Γ(C∗) ⊂ R✱ ❛❧❧♦&❛ g ?

✐♥✈❡&8✐❜✐❧❡ ✐♥ R ⇒ 1/g ∈ R ⇒ f/g ∈ R✳

❈♦"♦❧❧❛"✐♦ ✹✳✺✳ ❙✐❛ F ✉♥❛ ♠❛♣♣❛ &❛③✐♦♥❛❧❡ ❞❛ ✉♥❛ ❝✉&✈❛ C ′
❛ ✉♥❛ ❝✉&✈❛

♣&♦✐❡%%✐✈❛ C✳ ❆❧❧♦&❛ ✐❧ ❞♦♠✐♥✐♦ ❞✐ F ✐♥❝❧✉❞❡ ♦❣♥✐ ♣✉♥%♦ ❧✐$❝✐♦ ❞✐ C ′
✱ 9✉✐♥❞✐ $❡

C ′
: ♥♦♥ $✐♥❣♦❧❛&❡ ❛❧❧♦&❛ F : ✉♥ ♠♦&✜$♠♦✳

❉✐♠♦$%&❛③✐♦♥❡✳ ❙❡ F ♥♦♥ ? ✉♥❛ ♠❛♣♣❛ ❞♦♠✐♥❛♥8❡ ❛❧❧♦&❛ ? ❝♦(8❛♥8❡✱ ✐♥❢❛88✐✿

(✐❛ f : U → C ✉♥ ♠♦&✜(♠♦ ❝❤❡ ❧❛ &❛♣♣&❡(❡♥8❛✱ ❛❧❧♦&❛ f(U) ❞❡✈❡ ❡((❡&❡ ❝❤✐✉(♦
✐♥ C ♣❡&❝❤A ♦❣♥✐ ❛♣❡&8♦ ❞✐ ✉♥❛ ✈❛&✐❡8; ? ❞❡♥(♦ ✐♥ ❡((❛✱ ♠❛ ❣❧✐ ✉♥✐❝✐ (♦88♦✐♥(✐❡♠✐

❝❤✐✉(✐ ♣&♦♣&✐ ❞✐ ✉♥❛ ❝✉&✈❛ (♦♥♦ ✉♥✐♦♥❡ ✜♥✐8❛ ❞✐ ♣✉♥8✐ ✭✈❡❞❡&❡ ♣&♦♣✳ ✸✳✷✹✮✱

❞✉♥7✉❡ ❡((❡♥❞♦ f(U) ✐&&✐❞✉❝✐❜✐❧❡ ❛❧❧♦&❛ f(U) = {P} ♣❡& 7✉❛❧❝❤❡ P ∈ C✳ ❙❡

F ? ❝♦(8❛♥8❡ ❛❧❧♦&❛ ✐❧ (✉♦ ❞♦♠✐♥✐♦ ? 8✉88❛ C ′
✱ ❡ 7✉✐♥❞✐ ❝♦♠♣&❡♥❞❡ ❛♥❝❤❡ 8✉88✐

✐ ♣✉♥8✐ ❧✐(❝✐ ❞✐ C ′
✳

❙✐ ❛((✉♠❡ ♦&❛ F ♠❛♣♣❛ ❞♦♠✐♥❛♥8❡✱ ❛❧❧♦&❛ ❞❛❧❧❛ ♣&♦♣♦(✐③✐♦♥❡ ✸✳✷✽ ♣✉♥8♦

✭✶✮ (✐ ❤❛ ❝❤❡ F ✐♥❞✉❝❡ ✉♥ ♦♠♦♠♦&✜(♠♦ 8&❛ k(C) ❡ k(C ′)✱ 7✉✐♥❞✐ ♣♦(8♦ K =
k(C) ❡ L = k(C ′) ❛❧❧♦&❛ K (✐ ✐♠♠❡&❣❡ ✐♥ L✳
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❙✐❛ ♦&❛ P ∈ C ′
♣✉♥*♦ ❧✐,❝✐♦✱ ♣♦,*♦ R = OP (C ′) ❡,,♦ 0 ❛♥❡❧❧♦ ❞✐ ✈❛❧✉*❛③✐♦♥❡

❞✐,❝&❡*❛ ❞✐ L✳ ❖&❛✱ ,✐ ❛,,✉♠❛ ♣❡& ❛,,✉&❞♦ ❞✐ ❛✈❡&❡ K ⊆ R ⊆ L✳ ❆❧❧♦&❛ ❞❛*♦

❝❤❡ K ❡ L ,♦♥♦ ❝❛♠♣✐ ❞✐ ❢✉♥③✐♦♥✐ ❞✐ ❝✉&✈❡✱ ❡,,✐ ❤❛♥♥♦ ❣&❛❞♦ ❞✐ *&❛,❝❡♥❞❡♥③❛

✶✱ ❞✐ ❝♦♥,❡❣✉❡♥③❛ L 0 ❛❧❣❡❜&✐❝♦ ,✉ K✱ ❛❧*&✐♠❡♥*✐ ,✐ ❛✈&❡❜❜❡ ❝❤❡ L ❤❛ ❣&❛❞♦ ❞✐

*&❛,❝❡♥❞❡♥③❛ ✷✳ ❈✐? ✐♠♣❧✐❝❛ ❝❤❡ R 0 ✉♥ ❝❛♠♣♦✱ ♠❛ @✉❡,*♦ 0 ❛,,✉&❞♦ ♣❡&❝❤A

✉♥ ❛♥❡❧❧♦ ❞✐ ✈❛❧✉*❛③✐♦♥❡ ❞✐,❝&❡*❛ ♥♦♥ 0 ✉♥ ❝❛♠♣♦✳ ◗✉✐♥❞✐ ,✐ ❤❛ ❝❤❡ R 6⊃ K✱

❛❧❧♦&❛ ❞❛❧ *❡♦&❡♠❛ ,❡❣✉❡ ❝❤❡ ❡,✐,*❡ ✉♥ ✉♥✐❝♦ ♣✉♥*♦ Q ∈ C *❛❧❡ ❝❤❡ R ❞♦♠✐♥❛

OQ(C)✳ ❆❧❧♦&❛ ,❡♠♣&❡ ❞❛❧❧❛ ♣&♦♣♦,✐③✐♦♥❡ ✸✳✷✽ ♣✉♥*♦ ✭✷✮ ,✐ ❤❛ ❝❤❡ F (P ) = Q
❡ @✉✐♥❞✐ P ❛♣♣❛&*✐❡♥❡ ❛❧ ❞♦♠✐♥✐♦ ❞✐ F ✳

❙✐❛ ♦&❛ C ′
♥♦♥ ,✐♥❣♦❧❛&❡✱ ❛❧❧♦&❛ ♦❣♥✐ ♣✉♥*♦ ❞✐ C ′

❛♣♣❛&*✐❡♥❡ ❛❧ ❞♦♠✐♥✐♦ ❞✐

F ✱ ❡ @✉✐♥❞✐ F 0 ♠♦&✜,♠♦✳

❈♦"♦❧❧❛"✐♦ ✹✳✻✳ ❙❡ C " ✉♥❛ ❝✉'✈❛ ♣'♦✐❡,,✐✈❛ ❡ C ′
✉♥❛ ❝✉'✈❛ ♥♦♥ -✐♥❣♦❧❛'❡✱

❛❧❧♦'❛ ❝✬" ✉♥❛ ❜✐❡③✐♦♥❡ ♥❛,✉'❛❧❡ ,'❛ ✐ ♠♦'✜-♠✐ ❞♦♠✐♥❛♥,✐ f : C ′ → C ❡ ❣❧✐

♦♠♦♠♦'✜-♠✐ f̃ : k(C) → k(C ′)✳

❉✐♠♦-,'❛③✐♦♥❡✳ ❙✐❛ f ♠♦&✜,♠♦ ❞♦♠✐♥❛♥*❡✱ ✐♥ ♣❛&*✐❝♦❧❛&❡ f 0 ✉♥❛ ♠❛♣♣❛

&❛③✐♦♥❛❧❡ ❞♦♠✐♥❛♥*❡✳ ❙✐ 0 ❣✐G ✈✐,*♦ ❝❤❡ @✉❡,*❛ ✐♥❞✉❝❡ ✉♥ ♦♠♦♠♦&✜,♠♦

f̃ : k(C) → k(C ′) ✭♣&♦♣♦,✐③✐♦♥❡ ✸✳✷✽ ♣✉♥*♦ ✭✶✮✮✳

❱✐❝❡✈❡&,❛ ❞❛*♦ f̃ ♦♠♦♠♦&✜,♠♦ *&❛ k(C) ❡ k(C ′) 0 ✐♥❞♦**♦ ❞❛ ✉♥✬✉♥✐❝❛

♠❛♣♣❛ &❛③✐♦♥❛❧❡ ❞♦♠✐♥❛♥*❡ f : C ′ → C✳ ❙✐❝❝♦♠❡ C ′
0 ♥♦♥ ,✐♥❣♦❧❛&❡ ❛❧❧♦&❛ ✐❧

❞♦♠✐♥✐♦ ❞✐ f 0 *✉**❛ ❧❛ ❝✉&✈❛ C ′
✱ ♦✈✈❡&♦ f 0 ♠♦&✜,♠♦ ❞♦♠✐♥❛♥*❡✳

❈♦"♦❧❧❛"✐♦ ✹✳✼✳ ❉✉❡ ❝✉'✈❡ ♣'♦✐❡,,✐✈❡ ♥♦♥ -✐♥❣♦❧❛'✐ -♦♥♦ ✐-♦♠♦'❢❡ -❡ ❡ -♦❧♦

-❡ ✐ ❧♦'♦ ❝❛♠♣✐ ❞✐ ❢✉♥③✐♦♥✐ -♦♥♦ ✐-♦♠♦'✜✳

❉✐♠♦-,'❛③✐♦♥❡✳ ❉❛*♦ ❝❤❡ ❧❡ ❞✉❡ ❝✉&✈❡ ,♦♥♦ ♥♦♥ ,✐♥❣♦❧❛&✐ ❛❧❧♦&❛ ✉♥ ✐,♦♠♦&✜✲

,♠♦ *&❛ ❞✐ ❡,,❡ 0 ❡@✉✐✈❛❧❡♥*❡ ❛❞ ✉♥❛ ♠❛♣♣❛ ❜✐&❛③✐♦♥❛❧❡✱ ✐♥♦❧*&❡ ❞❛❧ ❢❛**♦ ❝❤❡

,❡ ❡,✐,*❡ ✉♥❛ ♠❛♣♣❛ ❜✐&❛③✐♦♥❛❧❡ *&❛ ❞✉❡ ✈❛&✐❡*G ❛❧❧♦&❛ ✐ &✐,♣❡**✐✈✐ ❝❛♠♣✐ ❞✐

❢✉♥③✐♦♥✐ ,♦♥♦ ✐,♦♠♦&✜ ✭✈❡❞❡&❡ ♣&♦♣♦,✐③✐♦♥❡ ✸✳✸✵✮ ,❡❣✉❡ ❧❛ ❝♦♥❝❧✉,✐♦♥❡✳

❈♦"♦❧❧❛"✐♦ ✹✳✽✳ ❙✐❛ C ✉♥❛ ❝✉'✈❛ ♣'♦✐❡,,✐✈❛ ♥♦♥ -✐♥❣♦❧❛'❡✱ K = k(C)✳ ❆❧❧♦'❛
❝✬" ✉♥❛ ❜✐❡③✐♦♥❡ ♥❛,✉'❛❧❡ ,'❛ ✐ ♣✉♥,✐ ❞✐ C ❡ ❣❧✐ ❛♥❡❧❧✐ ❞✐ ✈❛❧✉,❛③✐♦♥❡ ❞✐-❝'❡,❛ ❞✐

K✳ ❙❡ P ∈ C ❛❧❧♦'❛ OP (C) " ✐❧ ❝♦''✐-♣♦♥❞❡♥,❡ ❛♥❡❧❧♦ ❞✐ ✈❛❧✉,❛③✐♦♥❡ ❞✐-❝'❡,❛✳

❉✐♠♦-,'❛③✐♦♥❡✳ ❉❛*♦ ❝❤❡ C 0 ✉♥❛ ❝✉&✈❛ ♥♦♥ ,✐♥❣♦❧❛&❡ ❛❧❧♦&❛ ♣❡& ♦❣♥✐ ♣✉♥*♦

P ∈ C✱ OP (C) 0 ✉♥ ❛♥❡❧❧♦ ❞✐ ✈❛❧✉*❛③✐♦♥❡ ❞✐,❝&❡*❛✳

❱✐❝❡✈❡&,❛ ,✐❛ R ✉♥ ❛❧*&♦ ❛♥❡❧❧♦ ❞✐ ✈❛❧✉*❛③✐♦♥❡ ❞✐,❝&❡*❛✱ ❛❧❧♦&❛ ,✐ ♣✉? ❛♣✲

♣❧✐❝❛&❡ ✐❧ *❡♦&❡♠❛ ,♦♣&❛ ❝♦♥ L = K ❡ K = K✱ ❛❧❧♦&❛ R 6⊃ K ❡ @✉✐♥❞✐ ❧❡

✐♣♦*❡,✐ ,♦♥♦ ✈❡&✐✜❝❛*❡✳ ❙❡❣✉❡ @✉✐♥❞✐ ❝❤❡ ❡,✐,*❡ ✉♥ ✉♥✐❝♦ P ∈ C *❛❧❡ ❝❤❡ R
❞♦♠✐♥❛ OP (C)✱ ❛❧❧♦&❛ R = OP (C)✳ ■♥❢❛**✐✱ ♣♦,*♦ OP (C) = S✱ ,❡ ♣❡& ❛,,✉&❞♦

❡,✐,*❡ f ∈ R \ S✱ ❛❧❧♦&❛ ordR(f) ≥ 0✱ ❞✬❛❧*&❛ ♣❛&*❡ f /∈ S ⇒ 1/f ∈ S ❝♦♥

ordS(1/f) > 0✱ ♦✈✈❡&♦ 1/f ❛♣♣❛&*✐❡♥❡ ❛❧ ♠❛,,✐♠❛❧❡ ❞✐ S ♠❛ ,✐❝❝♦♠❡ R ❞♦♠✐✲

♥❛ S ,✐ ❤❛ ❝❤❡ 1/f ❛♣♣❛&*✐❡♥❡ ❛♥❝❤❡ ❛❧ ♠❛,,✐♠❛❧❡ ❞✐ R✱ @✉✐♥❞✐ ordR(1/f) > 0✱
♠❛ ❛❧❧♦&❛ ordR(f) < 0 ❡ ,✐ ❤❛ ✉♥❛ ❝♦♥*&❛❞❞✐③✐♦♥❡✳
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✹✳✷ ❇❧♦✇✐♥❣✲✉♣ ❞✐ ✉♥ ♣✉♥.♦ ✐♥ A2

❘✐$♦❧✈❡)❡ ✉♥❛ $✐♥❣♦❧❛)✐./ ❞✐ ✉♥❛ ❝✉)✈❛ ♣)♦✐❡..✐✈❛ C $✐❣♥✐✜❝❛ .)♦✈❛)❡ ✉♥❛ ❝✉)✈❛

♣)♦✐❡..✐✈❛ ♥♦♥ $✐♥❣♦❧❛)❡ X ❡ ✉♥❛ ♠❛♣♣❛ ❜✐)❛③✐♦♥❛❧❡ f : X → C✳
■♥ 9✉❡$.❛ $❡③✐♦♥❡ $✐ ✈❡❞)/ ✉♥ ❡$❡♠♣✐♦ ❞✐ ❝♦♠❡ ❢❛)❡ ✐❧ ❜❧♦✇✲✉♣ ❞✐ ✉♥ ♣✉♥.♦

❞✐ ✉♥❛ ❝✉)✈❛ ❝♦♥.❡♥✉.❛ ♥❡❧ ♣✐❛♥♦ ❛✣♥❡✳

❉❛.❛ ✉♥❛ ❝✉)✈❛ C ⊆ P2
✱ ❧✬✐❞❡❛ ❣❡♥❡)❛❧❡ ♣❡) ❝♦$.)✉✐)♥❡ ❧❛ )✐$♦❧✉③✐♦♥❡ A ❧❛

$❡❣✉❡♥.❡✿ $✐❛ P ✉♥ ♣✉♥.♦ ♠✉❧.✐♣❧♦ ❞✐ C✱ ❛❧❧♦)❛ $✐ )✐♠✉♦✈❡ ✐❧ ♣✉♥.♦ P ❞❛ P2

❡ ❧♦ $✐ $♦$.✐.✉✐$❝❡ ❝♦♥ ✉♥❛ )❡..❛ ♣)♦✐❡..✐✈❛ L✳ ■ ♣✉♥.✐ ❞✐ L ❝♦))✐$♣♦♥❞❡)❛♥♥♦

❛✐ ❝♦❡✣❝✐❡♥.✐ ❛♥❣♦❧❛)✐ ❞❡❧❧❡ )❡..❡ ♣❛$$❛♥.✐ ♣❡) P ✳ ◗✉❡$.♦ ♣✉D ❡$$❡)❡ ❢❛..♦

✐♥ ♠♦❞♦ ❝❤❡ ✐❧ )✐$✉❧.❛♥.❡ ✧♣✐❛♥♦ $❝♦♣♣✐❛.♦✧ B = (P2 \ {P}) ∪ L $✐❛ ❛♥❝♦)❛

✉♥❛ ✈❛)✐❡./✱ ✐♥ ♣❛).✐❝♦❧❛)❡ A ✉♥❛ ✈❛)✐❡./ ❝♦♣❡).❛ ❞❛ ✐♥$✐❡♠✐ ❛♣❡).✐ ✐$♦♠♦)✜

❛❞ A2
✳ ❆❧❧♦)❛ ❧❛ ❝✉)✈❛ C A ❜✐)❛③✐♦♥❛❧♠❡♥.❡ ❡9✉✐✈❛❧❡♥.❡ ❛❧❧❛ ❝✉)✈❛ C ′

$✉ B✱

❝♦♥ C ′ \ (C ′ ∩ L) ✐$♦♠♦)❢♦ ❛ C \ {P}✱ ❞✬❛❧.)❛ ♣❛).❡ C ′
❛✈)/ ❞❡✐ ♣✉♥.✐ $✐♥❣♦❧❛)✐

✧♠✐❣❧✐♦)✐✧ )✐$♣❡..♦ ❛ C✱ $✐ ❝❛♣✐)/ ✐♥ $❡❣✉✐.♦ ✐♥ ❝❤❡ $❡♥$♦ ♠✐❣❧✐♦)✐✳

H)❡♥❞✐❛♠♦ P = (0, 0) ∈ A2
✱ ❡ U = {(x, y) ∈ A2 | x 6= 0}✱ ❡ ❞❡✜♥✐❛♠♦

✐❧ ♠♦)✜$♠♦ f : U → A1 = k ❞❛.♦ ❞❛ f(x, y) = y/x✳ ❙✐❛ G ⊆ U × A1 ⊂
A2 × A1 = A3

✐❧ ❣)❛✜❝♦ ❞✐ f ✱ ❛❧❧♦)❛

G = {(x, y, z) ∈ A3 | z = y/x, x 6= 0} = {(x, y, z) ∈ A3 | y = xz, x 6= 0}.
❙✐ ❝♦♥$✐❞❡)❛ ♦)❛ B = {(x, y, z) ∈ A3 | y = xz}✱ A ❧❛ ❝❤✐✉$✉)❛ ❞✐ G ✐♥ A3

✱ ❞❛.♦

❝❤❡ Y −XZ A ✐))✐❞✉❝✐❜✐❧❡ ❛❧❧♦)❛ B A ✉♥❛ ✈❛)✐❡./ ✭❛✣♥❡✮✳

❙✐❛ ✐♥♦❧.)❡ π : B → A2
❧❛ )❡$.)✐③✐♦♥❡ ❞❡❧❧❛ ♣)♦✐❡③✐♦♥❡ ❞❛ A3

❛❞ A2
❝❤❡

♠❛♥❞❛ π(x, y, z) = (x, y)✱ ❡$$❡♥❞♦ ❧❛ ♣)♦✐❡③✐♦♥❡ ✉♥ ♠♦)✜$♠♦ ❛❧❧♦)❛ ❛♥❝❤❡ π
A ♠♦)✜$♠♦ .)❛ ✈❛)✐❡./✳ ❆❧❧♦)❛ π(B) = U ∪ {P}✱ ✐♥❢❛..✐✿

❼ $❡ x = 0 ⇒ y = xz = 0 ⇒ (0, 0, z) 7→ (0, 0) = P ❀
❼ $❡ x 6= 0 ⇒ π(x, y, z) = (x, y) ∈ U ✱ ✐♥♦❧.)❡ $✐❛ (x, y) ∈ U ✱ ❛❧❧♦)❛ x 6= 0

❡ $✐ ♣✉D $❝)✐✈❡)❡ z = y/x ❡ π−1(x, y) = (x, y, y/x) ∈ G ⊆ B✳

■♥ ♣❛).✐❝♦❧❛)❡ π−1(U) = G✱ ❞❛ ❝✉✐ $❡❣✉❡ ❝❤❡ π $✐ )❡$.)✐♥❣❡ ❛ ✉♥ ✐$♦♠♦)✜$♠♦

.)❛ π−1(U) ❡ U ❀ $✐ ♣♦♥❡ L = π−1(P ) = {(0, 0, z) | z ∈ k}✳ ❙✐ ♦$$❡)✈❛ ❝❤❡ G A

✉♥❛ $♦..♦✈❛)✐❡./ ❛♣❡).❛ ❞✐ B✱ ♠❡♥.)❡ L A ✉♥❛ $♦..♦✈❛)✐❡./ ❝❤✐✉$❛ ❞✐ B✳

❙✐❛ ♦)❛ ϕ : A2 → B✱ ❞❡✜♥✐.❛ ❞❛ ϕ(x, z) = (x, xz, z)✱ ϕ A ✉♥ ✐$♦♠♦)✜$♠♦

❞✐ A2
$✉ B✱ ❧❛ ♣)♦✐❡③✐♦♥❡ $✉❧ ♣✐❛♥♦ (x, z) A ❧✬✐♥✈❡)$❛ ❞✐ ϕ✳ ❙✐ ❞❡✜♥✐$❝❡ ✐♥♦❧.)❡

ψ = π ◦ ϕ : A2 → A2
✱ 9✉✐♥❞✐ ψ(x, z) = (x, xz)✳ ◗✉✐♥❞✐ $✐ ❤❛ ❝❤❡ ✐❧ $❡❣✉❡♥.❡

❞✐❛❣)❛♠♠❛ ❝♦♠♠✉.❛✿

B
π

��

A2

ϕ

CC

ψ
// A2

❙✐❛ E = ψ−1(P ) = ϕ−1(π−1(P )) = ϕ−1(L) = {(x, z) ∈ A2 | x = 0}❀ ❛❧❧♦)❛
ψ : A2 \E → U A ✉♥ ✐$♦♠♦)✜$♠♦✱ ✐♥❢❛..✐ $✐ A ✈✐$.♦ ❝❤❡ U A ✐$♦♠♦)❢♦ ❛ π−1(U)



A2

{(x, z) ∈ A2 | x 6= 0} = A2 \ E ψ
A2

C 6= V (X) A2 C0 = C ∩ U
C C ′

0 = ψ−1(C0) C ′ C ′
0 A2 f : C ′ → C

ψ C ′ f C ′ C
C ′
0 C0 k(C) = k(x, y) k(C ′) = k(x, z)

f̃ y = xz x, y, z
X, Y, Z Γ(C)

C = V (Y 2 −X2(X + 1))
P = (0, 0) ∈ A2 k = C

C

P C π−1(C \ {P}) B
C ′

{
z2 − x− 1 = 0

y = xz
,

P C P1 = (0, 0, 1)
P2 = (0, 0,−1)



B (x, z) B
C ′ V (Z2 −X − 1)

C = V (F ) F = Fr + Fr+1 + · · · + Fn Fi
i k[X, Y ] r = mP (C) n = deg(C)

C ′ = V (F ′) F ′(X,Z) = Fr(1, Z) +XFr+1(1, Z) + · · · +Xn−rFn(1, Z)
f̃

F (X,XZ) = XrFr(1, Z)+X
r+1Fr+1(1, Z)+ · · ·+XnFn(1, Z) = XrF ′(X,Z),



✹✳✷✳ ❇▲❖❲■◆●✲❯, ❉■ ❯◆ ,❯◆❚❖ ■◆ A2
✹✶

"✐❝❝♦♠❡ Fr(1, Z) 6= 0✱ ♣❡*❝❤, ❛❧/*✐♠❡♥/✐ P ❛✈*❡❜❜❡ ♠♦❧/❡♣❧✐❝✐/3 ♠❛❣❣✐♦*❡ ❞✐

r✱ "✐ ❤❛ ❝❤❡ X ♥♦♥ ❞✐✈✐❞❡ F ′
✳

❙❡ ♣❡* ❛""✉*❞♦ F ′ = GH✱ ❛❧❧♦*❛ F (X, Y ) = XrG(X, Y/X)H(X, Y/X)
"❛*❡❜❜❡ *✐❞✉❝✐❜✐❧❡ ❡ C ♥♦♥ "❛*❡❜❜❡ ✉♥❛ ✈❛*✐❡/3❀ ❛❧❧♦*❛ F ′

: ✐**✐❞✉❝✐❜✐❧❡✳ ■♥♦❧/*❡

"✐ ❤❛ ❝❤❡ C ′
0 ⊆ V (F ′)✱ ✐♥ ♣❛*/✐❝♦❧❛*❡ C ′

0 ≃ C0 = V (F )∩U ✱ ❞❛/♦ ❝❤❡ C = V (F )
: ❧❛ ❝❤✐✉"✉*❛ ❞✐ C0 ❛❧❧♦*❛ V (F ′) : ❧❛ ❝❤✐✉"✉*❛ ❞✐ C ′

0✱ ♦✈✈❡*♦ C ′ = V (F ′)✳

✭✷✮ ❙✐ ❛""✉♠❡ ♦*❛ X ♥♦♥ /❛♥❣❡♥/❡ ❛ C ✐♥ P ✱ ❡ ♠♦❧/✐♣❧✐❝❛♥❞♦ F ♣❡* ✉♥❛

❝♦"/❛♥/❡ "✐ ♣✉< ❛""✉♠❡*❡ Fr(X, Y ) =
∏s

i=1(Y − αiX)ri ✱ ❞♦✈❡ Y − αiX "♦♥♦

❧❡ /❛♥❣❡♥/✐ ❛ C ✐♥ P ✱ ❡

∑s

i=1 ri = r✳ ❆❧❧♦*❛ f−1(P ) = {P1, . . . , Ps}✱ ❝♦♥

Pi = (0, αi)✳ ■♥❢❛//✐

f−1(P ) = ψ−1(P ) ∩ C ′ = E ∩ C ′ = {(0, α) | Fr(1, α) = 0}.

❆❧❧♦*❛ ♦❣♥✐ Pi ∈ C ′ ∩ E✱ ?✉✐♥❞✐ ❤❛ "❡♥"♦ ❝❛❧❝♦❧❛*♥❡ ❧❛ ♠♦❧/❡♣❧✐❝✐/3 ❞✐

✐♥/❡*"❡③✐♦♥❡✱ ✐♥ ♣❛*/✐❝♦❧❛*❡ "✐ ❤❛ ❝❤❡✿

mPi
(C ′) ≤ mPi

(C ′, E) = ri,

❞♦✈❡ ❧❛ ♣*✐♠❛ ❞✐"✉❣✉❛❣❧✐❛♥③❛ ❞❡*✐✈❛ ❞❛❧❧❛ ❞✐"✉❣✉❛❣❧✐❛♥③❛ ❢♦♥❞❛♠❡♥-❛❧❡ ❀ ♠❡♥✲

/*❡ ❧❛ "❡❝♦♥❞❛ ✉❣✉❛❣❧✐❛♥③❛ ❞❡*✐✈❛ ❞❛❧ ❢❛//♦ ❝❤❡ E : ✉♥❛ "♦//♦✈❛*✐❡/3 ❧✐♥❡❛*❡✱

✐♥ ♣❛*/✐❝♦❧❛*❡ : ✉♥❛ *❡//❛ ?✉✐♥❞✐ "✐ ♣✉< ❝❛❧❝♦❧❛*❡ /❛❧❡ ♠♦❧/❡♣❧✐❝✐/3 ❝♦♠❡ ✈✐"/♦

♥❡❧ ♣*✐♠♦ ❝❛♣✐/♦❧♦ ❡ *✐❝♦*❞❛♥❞♦ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ❋✬✳

❙❡❣✉❡ ❝❤✐❛*❛♠❡♥/❡ ❝❤❡ "❡ ❧❡ /❛♥❣❡♥/✐ ❛ C ✐♥ P "♦♥♦ ♦*❞✐♥❛*✐❡✱ ♦✈✈❡*♦

❤❛♥♥♦ ♠♦❧/❡♣❧✐❝✐/3 ✶✱ ❛❧❧♦*❛ mPi
(C ′) = 1✱ ❝✐♦: Pi : ♣✉♥/♦ ❧✐"❝✐♦ ✐♥ C ′

✳

✭✸✮ ❊"✐"/❡ ✉♥ ✐♥/♦*♥♦ ❛✣♥❡ W ❞✐ P "✉ C /❛❧❡ ❝❤❡ W ′ = f−1(W ) : ✉♥❛

"♦//♦✈❛*✐❡/3 ❛✣♥❡ ❛♣❡*/❛ ❞✐ C ′
✱ f(W ′) = W ✳

❙✐❛ F =
∑

i+j≥r aijX
iY j

✱ ❡ "✐❛ H =
∑

j≥r a0jY
j−r

❀ ❝♦♥ h "✐ ✐♥❞✐❝❤❡*3

❧❛ ❝❧❛""❡ *❡"/♦ ❞✐ H ✐♥ Γ(C)✳ ❆❧❧♦*❛ H(0, 0) = a0r = 1 6= 0 ♣❡* ❝♦♠❡ "✐ :

"✉♣♣♦"/♦ Fr✳

❘✐❝♦*❞❛♥❞♦ ❝❤❡ ❞❛/❛ ✉♥❛ ✈❛*✐❡/3 X ❡ b ∈ Γ(X) "✐ ♣♦♥❡ Xb = {P ∈
X | b(P ) 6= 0} ❡ Γ(Xb) = Γ(X)[1/b] ✭✈❡❞❡*❡ ♣*♦♣♦"✐③✐♦♥❡ ✸✳✶✸✮✱ "✐ ❤❛ ❝❤❡

P ∈ Ch := W ✳ ◗✉✐♥❞✐ W : ✐♥/♦*♥♦ ❛♣❡*/♦ ❛✣♥❡ ❞✐ P ✐♥ C❀ "✐❛ W ′ =
f−1(W ) = f−1(Ch) = {Q ∈ C ′ | h(f(Q)) 6= 0}✱ : ❛♥❝❤✬❡""❛ ✉♥❛ "♦//♦✈❛*✐❡/3

❛♣❡*/❛ ❛✣♥❡ ❞✐ C ′
✳

■♥♦❧/*❡ Γ(W ′) : ✉♥ ♠♦❞✉❧♦ ✜♥✐/♦ "♦♣*❛ Γ(W ) ❡ xr−1Γ(W ′) ⊆ Γ(W )✳ ■♥✲

❢❛//✐ "✐ *✐❝♦*❞❛ ❝❤❡ k(C) = k(x, y) ❡ k(C ′) = k(x, z) ✱❛❧❧♦*❛ "❡❣✉❡ ❝❤❡ Γ(W ′) ⊆
Γ(W )[z]✳ M❡* ❝♦♥❝❧✉❞❡*❡ ❜❛"/❛ /*♦✈❛*❡ ✉♥✬❡?✉❛③✐♦♥❡ zr+biz

r−1+ · · ·+br = 0✱
❝♦♥ bi ∈ Γ(W )❀ ✐♥ /❛❧❡ ♠♦❞♦ "✐ ❤❛ ❝❤❡ z : ✐♥/❡❣*❛❧❡ "♦♣*❛ Γ(W ) ❡ ❛❧❧♦*❛ ❞❛❧❧❛

♣*♦♣♦"✐③✐♦♥❡ ✶✳✷✼ "✐ ❤❛ ❝❤❡ Γ(W )[z] : ♠♦❞✉❧♦ ✜♥✐/♦ "♦♣*❛ Γ(W )✱ ❡ ?✉✐♥❞✐

❛♥❝❤❡ Γ(W ′) : ♠♦❞✉❧♦ ✜♥✐/♦ "♦♣*❛ Γ(W )✳



✹✷ ❈❆"■❚❖▲❖ ✹✳ ❘■❙❖▲❯❩■❖◆❊ ❉■ ❙■◆●❖▲❆❘■❚➚

"❡$ %$♦✈❛$❡ %❛❧❡ ❡*✉❛③✐♦♥❡ /✐ $✐❝♦$❞❛ ❝❤❡✿

F ′(x, z) =
F (x, xz)

xr
=

∑

i+j≥r

aijx
i+j−rzj

=
∑

i+j≥r
i<r

aijy
i+j−rzr−i +

∑

i+j≥r
i≥r

aijx
i−ryj,

❞♦✈❡ ♥❡❧❧❛ ♣$✐♠❛ ♣❛$%❡ /✐ 6 /♦/%✐%✉✐%♦ x = y/z ❡ ♥❡❧❧❛ /❡❝♦♥❞❛ z = y/x✳
❉❛%♦ ❝❤❡ F ′(x, z) = 0 ✐♥ Γ(W ′)✱ ❛❧❧♦$❛ F ′(y, z)/h(y) = 0 ✐♥ Γ(W ′)✱ ❡ /✐

♦%%✐❡♥❡ *✉✐♥❞✐ ✉♥✬❡*✉❛③✐♦♥❡ ❞❡❧ %✐♣♦ zr + biz
r−1 + · · · + br = 0 ❝♦♥ bi =

(
∑

i+j≥r aijy
i+j−r)/h ♣❡$ i < r✱ ❡ br = (

∑
aijx

i−ryj)/h✳

❙✐ ♦//❡$✈❛ ✐♥♦❧%$❡ ❝❤❡ xr−1Γ(W ′) ⊆ Γ(W )✱ ❜❛/%❛ ♣$♦✈❛$❡ ❝❤❡ xr−1zi ∈
Γ(W ) ∀i ≤ r−1❀ /✐ ❤❛✿ xr−1zi = xr−i−1yi ∈ Γ(W ) ⇔ r−i−1 ≥ 0 ⇔ i ≤ r−1✳

❙✐ ♦//❡$✈❛ ❝❤❡ W ❡ W ′
/✐ ♣♦//♦♥♦ ♣$❡♥❞❡$❡ ❛$❜✐%$❛$✐❛♠❡♥%❡ ♣✐❝❝♦❧✐✳

✹✳✸ ❇❧♦✇✐♥❣✲✉♣ ❞✐ ♣✉♥.✐ ✐♥ P2

❉❛%♦ ❝❤❡ ✉♥❛ ❝✉$✈❛ ♣✐❛♥❛ ♣$♦✐❡%%✐✈❛ C ❤❛ ✉♥ ♥✉♠❡$♦ ✜♥✐%♦ ❞✐ ♣✉♥%✐ /✐♥❣♦❧❛$✐✱

✐♥ ♣❛$%✐❝♦❧❛$❡ /❡ d = deg C ❛❧❧♦$❛ ❝❡ ♥❡ /♦♥♦ ❛❧ ♣✐@ (d − 1)(d − 2)/2✱ /✐ ♣✉A
❣❡♥❡$❛❧✐③③❛$❡ *✉❛♥%♦ ❛♣♣❡♥❛ ❢❛%%♦ ❝♦♥/✐❞❡$❛♥❞♦ ♣✉♥%✐ P1, . . . , Pt ✐♥ P2

✱ /✐

♠♦/%$❛ ❞✐ /❡❣✉✐%♦ ❝♦♠❡ ❢❛$♥❡ ✐❧ ❜❧♦✇✲✉♣✳

"❡$ /❡♠♣❧✐❝✐%E /✐ ❛//✉♠❡ ❝❤❡ Pi ∈ U3 = {[x : y : z] ∈ P2 | z 6= 0}✱ *✉✐♥❞✐
/✐ ♣♦//♦♥♦ ♠❡%%❡$❡ ♥❡❧❧❛ ❢♦$♠❛ Pi = [ai1 : ai2 : 1]✳

❙✐❛ U = P2 \ {P1, . . . , Pt}✱ /✐ ❞❡✜♥✐/❝♦♥♦ ✐ ♠♦$✜/♠✐ fi : U → P1
❞❛%✐ ❞❛✿

fi([x1 : x2 : x3]) = [x1 − ai1x3 : x2 − ai2x3].

❙✐ ♦//❡$✈❛ ❝❤❡ ♦❣♥✐ fi 6 ❜❡♥ ❞❡✜♥✐%❛ ♣❡$ ♦❣♥✐ ♣✉♥%♦ P 6= Pi✱ *✉✐♥❞✐ ✐❧ ❞♦♠✐♥✐♦

❞✐ fi /✐ ♣✉A ❡/%❡♥❞❡$❡ ❛ P2\{Pi}✳ ❙✐❛ ♦$❛ f = (f1, . . . , ft) : U → P1 × · · · × P1

︸ ︷︷ ︸
t✈♦❧#❡

✐❧ ♣$♦❞♦%%♦ ❞❡❧❧❡ fi✱ ❡//♦ 6 ✉♥ ♠♦$✜/♠♦ ♣❡$ ❧❛ ♣$♦♣♦/✐③✐♦♥❡ ✸✳✶✻ ♣✉♥%♦ ✭✷✮❀

/✐❛ ✐♥♦❧%$❡ G ⊆ U × P1 × · · · × P1
✐❧ ❣$❛✜❝♦ ❞✐ f ✳

❙✐❛♥♦ X1, X2, X3 ❧❡ ❝♦♦$❞✐♥❛%❡ ♦♠♦❣❡♥❡❡ ❞✐ P2
❡ Yi1, Yi2 ❧❡ ❝♦♦$❞✐♥❛%❡

♦♠♦❣❡♥❡❡ ♣❡$ ❧✬i✲❡/✐♠❛ ❝♦♣✐❛ ❞✐ P1
✳ ❙✐❛

B = V ({Yi1(X2−ai2X3)−Yi2(X1−ai1X3) | i = 1, . . . , t}) ⊆ P2×P1×· · ·×P1.

❆❧❧♦$❛ B ⊇ G ✐♥❢❛%%✐ ✉♥ ♣✉♥%♦ ❞✐ G ❤❛ ❝♦♦$❞✐♥❛%❡

{[x1 : x2 : x3]}×{[x1 − a11x3 : x2 − a12x3]}× · · · × {[x1 − at1x3 : x2 − at2x3]},



✹✳✸✳ ❇▲❖❲■◆●✲❯, ❉■ ,❯◆❚■ ■◆ P2
✹✸

❝♦♥ [x1 : x2 : x3] ∈ U ✱ ❡ '✐ ✈❡❞❡ ❢❛❝✐❧♠❡♥/❡ ❝❤❡ ❧❡ ❡1✉❛③✐♦♥✐ ❝❤❡ ❞❡✜♥✐'❝♦♥♦ B
'♦♥♦ ✈❡5✐✜❝❛/❡ ♣❡5 ♦❣♥✐ i = 1, . . . , t✳ ■♥♦❧/5❡ '✐ ✈❡❞5: ♣♦✐ ❝❤❡ B ; ❧❛ ❝❤✐✉'✉5❛

❞✐ G ✐♥ P2 × P1 × · · · × P1
✳

❙✐❛ π : B → P2
❧❛ 5❡'/5✐③✐♦♥❡ ❞❡❧❧❛ ♣5♦✐❡③✐♦♥❡ ❞❛ P2 × · · · × P1

❛ P2
✱ '✐

❞❡✜♥✐'❝❡ Ei = π−1(Pi)✳ ❙✐ ♦''❡5✈❛♥♦ ❞✉♥1✉❡ ✐ '❡❣✉❡♥/✐ ❢❛//✐✿

✭✶✮ Ei = {Pi} × {f1(Pi)} × · · · × P1 × · · · × {ft(Pi)}✱ ❞♦✈❡ P1
❛♣♣❛5❡

❛❧ ♣♦'/♦ i✲❡'✐♠♦✳ ◗✉✐♥❞✐ Ei ; ✐'♦♠♦5❢♦ ❛ P1
✱ '✐ ♦''❡5✈❛ 1✉✐♥❞✐ ❝❤❡ ♦❣♥✐ Ei

5❛♣♣5❡'❡♥/❛ ❧❛ 5❡//❛ ♣5♦✐❡//✐✈❛ L ❞❡❧❧❛ '❡③✐♦♥❡ ♣5❡❝❡❞❡♥/❡✳

✭✷✮ B \⋃t

i=1Ei = B ∩ (U × P1 × · · · × P1) = G✱ ❧✬✉❧/✐♠❛ ❞✐'✉❣✉❛❣❧✐❛♥③❛

❞❡5✐✈❛ ❞❛ 1✉❛♥/♦ ❣✐: ♦''❡5✈❛/♦ ♣5❡❝❡❞❡♥/❡♠❡♥/❡✳ ❈❤✐❛5❛♠❡♥/❡ B∩ (U ×P1×
· · ·×P1) ⊆ B\⋃t

i=1Ei✱ ♣❡5❝❤B '❡ Q = (x̄, ȳ1, . . . , ȳt) ∈ U×P1×· · ·×P1
❛❧❧♦5❛

x̄ /∈ {P1, . . . , Pt} ⇒ Q /∈ Ei ∀i = 1, . . . , t✳ ❱✐❝❡✈❡5'❛ '✐❛ Q = (x̄, ȳ1, . . . , ȳt) ∈
B ∩ (U × P1 × · · · × P1)∁ ⇒ x̄ = Pi ♣❡5 1✉❛❧❝❤❡ i✱ ❛❧❧♦5❛ '✐❝❝♦♠❡ Q ∈ B '✐

❞❡✈❡ ❛✈❡5❡ Q ∈ Ei ⊆
⋃t

i=1Ei✳
◗✉✐♥❞✐ π '✐ 5❡'/5✐♥❣❡ ❛ ✉♥ ✐'♦♠♦5✜'♠♦ /5❛ B\⋃t

i=1Ei ❡ U ✱ ✐♥❢❛//✐ π−1(x̄) =
(x̄, f1(x̄), . . . , ft(x̄))✳

✭✸✮❙❡ T ; ✉♥ 1✉❛❧'✐❛'✐ ❝❛♠❜✐♦ ❞✐ ❝♦♦5❞✐♥❛/❡ ♣5♦✐❡//✐✈♦ ❞✐ P2
✱ ❝♦♥ T (Pi) =

P ′
i ✱ ❡ f

′
i : P

2 \ {P ′
1, . . . , P

′
t} → P1

'♦♥♦ ❞❡✜♥✐/✐ ✉'❛♥❞♦ P ′
i ❛❧ ♣♦'/♦ ❞✐ Pi✱ ❛❧❧♦5❛

❡'✐'/♦♥♦ ❞❡✐ ❝❛♠❜✐ ❞✐ ❝♦♦5❞✐♥❛/❡ ♣5♦✐❡//✐✈✐ Ti '✉ P1
/❛❧✐ ❝❤❡ Ti ◦ fi = f ′

i ◦ T ✳
❙✐ ❞❡✜♥✐'❝♦♥♦ ✐ Ti ✐♥ ♠♦❞♦ ✐♥❞✐♣❡♥❞❡♥/❡ ❧✬✉♥♦ ❞❛❧❧✬❛❧/5♦✿ ✐♥ ✉♥ ♣❛5/✐❝♦❧❛5❡

'✐'/❡♠❛ ❞✐ 5✐❢❡5✐♠❡♥/♦ '✐ ♣✉E '✉♣♣♦55❡ ❞✐ ❛✈❡5❡ Pi = [0 : 0 : 1] ❡ P ′
i = [ai1 :

ai2 : 1]✱ ❛❧❧♦5❛ ✐❧ ❝❛♠❜✐♦ ❞✐ ❝♦♦5❞✐♥❛/❡ T '❛5: ❞❡❧❧❛ ❢♦5♠❛

T = (aX + bY + ai1Z, cX + dY + ai2Z, eX + fY + Z).

F5❡'♦

Ti = ((a− ai1e)X + (b− ai1f)Y, (c− ai2e)X + (d− ai2f)Y ),

❡ 5✐❝♦5❞❛♥❞♦ ❝❤❡ fi([x : y : z]) = [x : y], f ′
i([x : y : z]) = [x − ai1z : y − ai2z],

'✐ ♣✉E ✈❡5✐✜❝❛5❡ ❝❤❡ Ti '♦❞❞✐'❢❛ ❧❛ ❝♦♥❞✐③✐♦♥❡ Ti ◦ fi = f ′
i ◦ T ✳

■♥ /❛❧ ♠♦❞♦ '✐ ❞❡✜♥✐'❝❡ ♦❣♥✐ Ti ❛❧ ✈❛5✐❛5❡ ❞✐ i = 1, . . . , t✳ ❙❡ f ′ =
(f ′

1, . . . , f
′
t)✱ ❛❧❧♦5❛ (T1 × · · · × Tt) ◦ (f1 × · · · × ft) = (T1 ◦ fi× · · · × Tt ◦ ft) =

(f ′
i ◦ T × · · · × f ′

t ◦ T ) = f ′ ◦ T ✳ ■♥♦❧/5❡ T × T1 × · · · × Tt ♠❛♥❞❛ G,B,Ei ✐♥
♠♦❞♦ ✐'♦♠♦5❢♦ '✉✐ ❝♦55✐'♣♦♥❞❡♥/✐ G′, B′, E ′

i ❝♦'/5✉✐/✐ ❛ ♣❛5/✐5❡ ❞❛ f ′
✳

✭✹✮ ❙❡ Ti ; ✉♥ ❝❛♠❜✐♦ ❞✐ ❝♦♦5❞✐♥❛/❡ ♣5♦✐❡//✐✈♦ ❞✐ P1
♣❡5 1✉❛❧❝❤❡ i✱ ❛❧❧♦5❛

❡'✐'/❡ ✉♥ ❝❛♠❜✐♦ ❞✐ ❝♦♦5❞✐♥❛/❡ ♣5♦✐❡//✐✈♦ ❞✐ P2
/❛❧❡ ❝❤❡ T (Pi) = Pi ❡ fi ◦T =

Ti◦fi✳ ■♥❢❛//✐ ❝✐ '✐ ♣✉E ♣♦55❡ ✐♥ ✉♥ '✐'/❡♠❛ ❞✐ 5✐❢❡5✐♠❡♥/♦ ✐♥ ❝✉✐ Pi = [0 : 0 : 1]✱
❡ ❞❛/♦ Ti = (aX + bY, cX + dY ) ✐❧ ❝❛♠❜✐♦ ❞✐ ❝♦♦5❞✐♥❛/❡ '✉ P1

✱ ❛❧❧♦5❛ '✐ ♣✉E

✈❡5✐✜❝❛5❡ ❝❤❡

T = (aX + bY, cX + dY, Z),

'♦❞❞✐'❢❛ fi ◦ T = Ti ◦ fi✱ ❞♦✈❡ fi([x : y : z]) = [x : y]✳
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✭✺✮ ❙✐ ✈✉♦❧❡ ()✉❞✐❛,❡ π ✐♥ ✉♥ ✐♥)♦,♥♦ ❞✐ ✉♥ ♣✉♥)♦ Q ∈ Ei ♣❡, /✉❛❧❝❤❡ i❀
(✐ ♣✉3 ❛((✉♠❡,❡ i = 1✱ ✐♥♦❧),❡ (✐ ♣✉3 ❛((✉♠❡,❡ ❞✐ ❛✈❡,❡ P1 = [0 : 0 : 1]✱ ❡
Q ❝♦,,✐(♣♦♥❞❡♥)❡ ❛ [λ : 1] ∈ P1, λ ∈ k ✭❡✈❡♥)✉❛❧♠❡♥)❡ ❛♥❝❤❡ λ = 0✮✱ ♦✈✈❡,♦
Q = {P1} × [λ : 1]× {f2(P1)} × · · · × {ft(P1)}✳

❙✐❛ ϕ3 : A
2 → U3 ⊆ P2

❧✬✉(✉❛❧❡ ✐(♦♠♦,✜(♠♦✿ ϕ3(x, y) = [x : y : 1]✳ ❙✐❛

V = U3 \ {P2, . . . , Pt},W = ϕ−1
3 (V )✳

❙✐❛ ψ : A2 → A2
❞❡✜♥✐)♦ ❝♦♠❡ ♥❡❧❧❛ (❡③✐♦♥❡ ♣,❡❝❡❞❡♥)❡ ❞❛ ψ(x, z) =

(x, xz)❀ ❡ (✐❛ W ′ = ψ−1(W )✳ ❙✐ ❞❡✜♥✐(❝❡ ϕ : P2 × P1 × · · · × P1
♣♦♥❡♥❞♦✿

ϕ(x, z) = [x : xz : 1]× [1 : z]× f2([x : xz : 1])× · · · × ft([x : xz : 1]).

❆❧❧♦,❛ ϕ > ✉♥ ♠♦,✜(♠♦ ❡((❡♥❞♦ ♣,♦❞♦))♦ ❞✐ ♠♦,✜(♠✐✱ ❡ π◦ϕ = ϕ3◦ψ✱ ✐♥❢❛))✐✿

(π ◦ ϕ)(x, z) = π([x : xz : 1]× [1 : z]× · · · × ft([x : xz : 1]) = [x : xz]

(ϕ3 ◦ ψ)(x, z) = ϕ3(x, xz) = [x : xz : 1].

❙✐❛ V ′ = ϕ(W ′) = (π−1 ◦ ϕ3 ◦ ψ)(W ′) = (π−1 ◦ ϕ3)(W ) = π−1(V ) > ❛♣❡,)♦

♣❡,❝❤@ π > ❝♦♥)✐♥✉❛✳ ◗✉✐♥❞✐ π−1(V ) = B∩V ×P1×· · ·×P1 = B \ (⋃i>1Ei∪
V (X3)) ⇒ V ′ ⊇ E1 ∋ Q✱ (❡❣✉❡ ❝❤❡ )❛❧❡ V ′

> ✉♥ ✐♥)♦,♥♦ ❞✐ Q ✐♥ B✳

✭✻✮ B > ❧❛ ❝❤✐✉(✉,❛ ❞✐ G ✐♥ P2 ×P1 × · · · ×P1
✱ ❡ ❞✉♥/✉❡ B > ✉♥❛ ✈❛,✐❡)C✳

■♥❢❛))✐ (❡ S > ✉♥ /✉❛❧✉♥/✉❡ ✐♥(✐❡♠❡ ❝❤✐✉(♦ ✐♥ P2 × · · · × P1
❝❤❡ ❝♦♥)✐❡♥❡ G✱

❛❧❧♦,❛ ❞❛)♦ ❝❤❡ ϕ > ❝♦♥)✐♥✉❛ ϕ−1(S) > ❝❤✐✉(♦ ✐♥ W ′
❡ ❝♦♥)✐❡♥❡ ϕ−1(G)✳ ❙✐

❞✐♠♦(),❛ ❝❤❡ ✈❛❧❡ ❧✬✉❣✉❛❣❧✐❛♥③❛ (❡❣✉❡♥)❡✿ ϕ−1(G) = W ′ \ V (X)✱ ✐♥❢❛))✐✿
❼ (✐❛ P = (x, z) ∈ W ′ ∩ V (X)✱ ❛❧❧♦,❛ P = (0, z), ϕ(P ) = P1 × [1 :
z]× f2(P1)× · · · × ft(P1) /∈ G ♣❡,❝❤@ P1 /∈ U ❡ G ⊆ U × P1 × · · · × P1

✱

/✉✐♥❞✐ (W ′ \ V (X))∁ ⊇ (ϕ−1(G))∁ ⇒ ϕ−1(G) ⊆ W ′ \ V (X)❀
❼ (✐❛ P ∈ W ′ \ V (X)✱ ❛❧❧♦,❛ P = (x, z) ∈ W ′ ⇔ ϕ3(ψ(x, z)) = [x : xz :
1] ∈ V ⇔ [x : xz : 1] /∈ {P2, . . . , Pt}✱ ✐♥♦❧),❡ ❞❛)♦ ❝❤❡ P /∈ V (X) ⇒
x 6= 0 ⇒ [x : xz : 1] 6= P1✳ ❖,❛✱ f1([x : xz : 1]) = [x : xz] = [1 : z]✱
❛❧❧♦,❛ϕ(P ) = [x : xz : 1] × f1([x : xz : 1]) · · · × ft([x : xz : 1]) ∈ G ⇒
P ∈ ϕ−1(G) ❡ (✐ > /✉✐♥❞✐ ❞✐♠♦(),❛)❛ ❛♥❝❤❡ ❧✬✐♥❝❧✉(✐♦♥❡ ♦♣♣♦()❛✳

❉❛)♦ ❝❤❡ W ′ \ V (X) > ❛♣❡,)♦ ✐♥ W ′
> ❛♥❝❤❡ ❞❡♥(♦✱ /✉✐♥❞✐ ❧❛ ❝❤✐✉(✉,❛ ❞✐

ϕ−1(G) = W ′ ⇒ ϕ−1(S) = W ′
✳ ❙❡❣✉❡ ❝❤❡ S = ϕ(W ′) = V ′

✱ /✉✐♥❞✐ Q ∈ S✱ ❡
❡((❡♥❞♦ Q ♣✉♥)♦ ❛,❜✐),❛,✐♦ ❞✐ B \G✱ ❛❧❧♦,❛ S ⊇ B✳

✭✼✮ ■❧ ♠♦,✜(♠♦ ❞❛ P2 × · · · × P1 \ V (X3Y11) ❛ A2
❝❤❡ ♠❛♥❞❛ [x1 : x2 :

x3]× [y11 : y12]× . . . ✐♥ (x1/x3, y12/y11)✱ /✉❛♥❞♦ ,✐(),❡))♦ ❛ V ′
> ✐❧ ♠♦,✜(♠♦

✐♥✈❡,(♦ ❞✐ ϕ✱ ✐♥❢❛))✐✿

ϕ
(x1
x3
,
y12
y11

)
=

[x1
x3

:
x1
x3

· y12
y11

: 1
]
×
[
1 :

y12
y11

]
× . . .

=
[
x1 : x1 ·

y12
y11

: x3

]
× [y11 : y12]× . . . ,
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"✐❝❝♦♠❡ V ′ ⊆ B ❛❧❧♦*❛ ✐ ♣✉♥.✐ ❞✐ V ′
❞❡✈♦♥♦ "♦❞❞✐"❢❛*❡ ❧❡ ❡2✉❛③✐♦♥✐ ❝❤❡ ❞❡✜✲

♥✐"❝♦♥♦ B ❡ ♣❡* i = 1✱ "❡♠♣*❡ ❝♦♥ P1 = [0 : 0 : 1]✱ "❡❣✉❡ ❝❤❡ x2 = x1y12/y11✱
2✉✐♥❞✐ "✐ ♦..✐❡♥❡ 2✉❛♥.♦ ✈♦❧✉.♦✳ ◗✉✐♥❞✐ "✐ ❤❛ ✐❧ "❡❣✉❡♥.❡ ❞✐❛❣*❛♠♠❛✿

A2

ψ
��

⊃ W ′ ϕ

≈
//

��

V ′

��

⊂ B

π
��

A2 ⊃ W
ϕ3

≈
// V ⊂ P2

❙✐ ❤❛ 2✉✐♥❞✐ ❝❤❡ ❧♦❝❛❧♠❡♥.❡ π : B → P2
= ❝♦♠❡ ❧❛ ♠❛♣♣❛ ψ : A2 → A2

❞❡❧❧❛

"❡③✐♦♥❡ ♣*❡❝❡❞❡♥.❡✳

✭✽✮ ❙✐❛ C ✉♥ ❝✉*✈❛ ✐**✐❞✉❝✐❜✐❧❡ ✐♥ P2
✱ "✐❛♥♦ C0 = C ∩ U ✱ ❡ C ′

0 = π−1(C0) ⊆
G✱ ❡ "✐❛ C ′

❧❛ ❝❤✐✉"✉*❛ ❞✐ C ′
0 ✐♥ B✳ ❆❧❧♦*❛ π "✐ *❡".*✐♥❣❡ ❛ ✉♥ ♠♦*✜"♠♦

❜✐*❛③✐♦♥❛❧❡ f : C ′ → C✱ ✐♥❢❛..✐ "✐ ❤❛ ✉♥ ✐"♦♠♦*✜"♠♦ ❞❛ C ′
0 ❛ C0✱ ❛♣❡*.✐ ❞✐ C ′

❡ C *✐"♣❡..✐✈❛♠❡♥.❡✱ .❛❧❡ ✐"♦♠♦*✜"♠♦ = ❞♦✈✉.♦ ❛❧ ❢❛..♦ ❝❤❡ C ′
0 ⊆ G ❡ ❞❛❧

♣✉♥.♦ ✭✷✮ π "✐ *❡".*✐♥❣❡ ❛ ✉♥ ✐"♦♠♦*✜"♠♦ .*❛ G ❡ U ✳ ❉❛❧ ♣✉♥.♦ ✭✼✮ "✐ ❤❛

❝❤❡ f ❧♦❝❛❧♠❡♥.❡ ❛""♦♠✐❣❧✐❛ ❛❧❧❛ ❝♦**✐"♣♦♥❞❡♥.❡ ♠❛♣♣❛ ❛✣♥❡ ❞❡❧❧❛ "❡③✐♦♥❡

♣*❡❝❡❞❡♥.❡✳

❙✐ ♣✉F ♦*❛ ❞✐♠♦".*❛*❡ ❧❛ "❡❣✉❡♥.❡✿

#$♦♣♦'✐③✐♦♥❡ ✹✳✶✵✳ ❙✐❛ C ✉♥❛ ❝✉&✈❛ ♣✐❛♥❛ ✐&&✐❞✉❝✐❜✐❧❡ ♣&♦✐❡..✐✈❛✱ ❡ 0✐ 0✉♣✲

♣♦♥❣❛ ❝❤❡ .✉..✐ ✐ ♣✉♥.✐ 0✐♥❣♦❧❛&✐ ❞✐ C 0✐❛♥♦ ♦&❞✐♥❛&✐✱ ♦✈✈❡&♦ ❝♦♥ .❛♥❣❡♥.✐

❞✐0.✐♥.❡✳ ❆❧❧♦&❛ ❡0✐0.❡ ✉♥❛ ❝✉&✈❛ ♣&♦✐❡..✐✈❛ ♥♦♥ 0✐♥❣♦❧❛&❡ C ′
❡ ✉♥ ♠♦&✜0♠♦

❜✐&❛③✐♦♥❛❧❡ f ❞❛ C ′
❛ C✳

❉✐♠♦0.&❛③✐♦♥❡✳ ❙✐❛♥♦ P1, . . . , Pt ✐ ♣✉♥.✐ ♠✉❧.✐♣❧✐ ❞✐ C✱ "✐ ❛♣♣❧✐❝❛♥♦ ✐ ♣✉♥.✐

♣*❡❝❡❞❡♥.✐ ✭✶✮✲✭✽✮❀ 2✉✐♥❞✐✱ ✜""❛.♦ ✉♥ i = 1, . . . , t "✐ ❣✉❛*❞❛ f : C ′ → C ❧♦❝❛❧✲

♠❡♥.❡ ✐♥.♦*♥♦ ❛ ♦❣♥✐ ♣✉♥.♦ ❛♣♣❛*.❡♥❡♥.❡ ❛ f−1(Pi)✱ "✐ ♣✉F 2✉✐♥❞✐ ❛♣♣❧✐❝❛*❡

✐❧ ♣✉♥.♦ ✭✷✮ ❞❡❧❧❛ "❡③✐♦♥❡ ♣*❡❝❡❞❡♥.❡ ❡ "✐ ✈❡❞❡ ❝❤❡ ♦❣♥✐ ♣✉♥.♦ ❞❡❧❧❛ ❝♦♥.*♦✐♠✲

♠❛❣✐♥❡ ❞✐ Pi ❤❛ ♠♦❧.❡♣❧✐❝✐.J ✶ ✐♥ C ′
❞❛.♦ ❝❤❡ ❧❡ .❛♥❣❡♥.✐ ❞❡✐ ♣✉♥.✐ Pi "✐ "♦♥♦

"✉♣♣♦".❡ ♦*❞✐♥❛*✐❡✳ ❖✈✈❡*♦ "✐ "❝♦♣♣✐❛♥♦ .✉..✐ ✐ ♣✉♥.✐ Pi ❧♦❝❛❧♠❡♥.❡ ♣❡* ♦❣♥✐

i✱ ❡ "✐ = 2✉✐♥❞✐ *✐"♦❧.❛ ❧❛ "✐♥❣♦❧❛*✐.J✳

✹✳✹ ▼♦❞❡❧❧✐ ♥♦♥ )✐♥❣♦❧❛,✐ ❞✐ ❝✉,✈❡

■♥ ❣❡♥❡*❛❧❡ ❧❛ ❝✉*✈❛ C ′
❝♦".*✉✐.❛ ❝♦♥ ✐ ♣❛""✐ ❛♣♣❡♥❛ ✈✐".✐✱ ♥♦♥♦".❛♥.❡ ❛❜❜✐❛

♠✐❣❧✐♦*✐ "✐♥❣♦❧❛*✐.J *✐"♣❡..♦ ❛ C✱ ♣✉F ❛✈❡*❡ ❛♥❝♦*❛ ♣✉♥.✐ ♠✉❧.✐♣❧✐ ♥❡❧ ❝❛"♦ ✐♥

❝✉✐ ❧❡ .❛♥❣❡♥.✐ ❛❧❧❛ ❝✉*✈❛ ♥❡✐ ♣✉♥.✐ "✐♥❣♦❧❛*✐ ♥♦♥ "✐❛♥♦ ♦*❞✐♥❛*✐❡✳ ■♥♦❧.*❡ ♥♦♥

= ♣✐M ✉♥❛ ❝✉*✈❛ ♣✐❛♥❛✱ ❞✉♥2✉❡ ✐❧ ♣*♦❝❡""♦ ♥♦♥ "✐ ♣✉F ❛♣♣❧✐❝❛*❡ ♥✉♦✈❛♠❡♥.❡

❛❧❧❛ ❝✉*✈❛ C ′
♣❡* ♦..❡♥❡*❡ ✉♥❛ ❝✉*✈❛ ✧♠✐❣❧✐♦*❡✧ C ′′

✳



✹✻ ❈❆"■❚❖▲❖ ✹✳ ❘■❙❖▲❯❩■❖◆❊ ❉■ ❙■◆●❖▲❆❘■❚➚

"❡$ ❛✈❡$❡ '♦❧♦ ♣✉♥-✐ '✐♥❣♦❧❛$✐ ♦$❞✐♥❛$✐ ♥❡❧❧❛ ❝✉$✈❛ C '✐ ✉-✐❧✐③③❛♥♦ ❧❡  !❛✲

$❢♦!♠❛③✐♦♥✐ +✉❛❞!❛ ✐❝❤❡✱ ❞✐ ❝✉✐ '❡ ♥❡ ❞4 '♦❧♦ ✉♥ ❛❝❝❡♥♥♦✳ ❉❛-✐ ✐ ♣✉♥-✐ ❢♦♥❞❛✲

♠❡♥-❛❧✐ P = [0 : 0 : 1], P ′ = [0 : 1 : 0], P ′′ = [1 : 0 : 0]✱ '✐ ❞❡✜♥✐'❝❡ ❧❛ ♠❛♣♣❛

Q : P2 \{P, P ′, P ′′} → P2
❞♦✈❡ Q([x : y : z]) = [yz : xz : xy]✳ ❙✐ ♣✉< ✈❡$✐✜❝❛$❡

❝❤❡ Q = Q−1
'✉ U = P2\V (XY Z)✱ ✐♥ ♣❛$-✐❝♦❧❛$❡ Q > ✉♥❛ ♠❛♣♣❛ ❜✐$❛③✐♦♥❛❧❡

❞✐ P2
✐♥ '> '-❡''♦✱ Q > ❞❡--❛  !❛$❢♦!♠❛③✐♦♥❡ +✉❛❞!❛ ✐❝❛ $ ❛♥❞❛!❞✳ "❛$-❡♥❞♦

❞❛ Q✱ ❞❛-♦ ✉♥ @✉❛❧'✐❛'✐ ❝❛♠❜✐♦ ❞✐ ❝♦♦$❞✐♥❛-❡ ♣$♦✐❡--✐✈♦ T ✱ ❧❛ ❝♦♠♣♦'✐③✐♦♥❡

Q ◦ T > ❞❡--❛  !❛$❢♦!♠❛③✐♦♥❡ +✉❛❞!❛ ✐❝❛✳ ❱❛❧❡ ✐❧ '❡❣✉❡♥-❡✿

❚❡♦#❡♠❛ ✹✳✶✶✳ ❈♦♥ ✉♥❛ $❡+✉❡♥③❛ ✜♥✐ ❛ ❞✐  !❛$❢♦!♠❛③✐♦♥✐ +✉❛❞!❛ ✐❝❤❡ ♦❣♥✐

❝✉!✈❛ ♣✐❛♥❛ ✐!!✐❞✉❝✐❜✐❧❡ ♣!♦✐❡  ✐✈❛ ♣✉8 ❡$$❡!❡  !❛$❢♦!♠❛ ❛ ✐♥ ✉♥❛ ❝✉!✈❛ ✐♥

❝✉✐  ✉  ✐ ✐ ♣✉♥ ✐ $✐♥❣♦❧❛!✐ $♦♥♦ ♦!❞✐♥❛!✐✱ ♦✈✈❡!♦ ❧❡ ❝✉✐  ❛♥❣❡♥ ✐ ❤❛♥♥♦  ✉  ❡

♠♦❧ ❡♣❧✐❝✐ : ✶✳

❚❡♦#❡♠❛ ✹✳✶✷✳ ❙✐❛ C ✉♥❛ ❝✉!✈❛ ♣!♦✐❡  ✐✈❛✳ ❆❧❧♦!❛ ❡$✐$ ❡ ✉♥❛ ❝✉!✈❛ ♣!♦✐❡  ✐✲

✈❛ ♥♦♥ $✐♥❣♦❧❛!❡ X ❡ ✉♥ ♠♦!✜$♠♦ ❜✐!❛③✐♦♥❛❧❡ f ❞❛ X ❛ C✳ ❙❡ f ′ : X ′ → C ?

✉♥ ❛❧ !♦ ♠♦!✜$♠♦ ❜✐!❛③✐♦♥❛❧❡✱ ❛❧❧♦!❛ ❡$✐$ ❡ ✉♥ ✉♥✐❝♦ ✐$♦♠♦!✜$♠♦ g : X → X ′

 ❛❧❡ ❝❤❡ f ′ ◦ g = f ✳

❉✐♠♦$ !❛③✐♦♥❡✳ "❡$ ❧✬❡'✐'-❡♥③❛ ❞❡❧❧❛ ❝✉$✈❛ X '✐ '❢$✉--❛♥♦ ✉♥❛ '❡$✐❡ ❞✐ $✐'✉❧✲

-❛-✐ ♣$❡❝❡❞❡♥-❡♠❡♥-❡ ✈✐'-✐✳ ❉❛❧ ❝♦$♦❧❧❛$✐♦ ✸✳✸✶ '❡❣✉❡ ❝❤❡ C > ❜✐$❛③✐♦♥❛❧♠❡♥-❡

❡@✉✐✈❛❧❡♥-❡ ❛ ✉♥❛ ❝✉$✈❛ ♣✐❛♥❛ C ′
✱ '✐❛ f ′ : C ′ → C -❛❧❡ ♠❛♣♣❛❀ ❞❛❧ -❡♦$❡♠❛

'♦♣$❛✱ -$❛♠✐-❡ ❧✬✉-✐❧✐③③♦ ❞❡❧❧❡ -$❛'❢♦$♠❛③✐♦♥✐ @✉❛❞$❛-✐❝❤❡✱ '✐ ♣✉< '✉♣♣♦$$❡

❝❤❡ -❛❧❡ ❝✉$✈❛ ♣✐❛♥❛ ❛❜❜✐❛ '♦❧♦ ♣✉♥-✐ '✐♥❣♦❧❛$✐ ♦$❞✐♥❛$✐✳ ❖$❛✱ ❞❛❧❧❛ ♣$♦♣♦'✐✲

③✐♦♥❡ ✹✳✶✵✱ '✐ ♦--✐❡♥❡ ✉♥❛ ❝✉$✈❛ ♥♦♥ '✐♥❣♦❧❛$❡ X ❡ ✉♥ ♠♦$✜'♠♦ ❜✐$❛③✐♦♥❛❧❡

f ′′ : X → C ′
❀ ❞✉♥@✉❡ ❡'✐'-❡ ✉♥❛ ♠❛♣♣❛ ❜✐$❛③✐♦♥❛❧❡ f = f ′ ◦ f ′′

❞❛ X ❛ C✳
❈❤❡ -❛❧❡ ♠❛♣♣❛ '✐❛ ✉♥ ♠♦$✜'♠♦ '❡❣✉❡ ❞❛❧ ❝♦$♦❧❧❛$✐♦ ✹✳✺✱ ❡ ❞❛❧ ❢❛--♦ ❝❤❡ X >

❝✉$✈❛ ❧✐'❝✐❛✳

❙✐❛ ♦$❛ f ′ : X ′ → C > ✉♥ ❛❧-$♦ ♠♦$✜'♠♦ ❜✐$❛③✐♦♥❛❧❡✱ '✐❛♥♦ U, V,W ❛♣❡$-✐

❞✐ C, X,X ′
$✐'♣❡--✐✈❛♠❡♥-❡ -❛❧✐ ❝❤❡ f : V → U, f ′ : W → U '♦♥♦ ✐'♦♠♦$✜'♠✐✳

❙✐ ♣♦♥❣❛ g = (f ′)−1 ◦ f : V → W > ✐'♦♠♦$✜'♠♦✱ ❞✉♥@✉❡ g : X → X ′
>

✉♥❛ ♠❛♣♣❛ ❜✐$❛③✐♦♥❛❧❡ ❡✱ ❞❛-♦ ❝❤❡ X > ♥♦♥ '✐♥❣♦❧❛$❡ ❞❛❧ ❝♦$♦❧❧❛$✐♦ ✹✳✺✱ g >

♠♦$✜'♠♦ ❜✐$❛③✐♦♥❛❧❡✳ ❋❛❝❡♥❞♦ ✉♥ $❛❣✐♦♥❛♠❡♥-♦ ❛♥❛❧♦❣♦ ♣❡$ g−1
'✐ ♦--✐❡♥❡

❝❤❡ ❛♥❝❤✬❡''♦ > ♠♦$✜'♠♦ ❜✐$❛③✐♦♥❛❧❡✱ @✉✐♥❞✐ g > ✐'♦♠♦$✜'♠♦✳

❙✐❛ g : X → X ′
✐'♦♠♦$✜'♠♦ -❛❧❡ ❝❤❡ f ′ ◦ g = f ✱ ❛❧❧♦$❛ k(X) > ✐'♦♠♦$❢♦

❛ k(X ′)✳ ◗✉✐♥❞✐ ❞❛❧ ❝♦$♦❧❧❛$✐♦ ✹✳✻✱ ❡''❡♥❞♦ X ❡ X ′
❡♥-$❛♠❜❡ ♥♦♥ '✐♥❣♦❧❛$✐✱

-❛❧❡ ✐'♦♠♦$✜'♠♦ g > ✉♥✐❝♦✳
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