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Introduction

The aim of this Master Thesis is to discuss the nature of rational points of an elliptic

curve over an imaginary quadratic field under certain hypotheses. In particular, we

want to analyze Kolyvagin’s results on Birch and Swinnerton-Dyer conjecture. To

do so, we focus on the article [7] by Benedict H. Gross.

LetK be an number field andE be an elliptic curve. We define theMordell-Weil

group E(K) to be the group of rational points of E over K, i.e., the group

E(K) = {(x, y) ∈ E : x ∈ K, y ∈ K}.

At the beginning of the 20th century, the following theorem was stated and proved.

Theorem 0.1. (Mordell-Weil) Let K be a number field and let E/K be an elliptic

curve. Then the group E(K) is finitely generated.

The Mordell-Weil theorem says that the group E(K) can be written in the form

E(K) = Etors(K)× Zr,

where the torsion groupEtors(K) is finite and r, defined to be the rank of the group

E(K), is a non-negative integer.

To simplify the study of E(K), we may see the quotient group E(K)/mE(K),

with m g 2 integer. Using the weak formulation of the Mordell-Weil theorem,

we have that E(K)/m(E(K) is a finite group (see [14, VIII, Th. 1.1]), and if we

consider m coprime with #Etors(K), we have that E(K)/mE(K) ∼= (Z/mZ)r.

It is of particular interest to study the rank of E(K); in 1960 mathematicians

Bryan Birch and Peter Swinnerton-Dyer enunciated a remarkable conjecture that

relates the rank ofE(K) with the analytical knowledge that provides the L-series of

E. More precisely, this conjecture predicts that the integer r′ = ords=1L(E/Q, s)

is equal to the rank r of E(Q).

We are interested in verifying this conjecture for r′ = 1, and then we restrict the

study under the hypothesis thatL(E/Q, s) has a zero at s = 1 of order 1. We assume

that E is an elliptic curve of conductor N and K = Q(
√
−D) is an imaginary
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quadratic field of discriminant −D < 0, where all prime factors of N are split. We

define yK as the basic Heegner point in E (see Chapter 4, p.40). From the work

[6] of the mathematicians Benedict Gross and Don Bernard Zagier, we know that

assuming the previous hypothesis is equivalent to requiring that the point yK is of

infinite order.

Our main purpose is to prove Kolyvagin’s theorem, which states that if such a

point yK is non-torsion, then the rank of E(K) is equal to 1.

I hope, with this work, to highlight the fascinating way in which different math-

ematical arguments join together to converge in the proof of Kolyvagin’s theorem.

In the first three chapters we give a general overview of the main results we

will refer to later, which come from the study of elliptic curves, class field theory

and duality theory. In particular, we focus on the definition of Heegner points, on

complex multiplication theory and on its application to class field theory. By Galois

cohomology, we also introduce the Selmer group Sel(E/K)p and the Šafarevič-

Tate group Ш(E/K)p, which are subgroups, respectively, of the 1st cohomology

groups H1(K,Ep) and H1(K,E)p. They are in the exact sequence

0→ E(K)/pE(K)→ Sel(E/K)p →Ш(E/K)p → 0,

and this suggests that they play a central role in the description of E(K)/pE(K).

In Chapter 4, we actually begin to analyze analyzing the article of Gross. By

theory of complex multiplication, we define the Heegner points yn of conductor

n, and by these we define certain cohomology classes c(n) ∈ H1(K,Ep) and

d(n) ∈ H1(K,E)p, analyzing their local and global properties. Following the idea

of Kolyvagin, in Chapter 5 we see that all these classes c(n) are in Sel(E/K)p, we

use them to bound the order of Sel(E/K)p and this fact allows us to prove Kolyva-

gin’s theorem.
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1 Elliptic Curves

As a first approach to the study of Kolyvagin’s work, I would start with the central

topic: elliptic curves. The main concept I would like to convey with this first chapter

is the great versatility with which elliptic curves can be studied. We will see different

ways in which an elliptic curve can be defined, and we will discover how the various

aspects contribute to the proof of the main theorem, expressed in Chapter 5.

We will initially focus on the construction of an elliptic curve over the field of

complex numbers and imaginary quadratic fields. This will allow us to introduce the

theory of complex multiplication. Next, we will present elliptic curves as modular

curves, which will allow us to define a special set of points on them, called Heegner

points, and their properties. As a last step, using the structure of abelian variety

of elliptic curves, we will introduce the Galois cohomology and, consequently, the

Selmer group and the Šafarevič-Tate group.

Let us therefore begin by describing elliptic curves and highlighting their char-

acteristics necessary to understand what follows. For further information, see [14].

LetK be a perfect field of characteristic different from 2 or 3,K be a fixed algebraic

enclosure of K and GK/K the Galois group of K/K.

Definition 1.1. An elliptic curve is a pair (E,O), where E is a non-singular curve

of genus one and O ∈ E. The elliptic curve (E,O) is defined over K, written

E/K, if E is defined over K as a curve, and O ∈ E(K), the group of K-rational

points on the elliptic curve E/K.

We denote elliptic curves by E, the point O being understood. In addiction to

the previous definition, we know that every elliptic curve can be written as the locus

in P2 of a cubic equation with only one point, the base point O, on the line at∞.
These particular equations, called Weierstrass equations, are of the form:

Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3 ∈ K[X, Y ]

O = [0, 1, 0] and a1, ..., a6 ∈ K. The following proposition shows that every elliptic

curve can be written as a plane curve and, conversely, every smooth Weierstrass
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plane cubic curve is an elliptic curve.

Proposition 1.2. [14, III, Prop. 3.1] Let E be an elliptic curve overK. The follow-

ing statements hold:

(a) There exist functions x, y ∈ K(E) such that the map

Æ : E −→ P2, Æ = [x, y, 1]

gives an isomorphism ofE/K onto a curve determined by a Weierstrass equa-

tion

Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3

with coefficients a1, ..., a6 ∈ K and satisfying Æ(O) = [0, 1, 0]. Functions

x, y are called Weierstrass coordinates for the elliptic curve E

(b) Conversely, every smooth cubic curve C given by a Weierstrass equation as

in (a) is an elliptic curve defined over K with base point [0, 1, 0].

Studying these equations provides a more concrete algebraic understanding of

elliptic curves, giving us valuable insight into the elliptic curve in question, like

singularity and reductions. With the above notation, using the nonhomogeneous

coordinates x = X/Z and y = Y /Z, we can simplify the equation by completing

the square by the substitution y → 1
2
(y − a1x − a3). Thus we obtain the equation

of the form:

E : y2 = 4x3 + b2x
2 + 2b4 + b6,

where b2 = a21 + 4a2, b4 = 2a4 + a1a3, b6 = a33 + 4a6, and we can define the

following quantities:

• The discriminant of the Weierstrass equation

(∆) = −b22b8 − 8b34 − 27b26 + 9b2b4b6
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• The j-invariant of E:

j =
(b22 − 24b4)

3

∆

• The invariant differential associated to Weierstrass equation

É =
dx

2y + a1x+ a3
=

dy

3x2 + 2a2x+ a4 − a1y

In particular, the j-invariant is invariant under isomorphisms of elliptic curves and

under modular transformations that preserve the structure of the elliptic curve. Fur-

thermore, for every j0 ∈ K there exists an elliptic curve defined over K(j0) whose

j-invariant is equal to j0.

Thus, E ¢ P2 consists of the points P = (x, y) satisfying the Weierstrass

equation, together with the point O = [0, 1, 0] at infinity. Now, using composition

law, define the addition operation +̂ : E × E −→ E, (P,Q) −→ P +̂ Q, which

associates to each pair of points P,Q ∈ E the intersection P +̂Q betweenE and the

line throughO andR, whereR is the intersection betweenE and the line through P

and Q. With this notation, the set (E, +̂) of points of an elliptic curve with addition

is an abelian group with identity O.

As the last element of the general theory of elliptic curves, we now define iso-

genies.

Definition 1.3. Let E1, E2 be elliptic curves. An isogeny from E1 to E2 is a mor-

phism Æ : E1 −→ E2 that satisfies Æ(O) = O.

Elliptic curves are an abelian group, and then maps between them form groups.

The set of isogenies fromE1 toE2 is denoted byHom(E1, E2), and thenEnd(E) is

the set of isogenies from E to itself. Specifically, they are torsion-free Z-modules.

Thanks to the abelian group structure defined above, we define a particular set of

isogenies, called multiplication-by-m isogenies. For each m ∈ Z, we define the

multiplication-by-m isogeny

[m] : E −→ E, [m](P ) = P +̂ P +̂ ...P̂
︸ ︷︷ ︸

m times
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if m > 0. For m < 0, set [m](P ) = [−m](−P ).
Then we can now define the torsion groups.

Definition 1.4. Let E be an elliptic curve and m ∈ Z,m > 0. The m-torsion

subgroup of E, denoted by E[m] or Em, is the set of points of order m,

E[m] = {P ∈ E : [m](P ) = 0}

The torsion subgroup of E, denoted by Etors, is the set of points of finite order:

Etors =
∞⋃

m=1

E[m]

Remark that, if E is defined over the field K, then Etors(K) denotes the points

of finite order in E(K).

Now, let E/K be an elliptic curve and let m > 1 be an integer, prime to

char(K) if char(K) > 0. With the previous notation, we obtain following notions:

a. deg[m] = m2

b. E[m] ∼= Z
mZ
× Z

mZ

c. each element Ã ∈ GK/K acts on E[m], since the fact [m](P ) = 0 implies that

[m](P Ã) = ([m](P ))Ã = OÃ = O, and then we obtain a representation

GK/K → Aut(E[m]) ∼= GL2(Z/mZ).

See [14, III, Coroll. 6.4]

1.1 Elliptic curves over C

To study Kolyvagin’s work on modular elliptic curves, we now want to focus on an

elliptic curve E/K with a cyclic N -isogeny, with K = Q(
√
−D) ¢ C a quadratic

imaginary field of discriminant −D where all prime factors of N are split. We

also work with elliptic curves C/OK , where OK is the ring of integers of K. In

this section, we study elliptic curves on C and introduce the theory of complex
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multiplication. We shall see that an order of K is a lattice in C, the main result of

this section will be to see thatE/C ∼= C/Λ, where Λ is a lattice in C, and conversely

that C/Λ is analytically isomorphic to EΛ(C), for a certain EΛ/C elliptic curve.

Let Λ ¢ C be a lattice, that is, Λ is a discrete subgroup of C that contains an

R-basis for C.

Definition 1.5. An elliptic function relative to a lattice Λ is a meromorphic func-

tion f(z) in C that satisfies: f(z + É) = f(z), ∀z ∈ C, ∀É ∈ Λ The set of such

functions is indicated by C(Λ).

Through the theory of elliptic functions, introducing a particular set of elliptic

functions, calledWeierstrass (Ä,Λ)-function associated to an elliptic curveE/C,

it is possible to obtain a complex analytical isomorphism of complex Lie groups

Æ : C/Λ −→ E(C). Then, if Λ ¢ C, C/Λ is always complex analytically isomorphic

to an elliptic curve. Let Λ1,Λ2 be lattices in C, and suppose ³ ∈ C has the property

that ³Λ1 ¢ Λ2. Then scalar multiplication by ³ induces a well-defined holomorphic

homomorphism

Æ³ : C/Λ1 → C/Λ2, Æ³(z) = ³z (mod Λ2).

Next theorem shows that these are essentially the only holomorphic maps fromC/Λ1

ti C/Λ2.

Theorem 1.6. [14, VI, Th. 4.1] Let lattices Λ1,Λ2 ¢ C, let ³ ∈ C such that

³Λ1 ¢ Λ2. Then:

(a) the association

{³ ∈ C : ³Λ1 ¢ Λ2} −→ {holomorphic maps C/Λ1 −→ C/Λ2 with Æ(0) = 0}

³→ Æ³

is a bijection

(b) let E1, E2 elliptic curves corresponding to lattices Λ1,Λ2 respectively, then the
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natural inclusion

{isogenies Æ : E1 → E2} −→ {holom. maps Æ : C/Λ1 → C/Λ2 with Æ(O) = O}

is a bijection.

Then, exploiting the uniformization theorem (see [14, VI, §5]), we obtain the

following.

Theorem 1.7. [14, VI, Th. 5.3] The following categories are equivalent

A Objects: Elliptic curves over C

Maps:Isogenies

B Objects: Elliptic curves over C

Maps: Complex analytic maps taking O to O

C Objects: Lattices Λ ¢ C, up to homothety

Maps: Map(Λ1,Λ2) = {³ ∈ C : ³Λ1 ¢ Λ2}

Remark 1.8. For every elliptic curve E/C, there exists a lattice Λ ¢ C, unique up

to homothety, such that E(C) ∼= C/Λ.

1.1.1 Complex Multiplication

Next topic to discuss is complex multiplication of elliptic curves. We have seen

above the definition of End(E), and that if char(K) = 0, then [m] ∈ End(E)

∀m ∈ Z. From the geometry of the elliptic curves we know that, for K ¢ C field

of characteristic 0, the endomomorphism ring of an elliptic curve E/K is either Z

or an order in an imaginary quadratic field (see [14, III, Corollary 9.4]. If End(E)

is strictly larger than Z, then we say that E has complex multiplication, or CM for

short. Now, trying to combine what we have seen so far, let K/Q be an imaginary

quadratic field, let OK ¢ K be the ring of integers of K, and let Pic(OK) be the

ideal class group of OK (see Chapter 2). If we fix an embedding K ¢ C, then each

ideal Λ of OK is a lattice Λ ¢ C, so we may consider the elliptic curve C/Λ. From
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(Theorem 1.6), we have:

End(C/Λ) ∼= {³ ∈ C : ³Λ ¢ Λ}

Further, the remark after (Theorem 1.7) says that up to isomorphism, the elliptic

curve C/Λ depends only on the ideal class {Λ} ∈ Pic(OK). By Theorem 1.7 it also

follows that tho elliptic curves are isomorphic over C if and only if the lattices to

which they correspond are homothetic, and then we can say that, up to isomorphism,

E(C) ∼= C/Λ for a unique ideal class {Λ} ∈ Pic(OK).
The most important invariant of an isogeny is its degree deg(³), which is defined to

be the order of its kernel. More precisely, if E corresponds to the lattice Λ, then it

is easy to see that the kernel of ³ : E(C)→ E(C) is isomorphic to Λ/³Λ. Thus, by

properties of orders ofOK , it follows that deg(³) = |Λ/³Λ| = N³, where N(³) is

the norm of ³ ∈ O = EndC(E).

Lastly, as a corollary, we see that there are only finitely many isomorphism

classes of elliptic curves E/C with End(E/C) ∼= OK , and for them j(E) is alge-

braic over Q.

1.2 Elliptic curves and modular curves

In 1993 Sir Andrew Wiles stated the Modularity Theorem, stating that every el-

liptic curve defined over Q is modular. In this section, we want to present modular

curves, the relation between modular and elliptic curves, and we want to see how

they are constructed and the main properties of Heegner points.

In last section, we have seen that every elliptic curve is analytically isomorphic to a

complex torus C/Λ, whereE is uniquely determined by the lattice Λ. Now we want

to relate the lattice to a modular form, and observe how this lattice defines this. De-

fineH = {Ä ∈ C : Im(Ä) > 0}. Observe that every latticeΛ ∈ C is homothetic to a

lattice of the formΛÄ = Z+ÄZ, for certain Ä ∈ C, and for homogeneity of functions

defining Λ, it is enough to study them on space of lattices modulo homothety. Also

note that SL2(Z) acts on H linear fractional transformations: for M =




a b

c d



,
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define µM : H −→ H, µM(Ä) = aÄ+b
cÄ+d

.

Definition 1.9. A meromorphic function f on H is called a modular function of

weight k for SL2(Z) if it satisfies:

i. f(Ä) = (cÄ + d)−kf(µÄ), ∀M ∈ SL2(Z)

ii. there is an integer n0 = n0(f) such that the Fourier expansion of f in the variable

q = e2ÃiÄ has the form: f(Ä) =
∑∞

n=n0
c(n)qn

We also say that f is a modular form of weight k if f is holomorphic in H and

n0(f) = 0.

Observe that, for the E elliptic curve defined (uniquely) by the lattice Λ, the

j-invariant function j(E) = j(Λ) is a modular function of weight 0 that is holomor-

phic in H. Since j(Ä) is a modular function of weight 0, it defines a function on

quotient space H/SL2(Z), which has a natural structure as Riemann surface, and

we obtain that the map j : H/SL2(Z) −→ C is a complex analytic isomorphism of

Riemann surfaces.

Now, define Mk = modular functions of weight 2k, a C vector space. To study

spacesMk, we use theHecke operator T (n), which sends modular forms of weight

2k to modular forms of weight 2k. in Chapter 4, we see that of particular interest are

those modular forms that are simultaneus eigenfunctions for every Hecke operator

T (n), i.e., those modular forms such that T (n)f = ¼(n)f , ∀n = 1, 2, ....

In our work, we are interested in elliptic curves with cyclicN -isogeny, and then we

now focus on a specific subgroup of SL2(Z). Define the Congruence subgroup

Γ0(N) =






M =




a b

c d



 ∈ SL2(Z) : c ≡ 0(modN)







There is a natural isomorphism between the space of weight-2 cusp forms for Γ0(N)

and the space of holomorphic 1-forms on the Riemann surface H∗/Γ0(N), and

Hecke operators defined above also act on the space of modular forms for Γ0(N).

See [14, C.12, Prop 12.9]. Then we have seen that the points of the Riemann sur-

face H/Γ are in one-to-one correspondence with the isomorphism classes of elliptic
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curves defined over C. This correspondence associates to the point Ä (mod Γ0(N))

∈ H/Γ0(N) the elliptic curve EÄ ∼= C/(Z+ ZÄ).

Remark 1.10. If we consider µ ∈ Γ0(N) and Ä ∈ H/Γ0(N), then one easily checks

that the subgroup {1/N, 2/N, ..., (N−1)/N} ¢ C/(Z+ÄZ) remains invariant un-

der the action of µ. Thus H/Γ0(N) is a moduli space for the problem of determining

equivalence classes of pairs (E,C), where E is an elliptic curve and C ¢ E is a

cyclic subgroup of exact order N. Note that, from section 1, there is a one-to-one

correspondence between finite subgroups C ¢ E and isogenies Æ : E −→ E ′ given

by the association C ←→ kerÆ. Thus the points of H/Γ0(N) may also be viewed

as classifying triples (E,E ′, Æ), where Æ : E −→ E ′ is an isogeny whose kernel is

cyclic of order N .

For arithmetic applications, it is important to understand when an elliptic curve

E/C, or a point T ∈ E(C), is defined over a number field. To illustrate, we note

that although the Riemann surface H/SL2(C) classifies elliptic curves only over C,

we have a complex analytic isomorphism (Uniformization Theorem)

j : H/SL2(Z) −→ A1(C),

where A1(C) is a variety defined over Q. In addition, the elliptic curve EÄ corre-

sponding to Ä ∈ H/SL2(Z) is isomorphic, over C, to an elliptic curve defined over

Q(j(Ä)). There is a general theory that deals with fields of definition for spaces

H/Γ0(N) and their associated moduli problems, but we content ourselves with the

following description for the quotient spaces associated to the family of the congru-

ence subgroup Γ0(N).

Theorem 1.11. [14, C.13, Th. 13.1.a] Let N > 0 be an integer. Then there exists

a smooth projective curve X0(N)/Q and a complex analytic isomorphism

jN,0 : H
∗/Γ0(N)→ X0(N)(C)

such that the following holds:

Let Ä ∈ H/Γ0(N), then it defines the point jN,0(Ä) ∈ X0(N) and we consider
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the filed K = Q(jN,0(Ä)) . We have seen in remark 1.9 that Ä corresponds to an

equivalence class of pairs (E,C), where E is an elliptic curve and C ¢ E is a

cyclic subgroup of order N. Then this equivalence class contains a pair such that

both E and C are defined over K, i.e., E is an elliptic curve defined over K and

C ¢ E(K) is GK/K-invariant.

Definition 1.12. With preview notation, the curve X/Γ0(N) is called a modular

curve.

For an elliptic curveE/Q, one might ask if there is a finite map Æ : X0(N) −→ E

defined over Q for some modular curve X0(N). If this happens, then we say that

the elliptic curve is modular, and we call Æ a modular parametrization. Such elliptic

curves have a very rich structure that can be used to study their arithmetic properties.

Therefore, the Wiles’ theorem mentioned above provides an extremely powerful

tool for studying the arithmetic of the elliptic curves defined over Q.

Theorem 1.13. (Modularity Theorem, Wiles) Every elliptic curve defined on Q is

modular, i.e. if E/Q is an elliptic curve, then there exist an integer N and a surjec-

tive morphism Æ : X0(N) −→ E defined over Q. More precisely, the integer N may

be taken to be the conductor of E/Q.

1.2.1 Heegner Points

Let K an imaginary quadratic field.

Definition 1.14. We say that x̃ = (Æ = E −→ E ′) ∈ X0(N)(C) is a Heegner

point, if both E and E ′ have complex multiplication by some order O ¦ K.

Referring to the modular structure, an elliptic curve E over C is determined up

to isomorphism by the homothety type of its period lattice Λ: E(C) = C/Λ. If

x = (E
Æ−→ E ′) is a point of X0(N), and we write E ′(C) = C/Λ′, then we can

modify by a homothety to obtain Λ ¢ Λ′, Æ = identity. Then Λ′/Λ ∼= Z/NZ,

so we can choose an oriented basis ïÉ1, É2ð of Λ over Z such that ïÉ1,
1
N
É2ð is a

basis for Λ′. The point z = É1/É2 then lies in H, the complex upper half-plane,
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and the point x uniquely determines z up to the action of Γ0(N). Conversely, any

z ∈ Γ0(N)/H determines a point x = (C/ïz, 1ð) id−→
(
C/ïz, 1

N
ð
)

of X0(N).

Recall that in last section we have seen that the map

Pic(O) −→ {elliptic curves with CM by O}

given by {a} −→ C/a is a bijection.

Proposition 1.15. The set of Heegner points is non-empty if and only if there exists

an order O and an ideal N ¢ O such that O/N ∼= Z/NZ.

Proof. Suppose we have a Heegner point xK = (Æ = E −→ E ′) ∈ X0(N)(C) with

kerÆ cyclic and E,E ′ have CM byO. We can write E = C/a, E ′ = C/b for some

invertible fractional ideals a, b of O. Then there exists an ³ ∈ K such ³a ¢ b and

Æ : C/a −→ C/b, Æ( (mod(a))) = ³x (mod(b)). Note that

ker(Æ) = (³−1b)/a ∼= Z/NZ.

If we set N = ³ab−1, then ON = (bb−1)/³ab−1 ∼= b/³a ∼= (³−1b)/a ∼= Z/NZ.

Conversely, suppose that there is an ideal O/N such that O/N ∼= Z/NZ. Choose

an invertible fractional ideal a of O and set E = C/a and E ′ = C/aN−1. Both E

and E ′ have CM by O. Consider the isogeny

C/a −→ C/aN−1, x −→ x

The kernel of this isogeny is aN−1/a ∼= a/Na ∼= O/N ∼= Z/NZ.

Proposition 1.16. (Heegner hypothesis) Suppose that every prime p dividing N

splits in K. Then there exists an ideal N of OK such that OK/N ∼= Z/NZ.

Proof. WriteN = pe11 ...p
er
r , and suppose p1OK = p11p12, ..., prOK = pr1pr2. Since

O/p11 ∼= Z/p1Z, ...,O/pr1 ∼= Z/prZ and since each pi1 is unramified, one can

check that O/pe111 ∼= Z/pe11 Z, ...,O/perr1 ∼= Z/perr Z. Set now N = pe111...p
er
r1, then:

OK/N ∼= OKpe111 × ...×OKperr1 ∼= Z/pe11 Z× ...× Z/perr Z
∼= Z/NZ

11



.

Theorem 1.17. For a given N, there are infinitely many imaginary quadratic fields

satisfying the Heegner hypothesis.

Proof. First, recall Dirichlet’s theorem on primes in arithmetic progressions, that

states that there are infinitely many primes q such that q ≡ 1 (mod(p)). Now, for

simplicity, we assume that N = p and p ≡ 1 (mod(p)). For each q ≡ 1 (mod(p)),

( q
p
) = 1, (−q

p
) = (−1

p
)( q
p
) = 1 and p splits completely in Q(

√−q).

Definition 1.18. The conductor of E/K is the integral ideal of K defined by

NE/K =
∏

v∈M0
K

pfvv

where fv is the exponent of the conductor of E at v defined by:

fv =







0 if E has good reduction at v

1 if E has multiplicative reduction at v

2 + ¶v if E has additive reduction at v

(for the definition of ¶v, see [14, §C.16]).

By modularity theorem, we can define the Heegner point on an elliptic curve

starting from the Heegner point defined on the modular curve.

Definition 1.19. Let E be an elliptic curve defined on Q with conductor N , let

K be an imaginary quadratic field satisfying the Heegner hypothesis and consider

Æ : X0(N) −→ E the modular parameterization described above. Then the Heegner

point relative to x̃ ∈ X0(N) is defined to be: ỹ = Æ(x̃)

We describe the Heeger point by the data x = (O,N , {a}). In the next chapters,

we study class field theory to analyze properties of the Heegner points, and to define

the ”Euler system of Heegner points”.
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1.3 Elliptic curve as abelian variety

In last sections, we have seen elliptic curves in connection with complex tori, to

construct elliptic curves over C, and with modular curves. In this section, now, we

want to describe elliptic curves as abelian varieties.

An abelian variety over the fieldK is defined as a complete connected algebraic

group over K, which is an algebraic variety over K together with regular maps of

addition and inverse. An elliptic curve is an abelian variety over K, because it can

be defined as the set of zeroes of an algebraic polynomial with coefficients in K,

the Weierstrass equation, with the geometric structure compatible with the algebraic

structure.

Furthermore, E is a module for the Galois group GK/K , because E has a struc-

ture that is compatible with the action of the Galois group on the algebraic closure

of K.

These two conditions of E are equivalent, because the Galois groupGK/K acts nat-

urally on the solutions of the algebraic equation defined on K.

1.3.1 Galois cohomology

We use Galois cohomology to study how GK/K acts on the GK/K-modules E and

E[m], defined in first section. Let G be a finite group, and let M and N be right

G-modules. A G-module homomorphism Æ : M −→ N is a homomorphism com-

muting with the action of G, i.e., we have Æ(mÃ) = Æ(m)Ã, ∀m ∈ M, ∀Ã ∈ G. So,

we now describe the largest submodule on M on which G acts trivially.

Definition 1.20. The 0th cohomology of the G-module M , denoted by MG or

H0(G,M), is the set:

H0(G,M) = {m ∈M : mÃ = m, ∀Ã ∈ G}

i.e., the submodule of M consisting of all G-invariants elements.

Observe that, if

0 P M N 0
Æ È

13



is an exact sequence of G-modules, we can check that taking G-invariants gives an

exact sequence:

0 PG MG NGÆ È

Note that the map on the right is not surjective in general.

Definition 1.21. let M be a G-module.

The group of 1-cochains from G to M is defined by:

C1(G,M) = {maps À : G −→M}

The group of 1-cocycles from G to M is defined by:

Z1(G,M) = {À ∈ C1(G,M) : ÀÃÄ = ÀÄÃ + ÀÄ , Ã, Ä ∈ G}

The group of 1-coboundaries from G to M is defined by:

B1(G,M) = {À ∈ C1(G,M) : ∃ m ∈M s.t. ÀÃ = mÃ−m, ∀Ã ∈ G} ¢ Z1(G,M)

The 1st cohomology group of the G-module M is the quotient group:

H1(G,M) =
Z1(G,M)

B1(G,M)

Then, with H1(G,M) we study the group of 1-cocycles from G to M modulo

the equivalence relation that two cocycles are identified if their difference has the

form Ã −→ mÃ−m for somem ∈M . Observe that if the action ofG onM is trivial,

then: H0(G,M) =M, H1(G,M) = Hom(G,M).

Proposition 1.22. [14, B.2, Prop.2.3] Let

0 P M N 0
Æ È
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be an exact sequence of G-modules. Then there is a long exact sequence:

0 H0(G,P ) H0(G,M) H0(G,N)

H1(G,P ) H1(G,M) H1(G,N)

Æ È

¶

where ¶ is the homomorphism defined as follows: let n ∈ H0(G,N), and choose

m ∈M such that È(m) = n and define a cochain À ∈ C1(G,M) by ÀÃ = mÃ−m.

Then the values of À are in P , and so À ∈ Z1(G,P ), and we define ¶(n) to be the

cohomology class of the 1-cocycle À in H1(G,P ).

Let H be a subgroup of G and let À ∈ H1(G,M) be a 1-cochain. Then, by re-

stricting the domain of À toH , we obtain anH-to-M cochain, and the process takes

cocycles to cocycles and coboundaries to coboundaries. If instead we consider a

normal subgroup H of G, then the submodule MH of M consisting of elements of

M fixed byH has a natural structure as aG/H-module. Hence composing with the

projection G Ã−→ G/H and with the inclusion MH ↪→ M gives a G-to-M cochain

G
Ã−→ G/H

À−→ MH ↪→ M . As before, and the process takes cocycles to cocycles

and coboundaries to coboundaries. We can now define the following two homo-

morphisms:

Definition 1.23.

(Restriction Homomorphism) Res : H1(G,M) −→ H1(H,M)

(Inflation Homomorphism) Inf : H1(G/H,MH) −→ H1(G,M)

Proposition 1.24. (Inflation-Restriction Sequence) LetM be aG-module and letH

be a normal subgroup of G. Then the following sequence is exact:

0 H1(G/H,MH) H1(G,M) H1(G,H) 0
Inf Res

Proof. See [14, B.1, Prop. 1.3]

Now we apply what we have already seen to the Galois groupGK/K . We recall

that GK/K is a profinite group, because it is the inverse limit of GL/K as L varies
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over all finite extensions of K, and then comes equipped with a topology in which

a basis of open sets around identity consists of the collection of normal subgroups

having a finite index in GK/K . These are the subgroups that are kernels of maps

GK/K −→ GL/K for finite Galois extensions L/K.

Definition 1.25. A discrete GK/K-module is an abelian group on which GK/K acts

such that the action is continuous for the profinite topology onGK/K and the discrete

topology on M . Equivalently, the action of GK/K on M has the property that, for

all m ∈M ,the stabilizer of m is a finite index subgroup in GK/K .

Now we adapt what was said before, using the fact that GK/K is profinite.

Definition 1.26. Let M be a GK/K-module. A map À : GK/K −→ M is continuous

if it is continuous for the profinite topology in GK/K and for the discrete topology

in M .

Equivalently, for each m ∈ M , the set À−1(m) is a union of cosets of sub-

groups of finite index in GK/K .The subgroup of GK/K of continuous 1-cocycles

from GK/K to M , denoted by Z1
cont(GK/K ,M), is the group of continuous maps

À : GK/K −→Msatisfying the cocycle condition: ÀÃÄ = ÀÄÃ + ÀÄ , Ã, Ä ∈ G.

After observing that every coboundary is continuous by definition, we can de-

fine 1st cohomology group of the GK/K -module M as the quotient group

H1(GK/K ,M) =
Z1
cont(GK/K ,M)

B1(GK/K ,M)

With this notation, one has an analog for what is said in Proposition (1.19).

If L/K a finite Galois extension, then GK/L is a subgroup of finite index in

GK/K , and M is naturally a GK/L-module. This leads to a restriction map on coho-

mology:

Res : H1(GK/K ,M) −→ H1(GK/L,M)

Further, GK/L is a normal subgroup of GK/K , and the quotient GK/K/GK/L is the

finite groupGL/K . ThenMG
K/L has a natural structure asGL/K-module, and so any
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1-cocycle À : GL/K −→M
G

K/L becomes a 1-cocycle for GK/K via the composition

GK/K GL/K M
G

K/L ¢M
À

and this gives the inflation map

Inf : H1(GL/K ,M
G

K/L)→ H1(GK/K ,M)

Then we obtain the analog to the Proposition (1.21) about the exactness of Inflation-

Restriction sequence for a GK/K-module. Now we state the following proposition,

that gives us some fundamental facts about the cohomology of additive and multi-

plicative groups of a field.

Proposition 1.27. [14, B.2, Prop. 2.5] Let K be a field. (a)H1(GK/K , K
+
) = 0 (b)

H1(GK/K , K
∗
) = 0 (c) Assume that either Char(K) = 0 or that Char(K) does

not divide m, and let µm primitive m-rooth of unity. Then

H1(GK/K , µm)
∼= K∗/(K∗)m

From now on, we say H1(K,M) instead of H1(GK/K ,M), H1(L,M) instead

of H1(GK/L,M), and so on.

1.3.2 Selmer group and Šafarevič-Tate group

With notation used in definition (1.4), we obtain the short exact sequence ofGK/K-

modules 0 E[m] E(K) E(K) 0m , and takingGK/K-

cohomology, yelds a long exact sequence that starts

0 E[m] E(K) E(K)

H1(K,E[m]) H1(K,E(K)) K,E(K))

m

¶

m
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Then we can extract the short exact sequence

0 E(K)/[m](E(K)) H1(K,E[m]) H1(K,E)[m] 0¶

which is called theKummer sequence for E/K. In order to studyE(K), we now

introduce the Selmer group and the Šafarevič-Tate group, which are subgroups of

H1(K,E[m]) and H1(K,E(K))[m], respectively.

Define MK a complete set of inequivalent absolute values on K, and for each

v ∈MK we fix an extension of v to K, which serves to fix an embedding K ¢ Kv

and a decomposition group Gv ¢ GK/K .Now, Gv acts on E(Kv, and repeating the

above argument yields the exact sequences

0 E(Kv)/[m](E(Kv)) H1(Gv, E[m]) H1(Gv, E)[m] 0¶

The natural inclusions Gv ¢ GK/K and E(K) ¢ E(Kv) gives restriction maps on

Galois cohomology, and following proposition in last section, we obtain the follow-

ing commutative diagram:

0 E(K)
[m](E(K))

H1(K,E[m]) H1(K,E)[m] 0

0
⊔

v∈MK

E(Kv)
[m](E(Kv))

⊔

v∈MK

H1(Gv, E[m])
⊔

v∈MK

H1(Kv, E)[m] 0

¶

¶

and this gives an idea of why we give the following two definitions.

Definition 1.28.

The m-Selmer group of E/K is the subgroup of H1(K,E[m]) defined by:

Selm(E/K) = ker

{

H1(K,E[m])→
⊔

v∈MK

H1(Kv, E(Kv)

}

The Šafarevič-Tate group is the subgroup of H1(K,E) defined by:

Ш(E/K) = ker

{

H1(K,E(K)→
⊔

v∈MK

H1(Kv, E(Kv)

}
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Remark 1.29. Ш(E/K) can be viewed as the subgroup of H1(K,E) that has a

Kv-rational point for every v ∈MK .

Observe also that one can check, working with cocycles, that the cohomological

definitions ofSelm(E/K) and Ш(E/K) do not depend on the extension of the place

v ∈MK to K, but only on E and K.

Sel(E/K)p is the largest subgroup of H1(K,Ep) which maps to Ш(E/K)p.

Then we immediately obtain the following theorem, observing the previous di-

agram.

Theorem 1.30. [14, X, Th. 4.2.a] There is an exact sequence

0 E(K)/[m](E(K)) Sel(E/K)m Ш(E/K)[m] 0
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2 Class Field Theory

Class field theory is the fundamental branch of algebraic number theory that de-

scribes the abelian Galois extensions of number fields. The theory of complex

multiplication provides an analythic realization of class field theory for quadratic

imaginary fields.

In this chapter, our main interest is to study the ring class fieldKn of conductor

n over K, for n a positive integer and K an imaginary quadratic field. This will

allow us to construct the elements of the Euler System of Heegner Points.

After a brief review of imaginary quadratic fields and orders in imaginary quadratic

fields, we shall state the basic facts from class field theory which will be used in the

sequel. We will begin with the classical version, using ideals and ideal class group,

and afterwards we will present the more modern idèlic version. For a more complete

study of these arguments, see [13, pp. 115-120], [3, Chapter 2] and [16].

We define a number field K to be a subfield of the complex numbers C which

has finite degree over Q, and let OK be the ring of integers of K. Recall that, for

every non-zero ideal a of OK , the quotient ring OK/a is finite and the norm of a

is defined to be NK
Q (a) = |OK/a|. The ring of integers OK is a Dedekind domain,

and then every nonzero ideal a in OK can be written as a product of prime ideals

a = p1...pr, where the decomposition is unique up to the order. Furthermore, the

pi’s are exactly the prime ideals of OK containing a. Notice that, if p is a non-zero

prime, we define residue field of p the finite field OK/p.

We define fractional ideals to be the non-zero finitely generatedOK-submodules

of K, which can be written in the form ³a, where ³ ∈ K and a is an ideal of OK .

Proposition 2.1. [3, II, Th. 5.7] Let a be a fractional OK-ideal.

(i) a is invertible.

(ii)a can be written uniquely as a product a =
∏r

i=1 pi
ri , where ri ∈ Z and the pi’s

are distinct prime ideals of OK .

Let IK denote the group of all fractional ideals of K and let PK ¢ IK be the

subgroup of principal fractional ideals, i.e., those of the form ³OK for some

³ ∈ K∗. The quotient Pic(OK) = IK/PK is the ideal class group, or Picard
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group, and it is finite.

Let us now review some behavior of primes in finite extension, so let L be a

finite extension of K. If p is a prime ideal of OK , then pOL is an ideal of OL, and

hence has a prime factorization

pOL = Be1
1 ...B

et
t

where Bi’s are distinct primes of L containing p. Let Fp be the residue field OK/p
and FB be its finite extension OL/B for each prime Bi containing p. Then we

define the integer ei, also written eBi|p as ramification index of p in Bi, and

define fi = fBi|p = |FBi
/Fp| as the inertial degree of p in Bi. We say that p

ramifies in L if any of the ramification indices ei are greater than 1.

Theorem 2.2. [3, II, Th. 5.8, Th. 5.9] Let K ¢ L be number fields, and let p be a

prime of K.

(a) If ei (resp. fi), i = 1, ..., t, are the ramification indices (resp. inertial degrees)

defined above, then
t∑

i=1

eif1 = [L : K]

(b) The Galois group Gal(L/K) acts transitively on the primes of L containing p,

i.e., if B and B′ are primes of L lying over p, then there exists Ã ∈ Gal(L/K) such

that Ã(B) = B′.

(c) The primes B1, ...,Bt of L lying over p have all the same ramification index e

and the same inertial degree f , and then the formula in (i) becomes e·f ·t = [L : K].

If p satisfies the stronger condition e = f = 1, we say that p splits completely

in L. This prime is unramified and pOL is the product of [L : K] distinct primes.

Let K ¢ L be Galois, and let B be a prime of L. Then the decomposition

group and the inertia group of B are defined by

DB = {Ã ∈ Gal(L/K) : Ã(B) = B}

IB = {Ã ∈ Gal(L/K) : Ã(³) ≡ ³ (mod B), ∀³ ∈ OL}
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It is easy to see that IB ¢ DB and that an element Ã ∈ DB induces an auto-

morphism Ã̃ of FB which is the identity on Fp, with p = B ∩ OK . If we define

G̃ = Gal(FB/Fp), it follows that Ã̃ ∈ G̃. Thus, the map Ã → Ã̃ denotes a homo-

morphism DB → G̃ whose kernel is the inertia group IB.

The homomorphism DB → G̃ is surjective, and then DB/IB ∼= G̃, |IB| = eB|p

and |DB| = eB|p · fB|p.

Let K = Q(
√
−D) be an imaginary quadratic field of discriminant −D.

Proposition 2.3. [3, II, Prop. 5.16] Let the nontrivial automorphism of K be de-

noted ³→ ³′. Let p be a prime in Z. Let (−D/p) be the Kroneker symbol. (a) If

(−D/p) = 0 (i.e., p| −D), then pOK = p2 for some prime ideal p of OK .

(b) If (−D/p) = 1, then pOK = pp′, where p ̸= p′ are prime ideal in OK .

(c) If (−D/p) = −1, then pOK is prime in OK

From the previous proposition, an integer prime p ramifies in K if and only if p

divides −D, and p splits completely in K if and only if (−D/p) = 1.

Let us now restrict our interest to the case where L is a finite abelian extension

of K. Then, L/K is a Galois extension and the Galois group Gal(L/K) is abelian.

LetOL be the ring of integers of L, and let p be a prime inK which does not ramify

in L. Let B be a prime of L lying over p.

By restriction, we get a homomorphism from the decomposition group of B to

the Galois group of the residue fields,

{Ã ∈ Gal(L/K) : BÃ = B} −→ Gal(FB/Fp).

The Galois group Gal(FB/Fp) is cyclic and generated by the Frobenius automor-

phism

x −→ xN
K
Q
p

Since p is an unramified prime inL andGal(L/K) is abelian, there is an unique ele-

ment Ã ∈ Gal(L/K) which maps to the Frobenius automorphism and is determined

by the condition

Ã(x) ≡ xN
K
Q
p (mod B) ∀x ∈ OL.
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Since L/K is an abelian extension and p is unramified, Ã is uniquely determined

by the prime p. This unique element of Gal(L/K) is called the Artin symbol, or

Frobenius element, and is denoted ((L/K), p). See [3, Th. 5.19].

When K ¢ L is an unramified abelian extension, notice that the Artin symbol

((L/K)/p) is defined for all primes p of OK . Let a ∈ IK be a fractional ideal with

prime factorization a =
∏

i p
ri
i , ri ∈ Z, and then we can define the Artin symbol

((L/K)/a) =
∏

i

((L/K)/pi)
ri

and it defines a homomorphism, called the Artin map,

ÈL/K : ((L/K)/ · ) : IK → Gal(L/K).

2.1 Orders of K

Definition 2.4. Let K be an irrational quadratic field. We define an order O of K

to be a subset O ¢ K such that

(a) O is a subring of K containing 1.

(b) O is a finitely generated Z-module.

(c) O contains a Q-basis of K.

Note thatOK is the maximal order ofK, and exists an element µ ∈ C such that

OK = [1, µ ].

Lemma 2.5. [3, II, Lemma 7.2] LetO be an order in the quadratic imaginary field

K. Then O has a finite index in OK , and if we set c = [OK : O], then

O = Z+ c · OK = [1, cµ].

The index c = [OK : O] is called the conductor of the order. A fractional ideal

of O is a subset of K, which is a non-zero finitely generated O-module, and it is

invertible if and only if it is proper.

Define I(O) to be the the set of proper fractional O-ideals, P (O) ¢ I(O) the

subgroup of principalO-ideals and Pic(O) = I(O/P (O) the ideal class group, or
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Picard group, of the orderO. Let a be a properO-ideal, and define N(a) = |O/a|
to be the norm of a.

Proposition 2.6. Let O be an order in an imaginary quadratic field and a, b be

proper O-ideals. Then:

(i) N(aO) = N(a).

(ii) N(ab) = N(a)N(b).

(iii) There exists a properO-ideal a, called the inverse of a, such that aa = N(a)O.

Observe that, given a non-zero integer M , then every ideal class in Pic(O)
contains a proper O-ideal whose norm is relatively prime to M .

An O-ideal a is called prime to c provided that a+ cO = O, and this happens

if and only if its norm N(a) is relatively prime to c. Note also that if a is prime to

c, then it is proper. Let we denote I(O, c) to be the subgroup of I(O) generated

by O-ideals prime to c, and P (O, c) to be the subgroup of I(O, c) generated by the

principal ideals. Then we can describe Pic(O) in terms of I(O, c) and P (O, c) as

follows.

Proposition 2.7. [3, II, Prop.7.19] The inclusion I(O, c) ¢ I(O) induces the iso-

morphism

Pic(O) = I(O)/P (O) ∼= I(O, c)/P (O, c)

Let m be a positive integer, and we define IK(m) to be the subgroup of IK

generated by OK-ideals prime to m.

Proposition 2.8. [3, II, Prop. 7.20] Let O be the order of conductor c in an imagi-

nary quadratic field K. Then:

(a) If a is an OK-ideal prime to c, then a ∩ O is an O-ideal prime to c of the same

norm.

(b) If a is an O-ideal prime to c, then aOK is an OK-ideal prime to c of the same

norm.

(c) The map a→ a ∩O induces an isomorphism IK(c)
∼−→ I(O, c), and the inverse

of this map is given by a→ a ∩ OK .
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From this proposition, follows that there are natural isomorphisms:

Pic(O) ∼= I(O, c)/P (O, c) ∼= IK(c)/PK,Z(c),

where PK,Z(c) is the subgroup of IK(c) generated by principal ideals.

2.2 Ring class fields of conductor c

Let K be an quadratic field. A modulus in K is a formal product

m =
∏

p

pnp

over all primes p of K.

Notice that, since K is a purely imaginary field, a modulus may be regarded as

an ideal of OK . Then, let IK(m) be the group of all fractional OK-ideals relatively

prime tom, and letPK,1(m) be the subgroup of IK(m) generated by the principal ide-

als ³OK , where ³ ∈ OK satisfies the condition ³ ≡ 1 (mod m). Note that PK,1(m)

has finite index in IK(m). A subgroupH ¢ IK(m) is called a congruence subgroup

form if it containsPK,1(m), and the quotient IK(m)/H is called a generalized ideal

class group for m. Observe that, for m = 1, PK,1(1) = PK .

Let Oc be an order of conductor c in an imaginary quadratic field K. In the

previous section, we have seen that Pic(Oc) ∼= IK(c)/PK,Z(c). If we use the prime

ideal cOK , then:

PK,1(cOK) ∼= PK,Z(c) ¢ IK(c) = IK(cOK),

and thus PK,Z(c) is a congruence subgroup of cOK .

The basic idea of class field theory is that the generalized ideal class groups are

the Galois groups of all abelian extensions of K. To link a generalized ideal class

group and the Galois groups of the relative abelian extension, we define the Artin

map of an abelian extension of K.

LetK ¢ L be an abelian extension, and let m be the prime ideal divisible by all
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ramified primes ofL. Given p a prime ofL not dividingm, we have the Artin symbol

((L/K)/p) ∈ Gal(L/K) from previous section, and it gives us a homomorphism

Φm : IK(m)→ Gal(L/K),

which is called the Artin map for K ¢ L and m.

Theorem 2.9. (Artin reciprocity theorem) LetK ¢ L be an abelian extension, and

let m be a modulus divisible by all primes of K that ramify in L. Then:

(a) The Artin map Φm is surjective.

(b) If the exponents of the integral ideal m are sufficiently large, then ker(Φm) is a

congruence subgroup for m, and consequently the isomorphism

IK(m)/ker(Φm)
∼−→ Gal(L/K)

shows that Gal(L/K) is a generalized ideal class group for the modulus m.

Proof. See [3, II, Th. 8.5].

Since PK,1(m) ¢ ker(Φm), the Artin symbol depends only on p up to multipli-

cation by an element ³, with ³ ≡ 1 (mod m).

With the following theorem, we see that there is one module that is better than

the others.

Theorem 2.10. (Conductor theorem) Let L be an Abelian extension of K. Then

there is an integral ideal c = cL/K , called the conductor of the extension L/K,

such that:

(i) A prime of K ramifies in L if and only if it divides c.

(ii) For every modulusm divisible by all primes ofK which ramifies in L,Ker(Φm)

is a congruence subgroup for m if and only if c|m.

Proof. See [3, II, Th. 8.5]

It follows by the previous theorem that for any modulus m there is a unique
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abelian extension Km, defined the ray class field for the modulus m, such that

PK,1(m) = ker(ΦKm/K,m).

In other words,

Definition 2.11. Let c be an integral ideal of K. A ray class field (modulo c) is a

finite abelian extensionKc/K with the property that, for any finite abelian extension

L/K,

cL/K |c⇒ L ¢ Kc.

The ray class field Kc is characterized by the property that it is an abelian ex-

tension of K and satisfies

{primes of K that split completely in Kc} = {prime ideals in P (c)}

Remark 2.12. (1) Note that the conductor of the ray class fieldKc may not be equal

to c, but for this work we will adopt conditions whereby we will have that the ray

class field of K (modulo c) will be equal to the ring class field of K of conductor

n.

(2) Observe that, when m = 1, this reduces to the Hilbert class field, which we will

see in section 4.

We know that Pic(O) = IK(O, c)/PK(O, c) ∼= IK(c)/PK,Z(c). Furthermore,

PK,1(c) ¢ PK,Z(c) ¢ IK(c), so that Pic(O) is a generalized ideal class group of

K for the modulus cOK . By the conductor theorem, this data determines a unique

abelian extension L of K, called the ring class field of the order O. The basic

properties ofL are, first, all primes ofK ramified inLmust divide cOK , and second,

the Artin map gives us the isomorphisms:

Pic(O) ∼= IK(c)/PK,Z(c) ∼= Gal(L/K),

and in particular, [L : K] = h(O), where h(O) is the class number of O.

Lemma 2.13. ([3, Lemma 9.3]) Let L be the ring class field of an order O in an
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imaginary quadratic field K. Then L is a Galois extension of Q, and its Galois

group can be written as a semidirect product

Gal(L/Q) ∼= Gal(L/K)ì Z/2Z,

where the nontrivial element of Z/2Z acts on Gal(L/K) by sending Ã to Ã−1.

2.3 Hilbert class field

If we consider the case for the integral ideal c = (1), K1 is the maximal abelian

extension of K which is unramified at all primes, called the Hilbert class field of

K. Notice that

IK1/K = I ((1)) = {all nonzero fractional ideals of K}

PK1/K = P ((1)) = {all nonzero principal ideals of K}.

Then, the Artin Map induces an isomorphism between the ideal class group of K

and the Galois group of the Hilbert class field of K.

Theorem 2.14. [3, II, Th. 5.23] Let K1 be the Hilbert class field of a number field

K, then the Artin map is surjective, and its kernel is exactly the subgroup PK ¢ IK .

Thus the Artin map induces an isomorphism

( · , K1/K) : Pic(OK) = IK/PK
∼−→ Gal(K1/K).

Corollary 2.15. [3, II, Coroll. 5.24] Given a number field K, there is a one-to-

one correspondence between the unramified abelian extensions M of K and the

subgroupsH of the ideal class group Pic(OK). Furthermore, if the extensionK ¢
M corresponds to the subgroup H ¢ Pic(OK), then the Artin map induces an

isomorphism

Pic(OK)/H ∼−→ Gal(M/K).

Corollary 2.16. [3, II, Coroll. 5.25] Let K1 be the Hilbert class field of a number

field K, and let p be a prime ideal of K.Then p splits completely in K1 if and only
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if p ∈ PK .

Lemma 2.17. [3, II, Lemma 5.28] LetK1 be the Hilbert class field of an imaginary

quadratic field K, and let Ä denote the complex conjugation. Then Ä(K1) = K1,

and hence K1 is Galois over Q.

2.4 Idèlic formulation of class field theory

Let v be an absolute value ofK, and letKv be the completion ofK at v. Further, let

Ov be the ring of integers ofKv if v is non-archimedean, and letOv = Kv otherwise.

The Idèle group of K is the group

IK =
∏

v

′
K∗
v ,

where
∏′ indicates the the product is restricted relative to theOv’s. This means that

an element s ∈ ∏vK
∗
v in the unrestricted product is in IK if and only if xv ∈ O∗

v

for all but finitely many many v. In particular, we can embed K∗ into IK by using

the natural diagonal embedding

K ↪→ IK , ³→ (..., ³, ³, ³, ...),

since any ³ ∈ K∗ is in O∗
v for all but finitely many K. Similarly, for any given v

we embed K∗
v as a subgroup of IK via

K∗
v ↪→ IK , t→ (1, 1, ..., 1, t, 1, ..., 1)

where t is the v-component.

If v is a non archimedean absolute value corresponding to a prime ideal p, we

will write Kp and Op in place of Kv and Ov. We will also write ordp for the corre-

sponding normalized valuation.

Let s ∈ IK be an Idèle. We define the ideal of s as the fractional ideal of K

given by

(s) =
∏

p

pordpsp ,
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where the product is over all prime ideals of K. Note that (s) is well defined, since

sp is a p-adic unit for all but finitely many p. For any integral ideal c of K, let Uc be

the subgroup of IK defined by

Uc = {s ∈ IK : sp ∈ O∗
p , sp ≡ 1 (mod cOp) for all primes p}

Then Uc is an open subgroup of IK , and can be proven that K∗Uc is a subgroup of

finite index in IK .

If L/K is a finite extension, then there is a natural norm map from IL to IK ,

and this is a continuous homomorphism

NL
K : IL → IK

defined by the prescription that the v-component of NL
Kx is

∏

w|v

NLw

Kv
xw

The idelic formulation of class field theory is given in terms of the reciprocity map

described in the following theorem.

Theorem 2.18. [13, II, Th. 3.5] Let Kab be the maximal abelian extension of K.

Then there exists a unique continuous homomorphism

IK → Gal(Kab/K), s→ [s,K]

with the following property:

Let L/K be the a finite abelian extension, and let s ∈ IK be an Idèle whose

ideal (s) is not divisible by any prime that ramifies in L. Then

[s,K]|L = ((s), L/K)

Here ((s), L/K) is the Artin map, andGal(Kab/K) is given by the usual profi-

nite topology. The homomorphism [ · , K] is called the reciprocity map for K.
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The reciprocity map has the following additional properties:

(i) The reciprocity map is surjective, and K∗ is contained in its kernel. (ii) The

reciprocity map is compatible with the norm map,

[x, L]|Kab =
[
NL
Kx,K

]
, ∀x ∈ IK

Let p be a prime ideal of K, let Iabp ¢ Gal(Kab/K) be the inertia group of p for the

extension Kab/K, let Ãp ∈ K∗
p be a uniformizer at p, and let L/K be any abelian

extension that is unramified at p. Then

[Ãp, K]|L = (p, L/K) = Frobenius for L/K at p,

and

[O∗
p , K] = Iabp

Theorem 2.19. [13, II, Th. 3.6] Let c be an integral ideal of K, let Kc be the ray

class field of K modulo c and let Uc be the subgroup of IK described above. Then

the reciprocity map induces an isomorphism

[ · , K] : IK/K∗Uc
∼−→ Gal(Kc/K).

Then [s,K] acts trivially on the ray class fieldKc if and only if s can be written

as s = ³u with ³ ∈ K∗ and u ∈ Uc.

2.5 Application of the class field theory to the elliptic curves

In this section, we use orders and class field theory to study the structure of an elliptic

curve E having complex multiplication. In particular, we can learn more about the

j-invariant of the elliptic curve.

Let OK be the ring of integers of the imaginary quadratic field K. For Λ ∈
Pic(OK), consider the elliptic curve C/Λ and denote the j-invariant of C/Λ by

j(Λ).
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Theorem 2.20. (Weber, Fueter) Let {Λ} ∈ Pic(OK).
(a) j(Λ) is an algebraic integer.

(b) The fieldK(j(Λ)) is the maximal unramified abelian extension, i.e.,K(j(Λ)) is

the Hilbert class field K1 of K.

(c) [K(j(Λ)) : K] = [Q(j(Λ)) : Q].

Proof. See [14, C.11, Th. 11.2]

Suppose that E/Q is an elliptic curve with complex multiplication.

Suppose that End(E) is the full ring of integersOK in the imaginary quadratic

fieldK = End(E)¹Q. Since j(E) ∈ Q, it follows by (c) that [K(j(Λ)) : K] = 1,

and then K1 = K.

Now, let we suppose that End(E) is not the full ring of integers OK , but an

arbitrary order in K. Then exists an integer n such that End(E) is of the form

On = Z+ nOK , the order of conductor n. We obtain [K(j(E)) : K] = |Pic(On)|.
With notation in previous sections, we have the following theorem.

Theorem 2.21. [14, C.11, Ex. 11.3.2] If E is an elliptic curve with End(E) ∼= On
where On is the order of conductor n in a quadratic field K, then Kn = K(j(E)),

where Kn is the ring class field of K of order n.
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3 Duality Theorems

3.1 Duality of local class field theory

Let K¼ be a local field, with ring of integers O¼ and finite residue field F¼ of char-

acteristic l. Let E be an elliptic curve over K¼ with good reduction over O¼. If

p ̸= l be a prime, then Ep ∼= Z/pZ×Oλ
Z/pZ is a finite étale group scheme of rank

p2 over O¼. The Kummer sequence 0 → Ep → E
p−→ E → 0 induces an exact

sequence

0 −→ E(K¼)/pE(K¼) −→ H1(O¼, Ep) −→ H1(O¼, E)p −→ 0,

and since H1(O¼, E) = 0 we have the isomorphism

E(K¼)/pE(K¼)
∼−→ H1(O¼, Ep).

Since E1(K¼), the kernel of reduction, is l-divisible, the group E(K¼)/pE(K¼) is

isomorphic to Ẽ(K¼)/pẼ(F¼), so it has dimension f 2 over Z/pZ, and the dimen-

sion is = 2 if all the p-torsions on E are rational over K¼.

Define

{, } : Ep × Ep −→ µp

to be the Weil pairing of finite group schemes over K¼, where µp is the group of

pth-roots of unity. By [14, Ch. III, Prop. 8.1], this pairing is bilinear, alternat-

ing, nondegenerate, and Galois invariant. The Weil pairing induces a cup-product

pairing in Galois cohomology:

(∗) H1(K¼, Ep)×H1(K¼, Ep) −→ H2(K¼, µp),

see [15].

LetL be a finite unramified extension ofK, and letG = Gal(L/K). DefineUL

to be the group of units of L. As H2(G,UL) = H3(G,UL) = 0, the cohomology

sequence of the short exact sequence 0 −→ UL −→ L× ordL−−→ Z → 0 gives an
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isomorphism H2(G,L×)
H2(ordL)−−−−−→

∼
H2(G,Z). From the fact that Hr(G,Q) are

torsion for all r > 0 and by the exact sequence 0→ Z→ Q→ Q/Z→ 0, we have

the isomorphism H1(G,Q/Z)
µ−→ H2(H,Z). Recall also that, by §1.3.1, we have

H1(G,Q/Z) ∼= Hom(G,Q/Z), and G has a canonical topological generator, the

Frobenius element Ã = FrobL/K . The composite of

H2(L/K)
ordL−−→
∼

H2(G,Z)
µ←−
∼
H1(G,Q/Z ∼= Hom(G,Q/Z)→ Q/Z

is called the Invariant map

invL/K : H2(L/K)→ Q/Z.

If we consider a tower of field extensions K ¢ L ¢ E, with both E and L unrami-

fied over K, then the diagram

H2(L/K) Q/Z

H2(E/K) Q/Z

invL/K

Inf ∼

invE/K

commutes, because all the maps in the definition of inv are compatible with Inf ,

and as a consequence of this discussion get the following theorem.

Theorem 3.1. There exists a unique isomorphism

invK : H2(Kun/K)→ Q/Z

with the property that, for every L ¢ Kun of finite degree n, invK induces the

isomorphism

invL/K : H2(L/K)→ Z/nZ

The invariant map of local class field theory gives a canonical isomorphism

H2(K¼, µp) = Br(K¼)
∼−→ Z/pZ, where we write Br(K¼) for the Brauer group of

K¼, and Tate’s local duality theorem states that the resulting pairing of Z/pZ-vector
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spaces

ï, ð¼ : H1(K¼, Ep)×H1(K¼, Ep) −→ Z/pZ

is alternating and non-degenerate, by [10, Ch. 1, Coroll. 2.3]. The Kummer se-

quence gives a short exact sequence in Galois cohomology:

0 −→ E(K¼)/pE(K¼) −→ H1(K¼, Ep) −→ H1(K¼, E)p −→ 0,

and by the cup-product (∗), the subspaceE(K¼)/pE(K¼) ∼= H1(O¼, Ep) is isotropic

for the pairing ï, ð, since H2(O¼, µp) = 0.

Proposition 3.2. The pairing ï, ð induces a non-degenerate pairing of Z/pZ-vector

spaces (of dimension f 2)

ï, ð¼ : E(K¼)/pE(K¼)×H1(K¼, Ep) −→ Z/pZ.

Proof. It suffices to check that the subspace H1(O¼, Ep) is maximal isotropic, or

equivalently, that dim H1(K¼, Ep) = dim E(K¼)p. This is a general fact, due to

[10, Ch. I, Thm. 2.6]. For more details, see [7, Prop. 7.5].

3.2 Duality of global class field theory

We want to analyze the relation between local and global Artin maps. For each

prime v of K, let Kv denote the completion of K at v. Let L/K be a finite abelian

Galois extension and Lw with w lying over v, and define

Gv = Gal(Lw/Kv) ∼= G(k(w)/k(v)),

where k(w) and k(v) are the residue fields respectively of L and K.

By Artin Reciprocity theorem stated in Chapter 2, there is an Artin map

ÈL/K : IK → Gal(L/K),
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and for each prime v of K we have

K∗
v

iv−−→ IK
ÈL/K−−−→ Gal(L/K)

where iv is the map that sends an x ∈ K∗ onto an element of IK whose v-component

is x and other components are 1. Define Èv = ÈL/K ◦ iv, and so we have

Èv : K
∗
v −→ Gal(L/K).

This map is called the local Artin map.

If x = (xv)v ∈ IK , then with the previous notation we obtain

ÈL/K(x) =
∏

v

Èv(xv).

This fact indicates that, through the study of idèles, the knowledge of all the local

Artin maps Èv is equivalent to the knowledge of the global Artin map ÈL/K . For a

proof of these statements, see [16].

Studying the cohomology of idèles, we have the following proposition:

Proposition 3.3. [16, Prop. 7.3]

(a) IK ∼= IGL , the group of idèles of L left fixed by all elements of G.

(b) Hr(G, IL) ∼=
∐

vH
r(Gv, L

∗
v), where

∐
denotes the direct sum.

Corollary 3.4. (a) H1(G, IL) = 0.

(b) H2(G, IL) =
∐

v (Z/nvZ), where nv = [Lw : Kv].

We writeH2(L/K) forH2(Gal(L/K), L∗). The cohomology groupH2(Lw/Kv)

is cyclic of order nv = [Lw : Kv], and then

H2(G, IK) =
∐

v

H2(Lw/Kv) ∼=
∐

v

Z/nvZ.

With these statements, comparing with results from the last section, by the definition

of Tate’s local Tate duality ï, ðv : H1(Kv, Ep)×H1(Kv, Ep) −→ H2(Kv, µp), we
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can define the Tate’s global duality

ï , ð =
∑

v

ï , ðv : H1(K,Ep)×H1(K,Ep) −→ H2(K,Ep),

where, for every s, t ∈ H1(K,Ep), we have

ïs, tð =
∑

v

ïresv(s), resv(t)ð,

with resv : H1(K,Ep)→ H1(Kv, Ep).

Thus, we obtain the following commutative diagram.

H1(K,Ep)×H1(K,Ep) H2(K,Ep)

∐
H1(Kv, Ep)×

∐
H1(Kv,Ep)

∐

vH
2(Kv, Ep)

∐
v

ï,ð

∑
vï,ðv

For each prime v of K, let Kv denote the completion of K at v. Let L/K be

a finite abelian Galois extension, with [L : K] = n. We have n =
∑

v nv, where

nv = [Lw : Kv] for every w in L lying over v. Let we define

invv = invLw/Kv
: H2(Lw/Kv)→ Z/nvZ,

and then we obtain:

invL/K =
∏

v

invv

(see [16, §11]).

By class field theory, we obtain the following result on the invariant map.

Theorem 3.5. If ³ ∈ Br(K), then

∑

v

invv³ = 0

Proof. See [16, Th. B].
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4 Euler System of Heegner Points

4.1 Heegner points of the conductor n

We continue the discussion started in 1.2 on Heegner points, and define Heegner

points of conductor n.

Let n g 1 be an integer prime to N , let K = Q(
√
−D) be an imaginary quadratic

field with discriminant −D satisfying the Heegner hypothesis, i.e., D is prime to

N and all prime ideals l that divide N are split in K. By Proposition 1.15, we can

define an ideal N of OK such that OK/N ∼= Z/NZ.

Every order On of OK is of the form On = Z + nOK , where n = [On : OK ]
is the conductor of On (see §2.1). Then, by Proposition 2.8, we can define the

ideal Nn = N ∩ On and, for each n relatively prime to D and to N , we obtain

On/Nn ∼= OK/N ∼= Z/NZ. Consequently, the elliptic curve C/On, with its cyclic

N isogeny to C/N−1, defines a point in X0(N).

Definition 4.1. The Heegner point xn = (On,Nn, {a}) described in §1.2 is defined

to be a Heegner point of conductor n if On is an order of OK of conductor n.

Note thatGal(Kn/K) acts onDiv(X0(N)(Kn)), and remember that from class

field theory (§2.2) we have the isomorphism of groups

Pic(On) ∼−→ Gal(Kn/K), {a} → Ãa,

where Ãa is defined to be the Artin symbol of a.

We now see how Gal(Kn/K) acts on Heegner points. Let b an ideal ofOn not

dividing n and Ãb the Artin symbol of {a} in Gn. If we define the Heegner point

xn = (On,Nn, {a}), with a an ideal ofOn andN such that aN−1/a ∼= Z/NZ, then

we have the formula Ãb(xn) = (On,Nn, {a})Ãb = (On,Nn, {ab−1}) (see [5, §0.4].

Proposition 4.2. TheHeegner pointxn ∈ X0(N) of conductorn lies inX0(N)(Kn),

where Kn is the ring class field of On.

Proof. By Theorem 2.21, C/On is defined over Kn, and so by the moduli interpre-

tation, xn ∈ X0(N)(Kn).
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From §2.2, we know thatGal(Kn/K) ∼= Pic(On) andGal(K1/K) ∼= Pic(OK),
now we want to define Gal(Kn/K1) ∼= Pic(On)/Pic(OK). Let IK be the group

of fractional ideals of OK , PK be the subgroup generated by principal ideals of IK ,

IK(n) ¢ IK be the subgroup generated by OK-ideals prime to n and PK,Z(n) be

the subgroup IK(n) generated by principal ideals of the form ³OK , where ³ ∈ OK
satisfies ³ ≡ a (mod nOK) for an integer a relatively prime to n. Then we get an

exact sequence

0 (IK(n) ∩ PK)/PK,Z(n) IK(n)/PK,Z(n) IK/PK

Pic(On) Pic(OK)
∼ ∼

and then Pic(On)/Pic(OK) ∼= (IK(n) ∩ PK)/PK,Z(n). We also know (see [3,

Chapter 2, §7.27]) that there is an exact sequence

1→ (Z/nZ)∗ → (OK/nOK)∗ → (IK(n) ∩ PK)/PK,Z(n)→ 1,

and then we obtainGal(Kn/K1) ∼= (OK/nOK)∗/(Z/nZ)∗. Finally, we define Ä to

be the complex conjugation and we have the field diagram with Galois groups:

Kn

K1

K

Q

(OK/nOK)∗/(Z/nZ)∗

Pic(OK)

ï1, Äð

Note that Ä ∈ Gal(K/Q) lifts to an involution of Kn and acts on Gal(Kn/K) by

ÄÃÄ−1 = Ã−1. ThenGal(Kn/K) = Pic(On) is a normal subgroup inGal(Kn/Q),
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and sinceGal(K/Q) = ï1, Äð is of order 2, we find thatGal(Kn/Q) is the dihedral

group Gal(Kn/Q) = Pic(On)ì ï1, Äð
Now, letDiv(X0(N)(Kn)) be the group of divisors that are stable under the ac-

tion ofGal(K/Kn). For q a prime not dividingN , define a Hecke correspondence:

Tq : Div(X0(N)(Kn))→ Div(X0(N)(Kn))

Tq((Æ : E → E ′))→
∑

C¢E[q],|C|=q

(E/C → E ′/Æ(C))

Let q be a prime not dividing nND. Define a trace map:

Trq : X0(N)(Knq)→ Div(X0(N)(Kn), z →
∑

Ã∈Gal(Knq/Kn)

Ã(z)

Then we have the following

Theorem 4.3. We have Trq(xnq) = Tq(xn), it is an equality of divisors of degree

l + 1 on X0(N) over Km.

Proof. See [5, §6]

We introduced Heegner points on modular curves, now we want to define Heeg-

ner points on elliptic curves. Let E be an elliptic curve of conductor N over Q. We

know, by the Theorem 1.12 in §1.2, that every modular curve E over Q is modular,

and this means that if E/Q has conductor N , there exists a parameterization, i.e., a

surjective morphism Æ : X0(N) → E defined over Q, which maps the cusp∞ of

X0(N) to the origin O of E.

Definition 4.4. Let E be an elliptic curve over Q with conductor N and let K be

an imaginary quadratic field satisfying the Heegner hypothesis. Fix a modular pa-

rameterization Æ : X0(N) → E. Then the Heegner point of conductor n on the

elliptic curve E is defined to be

yn = Æ(xn)

Proposition 4.5. The point yn ∈ E(C) lies in E(Kn)
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Proof. We know that xn lies inX0(N)(Kn), and since Æ is a morphism of algebraic

curves defined over Q, we conclude that yn lies in E(Kn).

We will only consider yn for n a square-free integer. Then we can define the

trace map on Heegner points on E:

Trp : E(Knp)→ E(Kn), z →
∑

Ã∈Gal(Knp/Kn)

Ã(z)

and the basic Heegner point:

yK = TrK1/K(y1) =
∑

Ã∈Gal(K1/K)

Ã(y1) ∈ E(K)

From now on, fix an odd prime p such thatGal(Q(Ep)/Q) ∼= GL2(Z/pZ), and

assume p does not divide yK , i.e., does not exist Q ∈ E(K) such that yk = pQ. By

Chapter 1, Ep ∼= Z/pZ × Z/pZ, Aut(Ep) ∼= GL2(Z/pZ) and we have obtained a

representation Äq : GK/K → Aut(Eq). In all that follows, assume that E does not

have complex multiplication over C.

Theorem 4.6. (Serre) Suppose that the elliptic curve E has no complex multiplica-

tion over K. Then, for almost all prime numbers q, the homomorphism

Äq : Aut(K/K)→ Aut(Eq) is surjective.

Theorem 4.7. (Mazur) Let E/Q be a semistable elliptic curve and N be a prime

number. Then, with notation in the previous theorem, the image of ÄN isGL2(Z/NZ)

if N g 11.

By previous two theorems, we see that the extension Q(Ep) generated by the p-

division points ofE has Galois group isomorphic toGL2(Z/pZ). According to how

we have defined the objects we are studying, we insist that every prime factor l of n

does not divide N ·D · p for all except a finite number of primes, and for all primes

p g 1. Hence, the prime l is unramified in the extensionK(Ep) = Q(
√
−D)(Ep),

and we define Frob(l) to be the conjugacy class in Gal(K(Ep)/Q) containing the

Frobenius substitutions of the prime factors of l in K(Ep).
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Let Frob(∞) be the conjugacy class of the complex conjugation Ä . We now

state the Čebotarëv density theorem.

Theorem 4.8. (Čebotarëv density theorem) Let L be a Galois extension of K, and

let ïÃð be the conjugacy class of an element Ã ∈ Gal(L/K). Then the set

S = {p ∈ PK : p in unramified in L and ((L/K)/p) = ïÃð}

has Dirichlet density

¶(S) = |ïÃð|
|Gal(L/K)| =

|ïÃð|
[L : K]

.

Proof. See [3, Ch. 8, Thm. 8.17].

We consider Kn an abelian extension of K, and let n be a modulus divisible

by all primes ramify in Kn. Then, given any element Ã ∈ Gal(Kn/K), the set of

primes p not dividing n such that ((Kn/K)/p) = Ã has density 1
[Kn:K]

, and hence is

infinite.

By Čebotarëv density theorem it follows that there are infinite primes l such

that Frob(l) = Frob(∞), then consider an l satisfying this condition. A simple

implication of the equality Frob(l) = Frob(∞) is that Ä = Frob(∞) = Frob(l)

in Gal(K/Q). Comparing the characteristic polynomial of Frob(l) acting on Ep,

which is x2 − alx + l, with the characteristic polynomial of Ä , that is x2 − 1, we

obtain:

al ≡ l + 1 ≡ 0(mod p),

where l + 1− al is the number of points on the reduction Ẽ in the finite field

Fl = Z/lZ, and by hypothesis l is prime to p.

Consider ¼ be a prime factor of l lying over K. The fact that Frob(l) = Ä in

Gal(K/Q) implies that the prime (l) remains inert inK, and then¼ is unique. LetF¼

be the residue field ofK at ¼, which has l2 elements by previous observation. Since

Frob(∞) = Frob(l) as conjugacy classes in Gal(K(Ep)/Q), the prime ¼ ∈ K

splits completely in the extension K(Ep) = Q(
√
−D)(Ep), since l is prime with

N · p · D. Consider also that, if ± denote the eigenspaces for the automorphism
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group ï1, Äð, we find that Ẽ(F¼)+ has order l + 1 − al and that Ẽ(F¼)− has order

l+1+al. Since both orders of Ẽ(F¼)+ and of Ẽ(F¼)− are congruent with 0 (mod p),

we have Ẽ(F¼)±p ∼= Z/pZ, and hence Ẽ(F¼)p ∼= (Z/pZ)2, using the fact that ¼ splits

completely in K(Ep).

Our goal is to use Heegner points to study the Selmer group and the Šafarevič-

Tate group.

Define Gn = Gal(Kn/K) and Gn = Gal(Kn/K1). The exact sequence

0 Ep E E 0
p

gives a commutative diagram:

(∗∗) 0

H1(Kn/K,Ep)

0 E(K)/pE(K) H1(K,Ep) H1(K,E)p 0

0 (E(Kn)/pE(Kn))
Gn H1(Kn, Ep)

Gn H1(Kn, E)Gn
p 0

Inf

¶

Res∼ Res

¶n

As we have seen,

0 −→ E(K)/pE(K)
¶−→ H1(K,Ep) −→ H1(K,E)p −→ 0,

0→ (E(Kn)/pE(Kn))
Gn

¶n−→ H1(Kn, Ep)
Gn → H1(Kn, E)Gn

p → 0,

0 −→ H1(Kn/K,Ep)
Inf−−→ H1(Kn, E)Gn

p

Res−−→ H1(Kn, E)Gn

p

are exact sequences. To prove that H1(K,Ep)
Res−−→ H1(Kn, Ep)

Gn is an isomor-

phism, we state the following lemma.

Lemma 4.9. The elliptic curve E has no p-torsion rational over Kn.

Proof. If E has p-torsion rational over Kn, then either Ep(Kn) = Z/pZ or
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Ep(Kn) = (Z/pZ)2. If Ep(Kn) = Z/pZ, then Ep has a cyclic subgroup scheme

over Q, asKn is Galois over Q. Hence, the Galois group of Q(Ep) is contained in a

Borel subgroup of GL2(Z/pZ). If Ep(Kn) = (Z/pZ)2, then Q(Ep) is a subfield of

Kn and we have a surjective homomorphism Gn → GL2(Z/pZ). This is impossible

because G = Pic(On)ì ï1, Äð, but for p > 2 GL2(Z/pZ) is a is not a quotient of a

group of dihedral type.

The kernel of H1(K,Ep)
Res−−→ H1(Kn, Ep)

Gn is H1(Kn/K,Ep(Kn)) via in-

flation. In addition, using the result of the Hochschild-Serre spectral sequence, the

cokernel of Res is injected into H2(Kn/K,Ep(Kn) = 0 by transgression (see [8,

Theorem 2]). By lemma 4.9, ker(Res) = coker(Res) = 0, and then we have that

H1(K,Ep)
Res−−→ H1(Kn, Ep)

Gn is an isomorphism.

Looking at (∗∗), it is clear why we would find an element in E(Kn)/pE(Kn)

fixed by Gn. First, we study the action of Gn = Gal(Kn/K1), and by diagram

(∗) we have Gn = (OK/nOK)∗/(Z/nZ)∗. We consider only n square-free, so let

n =
∏
li. Let n = l ·m, with (l,m) = 1, and consider Km and Kl the ring class

fields of conductor respectively l and m. Define Gl = Gal(Kn/Km) the subgroup

of Gn fixing Km. We have the diagram

Kn

Km

K1

Gl

(OK/mOK)∗/(Z/mZ)∗

Gn = (OK/lmOK)∗

(Z/lmZ)∗

and then Gl
∼= (OK/lmOK)∗/(Z/lmZ)∗

(OK/mOK)∗/(Z/mZ)∗
∼= (OK/lOK)∗/(Z/lZ)∗.

Since for every integer li, lj dividing n we have Kli ∩Klj = K1, Gli ∩Glj = 1

and Kn =
∏

iKli , as all factors of n are pairwise , we get

Gn =
∏

i

Gli .
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Furthermore, since ¼ = (l) is the unique prime factor of l in K and is inert in K,

(OK/lOK)∗ ∼= F ∗
¼ , and then the subgroups Gl

∼= F¼/(Z/lZ)
∗ = F ∗

¼/F
∗
l are cyclic

of order l+ 1. Let Ãl be a generator of Gl, then the augmentation ideal of the group

ring Z[Gl] is principal and generated by (Ãl−1). Let now Trl =
∑

Gl
Ãl be the trace

in Z[Gl] and, following the work of Rubin in [11], we define

Dl =
l∑

i=1

iÃil ∈ Z[Gl].

The element Dl is constructed to satisfy the identity

(∗ ∗ ∗) (Ãl − 1) ·Dl = l + 1− Trl

in Z[Gl]. Then Dl is well defined up to the addition of elements in the subgroup

Z · Trl, and finally, we can define Dn =
∏
Dl ∈ Z[Gl].

Proposition 4.10. The pointDnyn ∈ E(Kn) gives a class {Dnyn} ∈ E(Kn)/pE(Kn),

which is fixed by Gn.

Proof. It suffices to show that {Dnyn} is fixed by Ãl, for all l|n, as these elements

give Ãn, a generator ofGn. Hence, we must prove that (Ãl−1)Dnyn lies in pE(Kn).

Write n = l ·m. By the definition of Dl, we have

(Ãl − 1)Dn = (Ãl − 1)DlDm = (l + 1− Trl)Dm

in Z[Gn]. Hence

(Ãl − 1)Dnyn = (l + 1− Trl)Dmyn =

= (l + 1)Dmyn − TrlDmyn = (l + 1)Dmyn −Dm(Trlyn)

. Since l+1 ≡ 0(mod p), it suffices to prove that Trlyn lies in pE(Kn). This follows

from part (i) of the next proposition and from the congruence al ≡ 0(mod p).

Proposition 4.11. Let n = l ·m, let ap = p+ 1− #Ẽ(Fp).

(i) Trl(ylm) = alym in E(Km).
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(ii) Each prime factor ¼n of l in Kn divides a unique prime ¼m of Km, and we have

the congruence yn ≡ Frob(¼m)(ym) (mod ¼n)

Proof.

(i) This follows from the corresponding facts about the points xn, xm onX0(N) over

Kn. Let Æ be a modular parameterization Æ : X0(N) → E and let Tl denotes

the Hecke correspondence defined above, which is self-dual of bidegree l + 1. By

Theorem (4.4) we have Trq(xnq) = Tq(xn), and by Eichler-Shimura theory we

obtain Æ ◦ Tl = alÆ. Then,

Trl(ylm) = Trl(Æ(xlm) = Æ(Trl(xlm)) = Æ(Tl(xm)) = al(Æ(xm)) = alym.

(ii) The prime ¼ = (l) in K is principal and is generated by an integer l prime to

m, and then, by class field theory, ¼ splits completely in Km/K. The factors ¼m of

¼ in Km are totally ramified in Kn: ¼m = (¼n)
l+1. In particular, the residue field

F¼n has l2 elements and is canonically isomorphic to F¼. We have the congruence:

xn ≡ Frob(¼m)(xm) on X0(N) over F¼n . Indeed, by definition, the points in the

divisor Tl(xm) are the conjugates of xn over Km, and these are all congruent to

xn (mod ¼m) since ¼m is totally ramified in Kn/Km. Using the Eichler-Shimura

congruence relation Tl ≡ Frl + Frll (mod l), we see that at least one point in

the divisor Tlxm is congruent to Frob(¼m)(xm) (mod ¼n). Hence all points in the

divisors are congruent to Frob(¼m)(xm). This also follows from the fact that the

residue field F¼m has l2 elements, and then al ≡ a
1
l .

Since the collection of points yn satisfy these properties, they form an Euler

system, that we call the Euler system of Heegner points, in the language of

Kolyvagin,. We will use elements of this system to construct Kolyvagin’s coho-

mology classes c(n) in H1(K,Ep), which will be useful to study the Selmer group

and, consequently, the Šafarevič-Tate group.

Now we return to find an element in E(Kn)/pE(Kn) fixed by Gn. Observe that

since Trlyn = alym ∈ pKm ¢ pKn, the class {Dnyn} ∈ E(Kn)/pE(Kn) is in-

dependent on the choice of solutions Dl of (∗ ∗ ∗), but depends on the choice of

46



generators Ãl for Gl, for l|n up to scaling by (Z/pZ)× (p is coprime with l).

The group Gn sits in the exact sequence

0 −→ Gn −→ Gn −→ Gal(K1/K) −→ 0

. Let S be a set of coset representatives for Gn in Gn, and define

Pn =
∑

Ã∈S

Ã(Dnyn) ∈ E(Kn)

and, by Proposition 4.9, the class {Pn} in E(Kn)/pE(Kn) is fixed by Gn, is inde-

pendent on the choice of S and depends on the choice of generators Ãl ofGl, for l|n,

only up to scaling by (Z/pZ)×.

4.2 Kolyvagin’s cohomology classes

In this section we define Kolyvagin’s cohomology classes that, as claimed before,

are useful to study Sel(E/K)p and Ш(E/K)p.

Define c(n) to be the unique class in H1(K,Ep) such that:

Res c(n) = ¶n{Pn}

using notation in (**), recalling that ¶n : (E(Kn)/pE(Kn))
Gn → H1(Kn, Ep)

Gn

and Res : H1(K,Ep)
∼−→ H1(Kn, Ep)

Gn . We also want to associate to each c(n) in

H1(K,Ep) an element inH1(K,E)p, so define d(n) the image of c(n) inH1(K,E)p.

By the commutativity of (**) and the exactness of the bottom row follows that

Res d(n) = 0, and then there is a unique class d̃(n) inH1(Kn/K) = H1(Gn, E(Kn))p

such that:

Inf d̃(n) = d(n)
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in H1(K,E)p. Summing up, we are working with the following diagram:

0

H1(Kn/K,Ep)

d̃(n)

0 E(K)/pE(K) H1(K,Ep) H1(K,E)p 0

c(n) d(n)

0 (E(Kn)/pE(Kn))
Gn H1(Kn, Ep)

Gn H1(Kn, E)Gn
p 0

{Pn} ¶n{Pn} = Res c(n) 0

Inf

¶

∼ Res Res

¶n

In McCallum work [9], we can also find the 1-cocycles that represent c(n) and

d(n).

Lemma 4.12. (a) The class c(n) is represented by the cocycle:

Ã → Ã

(
1

p
Pn

)

− 1

p
Pn −

(Ã − 1)Pn
p

onGal(K/K), where (Ã−1)Pn

p
is the unique p-division point of (Ã− 1)Pn in E(Kn)

and 1
p
Pn is a fixed p-rooth of Pn in E(K).

(b) The class d(n) is represented by the cocycle

Ã → (Ã − 1)Pn
p

Proof. (a) The existence and the uniqueness of the p-division point follows from the

fact that Pn ∈ (E(Kn)/pE(Kn))
Gn and from Lemma 4.9. The uniqueness implies

that (Ã−1)Pn

p
is a cocycle, and then the expression in the statement is a cocyle. The

cocycle clearly takes values in Ep, and the first term disappears if we restrict toKn,

hence it satisfies the condition of c(n).

(b) Regarded as a cocycle with values in E, we see that Ã → Ã
(

1
p
Pn

)

− 1
p
Pn

is a coboundary, and then we obtain the statement.

Proposition 4.13. (1) The class c(n) is trivial in H1(K,Ep) if and only if Pn is in
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pE(Kn).

(2) the class d(n) ∈ H1(K,E) and the class d̃(n) ∈ H1(Kn/K) are trivial if

and only if Pn ∈ pE(Kn) + E(K).

Proof. These statements follow from the definitions and from the diagram (**).

Remark 4.14. The class c(1) is trivial if and only if the basic Heegner point P1 = yk

is divisible by p in E(K), and the classes d(1) and d̃(1) are always globally trivial.

We now observe the action of Gal(K/Q) = ï1, Äð on c(n). Since p is odd, we

have a direct sum decomposition into eigenspaces for Ä :

H1(K,Ep) = H1(K,Ep)
+ ·H1(K,Ep)

−

We will see that the class c(n) lies in one of these eigenspaces, whose sign depends

both on E and the number of primes dividing n. In the previous section, we have

seen that Ä lifts to an involution of Kn and acts on Gal(Kn/K) by ÄÃÄ−1 = Ã−1,

and hence Ä acts on the point yn ∈ E(Kn).

Define canonical involution (or Fricke involution) wN : X0(N)→ X0(N)

as the operator that takes the point x = (E
Æ−→ E ′) to the point wN(x) = (E ′ Æ′−→ E),

where Æ′ is the dual isogeny (see [14, §III.6]). The action ofwN onX0(N) is induced

by the Fricke involution on H∗:

wN(z) = −
1

Nz
.

If a lattice Λ ¢ C has oriented basis ïÉ1, É2ð, the action of canonical involution wN

sends a lattice Λ ¢ C with oriented basis ïÉ1É2ð to the involuted latticewN(Λ) with

oriented basis ï− 1
N
É2, É1ð, and interchanges the cusps∞ and 0.

Let ϵ = ±1 be the eigenvalue of the Fricke involution wN on the eigenform

f =
∑
anq

n associated to the modular curve E:

f |wn = ϵ · f

Note 4.15. In the next two propositions and in Chapter 5, we will study the con-

49



nection between the eigenvalue of the Fricke involution wN , the eigenvalue of the

complex conjugation Ä and the sign of the functional equation of the L-series of E

over Q (see §5.2.1).

Proposition 4.16. We have yÄn = ϵ · yÃn + (torsion) ∈ E(Kn), for some Ã ∈ Gn.

Proof. Let xn = (On,Nn, {a}) = Æ(yn). By [5, §4, §5], we have the identities

xÄn = (On,N Ä
n , {aÄ} = {a}−1), wN((On,Nn, {a}) = (On,N Ä

n , {aN−1}). By

proposition 4.2, we also know that xn is rational over Kn, which is an abelian ex-

tension of K with Galois group Gn ∼= Pic(On). Then, if we consider b an ideal

of On not dividing n and Ãb the Artin symbol of {b} in Gn, we have the formula

(On,Nn, {a})Ãb = (On,Nn, {ab−1}). Then wN(xÃn) = (On,N Ä
n , {aN−1b−1}),

and if we define b∗ as the ideal such that {aN−1b−1} = {a}−1 and Ã = Ãb∗ ∈ Gn,

we obtain the identity xÄn = wN(x
Ã
n). We also use the result in [6, p.228], which

says that the class of the divisor c = (xn)− (∞) defines an element in the Jacobian

J(K1). Hence

(xn −∞)Ä = wN(xn −∞)Ã + (wn∞−∞).

Since wN∞ = 0 is the cusp of X0(N), and the class of (0 −∞) is torsion in the

Jacobian, this gives the claim on the curve E.

Proposition 4.17. Define ϵn = ϵ · (−1)fn , where fn ={l : l|n}.
(1) The class {Pn} lies in the ϵn-eigenspace for Ä in (E(Kn)/pE(Kn))

Gn

(2) The class c(n) lies in the ϵn-eigenspace for Ä in H1(K,Ep), and the class d(n)

lies in the ϵn-eigenspace for Ä in H1(K,E)p.

Observe that, since d(n) ∈ H1(K,E)ϵnp , we may refine Proposition 4.13 with

the following corollary:

Corollary 4.18. The class d(n) is trivial in H1(E,K)ϵnp if and only if Pn is in

pE(Kn) + E(Kn)
ϵn

Proof. Recall that we defined Pn =
∑

Ã∈S Ã(Dnyn) ∈ E(Kn), for S a set of coset

representatives for Gn in Gn. Remember also that Ä acts on Gn by ÄÃÄ−1 = Ã−1,
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hence ÄPn =
∑

Ã∈S Ã
−1ÄDnyn.

We definedDn =
∏

l|nDl ∈ Z[Gn], where we definedDl ∈ Z[Gl] to be the solution

of (Ãl − 1) ·Dl = l+ 1− Trl in Z[Gl] and well-defined up to addition of elements

in the subgroup Z · Trl. Applying Ä on the right and left of this identity, we find:

(Ãl − 1)DlÄ = Ä(Ãl − 1)Dl = (Ã−1
l − 1)ÄDl = −Ã−1

l (Ãl − 1)ÄDl. Hence

ÄDl = −ÃlDlÄ +mTrl,

for some m ∈ Z, as ÄDl + ÃlDlÄ is annihilated by (Ãl − 1). Trlyn = alyn/l ≡ 0 in

pE(Kn), then we have

ÄPn ≡ (−1)fn ·
∏

l|n

Ãl ·
∑

Ã∈S

Ã−1 ·Dn(Äyn) (mod pE(Kn)).

Remember that by the above proposition, yÄn = ϵ · Ã′(yn) + (torsion) ∈ E(Kn) for

some Ã′ ∈ Gn, and by Lemma 4.9, E(Kn)p = 0, then yÄn = ϵ · yÃn . Hence:

ÄPn ≡ ϵn ·
∏

l|n

Ãl · Ã′ ·
∑

Ã∈S

Ã−1 ·Dnyn (mod pE(Kn)).

Note that
∑

Ã∈S Ã
−1 ·Dnyn ≡ Pn, as {Dnyn} is fixed by Gn and, since S is a set of

cosets representatives forGn in Gn, so is {Ã−1 : Ã ∈ S}. Since {Pn} is fixed by Gn,

we have ÄPn ≡ ϵn · Pn (mod pE(Kn), which proves (1). The statements in (2)

follow from (1) and from the fact that the maps in the diagram (**) commute with

the action of Gal(K/Q) = ï1, Äð.

4.3 Localization of Kolyvagin’s classes

In this section, we study local properties of Kolyvagin’s classes in H1(K,Ep) and

in H1(K,E)p. This will allow us to decide if the class c(n) is in the Selmer group

Sel(E/K)p, that is, if the class d(n) is locally trivial in all places ¼ ofK. By Remark

4.14, d(1) and d̃(1) are always globally trivial, and then c(1) ∈ Sel(E/K)p.

Let ¼ be the unique prime of K above the integer prime l, and let ¼n represent

a prime of Kn above ¼. We denote the completion of Kn at ¼n by K¼n . Suppose
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that n = l · m. The prime ideal ¼ is principle, generated by the number l prime

to m, and hence splits completely in Km by the class field theory, and each prime

factor ¼m of l in Km ramifies totally in Kn. In particular, there is an embedding

Km ↪→ K¼, and from the fact that Pm ∈ (E(Km)/pE(Km))
Gm the resulting image

of Pm in E(K¼)/pE(K¼) is independent on the choice of embedding.

Proposition 4.19. (1) The class d(n)v is locally trivial inH1(Kv, E)p at the archime-

dean place v =∞ and at all finite places v of K which do not divide n.

(2) If n = l ·m and ¼ is the unique prime ofK dividing ¼, the class d(n)¼ is locally

trivial in H1(K¼, E)p if and only if Pm ∈ pE(K¼m) = pE(K¼) for one (and hence

all) places ¼m of Km dividing ¼.

Proof. (1). If v = ∞, then K∞ = C is algebrically closed, and then the Ga-

lois cohomology of E is trivial. If v ∤ n, then the class d̃(n) in H1(Kn/K,E)p

satisfies d(n) = Inf d̃(n), and d̃(n) is unramified at v. Hence d(n)v lies in the

subgroupH1(Kun
v /Kv, E), whereKun

v is the maximal unramified extension ofKv.

This group is trivial when E has good reduction at v see [10, Chapter I, §3], so

d(n)v = 0 for v ∤ N .

If v|N the curve E has a bad reduction. In this case, we can consider E as a

group scheme over K, specifically, we use the Néron model [14, §C.15, p 446-

448]. Let E0 be the connected component of the Neron model and Φ = E/E0 be

the group of components. Then H1(Kun
v /Kv, E

0) = 0, so H1(Kun
v /Kv, E

0) = 0

injects into H1(Kv,Φ), see [10, Chapter I, Proposition 3.8], Ch I, Prop.3.8]. But

d(n)v is represented by a cocycle with values in a subgroup E ′ of E with [E ′ : E0]

prime to p. Indeed, if J be the Jacobian of X0(N), then for any place w dividing

v in Kn, the class of the Heegner divisor (xn) − (∞) in (Kn)w lies in J0, up to

translation by the rational torsion point (0)− (∞), see [5, Ch. I, §3]]. Hence yn is,

up to translation by rational torsion on E, in E0. Since E(Q)p = 0 by assumption,

the points yn, and consequently Dnyn and Pn, lie in the subgroup E ′, whose image

in Φ has order prime to p. Since d(n)v is represented by a cocycle with values in the

subgroup E ′, we obtain d(n)v = 0.

(2). As noted at the beginning of this section, the prime ¼ ∈ K splits completely

in Km, and each factor ¼m|¼ in Km is totally ramified, of degree l + 1, in Kn. The
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localization d(n)¼ is represented by the cocycle Ã → (Ã−1)Pn

p
on Gal(K¼n/K¼m)

∼=
Gl with values in E(K¼n). Since n is prime with N , l ∤ N , and the curve E has

good reduction at ¼. Since E ′ is a pro-l-group and l ̸= p, the cohomology group

H1(Gl, E
1(K¼n))p = 0. Hence d(n)¼ is trivial if and only if it has trivial image in

H1(Gl, Ẽ(K¼n))p = Hom(Gl, Ẽ(F¼)p), where Ẽ = E/E1 is the reduced curve.

The image of d(n)¼ is represented by the cocycle Ã → reduction of − (Ã−1)Pn

p
.

Since Gl is cyclic, generated by Ãl, we see that the local class d(n)¼ is trivial if and

only if: Qn = (Ãl−1)Pn

p
has trivial reduction mod ¼n). Since Ãl acts trivially on

Ẽ(F¼n) = Ẽ(F¼), the reduction Q̃n is contained in Ẽ(F¼)p.

Since we defined Pn =
∑

Ã∈S ÃDnyn =
∑

Ã∈S ÃDmDlyn and we constructed

Dl such that (Ãl − 1) ·Dl = l + 1− Trl, we have

Qn =
∑

Ã∈S

ÃDm

(
l + 1

p
yn −

al

p
ym

)

by Proposition 4.11,(i). By part (ii) of the same proposition, we have the congruence:

l + 1

p
yn −

al

p
ym ≡

(l + 1)Frob(¼m)− al
p

ym (mod ¼n)

at all places ¼n dividing ¼ in Kn. For any Ã ∈ Gn, we conjugate this congruence

(mod Ã−1¼n) by Ã to obtain:

Ã

(
l + 1

p
yn −

al

p
ym

)

≡ Ã

(
(l + 1)Frob(Ã−1¼m)− al

p

)

ym (mod ¼n)

but we also see that Ã · Frob(Ã−1¼m) = Frob(¼m) · Ã, so we obtain:

Ã

(
l + 1

p
yn −

al

p
ym

)

≡
(
(l + 1)Frob(¼m)− al

p

)

Ãym (mod ¼n)

and then:

Qn ≡
(l + 1)Frob(¼m)− al

p
Pm (mod ¼n)

The reduction P̃m lies in the ϵm-eigenspace for Frob(l) on Ẽ(F¼)/pẼ(F¼). Since

(l + 1)Frob(l) − al annihilate Ẽ(F¼), and since the ϵm-eigenspace of p-torsion is

cyclic, then Q̃n = 0 if and only if P̃m ∈ pẼ(F¼). As E1 is p-divisible, this is
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equivalent to the divisibility Pm ∈ pE(K¼m).

Remark 4.20. Let us now consider n = l prime. By Corollary 4.18, we know that

the class d(l) is globally trivial if and only if Pl ∈ pE(Kl) + E(K). Now we can

state that d(l) is locally trivial at all places v ̸= l of K, and is locally trivial at ¼ if

and only if P1 = yK ∈ pE(K¼).

To conclude this study on localization of Kolyvagin’s cohomology classes c(n)¼,

we now apply the Tate pairing described in Chapter 3 in this specific local situation.

As before, we consider K an imaginary quadratic extension of Q, ¼ = (l) an in-

ert prime in K and K¼ the completion of K at ¼. Assume also that p is odd and

l satisfies congruences l + 1 ≡ al ≡ 0 (mod p). The elliptic curve E is defined

over Q, so Gal(K/Q) = Gal(K¼/Ql) = ï1, Äð acts on the Z/pZ-vector spaces

E(K¼)/pE(K¼) and H1(K¼, E)p.

Proposition 4.21. (1) The eigenspaces (E(K¼)/pE(K¼))
± and H1(K¼, E)±p for

Gal(K¼/Ql) each have dimension 1 over Z/pZ.

(2) The Tate pairing ï, ð induces a non-degenerate pairing of Z/pZ-vector spaces

ï, ð± : (E(K¼)/pE(K¼))
± ×H1(K¼, E)±p → Z/pZ

In particular, if d¼ ̸= 0, lies in H1(K¼, E)±p and s¼ ∈ (E(K¼)/pE(K¼))
± satisfies

ïs¼, d¼ð = 0, then s¼ ≡ 0 (mod pE(K¼).

Proof. (1) We have isomorphisms of Gal(K¼,Ql)-modules:

E(K¼)/pE(K¼)
∼−→ E(K¼)p, H1(K¼, E)p

∼−→ Hom(µp(K¼), E(K¼)p)

. Since l + 1 ≡ 0 (mod p), µp(K¼) = µp(K¼)
−. Hence

E(K¼)
±
p
∼= (E(K¼)/pE(K¼))

±
p
∼= H1(K¼, E)∓p

, and all eigenspaces have dimension 1.

(2) It suffices to check that the ±-eigenspaces for Ä are orthogonal under ï, ð. But

the Tate pairing satisfies ïcÄ1, cÄ2ð = ïc1, c2ð, because Ä , which we defined to be
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the complex conjugation in Gal(Q(
√
−D/Q) with D prime to p, acts trivially on

H2(K¼, µp) = Z/pZ. Since p is odd, the result follows.
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5 Kolyvagin’s work on Modular Elliptic Curves

5.1 Description of Sel(E/K)p

In this section, we want to give a concrete description of the Sel(E/K)p.

First, we apply Proposition 4.21 to the specific subgroup Sel(E/K)p ofH1(K,E)p,

where we use the full power of global class field theory studied in Chapter 2.

Proposition 5.1. Assume that the class d ∈ H1(K,E)±p is locally trivial for all

places v ̸= ¼ ofK, but that d¼ ̸= 0 inH1(K¼, E)±p . Then, for any class s in the sub-

group Sel(E/K)±p ¢ H1(K,E)±p , we have s¼ = ResKλ
(s) = 0 in H1(K¼, Ep)

±.

Proof. We remark that Sel(E/K)p = ker (H1(K,E)p −→
∏

all vH
1(Kv, E)p). By

this definition, the restriction s¼ lies in (E(K¼)/pE(K¼))
±. Then it suffices, by

Proposition 4.21, to show that ïs¼, d¼ð = 0. To do this, following diagram (**),

we lift d ∈ H1(K,E)p to a class c ∈ H1(K,Ep), which is well defined mod-

ulo the image ¶(E(K)/pE(K)). The global pairing ïs, cðK , induced by the cup-

product, lies in H2(K,µp) = Br(K)p =
⊕

all v Br(Kv)p, and by Corollary 3.4

it is completely determined by its local components ïsv, cvð ∈ Br(Kv)p for all

places v in K. But ïsv, cvð = 0 for all v ̸= ¼, as dv = 0 in H1(Kv, E)p by

assumption. By the reciprocity law of the global class field theory (see Theorem

3.5), the sum of local invariants of a global class is 0, and then we must have

ïs, cðK =
∑

all vïsv, cvð = ïs¼, c¼ð = ïc¼, d¼ð = 0

We now return to the study of cohomology classes d(n) ∈ H1(K,E)p con-

structed in Chapter 4, whose local properties are stated in Proposition 4.19, and we

consider only global classes satisfying Proposition 5.1. Following Kolyvagin’s idea,

this will allow us to bound the order of Sel(E/K)p.

Recall that we are under the hypothesis that p is an odd prime and that the Galois

group of Q(Ep) is isomorphic to GL2(Z/pZ) ∼= Aut(Ep). Let L = K(Ep) We

consider K imaginary quadratic field of discriminant −D prime to N · p, and then

K and Q(Ep) are disjoint. Let L = K(Ep). Hence G = Gal(L/K) is isomorphic

to GL2(Z/pZ), and contains the central group Z ∼= (Z/pZ)∗ of homotheties of Ep.
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Since Z has order |(Z/pZ)| = p− 1, which is prime to p, we have H1(Z,Ep) = 0

for n g 1. Since p is odd, then Z ̸= 1 and H0(Z,Ep) = EZ
p = 0.

Proposition 5.2. We have Hn(G, Ep) = 0 for all n g 0. The restriction of classes

gives an isomorphism of Gal(K/Q)-modules:

Res : H1(K,Ep)
∼−→ H1(L,Ep)

G = HomG(Gal(Q/L), Ep(L))

Proof. We have seen H1(Z,Ep) = 0 for n g 0. Furthermore, by the spectral

sequence Hm(G/Z,Hn(Z,Ep) ⇒ Hm+n(G, Ep), follows the disappearance of the

cohomology of G inEp (see [12]). The kernel ofRes isH1(G, Ep) = 0 and the cok-

ernel injects into H2(G, Ep) = 0 via transgression in the Hochschild-Serre spectral

sequence (see [8]), and then the restriction is an isomorphism.

From this proposition, we obtain the pairing:

[, ] : H1(K,Ep)×Gal(Q/L)→ Ep(L)

which satisfies [sÃ, ÄÃ] = [s, ÄÃ] = [s, Ä]Ã for all s ∈ H1(K,Ep), Ä ∈ Gal(Q/L)

and Ã ∈ G = Gal(L/K). Note that, by injectivity of restriction, if [s, Ä] = 0 for all

Ä ∈ Gal(Q/L), then s ≡ 0.

We wish to exploit this pairing in case of specific subgroups of H1(K,Ep). Con-

sider a finite subgroup S ¢ H1(K; , Ep) (i.e., finite-dimensional vector space over

Z/pZ). LetGalS(Q/L) be the subgroup ofGal(Q/L) such that, if Ä ∈ GalS(Q/L),

then [s, Ä] = 0 for all s ∈ S. Let LS be the fixed field of GalS(Q/L). Then LS is a

finite normal extension of L.

We want to see how the previous pairing behaves with Sel(E/K)p ¢ H1(K; , Ep).

Proposition 5.3. The induced pairing [, ] : S × Gal(Ls/L) → Ep(L) is non-

degenerate.

It induces an isomorphism of G-modules:

Gal(Ls/L)
∼−→ Hom(S,Ep(L)
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and an isomorphism of Gal(K,Q)-modules:

S
∼−→ HomG(Gal(LS/L), Ep(L))

Proof. If there exists Ä ∈ Gal(LS;L) such that [s, Ä] = 0 for all s ∈ S, then

Ä ∈ GalS(Q/L), but by definition Ls is the fixed field of GalS(Q/L), and the

fact that Ä ∈ Gal(LS/L) implies that Ä is the trivial element. Then the induced

pairing is non-degenerate. By the definition of LS and the injectivity of restriction

H1(K,Ep)
∼−→ HomG(Gal(Q/L), Ep(L)), pairing [, ] : S × Gal(Ls/L) → Ep(L)

induces injections Gal(LS/L) ↪→ Hom(S,Ep) and S ↪→ HomG(Gal(LS/L), Ep).

If we define r = dim(S), then these two injections show that Gal(LS, L) is a G-

module of Hom(S,Ep) ∼= Er
p . Since Ep is a simple G-module, Er

p is semi-simple.

Any submodule of a semi-simple module is semi-simple, hence we have an isomor-

phism of G-modules Gal(Ls/L)
∼−→ Es

p, for s f r. Then

HomG(Gal(LS/L,Ep) ∼= (Z/pZ)s,

but HomG(Gal(LS/L,Ep contains S and S ∼= (Z/pZ)r. Then s = r and the previ-

ous injections are both isomorphisms.

First, we apply Proposition 5.3 to the finite subgroup S = Sel(E/K)p of

H1(K,Ep).

In order to prove the main theorem, assume that yK ∈ E(K), the basic Heegner

point, has infinite order in E(K). By the Mordell-Weil theorem, the group E(K)

is finitely generated, and then the point yK is not infinitely divisible in E(K), that

is, there are only finitely many integers n such that yK = nP with P ∈ E(K).

Consider p an odd prime that satisfies the conditions imposed so far and that does

not divide yK in E(K). To yK ∈ (E(K)/pE(K))ϵ we associate the point 1
p
yK in

E(K)ϵp. Let ¶yK be the non-zero image of Sel(E/K)ϵp, then L
(

1
p
yK

)

= L¶yK .

Here is a field diagram.
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LS

L = K(Ep)

K

Q

L
(

1
p
yk

) Gal(LS/L) ∼= Hom(Sel(E/K)p, Ep)

Gal(L/K) ∼= Aut(Ep)

Gal
(
LS/L¶yK

)

Ep

Observe that the extension L¶yK of L = K(Ep) has Galois group isomorphic to Ep.

For simplicity in notation, we let H = Gal(LS/L) and I = Gal
(
LS/L¶yK

)
be the

subgroup of H which fixes the subfield L
(

1
p
yK

)

= L¶yK . Let Ä be a fixed com-

plex conjugation in Gal(LS/Q), and let H± and I± denote the ±-eigenspace for Ä ,

acting by conjugation, on H and I .

Proposition 5.4. With previous notation, the following statements hold:

1. We have H+ = {(Äh)2 : h ∈ H}, I+ = {(Äi)2 : i ∈ I} and

H+/I+ ∼= Z/pZ.

2. Let s ∈ Sel(E/K)±p . Then the following are equivalent:

(a) [s, Ä] = 0 ∀Ä ∈ H

(b) [s, Ä] = 0 ∀Ä ∈ H+

(c) [s, Ä] = 0 ∀Ä ∈ H+ − I+

(d) s = 0

Proof. (1). Since p is odd, H+ = HÄ+1 = {hÄ · h : h ∈ H}. But Ä act by

conjugation and hÄ = ÄhÄ−1 = ÄhÄ , so hÄh = (Äh)2. The same works for I+.

Finally, as can be seen from the diagram above, Ep = H/I , and then we obtain

H+/I+ = (H/I)+ = E+
p
∼= Z/pZ.

(2). Clearly, (d)⇒(a), and from the fact that the induced pairing [, ] in Proposition 5.3

is nondegenerate, (a)⇒(d). Also,H+−I+ ¢ H+ ¢ H , and then (a)⇒(b)⇒(c). So,
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it suffices to prove (c)⇒(b)⇒(a). Note that s : H+ → Ep is a group homomorphism

and L¶yK ª LS ⇒ I+ ª H+. Hence, the fact that s vanishes on H+ − I+ implies

that s vanishes on the entire groupH+. From the second isomorphism in Proposition

5.3, s ∈ Sel(E/K)±p induces a G-homomorphism H → Ep, which maps

H+ → E±
p , H

− → E∓
p . If s vanisher onH+, the image s(H) is therefore contained

in E∓
p , so we have seen in previous proof that s(H) is a G-submodule of the simple

module Ep, either s(H) = Ep or s(H) = 0.

Let now see local properties of Sel(K/K)p.

Proposition 5.5. For s ∈ Sel(E/K)p ¢ H1(K,Ep) the following are equivalent:

(a) [s, Ä] = 0, where Ä is the Frobenius substitution associated to the factor ¼LS
of

¼ in H = Gal(LS/L)

(b) [s, Frob(¼)] = 0

(c) s¼ ≡ 0 in H1(K¼, Ep)

Proof. For the previous observation on the properties of pairing [, ], we have that

[sÃ, ÄÃ] = [s, ÄÃ] = [s, Ä]Ã for all s ∈ H1(K,Ep), Ä ∈ Gal(Q/L), Ã ∈ G. For every

Ä exists Ã ∈ G such that Ä = Frob(¼)Ã, and then

0 = [s, Ä] = [s, Frob(¼)Ã] = [s, Frob(¼)]Ã.

Hence (a)ô(b).

To prove (a)ô(c), we assume s¼ ≡ P¼ in E(K¼)/pE(K¼) ↪→ H1(K¼, Ep).

Then 1
p
P¼ is rational over LS¼, where ¼ = ¼LS

divides ¼ in LS , and we obtain

[s, Ä] =
(

1
p
P¼

)Ä−1

in E(LS¼)p ∼= E(LS)p. Hence we have [s, Ä] = 0 if and only

if P¼ ∈ pE(K¼), and by Proposition 4.19 we have this if and only if s¼ is locally

trivial in H1(K¼, Ep)

Now we again exploit the notions derived from the study of E as a modular

curve. Let ϵ be the eigenform of the Fricke involution on the eigenform f as-

sociated to E, described in Section 4.2. By Proposition 4.16, we know that the

basic Heegner point yk = P1 lies in the ϵ1 = ϵ-eigenspace for complex conju-

gation Ä on E(K)/pE(K). By previous hypothesis, we also consider p such that
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¶yK ∈ Sel(E/K)p, and then we see that ¶yK lies in Sel(E/K)ϵp.

Sel(E/K)ϵp is not empty; we want to prove in following proposition that the same

is not true for the −ϵ-eigenspace.

Proposition 5.6. Sel(E/K)−ϵp = 0

Proof. Assume s ∈ Sel(E/K)−ϵp = 0. By Proposition 5.4, to prove s = 0 it is

enough to show [s, Ä] = 0 for all Ä ∈ H+ − I+. By the same proposition, we also

know that if Ä ∈ H+ − I+, then exists h ∈ H such that Ä = (Äh)2.

By Chebotarev’s density theorem, there exist infinitely many rational primes that are

unramified in the extension LS/Q and that have a factor ¼LS
in LS whose Frobe-

nius substitution is equal to Äh in Gal(LS/Q). Let l be one of them primes. Then,

by class field theory, (l) = ¼ is inert in K and splits completely in L = K(Ep).

By Proposition 5.5, [s, Ä] = 0 if and only if s¼ ≡ 0 in H1(K¼, Ep). Note that

F¼LS
/F¼ ∼= LS/K, and then the Frobenius substitution of FLS

/F¼ is equal to

(Äh)2 = Ä.

Let c(l) ∈ H1(K,Ep) be the cohomological class constructed in the previous chap-

ter, and let d(l) be its image inH1(K,E)p. We consider l prime and then, by Propo-

sition 4.16, both classes lie in the ϵl = −ϵ-eigenspace for Ä . By Proposition 4.19,

d(l)v ̸= 0 if v ̸= ¼ and d(l)¼ is trivial if and only if yK ∈ pE(K¼). Note that

yK ∈ pE(K¼) is equivalent to saying that the prime ¼ ∈ K splits completely in the

extension L
(

1
p
yK

)

= L¶yK . Since we defined Frob(¼) = Ä not in I+ = H+ ∩ I ,

this splitting does not occur, and then we we claim d(l)¼ ̸= 0.

Hence are verified hypothesis to apply Proposition 5.1, and we conclude that s¼ ≡ 0

in H1(K¼, Ep)
−ϵ, and we obtain the statement.

Proposition 5.7. Assume that yK is not divisible by p in E(K). Let l be a rational

prime which is unramified in LS/Q and has a factor ¼LS
whose Frobenius substi-

tution is equal to Äh in Gal(LS/Q), with h ∈ H = Gal(LS/L). Then ¼ = (l) is

inert in K and splits completely in L = K(Ep). The following are equivalent:

(1) c(l) ≡ 0 in H1(K,Ep)

(2) c(l) ∈ Sel(E/K)p ¢ H1(K,Ep)

(3) Pl is divisible by p in E(Kl)
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(4) d(l) ≡ 0 in H1(K,E)p

(5) d(l)¼ ≡ 0 in H1(K¼, E)p

(6) P1 = yK is locally divisible by p in E(K¼)

(7) h1+Ä lies in the subgroup I+ = I ∩H+ of H+.

Proof. (1)ô(2): If c(l) ∈ Sel(E/K)p, then c(l) ∈ Sel(E/K)−ϵp = 0 by previous

proposition. Conversely, if c(l) ≡ 0 then c(l) ∈ Sel(E/K)p by definition of Selmer

group.

(1)ô(3) because, by Proposition 4.19, c(l) ≡ 0 if and only if Pl ∈ pE(Kl).

(1)ô(4): by exactness of sequence in theorem 1.28, Sel(E/K)−ϵp = 0 implies

E(K)/pE(K) = 0, and c(l) ≡ 0 is equivalent to d(l) ≡ 0.

(4)ô(5) By Proposition 4.19, d(l)v is locally trivial at every place except perhaps,

and by Proposition 5.6 follows that Ш(E/K)−ϵp = 0, hence d(l) ≡ 0 if and only if

d(l)¼ = 0.

(5)ô(6) by remark 4.20, d(l) is locally trivial at all places v ̸= l ofK, and is locally

trivial at ¼ if and only if P1 = yK ∈ pE(K¼).

(6)ô(7) yK ∈ pE(K¼) is equivalent to say that the prime ¼ splits completely in the

extensionL
(

1
p
yK

)

, and then Äh ∈ I , from which it follows that h1+Ä ∈ I∩H+.

Proposition 5.8. Sel(E/K)ϵ ∼= Z/pZ · ¶yk.

Proof. Let s ∈ Sel(E/K)ϵp. Sel(E/K)ϵp can have at most dimension 1 over Z/pZ,

so I want to prove that s is a multiple of ¶yK . If we prove [s, Ä] = 0 for all Ä ∈ I , then

s ∈ HomG(H/I, Ep). Indeed, since the induced pairing [, ] described in Proposition

5.3 is non-degenerate, the fact that [s, Ä] = 0 ∀Ä ∈ I implies that I is trivial, and

then

H ∼= H/I = Gal(LS/L)/Gal(LS/L¶yK )
∼= L¶yK/L = L

(
1

p
yK

)

/L

for the fundamental theorem of Galois theory. By Proposition 5.3, we have the

isomorphism S
∼−→ HomG(H,Ep(L)) ∼= HomG(H/I, Ep), and since G = Aut(Ep)

and Gal(H/I) ∼= Ep , we obtain HomG(H/I, Ep) ∼= Z/pZ · ¶yK . By Proposition

5.4, to prove [s, Ä] = 0 for all Ä ∈ I it suffices to prove [s, Ä] = 0 for all Ä ∈ I+,
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and by Proposition 5.4 follows that, if Ä ∈ I+, then Ä = (Äi)2 for some i ∈ I .

Consider l′ to be a prime such that c(l′) is non-trivial in H1(K,Ep). By Proposition

5.7, c(l′) is not in Sel(E/K)p, so the extensionL′ = Lc(l′) ofL = K(Ep) has Galois

group isomorphic toEp and is disjoint from the extensionLS/L. By Proposition 5.7,

we can obtain l′ as a rational prime which is unramified in LS/Q with a factor ¼LS

whose Frobenius substitution is equal to Äh, taking h ∈ H such that h1+Ä /∈ I+. If

a prime ideal ¼ = (l) ∈ K splits completely in L, it splits completely also in L′ if

and only if Pl′ ∈ pE(K¼′
l
) = pE(K¼), for all factors ¼l′ of ¼ in Kl′ .

We want a prime l such that c(l) ∈ Sel(E/K)p. Let l be a prime whose Frobenius

substitution is conjugate to Äi ∈ Gal(LS/Q), with i ∈ I = Gal(LS/L¶yK ), and

such that Äi is conjugate to Äj ∈ Gal(L′/Q), where j ∈ Gal(L′/L) and satisfies

j1+Ä ̸= 1. These two conditions can be satisfied simultaneously because (l) = ¼

splits completely both in LS and L′, and L′/L is disjoint from LS/L (L′ ∩Ls = L).

We want to compare c(l) and c(l′), then claim that the class d(l · l′) in H1(K,E)ϵp

is locally trivial for all places v ̸= ¼, but d(l)¼ ̸= 0. By Proposition 4.19 follows

the triviality for all v ̸= ¼, ¼′, where ¼′ is prime in K dividing l′. Since Frobenius

substitution of l is conjugate to Äi with i ∈ I , by Proposition 5.7 c(l) ≡ 0, and

Pl ∈ pE(Kl). Since Pl ∈ pE(Kl), then it is divisible by p at E(K¼′
l′
) = E(K¼′),

and then by Proposition 4.19 we obtain that d(l · l′)¼′ . Then it remains to be proven

that d(l · l′) ̸= 0, but we know that d(l · l′)¼ is trivial if and only if Pl′ ∈ pE(K¼), and

this is equivalent to claim that ¼ splits in L′, or equivalently that (Äj)2 = jÄ+1 = 1,

and this contradicts our hypothesis on j.

We have proved that the class d = d(l · l′) ∈ H1(K;E)ϵp satisfies hypothesis of

Proposition 5.1, and then s¼ = 0 for all s ∈ Sel(E/K), and then [s, Ä] = 0 with

Ä = (Äi)2 defined above.

Now, for every Ä = i1+Ä ∈ I+ we can find a couple of primes l, l′ that satisfies

conditions as above, and then we obtain that s(I+) = s(I) = 0.

In conclusion, we can state the following proposition.

Proposition 5.9. Let p be an odd prime such that Gal(Q(Ep)/Q) ∼= GL2(Z/pZ),

and assume that p does not divide yK inE(K). Then the group Sel(E/K)p is cyclic,
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generated by ¶yK .

5.2 Birch and Swinnetron-Dyer conjecture and Kolyvagin’s the-

orem

In this section we present some important results on the group of rational points

E(K) of an elliptic curve E over an imaginary quadratic field K, under specific

hypothesis.

LetX0(N) be a modular curve over Q. We recall that, by remark 1.10,X0(N) clas-

sifies elliptic curves with a cyclic N -isogeny. Let K = Q(
√
−D) be an imaginary

quadratic field of discriminant−D, where all prime factors of N are split. For sim-

plicity, we assume that D ̸= 3, 4, so the ring of integers OK of K has unit group

O×
K = ï±1ð. Choose an ideal N of OK with OK/N ∼= Z/NZ. Then the com-

plex tori C/O and C/N−1 define elliptic curves related by a cyclicN -isogeny, and

hence a point x1 ∈ X0(N). We have seen in Chapter 2 that the point x1 is rational

over the Hilbert class field K1 of K.

Let E be an elliptic curve of conductor N over Q, and let we fix a parametriza-

tion Æ : X0(N) → E which maps the cusp ∞ of X0(N) to the origin O of E.

Once Æ has been fixed, there is a unique invariant differential É on E over Q such

that Æ∗(É) is the differential
∑
anq

ndq/q associated to a normalized newform on

X0(N). Consider É0 a Néron differential on E, then it is known that exists an inte-

ger c g 1 such that É0 = cÉ.

In the next section, we define some elements that are necessary to state the Birch and

Swinnetron-Dyer conjecture and the Kolyvagin’s theorem, of which we will write

the statement and a partial demonstration in the second section.

5.2.1 L-series and the conjecture of Birch and Swinnerton-Dyer

The L-series of an elliptic curve is a generating function function that records in-

formation about the reduction of the curve modulo every prime. Known results are

fragmentary, but conjecturally such L-series contain a large amount of information

concerning the set of global points on the curve. Further, there are intimate relations
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connecting L-series on elliptic curves defined over Q and the theory of modular

forms. Let E/K be an elliptic curve and let v be a finite place at which E has good

reduction. We denote the residue field of K at v by kv, the reduction of E at v by

Ẽv, and let qv = #kv be the norm of the prime ideal corresponding to v. We recall

from [14, V, §2] that the Zeta function of Ẽv/kv is the power series

Z(Ẽv/kv;T ) = exp

(
∞∑

n=1

Ẽv(kv,n)
T n

n

)

where kv,n is the unique extension of kv of degree n.

Theorem 5.10. Let Ẽv/kv be an elliptic curve, and let av = qv + 1− Ẽv(kv) ∈ Z.

Then

Z(Ẽv/kv, T ) =
1− avT + qvT

2

(1− T )(1− qvT )
.

Further,

Z(Ẽv/kv, 1/qvT ) = Z(Ẽv/kv, T ),

and 1− avT + qvT
2 = (1− ³T )(1− ´T ), with |³| = |´| = √qv.

Proof. See [14, §V, 2.4].

DefineLv(T ) = 1−avT+qvT 2 ∈ Z[T ], thenZ(Ẽv/kv, T ) is a rational function,

Z(Ẽv/kv, T ) =
Lv(T )

(1−T )(1−qvT )
. We extend the definition of the function Lv(T ) to the

case where E has a bad reduction by setting

Lv(T ) =







1− T if E has split multiplicative reduction at v

1 + T if E has nonsplit multiplicative reduction at v

1 if E has additive reduction at v

Then in all cases we have the relation

Lv(1/qv) = Ẽns(kv)/qv

Let we define M0
K to be the set of the nonarchimedean absolute values in K.
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Definition 5.11. The L-series of E/K is defined by the Euler product

L(E/K, s) =
∏

v∈M0
K

Lv(q
−s
v )−1.

The product defined above converges and gives an analytic function for all s

such that Re(s) > 3
2

(see [14, §V, 2.4]).

Theorem 5.12. Let E be an elliptic curve over Q. The L-series L(E/Q, s) has an

analytic continuation to the entire complex plane and satisfies a functional equation

relating its values at s and 2− s.

Proof. See [14, §C.16.1].

We want to better analyze the functional equation in Theorem 5.12. LetE be an

elliptic curve defined over Q and let N be the conductor of E/Q. The L-function

L(E, s) is a Dirichlet series
∑

ng1 ann
−s defined by an Euler product which deter-

mines the number of points on E (mod p) for all primes p (see [6, §I.7, p.231]).

We know that the function fE(z) =
∑

ng1 ane
2Ãinz, called ”inverse Mellin trans-

form” ofL, is a newform of weight 2 and level equal toN (see [14, § C.16, Theorem

16.4.a]). We define a new function:

L∗(E/Q, s) =

∫ ∞

0

f

(
iy√
N

)

ys
dy

y
= N s/2(sÃ)−sΓ(s)L(E/Q, s)

where Γ is the gamma function (see [6, Chapter 1, §7]). Then Theorem 5.12 has the

following more precise formulation.

Theorem 5.13. Let E/Q be an elliptic curve. Then the function L∗(E, s) has an

analytic continuation to the entire complex plane and satisfies the functional equa-

tion

L∗(E/Q, s) = ϵLL
∗(E/Q, 2− s), for some ϵL = ±1

Proof. See [6, Ch 5]

Remark 5.14. Note that, because of the sign inversion s→ s+ 1, if we derive in s

we obtain
dr

dsr
L∗(E/Q, s) = (−1)rϵL ·

dr

dsr
L∗(E/Q, 2− s)
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Observe that, if we consider this equality for s = 1, we obtain

L(E/Q, 1) = ϵLL(E/Q, 1),

and consequently L′(E/Q, 1) = −ϵLL′(E/Q, 1). Hence, if we assume by hypoth-

esis that L(E/Q, 1) = 0 and L′(E/Q, 1) ̸= 0, then we must consider ϵL = −1. In

general, we have that

ords=1L(E/Q, s) is odd ⇐⇒ ϵL = −1

The modularity of elliptic curves over Q and its implications for L-series are

described in the next result (see [14, §C.16, Theorem 16.4]).

Theorem5.15. LetE/Q be an elliptic curve of conductorN , letL(E, s) =
∑

ng1 ann
−s

be its L-series and let fE(z) =
∑

ng1 ane
2Ãinz be the inverse Mellin transform of L.

(1) For each prime p ∤ N , let T (p) be the associated Hecke operetor, and let wN be

the Fricke involution defined by (wNf)(Ä) = f(− 1
NÄ

). Then:

T (p)fE = apfE and wNfE = ϵLfE

where ϵL = ±1 is the sign of the functional equation in Theorem 5.13.

(2) Let É be an invariant differential on E/Q. Then there exists a finite morphism

Æ : X0(N) → E defined over Q such that Æ∗(É) is a multiple of the differential

form on X0(N) represented by f(z)dz.

Remark 5.16. Let ϵN = ±1 be the eigenvalue of the Fricke involution wN on the

eigenform f associated to the modular curve E defined in §4.2 (f |wN = ϵf ). The

equality L∗(E/Q, s) = ϵLL
∗(E/Q, 2 − s), and in particular the reflection respect

to s → 2− s, implies that there is an inversion of symmetry between the Fricke

involution and the functional equation (observe that in Theorem 5.15 we use the

inverse Mellin transform fE of the eigenform f , that changes the sign respect to the

canonical involution wN ). Then the L-function of E over Q satisfies a functional
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equation with sign ϵL = −ϵN , and then we obtain the functional equation:

L∗(E/Q, s) = −ϵNL∗(E/Q, 2− s),

see [6, §IV, 0.2].

The next conjecture involves the behavior of the L series of elliptic curves

around s = 1.

Conjecture 5.17. (Birch and Swinnerton-Dyer) Let E/Q be an elliptic curve.

(i) L(E/Q, s) has a zero at s = 1 of order equal to the rank of E(Q)2.

(ii) Let r = rank E(Q). Then:

lim
s→1

L(E/Q, s)

(s− 1)r
=

∫

E(R)
|É| · #Ш(E/Q)R(E/Q)

∏

pmp

#Etors(Q)2

where R(E/Q) is the elliptic regulator of E(Q)/Etors(Q) , computed using the

canonical height pairing (see [14, §VIII.9, p. 253]), and mp = #E(Qp)/E0(Qp),

with E0(Qp) the set of points of E(Qp) with non-singular reduction.

As described by Tate in 1974, “this remarkable conjecture relates the behavior

of a functionL at a point where it is not at present known to be defined to the order of

a group Ш which is not known to be finite!” Now we want to study this conjecture

in our case.

Remark 5.18. The conjecture of Birch and Swinnerton-Dyer predicts that the inte-

ger r = ords=1L(E/Q, s) is equal to the rank of the finitely generated abelian group

E(Q) of rational points.

Theorem 5.19. Let K be an imaginary quadratic field with class number 1, and E

be an elliptic curve defined overK or Q, with complex multiplication by the ring of

integers OK of K. If F is K or Q and rank(E/F ) g 1, then L(E/F, s) vanishes

at s = 1.

Proof. See [2, §6].

In the following statement, we also see a partial converse to previous theorem.
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Remark 5.20. A partial converse to the previous theorem is stated in [4]. Assume

thatE is an elliptic curve defined over Q with complex multiplication by the ring of

integersOK of an imaginary quadratic field K. If L(E/Q, s) has an odd order zero

at s = 1, then either E(Q) has rank g 1 or the p-primary subgroup of Ш(E/Q)

is infinite for all primes p where E has good, ordinary reduction (except possibly

p = 2, 3). Note that the latter possibility is unlikely, to say the least.

5.2.2 Kolyvagin’s theorem

In this last section, we want to link L-series with the results we obtained on the

Kolyvagin system of Heegner points, and we will study a particular case of Birch

and Swinnetron-Dyer conjecture.

First, we introduce the definition of canonical height of a point in E, which gives

us information about the subgroup E(K)/Etors(K).

Definition 5.21. The canonical (orNéron-Tate) height onE/K, denoted by ĥ or

ĥE , is the function

ĥ : E(K)→ R

defined by

ĥ(P ) =
2

deg(f)
lim
N→∞

4−Nhf ([2
N ]P ),

where f ∈ K(E) is any noncostant even function and hf is the height on E

relative to f (see [14, §VIII.6]).

We use the canonical height ĥ because it is independent on the function f (see

[14, §VIII.9.1]) and gives important information about the order of a point in E.

Theorem 5.22. (Néron-Tate) Let E/K be an elliptic curve, ĥ be the canonical

height on E and P ∈ E(K). Then:

(i) ĥ(P ) g 0

(ii) ĥ(P ) = 0 if and only if P is a torsion point.

Proof. See [14, p. VIII.9.3.d]

By the definition of the basic Heegner point: yK = TrK1/K(y1) ∈ E(K) in

§4.1, where y1 = Æ(x1) ∈ K1. Observe that, if we consider an ideal N ′ ̸= N
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that satisfies the same condition OK/N ′ ∼= Z/pZ, then any Heegner point y′1 of

conductor 1 relative to N ′ is conjugate to yK . Hence, if we construct the basic

Heegner point y′K = TrK1/K(y
′
1), we see that y′K = ±yK + (torsion). Then,

by theorem 5.18, the canonical height ĥ(yK) is well defined, independent of the

choice of the ideal N . Thanks to Gross and Zagier’s work, we can link the notions

of L-series and canonical height with the limit formula [6, §1.6.5]:

L′(E/K, 1) =

∫ ∫

E(C)
É ' iÉ

√
D

· ĥ(yK).

Observe that it follows that the point yK has infinite order if and only if

L′(E/K, 1) ̸= 0.

By comparing this with Birch and Swinnetron-Dyer conjecture, following the

work of Gross and Zagier (see [6, Chapter V, 2.2]), we obtain the following conjec-

ture.

Conjecture 5.23. Assume that ĥ(yK) ̸= 0. Then:

(i) the group E(K) has rank 1, so the index IK = [E(K) : ZyK ] is finite,

(ii) the Tate-Shafarevic group Ш(E/K) is finite, and its order is given by

#Ш(E/K) =

(

IK

c ·∏p|N mp · uK

)2

where uK = Card(O×
K/ï±1ð) (recall that we are considering cases where uK = 1),

using notation for Néron model (see [14, §C.15]), wheremp = #E(Qp)/E0(Qp) and

c the integer such that É0 = cÉ.

Note that both the index IK and the integer c are such that É0 = cÉ depends on

the fixed parameterization Æ, but the ratio IK/c is independent of Æ.

Note also that, since #Ш(E/K), IK and the local factorsmp are integers, the formula

in (ii) predicts that #Ш(E/K) should always divide (IK)
2. By the existence of

Cassels-Tate pairing ï, ð : Ш(E/K) → Ш((E/K)(), this implies that the group

Ш(E/K) should always be annihilated by IK .
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Kolyvagin has proved a large part of this conjecture, and we will sketch the

proof of a slightly weaker result to illustrate Kolyvagin’s main theorem.

Remark 5.24. As we have seen in §5.1, the group E(K) is finitely generated, ac-

cording to the Mordell-Weil theorem, and then the point yK is not infinitely divisible

in E(K)

By Theorem 1.29, we have the exact sequence

0 E(K)/p(E(K)) Sel(E/K)p Ш(E/K)p 0¶

and using this fact, from Proposition 5.9 we deduce the following proposition.

Proposition 5.25. Let p be an odd prime such that Gal(Q(Ep)/Q) ∼= GL2(Z/pZ),

and assume that p does not divide yK in E(K). Then:

(1) the group E(K) has rank 1,

(2) the p-torsion subgroup Ш(E/K)p is trivial.

Proof. By Proposition 5.9, we see that Sel(E/K)p is cyclic and generated by the

image of the non-trivial element yK in E(K)/pE(K) through the injective func-

tion ¶ : E(K)/pE(K) −→ Sel(E/K)p. Because of the exact sequence 0 −→
E(K)/pE(K)

¶−→ Sel(E/K)p
g−→ Ш(E/K)p −→ 0 , it follows that Sel(E/K)p =

Im(¶) = Ker(g), and then Im(g) = Ш(E/K)p is trivial. By Remark 1.10 and

by results in §4.1, almost all odd primes satisfies required hypothesis, and then, by

Proposition 5.9, E(K) = ïyKð+ Etors(K).

When yK has infinite order in E(K), i.e., ĥ(yK) ̸= 0, this proposition applies

for almost all primes p. Observe that our hypotheses imply that p does not divide

the index IK = [E(K) : ZyK ], so the conclusion is consistent with part (ii) of the

conjecture. By refining the argument for primes p which divide yK , using the fact

that pn does not divide yK for large n, Kolyvagin obtains the following theorem.

Theorem 5.26. (Kolyvagin) Assume that the point yK has infinite order in E(K).

Then

(1) the group E(K) has rank 1.
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(2) the group Ш(E/K) is finite, of order dividing tE/K · (IK)2, where tE/K is an

integer g 1, whose prime factors depend only on the curve E.

Remark 5.27. By Remark 1.28, the Shafarevich-Tate group Ш(E/K) is the group

of homogeneous spaces, modulo equivalence, that are everywhere locally trivial.

In Proposition 5.14, we have considered primes p that do not divide the Heegner

point yK of finite order. To describe Ш(E/K), we could analyze Ш(E/K)p for

primes p that divide yK in E(K). The cohomology classes d(n) ∈ H1(K,E)p

constructed in §4.2 are candidates for non-trivial elements in Ш(E/K)p.

Let us conclude by citing more recent studies, which relate the Gross, Zagier

and Kolyvagin studies on E(K) to the points of E(Q). In the previous section,

we stated results on L(E/Q, s), now we want to connect these propositions with

L(E/K, s), where K = Q(
√
−D) is the imaginary quadratic field of discriminant

D.

Theorem 5.28. Let f be cuspidal newform of even weight k with trivial charachter

for the group Γ0(N), and let S be a finite set of primes including all those dividing

N . let ϵL denote the sign in the functional equation of f .

(i) There exists a quadratic field Q(
√
D), with D a fundamental discriminant,

and ϵL ·D < 0, such that every prime in S splits in Q(
√
D), and L(f, s, ÇD) has a

simple zero at s = k/2, where ÇD is the quadratic Dirichlet character associated

with K.

(ii) There exists a quadratic field Q(
√
D), with D a fundamental discriminant,

and ϵL ·D > 0, such that every prime in S splits in Q(
√
D), and L(f, k/2, ÇD) ̸= 0.

Proof. See [1, §1].

Let f be a modular form of weight two associated with an elliptic curve E de-

fined over Q. The significance of the point (ii) is that if L(f, 1) = L(E/Q, 1) ̸= 0,

then according to the results of Gross and Zagier, the existence of such a twist im-

plies the non-vanishing of the associated Heegner point in the twisted curve EK

whose L-function is L(E, s, ÇD). By Kolyvagin’s work, this in turn implies the

finiteness of E(Q), and of the Tate-Shafarevich group Ш(E/Q).
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Let us now return to the assumptions imposed in Kolyvagin’s work, assume

L(f, s) = L(E/Q, 1) = 0 and L′(E/Q, 1) ̸= 0 (i.e. ϵL = −1). By the formula

L(E/K, s) = L(EK/Q, s) · L(E/Q, s),

where EK/Q is the twisted curve E/Q on the field K, we obtain:

L′(E/K, s) = L(EK/Q, s) · L′(E/Q, s) + L′(EK/Q, s) · L(E/Q, s).

By hypothesis, L′(E/K, 1) = L(EK/Q, 1) · L′(E/Q, 1), and Theorem 5.28 states

that there exists an imaginary quadratic field K that satisfies hypothesis for Koly-

vagin’s theorem and such that L(f, 1, ÇD) = L(EK/Q, 1) ̸= 0, and consequently

L′(E/K, 1) ̸= 0. Then, the basic Heegner point yK has infinite order, and by Koly-

vagin’s theorem the group E(K) has rank 1, so E(K) ∼= Z · Etors(K). Since

E(Q) ¢ E(K), results that rQ = rank E(Q) f 1.

Our claim now is to demonstrate that yk ∈ E(Q). Let ϵN be the eigenvalue of

the Fricke involution wN on the eigenform associated to E and ϵL be the sign of the

functional equation relative to the L-function of E. By Remarks 5.14 and 5.16 we

know that, under the previous hypothesis on L and L′, ϵL = −1 and then ϵN = +1.

Moreover, by Proposition 4.17, yK = P1 lies in the ϵN -eigenspace for the complex

conjugation Ä in E(K).

yK ∈ E(K)+ = E(K)Ä=+1 =

{
(x, y) + Ä(x, y)

2
∈ K2 : (x, y) ∈ E(K)

}

.

We have (x,y)+Ä(x,y)
2

= (Re(x),Re(y)) ∈ Q2, and if (x, y) satisfies the Weierstrass

equation of the curve E, so does (Re(x),Re(y)). Then E(K)+ ¢ E(Q), and thus

yK ∈ E(Q).

Since yK ∈ E(Q) ∼= ZrQ+Etors(K) is of infinite order inE(K), it is of infinite

order E(Q), and then rQ = 1.

In conclusion, the results of Kolyvagin and Gross-Zagier imply the following

cases of the point (i) in the Birch and Swinnerton-Dyer conjecture for elliptic curves
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defined over Q:

LE(1) ̸= 0 ⇒ rank E(Q) = 0

LE(1) = 0 and L′
E(1) ̸= 0 ⇒ rank E(Q) = 1
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