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Introduction

The aim of this Master Thesis is to discuss the nature of rational points of an elliptic
curve over an imaginary quadratic field under certain hypotheses. In particular, we
want to analyze Kolyvagin’s results on Birch and Swinnerton-Dyer conjecture. To
do so, we focus on the article [7] by Benedict H. Gross.

Let K be an number field and £ be an elliptic curve. We define the Mordell-W eil
group F(K) to be the group of rational points of £ over K, i.e., the group

EK)={(z,y) e E: z € K, ye€ K}.

At the beginning of the 20th century, the following theorem was stated and proved.

Theorem 0.1. (Mordell-Weil) Let K be a number field and let E /| K be an elliptic

curve. Then the group E(K) is finitely generated.

The Mordell-Weil theorem says that the group F/(K') can be written in the form
E(K) = Eis(K) X Z",

where the torsion group Ey,,.s(K) is finite and r, defined to be the rank of the group
E(K), is a non-negative integer.

To simplify the study of F'(K'), we may see the quotient group E(K)/mE(K),
with m > 2 integer. Using the weak formulation of the Mordell-Weil theorem,
we have that £(K)/m(E(K) is a finite group (see [14, VIIL, Th. 1.1]), and if we
consider m coprime with #£,,,s(K'), we have that E(K)/mE(K) = (Z/mZ)".

It is of particular interest to study the rank of F(K); in 1960 mathematicians
Bryan Birch and Peter Swinnerton-Dyer enunciated a remarkable conjecture that
relates the rank of F/( K) with the analytical knowledge that provides the L-series of
E. More precisely, this conjecture predicts that the integer ' = ord,—1 L(F/Q, s)
is equal to the rank r of F(Q).

We are interested in verifying this conjecture for ' = 1, and then we restrict the
study under the hypothesis that L(E/Q, s) hasa zero at s = 1 of order 1. We assume
that F is an elliptic curve of conductor N and K = Q(v/—D) is an imaginary
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quadratic field of discriminant —D < 0, where all prime factors of N are split. We
define yx as the basic Heegner point in £ (see Chapter 4, p.40). From the work
[6] of the mathematicians Benedict Gross and Don Bernard Zagier, we know that
assuming the previous hypothesis is equivalent to requiring that the point y is of
infinite order.

Our main purpose is to prove Kolyvagin’s theorem, which states that if such a
point yx is non-torsion, then the rank of £(K) is equal to 1.

I hope, with this work, to highlight the fascinating way in which different math-
ematical arguments join together to converge in the proof of Kolyvagin’s theorem.

In the first three chapters we give a general overview of the main results we
will refer to later, which come from the study of elliptic curves, class field theory
and duality theory. In particular, we focus on the definition of Heegner points, on
complex multiplication theory and on its application to class field theory. By Galois
cohomology, we also introduce the Selmer group Sel(E/K), and the Safarevi¢-
Tate group LI(E/K),, which are subgroups, respectively, of the 1% cohomology
groups H'(K, E,) and H'(K, F),,. They are in the exact sequence

0— E(K)/pE(K) — Sel(E/K), - II(E/K), — 0,

and this suggests that they play a central role in the description of F(K)/pE(K).
In Chapter 4, we actually begin to analyze analyzing the article of Gross. By
theory of complex multiplication, we define the Heegner points ¥, of conductor
n, and by these we define certain cohomology classes c¢(n) € H'(K, E,) and
d(n) € H'(K, E),, analyzing their local and global properties. Following the idea
of Kolyvagin, in Chapter 5 we see that all these classes ¢(n) are in Sel(E/K),, we
use them to bound the order of Sel(E/K), and this fact allows us to prove Kolyva-

gin’s theorem.
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1 Elliptic Curves

As a first approach to the study of Kolyvagin’s work, I would start with the central
topic: elliptic curves. The main concept I would like to convey with this first chapter
is the great versatility with which elliptic curves can be studied. We will see different
ways in which an elliptic curve can be defined, and we will discover how the various
aspects contribute to the proof of the main theorem, expressed in Chapter 5.

We will initially focus on the construction of an elliptic curve over the field of
complex numbers and imaginary quadratic fields. This will allow us to introduce the
theory of complex multiplication. Next, we will present elliptic curves as modular
curves, which will allow us to define a special set of points on them, called Heegner
points, and their properties. As a last step, using the structure of abelian variety
of elliptic curves, we will introduce the Galois cohomology and, consequently, the
Selmer group and the Safarevi¢-Tate group.

Let us therefore begin by describing elliptic curves and highlighting their char-
acteristics necessary to understand what follows. For further information, see [14].
Let K be a perfect field of characteristic different from 2 or 3, K be a fixed algebraic
enclosure of K" and G, the Galois group of K /K.

Definition 1.1. An elliptic curve is a pair (E, O), where E is a non-singular curve
of genus one and O € E. The elliptic curve (£, O) is defined over K, written
E/K, if E is defined over K as a curve, and O € E(K), the group of K -rational

points on the elliptic curve F/K.

We denote elliptic curves by E, the point O being understood. In addiction to
the previous definition, we know that every elliptic curve can be written as the locus
in P? of a cubic equation with only one point, the base point O, on the line at co.

These particular equations, called Weierstrass equations, are of the form:
Y2Z +a XY Z +a3sYZ? = X+ aos X?Z + ay X 7% + asZ° € K[X,Y]

O =1[0,1,0]and a1, ..., ag € K. The following proposition shows that every elliptic

curve can be written as a plane curve and, conversely, every smooth Weierstrass



plane cubic curve is an elliptic curve.

Proposition 1.2. /14, III, Prop. 3.1] Let E be an elliptic curve over K. The follow-

ing statements hold:

(a) There exist functions x,y € K(FE) such that the map
¢: E— P ¢=ry,1]

gives an isomorphism of E | K onto a curve determined by a Weierstrass equa-

tion
Y27 + a XY Z + a3Y22 = X3+ azXzZ + a4XZ2 + a623

with coefficients ay, ...,as € K and satisfying (O) = [0,1,0]. Functions

x,y are called W eierstrass coordinates for the elliptic curve I/

(b) Conversely, every smooth cubic curve C' given by a Weierstrass equation as

in (a) is an elliptic curve defined over K with base point |0, 1, 0].

Studying these equations provides a more concrete algebraic understanding of
elliptic curves, giving us valuable insight into the elliptic curve in question, like
singularity and reductions. With the above notation, using the nonhomogeneous
coordinates x = X /Z and y = Y'/Z, we can simplify the equation by completing
the square by the substitution y — %(y — a1z — ag). Thus we obtain the equation
of the form:

E:  y? =423+ byx® + 2by + b,

where by = a? + 4ay, by = 2a4 + ajas, bg = a3 + 4ag, and we can define the

following quantities:

* The discriminant of the Weierstrass equation

(A) = —bsbg — 8b3 — 27z + bab,bg



* The j-invariant of E:
o (b3 — 24by)?
ITTA

* The invariant dif ferential associated to Weierstrass equation

dx dy
w = =
2y +ayx +ag  3x%+ 2007 + ag — aqy

In particular, the j-invariant is invariant under isomorphisms of elliptic curves and
under modular transformations that preserve the structure of the elliptic curve. Fur-
thermore, for every jo € K there exists an elliptic curve defined over K (jo) whose
J-invariant is equal to jp.

Thus, E C IP? consists of the points P = (z,y) satisfying the Weierstrass
equation, together with the point O = [0, 1, 0] at infinity. Now, using composition
law, define the addition operation + : E x E — E, (P,Q) — P + Q, which
associates to each pair of points P, Q € E the intersection P + () between E and the
line through O and R, where R is the intersection between £ and the line through P
and Q. With this notation, the set (£, +) of points of an elliptic curve with addition
is an abelian group with identity O.

As the last element of the general theory of elliptic curves, we now define iso-

genies.

Definition 1.3. Let Fy, E5 be elliptic curves. An isogeny from E; to Es is a mor-

phism ¢ : F; — E, that satisfies ¢(O) = O.

Elliptic curves are an abelian group, and then maps between them form groups.
The set of isogenies from F to Es is denoted by Hom/(FE4, E5), and then End(E) is
the set of isogenies from E to itself. Specifically, they are torsion-free Z-modules.
Thanks to the abelian group structure defined above, we define a particular set of
1sogenies, called multiplication-by-m isogenies. For each m € Z, we define the

multiplication-by-m i1sogeny

m]: E—E, [m](P)=P+P+..P

m times



if m > 0. Form < 0, set [m|(P) = [-m|(—P).

Then we can now define the torsion groups.

Definition 1.4. Let £ be an elliptic curve and m € Z,m > 0. The m-torsion

subgroup of E, denoted by E[m] or E,,, is the set of points of order m,
Elm|={P e E:[m|(P)=0}

The torsion subgroup of E, denoted by Fi,,, is the set of points of finite order:

[e.9]

Etors - U E[m]

m=1

Remark that, if F is defined over the field K, then E;,,.s(K) denotes the points
of finite order in E(K).

Now, let £/K be an elliptic curve and let m > 1 be an integer, prime to
char(K) if char(K) > 0. With the previous notation, we obtain following notions:

a. deglm| = m?

b. Elm] = 2 x L

c. each element o € Gy i acts on E[m], since the fact [m](P) = 0 implies that

[m](P?) = ([m](P))” = O7 = O, and then we obtain a representation
Gx i — Aut(Elm]) = GLy(Z/mZ).

See [14, TII, Coroll. 6.4]

1.1 Elliptic curves over C

To study Kolyvagin’s work on modular elliptic curves, we now want to focus on an
elliptic curve E/K with a cyclic N-isogeny, with K = Q(v/—D) C C a quadratic
imaginary field of discriminant —D where all prime factors of /V are split. We
also work with elliptic curves C/Op , where Oy is the ring of integers of K. In

this section, we study elliptic curves on C and introduce the theory of complex



multiplication. We shall see that an order of K is a lattice in C, the main result of
this section will be to see that F//C = C/A, where A is a lattice in C, and conversely
that C/A is analytically isomorphic to £, (C), for a certain £, /C elliptic curve.

Let A C C be a lattice, that is, A is a discrete subgroup of C that contains an
R-basis for C.

Definition 1.5. An elliptic function relative to a lattice A is a meromorphic func-
tion f(z) in C that satisfies: f(z +w) = f(2),Vz € C,Vw € A The set of such
functions is indicated by C(A).

Through the theory of elliptic functions, introducing a particular set of elliptic
functions, called W eierstrass (p, A)- function associated to an elliptic curve F/C,
it is possible to obtain a complex analytical isomorphism of complex Lie groups
¢ : C/A — E(C). Then, if A C C, C/A is always complex analytically isomorphic
to an elliptic curve. Let Ay, A, be lattices in C, and suppose « € C has the property
that Ay C Ay. Then scalar multiplication by « induces a well-defined holomorphic

homomorphism

o C/A; = C/Ay,  ¢o(z) = az (mod Ay).

Next theorem shows that these are essentially the only holomorphic maps from C/A4

ti C/As.

Theorem 1.6. /14, VI, Th. 4.1] Let lattices A1,As C C, let a« € C such that
aly C Ay, Then:

(a) the association

{a € C:al; C Ay} — {holomorphic maps C/A; — C/As with ¢(0) = 0}

a — G

is a bijection

(b) let E, Es elliptic curves corresponding to lattices N1, A5 respectively, then the



natural inclusion

{isogenies ¢ : By — Es} — {holom. maps ¢ : C/Ay — C/As with ¢(O) = O}

is a bijection.

Then, exploiting the uniformization theorem (see [14, VI, §5]), we obtain the

following.

Theorem 1.7. [14, VI, Th. 5.3] The following categories are equivalent
A Objects: Elliptic curves over C

Maps:Isogenies
B Objects: Elliptic curves over C

Maps: Complex analytic maps taking O to O
C Objects: Lattices A C C, up to homothety

Maps: Map(Ay,\y) = {a € C: al; C As}

Remark 1.8. For every elliptic curve F/C, there exists a lattice A C C, unique up
to homothety, such that £(C) = C/A.

1.1.1 Complex Multiplication

Next topic to discuss is complex multiplication of elliptic curves. We have seen
above the definition of End(FE), and that if char(K) = 0, then [m| € End(E)
Vm € Z. From the geometry of the elliptic curves we know that, for K C C field
of characteristic 0, the endomomorphism ring of an elliptic curve E/K is either Z
or an order in an imaginary quadratic field (see [14, III, Corollary 9.4]. If End(F)
is strictly larger than Z, then we say that £ has complex multiplication, or CM for
short. Now, trying to combine what we have seen so far, let K /Q be an imaginary
quadratic field, let O C K be the ring of integers of K, and let Pic(Ok) be the
ideal class group of O (see Chapter 2). If we fix an embedding K C C, then each

ideal A of Ok is a lattice A C C, so we may consider the elliptic curve C/A. From



(Theorem 1.6), we have:

End(C/A) =Z{a e C:aA CA}

Further, the remark after (Theorem 1.7) says that up to isomorphism, the elliptic
curve C/A depends only on the ideal class {A} € Pic(Ok). By Theorem 1.7 it also
follows that tho elliptic curves are isomorphic over C if and only if the lattices to
which they correspond are homothetic, and then we can say that, up to isomorphism,
E(C) = C/A for a unique ideal class {A} € Pic(Ok).
The most important invariant of an isogeny is its degree deg (), which is defined to
be the order of its kernel. More precisely, if £ corresponds to the lattice A, then it
is easy to see that the kernel of o : F(C) — E(C) is isomorphic to A/aA. Thus, by
properties of orders of Ok, it follows that deg(«) = |A/aA| = Na, where N («) is
the norm of & € O = Endc(FE).

Lastly, as a corollary, we see that there are only finitely many isomorphism
classes of elliptic curves £/C with End(E/C) = Ok, and for them j(F) is alge-

braic over Q.

1.2 Elliptic curves and modular curves

In 1993 Sir Andrew Wiles stated the M odularity T heorem, stating that every el-
liptic curve defined over QQ is modular. In this section, we want to present modular
curves, the relation between modular and elliptic curves, and we want to see how
they are constructed and the main properties of Heegner points.

In last section, we have seen that every elliptic curve is analytically isomorphic to a
complex torus C/A, where E is uniquely determined by the lattice A. Now we want
to relate the lattice to a modular form, and observe how this lattice defines this. De-
fineH = {7 € C: I'm(7) > 0}. Observe that every lattice A € C is homothetic to a
lattice of the form A, = Z-+72Z, for certain 7 € C, and for homogeneity of functions

defining A, it is enough to study them on space of lattices modulo homothety. Also

a b
note that SLo(Z) acts on H linear fractional transformations: for M = ,

c d



define vy : H — H, (1) = 2.

Definition 1.9. A meromorphic function f on H is called a modular function of

weight k for S Ly(Z) if it satisfies:
i f(r)=(ct+d)*f(y7),VM € SLy(Z)

ii. there is an integer ny = ng( f) such that the Fourier expansion of f in the variable
q = €*™ has the form: f(7) = > 7 c(n)q"
We also say that f is a modular form of weight k if f is holomorphic in H and
no(f) = 0.

Observe that, for the E elliptic curve defined (uniquely) by the lattice A, the
j-invariant function j(F) = j(A) is a modular function of weight 0 that is holomor-
phic in H. Since j(7) is a modular function of weight 0, it defines a function on
quotient space H/SLy(Z), which has a natural structure as Riemann surface, and
we obtain that the map j : H/SLy(Z) — C is a complex analytic isomorphism of
Riemann surfaces.

Now, define M}, = modular functions of weight 2k, a C vector space. To study
spaces My, we use the Hecke operator T (n), which sends modular forms of weight
2k to modular forms of weight 2k. in Chapter 4, we see that of particular interest are
those modular forms that are simultaneus eigenfunctions for every Hecke operator
T'(n), i.e., those modular forms such that 7'(n) f = A(n)f ,Vn = 1,2, ...

In our work, we are interested in elliptic curves with cyclic NV-isogeny, and then we

now focus on a specific subgroup of SL2(Z). Define the Congruence subgroup

PN = 4 = | P € 8102) ¢ = 0(moan)
c d
There is a natural isomorphism between the space of weight-2 cusp forms for 'y (V)
and the space of holomorphic 1-forms on the Riemann surface H* /T'o(N), and
Hecke operators defined above also act on the space of modular forms for I'o(V).
See [14, C.12, Prop 12.9]. Then we have seen that the points of the Riemann sur-

face H/T are in one-to-one correspondence with the isomorphism classes of elliptic

8



curves defined over C. This correspondence associates to the point 7 (mod I'y(V))

€ H/T'o(N) the elliptic curve E, = C/(Z + Zr).

Remark 1.10. If we consider v € I'g(/V) and 7 € H/I'((V), then one easily checks
that the subgroup {1/N,2/N,...,(N—1)/N} C C/(Z+ 7Z) remains invariant un-
der the action of . Thus H/T'¢(V) is a moduli space for the problem of determining
equivalence classes of pairs (£, C'), where E is an elliptic curve and C' C F is a
cyclic subgroup of exact order N. Note that, from section 1, there is a one-to-one
correspondence between finite subgroups C' C F and isogenies ¢ : F — E’ given
by the association C' <— ker¢. Thus the points of H/I'y(/V) may also be viewed
as classifying triples (E, E’, ¢), where ¢ : E — FE’ is an isogeny whose kernel is

cyclic of order N.

For arithmetic applications, it is important to understand when an elliptic curve
E/C, orapoint T € E(C), is defined over a number field. To illustrate, we note
that although the Riemann surface H/S Ly (C) classifies elliptic curves only over C,

we have a complex analytic isomorphism (Uniformization Theorem)
j:H/SLy(Z) — AY(C),

where A'(C) is a variety defined over Q. In addition, the elliptic curve E, corre-
sponding to 7 € H/S Ly(7Z) is isomorphic, over C, to an elliptic curve defined over
Q(j(7)). There is a general theory that deals with fields of definition for spaces
H/T¢(N) and their associated moduli problems, but we content ourselves with the
following description for the quotient spaces associated to the family of the congru-

ence subgroup I'o(V).
Theorem 1.11. /14, C.13, Th. 13.1.a] Let N > 0 be an integer. Then there exists
a smooth projective curve Xo(N)/Q and a complex analytic isomorphism
jN,O : H*/Fo(N) — X(](N)<(C)
such that the following holds:
Let 7 € H/T(N), then it defines the point jno(T) € Xo(N) and we consider

9



the filed K = Q(jno(7)) . We have seen in remark 1.9 that T corresponds to an
equivalence class of pairs (E,C), where E is an elliptic curve and C C E is a
cyclic subgroup of order N. Then this equivalence class contains a pair such that
both E and C' are defined over K, i.e., E is an elliptic curve defined over K and

C C E(K) is G i-invariant.

Definition 1.12. With preview notation, the curve X /T'o(V) is called a modular

curve.

For an elliptic curve £'/Q, one might ask if there is a finite map ¢ : Xo(N) — E
defined over QQ for some modular curve Xy(N). If this happens, then we say that
the elliptic curve is modular, and we call ¢ a modular parametrization. Such elliptic
curves have a very rich structure that can be used to study their arithmetic properties.
Therefore, the Wiles’ theorem mentioned above provides an extremely powerful

tool for studying the arithmetic of the elliptic curves defined over Q.

Theorem 1.13. (Modularity Theorem, Wiles) Every elliptic curve defined on Q is
modular, i.e. if E/Q is an elliptic curve, then there exist an integer N and a surjec-
tive morphism ¢ : Xo(N) — E defined over Q. More precisely, the integer N may
be taken to be the conductor of E/Q.

1.2.1 Heegner Points

Let K an imaginary quadratic field.

Definition 1.14. We say that z = (¢ = F — E') € Xo(N)(C) is a Heegner

point, if both E and E’ have complex multiplication by some order O C K.

Referring to the modular structure, an elliptic curve E over C is determined up
to isomorphism by the homothety type of its period lattice A: E(C) = C/A. If
r = (F LN E’) is a point of X((V), and we write E/(C) = C/A’, then we can
modify by a homothety to obtain A C A’, ¢ = identity. Then N'/A = Z/NZ,
so we can choose an oriented basis (w1, ws) of A over Z such that (w;, ws) is a

basis for A’. The point z = w; /w, then lies in H, the complex upper half-plane,

10



and the point x uniquely determines z up to the action of I'y(N). Conversely, any
2 € Ty(N)/H determines a point z = (C/(z, 1)) “% (C/(z, %)) of Xo(N).

Recall that in last section we have seen that the map
Pic(O) — {elliptic curves with CM by O}

given by {a} — C/a is a bijection.

Proposition 1.15. The set of Heegner points is non-empty if and only if there exists
an order O and an ideal N C O such that O JN = Z/NZ.

Proof. Suppose we have a Heegner point zx = (¢ = E — E’) € Xo(N)(C) with
ker¢ cyclic and E, E' have CM by O. We can write £ = C/a, E' = C/b for some
invertible fractional ideals a, b of O. Then there exists an « € K such aa C b and

¢:C/a— C/b, ¢( (mod(a))) = ax (mod(b)). Note that
ker(¢) = (a~'b)/a 2 Z/NZ.

If we set N = aab™, then ON = (bb™!)/aab™ 2 b/aa = (a™'b)/a 2 Z/NZ.
Conversely, suppose that there is an ideal O/N such that O/N = Z/NZ. Choose
an invertible fractional ideal a of O and set F = C/a and £/ = C/aN . Both E
and F' have CM by O. Consider the isogeny

C/la—C/aN™', 7—7

The kernel of this isogeny is aN ' /a =2 a/Na = O/N ¥ Z/NZ. O

Proposition 1.16. (Heegner hypothesis) Suppose that every prime p dividing N
splits in K. Then there exists an ideal N of O such that O /N = Z/NZ.

Proof. Write N = p{'...p¢", and suppose p1 Ok = p11P12, ... PrOx = Pr1Pra. Since

O/pn1 = Z/pZ,...,0/p.1 = Z/p,7Z and since each p;; is unramified, one can

check that O/p{} X Z/p{'Z, ..., Oy = Z/ps 7. Setnow N = p{}...pe, then:
Ok /N Z Opli X ... X Opis X L/p3 L X ... X L/ps" 7 2 L) NZ

11



]

Theorem 1.17. For a given N, there are infinitely many imaginary quadratic fields

satisfying the Heegner hypothesis.

Proof. First, recall Dirichlet’s theorem on primes in arithmetic progressions, that
states that there are infinitely many primes ¢ such that ¢ = 1 (mod(p)). Now, for

simplicity, we assume that N = p and p = 1 (mod(p)). For each ¢ = 1 (mod(p)),
(%) =1, (‘7‘1) = (_71)(%) = 1 and p splits completely in Q(1/—q). O

Definition 1.18. The conductor of E/K is the integral ideal of K defined by

Ng/k = H Py

UEM?(

where f, is the exponent of the conductor of E at v defined by:

.
0 if £ has good reduction at v

fo=141 if £/ has multiplicative reduction at v

2+ 6, if E has additive reduction at v

\

(for the definition of 9,, see [14, §C.16]).

By modularity theorem, we can define the Heegner point on an elliptic curve

starting from the Heegner point defined on the modular curve.

Definition 1.19. Let £ be an elliptic curve defined on Q with conductor /V, let
K be an imaginary quadratic field satisfying the Heegner hypothesis and consider
¢ : Xo(N) — E the modular parameterization described above. Then the Heegner

point relative to & € X(N) is defined to be: § = ¢()

We describe the Heeger point by the data z = (O, N, {a}). In the next chapters,
we study class field theory to analyze properties of the Heegner points, and to define

the ”Euler system of Heegner points”.

12



1.3 Elliptic curve as abelian variety

In last sections, we have seen elliptic curves in connection with complex tori, to
construct elliptic curves over C, and with modular curves. In this section, now, we
want to describe elliptic curves as abelian varieties.

An abelian variety over the field K is defined as a complete connected algebraic
group over K, which is an algebraic variety over K together with regular maps of
addition and inverse. An elliptic curve is an abelian variety over K, because it can
be defined as the set of zeroes of an algebraic polynomial with coefficients in K,
the Weierstrass equation, with the geometric structure compatible with the algebraic
structure.

Furthermore, £ is a module for the Galois group G, because £ has a struc-
ture that is compatible with the action of the Galois group on the algebraic closure
of K.

These two conditions of £ are equivalent, because the Galois group G acts nat-

urally on the solutions of the algebraic equation defined on K.

1.3.1 Galois cohomology

We use Galois cohomology to study how G acts on the G/ -modules £ and
E[m], defined in first section. Let G be a finite group, and let M and N be right
G-modules. A G-module homomorphism ¢ : M — N is a homomorphism com-
muting with the action of G, i.e., we have ¢(m?) = ¢(m)?,Vm € M,Vo € G. So,

we now describe the largest submodule on M on which G acts trivially.

Definition 1.20. The 0" cohomology of the G-module M, denoted by M¢ or
H°(G, M), is the set:

H(G,M)={me&M:m’°=m,Yo € G}

i.e., the submodule of M consisting of all G-tnvariants elements.

Observe that, if




is an exact sequence of G-modules, we can check that taking G-invariants gives an

exact sequence:

0 — PO 2 M¢ Y5 NO

Note that the map on the right is not surjective in general.

Definition 1.21. let M be a G-module.

The group of 1-cochains from G to M is defined by:
CHG, M) = {maps ¢ : G — M}
The group of 1-cocycles from G to M is defined by:
Z (G, M)={£ € CHG, M) &r =8 +&, 0,7 €G}
The group of 1-coboundaries from G to M is defined by:
BYG,M)={¢cCG,M):3me M st & =m"—m, Yo € G} C Z'(G, M)

The 15¢ cohomology group of the G-module M is the quotient group:

724G, M)

HY (G, M) = BCID

Then, with H'(G, M) we study the group of 1-cocycles from G to M modulo
the equivalence relation that two cocycles are identified if their difference has the

form o — m? —m for some m € M. Observe that if the action of G on M is trivial,

then: H'(G,M) =M, HYG,M)= Hom(G,M).
Proposition 1.22. /14, B.2, Prop.2.3] Let

0 s P ¢>Mw>N

=}
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be an exact sequence of G-modules. Then there is a long exact sequence:

0 — HYG,P) —2— H(G, M) —2> H(G,N)

s
HY(G,P) ~—— HY (G,M) —— H'(G,N)

where § is the homomorphism defined as follows: let n € H°(G, N), and choose
m € M such that 1)(m) = n and define a cochain ¢ € C*(G, M) by &, = m? —m.
Then the values of ¢ are in P, and so £ € Z'(G, P), and we define §(n) to be the
cohomology class of the 1-cocycle & in H' (G, P).

Let H be a subgroup of G and let £ € H'(G, M) be a 1-cochain. Then, by re-
stricting the domain of ¢ to H, we obtain an H-to-M cochain, and the process takes
cocycles to cocycles and coboundaries to coboundaries. If instead we consider a
normal subgroup H of G, then the submodule M* of M consisting of elements of
M fixed by H has a natural structure as a G/ H-module. Hence composing with the
projection G = G/ H and with the inclusion M# < M gives a G-to-M cochain
G5 G/H & MP < M. As before, and the process takes cocycles to cocycles
and coboundaries to coboundaries. We can now define the following two homo-

morphisms:

Definition 1.23.
(Restriction Homomorphism) Res : H'(G, M) — H'(H, M)

(Inflation Homomorphism) Inf : HY(G/H, M) — H*(G, M)

Proposition 1.24. (Inflation-Restriction Sequence) Let M be a G-module and let H

be a normal subgroup of G. Then the following sequence is exact:

Inf

0 —— HYG/H,M") L gY(G, M) L& HY(G,H) —— 0

Proof. See [14, B.1, Prop. 1.3] [

Now we apply what we have already seen to the Galois group G/, We recall

that G/ is a profinite group, because it is the inverse limit of G,/ as L varies
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over all finite extensions of K, and then comes equipped with a topology in which
a basis of open sets around identity consists of the collection of normal subgroups
having a finite index in G, . These are the subgroups that are kernels of maps

Gx/x — Gr/x for finite Galois extensions L/ K.

Definition 1.25. A discrete G/, -module is an abelian group on which G acts
such that the action is continuous for the profinite topology on G/ and the discrete
topology on M. Equivalently, the action of G5 /i on M has the property that, for

all m € M the stabilizer of m is a finite index subgroup in G-
Now we adapt what was said before, using the fact that G- /K 18 profinite.

Definition 1.26. Let M be a G, ,-module. A map ¢ : G/, — M is continuous
if it is continuous for the profinite topology in G /i and for the discrete topology
in M.

Equivalently, for each m € M, the set £~'(m) is a union of cosets of sub-
groups of finite index in G, .The subgroup of G, of continuous 1-cocycles

from Gy to M, denoted by Z,

oont (G 1o M ), is the group of continuous maps

§ : G/ — Msatistying the cocycle condition: §,» = £; +&;, 0,7 € G.

After observing that every coboundary is continuous by definition, we can de-

fine 1°* cohomology group of the G /i -module M as the quotient group

chont(Gf/Ka M)
BI(GF/IO M)

Hl(GF/KvM) =

With this notation, one has an analog for what is said in Proposition (1.19).

If L/K a finite Galois extension, then G, is a subgroup of finite index in
G/ and M is naturally a G/, -module. This leads to a restriction map on coho-
mology:

Res : H'(Gg/x, M) = H' (G, M)

Further, G, is a normal subgroup of G/, and the quotient G, /G, is the

finite group G'1,/ . Then M YK/t has a natural structure as 3 1k -module, and so any
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l-cocycle § : Gr/x — M “%/L becomes a 1-cocycle for G/ Vvia the composition
Grx — G —— MO/ c M
and this gives the inflation map
Inf: HY(Gpjx, MO%r) — H' (G, M)

Then we obtain the analog to the Proposition (1.21) about the exactness of Inflation-
Restriction sequence for a G /ic-module. Now we state the following proposition,
that gives us some fundamental facts about the cohomology of additive and multi-

plicative groups of a field.

Proposition 1.27. /14, B.2, Prop. 2.5] LetK be a field. (a) H' (G, K ) = 0 (b)
HI(G?/K,F*) = 0 (c) Assume that either Char(K) = 0 or that Char(K) does

not divide m, and let |, primitive m-rooth of unity. Then
HY(Gyps tm) = K7/ (K7)"

From now on, we say H'(K, M) instead of H' (G, M), H'(L, M) instead
of H'(G%/1,, M), and so on.

1.3.2  Selmer group and Safarevi¢-Tate group

With notation used in definition (1.4), we obtain the short exact sequence of G -
modules 0 —— E[m] —— E(K) —"— E(K) —— 0 ,and taking G -

cohomology, yelds a long exact sequence that starts

0 » E[m] ——— E(K) —"—= E(K)
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Then we can extract the short exact sequence
0 —— E(K)/[m](E(K)) 2, HYK,E[m]) —— HYK,E)jm] —— 0

which is called the Kummer sequence for E/K. Inorder to study F(K), we now
introduce the Selmer group and the Safarevié-Tate group, which are subgroups of
H'(K, E[m]) and H' (K, E(K))[m)], respectively.

Define M a complete set of inequivalent absolute values on K, and for each
v € My we fix an extension of v to K, which serves to fix an embedding K C K,
and a decomposition group G, C G /ic-Now, G, acts on E(K,, and repeating the

above argument yields the exact sequences
0 — E(K,)/[m](E(K,)) —> H'(G,, E[m]) — H'G,,E)[m] — 0

The natural inclusions G, C Gy and £ (K) C E(K,) gives restriction maps on
Galois cohomology, and following proposition in last section, we obtain the follow-
ing commutative diagram:

5
0 ? [mﬁ(EI((I)()) » H'(K, E[m]) ——— H'(K,E)m] —— 0

| | J

0— U graes 5 | HY(GwElm)) — || H'(K,,E)m] — 0
vEM g v vEME vEMK

and this gives an idea of why we give the following two definitions.

Definition 1.28.

The m-Selmer group of E/K is the subgroup of H'(K, E[m]) defined by:

Sel,(E/K) = ker {Hl(K,E[m]) - | Hl(KU,E(E)}

veEMg

The Safarevié-Tate group is the subgroup of H' (I, E) defined by:

LH(E/K):ker{Hl(K,E(W)% || HI(KU,E(E)}

veEMK
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Remark 1.29. III(E/K) can be viewed as the subgroup of H'(K, E) that has a
K ,-rational point for every v € M.

Observe also that one can check, working with cocycles, that the cohomological
definitions of Sel,,(F/K) and ILI( £/ K') do not depend on the extension of the place
v € Mg to K, but only on E and K.

Sel(E/K), is the largest subgroup of H'(K, E,) which maps to LI(E/K),.

Then we immediately obtain the following theorem, observing the previous di-

agram.

Theorem 1.30. /14, X, Th. 4.2.a] There is an exact sequence

0 —— BE(K)/[m)(B(K)) —— Sel(E/K )y — L(E/K)[m] — 0

19



2 Class Field Theory

Class field theory is the fundamental branch of algebraic number theory that de-
scribes the abelian Galois extensions of number fields. The theory of complex
multiplication provides an analythic realization of class field theory for quadratic
imaginary fields.

In this chapter, our main interest is to study the ring class field K, of conductor
n over K, for n a positive integer and K an imaginary quadratic field. This will
allow us to construct the elements of the Euler System of Heegner Points.

After a briefreview of imaginary quadratic fields and orders in imaginary quadratic
fields, we shall state the basic facts from class field theory which will be used in the
sequel. We will begin with the classical version, using ideals and ideal class group,
and afterwards we will present the more modern idelic version. For a more complete
study of these arguments, see [13, pp. 115-120], [3, Chapter 2] and [16].

We define a number field K to be a subfield of the complex numbers C which
has finite degree over QQ, and let Ok be the ring of integers of K. Recall that, for
every non-zero ideal a of O, the quotient ring Ok /a is finite and the norm of a
is defined to be N§ (a) = |Ox/al. The ring of integers O is a Dedekind domain,
and then every nonzero ideal a in Ok can be written as a product of prime ideals
a = pi...p,, where the decomposition is unique up to the order. Furthermore, the
p;’s are exactly the prime ideals of Oy containing a. Notice that, if p is a non-zero
prime, we define residue field of p the finite field O /p.

We define fractional ideals to be the non-zero finitely generated O i -submodules

of K, which can be written in the form aa, where o € K and a is an ideal of O.

Proposition 2.1. /3, I, Th. 5.7] Let a be a fractional O k-ideal.
(i) a is invertible.
(ii)a can be written uniquely as a product a = [[_, pi"', where r; € Z and the p;’s

are distinct prime ideals of O.

Let Ik denote the group of all fractional ideals of K and let Px C Ik be the
subgroup of principal fractional ideals, i.e., those of the form aOf for some

a € K*. The quotient Pic(Ok) = Ix/Pk is the ideal class group, or Picard
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group, and it is finite.
Let us now review some behavior of primes in finite extension, so let L be a
finite extension of K. If p is a prime ideal of Ok, then pOy is an ideal of Oy, and

hence has a prime factorization
PO = ‘B?...%?

where B;’s are distinct primes of L containing p. Let F,, be the residue field Ok /p
and Fiy be its finite extension O /B for each prime B; containing p. Then we
define the integer e;, also written ey, |, as rami fication index of p in B;, and
define f; = fu,p = |Fw,/F}| as the inertial degree of p in B,;. We say that p

ramifies in L if any of the ramification indices e; are greater than 1.

Theorem 2.2. /3, II, Th. 5.8, Th. 5.9] Let K C L be number fields, and let p be a
prime of K.
(a) If e; (resp. f;), i = 1,...,1, are the ramification indices (resp. inertial degrees)

defined above, then

t

> eifi =[L: K]

=1

(b) The Galois group Gal(L/K) acts transitively on the primes of L containing p,
ie., if B and B’ are primes of L lying over p, then there exists 0 € Gal(L/K) such
that o(B) = B'.

(c) The primes B, ...,*B; of L lying over p have all the same ramification index e

and the same inertial degree f, and then the formula in (i) becomese- f-t = [L : K].

If p satisfies the stronger condition e = f = 1, we say that p splits completely
in L. This prime is unramified and pOy, is the product of [L : K] distinct primes.
Let K C L be Galois, and let B be a prime of L. Then the decomposition

group and the inertia group of °B are defined by
Dy ={0 € Gal(L/K) : 0(B) = B}

Iy ={0 € Gal(L/K) : o(a) = a (mod B), Ya € O}
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It is easy to see that I3 C Dy and that an element ¢ € Dy induces an auto-
morphism ¢ of Fiy which is the identity on F),, with p = B N Ok. If we define
G = Gal(Fyg/F,), it follows that 5 € G. Thus, the map o — & denotes a homo-
morphism Dy — G whose kernel is the inertia group [y.

The homomorphism Dy — G is surjective, and then Dy [Ip = G, |Is| = emp
and |Dyg| = exp) - Jwlp-

Let K = Q(v/—D) be an imaginary quadratic field of discriminant —D.

Proposition 2.3. /3, II, Prop. 5.16] Let the nontrivial automorphism of K be de-
noted o — /. Let p be a prime in Z. Let (—D/p) be the Kroneker symbol. (a) If
(—=D/p) =0 (i.e., p| — D), then pO = p? for some prime ideal p of O.

(b) If (—D/p) = 1, then pOy = pp’, where p # p' are prime ideal in O.

(c) If (—D/p) = —1, then pOy is prime in O

From the previous proposition, an integer prime p ramifies in K if and only if p
divides — D, and p splits completely in K if and only if (—D/p) = 1.

Let us now restrict our interest to the case where L is a finite abelian extension
of K. Then, L/ K is a Galois extension and the Galois group Gal(L/K) is abelian.
Let O, be the ring of integers of L, and let p be a prime in K which does not ramify
in L. Let *B be a prime of L lying over p.

By restriction, we get a homomorphism from the decomposition group of ‘B to

the Galois group of the residue fields,
{0 € Gal(L/K) : B =B} — Gal(Fy/F}).

The Galois group Gal(Fyg/F,) is cyclic and generated by the Frobenius automor-
phism

K
x — Mo P

Since p is an unramified prime in L and Gal(L/K) is abelian, there is an unique ele-
ment o € Gal(L/K) which maps to the Frobenius automorphism and is determined
by the condition

o(z) = 2™ (mod B) Vz € Oy.
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Since L/K is an abelian extension and p is unramified, o is uniquely determined
by the prime p. This unique element of Gal(L/K) is called the Artin symbol, or
Frobenius element, and is denoted ((L/K),p). See [3, Th. 5.19].

When K C L is an unramified abelian extension, notice that the Artin symbol
((L/K)/p) is defined for all primes p of O. Let a € I be a fractional ideal with

prime factorization a = [[, p;’, r; € Z, and then we can define the Artin symbol

(L/K)/a) = [T((L/K)/p)"

7

and it defines a homomorphism, called the Artin map,
Yk (L/K)/ - ) Ik = Gal(L/K).

2.1 Orders of K

Definition 2.4. Let K be an irrational quadratic field. We define an order O of K
to be a subset O C K such that

(a) O is a subring of K containing 1.

(b) O is a finitely generated Z-module.

(c) O contains a Q-basis of K.

Note that O is the maximal order of K, and exists an element v € C such that

Lemma 2.5. /3, II, Lemma 7.2] Let O be an order in the quadratic imaginary field
K. Then O has a finite index in O, and if we set ¢ = [Of : O, then

O=Z+c O =1[1,cv].

The index ¢ = [Ok : O] is called the conductor of the order. A fractional ideal
of O is a subset of K, which is a non-zero finitely generated O-module, and it is
invertible if and only if it is proper.

Define 7(O) to be the the set of proper fractional O-ideals, P(O) C 1(O) the
subgroup of principal O-ideals and Pic(O) = 1(O/P(O) the ideal class group, or
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Picard group, of the order O. Let a be a proper O-ideal, and define N(a) = |O/q|

to be the norm of a.

Proposition 2.6. Let O be an order in an imaginary quadratic field and a,b be
proper O-ideals. Then:

(i) N(aO) = N(a).

(ii) N(ab) = N(a)N(b).

(iii) There exists a proper O-ideal a, called the inverse of a, such that aa = N (a)O.

Observe that, given a non-zero integer M, then every ideal class in Pic(O)
contains a proper O-ideal whose norm is relatively prime to M.

An O-ideal a is called prime to c provided that a + cO = O, and this happens
if and only if its norm N (a) is relatively prime to c. Note also that if a is prime to
¢, then it is proper. Let we denote (O, ¢) to be the subgroup of I(O) generated
by O-ideals prime to ¢, and P(O, ¢) to be the subgroup of (O, ¢) generated by the
principal ideals. Then we can describe Pic(O) in terms of 1(O, ¢) and P(O, ¢) as

follows.

Proposition 2.7. /3, II, Prop.7.19] The inclusion 1(O,c) C I1(O) induces the iso-
morphism

Pic(O) = I(0)/P(O) = (O, ¢)/ P(O, ¢)

Let m be a positive integer, and we define Ix(m) to be the subgroup of Ik

generated by O-ideals prime to m.

Proposition 2.8. /3, II, Prop. 7.20] Let O be the order of conductor c in an imagi-
nary quadratic field K. Then:

(a) If a is an Ok-ideal prime to c, then a N O is an O-ideal prime to c of the same
norm.

(b) If a is an O-ideal prime to c, then aQOk is an Ok-ideal prime to ¢ of the same
norm.

(c) The map a — aN O induces an isomorphism I (c) = [(O, c), and the inverse

of this map is given by a — a N Ok.
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From this proposition, follows that there are natural isomorphisms:
Pic(O) =2 1(0,¢)/P(O,c) = Ik(c)/Pxz(c),

where P z(c) is the subgroup of I (c) generated by principal ideals.

2.2 Ring class fields of conductor ¢

Let K be an quadratic field. A modulus in K is a formal product
m= H p"r
p

over all primes p of K.

Notice that, since K is a purely imaginary field, a modulus may be regarded as
an ideal of Ok. Then, let Ix(m) be the group of all fractional O x-ideals relatively
prime to m, and let Pk ; (m) be the subgroup of /i (m) generated by the principal ide-
als aOf, where a € Ok satisfies the condition &« = 1 (mod m). Note that Px ; (m)
has finite index in /- (m). A subgroup H C Ix(m) is called a congruence subgroup
for m if it contains Py ; (m), and the quotient i (m)/H is called a generalized ideal
class group for m. Observe that, form = 1, Px (1) = Pk.

Let O, be an order of conductor ¢ in an imaginary quadratic field K. In the
previous section, we have seen that Pic(O..) = Ik (c)/ Pk z(c). If we use the prime

ideal cOy, then:
PKJ(COK) = PK,Z(C) C [K(C) = IK(COK),

and thus Pk z(c) is a congruence subgroup of cOk.

The basic idea of class field theory is that the generalized ideal class groups are
the Galois groups of all abelian extensions of /K. To link a generalized ideal class
group and the Galois groups of the relative abelian extension, we define the Artin
map of an abelian extension of /.

Let K C L be an abelian extension, and let m be the prime ideal divisible by all
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ramified primes of L. Given p a prime of L not dividing m, we have the Artin symbol

((L/K)/p) € Gal(L/K) from previous section, and it gives us a homomorphism

O, : I (m) = Gal(L/K),

which is called the Artin map for K’ C L and m.

Theorem 2.9. (Artin reciprocity theorem) Let K C L be an abelian extension, and
let m be a modulus divisible by all primes of K that ramify in L. Then:

(a) The Artin map P, is surjective.

(b) If the exponents of the integral ideal m are sufficiently large, then ker(®y,) is a

congruence subgroup for m, and consequently the isomorphism

Iic(m) /ker(®,,) = Gal(L/K)

shows that Gal(L/K) is a generalized ideal class group for the modulus m.
Proof. See [3, 11, Th. 8.5]. [

Since P 1(m) C ker(®y), the Artin symbol depends only on p up to multipli-
cation by an element o, with « = 1 (mod m).
With the following theorem, we see that there is one module that is better than

the others.

Theorem 2.10. (Conductor theorem) Let L be an Abelian extension of K. Then
there is an integral ideal ¢ = ¢y k, called the conductor of the extension L/K,
such that:

(i) A prime of K ramifies in L if and only if it divides c.

(ii) For every modulus m divisible by all primes of K which ramifies in L, Ker(®,,)

is a congruence subgroup for wmif and only if ¢|m.
Proof. See [3, 11, Th. 8.5] [

It follows by the previous theorem that for any modulus m there is a unique
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abelian extension K, defined the ray class field for the modulus m, such that

PK,l(m) = keT((me/K,m)-

In other words,

Definition 2.11. Let ¢ be an integral ideal of K. A ray class field (modulo ¢) is a
finite abelian extension K/ K with the property that, for any finite abelian extension
L/K,

CL/K’C =L CK..

The ray class field K. is characterized by the property that it is an abelian ex-

tension of K and satisfies

{primes of K that split completely in K.} = {prime ideals in P(c)}

Remark 2.12. (1) Note that the conductor of the ray class field A may not be equal
to ¢, but for this work we will adopt conditions whereby we will have that the ray
class field of K (modulo ¢) will be equal to the ring class field of K of conductor
n.

(2) Observe that, when m = 1, this reduces to the Hilbert class field, which we will

see 1n section 4.

We know that Pic(O) = Ix(O,¢)/Pk(O,¢) = Ix(c)/Pkz(c). Furthermore,
Pr1(¢) C Prz(c) C Ik(c), so that Pic(O) is a generalized ideal class group of
K for the modulus ¢Of. By the conductor theorem, this data determines a unique
abelian extension L of K, called the ring class field of the order O. The basic
properties of L are, first, all primes of K ramified in L must divide ¢Og, and second,

the Artin map gives us the isomorphisms:

PZC(O) = IK(C)/PK,Z(C) = Gal(L/K),

and in particular, [L : K| = h(QO), where h(O) is the class number of O.
Lemma 2.13. (/3, Lemma 9.3]) Let L be the ring class field of an order O in an
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imaginary quadratic field K. Then L is a Galois extension of Q, and its Galois

group can be written as a semidirect product

Gal(L/Q) = Gal(L/K) x Z)2Z,

where the nontrivial element of .27 acts on Gal(L/K) by sending o to 0.

2.3 Hilbert class field

If we consider the case for the integral ideal ¢ = (1), K is the maximal abelian
extension of K which is unramified at all primes, called the Hilbert class field of

K. Notice that

I,k = 1((1)) = {all nonzero fractional ideals of K}

Pr,/xk = P ((1)) = {all nonzero principal ideals of K}.

Then, the Artin Map induces an isomorphism between the ideal class group of K

and the Galois group of the Hilbert class field of K.

Theorem 2.14. /3, II, Th. 5.23] Let K, be the Hilbert class field of a number field
K, then the Artin map is surjective, and its kernel is exactly the subgroup Py C 1.

Thus the Artin map induces an isomorphism

(-, K\/K) : Pic(O) = I/ Px = Gal(K,/K).

Corollary 2.15. /3, II, Coroll. 5.24] Given a number field K, there is a one-to-
one correspondence between the unramified abelian extensions M of K and the
subgroups H of the ideal class group Pic(O). Furthermore, if the extension K C
M corresponds to the subgroup H C Pic(Ok), then the Artin map induces an
isomorphism

Pic(Ok)/H = Gal(M/K).

Corollary 2.16. /3, II, Coroll. 5.25] Let K be the Hilbert class field of a number
field K, and let p be a prime ideal of K.Then p splits completely in K, if and only
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ifp € Pk.

Lemma 2.17. /3, II, Lemma 5.28] Let K, be the Hilbert class field of an imaginary
quadratic field K, and let T denote the complex conjugation. Then 7(K;) = K;,

and hence K1 is Galois over QQ.

2.4 Idéelic formulation of class field theory

Let v be an absolute value of K, and let K, be the completion of K at v. Further, let
O, be the ring of integers of K, if v is non-archimedean, and let O, = K, otherwise.

The Idéle group of K is the group
7 = [[ K.

where [  indicates the the product is restricted relative to the @,’s. This means that
an element s € [[, K in the unrestricted product is in Zy if and only if z, € O}
for all but finitely many many v. In particular, we can embed K™ into Zx by using

the natural diagonal embedding
K7y, a—=(.,00aq..),

since any o € K™ is in O}, for all but finitely many K. Similarly, for any given v

we embed K, as a subgroup of Zx via
K= I, t—(1,1,..,1,t1,..,1)

where ¢ is the v-component.

If v is a non archimedean absolute value corresponding to a prime ideal p, we
will write K, and O, in place of K, and O,. We will also write ord, for the corre-
sponding normalized valuation.

Let s € T be an Idéle. We define the ideal of s as the fractional ideal of K

given by

(S) _ H pordpSP’
p
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where the product is over all prime ideals of K. Note that () is well defined, since
sp 1s a p-adic unit for all but finitely many p. For any integral ideal ¢ of K, let U, be

the subgroup of Zx defined by
U={s€Ix: s, €0, s, =1 (mod cOy) for all primes p}

Then U, is an open subgroup of Z, and can be proven that K*U, is a subgroup of
finite index in Zx.
If L/K is a finite extension, then there is a natural norm map from Z;, to Zy,

and this is a continuous homomorphism
NE I, — Tk

defined by the prescription that the v-component of Nz is

L
[ ¥

wlv

The idelic formulation of class field theory is given in terms of the reciprocity map

described in the following theorem.

Theorem 2.18. /13, I, Th. 3.5] Let K% be the maximal abelian extension of K.

Then there exists a unique continuous homomorphism
Tx — Gal(K™/K), s—[s,K]

with the following property:
Let L/ K be the a finite abelian extension, and let s € Ly be an Idéle whose

ideal (s) is not divisible by any prime that ramifies in L. Then
[s, K]l = ((s), L/ K)

Here ((s), L/ K) is the Artin map, and Gal( K /K) is given by the usual profi-
nite topology. The homomorphism | - , K] is called the reciprocity map for K.
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The reciprocity map has the following additional properties:
(1) The reciprocity map is surjective, and K™ is contained in its kernel. (ii) The

reciprocity map is compatible with the norm map,

[, L]|gw = [Nz, K], Vz€Ig

Let p be a prime ideal of K, let I3* C Gal(K“"/K) be the inertia group of p for the
extension K°/K, let m, € K, be a uniformizer at p, and let L/ K be any abelian

extension that is unramified at p. Then
[y, K| = (p, L/K) = Frobenius for L/K at p,

and

* ab
[OpaK] = Ip

Theorem 2.19. /13, II, Th. 3.6] Let ¢ be an integral ideal of K, let K. be the ray
class field of K modulo ¢ and let U, be the subgroup of Lk described above. Then

the reciprocity map induces an isomorphism
[-,K]:Ix/K*U. = Gal(K./K).

Then [s, K| acts trivially on the ray class field /& if and only if s can be written

as s = au witha € K*and u € U..

2.5 Application of the class field theory to the elliptic curves

In this section, we use orders and class field theory to study the structure of an elliptic
curve £ having complex multiplication. In particular, we can learn more about the
j-invariant of the elliptic curve.

Let Ok be the ring of integers of the imaginary quadratic field K. For A €
Pic(Ok), consider the elliptic curve C/A and denote the j-invariant of C/A by

J(A).
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Theorem 2.20. (Weber, Fueter) Let { A} € Pic(Ok).

(a) j(A) is an algebraic integer.

(b) The field K (j(A\)) is the maximal unramified abelian extension, i.e., K(j(\)) is
the Hilbert class field K, of K.

(© [K(G(A) - K] =[Q(5(A)) - Q.
Proof. See[14,C.11, Th. 11.2] O

Suppose that £//Q is an elliptic curve with complex multiplication.

Suppose that End(FE) is the full ring of integers O in the imaginary quadratic
field K = End(E) ® Q. Since j(E) € Q, it follows by (c) that [K (j(A)) : K] =1,
and then K; = K.

Now, let we suppose that End(FE) is not the full ring of integers Oy, but an
arbitrary order in K. Then exists an integer n such that End(E) is of the form
O,, = Z + nOk, the order of conductor n. We obtain [K (j(F)) : K] = |Pic(O,)|.

With notation in previous sections, we have the following theorem.

Theorem 2.21. [14, C.11, Ex. 11.3.2] If E is an elliptic curve with End(E) = O,
where O,, is the order of conductor n in a quadratic field K, then K,, = K(j(F)),
where K, is the ring class field of K of order n.
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3 Duality Theorems

3.1 Duality of local class field theory

Let K, be a local field, with ring of integers O, and finite residue field F), of char-
acteristic [. Let F be an elliptic curve over K, with good reduction over O,. If
p # L be aprime, then E, = Z/pZ X o, Z/pZ is a finite étale group scheme of rank
p? over O,. The Kummer sequence 0 — E, — E % E — 0 induces an exact

sequence
0 — E(K))/pE(K)) — H'(O\, E,) — H'(O,,E), — 0,
and since H'(O,, E) = 0 we have the isomorphism
E(K))/pE(K),) = H'(Oy, E,).

Since E'(K)), the kernel of reduction, is [-divisible, the group E(K))/pE(K)) is
isomorphic to F(Ky)/pE(F)), so it has dimension < 2 over Z/pZ, and the dimen-
sion is = 2 if all the p-torsions on F are rational over K.
Define
{, ) Ep x By —

to be the Weil pairing of finite group schemes over K, where p, is the group of
p'"-roots of unity. By [14, Ch. III, Prop. 8.1], this pairing is bilinear, alternat-
ing, nondegenerate, and Galois invariant. The Weil pairing induces a cup-product

pairing in Galois cohomology:
(*) Hl(K)\>Ep) X Hl(K)\aEp) —>H2(K)\a:up)’

see [15].
Let L be a finite unramified extension of K, and let G = Gal(L/K). Define U,
to be the group of units of L. As H*(G,U;) = H3*(G,UL) = 0, the cohomology

ordy,

sequence of the short exact sequence 0 — U, — L* —= Z — 0 gives an
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) H?*(G,Z). From the fact that H" (G, Q) are

isomorphism H?(G, L*) m

torsion for all » > 0 and by the exact sequence 0 - Z — Q — Q/Z — 0, we have
the isomorphism H'(G,Q/Z) % H?(H,Z). Recall also that, by §1.3.1, we have
HYG,Q/Z) = Hom(G,Q/Z), and G has a canonical topological generator, the

Frobenius element o = F'robr,/x. The composite of
H(L/K) % HX(G,Z) <~ H'(G,Q/Z = Hom(G,Q/Z) — Q/Z
is called the Invariant map
invy i H*(L/K) — Q/Z.

If we consider a tower of field extensions X C L C E, with both £ and L unrami-

fied over K, then the diagram

H(L/K) 407

o |

i

HX(B/K) 5"Q/z

commutes, because all the maps in the definition of inv are compatible with In f,

and as a consequence of this discussion get the following theorem.

Theorem 3.1. There exists a unique isomorphism
invg : H*(K"/K) — Q/Z

with the property that, for every L C K"" of finite degree n, invk induces the
isomorphism

invL/K : H2(L/K) — Z/TLZ

The invariant map of local class field theory gives a canonical isomorphism
H?*(K, u,) = Br(K)) = Z/pZ, where we write Br(K)) for the Brauer group of

K, and Tate’s local duality theorem states that the resulting pairing of Z /pZ-vector
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spaces

()r: H(K\, E,) x H((K\, E,) — Z/pZ

is alternating and non-degenerate, by [10, Ch. 1, Coroll. 2.3]. The Kummer se-

quence gives a short exact sequence in Galois cohomology:
0— E(K)\)/pE(K)\) — HI(K)\, Ep) — HI(K,\, E)p — 0,

and by the cup-product (x), the subspace E(K))/pE(K)) = H'(O,, E,) is isotropic
for the pairing (, ), since H*(Oy, p1,,) = 0.

Proposition 3.2. The pairing (, ) induces a non-degenerate pairing of 7./ pZ-vector

spaces (of dimension < 2)
()x: B(K))/pE(K)) x H'(K\, E,) — Z/pZ.

Proof. 1t suffices to check that the subspace H'(O,, E,,) is maximal isotropic, or
equivalently, that dim H'(K), E,) = dim E(K)),. This is a general fact, due to
[10, Ch. I, Thm. 2.6]. For more details, see [7, Prop. 7.5]. [

3.2 Duality of global class field theory

We want to analyze the relation between local and global Artin maps. For each
prime v of K, let K, denote the completion of K at v. Let L/K be a finite abelian

Galois extension and L,, with w lying over v, and define
G’ = Gal(L,/K,) = G(k(w)/k(v)),

where k(w) and k(v) are the residue fields respectively of L and K.

By Artin Reciprocity theorem stated in Chapter 2, there is an Artin map

wL/K 2IK — GCLZ(L/K),
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and for each prime v of K we have

K* = The 2% Gal(LJK)

where i, 1s the map that sends an x € K™ onto an element of Zx whose v-component

is z and other components are 1. Define v, = 91 /x © i, and so we have
Yy K — Gal(L/K).

This map is called the local Artin map.

If z = (x,), € Zk, then with the previous notation we obtain

¢L/K H ¢U xv

This fact indicates that, through the study of ideles, the knowledge of all the local
Artin maps 1, is equivalent to the knowledge of the global Artin map v /x. For a
proof of these statements, see [16].

Studying the cohomology of id¢les, we have the following proposition:

Proposition 3.3. /16, Prop. 7.3]
(a) Ix = LY, the group of idéles of L left fixed by all elements of G.
(b) H"(G,Ir) = [1, H(G,, L}), where || denotes the direct sum.

Corollary 3.4. (@) H'(G,Z;) = 0.
(b) H*(G, 1) =11, (Z/n,Z), where n,, = [L,, : K,).

We write H*(L/K) for H*(Gal(L/K), L*). The cohomology group H?(L,,/K,)
is cyclic of order n, = [L,, : K,], and then

2@, Ig) = ]_[H2 (Lw/K) =[] 2/n.2Z.

With these statements, comparing with results from the last section, by the definition

of Tate’s local Tate duality (, ), : H'(K,, E,) x H'(K,, E,) — H*(K,, j1,), we
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can define the Tate’s global duality

(,)= Z< ;o HY(K, Ey) x H(K, E,) — H*(K, E,),

v

where, for every s,t € H' (K, E,), we have

(s,t) = Z(resv(s), res,(t)),

v

with res, : H'(K, E,) - H'(K,, E,).

Thus, we obtain the following commutative diagram.

HY(K,E,) x H'(K, E,) : » H*(K, E,)

Ju I

[1HY(K,, E,) x [T H'(Kv, E,) —= 1], H*(K,, E,)

For each prime v of K, let K, denote the completion of K at v. Let L/K be
a finite abelian Galois extension, with [L : K] = n. We have n = ) n,, where

n, = [Ly : K,] for every w in L lying over v. Let we define
inv, = invr, x, : H*(Lw/K,) = Z/n,Z,
and then we obtain:

UL K = H 1NV,

(see[16, §11]).

By class field theory, we obtain the following result on the invariant map.

Theorem 3.5. If o € Br(K), then

E v, = 0
v

Proof. See [16, Th. B]. O
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4 Euler System of Heegner Points

4.1 Heegner points of the conductor n

We continue the discussion started in 1.2 on Heegner points, and define Heegner
points of conductor n.

Let n > 1 be an integer prime to NV, let K = Q(v/—D) be an imaginary quadratic
field with discriminant — D satisfying the Heegner hypothesis, i.e., D is prime to
N and all prime ideals [ that divide /V are split in K. By Proposition 1.15, we can
define an ideal N of O such that Ox /N = Z/NZ.

Every order O,, of Ok is of the form O,, = Z + nOk, where n = [O,, : O]
is the conductor of O,, (see §2.1). Then, by Proposition 2.8, we can define the
ideal N, = N N O, and, for each n relatively prime to D and to N, we obtain
O, /N, = Ok /N = Z/NZ. Consequently, the elliptic curve C/O,,, with its cyclic
N isogeny to C/N !, defines a point in X, (N).

Definition 4.1. The Heegner point z,, = (O,,, N,,, {a}) described in §1.2 is defined

to be a Heegner point of conductor n if O, is an order of O of conductor n.

Note that Gal( K,/ K) acts on Div(Xo(N)(K,,)), and remember that from class
field theory (§2.2) we have the isomorphism of groups

Pic(0,) & Gal(K,/K), {a} — s,

where o, is defined to be the Artin symbol of a.

We now see how Gal(K,,/K) acts on Heegner points. Let b an ideal of O,, not
dividing n and oy, the Artin symbol of {a} in G,. If we define the Heegner point
T, = (O, Ny, {a}), with a an ideal of O,, and N such that aN ! /a =2 Z / NZ, then
we have the formula o (z,,) = (O, Ny, {a})? = (Op, N,,, {ab™1}) (see [5, §0.4].

Proposition 4.2. The Heegner point x,, € Xo(N) of conductor n lies in Xo(N)(K,,),
where K, is the ring class field of O,,.

Proof. By Theorem 2.21, C/O,, is defined over K, and so by the moduli interpre-
tation, x,, € Xo(N)(K,). O
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From §2.2, we know that Gal(K,,/K) = Pic(O,,) and Gal(K,/K) = Pic(Ok),
now we want to define Gal(K,,/K;) = Pic(O,)/Pic(Ok). Let Ik be the group
of fractional ideals of O, Pk be the subgroup generated by principal ideals of Ik,
Ix(n) C Ik be the subgroup generated by Ok-ideals prime to n and Pk z(n) be
the subgroup Ik (n) generated by principal ideals of the form aOy, where o € O
satisfies @« = a (mod nOk) for an integer a relatively prime to n. Then we get an

exact sequence

Nl lw

Pic(O0,) —— Pic(Ok)

and then Pic(0,)/Pic(Ok) = (Ix(n) N Px)/Pkz(n). We also know (see [3,
Chapter 2, §7.27]) that there is an exact sequence

1— (Z/TLZ)* — (OK/TLOK)* — (IK(n) N PK)/PK,Z(TL) — 1,

and then we obtain Gal(K,,/ K1) = (Ox/nOk)*/(Z/nZ)*. Finally, we define 7 to

be the complex conjugation and we have the field diagram with Galois groups:

Kn
\(oK/noK>*/<Z/nZ>*
Ky
\PZC(OK)
K
\<1,r>

Q

Note that 7 € Gal(K/Q) lifts to an involution of K, and acts on Gal(K,,/K) by
707! = 07! Then Gal(K,,/K) = Pic(O,) is a normal subgroup in Gal(K,,/Q),
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and since Gal(K /Q) = (1, 1) is of order 2, we find that Gal(K,,/Q) is the dihedral
group Gal(K,/Q) = Pic(O,,) x (1,1)
Now, let Div(Xo(N)(K,,)) be the group of divisors that are stable under the ac-

tion of Gal(K /K,,). For g a prime not dividing N, define a Hecke correspondence:
T, : Div(Xo(N)(K,)) = Div(Xo(N)(K,))

T,((¢p:E—=E)— Y  (E/C—FE/$C))

CCE[q},|Cl=¢

Let g be a prime not dividing n/N D. Define a trace map:

Try: Xo(N)(Kny) = Div(Xo(N)(K,), z— > a2
c€Gal(Knq/Kn)

Then we have the following

Theorem 4.3. We have Try(x,,) = T,(x,), it is an equality of divisors of degree
[+ 1on Xo(N) over K,,.

Proof. See [5, §6] [

We introduced Heegner points on modular curves, now we want to define Heeg-
ner points on elliptic curves. Let £ be an elliptic curve of conductor N over Q. We
know, by the Theorem 1.12 in §1.2, that every modular curve F over QQ is modular,
and this means that if F'/Q has conductor [V, there exists a parameterization, i.e., a
surjective morphism ¢ : Xo(N) — E defined over Q, which maps the cusp co of
Xo(N) to the origin O of E.

Definition 4.4. Let E be an elliptic curve over (Q with conductor NV and let K be
an imaginary quadratic field satisfying the Heegner hypothesis. Fix a modular pa-
rameterization ¢ : Xo(N) — E. Then the Heegner point of conductor n on the

elliptic curve F is defined to be

Yn = Qb(xn)

Proposition 4.5. The point y,, € E(C) lies in E(K,)
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Proof. We know that z, lies in X((V)(K,), and since ¢ is a morphism of algebraic

curves defined over Q, we conclude that y,, lies in E(K,). O

We will only consider y,, for n a square-free integer. Then we can define the

trace map on Heegner points on £

Tr,: B(K,,) = BE(K,), z— > ar)
o€Gal(Knp/Kn)

and the basic Heegner point:

yx =Triyxp) = ) o) € B(K)
s€Gal(K1/K)

From now on, fix an odd prime p such that Gal(Q(E,)/Q) = GL4(Z/pZ), and
assume p does not divide y, i.e., does not exist () € F(K) such that y, = pQ. By
Chapter 1, £, = Z/pZ x Z]pZ, Aut(E,) = GLy(Z/pZ) and we have obtained a
representation p, : Gz, — Aut(E,). In all that follows, assume that £ does not

have complex multiplication over C.

Theorem 4.6. (Serre) Suppose that the elliptic curve E has no complex multiplica-
tion over K. Then, for almost all prime numbers g, the homomorphism

pq  Aut(K/K) — Aut(E,) is surjective.

Theorem 4.7. (Mazur) Let E/Q be a semistable elliptic curve and N be a prime
number. Then, with notation in the previous theorem, the image of py is GLo(Z/NZ)
ifN > 11,

By previous two theorems, we see that the extension Q(E,) generated by the p-
division points of £ has Galois group isomorphic to G Ly(Z/pZ). According to how
we have defined the objects we are studying, we insist that every prime factor [ of n
does not divide NV - D - p for all except a finite number of primes, and for all primes
p > 1. Hence, the prime [ is unrami fied in the extension K (E,) = Q(v/—D)(E,),
and we define F'rob(l) to be the conjugacy class in Gal(K (E,)/Q) containing the

Frobenius substitutions of the prime factors of [ in K (E),).
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Let F'rob(co) be the conjugacy class of the complex conjugation 7. We now

state the Cebotarév density theorem.

Theorem 4.8. (Cebotarév density theorem) Let L be a Galois extension of K, and

let (o) be the conjugacy class of an element o € Gal(L/K). Then the set
S ={p € P :pinunramifiedin L and ((L/K)/p) = (o)}

has Dirichlet density

o I (5]
S) = /B " LK

Proof. See 3, Ch. 8, Thm. 8.17]. ]

We consider K, an abelian extension of K, and let n be a modulus divisible
by all primes ramify in K,,. Then, given any element o € Gal(K,,/K), the set of
primes p not dividing n such that ((K,,/K)/p) = o has density m, and hence is
infinite.

By Cebotarév density theorem it follows that there are infinite primes ! such
that F'rob(l) = Frob(co), then consider an [ satisfying this condition. A simple
implication of the equality F'rob(l) = Frob(co) is that 7 = Frob(oo) = Frob(l)
in Gal(K/Q). Comparing the characteristic polynomial of F'rob(l) acting on E,,,
which is 22 — a;x + [, with the characteristic polynomial of 7, that is 22 — 1, we

obtain:

a; =1+ 1= 0(mod p),

where [ 4+ 1 — @ is the number of points on the reduction F in the finite field
F, = Z/IZ, and by hypothesis [ is prime to p.

Consider A be a prime factor of [ lying over K. The fact that F'rob(l) = 7 in
Gal(K /Q) implies that the prime (1) remains inert in /&, and then A is unique. Let F),
be the residue field of K at A\, which has /2 elements by previous observation. Since
Frob(co) = Frob(l) as conjugacy classes in Gal(K(E,)/Q), the prime A\ € K
splits completely in the extension K (E,) = Q(v/—D)(E,), since [ is prime with

N - p- D. Consider also that, if & denote the eigenspaces for the automorphism
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group (1,7), we find that E(F))* has order [ + 1 — a; and that £(F))~ has order
I4+14a;. Since both orders of E(Fy)* and of E(F))~ are congruent with 0 (mod p),
we have E(FA)ff >~ 7./pZ, and hence E(F)), = (Z/pZ)?, using the fact that \ splits
completely in K (E,).

Our goal is to use Heegner points to study the Selmer group and the Safarevié-
Tate group.
Define G,, = Gal(K,,/K) and G,, = Gal(K,,/K;). The exact sequence

0 > B, »yE L5 FE

~
)

gives a commutative diagram:

() 0

~

HY(K,/K,E,)

Inf

~

0 —— BE(K)/pE(K) —>— H'(K,E,) — H'(K,E), —> 0

l NlRes Res

0 — (E(K,)/pE(K,))9" 25 HY(K,, E,)% — H'(K,,E)i" — 0

As we have seen,
0= E(K)/pE(K) % H'\(K, E,) » H'(K,E), — 0,

0= (E(K,)/pE(K,)T 25 H'(Ky, )% — H' (K, B)g" — 0,

0 — H'(K,/K, E,) =5 H'(K,, B)9 22 H\(K,, )%

are exact sequences. To prove that H'(K, E},) fes g Y(K,, E,)9 is an isomor-

phism, we state the following lemma.
Lemma 4.9. The elliptic curve E has no p-torsion rational over K,,.
Proof. 1f E has p-torsion rational over K, then either E,(K,,) = Z/pZ or
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E,(K,) = (Z/pZ)*. If E,(K,) = Z/pZ, then E, has a cyclic subgroup scheme
over Q, as K, is Galois over Q. Hence, the Galois group of Q(£,) is contained in a
Borel subgroup of GLy(Z/pZ). If E,(K,,) = (Z/pZ)?, then Q(E,,) is a subfield of
K,, and we have a surjective homomorphism G,, — G Ly(Z/pZ). This is impossible
because G = Pic(O,,) x (1,7), but for p > 2 GLy(Z/pZ) is a is not a quotient of a
group of dihedral type. [

The kernel of H'(K, E,) 22 HY(K,, E,)% is H'(K,/K, E,(K,)) via in-

flation. In addition, using the result of the Hochschild-Serre spectral sequence, the
cokernel of Res is injected into H?*(K,,/K, E,(K,) = 0 by transgression (see [8,
Theorem 2]). By lemma 4.9, ker(Res) = coker(Res) = 0, and then we have that
HY(K,E,) %2 HY(K,, E,)% is an isomorphism.

Looking at (%), it is clear why we would find an element in E(K,,)/pE(K,)
fixed by G,,. First, we study the action of G,, = Gal(K,/K), and by diagram
(¥) we have G,, = (O /nOk)*/(Z/nZ)*. We consider only n square-free, so let
n = [[li. Letn = - m, with ([, m) = 1, and consider K,,, and K the ring class
fields of conductor respectively [ and m. Define G; = Gal(K,,/K,,) the subgroup
of G, fixing K,,,. We have the diagram

K,
\Gl
Ok /lmOk)* K,
Gy = (Z?lmZ)*)
\(OK/mOK)*/(Z/mZ)*

Ky

~ (O /lmO)* |(T/ImZ)* . .
and then G; & ((oi//mog*%z;mz)l = (O /IOk)* (Z/I1Z)".

Since for every integer [;, [; dividing n we have K;, N K;; = K1, G;, NGy, = 1

and K,, = [[, K},, as all factors of n are pairwise , we get

G, =[] G
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Furthermore, since A = ({) is the unique prime factor of [ in K and is inert in K,
(Ok /1OK)* = FY, and then the subgroups G, = F\/(Z/IZ)* = Fy/F} are cyclic
of order [ + 1. Let 0; be a generator of (5;, then the augmentation ideal of the group
ring Z|G] is principal and generated by (o; —1). Letnow Ty =}, 0; be the trace
in Z[G,] and, following the work of Rubin in [11], we define

l
D, = ZZO‘; S Z[Gl]

i=1

The element D; is constructed to satisfy the identity
(% * ) (op—1)-Dy=14+1-Tn
in Z[G)]. Then D; is well defined up to the addition of elements in the subgroup

Z - T'ry, and finally, we can define D,, = [[ D, € Z[G].

Proposition 4.10. The point D,y,, € E(K,,) givesaclass{D,y,} € E(K,)/pE(K,),
which is fixed by G,.

Proof. 1t suffices to show that { Dy, } is fixed by oy, for all [|n, as these elements
give 0, a generator of GG,,. Hence, we must prove that (o, — 1) D,,y,, lies in pE(K,,).

Write n = [ - m. By the definition of D;, we have
(0’[ — 1)Dn = (O’l — 1)D5Dm = (l +1-— TTZ)Dm
in Z|G,,]. Hence
(Ul - 1)Dnyn = (l +1- TTI)Dmyn ==
= (l + 1)Dmyn - TTleyn = (l + 1)Dmyn - Dm(Tlen)

. Since [+1 = 0(mod p), it suffices to prove that Ty, lies in pE(K,). This follows

from part (i) of the next proposition and from the congruence a; = 0(mod p). [

Proposition 4.11. Letn =1 -m, leta, = p + 1 — #E(F,).

(l) TT!(iUlm) = QYm In E(Km)
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(i) Each prime factor )\, of | in K,, divides a unique prime A, of K,,, and we have
the congruence y,, = Frob(\y,)(Ym) (mod \y,)

Proof.

(i) This follows from the corresponding facts about the points x,,, x,,, on X, (V) over
K,. Let ¢ be a modular parameterization ¢ : Xo(N) — E and let 7T; denotes
the Hecke correspondence defined above, which is self-dual of bidegree [ 4+ 1. By
Theorem (4.4) we have T (x,,) = T,(x,), and by Eichler-Shimura theory we
obtain ¢ o T; = a;¢. Then,

Tri(yim) = Tri(¢(xim) = ¢(Tri(xim)) = ¢(Ti(wm)) = a(d(@m)) = @ym.

(if) The prime A = (I) in K is principal and is generated by an integer [ prime to
m, and then, by class field theory, A splits completely in K,/ K. The factors \,, of
A in K,, are totally ramified in K,,: \,, = (\,)!". In particular, the residue field
F), has [? elements and is canonically isomorphic to F. We have the congruence:
zn, = Frob(A\y)(z,) on Xo(N) over F),. Indeed, by definition, the points in the
divisor 7j(z,,) are the conjugates of x,, over K,,, and these are all congruent to
x, (mod \,,) since A, is totally ramified in K,/ K,,. Using the Eichler-Shimura
congruence relation 7, = Fr; + Frl (mod 1), we see that at least one point in
the divisor T}z, is congruent to F'rob(\,,)(z,,) (mod \,). Hence all points in the
divisors are congruent to F'rob(\,,)(x,,). This also follows from the fact that the

residue field F has [2 elements, and then a! = at. O

Since the collection of points y,, satisfy these properties, they form an Euler
system, that we call the Fuler system of Heegner points, in the language of
Kolyvagin,. We will use elements of this system to construct Kolyvagin’s coho-
mology classes c(n) in H' (K, E,), which will be useful to study the Selmer group
and, consequently, the Safarevi¢-Tate group.

Now we return to find an element in E(K,,)/pE(K,) fixed by G,. Observe that
since Triy, = aym € pK,, C pK,, the class {D,y,} € E(K,)/pE(K,) is in-

dependent on the choice of solutions D; of (x x *), but depends on the choice of
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generators o; for G, for I|n up to scaling by (Z/pZ)* (p is coprime with ).

The group G, sits in the exact sequence
0—G,—G,— Gal(K;/K) =0
. Let S be a set of coset representatives for GG, in G,,, and define

P, = ZU(Dnyn> € E(Kn)
c€eS
and, by Proposition 4.9, the class { P, } in E(K,)/pE(K,) is fixed by G,,, is inde-
pendent on the choice of S and depends on the choice of generators o; of G, for [|n,

only up to scaling by (Z/pZ)*.

4.2 Kolyvagin’s cohomology classes

In this section we define Kolyvagin’s cohomology classes that, as claimed before,
are useful to study Sel(E£/K), and LI(E/K),.
Define ¢(n) to be the unique class in H!(K, E,) such that:

Res c¢(n) = 6,{P,}

using notation in (**), recalling that 6,, : (E(K,)/pE(K,))% — HY(K,, E,)%
and Res : H'(K, E,) = H'(K,, E,)9". We also want to associate to each c¢(n) in
H'(K, E,)anelementin H'(K, F),, so define d(n) the image of ¢(n) in H(K, E),,.
By the commutativity of (**) and the exactness of the bottom row follows that
Res d(n) = 0, and then there is a unique class d(n) in H'(K,,/K) = H'(G,, E(K,)),
such that:

Inf d(n) = d(n)
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in H'(K, E),. Summing up, we are working with the following diagram:

0 — E(K)/pE(K) —— HY(K,E,) —— H'(K,E), — 0
c(n) > d(n)
l NlRes lRes
0 — (E(K,)/pE(K,))% s H'(K,, E,)% —— H'(K,, E)J" — 0
{P,} —— 6,{P.} = Resc(n) ——— 0

In McCallum work [9], we can also find the 1-cocycles that represent ¢(n) and

d(n).

Lemma 4.12. (a) The class c(n) is represented by the cocycle:

1 1 1P,
0—>0(—Pn> ——Pn—u
p p p
on Gal(K | K), where @ is the unique p-division point of (0 — 1) P, in E(K,,)
and %Pn is a fixed p-rooth of P, in E(K).
(b) The class d(n) is represented by the cocycle

(U_ 1)Pn
p

o —

Proof. (a) The existence and the uniqueness of the p-division point follows from the
fact that P, € (F(K,,)/pE(K,))" and from Lemma 4.9. The uniqueness implies

that (=1
p

is a cocycle, and then the expression in the statement is a cocyle. The
cocycle clearly takes values in £, and the first term disappears if we restrict to K,
hence it satisfies the condition of ¢(n).

(b) Regarded as a cocycle with values in E, we see that 0 — o <%Pn> — %Pn

is a coboundary, and then we obtain the statement. [

Proposition 4.13. (1) The class c(n) is trivial in H' (K, E,) if and only if P, is in
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pE(K,).
(2) the class d(n) € H' (K, E) and the class d(n) € H'(K,/K) are trivial if
and only if P, € pE(K,,) + E(K).

Proof. These statements follow from the definitions and from the diagram (**). [

Remark 4.14. The class ¢(1) is trivial if and only if the basic Heegner point P; = y
is divisible by p in E(K), and the classes d(1) and d(1) are always globally trivial.

We now observe the action of Gal(K /Q) = (1,7) on ¢(n). Since p is odd, we

have a direct sum decomposition into eigenspaces for 7:
Hl(Kv Ep) = Hl(Ka Ep)+ S HI(K7 Ep)_

We will see that the class ¢(n) lies in one of these eigenspaces, whose sign depends
both on E and the number of primes dividing n. In the previous section, we have
seen that 7 lifts to an involution of K, and acts on Gal(K,,/K) by Tor™! = 071,
and hence 7 acts on the point y,, € E(K,).

Define canonical involution (or Fricke involution) wy : Xo(N) — Xo(N)
as the operator that takes the pointx = (F LNy o ) to the point wy (z) = (E' ki E),
where ¢’ is the dual isogeny (see [14, §111.6]). The action of wy on Xo(N) is induced

by the Fricke involution on H*:

1

wy(z) = N

If a lattice A C C has oriented basis (w;, ws), the action of canonical involution wy
sends a lattice A C C with oriented basis (w;ws) to the involuted lattice wy (A) with
oriented basis (—%wg, wy ), and interchanges the cusps oo and 0.

Let ¢ = 41 be the eigenvalue of the Fricke involution wy on the eigenform

f =>" a,q" associated to the modular curve E:

flo, =¢-f

Note 4.15. In the next two propositions and in Chapter 5, we will study the con-
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nection between the eigenvalue of the Fricke involution wy, the eigenvalue of the
complex conjugation 7 and the sign of the functional equation of the L-series of £/

over Q (see §5.2.1).
Proposition 4.16. We have y], = € - yJ + (torsion) € E(K,), for some o € G,,.

Proof. Let x, = (O,, Ny, {a}) = é(yn). By [5, §4, §5], we have the identities
v, = (O, N7 {a"} = {a}7), wn((On, N {a}) = (On, N, {aN7'}). By
proposition 4.2, we also know that z,, is rational over K, which is an abelian ex-
tension of K with Galois group G,, = Pic(O,,). Then, if we consider b an ideal
of O, not dividing n and o}, the Artin symbol of {b} in G,, we have the formula
(O, Ny, {a})7 = (O, Ny, {ab™1}). Then wy(z%) = (Op, NI, {aN1b71}),
and if we define b* as the ideal such that {aN 167!} = {a} ' and 0 = 0« € G,
we obtain the identity 27 = wy(x7). We also use the result in [6, p.228], which
says that the class of the divisor ¢ = (x,,) — (c0) defines an element in the Jacobian

J(K7). Hence

T

(x, —00)" = wy(x, —00)7 + (w,00 — 0).

Since wyoo = 0 is the cusp of X (/V), and the class of (0 — co) is torsion in the

Jacobian, this gives the claim on the curve F. [

Proposition 4.17. Define ¢, = ¢ - (—1)/», where f,, ={1 : l|n}.

(1) The class { P} lies in the e,-eigenspace for T in (E(K,,)/pE(K,))%"

(2) The class c(n) lies in the e,-eigenspace for T in H'(K, E,), and the class d(n)
lies in the e,-eigenspace for T in H (K, E),.

Observe that, since d(n) € H'(K, E)S*, we may refine Proposition 4.13 with

€n
p

the following corollary:

Corollary 4.18. The class d(n) is trivial in H'(E, K)s if and only if P, is in
pE(K,) + E(K,)™

Proof. Recall that we defined P, = > o 0(Dyy,) € E(K,), for S a set of coset

representatives for (G, in G,,. Remember also that 7 acts on G,, by ro7~! = o7},
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hence 7P, = Y g0 ' TDyy,.

We defined D,, = [],,, D1 € Z[G,], where we defined D, € Z[G] to be the solution
of (o, —1)- D, =1+ 1—Tr;in Z|G,] and well-defined up to addition of elements
in the subgroup Z - T'r;. Applying 7 on the right and left of this identity, we find:
(o1 = 1)Dy7 = 7(0; — 1)D; = (0, — 1)7D; = —0; '(0; — 1)7D;. Hence

TDZ = —O'lDlT —|—mT7”l,

for some m € Z, as 7D; 4+ o, D, is annihilated by (o; — 1). T'riy,, = iy = 0in
pE(K,), then we have

TP, = (—1)/". Hal : Za‘l - Dy (ty,)  (mod pE(K,)).
lln ces
Remember that by the above proposition, y7 = € - o’(y,,) + (torsion) € E(K,) for
some o’ € G,,, and by Lemma 4.9, E(K,,), = 0, then y] = € - y7. Hence:

TP, =€, - Hal o Za‘l - Doy, (mod pE(K,)).
ln oeS
Note that ) __ o™t Dy, = Py, as {D,y,} is fixed by G,, and, since S is a set of
cosets representatives for G,, in G,,, sois {o~! : 0 € S}. Since { P, } is fixed by G,,,
we have 7P, = ¢, - P, (mod pE(K,), which proves (1). The statements in (2)

follow from (1) and from the fact that the maps in the diagram (**) commute with

the action of Gal(K /Q) = (1, 7). O

4.3 Localization of Kolyvagin’s classes

In this section, we study local properties of Kolyvagin’s classes in H'(K, E,) and
in H'(K, E),. This will allow us to decide if the class ¢(n) is in the Selmer group
Sel(E/K),, thatis, if the class d(n) is locally trivial in all places A of K. By Remark
4.14, d(1) and d(1) are always globally trivial, and then ¢(1) € Sel(E/K),.

Let X\ be the unique prime of K above the integer prime [, and let \,, represent

a prime of K,, above \. We denote the completion of K, at \,, by K . Suppose
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that n = [ - m. The prime ideal ) is principle, generated by the number / prime
to m, and hence splits completely in K, by the class field theory, and each prime
factor A\, of [ in K,, ramifies totally in K,,. In particular, there is an embedding
K,, = K, and from the fact that P,, € (E(K,,)/pE(K,,))9" the resulting image
of P, in E(K))/pE(K,) is independent on the choice of embedding.

Proposition 4.19. (1) The class d(n), is locally trivial in H' (K, E),, at the archime-
dean place v = oo and at all finite places v of K which do not divide n.

(2) If n = - m and \ is the unique prime of K dividing ), the class d(n), is locally
trivial in H (K, E),, if and only if P,, € pE(K,,) = pE(K)) for one (and hence
all) places )\, of K,, dividing \.

Proof- (1). If v = oo, then K, = C is algebrically closed, and then the Ga-
lois cohomology of E is trivial. If v { n, then the class d(n) in H'(K, /K, E),
satisfies d(n) = Inf d(n), and d(n) is unramified at v. Hence d(n), lies in the
subgroup H'(K""/K,, E), where K" is the maximal unramified extension of K.
This group is trivial when E has good reduction at v see [10, Chapter I, §3], so
d(n), =0forv{N.

If v|N the curve E has a bad reduction. In this case, we can consider E as a
group scheme over K, specifically, we use the Néron model [14, §C.15, p 446-
448). Let EY be the connected component of the Neron model and ® = E/E° be
the group of components. Then H'(K""/K,, E°) = 0, so H'(K""/K,, E°) = 0
injects into H'(K,, ®), see [10, Chapter I, Proposition 3.8], Ch I, Prop.3.8]. But
d(n), is represented by a cocycle with values in a subgroup £’ of E with [E' : E°]
prime to p. Indeed, if J be the Jacobian of Xy(/N), then for any place w dividing
v in K,,, the class of the Heegner divisor (z,) — (c0) in (K,),, lies in J, up to
translation by the rational torsion point (0) — (00), see [5, Ch. I, §3]]. Hence y,, is,
up to translation by rational torsion on F, in E°. Since F(Q), = 0 by assumption,
the points v,,, and consequently D, y,, and P,, lie in the subgroup E’, whose image
in ® has order prime to p. Since d(n), is represented by a cocycle with values in the
subgroup E’, we obtain d(n), = 0.

(2). Asnoted at the beginning of this section, the prime A € K splits completely
in K, and each factor \,,|\ in K, is totally ramified, of degree [ + 1, in K,. The
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localization d(n), is represented by the cocycle o — % on Gal(K,,/K),,) =
G, with values in E(K,,). Since n is prime with N, [ 1 N, and the curve F has
good reduction at \. Since E’ is a pro-l-group and [ # p, the cohomology group
H'(G,, E'(K,)), = 0. Hence d(n), is trivial if and only if it has trivial image in

HY(Gy, E(Ky,)), = Hom(G), E(Fy),), where E = E/E" is the reduced curve.

. (c—1)Pp

The image of d(n), is represented by the cocycle o — reduction of .

Since (G is cyclic, generated by o;, we see that the local class d(n), is trivial if and
only if: @, = (U’_p# has trivial reduction mod A,). Since o; acts trivially on
E(F\,) = E(F)), the reduction Q,, is contained in E(F}),.

Since we defined P, = > o 0Dny, = > g0 DDy, and we constructed
Dy such that (o, — 1) - D, =1+ 1 —Tr;, we have

[+1 a
Qn = Z UDm (T?/n - _lym)

by Proposition 4.11,(i). By part (ii) of the same proposition, we have the congruence:

[+1 [+ 1)Frob(\,) —
Lyn—ﬂymz (I + 1) Frob(Ay,) alym (mod \,)
p b p

at all places )\, dividing A in K,,. For any o € §,,, we conjugate this congruence

(mod o='\,) by o to obtain:

(l +1 a ) _ ((l + 1)Frob(c™'\,) — a
O\ —Yn— Eym =0 »

P ) Ym (mod \p)

but we also see that o - Frob(c='\,,,) = Frob(\,,) - o, so we obtain:

[+1 I+ 1)Frob(\,) —
o (Lyn — @ym> = (( + 1) Frob(An) al) Y (mod \y,)
p p p

and then:
[+ 1) Frob(\,) —
Qn5(+ JErob{An) “p., (mod \y,)
p

The reduction P,, lies in the ¢,,-eigenspace for Frob(l) on E(Fy)/pE(F)). Since
(I 4+ 1)Frob(l) — a; annihilate F(F)), and since the ,,-eigenspace of p-torsion is
cyclic, then Q,, = 0 if and only if P,, € pE(F)). As E' is p-divisible, this is
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equivalent to the divisibility P,, € pE(K,,). N

Remark 4.20. Let us now consider n = [ prime. By Corollary 4.18, we know that
the class d(/) is globally trivial if and only if P, € pE(K)) + E(K). Now we can
state that d([) is locally trivial at all places v # [ of K, and is locally trivial at \ if
and only if P, = yx € pE(K,).

To conclude this study on localization of Kolyvagin’s cohomology classes ¢(n),
we now apply the Tate pairing described in Chapter 3 in this specific local situation.
As before, we consider K an imaginary quadratic extension of Q, A = (I) an in-
ert prime in K and K the completion of K at A\. Assume also that p is odd and
[ satisfies congruences [ + 1 = a; = 0 (mod p). The elliptic curve E is defined
over Q, so Gal(K/Q) = Gal(K,/Q;) = (1, 7) acts on the Z/pZ-vector spaces
E(K,)/pE(K,) and H' (K, E),.

Proposition 4.21. (1) The eigenspaces (E(K,)/pE(K)))* and H' (K, E)= for
Gal(K\/Qy) each have dimension 1 over Z/pZ.
(2) The Tate pairing (, ) induces a non-degenerate pairing of ./ pZ-vector spaces

() (B(KN/pE(KN))* x H'(Kx, E), — Z/pZ

In particular, if dy # 0, lies in H' (K, E); and s\ € (E(K,)/pE(K)))* satisfies
(sx,dy) =0, then sy =0 (mod pE(K)).

Proof. (1) We have isomorphisms of Gal( K, Q;)-modules:
E(K))/pE(K)) = BE(K))p, H'(Kx, E), = Hom(uy(Ky), E(K)),)

. Since I + 1 =0 (mod p), p1,(Ky) = p,(K,)~. Hence
E(K)), = (E(K))/pE(K))), = H'(K\, E)}

, and all eigenspaces have dimension 1.
(2) It suffices to check that the +-eigenspaces for 7 are orthogonal under (, ). But

the Tate pairing satisfies (c],c}) = (¢, ¢a), because 7, which we defined to be
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the complex conjugation in Gal(Q(v/—D/Q) with D prime to p, acts trivially on
H?*(K,, u,) = Z/pZ. Since p is odd, the result follows. O
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5 Kolyvagin’s work on Modular Elliptic Curves

5.1 Description of Sel(E/K),

In this section, we want to give a concrete description of the Sel(E/K),.
First, we apply Proposition 4.21 to the specific subgroup Sel(E/K), of H'(K, E),,
where we use the full power of global class field theory studied in Chapter 2.

Proposition 5.1. Assume that the class d € H'(K, E)3 is locally trivial for all
places v # X of K, but that dy, # 0in H' (K}, E);[ Then, for any class s in the sub-
group Sel(E/K)* C H'(K, E)F, we have s\ = Resg, (s) = 0in H'(K), E,)*.

Proof. We remark that Sel(E/K), = ker (H'(K,E), = [, , H (K., E),). By
this definition, the restriction sy lies in (E(K))/pE(K)))*. Then it suffices, by
Proposition 4.21, to show that (sy,d,) = 0. To do this, following diagram (**),
we lift d € HY(K,E), to a class ¢ € H'(K, E,), which is well defined mod-
ulo the image 0(E(K)/pE(K)). The global pairing (s, ¢) g, induced by the cup-
product, lies in H*(K, u,) = Br(K), = @,,, Br(K,),, and by Corollary 3.4
it is completely determined by its local components (s,,c,) € Br(K,), for all
places v in K. But (s,,c,) = 0 forallv # A, asd, = 0in H(K,, E), by
assumption. By the reciprocity law of the global class field theory (see Theorem

3.5), the sum of local invariants of a global class is 0, and then we must have

(s,0)K = Zallv<8U7cv> = (sx,cx) = (er,dr) =0 L]

We now return to the study of cohomology classes d(n) € H'(K, E), con-
structed in Chapter 4, whose local properties are stated in Proposition 4.19, and we
consider only global classes satisfying Proposition 5.1. Following Kolyvagin’s idea,
this will allow us to bound the order of Sel(E/K),.

Recall that we are under the hypothesis that p is an odd prime and that the Galois
group of Q(£),) is isomorphic to GLy(Z/pZ) = Aut(E,). Let L = K(E,) We
consider K imaginary quadratic field of discriminant —D prime to /N - p, and then
K and Q(E,) are disjoint. Let L = K(E,). Hence G = Gal(L/K) is isomorphic
to GL4(Z/pZ), and contains the central group Z = (Z/pZ)* of homotheties of E,.
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Since Z has order |(Z/pZ)| = p — 1, which is prime to p, we have H'(Z, E,) = 0
for n > 1. Since p is odd, then Z # 1 and H°(Z, E,) = E = 0.

Proposition 5.2. We have H"(G, E,) = 0 for all n > 0. The restriction of classes

gives an isomorphism of Gal(K /Q)-modules:
Res: H\(K,E,) = HY(L, E,)Y = Homg(Gal(Q/L), E,(L))

Proof. We have seen H'(Z, E,) = 0 for n > 0. Furthermore, by the spectral
sequence H™(G/Z, H"(Z, E,) = H™*"(G, E,), follows the disappearance of the
cohomology of G in E, (see [12]). The kernel of Res is H*(G, E,) = 0 and the cok-
ernel injects into H?(G, E,) = 0 via transgression in the Hochschild-Serre spectral

sequence (see [8]), and then the restriction is an isomorphism. [

From this proposition, we obtain the pairing:
[,]: H'(K,E,) x Gal(Q/L) = E,(L)

which satisfies [s7, p°] = [s,p°] = [s,p]° forall s € HY(K, E,),p € Gal(Q/L)
and 0 € G = Gal(L/K). Note that, by injectivity of restriction, if [s, p] = 0 for all
p € Gal(Q/L), then s = 0.

We wish to exploit this pairing in case of specific subgroups of H'(K, E,). Con-
sider a finite subgroup S C H'(K;, E,) (i.e., finite-dimensional vector space over
Z./pZ). Let Galg(Q/ L) be the subgroup of Gal(Q/L) such that, if p € Gals(Q/L),
then [s, p] = 0 forall s € S. Let Lg be the fixed field of Gals(Q/L). Then Lg is a
finite normal extension of L.

We want to see how the previous pairing behaves with Sel(E/K), C H'(K;, E,).

Proposition 5.3. The induced pairing [,| : S x Gal(Ls/L) — E,(L) is non-
degenerate.

1t induces an isomorphism of G-modules:

Gal(Ls/L) = Hom(S, E,(L)

57



and an isomorphism of Gal( K, Q)-modules:
S = Homg(Gal(Ls/L), E,(L))

Proof. 1f there exists p € Gal(Lg; L) such that [s,p] = 0 for all s € S, then
p € Gals(Q/L), but by definition L, is the fixed field of Gals(Q/L), and the
fact that p € Gal(Lg/L) implies that p is the trivial element. Then the induced
pairing is non-degenerate. By the definition of Lg and the injectivity of restriction
HY(K,E,) = Homg(Gal(Q/L), E,(L)), pairing [,] : S x Gal(L,/L) — E,(L)
induces injections Gal(Lg/L) — Hom(S, E,) and S — Homg(Gal(Ls/L), E,).
If we define = dim(S), then these two injections show that Gal(Lg, L) is a G-
module of Hom(S, E,) = EJ. Since E,, is a simple G-module, £} is semi-simple.
Any submodule of a semi-simple module is semi-simple, hence we have an isomor-

phism of G-modules Gal(L,/L) = Ej, for s < r. Then
Homg(Gal(Ls/L, E,) = (Z/pZ)°,

but Homg(Gal(Lg/L, E, contains S and S = (Z/pZ)". Then s = r and the previ-

ous injections are both isomorphisms. ]

First, we apply Proposition 5.3 to the finite subgroup S = Sel(E/K), of
HY(K,E,).
In order to prove the main theorem, assume that yx € E(K), the basic Heegner
point, has infinite order in F(K'). By the Mordell-Weil theorem, the group E(K)
is finitely generated, and then the point yx is not infinitely divisible in £(K), that
is, there are only finitely many integers n such that yx = nP with P € E(K).
Consider p an odd prime that satisfies the conditions imposed so far and that does
not divide yx in E(K). Toyx € (E(K)/pE(K))® we associate the point %yK in
E(K);. Let dyx be the non-zero image of Sel(E/K);, then L (%y;{> = Ls,, -

Here is a field diagram.
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Gal(Ls/L) = Hom(Sel(E/K),, E,)

(1)
}}{ L= -;((Ep)
Gal(L/K) = Aut(E,)
@

Observe that the extension L;, of L = K (E,) has Galois group isomorphic to E,,.
For simplicity in notation, we let H = Gal(Lg/L) and I = Gal (LS/L(;yK) be the
subgroup of H which fixes the subfield L G)y;{) = Ls,,. . Let 7 be a fixed com-
plex conjugation in Gal(Lg/Q), and let H* and I* denote the +-eigenspace for 7,

acting by conjugation, on H and /.
Proposition 5.4. With previous notation, the following statements hold.:

1. Wehave H" = {(th)?> :he H}, IT ={(ri)*>:i € I} and
HY/IT 2 7Z/pZ.

2. Let s € Sel(E/K)F. Then the following are equivalent:

(@ [s,p] =0 VpeH

() [s,]=0 VpeH*

() [s.0)=0 VpeH" I

(d s=0
Proof. (1). Since pis odd, H* = H™™ = {h" - h : h € H}. But 7 act by
conjugation and h” = 7h7~! = Th7, so h"h = (7h)?. The same works for I*.
Finally, as can be seen from the diagram above, £, = H/I, and then we obtain
HY/I" = (H/I)" = Ef = Z/pL.
(2). Clearly, (d)=-(a), and from the fact that the induced pairing [, | in Proposition 5.3
is nondegenerate, (a)=-(d). Also, H* — It C H* C H, and then (a)=-(b)=(¢c). So,
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it suffices to prove (¢)=-(b)=-(a). Note thats : H™ — E,, is a group homomorphism
and L;, < Ls = I" C HT. Hence, the fact that s vanishes on /¥ — I implies
that s vanishes on the entire group H . From the second isomorphism in Proposition
5.3, 5 € Sel(E/K)3 induces a G-homomorphism H — E,, which maps

H* — Ef H™ — EF.If s vanisher on H*, the image s(H) is therefore contained
in EF, so we have seen in previous proof that s(H) is a G-submodule of the simple

module £, either s(H) = E, or s(H) = 0. O
Let now see local properties of Sel(K /K),.
Proposition 5.5. For s € Sel(E/K), C H'(K, E,) the following are equivalent:
(a) [s,p| = 0, where p is the Frobenius substitution associated to the factor A\, of
Xin H=Gal(Lg/L)
(b) [s, Frob(\)] =0
(c) sx=0in H'(K), E,)
Proof. For the previous observation on the properties of pairing [, ], we have that

(57, 0°] = [s,p°] = [s,p)7 forall s € H'(K,E,), p € Gal(Q/L),o € G. For every
p exists o € G such that p = F'rob(\)?, and then

0=1[s,p] = [s, Frob(A\)?] = [s, Frob(\)]°.

Hence (a)<(b).

To prove (a)<(c), we assume sy = P, in F(K))/pE(K,) — H' K\, E,).
Then %PA is rational over Lgy, where A=A s divides A in Lg, and we obtain
[s,p] = (%PAY_I in E(Lsy), & E(Ls),. Hence we have [s, p| = 0 if and only
if P, € pE(K)), and by Proposition 4.19 we have this if and only if s, is locally
trivial in H'(K, E,) O

Now we again exploit the notions derived from the study of £ as a modular
curve. Let € be the eigenform of the Fricke involution on the eigenform f as-
sociated to E, described in Section 4.2. By Proposition 4.16, we know that the
basic Heegner point y, = P; lies in the €¢; = e-eigenspace for complex conju-

gation 7 on E(K)/pE(K). By previous hypothesis, we also consider p such that
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dyk € Sel(E/K),, and then we see that dyy lies in Sel(E/K);,.
Sel(E/K); is not empty; we want to prove in following proposition that the same

is not true for the —e-eigenspace.
Proposition 5.6. Sel(E/K) =0

Proof. Assume s € Sel(E/K);¢ = 0. By Proposition 5.4, to prove s = 0 it is
enough to show [s, p] = 0 forall p € HT — I". By the same proposition, we also
know that if p € H+ — I'", then exists h € H such that p = (7h)?.

By Chebotarev’s density theorem, there exist infinitely many rational primes that are
unramified in the extension Lg/Q and that have a factor Ar, in Lg whose Frobe-
nius substitution is equal to 7h in Gal(Ls/Q). Let [ be one of them primes. Then,
by class field theory, (/) = A is inert in K and splits completely in L = K(E,).
By Proposition 5.5, [s,p] = 0 if and only if sy, = 0 in H'(K), E,). Note that
By, /F\ = Lg/K, and then the Frobenius substitution of F /F) is equal to
(Th)? = p.

Let c(l) € H'(K, E,) be the cohomological class constructed in the previous chap-
ter, and let d(I) be its image in H'(K, E),. We consider [ prime and then, by Propo-
sition 4.16, both classes lie in the ¢, = —e-eigenspace for 7. By Proposition 4.19,
d(l), # 0ifv # X and d(l), is trivial if and only if yx € pFE(K),). Note that
yr € pE(K)) is equivalent to saying that the prime A € K splits completely in the
extension L <%yK) = Lsy, . Since we defined F'rob(\) = pnotin [T = H* N 1,
this splitting does not occur, and then we we claim d(7), # 0.

Hence are verified hypothesis to apply Proposition 5.1, and we conclude that s, = 0

in H'(K, E,) "¢, and we obtain the statement. O

Proposition 5.7. Assume that yy is not divisible by p in E(K). Let | be a rational
prime which is unramified in Ls/Q and has a factor \r, whose Frobenius substi-
tution is equal to Th in Gal(Ls/Q), with h € H = Gal(Lg/L). Then X = () is
inert in K and splits completely in L = K (E,). The following are equivalent:

(1) c(l) =0in H'(K, E,)

2) ¢(l) € Sel(F/K), C H'(K, E,)

(3) P, is divisible by p in E(K))
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4) d(l) = 0 in H\(K, E),

(5) d()x = 0 in H' (K>, E),

(6) P, = yx is locally divisible by p in E(K))

(7) W™ lies in the subgroup I = I N H" of H.

Proof. (1)&(2): If ¢(l) € Sel(E/K),, then c(l) € Sel(E/K),“ = 0 by previous
proposition. Conversely, if ¢(/) = 0then ¢(l) € Sel(E/K), by definition of Selmer
group.

(1)<(3) because, by Proposition 4.19, ¢(I) = 0 if and only if P, € pE(K)).
(1)&(4): by exactness of sequence in theorem 1.28, Sel(E/K),© = 0 implies
E(K)/pE(K) =0, and ¢(I) = 0 is equivalent to d({) = 0.

(4)=(5) By Proposition 4.19, d(1), is locally trivial at every place except perhaps,
and by Proposition 5.6 follows that III(E/K), = 0, hence d(l) = 0 if and only if
d(l), = 0.

(5)<(6) by remark 4.20, d(1) is locally trivial at all places v # [ of K, and is locally
trivial at A if and only if P, = yx € pE(K)).

(6)=(7) yx € pE(K)) is equivalent to say that the prime A splits completely in the
extension L ( %y K) ,and then 7h € I, from which it follows that h'*7 € INH*. O

Proposition 5.8. Sel(FE/K)¢ = Z/pZ - Syx.

Proof. Lets € Sel(E/K);. Sel(E/K); can have at most dimension 1 over Z/pZ,
so I want to prove that s is a multiple of 0y . If we prove [s, p| = 0 forall p € I, then
s € Homg(H /I, E,). Indeed, since the induced pairing [, ] described in Proposition
5.3 is non-degenerate, the fact that [s, p] = 0 Vp € I implies that I is trivial, and

then
1
HZ= H/[ = Gal(LS/L)/Gal(LS/L(;yK) = L(;yK/L =1L (z_ij) /L

for the fundamental theorem of Galois theory. By Proposition 5.3, we have the
isomorphism S = Homg(H, E,(L)) = Homg(H /I, E,), and since G = Aut(E,)
and Gal(H/I) = E, , we obtain Homg(H /I, E,) = Z/pZ - Sy . By Proposition
5.4, to prove [s, p] = 0 for all p € I it suffices to prove [s,p] = 0 forall p € I,
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and by Proposition 5.4 follows that, if p € I*, then p = (74)? for some i € I.
Consider I’ to be a prime such that ¢(I’) is non-trivial in H'(K, E,). By Proposition
5.7,¢c(l") isnotin Sel(E/K),, so the extension L' = L of L = K(E),) has Galois
group isomorphic to £, and is disjoint from the extension Lg /L. By Proposition 5.7,
we can obtain [’ as a rational prime which is unramified in Lg/Q with a factor Az
whose Frobenius substitution is equal to 7h, taking i € H such that '+ ¢ I+, If
a prime ideal A = (1) € K splits completely in L, it splits completely also in L’ if
and only if Py € pE(K,\;) = pE(K)), for all factors A\, of A in K.

We want a prime [ such that ¢(l) € Sel(E/K),. Let [ be a prime whose Frobenius
substitution is conjugate to 7¢ € Gal(Lg/Q), with i € I = Gal(Lg/Lsy, ), and
such that 77 is conjugate to 7j € Gal(L'/Q), where j € Gal(L'/L) and satisfies
g1 # 1. These two conditions can be satisfied simultaneously because (1) = )
splits completely both in Lg and L, and L'/ L is disjoint from Lg/L (L' N Ls = L).
We want to compare c(I) and ¢(I'), then claim that the class d(l - I') in H'(K, E);,
is locally trivial for all places v # A, but d({), # 0. By Proposition 4.19 follows
the triviality for all v # A, X', where )\’ is prime in K dividing [’. Since Frobenius
substitution of [ is conjugate to 7i with @ € I, by Proposition 5.7 ¢(I) = 0, and
P, € pE(K)). Since Py € pE(K,), then it is divisible by p at E(Ky,) = E(Ky),
and then by Proposition 4.19 we obtain that d(/ - ') ,». Then it remains to be proven
that d(1-1") # 0, but we know that d(-1’), is trivial if and only if P, € pE(K)), and
this is equivalent to claim that \ splits in L/, or equivalently that (77)? = j7 = 1,
and this contradicts our hypothesis on j.

We have proved that the class d = d(l - I') € H'(K; E)¢ satisfies hypothesis of
Proposition 5.1, and then sy, = 0 for all s € Sel(E/K), and then [s, p] = 0 with
p = (71)? defined above.

Now, for every p = 't € It we can find a couple of primes [, !’ that satisfies

conditions as above, and then we obtain that s(/™) = s(I) = 0. O
In conclusion, we can state the following proposition.
Proposition 5.9. Let p be an odd prime such that Gal(Q(E,)/Q) = GLy(Z/pZ),

and assume that p does not divide yr in E(K). Then the group Sel(E/K), is cyclic,
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generated by dyk.

5.2 Birch and Swinnetron-Dyer conjecture and Kolyvagin’s the-

orem

In this section we present some important results on the group of rational points
E(K) of an elliptic curve E over an imaginary quadratic field K, under specific
hypothesis.
Let Xo(/N) be a modular curve over Q. We recall that, by remark 1.10, X, (V) clas-
sifies elliptic curves with a cyclic N-isogeny. Let K = Q(v/—D) be an imaginary
quadratic field of discriminant — D, where all prime factors of N are split. For sim-
plicity, we assume that D # 3,4, so the ring of integers O of K has unit group
% = (£1). Choose an ideal N of Oy with Ox /N = Z/NZ. Then the com-
plex tori C/O and C/N ! define elliptic curves related by a cyclic N-isogeny, and
hence a point x; € Xo(N). We have seen in Chapter 2 that the point z; is rational
over the Hilbert class field K of K.

Let E be an elliptic curve of conductor N over Q, and let we fix a parametriza-
tion ¢ : Xo(N) — E which maps the cusp oo of Xy(V) to the origin O of E.
Once ¢ has been fixed, there is a unique invariant differential w on E over Q such
that ¢*(w) is the differential ) a,,¢"dq/q associated to a normalized newform on
Xo(N). Consider wy a Néron differential on £, then it is known that exists an inte-
ger ¢ > 1 such that wy = cw.

In the next section, we define some elements that are necessary to state the Birch and
Swinnetron-Dyer conjecture and the Kolyvagin’s theorem, of which we will write

the statement and a partial demonstration in the second section.

5.2.1 L-series and the conjecture of Birch and Swinnerton-Dyer

The L-series of an elliptic curve is a generating function function that records in-
formation about the reduction of the curve modulo every prime. Known results are
fragmentary, but conjecturally such L-series contain a large amount of information

concerning the set of global points on the curve. Further, there are intimate relations
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connecting L-series on elliptic curves defined over Q and the theory of modular
forms. Let £// K be an elliptic curve and let v be a finite place at which F has good
reduction. We denote the residue field of K at v by k,, the reduction of E at v by
EU, and let ¢, = #k, be the norm of the prime ideal corresponding to v. We recall

from [14, V, §2] that the Zeta function of E, /k, is the power series

Z(Ev/kva) = exrp (Z Ev“%,n)%)

where k, ,, 1s the unique extension of &, of degree n.

Theorem 5.10. Let Ev/kv be an elliptic curve, and let a, = q, + 1 — Ev(kv) cZ.

Then
1 —a,T + q,T?
(1-7)1~-qT)

Z(E,/k,,T) =

Further,
Z(Ey/ky, 1/q,T) = Z(E,/ky, T),

and 1 — a,T + ¢, 7% = (1 — oT)(1 — BT), with || = |B] = \/qo.
Proof. See [14, §V, 2.4]. [

Define L,(T) = 1—a,T+q,T? € Z|T], then Z (Ev /k,, T) is arational function,
Z(Ey/ky, T) = % We extend the definition of the function L, (7") to the

case where E has a bad reduction by setting

(
1 —7T if E has split multiplicative reduction at v

L,(T) = {1+ T if E has nonsplit multiplicative reduction at v

1 if E has additive reduction at v
\

Then in all cases we have the relation

Lv(l/Qv) - Ens(kv)/(h

Let we define MY to be the set of the nonarchimedean absolute values in K.
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Definition 5.11. The L-series of E'/K is defined by the Euler product

L(E/K,s)= [] L
vEMO
The product defined above converges and gives an analytic function for all s

such that Re(s) > 2 (see [14, §V, 2.4]).

Theorem 5.12. Let E be an elliptic curve over Q. The L-series L(E/Q, s) has an
analytic continuation to the entire complex plane and satisfies a functional equation

relating its values at s and 2 — s.

Proof. See [14, §C.16.1]. O

We want to better analyze the functional equation in Theorem 5.12. Let £ be an
elliptic curve defined over QQ and let N be the conductor of £/Q. The L-function
L(E, s) is a Dirichlet series ) _, -, a,n~* defined by an Euler product which deter-
mines the number of points on £ (mod p) for all primes p (see [6, §1.7, p.231]).
We know that the function f(2) = ) -, a,¢*™", called "inverse Mellin trans-
form” of L, is a newform of weight 2 and level equal to NV (see [14, § C.16, Theorem

16.4.a]). We define a new function:

L*(E/Q,5) = /mf(%)yiy N*/2(s7) T (5) L(E/Q, 5)

where I is the gamma function (see [6, Chapter 1, §7]). Then Theorem 5.12 has the

following more precise formulation.

Theorem 5.13. Let E/Q be an elliptic curve. Then the function L*(E,s) has an
analytic continuation to the entire complex plane and satisfies the functional equa-
tion

L*(E/Q,s) =€e,L*(F/Q,2 — s), for some e, = +1
Proof. See [6, Ch 5] [

Remark 5.14. Note that, because of the sign inversion s — s + 1, if we derive in s

we obtain
dr * ' dr *
dSTL (E/QVS)*(_l) GL.dSTL (E/Q72 S)
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Observe that, if we consider this equality for s = 1, we obtain
L(E/Qa 1) - 6LL<E1/(@7 1)7

and consequently L'(E/Q, 1) = —e, L'(E/Q, 1). Hence, if we assume by hypoth-
esis that L(E/Q,1) = 0and L'(E/Q, 1) # 0, then we must consider ¢;, = —1. In

general, we have that
ords«1 L(E/Q, s) is odd <= €, =—1

The modularity of elliptic curves over Q and its implications for L-series are

described in the next result (see [14, §C.16, Theorem 16.4]).

Theorem 5.15. Let E/Q be an elliptic curve of conductor N, let L(E, s) = > -, a,n™°
be its L-series and let f(2) = Y, -, ane®™"* be the inverse Mellin transform of L.

(1) For each prime p t N, let T'(p) be the associated Hecke operetor, and let wy be
the Fricke involution defined by (wn f)(1) = f(—7). Then:

T(p)fe = apfe and wyfp=€LfE

where €, = %1 is the sign of the functional equation in Theorem 5.13.

(2) Let w be an invariant differential on E /Q. Then there exists a finite morphism
¢ : Xo(N) — E defined over Q such that ¢*(w) is a multiple of the differential
form on Xo(N) represented by f(z)dz.

Remark 5.16. Let ey = £1 be the eigenvalue of the Fricke involution wy on the
eigenform f associated to the modular curve E defined in §4.2 (f|lwy = ef). The
equality L*(E/Q, s) = e, L*(E/Q,2 — s), and in particular the reflection respect
to s — 2 — s, implies that there is an inversion of symmetry between the Fricke
involution and the functional equation (observe that in Theorem 5.15 we use the
inverse Mellin transform [z of the eigenform f, that changes the sign respect to the

canonical involution wy). Then the L-function of £ over QQ satisfies a functional
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equation with sign ¢, = —ey, and then we obtain the functional equation:
L*(F/Q,s) = —eyL*(F/Q,2 — s),

see [6, §1V, 0.2].

The next conjecture involves the behavior of the L series of elliptic curves

around s = 1.

Conjecture 5.17. (Birch and Swinnerton-Dyer) Let E /Q be an elliptic curve.
(i) L(E/Q, s) has a zero at s = 1 of order equal to the rank of E(Q)>.
(ii) Let r = rank E(Q). Then:

LE/Qs) i |l HUE/QRE/QTT, m,
s—1 (S — 1)7‘ o #EtOTS(Q)2

where R(E/Q) is the elliptic regulator of E(Q)/FE:s(Q) , computed using the
canonical height pairing (see [14, §VIIL.9, p. 253]), and m, = #E(Q,)/Eo(Q,),

with Ey(Q,) the set of points of E(Q,,) with non-singular reduction.

As described by Tate in 1974, “this remarkable conjecture relates the behavior
of a function L at a point where it is not at present known to be defined to the order of

"7

a group LI which is not known to be finite!” Now we want to study this conjecture

in our case.

Remark 5.18. The conjecture of Birch and Swinnerton-Dyer predicts that the inte-
gerr = ords—1 L(E/Q, s) is equal to the rank of the finitely generated abelian group
E(Q) of rational points.

Theorem 5.19. Let K be an imaginary quadratic field with class number 1, and E
be an elliptic curve defined over K or Q, with complex multiplication by the ring of
integers Ok of K. If F is K or Q and rank(E/F) > 1, then L(E/F, s) vanishes

ats = 1.
Proof. See [2, §6]. [
In the following statement, we also see a partial converse to previous theorem.
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Remark 5.20. A partial converse to the previous theorem is stated in [4]. Assume
that £ is an elliptic curve defined over Q with complex multiplication by the ring of
integers Ok of an imaginary quadratic field K. If L(F/Q, s) has an odd order zero
at s = 1, then either F(Q) has rank > 1 or the p-primary subgroup of III(E/Q)
is infinite for all primes p where E has good, ordinary reduction (except possibly

p = 2, 3). Note that the latter possibility is unlikely, to say the least.

5.2.2 Kolyvagin’s theorem

In this last section, we want to link L-series with the results we obtained on the
Kolyvagin system of Heegner points, and we will study a particular case of Birch
and Swinnetron-Dyer conjecture.

First, we introduce the definition of canonical height of a point in F/, which gives

us information about the subgroup F(K)/E;s(K).

Definition 5.21. The canonical (or Néron-Tate) height on E /K, denoted by h or
h &, 1s the function

h:E(K)—R

defined by

A(P) = ooy im 470 ([2]P)

where f € K(F) is any noncostant even function and hy is the height on E

relative to f (see [14, §VIIL.6)).

We use the canonical height h because it is independent on the function f (see

[14, §VIIL.9.1]) and gives important information about the order of a point in F.

Theorem 5.22. (Néron-Tate) Let E/K be an elliptic curve, h be the canonical
height on E and P € E(K). Then:
() h(P) 2 0

(ii) h(P) = 0 if and only if P is a torsion point.
Proof. See [14, p. VIIL9.3.d] 0

By the definition of the basic Heegner point: yx = Trk,/k(y1) € E(K) in
§4.1, where y; = ¢(z1) € K;. Observe that, if we consider an ideal NV # N
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that satisfies the same condition Oy /N’ = Z/pZ, then any Heegner point y; of
conductor 1 relative to A/ is conjugate to yr. Hence, if we construct the basic
Heegner point 33 = Trg, /x(y;), we see that yi. = *yg + (torsion). Then,
by theorem 5.18, the canonical height fz(yK) is well defined, independent of the
choice of the ideal . Thanks to Gross and Zagier’s work, we can link the notions
of L-series and canonical height with the limit formula [6, §1.6.5]:

J Jogwhiw

e L )

Observe that it follows that the point yx has infinite order if and only if
L'(E/K,1) #0.

By comparing this with Birch and Swinnetron-Dyer conjecture, following the
work of Gross and Zagier (see [6, Chapter V, 2.2]), we obtain the following conjec-

ture.

Conjecture 5.23. Assume that h(yx) # 0. Then:
(i) the group E(K) has rank 1, so the index I = [F(K) : Zyk| is finite,
(ii) the Tate-Shafarevic group III(FE/K) is finite, and its order is given by

HILI(EK) = ( Ix )

c- Hp|N mp - Ug

whereuy = Card(Oj; /(£1)) (recall that we are considering cases where ux = 1),
using notation for Néron model (see [14, §C.15]), wherem,, = #E(Q,,)/ Eo(Q,) and

c the integer such that wy = cw.

Note that both the index [ and the integer c are such that wy = cw depends on
the fixed parameterization ¢, but the ratio I /c is independent of ¢.
Note also that, since #11I( £/ K), I c and the local factors m,, are integers, the formula
in (ii) predicts that #1lI(E/K) should always divide (Ix)?. By the existence of
Cassels-Tate pairing (,) : II(F/K) — HI((E/K)"), this implies that the group
III(E/K) should always be annihilated by /.
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Kolyvagin has proved a large part of this conjecture, and we will sketch the

proof of a slightly weaker result to illustrate Kolyvagin’s main theorem.

Remark 5.24. As we have seen in §5.1, the group F/(K) is finitely generated, ac-
cording to the Mordell-Weil theorem, and then the point yx is not infinitely divisible
in E(K)

By Theorem 1.29, we have the exact sequence
0 —— E(K)/p(E(K)) —— Sel(E/K), — I(E/K), — 0

and using this fact, from Proposition 5.9 we deduce the following proposition.

Proposition 5.25. Let p be an odd prime such that Gal(Q(E,)/Q) = GLy(Z/pZ),
and assume that p does not divide yy in E(K). Then:

(1) the group E(K) has rank 1,

(2) the p-torsion subgroup LII(E/K), is trivial.

Proof. By Proposition 5.9, we see that Sel(E£/K), is cyclic and generated by the
image of the non-trivial element yx in E(K)/pE(K) through the injective func-
tion § : E(K)/pE(K) — Sel(E/K),. Because of the exact sequence 0 —
E(K)/pE(K) LN Sel(E/K), & II(E/K), — 0, it follows that Sel(E/K), =
Im(5) = Ker(g), and then Im(g) = HI(E/K), is trivial. By Remark 1.10 and
by results in §4.1, almost all odd primes satisfies required hypothesis, and then, by
Proposition 5.9, E(K) = (yx) + Eiors(K). O

When y has infinite order in E(K), i.e., h(yx) # 0, this proposition applies
for almost all primes p. Observe that our hypotheses imply that p does not divide
the index Ix = [E(K) : Zyk], so the conclusion is consistent with part (ii) of the
conjecture. By refining the argument for primes p which divide yx, using the fact

that p™ does not divide yy for large n, Kolyvagin obtains the following theorem.

Theorem 5.26. (Kolyvagin) Assume that the point yx has infinite order in E(K).
Then
(1) the group E(K) has rank 1.
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(2) the group ILI(E/K) is finite, of order dividing tg i - (Ix)? where tg is an

integer > 1, whose prime factors depend only on the curve E.

Remark 5.27. By Remark 1.28, the Shafarevich-Tate group III( £/ K) is the group
of homogeneous spaces, modulo equivalence, that are everywhere locally trivial.
In Proposition 5.14, we have considered primes p that do not divide the Heegner
point yy of finite order. To describe III(E/K'), we could analyze III(E/K), for
primes p that divide yx in E(K). The cohomology classes d(n) € H'(K,E),

constructed in §4.2 are candidates for non-trivial elements in [II( £/ K),,.

Let us conclude by citing more recent studies, which relate the Gross, Zagier
and Kolyvagin studies on E(K) to the points of F(Q). In the previous section,
we stated results on L(F/Q, s), now we want to connect these propositions with
L(E/K,s), where K = Q(v/—D) is the imaginary quadratic field of discriminant
D.

Theorem 5.28. Let f be cuspidal newform of even weight k with trivial charachter
for the group T'y(N), and let S be a finite set of primes including all those dividing
N. let €, denote the sign in the functional equation of f.

(i) There exists a quadratic field Q(\/E) with D a fundamental discriminant,
and er, - D < 0, such that every prime in S splits in Q(v/D), and L(f, s, xp) has a
simple zero at s = k/2, where xp is the quadratic Dirichlet character associated
with K.

(ii) There exists a quadratic field Q(\/ﬁ) with D a fundamental discriminant,
and e, - D > 0, such that every prime in S splits in Q(v/D), and L(f,k/2, xp) # 0.

Proof. See [1, §1]. [

Let f be a modular form of weight two associated with an elliptic curve E de-
fined over Q. The significance of the point (ii) is that if L(f,1) = L(E/Q, 1) # 0,
then according to the results of Gross and Zagier, the existence of such a twist im-
plies the non-vanishing of the associated Heegner point in the twisted curve EX
whose L-function is L(F, s, xp). By Kolyvagin’s work, this in turn implies the
finiteness of £(Q), and of the Tate-Shafarevich group LLI(E/Q).
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Let us now return to the assumptions imposed in Kolyvagin’s work, assume

L(f,s) = L(E/Q,1) = 0and L'(E/Q, 1) # 0 (i.e. ¢, = —1). By the formula
L(E/K,s) = L(E" /Q.s) - L(E/Q,s),
where EX /Q is the twisted curve E/Q on the field K, we obtain:
L'(E/K,s) = L(E®/Q,s) - L'(E/Q,s) + L'(E® /Q,5) - L(E/Q,s).

By hypothesis, L'(E/K,1) = L(E¥ /Q,1) - L'(E/Q, 1), and Theorem 5.28 states
that there exists an imaginary quadratic field K that satisfies hypothesis for Koly-
vagin’s theorem and such that L(f,1,xp) = L(EX/Q, 1) # 0, and consequently
L'(E/K,1) # 0. Then, the basic Heegner point yx has infinite order, and by Koly-
vagin’s theorem the group E(K) has rank 1, so E(K) = Z @ E,.s(K). Since
E(Q) C E(K), results that ro = rank E(Q) < 1.

Our claim now is to demonstrate that v, € E(Q). Let ey be the eigenvalue of
the Fricke involution wy on the eigenform associated to £ and ¢, be the sign of the
functional equation relative to the L-function of E. By Remarks 5.14 and 5.16 we
know that, under the previous hypothesis on L and L', ¢;, = —1 and then ey = +1.
Moreover, by Proposition 4.17, yx = P; lies in the €-eigenspace for the complex

conjugation 7 in E(K).

yi € E(K)*t = B(K) =+ = {(x’y) ZT(x’y) c K2 (z,y) € E(K)} .

We have (‘ry)zﬂ = (Re(z),Re(y)) € Q?, and if (z, y) satisfies the Weierstrass
equation of the curve E, so does (FRe(x), Re(y)). Then E(K)T C E(Q), and thus
yk € E(Q).

Since yx € E(Q) = Z™ + Eypps(K) is of infinite order in E(K), it is of infinite
order F(Q), and then rg = 1.

In conclusion, the results of Kolyvagin and Gross-Zagier imply the following

cases of the point (1) in the Birch and Swinnerton-Dyer conjecture for elliptic curves
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defined over Q:
Lg(1)#0 = rank E(Q)=0

Lg(1)=0and Ly(1) #0 = rank E(Q) =1
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