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Introduction

In this thesis we are going to present some classical results regarding the percolation
theory. The main aim of percolation theory is to study the size of the connected
components of infinite random graphs.
We are mostly interested in the case of bond percolation, in which the aleatory
graph has a chosen infinite set of points as vertices, while the bond between each
couple of ‘adjacent’ vertices is taken to be in the graph with a fixed probability p.
We refer to the selected edges as open edges and to the others as closed edges.
In bond percolation, the graph induced by the set of all the vertices and the
open bonds is called the open subgraph, while the graph which contains all the
vertices and all the possible edges among which we selected the open ones is called
underlying graph.
The connected components of our open subgraph are called open clusters. In
the thesis we investigate the behaviour of the size of the open clusters as the
probability of each edge of being open varies.
Most of the results exposed in this thesis use as underlying graph the one composed
by the set of vertices of Z2 and the edges that join every vertex of Z2 with the four
adjacent ones. The main focus of the thesis is a phase transition phenomenon
that occurs as the chosen probability on each edge exceeds a certain threshold
value pH . As this value is exceeded we observe a radical variation in the size of
the open clusters, in particular, when each bond is open with probability p > pH ,
there is an infinite open cluster almost surely, while if p < pH this almost never
happens. The Harris−Kesten Theorem states that this threshold value is 1/2
for bond percolation on the square lattice.
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Example of a portion of an open subgraph for bond percolation using Z2 as underlying
graph.

Historically, percolation theory was born in the second half of the twentieth
century in the field of statistical physics with the aim of studying physical processes
related to the passage of fluids through porous media. At the beginning, percolation
theory has mainly focused on problems about the lattice structure of materials
[14], and the creation of models for the passage of water through the ground to
the aquifers [1]. Across the decades, however, percolation theory has seen a great
development and is now widely used in heterogeneous scopes, such as information
theory, biology, neurochemistry and many more. A large branch of percolation
theory is the, so called, boolean networks percolation, that concerns percolation
models in which randomly arranged sites are connected if placed within a certain
distance. This kind of percolation models are employed in the treating of a vast
range of phenomena, from the epidemiological study of the spreading of viruses
[7], to the urban planning sector [8], and the communications theory field [5].
Percolation theory still offers open research fields, for instance the conformal
invariance conjecture [12].

The results presented in this thesis can be found in [3]. The figures are my
rendition of figures in [3], except for figure (2.5) and figure (1), that are original
to the thesis. The figures are all made using Concepts and Geometry Pad, apart
from (1). Figure (1) comes from original numerical simulations in Python, whose
code is provided in the Appendix.
This work is organized as follows:

Chapter 1: In the first chapter we introduce the bond percolation problem
on the square lattice Z2. In order to do so, in the first part of the chapter we
define some basic concepts in the theory of aleatory graphs, such as the ‘open
subgraph’, the ‘underlying graph’, and the ‘open path’. Then we define our bond
percolation model in a more formal way talking about bond configurations and
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Figure 1: In this numerical simulation we plotted the fraction of the size of
the biggest open cluster over the size of the underlying graph as p varies.
We used as underlying graph a 300 × 300 portion of the square lattice. This
simulation suggests the phase transition phenomenon described in the Harris-
Kesten Theorem.

percolation probability. We proceed demonstrating the existence of a critical
probability for the bond percolation on the square lattice, namely, we show that
there is a certain probability pH such that, if every edge is open with a probability
lower than pH , there are no infinite open clusters almost certainly, while, if the
fixed probability of each edge of being open is higher then pH , there is at least
one infinte open cluster almost certainly. At the end of the chapter we introduce
the concept of dual graph.

Chapter 2: The aim of the second chapter is to prove that the critical
probability for the bond percolation on the square lattice is at least 1/2, namely,
the Harris′s Theorem. We start defining rectangles and dual rectangles in the
square lattice with the goal of investigating the existence of open horizontal or
vertical crossings in those objects as the ratio between their sides varies. To do
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so, we introduce the Russo− Seymour −Welsh
Lemma, which allows us to show that, when each edge is open with probability
equal to 1/2, an open horizontal crossing exists in arbitrarily long rectangles with
a positive probability.
In the final part of the chapter we demonstrate a strong result on the size of the
open cluster containing the origin, which directly implies the Harris′s
Theorem, namely, that the critical probability for bond percolation on the square
lattice is at least 1/2.

Chapter 3: In the third chapter of this work we mean to give a proof for the
lower bound of the critical probability for bond percolation on the square lattice,
namely, we want to show that, if the probability of each edge of being open is
higher than 1/2, there is an infinite open cluster almost certainly. Firstly, we
introduce the idea of “Influence” of an edge for an event, which we can informally
interpret as an importance measure on the edges for such event. This concept
helps us giving an important lower bound for the probability of open horizontal
crossings on an arbitrarily long rectangle as each edge is open with a probability
higher than 1/2. In the end, the previous Lemma plays an important role in the
demonstration of the Kesten′s Theorem, which ends the chapter.

Chapter 4: In this final chapter we introduce the notion of critical probability
for the expected size of the open clusters for bond percolation and prove that it
is also equal to 1/2. To show this result, which, together with the previous
Harris′s Theorem and the Kesten′s Theorem, make up the Harris−Kesten
Theorem, we investigate the rate of decaying of the size of the open cluster which
contains the origin (obviously the result is also valid for any fixed open cluster).
In particular we prove that, when p is lower than 1/2, the probability that a
chosen open cluster has at least n sites in it decays exponentially as n increases.
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Chapter 1

Basic tools and results

In this introductory chapter we give some basic definitions and results in order
to expose the problem of percolation on unoriented graphs in a more formal way.
Since percolation theory lies on random graph theory, we start introducing some
standard notations in that field. We refer to our underlying graph as Λ; the set
of vertices of Λ, also called sites, is V ≡ V (Λ), and the set of bonds of Λ, also
called edges, is E ≡ E(Λ).

1.1 Bond percolation probability

In this section we define a probability measure on the set of subgraphs of Λ and
present some standard results.
In the general context of bond percolation, we can consider each bond e as a
Bernoulli random variable Be(pe), where pe ∈ [0, 1] is the probability of the
edge e being open; doing so we have a set of probabilities P = (pe)e∈E. This
choice brings to the natural definition of a measure on the set of subgraphs of the
graph Λ.
In the following lines we define formally this measure in the bond percolation
case.

Definition 1.1. For a general graph Λ, a bond configuration is a map

ω : E(Λ) → {0, 1}
e ↦→ w(e)

The space of the bond configurations is Ω = {0, 1}E(Λ). A bond e is open in
the configuration ω if ω(e) = 1, otherwise it is closed.
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Observation 1.1. This definition of ω shows that there is a one-to-one correspondence
between configurations and open subgraphs.

Definition 1.2. We write Σ for the σ-field on the space of the bond configurations
generated by the following sets

S(R, σ) = {ω ∈ Ω: ωr = σr , r ∈ R}, (1.1)

where R ⊂ E(Λ) is finite and σr ∈ {0, 1} for all r ∈ R.
Given a set of probabilities P = (pe)e∈E(Λ), with pe ∈ [0, 1], we write PΛ,P for the
probability measure on (Ω,Σ) defined by

PΛ,P (S(R, σ)) =
∏︂
r∈R
σr=0

(1− pr)
∏︂
r∈R
σr=1

pr (1.2)

According to the Kolmogorov’s Extension Theorem [9, p. 25], this definition
of PΛ,P on the cylindrical sets extends in a unique way to the whole space (Ω, Σ).

In the model we are interested in, it suffices to consider pe = p for every e ∈ E.
Note that, since the bonds are open independently one from another, the probability
measure defined above is an independent bond percolation measure on Λ.
In order to define properly the, so called, percolation probability θ(p), we need a
few more definitions and formalisms.

Definition 1.3. A self-avoiding walk on the open edges is called open path.

We refer to the event that there is an open path between two sites s and v as
{s − v}. Moreover, we write {s − ∞} for the event that an infinite open path
starts in s.

Definition 1.4. Any connected component of our open subgraph is called open
cluster, or simply cluster.

Observation 1.2. We will always consider locally finite graphs, hence, the event
{s − ∞} holds if and only if the cluster of s is infinite.

Taken a site s in Λ, and calling Cs the set of sites v for which the event {s − v}
holds, we are now ready to outpoint some considerations about the infiniteness
of Cs.

Definition 1.5. Given a site s we define the percolation probability, denoted by
θs(p), as the probability that Cs is infinite; in other words

θs(p) := Pp({s − ∞}). (1.3)
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Of course this definition has different declinations depending of the underlying
graph, the type of percolation considered, and the set of probabilities P .

We expose now some considerations on θs(p) which make up the very first
steps in percolation theory.

Observation 1.3. Since, for every sites s and v at graph distance r, the following
inequality holds:

θs(p) ≥ prθv(p), (1.4)

it is obvious that either θs(p) > 0 for every site s in V (Λ), or θs(p) = 0 for every
site s in V (Λ).

Definition 1.6. For a general graph Λ and two sites s and v in V (Λ), we say
that s and v are equivalent if there exists an automorphism of Λ which maps s
to v.

In Z2 every site is equivalent, hence, as long as we use we Z2 as underlying
graph, we just write θ(p) without specifying the site s.

It is also trivial to state that θs(p) is an increasing function of p, which leads
us to another important remark:

Observation 1.4. ∃ pH ∈ [0, 1] such that

θs(p)

{︄
= 0 , if p < pH ;

> 0 , if p > pH ;
(1.5)

The constant pH above is called Hammersley critical probability.

Now we mean to investigate the probability of a more general event, namely
that there is an infinite open cluster in our open subgraph. We refer to this event
as E∞.
As one could think, E∞ strongly depends on pH , as we see in the following result.

Lemma 1.1. If p < pH , then Pp(E∞) = 0, while, if p > pH , we have Pp(E∞) = 1.

Proof. First of all we note that, being E∞ independent from the states of any
finite sets of bonds of Λ, we can use the Kolmogorov’s 0-1 Law [2, p. 145] to state
that Pp(E∞) ∈ {0, 1}.
Taking p < pH , we know that the percolation probability is 0 for all the sites s,
hence

Pp(E∞) ≤
∑︂

s∈V (Λ)

θs(p) = 0, (1.6)
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while, if p > pH ,
0 < θ(p) ≤ Pp(E∞), (1.7)

but, since Pp(E∞) ∈ {0, 1}, Pp(E∞) = 1 follows.

1.2 Dual graph of Z2

Now we introduce a very important concept, which is massively used in the further
chapters.

Definition 1.7. Given a graph Λ, its dual graph Λ∗ has a site on each face of Λ
and a bond e∗ crossing each bond e of the original graph. That bond links the two
sites of the dual graph corresponding to the faces of the original graph that share
e on their borders.

From this definition, an intuitive way to consider the dual lattice of Z2 is
Z2 + (1/2, 1/2), which is clearly isomorphic to Z2. We refer to this dual graph as
(Z2)∗.

Representation of a portion of the square lattice Z2 (black lines) and its dual lattice
(Z2)∗ (dashed lines).

We consider a dual bond e∗ to be open if and only if the correspondent bond e is
closed, hence, if a bond e in Λ is open with probability p, the corresponding dual
edge e∗ is open with probability 1− p.
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Chapter 2

The Harris’s Theorem

In this chapter we will come to demonstrate the ‘first half’ of the Harris-Kesten
Theorem, namely the Harris’s Theorem:

Theorem 2.1 (Harris′s Theorem). For bond percolation on Z2,

θ(p) = 0 (2.1)

for all p ≤ 1
2
.

To begin with, we need to define some notations and events that will interest
us particularly in the following pages.

Definition 2.1. Given a rectangle R = [a1, b1] × [a2, b2] in Z2, we define its
horizontal dual Rh as [a1 + 1/2, b − 1 − 1/2] × [a2 − 1/2, b2 + 1/2] in the dual
lattice.

Note that Rh is shorter than R on the horizontal axis and longer on the vertical
axis.

Definition 2.2. Considering a rectangle R in a graph Λ, an open horizontal
crossing of R is an open path joining a site on the left-hand side of R and a site
on the right-hand side of R. We refer to event that an open horizontal crcossing
exists in R as H(R).
We define V (R) as the event that there is an open vertical crossing of R.

The first lemma of the chapter strongly links the events defined above.

Lemma 2.1. Given a rectangle R in Z2, for every configuration of the bonds of
R, precisely one among H(R) and V (Rh) holds.

Proof. Firstly, we introduce an intuitive way to consider at once both Z2 and its
dual, by a tiling of the plane made with octagons and squares. In figure (2.1) the
grey octagons represent the nodes of R and the white ones the nodes of Rh, while
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each square correspond to a bond. Each square is grey if the corresponding edge
e is open in Z2 and white if its dual e∗ is open in the dual lattice (note that, since
a bond is open if and only if its dual is closed, this definition is exhaustive). If
e is open in Z2, the corresponding grey square links two nodes of Z2, otherwise
the white square links two nodes of (Z2)∗.
Since H(R) does not depend on the state of the bonds on the lateral borders of
R, we can consider every lateral square to be grey. Analogously we take every
square on the top and the bottom side of the tiling to be white.
In the situation described above, the event H(R) holds if and only if there is
a grey path of octagons and squares which crosses the tiling horizontally, while
V (Rh) holds if and only if there is an analogous white crossing from bottom of the
figure to the top. So it is not possible that both H(R) and V (Rh) hold, indeed,
if they would, there would be grey and white paths containing disjoint curves on
the inside of a cycle C, which is not possible due to topological reasons.
To prove that at least one among H(R) and V (Rh) holds, we define the interface
graph L, whose sites and edges are the ones of the octagons and squares that are
on the the border between a grey region and a finite white one. Note that every
site of such graph L has degree 2, apart from the sites x, y, w and z, which only
present one edge. This implies that the cluster of L containing x is path-ending
at another site with degree 1. We call B such path.

As the figure shows, following the path B from x, we maintain a grey portion
of the tiling on the right and a white one on the left, so B has to end at y or at z.
In the case in which the path B ends in y, there is a grey open horizontal crossing
T of R on the right of B, hence, there is a minimal connected subgraph F of T ,
which crosses R but does not contain vertical bonds in the lateral sides of R, and
H(R) holds.
Otherwise, if B is path-ending in z, with an equivalent argument, we deduce that
there exists an open vertical crossing of V (Rh). This implies the thesis.

Note that there is a step-by-step way to find the path B in L defined in
the proof: Starting in the site x, at each step we control the edges that come
out of the site we are in and continue the path on one of them. In the case
that the event H(R) holds, we call the path we found F the top-most open
horizontal crossing of the rectangle R. A relevant property of the events like
{B is the top most horizontal crossing of R}, which will be used in the proof of
the Russo-Seymour-Welsh Lemma (2.3), is that, for every path B, they do not
depend on the states of any bond below B.

At this point our main purpose is to find some bounds for the probability of
events of the kind of H(R) and V (R) on differently-shaped rectangles: we start
from squares and then procede with longer and thinner rectangles.
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Figure 2.1: A portion of Z2 and its dual lattice arranged as in the proof of Lemma
(2.1).

Lemma 2.2. Considering an n by m− 1 rectangle R1 and an n-1 by m rectangle
R2 in the graph Z2, then

Pp(H(R1)) + P1−p(V (R2)) = 1. (2.2)

Proof. From Lemma 2.1 , in each configuration, one and only one among H(R1)
and V (Rh

1) holds, hence Pp(H(R1)) + P1−p(V (Rh
1)) = 1. Since Rh

1 is an n− 1 by
m rectangle in (Z2)∗ whose bonds are open each one with probability 1 − p, we
have that P1−p(V (R2)) = Pp(V (Rh

1)), which implies the Lemma.
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The next corollary descends from the lemma above:

Corollary 2.1. Considering an m+ 1 by m rectangle R, then

P1/2(H(R)) = 1/2. (2.3)

At this point it is trivial to remark the following result:

Corollary 2.2. Considering an m by m square S, then

P1/2(H(S)) = P1/2(V (S)) ≥ 1/2. (2.4)

2.1 The Russo-Seymour-Welsh Lemma
In order to make a step ahead from the previous corollaries, we present now the
Russo-Seymour-Welsh Theorem. We will use this result as a lemma to relate the
crossing of squares to the crossing of rectangles. The following demonstration is
taken from [4].

Lemma 2.3. Given a rectangle R = [k] × [2n] with k ≥ n. We write X(R) for
the event defined as follows:
There exist P1 and P2 open paths in R such that P1 is a vertical open crossing of
the square S = [n]× [n] and P2 links some site of P1 to the right border of R.
Then

Pp(X(R)) ≥ Pp(H(R))Pp(V (S))/2 (2.5)

for any p ∈ [0, 1].

Proof. In the case in which the event V (S) holds, there is a left-most open vertical
crossing of S, defined similarly to the top-most open horizontal crossing defined
just after Lemma (2.1). We refer to such path as LMV (S).
Let P1 be a possible left-most open vertical crossing of R. Then the event
{LMV (S) = P1} is independent from the edges in the square S which lie on
the right of P1.
To begin with we want to prove that, for every possible left-most open vertical
crossing, we have

Pp(X(R) | LMV (S) = P1) ≥ Pp(H(R))/2. (2.6)

As in the figure below, bonding P1 and its reflection P ′
1 in the horizontal

symmetry axis of R, we get the path P . By construction, P crosses vertically the
rectangle [n]× [2n].
Let us consider now the probability that there is an open horizontal crossing P3
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of R, namely, H(R). For symmetry reasons, the probability that P3 first meets
P in a site of P1 is Pp(H(R))/2.
Let T (P1) be the event that an open path in R links P1 to the right border of R,
and, from our previous observation

Pp(T (P1)) ≥ Pp(H(R))/2. (2.7)

Note that T (P1) is independent from the states of the bonds which are not on
the right of P , thus, since the event {LMV (S) = P1} is independent from those
bonds,

Pp(T (P1) | LMV (S) = P1) =Pp(T (P1))

≥Pp(H(R))/2,
(2.8)

but, the cohexistence of T (P1) and {LMV (S) = P1} implies X(R), hence,
substituting in the previous equation, we get

Pp(X(R) | LMV (S) = P1) ≥ Pp(H(R))/2. (2.9)

Now, noticing that we can subdivide the configurations in which V (S) holds on
the basis of the left-most open vertical path of S in such configurations, we write

Pp(X(R) | V (S)) =
Pp(X(R) ∩ V (S))

Pp(V (S))

=

∑︁
P1

Pp(X(R) ∩ LMV (S) = P1)

Pp(V (S))

=

∑︁
P1

Pp(X(R)|LMV (S) = P1)Pp(LMV (S) = P1)

Pp(V (S))

=
∑︂
P1

Pp(X(R)|LMV (S) = P1)Pp(LMV (S) = P1|V (S))

≥ Pp(H(R))

2

∑︂
P1

Pp(LMV (S) = P1|V (S))

=
Pp(H(R))

2
.

(2.10)
Eventually, from the definition of conditioned probability, we have

Pp(X(R)|V (S)) =
Pp(X(R) ∩ V (S))

Pp(V (S))
=

Pp(X(R))

Pp(V (S))
, (2.11)

hence
Pp(X(R)) ≥ Pp(H(R))Pp(V (S))/2 (2.12)

and the proof is over.
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Figure 2.2: Representation of the event X(R) defined as in Lemma (2.3), with
a vertical path P1 in the square S and an horizontal path P2 from P1 to the
right-hand side of R.

2.2 Crossing of long, thin rectangles

Now we mean to study the existence of open crossings in rectangles whose sides
are proportionally related, hence, to lighten the notation, we write hp(kn,mn)
for the probability of existence of an open horizontal crossing on a kn by mn
rectangle for a general natural n ≥ 1 when each bond is open with probability p,
and simply h(kn,mn) when p = 1/2.
Applying the Russo-Seymour-Welsh Lemma, we want to get a lower bound for
crossing probability on a 3n by 2n rectangle for every n ∈ N.
This will help us to demonstrate that, for arbitrarily thin rectangles, the probability
that there is an open horizontal crossing is greater than a positive constant
depending on the ratio between the sides of the rectangles. Before doing this, we
give a preparatory result we are not going to prove.

Definition 2.3. In our context, we say that an event F is an increasing event if,
for every ω1, ω2 configurations, if every open bond of ω1 is also open in ω2, then
ω1 ∈ F implies ω2 ∈ F .

18



Lemma 2.4. Let A and B be increasing events, then

P(A ∩B) ≥ P(A)P(B). (2.13)

Proof. A proof of this statement can be found in [3].

Proposition 2.1. For every natural number n ≥ 1, h(3n, 2n) ≥ 2−7.

Proof. Let S and S ′ be two 2n by 2n rsquares overlapping on an n by 2n rectangle
as shown in the figure below and consider the lower n by n square B in their
intersection. Consider the event X(S) defined as in Lemma (2.3) and the event
X ′(S ′) defined specularly. Applying Lemma (2.3), we get

P1/2(X(S)) ≥ P1/2(H(S))P1/2(V (B))/2. (2.14)

The same inequality clearly holds for P1/2(X
′(S ′)).

Figure 2.3: Two 2n by 2n squares S and S ′ overlapping on a n by 2n rectangle.
The yellow lines represent paths that witness the events X(R) and X ′(R)
presented in Lemma (2.3).

Note now that if all X(S), X ′(S ′) and H(B) hold, so does H(S∪S ′) and that
they are all increasing events, therefore the following inequality holds
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h(3n, 2n) = P1/2(H(S ∪ S ′)) ≥ P1/2(H(B))P1/2(X(S))P1/2(X
′(S ′))

≥
P1/2(H(B))P1/2(H(S))2P1/2(V (B))2

22
(2.15)

From Corollary (2.2),
h(3n, 2n) ≥ 2−7, (2.16)

hence the proof is over.

Our idea now is to sort of glue together rectangles of height 2n, and to use
the bound we got for 3n by 2n rectangles above.
Note that, in general, arranging adjacently an k by 2n rectangle and an m by 2n
one, overlapping on a 2n by 2n square S, the existence of a horizontal crossing
in the two rectangles and of a vertical crossing in S implies the existence of an
open horizontal crossing in the whole figure. Hence

h(k +m− 2n, 2n) ≥h(k, 2n)h(m, 2n)h(2n, 2n)

≥h(k, 2n)h(m, 2n)

2
,

(2.17)

∀ k, m ≥ 2n.

In particular, slicing a (k + n) by 2n rectangle into an k by 2n one and a 3n
by 2n one overlapping as above, we get

h(k + n, 2n) ≥h(k, 2n)h(3n, 2n)

2

≥h(k, 2n)

28
,

(2.18)

and, for recursion, we get the formula

h(kn, 2n) ≥ 217−8k, (2.19)

∀k ≥ 3 ∀n ≥ 1.

This implies the following proposition:

Proposition 2.2. For all k ≥ 1, for all n ≥ 1, there is a positive constant hk

such that
h(kn, n) ≥ hk. (2.20)
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Figure 2.4: An m1 by 2n rectangle R′ and an m2 by 2n rectangle R overlapping
on a 2n by 2n square S. The yellow lines represent open paths in our lattice.

Thus, for arbitrarily long finite rectangles, with p = 1/2, the probability that
there is an open horizontal crossing is bounded from below by a positive constant.

2.3 Proof of the Harris’s Theorem

In this last section of the chapter, we prove a final lemma which directly implies
the Harris’s Theorem, .
In the proof we leverage the study of the existence of open crossings on the
rectangles we focused on in the previous section.

Definition 2.4. We define the radius of the open cluster which contains the
origin as

r(C0) = sup{d(v, 0)|v ∈ C0}, (2.21)

where d(v1, v2) is the graph-distance between v1 and v2.

Lemma 2.5. There is a constant s > 0 such that, for every n ≥ 1,

P1/2(r(C0) ≥ n) ≤ n−s. (2.22)

Proof. The idea of this proof is to build a succession of, so called, square annulus
around the origin in the dual graph of Z2 to bound the probability of existence
of an open path from the inside of each square annulus and its outside.
To begin with, we point out that, from result (2.19), we know that h(6n, 2n) ≥
2−31 for all n ≥ 1.
A square annulus is formed arranging four 6n by 2n rectangles in (Z2)∗ as in the
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figure below.
This construction shows that an open dual path in the square annulus surrounding
the origin exists with a probability of at least t = 2−124, from the result above.
Note that we can surround the origin with infinitely many disjoint square annulus,
with the k-th of them, which we call Ak, made up of (3 · 4k) by 4k rectagles. We
write Dk for the event that there is an open dual cycle in Ak, hence, for every k,
P1/2(Dk) ≥ 2−124.
Of course, if Dk holds for some k, then we have an upper bound for r(C0), namely
r(C0) ≤ 3 · 4k < 4k+1.
Therefore

P1/2(r(C0) ≥ 4k+1) ≤P1/2

(︄
k⋂︂

i=1

Dc
i

)︄

=
k∏︂

i=1

P1/2(D
c
i )

≤(1− t)k,

(2.23)

and, since
(1− t) = 4log4(1−t), (2.24)

we can write
(1− t)k =(4log4(1−t))k

=(4k)log4(1−t)

=(4k+1)
k

k+1
log4(1−t)

≤4(k+1) log4(1−t)/2,

(2.25)

and the proof is over, for the powers of 4, as we take s′ = − log4(1− t)/2.
For a general n, we observe that there is anatural k such that 4k < n < 4k+1 and,
since

4−s′k = 4−s′(k+1)· k
k+1 ≤ 4−s′(k+1)/2, (2.26)

we have
P1/2(r(C0) ≥ n) ≤P1/2(r(C0) ≥ 4k)

≤4−s′(k+1)/2

≤n−s′/2.

(2.27)

Hence, the thesis follows as we fix s = s′/2.

This directly implies the Harris’s Theorem, since, for any n,

θ(1/2) = P1/2(r(C0) = ∞) ≤ P1/2(r(C0) ≥ n) ≤ n−s, (2.28)

and n−s approaches 0 as n approaches ∞, hence θ(1/2) = 0.
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Figure 2.5: Representation of two square annulus A1 and A2 as in the proof of
Theorem (2.1). The yellow lines represent the cluster of the origin; the purple
lines represent open dual bonds. There is no open dual cycle in A1, hence it does
not bound C0, but there is one in A2, hence C0 is caged. Note that the second
annulus is not proportional due to layout reasons
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Chapter 3

The Kesten’s Theorem

The goal of this chapter is to expose a proof for the Kesten’s Theorem, which
gives us the upper bound for pH for bond percolation on the square lattice Z2.

Theorem 3.1 (Kesten′s Theorem). For independent bond percolation on Z2,
p > 1/2 implies that Pp(E∞) = 1.

The proof for this result passes through some lemmas which concern the
crossing of rectangles, similarly to the lemmas in the previous chapter.

3.1 Influence of a bond for an event

Firstly, we need to give some definitions.

Definition 3.1. Given a bond e and a configuration ω, we write ω+ for the
configuration that agrees with ω on every bond except from e and in which e is
open. We analogously define ω−.

Definition 3.2. We say that the bond e is pivotal, in a configuration ω, for a
given event E, if exactly one among ω+ and ω− is in E.

Intuitively we can say that a bond is pivotal for E in ω if its state changes
whether ω is in E or not. According to this interpretation, we can introduce a
sort of ‘importance measure’ on our bonds.
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Definition 3.3. We define the influence of an edge e on E, when each edge is
open with probability p, as

Wp(e, E) := Pp({e is pivotal for the event E}) (3.1)

Observation 3.1. Clearly, if the event E we consider is an increasing event,
then

Wp(e, E) = Pp(ω
− /∈ E, ω+ ∈ E). (3.2)

The first result we give is an upper bound for the influence of a bond.

Lemma 3.1. Considering an m1 by m2 rectangle R in Z2, the following inequality
holds for every edge e in R and for all p in [0, 1]:

Wp(e,H(R)) ≤ 2P1/2(r(C0) ≥ min(
m1

2
− 1,

m2 − 1

2
)) (3.3)

Proof. If a bond e is pivotal for H(R) in a configuration ω, then, since H(R) is
an increasing event, ω+ ∈ H(R), while ω− /∈ H(R).
This implies that, in the configuration ω+, every open horizontal crossing of R
passes through the bond e.
This implies that each extremity of e is linked to a lateral border of R by an open
path (one to the right-hand one and one to the left-hand one), so at least one of
these open paths is at least (m1

2
− 1) long, hence

Wp(e,H(R)) ≤ 2Pp(r(C0) ≥
m1

2
− 1). (3.4)

From Lemma 2.1, we have that, if ω− /∈ H(R), there is a dual open vertical
crossing of Rh using the dual bond e∗.
Therefore, taking each dual bond to be open with probability 1 − p, we get a
bound analogous to the previous one for dual vertical crossings:

Wp(e,H(R)) ≤ 2P1−p(r(C0) ≥
m2 − 1

2
). (3.5)

Note that, if p ≤ 1/2,

Wp(e,H(R)) ≤ P1/2(r(C0) ≥
m1

2
− 1)), (3.6)

and, if p ≥ 1/2,

Wp(e,H(R)) ≤ P1/2(r(C0) ≥
m2 − 1

2
) (3.7)

hence the proof is over
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Figure 3.1: The black rectangle represents R in Lemma (3.1), while the purple
one represents Rh in the dual graph.
The bond e is pivotal for the yellow crossing of R, while e∗ is pivotal for the
purple vertical dual crossing of Rh.

The next lemma makes use of the previous bound for the influence of an edge
and gives us a result about the growing of the crossing probability on a rectangle
as its size increases keeping constant the ratio between its sides, when p > 1/2.

Lemma 3.2. For any natural number k and for all p > 1/2, there are positive
constants n0 ≡ n0(p, k) in N and α ≡ α(p) for which the following inequality
holds:

hp(kn, n) ≥ 1− n−α (3.8)

for all n ≥ n0.

Since the proof is quite technical we enunciate here two preparatory lemmas
without proving them.

Lemma 3.3 (Friedgut−Kalai Lemma). Let R be a rectangle on Z2 and let
Pp(H(R)) = t.
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Given r > 0 such that Wp(e,H(R)) ≤ r for every e in the edge-set E(R), then∑︂
e∈E(R)

Wp(e,H(R)) ≥ bt(1− t) log(1/r) (3.9)

for a constant b > 0.

Proof. The proof is omitted and can be found in [6]

Lemma 3.4 (Margulis−Russo Lemma). Let R be a rectangle on Z2. Then

d

dp
Pp(H(R)) =

∑︂
e∈E(R)

Wp(e,H(R)). (3.10)

Proof. The proof is omitted and can be found in [11].

Now we are ready to give a proof for Lemma (3.2).

Proof. Lemma (3.2) Consider R a kn by n rectangle.
Since p > 1/2, from (3.5), we have that

Wp∗(e,H(R)) ≤ 2P1/2(r(C0) ≥ (n− 1)/2), (3.11)

for every p∗ ∈ [1/2, p], and remarking result (2.22), which states that there is a
constant γ > 0 such that, for every n ≥ 1,

P1/2(r(C0) ≥ n) ≤ n−γ, (3.12)

we know that, for every p∗ ∈ [1/2, p],

Wp∗(e,H(R)) ≤ 2P1/2(r(C0) ≥ (n− 1)/2))

≤ 2((n− 1)/2)−γ = n−β = : rn
(3.13)

for some constant β > 0.
Let p∗ ∈ [1/2, p], then, referring to Pp∗(H(R)) as g(p∗), from (3.3), there is a
constant b > 0 such that∑︂

e∈E(R)

Wp∗(e,H(R)) ≥ bg(p∗)(1− g(p∗)) log(/r−1
n ). (3.14)

Now, from (3.4),
d

dp∗
g(p∗) =

∑︂
e∈E(R)

Wp∗(e,H(R)). (3.15)
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We define s(p∗) as log(g(p∗)/(1− g(p∗))), hence we have

d

dp∗
s(p∗) =

(1− g(p∗))

g(p∗)(1− g(p∗))2
d

dp∗
g(p∗)

=
1

g(p∗)(1− g(p∗))

d

dp∗
g(p∗)

≥ b log(r−1
n )

= b log(nβ)

= βb log(n).

(3.16)

Considering the result (2.20), it is obvious that s(1/2) is a bounded negative
number. Therefore, considering an appropriate n0(p, k), integrating (3.16) from
1/2 to p, we have

s(p) ≥ βb(p− 1/2) log(n) + s(1/2) ≥ βb(p− 1/2) log(n)/2, (3.17)

for every n ≥ n0(p, k).
Substituting s(p) with log(g(p)/(1− g(p))) in this inequality, we get

log(g(p)/(1− g(p))) ≥ βb(p− 1/2) log(n)/2, (3.18)

thus
g(p)/(1− g(p)) ≥ eβb(p−1/2) log(n)/2

= nβb(p−1/2)/2
(3.19)

and, as
g(p) ≥ 1− (1 + nβb(p−1/2)/2)−1 ∼ 1− n−α, (3.20)

we conclude.

3.2 Proof of the Kesten’s Theorem
The previous lemma allows a quite concise proof for the Kesten’s Theorem (3.1),
which we now expose.

Proof. Kesten’s Theorem
Our idea is to get a satisfying bound for the probability of E∞, namely the

event that there is an infinite open cluster, studying the crossing probabilities of
an infinite sequence of rectangles arranged adequately.
From Lemma (3.2), we know that, being p > 1/2, there are positive constants
n0 ≡ n0(p, 2) and c2 ≡ c2(p) such that hp(2n, n) ≥ 1 − n−c2 for n ≥ n0; then let
m > n0.
Let (Rk)k∈N be a sequence of 2k+1m by 2km rectangles arranged alternately
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horizontally and vertically with the bottom-left corner on the origin.
Calling Hk the event that the k-th rectangle has an open crossing of its longer
side, if Hk holds for every k in N, then E∞ holds, hence Pp(

⋂︁∞
k=0Hk) ≤ Pp(E∞).

Recalling that, from the Kolmogorov’s 0-1 Law [2, p. 145], Pp(H∞) > 0 ⇒ Pp(H∞) = 1,
it suffices to show that Pp(∩k∈NHk) > 0.
Applying Lemma (3.2) to our rectangles Rk, we have

hp(2
k+1m, 2km) ≥ 1− (2km)−c2 (3.21)

for all m ≥ n0(p, 2), so we can write:

∞∑︂
k=0

Pp(H
c
k) ≤

∞∑︂
k=0

(2km)−c2

= m−c2

∞∑︂
k=0

(2−kc2)

=
m−c2

1− 2−c2
< ∞.

(3.22)

This implies that

∞∏︂
k=0

Pp(Hk) > 0, (3.23)

and, since Hk is an increasing event for every k in N, we conclude that

Pp(E∞) ≥ Pp

(︄
∞⋂︂
k=0

Hk

)︄
≥
∏︂
k∈N

Pp(Hk) > 0. (3.24)
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Figure 3.2: A succession of rectangles with increasing dimensions described in
the proof of Theorem (3.1). The yellow lines represent open crossings of the
rectangles.

The Kesten’s Theorem and the Harris’s Theorem, which we proved in the
previous chapter, give us a bound for pH both from below and from above,
implying that pH = 1/2 for bond percolation on the square lattice Z2.
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Chapter 4

Exponential decay and critical
probability for the expected size of
the clusters

In this last chapter we shall see an important result about the rate of decaying
of the probability that a chosen open cluster is greater than a certain size and
use it to prove that the same equality that we obtained for pH also holds for the
critical value of the expected size of the clusters.

4.1 Exponential decay of the size of the clusters

Our first aim is to prove that, when p < 1/2, as n increases, the probability that a
particular open cluster contains at least n sites decays exponentially. This result
was firstly presented in [10].

Theorem 4.1. In the context of bond percolation on the square lattice, if p < 1/2,
there is a constant positive β ≡ β(p) such that

Pp(|C0| ≥ n) ≤ e−βn, ∀n ∈ N. (4.1)

In order to give a proof for this result, we need to introduce a new probability
measure and a preparatory lemma in the context of a general graph Λ.

Till now we always considered a bond percolation model, now we follow a
different approach called site percolation, in which we take each vertex of an
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infinite set to be in the open graph with a certain probability p and the open
bonds are the ones between adjacent chosen vertices.

Definition 4.1. A site percolation measure Pk on a graph Λ is called k-independent
if, for any sets A and B at graph distance at least k, the state of the sites in A
does not depend on the state of the sites in B.

Lemma 4.1. Considering a graph Λ with maximum degree d ≥ 2 and a natural
k ≥ 2, there exist c ≡ c(k, d) > 0 and p ≡ p(k, d) > 0 such that, given a k-
independent site percolation measure Pk on Λ such that each site is open with
probability at most p, then

Pk(|Cs| ≥ n) ≤ e−cn (4.2)

for any s in V (Λ) and for any n in N, where Cs is the open cluster containing
the site s.

Proof. Let s be a site in V (Λ) such that |Cs| ≥ n, then the sites in Cs must
induce a tree A with n sites. It is known that there are at most (ed)n−1 such
trees A containing s (cf. [13]). Note that for any site in Λ, there are at most∑︁k−1

i=0 d
i ≤ dk vertices at graph-distance lower than k from that site.

Thus, for every possible A, there is a subset F of A with at least n/dk sites in
it such that every site in F is at graph distance at least k from all the others.
Hence the state of each site in F is Pk -independent, and the probability that
each of them is open is at most p|F |. Therefore, if |Cs| ≥ n, at least one of the
possible trees A contains an open subset F defined as above, (note that every
tree A induced by Cs actually does) so we have that

{|Cs| ≥ n} ⊆
⋃︂

i≤(ed)n−1

(Ai contains an open set F defined as above), (4.3)

where Ai denotes the i−th tree, thus

Pk(|Cs| ≥ n) ≤ pn/d
k

(ed)n−1 ≤ pn/d
k

(ed)n = (p1/d
k

ed)n. (4.4)

Now we just need to take p < (ed)−k and, considering c := − log(edp1/d
k
), we get

the thesis.

Now we use this result to give a proof for Theorem (4.1).

Proof. (Theorem (4.1)) In the case of the square lattice, each bond has precisely
degree 4; we consider p < 1/2 and take q := q(5, 4) from Lemma (4.1) in the case
of a 5−independent measure on the graph Z2. Consider d := (1− q)1/4.
Considering a 3m by m rectangle in the dual graph of Z2, since 1−p > 1/2, from
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Lemma (3.2) we have that any of them has an open horizontal dual crossing with
probability at least d definitively, id est

h1−p(3m,m) > d (4.5)

for every m greater than a certain m0.
Arranging four rectangles as the one described above to form a square annulus
D, as in the proof of Lemma (2.5), we can see that the probability that D has
an open dual cycle in it is at least the probability that there is an open dual
horizontal crossing in each of the four rectangles, namely, it is at least d4 = 1− q.
Note that, fixing t = m+ 1, there is a square S on Z2, with t sites on each side,
lying in the interior of D.
Calling E(S) the event that there is an open path that joins a site in S to a site
at graph distance at least t from S, we have that such a path in Z2 can not cross
an open dual cycle in D, hence

Pp(E(S)) ≤ q. (4.6)

Let P′ be a site percolation measure on Z2 in which a vertex v = (v1, v2) is open
if and only if E(S) holds for the square Sv = [tv1 + 1, tv1 + t]× [tv2 + 1, tv2 + t].
Note that such a probability measure P′ is 5-independent. Moreover, since
Pp(E(S)) ≤ q, we also have that each site is open with probability at most q
in the model induced by P′ Referring to the open cluster of the origin in the
model induced by P′ as C ′

0, by Lemma (4.1), we have

P′(|C ′
0| ≥ n) ≤ e−cn (4.7)

for some positive constant c, for every n in N.
Note that if |C0| ≥ (4t+1)2 and x is a site in C0, if x ∈ Sv for some v, then E(Sv)
holds. That’s because, calling Wv the square with 4t + 1 sites on each side and
centered in Sv, there must be a site u in C0 and not in Wv, therefore Sv and u are
at graph distance at least t. This means that, if |C0| ≥ (4t+1)2 and C0∩Sv ̸= ∅,
then E(Sv) holds. Hence, in such case, v is open in the model induced by P′ and
such vertices v form a subset of C ′

v0
, where Sv0 is che square which contains the

origin.
Let n ≥ (4t+1)2, and let |C0| ≥ n, then, since there are at least n/t2 disjoint

squares Sv such that Sv ∩ C0 ̸= ∅, we have

Pp(|C0| ≥ n) ≤ P′(|C ′
v0
| ≥ n/t2) ≤ e−cn/t2 , for all n ≥ (4t+ 1)2. (4.8)

This ends the proof for n ≥ (4t+ 1)2, as we take β1 = c/t2.
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When n is smaller, it is quite easy to get an adequate α2, for example we can
observe that Pp(|C0| ≥ n) ≤ p, thus β2 :=

− log(p)
(4t+1)2

is a valid constant, since

p = elog(p) ≤ elog(p)n/(4t+1)2 = e−nβ2 . (4.9)

Now we simply consider β := min{β1, β2} and the proof is over.

4.2 Critical Probability for the expected size of
the clusters

The previous result allows us to determine another critical probability, which
concerns the expectation of the size of our open clusters.

Definition 4.2. In the context of bond percolation, given a graph Λ and a site
s in Λ, we write γs(p) for the expected size of the cluster of s when each edge is
open with probability p, namely

γs(p) := Ep(|Cs|) (4.10)

Observation 4.1. γs(p) is an increasing function of s and, as in the case of
θs(p), it does not depend on the specific site s, therefore there must be a critical
probability pT such that

γ(p)

{︄
< ∞, p < pT ;

= ∞, p > pT ;
(4.11)

Observation 4.2. Since

Ep(|Cs|) =
∞∑︂
n=1

Pp(|Cs| > n) ≥
∞∑︂
n=1

Pp(|Cs| = ∞) =
∞∑︂
n=1

θs(p), (4.12)

if θs(p) > 0, the series above diverges, hence

pT ≤ pH = 1/2. (4.13)

As we are interested in the case of Λ = Z2, we simply write γ(p), instead of
γs(p), since all the sites are equivalent.
Remarking that, even if an aleatory variable is almost surely finite, its expected
value might be infinite, one could think that pT could be strictly lower than pH , yet
this is not the case, and this directly comes from Lemma (4.1). Indeed, we know
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that, if p < 1/2, there is a positive constant α > 0 such that Pp(|C0| ≥ n) ≤ e−αn,
hence

Ep(|Cs|) =
∞∑︂
n=1

Pp(|Cs| > n) ≤
∞∑︂
n=1

e−αn < ∞, (4.14)

which implies the Harris-Kesten Theorem.

Theorem 4.2 (Harris-Kesten Theorem). In the context of bond percolation

pH(Z2) = pT (Z2) = 1/2. (4.15)
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Conclusions

The phenomenon of phase transition in the context of percolation theory has been
studied all across the second half of the past century and advanced correlated
problems are still open fields of research. In this thesis we focused on the phase
transition in the context of the independent percolation model on the square
lattice Z2. We started with a general introduction to the theory of random graphs
and to the percolation problem, focusing on the existence of a threshold value
pH for the percolation probability such that, exceeding that value, an infinite
open cluster forms almost certainly. After this introductory result we focused
on giving a lower bound for the critical value pH . In order to do so, we studied
the probability of existence of open crossings on rectangle-shaped portions of the
underlying graph and its dual. Starting with square-like rectangles, we made
use of the Russo− Seymour −Welsh Lemma (Lemma (2.3)) to investigate the
existence of open horizontal crossings in rectangles increasing the ratio between
the horizontal side and the vertical one. In particular, we used this result to
deduce Lemma (2.5), which directly implies the lower bound presented in the
Harris′s Theorem (Theorem (2.1)), namely that pH ≥ 1/2.
Once we had demonstrated this first bound, we dealt with the higher bound,
which makes up the Kesten′s Theorem (Theorem (3.1)). We began facing this
problem by introducing the concepts of pivotal edges and of influence of an edge
for a given event. We did so with the aim of studying the open horizontal crossings
of arbitrarily long and thin rectangles when each edge is open with a probability
p > 1/2. In this context we found that, for any ratio k between the sides of
a rectangle, there is a coefficient α, depending on the probability p we fix on
each edge, such that a kn by n rectangle has an open horizontal crossing with
probability at least 1− nα as n exceeds a certain value (Lemma 3.2). This result
led us to the Kesten′s Theorem.
In the final part of the thesis we introduced a k-independent site percolation
probability measure, namely, we considered the state of each site of the underlying
graph to be affected by the state of the sites within graph-distance k − 1 from
it. This approach allowed us to prove a key result (Theorem (4.1)) for the
independent bond percolation model, which states that, if each edge is open
with probability p < 1/2, the probability that a chosen open cluster contains n
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sites or more decays at least as e−βn for a constant β depending on p. Finally we
introduced the critical probability pT for the expected size of the open clusters
and we deduced from the previous theorem that this is equal to 1/2 for the
independent bond percolation model on the square lattice, just like pH , which
makes up the Harris−Kesten Theorem (Theorem (4.2)).
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Appendix

Here is the python code used to create figure (1)

1 import random
2 import networkx
3 import matplotlib.pyplot as plt
4 import numpy
5

6

7 n = 149
8 M = 50
9 k = 31

10 p_values = numpy.linspace(0, 1, k)
11

12

13 sites = [(x, y) for x in range(-n, n+1) for y in range(-n, n
+1)]

14

15 fractions_mean = []
16

17 for p in p_values:
18 total_fraction = 0
19 for m in range(M):
20 edges = []
21

22 for (x, y) in sites:
23 if (x+1, y) in sites and random.random () < p:
24 edges.append (((x, y), (x+1, y)))
25 if (x, y+1) in sites and random.random () < p:
26 edges.append (((x, y), (x, y+1)))
27

28 G = networkx.Graph()
29 G.add_nodes_from(sites)
30 G.add_edges_from(edges)
31 largest_comp = max(networkx.connected_components(G),

key=len)
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32 size = len(largest_comp)
33 total_fraction = total_fraction + (size / ((2*n+1)

*(2*n+1)))
34

35 p_fraction = total_fraction / M
36 fractions_mean.append(p_fraction)
37

38 plt.plot(p_values , fractions_mean , marker=’o’, linestyle=’-’
, color=’b’, label=’Fraction ’)

39 plt.xlabel(’p’)
40 plt.ylabel(’Fraction of sites in the largest open cluster ’)
41 plt.grid(linestyle=’--’)
42 plt.ylim(-0.05, 1.05)
43 x_points= numpy.arange (0.0, 1.01, 0.1)
44 plt.xticks(x_points)
45 plt.legend ()
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