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Abstract

Deep neural networks (DNNs) have excelled in fields like computer vision, natural language
processing, and scientific applications. However, despite their accuracy, DNNs can produce
overly confident but incorrect predictions, posing risks in critical areas such as autonomous

driving and medical diagnosis.

Uncertainty quantification (UQ) is key to assessing the reliability of predictions beyond accu-
racy. While state-of-the-art UQ methods are effective, they often require retraining models
or running multiple forward passes, making them computationally expensive and impractical
for many real-world scenarios. Additionally, most methods cannot be applied to pre-trained

models without significant modifications or deep architecture knowledge.

We address this gap with a post-hoc UQ technique that matches state-of-the-art performance
while being far more efficient. Our multi-output meta-model enhances pre-trained models
with accurate uncertainty estimation, without requiring additional data or retraining. This
method drastically reduces computational costs while maintaining the quality of uncertainty
quantification, making it both scalable and adaptable to tasks like out-of-domain detection

and misclassification.

Our approach delivers near state-of-the-art results on several benchmarks, offering a practical,
efficient alternative for real-world applications where accuracy and computational efficiency

are crucial.
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Chapter 1

Introduction

1.1 Overview

Since the early 2010s, the field of machine learning has undergone a profound transformation,
largely driven by the resurgence and success of deep learning. Before this era, during the
1990s and 2000s, the training of large deep models was hindered by computational and
data limitations. However, the “deep revolution” emerged in 2012 with the groundbreaking
success of Convolutional Neural Networks (ConvNets) Krizhevsky et al. [2012], Simonyan and
Zisserman [2015], marking a pivotal moment in the field. These advancements simplified data
analysis, leading to the widespread adoption of deep learning across various applications, from
image classification and speech recognition to chatbots, translation, gaming, and robotics,

exemplified by achievements such as AlphaGo.

ConvNets introduced key architectural innovations, such as sparse connectivity and weight
sharing through convolutions with learned kernels, allowing for efficient local feature ex-
traction and addressing the parameter explosion problem seen in Fully Connected Networks
(FCNs). While Convolutional Neural Networks became a cornerstone in vision tasks, Recur-
rent Neural Networks (RNNs), including Long Short-Term Memory (LSTM) networks and
Gated Recurrent Units (GRUs), had already been advancing sequence processing tasks such
as speech recognition and text generation. The success of these architectures helped establish

neural networks as state-of-the-art across a broad range of domains.

The field saw further breakthroughs with the introduction of Residual Networks (ResNets)
in 2015, which tackled the challenges of training very deep networks by employing skip

connections to mitigate the vanishing gradient problem He et al. [2016]. This innovation



enabled the development of models with hundreds or even thousands of layers, significantly
improving performance in image classification and other tasks. These advances built on
carlier work, such as the establishment of the ImageNet database Deng et al. [2009], which
provided a large-scale benchmark for image classification, and the subsequent development

of deep learning techniques LeCun et al. [2015].

Then, in 2017, the emergence of Transformer models, as presented in the seminal paper
“Attention is All You Need” Vaswani et al. [2017], revolutionized sequence processing and
natural language understanding. Transformers replaced the sequential data processing of
RNNs with self-attention mechanisms, enabling parallel processing and capturing long-range
dependencies more effectively. This architectural breakthrough has led to state-of-the-art
performance in language modeling, translation, and beyond, influencing domains such as

image generation and protein structure prediction Pandey et al. [2022].

Despite these advancements, a critical challenge remains in deep learning: robustness and
trustworthiness. While deep learning models have achieved substantial gains in average per-
formance metrics such as precision for classification tasks Bengio et al. [2013], their deploy-
ment in safety-critical applications necessitates performance certification. This certification
involves a formal understanding of the models’ generalization capabilities, optimization land-
scapes, and, importantly, the stability of their decision functions, in the face of noisy inputs
or adversarial attacks Goodfellow et al. [2015].

A crucial aspect of performance certification is the reliable estimation of confidence or uncer-
tainty in the models’ decisions. Traditional deep learning models often exhibit overconfidence
Guo et al. [2017], which is inadequate for tasks requiring precise uncertainty estimation, such

as healthcare Begoli et al. [2019] and autonomous vehicle navigation Choi et al. [2019].

1.2 What do we mean by uncertainty?

When we talk about uncertainty in machine learning, we refer to returning a distribution over
predictions rather than a single prediction. This approach provides additional information

about how confident the model is in its predictions.

In classification tasks, uncertainty allows us to output a label along with its associated

confidence. This confidence level indicates how sure the model is about the assigned label.

For regression tasks, uncertainty is expressed in terms of the output mean along with its

variance. The variance captures the model’s uncertainty about the predicted value.



X

Figure 1.1: Tllustrations of uncertainty in classification and regression (Image credit: Eric
Nalisnick)

Good uncertainty estimates are crucial because they help us determine when we can trust

the model’s predictions.

In machine learning, most theoretical models assume that the training and testing data
are drawn independently and identically distributed (iid) from the same dataset. This is

represented as:

]P)test(y7 :E) = ]P)train(ya ZL')

However, in practice, the reality often differs. The test set may come from a different distri-
bution than the training set. This situation is referred to as out-of-distribution (OOD) data,

where:
]P)test (ya :E) 7£ ]Ptrain (y, l')

When the training and test sets follow the same distribution, the model’s performance is
typically more predictable and aligns with theoretical expectations. In contrast, when the test
data distribution differs from the training data distribution, the model’s ability to generalize
and make accurate predictions is challenged. This is known as out-of-distribution robustness,

and it is crucial for models to handle such scenarios effectively.
There are different types of so-called dataset shifts:

e Covariate shift: The distribution of input features x changes, although the conditional
distribution of the labels given the features P(y|z) remains constant. This is commonly
seen in scenarios where the nature of the inputs changes over time but the underlying

relationship between the inputs and outputs remains stable.



e Open-set recognition: New classes that were not present in the training data may
appear during testing. For example, a model trained on common animal classes might

be tested on exotic animals not seen during training.

e Label shift: The distribution of labels P(y) changes while the conditional distribution
of the inputs given the labels P(z|y) stays the same. This is prevalent in fields like
medicine, where the prevalence of diseases may change over time, affecting the label

distribution.

These shifts pose significant challenges to maintaining model accuracy and require robust

machine learning strategies that can adapt to changes in the input data or environment.

1.3 Different types of uncertainties

“Knowing what a model does not know” comes down to placing appropriate uncertainty
scores in its predictions, also called uncertainty quantification (UQ). Uncertainty in DNNs
may come from different types of sources, generally classified into two types: aleatoric and
epistemic Gal [2016].

Aleatoric

0 2 4 6 8 10 12

Figure 1.2: A schematic view of main differences between aleatoric and epistemic uncertain-
ties from Abdar et al. [2021]

Aleatoric uncertainty, derived from the Latin word Aleator, meaning “dice player”, refers
to the inherent randomness present in observations. This type of uncertainty captures the
natural variability within the data, which can arise due to factors such as stochastic processes,

noise in the observations, or inconsistencies in data collection.

For instance, labeling noise can occur due to differences in human judgment, leading to

inconsistent labels. In medical imaging, this might manifest as annotators disagreeing on
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the classification of a particular image, introducing variability in the labels. Measurement
noise is another source, where imprecise tools or instruments add variability to the data,
such as blurry images caused by poor focus during data collection. Additionally, aleatoric
uncertainty is evident in situations involving class overlap, where distinguishing between two
or more classes becomes challenging due to their inherent similarities. This overlap can lead

to ambiguous data points that are difficult to categorize accurately.

0.8

0.6

0.4

0.2

-2 T T T T T T T T T T T T T 0.0
-2 -1 V] 1 2 3 4 -3 -2 -1 ] 1 2 3 4

Figure 1.3: Examples of data uncertainty, class overlap causing an ambiguous decision bound-
ary (Image source: He and Jiang [2024]).

Aleatoric uncertainty is considered irreducible because it cannot be eliminated simply by
gathering more data. This type of uncertainty is an intrinsic property of the data, reflecting
the inherent noise, bias and variability that exists within the observations. However, ad-
dressing it may require improving the quality of inputs, enhancing the sensors used for data
collection, or incorporating additional features and views of the data to provide more context

and reduce the impact of noise.

Within aleatoric uncertainty, we can further distinguish between homoscedastic and het-
eroscedastic uncertainties. Homoscedastic uncertainty remains constant across different in-
puts, representing a uniform level of noise throughout the data. In contrast, heteroscedastic
uncertainty varies with the input, indicating that some areas of the data space may have
more inherent noise than others. This variability can often be learned from the data, al-
lowing models to adjust their confidence levels based on the specific characteristics of each

input.

On the other hand, epistemic uncertainty, derived from the Greek word Episteme, meaning

“knowledge”, reflects the uncertainty inherent in the model itself. This type of uncertainty



arises from a lack of knowledge about the best model to explain the observed data.

A key characteristic of epistemic uncertainty is its reducibility. Unlike aleatoric uncertainty,
which is intrinsic to the data, epistemic uncertainty can be diminished by acquiring more
data, especially in areas where the model’s knowledge is sparse. As the dataset grows to
infinity, especially with diverse and representative data, epistemic uncertainty should the-
oretically approach zero, provided the model is well-suited to the task. It occurs because
multiple models can fit the training data well, leading to ambiguity about which model to
choose. This is particularly relevant when the model has not seen enough data to make defini-
tive predictions. The uncertainty can exist within the same hypothesis class (e.g., different
linear classifiers) or across different hypothesis classes (e.g., comparing linear and non-linear

models). If the model is uncertain about the appropriate decision boundary, additional data

Figure 1.4: Tllustrations of epistemic uncertainty in classification (Image source: Google Al
Brain Team)

points can help clarify this boundary, leading to a convergence towards a single, well-defined
hypothesis. This reduction of epistemic uncertainty is essential for improving model perfor-
mance, as it underscores the importance of data acquisition in refining model predictions.
This type of uncertainty is crucial for out-of-distribution (OOD) detection, as it enables the

model to identify unfamiliar samples with a higher uncertainty score.

The distinction between aleatoric and epistemic uncertainty is fundamental for developing
machine learning models that are not only accurate but also reliable in their predictions.
By understanding and quantifying these uncertainties, we can better gauge the confidence
of our models in their predictions, enabling safer applications in fields where precision and

reliability are crucial.



Noisy Input x Qutput y

|
/ Data uncertainty \

Input feature/ ] - Joint class
output label noise . distribution overlap

. / "/\ \ -/\
Model architecture ~ Model Dataset distribution shift
uQ parameter UQ  UQ (OOD data)

Figure 1.5: More detailed schematic view of the two types of uncertainties from He and Jiang
[2024]

1.4 Applications

1.4.1 Healthcare

One of the most critical and rapidly growing applications of uncertainty estimation is in
healthcare, particularly in medical imaging and radiology. In medical diagnostics, it’s not
sufficient to simply classify an image as indicating “disease” or “no disease”. Instead, it’s
crucial to provide a confidence level along with the classification. For example, instead of
merely stating that a scan shows a tumor, the model should output that there is an 80%
chance that the image indicates a tumor. This additional information is invaluable to doctors,

allowing them to make more informed decisions.

A. HEALTHY B. DISEASED

\Hemorrhages

Figure 1.6: Example of diabetic retinopathy detection from fundus images. (Image source:
Gulshan et al. [2016]).

The goal is to pass along reliable uncertainty estimates to downstream healthcare profession-

als. If the model is uncertain, it should have the ability to defer the decision to a human

7



expert. This approach not only improves the safety and reliability of Al systems in health-
care but also ensures that low-quality inputs, which might lead to incorrect predictions, are

identified and flagged for further review by human experts.

1.4.2 Self-Driving Cars

Self-driving cars must effectively manage uncertainty, particularly in out-of-distribution (OOD)
scenarios caused by dataset shifts Sun et al. [2020]. These shifts can result from factors such
as changes in lighting, time of day, weather, or geographical location, all of which impact the
car’s ability to recognize objects and make decisions. For instance, daylight and nighttime
conditions, or urban versus suburban environments, present unique challenges. Temporary

factors like road construction or unexpected obstacles further complicate the model’s input.

When the model encounters significant deviations from its training data, such as snow-covered
roads or other OOD examples, it should increase its uncertainty, enabling the system to take
precautionary actions or hand over control to the driver, ensuring safety in unpredictable

conditions.

1.4.3 Conversational Dialog Systems

In the realm of conversational dialog systems, such as voice assistants, handling out-of-scope
(OOS) utterances is a critical challenge. These systems must be capable of detecting when
they do not understand a user’s request, expressing uncertainty, and responding appropri-
ately. A well-designed conversational system should avoid providing random or potentially
misleading answers when it does not fully comprehend the user’s query. Instead, it should
recognize that the query is out-of-scope and either ask the user to repeat the question or

provide a fallback response.

For example, if a user asks a question outside the system’s domain of knowledge—such as
a finance-related system being asked about sports—the system should express uncertainty.
Rather than offering an incorrect answer, it could request clarification or acknowledge its
inability to respond to the query. This approach enhances the user experience by preventing

the system from delivering irrelevant or confusing responses Larson et al. [2019].

1.4.4 And many others...

In decision-making processes, reliable confidence estimates are fundamental, ensuring that

the decisions made are based on trustworthy information. In active learning and lifelong



learning, focusing on uncertain predictions during training helps to continuously improve
model performance, enabling the model to learn more effectively from data. In reinforcement
learning for instance, uncertainty helps balance exploration and exploitation, guiding the

learning process to optimize performance Depeweg et al. [2018].

1.5 Thesis Overview and Contributions

The thesis begins by introducing the foundational concepts of deep neural networks (DNNs)
and their architecture, followed by the significance of Uncertainty Quantification (UQ) in
machine learning. It explains how uncertainties are modeled and introduces common UQ

metrics, which are essential for assessing model confidence.

Next, the thesis provides a comprehensive literature review of existing UQ methods, starting
with fundamental approaches like Bayesian methods, which incorporate uncertainty directly
into the model, and ensemble methods, which estimate uncertainty through multiple mod-
els. Emerging techniques, such as Evidential Deep Learning (EDL), are also explored. The
review then moves to post-hoc methods, which introduce UQ into pre-trained models with-
out retraining or significant architectural modifications. The strengths and limitations of
these methods are assessed, with a focus on computational efficiency and practicality. While
many current UQ methods perform well, they are often computationally intensive, requiring
retraining or multiple forward passes, or demand deep knowledge of the model’s architec-
ture, making them less adaptable. This highlights a clear research gap: the need for a more
efficient, model-agnostic solution that works with existing models while preserving high accu-
racy and reliability. The proposed method addresses this gap by being both model-agnostic
and potentially task-agnostic, making it applicable to a wide range of supervised learning

problems.

Specifically, we introduce a novel multi-output module architecture designed to efficiently add
UQ capabilities to pre-trained models. This method enables multiple independent predictions
in a single forward pass, without requiring additional data or retraining the model. It also
incorporates a new approach to disentangling uncertainties by leveraging the disagreement
between outputs and using overlapping data to improve prediction robustness. The proposed
solution is computationally efficient and integrates well with standard UQ metrics, making

it both scalable and practical.

The experimental evaluation validates the effectiveness of the proposed method on benchmark
datasets such as MNIST, CIFAR-10, and CIFAR-100, including their corrupted variants.



The results demonstrate that the multi-output meta-model achieves near state-of-the-art
performance while significantly reducing computational costs. A detailed comparison with
existing UQ techniques highlights the method’s efficiency, delivering competitive uncertainty

estimates in a fraction of the time.
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Chapter 2

Basics of Deep Learning and

Uncertainty Estimation

The concept of neural networks has evolved significantly over the past eight decades. Initially
designed to mimic the behavior of real neurons, these networks have developed into complex
architectures with multiple sub-modules. An early example is the Multi-Layer Perceptron
(MLP), introduced by Rumelhart, Hinton, and Williams in 1985, which laid the groundwork
for modern deep learning Rumelhart et al. [1985]. Today, sophisticated architectures like
AlphaFold Jumper et al. [2021] exemplify the advanced networks capable of solving intri-
cate tasks such as protein structure prediction. Despite these advancements, the underlying
structure of neural networks remains consistent. As Yann LeCun succinctly defines it, “Deep
Learning is constructing networks of parameterized functional modules and training them

from examples using gradient-based optimization”.

Deep learning involves training models on data, which consists of features or inputs the
variables describing each example and, in supervised learning, labels, the correct outputs
associated with those inputs. In supervised learning, models are trained on labeled data,
where each input is paired with a label, enabling the model to learn the relationship between
them. Supervised learning can be categorized into classification, where the task is to predict
discrete labels, such as identifying spam emails Bishop [2006], and regression, where the goal
is to predict continuous values, like stock prices Jerome Friedman and Tibshirani [2001].
In contrast, unsupervised learning trains models on data without labels, aiming to uncover
patterns or structures, such as clustering customers by purchasing behavior Trevor Hastie

and Friedman [2009]. Additional paradigms include semi-supervised learning, which lever-
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ages a small amount of labeled data alongside a larger set of unlabeled data Zhu [2005],
and reinforcement learning, where an agent learns to make decisions by interacting with an

environment to maximize rewards Sutton and Barto [2018].

2.1 Feed-forward neural networks

2.1.1 Definition

At the core of a standard feed-forward neural network is the concept of a neuron: a compu-
tational unit that receives inputs, applies a linear transformation using weights and biases,
and passes the result through a non-linear activation function. This model is generalized in
neural networks, where neurons are organized into layers. In a network with multiple hidden
layers, each layer transforms its input x through a series of linear maps Wy, W, ..., W, and
biases by, bs, . .., by, followed by a non-linear activation function o(-), such as ReL.U, allowing

the network to capture and learn complex patterns.

Input Weight

T o—»@“ Activation Output
Function
T2 () Sum _\E Yy

Figure 2.1: Illustration of an artificial neuron

ReLU is defined as ReLU(z) = max(0, z) and is widely used due to its simplicity and its
ability to mitigate the vanishing gradient problem, though it can suffer from issues like dead

neurons Hochreiter and Schmidhuber [1997]. Other common activation functions include the

1
1+exp(—z)’

useful for binary classification tasks. Another example is the hyperbolic tangent function

sigmoid function, sigmoid(z) = which maps inputs between 0 and 1, making it

(tanh), tanh(z) = %ﬁiggj, which maps inputs between -1 and 1 and is often used when
data is centered around zero. Finally, Leaky ReLU, defined as Leaky ReLU(z) = max(az, )
where « is a small constant, is a variation of ReLLU that allows for a small gradient when the

input is negative, addressing some limitations of standard ReL.U.

After passing through the hidden layers, another linear function Wy, can be used to map
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the final hidden layer to the output:

g=ocWr(o(...o(Wix +b1))...) +br)Wri (1)

Throughout this study, we focus on the supervised learning setting, where labels are provided

to train the model. In classification tasks, where the goal is to predict which category X

belongs to among a set of C' possible classes, the model output ¢ is typically passed through
exp(Ja)

S exn(0n)” The final layer

in this case consists of C' units, each corresponding to a class. The most commonly used loss

a softmax function to compute the normalized probabilities p; =

function for classification is the cross-entropy loss, which quantifies the difference between

the predicted probabilities and the true labels:
| N
Wi, W g 1,b1,0b _ _ 4 N
L L+ HXY) = LX) = -5 ; log(pi.,)

where X = (z1,...,2y) represents the input data and Y = (yi,...,yy) denotes the corre-
sponding labels. Although cross-entropy is the standard choice for classification, alternative

loss functions can be applied depending on the task.

For regression tasks, where the objective is to predict a continuous value, the Euclidean loss

(or mean squared error) is typically employed:

N
1 .
LXY) =55 >y — Gill?
=1

In this scenario, the final layer generally contains a single unit to generate the continuous
prediction Fisher [1936].

2.1.2 Impact on neural network performance

A practical example of dataset shift can be observed in the ImageNet-C benchmark. In
this scenario, the iid test set comprises clean images from the ImageNet dataset. However,
various forms of noise and distortions are introduced, creating a dataset shift that makes it
increasingly difficult for neural networks to maintain their performance. As shown in Figure
2.2, the shift is simulated by progressively adding noise to the images, with the severity of
the corruption increasing from 1 to 5. The clean image represents the iid condition, and as

the dataset shift intensifies, the neural network’s performance typically degrades.
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Clean Severity =1

Figure 2.2: Varying intensity of dataset shift in ImageNet-C, including various types of noise
and distortions such as Gaussian noise, motion blur, and contrast changes (Image source:
Hendrycks and Dietterich [2019]).

This example highlights how neural networks, which perform well on clean, in distribution
(ID) data, often struggle with OOD examples. The introduced noise and perturbations lead
to significant drops in accuracy, demonstrating the importance of developing models that are

robust to such shifts.

As the covariate shift increases, the accuracy of a standard neural network such as ResNet

drops significantly.  This is evident in the accuracy plot shown in Figure 2.4, where the

0.7 5 s
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1 ) )
Test 1 2 3 4 3
Shift intensity

Figure 2.3: Impact of dataset shift on accuracy and uncertainty in neural networks. Accuracy
drops with increasing shift intensity Ovadia et al. [2019].

accuracy decreases progressively as the severity of the dataset shift intensifies from clean
images to those with higher noise levels. Ideally, a model should be able to recognize when
its predictions are less certain, especially as accuracy declines. However, as the shift intensity
increases, not only does the accuracy degrade, but the quality of uncertainty estimation also
worsens. This is problematic because the model continues to make overconfident predictions
despite its declining performance. Such behavior is concerning because it leads to a false

sense of confidence in incorrect predictions.

This overconfidence in the face of meaningless data highlights a critical vulnerability in
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Figure 2.4: Impact of dataset shift on the quality of uncertainty in neural networks. Over-
confidence increases with increasing shift intensity Ovadia et al. [2019].

Figure 2.5: Images that MNIST DNNs believe with 99.99% confidence are digits 0-9. Each
column is a digit class (Image source: Nguyen et al. [2015]).

neural network models, emphasizing the need for better methods to handle OOD inputs and
to calibrate the confidence of predictions appropriately. This example highlights a critical
challenge in neural network design: ensuring that the model not only maintains accuracy
under distribution shifts but also provides reliable uncertainty estimates, acknowledging when

it does not know.

2.1.3 Understanding model overconfidence

In practice, deep neural networks models are often designed as decision boundary classifiers.
Instead of becoming uncertain as inputs move away from the training data, the models be-
come more confident in their predictions. The further an input is from the decision boundary;,

the more certain the model becomes about assigning it to a specific class, as shown in the
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2.6. This behavior is problematic because when a model encounters a completely unfamiliar

Fil]

10
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(a) Poor OOD detection by a deep neu- (b) Proper OOD detection by an ideal
ral network. model.

Figure 2.6: Comparison between poor and proper OOD detection behaviors in deep neural
networks. Yellow indicates high uncertainty, the red class corresponds to OOD inputs. (Image
source: Liu et al. [2020a]).

class that it has never seen during training, it fails to acknowledge its uncertainty. Instead
of indicating “I don’t know”, the model incorrectly assigns high confidence to the unfamiliar

class, treating it as more similar to one of the known classes.

2.2 Modeling and measuring uncertainty

As discussed earlier, there are two primary types of uncertainty: epistemic (model uncer-
tainty) and aleatoric (data uncertainty) Kiureghian and Ditlevsen [2009]. We define the
overall predictive uncertainty (PU) that is composed of the two components: (i) epistemic
uncertainty (EU) and (ii) aleatoric uncertainty (AU), and can be typically expressed as their

SuI:

PU = EU + AU (2.1)

2.2.1 Bayesian approach to modeling aleatoric and epistemic un-

certainties

With the basic architecture of feed-forward neural networks now established, we can proceed

to define uncertainties in a mathematical framework. To understand how to extract a good
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notion of uncertainty in neural networks, it’s essential to start with the fundamentals of how
these models are typically optimized. Neural networks are usually optimized using Stochastic
Gradient Descent (SGD). The goal of this optimization is to find the best set of parameters
w that maximize the probability of the data given the model.

w* =argmaxP(w | x,y)

This is equivalent to minimizing the negative log-likelihood of the data while also incorpo-

rating a prior distribution on the parameters:
= argmin —log P(y | x,w) — log P(w)

While this approach effectively finds a good set of parameters, it yields only a single prediction
per example, thereby failing to capture model uncertainty. In other words, it produces a single
output y for a given input x, lacking the capacity to express uncertainty about the model

parameters.

This section will explore the foundational Bayesian approach to modeling uncertainties, with
a focus on how epistemic uncertainty can be represented as a probability distribution over
the model’s parameters. A more detailed literature review on these concepts will be provided

in the subsequent section.

Let Dy, = {X,Y} = {(z;,9:)}Y, denote a training dataset where z; € RP are the inputs
and y; € {1,...,C} are the corresponding classes, with C representing the number of classes.
The goal is to optimize the parameters w of a function y = f“(x) that can predict the
desired output. Using a Bayesian approach, we define the model likelihood P(y|z,w). For

classification tasks, the likelihood can be modeled using the softmax function:

exp(f¢'(x))
> exp(fe(x))

For regression tasks, a Gaussian likelihood is typically assumed:

Py = clz,w) =

P(ylz,w) = N (y; f(x), 771

where 7 represents the model precision. The posterior distribution, P(w|X,Y’), for a given

dataset D,, over w can be obtained by applying Bayes’ theorem, and is expressed as follows:

P(Y|X,w)P(w)

P(w|X,Y) = POIX)
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Then, for a given test sample z*, the class label with respect to P(w|X,Y’) can be predicted
by:

P(y*|z*, X,Y) = /P(y*|x*,w)P(w|X, Y)dw.
This process is known as inference or marginalization. We can analytically observe that these

two notions resurface when formulating the posterior predictive distribution for a new data
point Ulmer et al. [2021]:

Pyl X,Y) = [ B je", ) Pl X, Y) d (2:2)
Ale;troric Epigmic

Here, the first factor captures the aleatoric uncertainty regarding the correct prediction, while

the second factor expresses uncertainty about the correct model parameters.

Remark: As more data is observed, the density of P(w|X, Y') should increasingly concentrate
on reasonable parameter values for w. To understand this better, here is a general result in
Bayesian inference Box and Tiao [1973], we consider the Gaussian distributions for = and y,

assuming;:
o P(z) = N(x|pte, X2)
o P(ylz) = N(ylAz +b,%,)

Consequently, the posterior distribution P(w|X,Y) is given by a Gaussian distribution:
P(w|X,Y) = N(w; i, Z).
With:

STh=514+ 47514
Ty —1 -1
po=3X[ATS (y = b) + X7 1]

This Gaussian representation of the posterior provides a comprehensive framework for un-
derstanding how our beliefs about the parameters change with the observation of new data.

The process unfolds as follows:

e No observation: before any data are observed, the posterior distribution P(w|X,Y) is

identical to the prior distribution, indicating our initial beliefs about w, in other words:

P(w|X,Y) =P(w)
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Figure 2.7: Bayesian Linear Regression with an increasing number of points
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Figure 2.8: Evolution of the Posterior distribution with an increasing number of points

e First Observation: Upon observing the first data point (xg, ), we update our prior

belief to reflect this new information through a Bayesian update:
P(wlzo, yo) o< P(w)P(yo|zo, w),
where P(yo|zo,w) is the likelihood of observing yo given xy and parameter w, often

assumed to be Gaussian as well.

e Subsequent Observations: Each new observation (z;,y;) further refines our posterior

belief about w, integrating the information from all previous observations and the prior:

P(w[(z0, yo), - -, (1, 4i)) o< P(w) HIP’(yﬂrrj,w)-

This formula demonstrates the cumulative nature of Bayesian updating, where each
new data point contributes to an increasingly accurate and nuanced understanding of

Ww.

We now describe two decompositions of the form 2.1, each differing in the metric used to
quantify uncertainty: the first one is based on entropy, while the second one uses variance
Mohan et al. [2022], Depeweg et al. [2018].

Let H(-) compute the differential entropy of a probability distribution. The total uncertainty
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present in Eq. (3.3) can be quantified as H(y*|x*, Dy,.), with Dy, = {X, Y} = {(z;, i) }¥,.

Precisely, it is defined as:
H(y*|x*, Dy) = — Z]P’(y* = c|z*,w)log P(y" = c|z*,w),

which can be approximated using Monte Carlo (MC) samples as:

H(y*\iU*,Dtr):_Z< Z y* = cla”, w”)log(%z y* = clz*, w! ))

C

following Gal and Ghahramani [2016].

We use the natural logarithm for all the equations described in this section, and the values

are reported in nats, which is the natural unit of information.

Furthermore, assume that we do not integrate w out in Eq. (3.3) and, instead, we just
condition on a specific value of this variable. Then the corresponding uncertainty is just
H(y*|w, z*) and it corresponds to the aleatoric uncertainty given the fized parameter w. The
expectation of this quantity under the posterior, Ep(,p,,)[H(y*|w,2*)], can then be used to
quantify the overall aleatoric uncertainty in Eq. (3.3). As a consequence, we can quantify
the epistemic part of the uncertainty in Eq. (3.3) by computing the difference between total

and aleatoric uncertainties:

Hly*|2*, Dir] = Ep(ojp [H(y" [w, 2%)] = I(y", w|z”, D), (2.3)

which is the mutual information between y* and w that can also be approximated as

1 . 1 ,
I(y,w|x, Dy) = — Z (N Z]P’ (y = c|x,w(z))> log (N ZIP’ (y = c\x,w(z))>
c i=1

N
1 4 .
5 E E P (y = clz,w?) logP (y = c|lz,w?)

c,N =1
following Gal and Ghahramani [2016].

Instead of entropy, we can also use variance as a measure of uncertainty Depeweg et al. [2018].
Let 02(-) compute the variance of a probability distribution. The total uncertainty present

in Eq. (3.3) is then o?(y*|z*, Dy,). This quantity can then be decomposed using the law of
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total variance:
o> (y*|2*, D) = 0oy (BlY[w, 271) + Ep(ui iy [0” (Y |w, 27)]. (2.4)

where E[y*|w, z*] and o?[y*|w, z*] are, respectively, the mean and variance of y* according to
P(y*|w, 2*). In the expression above, afp(w‘DM)(E[y*\w, x*]) is the variance of E[y*|w, 2*] when
w ~ P(w|Dy). This term only considers the effect of w. Therefore, it corresponds to the
epistemic uncertainty in Eq. (3.3). By contrast, the term Ep(,p,,)[0?(y*|w, 2*)] represents
the average value of 02 (y*|w, z*) when w ~ P(w|Dy,). This term ignores any contribution to

the variance of y* from w and, therefore, it represents the aleatoric uncertainty in Eq. (3.3).

In practice, however, the posterior distribution over weights in neural networks is intractable,
and approximating it often incurs significant computational costs Neal [1996]. This in-
tractability arises because the marginal likelihood P(Y'|X), which is necessary for computing
. P(Y | X w)P
the posterior P(w|X,Y) = W
ous models and approximation techniques have been developed by researchers to perform

, cannot be evaluated analytically. As a result, numer-

uncertainty quantification (UQ) while circumventing this challenge.

2.2.2 Measuring the quality of uncertainty: calibration error

A popular method for assessing the quality of uncertainty estimates in machine learning
models is the calibration error. Calibration measures how well the predicted confidence

levels align with the actual observed accuracy.

The calibration error can be defined as the absolute difference between confidence and accu-
racy:

Calibration Error = |Confidence — Accuracy|

This metric helps to evaluate whether a model’s predicted probabilities are well-calibrated

with the real-world outcomes.

Example: Consider a weather forecasting model that predicts a 80% chance of rain. If, on
all the days where this prediction was made, it actually rained 80% of the time, the model

is said to be perfectly calibrated.

In regression tasks, calibration corresponds to how often the true values fall within the
predicted confidence intervals. For example, if a model predicts that the temperature will be
between 14°C and 18°C with 90% confidence, then, ideally, the actual temperature should

fall within this range 90% of the time. In other words, calibration in regression is about
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the coverage of the true values within the predicted confidence intervals, ensuring that the

intervals accurately reflect the uncertainty in the predictions.

Now, to evaluate the quality of uncertainty estimates in machine learning, a widely used
metric is the Expected Calibration Error (ECE). The Expected Calibration Error (ECE) is

computed as follows:
B

ECE = Z % lacc(b) — conf(b)|

b=1

Where:

e B is the number of bins.

ny is the number of samples in bin b.

N is the total number of samples.

acc(b) is the accuracy of the samples in bin b.
e conf(b) is the average predicted confidence of the samples in bin b.

The process begins by binning the predicted probabilities into B equal-width bins, each
representing a range of confidence levels. For each bin, the actual accuracy and the average
predicted confidence of the predictions within that bin are calculated. The calibration error
for each bin is determined as the absolute difference between the within-bin accuracy and
the within-bin confidence. The ECE is then obtained as the weighted average of these errors,

with weights proportional to the number of samples in each bin.

The ECE provides an overall measure of the model’s calibration across different confidence
levels. A lower ECE indicates that the model’s predicted confidence closely aligns with its
actual accuracy, which is the desired outcome Pakdaman Naeini et al. [2015]. It also helps in
diagnosing whether a model tends to be underconfident or overconfident. When the model’s
confidence is consistently lower than its accuracy (Confidence < Accuracy), the model is
said to be underconfident. This means the model is overly cautious, often predicting lower
confidence levels than are justified. Conversely, if the model’s confidence is higher than its
accuracy (Confidence > Accuracy), the model is considered overconfident. This indicates
that the model is too sure of itself, often predicting with high confidence even when it is

incorrect.

Of course, other metrics can be thought about, for instance, in high-risk applications where

reliable confidence measures are absolutely necessary, we may wish to minimize the worst-case
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Figure 2.9: Calibration plots illustrating underconfidence on the left and overconfidence on
the right. (Image source: Guo et al. [2017]).

deviation between confidence and accuracy:

max )P(?:Y|}A’:p> —p‘.
pel0,1]
The Maximum Calibration Error (MCE) Pakdaman Naeini et al. [2015] estimates this devi-

ation. Similarly to ECE, this approximation involves binning;:

MCE = max |acc(b) — conf(b)]| .
be{l,...,B}
On reliability diagrams 3.4. MCE is the largest calibration gap (red bars) across all bins,

whereas ECE is a weighted average of all gaps.

2.2.3 Proper scoring rules

While calibration metrics like ECE and MCE provide useful insights into how well the pre-
dicted probabilities align with actual outcomes, they do not account for accuracy. A model
could, in theory, be perfectly calibrated but still perform poorly if its predictions are consis-
tently random. To address this, we look at proper scoring rules, which provides a balanced
approach to evaluating uncertainty by incorporating both the model’s calibration and its

accuracy as well.

Negative Log-Likelihood (INLL) is one of the most commonly used proper scoring rules,
also known as cross-entropy. NLL evaluates the likelihood of the true outcomes under the

predicted probability distribution. Cross-entropy is widely used as a loss function in classi-
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fication tasks; however, one downside is that it can overemphasize tail probabilities, leading

to models that are overly confident in certain predictions.

Another proper scoring rule is the Brier Score (BS), which provides a quadratic penalty for

the difference between predicted probabilities and the actual outcomes Gneiting and Raftery
[2007]. The Brier Score is defined as:

where |)| is the number of possible outcomes (classes), P(y|x,,w) is the predicted probability
of class y given the input x,, and model parameters w, and 0(y — y,,) is the Kronecker delta,

which is 1 if y = y,, and 0 otherwise.

A downside of the he Brier Score is that, since it has a bounded range [0,1], unlike logarithmic
scoring rules, it can be numerically unstable to optimize, especially when dealing with small

probabilities.
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Chapter 3

Comprehensive Literature review

In this section, we provide a comprehensive review of the literature on uncertainty estimation.
We summarize the characteristics of various methods, highlighting their technical approaches,
and compare their advantages and disadvantages in addressing different types of uncertainty.
We also assess their efficiency in terms of computational time and memory usage. Finally,

we identify the research gaps that we aim to address in the subsequent section.

3.1 Bayesian techniques

Unlike Bayesian Linear Regression, as discussed in 2.2.1, the complexity of many models of-
ten prevents closed-form solutions for these distributions. Even a straightforward model like
Bayesian Logistic Regression, that deals with the classification problem from a probabilistic
standpoint, lacks a Gaussian likelihood and consequently does not have a closed-form solu-
tion. To address this, a branch of research focuses on approximating them using Bayesian
Neural Networks.

3.1.1 Bayesian Neural Networks

Bayesian Neural Networks (BNNs) incorporate uncertainty by placing probability distribu-
tions over the network’s weights. By specifying a distribution, BNNs capture a range of
plausible models that fit the data, with predictions reflecting uncertainty in regions with
sparse data. Unlike traditional neural networks with fixed weights, BNNs compute outputs
based on the probability of weights given the inputs and data, P(y;|x;, D), allowing for more

robust inference in scenarios with limited or noisy data. The prior distribution over the
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Figure 3.1: Theoritical representation of Classical Neural Networks vs Bayesian Neural Net-
works

weights is defined as P(w), such as a Gaussian distribution P(w) = N (w|0,a"'I), which
reflects the belief that, prior to observing data, weights are likely to be small in magnitude.
Alternatively, other choices like the Laplace distribution are also possible. Depending on the
choice of prior, the Gaussian distribution can be interpreted as imposing L2 regularization,

while the Laplace distribution corresponds to L1 regularization.

The likelihood for regression problems is defined as P(y;|z;,w) = N (yi; f<(z;), 7). The
goal is again to compute the posterior distribution P(w|X,Y") by the following relation:

P(wlX. ) o B(w) [ Plulri. )

Bayesian Neural Networks (BNNs) utilize Gaussian distributions for the prior and likelihood
but result in a non-Gaussian posterior distribution due to the non-linear dependencies in
the neural network. This non-linear dependency is represented by the function f“(x), which

maps weights to predictions.

Since the true predictive distribution is represented by this integral:
Py, D) = [ Py[o",0)PwID)do

One can think of Monte Carlo estimation of this integral:

P(y*|z*, D) P(y*|z*,w®) where w®~ P(w|D)

IIMCA
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Or if it is not possible to sample directly from P(w|D), methods such as Monte Carlo Markov
Chains (MCMC) Robert and Casella [1999], Metropolis-Hasting (MH) Metropolis et al.
[1953], Hastings [1970], and Hamiltonian Monte Carlo (HMC) Duane et al. [1987], Neal
[2011] can be used for approximation. However, these methods are effective for accurate

posterior inference but have the drawback of not scaling well with large datasets.

Variational Inference

Variational Inference (VI) in Bayesian Neural Networks (BNNs) offers a practical approach to
approximate the posterior distribution, as discussed in various influential works Graves [2011],
Margossian et al. [2024], Jordan et al. [1999]. The core idea of VI involves approximating
the true posterior distribution of the network weights with an approrimating variational
distribution, denoted as gg(w) and parameterized by 0, which are referred to as the variational

parameters.

A critical aspect of VI is the choice of the variational family for gg(w). A common approach
is to use a Gaussian distribution for each weight, where the mean and variance serve as the
variational parameters to be optimized. This choice strikes a balance between flexibility and
computational tractability. Thus, the variational approximate posterior gg(w) is typically

defined as a fully factorized Gaussian:

D

do(w) = N(w]f) = N(wlp, £) = [ [N (wilpi, o)

i=1

Here, the variational parameters 6 consist of the set {(u;, o;)}

j=1, where u; and o; represent

the mean and variance for each weight w; in the network.

The objective of VI is to minimize the Kullback-Leibler (KL) divergence between the ap-

proximate posterior gg(w) and the true posterior distribution:

KL{(w) | BlX. V) = [ sl tog 5 2 (3.1)

We can compare the solution for Logistic Regression (LR) against Bayesian Logistic Regres-
sion (BLR) to illustrate the differences in the approximations and the impact on classification

boundaries:

The LR model outputs a single, fixed decision boundary, assuming certainty in its parameter

estimates and therefore not providing insight into epistemic uncertainty. In contrast, the
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Figure 3.2: Comparison of classification boundaries obtained by MAP solutions for LR and
BLR. The left image shows the result for LR, and the right image for BLR

BLR model represents a distribution of possible decision boundaries, allowing it to quantify
epistemic uncertainty by considering the variability in the model parameters. And, we recover
once again the idea that, the farther away we are from the training data, the higher the
epistemic uncertainty, and it should vanish as the number of data goes to infinity providing

a more confident decision boundary.

Minimizing the KL divergence in 3.1 is one approach to approximate posterior distributions
Depeweg et al. [2017]. This can be extended to the more general a-divergence Péczos and
Schneider [2011], Minka [2005]:

DlPGIXY) | ao)] = s (1 [ PIX Y Paw)0 o).

where « is a parameter to be chosen.
Remark:
e o = 1 corresponds to the KL divergence.
e o = 0 corresponds to the reverse KL divergence.
e o« = 0.5 corresponds to the squared Hellinger distance.

Beyond epistemic uncertainty captured by Variational Inference (VI), Bayesian Neural Net-
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works (BNNs) can also account for aleatoric uncertainty by introducing latent variables (LVs)
Depeweg et al. [2017].

Given a dataset Dy, = {X,,yn}2_,, where x,, € R? and y,, € RX, we model the targets as:

Yn = f(xn,zn;w) + €n,
where f(+,-;w) represents the output of a neural network with weights w. Here, z,, ~ N(0,7)
are latent variables, and €, ~ N (0, X) is additive noise with diagonal covariance matrix X.

The latent variables z, capture unobserved stochastic features, while w accounts for model

parameters. The posterior distribution P(w,z|Dy,.) is approximated by:

q(w,z) = q(w) x q(z),

where
L V, Vi1+1

g@w)=TTIT TI M(wialms o5,
7=1

=11+=1 j=

N

1(2) = [[ NV (@almiz. o).

These parameters are optimized by minimizing the divergence between P(w, z|Dy.) and the

approximation ¢(w, z).

For a new data point x,, the predictive distribution is given by:

plen, D) = [ [ Dol e 20000zl 21Di

Here, the posterior distribution is:

P(Ys|w, T, 22 )p(2:) (W)
p(Y]X)

p(wa Z’Dtr) =

In practice, ¢ can be tuned using black-box a-divergence minimization Hernandez-Lobato
et al. [2016]. The BNN+LV framework effectively captures complex stochastic patterns while
managing model uncertainty. This is achieved by jointly learning ¢(z), which represents the
latent variables, and g(w), which encodes the uncertainty in model parameters. This approach
enables the learning of conditional distributions with complex stochasticity, such as bimodal

or heteroscedastic noise.
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Following the equations 2.3 and 2.4, the uncertainties can then be disentangled as follows:
Hy*|z*, Dy] = Eg) [H(y" |w, 7)) = I(y", w|z™, Dy),

o*(y"|2", Dur) = 00 (Bly|w, 2°]) + g [0* (3w, 27)].

3.1.2 Sampling Method: Monte Carlo Dropout

Monte Carlo Dropout, introduced by Gal and Ghahramani [2016], is a technique that esti-
mates uncertainty in neural network predictions by applying dropout during both training
and inference. Dropout, which randomly omits a subset of neurons during training, simulates
various network architectures and helps prevent overfitting by reducing the co-adaptation of
neurons, thus improving model generalization. Specifically, a proportion of the elements in
the input vector is randomly set to zero, effectively sampling from a Bernoulli distribution

with a dropout probability p, typically set to p = 0.3 — 0.5.

During training, the neural network is optimized with dropout applied to the weights w. At
inference time, instead of disabling dropout, it remains active, and predictions are made by
averaging the outputs from multiple forward passes, each using a different randomly sampled

dropout mask.

The predictive distribution for a new data point * is then approximated using Monte Carlo

sampling as follows:
5
x|k 1 () *
P(y'la", D) & 5 3 77 ("),
s=1

where () are weights sampled from the Bernoulli distribution ¢(w) during each forward pass

S.

Monte Carlo Dropout provides a practical approximation of Bayesian inference. By averag-
ing predictions over multiple stochastic forward passes, the model captures the uncertainty
inherent in its predictions, akin to sampling from the posterior distribution of the weights.
This approach has been shown to be effective in various applications, providing a more robust

estimation of the model’s predictions and their associated uncertainties Gal [2016].

Now, to capture both epistemic and aleatoric uncertainties into a single framework we can
consider the methodology from Kendall and Gal [2017]. In 2017, the classical approaches
to Bayesian deep learning typically captured either epistemic uncertainty or aleatoric un-

certainty alone, depending on where the prior distribution is placed. Placing the prior over
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the model’s weights captures epistemic uncertainty by indicating the variation in weights
given the data. Conversely, placing the prior over the model’s output captures aleatoric

uncertainty.

For regression tasks, the likelihood is often modeled as a Gaussian with mean given by the

model output:
P(y|f(x)) = N(f“ (), 0?),

where o represents observation noise. The negative log-likelihood is:

1 1
—log P(y;i| fz, () o @Hyi — fa.(@)]* + > log 0.

The predictive variance captures both aleatoric and epistemic uncertainties:

Var(y) ~ \0/2_/ + % Zf@t(l’)Tfat(flf) - (% wa(@) :

Aleatoric
g

~
Epistemic

Furthermore, in heteroscedastic regression, we consider observation noise o(z) that varies

with input x. The log-likelihood is:

10gP(y|f(x))=10g< ! >_Hy—f<x>||2

2710 () 20(x)?
where o(x) is learned as a function of the data. The corresponding loss function is:

N
1 1 1

Lan(0) = — —||y; — DIZ+ =1 R 3.2

w(0) = 2 (5l = P+ logoto?) (32)

This incorporates loss attenuation, which prevents data uncertainty from growing uncontrol-

lably, making the model more robust to noisy or uncertain inputs.

In Bayesian models, we draw weights from an approximate posterior @ ~ ¢(w) to obtain both

predictive mean and variance:
[9,6%] = f*(2),
with the loss function:

1 1 R 1 R
Lpyn(0) = D Z (501' 2“.%‘ - yi||2 + 510g 01'2) )

)
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where 62 captures the predicted variance, ensuring robustness against noisy data.

The uncertainty in the prediction is given by:

1 <& 1 2\ 1 &
v~ 33t (3 300) + 3ot
N t=1 t=1 P t=1
EpiSt"emiC Aleatoric

A similar approach applies to classification tasks, where model outputs are passed through a
softmax function. Aleatoric uncertainty is modeled by fitting a Gaussian distribution to the
logits, and Monte Carlo integration over sampled model weights is used to capture epistemic

uncertainties in the predictions.

Bayesian methods offer a principled framework for uncertainty estimation, but applying them
to large-scale neural networks presents challenges due to computational complexity. Tech-
niques like posterior tempering [Wenzel et al., 2020] and prior downweighting [Zhang et al.,
2018] make Bayesian methods feasible but deviate from pure Bayesian theory. Additionally,
defining appropriate priors for complex models is challenging, and model misspecification
can lead to suboptimal performance. Despite their theoretical appeal, practical implementa-
tion of Bayesian methods in deep learning often requires compromises [Wenzel et al., 2020,
Masegosa, 2020].

3.2 Ensembles

The Bayesian approach of integrating over a distribution of parameters for predictions is
conceptually similar to ensembling, where multiple models with different parameter settings
are aggregated to improve robustness and capture uncertainty [Dietterich, 2000]. For ex-
ample, Monte Carlo Dropout [Gal and Ghahramani, 2016] approximates Bayesian inference
by applying dropout during both training and inference. Ensembling extends this idea by
combining predictions from several independently trained models with different parameter

settings { fw(i) M and the final prediction is typically the average of these models:

1 M
~ w(®
Y= M;f (X)7

providing a more robust estimate of the predictive distribution. Bagging (Bootstrap Ag-

gregating) [Breiman, 1996], a key ensemble method, involves training multiple models on

32



different bootstrap samples of the data and averaging their predictions to reduce variance.
Each model is trained on a different sample, and the predictions are averaged to form the final
output. Deep Ensembles [Lakshminarayanan et al., 2017], on the other hand, involve training
multiple neural networks independently, each starting from different random initializations.
This approach captures uncertainty effectively, as each model learns different aspects of the
data. Inspired by Kendall and Gal [2017], each model can output both a mean prediction

27w(i)<

1" (x) and a variance o x), representing a Gaussian distribution over the outputs. The

total predictive uncertainty is also computed using the law of total variance 2.4:

1 < - 1L, 1L, ’
Var(j) = — > o (x) + — > p (x)? - (— S et <x>) .
\M =1 , \M =1 M =1 ,

Ale;troric Epis‘tgmic

For classification tasks, the predictive entropy H(y) can be computed as:
C
H(j) = — ) pelogpe,
c=1

where p. = +; M. Softmax( 7 (x))e, the average predicted probability for class ¢ across
the ensemble. This entropy serves as a measure of uncertainty, with higher values indicating
greater uncertainty in predictions. The total predictive entropy H(g) can be decomposed to

disentangle aleatoric and epistemic uncertainties 2.3:

H(g) =  EH@GW] +  Lgw)

Aleatoric Uncertainty  Epistemic Uncertainty

Other ensemble techniques, such as SGD Ensembles [Wilson and Izmailov, 2020], which
exploit stochasticity in training, and Snapshot Ensembles [Huang et al., 2017], which save
model weights at different stages of training, also contribute to uncertainty quantification

but are not explored in detail here.

Deep Ensembles consistently outperform other uncertainty estimation methods, particularly
under dataset shift, thanks to their model diversity. Each ensemble member, initialized
differently, explores unique regions of the loss landscape, enhancing both robustness and
calibration. Valdenegro-Toro and Saromo Mori [2022] demonstrate that Deep Ensembles
excel at disentangling aleatoric and epistemic uncertainties and provide superior robustness

to out-of-distribution (OOD) samples. However, the approach requires training multiple
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models (typically 5 to 10), leading to substantial computational and memory overhead, which
limits scalability for real-time applications. Additionally, inference demands multiple forward

passes, making this method computationally expensive for UQ.

3.3 Hierarchical Methods - Evidential Deep Learning

Evidential Deep Learning (EDL) offers a single-model approach for uncertainty estimation,
avoiding the computational cost of training multiple models and generating diverse predic-
tions. EDL enables uncertainty estimation within a single forward pass by parameterizing

distributions over distributions, applicable in both classification and regression.

Returning to the probabilistic modeling of uncertainty 3.3:
P(y*|z*, X,Y) = /P(y*\x*,w) P(w|X,Y) dw.

~
Aleatoric Epistemic

Traditional predictive uncertainty estimation often requires multiple parameter sets and can
only approximate the predictive posterior. However, it is possible to further factorize this

equation to obtain a tractable form, as demonstrated by Malinin and Gales [2018]:

P(y|x, Dy) = //P(y\w) P(r|x,w) P(w|Dy) dm dw = /]P’(yhr) P(r|x,w) d,

Aleatoric Distributional Epistemic Aleatoric Distributional
with P(w|Dy) = §(w — ).

In this context, distributional uncertainty arises from the mismatch between training and
test distributions, as discussed by Malinin and Gales [2018]. By using a point estimate @ for
the intractable integral, the problem reduces to a solvable form for the Dirichlet distribution,
distinguishing between ambiguous data and data from different distributions. EDL aims to
model a distribution over distributions. In classification, a neural network typically outputs a
softmax vector, a discrete probability distribution over classes. EDL parameterizes a second-
order distribution over this simplex, outputting the parameters of a Dirichlet distribution

rather than softmax probabilities, thereby representing second-order uncertainties.

This concept stems from the notion of a conjugate prior, leading to tractable posterior com-

putation. For instance, a binary classification problem is often modeled using the Bernoulli
likelihood:
B(y|r) = (1 — m) ).
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In Bayesian inference, the Beta distribution is a common prior for a Bernoulli likelihood,

characterized by two shape parameters a; and as:

1
]P)(ﬂ—) Qq, Oég) = B(Ozl az)ﬂ—al_l(l - 7T)OQ_17
where B(aq, ag) = % When extending to multiple classes, a Categorical likelihood is
used: .
Kly=k
P(y|m) = Hﬂ'k v ]7
k=1

where 7 is a vector of class probabilities. The Dirichlet distribution then serves as a suitable

prior, generalizing the Beta distribution to multiple categories:

| K
I[D . - ap—1
(m; ) B(a) g T,

For classification with K classes, a neural classifier is usually a function f, : RP? — RX
mapping an input x to logits, followed by a softmax function to produce a Categorical
distribution over classes. The same architecture can be adapted to parameterize a Dirichlet

distribution.

In predicting a distribution over Categorical distributions, the Dirichlet network creates a

Categorical distribution from the predicted concentration parameters as:

Qg

a=-exp(f,(x)), m= a—o, 7= argr]?ea,écwk.

Data uncertainty, or aleatoric uncertainty, can be quantified by evaluating the expected

entropy of the data distribution P(y|7):

Eetra) [H (B(y1m)] = — > 2 (e, + 1) — d(ag + 1)),

where () is the digamma function.

Distributional uncertainty is another key property, distinguishing uncertainty due to model
underspecification from uncertainty due to unknown inputs. This can be expressed through

the mutual information as introduced previously 2.3 between the label y and its Categorical
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(a) Categorical distributions pre- (b) Probability simplex for a con- (c) Dirichlet distribution for a case
dicted by a neural ensemble on the fident prediction, for with the den- of data uncertainty, with the den-
probability simplex. sity concentrated in a single corner. sity concentrated in the center.

(d) Dirichlet distribution for a case (e) Dirichlet for a case of distribu- (f) Alternative approach to distri-
of model uncertainty, with the den- tional uncertainty, with the density butional uncertainty called repre-
sity spread out more. spread across the whole simplex. sentation gap, with density concen-

trated along the edges.

Figure 3.3: Image source: Ulmer et al. [2021]

distribution 7:

Iy, |x,D] =H [Ee(rix,p) [P(y | 7)]] = Ep(ix) [Py | 7)]] - (3-3)

This mutual information quantifies how much information about 7 is gained by knowing y. In
well-defined regions, this information should be low, indicating low distributional uncertainty.

However, in regions with sparse data, this mutual information indicates higher uncertainty.

Extending EDL to regression problems is feasible, though the Dirichlet distribution is not
suitable. Regression problems typically use a normal likelihood, and several prior distribu-
tions are applicable. For example, Amini et al. [2020] and Charpentier et al. [2022] use the
Normal-Inverse Gamma distribution, leading to a scaled inverse-y? posterior, while others

opt for a Normal-Wishart prior. In univariate regression, the problem is modeled as a normal
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distribution with unknown mean and variance:

P(y;m, 0%) = N(y;7,0%),

Higher Order (Evidential): Lower Order (Likelihood):
2
( plp, o7y, A e, ) = p(B]m) w (— p(ylp.o®) = p(y|0) w
A 2 B % T T T -
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Figure 3.4: (Image source: Amini et al. [2020]).

with a normal prior for the mean and an inverse Gamma prior for the variance:

E[o?] = a? T Var|r] = ﬁ.

These predictions are made by different "heads” of a neural network, allowing for the esti-

mation of both aleatoric and epistemic uncertainties using closed-form solutions.

However, concerns have been raised about Evidential Deep Learning (EDL) and second-
order distributions. Kopetzki et al. [2021] show that Dirichlet-based uncertainty models,
which predict Dirichlet distribution parameters to provide uncertainty estimates, struggle
under adversarial attacks. These models have difficulty in correctly identifying misclassified
samples, detecting adversarial examples, and distinguishing between in-distribution (ID) and
out-of-distribution (OOD) data. Bengs et al. [2023] add that second-order learners, which
aim to represent epistemic uncertainty through distributions on probability distributions,
face fundamental theoretical shortcomings. They demonstrate that no loss function provides
a true incentive for second-order learners to faithfully represent epistemic uncertainty, similar

to how proper scoring rules work for first-order learners.
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3.4 Other methods

Recent work on uncertainty estimation in neural networks spans several efficient methods.
Approaches using Gaussian processes (GPs), such as BNNs converging to GPs [Neal, 1994,
underlie methods like SNGP [Liu et al., 2020a] and DUQ [Van Amersfoort et al., 2020], lever-
aging scalable uncertainty estimation with Gaussian processes. Additionally, Maddox et al.
[2019] group SWAG with Gaussian-based approaches, approximating posteriors around SGD
iterates. Variational methods for uncertainty, like Variational Bayesian Last Layers (VBLL)
[Harrison et al., 2024], focus on Bayesian techniques applied to the last layer, enhancing un-
certainty estimates with minimal computational cost. Techniques like BatchEnsemble [Wen
et al., 2020] further improve scalability by sharing weight matrices across ensemble members.
Distance-based uncertainty estimators, such as Mahalanobis distance-based detection [Lee
et al., 2018], also offer robust solutions for out-of-distribution detection and adversarial ro-
bustness, achieving state-of-the-art performance with low computational overhead. Another
technique, AugMix [Hendrycks et al., 2020], focuses on improving model robustness and
uncertainty estimates by employing stochastic data augmentations and mixing strategies,

resulting in better calibrated models under severe distributional shifts.

To address the scalability issues typically faced by ensemble methods, Havasi et al. [2020] and
Tran et al. [2020] propose two efficient alternatives. The Multi-Input Multi-Output (MIMO)
model processes multiple inputs in a single forward pass and produces multiple outputs by
learning implicit subnetwork paths, thus avoiding the need for explicit ensembles or low-rank
perturbations. This approach significantly improves computational efficiency while lever-
aging over-parameterized architectures like WideResNet and ResNet. Hydra, on the other
hand, distills ensembles into a single multi-headed network, maintaining the diversity of en-
semble predictions. Both methods capture uncertainty in in-domain and out-of-distribution
tasks while reducing computational costs compared to traditional Deep Ensembles. How-
ever, Hydra still requires training both the ensemble and the distilled model, while MIMO
necessitates training a new model, meaning they cannot be applied directly to pre-trained

models without modifying their architecture.

To avoid these limitations, Mi et al. [2022] introduce a training-free, model-agnostic uncer-
tainty estimation method for dense regression, which can estimate uncertainty on a pre-
trained model without retraining or redesign. However, these methods still require multiple
forward passes—whether through input perturbations or weight sampling—to generate un-

certainty estimates effectively.
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This raises the question: can uncertainty be assessed in a model-agnostic, post-hoc and
single-pass setting?

3.5 Post-hoc Single-Pass Uncertainty Quantification meth-

ods

Conformal prediction provides a framework for generating prediction intervals with guaran-
teed coverage, offering reliable uncertainty estimates by calibrating model outputs based on
prior data [Shafer and Vovk, 2008]. However, its inability to separate aleatoric from epis-
temic uncertainties is a significant drawback, as this distinction is essential for understanding
the sources of uncertainty—whether they arise from inherent data noise or model limitations
[Angelopoulos and Bates, 2021]. Furthermore, conformal prediction assumes that the data
distribution remains consistent between training and testing phases, limiting its effectiveness
under dataset shifts. It also tends to produce overly conservative estimates, often resulting

in wide prediction intervals, particularly in high-dimensional spaces.

In contrast, temperature scaling focuses specifically on recalibrating a model’s predicted
probabilities post-hoc. This technique, introduced by Guo et al. [2017], adjusts the softmax
outputs through a scalar temperature parameter T', optimized on a calibration set to reduce
the Expected Calibration Error (ECE). The adjusted probabilities follow:

exp(zi/T)

B 1) = S~ e/ D)

where z; are the logits for each class. Temperature scaling effectively improves the alignment
of predicted confidence with actual accuracy, but it does not provide a direct measure of

uncertainty or differentiate between types of uncertainty.

Both conformal prediction and temperature scaling share notable limitations. Neither can
disentangle epistemic and aleatoric uncertainty, and both assume a consistent data distribu-
tion, reducing their robustness under dataset shifts. Additionally, while conformal prediction
offers uncertainty estimates, its prediction intervals can be overly wide, and temperature
scaling, though improving calibration, may struggle with overlapping data distributions, as
highlighted by Chidambaram and Ge [2024].

On the other hand, a method that quantifies uncertainties more effectively in a post-hoc

manner is the one of Shen et al. [2022]. The paper addresses the challenge of post-hoc UQ by
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enhancing the uncertainty quality of a pre-trained model without compromising its predictive
performance. More recent meta-modeling approaches Chen et al. [2019], Jain et al. [2021]
attempt to predict the correctness of the pre-trained model’s predictions, yet they rely on
point estimates of the meta-model parameters, which can be unreliable when the validation

set 1s small.

To overcome these limitations, the authors propose a Bayesian meta-model approach. By
employing a Dirichlet meta-model, the method should capture both total and epistemic

uncertainty. The proposed meta-model employs several linear layers, each connected to
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Figure 3.5: Meta-Model structure (Image source: Shen et al. [2022]).

different intermediate layers of the base model, with a final linear layer that consolidates
all features into a single output. Specifically, given an input z, the intermediate feature
representations extracted from the base model are denoted as {®;(x)}7.,. Each intermediate
feature ®; is passed through a linear layer that generates a low-dimensional meta-feature
{9;(®;(z))}7,. The final linear layer of the meta-model then takes these meta-features as
input to produce a single output, expressed as § = g.({g;(®;(r))}L,;w), where g. is the final
linear layer with weights w. These linear layers are composed of fully connected layers and

activation functions, resulting in a simpler structure that facilitates efficient training.

When an input z is fed into the base model, it outputs a conditional label distribution
Pp(y|®(z)) € AK=! which corresponds to a point on the probability simplex. However,
this distribution represents only the model’s uncertainty regarding class labels and fails to
capture epistemic uncertainty, which arises from insufficient knowledge about a sample. To
better quantify epistemic uncertainty, the authors adopt a Dirichlet-based approach close to

EDL with a similar training methodology of the parameters of the Dirichlet distribution and
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a quantification of uncertainties as mentioned in 3.3 with slight modifications regarding the

different features collected as inputs:

I(y,m| ®(xi)) = H (Eririo ) [Py | 7)]) = Eerlo)w,) [H (P(y | 7))] (3-4)
Total U;gertainty Aleatoric?ﬁlcertainty

However, as mentioned previously, second-order distributions face challenges, as shown by
Bengs et al. [2023], highlighting fundamental issues, noting that second-order learners lack
proper incentives to accurately represent epistemic uncertainty. Another issue to highlight
is that this method needs a careful adaptation of the meta-model to the specific pretrained

model.
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Chapter 4

Proposed Method

To address the research gap, we adopt a post-hoc approach. Using a pretrained neural
network named the base model, our goal is to train a meta-model on top of it, enabling
uncertainty quantification (UQ) in a single forward pass. Ahn et al. [2023] demonstrated
that the number of activated neurons in the penultimate layer differs significantly between
in-distribution (ID) and out-of-distribution (OOD) data. Specifically, most neurons are acti-
vated by ID samples (e.g., ImageNet), whereas fewer neurons are triggered when processing

OO0OD datasets like Textures and iNaturalist. An activated neuron is defined as one with an
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Figure 4.1: Number of activated neurons in the penultimate layer (Image source: Ahn et al.
[2023]).

activation value greater than zero. This insight is crucial for our research, as it introduces
a novel methodology for OOD detection by analyzing neuron activations in deep neural net-

works. Based on this, we train our meta-model on the activations of the penultimate layer.
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The hypothesis is that for ID data, the meta-model will recognize patterns with a higher
number of active neurons, while for OOD data, with fewer activated neurons, it will gen-
erate anomalous outputs, indicating uncertainty. To leverage this knowledge effectively, we
use ReLLU activation functions, which zero out inactive neurons, amplifying the distinction

between ID and OOD data by accentuating the difference in the number of activated neurons.

Osband et al. [2023] highlight that an important factor in disentangling epistemic and

aleatoric uncertainties is the joint distribution. Learning the joint distribution during train-
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Figure 4.2: Conventional neural networks generate marginal predictions that do not separate
true ambiguity from insufficient data. Joint predictions can make this distinction clearer.
(Image source: Osband et al. [2023]).

ing allows for more precise handling of uncertainty in predictions. As noted by Havasi et al.
[2020], training multiple subnetworks with a summed loss is equivalent to training a single
large network that learns a joint distribution. Based on this insight, we designed an archi-
tecture called the Multi-output module, which builds an ensemble of last layers with a shared
architecture part. These layers act on the activations of the penultimate layer, processing

multiple inputs and generating multiple outputs in a single forward pass.

4.1 Method Description

We focus on classification problems in this paper due to time constraints, although a similar
approach could be applied to regression tasks. Let Z2 = X x ), where X denotes the
input space, and Y = {1,..., K} represents the label space. Given a base-model training
set D = {(z;,9:)}Y, € ZV, which consists of i.i.d. samples. A pretrained base model
hyoe : X — AKXl is already trained on this training set. Here, ¢ : X — R! represents
the penultimate layer feature extractor of the base model, and hy; : RY — AK~1 denotes the
last layer that outputs the predicted label distribution Pp(y | ¢(z)) € AK~! given the input
x. where AK~1 denotes the (K — 1)-dimensional probability simplex, which is the set of all

non-negative vectors in R whose entries sum to 1.
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In more detail, we first denote #,6; and w respectively the weights of the base model up
to the last layer, the weights of the last layer and the weights of the multi output module.
Specifically, the penultimate layer output is given by p(z) = @y(x) = ¢(x;60), and the
predicted label distribution is h(p(z)) = h(p(x;0);0y).

The performance of the base model is evaluated using a non-negative loss function /g :
W x Z — Ry (e.g., cross-entropy loss). The base model is pretrained by minimizing the

empirical risk over the dataset D:

N
1
LB(h ° Y, D) = N E lp (h °p, (fEu ?Jz)) .
i=1

Although the well-trained base model achieves good predictive accuracy, the output dis-
tribution Pg(y|e(x)) is typically unreliable for UQ, as it may be overconfident or poorly
calibrated. To address this without retraining the base model, we aim to improve UQ in a
post-hoc manner by training a meta-model ¢ : R' — ) with parameters w, building on top
of the base model.

The proposed Multi-output module method is trained on the penultimate layer feature rep-
resentation p(z). We remove the last layer of the base model and duplicate it M times to
create an ensemble of last layers, denoted as h""*(p(z)) for i = 1,..., M. Each of these
layers, referred to as an input head, is a deep copy of the last layer of the base model with
weight reinitiated randomly, it takes ¢(z) as input. The outputs of this ensemble of heads
are concatenated as follows:

HER () = (A" (p(@)), . BRP (p(x)) ) € RN,

which is then processed through a fully connected layer, called the shared layer, from RE*M
to RE*M that permits to mix the outputs. The final step is to produce logits using M output
heads, which are fully connected layers mapping the shared architecture’s output from R¥*M
to RX for each head all called h?*"* for i = 1 to M. After this operation one can use a
softmax function to map each output heads’ logits to a probability space from R¥ to AK—!
We define M input and output heads because the Multi-output module takes M inputs and
produces M outputs.

During training, the penultimate layer features map ¢(x1),...,¢(xy) are independently
obtained as outputs from the base model on the training set, and the module is trained to

classify each corresponding input at the same time.

44



Cut the last layer

Vs

- ~
Input: X4 Pretrained model Pa(Xq) Output: Y4
L "y :
- N -
Input: X7 Pretrained model PalXa) arfh??er;ire Output: ¥5
. J
- N -
Input: X3 Pretrained model Pg(X3) Output: Y3
A v :
Replicateﬁa&t layer Outpﬁyer

Figure 4.3: Schematic view of the Multi output module training methodology

Our meta-model is learning the link between the “usual” penultimate layer activations pat-
terns of the base model and the corresponding resulting classes, for several inputs and outputs
at the same time. This approach is motivated by the need to perform UQ by leveraging a
joint distribution while maintaining the capability of using standard metrics with typical
model outputs. Following Havasi et al. [2020], the underlying idea is that minimizing a sum
of losses corresponds to minimizing the sum of negative log-likelihoods of the predictions plus

a regularization term:

M

m=1
where the sum of log-likelihoods corresponds to the log-likelihood of the joint distribution:

ZlOgPW(ym | gO(:L‘l),...,gD($M)) = logPW(ylv'--ayM | 90($1), "‘790(IM))7

m=1

since the input-output pairs are independent. The module is trained on M-tuples of inde-

pendently sampled data points.

At evaluation time, for an unseen input image x’ to the base model, the penultimate layer’s
activations ¢(x') is given as input to the meta-model and repeated M times, so ¢(x1) =

o = p(xpy) = ¢(2'). Each output head approximates the predictive distribution P, (y; |
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o(x'),...,p(z’)), and averaging these predictions yields the final global output:

Bty | ¢(2) = 2 3 Puli | 0@, .- o(a")).

=1

We obtain outputs resembling those produced by a Deep Ensemble, and a straightforward
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Figure 4.4: Schematic view of the Multi output module inference methodology

measure of uncertainty can be derived by simply calculating the variance of these outputs.
In the next section we go further to differentiate the two types of uncertainties given the

outputs.

You can find a detailed pseudocode of the Multi-output module at the end of the thesis: 1.

4.2 Uncertainty quantification and disentanglement

The key idea of this uncertainty disentanglement is that each of the M softmax outputs
corresponds to a distinct head of the model, with each head contributing to the overall
uncertainty estimation. We want to decompose uncertainty into aleatoric and epistemic

uncertainty.

Aleatoric uncertainty stems from ambiguity in the data, where the model struggles to dif-
ferentiate between classes due to unclear inputs. This is reflected when the heads provide
confident but differing predictions. In contrast, epistemic uncertainty arises from a lack of
model knowledge or insufficient training and is captured by high entropy across all heads

when they globally agree on their uncertainty.
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At inference, we have M softmax outputs from the model heads, represented as:

m m ,m m\\ M
{p }n]‘{:l:{(pl7p27"'7pK)}m:17

where p™ is the softmax output from the m-th head, and K is the number of classes.

The mean softmax prediction across all heads is:

1 < 1 < 1 <
m=1 m=1 m=1

= 1 M m
where p; = 37 >, pi"-

The total predictive uncertainty is the entropy of the global prediction, e.g. the mean pre-

diction:
K
H(p) = — Y _ pilogpi.
=1

The entropy of the m-th head is given by:
K
H(p™) = — Y p!"logp}".
i=1

By introducing p; = Z%Zl pi", we rewrite this as:
pm
pi* logpi"* = pi* log pi + pj" log pf

7

leading to:

Summing over all heads:

H
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|
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=
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=
=
53
i
N———

1M
N H(p™) = —
Mmz_l (p") =;

Distribute the summation:

MZH(pm) = —Z (M ZPZ") logﬁi—MZZprlog?.



It yields:

1 I K | MK o
M;H(p ):—;pilogpi—ﬁmz;;pi logg'

Thus, we obtain the following decomposition:

Hp) = - > H(P") +17 > KL(p"[p).

J

vV Vo
Epistemic Uncertainty Aleatoric Uncertainty

Here, epistemic uncertainty is represented by the average entropy across the heads, while

aleatoric uncertainty is quantified by the mean KL divergence between each head’s prediction

and the average output. If all the outputs confidently agree on a single label (in a one-hot

fashion), both uncertainties will be zero. If the heads are close to one-hot but predict different

labels, epistemic uncertainty will be low, while aleatoric uncertainty will be high. In the final

scenario, where the heads agree on a low-confidence prediction due to insufficient knowledge,

epistemic uncertainty will be high and aleatoric uncertainty low.
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Chapter 5

Experiments

5.1 Experimental settings

In this section, we present results on image classification tasks using MNIST, CIFAR-10,
CIFAR-100 datasets and their corrupted variants Hendrycks and Dietterich [2019]. The cor-
rupted variants of the CIFAR datasets are introduced to evaluate the robustness of machine
learning models under various types of noise and distortions that they may encounter in real-
world scenarios. These corruptions simulate common challenges such as blur, noise, weather

conditions, or digital distortions that can affect image quality.

Specifically, the CIFAR-10 and CIFAR-100 corrupted variants contain 15 different types of
corruptions, each applied at five different severity levels. The corruptions are grouped into

four categories:

e Noise: Random perturbations such as Gaussian noise, shot noise, and impulse noise

that distort pixel values.

e Blur: Includes Gaussian blur, motion blur, and defocus blur, which reduce the clarity

and sharpness of the image.

e Weather: Simulates weather conditions like snow, frost, and fog that obscure parts of

the image or alter the brightness and contrast.

e Digital: Perturbations from digital operations such as JPEG compression, pixelation,

and contrast alterations.

These corrupted variants are designed to test how well a model can generalize and maintain
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performance when exposed to such distortions, making it a critical benchmark for evaluating
robustness and UQ. For the CIFAR datasets, we use a Wide ResNet 28-10 as the base model
since it achieves over 95% test accuracy on CIFAR-10 with minimal data augmentation
Zagoruyko and Komodakis [2016].

We define metrics specific to the corrupted CIFAR datasets below. For general results with
these metrics, see the baselines provided in Google’s Uncertainty Baselines repository Google
Research [2023].

cNLL/cA /cECE: Negative-log-likelihood, accuracy, and calibration error on CIFAR-10-C.
The same corruptions are applied to produce CIFAR-100-C, where ‘c‘ stands for corrupted.

Results are averaged across corruption intensities and corruption types.

Due to time limitations, we were unable to compare the baselines trained in the exact same
setting as our experiments. Instead, for now, we compare our results to the baselines pro-
vided by Google’s Uncertainty Baselines repository Google Research [2023], which imple-
ments MNIST, CIFAR-10 and CIFAR-100 models for uncertainty estimation. While the
settings slightly differ, particularly for the base model, the results provide a useful point of

reference for evaluating performance across different robustness benchmarks.

5.2 Uncertainty Quantification Experimental results

In the following, we present the results across the three benchmark datasets for varying

numbers of heads, averaging the outcomes over 5 runs along with their standard deviations.

5.2.1 Cifar-10

For the Cifar-10 dataset just like in Google’s Uncertainty Baselines repository Google Re-
search [2023] we consider the WideResNet 28-10 as our Base model and we gather the results

on the usual metrics for different number of heads:

Model
Base Model

NLL
0.1866

ECE
0.0272

MCE
0.8010

Brier
0.0074

Accuracy
95.4500

Multi-Output 3 heads

95.5160 £ 0.0609

0.1625 + 0.0008

0.0071 £ 0.0000

0.0207 £ 0.0003

0.3808 + 0.1791

Multi-Output 5 heads

95.5020 + 0.0504

0.1550 £ 0.0012

0.0070 4 0.0000

0.0175 <+ 0.0005

0.3608 £ 0.2012

Multi-Output 7 heads

95.5140 £ 0.0467

0.1515 + 0.0012

0.0069 + 0.0000

0.0140 + 0.0007

0.3380 £ 0.2342

Multi-Output 10 heads | 95.5400 + 0.0477 | 0.1485 + 0.0007 | 0.0069 + 0.0000 | 0.0102 + 0.0003 | 0.2441 + 0.0138

Table 5.1: Cifar-10 Standard results for each model (best result in bold, second-best result
underlined).

We provide the same results on the corrupted version of the dataset.
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Model cA cNLL cECE cBrier cMCE
Base Model 73.4782 1.2986 0.1712 0.0422 0.3732
Multi-Output 3 heads 73.6795 + 0.1242 1.0879 + 0.0142 0.1463 4+ 0.0025 0.0401 + 0.0003 0.3256 4+ 0.0089
Multi-Output 5 heads 73.7559 + 0.0611 1.0303 + 0.0082 0.1336 + 0.0017 0.0392 + 0.0001 0.2925 4+ 0.0183
Multi-Output 7 heads 73.6704 + 0.1611 0.9921 + 0.0114 0.1228 + 0.0033 0.0387 + 0.0004 0.2969 + 0.0198
Multi-Output 10 heads | 73.7653 4+ 0.0515 | 0.9467 + 0.0056 | 0.1114 4+ 0.0013 | 0.0380 + 0.0001 | 0.2607 & 0.0160

Table 5.2: Cifar-10-C Corrupted results for each model (best result in bold, second-best
result underlined).

For the CIFAR-10 dataset we clearly observe that the 10 heads setting outperforms the others

on every metrics even on the corrupted variants.

Since we did not have enough time to compare these results to the current baseline available

at Google Research [2023] we will compare the relative improvements to the base model

between our model and the baselines. To do so, we can apply the following formula:
Metricyogel — Metricpase

Relative Improvement (%) = Metri | x 100
€lrICRase

For values where improvement is positive (e.g., Accuracy), the formula measures the per-
centage increase. For metrics where lower is better (e.g., NLL, Brier score, ECE, MCE), the

formula captures the percentage reduction.

We highlight that in the following table 5.3 of results the number of parameters for the
Multi-Output models accounts for the parameters of the base-model which is 36,489,290 +

the parameters of the module.

Multi-Output k heads models show modest improvements in accuracy (ranging from +0.05%
to 40.09%), but they demonstrate significant improvements in calibration. The 10 heads
model provides the largest reductions in NLL (-20.41%) and ECE (-62.50%). For corrupted
data, the 10 heads model also performs best, with ¢cNLL (-27.11%) and cECE (-34.94%). As
a post-hoc method, Multi-Output achieves these improvements without requiring retraining

and only uses one forward pass.

Baselines such as BatchEnsemble and SNGP with AugMix show better overall performance,
particularly in accuracy (+0.94%) and calibration (NLL -35.22%, ECE -80.53%). SNGP-
based methods also perform strongly on corrupted data, with SNGP with AugMix achieving
cA (+13.07%) and cECE (-90.20%). However, these models require retraining and multiple

forward passes, leading to increased computational cost.

In summary, the Multi-Output method provides smaller gains in accuracy but significant

calibration improvements with minimal computational overhead, making it an efficient post-
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Model | Accuracy (%) | NLL (%) | ECE (%) [ cA (%) | cNLL (%) | cECE (%) | Parameters | Forward Passes

Multi-Output k heads compared to Base Model

Multi-Output 3 heads +0.07 -12.91 -23.90 +0.27 -16.23 -14.55 36.5M 1
Multi-Output 5 heads +0.05 -16.95 -35.66 +0.38 -20.65 -21.98 36.5M 1
Multi-Output 7 heads +0.07 -18.80 -48.53 +0.26 -23.57 -28.30 36.5M 1
Multi-Output 10 heads +0.09 -20.41 -62.50 +0.39 -27.11 -34.94 36.6M 1
Baselines compared to Deterministic
BatchEnsemble (size=4) +0.31 -13.99 -23.37 +2.23 -7.62 -18.95 36.6M 4
Hyper-BatchEnsemble (size=4) +0.31 -20.75 -60.17 - - - 73.1M 4
MIMO +0.42 -22.01 -56.28 +0.66 -6.96 -26.80 36.5M 1
Rank-1 BNN (Gaussian, size=4) +0.31 -19.87 -65.40 +0.79 -7.69 -47.71 36.6M 4
Rank-1 BNN (Cauchy, size=4) +0.52 -24.53 -60.17 +4.41 -20.67 -41.18 36.6M 4
SNGP +0.00 -15.72 -69.57 +2.42 -5.73 -49.02 37.56M 1
SNGP, with AugMix +0.94 -35.22 -80.53 +13.07 -68.57 -90.20 37.56M 1
SNGP, with MC Dropout (size=10) -0.10 -17.61 -65.29 +1.58 -7.62 -46.41 37.56M 10
SNGP, with BatchEnsemble (size=4) +0.21 -20.12 -73.94 +2.00 -7.62 -47.71 37.5M 4
SNGP Ensemble (size=4) +0.70 -31.45 -78.36 +3.39 -7.62 -51.63 150M 4
Monte Carlo Dropout (size=1) -0.10 +0.62 +4.33 -7.31 +1.90 +8.50 36.5M 1
Monte Carlo Dropout (size=30) +0.10 -8.81 -17.84 +1.58 -1.10 -9.77 36.5M 30
Monte Carlo Dropout, improved (size=30) +0.21 -27.04 -78.40 +3.66 -68.82 -55.54 36.5M 30
Ensemble (size=4) +0.63 -28.30 -56.72 +3.49 -7.62 -43.14 146M 4
Hyper-deep ensemble (size=4) +0.63 -24.53 -60.17 +4.02 -7.62 -48.37 146M 4
Variational inference (sample=1) -1.35 +32.70 +25.32 -6.32 +39.05 +18.30 73M 1
Posterior Network -3.02 +126.42 +385.28 -1.18 +51.43 +33.51 36.6M 1

Table 5.3: Relative improvement: Multi-Output k heads models compared to the Base Model,
and Baselines compared to the Deterministic model for Cifar-10 (best result in bold, second-
best result underlined).

hoc alternative compared to more resource-intensive baselines.

5.2.2 Cifar-100

We study the same metrics for the Cifar-100 dataset and we compare the results:

Model Accuracy NLL Brier ECE MCE

Base Model 78.1800 1.1427 0.0035 0.1342 0.3428
Multi-Output 3 heads 78.7780 £+ 0.1607 0.8587 + 0.0027 0.0031 <+ 0.0000 0.0787 £ 0.0012 0.1914 + 0.0090
Multi-Output 5 heads | 78.9300 4+ 0.1384 | 0.8198 &+ 0.0037 | 0.0030 %+ 0.0000 | 0.0570 % 0.0009 0.1517 £ 0.0104
Multi-Output 7 heads 78.6940 £+ 0.0726 0.8109 + 0.0037 | 0.0030 £ 0.0000 | 0.0449 + 0.0012 | 0.1211 + 0.0080
Multi-Output 10 heads | 78.5980 + 0.1209 | 0.8024 + 0.0059 | 0.0030 =+ 0.0000 | 0.0299 =+ 0.0021 | 0.2500 + 0.3428

Table 5.4: Cifar-100 Standard results for each model (best result in bold, second-best result
underlined).

The results reveal a trade-off between accuracy and calibration. In the standard CIFAR-
100 setup, multi-output models improve both accuracy and calibration over the base model.
The 5-head model achieves the highest accuracy, while the 10-head model exhibits the best
calibration (NLL: 0.8024, ECE: 0.0299). This demonstrates that increasing the number of

heads enhances calibration at the expense of minor accuracy drops.
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Model cA cNLL cECE cBrier cMCE
Base Model 44.9554 4.2648 0.3789 0.0089 0.5606
Multi-Output 3 heads 46.2547 + 0.0901 3.0205 + 0.0329 0.2558 + 0.0029 0.0077 + 0.0000 0.4238 + 0.0122
Multi-Output 5 heads | 46.3800 4 0.1247 | 2.8274 + 0.0252 0.2181 4+ 0.0033 0.0075 £+ 0.0000 0.3807 &+ 0.0145
Multi-Output 7 heads 46.1950 + 0.0900 2.7511 + 0.0285 0.1950 4+ 0.0037 0.0074 + 0.0000 0.3438 + 0.0091
Multi-Output 10 heads | 46.2964 + 0.1126 | 2.6433 £ 0.0186 | 0.1629 4 0.0031 | 0.0072 + 0.0000 | 0.2929 + 0.0037

Table 5.5: Cifar-100-C Corrupted results for each model (best result in bold, second-best
result underlined).

In the CIFAR-100-C setting, a similar pattern emerges. The 5-head model yields the highest
accuracy (46.38%), but the 10-head model offers the best calibration (NLL: 2.6433, ECE:
0.1629). Thus, while the 5-head model strikes a balance, models with more heads provide

superior uncertainty quantification, crucial in corrupted data scenarios.

We highlight here too that in the following table 5.6 of results the number of parameters
for the Multi-Output models accounts for the parameters of the base-model which is also
36,546,980 4 the parameters of the module.

Model | Accuracy (%) | NLL (%) [ ECE (%) | cA (%) | cNLL (%) [ cECE (%) | Parameters | Forward Passes
Multi-Output k heads compared to Base Model
Multi-Output 3 heads +0.77 -24.83 -41.34 +2.89 -29.16 -32.48 36.9M 1
Multi-Output 5 heads +0.96 -28.30 -57.54 +3.17 -33.67 -42.42 37.4M 1
Multi-Output 7 heads +0.66 -29.05 -66.54 +2.75 -35.46 -48.52 38.0M 1
Multi-Output 10 heads +0.53 -29.79 -77.72 +2.98 -38.01 -56.99 39.2M 1
Baselines compared to Deterministic
BatchEnsemble (size=4) +2.63 -21.14 -69.08 +1.73 -5.19 -37.66 36.6M 4
Hyper-BatchEnsemble (size=4) +2.63 -22.51 -76.70 - - - 36.6M 4
MIMO +2.75 -21.14 -74.33 +2.33 +3.56 -46.03 36.5M 1
Rank-1 BNN (Gaussian, size=4) +1.88 -20.91 -79.00 +2.43 +3.67 -51.05 36.6M 4
Rank-1 BNN (Cauchy, size=4) +3.26 -21.20 -86.00 +6.41 -24.44 -40.59 36.6M 4
SNGP +0.50 -7.80 -76.66 +0.50 -25.19 -61.34 37.5M 1
SNGP, with AugMix +0.97 -5.91 -71.99 +14.53 -52.63 -77.43 37.5M 1
SNGP Ensemble (size=4) +2.13 -24.00 -87.15 +5.43 -24.44 -62.10 150M 4
Monte Carlo Dropout (size=1) -0.25 -0.94 -41.51 -7.74 +7.41 -15.93 36.5M 1
Ensemble (size=4) +3.64 -23.89 -75.49 +2.90 -16.11 -43.84 146M 4
Hyper-deep ensemble (size=4) +4.02 -25.31 -74.30 +3.00 -24.44 -46.44 146M 4
Variational inference (sample=1) -2.51 +7.89 +13.88 -8.13 +17.78 +13.39 73M 1
Heteroscedastic +0.50 -5.14 -31.12 +0.24 -2.88 -25.73 37T 1
Heteroscedastic Ensemble (size=4) +2.38 -23.67 -69.65 +1.75 -7.38 -56.89 148M 4

Table 5.6: Relative improvement: Multi-Output k heads models compared to the Base Model,
and Baselines compared to the Deterministic model for Cifar-100 (best result in bold, second-
best result underlined).

The Multi-Output models show moderate improvements in accuracy, with the 5 heads model
achieving the highest at +0.96%. The most significant gains for Multi-Output models are in
calibration, particularly with the 10 heads model, which shows the largest reductions in NLL
(-29.79%) and ECE (-77.72%). For corrupted data, the 10 heads model again shows sub-
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stantial improvement, with ¢cNLL (-38.01%) and cECE (-56.99%). These gains are achieved

without retraining and only require one forward pass.

In contrast, Baselines such as BatchEnsemble and SNGP with AugMix provide stronger
overall performance, particularly in accuracy and calibration on corrupted data. SNGP with
AugMix achieves a substantial improvement in cA (+14.53%) and cECE (-77.43%). However,
again, these models require retraining and multiple forward passes, significantly increasing
their computational cost. Hyper-deep Ensemble also performs well with the highest accuracy

gain (+4.02%) but requires 146M parameters and four forward passes.

These results highlight the strength of our method in its simplicity and post-hoc, model-
agnostic setting, as it achieves substantial calibration gains with minimal computational

overhead compared to the more complex alternatives requiring retraining.

5.2.3 MNIST

We study the same metrics for the MNIST dataset and we compare the results:

Model

Accuracy

NLL

Brier

ECE

MCE

Base Model

98.4900

0.0517

0.0023

0.0060

0.6878

Multi-Output 3 heads

98.7020 + 0.0299

0.0417 £+ 0.0007

0.0020 + 0.0000

0.0049 £ 0.0008

0.4398 £+ 0.1431

Multi-Output 5 heads

98.7140 + 0.0383

0.0404 + 0.0006

0.0020 =+ 0.0000

0.0044 £ 0.0008

0.3611 £ 0.0660

Multi-Output 7 heads

98.6560 % 0.0383

0.0432 £+ 0.0007

0.0021 £ 0.0000

0.0030 £ 0.0005

0.3508 + 0.1526

Multi-Output 10 heads

98.6440 + 0.0361

0.0426 £+ 0.0008

0.0021 £ 0.0000

0.0035 £ 0.0004

0.4666 £+ 0.1921

Multi-Output 13 heads

98.6020 + 0.0426

0.0448 £+ 0.0018

0.0021 £ 0.0001

0.0032 £ 0.0005

0.4778 £ 0.1772

Multi-Output 15 heads

98.5980 % 0.0337

0.0453 £ 0.0009

0.0022 £ 0.0001

0.0023 + 0.0004

0.4130 &+ 0.2155

Table 5.7: MNIST Calibration results for each model (best result in bold, second-best result
underlined).

The Multi-Output k heads models show moderate improvements in accuracy and strong
reductions in NLL and ECE compared to the base model. The 15 heads model performs best
in ECE, with a reduction of 61.67%, making it the most effective in calibration improvement
while maintaining a rather lightweight structure with 102.5K parameters and requiring a

single forward pass.

In contrast, the Ensemble (size=10) baseline demonstrates a substantial improvement in NLL
with a 56.76% reduction and a smaller improvement in ECE at 16.67%, despite its larger
parameter count (600K) and higher computational cost (10 forward passes). Other baselines,

such as Refined VI and Variational Inference, show less significant improvements.
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Model | Accuracy (%) | NLL (%) | ECE (%) | Parameters | Forward Passes

Multi-Output k heads compared to Base Model

Multi-Output 3 heads +0.21 -19.33 -18.33 48.8K 1
Multi-Output 5 heads +0.23 -21.85 -26.67 53.8K 1
Multi-Output 7 heads +0.17 -16.43 -50.00 60.3K 1
Multi-Output 10 heads +0.16 -17.62 -41.67 73.1K 1
Multi-Output 13 heads +0.11 -13.34 -46.67 89.5K 1
Multi-Output 15 heads +0.11 -12.87 -61.67 102.5K 1
Baselines compared to Deterministic (using Base Model ECE)
Ensemble (size=10) +0.30 -56.76 -16.67 600K 10
Refined VI -0.10 -8.11 -13.04 - 1
Variational Inference -0.01 -6.28 -13.04 - 1

Table 5.8: Relative improvement: Multi-Output k heads models compared to the Base Model,
and Baselines compared to the Deterministic model for MNIST, with number of parameters
and forward passes.

5.3 0OO0OD Experimental results

To explain our OOD experiments we first propose to understand this small experiment set-
ting: After training a base model (LeNet5) on the MNIST dataset, we take a digit (6 in this

Rotated Images with Predictions Below
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Figure 5.1: Evolution of the outputs and the entropy of the results with an increasing rotation
of a 6 on the MNIST dataset with the LeNet5 as a base model

case) and rotate it with increased degrees. The entropy of the base model’s predictions, shown

in blue, reflects its confidence in the outputs. Notably, the model exhibits overconfidence,
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particularly between 4+60-100 degrees and +240-340 degrees where the entropy is higher but
still too low on average, even when it incorrectly predicts the digit. In the middle range,
the model identifies the rotated 6 as a 9, leading to increased confidence. The Ensemble of
base models (in red) effectively reduces this overconfidence, displaying higher entropy when
the predictions are incorrect. Similarly, our multi-output model with 5 heads (in green) also

mitigates overconfidence in these scenarios.

In the next two images 5.2 and 5.3, we observe the differences in entropy (confidence) of the
softmax outputs between in-distribution (ID) data (MNIST dataset) and out-of-distribution
(OOD) data (FashionMNIST dataset). It is evident that the base model remains overly
confident on certain OOD images, while the ensemble and the module better adjust by
increasing uncertainty for those cases. We also note the similarity between the behaviors of

the outputs of the Deep Ensemble and the module which was what was originally intended.

In 5.1, we could have used other metrics besides entropy to measure confidence in OOD
detection, such as Maximum Softmax Probability (MSP) and Energy score. Introduced by
Hendrycks and Gimpel [2017], MSP measures confidence based on the maximum value of the

softmax output:

S efi@

with fi(x) representing the output logits. A lower MSP score suggests higher uncertainty,

MSP(z) = max

indicating potential OOD samples. On the other hand, the Energy score, proposed by Liu
et al. [2020b], directly computes the energy from the logits without softmax, avoiding over-
confidence issues:

K
E(z) = —log Z efx(®
k=1

The Energy score is lower for in-distribution data and higher for OOD data, making it a
robust confidence measure.

In OOD detection, Entropy, MSP and Energy scores are used to distinguish in-distribution
data from out-of-distribution data. Given an input x, a lower MSP or higher Energy or
Entropy score typically indicates that the input is OOD, as the model is less confident in
its prediction. For detection, we set a threshold for these scores: inputs with scores below
or above the threshold are flagged as OOD, while the rest are classified as ID. This simple
thresholding mechanism effectively separates ID from OOD data.

Then, to assess how well Entropy, MSP and Energy scores differentiate ID from OOD data,
we use metrics like the Area Under the Receiver Operating Characteristic curve (AUROC),
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Figure 5.2: Softmax outputs of the different models in the case of ID (in distribution) data,
base model on the left, module in the center and the ensemble on the right, along with the
variance of each outputs.
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Figure 5.3: Softmax outputs of the different models in the case of OOD (out of distribution)
data, base model on the left, module in the center and the ensemble on the right, along with
the variance of each outputs.
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Area Under the Precision-Recall curve (AUPR), and Area Under the Risk-coverage curve
(AUR).

AUROC (Area Under the Receiver Operating Characteristic curve): This met-
ric measures the ability of a model to distinguish between in-distribution (ID) and out-of-
distribution (OOD) data. It is calculated by plotting the true positive rate (TPR) against
the false positive rate (FPR) at various classification thresholds. An AUROC score of 1.0
represents perfect classification, while a score of 0.5 indicates random guessing. In the con-
text of OOD detection, a high AUROC score signifies that the model is effectively able to

separate ID and OOD samples based on uncertainty estimates or other measures.

AUPR (Area Under the Precision-Recall curve): This metric emphasizes the model’s
performance in identifying positive cases (OOD samples) when the data is imbalanced. AUPR
is particularly useful in situations where the OOD samples are much less frequent compared
to ID samples. A high AUPR score indicates that the model can successfully flag OOD
examples without misclassifying too many ID examples as OOD. The score results can be

interpreted in the same way as the AUROC score.

AUR (Area Under the Risk curve): This metric measures the trade-off between model
risk and the fraction of OOD samples identified. It provides insight into the risk of making
incorrect predictions as more OOD samples are detected. A lower AUR score is preferable

as it indicates a more reliable model with lower associated risks when handling OOD data.

These metrics are computed across multiple OOD datasets to provide a comprehensive eval-
uation of model robustness. The datasets used include MNIST, FashionMNIST, CIFAR-10,
CIFAR-100, SVHN, and TinyIlmageNet.

For CIFAR-10 on MNIST and FashionMNIST, the base model performs better overall, and
there is no significant improvement from the Multi-Output module. In these cases, the Multi-

Output models do not provide a meaningful enhancement in out-of-distribution detection.

However, for other datasets, such as SVHN and TinylmageNet, there is some improvement
with the Multi-Output models, though the gains are not substantial. The Multi-Output
models do offer some advantage with different head settings, particularly on more challenging
datasets like CIFAR-100.

For CIFAR-100, the results show a noticeable improvement across the datasets, with the
Multi-Output models demonstrating global enhancements in OOD detection with varying

head configurations.
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For MNIST, the trends are similar, though the performance on TinylmageNet and Fashion-
MNIST is not as strong.

While the Multi-Output module can slightly improve OOD detection, particularly on certain
datasets and head configurations, the improvements are generally modest and not game-

changing, the results are better in UQ than OOD detection overall.

5.4 Understanding the method

5.4.1 The training process and the hyperparameters

The module is trained using early stopping, a regularization technique that monitors the loss
on the validation set, such as cross-entropy (NLL), during training. The validation set is a
subset of the training data, commonly 10-20% of the training set, which is used to tune model
parameters and prevent overfitting. It is important to note that the validation set is distinct
from the test set, as the test set is reserved for the final evaluation of the model’s performance
after training is complete, whereas the validation set is used during training to assess model
improvements. If the validation loss does not improve for a predefined number of epochs,
training is halted to avoid overfitting. This approach helps the model generalize better to
unseen data by saving it at the optimal point, balancing model complexity and training time.
As described earlier, during inference, we repeat inputs and average the outputs across heads
on the validation set. A detailed pseudocode can be found at the end of the thesis: 2. The
resulting number of epochs and training times for different datasets are obtained over 5 runs
shown on table 5.12.

We can clearly see that training time increases as the number of heads grows, which is
expected due to the corresponding rise in the number of parameters. Note that the module
has been trained on a single NVIDIA GeForce RTX 2080, this is to be compared to the base
WideResNet-28x10 on the cifarl0 datasets that required 25h 08m 40s for training on two
NVIDIA GeForce RTX 2080.

Since the module is trained by minimizing the sum of losses, which corresponds to maximiz-
ing the joint likelihood, it is better able to capture uncertainty compared to an ensemble,

particularly in cases of class overlap as shown in 5.4, such as when a 5 resembles a 9.

There are couple standards hyperparameters to consider here, and we got our results with

these ones:

63



Model ‘ nb epochs ‘ training time ‘ nb parameters
CIFAR-10
Multi-Output 3 heads 36.6000 £ 11.9432 | Oh 35m 38s 4 Oh 11m 19s 36,510,380
Multi-Output 5 heads | 61.8000 + 15.4454 | 1h 13m 20s 4+ Oh 17m 57s 36,526,440
Multi-Output 7 heads 75.0000 + 10.9909 | 1h 11m 33s £+ Oh 10m 22s 36,544,100
Multi-Output 10 heads | 90.0000 4+ 11.7303 | 1h 39m 41s 4+ Oh 13m 20s 36,573,590
CIFAR-100
Multi-Output 3 heads 20.2000 + 3.3106 Oh 22m 0s + Oh 3m 20s 36,919,880
Multi-Output 5 heads 29.2000 + 7.1944 | Oh 42m 8s + Oh 10m 34s 37,368,480
Multi-Output 7 heads 46.4000 + 8.2849 Oh 55m 2s + Oh 9m 56s 37,977,080
Multi-Output 10 heads | 60.2000 4+ 9.5791 | 1h 23m 45s + Oh 11m 13s 39,189,980
MNIST
Multi-Output 3 heads | 93.8000 + 25.2301 Oh 5m 11s £+ Oh 1m 22s 48,836
Multi-Output 5 heads | 138.0000 + 35.4570 | Oh 7m 26s + Oh 1m 53s 53,776
Multi-Output 7 heads 102.4000 + 7.4189 Oh 5m 44s + Oh Om 26s 60,316
Multi-Output 10 heads | 159.0000 + 22.1721 | Oh 9m 35s 4+ Oh 1m 17s 73,126
Multi-Output 13 heads | 170.0000 + 33.7402 | Oh 11m 29s + Oh 2m 16s 89,536
Multi-Output 15 heads | 167.0000 + 22.7156 | Oh 12m 5s + Oh 1m 34s 102,476

Table 5.12: Number of epochs, training time, and number of parameters for each model

across CIFAR-10, CIFAR-100, and MNIST.
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Figure 5.4: Conventional neural networks generate marginal predictions on the left that do
not separate joint distribution ambiguity, the module is in the center and the ensemble of
base models on the right.

Dataset | Learning Rate (LR) | L2 Weight Decay | Batch Size | Optimizer
CIFAR 0.0001 0.0005 16 x num_heads Adam
MNIST 0.0005 0 16 x num_heads Adam

Table 5.13: Hyperparameters for CIFAR and MNIST datasets.
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5.4.2 Trade-off between accuracy and calibration

In the MNIST and CIFAR-10 settings, we observe the trade-off between accuracy and ECE
as the number of heads increases. Particularly as shown in 5.5 and 5.6 using LeNet5 as the

base model

98.70 0.0060
0.0055
98.65
0.0050

0.0045

Accuracy
o
[+
(=]
o

0.0040

98.55 0.0035

0.0030
98.50

0.0025

0 2 4 6 8 10 12 14
Number of Heads [i] 2 4 6 8 10 12 14
Number of Heads

Einge 5.5: Accuracy with the Number of Figure 5.6: ECE with the Number of Heads
eads

Accuracy shows a slight decline after a certain point as the number of heads increases.
Starting from the base model’s accuracy (98.49%), the best accuracy is around 98.72% with
2 heads, remaining relatively stable until about 5-6 heads, after which it begins to decrease
slightly.

In contrast, ECE improves significantly as the number of heads increases, reaching its lowest
value around 15 heads, indicating better calibration. The most noticeable improvement
occurs between 2 and 7 heads, highlighting the impact of adding heads on calibration. This
shows a trade-off between accuracy and calibration when choosing the optimal number of
heads.

This trade-off is further illustrated through proper scoring metrics in 5.7 and 5.8.

NLL improves (decreases) with up to 5 heads but worsens slightly beyond 6 heads. The
Brier score remains relatively unchanged, showing little variation across different numbers
of heads. With 5 heads, we observe the best balance between high accuracy (98.71%) and
good calibration (NLL = 0.0404, ECE = 0.0044). This represents the point where calibration
benefits from more heads, but accuracy starts to decline. Beyond 5 heads, while calibration

continues to improve, accuracy drops more noticeably.

Thus, selecting the number of heads that optimizes a proper scoring rule (NLL or the Brier

score) provides an ideal balance between accuracy and calibration.
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Chapter 6
Conclusion

In this study, we introduced a novel post-hoc uncertainty estimation technique that operates
as a meta-model on top of a pre-trained model. Our method generates multiple independent
predictions in a single forward pass without requiring additional data or retraining, it is both
model-agnostic and highly efficient. Despite its simplicity, our approach achieves near state-
of-the-art performance on MNIST, CIFAR-10, CIFAR-100, and their corrupted versions, with

minimal computational overhead.

What makes our methodology stand out is its ability to deliver robust uncertainty quantifica-
tion while drastically reducing training time and resource requirements, unlike conventional
methods that involve full model retraining and sometimes additional data. By exploiting the
disagreement between outputs, we efficiently disentangle uncertainties without compromis-
ing accuracy or reliability. This efficiency makes it a highly scalable solution for real-world

applications, with potential for extension to regression tasks.

That said, further exploration is needed, particularly in testing this method across more
diverse datasets and benchmarking it against other post-hoc techniques, especially in out-of-
distribution (OOD) detection.

We would also like to highlight an often-overlooked aspect in uncertainty estimation: numer-
ical uncertainty, particularly due to approximation errors. In high-dimensional optimization
problems; it is frequently unclear if the algorithm has fully converged, leading to discrep-
ancies between the true minimum and the optimizer’s result. This is especially critical in
real-time systems like self-driving cars. Rounding errors can further exacerbate uncertainty,
as discussed by Gupta et al. [2015]. Addressing these approximation errors is crucial for

improving the robustness of uncertainty estimation methods.
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Our method, while promising in its efficiency and scalability, also opens up opportunities for

further refinement and broader application.
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Algorithm 1 Multi-Output Module

1: procedure MULTIOUTPUTMODULE(num_heads, base_model, device)
2: Initialize num_heads, base_model, and device.

3: Register hook to capture penultimate output from base_model.

4: Initialize input_heads for num_heads using copied last layer.

5: Initialize shared layer and output_layers for num_heads.

6: end procedure

7. procedure FORWARD(x, train_infer)

8: Set base_model to eval mode, disable gradient calculation.

9: Move z to device.

10: if train_infer = “training” then

11: Pass x through base_model.

12: Capture and apply activation to penultimate layer output.
13: Reshape penultimate output for num_heads.

14: else if train_infer = “inference” then

15: Pass x through base_model once to get final output.

16: Capture and apply activation to penultimate layer output.
17: Rpeat penultimate output for num_heads.

18: end if

19: for i =1 to num_heads do

20: Process i head using its respective input head.

21: end for

22: Concatenate processed heads and pass through shared layers.
23: for ¢« = 1 to num_heads do

24: Compute final output for i*" head.

25: end for

26: if trainanfer = "training” then

27: Concatenate all output heads for num_heads predictions.

28: else if train_infer = "inference” then

29: Append base model’s final output to the predictions.

30: Concatenate for num_heads + 1 predictions.

31: end if

32: Return final predictions.

33: end procedure
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Algorithm 2 Training Procedure for Multi-Output Module

1. procedure TRAINMODULE(module, train_loader, val_loader, num_epochs, optimizer,
criterion, device, patience)

2: Initialize best_loss < 0o, epochs_no_improve < 0

3: for epoch = 1 to num_epochs do

4: module.train()

5: for all (images, labels) in train_loader do

6: Move images, labels to device

7: predictions < module(images, “training”)

8: Compute total_loss across all heads by summing all the losses
9: Backpropagation and update: optimizer.step()
10: end for

11: module.eval ()

12: Evaluate on validation set, compute val_loss and accuracy
13: if val_loss < best_loss then

14: Save best model state

15: epochs_no_improve < 0

16: else

17: epochs_no_improve <— epochs_no_improve + 1
18: end if

19: if epochs_no_improve > patience then

20: Early stopping

21: break

22: end if

23: end for

24: Load best model state
25: end procedure
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