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Chapter 1

Floater Hormann Rational
Interpolant - FHRI

1.1 Generality

The Floater-Hormann rational interpolant, indicated as FHRI, is a family of
interpolants, that depends on a parameter d. If we choose a function f : [a,b] —
R, a sequence of n+ 1 points, called nodes, a = xg < ... < x,, = b and some values
fi=f(z;) i =0, ...,n, each FHRI can be constructed as follow: choose any integer
d with 0 < d < n and for each i = 0,1,...,n — d, let p;(x) denote the unique
polynomial of degree at most d that interpolates f at the d + 1 points x;,...,x; 14,
then

S A@)pi(a)

r(z) = =—— (1.1)

with

(=1
i) Gz (r—zia) (1.2)
The functions A;(z) only depends on the nodes x; so that the rational inter-
polant r(x) depends linearly on the data f(z;). As special cases for d = 0 we
have the Berrut’s interpolant and for d = n the polynomial interpolant of total
degree n.
In the following when we’ll talk about FHRI, we’ll focus our attention on an
interpolant of that family with a particular d.
FHRI may be put in barycentric form [1]
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where
i+d
; 1
w=Y 0 T (1.4
i€Jk J=i.j#k J

with J = {i € {0,1,2,....,n — d} such that k —d < i < k}.

Lemma 1.1.1 ([4)). If the interpolation nodes are equidistant, then the weights

in (1.4) satisfy
d

1 d 2
w5 (o 1) = ol < g (15)

i€Jy,
In the special case of equispaced nodes, the weights can be written in another
form, knowing that an uniform scaling does not change the interpolant, [3][1]

d
(~1)hdhw, = (~1)* ) = (-1)kp

where

Br=>_,_,.)=1? ifd<k<n—d, (1.6)

)
i=d

n ( d ) Zf:o(i% itk <d,
Bn—lﬁ ifk>n—d

So the rational interpolant becomes,

S C )

i (=1)*By
0 T — T

If we rewrite it in a more suitable form, it has been proved the following
Theorem 1.1.2 (Absence of poles in R). [Th.1, [1]] For all d, 0 < d < n, the
rational function rin (1.1) has no poles in R.

(1.7)

Thus now is easy to show that:

e r(z) interpolates the data (x;, f(x;))

e r(z) reproduces polynomials of degree at most d

For what concerns the accuracy of FHRI in the function approximation, we

define

h = ogr?gagil(xiﬂ — iL',L'), (18)
11 = max (@) - f(a)
and
. Tit1 — Ty Tig1 — T4
f = max min { , },
1<i<n-—2 Ti — Ti—1 Tiy2 — Tiyl

the following results hold
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Theorem 1.1.3 (Interpolation error - case d = 0). [Th.3,1] Suppose d=0, f €
C?([a,b]) and let h be as in (1.8). If n is odd then

I
2

I = flloe < (1 +B)(b - a)

| (1.9)

If n is even then

f

Ir = flle < h(1+5) <<b— i+ Hf'HOO) (1.10)

2

Theorem 1.1.4 (Interpolation error - case d > 1). [Th.2,1] Suppose d > 1, f €
C2([a,b]) and let h be as in (1.8). If n-d is odd then

Ir = flloo < hHHH - a)—Hf(dH)”“ (1.11)
o = d+2 '
If n-d is even then
- arn (o MNP
Ir=fll <1 ((b R (1.12)

The Lebesgue constant is an index of stability for the interpolant, i.e. rep-
resents how much errors on the data could be amplified. If we suppose that
f € C([a,b]) and that we don’t know the exact values f; but perturbated ones
fi = fi+6;, then

fr = fi

|70 — anoo < An Orglgg}iz

where r,,7, are FHRI, that interpolate (z;, f;) and (z;, ﬁ) respectively. If we
define

wj
b=, (1.13)
Wy,
=0 T — T
they satisfy the Lagrange property
bz =5, = L sei=], 1.14
l<xj)_lj_ 0 Sei%j ( )

and therefore they form a cardinal base. The Lebesgue constant of this operator
is

A, = max A, (x),

a<x<b

where A, () is the Lebesgue function,
An(z) = [b(x)].
=0

In the case of equidistant nodes, we cite
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Theorem 1.1.5 (Bound Lebesgue constant at equidistant nodes - d = 0). [Ths.1-
2,2] The Lebesgue constant associated with rational interpolation at equidistant

.....

cpnln(n+1) <A, < (2+1n(n)) (1.15)

2n

2
4+nm :

with lim,, oo ¢, = =

where ¢, =

Theorem 1.1.6 (Bound Lebesgue constant at equidistant nodes - d > 1). [Ths
1-2,3] The Lebesgue constant associated with rational interpolation at equidistant

.....

Qd—1+2 (Qd; 1) (%~ 1) < Ay <2724 In(n). (1.16)



Chapter 2

Trigonometric FHRI (TFHRI)

2.1 Trigonometric interpolation - Generality

Suppose I = [0,b] with b < 2w and be f : I — R. For arbitrary n + 1 nodes
0=uzp <..<x, =0band some values f; := f(z;) the trigonometric interpolant
is

if n=2m with m € Z

p(z) = % + Z(ak cos(kx) + by sin(kx))

andifn=2m-+1withm &€ Z

p(z) = % + Z(ak cos(kx) + by sin(kx)) + a,e1 cos(mez).
k=1

In the case n = 2m, the previous formulas tell us that the trigonometric inter-
polant is a linear combination of 2m+1 functions, for instance 1, cos(x), sin(z), . . .,
cos(mx),sin(mz). They represent a Chebyshev system, that is for every set of
data (z;, fi)o<1<» an unique interpolant exists or equivalently

1 cos(zg) sin(xg) ... cos(mzg) sin(mxg)
det(V) =i P : L |0
1 cos(z,) sin(z,) ... cos(mx,) sin(mz,)
Instead in the case n = 2m+1, where p is a linear combination of 1, cos(z), sin(z),
..., cos(ma),sin(mx), cos((m + 1)z), the uniqueness of the interpolant isn’t di-

rectly garanteed and the non-vanishing determinant is to be checked case by case.
Now the determinant has the following form [6]

) ZQm—l T T T
3mc—m F— —
det(V) _ (_1)72 22m2—2m+1 sin (%) H sin (%) .
0<g<p<2m—1
Knowing that z;, are distinct and 0 < Z5%¢ <, it follows

13
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2m—1 2m—1
det(V) =0 <= sin(%) =0 < > z;=wrdveN (21)

J=0

For every n, adding the condition o := Zfzo_l xj # 2vm Yv € Z if n is odd,

the trigonometric interpolant is given by [5]

p() = 3 tla)f

where {{;}r—o,. , are the Lagrange trigonometric polynomials,

0, = apl(z) (cst (‘7" ;xk) + c), (2.2)

1 - —
ap = — xkijy l(z) = HSin(I 2$g)
=0

[T, jzusin (™5

and

cst(z) == csclz) = Sml(”) if n even e d 0 if n even
T cot(z) = W ifpodd. T | cot($) if modd.

sin(z)

If we consider the general case I = [a,b], p does not provide the formula of
interpolant if for example thare are some nodes which difference is a multiple
of 2 unequal to 0. With the aim to include also this case we introduce the
pulsation w = 2?“ where T' represents the period. So after choosing 7' > b — a the
trigonometric interpolant becomes

p(@) = 3 bl@) fi

where {{x}r—o.. n are the Lagrange trigonometric polynomials,

-----

0, = apl(z) (cst (g(x - :r,'k)) + c), (2.3)

o= 1( ey - ﬁsin(g(x - xj)),

§=0, j#k St

V€

0 if n even
€= cot(§0) if n odd.
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2.2 Trigonometric FHRI (TFHRI)

Combining the results of Chapter 1 and of the previous section, we wish to ex-
tend FHRI to the trigonometric case. By noting the formulas of trigonometric
interpolant, cited before and first mentioned by Gauss in [7], we think that the
most suitable way to build the TFHRI, is replacing Agx(x) in (1.1) with

. (-1)*
M GG =) (36— o) o

so TFHRI might be written as

g Ni(z) ( id ag 09 () (cst (g(x - xk)) + ci) fk)

ri(z) = h=i

with

H]—z J#k Sln(%(mk - ‘IJ)) j=i
o
¢; = cot (5 ij)
J=1

Noting that,

1= id a0 () (cst (g(:p - m) + cz-)

k=i
we write the interpolant as

Zn: (Z(—Uiam cst (3@5 — m) + Z(—l)iak,icl) i

t( ) _ k=0 “ieJg i€ _
a ; w .
> (oot (S + X
k=0 1€y 1€Jy

i (w; cst (g(x — xk)) + ozk) [

3 (ot () o)

i+d

==X 11 ey @9

w
icJy, i€y j=ij#k 2

[e=]

3

B
Il

where
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with J, = {i € {0,1,2,....,n — d} such that k —d <i <k}

and
0 if d even
=4 Y (—1)agge if d odd
1€Jg

2.3 Case d even

Now we consider the general case I=[a,b]. The TFHRI is

r(a) = 3 b(a) fi (2.7)

where
b (z) = nsin (%(az; xk)) (2.8)
kZ:O sin (£ (z — zy))

With easy computations it may be verified that 7*(z) indeed interpolates the
data {xk, fi}.
Hypothesis 1 on w
We assume that:
° %}|I—Z‘k| < (b—a)%’<%:>w<(bf—a)
So the sine is increasing and the functions sin(

w

5|2 — 21]) do not vanish in I

Following the same proof of the corresponding theorem in [1] we may prove

Theorem 2.3.1 (Absence of poles). For all even 0 < d < n and every pulsation
w that satisfies Hyp 1, the TFHRI r* in (2.7) has no poles in [a,b].

2.3.1 Lebesgue constant

Let I be as before, z; = w the nodes and y; = %.We suppose that the pulsation

n

w satisfies the Hyp 1, so the Lebesgue constant is

n

Z Jwy”|
- — sin (5y — yil
A, = max Z |b] = max k;O G - ) = max A,(y).
2€[a,b] —o y€[0,b—al wk’y ‘ y€[0,b—al]

— sin (% (y — yr))

where w;” are the weights in (2.20) with nodes y;.
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Due to the previous reasonings, we may assume that I = [0,b — a] but we
really focus our attention only I = [0, 1] because if b # 1 appear some constants
that simplify each other. So the bounds in the following hold for every choice of
I, only the pulsation w takes care about what the actual interval I is.

We consider, without lost generality, the interval I = [0, 1] and a pulsation w
such that w < 7. We define g(x) := —~— and show its plot below.

sinc(z)

Figure 2.1: g-plot in [, 7].

It is evident that ¢ is a positive function, is greater than 1 and is simmetric
respect to the origin. As it is defined, g does not exist in k7 Vk € Z ~ {0}. But

for our purpouses, we consider it always in compact interval included in [-7, 7].

Then the following bounds hold

NS

1< g(%(m — ) < = M. (2.9)

sin(%)

and .
- —z) < —. 2.1
(¢ = )z — 1) < 7 (2.10)

We recall also the bounds for the partial sums of the Leibnitz series and the
harmonic series, namely

1 ~ (—1)* 1
- 5D P (2.11)
4 2n+3 k:02k+1 4 2n+3
and
1
In(n+1) < z <In(2n+1) (2.12)
k=0
for any n € N. Moreover, it follows from (2.12) that
n 2n+1 n
1 1 1 1 1
= - — — >1In(2 2) — =1In(2 1) > =1In(2 3) (2.13
ng—l—l ;k k_12k_n(n+) 2n(n+)_2n(n+)( )
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Theorem 2.3.2 (upper bound Lebesgue constant d = 0). The Lebesque constant
associated with rational interpolant in [0, 1], with a pulsation w according to Hyp

.....

M

A, <
=9 M

(2+ In(n)).

Proof. Let x be in L. If x = x4, for any k then A, (z) = 1. So let 2 < & < g1y
with 0 < k < n — 1 and consider

n

1
(v — xp)(Tpe1 — ) Z m N
App(z) = = = D
, (1Y b
(r =m0l =0 ) ]

Jj=0

Our goal is to bound the numerator N from above and the denominator D
from below. We first analyze the numerator,

n

N = (w—w)(whi1—2) Y

n

1 9(5|r — x4])

= (o=a0) (wri1=2) =

— sin(g |z — 2] pr 2
2M & 1 2M (1 In(n)
= T(x_xk)(xkﬂ —x)z |z — x| - w (54— 2n )
7=0 J

where we use (2.9) and the last inequality is described in [2]. Now we focus
on the denominator and split the proof into 4 cases.
1) k and n both even

n

(r — 2) (Tpy1 — ) Z :

=0

D=

Since by Hyp 1 -5 < (2 — ;) < 7, using the fact that sine is an increasing

function in [0, 7] and = > x;, we have

sm(g@—x@)>sm(g@—xﬂ)>m>wm(§@—xm)

w

$n<g@%wmﬁ>::—Qmsﬂm+rw»:>—$n<%@%g—xo:>“J>—$n<gﬁm—@).

and

From these facts we get

n

S -y (-1
Z sin(%(a: — xj)) Z Sin(%(:cj _ x)) - (2.14)

7=0 j=k+1
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1 1 1
" Sn(Z@—w) <sm<§<x ") sm(3(r - :m))) et

1 1 1 1
*(sm@(x “) sm(3(a - xk_m)*(sm(%(xm — ) sin(3(zra - x»)+
ot ( . ! - = ! ) > 0.
sin(§(rn_1 —x)) sin(§(z, — 1))

So we can ignore the absolute value in the denominator D. Following the idea
of the proof in [2] and using also (2.9), we find

n

D = (z—xp)(p11—2) Z .

g(5(x —xx) | g(
(o —mp) +

+

SN
—~
8
o
+
—
|
2
|
&.
=4
WIE [ —
= |
b& —
~—
| <
=
N—
Vv

Z(x—ﬂck)(-fkﬂ_m)( : +( 1 ))+

— S (-1 — (=1 _ 2 =) (Tpy1—x
Ha—2k) (@ ( sin($ x—x])) Z sin(%’(xj—x))) n wn+( £ (Tr1—2) S

Jj= Jj=k+2

We study S and use the previous observation about the positiveness of the
sum in the denominator,

N

-1 ) n

I ) (A
sin(%(z — x;)

(O}
Il

= (2.15)

I
o

J j=k+2

s.m(g T — x0)) + SZ (sm “(x— o)) sin(4(z 1— 96251)))

2 2

1 1 1 1
sin(3(e — z)) sin(g (2o — 7)) S (Sin(%(wk+zsl — ) sin(5 (@2 — w))) =
1 1 B 1 1

— - sin(§ (e — 24-1))  sin(§ (2rse — 241))

+

™ “\,L

N}

v

sin(§(x — zp—1)) sin(§ (42 — 2))

w2 1 1 w\ 2(—2n) _ 2M(—2n)
2n ) w\ Ty — Tp—1  Tgio — Tht1 2n w w

We return to D and using (2.10) we get

2 2 2M (2n 2 1 2M(2n
D = —+(v—x)(vp41—2)S > ——(v—21) (T41—12) (2n) > ——— (2n) =
wn wn w wn  4n w

ln)-a-IT) e
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2) k even and n odd

Now we add a single positive term x— to S and therefore all the previous
bounds are still true. We prove again (2. 16)
3) k odd and n even

With similar calculation as before, we show that

k
(=1 (
Z sin(% x—xj)) +jz sin($(z — ;) <0

j=0

Now we consider f), that is the denominator D without the absolute value.
Then we construct a bound for D.

e e e, )
- ~to= o~ (AFE S,
+W‘w”““ﬂ‘@(§;$m§jy@»‘giwamgz{w»):

_ _% ((xkﬂ —_ x)g(g(:(; — )+ (x — xk)g(g(

We might estimate S and first write it as sum of negative and positive terms,

ZTrin —x))) 4 (2 — 24) (241 — 7)S.

= (2.17)

T
’

v ‘

r(sm (5(x — )  sin(§(x 1— xzsﬂ))) Sin(%(ﬂfl— T-1)) Sin(%(l’:w - l’))+

Il
=)

S

™~

1

1 e —xD)_QM%@n—@)

Sin(%}(xk—lﬂs - .T))

+
w
V)
N
)
|
<]
=
VIS
=
>
+
N
V)
R
(VAN

~ sin(§ (2 — 14-1)) * sin(

2M< 1 1 ) 2M2n
< .

NS
—~~
8
BN

+
N
|
S
SN—
SN—
|E
—~
S
|
8
N
L
SN—
(SIS
—~
8
BN
_l’_
N
|
S
N—

W \Tkp+Tk-1 Tgyr2 — Tkt
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We return to D and use (2.10)

2

h<-= (<xk+l—x)g(%(x—u)ﬁ(x—u)g(%( kﬂ—x))) (o) (@ —)S <

< —% ((xkﬂ—x)g(%(x—ﬂik))+($—37k)g(%(ﬂsz+1—$))>+(x_$k)($k+1_m)2]\iQn =

2 1 M2n 2(-2+M
<2 -=+ =S (=),
T w n 4n? w 2n

Since w € [0,7), M < g(m) < 2 and so it implies that

D> 2(1=2+M[\_2/2-M
T w 2n w 2n

4) k and n both odd
In S the terms with 7 > k + 3 are an even number so we can group them all
in the second sum. So we get again the bounds of the case 3).

Finally we sum up the results and obtain

A, = max ( max An,k(x))g

T <x<Tli1

Theorem 2.3.3 (lower bound Lebesgue constant - d = 0). The Lebesgue constant
associated with trigonometric rational interpolant in [0,1], with a pulsation w

-----

(2.8) satisfies
2n
nZ T T
M4+ nm)

Proof. We will follow the proof in [2].
By general definition of the Lebesgue function we have

A In(n + 1)

Osin(2|x—7—; = Y0z — 1
Ay () = — = - — =
(=1 ‘ 9(5(x — 3 )(=1)
=0 sm(%(x - i)) =0 %(Z‘ - %)
—~ g(5le— %)
B jz; |2nx — 27|  N)
9@ - D)1y D)
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Our goal now is to bound the numerator N(z) from below and the denominator
D(x) from above. We split the proof into 2 cases.

1) n even, 3 k € N such that n=2k We evaluate the numerator N(x) at
z = %t and using (2.9), we obtain

NEER! Z”: (51752 Z > In(n +1).
= n(n
2n = |n+1—2]| 12(k—j +1|

The last inequality is described in [2]. Now we turn to the denominator

D(n—l— 1) _
2n

ig o (e ”“))(—1)]'
j=0 + 1) Jj=k+1

[y st

<

21 241
ko w2 k=1 w2
e 27 +1 e 27 +1
We define y; := %(2:1), we focus on |A| but the same reasoning holds for |B|.

Since g is an increasing function in [0, 7), thanks to (2.11), we note that

! lg(ys))Jr-~- S9(y1)(1—1)+g(y3)(1—1)—|—... <

— j+1_ 4" 2%+3

s 1
=M|-— .
(4+n+3>

A is the sum of positive terms. In fact, if k£ is odd, but this holds also if £ is
even,

k-1

3/23 . y2]+1)
45+1  45+3

9(y2) _ 9(y2511) wi A\ _ o (w @ +2)
4+ 17+ 3 >0V) <= sin CRT <sin (55— V.

D>
QMM

But under our hypothesis on w, this is true Vj. Then we may ignore the

absolute value and get
s 1
A< M| - .
- (4 + n+ 3)
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With similar computations it may be seen that

s 1
Bl=B< M| - .
1] - (4+n+1)

s 2
=M=
(2+n+1)

Finally we have

1 1
Al +|B <M — -
Al +1B] < (4+ +3+4+n+1>

We sum up the results and obtain

A S 2In(n +4;l)
M<7r+ )
n+1

2) n odd, 3 k such that n=2k+1 Now we consider = = % and evaluate
the numerator and the denominator both at this point. Let us start with the
numerator. In the following sequence of inequalities we use (2.9) and (2.13) and
the same proof in [2].

N(%) ZiOlen(Qk+3):1n(n+2)

In — 27

Now we focus on the denominator. As we have seen in the previous case,
thanks to our hypothesis on w, the sum is positive. So in the following the
absolute value may be ignored.

o(3)- X

1
j=0 2

gy "2"))( 1)/
PR

Jj=

2k41 = 2] 1)7 k %l 1 + 2] 1 —1)J
. Z 2 Z )+ G
Defining

6 =a(5(52)) +o(5(F5))

it easy to see that G; > 0 Vj and that it is an increasing sequence. Thanks
to these observations and to the similar proof in [2], finally we have

| A
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We obtain
A (l) _ N(3) - In(n + 2) ~ 2In(n+2)
"\2) D)~ T 2\ 4\’
M = M
2 T ni2 K—
and conclude
1 1 1 1 1
A > 21In(n +42) > 2In(n —1—4) > 2In(n +4) _ M(fﬁ )ln(n—i—l)
M| rm+ M| m+ M|r+ — nn
n -+ 2 n—+1 n

]

Proposition 2.3.4 (Bound weigths d even). If the interpolation nodes are equi-
spaced, then the weigths in 2.6 satisfy

24 L 24 od pyd od
wd hdd' Z ( ) < _d|wk| < wyg| < ol lwg| < ol hadl’ (2.18)
Proof.
i+d i+d |xk ’)
|wk|_z H sin( \:Uk—:c| dz H ’$k_$|
1€Jy j=1,j#k 1€Jy j=i,j#k J
i+d 2d
| R
1€Jy j= zj;ék

Now prove the bound from above.

i+d i+d

5| 2M 2de
|w2|_ Z H |xjk_x| = Z H ol |wi.

1€Jy, j=t,j#k 1€Jy j= z];ék

Thanks to (1.5) the thesis follows easily.

Theorem 2.3.5 (Upper bound Lebesgue constant - d > 2, even). The Lebesgue
constant associated with trigonometric rational interpolant in [0, 1], with a pul-

sation w according to Hyp 1, at equidistant nodes {z; = %}] —0...n with basis
functions (2.8) satisfies

,,,,,

A, < M2 (2 + 1n(n))
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Proof. If x = xy for any k, then A, (x) = 1. Otherwise, x; < = < xp41 with
0 <k <n-—1and we consider

n n

Z& hid\(z — x1)(p 1_3;)Z|w—§'|
sin(glz — () ’ sin(§[z — ()

Jj=0 Jj=0

Aoilo) = 73 w! - " w! ‘ " Dila)

j ‘ hidl(z — op)(Trs1 — ) Z :

= sin(%(x — x;)) = sin(%(x — x;))

First of all we try to bound the numerator from above.

n

Ni(x) = zhdd!(x — i) (Tpy1 — ) Z

9(5le — ;) |wjl

“ =0 |z —
2d+1Md n @y — 2 Dlws
S — i hdd!(x—$k)($k+1_$)zg(2‘| J’|)’ :
v T —x;
=0 j
9d+1 7 rd+1 |wj|hdd' 9d-+1 ) yd+1 n ﬁ]
< W(I—xk Thpy1— Z oz —x;]  wit! (z—21) (Thy1—T) ]2: P <

2d+ I
—wd+1M 2 n—i—%ln(n)

where the last inequality holds thanks to [3].
Now we turn to the denominator. From the definition of 5; in (1.6) is easy to
see that

n n—d n .
W (—=1)75
(=Dl Yy —— = (1) Yy Nj(w) =D
=0 J =0 7=0 J

with A;(z) asin (1.2). So Vj € {0,...,n — d}

(@) = L - Q—dj+dg(§<w - JAa)

sin(§ (v — ;) ... sin(§(z — xj0a) w3

Assuming k < n — d and keeping in mind the proof of Theorem 2.3.1 and
(2.9), we have

Di(z) = d'h*(x — 21) (Tppr — ) > dh(x — ) (pey — 2)|AL(2)| =

d'h(x — ) (Tpy1 — T)
sm( (x — o)) sin(§ (P41 — ) - - - sin(§ (Tp1q — 7)) B

_ 201 d!hd(33 — k) (Tp 1 — 95)9(%(1’ — ) - 9(%(33 — Tktd)) >
wit! (@ — z)(@h1 — ) -+ (Thta — ) B
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2d+1 d'hd(x — xp) (s — )
T W (= wp)(Tp — ) (T — ) T
2d+1 d!hd 2d+1 d!hd 2d+1 1

T Wt (2pge — p) o (Tpag — xp) T wEH dlhAL T owdtlp

If £ > n—d a similar reasoning leads to this lower bound for Dy (x) by considering
Mi—q+1 instead of . Finally we sum up the results and obtain

A, = max ( max Ank(x)) < MH27 (2 4 In(n))

T <r<Ti41

]

Theorem 2.3.6 (Lower bound Lebesgue constant - d > 2, even). The Lebesgue
constant associated with trigonometric rational interpolant in [0, 1], with a pul-
sation w according to Hyp 1, at equidistant nodes {z; = %}jzo ,,,,, n With basis
functions (2.8) satisfies

1 2d +1 n
A2W< J )“1(3‘”

Proof.
- |wi
had! S R
\ jz_;s1n(§|x—xj|) N(z)
n(z) = — = = D)
@y
— sin(4(z — ;)
We consider z* = #5% = %

We first investigate the numerator, using (2.9) and the bounds of weights w§,

o 21 g5 — )yl 20 g,
N(z*) = d'h? ! > dlh? 2 > I >
R I oD D s D Dy
j=0 7=0 7=0
9d+1 p n
> wd+1n2 ln(g—l)

where the last inequality has been taken from [2].
Now we turn to the denominator.

D(x*) = hid!

n—d
> ()
j=0

We notice that A\j(z*) e Aj(z*) have the same sign and that the following
A(2*) oscillate in sign and decrease in absolute value. So we get, using (2.9),

d+1 d w
D) < Wa(a")] + W) = a2 (Pata) TL o 0" = o)+

d+1
w
=0
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d+1 w 2d+1 . 2d+1 dil 22d+2
A ()] Hg(g(x*—l’i))) < MY (IAo(x*)HIAl(x*)I) < M "
i=1 d

where the last inequality follow from the proof in [2].
Finally we obtain

1 2d + 1 n
A"ZW( J >1“<3—1>




28 CHAPTER 2. TRIGONOMETRIC FHRI (TFHRI)

2.3.2 Numerical Experiments
How to choose w

The pulsation w allows the costruction of TFHRI for every functions (peiodic and
non periodic). The problem is how to choose it. In fact the Hypothesis 1 does
not provide an unique value of w. The most reasonable way of choosing w is to
minimize the relative error of interpolation.

The relative error is given by

I = flle

11l

and we approximate it in the following way

Err., =

max, . |r'(z) — f(2)|
max,c; | f (@)l

Errrel ~

where [ is a discretization of 1.

In the numerical experiments the test interval is I = [0, 7], so w € (0,1). First
of all non periodic functions have been taken in consideration. The plots of error
as a function of w, Figure 2.2, reveal that w,, ~ 0. It is not unexpected because,
recalling the definition of the pulsation, if w — 0 then T" — +o00, so it seems to
be right since the function f is non periodic as supposed.

Relative Errar
=]

10 I I I I L I L I L L L I L I I I I I
1] o1 02 03 04 05 o 07 0B 09 1 1} 01 02 03 04 05 06 07 08 09 1
Omega Omega

Figure 2.2: w-Error plot with I = [0,7], n = 40 and d = 4. The test functions
are exp(z) (left) and x? (right).

It is clear that the choice of wy, is strictly related to the number of nodes, be-
cause the relative error depends on it, the value of d and function to approximate.
If the number of nodes grows for fixed d, the behaviour of the error remains the
same while if the function changes for fixed n, d the error may present important
changes.

In particular the numerical results show that:

e d = 0: the choice of w does not produce a relevant reduction of the error
no matter what the function f is
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e d > 0: according to the specific f, w affects more or less the error. In Figure
2.2 the test functions are e® and 2% with d = 4. On the right the decrease
of the error is indeed marked and the plot reveals that the error goes from
1078 to 1071¢, therefore the correct choice of the pulsation allows a better
approximation than in the second case on the left.

On the other hand if the test function is periodic with 7" = 7 or a submultiple,
the Figures 2.3 show that w,, ~ 1. Knowing that f is m periodic, it is reasonable
that the best choice of w is such that the period is =~ w. No matter what f is, for
different values of d the decrease of the error is not so remarked as before. In
Figure 2.3 on the left the w,, brings a decrease of error from 1075 to 1077, while
if f(z) = sin(8x), on the right, each values of w € (0,1) are equivalent.

Relative Error

I I L I L I L L I I L I I I I I I L
a o1 02 03 04 05 0B OF 08 08 1 1} 01 02 03 04 05 06 07 08 08 1
Orega Omega

Figure 2.3: w-Error plot with I = [0, 7], n = 40 and d = 4. The test function are
sin(2x) (left) and sin(8z) (right).
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Approximation and error

Using our matlab codes, we have tested TFHRI first in some regular cases. In the
first one TFHRI approximates a non periodic function, for instance f; = 2% in
[0, 7], with different numbers of nodes. In the second case we try to approximate
a periodic function, for example fo = sin(2z) in [0, 7] and in the third case a
function, like f3 = ||, which has a singularity in 0 so here we consider [~7, 7] as
interval in such way to include 0.

o - o W = O ® W @ @
o = m W = m ® Mm@

7 L L L L L i L L L L L
0a 1 15 2 25 3 [1} 1R 1 15 2 25 3

Figure 2.4: TFHRI - Test function f(z) = z? with n + 1 equispaced nodes in
[0, 7], n =10,60, w = 0.1 and d = 2

According to the previous analysis, we have chosen w = 0.1 with fi, fo and
w = 0.5 with f3. These seem good choices of the pulsation, especially in the first
two cases, because w is not too close to zero but so small to realize a significant
reduction of the relative error.

Figure 2.5: TFHRI - Test function f(z) = sin(2x) with n + 1 equispaced nodes
in [0, 7], n = 10,60, w = 0.1 and d = 2

The accuracy of the interpolant is good also with few nodes, as may be seen
in Figures 2.4, 2.5, 2.6 and expecially Figure 2.6 reveals that TFHRI has not
any problem in approximating fs3 also in 0. This aspect is remarked in Table
2.3.2, where we have listed the errors and in particular with n = 60 TFHRI can
interpolate fs with accuracy of 1073 and there are no oscillations in any of the
three cases.
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Figure 2.6: TFHRI - Test function f(z)
[—Z,2],n =10,60, w = 0.5 and d = 2

31

a5

n

ZL’2

sin(2x)

kd

fa

10

8.2385e-09

2.2994e-04

3.6496e-02

2.9614e-01

20

1.9024e-10

1.1549¢-05

1.0019e-02

1.9753e-01

40

4.5348e-12

3.3554e-07

3.2860e-03

1.3781e-01

60

5.1995e-13

4.0640e-08

1.7667e-03

1.1211e-01

Table 2.1: Trigonometric interpolation error - d = 4

= |z| with n + 1 equispaced nodes in

Then we have tested trigonometric rational interpolant with particular func-
tions, for instance with

ﬁ:{;

1, ifzel0,5],
if z € (3,7

and f5 = erf(50(z — %)) in [0, 7] both with w = 0.1, where

2 x
erf(x) = ﬁ/o e Pt

S

a5

a5k

L L
25 3

3.5

Figure 2.7: TFHRI - Test function f; with n + 1 equispaced nodes in [0, ],

n =10,60, w=0.1 and d = 2
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In Figure 2.7 TFHRI tries to approximate a function with a jump-discontinuity.
With few nodes the oscillations are marked while they attenuate with n = 60.
Table 2.3.2 reports that the order of the error is 107!, f5 represents an approx-
imation of f;. Instead of having a discontinuity, it connects values —1,1 in a
smooth way. Of course the earned smoothness has relevant consequences in the
approximation as we see in Figure 2.8, where the oscillations near % are less

2
marked.

Figure 2.8: TFHRI - Test function f5 with n + 1 equispaced nodes in [0, 7],
n =10,60, w=0.1 and d = 2

Then we have compared the interpolation errors of FHRI and TFHRI approx-
imating f5 and the results have grouped in Table 2.3.2. It may be seen that the
TFHRI is a little more accurate than FHRI with the same number of nodes but
the order of precision is the same.

n FHRI TFHRI

10 | 2.0988e-01 | 2.0722e-01
20 | 1.3539e-01 | 1.3072e-01
40 | 7.8745e-02 | 7.1333e-02
60 | 5.1243e-02 | 4.2108e-02

Table 2.2: Comparison TFHRI error and FHRI error - d = 4

Finally we consider the Runge function, f5 = mﬁ in [—m, 7] with w =
0.05. We know that classical Lagrange interpolant may not approximate fs with
equispaced nodes, due to the marked oscillations closed to the endpoints ot the
interval. Instead we underline that FHRI is accurate in approximating fs as we
describe in [11]. Now we investigate the TFHRI with fs as test function and
compare the performances of it with d < n and d = n, that is the classical
trigonometric interpolant.

The Table 2.3.2 reveals that also in the trigonometric case Runge phenomenon
appears and the classical interpolant is inaccurate and unusable. Instead TFHRI
provides a good approximation with order 1072.
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n d=2 d=n

10 | 6.3845e-01 | 6.9782e+00
20 | 1.9567e-01 | 8.4798e+02
40 | 2.5088e-02 | 3.6907e+07

Table 2.3: Comparison TFHRI error with d =2 and d =n

Lebesgue function and constant

We focus our attention on the growth of the Lebesgue constant and on the good-
ness of its theoretical bounds.

We have compute the Lebesgue contants associated with the TFHRI with
d=0and d =2 and 4 < n <40, n only even bacause in this way the behaviour
of constant is clear and the ”zig-zag” movement does not happen. We have
used again our matlab codes, in which we approximate the values of Lebesgue

constants, evaluating
k
A, ~ Al =

with N = 1000.

We suppose that I = [0, 1] and w € (0, 7). But recalling the theoretical bounds
for d > 0, d even and noticing that if w — 0 then M — 1, w must be chosen in
such a way that M =~ 1.

Therefore with the aim of making accurate upper and lower bound, w must
be taken close to 0. We suppose w = 0.1, as in the previous experiments, and in
this case M ~ 1.0041, so it seems to be a good choice.

.

\

Figure 2.9: TFHRI - Lebesgue constants with n + 1 nodes in [0,1], 4 < n < 40
even, w = 0.1, d = 0 (left) and d = 2 (right). The plots shows the Lebesgue
constants (blue), the upper bounds (red) and the lower bounds (green)

Figure 2.9 shows the comparison between the Lebesgue constant (blue) and
two bounds (upper red, lower green) with d = 0 (left) and d = 2 (right) in
semilogarithmic scale because in this way we can appreciate better the behaviour
of three quantities. The plots reveal that bounds are a little bit accurate and
that Lebesgue constant satisfies them in both cases.
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2
24
2
f
2
18
s
1
12
1EI 01 02 03 04 05 06 07 08 09 1

Figure 2.10: Lebesgue functions - TFHRI with n+1 nodes in [0, 1], n = 10, 20, 40,
w=20.1and d=2

Then we plot the Lebesgue funtions A, (z) with different values of n and we
report them in Figure 2.10. We compare these results with the corresponding
ones of the FHRI and we notice that in both cases the Lebesgue functions appear
to be simmetric respect to the middle of the interval and that the maximum is
close to its endpoints.
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2.4 Case d odd

The TFHRI has the following form,

i <w; cot (g(a; - xk)) + ak> fr

ri(z) = &0 (2.19)

n . w n
> uteot (Lo —m)) +3
k=0 k=0

where
i+d
wp=) (Dai=) (1) ] =% ! (2.20)
i€ Jx = itk O (E(xk - x]))

with J, = {i € {0,1,2,...,n — d} such that k —d < i < k}.

In the previous paragraph we have underlined the fact that uniqueness of the
interpolant isn’t always garanteed if the number n is odd. It implies that if d is
odd the construction of all the interpolants of d + 1 adiacent nodes may be not
always garanteed, and so we can’t build TFHRI. So after choosing n + 1 nodes
and d odd, we can construct the TFHRI if and only if every sequence of d 4 1
adiacent nodes is such that

k+d
ngj%QWI/VVEZVKG{O,l,...,n—d}. (2.21)

=k
If there is an index j such that

j+d

ZZL’j =0
i=i

then for this set of nodes the construction of the interpolant is impossible.

Otherwise, we must choose w in such way that the previous sums are different
from multiple of 7.

In the following we’ll suppose that d is such that (2.21) holds.

Recalling (2.19), we analyze the denominator.

;ak = zn: <Z(_1)iak,ici> = nzd(—l)ici(gam).

k=0 \ieJy i=0

We may prove the following

Proposition 2.4.1. If n is odd, I = [a,b] and the nodes are {z); = a +

(b;a)k}kzo ..... n; then

i ﬁ sin(g(xk—wj)>:()

k=0 j=0 j#k
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or equivalently

f[ sm(g(xk—xj)):— ﬁ sin(;(:cnk ))Vkeo "'2”—1.

=0 j#k =0 j#n—k

Proof. Since we evaluate the sine function olny in points like % (z, — x;) without
lose of generalization, we can restrict the proof to I = [0,1]. We fix k and define
h:=|zg — x1].

ﬁ Sm( $k—$]> Hsm( $k—$]>HSIH( xk—x])):

Jj=0 j#k Jj<k >k

k N\ n—k .
_ yrk ke . [why . (whj
= |<| m( | ) — x]|> | |Sln <—|xk x3|) —1) | |181n (T) | |1 sin (T)
i= i=

i>k

Instead for n — k,

[T sin(Snima) = TT s (e ) IT s (Stonsman) =

§=0 j#n—k j<n—k j>n—k

_ H sin (%|$n E— x]]) H sin (§|xn_k—xj|) =

j<n—k ji>n—k

= (—1)k:i;[’jsin (“’T}”) j]i[lsm (“"T}”)

Since n is odd and k+n — k = n, it follows that & and n — k£ may be not even
or odd both, so one is even and the other odd. Then (—1)% = —(—1)""* and the
thesis holds. N

Thanks to the previous result, we conclude that Z;:id ar; = 0 Vi and so
TFHRI can be written as

th )Jr,

where
wk cot (g(x — xk)) + oy,
Zwk cot( T — xk))

With easy computations it may be verified that r*(z) indeed interpolates the
data {Ik, fk}

bi(z) = (2.22)
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In general the control in (2.21) may be little bit complicated, so in the following
we consider only I = [0, 1] as interpolation interval and in addition of Hyp 1 in
the previous section, we also ask that

Hypothesis 2 on w

L K .
— < =Vkel,...,.n—d
Uy <l .

2 4
=k

Following the same proof of the corresponding Theorem in [1] we can prove

Theorem 2.4.2 (Absence of poles). For all odd 0 < d < n and for every pulsation
w that satisfies Hyp 1-2, the TFHRI r* in (2.19) has no poles in [0,1].

2.4.1 Lebesgue constant
Recalling the expression of TFHRI and

sin(z + )

_— kr keZ 2.2
sin(z) sin(y) Yoy 7 kr ke Z, (2.23)

cot(z) + cot(y) =
we may prove

Theorem 2.4.3 (Upper bound Lebesgue constant - d odd). The Lebesgue con-
stant associated with trigonometric rational interpolant in [0, 1], with a pulsation

.....

(2.22) satisfies

A, < CMP271(2 4 In(n)).

Proof. Let x be in L. If © = x4, for any k then A, (z) = 1. So let 2 < & < Tp4q
with 0 < k <n-—1.

We introduce the following notation

. i+d
sin(g(x + 3275 52, 75))
. +d :
sin(§ 3205 )
Since the terms a,; oscillate in sign, and under the assumptions on w for fixed

s the terms in parentheses have the same sign and Z; ;(x) is greater than 0, using
(2.23) we can rewrite Ny

25,1' x) =

n

Ni(z) =)

s=0

Z(—lyam(m(g(x . %)> . )

1€Js
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S,1 ~Si ol N S Z —S
<Z ’a ) |Z s (l‘)) sm(°§|x — xs|> k(l') sm(”

s=0 ’iEJs

with Z(2) = max(syes Zs,i(v), S={0<s<n, i € Jg}.
It easy to see that Zy(x) = Zpo(x) Yk and Vo € (zy, Tgy1)-
Then

n

dhd(z — zp) (2he1 — 2)Z00(2) Y
A'I’L7k(a’;) S s=0

d'hd(x — ) (Tp1 — @) i wj cot (g(aj - 9:]-)) ‘ |

Jj=0

|wil

sin(§|x — x4))

Using the same proof of the d even case we get

App(z) < 20,0(x)Md+12d71(2 + log(n)).

Taking the maximum and recalling that Z,(x) is an increasing function in x,
we can conclude

A, = max ( max Ank(x)> < CL M2 (2 4 log(n)).
T <x<Tp41
where Cy 1= Zyo(1). O

Theorem 2.4.4 (Lower bound Lebesgue constant - d odd). The Lebesgue con-
stant associated with trigonometric rational interpolant in [0, 1], with a pulsation

,,,,,

(2.22) satisfies

A, > L(z‘” 1) m(™ — 1),

n = Md+19d+2 d d
Proof.
d'h? Z wk cot (g(x - xk)> + ay
A (I’) _ k=0 — N(ZE)
n d'hdzn: ot (L — o) " D(z)
! wy cot| o (x —

k=0
We consider z* = #1520 = %

We first investigate the numerator, using (2.9) and the bounds of weights w?,
we have as in the previous proof

. n 2k,i - |wt|

(Sl* — ) e sin(Gla* — )
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: * i+d
sin(g (2" + 32500 540 75))
. i+d
sin(g > 005 75)
and C' := ming Z, , with S as in the previous proof.
Using the same inequality in the prove of the lower bound d even case, finally
we have

with 2, :==

d+1
n2¢ ln(g —1).

Indeed the minimum C' may be taken in a smaller set than S. In fact it may
be proved that

N(z*)>C

- derl

Zki > Rkl

k such that ¢ € Ji. In fact, if fix k and ¢ € Ji, recalling that under our assumpions
on w the sine is an increasing function, noting that

w i+d w it+d
E(I* + Z IL‘j) > E(l’* + Z ZEj),
j=i, j#k =i, jEk+1
we get
d . X d
Sln( (‘T + Z;+z Jj#k xﬂ)) Sln(%(l‘ + Z;J’_z Jj#k+1 x])) ~
2k = itd > o —itd = Zk+1,
sm(5 Z i ) sm(5 Zj:i ;)

Thanks to the previous statement, if we define S = {(r,s) € S|max{r|s €

Jr}}
C = (Cy = min Zr.s-
5
The inequality becomes

_ 9d+l 4 n
N(z*) > C2wd+1n2 ln(g —

1). (2.24)
As for the denominator, the inequality of the case d even is still true,
Zkt

Finally we sum up the results and obtain

C 2d+1\, n
A”ZW( d )“1(3—”'

M‘” 92d+2
wd—f—l (2d3—1) :

— hed!
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2.5 Numerical experiments

How to choose w

As in the d even case, there is no unique admissible value of w, such that sat-
isfies Hyp 1-2. Thus we want to choose the pulsation, w,y, that minimize the
interpolation relative error. Since the construction of the interpolant with odd d
is more hard-working than the other one, we focus only on the interval I = [0, 1].
Due to Hyp 1-2, w must take values in (0, min(

xn,d:...ern ? %))

Relative Error
Relative Error

L . L . . I L L . . I L L I .
o o1 02 03 0.4 0s 0E o7 08 09 o 0.1 02 03 04 05 0B 07 0B [1R=)
Omega Omega

Figure 2.11: w-Error plot with I = [0, 1], n = 40 and d = 3. The test functions
are e (left) and 2 (right).

First the test functions are non periodic, for instance 22 and e®. Obviously
the optimal value of the pulsation depends on n,d and the test function but our
numerical experiments show in particular that the test function plays the most
important role. In Figure 2.11 we notice that on the right the choice of w may
produce a relevant reduction of the error, from 10=® to 1076, instead on the
left the reduction is not evident. Finally, in this case w,, ~ 0, but it is not
unexpected thanks to the reasonings made in the d even case.

Relative Error

gt I

L . . L . . I L L 1 1
0 0.1 02 03 0.4 05 0E o7 08 09 0 0.1 02 03 04 05 0B 07 0B [1R=)
Omega Omega

Figure 2.12: w-Error plot with I = [0, 1], n = 40 and d = 3. The test functions
are sin(27x) (left) and sin(4nz) (right).

Instead if the test function is periodic with T = 1 or a submultiple, for example
sin(2nz), sin(47z), the Figure 2.12 shows that w,, &~ 0. But the reduction of the
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error is almost absent so there are infinity admissible values of w no matter what

f is.

Approximation and error

Using our matlab codes, we have tested TFHRI in some particular cases and we
restict the analysis on I = [0, 1], as said in the previous section. In the d even case,
the choice of w was indeed indipendent from n but now these variables are related
due to the Hyp 2. So for each choice of n we have seen the w-Error plot and
then we have chosen a suitable pulsation. In the first case TFHRI approximates
a non periodic function, for instance f; = z? in [0, 1]. Our w-tests reveal that a
suitable pulsation is w = 0.1 because represents the right compromise between
the reduction of the error and the distance to zero. Figure 2.13 show that TFHRI
is good in approximating the test function also with few nodes.

1 1

09+ 1 09-
hE:13 1 08
orr 1 07
06- 1 06+
05k 1 i3
D4t J aal
BE1S 1 03
Dzt 1 02t

01r B 01r

L L L L L L L L 0 L L L L L L L L
o1 0z 03 04 05 06 07 08 08 1 1} 01 02 03 04 05 0B 07 08 089 1

Figure 2.13: TFHRI - Test function fi(z) = z* with n + 1 equispaced nodes in
[0,1], n =10,60,w=0.1and d =1

In the second case we try to approximate a periodic function, for example
fa = sin(27zx) in [0,1]. As before we have to control what may be a good value
of w. From our tests it appears that, as said before, different pulsations do not
produce a significant reduction of the error. So we choose w = 0.1 as before.

1

08r

06

0.4

0zr

04

a2k

o4k

06F

aak

L L L L L L L K] L L L L L L . L
o o1 0z 03 04 05 06 07 08 08 1 1} 01 02 03 04 05 0B 07 08 09 1

Figure 2.14: TFHRI - Test function f5(z) = sin(27x) with n+1 equispaced nodes
in [0,1], n =10,60, w=0.1and d =1
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TFHRI seems to have some problems in the approximation, in fact with n = 10
the oscillations are really marked. This may be seen in Figure 2.14 (left) and on
the right we notice that the interpolant improves its performances.

In the third case we want to approximate a function, like f3 = |z|, which has
a singularity in 0 so here we consider [—1, 1] as interval in such way to include 0
in the interpolation interval.

L L L L L L L L L L L L L L L L
-1 08 0B 04 02 0 02 04 0B 08 1 -1 08 08 -04 D2 1] 02 04 0B 08 1

Figure 2.15: TFHRI - Test function f3(x) = |z| with n + 1 equispaced nodes in
[—1,1], n =10,60, w=1and d =1

Unlike before, here we must consider an interval simmetric with respect to the
origin. First of all since the number of nodes is odd, we have no problem with
the vanishing of the sum of adjacent groups. Then in this case the Hyp 2 turns
to be Hyp 2 bis

k+d

5

j=k

<ng€O,...,n—d.

If n = 10 the Hyp 1-2 bis tell us that w < § ~ 1.57 and w < L A LT
that is w < 1.57. Numerical experiments show that a good pulsation is w = 1.4
that satisfies the constrains. The results are reported in Figure 2.15 (left) and
it may be noticed that the interpolation is not so bad. Instead if n = 60 the
constrains become w < 1.57 and w < —=— ~ 1.60 that is w < 1.57 and the
tests reveal that w could be equal to 1. The interpolation has improved in Figure

2.15 (right).

n x? sin(27z) || fa

10 | 2.3704e-10 | 3.3161e-03 | 2.8209e-02 | 3.9915e-01
20 | 1.3215e-11 | 2.5948e-04 | 9.1889e-03 | 2.7664e-01
40 | 7.3003e-13 | 2.4242e-05 | 3.2108e-03 | 1.9461e-01
60 | 1.3579e-13 | 6.4106e-06 | 1.7483e-03 | 1.5851e-01

Table 2.4: Trigonometric interpolation error - d = 3

The we take the test function f4, previously introduced with w = 0.1. Figure
2.16 represent the rational interpolant with some values of n. The results are
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05F B a5

05f 4 05k

'1’@*/—_\’@%’ 1 -1 J\

L L L L L L R L L L L L L
05 1 15 2 25 3 345 o 05 1 15 2 25 3 35

Figure 2.16: TFHRI - Test function f; with n + 1 equispaced nodes in [0, 7],
n=10,60, w=0.1and d=1

similar to ones obtained in the d even case and some oscillations appear close to
s

i We compare the relatives error with d = 3, reported in Table 2.5. Thanks
to w-tests we consider w = 0.1 with f;, w = 0.5 with f; and w = 0.8 with f;.
It appears evident that the interpolant has not any problem in approximating
smooth functions but we underline also the fact that it is good also in the third
case where the error is of the order 1073. Regarding f4, the approximation does
not improve one in the d even case and the order of precision remains 1071, As in
previous case, now we analyze the test function f5, that is a smooth approximation
of f4 with w = 0.1.

If the test function is f5; and w = 0.1 numerical results are the same as in the
previous section and the oscillations attenuate, Figure 2.17.

Figure 2.17: TFHRI - Test function f5 with n + 1 equispaced nodes in [0, 7],
n=10,60, w=0.1and d=1

We compare the performance of FHRI and TFHRI approximating f; and
Table 2.5 confirms the results of the previous section: the precision is the same
but TFHRI is little more accurate.

Finally we take in exam Runge function fs in [—m, 7] with w = 0.1, compare
performances of TFHRI and classical trigonometric interpolant and report the
results in Table 2.5. It is evident that FHRI has problems in approximating
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n FHRI TFHRI

10 | 2.0972e-01 | 2.0646e-01
20 | 1.3536e-01 | 1.3059e-01
40 | 7.8744e-02 | 7.1312e-02
60 | 5.1242¢-02 | 4.2099e-02

Table 2.5: Comparison TFHRI error and FHRI error - d = 3

n d=3 d=n

10 | 1.3865e-01 | 6.9782e+00
20 | 9.1543e-02 | 8.4798e+02
40 | 3.8680e-02 | 3.6907e+07

Table 2.6: Comparison TFHRI error with d =3 and d =n

the test function due to the fact that the Runge phenomenon appears. Instaed
TFHRI may overcomes this problem and its precision is of 1072

Lebesgue function and constant

We compute an approximation of the Lebesgue constant as we have explained
in the d even case. With the aim of making the theoretical bounds accurate, we

- Cy
d+1
must choose w such that the terms C; M and T

After our analysis, we conclude that w = 0.1 may be a good choice for every n in
both cases.

102_// _ mz-///
‘

e

are as small as possible.

Figure 2.18: TFHRI - Lebesgue constants with n + 1 nodes, 6 < n < 40 even,
d =1 (left) and d = 3 (right) and w = 0.1. The plots show the Lebesgue constants
(blue), the upper bounds (red) and the lower bounds (green)

Figure 2.18 show the Lebesgue constants and two bounds in semilogarithmic
scale. We can appreciate the accuracy of bounds and the fact that the Lebesgue
constant satisfies them as in d even case.
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Figure 2.19: Lebesgue functions - TFHRI with n + 1 nodes with n = 10, 20, 40
and d = 3

Finally we analyze the Lebesgue function with w = 0.1 in Figure 2.19. Differ-
ently from the d even case the Lebesgue function is not simmetric with respect
to the middle of the interval and the maximum is reached near its extreme on
the right.
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Chapter 3

Tensor Product FHRI (TPFHRI)

Suppose [az, by, [ay,b,] CR,nym €N, a, <xo < -+ <xp <bg,ay, <yp<---<
Ym < by, X = {[L‘l}“ Y = {yj}j, the gl"ld G =X xY and dl,dg S N, 0 S d1 S
n, 0 < dy < m, then for each x; and y; define the 1d base functions

wf w]
- T — T; Yy—Y;
b)) = () = S (3.1)
> >
o T Tk o 4~ Yn
where the weights are
s+dy 1 s+do 1
xr __ S y S
w= e I o w=Yen I
SEJE t=s,t£k "~ * seJ? t=s,t£k 77

and J¢ = {s €{0,1,2,....,n — dy} such that k —d; < s <k} and J! = {s €
{0,1,2,...,m — do} such that k —dy < s < k}

Given a function f € C([ay, bs] X [ay, by]), the tensor product FHRI, indi-
cated in the following as TPFHRI, is

r(z,y) = Z Z bj ()04 (y) f (w5, y5) = Z Z bij (2, y) f(2i,y;)-

We can rewrite it in a more compact form,

r(x) = Zbk(x)f(xk)a (3.2)

kek

with £ = {(2?])‘0 S [ S n, 0 S] S m}7 k= (kka) and Xk = (mkmykz)'

3.1 TPFHRI original form

In 1d case, FHRI may be written in form (1.1), so we try to define the TPFHRI
with an analogous formula. It is the following one

47
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r(z,y) = ——2 — (3.3)
> Xi(x) Z A (y)

where p;; is the tensor product interpolant on the nodes {(xs, y;) }
ie.

1<s<i+d1 j<t<j+d2’

i+dy j+da

pig(@y) =3 Y Lp(@)le(y) f (2, yg)

p=i q=j
where £,(z) and ¢,(y) are the Lagrange polynomials relate on nodes z;, ..., ;44
and y;, ..., Yj+d, respectively.
Now we put it in barycentric form an see that the result coincides with (3.2).
First we concentrate on the numerator in (3.3),

n—dim—dz itdy j+d
Z Z Xi(z)Aj(y) (Z Z fp(:zr)éq(y)f(xmyq))) —

AL

R A )

If we consider f as a function of only one variable y then, recalling the rea-
sonings in [1], it becomes

S <+Z€ (Zywy f(xp,yjz»

=0 J 0 Yj
9(;;)
n—dj i+dy n we
S S wtonten ) ) 31t -
i=0 1=0
S )
- TiyYj
im0 T i YT Y !

Then we analyze the denominator in (3.3). In the 1d case [1] holds

n—d n

=0 k=0

W

x—xk

and so
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n—dj m—do n x m
w w
X)) > Ny => -y
i=0 =0 o L Tk Y T Yn
The TPFHRI becomes
> Ne(x)pi(x)
kek
r(x) = ) (3.4)
> Alx)
kek

Wherelﬁz{(i,j)|O§i§n—d1,0§j§m—d2}.

3.1.1 Properties

From the fact that the TPFHRI have an analogous structure of the 1d case, the
following result holds

Corollario 3.1.1 (Absence of poles in R?). For all 0 < d; <n and 0 < dy < m,
the TPFHRI r has no poles in R?.

The thesis follows directly showing that the denominator in (3.4) is the prod-
uct of two factors and we can apply the Theorem 1.0.1 to each of them. We
conclude that they are strictly positive and so the thesis holds.

The TPFHRI interpolates the data (xy, f(xk))kex. We multiply the numera-
tor and the denominator in (3.4) by

Hk = (_1)n7d1(_1)M7d2 (x—20) . (=) (Y —Y0) - - - (Y = YUm) A (X) = ph1 fi

From the 1d case [1] we know that py(z;) > 0 if k € J;, otherwise is equal to
zero. So px(xs,y.) > 01if ky € J; and ko € J;, zero otherwise.

Let x;, be a node, then

Z uk(xh)pk(xh) Z Nk(xh)pk(xh)

_ kek _ ki€dpy ko€,
7(Xp) =

> olx) S )

ke k1€Jh1,k2€Jh2

D mxn)f(xn)
k1E€Jp, ko €Jp
= - - = f(Xn)

> mxn)

k1€Jh1 ,k2€<]h2
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3.1.2 Error estimates

Let a <z < -+ < x, < bbe asequence of n+1 distinct points. and g : [a,b] —
R.We define the divided differences as

g[lﬂo, ,.ZEn] = g[xl’ >xn] - g[l’o, "'7xn71]7
Ty — X
glzo] = g(x0).

Then the following result holds

Theorem 3.1.2 (Theorem 1 in [10]). Let z,xo,...,x, be n + 2 distinct points
and g € C"Y(I) where I = [min(z, %y, ..., ¥, ), max(z, Tg, ..., ,)]. Then for some
point & = &(x) € I holds

g(E) 55

glxo, ..oy Tp, ] = CESk

Now we try to extend previous result and definition to the bivariate case.
First of all we introduce the bivariate divided differences.

Let us consider f : [ag,b,;] X [ay,b,] — R and a, < zp < -+ < x5 < by,
ay < yo < -+ < y < b, two sequences of s + 1 and ¢ + 1 distinct points
respectively. The bivariate divided differences are

f[mo] [yh s yt] - f[xo][y(h ceey ytfl]

flzollyo, - ue] = — , (3.6)
f[:lfg, . xs] [y()] _ f['rla ey xs][yozis__fifzm ey $3—1][?Jo]7 (37)
~ Slros sy, v = flro, w8 yo, o 1]
Flxoy ooy ) [Yoy oos Yt) = — = (3.8)
_ flza, o xsl[yo, -y y,;]c —_fixo, oy Ts—1][Y0,y -y Yt | (3.9)

flzollyo] = f(z0,90)-

We indicate with C™™ the space of functions of two variables that are C™ in
the first variable and C™ in the second one.

Theorem 3.1.3. Let x, x, ..., x5 € |ay, by| be s+2 distinct points and y, yo, ..., yi €
lay, by] be t +2 distinct points and f € C*THH Y ([ay, by] X [ay,by]). Then for some
points &, € [ag, by, &, € [ay, by] and (§2,€]) € [aq, bs] X [ay,by] holds

L ot f(x,y)

flzo, .y xs, x][y] = Gl arn - , (3.10)
1 0" f(x,y)
f[x][yov"wytvy] = 7 s (311)
-+ oyt y=¢l
B 1 8S+t+2f(.1', y)
f[x(b -y L, l’] [yOa < Yty y] - (t I 1)'(8 I 1)| ayt“ax‘**l e (312)
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Proof. From (3.8) and (3.9) we notice that if we fix x € [a,,b.] , v # 2, y €
[ay, by], y # y; and

g(y) = f[x()? ...,JZS,JZ](y) h(x) = f[yOa '~-7ytay](x)7

then

® 9,9 € C™"([ag, b)), h, b € C*F1([ay, b))

® glYo, - Yyl = flT0, s T, X][Y0, -+, Y Uls GY05 o Yes Y] = F2] Y05 -5 Yt Y]

o h[zg, ..., Ts, 2] = fT0, s T Z|[Y0s s Y Y], Rlz0, .o Ts, 2] = Flyl[z0, .., T, ).

Now we may apply the previous theorem to iL, g,¢g and h. Then consider f as
a function of only one variable x. We use twice the previous theorem. So we get

1 dh(z) 1 05T f(x,y)

flzo, ..., xs, 2] ly] = ib[xo, e X, ] = (

sED de | Dl e
A 1 dH(y) 1 0" f(z,y)
2l[yo, ..., vy, y| = e Ut Y| = -
Flx] oy s Yt Y] = GlYo, - Yt, Y] (t+ 1) dyt+! et (t+ 1) oyttt -

With similar reasonings, we might obtain

1 dg(y)
t+ 1) dytt!

f[an"'7x57x][y07'“7ytay] :g[y07'-'7ytay] = ( ’ -
y=£2

1 atJrl 1 @tJrlf(x y)
= 7 o —(f[‘rOW"?J:S?xHy]) = ( 7 ) ['IOu L, T =
(t+1)! Oyttt Y= (t+1)! Oyt v=
f(@)eCs+1(laz,bs])
1, 1 & f(z)
= flzo, .oy s, ] = (——) =
(t+ 1)t (t+ Dl (s+ 1) dastt e
B 1 as+t+2f<x’ y)
(t+Dl(s+ 1) Oyttlozs+! 1=2 y=2
]

After defining h, := maxo<i<n—1(Zit1 — i), hy = Maxo<j<m—1(yj+1 — y;) and
h := max{h,, h,} we have all the ingredients to prove

w=¢}
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Theorem 3.1.4. Let n,m,d;,dy € N be numbers such that < dy <n, 1 <dy, <
m and [ € CHt222([q, b,] x [a,,b,]; R).
Then if m-ds is odd

n-d; odd
(by — ag) |02 a1, (by —ay) drt2f da+1
_ < 1 2
Im=Flloe = "G5y || aie My g | T
N ghitdatdy (b — az)(by — ay) pdi+dz+2
Qy®2t29za+2 || (dy + 2)(d2 + 2)
n-d; even
HT _ f” < (bl B a’l‘) 8d1+2f 1 8d1+1f hd1+1+(by — a’y) 8d2+2f hd2+1+
=\ (dy +2) |[0z82| " (dy +1) ||9zhtT || (do +2) |[Oy®=t2]|
N ghitdata p (be — az)(by — ay) Phtdatiy (by — ay) pditdat2
Dy t20x0+2 || (dy + 2)(da + 2) Aydat29xh+1||  (dy +2)(dy + 1)

Otherwise, if m-dy is even

n-d; odd
Ir = fllo < (b — ar) | 0% 2/ e Ul ki - oy pa 1
© 7 (di1+2) ||Qxht2| (dy +2) ||9y®2+2|| " (do + 1) || Oyt
+ oty (b — ax)(by — ay) Phtdatiy (by — ag) i da+2
6yd2+281‘d1+2 - (d1 + 2)(d2 + 2) 8yd2+18$d1+2 - (d1 4 2)(d2 + 1)
n-d;, even
[r = flloe < (b: —az) || 0021 1 ontty pdi+l (by — ay) ||0%=2f n
TN\ (di+2) [[zht2]|| 0 (di +1) ||QzhtL]] (d2 +2) ||Oy®=t2]|
+ 1 8d2+1f hd2+1 + 8d1+d2+4f (by — a’y)(bib - a'm)
(de +1) ||Oyd=tt| Iy t29zh+2| - (dy +2)(do +2)
8d1+d2+3f (by _ ay) ad1+d2+3f (ba: _ ax)
Oyt ozt +2 || (dy+1)(d2 +2)  [[Oy® 10zt t2 ][ (di +1)(d2 + 2)
i 1 ad1+d2+2f hdl tdpt2
(di +1)(d2 + 1) || Qydetlggditl]

Proof. Let us consider the difference r — f. From [10] we known that

Pij — f = wigr1(@) f[Ts, s iy, 2 Y] + Wjao1 () Fl2) Y5 -0 Yjran Y]+

~Wid1+1(T)Wjdo 1Y) f [T oy Tikars T Yy oos Yjrda»> Y]

where
wz-_l,dﬂ(z) = 1, Ws,d+1 = ws_l,dﬂ(z)(z — ZS), S = i, ,l + d (d = dl, dg)

Therefore
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?“(l‘,y) - f(f[, y) = = = n—dy m—ds
> Mla) 3 )

. =0 4j=0

o n—dj m—do
Do) Y N()
=0 7=0

i=0 j=0
+ n—dj m—do
=0 7=0

+

=0 ;=0
o n—dp m—ds
> il@) > Ny
=0 7=0
= A+B-C

We analyze individually the three terms.

A
n—dy m—ds

Z Z )‘i(x))‘j(y)wi7d1+1(x)f[xi7 X xi+d17x] [y]

93
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In the following we use the definition of the bivariate divided differences and an
inequality, taken from [1], for instance

n—di—1 m—da—1
Y @irarer =) S (i + D)0 —a0), D> Wjsarrr — ;) < (da+1)(by — ay)
i=0 Jj=0

From the proof of theorem 2 in [1], follows that

n—di
1 1
[Dal =) Ai(z)| > >
; dihG T dy
n-d; odd
n—dy;—1
Ny =— Z (Tipdr+1 — ) f[T, 0y Tigar 41, 2] [y] =
=0, 7 even
n—d;—1
= - Z (Tiray 1 — i) [T, s Tigar 1, 7] [y] =
1=0, ¢ even

_ Z ( N B (CN)

T A e T et |
Then

1 oh+2f n—di—1 (dy + 1) (b, — a,) gh+2f
|NA’ B (dl + 2)' ' 8xd1+2 OOiOzZeven<xi+d1+l_xi) = (dl + 2)' a$d1+2 0o
|A| o NA < (dl + 1)(bm - aw)dl!hd1+1 ad1+2f - (bx - az) ad1+2f hd1+1

Dy~ (dy +2)! Qxh+2|| " (dy +2) |[Oxht2||
(3.13)

n-d; even

n—dy—2

Ny=— Z (ﬂfi+d1+1 — Qiz)f[xu ---,$U¢+d1+1>x][ll] + f[xnfdm ---;xn,x] [3/] =

=0, 7 even

n—di—2

1 0" f(a,y) 1 0" f(z,y)

2 e G Lgl T opin Lgl
Then
T < 1 [|ohty
N < 7 - 4g >~
’ A‘ = (dl + 2>| Opd1+2 OOi:OlZeven(x +di+1 — X ) + (d1 I 1)‘ pditl N
(dy + 1)(by — az) 8d1+2f 1 8d1+1f
=T (4 + 2)! 0zt +2|| T (dy + 1)1 || oxhL ||
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Finally
|A’ _ & (d1 + ]-)(bz _ ax) 3d1+2f 1 1pdi N dl!hdl+1 adlﬂf _
Dy~ (di +2)! Jxh+2| a (di + D! || Ozttt
(by — ag) 8d1+2f i i+l (9d1+1f
_ \Y= x B .
(41 2) ‘ gra=2|| " T @D |||
b _ di1+2 1 di+1
_ ( fa aa:) 0 f 0 f hd1+1. (314)
(di +2) ||Oxht2||  (dy+1) ||OxhtL]|
B
Following the computations about A, is easy to verify similar bounds for B.
m-d, odd
(by —ay) [[0=2f]] } apir
SRR s (3.15)
m-ds even
_ do+2 1 da+1
(do+2) [[Oy=t2]|  (do+1) [|Oy®t]
C
From the proof of theorem 2 in [1], follows that
1 > 1
’ | - d 'd |hd1+1hd2+1 dl!dZ!hdlngrT
m-d, odd
n—diy m— dz
xlv'- 7xi+d17x][yj7"'ayj-i-dzay] N
. =0 ]:0 . _C'
C= n—dq m—da o DC
Do N@) Y N
i=0 =0

g
I
|
—_
~.
i
ML
|
=
=
8

--;xi+d17x][yj7 ---vyj+d27y] =

n—d m—ds—1
1 i : (y 2 _y') 8d2+2f[xi7“'7xi 1,$](y)
- Z(_l) ((_1) Z ]Z;Q:i 2)! ’ 5yd2+2+d

y=¢; )

[Tiy ooy Tigay, ] =

7=0, j even

n—dip m—da—1
Sy ey W ) 92 )
@+ oy | .
J

-

=0 7=0, j even

fi(2)€C41+2 ([ag ba))
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n—dj m—da—1

=Xy FO;W Filtss s wisas, 2]
n-d, odd
m—dy—1 n—d,
s j:o,yzeven W ; (O™ il wiga, 2] =
m—da—1

n—dy—1
= Z %((—1)2 Z (xi+d1+1_xi)fj[xiv'-wxierlJrl;x]):

7=0, j even =0, 7 even

m—da—1 n—dj—1 ~
_ i (Yjrdat1 — Yj) 21: (Tivdi 11 — Ti) ad1+2fj ()
Jj=0, j even (d2 + 2)' i=0, i even (dl + 2)' Ohat? x=£7 .
Then
m—do—1 n—di;—1
IN| < H ghtdatd f Z (Yjrdatr — Yj) Z (Tiydi+1 — Ti) <
N ayd2+28$d1+2 00 j=0, j even <d2 - 2)' 1=0, 7 even <d1 + 2>‘ a
G (dy 4 1) (da + )b — aa)(by — ay)
~ || Qy®t20aht2 || (dy +2)!(dy + 2)! '
Finally
|C| < 8d1+d2+4f (dl + 1)(d2 + 1)(bm - ax)(by — ay)dlldg!hdl+d2+2 .
~ || Oyt 200h+2 || (dy +2)!(dg + 2)!
Oy 20242 || " (dy + 2)(dy + 2) ‘
n-d; even
& (Yjrdor1 — Yj) e 7 rd
NC = Z W( Z (Ii+d1+1_xi)fj[xi7"'7xi+d17x]_fj[xn—d1’"'7xn7x]) =
7=0, j even ’ =0, i even
m—dg—1 n—d;—2 ~
_ 22 (Yjtds1 — Yj) Zl (Tivar 1 — 7)) OMF2f5(x) _
Jj=0, j even (d2 - 2)| 1=0, i even (dl T 2)‘ Oit? =£7

1 ad1+1fj(l,)
(di + 1) Qg+l

):

x:éﬂv



3.1. TPFHRI ORIGINAL FORM 57

m—do—1 n—d;—2 I
_ 22 (Yjtdot1 — Yj5) Z]: (Titay+1 — i) ONT2f(x)

(da +2)! (di +2)! D +2

7=0, j even 1=0, 7 even

m—do— ~
- ) D W —y) 1 00 ()
(dr+2)] (1) Patit]

7=0, j even ac:éz

Then

m—da—1 n—d;—2

(Yj+dt1 — Ys) (Tiydi 11 — Ti)
D TR Dl e

ad1 +do +4f

[Nel < HW

o0 =0, j even =0, 7 even

m—dg—1
N ad1+d2+3f 22 (yj+d2+1 o yj) 1 -
Qe 20+ (dy+2)!  (dy+ 1)~

0 j=0, j even

IN

ot | (di+1)(d2 + 1) (be — az)(by — ay)
Oydz+20pdit? (dy +2)!(d2 + 2)!
(by — ay)(ds + 1)
o (da+2)(dy + 1)1

o0

6d1 +d2+3 f

ade +2 amdl +1

3

Finally

adl +da +4f

do+2 ) rd1+2
Oy®+20x ~

(dy + 1)(dy + 1) (b, — ax)(by _ be)dl!dglhd1+d2+2
(d1 +2)!(dz + 2)!

] < H

adl +d2+3f

8yd2+28xd1 +1 -

(by — ay)(da + 1)d;ydy! R Td2+2 B
(do +2)!(dy +1)!

3

(by _ ay)hd1+d2+2

o (da+2)(dy+1)

H @dl +d2+4f
- dat2 dy+2
Oy t20gh+2||

(ba; _ az)(by _ ay)hd1+d2+2 8d1+d2+3f
(d1+2)(ds +2) Dyt ogi

d1 +da+2

( H ad1+d2+4f

(br — afv)(by - ay) ” ad1+d2+3f

(d2+2 d1+1)

3yd2+28xd1+2 - (dl + 2)(d2 + 2) ayd2+28$d1+1
m-ds even
n—dj m—da
No =Y (=1 > (=1 flis s @iy, @Yo oo Y U] =
i=0 =0

n—dj m—do—2
= Z(—l)l((—l) Z (Yjrdot1 = Yi) flis s Tiears DYy s Yjrdor1, Y+

7=0, j even
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_l_f['xu cooy Ligdy s Zlf] [ym—dgv ooy Ymy y]) =

n—dp ' m—dg—2 ' . ad2+2 " ’
_ Z(_1)z((_1) 3 (y](zz;:i 2)!%) f[xayd;;dl z)(y)

y=Ev )

n—d m—ds—2
<« i N7 Wisdor — y5) 02T f(2,y)
B Z(_l) ((_1) -~ Z (da + 2)! Oyd2+2

7=0, j even y:ﬁ?

n 1 0"t flay, . wipa,, x)(y)
(d2+1)! Dyt

[I’i, ooy Litdy l']—f—
y=¢£Y

fi(@)

1 9% f(x,y)
(dy + 1)! Oydat1

N

[QL',L', ceey QZ'Z'erl,aj]) =

y=€yj

F(2)eCh+2 (0, ba))

n—d; m—dg—2
7 ( J 2 .7) 1 r
= Z(—l) ((—1) > %ch[%~-~7$i+d1a$]+mf[$ia--~,$i+d1,$]> =

7=0, j even

n—d m—da—2

n—dj
— _1)it+l (Yjrdat1 — ¥y) ra ' ' B
= ;( 1) jzo;ven (d2 + 2), fj[x'u cooy Litdy» T +Z d2 T 1) f[l’l, ey Tiyd, T| =
m—do—2 (y'er o y) n—di ~ n—di 1
ALALE L S -1 H_lf' Liy ooy Ty ,I‘+ 1 i—il'l, ey Ljgdy T
Z @ 1 2] Z( Rl +ars ) Z( eyt +a
n-d; odd
m—da—2 n—dy—1 ~
. 9. i —x; ad1+2 .
Ne= Y (Yj+dp1 %)(_1)2 3 (Tiyd 1 — i) dfg(flf) N
j=0, j even (d2 + 2)' i=0, i even (dl + 2)' 83: e =£7

-1

NES

(Tirap1 — ) 0N f(2)
(dy+ 1)!(dy +2)]  Oait2

=0, i even x:éiv
Then
m—dg—2 n—d;—1
’N ‘ < ﬂ 22 (yj+d2+1 - y]) Zl (xi+d1+1 — xl)—|—
gl = ayd2+2axd1+2 (dg + 2>‘ —(dl n 2)'

o0 =0, j even =0, 7 even
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8d1+d2+3f n—d;—1

ayd2+1axd1 +2

(Titda, 11— Ti)
o0 zozn (do + 1)!(dy + 2)! =
(dy + 1)(do + 1) (b — )(by )
(dy +2)!(dy + 2)!

(dl + 1)(bm - ax)
o (do+ 1))(dy +2)!

§

H 8d1+d2+4f

d2+2Hpd1+2
Oy t20xht2||

Hdr+da+3 f

8yd2 +1 al'dl +2

iy

Finally

Hdt+dat4 f

da+2 Hpdr+2
Oyd2t20gh+2||

(dy 4+ 1)(dy + 1)(by — a;)(b, — ay)dy !dg! RO Fd2+2
(dy +2)!(dy + 2)!

IC] < H

adl +d2+3 f

da+1pdi+2
Oyt t1gzdh+2||

(dl + 1)(bx — aw)d1!d2!hd1+d2+2 -
(d2 + 1)!(d1 + 2)! <

§

(bw _ aw)hd1+d2+2

ad1+d2+4f
H (dl + 2>(d2 + 2) ayd2+18xd1+2

ade +28$d1 +2 -

(bz _ a:v)(2 _ C)hd1+d2+2 H ad1+d2+3f

(0 ] (b= a)(by =) || Ot
Qy+29xh+2||  (dy +2)(d2 + 2) QyLt1ozdh+2|| (d1 —l— 2 d2 + 1
1
n-d; even
m—dg—2 (y il — y) n—dy—2
N~ = M —1 2 i —x; £ iy ey Ti _
Nel= 3 e (-0 3 s
n—di—2 (SC )
P i+di+1 a
_fj[xn_dl,.‘.,xn,m])+<_1> > et .l
1=0, 7 even
T ]
——flTn_aq,, .., Ty, x| =
(dy + 1)! @
m—do—2 n—di—1 It
B 22 (Yjtdar1 — Yj) ( Zl (Zivd41 — i) 02 fi(x) n
o | | di+2
j=0, j even (d2 + 2) =0, i even (d2 + 2) Ot x=£7
~ n—di—2 =
1 oUtfi(x) (1) Zl (Tiya1 —x) 0" f(x) n
(dy + 1) Qpht? e o (dy + 1D)!(de +2)!  Qxh+? -

N 1 O+ ()
(dy + D(dy + 1)! Jzdatl

r=£%

o (dy+1)(dy +2)

d1 +d2+2
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m—da—2 n—dy—2 r
(yj+d2+1 - yj) (95i+d1+1 - :cl) ad1+2fj($)
2 (dy + 2)! 2 (di +2)]  Qahrt?

7=0, j even i=0, i even

_ m§2 Wjrdorr —y;) 1 0" fi(x)
(dQ + 2)' (dl + 1)' Ogdatl

+

7=0, j even z=ée

-2

NS

1=0, 7 even

i 5+ ()
(d1 + 1)'(d1 + 1)' Ogdatl

(Tivay41 — @) 0P f(2)
(dl + 1)'(d2 + 2)' Oxdat2

T=£%
Then
ad1 +do+4 f

d2+2 7). d1+2
Oyd2t20xh+2||

(dy + 1)(da +1)(by — a,) (b, — a.)
(di +2)!(dy + 2)!
Qa3 f (dy +1)(b, — ay)
Oyd2t10xh+2 || (dy + 2)!(dy + 1)!
(dy + 1) (b — ay) 1 ghitdat? f
o (di+ 1) da+2)!  (di +1)I(dy + 1)! || Oyd2FlOzhtt]]|

e

§

adl +da+3 f
8yd2+1 al’dl —+2

Finally

ad1+d2+4f

ayd+28$d+2

ad1+d2+3f

e

3d1+d2+3f (dl + ]-)(bm — az>d1'd2'hd1+d2+2
8yd2+18xd1+2 (dl + 1) (dg + 2)

dy!ds! hd1+da+2 ad1+d2+2f

(d1 +1 dQ +1 H 8yd2+1axd1+1 0o

H ad1+d2+4f )(b —a )hd1+d2+2

Dy 2oz E || (dy +2)(ds 1 2)
(b — ay hd1+d2+2 H ad1+d2+3f

o (di+1)(dy+2) Oydat19gdi+2
hd1+d2+2 H 8d1+d2+2f

T D 1 1) || gyeiaznt ||

<d1 + 1)(d2 + 1)(by )( ax)dlldQ!hd1+d2+2
(dl ) (dz + 2)

(dy 4+ 1)(b, — a,)dy!dy!hdTd2+2
2+ 2)!(di + 1)!

cl<|

o0

+

adl +da+3 f

ayd2+l 8$d1 +2

(bx _ ax)hd1+d2+2
s (di+1)(ds+2)

| "

( H ad1+d2+4f

8yd2+28xd1 +2
8d1 +d2+3f

aydz-‘rl awdl —+2

(by - ay)<bm Q) ad1+d2+3f (by - ay)
w (di+2)(d2+2) Qyd2t10xh+2 || (dy + 1)(dy + 2)

(by — ay) N 1 ghitda+2 f
@t D12 @ D D) ||ayrionn |

iy

) hdl +da+2

]
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Recalling the proof in [1] with d = 0, we define

b := max min{

Tit1 — Ty Tig1 — T4
1<i<n—2

T; — Tiog Tito — Tit1
B,:= max min {yj+1 - yj’ Yi+1 — Yj }
1<jsm—2 Yi —Yj—1 Yj+2 — Yj+1
Theorem 3.1.5. Suppose d =0 and f € C*([ay, bs] X [ay,b,]; R).

Then if m is odd
n odd

°f

0x?

+

o0

”T*fHoo < <( az;(1+ﬂz)
)

_ 2 _ 4
e ) e e R AICRAEN] LS
n even
(bT*QT)(l‘FBT) 82f 8f (b —a )(1+B) a2f
||r—f||oo§( 5 922 w+(1+ﬂx) H 4 y2 Yy 8?/2 Oo>h+
) (b, — & b, —
<Hay23562 —a )4( Y ay) + HayQJ;I . ( . 9 ay)>(1+6m)(1+5y)h2
Then if m is even
n odd
b:c_ xT 1+B:c a2f
Il < (¢ “;< G| v avm®g | SH 5] )h+
—az)(by, —ay) 03 f
(H8y26x2 1 R +H8y18m2 >1+Bx )1+ By)h
n even
Ir— fll. < (<1+ﬂm)<(bz;%> S o (B2 |G 5] )
(by — ay) b—a) 03 f (b —ay)
<H8y28x2 y H8y8x2 : +H8y83:2 T2 T
+H & H >h2(1+ﬁ)(1+ﬂ)
dyoz || ‘ Y

Proof. We repeat the same reasonings as before with d = 0 and use the lower
bound 17 in [1]. For instance, as above,

S0 el (el
r(z,y) — flz,y) = =—; + 2 -
> A > Aw)
> (1) (=1 flas, 2] [y;. vl
=00 = A+B-C.
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From [1] we deduce that

1 S 1
T he(148:) T h(1+5,)]

1
2; ' 2 AT BT 5y
A
n odd
A < (e k(L4 5 |22
- 2 0x? ||
11 even (b ) an af
z — Qg
|A|§h(1+ﬁx)( 5 522 m+‘%o®)
B
m odd
|B| < (by_ay)h<1+ﬁy>
- 2 0y || o
1M even !
o521 -12])
C
m odd
n odd (b, — a2) (b, — ) o'f
z — Gz )\Uy — Gy 2

IOl < 1 (1+ B:)(L+ By) 92022 |
n even

o'f (bs — ax)(by - ay) >Pf (by - ay) 2
1< (], == [, P s
111 even
n odd

o f (by — a;)(b, — ay) Bf (by — ag) )
1< (|| gz | B | S5 )aemaan
n even

orf (b, —a )(b — ay) D3f (b, — a,) o3f (by — ay)
|O|§( 0y20x2 ||, . + 0yoz? || ; 2 ; +H8yax2 - 2 +

|z =

>h2 (14 B.)(1+ B,)

We sum up the results and the thesis follows. O
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3.2 Lebesgue constant

We know that in 1d case (1.16) holds. So let A, (z,y) be the Lebesgue function
associated with G as before

M) = 3 [ = ZZw L= (1) (X ) = Auoitnt)

ke =0 ko= k1=0 ko=0
(3.20)

and in particular case m = n we have

n

A, y) = (S0, 1)

k1=0
Thanks to (1.15) and (1.16) it is easy to prove

Proposition 3.2.1. The Lebesque constant associated with TPFHRI at equis-
paced grid {(2i,Y;) Yocicn. 0<jem With basis function by = bf bi, in (3.1) satisfies
Zf d1 - d2 - O o o

cadInn+ 1) In(m+1) < Apn(z,y) < (24 In(n))(2 + In(m)) (3.21)

2n Cy _ 2m
T 44nmdTn T 4dbmmo

where ¢ =

ZfdladQ Z 1

2dl+—1dz+4(2dd+ 1) 1n(d—1—1)1n(d—2—1) < Apn(z,y) < 2972 (241n(n)) (2+In(m))
(3.22)

if dy =0 and dy > 1 (or equivalently viceversa)

. (M; 1) In(n —1)In(5" 1) < Aun(,9) < 2%(2+ In(m))(2 + In(m)).
(3.23)
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3.3 Numerical experiments

Approximation and error

Using our matlab codes, we have tested TPFHRI in three particular cases. Now
we decide to focus our analysis on the approximation of the interpolant with
dy=d;, m=n, [ = [0, 1]?, unless otherwise specified, and in the following param-
eters dy, dy,n,m will be chosen in different way.

The first test function is Franke’s one, that is f; = %e’i((gx”)%(gy’m% +
36%%#9@1—3”) + Lem i (Om=DHOU=8)) _ Lo=((9m-4)+Oy-7)%),

7 i

. I SRR, -
N B ..'M%@MW“\

IR St PN SR

7 ik
AN

illg#ﬁ”“‘“

{80
£ “ o
AR

Figure 3.1: TFHRI - Test function f; with (n + 1)? equispaced nodes, n = 6, 10,
and d = 2

It is infinitly smooth and the Figure 3.1 reveals in fact that the interpolant
has no problems in approximating it neither with n = 6 (left) nor with n = 10
(right). The approximation is good and with n = 10 the minimum point is more
evident than in the case on the left. The interpolant is accurate and the order of
precision is 1072, Table 3.1.
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Figure 3.2: TFHRI - Test function f; with (n + 1)? Chebyshev nodes, n = 6, 10,
and d = 2

We also consider Chebyshev nodes, that is the tensor product of Chebyshev
points in two directions. In this case the approximation seems to be little bit good
but on the boundary of the domain some defects happen, see Figure 3.2 on the left



3.3. NUMERICAL EXPERIMENTS 65

but they totally disappear on the right. The approximation seems to be precise
also in this case and the errors, reported in Table 3.2, come to order 1072 with
n = 14.

Figure 3.3: TFHRI - Test function f, with (n + 1)? equispaced nodes, n = 6, 10,
and d = 2

In the second case we try to approximate the bivariate Runge’s function f, =

m. With n = m = 6 some oscillations appear all around the center of the

square as expression of some numerical instabilities but if n increases, Figure 3.3
on the right, the oscillatory phenomenon disappears at all. The error, as listed
in Table 3.1, is not so small and its order is 1072,

N AN
)y NRE 5
A B : : e ) '
o N | At

i

Figure 3.4: TFHRI - Test function f, with (n + 1)? Chebyshev nodes, n = 6, 10,
and d = 2

If the nodes are Chebyshev ones, with n = 6 oscillations do not occur. On
the other hand as said before, the distribution of the nodes does not allow a good
approximation of the maximum point in the middle of the square. Also in this
case the equispaced nodes are to be preferred because the errors, listed in Table
3.2, are higher than the errors with equispaced nodes where the order of precision
is 1072,

The last test function is the norm, f3 = (/2 + y?2, that is not smooth in
(0,0). As before the Figure 3.5 reveals that the approximation is apparently
good with different number of nodes and the interpolant with the growth of n try
to reproduce the pick. The precision never goes below 1072,
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Figure 3.5: TFHRI - Test function f; with (n + 1)? equispaced nodes in [-1,1]?,
n==6,10and d =2

Considering the Chebyshev nodes, Figure 3.6 shows that the interpolant can’t
reproduce the pick as good as in the previous case. Chebyshev points concentrate
on the endpoints of the interval and so the error goes to 1072 with n = 14 only.

SR
ARSI
i SR
T “) "‘0::0:0:’0:‘#‘
i
L -
\“:ts:::::::o: iy
RS G

<
. o
ARy
A
N

AL
LA
oLl 1
ARIL AT
Wistelelecte, 7
e 00'0,""” 4

L
e e
S

Figure 3.6: TFHRI - Test function f; with (n + 1)? Chebyshev nodes in [-1,1]?,
n==6,10 and d = 2

n | Franke Runge Va2 +y?
6 | 9.4968e-02 | 2.6486e-01 | 7.3468e-02
8 | 2.9503e-02 | 1.2947e-01 | 4.7397e-02
10 | 2.4679e-02 | 6.4220e-02 | 3.7900e-02
14 | 1.0439e-03 | 1.9142e-02 | 2.6930e-02

Table 3.1: TPFHRI error with (n + 1)? equispaced nodes - d = 3
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n

Franke

Runge

RN

6

1.8569e-01

5.7585e-01

1.6496e-01

8

4.2389¢-02

4.1838e-01

1.2710e-01

10

2.2181e-02

3.0831e-01

1.0699¢-01

14

3.0878e-03

1.5609e-01

7.9833e-02
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Table 3.2: TPFHRI error with (n + 1)? Chebyshev nodes - d = 3

Now our analysis focuses on the case d; # ds.

With f; as test function, for n = m = 15 the small error occurs with d; = 3
and dy = 3, as it may be seen in Table 3.3. In the case in exam, the experiments
reveal also that if n # m less or equal 15, the interpolation error increases and
the optimal values of d; and dy change.

dy — do 0 1 2 3 4
0 3.0377e-02 | 2.6207e-02 | 2.6137e-02 | 2.5826e-02 | 2.5893e-02
1 1.5843e-02 | 3.5168e-03 | 3.2423e-03 | 3.2180e-03 | 3.9903e-03
2 1.4671e-02 | 2.9402¢-03 | 2.2292e-03 | 1.5610e-03 | 3.8251e-03
3 1.4707e-02 | 2.5326e-03 | 1.8469¢-03 | 1.0439e-03 | 3.8194e-03
4 1.4737e-02 | 2.5544e-03 | 1.8792e-03 | 1.0456e-03 | 3.8194e-03

Table 3.3: TPFHRI error with different d; and ds and equispaced nodes - Franke’s

function

In the case of Chebyshev points our numerical tests suggest that the chioce
n = m is to be preferred and that the optimal values for the parameters are
dy = 4 and dy = 3 that are different from before.

dy — dy 0 1 2 3 4
0 3.5844e-02 | 2.7782e-02 | 2.7255e-02 | 2.7985e-02 | 2.7455e-02
1 2.0489¢-02 | 5.3281e-03 | 5.2965e-03 | 4.2832¢-03 | 4.3006e-03
2 2.0523e-02 | 5.4305e-03 | 4.5228¢e-03 | 3.1983e-03 | 3.3785e-03
3 2.0742e-02 | 5.5770e-03 | 4.5151e-03 | 3.0878e-03 | 3.2696¢-03
4 2.0606e-02 | 5.3663e-03 | 4.5567e-03 | 2.8108e-03 | 2.9945e-03

Table 3.4: TPFHRI error with different d; and ds and Chebyshev nodes - Franke’s

function

If consider the norm function, the optimal values, related to the reduction of

the error, are d; = 2 and dy = 0 or viceversa since the function is simmetric,
Table 3.3. Also in this case, if n # m the error does not decrease and therefore
the best choice is n = m. Again similar reasonings hold for the case of Chebyshev
nodes and it is better to take n = m. With this set of nodes the optimal values,
as reported in Table 3.3 are d; = dy = 4 unlike before.
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dy — do

0

1

2

3

4

3.1154e-02

2.4053e-02

2.3793e-02

2.3842¢-02

2.3825e-02

2.4053e-02

2.4643e-02

2.4597e-02

2.4605e-02

2.4602e-02

2.3793e-02

2.4597e-02

2.4337e-02

2.4386e-02

2.4369e-02

2.3842e-02

2.4605¢-02

2.4386e-02

2.4394e-02

2.4391e-02

=W DN

2.3825e-02

2.4602e-02

2.4369e-02

2.4391e-02

2.4374e-02

Table 3.5: TPFHRI error with different d; and ds and equispaced nodes - norm

It is good to emphazize that the specific test function will suggest how to
choose dy, dy, n, m. Theoretically one may consider them to make the error bound
in the previous section as small as possible. For example if a supnorm of a
derivative is too big, these variables may be chosen in such way that the power
of h, that multiplies the supnorm, oppose to it and keeps the quantity under

control.

dy — dy

0

1

2

3

4

0

8.1594e-02

8.1317e-02

8.1004e-02

8.0719e-02

8.0389e-02

8.1317e-02

8.1039e-02

8.0725e-02

8.0439¢-02

8.0107e-02

8.1004e-02

8.0725e-02

8.0411e-02

8.0123e-02

7.9790e-02

8.0719e-02

8.0439e-02

8.0123e-02

7.9833e-02

7.9499¢-02

=W N =

8.0389e-02

8.0107e-02

7.9790e-02

7.9499¢e-02

7.9164e-02

Table 3.6: TPFHRI error with different d; and ds and Chebyshev nodes - norm

Now we are interested in testing the theoretical bounds of the interpolation
error both with d = 0 and d > 0. The function to approximate is f(z,y) =
cos(x + y) because in this way all the supnorms of the derivatives are bounded
from above by 1. Thanks to the previous reasonings, we take in consideration
only the case m = n.
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Figure 3.7: TFHRI - Interpolation error of f(z,y) = cos(z + y) with (n + 1)?
equispaced nodes in [0,1]%, n =6, ...,30, d = 0 (left) and d = 3 (right)

Figure 3.7 shows that our bound is correct in both cases. With d = 3 we
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notice that the error is smaller than in the other one. Then we control that the
bounds of the error are correct also if d; # ds. The results show that the bounds
are right and that the precision is high, in particular in the plot in Figure 3.8 on
the right, in which the order of precision is in semilogaritmic scale 1072,

Figure 3.8: TFHRI - Interpolation error of f(z,y) = cos(z + y) with (n + 1)?
equispaced nodes in [0,1]%, n = 6,...,30, d; = 1,dy = 3 (left) and d; = 2,dy = 3
(right)

Lebesgue constant and function

We choose m = n and with different n compute the Lebesgue constant. Figure
3.9 offers the plot of the Lebesgue constants compared with the upper and the
lower bounds. We notice that in both cases the bounds are correct but if d = 0
the upper bound is closer to the constant than one in d = 1 on the right.

w0 L

///”4 I

10’ W/M/ 10’ W
w0’ L

Figure 3.9: Lebesgue constant (blue) and theoretical bounds: upper bound (red)
and lower bound (green) with N = (n + 1)? equispaced nodes in [0,1]? with
n=m=6,...,100, d = 0 (left) and d = 3 (right)

Since the Lebesgue function associated with TPFHRI is the product of two
1-dimensional Lebesgue functions, one in x-direction and the other one in y-
direction, and knowing the effects to the function if d changes, we expect that the
actual Lebesgue function with some d; and ds presents a mix of the behaviours of
the 1-dimensional ones. For instance from [11] we know that, in case of equispaced
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nodes, if d = 0 the maximum occurs in the middle of the interval and that it
moves towards the endpoints when d increases. Instead in the Chebyshev case,
the maximum occurs again in the middle of the interval and while d grows the
Lebesgue function becomes smaller and smaller going from the middle to each
endpoints.

Figure 3.10: Lebesgue functions - TPFHRI with (n + 1)? equispaced nodes in
(0,12, n=8 and d; = dy = 0,2,4

We investigate the Lebesgue function of TFHRI. First we take d; = ds and
we want to observe what happend if we change the parameter d = d; = dy with
equisaced nodes and Chebyshev ones.

It is clear from Figure 3.10 that the maximum of the Lebesgue function, when
d grows, occurs from the center of the center of the square (d = 0) to the boundery
of it (d = 2) and finally to the corners of the square but as well as the maximum
moves, it also increases from 6 to 20.

Figure 3.11: Lebesgue functions - TPFHRI with (n + 1)? Chebyshev nodes in
[0,1]>, n=8 and d; =dy =0,2,4

Instead in the case of Chebyshev nodes, the maximum is in the center of the
square d = 0, d = 2 and finally with d = 4 it is on one corner, see Figure 3.11.

Now we consider d; # dy. In particular d; = 3 and dy = 0, 1, 2.

With equispaced nodes, Figure 3.12, the higher picks distribute on two sides
of the square and finally the maximum are on the four corners.

In the case of Chebyshev nodes, the Lebesgue function reaches values bigger
than in the case of equispaced points. First the maximum points are in the center
of the square and on one side but finally the Lebesgue constant, that is obviously
the higher pick, is on one corner, Figure 3.13.



3.3. NUMERICAL EXPERIMENTS 71

Figure 3.12: Lebesgue functions - TPFHRI with (n + 1)? equispaced nodes in
0,12, n=8 and d; =3, dy = 0,1,2

Figure 3.13: Lebesgue functions - TPFHRI with (n + 1)? Chebyshev nodes in
0,12, n =8 and d; = 3, d» = 0, 1,2
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Chapter 4

Software

As a completion of this work, we have grouped our main Matlab codes into a CD.
Using them, we have obtained all the results, explained in the previous chapters.

For each routine we propose also a demo, in which everyone may see how to
use the routine itself in a concrete example. We realize all the operations by
sums, ratios, multiplications of matrixes and vectors. In this way we have used
the potentiality of Matlab at all and the codes are more compact and short.

Regarding trigonometric interpolation, we have written specific codes for d
even and odd. If d is even, the main function is eval _bi_trig_deven.m that
returns a n X m matrix with the evaluations of the basis functions at some
points. With rotine weights_trig_deven.m, that returns a vector of trigono-
metric weights, TFHRI may be compute and demo_TFHRI deven.m allows
to appreciate its performances in approximating z?,sin(2z) and Runge func-
tion. Functions leb_const_trig_ deven.m and leb_fun_trig deven.m return
Lebesgue constant and an approximation of Lebesgue function respectively. In
the first one we use eval_bi_trig_deven.m with N = 1000 evaluation points
because in such way the approximation is good and times of computation not too
long. Some experiments have been made in demo_leb_const_trig_deven.m and
demo_leb_fun trig deven.m. In the d odd case there are the same routine as
before, so we have eval_bi_trig_dodd.m, weights_trig_dodd_plus_constant.m,
leb_const_trig_ dodd.m, leb_fun trig_ dodd.m and everybody can make ex-
periments using the relative demo, demo_TFHRI _dodd.m, demo_leb_const
_trig_dodd.m, demo_leb_fun_trig_dodd.m. The only difference is the pres-
ence of a routine, called find_omega.m, that given d,x and the endpoints of the
interval, returns a pulsation, which satisfies Hyp 1-2.

For what tensor product interpolant concerns, we have taken the codes of one
dimensional FHRI in [11], for instance eval_bi.m and weights.m. In demo_TP
FHRI.m and demo_TPFHRI_cheb.m we test the interpolant in approximat-
ing some functions with equispaced grid and tensor product Chebyshev grid re-
spectively. In leb_const_grid.m we use the one dimensional function to compute
the Lebesgue constant in the case of tensor product. demo_leb_const_tensor.m
computes the Lebesgue constant with n = m and returns its plot. Similarly
leb_fun_grid.m use the one dimensional code and compute the Lebesgue func-
tion of the tensor case. One can see the plot of that function using demo_fun_ten

73
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sor.m with equispaced grid and demo_fun_tensor_cheb.m with the tensor
product of Chebyshev points.
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