
UNIVERSITY OF PADUA

DEPARTMENT OF INFORMATION ENGINEERING

Master’s Degree in
Control Systems Engineering

HYBR ID R IG ID IT Y THEORY

A Unifying Mathematical Framework for Heterogeneous
Multi-Agent Systems with Mixed Measurements

Supervisor
Prof. Angelo Cenedese
University of Padova

Co-supervisor
Prof. Giulia Michieletto
University of Padova

Candidate
Nicolò Baseggio

ID: 2159165

ACADEMIC YEAR 2025/2026





To my family
and

my friends.

iii





ABSTRACT

Rigidity theory has emerged as a cornerstone for addressing coordination problems
in multi-agent systems (MASs), particularly when absolute positioning is unavailable
or lacks the precision required for the task, necessitating a strict reliance on relative
inter-agentmeasurements. Currentmethodologies rely on distinct rigidity paradigms
tailored to specific sensor capabilities, such as distance, displacement, and bearing
measurements.

Driven by the need tomodel complex real-world scenarios, recent research has shifted
toward heterogeneous MASs, characterized by agents with distinct dynamics evolv-
ing on differentmanifolds. However, although the framework proposed byMichieletto
et al. successfully addresses heterogeneous configurations based exclusively on bear-
ing measurements, the literature still lacks a systematic methodology for handling
MASs defined by mixed measurement topologies.

To bridge this gap, this thesis introduces Hybrid Rigidity Theory: a unifying math-
ematical framework designed to accommodate multi-agent systems featuring both
heterogeneous dynamics and mixed sensing modalities.

By seamlessly integrating different measurement paradigms, the proposed theory
provides a rigorous foundation for the distributed coordination and control of fully
heterogeneous MASs. Furthermore, the theoretical framework is validated through
a comprehensive set of case studies. Notably, these case studies demonstrate the
broad effectiveness of the proposed approach across a variety of scenarios, including
successful applications to complex settings where agents are subject to submanifold-
constrained dynamics.
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EXTENDED ABSTRACT

Rigidity theory has emerged as a cornerstone for addressing distributed coordination
problems in MASs, particularly when absolute positioning is unavailable and opera-
tions must rely solely on relative inter-agent measurements. Existing methodologies,
however, generally depend on distinct paradigms tailored to specific sensing modali-
ties, such as distance, displacement, or bearing.

Driven by the need tomodel complex real-world scenarios, recent research has shifted
toward heterogeneous MASs, whose agents’ dynamics is modeled in different mani-
folds. Although existing frameworks successfully address heterogeneous configura-
tions characterized exclusively by bearing measurements, the literature still lacks a
systematic methodology for handlingMASs endowedwith different measurements.

To bridge this gap, this thesis formally introduces aHybrid Rigidity Theory, a unifying
mathematical framework that accommodates MASs with both heterogeneous agent
dynamics and mixed sensing modalities. The flexibility of this new framework yields
significant practical advantages for modern MAS design, by allowing “advanced” and
“basic” sensors to cooperate within cost-effective architectures. The fusion of diverse
measurements further facilitates synergistic performance optimization and enhanced
robustness, since combining different sensing modalities helps the network avoid the
vulnerabilities typical of unimodal measurements.

The first chapter provides a comprehensive introduction, reviewing the state of the
art in MASs and rigidity theory. It outlines the primary challenges in modern hetero-
geneous networks and introduce the core contributions of this thesis.

The second chapter proposes a novel extension of classical rigidity theory, extend-
ing the gourp-theoretic generalized rigidity concepts into a graph-based formalism
wherein it is necessary to explicitly define the type of measurement represented by
any edge. With this premise, we completely reformulate the standard theory by defin-
ing rigidity with respect to a specific smooth group action acting on the agent domain.
Conceptually, choosing a specific group action can be thought of as imposing a partic-
ular graph completion to achieve the desired notion of rigidity. Through this abstrac-
tion, not only we reformulate key well-stated rigidity properties, but also we derive
new characterizations with a clear physical interpretation.

The third chapter is devoted to characterizing the measurement function, which
conceals all the underlying complexity of handling heterogeneous agents and sensors.
We describe it as a composition of smooth maps between manifolds, each represent-
ing a logical step in the measurement process; this decomposition clarifies how the
mathematical model accounts for heterogeneity. Nonetheless, working directly with
heterogeneousmanifolds is an algebraically delicate and complex operation. An effec-
tive way to overcome this challenge is to embed all agents and measurements into a
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common homogeneous abstract space. Properly characterizing the agents within this
space requires an intermediate formulation that incorporates extrinsic parameters.

We introduce a category-theoretic approach to formalize how the measurement func-
tion is formulated across these different representation spaces and to elucidate the
relationships between spaces expressed in different realizations. In this sense, cate-
gory theory offers a natural and elegant language for expressing structural connec-
tions, serving as a methodological guide for formally modeling the measure process.
This theory also accommodates all the structural connections seamlessly, making the
underlying network relationships explicit. We define three distinct network realiza-
tions: a native kinematic formulation, an augmented formulation explicitly handling
extrinsic variables, and a fully embedded one. The three resulting global network
configurations, described in their respective spaces, represent the exact same physi-
cal reality and, consequently, are naturally linked. For each of these realizations, the
rigidity properties of the framework can be analyzed with respect to a specific smooth
group action on its respective state space, naturally inducing three distinct analytical
paradigms:

• Kinematic Φ𝑘𝑖𝑛-rigidity analyzes the rigidity of the native agent configura-
tions, directly assessing the true physical formation of the network.

• AugmentedΦ𝑎𝑢𝑔-rigidity analyzes the rigidity of the state explicitly expanded
with extrinsic parameters.

• Embedded Φ𝑒𝑚𝑏-rigidity analyzes the rigidity of the fully homogenized space.

Although these three notions of rigidity are mathematically deeply connected, they
differ profoundly in their physical interpretation, making therefore essential to dis-
tinguish between abstract mathematical degrees of freedom and physically realizable
motions. Notably, this methodology is highly modular: it can be seamlessly extended
by adding or removing intermediate realization, depending on the specific structural
characteristics one need to highlight.

Building upon the embedded formulation, the fourth chapter investigates the alge-
braic structure of the embedded rigidity matrix. It systematically analyzes the matrix
assembly process for networks relying on pure distance, pure bearing, and mixed
modalities, providing explicit analytical Jacobians.

Thefifth chapter validates the theoretical framework through a set of case studies. It
demonstrates the effectiveness and operational utility of the proposed approach by ap-
plying the unified theory to complex practical scenarios, where agents are constrained
to specific submanifold dynamics and interact through mixed measurements.

Finally, the sixth chapter concludes the thesis, summarizing the theoretical advance-
ments and practical implications of the proposed hybrid framework, while outlining
promising directions for future research.
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1 I N TRODUCT ION

1.1 multi-agent system (mas)

Over the past few decades, the study of Multi-Agent Systems (MASs) has become an
established paradigm across a range of research domains. Initially rooted in computer
science as a subfield of Distributed Artificial Intelligence for software coordination,
the MAS framework has been extended mathematically and adopted across different
engineering domains such as autonomous robotics, aerospace engineering, telecom-
munications, and smart power grids.

Definition 1.1 (Multi-Agent System). AMulti-Agent System (MAS) is a distributed
network of agents, ranging from mobile robots and sensors to generic dynamical
systems, that interact, share information, and cooperate to achieve complex, system-
level objectives.

The cooperation within a MAS generates a collective capability greater than the sum
of its individual parts, enabling the execution of tasks that would otherwise be impos-
sible or significantly less efficient.

Initially, MAS served primarily as an analytical tool, providing themathematical foun-
dation required to model and analyze network dynamics. As engineering challenges
increased in complexity, the paradigm extended into synthesis and active problem-
solving. Nowadays, the MAS framework is used not only to address natively dis-
tributed problems but also to re-engineer classically solved ones, achieving levels of
efficiency and robustness that standard single-agent strategies cannot attain.

The adoption of MAS architectures is driven by the cooperation among agents, which
offers several fundamental advantages. Some of the most important include:

• Enhanced Perception and Distributed Actuation: Spatially distributing
agents improves both environmental perception and actuation. Sensing from
distinct vantage points allows the system to gather multi-modal data, effec-
tively mitigating issues related to environmental occlusions and measurement
uncertainty. Simultaneously, through active collaboration, the network achieves
collective capabilities that far exceed the simple sum of its individual parts.
Agents working in cooperation can perform complex or physically demanding
tasks that would otherwise be either impossible or significantly less efficient.
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2 introduction

• Modularity and Economic Efficiency: By distributing capabilities across a
network of simpler, cost-effective agents rather than concentrating resources
into a single monolithic platform, MASs significantly reduce both initial de-
velopment expenditures and long-term maintenance costs. This modular struc-
ture allows individual units to be upgraded, repaired, or replaced independently
without overhauling the entire infrastructure.

• Operational Robustness and Fault Tolerance: A decentralized architecture
removes the vulnerability of single-point failures. In the event of hardware mal-
functions, localized damage, or the loss of an individual unit, cooperative con-
trol algorithms allow the network to dynamically reconfigure its operational
topology. This is further supported by designing formations with redundant
sensing edges: should a sensory link fail, the system can absorb the loss with-
out compromising its overall structural cohesion, redistributing tasks among
the surviving agents.

• Scalability and Adaptability: Agents can be introduced or removed dynami-
cally to accommodate evolving task requirements or unforeseen obstacles with-
out requiring a complete redesign of the underlying control laws, granting the
system high adaptability in unstructured environments.

• Heterogeneity and Synergy: Combining agents with distinct kinematic con-
straints and sensing modalities allows the network to exploit asymmetric capa-
bilities. The synergistic fusion of diverse data streams optimizes performance
and enables the execution of complex tasks that would be inaccessible to any
single or homogeneous platform. Furthermore, mixing different sensingmodal-
ities significantly increases the system’s robustness, avoiding the vulnerabili-
ties typical of single-measurement configurations. Ultimately, combining het-
erogeneous agents further enriches the collective actuation and sensing capa-
bilities of the entire network.

The study of MAS involves a wide variety of aspects and problems. In this thesis,
we focus on the geometric aspects. Within this framework, the work concentrates on
two fundamental problems where the structural cohesion of the network is central:

• Formation Control: Design of control strategies that coordinate a group of
agents to achieve and maintain a prescribed spatial configuration over time,
enabling the network to navigate as a single coherent group.

• Network Localization: Estimate the spatial states (typically the positions and
orientations) of all agents based solely on available sensing data and the under-
lying communication topology.

While this work draws on examples from mobile robotics to illustrate these spatial
interactions, the underlying theoretical framework remains agnostic to the specific
application, and the term “agent” may represent a broader class of dynamical enti-
ties.
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1.2 the role of rigidity theory

Classically, the execution of spatially structured tasks has depended on the availabil-
ity of absolute global positioning data, typically provided by external infrastructure
such as the Global Positioning System (GPS) or indoor motion-capture systems. How-
ever, this dependence introduces a critical limitation: in a range of scenarios such as
deep-space exploration, underwater and subterranean navigation, search and rescue
in collapsed structures, or operation in cluttered urban environments, global position-
ing signals are either denied, degraded, or lack the accuracy required for the task.

Consequently, control and estimation architectures must shift away from dependence
on absolute global coordinate frames toward decentralized approaches based on local
relativemeasurements. Since the full relative state is generally unavailable in practice,
these systems typically employ partial relative measurements, such as inter-agent
distances or bearings. In this approach, agents utilize onboard exteroceptive sensors
(such as vision systems, LiDAR, or ultra-wideband radios) to acquire inter-agent state
information, reducing the reliance on absolute quantities to a minimum.

This paradigm is strongly inspired by collective biological phenomena, such as the
flocking of birds, the schooling of fish, and the foraging behavior of insect colonies. In
these natural groups, it is often only a single leader or a small fraction of the collective
that possesses knowledge of the absolute destination or global heading. The majority
of individuals maintain their positions to preserve the cohesive structure of the group,
relying exclusively on local interactions and the direct perception of their immediate
neighbors.

Drawing on this biologically inspired distributed intelligence, engineers designMASs
that translate relative inter-agent measurements into coordinated emergent behav-
iors. Through this approach, networks depending on local relative quantities can
execute complex operations and function robustly without relying on global posi-
tioning.

While bypassing the need for external infrastructure is practically advantageous, shift-
ing from absolute to relative sensing introduces mathematical complexities. When a
MAS operates solely on distributed local interactions, guaranteeing the global struc-
tural cohesion of the system becomes non-trivial. The primary challenge lies in the
ambiguity of relative constraints: a given set of local measurements does not automat-
ically guarantee that the overall networkwill hold a unique geometric shape. Without
the correct underlying topology and an appropriate choice of measurement modali-
ties, the formation might be susceptible to unwanted continuous deformations or
folding motions, leading to failures in coordination and estimation.

It is within this context that Rigidity Theory provides the relevant mathematical
framework. The formalization of this concept has historical roots dating back to early
geometry and analytical mechanics. Among the first to investigate the rigidity prop-
erties of geometric shapes was Leonhard Euler, whose initial conjectures on polyhe-
dra in 1766 (Euler’s rigidity conjecture) [1] laid the groundwork. It was ultimately
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Augustin-Louis Cauchy, with his Rigidity Theorem of 1813 [2], who demonstrated
that a convex polyhedral shell is an intrinsically rigid structure, laying the formal
foundations of Rigidity Theory.

The transition from analyzing continuous polyhedral surfaces to discrete structural
frameworks was pioneered shortly thereafter by James Clerk Maxwell. In his 1864
work [3], motivated by the engineering necessity to analyze the statics of trusses and
bridges, Maxwell formulated the algebraic conditions relating the number of joints to
the number of connecting bars required to prevent internal mechanisms (Maxwell’s
counting rules). A few years later, in 1869 [4], he expanded this combinatorial in-
tuition into the realm of internal forces, introducing the concept of reciprocal fig-
ures. This later work laid the mathematical foundation for the analysis of structural
stresses, which constitutes a backbone of global rigidity analysis and stress matrix
formulations in modern control architectures.

Maxwell’s insights bridged the gap between structural mechanics and modern graph
theory, culminating in the late twentieth century with the work of Gerard Laman. In
1970 [5], Laman formalized Maxwell’s initial counting rules, establishing the combi-
natorial conditions for the generic rigidity of planar graphs. This led to the algebraic
contributions of Asimow and Roth (1978, 1979) [6], [7]. A central outcome of their
research was the mathematical description of rigid systems through the notion of a
bar-and-joint framework. By coupling the abstract graph topology with a geometric
realization in space, they formalized the concepts of infinitesimal and static rigidity
using the rigidity matrix, providing the analytical tools to analyze the infinitesimal
motions and continuous deformations of spatial frameworks.

Broadly speaking, a structure is defined as rigid if it cannot undergo continuous de-
formations, flexions, or bendings without violating the constraints imposed between
its components. Translating this into Asimow and Roth’s formalization, a bar-and-
joint framework can be envisioned as an architecture of movable joints connected by
inextensible solid bars. In this specific context, the system is rigid if the only way to
alter its geometric shape is to break or modify the length of a connecting link. In the
absence of such deformations, the framework lacks any internal degrees of freedom;
consequently, the network is restricted to moving through space as a single, cohesive
body, permitted to undergo only global rigid-body motions: global translations and
rotations.

Over the centuries, rigidity theory has expanded from its geometric origins to a wide
range of scientific disciplines and very different scales (for an overview, see [8] and the
references therein). Applications range from the macroscopic level, such as in archi-
tecture and civil engineering, where it constitutes the foundational principle for the
static analysis and design of trusses, bridges, and scaffolds, ensuring that built infras-
tructures exhibit no internal degrees of freedom that would lead to structural collapse.
Scaling down to the microscopic level, the theory extends to structural chemistry and
molecular biology, where rigidity is employed to study the spatial conformation of
molecules and the processes of protein folding. In these domains, atoms are modeled
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as vertices and chemical bonds act as distance constraints, allowing researchers to
predict the macroscopic properties of the compound.

Due to itsmathematical versatility, rigidity theory has recently been further abstracted.
Moving beyond the traditional physical interpretation of standard bar-and-joint frame-
works, the theory has been extended to MASs [9], [10]. In this domain, the con-
cept of rigidity is detached from its mechanical origins. The vertices of the struc-
ture no longer represent static elements such as steel joints or microscopic atoms,
but rather dynamical systems such as mobile agents, sensors, or other robotic plat-
forms. Moreover, the physical linkages connecting these vertices are transformed
into virtual constraints. These virtual dependencies represent sensing relations and
constraints, defined exclusively by relative inter-agent measurements acquired by on-
board exteroceptive sensors. Consequently, the classical concept of a framework has
been redefined, broadening its applicability to advanced settings where states and
measurements require description on non-flat manifolds rather than the standard 𝑛-
dimensional Euclidean space.

In these scenarios, rigidity theory emerges as a structural property of the MAS, serv-
ing as the core that bridges classical geometry and robotic coordination. Rooted at the
intersection of algebraic geometry and graph theory, the theory formalizes how lo-
calized measurement constraints dictate the global structural integrity of the system.
It provides a systematic framework to determine whether a specific sensing network
locks a formation into a unique spatial configuration. By mathematically guarantee-
ing this structural uniqueness, the theory enables decentralized formation control and
network localization from relative sensing alone. In such a scenario, when a forma-
tion is considered rigid, a group of physically disconnected yet virtually constrained
agents can behave with the same cohesion as a single rigid body.

1.3 state of the art

Historically rooted in structural mechanics, the initial application of Rigidity The-
ory to MASs relied on inter-agent distance measurements. An early synthesis of this
transition is provided by Anderson et al. [11], whose work on distance-rigidity graph
control architectures details the advantages, limitations, applications, and open prob-
lems of distance-based autonomous formations.

Following this, technological advances introduced new sensors capable of measuring
different relative quantities. Each sensing modality possesses operational advantages
and physical limitations, rendering it particularly suited for specific operational sce-
narios and environments. To accommodate these distinct capabilities, the classical
rigidity theory branched into sensor-specific paradigms.

Each of these formulations represents an independent theoretical branch tailored to
the operational traits of its corresponding hardware. Within these dedicated frame-
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works, researchers investigate the specific topological conditions required for rigidity
and the design of specialized algorithms.

Currently, the literature is dominated by the following formulations:

• Displacement Rigidity: This framework relies on measuring the full rela-
tive position vectors between neighboring agents [12]. Its associated forma-
tion control architectures leverage the displacement rigiditymatrix to construct
gradient-based control laws [13].

• Distance Rigidity: This is the classical and most widely adopted formulation,
relying exclusively on inter-agent distance measurements [11]. From an appli-
cation perspective, this paradigm has driven the fields of sensor network lo-
calization [14] and decentralized formation control, typically utilizing gradient
descent strategies [15].

• Bearing Rigidity: This paradigm relies on inter-agent bearing (or line-of-
sight) measurements, typically acquired in body-fixed frames [16], to quantify
the relative direction between interacting agents. Driven by the pervasive use
of onboard vision sensors, bearing-based approaches have recently seen a surge
in popularity due to their enhanced robustness and reliability. This paradigm
shift has opened new avenues in bearing-only network localization and enabled
scale-invariant formation control strategies. Emphasizing the profound impact
of these techniques on modern control architectures, Zhao and Zelazo framed
this evolution as an exploration of “life beyond distance rigidity” [17].

• Angle Rigidity: More recently, alternative paradigms such as angle-based
rigidity [18] have been explored. These rely on the internal subtended angles
between neighbors, offering a crucial advantage: the measurements are invari-
ant to local reference frames, providing robust solutions even when agents lack
a common global orientation

The transition toward thesemore complexmeasurement paradigms exposes the limits
of classical modeling assumptions, requiring an extension of the theory.

A primary requirement is the relaxation of the bidirectional sensing constraint, a need
that arises because modern interaction models exhibit different symmetry properties.
While scalar constraints like distance are inherently symmetric (meaning the mea-
surement from agent 𝑖 to agent 𝑗 is identical to that from 𝑗 to 𝑖), allowing the framework
to rely on underlying undirected graphs, vectorial quantities are generally asymmet-
ric. For instance, measurements that depend on the observer’s local reference frame,
such as bearings, are intrinsically directional. Since these measurements are strictly
defined from the measuring agent 𝑖 to the target agent 𝑗, the theoretical framework
must be extended to encompass directed underlying topologies. To capture this re-
ality, classical theory was generalized into the framework of Directed Rigidity [19],
which dictates a shift from undirected to directed interaction topologies.
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This paradigm shift accommodates practical hardware limitations, restricted sensor
fields of view, and communication bottlenecks. Furthermore, from a control perspec-
tive, the adoption of directed graphs enables an asymmetric distribution of the re-
sponsibility to maintain specific formation constraints among the agents.

To formalize this asymmetric assignment of tasks, the shift to directed frameworks
led to the introduction of persistent graphs. While standard rigidity ensures that a
network possesses a unique geometric shape, persistence guarantees that this shape
can be actively and consistently maintained. Specifically, it ensures that no individual
agent is assigned more directed constraints than it can physically satisfy, rendering
the formation feasible for autonomous, decentralized control.

Driven by this new paradigm, new analysis and control challenges have emerged in
the literature. Moving from pure structural analysis to active coordination, control
laws have subsequently been developed to guarantee formation stabilization directly
under these directed interaction topologies [20].

Although persistence is a fundamental property, its explicit analysis falls outside the
scope of this work. Instead, we proceed under the assumption that the MAS is always
capable of maintaining the assigned formation constraints.

However, the emergence of these new sensing paradigms exposed another limitation
of standard rigidity theory: its reliance on agents evolving exclusively within simple
Euclidean spaces. Historically, classical rigidity analysis has been strictly confined
to ℝ𝑑 , leveraging well-established combinatorial tools (such as Maxwell’s counting
rules) to assess the structural integrity of positional point-mass networks. In general,
this framework is no longer restricted to Euclidean spaces. For instance, when dealing
with sensing paradigms that incorporate orientation information, accounting for the
agents’ attitude and full pose evolution requires a shift from flat Euclidean spaces to
non-flat manifolds.

A representative example of this mathematical shift is found in the study of bearing
rigidity. Because bearing measurements are explicitly tied to the measuring agents’
local reference frames, the state representation must inherently incorporate full pose
(position and orientation). This necessitates modeling the system state on the Special
Euclidean groups 𝑆𝐸(𝑑) (for 𝑑 ∈ {2, 3}, 𝑑 = 2), which are non-flat manifolds. Signifi-
cant contributions toward accommodating these full pose kinematics were made by
Zelazo et al. [21], who extended classical frameworks to 𝑆𝐸(2) to enable bearing-only
control for nonholonomic vehicles, and subsequently by Michieletto et al. [22], who
formalized bearing rigidity theory directly in 𝑆𝐸(3) to address full 3D pose dynam-
ics.

Transitioning into these non-Euclidean domains implies that the classical rigidity the-
orems and geometric guarantees are no longer valid, requiring a rigorous theoretical
extension. While some preliminary counting conditions have been formulated for
specific non-Euclidean spaces, the literature remains sparse. Specifically for bearing-
based frameworks, Michieletto et al. [23] formalized the primary combinatorial and
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rank conditions required to ensure structural uniqueness across these generalized ab-
stract manifolds.

Despite these theoretical advancements in non-Euclidean geometry, the frameworks
discussed thus far share a fundamental limitation: the assumption of network homo-
geneity. Traditional models strictly require all agents to share the same kinematic
structure, forcing them to evolve on the same manifold.

In modern real-world deployments, this restriction becomes severely limiting. To
overcome this barrier, recent research has shifted toward heterogeneousMASs, where
agents possess distinct dynamics evolving across different manifolds. The work by
Michieletto et al. [23] addressed this problem for bearing rigidity by embedding the
agents’ dynamics into a common abstract homogeneous manifold. Specifically, 𝑆𝐸(3)
was chosen as this unified space, as it is sufficiently general to encompass a wide class
of heterogeneous MASs.

While the idea proposed by Michieletto et al. could be extended to other sensing
modalities, a strict limitation still holds: the sensing network itself must remain homo-
geneous. This means that the inter-agent relative measurements across the network
must consist of the same type (e.g., exclusively distances or exclusively bearings)

1.4 motivations and contributions

Despite their individual theoretical successes, the literature remains fundamentally
constrained by this assumption of homogeneous sensing networks. In modern real-
world scenarios, this requirement is highly restrictive. It is rarely possible or opti-
mal to guarantee a uniform measurement type across all agents, particularly within
heterogeneous MAS. To overcome this structural barrier, this thesis embraces the
paradigmofmixed-measurement sensing networks, seamlessly integrating diverse sens-
ing modalities within a single interacting architecture.

The transition toward this mixed-measurement paradigm is motivated by several ad-
ditional advantages:

• Asymmetric Hardware Efficiency: Uniform sensor distribution is rarely op-
timal. A mixed-measurement framework enables an asymmetric sensing net-
work, where a small subgroup of agents is equipped with advanced sensors
(high-fidelity, power-intensive devices like heavy 3D LiDARs), while others
rely on basic sensors (standard, cost-effective, and faster alternatives such as
lightweight cameras). This reduces total mission cost, payload, and energy
consumption without sacrificing structural rigidity, enabling optimal resource
allocation for the MAS.

• Improved Accuracy and Performance: Each sensing modality possesses in-
trinsic limitations. By combining heterogeneous measurements, the system
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leverages their complementary strengths, overcoming these individual limita-
tions and effectively filtering out uncorrelated noise. This ensures that themost
effective measurement strategy is used for a given spatial configuration, im-
proving the overall performance of the formation and leading to more precise
state estimations.

• Expanded Environmental Perception: Beyond tracking the internal state
of the formation, a heterogeneous sensor suite allows the network to observe
a richer set of external/environmental information. Different sensors can cap-
ture diverse physical features, enabling essential tasks like obstacle detection,
target identification, and terrain mapping, which greatly enhances the overall
situational awareness of the system.

• Increased Robustness and Fault Tolerance: In a homogeneous network, a
single external disturbance can compromise the entire sensing topology and
lead to a loss of cohesion. A mixed architecture relies on different physical
principles that rarely fail simultaneously under the same perturbations. This re-
duces vulnerability to individual sensor failures, signal loss, or localized distur-
bances, achieving fault tolerance through technological diversification rather
thanmere component duplication, which remains susceptible to the exact same
environmental disturbances.

• Symmetry-Breaking: Homogeneous sensing networks often suffer from struc-
tural ambiguities, such as scale ambiguity in bearing-based formations or reflec-
tion ambiguities in distance-based ones. Combining heterogeneous measure-
ments may effectively break these spatial symmetries.

• Enhanced SystemObservability: Integrating diverse data sources allows for
the estimation of complex states or variables that would otherwise remain un-
observable using a single measurement type. Overcoming these limitations
guarantees the global observability of the entire network state.

As previously discussed, the study of heterogeneous MASs has experienced rapid
expansion, driven by the escalating complexity of modern real-world applications.
While the theoretical frameworks governing heterogeneous agents are studied, their
integration with mixed-measurement paradigms poses a non-trivial mathematical
challenge.

To establish the mathematical foundation required for such a framework, this the-
sis draws on and extends the work of Stacey and Mahony [24]. By departing from
traditional graph-theoretic models of MAS, their research generalizes the concept of
rigidity through the lens of differential geometry and group theory. This geometric
perspective is broad enough to accommodate the complexities of both heterogeneous
dynamics and mixed-measurement topologies. However, while providing a rigorous
theoretical background for analyzing systems with diverse kinematics and measure-
ments, these concepts remain largely abstract, lacking a systematic and constructive
methodology to handle such heterogeneity.



10 introduction

This thesis extends the work of Stacey and Mahony through graph-theoretic struc-
tures by introducing Hybrid Rigidity Theory. This unifying mathematical framework
is specifically designed to systematically govern MASs characterized by heterogene-
ity in both agent kinematics and mixed-measurement topologies.

It is worth noting that Hybrid Rigidity Theory is general enough to encompass all
other specialized rigidity theories (classical, heterogeneous, andmixed-measurement)
as special cases. Consequently, it inherently accommodates any combination of ho-
mogeneity and heterogeneity across both agent kinematics and sensing topologies.

Agents Heterogeneity
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Working directly with heterogeneous manifolds is an delicate and complex task. An
effective strategy to overcome this challenge is to embed all agents andmeasurements
into common abstract homogeneous spaces, subsequently defining an embeddedmea-
surement map between them.

In classical frameworks, however, measurement mappings are constrained to depend
exclusively on the interacting agents’ internal states. This imposes a severe struc-
tural limitation when dealing with heterogeneous dynamics, where measurements
often occur between states residing in disparate manifolds and thus require additional
parameters to be fully characterized.

The proposed Hybrid Rigidity Theory overcomes classical limitations. The embed-
ding process uses external information to properly characterize the state within the
common homogeneous space. This allows the framework to seamlessly handle di-
verse measurements whether they utilize the agents’ full kinematic state, rely on a
specific subset of it, or extend it by incorporating extra information. Furthermore,
the framework can manage measurements across different spaces and introduces a
novel concept of robustness analysis under extrinsic variable perturbations, opening
up a promising avenue for future research.

Looking forward, this approach suggests that these extrinsic parameters can eventu-
ally participate in the rigidity analysis in the exact same manner as intrinsic agent
variables. This implies that the framework could integrate not only static parame-
ters but also accommodate the active dynamics of external variables. Additionally, as
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another promising direction for future research, one could investigate the potential
benefits of integrating these parameters directly into the measurement space as well.
While this advanced paradigm is conceptually introduced in this work, its compre-
hensive mathematical analysis is left to future research.

A central contribution of this work is the mathematical characterization of the mea-
surement function, which abstracts all the underlying complexity of handling hetero-
geneous agents and measurements. By structuring the measurement modeling pro-
cess as a sequence of composedmappings, this approach yields a systematicmethodol-
ogy for rigidity analysis. Thesemappings represent the exact steps required to formal-
ize inter-agent measurements. They clearly highlight how the mathematical model
handles heterogeneity, and how state information is either filtered or augmented with
external parameters to compute the final measurement.

As will become evident, the measurement function can be characterized in various
ways through the strategic selection of intermediate manifolds and mappings, effec-
tively transforming this choice into a design degree of freedom. Specifically, in this
work, particular attention is devoted to the rigidity matrix structure that arises when
all intermediate manifolds are homogeneous, propagating the embedded state of the
agents via appropriate filtering and padding operations.

To formalize how themeasurement function is formulated across these different repre-
sentation spaces (native, augmentedwith parameters and embedded), and to elucidate
the relationships between spaces expressed in different realizations, we introduce a
category-theoretic approach. Although the framework could, in principle, be con-
structed without it, category theory offers a natural and elegant language for express-
ing structural connections, serving as a methodological guide for formally modeling
the measurement process. It accommodates these realizations seamlessly, making the
underlying relationships explicit.

We define three distinct network realizations: a native kinematic formulation, an
augmented formulation explicitly handling extrinsic variables, and a fully embedded
formulation. While these three describe the exact same physical reality, they utilize
different agent state representations and are therefore intrinsically linked. For each
realization, the structural rigidity of the framework can be analyzed with respect to
a specific smooth group action on its respective state space, naturally inducing three
distinct analytical paradigms:

• Kinematic Φ𝑘𝑖𝑛-rigidity: Analyzes the rigidity of the native agent configura-
tions, directly assessing the true physical geometry of the network.

• AugmentedΦ𝑎𝑢𝑔-rigidity: Analyzes the rigidity of the augmented state, which
explicitly incorporates extrinsic parameters.

• Embedded Φ𝑒𝑚𝑏-rigidity: Analyzes the rigidity of the network within the
fully homogenized abstract space.

Although these three notions of rigidity are mathematically deeply connected, they
differ profoundly in their physical interpretation. When analyzing infinitesimal or
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continuous rigidity, it is therefore essential to distinguish between abstract mathe-
matical degrees of freedom and physically realizable motions.

Notably, this methodology is highlymodular: it can be seamlessly extended by adding
or removing intermediate realizations, depending on the specific structural charac-
teristics that need to be highlighted. While the specific chain of mappings proposed
herein is tailored to the most prevalent sensing modalities in the literature, this in-
herent modularity allows the framework to be modified by introducing or omitting
steps. This effortlessly adapts it to new measurement paradigms. Regardless of the
specific sensor types, this work provides a conceptual baseline for the procedural
steps required to construct a valid measurement function.

The incorporation of extrinsic variables paves the way for the study of submanifold-
constrained systems. In such scenarios, a minimal kinematic state does not always
contain all the information required to evaluate the measurement map. For instance,
agents constrained to distinct rails possess 1-dimensional kinematic states, yet they
may rely on measurements that require 3D spatial awareness, such as 3-dimensional
relative distances or bearings. To evaluate these interactions, the kinematic statemust
be augmented with external geometric parameters; this fully characterizes the agents’
state within the environment and enables the computation of the measurement map.
As a preliminary example of its applicability, this work explores the rigidity analysis
of a multi-agent system wherein individual agents are kinematically restricted to pre-
defined distict parallel 1D geometric structures, such as rectilinear rails, embedded
in a 3D environment. The comprehensive mathematical formalization of generalized
constrained systems is left to future research.

This illustrates the adaptability of the approach, yielding a solution for the coordi-
nation of constrained robotic systems while reserving a more rigorous mathematical
treatment for future research.



2 HYBR ID R IG ID I T Y THEORY

This chapter establishes the theoretical foundations of the proposed Hybrid Rigidity
framework. Specifically, it formalizes the representation of a MAS featuring hetero-
geneous agents and mixed measurements as a framework, providing the mathemat-
ical foundation for the rigidity analysis. This analysis extends the definitions origi-
nally proposed by Stacey and Mahony [24] with a rigorous graph-theoretic formal-
ism. Based on this synthesis, several fundamental results and characterizations are
presented.

2.1 frameworks

To model a MAS and its underlying sensing network, it is necessary to translate the
physical reality of the agents and their sensory interactions into the language of graph
theory.

Consider a MAS comprising 𝑛 interacting agents. The state of each agent, denoted by
x𝑖, evolves within a specific smooth manifold 𝒟𝑖, i.e., x𝑖 ∈ 𝒟𝑖.

While the agents rely on onboard sensors for inter-agent measurements, the frame-
work does not require every agent to possess sensing capabilities. A subset of ac-
tively sensing agents is sufficient, and individual sensors may concurrently acquire
data from multiple neighbors.

By assuming a local communication network for information sharing, we can abstract
this physical sensing process and model the distributed network purely as a set of
𝑚 distinct pairwise measurement constraints. Thus, each 𝑘-th measurement (with
𝑘 ∈ {1, … , 𝑚}) is fully characterized by a value 𝑦𝑘 ∈ ℳ𝑘 , where ℳ𝑘 denotes its
corresponding measurement smooth manifold.

The distribution and topology of these 𝑛 agents and𝑚 sensory links are encoded using
a finite graph 𝒢 = (𝒱 , ℰ). Here, the vertex set 𝒱 models the agents, and the edge
set ℰ models the active inter-agent measurements.

From a general topological perspective, the nodes in𝒱 could represent indistinguish-
able agents. In such a case, the graph cannot be ordered; this anonymity is also prop-
agated to the edge set ℰ . Consequently, in these non-ordered frameworks, both the
global state space and the global measurement space must account for combinatorial
permutations, since swapping any two identical agents yields an equivalent macro-
scopic configuration.

13
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However, in typical real-world applications, agents are rarely anonymous. Therefore,
it is standard practice to model a MAS with distinctly labeled and enumerated agents
and measurements. Under this realistic assumption, we formally treat the underly-
ing topology 𝒢 as an ordered graph. This implies the existence of a strict bijection
between the vertex set 𝒱 and the index set {1, … , 𝑛}, as well as between the edge set
ℰ and the index set {1, … , 𝑚}.

Depending on the specific sensory modalities and the system architecture, the under-
lying interaction graph can bemodeled as either directed or undirected. The necessity
for directed edges typically arises from three distinct domains:

• Nature of themeasurement: The intrinsic symmetry of a sensory constraint
dictates the underlying topology of the graph. A measurement is considered
symmetric if the information acquired by agent 𝑖 relative to agent 𝑗 is equivalent
to that acquired by 𝑗 relative to 𝑖. Scalar quantities, such as Euclidean distance,
are inherently symmetric and are thus naturallymodeled using undirected edges.
Conversely, vectorial measurements that depend strictly on the observer’s lo-
cal reference frame, such as relative bearing or line-of-sight, are intrinsically
asymmetric. This necessitates the use of directed edges to explicitly distinguish
the measuring agent (the source node 𝑖) from the observed agent (the target
node 𝑗).

• Physical hardware limitations: Restricted sensor fields of view, occlusions,
communication bottlenecks, and heterogeneous equipment frequently result in
asymmetric sensing topologies. In such cases, only one agent in a given pair
might be physically capable of acquiring the measurement, naturally inducing
a directed sensing link.

• Control strategies and task assignment: From an architectural standpoint,
the directionality of an edge is intrinsically linked to the assignment of task
responsibilities within the formation. Even in the presence of mathematically
symmetric constraints and ideal hardware, the underlying control architecture
dictates which agent must actively enforce the constraint. If the task of main-
taining this constraint is assigned jointly to a pair of agents, the relationship
is mutual and thus appropriately modeled by an undirected edge. Conversely,
the control architecture may delegate this responsibility to a single agent (e.g.,
agent 𝑖 is tasked with maintaining a prescribed distance from agent 𝑗, while
𝑗 acts independently and remains completely unaware of 𝑖). Under such con-
ditions, the interaction is fundamentally asymmetric, and the constraint must
be represented by a directed edge originating from the agent responsible for its
enforcement.

It is worth noting that a directed graph formalism serves as a natural generalization
of undirected topologies. Specifically, any undirected edge can be equivalently rep-
resented as a pair of directed edges sharing the same endpoints but having opposite
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orientations. Consequently, adopting a directed framework provides the mathemati-
cal flexibility to seamlessly encompass both symmetric and asymmetric interactions
within a unified structure.

In formation control problems, a measurement might only be available to a single
agents, as previously discussed. This inherent asymmetry naturally enables the ex-
plicit assignment of control responsibilities across the network, a scenario where the
question of graph persistence typically arises. However, in this work, we assume the
existence of a sufficient communication infrastructure that allows agents to cooperate
effectively in satisfying any given constraint. Consequently, the specific challenges
associated with persistence are not considered. Crucially, this capability to communi-
cate does not imply that the underlying physical measurements become symmetric;
the sensing topology remains fundamentally directed.

In control problems, a measurement might be available to a single agent only, or the
responsibility tomaintain a specific constraint may be assigned to just one node of the
edge, explicit assignment of control responsibilities across the network. To formalize
this asymmetric task allocation, the shift toward directed frameworks in the literature
led to the introduction of persistent graphs. While standard rigidity ensures that a
network possesses a unique geometric shape, persistence guarantees that this shape
can be actively and consistently maintained. Specifically, it ensures that no individual
agent is assigned more directed constraints than its degrees of freedom can physically
satisfy, rendering the formation feasible for autonomous, decentralized control.

However, in this work, we assume the existence of a robust communication infras-
tructure that allows agents to cooperate effectively and that all agents are physically
capable of satisfying any prescribed constraint. Consequently, the specific theoretical
challenges associated with directed persistence fall beyond the scope of this analysis.
Crucially, this communication capability does not imply that the underlying physical
measurements become symmetric; the physical sensing topology remains fundamen-
tally directed.

The topological graph alone is insufficient to completely model a MAS and its associ-
ated sensing network. To fully characterize the system through a graph, each vertex
must be characterized by a specific physical state, and each edge must be mapped to
a specific inter-agent measurement to model the sensing constraints. This mapping
process is formally captured by the concept of a framework.

Definition 2.1 (Ordered Smooth Framework). Consider aMAS composed of 𝑛 agents,
where the physical state of the 𝑖-th agent evolves within a specific smooth manifold
𝒟𝑖, meaning it can be fully characterized by 𝑥𝑖 ∈ 𝒟𝑖. Concurrently, the system
features 𝑚 active inter-agent measurements, where each 𝑘-th measurement takes
values in a specific smooth measurement manifoldℳ𝑘 , characterized by 𝑦𝑘 ∈ ℳ𝑘 .

Let the underlying interaction topology be represented by a finite graph𝒢 = (𝒱 , ℰ),
with |𝒱 | = 𝑛 and |ℰ | = 𝑚, which may be directed or undirected depending on the
specific modeling requirements. We assume 𝒢 is an ordered graph.
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We define the global vertex state space as an open subset of the Cartesian product
of the individual agent manifolds,𝒟𝑔 ⊆ ∏𝑛

𝑖=1𝒟𝑖, and the global edge measurement
space as a subset of the Cartesian product of the individual measurement manifolds,
ℳ𝑔 ⊆ ∏𝑚

𝑘=1ℳ𝑘 .

While 𝒟𝑔 and ℳ𝑔 directly reflect the physical topology of the distributed network,
it is often mathematically more convenient to map these product manifolds into
isomorphic spaces via diffeomorphisms, i.e., 𝒟 ≅ 𝒟𝑔 and ℳ ≅ ℳ𝑔 .

To fully characterize the MAS, we must associate the vertices with the agent states
and the edges with the relative inter-agent measurements. Consequently, we define
two fundamental local mappings:

• A local vertex-state map 𝒳𝑖, which assigns each vertex 𝑣𝑖 to a physical node
state 𝑥𝑖 ∈ 𝒟𝑖.

• A local edge-measurement map𝒴𝑘 , which assigns each explicit edge 𝑒𝑘 to a
specific measurement instance 𝑦𝑘 ∈ ℳ𝑘 .

To build the global configurations, we extend these concepts by defining:

• A global vertex-state map 𝒳 , which assigns to an ordered vertex 𝑛-tuple v =
(𝑣1, … , 𝑣𝑛) the global agent configuration 𝑥 ∈ 𝒟 .

Since the vertices are ordered, the map 𝒳 is bijectively identified by its re-
sulting vector. Therefore, the abstract map can be effectively replaced by the
global agent configuration 𝑥 ∈ 𝒟 .

• Aglobal edge-measurementmap𝒴 , which assigns to an ordered𝑚-tuple of the
graph’s edges e = (𝑒1, … , 𝑒𝑚) the global measurement configuration 𝑦 ∈ ℳ.

Since the edges are ordered, the map 𝒴 is bijectively identified by its result-
ing vector. Therefore, the abstract map can be safely replaced by the global
measurement configuration 𝑦 ∈ ℳ.

The underlying graph topology 𝒢 and the inter-agent relative nature of the mea-
surements motivate the introduction of a smooth (global) measurement/sensing map

ℎ ∶ 𝒟 → ℳ. (1)

This function analytically bridges the node configuration with the edge configura-
tion, mapping the states of the agents into the resulting sensory outputs such that
𝑦 = ℎ(𝑥). Consistent with the graph topology, the 𝑘-th component of the sensing
map, ℎ𝑘(𝑥) ∈ ℳ𝑘 , depends exclusively on the states of the specific agents incident
to the edge 𝑒𝑘 .

The combination of the topological graph, the node configuration, and the global
sensing map yields the complete mathematical characterization of the system. We
formally define this structure as the Ordered Smooth Framework, denoted by the
triplet Γ = (𝒢 , 𝑥, ℎ).
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In the classical rigidity literature, a framework is traditionally defined as the ordered
pair (𝒢 , 𝑥), treating the measurement function as a separate external entity. While
this decoupled approach is sufficient for standard formulations where the sensing
network is strictly homogeneous, it falls short when dealing with the heterogeneous
sensing topologies considered in this work. To properly accommodate these mixed
modalities, the underlying graph topologymust be explicitly coupledwith the specific
nature of the sensory edges. By elevating the measurement map ℎ to a core compo-
nent of the framework to form the triplet Γ = (𝒢 , 𝑥, ℎ), we fully encapsulate the MAS
within a single unified entity. This formulation yields a flexible mathematical model
that accurately reflects the physical reality, enabling new sensory characteristics and
rigidity properties to be intrinsically tied to the framework itself.

Furthermore, despite this comprehensive formulation, adopting the concise triplet
(𝒢 , 𝑥, ℎ) entails no loss of information. Specifically, the abstract vertex-state map
𝒳 can be safely replaced by the global node configuration 𝑥 , because the explicitly
ordered nature of 𝒢 ensures a unique bijection between the two. Additionally, the
edge-measurement map 𝒴 (along with its induced configuration 𝑦 ) is intentionally
omitted to avoid functional redundancy, since the sensory output can be fully recon-
structed at any time via the evaluation 𝑦 = ℎ(𝑥). Consequently, the triplet (𝒢 , 𝑥, ℎ)
avoids unnecessary complexities while providing all the essential ingredients. The
graph 𝒢 dictates the topology and contains the vertex and edge sets, while the def-
inition of the map ℎ ∶ 𝒟 → ℳ inherently carries both the state and measurement
manifolds, defining how they are linked. Thanks to this integrated information, the
node configuration 𝑥 alone is sufficient to completely characterize the current agents
and measuremets state of the framework.

The global state space𝒟𝑔 is defined as an open subset of the product manifold∏𝑛
𝑖=1𝒟𝑖.

This restriction serves to remove singular configurations from the domain. A practical
example arises in spatial multi-robot systems, where this formulation systematically
prevents unfeasible geometric states by explicitly excluding inter-agent collisions.

Conversely, the measurement space ℳ𝑔 is not required to be an open subset. Its in-
dividual components ℳ𝑘 are typically natural smooth manifolds (e.g., the positive
real line ℝ>0 for distances, or 𝕊1 and 𝕊2 for bearings). These spaces are boundary-
less smooth manifolds by construction, which is sufficient to support the differential
structure of the map ℎ. Physical sensing constraints restrict the image ℎ(𝒟) without
altering the smooth manifold properties of the codomain.

Definition 2.2 (Homogeneous and Heterogeneous Frameworks). Let (𝒢 , 𝑥, ℎ) be
an ordered smooth framework. We classify its structure based on the uniformity of
its underlying manifolds:

• Node/Agent Homogeneity: The framework is node/agent-homogeneous if
all agents evolve on the same differential state manifold, i.e., 𝒟𝑖 = 𝒟 for all
𝑖 ∈ {1, … , 𝑛}, yielding the global state space 𝒟𝑔 = 𝒟 𝑛.
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Conversely, if at least two agents operate on distinct state manifolds, the
framework is node/agent-heterogeneous.

• Edge/Measurement Homogeneity: The framework is edge/measurement-
homogeneous if all sensory links evaluate to the same differential measure-
ment manifold, i.e., ℳ𝑘 = ℳ for all 𝑘 ∈ {1, … , 𝑚}, yielding the global mea-
surement space ℳ𝑔 = ℳ𝑚.

Conversely, if at least two measurements belong to distinct manifolds, the
framework is edge/measurement-heterogeneous.

The proposed framework is general enough to accommodate all possible combina-
tions of such homogeneity and heterogeneity for both agents and measurments.

2.2 rigidity properties of
ordered smooth frameworks

Definition 2.3 (Node-Equivalent Frameworks). Let Γ = (𝒢 , 𝑥, ℎ) and Γ′ = (𝒢 , 𝑥′, ℎ)
be two frameworks sharing the same underlying ordered topological graph 𝒢 and
global sensing map ℎ. The two frameworks are said to be node-equivalent if their re-
spective global node configurations 𝑥, 𝑥′ ∈ 𝒟 yield identical global sensory outputs
under ℎ. Formally, this measurement equivalence is expressed as:

𝑦 = ℎ(𝑥) = ℎ(𝑥′) = 𝑦 ′ (2)

Definition 2.4 (Preimage). Let 𝑓 ∶ 𝑋 → 𝑌 be a map between two sets 𝑋 and 𝑌 , and
let 𝑆 ⊆ 𝑌 be a subset of the codomain. The preimage (or inverse image) of 𝑆 under
𝑓 , denoted by 𝑓 −1(𝑆), is the set of all elements in the domain 𝑋 that map into 𝑆:

𝑓 −1(𝑆) ∶= {𝑥 ∈ 𝑋 ∣ 𝑓 (𝑥) ∈ 𝑆} (3)

Definition 2.5 (Fiber). Let 𝑓 ∶ 𝑋 → 𝑌 be a map between two sets 𝑋 and 𝑌 , and let
𝑦 ∈ 𝑌 be a specific, single element of the codomain. The fiber of the map 𝑓 over the
point 𝑦 is defined as the preimage of the singleton set {𝑦}. It is typically denoted as
𝑓 −1(𝑦):

𝑓 −1(𝑦) ∶= 𝑓 −1({𝑦}) = {𝑥 ∈ 𝑋 ∣ 𝑓 (𝑥) = 𝑦} (4)

Definition 2.6 (Node-Equivalent Set). Let Γ = (𝒢 , 𝑥, ℎ) be a framework with global
node configuration 𝑥 ∈ 𝒟 . The node-equivalent set associated with the framework
Γ is the collection of all valid configurations within the smooth product manifold𝒟
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that yield the same global sensory output as 𝑥 . Formally, this set coincides with the
fiber of the sensing map ℎ over the specific sensory output 𝑦 = ℎ(𝑥):

𝒬(Γ) ∶= ℎ−1(ℎ(𝑥)) = {𝑥′ ∈ 𝒟 ∣ ℎ(𝑥′) = ℎ(𝑥)} (5)

In mixed-signal networks, the classical definition of congruence known in the litera-
ture [23] cannot be applied, as there is no single measurement type that defines the
completion of the graph. To overcome this limitation, we adopt a more general ge-
ometric formulation based on Lie group theory, inspired by the approach proposed
in [24].

Definition 2.7 (Measurement Φ-Invariant Framework). Let 𝐺 be a Lie group acting
smoothly on the node configuration space𝒟 via the left group action Φ ∶ 𝐺 ×𝒟 →
𝒟 . A framework Γ = (𝒢 , 𝑥, ℎ) is said to be measurement Φ-invariant if its global
sensing map ℎ is invariant under the action of 𝐺. Formally:

ℎ(Φ(𝑔, 𝑥)) = ℎ(𝑥) ∀𝑔 ∈ 𝐺, ∀𝑥 ∈ 𝒟. (6)

Proposition 2.1 (Φ-Invariance of the Equivalent Set). Let Γ = (𝒢 , 𝑥, ℎ) be a measure-
ment Φ-invariant framework. Then, its associated node-equivalent set (or fiber) 𝒬(Γ)
is a Φ-invariant set.

Proof. By definition, a subset 𝑆 ⊆ 𝒟 is strictly Φ-invariant if Φ(𝑔, 𝑆) = 𝑆 for all
𝑔 ∈ 𝐺. To prove this for 𝒬(Γ), let 𝑥′ ∈ 𝒬(Γ) be an arbitrary configuration within
the equivalent set. By the definition of the fiber, it holds that ℎ(𝑥′) = ℎ(𝑥).

Let 𝑔 ∈ 𝐺 be an arbitrary element of the Lie group. We must determine whether the
transformed configuration Φ(𝑔, 𝑥′) remains within the equivalent set. Because the
framework is measurement Φ-invariant, the global sensing map ℎ is unaffected by
the group action, yielding:

ℎ(Φ(𝑔, 𝑥′)) = ℎ(𝑥′). (7)

Substituting the identity ℎ(𝑥′) = ℎ(𝑥) into this equation gives:

ℎ(Φ(𝑔, 𝑥′)) = ℎ(𝑥). (8)

This outcome satisfies the inclusion criteria for the fiber, therefore Φ(𝑔, 𝑥′) ∈ 𝒬(Γ).
Since this holds for any chosen 𝑥′ ∈ 𝒬(Γ), we establish the structural inclusion:

Φ(𝑔, 𝒬(Γ)) ⊆ 𝒬(Γ) (9)

To prove strict equality, we must demonstrate the reverse inclusion:

𝒬(Γ) ⊆ Φ(𝑔, 𝒬(Γ)) (10)
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Because 𝑔 was chosen arbitrarily, the forward inclusion established in (9) must anal-
ogously hold for its inverse element 𝑔−1 ∈ 𝐺:

Φ(𝑔−1, 𝒬(Γ)) ⊆ 𝒬(Γ) (11)

Let 𝑦 ∈ 𝒬(Γ) be an arbitrary element. By the relation above, applying the inverse
action yields a point 𝑧 = Φ(𝑔−1, 𝑦) that strictly belongs to 𝒬(Γ). By exploiting the
fundamental property of group actions, we can reconstruct the original point 𝑦 as:

𝑦 = Φ(𝑔, Φ(𝑔−1, 𝑦)) = Φ(𝑔, 𝑧) (12)

Since 𝑧 ∈ 𝒬(Γ), it immediately follows that 𝑦 ∈ Φ(𝑔, 𝒬(Γ)). This establishes the
reverse inclusion:

𝒬(Γ) ⊆ Φ(𝑔, 𝒬(Γ)) (13)

Since both inclusions hold, we conclude that the node-equivalent set is strictly in-
variant under the group action:

𝒬(Γ) = Φ(𝑔, 𝒬(Γ)) (14)

Thus, the node-equivalent set 𝒬(Γ) is proven to be a Φ-invariant set.

Definition 2.8 (NodeΦ-Congruent Frameworks). Let𝐺 be a Lie group acting smoothly
on 𝒟 via the left action Φ. Two measurement Φ-invariant frameworks Γ = (𝒢 , 𝑥, ℎ)
and Γ′ = (𝒢 , 𝑥′, ℎ) are said to be node Φ-congruent (or simply Φ-congruent) if their
respective global node configurations 𝑥, 𝑥′ ∈ 𝒟 are related by a global symmetry
transformation. Formally, there must exist a group element 𝑔 ∈ 𝐺 such that:

Φ(𝑔, 𝑥) = 𝑥′. (15)

Definition 2.9 (Node Φ-Congruent Set). Let 𝐺 be a Lie group acting smoothly on
𝒟 via the left action Φ. Let Γ = (𝒢 , 𝑥, ℎ) be a measurement Φ-invariant framework
with global node configuration 𝑥 ∈ 𝒟 . The Φ-congruent node configuration set (or
orbit) associated with the framework represents the collection of all spatial node
assignments that can be reached via a global symmetry transformation. Formally, it
is defined as the group orbit of 𝑥 under Φ:

𝒞(Γ) ∶= Orb(𝑥) = Im(Φ𝑥 ) = {Φ(𝑔, 𝑥) ∈ 𝒟 ∣ 𝑔 ∈ 𝐺} (16)

Proposition 2.2 (Φ-Invariance of the Congruent Set). Let Γ = (𝒢 , 𝑥, ℎ) be a frame-
work. Its associated node-congruent set (or orbit) 𝒞(Γ) is a Φ-invariant set.

Proof. By definition, the node-congruent set is the group orbit generated by the
configuration 𝑥 , formally expressed as 𝒞(Γ) = {Φ(𝑘, 𝑥) ∣ 𝑘 ∈ 𝐺}.
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Let 𝑔 ∈ 𝐺 be an arbitrary element of the Lie group. Applying the group action Φ(𝑔, ⋅)
to the entire orbit yields:

Φ(𝑔, 𝒞 (Γ)) = {Φ(𝑔, Φ(𝑘, 𝑥)) ∣ 𝑘 ∈ 𝐺}. (17)

By the fundamental composition axiom of group actions, applying two successive
transformations is equivalent to applying the transformation of their group product,
hence Φ(𝑔, Φ(𝑘, 𝑥)) = Φ(𝑔 ∘ 𝑘, 𝑥).

Substituting this property gives:

Φ(𝑔, 𝒞 (Γ)) = {Φ(𝑔 ∘ 𝑘, 𝑥) ∣ 𝑘 ∈ 𝐺}. (18)

In group theory, left-translation by any element 𝑔 ∈ 𝐺 is a bijection from the group
onto itself. Therefore, as 𝑘 ranges over all elements of 𝐺, the product (𝑔 ∘𝑘) perfectly
spans the entire group 𝐺 once again (i.e., 𝑔 ∘ 𝐺 = 𝐺).

This allows us to rewrite the set exactly as the original orbit:

Φ(𝑔, 𝒞 (Γ)) = {Φ(𝑘′, 𝑥) ∣ 𝑘′ ∈ 𝐺} = 𝒞(Γ). (19)

This proves that the congruent set is perfectly mapped onto itself, satisfying the
definition of a Φ-invariant set.

Lemma 2.3 (Orbit-Fiber Inclusion). Let Γ = (𝒢 , 𝑥, ℎ) be a measurement Φ-invariant
framework. Then, its associated node-congruent set is always a subset of its node-
equivalent set:

𝒞(Γ) ⊆ 𝒬(Γ). (20)

Proof. Let 𝑥′ = Φ(𝑔, 𝑥) ∈ 𝒞 (Γ) be an arbitrary configuration in the orbit of 𝑥 . By the
definition of measurement Φ-invariance for the global sensing map ℎ, it follows that
ℎ(𝑥′) = ℎ(Φ(𝑔, 𝑥)) = ℎ(𝑥). Consequently, 𝑥′ ∈ ℎ−1(ℎ(𝑥)) = 𝒬(Γ), which concludes
the proof.

Definition 2.10 (Φ-Rigidity). Let 𝐺 be a Lie group acting smoothly on the state
space 𝒟 via the left group action Φ ∶ 𝐺 × 𝒟 → 𝒟 , and let Γ = (𝒢 , 𝑥, ℎ) be a
measurement Φ-invariant framework.

The framework Γ is said to be locally rigid with respect to Φ (or simply locally Φ-
rigid) if there exists an open neighborhood 𝒰𝑥 ⊆ 𝒟 of 𝑥 such that:

𝒬(Γ) ∩ 𝒰𝑥 = 𝒞(Γ) ∩ 𝒰𝑥 . (21)

If this condition holds for 𝒰𝑥 = 𝒟 , the framework is said to be globally rigid with
respect to Φ (or simply globally Φ-rigid).
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Corollary 2.4 (Simplification of Rigidity Conditions). Let Γ = (𝒢 , 𝑥, ℎ) be a mea-
surement Φ-invariant framework. By virtue of the Orbit-Fiber Inclusion Lemma, the
rigidity conditions simplify as follows:

• Γ is locally Φ-rigid if and only if there exists an open neighborhood 𝒰𝑥 ⊆ 𝒟
such that:

𝒬(Γ) ∩ 𝒰𝑥 ⊆ 𝒞(Γ) ∩ 𝒰𝑥 . (22)

• Γ is globally Φ-rigid if and only if:

𝒬(Γ) ⊆ 𝒞(Γ). (23)

Proof. By the Orbit-Fiber Inclusion Lemma, the structural inclusion 𝒞(Γ) ⊆ 𝒬(Γ)
holds over the entire state space 𝒟 . Consequently, for any open neighborhood 𝒰𝑥 ,
the local inclusion 𝒞(Γ) ∩ 𝒰𝑥 ⊆ 𝒬(Γ) ∩ 𝒰𝑥 is also satisfied.

Since the standard definition of Φ-rigidity requires exact set equality between the
equivalent set and the congruent set (locally or globally), and one direction of the
inclusion is already guaranteed, the equality holds if and only if the reverse inclusion
is verified.

Proposition 2.5. A globally Φ-rigid framework Γ = (𝒢 , 𝑥, ℎ) is also locally Φ-rigid.

Proof. By definition, for a globally Φ-rigid framework, it holds that 𝒬(Γ) = 𝒞(Γ).
Consequently, the condition for local rigidity, 𝒬(Γ) ∩ 𝒰𝑥 = 𝒞(Γ) ∩ 𝒰𝑥 , is trivially
satisfied for any open neighborhood 𝒰𝑥 ⊆ 𝒟 of 𝑥 . This demonstrates that global
rigidity is a sufficient condition for local rigidity.

Definition 2.11 (Φ-Rigidity of aΦ-invariant Set). Let 𝑆 ⊆ 𝒟 be aΦ-invariant subset,
meaning that Φ(𝑔, 𝑆) = 𝑆 for all 𝑔 ∈ 𝐺.

The set 𝑆 is said to be locally (respectively, globally) Φ-rigid if every configuration
𝑥′ ∈ 𝑆 induces a framework Γ′ = (𝒢 , 𝑥′, ℎ) that is locally (respectively, globally)
Φ-rigid.

Corollary 2.6. A globally Φ-rigid Φ-invariant Set is also locally Φ-rigid.

Proof. The proof follows trivially from the previous proposition applied to every
configuration 𝑥′ ∈ 𝒬(Γ).

Theorem 2.7 (Invariance of Local Φ-Rigidity). Let 𝐺 be a Lie group acting smoothly
on𝒟 via the left action Φ. Let Γ = (𝒢 , 𝑥, ℎ) be a measurement Φ-invariant framework
with global node configuration 𝑥 ∈ 𝒟 , and let 𝒞(Γ) ⊆ 𝒟 be its associated node-
congruent set.
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The framework Γ is locally Φ-rigid if and only if its associated node-congruent set 𝒞(Γ)
is locally Φ-rigid.

Proof. ( ⟸ )

Let 𝑒 ∈ 𝐺 be the identity element of the Lie group. By the fundamental axioms of
group actions, applying the identity element to the action map yields the identity
map on the state space, i.e., Φ(𝑒, ⋅) = id. Consequently, the original node configura-
tion 𝑥 trivially belongs to its own orbit, since 𝑥 = Φ(𝑒, 𝑥) ∈ 𝒞 (Γ).

By hypothesis, the node-congruent set 𝒞(Γ) is locally Φ-rigid, which means that
every configuration within it induces a locally Φ-rigid framework. Since we estab-
lished that 𝑥 ∈ 𝒞(Γ), it follows that the specific framework Γ = (𝒢 , 𝑥, ℎ) must also
be locally Φ-rigid.

( ⟹ ) Suppose Γ is locally Φ-rigid. By the Simplification Corollary derived from
the Orbit-Fiber Inclusion Lemma, there exists an open neighborhood 𝒰𝑥 ⊆ 𝒟 of 𝑥
such that:

𝒬(Γ) ∩ 𝒰𝑥 ⊆ 𝒞(Γ) ∩ 𝒰𝑥 . (24)

Let 𝑥′ = Φ(𝑔, 𝑥) ∈ 𝒞 (Γ) be an arbitrary configuration in the orbit. Since 𝐺 acts
smoothly, the map Φ(𝑔, ⋅) ∶ 𝒟 → 𝒟 is a diffeomorphism; we can thus define𝒰𝑥′ ∶=
Φ(𝑔,𝒰𝑥 ), which is an open neighborhood containing 𝑥′.

Since Φ(𝑔, ⋅) is a bijection, applying it to both sides preserves the subset inclusion
and commutes with set intersections. Using the fact that 𝒬(Γ) is a Φ-invariant set
(Φ(𝑔, 𝒬(Γ)) = 𝒬(Γ)) and that 𝒞(Γ) is an orbit (Φ(𝑔, 𝒞 (Γ)) = 𝒞 (Γ)), we obtain:

Φ(𝑔, 𝒬(Γ) ∩ 𝒰𝑥) ⊆ Φ(𝑔, 𝒞 (Γ) ∩ 𝒰𝑥) (25)
Φ(𝑔, 𝒬(Γ)) ∩ Φ(𝑔,𝒰𝑥) ⊆ Φ(𝑔, 𝒞 (Γ)) ∩ Φ(𝑔,𝒰𝑥) (26)

𝒬(Γ) ∩ 𝒰𝑥′ ⊆ 𝒞(Γ) ∩ 𝒰𝑥′ . (27)

Finally, since 𝑥′ ∈ 𝒞(Γ), their respective equivalent sets and orbits coincide entirely
(𝒬(Γ) = 𝒬(Γ′) and 𝒞(Γ) = 𝒞(Γ′)). Substituting these yields:

𝒬(Γ′) ∩ 𝒰𝑥′ ⊆ 𝒞(Γ′) ∩ 𝒰𝑥′ . (28)

By the Simplification Corollary, this inclusion guarantees that the framework in-
duced by 𝑥′ is locallyΦ-rigid. Given the arbitrariness of 𝑥′, the entire node-congruent
set 𝒞(Γ) is locally Φ-rigid.

Theorem 2.8 (Invariance of Global Φ-Rigidity). Let 𝐺 be a Lie group acting smoothly
on𝒟 via the left action Φ. Let Γ = (𝒢 , 𝑥, ℎ) be a measurement Φ-invariant framework
with global node configuration 𝑥 ∈ 𝒟 , and let 𝒞(Γ) ⊆ 𝒟 be its associated node-
congruent set.

The framework Γ is globally Φ-rigid if and only if its associated node-congruent set
𝒞(Γ) is globally Φ-rigid.
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Proof. ( ⟹ ) Suppose the framework Γ is globally Φ-rigid, which by definition
means 𝒬(Γ) = 𝒞(Γ). Let 𝑥′ be any configuration in the orbit 𝒞(Γ). Because 𝑥′

belongs to the orbit of 𝑥 , it generates the exact same orbit: 𝒞(Γ′) = 𝒞 (Γ). Further-
more, since 𝒞(Γ) and Γ is globally rigid, 𝑥′ is also in 𝒬(Γ), meaning it yields the
same global measurements as 𝑥 . Thus, its equivalent set is identical: 𝒬(Γ′) = 𝒬(Γ).
Substituting these equalities yields 𝒬(Γ′) = 𝒞 (Γ′), proving that the induced frame-
work Γ′ = (𝒢 , 𝑥′, ℎ) is globally Φ-rigid. Since this holds for every 𝑥′ ∈ 𝒞(Γ), the
entire congruent set is globally Φ-rigid.

( ⟸ ) Let 𝑒 ∈ 𝐺 be the identity element of the Lie group. By the fundamental
axioms of group actions, the transformation associated with the identity element is
the identity map on the state space, meaning Φ𝑒 = id. As a direct consequence, the
initial configuration 𝑥 trivially resides within its own orbit, since 𝑥 = Φ(𝑒, 𝑥) ∈ 𝒞 (Γ).

By hypothesis, the node-congruent set 𝒞(Γ) is globally Φ-rigid, which implies by
definition that every configuration contained within it induces a globally Φ-rigid
framework. Since we have established that 𝑥 ∈ 𝒞(Γ), it follows that the original
framework Γ = (𝒢 , 𝑥, ℎ) must also be globally Φ-rigid.

Definition 2.12 (Rigid Component of the Node-Equivalent Set). Let Γ = (𝒢 , 𝑥, ℎ)
be a measurement Φ-invariant framework, and let 𝒬(Γ) ⊆ 𝒟 be its associated node-
equivalent set.

If a configuration 𝑥′ ∈ 𝒬(Γ) induces a locallyΦ-rigid framework Γ′ = (𝒢 , 𝑥′, ℎ), then
its corresponding Φ-congruent set (orbit) 𝒞(Γ′) ⊆ 𝒬(Γ) is termed a rigid component
of the node-equivalent set 𝒬(Γ).

The proposed framework is sufficiently general to seamlessly accommodate any com-
bination of homogeneity and heterogeneity across both agents and measurements.
Furthermore, it can effectively handle sensory modalities that utilize the agents’ full
kinematic state, rely on a specific subset of it, or extend this state by properly inte-
grating additional information.

The formulation presented thus far inherently addresses an analysis problem: given a
predefined framework, we verify whether it is rigid with respect to a given Lie group
action Φ operating on the agents’ configuration space.

However, this mathematical foundation naturally paves the way for the inverse prob-
lem. Suppose we are given a system of 𝑛 agents that must be made rigid with respect
to a specific group action Φ. The dual challenge lies in systematically designing the
graph topology and assigning the appropriate measurement functions to the edges in
order to achieve Φ-rigidity for a desired family of smooth ordered frameworks.

This problem will be formalized and addressed in future work.
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2.3 unification of classical rigidity paradigms
with Φ-rigidity

To provide a concrete geometric perspective, it is instructive to observe how the pro-
posed Lie group formulation encapsulates and unifies classical rigidity paradigms.
The standard frameworks well-known in the literature can be recovered by specify-
ing the appropriate symmetry group 𝐺 and its corresponding action Φ.

Below, we detail how this applies to Distance, Relative Position, Relative Pose, Body-
Fixed Bearing, and Inertial Direction rigidity paradigms.

The Euclidean Groups Framework

• Distance Rigidity: In the classical 3-dimensional distance-based framework,
agent states are spatial positions 𝑥𝑖, 𝑥𝑗 ∈ ℝ3. A distance measurement is defined
by the Euclidean norm:

𝑦𝑘 = ℎ𝑘(𝑥𝑖, 𝑥𝑗) = ‖𝑥𝑖 − 𝑥𝑗‖ ∈ ℝ>0. (29)

We consider a global Euclidean transformation applied to all states using an
element 𝑔 = (𝑄, 𝜉 ) belonging to the Euclidean group 𝔼(3), where 𝑄 ∈ 𝕆(3)
represents an orthogonal transformation (encompassing both rotations and re-
flections) and 𝜉 ∈ ℝ3 is a translation vector. For a configuration 𝑥 = (𝑥1, … , 𝑥𝑛),
the global group action is defined component-wise as:

Φ(𝑔, 𝑥𝑖) = 𝑄𝑥𝑖 + 𝜉 . (30)

Evaluating the measurement map on the transformed states yields:

ℎ𝑘(Φ(𝑔, 𝑥𝑖), Φ(𝑔, 𝑥𝑗)) = ‖(𝑄𝑥𝑖 + 𝜉) − (𝑄𝑥𝑗 + 𝜉)‖ = ‖𝑄(𝑥𝑖 − 𝑥𝑗)‖.

Because orthogonal matrices strictly preserve the Euclidean norm, ‖𝑄(𝑥𝑖−𝑥𝑗)‖ =
‖𝑥𝑖−𝑥𝑗‖ = ℎ𝑘(𝑥𝑖, 𝑥𝑗). This formally demonstrates thewell-known result that rela-
tive distances are invariant to rigid-body translations, rotations, and reflections,
proving that classical distance rigidity is equivalent to Φ-rigidity under 𝔼(3).

It is worth noting that in practical multi-robot systems, physical reflections are
kinematically unrealizable. By removing reflections from 𝔼(3), we obtain the
Special Euclidean group 𝕊𝔼(3):

𝕊𝔼(3) = {(𝑅, 𝜉 ) ∈ 𝔼(3) ∣ 𝑅 ∈ 𝕊𝕆(3)}. (31)

Since 𝕊𝔼(3) is a proper subgroup (𝕊𝔼(3) ⊂ 𝔼(3)), we can restrict the group
action to 𝕊𝔼(3), defining Φ|𝕊𝔼(3)∶ 𝕊𝔼(3) × ℝ3 → ℝ3. The distance measure-
ments are trivially invariant to this restricted action, because a function that is
invariant with respect to a group is guaranteed to be invariant under any of its
subgroups.
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• Relative Pose Rigidity: When dealing with agents and measurements that re-
quire full 3-dimensional poses, agents are modeled as rigid bodies whose states
are represented by homogeneous transformation matrices 𝑋𝑖, 𝑋𝑗 ∈ 𝕊𝔼(3) ⊂
ℝ4×4, explicitly defined as:

𝑋𝑖 = [
𝑅𝑖 𝑡𝑖
1×3 1] (32)

where 𝑅𝑖 ∈ 𝕊𝕆(3) is a rotation matrix and 𝑡𝑖 ∈ ℝ3 is the translation vector.

The relative pose of agent 𝑗 as measured by agent 𝑖 is given by:

𝑦𝑘 = ℎ𝑘(𝑋𝑖, 𝑋𝑗) = 𝑋−1
𝑖 𝑋𝑗 (33)

which intrinsically maps the global pose of agent 𝑗 into the local body frame of
agent 𝑖.

The natural symmetry group associated with global rigid-body transformations
is 𝕊𝔼(3) ⊂ ℝ4×4, acting via left multiplication. For a transformation 𝑆 ∈ 𝕊𝔼(3),
the global action on the configuration vector 𝑋 = (𝑋1, … , 𝑋𝑛) is defined as:

Φ(𝑆, 𝑋) = (𝑆𝑋1, … , 𝑆𝑋𝑛). (34)

Applying this transformation to the relative pose measurement yields:

ℎ𝑘(Φ(𝑆, 𝑋𝑖), Φ(𝑆, 𝑋𝑗)) = (𝑆𝑋𝑖)−1(𝑆𝑋𝑗)
= 𝑋−1

𝑖 𝑆−1𝑆𝑋𝑗

= 𝑋−1
𝑖 𝑋𝑗 = 𝑦𝑘 .

Thus, relative pose measurements are intrinsically Φ-invariant under the left
action of 𝕊𝔼(3).

• Relative Position Rigidity: In scenarios where sensors measure only the 3-
dimensional relative positions (displacements) between agents rather than full
6-DOF poses, the agent states still naturally reside in 𝑋𝑖, 𝑋𝑗 ∈ 𝕊𝔼(3) ⊂ ℝ4×4

(since agents are physical bodies with orientations), but the measurement space
is reduced to ℝ3.

The relative position of agent 𝑗 as measured by agent 𝑖, expressed in the local
body frame of agent 𝑖, is explicitly defined as:

𝑦𝑘 = ℎ𝑘(𝑋𝑖, 𝑋𝑗) = 𝑅𝑇𝑖 (𝑡𝑗 − 𝑡𝑖) ∈ ℝ3. (35)

Geometrically, this takes the global displacement vector (𝑡𝑗 − 𝑡𝑖) and projects it
into the local coordinate system of agent 𝑖 via the inverse rotation 𝑅𝑇𝑖 .

Algebraically, this measurement corresponds exactly to the translational block
(the upper-right 3 × 1 subvector) of the relative pose matrix 𝑋−1

𝑖 𝑋𝑗 , as shown
by block matrix multiplication:

𝑋−1
𝑖 𝑋𝑗 = [ 𝑅

𝑇
𝑖 −𝑅𝑇𝑖 𝑡𝑖

01×3 1 ] [
𝑅𝑗 𝑡𝑗
01×3 1] = [

𝑅𝑇𝑖 𝑅𝑗 RT
i (tj − ti)

01×3 1 ] .
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As established in the relative pose case, the complete transformation matrix
is strictly Φ-invariant under the left action of any global transformation 𝑆 ∈
𝕊𝔼(3):

(𝑆𝑋𝑖)−1(𝑆𝑋𝑗) = 𝑋−1
𝑖 𝑆−1𝑆𝑋𝑗 = 𝑋−1

𝑖 𝑋𝑗 .

Because the entire 4×4matrix remains completely unchanged under the group
action, every individual sub-block within it is necessarily invariant as well.
Consequently, the local relative position measurement 𝑦𝑘 = 𝑅𝑇𝑖 (𝑡𝑗 − 𝑡𝑖) inher-
ently shares the exact same strict Φ-invariance under 𝕊𝔼(3).

The Similarity Groups Framework

To model bearing and direction measurements, we must extend our transformation
families to include scale. We define the Similarity Group 𝕊(3), consisting of ele-
ments 𝑆 = (𝑄, 𝜉 , 𝜌), where 𝑄 ∈ 𝕆(3), 𝜉 ∈ ℝ3, and 𝜌 ∈ ℝ>0 is a positive scaling
factor.

The action of the Special Similarity group 𝑆 = (𝑄, 𝜉 , 𝜌) ∈ 𝕊𝕊(3) on an individual
agent’s pose 𝑋𝑖 = (𝑅𝑖, 𝑡𝑖) ∈ 𝕊𝔼(3) is defined as:

Φ̃(𝑆, 𝑋𝑖) = (𝑄𝑅𝑖, 𝜌(𝑄𝑡𝑖 + 𝜉)). (36)

For a full network configuration of poses 𝑋 = (𝑋1, … , 𝑋𝑛) ∈ 𝕊𝔼(3)𝑛, this action
extends globally by applying the transformation component-wise:

Φ̃(𝑆, 𝑋) = (Φ̃(𝑆, 𝑋1), … , Φ̃(𝑆, 𝑋𝑛)). (37)

From this general group, we derive two crucial subgroups:

• Special Similarity Group 𝕊𝕊(3): The subgroup obtained by restricting 𝑄 ∈
𝕊𝕆(3) (pure rotations, no reflections). Because 𝕊𝕊(3) preserves the det(𝑄) = 1
property, it is the appropriate symmetry group to act on rigid-body poses.

• Scaled Translations 𝕊𝕋(3): A subgroup of 𝕊𝕊(3) where 𝑄 = 𝐼3 (no rotation,
only scaling and translation).

For these subgroups, the group action on an individual agent’s state 𝑋𝑖 = (𝑅𝑖, 𝑡𝑖) ∈
𝕊𝔼(3) is defined locally as:

Φ̃(𝑆, 𝑋𝑖) = (𝑄𝑅𝑖, 𝜌(𝑄𝑡𝑖 + 𝜉)). (38)

For a full network configuration of poses 𝑋 = (𝑋1, … , 𝑋𝑛) ∈ 𝕊𝔼(3)𝑛, this action
extends globally by applying the transformation component-wise:

Φ̃(𝑆, 𝑋) = (Φ̃(𝑆, 𝑋1), … , Φ̃(𝑆, 𝑋𝑛)). (39)

Note that the broader similarity group 𝕊(3) cannot act on 𝕊𝔼(3) in this manner, as
physical reflections would mathematically map rotation matrices out of 𝕊𝕆(3).

The corresponding rigidity paradigms are:
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• Body-Fixed Bearing Rigidity: Consider two oriented agents 𝑋𝑖, 𝑋𝑗 ∈ 𝕊𝔼(3).
The body-fixed-frame bearing from agent 𝑖 to agent 𝑗 is the direction of 𝑡𝑗 ob-
served from 𝑡𝑖, strictly expressed in the local body-fixed orientation 𝑅𝑖:

𝑦𝑘 = ℎ𝑘(𝑋𝑖, 𝑋𝑗) = 𝑅𝑇𝑖
𝑡𝑗 − 𝑡𝑖
‖𝑡𝑗 − 𝑡𝑖‖

∈ 𝕊2. (40)

(Note: This measurement is ill-defined if 𝑡𝑖 = 𝑡𝑗 , necessitating the removal of colli-
sion configurations to ensure smoothness).

To demonstrate the invariance of this measurement, we evaluate the measure-
ment map under the global action of the Special Similarity group 𝑆 = (𝑄, 𝜉 , 𝜌) ∈
𝕊𝕊(3), utilizing the previously defined action Φ̃:

ℎ𝑘(Φ̃(𝑆, 𝑋𝑖), Φ̃(𝑆, 𝑋𝑗)) = (𝑄𝑅𝑖)𝑇
𝜌(𝑄𝑡𝑗 + 𝜉) − 𝜌(𝑄𝑡𝑖 + 𝜉)
‖𝜌(𝑄𝑡𝑗 + 𝜉) − 𝜌(𝑄𝑡𝑖 + 𝜉)‖

.

By factoring out the scaling factor 𝜌 and the orthogonal matrix 𝑄:

= 𝑅𝑇𝑖 𝑄𝑇 𝜌𝑄(𝑡𝑗 − 𝑡𝑖)
𝜌‖𝑄(𝑡𝑗 − 𝑡𝑖)‖

.

Since 𝜌 > 0 cancels out, and orthogonal matrices preserve norms (‖𝑄𝑣‖ = ‖𝑣‖),
the expression simplifies to:

= 𝑅𝑇𝑖 𝑄𝑇𝑄
𝑡𝑗 − 𝑡𝑖
‖𝑡𝑗 − 𝑡𝑖‖

= 𝑅𝑇𝑖
𝑡𝑗 − 𝑡𝑖
‖𝑡𝑗 − 𝑡𝑖‖

= ℎ𝑘(𝑋𝑖, 𝑋𝑗).

This proves that body-fixed bearings are Φ̃-invariant under 𝕊𝕊(3), meaning they
are unaffected by global translations, rotations, and uniform scaling.

• Inertial Direction Rigidity: When an agent’s orientation is known or un-
necessary, the bearing can be expressed directly in the global inertial reference
frame. For agents with positions 𝑥𝑖, 𝑥𝑗 ∈ ℝ3, an inertial direction measurement
is described by:

𝑦𝑘 = ℎ𝑘(𝑥𝑖, 𝑥𝑗) =
𝑥𝑗 − 𝑥𝑖
‖𝑥𝑗 − 𝑥𝑖‖

∈ 𝕊2. (41)

If we attempt to act on this measurement with the full Similarity group 𝕊(3),
we obtain:

ℎ𝑘(Φ(𝑆, 𝑥𝑖), Φ(𝑆, 𝑥𝑗)) =
𝜌(𝑄𝑥𝑗 + 𝜉) − 𝜌(𝑄𝑥𝑖 + 𝜉)
‖𝜌(𝑄𝑥𝑗 + 𝜉) − 𝜌(𝑄𝑥𝑖 + 𝜉)‖

=
𝑄(𝑥𝑗 − 𝑥𝑖)
‖𝑥𝑗 − 𝑥𝑖‖

= 𝑄ℎ𝑘(𝑥𝑖, 𝑥𝑗).

Because the result is𝑄𝑦𝑘 rather than 𝑦𝑘 , themeasurement is equivariant (rather
than invariant) with respect to global rotations. In rigidity theory, this implies
that a global rotation or reflection directly alters the observed inertial direction,
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meaning the framework cannot treat arbitrary rotations as valid rigid symme-
tries.

However, by restricting the symmetry group to the Scaled Translations sub-
group 𝕊𝕋(3) where 𝑄 = 𝐼3, the rotation matrix evaluates to the identity, yield-
ing:

𝐼3ℎ𝑘(𝑥𝑖, 𝑥𝑗) = ℎ𝑘(𝑥𝑖, 𝑥𝑗).

Consequently, inertial direction frameworks are Φ-invariant exclusively under
𝕊𝕋(3), relying solely on the invariance to translation and global scaling.

By abstracting these spatial symmetries into a general Lie group action Φ, our formu-
lation is no longer restricted to a single, homogeneous measurement type; instead,
it provides a mathematical foundation for the structural analysis of heterogeneous
(mixed-signal) multi-agent networks, where the overall system invariance emerges
from the intersection of different transformation subgroups.

2.4 infinitesimal rigidity properties of
ordered smooth frameworks

2.4.1 Coordinate-Free

Definition 2.13 (Φ-Rigidity Differential). Let Γ = (𝒢 , 𝑥, ℎ) be a smooth framework,
where ℎ ∶ 𝒟 → ℳ is the measurement map. The rigidity differential of Γ at the
configuration 𝑥 is defined as the exact pushforward:

𝑑ℎ|𝑥 ∶ 𝑇𝑥𝒟 → 𝑇ℎ(𝑥)ℳ (42)

This linear map completely governs the first-order kinematics of the framework,
translating abstract infinitesimal variations of the node configuration 𝛿𝑥 ∈ 𝑇𝑥𝒟
into their corresponding infinitesimal measurement changes in 𝑇ℎ(𝑥)ℳ.

Definition 2.14 (Infinitesimal Motion). Let Γ = (𝒢 , 𝑥, ℎ) be a smooth framework,
where the measurement map ℎ ∶ 𝒟 → ℳ is a smooth map between smooth man-
ifolds. A first-order infinitesimal variation of the framework at 𝑥 is defined as a
tangent vector 𝛿𝑥 ∈ 𝑇𝑥𝒟 .

An infinitesimal variation 𝛿𝑥 is called ameasurement-preserving infinitesimal motion
(or simply infinitesimal motion) if it induces zero first-order variation in the sensory
output. Formally, this occurs when:

𝑑ℎ|𝑥 (𝛿𝑥) = 0 (43)
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where 0 denotes the zero vector in 𝑇ℎ(𝑥)ℳ, and 𝑑ℎ|𝑥 ∶ 𝑇𝑥𝒟 → 𝑇ℎ(𝑥)ℳ is the dif-
ferential (or pushforward map) of ℎ evaluated at 𝑥 . Consequently, the vector space
of all infinitesimal motions coincides with the kernel of the differential, explicitly
defined as:

ker(𝑑ℎ|𝑥 ) = {𝛿𝑥 ∈ 𝑇𝑥𝒟 ∣ 𝑑ℎ|𝑥 (𝛿𝑥) = 0}. (44)

Geometrically, an infinitesimal motion of the configuration 𝑥 represents a first-order
displacement that instantaneously preserves the sensory measurements 𝑦 = ℎ(𝑥).
Given a smooth curve of configurations 𝑥(𝑡) such that 𝑥(0) = 𝑥 and its initial velocity
is an infinitesimal motion ̇𝑥(0) = 𝛿𝑥 ∈ ker(𝑑ℎ|𝑥 ), the rate of change of the sensory
output is strictly zero at the first order:

𝑑
𝑑𝑡
𝑦(𝑡)|

𝑡=0
= 𝑑

𝑑𝑡
ℎ(𝑥(𝑡))|

𝑡=0
= 𝑑ℎ|𝑥 ( ̇𝑥(0)) = 𝑑ℎ|𝑥 (𝛿𝑥) = 0. (45)

Physically, the vectors spanning ker(𝑑ℎ|𝑥 ) can be interpreted as allowable infinites-
imal maneuvers of the framework. They define the exact geometric directions in
which the node configuration can be actively steered while preserving the constraints
imposed by the measurement map. Consequently, this space of infinitesimal motions
lays the theoretical foundation for constraint-preserving formation control, allowing
aMAS tomaneuver collectively. However, the explicit design of such dynamic control
laws remains beyond the scope of this work.

Definition 2.15 (Trivial Infinitesimal Motion). Let Γ = (𝒢 , 𝑥, ℎ) be a Φ-invariant
smooth framework under the action of a Lie group 𝐺. An infinitesimal variation
𝛿𝑥 ∈ 𝑇𝑥𝒟 is called a trivial infinitesimal motion if it is induced purely by the smooth
action of 𝐺 on the global state space 𝒟 .

Let 𝔤 be the Lie algebra associated with 𝐺, and let Φ𝑥 ∶ 𝐺 → 𝒟 be the orbit map
defined by Φ𝑥 (𝑔) = Φ(𝑔, 𝑥). A motion 𝛿𝑥 is trivial if there exists an element 𝜉 ∈ 𝔤
such that:

𝛿𝑥 = 𝑑Φ𝑥 |𝑒(𝜉 ) =
𝑑
𝑑𝑡
|
𝑡=0

Φ( exp(𝑡𝜉 ), 𝑥) (46)

where 𝑒 is the identity element of 𝐺, exp is the Lie group exponential map, and
𝑑Φ𝑥 |𝑒 ∶ 𝔤 → 𝑇𝑥𝒟 is the differential of the orbit map evaluated at the identity.

Formally, the vector space of all trivial infinitesimal motions corresponds strictly to
the image of the differential of the orbit map evaluated at the identity element 𝑒 ∈ 𝐺.
We denote this subspace as 𝒯 (𝑥), which inherently satisfies:

𝒯 (𝑥) = Im(𝑑Φ𝑥 |𝑒) (47)

Lemma 2.9 (Infinitesimal Orbit-Kernel Inclusion). Let Γ = (𝒢 , 𝑥, ℎ) be a measure-
ment Φ-invariant framework where the sensing map ℎ ∶ 𝒟 → ℳ is a smooth map
between smooth manifolds.

Let 𝑑ℎ|𝑥 ∶ 𝑇𝑥𝒟 → 𝑇ℎ(𝑥)ℳ be the differential of the measurement map evaluated at 𝑥 ,
and let 𝑑Φ𝑥 |𝑒 ∶ 𝔤 → 𝑇𝑥𝒟 be the differential of the orbit map at the identity.
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The measurement Φ-invariance globally implies that every trivial infinitesimal motion
preserves the sensory output. Consequently, the space of trivial motions is a subspace
of the kernel of the measurement map’s differential:

Im(𝑑Φ𝑥 |𝑒) ⊆ ker(𝑑ℎ|𝑥 ). (48)

Proof. By the definition of measurement Φ-invariance, the sensory output is identi-
cal for any configuration along the orbit. Formally, we can express this using the
orbit map Φ𝑥 as a composition:

ℎ(Φ𝑥 (𝑔)) = ℎ(𝑥) for all 𝑔 ∈ 𝐺.

This implies that the composed map ℎ ∘ Φ𝑥 ∶ 𝐺 → ℳ is strictly constant.

Taking the differential of this composition at the identity element 𝑒 ∈ 𝐺, and apply-
ing the chain rule, we obtain:

𝑑(ℎ ∘ Φ𝑥 )|𝑒 = 𝑑ℎ|Φ𝑥(𝑒) ∘ 𝑑Φ𝑥 |𝑒 = 𝑑ℎ|𝑥 ∘ 𝑑Φ𝑥 |𝑒 .

Because the differential of a constant map is universally the zero operator, it follows
that: 𝑑ℎ|𝑥 ∘ 𝑑Φ𝑥 |𝑒 = 0.

This operator identity directly implies that the entire image of the orbit map’s dif-
ferential is mapped to the zero vector by 𝑑ℎ|𝑥 , yielding the structural inclusion:

Im(𝑑Φ𝑥 |𝑒) ⊆ ker(𝑑ℎ|𝑥 ).

Definition 2.16 (Infinitesimal Φ-Rigidity). Let Γ = (𝒢 , 𝑥, ℎ) be a measurement Φ-
invariant framework, where 𝐺 is a Lie group with Lie algebra 𝔤 acting smoothly on
the state space 𝒟 .

The framework is said to be infinitesimally rigid with respect to Φ (or simply in-
finitesimallyΦ-rigid) if every infinitesimalmotion is identically a trivial infinitesimal
motion.

Formally, for every vector 𝛿𝑥 ∈ ker(𝑑ℎ|𝑥 ), there must exist an element 𝑢 ∈ 𝔤 such
that:

𝛿𝑥 = 𝑑Φ𝑥 |𝑒(𝑢) (49)

where 𝑑Φ𝑥 |𝑒 ∶ 𝔤 → 𝑇𝑥𝒟 is the differential of the orbit map Φ𝑥 (𝑔) = Φ(𝑔, 𝑥) evalu-
ated at the identity element 𝑒 ∈ 𝐺.

This means that the space of infinitesimal motions perfectly coincides with the space
of trivial motions:

ker(𝑑ℎ|𝑥 ) = Im(𝑑Φ𝑥 |𝑒). (50)
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Corollary 2.10 (Dimensional Condition for InfinitesimalΦ-Rigidity). Let Γ = (𝒢 , 𝑥, ℎ)
be a measurement Φ-invariant framework. The framework is infinitesimally Φ-rigid
at 𝑥 if and only if the dimension of the differential’s kernel equals the dimension of the
space of trivial motions:

dim ( ker(𝑑ℎ|𝑥 )) = dim (Im(𝑑Φ𝑥 |𝑒)). (51)

Proof. By definition, infinitesimalΦ-rigidity holds if and only if ker(𝑑ℎ|𝑥 ) = Im(𝑑Φ𝑥 |𝑒).

The necessary condition ( ⟹ ) is trivial: if the two vector spaces are identical, their
dimensions must be equal.

For the sufficient condition ( ⟸ ), we exploit the Φ-invariance of the measurement
function ℎ. By the Infinitesimal Orbit-Kernel Inclusion Lemma, we have the guaran-
teed subspace inclusion:

Im(𝑑Φ𝑥 |𝑒) ⊆ ker(𝑑ℎ|𝑥 ).

From fundamental linear algebra, if a finite-dimensional subspace is containedwithin
another and they share the exact same dimension, the two spaces must coincide en-
tirely. Therefore, the assumption dim(ker(𝑑ℎ|𝑥 )) = dim(Im(𝑑Φ𝑥 |𝑒)) directly forces
the exact set equality ker(𝑑ℎ|𝑥 ) = Im(𝑑Φ𝑥 |𝑒), satisfying the definition of infinitesi-
mal rigidity.

Definition 2.17 (Ordered Smooth Framework Family over 𝐴). Consider a subset 𝐴
of the agent space manifold ̄𝒟 . We define the ordered smooth 𝐴-framework as:

(𝒢 , 𝐴, ℎ) = {(𝒢 , 𝑥, ℎ) ∣ 𝑥 ∈ 𝐴} (52)

Definition 2.18 (Infinitesimal Φ-rigidity of Ordered Smooth Framework Family
over 𝐴). Let (𝒢 , 𝐴, ℎ) be a smooth framework family over a subset 𝐴 ⊆ ̄𝒟 . We
say that the family is infinitesimally Φ-rigid if, for every configuration 𝑥 ∈ 𝐴, the
individual framework (𝒢 , 𝑥, ℎ) is infinitesimally Φ-rigid.

2.4.2 Local Coordinate

To translate the infinitesimal properties of the measurement map ℎ ∶ 𝒟 → ℳ into
a computable algebraic framework, we transition from coordinate-free geometry to
local representations.

Given a configuration 𝑥 ∈ 𝒟 , let 𝒰𝑥 ⊂ 𝒟 be an open neighborhood containing 𝑥 .
We introduce a smooth local coordinate chart 𝜙 ∶ 𝒰𝑥 → ℝ𝑛𝑑 , where 𝑛𝑑 = dim(𝒟).
This chart provides the local state coordinates 𝑞 = 𝜙(𝑥).

Similarly, for the corresponding sensory output 𝑦 = ℎ(𝑥) ∈ ℳ, we consider an open
neighborhood 𝒱𝑦 ⊂ ℳ containing 𝑦 and introduce a smooth coordinate chart 𝜓 ∶
𝒱𝑦 → ℝ𝑚, where 𝑚 = dim(ℳ). This yields the local output coordinates 𝑝 = 𝜓(𝑦).
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By employing these local maps, the abstract measurement map ℎ can be expressed in
local coordinates as a function ℎ̂ ∶ ℝ𝑛𝑑 → ℝ𝑚, defined by the composition:

𝑝 = ℎ̂(𝑞) = (𝜓 ∘ ℎ ∘ 𝜙−1) (𝑞). (53)

Unlike the original map ℎ acting between smooth manifolds, its local representation ℎ̂
operates entirelywithin Euclidean spaces. This allows us to compute its local Jacobian
matrix, leading to the computational local counterpart of the rigidity differential.

Definition 2.19 (Φ-Rigidity Matrix). Let Γ = (𝒢 , 𝑥, ℎ) be a smooth framework de-
fined on an 𝑛𝑑 -dimensional state manifold 𝒟 and an 𝑚-dimensional measurement
manifold ℳ.

Let 𝜙 ∶ 𝒰 → 𝒰̃ ⊆ ℝ𝑛𝑑 be a local coordinate chart defined on an open neighborhood
𝒰 ⊆ 𝒟 containing 𝑥 , and let 𝜓 ∶ 𝒱 → ̃𝒱 ⊆ ℝ𝑚 be a local coordinate chart defined
on an open neighborhood 𝒱 ⊆ ℳ containing ℎ(𝑥).

Given the local coordinate representation of the measurement map ℎ̂ = 𝜓 ∘ ℎ ∘ 𝜙−1 ∶
𝒰̃ → ̃𝒱 , the rigidity matrix of the framework at the configuration 𝑥 , denoted by
𝑅(𝑥) ∈ ℝ𝑚×𝑛𝑑 , is defined as the differential of ℎ̂ evaluated at the numerical coordinate
state 𝑞 = 𝜙(𝑥):

𝑅(𝑥) ∶= 𝑑ℎ̂|𝜙(𝑥) =
𝜕ℎ̂(𝑞)
𝜕𝑞

|
𝑞=𝜙(𝑥)

. (54)

Algebraically, the rigidity matrix 𝑅(𝑥) is the unique matrix representation of the
coordinate-free rigidity differential 𝑑ℎ|𝑥 ∶ 𝑇𝑥𝒟 → 𝑇ℎ(𝑥)ℳ, constructed with respect
to the chosen bases of the local Euclidean spaces.

Because the local coordinate charts 𝜙 and 𝜓 are smooth diffeomorphisms, their re-
spective differentials 𝑑𝜙|𝑥 and 𝑑𝜓 |ℎ(𝑥) act as linear isomorphisms. From a purely dif-
ferential geometry perspective, these isomorphisms inherently preserve all algebraic
properties of the abstract differential 𝑑ℎ|𝑥 , such as subspace inclusions and kernel di-
mensions. Consequently, the infinitesimal properties derived in the coordinate-free
framework map directly to the rigidity matrix 𝑅(𝑥).

Nevertheless, although mathematically redundant, the explicit algebraic translation
of these conditions is deliberately reported in this section. This is done for the sake
of clarity and completeness, as the entirety of the computational framework relies
strictly on these local matrix representations.

Proposition 2.11 (Local Coordinate Set Condition for Infinitesimal Φ-Rigidity). Let
Γ = (𝒢 , 𝑥, ℎ) be a measurement Φ-invariant framework defined on a state manifold
𝒟 .

Let 𝜙 ∶ 𝒰 → 𝒰̃ ⊆ ℝ𝑛𝑑 be a local coordinate chart defined on an open neighborhood
𝒰 ⊆ 𝒟 containing 𝑥 , and let 𝜓 ∶ 𝒱 → ̃𝒱 ⊆ ℝ𝑚 be a local coordinate chart defined
on an open neighborhood 𝒱 ⊆ ℳ containing ℎ(𝑥).
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The framework Γ is infinitesimally Φ-rigid at 𝑥 if and only if the numerical null space
ker(𝑅(𝑥)) and the abstract space of trivial motions Im(𝑑Φ𝑥 |𝑒) are strictly equal via the
chart differential 𝑑𝜙|𝑥 :

ker(𝑅(𝑥)) = 𝑑𝜙|𝑥(Im(𝑑Φ𝑥 |𝑒)). (55)

Proof. From the chain rule applied to the local representation ℎ̂ = 𝜓 ∘ ℎ ∘ 𝜙−1, the
rigidity matrix represents the composed differential:

𝑅(𝑥) = 𝑑𝜓 |ℎ(𝑥) ∘ 𝑑ℎ|𝑥 ∘ (𝑑𝜙|𝑥 )−1.

The differentials of the local charts, 𝑑𝜙|𝑥 ∶ 𝑇𝑥𝒟 → ℝ𝑛𝑑 and 𝑑𝜓 |ℎ(𝑥) ∶ 𝑇ℎ(𝑥)ℳ → ℝ𝑚,
are linear isomorphisms by the definition of a smooth chart. Since 𝑑𝜙|𝑥 and 𝑑𝜓 |ℎ(𝑥)
are isomorphisms, they are invertible and their kernels are trivial.

We can explicitly derive the relationship between the null space of the rigiditymatrix
and the kernel of the abstract differential. Let 𝑣 ∈ ℝ𝑛𝑑 be a coordinate vector. By
definition, 𝑣 ∈ ker(𝑅(𝑥)) if and only if 𝑅(𝑥)𝑣 = 0. Expanding the matrix yields:

𝑑𝜓 |ℎ(𝑥)(𝑑ℎ|𝑥((𝑑𝜙|𝑥 )−1(𝑣))) = 0.

Because 𝑑𝜓 |ℎ(𝑥) has a trivial kernel, the inner term must be strictly zero:

𝑑ℎ|𝑥((𝑑𝜙|𝑥 )−1(𝑣)) = 0 ⟺ (𝑑𝜙|𝑥 )−1(𝑣) ∈ ker(𝑑ℎ|𝑥 ).

Applying the isomorphism 𝑑𝜙|𝑥 to both sides yields the strict equality of the mapped
spaces:

ker(𝑅(𝑥)) = 𝑑𝜙|𝑥( ker(𝑑ℎ|𝑥 )). (56)

To evaluate infinitesimal rigidity, we must mathematically compare this local space
ker(𝑅(𝑥)) of infinitesimal motions with the space of trivial motions generated by the
group action, i.e., Im(𝑑Φ𝑥 |𝑒). However, a structural discrepancy arises: the trivial
motions reside in the tangent space Im(𝑑Φ𝑥 |𝑒) ⊆ 𝑇𝑥𝒟 , whereas the null space of the
rigidity matrix resides in the coordinate space ker(𝑅(𝑥)) ⊆ ℝ𝑛𝑑 .

Since 𝜙 is a smooth local diffeomorphism, 𝑑𝜙|𝑥 represents the unique linear isomor-
phism that maps every abstract velocity vector directly to its corresponding numeri-
cal coordinate vector in ℝ𝑛𝑑 . To resolve the discrepancy, we use this isomorphism to
translate the abstract space of trivial motions into the numerical coordinate space,
defining the mapped set 𝑑𝜙|𝑥(Im(𝑑Φ𝑥 |𝑒)).

By definition, the abstract condition for infinitesimal Φ-rigidity requires ker(𝑑ℎ|𝑥 ) =
Im(𝑑Φ𝑥 |𝑒). Applying the linear isomorphism 𝑑𝜙|𝑥 to both sides of this abstract equal-
ity directly yields the local coordinate condition ker(𝑅(𝑥)) = 𝑑𝜙|𝑥(Im(𝑑Φ𝑥 |𝑒)), com-
pleting the proof.

Lemma 2.12 (Local Infinitesimal Orbit-Kernel Inclusion). Let Γ = (𝒢 , 𝑥, ℎ) be a
measurement Φ-invariant framework, and let 𝑅(𝑥) be its associated rigidity matrix
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evaluated in a local coordinate chart 𝜙. The space of abstract trivial motions, when
mapped into the local coordinate space via the chart differential, is always a subspace
of the numerical null space of the rigidity matrix:

𝑑𝜙|𝑥(Im(𝑑Φ𝑥 |𝑒)) ⊆ ker(𝑅(𝑥)). (57)

Proof. By the abstract Infinitesimal Orbit-Kernel Inclusion Lemma, the physical Φ-
invariance of the measurement function guarantees the strict subspace inclusion
Im(𝑑Φ𝑥 |𝑒) ⊆ ker(𝑑ℎ|𝑥 ). Applying the linear isomorphism 𝑑𝜙|𝑥 to both sides of this
inclusion translates the relationship into the Euclidean coordinate space:

𝑑𝜙|𝑥(Im(𝑑Φ𝑥 |𝑒)) ⊆ 𝑑𝜙|𝑥( ker(𝑑ℎ|𝑥 )).

FromEquation (56) in Proposition 2.11, we established that 𝑑𝜙|𝑥( ker(𝑑ℎ|𝑥 )) = ker(𝑅(𝑥)).
Substituting this exact set equality into the right-hand side directly yields the local-
ized inclusion (57), completing the proof.

Proposition 2.13 (Dimensional Condition for Local CoordinateΦ-Infinitesimal Rigid-
ity). Let Γ = (𝒢 , 𝑥, ℎ) be a measurement Φ-invariant framework. The framework is
infinitesimally Φ-rigid at 𝑥 if and only if the numerical null space of the rigidity matrix
and the abstract space of trivial motions share the exact same dimension:

dim ( ker(𝑅(𝑥))) = dim (Im(𝑑Φ𝑥 |𝑒)). (58)

Proof. The necessary condition ( ⟹ ) follows directly from Proposition 2.11. If the
framework is infinitesimally rigid, the mapped trivial motions and the numerical
null space are strictly identical sets in ℝ𝑛𝑑 , implying their dimensions must be equal.

To prove the sufficient condition ( ⟸ ), we rely on the Local Infinitesimal Orbit-
Kernel Inclusion Lemma (Lemma 2.12), which guarantees the structural inclusion:

𝑑𝜙|𝑥(Im(𝑑Φ𝑥 |𝑒)) ⊆ ker(𝑅(𝑥)).

From fundamental linear algebra, if a finite-dimensional subspace is containedwithin
another and they share the exact same dimension, the two spaces must coincide en-
tirely. Therefore, assuming the dimensional equality (58) directly forces the exact
set equality:

ker(𝑅(𝑥)) = 𝑑𝜙|𝑥(Im(𝑑Φ𝑥 |𝑒)).

By Proposition 2.11, this strict set equality constitutes the necessary and sufficient
condition for infinitesimal Φ-rigidity, thereby completing the proof.

Other results can be found in the literature, and their translation into this new gener-
alized framework will be addressed in future work.





3 CHARACTER I ZAT ION OF THE
MEASUREMEN T MAP

Every notion developed in the previous chapter is stated purely in terms of the global
measurement map ℎ and its differential 𝑑ℎ|𝑥 . The measurement function is thus the
central mathematical object of the entire theory.

So far, ℎ has been treated as an unstructured smooth map between two smooth mani-
folds. This abstraction is precisely what allowed the preceding analysis to remain ag-
nostic to specific agent kinematics and sensing modalities, enabling it to handle any
combination of heterogeneity and homogeneity for both agents and measurements.
While treating ℎ as a generic map is sufficient for the theoretical results established,
providing it with an explicit internal structure enables the examination of properties
stemming directly from how a measurement is physically constructed.

3.1 measurement map as a composition of map-
pings

The measurement map ℎ models the sensing network, linking global node configu-
rations to global edge configurations. The measurements considered in the rigidity
framework are inter-agent measurements across the network. By analyzing how this
process works, we can distinguish several independent operations.

Specifically, we characterize the measurement map ℎ by decomposing it into an or-
dered composition of intermediate mappings, each fulfilling a specific role within
the measurement process. This modular approach makes it possible to isolate, an-
alyze, and subsequently modify each stage independently, with the overall system
properties emerging from their composition. Furthermore, this decomposition pro-
vides deeper insights into the mathematical characterization of each stage, which is
especially critical when dealing with heterogeneous agents and mixed-measurement
topologies.

In general, the choice of these composition stages, along with their associated spaces
and mappings, introduces valuable design degrees of freedom in modeling the mea-
surement function, allowing the framework to be tailored to specific application re-
quirements.

37
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3.2 embedding process

The framework built up to this point is, by design, general enough to accommodate
node- and edge-heterogeneous formations. Yet, nothing in it explicitly dictates how
such heterogeneity is actually handled: the mathematical machinery developed so far
leaves this complexity implicitly buried inside the abstract function ℎ.

This abstraction conceals a genuine analytical obstruction. The rigidity relies on a sin-
gle Lie group acting on the whole configuration space𝒟 ; however, there is generally
no canonical group acting jointly on the product space ∏𝑖𝒟𝑖 when the agent mani-
folds 𝒟𝑖 are not all identical. Working with heterogeneous agents poses significant
algebraic and geometric challenges, visible even in the simplest geometric operations.
For instance, computing a relative position via the algebraic difference between the
states of two agents living in Euclidean spaces of different dimensions is undefined.
Therefore, the measurement function must implicitly resolve this discrepancy before
any relative quantity can be evaluated.

One effective method to resolve this complexity consists of embedding all heteroge-
neous quantities into a unified abstract space. This is precisely the approach taken by
Michieletto et al. [23] for heterogeneous bearing rigidity. In their framework, every
agent is lifted into a common ambient manifold (specifically, the Special Euclidean
group 𝑆𝐸(3)) through a padding process.

However, this uniformity comes at a cost. By embedding agents with fewer con-
trollable degrees of freedom into a higher-dimensional space, they acquire abstract
”virtual” degrees of freedom that are not kinematically feasible. To account for these
virtual motions, Michieletto et al. [23] construct the rigidity matrix in the common
6𝑛-dimensional tangent space and insert two selection matrices, U and V, into its
translational and rotational blocks, respectively, to zero out exactly the directions a
restricted agent cannot actuate. Both matrices are tailored to each agent’s domain on
a case-by-case basis.

The construction pursued in this work can be interpreted as a rigorous generalization
of this mechanism. Rather than inserting selection matrices directly into the differ-
ential of the measurement function and verifying them case by case, we make the
correspondence between an agent’s actual physical state and its common-space rep-
resentation explicitly structural. We achieve this through a formal geometric embed-
ding, paired with its left-inverse retraction. In this formulation, the selection matrices
U and V coincide exactly with the Jacobian of the embedding, restricted respectively
to the translational and rotational components.

To adapt this concept to general hybrid networks, where both agent states and mea-
surements can be heterogeneous, we introduce tailored embedding-retraction pairs
for the respective agent and measurement spaces.
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Definition 3.1 (Smooth Embedding). Let ℳ and 𝒩 be smooth manifolds, with
dim(ℳ) ≤ dim(𝒩 ). A smooth map 𝜄 ∶ ℳ → 𝒩 is called a smooth embedding if it
satisfies the following two properties:

1. It is an immersion, meaning that its differential 𝑑𝜄|𝑥 ∶ 𝑇𝑥ℳ → 𝑇𝜄(𝑥)𝒩 is
injective for all 𝑥 ∈ ℳ.

2. It is a topological embedding, meaning it is a homeomorphism between ℳ
and its image 𝜄(ℳ) ⊆ 𝒩 , where 𝜄(ℳ) is equipped with the subspace topology
induced from 𝒩 .

Definition 3.2 (Right Inverse). Let 𝑋 and 𝑌 be sets, and let 𝑓 ∶ 𝑋 → 𝑌 be a map. A
map ℎ ∶ 𝑌 → 𝑋 is called a right inverse of 𝑓 if their composition satisfies:

𝑓 (ℎ(𝑦)) = 𝑦, ∀𝑦 ∈ 𝑌 . (1)

Equivalently, this can be denoted as 𝑓 ∘ ℎ = Id𝑌 , where Id𝑌 is the identity map on
the set 𝑌 .

The existence of a right inverse guarantees that the original map 𝑓 is surjective.

Definition 3.3 (Left Inverse). Let 𝑋 and 𝑌 be sets, and let 𝑓 ∶ 𝑋 → 𝑌 be a map. A
map 𝑔 ∶ 𝑌 → 𝑋 is called a left inverse of 𝑓 if their composition satisfies:

𝑔(𝑓 (𝑥)) = 𝑥, ∀𝑥 ∈ 𝑋 . (2)

Equivalently, this can be denoted as 𝑔 ∘ 𝑓 = Id𝑋 , where Id𝑋 is the identity map on
the set 𝑋 .

The existence of a left inverse guarantees that the original map 𝑓 is injective.

In the context of category theory and abstract algebra, a right inverse of a morphism
is formally called a section, and a left inverse of a morphism is called a retraction.

Remark 3.1. It is worth noting a terminological distinction regarding the word retrac-
tion. In topology, however, a retraction has a strictly different meaning: it denotes a
continuous map from a space onto a subspace that leaves all points of the subspace
fixed.

In the following, to align with the algebraic structures, mappings, and commutative
diagrams employed in this framework, we adopt the categorical nomenclature. We
use the term retraction to indicate a smooth left inverse, and more specifically, the
smooth left inverse of a given embedding.

Consequently, by an embedding-retraction pair (𝜄, 𝜌), we strictly denote a tuple
consisting of a smooth embedding 𝜄 ∶ ℳ → 𝒩 and its corresponding smooth left-
inverse 𝜌 ∶ 𝒩 → ℳ. These mappings are structurally coupled by the relation:

𝜌 ∘ 𝜄 = Idℳ . (3)
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This algebraic coupling explicitly highlights a fundamental symmetry: just as 𝜌 acts
as the left-inverse of 𝜄 (making it the categorical retraction), 𝜄 simultaneously acts as
the right-inverse of 𝜌 (serving as its corresponding section).

Geometrically, this dual perspective is extremely powerful: while the left-inverse
property guarantees that 𝜄 is injective (ensuring no kinematic information is lost dur-
ing the embedding), the right-inverse property guarantees that the retraction 𝜌 is
surjective onto ℳ. This ensures that every valid physical state of the agent can be
perfectly recovered when projecting back from the abstract ambient space.

This formulation provides a rigorous formal link between the framework expressed
in the original space and its counterpart in the embedded space, enabling seamless
transitions between the two representations. Consequently, the rigidity matrix of the
system can be constructed in the embedded space, where computations aremathemat-
ically tractable due to spatial homogeneity, and then mapped back into the original
spaces.

The framework provides the degree of freedom to choose the appropriate space and
mapping at every stage of the pipeline. In particular, this flexibility allows for the
selection of the most suitable embedded state space for the agents. While 𝑆𝐸(3) is
a natural universal choice for the ambient space, lifting every agent into six dimen-
sions is not always physically necessary and can introduce redundant variables and
unnecessary computational overhead. By treating the embedding target as a design
parameter, the ambient space can be scaled exactly towhat a given formation requires,
ranging from aminimal manifold sufficient for a specific task to amaximal, redundant
representation.

Since ℎ decomposes into a sequence of elementary stages, these pairings are car-
ried out at every intermediate stage of the decomposition rather than solely at its
endpoints, utilizing distinct pairs specifically adapted to the manifolds involved at
each level. This stage-by-stage structural coupling naturally gives rise to an intercon-
nected commutative diagram, providing a rigorous formal link between the original
and embedded representations.

Crucially, because the choice of spaces acts as a design degree of freedom at every
stage of the modeling chain, neither dimensional uniformity nor a fixed structural
characterization is globally enforced across the pipeline. Consequently, when com-
paring alternative pipeline realizations, the functions that link them can be any pair
consisting of a function and its left inverse properly chosen. This means that, in
general, there is no requirement for them to be consistently coupled by embedding-
retraction pairs in the same orientation, as they may feature an identical or inverted
pair order. This fundamental flexibility in defining intermediate spaces implies that
distinct pipelines may operate across entirely disparate ambient manifolds at corre-
sponding stages.

Beyond dimensional adjustments, relying on standard informationless padding as an
embedding strategy is often insufficient to handle the full complexity of system het-
erogeneity. To properly characterize the state of the agents within a common homo-
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geneous space, the embedding process must introduce external information, utiliz-
ing both the native state and these extrinsic parameters to formulate the embedded
state.

In classical frameworks, measurement mappings are constrained to depend exclu-
sively on the complete interacting agents’ internal states, imposing a structural limita-
tion when dealing with interactions across disparate manifolds. The proposed frame-
work overcomes this by integrating external information to properly characterize the
agents’ embedded states. By strategically defining this embedded space, the frame-
work enables generalized measurements that can utilize an agent’s full kinematic
state, isolate a specific subset of it, or incorporate external parameters beyond the
agent’s native state.

Ultimately, the inclusion of external variables provides a comprehensive characteri-
zation of the embedding processes required for heterogeneous MAS and introduces
a novel paradigm for robustness analysis. This formulation suggests that extrinsic
parameters can be incorporated into the rigidity analysis in the exact same manner
as the agents’ intrinsic variables, allowing the framework to accommodate both static
perturbations and the active dynamics of external elements.

As briefly mentioned so far, and as will be further investigated in the following, the
pipeline realizations and the mappings between their spaces exhibit a strong commu-
tative structure. This powerful feature enables us to explain how the measurement
function works, how it implicitly handles the embedding operation, and how extrin-
sic parameters are introduced into the formulation. Furthermore, the stage-by-stage
decomposition allows us to precisely isolate the specific components, highlighting
how each step operates and how their structure drives the adaptation process. Ul-
timately, this characterization provides a deeper understanding of the measurement
functions.

3.3 characterization via category theory

The structural abstraction and inherent commutativity of the system’s mapping
pipelines naturally motivate the use of category theory. It provides a rigorous math-
ematical language for expressing and guaranteeing relations across different model
representations. Concretely, we define a base category encoding the high-level struc-
ture of the measurement process and translate it into smooth manifolds via functors
to properly describe the MAS.

The categorical pipeline developed below is built around themeasurement types most
commonly treated in the literature. This approach yields three primary functorial
realizations:

• A Kinematic Functor, modeling native agent states and idealized measure-
ments without dimensional embedding.
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• AnAugmented Functor, serving as an intermediate, generally heterogeneous
layer that incorporates native kinematics and extrinsic parameters. This real-
ization allow to highlighting how the parameters enter into embedding process.

• An Embedded Functor, modeling the uniform ambient spaces into which pa-
rameterized agents and measurements are mapped.

Accommodating different measurements that remain compatible with the measure-
ment model provided by the base category requires only specifying a new functorial
realization, bypassing the need to re-derive the downstream rigidity machinery. This
simply entails defining the objects and morphisms over the existing base category.
Conversely, if a new measurement type does not fit the established model, or if we
want to consider a richer or simpler measurement process to highlight different as-
pects, the base category itself must be adapted. It can be expanded with new objects
and morphisms, simplified by removing unnecessary stages, or constructed entirely
from scratch.

While this work focuses on these three specific functors to establish the general
paradigm, the framework remains highly modular. Depending on task requirements,
one can generate as many realizations as desired to describe different system proper-
ties and connect them through natural transformations.

To formalize this structure, classical measurement models are decomposed into four
core stages:

(i) incorporating the graph topology dictating agent interactions;

(ii) filtering the state subset relevant to the task;

(iii) applying geometric operators to evaluate relative spatial configurations; and

(iv) computing the final measurements.

We first define the base category 𝒞 . Subsequently, we present the three geometric re-
alizations of increasing structural complexity (namely the kinematic, augmented, and
embedded realization introduced previously), alongside the natural transformations
that interrelate them.

3.4 the base category 𝒞

The measurement operation can be modeled by a single structural category that cap-
tures the abstract architecture of the network’s measurement chain. The purpose of
this category is to encode the structural dependencies between the different stages of
the measurement process while remaining completely agnostic to the specific math-
ematical realization of the spaces involved.
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To this end, we first introduce a directed quiver containing the formal objects and gen-
erating morphisms of the measurement pipeline. The corresponding base category is
then defined as the free category generated by this quiver.

Definition 3.4 (Generating Quiver). Let 𝑄 be the directed quiver associated with
the abstract measurement pipeline. Its objects are

Ob(𝑄) = {𝕍, 𝔼, 𝕋, 𝕆,𝕄} ,

where each object represents a formal stage of the measurement architecture:

• 𝕍 (Node Space): the abstract domain representing the localized information
associated with an individual agent. It serves as a generic placeholder for
node-level information.

• 𝔼 (Edge Space): the abstract domain representing the relational information
associated with interacting pairs of agents, as determined by the underlying
network topology.

• 𝕋 (Task Edge Space): the abstract domain containing the subset of relational
information that is relevant for the cooperative task or for the subsequent
measurement operation.

• 𝕆 (Observation Space): the abstract domain representing the relative obser-
vation generated from the task-relevant edge information.

• 𝕄 (Measurement Space): the terminal abstract domain representing the out-
put of the measurement pipeline.

The generating arrows of 𝑄 are

Gen(𝑄) = {𝜎, 𝜇, 𝛾 , Δ, 𝜂} ,

with source and target assignments

𝜎 ∶ 𝕍 ⟶ 𝔼, 𝜇 ∶ 𝔼 ⟶ 𝕍,

𝛾 ∶ 𝔼 ⟶ 𝕋, Δ ∶ 𝕋 ⟶ 𝕆, 𝜂 ∶ 𝕆 ⟶ 𝕄.

The resulting quiver is

𝕍 𝔼 𝕋 𝕆 𝕄.
𝜎

𝜇

𝛾 Δ 𝜂

The generating arrows have the following structural interpretation:

𝜎 ∶ 𝕍 → 𝔼 (distribution map): a structural operation that propagates local-
ized node-level information into the relational edge domain according to the
underlying network incidence structure.
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𝜇 ∶ 𝔼 → 𝕍 (aggregation map): a structural feedback operation that aggregates
relational information back into the localized node domain.

𝛾 ∶ 𝔼 → 𝕋 (task filtration map): a structural operation that retains the por-
tion of the edge-level information required by the cooperative task or mea-
surement model.

Δ ∶ 𝕋 → 𝕆 (edge observation map): a structural operation that transforms
the task-relevant relational information into an abstract relative observation.

𝜂 ∶ 𝕆 → 𝕄 (measurement map): a structural operation that transforms the
abstract relative observation into the final abstract measurement output.

Definition 3.5 (Base Category 𝒞 ). The Base Category 𝒞 is defined as the free
category generated by the quiver 𝑄:

𝒞 ∶= Free(𝑄).

The objects of 𝒞 are the objects of 𝑄,

Ob(𝒞 ) = {𝕍, 𝔼, 𝕋, 𝕆,𝕄} ,

while its morphisms are all finite composable paths in 𝑄, together with the identity
morphisms.

More explicitly, for any two objects 𝑋, 𝑌 ∈ Ob(𝒞 ), the hom-set

Hom𝒞 (𝑋 , 𝑌 )

consists of all finite paths from 𝑋 to 𝑌 constructed from the generating arrows of 𝑄,
together with the identity morphism id𝑋 when 𝑋 = 𝑌 .

Composition in 𝒞 is given by concatenation of composable paths and is therefore
associative by construction. The identity morphisms are the paths of length zero.

Consequently, 𝒞 is a well-defined category whose structure is determined entirely
by the abstract architecture of the measurement pipeline.

At this level, no object within the quiver 𝑄 or its induced base category 𝒞 is assigned
a particular mathematical realization. They should be interpreted as formal categor-
ical objects, rather than as explicitly realized sets or manifolds. In particular, the
label ”Space” is used solely to emphasize their semantic role within the measurement
pipeline and does not impose any intrinsic geometric structure. Thus, no dimension,
coordinate system, algebraic operation, topology, differentiable structure, or metric
is specified at the level of 𝒞 . Likewise, the generating arrows within the quiver 𝑄
and the resulting morphisms in its induced base category 𝒞 are regarded strictly as
formal categorical morphisms; they are not yet interpreted as functions between spe-
cific sets or as smooth maps between manifolds. The concrete mathematical meaning
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of every element within the category is established only once a realization functor is
chosen.

3.4.1 The Abstract Global Measurement Morphism

Because 𝒞 is a category, the generating morphisms can be composed whenever the
target of the first matches the source of the second. In particular, the forward mea-
surement pipeline determines the composite morphism

ℳ = 𝜂 ∘ Δ ∘ 𝛾 ∘ 𝜎 ∶ 𝕍 ⟶ 𝕄

This morphism is an element of the hom-set

ℳ ∈ Hom𝒞 (𝕍,𝕄)

and represents the abstract measurement pipeline.

Importantly, ℳ is defined entirely within the base category and therefore does not
depend on any particular choice of coordinates, dimension, manifold, or physical re-
alization.

3.4.2 Geometric Realization of the Base Category

Once the abstract measurement architecture has been established, a specific geomet-
ric model can be introduced through a covariant functor

ℱ ∶ 𝒞 ⟶ Man

where Man is the category of smooth manifolds.

The functor assigns to each formal object 𝑋 ∈ Ob(𝒞 ) a smooth manifold

𝑋 ⟼ ℱ (𝑋),

and to each abstract morphism 𝑓 ∶ 𝑋 → 𝑌 a smooth map

𝑓 ⟼ ℱ (𝑓 ) ∶ ℱ (𝑋) ⟶ ℱ (𝑌).

In particular, the generating morphisms are realized as

ℱ (𝜎) = 𝜎ℱ , ℱ (𝜇) = 𝜇ℱ , ℱ (𝛾 ) = 𝛾ℱ ,

ℱ (Δ) = Δℱ , ℱ (𝜂) = 𝜂ℱ .
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Since ℱ is a functor, it preserves identities and composition. Therefore,

ℱ (ℳ) = ℱ (𝜂 ∘ Δ ∘ 𝛾 ∘ 𝜎)

satisfies
ℱ (ℳ) = ℱ (𝜂) ∘ ℱ (Δ) ∘ ℱ (𝛾) ∘ ℱ (𝜎)

Thus, for every realization functor compatible with the considered MAS, the abstract
categorical measurement pipeline is preserved under the realization.

This relization mechanism bridges allow to instatiate the abstract category into a
concrete realization that describe the physical reality in analysis.

The construction provides the fundamental separation

Abstract measurement architecture
ℱ
⟶ Concrete geometric realization.

Different choices ofℱ therefore yield different geometric realizations of the same un-
derlyingmeasurement structure, while the abstract category𝒞 remains unchanged.

Consequently, by tailoring the specific representation of these objects and their as-
sociated morphisms, one can construct multiple distinct functors, each providing a
unique mathematical perspective on the same physical reality. Therefore, the choice
of realization space andmorphism becomes a strategic decision and a design degree of
freedom, deliberately leveraged to highlight specific characteristics of the system.

It is important to note that the abstract category𝒞 admits multiple possible geometric
realizations. However, not every realization is compatible with the physical and sens-
ing structure of a given MAS. Only those realization functors whose assigned man-
ifolds and smooth maps are consistent with the specific system architecture, agent
states, communication topology, and available measurements provide a valid repre-
sentation of the corresponding MAS. Therefore, for the remainder of this analysis, we
fix the specific MAS and sensing network under consideration and restrict attention
to realization functors that are compatible with this fixed system.

This restriction is adopted because our primary objective is to characterize the mea-
surement function associated with a fixed MAS and sensing framework. If a different
system is considered, the corresponding system-specific realization must be specified
accordingly to differentiate them. This ensures that distinct architectures can be com-
pared and interrelated without ambiguity. In other words, the proposed formulation
must be properly adapted to accommodate different MAS realization.

In this study, we consider the following functors, which were selected as the primary
tools to establish a logical baseline.

• The Kinematic Functor (ℱ𝑘𝑖𝑛)
The agent space realization and the measurement space realization coincide
with the original heterogeneous agent and measurement spaces. The spaces in
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the intermediate stages are built in order to properly bridge both, following the
instructions of the base category.

ℱ𝑘𝑖𝑛(𝕍) ℱ𝑘𝑖𝑛(𝔼) ℱ𝑘𝑖𝑛(𝕋) ℱ𝑘𝑖𝑛(𝕆) ℱ𝑘𝑖𝑛(𝕄)
ℱ𝑘𝑖𝑛(𝜎)=𝜎𝑘𝑖𝑛

ℱ𝑘𝑖𝑛(𝜇)=𝜇𝑘𝑖𝑛

ℱ𝑘𝑖𝑛(𝛾 )=𝛾𝑘𝑖𝑛 ℱ𝑘𝑖𝑛(Δ)=Δ𝑘𝑖𝑛 ℱ𝑘𝑖𝑛(𝜂)=𝜂𝑘𝑖𝑛

(4)

The realization of the measurement function via this functor is:

h𝑘𝑖𝑛 = ℱ𝑘𝑖𝑛(ℳ) (5)
= ℱ𝑘𝑖𝑛(𝜂 ∘ Δ ∘ 𝛾 ∘ 𝜎) (6)
= ℱ𝑘𝑖𝑛(𝜂) ∘ ℱ𝑘𝑖𝑛(Δ) ∘ ℱ𝑘𝑖𝑛(𝛾 ) ∘ ℱ𝑘𝑖𝑛(𝜎) (7)
= 𝜂𝑘𝑖𝑛 ∘ Δ𝑘𝑖𝑛 ∘ 𝛾𝑘𝑖𝑛 ∘ 𝜎𝑘𝑖𝑛 ∶ ℱ𝑘𝑖𝑛(𝕍) → ℱ𝑘𝑖𝑛(𝕄) (8)

For example, one possible kinematic realization is:

∏𝑛
𝑖=1𝒟𝑖 ∏𝑚

𝑘=1𝒟𝑠(𝑒𝑘) × 𝒟𝑡(𝑒𝑘) ∏𝑚
𝑘=1𝒯𝑠(𝑒𝑘) × 𝒯𝑡(𝑒𝑘) ∏𝑚

𝑘=1 𝒪𝑘 ∏𝑚
𝑘=1ℳ𝑘

𝜎𝑘𝑖𝑛

𝜇𝑘𝑖𝑛

𝛾𝑘𝑖𝑛 Δ𝑘𝑖𝑛 𝜂𝑘𝑖𝑛

(9)

where 𝑠, 𝑡 ∶ ℰ → 𝒱 denote the source and target maps, assigning each edge to
its respective source and target nodes.

• The Augmented Functor (ℱ𝑎𝑢𝑔)
The agent space realization consists of an augmented state that combines the
kinematic state with the information useful to fully characterize the measure-
ment. In this case, since all the parameters are incorporated into the agent
state, one can choose to retain the original measurement space. The spaces in
the intermediate stages are built in order to properly bridge both, following the
instructions of the base category. Note that in this case, we still have structural
heterogeneity across the spaces.

ℱ𝑎𝑢𝑔(𝕍) ℱ𝑎𝑢𝑔(𝔼) ℱ𝑎𝑢𝑔(𝕋) ℱ𝑎𝑢𝑔(𝕆) ℱ𝑎𝑢𝑔(𝕄)
ℱ𝑎𝑢𝑔(𝜎)=𝜎𝑎𝑢𝑔

ℱ𝑎𝑢𝑔(𝜇)=𝜇𝑎𝑢𝑔

ℱ𝑎𝑢𝑔(𝛾 )=𝛾𝑎𝑢𝑔 ℱ𝑎𝑢𝑔(Δ)=Δ𝑎𝑢𝑔 ℱ𝑎𝑢𝑔(𝜂)=𝜂𝑎𝑢𝑔

(10)

The realization of the measurement function via this functor is:

h𝑎𝑢𝑔 = ℱ𝑎𝑢𝑔(ℳ) (11)

= ℱ𝑎𝑢𝑔(𝜂) ∘ ℱ𝑎𝑢𝑔(Δ) ∘ ℱ𝑎𝑢𝑔(𝛾 ) ∘ ℱ𝑎𝑢𝑔(𝜎) (12)

= 𝜂𝑎𝑢𝑔 ∘ Δ𝑎𝑢𝑔 ∘ 𝛾𝑎𝑢𝑔 ∘ 𝜎𝑎𝑢𝑔 ∶ ℱ𝑎𝑢𝑔(𝕍) → ℱ𝑎𝑢𝑔(𝕄) (13)
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Following this definition, one possible augmented realization is:

∏𝑛
𝑖=1𝒫𝑖 ∏𝑚

𝑘=1𝒫𝑠(𝑒𝑘) × 𝒫𝑡(𝑒𝑘) ∏𝑚
𝑘=1𝒯

𝑎𝑢𝑔
𝑠(𝑒𝑘)

× 𝒯 𝑎𝑢𝑔
𝑡(𝑒𝑘)

∏𝑚
𝑘=1 𝒪𝑘 ∏𝑚

𝑘=1ℳ𝑘

𝜎𝑎𝑢𝑔

𝜇𝑎𝑢𝑔

𝛾𝑎𝑢𝑔 Δ𝑎𝑢𝑔 𝜂𝑎𝑢𝑔

(14)

where 𝒫𝑖 = (𝒟𝑖 ×Θ𝑖) denotes the augmented state space of the 𝑖-th agent, seam-
lessly combining its base kinematic space with any external parameters associ-
ated with it.

• The Embedded Functor (ℱ𝑒𝑚𝑏)
All the stages of the measurement function consist of homogeneous spaces,
always strictly following the instructions of the base category.

ℱ𝑒𝑚𝑏(𝕍) ℱ𝑒𝑚𝑏(𝔼) ℱ𝑒𝑚𝑏(𝕋) ℱ𝑒𝑚𝑏(𝕆) ℱ𝑒𝑚𝑏(𝕄)
ℱ𝑒𝑚𝑏(𝜎)=𝜎𝑒𝑚𝑏

ℱ𝑒𝑚𝑏(𝜇)=𝜇𝑒𝑚𝑏

ℱ𝑒𝑚𝑏(𝛾 )=𝛾𝑒𝑚𝑏 ℱ𝑒𝑚𝑏(Δ)=Δ𝑒𝑚𝑏 ℱ𝑒𝑚𝑏(𝜂)=𝜂𝑒𝑚𝑏

(15)

The realization of the measurement function via this functor is:

h𝑒𝑚𝑏 = ℱ𝑒𝑚𝑏(ℳ) (16)
= ℱ𝑒𝑚𝑏(𝜂) ∘ ℱ𝑒𝑚𝑏(Δ) ∘ ℱ𝑒𝑚𝑏(𝛾 ) ∘ ℱ𝑒𝑚𝑏(𝜎) (17)
= 𝜂𝑒𝑚𝑏 ∘ Δ𝑒𝑚𝑏 ∘ 𝛾𝑒𝑚𝑏 ∘ 𝜎𝑒𝑚𝑏 ∶ ℱ𝑒𝑚𝑏(𝕍) → ℱ𝑒𝑚𝑏(𝕄) (18)

For example, by embedding the agents into the Special Euclidean group 𝑆𝐸(3),
one possible entirely homogeneous realization is:

𝑆𝐸(3)𝑛 (𝑆𝐸(3) × 𝑆𝐸(3))𝑚 (𝑆𝐸(3) × 𝑆𝐸(3))𝑚 (𝑆𝐸(3))𝑚 (ℳ𝑒𝑚𝑏)𝑚
𝜎𝑒𝑚𝑏

𝜇𝑒𝑚𝑏

𝛾𝑒𝑚𝑏 Δ𝑒𝑚𝑏 𝜂𝑒𝑚𝑏

(19)

In this scenario, the augmented functor is designed to encapsulate the native state and
the external information necessary to fully characterize the subsequent embedding
into a common space. The embedding operation leverages this augemented state and
introduces informationless padding to rigorously homogenize the state spaces.

Remark 3.2. Neither ℱ𝑎𝑢𝑔 nor ℱ𝑒𝑚𝑏 is a strict prescription; rather, they are flexible
modeling choices. For example one can range beetween:

• Universal/Maximal Embedded Realization: Provides a realization with
spaces large enough to integrate all possible states of a particular class of
agents. For example, in the case of agents operating in a 3D environment,
the state would encompass the full spatial pose described by 𝕊𝔼(3). It serves
as the foundational framework for generalized hybrid rigidity paradigms, en-
abling a unified mathematical treatment of all possible agent configurations
within a specific class of MAS.

• Minimal Embedded Realization: Employs only the minimal set of param-
eters required to fully define the measurements. Correspondingly, it utilizes
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the lowest-dimensional embedding necessary to encompass all heterogeneous
agents in the MAS and rigorously compute the measurement function.

• Task-Driven Realization: Highly optimized for a specific objective. Here,
the parameter set is restricted strictly to what the task demands, and the em-
bedding space is designed to unify agents and measurements while actively
projecting out state components that are irrelevant to the measurement pro-
cess (i.e., unobservable variables).

3.5 natural transformations between functors

In category theory, the rigorous bridge between two parallel functors acting between
the same categories is defined as a natural transformation. Crucially, a natural trans-
formation is not merely a localized mapping between two isolated spaces, but a global
operation that acts systematically across the entire categorical structure. It provides
a structurally consistent connecting morphism for every corresponding object instan-
tiated by the two functors, strictly preserving the commutativity of the internal mor-
phisms involved.

In our framework, we consider three distinct functors: the kinematic functor (ℱ𝑘𝑖𝑛),
the augmented functor (ℱ𝑎𝑢𝑔 ), and the embedded functor (ℱ𝑒𝑚𝑏). To highlight how
the embedding process functions and how extrinsic parameters enter the analytical
pipeline, we establish a strict dimensional hierarchy across the associated spaces. The
hierarchy begins with the kinematic functor, which strictly captures the pure kine-
matic state of the system. This naturally progresses to the augmented functor, which
incorporates the external parameters required to rigorously characterize the embed-
ding in the common abstract space of agents and measurements. Finally, the embed-
ded functor leverages this augmented state, introducing informationless padding to
fully homogenize the ambient space.

Consistent with this description, we assume that all objects of the kinematic func-
tor have dimensions less than or equal to those of the augmented functor, and that
all objects of the augmented functor have dimensions less than or equal to those of
the embedded functor. Consequently, the embedding-retraction pairs between the
objects of any two realization functions in analysis maintain a consistent directional-
ity

Since the measurement function is defined as a composition of morphisms mirror-
ing the structure of the base category, the objects of different geometric functorial
realizations of the same category can be related through specific transformations.
Whenever these transformations guarantee commutativity, they establish a consis-
tent correspondence between the objects and morphisms of two realization functors,
thus inducing a natural transformation between them. For the purposes of our analy-
sis, we assume that the three functorial realizations under consideration are properly
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constructed, ensuring that the embedding-retraction pairs between their objects form
a valid natural transformation.

More precisely, let ℱ ,𝒢 ∶ 𝒞 ⟶ Man be two functors representing two geometric
realizations of the same base category. A natural transformation 𝛼 ∶ ℱ ⇒ 𝒢 consists
of a family of smooth maps, called the components of 𝛼 ,

𝛼𝑋 ∶ ℱ (𝑋) ⟶ 𝒢(𝑋), ∀𝑋 ∈ Ob(𝒞 ),

such that these maps are compatible with every morphism of the base category. In
particular, for every morphism

𝑓 ∶ 𝑋 ⟶ 𝑌

in 𝒞 , the following naturality condition must hold:

𝒢(𝑓 ) ∘ 𝛼𝑋 = 𝛼𝑌 ∘ ℱ (𝑓 )

Equivalently, the following diagram must commute for every morphism 𝑓 ∶ 𝑋 →
𝑌 :

ℱ (𝑋) ℱ (𝑌 )

𝒢 (𝑋) 𝒢 (𝑌 ).

ℱ (𝑓 )

𝛼𝑋 𝛼𝑌

𝒢(𝑓 )

Thus, a natural transformation does not merely establish independent correspon-
dences between the realized spaces. Rather, it requires these correspondences to be
structurally compatible with all morphisms of 𝒞 .

In the present construction, the transition maps between the selected realizations are
assumed to satisfy this naturality condition together with the prescribed embedding-
retraction structure. In particular, when the component maps are embeddings,

𝛼𝑋 ∶ ℱ (𝑋) ↪ 𝒢(𝑋),

their corresponding retractions

𝛽𝑋 ∶ 𝒢 (𝑋) ⟶ ℱ (𝑋)

are required to satisfy

𝛽𝑋 ∘ 𝛼𝑋 = idℱ (𝑋)
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for every 𝑋 ∈ Ob(𝒞 ).

Under these assumptions, the transition between the two realizations is simultane-
ously a natural transformation and an embedding-retraction structure. The latter
expresses the prescribed relation between the dimensions and information content of
the corresponding realized spaces, while the naturality condition guarantees compat-
ibility of this relation with the measurement architecture encoded by 𝒞 .

Within this structure, the morphisms linking the functor objects dictated by the nat-
ural transformations play a critical role in our work. Indeed, they explain how the
elements of the objects are processed, how parameters enter the measurements, and
how the embedding process is defined.

We formalize the natural transformations between the functors in analysis:

• Kinematic-to-Augmented Natural Realization:

𝜄𝛼 ∶ ℱ𝑘𝑖𝑛 → ℱ𝑎𝑢𝑔

A natural transformation bridging the kinematic baseline with the augemented
realization.

For any abstract object 𝑋 ∈ ob(𝒞 ), the component map

𝜄𝛼,𝑋 ∶ ℱ𝑘𝑖𝑛(𝑋) ↪ ℱ𝑎𝑢𝑔(𝑋)

is an injective embedding that structurally expands the intrinsic state to incor-
porate necessary external parameters.

• Augmented-to-Kinematic Natural Realization:

𝜌𝛼 ∶ ℱ𝑎𝑢𝑔 → ℱ𝑘𝑖𝑛

Anatural transformation acting as the left-inverse to the kinematic-to-augmented
embedding.

For any abstract object 𝑋 ∈ ob(𝒞 ), the component map

𝜌𝛼,𝑋 ∶ ℱ𝑎𝑢𝑔(𝑋) ↠ ℱ𝑘𝑖𝑛(𝑋)

is a surjective retraction that filters out all extra-kinematic parameters, pre-
cisely isolating and recovering the original intrinsic state, acting as the left-
inverse of 𝜄𝛼,𝑋 .

• Augmented-to-Embedded Natural Realization:

𝜄𝜀 ∶ ℱ𝑎𝑢𝑔 → ℱ𝑒𝑚𝑏

A natural transformation managing the resolution of topological heterogeneity
across the network.
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For any abstract object 𝑋 ∈ ob(𝒞 ), the component map

𝜄𝜀,𝑋 ∶ ℱ𝑎𝑢𝑔(𝑋) ↪ ℱ𝑒𝑚𝑏(𝑋)

is an injective embedding that maps the heterogeneous augmented state into
the globally uniform manifold.

• Embedded-to-Augmented Natural Realization:

𝜌𝜀 ∶ ℱ𝑒𝑚𝑏 → ℱ𝑎𝑢𝑔

Anatural transformation acting as the left-inverse to the augmented-to-embedded
embedding.

For any abstract object 𝑋 ∈ ob(𝒞 ), the component map

𝜌𝜀,𝑋 ∶ ℱ𝑒𝑚𝑏(𝑋) ↠ ℱ𝑎𝑢𝑔(𝑋)

is a surjective retraction that mathematically discards the structurally redun-
dant topological padding, recovering the true heterogeneous augmented con-
figuration, acting as the left-inverse of 𝜄𝜀,𝑋 .

Furthermore, a fundamental property of natural transformations is their strict com-
posability. By vertically composing the sequential mappings, we establish direct,
structurally guaranteed bidirectional bridges between the pure kinematic baseline
and the fully homogeneous embedded space:

• CompositeKinematic-to-EmbeddedNatural Realization (Direct Embed-
ding):

𝜄𝜀𝛼 ∶ ℱ𝑘𝑖𝑛 → ℱ𝑒𝑚𝑏

A natural transformation formed by the vertical composition of sequential map-
pings, bridging the pure kinematic baseline with the fully homogeneous embed-
ded space.

For any abstract object 𝑋 ∈ ob(𝒞 ), the component map

𝜄𝜀𝛼,𝑋 = 𝜄𝜀,𝑋 ∘ 𝜄𝛼,𝑋 ∶ ℱ𝑘𝑖𝑛(𝑋) ↪ ℱ𝑒𝑚𝑏(𝑋)

is a composite injective embedding that directlymaps the native kinematic state
into the globally uniform manifold.

• Composite Embedded-to-Kinematic Natural Realization (Direct Retrac-
tion):

𝜌𝛼𝜀 ∶ ℱ𝑒𝑚𝑏 → ℱ𝑘𝑖𝑛

A natural transformation acting as the left-inverse to the composite direct em-
bedding, bypassing intermediate representations.

For any abstract object 𝑋 ∈ ob(𝒞 ), the component map

𝜌𝛼𝜀,𝑋 = 𝜌𝛼,𝑋 ∘ 𝜌𝜀,𝑋 ∶ ℱ𝑒𝑚𝑏(𝑋) ↠ ℱ𝑘𝑖𝑛(𝑋)
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is a composite surjective retraction that projects the redundant global space all
the way down to the bare intrinsic state, simultaneously discarding both the
artificial topological padding and the external parameters, acting as the left-
inverse of 𝜄𝜀𝛼,𝑋 .

By integrating the three functorswith their associated natural transformations and ex-
ploiting their intrinsic commutativity, we derive the commutative diagram presented
in Figure 3.1. This construction holds under the assumption that the embedding-
retraction maps serve as natural transformation components strictly compatible with
the measurement morphisms.

ℱ𝑘𝑖𝑛(𝕍) ℱ𝑘𝑖𝑛(𝔼) ℱ𝑘𝑖𝑛(𝕋) ℱ𝑘𝑖𝑛(𝕆) ℱ𝑘𝑖𝑛(𝕄)

ℱ𝑎𝑢𝑔(𝕍) ℱ𝑎𝑢𝑔(𝔼) ℱ𝑎𝑢𝑔(𝕋) ℱ𝑎𝑢𝑔(𝕆) ℱ𝑎𝑢𝑔(𝕄)

ℱ𝑒𝑚𝑏(𝕍) ℱ𝑒𝑚𝑏(𝔼) ℱ𝑒𝑚𝑏(𝕋) ℱ𝑒𝑚𝑏(𝕆) ℱ𝑒𝑚𝑏(𝕄)

𝜎𝑘𝑖𝑛

𝜄𝛼,𝕍

𝜇𝑘𝑖𝑛

𝛾𝑘𝑖𝑛

𝜄𝛼,𝔼

Δ𝑘𝑖𝑛

𝜄𝛼,𝕋

𝜂𝑘𝑖𝑛

𝜄𝛼,𝕆 𝜄𝛼,𝕄

𝜎𝑎𝑢𝑔

𝜌𝛼,𝕍

𝜄𝜀,𝕍

𝜇𝑎𝑢𝑔

𝛾𝑎𝑢𝑔

𝜌𝛼,𝔼

𝜄𝜀,𝔼

Δ𝑎𝑢𝑔

𝜌𝛼,𝕋

𝜄𝜀,𝕋

𝜂𝑎𝑢𝑔

𝜌𝛼,𝕆

𝜄𝜀,𝕆

𝜌𝛼,𝕄

𝜄𝜀,𝕄

𝜎𝑒𝑚𝑏

𝜌𝜀,𝕍

𝜇𝑒𝑚𝑏

𝛾𝑒𝑚𝑏

𝜌𝜀,𝔼

Δ𝑒𝑚𝑏

𝜌𝜀,𝕋

𝜂𝑒𝑚𝑏

𝜌𝜀,𝕆 𝜌𝜀,𝕄

Figure 3.1: The Commutative Grid

It is important to emphasize that the three realization functors proposed in this work
(ℱ𝑘𝑖𝑛, ℱ𝑎𝑢𝑔 , ℱ𝑒𝑚𝑏) constitute a foundational theoretical baseline. The underlying cat-
egorical framework is inherently flexible: one can instantiate an arbitrary number
of functors, each with its own characteristics such as the choice of manifolds in the
functor realizations, and relate them through any appropriate mapping that are not
restricted to embedding-retraction pairs, which can eventually form natural transfor-
mations.

Consequently, determining which functors to define, how to link them, and exactly
how each object and morphism is mathematically realized becomes a strategic design
choice and a powerful degree of freedom that can be deliberately leveraged to expose
structural behaviors. An interesting example of another possible functor is one that
intentionally filters unobservable or task-irrelevant variables out of the kinematic
state, thereby simplifying the analysis by removing mathematical complications in-
troduced by components irrelevant to the measurement.

However, it is important to recall that we are considering themodeling of a fixedMAS,
and any functor realization must be consistent with this system and the measurement
process imposed by the base category. Furthermore, if one wishes to analyze a dif-
ferent measurement process that cannot be described by the current base category,
one can simply define a new base category, create its corresponding realizations, and
eventually compare the different measurement processes.
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3.6 induced frameworks from functors

The realization functors studied so far, by assumption, describe the same MAS and
sensing network from different points of view. By applying these realization functors,
the abstract base category is concretely instantiated to model the physical system.
This means that the underlying graph can be assumed constant across the different
realizations.

Accordingly, for each specific realization, we can define the corresponding node con-
figuration within its respective agent space. Given a native configuration x𝑘𝑖𝑛 ∈
ℱ𝑘𝑖𝑛(𝕍), the augmented and embedded configurations are recovered by applying the
appropriate component mappings of the natural transformations, yielding:

x𝑎𝑢𝑔 ∶= 𝜄𝛼,𝕍(x𝑘𝑖𝑛), x𝑒𝑚𝑏 ∶= 𝜄𝜀,𝕍(x𝑎𝑢𝑔) = 𝜄𝜀,𝕍(𝜄𝛼,𝕍(x𝑘𝑖𝑛)).

This means that x𝑘𝑖𝑛,x𝑎𝑢𝑔 , and x𝑒𝑚𝑏 are not independent states, but rather a single
physical configuration expressed at three different levels of representation.

The measurements functions induced by the respective functors are formally linked
according to the commutative diagram presented in Figure 3.1, which naturally arises
from these natural transformations. Consequently, the following relations hold:

h𝑎𝑢𝑔 ∘ 𝜄𝛼,𝕍 = 𝜄𝛼,𝕄 ∘ h𝑘𝑖𝑛, (20)

h𝑒𝑚𝑏 ∘ 𝜄𝜀,𝕍 = 𝜄𝜀,𝕄 ∘ h𝑎𝑢𝑔 , (21)

h𝑘𝑖𝑛 ∘ 𝜌𝛼,𝕍 = 𝜌𝛼,𝕄 ∘ h𝑎𝑢𝑔 , (22)

h𝑎𝑢𝑔 ∘ 𝜌𝜀,𝕍 = 𝜌𝜀,𝕄 ∘ h𝑒𝑚𝑏 , (23)

h𝑘𝑖𝑛 = 𝜌𝛼,𝕄 ∘ h𝑎𝑢𝑔 ∘ 𝜄𝛼,𝕍, (24)

h𝑎𝑢𝑔 = 𝜌𝜀,𝕄 ∘ h𝑒𝑚𝑏 ∘ 𝜄𝜀,𝕍. (25)

Once the node configuration and themeasurement function are established in each re-
alization, the associated edge configuration can also be straightforwardly determined.
These elements fully characterize a smooth ordered framework associated with the
realization. Consequently, any two smooth ordered frameworks induced by functo-
rial realizations modeling the same physical reality are formally linked through the
relations established by the natural transformations connecting their underlying func-
tors.

Once these functorial realizations are defined, one can analyze the rigidity of the
induced framework with respect to a specific smooth group action applied to its re-
spective state space. In our specific case, this yields the following representations:

• Kinematic functor ℱ𝑘𝑖𝑛:

– The global node configuration induced byℱ𝑘𝑖𝑛 is denoted asx𝑘𝑖𝑛 ∈ ℱ𝑘𝑖𝑛(𝕍),
representing the true physical states of the agents.
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– The measurement function induced by ℱ𝑘𝑖𝑛 is defined as

h𝑘𝑖𝑛 ∶ ℱ𝑘𝑖𝑛(𝕍) → ℱ𝑘𝑖𝑛(𝕄) (26)

and is characterized in Equation 8, mapping the configuration to the kine-
matic observation space.

– The resulting kinematic framework realization is the ordered smooth frame-
work Γ𝑘𝑖𝑛 = (𝒢 ,x𝑘𝑖𝑛,h𝑘𝑖𝑛).

• Augmented functor ℱ𝑎𝑢𝑔 :

– The global node configuration induced by ℱ𝑎𝑢𝑔 is denoted as x𝑎𝑢𝑔 ∈
ℱ𝑎𝑢𝑔(𝕍), expanding the state space to include auxiliary variables or de-
coupled degrees of freedom.

– The measurement function induced by ℱ𝑎𝑢𝑔 is defined as

h𝑎𝑢𝑔 ∶ ℱ𝑎𝑢𝑔(𝕍) → ℱ𝑎𝑢𝑔(𝕄) (27)

and is characterized in Equation 13, evaluating the measurements within
the augmented domain.

– The resulting augmented framework realization is the ordered smooth
framework Γ𝑎𝑢𝑔 = (𝒢 ,x𝑎𝑢𝑔 ,h𝑎𝑢𝑔).

• Embedded functor ℱ𝑒𝑚𝑏:

– The global node configuration induced by ℱ𝑒𝑚𝑏 is denoted as x𝑒𝑚𝑏 ∈
ℱ𝑒𝑚𝑏(𝕍), embedding the non-Euclideanmanifold coordinates into a higher-
dimensional ambient Euclidean space.

– The measurement function induced by ℱ𝑒𝑚𝑏 is defined as

h𝑒𝑚𝑏 ∶ ℱ𝑒𝑚𝑏(𝕍) → ℱ𝑒𝑚𝑏(𝕄) (28)

and is characterized in Equation 18, formulating the algebraic measure-
ment constraints within the ambient space.

– The resulting embedded framework realization is the ordered smooth frame-
work Γ𝑒𝑚𝑏 = (𝒢 ,x𝑒𝑚𝑏 ,h𝑒𝑚𝑏).

For each of these realizations, defining the group action for each formulation (Φ𝑘𝑖𝑛,
Φ𝑎𝑢𝑔 , andΦ𝑒𝑚𝑏), the rigidity properties of the framework can be analyzed with respect
to a specific smooth group action on its respective state space, naturally inducing
three distinct analytical paradigms:

• Kinematic Φ𝑘𝑖𝑛-rigidity analyzes the rigidity of the native agent configura-
tions, directly assessing the true physical formation of the network.

• AugmentedΦ𝑎𝑢𝑔-rigidity analyzes the rigidity of the state explicitly expanded
with extrinsic parameters.
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• Embedded Φ𝑒𝑚𝑏-rigidity analyzes the rigidity of the fully homogenized space.

These framework realizations are formally linked through the natural transforma-
tions between their respective functors. By virtue of these established relations, the
rigidity matrix of one induced framework can be rigorously mapped to that of an-
other.

Although these three notions of rigidity are mathematically deeply connected thanks
to the natural transformations, they differ profoundly in their physical interpretation,
making it therefore essential to distinguish between abstract mathematical degrees
of freedom and physically realizable motions.

Notably, this methodology is highlymodular: it can be seamlessly extended by adding
or removing intermediate realizations, depending on the specific structural character-
istics one needs to highlight.

3.7 naturally isomorphic functors

In category theory, an isomorphism is defined as a structure-preserving morphism
that is fully reversible via an inverse mapping. The fundamental interest in iso-
morphisms lies in the fact that two isomorphic objects exhibit the exact same struc-
tural characteristics. Consequently, isomorphic structures cannot be distinguished
through their intrinsic properties alone. They are mathematically treated as identical
up to an isomorphism.

Depending on the specific mathematical category under consideration, these pre-
served characteristics take distinct forms, for example:

• Algebraic structures: In vector spaces or groups, an isomorphism is a bijec-
tive homomorphism (or linear map) whose inverse is also a homomorphism.
This mapping rigorously preserves the algebraic structure: mathematical oper-
ations, linear independence, and basis dimensions.

• Topological structures: In topological spaces, an isomorphism (a homeomor-
phism) is a bijective continuous map possessing a continuous inverse. This
specific mapping preserves the topological structure: open sets, spatial conti-
nuity, and global connectedness.

• Differential structures: In differential manifolds, an isomorphism (a diffeo-
morphism) is a bijective smooth map equipped with a smooth inverse. This
specific mapping preserves the differential structure: it ensures that the differ-
ential itself is an isomorphism, which guarantees a rigorous bijective mapping
between tangent spaces.
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• Relational structures: In graph theory and network models, an isomorphism
is a bijection between vertex sets that strictly preserves edge adjacency. This
mapping preserves the relational structure: node connectivity, incidence matri-
ces, and the overall network topology.

• Metric structures: In metric spaces, an isomorphism (an isometry) is a bijec-
tive map that rigorously preserves the metric structure: the exact quantitative
distances between any given pair of points.

When two functors 𝐹 and 𝐺 are linked by a natural isomorphism, namely a natural
transformation in which all maps between corresponding objects are exclusively iso-
morphisms, they are classified as naturally isomorphic functors (denoted as 𝐹 ≅ 𝐺).
This implies that both functors encapsulate and translate the exact same structural
reality into their respective target categories, providing mathematically equivalent
representations up to natural isomorphism.

When utilizing naturally isomorphic functors, every single object in the source cate-
gory is linked to its counterpart via an isomorphism. This establishes commutative
diagrams between the two functors, where the natural isomorphism ensures that ev-
ery associated morphism is perfectly translated.

This dictates that the entire global structures generated by the two functors are iden-
tical up to isomorphism. Consequently, all structural properties are strictly preserved
across the functors. Therefore, if a specific structural property is mathematically in-
tractable under a functor realization 𝐹 , one can simply identify a naturally isomorphic
functor 𝐺 where the property becomes tractable. Once the proof is established in the
domain of 𝐺, the natural isomorphism guarantees that the property remains strictly
valid for the original realization 𝐹 .

Exploiting the induced commutativity between the objects of the isomorphic realiza-
tion functors, we are not constrained to evaluate the entire map composition within
a single monolithic realization. Instead, we can strategically transition between nat-
urally isomorphic functors at different stages of the formulation by gluing them with
the appropriate isomorphisms. By bridging these functorial paths through the maps
induced by the natural isomorphism, one can assemble the measurement function h
by selecting the most analytically or computationally convenient representation for
each specific step of the chain.

We will specifically focus on dfferential structures.

3.8 naturally diffeomorphic functors

In our specific framework, we formally model the physical state spaces of the agents
as smooth manifolds and the associated measurement functions as smooth maps. For
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this reason, we employ realization functors that map from the base category to the cat-
egory of smooth manifolds. Indeed, when operating within this category, the objects
naturally correspond to smoothmanifolds and the morphisms to smoothmappings.

Within this category, an isomorphism explicitly manifests as a diffeomorphism: a
smooth bijection possessing a smooth inverse. By extension, when two functors
mapping to smooth manifolds are connected by a natural isomorphism, every com-
ponent of this transformation is a strict diffeomorphism. We refer to such a natural
isomorphism as a natural diffeomorphism, and to the associated functors as naturally
diffeomorphic functors.

The critical advantage of a diffeomorphism is that, in addition to preserving topolog-
ical properties, it rigorously preserves all differential structures, rendering the mani-
folds diffeomorphically equivalent.

Because the mapping and its inverse are smooth, the associated differential map is an
isomorphism between tangent spaces. Consequently, its local coordinate representa-
tion, the Jacobian matrix, is everywhere invertible (i.e., full rank). This guarantees
that applying a diffeomorphism does not alter the differential properties and char-
acteristics of the system; for instance, the rank of the Jacobian of a map remains
invariant under diffeomorphic transformations.

As a result, when analyzing differential properties (e.g., the infinitesimal rigidity of
the framework), the analysis can be safely and rigorously transferred across diffeo-
morphic spaces.

Note that this is a special case of the isomorphic formulation. Therefore, the previ-
ously explained approach of exploiting commutativity to relate properties and con-
struct an advantageousmeasurement function also holds for this special case, with the
further advantage that differential properties are preserved across diffeomorphisms.

The utility of this definition becomes particularly evident when considering, for ex-
ample, a network of 𝑛 homogeneous agents evolving in 𝑆𝐸(3). The global state space
can be realized via a coupled functor mapping to (ℝ3 × 𝑆𝑂(3))𝑛, or via a naturally
diffeomorphic decoupled functor mapping to ℝ3𝑛 × 𝑆𝑂(3)𝑛. While the coupled form
is intuitive for defining distributed control laws, identifying structural decoupling
is remarkably easier in the decoupled representation, which explicitly segregates all
translational degrees of freedom from the rotational ones. In this decoupled space, the
associated Jacobian matrices naturally assume a block-diagonal or highly structured
form, significantly simplifying the algebraic computation of their rank. By virtue of
the natural diffeomorphism, any topological or differential property proven in the de-
coupled functor space is intrinsically valid for the coupled formulation. This specific
case will be thoroughly investigated in the subsequent section detailing the structure
of the embedded rigidity matrix.
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Building upon the abstract categorical architecture established in the previous chap-
ter, this chapter investigates the algebraic structure of the Rigidity Matrix within the
Maximal Embedded Functor Realization.

We consider a MAS comprising 𝑛 agents and𝑚 edges, which may intrinsically feature
either homogeneous or heterogeneous agents and measurements. Because this chap-
ter specifically investigates the embedded realization of the system, the agent and
measurement spaces are rendered homogeneous, even if the original ones are not.
Consequently, we assume that the embedding process has already been performed,
yielding completely homogeneous agent and measurement spaces across the entire
network.

Our analysis focuses on sensory modalities that capture purely distance, purely bear-
ing, or a combination of both quantities simultaneously. More specifically, we restrict
our scope to agents operating in 3D space; thus, positions reside in a 3-dimensional
Euclidean space (ℝ3) and rotations belong to the Special Orthogonal group (𝕊𝕆(3)).
Consequently, to fully handle this setting, the embedding process must map all agent
states into the Special Euclidean group (𝕊𝔼(3)).

Throughout our formulation, we strictly assume a globally collision-free nominal con-
figuration where no two agents in the system are co-located. Formally, the nominal
relative distance must satisfy ‖p∗𝑖𝑗‖ = ‖p∗𝑗 − p∗𝑖 ‖ > 0 for all agents 𝑖 ≠ 𝑗, and conse-
quently for all valid edges in the network. This fundamental assumption guarantees
that the measurement functions, the relative geometric mappings, and their corre-
sponding analytical Jacobians remain globally well-defined and free of algebraic sin-
gularities.

We model the agents’ embedded configuration space as the Special Euclidean group
𝕊𝔼(3)𝑛. Relying on 𝕊𝔼(3) as the maximal ambient manifold for the individual agents
represents a natural and non-restrictive choice because it constitutes the group of all
rigid-body poses in three-dimensional space.

In general, the choice of intermediate manifolds in the measurement pipeline acts as
a flexible design degree of freedom. However, by choosing to propagate this max-
imal representation across every intermediate stage, we obtain a universally valid
realization functor across the entire class of MASs for distance, bearing, and their
combinations (i.e., mixed measurements).

59



60 embedded rigidity matrices

The use of this maximal functor realization is inherently general, as it can be ap-
plied to any MAS whose agents are embeddable in 𝕊𝔼(3)𝑛 for the measurements ad-
dressed in this chapter. Consequently, the resulting embedded rigidity matrices can
be directly applied to any compatible system without further structural modification.
Furthermore, this approach allows the framework to be easily extended to novel mea-
surement types in the future, preserving the underlying methodology.

The analysis performed within the homogeneous spaces of this maximal embedded
functor realization can be extended to heterogeneous MASs through the definition
of appropriate embedding functions and their corresponding left inverses. As the
subsequent chapter will demonstrate, this allows us to analyze agent rigidity directly
within their diverse native spaces. This yields a powerful methodological approach:
one can always perform the analysis within the abstract common homogeneous space
designed to handle heterogeneity, and subsequently move back to the original spaces.
This yields a powerful methodological approach: one can always perform the analysis
within the abstract common homogeneous space designed to handle heterogeneity,
and subsequently map the results back to the original spaces. This provides a highly
flexible analytical framework, as the derived results can be systematically reused
across different systems sharing the same embedded spaces.

This chapter formally defines two distinct naturally diffeomorphic geometric functor
realizations for the maximal embedded architecture and derives their corresponding
rigidity matrices structure. The first is the natively coupled embedded realization
characterized by the global domain 𝕊𝔼(3)𝑛. The second is the decoupled embedded
realization featuring the factorized global domain (ℝ3)𝑛 × 𝕊𝕆(3)𝑛.

We conclude by highlighting that the ensuing derivation establishes a general method-
ology, which can be readily adapted if a different functor realization is selected.

4.1 embedded functor realizations

The chosen coupled embedded functor realization for a given measurement task, de-
noted as ℱ 𝑐 , evaluates the state purely on the Special Euclidean group 𝕊𝔼(3). The
categorical sequence for this coupled representation is defined as follows:

𝕊𝔼(3)𝑛 (𝕊𝔼(3) × 𝕊𝔼(3))𝑚 (𝕊𝔼(3) × 𝕊𝔼(3))𝑚 𝕊𝔼(3)𝑚 𝒴𝑚
𝜎 𝑐emb

𝜇𝑐emb

𝛾 𝑐emb Δ𝑐
emb 𝜂𝑐emb (1)

where 𝒴𝑚 represents the global homogeneous measurement codomain (𝒴 = 𝕃 =
𝕊2 ⊂ ℝ3 for purely bearing edges,𝒴 = ℝ>0 for purely distance edges, and𝒴 = 𝕃×ℝ>0
for mixed measurements).
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It is important to note that

𝕊2 = {b ∈ ℝ3 | ‖b‖2 = 1}

is compact and therefore cannot be diffeomorphic to any nonempty open subset of
ℝ2. Consequently, no single coordinate chart can cover 𝕊2 globally. In fact, it is a
well-know fact that every smooth atlas of 𝕊2 must contain at least two charts.

Furthermore, it is impossible to define a globally nonsingular two-dimensional tan-
gent coordinate frame on 𝕊2 due to the Hairy Ball Theorem, which ensures that every
continuous tangent vector field on 𝕊2 must vanish at at least one point.

To avoid these coordinate singularities, we represent the bearing as a Cartesian unit
vector using a three-dimensional parametrization, rather than a minimal
two-dimensional coordinate representation. Although this representation introduces
one redundant ambient coordinate, the vector is tightly constrained by ‖b‖2 = 1,
thereby preserving the two strictly intrinsic degrees of freedom of 𝕊2. Crucially, this
geometric embedding completely bypasses the topological requirement of utilizing a
multi-chart atlas. By operating directly within the ambient space rather than relying
on minimal intrinsic coordinates, we eliminate the need to manage local maps or im-
plement chart-switching mechanisms, thereby achieving a single globally valid and
completely singularity-free algebraic formulation.

For any b ∈ 𝕊2, the tangent space is given by 𝑇b𝕊2 = {v ∈ ℝ3 | b𝑇v = 0}. The orthog-
onal projector onto this tangent space is defined as

Πb = I3 − bb𝑇 .

Thus, for any ambient vector u ∈ ℝ3, its tangent component at b is obtained as
utan = Πbu ∈ 𝑇b𝕊2.

It is worth noting that, for every b ∈ 𝕊2, this orthogonal projector has constant rank
equal to 2. Indeed, since ‖b‖2 = 1, its null space is

ker(Πb) = span{b},

which corresponds to the radial direction of the sphere and clearly has dimension
1.

Consequently, for any ambient vectoru ∈ ℝ3,Πbu ∈ 𝑇b𝕊2, is precisely the component
of u tangent to the sphere, while its radial component is discarded.

Thus, the projector provides a globally defined, smooth, and constant-rank mecha-
nism for extracting the two-dimensional tangent component without introducing a
specific angular coordinate chart. The rank deficiency of Πb is therefore intentional
and structural: it removes the single nonphysical radial degree of freedom and pre-
serves exactly the two intrinsic degrees of freedom of the bearing manifold.

Ultimately, the embedded representation avoids the coordinate singularities associ-
ated with angular parametrizations at the cost of using a redundant ambient repre-
sentation. To make this choice explicit, we denote the bearing measurement space as
𝕃 = 𝕊2 ⊂ ℝ3.
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To explicitly expose the translational and rotational degrees of freedom, we exploit
the natural Cartesian diffeomorphism 𝕊𝔼(3) ≅ ℝ3 × 𝕊𝕆(3) at the local agent level.
By systematically lifting this factorization to the global network configuration, we
establish the equivalence 𝕊𝔼(3)𝑛 ≅ (ℝ3)𝑛 × 𝕊𝕆(3)𝑛 and seamlessly propagate this
decoupled state space throughout the entire sequence. This yields the alternative,
fully pose-decoupled functor realization ℱ 𝑑 :

(ℝ3)𝑛 × 𝕊𝕆(3)𝑛 (ℝ3 × ℝ3)𝑚 × (𝕊𝕆(3) × 𝕊𝕆(3))𝑚 (ℝ3 × ℝ3)𝑚 × (𝕊𝕆(3) × 𝕊𝕆(3))𝑚 (ℝ3)𝑚 × 𝕊𝕆(3)𝑚 𝒴𝑚
𝜎 𝑑emb

𝜇𝑑emb

𝛾 𝑑emb Δ𝑑
emb 𝜂𝑑emb

(2)

Because all corresponding manifolds within the two realizations are diffeomorphic,
and the structural mappings flawlessly preserve these differentiable structures, the
two sequences represent naturally diffeomorphic functors (ℱ 𝑐 ≅ ℱ 𝑑 ). By explicitly
tracing these transformations, we obtain the overarching commutative diagram:

𝕊𝔼(3)𝑛 (𝕊𝔼(3) × 𝕊𝔼(3))𝑚 (𝕊𝔼(3) × 𝕊𝔼(3))𝑚 𝕊𝔼(3)𝑚 𝒴𝑚

(ℝ3)𝑛 × 𝕊𝕆(3)𝑛 (ℝ3 × ℝ3)𝑚 × (𝕊𝕆(3) × 𝕊𝕆(3))𝑚 (ℝ3 × ℝ3)𝑚 × (𝕊𝕆(3) × 𝕊𝕆(3))𝑚 (ℝ3)𝑚 × 𝕊𝕆(3)𝑚 𝒴𝑚

𝜎 𝑐emb

𝜙𝒱𝜙−1𝒱 ≅

𝜇𝑐emb

𝛾 𝑐emb

𝜙ℰ𝜙−1ℰ ≅

Δ𝑐
emb

𝜙𝒯𝜙−1𝒯 ≅

𝜂𝑐emb

𝜙𝒪𝜙−1𝒪 ≅ idid =

𝜎 𝑑emb

𝜇𝑑emb

𝛾 𝑑emb Δ𝑑
emb 𝜂𝑑emb

(3)

The vertical isomorphisms representing the natural diffeomorphism are specifically
defined as follows:

• 𝜙𝒱 applies the pose decoupling element-wise to the 𝑛 global node states.

• 𝜙ℰ and 𝜙𝒯 apply the analogous decoupling to the 2𝑚 source and target states
associated with the network edges, before and after filtration.

• 𝜙𝒪 factorizes the 𝑚 relative poses derived from the kinematic observation map-
pings.

• id represents the identity mapping on the final measurement codomain, which
is physically invariant and inherently requires no decoupling.

4.2 notation and conventions

Throughout our derivations, we assume the system operates around a nominal con-
figuration. Let the superscript 𝜏 ∈ {𝑐, 𝑑} denote the specific functor realization under
analysis, where:

• 𝜏 = 𝑐 represents the coupled realization operating natively on 𝕊𝔼(3) at the local
agent level;
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• 𝜏 = 𝑑 represents the decoupled formulation operating on ℝ3 ×𝕊𝕆(3) at the local
agent level.

As the nominal state propagates through the functorial sequence, it defines specific
evaluation points mapped onto each intermediate manifold, structured systematically
across local edge descriptions and global network domains:

• 1. Initial Agents State:

– Local (Agent level):

∗ Coupled: x𝑐∗𝑖 = (p∗𝑖 ,R∗
𝑖 ) ∈ 𝕊𝔼(3)

∗ Decoupled: x𝑑∗𝑖 = (p∗𝑖 ,R∗
𝑖 ) ∈ ℝ3 × 𝕊𝕆(3)

– Global (Network level):

∗ Coupled: x𝑐∗ = (x∗1 , … ,x∗𝑛) ∈ 𝕊𝔼(3)𝑛

∗ Decoupled: x𝑑∗ = ((p∗1 , … ,p∗𝑛), (R∗
1 , … ,R∗

𝑛)) ∈ (ℝ3)𝑛 × 𝕊𝕆(3)𝑛

• 2. Edge State (e𝜏∗ = 𝜎 𝜏emb(x
𝜏∗)):

– Local (𝑘-th edge 𝑒𝑘 = (𝑖, 𝑗)):

∗ Coupled: e𝑐∗𝑘 = (x∗𝑖 ,x∗𝑗 ) = ((p∗𝑖 ,R∗
𝑖 ), (p∗𝑗 ,R∗

𝑗 )) ∈ 𝕊𝔼(3) × 𝕊𝔼(3)

∗ Decoupled: e𝑑∗𝑘 = ((p∗𝑖 ,p∗𝑗 ), (R∗
𝑖 ,R∗

𝑗 )) ∈ (ℝ3 × ℝ3) × (𝕊𝕆(3) × 𝕊𝕆(3))

– Global (All edges):

∗ Coupled: e𝑐∗ = (e𝑐∗1 , … , e𝑐∗𝑚 ) ∈ (𝕊𝔼(3) × 𝕊𝔼(3))𝑚

∗ Decoupled: e𝑑∗ = (((p∗𝑠1 ,p
∗
𝑡1), … , (p∗𝑠𝑚 ,p

∗
𝑡𝑚)), ((R

∗
𝑠1 ,R

∗
𝑡1), … , (R∗

𝑠𝑚 ,R
∗
𝑡𝑚))) ∈

(ℝ3 × ℝ3)𝑚 × (𝕊𝕆(3) × 𝕊𝕆(3))𝑚

• 3. Filtered Padded State (ẽ𝜏∗ = 𝛾 𝜏emb(e
𝜏∗)):

– Local (𝑘-th edge 𝑒𝑘 = (𝑖, 𝑗)):

∗ Coupled: ẽ𝑐∗𝑘 = ((p∗𝑖 , ̃R∗
𝑖 ), (p∗𝑗 , ̃R∗

𝑗 )) ∈ 𝕊𝔼(3) × 𝕊𝔼(3)

∗ Decoupled: ẽ𝑑∗𝑘 = ((p∗𝑖 ,p∗𝑗 ), ( ̃R∗
𝑖 , ̃R∗

𝑗 )) ∈ (ℝ3 × ℝ3) × (𝕊𝕆(3) × 𝕊𝕆(3))

– Global (All edges):

∗ Coupled: ẽ𝑐∗ = (ẽ𝑐∗1 , … , ẽ𝑐∗𝑚 ) ∈ (𝕊𝔼(3) × 𝕊𝔼(3))𝑚

∗ Decoupled: ẽ𝑑∗ = (((p∗𝑠1 ,p
∗
𝑡1), … , (p∗𝑠𝑚 ,p

∗
𝑡𝑚)), (( ̃R∗

𝑠1 , ̃R∗
𝑡1), … , ( ̃R∗

𝑠𝑚 , ̃R∗
𝑡𝑚))) ∈

(ℝ3 × ℝ3)𝑚 × (𝕊𝕆(3) × 𝕊𝕆(3))𝑚

• 4. Relative Observation State (o𝜏∗ = Δ𝜏
emb(ẽ

𝜏∗)):

– Local (𝑘-th edge 𝑒𝑘 = (𝑖, 𝑗)):

∗ Coupled: o𝑐∗𝑘 = ( ̃p∗𝑖𝑗 , R̃∗
𝑖𝑗) ∈ 𝕊𝔼(3)
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∗ Decoupled: o𝑑∗𝑘 = ( ̃p∗𝑖𝑗 , ̃R∗
𝑖𝑗) ∈ ℝ3 × 𝕊𝕆(3)

– Global (All edges):

∗ Coupled: o𝑐∗ = (o𝑐∗1 , … , o𝑐∗𝑚 ) ∈ 𝕊𝔼(3)𝑚

∗ Decoupled: o𝑑∗ = (( ̃p∗𝑠1𝑡1 , … , ̃p∗𝑠𝑚𝑡𝑚), ( ̃R∗
𝑠1𝑡1 , … , ̃R∗

𝑠𝑚𝑡𝑚)) ∈ (ℝ3)𝑚×𝕊𝕆(3)𝑚

Note that while the tilde notation ( ̃⋅) generically denotes a filtered or padded quantity,
its specific action depends entirely on the measurement model. For the distance and
bearing measurements in 3D space considered in this chapter, positional information
is strictly required to compute relative spatial vectors. Consequently, the filtration
map leaves positional coordinates unaltered, yielding ̃p∗𝑖 = p∗𝑖 and ̃p∗𝑖𝑗 = ̃p∗𝑗 − ̃p∗𝑖 = p∗𝑖𝑗 .
Unobservable rotational information, instead, is selectively masked (e.g., padded with
I3) based on the measurement modality and the agent’s topological role.

We emphasize that this positional invariance is specific to the chosen setup. For dif-
ferent sensing paradigms, the framework remains fully adaptable, allowing the fil-
tration map to be custom-tailored to actively mask or modify positions as well (i.e.,
̃p∗𝑖 ≠ p∗𝑖 ).

4.3 geometric tangent space factorization

Before deriving the specific intermediate mappings for the coupled and decoupled
realizations, it is crucial to establish how the differential geometry of the underlying
state manifolds dictates the algebraic structure of all ensuing Jacobian matrices.

4.3.1 Representation andTangent-Space ParameterizationConventions

To concretize the transition from abstract differentials to the explicit Jacobian matri-
ces used throughout this chapter, we first establish the coordinate conventions for
the agent states and their tangent-space variations. Recognizing the heterogeneous
nature of the framework, we consider agents operating in 𝑑-dimensional Euclidean
spaces (with 𝑑 ∈ {2, 3}), distinguishing between the configuration representation and
the coordinate representation of infinitesimal variations on the corresponding tan-
gent spaces.

The position of agent 𝑖 is denoted by p𝑊𝑖 ∈ ℝ𝑑 , where the superscript 𝑊 emphasizes
the global world frame. Accordingly, translational variations are standard Euclidean
increments:

𝛿p𝑊𝑖 ∈ 𝑇p𝑊𝑖 ℝ
𝑑 ≅ ℝ𝑑 . (4)

The orientation representation depends on the spatial dimension of the agent’s opera-
tional space. For 3D agents, orientation is represented by a rotationmatrixR𝑖 ∈ 𝕊𝕆(3)
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mapping coordinates from the agent’s local (body) frame to the world frame, i.e.,
v𝑊 = R𝑖v𝑖. For infinitesimal rotational variations, we adopt the right-trivialized rep-
resentation:

𝛿R𝑖 = R𝑖[𝛿𝜃
𝐵
𝑖 ]×, (5)

where 𝛿𝜃𝐵𝑖 ∈ ℝ3 denotes the minimal rotational variation expressed in the local body
frame (indicated by the superscript 𝐵), and [⋅]× is the skew-symmetric matrix operator
(satisfying [𝛿𝜃𝐵𝑖 ]× = R𝑇

𝑖 𝛿R𝑖). Conversely, for planar agents, the orientation is repre-
sented by R𝑖 ∈ 𝕊𝕆(2). Since 𝕊𝕆(2) is an Abelian Lie group, left and right trivializa-
tions coincide. Consequently, the choice of trivialization does not affect the resulting
scalar rotational tangent coordinate. The Lie algebra 𝔰𝔬(2) is one-dimensional, so the
infinitesimal rotational variation is represented by a scalar 𝛿𝜃𝑖 ∈ ℝ, corresponding to
the variation of the agent’s planar heading angle.

The complete pose of each agent is defined on the Special Euclidean group 𝕊𝔼(𝑑),
which we identify via its standard Cartesian factorization:

x𝑖 ∈ 𝕊𝔼(𝑑) ≅ ℝ𝑑 × 𝕊𝕆(𝑑). (6)

Consequently, the tangent space admits the product decomposition

𝑇x𝑖𝕊𝔼(𝑑) ≅ 𝑇p𝑊𝑖 ℝ
𝑑 ⊕ 𝑇R𝑖𝕊𝕆(𝑑), (7)

which, under the chosen tangent-space coordinates, evaluates to

𝑇x𝑖𝕊𝔼(3) ≅ 𝑇p𝑊𝑖 ℝ
3 ⊕ 𝑇R𝑖𝕊𝕆(3) ≅ ℝ3 × ℝ3 ≅ ℝ6 (8)

𝑇x𝑖𝕊𝔼(2) ≅ 𝑇p𝑊𝑖 ℝ
2 ⊕ 𝑇R𝑖𝕊𝕆(2) ≅ ℝ2 × ℝ1 ≅ ℝ3 (9)

We define the corresponding tangent coordinates explicitly depending on the agent’s
operational space:

𝛿x𝑖 = {
[(𝛿p𝑊𝑖 )𝑇 (𝛿𝜃𝐵𝑖 )𝑇 ]

𝑇
∈ ℝ6, for 3D agents

[(𝛿p𝑊𝑖 )𝑇 𝛿𝜃𝑖]
𝑇
∈ ℝ3, for 2D agents

(10)

This mixed-frame convention combining world-frame translational increments with
local-frame (or scalar) rotational increments is entirely intentional, as it significantly
simplifies the analytical derivation of the Jacobian matrices in subsequent sections by
decoupling translational kinematics from orientation.

It is crucial to distinguish these coordinates from the standard right-trivialized co-
ordinates of the full Lie algebra. In a pure Lie-algebraic setting for 3D systems, the
translational variation would also be expressed in the local frame (e.g., 𝛿𝜌𝐵𝑖 ) satis-
fying 𝛿p𝑊𝑖 = R𝑖𝛿𝜌𝐵𝑖 . By directly employing 𝛿p𝑊𝑖 alongside 𝛿𝜃𝐵𝑖 (or 𝛿𝜃𝑖), we treat
𝛿x𝑖 strictly as the coordinate representation induced by the product decomposition
𝕊𝔼(𝑑) ≅ ℝ𝑑 × 𝕊𝕆(𝑑).
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Finally, for 3-dimensional directional quantities (such as line-of-sight measurements),
the representation space is the unit sphere 𝕃 = 𝕊2 ⊂ ℝ3. For a direction vector b ∈ 𝕊2,
any infinitesimal variation 𝛿b ∈ ℝ3 must lie strictly within the tangent plane at b,
imposing the geometric constraint b𝑇 𝛿b = 0. Throughout this work, this condition
is algebraically enforced via the orthogonal projector Πb = I3 − bb𝑇 .

These coordinate conventions fundamentally shape the algebraic interpretation of
relative quantities. Because all agent positions are universally tracked in the common
world frame, the relative position associated with a directed edge 𝑒𝑘 = (𝑖, 𝑗) is simply
evaluated via linear algebraic difference:

p𝑊𝑖𝑗 = p𝑊𝑗 − p𝑊𝑖 , (11)

with the corresponding tangent variation being naturally linear, 𝛿p𝑊𝑖𝑗 = 𝛿p𝑊𝑗 − 𝛿p𝑊𝑖 .
Note that rotational transformations are applied exclusively when a relative vector
must be re-expressed in a local coordinate frame. For instance, the line-of-sight di-
rection measured in the local frame of agent 𝑖 is straightforwardly computed as:

b𝑖𝑗 =
R𝑇
𝑖 p

𝑊
𝑖𝑗

‖p𝑊𝑖𝑗 ‖
. (12)

Having rigorously established these coordinate definitions, the frame superscripts
(e.g., 𝑊 and 𝐵) will be systematically omitted hereafter to lighten the notation, as
the reference frames for both configurations and their tangent variations are now
unambiguously fixed.

Once the tangent-space coordinates have been fixed, the Jacobians derived through-
out this chapter follow specific evaluation conventions dictated by the geometric na-
ture of their underlyingmappings. Linear or purely selectivemappings yield constant
Jacobians that are completely independent of the state. In these cases, we explicitly
drop the nominal evaluation points from the notation, as these invariant matrices
apply universally to any evaluation point. A degenerate case consists of constant
mappings and padding elements, where the exact differentials evaluate trivially to
zero. Conversely, non-linear mappings require explicit evaluation at their respective
propagated operational points. Consequently, any state variable appearing within an
evaluated Jacobian matrix represents its value frozen at the nominal configuration.

4.3.2 General Principles of Product Manifolds

The geometric structure of a product manifold algebraically factorizes because its tan-
gent space is naturally isomorphic to the direct sum of the individual tangent spaces.
Formally, given a Cartesian product of manifolds 𝒜 = ∏𝑛

𝑖=1𝒜𝑖 and a nominal point
x∗ = (x∗1 , … ,x∗𝑛), this foundational isomorphism is expressed as:

𝑇x∗(𝒜1 × ⋯ × 𝒜𝑛) ≡ 𝑇x∗ (
𝑛

∏
𝑖=1

𝒜𝑖) ≅
𝑛

⨁
𝑖=1

𝑇x∗𝑖 𝒜𝑖 ≡ 𝑇x∗1𝒜1 ⊕⋯ ⊕ 𝑇x∗𝑛𝒜𝑛. (13)
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Consequently, any infinitesimal variation 𝛿x within this joint tangent space is na-
tively represented by the ordered vertical concatenation (stacking) of the local varia-
tions 𝛿x𝑖 ∈ 𝑇x∗𝑖 𝒜𝑖:

𝛿x = [
𝛿x1
⋮

𝛿x𝑛
] . (14)

Now, consider a smooth map 𝑓 ∶ ℳ → 𝒩 between two generic manifolds. The push-
forward (or exact differential) 𝑑𝑓x∗ ∶ 𝑇x∗ℳ → 𝑇𝑓 (x∗)𝒩 is fundamentally a coordinate-
free linear operator acting between their respective tangent spaces.

To evaluate this differential computationally, we must transition to its local formula-
tion. By establishing local charts around the nominal point x∗ and its mapped image
𝑓 (x∗), we map these abstract tangent spaces onto Euclidean vector spaces. The Ja-
cobian matrix is precisely the local coordinate representation of the differential with
respect to the bases induced by these chosen charts.

The Jacobian matrix rigorously inherits the abstract topological architecture of the
tangent spaces, manifesting as a highly structured matrix. Specifically, a direct sum
decomposition in the domain’s tangent space (ℳ) induces a strict block-column par-
tition in the Jacobian matrix, where each column-block captures the partial derivative
with respect to an independent input subspace. Conversely, a direct sum decompo-
sition in the codomain’s tangent space (𝒩 ) induces a strict block-row partition, sys-
tematically segregating the independent output components.

Therefore, the block occupying row 𝑖 and column 𝑗 of the Jacobian represents the local
coordinate mapping of the partial derivative of the 𝑖-th output local component with
respect to the 𝑗-th input local component (𝜕y𝑖/𝜕x𝑗 ).

We will actively exploit this principle across two distinct geometric architectures. To
facilitate the exposition, we distinguish between local maps, which operate on indi-
vidual nodes or edges to compute local quantities, and global maps, which operate
collectively across all nodes or edges to evaluate network-wide quantities.

For the MASs considered here, the local state of an individual agent resides in the
Special Euclidean group 𝕊𝔼(3). By exploiting the local Cartesian diffeomorphism
𝕊𝔼(3) ≅ ℝ3 × 𝕊𝕆(3), this local tangent space inherently decomposes into indepen-
dent translational and rotational sub-domains:

𝑇x∗𝑖 𝕊𝔼(3) ≅ 𝑇p∗𝑖 ℝ
3 ⊕ 𝑇R∗

𝑖
𝕊𝕆(3). (15)

This internal structure forces any local derivative acting on a single agent to naturally
partition into distinct positional and rotational sub-blocks.
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4.3.3 Tangent Space Structure in the Coupled Architecture

When expanding to the local edge level, the domain encompasses the coupled state
pairs of the interacting agents, 𝕊𝔼(3) ×𝕊𝔼(3). Its tangent space strictly factorizes into
the direct sum of the source and target tangent spaces:

𝑇e𝑐∗𝑘 (𝕊𝔼(3) × 𝕊𝔼(3)) ≅ 𝑇x∗𝑖 𝕊𝔼(3) ⊕ 𝑇x∗𝑗 𝕊𝔼(3) ≅ (𝑇p∗𝑖 ℝ
3 ⊕ 𝑇R∗

𝑖
𝕊𝕆(3)) ⊕ (𝑇p∗𝑗 ℝ

3 ⊕ 𝑇R∗
𝑗
𝕊𝕆(3)).

(16)

As a mathematical consequence, any local Jacobian mapping from this coupled edge
space universally exhibits a foundational 12-column structure that strictly mirrors
this hierarchical geometric decomposition. Primarily, the columns are partitioned
into two independent 6-DOF nodal macro-blocks explicitly associated with the source
agent 𝑖 and the target agent 𝑗. Subsequently, as established above, each of these nodal
macro-blocks further subdivides internally into a 3-DOF purely positional sub-block
and a 3-DOF purely rotational sub-block.

At the global network level, the coupled state manifold is defined as 𝒟
𝑐
= 𝕊𝔼(3)𝑛.

Its global tangent space expands into a sequentially ordered direct sum across all 𝑛
agents:

𝑇x𝑐∗𝒟
𝑐
≅

𝑛
⨁
𝑖=1

𝑇x∗𝑖 𝕊𝔼(3) ≅
𝑛

⨁
𝑖=1

(𝑇p∗𝑖 ℝ
3 ⊕ 𝑇R∗

𝑖
𝕊𝕆(3)). (17)

Just as in the local formulation, this dictates a strict hierarchical column structure
for any global mapping originating from this domain. Primarily, the global domain
decomposes into 𝑛 independent 6-DOFmacro-blocks, isolating the full pose variations
agent by agent. Subsequently, every single one of these 𝑛 macro-blocks internally
maintains the explicit separation between translational and rotational sub-blocks.

Similarly, the globally coupled edge manifold ℳ𝑐
𝑒 = (𝕊𝔼(3) × 𝕊𝔼(3))𝑚 factorizes as

the direct sum over all 𝑚 independent edges. To fully expose this nested structure,
we expand the direct sum down to its foundational sub-domains:

𝑇e𝑐∗ℳ
𝑐
𝑒 ≅ ⨁𝑚

𝑘=1 (𝑇x∗𝑠𝑘𝕊𝔼(3) ⊕ 𝑇x∗𝑡𝑘𝕊𝔼(3)) ≅ ⨁𝑚
𝑘=1 ((𝑇p∗𝑠𝑘ℝ

3 ⊕ 𝑇R∗
𝑠𝑘
𝕊𝕆(3)) ⊕ (𝑇p∗𝑡𝑘ℝ

3 ⊕ 𝑇R∗
𝑡𝑘
𝕊𝕆(3))).

(18)

This establishes a rigorous three-tiered hierarchical grid for any Jacobian mapping
into or out of this edge space. Primarily, the matrix partitions into 𝑚 distinct 12-DOF
macro-blocks, segregating the network edge by edge. Subsequently, each edge block
bifurcates into source node and target node 6-DOF components. Finally, these nodal
components subdivide into their pure positional and rotational 3-DOF blocks.

Consequently, any overarching local and global Jacobians acting on the coupled archi-
tecture studied in this chapter systematically preserve this deeply structured form.
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4.3.4 Tangent Space Structure in the Decoupled Architecture

While the coupled formulation groups kinematics by agent, the decoupled realization
exploits the global Cartesian diffeomorphism to completely separate translational and
rotational physics.

When expanding to the local edge level, the domain encompasses the decoupled state
pairs of the interacting agents, (ℝ3 × ℝ3) × (𝕊𝕆(3) × 𝕊𝕆(3)). Its tangent space strictly
factorizes into the direct sum of the positional and rotational tangent spaces:

𝑇e𝑑∗𝑘 ℳ
𝑑
𝑒 ≅ (𝑇p∗𝑖 ℝ

3 ⊕ 𝑇p∗𝑗 ℝ
3) ⊕ (𝑇R∗

𝑖
𝕊𝕆(3) ⊕ 𝑇R∗

𝑗
𝕊𝕆(3)). (19)

As a mathematical consequence, any local Jacobian mapping from this decoupled
edge space universally exhibits a foundational 12-column structure that strictly mir-
rors this hierarchical decomposition. Primarily, the columns are partitioned into two
independent 6-DOF macroscopic macro-blocks explicitly associated with the purely
positional and purely rotational streams. Subsequently, each of these macro-blocks
further subdivides internally into a 3-DOF source agent sub-block and a 3-DOF target
agent sub-block.

At the global network level, the decoupled state manifold is defined as 𝒟
𝑑
= (ℝ3)𝑛 ×

(𝕊𝕆(3))𝑛. Its global tangent space expands into a sequentially ordered direct sum
perfectly segregated into macroscopic positional and rotational domains:

𝑇x𝑑∗𝒟
𝑑
≅ (

𝑛
⨁
𝑖=1

𝑇p∗𝑖 ℝ
3) ⊕ (

𝑛
⨁
𝑖=1

𝑇R∗
𝑖
𝕊𝕆(3)) . (20)

Just as in the local formulation, this dictates a strict hierarchical column structure
for any global mapping originating from this domain. Primarily, the global domain
decomposes into two 3𝑛-DOF macro-blocks, isolating all network positions from all
network rotations. Subsequently, every single one of these two macro-blocks inter-
nally maintains the explicit separation agent by agent across the 𝑛 individual nodal
components.

Similarly, the globally decoupled edge manifoldℳ𝑑
𝑒 = (ℝ3 × ℝ3)𝑚 ×(𝕊𝕆(3) × 𝕊𝕆(3))𝑚

factorizes as the direct sum segregating all 𝑚 translational edge domains from all 𝑚
rotational edge domains. To fully expose this nested structure, we expand the direct
sum down to its foundational sub-domains:

𝑇e𝑑∗ℳ
𝑑
𝑒 ≅ (

𝑚
⨁
𝑘=1

(𝑇p∗𝑠𝑘ℝ
3 ⊕ 𝑇p∗𝑡𝑘ℝ

3)) ⊕ (
𝑚
⨁
𝑘=1

(𝑇R∗
𝑠𝑘
𝕊𝕆(3) ⊕ 𝑇R∗

𝑡𝑘
𝕊𝕆(3))) . (21)

This establishes a rigorous three-tiered hierarchical grid for any Jacobian mapping
into or out of this edge space. Primarily, the matrix partitions into two distinct 6𝑚-
DOF macro-blocks, segregating the physical domains globally. Subsequently, each
domain block bifurcates into 𝑚 distinct 6-DOF components, segregating the network
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edge by edge. Finally, these edge components subdivide into their pure source node
and target node 3-DOF blocks.

Consequently, any overarching local and global Jacobians acting on the decoupled ar-
chitecture that we will study in the chapter systematically preserve this deeply struc-
tured form.

4.3.5 Algebraic Sparsity and Kronecker Construction

As established, the domain and codomain factorizations naturally cast the global Jaco-
bian into a precise grid of blocks. The block occupying row 𝑖 and column 𝑗 explicitly
represents the partial derivative of the 𝑖-th local output component with respect to
the 𝑗-th local input component (𝜕y𝑖/𝜕x𝑗 ). Whenever an output component is func-
tionally independent of a given input component, the corresponding cross-derivative
vanishes identically, yielding a zero block.

When this independence occurs systematically across the network, such as when in-
termediate framework mappings process edge pairs completely independently, cross-
edge derivatives inherently vanish, and the resulting global Jacobian becomes highly
sparse. In the extreme, yet recurring, case where every output component depends
on one isolated input component, all off-diagonal blocks vanish entirely, naturally
collapsing the overarching Jacobian into a purely block-diagonal matrix.

To systematically construct these large sparse matrices and streamline themathemati-
cal notation in the following sections, we extensively leverage the Kronecker product
(⊗) primarily in two distinct algebraic contexts:

• Homogeneous Block-Diagonal Replication: For a generic local matrix M,
the operation I𝑘 ⊗ M naturally constructs a large block-diagonal matrix con-
taining 𝑘 identical copies ofM along its main diagonal:

I𝑘 ⊗M = blockdiag𝑘𝑖=1(M). (22)

We utilize this property to seamlessly elevate identical constant local mappings
to the global network level.

• Sparse Block-Selector Operators: Let u𝑖 ∈ ℝ𝑛 denote the 𝑖-th canonical ba-
sis vector (having a 1 at the 𝑖-th position and 0 elsewhere). Let 𝑑 denote the
dimension of the local state block being extracted. The generic block-selector
operator u𝑇𝑖 ⊗ I𝑑 ∈ ℝ𝑑×𝑑𝑛 algebraically extracts the 𝑖-th node’s 𝑑-DOF contri-
bution directly from the global state vector. Explicitly, it takes the form of a
sparse block-row matrix:

u𝑇𝑖 ⊗ I𝑑 = [0𝑑×𝑑 ⋯ I𝑑⏟
𝑖-th block

⋯ 0𝑑×𝑑] . (23)

In the context of this chapter, 𝑑 = 3 for isolated positional or rotational compo-
nents in the decoupled framework, and 𝑑 = 6 for the full coupled pose.
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4.4 coupled embedded rigidity matrix

In this section, we systematically analyze the natively coupled embedded functor re-
alization, denoted as ℱ 𝑐 , and explicitly derive the algebraic structure of the corre-
sponding coupled rigidity matrix. By analytically evaluating the local mappings and
topologically assembling their Jacobians across the network, we construct the global
embedded rigidity matrix.

4.4.1 Coupled Topological Distribution Map

The coupled topological distribution map 𝜎 𝑐emb linearly aggregates the global states
by duplicating and routing them to their corresponding edge slots. For a network of
𝑛 agents and 𝑚 edges, the mapping is formally defined as:

𝜎 𝑐emb∶ 𝕊𝔼(3)𝑛 → (𝕊𝔼(3) × 𝕊𝔼(3))𝑚 (24)
(x1, … ,x𝑛) ↦ ((x𝑠1 ,x𝑡1), … , (x𝑠𝑚 ,x𝑡𝑚))

where 𝑒𝑘 = (𝑠𝑘 , 𝑡𝑘) denotes the 𝑘-th directed edge originating from the source node 𝑠𝑘
and pointing to the target node 𝑡𝑘 .

Evaluated at the nominal global configuration x𝑐∗ = (x∗1 , … ,x∗𝑛), the mapping pro-
duces the nominal edge state e𝑐∗ = 𝜎 𝑐emb(x

𝑐∗).

Because 𝜎 𝑐emb is a pure linear selectionmapping, its Jacobian is entirely state-invariant.
Consequently, we explicitly drop the evaluation argument and express its global Jaco-
bian J𝑐𝜎 ∈ ℝ12𝑚×6𝑛 as a universally constant sparse block matrix. Utilizing the coupled
block-selector operators, the 𝑘-th block row for a generic edge 𝑒𝑘 = (𝑖, 𝑗) is rigorously
formulated as an incidence-selection matrix:

[J𝑐𝜎 ]𝑘 = [
u𝑇𝑖 ⊗ I6
u𝑇𝑗 ⊗ I6

] ∈ ℝ12×6𝑛 (25)

This explicitly extracts the coupled 6-DOF states of the source node 𝑖 and target node
𝑗. The full constant global matrix J𝑐𝜎 is constructed by vertically stacking these 𝑚
constant block rows:

J𝑐𝜎 =
⎡
⎢
⎢
⎢
⎣

[J𝑐𝜎 ]1
[J𝑐𝜎 ]2
⋮

[J𝑐𝜎 ]𝑚

⎤
⎥
⎥
⎥
⎦

∈ ℝ12𝑚×6𝑛. (26)

4.4.2 Coupled Task Filtration Maps

To isolate the measurable components from the fully embedded edge states, the Cou-
pled Task Filtration Map filters out the unobservable degrees of freedom for a specific
task and replaces them with neutral informationless padding.
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Local Filtration Maps and Jacobians

Let the nominal unpadded edge state for the 𝑘-th edge be e𝑐∗𝑘 = ((p∗𝑖 ,R∗
𝑖 ), (p∗𝑗 ,R∗

𝑗 )).
Depending on the sensory capability, the local task filtration map

𝛾 𝑐mod𝑘 ∶ 𝕊𝔼(3) × 𝕊𝔼(3) → 𝕊𝔼(3) × 𝕊𝔼(3) (27)

isolates the required physical components to produce the filtered state

ẽ𝑐∗𝑘 = (( ̃p∗𝑖 , ̃R∗
𝑖 ), ( ̃p∗𝑗 , ̃R∗

𝑗 )) = ((p∗𝑖 , ̃R∗
𝑖 ), (p∗𝑗 , ̃R∗

𝑗 )).

Because this mapping is composed strictly of constant identity selections (for ob-
served states) and zero mappings (for masked states), its Jacobian is universally in-
variant to the operational point. Consequently, we drop the evaluation argument,
yielding a state-independent local masking Jacobian 𝐽 𝑐𝛾 ,mod𝑘 ∈ ℝ12×12.

Dictated by the direct sum structure of the coupled edge’s tangent space, this local ma-
trix naturally partitions into independent block-diagonal components for the source
node 𝑖 and the target node 𝑗:

𝐽 𝑐𝛾 ,mod𝑘 = blockdiag(𝐽 𝑐𝛾 ,𝑖, 𝐽
𝑐
𝛾 ,𝑗). (28)

and each nodal block structurally decouples into distinct translational and rotational
sub-blocks:

𝐽 𝑐𝛾 ,𝑖 = blockdiag(𝐽 𝑐𝛾 ,𝑝,𝑖, 𝐽
𝑐
𝛾 ,𝑅,𝑖). (29)

Consequently, the complete local filtration Jacobian explicitly expands into a four-
block diagonal architecture:

𝐽 𝑐𝛾 ,mod𝑘 = blockdiag(𝐽 𝑐𝛾 ,𝑝,𝑖, 𝐽
𝑐
𝛾 ,𝑅,𝑖, 𝐽

𝑐
𝛾 ,𝑝,𝑗 , 𝐽

𝑐
𝛾 ,𝑅,𝑗). (30)

Depending on the active modality, we explicitly define these sub-blocks:

• Distance Edge (dist): Both source and target attitudes are unobservable. The
map extracts only the positions, padding the rotations with the identity matrix
( ̃R∗

𝑖 = ̃R∗
𝑗 = I3):

𝛾 𝑐dist(e
𝑐∗
𝑘 ) = ((p∗𝑖 , I3), (p∗𝑗 , I3)) (31)

𝐽 𝑐𝛾 ,dist = blockdiag (I3, 03×3, I3, 03×3) (32)

where 𝐽 𝑐𝛾 ,𝑖 = 𝐽 𝑐𝛾 ,𝑗 = blockdiag(I3, 03×3). Therefore, 𝐽 𝑐𝛾 ,𝑝,𝑖 = 𝐽 𝑐𝛾 ,𝑝,𝑗 = I3 and
𝐽 𝑐𝛾 ,𝑅,𝑖 = 𝐽 𝑐𝛾 ,𝑅,𝑗 = 03×3.
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• Bearing Edge (bear): Only the target’s attitude is unobservable. The map
preserves the full source pose while padding the target’s rotation ( ̃R∗

𝑖 = R∗
𝑖 ,

̃R∗
𝑗 = I3):

𝛾 𝑐bear(e
𝑐∗
𝑘 ) = ((p∗𝑖 ,R∗

𝑖 ), (p∗𝑗 , I3)) (33)

𝐽 𝑐𝛾 ,bear = blockdiag (I6, I3, 03×3) (34)

where 𝐽 𝑐𝛾 ,𝑖 = I6 and 𝐽 𝑐𝛾 ,𝑗 = blockdiag(I3, 03×3). Consequently, the sub-blocks are
𝐽 𝑐𝛾 ,𝑝,𝑖 = I3, 𝐽 𝑐𝛾 ,𝑅,𝑖 = I3, while 𝐽 𝑐𝛾 ,𝑝,𝑗 = I3, 𝐽 𝑐𝛾 ,𝑅,𝑗 = 03×3.

• Mixed Edge (mix): The target’s attitude remains unobservable ( ̃R∗
𝑖 = R∗

𝑖 , ̃R∗
𝑗 =

I3). Thus, the filtration mapping and its Jacobian sub-blocks are structurally
identical to the bearing case:

𝛾 𝑐mix(e
𝑐∗
𝑘 ) = ((p∗𝑖 ,R∗

𝑖 ), (p∗𝑗 , I3)) (35)

𝐽 𝑐𝛾 ,mix = blockdiag (I6, I3, 03×3) (36)

Global Filtration Map and Jacobian Assembly

The global task filtration map 𝛾 𝑐emb applies the appropriate local filtration to every
edge simultaneously. For a network of 𝑚 edges, it is formally defined as:

𝛾 𝑐emb∶ (𝕊𝔼(3) × 𝕊𝔼(3))𝑚 → (𝕊𝔼(3) × 𝕊𝔼(3))𝑚 (37)
(𝑒1, … , 𝑒𝑚) ↦ (𝛾 𝑐mod1(𝑒1), … , 𝛾 𝑐mod𝑚(𝑒𝑚))

Because the filtration of each edge is completely independent of the others and struc-
turally state-invariant, the global constant Jacobian J𝑐𝛾 ∈ ℝ12𝑚×12𝑚 is strictly block-
diagonal and independent of the evaluation point. In its most general form, it is as-
sembled by explicitly concatenating the local filtration Jacobians ordered by the edge
index 𝑘 = 1, … , 𝑚:

J𝑐𝛾 = blockdiag (𝐽 𝑐𝛾 ,mod1 , … , 𝐽 𝑐𝛾 ,mod𝑚). (38)

However, depending on the network’s homogeneity, this general block-diagonal for-
mulation can be elegantly compacted using the Kronecker product (⊗) for homoge-
neous block-diagonal replication:

• Distance Network: For a homogeneous network composed exclusively of dis-
tance measurements, the global Jacobian uniformly replicates the local distance
mask across all 𝑚 edges. The general formula elegantly collapses into a Kro-
necker product:

J𝑐𝛾 ,dist = I𝑚 ⊗ 𝐽 𝑐𝛾 ,dist (39)

• Bearing Network: Similarly, for a fully homogeneous bearing network, the
global Jacobian applies the bearing-specificmask evenly across the entire graph:

J𝑐𝛾 ,bear = I𝑚 ⊗ 𝐽 𝑐𝛾 ,bear (40)
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• Mixed Network: In heterogeneous networks, where uniform replication is
impossible, the Kronecker product cannot be used. The overarching general
block-diagonal formula applies directly, dynamically assembling the specific
local masks:

J𝑐𝛾 = blockdiag (𝐽 𝑐𝛾 ,mod1 , … , 𝐽 𝑐𝛾 ,mod𝑚) (41)

4.4.3 Coupled Edge Observation Maps

The observation map computes the relative pose for each edge directly in 𝕊𝔼(3), re-
lying on the filtered inputs provided by the preceding task filtration stage.

Local Observation Maps and Jacobians

The generic local observation map Δ𝑐 ∶ 𝕊𝔼(3) × 𝕊𝔼(3) → 𝕊𝔼(3) calculates the relative
position and rotation between the source and target nodes:

Δ𝑐((p𝑖,R𝑖), (p𝑗 ,R𝑗)) = (p𝑗 − p𝑖,R𝑇
𝑖 R𝑗) (42)

To construct the rigidity matrix, we compute the analytical Jacobian parameterized
locally using the Lie algebra 𝔰𝔢(3), with variations defined as 𝛿x = [𝛿p𝑇 , 𝛿𝜃𝑇 ]𝑇 ∈
ℝ6.

positional jacobian: Since the relative position is defined strictly as the dif-
ference in global coordinates, its Jacobian is the linear difference 𝛿p𝑖𝑗 = 𝛿p𝑗 − 𝛿p𝑖.
This yields state-invariant partial derivatives of −I3 and I3, strictly independent of
the rotational variations.

rotational jacobian: For the relative rotation R𝑖𝑗 = R𝑇
𝑖 R𝑗 , the differential of

a transposed rotation evaluates to 𝛿(R𝑇 ) = (𝛿R)𝑇 = −[𝛿𝜃]×R𝑇 . The total differential
expands as:

𝛿R𝑖𝑗 = 𝛿(R𝑇
𝑖 )R𝑗 + R𝑇

𝑖 𝛿R𝑗

= −[𝛿𝜃 𝑖]×R𝑇
𝑖 R𝑗 + R𝑇

𝑖 R𝑗[𝛿𝜃 𝑗]×
= −[𝛿𝜃 𝑖]×R𝑖𝑗 + R𝑖𝑗[𝛿𝜃 𝑗]× (43)

Equating this with the native right-trivialized variation 𝛿R𝑖𝑗 = R𝑖𝑗[𝛿𝜃 𝑖𝑗]× yields:

R𝑖𝑗[𝛿𝜃 𝑖𝑗]× = −[𝛿𝜃 𝑖]×R𝑖𝑗 + R𝑖𝑗[𝛿𝜃 𝑗]× (44)

Pre-multiplying by R𝑇
𝑖𝑗 and applying the Adjoint property R𝑇 [v]×R = [R𝑇v]×, we

map the matrices back to vectors in ℝ3:

[𝛿𝜃 𝑖𝑗]× = −[R𝑇
𝑖𝑗𝛿𝜃 𝑖]× + [𝛿𝜃 𝑗]×

𝛿𝜃 𝑖𝑗 = −R𝑇
𝑖𝑗𝛿𝜃 𝑖 + 𝛿𝜃 𝑗 (45)
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assembling the generic jacobian block: Let the padded filtered state
for a generic single edge 𝑒𝑘 = (𝑖, 𝑗) be denoted as

ẽ𝑐∗𝑘 = (( ̃p∗𝑖 , ̃R∗
𝑖 ), ( ̃p∗𝑗 , ̃R∗

𝑗 )) = ((p∗𝑖 , ̃R∗
𝑖 ), (p∗𝑗 , ̃R∗

𝑗 )).

By combining the Jacobians, the generic Jacobian block evaluated at this state is for-
mulated as:

𝐽 𝑐Δ(ẽ
𝑐∗
𝑘 ) = [

𝜕p𝑖𝑗
𝜕p𝑖

𝜕p𝑖𝑗
𝜕𝜃 𝑖

𝜕p𝑖𝑗
𝜕p𝑗

𝜕p𝑖𝑗
𝜕𝜃 𝑗

𝜕𝜃 𝑖𝑗
𝜕p𝑖

𝜕𝜃 𝑖𝑗
𝜕𝜃 𝑖

𝜕𝜃 𝑖𝑗
𝜕p𝑗

𝜕𝜃 𝑖𝑗
𝜕𝜃 𝑗

]

= [
−I3 03×3 I3 03×3
03×3 −( ̃R∗

𝑖𝑗)𝑇 03×3 I3
] (46)

The direct sum structure of the tangent spaces dictates a strict block architecture for
the Jacobian matrix, as explained at the beginning of the chapter. Consequently, the
matrix naturally partitions into the distinct nodal observation blocks 𝐽 𝑐Δ,𝑖 and 𝐽 𝑐Δ,𝑗 ,
taking the exact form:

𝐽 𝑐Δ = [𝐽 𝑐Δ,𝑖 𝐽 𝑐Δ,𝑗] . (47)

Furthermore, due to the complete absence of cross-domainmixing, these nodal blocks
mathematically collapse into a strictly block-diagonal configuration:

𝐽 𝑐Δ,𝑖 = blockdiag(𝐽 𝑐Δ,𝑝,𝑖, 𝐽
𝑐
Δ,𝑅,𝑖), 𝐽 𝑐Δ,𝑗 = blockdiag(𝐽 𝑐Δ,𝑝,𝑗 , 𝐽

𝑐
Δ,𝑅,𝑗), (48)

where the generic positional operators evaluate universally to 𝐽 𝑐Δ,𝑝,𝑖 = −I3 and 𝐽 𝑐Δ,𝑝,𝑗 =
I3, whereas the rotational sub-blocks 𝐽 𝑐Δ,𝑅,𝑖 and 𝐽 𝑐Δ,𝑅,𝑗 evaluate dynamically based on
the specific measurement modality.

Evaluating this generic map and its partitioned Jacobian at the specific operational
points dictated by our modality-dependent filtration yields:

• Distance Edge (dist): Both attitudes are padded with the identity matrix ( ̃R∗
𝑖 =

̃R∗
𝑗 = I3), collapsing the relative rotation to ̃R∗

𝑖𝑗 = I3. Crucially, this padding
causes the Jacobian to become completely state-invariant. We thus drop the
evaluation argument:

Δ𝑐
dist((p

∗
𝑖 , I3), (p∗𝑗 , I3)) = (p∗𝑗 − p∗𝑖 , I3) (49)

𝐽 𝑐Δ,dist = [
−I3 03×3 I3 03×3
03×3 −I3 03×3 I3

] (50)

Here, 𝐽 𝑐Δ,𝑅,𝑖 = −I3 and 𝐽 𝑐Δ,𝑅,𝑗 = I3.

• Bearing Edge (bear): Only the target attitude is padded ( ̃R∗
𝑗 = I3). The relative

rotation isolates the inverse of the filtered source’s attitude (R̃∗
𝑖𝑗 = (R∗

𝑖 )𝑇 ). The
Jacobian retains a strict dependence on the source node’s state:

Δ𝑐
bear((p

∗
𝑖 ,R∗

𝑖 ), (p∗𝑗 , I3)) = (p∗𝑗 − p∗𝑖 , (R∗
𝑖 )𝑇 ) (51)

𝐽 𝑐Δ,bear(ẽ
𝑐∗
𝑘 ) = [

−I3 03×3 I3 03×3
03×3 −R∗

𝑖 03×3 I3
] (52)
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Here, the rotational sub-blocks explicitly evaluate to 𝐽 𝑐Δ,𝑅,𝑖(ẽ
𝑐∗
𝑘 ) = −R∗

𝑖 and
𝐽 𝑐Δ,𝑅,𝑗 = I3.

• Mixed Edge (mix): Because the target’s attitude remains unobservable and
padded (R̃∗

𝑗 = I3), the observation mapping and its state-dependent Jacobian
sub-blocks are structurally identical to the pure bearing case:

Δ𝑐
mix((p

∗
𝑖 ,R∗

𝑖 ), (p∗𝑗 , I3)) = (p∗𝑗 − p∗𝑖 , (R∗
𝑖 )𝑇 ) (53)

𝐽 𝑐Δ,mix(ẽ
𝑐∗
𝑘 ) = [

−I3 03×3 I3 03×3
03×3 −R∗

𝑖 03×3 I3
] (54)

Global Observation Jacobian Assembly

The global observation map Δ𝑐
emb applies the local evaluation to every edge simulta-

neously:

Δ𝑐
emb∶ (𝕊𝔼(3) × 𝕊𝔼(3))𝑚 → 𝕊𝔼(3)𝑚 (55)

(𝑒1, … , 𝑒𝑚) ↦ (Δ𝑐(𝑒1), … , Δ𝑐(𝑒𝑚))

Since edge observations are computed independently across the network, the global
Jacobian J𝑐Δ(ẽ

𝑐∗) ∈ ℝ6𝑚×12𝑚 is strictly block-diagonal. In its most general form, it is
assembled by explicitly concatenating the local observation Jacobians ordered by the
edge index 𝑘 = 1, … , 𝑚:

J𝑐Δ(ẽ
𝑐∗) = blockdiag (𝐽 𝑐Δ(ẽ

𝑐∗
1 ), … , 𝐽 𝑐Δ(ẽ

𝑐∗
𝑚 )) (56)

However, themost efficient algebraic representation depends fundamentally onwhether
the underlying local Jacobians evaluate to constant matrices or retain state depen-
dence:

• Distance Network: As established above, for a homogeneous distance net-
work, the local Jacobian 𝐽 𝑐Δ,dist evaluates to a strictly constantmatrix. Therefore,
the general block-diagonal formulation elegantly collapses into a Kronecker
product, allowing us to formally drop the global evaluation argument:

J𝑐Δ,dist = I𝑚 ⊗ 𝐽 𝑐Δ,dist (57)

• Bearing Network: Conversely, in a homogeneous bearing network, the local
Jacobian retains an explicit state dependence via R∗

𝑖 . The Kronecker product
cannot be used, and the global matrix must be explicitly assembled via state-
dependent concatenation:

J𝑐Δ,bear(ẽ
𝑐∗) = blockdiag (𝐽 𝑐Δ,bear(ẽ

𝑐∗
1 ), … , 𝐽 𝑐Δ,bear(ẽ

𝑐∗
𝑚 )) (58)

• Mixed Network: In a graph featuring multiple modalities, the concatenated
blocks dynamically adapt to both the specific measurement type
(mod𝑘 ∈ {dist, bear,mix}) and local state:

J𝑐Δ(ẽ
𝑐∗) = blockdiag (𝐽 𝑐Δ,mod1(ẽ

𝑐∗
1 ), … , 𝐽 𝑐Δ,mod𝑚( ̃e𝑐∗𝑚 )) (59)
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4.4.4 Coupled Measurement Maps

Themeasurementmaps translate the relative edge quantities into specific sensor read-
ings within the codomain 𝒴 . Let q∗𝑖𝑗 =

̃p∗𝑖𝑗
‖ ̃p∗𝑖𝑗‖

=
p∗𝑖𝑗
‖p∗𝑖𝑗‖

denote the normalized relative
position vector.

Local Measurement Maps and Jacobians

Let the nominal relative observation state for the 𝑘-th edge be o𝑐∗𝑘 = ( ̃p∗𝑖𝑗 , ̃R∗
𝑖𝑗) =

(p∗𝑖𝑗 , ̃R∗
𝑖𝑗). We formally define the generic local measurement map

𝜂𝑐mod𝑘 ∶ 𝕊𝔼(3) → 𝒴 (60)

which yields the nominal sensor reading y∗𝑘 ∈ 𝒴 :

𝜂𝑐mod𝑘 (o
𝑐∗
𝑘 ) = y∗𝑘 (61)

Dictated by the direct sum structure of this relative tangent space, the Jacobian
𝐽 𝑐𝜂,mod𝑘 (o

𝑐∗
𝑘 ) naturally partitions into distinct positional and rotational column blocks:

𝐽 𝑐𝜂,mod𝑘 (o
𝑐∗
𝑘 ) = [𝐽 𝑐𝜂,mod𝑘 ,𝑝(o

𝑐∗
𝑘 ) 𝐽 𝑐𝜂,mod𝑘 ,𝑅(o

𝑐∗
𝑘 )] . (62)

Depending on the active sensory modality, evaluating this Jacobian yields blocks that
directly project onto the corresponding sub-spaces without loss of information:

• DistanceModality (dist): Themeasurementmap 𝜂𝑐dist ∶ 𝕊𝔼(3) → ℝ>0 extracts
the Euclidean norm of the relative position:

𝜂𝑐dist(p
∗
𝑖𝑗 , ̃R∗

𝑖𝑗) = ‖p∗𝑖𝑗‖ = 𝑑∗𝑖𝑗 (63)

To compute the exact differential of the distance, we express the Euclidean norm
algebraically as 𝑑𝑖𝑗 = (p𝑇𝑖𝑗p𝑖𝑗)

1
2 . Applying the chain rule, the differential 𝛿𝑑𝑖𝑗

evaluates to:
𝛿𝑑𝑖𝑗 = 𝛿 ((p𝑇𝑖𝑗p𝑖𝑗)

1
2) = 1

2
(p𝑇𝑖𝑗p𝑖𝑗)

− 1
2 𝛿(p𝑇𝑖𝑗p𝑖𝑗). (64)

Using the product rule on the inner product, we obtain:

𝛿(p𝑇𝑖𝑗p𝑖𝑗) = 𝛿p𝑇𝑖𝑗p𝑖𝑗 + p𝑇𝑖𝑗𝛿p𝑖𝑗 = 2p𝑇𝑖𝑗𝛿p𝑖𝑗 . (65)
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Substituting this result back into the differential of the norm yields:

𝛿𝑑𝑖𝑗 =
1
2

1
‖p𝑖𝑗‖

(2p𝑇𝑖𝑗𝛿p𝑖𝑗)

=
p𝑇𝑖𝑗
‖p𝑖𝑗‖

𝛿p𝑖𝑗 . (66)

Evaluated at the nominal operational point, we explicitly recognize the normal-
ized line-of-sight vector q∗𝑖𝑗 =

p∗𝑖𝑗
‖p∗𝑖𝑗‖

. The differential is therefore computed via
the pure product with this unit vector:

𝛿𝑑𝑖𝑗 = (q∗𝑖𝑗)𝑇 𝛿p𝑖𝑗 . (67)

Given that the scalar distance is invariant to rotational perturbations 𝛿𝜃 𝑖𝑗 , the
1 × 6 local Jacobian zeroes out the rotational block.

The Jacobian reults in :

𝐽 𝑐𝜂,dist(o
𝑐∗
𝑘 ) = [(q∗𝑖𝑗)𝑇 01×3] (68)

where 𝐽 𝑐𝜂,dist,𝑝(o
𝑐∗
𝑘 ) = (q∗𝑖𝑗)𝑇 and 𝐽 𝑐𝜂,dist,𝑅 = 01×3. Note that while rotationally

invariant, it strictly depends on the spatial configuration via q∗𝑖𝑗 :

• BearingModality (bear): Themeasurementmap 𝜂𝑐bear ∶ 𝕊𝔼(3) → 𝕃 calculates
the line-of-sight direction in the source’s local frame. Utilizing the evaluated
relative state ( ̃R∗

𝑖𝑗 = (R∗
𝑖 )𝑇 ), we have:

𝜂𝑐bear(p
∗
𝑖𝑗 , R̃∗

𝑖𝑗) =
̃R∗
𝑖𝑗p∗𝑖𝑗
‖p∗𝑖𝑗‖

= b∗𝑖𝑗 (69)

To compute the exact differential of this normalized vector, let us define the
unnormalized local relative position as v = ̃R𝑖𝑗p𝑖𝑗 . Since rotation matrices pre-
serve the Euclidean norm, we have ‖v‖ = ‖ ̃R𝑖𝑗p𝑖𝑗‖ = ‖p𝑖𝑗‖. The bearing vector is
therefore purely the normalization b𝑖𝑗 =

v
‖v‖ .

Applying the multivariate product rule to compute the differential 𝛿b𝑖𝑗 , we get:

𝛿b𝑖𝑗 = 𝛿 (v‖v‖−1) = 𝛿v‖v‖−1 + v 𝛿(‖v‖−1). (70)

Knowing that the Euclidean norm is defined as ‖v‖ = (v𝑇v)
1
2 , its differential

evaluates to:

𝛿(‖v‖) = 1
2
(v𝑇v)−

1
2 (2v𝑇 𝛿v) = v𝑇

‖v‖
𝛿v = b𝑇𝑖𝑗𝛿v. (71)
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Using the chain rule, the differential of the inverse norm is:

𝛿(‖v‖−1) = −‖v‖−2𝛿(‖v‖) = −‖v‖−2b𝑇𝑖𝑗𝛿v. (72)

Substituting this back into the product rule expression yields:

𝛿b𝑖𝑗 =
𝛿v
‖v‖

− v‖v‖−2b𝑇𝑖𝑗𝛿v

= 𝛿v
‖v‖

− v
‖v‖

b𝑇𝑖𝑗
‖v‖

𝛿v

= 1
‖v‖

I3𝛿v − 1
‖v‖

b𝑖𝑗b𝑇𝑖𝑗𝛿v

= 1
‖v‖

(I3 − b𝑖𝑗b𝑇𝑖𝑗) 𝛿v. (73)

We explicitly recognize the orthogonal projector matrix onto the tangent space
of the sphere at b𝑖𝑗 , denoted as Πb𝑖𝑗 = I3 − b𝑖𝑗b𝑇𝑖𝑗 . Substituting ‖v‖ = ‖p𝑖𝑗‖ and
the linear differential 𝛿v = 𝛿( ̃R𝑖𝑗p𝑖𝑗) = 𝛿 ̃R𝑖𝑗p𝑖𝑗 + ̃R𝑖𝑗𝛿p𝑖𝑗 , we obtain:

𝛿b𝑖𝑗 =
1

‖p𝑖𝑗‖
Πb𝑖𝑗(𝛿 ̃R𝑖𝑗p𝑖𝑗 + ̃R𝑖𝑗𝛿p𝑖𝑗). (74)

Substituting 𝛿R𝑖𝑗 = R𝑖𝑗[𝛿𝜃 𝑖𝑗]× and exploiting [𝛿𝜃 𝑖𝑗]×p𝑖𝑗 = −[p𝑖𝑗]×𝛿𝜃 𝑖𝑗 , we obtain:

𝛿b𝑖𝑗 =
1

‖p𝑖𝑗‖
Πb𝑖𝑗(R𝑖𝑗𝛿p𝑖𝑗 − R𝑖𝑗[p𝑖𝑗]×𝛿𝜃 𝑖𝑗) (75)

Evaluating this at the propagated nominal point yields the 3 × 6 local Jacobian:

𝐽 𝑐𝜂,bear(o
𝑐∗
𝑘 ) = 1

‖p∗𝑖𝑗‖
[Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 −Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 [p∗𝑖𝑗]×] (76)

where 𝐽 𝑐𝜂,bear,𝑝(o
𝑐∗
𝑘 ) = 1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 and 𝐽 𝑐𝜂,bear,𝑅(o

𝑐∗
𝑘 ) = − 1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 [p∗𝑖𝑗]×.

• Mixed Modality (mix): To maintain a homogeneous global space in heteroge-
neous networks, every edge maps uniformly via 𝜂𝑐mix ∶ 𝕊𝔼(3) → 𝕃 × ℝ>0. The
measurement function concatenates the active measurements and pads missing
ones with arbitrary dummy constants (u0 ∈ 𝕃, 𝑑0 ∈ ℝ>0):

𝜂𝑐mix(o
𝑐∗
𝑘 ) =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

[
u0

𝜂𝑐dist(o
𝑐∗
𝑘 )

] if edge 𝑘 is distance

[
𝜂𝑐bear(o

𝑐∗
𝑘 )

𝑑0
] if edge 𝑘 is bearing

[
𝜂𝑐bear(o

𝑐∗
𝑘 )

𝜂𝑐dist(o
𝑐∗
𝑘 )

] if edge 𝑘 measures both

(77)
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As the Jacobian of any constant dummy value evaluates identically to zero
(𝛿u0 = 0, 𝛿𝑑0 = 0), the local Jacobian block cleanly assembles by stacking
the active sub-blocks and zeroing out the missing ones:

𝐽 𝑐𝜂,mix(o
𝑐∗
𝑘 ) =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

[
03×3 03×3

𝐽 𝑐𝜂,dist,𝑝(o
𝑐∗
𝑘 ) 𝐽 𝑐𝜂,dist,𝑅(o

𝑐∗
𝑘 )

] if edge 𝑘 is distance

[
𝐽 𝑐𝜂,bear,𝑝(o

𝑐∗
𝑘 ) 𝐽 𝑐𝜂,bear,𝑅(o

𝑐∗
𝑘 )

01×3 01×3
] if edge 𝑘 is bearing

[
𝐽 𝑐𝜂,bear,𝑝(o

𝑐∗
𝑘 ) 𝐽 𝑐𝜂,bear,𝑅(o

𝑐∗
𝑘 )

𝐽 𝑐𝜂,dist,𝑝(o
𝑐∗
𝑘 ) 𝐽 𝑐𝜂,dist,𝑅(o

𝑐∗
𝑘 )

] if edge 𝑘 measures both

(78)

Global Measurement Map and Jacobian Assembly

The global measurement map 𝜂𝑐emb aggregates the independent sensor readings into
the full measurement vector:

𝜂𝑐emb∶ 𝕊𝔼(3)𝑚 → 𝒴𝑚 (79)
(𝑜1, … , 𝑜𝑚) ↦ (𝜂𝑐mod1(𝑜1), … , 𝜂𝑐mod𝑚(𝑜𝑚))

Since the measurement of each edge is completely independent, the global measure-
ment Jacobian J𝑐𝜂(o𝑐∗) is strictly block-diagonal. In its most general form, it is assem-
bled by explicitly concatenating the local measurement Jacobians ordered by the edge
index 𝑘 = 1, … , 𝑚:

J𝑐𝜂(o𝑐∗) = blockdiag (𝐽 𝑐𝜂,mod1(o
𝑐∗
1 ), … , 𝐽 𝑐𝜂,mod𝑚(o

𝑐∗
𝑚 )). (80)

Given that each local measurement Jacobian (whether distance, bearing, or mixed)
inherently relies on the spatial coordinates of its respective edge (via p∗𝑖𝑗 or q∗𝑖𝑗 ), ex-
plicit state dependence is universally preserved. Consequently, the Kronecker prod-
uct (⊗) cannot be utilized even in fully homogeneous networks. Thus, this overarch-
ing block-diagonal formulation applies directly to all network configurations, dynam-
ically adapting its internal block dimensions based on the specific modality of each
edge:

• Distance Network: The global measurement map is

𝜂𝑐emb,dist∶ 𝕊𝔼(3)𝑚 → (ℝ>0)𝑚 (81)

Applying the general formula, the global Jacobian J𝑐𝜂,dist(o
𝑐∗) ∈ ℝ𝑚×6𝑚 becomes:

J𝑐𝜂,dist(o
𝑐∗) = blockdiag𝑚𝑘=1 (𝐽

𝑐
𝜂,dist(o

𝑐∗
𝑘 )) (82)
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• Bearing Network: The global measurement map is

𝜂𝑐emb,bear∶ 𝕊𝔼(3)𝑚 → 𝕃𝑚 (83)

Applying the general formula, the global Jacobian J𝑐𝜂,bear(o
𝑐∗) ∈ ℝ3𝑚×6𝑚 be-

comes:
J𝑐𝜂,bear(o

𝑐∗) = blockdiag𝑚𝑘=1 (𝐽
𝑐
𝜂,bear(o

𝑐∗
𝑘 )) (84)

• Mixed Network: To maintain structural consistency, the global measurement
map pads the codomain uniformly, yielding

𝜂𝑐emb,mix∶ 𝕊𝔼(3)𝑚 → (𝕃 × ℝ>0)𝑚 (85)

The global Jacobian J𝑐𝜂(o𝑐∗) ∈ ℝ4𝑚×6𝑚 thus remains a perfectly symmetric se-
quence of 4 × 6 blocks across the entire network:

J𝑐𝜂(o𝑐∗) = blockdiag𝑚𝑘=1 (𝐽
𝑐
𝜂,mod𝑘 (o

𝑐∗
𝑘 )) (86)

where mod𝑘 ∈ {dist, bear,mix}.

4.4.5 Coupled Rigidity Matrix Assembly

To motivate the structure of the tangent spaces utilized in our derivation, we must
first recognize that the global measurement model is the composition of four distinct
smooth maps. Let 𝒟

𝑐
= 𝕊𝔼(3)𝑛 be the global coupled state manifold, and 𝒴 𝑐 the

global measurement manifold.

The measurement function resulting from the embedded coupled functor realization
h𝑐 ∶ 𝒟

𝑐
→ 𝒴 𝑐 factorizes exactly into the categorical sequence:

h𝑐 = 𝜂𝑐emb ∘ Δ
𝑐
emb ∘ 𝛾

𝑐
emb ∘ 𝜎

𝑐
emb. (87)

To compute the Jacobian of this composite map via the chain rule, the embedded
coupled rigidity matrix is defined as the ordered product of the individual Jacobians,
each evaluated at its respective propagated evaluation point:

R𝑐(x𝑐∗) = J𝑐𝜂(o𝑐∗) ⋅ J𝑐Δ(ẽ
𝑐∗) ⋅ J𝑐𝛾 ⋅ J𝑐𝜎 . (88)

Rather than evaluating this product monolithically, we adopt a systematic multistep
structural factorization. This allows us to highlight different structural properties of
the resulting matrix and provides a methodological way to construct it.

First, we completely isolate the measurement dependent components from their topo-
logical allocation across the network’s agents. Specifically, we define an edge-wise
dense intermediate matrix R𝑐

local(x
𝑐∗) prior to agent distribution:

R𝑐(x𝑐∗) = J𝑐𝜂(o𝑐∗) ⋅ J𝑐Δ(ẽ𝑐∗) ⋅ J𝑐𝛾⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
R𝑐
local(x𝑐∗)

⋅ J𝑐𝜎⏟
Agent Distribution

. (89)
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We structure the assembly into four distinct algebraic steps. In each step, explicitly
identifying the domain and codomain of the underlying map dictates the strict hier-
archical partition of the associated tangent spaces, ultimately forcing the resulting
matrices into the structured forms explained at the beginning of the chapter.

Step 1: Local Edge-Wise Kinematics

We first evaluate the mapping at the local level for a generic 𝑘-th directed edge 𝑒𝑘 =
(𝑖, 𝑗). This corresponds to analyzing the local measurement map

ℎ𝑐local,𝑘 ∶ 𝕊𝔼(3) × 𝕊𝔼(3) → 𝒴𝑘 (90)

which maps the states of the interacting pair to generate the specific local measure-
ment.

We compute the Jacobian of the map ℎ𝑐local,𝑘 and we obtain the local dense row block
𝑟 𝑐mod𝑘 (e

𝑐∗
𝑘 ):

𝑟 𝑐mod𝑘 (e
𝑐∗
𝑘 ) = 𝐽 𝑐𝜂,mod𝑘 (o

𝑐∗
𝑘 ) ⋅ 𝐽 𝑐Δ,mod𝑘 (ẽ

𝑐∗
𝑘 ) ⋅ 𝐽 𝑐𝛾 ,mod𝑘

= [𝑟 𝑐mod𝑘 ,p𝑖(e
𝑐∗
𝑘 ) 𝑟 𝑐mod𝑘 ,𝜃 𝑖(e

𝑐∗
𝑘 ) | 𝑟 𝑐mod𝑘 ,p𝑗 (e

𝑐∗
𝑘 ) 𝑟 𝑐mod𝑘 ,𝜃 𝑗 (e

𝑐∗
𝑘 )]

= [𝑟 𝑐mod𝑘 ,𝑖(e
𝑐∗
𝑘 ) | 𝑟 𝑐mod𝑘 ,𝑗(e

𝑐∗
𝑘 )] . (91)

As established by the hierarchical geometric decomposition of the edge tangent space
explained at the beginning of the chapter, this 12-column dense block perfectly mir-
rors the physical structure of the interaction. At the highest level, the block decou-
ples into two independent 6-column macro-blocks, representing the full 6-DOF state
variations of the source agent 𝑖 and the target agent 𝑗. In turn, each of these nodal
macro-blocks explicitly subdivides into two 3-column sub-blocks, isolating the purely
translational and purely rotational kinematic contributions within each individual
agent.

To explicitly verify that the generic block inherently obeys this strict hierarchical
partition, we perform the matrix expansion in two distinct algebraic derivations.

1. nodal partitioning (source vs. target): We first evaluate the decou-
pling for the edge into source (𝑖) and target (𝑗) streams. The measurement Jacobian
𝐽 𝑐𝜂,mod𝑘 operates downstream on the unified 6-DOF relative state. The kinematic ob-
servation map 𝐽 𝑐Δ,mod𝑘 inherently splits into a 1 × 2 block matrix acting on the two
distinct agents, while the filtration mask 𝐽 𝑐𝛾 ,mod𝑘 is strictly block-diagonal across the
nodes. Expanding these matrices yields:
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𝑟 𝑐mod𝑘 (e
𝑐∗
𝑘 ) = 𝐽 𝑐𝜂,mod𝑘 (o

𝑐∗
𝑘 ) ⋅ 𝐽 𝑐Δ,mod𝑘 (ẽ

𝑐∗
𝑘 ) ⋅ 𝐽 𝑐𝛾 ,mod𝑘

= 𝐽 𝑐𝜂,mod𝑘 (o
𝑐∗
𝑘 ) [𝐽 𝑐Δ,𝑖(ẽ

𝑐∗
𝑘 ) 𝐽 𝑐Δ,𝑗(ẽ

𝑐∗
𝑘 )] [

𝐽 𝑐𝛾 ,𝑖 06×6
06×6 𝐽 𝑐𝛾 ,𝑗

]

= 𝐽 𝑐𝜂,mod𝑘 (o
𝑐∗
𝑘 ) [𝐽 𝑐Δ,𝑖(ẽ

𝑐∗
𝑘 )𝐽 𝑐𝛾 ,𝑖 | 𝐽 𝑐Δ,𝑗(ẽ

𝑐∗
𝑘 )𝐽 𝑐𝛾 ,𝑗]

= [𝐽 𝑐𝜂,mod𝑘 (o
𝑐∗
𝑘 )𝐽 𝑐Δ,𝑖(ẽ

𝑐∗
𝑘 )𝐽 𝑐𝛾 ,𝑖 | 𝐽 𝑐𝜂,mod𝑘 (o

𝑐∗
𝑘 )𝐽 𝑐Δ,𝑗(ẽ

𝑐∗
𝑘 )𝐽 𝑐𝛾 ,𝑗]

= [𝑟 𝑐mod𝑘 ,𝑖(e
𝑐∗
𝑘 ) | 𝑟 𝑐mod𝑘 ,𝑗(e

𝑐∗
𝑘 )] . (92)

2. geometric partitioning (position vs. rotation): We expose the
internal positional and rotational kinematics within these isolated nodal blocks. Be-
cause the filtration and observation mappings do not mix translations and rotations,
their local 6-DOF Jacobians 𝐽 𝑐Δ,𝑖 and 𝐽 𝑐𝛾 ,𝑖 are strictly block-diagonal. Partitioning the
measurement Jacobian 𝐽 𝑐𝜂,mod𝑘 into its positional and rotational columns, we expand
the generic source nodal block 𝑟 𝑐mod𝑘 ,𝑖:

𝑟 𝑐mod𝑘 ,𝑖(e
𝑐∗
𝑘 ) = 𝐽 𝑐𝜂,mod𝑘 (o

𝑐∗
𝑘 )𝐽 𝑐Δ,𝑖(ẽ

𝑐∗
𝑘 )𝐽 𝑐𝛾 ,𝑖

= [𝐽 𝑐𝜂,mod𝑘 ,𝑝(o
𝑐∗
𝑘 ) 𝐽 𝑐𝜂,mod𝑘 ,𝑅(o

𝑐∗
𝑘 )] [

𝐽 𝑐Δ,𝑝,𝑖 03×3
03×3 𝐽 𝑐Δ,𝑅,𝑖(ẽ

𝑐∗
𝑘 )

] [
𝐽 𝑐𝛾 ,𝑝,𝑖 03×3
03×3 𝐽 𝑐𝛾 ,𝑅,𝑖

]

= [𝐽 𝑐𝜂,mod𝑘 ,𝑝(o
𝑐∗
𝑘 ) 𝐽 𝑐𝜂,mod𝑘 ,𝑅(o

𝑐∗
𝑘 )] [

𝐽 𝑐Δ,𝑝,𝑖𝐽
𝑐
𝛾 ,𝑝,𝑖 03×3

03×3 𝐽 𝑐Δ,𝑅,𝑖(ẽ
𝑐∗
𝑘 )𝐽 𝑐𝛾 ,𝑅,𝑖

]

= [𝐽 𝑐𝜂,mod𝑘 ,𝑝(o
𝑐∗
𝑘 )𝐽 𝑐Δ,𝑝,𝑖𝐽

𝑐
𝛾 ,𝑝,𝑖 𝐽 𝑐𝜂,mod𝑘 ,𝑅(o

𝑐∗
𝑘 )𝐽 𝑐Δ,𝑅,𝑖(ẽ

𝑐∗
𝑘 )𝐽 𝑐𝛾 ,𝑅,𝑖]

= [𝑟 𝑐mod𝑘 ,p𝑖(e
𝑐∗
𝑘 ) 𝑟 𝑐mod𝑘 ,𝜃 𝑖(e

𝑐∗
𝑘 )] . (93)

By applying the same expansion to the target node 𝑗, the full 12-column dense block
cleanly reassembles into its four fundamental 3-DOF kinematic contributions:

𝑟 𝑐mod𝑘 (e
𝑐∗
𝑘 ) = [𝑟 𝑐mod𝑘 ,p𝑖(e

𝑐∗
𝑘 ) 𝑟 𝑐mod𝑘 ,𝜃 𝑖(e

𝑐∗
𝑘 ) | 𝑟 𝑐mod𝑘 ,p𝑗 (e

𝑐∗
𝑘 ) 𝑟 𝑐mod𝑘 ,𝜃 𝑗 (e

𝑐∗
𝑘 )] . (94)

Depending on the measurement modality, the explicit analytical evaluation of these
coupled blocks yields:
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• Distance Modality (1 × 12 local block): The local dense block for the generic
edge 𝑘 is obtained by multiplying the edge-specific coupled Jacobians. We ex-
plicitly expand their matrix product using the analytical Jacobians computed
previously to obtain:

𝑟 𝑐dist(e
𝑐∗
𝑘 ) = 𝐽 𝑐𝜂,dist(o

𝑐∗
𝑘 ) ⋅ 𝐽 𝑐Δ,dist ⋅ 𝐽

𝑐
𝛾 ,dist

= [(q∗𝑖𝑗)𝑇 01×3] [
−I3 0 I3 0
0 −I3 0 I3

]
⎡
⎢
⎢
⎢
⎣

I3 0 0 0
0 03×3 0 0
0 0 I3 0
0 0 0 03×3

⎤
⎥
⎥
⎥
⎦

= [(q∗𝑖𝑗)𝑇 01×3] [
−I3 03×3 I3 03×3
0 03×3 0 03×3

]

= [−(q∗𝑖𝑗)𝑇 01×3 | (q∗𝑖𝑗)𝑇 01×3]

= [𝑟 𝑐dist,𝑖(e
𝑐∗
𝑘 ) | 𝑟 𝑐dist,𝑗(e

𝑐∗
𝑘 )] . (95)

As demonstrated, the extensive padding applied by the filtration mask perfectly
zeroes out both rotational columns prior to the final measurement projection.

• Bearing Modality (3 × 12 local block): The local Jacobians for the bearing
modality retain explicit state dependence. Substituting the analytical expres-
sion for the measurement Jacobian computed previously, and multiplying the
6×12 observation matrix by the 12×12 filtration matrix, rigorously isolates the
unobservable target attitude before the final projection:

𝑟 𝑐bear(e
𝑐∗
𝑘 ) = 𝐽 𝑐𝜂,bear(o

𝑐∗
𝑘 ) ⋅ 𝐽 𝑐Δ,bear(ẽ

𝑐∗
𝑘 ) ⋅ 𝐽 𝑐𝛾 ,bear

= [
1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 − 1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 [p∗𝑖𝑗]×]

⋅ [
−I3 0 I3 0
0 −R∗

𝑖 0 I3
]

⎡
⎢
⎢
⎢
⎢
⎣

I3 0 0 0
0 I3 0 0
0 0 I3 0
0 0 0 03×3

⎤
⎥
⎥
⎥
⎥
⎦

= [
1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 − 1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 [p∗𝑖𝑗]×] [

−I3 0 I3 03×3
0 −R∗

𝑖 0 03×3
]

= [− 1
‖p∗𝑖𝑗‖

Πb∗𝑖𝑗 (R
∗
𝑖 )𝑇

1
‖p∗𝑖𝑗‖

Πb∗𝑖𝑗 (R
∗
𝑖 )𝑇 [p∗𝑖𝑗]×R∗

𝑖 | 1
‖p∗𝑖𝑗‖

Πb∗𝑖𝑗 (R
∗
𝑖 )𝑇 03×3] .

(96)
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While the positional blocks are already in their fully resolved analytical form,
the source node’s rotational block allows for further simplification. Let us ex-
tract and evaluate this specific term:

−𝐽 𝑐𝜂,bear,𝑅(o
𝑐∗
𝑘 )R∗

𝑖 =
1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗((R

∗
𝑖 )𝑇 [p∗𝑖𝑗]×R∗

𝑖 ). (97)

Applying the Adjoint property (R∗
𝑖 )𝑇 [p∗𝑖𝑗]×R∗

𝑖 = [(R∗
𝑖 )𝑇p∗𝑖𝑗]× = ‖p∗𝑖𝑗‖[b∗𝑖𝑗]×, the

scalar norm cleanly cancels out:

−𝐽 𝑐𝜂,bear,𝑅(o
𝑐∗
𝑘 )R∗

𝑖 = Πb∗𝑖𝑗 [b
∗
𝑖𝑗]×. (98)

Using the orthogonal projection identity Πb∗𝑖𝑗 [b
∗
𝑖𝑗]× = [b∗𝑖𝑗]×, this rotational

derivative elegantly reduces to the pure skew-symmetric matrix:

−𝐽 𝑐𝜂,bear,𝑅(o
𝑐∗
𝑘 )R∗

𝑖 = [b∗𝑖𝑗]×. (99)

Substituting this simplified rotational block back into the vector yields the final
compact local row:

𝑟 𝑐bear(e
𝑐∗
𝑘 ) = [− 1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 [b∗𝑖𝑗]× | 1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 03×3]

= [𝑟 𝑐bear,𝑖(e
𝑐∗
𝑘 ) | 𝑟 𝑐bear,𝑗(e

𝑐∗
𝑘 )] . (100)

• Mixed Modality (4 × 12 local block): Leveraging the dummy-padding struc-
ture of the mixed measurement map, the local block cleanly stacks the respec-
tive positional and rotational evaluations for the source and target nodes verti-
cally:

𝑟 𝑐mix(e
𝑐∗
𝑘 ) =

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

⎡
⎢
⎢
⎣

03×6 | 03×6

𝑟 𝑐dist(e
𝑐∗
𝑘 )

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

03×6 | 03×6

𝑟 𝑐dist,𝑖(e
𝑐∗
𝑘 ) | 𝑟 𝑐dist,𝑗(e

𝑐∗
𝑘 )

⎤
⎥
⎥
⎥
⎦

(if edge 𝑘 is distance)

⎡
⎢
⎢
⎣

𝑟 𝑐bear(e
𝑐∗
𝑘 )

01×6 | 01×6

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟 𝑐bear,𝑖(e
𝑐∗
𝑘 ) | 𝑟 𝑐bear,𝑗(e

𝑐∗
𝑘 )

01×6 | 01×6

⎤
⎥
⎥
⎥
⎦

(if edge 𝑘 is bearing)

[
𝑟 𝑐bear(e

𝑐∗
𝑘 )

𝑟 𝑐dist(e
𝑐∗
𝑘 )

] =
⎡
⎢
⎢
⎢
⎣

𝑟 𝑐bear,𝑖(e
𝑐∗
𝑘 ) | 𝑟 𝑐bear,𝑗(e

𝑐∗
𝑘 )

𝑟 𝑐dist,𝑖(e
𝑐∗
𝑘 ) | 𝑟 𝑐dist,𝑗(e

𝑐∗
𝑘 )

⎤
⎥
⎥
⎥
⎦

(if edge 𝑘 measures both)

= [𝑟 𝑐mix,𝑖(e
𝑐∗
𝑘 ) | 𝑟 𝑐mix,𝑗(e

𝑐∗
𝑘 )] .

(101)
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Step 2: Global Edge-Wise Assembly

Combining all these local Jacobian blocks without the topological distribution dic-
tated by the graph yields the intermediate global block-diagonal matrix. This over-
arching algebraic operator corresponds to the differential of the uncoupled global
map:

h𝑐local∶ ℳ𝑐
𝑒 = (𝕊𝔼(3) × 𝕊𝔼(3))𝑚 → 𝒴 𝑐 (102)

which evaluates all individual edge states mapping them directly into the full mea-
surement space.

Because the measurement, observation, and filtration maps process each edge inde-
pendently while maintaining the global geometric factorization, their global Jaco-
bians evaluate as strictly partitioned block-diagonal operators.

To formulate the intermediate global edge-wise matrix R𝑐
local(x

𝑐∗), we exploit a stan-
dard property: the product of block-diagonal matrices is a block-diagonal matrix
whose blocks are simply the products of the corresponding constituent blocks.

Consequently, this operation natively assembles into a wide, structurally ordered
block-diagonal matrix:

R𝑐
local(x

𝑐∗) = blockdiag𝑚𝑘=1 (𝐽
𝑐
𝜂,mod𝑘 (o

𝑐∗
𝑘 )) ⋅ blockdiag𝑚𝑘=1 (𝐽

𝑐
Δ,mod𝑘 (ẽ

𝑐∗
𝑘 ))

⋅ blockdiag𝑚𝑘=1 (𝐽
𝑐
𝛾 ,mod𝑘)

= blockdiag𝑚𝑘=1 (𝐽
𝑐
𝜂,mod𝑘 (o

𝑐∗
𝑘 ) ⋅ 𝐽 𝑐Δ,mod𝑘 (ẽ

𝑐∗
𝑘 ) ⋅ 𝐽 𝑐𝛾 ,mod𝑘)

= blockdiag𝑚𝑘=1 (𝑟
𝑐
𝑘(e

𝑐∗
𝑘 )). (103)

Depending on the network configuration, this intermediate coupled matrix takes the
specific dimensions ℝ𝑚×12𝑚 (Distance), ℝ3𝑚×12𝑚 (Bearing), or ℝ4𝑚×12𝑚 (Mixed).

Step 3: Topological Jacobian and Agent Distribution (Domain Expansion)

Having established the local edge-wise kinematics, we nowmathematically inject the
graph incidence to expand the mapping’s domain. We achieve this by initially con-
sidering the entire network of agents while isolating the measurement of the single
𝑘-th edge 𝑒𝑘 = (𝑖, 𝑗), thereby formalizing the topological distribution of the interacting
agents for this specific edge.

This corresponds to analyzing the isolated global measurement map:

h𝑐𝑘 ∶ 𝒟
𝑐
→ 𝒴𝑘 . (104)
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While the codomain of this mapping remains restricted to the local measurement
space 𝒴𝑘 of the single 𝑘-th edge, its domain expands to encompass the entire state
space of the network.

By computing the Jacobian [R𝑐(x𝑐∗)]𝑘 of this specific map h𝑐𝑘 , we establish how the
localized kinematic blocks are distributed across all the agents.

As previously demonstrated, the global natively coupled tangent space inherently
factorizes into a sequentially ordered direct sum, natively grouping the 3-DOF posi-
tional and 3-DOF rotational contributions agent by agent. Because this global state
vector is fundamentally partitioned into 𝑛 distinct 6-DOF column blocks, the Jacobian
[R𝑐(x𝑐∗)]𝑘 extracts the exact geometric contribution of the required agents directly
from this global direct sum.

Physically, since the mapping h𝑐𝑘 evaluates the edge 𝑒𝑘 = (𝑖, 𝑗), which depends exclu-
sively on its source node 𝑖 and target node 𝑗, its partial derivative with respect to any
other agent in the network is identically zero. Conversely, its non-zero partial deriva-
tives with respect to 𝑖 and 𝑗 coincide exactly with the local kinematic blocks derived
previously in Step 1. Therefore, injecting the topology simply requires taking these lo-
cal blocks and accurately distributing them into their correct global coordinates. This
yields a highly sparse row structure: the resulting global row will contain the local
6-DOF dense blocks strictly at the 𝑖-th and 𝑗-th block-indices, padded by zero-blocks
everywhere else.

To realize this precise sparse placement, we recall the topological distribution map.
Its local Jacobian can be gracefully expressed using the coupled 6-DOF block-selector
operators (u𝑇𝑖 ⊗ I6). Specifically, the 𝑘-th local block row for a generic edge 𝑒𝑘 = (𝑖, 𝑗)
is formulated as the incidence-selection matrix:

[J𝑐𝜎 ]𝑘 = [
u𝑇𝑖 ⊗ I6
u𝑇𝑗 ⊗ I6

] ∈ ℝ12×6𝑛. (105)

Consequently, the full global topological Jacobian is simply represented as the direct
vertical stacking of these 𝑚 edge-wise components:

J𝑐𝜎 = [
[J𝑐𝜎 ]1
⋮

[J𝑐𝜎 ]𝑚
] . (106)

By post-multiplying the dense 12-column local block 𝑟 𝑐𝑘(e
𝑐∗
𝑘 ) by its corresponding

topological block [J𝑐𝜎 ]𝑘 , the isolated source and target components are mapped into
their precise global columnswithin the full 6𝑛-column global sparse vector [R𝑐(x𝑐∗)]𝑘 :

[R𝑐(x𝑐∗)]𝑘 = 𝑟 𝑐𝑘(e
𝑐∗
𝑘 ) ⋅ [J𝑐𝜎 ]𝑘

= [𝑟 𝑐𝑘,𝑖(e
𝑐∗
𝑘 ) | 𝑟 𝑐𝑘,𝑗(e

𝑐∗
𝑘 )] [

u𝑇𝑖 ⊗ I6
u𝑇𝑗 ⊗ I6

]

= 𝑟 𝑐𝑘,𝑖(e
𝑐∗
𝑘 )(u𝑇𝑖 ⊗ I6) + 𝑟 𝑐𝑘,𝑗(e

𝑐∗
𝑘 )(u𝑇𝑗 ⊗ I6). (107)
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Depending on the measurement modality, this inner product yields the precise global
row structures:

• Global Distance Row (1 × 6𝑛):

[R𝑐
dist(x

𝑐∗)]𝑘 = [−(q∗𝑖𝑗)𝑇 01×3] (u𝑇𝑖 ⊗ I6) + [(q∗𝑖𝑗)𝑇 01×3] (u𝑇𝑗 ⊗ I6). (108)

• Global Bearing Row (3 × 6𝑛):

[R𝑐
bear(x

𝑐∗)]𝑘 = [−
1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 [b∗𝑖𝑗]×] (u𝑇𝑖 ⊗ I6)

+ [
1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 03×3] (u𝑇𝑗 ⊗ I6). (109)

• Global Mixed Row (4 × 6𝑛):

[R𝑐
mix(x

𝑐∗)]𝑘 =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

[
03×6𝑛

[R𝑐
dist(x

𝑐∗)]𝑘
] (if edge 𝑘 is distance)

[
[R𝑐

bear(x
𝑐∗)]𝑘

01×6𝑛
] (if edge 𝑘 is bearing)

[
[R𝑐

bear(x
𝑐∗)]𝑘

[R𝑐
dist(x

𝑐∗)]𝑘
] (if edge 𝑘 measures both)

(110)

Step 4: Full Network Integration (Codomain Integration)

We now incorporate all measurement contributions by aggregating the edge-wise
components derived in Step 3 across the entire graph. While Step 3 successfully ex-
panded the domain onto the globally coupled agent state space, we must now inte-
grate the codomain to account for the complete sensory network.

As previously established, the coupled embedded rigidity matrix R𝑐(x𝑐∗) represents
the exact differential of the overarching measurement function h𝑐 ∶ 𝒟

𝑐
→ 𝒴 𝑐 . The

direct sum structure of the tangent spaces dictates that the columns of the resulting
matrix are structurally forced to partition sequentially by agent, with each 6-DOF
column block encapsulating the full pose variation of a specific node. Because the in-
termediate edge-wisematrixR𝑐

local(x
𝑐∗) is exclusively block-diagonal and the topolog-

ical Jacobian J𝑐𝜎 is constructed by vertically stacked block rows, the full algebraic eval-
uation of their product rigorously preserves this agent-centric column partition.

The matrix multiplication collapses into an ordered vertical stacking that applies the
local dense blocks independently to their respective incidence rows. This operation
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effectively stacks the individual measurement codomains, yielding the exact global
sparse rows derived in Step 3:

R𝑐(x𝑐∗) = R𝑐
local(x

𝑐∗) ⋅ J𝑐𝜎

= blockdiag𝑚𝑘=1 (𝑟
𝑐
𝑘(e

𝑐∗
𝑘 )) ⋅ [

[J𝑐𝜎 ]1
⋮

[J𝑐𝜎 ]𝑚
]

= [
𝑟 𝑐1(e𝑐∗1 ) ⋅ [J𝑐𝜎 ]1

⋮
𝑟 𝑐𝑚(e𝑐∗𝑚 ) ⋅ [J𝑐𝜎 ]𝑚

] = [
[R𝑐(x𝑐∗)]1

⋮
[R𝑐(x𝑐∗)]𝑚

] . (111)

Thus, depending on the specific modalities distributed across the MAS, the final em-
bedded coupled rigidity matrix R𝑐(x𝑐∗) is formally assembled by vertically stacking
the modality-specific rows:

• DistanceMAS: ThematrixR𝑐
dist(x

𝑐∗) ∈ ℝ𝑚×6𝑛 is constructed entirely of sparse
1 × 6𝑛 distance rows:

R𝑐
dist(x

𝑐∗) = [
[R𝑐

dist(x
𝑐∗)]1

⋮
[R𝑐

dist(x
𝑐∗)]𝑚

] (112)

• BearingMAS:ThematrixR𝑐
bear(x

𝑐∗) ∈ ℝ3𝑚×6𝑛 is constructed entirely of sparse
3 × 6𝑛 bearing rows:

R𝑐
bear(x

𝑐∗) = [
[R𝑐

bear(x
𝑐∗)]1

⋮
[R𝑐

bear(x
𝑐∗)]𝑚

] (113)

• Mixed MAS: The matrix R𝑐
mix(x

𝑐∗) ∈ ℝ4𝑚×6𝑛 is uniformly assembled by ver-
tically stacking the sparse 4 × 6𝑛 padded rows, cleanly preserving structural
alignment across the 6-DOF agent columns even where measurements are lo-
cally absent:

R𝑐
mix(x

𝑐∗) = [
[R𝑐

mix(x
𝑐∗)]1

⋮
[R𝑐

mix(x
𝑐∗)]𝑚

] (114)
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4.5 decoupled embedded rigidity matrix struc-
ture

In this section, we investigate the fully pose-decoupled embedded functor realization,
denoted as ℱ 𝑑 . By exploiting the Cartesian factorization of the global state space
throughout the entire sequence, we explicitly derive the algebraic structure of the
decoupled rigiditymatrix, highlighting the advantageous properties that emerge from
isolating translational and rotational kinematics.

4.5.1 Decoupled Topological Distribution Map

In the decoupled space, the topological map strictly separates the routing of positions
and attitudes. The global state vector is mapped into two independent streams via
𝜎𝑑emb = 𝜎𝑑emb,𝑝 × 𝜎

𝑑
emb,𝑅, where:

𝜎𝑑emb,𝑝 ∶ (ℝ3)𝑛 → (ℝ3 × ℝ3)𝑚 , 𝜎𝑑emb,𝑅 ∶ 𝕊𝕆(3)𝑛 → (𝕊𝕆(3) × 𝕊𝕆(3))𝑚 . (115)

Consequently, the joint decoupled map evaluates to:

𝜎𝑑emb∶ (ℝ3)𝑛 × 𝕊𝕆(3)𝑛 → (ℝ3 × ℝ3)𝑚 × (𝕊𝕆(3) × 𝕊𝕆(3))𝑚

(p,R) ↦ (𝜎𝑑emb,𝑝(p), 𝜎
𝑑
emb,𝑅(R)). (116)

Because this topological routing relies solely on fixed linear selection, its Jacobian is
entirely state-invariant. Dropping the evaluation argument, the local Jacobian block
for the 𝑘-th edge 𝑒𝑘 = (𝑖, 𝑗) elegantly splits into a block-diagonal structure containing
two identical selection matrices:

[𝐽 𝑑𝜎 ]𝑘 = [
𝑆𝑒𝑘 0
0 𝑆𝑒𝑘

] , (117)

where 𝑆𝑒𝑘 ∈ ℝ6×3𝑛 is the standard incidence-selection matrix. Using the decoupled
block-selector operators, it is rigorously formulated as:

𝑆𝑒𝑘 = [
u𝑇𝑖 ⊗ I3
u𝑇𝑗 ⊗ I3

] . (118)

To construct the full global matrix J𝑑𝜎 , we define the global incidence-selection ma-
trix S ∈ ℝ6𝑚×3𝑛 by vertically stacking the individual translational (or rotational) edge
blocks. Preserving the macroscopic factorization, the constant global Jacobian evalu-
ates to a strict block-diagonal structure:

S =
⎡
⎢
⎢
⎢
⎣

𝑆𝑒1
𝑆𝑒2
⋮
𝑆𝑒𝑚

⎤
⎥
⎥
⎥
⎦

, J𝑑𝜎 = [
S 0
0 S] ∈ ℝ12𝑚×6𝑛. (119)



4.5 decoupled embedded rigidity matrix structure 91

4.5.2 Decoupled Task Filtration

Local Filtration Maps and Jacobians

At the local level, let the nominal decoupled edge state for a specific 𝑘-th edge be e𝑑∗𝑘 =
((p∗𝑖 ,p∗𝑗 ), (R∗

𝑖 ,R∗
𝑗 )). The task filtration map 𝛾 𝑑mod𝑘 = 𝛾 𝑑𝑝 × 𝛾 𝑑𝑅 removes unmeasured

quantities and replaces them with a neutral padding, yielding

̃e𝑑∗𝑘 = (( ̃p∗𝑖 , ̃p∗𝑗 ), ( ̃R∗
𝑖 , ̃R∗

𝑗 )) = ((p∗𝑖 ,p∗𝑗 ), ( ̃R∗
𝑖 , ̃R∗

𝑗 )).

Formally, the independent translational and rotational local filtration maps are de-
fined as:

𝛾 𝑑𝑝 ∶ ℝ3 × ℝ3 → ℝ3 × ℝ3 (120)

𝛾 𝑑𝑅 ∶ 𝕊𝕆(3) × 𝕊𝕆(3) → 𝕊𝕆(3) × 𝕊𝕆(3) (121)

Because the padding mechanisms do not interfere, all cross-domain derivatives are
strictly zero. We can evaluate their independent Jacobians directly.

For the positional stream, the spatial coordinates are universally required and never
filtered. Thus, 𝛾 𝑑𝑝 acts as a perfect identity mapping. Its Jacobian is a strictly constant
matrix that is completely independent of the evaluation point. Structurally, it splits
cleanly for the source 𝑖 and target 𝑗:

𝐽 𝑑𝛾 ,𝑝(e𝑑∗𝑘 ) ≡ 𝐽 𝑑𝛾 ,𝑝 = [
𝐽 𝑑𝛾 ,𝑝,𝑖 0
0 𝐽 𝑑𝛾 ,𝑝,𝑗

] = blockdiag(I3, I3). (122)

For the rotational stream, the mapping 𝛾 𝑑𝑅 either preserves a rotation (yielding an
identity derivative block) ormasks it with constant padding (yielding a zero derivative
block). Because masking is fundamentally a linear or constant operation, its Jacobian
𝐽 𝑑𝛾 ,𝑅,mod𝑘 is also a strictly state-invariant constant matrix that partitions natively by
agent:

𝐽 𝑑𝛾 ,𝑅,mod𝑘 (e
𝑑∗
𝑘 ) ≡ 𝐽 𝑑𝛾 ,𝑅,mod𝑘 = [

𝐽 𝑑𝛾 ,𝑅,𝑖 0
0 𝐽 𝑑𝛾 ,𝑅,𝑗

] . (123)

The joint local filtration Jacobian 𝐽 𝑑𝛾 ,mod𝑘 is assembled as a strict block-diagonal con-
catenation of these two invariant components:

𝐽 𝑑𝛾 ,mod𝑘 = [
𝐽 𝑑𝛾 ,𝑝 0
0 𝐽 𝑑𝛾 ,𝑅,mod𝑘

] . (124)

Evaluating the modal mappings at the specific operational points yields the exact
matrix blocks:
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• Distance Edge (dist): Both attitudes are unobservable and padded ( ̃R∗
𝑖 = ̃R∗

𝑗 =
I3).

𝛾 𝑑dist(e
𝑑∗
𝑘 ) = ((p∗𝑖 ,p∗𝑗 ), (I3, I3)) (125)

Because the rotational mapping masks both states, its local sub-blocks evaluate
to 𝐽 𝑑𝛾 ,𝑅,𝑖 = 03×3 and 𝐽 𝑑𝛾 ,𝑅,𝑗 = 03×3. The Jacobian is entirely null: 𝐽 𝑑𝛾 ,𝑅,dist =
blockdiag(03×3, 03×3). The full invariant block-diagonal Jacobian naturally
emerges as:

𝐽 𝑑𝛾 ,dist =
⎡
⎢
⎢
⎢
⎣

I3 0 0 0
0 I3 0 0
0 0 03×3 0
0 0 0 03×3

⎤
⎥
⎥
⎥
⎦

= blockdiag (I3, I3, 03×3, 03×3). (126)

• Bearing Edge (bear): Only the target’s attitude is unobservable and padded
( ̃R∗

𝑖 = R∗
𝑖 , ̃R∗

𝑗 = I3).

𝛾 𝑑bear(e
𝑑∗
𝑘 ) = ((p∗𝑖 ,p∗𝑗 ), (R∗

𝑖 , I3)) (127)

The rotational Jacobian preserves the source attitude (𝐽 𝑑𝛾 ,𝑅,𝑖 = I3) while masking
the target (𝐽 𝑑𝛾 ,𝑅,𝑗 = 03×3), yielding 𝐽 𝑑𝛾 ,𝑅,bear = blockdiag(I3, 03×3). The joint local
Jacobian cleanly assembles into:

𝐽 𝑑𝛾 ,bear = blockdiag (I3, I3, I3, 03×3). (128)

• Mixed Edge (mix): Similar to the bearing edge, the target’s orientation is un-
observable ( ̃R∗

𝑖 = R∗
𝑖 , ̃R∗

𝑗 = I3).

𝛾 𝑑mix(e
𝑑∗
𝑘 ) = ((p∗𝑖 ,p∗𝑗 ), (R∗

𝑖 , I3)) (129)

Consequently, the individual rotational Jacobian perfectly mirrors the bearing
case:

𝐽 𝑑𝛾 ,mix = blockdiag (I3, I3, I3, 03×3). (130)

Global Filtration Map and Jacobian Assembly

Extending this formulation globally, the task filtration map 𝛾 𝑑emb = 𝛾 𝑑𝑝 × 𝛾 𝑑𝑅 acts con-
currently on all 𝑚 edges:

𝛾 𝑑𝑝 ∶ (ℝ3 × ℝ3)𝑚 → (ℝ3 × ℝ3)𝑚 (131)

𝛾 𝑑𝑅 ∶ (𝕊𝕆(3) × 𝕊𝕆(3))𝑚 → (𝕊𝕆(3) × 𝕊𝕆(3))𝑚 (132)

Because the filtration of each edge is independent and state-invariant, the global Jaco-
bian J𝑑𝛾 ∈ ℝ12𝑚×12𝑚 keeps the modal streams rigorously isolated in a constant macro
block-diagonal configuration:

J𝑑𝛾 = [
blockdiag𝑚𝑘=1 (𝐽

𝑑
𝛾 ,𝑝) 0

0 blockdiag𝑚𝑘=1 (𝐽
𝑑
𝛾 ,𝑅,mod𝑘)

] . (133)
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Crucially, because positional coordinates are never padded in our setup, the local
positional Jacobian 𝐽 𝑑𝛾 ,𝑝 is universally constant across all sensing paradigms. Con-
sequently, the upper-left positional macro-block can always be factored using the
Kronecker product (I𝑚 ⊗ 𝐽 𝑑𝛾 ,𝑝). Furthermore, because filtration relies strictly on lin-
ear masking or constant padding, the local rotational Jacobians 𝐽 𝑑𝛾 ,𝑅 are also strictly
state-invariant. Leveraging the Kronecker product (⊗) for homogeneous replication,
we obtain:

• Distance Network: The global Jacobian replicates the independent positional
and rotational distance masks. We exploit a double Kronecker structure:

J𝑑𝛾 ,dist = [
I𝑚 ⊗ 𝐽 𝑑𝛾 ,𝑝 0

0 I𝑚 ⊗ 𝐽 𝑑𝛾 ,𝑅,dist
] . (134)

• Bearing Network: The rotational mask remains invariant, allowing full Kro-
necker replication:

J𝑑𝛾 ,bear = [
I𝑚 ⊗ 𝐽 𝑑𝛾 ,𝑝 0

0 I𝑚 ⊗ 𝐽 𝑑𝛾 ,𝑅,bear
] . (135)

• MixedNetwork: In heterogeneous graphs, the global Jacobian retains the Kro-
necker product for the universal positional stream, while dynamically assem-
bling the specific local mask in the rotational stream:

J𝑑𝛾 = [
I𝑚 ⊗ 𝐽 𝑑𝛾 ,𝑝 0

0 blockdiag𝑚𝑘=1 (𝐽
𝑑
𝛾 ,𝑅,mod𝑘)

] . (136)

4.5.3 Decoupled Edge Observation

The observation map computes the relative kinematics for each edge directly within
the decoupled geometric space, relying on the filtered inputs.

Local Observation Maps and Jacobians

Let the padded filtered state for a generic single edge 𝑒𝑘 = (𝑖, 𝑗) be denoted as ẽ𝑑∗𝑘 =
(( ̃p∗𝑖 , ̃p∗𝑗 ), ( ̃R∗

𝑖 , R̃∗
𝑗 )) = ((p∗𝑖 ,p∗𝑗 ), ( ̃R∗

𝑖 , ̃R∗
𝑗 )). The map Δ𝑑 = Δ𝑑

𝑝 × Δ𝑑
𝑅 computes the

relative kinematics by processing the streams separately:

Δ𝑑
𝑝 ∶ ℝ3 × ℝ3 → ℝ3 (137)

Δ𝑑
𝑅 ∶ 𝕊𝕆(3) × 𝕊𝕆(3) → 𝕊𝕆(3) (138)
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yielding the joint local evaluation:

Δ𝑑 ∶ (ℝ3 × ℝ3) × (𝕊𝕆(3) × 𝕊𝕆(3)) → ℝ3 × 𝕊𝕆(3)

((p𝑖,p𝑗), (R𝑖,R𝑗)) ↦ (p𝑗 − p𝑖, R𝑇
𝑖 R𝑗). (139)

Given that Δ𝑑
𝑝 depends exclusively on the positional states and Δ𝑑

𝑅 exclusively on the
rotational states, all cross-domain derivatives are strictly zero.

For the positional stream, the differential is simply a linear difference 𝛿p𝑖𝑗 = 𝛿p𝑗 −𝛿p𝑖.
Consequently, its Jacobian evaluates to a strictly constant matrix, explicitly split into
source and target derivatives (𝐽 𝑑Δ,𝑝,𝑖 and 𝐽

𝑑
Δ,𝑝,𝑗 ), independent of the evaluation point:

𝐽 𝑑Δ,𝑝( ̃e𝑑∗𝑘 ) ≡ 𝐽 𝑑Δ,𝑝 = [𝐽 𝑑Δ,𝑝,𝑖 𝐽 𝑑Δ,𝑝,𝑗] = [−I3 I3] (140)

For the rotational stream, the Jacobian derived previously yields a matrix that gener-
ally retains an explicit state dependence, naturally split into 𝐽 𝑑Δ,𝑅,𝑖 and 𝐽 𝑑Δ,𝑅,𝑗 :

𝐽 𝑑Δ,𝑅(ẽ
𝑑∗
𝑘 ) = [𝐽 𝑑Δ,𝑅,𝑖(ẽ

𝑑∗
𝑘 ) 𝐽 𝑑Δ,𝑅,𝑗(ẽ

𝑑∗
𝑘 )] = [−( ̃R∗

𝑖𝑗)𝑇 I3] (141)

The joint local observation Jacobian 𝐽 𝑑Δ(ẽ
𝑑∗
𝑘 ) is assembled as a strict block-diagonal

combination of these decoupled components:

𝐽 𝑑Δ(ẽ
𝑑∗
𝑘 ) = [

𝐽 𝑑Δ,𝑝 03×6
03×6 𝐽 𝑑Δ,𝑅(ẽ

𝑑∗
𝑘 )

] = [
−I3 I3 03×3 03×3
03×3 03×3 −( ̃R∗

𝑖𝑗)𝑇 I3
] . (142)

Evaluating this generic mapping at the specified filtration operational points yields
the modal blocks:

• Distance Edge (dist): Both attitudes are filtered and padded ( ̃R∗
𝑖 = ̃R∗

𝑗 = I3).
The relative rotation natively collapses to ̃R∗

𝑖𝑗 = I3. Crucially, this filtering and
padding action causes the rotational Jacobian to become state-invariant as well,
allowing us to drop its evaluation argument:

Δ𝑑
dist((p

∗
𝑖 ,p∗𝑗 ), (I3, I3)) = (p∗𝑗 − p∗𝑖 , I3) (143)

𝐽 𝑑Δ,𝑅,dist(ẽ
𝑑∗
𝑘 ) ≡ 𝐽 𝑑Δ,𝑅,dist = [−I3 I3] (144)

𝐽 𝑑Δ,dist = [
𝐽 𝑑Δ,𝑝 03×6
03×6 𝐽 𝑑Δ,𝑅,dist

] (145)

where 𝐽 𝑑Δ,𝑅,𝑖 = −I3 and 𝐽 𝑑Δ,𝑅,𝑗 = I3.

• Bearing Edge (bear): Only the target attitude is padded ( ̃R∗
𝑗 = I3), yielding

̃R∗
𝑖𝑗 = (R∗

𝑖 )𝑇 . The rotational Jacobian retains its state dependence on the source
node:

Δ𝑑
bear((p

∗
𝑖 ,p∗𝑗 ), (R∗

𝑖 , I3)) = (p∗𝑗 − p∗𝑖 , (R∗
𝑖 )𝑇 ) (146)

𝐽 𝑑Δ,𝑅,bear(ẽ
𝑑∗
𝑘 ) = [−R∗

𝑖 I3] (147)

𝐽 𝑑Δ,bear(ẽ
𝑑∗
𝑘 ) = [

𝐽 𝑑Δ,𝑝 03×6
03×6 𝐽 𝑑Δ,𝑅,bear(ẽ

𝑑∗
𝑘 )

] (148)

where 𝐽 𝑑Δ,𝑅,𝑖(ẽ
𝑑∗
𝑘 ) = −R∗

𝑖 and 𝐽 𝑑Δ,𝑅,𝑗 = I3.
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• Mixed Edge (mix): Because the target’s attitude remains unobservable ( ̃R∗
𝑗 =

I3), the observation mapping and its Jacobian are structurally identical to the
pure bearing case:

Δ𝑑
mix((p

∗
𝑖 ,p∗𝑗 ), (R∗

𝑖 , I3)) = (p∗𝑗 − p∗𝑖 , (R∗
𝑖 )𝑇 ) (149)

𝐽 𝑑Δ,𝑅,mix(ẽ
𝑑∗
𝑘 ) = [−R∗

𝑖 I3] (150)

𝐽 𝑑Δ,mix(ẽ
𝑑∗
𝑘 ) = [

𝐽 𝑑Δ,𝑝 03×6
03×6 𝐽 𝑑Δ,𝑅,mix(ẽ

𝑑∗
𝑘 )

] (151)

Global Observation Jacobian Assembly

The global edge observation map Δ𝑑
emb = Δ𝑑

𝑝 ×Δ𝑑
𝑅 concurrently computes the relative

kinematics across all 𝑚 edges:

Δ𝑑
𝑝 ∶ (ℝ3 × ℝ3)𝑚 → (ℝ3)𝑚 (152)

Δ𝑑
𝑅 ∶ (𝕊𝕆(3) × 𝕊𝕆(3))𝑚 → (𝕊𝕆(3))𝑚 (153)

producing the joint global mapping:

Δ𝑑
emb∶ (ℝ3 × ℝ3)𝑚 × (𝕊𝕆(3) × 𝕊𝕆(3))𝑚 → (ℝ3)𝑚 × (𝕊𝕆(3))𝑚 . (154)

As structural decoupling is maintained globally, the total observation Jacobian J𝑑Δ(ẽ
𝑑∗)

perfectly separates all translational observations from all rotational observations, re-
taining a strict macro block-diagonal form. In its most general representation, it is
assembled by explicitly concatenating the decoupled local mappings ordered by the
edge index 𝑘 = 1, … , 𝑚:

J𝑑Δ(ẽ
𝑑∗) = [

blockdiag𝑚𝑘=1 (𝐽
𝑑
Δ,𝑝) 0

0 blockdiag𝑚𝑘=1 (𝐽
𝑑
Δ,𝑅(ẽ

𝑑∗
𝑘 ))

] . (155)

A fundamental structural advantage of this formulation is that the local positional
Jacobian 𝐽 𝑑Δ,𝑝 is universally constant across all edges and all sensing paradigms. Con-
sequently, the upper-left positional macro-block can always be factored compactly
using the Kronecker product (I𝑚 ⊗ 𝐽 𝑑Δ,𝑝). The algebraic assembly of the lower-right
rotational macro-block, however, depends on whether the underlying measurement
modality preserves or removes state dependence:

• Distance Network: For a homogeneous distance network, the rotational map-
ping is completely filtered and padded, yielding the state-invariant local block
𝐽 𝑑Δ,𝑅,dist. Since neither stream depends on the evaluation state, the general for-
mulation elegantly collapses into Kronecker products for both macro-blocks:

J𝑑Δ,dist = [
I𝑚 ⊗ 𝐽 𝑑Δ,𝑝 0

0 I𝑚 ⊗ 𝐽 𝑑Δ,𝑅,dist
] (156)
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• Bearing Network: In a homogeneous bearing network, the rotational Jaco-
bian 𝐽 𝑑Δ,𝑅,bear retains an explicit dependence on the source agent’s attitude. Con-
sequently, while the positional macro-block is factored via the Kronecker prod-
uct, the rotational macro-block requires explicit state-dependent concatena-
tion:

J𝑑Δ,bear(ẽ
𝑑∗) = [

I𝑚 ⊗ 𝐽 𝑑Δ,𝑝 0

0 blockdiag𝑚𝑘=1 (𝐽
𝑑
Δ,𝑅,bear(ẽ

𝑑∗
𝑘 ))

] (157)

• Mixed Network: In a graph featuring multiple measurement modalities, the
rotational macro-block dynamically adapts to both the specific measurement
type of each edge and its local state. The positional block remains universally
invariant:

J𝑑Δ(ẽ
𝑑∗) = [

I𝑚 ⊗ 𝐽 𝑑Δ,𝑝 0

0 blockdiag𝑚𝑘=1 (𝐽
𝑑
Δ,𝑅,mod𝑘 (ẽ

𝑑∗
𝑘 ))

] (158)

4.5.4 Decoupled Measurement Maps

Following the extraction of the relative kinematics, we define the decoupled measure-
ment maps. This is the stage where the previously isolated positional and rotational
streams are fused into a single physical observation within the specific measurement
codomain𝒴 .

Local Measurement Maps and Jacobians

At the local level for a 𝑘-th edge, let the nominal decoupled relative state be explicitly
denoted as o𝑑∗𝑘 = ( ̃p∗𝑖𝑗 , R̃∗

𝑖𝑗) = (p∗𝑖𝑗 , R̃∗
𝑖𝑗). We formally define the generic local measure-

ment map

𝜂𝑑mod𝑘 ∶ ℝ3 × 𝕊𝕆(3) → 𝒴 (159)

which yields the nominal sensor reading y∗𝑘 ∈ 𝒴 :

𝜂𝑑mod𝑘 (o
𝑑∗
𝑘 ) = y∗𝑘 (160)

Its local Jacobian 𝐽 𝑑𝜂,mod𝑘 (o
𝑑∗
𝑘 ) is a structured block-row matrix mapping variations of

the isolated positional and rotational vectors directly into the measurement’s tangent
space. Dictated by the direct sum structure of this relative tangent space, the Jacobian
naturally partitions into distinct positional and rotational column blocks:

𝐽 𝑑𝜂,mod𝑘 (o
𝑑∗
𝑘 ) = [𝐽 𝑑𝜂,mod𝑘 ,𝑝(o

𝑑∗
𝑘 ) | 𝐽 𝑑𝜂,mod𝑘 ,𝑅(o

𝑑∗
𝑘 )] . (161)
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Depending on the active sensory modality, evaluating this Jacobian yields blocks that
directly project onto the corresponding sub-spaces without loss of information:

• Distance Modality (dist): The measurement map 𝜂𝑑dist ∶ ℝ3 × 𝕊𝕆(3) → ℝ>0
extracts the Euclidean norm of the relative position:

𝜂𝑑dist(p
∗
𝑖𝑗 , ̃R∗

𝑖𝑗) = ‖p∗𝑖𝑗‖ = 𝑑∗𝑖𝑗 (162)

As derived in the coupled formulation, the Jacobian evaluates to 𝛿𝑑𝑖𝑗 = (q∗𝑖𝑗)𝑇 𝛿p𝑖𝑗 .
Since the measurement depends purely on translation and is inherently invari-
ant to rotational perturbations, the rotational block naturally nullifies. Mapped
into the decoupled format, the local Jacobian explicitly defines 𝐽 𝑑𝜂,dist,𝑝 and 𝐽

𝑑
𝜂,dist,𝑅:

𝐽 𝑑𝜂,dist(o
𝑑∗
𝑘 ) = [(q∗𝑖𝑗)𝑇 | 01×3] . (163)

• Bearing Modality (bear): The measurement map 𝜂𝑑bear ∶ ℝ3 × 𝕊𝕆(3) → 𝕃
intricately couples relative position and source orientation to calculate the local
line-of-sight direction. Utilizing the evaluated relative state ( ̃R∗

𝑖𝑗 = (R∗
𝑖 )𝑇 ), we

have:

𝜂𝑑bear(p
∗
𝑖𝑗 , ̃R∗

𝑖𝑗) =
̃R∗
𝑖𝑗p∗𝑖𝑗
‖p∗𝑖𝑗‖

= b∗𝑖𝑗 (164)

The Jacobian preserves the identical algebraic structure derived previously. By
separating the positional multiplier from the rotational multiplier, we obtain
the decoupled local Jacobian, thereby isolating 𝐽 𝑑𝜂,bear,𝑝 and 𝐽 𝑑𝜂,bear,𝑅:

𝐽 𝑑𝜂,bear(o
𝑑∗
𝑘 ) = 1

‖p∗𝑖𝑗‖
[Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 | −Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇 [p∗𝑖𝑗]×] . (165)

• Mixed Modality (mix): To maintain a homogeneous global space in heteroge-
neous networks, every edge maps uniformly via 𝜂𝑑mix ∶ ℝ3 × 𝕊𝕆(3) → 𝕃 × ℝ>0.
Depending on edge 𝑘’s specific capability, the measurement function concate-
nates the active measurements and pads missing ones with abstract dummy
constants (u0 ∈ 𝕃, 𝑑0 ∈ ℝ>0):

𝜂𝑑mix(o
𝑑∗
𝑘 ) =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

[
u0

𝜂𝑑dist(o
𝑑∗
𝑘 )

] if edge 𝑘 is distance

[
𝜂𝑑bear(o

𝑑∗
𝑘 )

𝑑0
] if edge 𝑘 is bearing

[
𝜂𝑑bear(o

𝑑∗
𝑘 )

𝜂𝑑dist(o
𝑑∗
𝑘 )

] if edge 𝑘 measures both

(166)

Since differentials of dummy constants evaluate identically to zero, substituting
the linear mapping representations yields a uniform 4 × 6 local Jacobian block.
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Due to the underlying decoupling, this naturally splits into distinct positional
and rotational sub-blocks, 𝐽 𝑑𝜂,mix,𝑝 and 𝐽 𝑑𝜂,mix,𝑅:

𝐽 𝑑𝜂,mix(o
𝑑∗
𝑘 ) =

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

⎡
⎢
⎢
⎢
⎣

03×3 | 03×3

𝐽 𝑑𝜂,dist,𝑝(o
𝑑∗
𝑘 ) | 01×3

⎤
⎥
⎥
⎥
⎦

if edge 𝑘 is distance

⎡
⎢
⎢
⎢
⎣

𝐽 𝑑𝜂,bear,𝑝(o
𝑑∗
𝑘 ) | 𝐽 𝑑𝜂,bear,𝑅(o

𝑑∗
𝑘 )

01×3 | 01×3

⎤
⎥
⎥
⎥
⎦

if edge 𝑘 is bearing

⎡
⎢
⎢
⎢
⎣

𝐽 𝑑𝜂,bear,𝑝(o
𝑑∗
𝑘 ) | 𝐽 𝑑𝜂,bear,𝑅(o

𝑑∗
𝑘 )

𝐽 𝑑𝜂,dist,𝑝(o
𝑑∗
𝑘 ) | 01×3

⎤
⎥
⎥
⎥
⎦

if edge 𝑘 measures both

(167)

Global Measurement Map and Jacobian Assembly

Having established the local measurement mechanics, we extend the formulation
globally across all 𝑚 edges. The global measurement map aggregates the indepen-
dent sensor readings into the full measurement vector:

𝜂𝑑emb∶ (ℝ3)𝑚 × (𝕊𝕆(3))𝑚 → 𝒴𝑚 (168)

(𝑜1, … , 𝑜𝑚) ↦ (𝜂𝑑mod1(𝑜1), … , 𝜂𝑑mod𝑚(𝑜𝑚))

Dictated by the macroscopic decoupling of the tangent space, the generic global mea-
surement Jacobian J𝑑𝜂(o𝑑∗) takes the form of a wide block matrix composed of two
large block-diagonal sections, perfectly segregating the physical domains:

J𝑑𝜂(o𝑑∗) = [blockdiag𝑚𝑘=1 (𝐽
𝑑
𝜂,mod𝑘 ,𝑝(o

𝑑∗
𝑘 )) | blockdiag𝑚𝑘=1 (𝐽

𝑑
𝜂,mod𝑘 ,𝑅(o

𝑑∗
𝑘 ))]

= [J𝑑𝜂,𝑝(o𝑑∗) | J𝑑𝜂,𝑅(o
𝑑∗)] . (169)

Given that every measurement depends on the relative positional state p∗𝑖𝑗 (and bear-
ings depend onR∗

𝑖 aswell), all active local Jacobian blocks are strictly state-dependent.
Thus, explicit block-diagonal concatenation is mandated universally, adapting its in-
ternal blocks based on the modality of each individual edge 𝑘:

• Distance Network: The global measurement map is

𝜂𝑑emb,dist∶ (ℝ3)𝑚 × (𝕊𝕆(3))𝑚 → (ℝ>0)𝑚 (170)



4.5 decoupled embedded rigidity matrix structure 99

Applying the general formula, the global Jacobian J𝑑𝜂,dist(o
𝑑∗) ∈ ℝ𝑚×6𝑚 be-

comes:

J𝑑𝜂,dist(o
𝑑∗) = [blockdiag𝑚𝑘=1 (𝐽

𝑑
𝜂,dist,𝑝(o

𝑑∗
𝑘 )) | 0𝑚×3𝑚] (171)

• Bearing Network: The global measurement map is

𝜂𝑑emb,bear∶ (ℝ3)𝑚 × (𝕊𝕆(3))𝑚 → 𝕃𝑚 (172)

Applying the general formula, the global Jacobian J𝑑𝜂,bear(o
𝑑∗) ∈ ℝ3𝑚×6𝑚 be-

comes:

J𝑑𝜂,bear(o
𝑑∗) = [blockdiag𝑚𝑘=1 (𝐽

𝑑
𝜂,bear,𝑝(o

𝑑∗
𝑘 )) | blockdiag𝑚𝑘=1 (𝐽

𝑑
𝜂,bear,𝑅(o

𝑑∗
𝑘 ))]

(173)

• Mixed Network: To maintain structural consistency, the global measurement
map pads the codomain uniformly, yielding

𝜂𝑑emb,mix∶ (ℝ3)𝑚 × (𝕊𝕆(3))𝑚 → (𝕃 × ℝ>0)𝑚 (174)

The global Jacobian J𝑑𝜂(o𝑑∗) ∈ ℝ4𝑚×6𝑚 becomes:

J𝑑𝜂(o𝑑∗) = [blockdiag𝑚𝑘=1 (𝐽
𝑑
𝜂,mod𝑘 ,𝑝(o

𝑑∗
𝑘 )) | blockdiag𝑚𝑘=1 (𝐽

𝑑
𝜂,mod𝑘 ,𝑅(o

𝑑∗
𝑘 ))]

(175)
where mod𝑘 ∈ {dist, bear,mix}.

4.5.5 Decoupled Rigidity Matrix Assembly

Mirroring the coupled formulation, the construction of the embedded decoupled rigid-
ity matrixR𝑑(x𝑑∗) inherently relies on the differential geometry of the MAS. To rigor-
ously motivate the structure of the tangent spaces utilized in our derivation, we must
first recognize that the global decoupled measurement model is the composition of
four distinct smooth maps. Let 𝒟

𝑑
= (ℝ3)𝑛 × (𝕊𝕆(3))𝑛 be the global decoupled state

manifold, and𝒴 𝑑 the global measurement manifold.

The measurement function resulting from the embedded decoupled functor realiza-
tion h𝑑 ∶ 𝒟

𝑑
→ 𝒴 𝑑 factorizes exactly into the categorical sequence:

h𝑑 = 𝜂𝑑emb ∘ Δ
𝑑
emb ∘ 𝛾

𝑑
emb ∘ 𝜎

𝑑
emb. (176)
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To compute the Jacobian of this composite map via the chain rule, the embedded
decoupled rigiditymatrix is defined as the ordered product of the individual Jacobians,
each evaluated at its respective propagated evaluation point:

R𝑑(x𝑑∗) = J𝑑𝜂(o𝑑∗) ⋅ J𝑑Δ(ẽ
𝑑∗) ⋅ J𝑑𝛾 ⋅ J𝑑𝜎 . (177)

Rather than evaluating this product monolithically, we adopt a systematic multistep
structural factorization. This allows us to highlight different structural properties of
the resulting matrix and provides a methodological way to construct it.

First, we completely isolate the measurement dependent components from their allo-
cation across the network’s agents. Specifically, we define an edge-wise dense inter-
mediate matrix R𝑑

local(x
𝑑∗) prior to agent distribution:

R𝑑(x𝑑∗) = J𝑑𝜂(o𝑑∗) ⋅ J𝑑Δ(ẽ𝑑∗) ⋅ J𝑑𝛾⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
R𝑑
local(x𝑑∗)

⋅ J𝑑𝜎⏟
Agent Distribution

. (178)

We structure the assembly into four distinct algebraic steps. In each step, explicitly
identifying the domain and codomain of the underlying map dictates the strict hier-
archical partition of the associated tangent spaces, ultimately forcing the resulting
matrices into the structured forms explained at the beginning of the chapter.

Step 1: Local Edge-Wise Kinematics

We first evaluate the mapping at the local level for a generic 𝑘-th directed edge 𝑒𝑘 =
(𝑖, 𝑗). This corresponds to analyzing the local measurement map

ℎ𝑑local,𝑘 ∶ (ℝ3 × ℝ3) × (𝕊𝕆(3) × 𝕊𝕆(3)) → 𝒴𝑘 (179)

which maps the states of the interacting pair to generate the specific local measure-
ment.

We compute the Jacobian of the map ℎ𝑑local,𝑘 and we obtain the local dense row block
𝑟𝑑mod𝑘 (e

𝑑∗
𝑘 ):

𝑟𝑑mod𝑘 (e
𝑑∗
𝑘 ) = 𝐽 𝑑𝜂,mod𝑘 (o

𝑑∗
𝑘 ) ⋅ 𝐽 𝑑Δ,mod𝑘 (ẽ

𝑑∗
𝑘 ) ⋅ 𝐽 𝑑𝛾 ,mod𝑘

= [𝑟𝑑mod𝑘 ,p𝑖(e
𝑑∗
𝑘 ) 𝑟𝑑mod𝑘 ,p𝑗 (e

𝑑∗
𝑘 ) | 𝑟𝑑mod𝑘 ,𝜃 𝑖(e

𝑑∗
𝑘 ) 𝑟𝑑mod𝑘 ,𝜃 𝑗 (e

𝑑∗
𝑘 )]

= [𝑟𝑑mod𝑘 ,𝑝(e
𝑑∗
𝑘 ) | 𝑟𝑑mod𝑘 ,𝑅(e

𝑑∗
𝑘 )] . (180)
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As established by the hierarchical decomposition of the decoupled edge tangent space
explained at the beginning of the chapter, this 12-column dense block perfectly mir-
rors the physical structure of the interaction. At the highest level, the block decouples
into two independent 6-column macro-blocks, representing the purely translational
and purely rotational streams. In turn, each of these geometric streams explicitly
subdivides into two 3-column sub-blocks, isolating the individual 3-DOF kinematic
contributions of the source agent 𝑖 and the target agent 𝑗.

To explicitly verify that the generic block inherently obeys this strict hierarchical
partition, we perform the matrix expansion in two distinct algebraic derivations.

1. geometric partitioning (position vs. rotation): We first eval-
uate the decoupling of the edge into independent positional and rotational streams.
Themeasurement Jacobian 𝐽 𝑑𝜂,mod𝑘 inherently partitions into positional and rotational
columns. Crucially, the kinematic observation map 𝐽 𝑑Δ,mod𝑘 and the filtration mask
𝐽 𝑑𝛾 ,mod𝑘 are strictly block-diagonal across these two distinct physical domains. Ex-
panding these matrices yields:

𝑟𝑑mod𝑘 (e
𝑑∗
𝑘 ) = [𝐽 𝑑𝜂,mod𝑘 ,𝑝(o

𝑑∗
𝑘 ) | 𝐽 𝑑𝜂,mod𝑘 ,𝑅(o

𝑑∗
𝑘 )] [

𝐽 𝑑Δ,𝑝 03×6
03×6 𝐽 𝑑Δ,𝑅,mod𝑘 (ẽ

𝑑∗
𝑘 )

] [
𝐽 𝑑𝛾 ,𝑝 06×6
06×6 𝐽 𝑑𝛾 ,𝑅,mod𝑘

]

= [𝐽 𝑑𝜂,mod𝑘 ,𝑝(o
𝑑∗
𝑘 ) | 𝐽 𝑑𝜂,mod𝑘 ,𝑅(o

𝑑∗
𝑘 )] [

𝐽 𝑑Δ,𝑝𝐽
𝑑
𝛾 ,𝑝 03×6

03×6 𝐽 𝑑Δ,𝑅,mod𝑘 (ẽ
𝑑∗
𝑘 )𝐽 𝑑𝛾 ,𝑅,mod𝑘

]

= [𝐽 𝑑𝜂,mod𝑘 ,𝑝(o
𝑑∗
𝑘 )𝐽 𝑑Δ,𝑝𝐽

𝑑
𝛾 ,𝑝 | 𝐽 𝑑𝜂,mod𝑘 ,𝑅(o

𝑑∗
𝑘 )𝐽 𝑑Δ,𝑅,mod𝑘 (ẽ

𝑑∗
𝑘 )𝐽 𝑑𝛾 ,𝑅,mod𝑘]

= [𝑟𝑑mod𝑘 ,𝑝(e
𝑑∗
𝑘 ) | 𝑟𝑑mod𝑘 ,𝑅(e

𝑑∗
𝑘 )] .

(181)

2. nodal partitioning (source vs. target): Next, we expose the in-
ternal nodal kinematics within these isolated geometric macro-domains. Because
the filtration and observation mappings process the two agents independently, their
domain-specific Jacobians inherently split into a 1 × 2 observation mapping and a
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strictly block-diagonal filtration mask. Expanding the generic positional macro-block
𝑟𝑑mod𝑘 ,𝑝 yields:

𝑟𝑑mod𝑘 ,𝑝(e
𝑑∗
𝑘 ) = 𝐽 𝑑𝜂,mod𝑘 ,𝑝(o

𝑑∗
𝑘 ) ⋅ 𝐽 𝑑Δ,𝑝 ⋅ 𝐽

𝑑
𝛾 ,𝑝

= 𝐽 𝑑𝜂,mod𝑘 ,𝑝(o
𝑑∗
𝑘 ) [𝐽 𝑑Δ,𝑝,𝑖 𝐽 𝑑Δ,𝑝,𝑗] [

𝐽 𝑑𝛾 ,𝑝,𝑖 03×3
03×3 𝐽 𝑑𝛾 ,𝑝,𝑗

]

= 𝐽 𝑑𝜂,mod𝑘 ,𝑝(o
𝑑∗
𝑘 ) [𝐽 𝑑Δ,𝑝,𝑖𝐽

𝑑
𝛾 ,𝑝,𝑖 𝐽 𝑑Δ,𝑝,𝑗𝐽

𝑑
𝛾 ,𝑝,𝑗]

= [𝐽 𝑑𝜂,mod𝑘 ,𝑝(o
𝑑∗
𝑘 )𝐽 𝑑Δ,𝑝,𝑖𝐽

𝑑
𝛾 ,𝑝,𝑖 𝐽 𝑑𝜂,mod𝑘 ,𝑝(o

𝑑∗
𝑘 )𝐽 𝑑Δ,𝑝,𝑗𝐽

𝑑
𝛾 ,𝑝,𝑗]

= [𝑟𝑑mod𝑘 ,p𝑖(e
𝑑∗
𝑘 ) 𝑟𝑑mod𝑘 ,p𝑗 (e

𝑑∗
𝑘 )] . (182)

By applying an analogous expansion to the rotational macro-block, the full 12-column
dense block cleanly reassembles into its four fundamental 3-DOF kinematic contribu-
tions, strictly preserving the macroscopic physical decoupling:

𝑟𝑑mod𝑘 (e
𝑑∗
𝑘 ) = [𝑟𝑑mod𝑘 ,p𝑖(e

𝑑∗
𝑘 ) 𝑟𝑑mod𝑘 ,p𝑗 (e

𝑑∗
𝑘 ) | 𝑟𝑑mod𝑘 ,𝜃 𝑖(e

𝑑∗
𝑘 ) 𝑟𝑑mod𝑘 ,𝜃 𝑗 (e

𝑑∗
𝑘 )] . (183)

Depending on themeasurementmodality, we explicitly evaluate the decoupled streams
by multiplying the corresponding analytical Jacobians computed previously:

• Distance Modality (1 × 12 local block):

– Positional Block (𝑟𝑑dist,𝑝): The state-dependent measurement positional Ja-
cobian distributes cleanly across the constant linear observation differ-
ence:

𝑟𝑑dist,𝑝(e
𝑑∗
𝑘 ) = 𝐽 𝑑𝜂,dist,𝑝(o

𝑑∗
𝑘 ) ⋅ 𝐽 𝑑Δ,𝑝 ⋅ 𝐽

𝑑
𝛾 ,𝑝

= ((q∗𝑖𝑗)𝑇 ) [−I3 I3] [
I3 0
0 I3

]

= [−(q∗𝑖𝑗)𝑇 (q∗𝑖𝑗)𝑇 ] . (184)

– Rotational Block (𝑟𝑑dist,𝑅): Due to the scalar nature of distance mapping
(𝐽 𝑑𝜂,dist,𝑅 = 01×3) and the full rotational filtrationmask, the entire rotational
kinematic chain naturally nullifies:

𝑟𝑑dist,𝑅(e
𝑑∗
𝑘 ) = 𝐽 𝑑𝜂,dist,𝑅(o

𝑑∗
𝑘 ) ⋅ 𝐽 𝑑Δ,𝑅,dist ⋅ 𝐽

𝑑
𝛾 ,𝑅,dist

= (01×3) [−I3 I3] [
03×3 0
0 03×3

]

= [01×3 01×3] = 01×6. (185)
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Concatenating these evaluated blocks constructs the fully decoupled macro-
blocks and the final compact row:

𝑟𝑑dist(e
𝑑∗
𝑘 ) = [−(q∗𝑖𝑗)𝑇 (q∗𝑖𝑗)𝑇 | 01×3 01×3]

= [𝑟𝑑dist,𝑝(e
𝑑∗
𝑘 ) | 𝑟𝑑dist,𝑅(e

𝑑∗
𝑘 )] . (186)

• Bearing Modality (3 × 12 local block):

– Positional Block (𝑟𝑑bear,𝑝): The positional components cleanly distributes
through the observation mapping:

𝑟𝑑bear,𝑝(e
𝑑∗
𝑘 ) = 𝐽 𝑑𝜂,bear,𝑝(o

𝑑∗
𝑘 ) ⋅ 𝐽 𝑑Δ,𝑝 ⋅ 𝐽

𝑑
𝛾 ,𝑝

= ( 1
‖p∗𝑖𝑗‖

Πb∗𝑖𝑗 (R
∗
𝑖 )𝑇) [−I3 I3] [

I3 0
0 I3

]

= [−
1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇

1
‖p∗𝑖𝑗‖

Πb∗𝑖𝑗 (R
∗
𝑖 )𝑇 ] . (187)

– Rotational Block (𝑟𝑑bear,𝑅): The target node’s attitude is completely unob-
servable, meaning the invariant filtration mask naturally zeroes it out
(03×3). The state-dependent matrix product evaluates sequentially as fol-
lows:

𝑟𝑑bear,𝑅(e
𝑑∗
𝑘 ) = 𝐽 𝑑𝜂,bear,𝑅(o

𝑑∗
𝑘 ) ⋅ 𝐽 𝑑Δ,𝑅,bear(ẽ

𝑑∗
𝑘 ) ⋅ 𝐽 𝑑𝛾 ,𝑅,bear

= (− 1
‖p∗𝑖𝑗‖

Πb∗𝑖𝑗 (R
∗
𝑖 )𝑇 [p∗𝑖𝑗]×) [−R

∗
𝑖 I3] [

I3 0
0 03×3

]

= (− 1
‖p∗𝑖𝑗‖

Πb∗𝑖𝑗 (R
∗
𝑖 )𝑇 [p∗𝑖𝑗]×) [−R

∗
𝑖 03×3]

= [ 1
‖p∗𝑖𝑗‖

Πb∗𝑖𝑗((R
∗
𝑖 )𝑇 [p∗𝑖𝑗]×R∗

𝑖 ) 03×3] . (188)

By applying the identical Adjoint property (R∗
𝑖 )𝑇 [p∗𝑖𝑗]×R∗

𝑖 = [(R∗
𝑖 )𝑇p∗𝑖𝑗]× =

‖p∗𝑖𝑗‖[b∗𝑖𝑗]×, the scalar norm cleanly cancels out:

𝑟𝑑bear,𝑅(e
𝑑∗
𝑘 ) = [Πb∗𝑖𝑗 [b

∗
𝑖𝑗]× 03×3] . (189)

Finally, using the orthogonal projection identity Πb∗𝑖𝑗 [b
∗
𝑖𝑗]× = [b∗𝑖𝑗]×, this

matrix elegantly simplifies to the pure skew-symmetric form, completely
bypassing redundant derivations:

𝑟𝑑bear,𝑅(e
𝑑∗
𝑘 ) = [[b∗𝑖𝑗]× 03×3] . (190)
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Concatenating these fully resolved streams constructs the final local row:

𝑟𝑑bear(e
𝑑∗
𝑘 ) = [− 1

‖p∗𝑖𝑗‖
Πb∗𝑖𝑗 (R

∗
𝑖 )𝑇

1
‖p∗𝑖𝑗‖

Πb∗𝑖𝑗 (R
∗
𝑖 )𝑇 | [b∗𝑖𝑗]× 03×3]

= [𝑟𝑑bear,𝑝(e
𝑑∗
𝑘 ) | 𝑟𝑑bear,𝑅(e

𝑑∗
𝑘 )] . (191)

• Mixed Modality (4 × 12 local block): Leveraging the dummy-padding struc-
ture of the mixed measurement map, the local block cleanly stacks the respec-
tive positional and rotational evaluations for the distance and bearing compo-
nents vertically:

𝑟𝑑mix(e
𝑑∗
𝑘 ) =

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

⎡
⎢
⎢
⎣

03×6 | 03×6

𝑟𝑑dist(e
𝑑∗
𝑘 )

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

03×6 | 03×6

𝑟𝑑dist,𝑝(e
𝑑∗
𝑘 ) | 𝑟𝑑dist,𝑅(e

𝑑∗
𝑘 )

⎤
⎥
⎥
⎥
⎦

(if edge 𝑘 is distance)

⎡
⎢
⎢
⎣

𝑟𝑑bear(e
𝑑∗
𝑘 )

01×6 | 01×6

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟𝑑bear,𝑝(e
𝑑∗
𝑘 ) | 𝑟𝑑bear,𝑅(e

𝑑∗
𝑘 )

01×6 | 01×6

⎤
⎥
⎥
⎥
⎦

(if edge 𝑘 is bearing)

[
𝑟𝑑bear(e

𝑑∗
𝑘 )

𝑟𝑑dist(e
𝑑∗
𝑘 )

] =
⎡
⎢
⎢
⎢
⎣

𝑟𝑑bear,𝑝(e
𝑑∗
𝑘 ) | 𝑟𝑑bear,𝑅(e

𝑑∗
𝑘 )

𝑟𝑑dist,𝑝(e
𝑑∗
𝑘 ) | 𝑟𝑑dist,𝑅(e

𝑑∗
𝑘 )

⎤
⎥
⎥
⎥
⎦

(if edge 𝑘 measures both)

= [𝑟𝑑mix,𝑝(e
𝑑∗
𝑘 ) | 𝑟𝑑mix,𝑅(e

𝑑∗
𝑘 )] .

(192)

Step 2: Global Edge-Wise Assembly

Combining all these local maps without the topological distribution dictated by the
graph yields the intermediate algebraic operator. This overarching operator corre-
sponds to the global map

h𝑑local ∶ ℳ𝑑
𝑒 = (ℝ3 × ℝ3)𝑚 × (𝕊𝕆(3) × 𝕊𝕆(3))𝑚 → 𝒴 𝑑 (193)

which evaluates all individual edge states mapping them directly into the full mea-
surement space.

Because the measurement, observation, and filtration maps process each edge inde-
pendently while maintaining the global factorization, their global Jacobians evaluate
as strictly partitioned block-diagonal operators.
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To formulate the intermediate global edge-wise matrix R𝑑
local(x

𝑑∗), we exploit a stan-
dard property: the product of block-diagonal matrices is a block-diagonal matrix
whose blocks are simply the products of the corresponding constituent blocks.

Consequently, this operation natively assembles into a wide, structurally ordered ma-
trix characterized by two entirely separated block-diagonal macro-blocks (one accu-
mulating all positional kinematics, and one for all rotational kinematics):

R𝑑
local(x

𝑑∗) = J𝑑𝜂(o𝑑∗) ⋅ J𝑑Δ(ẽ
𝑑∗) ⋅ J𝑑𝛾

= [J𝑑𝜂,𝑝(o𝑑∗) | J𝑑𝜂,𝑅(o
𝑑∗)] [

J𝑑Δ,𝑝 0
0 J𝑑Δ,𝑅(ẽ

𝑑∗)
] [

J𝑑𝛾 ,𝑝 0
0 J𝑑𝛾 ,𝑅

]

= [J𝑑𝜂,𝑝(o𝑑∗)J𝑑Δ,𝑝J
𝑑
𝛾 ,𝑝 | J𝑑𝜂,𝑅(o

𝑑∗)J𝑑Δ,𝑅(ẽ
𝑑∗)J𝑑𝛾 ,𝑅]

= [blockdiag𝑚𝑘=1 (𝑟
𝑑
mod𝑘 ,𝑝(e

𝑑∗
𝑘 )) | blockdiag𝑚𝑘=1 (𝑟

𝑑
mod𝑘 ,𝑅(e

𝑑∗
𝑘 ))]

= [R𝑑
local,𝑝(x

𝑑∗) | R𝑑
local,𝑅(x

𝑑∗)] . (194)

Depending on the network configuration, this intermediate decoupled matrix takes
the specific dimensions ℝ𝑚×12𝑚 (Distance), ℝ3𝑚×12𝑚 (Bearing), or ℝ4𝑚×12𝑚 (Mixed).

Step 3: Topological Jacobian and Agent Distribution (Domain Expansion)

Having established the local edge-wise kinematics, we nowmathematically inject the
graph incidence to expand the mapping’s domain. We achieve this by initially con-
sidering the entire network of agents while isolating the measurement of the single
𝑘-th edge 𝑒𝑘 = (𝑖, 𝑗), thereby formalizing the topological distribution of the interacting
agents for this specific edge.

This corresponds to analyzing the isolated global measurement map:

h𝑑𝑘 ∶ 𝒟
𝑑
→ 𝒴𝑘 . (195)

While the codomain of this mapping remains restricted to the local measurement
space 𝒴𝑘 of the single 𝑘-th edge, its domain expands to encompass the entire state
space of the network.

By computing the Jacobian [R𝑑(x𝑑∗)]𝑘 of this specific map h𝑑𝑘 , we establish how the
localized kinematic blocks are distributed across all the agents.

Because this global state vector is fundamentally partitioned into all network po-
sitions followed by all network rotations, the Jacobian [R𝑑(x𝑑∗)]𝑘 applies indepen-
dently to the translational and rotational sub-spaces without any cross-domain inter-
ference.
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Physically, since the mapping h𝑑𝑘 evaluates the edge 𝑒𝑘 = (𝑖, 𝑗), which depends ex-
clusively on its source node 𝑖 and target node 𝑗, its partial derivative with respect to
any other agent in the network is identically zero. Conversely, its non-zero partial
derivatives with respect to 𝑖 and 𝑗 coincide exactly with the local kinematic blocks de-
rived previously in Step 1. Therefore, injecting the topology simply requires taking
these local blocks and accurately distributing them into their correct global coordi-
nates. This yields a highly sparse row structure: the resulting global row will contain
the local 3-DOF positional blocks and 3-DOF rotational blocks strictly at their corre-
sponding 𝑖-th and 𝑗-th block-indices within their respective macro-domains, padded
by zero-blocks everywhere else.

To realize this precise sparse placement, we recall the topological distribution map.
The local Jacobian block for the 𝑘-th edge 𝑒𝑘 = (𝑖, 𝑗) is

[𝐽 𝑑𝜎 ]𝑘 = [
𝑆𝑒𝑘 0
0 𝑆𝑒𝑘

] where 𝑆𝑒𝑘 = [
u𝑇𝑖 ⊗ I3
u𝑇𝑗 ⊗ I3

] (196)

To global matrix J𝑑𝜎 :

S =
⎡
⎢
⎢
⎢
⎣

𝑆𝑒1
𝑆𝑒2
⋮
𝑆𝑒𝑚

⎤
⎥
⎥
⎥
⎦

, J𝑑𝜎 = [
S 0
0 S] ∈ ℝ12𝑚×6𝑛. (197)

Leveraging the decoupled 3-DOF block-selector operators (u𝑇𝑖 ⊗ I3), we map the iso-
lated source and target edge blocks into their precise global columns.

By post-multiplying the dense 12-column decoupled local block 𝑟𝑑mod𝑘 (e
𝑑∗
𝑘 ) by its cor-

responding topological block [J𝑑𝜎 ]𝑘 , the isolated positional and rotational components
are mapped simultaneously into their precise global columns. Exploiting the block-
diagonal structure of both the decoupled edge kinematics and the topological router,
the multiplication cleanly factorizes into the two independent geometric streams:

[R𝑑(x𝑑∗)]𝑘 = 𝑟𝑑mod𝑘 (e
𝑑∗
𝑘 ) ⋅ [J𝑑𝜎 ]𝑘

= [𝑟𝑑mod𝑘 ,𝑝(e
𝑑∗
𝑘 ) | 𝑟𝑑mod𝑘 ,𝑅(e

𝑑∗
𝑘 )] [

S𝑒𝑘 0
0 S𝑒𝑘

]

= [𝑟𝑑mod𝑘 ,𝑝(e
𝑑∗
𝑘 ) ⋅ S𝑒𝑘 | 𝑟𝑑mod𝑘 ,𝑅(e

𝑑∗
𝑘 ) ⋅ S𝑒𝑘]

= [[R𝑑
𝑝(x𝑑∗)]𝑘 | [R𝑑

𝑅(x
𝑑∗)]𝑘] . (198)

Expanding the products explicitly defines the global positional block [R𝑑
𝑝(x𝑑∗)]𝑘 ∈

ℝdim(𝒴𝑘)×3𝑛 and the global rotational block [R𝑑
𝑅(x

𝑑∗)]𝑘 ∈ ℝdim(𝒴𝑘)×3𝑛 independently
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for the 𝑘-th edge. By substituting the partitioned local blocks and the decoupled inci-
dencematrix, we explicitly compute the block-matrixmultiplication for the positional
stream:

[R𝑑
𝑝(x𝑑∗)]𝑘 = 𝑟𝑑mod𝑘 ,𝑝(e

𝑑∗
𝑘 ) ⋅ S𝑒𝑘

= [𝑟𝑑mod𝑘 ,p𝑖(e
𝑑∗
𝑘 ) 𝑟𝑑mod𝑘 ,p𝑗 (e

𝑑∗
𝑘 )] [

u𝑇𝑖 ⊗ I3
u𝑇𝑗 ⊗ I3

]

= 𝑟𝑑mod𝑘 ,p𝑖(e
𝑑∗
𝑘 )(u𝑇𝑖 ⊗ I3) + 𝑟𝑑mod𝑘 ,p𝑗 (e

𝑑∗
𝑘 )(u𝑇𝑗 ⊗ I3). (199)

Following the exact same algebraic logic, the rotational mapping distributes its source
and target kinematic blocks into their global coordinates:

[R𝑑
𝑅(x

𝑑∗)]𝑘 = 𝑟𝑑mod𝑘 ,𝑅(e
𝑑∗
𝑘 ) ⋅ S𝑒𝑘

= [𝑟𝑑mod𝑘 ,𝜃 𝑖(e
𝑑∗
𝑘 ) 𝑟𝑑mod𝑘 ,𝜃 𝑗 (e

𝑑∗
𝑘 )] [

u𝑇𝑖 ⊗ I3
u𝑇𝑗 ⊗ I3

]

= 𝑟𝑑mod𝑘 ,𝜃 𝑖(e
𝑑∗
𝑘 )(u𝑇𝑖 ⊗ I3) + 𝑟𝑑mod𝑘 ,𝜃 𝑗 (e

𝑑∗
𝑘 )(u𝑇𝑗 ⊗ I3). (200)

Applying this modular allocation, we obtain the explicit analytical forms for the
sparse global row blocks specific to each modality:

• Global Distance Row (1 × 6𝑛): The rotational variations have no effect on the
distance, hence the rotational block is globally null (01×3𝑛):

[R𝑑
dist,𝑝(x

𝑑∗)]𝑘 = −(q∗𝑖𝑗)𝑇 (u𝑇𝑖 ⊗ I3) + (q∗𝑖𝑗)𝑇 (u𝑇𝑗 ⊗ I3) (201)

[R𝑑
dist,𝑅(x

𝑑∗)]𝑘 = 01×3𝑛

yielding

[R𝑑
dist(x

𝑑∗)]𝑘 = [[R𝑑
dist,𝑝(x

𝑑∗)]𝑘 | [R𝑑
dist,𝑅(x

𝑑∗)]𝑘] . (202)

• Global Bearing Row (3 × 6𝑛):

[R𝑑
bear,𝑝(x

𝑑∗)]𝑘 = − 1
‖p∗𝑖𝑗‖

Πb∗𝑖𝑗 (R
∗
𝑖 )𝑇 (u𝑇𝑖 ⊗ I3) +

1
‖p∗𝑖𝑗‖

Πb∗𝑖𝑗 (R
∗
𝑖 )𝑇 (u𝑇𝑗 ⊗ I3) (203)

[R𝑑
bear,𝑅(x

𝑑∗)]𝑘 = [b∗𝑖𝑗]×(u𝑇𝑖 ⊗ I3) + 03×3𝑛 (204)

yielding

[R𝑑
bear(x

𝑑∗)]𝑘 = [[R𝑑
bear,𝑝(x

𝑑∗)]𝑘 | [R𝑑
bear,𝑅(x

𝑑∗)]𝑘] . (205)
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• Global Mixed Row (4 × 6𝑛):

[R𝑑
mix(x

𝑑∗)]𝑘 =

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

⎡
⎢
⎢
⎢
⎣

03×3𝑛 | 03×3𝑛

[R𝑑
dist,𝑝(x

𝑑∗)]𝑘 | [R𝑑
dist,𝑅(x

𝑑∗)]𝑘

⎤
⎥
⎥
⎥
⎦

(if edge 𝑘 is distance)

⎡
⎢
⎢
⎢
⎣

[R𝑑
bear,𝑝(x

𝑑∗)]𝑘 | [R𝑑
bear,𝑅(x

𝑑∗)]𝑘

01×3𝑛 | 01×3𝑛

⎤
⎥
⎥
⎥
⎦

(if edge 𝑘 is bearing)

⎡
⎢
⎢
⎢
⎣

[R𝑑
bear,𝑝(x

𝑑∗)]𝑘 | [R𝑑
bear,𝑅(x

𝑑∗)]𝑘

[R𝑑
dist,𝑝(x

𝑑∗)]𝑘 | [R𝑑
dist,𝑅(x

𝑑∗)]𝑘

⎤
⎥
⎥
⎥
⎦

(if edge 𝑘 measures both)

(206)

Step 4: Full Network Integration (Codomain Integration)

We now incorporate all measurement contributions by aggregating the edge-wise
components derived in Step 3 across the entire graph. While Step 3 successfully
expanded the domain onto the globally decoupled agent state space, we must now
integrate the codomain to account for the complete sensory network.

As previously established, the decoupled embedded rigidity matrix R𝑑(x𝑑∗) repre-
sents the exact differential of the overarching measurement function h𝑑 ∶ 𝒟

𝑑
→ 𝒴 𝑑 .

The direct sum structure of the tangent spaces dictates that the columns of the result-
ing matrix are structurally forced to partition into a positional left macro-block and a
rotational right macro-block. Because the intermediate edge-wise matrix R𝑑

local(x
𝑑∗)

is exclusively block-diagonal within its separated macro-domains, the full evaluation
of its product with the decoupled topological Jacobian rigorously preserves this hori-
zontal separation.

The matrix multiplication collapses into an ordered vertical stacking that applies the
local dense blocks independently to their respective incidence rows. This operation
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effectively stacks the individual measurement codomains, yielding the exact global
sparse rows derived in Step 3:

R𝑑(x𝑑∗) = R𝑑
local(x

𝑑∗) ⋅ J𝑑𝜎

= [R𝑑
local,𝑝(x

𝑑∗) | R𝑑
local,𝑅(x

𝑑∗)] [
S 0
0 S]

= [R𝑑
local,𝑝(x

𝑑∗) ⋅ S | R𝑑
local,𝑅(x

𝑑∗) ⋅ S]

= [ blockdiag𝑚𝑘=1 (𝑟
𝑑
mod𝑘 ,𝑝(e

𝑑∗
𝑘 )) [

S𝑒1
⋮

S𝑒𝑚

] blockdiag𝑚𝑘=1 (𝑟
𝑑
mod𝑘 ,𝑅(e

𝑑∗
𝑘 )) [

S𝑒1
⋮

S𝑒𝑚

] ]

= [
𝑟𝑑mod1,𝑝(e

𝑑∗
1 ) ⋅ S𝑒1 𝑟𝑑mod1,𝑅(e

𝑑∗
1 ) ⋅ S𝑒1

⋮ ⋮
𝑟𝑑mod𝑚,𝑝(e

𝑑∗
𝑚 ) ⋅ S𝑒𝑚 𝑟𝑑mod𝑚,𝑅(e

𝑑∗
𝑚 ) ⋅ S𝑒𝑚

]

= [
[R𝑑

𝑝(x𝑑∗)]1 [R𝑑
𝑅(x

𝑑∗)]1
⋮ ⋮

[R𝑑
𝑝(x𝑑∗)]𝑚 [R𝑑

𝑅(x
𝑑∗)]𝑚

] = [ R𝑑
𝑝(x𝑑∗) R𝑑

𝑅(x
𝑑∗) ]

= [
[R𝑑(x𝑑∗)]1

⋮
[R𝑑(x𝑑∗)]𝑚

] . (207)

By exposing the block formulation defined previously, we definitively reveal the over-
arching decoupled architecture that cleanly separates the translational and rotational
MASs across the entire network:

• DistanceMAS: ThematrixR𝑑
dist(x

𝑑∗) ∈ ℝ𝑚×6𝑛 is constructed entirely of sparse
1 × 6𝑛 distance rows:

R𝑑
dist(x

𝑑∗) = [
[R𝑑

dist(x
𝑑∗)]1

⋮
[R𝑑

dist(x
𝑑∗)]𝑚

]

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[R𝑑
dist,𝑝(x

𝑑∗)]1 | [R𝑑
dist,𝑅(x

𝑑∗)]1

⋮ | ⋮

[R𝑑
dist,𝑝(x

𝑑∗)]𝑚 | [R𝑑
dist,𝑅(x

𝑑∗)]𝑚

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= [R𝑑
dist,𝑝(x

𝑑∗) | R𝑑
dist,𝑅(x

𝑑∗)] . (208)
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• BearingMAS:ThematrixR𝑑
bear(x

𝑑∗) ∈ ℝ3𝑚×6𝑛 is constructed entirely of sparse
3 × 6𝑛 bearing rows:

R𝑑
bear(x

𝑑∗) = [
[R𝑑

bear(x
𝑑∗)]1

⋮
[R𝑑

bear(x
𝑑∗)]𝑚

]

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[R𝑑
bear,𝑝(x

𝑑∗)]1 | [R𝑑
bear,𝑅(x

𝑑∗)]1

⋮ | ⋮

[R𝑑
bear,𝑝(x

𝑑∗)]𝑚 | [R𝑑
bear,𝑅(x

𝑑∗)]𝑚

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= [R𝑑
bear,𝑝(x

𝑑∗) | R𝑑
bear,𝑅(x

𝑑∗)] . (209)

• Mixed MAS: The matrix R𝑑
mix(x

𝑑∗) ∈ ℝ4𝑚×6𝑛 is uniformly assembled by ver-
tically stacking the sparse 4 × 6𝑛 padded rows for all 𝑚 edges, seamlessly inte-
grating zero-blocks where measurements are locally absent:

R𝑑
mix(x

𝑑∗) = [
[R𝑑

mix(x
𝑑∗)]1

⋮
[R𝑑

mix(x
𝑑∗)]𝑚

]

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[R𝑑
mix,𝑝(x

𝑑∗)]1 | [R𝑑
mix,𝑅(x

𝑑∗)]1

⋮ | ⋮

[R𝑑
mix,𝑝(x

𝑑∗)]𝑚 | [R𝑑
mix,𝑅(x

𝑑∗)]𝑚

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= [R𝑑
mix,𝑝(x

𝑑∗) | R𝑑
mix,𝑅(x

𝑑∗)] . (210)

Remark 4.1. The edge-wise dense local blocks 𝑟 𝑐𝑘(e
𝑐∗
𝑘 ) and 𝑟𝑑mod𝑘 (e

𝑑∗
𝑘 ) encapsulate

the strictly local kinematics for each individual edge to cleanly capture the full 6-
DOF coupled dynamics or the structurally separated positional and rotational varia-
tions. Combining these dense edge-wise blocks with the network discrete incidence
list mathematically encodes the same information as the full global rigidity matrix.
This factorization completely avoids the transmission of uninformative zero blocks
inflated by topological sparsity. We can communicate only these information and
each agent can then independently reassemble the complete global rigidity matrix
locally.
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4.6 rigidity matrices relation via natural dif-
feomorphism

The commutative diagram presented at the beginning of this chapter is not merely a
structural illustration; it dictates the exact analytical relationship between the coupled
and decoupled formulations of the framework. By tracing the paths of the diagram,
the overarching decoupled measurement function h𝑑 (induced by the decoupled func-
tor realization) can be rigorously expressed as the composition of the natively coupled
measurement function h𝑐 (induce by the coupled functor realization) with the global
domain diffeomorphism. Since the final measurement codomain 𝒴𝑚 is physically
identical in both formulations (yielding an identity transformation on the output),
the commutative relation globally reduces to:

h𝑑 = h𝑐 ∘ 𝜙−1𝒱 . (211)

This compositional equivalence allows us to directly map the differential properties
between the two spaces. Let x𝑐∗ ∈ 𝕊𝔼(3)𝑛 be the nominal coupled state and x𝑑∗ ∈
(ℝ3)𝑛 ×𝕊𝕆(3)𝑛 be the corresponding nominal decoupled state, strictly related by x𝑐∗ =
𝜙−1𝒱 (x𝑑∗). By applying the multivariate chain rule on manifolds evaluated at these re-
spective nominal points, we relate the Jacobian of the decoupled measurement func-
tion to the Jacobian of the coupled measurement function:

Jh𝑑 (x𝑑∗) = Jh𝑐 (x𝑐∗) ⋅ J𝜙−1𝒱 (x𝑑∗). (212)

Substituting the respective global rigidity matrices into this identity (since R𝑑 ≡ Jh𝑑

and R𝑐 ≡ Jh𝑐 ), we obtain:
R𝑑(x𝑑∗) = R𝑐(x𝑐∗) ⋅ P−1 (213)

where, by the Inverse Function Theorem, P−1 = J𝜙−1𝒱 (x𝑑∗) corresponds to the in-
verse of P = J𝜙𝒱 (x

𝑐∗) ∈ ℝ6𝑛×6𝑛, which is the Jacobian of the forward state diffeo-
morphism mapping the coupled tangent space 𝑇 (𝕊𝔼(3)𝑛) into the decoupled tangent
space 𝑇 ((ℝ3)𝑛 × 𝕊𝕆(3)𝑛).

Crucially, because the local Lie algebra parameterization [𝛿p𝑇 , 𝛿𝜃𝑇 ]𝑇 ∈ ℝ6 is iden-
tical for both domains, the state diffeomorphism 𝜙𝒱 acts merely as a macroscopic
topological router. Formally, the map rearranges the Cartesian product:

𝜙𝒱 ∶ 𝕊𝔼(3)𝑛
≅
−→ (ℝ3)𝑛 × 𝕊𝕆(3)𝑛

((p1,R1), … , (p𝑛,R𝑛)) ↦ ((p1, … ,p𝑛), (R1, … ,R𝑛)) (214)

In the coupled tangent space, translational and rotational variations are interleaved
per agent:

𝛿x𝑐 = [𝛿p𝑇1 𝛿𝜃𝑇1 … 𝛿p𝑇𝑛 𝛿𝜃𝑇𝑛 ]
𝑇
. (215)
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In the decoupled tangent space, they are rigorously segregated into macroscopic po-
sitional and rotational blocks:

𝛿x𝑑 = [𝛿p𝑇1 … 𝛿p𝑇𝑛 | 𝛿𝜃𝑇1 … 𝛿𝜃𝑇𝑛 ]
𝑇
. (216)

Consequently, the transformation matrix P mapping the coupled variations to the
decoupled variations (𝛿x𝑑 = P𝛿x𝑐) is strictly a constant, linear PermutationMatrix.
To compute it analytically, we define the standard positional and rotational selection
matrices for a single 𝕊𝔼(3) twist:

E𝑝 = [I3 03×3] ∈ ℝ3×6, E𝑅 = [03×3 I3] ∈ ℝ3×6 (217)

Applying these selectors simultaneously to all 𝑛 agents via the Kronecker product (⊗),
the global 6𝑛 × 6𝑛 permutation matrix is explicitly constructed as:

P = [
I𝑛 ⊗ E𝑝
I𝑛 ⊗ E𝑅

] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

I3 03×3 03×3 03×3 … 03×3 03×3
03×3 03×3 I3 03×3 … 03×3 03×3
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮

03×3 03×3 03×3 03×3 … I3 03×3
03×3 I3 03×3 03×3 … 03×3 03×3
03×3 03×3 03×3 I3 … 03×3 03×3
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮

03×3 03×3 03×3 03×3 … 03×3 I3

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(218)

A fundamental property of permutation matrices is that they are structurally orthog-
onal (P−1 = P𝑇 ). The algebraic relation between the rigidity matrices can thus be
elegantly rewritten as a mere column reordering:

R𝑑(x𝑑∗) = R𝑐(x𝑐∗) ⋅ P𝑇 . (219)

Conversely, one can effortlessly recover the rigidity matrix of the natively coupled
system by computing the simpler decoupled rigidity matrix first, and then applying
the inverse column permutation:

R𝑐(x𝑐∗) = R𝑑(x𝑑∗) ⋅ P. (220)

preservation of infinitesimal Φ-rigidity: Right-multiplying a matrix
by a full-rank non-singular matrix acts as an isomorphism on its kernel, perfectly
preserving both its rank and the dimension of its nullity. Therefore, we formally
state that:

dim ker (R𝑑(x𝑑∗)) ≡ dim ker (R𝑑(x𝑑∗) ⋅ P) ≡ dim ker (R𝑐(x𝑐∗)). (221)

Recall that a framework is defined as infinitesimally Φ-rigid if and only if the dimen-
sion of the rigiditymatrix’s kernel exactlymatches the dimension of the trivial motion
space generated by the symmetry group action, i.e., dim kerR = dim Im(𝑑Φx|𝑒).
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Because the dimension of this trivial motion space Im(𝑑Φx|𝑒) is an intrinsic geometric
property of the configuration, it is strictly invariant under the diffeomorphism, which
inherently acts as a change of coordinate parameterization.

Consequently, since the diffeomorphism maintains the dimension equality condition,
infinitesimal Φ-rigidity is preserved under this diffeomorphism.
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We consider the following functors realization commutative diagram:

A
ge

nt
s

Sp
ac
e

Ed
ge

s
Sp

ac
e

Ta
sk

Ed
ge

s
Sp

ac
e

O
bs
er
va

ti
on

Sp
ac
e

M
ea
su

re
m
en

t
Sp

ac
e

∏
𝑛 𝑖=
1
𝒟

𝑖
∏

𝑚 𝑘=
1
(𝒟

𝑠(
𝑒 𝑘
)
×
𝒟

𝑡(
𝑒 𝑘
))

∏
𝑚 𝑘=

1
(𝒯

𝑠(
𝑒 𝑘
)
×
𝒯

𝑡(
𝑒 𝑘
))

∏
𝑚 𝑘=

1
𝒪 𝑘

∏
𝑚 𝑘=

1
ℳ

𝑘
K
in
em

at
ic

∏
𝑛 𝑖=
1
(𝒟

𝑖×
Θ

𝑖)
∏

𝑚 𝑘=
1
∏

𝑗∈
{𝑠
(𝑒
𝑘)
,𝑡(
𝑒 𝑘
)}
(𝒟

𝑗
×
Θ

𝑗)
∏

𝑚 𝑘=
1
(𝒯

𝑠(
𝑒 𝑘
)
×
𝒯

𝑡(
𝑒 𝑘
))

∏
𝑚 𝑘=

1
𝒪 𝑘

∏
𝑚 𝑘=

1
ℳ

𝑘
A
ug

m
en

te
d

𝕊𝔼
(3
)𝑛

(𝕊
𝔼(
3)

×
𝕊𝔼

(3
))

𝑚
(𝕊
𝔼(
3)

×
𝕊𝔼

(3
))

𝑚
𝕊𝔼

(3
)𝑚

𝒴
𝑚

Em
be

dd
ed

𝜎 𝑘
𝑖𝑛

𝜄 𝛼,
𝕍

𝜇 𝑘
𝑖𝑛

𝛾 𝑘
𝑖𝑛

𝜄 𝛼,
𝔼

Δ 𝑘
𝑖𝑛

𝜄 𝛼,
𝕋

𝜂 𝑘
𝑖𝑛

𝜄 𝛼,
𝕆

𝜄 𝛼,
𝕄

𝜎 𝑎
𝑢𝑔

𝜌 𝛼
,𝕍

𝜄 𝜖,
𝕍

𝜇 𝑎
𝑢𝑔

𝛾 𝑎
𝑢𝑔

𝜌 𝛼
,𝔼

𝜄 𝜖,
𝔼

Δ 𝑎
𝑢𝑔

𝜌 𝛼
,𝕋

𝜄 𝜖,
𝕋

𝜂 𝑎
𝑢𝑔

𝜌 𝛼
,𝕆

𝜄 𝜖,
𝕆

𝜌 𝛼
,𝕄

𝜄 𝜖,
𝕄

𝜎 𝑒
𝑚
𝑏

𝜌 𝜖
,𝕍

𝜇 𝑒
𝑚
𝑏

𝛾 𝑒
𝑚
𝑏

𝜌 𝜖
,𝔼

Δ 𝑒
𝑚
𝑏

𝜌 𝜖
,𝕋

𝜂 𝑒
𝑚
𝑏

𝜌 𝜖
,𝕆

𝜌 𝜖
,𝕄
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5.1 introduction

In the following, two case studies are presented to illustrate how the hybrid rigidity
framework can be applied to solve complexmodeling and analysis problems. The first
case study focuses on a heterogeneous MAS utilizing mixed measurements, specifi-
cally combining 2-dimensional spatial distances with 3-dimensional spatial bearings.
The second case study examines a MAS composed of agents restricted to moving
along distinct straight lines (1D submanifolds) while being mutually constrained by
3-dimensional spatial distance measurements.

These case studies highlight the innovative capabilities of the proposed framework.
From a practical perspective, these examples illustrate the precise mechanism by
which extrinsic parameters are injected into the state embedding and measurement
processes. They also showcase how the commutativity between different functorial
realizations provides a powerful, rigorous analytical tool. Ultimately, this analysis
confirms a core theoretical claim: by integrating extrinsic information, the frame-
work can accurately map disparate agent states into a common abstract homoge-
neous space. This embedding process and the pipeline structure, characterized by
an explicit filtration action, enable the formulation of measurement maps that are
no longer strictly bound to the agents’ full intrinsic kinematics. Instead, they allow
the framework to selectively evaluate a specific subset of their state or seamlessly
incorporate external data to satisfy complex physical constraints.

Both case studies share the same fundamental objective and analytical methodology,
which are outlined below before detailing the specific scenarios:

5.1.1 Goal

The objective of this analysis is to verify whether the MAS, equipped with a spe-
cific sensing network, allows only those continuous motions that strictly preserve its
shape, namely the Euclidean distances between all pairs of agents.

5.1.2 Methodology

We construct the embedded rigidity matrix within the completely homogenized 𝕊𝔼(3)
space, leveraging the generalized structural framework developed in the previous
chapter.

To execute this operation, we must first explicitly define the state embedding func-
tions and their respective Jacobians. This allows us to map the agents’ states into
𝕊𝔼(3), yielding a common homogeneous representation while rigorously establish-
ing the exact relationship between the native kinematic state space and the embed-
ded representations. To clearly expose how the structural constraints and extrinsic
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hardware parameters enter the analytical formulation, this embedding is performed
in two sequential stages: first, from the minimal native kinematic space to the aug-
mented space; and second, from the augmented space to the fully embedded 𝕊𝔼(3)
space.

Furthermore, to formally connect this embedded rigidity matrix with its augmented
and kinematic counterparts, we explicitly derive the measurement retraction func-
tions and their corresponding Jacobians. This inverse mapping is similarly executed
in stages: first, from the abstract embedded space back to the augmented space; and
finally, from the augmented space down to the minimal kinematic space.

This systematic approach allows us to analytically derive all three rigidity matrices
associated with their respective functorial realizations.

5.1.3 Common Assumptions

Throughout this analysis, it is assumed that:

• no collinear configurations occur;

• no spatial inter-agent collisions occur.

Note that this analysis strictly inherits all the conventions established in the previous
chapter.

5.2 example 1
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𝑧3𝑥4𝑦4

𝑧4



118 case studies

5.2.1 System Description

This example investigates a heterogeneous MAS comprising three planar UGVs and
one UAV. The three ground agents operate on a 2D plane and aremutually constrained
by distance measurements, establishing a non-collinear triangular formation. The
UAV, operating in the 3D workspace, is constrained to the ground formation strictly
through relative bearing measurements.

5.2.2 Agents

We consider a MAS composed of 𝑛 = 4 agents evolving on heterogeneous manifolds.
The agents are categorized as follows:

• Ground Agents (𝑣𝑖, 𝑖 ∈ {2, 3, 4}): These agents operate on a flat horizontal
plane, and their pose can be fully represented by an element in 𝕊𝔼(2). To
account for their operation within a 3D environment, their augmented agent
space is defined as the manifold 𝑃𝑖 = 𝕊𝔼(2)×ℝ, which extends their planar state
with the constant height of the horizontal plane ℎ ∈ ℝ. Thus, their augmented
state is characterized by q𝑖 = (p𝑖, 𝜃𝑖, ℎ) ∈ 𝑃𝑖, where p𝑖 = (𝑥𝑖, 𝑦𝑖) ∈ ℝ2 is the
planar position and 𝜃𝑖 ∈ 𝕊𝕆(2) is the orientation.

• Aerial Agent (𝑣1): Its full pose is characterized by an element of 𝕊𝔼(3). Since
this fully describes its 3D position and orientation, there is no need for addi-
tional parameters. In other words, its augmented agent space naturally coin-
cides with its native space, defined directly as 𝑃1 = 𝕊𝔼(3). Its state is repre-
sented by x1 = (p1,R1) ∈ 𝑃1, where p1 ∈ ℝ3 is the 3D position andR1 ∈ 𝕊𝕆(3)
is the rotation matrix representing its attitude.

5.2.3 Agent Embedding Maps

To analyze rigidity in a unifiedmathematical framework, the agents’ native kinematic
states must be mapped into the common global space 𝕊𝔼(3). Following the categor-
ical pipeline established previously, this process is rigorously decomposed into two
sequential natural transformations: first, a parametric expansion via 𝜄𝛼,𝕍 that maps
the native states into the augmented space; and second, the application of topological
padding via 𝜄𝜖,𝕍 to embed these augmented states into the final embedding space.

Stage 1: Kinematic-to-Augmented

The first stage expands the minimal native kinematic state x𝑖 ∈ 𝒟𝑖 with the specific
extrinsic hardware parameters required for the task, forming the augmented state
q𝑖.
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aerial agent (𝑣1): For the fully actuated aerial agent, the native space is already
𝒟1 = 𝕊𝔼(3), and no extra parameters are required to define its full pose in 3D space.
The augmented state is identical to the kinematic state, hence the embedding is the
identity map:

𝜄𝛼,1∶ 𝕊𝔼(3) ↪ 𝕊𝔼(3)
x1 ↦ q1 = x1 (1)

Parameterizing the native variation as 𝛿x1 = [𝛿p𝑇1 , 𝛿𝜃
𝑇
1 ]𝑇 ∈ ℝ6, the corresponding

Jacobian is simply the identity matrix:

𝐽𝜄𝛼,1 =
𝜕𝜄𝛼,1
𝜕x1

= I6 ∈ ℝ6×6 (2)

ground agents (𝑣2, 𝑣3, 𝑣4): For the ground agents, the native kinematic space is
𝒟𝑖 = 𝕊𝔼(2), with each element identified by x𝑖 = (p𝑖,𝑥𝑦 , 𝜃𝑖), where p𝑖,𝑥𝑦 ∈ ℝ2 denotes
the planar position and 𝜃𝑖 ∈ 𝕊𝕆(2) represents the orientation. However, they operate
on a horizontal plane shifted by a structural height parameter ℎ𝑖 ∈ ℝ. The resulting
map is:

𝜄𝛼,𝑖∶ 𝕊𝔼(2) ↪ 𝕊𝔼(2) × ℝ
x𝑖 ↦ q𝑖 = (x𝑖, ℎ𝑖) = (p𝑖,𝑥𝑦 , 𝜃𝑖, ℎ𝑖) (3)

The kinematic variation is explicitly parameterized as 𝛿x𝑖 = [𝛿p𝑇𝑖,𝑥𝑦 , 𝛿𝜃𝑖]𝑇 ∈ ℝ3, while
the corresponding augmented variation is 𝛿q𝑖 = [𝛿x𝑇𝑖 , 𝛿ℎ𝑖]𝑇 ∈ ℝ4. The Jacobian of
this expansion safely pads the parametric dimension:

𝐽𝜄𝛼,𝑖 =
𝜕𝜄𝛼,𝑖
𝜕x𝑖

= [
I3
01×3

] ∈ ℝ4×3 (4)

global kinematic-to-augmented mapping: To evaluate the network as
a whole at this stage, we aggregate the individual agent mappings via Cartesian prod-
ucts, mapping the global kinematic product space 𝕊𝔼(3) × 𝕊𝔼(2)3 into the global aug-
mented product space 𝕊𝔼(3)×(𝕊𝔼(2)×ℝ)3 via 𝜄𝛼,𝕍. The global Jacobian is constructed
as a block-diagonal matrix, naturally preserving the individual local tangent-space
parameterizations:

𝐽𝜄𝛼,𝕍 = blockdiag (𝐽𝜄𝛼,1 , 𝐽𝜄𝛼,2 , 𝐽𝜄𝛼,3 , 𝐽𝜄𝛼,4) ∈ ℝ18×15 (5)

Stage 2: Augmented-to-Embedded

The second stage resolves dimensional heterogeneity by embedding the augmented
states into the common abstract space 𝕊𝔼(3) through a map that structurally trans-
forms the agent augmented stateswhile applying any necessary informationless padding.
This process maps the parameterized augmented states q𝑖 into the uniform ambient
manifold 𝕊𝔼(3), yielding the embedded pose x𝑒𝑖 = (p𝑒𝑖 ,R

𝑒
𝑖 ).
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aerial agent (𝑣1): Since the augmented state of the aerial agent is already in
𝕊𝔼(3), the topological embedding is trivially the identity map:

𝜄𝜖,1∶ 𝕊𝔼(3) ↪ 𝕊𝔼(3)
q1 ↦ (p𝑒1,R𝑒

1) = x𝑒1 (6)

where p𝑒1 = p1 and R𝑒
1 = R1.

Reusing the same tangent-space parameterization established previously for both aug-
mented and embedded states, the corresponding Jacobian is simply the identity ma-
trix:

𝐽𝜄𝜖,1 =
𝜕𝜄𝜖,1
𝜕q1

= I6 ∈ ℝ6×6 (7)

ground agents (𝑣2, 𝑣3, 𝑣4): For the ground agents, the embedding map assigns
the parameter ℎ𝑖 to the 𝑧-axis and completes the 1D orientation into a full 3D rotation
matrix around the vertical axis:

𝜄𝜖,𝑖∶ 𝕊𝔼(2) × ℝ ↪ 𝕊𝔼(3)

q𝑖 = (p𝑖,𝑥𝑦 , 𝜃𝑖, ℎ𝑖) ↦

⎛
⎜
⎜
⎜
⎜
⎝

[
p𝑖,𝑥𝑦
ℎ𝑖

]
⏟⏟⏟⏟⏟⏟⏟⏟⏟

p𝑒𝑖

, [
cos 𝜃𝑖 − sin 𝜃𝑖 0
sin 𝜃𝑖 cos 𝜃𝑖 0
0 0 1

]

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
R𝑒
𝑖

⎞
⎟
⎟
⎟
⎟
⎠

= x𝑒𝑖 (8)

To analytically propagate the variations from the augmented space to the global tan-
gent space, let us explicitly define the augmented tangent variation as

𝛿q𝑖 = [𝛿p𝑇𝑖,𝑥𝑦 𝛿𝜃𝑖 𝛿ℎ𝑖]
𝑇
∈ ℝ4

, and the embedded tangent variation as

𝛿x𝑒𝑖 = [(𝛿p𝑒𝑖 )𝑇 (𝛿𝜃 𝑒𝑖 )𝑇 ]
𝑇
∈ ℝ6.

Defining the planar canonical injection matrix 𝑃2 = [e1 e2] ∈ ℝ3×2 and the vertical

unit vector e3 = [0 0 1]
𝑇
, the embedding process can be expressed as p𝑒𝑖 = 𝑃2p𝑖,𝑥𝑦+

e3ℎ𝑖, and the embedded kinematics are expressed as:

𝛿p𝑒𝑖 = 𝑃2𝛿p𝑖,𝑥𝑦 + e3𝛿ℎ𝑖 (9)

𝛿𝜃 𝑒𝑖 = e3𝛿𝜃𝑖 (10)

Taking the exact differentials with respect to the augmented variables, we construct
the 6 × 4 local Jacobian block. This matrix perfectly isolates the active planar kine-
matics (left block) from the static structural parameter (right column):

𝐽𝜄𝜖,𝑖 =
𝜕𝜄𝜖,𝑖
𝜕q𝑖

= [

𝜕p𝑒𝑖
𝜕p𝑖,𝑥𝑦

𝜕p𝑒𝑖
𝜕𝜃𝑖

| 𝜕p𝑒𝑖
𝜕ℎ𝑖

𝜕𝜃 𝑒𝑖
𝜕p𝑖,𝑥𝑦

𝜕𝜃 𝑒𝑖
𝜕𝜃𝑖

| 𝜕𝜃 𝑒𝑖
𝜕ℎ𝑖

] = [
𝑃2 03×1 | e3
03×2 e3 | 03×1

] ∈ ℝ6×4 (11)
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global augmented-to-embedded mapping: Similarly, aggregating the
second stage via Cartesian products maps the global augmented product space 𝕊𝔼(3)×
(𝕊𝔼(2)×ℝ)3 into the homogeneous global embedded space 𝕊𝔼(3)4 via 𝜄𝜖,𝕍. The global
Jacobian is a block-diagonal matrix that injects the necessary structural zeros to ho-
mogenize all agents into 𝕊𝔼(3):

𝐽𝜄𝜖,𝕍 = blockdiag (𝐽𝜄𝜖,1 , 𝐽𝜄𝜖,2 , 𝐽𝜄𝜖,3 , 𝐽𝜄𝜖,4) ∈ ℝ24×18 (12)

5.2.4 Measurement Retraction Maps

Embedded-to-Augmented Measurement Retraction (𝜌𝕄,𝜖 )

The augmented measurement space is identical to the embedded homogeneous mea-
surement space 𝒴 = 𝕃 × ℝ>0. Here, 𝕃 ⊂ ℝ3 defines the set where the bearing mea-
surements reside (specifically adopted over the intrinsic 𝕊2 to circumvent geometric
singularities) while ℝ>0 represents the codomain for the Euclidean distance measure-
ments.

For each individual network edge 𝑘, the retraction map is trivially the identity map:

𝜌𝑘𝕄,𝜖 ∶ 𝕃 × ℝ>0 → 𝕃 × ℝ>0
y𝑒𝑚𝑏,𝑘 ↦ y𝑒𝑚𝑏,𝑘 (13)

Parameterizing the local tangent variation as 𝛿y𝑒𝑚𝑏,𝑘 = [𝛿b𝑇𝑘 , 𝛿𝑑𝑘]
𝑇 ∈ ℝ4, the corre-

sponding local Jacobian block is simply the 4 × 4 identity matrix I4.

global embedded-to-augmented mapping: To evaluate the networkmea-
surements as a whole at this stage, we aggregate the individual edge mappings via
Cartesian products, mapping the global embedded measurement product space into
the global augmented measurement space via 𝜌𝕄,𝜖 ∶ (𝕃 × ℝ>0)6 → (𝕃 × ℝ>0)6.

Parameterizing the global tangent variation as 𝛿y𝑒𝑚𝑏 ∈ ℝ24 via the concatenation
of the local variations, and naturally preserving the individual local tangent-space
parameterizations, the global Jacobian is constructed as a block-diagonal matrix of
identities, yielding the global identity matrix:

𝐽𝜌𝕄,𝜖 = blockdiag (I4, … , I4) = I24 ∈ ℝ24×24 (14)

Augmented-to-Kinematic Measurement Retraction (𝜌𝛼,𝕄)

The augmented-to-kinematic measurement retraction map isolates the true physical
observation specific to each sensor type. It acts as the left-inverse of the kinematic
measurement embedding map, restoring the true informational dimension of the net-
work.
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Depending on the specific measurement modality of the edge, we define a local re-
traction map that projects the padded homogeneous state (b𝑖𝑗 , 𝑑𝑖𝑗) ∈ 𝕃 × ℝ>0 onto its
active physical components.

For edges corresponding to bearingmeasurements, the physical state resides strictly
in 𝕃. The retraction map discards the padded distance component:

𝜌𝑏𝛼,𝕄∶ 𝕃 × ℝ>0 → 𝕃
(b𝑖𝑗 , 𝑑𝑖𝑗) ↦ b𝑖𝑗 (15)

For edges corresponding to Euclidean distance measurements, the physical state
resides strictly in ℝ>0. The retraction map discards the padded dummy bearing vec-
tor:

𝜌𝑑𝛼,𝕄∶ 𝕃 × ℝ>0 → ℝ>0
(b𝑖𝑗 , 𝑑𝑖𝑗) ↦ 𝑑𝑖𝑗 (16)

Let the local tangent variation of the extended measurement be explicitly parameter-
ized as 𝛿𝑦𝑖𝑗 = [𝛿b𝑇𝑖𝑗 , 𝛿𝑑𝑖𝑗]𝑇 ∈ ℝ4.

The bearing retraction map preserves the 3-dimensional variation of the bearing
vector 𝛿b𝑖𝑗 while systematically zeroing out the scalar distance variation 𝛿𝑑𝑖𝑗 . There-
fore, its corresponding local Jacobian block is a constant 3 × 4 extraction matrix:

𝐽𝜌𝑏𝛼,𝕄 =
𝜕𝜌𝑏𝛼,𝕄
𝜕𝑦𝑖𝑗

= [I3 03×1] ∈ ℝ3×4 (17)

Conversely, the distance retraction map preserves only the scalar distance varia-
tion 𝛿𝑑𝑖𝑗 and discards the 3-dimensional bearing variation 𝛿b𝑖𝑗 . Its corresponding local
Jacobian block is a constant 1 × 4 extraction matrix:

𝐽𝜌𝑑𝛼,𝕄 =
𝜕𝜌𝑑𝛼,𝕄
𝜕𝑦𝑖𝑗

= [01×3 1] ∈ ℝ1×4 (18)

global augmented-to-kinematic mapping: To filter the measurements
for the entire network simultaneously, we aggregate the individual local retraction
maps into a single global measurement retraction map via 𝜌𝛼,𝕄∶ (𝕃 × ℝ>0)6 → 𝕃3 ×
ℝ3>0.

Naturally preserving the individual local measurement tangent-space parameteriza-
tions defined previously, the global Jacobian is constructed as a block-diagonal matrix
from the local extraction blocks:

𝐽𝜌𝛼,𝕄 =
𝜕𝜌𝛼,𝕄
𝜕y𝑒𝑚𝑏

= blockdiag (𝐽𝜌𝑏𝛼,𝕄 , 𝐽𝜌𝑏𝛼,𝕄 , 𝐽𝜌𝑏𝛼,𝕄 , 𝐽𝜌𝑑𝛼,𝕄 , 𝐽𝜌𝑑𝛼,𝕄 , 𝐽𝜌𝑑𝛼,𝕄) ∈ ℝ12×24 (19)
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5.2.5 Rigidity Matrix

Embedded Rigidity Matrix (𝑅𝑒𝑚𝑏)

The Embedded Rigidity Matrix captures the first-order differential constraints of the
network strictly within the fully homogeneous extended spaces. It maps the 24-
dimensional variations of the structurally padded agents into the 24-dimensional vari-
ations of the completely padded abstract measurement space:

𝛿z𝑒𝑚𝑏𝔼 = 𝑅𝑒𝑚𝑏 𝛿x𝑒𝕍, where 𝛿x𝑒𝕍 ∈ ℝ24, 𝛿z𝑒𝑚𝑏𝔼 ∈ ℝ24 (20)

To make the block structure explicit, we rely on the tangent space parameterizations
established in the previous sections. The padded input state variation vector 𝛿x𝑒𝕍
explicitly concatenates the complete 𝕊𝔼(3) kinematic twists for all 𝑛 = 4 agents (6
DOFs each). Similarly, the padded output variation vector 𝛿z𝑒𝑚𝑏𝔼 reserves a full 4-
dimensional coordinate block for each of the 𝑚 = 6 edges (3 DOFs for the bearing
variation embedded in ℝ3, and 1 DOF for the distance), systematically injecting zeros
for the unmeasured complementary components:

𝛿x𝑒𝕍 =
⎡
⎢
⎢
⎢
⎣

𝛿x𝑒1
𝛿x𝑒2
𝛿x𝑒3
𝛿x𝑒4

⎤
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝛿p𝑒1
𝛿𝜃 𝑒1
𝛿p𝑒2
𝛿𝜃 𝑒2
𝛿p𝑒3
𝛿𝜃 𝑒3
𝛿p𝑒4
𝛿𝜃 𝑒4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, 𝛿z𝑒𝑚𝑏𝔼 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝛿z𝑒𝑚𝑏12
𝛿z𝑒𝑚𝑏13
𝛿z𝑒𝑚𝑏14

𝛿z𝑒𝑚𝑏43
𝛿z𝑒𝑚𝑏24
𝛿z𝑒𝑚𝑏32

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝛿b12
0

𝛿b13
0

𝛿b14
0

03×1
𝛿𝑑43
03×1
𝛿𝑑24
03×1
𝛿𝑑32

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(21)

Using the sequence of categorical mappings established previously, we construct the
purely homogeneous Embedded Rigidity Matrix 𝑅𝑒𝑚𝑏 ∈ ℝ24×24 by directly applying
the chain rule (𝑅𝑒𝑚𝑏 = 𝐽𝜂𝑒𝑚𝑏𝐽Δ𝑒𝑚𝑏𝐽𝛾𝑒𝑚𝑏𝐽𝜎𝑒𝑚𝑏 ). The explicit sparse formulation evaluates
to:
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𝑅𝑒𝑚𝑏 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− 1
‖p12‖

Πb12R
𝑇
1 [b12]× + 1

‖p12‖
Πb12R

𝑇
1 03×3 03×3 03×3 03×3 03×3

01×3 01×3 01×3 01×3 01×3 01×3 01×3 01×3
− 1
‖p13‖

Πb13R
𝑇
1 [b13]× 03×3 03×3 + 1

‖p13‖
Πb13R

𝑇
1 03×3 03×3 03×3

01×3 01×3 01×3 01×3 01×3 01×3 01×3 01×3
− 1
‖p14‖

Πb14R
𝑇
1 [b14]× 03×3 03×3 03×3 03×3 + 1

‖p14‖
Πb14R

𝑇
1 03×3

01×3 01×3 01×3 01×3 01×3 01×3 01×3 01×3
03×3 03×3 03×3 03×3 03×3 03×3 03×3 03×3
01×3 01×3 01×3 01×3 +q𝑇43,𝑥𝑦 01×3 −q𝑇43,𝑥𝑦 01×3
03×3 03×3 03×3 03×3 03×3 03×3 03×3 03×3
01×3 01×3 −q𝑇24,𝑥𝑦 01×3 01×3 01×3 +q𝑇24,𝑥𝑦 01×3
03×3 03×3 03×3 03×3 03×3 03×3 03×3 03×3
01×3 01×3 +q𝑇32,𝑥𝑦 01×3 −q𝑇32,𝑥𝑦 01×3 01×3 01×3

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(22)

where Πb1𝑗 the local orthogonal projector.

Augmented Rigidity Matrix (𝑅𝑎𝑢𝑔 )

The Augmented Rigidity Matrix 𝑅𝑎𝑢𝑔 is obtained by pulling the analysis back to the
Augmented Space. This is achieved through both pre-multiplying by the Embedded-
to-Augmented Measurement Retraction Jacobian 𝐽𝜌𝕄,𝜖 and post-multiplying by the
global Augmented-to-Embedded Jacobian 𝐽𝜄𝜖,𝕍 :

𝑅𝑎𝑢𝑔 = 𝐽𝜌𝕄,𝜖𝑅
𝑒𝑚𝑏𝐽𝜄𝜖,𝕍 = 𝑅𝑒𝑚𝑏𝐽𝜄𝜖,𝕍 (23)

since 𝐽𝜌𝕄,𝜖 = 𝐼24.

Because the measurement retraction is the identity, the output variation vector re-
mains the fully padded 24-dimensional coordinate space (𝛿z𝑎𝑢𝑔𝔼 ≡ 𝛿z𝑒𝑚𝑏𝔼 ). However,
the input vector condenses from 24 to 18 dimensions, reflecting the exact parameter-
ization of the augmented tangent manifolds:

𝛿z𝑎𝑢𝑔𝔼 = 𝑅𝑎𝑢𝑔 𝛿q𝕍, where 𝛿q𝕍 ∈ ℝ18, 𝛿z𝑎𝑢𝑔𝔼 ∈ ℝ24 (24)

Explicitly defining the local coordinate representations for these augmented tangent
spaces, the global input vector 𝛿q𝕍 concatenates the 6 coordinate variables of the
quadrotor’s native 𝕊𝔼(3) twist with the 4 coordinate variables (planar twist + struc-
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tural height variation) representing the tangent space of each augmented unicycle
manifold 𝕊𝔼(2) × ℝ:

𝛿q𝕍 =
⎡
⎢
⎢
⎢
⎣

𝛿q1
𝛿q2
𝛿q3
𝛿q4

⎤
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝛿p1
𝛿𝜃1

𝛿p2,𝑥𝑦
𝛿𝜃2
𝛿ℎ2

𝛿p3,𝑥𝑦
𝛿𝜃3
𝛿ℎ3

𝛿p4,𝑥𝑦
𝛿𝜃4
𝛿ℎ4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(25)

We obtain:

𝑅𝑎𝑢𝑔 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− 1
‖p12‖

Πb12R
𝑇
1 [b12]× [ + 1

‖p12‖
Πb12R

𝑇
1𝑃2 03×1 | + 1

‖p12‖
Πb12R

𝑇
1e3] 03×4 03×4

01×3 01×3 01×4 01×4 01×4
− 1
‖p13‖

Πb13R
𝑇
1 [b13]× 03×4 [ + 1

‖p13‖
Πb13R

𝑇
1𝑃2 03×1 | + 1

‖p13‖
Πb13R

𝑇
1e3] 03×4

01×3 01×3 01×4 01×4 01×4
− 1
‖p14‖

Πb14R
𝑇
1 [b14]× 03×4 03×4 [ + 1

‖p14‖
Πb14R

𝑇
1𝑃2 03×1 | + 1

‖p14‖
Πb14R

𝑇
1e3]

01×3 01×3 01×4 01×4 01×4
03×3 03×3 03×4 03×4 03×4
01×3 01×3 01×4 [ + q𝑇43,𝑥𝑦 0 | 0] [ − q𝑇43,𝑥𝑦 0 | 0]
03×3 03×3 03×4 03×4 03×4
01×3 01×3 [ − q𝑇24,𝑥𝑦 0 | 0] 01×4 [ + q𝑇24,𝑥𝑦 0 | 0]
03×3 03×3 03×4 03×4 03×4
01×3 01×3 [ + q𝑇32,𝑥𝑦 0 | 0] [ − q𝑇32,𝑥𝑦 0 | 0] 01×4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(26)

Kinematic Rigidity Matrix (𝑅𝑘𝑖𝑛)

To reach the Kinematic Rigidity Matrix, we must execute the final categorical reduc-
tion on both sides simultaneously.

We right-multiply by the Kinematic-to-Augmented Jacobian 𝐽𝜄𝛼,𝕍 to discard the struc-
tural height parameters, mapping the input domain down to theminimal 15-dimensional
native kinematic space.

Simultaneously, we left-multiply by the Augmented-to-Kinematic Measurement Re-
traction Jacobian 𝐽𝜌𝛼,𝕄 to extract only the physically meaningful measurement dimen-
sions, removing the zeros introduced by the informationless padding:

𝑅𝑘𝑖𝑛 = 𝐽𝜌𝛼,𝕄𝑅
𝑎𝑢𝑔𝐽𝜄𝛼,𝕍 = 𝐽𝜌𝛼,𝕄𝐽𝜌𝕄,𝜀𝑅

𝑒𝑚𝑏𝐽𝜄𝜀,𝕍𝐽𝜄𝛼,𝕍 (27)

By enforcing this double reduction, the coordinate parameterizations exactly match
the physical tangent spaces of the minimal kinematic manifolds and the true sensor
spaces. This yields the final, minimal physical mapping:

𝛿z𝔼 = 𝑅𝑘𝑖𝑛 𝛿x𝕍, where 𝛿x𝕍 ∈ ℝ15, 𝛿z𝔼 ∈ ℝ12 (28)
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Here, both the input state vector and the output measurement vector are completely
stripped of their informationless padding. The minimal kinematic input vector 𝛿x𝕍
groups solely the true actuatable coordinate twists (6 DOFs for the aerial agent, 3
planar DOFs for each ground agent). Conversely, the physical output vector 𝛿z𝔼
retains only the active variations for each specific sensor (3 dimensions for the bearing
edges, 1 dimension for the distance edges):

𝛿x𝕍 =
⎡
⎢
⎢
⎢
⎣

𝛿x1
𝛿x2
𝛿x3
𝛿x4

⎤
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝛿p1
𝛿𝜃1

𝛿p2,𝑥𝑦
𝛿𝜃2

𝛿p3,𝑥𝑦
𝛿𝜃3

𝛿p4,𝑥𝑦
𝛿𝜃4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, 𝛿z𝔼 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝛿z12
𝛿z13
𝛿z14
𝛿z43
𝛿z24
𝛿z32

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝛿b12
𝛿b13
𝛿b14
𝛿𝑑43
𝛿𝑑24
𝛿𝑑32

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(29)

The sparse 24×18matrix is thereby elegantly compressed into its true 12×15 physical
dimensionality:

𝑅𝑘𝑖𝑛 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− 1
‖p12‖

Πb12R
𝑇
1 [b12]× [ + 1

‖p12‖
Πb12R

𝑇
1𝑃2 03×1] 03×3 03×3

− 1
‖p13‖

Πb13R
𝑇
1 [b13]× 03×3 [ + 1

‖p13‖
Πb13R

𝑇
1𝑃2 03×1] 03×3

− 1
‖p14‖

Πb14R
𝑇
1 [b14]× 03×3 03×3 [ + 1

‖p14‖
Πb14R

𝑇
1𝑃2 03×1]

01×3 01×3 01×3 [ + q𝑇43,𝑥𝑦 0] [ − q𝑇43,𝑥𝑦 0]
01×3 01×3 [ − q𝑇24,𝑥𝑦 0] 01×3 [ + q𝑇24,𝑥𝑦 0]
01×3 01×3 [ + q𝑇32,𝑥𝑦 0] [ − q𝑇32,𝑥𝑦 0] 01×3

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(30)



5.2 example 1 127

5.2.6 Infinitesimal Φ-Rigidity Analysis

Theorem 5.1. Let 𝒟𝑘𝑖𝑛 be the purely kinematic state space of the network, where the
state of the aerial agent is x1 = (p1,R1) ∈ 𝕊𝔼(3) and the state of each planar ground
agent is x𝑗 = (p𝑗,𝑥𝑦 , 𝜃𝑗) ∈ 𝕊𝔼(2) for 𝑗 ∈ {2, 3, 4}.

Let ̃𝒟 ⊂ 𝒟𝑘𝑖𝑛 be the set of generic configurations x satisfying two conditions:

(h1) The ground positions p2,𝑥𝑦 ,p3,𝑥𝑦 ,p4,𝑥𝑦 are non-collinear.

(h2) The matrix

𝑀(x) = [
p𝑇12p32 p𝑇13p23 0
p𝑇12p42 0 p𝑇14p24

0 p𝑇13p43 p𝑇14p34
]

is nonsingular (det𝑀(x) ≠ 0). Equivalently, the aerial agent does not lie on the
danger cylinder of the ground triangle, the classical critical locus of P3P problem.

(h3) Spatial non-collision of agents.

Let us consider the group𝐺 = 𝕊𝔼(2)×𝕊𝕆(2)3, where 𝕊𝔼(2) governs the global formation
motion, while 𝕊𝕆(2)3 accounts for the independent local rotational symmetries.

A generic element 𝑔 ∈ 𝐺 is parameterized as

𝑔 = (𝑔𝑠𝑒2, 𝛽2, 𝛽3, 𝛽4)

Here, 𝑔𝑠𝑒2 = (t, 𝛼) ∈ 𝕊𝔼(2) represents the global planar translation t ∈ ℝ2 and the
global yaw rotation 𝛼 ∈ 𝕊𝕆(2). The terms 𝛽𝑗 ∈ 𝕊𝕆(2) for 𝑗 ∈ {2, 3, 4} represent the
independent local rotations of the individual ground agents.

The global planar movement translates the aerial agent along the horizontal plane and
rotates it around the vertical axis, while remaining completely independent of the local
ground symmetries. LetR𝑧(𝛼) ∈ 𝕊𝕆(3) denote the standard 3D rotation matrix around
the Z axis. The action is evaluated as:

Φ1(𝑔,x1) = (R𝑧(𝛼)p1 + [
t
0] ,R𝑧(𝛼)R1)

Each ground agent is subjected to the global rotation and translation of the group 𝕊𝔼(2),
to which the unobservable local rotation of the specific node is linearly appended. Let
R2𝐷(𝛼) ∈ 𝕊𝕆(2) denote the planar rotation matrix. The action evaluates to:

Φ𝑗(𝑔,x𝑗) = (R2𝐷(𝛼)p𝑗,𝑥𝑦 + t, 𝜃𝑗 + 𝛼 + 𝛽𝑗)

The overall group action on the complete network state x = (x1,x2,x3,x4) ∈ 𝒟𝑘𝑖𝑛 is
obtained by concatenating the individual transformations:

Φ(𝑔,x) = (Φ1(𝑔,x1), Φ2(𝑔,x2), Φ3(𝑔,x3), Φ4(𝑔,x4))
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Note that this action is shape-preserving for the framework, as it is composed of the ac-
tion of elements in 𝕊𝔼(2) that rigidly transform the global formation, and independent
local symmetries in 𝕊𝕆(2) that act exclusively on the heading of the ground agents with-
out altering their positions. Consequently, the shape of the formation remains strictly
invariant.

Under this decomposition, the kinematic rigidity matrix 𝑅𝑘𝑖𝑛 ∈ ℝ12×15 takes the sparse
block form:

𝑅𝑘𝑖𝑛 = [
A(x) B(x)
03×6 C(x)] (31)

whereA ∈ ℝ9×6 collects the bearing-row derivatives with respect to the aerial twist 𝛿x1,
andC ∈ ℝ3×9 collects the distance-row derivatives with respect to the ground twist 𝛿x𝐺 .

The smooth framework family over the generic domain ̃𝒟 is infinitesimally Φ-rigid.

Proof. rank(C) = 3 under (H1)
Because distance measurements are invariant to agent orientations, the heading
columns of C (corresponding to 𝛿𝜃2, 𝛿𝜃3, 𝛿𝜃4) are identically zero. Defining the nor-
malized relative 2D position vectors as q𝑘𝑗 ∶=

p𝑗,𝑥𝑦−p𝑘,𝑥𝑦
‖p𝑗,𝑥𝑦−p𝑘,𝑥𝑦 ‖

, the 3 × 9 ground rigidity
sub-matrix C evaluating the ground agent triangle edges (4, 3), (2, 4), and (3, 2) is
explicitly written as:

C = [
01×2 0 +q𝑇43 0 −q𝑇43 0
−q𝑇24 0 01×2 0 +q𝑇24 0
+q𝑇32 0 −q𝑇32 0 01×2 0

] (32)

We extract the relevant 3 × 6 sub-matrix C′ acting purely on the translational varia-
tions (𝛿p2,𝑥𝑦 , 𝛿p3,𝑥𝑦 , 𝛿p4,𝑥𝑦 ) by discarding the null heading columns:

C′ = [
01×2 +q𝑇43 −q𝑇43
−q𝑇24 01×2 +q𝑇24
+q𝑇32 −q𝑇32 01×2

] (33)

To prove that under assumption (H1) the matrix C′ is full rank, we proceed by con-
tradiction.

Let 𝑅1, 𝑅2, 𝑅3 denote the three row-blocks of C′.

𝑅1 = [01×2 +q𝑇43 −q𝑇43] (34)

𝑅2 = [−q𝑇24 01×2 +q𝑇24] (35)

𝑅3 = [+q𝑇32 −q𝑇32 01×2] (36)

(37)
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Assume there exists a linear dependence of the rows such that 𝜇1𝑅1+𝜇2𝑅2+𝜇3𝑅3 =
0𝑇 for some scalars 𝜇1, 𝜇2, 𝜇3 ∈ ℝ with 𝜇1, 𝜇2, 𝜇3 not be simultaneously all zero.

Evaluating this sum explicitly, column-block by column-block, yields the following
system of independent vector equations:

𝜇2(−q𝑇24) + 𝜇3(+q𝑇32) = 0𝑇 ⟹ 𝜇3q𝑇32 = 𝜇2q𝑇24 (38)

𝜇1(+q𝑇43) + 𝜇3(−q𝑇32) = 0𝑇 ⟹ 𝜇1q𝑇43 = 𝜇3q𝑇32 (39)

𝜇1(−q𝑇43) + 𝜇2(+q𝑇24) = 0𝑇 ⟹ 𝜇2q𝑇24 = 𝜇1q𝑇43 (40)

By the transitive property of equality, transposing the terms into column vectors
directly yields the strict vector equality:

𝜇1q43 = 𝜇2q24 = 𝜇3q32 =∶ u (41)

If this common vector is non-zero (u ≠ 0), it geometrically requires the three direc-
tional edge vectors to be strictly parallel (q43 ∥ q24 ∥ q32). This implies that the
three ground nodes lie on a single straight line, directly contradicting Assumption
(H1).

Therefore, the common vector must be zero (u = 0). Since the nodes are spatially
distinct (H3), their relative unit vectors are non-zero (q43,q24,q32 ≠ 0). This forces
the scalars to identically vanish, admitting only the unique trivial solution 𝜇1 = 𝜇2 =
𝜇3 = 0.

The rows of C′ are linearly independent, meaning rank(C′) = 3. Because C′ is
obtained fromC solely by removing identically zero columns, an algebraic operation
that does not alter the rank of the matrix, it strictly holds that rank(C) = rank(C′) =
3.

rank(A) = 6 under (H1,H2)
We analyze the null space condition A𝛿x1 = 0. Note that this analysis falls within
the classical domain of the Perspective-3-Point (P3P) problem.

Let v, 𝜔 ∈ ℝ3 be the local translational and rotational twist components of the aerial
agent. The homogeneous bearing constraint 𝛿b1𝑗 = 0 for target 𝑗 ∈ {2, 3, 4} reduces
to:

𝛿b1𝑗 = Πb1𝑗 (v+𝜔 × (R𝑇
1p1𝑗)) = 0 ⟺ v+𝜔 × (R𝑇

1p1𝑗) = 𝜆𝑗(R𝑇
1p1𝑗), 𝜆𝑗 ∈ ℝ. (42)

This exact equivalence holds because Πb1𝑗 is the orthogonal projection matrix onto
the plane perpendicular to the line-of-sight vector. If the projection of the velocity
vector onto this perpendicular plane is identically zero, the vector itself must lie
entirely along the optical ray. Consequently, it can be expressed strictly as a scalar
multiple 𝜆𝑗 of the relative position vector expressed in the local frame.
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To prove ker(A) = {0}, we must show that v = 𝜔 = 0 is the unique solution.

We first isolate the rotational component by evaluating the constraint for a pair of
distinct targets, 𝑗 and 𝑘, and subtracting them to rigorously eliminate the transla-
tional velocity v:

𝜔 × R𝑇
1 (p1𝑗 − p1𝑘) = 𝜆𝑗R𝑇

1p1𝑗 − 𝜆𝑘R𝑇
1p1𝑘 (43)

To completely eliminate the angular velocity 𝜔 and isolate the scalar multipliers,
we project this vector equation onto the relative position vector R𝑇

1 (p1𝑗 − p1𝑘) by
applying the inner product to both sides.

Leveraging the fundamental cross-product property, the left-hand side identically
vanishes:

0 = (R𝑇
1 (p1𝑗 − p1𝑘))𝑇 (𝜆𝑗R𝑇

1p1𝑗 − 𝜆𝑘R𝑇
1p1𝑘)

0 = 𝜆𝑗‖R𝑇
1p1𝑗‖2 − 𝜆𝑘(R𝑇

1p1𝑗)𝑇 (R𝑇
1p1𝑘) − 𝜆𝑗(R𝑇

1p1𝑘)𝑇 (R𝑇
1p1𝑗) + 𝜆𝑘‖R𝑇

1p1𝑘‖2

0 = 𝜆𝑗(‖R𝑇
1p1𝑗‖2 − (R𝑇

1p1𝑗)𝑇 (R𝑇
1p1𝑘)) + 𝜆𝑘(‖R𝑇

1p1𝑘‖2 − (R𝑇
1p1𝑗)𝑇 (R𝑇

1p1𝑘)) (44)

Because the rotation matrix R1 is orthogonal, inner products are fully invariant:
‖R𝑇

1p1𝑗‖2 = ‖p1𝑗‖2 and (R𝑇
1p1𝑗)𝑇 (R𝑇

1p1𝑘) = p𝑇1𝑗p1𝑘 . Substituting these absolute coor-
dinates directly yields:

0 = 𝜆𝑗p𝑇1𝑗(p1𝑗 − p1𝑘) + 𝜆𝑘p𝑇1𝑘(p1𝑘 − p1𝑗) (45)

Defining the relative ground vectors bidirectionally as p𝑘𝑗 ∶= p𝑗−p𝑘 = p1𝑗−p1𝑘 and
p𝑗𝑘 ∶= p1𝑘 − p1𝑗 , we can elegantly rewrite the relation as a sum of inner products:

0 = 𝜆𝑗p𝑇1𝑗p𝑘𝑗 + 𝜆𝑘p𝑇1𝑘p𝑗𝑘 (46)

Evaluating this relation sequentially for the three distinct agent pairs (2, 3), (2, 4),
and (3, 4) yields a homogeneous linear system in terms of 𝜆 = [𝜆2, 𝜆3, 𝜆4]𝑇 :

[
p𝑇12p32 p𝑇13p23 0
p𝑇12p42 0 p𝑇14p24

0 p𝑇13p43 p𝑇14p34
]

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑀(x)

[
𝜆2
𝜆3
𝜆4
] = [

0
0
0
] (47)

For a non-trivial solution 𝜆 ≠ 0 to exist, the matrix𝑀(x) must be singular, demand-
ing det𝑀(x) = 0.

By Assumption (H2), det𝑀(x) ≠ 0. This strictly forces 𝜆 = 0.
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Substituting 𝜆𝑗 = 0 back into the fundamental bearing constraint (Equation 42)
yields the homogeneous linear system for the twist components x1 = [v𝑇 , 𝜔𝑇 ]𝑇 :

[
I3 −[R𝑇

1p12]×
I3 −[R𝑇

1p13]×
I3 −[R𝑇

1p14]×
] [

v
𝜔] = 0 (48)

where [R𝑇
1p1𝑗]× denotes the skew-symmetric matrix associated with the rotated rel-

ative position vector.

To formally prove that the coefficient matrix has full column rank (6), let us assume
by contradiction that there exists a non-zero twist vector x1 = [v𝑇 , 𝜔𝑇 ]𝑇 ≠ 0 satis-
fying the system:

v + 𝜔 × (R𝑇
1p1𝑗) = 0, ∀𝑗 ∈ {2, 3, 4} (49)

Subtracting this relation for the pairs (2, 3) and (2, 4) eliminates the translational
velocity v and yields:

𝜔 × (R𝑇
1p32) = 0 and 𝜔 × (R𝑇

1p42) = 0 (50)

Assuming 𝜔 ≠ 0, these cross-products require both rotated relative position vectors
R𝑇
1p32 and R𝑇

1p42 to be parallel to the direction of 𝜔. Because the orthogonal trans-
formationR1 preserves collinearity and linear independence, if both rotated vectors
are parallel to 𝜔, they must be parallel to each other. This implies the existence of a
scalar 𝑘 ∈ ℝ such that p42 = 𝑘p32, meaning the ground position vectors p2, p3, and
p4 lie on a single straight line.

However, this directly contradicts Assumption (H1), which states that the ground
agents are strictly non-collinear. Therefore, the initial assumption must be false,
forcing 𝜔 = 0. Substituting 𝜔 = 0 back into the original system immediately yields
v = 0. Thus, x1 = 0 is the unique solution, proving that the coefficient matrix has
full column rank (6), ker(A) = {0}, and rank(A) = 6.

Summarizing, we have established that A has full column rank (6) and C has full
row rank (3).

A general fact about block upper-triangular matrices gives a lower bound on the
total rank, regardless of the coupling matrix B:

rank(𝑅𝑘𝑖𝑛(x)) ≥ rank(A)+ rank(C) = 9, i.e., dim ker(𝑅𝑘𝑖𝑛(x)) ≤ 15−9 = 6.
(51)

Measurement Φ-Invariance
The structural distances and bearings are intrinsically invariant under the global
rigid-body actions applied to the entire formation, and are physically unaffected by
the local 𝕊𝕆(2)3 heading variations of the ground agents.
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Consequently, by the local infinitesimal orbit-kernel inclusion:

Im(𝑑Φx|𝑒) ⊆ ker𝑅𝑘𝑖𝑛(x)

this implies that
dim(Im(𝑑Φx|𝑒)) ≤ dim(ker𝑅𝑘𝑖𝑛(x))

Because the three ground agents are non-collinear (H1), no global planar transfor-
mation other than the identity can leave all their coordinates simultaneously un-
changed, and independent variations in the ground agents’ headings directly alter
the state without affecting their positions. This guarantees that the group action Φ
is free at any x ∈ ̃𝒟 , so:

dim(Im(𝑑Φx|𝑒)) = dim(𝐺) = 6. (52)

This implies that
6 ≤ dim(ker𝑅𝑘𝑖𝑛(x))

Combining the two bounds:

{
dim ker(𝑅𝑘𝑖𝑛(x)) ≥ dim(Im(𝑑Φx|𝑒)) = 6
dim ker(𝑅𝑘𝑖𝑛(x)) ≤ 6

(53)

Hence equality holds: dim ker(𝑅𝑘𝑖𝑛(x)) = 6 exactly (so rank(𝑅𝑘𝑖𝑛(x)) = 9 exactly).

By the dimensional equality for the infinitesimal Φ-rigidity condition, since

dim Im(𝑑Φx|𝑒) = dim ker(𝑅𝑘𝑖𝑛(x))

the framework is infinitesimally Φ-rigid. Since the choice of the node configuration
is arbitrary in ̃𝒟 , the smooth framework family over ̃𝒟 is infinitesimally Φ-rigid.
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5.3 example 2

5.3.1 Introduction

We consider a system of three agents, each strictly constrained to move along a pre-
defined distinct straight rail. This physical restriction acts as a holonomic constraint,
fundamentally reducing the state space of each agent to a one-dimensional active
manifold. Consequently, the intrinsic state of the 𝑖-th agent is fully parameterized by
a single scalar 𝑠𝑖 ∈ ℝ, representing its position along the rail. The direction of motion
is implicitly captured by the sign of its instantaneous velocity ̇𝑠𝑖, thus requiring no
additional spatial heading parameter in the active state.

X𝐺
Y𝐺

Z𝐺

GLOBAL

Rail 2

Rail 3

Rail 1

p0,1

p0,2

p0,3

v1

v2

v3

𝑥1

𝑦1

𝑧1

𝑥2

𝑦2

𝑧2

𝑥3

𝑦3

𝑧3

𝑠1

𝑠2

𝑠3

2

3

1

𝑑12

𝑑23

𝑑31
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Distance
Direction v𝑖
State 𝑠𝑖
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5.4 system description

To correctly embed the agent’s state from its natural 1D domain into 𝕊𝔼(3), we must
formalize the spatial geometry of the constraining rails. Since a rail cannot be uniquely
defined merely by a direction vector v𝑖 ∈ 𝕃 and requires a reference point to compute
the 1-dimensional state, we completely parameterize the 𝑖-th straight rail using a fixed
reference frame in the world space, represented by a pose tuple 𝑇𝑟𝑎𝑖𝑙,𝑖 = (p0,𝑖, 𝑅𝑟𝑎𝑖𝑙,𝑖) ∈
𝕊𝔼(3), where p0,𝑖 ∈ ℝ3 is the arbitrary geometric origin of the rail, and 𝑅𝑟𝑎𝑖𝑙,𝑖 ∈ 𝕊𝕆(3)
defines its spatial orientation. Conventionally, we align the local 𝑥-axis of 𝑅𝑟𝑎𝑖𝑙,𝑖 with
the longitudinal direction of the rail, yielding v𝑖 = 𝑅𝑟𝑎𝑖𝑙,𝑖e1 ∈ 𝕃.

The structural parameter space defining the physical constraint is therefore the man-
ifold Θ𝑖 = 𝕊𝔼(3). The augmented space 𝑃𝑖 for the 𝑖-th agent, coupling its internal
dynamic state with its structural rail parameters, is the product manifold:

𝑃𝑖 = 𝒟𝑖 × Θ𝑖 = ℝ × 𝕊𝔼(3) (54)

5.4.1 Agent Embedding Maps

Kinematic-to-Augmented Map (𝜄𝛼,𝑖)

The first stage injects the active 1D kinematic state 𝑠𝑖 ∈ ℝ into the augmented space
𝑃𝑖, binding it to a specific physical constraint configuration. Given a fixed structural
rail parameter 𝑇𝑟𝑎𝑖𝑙,𝑖 ∈ 𝕊𝔼(3), we define the kinematic-to-augmented mapping as:

𝜄𝛼,𝑖∶ ℝ → ℝ × 𝕊𝔼(3) (55)
𝑠𝑖 ↦ (𝑠𝑖, 𝑇𝑟𝑎𝑖𝑙,𝑖)

To analyze the differential behavior of this first stage, we parameterize the native
variation as 𝛿𝑠𝑖 ∈ ℝ and the augmented variation as 𝛿q𝑖 = [𝛿𝑠𝑇𝑖 , 𝛿x𝑇𝑟𝑎𝑖𝑙,𝑖]

𝑇 ∈ ℝ7, where
𝛿x𝑟𝑎𝑖𝑙,𝑖 = [𝛿p𝑇0,𝑖, 𝛿𝜃

𝑇
𝑟𝑎𝑖𝑙,𝑖]𝑇 . Because the structural rail parameters 𝑇𝑟𝑎𝑖𝑙,𝑖 are strictly fixed

during the purely active kinematic evolution of the agent, they do not vary with
respect to the kinematic state 𝑠𝑖. Thus, the corresponding Jacobian 𝐽𝜄𝛼,𝑖 ∈ ℝ7×1 is:

𝐽𝜄𝛼,𝑖 =
𝜕𝜄𝛼,𝑖
𝜕𝑠𝑖

= [
1

06×1
] (56)

global kinematic-to-augmented mapping: To evaluate the network as
a whole at this stage, we aggregate the individual agent mappings via Cartesian prod-
ucts, mapping the global kinematic product space ℝ3 into the global augmented prod-
uct space (ℝ×𝕊𝔼(3))3 via 𝜄𝛼,𝕍. Naturally preserving the individual local tangent-space
parameterizations, the global Jacobian is constructed as a block-diagonal matrix:

𝐽𝜄𝛼,𝕍 = blockdiag (𝐽𝜄𝛼,1 , 𝐽𝜄𝛼,2 , 𝐽𝜄𝛼,3) ∈ ℝ21×3 (57)
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Augmented-to-Embedded Map (𝜄𝜖,𝑖)

The second stage translates the fully defined augmented state into a global pose in
𝕊𝔼(3). We first define the local motion embedding map, where the intrinsic state 𝑠𝑖
acts as a pure translation along the local 𝑥-axis:

𝑇𝑙𝑜𝑐𝑎𝑙,𝑖∶ ℝ → 𝕊𝔼(3) (58)
𝑠𝑖 ↦ (𝑠𝑖e1, I3)

The augmented-to-embedded function evaluates the full global pose by composing
the structural rail frame with the local state embedding. Formally, it maps the entire
augmented space 𝑃𝑖 to 𝕊𝔼(3):

𝜄𝜖,𝑖∶ ℝ × 𝕊𝔼(3) → 𝕊𝔼(3) (59)
(𝑠𝑖, 𝑇𝑟𝑎𝑖𝑙,𝑖) ↦ 𝑇𝑟𝑎𝑖𝑙,𝑖 ∘ 𝑇𝑙𝑜𝑐𝑎𝑙,𝑖(𝑠𝑖) = (p0,𝑖 + 𝑠𝑖v𝑖, 𝑅𝑟𝑎𝑖𝑙,𝑖) = (p𝑒𝑖 ,R

𝑒
𝑖 ) = x𝑒𝑖

where v𝑖 = 𝑅𝑟𝑎𝑖𝑙,𝑖e1. This map establishes the exact geometric correspondence be-
tween the coupled agent-rail parameters and the full spatial pose.

We evaluate the differential kinematics of this map. In 𝕊𝔼(3), the spatial variation of
the global embedded pose is represented by the twist 𝛿x𝑒𝑖 = [(𝛿p𝑒𝑖 )𝑇 (𝛿𝜃 𝑒𝑖 )𝑇 ]

𝑇
∈ ℝ6.

By applying the total differential to the map 𝜄𝜀,𝑖 over the augmented space 𝑃𝑖, the
global twist emerges as a linear combination of the active state variation 𝛿𝑠𝑖 ∈ ℝ
and the structural parameter variation 𝛿x𝑟𝑎𝑖𝑙,𝑖 = [𝛿p𝑇0,𝑖 𝛿𝜃𝑇𝑟𝑎𝑖𝑙,𝑖]

𝑇
∈ ℝ6, grouped as

𝛿q𝑖 = [𝛿𝑠𝑖, 𝛿x𝑇𝑟𝑎𝑖𝑙,𝑖]
𝑇 :

𝛿x𝑒𝑖 =
𝜕𝜄𝜀,𝑖
𝜕𝑠𝑖

𝛿𝑠𝑖 +
𝜕𝜄𝜀,𝑖

𝜕x𝑟𝑎𝑖𝑙,𝑖
𝛿x𝑟𝑎𝑖𝑙,𝑖 (60)

To compute the exact blocks of this total Jacobian, we evaluate the positional and
rotational components independently:

• Position Variation: The global position is p𝑒𝑖 = p0,𝑖 + 𝑠𝑖v𝑖. The rail direc-
tion vector v𝑖 is intrinsically tied to the rail’s orientation, specifically v𝑖 =
𝑅𝑟𝑎𝑖𝑙,𝑖e1. If the rail frame undergoes a structural right-trivialized rotation 𝛿𝜃 𝑟𝑎𝑖𝑙,𝑖
defined in its local body frame, the direction vector varies as 𝛿v𝑖 = 𝛿(𝑅𝑟𝑎𝑖𝑙,𝑖e1) =
𝑅𝑟𝑎𝑖𝑙,𝑖[𝛿𝜃 𝑟𝑎𝑖𝑙,𝑖]×e1 = −𝑅𝑟𝑎𝑖𝑙,𝑖[e1]×𝛿𝜃 𝑟𝑎𝑖𝑙,𝑖. Therefore, the total differential of the po-
sition evaluates to:

𝛿p𝑒𝑖 = v𝑖𝛿𝑠𝑖 + 𝛿p0,𝑖 − 𝑠𝑖𝑅𝑟𝑎𝑖𝑙,𝑖[e1]×𝛿𝜃 𝑟𝑎𝑖𝑙,𝑖 (61)

• Attitude Variation: Because the local mapping assumes no internal rotation
relative to the rail, the global attitude of the agent is strictly identical to the
structural attitude of the rail. Hence, 𝛿𝜃 𝑒𝑖 = 𝛿𝜃 𝑟𝑎𝑖𝑙,𝑖.
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Assembling these differential relations, the total local embedding Jacobian 𝐽𝜄𝜀,𝑖 ∈ ℝ6×7

maps the full 7-dimensional augmented variation vector [𝛿𝑠𝑖, 𝛿x𝑇𝑟𝑎𝑖𝑙,𝑖]
𝑇 to the

6-dimensional spatial twist 𝛿x𝑒𝑖 = [(𝛿p𝑒𝑖 )𝑇 (𝛿𝜃 𝑒𝑖 )𝑇 ]
𝑇
:

𝐽𝜄𝜀,𝑖 =
𝜕𝜄𝜀,𝑖
𝜕q𝑖

= [
v𝑖 I3 −𝑠𝑖𝑅𝑟𝑎𝑖𝑙,𝑖[e1]×
03×1 03×3 I3

] ∈ ℝ6×7 (62)

global augmented-to-embedded mapping: To evaluate the network as
a whole, we aggregate the individual agent mapping stages via Cartesian products,
mapping the global augmented product space (ℝ × 𝕊𝔼(3))3 into the homogeneous
global embedded space 𝕊𝔼(3)3 via 𝜄𝜖,𝕍. Naturally preserving the individual local
tangent-space parameterizations, the global Jacobian is constructed as a block-diagonal
matrix:

𝐽𝜄𝜖,𝕍 = blockdiag (𝐽𝜄𝜖,1 , 𝐽𝜄𝜖,2 , 𝐽𝜄𝜖,3) ∈ ℝ18×21 (63)

5.4.2 Measurement Retraction Maps

Embedded-to-Augmented Measurement Retraction (𝜌𝕄,𝜖 )

The augmented measurement space is identical to the embedded homogeneous mea-
surement space 𝒴 = ℝ3>0 (comprising pure distance measurements for the network
topology).

For each individual network edge 𝑘, the retraction map is trivially the identity map:

𝜌𝑘𝕄,𝜖 ∶ ℝ>0 → ℝ>0
𝑑𝑘 ↦ 𝑑𝑘 (64)

Parameterizing the local tangent variation as 𝛿𝑑𝑘 ∈ ℝ, the corresponding local Jaco-
bian block is simply the scalar identity matrix 1.

global embedded-to-augmented mapping: To evaluate the networkmea-
surements as a whole at this stage, we aggregate the individual edge mappings via
Cartesian products, mapping the global embedded measurement space into the global
augmented measurement space via 𝜌𝕄,𝜖 ∶ ℝ3>0 → ℝ3>0.

Parameterizing the global tangent variation as 𝛿y𝑒𝑚𝑏 ∈ ℝ3 via the concatenation
of the local variations, and naturally preserving the individual local tangent-space
parameterizations, the global Jacobian is constructed as a block-diagonal matrix of
identities, yielding the global identity matrix:

𝐽𝜌𝕄,𝜖 = blockdiag (1, 1, 1) = I3 ∈ ℝ3×3 (65)



5.4 system description 137

Augmented-to-Kinematic Measurement Retraction (𝜌𝛼,𝕄)

The augmented-to-kinematic measurement retraction map isolates the true physical
observation specific to each sensor type. Since the physical distance sensor measures
the spatial separation directly between the agents without being altered by the struc-
tural rail parameters, the local retractionmap preserves the observed value directly:

𝜌𝑑𝛼,𝕄∶ ℝ>0 → ℝ>0
𝑑𝑖𝑗 ↦ 𝑑𝑖𝑗 (66)

To analytically propagate this definition to the tangent space, let the local tangent
variation be parameterized as 𝛿𝑑𝑖𝑗 ∈ ℝ. Its corresponding local Jacobian block is
trivially the scalar identity:

𝐽𝜌𝑑𝛼,𝕄 =
𝜕𝜌𝑑𝛼,𝕄
𝜕𝑑𝑖𝑗

= 1 ∈ ℝ1×1 (67)

global augmented-to-kinematic mapping: To filter the measurements
for the entire network simultaneously, we aggregate the individual local retraction
maps into a single global measurement retraction map via 𝜌𝛼,𝕄∶ ℝ3>0 → ℝ3>0.

Naturally preserving the individual local measurement tangent-space parameteriza-
tions defined previously, the global Jacobian is constructed as a block-diagonal matrix
from the local extraction blocks:

𝐽𝜌𝛼,𝕄 =
𝜕𝜌𝛼,𝕄
𝜕y𝑒𝑚𝑏

= blockdiag (1, 1, 1) = I3 ∈ ℝ3×3 (68)

The resulting dimension correctly reflects the preservation of the 3-dimensional phys-
ical distance measurement space.

5.4.3 Rigidity Matrix

Embedded Rigidity Matrix (𝑅𝑒𝑚𝑏)

The Embedded Rigidity Matrix captures the first-order differential constraints of the
network strictly within the fully homogeneous extended spaces. It maps the 18-
dimensional variations of the structurally embedded agents into the 3-dimensional
variations of the abstract measurement space. It is fundamentally defined as the Jaco-
bian of the embedded measurement function ℎ𝑒𝑚𝑏 ∶ 𝕊𝔼(3)3 → (ℝ>0)3:

𝛿z𝑒𝑚𝑏𝔼 = 𝑅𝑒𝑚𝑏 𝛿x𝑒𝕍, where 𝛿x𝑒𝕍 ∈ ℝ18, 𝛿z𝑒𝑚𝑏𝔼 ∈ ℝ3 (69)

By locally identifying the abstract variations with coordinate vectors in Euclidean
space, the input state variation vector 𝛿x𝑒𝕍 concatenates the complete 𝕊𝔼(3) kinematic
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twists for all 𝑛 = 3 agents (6 DOFs each). Since distance measurements inherently
map to ℝ>0, no dummy padding is required in the abstract measurement space, and
the output vector 𝛿z𝑒𝑚𝑏𝔼 simply stacks the 𝑚 = 3 distance variations:

𝛿x𝑒𝕍 = [
𝛿x𝑒1
𝛿x𝑒2
𝛿x𝑒3

] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝛿p𝑒1
𝛿𝜃 𝑒1
𝛿p𝑒2
𝛿𝜃 𝑒2
𝛿p𝑒3
𝛿𝜃 𝑒3

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, 𝛿z𝑒𝑚𝑏𝔼 = [
𝛿z𝑒𝑚𝑏12
𝛿z𝑒𝑚𝑏23
𝛿z𝑒𝑚𝑏31

] = [
𝛿𝑑12
𝛿𝑑23
𝛿𝑑31

] (70)

Using the sequence of categorical mappings established previously, we construct the
purely homogeneous Embedded Rigidity Matrix 𝑅𝑒𝑚𝑏 ∈ ℝ3×18 by directly applying
the chain rule to the composed maps (𝑅𝑒𝑚𝑏 = 𝐽𝜂𝑒𝑚𝑏𝐽Δ𝑒𝑚𝑏𝐽𝛾𝑒𝑚𝑏𝐽𝜎𝑒𝑚𝑏 ). This explicit sparse
formulation evaluates to:

𝑅𝑒𝑚𝑏 = [
−q𝑇12 01×3 q𝑇12 01×3 01×3 01×3
01×3 01×3 −q𝑇23 01×3 q𝑇23 01×3
q𝑇31 01×3 01×3 01×3 −q𝑇31 01×3

] (71)

Augmented Rigidity Matrix (𝑅𝑎𝑢𝑔 )

The Augmented Rigidity Matrix 𝑅𝑎𝑢𝑔 is obtained by pulling the analysis back to the
Augmented Space. This is achieved through both pre-multiplying by the Embedded-
to-Augmented Measurement Retraction Jacobian 𝐽𝜌𝕄,𝜖 and post-multiplying by the
global Augmented-to-Embedded Jacobian 𝐽𝜄𝜖,𝕍 :

𝑅𝑎𝑢𝑔 = 𝐽𝜌𝜖,𝕄𝑅
𝑒𝑚𝑏𝐽𝜄𝜖,𝕍 = 𝑅𝑒𝑚𝑏𝐽𝜄𝜖,𝕍 (72)

since 𝐽𝜌𝜖,𝕄 = I3.

Because the measurement retraction is the identity, the output variation vector re-
mains ℝ3. However, the input vector expands to 21 dimensions, concatenating the
7 variables of each agent’s augmented tangent manifold (the intrinsic 1D kinematic
velocity 𝛿𝑠𝑖, and the 6-DoF structural rail variation 𝛿p0,𝑖, 𝛿𝜃 𝑟𝑎𝑖𝑙,𝑖):

𝛿z𝑎𝑢𝑔𝔼 = 𝑅𝑎𝑢𝑔 𝛿q𝕍, where 𝛿q𝕍 = [
𝛿q1
𝛿q2
𝛿q3

] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝛿𝑠1
𝛿p0,1
𝛿𝜃 𝑟𝑎𝑖𝑙,1
𝛿𝑠2
𝛿p0,2
𝛿𝜃 𝑟𝑎𝑖𝑙,2
𝛿𝑠3
𝛿p0,3
𝛿𝜃 𝑟𝑎𝑖𝑙,3

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ ℝ21 (73)
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We obtain

𝑅𝑎𝑢𝑔 = [
−q𝑇12v1 −q𝑇12 𝑠1q𝑇12𝑅𝑟𝑎𝑖𝑙,1[e1]× +q𝑇12v2 +q𝑇12 −𝑠2q𝑇12𝑅𝑟𝑎𝑖𝑙,2[e1]× 0 01×3 01×3

0 01×3 01×3 −q𝑇23v2 −q𝑇23 𝑠2q𝑇23𝑅𝑟𝑎𝑖𝑙,2[e1]× +q𝑇23v3 +q𝑇23 −𝑠3q𝑇23𝑅𝑟𝑎𝑖𝑙,3[e1]×
+q𝑇31v1 +q𝑇31 −𝑠1q𝑇31𝑅𝑟𝑎𝑖𝑙,1[e1]× 0 01×3 01×3 −q𝑇31v3 −q𝑇31 𝑠3q𝑇31𝑅𝑟𝑎𝑖𝑙,3[e1]×

]

(74)

Kinematic Rigidity Matrix (𝑅𝑘𝑖𝑛)

Formally, we right-multiply by the Kinematic-to-Augmented Jacobian 𝐽𝜄𝛼,𝕍 to discard
the structural rail parameter variations, mapping the input domain strictly down to
the minimal 3-dimensional native kinematic space. Simultaneously, we left-multiply
by the Augmented-to-Kinematic Retraction Jacobian𝐽𝜌𝛼,𝕄 = I3:

𝑅𝑘𝑖𝑛 = 𝐽𝜌𝛼,𝕄𝑅
𝑎𝑢𝑔𝐽𝜄𝛼,𝕍 = 𝑅𝑎𝑢𝑔𝐽𝜄𝛼,𝕍

= 𝐽𝜌𝛼,𝕄𝐽𝜌𝜖,𝕄𝑅
𝑒𝑚𝑏𝐽𝜄𝜖,𝕍𝐽𝜄𝛼,𝕍 (75)

By enforcing this double reduction, the coordinate parameterizations exactly match
the physical tangent spaces of the minimal kinematic manifolds and the true sensor
spaces.

The resulting mapping restricts the input vector 𝛿s solely to the true 1D actuatable
coordinate velocities for each agent (𝛿s = [𝛿𝑠1, 𝛿𝑠2, 𝛿𝑠3]𝑇 ∈ ℝ3):

𝛿z𝔼 = 𝑅𝑘𝑖𝑛 𝛿s, where 𝛿s ∈ ℝ3, 𝛿z𝔼 ∈ ℝ3 (76)

On the columns, the right-multiplication gracefully deletes the entire 6-column envi-
ronmental parametric block of every agent, isolating the pure active scalar kinematic
entries. The sparse 3 × 21 matrix is thereby elegantly compressed into its minimal
3 × 3 physical dimensionality:

𝑅𝑘𝑖𝑛 = [
−q𝑇12v1 q𝑇12v2 0

0 −q𝑇23v2 q𝑇23v3
q𝑇31v1 0 −q𝑇31v3

] (77)
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5.4.4 Kernel Rigidity Matrix and Infinitesimal Rigidity Analysis

det(𝑅) = det [
−q𝑇12v1 q𝑇12v2 0

0 −q𝑇23v2 q𝑇23v3
q𝑇31v1 0 −q𝑇31v3

]

= (−q𝑇12v1)(−q𝑇23v2)(−q𝑇31v3) + (q𝑇12v2)(q𝑇23v3)(q𝑇31v1) (78)

Depending on the structural alignment of the underlying infrastructure, the forma-
tion exhibits different rigidity properties. We categorize the topology of the rails into
the following three cases:

• Globally Parallel Infrastructure (v1 = v2 = v3 = v): The highly symmetric
baseline scenario where all infrastructural constraints share a common spatial
orientation.

• Singular Deviation (v1 ≠ v2 = v3 = v): A case in which exactly two rails
are parallel while the third one possesses a distinct spatial orientation. Since
the underlying interaction topology is a fully symmetric triangular graph, any
arrangement of this type differs from the others merely by a permutation of the
node indices, which mathematically corresponds to an automorphism of the
graph. Because these permutations yield completely isomorphic systems with
identical rigidity properties, we can arbitrarily assign the unique, non-parallel
constraint to the first agent without any loss of generality.

• General Spatial Configuration (v𝑖 ≠ v𝑗 ∀𝑖 ≠ 𝑗): The fully asymmetric
scenario where the directional vectors of the rails are pairwise linearly inde-
pendent.

In the subsequent analysis, we strictly impose the following geometric assumptions
to prevent trivial structural degeneracies:

Assumption 5.1. Non-CollinearAssumption (Non-Degenerate Framework): The
three agents do not lie on a single one-dimensional line in space. Consequently, any
pair of adjacent edge vectors (e.g., q𝑖𝑗 and q𝑗𝑘) are strictly linearly independent. This
guarantees that the triangular framework spans a valid 2D internal plane, prevent-
ing trivial folding flexes and kinematic blind spots.

Before starting with the kernel analysis of the rigidity matrix, we establish a highly
powerful geometric property inherent to the triangular framework, which will be
utilized extensively throughout the subsequent proofs.

Property 5.1 (Triangle Loop Closure). For any closed triangular framework defined
by three agents located at distinct spatial coordinates p1,p2,p3 ∈ ℝ3, the sum of the
relative position 𝑝𝑖𝑗 vectors along the cyclic directed graph is identically zero.

𝑝12 + 𝑝23 + 𝑝31 = 0 (79)
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Expressed in terms of the unit directional edge vectors q𝑖𝑗 =
p𝑗−p𝑖
‖p𝑗−p𝑖‖

and their corre-
sponding scalar edge lengths ‖p𝑖𝑗‖, the closure constraint is given by:

‖p12‖q12 + ‖p23‖q23 + ‖p31‖q31 = 0 (80)

Proof. Let p𝑖𝑗 = p𝑗−p𝑖 denote the relative position vector directed from source agent
𝑖 to target agent 𝑗. We evaluate the cyclic sum of the relative position vectors along
the closed perimeter of the triangle:

𝑆 = p12 + p23 + p31 (81)

Expanding each relative vector into the absolute spatial coordinates of the agents
yields a telescoping sum:

𝑆 = (p2 − p1) + (p3 − p2) + (p1 − p3)
= (p2 − p2) + (p3 − p3) + (p1 − p1)
= 0 (82)

By the definition of the Euclidean norm, any non-zero relative position vector can
be uniquely decomposed into its scalar length and its unit directional vector: p𝑖𝑗 =
‖p𝑖𝑗‖q𝑖𝑗 . Substituting this decomposition into the zero-sum identity produces the
desired geometric relation:

‖p12‖q12 + ‖p23‖q23 + ‖p31‖q31 = 0 (83)

This strictly dictates that the scaled directional vectors of any physically realizable
closed triangular framework are linearly dependent, structurally interlocking the
spatial geometry of the network.

For this work, we analyze only the case v1 = v2 = v3 = v. Other case will be
addressed in future work.

5.4.5 Globally Parallel Infrastructure (v1 = v2 = v3 = v)

Assuming a globally parallel rail infrastructure where all agent constraints share the
same directional vector (v1 = v2 = v3 = v), we can definitively analyze the structural
integrity of the formation.

By invoking the Triangle Loop Closure (Property 5.1), we can project the cyclic sum
of the framework’s edges directly onto the common rail vector v:

‖p12‖(q𝑇12v) + ‖p23‖(q𝑇23v) + ‖p31‖(q𝑇31v) = 0 (84)

From this linear dependence, it is immediately evident that if any two edges of the
triangle are orthogonal to the rail vector (e.g., q𝑇12v = 0 and q𝑇23v = 0), the projection
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of the third edge must also identically vanish since its scalar length is strictly positive
(‖p31‖(q𝑇31v) = 0 ⟹ q𝑇31v = 0).

Geometrically, if two spanning edges of a non-degenerate triangle are orthogonal to
a common vector v, the entire internal plane containing the framework is orthogonal
to v, strictly mandating the orthogonality of the third edge.

The rigidity matrix for this globally parallel thus becomes:

𝑅 = [
−q𝑇12v q𝑇12v 0

0 −q𝑇23v q𝑇23v
q𝑇31v 0 −q𝑇31v

] (85)

By expanding this homogeneous 3 × 3 system, its determinant is computed directly
as:

det(𝑅) = det [
−q𝑇12v q𝑇12v 0

0 −q𝑇23v q𝑇23v
q𝑇31v 0 −q𝑇31v

]

= (−q𝑇12v)(−q𝑇23v)(−q𝑇31v) + (q𝑇12v)(q𝑇23v)(q𝑇31v)

= −(q𝑇12v)(q𝑇23v)(q𝑇31v) + (q𝑇12v)(q𝑇23v)(q𝑇31v)
= 0 (86)

Because the determinant evaluates identically to zero independent of the specific
agent coordinates, the rigidity matrix is structurally rank-deficient (rank(𝑅) ≤ 2).
The system always admits at least a one-dimensional null space. Consequently, the
triangular framework is never infinitesimally anchored when constrained to globally
parallel rails.

To explicitly characterize the unobservable velocities, the homogeneous system gov-
erning the infinitesimal kinematics 𝑅𝛿s = 0 simplifies to:

⎧

⎨
⎩

q𝑇12v(𝛿𝑠2 − 𝛿𝑠1) = 0
q𝑇23v(𝛿𝑠3 − 𝛿𝑠2) = 0
q𝑇31v(𝛿𝑠1 − 𝛿𝑠3) = 0

(87)

Based on the geometric projection of the framework onto the infrastructure, we dis-
tinguish two mutually exclusive kinematic cases: the totally degenerate orthogonal
case and the nominal case .

Total Degeneracy (Three Orthogonal Edges)

If q𝑇12v = q𝑇23v = q𝑇31v = 0, the entire formation plane is completely orthogonal to
the rail vector v. In this specific geometric layout, every coefficient in the system (87)
vanishes identically.
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As a result, the relative velocity constraints between the agents vanish, reducing the
system to 0⋅(𝛿𝑠𝑖−𝛿𝑠𝑗) = 0. Each agent 𝑖 can adopt any independent scalar speed 𝛿𝑠𝑖 ∈ ℝ
without violating the first-order distance measurements. Because all three agents
can move freely along their parallel rails, the kernel spans the entire 3D parameter
space:

𝒩 (𝑅) = ℝ3 (88)

To rigorously classify this total degeneracy case, we must demonstrate that every
kinematically permissible velocity field along the orthogonal rails acts purely as a
rigid-body spatial transformation.

Lemma 5.2. Assume the network configuration is strictly collision-free (guaranteed by
the distinct rails assumption) and non-collinear (a structural condition that inherently
depends on the spatial placement of the rails). In the orthogonal degenerate case, where
the structural plane of the framework is strictly orthogonal to the rail infrastructure, the
only possible infinitesimal motions of the constrained formation are rigid-bodymotions.

Proof. By hypothesis, the rail directional vector v is orthogonal to all edge vectors
of the triangular formation. Since the framework is non-collinear (Assumption 5.1),
any two edges (e.g., p12 = p2 − p1 and p23 = p3 − p2) are linearly independent
and uniquely define the internal formation plane, establishing v as its exact surface
normal. Consequently, for any pair of agents, the relative position vector satisfies
(p𝑗 − p𝑖)𝑇v = 0.

An arbitrary unobservable velocity field 𝛿s = [𝛿𝑠1, 𝛿𝑠2, 𝛿𝑠3]𝑇 ∈ 𝒩 (𝑅) maps the in-
finitesimal agent displacements strictly along the rails: 𝛿p𝑖 = 𝛿𝑠𝑖v for 𝑖 ∈ {1, 2, 3}.

We must demonstrate that there exists a unique rigid-body twist (t, 𝜔) ∈ 𝔰𝔢(3) that
synthesizes this velocity field via the fundamental kinematic relation:

t + 𝜔 × p𝑖 = 𝛿𝑠𝑖v ∀𝑖 ∈ {1, 2, 3} (89)

Evaluating the velocity difference between any two connected agents yields the
structural compatibility condition for the global angular velocity vector 𝜔:

𝜔 × (p𝑗 − p𝑖) = (𝛿𝑠𝑗 − 𝛿𝑠𝑖)v (90)

Because the cross product 𝜔 × (p𝑗 − p𝑖) must generate a vector strictly parallel to
the normal vector v, the global angular velocity 𝜔 is algebraically restricted to lie
entirely within the internal plane of the formation, this means that 𝜔𝑇v = 0. Thus,
we can therefore parameterize 𝜔 explicitly as a linear combination of the two non-
collinear basis edges:

𝜔 = 𝛼p12 + 𝛽p23 (91)
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Substituting this parameterization into the compatibility condition (90) for the first
edge p12 yields:

(𝛼p12 + 𝛽p23) × p12 = 𝛽(p23 × p12) = (𝛿𝑠2 − 𝛿𝑠1)v (92)

To rigorously isolate the scalar coefficient 𝛽 , we project both sides onto the cross-
product vector (p23 × p12):

𝛽‖p23 × p12‖2 = (𝛿𝑠2 − 𝛿𝑠1)(p23 × p12)𝑇v (93)

𝛽 =
(𝛿𝑠2 − 𝛿𝑠1)(p23 × p12)𝑇v

‖p23 × p12‖2
(94)

Applying the exact same procedure for the second spanning edge p23 yields:

(𝛼p12 + 𝛽p23) × p23 = 𝛼(p12 × p23) = (𝛿𝑠3 − 𝛿𝑠2)v (95)

Projecting onto (p12 × p23) explicitly solves for 𝛼 :

𝛼 =
(𝛿𝑠3 − 𝛿𝑠2)(p12 × p23)𝑇v

‖p12 × p23‖2
(96)

The denominator ‖p12×p23‖2 is strictly non-zero because the agents are non-collinear,
guaranteeing the existence of a unique, exact analytical solution for the planar an-
gular velocity:

𝜔 = [
(𝛿𝑠3 − 𝛿𝑠2)(p12 × p23)𝑇v

‖p12 × p23‖2
]p12 + [

(𝛿𝑠2 − 𝛿𝑠1)(p23 × p12)𝑇v
‖p23 × p12‖2

]p23 (97)

With 𝜔 uniquely determined, we define the uniform global translation vector t by
anchoring the rigid-body parameterization to a reference agent, specifically Agent
1:

t = 𝛿𝑠1v − 𝜔 × p1 (98)

Having uniquely constructed the spatial twist pair (t, 𝜔) strictly from the algebraic
structure of the relative velocities, we must formally confirm that evaluating this
global parameterization successfully reconstructs the absolute rail velocities for all
three agents.

We consider the general rigid-body kinematic equation:

𝛿p𝑖 = [I3 −[p𝑖]×] [
t
𝜔] = t + 𝜔 × p𝑖 (99)
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• Agent 1:
Substituting our explicitly constructed t into (99):

𝛿p1 = t + 𝜔 × p1
= (𝛿𝑠1v − 𝜔 × p1) + 𝜔 × p1
= 𝛿𝑠1v (100)

• Agent 2:
Applying the exact same global twist to Agent 2:

𝛿p2 = t + 𝜔 × p2
= (𝛿𝑠1v − 𝜔 × p1) + 𝜔 × p2
= 𝛿𝑠1v + 𝜔 × (p2 − p1)
= 𝛿𝑠1v + 𝜔 × p12 (101)

By substituting the structural compatibility condition derived in (90), we know
𝜔 × p12 = (𝛿𝑠2 − 𝛿𝑠1)v. Therefore:

𝛿p2 = 𝛿𝑠1v + (𝛿𝑠2 − 𝛿𝑠1)v
= 𝛿𝑠2v (102)

• Agent 3:
Applying the global twist to Agent 3:

𝛿p3 = t + 𝜔 × p3
= (𝛿𝑠1v − 𝜔 × p1) + 𝜔 × p3
= 𝛿𝑠1v + 𝜔 × (p3 − p1) (103)

By vector addition, the relative position p13 can be expanded using the Tri-
angle Loop Closure p13 = −p31 = p12 + p23. Distributing the cross product
yields:

𝛿p3 = 𝛿𝑠1v + 𝜔 × (p12 + p23)
= 𝛿𝑠1v + (𝜔 × p12) + (𝜔 × p23) (104)

Substituting the compatibility conditions (90) for both edges:

𝛿p3 = 𝛿𝑠1v + (𝛿𝑠2 − 𝛿𝑠1)v + (𝛿𝑠3 − 𝛿𝑠2)v
= 𝛿𝑠3v (105)
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Having successfully verified each node, we have proven that substituting our di-
rectly derived kinematic variables 𝜔 and t perfectly reconstructs the respective rail
velocities.

Because the unobservable velocity space is perfectly and bijectively synthesized by
this exact global rigid-body transformation, all unobservable motions are rigid-body
motions.

Proposition 5.3. Let 𝐷𝑘𝑖𝑛 ⊂ ℝ3 be the purely kinematic state space of the network.
We explicitly restrict 𝐷𝑘𝑖𝑛 to the open domain of valid configurations that are strictly
collision-free (guaranteed by the distinct rails assumption) and non-collinear (a struc-
tural condition that inherently depends on the spatial placement of the rails). The state
vector of the agents is s = [𝑠1, 𝑠2, 𝑠3]𝑇 ∈ 𝐷𝑘𝑖𝑛, representing the displacements along
their respective rails, with nominal 3D positions p𝑖 = p0,𝑖 + 𝑠𝑖v.

We define the symmetry group as 𝐺 = ℝ3. A generic element 𝑔 ∈ 𝐺 is parameterized
by the virtual velocity coefficients along the rails, 𝑔 = (𝑢1, 𝑢2, 𝑢3).

Following the exact analytical rigid-body synthesis derived in the previous Lemma, we
explicitly define the corresponding out-of-plane rotational coefficients 𝛼 and 𝛽 :

𝛼 =
(𝑢3 − 𝑢2)(p12 × p23)𝑇v

‖p12 × p23‖2
(106)

𝛽 =
(𝑢2 − 𝑢1)(p23 × p12)𝑇v

‖p23 × p12‖2
(107)

These dictate the global angular velocity vector 𝜔 and the global translation vector t
anchored at p1:

𝜔 = 𝛼p12 + 𝛽p23 (108)
t = 𝑢1v − 𝜔 × p1 (109)

The smooth group action Φ∶ 𝐺 × 𝐷𝑘𝑖𝑛 → 𝐷𝑘𝑖𝑛 mapping the global state is defined by
applying this synthesized rigid-body twist to the agents’ spatial positions and projecting
the displacement algebraically onto the common rail vector v:

Φ(𝑔, s)𝑖 = 𝑠𝑖 + v𝑇 (t + 𝜔 × p𝑖)

= 𝑠𝑖 + 𝑢1 + v𝑇 (𝜔 × (p𝑖 − p1)) (110)

The smooth framework family over the orthogonal degenerate domain 𝐷𝑘𝑖𝑛 is infinites-
imally Φ-rigid.

Proof. We first verify that the framework family is measurement Φ-invariant. The
group action Φ(𝑔, s) effectively applies a spatial translation t and a rigid-body rota-
tion 𝜔 to the entire formation. By the fundamental definition of rigid-body kinemat-
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ics, such transformations strictly preserve all relative Euclidean distances between
the agents.

Recalling the result established in the previous Lemma, any arbitrary unobservable
velocity field 𝛿s ∈ kerR(s) is uniquely and bijectively parameterized by exactly one
pure translation along the rails and two rotational degrees of freedom (correspond-
ing to the out-of-plane rotations parameterized by 𝛼 and 𝛽). Thus, the dimension of
the null space of the rigidity matrix is exactly:

dim kerR(s) = 1 + 2 = 3. (111)

Furthermore, the group action 𝐺 = ℝ3 exclusively generates continuous rigid-body
motions parameterized by 3 degrees of freedom. Because the three agents form a
strictly non-collinear configuration, no non-trivial infinitesimal rigid-body motion
can leave all three spatial positions simultaneously fixed. This guarantees that the
local isotropy subgroup is trivial (meaning the group action is strictly free). Conse-
quently, the differential mapping is fully injective, and the dimension of the trivial
motion space matches the dimension of the symmetry group:

dim (Im(𝑑Φs|𝑒)) = dim(𝐺) = 3. (112)

Because the framework is measurement Φ-invariant and

dim kerR(s) = dim Im(𝑑Φs|𝑒) = 3

, the dimensional equality condition is strictly satisfied. This confirms that the frame-
work at s is infinitesimally Φ-rigid. Finally, since the state s was chosen arbitrarily
from the considered domain 𝐷𝑘𝑖𝑛, we conclude that the entire smooth framework
family over this domain is infinitesimally Φ-rigid.

Nominal (At Most One Orthogonal Edge)

Based on the Triangle Loop Closure derived at the beginning of this section, a non-
degenerate triangle cannot possess exactly two edges orthogonal to a common vec-
tor(if two entry are zero also the third one must be zero). Consequently, if the system
is not totally degenerate (i.e., not all three edges are orthogonal), it must possess either
exactly zero or exactly one orthogonal edge.

In both of these nominal scenarios, at least two inner products in (87) are strictly
non-zero (e.g., q𝑇12v ≠ 0 and q𝑇23v ≠ 0). These non-zero coefficients algebraically
force the relative velocity differences to vanish in order to satisfy the homogeneous
system. (e.g. if q𝑇12v ≠ 0 and q𝑇23v ≠ 0 then 𝛿𝑠1 − 𝛿𝑠2 = 0 ⟹ 𝛿𝑠1 = 𝛿𝑠2, and
𝛿𝑠2 − 𝛿𝑠3 = 0 ⟹ 𝛿𝑠2 = 𝛿𝑠3, obtaining 𝛿𝑠1 = 𝛿𝑠2 = 𝛿𝑠3 ).
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Whether the third edge is orthogonal or not, this chain of equalities strictly dictates
that all agents must move synchronously at the exact same speed. The null space
thus collapses entirely to a 1-dimensional uniform translation:

𝒩 (𝑅) = span{13} (113)

Lemma 5.4. Assume the network configuration is strictly collision-free (guaranteed by
the distinct rails assumption) and non-collinear (a structural condition that inherently
depends on the spatial placement of the rails). In any nominal non-degenerate case
(≤ 1 orthogonal edge), the only possible infinitesimal motions of the rail-constrained
framework along the unobservable manifold are rigid-body motions.

Proof. Any velocity vector residing in the nominal unobservable space takes the
form 𝛿s = [𝛼, 𝛼, 𝛼]𝑇 , where 𝛼 ∈ ℝ is a uniform scalar velocity. The corresponding
3D spatial velocity for each agent maps this scalar magnitude uniformly along the
common infrastructure vector v, yielding 𝛿p𝑖 = 𝛼v for 𝑖 ∈ {1, 2, 3}.

To prove that these allowable velocities correspond exclusively to rigid-body mo-
tions, we synthesize a trivial global rigid-body twist (t, 𝜔) ∈ 𝔰𝔢(3) by defining a
uniform spatial translation strictly along the rails and enforcing zero global rota-
tion:

t = 𝛼v, (114)
𝜔 = 0. (115)

We now formally verify that this global parameterization successfully reconstructs
the absolute spatial velocities for all three agents using the general rigid-body kine-
matic equation:

𝛿p𝑖 = [I3 −[p𝑖]×] [
t
𝜔] = t + 𝜔 × p𝑖. (116)

For every agent 𝑖 ∈ {1, 2, 3}, substituting our explicit twist parameters into the kine-
matic equation yields:

𝛿p𝑖 = 𝛼v + 0 × p𝑖
= 𝛼v
= 𝛿𝑠𝑖v. (117)

This confirms that the synthesized kinematic variables 𝜔 and t perfectly reconstruct
the respective rail velocities for all nodes.

Because the 1-dimensional unobservable velocity space is perfectly and bijectively
parameterized by this exact global rigid-body translation, no unassigned velocity
components remain to induce internal framework deformations. This definitively
establishes that any valid infinitesimal motion along the unobservable manifold is
necessarily a pure rigid-body motion.
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Proposition 5.5. Let 𝐷𝑘𝑖𝑛 ⊂ ℝ3 be the purely kinematic state space of the network.
We explicitly restrict 𝐷𝑘𝑖𝑛 to the open domain of valid configurations that are strictly
collision-free (guaranteed by the distinct rails assumption) and non-collinear (a struc-
tural condition that inherently depends on the spatial placement of the rails). The state
vector of the agents is s = [𝑠1, 𝑠2, 𝑠3]𝑇 ∈ 𝐷𝑘𝑖𝑛 along their respective rails.

We define the symmetry group as 𝐺 = ℝ. A generic element 𝑔 ∈ 𝐺 is parameterized
as 𝑔 = 𝑡 , where 𝑡 ∈ ℝ represents the uniform global translation component along the
infrastructure.

The smooth group actionΦ∶ 𝐺×𝐷𝑘𝑖𝑛 → 𝐷𝑘𝑖𝑛 mapping the global state is defined purely
by the rigid-body translation:

Φ(𝑔, s)𝑖 = 𝑠𝑖 + 𝑡 (118)

which can be expressed in vector form as Φ(𝑔, s) = s + 𝑡13.

The smooth framework family over the nominal domain 𝐷𝑘𝑖𝑛 is infinitesimally Φ-rigid.

Proof. We first verify that the framework family is measurement Φ-invariant. The
group actionΦ(𝑡, s) applies a uniform spatial translation 𝑡 to the entire formation. By
the fundamental definition of rigid-body kinematics, such pure translations strictly
preserve all relative Euclidean distances between the agents.

Recalling the algebraic result established for the nominal case, the presence of at
least two non-orthogonal edges mathematically forces the relative velocity differ-
ences to vanish (i.e., 𝛿𝑠1 = 𝛿𝑠2 = 𝛿𝑠3). Consequently, any arbitrary unobservable
velocity field 𝛿s ∈ kerR(s) is uniquely restricted to exactly one pure uniform trans-
lation along the rails, i.e., kerR(s) = span(13). Thus, the dimension of the null space
of the rigidity matrix is exactly:

dim kerR(s) = 1. (119)

Furthermore, the symmetry group 𝐺 = ℝ exclusively generates continuous
1-dimensional rigid-body translations. The differential map 𝑑Φs|𝑒 ∶ ℝ → 𝐷𝑘𝑖𝑛 as-
sociates the Lie algebra scalar 𝑡 to the corresponding uniform rail velocity vector
𝛿s = 𝑡13. Because 13 ≠ 0, the condition 𝑡13 = 0 strictly implies 𝑡 = 0. This guaran-
tees that the local isotropy subgroup is trivial (meaning the group action is strictly
free). Consequently, the differential mapping is fully injective, and the dimension
of the trivial motion space matches the dimension of the symmetry group:

dim (Im(𝑑Φs|𝑒)) = dim(𝐺) = 1. (120)

Because the framework is measurement Φ-invariant and

dim kerR(s) = dim Im(𝑑Φs|𝑒) = 1
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, the dimensional equality condition is strictly satisfied. This confirms that the frame-
work at s is infinitesimally Φ-rigid. Finally, since the state s was chosen arbitrarily
from the considered domain 𝐷𝑘𝑖𝑛, we conclude that the entire smooth framework
family over this domain is infinitesimally Φ-rigid.



6 CONCLUS IONS AND F U T URE
WORK

6.1 conclusions

This thesis introduced the Hybrid Rigidity framework, a novel abstract mathemati-
cal formulation that unifies heterogeneous MASs and mixed-measurement sensing
topologies into a single, cohesive theory. The framework constitutes a rigorous gen-
eralization of existing rigidity paradigms, which emerge naturally as special cases
within it.

The introduction of group theory to define a new notion of rigidity provided themath-
ematical machinery necessary to formalize mixed measurements. A substantial con-
tribution of this work lies in the characterization of the measurement function, which
elegantly encapsulates the underlying complexity of handling heterogeneous agents
and sensors. Rather than treating it as a monolithic entity, the measurement pro-
cess was rigorously deconstructed into a strictly ordered composition of intermediate
smooth maps. By detailing how this measurement function handles heterogeneity in
both agents and sensing modalities, category theory provided a natural and rigorous
language. It allowed us to formally express the structural relations holding between
the intermediate steps of the modeling chain, as well as between the different pipeline
realizations required to manage system heterogeneity.

The integration of extrinsic parameters allows the framework to overcome the classi-
cal limitation requiring measurements to depend exclusively on intrinsic agent states.
Crucially, the reformulated measurement function is no longer constrained to process
the entirety of the agents’ kinematics: it can instead evaluate only a specific subset of
the state information, or conversely, enrich it with external data. This yields a highly
flexible architecture for modeling complex physical constraints and interactive sys-
tems.

As emphasized throughout this work, the proposed functorial characterizations serve
primarily as a foundational baseline. The underlying categorical architecture is modu-
lar and flexible by design: one is free to generate a completely new base category to de-
scribe different modeling processes, define additional functorial realizations, charac-
terize them according to specific analytical needs, and link them via natural transfor-
mations, provided the resulting architecture coherently describes the physical prob-
lem under analysis.

Building on the embedded formulation on homogeneous spaces, the thesis explicitly
derived the algebraic structure of the embedded rigidity matrices for pure distance,
pure bearing, and mixed distance-bearing measurements. This result holds for any
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MAS employing the proposed Embedded Functor realization. Moreover, the approach
is inherently non-restrictive, as it relies on a maximal realization within the Special
Euclidean group 𝕊𝔼(3). This algebraic foundation thus provides a powerful tool for
establishing generalized structural results in future work.

Finally, the theoretical framework was validated through targeted case studies. These
demonstrated how the framework can be deployed to analyze networks characterized
by heterogeneous agents and mixed-measurement topologies, as well as formations
of agents constrained to specific submanifolds, such as agents confined to parallel
linear rails. This confirms the framework’s broad applicability and effectiveness in
formally modeling constrained, real-world physical systems.

6.2 future work: algorithmic design

The theoretical flexibility of the Hybrid Rigidity framework opens several critical av-
enues for future research, particularly in bridging the gap between structural analysis
and algorithmic synthesis:

• From Analysis to Synthesis: The formulation presented thus far inherently
addresses an analysis problem: given a predefined framework, we verifywhether
it is rigid with respect to a given Lie group action Φ operating on the agents’
configuration space. However, this mathematical foundation naturally paves
the way for the inverse problem. Suppose we are given a system of 𝑛 agents
that must be made rigid with respect to a specific group action Φ. The dual
challenge lies in systematically designing the graph topology and assigning the
appropriate measurement functions to the edges in order to achieve Φ-rigidity
for a desired family of smooth ordered frameworks.

• Optimal Network Design: Using the mixed-measurement framework to syn-
thesize sensing topologies that achieve specific design targets, such as minimiz-
ing hardware costs while maximizing fault tolerance, structural robustness, and
guaranteeing the desired rigidity properties. This approach would exploit the
asymmetric capabilities of heterogeneous agents to optimally allocate sensing
tasks across the network.

• DistributedControl Synthesis: Developing novel nonlinear cooperative con-
trol and network localization laws within this new framework. The algebraic
transparency of the proposed framework provides a direct foundation for de-
signing gradient-based control strategies, which can be further enriched by
modernmathematical techniques such as geometric control or Port-Hamiltonian
systems.

• Submanifold-Constrained Dynamics: Formalizing the concept of rigidity
for submanifold-constrained dynamics, namely MASs whose states are intrin-
sically restricted to specific geometric submanifolds. While introduced in this



6.2 future work: algorithmic design 153

work, this concept requires further mathematical investigation and formaliza-
tion. Future efforts will involve extending the control and localization architec-
tures to explicitly account for and enforce these geometric constraints.

• Cross-Manifold Dynamics: Leveraging the abstract embedding framework
to address the complex coordination of MASs experiencing discontinuous state-
space transitions, drawing uponHybrid Dynamics and Control Theory. This ex-
plicitly targets scenarios where agents dynamically switch the manifolds they
inhabit during operation (e.g., a ground vehicle in 𝕊𝔼(2) abruptly transitioning
between intersecting planar surfaces with different orientation constraints). Fu-
ture research will investigate whether the proposed unified embedding space
can provide the mathematical foundation to model these discontinuous cross-
manifold jumps, exploring how the global rigidity formalism and cooperative
control laws might be preserved across such topological transitions.

• Robustness Analysis: To successfully bridge the sim-to-real gap, the stability
of the hybrid rigidity properties must be rigorously investigated across several
critical dimensions:

– Parameter Variations: Analyzing robustness against dynamic extrinsic and
intrinsic parameter variations. This directionwill explicitly exploit the en-
hanced resilience provided by combining different sensing modalities to
effectively mitigate traditional unimodal vulnerabilities.

– Communication Constraints and Delays: Investigating the impact of band-
width limitations, packet loss, and time delays on the structural cohesion
of the network. Addressing these challenges necessitates the integration
and application of advanced networked control systems tools.

– Measurement Noise and Stochastic Rigidity: Addressing real-world sen-
sor inaccuracies by extending the current deterministic framework. This
requires formally redefining rigidity theory within a rigorous stochastic
mathematical setting to properly model, analyze, and filter uncertainties,
ultimately enabling robust state estimation and reliable control of the
overall system.

• Large-Scale Swarms and Continuum Limits: Extending the proposed dis-
tributed algorithms to tackle complex large-scale networks andmean-field prob-
lems. This includes formalizing the rigidity conditions for the continuum limit
of MASs, where the discrete network transitions into a continuous spatial den-
sity, thereby enabling the macroscopic control of massive robotic swarms.

• Observability and Controllability: Investigating how invariants and under-
lying symmetries govern the structural observability and controllability of the
overall MAS.

• Symmetry-BreakingMechanisms: Formally investigating how the strategic
integration of heterogeneous measurements can systematically break spatial
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ambiguities (such as scale or reflection symmetries) to naturally anchor forma-
tions without requiring absolute reference frames.

6.3 future work: information rigidity

Beyond traditional spatial formation control, the framework’s ability to process par-
tial manifold data and integrate extrinsic information via the Augmented realization
suggests a profound paradigm shift:

• Measurement Space Parameterization: Extending the integration of extrin-
sic parameters and offsets beyond the agent state space directly into the mea-
surement space and the intermediate stages of the modeling chain. This expan-
sion will allow for more complex sensor modeling, accommodating heteroge-
neous sensing hardware with intrinsic offsets or non-ideal calibrations.

• Extrinsic Variables in Control Design: Enabling the development of con-
trol algorithms that leverage both agent kinematics and external variables to
achieve specific collective objectives. These algorithms can drive source-seeking
behaviors where agents coordinate under rigidity-like constraints to locate the
origin of temperature or pollution fields. Furthermore, this approach can opti-
mize the overall coverage of a MAS equipped with extrinsic or communication
sensors while rigorously preserving its structural coordination.

• Dynamic Movements and Design Synthesis: Leveraging group-based Φ-
rigidity to explore formations that preserve desired dynamic movements rather
than static shapes. This introduces a novel design problem: synthesizing MAS
structure and control laws specifically engineered to achieve and guarantee
these permitted dynamic behaviors.

• Local and Subgraph Symmetries: While classical rigidity typically deals
with global framework symmetries, the enhanced generality of this hybrid frame-
work allows for the emergence of local and subgraph-specific behavior. This
requires a formal characterization of such localized invariances as they natu-
rally arise in mixed-signal sensor networks.

• Counting Rules and Rank Conditions: Classical rigidity theorems, such
as Laman’s and Maxwell’s, are fundamentally restricted to Euclidean spaces
and systems that are strictly homogeneous in both agents and measurements.
Overcoming these limitations requires formulating novel combinatorial tools
specifically tailored for non-Euclidean ambient spaces and networks that are
heterogeneous in both agent kinematics and measurement modalities.

• Information Rigidity and General Systems Control: Formalizing the con-
cept of “Information Rigidity” by extending traditional frameworks beyond
purely spatial formations. In this generalized paradigm, structural cohesion
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is no longer dictated by rigid geometric shapes, but rather by the preservation
of distributed information and specific system properties. This shift allows for
the definition of generalized metrics that consist of different information be-
yond purely geometric quantities and standard one-to-one agent mappings to
incorporate multi-source and/or multi-target measurements. By introducing
these novel measurement paradigms tailored to distributed variables, the frame-
work can be actively leveraged to induce desired collective behaviors while
accounting for complex agent interactions. Extending this concept to general
distributed networks offers a novel mathematical perspective for revisiting and
resolving standard distributed control problems, such as the regulation of phys-
ical fields (e.g., environmental temperature), as well as entirely new ones.





A GRAPH THEORY

Definition A.1 (Directed Graph). A directed graph 𝒢 = (𝒱 , ℰ) is an ordered pair
consisting of a finite set of vertices 𝒱 and a set of directed edges ℰ ⊆ 𝒱 × 𝒱 . An
element 𝑣 ∈ 𝒱 is called a vertex or a node. An element (𝑗, 𝑖) ∈ ℰ explicitly indicates
an edge directed from vertex 𝑗 to vertex 𝑖. In this context, 𝑗 is called the source and 𝑖
is called the target of the edge.

DefinitionA.2 (Neighborhood inDirectedGraphs). In a directed graph𝒢 = (𝒱 , ℰ),
the neighborhood of a vertex 𝑣𝑖 ∈ 𝒱 is strictly partitioned based on the orientation
of the edges:

• The in-neighborhood 𝒩 in
𝑖 consists of all source vertices that have an edge di-

rected towards 𝑣𝑖:
𝒩 in
𝑖 = {𝑣𝑗 ∈ 𝒱 ∣ (𝑣𝑗 , 𝑣𝑖) ∈ ℰ}. (1)

• The out-neighborhood 𝒩 out
𝑖 consists of all target vertices to which 𝑣𝑖 directs

an edge:
𝒩 out
𝑖 = {𝑣𝑗 ∈ 𝒱 ∣ (𝑣𝑖, 𝑣𝑗) ∈ ℰ}. (2)

Correspondingly, the cardinalities of these sets, denoted as 𝑑 in(𝑣𝑖) = |𝒩 in
𝑖 | and

𝑑out(𝑣𝑖) = |𝒩 out
𝑖 |, are defined as the in-degree and out-degree of 𝑣𝑖, respectively.

Definition A.3 (Undirected Graph). An undirected graph 𝒢 = (𝒱 , ℰ) is a graph
where the connections between vertices are bidirectional. Formally, the edge set
ℰ consists of unordered pairs of distinct vertices, denoted as {𝑖, 𝑗} rather than the
ordered pair (𝑖, 𝑗). Alternatively, it can be viewed as a directed graph satisfying a
symmetry property: if a directed edge (𝑖, 𝑗) exists from vertex 𝑖 to vertex 𝑗, then the
reverse edge (𝑗, 𝑖) is also present.

Definition A.4 (Neighborhood in Undirected Graphs). Given an undirected graph
𝒢 = (𝒱 , ℰ) and a vertex 𝑣𝑖 ∈ 𝒱 , the neighborhood of 𝑣𝑖, denoted by 𝒩𝑖, is defined
as the set of all adjacent vertices directly connected to 𝑣𝑖. Formally:

𝒩𝑖 = {𝑣𝑗 ∈ 𝒱 ∣ {𝑣𝑖, 𝑣𝑗} ∈ ℰ}. (3)

The cardinality of this set, 𝑑(𝑣𝑖) = |𝒩𝑖|, is referred to as the degree of vertex 𝑣𝑖.
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Definition A.5 (Simple Graph). A simple graph is a (directed or undirected) graph
that contains no self-loops (edges connecting a vertex to itself) and nomultiple edges
(more than one edge connecting the exact same pair of vertices in the same direc-
tion). In the mathematical modeling of multi-agent sensing networks, interaction
topologies are standardly assumed to be simple finite graphs, ensuring that the edge
set ℰ strictly represents unique pairwise physical interactions.

Definition A.6 (Complete Graph). The complete graph with 𝑛 vertices, denoted by
𝐾𝑛, is a special undirected graph in which every pair of distinct vertices is connected
by a unique edge. Consequently, its edge setℰ contains all possible 𝑛(𝑛−1)

2 unordered
pairs of vertices.

Definition A.7 (Finite Graph). A finite graph is a graph characterized by a finite
number of vertices and edges. Formally, both the cardinality of the vertex set, de-
noted as |𝒱 | = 𝑛, and the cardinality of the edge set, denoted as |ℰ | = 𝑚, are finite
integers.

DefinitionA.8 (Labeled Graph). Afinite (directed or undirected) graph𝒢 = (𝒱 , ℰ)
is defined as a labeled graphwhen its vertices and edges are assigned unique, distinct
identifiers. This property ensures that each abstract entity within the network is
uniquely distinguishable from the others, although it does not inherently impose
any mathematical sequence or numerical mapping.

Definition A.9 (Indexed Graph). A labeled graph 𝒢 = (𝒱 ,ℰ) is defined as an
indexed graph when its unique identifiers are bijectively mapped to the standard
finite index sets ℐ𝒱 = {1, … , 𝑛} and ℐℰ = {1, … , 𝑚}, where 𝑛 and 𝑚 denote the total
number of vertices and edges, respectively. Under this mapping, the vertex and edge
sets are formally enumerated as 𝒱 = {𝑣1, … , 𝑣𝑛} and ℰ = {𝑒1, … , 𝑒𝑚}.

Definition A.10 (Ordered Graph). An indexed graph 𝒢 = (𝒱 ,ℰ) is defined as
an ordered graph when a strict total order, naturally induced by its index sets, is
explicitly imposed on its vertices and edges. Consequently, 𝒱 and ℰ are no longer
treated as unordered sets, but rather as mathematically ordered tuples, denoted by
the tuple notation 𝒱 = (𝑣1, … , 𝑣𝑛) and ℰ = (𝑒1, … , 𝑒𝑚).
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Definition B.1 (Category). A category 𝒞 consists of the following data:

• A class of objects, denoted by ob(𝒞 ).

• A class of morphisms (also known as arrows or maps), denoted by mor(𝒞 ).
Each morphism 𝑓 is associated with a unique source object 𝑎 ∈ ob(𝒞 ) and
a unique target object 𝑏 ∈ ob(𝒞 ). We write 𝑓 ∶ 𝑎 → 𝑏 to indicate this
relationship.

• A binary operation called composition of morphisms. For any three objects
𝑎, 𝑏, 𝑐 ∈ ob(𝒞 ), the composition operator is defined as a function:

∘ ∶ hom𝒞 (𝑏, 𝑐) × hom𝒞 (𝑎, 𝑏) → hom𝒞 (𝑎, 𝑐)

The composition of a morphism 𝑓 ∶ 𝑎 → 𝑏 and a morphism 𝑔 ∶ 𝑏 → 𝑐 is
denoted as 𝑔 ∘ 𝑓 ∶ 𝑎 → 𝑐.

Furthermore, this data must satisfy two fundamental axioms:

• Associativity: For any sequence of morphisms 𝑓 ∶ 𝑎 → 𝑏, 𝑔 ∶ 𝑏 → 𝑐, and
ℎ ∶ 𝑐 → 𝑑 , the composition is associative:

ℎ ∘ (𝑔 ∘ 𝑓 ) = (ℎ ∘ 𝑔) ∘ 𝑓

• Identity: For every object 𝑥 ∈ ob(𝒞 ), there exists a unique identitymorphism
id𝑥 ∶ 𝑥 → 𝑥 such that for any morphism 𝑓 ∶ 𝑎 → 𝑥 , we have id𝑥 ∘𝑓 = 𝑓 , and
for any morphism 𝑔 ∶ 𝑥 → 𝑏, we have 𝑔 ∘ id𝑥 = 𝑔.

Definition B.2 (Functor). A functor is a structure-preserving map between cate-
gories. Specifically, a covariant functor 𝐹 from a category 𝒞 to a category 𝒟 , de-
noted 𝐹 ∶ 𝒞 → 𝒟 , is an association that maps:

• Each object 𝑋 ∈ ob(𝒞 ) to a corresponding object 𝐹(𝑋) ∈ ob(𝒟).

• Each morphism 𝑓 ∶ 𝑋 → 𝑌 in 𝒞 to a corresponding morphism 𝐹(𝑓 ) ∶
𝐹(𝑋) → 𝐹(𝑌 ) in 𝒟 .

This mapping must satisfy the following structural properties:

• Identity preservation: 𝐹(𝑖𝑑𝑋 ) = 𝑖𝑑𝐹(𝑋) for every object 𝑋 ∈ ob(𝒞 ).

• Composition preservation: 𝐹(𝑔 ∘ 𝑓 ) = 𝐹(𝑔) ∘ 𝐹(𝑓 ) for all morphisms 𝑓 ∶
𝑋 → 𝑌 and 𝑔 ∶ 𝑌 → 𝑍 in 𝒞 .
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Definition B.3 (Contravariant Functor). A contravariant functor behaves analo-
gously to a covariant functor but explicitly reverses the direction of the morphisms.
If 𝑓 ∶ 𝑋 → 𝑌 is a morphism in 𝒞 , then the contravariant functor yields 𝐹(𝑓 ) ∶
𝐹(𝑌 ) → 𝐹(𝑋) in 𝒟 . The composition rule is accordingly reversed: 𝐹(𝑔 ∘ 𝑓 ) =
𝐹(𝑓 ) ∘ 𝐹 (𝑔).

Definition B.4 (Natural Transformation). A natural transformation provides a rig-
orous mathematical translation between two functors while strictly preserving the
internal morphisms of the categories involved.

Let 𝐹 , 𝐺 ∶ 𝒞 → 𝒟 be two covariant functors acting between categories 𝒞 and 𝒟 .
A natural transformation 𝜂 ∶ 𝐹 ⇒ 𝐺 assigns to every object 𝑋 ∈ ob(𝒞 ) a morphism
𝜂𝑋 ∶ 𝐹(𝑋) → 𝐺(𝑋) in 𝒟 , referred to as the component of 𝜂 at 𝑋 .

This family of morphisms must satisfy a structural compatibility condition: for any
two objects 𝑋, 𝑌 ∈ ob(𝒞 ) and any morphism 𝑓 ∈ hom𝒞 (𝑋 , 𝑌 ), the identity 𝜂𝑌 ∘
𝐹 (𝑓 ) = 𝐺(𝑓 ) ∘ 𝜂𝑋 must hold. Equivalently, this dictates that the following diagram
in 𝒟 commutes:

𝐹(𝑋) 𝐹(𝑌 )

𝐺(𝑋) 𝐺(𝑌 )

𝐹(𝑓 )

𝜂𝑋 𝜂𝑌

𝐺(𝑓 )

Figure B.1: Commutative square illustrating the naturality condition for 𝜂 ∶ 𝐹 ⇒ 𝐺.
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Definition C.1 (Group). A group is a set 𝐺 equipped with a binary operation ⋅ ∶
𝐺 × 𝐺 → 𝐺, mapping an ordered pair (𝑔, ℎ) to an element 𝑔 ⋅ ℎ (often denoted simply
as 𝑔ℎ), satisfying the following four axioms:

1. Closure: For all 𝑔, ℎ ∈ 𝐺, the product 𝑔 ⋅ ℎ ∈ 𝐺.

2. Associativity: For all 𝑓 , 𝑔, ℎ ∈ 𝐺, (𝑓 ⋅ 𝑔) ⋅ ℎ = 𝑓 ⋅ (𝑔 ⋅ ℎ).

3. Identity Element: There exists a unique element 𝑒 ∈ 𝐺 such that for every
𝑔 ∈ 𝐺, 𝑒 ⋅ 𝑔 = 𝑔 ⋅ 𝑒 = 𝑔.

4. Inverse Element: For each 𝑔 ∈ 𝐺, there exists a unique element 𝑔−1 ∈ 𝐺
such that 𝑔 ⋅ 𝑔−1 = 𝑔−1 ⋅ 𝑔 = 𝑒.

DefinitionC.2 (Lie Group). A Lie group is a set 𝐺 equipped simultaneously with the
structure of a group and the structure of a smooth manifold, satisfying the following
compatibility conditions between its algebraic and topological frameworks:

1. The multiplication map 𝜇 ∶ 𝐺 × 𝐺 → 𝐺, induced by the group’s binary opera-
tion via the assignment (𝑔, ℎ) ↦ 𝑔 ⋅ ℎ, is a smooth (𝐶∞) map, where 𝐺 × 𝐺 is
endowed with the standard product manifold structure.

2. The inversionmap 𝜄 ∶ 𝐺 → 𝐺, defined by the assignment 𝑔 ↦ 𝑔−1, is a smooth
(𝐶∞) map.

This compatibility between algebraic and topological structures ensures that contin-
uous group operations do not introduce singularities.

Definition C.3 (Smooth Group Action). Let 𝐺 be a Lie group with identity element
𝑒, and let 𝑀 be a smooth manifold.
A smooth left action of 𝐺 on𝑀 is a smooth (𝐶∞) map 𝜃 ∶ 𝐺 ×𝑀 → 𝑀 , conventionally
denoted as 𝜃(𝑔, 𝑝) = 𝑔 ⋅ 𝑝, that satisfies the following two axioms for all 𝑔, ℎ ∈ 𝐺
and 𝑝 ∈ 𝑀 :

1. Identity: 𝑒 ⋅ 𝑝 = 𝑝.

2. Compatibility: 𝑔 ⋅ (ℎ ⋅ 𝑝) = (𝑔ℎ) ⋅ 𝑝.

Analogously, a smooth right action is a smooth (𝐶∞) map 𝜙 ∶ 𝑀 × 𝐺 → 𝑀 , conven-
tionally denoted as 𝜙(𝑝, 𝑔) = 𝑝 ⋅ 𝑔, that satisfies the following two axioms for all
𝑔, ℎ ∈ 𝐺 and 𝑝 ∈ 𝑀 :
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1. Identity: 𝑝 ⋅ 𝑒 = 𝑝.

2. Compatibility: (𝑝 ⋅ 𝑔) ⋅ ℎ = 𝑝 ⋅ (𝑔ℎ).

In the context of spatial transformations and geometric control, left actions are pre-
dominantly adopted. Therefore, throughout this work, wewill simply use the term ac-
tion or group action to denote a left group action unless explicitly stated otherwise.

Remark C.1 (Relation between Left and Right Actions). If 𝜌 ∶ 𝑀 × 𝐺 → 𝑀 is a right
group action, then the map 𝜃 ∶ 𝐺 × 𝑀 → 𝑀 defined by 𝜃(𝑔, 𝑝) = 𝜌(𝑝, 𝑔−1) consti-
tutes a valid left group action. Consequently, any theoretical result derived under
the assumption of a left group action applies equivalently to right group actions,
justifying our standard choice without loss of generality.

Definition C.4 (𝐺-space). A smooth manifold 𝑀 equipped with a smooth (left or
right) action of a Lie group 𝐺 is called a 𝐺-space.

Definition C.5 (Isotropy Group). Let 𝜃 ∶ 𝐺 × 𝑀 → 𝑀 be an action of a Lie group
𝐺 on a manifold 𝑀 . The isotropy group (or stabilizer ) 𝐺𝑝 of a point 𝑝 ∈ 𝑀 is the
subgroup consisting of all elements in 𝐺 that fix 𝑝. Formally:

𝐺𝑝 = {𝑔 ∈ 𝐺 ∣ 𝜃𝑔(𝑝) = 𝑝} (1)

Definition C.6 (Orbit). Let 𝑀 be a 𝐺-space equipped with a smooth left action
𝜃 ∶ 𝐺 × 𝑀 → 𝑀 , conventionally denoted by 𝜃(𝑔, 𝑝) = 𝑔 ⋅ 𝑝. The orbit of a point
𝑝 ∈ 𝑀 , denoted as Orb(𝑝) or 𝐺 ⋅ 𝑝, is the subset of the manifold defined by:

Orb(𝑝) = {𝑔 ⋅ 𝑝 ∈ 𝑀 ∣ 𝑔 ∈ 𝐺} ⊆ 𝑀 (2)

Geometrically, Orb(𝑝) forms an immersed smooth submanifold of 𝑀 , representing
the locus of all points reachable from 𝑝 through the continuous action of the group
𝐺.

Remark C.2 (Equivalence Relation and Orbit Space). The group action induces a
natural equivalence relation on the manifold 𝑀 . Two points 𝑝, 𝑞 ∈ 𝑀 are defined
to be equivalent if they belong to the same orbit. Because of the fundamental group
axioms, this relation is reflexive, symmetric, and transitive. Consequently, the orbits
constitute a mathematical partition of 𝑀 , dividing the space into mutually disjoint
equivalence classes. The set of all these orbits is called the orbit space or quotient
space, and is denoted by 𝑀/𝐺.

Definition C.7 (Lie Algebra). Associated with every Lie group 𝐺 is its Lie algebra,
conventionally denoted by the Fraktur letter 𝔤. The Lie algebra is a vector space
canonically identified with the tangent space to the group manifold at its identity
element 𝑒, such that 𝔤 ≅ 𝑇𝑒𝐺. It completely captures the local, first-order algebraic
and topological structure of the group 𝐺 in the vicinity of the identity.
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