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Introduction

Projective and injective resolutions are well known tools in Algebra. It is
natural to ask whether we can take other types of resolutions and how one can
define a generalized concept of cover and envelope. We will present here an
approach due to P. A. Guil Asensio, D. K. Tütüncü and A. K. Srivastava [12]
(Chapter 1). It consists in defining a notion of χ-envelope where χ is a class
of modules closed under isomorphisms. The central topic of this work is then
to study the properties of modules which are invariant under automorphisms
of their χ-envelopes and covers. We will then apply the results to the special
cases in which the class χ is that of the injectives or the projectives.

The problem of studying which modules are invariant under endomor-
phism of their envelopes can be tracked back to Johnson and Wong [15], who
discovered that endomorphism-invariant modules coincide with the quasi-
injective ones. Later, Dickson and Fuller [4] studied modules invariant under
other subsets of the endomorphisms ring of their injective envelope, mainly
the subset of automorphisms. In order to generalize these concepts, we will
introduce in the first chapter the notion of χ-envelope following [12], and in
the second chapter we will explore them in the setting of χ-envelopes [12].
We will then see, following [11], that the problem of studying whether a χ-
automorphism-invariant module M is χ-endomorphism invariant is linked to
the study of the unit structure of the endomorphism ring of its χ-envelope
modulo the Jacobson radical.

In the second chapter of this thesis, we will also follow the presentation
of A. Facchini[6] in order to prove that every module has a pure-injective
envelope and we will find out that, as for injective modules, the endomor-
phism ring of a pure-injective module M has the property of the lifting of
idempotents modulo the Jacobson radical and that End(M)/J(End(M)) is
Von Neumann regular right self-injective ([7], [14]).

Pushed by the behaviour of the endomorphism rings of pure-injective
and injective modules, and moved by the problem of determining whether
a χ-automorphism invariant module is χ-endomorphism invariant, it will be
then natural to study the unit structure of Von Neumann regular right self-
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injective rings. For this type of rings we will consider a decomposition due
to P. A. Guil Asensio, T. C. Quynh and A. K. Srivastava [11] into a Boolean
ring and a ring in which every element is the sum of two units.

In Chapter 3, we will collect the results of the previous chapters in or-
ther to study when a χ-automorphism-invariant module is χ-endomorphism
invariant supposing that the endomorphism ring of the χ-envelope of the
module has the natural properties discovered to hold for pure-injective and
quasi-injective modules (P. A. Guil Asensio, D. K. Tütüncü and A. K. Sri-
vastava [12]).

In Chapter 4, we will follow [11] to apply the results obtained in Chapter
3 to the special case in which χ is the class of injective modules, and we will
see in this case that χ-automorphism invariant modules coincide with the
pseudo-injective ones. In particular, we find out ([11], [1]) that for commuta-
tive noetherian rings and F-algebras, where F is a field with more than two
elements, quasi-injective modules coincide with the automorphism-invariant
ones. We will also see that in general this equivalence does not hold [22].

In Chapter 5, following [12], we will do for covers what we did for en-
velopes paying attention to the fact that not every module has a projec-
tive cover, and this forces us to introduce perfect rings. It is worth notic-
ing that in order to obatin the equivalence between pseudo-projective and
automorphism-coinvariant modules (when possible), we have to find the
counterpart of a theorem for injectives that states that a module M is
automorphism-invariant if and only if every isomorphism between two essen-
tial submodules of M can be extended to an endomorphism of M . The key
to extend this result is represented by dual automorphism-invariant modules
[21].



Contents

Introduction ii

1 Preliminaries 1
1.1 Artin-Wedderburn Theorem . . . . . . . . . . . . . . . . . . . 1
1.2 Essential, small and closed submodules . . . . . . . . . . . . . 2
1.3 Injective modules and injective envelopes . . . . . . . . . . . . 4
1.4 Uniform modules . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.5 Uniform dimension . . . . . . . . . . . . . . . . . . . . . . . . 6
1.6 Local modules and semiperfect rings . . . . . . . . . . . . . . 9
1.7 Properties of injective and projective modules . . . . . . . . . 10
1.8 Injective envelopes and quasi-injective modules . . . . . . . . . 13
1.9 Exchange modules . . . . . . . . . . . . . . . . . . . . . . . . 17

2 Modules invariant under automorphisms of their envelopes 23
2.1 First properties of envelopes . . . . . . . . . . . . . . . . . . . 23
2.2 Automorphism and endomorphism invariant modules . . . . . 24
2.3 Von Neumann regular rings . . . . . . . . . . . . . . . . . . . 26
2.4 Endomorphism rings of quasi-injective modules . . . . . . . . 28
2.5 Pure-injective envelopes . . . . . . . . . . . . . . . . . . . . . 32

2.5.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.6 Von Neumann regular right self-injective rings . . . . . . . . . 35
2.7 Unit structure of Von Neumann regular right self-injective rings 37

3 General properties of automorphism invariant modules 43
3.1 Structure of automorphism invariant modules . . . . . . . . . 44
3.2 Exchange property for automorphism invariant modules . . . . 47
3.3 Properties of automorphism invariant modules . . . . . . . . . 48

4 Automorphism-invariant modules 53
4.1 Automorphism invariant modules with finite Goldie dimension 56
4.2 Noetherian rings . . . . . . . . . . . . . . . . . . . . . . . . . 58

iii



iv CONTENTS

5 Automorhism-coinvariant modules 63
5.1 Projective covers . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.2 Generalizations of the concept of cover . . . . . . . . . . . . . 64
5.3 Properties of covers . . . . . . . . . . . . . . . . . . . . . . . . 65
5.4 Dual automorphism-invariant modules . . . . . . . . . . . . . 68
5.5 Right perfect rings . . . . . . . . . . . . . . . . . . . . . . . . 73

Bibliography 75

Acknowledgements 79



Chapter 1

Preliminaries

Throughout this paper, all rings are assumed to be associative with zero
element different from the unit, and all modules are assumed to be unitary.

When the side of a module is not specified, we will assume we are talking
about right modules. When not specified, a morphism between two modules
will be a right module morphism.

For a right R-module M , we usually write End(M) to indicate its ring
of right R-module endomorphisms (we’ll write End(MR) if there is some
ambiguity).

We will say that S is a subring of a ring R if (S,+) is a subgroup of (R,+),
(S, ·) is a subsemigroup of (R, ·), and S is a ring; we say that a subring S is
a unitary subring of R if (S, ·) is a submonoid of (R, ·).

The right annihilator of a module M will be indicate by r(M) and the
right annihilator of an element m of M will be denoted by r(m).

Let M be a right R-module, and let N be a submodule of M ; the module
N is said fully invariant with respect to M if for every endomorphism f of
M we have that f(N) ⊆ N . The intersection of the maximal submodules
of M is called the Jacobson radical of M and can be characterized as the
intersection of all kernels of morphisms from M to simple modules (it is
a fully invariant submodule); we will denote it with the symbol J(M). If
J(M) = 0 the module M is said to be semiprimitive; so clearly M/J(M)
is semiprimitive for every module M . If R is a ring and J(R) is a maximal
ideal we say that R is a local ring.

1.1 Artin-Wedderburn Theorem

For completeness, we recall here the Artin-Wedderburn Theorem, which
gives a complete characterization of semisimple rings.
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2 CHAPTER 1. PRELIMINARIES

Theorem 1.1 (Artin-Wedderburn). For a ring R, the following are equiva-
lent:

(a) The ring R is semisimple as a right (left) module over itself.

(b) Each right (left) module over R is semisimple.

(c) Each right (left) module over R is projective.

(d) The ring R is a finite product of simple artinian rings.

(e) The ring R is a finite product of matrix rings over division rings.

1.2 Essential, small and closed submodules

In this section, we recall the notions of essential and small (superfluous)
submodules and we will introduce the notion of closed submodules.

A submoduleN of a right R-moduleM is said to be small (or superfluous)
in M if whenever there exists a submodule H in M such that N + H = M
then H = M . By Nakayama’s Lemma, we know that for a finitely generated
right R-module M the submodule MJ(R) is small in M . We say that an
epimorphism g : M → N is small (or superfluous) if Ker(g) si small in M .
It’s easy to prove that if h : L → M is such that g ◦ h is an epimorphism
than h is also an epimorphism (this simple remark turns out to be useful in
the study of projective covers).

A submodule N of M is said to be essential in M if for every non-zero
submodule H of M we have that N ∩ H 6= 0 and we write N ≤e M (we
say then that M is an essential extension of N). Similarly to what we have
done before, we say that a monomorphism f : M → L is essential if f(M)
is an essential submodule of L. It is easy to show that if h : L → X is a
morphism such that h ◦ f is injective then h must be injective. This notion
of “density” is the main tool to define an injective envelope (an essential
morphism f : M → L can be thought as a morphism with an image spreading
all over the submodules of L, and one could wonder how a maximal essential
extension can be characterized).

We just recall for completeness some properties of essential submodules:

Proposition 1.2. The following hold:

(a) If K ≤ N ≤M , then K ≤e M if and only if K ≤e N and N ≤e M .

(b) If N , N ′ ≤M , then N ∩N ′ ≤e M if and only if N and N ′ are essential
in M .
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(c) If f : M → N is a morphism and N ′ ≤e N then f−1(N ′) ≤e M .

(d) If N1 ≤ M1 and N2 ≤ M2, then N1 ⊕N2 ≤e M1 ⊕M2 if and only if N1

and N2 are essential respectively in M1 and M2.

(e) More generally, if Mi ≤e Xi for every i ∈ I, then ⊕i∈IXi ≤e ⊕i∈IMi.

(f) If N is an essential submodule of M , then for every module X in M we
have that N ∩X is essential in X.

Suppose now that M is a not a cyclic right R-module and consider an
element m ∈ M ; by hypotesis mR 6= M . If there is not a non-zero element
m1 ∈ M such that m1R ∩ mR = 0, then M is an essential extension of
mR. Otherwise, we can consider M1 = m1R⊕mR and we can try to find a
non-zero element m2 such that m2R ∩M1 = 0. Proceding in this fashion it
is easy to show that M is an essential extension of a direct sum of some of
its cyclic submodules.

A submodule N of M is said to be closed in M if N coincides with
any submodule of M which is an essential extension of N . If N̄ is a closed
essential extension of N , with N̄ ≤ M , we say that N̄ is a closure for N in
M .

A natural question arises: can we find for every submodule N ⊆ M a
submodule X such that: N ∩X = 0, X ⊕N ≤e M and Y ∩N 6= 0 for every
Y with the property X ≤ Y ?

The answer in affirmative:
If N is essential, there is nothing to prove, so we can suppose it is not

essential. Consider then the set I whose elements are the modules C ≤ M
such that N ∩C = 0, and order I by inclusion. It is easy to see that we can
apply Zorn’s Lemma, and so there exists a maximal element X ∈ I. The
element X satisfies all the properties we are looking for; in fact N ∩X = 0,
and if Y is a submodule of M which properly contains X, we have that
Y ∩N 6= 0.

Notice that X is closed: consider the set J of all the submodules H of
M which contain X and such that X is essential in H. If J is not empty,
ordering J by set inclusion, satisfies Zorn’s Lemma. If we take a maximal
element X̄ of J , then we have that X̄ ∩N = 0, so that X = X̄.

We call X a ∩-complement of N in M . In particular, we showed that
every submodule of a module M has a ∩-complement, so in particular every
submodule of M is a direct summand of an essential submodule of M .

It is easy to notice that if N and X are two submodules of M such that
N ∩X = 0, then there exists a closed submodule X̄ such that X ⊆ X̄ and
X̄ is a ∩-complement of N .
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From the previous considerations, it follows that a ∩-complement is closed.
Is the converse true? Is every closed a ∩-complement?

If N is a closed submodule of M , we know that it has a ∩-complement X,
and one can show that N is a ∩-complement of X (it suffices to use the notion
of essential extension). So we can conclude that the class of ∩-complements
in M coincides with the class of closed submodules of M .

We will see in the next sections that the notion of ∩-complement is deeply
linked with the problem of decomposing the injective envelope of a module.

1.3 Injective modules and injective envelopes

In this section, we will introduce the concepts of injective modules, in-
jective envelopes and we will introduce also the notion of “uniform module”.
Injective modules and injective envelopes will be a fundamental tool through-
out this work.

We say that a a right R-module ER is injective if for every submodule
M ′

R of a right R-module MR we have that every morphism f : M ′
R → ER

can be extended to a morphism from M to ER.
Now we can use the notion of proper essential extension we have intro-

duced in Section 1.2 to define what is an injective envelope of a module; the
goal is to construct an essential extension E of a module M such that E is
injective.

An injective envelope of a module M is a couple (E, i) where E is an
injective module and i : M → E is an essential monomorphism.

One can show the following properties:

Theorem 1.3 (Fundamental Lemma of injective envelopes). Let (E, i) be an
injective envelope of a module M and F an injective module. Suppose there
is a monomorphism j : M → F ; then F has a direct sum decomposition
F = F ′ ⊕ F ′′ where j(M) ⊆ F ′, F ′ ∼= E and if j′ : M → F ′ is the composite
of j and the projection on F ′ we have that (F ′, j′) is an injective envelope of
M .

Theorem 1.4. Every module has an injective envelope which is unique up to
isomorphism. In particular, if (E, i) and (E ′, i′) are two injective envelopes
of a module M , then there exists an isomorphism h : E → E ′ such that
h ◦ i = i′.

While the previous theorems show that injective envelopes are minimal
injective extensions, the following theorem shows that injective envelopes can
be also thought as maximal essential extensions.
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Theorem 1.5. An extension (E, i) of a module M is an injective envelope if
and only if it is a maximal essential extension of M . In other words: (E, i)
is an injective envelope of M if and only if and only if it is an essential
extension of M , and for every morphism f : E → N such that f ◦ i is an
essential extension of M we have that f is an isomorphism.

1.4 Uniform modules

In this section, we introduce the concepts of uniform modules and uniform
dimension; we will indicate the envelope of a module M with the symbol
E(M), not specifying the monomorphism.

The notion of uniform module is related to the fact that if N ≤M , where
N and M are two modules, then we have that E(N) is a direct summand
of E(M). One could ask: which are the modules M such that E(M) is
indecomposable?

Notice that if E(M) is indecomposable and N and N ′ are two submodules
of M such that N ∩N ′ = 0, then we have that E(M) = E(N)⊕E(N ′)⊕C,
for some submodule C of E(M). But if E(M) is indecomposable this means
that at least one of E(N) and E(N ′) is zero, and so N = 0 or N ′ = 0. We say
that a non-zero module M is uniform if for every two non-zero submodules
N and N ′ of M we have that N ∩N ′ 6= 0.

In particular we can prove the following:

Theorem 1.6. The following are equivalent for a non-zero module M :

(a) If N , N ′ are two submodules of M such that N ∩ N ′ = 0 then we have
that N = 0 or N ′ = 0.

(b) M is uniform.

(c) Every non-zero submodule of M is essential in M .

(d) The injective envelope of M is indecomposable

Proof. The only non-trivial part that remains to be proved is “(a) ⇒ (d)”.
Suppose that E(M) = E1 ⊕E2 and that both E1 and E2 are non-zero mod-
ules. Then we have that M ∩ Ei 6= 0 with i = 1, 2. But this is absurd since
M is uniform and (E1 ∩M) ∩ (E2 ∩M) = 0.

We can now show the following:

Theorem 1.7. For a non-zero injective module E the following are equiva-
lent:
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(a) The module E is indecomposable.

(b) The module E is uniform.

(c) The endomorphism ring of E is local.

Proof. (a)⇒ (b) is immediate by 1.6 after noticing that the injective
evelope of an injective module is the module itself.

(c) ⇒ (a) is immediate.

(b) ⇒ (c) To show that the endomprhism ring of E is local it suffices
to show that for every two non invertible elements of End(ER) the sum
is again non invertible. Let’s start by proving that a monomorphism
f : E → E is an automorphism. We know that f(E) is an injective
module, and so it is a direct summand of E; but since E is indecom-
posable by hypotesis, it follows that f is surjective. If φ and ψ are two
non invertible morphisms of End(ER) then we have that φ and ψ are not
monomorphisms (otherwise they would be automorphisms by the previ-
ous consideration); then ker(φ) ∩ ker(ψ) 6= 0 since E is uniform and so
φ+ ψ is not invertible.

Example 1.4.1. It is obvious that over semisimple rings a module is uniform
if and only if it is simple; it is also true that a module over a semisimple ring
is uniform if and only if it is indecomposable (Artin-Wedderburn Theorem
5.25). However the next situations will show that these condituons are not
equivalent:

(a) Let R = Z, and let M = Z. Then M is clearly uniform but not simple.

(b) Let R = Q and let Q[u, v] be the commutative R-algebra defined by the
relations u2 = v2 = uv = 0. Clearly R is indecomposable as a right
R-module, but it is not uniform since its submodules Q[v] and Q[u] do
not intersect.

1.5 Uniform dimension

In this section, we introduce the concept of uniform (or Goldie) dimension
of a module. This notion was introduced by Alfred Goldie to provide a
concept of dimension for modules generalizing the concept of dimension of a
vector space.

We say that a family of submodules {Ni | i ∈ I} of a module M is
independent if its sum ΣNi is direct. Everytime we have such a family an
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easy consequence of Zorn’s Lemma is that this family is contained into a
maximal independent one.

We would like to study this notion in correlation with uniform modules.

Lemma 1.8. Let M be a non-zero module without uniform submodules.
Then M contains an infinite independent family of non-zero submodules.

Proof. By induction, we want to construct a family {N1, N2, . . . } of non-
zero independent submodules of M such that for every index n the mod-
ule N1 ⊕ · · · ⊕Nn is not essential in M . For n = 1, since M is not uni-
form, we know that there exist N1, N ′1 non-zero submodules of M such that
N1 ∩N ′1 6= 0, and clearly N1 is not essential in M . Suppose now we have
constructed a independent family N1, . . . Nn such that their direct sum is not
essential in M . So there exits B ≤M such that B∩N1⊕· · ·⊕Nn = 0. Since
B is not uniform there exist two non-zero submodules Nn+1 and N ′n+1 of B
such that Nn+1 ∩ N ′n+1 = 0. We have that N1 ⊕ · · · ⊕ Nn+1 is not essential
since its intersection with N ′n+1 is zero.

Theorem 1.9. For a non-zero module M the following are equivalent:

(a) The module MR does not contain an infinite independent family of non-
zero submodules.

(b) The module M contains a finite independent set of uniform submodules
{N1, . . . , Nn} such that N1 ⊕ · · · ⊕Nn is essential in M .

(c) There exists an integer m such that each indipendent family of non-zero
submodules of M has cardinality less than m.

(d) If we have an increasing sequence N1 ≤ N2 ≤ . . . of submodules of M ,
then there exits an i ≥ 0 such that Ni is essential in Nj for every j ≥ i
(it is equivalent to say that we have the maximum condition on closed
submodules).

Proof. (a)⇒ (b) From Lemma 1.8 we know that M must contain a max-
imal independent family of uniform submodules J = {Ni | i ∈ I}, and
by hypotesis this family is finite (suppose I = {1, . . . , n}). We just need
to show that H = N1 ⊕ · · · ⊕ Nn is essential in M . Suppose then that
there exists B ≤M such that B ∩H = 0. By Lemma 1.8, we have that
B contains a uniform submodule, against the maximality of the family
J .

(b) ⇒ (c) Consider a family of modules X = {N1, . . . , Nn} in M of
cardinality n such that (b) holds. We want to show that every family of
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non-zero independent submodules of M has at most cardinality n. Let’s
act by contraddiction and suppose there exists a set Y = {B1, . . . , Bk} of
non-zero indipendent submodules of M such that n ≤ k. We will show
that for every t = 0, . . . , n there exist subsets Xt of X of cardinality t
and Yt of Y of cardinality k − t such that Xt ∩ Yt = ∅ and Xt ∪ Yt is
an indipendent family of submodules fo M ; suppose we have proved the
previous statement. Then, considering Xn and Yn, since k − n ≥ 0, we
have that N = N1 ⊕ · · · ⊕Nn is not essential in M , a contraddiction.

The case t = 0 is trivial. Suppose now we have constructed Xt and Yt and
we want to construct Xt+1 and Yt+1. Since k − t ≥ n− t > 0, Yt is non-
empty and we can consider the module C = (⊕Ni∈XtNi)⊕(⊕B∈Yt\{Bj}B).
If Ci = C ∩Ni 6= 0 for every i, then Ci is essential in every Ni and this
implies that D = ⊕Ci is essential in N . Since C contains D, C is
essential in M , against the hypotesis. This implies that there exists an
index l such that C ∩ Nl 6= 0. Considering now Xt+1 = Xt ∪ {Nl} and
Yt+1 = Yt \ {Bj} we can conclude.

(c) ⇒ (d) If (d) is not satisfied then we have an increasing sequence of
type N1 ≤ N2 . . . such that for every i there exits a j(i) such that Ni is
not essential in Nj(i). So consider B0 = N0, then there exists B1 ≤ Nj(0)

such that B0 ∩ B1 = 0. It suffices to proceed in this fashion in order to
obtain an infinite indipendent family of non-zero submodules of M .

(d)⇒ (a) If (a) does not hold then we have an infinite independent family
of modules {Bi | i ∈ I}. It suffices to consider the modules Ni = ⊕ni=0Bi

to obtain a contraddiction.

It is important to notice that, in Theorem 1.9, we have shown something
more than what is stated: if a module M contains a finite independent set of
cardinality n of uniform submodules such that their direct sum is essential
in M , then every other independent family of non-zero submodules of M
has cardinality ≤ n. These considerations make us able to define what is
known as the Goldie dimension of a module. We say that a module M has
infinite uniform dimension (or infinite Goldie dimension) if it contains an
infinite independent set of non-zero submodules, otherwise we say that the
module has finite uniform dimension; in particular, when a module M has
finite uniform dimension, we say that its dimension is n if the cardinality of
a maximal set of independent uniform submodules of M is n. We indicate
the dimension of M by dim(M), and since M in essential in E(M) we have
that dim(M) = dim(E(M)). Hence, when dim(M) = n, M contains a finite
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direct sum of uniform submodules which is essential in M , and we can write
E(M) = E(N1)⊕ · · · ⊕ E(Nn) where E1, . . . , En are indecomposable (and so
uniform) modules. We can say then, that a module M has uniform dimension
n if and only if E(M) is a direct sum of n non-zero indecomposable modules.

It is worth saying that the equivalent properties of Theorem 1.9 are equiv-
alent to ask M to have the minimum condition on closed submodules. In
particular noetherian and artinian modules have finite uniform dimension.

We can say something more about the dimension of an artinian module.
In fact we know that the socle of a module is just the intersection of all the
essential ideals of the module. If M is artinian then its socle is essential in
M , so we get that dim(M) = dim(soc(M)) which is just the composition
length of soc(M).

1.6 Local modules and semiperfect rings

In this section, we will see how the notion of being local can be extended
to modules and we will define semiperfect rings.

A module M is said to be local if it is cyclic and M/J(M) is a simple
module.

One can prove that if we take and idempotent element e of a ring R then
the following are equivalent:

(a) The ring eRe is local.

(b) The module eRR is local.

(c) The module RRe is local.

We say in this case that e is local.

We need also to define semiperfect rings, in fact this class of rings will
be deeply connected with the study of exchange modules with a finite direct
sum decomposition into indecomposables.

A ring R is said to be semiperfect if it satisfies one of the following equiv-
alent conditions:

(a) The module RR is a finite direct sum of local modules.

(b) The module RR is a finite direct sum of local modules.

(c) The unity element of R is the sum of finitely many ortoghonal local
idempotents.
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(d) The ring R/J(R) is semisimple and if x + J(R) is an idempotent of
R/J(R) there exists an idempotent element e ∈ R such that e − x ∈
J(R) (this means that idempotents lift modulo J(R), but we will give an
accurate definition later on).

1.7 Properties of injective and projective mod-

ules

In this section, we will give a more general notion of injectivity and pro-
jectivity for a module (Anderson and Fuller [2] pp. 184-185).

Let’s fix a module M and consider a module N . We will define a concept
of M -injectivity analogous to the usual concept of injectivity we know. So we
say that N is M -injective if for every submodule M ′ of M , every morphism
f : M ′ → N can be extended to a morphism from N to M . We say that a
module is quasi-injective if it is injective with respect to itself.

We can proceed in an analogous way to generalize the definition of “pro-
jective modules”. We say that a module M is projective with respect to
the module N (or N -projective) if for every epimorphism g : N → N̄ and
every morphism f : M → N̄ there exists a morphism h : M → N such that
g ◦ h = f . We say that a module is quasi-projective if it is projective with
respect to itself.

This kind of approach leads us to generalize some properties of injective
and projective modules to other classes of modules.

Theorem 1.10. Consider a module M . The class χ consisting of the modules
N such that M is N-injective is closed for homomorphic images, direct sums
and submodules.

The class χ consisting of the modules N such that M is N-projective is
closed under submodules, homomorphic images and finite direct sums.

Proof. We will just prove the first part of the theorem. The fact that χ is
closed for submodules its obvious. Suppose N ∈ χ and let N̄ be an homo-
morphic image of N through the application g, and N̄ ′ be a submodule of N̄ .
Call N ′ the preimage of N̄ ′ through g and consider a morphism f : N̄ ′ →M .
Then there exists a morphism h : N → M such that f ◦ g|N ′ = h|N ′ . But
N ′ contains the kernel of g, then ker(g) ⊆ ker(h) and so we can lift h to an
application h̄ from N̄ to M (and h̄ satisfies the requested properties).

Suppose now thatM is anNi-injective module for every i ∈ I and consider
N = ⊕i∈INi. We want to show that M is N -injective. Suppose that we have
a submodule N1 of N and a morphism f : N1 →M . Consider now the set S
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consisting of the couples (h, L) such that N ≤ L and h extends f . We can
order the couples in this way : (h, L) ≤ (h1, X) if L ⊆ X and h1 extends h.
We can apply Zorn’s Lemma to the preordered set S, so that we can choose
a maximal element (h̄, N̄). It suffices now to show that N̄ = N . Notice that
h̄ resctricted to N̄ ∩Ni can be extended to an application hi : Ni →M . If we
consider the application v : Ni+ N̄ →M , defined by v(x+y) = hi(x)+ h̄(y),
it is easy to check that it is well defined and it is a morphism (if x + y = 0
then x = −y so that v(x + y) = h̄(x) + h̄(−x) = 0). Therefore, every Ni is
contained in N̄ and we can conclude.

We say that a ring R is right self-injective if it is injective as a right
R-module. From Theorem 1.10, we can obtain almost immediately Baer’s
criterion, but we can say also a little bit more:

Theorem 1.11. If MR is an injective module with respect to the module NR,
and we assume that NR contains an isomorphic copy of the module RR, then
M is injective. In particular, R is right self-injective if and only if R is right
quasi-injective.

Proof. Notice that by Theorem 1.10 we have that M is R-injective. The
proof can be obtained in two ways. The first is two use Baer’s criterion, the
other one is to use Theorem 1.10 noticing that M is injective with respect
to every direct sum of copies of RR, and so it is injective with respect to
every homomorphic image of direct sums of RR. But since every module is
an homomorphic image of a direct sum of copies of RR we can conclude.

Now, we want to find now an analogue of some well known properties
of injective and projective modules in our new framework. In particular, we
know that every direct summand of an injective (resp. projective) is injective
(resp. projective) and that a direct product (resp. direct sum) of injectives
(resp projectives) is injective (resp. projective). Can we find something
similar for N -injective modules?

The following theorem shows that the answer is positive:

Theorem 1.12. Consider a module N . A direct product M = Πi∈IMi is
N-injective if and only if each Mi is N-injective. A direct summand of an
N-injective module is N-injective.

A direct sum ⊕i∈IMi is N-projective if and only if each Mi is N-projective.
A direct summand of an N-projective is N-projective.

Proof. We prove just the first part of the theorem since the second part can
be proved similarly. We indicate the projections of M on the Mi and the
inclusions of the Mi’s in M respectively by πi and ιi.
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Suppose that M is N -injective and consider a submodule H of N and a
morphism f : H →Mi. The application ιi◦f can be extended to a morphism
f̄ : N →M . It is easy to see that the morphism we are looking for is πi ◦ f̄ .

Suppose now that all the modules Mi are N -injective. Consider a sub-
module H of N and a morphism f : H → M . Then every πi ◦ f can be
extended to a morphism fi from N to Mi. By the Universal Property of
Direct Products, there exists ḡ : N → M such that πiḡ = fi. It is easy to
check that ḡ extends f .

It remains to prove the result for direct summands. Suppose that A is a
direct summand of M , where M is an N -injective module, suppose that we
have a morphism f : H → A, where H is a submodule of N , and call ιA the
inclusion of A in M . Then ιA ◦ f can be extended to a morphism g from N
to M . It is easy to check that the morphism we are looking for is πA ◦ g.

We know that if a module M has an injective submodule E, then E is
a direct summand of M . Can we extend this property also to N -injective
modules?

Theorem 1.13. Suppose that M is an N-injective module and that there
exists a monomorphism f : M → N . Then M is isomorphic to a direct
summand of N and is quasi-injective.

In particular, if N is indecomposable, or if f is essential, then f is an
isomorphism.

Proof. We have that M ∼= f(M) and since M is N -injective than f(M) is
quasi-injective (theorem 1.10); so there exists a morphism g : N → f(M)
such that g ◦ ι|f(M) = 1|f(M). This implies that ker(g) ∩ f(M) = 0. As
for every n ∈ N we have that n = n− (g(n)) + (g(n)), we obtain that
f(M)⊕ ker(g) = M .

An analogous statement holds for N -projective modules:

Theorem 1.14. Let M be an N-projective module and suppose there is an
epimorphism g : N →M . Then M is isomorphic to a direct summand of N
and therefore it is quasi-projective. If the module N is indecomposable or the
epimorphism g is small, we have that g is an isomorphism.

As an immediate consequence we obtain the following:

Theorem 1.15. If N ′ is a submodule of N and N/N ′ is N-projective, then
N ′ is a direct summand of N . In particular the cyclic module xR is projective
if and only if there exists an idempotent e ∈ R such that r(x) = eR (if and
only if r(x) is a direct summand of RR).
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Example 1.7.1. An example of a Z-module that is quasi-projective but
not projective is given by Z/4Z (it is immediate to verify that Z/4Z is not
projective but is quasi-projective).

1.8 Injective envelopes and quasi-injective mod-

ules

We have introduced in the previous sections quasi-injective modules. Are
we able to characterize this concept in another manner? We will prove that
quasi-injective modules correspond to endomorphism-invariant modules.

We say that a module is endomorphism-invariant if it is fully invariant
under endomorphisms of its injective envelope.

Let M be an endomorphism-invariant module and let N be a submodule
of M . Suppose we we have a morphism f : N → M ; we know that this
homomorphism can be extended to a morphism g : E(M) → E(M). But
since M is endomorphism-invariant we get that g|M(M) ⊆ M , therefore M
is quasi-injective. Does the opposite implication hold?

Theorem 1.16. A module M is quasi-injective if and only if it is endomorph-
ism-invariant.

Proof. It remains to show just one implication. Suppose that M is quasi-
injective and consider an endomorphism f of the injective envelope of M .
Consider now the submodule L = {m ∈ M | f(m) ∈ M} of M . Since M is
quasi-injective we can extend the morphism f|L to an endomorphism g of M ,
and g can be extended to a endmorphism h of E(M). We want to show that
h|M = f|M by contraddiction. Hence, suppose that (h − f)(M) 6= 0; then,
since M is essential in E(M), we obtain that (h− f)(M) ∩ (M) 6= 0. Then
there exist m, m′ ∈ M such that (h − f)(m) = m′. Then we obtain that
h(m)−m′ = f(m) and this means that m ∈ L. Therefore m′ = 0 and M is
endomorphism-invariant.

It is easy to notice that a module MR is quasi-injective if and only if M
is quasi-injective as a right R/r(M)-module.

Example 1.8.1. Let R be a commutative ring, let E be an injective R-
module and let I be an ideal in R. Then it is easy to prove that E[I] =
{m ∈ E | mi = 0 for every; i ∈ I} is quasi-injective. In particular Z/pnZ is
quasi-injective but not injective (it is simply E[pnZ] where E is the Prüfer
Group Z(p∞)).
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We will see during this section that being uniform or being indecom-
posable are exactly the same thing for a quasi-injective module. So a conse-
quence of theorem 1.7 is that, for a quasi-injective module M , it is equivalent
to say that M is indecomposable or that End(E(M)) is local (which is indeed
equivalent to say that E(M) is indecomposable).

Lemma 1.17. Let M be a quasi-injective module and let E(M) = ⊕i∈IXi be
a direct sum decomposition of E(M). Then M = ⊕′i∈IX ′i, where X ′i = Xi∩M .

Proof. Let πi be the endomorphisms of E(M) that send each element to its
projection onXi. SinceM is endomorphism-invariant we get that πi(M) ⊆M
and every element of M has a decomposition of the type m = Σxi such that
xi ∈ Xi for every i ∈ I. But then we get that πi(m) ∈ X ′i. So in particular
we get that M = ⊕i∈IX ′i.

Using Lemma 1.17, we get the following theorem:

Theorem 1.18. The following are equivalent for a non-zero right quasi-
injective module M :

(a) The module M is indecomposable.

(b) The module M is uniform.

(c) The ring End(M) is local.

(d) The module E(M) is indecomposable.

(e) The module E(M) is uniform.

(f) The ring End(E(M)) is local.

Proof. We already know, from Theorem 1.7, that (b), (d), (e), (f) are equiv-
alent.

Let’s show that (a)⇒ (b). Assume that M is not uniform. Then we have
that there exits two non-zero submodules A, B of M such that A ∩ B = 0.
Therefore, E(M) = E(A)⊕ E(B)⊕ C and so by Lemma 1.17 we have that
M = A′⊕B′⊕C ′ where A′ = M ∩A, B′ = M ∩B and C = C ∩M . Since M
is indecomposable we have that two between A′, B′ and C ′ must be equal to
0. Hence, since M is essential in E(M) we get that two between A, B and
C must be equal to 0. So M is uniform.

(f)⇒ (c) By Theorem 1.16, we have a surjective morphism of rings

α : End(E(M))→ End(M).

Since End(E(M)) is local, then we get that End(M) is local.
The other implications are easy.
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Now we want to define a class of modules which contains the quasi-
injective modules.

We say that a module M is quasi-continuous if for every direct sum de-
composition of its injective envelope E(M) = ⊕i∈IXi we have M = ⊕i∈IX ′i,
where X ′i = Xi ∩M .

From Theorem 1.18, we get that every quasi-injective module is quasi-
continuous.

There is a deep connection beetween idempotent-invariant modules (mod-
ules which are invariant under idempotent endomorphisms of their injective
envelope) and quasi-continuous modules. In fact, the following holds:

Theorem 1.19. The following are equivalent for a right R-module M :

(a) The module M is quasi-continuous.

(b) The module M is idempotent-invariant.

(c) Every idempotent morphism of each submodule of M can be extended to
an endomorphism of E(M).

(d) Every idempotent morphism of each submodule of M can be extended to
an idempotent endomorphism of E(M).

(e) Every submodule of M is an essential submodule of some direct summand
of M and for any two direct summands X, Y of M with X ∩ Y = 0 we
have that X ⊕ Y is a direct summand of M .

(f) For every submodule X = X1 ⊕ · · · ⊕Xn of M there exists a direct sum
decomposition of M = M1 ⊕ · · · ⊕Mn ⊕ Y such that Mi is an essential
extension of Xi for every i = 1, · · · , n.

(g) For every submodule X = M1 ⊕ · · · ⊕Mn ≤e M such that the Mi are
closed in M , we have that X = M .

Proof. We will not prove all the implications.
(c)⇒ (b). Let α be an idempotent morphism of the injective envelope

of M and consider the set N = {m ∈ M | α(m) ∈ M}. The set N is a
submodule of M . Consider the resctriction of α to N ; by (c) we know it
has an extension to an endomorphism f of M , and so to an endomorphism
g of E(M). We want to show that (α − g)(M) = 0. Suppose that’s not
the case so that (α − g)(M) 6= 0. Since M is essential in E(M) we have
that M ∩ (α− g)(M) 6= 0, so there exist two elements m, m′ in M such that
m = (α−g)(m′). Then we get that α(m′) = (α−g)(m′)+g(m′) = m+g(m′)
and this means that m′ ∈ N , but then (α− g)(m′) = 0.
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(b)⇒ (a). Consider the direct sum decomposition of E(M) given by
E(M) = ⊕i∈IXi; we want to show that M = ⊕i∈IX ′i where X ′i = Xi ∩M .
Consider now the endomorphisms πi of the injective envelope given by the
projection of the injective envelope into its direct summands Xi. Every
element m ∈ M can be written as a sum m = Σi∈Ixi. Since the πi are
idempotent we get that πi(m) ∈ X ′i, therefore M = ⊕i∈IX ′i.

One can prove that a right R-module M is quasi-continuous if and only
if it is quasi-continuous as a right R/r(M)- module.

It is easy to notice that every non-zero submodule of a uniform module
is quasi-continuous and uniform (it suffices to apply (f) of Theorem 1.19).

We say that a module M is continuous if the following hold:

(a) every submodule of M is essential in a direct summand of M .

(b) every submodule of M which is isomorphic to a direct summand of M is
a direct summand of M .

In particular one can show, and it is not difficult, that continuous modules
are quasi-continuous. It is also possible to show, but it’s not immediate ([18]),
that quasi-continuous modules satisfying the finite exchange property, satisfy
the exchange property (we will see in the next section what that means).

Theorem 1.20. The following are equivalent for a right R-module M :

(a) The module M is continuous.

(b) Every submodule of M isomorphic to a closed submodule of M , is a direct
summand of M .

(c) The module M is quasi-continuous and, for every endomorphism f of M
such that ker(f) is a closed submodule of M , the submodules ker(f) and
f(M) are direct summands of M .

(d) The module M is quasi-continuous and, for every endomorphism f of M ,
if ker(f) is a direct summand of M , then also f(M) is a direct summand
of M .

We can now prove the following :

Theorem 1.21. Every quasi-injective module is continuous.

Proof. We want to prove that every submodule of M which is isomorphic to
a closed submodule of M is a direct summand of M . To do that consider H,
a closed submodule of M , and consider a monomorphism f : H → M ; we
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set N ≡ f(H). Since a quasi-injective is quasi-continuous, by (f) of Theorem
1.19, we get that M = H ⊕C. Consider πH the projection of M onto H and
f−1 : N → H. Since M is quasi-injective ιH ◦ f−1 can be extendend to an
endomorphism g of M . Let u = f ◦ πH ◦ g, then for every n ∈ N we have
that u(n) = f ◦ πh ◦ ιH ◦ f−1(n) = n. This means that

M = Ker(u)⊕ u(N) = Ker(u)⊕N

(for every m ∈M we have that m = m− u(m) + u(m)).

Corollary 1.22. Let M be a quasi-continuous right R-module. Then M is
continuous if and only if M has the property that every isomorphism f : H →
N , where N is a submodule of M and H is a closed submodule of M , is such
that f−1 can be extended to an endomorphism of M .

Proof. See the proof of Theorem 1.21.

1.9 Exchange modules

In this section we will introduce exchange modules. In particular, we
will see that quasi-injective modules satisfy the exchange property and that
a module MR has the finite exchange property if and only if R = End(MR)
is an exchange ring.

It is known that if A, B and C are submodules of M such that C ≤ A,
then the modular identity holds: A ∩ (B + C) = (A ∩B) + C.

From the modular identity, one obtains that ifM = A⊕C andA ≤ B ≤M ,
then B = A⊕D where D = B ∩ C.

In fact, we have that B ∩ (C + A) = (B ∩ C) + A.
We say that a module M has the τ -exchange property, where τ is a

cardinal, if everytime we have a decomposition N = M ′⊕C = ⊕i∈INi, where
M ∼= M ′ and |I| ≤ τ , there exist N ′i ≤ Ni such that N = M ′ ⊕ (⊕i∈IN ′i).
Notice that in this case we have N ′i ≤ Ni ≤ N ′i ⊕M ′ ⊕ (⊕j∈I,j 6=iN ′j), and by
the previous considerations we get that Ni = N ′i ⊕D where

D = Ni ∩ (M ′ ⊕ (⊕j∈I,j 6=iN ′j)).

So in particular the N ′i ’s are direct summands of the Ni’s.
We say that a module has the exchange property if it has the τ -exchange

property for every cardinal τ . We say that a module M has the finite ex-
change property if it has the n-exchange property for every finite cardinal
n.
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Lemma 1.23. Let G, M ′, P , N and (Ai | i ∈ I) be modules such that

G = M ′ ⊕N ⊕ P = (⊕i∈IAi)⊕ P.

Suppose that
G/P = (M ′ + P )/P ⊕ (⊕i∈IBi + P )/P

with Bi ≤ Ai for every i ∈ I; then we have that G = M ′ ⊕ (⊕i∈IBi)⊕ P .

Proof. We get automatically that M ′+ Σi∈IBi +P = M and we have just to
show that this sum is direct. Suppose that m+ Σbi + p = 0 where m ∈ M ′,
bi ∈ Bi and p ∈ P . Then we get that m ∈ P and bi ∈ P for every i ∈ I and
this implies that m = 0, bi = 0 for every i ∈ I and p = 0.

An immediate consequence of Lemma 1.23 is that:

Theorem 1.24. Let M be a module with the τ -exchange property and let G,
M ′, P , N , (Ai | i ∈ I) be modules such that |I| ≤ τ , M ′ ∼= M and

G = M ′ ⊕N ⊕ P = (⊕i∈IAi)⊕ P

Then there exist Bi ≤ Ai such that Bi is a direct summand of Ai for every
i ∈ I and G = M ′ ⊕ (⊕i∈IBi)⊕ P .

We are now interested in proving that the class of τ -exchange modules is
closed under finite direct sums and direct summands.

Theorem 1.25. Let M = M1 ⊕M2. Then M has the τ -exchange property
if and only if M1 and M2 have the τ -exchange property.

Proof. We prove just one direction. Suppose that M1 and M2 have the τ -
exchange property and consider G = M ′ ⊕N = ⊕i∈IAi where M ′ ∼= M and
M ′ = M ′

1 ⊕M ′
2 where M ′

1
∼= M1 and M ′

2
∼= M2. Since M1 has the exchange

property we can find A′i ≤ Ai such that

G = M ′
1 ⊕M ′

2 ⊕N = M ′
1 ⊕ (⊕A′i).

Since M2 has the τ -exchange property we can conclude using Theorem 1.24.

It is pretty simple to show that, a finitely generated module M has the
exchange property, if and only if M is a direct summand of a direct sum of
finitely generated modules with the finite exchange property.

We now want to show that for a module, the finite exchange property is
equivalent to the 2-exchange property.
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Theorem 1.26. A module has the finite exchange property if and only if it
has the 2-exchange property.

Proof. We can prove this result by induction, in particular we want to show
that if M has the n-exchange property than it has the n+1 exchange property
for all n ≥ 2. Let now G = M ′ ⊕ N = ⊕n+1

i=1 Ai and H = ⊕ni=1Ai. Since M
has the n-exchange property it has also the 2-exchange property, so there
exist A′n+1 ≤ An+1 and H ′ ≤ H such that G = M ′ ⊕ A′n+1 ⊕ H ′. By the
usual techniques, we get H = H ′ ⊕H ′′, where H ′′ = H ∩ (M ′ ⊕ A′n+1), and
An+1 = A′n+1 ⊕Bn+1, where Bn+1 = An+1 ∩ (H ′ ⊕M ′). From

G = M ′ ⊕H ′ ⊕ A′n+1 = (H ′′ ⊕Bn+1)⊕ (H ′ ⊕ A′n+1)

, we notice that H ′′ must be isomorphic to a direct summand of M ′ and so
has the n-exchange property (Theorem 1.25). Therefore there exist Bi ⊆ Ai
such that H = H ′′ ⊕ (⊕ni=1Bi). Since H ′′ ≤ M ′ ⊕ A′n+1 ⊆ H ′′ ⊕ H ′ ⊕ An+1

we have a decomposition M ′ ⊕ A′n+1 = H ′′ ⊕H ′′′ in the usual way. Then

G = H ′′′ ⊕H = B1 ⊕ · · · ⊕Bn ⊕ A′n+1 ⊕M ′.

Now, we want to to show that every quasi-injective module has the ex-
change property.

Theorem 1.27. Let M be a quasi-injective module. Then M has the ex-
change property.

Proof. By Theorem 1.21, every quasi-injective module is continuous. Let
G = M ⊕ C = ⊕i∈INi. Set N ′i = Ni ∩ C. Consider now the set Ω consisting
of the modules P such that:

P = ⊕i∈IPi, with N ′i ≤ P ≤ Ni and P ∩M = 0. Ordering Ω by set
inclusion it is easy to see that we can apply Zorn’s Lemma, so we can find
a maximal element X = ⊕i∈IXi of Ω. Consider now Qj, j ∈ J , such that
Xj < Qj ≤ Nj, and call h the projection of G on G/X. By the maximality
of X, it follows that (X +Qj) ∩M 6= 0 and (Qj +X) ∩M is not contained
in X. This implies that

0 6= h(M) ∩ h(Qj +X) = h(M) ∩ h(QJ) = h(M) ∩ h(Nj) ∩ h(Qj).

This means in particular that h(M)∩ h(Nj) is essential in h(Nj). Hence,
⊕j∈I(h(M)∩h(Nj)) is essential in ⊕i∈Ih(Ni) = h(G). In particular, h(M) is
essential in G.
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Consider now the projection πC of G over C. Since Ni∩Ker(πC) = N ′i it
follows that Ni/N

′
i is isomorphic to a submodule of M . Let N ′ = ⊕i∈IN ′i . By

Theorem 1.10, we obtain that M , being M -injective, is G/N ′ = ⊕i∈INi/N
′
i-

injective. Since h(G) is an homomorphic image of G/N ′ we get that M is
h(G)-injective and therefore h(M) ∼= M is h(G)-injective. From Theorem
1.13, we get that h(M) is a direct summand of h(G), and since h(M) is
essential in h(G), we get that G = M ⊕X.

We say that a ring R has the exchange property if, for any two elements
r1 and r2 of R such that r1 + r2 = 1, there exist two idempotents e ∈ r1R,
f ∈ r2R such that e+ f = 1.

Theorem 1.28. Let M be a right S-module and let R = End(MS). Then
the following are equivalent:

(a) The module M has the finite exchange property.

(b) The ring R is exchange.

(c) For any two elements r1 and r2 of R such that r1 + r2 = 1 there exist
two idempotents e ∈ Rr1, f ∈ Rr2 such that e+ f = 1.

The previous theorem says in particular that the definition we have given
on the right for an exchange ring, is equivalent to the one on the left given
in Theorem 1.28 (c). The next result gives consistence to the nomenclature
used:

Theorem 1.29. The following are equivalent for a ring R:

(a) R is an exchange ring.

(b) The module RR is exchange (it is equivalent to ask the same condition
on the left).

(c) If f1 + · · ·+ fn = 1, with the fi idempotents, then there exist orthogonal
idempotents ei, for i = 1, · · · , n, such that e1 + · · ·+ en = 1 and ei ∈ Rfi
for every i (this condition is left-right symmetric).

(d) Every finitely generated projective right R-module is an exchange module
(this condition is left-right symmetric).

(e) There is a unitary subring S of R such that S is exchange.

(f) The ring R is isomorphic to a factor ring of a product of exchange rings.



1.9. EXCHANGE MODULES 21

Theorem 1.30. The following are equivalent for a non-zero right R-module
M :

(a) The module M has the finite exchange property.

(b) There exists a direct sum decomposition M = ⊕ni=1Mi such that all the
endomorphism rings End(Mi) are exchange rings.

(c) There exist orthogonal idempotents e1, . . . , en ∈ End(M) such that

e1 + · · ·+ en = 1

and eiEnd(M)ei is an exchange ring for every i = 1, . . . , n.

Let R be a ring and I a two sided ideal of R. We say that the idempotents
of R lift modulo I if, every time we have an idempotent element x+I in R/I,
there exists an idempotent e ∈ R such that e − x ∈ I. The next theorem
points out that a ring R is exchange if and only if R/J(R) is exchange and the
idempotents of R lift modulo J(R). This result is of particular importance
and will be used to derive important results in the next chapters.

Theorem 1.31. For a ring R the following are equivalent:

(a) The ring R is exchange.

(b) There exists an ideal I ⊆ J(R) such that R/I is an exchange ring and
idempotents can be lifted modulo I.

(c) The ring R/J(R) is exchange and idempotents of R lift modulo J(R).

(d) For every element x ∈ R there exists an idempotent e ∈ R such that
R = eR + (1− x)R.

(e) every idempotent of R can be lifted modulo every right ideal (this property
is left-right symmetric).

It is not difficult to show that a ring R is an exchange ring without
nontrivial idempotents if and only if R is local. It can be also shown that:

Theorem 1.32. A module M is an indecomposable exchange module if and
only if End(M) is local.

In particular, if we have an exchange module M which is a finite direct
sum of idecomposables, all its direct summands have local endomorphism
ring. It is then natural the following theorem:
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Theorem 1.33. The following are equivalent for a non-zero module M :

(a) The module M is exchange and is the direct sum of finitely many inde-
composable modules (or M is a finite direct sum of modules with local
endomorphism ring).

(b) The module M is a finite direct sum of modules whose endomorphism
rings are semiperfect.

(c) The ring End(M) is semiperfect.



Chapter 2

Modules invariant under
automorphisms of their
envelopes

2.1 First properties of envelopes

We know that every right R-module M has an injective envelope E(M)
with the nice properties we recalled in the previous chapter. We would like
now to take advatage of those properties, in order to give a more general
definition of “envelope”.

Given a ring R and a class χ of right R-modules closed under isomor-
phisms, a χ-preenvelope of a right R-module M , is a morphism u : M → X,
with X ∈ χ, such that, for every morphism u′ : M → X ′, with X ′ ∈ χ,
there exists an homomorphism f : X → X ′ that factors u′, in other words,
u′ = f ◦ u.

The definition of a χ-preenvelope is not completely satisfactory. In fact,
assume that M is a module with a χ-preenvelope u : M → X. To build a new
concept of “envelope”, we would like to have unicity up to isomorphism of the
module X, analogously to the case of injective envelopes. It is then natural
to give the following definition: we say that a χ-preenvelope u : M → X(M)
is a χ-envelope if for every morphism of right R-modules h : X(M)→ X(M)
such that h ◦ u = u, h is an automorphism.

It is easy to prove the following:

Theorem 2.1. Suppose that M is a module with χ-envelope u : M → X(M).
Then, if u′ : M → X is an another χ-envelope of M , X is isomorphic to
X(M).

23
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Proof. Suppose that u : M → X(M) and u′ : M → X ′ are two envelopes
of M . By the definition of a χ-preenvelope, we know that there exist two
morphisms f : X(M) → X ′ and f ′ : X ′ → X(M) such that u′ = f ◦ u,
u = f ′ ◦u′. We immediately obtain that f ◦f ′ ◦u′ = u′ and f ′ ◦f ◦u = u. By
the definition of χ-envelope, we obtain that f ◦f ′ and f ′◦f are isomorphisms,
so f and f ′ are isomorphisms too.

We say that the class χ is enveloping, if each right R-module has a χ-
envelope. In particular, the class of injective objects is an enveloping class.

When a χ-(pre)envelope u of a module M is monomorphic we say that the
χ-(pre)envelope is monomorphic. As in the injective case, it is natural to ask
whether a direct sum decomposition of a module M of type M = M1 ⊕M2,
where M1 and M2 are right R-modules with a χ-envelope, leads to a χ-
envelope of M . By the following theorem, the answer is positive.

Theorem 2.2. Let M be a right R-module and let M1 and M2 be sub-
modules of M such that M = M1 ⊕M2. Suppose that M1 and M2 have χ-
(pre)envelopes, respectively u1 : M1 → X(M1) and u2 : M2 → X(M2). Then
u1 ⊕ u2 : M → X(M1)⊕X(M2) is a χ-(pre)envelope of M .

Proof. If u′ : M → X ′ is a morphism, with X ′ ∈ χ, then we have that
u′ ◦ ιM1 = f1 ◦ u1 and u′ ◦ ιM2 = f2 ◦ u2 for some f1 : X(M1) → X ′,
f2 : X(M2) → X ′ (here ιM1 and ιM2 are just the inclusions of M1 and M2

into M). By the Universal Property of Direct Sums, we get that there exists
f : X(M1) ⊕ X(M2) → X ′ such that f ◦ ιX(M1) = f and f ◦ ιX(M2) = f2

(here ιX(M1) and ιX(M2) are just the inclusions of X(M1) and X(M2) into
X(M1) ⊕ X(M2)). It is immediate to verify that f ◦ (u1 ⊕ u2) = u′, so in
particular u1 ⊕ u2 is a χ-preenvelope of M . It is easy to verify that u1 ⊕ u2

is also a χ-envelope of M .

2.2 Automorphism and endomorphism invari-

ant modules

In this section, given a module M , we will usually use the expression
“χ-envelope of M” referring to an object of the class of isomorphic objects
{X ∈ χ | ∃u : M → X χ-envelope} or to couples of the form (u,X(M)),
where u : M → X(M) is a χ-envelope of M .

As in the injective case, we could ask which modules are invariant under
endomorphisms or automorphisms of their χ-envelope.
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We say that a module M , with χ-envelope X(M), is χ-endomorphism
invariant if, for every endomorphism g : X(M) → X(M), there exists an
endomorphism f of M such that g ◦ u = u ◦ f .

We say that a module M , with χ-envelope X(M), is χ-automorphism
invariant if, for every automorphism g : X(M) → X(M), there exists an
endomorphism f of M such that g ◦ u = u ◦ f .

It is pretty natural to wonder whether the endomorphism f in the last def-
inition is an automorphism. The answer is positive whenever the χ-envelope
u is monomorphic.

Theorem 2.3. Suppose that M has a monomorphic envelope u : M → X(M)
and that M is χ-automorphism invariant. Then, if g is an automorphism of
X(M), and f is an endomorphism of M such that g ◦ u = u ◦ f , f is an
isomorphism.

Proof. Since g is an automorphism there exists an endomorphism f ′ of M
such that g−1 ◦ u = u ◦ f ′. Then u = u ◦ f ′ ◦ f = u ◦ f ′ ◦ f , and since u is
monomorphic we have that f is an isomorphism.

It is worth noticing that similarly to the case of a quasi-injective module
M , where we built a ring homomorphism α : End(E(M))→ End(M) (Theo-
rem 1.18), we can build a group homomomorphism ∆ : Aut(X(M))→ Aut(M)
for every χ-automorphism invariant moduleM with a monomorphic χ-envelope
u : M → X(M), associating to an automorphism g the automorphism f of
M such that g ◦ u = u ◦ f (it is well defined since u is a monomorphism). In
particular, the kernel of the map ∆, is given by the automorphisms g such
that g ◦ u = u. We will call this kernel the Galois group of the envelope u
and we indicate it with the symbol Gal(u).

We will see in the next sections, examples of χ-automorphism invariant
modules that are not χ-endomorphism invariant. But we can prove in some
cases that a χ-automorphism invariant module is χ-endomorphism invariant:

Theorem 2.4. Suppose that M is a χ-automorphism invariant right R-
module with χ-envelope M

u−→ X(M) and suppose that every element of

End(X(M)R)/J(End(X(M)R))

is the sum of units, then M is χ-endomorphism invariant.

Proof. Suppose we can show that every element of End(X(M)) can be writ-
ten as the sum of some units. Then since M is χ-automorphism invariant we
obtain immediately that M is χ-endomorphism invariant.
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We now have to show that the fact that each element of

End(X(M)R)/J(End(X(M)R))

can be written as the sum of two units implies that every element of

Q = End(X(M))

is the sum of two units. Suppose that r + J(Q) = i + j + J(Q) where r, i,
j ∈ R and i + J(Q) and j + J(Q) are units. Since i + J(Q) is a unit there
exists an i′ ∈ R such that 1 − ii′ ∈ J(Q). By the usual properties of the
Jacobson radical, we have that 1− (1− ii′) = ii′ is invertible in R. We can
do the same on the other side and in particular we obtain that i is invertible
(the same thing holds for j). By construction, there exists an r′ ∈ J(Q)
such that r = i + j + r′, but then it is sufficient to rewrite this equality as
r = i+ j + (r′ − 1) + 1 to conclude.

Theorem 2.4 suggests that to study χ-endomorphism invariant modules,
it is important to study the unit structure of rings.

We now give a result which answers the following question: is a direct
summand of a χ-automorphism invariant module, χ-automorphism invari-
ant?

Theorem 2.5. Let M be a χ-automorphism invariant module and assume
that every direct summand N of M has a χ-envelope.

Then every direct summand of M is χ-automorphism invariant.

2.3 Von Neumann regular rings

Von Neumann regular rings will play a fundamental role in the next sec-
tions, so we will collect here some results.

We say that a ring R is Von Neumann regular if for every element a ∈ R
there exists an element x ∈ R such that a = axa. It is not difficult to prove
the following:

Theorem 2.6. A ring is Von Neumann regular if and only if every finitely
generated right ideal is generated by an idempotent.

Proof. Suppose first that every finitely generated right ideal can be generated
by an idempotent. Let a ∈ R, then aR = eR for an idempotent e ∈ R.
This implies that there exist x, x′ ∈ R such that ax = e, ex′ = a, but then
axa = e2x′ = ex′ = a. Now suppose that R is Von Neumann regular. It
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is easy to show that every cyclic right ideal I = aR is generated by an
idempotent. Consider in fact x ∈ R such that axa = a. Then axR = aR. To
show that every finitely generated right ideal I is generated by an idempotent
it suffices to show that if I is generated by two elements, then I is generated
by ad idempotent. Suppose I = x1R + x2R, then there exists e1 ∈ R such
that x1R = e1R and we have that I = e1R + (1− e1)x2R. Consider now an
idempotent e2 ∈ R such that (1 − e1)x2R = e2R and set e3 = e2(1 − e1).
In particular there is an element x3 ∈ R such that e2 = (1 − e1)x2x3. It is
then easy to notice that e3e1 = 0, e1, e3 = 0, e2R = e3R and that e3 is an
idempotent. Thus I = e1R+e3R, e1+e3 is an idempotent and I = (e1+e3)R;
in fact for every element eiri in eiR we want to build it is sufficient to consider
(e1 + e3)eiri = eiri.

It is an immediate consequence of Theorem 2.6 that the Jacobson radical
of a Von Neumann regular ring R is zero; in fact if x ∈ J(R), then xR =
eR ⊆ J(R) for some idempotent e ∈ R, but as (1 − e) is invertible, we get
that e = 0.

We can now prove the following:

Theorem 2.7. Every Von Neumann regular ring has the exchange property.

Proof. Theorem 2.6 implies that a Von Neumann regular ring S satisfies the
property that if r1 and r2 are two elements of S such that r1 + r2 = 1, there
exist e ∈ r1R and f ∈ r2R idempotents such that f + e = 1.

Another important characterization of Von Neumann regular rings is the
following:

Theorem 2.8. A ring R is Von Neumann regular if and only if every right
R-module is flat.

Let R be a ring and let M be a right R-module. We indicate by Z(M) the
set of all m ∈M such that r(m) ≤e R and we call it the singular submodule
of M (it is not difficult to show that Z(M) is a submodule of M). We say
that a module M is singular if Z(M) = M and we say that M is nonsingular
if Z(M) = 0.

Theorem 2.9. Let R be a ring. If all the principal right ideals of R are
projective, then Z(R) = 0.

Proof. Consider an element r ∈ R with r 6= 0. We have a split exact sequence
0 → r(r) → R → rR → 0. Then r(r) is a direct summand of R and since
r(r) 6= R, we have that r(r) cannot be essential in R.
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Corollary 2.10. In a Von Neumann regular ring Z(RR) = 0.

Proof. The proof is straightforward: every principal right ideal in a Von
Neumann regular ring is generated by an idempotent, and so it is projective.
Hence, applying Theorem 2.9 we can conclude.

Corollary 2.11. In a Von Neumann regular ring the right annihilator of a
principal right ideal is generated by an idempotent element.

Proof. Look at the proof of Theorem 2.9.

We state now a theorem that will be useful in the last chapter.

Theorem 2.12. A commutative ring is Von Neumann regular if and only if
the simple right R-modules are injective.

Now we give some results about singular and nonsingular modules that
will be helpful in the future.

Theorem 2.13. Let M be a right R-module. Then M is nonsingular if and
only if HomR(N,M) = 0 for every singular right R-module N .

Proof. If M is nonsingular, then for very morphism f : N →M , where N is
a singular submodule, we have that f(N) = f(Z(N)) ≤ Z(M) = 0. Then
HomR(N,M) = 0.

Let’s now show the opposite. We have that Hom(Z(M),M) = 0, so also
the natural inclusion of Z(M) into M is 0 and we can conclude.

Theorem 2.14. Let M , N and C be right R-modules such that N ≤ M ,
M/N is singular and C is nonsingular. Then if gi : M → C for i = 1, 2 are
two homomorphisms that coincide on N , we have that g1 = g2.

Proof. Since by Theorem 2.13 HomR(M/N,C) = 0, we have an exact se-
quence 0→ HomR(M,C)→ HomR(N,C).

2.4 Endomorphism rings of quasi-injective mod-

ules

Consider a quasi-injective module M . In this section, we want to prove
that the End(M)/J(End(M)) is Von Neumann regular, right self-injective
and that End(M) has the property of the lifting of the idempotents modulo
the Jacobson radical.
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Theorem 2.15. Let M be a quasi-injective right R-module and let Q=End(MR)
be its endomorphism ring. Then J(Q) = {f | ker(f) ≤e M} and Q/J(Q) is
Von Neumann regular.

Proof. Let’s show that K = {f | ker(f) ≤e M} is a two sided ideal of Q. If f ,
g ∈ K, thenKer(f)∩Ker(g) ⊆ Ker(f+g) and so ker(f+g) ≤e M . Consider
now any element h ∈ Q. Since ker(f) ⊆ ker(h ◦ f) then Ker(h ◦ f) ≤e M
and since h−1(Ker(f)) ⊆ Ker(f ◦ h) and h−1(Ker(f)) ≤e M we have that
Ker(f ◦ h) ≤e M . So we have obtained that both h ◦ f and f ◦ h belong to
K, and this means that K is a two sided ideal of R.

We want to show that K ⊆ J(Q); we know that the Jacobson radical of a
ring S coincides with the elements r ∈ S such that 1−sr is left invertible for
very s ∈ S, but since K is an ideal it is sufficient to show that for any element
f ∈ K we have that (1−f) is left invertible. Since ker(f) ∩ ker(1− f) = 0 we
have that (1− f) is a monomorphism. So we can consider h : (1− f)(M)→
M , the inverse map of 1 − f on (1 − f)(M). Since M is quasi-injective
the map h can be extended to an endomorphism g of M and we have that
g ◦ (1− f) = 1.

Since the Jacobson radical of a Von Neumann regular ring is 0, in order
to show that K = J(Q) it is enough to show that Q/K is Von Neumann
regular. Let f be an endomorphism of M and let B be a ∩-complement of
ker(f) in M . Then we have that f|B : B → f(B) is an isomorphism and we
can call h its inverse. We have then that h ◦ f is the identity on B and so
(f ◦ h ◦ f − f)(B) = 0; this implies that ker(f) ⊕ B ≤ Ker(f ◦ h ◦ f − f)
and since Ker(f)⊕B ≤e M we have that f ◦ h ◦ f − f ∈ K, hence, Q/J(Q)
is Von Neumann regular.

By the following theorem, if M is a quasi-injective right R-module, the
surjective ring homomorphism

α : End(E(M))→ End(M),

induces an isomorphism

End(MR)/J(End(MR)) ∼= End(E(MR))/J(End(E(MR))).

Theorem 2.16. Consider a quasi-injective right R-module M and define
Q = End(M), T = End(E(M)). Then the morphism α : T → Q induces an
isomorphism between T/J(T ) and Q/J(Q).

Proof. We know that the morphism α is surjective, so we have only to show
that α−1(J(Q)) = J(T ). We can obtain easily that α−1(J(Q)) ≤ J(T ). In
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fact, if f ∈ J(Q), then Ker(f) ≤e M and, if g is an application that extends
f , we have that Ker(f) ≤ Ker(g); this implies that Ker(g) is essential in
E(M) since Ker(f) is essential in M . To show that α(J(T )) ≤ J(Q) it
is sufficient to consider g ∈ J(T ) and notice that f = α(g) is such that
Ker(g) ∩M ⊆ Ker(f), and so Ker(f) is essential in M .

We already proved that a quasi-injective module has the exchange prop-
erty, but we will be able to achieve this result in another way.

Theorem 2.7 states that a Von Neumann regular ring is exchange. If
we are able to prove that for a quasi-injective module M its endomorphism
ring Q has the property of the lifting of idempotents modulo its Jacobson
radical, we get that Q is an exchange ring (Theorem 1.28); if this is true,
quasi-injective modules satisfy the finite exchange property, therefore the
exchange property (we already pointed out that quasi-continuous modules
with the finite exchange property satisfy the exchange property; see section
1.8).

The next theorem will show that the endomorphism ring of an injective
module has the property of the lifting of idempotents modulo its Jacobson
radical. Notice that this automatically implies that the ring of endomorphism
of a quasi-injective module has the property of the lifting of idempotents
modulo its Jacobson radical. In fact, with the same notations as in Theorem
2.16, we have that every idempotent ē of Q/J(Q) comes from an idempotent
f̄ ∈ T/J(T ), and (by the following theorem) f̄ lifts to an idempotent f in T .
Then α(f) is an idempotent lifting ē.

Theorem 2.17. Let M be an injective right R-module with endomorphism
ring Q. Then every idempotent of Q lifts modulo J(Q).

Proof. Consider f such that f − f 2 ∈ J(Q), and call f̄ the projection of f in
Q/J(Q). Since f̄ − f̄ 2 = 0, Ker(f − f 2) ≤e M .

It is easy to see that f(Ker(f − f 2)) ≤ Ker(1− f) and that

(1− f)(Ker(f − f 2)) ≤ Ker(f).

We obtain then that Ker(f − f 2) ⊆ Ker(f)⊕Ker(1− f), and so

Ker(f)⊕Ker(1− f)

is essential in M . Since M has two direct summands such that their sum
is essential, we get that M = E(Ker(f))⊕ E(Ker(1− f)). Call π1 and π2

respectively the projections of M on E(Ker(f)) and E(Ker(1−f)); we have
then that π2 coincides with f on Ker(f)⊕Ker(1− f) and this implies that
π2 − f ∈ J(Q).
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We would like to prove that the endomorphism ring Q of a quasi-injective
module M is such that Q/J(Q) is right self-injective, but to do so we need
some results.

Lemma 2.18. Let M be an injective right R-module, let Q = End(MR) and
let Q̄ = Q/J(Q) (we will then indicate the projection of an element f ∈ Q
over the factor ring Q̄ as f̄). Suppose that there exist two idempotents e,
f ∈ Q such that ēQ ∩ ¯fQ = 0. Then we have that e(M) ∩ f(M) = 0.

Proof. We need to slightly change f in order to obtain f̄ e = 0. Since Q̄
is Von Neumann regular by Theorem 2.15, we have that ēQ ⊕ ¯fQ is gener-
ated by an idempotent q̄, hence, there exists a right ideal I ∈ Q̄ such that
Q̄Q̄ = ēQ⊕ ¯fQ⊕ I. Since J = ēQ⊕ I and ¯fQ are such that J ⊕ ¯fQ = Q̄Q̄,
there exists an idempotent x ∈ Q̄ such that xQ̄ = ¯fQ and (1 − x)Q̄ = J .
By Theorem 2.17, there exists an idempotent h ∈ Q such that h̄ = x, and in
particular we have that h̄Q = ¯fQ and h̄e = 0 (this is true since there exists
a q ∈ Q̄ such that ē = (1 − x)q). Since ¯fQ = h̄Q we have that f̄h = h̄ and
h̄f = f̄ , in fact there exists a q′′ ∈ Q̄ such that h̄q′′ = f̄ = h̄hq′′ = h̄f . We
have then that f̄ + f̄h(1− f̄) = h̄ and we set g = f + fh(1− f). Clearly g is
an idempotent and ḡQ = ¯fQ. Since fg = g and gf = f we immediately get
that f(M) = g(M).

We now substitute f with g so that we can suppose that ¯fQ∩ ēQ = 0 and
f̄ e = 0. Since fe ∈ J(Q) we have that K = Ker(fe) ≤e M , and this implies
that K ∩ eM ≤e e(M). It can be easily verified that e(K) = K ∩ e(M).
Therefore e(K) ≤e eM and since fe(K) = 0 we have that f(M) ∩ e(K) = 0
(if f(M) ∩ e(K) 6= 0 there exist elements m ∈M , k ∈ K such that

f(m) = e(k) = f 2(m) = f(e(k)) = 0).

Since e(K) is essential in e(M) we instantly get that e(M) ∩ f(M) = 0.

Lemma 2.19. Let M be an injective right R-module and let Q = End(MR).
Then if eα is a collection of idempotents of Q such that eαQ̄ is an independent
family of right ideals of Q̄, we get that eα(M) is an independent family of
submodules of M .

Theorem 2.20. Let M be a quasi-injective right R-module and call Q its
endomorphism ring. Then Q/J(Q) is right self-injective.

Proof. By Theorem 2.16, we can suppose M to be injective. To show that Q̄
is right-self injective, it is sufficient to show that for every morphism f from
a right ideal I of Q̄ to Q̄, there exists an element w ∈ Q̄ such that f is just
the multiplication by w (remember End(Q̄Q̄) ∼= Q̄).
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Consider now a maximal family Cα of independent cyclic submodules of
I. We know that ⊕αCα ≤e I and since Q̄ is regular by Theorem 2.15 every Cα
is generated by an idempotent of Q̄ and by Theorem 2.15 these idempotents
lift to idempotents eα ∈ Q. Then eαQ̄ is a family of independent cyclic
submodules of Q̄ generated by idempotents of Q, and by Lemma 2.19 eα(M)
is an idependent family of submodules of M . For each element eα consider an
element tα ∈ Q̄ such that t̄α = f(ēα) and consider the restriction of the maps
tα to eα(M). This family of maps, by the Universal property of direct sums,
defines uniquely a morphism g : ⊕αeα(M) → M , and by the injectivity of
M this map extends to an endomorphism w of M such that w ◦ eα = tα ◦ eα.
Now w̄ ◦ ēα = t̄α ◦ ēα = f(ēα) ◦ ēα, so f agrees with the left multiplication
by w̄ in ⊕αeαQ̄. We also have that I/ ⊕α eαQ̄ is singular, in fact for every
ī ∈ I/ ⊕α eαQ̄, r(̄i) 6= 0, but if r(̄i) is not essential in Q̄Q̄ then there exists
a right ideal J 6= 0 in Q̄ such that J ∩ r(̄i) = 0 and, calling i a preimage
of ī, we get that iJ is a non-zero submodule of I that has zero intersection
with ⊕αeαQ̄, absurd since ⊕αeαQ̄ is essential in I. Since by Theorem 2.9
Z(Q̄) = 0 and since I/ ⊕α eαQ̄ is singular we have, by Theorem 2.14, that
left multiplication by w agrees with f on I.

2.5 Pure-injective envelopes

In this section, we will informally discuss the existence of pure-injective
envelopes for right R-modules and we will see that the endomorphism ring
of a pure-injective module has some nice properties. In order to do so, we
have to recall few definitions from category theory.

We say that a category C is Grothendieck if:

(a) The category C is abelian.

(b) The category C has arbitrary coproducts.

(c) The category C has a generator. This means that there exists an object
G in C such that the functor Hom(G,−) : C→ Sets is faithful.

(d) Direct limits are exact in C.

Clearly the category R-Mod is an example of a Grothendieck category.
We denote with the symbol RFP the full subcategory of R-Mod whose

objects are the finitely presented left R-modules, and we denote by Ab the
category of abelian groups. We can consider now the category (RFP,Ab)
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whose objects are the additive functors from the category RFP to the cate-
gory of abelian groups, and whose morphisms are the natural transformation
between functors. It can be proved that (RFP,Ab) is a Grothendieck cat-
egory and it is known that in a Grothendieck category every object has an
injective hull.

We would like now to include in some sense the cateogry of right R-
modules into the category (RFP,Ab) in order to have more tools to study
it. It is natural in fact to consider, for every right R-module M , the functor
M ⊗R − : RFP→ Ab, and it can be proved that the functor

Mod-R→ (RFP,Ab)

defined by M → M ⊗R − is fully faithful (it will be clear in a moment why
we are considering this functor).

Given two rightR-modulesM , N we say that a monomorphism f : M → N
is pure (or we say that M is a pure submodule of N) if for every left R-module
X the application f⊗id : M⊗X → N⊗RX is a monomorphism. We say that
a module M is pure-injective if, for every module N , every morphism from a
pure submodule N ′ of N to M can be extended to a morphism from N to M .
More precisely, M is pure-injective if every time we have a pure monomor-
phism f : N ′ → N between two modules and a morphism g : N ′ → M we
can find a morphism h : N →M such that h◦f = g. One could verify that a

sequence of right R-modules 0→ A
f−→ B → C → 0 is pure exact (i.e. short

exact with f pure a monomorphism) if and only if the induced sequence of
functors 0→ A⊗R − → B ⊗R − → C ⊗R − → 0 is exact in (RFP,Ab).

We will not give a proof of the following theorem which represents the
key result in this section:

Theorem 2.21. An object F ∈ (RFP,Ab) is injective if and only if it is
isomorphic to a functor of the type M⊗R−, where M is a pure-injective right
R-module. Hence, the full subcategory of Mod-R whose objects are the pure-
injective right R-modules, is equivalent to the full subcategory of (RFP,Ab)
whose objects are the injective objects of (RFP,Ab).

Given a module M , we will say that M has a pure-injective envelope if
there exists a pure-injective right R-module PE(M) and a pure monomor-
phism i : M → PE(M) that does not factor through any direct summand of
PE(M). It can be proved that:

Theorem 2.22. Every right R-module M has a pure-injective envelope.

Considering now the class χ of pure-injective right R-modules, it can be
shown that a pure-injective envelope is a χ-envelope.

But we can say more:
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Theorem 2.23. For each injective object E in a Grothendieck category C
the factor ring EndC(E)/J(EndC(E)) is Von Neumann regular, right self-
injective and idempotents lift modulo the Jacobson radical.

A direct consequence is that:

Theorem 2.24. Let M be pure-injective right R-module.
Then End(MR)/J(End(MR)) is Von Neumann regular, right self-injective

and the idempotents of End(MR) lift modulo the Jacobson radical.

Theorem 2.24 and Theorem 2.20 show the importance of studying Von
Neumann right self-injective rings and the property of the lifting of idem-
potents in order to gain more results about injective and pure-injective en-
velopes. In the next section we will connect this problem to Theorem 2.5
and so we will study the unit structure in a Von Neumann regular right
self-injective ring.

2.5.1 Examples

Example 2.5.1. Clearly every injective module is pure-injective. The Prüfer
group Z(p∞) is a pure-injective Z-module.

Theorem 2.25. Let M be an artinian right R-module and let S = End(MR).
Then SM is pure-injective.

Example 2.5.2. Every abelian group of type Z/pnZ is pure-injective (it is
both artinian and noetherian) but not injective (the injective hull is Z(p∞)).

Example 2.5.3. If we consider a Von Neumann regular ringR, every monomor-
phism between two modules is pure. In particuar, a right R-module is pure-
injective if and only if it is injective. The module QQ is then an example of
a pure-injective module.

Theorem 2.26. Let R be a ring. Every direct summand of a topological
compact Hausdorff R-module is pure-injective.

Example 2.5.4. If R is a commutative local noetherian ring, with maximal
ideal m, its m-adic completion is the pure-injective envelope of R seen as an
R-module.

Example 2.5.5. Let k be a field. Then the power series ring k[[X]] is pure-
injective as a k-module.

Example 2.5.6. The ring of p-adic integers Zp is pure-injective as a Z-
module.
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2.6 Von Neumann regular right self-injective

rings

In the beginning of this section, we will collect a few results about Type
theory of Von Neumann regular right self-injective rings. Then we will pro-
cede to analize the unit structure in such rings.

We say that a right R-module A is directly finite if A is not isomorphic to
any of its direct summands. More formally, we say that A is directly finite if
every time we have A ∼= A⊕ B for some right R-module B, then B=0. If a
module is not directly finite we say that it is directly infinite.

It is obvious that every module with finite Goldie dimension is directly
finite.

We can prove the following:

Lemma 2.27. A right R-module A is directly finite if and only if for every
x, y ∈ EndR(A) such that xy = 1, we have that yx = 1.

Proof. Suppose that for every x, y ∈ EndR(A) such that xy = 1, yx = 1. If A
is not directly finite then A = B⊕C with B ∼= A through some isomorphism
y1 and consider y = ιB ◦ y1. Define now the unique module endomorphism
x : A → A such that x|B = y−1

1 and x|C = 0. We then obtain that xy = 1
but yx 6= 1.

Now we want to show that if there exist two endomorphisms x, y of A
such that xy = 1 and yx 6= 1 then A is not directly finite. Notice that
yx is idempotent and yxy = y. We have now a decomposition of the type
A = yx(A) ⊕ (1 − xy)(A) and y(A) ⊆ yx(A) (in fact yxy(a) = y(a)). This
implies that y(A) = yx(A) and it remains to show that y is a monomorphism,
but this is straightforward since y(a) = 0 implies that xy(a) = 1(a) = 0.

Lemma 2.27 suggests the following definition:
We say that a ring R is directly finite if xy = 1 implies yx = 1 for every

x, y ∈ R.
We say that an idempotent e in a ring R is abelian if the ring eRe is

abelian (this means that the idempotents of eRe are central in eRe). We
say that an idempotent e of a ring R is directly finite if eRe is directly finite
as a ring (or equivalently if eR is directly finite as a right R-module). Now
suppose that the ring R we are considering is Von Neumann regular right
self-injective. Then we say that an idempotent e ∈ R is faithful if 0 is the
only central idempotent of R orthogonal to e (using Theorem 2.11 it is easy
to show that it is equivalent to ask eR to be a right faithful module).

A Von Neumann regular right self-injective ring is said to be purely infinite
if it contains no non-zero directly finite central idempotents.
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We have to fix some nomenclature.
Suppose that R is a Von Neumann regular right self-injective ring:

(a) The ring R is of Type I if R has a faithful abelian idempotent (it can be
shown that an abelian idempotent is directly finite).

The ring R is of Type If if R is of Type I and directly finite.

The ring R is of Type I∞ if R is of Type I and purely infinite.

(b) The ring R is of Type II if it has a faithful directly finite idempotent
but no non-zero abelian idempotents.

The ring R is of Type IIf if it is of Type II and R is directly finite.

The ring R is of Type II∞ if it is of type II and R is purely infinite.

(c) The ring R is of Type III if it contains no non-zero directly finite idem-
potents.

The following theorem gives a charcaterization of Von Neuman regular
right self-injective rings.

Theorem 2.28. A Von Neumann regular right self-injective ring is uniquely
(up to isomorphism) a direct product of rings of types If , I∞, IIf , II∞, III.

We will use Theorem 2.28 to give other decompositions of Von Neumann
regular right self-injective rings, but before giving them, we need to introduce
some other definitons and results.

We say that a matrix M = (ri,j) over a ring R is diagonal if ri,j = 0 for
every i 6= j. A ring R is said to be an elementary divisor ring if every matrix
over R is equivalent to a diagonal matrix.

Lemma 2.29. Let R be a Von Neumann regular right self-injective ring
which contains no non-zero abelian idempotents. Then there exist idempo-
tents e1, e2, . . . such that n(enR) ∼= RR (where by n(enR) we mean a direct
sum of n copies of enR).

Lemma 2.30. For a Von Neumann regular right self-injective ring R the
following are equivalent:

(a) The ring R is purely infinite.

(b) The module nRR is isomorphic to a submodule of RR.

(c) For all positive integers n we have that nRR
∼= RR.
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(d) The injective envelope of ℵ0 copies of RR is isomorphic to RR.

We say that a Von Neumann regular right self-injective ring is of Type In
if there exists a Von Neumann regular abelian ring S such that R ∼= Mn(S).

Lemma 2.31. A Von Neumann regular right self-injective ring R is of type
If if and only if there exist Von Neumann regular right self-injective rings
R1, R2 . . . such that R ∼= ΠRn and each Rn is of type In.

2.7 Unit structure of Von Neumann regular

right self-injective rings

We now have all the tools to prove the following theorem, which gives a
decomposition that will enable us to discuss whether a Von Neumann regular
right self-injective ring is such that each of its elements is the sum of two
units.

Theorem 2.32. Let T be a Von Neumann regular right self-injective ring.
Then T ∼= T1 × T2, where T1 is an abelian Von Neumann regular right self-
injective ring and T2 is a Von Neumann regular right self-injective ring in
which every element is the sum of two units.

Proof. Using Theorem 2.28 we can write T = R1×R2×R3×R4×R5 where
R1 is of Type If , R2 is of Type I∞, R3 is of Type IIf , R4 is of Type II∞
and R5 is of Type III. Now set P = R2 × R4 × R5 so that we can write
R = R1 × R3 × P , with P purely infinite. From Lemma 2.30, we have that
PP ∼= 2PP and this implies that P ∼= End(PP ) ∼= End(2PP ) ∼= M2(P ). Since
regular right self-injective Von Neumann regular rings are elementary divisors
rings ([13]), and since product of right self injective Von Neumann regular
rings is still right self-injective Von Neumann regular, we have that P is an
elementary divisors ring. In M2(P ) we have then that every element A can
be written as the sum of two units. In fact we know that there exists B,Q

invertible elements of M2(P ) such that BAQ is diagonal of type

[
a 0
0 b

]
; then

BAQ =

[
a 1
1 0

]
+

[
0 −1
−1 b

]
and so A can be written as the sum of two units.

It follows then, since every element of M2(P ) is sum of two units, then every
element of P is the sum of two units.

Since R3 is of Type IIf , from Lemma 2.29, we have that there exists an
idempotent e2 such that 2(e2R3) ∼= (R3)R3 . This implies that

R3
∼= EndR3(R3) ∼= End(2(e2R3)) ∼= M2(e2R3e2).
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The ring e2R3e2 is still Von Neumann regular (for every element eae ∈ R
there exits an x ∈ R such that eae = eaexeae = (eae)(exe)(eae)) and right
self-injective, in fact by Theorems 1.11 and 2.31 we get that e2R is quasi-
injective, so End(e2R)/J(End(e2R)) is right self-injective, and since e2R3e2 is
Von Neumann regular, J(End(eR)) = 0 (remember that End(e2R) ∼= e2Re2).
As before we get that e2R3e2 is an elementary divisor ring, so each element
of M2(e2R3e2) is the sum of two units, therefore R3 is a ring in which every
element is the sum of two units.

By Lemma 1.12, we get that R1
∼= ΠMn(Sn) where the Sn are abelian

Von Neumann regular right self-injective rings, and this implieas that ev-
ery element in Mn(Sn) is the sum of two units for n ≥ 2. Writing now
P × Πn≥2Mn(S2)×R3 = T2 and T1 = S1 we can conclude.

The next theorem represents a key result that will be applied lots of times.
In particular it says that in a right self-injective ring R every element is the
sum of two units if and only if the ring has no factor ring isomorphic to F2.

Theorem 2.33. For a right self-injective ring R the following are equivalent:

(a) Every element of R is the sum of two units.

(b) The identity element of R is the sum of two units.

(c) The ring R has no factor ring isomorphic to F2.

Proof. The implications (a)⇒ (b)⇒ (c) are clear, and so it suffices to show
that (c) =⇒ (a).

By the Theorem 2.20, R/J(R) is Von Neumann regular and right self-
injective, so we can use Theorem 2.32 to obtain a decomposition

R/J(R) = R1 ×R2

where R1 is Von Neumann regular abelian right self-injective and every el-
ement of R2 is the sum of two units (from the proof of Theorem 2.32, we
know that R1 is right self-injective Von Neumann regular and abelian). Let
S = R1. It suffices to show that every element in S is the sum of two units.
We proceed by contraddiction.

If there is an element a ∈ S such that a is not the sum of two units. Let

Ω = {I | I is a bilateral ideal and a+ I is not the sum of two units in S/I}.

The set Ω is non-empty and we can order it by inclusion. If we have a chain
{Iλ | λ ∈ Λ} we can consider the union I = ∪Iλ. Suppose that I /∈ Ω, so
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there exist u, u′ ∈ S such that a + I = u + u′ + I with u + I and u′ + I
units; but then there exist an index λ and elements w,w′, i, i′ ∈ S such that
uw − 1, u′w′ − 1, i, i′ ∈ Iλ and a + i = u + u′ + i′. So Ω is inductive and
we can apply Zorn’s Lemma to obtain a maximal element I. The ring S/I
is indecomposable: otherwise S/I ∼= T1 × T2 and there would be ideals I1

and I2 strictly containing I such that S/I1
∼= T1 and S/I2

∼= T2, hence,
a + I would be a unit in both of them, and so it would be a unit in S/I.
This implies that there are no nontrivial central idempotents in S/I (Chinese
Remainder Theorem), but since S/I is abelian Von Neumann regular (every
finitely generated right ideal is generated by an idempotent), we have that
S/I must be an indecomposable division ring. Since a+ I is not sum of two
units we have that S/I ∼= F2; in fact every element a 6= 1, 0 in a division
ring D with more than two elements is the sum of two units, for example
a = a+ (1− a).

We say that a ring R is Boolean if every element of R is idempotent.
Now we show that every right self-injective Von Neumann regular ring can
be written as the product of one Boolean ring and a ring in which every
element is sum of two units.

Lemma 2.34 (Vamos). Let MR be a nonsingular injective module. Then
EndR(MR) is Boolean if and only if the identity morphism of no direct sum-
mand of M is a sum of two units.

Given a ring R we will say that usn(R) = n, where n is a natural number,
if every element of R can be written as the sum of exactly n units.

Theorem 2.35. Let T be an abelian Von Neumann regular right self-injective
ring. Then T = T1× T2, where T1 is such that T1 = 0 or usn(T1) = 2 and T2

is either zero or a Boolean ring.

Proof. By Theorem 2.33, it is enough to prove that T = T1 × T2 where the
unit of T1 is the sum of two units and T2 is a Boolean ring. We will prove it
using Zorn’s Lemma and Lemma 2.34. Let Ω be the set of alla pairs (M,u)
where M is a submodule of TT and u is an automorphism of M such that
idM − u is an automorphism of M . The set Ω is clearly non empty since
(0, 0) ∈ Ω and we can order it by setting (M,u) ≤ (N, u′) if M ≤ N and
u′|M = u. One can prove that Ω is inductive and so we can apply Zorn’s

Lemma and consider a maximal element (T1, u). Now we want to prove that
T1 is injective. Suppose that (i, E(T1)) is an injective envelope of T1; by the
usual properties of injective envelopes we can extend u to an endomorphism
u′ of E(T1). Then, since i ◦ u : T1 → E(T1) is an injective envelope of T1,
we can conclude that u′ is an isomorphism. It is straightforward to prove
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that also idE(T1) − u′ is an isomorphism, but then, since (T1, u) is maximal,
it follows that T1 is injective. Therefore T = T1 ⊕ T2 for some submodule T2

of TT . Since T2 is a direct summand of TT we have that T2 is an injective
module and it is non-singular since T is Von Neumann regular (Corollary
2.10). Then we can apply Lemma 2.34 to obtain that EndT (T2) is a Boolean
ring (otherwise we would go against the maximality of (T1, u)). Since every
idempotent in T is central we have that the decomposition T = T1⊕T2 leads
to a decomposition T = T1 × T2, where the identity element of T1 is sum of
two units by construction and T2

∼= EndT (T2) is a Boolean ring.

Theorem 2.35 shows that we can give the following decomposition for a
right self-injective Von Neumann regular ring:

Corollary 2.36. Let R be a right self-injective Von Neumann regular ring.
Then R = R1 × R2, where R1 is a Boolean ring and every element of R2 is
the sum of two units.

The following theorem will be use to derive some important properties of
χ-automorphism invariant modules.

Theorem 2.37. Let S be a Von Neumann regular right self-injective ring
and R a unitary subring of S which is stable under left multiplication by
units of S. Then R = R1 ×R2 where R1 is a Booelan ring and R2 is a right
self-injective Von Neumann regular ring in which every element is the sum
of two units.

Proof. By Corollary 2.36, we can write S = S1 × S2 where S1 is a Boolean
ring and S2 is a ring in which every element is the sum of two units. So we
can write every element r ∈ R as r = s1 × s2 with s1 ∈ S1 and s2 ∈ S2.
Since R is unitary and since every element s2 ∈ S2 is the sum of two
units, let’s say s2 = s′2 + s′′2 where s′2 and s′′2 are units in S2, we get that
0× s2 = 1S1 × s′2 + (−1S1)× s′′2 and in particular this means that 0× s2 be-
longs to R for every s2 ∈ S2. So it is natural to define R2 = S2. We have now
to look for R1 and the most natural way to do it is to consider R1 as the set of
the elements s1 ∈ S1 such that there exists an s2 ∈ S2 with the property that
s1×s2 belongs to R. Now if s1 is an element of R1 there exists an s2 ∈ S2 such
that s1×s2 ∈ R, and since 0×s2 ∈ R we get that s1×0 = s1×s2−(0×s2) is
an element in R, so in particular R = R1 ×R2. Clearly R2 is Von Neumann
regular right self-injective (see the proof of Theorem 2.35), and R1 is Boolean
since S1 is.

Corollary 2.38. Suppose that S is a Von Neumann regular right self-injective
ring and let R be a unitary subring of S stable under left multiplication by
units of S. If R has no factors isomorphic to F2 then R = S.
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Proof. It is sufficient to show that every element of S is the sum of two units,
in fact, since R is stable under left multiplication by elements of S we get
that R = S. Since S is self-injective we can use Theorem 2.33 to prove our
result. Suppose that F2 is an homomorphic image of S via an homomorphism

of rings φ. Then, since R is unitary we have that R
φ|R−−→ F2 is onto, against

the hypotesis.

It is interesting to see the problem from another point of view. Suppose
that S is a ring of characteristic n and set U(S) = {s ∈ S | s is invertible}.
We can consider now the image of the group algebra Zn[U(S)] inside S via
the morphism that sends every element of U(S) to the corresponding element
in S, call it S ′. The ring S ′ is invariant under left multiplication by units
of S and it is precisely the set of the elements of S that can be written as
the sum of some units. By Theorem 2.37, if S is Von Neumann regular right
self-injective, we instantly obtain that S ′ is Von Neumann regular.

Corollary 2.39. Let S be a Von Neumann regular right self-injective ring of
characteristic n that has no factor isomorphic to F2 (the same type of result
holds if we ask S ′, and not S, to not have an homomorphic factor isomorphic
to F2). Then every element of S is the sum of two units. In particular, this
holds if n > 0 and 2 does not divide n.

Proof. The first part of the result follows immediately from Theorem 2.33
(notice that by Theorem 2.38 the same result holds if we suppose that S ′

has no homomorphic image isomorphic to F2). Suppose now that S has
charcateristic n and respects the properties in the statement. Now if F2 is an
homomorphic image of S via φ and we consider the natural ring morphism

Z i−→ S. We have that f = φ ◦ i is a ring homomorphism (remember that for
us ring homomorphisms respect the identity), but 2Z+nZ ⊆ Ker(f) and so
Ker(f) = Z, absurd.

Recall that:

Theorem 2.40. Every right self-injective ring S is exchange and right quasi-
continuous.

Proof. Every quasi-injective module is exchange and quasi-continuous (The-
orems 1.27 and 1.21). The endomorphism ring of an exchange module is an
exchange ring, so in particular R ∼= End(RR) is exchange.

Theorem 2.40 shows that the next result is a generalization of Theorem
2.33.
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Theorem 2.41. Let MR be a right quasi-continuous R-module with the finite
exchange property and let S = End(MR). If no factor ring of S is isomorphic
to F2, then every element of S is sum of two units.

Theorem 2.42. A continuous module has the exchange property.

As an observation, we get that the endomorphism ring of every continuous
module that has no factor isomorphic to F2, is such that all its elements are
the sum of two units.

Now that we have all this theorems about the unit structure of Von Neu-
mann regular self-injective rings it’s time to apply them, keeping in mind
Theorem 2.4.



Chapter 3

General properties of
automorphism invariant
modules

In the last chapter, we proved that for injective and quasi-injective mod-
ules the endomorphism ring structure is deeply linked to right self-injective
Von Neumann regular rings and to rings in which every idempotent can be
lifted modulo the Jacobson radical. In this chapter, we will see how to link
all the results about the units structure of a ring, to the problem that was
suggested by Theorem 2.4: when can we say that an automorphism-invariant
module is also endomorphism-invariant? We will develope a general theory,
and to do so we ask the modules we are considering to have certain, really
natural, properties: throughout this chapter χ is a class of modules closed un-
der isomorphisms and M a right R-module with a monomorphic χ-envelope
u : M → X such that End(X)/J(End(X)) is Von Neumann regular right
self-injective and idempotents of End(X) lift modulo the Jacobson radical.

We try at first to find a morphism to include End(M)/J(End(M)) in
End(X)/J(End(X)) (this will permit us to use to use Corollary 2.38).

By definition of χ-envelope, every endomorphism f of M can be extended
to a endomorphism g of X,

f
M

u
M

u

X

X

g
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and we would like to use this fact to create a monomorphism from End(M)/I
to End(X)/J , where I and J are ideals respectively of End(M) and End(X).
The problem is that we don’t know already if the extensions of f are somehow
related.

Lemma 3.1. Let f be an endomorphism of M , and g1, g2 endomorphisms of
X such that gi ◦ u = u ◦ f for i = 1, 2. Then g1 − g2 ∈ J(End(X)).

Proof. To prove the Lemma is enough to show that 1 − h ◦ (g1 − g2) is
invertible for any h ∈ End(X). But h ◦ (g1 − g2) ◦ u = h ◦ (f − f) = 0,
therefore (1 − h ◦ (g1 − g2)) ◦ u = u and, by definition of χ-envelope, this
implies that 1− h ◦ (g1 − g2) is an automorphism.

Lemma 3.1 shows that it is possible to define a ring homomorphism
φ : End(M)→ End(X)/J(End(X)), therefore it is possible to define an in-
jective ring homomorphism φ̄ : End(M)/K → End(X)/J(End(X)), where
K = Ker(φ). Looking back at Theorem 2.16 it is natural to ask whether
K has some particular properties when the module M is χ-automorphism
invariant, in particular if it coincides with J(End(M)).

3.1 Structure of automorphism invariant mod-

ules

Throughout this section, we will suppose the right R-module M to be
χ-automorphism invariant.

In order to solve the problem we anticipated in the previous section we
need a Lemma to show that every element h of J(End(X)) can be thought
as an extension of some element of K.

Lemma 3.2. If h ∈ J(End)(X), there exists k ∈ K such that h ◦ u = u ◦ k.

Proof. Since h ∈ J(End(X)), 1−h is invertible. Since M is χ-automorphism
invariant, there exists an automorphism f of M such that (1−h) ◦u = u ◦ f
(Theorem 2.3). Now, since h = 1− (1− h), we have that

h ◦ u = (1− (1− h)) ◦ u = u− u ◦ f = u ◦ (1− f).

Since φ(1− f) = h+ J(End(X)) = 0, 1− f ∈ K.

Now we are ready to prove that K = J(End(M)), but we want to show
something more: we will discover that End(M)/J(End(M)) is Von Neumann
regular and that the idempotents of End(M) lift modulo J(End(M)).
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Theorem 3.3. The ring End(M)/K is Von Neumann regular, K = J(End(X))
and the idempotents of End(M) lift modulo the Jacobson radical.

Proof. Let T = φ(End(M)/K), S = End(X) and J = J(End(X)). We want
to prove first of all that T is invariant under left multiplication by units of
S/J in order ro apply Theorem 2.37; notice that once we are able to do so, we
automatically obtain that T is Von Neumann regular. Consider an invertible
element g+ J ∈ S/J . As in the proof of Theorem 2.4, g is an automorphism
of X, so, since M is χ-automorphism invariant, we can find an automorphism
f of M such that u◦f = g ◦u (φ̄(f+K) = g+J). Now consider any element
t ∈ T . In particular, there exists an element h+K ∈ End(M)/K such that
φ̄(h+K) = t. Now

(g + J) ◦ t = (g + J) ◦ (φ̄(h+K)) = φ̄((f ◦ h) +K) ∈ T

therefore T is Von Neumann regular. Since End(M)/K is Von Neumann
regular, J(End(M)/K) = 0 and this implies that J(End(M)) ⊆ K. In
order to prove that K ⊆ J(End(M)) it is enough to show that for every
element f ∈ K and every element r ∈ End(M), the element 1− f ◦ r is right
invertible. But since K is a two sided ideal it is enough to show that 1 − f
is invertible. Let g ∈ S be such that g ◦ u = f ◦ u. Since f ∈ K, we get that
φ̄(f +K) = g + J = J , therefore 1 − g is a unit and from Theorem 2.3, we
can immediately conclude that 1− f is invertible.

Now it remains to prove the last part of the theorem, the property of the
lifting of idempotents modulo the Jacobson radical.

Consider an element f +K ∈ End(M)/K such that f +K = f 2 +K and
extend it to an endomorphism g of S such that u ◦ f = g ◦ u. As g+ J is the
image of an idempotent element, it is clear that g+J is idempotent, and since
the idempotents of S lift modulo J , there exists an idempotent e ∈ S such
that g− e ∈ J . From Lemma 3.2, we get that there exists an element k ∈ K
such that (g − e) ◦ u = u ◦ k, therefore u ◦ (f − k) = e ◦ u and φ(f − k) = e.
This implies that u ◦ (f − k)2 = e ◦ u ◦ (f − k) = e2 ◦ u = e ◦ u = u ◦ (f − k),
and since u is monic we get that (f − k) is an idempotent.

The next Corollary shows that M satisfies the finite exchange property.

Corollary 3.4. The module M has the finite exchange property.

Proof. It is a simple consequence of Theorem 3.3, Theorem 1.31, the fact that
every Von Neumann regular ring has the exchange property and Theorem
1.28.
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Theorem 3.5. If End(M) has no factor isomorphic to F2, then M is χ-
endomorphism invariant and therefore

End(M)/J(End(M)) ∼= End(X)/J(End(X))

In particular, End(M)/J(End(M)) is Von Neumann regular right self-
injective and idempotents lift modulo the Jacobson radical of End(M).

This is the case when char(End(M)) = n > 0 and n is not a multiple of
2.

Proof. During the proof of Theorem 3.3 we showed that

T = End(M)/J(End(M))

is stable under left multiplication by units of S = End(X)/J(End(X)). We
can now apply Theorem 2.38 to obtain the first part of the theorem (the fact
that M is χ-endomorphism invariant is then guaranteed by Theorem 2.4).
For the second part it suffices to apply Corollary 2.39.

Corollary 3.6. Let R be a commutative ring with no factor ring isomorphic
to F2. Then M is χ-endomorphism invariant.

Proof. It suffices to show that End(M) does not have an homomorphic image
isomorphic to F2. But that is easy: since R is commutative we have a ring
homomorphism R → End(M), and if End(M) has an homomorphic image
isomorphic to F2, then also R has one.

In particular, Theorem 3.5 shows that an automorphism-invariant module
N , with endomorphism ring End(N) such that End(N) has no homomorphic
image isomorphic to F2, is quasi-injective.

Corollary 3.6 implies instead that if the base ring R we are considering is
commutative and has no factor isomorphic to F2, then any automorphism-
invariant module is quasi-injective. Hence, over every field with prime char-
acteristic different from two, any automorphism-invariant module is quasi-
injective.

The following theorem is a key result that will be used in the next chap-
ters. In particular, it says that an automorphism-invariant indecomposable
module N that is not quasi-injective, is such that End(N)/J(End(N)) ∼= F2.

Theorem 3.7. Let M be indecomposable and suppose that M is not χ-
endomorphism invariant.

Then End(M)/J(End(M)) ∼= F2 and End(X)/J(End(X)) has an homo-
morphic image isomorphic to F2 × F2.
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3.2 Exchange property for automorphism in-

variant modules

As in the previous section, the moduleM is supposed to be χ-automorphism
invariant. We have already proved that a module of this kind satisfies the
finite exchange property. In this section, we study some particular cases in
which the full exchange property holds.

The following theorem shows that End(M)/J(End(M)) (in some special
cases) can be factorized as the product of a Boolean ring and a Von Neumann
regular right self-injective one. If we suppose that End(M)/J(End(M)) has
no factor isomorphic to F2, then the Boolean part disappears. In fact it is
possible to show that every Boolean ring has characteristic two, and that
every Boolean domain is isomorphic to F2; if we consider then a maximal
ideal I of a Boolean ring S we have that S/I ∼= F2 (this gives another way
to look at Theorem 3.5).

Before continuing we have to fix some notations and some definitions. IfN
and L are two direct summands of M we will say that Hom(N,L) ⊆ End(M)
meaning that the application which sends f ∈ Hom(N,L) to

ιL ◦ f ◦ πN ∈ End(M)

is injective. We say that a ring R is semiboolean, if R/J(R) is a Boolean
ring, and we say that a module is semiboolean, if its endomorphism ring is
semiboolean. We say that a right R-module N is square-free if for every right
R-module X 6= 0 there is not a monomorphism X ⊕ X → N (we can say
that N does not contain squares).

Theorem 3.8. Suppose that M is such that each of its direct summands has
a χ-envelope. Then M admits a decomposition M = N ⊕ L such that:

(a) The module N is semiboolean.

(b) The module L is χ-endomorphism invariant (it can be proved that ev-
ery element of End(L) is the sum of two units), End(L)/J(End(L)) is
Von Neumann regular right self-injective and idempotents lift modulo
J(End(L)).

(c) Both HomR(N,L) and HomR(L,N) are contained in End(M).

In particular, End(M)/J(End(M)) is the direct product of a right self-injective
Von Neumann regular ring and a Boolean one.

Theorem 3.9. Suppose that N is a square-free module with the finite ex-
change property. Then N has the exchange property.
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The next theorem is the key result of this section. In particular, it says
that automorphism-invariant modules satisfy the full exchange property.

Theorem 3.10. Assume that every direct summand of M has a χ-envelope,
and suppose that, for χ-endomorphism invariant modules, the finite exchange
property implies the full exchange property. Then M has the full exchange
property.

Proof. Let’s use Theorem 3.8 to obtain a direct sum decomposition M =
N ⊕ L, where L is χ-endomorphism invariant and N is semiboolean. By
Corollary 3.4, and the hypotesis it follows immediately that L has the ex-
change property. Since N is semiboolean and End(N) has the property of
the lifting of idempotents modulo its Jacobson radical, it follows that N is
square-free. Being a direct summand of M , N is χ-automorphism invari-
ant, hence it has the finite exchange property, so, by Theorem 3.9, we can
conclude.

3.3 Properties of automorphism invariant mod-

ules

In this section, we suppose M to be χ-automorphism invariant.
We want to analyze some more properties of automorphism-invariant

modules. Firstly we deal with an analogue of Theorem 1.18. In particular,
we will see that asking X or M to be indecomposable some nice properties
arise.

Theorem 3.11. If X is indecomposable then M is χ-endomorphism invari-
ant.

Proof. If X is indecomposable it means that End(X)/J(End(X)) has no non-
trivial idempotents (idempotents in End(X) lift). But End(X)/J(End(X))
is a Von Neumann regular ring with no non-trivial idempotents, therefore it
is a division ring, and this implies that every element of End(X) is a sum of
units.

Notice that if N is an automorphism-invariant module with indecompos-
able injective envelope E(N), then N is quasi-injective. We can also say
something more: suppose that N is a quasi-injective indecomposable mod-
ule, then from Theorem 1.18, we get that E(N) is indecomposable; so in
particular if N is automorphism-invariant and indecomposable, then E(N)
is indecomposable if and only if N is quasi-injective. It is then natural the
following:
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Theorem 3.12. Suppose now that M is indecomposable. Then the following
are equivalent:

(a) The module M is χ-endomorphism invariant.

(b) The module X is indecomposable.

As we already noticed: if N is automorphism-invariant and indecompos-
able, then E(N) is indecomposable if and only if N is quasi-injective .

We will say that a ring R is clean, if every element a ∈ R can be written
as a = e+ u where e ∈ R is an idempotent and u ∈ R is a unit. We say that
a module N is clean, if its endomorphism ring is clean.

We will see, in Theorem 3.15, that every automorphism-invariant module
is clean.

Theorem 3.13. Any right self-injective ring S is clean.

Theorem 3.14. Let S be a ring such that S/J(S) is clean and suppose that
S has the property of the lifting of idempotents modulo its Jacobson radical.
Then S is clean.

Theorem 3.15. Assume that every direct summand of M has a χ-envelope.
Then M is a clean module.

Proof. From Theorem 3.8, we get that S = End(M)/J(End(M)) can be
written as the product of a Boolean ring and a right self-injective one. So S
is the product of two clean rings, therefore it is clean. Since idempotents lift
modulo the jacobson radical we have, applying Theorem 3.14, that End(M)
is clean.

Consider now an indecomposable automorphism-invariant module N . We
know that N satisfies the exchange property, and so, by Theorem 1.32, the
endomorphism ring of N is local. Notice that this result can be obtained also
as a Corollary of Theorem 3.15.

Corollary 3.16. Let N be an indecomposable automorphism-invariant mod-
ule. Then every element of End(N) is a unit, or it is the sum of the identity
morphism and a unit. Hence End(N) is a local ring with the property of the
lifting of idempotents.

We say that a ring S is unit regular, if for every a ∈ S there exists
a u ∈ U(R) such that a = aua. We now want to focus our attention
on directly finite modules to show that when M is directly finite, then
End(M)/J(End(M)) is unit regular.
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Theorem 3.17. Every directly finite right self-injective Von Neumann reg-
ular ring is unit regular.

We need now a Lemma to prove the result we previously announced. In
particular, we need the fact that M and X are directly finite whenever one
of them is.

Lemma 3.18. The module M is directly finite if and only if X is directly
finite.

The result holds in particular if M or X have finite Goldie dimension.

We are now ready to prove our result:

Theorem 3.19. Assume that every direct summand of M has a χ-envelope
and suppose that M is directly finite. Then End(M)/J(End(M)) is unit
regular.

Proof. We can apply Theorem 3.8 to obtain a decomposition of the ring
End(M)/J(End(M)) into the product of a Boolean ring S1 and a Von Neu-
mann regular right self-injective one S2 associated to a decomposition

M = N ⊕ L.

From Theorem 3.17, we get that S2 is unit regular (clearly S2 is directly finite
otherwise we would obtain that L is not directly finite and so M). Since every
Boolean ring is unit regular, and since the product of two unit regular rings
is unit regular, we obtain that End(M)/J(End(M)) is unit regular.

In particular, if N is an automorphism-invariant directly finite module,
then End(N)/J(End(N)) is unit regular.

We now want to introduce some more definitions.
We say that a right R-module N has the cancellation property if every

time we have N ⊕ A ∼= N ⊕ B, for some right R-modules A and B, then
A ∼= B. We say instead that N has the internal cancellation property if
everytime N = A1 ⊕ A2

∼= B1 ⊕ B2, for some submodules A1, A2, B1, B2 of
M , and A1

∼= B1, we have that A2
∼= B2.

We say that a module A has the substitution property if for every module
N such that N = A1 ⊕ H = A2 ⊕ K, where A1

∼= A2
∼= A,there exists a

submodule A′ of N such that N = A′⊕H = A′⊕K (notice that in this case
A′ ∼= A).

With those definitions in mind it is possible to prove the following:

Theorem 3.20. Suppose that every direct summand of M has a χ-envelope.
Then the following are equivalent:
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(a) The module M is directly finite.

(b) The module M has the internal cancellation property.

(c) The module M has the cancellation property.

(d) The module M has the substitution property.

(e) The module X is directly finite.

(f) The module X has the internal cancellation property.

(g) The module X has the cancellation property.

(h) The module X has the substitution property.

Notice that an automorphism-invariant module with finite Goldie dimen-
sion has all the properties stated in Theorem 3.20.
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Chapter 4

Automorphism-invariant
modules

In this chapter, we study some properties of automorphism-invariant
modules.

In particular, we will see that pseudo-injective modules coincide with the
automorphism-invariant ones. We will then apply the results obtained in the
previous chapters in the framework of automorphism-invariant modules.

For completeness we recall here some definitions we have used throughout
this thesis. When we consider the class χ of injective modules we say that
a module is endomorphism-invariant when it is χ-endomorphism invariant,
and we say that a module is automorphism-invariant if it is χ-automorphism
invariant.

Theorem 4.1. Let M be a right R-module and let (i, E(M)) be its injective
envelope. Then the following are equivalent:

(a) The module M is automorphism-invariant.

(b) Every isomorphism between two essential submodules of M can be exten-
dend to an endomorphism of M .

Proof. (a)⇒(b). Suppose that N,N ′ are two essential submodules of M and

suppose that there exits an isomorphism N
f−→ N ′. By the usual properties of

injective modules, we can extend f to an endomorphism f ′ of E(M). Since f ′

coincides with f on N and N is essential in M (and so in E(M)) we get that
Ker(f ′)∩M = 0, therefore f ′ is a monomorphism. So f ′(E(M)) ∼= E(M) is
an injective module contained in E(M), so it is a direct summand of E(M).
As f(N) = N ′ ⊆ f ′(E(M)) is essential in M (and so in E(M)), we can
conclude.

53
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(b)⇒(a) Let f be an automorphism of E(M), let N = M ∩ f(M) and let
N ′ = f−1(N). Since f is an automorphism we have that f(M) ≤e E(M),
therefore N ≤e M . By the previous consideration, we get immediately that
N ′ is essential in M , so, by the hypotesis, we can extend the isomorphism
between N and N ′ to an endomorphism g of E(M). We want now to show
that (f − g)(M) = 0 by contraddiction. Suppose then that (f − g)(M) 6= 0.
Since M ≤e E(M) we have that (f − g)(M) ∩M 6= 0, therefore there exist
m,m′ ∈M such that (f − g)(m) = m′. This implies that f(m) = g(m) +m′,
so m ∈ N ′ and m′ = 0, contraddiction.

We say that a module M is pseudo-injective if every monomorphism from
a submodule of M into M can be extended to an endomorphism of M . More
formally: we say that a right R-module M is pseudo-injective if, for every
submodule N ≤ M and every monomorphism f : N → M , there exists an
endomorphism g of M such that f = g|N .

It is clear, prooceding in the usual manner, that pseudo-injective modules
are automorphism-invariant, but proving the converse is more technical (a
proof can be done using Theorem 4.1), so we will not include the proof which
can be found in [5].

Theorem 4.2. A module M is automorphism-invariant if and only if it is
pseudo-injective.

For completeness we recall here a result that was proved in a more general
case.

Theorem 4.3. Let M be a right R-module such that End(M) has no factor
isomorphic to F2. Then M is quasi-injective if and only if it is automorphism-
invariant.

Proof. It’s a simple consequence of Theorem 3.5.

Here we collect two results which can be really useful.

Theorem 4.4. Let M be a right R-module such that its endomorphism ring
has no factor isomorphic to F2, and let E(M) be its injective envelope. Then
End(E(M)) has no factor isomorphic to F2.

Proof. Suppose that S = End(E(M)) has a factor isomorphic to F2, while

End(M) has not. Then, there exists a ring homomorphism S
φ−→ F2, but

since F2
∼= End(F2), F2 inherits an S-module structure. As F2 is simple

as a Z-module, it is surely simple as an S-module (every S-submodule is
also a Z-submodule). Then φ is an S-module endomorphism, and being F2



55

simple, we obtain that J(S) must be contained in the kernel of φ. Hence φ
factorizes through a morphism φ′ : S/J(S) → F2. Since E(M) is injective,
we obtain that the every endomorphism f ∈ End(M) can be extended to
an endomorphism of E(M), let’s call it φf . From Lemma 3.1, we obtain a

ring homomorphism End(M)
ψ−→ S/J(S) that sends every endomorphism f

of M to ψf + J(S). Now, φ′ ◦ ψ is a ring homomorphism End(M) → F2, a
contraddiction.

Corollary 4.5. Let M be a right R-module such that End(M) has no factor
isomorphic to F2. Then End(E(M)) is a clean ring in which every element
is the sum of some units.

Proof. From Theorem 4.4, we get that End(E(M))/J(End(E(M))) has no
factor isomorphic to F2. SinceE(M) is injective, End(E(M))/J(End(E(M)))
is Von Neumann regular right self-injective. Hence, from Theorem 2.33 and
the usual techniques, we can conclude.

Theorem 4.6. Let M be a continuous right R-module and let S = End(M).
Then, every element of S is the sum of two units if and only if S has no
factor ring isomorphic to F2.

Proof. It’s a consequence of Theorem 2.42 and Theorem 2.41.

We are now ready to give some important results about algebras over
fields.

We already proved (Theorem 3.6) that if R is a commutative ring with
no factor isomorphic to F2, the following are equivalent for a right R-module:

(a) The module M is automorphism-invariant.

(b) The module M is quasi-injective.

We can ask what happens if we have an A-module, with A an F-algebra.
In order to study the problem we need to introduce the following:

Lemma 4.7. Let R be a ring, and let S be a unitary subring of the center of
R. If F2 does not admit a right S-module structure, then, the endomorphism
ring of each right R-module M has no factor isomorphic to F2.

Proof. Since S is commutative, the application φ : S → End(MR) which
sends an element s ∈ S to the morphism φs ∈ End(MR) defined by φs(m) = ms,
is a ring homomorphism. If End(MR) has some factor isomorphic to F2

through a ring homomorphism ψ, then composing φ and ψ we get that S
has a factor isomorphic to F2 (so F2 would have an S-module structure),
absurd.
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Theorem 4.8. Suppose that A is an algebra over a field F with more than
two elements. Then a right A-module M is automorphism-invariant if and
only if it is quasi-injective.

Proof. From Lemma 4.7, we get that the endomorphism ring of every right
A-module M has no factor isomorphic to F2 (F2 does not admit a F-module
structure), and by Theorem 4.3 we can conclude.

Corollary 4.9. Let A be an algebra over a field F with more than two ele-
ments and suppose that A is right automorphism-invariant, then A is right
self-injective.

From Theorem 4.8, we obtain in particular that the polynomial rings
over a field with more than two elements are such that every automorphism-
invariant module over them is quasi-injective.

4.1 Automorphism invariant modules with fi-

nite Goldie dimension

In this section, we present some results about pseudo-injective modules
and we apply them in the study of modules with finite Goldie dimension.

Lemma 4.10. If M is automorphism-invariant, every direct summand of M
is automorphism-invariant.

Proof. Theorem 2.5.

Lemma 4.11. If M = M1 ⊕M2 is automorphism-invariant then M1 is M2-
injective and M1 is M2-injective.

Proof. We want to prove that M1 is M2-injective. Let A be a submodule
of M2 and let f : A → M1 be a morphism of right R-modules. We know
that A has a ∩-complement B in M2. Let’s call C = A ⊕ B. We can
extend f to an homomorphism g : C → M1 letting g(B) = 0. Now, let
α : M1⊕C →M1⊕M2 be the module monomorphism which sends an element
(x, c) ∈M1⊕C to the element (x+ g(c), c). Since α(M1⊕M2) = M1⊕C we
can use Theorem 4.1 to extend α to an endomorphism β of M1 ⊕M2. Call
ι2 the natural inclusion of M2 inside M1 ⊕M2 and call π1 the projection of
M1⊕M2 onto M1. The morphism we were looking for is then π1 ◦ β ◦ ι2.

Theorem 4.12. Let M be an automomorphism-invariant module such that
M = M1 ⊕ M2. Then M1,M2 are automorphism-invariant, M1 is M2-
injective and M1 is M2-injective.
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Proof. It’s a simple consequence of Lemmas 4.10, 4.11.

One can prove that:

Theorem 4.13. A finite direct sum of automorphism-invariant modules is
automorphism-invariant if and only if the direct summands are relatively
injective (this simply means that every direct summand is injective relatively
to the others).

Suppose that we have an automorphism-invariant module M with finite
Goldie dimension. Then M can be written as a direct sum of relatively
injective automorphism-invariant indecomposable modules with finite Goldie
dimension, let’s say M = ⊕ni=1Mi. If M is quasi-injective then all the Mi

are quasi-injective, being direct summands of M . This means, as the Mi are
indecomposable, that the Mi’s are uniform (Theorem 3.12 and Theorem 1.6).
If the Mi’s are quasi-injective (notice that the Mi’s are relatively injective),
then M is quasi-injective (Theorem 1.10 and Theorem 1.12) and the Mi’s
are uniform.

These considerations imply that the study of the finite Goldie dimension
automorphism-invariant modules that are quasi-injective reduces to the study
of uniform quasi-injective modules.

The following example shows that not every autmorphism-invariant mod-
ule with finite Goldie dimension is endomorphism-invariant:

Example 4.1.1. Let R =

F2 F2 F2

0 F2 0
0 0 F2

 and let M =

F2 F2 F2

0 0 0
0 0 0

. As

M = e11R, where e11 =

1 0 0
0 0 0
0 0 0

 is a primitive idempotent (i.e. cannot

be written as the sum of two ortoghonal idempotents), the module M is
indecomposable. Since R is a finite dimensional F2-algebra, M is an artinian
module and hence it has finite Goldie dimension. It can be checked that
the only automorphism of E(M) is the identity, hence M is automorphism-
invariant. But M is not uniform: in fact it has two simple submodules

e1,2R and e1,3R, where e1,2 =

0 0 1
0 0 0
0 0 0

 and e1,3 =

1 0 0
0 0 0
0 0 0

 . Therefore M

cannot be quasi-injective.

Theorem 4.14. Let M be an indecomposable automorphism-invariant mod-
ule with finite Goldie dimension and suppose that M is not quasi-injective.
Then:
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(a) End(M)/J(End(M)) ∼= F2

(b) There exist a finite set of non isomorphic indecomposable injective mod-
ules {Ei}i=1,...,n, with n ≥ 2, such that

E(M) = ⊕ni=1En

and End(Ei)/J(End(Ei)) ∼= F2 for every i = 1, . . . , n.

Proof. The first part of the proof is a consequence of Theorem 3.7. It remains
to prove the second part.

From Theorem 3.8, we get that M can be written as the direct sum
of a semiboolean module and an endomorphism-invariant one. Since M is
indecomposable and not quasi-injective it follows that M is semiboolean. As
M has finite Goldie dimension, E(M) = ⊕ni=1Ei, where Ei s an injective
indecomposable module for every i = 1, . . . , n, and n ≥ 2 (otherwise M
would be quasi-injective by Theorem 3.12). It can be easily shown that
End(E)/J(End(E)) is boolean. Since End(E)/J(End(E)) is Boolean, E is
square-free, hence, the Ei’s are two by two non isomorphic and

End(Ei)/J(End(Ei))

is Boolean for every i = 1, . . . , n. As the Ei’s are indecomposable it follows
that End(Ei)/J(End(Ei)) is a Boolean, division ring for every i = 1, . . . , n,
hence End(Ei)/J(End(Ei)) ∼= F2 for every i = 1, . . . , n.

4.2 Noetherian rings

The goal of this section is to prove that over a commutative noetherian
ring R, any automorphism-invariant module is quasi-injective.

We say that a right R-module M is finitely cogenerated if soc(M) is
finitely generated and essential in M .

From Theorem 4.14, we get immediately the following:

Theorem 4.15. Let M be an indecomposable finitely cogenerated automorph-
ism-invariant module which is not quasi-injective. Since the socle of M is
finitely generated we can write soc(M) = ⊕ni=1Si, where the Si are simple
modules. Then:

(a) n ≥ 2.

(b) The ring End(M)/J(End(M)) is isomorphic to F2.
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(c) The ring End(Si) is isomorphic to F2 for every i = 1, . . . , n.

(d) The Si’s are two by two non isomorphic.

Now, in order to prove the main result of this section, we need a technical
Lemma that extends Theorem 4.15. Before giving the Lemma we need some
definitions.

We say that a ring R is right bounded if each essential right ideal of R
contains a two sided ideal with the property of being essential as a right
submodule of R. It can be proved that a right noetherian ring R is right
bounded if and only if every essential right ideal of R contains a non-zero
two sided ideal.

Lemma 4.16. Let R be a right bounded right noetherian ring and M a semi-
boolean automorphism-invariant module that is not quasi-injective. Then,
there exist simple submodules Si ≤ M , with i ∈ I and 2 ≤ |I|, such that
soc(M) = ⊕i∈ISi is essential in M , End(Si) ∼= F2 for every i ∈ I and the
Si’s are two by two non isomorphic. Moreover, if R is commutative, then
|Si| = 2 for every i ∈ I.

Notice that if we ask R to be right bounded and right noetherian, and we
consider an automorphism-invariant indecomposable module M that is not
quasi-injective, then M is semiboolean and we can apply Lemma 4.16 to it
(it is a consequence of Theorem 3.8).

Theorem 4.17. Let R be a commutative noetherian ring with no homo-
morphic images isomorphic to F2 × F2. Then any automorphism-invariant
module is quasi-injective.

Proof. We want to act by contraddiction, hence we suppose that M is not
quasi-injective. From Theorem 3.8, we can write M = N⊕L where N is semi-
boolean, any element of End(L)/J(End(L)) can be written as the sum of two
units and End(M)/J(End(M)) ∼= End(N)/J(End(N))×End(L)/J(End(L)).
Since N is a direct summand of M , then, by Theorem 5.4, we get that N
is automorphism-invariant. Since L is quasi-injective, we get that N can-
not be quasi-injective otherwise M would be quasi-injective, against the hy-
potesis. From Lemma 4.16, we deduce that there exist simple submodules
Si ≤ N , with i ∈ I and 2 ≤ |I|, such that soc(N) = ⊕i∈ISi is essential in N ,
End(Si) ∼= F2 for every i ∈ I and the Si’s are two by two non isomorphic.
Since we are in the commutative case we also get that |Si| = 2 for every
i ∈ I. Now, write Si = {0, si}, and define pi : R → Si as the morphism
p1(1R) = si. Since the pi’s are surjective and the module Si are simple we
get that Ni = Ker(pi) is a maximal ideal of R for every i ∈ I. Since |I| ≥ 2
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we can find at least two indexes i, j ∈ I and we can define the ring homo-
morphism p : R → R/Ni × R/Nj by p(1) = pi(1) × pj(1). Since R/Ni and
R/Nj have just two elements we get that R/Ni × R/Nj

∼= F2 × F2. As Si
and Sj are non-isomorphic, Ni and Nj are two different maximal ideals of R,
hence by Chinese Remainder Theorem we get that p is surjective against the
hypotesis.

The idea to prove that every automorphism-invariant module over a com-
mutative noetherian ring is quasi-injective, is to show that being automor-
phism-invariant is a local property.

Corollary 4.18. Let R be a commutative noetherian ring. Then any automor-
phism-invariant right R-module is endomorphism-invariant.

Proof. The ring R cannot have an homomorphic image isomorphic to F2×F2,
otherwise it would have two maximal ideals, against locality. From Theorem
4.17, we can conclude.

Theorem 4.19. Let R be a commutative noetherian ring and M an R-
module. Then the following are equivalent:

(a) The module M is automorphism-invariant.

(b) The module Mp is an automorphism-invariant as an Rp-module for every
prime ideal p of R.

(c) The module Mm is automorphism-invariant as an Rm-module for every
maximal ideal m.

Also being a quasi-injective module over a commutative noetherian ring
is a local property:

Theorem 4.20. Let R be a commutative noetherian ring and M an R-
module. Then the following are equivalent:

(a) The module M is quasi-injective.

(b) The module Mp is an quasi-injective as a Rp-module for every prime ideal
p of R.

(c) The module Mm is quasi-injective as a Rm-module for every maximal
ideal m.

We are now ready to prove the result we announced at the beginning of
this section:
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Theorem 4.21. Let R be a commutative noetherian ring.
Then any automorphism-invariant module is quasi-injective.

Proof. Since M is automorphism-invariant, Mp is automorphism-invariant as
an Rp-module for every prime ideal p of R (Theorem 4.19). Since Rp is local
we obtain, applying Corollary 4.18 that Mp is quasi-injective as an Rp-module
for every prime ideal p of R. Finally, from Theorem 4.20, we obtain that M
is quasi-injective.
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Chapter 5

Automorhism-coinvariant
modules

In this chapter, we discuss the “dual” notion of injective envelopes, pro-
jective covers.

5.1 Projective covers

We want to look for the smallest possible rapresentation of a module as
an homomorphic image of a projective module. Let R be a ring and M be
a right R-module. A projective cover is a pair (P, p) where P is a projective
right R-module and p : P → M is a superfluous epimorphism. Analogously
to the injective case we get the following:

Theorem 5.1 (Fundamental Lemma of projective covers). Let (P, p) be a
projective cover of a right R-module M . If Q is a projective module and
q : Q → M is an epimorphism, then Q has a direct sum decomposition
Q = P ′⊕P ′′ where P ′ ∼= P , P ′′ ⊆ Ker(q) and (P ′, q|P ′) is a projective cover
of M .

Theorem 5.2 (Uniqueness of projective covers up to isomorphism). Pro-
jective covers, when they exist, are unique up to unique isomorphism in the
following sense. If (Q, q) and (P, p) are two projective covers of M , then
there exists an isomorphism h such that p ◦ h = q.

We say that a module M , with projective cover (P, p), is endomorphism-
coinvariant if any endomorphism f of P factorizes through p, namely, if there
exists an endomorphism g of M such that p ◦ f = g ◦ p.

63
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We say that a module M , with projective cover (P, p), is automorphism-
coinvariant if any automorphism f of P factorizes through p, namely, if there
exists an endomorphism g of M such that p ◦ f = g ◦ p.

One can show that there is an equivalent of Theorem 1.16 in the projective
case:

Theorem 5.3. A module M that admits a projective cover is endomorphism-
coinvariant if and only if M is quasi-projective.

There is one fundamental difference between injective envelopes and pro-
jective covers: while the first exist for every module, the second does not
always exist. Hence, it is not possible to expect that we will have an ana-
logue of all the results we proved in the injective case without asking some
particular properties for the ring R involved.

Example 5.1.1. As we have already noticed in Example 1.7.1, Z/4Z is
a quasi-projective Z-module that is not projective. It is straightforward to
notice that Z/4Z does not have a projective-cover (since Z is indecomposable
the only possible projective cover of Z/4Z would be (Z, π4), where π4 is the
natural projection of Z over Z/4Z, but π4 is not a small epimorphism).

It is now the time to do what we did in the injective case: generalize the
notion of “ cover”.

5.2 Generalizations of the concept of cover

Let M be a right R-module and let χ be a class of modules closed under
isomorphisms. We say that an homomorphism p : X → M , where X is an
element of χ, is a χ-precover of M , if any other homomorphism g : X ′ →M ,
where X ′ is an element of χ, factorizes through p, namely, if there exists an
homomorphism q : X ′ → X such that p ◦ q = g. We say that an χ-precover
of M , p : X → M , is a χ-cover if whenever there is an endomorphism
g : X → X such that p ◦ g = p, then g is an automorphism.

Hence, it is natural to give a notion of invariance under endomorphisms
and automorphisms.

We say that a module M with a χ-cover p : X →M is χ-endomorphism
coinvariant if for any endomorphism g of X there exists an endomorphism
f of M such that f ◦ p = p ◦ g.

When χ is the class of projective modules, then the χ-endomorphism
invariant modules are quasi-projective.
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Anologously, we say that a module M with a χ-cover p : X → M is
χ-automorphism coinvariant if for any automorphism g of X there exists an
endomorphism f of M such that f ◦ p = p ◦ g.

It can be proved that:

Theorem 5.4. If M is χ-automorphism coinvariant and every direct sum-
mand of M has a χ-cover, then any direct summand of M is χ-automorphism
coinvariant.

We say that a χ-cover p : X → M of M is epimorphic if p is an epimor-
phism. Similarly to the injective case, if we consider a module M with an
epimorphic χ-cover, then M is χ-automorphism coinvariant precisely when
p induces a group isomorphism ∆′ : Aut(M) ∼= Aut(X)/coGal(X), where
coGal(X) is the set of the automorphisms g of X such that p ◦ g = p. We
call coGal(X) the coGalois group of the cover p.

5.3 Properties of covers

In this section, we list some theorems which are the perfect equivalent of
the theorems given for χ-envelopes.

In this section, we suppose that χ is a class of modules closed under
isomorphisms, M a module with an epimorphic χ-cover p : X → M such
that End(X)/J(End(X)) is Von Neumann regular, right self-injective and
the idempotents of End(X) lift modulo the Jacobson radical.

Similarly to the injective case, for every endomorphism f of M , we can
find an endomorphism g of X such that p ◦ g = f ◦ p. It can be shown that
the application φ : End(M)→ S/J(S) defined by φ(f) = g+J(S), for every
f ∈ End(M), is well-defined, and it is an homomorphism of rings.

Now, we give an equivalent of Theorem 3.3:

Theorem 5.5. If M is χ-automorphism coinvariant, then K = J(End(M)),
End(M)/J(End(M)) is Von Neumann regular and the idempotents of End(M)
lift modulo the Jacobson radical.

It is natural to ask whether in the projective case we can say something
about the finite exchange property.

Corollary 5.6. Let M be χ-automorphism coinvariant. Then M satisfies
the finite exchange property.

The next question that arises is wheter in some special cases a χ-automorphism
coinvariant module is also χ-endomorphism coinvariant.
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Theorem 5.7. Let M be a χ-automorphism coinvariant module and assume
that End(M) has no homomorphic images isomorphic to F2. Then M is χ-
endomorphism coinvariant and End(M)/J(End(M)) ∼= End(X)/J(End(X)).
In particular, End(M)/J(End(M)) is Von Neumann regular right self-injective
and the idempotents of End(M) lift modulo the Jacobson radical. This is the
case when n = char(End(M)) > 2 and 2 does not divide n.

As we did in the injective case we are now interested in whether there ex-
ists some nice decomposition of End(M)/J(End(M)) whenM is χ-automorphism
coinvariant and every direct summand of M has a χ-envelope.

Theorem 5.8. Let M be χ-automorphism coinvariant and suppose that ev-
ery direct summand of M has a χ-cover. Then M admits a decomposition
M = N ⊕ L such that:

(a) The module N is semiboolean.

(b) The module L is χ-endomorphism coinvariant, End(L)/J(End(L)) is
Von Neumann regular right self-injective and the idempotents of End(L)
lift modulo the Jacobson radical.

(c) Both HomR(N,L) and HomR(L,N) are contained in J(End(M)). In par-
ticular, End(M)/J(End(M)) ∼= End(N)/J(End(N))×End(L)/J(End(L))
is the product of a semiboolean ring and a Von Neumann regular right
self-injective one.

What about the exchange property?

Theorem 5.9. Let M be χ-automorphism coinvariant and suppose that ev-
ery direct summand of M has a χ-cover. Suppose furthermore that for χ-
endomorphism coinvariant modules, the finite exchange property implies the
full exchange property. Then M satisfies the full exchange property.

The natural question that arises now is: is there an analogous of Theorem
3.15? The answer is affirmative by the following theorem:

Theorem 5.10. Let M be a χ-automorphism coinvariant module and sup-
pose that every direct summand of M has a χ-cover. Then M is a clean
module.

One can also show that for a directly finite χ-automorphism coinvariant
module M , analogous property of the injective case hold.

Theorem 5.11. Let M be χ-automorphism coinvariant. If M is directly
finite, then X is directly finite.
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Theorem 5.12. Let M be χ-automrphism coinvariant. If M is directly finite
then End(M)/J(End(M)) is unit-regular.

We can find also an equivalent of Theorem 3.20:

Theorem 5.13. Let M be χ-automorphism coinvariant. Then the following
are equivalent:

(a) The module M is directly finite.

(b) The module M has the internal cancellation property.

(c) The module M has the cancellation property.

(d) The module M has the substitution property.

(e) The module X is directly finite.

(f) The module X has the internal cancellation property.

(g) The module X has the cancellation property.

(h) The module X has the substitution property.

As for the injective case we have a theorem that states that if M is χ-
automorphism coinvariant andX is indecomposable, thenM is χ-automorphism
coinvariant. We can find also an analogue of Theorem 3.12:

Theorem 5.14. Let M be χ-automorphism coinvariant and indecomposable.
Then the following are equivalent:

(a) The module M is χ-endomorphism coinvariant.

(b) The module X is indecomposable.

As in the injective case we can say something when M is indecomposable
χ-automorphism coinvariant but not χ-endomorphism coinvariant.

Theorem 5.15. Let M be an indecomposable χ-automorphism coinvariant
module that is not χ-endomorphism coinvariant.

Then End(M)/J(End(M)) ∼= F2 and End(X)/J(End(X)) has an homo-
morphic image isomorphic to F2 × F2.

As for the injective case we can show that not every automorphism-
coinvariant module is endomorphism-coinvariant.
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Example 5.3.1. Let R and M be respectively the ring and the module given
in example 4.1.1. It can be proved that since R is a finite dimensional algebra
over F2, the functors:

HomF2(−,F2) : Mod-R→ R-Mod

and
HomF2(−,F2) : R-Mod→ Mod-R

estabilish a contravariant equivalence between the full subcategories of
left and right finitely generated modules over R.

One can show that HomF2(E(M),F2) is the projective cover of HomF2(M,F2),
and this implies that HomF2(M,F2) is an automorphism-coinvariant left R-
module. Since M ∼= HomF2(HomF2(M,F2),F2) and

E(M) ∼= HomF2(HomF2(E(M),F2),F2)

we get that HomF2(M,F2) is not endomorphism-coinvariant.

5.4 Dual automorphism-invariant modules

In this section, we introduce dual automorphism-invariant modules.
Dual automorphism-invariant modules, under certain conditions, will per-

mit us to generalize Theorem 4.1. In particular, they represent a bridge be-
tween pseudo-projective and automorphism-coinvariant modules (we will be
basically looking for properties that in the pseudo-injective case are given for
free).

We say that a right R-module M is dual automorphism-invariant if
whenever K1 and K2 are small submodules of M , then any epimorphism
ν : M/K1 → M/K2 with small kernel lifts to an endomorphism φ of M .
This means that if we call π1 and π2 the natural projections of M over
M/K1 and M/K2 respectively, then ν ◦ π1 = π2 ◦ φ.

We will show in a bit that the endomorphism φ of the definiton can be
thought as an automorphism (this gives a justification of the name). Before
proving the announced result we need a Lemma:

Lemma 5.16. Let M be a dual automorphism-invariant module and sup-
pose that ν : M → M is an epimorphism with small kernel. Then ν is an
automorphism.

Proof. Let K = Ker(ν). Then ν̄ : M/K → M (the induced morphism)
is an isomorphism, so we can consider its inverse ν̄−1. Since M is a dual
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automorphism-invariant module, we have that ν lifts to an endomorphism φ
ofM and φ(M) +K = M , but sinceK is small inM , we get thatM = φ(M).
Calling pk the natural projection of M onto M/K, we have that

Ker(φ) ⊆ Ker(pK ◦ φ) = ker(ν−1) = 0,

so φ is an isomorphism. Since x = v̄ ◦ v̄−1(x) = v ◦ φ(x) = x for any x ∈ M
and φ is an isomorphism, we deduce that v is an isomorphism.

Theorem 5.17. A right R-module M is dual automorphism-invariant if and
only if every small epimorphism ν : M/K1 →M/K2, with K1 and K2 small
submodules of M , lifts to an automorphism of M .

Proof. One implication is clear. Let M be a dual automorphism-invariant
right R-module, let K1 and K2 be small submodules of M , and let

ν : M/K1 →M/K2

be a small epimorphism with kernel L/K1 for some submodule L of M . Since
K is small we have that L is small, in fact: suppose that L + M ′ = M for
some submodule M ′ of M . This means that L/K1 + (M ′ + K1)/K1 = M ,
hence M ′ + K1 = M , therefore M ′ = M . If we call π1 the projection of
M onto M/K1 and we set λ = ν ◦ π1, we get that Ker(λ) = L, there-
fore λ is an epimorphism with small kernel. Moreover, since M is dual
automorphism-invariant, we obtain that λ lifts to a endomorphism φ of M
such that φ(M) +K2 = M . Since K2 is small we immediatley get that φ is
surjective, and by Lemma 5.16 we can conclude.

A module with no non-zero small submodule is automatically dual automor-
phism-invariant. Hence, since the Jacobson radical of a module M is the sum
of the superfluous right submodules of M , we get that a semiprimitive module
is dual automorphism-invariant.

We know that for a commutative ring R, it is equivalent to be Von Neu-
mann regular or such that all the simple right R-modules are injective. In the
non-commutative case this equivalence does not always work. This justify
the following definition: we say that a ring R is a right V -ring if every simple
right R-module over R is injective.

Theorem 5.18. For a ring R the following are equivalent:

(a) The ring R is a right V -ring.

(b) Every right R-module M has Jacobson radical equal to zero.
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Proof. We just prove that (a)⇒ (b).
We have just to prove that every cyclic submodule xR of M is not con-

tained in the Jacobson radical. Since xR is a finitely generated module, it
has for sure a maximal submodule, so in particular there exists an epimor-
phism g : xR→ S, for some simple right R-module S. Since S is injective we
can extend g to an epimorphism h : M → S, therefore Ker(h) is a maximal
submodule of M not containing x and we can conclude.

Since every semiprimitive module is dual automorphism-invariant, from
Theorem 5.18, we get the following theorem:

Theorem 5.19. Let R be a rigt V -ring. Then any right R-module is dual
automorphism-invariant.

It is now natural to ask wheter the converse of Theorem 5.19 holds. Before
proving that the answer is affirmative, we need a Lemma:

Lemma 5.20. Let M1 and M2 be right R-modules. If M1 ⊕ M2 is dual
automorphism-invariant, then any homomorphism f : M1 → M2/K2, with
K2 small in M2 and Ker(f) small in M1, lifts to an homomorphism

g : M1 →M2.

Proof. Let σ : M →M/K2 be the epimorphism defined by

σ(m1 +m2) = m1 + (f(m1) +m2 +K2).

Since K2 is small in M2, and M2 ⊆ M , K2 is small in M . As M is dual
automorphism-invarinat, σ lifts to an isomorphism ν of M . If we consider an
element m1 ∈M1, ν(m1) = u1 +u2 for some elements u1 ∈M1 and u2 ∈M2,
then u1 + u2 +K2 = m1 + (f(m1) +K2), therefore f(m1) = u2 +K2. Let π2

be the natural projection of M onto M2. Then g = π2 ◦ ν|M1 : M1 →M2 lifts
f .

Theorem 5.21. A ring R is a right V -ring if and only if every finitely
generated right R-module is dual automorphism-invariant.

Proof. One implication is obvious. Suppose that every finitely generated
right R-module is dual-automorphism-invariant. We want to act by contrad-
ddiction, so suppose there exists a right simple module S such that S is not
injective. This implies that E(S) 6= S, hence there exists an x ∈ E(S) \ S.
Since S is essential in E(S), xR ∩ S 6= 0 and so S must be contained in
xR. As S is essential in E(S), S is essential in xR and this implies that
S is small in xR (and so in R). In fact, if there exists a submodule N of
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xR such that N + S = xR and N 6= xR, we get that N ∩ S = 0, that is
absurd since S is essential in xR. Consider now two submodules N1 and
N2 of xR such that N1 ∩ N2 = 0. As S is essential in xR and is sim-
ple, this means that N1 = 0 or N2 = 0. Therefore, xR is uniform. Let
A = r(x). Since xR ∼= R/A there exists a right ideal B of R such that
S ∼= B/A and A ⊂ B ⊂ R. As (R/A)/(B/A) ∼= R/B we can consider
the identity homomorphism 1R/B : R/B → R/B ∼= (R/A)/(B/A), with
Ker(1R/B) = 0 small in R/B and B/A small in R/A. So in particular, if we
consider the finitely generated module M = R/B ⊕R/A, we obtain that M
is dual automorphism-invariant by hypotesis, and 1R/B satisfies the hypote-
sis of Lemma 5.20. In particular, this implies that 1R/B can be lifted to a
morphism ν : R/B → R/A. Call πB the projection of R/A on R/B. Since
πB ◦ ν is the identity of R/B we obtain that Im(ν) is a direct summand of
xR, which is not possible since R/A is uniform. Therefore, we can conclude
that R is a V -ring.

We would like to extend some results obtained for the injective case to
the projective one, but the problem is that not for every ring R, every right
R-module has a projective cover. So it is natural to define perfect rings.

We say that a ring R is right perfect if every right R-module M has a
projective cover.

We want now to define an analogue of the concept of pseudo-injective
modules in the projective case. It is then natural to give the following def-
inition: we say that a module M is pseudo-projective if every epimorphism
φ : M →M/N , with N a submodule of M , can be lifted to an endomorphism
of M . More formally, if p is the projection of M on M/N , then there exists
an endomorphism f of M such that p ◦ f = φ.

We will see that a pseudo-projective with a projective cover is automorphi-
sm-coinvariant. In particular, if R is a right perfect ring, every pseudo-
projective is automorphism-coinvariant.

We have now to introduce a Lemma that will be useful in the future.

Lemma 5.22. Let A and B be right R modules, and let C be a small sub-
module of A. Furthermore, let f : A → B, g : A → B be two R-module
morphisms such that g(C) = 0. Call π the projection of B over B/f(C) and
consider f ′ = π ◦ f , g′ = π ◦ g. If f ′ = g′, then f = g.

Proof. By hypotesis, for every a ∈ A, f(a) + f(C) = g(a) + f(C). Hence,
(f − g)(A) ⊆ (f − g)(C), therefore A = C +Ker(f − g). Since C si small in
A we get that A = Ker(f − g), so f = g.

Theorem 5.23. A pseudo-projective module is dual autmorphism-invariant.
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Proof. It is straightforward.

Our next goal is to prove that every pseudo-projective module that admits
a projective cover is automorphism-coinvariant. Before doing that we need
to prove the following:

Theorem 5.24. Let P a projective module and let K be a small submodule of
P such that M = P/K is dual automorphism-invariant. Then σ(K) = K for
every automorphism of P , therefore every automorphism of P induces an au-
tomorphism of M . This implies in particular that every dual automorphism-
invariant module with a projective cover is automorphism-coinvariant.

Proof. Let σ : P → P be an automorphism and suppose that σ(K) * K.
The induced map σ̄ : P/K → P/(K + σ(K)) has small kernel,

Ker(σ̄) = (σ−1(K) +K)/K.

Since M is dual automorphism-invariant, σ̄ lifts to an automorphism ν of M ,
hence ν lifts to an automorphism λ of P (λ is surjective since K is small, and
a small epimorphism between two projective modules is an isomorphism).
Let λ̄ be the composition of λ with the projection π of P onto P/K and let
µ : P → P/K be the composition of σ with π. Call π′ the natural projection
of P/K onto P/(K+σ(K)). Then π′ ◦ λ̄ = π′ ◦µ, therefore, by Lemma 5.22,
λ̄ = µ. But Ker(µ) = σ−1(K) and Ker(λ̄) = K, we ge that σ−1(K) = K,
hence σ(K) = K.

Now we are ready to prove the result we announced at the beginning of
the section:

Theorem 5.25. If P is a projective module and K is superfluous in P , then
P/K is dual automorphism-invariant if and only if for every automorphism
σ of P we have that σ(K) = K. In particular, a module M with a projective
cover is automorphism-coinvariant if and only if it is dual automorphism-
invariant.

Proof. From Theorem 5.24, it follows that we have just to prove one im-
plication. Suppose that M is automorphism-coinvariant, so σ(K) = K for
every automorphism of P . Let L̄1 = L1/K and let L̄2 = L2/K be two small
submodules of M and σ : M/L̄1 → M/L̄2 be a small epimorphism. Then
Ker(σ) = L̄/L̄1 where L̄ = L/L1, with L a submodule of P containg K.
Then L is small in M , so it is small in P . Now σ induces an epimorphism
σ′ : P/L1 → P/L2 such that for any x ∈ P , σ′(x+L1) = y+L2 if and only if
σ(x̄+ L̄1) = ȳ + L̄2. Now Ker(σ′) = L/L1 is small in P/L1 and σ′ is an epi-
morphism. Hence it lifts to an epimorphism ν of P . Then Ker(ν) ⊆ L and
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therefore Ker(ν) is small in P . Then ν is an automorphism of P (Theorem
5.16), so ν(K) = K, hence ν̄ induces an automorphism of M and ν̄ lifts to
σ.

From Theorem 5.23 and Theorem 5.25, we get immediately the following:

Theorem 5.26. Let M be a pseudo-projective right R-module and suppose
that M admits a pojective cover. Then M is automorphism-coinvariant.

Corollary 5.27. Let M be a quasi-projective right R-module that admits a
projective cover. Then M is automorphism-coinvariant.

5.5 Right perfect rings

In this section, we generalize the results given in Section 4.2. The problem
is that there exist rings R such that not every right R-module has a projective
cover. The natural solution is to consider right perfect rings.

We say that a class χ of right R-modules is a covering class if every right
R-module admits a χ-cover.

If R is right perfect then the class χ of projective modules is a covering
class.

When R is a right perfect ring, we can find some results that play the
role of the ones introduced for commutative noetherian rings in the injective
case.

Theorem 5.28. Let R be a right perfect ring and let M be a right R- module.
Then a module M is automorphism-coinvariant if and only if it is pseudo-
projective.

Theorem 5.29. Let R be a right perfect ring, let M be an automorphism-
coinvariant module with projective cover π : P → M and assume that M is
not endomorphism-coinvariant. Assume furthermore that M is indecompos-
able and has finite Goldie dimension. Then the following hold:

(a) The ring End(M)/J(End(M)) is isomorphic to F2.

(b) There exists an n ≥ 2 and indecomposable modules Pi, with i = 1, . . . , n,
two by two non-isomorphic such that P = ⊕ni=1Pi and

End(Pi)/J(End(Pi)) ∼= F2

for every i = 1, . . . , n.
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In particular, one can obtain an analogue of Corollary 4.18.

Corollary 5.30. Any automorphism-coinvariant module over a commutative
local perfect ring is quasi-projective.

It is natural then to suppose that the analogy with commutative noethe-
rian rings can be extended furthermore. We can give in fact an analogue of
Theorem 4.21:

Theorem 5.31. Let R be a commutative perfect ring. Then any automorphism-
coinvariant module over R is quasi-projective.
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