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Introduction

The definition of the fundamental group related to a real manifold arose
in the end of XIX century, in a paper of Henri Poincaré named Analysis
Situs; in this paper, it was defined as the group of lateral classes of the
loops. Nevertheless, already in the opus of Bernhard Riemann the idea of
the fundamental group was present, throughout the study of the covers of
Riemann surfaces, hence in a complex context. Later, Shreeram Shankar
Abhyankar extended the notion of the fundamental group for varieties over
a generic algebraically closed field: he defined the fundamental group as the
inverse system of the Galois unramified extensions of the function field of the
variety.

This construction motivated Alexander Grothendieck to define the fun-
damental group in an algebraic context: given an algebraic variety over a
field, its étale fundamental group is given by the inverse limit of the Galois
groups of the étale covers of the variety. Beyond the étale case, which re-
mains nevertheless the central one, Grothendieck developed the concept of
Galois category, with the aim of considering the most general construction
of a category having associated a fundamental group.

Furthermore, Grothendieck linked the category of étale covers of an alge-
braic variety over C to the category of topological covers of the underlying
topological space of the variety, with results in the so-called G.A.G.A. con-
text (Algebraic geometry and Analytic geometry). In particular, the étale
fundamental group of an algebraic variety over C turns out to be nothing
but the profinite completion of the topological fundamental group.

In this writing, we study the properties of a Galois category and we show
the construction of the fundamental group associated to it. Then, we prove
that the étale covers of a connected scheme form in fact a Galois category
and the fundamental group associated will be the étale fundamental group of
the scheme. We present some results on étale fundamental groups in various
settings and we end by recalling the link with the topological fundamental
group that G.A.G.A. results give rise to.
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Notation

Categories

Definition. A category C consists in the following data: a class of object of
C, denoted by Obj(C); for every pair of objects X, Y in C, a set Home (X, Y") of
morphism between X and Y'; for every X, Y, Z objects in C, the composition
law:

o : Home(Y, Z) x Home(X,Y) — Home(X, Z)
(g, f)—gof

which is associative and such that for every object X there exists a morphism
idy € Home(X) called the identity such that for every Y, Z objects and
f € Home(X,Y) and g € Home(Z, X) one has:

foidy=f idxyog=g.
We will usually write X € C to mean X € Obj(C).
Definition. Let C be a category. An object C € C is said to be:
e initial if for every X € C there exists a unique morphism C' — X;
o terminal if for every X € C there exists a unique morphism X — C;
e zero object if it is both initial and terminal.

Definition. A morphism f € Hom¢(X,Y) is an isomorphism if there exists
g € Home (Y, X) such that fog =idx and go f = idy. In this case we say
that X is isomorphic to Y and we write X ~ Y.

We will denote by Isome (X, Y') the set of isomorphisms from X to Y and by
Aute(X) the set Isome (X, X).

Definition. Let C and D be two categories. A covariant functor from C to
Dis alaw F : C — D that:

11
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e to every X € C assigns an object F(X) € D;
e to every morphism f € Home(X,Y) assigns a morphism
F(f) € Home(F(X), F(Y))

such that F(idx) = idp(x) and if g € Home (Y, Z) one has F(go f) =
F(g) o F(f).

We will say functor to mean covariant functor.

Definition. Let F,G : C — D be two functors. A natural transformation
betweem F' and G is a family n = {nx } v of morphisms nx : F(X) —
G(X) such that for every f € Hom¢(X,Y) the following diagram commutes:

F(X) 25 G(X)

lG(f)

F(f)
F(Y) 2 G(Y)

The natural transformation 7 is said natural isomorphism if for every X € C
the morphism 7y is an isomorphism; in this case we will write F' ~ G.

Definition. A functor F': C — D is called an equivalence (of categories) if
there exists a functor GG : D — C such that G o F' =~ id¢ and F o G = idp.

Definition. A functor F': C — D is said to be:

e cssentially surjective if for every Y € D there exists X € C such that
F(X)~Y;

o fully faithful if for every X, Y € C the map

®xy : Home(X,Y) — Homp(F(X), F(Y))
fr— F(f)
is bijective.

Proposition 0.0.1. Let F' : C — D be a functor. F is an equivalence of
categories if and only if it is fully faithful and essentially surjective.

We denote by SETS the category of sets (the morphisms are maps between
sets), by FSETS the full sub-category of finite sets, by TOP the category of
topological spaces (morphisms are continuous maps).
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Algebraic geometry

Definition. Let X be a topological space and consider the category TOP(X)
(the partially ordered set of open subsets of X). A presheaf of abelian
groups (resp. of rings) F on X is a contravariant functor from Topr(X) to
the category of abelian groups (resp. of rings). A morphism between two
presheaves F,G on X is a natural transformation between the two functors.

If VCUC X and s € F(U), we write s to mean the image of s under the
map F(U) — F(V).

Definition. Let X be a topological space and F a presheaf on X. Given
x € X, the stalk of F at x is given by:

Fo = lim  F(U).

zeUeTor(X)

Definition. Let X be a topological space; a sheaf of abelian groups (resp.
of rings) F on X is a presheaf of abelian groups (resp. of rings) such that
for any open covering { U; },., of an open subset U C X and for any family
{si }ic; with s; € F(U;) such that siu,nu, = sjju,nv, for any i,j € I, then
there exists a unique s € F(U) such that sy, = s; for any i € I.

Definition. A ringed topological space X consists of a topological space | X |
(sometimes we will denote the topological space again by X if there is no
possible confusion) together with a sheaf of rings Ox on X. We denote
it by (|X],Ox). A morphism f : X — Y between two ringed topological
spaces X = (|X|,0x) and Y = (|Y|,Oy) is given by a continuous map
|f] : | X| — |Y| together with a morphism of sheaves f*: Oy — f,Ox.

We say that a ringed topological space (| X|, Ox) is a locally ringed topological
space if for every x € | X| the stalk Ox, is a local ring.

Definition. An affine scheme is a locally ringed topological space (| X|, Ox)
where |X| = SpecA with A a ring and the sheaf Oy is generated by the
following definition on a basis: Ogpeca(D(f)) 1= Ay.

Definition. The category SCH of schemes is the full subcategory of the
category of locally ringed space whose objects are the locally ringed space
X = (|X|, Ox) such that every point « € | X| has an open neighbourhood U
such that (U, Oxy) is an affine scheme.

Definition. A morphism f: X — Y of schemes is said:

e affine if for every V C Y open affine subset, f~1(V) is an affine open
subset of X;



vi

CONTENTS
open immersion if it induces an isomorphism with an open subscheme
of Y

closed immersion if | f| induces an homeomorphism between | X| and a
closed subset of [Y'| and f* is surjective;

separated if the diagonal morphism Ay : X — X Xy ¢ X is a closed
immersion;

universally closed if for any morphism Y’ — Y the base change mor-
phism X xy Y’ — Y is closed;

locally of finite type if for every affine open subset V' C Y and for every
affine open subset U C f~'V the morphism Oy (V) — Ox(U) makes
Ox(U) a finitely generated Oy (V')-algebra;

of finite type if it is locally of finite type and quasi-compact;

proper if it is of finite type, separated and universally closed.
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Chapter 1

(Galois categories

In this chapter we develop one of the main tools of this production: the ma-
chinery of Galois categories. In the first section we give a quick recall on the
fundamental topological group, an enlightening starting point to understand
the construction of the Galois fundamental group; in the second section, we
present the definition of a Galois category and some results on objects and
morphisms of this category; the entire third section is dedicated to the proof
of the Main Theorem, which tells that a Galois category is in fact equivalent
to the category of finite sets endowed with the action of a suitable group, the
Galois fundamental group.

1.1 The fundamental group of a topological space

In this section we briefly recall the construction of the fundamental group
of a topological space; even though maybe it is already well known and this
part could be tedious for someone, it will give a practical idea of the more
general construction that we are developping for Galois categories. From our
point of view, the reader may find usefull the short recovery we report here.
The setting in this section is the category of topological spaces, TOP.

Covers and group actions

Definition. Consider X € Top. The category SPOV(X) of spaces over X
is a category whose objects are the couple (Y, p) where Y is a topological
space and p : Y — X is a continuous map; a morphism between two objects
(Y1,p1), (Ya,p2) € SPOV(X) is a continuous map f : Y; — Y5 such that
p2o f=p1

Definition. The category Cov(X) of covers of X is the full sub-category
of SPOV(X) whose objects (Y, p) satisfy the following condition: each point

1
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r € X has an open neighbourhood V' for which p~*(V) is a disjoint union of
open subsets U; C Y such that py, : U; — V' is a homeomorphism.

It is possible to verify that if X is connected, the fibres of p are all home-
omorphic to the same discrete space I. We define what is an automorphism
of a cover:

Definition. Given (Y, p) € Cov(X), we define the group Aut(Y|X) of auto-
morphism of (Y, p) as the group of automorphism of Y as topological space,
i.e. homeomorphism ¢ : Y — Y, such that p =po ¢.

We proceed by looking at actions of groups on topological spaces.

Definition. Let G a group acting continuously from the left on a topologi-
cal space Y. We say that the action of G is even (sometimes one may find
"properly discontinuous" instead) if each point y € Y has some open neigh-
bourhood U such that the open sets gU are pairwise disjoint for all g € G.

If G is a group acting on a topological space Y, one may consider the
quotient space G \ Y whose elements are the orbits under the action of G
and the topology is the quotient one (the finest one making the projection
m:Y — G\Y continuous). We recall that the quotient space has the
following universal property: if f : ¥ — Z is a continuous map which is
G-invariant, there exists a unique map f: G\ Y — Z such that f = for.

Example. If p : Y — X is a cover, we may consider the action Aut(Y|X) Y
and look at the quotient space Aut(Y'|X) \ Y; notice that in this case, since
po¢ = p for all ¢ € Aut(Y|X), for every z € X we may think that Aut(Y|X)
acts on the fibre p~!(z).

Now we link the notion of an even action of a group on a topological space
with the notion of a cover:

Lemma 1.1.1. Given a group G acting evenly on a connected space Y, the
projection p : Y — G \'Y makes (Y,p) a cover of G\'Y.

Using the notions we introduced above, it is possible to prove the following
statement:

Proposition 1.1.2. If (Y,p) € Cov(X) is a connected cover of a locally con-
nected topological space X, the action of Aut(Y|X) on'Y is even. Conversely,
if G is a group acting evenly on a connected space 'Y , the automorphism group
of the cover pg : Y — G \'Y is precisely G.



1.1. THE FUNDAMENTAL GROUP OF A TOPOLOGICAL SPACE 3

Notice now that if (Y,p) is a connected cover of X, we may consider
the group Aut(Y|X) acting on Y and look at the quotient of this action
Aut(Y|X)\Y. The cover map p : Y — X is Aut(Y|X)-invariant by definition
of Aut(Y|X), hence using the universal property of the quotient 7 : Y —
Aut(Y|X)\ Y we find a continuous map p : Aut(Y|X)\ Y — X making the
following diagram commutative:

Y T Auwt(Y[X)\ Y

\lp

X

Definition. (Y,p) € Cov(X) is Galois if YV is connected and the induced
map p is an homeomorphism.

An important characterization for Galois covers is the following:

Proposition 1.1.3. A connected cover (Y,p) € Cov(X) is Galois if and
only if Aut(Y|X) acts transitively on each fibre of p.

The fundamental group

Definition. Let X a topological space;
e a path in X is a continuous map f : [0,1] = X;
e a [oop in X is a path f such that f(0) = f(1).;

e two path f,g in X are said homotopic if f(0) = g(0), f(1) = ¢(1) and
there exists a continuous map h : [0, 1] x [0, 1] — X with (0, z) = f(x)
and h(1,x) = g(x) for all z € X. It is possible to verify that the relation
of being homotopic is an equivalence, we write it f ~ ¢ and we indicate
with [f] the homotopy equivalence class of the path f.

If f,g are two paths in X with f(1) = ¢(0), we may consider the path
obtained by composing them:

fxg:[0,1] = X

defined by: f x g(x) = g(2x) for 0 < z < 1/2, f*g(x) = f(2z — 1) for
1/2 < z < 1. Tt is easy to see that this operation passes to a well defined
operation on the quotient by homotopy equivalence: [f]x[g] := [f*g]. In fact,
if we fix a point x € X, the set of homotopy classes of loops starting (and
ending) in x equipped with this operation is a group, which we will denote
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by m (X, z): the identity is the class of the constant path i(s) = z for all
s € [0,1] and if f is a generic loop, we have [f]~! := [f] where f(s) = f(1—s)
for all s € [0,1]. m1(X, ) is the fundamental group of X with base point z.
The following technical lemma holds; it allows us to lift up a path through a
cover map:

Lemma 1.1.4. Let (Y,p) € Cov(X), y € Y with x = p(y).

1. Given a path f :[0,1] — X with f(0) = z, there is a unique path
f:00,1] =Y with f(0) =y and po f = [.

2. Assume moreover given a second path g : [0,1] — X with f ~ g. Then
the unique lifting g of the previous point is such that f ~ g.

Now we are ready to state the theorem that we should keep in mind for the
rest of the chapter, as it gives the idea of what we are going to construct with
Galois category in a more general setting than covers of topological spaces.
Let us fix a connected and locally simply connected topological space X and
a point x € X. We consider the category of sets with left 7 (X, z)-action,
m1(X, z)-SETS, and we define the functor

Fib, : Cov(X) — m (X, z)-SETS
(Y,p) — p~ ' (2)
(f = (Vo) = (Z,0) — fip-1) 107 (@) = ¢ (2).

It is a well defined functor since f respects the fibre by definition.

Theorem 1.1.5. In the setting above, the functor Fib, induces an equiva-
lence of categories. In particular, connected covers correspond to m (X, x)-
sets with transitive action and Galois covers to coset spaces of normal sub-
groups of m (X, ).

1.2 Definitions and first properties

Definition. Let C be a category; a morphism u € Home(X,Y) is a strict
epimorphism if there exists the fibre product in C

X xy X 25 X

al lu

X ——Y
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and for any object Z € C the map

-ou: Home (Y, Z) — Home (X, Z)
fr—fou

is injective with image
{h€Home(X,Z) | hopy =hopy}.

Ezample. (Strict epimorphism in FSETS) As an easy example, we show that
in the category FSETS being a strict epimorphism is equivalent to being
surjective. Let us consider X,Y € FSETS and v € Hompggs(X, Y);

Suppose u surjective, we prove that wu is strict epimorphism. Firstly we
notice that the fibre product always exists in FSETS:

Xxy X={(r,y) e X x X |u(z) =u(y) }.

For every Z € FSETS the map - ou : Hom(Y,Z) — Hom(X, Z) is clearly
injective: if f,g € Hom(Y, Z) with f ou = g o u, we have f = g since u is
surjective (i.e. an epimorphism in FSETS). We consider a map h : X — Z
such that h o p; = h o py, where p; : X Xy X — X are the projections given
by the fibre product; we want to find f : Y — Z such that fou = h. We
define the map f in the natural way: Vy € Y

fly) == h(u"'(y)).

It remains just to verify that this is a proper definition: if y = u(a) = u
then (a,b) € X xy X and h o pi(a,b) = h(a) = h o py(a,b) = h(b), s
f(y) = h(a) = h(b) is well defined and fou =h

The converse is easy: if u strict epimorphism, then - o u is injective and
this precisely means that u is epimorphism in FSETS so a surjective map.

()

FExample. A more interesting example is the following: consider a topological
space X € Tor and U;,U; C X open subsets such that X = U; U U,. We
have the map v : U; U Uy — X induced by the inclusion; we prove that this
map is a strict epimorphism in the category Topr. We have to show firstly
that there exists the fibre product (U; U Us) xx (Uy U Us). As in the case
above, we have:

(U UTz) xx (U U Us) = { (2,y) € (U1 UU2)* | u(x) = u(y) }
and u(x) = z, u(y) = y. Hence we have

(U UUs) xx (U UUz) = A, i) x (Uy00s)-
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We have that for any topological space Z € Top, - ou : Hom(X,Z) —
Hom(U; U Us, Z) is injective: indeed w is surjective (hence an epimorphism
in TOP) as we are supposing X = Uy U Us,.

Now consider f € Hom(U; U Uy, Z) such that f op; = f o py, where
p; is the projection on the i-th component of (U; U Us) xx (U UUs). f is
defined on U; U Us, hence it is given by f; := foe; :€ Hom(U;, Z) and
fo = foey € Hom(Us, Z), where e; : U; — Uy U Us is the natural inclusion.
Notice that f; and f, are compatible on U; N Us: indeed if x € U; N Uy and
we call x; = x the copy of x in U;, we have:

fi(x1) = foei(zr) = fopi(wy,22) = fopa(wy,22) = foea(ra) = fawa).

But then fi, fo are continuous maps and they coincide on the open subset
U, NU,, hence we can glue them and we find a continuous map ¢ : Uy UU; =
X — Z such that gy, = f;; thus f =gou.

Before being able to define what a Galois category is, we need the notion
of categorical quotient by a group; maybe it is already well known but we
recall it anyway.

Definition. Let X € C and G a subgroup of the group Aute(X). The
quotient of X by G is an object X/G € C with a morphism 7 : X — X/G
such that:

e 1oo =T for every o € G

e for every morphism f : X — Y such that foo = f for all ¢ € G, there
exists a unique morphism ¢ : X/G — Y such that f = gom.

Now we can proceed in giving the definition of a Galois category:

Definition. A category C is a Galois category if there exists a covariant
functor F': C — FSETS, which we will call fibre functor, with the following
properties:

(i) C has final object ec and finite fibre products exist in C;

(i) finite coproducts exist in C and categorical quotients by finite groups
of automorphisms exist in C;

(iii) any morphism v : X — Y in C factors as X %Y Y with o a
strict epimorphism and «” a monomorphism that is an isomorphism
on a direct summand of Y, i.e. we can write Y ~ Y’ UY” with u”
isomorphic to the immersion of the first component;
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(iv) F sends final objects to final objects and commutes with fibre products;

(v) F commutes with coproducts and quotients by finite groups of auto-
morphisms and sends strict epimorphisms to strict epimorphisms;

(vi) if u € Home(X,Y), w is an isomorphism if and only if F(u) is an
isomorphism.

Remark. We will always suppose that a Galois category is essentially small.
The definitions could be given without this assumption but it will become
important later, when we will want to consider direct limits indexed in our
category. However, this assumption is not so restrictive as every Galois
category we are interested in is essentially small.

In a Galois category there exists automatically an initial object: indeed
the category has coproducts and it is well known that the coproduct over the
empty set is an initial object. We will denote it by .

We start to investigate the first properties of a Galois category: in the rest
of this section, we describe the behaviour of monomorphism and epimorphism
in a Galois category and we discover the usefulness of the notion of strict
epimorphism in describing isomorphism. Indeed, as it is well known, in a
general category a morphism that is both mono and epi is not necessarily
an isomorphism: we find that this becomes true in a Galois category if we
substitute epimorphism with strict epimorphism.

Lemma 1.2.1. Let C a category admitting finite fibre products and let u €
Home(X,Y); the following are equivalent:

(i) u is a monomorphism;

(i1) the first projection py : X xy X — X is an isomorphism;
(111) the diagonal morphism A : X — X xy X is an isomorphism;
(iv) the two projections p; and ps coincide.

Proof. (i) = (ii) We suppose u monomorphism and we prove that p; is an
isomorphism. Consider the following commutative diagram:

idx
X
X
X xy X 25 X
idx p1 lu
X ——Y
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From wop; = uops and using the fact that v is mono, we have p; = py. Now
we prove that p; is an isomorphisms by showing that its inverse is A.

By the definition of A we have p; o A = idx; it remains to show Aop; =
tdx«, x. We consider the following diagram:

XXyX

where we have:
e pyoAop; =idx op; = pi;
L4 pQOAO]h Zidxopl = P1 = P2

But there exists also the identity map idx, x satisfying the same condition,
hence by the unicity in the universal property of the pull-back we conclude
Aop; =idyy, x as wanted.

(17) = (i17) If py is an isomorphism, it is immediate that A is its inverse:
by definition of diagonal morphism, p; o A = idx and so if h is the inverse
of p1 we get:

h=hoidy =hop oA =idxy,x 0 A =A.

(17i) = (iv) If A is an isomorphism, as in the previous points p; is its
inverse. But then:

p2 =p2oidxxyx =p20Aop =idyop =p.
(1v) = (i) Assume p; = po and consider f,g € Home(Z, X) with uo f =

u o g; we want to prove that f = g. We have then the following commutative
diagram:
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where (f,g) is the map given by the universal property of the pull-back
applied to f and g. But since p; = ps one obtain:

f=pio(f,9)=p20(f9)=g
0

Lemma 1.2.2. Let C be a Galois category and F' be a fibre functor; consider
u € Home(X,Y). Then u is a monomorphism if and only if F(u) is a
monomorphism.

Proof. By Lemma 1.2.1, u is a monomorphism if and only if p; : X xy X — X
is an isomorphism; furthermore, from axiom (vi) p; is an isomorphism if and
only if F'(p;) is an isomorphism and from axiom (iv) F' commutes with finite
fibre product. Hence we have F(X xy X) = F(X) xpwy F(X) with the
following pull-back diagram:

F(p2)
—

F(X) Xpy F(X)

lF (p1) lF (w)

F(X) —— F(Y)

and now again by Lemma 1.2.1, F(p;) is an isomorphism if and only if F(u)
is a monomorphism. O

Lemma 1.2.3. Let C a category admitting finite fibre products and let u €
Home(X,Y). If u is a monomorphism and a strict epimorphism then it is
an isomorphism.

Proof. Since u is a strict epimorphism, the map
-ou : Home (Y, X) — Home (X, X)

is injective with image the set of the morphism f € Home(X, X)) such that
fopr = fopy where p; : X xy X — X is the projection on the i-th component.
Since w is mono, one gets p, = p; by Lemma 1.2.1 and thus the image of
the map - o u is in fact Home (X, X); so we find h € Home(Y, X) such that
howu = idx. Finally, we have:

uohou=wuoidy =idy ou

and since u is an epimorphism we have v o h = idy. O
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Lemma 1.2.4. Let C be a Galois category and F' a fibre functor; consider
u € Home(X,Y) a morphism. Then F(u) is an epimorphism if and only if
u s a strict epimorphism.

Proof. (<) If u is a strict epimorphism, then F'(u) is a strict epimorphism
by axiom (v), hence in particular F'(u) is an epimorphism.
(=) From axiom (4i7), the morphism u factors as

XSy Yy —yuy”

with ' a strict epimorphism and u” a monomorphism. If F(u) is an epi-
morphism, also F'(u”) is an epimorphism and from Lemma 1.2.2 F(u") is
also a monomorphism since «” is a monomorphism. But then F(u”) is an
isomorphism (remember that we are in the category FSETS) and by axiom
(vi) we have that «” is an isomorphism. Then u is a strict epimorphism. [

To finish this section, we show how a fibre functor behaves with respect
to initial and final objects and we prove that a Galois category is artinian.

Lemma 1.2.5. Let C be a Galois category and F a fibre functor. For any
Xo € C, we have that F(Xy) = 0 if and only if Xo = 0c and F(Xy) = * (i.e.
final in FSETS) if and only if Xo = ec.

Proof. For the first part:
(=) By definition of initial object, we have a unique morphism:

u: e — Xo

and so we have a morphism F(u) : F(0¢) — F(Xo) = 0. But this implies
that F'(fc) = 0 and then F(u) = idy, so F(u) is an isomorphism. From
axiom vi we conclude that u is an isomorphism and Xy ~ @c.

(<) We want to prove that F(¢) = (. For any X € C, there is the
isomorphism:

(’LLX,idX) : @C X —- X

thus F((ux,idy)) : F(0c U X) — F(X) is an isomorphism by axiom (vi).
Now from axiom (v) we have F (¢ U X) = F(f¢) U F(X) and so F(X) ~
F(0c) U F(X), which implies F(0¢) = 0.

For the second part:
(«=) It follows from axiom (iv).
(=) Consider the unique morphism

v: Xg— ec;

then F'(v) : * — x is the identity and by axiom (vi) we get that v is an
isomorphism, hence Xy ~ ec. O]
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Lemma 1.2.6. A Galois category C is artinian.

Proof. Let F' be a fibre functor. Consider a decreasing sequence of monomor-
phisms:

Lo, by
We show that for n big enough the sequence stabilizes, i.e. there exists N € N
such that T), is an isomorphism for every n > N. Using Lemma 1.2.2, we get
the decreasing sequence of monomorphism in FSETS:

F(tn)

, Flns) " g,

F(Ty) ) Flns)

which stabilizes since F'(T;) is a finite set for every i. Hence there exists
N € N such that for every n > N, F(t,) is an isomorphism and then ¢, is
an isomorphism by axiom (vi). O

1.3 Main Theorem of Galois categories

In this section we present the fundamental result about Galois category,
which we will call Main Theorem; we give immediately the statement in
order to help the reader to understand the importance of this theorem, but
before seeing the proof we need to introduce some notions, as connected
objects and Galois objects, and to analize the properties they have.

In analogy with the topological case, we start by defining what is going
to play the role of the fundamental group and what the set of paths is going
to be.

Definition. If C is a Galois category and Fi, Fy, : C — FSETS two fibre
functor; we define:

e 71(C; F}), the fundamental group of C with base point F; to be the group
of automorphism Autg.(F}).

e 7 (C; F1, Fy), the set of paths from Fj to Fy in C to be the group of
isomorphism Isomg. (F1, F3).

Theorem 1.3.1. (Main Theorem) Let C be a Galois category. Then:

1. Any fibre functor F : C — FSETS induces an equivalence of categories
C — C(m(C; F));
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2. For any two fibre functors Fy,Fy : C — FSETS, the set of paths

m1(C; Fy, Fy) is non-empty. The profinite group w1 (C; F) is non-canonically

isomorphic to w1 (C; Fy) with an isomorphism that is canonical up to in-
ner automorphism. In particular, the abelianization m (C; F)® does not
depend on F' up to canonical isomorphism.

In the rest of this section, C will be a Galois category and F': C — FSETS
a fibre functor.

Definition. We define the pointed category associated with C and F' to be
the category CP':

e the objects are the pairs (X, () where X € C and ¢ € F(X);

e amorphism (X1, (;) — (X2, {s) in CP" is a morphism v € Home (X7, X3)
such that F(u)(¢) = (o

We have a forgetful functor:

For:C** — C
(X, Q) — X;

notice that its sections are in 1-to-1 correspondence with:

¢=((x)xec € [ F(X).

XeC

Connected objects and their properties

We define now the connected objects in a category: this is the natural exten-
sion of connectedness in the topological case and it will play an important
role in the Main Theorem, exactly as the connected components of a topo-
logical space are central in the construction of the topological fundamental

group.

Definition. An object X € C is connected if whenever we write it as a
coproduct
X =X UXy,

either X; = (¢ or Xy = 0.

Proposition 1.3.2. X, € C is connected if and only if for any non-initial
object X € C, a monomorphism X — Xq is automatically an isomorphism.
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Furthermore, any non-initial object X € C can be written as finite coproduct
of connected object:
X=|]x
i=1

with X; non-initial and connected; this decomposition is unique up to permu-
tation.

Proof. For the first part of the statement:

(<) Suppose Xy = X; U X, with X; non-initial; the morphism iy, :
X; — Xp is a monomorphism since we can use Lemma 1.2.2 on F(iy,) :
F(X;) — F(Xo) = F(X1) U F(X3), where the last equality holds as F' com-
mutes with finite coproducts by axiom (v). But then iy, is an isomorphism,
so Xo ~ X, and X5 = (.

(=) We take a monomorphism i : X — X, where X is a non-initial
object. Using axiom (ii7), we find a decomposition for i:

X 5 X, Xo= X, uX]

where u is a strict epimorphism and ¢ is a monomorphism. Since X is
connected, either X = (¢ or X}/ = (¢; but if X} = 0¢, we have F(X) = ()
hence X = ()¢ by Lemma 1.2.5, against X non initial. Hence must be X/ =
()c, but then e is an isomorphism and so 7 is a strict epimorphism, which
implies ¢ isomorphism by Lemma 1.2.3.

For the second part: take X € C: if it is connected, we are done. Other-
wise, we have

X=X UX]

and we have a monomorphism X; — X. Now if X; and X are connected,
we are done. If, without loss of generality, X; is not connected, we have:

X=X, U X,
and a monomorphism Xy, — X;. We obtain a chain:
e Xog = Xy = X

and since C is artinian by Lemma 1.2.6 the chain stabilizes, so we arrive to
a finite decomposition

into connected objects.
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Now, for the uniqueness of the decomposition: let exist another decom-
position

X =

-

Il
—

Y;
j

and consider for every i an index (%)
We look at the following diagram:

IN

m such that F(X;) N F(Y,q)) # 0.

Xi xx Yo —— Yo

pl lLYv(O

Since ¢y, is a monomorphism, also ¢ is a monomorphism. Furthermore, since
F commutes with fibre product by axiom (iv), we have

Fw()(Z Xx Yo‘(z)) = F(Xl) N F(Yg(l)) 7é @
and by Lemma 1.2.5 we obtain X; xx Y, # (¢, so the morphism
q:Xi Xx Yoy — Yo

is a monomorphism from a non-initial object to a connected object: by the
previous part ¢ is an isomorphism. In the same way we prove that also p is
an isomorphism and we get

Xi ~ Yo‘(i)-

[]

The objects X; of this decomposition are said connected components of
X.

Lemma 1.3.3. The following are true:

1. For any non-initial connected Xy € C, for any non-initial X € C and
any (o € F(Xy), ¢ € F(X), there is at most one morphism from
(X0, o) to (X, () in CP".

2. For any (X;,¢;) € CP" where i = 1,2,...,n there exists (Xo,(y) € CP*
with Xo connected such that (Xo, (o) dominates (X;,(;) for every i.
Furthermore, given X € C, there exists Xo € C connected such that the
evaluation map

eve, : Home(Xo, X) —F(X)
u—F(u)(Co)

15 a biyjection.
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Proof. 1. Suppose that there exist two morphisms uy, us : Xg — X such
that F(up)(Co) = F(u2)(¢o) = ¢. We consider the equalizer K =
ker(uy, uy), which exists in C by axiom (7). We want to use the Propo-
sition 1.3.2 on the monomorphism

ilK-}XO

to show that it is an isomorphism and then u; = us. The only thing we
have to check before conclude is that K # (. To do this, we use the
fibre functor F": since by axiom (iv) F' commutes with fibre product
(and with kernels in particular), we have that F'(K) is the equalizer of
F(u;). But {p € F(K) # 0 and by Lemma 1.2.5 this implies K # (.

2. We take X := X7 x Xy x --- x X, and
C=1(¢1,00,-..,C) € F(X1)XF(Xy)x---xF(X,) = F(X;xXsx---xX,)

where the last equality holds by axiom (iv); notice that we have the
canonical projections

Hence to conclude it is enough to find a connected object Xy and an
element ¢y € F(Xp) such that (Xo, (o) > (X, ().

Now, if X is connected, we have nothing to prove. Otherwise, take the
decomposition of X into connected components:

X = |i| Ci;
i=1

since by axiom (i) F' commutes with coproducts, FI(X) = | | F(C;)
and if ¢ € F(X) there exists ¢ such that ¢ € F(C;). But then (C;, ()
dominates (X, () as we wanted.

To prove that eve, is a bijection, it is enough to consider (X;, (;)i<n
where X; = X and |J{¢; } = F(X) (they are finitely many since F(X)
is finite). Now we use the previous part and we find X, connected
and (y € F(Xp) such that (Xo, () > (X, ) for every i; but now the
evaluation map evy, is surjective and it is injective by the point 1.

O

Lemma 1.3.4. Let Xy € C be connected and X € C. Then:

1. if X is non initial, any morphism u € Home(X, Xo) is a strict epimor-
phism;
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2. if u € Home(Xo, X) is a strict epimorphism, X is connected;

3. any endomorphism u € Home(Xg, Xo) is automatically an automor-
phism.

Proof. 1. From axiom (7i7), the morphism u has a factorization:

'LLN

X 5 X = Xo~ X, uX]
with u' a strict epimorphism and «” a monomorphism. From Propo-
sition 1.3.2 u” is automatically an isomorphism, hence u is a strict
epimorphism.

2. If Xy = (¢, there is nothing to prove. Otherwise, X # @ and we
suppose X = X' X"; without loss of generality we may take X' # (¢;
we want to show that X” = (Jc. Now we fix ' € F(X’) and ¢, € F(X,)
such that F(u)(¢y) = (; from Lemma 1.3.3 we have that there exists
a connected object X} and () € F(X]) such that in CP* there are
morphisms p : (X, ;) = (Xo, ) and ¢ : (X{,{)) — (X', {'). Notice
that by point 1. the morphism p : X — X is a strict epimorphism, so
uop: X) — X is a strict epimorphism. Now if ix/ : X’ — X is the
canonical monomorphism, we have the following diagram

X, —2— X,

il lu

X' — X=Xux
X/
where we have

Flix 0q)(¢y) = ¢ = F(uop)(¢);

thus, as X, is connected, from Lemma 1.3.3 the two morphism coincide:
1x:0q = uop, i.e. the latter diagram is commutative. Hence 1x:oq is a
strict epimorphism and then iy is both a monomorphism and a strict
epimorphism. From Lemma 1.2.3 we have that ¢x. is an isomorphism
and we conclude X” = (.

3. Using axiom (vi), it is enough to prove that F'(u) is an isomorphism.
Since F'(Xp) is a finite set, in fact it suffices to prove that F(u) is
surjective. But by point 1., uw is automatically a strict epimorphism
hence F'(u) is surjective by Lemma 1.2.4.

O
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Galois objects and their properties

Given a connected object Xy € C and (, € F(Xp), the Lemma 1.3.3 says
that the evaluation map evy, : Aute(Xo) — F(Xj) is injective. For Galois
object, we ask this map be also surjective for every {, € F(X)):

Definition. A connected object X € C is Galois if for any (5 € F(X,) the
evaluation map

eve, - Autc(Xg) —>F<X0>
u —F(u) (o)

is bijective.
We have the following equivalent properties for a connected object to be
Galois:
Lemma 1.3.5. Let Xy € C be a connected object; the following are equivalent:
(1) Xo is a Galois object;
(11) Aute(Xo) acts transitively on F(Xo);
(111) Aute(Xo) acts simply transitively on F(Xy);
(iv) |Aute(Xo)| = |F(Xo)];

(v) Xo/Aute(Xo) = ec.

Observation. Notice that from (i7) in particular it is explicit the analogy with
Galois covers in the topological situation (see Proposition 1.1.3). Further-
more, (v) shows that the notion of Galois object does not depend on the fibre
functor F.

Proof. The equivalences (i) < (ii) < (iii) < (iv) are quite immediate
using the definition of Galois objects and the Lemma 1.3.3. (v) is equivalent
to F(Xo/Aute(Xp)) = * by Lemma 1.2.5 and by axiom (v) the latter is
equivalent to F'(Xy)/Aute(Xo) = *, which is in fact equivalent to (7). O

Consider now a connected object X € C; we know from Lemma 1.3.3
that for any ¢ € F(¢) the evaluation map ev, is injective. The idea now is
to "enlarge" a little bit the objectX in order to make the evaluation map a
bijection, i.e. we want to find a Galois object which, in a certain way, covers
the connected object X. Furthermore, we would like to do this in a minimal
way, so we would like to enlarge sharply our connected X in order to reach a
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Galois object; the following lemma assures us that we can do it in a unique
way, up to isomorphism. We will call this Galois object the Galois closure
of X; the usefulness of the Galois objects and hence the importance of the
existence of the Galois closure for connected objects will be clear within the
following results.

Lemma 1.3.6. For any connected object X € C there exists a Galois object
X € C which dominates X and which is minimal with respect to this property,
i.e. if Y is another Galois object dominating X, we find a map Y — X such
that the following diagram is commutative:

Y — X

L~

Proof. First we prove the existence of this object. From the Lemma 1.3.3
we know that there exists (X, (y) € C?* with X connected such that the
evaluation map evy, : Home(Xo, X) — F(X) is bijective. In particular
Home (X, X) is a finite set so we enumerate all its elements:

HOIIlc(Xo,X) = {u17"'7un};

we denote by ¢; := F(u;)({p). Now we consider X™ = [, X and we call
pi  X™ — X the i-th projection. By the universal property of the product,
we find a map © : Xy — X" such that u; = p; o7 for every 7; now we
decompose 7 using the axiom (¢ii) and we find the following commutative
diagram :

Xo —— X

Y

X — X"
™

with 7/ a strict epimorphism and 7” a monomorphism. We want now to
prove that X is the Galois object we are looking for.

From the Lemma 1.3.4 it is a connected object since X is connected and
7 is a strict epimorphism. We have to prove that for every ( € F (X ) we

A~ A

have that ev; : Aute(X) — F/(X) is bijective; notice that in fact it is enough

to check this on ¢ = {y := F(7')(&) = (C1,...,¢). As X is connected, we
already know that evg is injective, so it remains to prove that it is surjective,

i.e. for every ¢ € F(X) there exists w € Aute(X) such that F(w)((p) = ¢.
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Let us fix an element ¢ € F(X); firstly we can suppose that there exists a
morphism

p¢ + (Xo,Go) — (X, Q).

Indeed by Lemma 1.3.3 there exists (XO7 CO) e CP* with X, connected such
that (Xo,Co) > (Xo, Co) and (Xo, o) > (X, ) for every ¢ € F(X); so up to
replace (Xy, (o) with (X, Co) we can suppose the existence of p.. Now, since
from Lemma 1.3.3 there is at most one morphism (X, (o) — — (X, ¢), we have
that there exists w € Aute(X) such that F(w)((y) = ¢ if and only if there
exists w € Aut(X) such that w o7’ = p.. Hence to conclude we can prove
the latter.

To prove the existence of such w, observe that the following equality holds:

{pron”ope,...;pnom”opct ={ui,...;un}.

Indeed the inclusion (C) is immediate since p; o 7 o p, € Home (X, X) =
{u1,...,u, }; for the inclusion (D), it is enough to prove that p; o 7" o p. are
all distinct. But from Lemma 1.3.4 the morphism p¢ is a strict epimorphism
as X is connected, hence p; o 7 o p; = p; o 7" o p implies p; o ©” = p; o 7",
whence
" r o " /
piom om =u; #u; =pjom om.

Thus we have the equality {pion” ope,....pnon" opc} = {ur,...,u,}.
Hence there exists a permutation o € S,, such that:

Po (i) O7T"OP<; =u;=pion or

for every ¢ and by the universal property of the product X" we find an
automorphism o € Aute(X™) such that p,;) = p; o o for every i. Now if we
rewrite the previous equality, we get:

piooon’op,=pon’on
and using that p; is an epimorphism we get:
O-O'ﬂ—//opc :7T//O7T/,

But remember that 7" on’ is the unique factorization of 7 given by the axiom
(7i1), so there exists an automorphism w € Aute(X) such that con” = 7" ow.
Thus the previous equality becomes

7 2 /
T owops=m oT

and since 7" is a strict epimorphism we have w o p, = 7’ as wanted.
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For the minimality of X. Let Y € C another Galois object dominating X
viaq:Y — X. Let n; € F(Y) such that F(q)(n;) = fori=1,...,n. AsY
is Galois, for every i there exists w; € Aute(Y') such that F(w;)(m) = n;; we
obtain a morphism

K= (qowy,...,qowy,) Y — X"

i.e. a morphism Y — X" such that p; o kK = g ow;. Using axiom (7i7), we find
for k the factorization

K/N

Yy 2 g ug ~ xn
with " strict epimorphism and " monomorphism; by Lemma 1.3.4 Z' is
connected and F'(k)(n1) = (C1 - - -, Ca) = Co, 80 Z' is the connected component
of X" that contains (y and by uniqueness of decomposition into connected
components (Lemma 1.3.2) we get Z’ = X. Hence we found a morphism

K:Y = X

so X is minimal. OJ

Galois correspondence

We arrive here to the core of the proof of the main theorem: the following
proposition is indeed the proof of the main theorem in a "finite" version.
But before continuing we would like to restrict our discussion from generic
objects in C to connected objects, which have the rich variety of properties
we illustrated previously. This is possible if we are studying the behaviour
of morphisms from connected objects to generic objects: in this case we
can restrict to morphisms between connected objects. Indeed the following
lemma holds:

Lemma 1.3.7. Let X be an object in C and consider its decomposition into
connected components:

giwen Xg € C connected, the map

| | Home(Xo, Xi) — Home(Xo, X)
(fXO_>Xl) |—>€,L'Of

18 bijective.
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Proof. For injectivity: if X is initial, the conclusion is trivial. Assume now
Xo non-initial, pick u; : Xo = X; and u; : Xy — X; two morphism and
suppose that e; o u; = e; o u;; we prove that u; = u;. Notice that since e, is
a monomorphism, to conclude it is enough to show that ¢ = j. Suppose by
contradiction that ¢ # j. From axiom (vi) one has F(e; o u;) = F(e; o u;);
furthermore, since F' commutes with finite coproducts by axiom (v), we have
F(X)=|]F(X;) and so:

im(F(e;)) Nim(F(e;)) C F(X:) N F(X;) = 0.

But this implies im(F'(e; o u;)) = im(F(ej o uj)) = @ and F(Xy) # 0 since
Xy # (¢ by Lemma 1.2.5; thus we find a contradiction and must be i = j.

For surjectivity: any morphism u € Hom¢(Xy, X) factors in the usual
way, So:

u//

Xy S X X~ XU X"

with « strict epimorphism and «” monomorphism. Since X, is connected,
from Lemma 1.3.4 also X’ is connected, hence it is one connected component
X; of X. Then u = e; o v’ is the image of u' € Hom(Xy, X;) under the map
above. ]

Definition. Given a Galois object X, € C, we define CX0 C C as the full sub-
category whose objects are X € C such that X, dominates every connected
component of X. We will write F'X° the restriction of the fibre functor F to
the subcategory C*X°.

From now on, we fix a Galois object Xy € C'. The following lemma shows
that the functor FX° is representable by Home (X, ')‘CXO and the natural
trasformation between them is precisely the evaluation eve, for any (, €
F(Xo).

Lemma 1.3.8. Any (s € F(Xo) induces a natural isomorphism:
evg, « Home(Xo, ) cx0 — FXo,
In particular, this induces an isomorphism of groups:
u® : Autpe(FX°) = Autp,(Home (X, Jiexo) = Aute(Xo) .
Proof. Take u € Home(X,Y'); we have the following diagram:

Home (X0, X) Y5 Home(Xo, Y)

levCO (X) lev% (Y)

F(X) — 5 F(y)
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If f € Home(Xy,Y), we have

(F'(u) 0 evey(Y))(f) = (F(u) o F(f))(Co) = F(uo f)(C)

where the last equality holds since F' is a functor, while on the other side we
have

eve, (X)(uo f) = F(uo f)(Co)-

Hence the diagram above is commutative and eve, is a natural trasforma-
tion. It remains to prove that for every X € C, ev (X) is bijective; it is
injective since Xy is connected. For surjectivity, we can reduce to consider
X connected: indeed we can take the decomposition

X=||x

in connected component as in Lemma 1.3.2; we can study the surjectivity of
eve, (X;) and using Lemma 1.3.7 and the fact that /' commutes with coprod-
ucts (axiom (v)) we can conclude the surjectivity of eve,(X). Thus we can
suppose X connected. Now let ¢ be an element in F'(X); we want to prove
that there exists u € Home(Xy, X) such that eve (u) = F(u)({y) = ¢. Since
we are supposing X connected and X € CX°, X, dominates X i.e. we find
a morphism u : Xo — X and an element ¢ € F(X,) such that F(u)(¢) = ¢.
Since X is Galois, we have the bijection:

eVC0<X0)|Autc(X0) . Autc(Xo) — F(XO)

so we are able to find w € Aute(X) such that F(w)(() = ¢. But now
v =uow € Home (X, X) is such that F(u')(¢o) = ¢, as wanted. Hence evy,
is bijective and a natural isomorphism. O]

We have now all the requirements to proceed in the proof of the following
proposition

Proposition 1.3.9. The functor FX° : CXo — FSETS factors as in the
commutative diagram:

cXo __F . pSpTs

|

(Autc XO op

where FX0 : CXo — C(Aute (X)) is an equivalence of categories.
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Proof. For brevity we set G := Aute(Xj); from Lemma 1.3.8 we know that
the functor FX° is representable by Home(Xy,:). Consider X € C*° and
notice that we have a right action of G'on F*°(X) ~ Home(Xy, X): if g € G
and v € Home(Xy, X), we have:

Uk gi=uog;

it is easy to verify that it is actually a right action. Hence the functor FX°
factors as:

cXo _FX  poprg
| g
C(GP)

(e

It remains to verify that FXo : CXo — C(G°P) is an equivalence of categories.
We prove that it is fully faithful and essentially surjective.

o (essentially surjective) Let us consider E € C(G°P); similarly to what
we did in the proof of Lemma 1.3.8, we can restrict to the case of E con-
nected in C(G°P), i.e. E transitive G°P-set: indeed in C(G°P) we have a
decomposition into connected objects just like we did in Lemma 1.3.2
and if we prove the essentially surjectivity for the connected compo-
nents we will have automatically the essentially surjectivity on generic
objects, using that F'X° commutes with coproducts by axiom (v). Hence
we can assume that G°P acts transitively on E; so fixed e € E we have
an epimorphism:

pe : GP —F
gr——g-e

We set f, :=p. o ev&)1 : F(Xo) = E; for any s € S, := Stabger(e) and
any g € G°P, the following equalities hold:

feo F(s)(evey(9)) =pe 0 evg,! o F(s) o F(g)(Co)
=P, © eVC_O1 oeveg(sog)
=pe(s09)
=(sog)-e
Yy (s-e)
=g-e
=fe(eve,(9))-
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where the equality (*) holds since we are considering the action of G°P,
thus the action of sog is given by the action of s and then the action of g.
Hence f, is Se-invariant and it factors through the quotient F'(Xg)/Se.:

F(Xo) —Ly

| A

F(Xo)/Se

We call againg S. the subgroup considered in G instead of G°P; we
remain sloppy on this in order to avoid further notation as it should
not be too confusing for the reader. By axiom (i7) the quotient X,/S,
exists in C (of course it is automatically in C*°) and by axiom (v) F
commutes with quotients hence F(Xy/S.) ~ F(Xo)/S.. Furthermore,
since X is a Galois object, by Lemma 1.3.5 G acts simply on X, so:

|F(Xo/Se)| = [F(Xo)|/|Se| =[G : Se] = |E].
This proves that the map f. : F(Xy)/S. — E is bijective and an

isomorphism in G°P-sets.

(fully faithfull) Let us consider X,Y € CX°. With the same argument
used in Lemma 1.3.8, we can suppose that X and Y are connected. We
show that F*° is faithful. Consider f,g € Hom¢(X,Y') two morphisms
such that F(f) = F(g); now let u : (Xo, (o) — (X, () be the unique
map given by Lemma 1.3.3, where as usual (; € Xy and {( € X. Now
fowu and g ou are morphisms from X, to Y and

F(fou)(Co) = F(f)(C) = F(9)(C) = F(g o u)(Co),

so fou = gowu by uniqueness in Lemma 1.3.3. Now, since X is
connected, u is a strict epimorphism by Lemma 1.3.4 and then we
obtain f =g.

We show that FX¢ is full. Let us consider a morphism
u € HOIIlC(Gop)(X, Y)

and fix an element e € F(X). Since u is G°P-invariant, we have S, C
Su(e) and thus the quotient morphism py(e) : Xo = Xo/ Sy factors:

XO L) X()/Se

pue
()l /

XO/Su(e)
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Now if we consider f. : F'(Xo) — F(X) and fue) : F(Xo) = F(Y)
as in the previous part and we remember that both factors in the iso-
morphisms f. : FI(Xg)/Se = F(X) and fye) : F(Xo)/Se = F(Y), the

following diagram is commutative:

(p)

F( XO)/Su(e
‘w PV
fe Fue)
F(X (Y)

Now, since f. and fu(e) are isomorphisms, we may conclude that u = F(p)
thus FXo is full. O

Conclusion of the proof

Pro-representability of the fibre functor. We briefly recall the defi-
nitions of pro-representability: given a category C, one defines the category
PRO(C) to be the category whose objects are the projective systems

X = (¢ij : Xi = Xj)ijerizj
where (1, >) is a partially ordered filtrant set and the morphisms are:

HomPRo(C) (Ka X/) = I&H hﬂ Homc (Xja Xz)

iel jeJ

The category C can be seen as a full subcategory of PRO(C). In the case of
our interest, with C a Galois category and F' a fibre functor for it, F' can be
extended canonically to a functor Pro(F') : PRO(C) — PRO(SETS).

Definition. The functor F' is said pro-representable in C if there exists X €
PRO(C) such that the is a natural isomorphism:

Homproe) (X, -) — F;

Fis said stricly pro-representable if it is pro-representable by an object X €
PRO(C) whose transition maps ¢;; : X; — X, are epimorphism.

Now, we denote by G the set of Galois objects in C (considered up to
isomorphism). Using Lemmas 1.3.3 and 1.3.6, we have that G is a directed;
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now let us fix ¢ = ((x)xeg € [Ixeg F(X). Again from Lemma 1.3.3, for any
X,Y € G such that Y > X there exists a unique morphism ¢%(,Y Y - X

such that F (¢>§(Y)(§y) = (x. Hence using this unicity we have that for all
X.Y,Z€Gwith X <Y < Z:

¢ ¢ ¢
¢3(,Y o Cb?,z = QS?(,Z

Thus on G we have a structure of projective system whose transition maps
are strict epimorphisms: indeed QS%(Y is an epimorphism as X is Galois hence
connected and Lemma 1.3.4 holds. We denote by G¢ the partially ordered
filtrant set

{dky | XY €G,X <Y}

One has the following lemma:

Proposition 1.3.10. The fibre functor F' : C — FSETS 1is stricly pro-
representable in C by GS.

Proof. We have to prove that for any Z € C, there is an isomorphism

lim Home (X, Z) — F(Z);
Xeg

as done before, we can restrict to the case when Z is connected. By Lemma
1.3.6 we know that there exists at least one X € G dominating Z; now if we
develop the right hand side we find:

lig Home(X, Z) = liy  Home(X,2) ¥l F(Z) = F(2)

Xeg XeG,.X>7 XeG,X>7

where the equality (%) comes from Lemma 1.3.8; this lemma assures that this
isomorphism is natural as well and we are done. O]

The fundamental group. Now that we have a clearer idea on how the
functor F works, as we have the pro-representability via the object GS, we
would like to improve our description of m (C, F') = Autp.(F) as it is essential
to conclude the proof of the main theorem. In order to achieve a better
comprehension of this group, we have the next results. The first is a tecnical
lemma:

Lemma 1.3.11. For any X,Y € G with X <Y, for any morphism ¢, :
Y — X in C and for any wy € Aute(Y) there is a unique automorphism
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wx =Ty p(wy) : X = X such that the following diagram commutes:

wy

Y — Y

al |#
X —— X

Proof. Since X is connected, 1) is automatically a strict epimorphism and so
the map -0 : Aute(Y) — Home (Y, X) is injective. On the other hand from
Lemma 1.3.8, [Home (Y, X)| = |F(X)| and since X is Galois also |F(X)| =
|Aute(X)], hence:

Y Aute(Y) — Home (Y, X)

is bijective. In particular, there exists a unique morphism wy € Aute(X)
such that ¢ o wy = wx o 1. O]
From the previous lemma one gets that there exists a well defined map
reup : Aute(Y) — Aute(X)
and in fact the following lemma holds:

Lemma 1.3.12. The map 74, 1s surjective and if ¢ = 1 it is a group
morphism.

Proof. We show that the map is surjective: fix wx € Aute(X); we want to
prove that there exists wy € Aute(Y') such that ¢powy = wx o). Firstly, pick
y € F(Y) and denote by z = ev,(wx o ¢)) = F(wx o ¢)(y) € F(X); since X
is connected, ¢ is automatically a strict epimorphism by Lemma 1.3.4 and
then F(¢) is surjective by Lemma 1.2.4. Hence we pick y' € F(¢)~!(z) and
we take wy = ev, ' (y') where we remind that

ev, : Aute(Y) — F(Y)
is a bijection by Lemma 1.3.8. But now also the evaluation
ev, : Home(Y, X) — F(X)
is a bijection and we have ev,(¢powy ) = = = ev,(wx o) hence powy = wxo.

Assume now ¢ = ¢ and denote 1 := 14 4; we take wy,w} € Aute(Y) and
we show that

r(wy owy) :=r(wy) o r(wy).
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We have the following commutative diagram:

lqb l¢ jl}

(),

x Sy X

\_/’

r(w} owy)

where both r(w} ) o r(wy) and r(w§ o wy) close the big square, hence by
Lemma 1.3.11 they coincide. [

From what said above, we get a projective system of finite groups:
¢
(T}Y =T ¢ Autc(Y) — Aut(X)))Qng,XSy.
’ DX v Px,y

Set now
II:= lim Aute(X);
Xeg

we want to show that in fact II°° = 7, (C, F'). From the defition, II°? acts on
the right on

I'&n Homc(X, ')|C

Xeg

by precomposition; hence we have a group monomorphism:
r — Autpct(@ Home (X, -)ic).
Furthermore, the natural isomorphism of Proposition 1.3.10
eve @Homc(X, Ve — F
gives us the group monomorphism:

us m(C; F) —IIP
0 —(eve, (0(X)(Cx)))xeg

which is in fact an isomorphism. Indeed:
Proposition 1.3.13. uS is an isomorphism of profinite groups.

Proof. We construct an inverse for uS as a group morphism: consider (wx)xeg €
IT; we want to construct an elementf,, in m (C; F') = Autp.(F') starting from
(wx). As done before, it is enough to define 6 on connected object, since
we have Lemmas 1.3.2 and 1.3.7; if Z € C is a connected object, we take
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its Galois closure Z as in Lemma 1.3.6 and construct the map 6, by the
composition:

-1
ev ev,
¢y ¢y

F(Z) —2% Home(Z, Z) BN Home(Z,Z) —2+ F(Z).

We have to check that 6, is in fact a natural isomorphism and that u5(6,) =
w. To show that it is a natural isomorphism, it suffices to show that -ow, is
a natural isomorphism, since we already have this result for the evaluation
from Lemma 1.3.8. But bijectivity of -ow, comes easily from w, € Autc(Z ),

while naturality holds since for every f € Home(Z;, Z3) with 7 > 7y, 7y the
following diagram is commutative:

Home(Z, Zy) BELEN Home(Z, Z5)

.OwZAl \LO&)Z

Home(Z, Z1) — Home(Z, Z5)

We check that it is the inverse of u:

uﬁ(ew) = (eVC_XI 0 €vV¢y O ( o wx) © eV (gX))Xeg

Now ev . (CX) idy so we get:

ut(6,,) = (idx o wx)xeg =
O
End of the proof. Lastly, we have all the tools to conclude the proof of

the main theorem, which will be just a matter of putting together the results
we collected until now.

Proof of the Main Theorem.

1. From the previous proposition we have

m(C; F) =1I" = Jim Aute(X)°P
Xeg

and from Proposition 1.3.10 we know that

F~ HOHIPRO(C) (gg’ ')IC-
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So we have to show that the functor HompRO(c)(gﬁ, )ic : C = FSETS
factors through an equivalence of categories C — C(II°P). Since for
every X € C the profinite group II acts on Hompm(c)(gﬁ, X), we have
the factorization
C ——— FSETS
C(I1°P)
It remains to show that the induced functor
HomPRo(C)(gga )|C :C— C(Hop)

is an equivalence.

o (essentially surjective) If E € C(II°P), since E has the discrete
topology, the action of II°P on it factors through a finite quotient
Aute(X) for a suitable X € G, hence we reconduct to the case of

Proposition 1.3.9 and so there exists Z € C which is dominated
by X and such that F(Z) ~ E.

o (fully faithful) If Zy,Z5 € C, we are able to find X € G such that
X > Z,,Z, and again we can use Proposition 1.3.9 with C¥ to
conclude the fully faithfulness.

Let us consider Fi, Fy : C — FSETS two fibre functors; for ¢ = 1,2 fix
¢" € [Ixeg Fi(X). Then we have the natural isomorphism of Proposi-
tion 1.3.10:

evei HompRO(C)(gg, ) — F;

hence to conclude it is enough to show that G¢" and G¢ are isomorphic
in PRO(C). Remembering that

i ¢t
G = (Ixy)xveg.x<y,

it is enough to find for every X, Y € G with X <Y an isomorphism
(compatible with the projective system)

¢t ~ ¢?
Oxy — Pxy-

The compatibility is assured by Lemma 1.3.11, since if we find wy €
Aute(Y) such that F(wy)(() = (&, then there exists automatically
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a unique wy € Aute(X) such that F(wx)(Ck) = (%, i.e. making the
following diagram commutative:

y 2.y

¢t ¢?
¢}’Yl l(z)},Y

X

So it remains just to show that for every Y € G and (3, (% € F(Y) we
actually find an automorphism wy € Aute(Y) such that F(wy)((y) =
(¥. But we are able to find such a morphism by Lemma 1.3.8 which is
automatically an isomorphism by Lemma 1.3.4. ]
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Chapter 2

Etale covers

In this chapter we construct the category of the étale covers of a connected
scheme. Given a connected scheme, one may want to consider an object
analogous to a topological cover and possibly one would like to have a to-
tally algebraic construction of it; furthermore, if these objects form a Galois
category, it would be meaningful to consider the Galois fundamental group,
in analogy to the topological fundamental group. The concept of étale mor-
phism and in particular étale cover turns out to be the right one.

In the first section we give definitions and some basic properties that we
are going to need further on; in the second section, we prove that étale covers
form in fact a Galois category.

We briefly recall here some terminology for morphisms of schemes:

Definition. Consider X, S € SCH and ¢ € Hom(X, S); we that ¢ is:

e [ocally of finite type if for every affine open subset V' C S and for every
affine open subset U C X with U C ¢~!(V'), the morphism induced by

o:
Os(V) = Ox(U)

makes Ox (U) a finitely generated Og(V')-algebra.

o unramified at = € X if my,)Ox, = m, and k(z) is a finite separable
extension of k(o(z)).

o unramified if it is unramified at every z € X.
e finite if for every affine open subset V' C S, ¢~1(V) is affine and

Os(V) = Ox(¢71(V)) makes Ox(¢~1(V)) a finitely generated Og(V)-
module.

33
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e flat if for every z € X the map induced on the stalk
¢L : Og9() = Oxa

is flat.

2.1 Definitions and first properties

In this section we give the definitions of étale morphism and étale covers.
From now on, every scheme will be assumed to be locally noetherian; how-
ever, we will point out in the proofs where we use this assumption.

Definition. Let A be a finite-dimensional algebra over a field k. We say that
A is an étale algebra over k is A is isomorphic to a finite product of finite
separable field extension of k. It is possible to verify that finite étale algebras
over k form a category, which we denote by FEALG/k.

Lemma 2.1.1. Let A a finite-dimensional algebra over a field k. Then the
following are equivalent:

(i) A is an étale algebra over k;

(ii) A ®y k is isomorphic to a finite product of copies of k;
(iii) A ®y k is reduced;

(iv) Qap =0.

Proof. We prove a preliminary result: a finite-dimensional algebra A over a
field k is reduced if and only if it is isomorphic to a finite product of finite
field extensions of k.

(<) is immediate: a finite product of finite field extensions of k is a
reduced algebra.

(=) If we take the decomposition of A in connected components:

where A; is a connected finite-dimensional k-algebra, we notice that it is
enough to prove the statement for A; to conclude. Hence we reduce to the
case when A is connected; we have now just to show that it is a field: being a
finite-dimensional k-algebra would imply then that it is a finite field extension
of k. To do so, we consider a € A\ {0} = A* and we find an inverse for a in
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A*. Since A is finite dimensional over k, it is artinian so there exists n € N
such that Aa™ = Aa™*!. We are able to find b € A such that

n+1 _ b2an+2 — .. = bna2n_

I

a” = ba

so (a"b")? = a®"b*™ = a™b" and since A has no non-trivial idempotents we
get either a™b™ = 0 or a™b" = 1. The case a"b" = 0 forces a™ = a"(a"b") =0
which implies a = 0 since A is reduced, and we find a contradiction with
a € A*. Hence must be a(a"'"") = a™b" = 1 and we find an inverse for a.

Now we are ready to proceed in proving the equivalent properties:

(i1) <= (4i7) it is immediate from the previous part.

(i1) = (i) Set A = A/+/0; it is reduced so it is isomorphic to the product

with K; a finite field extension of k, thanks to the previous part. Since every
morphism A — k factors through one of the K;, we have:

n

N = |H0mA1g/1€<A7 Zj)' = Z ‘HomAlg/k(Ki’ ]%>|

i=1

Notice that [Homae/r(K;, k)| < [K; : k] and the equality holds if and only if
K; is a finite separable field extension of k. On the other hand, we have:

dimy(A) =) J[K; : k] < dimy(A)

=1

so we obtain N < dimy(A) and the equality holds if and only if A = A and
K; is a finite separable field extension of k£ for every ¢. Now we have:

Hom g/ (A, l;:) = HomAlg/,;(A X k, /;;)

hence N = [Hom /5 (A X4 k, k)| = dimj(A X k) = dimg(A). So we obtain
A = A and it is a finite product of finite separable field extension of k, as
wanted.

(i) = (iv) We have A =[], K; with K; finite separable field extension
of k for every i. The maximal ideals of A are of the type m; = ker(A — K))
where A — K is the usual projection on the i-th component. Since Qzl‘ll r =0
if and only if (Y, )m, = Q. = 0 and the latter holds since K is a separable
extension of k (for details, see [Liu| Chapter 6 Lemma 1.13).
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(iv) = (i7i) We want to prove that A ®; k is reduced; since Qiuk =0
il@kléu} = Q}Mk @k k = 0, we can take A as A ®y, k before and
prove that it is reduced in the case k = k algebraically closed. Now, since
A is a finite-dimensional k-algebra, it is artinian so every prime ideal of A is
maximal; furthermore, there are just finitely many of them. So let mq,...,m,
all the maximal ideals of A: as V0 = (Ym;, by Chinese remainder theorem
we have the exact sequence:

implies that €2

O—>\/5—>Ai>HA/mi—>1.

=1

Now for every i one has [A/m; : k| < +oo and since k is supposed alge-
braically closed we get A/m; = k.

Claim. It is possible to find e¢; € A for i = 1,...,n satisfying the following
properties:

(i) o(e:) = (5ij)1§j§n;
(ii) eie; € \/62 for every i # j;
(iii) €; — €? € VO’ for every i.

Proof of the claim. It is clear that we are able to find {e; } satisfying the
property (i) by the surjectivity of the map ¢; it is clear as well that e? satisfy
both (i) and (ii). Furthermore, since A is artinian, the descending chain of
ideals

(e) D (e2)D(ed)D...
stabilizes, so we can find an index N; such that (el') = (e2'); taking N =
max /V;, we find for every ¢ an element a; € A such that:
IN _ N

CLZGI — i -

Set g; := a;el; then {&; } still satisfy (i) and (ii) and one has:

e? = (ae

N

)

2N

7

)2 = ai(a;e?Y) = ael = ¢
hence they satisfy also (iii). [

Set \; =p;o¢p: A— A/m; and define A : A — A in the following way:

Aa) = Z)\i(a)ei.
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For every a € A, one has a — A(a) € v/0 and it is possible to verify that the
map:

d: A —)\/6/\/62
ar—a— Aa) mod NOY

is a k-derivation, hence it is 0 by assumption. Thus we have V0 = \/62
and since A is artinian /0 is nilpotent, so V0 = 0: we obtain A reduced as
wanted. [
Etale covers. We introduce now the notion of étale cover:
Definition. We say that the morphism ¢ : X — S is

e ctale at x € X if it is both flat and unramified at x;

e ctale if it is étale at every point of X;

e ¢tal cover of S if it is finite, surjective and étale.

About the stability of properties of scheme morphisms, we remind the
validity of the following lemma:

Lemma 2.1.2. 1. If P is a property of morphism of schemes which is stable
under composition and arbitrary base-change, it is stable by fibre products.
2. Furthermore, if closed immersions have P, then for any

XLy 2z
where g is separated and g o f has P, then f has P.

It is possible to verify that being surjective, flat, unramified, étale satisfy
1. and being separated, proper, finite satisfy 2. The reader may keep in mind
these facts, since we are going to use them quite often.

With the following two lemmas, we present useful characterizations for a
finite morphism to be flat and unramified.

Lemma 2.1.3. If ¢ : X — S s a finite morphism, then ¢ s flat if and only
if 0.O0x is a locally free Og-module.

Proof. Since flatness is a local property, we can reduce to consider the case
when X = Spec(B) and S = Spec(A) are affine schemes and the map ¢ is
induced by a finite ring morphism ¢* : A — B. Furthermore, since we are
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supposing every scheme to be locally noetherian, we may consider A to be
noetherian (and so it is B then).

(«<=) Suppose ¢,Ox is a locally free Og-module, then for every point
p € S there is a neighbourhood U 3 p such that Ox(¢~1(U)) is a free
Os(U)-module, thus it is flat. But then the localization Ox 41, is a flat
Ogp-module, hence ¢ is flat.

(=) Suppose ¢ flat. For every p € S, By-1(, is a flat A,-module; now
since A, is noetherian and By-1(, is a finitely generated Ay-module, By-1,)
flat implies By-1(y) free (see [Liu], Chapter 1, Theorem 2.16). Hence we have:

By = D A
i=1

where d,b; € B and s = ¢*(d) € A\ p. Thus we have an exact sequence of
As-modules:

0— A - B;— Q — 0.

Now as A, is noetherian, K is a finitely generated A,-module hence its sup-
port supp(K) is the closed subset V(Ann(K)) C Spec(A;). Using that By
is a finitely generated As-module, similarly we get supp(Q) = V(Ann(Q)) C
Spec(As). But supp(Q) Nsupp(K) =: Uy is an open neighborhood of p in S
such that ¢.Ox\y, ~ Oy, and we obtain what we wanted. O

Lemma 2.1.4. If ¢ : X — S is a finite morphism, the following are equiva-
lent:

(a) ¢ is unramified;

(b) Qx5 =0;
(c) Axis: X = X xg X is an open immersion;

(d) (0.0x)s ®og, k(s) = Ox,(X) is a finite étale algebra over k(s) for
every s € S.

Proof. (a) = (b) To show that Qiqs = 0 it suffices to prove that the lo-
calization Qﬁq 52 180 for every x € X. As it is a local property, as in the
previous lemma we may assume that X = SpecB, S = SpecA are affine and
¢ is induced by ¢* : A — B making B a finitely generated A-module. In
this situation, we know that Q2x|s is a finitely generated B-module and to
conclude we have to show that the B;-module Q}Bq‘ A, = M is zero for every
q € SpecB.
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In fact, it is enough to show that M ®p, k(q) = 0: indeed B, is a local
ring with unique maximal ideal qB; and by Nakayama’s lemma we have the
implication:

M ®p, k(q) =M/qM =0 = M =0.
Thus we reduced to prove Q}qup ®p, k(q) = 0.

Now we use that ¢ is ramified: we have pB; = q for any q € X above

pes, so
By ®a4, £(p) = £(q).
But then we compute:

1 1 (1) ~1 1
Qp,1a, @B, 5(0) = Qp 4, O, (B @4, £(0)) = Qg e, se)inte) = Lui@ine) = 0

where the equality () is proved in ([Liu], Chapter 6, Proposition 1.8) and
the last equality comes from the fact that x(q) is a finite separable extension
of k(p) since ¢ is unramified.

(b) = (¢) We suppose that Qﬁq ¢ = 0 and we want to prove that Axg is
an open immersion. As ¢ is finite, so affine and hence separated, the diagonal
morphism Ax/g is a closed immersion; in particular we have:

Axs(X) = supp(Ax|s:Ox).
Now remind that we have the map Af‘x‘s : Oxxsx —+ Axs.Ox and consider
7= Ker(Aﬁxw),
the sheaf of ideals. As in ([Liu], Chapter 6, Remark 1.18), we have:
§(|S(I/Iz) = Qﬁqs = 0;
hence for every z € X:

( }\S(I/IZ))m = IAX|S(£)/IXX|S(x) =0,

Le. Zaysa) = Ii;qs(x) for every x € X. But now, since we are in a local
setting, we can suppose S noetherian and from ¢ finite we get X noetherian,
thus Z is coherent. Then we can apply the Nakayama’s lemma and Zx xis(@) =
Ii;qs(x) implies:

Ing s =0 VozelX.

From this, we have that Z(Axs(X)) = 0 so Axg(X) is contained in the
open subset U := X xg X \ supp(Z). We want to show that we have also
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the inclusion U C Axs(X). As Zay 4@ = 0 for all # € X, the induced
morphism on the stalks:

qus,u P Oxxsxu = (Dx5:0x)a

is an isomorphism, hence U is contained in Ax|g(X) = supp(Ax|s:Ox) and
we have Ay g(X) = U is open in X xg X.

(¢) = (d) If s € S, we have to prove that Ox, (Xj) is a finite étale algebra
over k(s) := k. To do so, let us consider ) an algebraic closure of k; given
s € S, we may consider the geometric point § : Spec(2) — S, 5(x) = s.
Now we have the fibre product Xz = X xg Spec(Q2), given by the following
diagram:

Xz —— Spec(92)

! |

XT>S

Notice that, if X, = X Xg k is the usual fibre of s, we have X; = X, x,
Spec(Q2): indeed
X5 X, Spec(§2) =(X x5 k) X, Spec(2)
=X x (k X, Spec(f2))
=X X Spec(f2) = X.

and Ox, (Xs) @k Q = Ox,(X5). Thus, using the equivalent property (i7) in
Lemma 2.1.1, it is enough to show that Ox,(X5) is a finite étale algebra over
Q2. To do so, we call Z : Spec(£2) — X5 the geometric point corresponding to
s and we look at the following commutative diagram:

Spec(2) z > Xz 2 > X

l(idxaﬁ) legm lAXIS

Spec(Q2) xq X5 W X: xq X; (plx—m>) X xg X

Since open immersion are stable under base changes and we are supposing
that Ax|s is an open immersion, we get Ay, o open immersion and then ¥
is open immersion. But hence Z induces an isomorphism on a closed and
open subscheme of Xz, that is a connected component of X; since Spec(£2)
is connected and X5 is finite. Since we hit every point of X with a suitable
geometric point Z, we obtain thus the following decomposition in connected
components for Xj:

X = U Spec(€2).
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But then Ox,(Xj5) is a finite product of copies of €2, hence it is a finite étale
algebra over () as wanted.

(d) = (a) We want to prove that ¢ is unramified, so that it is unramified
at every x € X. Since the question is local, we may assume that ¢ is induced
by a finite A-algebra ¢* : A — B with A noetherian; hence an element s € S
correspond to a prime ideal p C A. By assumption, we have:

n

B&ak(p) =[]

i=1
as a k(p)-algebra, where k; is a finite separable field extension of k(p) for
every i. Hence, any prime ideal of B®4 k(p) is maximal and it is of the type

mjzker(B®Ak(p)—>k]) j=1,...,n.

Now, if ¢ € X is a prime ideal above p € S and m; is its image under the
map Spec(B) — Spec(B ®4 k(p)), using the commutation of tensor product
and localization we get:

By @a, k(p) = (B @ak(p))m, = k;
which is a separable field extension of k(p); thus ¢ is unramified. O

Definition. If ¢ : X — S is an étale cover, we define the rank function:

T(gb) S — ZZO
s — 15(¢) :=rank,s)(Ox, (X)) )
=dim, ;) (O, (Xs) @p(s) k(s)) = | X5

It is locally constant and hence it is constant if S is connected.
We have a usefull lemma which uses the rank notion:

Lemma 2.1.5. Let S be a connected scheme. Then any finite étale morphism
¢ : X — S si automatically an étale cover. Furthermore, ¢ is an isomorphism

if and only if r(¢) = 1.

Proof. ¢ is finite flat morphism, hence it is both open and closed. But
then ¢(X) is both open and closed in S, which is connected. This implies
»(X) = S so ¢ is an étale cover. For the second part:

(=) If ¢ is an isomorphism, it is clear that r(¢) = 1.

(«<=) If ¢ has rank 1, we have | X5| = 1 hence ¢ is a bijection. Further-
more, ¢ is open and continuous so it is an homeomorphism. It remains to
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check that the induced map on the sheaves ¢* : Og — ¢,Ox is an isomor-
phism; we prove equivalently that for every s € S the map induced on the
stalk

((bﬁ)s . OS,S — (¢*OX)S

is an isomorphism. As the question is local, we can reduce to the affine
case S = Spec(A), X = Spec(B) and ¢ induced by a finite faithfully flat
A-algebra A — B; the hypothesis r(¢) = 1 implies B = Ab for a suitable
b € B. To conclude, it is enough to prove that A — B is surjective, i.e.
that b € A. By assumption, there exists a € A such that ab = 1 and on
the other hand, since B is finite over A, there exists a monic polynomial
P, =T+ Z?;Ol r;T" € A[T)] such that B,(b) = 0. Now, multiplying this
equality by a?~!, we get b= — S ra® 1 € A, O

2.2 Main theorem for étale covers

In this section we present the main theorem for étale covers: given a con-
nected scheme S, the category of étale covers of S is a Galois category. As
the reader will notice, the proof is quite linear and the unique aspect more
tricky to treat is the one concerning the quotient. Before getting started with
the proof, we provide some useful tools in the following results.

Lemma 2.2.1. An affine surjective morphism ¢ : X — S is an étale cover
if and only if there exist a finite faithfully flat morphism f : S" — S such
that the first projection ¢' : X' — S in the following fibre product:

x Ly

f’l lf

is a totally split étale cover of S'.

Proof. (<=) We want to prove that ¢ is an étale cover. For every s € S
we consider an affine open subset U = Spec(A) C S containing s; since f
is finite, f~'(U) = Spec(A’) is an affine open subset of X. Furthermore, by
Lemma 2.1.3 f,Og is a locally free Og-module. Hence

figroy - fTHU) — U

is induced by a finite A-algebra f*: A — A’ and A’ = A". As ¢ is finite,
also ¢~ '(U) = Spec(B) is affine and ¢4-1(U) is induced by an A-algebra
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¢* : A — B. Now the fibre product X’ coincides with Spec(B ®4 A’); since
¢’ is supposed totally split, B4 A’ = A’® as A’-algebra so B4 A’ = A™ as
A-module, while we have By A’ = By A" = B" as A-module. We obtain
the equality
BT’ — AT’S

as A-module, so B is a direct factor of A™ and it is flat over A. Hence ¢
is a flat morphism. Furthermore, B is a submodule of the finitely generated
module A" where we remember that A is noetherian: thus we get that
B is finitely generated itself as A-module, so the morphism ¢ is finite. It
remains to show that ¢ is unramified. To do this, we look at the commutative
diagram:

x Ly

f ’l lf

Since ¢’ is an étale cover, from Lemma 2.1.4 we have Qﬁ(,‘ o = 0 and as the
previous is a fibre product diagram, we obtain

f/*(QX|S) — Q%{/LS'/ - O

In particular, for every 2/ € X'

(f,*(Q§(|S))$/ = Q%(\S,f’(m’) - 0

Now, since f’ is the base change of f and f is surjective, f’ is surjective so
the previous equation is equivalent to:

Oxjs. =0 VreX;

henceforth {2x|g = 0 and ¢ is unramified again by Lemma 2.1.4.
(=) We proceed by induction on r(¢):

o if 7(¢) = 1, from Lemma 2.1.5 ¢ is an isomorphism; but then we can
take f =idg and the statement is trivially true.

o if 7(¢) > 1: as ¢ is a finite étale morphism, by Lemma 2.1.4 the
morphism A : X — X xg X is an open and closed immersion. So we
have the decomposition:

Xxg X=XUX

with ix, : X’ — X xg¢ X an open and closed immersion. In particular,
since iy is open immersion it is étale (see [Bos| Chapter 8 Lemma 7)
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and since it is closed immersion it is finite, hence iy is finite étale
morphism. Also, the projection on the first component p; : X xg X —
X is finite étale itself, since these properties are stable under base
change. Now we define ¢’ : X’ — X to be the composition:

X X e X P X

¢’ is a finite étale morphism as it is composition of finite étale mor-
phisms. A is a section of p; so for every x € X we have p~(2)NA(X) =
A(x), thus the rank of ¢’ is :

r(@) =r(p) —1=r(¢) -1

Then ¢ is finite étale and it has rank stricly smaller than ¢, hence by
inductive hypothesis we are able to find f : S’ — X which is a finite
faithfully flat morphism such that the projection 7,

S xg X —— X'

”Ql l ,

S’%X

is a totally split étale cover of S’. But now the morphism f = ¢o f: S — S
is again a finite faithfully flat morphism and using the properties of fibre
product we have:

S’><f~7¢ =5 Xfp (X xs X) =8 x4, (XUX)
:(S/ Xf»pl X) l_l (S/ Xf7p1 X/)

so the fibre product is totally split.
]

Lemma 2.2.2. Consider the following commutative diagram of schemes:
Yy —— X

%

ifo: X = S and Y — S are finite étale morphism then u:Y — X is a
finite étale morphism.
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Proof. Let us write u = py o', where I', : Y — Y xg¢ X is the graph of u
and ps : Y xg X — X is the projection on the second component. Consider
the following fibre product diagrams:

y — Y . x Y xg X — = Y

b b b

Y xs X — X x5 X X —* 45
uX1ax

From Lemma 2.1.4 Ax|g is finite étale hence its base change I', is finite and
étale as well. In a similar way, p, is finite étale since it is the base change of
1 in the left hand side diagram, hence the composition u = p, o I' is finite
and étale. ]

Another result we will need is that in the category of S-schemes, a faith-
fully flat morphism of finite type is a strict epimorphism. The following
technical lemma is necessary, but we omit the proof here; the interested
reader might find it in [Mil] (Chapter 1 Proposition 2.18).

Lemma 2.2.3. If a ring homomorphism f : A — B is faithfully flat, then
we have the exact sequence:

f d® dt
0—A—B—B®4B— ...
where d"' = 310 (=1)%e; and
ei(b0®"'®bn71):bo®"'®bif1®1®bi®"'®bn,1.

Proposition 2.2.4. In the category SCH/S, faithfully flat morphisms of fi-
nite type are strict epimorphisms.

Proof. We consider a faithfully flat morphism of finite type f : ¥ — X in
the category of SCH/S; we want to prove that it is a strict epimorphism. To
do so, consider h : Y — Z a morphism of S-schemes such that hop; = hop,,
where p; : Y xx Y — Y is the projection on the i-th component. We want
to prove that there exists a morphism g : X — Z such that go f = h. We
divide the proof in three steps:

step 1. Suppose firstly that X = Spec(A),Y = Spec(B),Z = Spec(C) are
all affine schemes and f,h are induced respectively by f* : A — B
faithfully flat and h* : C — B . In this situation, the projections p;
are induced by the morphisms e;_1 : B — B ®4 B. The condition
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step 2.

step 3.
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hopy = hops becomes ego h* = ej o hf i.e. (eg —e;) o h* = 0. We use
the Lemma 2.2.3 on f* and obtain the exact sequence:

€0—€1

#
0— A5 B2S Ba, B:

then im(h) C ker(eg — e1) = im(f), hence find ¢* : C — A such that
fto ¢* = h* and we are done.

Suppose now X = Spec(A),Y = Spec(B) and Z arbitrary. First we
prove the uniqueness of g. Indeed suppose there are ¢q, go such that
giof = goof. If we denote |g;| : X5 — Y™ the topological component
of g;, we have that |g;|, |g2| agree on | X]| since f is surjective. Now pick
x € X, let U be an open affine neighbourhood of ¢;(z) = g(2x) in Z and
consider X, = Spec(A,) an open neighbourhood of = in Spec(X) for a
suitable a € A such that g;(X,) = g2(X,) C U. If b € B is the image of
a under the morphism A — B, we have that B, is again faithfully flat
over A, and we reduced to the previous case with Z = U affine; hence
we can conclude that g;x, = go/x,. But know this is true on an open
affine covering of Z and thus ¢g; and g, agree on X.

Using the uniqueness we just proved, we can reduce to define g locally.
Then fix x € X, y = f~!(z) and consider U an open affine neighbour-
hood of h(y) in Z. We have that f(h~*(U)) is open in X, as any flat
morphism locally of finite type is open. Clearly z € f(h~*(U)) and we
find @ € A such that X, = Spec(A4,) is an open neighbourhood of x
contained in f(h™1(U)).

Now, notice that f~'(X,) C h™}(U): indeed if y; € f~1(X,), f(y1) €
f(hY(U)) and then f(y) = f(y') with y/ € h"1(U). If yy € Y xx Y is
such that p1(y') = y1 and p2(y') = y2, we have:

h(y1) = h(p1(y')) = h(p2(y') = h(y2) €U

hence y; € h™H(U).

But now, if b € B is the image of a € A and Y}, = Spec(B,), we have
h(Yy) = h(f~Y(X,)) C h(h "} (U)) = U and B, is faithfully flat over A,.
Then we reduced the problem to Ay, : Y — U and fjy, : ¥, = X, with
U affine, hence we can conclude with the step 1.

Let X,Y,Z arbitrary. We can firstly reduce to the case X affine by
taking an affine covering of X. Since f is faithfully flat and open, it is
quasi-compact, hence we find a finite affine cover of Y =Y, U---UY,,.
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Denote Y/ =Y; U...Y,; Y’ is affine and the morphism f':Y’ — X is
faithfully flat. Now we look at the following commutative diagram:

* p*
Hom(X, Z) —— Hom(Y, Z) == Hom(Y xy Y, Z)

Js R |

Hom(X,Z) —— Hom(Y’,Z7) ——= Hom(Y' xx Y', Z)

where pf = Hom(p;, Z), the map « is injective and the second raw is
exact using step 2. Now h € ker(p},p;) hence a(h) € ker(pf',py) =
im(f’), then there exists g € Hom(X, Z) such that f*(g) = a(h); but
now, using the commutativity of the right hand side square, we obtain
f*(9) = go f = h as wanted.

]

Theorem 2.2.5. Let S be a connected scheme and let Cg the full subcategory
of SCH/S whose objects are étale covers of S. Then the category Cs is a
Galois category and given a geometric point s : Spec(2) — S and denoted by
X the underline set of Xs, the functor:

F;:Cg —FSETS
(¢p: X = 9) — X2

1s a fibre functor. In analogy with the topological case, the profinite group:
m1(5;8) := m(Cg; F3)

is the étale fundamental group of S with base point s and given S, Sy two
geometric point, the set

m1(S; 81, §2) := m (Cs; Fi, Fs,)
is the set of étale paths from s to 3.
Proof. We verify the axioms of the definition of a Galois category.

(i) A final object is given by idg : S — S; furthermore, the fibre product
of two étale covers ¢ : X — S and ¢ : Y — S in the category SCH/S
gives again an étale cover: from the cartesian diagram

X xgV 25 X

pzl lqs

YT>S
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we have that p; is finite, étale and surjective since it is a base-change
of ¥ and then the composition ¢ o p; is an étale cover of S.

(ii) Cs has an initial object (); if we consider the coproduct of two étale
covers in the category SCH/S, it is again an étale cover of S.

About the quotient, the matter is less immediate and we have to split
the proof in several steps. Let us consider ¢ : X — S an étale cover
and G C Autgey/s(¢) a finite subgroup.

step 1.

step 2.

We assume firstly that S = Spec(A) is affine. Since ¢ is finite
hence affine, we obtain that ¢~'(A) = X = Spec(B) is affine
and ¢ is induced by a finite A-algebra ¢# : A — B. We remind
the equivalence of category between the affine S-schemes AFF/S
and (ALG/A); thus G corresponds to the finite group G°* C
Aut(arq/ayer(B). Consider the subring

B ={beB|g(b)=b VgecG®P}C B;

we show that X = Spec(BY") is the quotient of X in AFF/S.
It is clear by the construction that for every g € G, mo g = m;
furthermore, if f : X — Y = Spec(C) is a morphism in Cg such
that fog = f for every g € GG, using the equivalence of categories
we have the correspondence of commutative diagrams:

X 24X B« B

f}l/ / fﬂl 4

But then f* factors through B“™ and hence f factors through
Spec(BY™). Hence Spec(BY") = X/G.

We prove that ¢ : X/G — S is an étale cover. We start from
the étale cover ¢: using Lemma 2.2.1 we find f : S’ = Spec(4’) —
S induced by a faithfully flat algebra A — A’ such that B ®4
A’ = A™ as A’-algebra. We consider now the morphism A : B —
b geqor B defined by:

A(b) = (b—g-b)gecor;

by the definition of B“”", we have an exact sequence of A-algebras:

OHBOP—>BA> EBB

geGoP
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step 3.

and if we tensor it by the flat A-algebra A’ we get:
0— B @4 A — Bos A 2% (D Bo, A
geGop

Now notice that

BGOP ®A A/ _ (B ®A A/)G’OP — (A/n)GOP

and G°P acts on A™ just like a permutation of the indices 1, ..., n,
hence one has:
(A= P A
Fc{1l,..n}

If we translate now this conclusion in terms of scheme and consider
the following fibre product diagram:

X — 5= Spec(A4)

l I

Spec(BY") = X/G SR Spec(A)

we have that X’ = Spec((A™)%”) = | ,cp 5’ is a totally split étale
cover, hence again by Lemma 2.2.1 we can conclude that ¢ is an
étale cover.

We can reduce to the previous case in the following way: we cover
S with affine open subsets S; and we obtain the result using steps
1. and 2. Then, we can glue together the quotient objects to
obtain an étale cover of S and using the uniqueness of quotient
object we conclude that it is in fact the quotient.

(iii) Consider two étale covers ¢ : X — Sand ¢ :Y — Sandletu:Y — X
be a morphism in Cg. We want to prove that it factors as a composition
of a monomorphism and a strict epimorphism. By Lemma 2.2.1 u is
finite and étale, hence it is both closed and open. Hence u(Y) = X’
is both open and closed, so X”X \ X’ is open and closed as well and
we have X = X' U X", Then v’ = ujxs : Y — X' is faithfully flat so a
strict epimorphism by Proposition 2.2.4, the inclusion iy : X' — X is
an open immersion hence a monomorphism and u = u” o u/'.

(iv) A final object in Cg is isomorphic to ids : S — S and F3(idg) is a single
point, i.e. a final object in FSETS. We show that F; commutes with
fibre product: if ¢ : X — S and ¢ : Y — S are étale covers and

Fg(X Xg Y) = (X Xg Y) Xg Spec(Q);
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we want to show that it coincides with
Fg(X) Xg Fg(Y) = (X Xg Spec(Q)) X9 (Y Xg Spec(Q)).
But this comes directly using the basic properties of fibre product:

(X xg Spec()) x5 (Y x5 Spec(2)) = X x5 (Spec(2) xg (Y x5 Spec(Q2)))
= X Xg (Spec(f2) xgY) xg Spec()
=X xg (Y xg Spec( )) X5 Spec(£2)
= X Xg (Y xg (Spec(£2) x5 Spec(Q2))
= (X xgY) xg Spec(Q2).

It is straightforward that F5 commutes with finite coproducts and sends
strict epimorphisms to strict epimorphisms. We have to prove that F;
commutes with categorical quotients by finite groups of automorphisms.
Fix ¢ : X — S an étale cover and G C Aute,((X, ¢)) a finite subgroup.
Since the assertion is local on S, using Lemma 2.2.2 we can assume
that ¢ is totally split and that G acts on X as a permutation of copies
of S (as in the proof of axiom (ii)). But then, the quotient X/G is
isomorphic to a finite coproduct of copies of S and F5 commutes with
finite coproducts.

Consider two étale covers ¢ : X — S and ¢ : Y — S and a morphism
u: X — Y in Cg such that Fy(u) : F5(X) — F5(Y) is a bijection. By
Lemma 2.2.2 u is a finite étale morphism; furthermore, since F3(X) ~
F5(Y), we have that u is surjective and it has rank 1. Then it is an
isomorphism by Lemma 2.1.5.
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Some applications

In this chapter we use the results we showed in the previous chapters to give
some examples of Galois fundamental groups and present some interesting
constructions. The first section is dedicated to varied extra tools we are going
to need, about profinite groups and fundamental functors in particular; in
the second section there are two initial examples of computation of the Galois
fundamental group; in the third section we present some results on the first
homotopy sequence, while in the last section we give the example of the
fundamental group of an elliptic curve.

3.1 Some facts and observations

In this section we present a bunch of results in different topics that we did
not need so far but that become useful from now on. Most of them will be
presented without proof, as they are maybe well known facts; however, we
will furnish a reference for each one in case the interested reader would like
to look into further.

On schemes

Definition. Let X be a scheme over the field k& and if K field extension of
k denote Xx = X xj Spec(K).

e X is geometrically connected over k if the scheme X is connected for
every field extension K of k.

e X is geometrically reduced over k if the scheme X is reduced for every
field extension K of k.

ol
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It is possible to prove that X being geometrically connected (resp. geometri-
cally reduced) is equivalent to Xj connected (resp. reduced) and also that if
k is perfect, X geometrically reduced over k is equivalent to X reduced (see
[Liu] Section 3.2.2). We consider a morphism f : X — S; we say that f has
geometrically reduced fibres if for every s € S, X is geometrically reduced
over k(s). It is possible to show that if f : X — S is also flat, then also its
base change has geometrically reduced fibres and if X’ — X is étale then the
composition with f, X’ — S has finite fibres.

The following theorem is the so-called Stein factorization of a proper
morphism; the interested reader can find the proof at Section 03GX.

Theorem 3.1.1. Let f : X — S be a morphism such that f.Ox is a quasico-
herent Og-algebra. Then f.Ox defines an S-scheme p : S" := Spec(f.Ox) —
S and f factors as:

X%S

| A

Furthermore:

1. if f is proper, then p is finite and f' is proper with geometrically con-
nected fibres; furthermore, if f,Ox = Og then f has geometrically
connected fibres;

2. if f s proper, flat and with geometrically reduced fibres, then p is an
étale cover; in particular, f,Ox = Og if and only if f : X — S has
geometrically connected fibres.

The Stein factorization theorem has one useful corollary:

Corollary 3.1.2. Let f : X — S be a proper morphism such that f,Ox =
Ogs; if S is connected, then X is connected.

On profinite groups

Until now we used just the definition of a profinite group as a projective limit
of finite groups with the discrete topology; we present now some basic results
on profinite groups. Their proofs can be found in [Wil] Chapter 1.

Finite groups endowed with the discrete topology are clearly compact
and Hausdorff. It is possible to prove that these properties are preserved by
projective limit and to show that a profinite group is compact, Hausdorff and
totally disconnected. In fact, also the converse is true: if G is a compact,
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Hausdorff and totally disconnected topological group, it is a projective limit
of finite groups, in particular:

= lim G/N

N<pG

where we write N <lp G for open normal subgroups of G. More completely,
one has the following proposition:

Proposition 3.1.3. Let G a topological group. The following are equivalent:
(1) G is profinite;
(i) G is isomorphic to a closed subgroup of a cartesian product of finite
groups;
(i) G is compact and (\(N|N <o G) = 1;
(iv) G is compact, Hausdorff and totally disconnected.

Lemma 3.1.4. Let G be a profinite group and H a finite index subgroup.
Then H contains a normal subgroup of G' of finite index.

Lemma 3.1.5. Given G = @Gi a profinite group and denoted by ¢; : G —
G, the canonical morphism, a basis for the topology of G is given by ¢; *(U)
with U C G; open.

Lemma 3.1.6. Let G be a profinite group and H a subgroup. It is open if
and only if it is closed and it has finite index in G.

Lemma 3.1.7. Let f : G — A a map from a profinite group to a discrete
space. f is continuous if and only if there is an open normal subgroup N <o G

such that f factors through G/N.

Given an arbitrary group , we find a profinite group associated to it, its
profinite completion:

Definition. Given an arbitrary group G, its profinite completion G is the
profinite group R
G=lmG /N

where N runs through the normal subgroups of GG of finite index.

The profinite groups form a subcategory of the category of topological
groups, where morphisms are continuous group homomorphisms. We have
the following lemmas:
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Lemma 3.1.8. A morphism v : H — G between profinite groups is an
epimorphism if and only if it is surjective.

Proof. (<) is immediate.

(=) We call L = im(u) C G; we want to prove that L = G. We know
that G = I'&nG/Ni where N; <p G; by brevity, we write G; = G/N; and
we denote ¢; : G — G; the natural projections; they are epimorphisms since
they are surjective. Now, u; := g;ou : H — (; is an epimorphism for every ¢,
as it is a composition of epimorphisms; but since G; is finite, u; is surjective.
We have a claim:

Claim. If Y C G and ¢;(Y) = G, for every i, then Y is dense in G.

Proof of the claim. Since ¢;(Y') = G}, then for every open U C G; one has
¢, '(U)NY # (. Using the fact that

{q[l(U)]iEI,UCGi open }

is a basis of the topology on G from Lemma 3.1.5, we find immediately that
Y is dense in G.

We use the claim with Y = L = im(u): ¢;(Y) = ¢; ou(H) = G since
q; o u is surjective: we get L dense in G. But now since H is compact and u

is continuous, L is also compact and L is closed as it is compact in G which
is Hausdorff: thus it is dense and closed in G and G = L. n

Lemma 3.1.9. A morphism v : H — G is a monomorphism if and only if
ker(u) ={1}.

Proof. (=) Suppose v monomorphism; if ker(u) # {1}, pick a non trivial
x € ker(u) and set L the subgroup of H generated by x. Now we consider the
morphisms: id = L — H and f : L — H defined by f(x) = 1; then f # id
but uo f =woid.

(«<=) Suppose ker(u) trivial, and f,¢g : H' — H two morphisms from a
profinite group H’ such that uwo f = wo g. If there exists x € H' such that
f(z) # g(x), we have u(f(x)) = u(g(x)) and since u is a group morphism we
get u(f(z)g(x) ") = 1 thus f(z)g(x) " € ker(u) = {1} and f(z) = glx). O

Using the previous lemmas, it is easy to prove the following corollary:

Corollary 3.1.10. A morphism u : G — H of profinite groups is an iso-
morphism if and only if it is both surjective and injective.

Definition. Given a profinite group GG and a prime p, its pro-p completion
is

GV = 1limG/N

where N runs through the open normal subgroups of index a power of p.
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Notice that G is a maximal p-subgroup of G, i.e. a p-Sylow subgroup
of G. If G is pronilpotent (in fact we will be interested in the case when G is
abelian), we have the following useful structure result; the interested reader
might find the proof in [Wil|] Proposition 2.4.3.

Proposition 3.1.11. Let G be a profinite group. If it is pronilpotent, then
it is isomorphic to the cartesian product of its Sylow subgroups.

Fundamental functors and their properties

Now that we have some tools on profinite groups, we can look more specifi-
cally on the Galois fundamental group we introduced in Chapter 1.

Let C a Galois category; from the Main Theorem of Chapter 1, we know that
in fact C ~ C(II) with IT the Galois fundamental group of C. Consider now
X € C a connected object: it is a connected object in the category C(II),
i.e. a finite set with a transitive continuous Il-action. Now if x € X and
U = Stabp(x), U is an open subgroup of II since the action is continuous;
furthermore, I1/U is isomorphic to the orbit of xz under the action of II,
which is precisely X since X is connected. Thus we have a very useful
characterization of connected objects in a Galois category C(II): they are of
the kind I1/U with U an open subgroup of II.

Definition. Let C,C’" be Galois categories; a functor H : C — C' is a fun-
damental functor from C to C’ if for any fibre functor F’ : C' — FSETS such
that F" o H : C — FSETS is a fibre functor for C.

Notice that for the second part of the Main Theorem of Galois categories,
it is enough that the latter condition is true for one fibre functor F’, as all
fibre functors are isomorphic.

In the category of our interest, the étale covers Cg of a connected scheme
S, a fundamental functor may be obtain in the following way: consider a
morphism f : S — S of connected schemes and a geometric point s :
Spec(€?) — S’ whose image in S through f gives a geometric point § :
Spec(2) — S. Then we can consider the functor:

f* : CS —)CS/
(0: X = 9)— (¢ : X' =5
where X’ is the fibre product:

X=X xs8 —25 9

| |

X —2 9
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f* is a fundamental functor, as Fy o f* = Fj: indeed
Xi = X" xg Spec() = (X x585") xg Spec(Q) = X xg Spec(Q) = X.

S

The result is clear as well looking at the commutative diagram:

X' x g Spec(2) —— Spec(£2)

| !

X' ¢ > S’
L
X )

noticing that by definition f o § = s.

If we have a fundamental functor H : C — C’ between two Galois cat-
egories and F’ : ' — FSETS is a fibre functor, take F' = F’ o H as fibre
functor on C. Then for every 0" € II' = 7w, (C’, F'), we can think the action of
0" as a natural trasformation ¢’ : F' — F’: for every X’ € C’, we have

0% : F'(X) —F'(X)
02
In this fashion, for every X € C it defines:
hix)  F(H(X)) = F(X) — F'(H(X)) = F(X);
thus Q’H( x) € I and this gives rise to a morphism of profinite groups:
ug ' —I =m(C, F)

We have also the converse construction: given a profinite groups mor-
phism u : II" — II, for every X € C(II) one can consider on it an induced
action of IT' via u; if 8’ € IT', one defines:

0 - X :=u(d)- X

This gives rise to a fundamental functor H, : C(II) — C(II'). It is clear by
this construction that uy, = v and that the diagram

c 2 ¢

e

eI 21y ()

commutes, so H and H,,, are isomorphic functors.
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Proposition 3.1.12. Consider C,C' Galois categories, H : C — C' a fun-
damental functor, F' fibre functor on C' and F' = F' o H fibre functor on
C giving fundamental groups II' = 7w (C'; F') and 11 = 71(C; F) respectively.
Denote u : II' — II the morphism associated to H. Then:

(i) The following are equivalent:

a. u s an eprmorphism;
b. H sends connected objects to connected objects;
c. H is fully faithful.

(11) w is a monomorphism if and only if for any object X' € C' there ezists
X € C such that a connected component of H(X) dominates X'.

(111) w is an isomorphism if and only if H is an equivalence of categories.

(iv) Given
(N N
a sequence of fundamental functors between Galois categories, consider
the induced sequence of fundamental groups:

u’ u

n" — 1 —IL
Then ker(u) D im(u') if and only if for every X € C, H'(H(X)) is
totally split in C"; ker(u) C im(w') if and only if for any connected
object X' € C' such that H'(X') has a section in C", there exists X € C
and a connected component of H(X) dominating X’ in C.

Proof. Firstly notice that since C ~ C(II), ¢’ ~ C(Il') and H is a fundamental
functor, we can suppose that H : C(IT) — C(II') is given by the identity on
objects and the action of II" on the image of H is given by u(II'). More in
details, for every x € H(X) ~ X and every ¢’ € IT', one has

g -r=u(g)- x

Hence we will often write X instead of H(X) if it is clear the action of which
group we are considering; otherwise, we will stress the difference.

(i) (b. = a.)
Suppose that H sends connected objects in connected objects; in par-
ticular for every open normal subgroup N of II, H(II/N) ~ II/N is
connected in C'.
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Take N’ = u~'(N); then N’ is an open normal subgroup of II'. We
have a morphism induced by wu:

w:I'/N' — 1IN

and, if considered as a morphism in the category II', it is automatically
a strict epimorphism as IT/N is connected. Thus we have a surjective
group morphism

" — II/N

for every N <o II and we conclude that u is an epimorphism using the
claim of Lemma 3.1.8.

(a. = c.)

Suppose that u is surjective (again using Lemma 3.1.8), we prove that
H is fully faithful: from what we said above, it amounts to prove that
given X,Y € C(I) and f : X ~ H(X) - Y ~ H(Y) a IT'-invariant
map, f is Il-invariant. But since u is surjective, for every g € II we
find ¢’ € II such that u(¢') = g, and for every x € X one has:

flg-x)=flulg)-x)=flg"-2) =g - f(x) =ulg) flx) =g f(z).

In this way we proved that H is full; but faithfulness is for free, since
H acts as the identity on morphism and two IT’-invariant coinciding
maps coincide also as Il-invariant maps.

(c.=10.)

We take a connected object II/U € C, we want to prove that H(X)
is connected in C’, i.e. II' acts transitively on II/U via the morphism
u. Now consider a connected component Y C II/U of H(II/U) € ('
; we have the canonical immersion i’ : Y — II/U (as a morphism in
C’, so a II" invariant map). Since H is fully faithful one has i = H (i)
with a suitable morphism ¢ : Y — II/U in C; but now since II/U is
connected, ¢ is automatically a strict epimorphism by Lemma 1.3.4 and
as Y C II/U we obtain Y = I1/U, hence II/U is connected in C'.

(=) Suppose that u is a monomorphism, i.e. ker(u) = {1} by Lemma
3.1.9 and take X’ € C’. Notice that we can suppose that X’ is con-
nected: if we prove the statement with X’ connected, we are done
also in general just using the connected decomposition (see Proposi-
tion 1.3.2).

Now as X’ is connected, it is isomorphic to II'/U’ for a suitable open
subgroup U’ of IT'; U’ is closed so it is compact since II" is compact.
Then u(U’) is compact as u is continuous, hence closed since II is
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Hausdorff. Then u(U’) is closed and has finite index in im(u), so it is
open in it; hence we are able to find an open subgroup U C II such
that U Nim(u) C u(U’). We take then X :=II/U and we consider the
connected component of H(X):

im(u)U/U ~ im(u)/(U Nim(u));

it is connected since if we denote W := UNim(u) and we pick zW, yW €
im(U) /(U Nim(U)), as now since u~'(U) C U’ and u is injective, we
have the well defined morphism

im(u)U/U — IT' /U’

given by the section of u.

(<=) Let ¢’ € ker(u) and suppose ¢’ # 1; consider now an object
X' € C’ such that ¢’ acts non trivially on X’. By assumption, we are
able to find an object (that we can suppose connected, as above) X
such that there is a connected component Y C H(X) ~ X dominating
X'. But then the action of ¢’ on Y is given by the action of u(g’) = 1,
which is trivial, while the action of ¢’ on X’ is non trivial. Hence we
contradict the IT’-invariance of the map ¥ — X'.

From results on profinite groups, we have that u being an isomorphism
is equivalent to being a morphism of profinite groups both injective and
surjective.

(=) We already know from point (i) that u surjective implies H fully
faithful. Hence it is enough to prove that H is essentially surjective:
but this is immediate by looking at the proof of point (7). Indeed given
a connected object II'/U" € C" with U’ open subgroup of II', we take
U = u(U"); since u is an isomorphism, we have the isomorphism:

/U —1'/u’
given by the inverse of u. So H(II/U) ~ II'/U" and H is essentially

surjective.

(<=) As we are assuming H essentially surjective, we have that for
every connected object II'/U" € C' there exists an open subgroup U
of IT such that II/U ~ H(II/U) ~ II'’/U’. This defines a morphism
IT — II" which is the inverse of u, hence u is an isomorphism.

For the first part:
(=) Suppose im(u’) C ker(u); this implies that u o v is trivial, i.e.
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for every ¢” € II” one has uo u/(¢”) = 1. Now consider an object
X € C'. We want to show that H'(H(X)) is totally split in C”; for
every ¢"” € II", the action of ¢” on an element v € H'(H(X)) ~ X is
given by:

" r=uod(g") - x=1- -z

Thus the action of I1” is trivial on H'(H (X)) and then that H'(H (X))
is totally split in C”.

(«<=) Suppose now that for every X € C we have that H'(H(X)) is
totally split in C”; we want to prove that im(u') C ker(u), i.e. that
wou is trivial. Take ¢” € C”; for every X € C, H'(H(X)) is totally
split in C”, so the action of ¢” on it is trivial. But this means that for
every X € C, uou/(g”) acts trivially on X, thus uo'(¢”) = 1.

For the second part, we use the following fact:

Remark. ker(u) C U’ if and only if there exists an open subgroup
U C 11 such that the connected component of 1 of H(II/U) dominates
(I''/U’, 1) in C™P*. The proof is exactly the same we gave in the point

(ii).

(=) Suppose ker(u) C im(u') and pick X’ € C' connected such that
H'(X') has a section. This means that X’ considered in C”, so with
the action of 11", is :

X ={z}uXx

for a suitable element x € X, i.e. the point x is fixed by the action of
II” on H'(X') ~ X'. Now if U’ = Staby(z), we have X' ~ II'/U’ as
X' is connected and im(u') C U’ by construction, since every point in
im(u') keeps fixed z thus it is in U’. But then ker(u) C im(u') C U’,
and by the remark above we have that there exists an open subgroup
U C I such that (H(IT/U), 1), > (I''/U’, 1) in CP*.

(<) Since im(u’) is closed, we know from [RRib] Proposition 2.4.1 that

im(u') = ﬂ U

U'<oll’, im(uw/)CU’

Thus to prove that ker(u) C im(u') it is enough to show that ker(u) C
U’ for every open subgroup U’ of II' containing im(«’). But from the
remark above ker(u) C U’ if and only if there exists an open subgroup U
of IT such that (H(II/U), 1)y > (I'/U’), and this is true since im(u') C
U’ implies that H'(I'/U’) has a section in C”, and then by assumpition
there is an object X € C such that (H(X), 1), dominates (II'/U’, 1).
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]

The previous proposition gives a very interesting and useful dictionary be-
tween the properties of the morphism of fundamental groups and the ones of
fundamental functors. This dictionary will be intensely used in the following
sections to understand some kinds of fundamental groups.

With the next result, the last we present in this section, we return on the
category of étale covers and in particular on the étale fundamental group;
it says that in fact the fundamental group of a scheme is the same as the
fundamental group of the associated reduced scheme. We omit the proof; the
interested reader might find it in [Gro] Chapter IX.

Lemma 3.1.13. Let X be a connected scheme and i : X,.q — X be the
underlying reduced closed subscheme and fiz a generic point xq : Spec(2) —
X; as Spec(QY) is reduced, xq factors through a generic point xq : Spec(2) —
Xyea- Then i induces an isomorphism of profinite groups:

st (Xred; IQ) ;> WI(X; IQ)

3.2 Examples of Galois groups

In this section we present two examples of Galois fundamental groups: the
first one is intended to help the reader to connect the "new" fundamental
group with the topological fundamental group, in a setting where both of
them have significance; the second one instead is in an algebraic setting: we
prove that the étale fundamental group of a point coincides with the absolute
Galois group of the base field.

The relationship with the fundamental topological group

We started the first chapter with a quick review of the construction of the
topological fundamental group; throughout the rest of the chapter, we pre-
sented the construction of the Galois fundamental group for a Galois category,
abandoning the topological point of view for a totally algebraic construction.
The reader might now be interested in the connection between these two
concepts: given an arc-wise connected topological space X, is the category
Cov(X) a Galois category? If yes, which is the relation between its Galois
fundamental group and the topological fundamental group of X7

The answer to the first question is "partially yes": to obtain a Galois
category, we must restrict to the subcategory of finite covers. More precisely,
given a connected and locally arc-wise connected topological space X, the
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category FCOV(X) of finite topological covers of X is a Galois category and
if x € X a fibre functor is given by:

F, : FCov(X) —FSETS
(p:Y = X)—F,(p) := pil(a:).

It is clear here that we need to consider only finite covers, as we want the fibre
of every point to be a finite set. Hence to every point x € X is associated
the Galois fundamental group 7 (FCov(X), F,) which we will denote by
71 (X, x) to remark the analogy with the topological fundamental group; to
avoid confusion, we will denote by 7,°°(X,z) the topological fundamental
group of X at the point x.

On the other hand, Theorem 1.1.5 induces another category equivalence
on FCov(X):

Proposition 3.2.1. The functor
Fib, : Cov(X) — mi%?(X, x)-SETS

of Theorem 1.1.5 induces an equivalence of the categories

—

FCov(X) = ni°(X, z)-FSETS.

Proof. We already know that the functor Fib, is an equivalence of categories.
If p: Y — X is a finite connected cover of X, the set Fib,(p) = p~'(x) is
finite so the action of 7°°(X, z) on p~'(z) factors through a finite quotient
(X, z)/N with N normal subgroup of 7\°°(X, z) of finite index: indeed

we have a morphism
W;OP(X, -T) -G = AUtFSETS(pil(x))

where G is finite as p~!(z) is finite; then the kernel N of the morphism above
has finite index, as 7\°°(X,2)/N < G . Thus it is defined on p~'(z) a

—

. . t
continuous action of 7" (X, x).

Conversely, a continuous action of 7,°°(X, ) on a finite set factors through
a finite quotient, which is also a quotient of 7}°°(X,z) by definition of profi-
nite completion; hence it gives rise to a finite cover ¥ — X. O

Thus we find an equivalence of categories

—

% (X, x)-FSETS — m (X, 2)-FSETS
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and by Proposition 3.1.12 we get the isomorphism of profinite groups:

—

(X, z) =~ (X, 2).

In conclusion, the Galois fundamental group of the category of finite
covers of a topological space X is isomorphic to the profinite completion of
the topological fundamental group of X.

Spectrum of a field

We present now an example in the context of étale covers: the fundamental
group of a point. Even if it is a trivial example in a certain way, as we
consider the simplest algebraic variety, the result is nevertheless interesting;
indeed one finds out that the fundamental group of Spec(k) is the absolute
Galois group of k.

But we proceed by order: fix k a field and let us consider S = Spec(k)
and a geometric point 5 : Spec(€2) — S; we initially describe what is a Galois
object in Cg. To do so, consider a connected étale cover

¢: X — S = Spec(k);

the finiteness of ¢ forces X to be equal to an affine scheme Spec(K') with K
a finite field extension of k. Indeed ¢ is finite hence affine, so X = Spec(R)
and ¢ is induced by a finite morphism & — R. This forces R = K to be a
finite separable field extension of k.

Now, by Lemma 1.3.5, ¢ : X — S is a Galois object in Cg if and only if
|[Aut(X)| = |F5(X)|; from the definition of the rank r(¢), we have:

|Fy| = | X;| = ranky(K) = [K : k].

Thus we can conclude that ¢ : Spec(K) = X — S = Spec(k) is a Galois
object in Cg if and only if K is a finite Galois field extension of k. We denote
by Aut(K|k) the Galois group of K.

Proposition 3.2.2. Let k be a field, k* its separable closure and k an al-
gebraic closure of k containing k*. Denote by I'y := Aut(k®|k) the absolute
Galois group of k. Set S = Spec(k) and the geometric point 5 : Spec(k) — S.
Then there is an isomorphism of profinite groups:

Proof. From what said above, ¢ : X — S is a Galois object in Cg if and only
if X = Spec(K) with K a finite Galois field extension of k; notice that we



64 CHAPTER 3. SOME APPLICATIONS

can consider K C k, up to taking a field in k isomorphic (as a k-algebra) to
K.

For every such K, we have the isomorphism:
(Tr)ix = Aut(K|k) = Autjqg(K);

furthermore, remember that there is the equivalence of categories induced by
the usual equivalence of affine schemes:

Cs —+(FEALG/k)°?
(p: X = 8) —(¢F(X) : k = Ox(X))

Hence, if X = Spec(K) is Galois, we have the isomorphism:
Aute, (X)°P >~ Autyae(K);
finally, one has:

(S, s) ~ @ Aute (X)P = @ Auty i (K) ~ Ty
X Galois K Galois

where the first equality comes from the proof of the Main Theorem(see Sec-
tion 1.3). O

3.3 The first homotopy sequence

We present here some results related to the first homotopy sequence. We give
immediately the proof of the theorem and then we provide some examples
showing its usefulness.

Theorem 3.3.1. Let S be a connected scheme, f : X — S a proper mor-
phism such that f,Ox = Og and s € S. Fiz Q) an algebraically closed field,
xq @ Spec(Q) — X5 a geometric point with image v € X and sq € S.
Consider the sequence:

(X§7xﬂ) — (X7 :UQ) — (Sa SQ)
and the induced sequence of profinite groups
m (X5 xq) SN m(X; zq) SN (S5 s0).

Then p is an epimorphims and im(i) C ker(p). If f is flat and has geomet-
rically reduced fibres, then im(i) = ker(p).
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Proof. We firstly prove that p is an epimorphism; by Proposition 3.1.12 point
(1), it is enough to show that every connected étale cover ¢ : 8" — S is sent by
the fundamental functor associated to p in a connected étale cover X' — X.
We remember that this cover is obtained by the base change:

X -, x

]

S’—>S

One has:
fi(Ox) = fl(¢"O ) Dy r.0x 2 05 = 0y

where (1) comes from [Har| Chapter III Proposition 9.3 and () comes from
f+Ox = Og by assumption. Now since f’ is proper as it is the base change
of f, from Theorem 3.1.1 we have X’ connected.

We show im(i) C ker(p). We use Proposition 3.1.12 point (iv), thus to
conclude it is enough to prove that if ¢ : S’ — S is an étale cover of S, its
image in Cy, is totally split, i.e. it is a finite coproduct of copies of X5. This
étale cover of X5 is given by X, — X; in the following commutative diagram,
where the two columns on the left are constructed just by base changes:

X —— X5 = X xg k()

)g )l( \Spec( k(3))
N o

But now :
X; = Xg Xg S’ :(X Xg k(g)) Xg S’
=X Xg (k?(g) Xg S/>
=X x| |Spec(k(s))

S’

:|_|X§.
2

Suppose now f flat with geometrically reduced fibres; we prove now
ker(p) C im(i). We use again the characterization of Proposition 3.1.12:
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we pick a connected étale cover ¢ : X' — X; suppose that the base change

of ¢,
&X‘;_}Xg

admits a section o : Xz — X.. We have to prove that ¢ comes by base
change from a connected étale cover S’ — S. Since ¢ is finite (so proper)
and étale and f is proper, flat with geometrically connected fibres, g = f o ¢
is also proper, flat with geometrically connected fibres. By Theorem 3.1.1, g
factors as:

X 259

1.4

with p étale cover. Furthermore, we have that ¢’ is surjective: indeed pick
s’ € § and consider S'( % by 3.1.1, there is a bijection between the set of
the connected components of S;(S,) and the connected components of Xp(s,),
so there is a connected component of the latter that corresponds to the point
s’. In particular then there is a point 2’ € X’ that ¢’ sends in s and ¢’ is
surjective; as X' is connected, we obtain hence S’ connected. Now consider

the following diagram:

g

/_\

X e X —= 9

Nl

where the square is given by a base change and the map a comes from the
universal property of fibre product. Since S’ is connected and we already
proved the exactness on the right of the sequence, we have that X" is con-
nected. Notice that if we prove that « is an isomorphism, we are done: in
this case, ¢ is given by the base change of the étale cover p. So to conclude
we have to show that « is an isomorphism.

Since p is an étale cover, its base change p’ is an étale cover; thus from
¢ = p' o by Lemma 2.2.2 we have that « is finite étale. But then from
Lemma 2.1.5 « is automatically an étale cover and it remains to show that
it has rank 1. To do this, consider the base change of the previous diagram
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via §: Spec(k(5)) — S, i.e.:

We have that a; is an étale cover (it is the base change of an étale cover),
thus it induces a surjective map

mo(X5) — mo(X7)

where mo(-) denotes the set of connected components. Furthermore, since
both ¢’ and f’ are geometrically connected by 3.1.1, the latter map is in
fact bijective. Thus to conclude it is enough to prove that ajz induces an
isomorphism from a connected component X%, € mo(X%) to X% := as(XL,).
Consider then
s0 1= 0(Xs);

we have that ¢ induces an isomorphism from X; to X.. Furthermore,
ps is totally split: indeed it is an étale cover hence it is finite, thus if
{%} = Spec(k(5)) we have that p;'(x) are finitely many points, hence a
finite product of copies of Spec(k(5)). Then the base change p. is totally
split as well and so it induces an isomorphism from XZ%, to X;. But now one
has:

X!

9 Sopgl‘xu o Qs
50

X,
50
X, = idx,.
]

The previous theorem allows us to prove the following corollary, which
tells us that under certain condition the fundamental group of the fibre prod-
uct of two schemes is precisely the product of the respective fundamental
groups, as one could hope. Notice that this result is not automatic: using
the Artin-Schreier method, it is possible to produce a counterexample and
find X not proper and k of positive characteristic such that m (X x; X, (x, x))
is not isomorphic to m (X, z) x m (X, x).

Corollary 3.3.2. Let k be an algebraically closed field, X a connected, proper
scheme over k and Y a connected scheme over k. For any x : Spec(k) —
X and y : Spec(k) — Y, the morphism of profinite groups induced by the
projections px : X X Y — X and py : X X Y = Y:

m (X x4 Y5 (2,y)) — m(X52) xm(Y,y)

1s an isomorphism.
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Proof. From Lemma 3.1.13 we may suppose that X is reduced, so X geomet-
rically reduced over k as k is algebraically closed. Hence X is geometrically
connected, proper, geometrically reduced and surjective over k; all these
properties are stable under base change, hence

pY:XXkY—>Y

has all of them as well. In particular, py has geometrically connected fibres
and from Theorem 3.1.1 one has that py.Oxx,y = Oy so py satisfies the
extra hypothesis of Theorem 3.3.1. Now consider the composition

(X x:Y), B X x, v B X

where p; is the projection on the first component. Using the properties of
fibre product we have:

(X %, Y), = (X x,Y) xy Spec(k) = X x, Spec(k) = X;

by construction px o p; = idx thus px gives a left inverse of p;. Now if we
consider the sequence

(X,2) = (X ¢ V), 2) =2 (X x4 Y, (2,9)) = (Y.y)
by Theorem 3.3.1 we obtain the exact sequence:

)

(X)W (X %, Y (1) " 1 (Vi) — 1

and 7 (px) gives a left inverse of 7 (p;); hence the sequence is split, thus:
7Tl(X Xk Y7 (l’,y)) = 771<X; x) X 7T1(Y7 y)
]

We present now another interesting result regarding a proper scheme
over an algebraically closed field: its fundamental group is invariant under
algebraically closed field extensions.

Before we can proceed with the proof of this proposition, we need a
technical lemma:

Lemma 3.3.3. Let X be a connected scheme of finite type over a field k and
let Q) a field extension of k. For any étale cover ¢ : Y — Xq, there exists
a finitely generated k-algebra R C §2 and an affine morphism of finite type
b:Y — Xp such that ¢ : Y — Xq is a base change of ¢. Furthermore, if
is the generic point of Spec(R), then ék(n) ; }N/k(n) — Xi(y) 18 an €tale cover.
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Proof. As X is quasi-compact, we have a finite covering of open affine subsets
X; = Spec(A;) with i = 1,...,n where A; is a finitely generated k-algebra
for every i. Then X;n = Spec(A; ®; ) and since ¢ is finite hence affine, we
have U; = ¢~1(Xq) = Spec(B;) where

Bi = (A’L ®k Q)[Tla o 7TTZ-]/<P1',17 .. ‘aPLsi)

where P, ; are polynomials in the variables 77, ...,7T,,. Now, these polyno-
mials have coefficients in A; ®; 2 and then each coefficient is a finite sum
of pure tensors a ® A with a € A; and A € 2. Now, if we denote by R; the
subalgebra of ) generated by these A\ (they are finitely many), we get:

Bi — (Al ®k Rl)[Tla v 7TT7;]/(PZ',17 o >R,si) ®Ri Q7

we denote by R the subalgebra of €2 generated by all R; for ¢« = 1,...,n; it
is again finitely generated over k. Now, we can glue the affine schemes

Spec((A; @ R)[Th, ..., Tn]/(Pia, ..., Pis,))

to get our Y'; it is possible up to enlarging the algebra R, if needed, in order
to make the gluing open subsets U; N U; descend again to R. Furthermore,
by construction the morphism ¢ : Y — Xy is affine.

Now, if 7 is the generic point of Spec(R), we have the following commu-
tative diagram:

Y > Y~V > ffk(n)
R
Xo > XR > Xk(n)

and since k(n) — € is faithfully flat and ¢ is an étale cover, then also (516(77)
is an étale cover. O

Proposition 3.3.4. Let k an algebraically closed field, X a connected and
proper scheme over k and ) an algebraically closed field extension of k. Fix a
geometric point xq : Spec(Q) — Xq and denote by xq its image in X. Then
(Xa;zq) = (X;xzq) induces an isomorphism of profinite groups:

m(Xa; zq) — m(X;20).

Proof. Remind that in our case the functor H : Cx — Cx,, associated to the
morphism of groups above is given by the base change under the morphism
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Xq — X. More precisely, if ¢ : Y — X is an étale cover of X, we have that
H(¢) :Y' — Xq is the map given by the fibre product:

Y =Y xx Xog -9 x,

| |

#}X

Using the characterizations (i) and (i) of Proposition 3.1.12, to conclude
it suffices to prove that H sends connected étale covers to connected étale
covers and that for any ¢’ : Y’ — X connected étale cover, there exists a
connected étale cover ¢ : Y — X such that H(¢) dominates ¢'.

For the first part: if ¢ : ¥ — X is connected étale cover, since k is
supposed algebraically closed, Y connected implies Y algebraically connected
and then Y is connected. But then Y, — Xq is connected étale covering
and we are done.

For the second part: fix ¢ : Y — Xq a connected étale cover. We apply
Lemma 3.3.3 and we find a finitely generated k-algebra such that there exists
an affine morphism of finite type ¢° : Y° — Xy such that ¢ is a base change
of ¢°. Moreover, up to replacing R by R, for some r € R\ {0} and using
the second part of the same lemma, we may assume that ¢° is an étale cover.
Notice that since Y =Y (see the proof of Lemma 3.3.3) and Y is supposed
connected, we have Y connected. We may call ¢ this morphism ¢, i.e. we
may suppose that the étale cover ¢ : Y — Xgq is

Now, denote S = Spec(R) and fix s : Spec(k) — S, x : Spec(k) — X.
The étale cover ¢° : Y? — X x,, S correspond to the open subgroup

U= Stabm(XXkS;(%S))((b) - 7Tl<X X S; (x> S))
and from Corollary 3.3.2 we have the isomorphism:
T (X X S5 (x,8)) ~ m(X;x) X (S5 s).

Thus we are able to find open subgroups Ug C m(S;s) and Ux C m(X;x)
such that Uy x Us C U. Ug and Ux correspond to certain connected étale
covers ¥g : S — S and ¢y : X — X respectively, such that ¢° is given by
the quotient (Yx X 1g)/U.

We denote YO = Y0 x x5 (X X 3) and in proceeding we keep in mind
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the the following diagram:

g 7 v

! !

XXkS—>XXkS

where the square is a fibre product; we took (¢x x id) : X x; S — X x;, S
and X x;, S — Y the quotient. By the universal property of fibre product,
we find the dashed morphism.

If 1 is the generic point of R, k(n) C  and 2 is algebraically closed; so we
may assume that every point § € S above s € S has residue field contained
in Q and we can consider the geometric point 3 : Spec(Q) — S.

Now, since the following fibre product diagram holds:

Vg —— YO

L

we have Y° connected as Y, is connected by hypothesis, hence the étale cover
YO 5 X %, S

corresponds to an open subgroup

V Cm(X % S) ~m(X) x Us

where the last equivalence is again provided by Corollary 3.3.2 . Furthermore,
V O m(X % S) = Ux x Ug, hence V = V' x Ug with Uy € V C m(X).
Finally, if ¢ : Y — X is the connected étale cover of X corresponding to V7,
we have that the étale cover Y? — X X, S is given precisely by the fibre
product by S of b, as we wanted.

O

We present one last result; it provides an interesting decomposition for

the fundamental group of a geometrically connected scheme of finite type
over a field k.
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Proposition 3.3.5. Let k be a field, S a geometrically connected scheme of
finite type over k; denote by k® the separable closure of k. Fix a geometric
point § : Spec(k(5)) — Sks with image denoted by § in S and in Spec(k).
Then the sequence

(Sks,5) — (S,5) — (Spec(k), 5)
induces the short exact sequence of profinite groups:
1 — m1(Sks, 8) — (S, 8) L5 m1(Spec(k), 5) —> 1.
Proof. We will use the characterizations of Proposition 3.1.12.

e ¢ is a monomorphism: we prove that if ¢ : X — Sjs is an étale cover,
then there exists an étale cover ¢ : X — S such that its base change
via Sgs — S dominates ¢. So pick ¢ : X — Sps an étale cover; by
Lemma 3.3.3, we know that there exists a finite separable extension K
of k and an étale cover f : X — Sk such that ¢ is a base change of f.
Now consider the composition ¢ given by:

Xi)SKe—K>S;

we show that ¢ is the wanted étale cover. Consider the following com-
mutative diagram:

—

¢
€Ls
f N €K N S

-~

Sks
Sk
¢

We have eys = e o e; hence eps o ¢ = gz~So h and by universal property
of fibre product we find a morphism of Sys-schemes a : X xj, Sps — X,
so the base change of ¢ dominates ¢.

e ker(p) = im(i): the fact that im(i) C ker(p) can be proved in the same
way we did in Theorem 3.3.1. It remains to show ker(p) C im(i); we
prove that if ¢ : X — S is an étale cover such that its base change
Ors + Xps — Sps admits a section o : Sps — Xjs, then there exists an
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étale cover Y — Spec(k) such that its base change via S — Spec(k)
dominates ¢.

Now, let K be a finite separable field extension of k£ such that o is a
base change of o : Sx — Xk. Now if we consider the composition

S S X — X

we find a morphism of S-schemes Sk — X. Thus the base change via
S — Spec(k) of the étale cover Spec(K) — Spec(k) dominates X, as
we wanted.

e p is an epimorphism: we show that if ¢ : Y — Spec(k) is a connected
étale cover, then its base change Y x;, .S — S is again connected. But
¢ being étale implies that ¥ = Spec(K) with K a finite separable
field extension of k£ and then Y x, S = Sk is connected since S is
geometrically connected.

[

Thus with the previous proposition we proved that the fundamental group
m1(5) of a geometrically connected scheme of finite type over k can be decom-
posed in 71 (Sks) and 71 (Spec(k)), where the latter coincide with the absolute
Galois group of k as we proved in section 3.2.

3.4 Elliptic curves

We present in this section an interesting result on elliptic curves: the funda-
mental group of an elliptic curve over C at the identity point is isomorphic
to the product of its Tate module. However, this results remains true for
a generic abelian variety over an algebraic closed field and the proof in this
more general case is quite similar to the one we present here. We briefly re-
call here the basic definitions for elliptic curves; the interested reader might
deepen in [Sil].

Definition. An elliptic curve (E,Og) over C is a couple where E is a smooth
algebraic curve of genus one over C and Og € F is a fixed point. The point
Og is intended to be the identity of a suitable commutative group law on E.

If there is no possible confusion, we will denote an elliptic curve just by
E and its identity point just by O. We write ” + 7 for the group law on FE.
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Definition. Given two elliptic curves (F1, O;), (E3, Os), an isogeny is a mor-
phism of algebraic curves
925 By — Ey

such that ¢(O;) = ¢(O3).

The isogeny ¢ is said separable if it is an étale morphism, purely inseparable

if it is purely inseparable as a scheme morphism. Furthermore, since Fy, Ey

have the same dimension, ¢ is automatically surjective with finite fibres, and

we say that ¢ has degree n if it has degree n as algebraic variety morphism.
For every n € N, it is defined the multiplication morphism

that takes a point P € E and sends it to the point P+ P +---+ P (n-times).
We denote by E[n] the kernel of this morphism and by E[n](C) the set of
its points, which are said n-torsion points of E. It is clear that [ng] is an
isogeny and it is possible to prove that if the base field has characteristic 0
(as C in our case), [pg] is a also separable for every prime p. Furthermore,
the multiplication morphism [pg] induces a projective system structure on
E[p"|(C) for n > 0 and one defines the Tate module to be its projective limit:

T,(E) = lim E[p"](C).
One finds out that E[p"|(C) = (Z/pZ)? and thus

T

p

(E) ~ 72

p

Theorem 3.4.1. Consider (E,O) an elliptic curve over C. Then there is a
canonical isomorphism of profinite groups

m(E,0) = ] T(E)

p prime

Proof. By brevity we write 7 instead of 7 (E,O). We give here a sketch
of the proof; the reader interested in filling in the details might read [C'ad]
Theorem 6.11.

We divide the proof in several steps:

step 1. We prove that 7 is abelian and

— H 7P
P

prime
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step 2.

Indeed the map p : E X¢c F — FE defining the sum induces a morphism
of profinite groups by Corollary 3.3.2:

m(p) 7 x T — 7.

Also, the section 01 : F — E x¢ E of the first projection p; : ExX¢c E —
E gives the morphism:

m(oy) :m —m X T
9 —(9,1)

and one has m(p) o m(01) = id. One can do the same for the second
projection ps and since o; and oy commutes, for every gi,g, € E we
obtain the following chain of equalities:

Thus the group is commutative and we find the decomposition as above
using Proposition 3.1.11 .

We show that if ¢ : X — FE is an étale cover, then X carries a unique
structure of elliptic curve such that ¢ becomes a separable isogeny.

We construct the group structure on one fibre; then we can extend it
thanks to the formalism of Galois categories. Thus we pick a geometric
point z : Spec(C) — X with image in X again denoted by x, such that
¢(z) = Og. This x is going to play the role of the identity point of the
group structure on X. The pointed connected étale cover

¢:(X;x) — (E;Op)

corresponds to a set M with a transitive 7 action together with a
distinguished point m € M. As 7 is abelian, for every g¢i, g2 € 7 the
map

par 2 M x M — M

(g1-m, g2 -m) —>g1g2 - M = gag1 - M
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is well defined and maps (m,m) to m. Furthermore, if we endow M
with the structure of (7 x m)-set given by m(u) : @ x 7 — 7 the
map s is (7 X m)-equivariant. Thus the map pj; as a morphism in
(m x 7)-FSETS corresponds to the morphism pix:

X xe X 25 X

| |

ExcE ‘Y5 E

By the universal property of fibre product, the morphism py factors
as in the following following commutative diagram:

X

0
X xeX % X xyp, (ExcE) 23X

l¢><<c¢> lpz ¢

ExcE —2 S ExcE —*—— FE

The morphism px defines the multiplication on X, mapping (z,x) to
x. In a similar way, we can construct the morphism iy : X — X
(the inverse morphism) above [—1g] : F — FE again mapping = to z.
Finally, it is possible to check that this endows X with an algebraic
group structure making it an elliptic curve such that ¢ : X — F
becomes a morphism of algebraic groups, thus a separable isogeny as
¢ is already assumed étale.

Let ¢ : X — FE an étale cover; by the previous step we can endow X
with a group structure such that ¢ is a separable isogeny; let n be its
degree. Then ker(¢) C ker([nx]) (see [5il] Theorem 4.3) hence we have
the commutative diagram:

X—>/X/k—er\"E

Since ¢ is surjective, we have ¢ o ) = [ng|. Thus we proved that if
¢ : X — S is an étale cover of degree n, it is a factor of the morphism
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In particular, take p a prime: [p}] is a separable isogeny, so an étale
cover of E; it is sent by the fibre functor Fy,, in [p%] ™' (0g) = E[p"](C) in
the category of m-SETS and since E[p"](C) has also group structure, we
have that the subgroup of 7 corresponding to [p%] is precisely E[p"](C).

Now the factorization we found above tells us that ([p%] : £ = E)n>0
is cofinal among the étale covers of F having degree a power of p, which
in fact correspond precisely to the group 71 (E; Og)®. Henceforth we
find the equality:

m(E. 0p)"” = lim Ep")(C) = T,(E).
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Chapter 4

G.A.G.A theorems

In this last chapter we show how the results so called G.A.G.A. ("Géométrie
Algégrique et Géométrie Analytique”) connecting algebraic geometry and an-
alytic geometry give us further informations on the étale fundamental group.
In the first section we present the construction of the analytification of an
algebraic variety over C and we recall some G.A.G.A theorems; in the sec-
ond section, we present a bunch of examples of interesting étale fundamental
group whose computation uses these theorems. We will not present proofs
here: the interested reader my find them in [Gro] Chapter XII.

4.1 Analytification

We construct the category AN(C) of complex analytic spaces over C. A com-
plex analytic space is obtained by gluing together objects that corresponds
to the affine schemes, as one constructs the category SCH; thus we firstly
define what an affine complex analytic space is.

Definition. Let U C C" denote the polydisc of all z = (z,...,2,) € C"
such that |z;| < 1 for every 1 <i < n and consider the usual metric topology
on it, induced by C". Given analytic functions

fieifr iU —C

let U(f1,..., fr) denote the locally ringed space in C-algebra whose underly-
ing topological space is the closed subset

o cu

79
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endowed with the topology induced by U and whose structural sheaf is given
by Ov/(f1,-.., [r) where Oy is the sheaf of germs of analytic functions on
U. We call such $U(f1,..., f.) an affine complez analytic space.

Now we define an analytic space as the gluing of such affine spaces:

Definition. The category AN(C) is the full subcategory of the category
LOCRING(C) of locally ringed spaces in C-algebras whose objects (X, Ox)
are locally isomorphic to affine complex analytic spaces.

Proposition 4.1.1. Let X be a scheme locally of finite type over C; the
functor
HomLocRING(C)<',X) : AN((C)Op —— SETS

is representable: there exists X € AN(C) and a morphism
dx € Hompocrimve(c)(X™, X)
such that there is a natural isomorphism
Oy : Homan) (-, X™) = Hompocriva(c) (5 X)|An(C)or-

Furthermore, for any x € X, the morphism induced on the completions of
local rings ) R
OX7¢X($) — OX”’",:L’

s an isomorphism.

The morphism ¢y is in fact unique up to a unique X-isomorphism and
we call X?" the analytification of X. Furthermore, if we have a morphism
f X = Y of schemes locally of finite type over C, then there exists a unique
morphism

fan . Xan % Yan

such that ¢y o f*" = f o ¢x. Thus it is possible to verify that we have a
functor

(_)an : SCHLFT((C) — AN(C)

where SCHppr(C) is the category of schemes locally of finite type over C.
In addition, one finds out that many properties of X are reflected on X"
via this functor (and viceversa). For example, X is connected (resp. ir-
reducible, regular, normal, reduced, of dimension d) if and only if X" is;
similarly for morphisms: a morphism f € Homgeu, .p(c)(X,Y) is surjective
(resp. dominant, closed immersion, finite, isomorphism, monomorphism,

open immersion, flat, unramified, étale, smooth) if and only if f*" is.

One arrives to prove the following theorem:
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Theorem 4.1.2. Let X be a scheme locally of finite type over C; then the
functor (+)* induces an equivalence from the category of étale covers of X to
the category of étale covers of X .

But it is possible to make one step further: take a scheme X locally of
finite type over C, let X" be its analytification and X*P the underlying
topological space. Consider a finite topological cover p : Y — X™P: if V C
X™P we have

p (V) = UL, U

such that U; ~ V for every i. It is possible to show that one can endow
U; with a unique analytic structure making pjy, : U; — V an étale analytic
cover. This induces an analytic structure on Y making p : Y — X" an étale
analytic cover. Conversely, we can see an étale analytic cover of X?" as a
topological cover of X*P using local inversion theorem. In this way, one finds
an equivalence between the category of finite topological covers of X*P and
the category of the étale covers of X?".

But now we have proved in Section 3.2 that the Galois fundamental group
of the finite topological covers is isomorphic to the profinite completion of
the topological fundamental group. Hence for any algebraic variety X over
C and any point x € X, we find the following isomorphism:

) 1 ) 2
,n_?;ale(X’ ZL’) (2) ,ﬂ_?’,ale(Xan’ ZL’) (2) Wilﬁn.cov. (Xan’ .Z')

2 riov(xtor, )

where (1) comes from Theorem 4.1.2, (2) comes from what we said above and
(3) comes from the result of Section 3.2. Henceforth we managed to show that
the étale fundamental group of an algebraic variety over C is nothing but the
profinite completion of the topological fundamental group of its underlying
topological space. Thanks to Proposition 3.3.4, we can apply this result to
connected proper scheme over Q, the algebraic closure of Q. More in general,
it is possible to extend this group equality to algebraically closed field of
characteristic 0, as @p (the algebraic closure of QQ,) and its completion C,.

4.2 Further examples

FExample. From the isomorphism of profinite groups of the previous section,
we obtain that if X is an algebraic variety on C such that the underlying topo-
logical space is simply connected, then for every x € X the étale fundamental
group is trivial. Indeed if X'*°P is simply connected, then 7" (X*P z) = {1}
for every x € X; but then its profinite completion is again the trivial group.
In this way, we obtain for example

m(Pg) = m(Ag) = {1}
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and more in general m(A) = {1} for any n.

Ezample. Take k a field of positive characteristic, consider P} and fix a geo-
metric point Z : Spec(k) — P with image = in P; and in ;. By Theorem
3.3.1, the sequence

P; — P, — Spec(k)

induces the exact sequence of profinite groups:
m1(Py, x) — m (P, x) — m1(Spec(k), *) — 1

It is possible to prove that (]P’}C, x) = 1, by showing that any étale cover of
it has rank 1 and thus is the trivial cover (for details see [Mil] p. 42). But
this implies 71 (P}, z) = 1 hence from the previous exact sequence we obtain

an isomorphism
71 (P}, ) ~ m (Spec(k), *)

and we proved in Section 3.2 that the latter is the absolute Galois group of
k. For example, in the case k = IF, we obtain Z, the profinite completion of
Z.

Ezxample. Let X a smooth compact connected curve over C, fix x € X and
let g be its genus. In particular X with the complex topology is a compact
orientable surface, hence it is homeomorphic to the connected sum of ¢ tori
by the classification theorem for compact surfaces (see |Mas| Chapter 5).
Thus its topological fundamental group of X in z is I'y, the group generated
by

al,ag,...,ag,bl,bQ,...,bg
with the relation
[alv bl] T [ag’ bg] =1
where [a;,b] = a;'b;'ab is the commutator. Applying the result of the

previous section, we obtain
Fg — 1 (X, Zﬂ) .

Notice that for P& we find again that the étale fundamental group is trivial.
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