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Abstract

Sales and Operations Planning (S&OP) is a key process for aligning supply
and demand, but in today’s fast-changing markets it is increasingly difficult to
rely on stable and predictable conditions. Companies often face fluctuations in
demand and variations in lead times, reducing the effectiveness of traditional
planning methods. This thesis addresses these challenges through a real-life
case study in the packaging sector, where uncertainty plays an important role
in operational decisions.

The objective of the work is to design and compare two distinct models for
S&OP. The first is a deterministic model, which assumes complete knowledge of
all parameters and represents the traditional approach. The second is a robust
optimization model that explicitly incorporates uncertainty in demand and lead
time. Both models have been implemented and tested using real industrial data,
allowing a realistic evaluation of their performance and the analysis of their
respective advantages and limitations.

The results highlight a clear trade-off between cost efficiency and robustness.
The deterministic model achieves lower costs under stable conditions, but is
vulnerable to variations in demand and lead time. In contrast, the robust model
finds solutions that are more resilient to market fluctuations, although at a
higher cost. Overall, the study contributes both to academic research on robust
optimization models and to practical decision-making by offering a structured

approach to balance efficiency and robustness in the S&OP context.






Sommario

Il Sales and Operations Planning (S&OP) € un processo fondamentale per
allineare domanda e o erta, ma nei mercati odierni in rapida evoluzione e
sempre piu dicile fare a damento su condizioni stabili e prevedibili. Le
aziende si trovano spesso ad a rontare oscillazioni della domanda e variazioni
nei tempi di produzione, che riducono l'e cacia dei metodi di piani cazione
tradizionali. Questa tesi aronta tali s de attraverso un caso di studio reale
nel settore del packaging, in cui l'incertezza gioca un ruolo fondamentale nelle
decisioni operative.

Lobiettivo del lavoro é progettare e confrontare due modelli distinti in am-
bito S&OP. Il primo € un modello deterministico, che assume la conoscenza
completa di tutti i parametri e rappresenta |I'approccio tradizionale. Il secondo é
un modello di ottimizzazione robusta, che incorpora esplicitamente l'incertezza
nella domanda e nei tempi di produzione. Entrambi i modelli sono stati imple-
mentati e testati utilizzando dati aziendali reali, consentendo una valutazione
concreta delle loro prestazioni e I'analisi dei rispettivi vantaggi e limitazioni.

| risultati evidenziano un chiaro compromesso tra e cienza dei costi e ro-
bustezza. Il modello deterministico garantisce costi piu bassi in condizioni
stabili, ma risulta vulnerabile alle variazioni della domanda e dei tempi di pro-
duzione. Al contrario, il modello robusto fornisce soluzioni piu resilienti alle
uttuazioni di mercato, pagando pero un costo maggiore. Nel complesso, lo
studio contribuisce sia alla ricerca accademica sui modelli di ottimizzazione ro-
busta, sia al supporto delle decisioni pratiche, o rendo un approccio strutturato
per bilanciare e cienza e robustezza nel contesto del S&OP.
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Introduction

On Logistic, Supply Chain and S&OP

Logistics plays a crucial role in supporting the processes and operational
activities of organizations operating in diverse sectors. According to Christopher
(2023), a proper de nition of the term is the following:

Logistics is the process of strategically managing the procurement, move-
ment and storage of materials, parts and nished inventory (and the related
information ows) through the organisation and its marketing channels in
such a way that current and future pro tability are maximised through the
cost-e ective ful Iment of orders.

From this de nition it follows that the mission of logistics management is to
serve customers in the most cost-e ective way.

The concept of Supply Chain arises in the context of complex logistics net-
works and it is de ned in Christopher (2023) as:

A network of connected and interdependent organisations mutually and
cooperatively working together to control, manage and improve the ow of
materials and information from suppliers to end users.

The discipline that deals with decision-making activities related to the supply
chain is called Supply Chain Management (SCMJ)he concept is relatively new
and the de nition provided by Christopher (2023) is the following:
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The management of upstream and downstream relationships with suppliers
and customers in order to deliver superior customer value at less cost to the
supply chain as a whole.

Therefore Supply Chain Management (SCM3$ commonly de ned as the end-
to-end coordination of material, information, and nancial ows throughout
the value chain. However, an integrated planning process called Sales and
Operations Planning (S&OP) must be used in conjunction with SCM activities
to guarantee e cient synchronization between market demand and operational
capabilities.

According to Wallace (2004), S&OP is de ned as follows:

It is a process that has helped many companies provide better customer
service, lower inventories, shorten customer lead times, stabilize production
rates, improve collaboration with suppliers, give top management a real han-
dle on the business, and build teamwork among Sales, Operations, Finance,
and Product Development.

S&OP optimization has become crucial for companies looking to improve
their operations as global markets become more complex and volatile.

Research Motivations

The main challenge in the S&OP context lies in designing decision-making
procedures that guarantee cost e ciency and maximize pro tability. However,
in a modern supply chain, e ectively integrating risk management is a key chal-
lenge. In today's dynamic environment, companies must align their operations
while taking into account multiple types of uncertainty.

Managing such uncertainties is a key point that ensures robustness and
awareness of the S&OP process. As organizations evolve and external conditions
change rapidly, the traditional deterministic approach is often unsuccessful.
Therefore, adopting advanced approaches that boost resilience and support the
decision-making process becomes crucial.

Among the available strategies, Robust Optimization is one of the most
commonly used. It allows decision-makers to design solutions that perform well
across di erent possible future scenarios, without the need for exact probability
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distributions. This characteristic makes it especially useful in S&OP contexts,
where complexity and uncertainty are signi cant.

Most of the existing literature on Sales and Operations Planning (S&OP)
considers the problem in a deterministic way, while far less attention has been
given to the risks caused by demand uctuations or delays in production and
transportation. A clear research gap remains in the study of end-to-end pro-
cesses that link production, transportation, and nal delivery to the customer
under market uncertainty. Much of the work in this area is still concentrated on
inventory management, without directly addressing how products are allocated
to end users.

This work aims to address this gap by developing a robust optimization
model using real-world data from a global leader in reusable packaging solu-
tions. The company is involved in supporting organizations to build smarter and
more sustainable supply chains by delivering innovative and high-performance
solutions thatreduce waste, streamline operations, and promote a more resource-
conscious and responsible future.

Contents of the Thesis

The structure of this thesis is organized as follows:

N

Chapter 2 presents the literature review, covering both Sales and Oper-
ations Planning (S&OP) (see Section 2.1) and Robust Optimization (see
Section 2.2).

Chapter 3 introduces the mathematical formulations, starting with the
deterministic model (Section 3.3) and extending it to the robust counterpart
(Section 3.4).

Chapter 4 reports and discusses the results obtained from both the deter-
ministic and robust models, highlighting their di erences and comparative
insights.

Chapter 5 concludes the thesis, summarizing the main ndings and out-
lining possible directions for future research.






Literature Review

In this section, we review the most relevant literature related to Sales and
Operations Planning Optimization under uncertainty, with a particular focus on
Robust Optimization (RO) approaches. This review helps to contextualize our
work within the current state-of-the-art, to justify the methodological choices
adopted in this study, and to identify existing gaps that our proposed model
aims to address.

To address this work, a literature search was conducted, through consultation
of the well-known ScienceDirect, Google Scholar and ResearchGate databases.
Thanks to the university network, it was possible to have free access to the full
version of the articles in the platforms. The keywords used for this research are
mainly "S&OP survey", "S&OP case study", "Risk management in S&OP", "Ro-
bust Optimization”, "Inventory control problems” and "Lead Time uncertainty".

In Section 2.1 we discuss the fundamentals of S&OP, the main modeling
techniques, highlighting the key contributions in the eld, including relevant
case studies.

In Section 2.2, we present the main principles underlying the Robust Opti-
mization approach, with particular focus on the di erent types of uncertainty
that may arise in the S&OP context, especially those related to demand and lead
time.
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Sales and Operations Planning

First, we examine the fundamental principles and historical evolution of
S&OP, in order to provide an overview of the core concepts, strategic importance,
and the use of conceptual framework to be implemented in such a very general
way in many and many contexts that need to use a Sales and Operation Planning.

In Seeling, Panitz, and Cassel (2021), we exploited a survey on the usage of
S&OP in 15 di erent Brazilian companies, which run S&OP cycles periodically.
The main objectives of this survey are to characterize the S&OP implementations
in these companies and to present and discuss challenges and improvement
opportunities in the S&OP process of the studied companies.

According to this article, we can use a framework in which S&OP is composed
by a ve-step monthly cycle . The steps are depicted as follows:

N

Step 1:Data Gathering - when di erent product, operational, and nancial
information, among others, are uploaded to the company's Enterprise Re-
source Planning (ERP) system and made available to Sales and Marketing
to support the construction of the demand plan.

Step 2: Demand Planning - which includes portfolio analysis, sales fore-
cast, and discussions around new product launches and trade-marketing
initiatives.

Step 3: Supply Planning -when the unrestricted Demand Plan, received

from previous step, is confronted with the capacity constraints to build a
feasible Supply Plan.

Step 4: Pre-meeting - when representatives from the di erent business
functions involved in the cycle discuss the demand-supply gaps and work
collaboratively to mitigate them.

Step 5: Executive Meeting - when the agreed plan proposal with nancial
analysis and the pending issues that need top executives' decisions (e.g.
directors and president) are taken. The S&OP Plan is approved in the
Executive Meeting and projects and KPIs are reviewed.

In companies with an established S&OP process, "Data Gathering" is no
longer considered the rst step, as it is seen as a routine task. Instead, "Portfo-
lio Management" becomes the rst step aimed at utilizing the outcomes of the



CHAPTER 2. LITERATURE REVIEW

second step, particularly in companies with collaborative work ows between
sales and marketing teams. The research highlights opportunities for improve-
ment in the Pre-meeting and Executive Meeting steps, particularly through the
simulation and nancial analysis of di erent scenarios. Only 33% of companies
use S&OP software, while the remaining 67% rely on spreadsheets with ERP
data, which leads to di culties in integrating and sharing information between
functions and performing what-if analyzes. The study also found that forecast
accuracy measurementis rarely used as a KPI, and most companies track it using
S&OP software.

In Hansali, Elrhanimi, and Abbadi (2021), a literature review of sales and
operations planning that covers the various maturity models developed in this
eld is presented. This paper agreed with the framework presented in the pre-
vious articles, and the authors of this article also summarize the main maturity
models that were developed in the eld of S&OP, reporting also some metrics
for every model.

In particular, in this paper, we nd a comparison between two models, the
Grismon modebnd the Wagner modelapplied to a speci ¢ case of study: the
results provide that the two models are very similar in terms of maturity classi-
cation, but they di er in some dimensions and stages.

In Seeling, Kreuter, et al. (2021), a novel framework is developed in which
the authors agreed in the S&OP ve-step process describe previously, but they
refers this process on a local scale.To pass to a global scale, it is needed to add
2 new steps:

N

Step 6: Global roll-up - where S&OP information from subsidiaries or
business units worldwide is consolidated.

N

Step 7: Global executive meeting -where people analyze the consolidated
information, KPIs, nancial results, global projects advancements, relevant
issues, and make decisions.

In Nicolas, Thomé, and Hellingrath (2021), the authors explore the role
of Information Technologies (IT) and Business Analytics (BA) in S&OP. They
classify existing research and highlight that IT can act as an enabler of S&OP,
with most approaches relying on integrated optimization. While IT generally
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shows a positive impact, its e ectiveness depends on the maturity of the S&OP
process. The integration of other BA tools, however, remains limited.

Furthermore, in Kreuter et al. (2022), empirical and theoretical perspectives
in Sales and Operations Planning (S&OP) were evaluated. This survey identi es
three main research streams: S&OP and performance, implementation of S&OP,
and contextualization of S&OP designs.

Moreover, Neto et al. (2024) propose a portfolio-driven S&OP framework that
integrates product portfolio planning with tactical and operational decision-
making to enhance performance. Through a structured literature review, the
authors identify the main optimization methods used (e.g., mathematical pro-
gramming, fuzzy and Al-based approaches), classify inputs into strategic, tac-
tical, operational, and external categories, and highlight common objectives
such as pro t maximization and cost or risk reduction. The framework aligns
portfolio planning with business planning, S&OP, and operations management.

Secondly, we focus on the key role of demand forecasting within S&OP. Ac-
curate forecasting helps rms optimize production and reduce costs. Alongside
traditional statistical methods, recent approaches increasingly adopt machine
learning and Al to enhance predictive accuracy and responsiveness.

In L. L. Lim, Alpan, and Penz (2017), the authors focuses on the importance
of forecasting as a foundation for e ective production planning. The study
models the gap between forecasted and actual demand over time, introducing
key variables such as order arrival rates, demand limits, and exibility rates.
Three planning horizons are de ned (frozen, exible, and free) based on the
production plan. The proposed model aims to minimize average weekly logistics
costs while accounting for demand uncertainty and production exibility.

In recent years, demand forecasting in supply chain and S&OP has increas-
ingly adopted Machine Learning (ML) and Deep Learning (DL) techniques.
These approaches o er better accuracy and adaptability compared to traditional
statistical models.

In Gallego-Garcia and Garcia-Garcia (2020), the authors propose a predic-
tive approach to improve the accuracy and stability of the S&OP process. Their
methodology combines demand scenarios, forecasting techniques, statistical
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analysis, and system dynamics to anticipate supply chain behavior and avoid in-
e ciencies. Applied to an automotive case study, the approach shows improved
performance compared to traditional planning. The use of scenario-based fore-
casting and advanced techniques such as ARIMA and arti cial neural networks
demonstrates the growing role of predictive analytics and Al in enhancing S&OP
decision-making.

Ga and Prakashb (2020) review state-of-the-art ML methods for demand
forecasting, highlighting models such as LSTM (Long Short-Term Memory) net-
works for their high predictive performance, despite higher computational costs.
Similarly, Douaioui et al. (2024) emphasize the bene ts of ML and DL models,
especially LSTM and XGBoost (Extreme Gradient Boosting), in reducing forecast
errors and improving e ciency. These models outperform classical methods in
accuracy, speed, and robustness, con rming the growing value of ML in fore-
casting applications.

Moreover, Tseng and Turkmen (2024) compare traditional forecasting meth-
ods with Machine Learning (ML) models for sales prediction. Their study nds
that the Prophet model, developed by Meta, outperforms others due to its abil-
ity to capture trends and seasonality. The research highlights the bene ts of
incorporating external data, such as social media activity and market reports,
into ML models, signi cantly improving forecast accuracy. Among the tested
models, Prophet proves the most e ective, especially when optimized through
hyperparameter tuning.

Third, we present real-world case studies that illustrate successful imple-
mentations of S&OP across various industries. These examples highlight best
practices, practical challenges, and key lessons learned from the integration of
S&OP into organizational processes.

One of the rst attempts to implement a linear programming (LP) model in
production scheduling was made in Lee and Aronofsky (1958), where the au-
thors describe a method to schedule crude oil shipments to satisfy destination
requirements while minimizing transportation costs. Crude oil is sourced from
ve separate locations and delivered to a pipeline. The challenge they faced was
a maximization problem, where the goal was to maximize pro t, subject to con-
straints such as individual reservoir production rates, cumulative production,
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and pipeline capacity limitations.

Wery etal. (2018) introduce a simulation-optimization framework for the soft-
wood lumber industry, maximizing log value and minimizing material losses.
The model incorporates multiple process costs and supports the generation of
tactical plans.

More recent studies, such as Samouche, El Barkany, and El Khal (2020)
and Douaioui et al. (2024), present an S&OP case study of a Japanese company.
Key parameters include workable days, daily working hours, total headcount,
productive hours, productivity, e ciency, and sales versus production man-
hours.

Almeida et al. (2022) propose a two-stage stochastic programming model for
rolling horizon tactical planning in an integrated steel industry. Results indicate
a 15% pro t improvement over traditional plans, although the model su ers
from scalability and computational complexity as the number of scenarios and
supply chain actors increases.

Rojas Polo and Caceres Cansaya (2023) address S&OP planning in a snow
pea agribusiness, optimizing weekly labor allocation. The model led to a 150%
capacity increase and a reduction in cost per kilogram to $0.38.

Chauhan et al. (2023) present MIP models for Supplier Selection and Order
Allocation in a large-scale manufacturing case. Mathematical Programming
outperforms Genetic Algorithms, reducing procurement costs by over 10%.

Hamdani, Solihat, and Permana (2023) analyze real-world S&OP scenarios
in a wire harness factory, highlighting constraints such as dismissal costs, pro-
ductivity targets, limited capacity, and high safety stocks.

Sali, Ghrab, and Chatras (2023) propose a multi-objective model for product
family aggregation in mass customization contexts. Applied to the automotive

industry, the approach identi es more e cientaggregation schemes, formulated
as a multi-objective knapsack problem.

Javadi et al. (2024) develop a MINLP model for integrated planning in the yo-

10
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gurt supply chain, addressing production, distribution, and routing. A Genetic
Algorithm yields near-optimal solutions with a 0.4% gap in small instances.

Finally, we rst review key studies that identify the most signi cant risks
companies face in S&OP, highlighting their potential impact. We then explore
general risk management strategies designed to mitigate disruptions. We will
introduce speci ¢ optimization techniques, such as Robust Optimization, in
Section2.2.

Ho et al. (2015) provide a comprehensive review of Supply Chain Risk Man-
agement (SCRM), highlighting the lack of consensus on de nitions. In this
work, Supply Chain Risk (SCR) is understood as the likelihood and impact of
unexpected events a ecting supply chain functions, while SCRM is de ned as
the collaborative process of identifying, assessing, mitigating, and monitoring
such risks.

Dittfeld, Scholten, and Van Donk (2021) analyze risk management in S&OP
through a multiple-case study of seven companies, distinguishing between
proactive and reactive approaches. Proactive strategies emerge both in S&OP
design-focusing on demand, material, or capacity risks-and in execution, through
systematic risk identi cation, assessment, mitigation, and monitoring. Reactive
strategies instead rely on adapting the process, for example by increasing meet-
ing frequency or adjusting the planning horizon.

In Fakhry et al. (2024), the authors conduct a literature review, focusing
on six key dimensions: Process, Tools, People, Objectives, Decisions, and Key
Performance Indicators (KPIs). Their ndings reveal signi cant gaps in uncer-
tainty management. Consequently, they propose a maturity model based on
a three-stage framework, which can be applied to each of the six key dimen-
sions mentioned earlier. This model was speci cally applied to a case study in
collaboration with a French aerospace company.

Kalla, Scavarda, and Hellingrath (2025) advance the theoretical understand-
ing of the link between S&OP and Supply Chain Risk Management (SCRM).
Based on expert interviews, the study highlights four key activities to support
rms in managing uncertainty: risk identi cation (recognizing potential risks),
risk assessment (evaluating their likelihood and impact), risk treatment (decid-

11
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ing how to respond), and risk monitoring (continuously tracking risks and the
e ectiveness of mitigation actions).

Building on these de nitions, this study adopts the risk management frame-
work of Kalla, Scavarda, and Hellingrath (2025). The focus here is on assessment
and mitigation, implemented through Robust Optimization (see Section 2.2).
While awide range of risks is acknowledged, modeling all of them is not feasible,
making it essential to identify and prioritize the most critical ones. Risks are typ-
ically classi ed into macroand micro levels, with the latter including demand,
manufacturing, supply, and infrastructural factors such as IT, transportation,
and nance.

Robust Optimization in S&OP

Various techniques can be applied to optimization under uncertainty. In this
section, we focus on one of the most modern and e ective approaches: Robust
Optimization.

We begin with a general overview of Robust Optimization, outlining its key
principles and advantages. Then, we examine its applications in the Sales &
Operations Planning process, referencing well-established research articles that
have explored this method.

Robust optimization (RO) is a methodology that is used to solve optimization
problems that involve uncertainty in the parameter values without considering
probability distributions. Typically, the objective of robust optimization is to

nd the best worst-case solution over an uncertainty set.

The main advantage of Robust Optimization (RO) over alternative methods
such as stochastic dynamic programming is its computational tractability, i.e., it
remains polynomially solvable in many cases. For instance, a robust linear pro-
gram with an ellipsoidal uncertainty set can be reformulated as a second-order
cone program solvable via interior-point methods (A. Ben-Tal and Nemirovski
(1999)), while a robust linear program with a polyhedral uncertainty set can be
reformulated as a (slightly larger) linear program (Bertsimas and Sim (2004)).

However, a notable downside of the RO approach is that it often yields more
conservative solutions compared to methods such as stochastic optimization.
This conservatism, though, can be partially mitigated through careful design of
the uncertainty sets (Aharon Ben-Tal, El Ghaoui, and Nemirovsk¥s (2009)).

12
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Widely cited as the rst RO paper, Soyster (1973) proposed a formulation
based on column-wise ellipsoidal uncertainty sets for linear programs. The
model assumes that each column of the constraint matrix lies in a convex set, and
replaces it with its worst-case value. Although elegantly simple, this approach
is extremely conservative and was thus largely disregarded for several years.

A. Ben-Tal and Nemirovski (1999) advanced the eld by proposing a row-wise
ellipsoidal uncertainty set, leading to a robust linear program reformulable as
a conic quadratic program. Subsequently, Bertsimas and Sim (2004) introduced
a row-wise polyhedral uncertainty set with a budget parameter that allows for
explicit control over the model's conservatism. The resulting robust counter-
part remains a linear program, making it computationally attractive. Building
on these ideas, Bandi and Bertsimas (2012) proposed constructing uncertainty
sets using probabilistic arguments. Their method incorporates distributional
information derived from historical data, assuming the Central Limit Theorem
holds to estimate the uncertainty set.

While all the models above are static-meaning decisions are made before
uncertainty is realized, A. Ben-Tal, Goryashko, et al. (2004) introduced the con-
cept of Adjustable Robust Optimization (ARO). This dynamic approach allows
for wait-and-see decisions after the uncertainty is revealed. Although ARO
can yield less conservative solutions, it is often computationally intractable. To
address this, the authors also present the A nely Adjustable RO (AARO) ap-
proach, which restricts decision rules to be a ne functions of the uncertain data,
making the problem more tractable in certain settings.

Bienstock and Ozbay (2008) propose a cutting-plane approach for robust op-
timization in which the problem is initially solved over a nite set of uncertainty
scenarios. The worst-case scenario is then identi ed by solving an adversarial
problem and added to the scenario set. The robust problem is subsequently
re-solved with the updated set, and this iterative process continues until con-
vergence to the robust solution.

The book of C. Li et al. (2024) provides a basis in the de nition of the Robust
Optimization problem, which may also be applied in the S&OP process under
uncertainty.

As illustrated in Fig. 2.1, robust optimization aims to provide solutions that

13
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Figure 2.1: Sources of dynamics and uncertainties

remain e ective under various types of uncertainties and system dynamics.
These uncertainties can be categorized into four main types:

Uncertainty in decision variables: In practical applications, implementa-
tion errors (e.g., due to equipment or instrument limitations) can lead to
deviations between the planned and actual values of decision variables.
This type of uncertainty a ects both performance and feasibility, often
modeled using known noise distributions.

Environmental uncertainty: External conditions such as weather, tra c,
or supplier reliability can impact system performance. Robust optimiza-
tion in this context typically focuses on worst-case scenarios or scenario-
based analysis to ensure acceptable outcomes under varying conditions.

Evaluation uncertainty: In many cases, evaluating the quality of a solution
is imprecise due to measurement errors, the use of approximate simulation
models, or high evaluation costs. Strategies such as tness approximation,
sampling, and adaptive evaluation are commonly applied.
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Dynamic changes over time: System parameters and operating conditions
may evolve, making it necessary for solutions to remain e ective over time.
Time-dependent robustness de nitions, such as survival time or switching
cost, are often used in multi-objective formulations to account for these
dynamics.

Each category requires a tailored robustness measure and modeling ap-
proach to ensure the solution's e ectiveness across di erent uncertainty dimen-
sions.

A large portion of the literature on Robust Optimization (RO) applied to sup-
ply chain problems focuses on demand uncertainty. For instance, Aharon Ben-
Tal, Golany, et al. (2005) address the two-echelon, multi-period retailer supplier

exible commitment contract problem under demand uncertainty using the
A nely Adjustable Robust Optimization (AARO) approach. Similarly, Ang,

Y. F. Lim, and Sim (2012) investigate the storage assignment problem in unit-load
warehouses under demand uncertainty, also employing the AARO framework.

In order to help rms succeed before, during and after a major disruption,
Tang (2006) presented nine strategies to manage inherent uctuations e ciently
and make supply chains more resilient. The strategies are postponement, strate-
gic stock, exible supply base, make-and-buy, economic supply incentives, ex-
ible transportation, revenue management, dynamic assortment planning, and
silent product rollover. However, the proposed mitigation strategies were not
assessed and benchmarked to see which are more e ective and e cient.

Poojari, Lucas, and Mitra (2008) and Baghalian, Rezapour, and Farahani
(2013) formulate a mathematical model for the supply chain network design
problem, which consists of location, production, transportation, and inventory
decisions. The model identi es and mitigates various types of risk, particularly
demand risk and supply risk. A common drawback in most of the articles, as in
Poojari, Lucas, and Mitra (2008), is that the authors did not apply their proposed
models in real cases but simply used simulated data to prove their e ectiveness
and e ciency, except Baghalian, Rezapour, and Farahani (2013), who applied
its model to a real-case of study in the rice industry of a country in the Middle
East.
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Aharon Ben-Tal, Chung, et al. (2011) applied a multiperiod deterministic
linear programming to generate a robust logistics plan that can mitigate demand
uncertainty in humanitarian relief supply chains.

Zhang (2011) shows that two-stage minimax regret robust uncapacitated
lot-sizing problems are polynomially solvable when demand uncertainty is rep-
resented through interval uncertainty sets.

Hahn and Kuhn (2012) develop a robust optimization framework for value-
based performance and risk management in supply chains. Their model inte-
grates operational and nancial planning at the mid-term level using Economic
Value Added (EVA) as a performance metric, and incorporates downside risk
through scenario-based robust optimization.

Berle (2013) assessed supply chain vulnerability and argued that identifying
the 'vulnerability-inducing bottlenecks' of transportation systems allows greater
robust versions of these systems to be achieved in a cost-e ective manner. How-
ever, they studied a simpli ed version of a real transportation system.

Over the past decade, numerous studies have applied RO to inventory control
problems. Bertsimas and Thiele (2006) develop an RO approach to inventory
control using the budget uncertainty set rst introduced in Bertsimas and Sim
(2004), applying RO to a reformulated version of the classic inventory problem.
The conservatism of such formulations has been discussed in Gorissen and
Den Hertog (2013), although this approach remains prevalent in operations
management literature (e.g., Aharon Ben-Tal, Golany, et al. (2005), José Alem
and Morabito (2012), Wei, Y. Li, and Cai (2011), and Aouam and Brahimi (2013)).

To mitigate this conservatism, Bienstock and Ozbay (2008) apply a Benders'
decomposition method to an inventory problem under demand uncertainty.
Rikun (n.d.) extends this work by analyzing a multi-echelon system with a more
complex cost structure and polyhedral uncertainty sets inspired by the Central
Limit Theorem.

Further contributions include Wei, Y. Li, and Cai (2011), who formulate a ro-
bust production planning problem under uncertain demand and returns using
a budget uncertainty set; José Alem and Morabito (2012), who study produc-
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tion planning in a furniture company facing uncertain costs and demands; and
Aouam and Brahimi (2013), who propose a static RO model for production
planning with order acceptance decisions under demand uncertainty. Addi-
tionally, Carlsson, Flisberg, and Rénnqvist (2014) investigate distribution and
inventory planning for a large pulp producer using a robust model with budget
uncertainty sets.

Both Thorsen and Yao (2017) and Bertsimas and Thiele (2004) address inven-
tory control problems under demand and lead time uncertainty using robust
optimization approaches. These two works serve as the main methodologi-
cal references for the model developed in this study, particularly regarding the
construction of uncertainty sets and the structure and updating of inventory con-
trol decisions under uncertainty. While they share the objective of improving
decision-making in uncertain environments without relying on strong distribu-
tional assumptions, their focuses di er. Thorsen and Yao (2017) concentrate on
nite-horizon problems, proposing di erent uncertainty sets for lead times (in-
cluding budget-based and Central Limit Theorem based sets) and developing a
tractable solution method via Benders' decomposition, showing superior robust-
ness compared to sample average approximation (SAA). In contrast, Bertsimas
and Thiele (2004) emphasize supply chain management under stochastic, non-
i.i.d. demand, incorporating capacity constraints and demonstrating that their
robust approach yields basestock-type policies similar to dynamic programming
but with signi cantly lower computational complexity.

Lead time is the elapsed time between the start and completion of a process.
In supply chains, it can be classi ed into four main types:

Customer lead time (CLT): time from order placement to delivery to the
customer.

" Material lead time (MLT): time to procure raw materials from suppliers.

Production lead time (PLT): time to produce a product once materials are
available.

Delivery lead time (DLT): time from production completion to product
delivery.

These components are related by:
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D o= TwhT ) (2.1)

All types of lead times are relevant, but their importance varies depending
on business objectives. In this work, the focus is placed on the Production
Lead Time (PLT), in line with the inventory control problems discussed in the
previously cited studies. In the following chapters, the term Lead Time (LT) will
speci cally refer to PLT.
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Mathematical Model Formulation

Problem Description

In this work, we address the problem of supply chain management by devel-
oping an optimization model that considers both production and distribution
processes for multiple products across di erent customers. The model aims at
minimizing total costs while ensuring that customer demands are fully satis ed.

The rst formulation of the problem is presented in a deterministic setting
(see Section 3.3), where the customer demand, as well as the production lead
times, are assumed to be known and xed in advance. This version serves as
the baseline approach, in line with classical optimization frameworks.

However, real-world supply chains are subject to signi cant uncertainty.
In particular, two main sources of variability can a ect system performance:
uctuations in customer demand and uncertain lead times in production. To
explicitly capture these aspects, we extend the baseline formulation into a robust
optimization model (see Section 3.4). Within this framework, uncertainty is
systematically incorporated into the decision process, producing solutions that
remain feasible and cost-e cient even in adverse scenarios. This allows the
supply chain to achieve greater resilience and operational stability compared to
the deterministic case.

It should be noted that the robust formulation naturally reduces to the deter-
ministic one when the uncertainty parameters are set to zero, thereby ensuring
consistency between the two models.
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Before introducing the two formulations, namely the deterministic and ro-
bust models, we rst provide a summary of the fundamental elements of the
proposed framework. In particular, Section 3.2 presents the sets, input parame-
ters, and decision variables that constitute the basis of the model.

Sets, Parameters, Variables

In this section, we present an overview of the fundamental elements of
the proposed model. Speci cally, Table 3.1 summarizes the sets, Table 3.2 the
input parameters, and Table 3.3 the decision variables. Each component will be
described in detail after each table. The purpose of this summary is to provide
a clear reference framework for the subsequent formulation of the model.

Table 3.1: Sets

Notation Description

Sets

Set of factories

Set of warehouses

Set of customers

Set of products

Set of times, i.e.f 1-2-3—eee]
Setof origins (F [W )

Set of destinations (W [C )

Set of arcst8—wvhere 82 $ and 92

w » UT O 4 T O = T

Set of scenarios that may happens due to demand
uncertainty

@

Set of scenarios that may happens due to Lead Time
uncertainty

These sets constitute the core indexing framework that supports the model
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formulation. They de ne the dimensions over which key parameters, variables,
and constraints are applied. A clear understanding of the sets is essential, as
they serve as the basis for de ning input parameters and decision variables used
in the model.

The de nitions of the sets listed in Table 3.1 are further elaborated below to
clarify their role and their relationships are visually illustrated in Figure 3.1.
" F - Set of factories: This set includes all production sites considered in
the network. Each factory can produce one or more types of products that
can be shipped in one of the available warehouses (see Figure 3.1).

W - Set of warehouses: This set represents intermediate storage facilities
used to bu er inventory before delivery to nal customers. Warehouses
enable decoupling production from demand and help absorb eventual
lead time variability (see Figure 3.1).

C - Set of customers: This set contains all demand points in the net-
work, typically associated with geographically dispersed clients or retalil
locations (see Figure 3.1).

P - Set of products: This set contains all the product that can be produced
by the factories. Indeed, the model allows for a multi-product setting,
where decisions (e.g., production, transportation, storage) are made for
each product in P individually.

T - Set of time periods: A discrete planning horizon, indexed by C2 T,
representing equal length intervals (e.g. days, weeks, months).

O - Set of origins: De ned as the union of factories and warehouses
(F [W ), this set captures all nodes from which goods can be shipped (see
Figure 3.1).

D - Setofdestinations: De ned as the union of warehouses and customers
(W [C ), this setincludes all potential delivery points in the network (see
Figure 3.1).

A - Setof arcs: The transportation network is modeled as a set of directed
arcs18—%uch that 82 O and 92 D (see Figure 3.1).
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" S - Setofdemand scenarios: This set accounts for demand uncertainty.
Each scenarioB¥ 2 S represents a possible realization of customer de-
mand over the planning horizon. It is used in the robust optimization
framework to evaluate worst-case performance.

S - Set of lead time scenarios: This set captures the uncertainty asso-
ciated with production lead times. Each scenario B¢ 2 S represents
a possible realization of lead times over the planning horizon. It is in-
corporated into the robust optimization framework to ensure feasible and
resilient solutions under potential delays.

Factories Warehouses Customers

Factory 1 Customer 1
Warehouse 1

Factory 2 Customer 2

Warehouse 2
Factory 3 Customer 3

FaCtory 4 Warehouse 3 Customer 4

Figure 3.1: Example of the Network Structure

Now, in Table 3.2 is provided a detailed description of the input parameters
used in this model. These parameters represent the fundamental data required
to characterize the system and support the optimization process.
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Table 3.2: Input Parameters

Notation Description

Input Parameters

)

?2C

2F

1ok

38<,

2189

58G
7189

38BEq

Time horizon

Demand for product ? 2 P by customer 22 C dur-
ingtime C2T

Cost of production for product ? 2 P in a factory
52F

Fixed cost of starting production for product ? 2 P
inafactory 52 F

Fixed inventory cost of product ? 2 P in the ware-
houseF 2 W

Fixed backorder cost of product ? 2 P in the ware-
houseF 2 W

Dimensional space occupied by product ? 2 P in
the stock

Maximum Capacity Production for factory 52 F

Maximum Capacity of the stock in the warehouse
F2W

Initial stock quantity of product ? 2 P in the ware-
houseF 2 W

Transportation cost per km of product ? 2 P from
origin 82 O to destination 92 D

Fixed transportation cost per km of product ? 2 P
from origin 82 O to destination 92 D

Distance in km from origin 8 2 O to destination
92D
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The de nitions of the input parameters listed in Table 3.2 are further elabo-
rated below to clarify their role and rationale within the model.

" ) - Time horizon: The total length of the planning period, divided into
discrete time intervals.

22c- Demand: The quantity of a product requested by a customer over a
speci ¢ period of time.

2,5 - Production cost: The variable cost to produce one unit of a product
in a given factory.

B Zf’ : ©. Fixed production cost: The xed cost incurred when starting the

production of a product in a factory, regardless of the production quantity.

»F - Inventory holding cost: The xed cost to hold one unit of a product
in a warehouse for one time period.

1,F - Backorder cost: The xed cost associated with a delay in the ful-
lIment of one unit of a product in a warehouse, re ecting penalties or
customer dissatisfaction.

38<, - Product dimension: The physical space occupied by one unit of a
product in the warehouse, used to manage storage capacity.

s - Maximum production capacity: The upper limit on the quantity
of products a factory can produce in a given time period.

" (»-. . -Warehouse capacity: The maximum storage space available in a
warehouse, limiting the total amount of products stored.

9¢ - Initial inventory:  The quantity of a product already available in the
warehouse at the beginning of the planning period.

»xng_og Variable transportation cost: The cost per kmto transport a product
from an origin to a destination.

a ?513?09- Fixed transportation cost: The xed cost per km incurred to trans-

port a product between an origin and a destination, regardless of the
volume of the shipment.
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" 38Bg&«- Distance: The distance in kilometers between the origin and
destination points, used to calculate the transportation costs.

The decision variables of the model represent the controllable choices that
the optimization process adjusts to achieve the desired objectives. They include,
for instance, production quantities, inventory levels, transportation ows, and
backorders across the planning horizon. Understanding these variables is es-
sential to interpret the results of the model and the operational strategies it
recommends.

For clarity, Table 3.3 reports the full set of decision variables considered in
the formulation.

Table 3.3: Decision Variables

Notation Description

Decision Variables

| 2kc Inventory and transport cost of product ? 2 P
stocked in the warehouse F 2 W attime C2 T

Hskc Quantity of product ? 2 P produced and shipped
from factory 52 F to warehouse F 2 W at time
c2T

2E2C Fraction of demand for product ? 2 P shipped from

warehouse F 2 W tocustomer22 C attime C2 T

Disc Binary variable equal to 1 if product ? 2 P is pro-
duced in the factory 52 F attime C2 T ; otherwise

itis equalto O
21g_og Binary variable equal to 1 if product ? 2 P is

shipped from origin 8 2 O to destination 92 D
attime C2 T ; otherwise it is equal to O

The decision variables listed in Table 3.3 are further elaborated below to clar-
ify their roles. The feasible space in which these variables operate is discussed
in more detail when we face the deterministic model formulation in Section 3.3.
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| »rc- Inventory and transport cost:  This variable represents the combined
cost related to holding (or back ordering) a product in a warehouse and
the associated transportation costs within the network.

H, 5 rc- Production and shipment quantity: This variable denotes the
guantity of a product that is produced in a factory and then shipped to a
warehouse during a speci ¢ time period.

2r2c- Demand ful llment fraction: This variable represents, for each
product, the fraction of demand satis ed by shipments from a speci c
warehouse to a particular customer. In other words, it acts as a multiplier
on the deterministic demand to determine the quantity of product to be
shipped to each customer (Gk29, as itis de ned in Eq. 3.1:

Gr2c= 2F2c  72C (3.1)

D, 5 ¢ Production status indicator: This binary variable indicates whether
production of a product is active at a factory in a given time period (1 if
production occurs, 0 otherwise).

xng_og- Shipment decisionindicator:  This binary variable speci es whether
a product is shipped from an origin to a destination during a time period
(1 if shipment occurs, 0 otherwise).

Deterministic Model Formulation

The following section presents the mathematical formulation of the deter-
ministic Sales and Operations Planning (S&OP) optimization model without
uncertainty management. The model aims to minimize total operational costs -
including production, inventory holding, backorder, and transportation - while
making sure that service level requirements are met throughout the di erent
levels of the supply chain.

The model consists of the objective function, a set of constraints governing
operational logic, and decision variables capturing the system's dynamics. The
complete formulation is detailed below.
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D>sc © Hspe 8?2P-52F-QT (con.5a)
(’") F2w
Hsre " Dosc 8?2P-S2F-QT (con.5b)
F2wW
ng_pc Hspc 8?22P25-P2A-QT (con.6a)
Fosrc " =s5.pc 822P-25-FE2A-QT (con.6b)
mF_3c  oF2c 22¢c 8?2P-F2W -2C-QT (con.6c)
sk2c 22c " ap_pc 822P-F2W-2C-QT (con.6d)
l.rc2 R [f Og— 8?22P-F2W -QT (var.1)
Hosrc2 Z' [f Og—- 8?22P-52F —F2W -QT (var.2)
2r2c2 IR [f OgP\» 0-1% 8?22P-F2W -2C-QT (var.3)
Dos2f0-1g- 8?2P-52F-QT (var.4)
ngog2 fO-1g- 8?22P-18-"RA-QT (var.5)

Model 1: Deterministic S&OP Optimization Model

The main components of Model 1 are described in detail below. Speci cally,
we discuss the objective function, the constraints, and the decision variables,
providing the necessary explanations to clarify the structure and logic of the
formulation.

The Objective Function, de ned in (obj.1)-(0bj.5), aims to minimize the total
cost associated with the production, storage, and transportation activities. The
individual cost components are:

" (0obj.1): Variable and xed production costs, accounting for the production
quantity of a product in a speci c factory and a xed cost when a factory
Is active.

" (0bj.2): Combined cost related to holding (or back ordering) a product in
a warehouse and the associated transportation costs within the network.

" (0bj.3): Transportation costs from factories to warehouses, based on trans-
ported quantities and distance.

" (obj.4): Fixed transportation costs for activating a transportation arc be-
tween a factory and a warehouse.
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" (0bj.5): Fixed transportation costs for activating a transportation arc be-
tween a warehouse and a customer.

The Constraints, de ned in (con.1)-(con.6d), are the conditions or limitations
that restrict the possible solutions to the optimization problem. They de ne the
feasible region, which is the set of all possible solutions that satisfy the given
constraints. Individual constraints are described as follows:

" (con.l): This constraint ensures that the forecasted demand is satis ed.
The original formulation was:

~

O

22C ?F2C  22C (3.2)
Faw

where the summationover F 2 W accounts for the total amount of product
? 2 P delivered to customer 2 2 C from all possible warehouses at time
C2T.

By dividing both sides of Eq.(3.2) by 72¢7 0, we obtain the normalized
form presented in (con.1). This normalization allows the use of the assign-
ment variable »p2c2 »0-1Y40 indicate the fraction of the demand  »,¢
ful lled by warehouse F.

The second case in (con.1) handles instances where the demand is zero
( 22c= 0), enforcing »r2c= 0in such cases. This prevents the variable
from taking arbitrary values in its domain when no delivery is required.

(con.2a) and (con.2b): These two constraints represent the cost associated
with inventory level deviations, speci cally, holding costs, as in (con.2a)
and backorder costs, as in (con.2b), along with the transportation costs
from warehouses to customers.

Although the two constraints have a nearly identical structure, they di er

in the sign and cost multiplier applied to the inventory deviation term: a
positive cost multiplier > for holding inventory, and a negative one 1,¢
for backorders.

The right-hand side of both equations can be divided into two main com-
ponents:
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Inventory-related costThis part is enclosed in the square brackets and
represents the net inventory position. It is composed of two main
terms:

* The rst term accounts for the incoming stock, i.e., the quantity
of each product sent from factories to warehouses over time.

* The second term captures the outgoing ow, i.e., the demand
shipped from warehouses to customers, adjusted as de ned in
Eq.(3.5).

Transportation cost The second term in both constraints quanti es
the cost incurred when shipping each product from warehouses to
customers, considering the same demand as before.

(con.3): This constraint ensures that the total volume of products stored
in each warehouse does not exceed its maximum storage capacity. The
left-hand side represents the updated inventory level, as described in the
previous set of constraints, now multiplied by the dimensional parameter
of each product. The summation accounts for all products stored in each
warehouse in each time period.

(con.4): This constraint ensures that the total production assigned to each
factory at any time period does not exceed its maximum production ca-
pacity.

(con.5a) and (con.5b): These constraints implement the logic for activating
the binary variable D, 5¢which indicates whether a factory is operational

for a given product and period. Constraint (con.5a) ensures that D,5ccan
only be active if some production occurs, while (con.5b) uses a Big-M
formulation to limit the amount of production based on D;s¢

(con.6a) - (con.6d): These constraints apply a similar on/o logic for the
binary variable -:g_og Which indicates whether a transportation arc 18—
is used for a product in a speci ¢ period. Constraints (con.6a) and (con.6b)
refer to factory-to-warehouse ows, while (con.6¢) and (con.6d) refer to
warehouse-to-customer ows, using Big-Mto link  »g_gto the actual ow
decisions.

The decision variables used in the model are better described below. Each
variable plays a speci c role within the optimization structure, and its formu-
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lation re ects both the operational meaning and the modeling requirements
necessary to ensure correctness, tractability, and alignment with real-world sys-
tem behavior.

" (var.l): This real variable represents the combined cost related to holding
(or back ordering) a product in a warehouse and the associated transporta-
tion costs within the network.

(var.2): Thisinteger variable captures the amount of a product transported
a factory to warehouse in a speci c period of time. It is needed to model
production-distribution planning and plays a central role in calculating
transportation costs, as well as updating warehouse inventory levels.

(var.3): This real variable indicates the fraction of the customer's demand
for a product in a time period that is ful lled by a speci c warehouse. Its
existence is crucial for the allocation of demand in a exible way, enabling
the model to assign demand across multiple warehouses while ensuring
the feasibility. It also allows for robust demand modeling under uncer-
tainty(see Section 3.4.

The variable is continuous and bounded between 0 and 1, where a value
of 1 represents 100% of the demand. This upper bound ensures that the
allocated demand does not exceed the actual demand of any customer.

(var.4): This binary variable indicates whether a product is produced in a
factory during a speci c time period. Itis used to control xed production
costs and enforce on/o constraints. The variable is activated only if
production occurs, avoiding unnecessary xed-cost penalties and enabling
more realistic modeling of factory operations.

(var.5): This binary variable determines whether the transportation arc
18—99s used for a product in a period of time. Itis required to trigger xed
transportation costs and to activate or deactivate speci c logistic routes in
the model. This allows for modeling of network con guration decisions,
re ecting practical trade-o s between route activation and cost e ciency.
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Robust Model Formulation

To properly account for uncertainty, the deterministic formulation needs to
be extended to a robust model. In particular, two main sources of variability
must be considered: uctuations in customer demand and uncertain lead times
in the production line.

In order to model these aspects, two additional parameters are introduced.
The parameter gscis used to capture the uncertainty in customer demand,
while the parameter ) , 5 -c.ge re ects the variability associated with lead times.
These parameters, described in Table 3.4, are essential to manage the uncertain
environment in which the supply chain operates.

Table 3.4: Robust Parameters

Notation Description

Robust Parameters

B C Demand uncertainty parameter for scenario B 2
S attimeC2T

) 25FCEC Production Lead Time uncertainty parameter for the
product ? 2 P produced in factory 52 F attime
C2 T and shipped to warehouse F 2 W at time
: 2 T for the scenario B:® 2 S

The de nitions of the robust parameters listed in Table 3.2 are essential to
account for the uncertainty, particularly with respect to demand and lead time
variability. To fully appreciate their signi cance, it is important to provide
a more detailed explanation of these parameters and how they in uence the
overall level of uncertainty within the model.

Therefore, in Section 3.4.1 we describe the procedure used to generate the
parameter =g paying particular attention to the demand budget parameter ¢
In Section 3.4.2, we explain how the values of ) , 5 5.gc Were generated, focusing
especially on the construction of Lead Times and the role of the maximum Lead
Time parameter !) nax. Finally, in Section 3.4.3 we present the robust model
formulation by incorporating these two sources of uncertainty.
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Demand Uncertainty Set

In this Section, we will focus on  gxo the demand uncertainty parameter.
The realization g=cfor each scenarioB* 2 S and eachtime C2 T is generated
randomly according to the de nition below:

i .
B éU 0- ¢ g:i B33 if ¢ g:% B‘3°87 0
B¥C— 3
-0 otherwise

(3.3)

This procedure guarantees that for each C2 T the total realization = §,; gwg

never exceeds ¢ The ¢is the demand budget parameter at time C2 T, a

parameter that controls the level of uncertainty at each time period. Speci cally,
cin uences the generation of the variable gzzg and itis de ned as follows:

c= C8C2T (3.4)

where 2 »0-1%is a parameter that speci es the magnitude of uncertainty.
Because cexhibits a linear dependence on , we can say that as increases,
demand shows greater variability.

To better understand the importance of this parameter, we describe how the
value of caects the generation of the parameters gz and then provide a
visual illustration of this relationship.

"~ When ¢= 0, whichimplies = 0, the model corresponds to the determin-
istic case, as all the generated values of gxcare equal to zero according to
their de nition in Equation (3.3).

As cincreases (thatis, as increases), the values of gxcincrease progres-
sively, increasing the uncertainty in the model.

The highest level of uncertainty is observed when = 1 G corresponding
to the maximum value of | resulting in the largest possible deviation in
the generated gacvalues.

As the level of uncertainty increases with higher values of g the nal cost

of the optimization model also increases, as will be discussed in more detail in
Section 4.3.1.
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Figure 3.2: Evolution of g=cvalues across di erent values of ¢

Figure 3.2 illustrates the evolution of the parameter s across di erent
values of ¢ Each subplot corresponds to a specic ¢value, and thus to a
value that increases from 0.0 to 1.0 in increments of 0.1.

In every subplot, the x-axis represents the time periods (from C= 1to C= 6),
while the y-axis shows the corresponding values of gxo Each line within a
subplot corresponds to a di erent scenario, which captures the stochastic nature
of B3 c

As cincreases, the spread and magnitude of g Vvalues across scenarios
become more pronounced, re ecting a higher level of uncertainty.

The parameter gscplays a crucial role in identifying the additional demand
beyond the forecasted level. Using the formula below (see Equation 3.5), it is
possible to calculate the increase in demand compared to the predicted value.
This re ects the demand uncertainty, which may exceed the forecasted demand.
The equation modi es the original demand  »,cby multiplyingitby 11  geqg
representing an adjustment factor that captures possible demand uctuations:

1A>1DBC. v
330?20 - d ?2C 11' Baocoe (3'5)
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Therefore, Equation 3.1 must be modi ed by introducing the new demand
de ned in Equation 3.5, to determine the quantity of product to be shipped to
each customer (Gz»g,9 as follows:

1A>1DBC .
Gszopoc™  2F2C B3°>?2c = or2c d 22c 1l gele (3.6)
This approach provides a simple and exible way to generate di erent sce-
narios of demand uncertainty while retaining control over their magnitude and
distribution.

Lead Time Uncertainty Set

In this Section we will focus on ) ;5 ¢.ge, the Production Lead Time uncer-
tainty parameter. It is a binary parameter that models the uncertainty of lead
time (LT) and is de ned as follows:

é0 if!) o5pce 70 C-—
) 25FC:EC = 3 °F (3.7)
: 1 otherwise

where !) 55 rcge IS the Production Lead Time of product ? 2 P from factory
52 F towarehouse F 2 W attime C2 T for a speci ¢ scenario B:® 2 SY | that
is the time between the start of production and the moment when the product
arrives at the speci c warehouse.

If ) »5gc.ge = 1, it means that the product, which started production in
period G has arrived at the warehouse by period : .

If ) o5ec.ge = O, it means that the product, which started production in
period G has not yet reached the warehouse by period : .

This parameter allows us to model the uncertainty of when an order will
arrive in a speci ¢ warehouse, based on the Lead Time and the current period.

Since no empirical data was available for the lead times associated with each
combination of product-factory-warehouse-time, these values were randomly
generated according to Equation (3.8). We need to introduce two more param-

eters: the maximum Lead Time !) nax and the remaining budget ;CZFB@’ with
f 110 _

initial condition —— D max-
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0— ifC=1
I) ?5FC1B;G 1— |f C7 1and
) 25FrcE = ") 25rc1gc 7 0 (3.8)
10 = ...—10 — I
~ ospge - Uf 01— sseped— If C7 1and

) 25Fc1ge =0

where we initialize the Lead Time to 0 (at C= 0), in order to allow the robust
model to produce instantaneously in the rst period and thus remain resilient to

possible delays in the subsequent time periods. The auxiliary variable - € is

?5FBC

then introduced and used in the updating rule of the remaining budget ' :C; s
as follows:

1 1(9 _ 1(9 _ |f ') - _ 1(9

?25FBC  25FBC "/ ?5FCE T T o5pge
. 1 10 _
PEEBC % (a new delay occurred) (3.9
e otherwise

25FBC

This construction ensures that lead times evolve consistently over time:
whenever a positive lead time is active, it decreases by one unit in the next
period, whereas a new random lead time can only be generated once the previ-
ous one has reached zero.

Here, the parameter !) nax plays a role similar to the demand budget param-
eter cdescribed previously, namely, it acts as an upper bound for the generation
of the Lead Times. Whenever a delay occurs, the cumulative sum of these delays
can never exceed the value of!) nax by construction. In particular:

0] - |
- ) max® (3.10)

?5FBC
G1

Following the same approach used for the demand budget parameter, we
now analyze the role of the maximum Lead Time ( !) nmax). In particular, we
illustrate how this parameter in uences the generation of ) ,5c.ge and provide
a visual representation of this relationship.
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When ) nhax = 0, the model reduces to the deterministic case, since all the
generated values of!) , 5 - are equal to 0, and consequently all) 55 gc.ge
are equal to one by construction.

As 1) max increases, the likelihood of obtaining values of !) 5 e 7 Oalso
increases, which in turn leads to more cases where ) ,5gc.gc = 0, thus
causing greater delays in production.

In our analysis, the highest level of uncertainty is observed when !) max = 4,
which results in the largest possible deviations in the generated !) o5 rcye
values that consequently a ects the corresponding ) 5 gc-ge Values.

As the level of uncertainty increases with higher values of !) nhax, the nal
cost of the optimization model also increases, as will be discussed in more detail
in Section 4.3.1.

Before presenting the visualization, it is important to note that, instead of
directly representing ) s gc.ge, We focus on the evolution of !) 5 pcye OVer time,
since) ,5rc.ge iS binary and therefore provides limited information on temporal
dynamics. Moreover, for the sake of clarity, in the visualization of 1) ,g e We
omit the dependence on ?, 5, and F, retaining only the dependence on time and
scenario.

Figure 3.3: Evolution of !) ~ge values across di erent values of !) max
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Figure 3.3 illustrates the evolution of the parameter !) ~gec across di erent
values of ) max. Each subplot corresponds to a specic !) nax value, ranging
from 0 to 4 in increments of 1.

In every subplot, the x-axis represents the time periods (from C= 1to C= 6),
while the y-axis shows the corresponding values of !) ~ge. Each line within a
subplot corresponds to a di erent scenario.

As 1) max increases, the values of!) ~ge increase accordingly, leading to pro-
gressively more production delays. For low values of !) max, lead times remain
almost negligible or show only minor oscillations. When ) ax increases, more
pronounced and persistent peaks of !) ~ge emerge, which result in signi cant
delays. Moreover, the variability across scenarios also increases, showing that
uncertainty a ects both the average level of !) ~ge and their dispersion. In
summary, higher values of !) max lead to longer and less predictable production
delays, making planning more di cult.

Robust Mathematical Model

Now, we are ready to de ne the Robust Model, by introducing these new
parameters that we have just described. The only di erences with respect to the
deterministic model appear in the constraints (con.2a), (con.2b), (con.3). For
this reason, we report below the modi ed versions of these constraints, which
de ne the robust formulation of the problem.

~

P o
0 1A>1DB
lorc 2 g@9¢ ] - ) >sFsce Hbsrs ?F28  gwoog
H &1 (52F 2C
; 1A>1DBC
| nr-2 38BE32  2F2c  Lao,c
2C
822P-F2W-B°2s - B%°2s) - @T (con.2a)
0 G P S 1A>1DB
lo.rc 1or Bop | - ) 25rgeg Heses 228 gagog
. 81  52F 2C
O~h ) \A>1DBC
) >
| nr-2 38BE2  2F2c  guooc
2C

8?2P-F2W-B°2s —B®2sY - @T (con.2b)
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(@]
Qz

v O O 1A>1DBC
2F | ) ?25F8CB Hosrg ?F28 B728 38<» (
?2P &1 ©52F 2C

8F2W-B"2s -B®2sY-@T (con.3)

Notice that to account for demand uctuations, the deterministic demand
»2cis replaced by the robust version of the demand ;’2;12%8.0 In addition, a

multiplicative factor ) ,5rc.ge IS applied to the amount of product shipped from
factories to warehouses to capture possible production delays.
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Computational Results

This section presents a detailed overview of the speci ¢ input parameters
and the strategy used for the tests. A close partnership with a leading company
in the packaging sector enabled the use of real data for the experiments.

The results obtained through di erent evaluation strategies are then an-
alyzed and discussed. In particular, various parameter con gurations were
explored within robust models and comparative analyses were carried out be-
tween robust and deterministic approaches to assess their performance under
di erent conditions.

All experiments were carried out on a personal laptop equipped with an
AMD Ryzen 7 5825U processor (2.00 GHz), 8 GB of RAM, running Windows 11
Home 64 bit (version 24H2, Build 26100.4349).

The implementation was done in Python 3.11.4 using Pyomo 6.9.0, with
Gurobi 12.0.1 as the solver. All computations were performed in the Jupyter
Notebook via the Anaconda environment.

Input Parameters

The case of study considers a supply chain network composed of six distinct
products, illustrated in Figure 4.1. These products are manufactured in three
production facilities located in Germany, the Netherlands, and France. Each
factory is physically associated with a single dedicated warehouse, forming
three independent production-storage centers, as shownin Figure 4.2. Moreover,
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