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1 Introduction

In 1931 Dirac published a paper concerning key similarities between the classical
Hamilton-Jacobi theory and the transition amplitudes in quantum mechanics.
In particular, he derived the following relation

(4,11Q,T) ~ et Ir il (1.1)

In 1948, Feynman developed Dirac’s suggestion and succeeded in deriving a
new formulation of quantum mechanics, quite different from the standard one.
This formulation does not require the use of operators and of the Schrédinger
equation to express the quantum mechanical amplitudes. The physical idea is
that the probability amplitude to find a particle at the space-time point (Q,7T),
knwowing that it was at (q,t), is given by the sum of all the possible paths
between the two space-time points, each one contributing with an appropriate
weight.

In this work it is firstly presented (Sec. 2) the Dirac original idea and then
how Feynman developed his path-integral formulation of quantum mechanics.
Moreover, it is explained how this approach can be generalized to quantum field
theory. In particular we focus on the case of a scalar field (Sec. 3), introducing
the generating functional, a basic tool to compute Green’s functions without the
use of Feynman diagrams. Finally, in Sec. 4 and 5, we illustrate two alternative
representations of the generating functional, developed in the Ref.[2]. The first

one is expressed as
) exp (— / v<¢c>) ,

(1.2)
where ¢. is defined as ¢.(z) = [ dPyJ(y)A(y — z). This dual representation is
used to express Schwinger-Dyson equation, obtaining

[5; L lole] / % (A 52) erw] ATV Zg. (13)

It is also possible to note the presence of a deep connection between the above
dual representation and the Hermite polynomials. Then, we express T[¢.] in
terms of “covariant” derivatives acting on 1

N 16 5
WJ] = T[¢c] = FOGXP(_UO[QI)C])E)XP (25¢0A5¢P

Tio] = 5 e (-tafed o (- [ V(D)) 1, (1.4

where Df; (z) = :FA%(EE) + ¢(x). These “covariant” derivatives simplify the
form of the equations. For example the Schwinger-Dyson equation becomes

(o + [ 5 () e (= [vi)) =0 a9

We also see how they make “more comfortable” some explicit calculations.




2 The path-integral

The Dirac formulation. The key initial idea, that led to the concept of path-
integral, is due to Dirac who was looking for an alternative formulation of quan-
tum mechanics provided by the Lagrangian. He believed that the Lagrangian
formulation of classical dynamics is more fundamental than the Hamiltonian
one for the following reasons. First of all the Lagrangian method allows to find
the equations of motion, thanks to the stationary property of a certain action
function. Secondly, the Lagrangian method could be easily expressed relativis-
tically since the action is Lorentz invariant. For doing this, Dirac worked on
the analogy between the classical theory of Hamilton-Jacobi and the transition
amplitude in quantum mechanics. To show this analogy, let us consider a one-
dimensional classical system of only one particle. Let ¢ be the coordinate and p
the momentum. H is the Hamiltonian of the system. The Hamilton variational
principle
t dg
6 [ dt (pdt — Mg, p, t)) =0, (2.1)
to

allows to describe the time evolution of ¢(¢), p(t) by the Hamilton equations,
expressed through the Poisson brackets as follows

dgq dp

Y _ g HY L= (pHY. 2.2
o = oM} o = M (2.2)
A canonical transformation is a transformation of ¢ and p into new variables
@ and P leaving Hamilton’s equations form invariant. It is well known that a
function G(t,q, Q) called generating function exists, such that

oG oG ~ oG
= — P=——1/ = —_—, 2.3
where H is the Hamiltonian of the new system. ' '
Denote S(t,q, @) the special canonical transformation such as Q = P = 0. By
(2.3), it follows that

0S 0S
= t)=-==" 2.4
H (q,p 90’ > iy (2.4)
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we have

t
S = / L. (2.6)
to

Note that once S has been evaluated on the solution of the equation of motions,
it can be interpreted as a functional of ¢(¢) and ¢(tp) = Q. In this way, the
action is the generating function of the canonical transformation, transforming
the system variables from ¢y to t.

Describing the same one-dimensional system in quantum mechanics it is possible
to introduce two independent representations for the system, |¢) and |Q), and
look for a {¢|@) connecting the two representations. If F' is any function of the



dynamical variables, it will have a “mixed” representative (q\ﬁ' |@Q) and thanks
to the completeness relation

/ dglg) (gl =1 (27)

we get

(lF|Q) = / Pl (¢1Q) de' = / WQYQIEIQ A, (28)

From these relations we obtain

@dlQ) = ¢ (dlQ) . <q|za|c2>:—m§q<q\c2>, (2.9)
@0IQ) = Q(dlQ) | <q|15|@>=m%<q\@>. (2.10)

However, since Q and ¢ do not necessarily commute, if F' = F[q, Q] the “mixed”
representative (q|F[q, Q] |@Q), may be not well defined. The generic function F' =
F[q, Q)] is called well-ordered if it can be expressed as F[q, Q] = >, fi(q)fF(Q).
Then if F' is well-ordered, so the above “mixed” representative is well defined.
Therefore, setting (¢|Q) = ex? (%@ into equations above we obtain

~ o 8U(Q7 Q) » _ 78U(Qa Q)
(alplQ) = T (dQ) , (qlPlQ) = 0 (gl@) .  (2.11)
Finally supposing % and % are well-order we find
.U 50U
p_a—q, P= 0" (2.12)

So U is the analogue of the classical function .S and in this way Dirac concluded
that o
(0. t]Q,T) ~ en Jr il (2.13)

The Feynman path-integral. As Dirac emphasized, the “~” above is just a
loose connection. As matter of fact, a “=" would not be correct in the previous
relation as long as T' — ¢ is a finite time interval. Feynman started from (2.13)
and he assumed it as an equality (up to a constant) only for an infinitesimal

time interval:

<qg|%+5t> = Cexp <_;6tL(qt/tv Qt+6t)> . (2.14)

Now split the time interval T — ¢ into IV infinitesimal time intervals t, = ¢ + ae,
Ne =T —t, using the completeness relation (2.7), we find

(gtlar) = /dq1dq2~-~qu71 (grlqr) {q1lge) -+ - lan—1lar) » (2.15)

which is an exact quantum mechanical relation. Replacing Eq.(2.14) into Eq.(2.15)
we can conclude that

N-1
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Such an expression is not fully corrected, yet. It can be proved that to “exactly”
formulate the transition amplitude the action must be expressed through the
Hamiltonian formalism, so we can finally define the transition amplitude as

(glar) = /DqueXp {Z/Tf T {pfg — H(p, q)]} : (2.17)

3 The path-integral for a scalar field

Let us apply the functional method of path-integral to the theory of a real scalar
field ¢(x). The Lagrangian density of the theory is the following

L(6,046) = Lo(9.0,9) ~ V(9) = 30,00"0 + sm’6” ~V(9),  (31)

where V(¢) is the potential. The first step is to build the Hamiltonian density
‘H, performing a Legendre transformation:

ey = 0L

7 (000) G =9, (3-2)

H(r, 6, Y¢) = 16— L = % (WQ n (%)2 n m2¢2) YV(),  (3.3)

where 7(z) is the canonical momentum. Eq.(2.17), extended to field theory,
defines the transition amplitude from ¢,(0,x) to ¢p(T,x) =T as

T
(@n)] e 1T 9,(0) = N [ DoDrexp lz [ ata (wo- - v - V(cb))] ,

(3.4)
where N is the normalization constant and ¢(x), over which we integrate, has
the following boundary conditions

_Jox) =da(x) if2®=0,
¢(@) = {¢(x )= dp(x) if20=T.

The integration over 7 is trivial, just completing the square on the exponent
and integrating, we obtain

(3.5)

T
(do(x)| e T [a(x)) = N’/cheXp [2/0 d41‘£] ; (3.6)

where N is a normalization constant. Hereafter we will give up the Hamiltonian
formalism, and take Eq.(3.6) to define the Hamiltonian dynamics.

Although the relation (3.6) is a very elegant one, physicists are mostly concerned
with computing quantities that can be measured, like cross sections and decay
rates. These quantities can be related to the S-matrix, which can be computed
from the connected correlation functions trough LSZ (Lehmann, Symanzik, Zim-
mermann) reduction formula. Then, we need a formula to compute the corre-
lation functions. Let us consider the following object

/ Do () (1) (x2) exp [ / Td‘*xc(q»] , (3.7)



where ¢(z) is constrained by the boundary condition
O(x) = ¢o(x) if2° =T,
ola) = { 00) = 0] 0w
o(x) =gp(x) ifa’=T.
With some manipulation it can be proved that (3.7) is equal to
(@] 7T {prr (21)prr (2)} e ) (3.9)

where! T is the time ordering operator and the operators ¢y are expressed
through the Heisemberg picture. Eq.(3.7) can be extended to the case of cor-
relation functions from ¢ = —oo to t = oo; this quantity is very important in
quantum field theory. Therefore, we have to take the limit for 7" — oco(1 — i¢)
which selects the lowest energy level, indicated with |2). Eq.(3.7) becomes

O Ton)pulen )= tm APV P iy o
H\Z1)PH (T2  Tooo(1—ie) [Doexp [if,TTd‘LxE}

(3.8)

(3.10)
that is the desired formula. Higher correlation functions can be obtained, just
inserting additional factors ¢y and ¢, respectively on the left-hand and on the
right-hand sides of the previous equation. Another feature of Eq.(3.10) is that
it is manifestly Lorentz invariant ad it preserves also all the symmetries the
Lagrangian £ may have.

3.1 The generating functional

Generalizing the above equations we can introduce the central object of this
work: the generating functional W[J] of the Green functions, defined as follows
€U),

W = gl =N / DpDret (T0-H+19)

= N’/D¢exp [z <au¢a“¢ + %m2¢2 = V(o) + J¢>>} ,
(3.11)

where (f(21) - f(zn)) = [dPxy...dPzxN f(21,...,2x5) and N, N’ are normal-
ization constants.

This path-integral is not well-defined because of the oscillatory integrand; we
can remedy to this problem introducing a damping term or working in the Eu-
clidean space. In this work it will be often used the latter method. Therefore,
setting the new variables xg = —i%g, d*r = —id*Z, 0ot = — 7M¢5u¢; then
the generating functional in Euclidean space is the following:

WalJ] = NE/D(;SeXp [— <;aﬂ¢au¢ + %m2¢2 + V() — J¢>} L (312)

This object is very important since it allows to compute the Green functions,
defined as the coefficients of the functional expansion
Wi =Y <J1-~JNG(N)(1,...,N)> , (3.13)

N!
N=0

1See appendix A



Lo 2wl . (3.14)

N

Green’s functions GV) in Minkowsky space are identified with correlation func-
tions. However, we can still use Wg to construct Green’s functions GSEN) in Eu-
clidean space, but in this case we have to relate them to G™) through analytic
continuation (Wick rotation), which presuppose no singularities are encountered
in the process of contour rotation.

The Feynman propagator. Let us evaluate the generating functional for a
free theory ( V =0 ), working in the Minkowsky space and putting the damping
term e~ 2 for the convergence problem; at the end of the calculation we have
to take the limit € — 0 (e > 0). Therefore the new generating functional is

Wo. = N/D¢exp [z <;au¢au¢ — %(mZ —i€)g? — J¢>} . (3.15)

The standard method to compute this integral is to work in the momentum
space, given the Fourier transform and anti-transform

oy [ e, e [
Fo)= [ e @), Fa) = [ e F o). @16)

Then introducing the new field (¢ is the Fourier transorm of ¢(z))

Fp) =)+ [p> —m>+ie] ), (3.17)

the generating functional becomes

WolJ] = exp l / FNCLC)]

2 p2 —m2 + ie

/ Dl ei{50u8'0" ¢/~ §(m?—ie)%)

(3.18)
where D¢’ differs from D¢ only for an omitted multiplicative constant. Then
the following relation is evident

B i [ J()J(—p)
WolJ] = Wo[0] exp l : /d py e (3.19)
using the Fourier anti-transform it follows that
Wo[J] = Wy[0]e™ 2 {/1&m2T2) (3.20)

where Ap1o = Ap(x1 — 22) is the Feynman propagator

dtp e (=)
Ap(z—y) = / T (3.21)

It could be more convenient to set
WolJ] = et%ol] ] (3.22)

where

ZolJ] = <;J<x>AF<x - y>J<y>> . (3.23)



3.2 Generating functional of connected Green functions

As in the free case seen above, we set
W[J] = 21, (3.24)

The term Z[J] plays a key role in quantum field theory since it is the generating
functional of the connected Green functions. Now, we prove it with reference

to [4]. Let G denote the N -point connected Green functions. The general
GW) contains o copies of G¥) ( K < N). Then G™) may be expanded in
the form

U ZP[GE”“'GEU]'“[GﬁN)-"GEN)7 (3.25)

{o1,02,...,0n} P

where the occupation number ¢; are constrained by 1o + ...+ Noy = N. P
denotes all possible distinct permutations of the N variables. Then

‘N
W[J] = e?lVl = Z—/del-~-dD$NGN(x1,~-- yan)J(xy) - J(zN)

dexl . ”le,ngj) .. G((:J)J(xl) Ce J(x]):| 7

:iiN 2. ﬂ[ o 1(3)7s

(3.26)

Noting that Y v_, > {o1,on} = 2oy Where the summation on the right hand
side has no restriction, we obtain

x N
= €xXp Z 7/de1dDmNG((,N)(:I;177$N)J(‘x1)J(xN)v

=exp (iZ[J]) . (3.27)

4 Alternative representation for the generating
functional

In this section we will introduce a different representation for the generating
functional, working in D dimensional Euclidean space. Hereafter the subscript
FE will be omitted. First of all it is necessary to introduce some notations. For
every even function or distribution G and for any functions or operators f; and
fa, we set:

[1Gfe = (f1(2)G(z —y) f2(y)) . %G% = <6f16(as)G($ _ y)éfj(y)> _
(4.1)



The starting form of W[J] is the following

W] = =217 — N/Dqsexp [/de (;@Lgba“gb + %m2¢2 + V() — Jqﬁ)} ,

(4.2)
where Z[.J] is the generating functional for connected Green functions and N is
the normalization constant.

N = ( / Dasexp(—sws]))l , (4.3)

where

S = [ %2 (0,00,0+ Jnts* 4 V(6)) (44)

Schwinger representation. Suppose V(¢) can be expanded as

V(@) =) 9" (4.5)
n=0
Using
1)
(/@) (7o)
5](:5)6 ¢($)e s (4 6)
we have
W[J] = N/D¢€<_V(¢)>67<%8u¢au¢+%m2¢2fcj¢>
= Ne=(V(3)) /Dq&e‘(%@uwm-k%m%?—w)
N 5
= N, &P (—/V<§J>)W0[J], (47)
where

No = ( / D¢6XP(—SO[¢D>1 . (48)

Expression (4.7) takes the name of Schwinger representation for the generating
functional.

4.1 Dual representation for W/[J]

As we have seen the connection between the path-integral formalism and the
operator one is the following

Wi = %ﬁ;; , (49)
Note that we have
W[J] = N (0|T exp [/(—V(g?)) + JQAS)} o), (4.10)



where |0) is the free vacuum. Let us introduce the field ¢.(x), defined as

0u(0) = [ aPyI A ), (411)
which satisfies the following equation
(=0 + m?) pe(z) = J(z). (4.12)

Replacing ¢ by ¢ + ¢. into Eq.(4.10), it follows that (up to a constant)
W = O exp | [(-V(6+60) + 36+ 60| 0
= ore | [(-vi+ )] ) (1.13)

Note that, thanks to the Wick theorem (A.11),

OITF[+ )10) = (0] exp (;QA(;}) Flb+ 1] 10)

— o (55757 ) OFLI0)

16 .96
= -—A— | F[f]. 4.14
o (35705 ) FU (1.14)
Finally, applying Eq.(4.14) to the right hand side of Eq.(4.13), we get

WJ] = exp(—Zo[J]) exp (;SA‘lﬁj) exp [—/deV </ P2 J(2) Az — x)ﬂ ,
(4.15)

that, can be expressed through ¢, as

W = Tior = g expl-Galor) exp (50 Asn Yoo (= [ Vien) ).
(4.16)

where )
UO[¢C] = _§¢CA_1¢C) (417)

and A7 (z) = [ dPp(p* + m?)e”.

4.2 Schwinger-Dyson equation in the dual representation

Here we shortly present the Schwinger-Dyson equation, then we will express this
equation through the dual representation we have just introduced.

Schwinger-Dyson equation. This equation is the quantum equation of mo-
tion for Green’s functions. In classical mechanics the equation of motion could
be derived by imposing that the action has to be stationary under an infinites-
imal variation

o(x) = d(z) + e(x). (4.18)

10



The appropriate generalization to quantum field theory is to consider this vari-
ation as an infinitesimal change of variables

d(x) = ¢(z) + eFp, 2], (4.19)

which does not change the measure (D¢ = D¢’) and the value of the path-
integral. F[¢,z] is an arbitrary functional of ¢ (we suppose it admits an expan-
sion in powers of ¢). The generating functional, expanded to the first order in
€, becomes:

We[J] :/D [1+e<‘;§;>} {l—e/dD:r [‘ng—w} F}exp(— (C—ijé)()).

Collecting the terms proportional to €, imposing that the path-integral does not
change and using Eq.(4.6), we could find

/deF (éx) [6§¢£>> (5}) - J(x)] W[J]=0. (4.21)

If F = F(z), then (4.19) is just a translation of ¢. The above equation reduces

) e

that could be expressed as

arg@ [ () - s@|w=o. A
where
a1 2w = [Py -n ). (129

With the dual representation, the above equation becomes

1) % 1) 1 s s .
A —Uolel 3552590 o= [ Vide) —
L%+/M(5%”€ et e

0 Uo[m/(LV O\ ol | s as — V(e _
Lwc—&-e 50 A&bc e €236 " Foce =0. (4.25)

As we will see there is a deep connection with the Hermite polynomials.

Relation with the Hermite polynomials. The standard representation of
the “probabilistic” Hermite polynomials is given by

Hen(z) = (—1)"% De™ % . (4.26)

Thanks to Eq.(B.7) the right hand side of (4.26) becomes

z?2 z?2 D2
(=)"e7 D" 7 =e 7 a". (4.27)
Replacing  with iz into (4.27) we get
z2 z2 D2
e DT =e7a". (4.28)

11



Then, supposing f(z) can be expanded in power of x, we find

22 22 D2

e~ 7 f(D)er =ez f(D). (4.29)
This provides the following expansion
D2 >

ez f(x) = Z(—i)”c,LHen(ix) . (4.30)
n=0

This equation can be used in quantum field theory. As matter of fact, (4.16)
involves exp (%6¢C A5¢C) acting on ¢.. So in the perturbative expansion there
appear terms like

exp <;5¢6A5¢C) ¢g (431)
Note that
8. A0, 02 () = n(n — 1)A(0)¢r (), (4.32)
is the functional version of
A0)03 o7 = n(n —1)A0)¢r 2, (4.33)

thanks to (4.30) we obtain

exp (;5¢6A5¢C> ¢ (z) = (—i)"A% (0)He, (Z’((g) . (4.34)

Eq.(4.34) suggests a connection of the Schwinger-Dyson equation with the Her-
mite polynomials. We start from (4.27), through which we can find

n n n—k k
Voled O tniod _ |3 (”) 0" ~voloel| 0
507 (@) 2 \k) 56 () 565 (@)
o ]. ~ n -1 n—k 5k
(4.35)
Using (4.34) we can express the Schwinger-Dyson equation for V = %qﬁ" as
follows
LA (i¢6(0>) (A 2 )n“ ()| et ntsom TV — g
0¢e(z) T (n—k— 1K\ A% (0) 50e - '
(4.36)

It interesting to consider a normal ordered potential
A A 16 .6
V(p)i=—: 9" = — ———A— | "
(0) =y 10" = gy exp < 206 5¢>) ’

in this case (4.25) becomes

1) A n-l n—1\ . A 5 \" k1 bk Ak ey
6¢c<x>+(n—1>!,§( ; )d’c(@( M,) ()| e st Bo 0.

(4.37)
that compared with (4.36) shows how the terms e*U0l?<] compensate the con-
tribution coming from the normal ordering regularization of the potential.

+Uy

12



4.3 T[¢. and normal ordered potentials

Let us consider only the case of a normal ordered potential, indicated with : V' :.
It is useful to set

196 ) ) 0 196 0

D,i=-—A Dk = A =-—A .

7T 200, 00, T 06, 00, 200." d¢.

The expression (4.16) becomes

(4.38)

N
Tiod = - epl-tils eo@)ew (- [V@):) . @)
Considering a generic functional F[¢], we want to express eP F[¢] as
exp(D) exp (F[g]) = exp (Z ?ﬁ) 7 (4.40)
N=1 """

where {Qn} is a set of connected functionals, defined as

QN[¢] = €DFN[¢]|C0nn

N N
Dij D; i
- H ¢ He F[@”conn@wﬁ' (4.41)
i>j=1 =1

The subscript “connect” means that at least one linkage operator (e”#) must be
retained between each pairs of? F[¢;]. We need a similar decomposition; then
we set

Tl6] = 3 exp <—U0[¢c] S Q’“,j?”) , (1.42)
k=1

Qn[pe] = e” < / :V(¢e) :)N

Note that, like Uld.], the Qn generate connected functions. Rescaling the
potential by a constant p we find

> k
exp(D) exp (u / : V() ) = exp (Z ‘,;ka) . (444)
K=1

where now

(4.43)

conn

and so

Qulod = ofm [expD)exn (< [ V(6] (4.45)

pn=0
Now, the relation (B.1), expressed below through the appropriate variables,

eDF[¢C]G[¢c] = Pr (GDIF[¢C1]€D2G[¢CQ])

¢Cl :¢02 =¢c (4.46)

allows to make some considerable simplification. To show this, let us calculate

Q1 and Q2
@:ff/ﬁv:f/v (4.47)

2This method is clearly exposed in [3].

13



and

Qs — [P — 1] [(eDl [eviea) ) (e”ﬁ [eviea) )}
= (-1 | [vion) [ Vo]

Quléd = (17 [ ”H/V% B
J>k C, ey =Pcg=---=0¢

where the subscript ¢ indicates that non connected terms must be discharged.
So the generating functional of the connected Green function can be expressed
as follows

[e’e} p+1 n
[(bc] In — + U d)c + Dik ¢01
. N 0 p; g H/

>k

ey =bey =6

. (4.48)
ey =0cy =¢c

Then

€ oy =Bey=r=6c
(4.50)

5 Generating functional and ‘“covariant” deriva-
tives

In this section we will express the generating functional through “covariant”
derivatives. The key expression is the following operator identity

exp (—é[MI) F[6;] exp (;IMI) = F[Dui] , (5.1)

where F' is a functional, I and M are functions (or distributions), Dpsr(x)
denotes the “covariant derivative”

In our case we define 5
Dy (@) = FAg55(2) + 6(a). (5:3)

It can be easily proved that these operators satisfy the following commutation
relations

D (@), D) =28 -y),  [PE@.DEw]=0. (4

Another fundamental relation comes from the use of (5.2) into the operatorial
version of (B.7)

exp (;511\4151) F[MI| = F[Dyg] - 1. (5.5)

14



Thanks to the above relations, (4.16) becomes

Tiod = 5 e (-taled o (- [ V(D)) 1. (5.6)

This new representation still simplifies the form of the Schwinger-Dyson equa-
tion (4.25), reducing it to

(Mf(xﬁ/?;( ))exp (‘/V(%c)) 1=0.  (57)

Now we will try to calculate the Green function through covariant derivatives.
To do this, note the expression below

5Ji:c) exp (—Uo[¢c]) = exp (=Us[¢c]) Dy (2), (5.8)

so the N-point Green function is

SPW[J]

— e (-Uolo )P (a0) ... Dy (awexp (- [ V(D)) 1

= exp(—Up[o]) ( /v ) 21)...D; (an) 1.
(5.9)

The above representation makes easier the explicit calculation as we will see
later.

Another feature of this representation concerns the case of a normal ordered
potential. According to the Wick theorem (A.11) and to (5.1), we can write

Fl¢l:==F[D}]-1. (5.10)
For example let us try to calculate : ¢* :. We use the notation A(z; —x5) = Aqs

and ¢(z;) = ¢;.

= ¢*(z) — A(0),

Tr1=T2=T

—
]
S
Py
=
SN—
—

2
Do (x) = H¢$k + Agz
k=1

Eod
Il
-
B
=

|
3
M
z~z

— A12¢3 — A3 — Aoz

-
w0
&
I
e
>
©
g
—_
|
e
33

Il
_
8
o
I
8
o~
Il
_

k ;=T
= ¢*(x) — 3A(0)¢(x),
4 4
= [IDolar) 1| =T] or — Ar2dsds — Arsdads — Aracrads—
k=1 wpmz k=1
— Do30104 — A2ad1d3 — Dzadr1 2 + A12Az4 + A130804 + AozAual,,
= ¢*(z) — 6A(0)p?(z) + 3A%(0) . (5.11)

Since D;r and D differ only by the sign of A(z —y), we can easily get the
expression of [[; Dy from (5.11). For example let us calculate T[¢.] for V(¢) =
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&, to the first order in A. Using Eq.(5.6) and thanks to (5.11)

Tlgc] = ]\ZBXP( Us[éc]) {1— —/d%% } 1,
A

= T (-tifo) [1- 3 ([ 472 (6100 + 6620120 +3870) ) + ..

(5.12)

The generating functional of connected Green functions. Let us em-
ploy this representation to Z[.J]. With reference to section 4.3 we will consider
a generic potential V[¢] which can be expanded in powers of ¢ (V is not normal
ordered as in the previous case). Then the generating functional is

Tiod = - e (Ul exw (350850 )exo (= [ Vi)

jv.vexp< Uolge] + ZQ’“‘bC)zexm—U[a:c]), (513)

where @ are connected functionals. Rescaling the potential with u, we could

obtain
Qrlde] = 8ﬁ In {exp exp ( /V D )}
pn=0

Introducing the covariant derivatives and thanks to the following relations

o (42280 Y exp (= (Vo)) = (- [vDT)) -1, (5.15)
25650

exp(D) FI¢]Gld] = FID;1GID;] 1., (5.16)

we are able to make some relevant simplifications. Let us try to compute Q1
and Q2
le—eD/V:—/V(D;C)'L (5.17)

QQ:eD/V/vz/V(D;C)/V(D;U).1. (5.18)

So generalizing, we can express the generating functional as follows:

U[¢c]=nF+Uo¢c+Z pH(/v ) 1

where the subscript ¢ means that terms non connected by at least one propagator
must be discharged. Eq.(5.19) can be expanded to the case of normal ordered

potential : V(o) : as
P
-1
¢e=Dy,

oo +1
U[¢c] ln%‘FUOQSc +Z p (/V

(5.14)

, (5.19)

(&

p=1 c
oo p—1
N p+1
= o + Uolge] + /v -/V(¢C)
0 P =

(5.20)
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Now, we calculate G?) and G£4) for %qﬁ‘l theory to the second order in A, to
show how this alternative representation works. Eq.(5.19) gives expression to
the generating functional. Using the following notations: A(x; — z;) = A;j ,
dc(xi) = ¢i, ¢c(y) = ¢y, the generating functional, expanded to the first order
in Ais

Ulge] = ln]]\Z+Uo[¢C]+2/(D;C)4-1‘ . (5.21)

4
But we have already calculated (’D;C) -1, and so we have

4
(D;C) 1= ¢t + 602N, + 3A2, . (5.22)
Now, we proceed to calculate the generating functional to the second order in A
D, - (65 + 69204, + 3A2,)
= Gp0y + 403 80y + 6050y Auz + 1200800 Mgy + 36y A7, (5.23)

2
(D7,) - (6 + 6624, +3A2,) =
¢i¢§ + 8¢i¢yAry + ¢iAyy + 120342, + 6¢2¢5Am + 12000y AzaAgy+

607 Agalyy + 1200y Aga Doy + 1285, A% + 300 A2, + 3A%, Ay
(5.24)

3

(:D;y) (6 + 642 Ay, + 3A2,) =

¢i¢z + 12¢i¢§Azy + 3¢i¢yAyy + 36¢i¢yAiy + 12¢§:AzyAyy+

36000 ApeNgy + 360y Ape AL + 395 A2, 4 60, A%, Ay + 30, A2, A,y .
(5.25)
Our final task is to compute Gg) and G£4). Let us start with the 2-point Green’s

function and to find it we use the following relation:

§2Z1J)
0J10Jo

?U[¢c]

T2y m #c=0 .
(5.26)

4
It is not necessary to explicitly calculate (D;y) . (¢i + 642040 + 3Aiz) be-
cause many of its terms do not contribute to the 2-point Green’s function. We
just consider the terms of the generating functional which meet our purpose.

Then, we have to discharge the disconnected terms and the terms that do not
contain gf)f} or ¢2 or Doy We get

G (w1, a0) = —

= - /dDyldDy2A$1y1A
J=0

N A
Uldelly =In 5= + Toloe] + 3 (/ dPrgy + 69700, + 3A§,x)

)\2
2(41)2

/ dPxdPy (9620, A3, + 144606y Ape Ay Axy + T202 0y A2+ T2 A gy A2)

+o(A?),
(5.27)
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where the subscript 2 means that this expression can just lead to GgQ). There-
fore, by (5.26) applied to (5.27), we obtain:

(2) A D A? D_ 3D 3
G (x1,m2) = Agyay — 5 2 A C7A YA NSYA W 5 dZxd YAy, 2 AL, Ayt

A2 A2
T dPxdPyNg o A%, Ay Npyo + T / dP2dPyA,, s Ava Dy AyyAsyy +0(0?).

(5.28)
Finally we work on Gg4), that can be expressed as follows:
54 Z[J] 3*U[¢c]
Gg“):—i :,/dD e dP Dy Dy, <
(5J1 - (5J4 J=0 u b Y Y 5¢c(y1) ce 6¢c(y4) ¢.=0
(5.29)

Following a similar procedure, we obtain the generating functional to calculate
4-point Green’s function (to the second order in A) and it is expressed as

Ulgclly =In X + Uo[¢e] — 2 (/ dDa:qi);l. + 607 A, + 3A§w>
Ny 4l

)\2
+3 ) / dPxdPy (720202 A2, + 480205 Apa Agy + 48030y Ay Asy) + 0(A?) .
(5.30)
We obtain

CW (21,20, 23, 24) = —A/deAMAWAWAW+
2

A
F /dedDy (Aiy [AwlmAmzmAm3yAaj4y + AzlemgmAzgyAm4y + AI11A$4$A129A$37J]) +

)\2
+— /dedDy (AyyAuy [Asyz + Apyz + Apys + Ayyy + cyclic permutations]) + o(A?),

2
(5.31)

and it is the result we expected to find (for example see [7]).
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APPENDIX A

A  Wick theorem

Let us consider the 2-field correlation function expressed through the operatorial

formalism 3
O[T {¢(z1)p(22)} |0) - (A1)

We would like to rewrite it in a form that it is easy to evaluate and that can
also be expanded to the case of more than two fields. First of all, we can write
the field as following

¢(z) = ¢T () + ¢~ (2), (A.2)
where

d3p 1 . _ d3p 1 .
+ ip-T, _ vy &t _tipx
¢_/@)\ﬁEa6p’ ¢‘/@mxﬁ%%€p' (4.9)

This decomposition is very useful, because thanks to ape™"* and al, follows
¢*(2)]0), (0] ¢~ (x) =0. (A.4)

A term like a;f)agakal is said to be normal ordered and has a vanish vacuum
expectation value. Let us define the normal ordering symbol N() whose action
is to make into normal order the operators it contains. We introduce, now, one
more quantity, the contraction of two field, defined as follows:

— {Wumwm forz® > y°, (A.5)

[0 (y), ¢~ (z)] fory® > 0.

This quantity is exactly the Feynman propagator

o(z)o(y) = Az —y), (A.6)
Now, supposing zy > yo, the time-ordered product is
To(x)p(y) = o™ (2)d" (y) + ¢ ()™ (y) + ¢~ (2)d" (y) + ¢~ (2)6™ (y)
= ¢t (2)¢"(y) + ¢~ ()¢ (x) + ¢~ (2)¢T (y) + ¢~ (2)0~ (y) + [67 (x), 07 ()] -

(A7)

The relation between the time-ordering and the normal-ordering is the following

TW@W@H=NW®M@H+&5&w=NW@W@H+®WMW@WA&

The generalization to many arbitrary field takes the name of Wick’s theorem
and it is the following (for example, see [6])

T{p(x1)Pp(x2) ... p(xn)} = N{p(x1)p(x2) ... d(xy)+ all possible contractions} .

(A.9)
This rule admits a functional form that could make easier the explicit calcula-
tions. For example (A.8) can be written as

T (oen)oten) = 145 [ 2?58 - w5

3The fields are operator expressed through the Heisemberg picture
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APPENDIX A

The equation above could be generalized to the case of many arbitrary fields
(an excellent reference is [8]); the result is the following

TF[¢] = exp (;%A(;}) F[d] - . (A.11)
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APPENDIX B

B Some relations

In this appendix we detail the proofs of some relations used in this work.

B.1

Let ¢;(z;), A(z;,2;), Ji(z;) be functions or distributions, let F and G be func-
tionals. The relation we want to prove is the following

ePF[g]G[¢] = eP2[(eP Fl¢n]) (P> Goo (B.1)

) P
where

7 1) 1) 1) 1)
! 2) 0p; 09 ! dpi 00, (B2)

Suppose F[¢], G[¢] can be expanded in powers of ¢, then the starting point is

the relal on bel()W
1 1

Generalizing this equations to the product of two functionals and considering
that P commutes with F [—i%] , we get

(B.3)
J=0

L6716 7 (oaransy s
eDF[¢]G[¢] =F |:Z§J1:| G I:Z(SJ2:| e( 5/ 6¢A5¢)e[ [ d(J1+J2)]

J1=J5=0 .
(B.4)
Now, noting that

exp (_;/(;514(%) exp (i/]d)) — exp <i/JAJ+i/J¢> . (BS3)

we obtain

P F¢|G[¢] =

F-G-exp <;/J1AJ1 + %/JQAJQ +Z/J1AJ2) - exp (Z/(,b(:]l + JQ))
(B.6)

that can be rearranged to Eq.(B.1) .

21
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B.2 APPENDIX B

B.2

Let I and L be functions, let F' be a functional and let M be an even function
or distribution. Then, we have

exp <—;IMI) F[61] exp (;IMI) = (;&Mld]) F[MI]. (B.7)

We are will not prove it, but we will prove its more general operatorial version.
We define B
FIMI| = exp (6§;M~"6;) F[MI]. (B.8)

The operatorial version of Eq.(B.7) is

)’L:I :

(B.9)
It immediately follows that if we let the right hand side of the above equation
acting on 1, we obtain the Eq.(B.7). Indeed

1 1 -
exp (—QIMI> F[ér] exp <21MI> = exp (—IMI) F[or]exp (LMI

exp (—IMI) F[6;] exp (LMI 1= F[d1] y&EMI = F[MI]. (B.10)

)|L:I'

Then, let us demonstrate Eq.(B.9). To start with we introduce the Laplace
transform

Lo = [, (B.11)
through which we can express F[M] as follows
FIMI] = e301M "0 / DJe™IEIM.J) = / DJez?MIHIMIPINT ] (B.12)

then we have
Flo;] = /DJe%JM”“fF[MJ]. (B.13)

Now, we will have the Eq.(B.9) acting on a generic functional G[MI]
e 2 IMIp[s ez ™MIGIMI] = e’%IMI/DJeJ‘”F[MJ]e%IMIG[MI]
= e 3 IMI / DJE[MJ]ezTHDMUIDGIM (T + 7))

— e_IMI/DJ@éJMJF[MJ]eLM(I-i_J)

L=I

G[MI]
L=I
= e "MF[s )M | _, GIMI]. (B.14)

_ e—IMI/DJG%JMJ-FJ(;[F[MJ]eLMI

and so we have proved Eq.(B.9).
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