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Introduction

Recent direct observations of gravitational waves have not only provided further confirmation of Ein-
stein general relativity but also paved the way for a new way of observing the sky. Since the beginning
of astronomy, the understanding of the universe was based only on the observation of the electromag-
netic components of the spectrum. While the strong interaction of photons with matter makes these
particles easily detectable, on the other hand the information they carry is easily polluted or blocked
by the presence of another matter / energy between the source and the observer. In this perspective,
the weakness of the gravitational interaction becomes an advantage because it allows you to probe
space-time regions of the universe that are normally inaccessible. The price to pay is the great diffi-
culty in making tools capable of revealing their passage. Indeed, the direct detection of gravitational
interaction involves resorting to unconventional types of observation. Today’s detection method is
mainly based on two principles: resonance of solid objects and the measurement of the contraction /
expansion of the distances between two or more masses.
To improve the signal-to-noise ratio of these detections, a new generation (third generation) of gravi-
tational interferometers has been devised.
The project in Europe that will deal with the development of these third-generation interferoemters is
the Einstein Telescope project (ET), a European Union project.
In order to fulfill the sensitivity requirements of a third generation detector, it will be necessary to
operate the Low Frequency interferometer of the Einstein Telescope in a cryogenic environment. This
will set a new technological challenge, as the substrate materials and coatings that are currently used
in optical elements of second generation GW interferometers will be made unusable in a cryogenic
environment due to increased mechanical losses.
Research in recent years has led to say that a suitable candidate to serve as substrate material in test
masses of the Low Frequency detector of ET could be crystalline silicon.

This thesis work will contribute to the charaterization of silicon optical properties in the same envi-
ronment that is designed for the ET-LF detector. In this document it will be illustrated the design and
construction of an experiment that allows to measure the optical absortion coefficient of crystalline
silicon at cryogenic temperatures at the foreseen ET operation wavelenght λ = 1550nm. This kind of
measurement is a non trivial task due to the very small magnitude of optical absorption in silicon, that
ultimately makes it a favourable candidate as a test mass substrate material. The absorption coefficient
of silicon αSi obtained in this work be compared to the only existing measurement of αSi in analogous
environmental conditions that is currently present in literature and the consequences of this results on
the Einstein Telescope design will be analyzed.
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Chapter 1

Gravitational wave background

The history of gravitational waves and their detection begins in 1916 [1]. They were initially theorized
similarly to the electromagnetical waves in an early work on Special Relativity by Henri Poincarè, but
they found their first rigorous mathematical description soon after the publication of the Theory of
General Relativity, thanks to the effort of Albert Einstein that was able to find a wave-like solution to
its field equations in a specific coordinate system. Yet Einsten himself was doubtful of the physicality
of his solutions and his feelings were confirmed few years later when Sir. Arthur Eddington proved
that two of the three of these wave solutions had a frame dependent propagation speed, so that they
were a mere artifact of a wavy coordinate system. Hence Einstein reinforced his belief that gravita-
tional waves were unphysical and went on to spread his opinion across the whole scientific community
during the decades preceeding World War II.
During 1930s Einstein and Rosen published various theoretical papers demonstrating the unphysi-
cality of wave-like solutions to the GR Equations that were eventually proven wrong by the work of
H.P. Robertson. Despite Einstein admitting his mistake, Gravitational Waves remained an exotic sub-
ject among the physics community. During ’50s the debate focused on whether or not Gravitational
Waves would carry energy, but the dispute remained on theoretical ground as there were no exper-
iment attempting at detecting them. This skewed state of affairs started to change after the Chapel
Hill conference on General Relativity in January 1957. During the meeting devoted to Gravitational
Waves, Richard Feynman persuaded the audience of their reality thanks to its famous ’Sticky Bead
Argument’1, finally settling the theoretical debate on the GW existence. One of the members of the
audience happened to be Joseph Weber, an engineer from Maryland University that, fascinated by the
topic, began to think about an experimental device that could achieve their detection.
Weber was the pioneer in the search for gravitational wave signals. In a 1960 paper [2] he summa-

rized his ideas about the most promising strategies for their detection and during the following years
he worked on the construction of the first Gravitational Wave Antenna, the ’Weber Bar’, that begun the
first data taking attempt in 1966 [3]. The Weber Bar consisted in a big aluminum cylinder with 66 cm
diameter and 153 cm lenght, for a total wheight of around 3 tons, suspended to a system aimed to in-
sulate the mass from enviromental vibrations. The bar was enveloped by a strip of quartz transducers
that converted mechanical strains to voltage signals and the whole system was sealed in a vacuum
chamber.
This particular type of detector takes advantage of the resonance frequency of a mechanical system:
if a gravitational wave with frequency that match exactly the resonant frequency of the bar passes
through the detector with direction of propagation that is non-parallel to the bar axis, one could hope
that the induced strain on the bar will be amplified enough to overcome the enviromental noises, hence

1In Feynman’s thought experiment, a gravitational wave detector simply consist of two beads sliding freely on a rigid
rod, oriented transversely to the propagation direction of the wave. As the gravitational wave passes, it exerts tidal forces
on the objects respect to the center of the bar. Atomic forces hold the length of the rod fixed, instead nothing prevents
the beads from sliding. If there’s friction between the rod and the beads, heat will be dissipated in the process. Then, the
energy source can only be the gravitational wave.

3
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Figure 1.1: Up: Joseph Weber at work on one of his early resonant bar detector prototypes.
Down: Scheme of the apparatus of the first Weber Bar [3]

becoming detectable. Unfortunately, this approach proved to be inefficient at detecting gravitational
signals. The main problem with a resonant bar detector is the fact that its sensitivity is peaked only in
a narrow frequency region around the mechanical resonant frequencies of the system, so that, in order
for a gravitational signal to be detectable, not only it should have large amplitude, but it should also
peak its power at the exact frequency requested by the detector. Moreover, the technologies that were
implemented in this early prototype detectors were inadequate to achieve a sufficient peak sensitivity
to detect even the most optimistic gravitational wave event. Despite this fact, Weber was the first to
understand the importance of having a global array of detectors that permits to reject local spurious
signals based on coincidences, as he built two copies of his first prototype that were placed in two
laboratories at a distance of 950 km. Moreover his attempts prompted a fast development in the ex-
perimental field of gravitational wave searches in the following decades as many groups of scientists
rushed to indepentely check Weber’s measurement that claimed several Gravitational Wave signals
that conflicted with the contemporary understanding of astronophysical processes, eventually ruling
them out. The peak sensitivity for resonant bar detectors was reached in the late-’90s/early-2000s
with the NAUTILUS and AURIGA ultracryogenic bar antennae at the INFN laboratories, Frascati and
Legnaro respectively, in Italy (Fig.1.2).

As the sensitivity of resonant bar detectors was improving, it became clear that Weber’s method wasn’t
the optimal one for gravitational wave detection. There was a more promising strategy instead that
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Figure 1.2: Left: Sensitivity of the AURIGA Detector, 2004. Right: Open Section of the AURIGA at
the Laboratori Nazionali di Legnaro.

started developing in the 1970s: laser interferometry. The interferometric idea was nothing new be-
tween experimental physicist but it was applied for the first time to gravitational wave serches only
in the early 70’s, thanks to the independent efforts of Robert L. Forward [4] and Rainer Weiss [5].
In particular it was Weiss that, after having worked on an initial 1.5-m prototype at MIT and having
contributed to the 30-m interferometer realized by the Garching group in Munich, Germany, laid the
foundation for the LIGO (Laser Interferometer Gravitational-Wave Observatory) Project, a set of two
4-km long Michelson interferometers placed more than 3000 km apart at Hanford, WA and Living-
stone, LA.
The LIGO large-scale interferometers were the first one to be built, as their construction started in
1994, but they were followed soon after by the VIRGO detector, a 3-km long Michelson interferometer
built in Cascina, IT by a INFN-CNFR collaboration starting from the late ’90s. These three detectors,
togeter with the german GEO600 and the japanese TAMA, constituted the first generation of Gravita-
tional Wave Interferometers, with the respective arm lengths of 600m and 300m. The initial version
of the two LIGO interferometers started data acquisition in 2002, while VIRGO was fully operating
for the first time in 2007. These early 2000s observation runs had the aim of testing a range of new
technologies that were applied for the first time to large-scale interferometers and did not succeded in
gravitational wave detection. Consequently the detectors were shut down between 2010 and 2011 to
allow for the upgrade to their improved version, aLIGO (Advanced LIGO) [6] and AdV (Advanced
VIRGO) [7] respectively. The upgraded detectors aimed for a factor 10 sensibility improvement re-
spect to the initial versions, establishing the second generation of Gravitational Wave Interferometers.
Sensitivities of these advanced gravitational wave detector reached values below 10−23

√
1/Hz accross

a wide range of frequencies (Fig.1.3), a value that was expected to be comparable to the amplitudes
of GW signals coming from nearest compact object inspiral events. More importantly, this was the
frequency range inside which gravitational wave signals from most of Bynary systems of Black Holes
(BBH) and Neutron Stars (BNS) peaked their amplitude during mergers, so that the first gravitational
wave event was eventually detected on September 14, 2015 by the aLIGO detector2 [8], in the exact
year of the 100th anniversary of the General Relativity Theory publication.
In the few years following the first gravitational wave detection a variety other signal were observed.
A total of three observation runs has been conducted between 2015 and 2020, the last two of which the
three detectors were able to operate simultaneously. To have at least three working interferometers is

2The first gravitational wave signal, GW150914, was observed by the aLIGO detector only, while it was still in ’en-
geneering’ operational mode (its first official observation run would have started four days later, on September 18, 2015).
The AdV detector started its first observation run on August 1, 2017.
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Figure 1.3: Left: Noise Spectral Density of the LIGO and VIRGO Detectors, September 2017.
Right: Aerial View of the VIRGO interferometer in Santo Stefano a Macerata, IT.

crucial for triangulating the position in the sky of the signal source and it also allows to perform a bet-
ter noise rejection based on multiple coincidences. During the first two runs a total of 11 gravitational
wave events have been succesfully observed and the results of the first half of the third observation
run has just been published, confirming the observation of 39 more GW signals, adding to a total of
50 detected merger events [9]. The majority of this events are Black Hole-Black Hole Mergers, but
also two Neutron Star-Neutron Star Mergers were detected, for the first of which (GW170817) it was
also detected the Electro-Magnetical counterpart of the gravitational wave signal, starting the era of
multimessenger (EM-GW) astronomy [10].
Then, the Advanced LIGO and VIRGO detectors culminated the lenghty and winding hunt for gravita-
tional waves, proving the physical existence of the fascinating space-time ripples. The number of GW
events that are being digged out from the noisy interferometrical read-out signal of the three detectors
is constantly increasing and this experimental findings are stimulating a multitude of theoretical and
numerical reasearch to extensively test the General Relativity Theory along with expanding the current
knowledge in the fields of Astrophysics, Cosmology and Fundamental Physics by directly observing
the most powerful cosmic collisions.
In the coming years a new upgrade that will take the aLIGO and AdV detectors to their maximal design
sensitivity is scheduled, but the three detector are already approaching their physical upper sensitivity
bound. In order to understand where do the physical limitations to the aLIGO and AdV detector sen-
sitivities come from and which strategies should be pursued to overcome them in a new generation of
Gravitational Wave Interferometers, it is necessary to understand the theoretical framework of gravi-
tational wave signals and their consequences on massive systems and the space-time fabric itself.



Chapter 2

Gravitational Waves in General Relativity

2.1 Einstein field equation

Einstein’s special relativity describes the motion of bodies in inertial frames of reference; space-time
is described with a flat metric by the Minkowsky tensor ηµν . In this perspective, the space-time interval
between two separate events is given by:

ds2 = ηµνdx
µdxν

. In general relativity the non-inertiality of the reference systems results in a curvature in space-time,
induced by the presence of matter-energy. This manifests itself in the form of the force of gravity; in
Einstein’s perspective, the gravitational field is given by the tensor equation that bears his name:

Rµν −
1

2
gµνR =

8πG

c4
Tµν (2.1)

where Rµν is the Ricci Tensor, R the Ricci Scalar1, G the universal gravitational constant, c the speed
of light, gµν(x) is the symmetric Metric Tensor and Tµν is the Energy-Momentum tensor
The proportionality coefficient that relates Energy-Momentum to Spacetime Curvature is actually so
small (8πG

c4
≈ 2× 10−43 s2m−1kg−1) that the attention can be focused on studying the linearization of

Einstein’s Field Equation around the flat-space metric ηµν = diag(−1, 1, 1, 1). The expansion of the
Metric Tensor in the linearized theory is defined as:

gµν = ηµν + hµν ; |hµν | << 1 (2.2)

1The Ricci Tensor and Scalar are defined in respect to the Riemann Tensor Rµ
νρσ, which is in turn defined upon the

Christoffel Symbol Γρ
µν , a tensorial set of coefficients that refers directly to the Metric Tensor. The definition of these four

quantities can be stated as follows:
Γρ
µν =

1

2
gρσ(∂µgσν + ∂νgσµ − ∂σgµν);

Rµ
νρσ = ∂ρΓ

µ
νσ − ∂σΓ

µ
νρ + Γµ

αρΓ
α
νσ − Γµ

ασΓ
α
νρ;

Rµν = Rα
µαν ;

R = gµνRµν .

7



8 CHAPTER 2. GRAVITATIONAL WAVES IN GENERAL RELATIVITY

After choosing this almost Minkowskyian frame of reference one should proceed at linearizing all the
quantites that are defined upon the Metric Tensor:

Γσ
µν =

1

2
(∂µh

σ
ν + ∂νh

σ
µ − ∂σhµν) (2.3a)

Rσ
µνρ =

1

2
(∂ν∂µh

σ
ρ + ∂ρ∂

σhµν − ∂ν∂σh
σ
µ − ∂σ∂µh

σ
ν ) (2.3b)

Rµν =
1

2
(∂ν∂µh+2hµν − ∂ν∂σh

σ
µ − ∂σ∂µh

σ
ν ) (2.3c)

R = 2h− ∂µ∂σh
µσ (2.3d)

where it was denoted 2 = ∂σ∂
σ the D’Alembertian operator and h = hσ

σ the trace of the linear term
of the Metric Tensor expansion. Then, defining the quantity:

h̄µν = hµν −
1

2
ηµνh (2.4)

a trivial algebraic substitution of Eqs.2.3 into Eq.2.1 leads to the linearized version of Einstein’s Field
Equations:

2h̄µν + ηµν∂
ρ∂σh̄ρσ − ∂ρ∂ν h̄µρ − ∂ρ∂µh̄νρ =

16πG

c4
Tµν . (2.5)

Having choosed a frame of reference where Eq.2.2 is valid, still leaves the freedom to perform a gauge
transormation under which the equations will remain covariant. The wisest choice for the residual
transformation is the Lorenz Gauge:

∂ν h̄µν = 0 (2.6)

which immediately simplify the linearized field equations to a tensorial wave equation:

2h̄µν =
16πG

c4
Tµν . (2.7)

In order to study the propagation of the wave-like perturbations that arise from this equation and their
interaction with test masses, Eq.2.7 should be analyzed in vacuum, that is the condition that surround
the source, where Tµν = 0:

2h̄µν = 0. (2.8)

A solution to this type of equation can be found with the Green Functions Method, that yelds:

h̄µν = Aµνe
ikρzρ . (2.9)

By inserting this wave-like solution into Eq.2.6 and Eq.2.8, two constraints on the h̄µν tensor are
obtained:

Aµνkµ = 0 (2.10a)
kσk

σ = 0 (2.10b)

wich lower its degrees of freedom from 10 to 6. In particular the first condition implies that the h̄µν

tensor will be transverse in this specific gauge, the second one that the wave-like perturbation will
travel at the speed of light.
Starting from the current frame of reference it can be performed a further transformation that simplify
the form of the h̄µν tensor, without spoiling the Lorenz Gauge2. Then the 4 components of the new

2It is trivial to show that a coordinate trasformationxµ → xµ+ζµ with2ζµ = 0, where ζµ is an infinitesimal quantity, is
compatible with the Lorenz Gauge ∂ν h̄µν .This condition further implies 2ζµν = 0, where ζµν ≡ ∂µζν+∂νζµ−ηµν∂σζ

σ .
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gauge transformation can be used to set 4 more constraints on h̄µν , reducing the number of its degrees
of freedom from 6 to 2. This gauge freedom was used to find a solution that satisfies the equations:

h̄0i
TT = 0; h̄TT = 0. (2.11)

The frame of reference in which this conditions are valid is named Transverse Traceless Gauge (TT ).
The last two remaining degrees of freedom of the gravitational wave solution in the TT Gauge can be
manifestly shown for a plane wave propagating along the z axis k⃗ = (1, 0, 0, 1):

h̄TT
µν =


0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

 eiω(t−z/c). (2.12)

The above equation is expressed in terms of the retarded time t−z/c as the gravitational information is
constrained to propagate at speed of light. The two Gravitational Wave Polarizations are named respec-
tively Plus (+) and Cross (×) Polarization. Then it can be immediately seen that, due to the passage
of a Gravitational Wave, the invariant infinitesiaml space-time interval is periodically modulated:

ds2 =gµν dx
µ dxν =

=− c dt2 + dz2 + {1 + h+ cos[ω(t− z/c)]} dx2

+ {1− h+ cos[ω(t− z/c)]} dy2 + 2h× cos[ω(t− z/c)] dx dy

(2.13)

As the ds2 is invariant, that is it’s independent of the refence frame choice, the above equation man-
ifestly shows that the Gravitational Wave solution has ’physical’ effects and it’s not an artifact of the
specific Gauge choices that has been made to obtain Eq.2.12.

2.2 Geodesics and Newtonian Forces
Despite the general result obtained in Eq.2.13, if one is intrested at analyzing the effects of a Gravita-
tional Wave on an array of test masses, the system should be studied in a (Local) Free Falling Reference
Frame3, as this reference frame is ideally inertial with the test masses of the interferometer, which are
isolated from external non-gravitational forces. Moreover the oscillating coordinates of the TT Gauge
does not reflect the experimental situation in which scientists hope to detect a displacement of the free
falling test masses respect to a rigid ruler, that is a measurment apparatus so small that the modification
induced on it by the passage of a Gravitational wave can be neglected4. The Free Falling Reference
Frame of the experimental test masses is often referred as the Proper Detector Frame.
The equation of motion for a point mass in a background described by the metric gµν in absence of
external forces is described by the Geodesic Equation5:

d2xµ

d2τ
+ Γµ

ρσ(x)
dxρ

dτ

dxσ

dτ
= 0. (2.14)

The above equation was parametrized in terms of the Proper Time τ , that is the time measured by a
free falling clock following the given geodesic:

c2 dτ 2 = −ds2 = −gµν dx
µ dxν . (2.15)

3In theory, a Local Free Falling Reference Frame is defined by requiring that, in the neighborhood of the origin, the
Christoffel Symbols vanish: Γµ

νρ(x) = 0.
4More precisely, when taking a resonant bar as a ruler, it can be considered rigid respect to the passage of a GW of

frequency ω if its resonance frequency ω0 >> ω.
5For a complete derivation of the Geodesic Equation, see for instance [14].
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As the aim of the analysis is to compare the geodesics of different free falling masses, the first thing
to do is to fix a free falling reference frame that is inertial with a specific particle. In this reference
frame, that is usually called Fermi Local Coordinate System, the metric is flat at first order even in the
presence of Gravitational Waves:

ds2 ≈ c2 dt2 − δij dx
i dxj. (2.16)

Then, expanding the metric at second order around the origin of the free falling frame and expressing
the second derivatives of gµν in terms of the Riemann Tensor, the following result is obtained6:

ds2 ≈− c2 dt2[1 +R0i0jx
ixj]

− 2c dt dxi
(2
3
R0ijkx

jxk
)
+ dxi dxj

[
δij −

1

3
Rikjlx

kxl
]
.

(2.17)

Then we can consider two nearby geodesics each parametrized by its own proper time, the coordinate
distance that separates the two free falling particles on the geodesics is the space-time vector Eµ(τ)
that connect points with the same value of τ on the two geodesics. The Geodesic Equation 2.14 will
be valid along the first geodesic xµ(τ), while on the second goedesic xµ(τ) + Eµ(τ) it will take the
form:

d2(xµ + Eµ)

d2τ
+ Γµ

ρσ(x+ E)
d(xρ + Eρ)

dτ

d(xσ + Eσ)

dτ
= 0. (2.18)

Assuming |E(τ)| is much smaller than the typical scale of variation of the gravitational field, its evo-
lution can be studied by taking the first order difference between Eq.2.14 and Eq.2.18, obtaining the
Geodesic Deviation Equation:

d2Eµ

d2τ
+ 2Γµ

ρσ(x)
dxρ

dτ

dEσ

dτ
+ Eν∂νΓ

µ
ρσ(x)

dxρ

dτ

dxσ

dτ
= 0. (2.19)

Near the Proper Detector Frame (PDF) origin Γµ
ρσ(x) vanishes and dxi/dτ can be neglected respect

to dx0/dτ as the detector is moving non-relativistically:

d2Ei

d2τ
+ Eσ∂σΓ

i
00(x)

(dx0

dτ

)2

= 0. (2.20)

The Geodesic Deviation Equation in the Proper Detector Frame can be further rewritten by noting
that near the origin only the both-spatial double derivatives of the metric are non vanishing, thus
Eσ∂σΓ

i
00 = Ej∂jΓ

i
00. Moreover, in the PDF we have by definition ∂0Γ

i
0j = 0, then it is also valid

Ri
0j0 = ∂jΓ

i
00 − ∂0Γ

i
0j = ∂jΓ

i
00. Therefore Eq.2.20 becomes7:

d2Ei

d2τ
= −Ri

0j0E
j
(dx0

dτ

)2

. ⇒ Ëi = −c2Ri
0j0E

j. (2.21)

In order to compute Ri
0j0, one can take advantage of the fact that in the linearized theory the Riemann

Tensor is invariant rather than covariant, so that it can be equivalently computed in TT Gauge, where
its derivation is easier due to the simpler form of Gravitational Waves in this reference frame. From
the Riemann Tensor definition it follows immediately Ri

0j0 = Ri0j0 = − 1
2c2

ḧTT
ij , and the Geodesic

Deviation Equation in the Proper Detector Frame eventually becomes:

Ëi =
1

2
ḧTT
ij Ej. (2.22)

6For an Earthbound detector one should also account for the fact that the laboratory frame is accelerated and rotating.
This would yeld various additional terms to the ds2 expression (Centrifugal acceleration, Coriolis Effect, ecc.). This terms
actually have much bigger amplitudes respect to the Riemann Tensor terms that are explicited in Eq.2.17 at low frequencies,
but at sufficiently high frequencies this contributions are highly suppressed and we can neglect them.

7At first order in h we have t = τ and dx0/dτ = c. We also denote with Ė the derivative with respect to the coordinate
time t of the Proper Detector Frame.
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The physical meaning of this simple equation is that, in the Proper Detector Frame, the effect of a
Gravitational Wave on an array of point particles can be described in terms of a Newtonian Force.
It’s important to underline that in the Proper Detector Frame at first order coordinate distances Ei are
equal to proper distances si. Then, upon verification that the first order approximation is satisfied in
the experimental set-up, the result 2.22 has general validity and it describes the physical response of
the system to a GW passage in every possible non-relativistic frame, included the TT Gauge.

2.3 GW’s Effect on an Array of Test Masses
As an example it can be studied the effect of a Gravitational Wave propagating along the z-axis on a
ring of test masses laying on the xy-plane8. The two GW polarizations can be studied separately.
Starting from the Plus polarization (h× = 0) and remembering the h̄TT

ab expression from Eq.2.12, the
proper distance variation between the ring particles and the origin of the plane can be studied upon
defining Ea(t) = (x0 + δx(t), y0 + δy(t)). Then Eq.2.22 becomes:

Ë1
a = δẍ =− h+

2
(x0 + δx)ω2 sin(ωt)

Ë2
a = δÿ =+

h+

2
(y0 + δy)ω2 sin(ωt).

(2.23)

The δx and δy terms on the right side of the above equations can be neglected to the first order in h as
they have dimension O(h+), so that the differential equation can be directly integrated:

δx(t) = +
h+

2
x0 sin(ωt)

δy(t) =− h+

2
y0 sin(ωt).

(2.24)

Proceeding analogously for the Cross polarization case (h+ = 0), the resulting evolution of the test
mass displacement is:

δx(t) = +
h×

2
y0 sin(ωt)

δy(t) = +
h×

2
x0 sin(ωt).

(2.25)

The periodical modulation effect of each GW poarization on a ring of test masses is shown in Fig.2.1.
In the general case where both polarizations are present the resulting effect is a superposition of the two
single-polarization modulations. It’s important to note few aspects of the results obtained in Eq.2.24
and Eq.2.25. The test mass displacements are proportional to the distance between the particle and
the origin of the frame of reference. This means that the effect of GW passage is a constant relative
deformation of the detector along the perpendicular direction to the the wave-vector:

δl

l
= ±

h+/×

2
sin(ωt). (2.26)

It can be seen that the only free parameters that govern the relative detector deformation are the po-
larization amplitude h+/x and the GW frequency ω. The parameters are dictated both by the source
properties and its distance and orientation respect to the detector. Then, if one is intrested in studying

8As GWs are transverse waves, there are no effects of their passage manifesting along the parallel direction to the wave
vector. Then we can fix the test mass array on the perpendicular plane to the direction of propagation and their effect will
be maximized.
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Figure 2.1: Effects of Plus (left) and Cross (right) polarization on a ring of test masses (white). The
tidal field of the waves on the ring is indicated by light dotted lines. The direction of the force

reverses sign each half-period of the wave as indicated by the red and green arrows.

the feasibility of Gravitational Wave detection it is necessary to estimate the magnitude of this quan-
tities at source and after propagation. Nowadays, in order to extract the waveform and sky location
parameters from the interferometer mirror displacement, the acquired signal is compared with a de-
tailed catalogue of waveform templates obtained via Numerical Relativity to find the set of parameters
that best match the observation. Nevertheless it is still possible to gain an useful insight on Gravita-
tional Wave generation and propagation by trying to solve analitically GR’s linearized field equations
under certain approximations and simmetry assumptions. In particular, for a system of two point-
like masses in circular orbit around the center of mass of the system with non-relativistic velocities,
expanding to the leading quadrupole radiation term at large distances from the source, the following
result for the Gravitational Wave Amplitude can be obtained9:

h ≈ 1

r

Gµω2
S R

2

c4
(2.27)

where µ = m1m2/(m1 + m2) is the reduced mass of the system, ωS is the orbital frequency and
R the orbital radius. The most important aspect of this equation is the 1/r GW Strain dependence
upon propagation, that is analogous to multipole radiation instead of an usual spherical wave, which
amplitude decreases as 1/r2. This desirable amplitude proportionality has a remarkable consequence
for the detector upgrade design; in fact, an order 10 improvement in the detector sensibility translates
in a 103 increase of the space-time volume that could be explored with the instrument. Then, as the
LIGO and VIRGO detectors are close to achieving their maximal design sensitivity, it is advantageous
to start researching and designing a new generation of Earthbound interferometrical detectors that will
be capable of exceeding at least of an order of magnitude the sensitivity of the current detectors.

9See [13] for a detailed derivation.



Chapter 3

The Interferometric Method for GW
Detection

3.1 Michelson Interferometers
The basic concept at the core of the modern antennae that succeded in the first gravitational wave
detections in the last few years is the simple one of the Michelson Interferometer. A Michelson In-
terferometer is, in its simplest configuration, an array of two mirrors and one beam splitter together
with a monocromatic light source that allows to sense a variation in the differential length between
the two interferometer arms exploiting the phenomenon of interference of Electro-Magnetical Waves.
The operating principle of a Michelson interferometer and its interactions with a Gravitational Wave
are summarized in the following section.

Figure 3.1: Basic Michelson interferometer scheme. Monocromatic Source (S), Beam Splitter (BS),
Mirrors (Mx,My), Photodiode (PD).

The scheme of a basic Michelson Interferometer configuration can be seen in Fig.3.1. The monochro-
matic light source is nowadays always provided by a laser device. The beam is splitted in two orthog-
onal arms and after having travelled twice along each arm it recombines at the beam splitter, partly
heading toward the output port and partly directed back to the input source.
The input beam can be represented with the complex notation for electromagnetical fields:

Ein = E0e
−i(ωlt−k⃗l·x⃗) (3.1)

where ωl is the laser frequency and k⃗l the laser beam wave vector (|k⃗l| = 2π/λl = ωl/c). After being
divided and recombined, the output beam amplitude can be obtained by the superposition of the two

13
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x/y-arm beams, properly accounting for the ϕx/y phase picked up upon reflection:

Ex =
E0√
2
ei(klLx−ωlt+ϕx), Ey =

E0√
2
ei(klLy−ωlt+ϕy) (3.2)

where the factor 2 at denominator is due to the double transmission through the beam splitter. Then
the output intensity is immediately obtained from the output amplitude expression:

IOut = |EOut|2 = |Ex + Ey|2 =
E2

0

2

(
1 + cos

(
k(Lx − Ly) + (ϕx − ϕy)

))
. (3.3)

The electromagnetical wave acquires a ϕ = π extra-phase at each reflection. Then the acquired phases
for the two input and output directed recombined beams can be explicitely computed: the output
directed beam (Out1) acquires a total phase ϕ1 = ϕx − ϕy = (π + π) − (π + π) = 0; the input
directed beam (Out2) acquires a total phase ϕ2 = ϕx − ϕy = π − (π + π + π) = −2π. Then the
intensities of the two recombining beams become:

IOut1 =
E2

0

2

(
1− cos

(
k(Lx − Ly)

))
= E2

0 sin
2
(k
2
(Lx − Ly)

)
;

IOut2 =
E2

0

2

(
1 + cos

(
k(Lx − Ly)

))
= E2

0 sin
2
(k
2
(Lx − Ly) + π

)
.

(3.4)

Therefore a variation in the differential length of the two interferometer arms results in a power vari-
ation at the output port that could be properly detected with a photodiode, while the remaining power
is sent back to the input port, consistently with energy conservation principle.

If one then desires to analyze the response of a Michelson Interferometer to a Gravitational Wave
passage, the TT Gauge is the most convenient frame in which conducting the analysis, as the coor-
dinate of the free falling interferometrical test masses are fixed by definition in this reference frame.
Instead it is the light beam propagation time across the interferometer arms that is affected from the
Gravitational Wave passage in TT Gauge.
Assuming for simplicity that the Gravitational Wave is composed only of Plus polarization (h× = 0)
and that it is traveling along the z direction, for an interferometer laying in the z = 0 plane the metric
gravitational wave amplitude becomes:

h+(t) = h0 cos(ωgwt) (3.5)

where ωgw is the frequency of the incoming Gravitational Wave. Then, for a photon travelling along a
null geodesic, the invariant space-time interval results:

ds2 = −c2 dt2 +
(
1 + h+(t)

)
dx2 +

(
1− h+(t)

)
dy2 + dz2 = 0. (3.6)

The above equation can be projected to a single coordinate to calculate the total photon travel time
along each arm. Starting from the x arm, at first order in h0:

dx = ±

√
c2 dt2

1 + h+(t)
≈ ±c dt

(
1− 1

2
h+(t)

)
(3.7)

where the + sign distinguish the back and forth trips. Starting from the beam splitter at instant t0, the
time t1 at which the photon reaches the x arm mirror is obtained by integrating Eq.3.7 with the plus
sign the two endpoints x = 0 and x = Lx:∫ Lx

0

dx = +c

∫ t1

0

dt
(
1− 1

2
h+(t)

)
⇒ Lx = c(t1 − t0)−

c

2

∫ t1

t0

dth+(t). (3.8)
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An analogous integration with the minus sign for the return trip from the mirror x = Lx to the beam
splitter x = 0, gives:∫ 0

Lx

dx = −c

∫ t2

t1

dt
(
1− 1

2
h+(t)

)
⇒ Lx = c(t2 − t1)−

c

2

∫ t2

t1

dth+(t). (3.9)

The sum of Eq.3.8 and Eq.3.9 gives the total travel time for the photon that is moving along the x arm:

t2 − t0 =
2Lx

c
+

1

2

∫ t2

t0

dth+(t). (3.10)

As the integrand in Eq.3.10 is already of order O(h0), the upper limit of the integral can be approx-
imated with the flat metric roundtrip time t2 = t0 + 2Lx/c. Exploiting the trigonometric expression
sin(α + 2β)− sin(α) = 2sin(β) cos(α + β), the following expression is obtained:

t2 − t0 =
2Lx

c
+

1

2

∫ t0+2Lx/c

t0

dth0 cos(ωgwt) =

=
2Lx

c
+

h0Lx

c

sin(ωgwLx/c)

ωgwLx/c
cos

(
ωgw(t0 + Lx/c)

)
=

=
2Lx

c
+

Lx

c
h+

(
t0 +

Lx

c

) sin(ωgwLx/c)

ωgwLx/c

(3.11)

where, in the last identity, Eq.3.5 was used to simplify the expression. The above equation shows
that the flat-metric photon roundtrip travel time along an arm (2Lx/c) is modified by the passage of
a Gravitational Wave with a term that is proportional to the value of the GW amplitude at the instant
when the photon reaches the arm mirror (t0+Lx/c) and to the arm length Lx. Moreover, the roundtrip
travel time modification is proportional to the function:

sinc
(ωgwLx

c

)
≡ sin(ωgwLx/c)

ωgwLx/c
(3.12)

the behaviour of which is shown in Fig.3.2. The sinc function approaches 1 for ωgwLx/c << 1 and
the travel time modification simplifies to h+(t1)Lx/c, while it get suppressed for ωgwLx/c >> 1. This
behaviour has a simple physical interpretation: if the detector arm is made too long, then ωgwLx/c >>
1 and the GW metric perturbation changes sign many times along the roundtrip, so that its overall
effect gets averaged out; on the contrary, if the interferometer arm is made too short, then it is the
Lx factor that inhibits the dector sensibility to detect variations in the metric, as there is not enough
time for the photon that is travelling along the arm to integrate the Gravitational Wave effect. Then
the interferometer lenght must be ideally optimized to maximize the signal in the possible frequency
range of the target source.
An analogous computation can be performed for the y-arm case. Comparing the roundtrip travel
time in the two orthogonal arms the total phase difference introduced by a Gravitational Wave in the
Michelson interferometer output beam is obtained:

∆ϕMich ≈ ωl

(
2
Lx − Ly

c
+

2L

c
h0 cos(ωgwt+ α) sinc

(ωgwL

c

))
= ∆ϕ0 +∆ϕgw (3.13)

where the first order in h0 approximation Lx ≈ Ly ≈ L was performed, as the usual experimental
configuration for a Michelson Interferometer is nearly symmetrical1. Substituting back this result

1More specifically, the ∆ϕ0 term contains two contributions that are properly tuned by experimentalist to build the
optimal conditions for GW detection in the interferometer. In particular, the first one is a microscopical asymmetry term
to control the interferometer working point, that is the intensity of the recombined beam directed to the output port that,
for various reasons, it is not null; the second one is a macroscopic term, named Schnupp Asymmetry, that is needed for
allowing the GW frequency sidebands (see Eq.3.16) to leak out at the output port.
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Figure 3.2: Left: Sinc function (blue) compared to 1/x (dashed) in the positive domain. Right:
(From left to right) Antenna Pattern of a Michelson Interferometer in the +, ×, and generic

polarization cases [15].

in Eq.3.4, it is shown how the intensity of the recombined beam in a Michelson Interferometer is
modulated by the passage of a Gravitational Wave:

IOut = E2
0 sin

2(∆ϕ0 +∆ϕgw). (3.14)

Specifically, the ideal interferometer arm length for detecting a Gravitational Wave of given frequency
can be explicitely computed by maximising the GW induced phase in the recombined beam ∆ϕgw,
giving the following result result (fgw = ωgw/2π):

L ≈ 750 km
(100Hz

fgw

)
(3.15)

It can also be noted that, extending the computation to a generic arm and analyzing the result with the
complex field notation, the following expression at first order in h0 for the amplitude of the recombined
beam that is directed toward the output port is obtained:

EOut1 =
E0

2
e−iωl

(
t− 2L

c

)
e+iωl

L
c
h+

(
t−L

c

)
sinc

(
ωgwL

c

)
≈

≈E0

2
e−iωl

(
t− 2L

c

)(
1 + iωl

L

c
sinc

(ωgwL

c

)ei(ωgwt+α) + e−i(ωgwt+α)

2

)
=

=
E0

2
e2iα

(
e−iωlt + βe−iαe−i(ωl−ωgw)t + βe−iαe−i(ωl+ωgw)t

) (3.16)

where α = −ωgwL/c is the generic flat-metric halftrip phase and β which contains the gravitational
wave amplitude. Then, Eq.3.16 shows that the passage of a Gravitational Wave has the effect of gen-
erating two symmetrical frequency sidebands in the output beam that are spaced by a frequency ωgw

from the carrier laser frequency ωl.
By instead considering the general case of a Gravitational Wave that is generated by a source located
at a θ zenith angle and ϕ azimuthal angle respect to the detector plane:

h(t) =
1

2

(
1 + cos2(θ)

)
cos(2ϕ)h+(t) + cos(θ) sin(2ϕ)h×(t), (3.17)

the complete antenna pattern of a Michelson Interferometer is obtained. An illustration of the antenna
pattern of a Michelson Interferometer in the case of a +-polarized and ×-polarized Gravitational
Wave, along with a generically polarized GW, is shown in Fig.3.2, where color indicates increasing
sensitivity from indigo to red.
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3.2 Real Gravitational Wave Interferometers
In Sec.3.1 it was carried out a discussion on the effect of a Gravitational Wave on a basic Michelson
Interferometer and in Eq.3.15 the optimal arm length for detecting a Gravitational Wave of given
frequency has been computed. A plot representing the frequency ranges in wich various GW source
types are expected to be emitting and the correspondent ranges in wich various detecting methods
peak their sensitivity2 is shown in Fig.3.3. The current generation of ground-based interferometers
are sensible to Gravitational Waves in the acoustic band, generated by Black Holes Binaries, Neutron
Star Binaries Mergers and by Stellar Supernovae.

Figure 3.3: Expected Gravitational Wave Spectrum of main sources and detection methods [16].

The required arm length to optimize the detection of [10 − 100]Hz Gravitational Waves obtained
from Eq.3.15 is L ≈ 103 km. This is in apparent contradiction with the fact presented in Sec.1 that
the LIGO and VIRGO interferometers have an arm length of 4 km and 3 km respectively. In fact
the current generation of interferometers has already approached the limit length for a ground-based
interferometer and even with the technological advancements that will be implemented in the next

2The only method that, at the time of writing, has been succesful in detecting Gravitational Waves is the one of ground-
based Interferometers. The LISA mission is a (proposed) 2.5 million km arm triangular space interferometer that aims at
detecting GW emitted in the processes related to Supermassive Black Holes in the sub-Hz band and its launch is planned
for 2034 [17]. In order to detect sub-µHz GWs associated with Supermassive Black Holes it is instead proposed the
Pulsar timing method, that attemps to detect anomalies in the extremely stable pulsar spinning periods as a consequence
of the passage of a GW between Earth and the neutron star [18]. GWs are expected to be produced also by Quantum
Fluctuations during the Cosmic Inflation period and their effect should be detectable analyzing the polarization of the
Cosmic Microwave Background radiation [19].
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generation of Earth-bound detectors, the arm lengths of the instrument will not exceed the 10 km
order of magnitude.
The conflict is resolved if one analyzes a realistic model for a ground-based GW interferometer, that
makes use of several optical cavities to effectively increase the storage time of a photon inside the arms,
while the initial estimate presented in Sec.3.1 refers to the simple Michelson Interferometer case.
An optical cavity is an arrangment of mirrors that allows for a closed path for a light beam. The photon
is trapped between two or more mirrors for a certain amount of time of reflections (on average) before
being eventually transmitted through one of the mirrors, thus increasing the beam optical path inside
the interferometer arm.
As said, several types of cavities are implemented in a single ground-based interferometer, each one
of which has its own peculiarities and specific aims. The most important cavities that are present
in the current generation of GW interferometers are Fabry-Perot Cavities, that fold the beam path
multiple times inside the interferometer arms, the Power Recycling Cavity, that reconveys the light
that is leaking toward the input port back into the interferometer arms, the Input and Output Mode
Cleaner Cavities, that exploit the narrow bandpass filtering property of resonant cavities to reject the
unwanted normal modes that are present in the beam, and the Signal Extraction Cavity, that is tuned to
enhance GW sidebands to improve the instrument sensitivity in a desired frequency range. A scheme
showing the arrangement of the various cavities inside a GW interferometer can be seen in Fig.3.4.

Figure 3.4: Advanced VIRGO optical configuration. BS: beam splitter; NI,WI: input test masses;
NE,WE: end test masses; SRM: signal reciclying mirror. PRM: power reciclying mirror; POP: pick-
off plate; CP: compensation plate.

A complete discussion of optical cavities requires the modelization of a laser beam with the paraxial
approximation, that allows to decompose it in a superposition of ortho-normal modes, and performing
computations of the cavity electrical field using the Circulating Field Approach [22], and it is not the
scope of this work to present it in detail. As a general result it could be noted here that the effective
increase of the optical path length thanks to the implementation of an optical cavity is quantified by
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the average number of reflections to which the photon is subject before being transmitted out of the
cavity N . The average number of reflections is in turn proportional to the cavity Finesse F, defined
by the following equation:

F ≡
π
√
r1r2

1− r1r2
(3.18)

where r1 and r2 are the reflection coefficients of the two mirrors of a Fabry-Perot cavity. The two
quantities are related by the proportionality N ∼ 2F/π, so that for a Michelson interferometer with
Fabry-Perot cavities there is an increase in the phase shift induced by the passage of a Gravitational
Wave:

∆ϕFP ≈ 2F

π
∆ϕMich ≈ 4F

π
h0klL. (3.19)

Anyway the choice of the Fabry-Perot cavities Finesse in a GW interferometer is not solely dictated
by detection frequency optimization based on source predicted properties but several other technical
aspects must be considered in the design.
When developing in full detail the computations of the interaction between the cavities and the Grav-
itational Wave, the transfer function of a Fabry-Perot Interferometer is obtained [13]:

TFP (fgw) =
8FL

λl

1√
1 + (fgw/fp)2

(3.20)

where fp ≡ 1
4πτs

is the Cavity Pole Frequency with τs =
2L
c

1
1−r21

is the Cavity Storage Time.
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3.3 Limits to the sensitivity of gravitational wave detectors
Since the deformation induced by a gravitational wave on an interferometer is very small, in the inter-
ferometric detection it is of vital importance to minimize all the noises that can pollute the signal to
analyze. Some are due to the environment (seismic noise, gusts of wind, temperature of the mirrors),
others to the design of the interferometer and others are related to fundamental physics. Each noise
source is peaked in a specific frequency range.The sum of all the input-refered noise contribution pro-
vide the complete Noise Power Spectrum of the detector (Fig.3.5).

Figure 3.5: Design Sensitivity of the AdV detector [21].

3.3.1 Quantum Noise
The limit to the sensitivity of the interferometer deriving from the quantum nature of light is manifested
through two mechanisms: photon quantization noise and quantum radiation pressure noise. Both are
attributable to the quantum fluctuations of the vacuum electromagnetic field that enter the interferom-
eter from the so-called dark port of the beam splitter, the point at which destructive interference from
recombined beams is observed.

3.3.2 Shot noise
Laser light is composed of discrete quanta, photons, that indipentently interact with the readout pho-
todetector after having travelled in the interferometer. The photodetector acts as an integrator of the
energy E = ℏωl/c that each photon deposit on it in a certain time period T , so that the average output
power measured at the photodetector is:

P0 =
Nγℏωl

T
(3.21)
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where Nγ is the number of photons that interacted with the photodetector in the time interval T . The
probability distribution of the process of counting discrete indepentent events, such as photon arrivals
at the output port, is known to be the Poisson Distribution:

p(Nγ, N̄γ) =
1

Nγ!
N̄γ

Nγe−N̄γ (3.22)

where N̄γ is the average number of photons that are expected to reach the photodiode during T . For
large N̄γ the Poisson Distribution becomes a Gaussian Distribution with σ =

√
N̄γ . Therefore the

photon arrival process in a given time interval has a fluctuation∆Nγ =
√

Nγ that eventually translates
in a power fluctuation at the photodiode:

(∆P )shot =
N

1/2
γ ℏωl

T
=

(ℏωl

T
P0

)1/2

. (3.23)

What was found in the above equation is just the standard deviation of output power fluctuations
(∆P )shot = σP, shot, wich can be expressed by definition with the integral of the Spectral Density
of power fluctuations over all the frequency domain delimited by the time interval T :

(∆P )shot = σP, shot =

∫ 1
T

0

dω SP, shot(ω). (3.24)

Putting together Eq.3.23 and Eq.3.24 the Spectral Density of Output Power Fluctuation caused by Shot
Noise SP, shot(ω) = P0ℏωl is obtained, so that, as the detector output is proportional to P0, the Relative
Output Noise due to Shot Noise becomes:

S
1/2
∆ϕ, shot(ω) =

SP, shot(ω)

P0

=

√
ℏωl

P0

. (3.25)

In order to compare this output noise with the Strain h of a Gravitational Wave of frequency fgw that is
interacting with the interferometer, it is necessary to refer it to the detector input. That is, the Spectral
Density of the Output Noise S

1/2
∆ϕ, shot(ω) must be multiplied by the inverse of the transfer function of

a Fabry-Perot Interferometer TFP that was obtained in Eq.3.20. By accounting also for the fact that in
a real GW interferometer Power Recycling Cavities are implemented to increase the circulating power
inside Fabry-Perot Cavities and the not ideal efficiency of the photodiode, the interferometrical Strain
Sensitivity due to Shot Noise can be expressed as:

S
1/2
h, shot(f) =

S
1/2
∆ϕ, shot(f)

TFP (f)
=

1

8FL

√
4πℏλlc

ηPbs

√
1 +

( f

fp

)2

(3.26)

where Pbs ≡ CP0 accounts for the power enahancement at the beam splitter due to the Power Recy-
cling Cavity (C = O(50− 100)) and η is the photodiode efficiency (η ≈ 0.9− 0.95).

3.3.3 Radiation pressure
Photons posses a momentum that is proportional to their frequency: p = ℏωl/c. This implies that
for each laser beam photon that collides with a test mass surface the exchange of momentum can be
modeled as an inelastic scattering, so that for a laser beam of power P0 the average force that is acting
on the test mass surface is:

F0 =
2P0

c
=

2Nγℏωl

Tc2
. (3.27)
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Following an analogous reasoning to the Shot Noise paragraph, this force on the mirror surface exhibits
Poissonian fluctuations around its average value due to the quantized nature of the light beam, the
Spectral Density of which can be estimated as:

S
1/2
F, rad = 2

√
2ℏωlP0

c2
. (3.28)

The mirror that acts as a target for the beam is actually free to move in the horizontal plane, so that the
the fluctuating force result in a mirror displacement F = Mẍ, where M is the mirror mass. Taking the
Fourier Transform of the force F̃ (f) = −M(2πf)2x̃, the Spectral Density of the mirror displacement
immediately follows:

S
1/2
x, rad(f) =

2

M(2πf)2

√
2ℏωlP0

c2
. (3.29)

This fluctuating mirror displacement results in a fluctuation of the output signal that must adequately
referred to the input in order to be compared with the Gravitational Wave Strain. To transform the
mirror displacement into a phase shift fluctuation at the output port one must use the Fabry Perot
Interferometer Transfer Function TFP of Eq.3.20, but the following input referincing operation that
must be performed on the output phase shift eliminates the TFP dependency from the final Radiation
Pressure Strain Sensitivity. However, as each photon performs O(N ≈ 2F

π
) bounces between the

cavity mirror, it results that the power inside the cavity is larger by a factor O(N) than the power Pbs

at the beam-splitter. In fact it can be more rigorously shown that [13]:

Pcav ≈
2F

π
Pbs. (3.30)

Therefore a power fluctuation ∆Pbs at the input mirror gets amplified by the same factor inside the
cavity ∆Pcav = ∆Pbs(2F/π).
Nevertheless there are a few more caveats that must be considered in order to correctly refer the mirror
displacement to the input. The photons that arrive at the beam-splitter are randomly scattered into one
of the two arms. As a consequence, the photon distributions in the two arms are two anti-correlated
Poissonian distributions. As the interferometer is sensitive to changes in the differential length of the
two arms, the contributions due to Radiation Pressure in the two arms adds up, so that the final Strain
Sensitivity due to Radiation Pressure must be multiplied by a factor of 2. It can also be shown [13]
that, if the mirror vibrates at a frequency f, the cavity is displaced off resonance, and the power inside
the cavity is reduced by a factor [1 + (f/fp)

2]. Then, the Strain Sensitivity due to Radiation Pressure
results:

S
1/2
h, rad(f) =

16
√
2F

ML(2πf)2

√
ℏPbs

2πλlc

1√
1 + (f/fp)2

. (3.31)

The two Shot Noise and Radiation Pressure contribution quadratically add up to give the total Quan-
tum Noise, also called Optical Readout Noise (Fig.3.6). Shot Noise is the main limiting factor for
the interferometer sensitivity at high frequencies while Radiation Pressure Noise becomes relevant at
lower frequencies. Moreover, it can be noted that the two noise contibutions have different dependen-
cies on the circulating power inside the interferometer arms:

S
1/2
h, shot ∝

1√
Pbs

; S
1/2
h, rad ∝

√
Pbs. (3.32)

What this relations are saying is that, when choosing the circulating power in the design phase of
the interferometer, one cannot reduce an Optical Readout Noise contribution without increasing the
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Figure 3.6: Left: Shot Noise (Red) and Radiation Pressure Noise (Green) contributions to Optical
Readout Noise (Blue); Right: Standard Quantum Limit and power optimization.

other, so that a circulating power optimization process is needed to find the value that minimizes the
sum of the two contributions in the frequency region of intrest. This in fact shows the remarkable
fact that a (macroscopic) Gravitational Wave Interferometer aims at such an extreme accuracy in the
determination of its mirror positions that its sensitivity is limited by Heisemberg Uncertainty Principle.
The GW interferometer is a quantum system in which the test mass position is measured with the use
of quantum particles, photons, which cause a recoil on the test mass that disturbs the measure itself.
Then, upon defining:

f0 =
8F

2π

√
Pbs

πλlcM
(3.33)

the Spectral Density of the Optical Readout Noise can be written as:

S
1/2
h, opt(f) =

(
Sh, shot(f) + Sh, rad(f)

)1/2
=

1

Lπf0

√
ℏ
M

[(
1 +

f 2

f 2
p

)
+

f 4
0

f 4

1

1 + f 2/f 2
p

]1/2
. (3.34)

For a given value of f , the Optical Readout Noise Spectral Density S
1/2
h, opt can be minimized with

respect to f0
3. The optimal value of f0 is the one that makes equal the Shot Noise and Radiation

Pressure Noise contributions, and is given by:

f̄0 = f
(
1 +

f 2

f 2
p

)1/2

. (3.35)

The corresponding set of optimal S1/2
h, opt(f) values defines the Standard Quantum Limit (SQL):

S
1/2
h, SQL(f) =

1

2πfL

√
8ℏ
M

. (3.36)

The Standard Quantum Limit S1/2
h, SQL(f) (Fig.3.6) represents the minimum noise spectral density

which can be obtained, as long as only Optical Readout Noise is concerned, at a given value of f
in a Gravitational Wave Interferometer. Hence, as it is the value of f0 that gets experimentally opti-
mized by a change of the circulating power keeping fixed the value of f , in a GW Interferometer the
Standard Quantum Limit Sensitivity can be reached at best only at a specific frequency.

3That is, it can be minimized with respect to the circulating power inside the interferometer arms, as f0 ∝ F,
√
Pbs.
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3.3.4 Thermal Noise
Thermal noise in test masses and suspension systems is the current limiting factor for the sensitivity
of second generation ground-based interferometer at frequencies below 200Hz4. Thermal noise in the
suspension systems primarily arises from losses in the fused silica fibers that hang the test mass to the
attenuator structure. This contribution needs to be numerically computed with finite-elements models
that include bulk, surface and thermoelastic components of the fibre material and that account for the
specific noise-reducing fibre shape. Thermal noise in test masses on the other hand can be adequately
studied using analytical models.

There are two fundamental origins of thermal noise in optical components. The first is the standard
Brownian Noise, due to the thermal energy of the jittering atoms of the test mass that causes a ther-
mally driven fluctuation of the reflective surface of the element. Thermal energy kbT is present as the
component is operated finite temperature T.
The second component is a less intuitive form of thermal noise that arises from temperature fluctua-
tions. The local microscopic temperature of a component is not a constant value but fluctuates around
an average temperature T . Due to the fact that many material properties, like the coefficient of ther-
mal expansionα or the refractive index n, are temperature dependent, temperature fluctuations induces
phase and position fluctuations. The process that is associated with α is called Thermo-Elastic Noise
whereas other processes are referred to as Thermo-Refractive Noise or Thermo-Optic Noise.

Brownian Thermal Noise Brownian Noise of the Bulk Material of the interferometer mirrors can
be calculated by direct application of the Fluctuation-Dissipation (FD) Theorem. In a Gravitational
Wave Interferometer a laser beam is shining on the surface of the cylindrical test masses. The light
reflected by the mirrors acquires a phase shift that contains information about the displacement of the
test mass surface. Brownian Thermal Noise induces vibrations in the test mass rest position x(t) in the
horizontal plane that gets eventually converted in a phase shift at the output port. Then the first thing
to be done in order to analyze Brownian Thermal Noise in bulk material is to find the Spectral Density
S
1/2
x,Bulk(f) of its induced fluctuations in x(t). Throughout the derivation is assumed that the mirror

surface is infinite in size, so that the boundary effects of the beam-test mass interaction are negligible,
and that the test mass is in thermal equilibrium at temperature T .
In its most general form the Fluctuation-Dissipation Theorem states that the Thermal Noise Spectral
Density of a generic readout variable is given by [23]:

S1/2
x (f) =

kbT

π2f 2

∣∣Re[Z(f)]∣∣ (3.37)

where kb is Boltzman’s constant. The complex impedance Z(t) can be computed by applying a gen-
eralized force F (t) to the test mass that will generate a consequent time evolution of the observable
variable x(t). By denoting with F (f) and x(f) the Fourier Transforms of the driving force and the
readout variable respectively, the Fourier Transform of the complex impedance Z(f) is expressed as:

Z(f) = 2πif
x(f)

F (f)
. (3.38)

In the case of thermal noise in the Gaussian Beam-Test Mass system, the arbitrary driving force can be
modelled with an oscillating force which intensity is gaussianly distributed across the mirror surface.
This will result in an oscillating pressure acting on the mirror surface:

P (r̄, t) = F0 cos(2πf t)f(r̄) (3.39)
4There are also other technical noises sources, such as seismic noise, that significantly contribute to the overall noise

in the sub-200Hz region, but they will not be examined in detail in this work.
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where f(r̄) = 1
πr20

e−r2/r20 is the gaussian intensity profile. This oscillating driving force will conse-
quently feed a dissipated power Wdiss in the test mass due to internal frictions. Then it can be shown
[24] that for the above configuration the real part of the Fourier Transform of the system complex
impedance is given by: ∣∣Re[Z(f)]∣∣ = 2Wdiss

F 2
0

. (3.40)

Inserting Eq.3.40 in the FD Theorem 3.37, the following relation is obtained:

S1/2
x (f) =

2kbT

π2f 2

Wdiss

F 2
0

. (3.41)

Then, assuming homogeneous dissipation, the Wdiss power that is absorbed by the mirror can be ex-
pressed as:

Wdiss = 2πfUmaxϕ
Bulk(f). (3.42)

In the above equation ϕBulk(f) is the Mechanical Loss Angle of the mirror material, while Umax is the
elastic deformation energy in the instant when the test mass is maximally contracted or extended under
the action of the oscillatory pressure 3.39. Then, under the above assumptions, an explicit expression
for Umax can be derived for the Gaussian Beam-Test Mass system ([24], [25]):

Umax ≈ F 2
0 (1− ν)

2π1/2Ysr0
(3.43)

where ν and Ys are the Poisson’s Ratio and the Young’s Modulus of the material respectively. Eq.3.43
is valid up to first order corrections O(r0/R), where r0 is the Gaussian Beam Radius and R the Char-
acteristic Size of the cylindrical Test Mass. Substituting Eq.3.42 and Eq.3.43 back into Eq.3.41, it is
finally obtained an expression for the Mirror Displacement Spectrum of Brownian Thermal Noise in
the Test Mass Bulk Material:

S
1/2
x,Bulk(f, T ) = 2kbT

1− ν

π3/2fYsr0
ϕBulk. (3.44)

Figure 3.7: Comparison of the Brownian and Thermo-Elastic noise at room temperature (300K) for
various Advanced Detectors Test Masses candidate materials (Fused Silica, Sapphire, Silicon).

Similar to Brownian Thermal Noise in the bulk materials of the test mass, the coatings also show
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Brownian thermal noise. An analogous computation can be perform to extract the Mirror Displace-
ment Spectrum of Brownian Thermal Noise in Coatings [25]:

S
1/2
x,Coat(f, T ) = 2kbT

1− ν

π3/2fYsr0
ϕCoat
eff . (3.45)

In the above equation ν and Ys still refer to Poisson’s Ratio and Young’s Modulus of the bulk material,
while ϕCoat

eff is an effective Loss Angle for the Coating Stack of Dielectric Materials, the final form of
which has a detailed expression that needs further assumptions and computations to be obtained5 [26].

In order to properly compare the Brownian Thermal Noise displacement spectra obtained in Eq.3.44
and Eq.3.45 with Gravitational Wave Strain h, they must be refered to the input. This can be easily
made by remembering that the effect of a Gravitational Wave on the length L of a Fabry-Perot Cavity is
to change it by the amount ∆L = hL. This implies that, in order to input refer the mirror displacement
induced by Thermal Noise, it must be divided by the cavity length L so that the effect is equivalent to
a Gravitational Wave of strain h. As opposed to Quantum Noise, the Finesse of the cavity does not
enter here in the input referring operation, as both GW and Thermal Noise effects get amplified by the
same factor O(N) inside the cavity.
Then, the Strain Spectral Density of Brownian Noise in Bulk Materials and Coatings, is simply given
by:

S
1/2
h,Bulk(f, T ) =

2kbT

L

1− ν

π3/2fYsr0
ϕBulk; (3.46)

S
1/2
h,Coat(f, T ) =

2kbT

L

1− ν

π3/2fYsr0
ϕCoat
eff . (3.47)

Thermo-Elastic Noise Thermo-Elastic Noise of the Bulk Material arises from stochastic temper-
ature fluctuations that are translated into displacement noise by means of the coefficient of thermal
expansion α. Its contribution to the total Thermal Noise can be computed by applying the Fluctuation-
Dissipation Theorem, in analogy to the Brownian Thermal Noise estimate in the previous paragraph.
The estimate of the complex impeadance requires lengthier computations in this case, as it must be
derived by solving the system of the thermal conductivity and strain-displacement equations for the
mirror [27], assuming that the only dissipation mechanism in the mirror is thermo-elastic damping

5For completeness, it can be shown the result obtained in [26] for the effective Coating Loss Angle, which is valid for
small Poisson’s Ratio of the coating materials:

ϕCoat
eff =

t√
πr0

( Ys

Y⊥
ϕ⊥ +

Y∥

Ys
ϕ∥

)
where t is the total thickness of the coating layer. The effective Young’s Moduli Y⊥, Y∥ and Loss Angles ϕ⊥, ϕ∥ in the
above expression are defined in terms of the coating materials Young Moduli Yi, Loss Angles ϕi and thicknesses ti (i = 1, 2
indicates the different coating layer materials) as:

Y⊥ =
t1 + t2
t1
Y1

+ t2
Y2

,

Y∥ =
Y1t1 + Y2t2

t1 + t2
,

ϕ⊥ =
Y⊥

t1 + t2

( t1
Y1

ϕ1 +
t2
Y2

ϕ2

)
,

ϕ∥ =
Y1t1ϕ1 + Y2t2ϕ2

Y∥(t1 + t2)
.
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and approximating the mirror as an half space. Refering to [28] for detailed computations, the dis-
placement spectrum of Thermo-Elastic Noise in Bulk Materials is given by:

S
1/2
TE, bulk(f, T ) =

8√
2π

α2(1 + ν)2
kbT

2κ

ρ2c2pf
2r20

(3.48)

where ρ,κ and cp are the density, thermal conductivity and specific heat capacity of the material re-
spectively. The above equation is valid in the ’adiabatic’ regime, that is if the thermal diffusion lenght
of the material lth is smaller than the beam diameter r0. The thermal diffusion length of is defined as:

lth =

√
a2

f
=

√
κ

ρcpf
< r0. (3.49)

Outside of the adiabatic regime the thermo-elastic effect gets weaker. This is because the adiabatic
condition 3.49 corresponds to the requirement that, during one period of oscillation, all temperature
fluctuations that are present at the observation volume stay inside this volume. Then, if thermal con-
ductivity is increased or lower frequencies are considered, lth gets larger and the temperature fluctua-
tions are averaged out faster.
The non-adiabatic regime correction becomes important for low temperature applications, as most
optical materials exhibit a peak in the thermal conductivity at cryogenic temperatures. A detailed cal-
culation can be performed to estimate the displacement noise for Thermo-Elastic Noise incorporating
the non-adiabatic case [29], that can be expressed as:

S
1/2
TE, bulk(f, T ) =

8√
2π

α2(1 + ν)2
kbT

2r0
κ

J [Ω] (3.50)

where J [Ω] is a function of the dimensionless variable Ω = ω/ωc that quantifies the relative frequency
compared to the adiabatic limit frequency ωc = a2/r20:

J [Ω] =

√
2

π3

∫ ∞

0

du

∫ ∞

−∞
dv

u3e−u2/2

(u2 + v2)
(
(u2 + v2)2 + Ω2

) (3.51)

3.3.5 Other Noises
Despite the fact that the noise sources that were analyzed in the previous sections are the dominant
contribution across all the operating frequency range of currently operating interferometers, there are
other noise sources that contribute to the general noise budget of the detector. In fact these alternative
noise contribution are not secondary as they have a significant indirect effect on the overall noise bud-
get, as the effort to minimize them eventually reflects in a Thermal Noise increase or in a financial cost
increase that subtracts precious resources to major noise contributions suppression. Detailed evalua-
tion of all noise sources is crucial during the design phase of an interferometer and in the case of new
generation detectors it will be even more important to extensively account for all possible contributions.

Seismic Noise Earth’s ground is in perpetual motion, with an average vibration amplitude ofO(10−6m).
There are different causes of different nature that contribute to this continual vibration. In the 1−10Hz
region Cultural Noise, that is ground vibration caused by human activities and infrastructures such as
road and train traffic, and wind noise are the main contibutions. This adds up to the micro-seismic
background that affect GW Interferometers in the form of surface waves that ultimately shake test
masses.
The amplitude of the Seismic Noise vibration are more than ten orders of magnitude larger than the
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mirror displacemnt values that a GW interferometer aims to detect, so that there is need for a dedicate
suspension system that is able to decouple the test masses from surrounding oscillations. A typical
suspension chain is obtained cascading a set of passive mechanical filters providing a suited attenua-
tion from seismic and acoustic noise above a certain cut-off frequency. Below this frequency value an
active feed-back control strategy is developed by using sensors and actuators disseminated along the
suspension chain and keeping the interferometer at its working point via feedback systems.

In the VIRGO interferometer, the upper part of the suspension chain is called SuperAttenuator

Figure 3.8: Scheme of VIRGO’s SuperAttenuator.

(Fig.3.8) and it is essentially a N-stage pendulum supported by a three-leg elastic structure, called
Inverted Pendulum. In an N-stage pendulum, at much higher frequencies than its normal modes, the
horizontal displacement of the suspension point is transmitted to the last stage with an attenuation
proportional to f−2N . This exponential attenuation factor allows to reach the desired seismic noise
suppression level in second generation interferometers with a 5-stage pendulum.
The Optical Payload is intead the last suspension stage and it is designed to couple the test mass to
the SA chain, as well as steering the mirror through internal forces exerted from the last Superatten-
uator element to compensate the residual Seismic Noise at lower frequencies. This end structure is
formed by two active components, the Marionette that is used to control the mirror position by means
of coil-magnet actuators acting between the last stage upper part suspension and the marionette arms
itself, and the Recoil Mass that is used to protect and steer the mirror. Particular attention has to be
focused on the mechanical elements which connect the mirror to the last suspension stage as they can
easily degrade the intrinsic mechanical losses of the system. In order to suppress mechanical losses
that happen at interfaces of different materials, the test mass-suspension wire system in the advanced
second generation detector is made from a monolithic element of fused silica.

Newtonian Noise Stochastic fluctuations of the local gravitational field are usually referred to as
Newtonian Noise or Gravity Gradient Noise. Local variations in the gravitational field result in a new-
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tonian force acting on the test masses, in analogy to the ones exerted by Gravitational Wave pertur-
bations. The most important Newtonian Noise contribution comes from micro-seismic noise, which
produces mass density fluctuations, and consequently gravitational field fluctuations, in the Earth’s
ground that surround the detector. Modern GW interferometers are so sensitive that even the changing
gravitational attraction of water clouds due to atmospheric turbulences gives a non negligible contri-
bution to Newtonian Noise.
Gravity Gradient Noise is the most fundamental type of noise, in the sense that there is no way to
shield it. There are different available strategies that can be employed to mitigate the impact of Grav-
ity Gradient Noise. An active strategy consists in deploying a network of sensors to measure ground
displacement and atmospheric pressure variations so that their effect on the mirrors can be modelled
and subtracted from Gravitational Wave signals. A passive strategy for minimizing Newtonian Noise
consists instead in building the interferometer in an underground site to reduce the impact of atmo-
spheric perturbations and superficial seismic waves, as it was done for the Large Scale Cryogenic
Gravitational Wave Telescope (LCGT) located in the Kamioka mine, Japan.

Scattering and n Noise Ambient pressure air exhibits refraction index n fluctuations. Fluctuations
in air density induce fluctuations of n which generate phase fluctuations as the speed of light is c/n
. To minimize the n fluctuations induced noise the light beam in Advanced Gravitational Wave inter-
ferometers travels inside an ultra-high vacuum pipe, with pressure of O(10−9mbar)6. Moreover, the
residual gas must be free of condensable organic molecules, in order to keep the optical surfaces clean.
Also scattered light inside the arms constitutes a relevant noise source in GW interferometers, as it can
interact with the pipe walls, thereby getting modulated by its seismic noise, and then get rediffused
back in the beam by reflection on a mirror. As a consequence, diffusion of circulating light inside the
Fabry-Perot cavities must be kept below few parts per million. For this purpose, cavity mirrors are
polished to a 0.5Å rms micro-roughness over a diameter of O(20 cm).

6The vacuum pipes enclose all the interferometer arm, so that they are 3−4 km in lenght and around 1.2m in diameter
in order to contain the diffraction-limited laser beam. This results in a total volume of about 9000m3, that is larger than
the LEP particle accelerator at CERN. Pumping such a huge volume to ultra-high vacuum pressure constitutes not only a
technological challenge but also a source of issues and delays in case of incidents inside the arms.
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The Einstein Telescope

The second generation of Gravitational Wave Interferometers has succeded in the first detection of
a Gravitational Wave Signal in 2015 and in the last few years, thanks to periodical improvements in
the detector set-ups and readout systems, the frequency of the claims of new GW signals constantly
increased, bringing the total number of confirmed event detections up to fifty. Despite the huge impor-
tance of this achievement, that ultimately led to the assignment of the 2017 Nobel Prize in Physics to
three scientist that played a key role in the foundation of the LIGO/VIRGO Collaboration (K.Thorne,
R.Weiss, B.C. Barish), the quantity and signal-to-noise ratio of the detections made in second gener-
ation detectors is still too low for precise astronomical studies of the GW sources and for consistently
complementing optical and X–ray observations in the study of fundamental systems and processes in
the Universe. An increase of the Signal-to-Noise Ratio in the detected signal could also be crucial to
investigate over beyond General Relativity theories, as the relativistic description of compact object
mergers breaks down in the last collision and ringdown instants of the event.
Due to these considerations, starting from the late ’00s, the Gravitational Wave community started in-
vestigating a third generation of detectors with a considerably improved sensitivity that will open the
era of routine GW astronomy. The Einstein gravitational wave Telescope (ET) is an European Collab-
oration project for a third generation GW Interferometer that will aim at a sensitivity about a factor 10
better than the current advanced detectors. Research and development on the innovative technologies
that are needed to reach ET ambitious design sensitivity have slowly but steadily evolved in the last
decade and the project is now mature to receive official approval from the institutions for the start of
its construction phase. Moreover another third generation detector, the Cosmic Explorer funded by
the United States of America, is planned to support Einstein Telescope observations.
Einstein Telescope Design encompasses most of the technological features that allowed second gen-
eration interferometers to achieve the first Gravitational Wave detections but will also implement new
solutions to reduce the fundamental and technical noises that currently limit the sensitivity of advanced
LIGO and VIRGO detectors. In these last years that precede construction, research on new candidate
materials and technologies for the ET Interferometers are flourishing and this thesis work wishes to
contribute to the developement by performing an innovative optical absorption measurment in silicon
crystals at cryogenic temperatures. In order to understand why it is crucial for the next generation
interferometers to characterize the properties of optical substrate materials at cryogenic temperatures,
it is necessary to present a brief analysis of the main strategies and technological features that are in-
cluded in the Einstein Telescope design to attempt at improving second generation sensitivity over a
wide range of frequencies.

30
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Figure 4.1: Artist’s view of Einstein Telescope.

4.1 Detector Layout
In Sec.3.3 the main noise contribution that limits the sensitivities of the currently operating ground-
based detectors were discussed and their spectral densities were derived. The main feature of a second
generation dector noise budget were highlighted: thermal noise is the limiting factor for frequencies
below 100 − 200Hz while quantum noise becomes the dominant contribution at higher frequencies.
Einstein Telescope aims at improving second generation performances over the entire detection fre-
quency band from few Hz to 10 kHz, so that it is needed to adress both the main limiting noise contri-
butions in a single detector.
In order to find a strategy to achieve this wideband sensitivity improvement, it is useful to recall the
Brownian Thermal Noise and Shot Noise spectral density that were derived in Eq.3.26 and Eq.3.46:

S
1/2
h, brown(f) =

2kbT

L

1− ν

π3/2fYsr0
ϕ;

S
1/2
h, shot(f) =

1

8FL

√
4πℏλlc

ηPbs

√
1 +

( f

fp

)2

.

(4.1)

In the above expressions it is manifest that the most intuitive approach to reduce both noise contribu-
tions is to elongate the interferometer arms (S1/2

h, brown, S
1/2
h, shot ∝ L−1). This strategy will be followed

in Einstein Teslescope interferometers, as their arms are planned to be 10 km in length. This design
arm length is in fact close to the maximum achievable arm length for a ground-based interferometer,
considering in particular that the third generation of Gravitational Wave interferometers will be built
in underground sites to reduce Newtonian Noise1.
If one then desires to further reduce shot noise, the only viable strategy is to increase the circulating
power inside the interferometer arms, either by increasing the input power at the beam splitter or the
cavity Finesse (S1/2

h, shot ∝ F−1, P
−1/2
bs ). This is however detrimental for the Brownian Thermal Noise

1The arm length limiting factor is not so much the technological aspect of managing a very long armed interferometer,
but rather the economical cost that comes from building and operating an underground facility of such dimensions.
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contribution because raising the circulating power inside the Fabry-Perot Cavities would increase the
temperature of the mirrors (S1/2

h, brown ∝ T ). One could think of preventing this problem by enlarging
the section of the mirror suspensions so to have a better evacuation of the excess absorbed power, but
this would in turn increase the Suspension Thermal Noise, that is the actual limiting factor for the
detector sensitivity below 10Hz, besides spoiling Seismic Isolation. Hence there are no other efficient
strategies that allows to tackle both Thermal Noise and Shot Noise in a single interferometer than
increasing the arm length. For this reason Einstein Telescope follows a different approach respect to
second generation GW interferometers, that is to build a pair of parallel interferometers, one of which
can be optimized for low frequency detection (2−40Hz) while the second can be independently tuned
for higher frequencies observation.

Figure 4.2: The final Xylophone Configuration for Einstein Telescope.

The final construction stage of the Einstein Telescope will consist of three nested detectors, each one
formed by an aligned pair of dual-recycled Michelson Interferometers with Fabry-Perot Cavities, ar-
ranged in a triangular configuration (Xylophone Configuration), as shown in Fig.4.2. It can be shown
that the sensitivity of a triangular configuration is comparable to the one of a right-angled interferom-
eter with same construction parmeters, while offering a more isotropic antenna pattern [30].
The interferometers will be built in an underground location (100 − 200m below surface) to mini-
mize Seismic and Newtonian Noise contributions that would spoil detector sensitivity at frequencies
below 10Hz. Research is ongoing to find a site in Europe that offers an high level of geologic and
seismologic stability, while possibly presenting an already existing infrastructure to cut costs and time
on tunnel and shaft construction. In order to isolate test masses from ground seismic vibrations and
local disturbances, each one of them will be hanged to a suspension system with similar structure to
the ones employed in second generation interferometers.

4.2 Detector Noise Budget
The design sensitivity for a single pair of High Frequency and Low Frequency interferometers of the
Einstein Telescope detector is shown in Fig.4.3, together with the detailed noise budget for both HF
























































































