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Introduction

The main objective of this thesis is to study the description of topological defects in 1+1-dimensional
relativistic conformal field theories (CFTs), and to highlight their common features with the Euclidean
formulation, with the ultimate goal of identifying a unified mathematical framework. We begin by
briefly introducing the main concepts that will be discussed throughout the thesis.

Conformal field theories are a special class of quantum field theories characterized by an enhanced
spacetime symmetry group, namely the conformal group. Conformal transformations are those coor-
dinate transformations that preserve the metric up to a local scale factor; intuitively, they preserve
angles but not necessarily distances.

CFTs appear in many different contexts, ranging from condensed matter physics to string theory. In
many of these applications, the system is described by a two-dimensional Euclidean CF'T. For instance,
the worldsheet of a quantum string is described by such a theory, as well as two-dimensional critical
models in statistical mechanics. In two Euclidean dimensions, CFTs exhibit an exceptionally rich
mathematical structure, deeply connected to complex analysis: the local conformal transformations
are enhanced to arbitrary holomorphic and antiholomorphic functions.

Conformal field theories are introduced in Chapter 1.

Besides spacetime symmetries, physical theories also exhibit global symmetries. The notion of symme-
try can be generalized to include so-called non-invertible symmetries. A paradigmatic example is the
Kramers—Wannier duality in the Ising model, which relates the high-temperature and low-temperature
phases. At the critical point, these two different descriptions correspond to the same model, and the
duality becomes an intrinsic symmetry of the theory. However, in contrast with ordinary global sym-
metries, this transformation is not invertible: it is not implemented by a unitary operator on the
Hilbert space. More generally, non-invertible symmetries satisfy product laws which generalize the
group multiplication law of ordinary symmetries.

These generalized symmetries can also be described in terms of defects of the theory. Roughly speaking,
a defect is an operator supported on a submanifold of spacetime, rather than a point. We will focus on
defects in two-dimensional CFTs with the property of being topological: when inserted in a correlation
function, their continuous deformations do not change the correlator, unless the defect crosses the
support of other operators.

Topological defects are studied in Chapter 2.

Since CFTs are mostly studied in the Euclidean setting, defects are also usually analyzed within this
framework. In particular, a standard tool for their classification is modular invariance. However,
in view of the Osterwalder—Schrader theorem, which relates Euclidean and Lorentzian quantum field
theories, it is natural to investigate the connection between the relativistic and Euclidean descriptions
of CFTs, including the corresponding notions of defects.

To this end, we introduce the axiomatic framework of Algebraic Quantum Field Theory (AQFT). This
framework is based on the assignment of a net of local algebras, i.e. a map O — A(Q) that associates
to each spacetime region O an algebra of observables A(Q). The central idea is that all relevant
physical information is encoded in this net, together with its action under the Poincaré symmetry



group. In this sense, AQFT can be regarded as a natural extension of the Heisenberg picture of
quantum mechanics to quantum field theory.

The net is required to satisfy a set of physically motivated conditions, known as the Haag—Kastler
axioms. Roughly speaking, these axioms encode:

e isotony: larger spacetime regions contain more observables;

e locality: observables localized in spacelike separated regions commute;

e covariance: the net transforms consistently under spacetime symmetries;

o vacuum positivity: the theory admits a distinguished vacuum state with positive energy.

Once a quantum field theory has been reformulated in terms of a net of observable algebras, the
next step is to understand its possible excitations and internal symmetries. Physical information is
extracted through the representation theory of the pair consisting of the net and its symmetry action.

At this point, two equivalent descriptions arise. The first is formulated directly in terms of superselec-
tion sectors, namely inequivalent Hilbert-space representations of the observable algebra corresponding
to different types of physical charges. This picture is conceptually close to the traditional description
of quantum field theory in terms of states and particles.

The second description replaces representations by suitable localized endomorphisms of the observable
algebra itself. Instead of enlarging the Hilbert space, one studies how the algebra of observables can
be transformed while remaining within the vacuum representation. Remarkably, the full information
about superselection sectors can be recovered from these endomorphisms. Moreover, they naturally
carry additional structures such as tensor products, duals and statistics.

Although the representation-theoretic picture is often more intuitive from a physical perspective, the
endomorphism framework is technically more convenient and will therefore be the main language
adopted throughout this thesis.

Within this framework, one can also describe the statistics of particles in a model-independent way.
In higher than three spacetime dimensions, locality implies that particle exchanges are governed by
the permutation group, leading to the familiar Bose—Einstein and Fermi—Dirac statistics. In lower
dimensions, however, the topology of spacetime allows for a richer structure: particle exchanges are
described by the braid group rather than the permutation group. As a consequence, excitations may
exhibit braid statistics, interpolating between bosonic and fermionic behaviour.

Algebraic Quantum Field Theory is discussed in Chapter 3.

After developing the general framework of AQFT, we return to conformal field theory. Starting from
a one-dimensional conformal net, which carries conformal symmetry rather than Poincaré symmetry,
we describe a general procedure to construct the associated two-dimensional CFT.

The starting point is a chiral net, namely a conformal net providing the AQFT description of a one-
dimensional CFT living on one of the two light-rays of two-dimensional Minkowski spacetime, together
with its superselection sectors. Although the formalism applies to arbitrary rational chiral symmetry
algebras, throughout this thesis we will mainly focus on theories whose chiral symmetry is given by
the Virasoro algebra. A two-dimensional theory is then obtained by combining two copies of the
chiral net, corresponding to left- and right-moving degrees of freedom: A, ® A_. However, this tensor
product construction alone does not yet define a full local CFT. One must still specify which left- and
right-moving sectors are allowed to combine and how they interact.

This additional information is encoded by a Q-system. A Q-system is a triple (©, W, X) consisting of
an object © together with two morphisms W and X satisfying a set of algebraic relations. Roughly
speaking, © determines the spectrum of the full two-dimensional theory: it specifies which pairs of
left- and right-moving sectors are present among all those available in the tensor product of the two



chiral theories. The morphism W embeds the vacuum sector into O, ensuring that the resulting theory
contains the vacuum representation, while the morphism X endows © with a multiplication structure.

The information contained in a Q-system is then used to construct an extension of the observable net:
AL ®A_ C B. This larger theory contains charged fields, namely operators interpolating between the
vacuum sector and non-trivial superselection sectors. Moreover, the multiplication X determines how
such charged fields combine and therefore encodes their operator product expansion. In this way, a
Q-system provides a complete algebraic description of both the spectrum of the full two-dimensional
theory and the interactions among its charged fields.

Conformal nets and their extensions are the main focus of Chapter 4.

Once the construction of two-dimensional conformal field theories within AQFT has been established,
we turn to the main subject of this thesis: the study of defects. In the Fuclidean approach, topolog-
ical defects are commonly represented as lines that can be continuously deformed without affecting
correlation functions. In the algebraic framework, instead, one works directly in Minkowski spacetime
and must formulate their defining properties in terms of localization and causality.

The basic idea is to represent a defect as a timelike curve separating spacetime into two connected
regions. On each side of the defect, we place a copy, or a possibly different realization, of the same CF'T;
in other words, the theories on the two sides are assumed to be isomorphic. Observables localized
entirely on one side should belong to the corresponding theory, while the defect encodes the way
observables and charged fields can be transmitted across the separating line.

Algebraically, such a configuration is described by a net D together with two distinguished subnets
BL and B, corresponding to the theories living on the left and right of the defect. The net D should
be thought of as the smallest theory simultaneously containing both sides and all the fields required
to interpolate between them: D may contain information not only about observables localized away
from the defect, but also about defect fields intrinsically localized on the separating line. In our
treatment, however, we focus on defects without such additional operators, since a general algebraic
theory incorporating these defect degrees of freedom has not yet been developed. In parts of the
AQFT literature, these simpler configurations are referred to as boundary conditions.

For a topological defect, the theories on the two sides preserve the same energy-momentum tensor and
therefore share a common chiral symmetry. More precisely, both B and BF are extensions of the same
chiral subnet A, ® A_. Since this subnet contains the generators of local conformal transformations,
the local algebras of both theories can be defined for every spacetime region, even when the region
lies on the opposite side of the defect. Such algebras, however, should not be interpreted as physical
observables on that side: transporting a field across the defect may change its locality properties, and
fields belonging to the two extensions need not commute in arbitrary spacelike configurations.

A crucial feature of this construction is therefore that, although the theories BY and B are local,
the global net D is in general non-local. In particular, observables transported across the defect
need not commute at spacelike separation. From the Euclidean perspective, this non-locality is the
algebraic manifestation of the fact that local operators may undergo non-trivial transformations when
transported through a defect line. The defect is therefore encoded precisely in the controlled failure
of locality of the larger theory D.

Causality is implemented through a weaker, oriented notion of locality. If a region O; lies on the
spacelike left of a region Oy, then the algebra BY((0;) is required to commute with B%(0y):

[BY(01), BR(0,)] = 0.

By conformal covariance, this requirement extends from regions lying strictly on opposite sides of the
timelike defect to any pair of double cones with the same relative left—right ordering. This property
is usually called left-locality, right-locality, or half-locality, depending on the orientation chosen.

The Q-systems introduced earlier provide the appropriate tool for constructing such a net. Let
O, Wl X)) and (0%, W XT) be the Q-systems describing the extensions B and B of the
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common chiral theory. Their braided product combines the two Q-systems into a single one, whose
associated extension contains both BY and Bf. The two extensions are not simply placed side by
side: their charged generators are required to satisfy specific exchange relations. By choosing the
appropriate braiding, one imposes precisely the half-locality condition described above, so that fields
from the left theory commute with fields from the right theory whenever they occur in the required
spacelike order.

The resulting braided-product extension D is generally non-local, but its non-locality is controlled by
the exchange relations between the two subtheories. Moreover, the construction is universal: every
defect satisfying the required half-locality condition can be obtained as a representation of D. Thus,
rather than describing a single defect, the braided product initially contains all admissible ways of
joining the two theories.

This universality is reflected in the fact that the extension
A=A, ®A_CD
is generally reducible. In particular, its relative commutant is non-trivial:
A ND #C1.

A trivial relative commutant is instead required for D to describe a single irreducible physical config-
uration. The braided-product extension should therefore be interpreted as a superposition of different
defect configurations rather than as one individual defect.

Since the theories described by BY and B are themselves local, the relative commutant A’ ND turns
out to coincide with the algebraic center

AND=DnND

The different physical configurations contained in D can consequently be separated through its central
decomposition. More precisely, each minimal central projection selects an irreducible representation of
D and therefore an elementary defect relating BY and BE. The classification problem is thus reduced
to the finite-dimensional algebraic problem of determining the minimal projections of the center.

Defects in algebraic QFT are studied in Chapter 5.

In general, in the absence of a Wick rotation in the presence of defects, it is not a priori clear whether
the Euclidean and relativistic approaches lead to the same classification. Nevertheless, the construc-
tions developed in this thesis reproduce the expected number of defects obtained in the Euclidean
theory, and, in the special case of diagonal CF'Ts, the two classifications are shown to coincide exactly.
This suggests that their agreement is not accidental.

To understand this relation more deeply, we briefly introduce vertex operator algebras (VOAs), which
provide an axiomatic framework closely related to the Euclidean formulation of two-dimensional CFTs.
Their construction is based on the operator—state correspondence and emphasizes the holomorphic
structure of the theory.

VOAs and conformal nets describe similar physical data from rather different perspectives. The VOA
approach begins with fields and their operator product expansions and is therefore closely related
to the Euclidean formulation of CFT. Conformal nets, by contrast, begin with algebras of bounded
observables assigned to spacetime regions and emphasize locality, causality and the operator-algebraic
structure of the theory. In this sense, VOAs play a role analogous to field-based axiomatic approaches
such as the Wightman framework, whereas conformal nets implement the philosophy of algebraic
quantum field theory.

Under suitable analytic assumptions, a unitary VOA can be used to construct a conformal net by
smearing its vertex operators and considering the von Neumann algebras they generate. Conversely,
one expects the chiral fields of a sufficiently regular conformal net to reconstruct an associated VOA.



Although a completely general equivalence between the two frameworks has not yet been established,
important results are available for broad classes of unitary rational theories.

This comparison is especially relevant to the construction of full two-dimensional CFTs. In both
approaches, one starts from chiral data and selects a consistent combination of left- and right-moving
sectors. In the conformal-net setting, this information is encoded by a Q-system. It turns out that
the VOA-based Euclidean framework likewise requires an algebraic structure playing the same role as
a Q-system. In both cases, this structure specifies which chiral sectors appear in the full theory and
how the corresponding fields combine through the operator product expansion. The two constructions
therefore appear rather different at the analytic level, but rely on essentially the same underlying
algebraic data.

Category theory provides the natural language for making this common structure explicit. A category
consists of objects and morphisms between them, together with rules for composing morphisms. Fur-
ther structures can then be introduced in order to encode the physical operations relevant to CFT. A
tensor product describes the fusion of sectors, dual objects describe conjugate charges, and a braiding
records the exchange statistics of excitations. When the number of irreducible sectors is finite and
suitable non-degeneracy conditions hold, these data organize into a modular tensor category.

The representation theory of a rational VOA and the DHR representation theory of a rational confor-
mal net are expected to give rise to equivalent modular tensor categories, at least under the unitarity
and rationality assumptions relevant here. This categorical description therefore retains precisely
the algebraic information shared by the two approaches, while abstracting away from their different
analytic realizations.

Within this categorical framework, the algebraic structures appearing in the Euclidean approach are
understood as algebra objects, while Q-systems provide their operator-algebraic counterpart. Their
multiplication and unit generalize the familiar notions of multiplication and identity in an ordinary as-
sociative algebra, while their additional Frobenius and compatibility properties encode the consistency
conditions required by the corresponding CFT.

Once a theory is represented by an algebra object, its boundaries, interfaces and defects admit a unified
description in terms of modules and bimodules. A boundary condition is described by a module, i.e.
an object of the underlying category carrying an action of the algebra associated with the bulk theory.
More generally, an interface between theories described by algebra objects, or Q-systems, Q1 and
@2 is encoded by a (Q1-Q2 bimodule, an object which carries compatible actions of the two algebras.
When the same theory is present on both sides, these become Q-@Q) bimodules and describe defects of
that theory. Their relative tensor product reproduces the fusion of defects, while simple bimodules
correspond to elementary, indecomposable defect lines.

The collection of such bimodules and their morphisms forms a categorical structure of its own. Thus,
the same mathematical language simultaneously describes the chiral sectors, the full CFT and its
topological defects. The classification obtained from the central decomposition of the braided-product
extension in AQFT can then be compared directly with the classification by bimodules arising in the
Fuclidean categorical approach.

The development of this universal categorical description, and its relation to both VOAs and conformal
nets, is the main subject of Chapter 6.

To illustrate these concepts, we study the critical Ising model in each chapter, analyzing it from
different perspectives. Although the model is well known in the literature, it still provides a non-
trivial and instructive example that allows for explicit computations.

Finally, although the Ising model has been extensively studied, many computations are often omitted
in the literature. In this thesis, we reproduce these calculations in detail, together with several proofs
that are usually only stated or sketched.






Chapter 1

Conformal Field Theory

In this chapter we introduce the basic structures of conformal field theory. We first discuss confor-
mal transformations and the constraints they impose in generic dimension. We then specialize to
two-dimensional CFTs, where the local conformal symmetry is enhanced to the infinite-dimensional
Virasoro algebra. Finally, we review the minimal models and the critical Ising model, which will serve
as the main example throughout the thesis. This chapter is based on [1-6].

1.1 The conformal group

Conformal field theories are theories that are conformally invariant. So the first step to study them is
to introduce conformal transformations.

Definition 1.1.1. A conformal transformation is an invertible mapping x — 2’ which leaves the
metric tensor invariant up to a scale:

(') = Q(@)” gy (@)
where (2 is called the Weyl factor. The set of conformal transformations forms a group called the
conformal group.

Intuitively, conformal transformations are transformations which preserve the angle of intersection
between any two curves, as shown in figure 1.1. Note that by picking g,, = 7., the Minkowski
metric, we see that the Poincaré group is a subgroup of the conformal group with Q(z)? = 1.

z-plane w-plane

Figure 1.1: Representation of the conformal map z — w = 22 on the complex plane.
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. . . . . /
To better characterize the conformal group, we can study an infinitesimal transformation z# — x * =
Tt 4 e

dx® 9z o o
Gu(@) = 5 o s () = (8 = 04e*) (0] — Bue®)gas = g — (e + Dye) + o(€?)

where we are using the Einstein convention on repeating indices.

The requirement that the transformation be conformal implies:

auey + &Jeu = f(x)gul/ (11)

We now specialize for simplicity to a flat Euclidean metric g,,, = d,,,. The discussion wouldn’t change
much with the Minkowskian metric.

Taking the trace of (1.1) we find:
2
£() = 20y (1.2

Instead, if we further differentiate (1.1) and take a linear combination of the same equation but with
permuted indices we get:

20,0u€p = 0,p0u f + 00,0uf — 0,0 0pf (1.3)

Taking the trace:
20%¢, = (2 — )0, f

We now further apply 9, to this equation, apply 92 to both sides of (1.1) and combine the two results:
(2—-d)0,0,f = 5“,,82f (1.4)

Finally, taking the trace we get:
(d—1)0%f =0 (1.5)

From the above equations we can derive the explicit form of the conformal transformations. We will
do this derivation assuming d > 3 and specialize to d = 2 later.

Combining equations (1.4) and (1.5) we get 0,0,f = 0, i.e. f = A+ Bya" with A, B, constant.
Substituting this result in (1.3) we get that 0,,0,€, is a constant, which implies

_ v v,.p _
€p = ay +bux” + cppr’e Cuvp = Cupy (1.6)
with a, by, ¢, constant.

Since in all the previous equations € appears with a derivative, we deduce that a* is free of constraints.
This term describes an infinitesimal translation.

If we substitute (1.6) into (1.1) we get:

2
by + by = gbﬁ%

meaning that b,, can be decomposed into the sum of an antisymmetric part and a pure trace:
buy = adpy + My, My = —Myy

The pure trace represents an infinitesimal scale transformation, whereas the antisymmetric part is an
infinitesimal rigid rotation.
Finally, substituting (1.6) into (1.3) we get:

Cuvp = Oppbu + O bp — 0upby, by = =g,

12



and the corresponding infinitesimal transformation is:
ot =2t 4 2(x - bzt — bla?

called special conformal transformation (SCT).

The finite transformations corresponding to the above infinitesimal transformations are:
Translation: z'* = 2% + a*

Dilation: z* = az"
Rotation: ' = MFa”
xH — bHg2
T 120z + 6222
Note that special conformal transformations are not globally defined if our space is R% or R¢~11. In
fact there always exists an x for which 1 —2b- 2 + b22z? = 0. The solution to this is provided by the

implementation of the conformal compactification of our space, which basically means that we add
the point {oo} to our space.

SCT: z*

1.1.1 The conformal algebra

The generators of the conformal algebra can be easily found by first considering the action of the
conformal group on scalar fields satisfying ®(z) = ®(x):!

Translation: P, = —0,
Dilation: D = —2#d,

Rotation: L,, = x,0, — 2,0,

SCT: K, = —2z,2"0, + 229,

These generators satisfy the following algebra:
[D,P,] =P, D, K,] =-K, (K, P)) =2 (0D — L)
[Km LW] = 5pqu - 6PVK# [va LW] = 5pupv - 5pvp# (1-7)
[L;uxa Lpa] = 51/pLuU + 5,UO'LV/J - 5,upL1/U - 51/0Lup

We can write the algebra in a compact form by defining:
1 1
Jw = Ly,  Jo1u = §(PM - Ku)v J10=D, Jou= §(Pu + Ku)
where Jy, = —Jp, and a,b € {—1,0,1,...,d}. These new generators obey the commutation relations:

[Jaba ']cd] = nadec + nchad - nachd - ndeac

where n = diag(—1,1,1,...,1) if spacetime is Euclidean. Hence the conformal group in d dimensions
is isomorphic to SO(d + 1, 1). In the relativistic setting, spacetime is R4L1 and the conformal group
is isomorphic to SO(d, 2).

Note also that the Poincaré group together with the dilations forms a subgroup of the conformal
group: this means that a theory invariant under translations, rotations and dilations is not necessarily
invariant under SCT.

"We are using the Euclidean CFT convention in which conformal generators are represented as differential operators
without factors of i. The corresponding self-adjoint generators in the Lorentzian/unitary convention are obtained by
multiplying these differential operators by i.
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1.1.2 Correlation functions

We now briefly discuss how much conformal symmetry constrains correlation functions. We will focus
on a massless scalar ® obeying the Klein-Gordon equation.

Consider a scalar operator O(x) with energy dimension Ap. Extrapolating from the scale transfor-
mations it is tempting to postulate that under all conformal transformations:

O(z) — Q(z)"2°0(x) (1.8)

But this is too strong since composite fields like (9®)? will pick up derivatives of the Weyl factor when
0,80 # 0.

Definition 1.1.2. Operators transforming homogeneously under the whole conformal group as in
(1.8) are called primary.

The reason why we specified that the transformation property must be satisfied for the whole group
will be clear shortly.

M

‘(B|2 )
a translation and another inversion, all conformal transformations are combinations of inversions and
of transformations with constant €2, then to check whether an operator is primary we need only
consider how it transforms under inversion.

Since one can show that a SCT is just a combination of an inversion, i.e. the transformation x*

Now consider the two-point function:
1
(Ol(xl)Og(x2)> = E /D‘p 01(.%'1)02(1’2) 675[(}]

where O and Os are two scalar primaries, S is the action and Z the generating functional of the
theory.
Under a dilation z# — Az* we see that:

(O1(2))Oa(h)) = A™21722(01 (1) Oz (2)) (1.9)

Moreover, as a consequence of rotational and translational invariance the correlator must be a function
of |x1 — x2|. Then equation (1.9) forces this function to be homogeneous of degree —A; — Ay, thus
fixing:

Cr2

(O1(21)O2(x2)) = m

(1.10)

where C1s is a constant. If we now perform an inversion, it is easy to show that:

— 1
ozl g =

zH
e — = |ry — 22| = =

|z[? |21 2]
which implies:

(O1(2])O2(ah)) = |21 |*2 |22*22 (01 (21)Oa(x2))
On the other hand:

Ci2

(O1(21)Oa(23)) = EAEEASE (|lz1]|22) 222 (O1(21)Oa(22))
1 2
Hence, in order to satisfy conformal invariance, C12 # 0 if and only if Ay = Ao.

The same procedure fixes also three-point functions?:

A123
(O1(21)O2(22)O3(x3)) = N e AN .V . . P Y e (1.11)

2(Clearly, correlation functions involving fields with spin are more complicated. Nevertheless, conformal invariance still
strongly constrains their form, fixing their spacetime dependence up to a finite number of independent tensor structures.
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where \io3 is a constant, called a structure constant.

Even though conformal invariance is a highly constraining symmetry, this trend stops here: starting
from four (or more) point functions, one can construct conformally invariant coordinate ratios, known
as anharmonic ratios (or cross-ratios). Any function of these quantities is allowed in the correlator.

As a consequence of the strong constraints imposed by conformal symmetry, CFTs possess the re-
markable property of being definable without reference to a Lagrangian formulation. It is sufficient to
specify the CFT data, namely the set {O;, Ao,, Aiji}, consisting of the local operators of the theory,
their conformal dimensions, and the three-point function structure constants. Once the CFT data are
known, two- and three-point correlation functions are completely fixed by conformal symmetry, while
four-point functions are further constrained by consistency conditions known as crossing equations.
Correlation functions with a higher number of insertions can be recursively reduced to lower-point
functions through the Operator Product Expansion (OPE), which will be introduced later. In this
way, the full theory can, in principle, be reconstructed without the need for an explicit Lagrangian
description.

1.1.3 Energy-momentum tensor and Ward identities

It is well known that the Noether currents associated with spacetime symmetries are expressed in
terms of the energy-momentum tensor. Consequently, the latter plays a central role in conformal field
theories.

For a theory described by a Lagrangian density £, the canonical energy-momentum tensor is given by

u . 0L s
T = 78(8M¢)8V(I) ot L.
The canonical energy-momentum tensor is not necessarily symmetric. A symmetric tensor can be ob-
tained through the Belinfante procedure, which modifies 7%, by the addition of suitable total-derivative
terms without affecting the associated conserved charges. Otherwise one can use the following trick:
we can couple the system to a background metric g, (x) which under an infinitesimal coordinate
transformation z# — a# + /(x) transforms as dg,, = Ou€, + Oy€,. Then we set:

1 2
56S - = /a‘ueljd‘sddm = T;V = — 55
2 OGuv V9 Gy

where g = det(g,). For a flat spacetime, we take the limit g, — J,, and evaluate T, 7 in this limit
to get TH” defined above. This produces automatically a symmetrized energy-momentum tensor.

(1.12)

We have used Lagrangian formalism to derive T}, but a general CFT may not admit a Lagrangian.
Therefore use the following definition.

Definition 1.1.3. The energy-momentum tensor 7+ is defined by the Noether current j* = ¢, TH”
corresponding to the coordinate transformation x# — x# + et(z).

One can then easily prove the following conserved currents:
Translation: jl’ﬁ =¢,T*, €, = const.
Rotation: j'"* = TH o — THPzY
Dilation: jf, = THa"
SCT: ji =2ztz, TP — |z|*TH

Note that translation invariance implies that this tensor is conserved 9,T*" = 0, whereas scale and
SCT invariance both imply the tracelessness T}, = 0. This is not a surprise: if we look at equation
(1.12) and combine it with (1.1) and (1.2):

1 1
5.8 = / Oue, TH diz = 5 / (D€ + Oye, ) TH dia = y / Oye’ Thd x
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Hence the tracelessness of the (symmetric and conserved) energy-momentum tensor implies the in-
variance of the action under conformal transformations.

One may be tempted to think that scale invariance, together with Poincaré invariance, automatically
implies conformal invariance. In general, this is not the case, and a standard counterexample is pro-
vided by Maxwell theory in d # 4, which is scale invariant but not conformally invariant, since its
energy-momentum tensor is not traceless.

One might argue that a non-vanishing trace 7%, # 0 would necessarily imply the breaking of scale
invariance too. However, one can show that if
1", = =0, V",

for some vector operator V#, known as the wvirial current, then it is possible to improve the dilation
current in such a way that it remains conserved, and scale invariance is preserved.

Nevertheless, it is not always possible to extend this procedure to the special conformal currents, so
that full conformal invariance is not guaranteed. An additional condition is required, namely that the
virial current itself is a total derivative,

VH = 0,5,

which allows one to improve the energy-momentum tensor to a traceless form, thereby restoring full
conformal invariance.

For two-dimensional CFTs, a remarkable result by Zamolodchikov and Polchinski shows that, under
suitable assumptions, namely unitarity (i.e. the absence of negative-norm states) and compactness
(i.e. a discrete energy spectrum), scale invariance implies conformal invariance. In particular, for such
theories one can always construct an improved energy-momentum tensor which is traceless.

At quantum level, these conservation laws are expressed through the Ward identities. Their general
form is:

Ou (il ()@ (21)...0(xp)) = —1i 26(1' — i (P(21)...GoP(z)...P(xy))
i=1

where G, is the representation of the hermitian quantum generator of the symmetry and j4 the
associated conserved current.

In the case under consideration, one finds:

Translation: 0, (T)(z)X) = — Z Oz — ;)0 (X)

Rotation: €, (T" () X) = —i Z si6(x — x;)(X) (1.13)
i=1

Dilation: (T#(z)X) = —i Y A;d(z — ;)(X)
=1

where X stands for a product of n primary operators, €,, is an antisymmetric tensor coming from the
definition of the spin generator, s; is the spin of the operator O; in X and A; its conformal dimension.
The identity for SCT does not bring any additional information, so we have omitted it.

A crucial observation is the following: conformal invariance at the quantum level does not generically
follow from conformal invariance at the classical level. A quantum field theory requires a regularization
prescription, which typically introduces a scale into the theory. This scale breaks conformal symmetry,
except at special values of the parameters corresponding to renormalization group fixed points. At
such points, the classical tracelessness of the energy-momentum tensor is expected to persist at the
quantum level (up to possible anomalies on curved backgrounds).
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1.2 CFTs in two dimensions

Two-dimensional CFTs are interesting not only because of their numerous applications, but also
because of their distinctive features. Indeed, in two dimensions the structure of these theories becomes
significantly richer, as the finite-dimensional conformal group is promoted to an infinite-dimensional
symmetry algebra.

1.2.1 The infinite and central extensions

Consider the Euclidean two-dimensional metric expressed in terms of the complex coordinate z =
ol +ix?:
ds*[R?] = (dzh)? + (dz?)? = dzdz (1.14)
Now recall that the conformal group is isomorphic to SO(d + 1,1). For d = 2 one can show that the
group SOT(3,1), i.e. the connected component of SO(3,1) containing the identity, is isomorphic to
the projective special linear group PSL(2,C) or Mobius group:
b
z’:ﬂ, a,byc,deC, ad—bc=1 (1.15)
cz+d
Remember that we had to compactify our spacetime adding a point at infinity. The M6bius group is
indeed the group of complex automorphisms of the Riemann sphere as a complex manifold, i.e. the
bijective conformal maps from the Riemann sphere to itself, where the Riemann sphere is the complex
plane together with a point at infinity.

Although this is the global conformal group, note that any other holomorphic map 2z’ = f(2) also
multiplies the metric by a Weyl factor Q% = \%P. Expanding in a Laurent series,

f=> 2" fa€C,

we identify the generators of these transformations as:
=" T, =19

These two infinite sets of generators form two commuting Witt algebras:

Ly lm) = (n—m) lptm [y lm) = (n—m) lptm [lnylm] =0

Hence in two dimensions the local conformal group is infinitely extended! In particular, fromfthe above
commutation relations we see that the global conformal group is generated by {l_1, lo, 1 }U{l—1, 10,11 }.

If one naively attempts to quantize some of the most common classically conformally invariant theories,
one does not obtain a representation of the Witt’s algebra, but rather of one of its central extensions.
Moreover, when the same theories are quantized on a curved manifold instead of a flat one, conformal
symmetry becomes anomalous, and this anomaly is directly related to the central extension. A central
extension of an algebra consists in the addition of a commuting (central) term to the usual commutation
relations.

One can show that the only central extension compatible with the Witt’s algebra reads:

[ln; lm] = (TL - m) ln—i—m + i

called the Virasoro algebra and c is called central charge.

In the case of Lorentzian signature, the conformal symmetry is enhanced to independent reparametriza-
tions of the two lightlike coordinates, ™ = f*(z%), where

ds’[RYY = —dt? + da® = —dxTda, f=txuz
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This is consistent with the fact that the Lie algebra so(2,2) decomposes as
50(2,2) ~s0(2,1)4 dso(2,1)_,

or equivalently that SO(2,2) is locally, i.e. close to the identity, isomorphic to SO(2,1)+ x SO(2,1)_.
The two factors SO(2, 1)1 are themselves locally isomorphic to PSL(2,R), whose action on the light
rays is given by fractional linear transformations of the form (1.15), but with real coefficients. To make
this action globally well-defined, each light ray is compactified by adding a point at infinity, yielding
two copies of S'. The infinite-dimensional extension of the global conformal group is then given by
the group of orientation-preserving diffeomorphisms,

Dif f*(S%) x Dif f(5Y),
whose Lie algebra is generated by two commuting copies of the Virasoro algebra.

Before ending this section let’s note that for certain manipulations it can be useful to extend our
variable space by making z and z independent. Then one can always find the physical space in the
two-dimensional plane z* = Z, where the star indicates the complex conjugation.

1.2.2 Primary fields

We want to study more in detail primary fields. As we have said earlier, a primary operator transforms
homogeneously as in (1.8) when a generic conformal transformation is performed. Now that the group
is infinitely extended, there can be fields that satisfy such transformation rule only for the global
conformal group.

Definition 1.2.1. We call an operator O(z, Z) a quasi-primary if it transforms homogeneously under
the global conformal group.

Clearly all primary operators are also quasi-primary, but the converse is not true.

Let’s see how the transformation rule (1.8) is written in the complex coordinates. After performing
holomorphic z — w(z) and anti-holomorphic zZ — w(Z) transformations, the metric (1.14) picks up a
Weyl factor given by the two corresponding complex jacobians. Then we have:

dw . _

dw . _j,
—)M()

O(w,w) = ( "O(z, z) (1.16)

where we have defined the left /right conformal weights h,h € R. To see how these two numbers are
related to the dimension Ao of the operator O let’s perform a rotation plus a dilatation by multiplying
the coordinates z — Az with A = |\|e? € C:

Oz, A*2) = (J]Al&?) (A [e™)TFO(z, 2) = [N~ 0=+, 2)

where we are working on the physical plane \* = . Hence we have found that:

Ao=h+h so:=h—nh

where s is the spin of the operator.
We conclude this discussion with the following definition:

Definition 1.2.2. A holomorphic field, i.e. which depends only on z, is called chiral, whereas an
anti-holomorphic field is called anti-chiral. In Lorentzian signature, the same terminology is used for
fields depending respectively on one of the two light-cone coordinates ™ and x~, and one also speaks
of left-moving and right-moving fields.

Accordingly, one often refers to a theory depending only on one of these variables as a chiral CFT. In
the Lorentzian setting this terminology has a direct geometric meaning: since z* and z~ parametrize
light rays, a chiral CF'T may be regarded as a one-dimensional conformal theory living on a light ray,
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or on its compactification S'. In the Euclidean formulation, instead, a holomorphic theory depending
only on z is still naturally defined on the complex plane, and should not be literally interpreted as a
one-dimensional theory.

As will become clear when discussing the Hilbert space of a CFT, in both the Euclidean and Lorentzian
settings a full two-dimensional theory is obtained by consistently combining two chiral components.
1.2.3 The operator-state correspondence

By inspecting the algebra (1.7), we observe that P, and K, act respectively as raising and lowering
operators with respect to the grading defined by the dilatation operator D. This suggests that D may
play a role analogous to that of a Hamiltonian.

To make this idea precise, let us consider the conformal map from the complex plane to the cylinder,
z— w=logz=logl|z| +i0 = T + 3.
Here 7 parametrizes the height along the cylinder, while 6 is the angular coordinate.
Writing the flat metric on the plane in polar coordinates,
ds?[R?] = dr? + r?d#* = r* (Cff + d92> ,

and using r = €”, we obtain

ds?[R?] = €*™ (dr? + d6?) .
Up to the Weyl factor €27, this is precisely the metric of a cylinder.
Under this change of coordinates, the dilatation generator becomes

D = —2"0, = —r0, = —0-,

showing that radial evolution on the plane is mapped to time evolution on the cylinder. For this
reason, D is often referred to as the conformal Hamiltonian.

The Hilbert space can then be constructed as the span of the eigenstates of the conformal Hamiltonian.
Equivalently, to each circle of fixed radius r on the plane, or fixed time 7 on the cylinder, one associates
a Hilbert space. This construction is known as radial quantization and it is shown in figure 1.2.

Imz
A

0~0+2

T —

|

zl=e"

arg(z)=0
z=e"
» Re g _—
w=1+i6f

AVAWAWAWAWAVA

\VAVAVAVEAVEAVAV/
N

—

Figure 1.2: The plane-cylinder correspondence underlying radial quantization.

To further formalize this picture, let us assume the existence of a conformally invariant vacuum state
|©2). In particular, a local operator ®(z, z) defines the state

) = lim (2, 2)|9).
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This establishes a one-to-one correspondence between local operators on the plane and states on
the cylinder, known as the operator-state correspondence. In this picture, an insertion at the origin
corresponds to a state defined at 7 — —oo, while insertions at larger radii correspond to later Euclidean
times. The vacuum state itself can be regarded as the state associated with the insertion of the identity
operator.

As we have already pointed out, P, and K, behave as raising/lowering operators with respect to the
dilation generator D), which as said, plays the role of a Hamiltonian. Therefore, acting with P, on a
primary state generates its first excited states. However, in two-dimensional CF'T the global conformal
algebra is enhanced to the infinite-dimensional Virasoro algebra. As a consequence, there exists an
infinite tower of additional raising operators, which generate a much richer set of excited states beyond
those obtained from the global conformal symmetry. We will return to this later.

To endow the Hilbert space with an inner product, we must define Hermitian conjugation. In
Minkowski spacetime, Hermitian conjugation does not act on the spacetime coordinates. In Euclidean
signature, however, the Euclidean time coordinate must be reversed (7 — —7) upon Hermitian conju-
gation. In radial quantization this corresponds to the mapping z — 1/z*. Then for a quasi-primary,
we define:

B(z,2) =222 2hp(1/2,1/2) (1.17)
so that:
. _ . __ —92h _ ¢:=1/z . —oF, _
(@] = lim (QI91(z,2) = lim 2727 (Q)2(1/2,1/2) =" Im (R (QI9( ()

The prefactors in (1.17) guarantee that the scalar product (®|®) has a well-defined limit when ¢, { —
0.

We can also expand a conformal field ®(z, z) of dimensions (k, h) in modes by considering its Laurent
expansion:

— 1 1 —
(z,2) =Y > 2™ B = dz 21— 7{ dz 271 ®(z,2)  (1.18)

2 211
meZne’l

One can relate this expansion to the Fourier expansion of the field on the cylinder (given its periodic
behaviour) by using the conformal map between the latter and the complex plane.
The usual Hermitian conjugation,

Dz, Z)T = z Z Z_m_hz_"_ECI)IRW

meZne
compared to the definition of equation (1.17) gives:
Ol =P
Note that to be well defined, the ”in” and ”out” states, respectively at z = 0 and z = 0o, must obey:

D, 0| =0, m>—h,n>—h (1.19)

Within radial quantization, time ordering becomes a radial ordering, defined as:

01(2)O2(w) if |z > |w|

R[O1(2)On(w)] = {02@,)01(2) it 2] < o

If the two fields are fermions, a minus sign is added in front of the second expression. All operators
in correlation functions are understood to be radially ordered.
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1.2.4 The conformal charge

Let us count the free components of the energy momentum tensor in d = 2. Being a symmetric
traceless rank-2 tensor, it has only two, out of four, free components. Considering the complex

coordinates (1.14), these components are 1%,(z,2) := T(z,z) and T35(z,2) := T(z,z). Then the
continuity equation 9, 7% = 0 implies:

0,T=0=T=T(z) 0:T=0=T=T(z2)
It follows that there is an infinite number of conserved left-moving and right-moving currents:

GO, ) = ()00 (G, 50Y) = (0,2 T(z))

z ) z

The corresponding charges generate the infinite Virasoro extension of the two-dimensional conformal
algebra discussed in the previous section. In radial quantization a fixed time slice corresponds to a
contour of fixed radius. Therefore we define the conformal charge as:

Q= — ¢ dz e(2)T(2) + — 74 dz d(2)T(3)

21 21

From now on we focus just on the holomorphic part. We can expand 7'(z) as in (1.18):

1
T(z)=> 2" ?L, Ln= 5 f dz 2" (2)
nel

whereas

€(z) = Z €2

neZ

Then it is easy to see that the conserved charge associated to the current j(™ = 2" 1T (2) coincide
with L, and corresponds to the transformation given by €(z) = z"*!. Moreover, the conformal charge
can be expressed in modes as:

Qe = Z €nLln

nez

In conclusion, we have found that the expansion modes of the energy-momentum tensor are the
generators of the conformal transformations. As already mentioned, the classical generators obey the
Witt’s algebra and the quantum generators obey the Virasoro algebra:

C
[Ln) Lm] = (TL — m) Ln+m + E(Tlls — n)5m+n,g

and similarly for the anti-holomorphic modes. The generators of the global conformal group PSL(2,C)
are then identified with L_q, Lo and L; (and their anti-holomorphic counterparts). In particular, the
operator Lo + Lo generates dilations (z,z) — A(z,2), which are, as said, time translations in radial
quantization. Thus, D = Lo + Ly.

Before moving on, let us note that the conformal Hamiltonian D must be self-adjoint in order to
define a proper Hilbert-space generator of radial evolution. In radial quantization this follows from
the adjointness relations LL =L_, and Ijl = L_,,, which in particular implies L(T) = Ly and EE = Lo.
Hence D' = D.

The same adjointness relations also expresses the well-known fact that, in radial quantization, trans-
lations and special conformal transformations are conjugate to each other. Indeed, L_1, L_; generate
translations on the plane, while L, L; generate special conformal transformations, and LT_1 = L,
and [7:1 = L;. This is the two-dimensional counterpart of the relation Pl =K 1> Which is required by
compatibility of the conformal algebra (4.3.2) with DT = D.

From the quantum Noether theorem we know that this charge generates the variation of the fields as:
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If we insert the definition of the conformal charge on the right-hand side we find:

1
00 = — @ dz e(2)[T(z),O(w
0= 5§ de 1), Ow)
How do we interpret this equation? All operator equations are to be viewed as living inside radial-
ordered correlation functions. Therefore we have to choose the contour according to the order of the
integrated operators:

% 8z ITE0w) - = dz e(=)T(2)0(w)

270 J |2 <l

00 = =

T 2mi

where the radial ordering of the integrand is, as always, understood. As shown in figure 1.3 this is
equivalent to a single integration over a counterclockwise contour C encircling the insertion point w

of the operator O. Therefore:
5.0 = f dz €(=)T(2)0(w) (1.21)
C

2

Actually this expression could be derived by using the Ward identities (1.13) and, when generalized
to an arbitrary product of operators with insertion points (w;, w;), is referred as the Conformal Ward
identity.

Figure 1.3: Evaluation of the radial commutator.

Now that we know how to compute the variation of any field under a generic conformal transformation,
we can evaluate the transformation of the energy-momentum tensor itself. Using the mode expansion
of T'(w) and the Virasoro algebra, one can show that:

0T (w) =[Q,T(w)] = Z €n[Ln, T (w)] = —1—0283 e(w) — 2T (w)Ope(w) — e(w) T (w)
neZ

Integrating this expression one finds:

w\ c 2w v
T(w) = <CclzZ> T - el ek = 50

where {w, z} is called Schwarzian derivative. An explicit calculation gives:

az+b
z
cz+d’

{ } =0, a,be,deC, ad —bc=1

Therefore the energy-momentum tensor is a quasi-primary (for ¢ # 0) field of conformal dimension 2.

Note that under the conformal transformation z = €%, mapping the plane to the cylinder, the energy-

momentum tensor transforms as: c

To(w) = Ty (2) = 57

3Even though O(w) is evaluated at a fixed point, it cannot be regarded as a constant with respect to the contour
integration, since the relevant object is the product T'(z)O(w) inside correlation functions. By translational invariance,
this product depends on the relative coordinate z — w, so the insertion at w influences the value of the contour integral.
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On the plane, we will see shortly that (7},;) = 0, and therefore
c

<Tcyl> = _ﬂ

This shows that the central charge can be interpreted as the Casimir energy of the theory on the
cylinder. Including also the anti-holomorphic sector, the cylinder Hamiltonian is shifted to H.y =
Lo+ f/o — TCQ

To conclude the section, since now we have all the ingredients, we formalize what we mean by a
compact CFT:

Definition 1.2.3. A CFT is said to be compact if all conformal dimensions are real, the spectra of
Ly and Ly are discrete and the vacuum |Q2) is unique.

In the sequel we will always work with this assumption.

1.2.5 The Hilbert space structure

Consider now a primary operator O(z), chiral for simplicity. We now consider an infinitesimal trans-
formation of the coordinates given by w = z + ¢(z). Then from (1.16) we get:

O(2) = (14 0:¢(2))"O(z + €(2)) = (1 + hdze + 0(¢*))(O(2) + .0(2)e + o(e?))

From which we find:

0.0 = (€0, + hd,e)O (1.22)
If we now choose €(z) = 2""1, according to (1.20) we find the commutation relation:
(L, O(2)] = (2710, + h(n +1)2")O(z) (1.23)

Now let’s use this transformation to better characterize the Hilbert space of radial quantization. First
of all note that equation (1.19) for the energy-momentum tensor reads:

L) =0  L,|Q) =0, n>-1 (1.24)

This condition implies the invariance of the vacuum with respect to the global conformal group and
the vanishing of the expectation value of the energy-momentum tensor:

QTR =0 (QT(E)0) =0

Let’s now consider a state created by a primary of conformal weights (h, h):
|k, h) = 0(0,0)|Q)
Using (1.24) and the commutation relations (1.23) we get:
Lo|h, h) = h|h, h) Lo|h,h) = h|h, h)
i.e. primary states are eigenstates of the Hamiltonian. Likewise, we have:
Lylh,h)y =0  Ly|h,h) =0, n>0 (1.25)

Using the Virasoro algebra we get:
[Lo, L_py) = mL_,

Meaning that the generators of the Virasoro algebra act as raising/lowering operators for the eigen-
states of Lg. This was already pointed out for P, and K, in section 1.2.3; we now see that such
behaviour adapts to the whole extended conformal group. This means that excited states may be
obtained by successive applications of these operators on the state |h):

Loy L_p|h), 1<k <..<k, (1.26)

where the increasing order is a convention; a different ordering can always be brought into a linear
combination of well ordered states by applying the Virasoro algebra. The above state is an eigenstate
of Ly with eigenvalue h’ = h + ki + ... + k, = h+ 1, where [ € N, 0 € N, is the level of the state.
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Definition 1.2.4. The states (1.26) are called descendants.
Descendants are clearly not primary states as they don’t satisfy (1.25).

The subset of the full Hilbert space generated by the primary state |h) and its descendants is closed
under the action of the Virasoro generators and thus forms a representation (more correctly, a mod-
ule) of the Virasoro algebra. This representation is called a highest-weight representation and the
corresponding representation space is called a Verma module.

Thanks to (1.17), the inner product of two states in a Verma module is well defined:
Ly, ..L_y,|h), L_p..L_p |h) = (h|Lg...Ly, L_p ...L_p, |h)

This product may be evaluated using the Virasoro algebra and vanishes unless the two states belong
to the same level. Moreover, Hermiticity also forces h to be real: Lg = Lo = (h|h* = (h|h)T =
(Lolh))T = (h|Lo = (h|h.

The same discussion can be carried over also for the anti-holomorphic generators. If we denote by V;
and Vf the Verma modules generated by the sets {L_,} and {L_,}, respectively, for a given value ¢
of the central charge and highest weights h and h, the whole Hilbert space can be decomposed as

H=EPV,reVieV;
Wk

Here V) 7 is a finite-dimensional vector space accounting for the multiplicity Z) ; € N of the corre-
sponding irreducible representation, with

For instance, if the same representation appears more than once, one has multiple primary fields with
identical conformal weights (h,h). Any linear combination of such primary fields is still a primary
with the same conformal weights. The space V), j, can thus be interpreted as the space spanned by
these states, carrying the representation labeled by (h, k). Equivalently, one can write

H=D 2 VioVi, ZyeN
h,h

Interpreting Zj, j, as the number of copies in the direct sum of the subsequent Hilbert space, the
equivalence follows from the fact that, for any vector space V, the direct sum of Z copies of V can be
written as V@--- @V ~ V@V, where V ~ C? is a Z-dimensional vector space such that dim(V) = Z.

However, not all states (1.26) in H are physical: there can exist both null states and negative-norm
states. For now, we will remove only the unphysical null states, while the removal of negative-norm
states will be discussed later in the context of unitary CFTs.

Definition 1.2.5. A null (or singular) state is a non-vanishing descendant state |x) € V5, different
from |h), which is itself a highest-weight state, i.e.

Lylx)=0 for all n > 0

Null states generate a submodule ¥V, C Vy, which is invariant under the action of the Virasoro algebra.
Singular vectors are orthogonal to the entire Verma module:

XLy Ly [B) = (R L, - Ly [X)" = 0

In particular this implies (x|x) = 0. These properties also extend to all descendants of |x).

We have thus identified an invariant subspace under the action of the conformal algebra. By definition
this means that the original representation is reducible. Therefore, from a Verma module containing
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one or more singular vectors, one may construct an irreducible representation of the Virasoro algebra
by quotienting out the null submodules:

My =V /N
where N denotes the submodule generated by all null states.

These irreducible representations will be denoted as My, to distinguish them from the reducible Verma
modules. The physical Hilbert space can then be written as:

Hpnys = P Vip @ Mj; @ My ~ D 7, 5, Mj; @ M (1.27)

hh h,h

In the sequel, by H we will mean the physical Hilbert space.

1.2.6 Operator Product Expansion

In quantum physics, typical experiments probe composite operators made out of products of elemen-
tary fields and their derivatives. Mathematically, considering a scalar field ¢, for a distant observer two
nearby insertions of ¢ may effectively look like an insertion of ¢2, $0,¢, etc. However, the coincidence
limit is in general a singular operation®. In a generic QFT, turning this intuition into a precise math-
ematical statement is difficult and usually leads only to asymptotic expansions. In a CFT, instead,
where there are no scales other than the distance between the insertions, this procedure, called the
Operator Product Expansion (OPE), is well-defined and has a finite radius of convergence.

Thanks to the operator-state correspondence, the insertion of two operators at the points (w,w) and

(z,Z) creates the state
|U) = O1(z,2)O2(w, w)|).

We can decompose this state in a complete basis consisting of all highest-weight states and their

descendants:

@) =) Cfi(z —w, 2 — @, 0w, ) Or(w, 1)|Q). (1.28)
k

The above sum runs only over primary operators Oy, while the
contribution of their descendants is encoded in the differential
operators C’fj (z —w,z —w, 0y, 0g). By translational invariance, e .
these coefficients depend only on the separation between the two
insertions. By studying three-point functions and exploiting con-  / \
formal invariance, one can determine the coefficients C’Z-kj up to
an overall multiplicative constant. These constants are precisely
the structure constants A;j; appearing in the three-point corre-
lators. For this reason, together with the spectrum of conformal
weights, they constitute the CFT data required to define a con-
formal field theory non-perturbatively, even in the absence of \ /
a Lagrangian description. Since the only singularities of CFT AN /
correlation functions are poles, we expect the expansion (1.28) R o

___________
~~~~~

Q
~ .
RS
Sl

to converge inside the disk |z — w| < |[w’ — w|, where w’ denotes
the nearest other operator insertion. This is illustrated in figure
1.4.

In general, we write the OPE as

~s .-
SN ———————T

Figure 1.4: Schematics of the OPE in
radial quantization.

01(2, 2)02(71),71)) = Zczk](z —w,z —w, aun 8111) Ok(waw)
k

4For instance, consider the general form of the two-point function (1.10).
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It is understood that this equation has a precise mathematical meaning only inside correlation func-
tions. Moreover, radial ordering is also implicitly understood. Finally, other operator insertions may
be present in the correlator, but according to the previous discussion the expansion remains valid
provided that all such insertions lie outside the convergence disk, namely at distances greater than
|z — w| from the expansion point.

The singular terms of the OPE as z — w completely determine the action of conserved charges
defined via contour integrals. Indeed, by Cauchy’s residue theorem, any regular contributions vanish
upon integration. Consequently, this singular behavior encodes all the relevant physics regarding the
commutation relations of the symmetry generators (1.21).5 For this reason, it is standard practice to
omit the regular terms and display only the singular part of the OPE.

For example, from the conformal Ward identity one can derive that the OPE between T'(z) and a
generic operator O(w, w) with conformal weights (h, h) takes the form

h O(w,w 00(w, w
(ziw)g + z(—w ! +

T(z)O(w,w) = ...+ (1.29)

and similarly for the expansion involving T'(2). We see that the coefficient of the (z —w)~? singularity
contains the conformal weight of O(w, w). Moreover, comparing this expansion with (1.21) and (1.22),
one finds that for a primary operator the singular terms appearing in (1.29) are the only ones present.

Once the expansion (1.29) is known, one can derive the OPE of the energy-momentum tensor with
itself:

c/2 2T (w oT (w
(z—/w)4+(z—(w;2+ z—(u))+

where c is the central charge.

Note that one may equivalently start from the Ward identities, derive the above OPE, which naturally
introduces the constant ¢, and then obtain the commutation relations of the modes L,,, proving that
they satisfy the Virasoro algebra. Here we have followed the opposite route, namely assuming the Vi-
rasoro algebra as the correct symmetry algebra of the quantum theory and motivating the appearance
of the central extension through the Casimir energy. This allows for a more direct presentation while
avoiding some technical computations.

1.2.7 Minimal models and Rational CFTs

When talking about the Hilbert space of a CFT, we have identified two issues: null vectors and
negative-norm states. The first problem has already been addressed, and now we have to discuss the
remaining one.

Definition 1.2.6. A CFT is said to be unitary if it contains no negative-norm states.

One can show, using the Virasoro algebra, that:

(h|LnL_p|h) = (2nh + %n(n2 - 1)) (h|h). (1.30)

Note that for n = 1 we obtain, in a unitary theory:

(h|LyL_1|h) = 2h{(h|h) >0 = h>0.

In addition, if ¢ < 0, the norm (1.30) becomes negative for sufficiently large n. Therefore, all repre-
sentations with negative central charge are non-unitary.

5 Although the mode expansion of €(z) may introduce poles at z = 0, the integration contour in (1.21) is chosen to
tightly encircle only the insertion point w. Since this contour is arbitrarily small and isolates w from any other poles or
operator insertions, the regular terms of the 7O expansion yield a vanishing integral, while ensuring that we are in the
correct regime to perform the OPE.
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The necessary and sufficient conditions for unitarity are obtained by considering the Gram matriz of
inner products between all basis states. We denote by |i) the basis states (1.26) of the Verma module
and define:

M;; = (ilj),  M' =M.

This matrix is block-diagonal, with blocks M® corresponding to states at level I. A generic state is
a linear combination |a) = ", a;|i), and its norm is (in matrix notation) (ala) = a'Ma. Since M is
Hermitian, it can be diagonalized by a unitary matrix U:

M = UAU'.

Setting b = Ua, we obtain:

(ala) = Xilbal?,

where A; are the eigenvalues of A. Consequently, there exist negative-norm states if and only if M has
at least one negative eigenvalue. Moreover, null vectors appear when one or more eigenvalues vanish,
in which case the Verma module becomes reducible.

Hence, singular vectors occur whenever det(M) = 0. There exists a general formula, due to Kac, for
the determinant of the Gram matrix, the Kac determinant:

det(MD) =y T (h — hrs(e))?' ™)

r,s>1
rs<l

Here p(I — rs) denotes the number of partitions of the integer | — rs, and «; is a positive constant
independent of h and ¢:

o) = H ((2T)SS!)m(T,S) , m(T‘, S) = p(l — 7"5) — p(l — 7«(5 + 1))
r,s>1
rs<l

The functions h, (c) may be expressed in various equivalent
forms. For example:

2
[(m+1)r—ms|” —1 1,1 [25—¢
hrs = 5 =—-=xz
(m) Am(m+ 1) B RN Vi

with r and s positive integers. One can freely choose ei-
ther the positive or negative branch of the square root in
m thanks to a symmetry property of the functions h, . In
the (¢, h) plane, the Kac determinant vanishes along the
curves h = hys(c), called vanishing curves. Their inter-
sections correspond to Virasoro representations containing
more than one independent null vector. These curves are
shown in figure 1.5.

Note that the Kac determinant does not provide the eigen-

values of the Gram matrix, but only their product. There- Figure 1.5: The vanishing curves h, (c) in
fore, a more detailed analysis is required to identify unitary —the (¢, h)-plane.

theories. Since this analysis is rather involved, we only

present the final results:

e For ¢ > 1 and h > 0 there are no null states and no negative norm states;

e For ¢ =1 one finds det(M") = 0 for h = %2, n € Z;
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e For ¢ < 1 and h > 0 of course we have reducible representations along the vanishing curves. A
more careful analysis shows that negative states are absent only on certain intersection points
of such curves; these intersection points are parametrized by:

6

c(m)=1- )’ h = hys(m) (1.31)

withm =3,4,..,1<r<m-—1land1<s<m.

The family of models with central charge (1.31) is called minimal models. Their importance relies
on the fact that they are exactly solvable theories and, moreover, describe the continuum limit of
discrete statistical models at criticality, such as the Ising model or the Potts model. The discovery of
minimal models and their identification with known statistical systems at criticality constitute one of
the greatest applications of conformal invariance.

Minimal models are characterized by only a finite number of irreducible representations of the Virasoro
algebra. This property places them within a wider class of theories:

Definition 1.2.7. A rational conformal field theory (RCFT) is a CFT with a finite number of ir-
reducible representations of its chiral algebra. Equivalently, it possesses only finitely many primary
fields with respect to the action of the chiral algebra.

Note that in the above definition we refer to the chiral algebra rather than to the Virasoro algebra.
This is because RCFTs include more general theories whose left- and right-moving symmetry algebras
are enlarged to a larger chiral algebra containing the Virasoro algebra as a subalgebra.

Finally, we can introduce a useful concept that will appear repeatedly throughout this thesis: the
fusion algebra of primary operators. Although fusion algebras will be defined more rigorously in the
next chapter, one may think of them as a coarse-grained version of the operator algebra, retaining
only the information about which conformal families may appear in the OPE of two primary fields
while ignoring the corresponding coefficients and spacetime dependence.

The general form of a fusion algebra for primaries {®;} is:

O, x®; = Nidp,  NfeN, (1.32)
k

where the symbol x is sometimes replaced by ® or omitted altogether. The coefficients Nikj are called
fusion coefficients and should not be confused with the OPE coefficients. Their role is to count the
number of independent fusion channels through which the representations associated with ®; and ®;
can combine into the representation associated with ®y.

From the OPE point of view, the condition Ni’j- # 0 means that the conformal family generated by
®), may appear in the expansion of ®;(z,2)®;(w,w). More generally, when NZ-’E- > 1, there exist
several independent fusion channels associated with the same conformal family. Accordingly, the
corresponding three-point functions are no longer characterized by a single coupling constant, but by
several independent structure constants, one for each fusion channel.

Note that fusion rules can be defined in general for CFTs, although they take a particularly simple
form in RCFTs, where the sum appearing on the right-hand side of (1.32) is finite.

In minimal models, one can show that NZ-’} € {0,1} and that the fusion rules of chiral fields have a
precise form:

min(ri+ro—1, 2m—ri—ra—1) min(s1+s2—1, 2(m+1)—s1—s2—1)

¢(T1,S1) X ¢(7‘2782) = Z Z QZ)(T’S) (133)

r=|ri—ra|+1 s=|s1—s2|+1
r+ri+re=1 mod 2 s+s1+s2=1 mod 2
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1.2.8 The partition function

Let’s briefly recall the heuristic argument that relates the thermal partition function to the gener-
ating functional of a CFT. Consider the matrix element of the evolution operator between position

eigenstates:
z(t)=xz2

<$2‘€_th|.%'1> _ / Dz e—iS[x,d:]
z(0)=xz1

where H is the Hamiltonian and S is the particle action. Integrating over all configurations with
x1 = 9 and rotating to imaginary time, we obtain the thermal partition function as a path integral
over periodic trajectories:

Z(B8) = Try (e PH) = / Dz e~ Seldl
2(0)=2(8)

where Sg is the Euclidean action and the length of the Euclidean time circle is the inverse temperature

8 =1T.

Extending this argument to two-dimensional CFTs, where spatial periodicity also emerges from the
operator-state correspondence, we obtain:

Z(B) =Try (e*ﬁ(LOJFEO*ﬁ)) = D® e 5E
TQ
where we have subtracted the vacuum energy contribution from the conformal Hamiltonian. Hence a

two-dimensional CFT is naturally defined on a torus T2.

We now rewrite this quantity in order to separate holomorphic and anti-holomorphic contributions
and to highlight the underlying torus structure. We first introduce ¢ = e, so that:

Z2(8) = Try (e Ao bo=52) ) = Ty, (g0~ 5igh 1) = 2(q,9)

For the moment we have ¢ = g. We now introduce the modular parameters 7 and 7 defined by

— 627ri7' —2miT

q qg=e

Then: B B
Z(q, q) — Tr’H <qL07§(jL072£4> —_ TI"H (627T’L'T(L07i)672ﬂ"i?([/07i ) (134)

with 7 = 71 4 79, where » = %, and T =7%, ¢ = ¢".

While for a physical Euclidean torus one has

T = 7%, it is often convenient to treat the holo- “Imz
morphic and anti-holomorphic sectors formally as /
independent variables. In order to do so, one may
also allow independent central charges c and ¢. In
this way one can regard the partition function as
a function of two independent variables: T
172

2= 2(r.7) /
The physical theory is recovered by imposing 7 = / Re Z
7", §=¢* and c = ¢C. T1 o
The complex parameter 7 is called the modular

parameter and encodes the geometry of the torus.
Indeed, both spatial periodicity 6 ~ 6 + 27 on
the cylinder and Euclidean time periodicity tg ~
tg + 8 are encoded in the identification

Figure 1.6: A complex lattice generated by 7 = 71 +i7s.

zn~z+4 27T,
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This equivalence generates a lattice in the complex plane, defining a torus whose shape is determined
by 7 (see figure 1.6).

Expanding the expression (1.34), one finds that introducing the complex modular parameter 7 =
T 4 iTo generalizes the thermal partition function to

2(7_7 7—_) — TI'H <e—27rTQH€27riT1(L0—I_/0)>

The additional factor acts as a chemical potential for the momentum operator Lo — Lo, which in radial
quantization generates rotations on the plane and is naturally related to the spin of the states. Its
appearance has a simple geometric interpretation. For a rectangular torus (71 = 0), a translation
along the Euclidean time cycle returns to the same spatial point. For a tilted torus (71 # 0), instead,
a translation along the Euclidean time direction must be accompanied by a spatial translation in
order to return to an identified point. The operator e2™7(Lo—Lo) precisely implements this additional
translation.

The symmetries of the torus become symmetries of the partition function. Different choices of cycles
generating the same lattice are related by transformations in the modular group:

at +b <a b

%7
T cr+d’ d

) € SL(2,Z)/Zs.
This group is generated by two elements:

1
T:7T—=>71+1, S:7T— ——
-

These symmetries lift to the partition function, which becomes modular invariant:

2R =2+ 1,741),  Z(n7) :z<—1,—1> (135)

T T

This is a consistency condition that every two-dimensional CFT must satisfy and has no higher-
dimensional analogue.

Practically, the partition function is conveniently expressed in terms of characters:
(o) ._ T Lo— % @ . _ Tr s —Lo—<
Xh T rM}CL q 24, Xh L rM’—CL q 24
Using the Hilbert space decomposition (1.27), we obtain:

27 =Y Zpxi? () X (7)
h.h

The explicit form of the characters depends on the specific model.

In many theories, under the T transformation the characters acquire only a phase, making invariance
under 7" straightforward to check. In particular, from (1.34):

X+ 1) = 27030 519 (7)
Then modular invariance under T transformations implies that:

eQm'(th) -1

Meaning that in a modular invariant theory the spins must be integers. Note that this does not imply
that the left /right conformal weights need to be integers.

Under the S transformation, instead, the characters transform linearly as:
@©(_1Y _S g4 © 136
Xp < 7_) ; hh! Xt (7-) ( . )

30



The matrix S is called the modular S-matriz and is symmetric and unitary. One then finds:

3 (2

z(-l,—l) = S ) Sz Sty X0 (F) = 2(n7) = z=Sz8"  (137)
1,5,k Kk’

For simplicity we have used generic indices, although they run over the full set of conformal weights
of the theory; we will adopt this convention throughout the thesis.

Definition 1.2.8. A diagonal CFT is a theory with Z; ; = 9; ;.

Note that modular invariance under S follows immediately from (1.37) and the unitarity of S for
diagonal theories.

Finally, we state a famous result due to Verlinde, which relates the fusion algebra (1.32) to the modular
transformation properties of characters (1.36), namely the Verlinde formula:

SimSimSs
k imOime m
NE=Y T (1.38)

m

This formula states that the unitary S-matrix diagonalizes the fusion matrices. More precisely, if we

define (V) jk = NZ-’;, then the eigenvalues of N; are given by g;—z This formula will be extensively
used in the sequel.

1.3 The Ising Model

Let’s start from the discrete statistical model. Consider an N x M lattice with spin variables o; €
{—=1,1} at each site, and suppose that they interact through a nearest-neighbour energy per link (ij):

leading to the partition function:
Z= Z e B2 is) Big)
{o}
where § = 1/KpT. Note that this system exhibits a Zs symmetry implemented by the transformation

o; — —0;.

This system undergoes a second-order phase transition at a critical value K = K. of the coupling
K := J. The continuum limit at the critical point is described by a conformal field theory.

Before analyzing the associated CFT, let us briefly discuss the two phases separated by the critical
point. There is a low-temperature ordered phase (K > K,.) and a high-temperature disordered phase
(K < K.). The partition function can be expanded as a power series in K and 1/K, respectively, in
these regimes.

In the high-temperature phase (small K), using the identity:
K% = cosh(K) + 0;0; sinh(K) = cosh(K)(1 + 0;0; tanh(K)), o0i,0; € {—1,1}
we find:
Z =) ] eosh(K)(1+ oio; tanh(K)) = (cosh(K))* > "T](1 + 040, tanh(K))
{o} () {o} ()
where 2N M is the number of nearest-neighbour bonds.

The above product over nearest neighbours can be expanded as follows: pick a site; for each neighbour
the product selects either 1 or ;0 tanh(K). Whenever the latter is chosen, one can imagine moving
to the neighbouring site and repeating the procedure. In this way, the polynomial arising from the
expansion of the product can be interpreted in terms of paths on the lattice.
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We now perform the sum over spin configurations. Since o; € {—1, 1}, only terms in which each spin
appears an even number of times survive (a single o; would sum to 1 — 1 = 0). In the graphical
representation, this implies that only configurations consisting of (possibly disconnected) closed loops
contribute. Therefore, the partition function becomes:

Zhigh = [2cosh?(K)]VM )~ [tanh ()]st (1.39)

loops

where the factor 2VM arises from the sum over all spin configurations. This is the so-called high-
temperature expansion of the Ising model. The procedure described above is illustrated in figure
1.7.

E

O—0—— OO OO

O—0) Ot O—O— O

A O—O—0) —> »—(( O—O—0
Q O O—+—O

17

Not allowed

1 Allowed

@ starting site 6;6; tanh(K)

Figure 1.7: Graphical representation of the high-temperature expansion. In general, the path may branch and
form more complicated closed configurations.

The spin chains arising in the high-temperature expansion can be interpreted as fluctuations of short-
range correlations rather than as physical spin domains. Since the partition function contains no
sources, only closed chains contribute, resulting in a gas of closed loops of correlated spins. In this re-
spect, the high-temperature expansion is reminiscent of the perturbative expansion of a QFT partition
function, which decomposes into a sum of closed vacuum bubble diagrams. Note that the contribution
of long chains is suppressed in the low K regime.

In the low-temperature phase (large K'), the system is almost fully ordered, except for small clusters
of flipped spins. A given configuration can thus be described in terms of the boundaries separating
regions of opposite magnetization.

The lowest-energy configuration is the fully aligned one, with energy:
Ey=-JY 1=—JNponas = -2JNM
(i5)
We factor this contribution out of the partition function:
2 — 2KNM | Ze—ﬁzm Eij;y—Eo
{o}

The remaining sum weights the energy cost of excitations above the ground state. For every anti-
aligned nearest-neighbour pair we pay an energy cost:

AE = Eopposite - Ealigned =+J - (_‘]) =2J
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Since the boundaries of flipped clusters form closed loops, we obtain:
Ziow = 2€2NMK Z 6—2K(1ength) (140)
loops

where the factor 2 accounts for the degeneracy of the ground state. This situation is illustrated in
figure 1.8.

+ + + + + + + + + + + + + +
+ + + + + + + + + + + + + +
+ + - - - + + + + + - - + +
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+ + + + + + + + + + + + + +

Figure 1.8: Graphical interpretation of the low-temperature expansion of the Ising model. Flipped spin clusters
are encoded by closed domain walls on the dual lattice.

Note that in the high-K regime, only small clusters give a significant contribution to the partition

function.®

From expressions (1.39) and (1.40), we see that the two phases are mapped into each other through
the identification:
e 2K — tanh(K) (1.41)

In particular:

Ziow(K') = 2N 7 em20ns) = 2 ganb (1) =N 7 ganh (K0t =

loops loops

=2 sinh(K)_NM cosh(K)NM Z tanh(K)(length) _

loops

= 2(2sinh(K) cosh(K)) VM oNM cogh (K)2NVM Z tanh(K)(eneth) —
loops

= 2 sinh(2K) "M 2,1 (K)

This transformation relating the high- and low-temperature phases of the Ising model is called the
Kramers—Wannier duality. At the phase transition point we expect K = K’, and from equation (1.41):

K. = —% In(v2 — 1)

A crucial observation is the following. Equation (1.41) is a duality transformation relating two phases
of the same physical system. However, at criticality the two phases coincide, meaning that (1.41)

6 Although they are traditionally referred to as high- and low-temperature expansions, equations (1.39) and (1.40)
are exact identities for the two-dimensional Ising model. The term ”expansion” originates from the fact that these
representations become naturally organized as power series in tanh(K) and e~ 2K respectively, and analogous procedures
in more general lattice models usually yield only perturbative expansions [7].
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becomes an invariance of the critical theory. This is not a fundamental microscopic symmetry of
the system, since it only emerges at the critical point. For this reason, we expect it to have special
properties. Indeed, in the next chapter we will see that the transformation (1.41) corresponds to
a non-invertible symmetry of the critical Ising model, which, although being a symmetry, exhibits
features that go beyond those of ordinary symmetries.

The duality transformation (1.41) enables us to define an operator dual to the spin operator, called
the disorder operator p, as follows. First consider the two-point function of two spin operators:

(o(r1)o(ra)) = % ) o(r1)o(ry)e! 20 717
{o}

This is equivalent to picking an arbitrary path of n-steps from r; to ry along the lattice bonds and
changing the coupling K — K + im/2 for each bond on the path. Indeed, this introduces a factor
e'™19/2 = jg;0; per bond (ij) of the path, leaving us with i"c(r1)o(r2) as each intermediary spin o;
appears twice and O'i2 = 1. One can show that the result is independent, up to a sign, of the path
chosen.

Now we define the disorder operator correlation function (s (ry)u(r2)).” Choose any path connecting
r1 and ro and change the sign of the coupling, K — —K, on all links intersected by the path. The
resulting partition function, normalized by the original partition function Z, defines the correlator.
One can show that the result is independent of the particular choice of path.

Taking one endpoint to infinity defines a single disorder operator u(r). Intuitively, it is called a
disorder operator because it introduces a line along which neighbouring spins are more likely to be
anti-aligned, thus favouring the presence of a domain wall. For this reason, its vacuum expectation
value (u) is expected to be non-vanishing only in the high-temperature disordered phase, in contrast
with the spin operator, whose vacuum expectation value is non-vanishing only in the ordered phase.

This opposition is not accidental. Indeed, from the duality transformation (1.41) one finds

(—K) = K'+i5,  (K+ig) = —(K),
These relations underlie the fact that Kramers—Wannier duality exchanges spin and disorder operators,
mapping (o (r1)o(r2)) to (p(r1)u(rs2)). In the next chapter we will see how this correspondence persists
in the continuum limit.

We can finally move on to the continuum limit of the Ising model. This limit can be analysed
exactly through the Jordan—Wigner transformation, which maps the model to free fermionic degrees
of freedom. In the continuum limit one obtains a theory of a real (Majorana) fermion. At criticality
the fermion becomes massless and the action reads

S = % / d*z (O + o) (1.42)

The vicinity of the critical point is also described by a free-fermion theory, but with the addition of a
mass term miy < (K — K.)1), which explicitly breaks conformal invariance.

The study of the conformally invariant action (1.42) leads to a theory with central charge

Cising = c(3) =

showing that the critical Ising model is described by the minimal model with m = 3. However,
a modular invariant local CFT cannot be described solely in terms of the fermionic field. Indeed,
modular invariance requires the left- and right-moving sectors to recombine into a bosonic theory

"To be precise, as a consequence of the Osterwalder-Schrader reconstruction theorem, once all correlators involving
such operators have been defined, the corresponding quantum field can be reconstructed, provided that the hypotheses
of the theorem are satisfied.
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whose spectrum consists of three primary fields: the identity®, the energy operator ¢(z, ) and the spin
operator o(z, z). These are the continuum counterparts of the lattice operators E(;; and o(r) and have
conformal weights (h,h) = (0,0),(1/2,1/2),(1/16,1/16) respectively. The allowed chiral conformal
weights are also correctly reproduced by the Kac formula (1.31). Thus the partition function is

(3)

z— (3) -
=Xo Xoo TX

where an explicit expression for the characters can indeed be obtained from the fermionic description
(1.42). Accordingly, the Hilbert space is

1 _ (L 1 _ (L 1 _ (L
=7 @ M) o 0,7 @ ML) o (M @ 1Y)
2 2

16 16
Therefore, the critical Ising model is a diagonal CFT.

For a diagonal partition function, the constraint (1.37) is satisfied once the characters transform among
themselves through a unitary matrix S. However, modular invariance alone does not determine the
explicit form of S. To compute it, one has to use the explicit expressions of the characters and study
their transformation under 7 — —1/7. For the Ising model, one finds

e 1 V2
=51 I V2. (1.43)
V2 —vV2 0

In chapter 3 we will derive the same matrix in the framework of algebraic quantum field theory.

S

Since the model is diagonal, we can use the general fusion rules of minimal models (1.33) to determine
the fusion algebra:

exe=1, EXO0=0=0 XE¢, ocxo=1+e
For example, one finds
(2 2)e(w, @) = — (2. 2)o(w,8) = —— 2+ ¢ [z — wfe(w, ©)
e(z,2)e(w,w) = \z—w\2+m o(z,2)o(w,w) = ’z_w’1/4—|—2]z—w] e(w,w) + ...

where, for the chosen normalization of the fields, A\yo1 = 1 and Aype = 1/2.

One can also compute OPEs and fusion rules involving the fermionic fields and the disorder operator
u(z, Z). The latter corresponds to the continuum limit of the discrete operator pu(r) introduced above.
In particular, one finds

Y Xo=pu=19 X o, YXp=0=1 X pU.

These fusion rules correspond to the OPEs:

eim/4 e—im/4

Vo, 0) = e, ®) @) = e petw) (144

B e im/4 B eim/4
Do(w,w) = ———pu(w, @ Du(w,0) = —— o (w, ®
I, ) = ot () BEwE) = o)
As a consequence of these relations, some authors [8] use the regularized product:

p(w, w) o lim (z — w)?¢(2)o(w, ®) (1.45)

z—w

To define the disorder operator . The proportionality constant in (1.45) may be different from the
ones in (1.44) due to different field normalization.

8Note that when ¢ # 0 we have seen that T(z) and T(Z) are not primary operators. Indeed, they are descendants
of the identity. For instance, placing the energy-momentum tensor 7T'(z) at the origin gives |T) = lim,_ T(2)|Q) =
Hmz0 Y, er 2 " 2 LalQ) = limas0 Y, o o ez " Ln|Q) = L-2|Q).
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Finally, note that at this stage we have no direct way to detect the presence of additional fields such
as 1, 1 and p starting directly from the continuous minimal model, since they are not encoded in the
modular invariant partition function. In the next chapter we will see that these fields are naturally
associated with defects of the theory. In particular, within the Euclidean framework, we will derive a
generalization of the modular constraint (1.37), which allows one to detect and classify such additional
sectors.
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Chapter 2

Topological defects in CFT

In this chapter, we will introduce the concept of topological defects starting from the study of global
symmetries, which provide the easiest example of a topological defect. After highlighting the main
features of defects, we will specialize to 2d CFT where defects will be implemented by topological line
operators, which will be characterized in the rest of the chapter. This chapter is based on [5, 6, 9-27]
for the physical sections and on [28-32] for the notions of category theory.

2.1 From global symmetries to topological defects

In non-relativistic quantum mechanics, a global (dynamical) symmetry requires the existence of an
operator U conserved under time evolution, i.e. commuting with the Hamiltonian, [U, H] = 0. For
relativistic QFTs with Euclidean signature, time is on the same footing as any other spatial direction,
hence the appropriate generalization of this condition is that the symmetry operator commutes with
the energy-momentum tensor 7}, thus the operator U should be topological.

To make this more concrete, consider a general QFT in d spacetime dimensions with a continuous
U(1) global symmetry. It is associated with the conserved Noether current j,(x) such that 0*j, = 0
on the solution of the equations of motion and the conserved charge operator is expressed as

Q= ]{ddlxjo , 8@ =0

The conserved unitary operator Uy that implements a U(1) rotation with angle 6 is

Up = 99 = ewp[iﬁ%dd_lxjo]

We can express this symmetry operator in a covariant way in Euclidean signature. Let M (d=1) he a
closed (d-1)-manifold with no boundary in the d-dimensional Euclidean spacetime. We define:

Ug(M@=Y) = explif Junt dM| = exp[if *7] (2.1)
M(dfl) M(dfl)
where n* is a vector orthogonal to M(@—1)_ dM is the infinitesimal volume element on M (@~ « is the

Hodge dual and «j is a closed form, i.e. dxj = 0, which is the Euclidean version of the Noether current
(d—1) (d-1)

(see appendix A). We can now see that if M, and M, are related by continuous deformation and
M9 is the d-dimensional manifold with Ml(d_l) and MQ(d_l) as boundaries with opposite orientations

as in figure 2.1, we get

o o - . (d-1)y _ (d-1)
0=dQ= ¢ dxi= fM;d—n*J 7§M2<d—1>*’ = Q") = Q™)
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And as a consequence

Up(M{* ) = Up(MS V)

Therefore, we see that a conserved current opera-
tor ju(x) in a relativistic QFT leads to a topological
operator Up(M(@4—1) supported on a codimension-
1 manifold in Euclidean spacetime. Note that
Up(M(4=1)) is best interpreted as a modification of
the path integral rather than an operator acting Figure 2.1: Deformation OfMl(dfl) into Mz(dfl). The
on a Hilbert space. This is because if a particular 4. . MO i =12, of M@ are oriented in
time direction has been chosen, then the submani- opposite Waysland are assumed without boundary.
fold M (4= does not need to be a spatial slice.

Definition 2.1.1. An n-dimensional defect is a modification of the path integral, supported on an
oriented n-dimensional submanifold M of Euclidean spacetime, n < d, which changes the space of
field configurations (for instance by imposing boundary conditions, singularities, or other constraints

for the fields on M(™):
/D(I) () el / D® (...) es%
c c

Mm(n)

where (...) denotes possible field insertions, C is the configuration space of the fields, C; ;) is its mod-
ified version by the defect insertion. The modified partition function, denoted Z,,(), is called twisted
partition function. The defect is called topological, if the path integral is invariant under deformations
of M which do not cross the support of the other insertions.

Suppose for simplicity that n = d — 1 as in the example above!. When the defect is at a fixed time
and extends along the spatial direction, the modified correlators,

1 —S 1 —S
<...>:Z/D<1> (.)e e z/ D® (...) e % = ()
C M@-1 Je, )

in the spirit of the Osterwalder-Schrader reconstruction theorem, describe a theory living on the
Hilbert space ‘H determined by the theory without defect, but together with a new topological operator
supported on M(@=1).

(D aran = (O(LED) L) = (QIT(OM D).l

where |Q2) € H is the vacuum vector coming from the reconstruction and 7 denotes time ordering.
Considering the previous example, when M (d=1) — M, is a spatial slice at fixed time t, then Up(M,) =
U(t) is the usual unitary operator acting on the Hilbert space H implementing the U(1) symmetry at
time t. Then the topological nature implies the conservation under time evolution.

Note that a precise orientation of the support of the defect is required. Indeed, reversing the orientation
of M@= in equation (2.1) would give us a different operator, which in this example would coincide
with the inverse operator U, L(M(@=1)) although this is not always the case.

When the defect is extended along the full time direction and localized in one of the spatial directions,
then the associated Hilbert space H -1, called twisted, differs from the one in the absence of the
defect, since the insertion has modified the quantization by changing the configuration space of the
fields along the whole time span.

IThis is the case we are interested in, i.e. line defects in two spacetime dimensions, and also the most explored case
in literature. The definition is still valid for generic supports and also the following considerations can be generalized.
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Consider for example a free complex scalar field in d = 2 and let the space be a circle S! parametrized
by * ~ x + 27. The Hilbert space H(S.) on a circle is obtained by the canonical quantization of the
free scalar field subject to the periodic boundary condition

O(1,2) = O(1,2 + 2m)

The U(1) global symmetry gives rise to a unitary operator Up(H(SL)) acting on H(S!). We can
then insert a defect along the Euclidean (compact) time direction at x=0, S}, changing the boundary
condition to

(1, x) = (1, 2 + 27)

Canonical quantization subject to the above twisted boundary condition leads to a twisted Hilbert
space Hg(S1) labeled by the U(1) group element 6 € [0, 27).

Until now, ordinary global symmetries have been considered, which can only produce (d-1)-dimensional
defects. We can relax the definition of global symmetry to also include defects supported on manifolds
of general dimension.

Definition 2.1.2 (p-form symmetry). A p-form symmetry is a codimension-(p+1) operator U, i.e.
supported on an oriented (d-p-1)-dimensional submanifold of the Euclidean spacetime, which is topo-
logical and invertible.

Therefore p-form symmetries are examples of (d-p-1)-defects and the usual global symmetries are just
0-form symmetries.

Consider now two (d—p—1)-dimensional topological defects with disjoint support, which can be freely
deformed until they coincide without crossing any other operator insertion. Since they are topological,
correlation functions do not depend on the distance between them. Hence, this configuration defines
a fusion product X between topological operators.

In general, p-form symmetries combine to form a p-form symmetry group G® 2This means that
Vg € G® there are topological codimension-(p+1) operators U, obeying the fusion rule

Uy x Uy = Uyy (2.2)

Notice that in definition 2.1.1 there is no requirement for the defect operators to be invertible. As
a consequence, general topological defects will not obey the group multiplication law (2.2), including
also non-invertible operators associated with non-invertible symmetries.

In addition to the fusion product, we can also define a superposition of defects through
<'">o¢ pr)—I—,B M2(q) = Oé(...>M£p) + ,8<...>M2(q) a,Bf €N (23)

where p,q < d and d is the dimension of spacetime. Notice that the coefficients o and  are restricted

to be positive integers so that the defect « Ml(p ) + 4 MQ(q) is associated with the twisted Hilbert space

aH y@® ® BH 2@ where again the coefficients are interpreted as the number of copies in the direct
1 2

sum of the subsequent Hilbert space. This would be impossible if the coefficients were real.

Finally, we can define an action of the defect on local operators. Notice that only (d-1)-dimensional
defects can act on local operators, since otherwise one can simply deform the support of the topological
operator past the local insertion. Consider now a defect supported on a sphere S~ ! and a local
operator O(z) inside it. Then we can shrink the sphere to the insertion point. Due to the topological
property of definition 2.1.1, the local operator should change accordingly in order to maintain the
correlator untouched

(O(S“"N0(x)) = (O (x))

20One can show that a p-form symmetry group G®) is always abelian for p > 1. This is because we can use topological
deformations to change the ordering of two topological operators of codimension greater than one. As a consequence the
fusion product (2.2) is always commutative for p > 1.
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if the defect is associated with a global symmetry

(Uy(S“"D)0(x)) = ((90)(x)) , gea?

Now that we have characterized topological defects in a generic quantum field theory, we can specify
the case of interest: a 2-dimensional conformal field theory.

2.2 Topological defect lines

From now on, we restrict ourselves to the specific case of a 2d Euclidean CFT.

Definition 2.2.1 (Topological defect lines). A topological defect line (TDL) in a 2d CFT 7 is a 1-
dimensional topological defect £ in the sense of definition 2.1.1. The defect with opposite orientation,
called dual defect, is denoted as £. The set of all topological defect lines is denoted as TDL(7).

Following the previous discussion, we know that to the defect line £ we can associate an operator
L acting on the same Hilbert space H of the theory without defects and a twisted Hilbert space
H,. In particular, as a consequence of the invariance of correlators under deformations, all TDLs are
“transparent” with respect to the holomorphic and anti-holomorphic parts of the energy-momentum
tensor, i.e. R R R X

(£, T(2)] =0=[L,T(2)] (£, Ln] =0=[L, Ly] (2.4)

Hence, in an irreducible representation of the Virasoro algebra, all TDLs will be constant by Schur’s
lemma.

There are two main ways to insert a defect in the CFT in the cylinder. We can wrap the defect on
the cylinder in the compact direction. By the operator-state map this corresponds to a line encircling
the origin in the plane, as shown in figure 2.2. This defines an action of L on the Hilbert space H:
by inserting an operator O at the origin and shrinking the topological defect line around O produces
a new local operator /j(O) that, according to the operator-state correspondence, is a state ﬁ\O) eH
on the cylinder. Since £ commutes with the Virasoro algebra, the new state has the same conformal
weights as |0). In particular, since the vacuum is unique, £|0) = (£)|0), for some constant (£).

Definition 2.2.2. (£) is called the quantum dimension of L.

The other possible way to insert a TDL is along the time direction. By the operator-state map,
this corresponds to defect operators at the origin attached to £ as shown in figure 2.3. As already
discussed in the previous section, this insertion corresponds to modifying the space of states on S,
which becomes a "L-twisted” Hilbert space H . Recalling the fact that the defect is transparent with
respect to the energy-momentum tensor, the new space will still be a representation of the holomorphic
and antiholomorphic Virasoro algebras.

_________ N
Cor o~ 4

0) e H 1) € 3,
Figure 2.2: Insertion of the defect at fixed cylinder Figure 2.3: Insertion of the defect at fixed cylinder
time. position.
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2.2.1 Fusion ring

We now introduce the notions of sum and product of TDLs following the ideas of the previous section.

Definition 2.2.3 (Direct sum). There exists a map,
+:TDL(t) x TDL(1) = TDL(T)
(ﬁi,ﬁj) — ['z + [,j

called direct sum or superposition, such that correlation functions are additive with respect to it and
the following properties hold:

° (ﬁi +£j) + L =L+ (ﬁj +£k);
Ny
® Heovre, =He, ® He,

Definition 2.2.4. A defect £ € TDL(r) is called simple if it cannot be written as a sum £y + L2 for
any L1, L9 € TDL(7). If L; is simple, also its dual £; = £; is simple.

From now on, we will assume that the number of simple defects is finite. Moreover, we will also assume
that the set of TDLs is semi-simple, meaning that all non-simple defects can be written as a sum of
simple defects. This is always verified if the CFT 7 is rational.

Definition 2.2.5 (Fusion). There exists a map,
®:TDL(t) x TDL(1) — TDL(T)
(Li, Lj) = Li @ Lj = LiL;

called fusion, such that:

o (Lilj)Lk = Li(L;Lk);

o L, = Lol

o Heyp, =He, ®He,
Here ® denotes also a notion of tensor product of Hilbert spaces
Eiz(lje‘inzzrfgilo?ugcf ocietfizc; Si;lc?:p()ieIslgz;l‘idH?lfel?ces;ZEefsSﬁ%] W e LJ LZ LJ LZ

Pictorially, the fusion of two defects describes what happens in the
limit of coinciding defects, as shown in figure 2.4.

Among all defects, there is a particular one which is worth mentioning:

Definition 2.2.6. We denote as Z € TDL(7) the trivial or identity
defect, whose insertion does not change any correlation function. It
is the neutral element with respect to the fusion operation.

Notice that commutativity is not required and in general does not
hold. We can fuse two simple defects, but, in general, the result will
fail to be simple. However, thanks to the semi-simplicity assumption,

L;L; = NE Ly, Hro,=He, He, = NE He
I @ K ’ ! ! @ K § Figure 2.4: Fusion of two defects.
where the sums run over all simple defects and the numbers Ni]} € N are called fusion coefficients.
Note that we did not require the existence of a multiplicative inverse for each defect, which generally
does not exist. For this reason, TDLs, equipped with fusion multiplication and direct sum, form a
more complicated algebraic structure with respect to the usual group structure, called fusion ring.
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2.2.2 k-junctions
Moving the parallel lines L4, ..., Li on the cylinder very close to each other, we get the identification
Heyow = Heyoo, = Hey ® .0 Hey, (2.5)

where Hp, . g, is the k-junction space, i.e. the Hilbert space twisted by the presence of the k defects
L1, ..., L. By the operator-state map, this corresponds to a k-junction operator at the origin attached
to the k defect lines. We adopt the convention such that a junction v € Hy, . 2, is represented with
all TDLs pointing outwards.

In general, junctions are not topological. Moreover, note that the order of appearance of TDLs in
He, ..o, matters. However, the subset of topological junctions is particularly interesting.?

Definition 2.2.7. The subspace V¢, . r, C Hg, .., of states with conformal weights (0, 0) cor-
responds to topological junction operators, i.e. such that the junction point can be moved without
changing any correlation function.

By studying these topological junction spaces we can extract more properties about TDLs.

Proposition 2.2.1. The 2-junction topological space V,  satisfies dim(Vy z) = Np - > 1
Proof. From (2.5) we get

Ver = Ve =Nz Ve @ (6D Niz Ve, (2.6)
k0

where V7 is the topological 1-junction space associated with the generally non-simple fused defect £L.
Note that the identification (2.5) naturally restricts to the topological-junction subspaces Vg, . r, C
He,,... - Indeed, it is obtained by bringing the defect lines together, an operation that preserves
conformal weights because topological defects commute with the energy-momentum tensor.

But if |¢) € Vg, |[¢) # 0, then one can open and join £ without changing the correlators’®, making its
action trivial on any operator, as shown in figure 2.5.

Figure 2.5: Trivial action of the topological 1-junction.

This implies that £ o Z and dim(V;) = 7. Then in (2.6) just the first term of the direct sum
survives and looking at the dimensions of both sides of the equation we get dim(V, ) = Ng 7 Since
there is always an obvious [¢)) € V. 7, [¢) # 0, given by the identity junction 12 : V. z — V. 7 we get
the statement. O

Proposition 2.2.2. £ € TDL(7) is simple if and only if dim(V, ) = N0 =
Proof. If L = L1+ Lo, then Hy =H,, & He, and

aly.,gﬁl 0 )
eV, Va,peC
< 0 617'/,1;2 LL OZB

hence dim(V, z) > 2. Instead, if dim(V, z) = 1, the only element is the irreducible 1, and £ must be
simple. O

3 All the other junction operators can be obtained by suitable OPE with local operators [17].

4As long as the insertion point is not moved past the support of some other operator.

5Take a correlator with two of such junctions. Since they are topological, they can be moved freely. However, in the
limit where they are brought close together, the two defect starting operators behave exactly as a single defect line £
without boundary. Therefore a correlator does not distinguish the two topological junctions with respect to the single
joined defect.
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Now we know that for a simple defect, the fusion with its dual contains the identity exactly once.
This motivates the following definition.

Definition 2.2.8 (Invertibility). A simple TDL £ € TDL(7) is said to be invertible if
LL=T
In particular, this implies L=/11

Proposition 2.2.3. Let L € TDL(7) be a simple defect for a unitary and compact theory T with
unique vacuum. Then L is invertible if and only if (L) = 1.

Proof. We give the idea of the proof starting from the following (the proof can be found in [6]) lemma
Lemma 2.2.4. For a unitary and compact theory T with unique vacuum (L) >0

Now consider a simple defect £ encircling the origin in the Euclidean plane; this represents the
correlator (£). Thanks to the conformal inversion w = 27! we can reverse the orientation of £
without affecting the correlator. Hence (£) = (£). Thanks to proposition 2.2.2 we can express the
fusion of a simple defect with its dual as®

LL=T+Y Nt Ly = (£?=1+) NE(Ly) (2.7)
k£0 k#0

This combined with the previous lemma gives (£) > 1 and in particular (£) = 1 iff £ is invertible. [

In the last proof we have seen that (£) > 1. This result combined with the 1-dimensional representation
of the fusion algebra provided by the quantum dimensions

(Li)(L5) =D Nf (L) (2.8)
k

implies that for every simple £;, £; of finite quantum dimension, there are only finitely many non-zero
fusion coeflicients Nl’; From now on we will always assume finite quantum dimensions.

We can rewrite equation (2.8) to see an interesting relation between the quantum dimension and
the fusion coefficients. By assumption, the number of simple defects is finite and so it is the associ-
ated quantum dimension and we can define a finite vector of quantum dimensions (£) and a finite-
dimensional matrix Nj;, called fusion matriz, whose entries are the fusion coefficients (NZ);“ = Ni];, and
write

Ni (L) = (L) (L)

Hence, (£) is a common eigenvector for all fusion matrices and the quantum dimension of the i — th
simple defect is an eigenvalue of the corresponding fusion matrix. Moreover, since the entries of such
matrix are all non-negative, if the matrix is also irreducible, by the Perron-Frobenius theorem?, we get
that (£;) is the maximal eigenvalue, also sometimes called Perron-Frobenius dimension. This relation
between quantum dimension and fusion matrices will become interesting later on when dealing with
algebraic QFT.

The study of topological 1- and 2-junctions has allowed us to gain more insight about how TDLs work.
It remains to study 3-junctions.

First, we note that the fusion coefficients, which describe the fusion of defects as open lines (figure
2.4), also describe what type of topological junction can be created by joining three different TDLs.

®Note that from the definition of quantum dimension it follows that (£;L;) = (£;)(L;)

"The Perron-Frobenius theorem states that for a non-negative irreducible matrix the maximal eigenvalue is associated
to the unique (up to multiplication by a positive constant) positive eigenvector. If N; is irreducible, the theorem applies
and since the entries of (£) are all positive, we can conclude that (£;) is the maximal eigenvalue.
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Proposition 2.2.5. The dimension of the Hilbert space of topological 3-junctions satisfies dim(V, Eyllk)
Ni’?
J

Proof. We give the idea of the proof. Using the identification (2.5):

e o p _
Vci,cj,ﬁk - Vﬁiﬁjvﬁk - @ Nij Vﬁpvﬁk’
p

Now suppose that there exists a non-zero ¢ € VL% ,- Since this junction is topological, we deduce

that ¢ : Hp, — Hp, must be an isomorphism?, i.e. Ly, ~ Lj. Therefore, looking at the dimension of
both sides

dlm Vﬁ L ﬁk E Np dll’n Vﬁpvl:k Z == ZIE
]

This result is not a coincidence: note that v € %Liyﬁjyﬁ_k can be seen as a map v : He, — He, o, ~
He,c,, that is, a homomorphism of twisted representations of the algebra of local operators. This
interpretation is consistent with proposition 2.2.5, since the target space decomposes as He,c, =
®p NZ- Hr,. Moreover, the same interpretation is valid for a generic k-junction due to identification
(2.5).

This proposition has an important consequence.

Corollary 2.2.6. Let L € TDL(T) be a simple defect. There is a distinguished junction Iriz€Veiz
such that

Proof. From propositions 2.2.5 and 2.2.2 we get dim(V, 7 7) = NBE =1 O

This formalizes the intuitive idea that the trivial defect can be attached to any other TDL in any
place.

All k-junctions with k > 3 can be obtained by fusion of 3-junctions. Consider, for example, four simple
TDLs L1, ..., L4 such that £1L5 can fuse to L5 and £3L4 can fuse to L5, with L5 simple. Therefore, by
proposition 2.2.5 there exist two non-zero vectors u € V. . 7 and @ € Vg £4.c,- The tensor product
of these vectors represents the fusion of the common defect between the two junctions and describes
a so-called H-junction, where the name comes from its particular topology, as can be seen from the
left-hand side of figure 2.6. From this configuration, one can obtain a 4-junction by contracting the
internal line, which amounts to a map

E1£4 . _

Hirs (£5) 2 Ve, 525 © VisLaLa = VirLoLs.L4
This map is well defined due to the identification (2.5) and the properties of L5. In particular, it
consists of the projection

Vi is @VeisLoLs X Ve £ oLy Lo.L0 = @ Fors VE1Lo Ly L3,La = VE1Lo T L5 Lo = VI ,Lo.L5,L4

8Consider a non-zero ¢! € V¢, .z, Then we can consider the map 1 o Pt He, — He, is an element of V, which
contains just multiples of the identity.
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We can then combine all such maps to find a full decomposition of a 4-junction w.r.t fusion of 3-
junctions

L1L L1L
Hplpt =@ HE LK) : D Ve, 0.5 @ Vi Lsita = Vi Lot (2.9)
k k

where k runs over all simple defects.” This is shown in figure 2.6.

L] L4 L]

v, Uy
2simple k

Lg L3 LZ L3

L
L o

Figure 2.6: Decomposition of a 4-junction in terms of 3-junctions.

The topology of the H-junction comes from the fact that we have fused the pairs £1Lo and L3L4
and then fused the common channel. We can obtain a different topology by first combining £1.£4
and L9L3. Since both topologies come from the same 4-junction, they are equivalent. We call fusion
matriz the map between the respective junction spaces, i.e. the linear transformation that maps the
two decompositions of the 4-junction space Vi, £, r5.24°

L1L
Frirt (L5, L) 2 Ve g5 © Vis Lo, = Vin,Lo,La @ Ve, 24 7 (2.10)

In figure 2.7 the equivalent configurations are shown. We will come back to the proper definition of
the fusion matrix when dealing with category theory. The fusion matrix also admits a decomposition
in terms of the H-junction map (2.9) and its inverse [11].

L,

L,

Figure 2.7: Equivalent configurations under the action of the fusion matrices.

A special configuration is called partial fusion, which describes what happens when two defects fuse
partially, as shown in figure 2.8. Recalling from corollary 2.2.6 that we can always attach the identity
defect to any TDL, partial fusion appears as an ordinary fusion, as in figure 2.7, with F' gllgj (Z, Ly).

L, L,

77 (1L
L] LZ

Figure 2.8: Partial fusion between two defects.

Tf £, does not satisfy the required properties as L5 above, then either Vi 2o By OF Vg, 25,45 O both, have vanishing
dimension, so that such defect does not contribute.
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This can be used to determine how the correlation function is modified when a simple defect £ is
moved past a local operator ¢(z, z), see figure 2.9. In particular, this process amounts to the mapping
L(¢)

= WJrﬁ”(qﬁ) (2.11)

where ﬁ“((;ﬁ) € H, 7 is a defect-starting operator with the same conformal weights as ¢ attached to a

superposition of simple TDLs, different from Z, appearing in the fusion of ££ and joined to £ by a
junction v € Vg 7 p.

L(¢)

¢ — 2 + L)
L L
> »— —> v »—

Figure 2.9: Moving of a simple defect line through the local operator ¢(z, z).

We say that £ is transparent to ¢ if and only if £(¢) = (L)@, because in this case one can prove [17]
that the term £?(¢) also vanishes.

The factor % is determined by observing that the defect must be transparent to the vacuum operator
and to its descendants.

2.2.3 Verlinde lines

For a CFT with diagonal modular invariant, such as the Ising model, topological defect lines admit a
particularly simple and explicit construction.

Definition 2.2.9. A Verlinde line is a topological defect line in a diagonal modular invariant CFT
that commutes with the entire left- and right-moving chiral algebra.

The Verlinde lines are labelled by the same irreducible sectors as the primary fields, and their fusion
algebra reproduces the fusion algebra of the theory:

o0 =Y NE®, = LiLj=) NEL
k k

Since a Verlinde line commutes with the full chiral algebra, it preserves each irreducible chiral sec-
tor'?. Moreover, in a diagonal theory each sector appears with multiplicity one, so its action on the
corresponding primary state must be proportional to the identity:

Liloi) = A7 o) (2.12)
As we will shortly show, these eigenvalues are determined by the modular S-matrix:

Ll = ﬁgw (2.13)

Finally, the quantum dimension of £; is obtained from its action on the vacuum sector. Setting i = 0

in (2.13), one finds
S
() == (2.14)
00

10T general CFTs, TDLs may preserve just a subalgebra of the whole chiral algebra.
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2.3 Defects in partition functions

We still do not have a general procedure for finding all TDLs of a given CF'T. Fortunately, for compact
and unitary, local theories, we can use modular invariance to constrain the allowed TDLs as well as
explicitly calculate their fusion rules.

The partition function is obtained by compactifying the cylinder time; therefore, there are two ways
to insert a TDL, corresponding to the two insertions in the cylinder of figures 2.2 and 2.3. These are
shown in figure 2.10.

Before studying the analytical realization of such defect in-
sertions, we need to make a clarification. Recall that the \
Hilbert space decomposes as

0.J
where H; ) = M{ ® M JE is an irreducible representation
of the left- and right-moving Virasoro algebras, while V;;
is its multiplicity space. Since a topological defect opera-
tor commutes with both Virasoro actions, Schur’s lemma Figure 2.10: Possible ways of inserting a

implies that it acts trivially on each irreducible factor and TDL on the torus.
arbitrarily on the corresponding multiplicity space:

@ Lij X id’H(i,j)7 Lij c End(VZJ)
4.J

More precisely, suppose that the multiplicity of the (i, j) representation is Z; ; > 1. Then the defect
operator must be a linear combination of operators intertwining the different copies of H; j):

TR (M) = Mg wd =12 (2.15)

Thus, if |7, j, n, ﬁ)(a) is the (n,n) — th member of a basis of the vector space of the irreducible a — th
representation with highest weights corresponding to (i, 7):

A / / . . _ . . _ i /
(L) = Lgy” Z i, 7,m, 2) @ (i, j,n, )@, L% €C, a,d' =1,..,Z;
n,n

For each highest weight then the action of the defect should be thought not as a constant value, but
as a constant square matrix L?}a . Of course the matrix could be one-dimensional giving rise to the
constant value interpretation.

As a side result, from (2.15), we see that there are

>z =Te(Z2"2) (2.16)
2]

independent operators commuting with the two Virasoro algebras, i.e. linearly independent solutions
to equation (2.4).

Now we are ready to see how to implement analytically defects in the partition function. Starting
from the insertion at fixed cylinder time, we get:

ZE(r,7) = Tey[L gPomzghos1] = > Try,, [Lig) Tra,, g0~ gl 3] = > Lij XEC)ch) (2.17)
i,j i,J
where f/i,j = TI"Vm. [L,’J} = Za Lg}a.
We can make explicit the multiplicity matrix Z; ; by setting Afj = f/i,j /Z; j. Clearly, since a defect
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along the spatial cycle does not modify the Hilbert space structure, if Z; ; = 0 for some (i, ), such
term would not be present in the partition function in the first place. Thus, we obtain:

2ZE(r, 7) ZZJ ¥;(7) (2.18)

Looking at the insertion at constant cylinder posmon we get the twisted partition function:

Z0(7,7) = Tryg, gm0 i gm0 2] Z i Xi(m)x5(T) (2.19)

where we used the transparency of TDLs with respect to the energy-momentum tensor to express the
trace over the twisted Hilbert space as a different combination of the characters.

By applying an S-transformation we exchange space and time directions, thus exchanging the two

configurations of figure 2.10. According to the orientations in figures 2.2 and 2.3, this implies
1 1
Zp(1,7) = 25(—=,—2) (2.20)

T T

which reduces to the usual modular invariance for the trivial defect Z. Combining (2.20) with (2.18)
and (2.19) and exploiting the transformation of the characters (1.36), we get

N ZE (DX (F) = Y Zig M SiaSh xa(1)xy(7)
i7j JZ:]

Renaming the indices and using the fact that S = ST, we conclude with the constraint

Z St Zip o Ny SL (2.21)

The S-matrix can be calculated explicitly for any minimal model, while the requirement that Zf,: i € N,
constrains the way a TDL can act, that is to say the possible values of /\5 In particular, there are
cases in which this fixes all the defects of the theory; for example, for diagonal theories, where (2.21)
reduces to:

L L
ZE =" Sy Ny 6wy 8L (2.22)
i/7j/
In particular, we can invert this matrix equation and solve it for )\;-Cil := )\ by making the ansatz
Zﬁl y Nljl,, i.e. ZF = N, and using Verlinde’s formula (1.38), finding the eigenvalues (2.13):

SlkS SusSikSig Sy
AE— €= ZST Niy Spi= > S; St = % (2.23)

i’ i3k g

Here we have exploited the unitarity of the S-matrix. Note that defects are labeled with an index that
belongs to the S-matrix. Therefore, we have as many simple defects as primary operators, which, in
turn, amount to Tr[Z] = 3", &; ;. However, this is also equal to Tr[ZT Z], so this exhausts all possible
independent operators that satisfy (2.4). Therefore, in diagonal CFTs all TDLs are Verlinde lines.

As a consistency check, consider the integrality and positivity condition Zi% € N. Equation (2.22)
implies that the allowed vectors A~ := (Af, ..., A\%) form the image of the lattice

(Zﬁ € Mat,(N) [STZS is diagonal)

under the injective map Z% — ()\f, R )\5) Hence, the allowed solution vectors A\ form a lattice
of rank at most n. The n Verlinde lines provide n linearly independent elements of this lattice and
therefore show that it has maximal rank!!. However, integrality alone does not imply that these
are the only solutions, since arbitrary non-negative integral combinations correspond, in general, to
non-simple defects.

The original derivation of Verlinde lines can be found in [27].

"Note that this argument alone does not show that the Verlinde lines form a basis of the full lattice; it only shows
that they generate a sublattice of the same rank.
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2.4 Fusion category of TDLs

Formally, the properties of TDLs described in section 2.2 can be formulated in terms of the language
of category theory, in particular in terms of a fusion category. Since category theory will reveal to be
the best language to describe defects, we shall give the first definitions. However, we will give just
the most important ones and rely on the ideas for the others, in order to make the reading less heavy,
since we do not need to develop the full machinery of category theory, which is quite involved. For
precise definitions see [32].

Definition 2.4.1 (Category). A category C consists of

e a collection Obj(C) of objects;

e for each pair U,V € Obj(C), a set Hom(U, V') of morphisms f : U — V;

e for each U,V,Z € Obj(C) a function

o: Hom(U,V) x Hom(V, Z) — Hom(U, Z)
(f:9) = gof
called composition;

o for each U € Obj(C), an element 1y of Hom(U, U), called the identity on U;

such that the following axioms hold:

e associativity: for each f € Hom(U, V), g € Hom(V, Z) and h € Hom(Z, H) we have (hog)o f =
ho(go f);
e identity laws: for each f € Hom(U, V'), we have foly = f =1y o f.
We will often write U € C, meaning U € Obj(C).

In our case the objects of the category will be TDLs and the additional structure of fusion ring will
endow the category with analogous operations.

Definition 2.4.2 (Fusion category). A fusion category is a rigid semisimple abelian C-linear monoidal
category with only finitely many isomorphism classes of simple objects and such that the unit object
is simple.

We now decompose this definition to understand the meaning of each piece:
e a monoidal or tensor category is a category C equipped with
1. a tensor product ® : C x C — C;
2. a unit object 1 € C;
. ay,v,z
3. associators (U@ V) Z —=U® (V®Z)
4. unitors py :1QU - U and py : U®1 —=U

such that the following diagrams commute (coherence relations):?

12 A tensor category is called strict if all these isomorphisms are identities, so that the tensor product of objects is
associative and 1®U = U = U®1. By the coherence theorem [33], there is no loss of generality in imposing this strictness
property. This is why the associative fusion product we defined in 2.2.5 is always compatible with this definition.
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1. the pentagon identity:
UeV)o(ZoW)

(UeV)eZ)eW

Ue(VeZ)eW Ue ((VeZ)oW)
Ourz ©ly \2/ o I ean

2. the triangle identity:

Ue(Ve(ZoW)

Quiv

UeleV Ue(lel)

pU®]V\ %U@’ﬁV
UsV

We use string diagrams to represent objects and morphisms of monoidal categories. We follow
the convention that such figures are read from bottom to top. Basic notations are the following;:

U V /4 /4 YoZ Y Z

idy = f=r g-f | = V feg | = | S g
J
|

U U U U UeV U 14

Where f € Hom(U, V'), composition of morphisms amounts to concatenation of lines, while the
tensor product corresponds to juxtaposition.

e abelian C-linear means that all Hom-sets carry the structure of a C vector space and composition
is C-linear; C behaves like a category of modules over a commutative ring. In particular, we
have direct sums.

e semisimple: this means that every object of C can be written as a finite direct sum of simple
objects. An object U € Obj(C) is called simple if Hom(U,U) := End(U) = Cly. Also in the
categorical case we have a version of Schur’s lemma:

Lemma 2.4.1. If U,V are simple objects that are not isomorphic then Hom(U, V') ~ 0.

20



e rigid: this means that all objects of C have left and right duals. Formally, a (right) duality on a
tensor category C associates to every U € Obj(C) another object UY € Obj(C) and morphisms

by € Hom(1,U @ UY) dy € Hom(U" @ U, 1)

called co-evaluation and evaluation respectively and represented in (2.24) and respecting the
snake identities (2.25), and to every morphism f € Hom(U, V') the morphism

fv = (dV ® lUv) o (lvv X f X 1U\/) [} (lvv & bU) € HOHI(VV, Uv)

represented in (2.24). In a similar way left-duality is defined.

U’ U

7
vy U U dy
‘ ‘ = ‘ ‘ = = f (2.24)
by vu U U \_/
VY VY
U’ u U U
m = (2.25)
U’ U’ U U

Once left /right dualities are defined, hence also the left duality morphisms by € Hom(1,VU®U)
and dy € Hom(U @ VU, 1), we can also define left and right traces of morphisms:

Tr () = O Tr,(f) = f

which are cyclic and factorize with respect to tensor products:

Try(go f) =Try(fog) Try(f®g)=Try(f)Try(g), Y =17 (2.26)

In the case where left duality coincide the right duality, also the two notions of trace are equal,
thus the category C is called spherical. The trace of the identity morphism is known as the
quantum dimension of an object: dim(U) = d(U) := Tr(idy).

In the case of our interest, the fusion category of TDLs is characterized by TDLs as objects £ € Obj(C)
and the morphisms spaces are given by Hom(L;, £2) = Vr,.iy» Which are C-vector spaces. Moreover,
the direct sum and the fusion of defects are compatible with the abelian C-linear and the monoidal
properties of a fusion category.

For each object £ € Obj(C) there is also a dual £ € Obj(C). To be precise, a general fusion category
does not satisfy YL = £V and neither (£V)Y = L. However, in the case of the fusion category of
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defects, left and right dual coincides V£ = £V =: £. Formally, this means that we are dealing with a
sovereign or pivotal fusion category. Moreover, left and right traces coincide!®, hence the category is
also spherical and the categorical quantum dimension coincide with the physical one coming from the
resolution of bubble diagrams: Tr(idz) = (L) = (L).

Since the morphism sets are vector spaces, their dimension is well defined. In particular, According
to proposition 2.2.5, the fusion coefficients satisfy:

dim(Hom(Ly, £; ® L;)) = Nilj'

for £;, L;, L1, simple objects.

Semisimplicity of a tensor category C implies in particular dominance of C, which means that there
exists a family {L;};cs of simple objects with the following property: for any U,V € Obj(C) every
morphism f € Hom(U, V') can be decomposed into a finite sum

f= Zgr oh,, ¢r€ Hom(L;,V) h, € Hom(U,L,) (2.27)

for suitable members £; = £;(r) (possibly with repetitions) of this family. Physically, this reflects the
property of substituting a junction between the non simple defects U and V, with a superposition of
common simple defects. This property was used when we talked about how 3-junction could be fused
to form higher rank junctions.

Let {L;}ic7 be the finite set of simple defects of the fusion category!*. In particular, let Lo =
Z be the trivial defect, corresponding to the tensor unit. We fix a base {U(O; j)k} in the junction

spaces Hom(L; ® L, Ly,), as well as dual bases {f)g’j)k} in Hom(Ly, £; ® L), where o, & = 1, ...,Ni’;.
Pictorially:

Ly LiL

o
Vigpe | = Vg — a (2.28)

Lily / Ly
Since the junction spaces are C-Hilbert spaces the category carries a dagger structure
T:Hom(Lq, L2) — Hom(Lo, L1)
such that for v € Hom(L1, £2) and v € Hom(L2, £1) we have
(vou)t =ul ool (T =v

In particular, due to Schur’s lemma, if £; is simple, then v’ o v € End(£;) must be proportional to
the identity. The only option is vT o v = (v,v)id,, where (.,.) is the inner product in the topological
junction Hilbert space. Therefore, the choice of the basis and its dual determine the proportionality
constant between bubble diagrams, such as the one in (2.29), and the identity.

13This can be see as a consequence of the fact that closed defect diagrams are evaluated on the Riemann sphere and
are invariant under topological deformations
1411 the following the Latin indices belong to J, which contains all the indices labeling simple objects.
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J) k)
(i)

(2.29)

In this case, we have chosen the normalization imposing the following conditions:
i,k ~(7,0)2 ~(0,5)i i
Gaod = 03 75 (k) (85 o 0) = (05 oy ) = 9

where the first one comes from the fact that we want isolated bubbles to return the quantum dimension

of the involved TDL and the second one ensures isotopy invariance!®.

This allows us to see another special feature of this basis: for simple objects, the fusion spaces
Hom(1,U ® U) and Hom(U ® U, 1) are one-dimensional; as a result, the left/right evaluation and
co-evaluation maps are uniquely determined up to normalization, and with the chosen normalization
they coincide with the canonical basis morphisms describing fusion into the identity'®:

i j 0
U U

A

Q) ————————

So the traces used to define the quantum dimension coincide with the bubble diagrams produced by
the basis morphisms.

We have also the following completeness relation:

Proposition 2.4.2. With the normalization choice of equation (2.29) we satisfy the following com-
pleteness relation.

5Note that the second condition corresponds to a diagram such as the one of figure (2.29), but with a side of the
bubble replaced by the identity defect.

16The map U; — U, induces an involution i — 7 on the finite set of labels J according to U; = Ui, where we recall
that U := UY = YU with the last equality holding for the particular category of TDLs.
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Chky
Gy Gy °

i
Proof. By the dominance property (2.27) of C we can decompose the identity morphism id;g; as:
i i J

d. . — _ Ake
ldi@] = Zk,a ij

Where Afja € R, since each term of the sum is proportional to the morphism 17((; Dk

) v&j)k. Now we
compose two of these diagrams:

iy <J)

— Ak k7
Zk,a ry tj <k>
k'p

By consistency, we must have:

O]

Note that the completeness relation of proposition 2.4.2 corresponds to the partial fusion of TDLs.

Also, we satisfy the following relations:

16Usually, in the mathematical literature junctions are normalized to 1.
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i I 0 i I 0
i i
'\ ,’
\\\ //I
N,
Ve f— — ~o o~ — — -~ (2 . 30)
Il// \\\\
] 1
| i
1 1
1 | .
0 i i i 0 i i i

Note that the relations in (2.30) are the categorical analogue of the result of proposition 2.2.6.

Once we have chosen bases as above, there are two distinct distinguished bases for the morphism space
Hom(L; ® L; @ Ly, Lr):
5 Hom(L;  £;, £,) ® Hom(L,, ® Ly, £1) (2.31)

and

P Hom(L; ® Ly, Ly) ® Hom(L; @ Ly, Ly) (2.32)

Recalling that the Hom-spaces that appear on the right-hand side of both (2.31) and (2.32) are the
topological three junction spaces, the coefficients of the basis transformation between the two, called
F-symbols or Fusion matrices, are equivalent to the F-matrices introduced in equation (2.10):'7

[ [

k)l
) 2 Z ;l,;]y;(; (2.33)

Notice that the F-matrices arise independently from the triviality of the associator, since they are just
a change of basis. Nevertheless, the pentagon identity manifests itself in coordinates as [28]:

(igg)m (rkl (GkDp (ithm  (igk)t
Z Fapﬂ dre 5117 vsp Z Focq”/ &tn ﬁpfyvsoFatn pre
&m0
for all v, s, u,r, € and «a,p, 8, q,y. We finally state the following propositions:

Proposition 2.4.3. [28] A fusion category is completely determined by the fusion coefficients and the
F-symbols.

Theorem 2.4.4 (Ocneanu’s rigidity). [34/ There are finitely many fusion categories with any given
fusion ring

"By comparison, the F-matrix defined in (2.10), Ff;f&“ (Ls, L), corresponds in this new notation to Féf;f%%k)f“ =
234

554.6ka Where v and ¢ are indices labeling respectively the junctions in V., r, 7, and Ve 25,0, and o and 8 label
respectively V., »o 7, and Vi, £, .c4-
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Therefore, given the fusion coefficients of TDLs, there are finitely many F-matrices solving the pen-
tagon identity. Moreover, combining the left-hand side with the dual of the diagram appearing on
right-hand side of (2.33) we get a bubble diagram with the following property:

Proposition 2.4.5. The following relation holds:

)X k) TR
= <l> F;pﬁyqa

/

Proof. We use a F-move to bring the j line to the other side of the bubble. Then we use (2.29) to

resolve the bubbles.
ikl /<J> <k>
orp E;p/f orp 5 55

By resolving also the last bubble we get the coefficient:

2 F(z/k)l

apB orp

Uk <k <T. 51” 617 (59 l]k)l <Z><J><k>
0 o apﬁ Orp 7’> l> apﬁ oy <l>

O]

By resolving the bubble diagram on the left-hand side by topological manipulations, one can compute
the F-symbols. Finally, note that when any of the labels i, j, k equals 0, labeling the trivial defect,
then the left-hand side of proposition 2.4.5 degenerates (if non-zero) to the left-hand side of (2.29),
leading to

oo _ [ $9)K) 5 domi _ [{0k) o pagon _ (D)

JBIs = Q) B0 Bk Q) By alyj — Q) a,y
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2.5 TDLs of the critical Ising model

Consider the Ising model CFT in d = 2 spacetime dimensions. Being a diagonal theory, the treatment
for the Ising model simplifies a lot. In particular, we know that TDLs are completely classified by
Verlinde lines. However, we apply equation (2.22) anyway, to see how it works. To simplify notation,
in (2.22) we call )\5 = \;; then using the S-matrix (1.43), we get the matrix equation

Y

Z11 <12 <13 1 1 1 ﬁ )\1 0 0 1 1 \/§
Zo1 Z99 293 | = 1 1 1 —V/2 0 X O 1 1 V2| =
231 232 233 V2 V2 0 0 0 X/ \WvV2 —v2 0
A+ A+ 203 A1+ Ao —2)3 ﬂ()\l — /\2)
= A+ A+ 203 A1+ A+ 2)3 \/i()\l — A2)
V20— X2) V20— X2)  2(A1 + A)

FN

where z; ; € N Vi, j. Comparing the two sides of the equation we get:

AL+ A2 +2A3 =211 = 2220 1= A1 =n1+ng +V2n3
AL+ A2 — 23 = 212 = 291 := N2 N Ao =nq + ng — V2ns
2%/50\1 — A2) = 231 = 232 = 213 = 223 1= N3 A3 =n1 —ng
2(A1 + A2) = 233 1=y ny+ng = ny

Then we see that the lattice of solutions is given by

3! 1 1 V2
|l =11]n + 1 ng + —\/i ns
A3 1 -1 0

Each basis vector on the lattice represents the action of a different simple defect. Notice that for each
one we have just one non-zero n;, from which we can reconstruct the matrix of twisted Hilbert space
multiplicities Zﬁ The TDLs for the Ising model are:

e the trivial defect (n; = 1):
Iy =11) Zle)=le) Zlo)=lo) (2.34)
The corresponding partition function is the usual one for the Ising model.

o the Zy-defect (ny = 1):

) =1[1) dle) =le) ilo) = —lo) (2.35)
This defect comes from the Zy global symmetry of the Ising model. The relative twisted partition
function is'®:
010
Z"=11 0 0 =  Zpy=X1Xo+XoXr+tX1XL
O 0 1 2 2 16 16

The three primaries in this twisted representation of the Virasoro algebra are denoted 1), and
u respectively, consisting of two Majorana fermions'?and the disorder field of the Ising model.
It is worth reminding here that all operators in twisted Hilbert spaces are not local operators,
but are attached to a defect line as in figure 2.3.

8 The superscript (¢=1/2) in the characters is understood.

19Tt is common to say that the critical Ising CFT is equivalent to a free Majorana fermion. Strictly speaking, however,
one should distinguish the fermionic Majorana CFT from the bosonic Ising CFT. The former is a spin CFT, in which
the Majorana fermions are genuine local fields, while in the bosonic Ising CFT they are not local bosonic operators;
rather, they can be understood as defect fields attached to the n-line. The two theories are related by bosonization,
or equivalently by gauging the fermion parity symmetry Zg , see [10]. This distinction is also visible at the level of
symmetries. The free Majorana theory has a global symmetry group Z£ X Z2, generated by the fermion parity operator
(—=1)¥ and chiral fermion parity operator (—1)*Z. The latter has a mixed anomaly with fermion parity, and after
bosonization this anomalous fermionic symmetry is transformed into the Kramers—Wannier symmetry of the bosonic
Ising CFT [10].
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e The Kramers-Wannier duality defect (nz = 1):

N[1) =v2|1) Nle) = —v2]e) Nlo)=0 (2.36)

The fact that A3 = 0 signals the non-invertibility of this defect. Indeed, we see that its quantum
dimension is (N) = /2 # 1. As will be clear shortly, this TDL is associated to the Kramers-
Wannier duality of the Ising model. The twisted partition function reads:

00

1
ZN =10 0 1 = ZN=X1X0o+XoXL +XL1X1+X1X
110 0 "

Nl
Nl
-

&=

1
16

These primaries are usually denoted respectively as s, §, A and A. We see that for twisted Hilbert
spaces, such as the one considered here, the usual spin selection rule does not apply, leading to
primaries with general fractional spin?°, that are called for this reason anyons. These fields obey
more general statistic with respect to Bose-Einstein or Fermi-Dirac statistics and can be seen
only in two or three spacetime dimensions, as in higher dimensions the spin-statistics theorem

constraints the spin to the set of half integers?!.

Before continuing, we make some observations:

1.
2.

the eigenvalues are coherent with the expected ones for Verlinde lines, i.e. equation 2.13.

The TDLs of the Ising model are all self dual: N = N and 7 = 1; we can represent them with
unoriented lines.

from equations 2.34, 2.35 and 2.36 we can derive the fusion rules for the TDLs:
nN=Nn=N N?’=T+4n n*=1
Again, this confirms the fact that Verlinde lines have the same fusion rules as primary operators.

Also the ansatz Zé’“ = N, Igz that we made in section 2.3 is verified here.

having NZ-IE € {0,1} implies that we have from 2.7 that (£)? counts the number of channels in
the fusion of £ with its dual. Moreover, this combined with proposition 2.2.5, implies that the
junction spaces are at most one-dimensional. For this reason, the F-symbols can be written
without the indices labeling the junctions.

We now compute the F-symbols. The decomposition of the identity reads:

N N N N
1
id _ S ! 1
M NeN — =7 1 + .5 n (2.37)
N N N N N N

The non-trivial F-symbols involve n and N. The 4-junction Vy y n, cannot be resolved using basis
elements of 3-way junctions so it has to be zero. V; , ;v a is uniquely resolved so its F-symbol is also

200ne can still find different spin selection rules which depends on the underlying fusion category of TDLs. This is
done for example in [11].

2In quantum mechanics, Bose-Einstein and Fermi-Dirac statistics arises from the fact that in 3 or more spatial
dimensions, the worldlines created by the permutations of n identical particles are homotopic, leading to a representation
of the permutation group S, on the Hilbert space of the n identical particles. Assuming non intersecting paths, for two
spatial dimensions there is a well-defined orientation to exchanges, leading to representations of the braid group B.
With one spatial dimension we cannot apply the same procedure, since we cannot exchange particles without overlaps.
However, as we are going to see in chapter 3, we will have a representation of the Braid group at algebraic level.
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trivial. The junction Vy , n,, and its cyclic permutation, can be resolved in two ways. The F-symbol

is I ](VN]\ZN)W = —1. The last and most interesting 4-junction is the one involving four N lines. The

completeness relation (2.37) describing the partial fusion of two N’s already gives the matrix elements

FI(];NN)N and FZ(J:;NN)N. The remaining two can be found resolving the corresponding bubble diagram.

1 1
() a5
This also allows us to express the crossing relation:

NV
N N

1 1
— 2 | 2z

N 1 N /\

N N N N

This is shown in appendix B. The result is??:

F(NNN)N

Sl

We now have sufficient information to study what happens to the local primaries when we move a
defect past them. The only interesting cases are shown in figures 2.11 and 2.12.

n
ANNAANNNNNN g ’7 -g
?_ —_— p— p—
n TS, n
ANANANNANNNNA ANANNNANNNAN

Figure 2.11: Moving o past the n defect.

Figure 2.12: Moving o past the N defect

We see that moving the spin field past the defect n changes its sign, as expected from a defect
implementing the Zo symmetry.

On the other hand, moving the local order operator ¢ across the duality defect N transforms it into
the non-local disorder operator pu, attached to a n-line. In this sense, the defect N implements the
Kramers—Wannier duality, exchanging order and disorder operators.

A particularly important property of the N defect is revealed by inserting an N-bubble into the
partition function, expanding the bubble, and then fusing the defect segments that meet:?3

AN )
- D TLT

22The matrix is expressed in the basis {Z,n}. We do not need to include N since it cannot appear as an internal line
in the decomposition of Vn v n, -
238ee appendix B for the details of the calculation.

L

S~
S~
™M
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We see that the resulting partition function becomes a sum over all possible configurations of n-defect
lines. This is precisely the partition function of the theory obtained by gauging the Zs symmetry.

More generally, discrete gauging can be understood as the analogue of gauging a continuous symmetry.
The topological defect n plays the role of a background Zs gauge field, and gauging amounts to
summing over all possible n-defect networks on the underlying Riemann surface.

The resulting theory is denoted by Ising/Zs and is called the orbifold theory. For the critical Ising
model, this orbifold theory is again equivalent to the original Ising CFT. One way to see this is
that there is a unique ¢=1/2 unitary CFT [35]. The duality defect N realizes this equivalence locally:
correlators involving (T, T, €, o) are mapped to correlators involving (T, T, —¢, i), consistently with the
exchange between order and disorder sectors induced by Kramers-Wannier duality.?* For instance,
recalling that the complex plane is compactified to the Riemann sphere, by inflating an N bubble:2®

=)

oo o =)
Insert N bubble Crossing N Crossing N Shrink N bubble
_ > _— _—
o creates a Zz
junction
—r—
0 0 0

Proving the equivalence of the correlators:

(T'(24)0(23, Z3)0 (22, Z2)€(21, 21)) <> (T'(24) (23, Z3) (22, Z2) (—€(21, 21)))

The same procedure also shows that the defect N imposes selection rules, such as the vanishing of
correlators containing an odd number of € insertions.

In conclusion, non-invertible symmetries not only constrain correlation functions in a way analogous
to ordinary global symmetries, but can also relate correlators of local operators to correlators involving
non-local operators.

24The transformation € — —e can be understood from the fermionic description of the Ising model. The thermal
perturbation of the critical theory is the Majorana mass term mfz'wzﬁ, with m o« K — K.. Since the energy field is
identified with the Majorana bilinear € ~ i1 [10], the Kramers—Wannier exchange of the two massive phases, close to
criticality given by m — —m, can equivalently be read as a sign flip of the energy operator. At the critical point, where
the mass term is absent from the action, this duality is implemented by the topological defect N, hence N(e) = —e.

ZThe quantum dimension contribution arising after the first step simplifies with the one appearing in the last step.
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Chapter 3

Algebraic quantum field theory

In this chapter, we introduce the axiomatic approach to quantum field theory known as algebraic
quantum field theory. Algebraic QFT starts from a net of local algebras, i.e. the assignment O — A(O),
where O is a spacetime region and A(Q) is the algebra of observables localized in O. The idea at
the foundation of this approach is that all relevant information about the system is contained in the
net, together with its Poincaré automorphism. One may object that a ”"net of local algebras” is a
structure too abstract for specifying a particular model; in particular, it does not involve an explicit
specification of a Lagrangian. But recall that a model in non-relativistic Quantum Mechanics is fixed
by specifying the set of observables on the Hilbert space and the Hamiltonian. The analogue is true
in QFT.

We will start from a brief reformulation of quantum mechanics in a more algebraically focused setting.
Then we will move to QFT by stating the Haag-Kastler axioms, which are at the base of AQFT. Then
we will see what the physical consequences are of the axioms. This chapter is based on [33, 35-58].

3.1 Algebraic formulation of quantum mechanics

We recall that the key postulates of quantum mechanics say that:

e Pure states of a quantum system are described by rays in H, i.e. [¢] := { M|\ € C\{0}}. Mized
states are described by density matrices, i.e. positive trace-class operators p : H — H with unit
trace;

e Observables are described by self-adjoint operators A on H. However, the self-adjoint operators
corresponding to observables may be a proper subset of all the self-adjoint operators on H; this
occurs if the system is subject to superselection rules.

These principles can be formulated in algebraic terms as follows:

e A physical system is described by a unital x-algebra A, whose self-adjoint elements are interpreted
as the bounded observables. With abuse of language we call A algebra of observables. In many
situations we impose the stricter condition that A be a unital C*-algebra.

e states are identified with positive, normalized linear functionals w : A — C; i.e. we require
w(A*A) e R>gp VA€ Aand w(l) =1 as well as w being linear. The state is mixed if it can be
written as a convex combination of distinct states and pure otherwise.

We now give the precise definitions of the algebraic notions appearing above.

Definition 3.1.1 (x-algebra). A x-algebra A is an algebra over C together with a map *: A — A,
called involution, such that:

o forall A/, Be A: (A+ B)* = A*+ B* and (AB)* = B*A*,
e for every A € C and every A € A: (AA)* = \A*;
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e forall Ac A: (A*)*=A

The *-algebra is unital if it has an element 1 which is a unit for the algebraic product and there-
fore invariant under involution. Homomorphisms between *-algebras o : A; — A are algebraic
homomorphisms that respect involutions (a(A))* = a(A*) and preserves unit a(14,) = 1.4,.

The main example of a *-algebra is the algebra of bounded operators B(H) on a Hilbert space H with
the adjoint as the involution. This algebra also carries additional structure.

Definition 3.1.2 (normed algebra). A normed algebra A is an algebra equipped with a norm ||.||
satisfying

IAB|| < [[A]l || BI]
If A is unital and ||1|| = 1, then it is a normed unital algebra. If A is complete in the topology induced
by ||.||, then A is a Banach algebra; if additionally, A is a x-algebra and ||A*|| = [|A]|, then A is a

Banach *-algebra or B*-algebra.

A C*-algebra is a particular B*-algebra.

Definition 3.1.3 (C*-algebra). A C*-algebra A is a B*-algebra whose norm has the C*-property
1A% A|| = [|A*]| 1Al = [|Al*, VAeA

The algebra of bounded operators B(#), with the operator norm
Al := supjjp|=1 [|Av]], v € H,
is a C*-algebra.

In our second postulate, the role of the state in the algebraic approach is to assign expectation values:
if A= A*, we interpret w(A) as the expected value of A if measured in the state w.
Consider B(H), then every unit vector ¢ € H induces a state on B(H), called vector state, by

wy(A) = (Y[Ay), A€ B(H) (3.1)

since (¥|11) = 1 and (| A*Av) = ||A9||? > 0. In addition, every density matrix (a positive operator
p on H with Tr(p) = 1) induces a state on B(H) according to

wy(A) = Tr(pA), A€ B(H) (3.2)

indeed Tr(pl) = 1 and if {|n)}>2, is an orthonormal base for H (assumed to be separable) of eigen-
vectors of p:

Tr(pA* A) = S (nlpA*Aln) = 3 pu(nlA* Aln) = 3 pul|An|? = 0

n

It is important to realize that, in general, not all algebraic states on A need arise from vectors or
density matrices in a given Hilbert space representation; in this sense it is a more general notion of
state. However, it is not guaranteed that all states correspond to physically realizable situations.

Before continuing, we prove for later purposes the following results.
Proposition 3.1.1. Every state on a x-algebra A satisfy
w(A*)=w(A), VAec A
where the bar represents complex conjugation.
Proof. Consider the combination 1 + AA for A € C:
W((1+AA) (1 +AA)*) =1+ Mw(A) + Mw(A%) + |\Pw(AA*) € Rsg
Setting the imaginary part to zero leads to:
Im(A)Re(w(A)) + Re(A)Im(w(A)) — Im(A)Re(w(A¥)) + Re(A\)Im(w(A*)) =0
Since this must hold for all A € C we get Re(w(A)) = Re(w(A*)) and Im(w(A4)) = —Im(w(A¥)). O
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Proposition 3.1.2. Every state on a *-algebra A induces a Cauchy-Schwarz inequality
lw(A*B)]? < w(A*A)w(B*B), VA,Bec A (3.3)
Proof. Let B # 0 and consider the combination A — AB for A € C:
wW((A—=AB)(A = AB)*) = w(AA*) — \w(BA*) — Aw(AB*) + [\?w(BB*) > 0

Choosing A = w(AB*)/w(BB*) and using proposition 3.3 to write w(BA*) = w((AB*)*) = w(AB*)
we get,
w(AB*)?

w(AA") — “(BE")

>0 = |w(A*B)[? < w(A*A)w(B*B)

3.1.1 States and representations

The Hilbert space formulation of quantum mechanics is too useful to be abandoned entirely and the
study of Hilbert space representations forms an important part of AQFT.

Definition 3.1.4. A representation of a unital %-algebra A consists of a triple (#,D, ), where H
is a Hilbert space, D is a dense subspace of H, and 7 is a map from A to operators on H with the
following properties:

e cach 7(A) has domain D(7(A)) = D and range contained in D;
e 7(1) =1p,

e 7 respects linearity and products

T(A+AB+CD) =n(A)+ A\n(B)+n(C)n(D), A/B,C,DeA XNeC

e cach m(A) has an adjoint with D C D(w(A)*), whose restriction to D obeys 7T(A)|*D = 7(A*¥).

The representation is called faithful if ker(m) = {0} and is called irreducible if there are no subspaces
of H invariant under 7(A) that are not either trivial or dense in H.

We will use the shorthand notation (#, ) for (H,H, ).

Definition 3.1.5. Two representations (Hi,Di,71) and (Hz, D2, m2) of a x-algebra A are called
unitarily equivalent, if there is a unitary map U : H1 — Ho which restricts to an isomorphism between
D; and Dy, and satisfy the intertwining relation Umi(A) = mo(A)U for all A € A. They are unitarily
inequivalent if they are not unitarily equivalent.

From equations (3.1) and (3.2), we have seen that from quantum mechanical states we can get algebraic
states. Hence, the natural question is whether the knowledge of an algebraic state w is enough to
reconstruct a Hilbert state such that w is the vector state wy for some 1 € H. The answer of this
question is given by the following famous theorem by Gel’fand, Naimark and Segal.

Theorem 3.1.3 (GNS representation theorem). Let w be a state on a unital x-algebra A. Then there
is a representation (Hy, Dy, 7w) of A and a unit vector Q, € D, such that D, = 7,(A), and

w(A) = (|10 (A)Q), VAe A (3.4)

Furthermore, (Hy, Dy, Tw, Q) are unique up to unitary equivalence. If A is a C*-algebra, then,
additionally:

1. each m,(A) extends to a bounded operator on H,;
2. w is pure if and only if the representation is irreducible;

3. if my is faithful, then ||m,(A)|| = ||A]|a-
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Due to the fact that m,(A)€, is dense in H,,, we say that Q, is cyclic for the representation.
The link between purity and irreducibility is understood from the following example: if ¢, € H are
linearly independent normalized vector states on a subalgebra A of B(H), then the density matrix

state

p =AY+ 1 =NlpHel, 0<A<T

can be realized as the vector state w, = VM) @ /1 — Ay in the reducible representation A — A& A
of Aon HDH.

Proof. The proof is constructive and divided into several steps:

1.

Define a subset Z,, € A by
Z,={Ae A:w(A"A) =0}

Using the Cauchy-Schwarz inequality (3.3), one may prove that 7, is a left ideall: if A € 7,
then
lw((BA)*(BA))|? = [w(C*A)]> < w(C*C)w(A*A) =0, Be A

where C = B*BA, so BA € 7,,. A similar argument shows that Z,, is a subspace of A and that
the subspace 7, is a right ideal.

Define a quotient vector space
D, :=A/T,={[A] | [A] .= A+1,}
and note that D,, carries an inner product defined by
([A]|[B]) =w(A*B) A,Be A (3.5)

which is well defined, i.e. has the properties of an inner product (linearity from the definition
of w, conjugate symmetry from proposition 3.1.1 and positive-definiteness from the definition of
D.), and if Ay, Ay € [A] with A} = Ay + I for some [ € 7,

([A1]l[B]) = w(A3B) + w(I"B) = w(A3B) = ([A2]|[B])
where we used the right-ideal property of Z}.

Define the Hilbert space H,, as the completion of D,, with respect to the inner product (3.5); by
construction D,, is dense in H,,.

Define Q, = [1] € D,, C H,, noting that ||Q[|?> = w(1) = 1.
Define 7, as follows: for each A € A,m,(A) is the linear operator D,, — D,, given by
mw(A)[B]:=[AB], BeA
which is well-defined due to the left ideal property. The properties
(1) =1y, 7w(A+ AB) =m,(A) + A\1y(B) 7w(AB) = m,(A)m,(B)

are easily verified as identities of operators on D, and it is clear that m,(A)$, = D, so €, is
cyclic as D,, is dense.

Now observe that
(mo (A7) [B]][C]) = ([A"BJ|[C]) = w(B*AC) = ([B]|m.(A)[C])

for all [B],[C] € D,. This shows that m,(A) has an adjoint with dense domain including D,
and indeed
Tw(A") = 7 (A)]

1D,

!Given a ring R, a left ideal is a subset Z of R such that 0 € Z and for r € R and for every x,y € Z, one has x4y € Z,
—x € T and rz € Z. If an ideal is two sided, the quotient R /T is still a ring.
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Therefore (M, Dy, 7,) is a representation of A, and the calculation
(| (A) ) = (1|7 (A)[1]) = ([1]|[4]) = w(4)

verifies (3.4).

6. For uniqueness, suppose that another Hilbert space H, dense domain D, distinguished vector €2
and representation 7 are given with the properties above. Now define a linear map U : D — D,
by

Urn(A)Q = 7,(A)Q,

noting that it is well defined because
T(A)N=0<0= HW(A)QH% =w(A*A) = ||7rw(A)Qw|]3{w < m,(A)Q, =0

A similar calculation shows that U is an isometry, and as it is clearly invertible, U therefore
extends to a unitary U : H — H,, so that UD = D,, and

Ur(A)U™ = 7,(A)

acting on any vector in D,,.

7. The special features of C*-algebras are addressed in [59].

3.2 Haag-Kastler axioms

In quantum mechanics there are two main descriptions: the Heisenberg picture, in which the algebraic
relations between observables are the primary data, and the Schrédinger picture, based on spaces of
wavefunctions on which the observables of the theory act in specific ways.?

For systems with finitely many degrees of freedom, the distinction is rather inessential, because the
Stone-von Neumann theorem guarantees that any irreducible representation of the commutation rela-
tions is unitarily equivalent to the Schrodinger representation. However, in QFT, unitarily inequivalent
representations have an important role, where they describe different physical situations [43] [60]. This
motivates an approach based primarily on algebraic relations.

The starting point of AQFT is a series of assumptions called Haag-Kastler axioms, which reformulate
the Wightman axioms without referring to individual fields as the generators of the local algebras:

1. Local algebras: there is a unital C*-algebra® A and, to each bounded open region of Minkowski
spacetime O C M? ~ R4-11 4 subalgebra A(Q) containing the unit of A, so that the A(O)
collectively generate A:

A= J A0
ocMe

where the bar indicates the closure in norm. We call observables of a region O the self-adjoint
elements of A(Q). With abuse of language we call A(O) local observable algebra and we call A
the quasi-local algebra of the theory. The assignment

O — AO)

is called net of local observables.

?In standard quantum mechanics there is also a third possibility, the interaction or Dirac picture. However, due to
Haag’s theorem, this description is mathematically inconsistent in QFT.

3In principle it is sufficient the structure of a x-algebra. However, in most of the applications it is useful to require
the additional C* structure.
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2. Isotony: whenever O1 C O2, the corresponding local algebras are nested:

A(Ol) C A(Og)

3. FEinstein Causality: if O; and Oy are causally disjoint, then:
[A(O1),A(02)] =0 = [Al,AQ] =0 VA € A(Oz), 1=1,2

4. Poincaré covariance: A is the representation space of a representation of the restricted Poincaré
group 731 as a group of s-automorphisms aga, (a,A) € 731, preserving the local structure of
observables, i.e.

aa,A(A(0)) = A(Oan)
where Oy p = {z € M)A~ (z — a) € O}.

5. Vacuum: there is a state w on A, called the vacuum state, invariant under the previously
mentioned representation of the Poincare group. It is also assumed that this state is the unique
invariant state. The GNS construction provides a Hilbert space Hy, called vacuum sector, where
A can be represented as an algebra of bounded operators with a cyclic vector, the vacuum vector
|©2). The representation mg of A in Hg is called vacuum representation.

6. Spectrum condition: one can show [43] that the last condition implies that the x-automorphism
aq.A extends to a unitary representation on Hg of the covering group of the Poincaré group.
Assuming that such representation is strongly continuous?, by Stone’s theorem there are four
commuting self-adjoint operators P* such that

U(x) = etfne”

represents spacetime translations. Then the spectrum condition requires that the joint spectrum
of the operators P* lies inside the closure of the forward light cone:

o(P")y C V= {p" € Mptp, <0, p° > 0}
Representations satisfying this condition are called positive energy representations.

7. Weak additivity: for any open region O, mo(.A) is contained in the weak closure® of the x-algebra
generated by the algebras mo(A(O + z)) as = runs over M¢.

The prototypical local region O is a double cone, obtained intersecting a forward and a backward light
cone. This is shown in figure 3.1.

w, 0 W e
left causal right causal
complement double cone complement

Figure 3.1: A double cone with the left and right wedges composing its spacelike complement O = Wp U Wkg.

“Le. the map x — U(x)1 is continuous from M to Ho for each fixed ¥ € Ho, z € M%.
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The weak additivity axiom asserts that arbitrary observables can be built as limits of algebraic com-
binations of translates of observables in any given region O. In many situations, this can be a con-
sequence of the other axioms rather than an assumption; for example, this is the case for conformal
nets [61], which we are going to introduce in the next chapter. The main important consequence of
weak additivity is the following result:

Theorem 3.2.1 (Reeh-Schlieder theorem). [42] Let O be any bounded open region. Then
e vectors of the form A|Q) for A € mo(A(O)) are dense in H;
o if Ac my(A(O)) annihilates the vacuum, A|Q2) =0, then A = 0.

The first point says that |2) is cyclic for every local algebra; the other says that it is also separating.
This means that the information contained in the local algebras A(Q) for any, arbitrarily small, open
subset of M?, can be used to reconstruct the entire theory.

3.3 Von Neumann Algebras

So far we have expressed everything in terms of *- and C*-algebras to be as general as possible. The
theory is considerably enriched when expressed in terms of von Neumann algebras. This seems like
an unmotivated extra complication, but as we shall see, one of the main success of AQFT has been
to show how this is not the case.

First, we give the basic definitions regarding von Neumann Algebras.

Definition 3.3.1 (von Neumann Algebra). Let H be a Hilbert space and B(#H) the algebra of bounded
linear operators on H. Let M be a *-subalgebra of B(H). Then M is a von Neumann Algebra or
WH*-algebra if

e 1lc M;
e M is closed in the weak operator topology.
An important result is the following;:

Theorem 3.3.1 (von Neumann double commutant). For a %-algebra containing M on B(H) that
contains 1, the following are equivalent:

o M is weakly closed;
o M is strongly® closed;

o M"” = M where the apex denotes the commutant:

M = {AeBH)|[AB =0, YBeM)

The most fundamental notion of a von Neumann algebra is its center.

Definition 3.3.2. For von Neumann algebras M; and Msy, we let M1 A Mgy = M1 N Ms. We let
M1V My denote the von Neumann algebra generated by M and Mo, i.e. the intersection of all von
Neumann algebras containing M; and Ms.

Definition 3.3.3. We define the center of a von Neumann algebra as
ZM)=MAM
A von Neumann algebra is called factor if

Z(M)=C1 equivalently” MV M = B(H)

A sequence of operators converges in the weak topology, w — lim A, = A, if (1|A,p) — (Y|Ag) for all vectors

P, €H.
A sequence of operators converges in the strong topology if ||A,v|| — ||Av|| for all vectors 1 € H.

67



Factors are of great importance in the theory of von Neumann algebras. They are divided in three
main categories, depending on the projections® belonging to them. The main types of projections are
the following;:

Definition 3.3.4. Let M be a von Neumann algebra. A projection E € M is said to be:

e cquivalent to a projection P € M, written F ~ P, if there exists V € M such that VV* = FE
and V*V = P;

o A subprojection with respect to another projection P € M, denoted £ < P, if PE = EP = E.
If E # P, the subprojection is proper and we write F < P;

e central if E € Z(M);
o Minimal if M contains no proper subprojection of E;

o Abelian if the von Neumann algebra over EH defined as
EME :={FAF|A e M}

is abelian;

e Infinite if there exists a projection Ey € M such that Ey < E, i.e. it is a subprojection of E,
and Ey ~ E. The projection is said to be finite if it is not infinite;

e Properly infinite if E is infinite and for each central projection P € Z(M), either PE = 0 or
PFE is infinite.

Notice that every infinite projection £ € M has infinite rank in the usual Hilbert-space sense. Indeed,
if E is infinite in M, then it is also infinite when regarded as a projection in B(H), and for B(H)
the above abstract notion of finiteness coincides with the ordinary distinction between finite- and
infinite-rank projections. However, the converse is not true in general: for instance, the identity of
M = Cly C B(H), with dim H = oo, has infinite rank but is finite in M, because the only projections
in M are the null projection and 1 and there is no proper subprojection 1 equivalent to it.

Proper infinity is stricter, since it requires that each central decomposition of E is still infinite.

One can prove the following [54]:

Proposition 3.3.2. There are the following relations for projections:
minimal = abelian = finite
properly infinite = in finite

For factors, the first arrows on both lines can be reversed.

We can make a first classification based on the previous definition:

Definition 3.3.5. A von Neumann algebra M is said to be:

e finite, if 1 is finite in M;
e infinite, if 1 is infinite in M;
e properly infinite, if 1 is properly infinite in M;
In particular, we can classify factors as follows:
Definition 3.3.6. A von Neumann factor is said to be:
e Type I if it contains a minimal projection;

e Type II if it contains a finite projection, but no minimal projection;

"Indeed: (M U M’)" = C1; therefore (M U M')" = B(H).
8 A projection E € M is an idempotent and self-adjoint element: E = E? = E*.

68



e Type III if it does not contain finite projections.
From this classification, we can state the fundamental result in the theory of von Neumann algebras:

Proposition 3.3.3. [62] Every von Neumann algebra acting on a separable Hilbert space admits a
central decomposition as a direct integral of factors.

Thus, in this sense, every von Neumann algebra can be regarded as a generalized combination of
factors. The precise construction is formulated in terms of direct integrals, but we will not formalize
it here. The classification into type I, type I and type I is then applied to the factor components
appearing in this decomposition.

The type I factors were already completely classified by Murray and von Neumann [54]: for each
cardinal number k there is a unique (up to isomorphism) type Ij factor, namely B(#H) where H is a
Hilbert space of dimension k. The type I factors can be further subdivided according to whether
or not the identity projection I is finite (type I1) or infinite (type Il ). The type II1 factors can
be subdivided into types 111y with A € [0, 1], although the basis for this subclassification depends
on Tomita-Takesaki modular theory, which we very briefly discuss now. First consider the following
definition:

Definition 3.3.7. Let M be a von Neumann algebra acting on a Hilbert space H, and suppose that
|©2) € H is cyclic and separating for M. Define an operator Sy on H by setting

SoA|QY) = A*|Q)

Then Sy extends to a closed? anti-linear operator S on H. Let S = JAY/2 be the polar decomposition
of S (which is unique, also for densely defined unbounded operators), so that A is positive (but
generically unbounded) and J is anti-unitary. We call A the modular operator and J the modular
conjugation associated with the pair (M, |Q2)).

We will talk of the physical consequences of all these definitions in a bit. For now, just note that the
hypotheses at the base of this definition are satisfied by a net of von Neumann algebras obeying the
Haag-Kastler axioms, as a consequence of the Reeh-Shlieder theorem.

Theorem 3.3.4 (Tomita’s commutation theorem). Let M be a von Neumann algebra with cyclic and
separating vector |Q). Then J|Q2) = |Q) = A|Q) and

ATMA™ =M, VteR
IJMT =M
Definition 3.3.8. The modular spectrum S(M) of M is given by
S(M) = () sp(A.)

where "sp” denotes the spectrum and w runs over the family of normal states of M, and A, are the
corresponding modular operators.!”

The spectrum of the modular operator A gives a rough measure of the periodicity of the modular
automorphism group (0%);cr, where o¥’(A) := AYAA™®; ie. the smaller the spectrum of A, the
closer the automorphism o% is to the identity. Conversely, as the spectrum of A goes up to RT, the
group (o¢)icr tends toward being ergodic (i.e. having no fixed points).

Finally, the classification reads:

%An operator A on H with domain D(A) C H is said to be closed if its graph, Ga = {(x, AY) : ¢ € D(A)}, is a
closed subset of H x ‘H with respect to the product topology and A is said to be closable if the closure of its graph is
the graph of an operator A, called the closure of A. One can show that a densely defined operator A on H is closable iff
its adjoint A" is densely defined and in this case A = (A")T [44].

10A state is faithful if w(AA*) = 0 = A = 0. A state w is said to be normal if for every increasing sequence
{An}nen C M of semi-positive definite operators, namely A4, > 0 and A,41 — A, > 0, with supremum A = sup,, A4,,
one has w(A) = sup,, w(Ay). Equivalently, a state is normal if it can be represented by a density operator, namely
w(A) = Tr(pA), for some positive operator p with Tr(p) =1 (see [52] for the details).
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Definition 3.3.9. A factor of type II1 is said to be:
o Type I1I, if S(M) ={0,1}
o Type I1Iy if S(IM) ={\"|n€Z}
o Type II1 if S(M) =R*

Modular theory admits a remarkable physical interpretation in relativistic quantum field theory. In
a celebrated result, Bisognano and Wichmann showed that the modular objects associated with the
vacuum state and the algebra of observables localized in a wedge region of Minkowski spacetime have
a direct geometric meaning. In particular, the modular flow is implemented by the Lorentz boosts
preserving the wedge, while the modular conjugation corresponds to a reflection exchanging the wedge
with its causal complement, combined with charge conjugation [63].

Theorem 3.3.5 (Bisognano-Wichmann). [63] Let A(W) be the von Neumann algebra associated with
a wedge region W and let Q be the vacuum vector. Then the modular objects (A, J) associated with
the pair (A(W),Q) satisfy

AU (s)A™ = U(e ?™s), JU(s)J =U(-s),

for all s,t € R.

To understand the geometric meaning of the first relation, consider a lightlike translation U(s). Under

a Lorentz boost of rapidity A, the corresponding light-cone coordinate transforms as z+ — e*z*, so
that
Ul(s) — U(ets).
Comparing this with ' '
AU (s)A™" = U(e™*™s),
one sees that the modular group acts exactly as a Lorentz boost with rapidity A = —2xt. Therefore the

modular flow coincides with the one-parameter group of boosts preserving the wedge. The second rela-
tion shows instead that the modular conjugation reverses the direction of translations, corresponding
geometrically to a spacetime reflection exchanging the wedge with its opposite.

3.3.1 Application to quantum field theory

Consider a net of local C*-algebras obeying the Haag-Kastler axioms. Given a vacuum state w on A,
form its GNS representation. For any open bounded region @ C M? define the algebra:

Mo(O) = mo(A(O))" (3.6)

Now consider the following proposition.

Proposition 3.3.6. For any subalgebra B C B(H) one has B C B"” and B” = B'.
Proof. From the definition of commutant:
XeB' s [X,)Y]=0VY el

Since all elements of B satisfy this request, we conclude that B c B”.

Now consider X € B"”. Similarly, this means that [X,Y] =0 VY € B”. Then the same reasoning used
before gives us B’ ¢ B"”.

Now we prove the other inclusion B” C B'. Let X € B"”, hence X commutes with the whole B”. But
we have shown that B C B”. Therefore X commutes with B, meaning that it is also an element of
B. O

Corollary 3.3.7. The algebra (3.6) is a von Neumann algebra
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Proof. By proposition 3.3.6:
Mo(0)" = (m0(A(0))")" = (m0(A(0)))" = m0(A(0))" = Mo(0)

Since M (Q) also contains the unit operator, as a consequence of what is stated in the first axiom, by
the von Neumann double commutant theorem we conclude that M (O) is a von Neumann algebra. [J

Einstein causality implies that the commutant 7o (A(Q))’ contains all local algebras my(.A(Q)), where
O is causally disjoint from O. As 7mo(A(O)) = m(A(0)" = My(O), we see that also Mo(O) C
Mo (O)'. Tt is natural to interpret Mp(O)" in terms of (limits of) observables localized in the causal
complement of O and further natural to assume that there are no non-trivial observables localized in
both O and its causal complement. This motivates the assumption that:

Mp(O)N MO(O)/ =C1

that is, that the local algebras are factors. This heuristic intuition can be formalized and further
developed. Indeed, in 1985, Fredenhagen obtained one of the most striking results in the development
of AQFT. In addition to the standard axioms he posed the following physically reasonable assumptions:

1. There is a dense domain D C Hg and a linear map ¢ from real-valued test functions to symmetric
operators f +— ¢(f) defined on D and obeying ¢(f)D C D, so that ¢(f) has a closure affiliated!!
to Mp(O) for any O containing supp(f). Furthermore, the n-point functions of the fields ¢(f)
define the distributions

Wn(fb 7fn) = <Qw’¢(f1) to ¢(fN)Qw>

2. Defining scalar maps on test functions by (8, xf)(x) = f((x — p)/A), there should be a positive
monotone function v so that the scaling limit n-point functions

Wrsz.l.(fl’ . fn) = )\]41)1%)5_ V(A)an(/Bp,)\fla ceey 5p,)\fn)

exist and satisfy the (vacuum) Wightman axioms. One may think of this theory as living in the
tangent space at p; it is not usually the same theory we started with.

3. It is required that (p5, Mo(O) = C1, where the intersection is taken over all local regions
containing the point p.

Assuming condition 1., we say that w has a regular scaling limit at p € M? if conditions 2. and 3.
hold. Then Fredenhagen proved the following [64]:

Theorem 3.3.8. Let O be a double-cone. If the state w has a regular scaling limit at some point of
the spacelike boundary of O, then My(O) is a type I11; factor.

Shortly afterwards, Haagerup proved that there was a unique hyperfinite type I11; factor [65].

Definition 3.3.10. Let M be a von Neumann algebra. Then M is said to be hyperfinite if there is
a family (M;);er of finite-dimensional von Neumann algebras in M such that

M= (JM)" =\ M;

el el

Then a further paper of Buchholz, D’Antoni and Fredenhagen pointed out that the local algebras of
QFT are hyperfinite [66], therefore fixing them uniquely up to isomorphism. Remarkably, the local
algebras themselves are completely independent of the theory, and the distinction between different
theories lies only in the "relative position” of the local algebras within B(H).

"Tet M be a von Neumann algebra acting on a Hilbert space H. A closed and densely defined operator A is said to
be affiliated with M if A commutes with every unitary operator in the commutant of M. The notion of commutation
for unbounded operators will be made precise in section 6.2.
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Recall that every type I factor is isomorphic, as a von Neumann algebra, to B(#;) for some Hilbert
space Hi. However, in general a factor is given as a subalgebra of B(#) for a possibly different Hilbert
space H, and therefore it need not coincide with the whole algebra of bounded operators on H. The
following characterization describes how a type I factor can sit inside a larger algebra of operators:
up to a unitary equivalence, it acts as the full algebra of bounded operators on one tensor factor and
trivially on the other.

Definition 3.3.11 (Alternative definition for type I factors). A von Neumann factor M on a Hilbert
space H is of type [ if there is a unitary U : H — Hi ® Ho, for some Hilbert spaces H;, so that
M =U*(B(H1) ® 14,)U.

From this definition it is clear that type I factors arise in non-relativistic quantum mechanics: they
are the observables of one party in a bipartite system. Many distinctions between quantum mechanics
and quantum field theory arise due to this algebraic difference. We state some of them:

e All eigenvalues have infinite degeneracy: by definition of type 111 factors, the local algebra does
not contain any finite projection. It follows that no self-adjoint element of a local algebra M (O)
can have a finite-dimensional eigenspace; moreover, the identity operator is an infinite projector,
hence also the total Hilbert space is infinite-dimensional. In particular, if |©2) is the vacuum
vector, then the projection |Q2)(€2| belongs to no local algebra M(O), nor to any commutant
Mo(O)' (since the commutant of a type I11 is still a type I11).

e Local states are impure: any state w on A restricts in a natural way to a state W) 40 O1 each
local algebra A(Q). We want to characterize it. To start, we note the following:'2

Proposition 3.3.9. Suppose w is a pure state on a C*-algebra A. Then the von Neumann
algebra M, = 7, (A)" in the GNS representation of w is a type I factor.

Proof. The GNS representation of a pure state is irreducible. So, for Schur’s lemma, the com-
mutant m,,(A)" consists only of multiples of the unit, and M,, = B(H,,), which is evidently type
I. O

In the light of this result, the following theorem shows that local restrictions of states in QFT
behave in a radically different way [43]:

Theorem 3.3.10. Under the hypotheses of theorem 3.3.8, the algebra LEP (A(0))" is of
type I11;. Therefore W40 18 not pure, nor is it a normal state in the GNS representation
of a pure state of A(O). Furthermore, when My (O) = 7,(A(O))" is a factor, the previous
statements remain valid if the state w is replaced by any state belonging to the same Hilbert-
space representation.

Intuitively, the theorem shows that the restriction of a state to a local region in QFT is not a
mixed state in the ordinary quantum-mechanical sense. In ordinary quantum mechanics, restrict-
ing a pure state to a subsystem produces a reduced density matrix by means of a partial trace
over the complementary degrees of freedom. This construction presupposes a tensor product
decomposition

H=Ho@Hoe-

such that the algebra of the subsystem is the type I factor
B(Ho) ® 1.

If such an exact decomposition were available for a local region in QFT, the local von Neumann
algebra would be of type I. This is incompatible with the type III nature of local algebras.
The theorem gives an even stronger formulation of this obstruction: even if one represents the
abstract local algebra in a type I way, through the GNS representation of a pure local state,

12Note that here w is a generic state, not necessarily the vacuum. Hence (Hw,mw) denotes the corresponding GNS
representation.
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the physical restricted state w A0 is not normal in that representation. Hence it cannot be
described as an ordinary density-matrix state, and the usual partial-trace picture of local mixed
states does not apply.

e Local experiments can be prepared locally: suppose E is any projection in Mo(O) and let w be
any state on the C*-algebra formed as the closure of | J, Mo(O) in B(O).
For a type I1I factor one can show the following [52]:

Proposition 3.3.11. If M is a factor, then any two non-zero infinite projectors are equivalent.
Corollary 3.3.12. In a type 111 factor, any two non-zero projections are equivalent.

Thanks to the above corollary, E ~ 1 and we may write £ = VV™* for some isometry V € My (O).
Then the modified state wy (A4) := w(V*AV) satisfies

wy(B) =w(VVVV) =1, wy(d) =w(VAV) = w(V*VA) = w(d), YA e Mo(O)

where we recall that Mo(O) € Mo(O) with O causally disjoint from ©. Therefore, the property
described by the projection E is guaranteed to be satisfied in the state wy (E), which can be
prepared in our lab without changing the rest of the world.

3.4 Superselection sectors

In this section, we will see the general strategy for extracting the physics encoded in the net of
observables. From now on, we will use the more commonly used dagger notation { in physics, instead
of the star *, to denote the algebraic involution.

Our base assumptions are the following: we will assume that our vacuum representation is faithful and
irreducible, and that local algebras m(.A(O)) are von Neumann algebras': mo(A(Q)) = mo(A(0O))".
Furthermore, we assume that Haag duality is satisfied in the vacuum representation, meaning that

mo(A(O")) = mo(A(O))

where O’ is the causal complement of O.

The physics of a system characterized by a pair {4, a}, where « is the Poincaré automorphism, can
be derived from the representation theory of such pair. Of particular interest are the representations
7; that satisfy the following criterion.

Definition 3.4.1 (Doplicher-Haag-Roberts criterion). A representation m; of a net'* O — A(O) is a
DHR representation if

i (A(0")) ~ mo(A(O"))

stands for unitary equivalence and O are double cones. We say that such representations
are localizable in double cones.

where 7 ~"

The physical motivation of this criterion is that a particular representation m; should describe a particle
with a Noether charge j localized in some region O; therefore its influence should be negligible far
from that region. This translates on the unitarily equivalence of 7; with the vacuum representation
on the causal complement O'.1

Note that this criterion rules out long range interactions and, as a consequence of Strocchi’s theorem
[60], gauge theories in general. Fortunately, this criterion can be weakened: suppose that H; carries

"

131f this property does not hold, one can apply this discussion to the net @ — Mo (O) :=mo(O)

M For ”representation 7 of a net” we mean a representation of the quasi-local algebra A together with the automorphism
o defined in the axioms, which from now on will be understood. Then 7 (.A(O)) is well defined for every double cone
O c M

151f two representations 7; and m; are unitarily equivalent, i.e. exist an intertwining unitary U : H; — H; such that
Umi(-)U' = 7;(-), then the conserved charge operator @ in the two representations should be equivalent under the same
mapping, 7;(Q) = jly, = Umi(Q)U' = iU1y,U' = ily,, which is consistent if and only if j = 4.
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a strongly continuous unitary representation U; of the covering group of the Poincaré group 751 such
that . -
mj(aan(4)) = Uj(a, A)m;(A)Uj(a, M)

where (a, 1~\) € 751 projects to (a,A) € PI; we call such representation Poincaré covariant. Moreover,
suppose that this representation is also a positive energy representation. Then Fredenhagen and
Buchholz have shown in [45] that the DHR criterion is satisfied by such representations, in the absence
of zero-mass particles, with spacelike cones C instead of double cones O,

i (A(C")) = mo(A(C")),

which does not exclude a priori gauge theories. We will say that such representations are localizable
i spacelike cones. Moreover, there is also evidence that this still holds in the presence of massless
particles [39]. The space of physical states of the theory is defined as

"=,

jeJ

where the sum extends over the list J of all inequivalent and irreducible physical representations'® of

A.

In the cases of interest here, namely two-dimensional conformal field theories, spacelike cone localiza-
tion provides the natural framework for describing charged sectors and defect fields whose localization
cannot be confined to bounded regions. The localization cone encodes the non-local structure attached
to the field and provides a consistent notion of localization for the corresponding endomorphism.

However, as far as statistics is concerned, the two-dimensional setting offers a significant simplification.
The statistics of charged sectors is not obtained by tracking the detailed geometry of the localization
cone. Rather, it is extracted by comparing different spacelike separated localizations of the same sector
through charge transporting operators. In two spacetime dimensions, spacelike separated regions
admit a natural left-right ordering, which replaces the geometric notion of winding particles around
one another familiar from higher dimensions. As a consequence, the relevant statistical information
depends only on the relative localization of sectors and not on the particular choice of localization
cone.

In the present work, however, we shall not make explicit use of defect starting operators. Their
treatment would require a more careful analysis and lies beyond the scope of the present discussion.
For local modular invariant two-dimensional CFTs, all fields of the full theory have integral spin and
are therefore naturally described within the framework of double-cone localization. Nevertheless, the
algebraic framework still retains the information about more exotic forms of statistics encoded in the
chiral components of the theory, which will play an important role later on. Since our analysis will be
entirely formulated in terms of the observable net and its DHR sectors, localization in double cones
will be sufficient throughout.

As a consequence of the DHR criterion, for the physical representations considered (also for the non-
irreducible ones) for an arbitrary double cone O there is a unitary Vjo : Ho — H; such that

mj(A) = VPm(A)(VPO)T, VA e AO)
Using Vjo we can construct a representation ;359 of A in Hy equivalent to m; by setting

P9 (A) == (VO)Im(A)VP, VAe A

The fundamental result is the following:

Proposition 3.4.1. The representation ﬁ? extends to a x-endomorphism p? of A.

16{ e. covariant, positive energy and DHR.
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Proof. Consider a bigger double cone O, @ C O, and A € A(O), B € A(Q'). Since A(@)/ C A(O)
and, due to the DHR criterion, ﬁ? = mp on A(0O'), we have

(65 (4), m0o(B)] = [57 (A), 5 (B)] = 55 (4, B]) = 0

S0 ﬁ?(A) € mo(A(O") = m(A(0))" = mo(A(O)), where we used Haag duality and the fact that local
algebras are von Neumann algebras. We conclude that ﬁ?(A(@)) c m(A(0)), so [)?(.A) C mo(A), as
local operators are dense in A. Since my is faithful, there exists a linear map pg? of the abstract C*-

algebra A into itself with p? =7y Lo ,5;9. From the properties of representations, shown in definition
3.1.4, it follows that
pS(AB) = pf(A)pF (B)  pf (A*) = pf (A)*

Hence this linear map is a *-endomorphism of A. O

Proposition 3.4.2. [/3] Endomorphisms p? obtained from representations satisfying the DHR cri-
terion for a given O have the following properties:

e Localized in O: pjo(A) =A, VAeAO);

e Transportable: YO, Oy such that O U Oy C Oq, there is a unitary, sometimes referred to as
“charge transport operator”, U € A(O2) with Ady o p?(A) = Up?(A)UT = A, VA e A(O)), i.e.
for every region O1 there exists an endomorphism unitarily equivalent to pg? (A) that is localized

in O1. For this reason, we will sometimes omit the superscript O, except when necessary to
avoid confusion.

e Subfactor: ,OJO(.A(Ol)) C A(Oy) for every Oy such that O C Oy. This means that p? maps
any local algebra defined on a double cone containing the localization region into itself. Actually,
this property can be derived from the previous two.

We can use such properties as defining properties for endomorphisms.

Definition 3.4.2. Given a double cone O, let A(O) be the set of all transportable endomorphisms of
Alocalized in O, i.e. those satisfying the properties of proposition 3.4.2. We define A := (Jypa A(O).

Then one can show that the equivalence classes of
A= {lpsl, 5 € Tlpj ~ pjs pi»pj € A< p; =10 p; for some inner automorphism'” ¢ of A}

are in one to one correspondence with unitary equivalence classes of representations satisfying the
DHR criterion [43]. This provides us with another alternative language to describe the superselection
sectors of a theory.

We can carry structure from a language to the other. In particular, A/~ is equipped with a natural
product (given by the composition of endomorphisms of A), which induces a product on the space of
sectors, namely:

[mi x mj] := [m0 0 pipj]

where m; ~ m o p; and p;p; = p; o p;. The corresponding representation space, H;; describes states
in which a charged particle with superselection quantum number ¢ and a particle with superselection
quantum number j are simultaneously present.

We can say more about this product.
Proposition 3.4.3. Composition of endomorphisms is locally commutative, i.e. for O1 C O we have

01 O Oy O
P lpj2:pj2pil

*Le. one that can be written as ((A) = UAUT for some unitary operator U € A.
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Proof. Consider the configuration of figure 3.2.

Figure 3.2: Chosen configuration for the proof.

We can transport the endomorphisms to Oy, k = 1,2, with two unitaries Uy, € A(@k): p?l = AdUlopl(.91
and ,0?2 = Ady, o pg-%. Hence, for any A € A(O) we have

pEA) = Adyy 0 p7(A) = Adyy(A) p€2(A) = Adyy 0 2 (A) = Adyy (

since O is causally disjoint from Ok, k =1,2. Hence
P pT2(A) = pit 0 Adyyy (A) = pf (USAU) = o7 (U3)p (A)p( (Un) = U Adyy (AU =
= Adyy,1(A4) = Adyy 0 (A) = 02221 (4)

uju]

where we used p&* (Uy) = Us since Uy € A(Oy), while Ulul = UluT follows from the locality axiom.
We can repeat the same reasoning for any double cone O, so p?lp?Q = p?z p?l. O

Corollary 3.4.4. Consider two endomorphisms p;, p; € A(O). Then p;p; is unitarily equivalent to
PjPi-

Proof. Choose two spacelike separated double cones O7 and . There exist unitaries Uy, k = 1,2,
such that p; = Ady, o p; and p; = Ady, o p; are, respectively, localized in O; and Os. From the last
proposition we get:

pipi = Ad, iyy1 0 Pipi = Ad, syt © Pipj = Ade(p,,p,) Pib)

where
€(pir ps) == p; (UNUS U pi(Us)

is called statistics operator or braiding. O

We will say more on the statistics operator in a bit. For now, let us focus on representations; the
result we wanted is the following:

Corollary 3.4.5. The product of representations is commutative, i.e.
[ms x 5] = [mj X ]

Proof. Tt follows from the unitary equivalence of endomorphisms proven in the last corollary. O
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From now on, we will refer to generic representatives of the equivalence classes of representations,
keeping the square brackets understood.

Many interesting properties of the representations are valid in the finite index case. We briefly explain
what this means: consider an inclusion N' C M; in particular, if A is a factor, we call it subfactor.
The index of inclusion, denoted [M : N] is a number that measures "how big the inclusion N' C M
is”. More concretely, it corresponds to the dimension of a GNS constructed Hilbert space starting
from a state induced by a trace over M, which is a particular linear functional from the semi-positive
defined elements of M to the positive real numbers. This notion was initially introduced by Jones for
Type 11 factors, since for them the existence of an appropriate trace is ensured, and later generalized

to arbitrary factors. It has been shown that:
M:N]e {46082(1),77, € Nand n > 3}U[4, +o0]
n

The index allows for a notion of dimension of a unit preserving and injective endomorphism ¢ €
End(M) [38]:
dim(p) = d(p) := [M : p(M)]'/? (3.7)

One can show that the dimension is stable under direct sums and composition:
dim(p1 @ p2) = dim(p1) + dim(pz)  dim(pr 0 2) = dim(p1) - dim(ip2)

In our case we are interested in the subfactors arising through the DHR endomorphisms, as a conse-
quence of the third property in proposition 3.4.2.2! In particular we define the statistical dimension,
or just dimension, of p; € A(O) as:

dim(p;) = d(pi) := [A(O) : pi(A(0))]"/? (3.8)

In particular, this index can be shown to be independent of the localization region O [39]. For rational
conformal field theories such indices are all finite. [49]

Proposition 3.4.6. [39] Suppose that the representations labeled by J have finite index. The following
properties hold:

e Fuvery covariant, positive energy representation of A of finite index is completely reducible into
a finite sum of irreducible covariant positive energy representations belonging to J :

T X Tj @NZ T NZ»’} eN (3.9)
k

e There exists a unique involution (”charge conjugation”) on J: j € J — j € J, such that 7; X ;
contains the vacuum representation exactly once as a subrepresentation.

e The set of covariant, positive energy representation of A which are localizable in double cones is
stable under taking direct sums, conjugations, subrepresentations and composition.

For rational CFTs, the Hilbert space decomposes into finitely many irreducible sectors of the observable
algebra. These sectors are represented, in the field-theoretic description, by primary fields of the
theory; in a full two-dimensional CFT the corresponding labels may be pairs of left- and right-chiral
labels. Therefore, the fusion rules (3.9) coincide with the fusion rules arising from the OPE of the
corresponding primary fields, and the set J labels these primary sectors??. We can combine this
observation with the following proposition [39].

Proposition 3.4.7. Let p; € A. Then the statistical dimension d(p;) is the largest eigenvalue of the
fusion matriz (N;)F := Nfz

211t is easy to verify that p(A(O)) C A(O) is a subfactor. As we are going to prove in section 3.6, DHR endomorphisms
are faithful, i.e. p(A) = 0= A = 0. Then note that if p(A4) € p(A(O))' Np(A(O)), then p(A)p(B) = p(B)p(A) VB € A(O)
implying by faithfulness p([A, B]) = 0= [4,B] =0, i.e. 4 € A(O) N A(O)=CL1.

22Recall that for general RCFTs the chiral algebra may be larger than the Virasoro algebra.
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This result relates several structures appearing in rational CFT. In a diagonal RCFT, all topological
defect lines are Verlinde lines and are labeled by the same data as the chiral primary fields. Moreover,
their fusion rules coincide with the fusion rules of the corresponding primary sectors. Since the DHR
superselection sectors of the observable net are governed by the same fusion algebra, proposition 3.4.7,
together with the discussion of section 2.2.2, shows that the statistical dimension of a sector coincides
with the quantum dimension of the corresponding Verlinde defect.

3.4.1 Statistics

Now we see how the language of endomorphisms just introduced can be used to describe the statistical
properties of the theory. In particular, we remark the fact, briefly mentioned before in section 2.5,
that in low dimensional theories there exists more general statistics with respect to the usual Bose-
Einstein and Fermi-Dirac statistics. The particles that obey this general statistics are called anyons.
The reason why this phenomenon appears in low-dimensional theories is rooted in the topology of
spacetime. In particular:

e In d = 3, there are two distinguished possibilities to exchange identical particles in a fixed time
slice, which are counter clockwise and clockwise exchanges;

e In d = 2, the spacelike complement of a double cone consists of two disconnected wedges;

e In chiral CFTs, the theory is effectively defined on a one-dimensional light-ray, parametrized by
2t =t+ 2 or x~ =t — 2. Since intervals on a line are naturally ordered, the exchange of two
localized sectors depends on their relative left-right localization.

Although these are different properties, the consequence of all three is that the statistics of the particles
are more exotic. For example, the difference between d = 4 and d = 3 is the following: in d = 4 the
oriented exchanges clockwise and counterclockwise can be deformed into each other continuously
without ever intersecting the paths. For example, if the paths lie on a plane, as shown in figure 3.3
[47], it is sufficient to rotate the plane by an angle 7 around an axis passing through the positions of
the two particles. In d = 3 this is impossible and therefore we can assign a well-defined orientation
to the exchanges. Therefore, in d = 4 exchanges between n identical particles generate the group of
permutations, S,, whereas in d = 3, exchanges with orientation generate a different group: the group
of braids, B, [47].

(a) (b)

Figure 3.3: (a) An oriented exchange (b) Its deformation into an exchange with opposite orientation in d = 4.

Before we see how the braid group arises in d = 1, 2, we shall give its definition.

Definition 3.4.3 (Braid group). The Artin braid group or braid group on n strands, denoted B, is the
finitely generated group with generators (i, ..., (,—1, called braids, which satisfy the braid relations:

G¢j =¢i¢G when |i—j|>2 for 4,j€{l,..,n—1}
GiCit1G = Gi41GiGi1 for 4,5 €{1,...,n—2} (3.10)

We can geometrically interpret the braid group B, as if its element acts on a space of n-strands by
exchanging them. In particular, {; exchanges the i — th strand with the (i + 1) — th by passing over
it. With this interpretation, we can draw the second braid relation, also called Yang-Bazter equation,
as in figure 3.4.
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S

Figure 3.4: Graphical representation of the Yang-Baxter equation [47].

Notice that if we impose the additional relation CZ-Q = 1 we get the permutation group instead, consistent
with the fact that now the exchanges are not oriented.

Now recall from corollary 3.4.4 that if p;, p; € A(O), then

e(pir p;) pipj = pipi €(pirp;),  €lpis pj) = pi(UNUSULpi(U2) (3.11)

where Uy, k = 1,2, are unitaries such that p; = Ady, op; and p; = Ady, op; are, respectively, localized
in spacelike separated O; and Os.

Actually, there are two ways of separating the two endomorphisms. To be precise we define the
following:

Definition 3.4.4. Let O be a double cone in the Minkowski plane. Then its causal complement
decomposes in two disconnected regions, O = Wy UWkg, called, respectively, left and right wedges. In
the one-dimensional case we have intervals instead of double cones and the wedges are two half-lines,
called future and past half-rays.

We can have either O; C Wy, C 04 or Oy C Waop C O;. This would give the same result, but
with two different braiding unitaries. Suppose that €(p;, p;) as defined in (3.11) realizes the second
situation, i.e. p; gets localized in the spacelike right (respectively future, in the chiral case) of p;, then
we have

6;,/3]' = €(pi, pj) =1, whenever p; is localized in the spacelike right of p;. (3.12)

because one may just take U;,Us = 1; we denote this configuration with p; < p; or equivalently

Oz < O;. The opposite choice of ordering would have resulted in an opposite braiding: €, p; =
(eF

€, pi)T. Note that the fact that one of the two braiding is not the identity when the two morphisms
are spacelike separated (independently of how) does not mean that they do not commute, which is
always the case as shown in proposition 3.4.3.

The braiding unitaries are particular examples of intertwiners of morphisms.

Definition 3.4.5. Intertwiners between localized endomorphisms p;, p; € A are operators 1" satisfying
Tpi(A) = pi (AT VA € A
We write T : p; — p; or T € Hom(p;, pj).?

Note that as a consequence of Haag duality, every intertwiner between two localized endomorphisms
is an element of some local algebra. Indeed, if p; € A(O1), pj € A(O2) and T : p; — pj:

Tpi(A) = pj(A)T VAe A=TA=AT VAc AO)NA0) < Te(AO)NAO))

23The reason of this notation will be clear in the next section.

79



In the specific case where 01 = O3 = O we get by Haag duality T' € A(O’) = A(O). Therefore T* is
a well-defined intertwiner p; — p;.

The braiding is an example of intertwiner: €(p;, pj) € Hom(p;p;, pjpi). Furthermore:
Proposition 3.4.8. The following fundamental relations hold®*:
1. For T; € Hom(p;, 0;) with p;,0; € A, i = 1,2, we have:

e(01,02)01(T2)Ty = Top2(T1)e(p1, p2) (3.13)
2. Let p; € Aji=1,2,3, then:
e(p1p2, p3) = €(p1, p3)p1(e(pz, p3))  €(p1, p2ps) = p2(e(pr, p3))e(p1, p2) (3.14)
Proof. 1. We start by showing that
o1(T2)T1 = Top2(Th) € Hom(pip2,0102) (3.15)
where p;, 0; € A(O;) and O; spacelike separated. For all A € A we have:

o1(T2)T1 p1p2(A) = 01(T2)Th p1(p2(A)) = 01(T2) 01(p2(A)) T1 = 01(T2 p2(A)) Ty =
= 0102(A> O’l(Tg)Tl

Therefore o1(12)T1 € Hom(p1pa,0102). Since T1 € A(O;) and Ty € A(O3) and the two double
cones are spacelike separated we get

o1(T2)T1 =TTy = Topa(T1)

We are not going to do the explicit computation for the complete equation (3.13) since it would
take a long time; note that with the morphisms spacelike separated with the correct ordering
(p2 < p1 and o9 < 01) the braiding operators simplify (as a consequence of equation (3.12)) and
we get back the just proven formula. If that is not the case, consider morphisms and intertwiners
for which equation (3.15) holds and move their localization to arbitrary double cones by using
charge transporting unitary operators®: o; = AdUTO'Z, pi = AdUTpZ and T; = Ad, T“ 1 =1,2.
Note that by multiplying both sides of (3.13) by p1pe it is immediate that both members are
intertwiners p1ps — 0207.

2. We just show that e(p1, p3)p1(e(p2, p3)) € Hom(p1paps, p3p1p2). For all A € A:

e(p1, p3)p1(e(p2, p3)) p1(p2(ps(A))) = e(p1, p3)p1(e(p2; p3)p2(ps(A))) =
= e(p1, p3)p1(p3(p2(A)))p1(e(p2; p3)) =
= p3(p1(p2(A))) €(p1, p3)p1(e(p2, p3))

Note that the equality with €(p1p2, p3) is trivial when p3 < p2 < p; and simplifies to €(p1p2, p3) =
€(p1, p3) when p3 < po; then the same strategy given before can be used to prove the equality
for every localization.

O]

Now we have all the ingredients to construct the desired representations. For simplicity, we restrict
ourselves to the case of n = 3 strands.

24With abuse of notation, the subscript of endomorphism will sometimes be used just to distinguish endomorphisms
and not to label the corresponding representation. The distinction should be clear depending on the context.

2We have seen that p = Ady+p moves the localization of p to a different double cone depending on the charge
transporter U. Then if we consider an intertwiner 7' € Hom(p, o), where p and o have different localizations, we get:
Tp=0T = TU;ﬁUP = U}6U,T, from which we get T = U(,TU;. In case the two morphisms share the same localization
before and after the transport: T= Ady oT and T = Ady+ o T.
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Proposition 3.4.9. Consider p; € A, i =1,2,3. Then the following equation holds:

p3(e(p1, p2))e(p1, p3)pi(e(p2, p3)) = e(p2, p3)p2(e(p1, p3))e(pr, p2) (3.16)

Proof. Starting from the left-hand side, we use equation (3.14):

p3(€(p1, p2))e(p1, p3)p1(€(p2, p3)) = p3(e(pr, p2))e(p1pz2, p3) (3.17)

Now we apply equation (3.13) with the following identification:

Ty =idp;, Ti=c¢(p1,p2); p1— prp2, p2—>p3, 01— p2p1, 02— p3 (3.18)
which becomes
€(p2p1, p3)p2p1(idey Je(pr, p2) = idgy ps(e(pr, p2))e(p1p2, p3) (3.19)
i.e. the right-hand side of (3.18) coincides with the right-hand side of (3.17). Thus, we have found:
p3(€(p1, p2))e(pr, ps)pi(e(p2, p3)) = €(papi, p3)e(pi, p2)

Finally, we apply again (3.14) and conclude with:

e(p2p1, p3)e(p1, p2) = €(p2, p3)p2(e(p1, p3))e(p1, p2)
O

Equation (3.16) can be seen as a Yang-Baxter equation for three colored braids, and admits a graphical
representation identical to the one of figure 3.4, but with the additional information that each strand
corresponds to a particular endomorphism among p;, p2 and p3. This equation is more general
than the braid relation (3.10): each term in (3.16) does not represent a generator of B, since the
braids are different and each term belongs to a different space, thus making it impossible to create a
representation on a single Hilbert space. However, if we now set p; = p Vi, we get

P€p.p)€p,0P(€p,0) = €p.pP(€p,p)Epps  €(P5P) = €ppp (3.20)
which is easily mapped to the Yang-Baxter equation for Bs. In general, if we now define:
Civ1 = P'(€pp), 1=0,5n—2, p(ep,) = ¢€pp (3.21)

we get a unitary representation of B, into (p"(A)).26 Indeed, note that by applying p to both sides
of equation (3.20) we find that the braid relation (3.10) holds for all generators. Moreover, note that

fp,ppi<€p,p) = Pi<6p,p)€p,p Vi>2

which is the first braid relation.
The same procedure can be performed with ¢, , = (ep,p)Jr instead of € . In particular, note that

p.p
if e:;p = €, ,, then 6,2)7 , = 1 and the representation collapses to a representation of the permutation
group.

Consider now a theory with a charged particle with self conjugate sector (i.e. m; = m;) and such that
N j’-“j #+ 55. Then if we group n identical particles together, depending on the particular fusion rules, we
end up with a superposition of different states, each related to a particular fusion tree.?” We can now
express the generators of the braid group representations in this base and the matrices we get describe
how such states get mixed when we make on ordered exchange of a pair of identical particles. In this
case the braid group is associated to a matrix representation, which is in general non abelian, and for
this reason the corresponding particles are called non-abelian anyons. We make two observations on
this:

260f course ¢,,, € (p*(A))’ from which it is immediate that p(e,,,) € (p*(A))" and so on and so forth. In general, since
p is an endomorphism of .4 we have p(A) C A, therefore p"*(A) C p"(A) and so (p"(A)) C (p" T (A))".
*For fusion tree we mean a diagram such as the one on the left-hand side of (2.33).
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1. As a consequence of equation (3.16), braid statistics can appear also between non identical par-
ticles! However, in that case we do not have a representation of B,,, but rather a representation
of the ”groupoid of colored braids” [50];

2. The non-abelianity of anyons has nothing to do with their spin, but it is rather a property of
the fusion algebra.

Consider again the same theory, but now with N, f] = 65 , i.e. mj x m; = mo. Then the fusion of identical
particles among themselves generates just one single state, but we can still have one-dimensional
representations of the braid group where the generators are the complex phases acquired by the fields
According to a particular exchange. In this case we talk about abelian anyons. Even in this case, the
particles need not to be identical, but if so, then one can show that the acquired phase is related to
the spin of the representation [39]. Note that in case of half-integer spin this reduces to the common
S,, statistics.?®

Before ending this section, we just mention the fact that the base we heuristically introduced above,
used to express the braid group representation in coordinates, is nothing more than a base of the
intertwiner space Hom(pgb, pj). In the general case of n different particles, the coordinate form is still
written with respect to a basis of intertwiners, but such treatment is highly non-trivial and far beyond
the scope of this thesis; see, for example, [47] and [39)].

Usually, the coordinate expressions of the representations of the (colored) braids are called statistical
R matrices. However, we will use this notation for a slightly different (but still related) notion, which
is directly connected to the categorical language we are going to introduce in the next section.

The physical implication of this statistical structure will be explored in a concrete way in the Ising
model at the end of this chapter.

3.5 The category of DHR endomorphisms

We now focus on one spacetime dimension, i.e. to chiral rational CFTs. The discussion about two-
dimensional CFTs will be resumed in the next chapter.

The structure introduced in the previous two sections, namely the set of DHR endomorphisms A, the
braiding unitary operator € and, more in general, intertwiners between endomorphisms, turn the DHR
representation theory of A into a braided C* tensor category C = CPHE(A).

From now on we also assume complete rationality, i.e. A possesses only finitely many inequivalent
positive-energy representations with finite statistical dimension; all of them have conjugates and obey
the properties proposition 3.4.6. This also implies modularity [35]; hence we deal with a modular
fusion category.

Definition 3.5.1. A modular fusion category or modular tensor category is a ribbon fusion category
with an invertible s-matrix.

We now unpack this definition. First note that the starting point is a fusion category, which was
already well characterized in section 2.4. Then we have:

e Ribbon: this means that the category is endowed with a braiding and a twist. A braiding on
a tensor category C allows one to ‘exchange’ objects; it consists of a family of isomorphisms
evy € Hom(U ® V,V ® U), one for each pair U,V € Obj(C). Finally, a twist is a family of

*Indeed, in these cases we have €,, = 1 < €5, = 1.
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isomorphisms 0y , one for each U € Obj(C). We can represent them graphically as follows

uvrv V-u uv VU U U U U

6l - X & - X [w]-0 [w] -0

uvr uv uv uvr U U U U

The terminology ”Ribbon” comes from the fact that one can represent pictorially the twist and
the braiding using ribbons as in figure (3.22). However, we will stick to the string notation.

! x h

Both the braiding and the twist must satisfy different consistency conditions with the already
present structures in the category. In (3.23) is shown the compatibility with the rigid structure,
as well as the functoriality of the twist and the braiding, i.e. compatibility with morphisms.

C

U

Z w Z w U U
vyory L | ]
| P-p] - D b-DPan
| \
U V U vV U U U

The compatibility of the braiding with the monoidal structure as well as the compatibility
between the braiding and the twist are shown in (3.24).

-

14

U 14 VA U 14 U ‘)V X

- Jan b = (OO (3.24)
8U®V,Z &,
V Z U 14 VA U V

For a ribbon category, left duality can be defined starting from the notion of right duality and a
natural isomorphism between U and (UV)Y can be obtained with the help of the twist, making
the category automatically sovereign. [33]

/@\
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e Modular: Suppose that [J is the set of labels of simple objects in the category. Then the
modularity consists of a non-degenerate | 7| x |J|-matrix s = (s; ;)i jes by

Sij = Tr<6Ui,Uj 6Uj7Ui)

This latter property provides in fact an explanation of the qualification ”modular”: when com-
bined with the other axioms, it implies that the matrices s and t = diag(fy,) (when multiplied
with overall constants that are expressible through the 0, and the quantum dimensions dim(Uj))
generate a projective representation of the modular group SL(2,7Z) [33]. Pictorially:

i
Sij = @ v % %

Note that for simple objects s;0 = (i) with i € J.

In our case, the category C = CPHE(A) is the category with DHR endomorphisms?® as objects and
intertwiners between endomorphisms as morphisms; CP##(A) is a fusion category due to the underly-
ing fusion ring induced by equation (3.9), with composition of endomorphisms as tensor product, and
it is a ribbon category due to the braiding €, ,;, pi, p; € Obj (CPHE(A)) and the twist determined by
the fractional part of the conformal weight of the associated representation:

0, =" id, (3.25)

In this category, the quantum dimension corresponds to the dimension defined in equation (3.8).

An important observation is the following: note that the axioms that the braiding has to satisfy,
namely the functoriality of the braiding of (3.23) and the compatibility with tensor products of (3.24)
correspond to the properties of proposition 3.4.8 by using the representation (3.21) to interpret each
term as a move on braids. This is of course not an accident and shows indeed that the braiding unitary
defined in the previous section is compatible with the ribbon category axioms. Furthermore, we can
impose these rules as axioms also in the algebraic setting: indeed, these properties together with an
initial condition such as the one of equation (3.12), uniquely fix the braiding. [58]

Modularity is ensured by the complete rationality of the underlying theory, which guarantees the
non-degeneracy of the braiding and therefore the invertibility of the s-matrix [35]. The matrix s
coincides, up to normalization, with the modular S-matrix of the CFT that implements the modular
transformation 7 — —1 on the characters of primary fields [33]:3

sy = 2 (3.26)

Thus, CPHE(A) is a modular tensor category.

Introducing for this category a base and its dual as done previously in (2.28), we can express the
braiding morphisms in coordinates, which provides us with the braiding matrices R:

29 As we have discussed in the previous section the language of endomorphisms is equivalent to the one of representa-
tions. Hence one could take representations as objects instead.

30This normalization is consistent with the categorical definition of quantum dimension and our previous result of
equation (2.14) for diagonal theories, in the context of the category of TDLs.
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_ (ij)k
— RY

)

i J i J

The number obtained when the braiding €,,,, (”over-braiding”) is replaced by e;jlpi ("under-braiding” )

is denoted by R ()k , and instead of R;r gj * one often writes jogk

a,B
ZR+ (i9)k ) _ 504’7

and, using the mutual compatibility of twist and braiding and functoriality of the twist of (3.23) and
(3.24) we can prove the following:

. One easily checks that

Proposition 3.5.1. The following property holds:

l 7 9
Z RUFRY" = s, (3.27)
J

Proof. Consider two successive braidings. We start by resolving the knots by using the definition of
the R matrix:

_ (ij)k o ik ik
o 2 Ry — 2 R, R,
B BY

A .

J i

Now we now use the compatibility of twist and braiding and functoriality of the twist:
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k
6
R — g lp! — plg! _ O a
o J Vi Y Y - J Vi 7 gj 9[_
g 9 Ojoi <
J i
) ) b
j i J i J i
Comparing both sides we obtain:
SR i)k pik _ Ok s
af By g0, T
B J
O

With this property we can prove a useful formula for computing the s-matrix.
Proposition 3.5.2. The s-matrixz can be computed using the following formula:

ek- k
Sij = @ Ni; (k)
k

Proof. We start by deforming the two circles. Then we apply the completeness relation of proposition
2.4.2 to the first red dotted circle; successively, we apply the last proposition to the other red dotted
circle, and finally we use the property of (2.29) to resolve bubble diagrams.

N 7
. . D )

E P — i — —

z ’ / .00

i

U
ava |
u

~.

_/
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) k) i _
o =
(i)

ek
Gy <y 96

Ny (i)

Note that we have used the fact that o =1, ..., NZ-IE- = dim(U; x U;, Uy) for U;, U; and Uy, simple objects
of the category. By simplifying the right-hand side, we find:
O

_ k
Sij = @ Nij (k)
k

O]

Note that since sgp = 1, we deduce that s;; and S;; must be at least proportional by a factor Spo,
which justifies (3.26). That factor is necessary to make the S-matrix unitary, since the s-matrix in
general doesn’t have this property [33]. In particular, from the unitarity of S:

SSt=1 = ) S5
k

taking the first entry and using the fact that (k) = sor = Sox/Soo:

-1

L= [Sokl> = S0l DIk} = 100l = | [ ()2 (3.28)
k k k

where we have written |(k)|? since for a general MTC (k) € C. In the specific case of C = CPHE(A),
as we have seen, the quantum dimension is related to the Jones index, which is a positive real number.

3.6 The chiral Ising model

In this section, we are going to study the chiral Ising model with the just introduced notions. The
idea is to start with the chiral model to build the two-dimensional theory in the next chapter and add
defects subsequently. Since we will subsequently be dealing with equations containing elements from
both chiral algebra and two-dimensional algebra, we shall denote the former by lowercase letters.

We are not going to explicitly build the net, which is rather difficult to do, but instead we study
directly the superselection structure of the model. Indeed, the chiral Ising model is described by a
Virasoro net with central charge ¢ = 1/2; its precise definition will be given later, but essentially it
is just a net of observables generated by orientation preserving diffeomorphisms.3'. Therefore, the
superselection structure is already known from the study of irreducible representations of the Virasoro
algebra with ¢ = 1/2. Nevertheless, one can actually build a net for the chiral Ising model using the
CAR algebra; this is done in [36, 40].

We know that we have three primary operators, hence three superselection sectors, mg, 7y and 7.
The associated DHR *-endomorphisms of the net are denoted as the corresponding primary operators,
i.e. 1,7 and o. From the fusion rules (3.9) of superselection sectors, these endomorphisms are defined
up to the following unitary equivalences:

YXY~21l oxp~YyXxo~o oxXxox~=1+vy

We choose the representative of the unitary equivalence class of ¥ such that

Yo = o,

311.e. the infinite extension of the conformal group on the one-dimensional spacetime line.
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where the product of endomorphisms is given by composition. Notice, however, that the analogous
equality
oY =0

cannot be imposed for any non-trivial representative of the sector 1.

To see this, let us first show that DHR endomorphisms are injective [67]. Indeed, let A € A(O) and
suppose that p(A) = 0. By transportability, we can choose an equivalent endomorphism p localized in
a region spacelike separated from . Therefore there exists a unitary charge transporter u such that

p = Ady op.
Since p is localized spacelike to O, it acts trivially on A(O). Hence

A= p(A) = up(A)ul = 0.

Thus p(A) = 0 implies A = 0, and p is injective32.

Now suppose, by contradiction, that there existed a non-trivial representative 1)’ such that
/
o =o.

Then, for every local observable A,
o(¥'(4)) = o(4A).

By the injectivity of o, this implies ¢/'(A) = A for all A, hence ¢’ = 1. Therefore, while the equivalence
o ~ ¢ holds, it cannot be made into a strict equality.

It follows that:

e )2 = 1. Indeed from v x 1) ~ 1 we know that there exists a unitary operator v such that:
vpou()ol = vl =10) = ¥ =v10)v=vl1() =1()

which implies ¢/ = 1. From now on the argument of endomorphisms (-) will be usually omitted;

e Since 01 ~ o we have Hom(o1),0) = C ~ Hom(o, 0v), where the identification is given by the
algebraic involution {. By calling v € Hom(o, o) the unitary which realizes the equivalence
o) ~ o, we get o) = Adyo with u?> =1 = (ul)?. Indeed:

0 =0y’ = o(y()) = Adu(o(¥()) = Adu(09) = Ady(Ady(0)) = Ady(uou’) = u?o(ul)?

Hence u? € Hom(o, 0); since ¢ is a simple object, by Schur’s lemma, we have u?> = A\1, A € C.
From unitarity we get that this number must be a phase A1 = u?(u!)? = 1. Since we can
always redefine unitaries up to a phase we fix u> = 1. Note that we cannot have u o 1, since
this would imply o9 = ¢ = ¥o from which ¢ = 1.

As a consequence of the fusion rules, we can choose a pair of intertwiners, » € Hom(1,0?) and
t € Hom(1), 02), satisfying the following relations:

rfr=1, tht=1, rft=0=1tr, mf+ut=1 (3.29)

The first two normalizations come from the fact that rr and ¢'t must be proportional to 1 due
to Schur’s lemma. The third relation follows from the fact that, being simple objects, Hom(t, 1) =
Hom(1,1) = 0. The last equation is a normalization choice that comes from the fusion rule: Hom(o?, 0?) =
rri - Hom(1,1) + tt' - Hom(y,¢) = 7T - C + ttT - C. In particular, this set of normalizations is called

Cuntz algebra [35].

32This property is sometimes referred to as faithfulness. For a linear map, and in particular for a *-homomorphism
of C*-algebras, it is equivalent to injectivity: indeed, if p(A) = p(B), then p(A — B) = p(A) — p(B) = 0, and therefore
A—-—B=0,ie. A=B.
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Since®3 u € Hom(ov, o) C Hom(o?,02) = rrf - C + ttT - C we can set u = arr! + pttf with o, 8 € C.
From the last relation above, we can write:

uw=arr’ + BttT = arrt + (1 — ") = (a — B)rr! + p1
Since u cannot be proportional to the identity, we get a # $. From the constraint u? = 1:
u? = (arrT + Btth) (arr’ + BttT) = a2t + 2% =1

which implies o? = 1 = 2. Together with the other result we get w = rrf — ¢, upon fixing an overall
free phase. Note that as a consequence of the properties of u, in particular from u' = u, we conclude
that Hom(o, 0¢) = Hom(ov, o).

Now we have to determine the action of morphisms on the intertwiners. We start from (r). Since
r € Hom(1,0?), ¥(r) € Hom(v,0?) = Hom(z),02) =t - C. Let 1(r) = M, A € C. Then

D(rt) = ()t = M = (1) =1 =9(rfr) = A\
which implies that A\ = e with § € S*. Moreover,
V() =1 = p(t) = () = AT
We do not have any other constraint on the phase, hence we are free to choose A = 1. Then we get:
Y(u) =@t —tth) = ttT —rrf = —u

We conclude with:

Now we move on to o. As before, we note that:
o(r) € Hom(o,0®) = (rrr! + tt1) - Hom(o, 0®) = r - Hom(o, o) 4+t - Hom(o,¢po) = r-C+t-C
Hence, we have o(r) = ar + ft, a, f € C. Now we impose o = o:
P(o(r)) =o(r) & ap(r) + pY(t) = ar+ Bt < at + fr = ar + Bt
Therefore o« = 8. Next:
1=0(1) =o(rlr) = [af*(r + )T (r +t) = [a]*(rTr + tTt) = 2|af?
Hence |a| = 1/v/2. Now we do the same for o(t):

o(t) € Hom(ov),03) =(rr' + tt1) - Hom(ctp, 0°) = r - Hom(owp, o) + ¢ - Hom(owp, o) =
=ru - Hom(o, o) 4 tu - Hom(o, o) = ru-C + tu - C

So we set o(t) =~ ru + 0 tu and impose:
Y(o(t) =o(t) e —ytu—0ru=~yru+dtu
Therefore v = —4. Next
1=0(1) =o(t't) = |72 (ulr" — uTth) (ru — tu) = 2||?
Therefore |y| = 1/v/2. Finally, we impose the intertwining relation:

(Mt =t)(r) =tt & ao(r+t)t = tt & ala(r +t) + y(ru — tu)]t = tt

33Note that if u € Hom(o®), o), then o?(rt")o(ul) € Hom(o?,0?). Indeed: o?(rth)o(ul)o?(A) = o*(rtN)o(ulo(A)) =
2 (rtTp(A)o(uh) = c?(A)a? (rtho(ul) VA € A.
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Using the fact that u = rrf — tt7 we find:

2 —

2 2 2
a2rt—|—72tt—7art+7att:tt<:> o+ oy =1 “ 7 /
a—ay=0 o

We fix an overall free sign by choosing o = 1/4/2 = . Then we can compute o (u):
1 1
o(u) = o(rrl) —o(tth) = 5(7“ + tyuul (r + )T — 5(7“ —uu'(r — )T = trl 4+ rtf
We have found:

UT:LT o Ziru—u o(u) = trf +rtf
(r) \/5( +1) (t) ﬂ( tu) (u) = trl 47t (3.30)

The twists of the model, according to (3.25) and using the conformal weights h, s(3) of (1.31), are:

Now we have to find the braidings. We start from €, . We have €y, 5, € Hom(¢)?,9?) = Hom(1,1) = C,

which means that €, = A for A\ € C. Unitarity imposes 61/1711)6;@ =14 || = 1. Therefore €, ,, = €%,

6 € S'. We also have €p ap €t = 612p,¢ =1 from which €y, = 1.
Now we turn our attention to €, , € Hom(t)o, 09)) = Hom(o, 09) = C u. Note that from what we have
already seen, namely Hom(o,0%) = Hom(o%),0), €46 = €54. We use the compatibility of braiding
and twist (3.24):

Qwo = (90 = €Yo Hw 90 €onp = 63)’0 =—1

Hence €, » = £iu. We can now apply the other property (3.24) (i.e. equation (3.14)):

oy = Cop = Epu(€op) = —€pyeon
which imposes €, = —1, coherently with the 1/2 conformal dimension of .

Finally, we look at €, ,. We see that:
€r0 € Hom(o?,02) =T - C +tt! - C
Therefore, €, , = arrt 4+ Bttt a, B € C. From unitarity:
ooy =1=laf rrl + |82 ttl = |a| = 8| =1
So we can write: €;, = e (rrt 4 ¢ tt1), with 6,w € S'. Then using compatibility with the twist:
O = €0.00000¢s0 = 02 2 (rrl 4 & tt1) (1! 4+ e 1) = 62 &2 (rrl 4 2™ 1)

Note that the left-hand side is not a scalar, since ,, € Hom(o?,02). We can use the compatibility of
the twist with morphisms (3.23); in particular, intertwining o with 1, which has twist 1, we get:

rt = rt0,, = 02 20 =1 = 2mi/8+210 —
from which we find e = +¢~""/8, We can do the same intertwining o2 with :

Opt’ =110,, = 2 = —1

from which e® = =+i.
The relative sign inside €, is related to the sign in front of €, , by equation (3.14):

€po,o = €oo = Gw,aw(ea,a)
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Suppose that we choose €, = —i u and €5, = +e~/8(rrf + itt!). Then:
rrt 4 ittt = —i(rrt — 1) (T 20 e = —i(—ttT £ arrT) = (el 4 att)

This is consistent if and only if we choose the plus sign. Choosing the other overall sign in €, , would
give the converse result; hence the two signs must be opposite.
Note that the remaining two free signs come from the two possible square roots of the statistical

L 1/2
coming from equation (3.27): (R()7)2 = ’ = RO =y, gai , Vi = £1. It can be shown
that this sign, called Frobenius-Schur indicator, can be computed with v; = dim(Ui)Fééii)i for a simple
and self-dual object U; of the category [33, 68]. In our case, these signs are plus for all our simple
objects (which are all self-dual). In particular, we find R(°! = 4¢=/8 and R(©)¥ = 4¢'73/8 which

also fixes RW9)7 = R(e¥V)o — L ¢=im/2 — _; for the previous consideration.

matrix3*

In summary:
) i . e~im/8 0
pp=—1  eo=cop=—iu g =c (el 4 itth) = ( 0 eiﬂ3/8> (331

Here we have also written the last braiding in matrix form with respect to a basis of Hom(o, 0?%) ~
r-Ct-C. These basis elements can be intuitively interpreted as the states associated with the possible
fusion trees obtained by fusing three spin fields into one, as discussed at the end of Section 3.4.1.

As anticipated, from the fusion rule ¢ x ¢ >~ 1 + %, the braiding of ¢ is non-trivial and provides
an example of non-abelian braid statistics. In the chosen basis, this braiding is diagonal because it
corresponds to exchanging the two innermost fields in the fusion tree, so that the intermediate fusion
channel is preserved. As we shall see in a moment, braiding fields which are not adjacent in the chosen
fusion tree requires a change of fusion basis and, in general, mixes the different fusion channels.

If we were in the Euclidean setting, all these calculations involving the braidings could have been
avoided by using the OPE of two chiral fields ¢; and ¢;:

lim ¢;(z Z Ak A Ajéf’k( )

zZ—w

to determine the phase accumulated when two particles wrap around each other. In particular, note
that an exchange of particles amounts to half of a full wrapping; meaning that if we set the conventional
rotation direction as the counter-clockwise direction, the exchange of ¢ with ¢ and the successive fusion
to o would accumulate an overall phase €™ (Ae—B0—As) — _j- the clockwise rotation would give +i
instead; i.e. the opposite braiding.

The same procedure can be used to immediately compute all phases R which agree with the
components expressions of the braiding of equation (3.31):

RWVL — 4 RWolo — Rplov)e — _; Rloo)1 _ —in/8 Rlo0)Y _ ,im3/8

Finally, we can compute the other element of the unitary representation of Bs associated to o:
e—im/8
2

e—im/8
=— (rrt ottt 1T et ittt — it —irt?) =

e i 1
2 1—i 1+

34We suppressed the «, 8 indices since Nikj € {0,1}.

[(r+t)(r+8) +i(r —tuul(r —t)1] =

o(€ro) =
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The very same result can be achieved performing the operation F~le,, F, i.e. we first make a basis
change using F in order to determine how the two rightmost particles fuse in the fusion tree with
three o, then we rotate these two rightmost particles using the braiding, and finally undo the basis
change®. Using the fusion matrix of equation (2.38), by noting that it is auto-inverse, and the matrix
form of the braiding, we get:

11 1\ (1 0\ L /1 1\ e ™ N1 o1\ e i 1
s\ -1)° 0 i)va\l 1) 2 0 —i)J\u —1)7 2 \1—i 1+

Coherent with the previous result. The procedure that we have followed is represented as:

g g o g
-1
;@ F m Eoo @/ F @
a a o [ o o o a \0' [ o o

We conclude the characterization of the chiral Ising model by computing the s-matrix. Using propo-
sition 3.5.2:

0 Oy o 61
S11 — 1 S1y = rlzw N{ﬂw <1ﬂ> =1 Sl — 9100 Nla <0’> = \@ Synp = rwew NJ”J’ <1> =1
spo = DTN (0) = VB gy = LN (1) + 2 N () = VB — V2= 0
Yo = gw(ga Yo \T) = oo — 0,0, °° 0,60, °° - -

While from (3.28) we have Spp = 1/2. This is consistent with the S-matrix (1.43) we expected from
the Ising model.

35The first element of Bs is mapped to €,,,. This element should make the exchange of the first two strands. However,
in the language of ribbon categories, recall that the tensor product ® of the category corresponds, in this case, to
composition of morphisms; then the algebraic action of ¢, , corresponds to the morphism €5, ® 1,. The fact that this
morphism, after the change of basis, still correspond to the exchange of the innermost strands is understood by looking
at the basis decomposition given by equations (2.31) and (2.32). With this in mind, it is clear why 1, ® €5,, corresponds
algebraically to o(€s,q).
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Chapter 4

Conformal nets and extensions

After introducing the general algebraic framework of quantum field theory and the DHR. description
of superselection sectors, we now specialize to the conformal case. The aim of this chapter is to
explain how a full two-dimensional conformal field theory can be constructed starting from chiral
data. Physically, the chiral theory describes one light-cone component of the system: its observables,
its charged sectors, and the way these sectors can be fused. A two-dimensional CF'T, however, contains
both left- and right-moving degrees of freedom. Therefore, the first natural step is to consider two
chiral nets and form their tensor product, which represents the independent propagation of the two
chiral components.

This tensor product is not yet the most general full CFT. It only provides the kinematical arena
in which left- and right-moving sectors are available. To obtain a genuine two-dimensional theory,
one must specify which pairs of chiral sectors actually appear in the physical spectrum and how the
corresponding fields multiply. This additional datum is encoded by a Q-system (©,W, X). From a
physical point of view, the object © specifies the charged content of the extension, while the morphisms
W and X respectively implement the inclusion of the vacuum and the multiplication of charged fields.
In this way, the Q-system plays the role of an algebraic substitute for the information usually contained
in the operator product expansion.

The chapter then explains how a Q-system determines an extension of nets
A C B,

where A is the observable chiral theory and B is the enlarged theory containing charged fields. These
charged fields should be understood as operators which interpolate between the vacuum representa-
tion and non-trivial superselection sectors. Their algebraic relations, and in particular their locality
properties, are dictated by the structure of the Q-system.

From a physical CFT point of view, they are the primary sector-generating field of the theory, and
the Q-system completely determines their fusion rules.

We will first present this procedure in the simpler setting of a single von Neumann factor. Namely,
given a factor N, we will explain how a Q-system in End(N) determines an inclusion N’ C M, where
M is a larger von Neumann algebra containing N. In general, M need not be a factor; only under
suitable irreducibility assumptions does this inclusion become an inclusion of factors. Then, recalling
that the local algebras of the conformal nets considered here are type 111 factors, we will extend the
same idea from a single algebra to a net of local observables, obtaining inclusions of nets A C B.

We also discuss the canonical extension, which provides the natural diagonal construction associated
with a rational chiral theory. This construction is especially important because it gives the basic
example of a local two-dimensional CFT obtained from chiral data. Finally, the abstract formalism is
applied to the critical Ising model. This example makes the general construction explicit: the chiral
Ising sectors are combined into a full two-dimensional theory, and the corresponding Q-system encodes
both the spectrum and the algebraic structure of the resulting fields.
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This chapter is based on [33, 35, 38, 69-71].

Note that, in order to simplify notation, we are not going to explicitly write the vacuum representation
mo from now on, identifying an observable algebra with its vacuum representation. Recall also that
we are going to use lowercase letters for the elements of chiral algebras.

4.1 Conformal nets

We specify now the framework introduced in the previous chapter to chiral conformal field theories.
A chiral CFT lives on a single light-ray of a two-dimensional Minkowski spacetime. We identify the
light-ray with R and consider its compactification S'. Let Z be the set of non-empty non-dense open
intervals on S1. We also recall that the global conformal group is PSL(2,R) = SL(2,R)/{#1}, also
called Mobius group as its complex version arising in Fuclidean spacetime.

Definition 4.1.1. A Mébius covariant net on S! is a net of von Neumann algebras Z >I — A(I)
satisfying the Haag-Kastler axioms' where Poincaré covariance is substituted by Mobius covariance.

Note that Mobius covariance implies the existence of a strongly continuous unitary representation U
of PSL(2,R) on the vacuum Hilbert space H,.

We know that the conformal group has an infinite extension in one dimension, given by the orientation
preserving diffeomorphisms of the unit circle, Diff, (S!).

Definition 4.1.2. A Mobius covariant net will be called a conformal net on S if in addition U
extends to a strongly continuous projective unitary representation of Diff, (S'), again denoted by U,
such that for every I € 7

U)AMDU ()T = A(NI), ~eDiffy(S"),

Uy)aU(y)' ==z, =€ A(), v € Diff,(I'),

where Diff (I) denotes the subgroup of orientation preserving diffeomorphisms of S, Diff, (S!), that
are localized in I and I’ is the complement of I in S*.

We can have inclusion of nets describing subtheories.

Definition 4.1.3. A conformal subnet of a conformal net A is a family B = {B(I) : I € I} of
non-trivial von Neumann algebras acting on Hg such that:

e B(I)C A(I)VI €T,
o U(g)B(IU(9)' =B(gI) VI € T,g € PSL(2,R);
o B(Iy) C B(Iy) V11,1 € T with I) C Is.
One can show that a conformal subnet is a conformal net itself [71].

Definition 4.1.4. A net I — A(I) is said to be irreducible if (\/;c7z A(I))" = C1 or, equivalently,
Viez A(I) = B(Hp). We call an inclusion B C A irreducible if B(I)"' N .A(I) = C1 for some, hence for
all, I € Z, where the commutant is taken in B(Hy).

Let U0y be the irreducible strongly continuous projective unitary and positive energy representation
of Diff, (S') with central charge ¢ and lowest weight zero.

Definition 4.1.5. Let Vir. be the Virasoro net with central charge ¢ associated with U, ):
Ie€Z - VirI):={Ugp(7):v € Diff (I)}"

The vacuum vector |Q2) € Hj is the lowest weight vector of U ).

!By definition of von Neumann algebra, this net comes already together with a Hilbert space, which is identified with
the vacuum Hilbert space that one usually construct from the vacuum state defined in the axioms. This Hilbert space
contains a unique Mo6bius invariant vacuum vector.
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Any conformal net A contains a copy of Vir,, for some ¢, as a conformal subnet:
I €T — Virg(I):={U(y):v e Diff . (I)}"

the conformal inclusion Vir4 C A is automatically irreducible. Moreover, the Virasoro net is minimal,
in the sense it does not contain any non-trivial conformal subnet [71].

The following result tells us that a subnet describes a subtheory if and only if the relative commutant
of the subtheory in its extension is trivial; this ensures that the subtheory contains the total energy-
momentum tensor of the full theory, since otherwise the relative commutant is a QF T of its own which
commutes with the given subtheory [35].

Proposition 4.1.1. [71] Let A be a conformal net and B C A a conformal subnet. Then B contains
Virg, namely it is intermediate Viry C B C A, if and only if the inclusion B C A is irreducible.
Moreover, the condition Vira C B C A is equivalent to Virg = Vir 4.

The chiral Ising model we have characterized in the previous chapter is the Virasoro net with ¢ = 1/2,
i.e. ViTl/g.

Two conformal nets A, and A_ can be combined to generate a two-dimensional net. In particular,
we define
Aop(O) = AL (1)@ A_(J) I,Je€T

The irreducible localized endomorphisms of Asp are the tensor products p = p™ ® p~ of the chiral
endomorphisms, and, in view of the convention (3.12), the two-dimensional braidings are given by the
chiral ones by

+ +

- - — t — [
€po = 6p+,a+ ® 6,o—,o'— = €ptot © EJ‘,p‘ €po = (607[3) o 6p“',o""‘ ®e

+
P07

The corresponding DHR category is the completion under direct sums?

categories CPHR(A) @ CPHE(A_)°PP| denoted as

of the tensor product of

CDHR<.A2D) — CDHR(A+) ‘ZCDHR<.A_)OPP

where C°PP is the tensor category equipped with the opposite braiding e;,

This new two-dimensional net is, however, insufficient to describe an actual two-dimensional CFT,
since we have just tensored two chiral theories without specifying any compatibility condition between
them. It turns out that additional information is required to extend the net to a larger one that
describes a specific theory [33]; such information is encoded in what is called Q-system in the algebraic
literature, which corresponds to a Frobenius algebra over the DHR, category. The extended net will
contain new operators, called charged fields, that are the algebraic counterpart of the sector generating
primary fields in CFT

4.2 Q-systems and extensions

We now describe a general mechanism to extend a net of observables in order to describe a larger
theory. We will start by showing how this works for general von Neumann factors and then show the
application in quantum field theory.

Definition 4.2.1. Let AV and M be two type I1I factors. A pair of homomorphisms ¢ : N' — M
and @ : M — N is called conjugate if there are intertwiners N’ 3> W € Hom(idpr, pp) and M 3V €
Hom(id v, op) satisfying the conjugacy relations:

VipW) =1m, Wip(V) =1y

2This operation is called Deligne product [57].
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One may normalize the pair such that WiW = d 15 and VIV = d 1,4. Then the infimum of d among
all solutions to the normalized conjugacy relations is denoted as dim(y) = dim(p). If a solution of the
conjugacy relations exists at all, then there exist solutions taking the infimum value. Such solutions
are called standard pairs.

Note that for DHR endomorphisms, the definition of conjugate given in 3.4.6 coincide with this last
definition [38].

Moreover, the above definition of dimension for homomorphisms generalizes the previous one, i.e. the
one of equation (3.7). Indeed, one can show that if ¢ € End(M), then dim(p) = [M : o(M)]/2.
In particular, if ' € M is a subfactor and ¢+ : N' — M is the embedding homomorphism, then
dim(¢) = [M : N2 [35].

Standard pairs give rise to bijective maps [35],
Hom(p1, pa¢p3) — Hom(@ap1,¢3)  Hom(p1, p2¢3) — Hom(p183, ¢2),
called Frobenius reciprocity relations, which will be useful later on.

Finally, note that the conjugacy relations are the snake identities that also the evaluation/coevaluation
must satisfy in a rigid category. For this reason, standard pairs, which are properly normalized, can
be identified with the latter.

Given a subfactor N' C M of a von Neumann algebra M, there are two distinct homomorphisms.

Definition 4.2.2. Suppose that ' C M is a subfactor and let + : N' — M be the embedding
homomorphism. The following are called canonical and dual canonical endomorphisms respectively:

F'=t00: M= M O=tot: NN
Proposition 4.2.1. Let W € Hom(idys, ©) and X := o(V) € Hom(0©, ©2), where W and V are the
intertwiners defined in definition 4.2.1. Moreover they satisfy the following relations:
1. Unit property: WIX = O(WHX = 1,
2. Associativity: XX = 0(X)X;
3. Frobenius property: O(XNX = XX = XT0(X);
4. Specialness: WIW = XX =d 1,

where d = dim(r) = y/dim(O).

Proof. First we show that X := (V) € Hom(©,0?%). By definition of T', T(A)V = VA, VA € M.
Therefore, if we apply ¢ to both sides we get:

tI(A)u(V) = o(V)i(A) (4.1)
However 7(I'(A)) = (17(A)) = ©(i(A)). Therefore (4.1) becomes:
O((A) (V) =1t(V)i(A) = 0(8(B))X = XO(B)
where we have applied the relation to A = «(B), B € N.

Now we prove the remaining properties:

1. WX = idy follows directly from the second conjugacy relation of standard pairs. Now, using the
(adjoint) of the other conjugacy equation: @(WHX = n(WHa(V) = t(«(WHV) = 1(1p) = 1n;

2. Using V € Hom(idu,:2): XX = i(V)i(V) = i(VV) = (ii(V)V) = 2i(V)i(V) = O(X) X

3. Starting from X XT = z(V)o(VT) = 2(VVT). Now by using the fact that V1 € Hom(:7,id ), i.e.
Vhi(A) = AVI VA € M, we find o(VVT) = 2(V1i(V)) = 2(VHui(V) = XTO(X). On the other
hand, using again V' € Hom(idpy, 12): o(VVT) = i(ur(VHV) = ©(XT) X;
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4. Follows from the normalization of standard pairs.

O]

We will give for these algebraic properties a more intuitive graphical representation in the next section,
where we give the categorical description.

Definition 4.2.3. The triple
Q=(0,W,X) (©¢cEnd(N), W€ Hom(idy,0), X € Hom(0, 0?))

satisfying the relations of proposition 4.2.1, is called Q-system associated to the subfactor N' C M,
and the number d = dim(:) = /dim(©) is called the dimension dg of the Q-system. The Q-system is
called irreducible if dim Hom(idys, ©) = 1.

Actually, the Q-system can be defined only referring to the subfactor N. In this case we say that the
triple Q = (©, W, X), defined as above, is a Q-system in the tensor category End(N) of endomorphisms
of N. We denote the subcategory of endomorphisms of finite dimension as Endg(N).

The main result we are going to use tells us that a Q-system is exactly the information needed to
reconstruct M starting from the subfactor N.

Theorem 4.2.2. [70] Let N be a type III factor, and Q = (©,W,X) a Q-system in Endy(N)
of dimension dg, such that idy is a subendomorphism® of ©, written idy < ©, with multiplicity
1. Then there is a (unique up to isomorphism) type 111 factor M and an irreducible embedding
L: N — M such that Q is the Q-system associated with this subfactor. The dimension dim(t) equals
the dimension dg.

We are not going to give the exact proof which would take too much time. Instead, we show the
construction [35]: M is the algebra generated by N (regarded as a subalgebra written as ¢«(N) C M)
and a single generator V € M, with the defining relations

Vi=(WiIXHV, VvV=uX)V, (WHV =1y, VuN)=uON)V NeN (42

Note that the last relation means V' € Hom(¢,:©). Every element M € M is of the form «(N)V with
N € N and «(N)V = 0 implies N = 0. The conjugate homomorphism z : M — N is given by:

I u(N)V = O(N)X (4.3)

and (W,V) is a standard solution of the conjugacy relations. Indeed, ¢ defined as above satisfies
w=0:

UN) = o(N)(WHV = o NWHV = O(NWHX = O(N)O(WH X = O(N)
where we used the unit property of the Q-system and the third defining property of V.
Since every element of M is of the form +(N)V, with N € N, the algebra M is finitely generated, the
weak topology on M is inherited from the weak topology of N/ and M is weakly closed [35]. Hence
M is a von Neumann algebra.
The relative commutant ((N)" N M is given by elements of the form ((H)V with H € Hom(©,idyr) =
CWT, by assumption, hence ¢(N')’ N M = Cl,,. Thus, the inclusion is irreducible, and, since ¢t(N) C
M= M C(N), M is a factor, M' N M = C1 One can show also the type I1I property.

Theorem 4.2.2 can be generalized by relaxing the condition that Hom(idps, ©) is one-dimensional. In
this case, the irreducibility NV N M = C will fail, and M may even fail to be a factor. On the other
hand, if dim Hom(idyr, ©) = 1, then the embedding ¢ constructed from the Q-system is irreducible.
This is the reason why Q-systems satisfying this condition are called irreducible.

Theorem 4.2.3. [35] Let N be a type III factor, and Q = (©,W,X) a Q-system in Endo(N) of
dimension dg. Then there is a (unique up to isomorphism) type 111 von Neumann algebra M and
an embedding v : N'— M with conjugate t : M — N such that Q is the Q-system associated with this
conjugate pair. The dimension dim(t) = \/dim(O) equals the dimension dg.

3Here idy is the identity automorphism of N and with idyr < © we mean that © is associated to a reducible
representation of A/ containing the vacuum representation.
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4.2.1 Application in quantum field theory

Let A be a Haag dual net of local von Neumann algebras A(0O), and CP7R(A) the category of its
DHR endomorphisms. The net may be two-dimensional or chiral; in the latter case “O” is understood
to stand for an interval I € 7 and elements belonging to the chiral algebra are denoted with lowercase
letters instead of uppercase letters.

In the AQFT context, a Q-system (0O, W, X) is built from a DHR endomorphism ©. Then the first
link with subfactor theory comes from the inclusion of type I11 subfactors ©(A(O)) C A(O). Then
a result analogue to theorem 4.2.2 associates to the Q-system an extension A C B, so that the local
inclusions A(O) C B(O) provide a second realization of the same subfactor-theoretic structure.

Definition 4.2.4. We say that the triple (0, W, X) is a Q-system in CPH#%(A), the category of DHR
endomorphisms with finite dimension, if it is a Q-system in End(A(O)) for some O C M2, i.e. © is a
DHR endomorphism of A localized in O and the elements W and X belong to A(O).

Note that with the assumptions of section 3.5, CPHE(A) = CPHE(A).
Before giving the QFT version of theorem 4.2.2 we introduce the following notion:

Definition 4.2.5. Let ' C M be two von Neumann algebras with common unit. A conditional
expectation p: M — N of M into N is a completely positive* unit preserving (or unital) map with
the bimodule property:

(N1 M N2) = Nyp(M)Ny VN1, N2 € N, M € M

Now we are ready to state the theorem:

Theorem 4.2.4. [38] Let A be a (conformal) QFT, and Q = (0, W, X) an irreducible Q-system in
CPHE(A) of dimension dg. Then there is a (unique up to isomorphism) QFT B and an irreducible
embedding v : A — B such that Q is the Q-system associated with this extension. The dimension
dim(¢) equals the dimension dg. B is relatively local w.r.t. A, and B is local iff

cooX =X

holds; in this case the Q-system 1is said to be "commutative”. There is a conditional expectation
p: B — A that extends the vacuum state wg on A to a vacuum state w® := wg o u on B, such that its
GNS representation, when restricted to A, is equivalent to mg.

Proof. We sketch the construction as we have done for the general case, but we will be a bit more
precise this time.

The construction is the following [35]. We construct an algebra B by adding one generator V satisfying
the relations (4.2). Then, again, every element of B is of the form ¢(A)V with A € A and ((A)V =
0=A=0.

The local subalgebras of B are defined as

B(O) := l(A(O)) V

where V = o(U)V with U € A is a unitary such that © = Ady © is localized in O. R
In principle we know that A(O) C B. Now we show that indeed A(O) C B(O). Because W =UW €
Hom(id 4, ©) is in A(O) and «(WHV = 1(WT)V = 15 we have YA € A(O):

W(A) = (A (WHV = y(A)(WHV = u(AWHV € B(O)
Hence A(O) C B(O). Then B(O) are x-algebras. Indeed, using VV = +(X)V, we have

V2= UV = (U)u(©U)VV = (UBU)X)V = (USWU)XUHV

4See appendix C for the definition.
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where we have used the last and the second properties of equation (4.2). From the definitions it is easy
to see that UQ(U)XUT € Hom(©, ©2) C A(O) meaning that V2 € B(O). This implies that products
of elements are well defined, i.e.

ANV U(A)V = (A UO(A)UNV? Ay, Ay € A(O)

is of the form ¢(A)V. Similarly, using the first relation of equation (4.2), one shows that VI =
WIXTOUHUNV, with US(U)XW € Hom(id, ©2) C A(O), which allows us to write (1(A)V) as
an element of B(O).

Then we can see that A(O) is relatively local to B(O):

(U)W (A) = (UO(A)V = 1(6(A))V = 1(A)V

whenever A € A(O’). Moreover, B is itself local if ¢(U;)V localized in spacelike separated O; commute,
which turns out to be equivalent to the condition eg ¢ X = X; indeed on one side we have:

L(Ul)VL(UQ)V = L(Ul@(UQ))VV = L(U1@(U2>X)V
on the other side:

L(U)V(Up)V = (U0 (Uh))VV = (U0(U1) X))V
imposing the equality:

L(U1@(U2)X)V = L(UQ@(Ul)X)V = L((U1@(U2)—U2@(U1))X)V =0= L(U1@(U2)(1—6@7@)X)V =0
This implies eg e X = X since U;0O(Uy) is unitary. Finally we define
u(B) =dy' WiyB)W BeB (4.4)

where 7 is defined as in (4.3). The fact that this is a completely positive map follows from Stinespring
theorem (see appendix C); modularity is shown by direct computation,

p(L(A1) Bu(Ag)) = dg! WTE(1(A1) Bu(A2))W = dg! WTO(A1)i(B)O(A2)W = Ay(dgy' WHi(B)W)Ag =

= ALU“(B)A%
where we used the fact that W € Hom(id 4, ©). We can also show that u respects the local structure,
ie. u(B(O)) C A(O):
p((AV) = dg' Wi A)UVIW = dg' WTO(AU)XW = dg' AUWIXW = dy" AUW =
=dy' AW € A(0),  Ac A0)
With the help of 1 one can show that the vacuum state wg of A extends to a vacuum state w® := wgo

of B. The GNS representation of w®, when restricted to A, is unitarily equivalent to the representation
e = mp o © given by the DHR endomorphism © [35, 38]. O

This theorem was initially proven in [38] assuming that dim Hom(id4,©) = 1. Again, the theorem
can be generalized; this will be useful when dealing with defects.

Lemma 4.2.5. [35] With the assumptions of theorem 4.2.4, admitting id < © with multiplicity > 1,
the relative commutant is given by (A)' N B = «(Hom(O,id 4))V. The center of B is given by «(H)V,
H € Hom(©,id 4) satisfying

HX =0(H)X (4.5)

Moreover o(H)V is self-adjoint if and only if H' = O(H)XW and idempotent if and only if HO(H)X =
HHX =H.
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Proof. By direct computation, pick any A € A:

H)V(A)V =1 (HO(A)VV = 1(AH)VV = (AHX)V = (A (O(H)X)V = (A (O(H))VV
=1(A)V(H)V

where we used the second and fourth relations of (4.2). Then:
HE)V) = VI(HT) = (WIXDV(HY) = o (WIXTOH))V = o(H)V & H=0(H)XW
For the last relation:

WH)WWH)V = (HO(H)X)V = H)V & HO(H)X = HHX = H

4.2.2 Charged fields

The abstract procedure of extending a net via a Q-system has a more intuitive interpretation. If p < ©
is an irreducible subrepresentation localized in O, then «(Hom(p,®))'V is a Hilbert space in B(O),
and its elements ¥, = +(W,)TV € B(O) with W, € Hom(p, ©) satisfy the commutation relation:

U,A=p(A)T, YAcA

intertwining the vacuum representation with the representation p. Because p is localized in O, it
follows that ¥, commutes with A(Q0’), i.e. the extension is relatively local with respect to A.

Since u(\I’p\I/L) € Hom(p,p) = C1, one may normalize ¥, such that ,u(\I/p\If;r,) = 1. Then, as a
consequence of theorem 4.2.4,

wp(A) = WO (U, ATT) = wy o u(T,ATY)

is a state on A. Its GNS representation is equivalent to the representation 7, = mg o p, justifying the
interpretation of U, as charged field operators.®

By choosing a complete irreducible decomposition of © by isometries W, (possibly with multiplicities)
such that p WpW; = 1, every element of B has a unique representation in terms of the charged field:

B=uA)V =Y (AW,WHV => (4,7,
p p

where A, = AW,. Hence, we can see an extension B as the theory generated by A with the addition
of charged fields.

These bounded operators may therefore be regarded as the analogue of the primary fields in AQFT,
such that a general (“descendant”) field is obtained by left multiplication ("OPE”) of ¥, with some
element of A. The formulae given in (4.2) for the product V2 and the adjoint VT determine the
multiplication and adjoint of the charged field operators ¥,. Therefore, the Q-system determines the
algebraic product of charged field operators: it specifies which fusion channels appear and with which
intertwiner coefficients. However, these data should not be confused with the full Euclidean OPE
coefficients, which also depend on the normalization of local fields and on the coordinate dependence
of the operator product.

In four dimensions, the Doplicher—Roberts reconstruction theorem [72] states that for every DHR
endomorphism p there is an orthonormal basis of charged field operators satisfying >, ‘Iii,(\IJZ)T =1,
which implement p by the formula p(4) =), \Ile(\Ifi))T.

5Usually, in QFT, the term charged field operator refers to a field defined in the whole Hilbert space and intertwining
between several charged superselection sectors. In the present context, however, charged fields are used in a more
restricted sense: they intertwine the vacuum sector with a given charged sector.
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In low dimensions, the non-triviality of the braiding poses an obstruction, so that the range projec-
tions of «(Hom(p,©))'V in general do not exhaust the unit operator [35, 38]; but one has still the
implementation via the conditional expectation:

p(A) = S u(WA(E)) where 37 u(W(5)T) = 1

This is the case every time p < © has non integer dimension [38]; in particular this happens with o in
the Ising model.

There are two interesting ways to normalize charged fields.
Proposition 4.2.6. The following relations hold:
o u(U,0h) =1 iff WiW, = do;

o Assuming v is irreducible, then \IIL\I/,, = 1, i.e. charged fields are isometries, iff Wng =
do/ dim(p)

Proof. 1. by direct computation, using the definitions of p and 7:
p(W, 01 = dgt Winw,uhw = d5' wie(whHxxtew,)w = d;' wiwtxxtww,
=dg' Wiw,
where we have also used XTW = 1 and the fact that W € Hom(id, ©).

2. Since \I’L\pr € Hom(id 4,1d 4) we have \Il;r)\lfp € A(O)' NB(O). Hence in the irreducible case \Il;r)\Ilp
is automatically multiple of 1. In this case \I/,T)\I/p equals its image under . Now we compute
the normalization similarly to the previous point:

p(Wiw,) = dyt wixtew,whHxw
one can show [35], by exploiting properties of standard pairs, that this equals dél -dim(p) Wg w,.0
O]

This proposition can also be generalized in the case charged fields have multiplicities, i.e. in the case
of dim Hom(p, ©) > 1.

To conclude, note that charged fields ¥, are localized in B(O) if p is localized in O. They can be
transported to any other region O with the help of unitary intertwiners U € Hom(p, p), where p is
localized in O:

v, =U)¥, (4.6)

4.2.3 The canonical extension

Consider a two-dimensional net built from two (possibly different) chiral nets Asp = A4 @ A_ with
CPHE(Ayp) := CPHR( A, )RCPHR(A_)°PP as described previously. Since theorem 4.2.4 is very general,
we can apply it also in this case.

A Q-system (0, W, X) in CPHE(A,p) is characterized by

O~PZryo@p (4.7)

a,p

The multiplicity matrix Z, coupling the left- and the right-moving representations, is also called the
coupling matriz. From this, we can construct the extension Asp C Bap = t(A2p)V generated by Asp
and the charged fields ¥y, = L(Wl®p)TV, with i =1, ..., Z, , satisfying:

[

VogpA = (0@ p)(A)V;

o®p VA € Asp

5The omitted computation is actually identical to another one done in chapter 6, namely equation (6.4), and involves
the cyclic property of traces.
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where 0 ® p < O are irreducible subrepresentations.

In the case A, = A_, there is a distinguished extension of Asp = A ® A whose coupling matrix is
the conjugation matrix.

Theorem 4.2.7. [38] If CYHE(A) has finitely many inequivalent irreducible objects p, then there is a
canonical Q-system Qcan N C[?HR(.A ® A) with

O~P p®p
P

where the sum extends over the irreducible sectors of A. More precisely, choosing some isometries
T, € Hom(p ® p, ©), one has W = de Tiq and

_ d,dy
X = dy? Z(fT)l/? TN, - (Y tawta) - Tf

p,0,T
where the second sum extends over an orthonormal basis of isometries t, € Hom(r, po) and tz €
Hom(7, pg). The dimension is dg = \/dim(Ocan) = />, dim(p)?.
According to proposition 4.2.6, the charged operators ¥ ,g; of the canonical extension are isometries
if Wyep € Hom(p® p, ©) are normalized as WJ@)ﬁWp@ﬁ = /dim(0)/dim(p® p) = \/dim(0)/ dim(p)?.
Moreover, the canonical extension is always local:

Proposition 4.2.8. [38] The canonical Q-system satisfies
00X =X
i.e. it is commutative in COHR(A® A).

Thus, with C’7#(A) for a chiral QFT A, the canonical Q-system describes a local two-dimensional
extension A ® A C Byp with charged fields ¥, g5. In other words, the canonical Q-system gives a
prescription to build diagonal CFTs out of the chiral data only.

4.3 Q-systems as algebra objects

A Q-system is a particular case of a more general notion which can be defined for a tensor category.
Nevertheless, we will keep the notation used for Q-systems in order to not create confusion.

Definition 4.3.1. An algebra object Q in a tensor category C is a triple (©, W, XT), where © is an
object of C, XT € Hom(© ® ©, ©) is called multiplication and W € Hom(1, ©) is called unit, fulfilling:

XTo(XT®ide) = XTo(ide ® XT)  XTo(W®idg) =ide = X' o (ide @ W)
Note that with XT we are not referring to a dagger structure of the category and in principle different

symbols should be used. However, since we are going to relate this definition to the one of Q-system,
such notation permit an easier identification without introducing new letters.

Pictorially, we can represent the above relations as:

(C] C)

. LA
X*/R W= - | e - - /7 |
o o 1 | |

@
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To call Q an algebra is appropriate because in the particular case that C is the category of vector
spaces over C (or some other field), the prescription reduces to the conventional notion of an algebra
[33]. Similarly also the following definitions are extensions to the category setting of the corresponding
concepts in algebras over C.

Definition 4.3.2. A co-algebra Q in a tensor category C is a triple (©, W7, X) where © is an object
of C, X € Hom(©,0 ® O) is called comultiplication and WT € Hom(©, 1) is called counit, fulfilling:

(X ®ide)o X = (ide® X)o X (W' ®ide)o X =ide = (ide ® W) o X (4.8)

These relations are pictorially represented as follows:

e 66 6 6 06 06
S . . © © o

RO YAE Y

C)

® ®

Definition 4.3.3. A Frobenius algebra in a tensor category is an object in C that is both an algebra
and a co-algebra and for which the product and coproduct are related by:

(ide ® X o (X ®ide) = X o XT = (XT @ ide) o (ide ® X) (4.9)

We can represent pictorially the Frobenius property as follows:

m Oio N
[C] ® ® ® (€] ®

There are other additional properties that an algebra can satisfy:
Definition 4.3.4. An algebra in a tensor category is said to be:

e special if

WhoW =p1id;,  XToX =g ide (4.10)

for non-zero numbers 31, Bg € C. Pictorially:
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0 C]

o symmetric if the following equality between morphisms holds:

e’ e’
0 o)

o commutative if the category is also braided and eg g o X = X. Note that multiplying both sides
by €g ¢ and exploiting the unitarity of the braiding we get: eg eeg oX =g X = X =g oX.
The same relations hold also for XT; hence pictorially:

(0] ® (0] ® (0] ®

e haploid if dimHom(1,Q) = 1. One can show that this condition also implies the symmetry
property [33]. In the context of Q-systems, this is often referred to as irreducibility.

We now see that a Q-system consists of a symmetric special Frobenius algebra over Cé) HE(A) with
B1 = Bgo = dg and where A is either a chiral or a two-dimensional net”. The symmetry property can
be easily proved using the Q-system properties: since © = v is self-dual, ® = ©V; the unit property
can be used to remove the ”branching” W factors, and the remaining snake diagrams are equal thanks
to the Frobenius property. Finally, note that the defining properties of a Q-system in proposition 4.2.1
correspond to equations (4.8),(4.9) and (4.10).

"For Q-systems over CPHR(A) (or more generally End(N)), morphisms are realized by intertwiners belonging to
the underlying observable algebra (or to the von Neumann factor A). In this setting, the tensor unit is the identity
automorphism of the algebra, and the identity morphisms id; and ide are both implemented by the algebraic unit 1 4.
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We have introduced a slightly modified graphical notation for the algebra object in order to simplify
diagrams. Nevertheless, in some situations it will be useful to revert to the original conventions. For
this reason, we now show how W and X are represented in the previously defined notation for a
Q-system:

® 1 1 ® ® T1 11
W = - U X = = U
1
C) 11

The graphical representation makes also easier to see that WTW = XTX = dim(¢)1 = 1/dim(6)1. In
addition, note that we represent W as the co-evaluation for ¢; this is not a coincidence: W is part of a
standard pair, hence, as we have observed earlier in section 4.2, it is identified with the co-evaluation.

4.4 Constructing the two-dimensional Ising model CFT

The two-dimensional Ising model is the extension of Asp = Viry, @ Viry /2 given by the canonical
Q-system. Let 1) and o localized in an interval I and let O = I x I. Then, choose any three isometries
Tl, Td)’ To’ S (Vir1/2 ® V’L?“l/g)(O) Satisfying

T =5 YT =1 (@11)
7

where ¢ = 1,9, 0, and define:
O(A) = VAT + Ty ® ) (A)T, + T, (0 ® 0)(A)T] A€ Ayp (4.12)

The intertwiners of the canonical Q-system, Qe = (0, W, X), are given by proposition 4.2.7. In
particular, note that:

dg = /dim(0) = \/dim(1)2 + dim(¢))2 + dim(0)2 = V4 = 2
Hence we have W := /2 - T} and

1
X = E(@(T”Tlﬂ +O(TV)TyT) + O(T)T, T} + O(Ty) VT, + O(T,) T Tj+

+ O(Ty) Ty T} + O(T,)TyTi + O(Ty) Ty (u @ u)TS + V2 - O(T,) Ty (r @ )T +
+V2-O(T,)T,(t @ t)T})
Properly normalizing as prescribed in proposition 4.2.6, i.e. Wyg, = V2/dim(p) - T, p, one obtains the

charged fields:
4

They are, respectively, the algebraic realization of the primary fields € and o of the critical Ising model.
By construction they satisfy the following intertwining relations:

Uyoy = Wi,V Uoge = (W]

oQo

VyopA = (¥ @) (A)Vyey VogoA=(0®0)(A)Vsge VA€ Asp

Indeed, even though we have chosen the T;’s as generic isometries, by writing © as in equation (4.12),

they become automatically intertwiners between © and its subrepresentations. For example:
UyouAd = Wyept(A) = (W JVilA) = (W], ©(ANV = V2 u(T]O(A)V =

U @Y)(A) V2 UTHV = (% @) (A) Uygy = (¥ @ ) (A) Ty
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where we used the properties of equation (4.11).

We can compute the adjoint of the charged fields. Starting from W gy
Uhoy = VIiWigy) = WXV (Wsy) = (WIXTOWyey))V = 2- UTIXTO(T,))
Again, using the properties (4.11), we find:

T 9.
ey = 2

= V2TV = Wy

(TIXTO(Ty)) = = - «((TIO(T]) + TJO(T)) + V2 - (r @ ) TIO(T])) O(T,)) =

e

where we have first resolved T{r X*t. We can do the same with V-

Ul = V2T xter,)) = uv2 - reniTh = v2- (f @ rhv,e,

Now we can compute the fusion rules:

W2 = (W VW] )V =2 uTIe(T)HX)V = 2 WTHV = (WHV = 14,,;

VysyUome = V2 UTIOTHX)V = UTHV = Tpge;

Uowo Uypay = V2 (TIOTHX)V = t(u@u)THV = (u® u)Uogo;

Voo = UTO(THX)V = l(r@n)T{ + (t©OT)) = J- (r@r) + (t © 1) ¥yey)

Hence, we recover the exact fusion rules we expect from the Ising model. Moreover, note that all
charged fields are isometries; however, as claimed earlier, we do not satisfy \IIU®U\I/L®U =1 due to the
presence of the term (rf ® r) arising from the non-trivial braiding of o.

In summary:
UyepA = (Y @ zb)(A)%@w VoA = (0 ®0)(A) V0,

‘I’Lw = Yyey =V2- (rT @ r)¥,q,
\Ijzp@w‘llo-@o = \IIU®U \I/‘T@U\Ilw@"/) = (U X ’LL)\I/U®O- (413)

1
2 2
\I/w®w == 1A2D ‘IIO'®O' - ﬁ . ((7’ ® T) + (t ® t)\I/¢®¢)
Finally, we show that these operators are local. This is expected on general grounds, since the canonical
Q-system is commutative, namely eg o X = X.

Let 0 ® o be localized in a doublecone O. We can shift the localization thanks to a charge transporter
unitary U, € Hom((c ® ¢)%,0 ® o) to a doublecone O, centered at the point z* € M2. According
0 (4.6), the associated charged field is:

0'®a' € B(O )

Now, let’s repeat the same procedure for a doublecone O, spacelike separated with respect to O.
Omitting for simplicity the embedding ¢, we have:

U2 ooV oo = Ua¥oso UyVoge = Upo @ 0(Uy) Yoo Vogo
Where we have used the intertwining relation of ¥,g, € Hom(id,oc ® o). On the other hand:
\I/Z_®U\I/§®U Uy¥ogo Uz¥Woro = Uyo @ 0(Usz) Voo Voo
If we impose the equality of both sides we find the condition:
Ve Wy = VooV, & Ulo@o(UNUyo @ 0(Us)¥s0Vose = YouoVoao
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The operator appearing on the left-hand side is precisely the two-dimensional DHR braiding associated
with the exchange of the two localized morphisms. Therefore the condition becomes:

2 2
€o®oa, O'®O'\Ilo'®o' = q’o@a?

i.e. the braiding must preserve the fusion. This relation can be seen as the general condition eg o X =
X specialized to the o0 ® 0 endomorphism. Note that locality does not require the braiding itself to be
trivial. What is required is only that the braiding acts trivially on the specific fusion channel selected
by the multiplication X.

We now prove this condition for the braiding
+ _ — Tt -
€o®0, 000 — Co®o,0®0 = €5 o ® €s,0 = €o,0 ® E(Tf,a’

where ej{o = €50 and €r o = ELU are the chiral braidings and ej®a, 0o = oo, 000 and €r®0, 000 =
61-@0, ss0 are the corresponding two-dimensional versions. Using the braiding expressions (3.31), the
Cuntz relations (3.29) and the products (4.13):

. . 1
€6®0, U@gllfg,@a = ((rrT + zttT) ® (7“7"T — zttT))— ((ror)+ (tt)Vygy) =

V2

1
[(rrT +ittT)r @ (rrT —ittT)r] + ﬁ[(rﬁ +ittt @ (rrl — itttV ey =

((reor) + (0 Wygy) = Vi,

S

Therefore the spin field ¥, is local. The locality of ¥, can be easily proved as well.
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Chapter 5

Topological defects in AQFT

Having constructed two-dimensional conformal field theories in the language of conformal nets and
Q-systems, we now turn to the algebraic description of topological defects. In the Euclidean picture,
a topological defect is represented by a line that can be freely deformed as long as it does not cross
local field insertions. In the relativistic algebraic setting, this intuitive idea must be reformulated in
terms of localization, causality and inclusions of nets. A defect is therefore described as an interface
separating two regions of spacetime, with one copy of the theory living on one side and another,
possibly equivalent, copy living on the other.

The physical meaning of the construction is the following. Away from the defect, each side behaves as
an ordinary local CFT. However, once fields are transported across the defect, their locality properties
may change. Thus the larger theory containing both sides is not expected to be fully local. Instead, it
satisfies a weaker, oriented form of locality, usually called left-locality or half-locality. This controlled
failure of locality is precisely what algebraically records the presence of the defect.

The technical tool used to implement this idea is the braided product of Q-systems. Given two
extensions of the same chiral subnet, described by Q-systems QF and QF, their braided product
produces a larger extension containing both theories. The choice of braiding fixes the exchange
relations between charged generators belonging to the two sides and imposes the correct half-locality
condition. In this sense, the braided product glues the two theories together while remembering on
which side of the defect each field is supposed to live.

A crucial point is that this construction is universal. The braided product does not describe a single
elementary defect, but rather contains all possible irreducible defect configurations compatible with
the prescribed left- and right-theories. The problem of classifying defects is therefore reduced to de-
composing this universal object. Algebraically, this is achieved by studying the center, or equivalently
the relative commutant, of the braided-product extension. Minimal central projections select the
irreducible representations of the universal extension, and hence the elementary defects.

Before applying the universal construction to concrete examples, we introduce two technical operations
on Q-systems which clarify the algebraic meaning of this decomposition. The first is the reduction of
a Q-system. Roughly speaking, this procedure allows one to extract from a given Q-system a smaller
Q-system associated with a subextension, or subtheory, of the original one. In the present context this
is precisely what is needed for the braided-product extension: since the latter describes a universal
superposition of admissible defect configurations, its irreducible components are obtained by reducing
the corresponding Q-system with respect to suitable central projections. In this way, the abstract
problem of separating elementary defects becomes the concrete algebraic problem of decomposing and
reducing a reducible Q-system.

The second operation concerns maximal local subtheories. Here the same idea of reduction is used
in a different way: starting from a possibly non-local extension, one extracts the largest local subnet
contained in it. This construction is useful for two reasons. First, it provides a more intrinsic formu-
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lation of algebraic defects, since a defect can be described through a non-local extension whose left
and right-local parts are recovered as maximal local subtheories. Second, it will play an important
role in the following chapter, where the full center of a Q-system is introduced. The full center can be
understood as a systematic way of producing local two-dimensional theories from chiral data, and its
construction is naturally expressed in terms of maximal local subtheories.

After developing these tools, we apply the universal construction to the relativistic two-dimensional
Ising model. In this example, the central decomposition of the braided product can be carried out
explicitly, and the resulting irreducible components reproduce the expected elementary topological
defects. This provides a concrete test of the algebraic formalism and prepares the comparison with
the Euclidean categorical description discussed in the next chapter.

This chapter is based on [35, 38, 57, 70, 71, 73-75].

5.1 Defects and boundary conditions

We first recall the notion of a boundary between two possibly different CFTs, and then specialize it
to the case of topological defects in the algebraic setting.

Definition 5.1.1. Consider two local CFTs in the two-dimensional Minkowski plane. A boundary is
a timelike curve z(t) such that energy conservation is satisfied along it!, i.e.:

TE @ x(t) = TRt 2(t) = TE(t) + TR(t) = TE(t) + TE(t) (5.1)

where T’ NL,/ and Tﬁ, are the energy-momentum tensors describing the CFTs on the two sides of the
boundary, and TH(t + x), TR(t — ), TE(t + x), TE(t — x) are the respective free components in the
lightcone coordinates z+ =t + .

Moreover, we call the boundary transmissive or topological if also momentum conservation is satisfied
along the boundary:

TE ¢ x(t) = TE ¢ 2(t) = TE(t) — TR(t) = TE(t) — TE(t) (5.2)

Note that equations (5.1) and (5.2) can be combined into:
TE) =TH®t)  TH() =TH()

which clarifies why we call the boundary ”transmissive”. Note that both CFTs on the two sides of
the boundary must have equal central charge. Since we are interested in the defects of a particular
theory, we will always work with the transmissive assumption; otherwise the two theories on the two
sides would be totally different CFTs.

According to [35], we make the following observations:

1. Because the two local theories at the boundary share the same energy-momentum tensor, they
share the same unitary representation of the conformal group on the Hilbert space. So the field
operators of the theory on one side of the phase boundary can be translated to the other side by
the translation unitaries, where they will in general fail to coincide with the fields of the theory
on the other side. It is important to notice that the Hilbert space necessarily supports both
sets of fields everywhere in Minkowski spacetime, but on either side of the boundary only one of
them represents physical observables.

!Note that in this case we are interested in the conservation along a boundary and not in the local conservation.
Consider for simplicity the line z = 0: heuristically, if we integrate the conservation equation 0”7, = 0 in a rectangle
of width 2¢ centered at the boundary, f; Ty da + f_ee 0'T,1 dx = 0, then, in the absence of singular contributions
along the line z = 0, the first integral vanishes in the limit ¢ — 0 and from the second we get T,1(t, —€) = Ty (1, €).
This condition establish the conservation of the flux of the quantity ”u” along the boundary. This is coherent with the
interpretation of T}, as the flux of p, along a surface of constant z, [76].
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2. Apart from the transmitted chiral fields, the quantum field theories on each side may have more
chiral fields that are not transmitted, and each side may have further local fields that are not
chiral. Thus both sides are extensions of quantum field theories of the form A, ® A_ c BME.

3. The boundary will be described by some extension containing both B and B, which will in
general fail to be local. Since BY and B describe respectively the theories on the left and
right sides of the boundary, we would like to have [B¥(01), Bf(03)] = 0 whenever O; lies on
the spacelike left complement of O3. By conformal covariance, this requirement extends from
regions lying strictly on opposite sides of the timelike defect to any pair of double cones with
the same relative left—right ordering. If this ” half-locality” condition is satisfied, we shall call
this boundary a defect;

4. The extension satisfying the previous conditions may not be irreducible. Then, in view of propo-
sition 4.1.1, we should look for a decomposition of such extension into irreducible components,
i.e. each with trivial relative commutant with respect to A4y ® A_, as this would ensure that the
extension contains the chiral algebras and, in particular, the full energy-momentum tensor: these
describe the real elementary physical configurations. In this particular context, these irreducible
extensions qualify as different defects.

This last observation will be the idea behind the universal construction studied by [35], which is the
goal of this chapter.

According to the observation 3. we define in a precise way the meaning of ”half locality”.

Definition 5.1.2. For two nets of local algebras B;, ¢ = 1,2, defined on the same Hilbert space, we
say that B is left-local with respect to Bs, if

(B1(01),B2(02)] =0

whenever O is in the left causal complement of Oy; i.e. O C Wy, O)f = Wa 1, UWhs g, where
W 1., Wa r are the two wedges defined in figure 3.1. Right locality is defined in the same way.

Then we define a defect as follows:

Definition 5.1.3. [35] Consider two chiral nets A; and A_, and let A := AL ® A_. A topological
defect between nets BY > A and B O A is a transmissive boundary implemented by a relatively local
extension D O A of finite index, such that BL/E are intermediate extensions and D is left-local with
respect to BT and right-local with respect to BY. In particular, B is left-local with respect to B%.
We call it a boundary condition if

D(0) = BL(0) v BR(0)
holds, simple or factorial if D(QO) are factors and irreducible if A C D is an irreducible extension.

First of all note that the actual location of the defect is arbitrary, and it may be any timelike curve. For
this reason it is called topological. Then, note that we specified a difference between general defects
and boundary conditions, which satisfy equation (5.1.3): the reason is that on a boundary condition
there are no extra degrees of freedom apart from the ones generated by the given local nets. In other
words, ”boundary conditions” refers to defects that do not contain any defect operator, or, using the
previously defined terminology, junction. We will be mainly interested in boundary conditions, since a
full description of general defects in this setup is still missing [74]. The recent approach to defects by
[77] also admits such extra degrees of freedom, however their treatment is restricted to the chiral case.
Nevertheless, as we are going to see, boundary conditions are interesting since they can be formulated
as algebraic relations among the charged fields from B% and BE.

In the next sections we are going to build all the machinery needed to construct the non-local extensions
implementing the defects.
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5.2 Operations with Q-systems

We now introduce the operations needed to manipulate and combine different Q-systems.

We begin with the notion of a reduced @Q-system. Starting from a projection P € Hom(O, ©) satisfying
a suitable relation, one can construct a new Q-system describing a reduced extension. The interpre-
tation of this extension depends on the additional properties of P. In particular, we will discuss
intermediate extensions, which correspond to extensions lying between two given ones, and central
decompositions, where, given an extension A C B, the reduced Q-system describes the extension
A C EB, with E projecting onto one of the factors arising from the center of B. This decomposition
will play a central role in the classification of defects.

Intermediate extensions will also allow us to define the notion of a maximal local extension, which
provides a more elegant algebraic characterization of defects.

Finally, we introduce the braided product of Q-systems, a multiplication that combines two extensions
into a single one. Roughly speaking, the resulting extension contains the charged fields of both original
extensions, with their mutual commutation relations determined by the braiding.

5.2.1 Reduced Q-system
Consider a Q-system (O, W, X) and let P € Hom(O, ©) be a projection satisfying:

PXP =0(P)XP =0O(P)PX (5.3)

Then we can construct the following Q-system:

Proposition 5.2.1. [57] Consider a Q-system (0, W, X) and a projection P € Hom(0, ©) satisfying
equation (5.3). Then the triple
Op():=5T0()S <O

Wp = dim(©p) /4 nl? STW
Xp = dim(0p) /4. 0(np 281  npl2st . x50l

where P = SST and np = STXT. PO(P) - XS € Hom(Op,Op) is a normalization intertwiner, is
a Q-system called reduced Q-system if and only if Wp has the correct normalization W]TDWP =
WIXT.0(P)P- XW = dim(0p).

The interesting part about reduced Q-systems is that they have a different interpretation depending on
additional properties satisfied by P. In the following, we are not going to be interested in constructing
such reduced Q-system, but rather in knowing the conditions for its existence.

First of all, we want to characterize intermediate extensions.

Let A C By C B be any intermediate extension with Q-system (01, W1, X;). Then ¢ = 1y 011, with ¢ :
A — By, t9: By — B,and ©1 = 1311 < 1t = O. Let P € Hom(0O, ©) be the projection corresponding
to ©1 < ©. This can be defined starting from a projection Fy = d;l VVQVVQT € Hom(O2,03) onto
idg, < ©3 so that P = 7;(FE?>), which can be drawn as:

Which makes clear that P € Hom(©, ©) is indeed a projection onto ©1 < ©.2

We can show that this projection satisfy the following relations:

PW =W, PXP=POP)X =0(P)XP (5.4)

2This can be checked also explicitly: 71(E2)0(A) = 71 (F2) - iitatzt1(A) = 11(FEa) - (10201(A) = T1(F2 - ©211(A)) =
Z1 (@2L1 (A) . Ez) = Zl (@2(L1(A))) . Z1 (EQ) = 9(14)[1 (EQ), VA S .A
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L b L

Le. it satisfies equation (5.3) and in addition PW = W. To prove the above properties we will need
the graphical representations of W and X with respect to the standard rules for generic elements of
the category, as done for representing P above. First we prove the additional property:

1 4 14 L 1% 9]

dy —
WRU

Where the d, ! factor simplified with the ¢y bubble. Now we show that also (5.3) is satisfied:

Tl Tz L Tl 1L 1 ] Tl Tz L Tl Tz L Tl Tz L Tl Tz L

A A

UL L UL Ly UL LY

where we have simplified the overall constant d; ! factor and the equalities are realized exploiting the
isotopy invariance of the internal lines.

The following theorem states that also the converse is true:
Proposition 5.2.2. [57] Let Q = (0, W, X)) be a Q-system defining the extension A C B. Let P €
Hom(©, ©) be a projection satisfying equation (5.4), then the reduced Q-system Qp = (0p, Wp, Xp)
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of proposition 5.2.1 corresponds to the intermediate extension A C Bp C B where Bp = A- PV.
We can also say something about the locality of such intermediate extension:

Lemma 5.2.3. [35] B is left-local with respect to Bp if and only if P satisfies:
O(P)X =egp - PX

B is right-local with respect to Bp if and only if P satisfies the same relation with eg o replaced by eTe’@.

Now we focus on the other case we are interested in: central decomposition.

Suppose that the extension B O A is characterized by a non-trivial center B N B # C-1. We
know from lemma 4.2.5 that this could be the case if dim(Hom(id4,©)) > 1. Then every projection
E € B'NB gives rise to an inclusion® EA ~ A C EB. Now we want to characterize the corresponding
embeddings EA — EB in terms of the reduced Q-systems of proposition 5.2.1.

By defining the projection P = 7(F) € Hom(©, ©) it is easy to see that it satisfies:
XP=0(P)X =PX (5.5)

which trivially implies also equation (5.3).
Indeed, consider the two equations

VE = u(E)V VE =EV

the first coming from the construction of the extension A C B, in particular it is the last relation in
equation (4.2) with ((F) = E since E € B, and the second from the fact that £ € B’ N B. Now we
apply ¢ to both sides and we get:

i(V)iE)=XP

|
<
=
5
|
=
|
j
3
!
/ﬂ
S
=
5
|
S
av
|
=
5
|
=
|
e
e

Again, it turns out that also the converse is true:

Proposition 5.2.4. [57] Let Q = (0, W, X)) be a Q-system defining the extension A C B. Let P €
Hom(O©, ©) be a projection satisfying equation (5.5), then the reduced Q-system Qp = (Op, Wp, Xp)
of proposition 5.2.1 corresponds to the extension AE C BE where E € B'NB and P = i(E).

5.2.2 Maximal local subtheories of non-local extensions

There are two distinguished maximal local subtheories contained in a non-local extension, namely
the subtheories of B(O) commuting with the algebras localized on the left/right causal wedges of O,
o' =whuwt.

Definition 5.2.1. Let A C B be an extension. We define:

B (0):=BW.) N BO) By (0):=BWg) N BO)

loc

Lemma 5.2.5. [35] The following properties hold:

1. Blioc are Poincaré covariant isotonous nets of von Neumann algebras.

loc

2. B is left-local with respect to Bfg . and right local with respect to B

3Note that in principle the projected algebras are defined as EAFE and EBE. However, since E € B NB and A C B
we get EAE = AE? = AFE; same for B. Moreover, we write A ~ AFE since the two are isomorphic [57].

4The fact that P is a projection follows directly from the fact that E is a projection. Then, note that since E € B'NB
we have EA = AE VA € A and applying  to both sides, recalling that 7(A) = Z(AWT)V = O(AWT)X = ©(A), we get
PO(A) = O(A)P. Hence P € Hom(©, 0).
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3. The nets Blioc are both local and intermediate between A and B:

A(0) c B

loc

(0) c B(O)

4. The nets Bi . are the maximal intermediate nets with properties stated in 2.

+

1o = B and also the other extreme,

Of course, as a consequence of property 4., if B is itself local, then B

. +
ie. B, = A may occur.

The following result shows how Bic are related to the construction of intermediate extensions arising
from projections P € Hom(0, ©) introduced in the last section.

Definition 5.2.2. [35] The left CT[Q] and right C~[Q] centers of a Q-system @ = (0, W, X) are the
intermediate Q-systems associated to the intermediate extensions given by the projections:

dim(©)"/? . P* .= WiXTO(f o) XX (5.6)
satisfying equation (5.4) and in addition

OPHX =cop PTX  O(P )X =¢fo P X (5.7)

Therefore, as a consequence of lemma 5.2.3, the left (right) center CT[Q] (C~[Q]) define an inter-
mediate extension A C Bp+ C B (resp. Bp-) such that B is left (right) local with respect to Bp+

(Bp-).

Proposition 5.2.6. [57] The centers of a Q-system are mazimal with respect to the property of
equation (5.7), i.e. for every other projection P satisfying the first (second) relation of equation (5.7),
one has PP* = P (PP~ =P), i.e. P< Pt (P< P7).

Moreover, equation (5.7) entails g, 0,Xp = Xp, i.e. the left and right centers of a Q-system are
commutative.

This provides us with the desired connection:

Proposition 5.2.7. The intermediate extensions associated with the left resp. right center of the
Q-system for AC B are A C B;gc C B resp. ACB,. CB.

Proof. By lemma 5.2.5, Blioc are the maximal local intermediate extensions such that B is left-local
with respect to Bf; . and right-local with respect to B, .. By lemma 5.2.3, the associated projections
are the maximal projections satisfying equation (5.7), but these properties characterize the center

projections. ]

This language allows us to rephrase the locality condition required at a boundary.

Corollary 5.2.8. An extension D of A implements a defect between B* and BY if and only if

BEcD cD>DF o>BE

loc loc

Proof. By definition 5.2.7 we have DI~ = DWr r)' N D(O), hence D (0) € D(O). Then the

loc loc
defining properties of a defect, namely B%/L(©) ¢ D(O) and left/right locality of D with respect to
BR/L are equivalent to BR/L(0) D;;é_((’)). O

5.2.3 Braided products

In general, two extensions A C By and A C By with charged fields ¥, (p < ©1) and ¥, (p < ©2)
are defined on different Hilbert spaces, that are both DHR representations of the underlying algebra
A. However, if we want to construct an extension D implementing a defect, we need to be able to
combine B; and Bs in a single extension, which contains both as intermediate extensions.
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Proposition 5.2.9. Let Q1 = (01, W1, X1) and Q2 = (O, Wy, X3) be two Q-systems. Then the
triples

(01, W1, X1) x* (O, Wa, Xp) := (O = ©10y, W = WiWa, X* = O1(e5, ¢,)X101(X2))

define a pair of Q-systems denoted Q1 x* Q2. We call them braided product of Q-systems, and
denote the corresponding braided product extensions by A C By x* By =: D*. Both product Q-
systems Q1 x* Qq contain Q1 and Qo as intermediate Q-systems, hence DT contains By and Ba as

intermediate extensions:
D> B, > AC B, c Dt

Moreover, DT can be characterized as the quotient of the free product of the algebras By and Ba by the
relations t1(A) = 12(A) and the commutation relations

VoVl = €5, 6, - V1V2 (5.8)

Proof. We sketch the proof: the defining relations of Q-system for Q1 x* Q5 can be shown by direct
computation using the valid relations for both Q; and Q3. We give an example’: we prove that
WTX:E = 1D:l:2

WHIXE = WIW[01(e5, 0,)X101(X2) = Wie§, o, W X101(X2) = Wieh, o,01(X2)
where we used the fact that I/VlT € Hom(©1,idp,). Now we use the compatibility of braiding with
morphism of (3.23) (or equivalently equation (3.13) with o1 = p1 = 01, 09 =id, p2 = O3, T1 = 1 and
Ty = WJ) to get Wieg, o, = ©1(W3), so that ©1(W])O1(Xs) = O1(W]Xy) = 1ps.

It is easier to check these relations by using the graphical language we have developed. For example,
by writing X as

0, 0, 0, 0,

0, 0,

the above relation can be easily proven (for Q1 x Q2) as follows:

W‘;j@z ng /61/@)2
0, 6, 0, 0, 0, 0,

where we have used the properties of definitions 4.3.1 and 4.3.2 and we have used two colors to
distinguish © from ©Os.

Then the projections P = d2_1@1(W2W2T) € Hom(©,0) and P, = dl_l(WlWlT) € Hom(O, O) satisfy
equation (5.4), hence by proposition 5.2.2 they define intermediate extensions. For example we can
show explicitly that P oW = W:

PW = dy 'O, (WoWH Wi Wy = dy "W Wo Wi Wy = Wi W

5In the following we are going to suppress the inclusions ¢ to enhance readability.
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P,W = dy ' WaWIWwa Wy = Wi,
Since P} and P, project respectively to ©1 and O2, we conclude that (); and ()2 are intermediate
with respect to Q1 x* Q2. Hence B; and B are intermediate extensions with V; = @1(W2T )Vi and
Vo = WlT V. Conversely:
ViVe = 0 (WHVEWVE = o,(WhHew vy =
(W3)©0:10:(WH)XEVE = @1(W2)®1®2(W1)@1(€@1 0,) X101 (Xa)V* =
= @l(Wg O2(W)eh, 6,)X101(X2)VE = 01 (W W]ed, 6,)X101(Xs)V* =
(W] O1(W])) X101 (X)VE = 01(W])0101 (W) X101 (X)VE =
= e)l(wl)Xlel(WQ)@1()(2)1/i =y
Hence D* is generated by A together with Vi and V5. Then the product V5V; is given by:
VaVi = WiVEQ(WHVE = W[010,0,(WHVEVE = 6,0, (W] )W x*VE =
= 0201 (WHWO1(e5, 0,)X101(X2)VE = 0201 (W))ed, o, Wi X101 (X2)V* =
= 0,01 (W))ed, ,01(X2)VFE = €5, 6,0102(W])O1(X2)VE =

+ +_ =+
= E@1792‘/ = 6917@2‘/1‘/2
O
It is easy to see that equation (5.8), written in terms of the charged fields
Vi, =W,V Wy =W Vs,
reads:
Vo oW1, = fia Uy P (5.9)
Indeed:
c p c p c p
\VZ,G \Ijl,p \VZTG \NlTp w
- — F ;
wi | W § wi | W
V, 4 Vi V, 2 v,

where in the figure we have chosen the positive braiding.
The following result is a natural consequence of the last proposition:

Proposition 5.2.10. [35] Within D = By xt By, By is right-local w.r.t. By, whereas within
D~ = By X~ Bo, By is left-local w.r.t. By. FEvery irreducible extension containing both By and Bs
as intermediate extensions such that By is right-local (left-local) w.r.t. Bo, is a quotient of Dt (D™).

The braided product Q1 x* Q2 of two irreducible Q-systems (i.e. such that dim Hom(id, ©;) = 1
i =1,2) will in general fail to be irreducible, because dim Hom(id, ©103) = dim Hom(©1,03) > 1, as
explained in the end of section 4.2.%

5The isomorphism Hom(id, ©102) ~ Hom(©1,O2) comes from the Frobenius reciprocity relations valid for standard
pairs, together with the fact that, by definition, the dual canonical endomorphism © = 7 o ¢ is self-conjugate.
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Proposition 5.2.11. The relative commutant A'ND* of the braided product extension DF is spanned
by all operators of the form (\Il?7p)T\Il§rfp, where p < O1, p < O2, and n = 1,...,dim Hom(p, O1),

=1,...,dim Hom(p, ©2). If both the Q-systems Q1 and Q2 are commutative (hence the corresponding
extensions B;, i = 1,2, are local), then the relative commutant coincides with the center:

A'ND =D Nnp*

Proof. In lemma 4.2.5, we have characterized the relative commutant by the elements «(H)V with
H € Hom(©,id), where © = 0102 for a product Q-systems. By Frobenius reciprocity, we have
Hom(@l@g, ld) RT@l(Hom(@g, @1)) where Rl = X1W1 € HOm(ld @1@1) A basis of HOID(@Q, @1)
is given by W; pW2 p With W; , € Hom(p, ©;), i = 1,2. Define the corresponding charged fields as

Wy, = v‘/l]L,/J@l(V[/?)J[Vi Wa,p = WJGI(WZP)TVJE
where we have suppressed the symbols ¢ for simplicity. Then
U] Wy, = (VE) 01 (Wa) Wi, We (W] )V = WHXH)TVEe (Wy) Wi, Wie, (W] )V =
= R1O(01 (W)W, {01 (W] ))VEVE = RTO(01(W2) W, W ey (W] ) Xx*VE

where R := XTW € Hom(id, ©).
We want to show that this equals HV* where H := Ri@l(Wl,pWQ ,)- Since the algebraic compu-

tation of this equahty is quite involved, we use the graphical calculus to prove it”. Starting from
R'O(01(W2)W1,W01(W] ) XF we have:

0, 0, 0, 0, 0, 0,

where on the right-hand side we have exactly the diagram representing RJ{@l(Wl,pWi p) = H.

Hence:
U] Wy, = RIO(O1 (W)W, Wf01 (W] ) XFVE = HVE

Since H € Hom(0109,id) arises by Frobenius reciprocity from a basis Wl,pW;p of Hom(©1,©3), the
operators \I/Lplllgp form a basis of Hom(010,,id)V* = A’ N D*.

In lemma 4.2.5, we have characterized the center by H € Hom(©,id) satisfying the supplementary
relation (4.5). For H € Hom(0;03,id) one computes:

HX* = 01(H)el, o, X101(X2) = 01(H)X101(X2) = O1(H) X101(€f, o, X2) = ©102(H) X+
(5.10)

7All the graphical computations in this proof are referred to D*. The generalization to D~ is trivial.
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where we have used the hypothesis of both Q-systems being commutative (i.e. ea o, Xi=X;i=1, 2).
The first and last equalities are easily proved with graphical calculus; in particular, the complete
equation (5.10) is represented as follows:

0, 0, 0, 6, 0, 0, 0, 0, CTC
&
0, 0, 0, 0, 0, 2 0, 0, 0, 0,
Thus the supplementary condition of equation (4.5) for the product Q-system is satisfied by every
H € Hom(©,id). O

Since the combination R := XW € Hom(id, ©?) we have defined in the last proof will come back
several times, we give a precise graphical interpretation of it:

11 11 11 T
c) C) U 0 0
R e e e e U

Thanks to the auto-duality of ©, R and R, which are normalized as RfR = dim(¢)? = dim(©), can
be seen as a standard pair for © , and so they can be identified with the evaluation/co-evaluation
morphisms associated to ©. However, we are not going to draw the arrows, as in principle, if we didn’t
invoke the auto-duality of ©, we would just have R € Hom(id, ©0).

5.3 The universal construction

Consider a boundary between two local CFTs described by extensions A := A, ® A_ c Bl and
A=A, ® A_ C BE, where A;, A_ are the chiral nets, by a pair of Q-systems Q* = (6, W, X1)
and QF = (OF W XxR)S8

Consider the braided product of the two Q-systems:

R xF R = (=06, W=wiwh x* = @L(%L,@R

)Xter(xf)
and the corresponding extensions A C D*. As a consequence of proposition 5.2.9 we have
DE o B> AC B cD*F
and the nets D* are generated by A and two sets of charged fields
i, cwp=<0f) W, (/e <6

suppressing possible multiplicity indices. The braided product Q-system determines their commutation
relations among each other as in equation (5.9):

ISR 2 + R\ /21

o'Qp ¥ oQp == 6a®p,a’®p o®p X o' Qp (511)

8The subscript ”2D” on the local algebras is understood, since we are interested in two-dimensional theories. However,
the results of this section are valid also for chiral theories where a boundary is just a point [35]. In the next chapter, our
results will be based on more specific hypotheses.
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o®p,0’'®p’
o’ @ p'. Thus, the choice of e~ ensures that B is left-local with respect to Bf. Therefore, we consider

the product

Now recall that by equation (3.12), € = 1 whenever o ® p is localized to the spacelike left of

QL %~ QR
and the extension D := D~. We are ready to state the main theorem from [35]:

Theorem 5.3.1 (" Universal construction”). The extension D of A defined by the Q-system Q¥ x~ QT
implements a boundary condition. It is universal in the sense that every irreducible boundary condition
appears as a representation of D.

Proof. By proposition 5.2.9, D is generated by BY and BF, and by proposition 5.2.10, B is left-local
with respect to BY. Hence, According to corollary 5.2.8, D implements a defect.

The universal property follows because apart from the identification of the subalgebras A C BY and
A C B, the commutation relation equation (5.8), i.e., left locality, is the only additional relation
among the generators of D imposed by the product Q-system. O

By proposition 5.2.11, the extension A C D is not in general irreducible and since both B* and BF
are assumed to be local, the relative commutant A’ ND coincides with the center D’ ND. The central
decomposition gives irreducible representations of D, restricting to representations of both BY and Bf
on a common Hilbert space.

Let

o =Dz-p O =BZ p
p p

where each p is of the form p* ® p~. By proposition 5.2.11, the dimension of the center is

dim Hom(0",07) ="zl . ZF = Tr[(2")" 27| (5.12)
P

and there are as many irreducible representations, implementing different boundary conditions.

Lemma 5.3.2. Fach minimal projection E € D' ND defines an irreducible extension A ~ AE C DE.
In particular, the representation DE contains a unique vacuum vector.

Proof. Every Q-system contains the identity at least with multiplicity one. By proposition 5.2.11, the
number of minimal central projections is equal to the dimension of the relative commutant A’ N D,
which in turn is equal to the multiplicity of the identity in © = ©®OL. Since © decomposes as the
direct sum of the projected endomorphisms O, it follows that dim Hom(id, ®) = 1 for each minimal
projection E.? Therefore, the extension AE C DE is irreducible, and the vacuum representation of
A is contained exactly with multiplicity one. O

Combining these results with the universal construction we get:

Corollary 5.3.3. The minimal central projections of the braided product between two local QFTs
classify the irreducible boundary conditions.

Note that this result remains valid even when B~ and B describe two different CFTs. In that case, the
corresponding boundary conditions represent interfaces between the two theories, often referred to in
the literature as phase boundaries [35]. Although our main interest lies in defects within a single CFT,
we will retain the labels L/R on BL/E to emphasize that the two theories are embedded differently
into D. This distinction is in fact crucial: in the Ising model, we will see that the duality defect can be
detected precisely because the theories on the two sides are allowed to be distinct, though isomorphic.
Indeed, as discussed in section 2.5, the defect NV relates the Ising model to its Zs-orbifold theory.

9From the central decomposition we have 1p = >_, Eo. The projections P, = i(E,) € Hom(©, ©) which are used to
construct the reduced Q-system, as show in section 5.2.1, satisfy > P = 14 and P,P, = P,P, = da. For this reason
© decomposes as © ~ ), Og,. Therefore dim Hom(id, ®) = > dim Hom(id, ©g,).
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Before proceeding with the general strategy needed to compute boundary conditions, we want to note
that the number of defects predicted within this framework coincide with the expected one. Indeed,
the number of operators commuting with the energy-momentum tensor predicted by equation (2.16)
agrees with the dimension of the center of equation (5.12), assuming that we have the same theory on
both sides of the defect.

5.3.1 Computation of the boundary conditions

From proposition 5.2.11 we know that a basis for the center is given by
Iyt g R
BP = (\ij )T\Pp

where p < ©F and p < ©F. In an irreducible representation, they are multiples of 1, thus, every
representation comes with a characteristic set of relations between the charged fields \Ilg and ‘Ilf,
corresponding to the boundary conditions. In presence of multiplicities for the charged fields we get
a complex matrix of boundary conditions, ma(B5) = 7, ((¥5")1W5%): this matrix can be interpreted
as a measure of the overlapping of the two embedded spaces of left and right charged fields'C.

We now need to determine the values of the central operators B, in each representation. To do so,

dim(D'ND)
a=1

we need to know the minimal central projections {E,} of D. Then we will be able to expand

the B, as
B, =) m(B,)- E, (5.13)
where 7,(B)) € C and 74(Ep) = 04 1.

To accomplish this task, we should reformulate the problem, since working directly within the center
D' ND can be rather difficult, involving the non-trivial commutation relations of charged fields.

We introduce a linear bijection [35]:
x : Hom(©f,0l) = D' nD, T~ (RIOLT)) .-V
Then one has the following:
Proposition 5.3.4. The above bijection satisfies
x(Th) - x(T2) = x(T1 = T3) (5.14)
where the associative *-product in Hom(©F OL) is defined as

Ty« Ty := XM ol(m)Ty - XF = X . 1yefi(1y) - X7

Proof. We can represent graphically the x and *-products respectively as:

O,

O

10T general, this relation is not invertible, i.e. we cannot express one field as a linear combination of the others; in
this case the boundary condition is just a sesquilinear relation between the charged fields on both sides. See appendix C
for more details.
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and prove equation (5.14) starting from x(77) - x(12):

m J\ Tl Tz

Where we have used the Frobenius property combined with the unit property of Q-systems within the
part encircled by the dotted line''. The last equality is non-trivial and involves the following moves:

T, V T, T, V T, vV T, T, vV T, T,

Where we have passed the braiding between ©% and ©F over T}, denoted the morphism to which
lines are attached on the bottom and we have used the associativity of the product together with the
commutativity of the Q-system.

The *-product is also commutative, because the Q-systems Q% and QF are commutative:

The unit is given by WLWET:
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T
0. Or
A% v
O
Proposition 5.3.5. The above bijection satisfies
X(T)" = x(F(T")) (5.15)

where

F : Hom(0Y, 0%) — Hom(0% ©F),  TT— RFIe®(TTRL) = ©F(RFITTRL

18 called Frobenius conjugation

Proof. We can represent the Frobenius conjugation as:

0, o,

Tt — Tt

Or O

Thus equation (5.15) is proved as follows:

Where we have used Vi = WTIXTV = RTV and the commutativity of the left Q-system. O

"The top-right theta appearing in the Frobenius property is composed with WT. Thus we have represented that part
of the diagram with a ”cap” as we do for Rf = WX and applied the Frobenius property to that diagram. On the
right-hand-side of the Frobenius property, the top-right leg ends again in the identity through WT: therefore we have
used the unit property to remove it.
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Now let \IJIE = WpL folL (WENHV and \Iff = WpR WLV as in the previous section. For simplicity, we
suppress possible multiplicity indices if these spaces are more than one-dimensional, and assume the
charged field operators to be isometries, i.e. Wg/ TWPY = dy/dim(p), Y = L, R, in accordance with

proposition 4.2.6, where dy = /dim(©Y).

By Frobenius reciprocity Hom(p, ) ~ Hom(p, ©") so that we do not need to define an independent
intertwiner Wj. Instead, we set Wg/ = RLﬁ(W,}/TRY) = @Y(RZWpYT)RY € Hom(p, ©Y) with the
same normalization, where RL € Hom(pp,id) and RL € Hom(pp,id) are part of a standard pair for

p and p. This is represented as the snake diagrams (2.24) used to define dual morphisms in a fusion
category'?. Then \I/%/ and B%/ are the corresponding central operators.

The following proposition gives the algebraic relations among B, in terms of the pair of Q-systems
Qr , QR

Proposition 5.3.6. The algebraic relations of the center D' N'D of the braided product of two local
extensions (corresponding to two commutative Q-systems) are

Bi=B; B, Bs= > f5,-B-
T<po
where dim( )2
pa pa 1mi7
oo = Jop= W'WTLT'((W;W,?T)*((wafT))'WTR

The expressions given for [, are self-intertwiners € Hom(r, 7), hence multiples of 1.

Proof. We give just the idea of the proof. The first relation follows from F (WprL T) = WﬁLWf f
thanks to equation (5.15). The second relation is just the expansion of (WpLWpRT) * ((WULI/VéLz T) in
terms of WTLWTR T, with the appropriate normalization and by using equation (5.14). O

Knowing the algebra of the B,’s, one can compute their decomposition into central projections. In
particular now the task is to find I, = x~!(&,), which are the minimal projections in Hom(6%, ©)
with respect to the *-product, and expand X_I(Bp) in terms of I, i.e.

WIWH =3 "m(B,) I (5.16)
a

which is just the image of equation (5.13) under x !

To do so, one in principle has to impose three conditions:
self-adjointness: I = F(I,)
idempotency: I * Iy = 044 - 1o (5.17)
completeness: ZI = wlwkt
a

Minimality is then automatically ensured if the number of I, exhausts the dimension of the center
dim(D’'ND) = dim Hom(0F, ©F) = Tr[(Z*)T Z%] [35]. This is not an easy calculation to do in general,
but it simplifies considerably for diagonal theories.

Proposition 5.3.7. For two-dimensional theories, if Ax = A_ is completely rational and both Q-
systems QY and QT equal the canonical Q-system in the category CPHE(A)RCPHE(A)PP, each sector

is of the form p @ p, there are no multiplicities, and the coefficients f7, simplify drastically:

fror dim(7) AT
PEP BT dim(p) dim(o) ~ 7P
121.e. its diagram coincide with the graphical representation of the Frobenius conjugation, but with p as bottom line,
OY as top line and W;T as intertwiner.
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Proof. Recall that in the two-dimensional case we have I/pr(g)T ﬁngg ;= dy/dim(p®p) =dy/ dim(p)?,

Y = L,R. In particular, recall that for the canonical Q-system we have W/}g@ﬁ = (nde(YmTpY where

TPY € Hom(p ® p,0Y) is an isometry.
Now consider the definition of f;gg R

T dim(r ® 7)? L L R L R R
F157 oo s WA (WE W) s« (Wh Wi L)) - WE . =
_dim(7)4

Lt xLt . wl wh _oRmwk wht R R
—CE Wi XMW W R W W) X WE,

Now it is easy to realize graphically that Wlfg& and @R(WI)L@) ﬁ) commute, so that we can bring all the

things labeled as R to the right. Then we can focus on that part, that is:

nga'@R(WRT

p®ﬁ) X W%f

The other half is resolved in the same way.
Now we use the definition of X for the canonical Q-system:

_ dydy

R R 1/2 o

wheRwi) [ Y (’;Z—/)l/2 T,y - (> ta®ta) - T1, | WE,
polr T a

Using the WY, = vy Tg/ we get:

PP — dim(p)
dpds 172 VAR VAR Zta & 1)

) ( Vdg dp 1
d, dy, dy &

(> ta®ts)

d;  dr \Jd-d,d, %

Recall now that t, € Hom(7, po) are isometries, so that when we combine the two parts we get:

ap'" (

_ dim(7)* dpdp 1 dim(7)
TRT o . t L‘*T ta ta =~ 7 .NT
pEP BT drdr d? d.;dyd, (; b ®1p) (; @ ta) dim(p) dim(o) =~ 7”7
O
Corollary 5.3.8. Under the hypothesis of the last proposition:
S,0 S
Lt @R _ Ppo 900

Proof. From the last proposition together with the algebra for the central operators, we see that
dim(p)B, represent the fusion rules. This implies that the various irreducible representations are
labelled by the irreducible chiral sectors o € CPHE(A), and the equation

7o (Bp) dim(p) - 75(By) dim(y) = > NJ - 75 (B;) dim()

TPV

has the above solution. O

Note that for diagonal theories charged fields do not have multiplicities: for this reason the ”angles”
or "overlapping values” 7, (B,) between the charged fields defined on the two sides of the defect can
be either zero or a generic scalar number. Then recalling that charged fields are normalized to be
isometries, when 7,(B,) is a phase, we can invert the above relation to get:

gL

S,0 S
R L ,0 20,0
Uoop = To(Boop)  Ypp = o Yooy

pPRP pRP Sp 0500
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When 7,(B,) is not a phase, the above equation is no longer valid, as the isometry condition for

‘I/f® ; would not be satisfied. In particular, when 7, (B,) = 0, the two fields \I/,f@ﬁ and \I/,g@)ﬁ have zero

overlap, i.e. are independent.

Moreover, recalling equations (2.13) and (2.14) from chapter 2, we can rewrite equation (5.18) as:

_ SpoSoo _ Sp.e/Sp0 _ (W pepl Lo ¥ pep) (5.19)
5,050,060  So,6/50,0 (Lo)

Lt R
To (Vpep ¥ piop)

where £, denotes the operator associated to the defect labeled by ¢ and describing its local action,
and |¥,gp) is the primary state built acting on the vacuum with the primary operator generating
the sector labeled by p. Now it is clear that we have found exactly the first term of equation (2.11),
describing what happens when a defect is moved past a local operator!

It is not a surprise that the other terms are missing: as we have said, we are restricting our attention
to boundary conditions, that are extensions of the type:

D(0) = BL(0) v BR(0)

i.e. without additional degrees of freedom. Since the other terms in (2.11) involve junctions lying on
our defect, these cannot appear in our treatment.

Finally note that the numerator of (5.19) is exactly the eigenvalue expected for the action of a Verlinde
line on a local operator, found in the euclidean context in equation (2.13).

5.4 Defects of the relativistic 2D Ising model CFT

In the Ising model, both Q-systems are canonical and the extension D is generated by A = Vir ; ®
Viryjp and the charged fields \1132®w and WY, .Y = L, R. Furthermore, equation (5.11) for Q%,, x~
Q. together with the chiral braidings of equation (3.31), gives us the following commutation rela-
tions:
R L L R R L L R
VieyYiew = Yooy Yiey Yooy Voo = (u® (DR =P
UE U, = (ueuv), vk Ol Wl = ((rrf —itth) @ ((rrT +atth)))WE, W (5.20)

o®o o®o * o®o oRo * oRo

The center of D is spanned by:

L L
Big1 =1 Bygy = ‘I’Qp%l/,‘l’ff@w Bogo = ‘llagi)a\llgga

To compute the minimal central projections, the hardest part would be to compute the coefficients
fpo- For the Ising model, being a diagonal model, these coefficients are known from proposition 5.3.7.

Then, since in this case the algebra of the B,’s is rather simple, the minimal central projections can
be computed directly using proposition 5.3.6.

Consider the algebra of the central elements:

1
B’i@'gﬁ =1 Bl/1®wBa®a = Bogo = BU®JB¢;®¢ Bg®g = 5(1 + B¢®¢)

First note that, since B?pw = 1, the operator Bygy has two eigenvalues (possibly with multiplicities)
A = *1. The associated projectors are

. 1 :i:Bw@,[p

P
+ 2

Instead, from B2, = %(1 + Bygy) we see that Byg, has three eigenvalues: A = 0,£1. The zero
eigenvalue is associated to P_, whereas the remaining two must be proportional to 1+ B,g,. However,

these two combinations are mutually orthogonal, but they are not with respect to P_. We can then use

126



the fact that P_ P, = 0 together with the fact that when By, is restricted to the A = +1 eigenspace,
P, =1, so that the three combinations

1 1 1 1 1-B
By =51+ Byew)y(1+ Bogs) B2 =5(1+ Bysy)y(1~ Bosg) By =~

are orthogonal. In particular note that K1 E3 = 0 = EyE3 thanks to the fact that Bygs and Bygy
commute. Since in this model all chiral sectors are self-conjugate, we also satisfy E: =F;,1=1,23.
Finally, we can check the completeness relation:

1 - Bygy _

1
2

1 1
Fi1+ Ey+ E5 = 1(1 + 2Bsgo + Bd@w) + 1(1 — 2B, + B¢®¢) +

Hence F;, i = 1,2, 3, are the three minimal central projections.

According to equation (5.13), we expand the central elements B, in terms of the minimal projections
and find their values in each irreducible representation.

Big1 = E1+ E9 + E3 B¢®¢ =F,+ FEy — Ej3 Bsgs = E1 — E»
Hence we have found:
T (Big1) =1  m(Bygy) =1  m(Bogs) =1

m(Big1) =1  ma(Bygy) =1  ma(Bogs) = —1

m3(Big1) =1 m3(Bygy) =—-1  m3(Boge) =0
It is easy to see that these values agree with the general formula given in corollary 5.3.8.
We can translate the above values into the following relations between charged fields:

1. Trivial defect 1: \I/f;@)w = \I/i@)w, vk =Vl

2. Zo defect n: \I/ﬁm} = ‘I/i@w, ‘115@)0 = —\I/£®U

3. Duality defect N: \Ilﬁg)w = —\Il$®w,

Note that for the duality defect we have just a condition on ¥,g,. This is not a surprise: in our
description we cannot have junctions along the defect, hence when we move the duality defect through
V,%s we identify only the first term of the resulting sum of equation (2.11). In this case that term
is just 0. Nevertheless we still detect the duality defect through its action on ¥,g,. Furthermore,
the fact that we don’t have any compatibility condition between \P(’;J@U and \I’f®g means that the two
fields are independent. Since the two theories on the two sides of the defects may not be identical,
but also isomorphic, we conclude that one of these two fields must be interpreted as the spin field o
while the other as the disorder field p. In other words, on one side we have the Ising CF'T and on the
other the Ising/Zy orbifold theory. This should not surprise since N is the duality defect that allows
for the identification of these two, as seen in section 2.5.

To make this identification more explicit we can consider the fermionic extension of the Ising model,
obtained by introducing the two operators:

- L )
Yy =V —i- \IJUT@)U(U ® 1)\Ilf®(7 v =i \Paég(l ® u)\Il?Q%
Indeed, they satisfy the following relations!?:

) .
vh=ve  0d =50, y) vt = —vvy = S (Wl — Uy, (5:21)

Moreover they are by construction chiral intertwiners:

VA=W eid)(A)yr YP-A=(deyP)(A)y- AcA

13Since the proofs of these relations involving the fermions are quite involved, they are showed in appendix D.
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In particular they belong to the relative commutants (1 ® A)'ND and (A ® 1) N D respectively; the
latter are generated by (A® 1) V ¢4 and (1 ® A) V 1)_ respectively.

Therefore, in the representations 71 and mse, ¥+ = 0, whereas in w3 they are a pair of left- and
right-moving selfadjoint unitary Majorana fields implementing the chiral automorphism 1.

The interesting fact is that we can compute
1
/1 R L R L
+i- wi\IJJ(X)(r = 5(\110(80' - ‘Ijzp®1/1\1ja®a) (522)

This vanishes in the representations 7 and 7 (since \Iffl?@w = \Ifi(}w and \Ifi®¢\1/£®a = Ul.,), while
it is equal to \IJCI;®U in the representation s, giving us:

\IJ£®U = Vi wi\IJ?@U ql?@a =V :Fi : Qpig’ﬁ@a

These are the AQFT analogue of the fusion rule (1.45), thus confirming the identification, in the
representation s, of one of the two \I'Z@)U, Y = L, R, with the disorder field p.'4

Before ending this section we make an observation: note that no primary operator is left invariant
by all boundary conditions. This may seem a coincidence due to the fact that in the Ising model we
just have two primary operators (apart from the identity). However, as we show in appendix C, this
is a structural result: if we look for fixed points in our net B O A, i.e. operators left invariant, with
respect to all defects, we always end up with the Virasoro net A = Vir, ® Vir..

14The normalization conventions used in the AQFT literature differ from the standard CFT conventions adopted
above. In particular, the coefficient appearing in the short-distance product (1.45) of ¢ and o is convention-dependent
and depends on the normalization chosen for the order, disorder and Majorana fields. Therefore the relation above
should not be compared directly with the coefficient of the Euclidean OPE.
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Chapter 6

The bridge with Euclidean CFT

The previous chapter classified topological defects using the relativistic framework of algebraic quan-
tum field theory. However, defects in two-dimensional CF'T are most commonly studied in the Eu-
clidean formulation, where one uses holomorphic fields, modular invariance and categorical methods.
The purpose of this chapter is to explain why these two apparently different approaches are in fact
based on the same underlying algebraic structure. This is the conceptual bridge between conformal
nets and vertex operator algebras.

We begin by introducing vertex operator algebras. A VOA provides an axiomatization of chiral
CFT which is close to the Euclidean and field-theoretic point of view: states are related to fields
through the operator-state correspondence, while the algebraic structure is encoded in the vertex
operators and their mode expansions. Conformal nets, on the other hand, start from bounded operator
algebras localized in intervals and emphasize locality, covariance and von Neumann algebra techniques.
Although the two formalisms look very different, under suitable analytic assumptions a unitary VOA
gives rise to a conformal net by smearing vertex operators, while the representation theories of rational
VOAs and rational conformal nets are expected to describe the same chiral data.

The common language is category theory. The objects of the relevant category represent superselection
sectors, the tensor product describes fusion, duals encode conjugate charges, and the braiding records
the exchange statistics. In rational theories, these data organize into a modular tensor category.
Within this category, the structures used to build full two-dimensional CFTs appear as algebra objects.
In the operator-algebraic formulation these are precisely Q-systems, while in the Euclidean categorical
formulation they are special Frobenius algebras.

The chapter then explains the role of the full center. Starting from a chiral algebra object, the full
center produces the corresponding local two-dimensional theory. Physically, it selects a consistent
pairing of left- and right-moving sectors and ensures the locality and modular invariance of the full
CFT.

Finally, we discuss modules and bimodules. A module describes a boundary of a CFT, while a
bimodule describes an interface between two theories. Intuitively, a bimodule is an object on which
two algebra objects act simultaneously, one from the left and one from the right, in a compatible
way; in the present context, these two actions describe how the degrees of freedom of the two theories
are attached to the two sides of an interface. When the two theories coincide, bimodules become
topological defects of that theory. Their relative tensor product reproduces the fusion of defects, and
simple bimodules correspond to elementary defect lines. The categorical classification by bimodules
can then be compared with the algebraic classification obtained in the previous chapter from the center
of the braided-product extension. The final part of the chapter illustrates these ideas in the chiral
Ising model, where the relevant algebra objects, modules and bimodules can be described explicitly.

This chapter is based on [35, 61, 78, 79].
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6.1 Vertex operator algebras

Consider a vector space V over C. We define the formal series a(z) as
a(z) := Z a(n)z_”_l
neL
where a(,) € End(V). This series is called "formal” since a(z) is not a function of z resulting from

the convergence of the series, but rather the power series itself, without concern for convergence.

Definition 6.1.1. A formal series a(z) := Y,y a2z """ is called a field, if for every b € V we have
a(myb = 0 for n sufficiently large.

Note that in this section we are not using the usual bra-ket notation since V' is not a Hilbert space.

Before stating the formal axioms, it is useful to grasp the physical intuition. In Wightman’s approach
to quantum field theory, fields are operator-valued distributions. In two-dimensional conformal field
theory, thanks to the relation with complex analysis, these distributions can be entirely encoded into
formal power series. The vertex algebra axioms are the algebraic translation of the operator product
expansion (OPE) and the state-field correspondence found in physics.

Definition 6.1.2. A wvertex algebra is a complex vector space V together with a given vector Q2 € V,
called the vacuum vector, and an operator T' € End (V') called the infinitesimal translation operator,
and a linear map from V to the space of fields on V' (the state-field correspondence)

a—Y(a,z)= Z a(n)z_"_l,
nez
satisfying:
1. Translation covariance: [T,Y (a,z2)] = LY (a, 2);
2. Vacuum: TQ =0, Y(,2) = 1y, aHQ = q;

3. Locality: for all a,b € V, (z — w)N [Y(a, 2), Y (b,w)] = 0 for a sufficiently large non-negative
integer N.

The fields Y (a, z), a € V, are called vertex operators.

The locality axiom might look strange algebraically, but it is the direct translation of the physical
requirement that observables must commute at spacelike separations. In the language of formal
distributions, multiplying the commutator by (z — w)”™ smoothly cancels the pole singularity that
arises when the two coordinates approach each other.

Note that translation covariance is equivalent to:
[T, am)] = —nagp_1), a€V,nel

From the field property we know that there is a smallest non-negative integer N such that a(,)2 =0
for all n > N. Then:
0= T(I(N)Q = [T,a(N)]Q = —Na(N_l)Q

Hence N = 0. Moreover we can replace the condition a(_1)2 = a in the above definition with the

stronger condition:
Y(a,z)Ql.=0 =a

As a consequence of the axioms, the Borcherds (or Jacobi) identity holds:

> (m > (n > n (M
> < j> (04 D)y = Y _(=1) < j> Omtn—i) b€ = D (= 1) < j> D) Am+5)C

Jj=0 Jj=0 Jj=0
where a,b,c € V, m,n,k € Z. This identity encodes the associativity structure of the vertex algebra,

together with the locality properties of the fields, and can be regarded as the mode expansion of the
OPE relations among vertex operators [80].
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Definition 6.1.3. A linear subspace W C V' is called vertex subalgebra, if @ € W and a(,,)b € W for
alla,be W, n e Z.

A vertex subalgebra can be interpreted as a closed sector under the OPE: inserting fields from W
cannot produce states outside W.

Note that:
Ta = Ta(,l)ﬂ = a(,l)TQ + [T, a(,l)]Q = a(,g)Q

Hence a vertex subalgebra is always T-invariant and thus W inherits the structure of a vertex algebra.
The intersection of a family of vertex subalgebras is again a vertex subalgebra. Then for every subset
F C V there is a smallest vertex subalgebra W (F) containing F, the vertex subalgebra generated by
F. If W(F) =V we say that V is generated by F.

Definition 6.1.4. The subspace Z C V' is an ideal if it is T-invariant and a(,)b € Z for every a € V,
be T andn € Z. A vertex algebra V' is simple if every ideal is either {0} or V.

Ideals correspond to decoupled sectors of the theory: they represent states that are not dynamically
connected to the rest of the VOA under operator insertions. So basically, the algebra is simple if there
is no completely decoupled sector.

So far, a vertex algebra V only describes the vacuum sector of the theory, namely the states generated
from the vacuum by the action of the holomorphic fields belonging to the chiral algebra. In the special
case in which the chiral algebra coincides with the Virasoro algebra, V consists of the identity field
together with all its descendants.

However, a full physical theory contains additional sectors. To describe them algebraically, one in-
troduces representations of V, called V-modules. Each irreducible module corresponds to a different
primary field, or equivalently to a different superselection sector of the chiral theory. These modules
provide the chiral building blocks from which the generally non-holomorphic local fields of the full
two-dimensional CFT are constructed.

Definition 6.1.5. A module M over the vertex algebra V is a complex vector space M together with
a linear map:
M M —n— M
Voar—Y"(a,z) = Za(n)z n=l a(yy € End(M)
nez

such that Y™ (Q, z) = 137 and the Borcherds identity holds on M.

Note that every vertex algebra V becomes itself a V-module by setting YV (a,z) = Y(a,z). This
module is called the adjoint module. If the adjoint module is irreducible, then the algebra is simple.
The converse is in general not true [61].

While the vertex algebra axioms capture the algebraic nature of quantum fields, they completely miss
the geometric side of Conformal Field Theory. In CFT, the fields must transform covariantly under
local conformal transformations. To implement this geometrically, we need the algebraic generator
of these transformations: the energy-momentum tensor. This is why we must introduce the Virasoro
algebra.

Definition 6.1.6. Consider a field L(z) = >, o, Lnz "2 on the vector space V. If the endomor-
phisms {L,, : n € Z} satisfy the Virasoro algebra relations:

c
[Ly, Lin) = (n —m)Lyptm + E(n‘% —n) Sptm,0 lv

with central charge ¢ € C, then L(z) is called a Virasoro field. If V' is a vertex algebra, we call v € V
a Virasoro vector if the corresponding vertex operator Y (v,z) = > L,z"""2 L, = Vint1), 1S a
Virasoro field.

Then the following nomenclature fixes the analogy.
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Definition 6.1.7. We shall call a Virasoro vector v € V' a conformal vector if L_1 = T and Lg is
diagonalizable in V. The corresponding vertex operator Y (v, z) is called energy-momentum field and
Ly is called conformal Hamiltonian. A vertex algebra with a fixed conformal vector is called conformal
verter algebra.

One can show that for a conformal vertex algebra, V' is simple if and only if its adjoint module is
irreducible [61].

Now, let V be a conformal vertex algebra and Y (v, z) be the corresponding energy-momentum field.
Set Vo, = Ker(Ly — aly), a € C. Since Ly is diagonalizable we can decompose V' as follows:

V:@Va

aeC
Definition 6.1.8. A non-zero element a € V,, is called a homogeneous element of conformal weight
he =

For such elements we use the following convention:
an = Q(pyha—1) NEL—hg+1=7Z—h,

so that:

Y(a,z) = Z Az " ha

nEZ—hg

And we have the following commutation relations [81]:
[Lo, an] = —nay,

[L—1> an] = (—TL —ha + ]—)an—l
[Lla an] = —(TL — hq + 1)an+1 + (Lla)n—H
for all homogeneous a € V,n € Z

Definition 6.1.9. A homogeneous vector a in a conformal vertex algebra V and the corresponding
field Y (a, 2z) are called quasi-primary if Lia = 0 and primary if L,a = 0 for every integer n > 0.

The vacuum vector is obviously a primary vector in Vj. The conformal vector v is a quasi-primary
vector in V5 which cannot be primary if ¢ # 0.

Definition 6.1.10. A conformal vertex algebra V' is of CF'T type if V,, = {0} for o ¢ N and Vj = CQ.

Hence, in a conformal vertex algebra of CFT type the vacuum is unique and all states have non-
negative integer conformal dimension, reflecting a discrete and bounded-from-below energy spectrum.

Finally we have the following definition:

Definition 6.1.11. A wvertexr operator algebra (VOA) is a conformal vertex algebra such that the
corresponding energy-momentum field Y (v, z) and homogeneous subspaces Ker(Lg— aly ) satisfy the
following additional conditions:

2. V,, = {0} for n sufficiently small;
3. dim(V},) < oo.

If in addition Vp = CS2, then one can show that V,, = {0} for all n < 0; i.e. the VOA is of CFT type
[61].
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6.2 From Vertex Operator Algebras to conformal nets

In the last section we have introduced the basic definition of VOA. It is clear that this approach
to one-dimensional conformal field theories is rather different from the one given by conformal nets.
However, this approach is closer to the usual treatment of holomorphic CFT.

In the following we are going to sketch the construction of a conformal net starting from a VOA. To
do so we need a couple of definitions.

Definition 6.2.1. An invariant bilinear form on V is a bilinear form (-,-) on V satisfying

(Y (a, 2)b,c) = (b, Y (e*F1 (=272 oa, 271)¢)

The transformation rule for the fields on the right-hand side is induced by the inversion of the complex
plane z — 1/z.

Intuitively, an invariant bilinear form should be thought of as a pairing between states inserted at the
origin and at infinity. Since these two points are exchanged by an inversion, moving a field from one
entry of the pairing to the other requires transforming it accordingly under this conformal map.

In particular, the factor (—z~2)% arises from the Weyl factor associated with the inversion, while the
term e*1 accounts for the non-trivial transformation of descendant states.

Definition 6.2.2. An (antilinear) automorphism of a vertex algebra is a (anti)linear map 6 from V
to itself such that 0(a(,)b) = 0(a)n)0(b) for all a,b € V and n € Z, and it satisfies 6(€2) = 2 and
0(Ta) =TH0(a) for all a € V.

If Vis a VOA and (v) = v, then 6 is a VOA (anti)linear automorphism.

Definition 6.2.3. Let V be a VOA with conformal vector v and let (-,-) be a scalar product on V,
namely a positive-definite sesquilinear form (linear in the second variable). We say that it is normalized
if (©2,€) = 1 and invariant if there is a VOA antilinear automorphism 6 such that (6 -, -) is an invariant
bilinear form on V. In this case we will say that 6 is a PCT operator associated with (-, -).

The inclusion of the antilinear automorphism 6 is necessary to bridge the gap between the geometric
definition of VOA invariant bilinear form and the physical requirement of a positive-definite sesquilin-
ear scalar product. In other words, 8 compensates for the conjugate-linearity of the first entry, restoring
the bilinearity needed for algebraic consistency.

Definition 6.2.4. A unitary VOA is a pair (V,(-,-)) where V is a VOA and (-,-) is a normalized
invariant scalar product on V.

A unitary VOA is basically a VOA where every vertex operator Y (a, z) has an adjoint, i.e. a field
defined as Y (a, 2) := Y onez azn)z”+1 where azn) is the adjoint of a(,) with respect to the scalar product

() [61].

Heuristically, 8 may be viewed as a remnant, within the purely chiral setting of a VOA, of the

PCT structure that in a full two-dimensional CFT is encoded geometrically by the transformation
11

(2,2) — (3,3), allowing the purely holomorphic VOA formalism to carry a notion of Hermitian

conjugation analogous to (1.17).

The vertex algebra L(c,0) associated with the unitary representation of the Virasoro algebra with
central charge ¢ and lowest conformal weight 0 is a simple unitary VOA. The only property non-
trivially verified is unitarity: consider the scalar product of the Hilbert space associated to such
representation and € as simply the complex conjugation of complex scalars. Considering the conformal

field Y (v,2) = ,,cz Lnz"""? we have:

Lov=2v Liv=0

Then:
O(Y (v, 2)b),¢) = (Y (v, 2)b,¢) = (b, Y (27 v, 271)e) = (b, 274V (v, 27 1)e)
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And if we expand the field we get:

) Lz %,¢) = (0,Y Lnz"2¢) = (Lnb,c) = (b,L_nc)
neZ nez

So the general condition above reduces to the classical condition LT_n = L,, which is clearly satisfied
by L(c,0), where the possible values of ¢ are restricted to ¢(m) =1 — m=3,4,...and ¢ > 1,
as discussed in section 1.2.7.

6
m(m+1)’

Definition 6.2.5. Let (V,(-,-)) be a unitary VOA. We say that a € V' (or equivalently the corre-
sponding field Y (a, z)) satisfies energy bounds if there exist positive integers s, k and a constant M > 0
such that, for all n € Z and all b € V:

[landll < M(jn| +1)° ||(Lo + 1v)" 0l|

If every a € V satisfies energy bounds we say that V is energy-bounded.
The following proposition gives us a criterion to know when a simple unitary VOA is energy-bounded.

Proposition 6.2.1. If V is a simple unitary vertex operator algebra generated by Vi and F C Vs
where F is a family of quasi-primary 0-invariant Virasoro vectors, then V is energy-bounded.

Of course L(c,0) is energy bounded since it is generated by the conformal vector v € V5.

Consider an energy-bounded unitary VOA. Now we start the construction of the conformal net asso-
ciated to V: first we define the Hilbert space H = Hy(. .y) as the completion of V' with respect to
(-,-). For any a € V and n € Z, a(n) is an operator on H with dense domain V' C H. Due to the
invariance of the scalar product it has also a densely defined adjoint and hence it is closable (see the

definition in footnote 9 of chapter 3).
Now consider a smooth function f(z) on S* = {z € C: |z| = 1} with fourier coefficients:

£ " ﬁ 10\ —inf __ dz —-n
Jn = /7T 27 f(e)e N %91 2miz /(z)z

For every a € V' we define the operator Yy(a, f) with domain V' by:

Yo(a, )b =3 faanb bEV

nel

One can show that sum converges in H due to the energy bounds and hence Yj(a, f) is a densely de-
fined operator on H [61]. From the invariance of the scalar product it follows that Yy(a, f) has densely
defined adjoint and hence it is closable. We call the closure of Yy(a, f) smeared vertex operator Y (a, f).

Now we can associate with every interval I € 7 a von Neumann algebra Ay, ..y)(I) generated by the
operators Y (a, f). Since these operators are generally unbounded, one has to clarify what is meant
by ‘generated’, as a von Neumann algebra, by definition, consists only of bounded operators.

An operator A on ‘H with domain D(A) is said to commute with a bounded operator B € B(H) (and
vice versa), denoted BA C AB, if BD(A) C D(A) and ABa = BAa for all a € D(A). If A is densely
defined and closable and if A commutes with B € B(#), then AT commutes with BT.
A closed densely defined operator A on H is said to be affiliated with a von Neumann algebra M C
B(H) if A commutes with all operators in M’. For any closed densely defined operator A on H the
set

{BeB(H): BAC AB,B"A c AB'"}

is a von Neumann algebra and

W*(A):={BeB(H): BAC AB,B'A c AB™Y
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is the smallest von Neumann algebra to which A is affiliated called the von Neumann algebra generated
by A. If we have a set of unbounded operators, then W*({4;};cz) will be the smallest von Neumann
algebra affiliated to all {4;};cz!. The intuitive idea behind this definition is that a von Neumann
algebra to which A is affiliated ‘sees’ the operator A as if it belonged to the algebra, even though A
may be unbounded.

Then we define:
A o) =W {Y(a, f):a eV, feC®S"),supp(f) C I})

The net I — Ay,..))(I) clearly satisfies isotony. Moreover one can show that €2 is cyclic for the von
Neumann algebra

Aw (81 =\ A @)

IeZ

and also conformal covariance is satisfied [35].

Locality is not guaranteed by construction. In particular we define the following:

Definition 6.2.6. A unitary vertex operator algebra (V, (-, -)) is strongly local if it is energy-bounded
and we have

Aw, ) € Aw,n )
for all intervals I € 7.

A criterion for strong locality is the following:

Proposition 6.2.2. [61] Let V be a simple unitary vertex operator algebra generated by Vi UF where
F C Va is a family of quasi-primary 0-invariant Virasoro vectors, then V is strongly local.

Again, this shows immediately that L(c,0) is strongly local. However, there are many other more
complex examples exposed in [61].

This construction seems to depend on the choice of the scalar product. However, the following con-
clusive result also addresses this problem:

Theorem 6.2.3. [61] Let (V,{(-,-)) be a simple strongly local unitary VOA. Then the map I —
Aw, ., defines an irreducible conformal net Agy,..y) on St If {-,-} is another normalized invari-

ant scalar product on' V' then (V,{-,-}) is again strongly local and A(y,(..yy and Ay{...}) are isomorphic
conformal nets.

We say that Ay := Ay, is the irreducible conformal net associated with the strongly local unitary
simple vertex operator algebra V. The irreducible conformal net associated to L(c,0) is the Virasoro
net Ay = Vire, since in L(c,0) the only non-trivial field is the energy-momentum field Y (v, 2) =
> nez Lnz""7? and its derivatives.

It is also possible to reconstruct the vertex operator algebra from the conformal net Ay . The main
difficulty lies in recovering pointlike fields Y (a, z) from the local von Neumann algebras A(I), which
are defined only for intervals and do not carry an explicit dependence on the complex coordinate.

Since also this construction is very involved, we give just the idea [61]: consider a conformal net A
and let a € H be a quasi-primary vector of conformal weight h, € N. For every f € C*(S') we can
consider the vector a(f) defined as:

o 1 n
a(f) =Y fon-niLma
neN ’

where in the context of conformal nets, L_; is the representation on the vacuum Hilbert space H of
the associated generator of the Virasoro algebra.

Precisely [61]: W*({A:}iez) = (Usez W*(A;))” = (Niez W*(A;)") since the commutant of the union equals the
intersection of the commutants.
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Then, with the help of Tomita—Takesaki theory, one can define for all I € Z the operator-valued
distributions

Coo(Sl)BfHYI(avf% YI(aaf)BQ:Ba(f)7 supp(f)CI,BEA(I)/

These operators are called Fredenhagen-Jorfl smeared vertex operators or FJ fields. As usual for
distributions we can use the formal notation

Vita. ) = [ 5o Ve 2) )"

Then we say that the family {Y7(a,2),z € I : I € T} is an FJ vertex operator or an FJ field.

It is not known if the FJ smeared vertex operators admit a common invariant domain. Hence we
cannot extend the family of distributions {Y7(a,z),z € I : I € I} to a unique distribution Y (a, 2). In
particular the FJ fields cannot in general be considered as quantum fields in the sense of Wightman
[61].

Theorem 6.2.4. [61] Let V be a simple unitary strongly local VOA and let Ay be the corresponding
irreducible conformal net. Then, for any quasi-primary vector a € V we have Yi(a, f) = Y(a, f)
for all I € T and all f € C®(SY), supp(f) C I, i.e. the smeared vertex operators of V coincide
with the FJ smeared vertex operators of Ay . In particular one can recover the VOA structure on
V =@,y Ker(Lo — nly) from the conformal net Ay .

In addition, in [61] the authors have identified a set of conditions for a generic irreducible conformal
net A necessary to construct a vertex operator algebra V such that Ay = A.

In particular, we say that for every a € H the corresponding FJ vertex operator Y7(a, z) : I € I satisfies
energy bounds if there exist a real number M > 0 and positive integers k and s such that:

Y1 (a, /O] < M (Z(Inl +1)° |nt> [1(Lo + 130)" bl|

neL

Moreover we say that a family F C H of quasi-primary vectors generates A if the corresponding FJ
vertex operators generate the local algebras, i.e.

A(I) =W*({Yy(a,f):ac F,f € C™(1), 11 € I,1y C I,supp(f) C I1})

Theorem 6.2.5. [61] Let A be an irreducible conformal net that is generated by a family of quasi-
primary vectors F. Assume® 0F = F and that for every a € F the F.J vertex operator {Yi(a,z): I € I}
satisfies energy bounds. Moreover, assume that Ker(Lo — nly) is finite-dimensional for all n € N.
Then, the vector space V := @, o Ker(Lo — nly) admits a VOA structure making V' into a simple
unitary strongly local VOA such that Ay = A.

A direct correspondence between the representation theories of a vertex operator algebra (VOA) and a
local conformal net is generally more difficult to establish, although significant recent progress has been
made [82, 83]. However, for the simple models given by L(c,0) and Vir., the representation theory
in both frameworks reduces to the representations of the Virasoro algebra, making this identification
seamless for our purposes.

To construct a consistent two-dimensional Euclidean CFT out of a VOA, simply combining two chiral
theories and imposing modular invariance is usually insufficient; numerous examples exist of modular-
invariant bilinear combinations of characters that fail to correspond to the partition function of any
physical CFT [33]. Remarkably, the strategy developed for the relativistic setup remains valid in the
Euclidean construction: one starts from the modular tensor category of representations of the two
VOAs, C = Rep(Vy/R), describing a chiral RCFT, and considers the product C X C°PP. The missing

26 is a PCT operator associated to the conformal net which coincides with the modular conjugation operator J from
Tomita—Takesaki theory restricted to the upper semicircle S} [61].
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data required to consistently glue the left- and right-moving chiral sectors together is precisely a special
Frobenius algebra, or a Q-system [33, 84].

In summary, the key takeaways are:

e VOAs and conformal nets provide equivalent (under suitable hypotheses) axiomatizations of
one-dimensional chiral CFTs.

e In both frameworks, the construction of a full 2d CFT requires additional data, captured in the
RCFT setting by a Q-system (or special Frobenius algebra). Consequently, modular tensor cate-
gories provide a natural categorical language linking the Euclidean and relativistic formulations
of RCFTs.

o for RCF'Ts, the classification of defects is identical in both approaches, with the total number
of defects given by Tr[Z7 Z] in both cases.

Hence, it is natural to expect category theory to provide a unified description of defects, at least for
certain classes of models. However, the derivation of defects in the relativistic theory relies heavily on
causality, in contrast with the Euclidean approach, which is rooted in modular invariance.

In [33], the authors demonstrate that the correct categorical framework for defects is given by Q-Q
bimodules. A Q- bimodule is an object within the category endowed with commuting left and right
actions of a chiral Q-system (), which encodes the two-dimensional theory. This structure naturally
mirrors the physical behavior of a defect line partitioning the complex plane into two halves, each
governed by a bulk theory associated with the chiral Q-system @Q.% In the next section, we will follow
the approach of [35] to show that this categorical framework is fully compatible with the algebraic
classification established in the preceding chapter.

6.3 The categories of modules and bimodules

In this section we are going to use a notation adapted to C = CP#(A) with A chiral net, since we are
going to apply these notions directly to that category. In particular, Obj(C) are denoted with Greek
letters, since they will represent DHR endomorphisms, and intertwiners, including the one defining
the algebra objects, will be denoted with lowercase Latin letters.

We are going to extend the usual notion of a module over a ring to the general setting of tensor
categories.

Definition 6.3.1. Let Q = (0, w,z!) be an algebra in a tensor category C. A (left) Q-module in C is
a pair m = (8, m) of two data: an object 8 € Obj(C) and a morphism of C that specifies the action
of Q on 3, mg =m € Hom(O© ® 3, ), called representation morphism. Further, m must satisfy the
representation properties

mo (ide ® m) =mo (27 @idg) mo (w®idg) = idg

We can represent m and the representation properties respectively as:

3 As in the general algebraic treatment of defects, we will focus on defects within a single theory, which are described
by @ — @-bimodules. However, the same framework also describes interfaces between two CFTs, each associated with a
particular Q-system. Such interfaces are classified by Q1 — Q2-bimodules [33, 85].
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O B ® B ® 6 f 6 6 8 BB

Note that in the above definition, Q is not required to be a Frobenius algebra, nor is required a dagger
structure on C. In particular, we remind that Q-systems are denoted @ = (©,w,x) and are both
algebras, denoted as triples (0, w,z!), and co-algebras, written as (0, w', z).

Analogously, one can define right modules and co-modules over a co-algebra. Note that not every ob-
ject needs to underlie some Q-module, and the same object can be a Q-module in different inequivalent
ways.

Definition 6.3.2. For (left) Q-modules n, m, a n — m-intertwiner is a morphism f between [, and
B satisfying fon =mo (idg ® f). Pictorially:

B B

m

- [s

C B, C B,

Given an algebra Q in C, we call Cg the category with Q-modules as objects and
Homg(n,m) := {f € Hom(5,, fm) : fon=mo (ide ® f)}

as morphism spaces.

The category Cgq inherits many properties from C [33]. For example, when C is modular and hence
semisimple and when Q is special Frobenius, then the category Cg is semisimple. On the other hand,
that C is modular does not imply that Cg is modular. In fact, it does not even imply that Cq is a
tensor category. However, a sufficient condition for Cg to be tensor is then that Q is a commutative
algebra and has trivial twist, i.e. fg = ide [33].

A strategy to compute the modules over an algebra object is to study the induced modules.

Definition 6.3.3. For § € Obj(C), the induced (left) module Indg(B) is the @Q—module that is equal
to © ®  as an object in C and has representation morphism z ® idg, i.e.

Indg(B) := (0 ® B, 2" @idg)

Pictorially:
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Note that Indg(id) = Q = (6, z1), i.e. every Q-system can be seen as the induced Q-module by the
tensor unit, here represented by the identity endomorphism.
The following proposition is particularly useful to compute induced modules.

Proposition 6.3.1. [33] Let Q = (©,w,x) be a Frobenius algebra in a tensor category C, p € Obj(C)
and m = (S, m) a Q— module. Then there are natural isomorphisms:

Hom(p, ) = Homg(Indg(p),m) ~ Hom(B, p) = Homg(m, Indg(p))
In particular:

dim Hom(p, 8) = dim Homg(Indg(p), m) dim Hom(, p) = dim Homg(m, Indg(p))

This proposition is helpful because if m = Indg(o) for o € Obj(C), we get
dim Hom(p, ©® ® o) = dim Homg(Indg(p), Indg (o))

dim Hom(© ® o, p) = dim Homg(Indg (o), Indg(p))

Since the left-hand side can be easily computed, this relation can be used to determine whether an
induced module is simple or not.
Then the following proposition tells us how induced modules are related to general modules:

Proposition 6.3.2. If Q is a special Frobenius algebra in a semisimple tensor category C, then every
Q-module is a submodule of an induced module, and the category Cg of Q-modules is semisimple.

Corollary 6.3.3. The module Indg(p;)(j € J) decomposes into simple modules my, (k € K) according
to:

Indg(p;) = @ dim Hom(pj, B) my,
kel

where J labels simple objects and K simple modules.

That Cq is semisimple means that every Q-module decomposes as a finite direct sum of simple Q-
modules. Moreover, every simple Q-module appears as a subobject of an induced module Indg(p),
where p is a simple object of C. Since in our case C is a modular tensor category, it contains only
finitely many isomorphism classes of simple objects [33]. As a consequence, there are only finitely
many isomorphism classes of simple Q-modules.

However, a defect separates the plane into two regions, each described by the same theory up to
isomorphism. Therefore, a module is not sufficient to describe a defect, since it only encodes a one-
sided action, while a defect requires both left and right actions together with their compatibility, i.e.
a bimodule structure?.

4With the same reasoning, we can interpret Q-modules as describing boundaries of a CFT, where the action of the
Frobenius algebra Q encodes the presence of the theory only on one side of the boundary [33].
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Definition 6.3.4. Let Q1 = (01, w1, :L“D and Q2 = (O2, wa, a:;) be algebra objects in a tensor category
C. Then a Q1 — Q2-bimodule is a triple m = (3, m;, m,) consisting of an object 5 € Obj(C) and two
morphisms m; € Hom(0; ® 3, 5) and m, € Hom(8 ® ©q, 3), such that (8,m;) is a left Q1 —module
and (5, m,) is a right Q2—module. Furthermore the actions m; and m, commute, i.e.

my o (id@l X mr) = m, O (ml & id92)

Pictorially:

my m,

@1 B ®2 ®7 B G)Z

Note that, similarly to modules, the algebra Q) itself can be seen as a () —Q—bimodule with the algebra
product as left /right actions.

In contrast to Q—modules, for any Frobenius algebra Q in a tensor category C, the category 5Cq of
@ — @Q—bimodules is again a tensor category. However, in general, the bimodule category does not
have a braiding and a twist either [33].

Note that we can equivalently define a Q1 — Q2—bimodule as a pair m = (5, m) where m € Hom(0; ®
B ® O, B) satisfy:

8 B8 B B B8 B
® B8 O S} B8 C) B8 8 ®0 8006 @08 006

This is done simply by setting m := m; o (idg, ® m,) = m, o (m; ® ide,). On the other hand, given
m = (8, m), the pairs mj = (3, (ide, ® idg ® wz) o m) and m, = (5, (w1 ® idg ® ide,) o m) are a left
@Q1—module and a right QQs—module with commuting actions:

B B B B 8
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One can show that if C is a braided tensor category, then bimodules can equivalently be thought of as
left (Q1 ® Q5"")-modules, so that once one knows how to find modules, it is not necessary to develop
new techniques to find bimodules [33].

The opposite algebra Q°PP is defined as follows:
Proposition 6.3.4. [33]
e Q= (0,w,2") is an algebra if and only if QPP := (0, w,z' o 651@) s an algebra;

e Q= (0,w,w',zl x)is a symmetric special Frobenius algebra if and only if QPP := (0, w,w', zTo
6519, €00 © ) is an algebra;

Note that for a commutative algebra () = Q°PP.
The tensor product of algebras is defined categorically as:

Proposition 6.3.5. [33]

e For any two algebras Q1 and Q2 the triple (01 ® @2,:ETQ1®Q2,wQ1®Q2) with, :EZ?1®Q2 = (ngl ®

:Uzh) o (ide, ® 661,92 ®ide,) and wg,eq, = w1 ®we furnishes an algebra structure on the object

Q1 ® Q2.

o IfQ1,Q2 are symmetric special Frobenius, then also Q1 ® Q2 is symmetric special Frobenius, with
counit Wy, o0, = w{ ®w§ and coproduct given by £Q,2Q, := (ide, ®eo, 0, ®ide,) o (29, ®xg,).

Also the inverse convention of braiding is possible.
I.e. it corresponds to the braided product of two algebras.

Proposition 6.3.6. [33] For Q1,Q2 algebras in a braided tensor category, the mapping
£ (Bomime) o (B,mo (ido, ©my) o (ide, @ €55,))
takes Q1 — Q2-bimodules to left Q1 ® QY -modules. f is invertible, with inverse g given by

g:(B,m)— (B, mo (ide, ® wy ®idg), mo (w1 ®€go,))

Pictorially:
B8 B B8 B8 B
my my m m m
S g
—> —> ( my — ) m, — )
m, mrﬂ
| s
0, 8 0, ©, 0, B 0, 0, 0, b § 0,

We can define a product of bimodules. First, we need the following definition:

Definition 6.3.5. Let p € Hom(p, p) be an idempotent, pop = p. A triple (o,e,r), consisting of an
object o € Obj(C) and morphisms e € Hom(c, p) and r € Hom(p, o), is called a retract of p iff

eor=p roe=id,

The subobject o of p is then called the image of p, denoted I'm(p).
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Note that this notion is just a categorical generalization of projections.

Consider now three special Frobenius algebras Q1,2 and Q3 and let m and n be Q; — Q2- and
Q2 — Q3-bimodules respectively. Consider now the morphism pmn € Hom(B,, ® 5n, Bm ® Br) given
by:

B Br

pm,n —

Bm B

Using that )2 is special Frobenius, one can verify that py n is an idempotent and that there exists a
retract for it [33, 85]. Noting that 3,, ® 8, is naturally a Q1 — Q3-bimodule’® and that the image of
Pm,n is a subobject of 3, ® B, we define the product bimodule as:

m ®q, n = Im(pmm) € QlcQs

Note that we can consider a left Q2-module, x, as a Q2 — 1—bimodule, where 1 := (id,1,1) is the
trivial Q-system. Then its product with the @1 — Q2—bimodule m € ; Cq,, namely m ®q, x, is a
well-defined left ()1-module.

In [33] it is shown that the number of isomorphism classes of simple @ — @-bimodules is given by
Tr(Z*Z), where Z is the coupling matrix of the associated two-dimensional model, namely the multi-
plicity matrix relating left- and right-moving characters in the partition function. From the algebraic
point of view, this is the same matrix appearing in the decomposition of the Hilbert space of the two-
dimensional theory into irreducible left /right representations of the Virasoro algebra. Equivalently, if
the two-dimensional theory is described by a Q-system, Z is the matrix encoding the decomposition
of the object © appearing in Q, as in equation (4.7).

This result, together with the discussion at the end of the previous section, already highlights bi-
modules as natural candidates for the description of defects. However, in the previous section we
established the equivalence between the algebraic and Euclidean axiomatizations of one-dimensional
CF'T, while the corresponding relativistic and Fuclidean two-dimensional theories remain intrinsically
different objects. Nevertheless, in both approaches the construction of the full two-dimensional theory
relies on the choice of a special Frobenius algebra in C X C°PP, encoding the sewing of the two chiral
components. For this reason, if a genuinely common description of defects exists, one expects it to
emerge purely from chiral data.

This, in turn, requires a systematic procedure to construct a two-dimensional Q-system starting from
a chiral one. Such a construction is provided by the full center of a Q-system.

In the next sections we will see that the full center is indeed a well-defined construction and, moreover,
that the correspondence between defects and bimodules holds precisely when the two-dimensional CFT
is described as the full center of a chiral Q-system. In this way, defects are classified by bimodules
living entirely in the chiral category.

SWith respect to the Qi left action of m and the Q3 right action of n.

142



6.4 Full center of Q-systems

Every Q-system in CPHE(A) lifts trivially to a Q-system in CXICPP by tensoring with the identity [35].
For each chiral Q-system, there exists an associated Q-system for the corresponding two-dimensional
theory.

Definition 6.4.1. The left/right full centers of a chiral Q-system Q in CP"?(A) are given by

Z41Q) = CH(Q ® 1) X* Quan]
which are Q-systems in CPHR(A ® A) := CPHE(A) K CPHE(A)erp
Therefore the full center is given by the following two steps:

1. Construction of a 2D non-local CFT as a braided product of a chiral extension with the canonical
2D local QFT;

2. Restriction to the respective® maximal local subtheory.

So the full center is an algebraic prescription to generate modular invariant two-dimensional CFTs
from the chiral data.

The name full center can be seen as a generalization of the algebraic notion of center, since Z gives
rise to the maximal local extension. In this sense, it is the maximal commutative (i.e. local) Q-system
associated with the two-dimensional theory.

One can show that the two full centers are not independent [35]. In the sequel, “full center” Z[Q] will
always mean the left full center Z1[Q)].

Proposition 6.4.1. Denoting as 1 = (id, 1,1) the trivial Q-system, the following relation holds:
Z[l] = Qcan

Proof. Of course 1 X+ Qean = Qean. Now we have to show that C*[Qean] = Qcan- This is obviously true
since the center of a Q-system gives the maximal local intermediate extension and Q)4 is commutative.
O

Since the trivial Q-system, @) = 1, always exists, all the results valid for full centers are also valid for
canonically extended systems.
A useful side result is the following:

Proposition 6.4.2. [57] Let Q) be an irreducible Q-system in a modular tensor category C. Then all
full centers have the same dimension:

dZ[Q} = dim(© [Q Z Zyrdim(o) dim(r) = = (2 o Z dim( pJ
JjeJ

where J labels all the equivalence classes of simple objects of C.

An important property of the full center involves the notion of Morita equivalence. This notion was
originally formulated in ring theory: two algebras are said to be Morita equivalent if their categories of
modules are equivalent. In this sense, Morita equivalence can be understood as a notion of “sameness”
of algebras from the point of view of their representation theory.

In the more general setting of algebra objects in tensor categories, Morita equivalence is defined as
follows [86]:

STf in step 1. we choose x T, we are forced to choose the left center C* and vice versa. Indeed, one can show that

CE(Q @ 1) X Qean] = Qean [35, 57).
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Definition 6.4.2. Two algebras ()1, Q2 over a tensor category C are Morita equivalent if there exist
a Q1 — QQo-bimodule m and a ()2 — Q1-bimodule n such that

m ®g, n~ Q1 n®go, m~ Q-

as bimodules.

These bimodules implement an equivalence between the corresponding module categories: for in-
stance, if x is a left Q1 —module, then n ®¢, x is a left module over ()2. This provides a categorical
generalization of classical Morita theory.

The main result is the following:

Proposition 6.4.3. [86] If Q1 and Qo are Morita equivalent algebras, then Z[Q1] and Z[Q2] are
isomorphic.

In the following we restrict ourselves to CFTs arising as full centers of chiral Q-systems. In this
framework, Morita equivalent chiral algebras give rise to the same full two-dimensional CFT.

6.5 Bimodules-defects correspondence

Now we will expose the results from [35, 57| which relate the previous classification of defects to chiral
bimodules. The main result is the following:

Theorem 6.5.1. [57] Let A be a completely rational chiral CFT net, and C = CPHE(A) its (modular
C* tensor) DHR category. Let BY (Y = L, R) be two local chiral extensions of A® A whose com-
mutative Q-systems Q¥ = (0Y, WY, XY) arise as full centers of chiral Q-systems Q1 = (O1,1,w1)
and Qg = (Og,x9,w3). Then the minimal projections I, € [Hom (0% 0L), 4] (i.e., the solutions to
the system (5.17)) are given by the operators

I = dim(3)

= 55 5 DRmz (6.1)
XN

where m = (B, m) runs over the equivalence classes of irreducible Q1 — Q2—bimodules. Consequently,
Em = x(Im) are the minimal central projections in D N D’ that classify the irreducible boundary
conditions according to corollary 5.3.3.

The proof is rather long and so we omit it, but can be found in [57]. Note that in the treatment of
defects, this is the only theorem so far where modularity is assumed.

Now we have to define what are the operators Dpgjy)z. Consider a 1 — Q2-bimodule m = (8, m)
over the category C = CPE(A). We can define the intertwiners:

Dy == 1},B(€0,,5 ©18(r}) m')ry € Hom(0,,01) (6.2)

where, as usual, r; = x;w;, ¢ = 1,2, and r3 € Hom(id, B3) is part of a standard solution to the
conjugacy relations for § and § depends on m only through its equivalence class as bimodule [35].
This intertwiner can be represented as:
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In particular, these operators form a ”representation” of the tensor category of bimodules [35, 57]:
Proposition 6.5.2. [57] The operators Dy, satisfy the following properties:

1. Dy, depends only on the unitary equivalence class of m = (8, m).

2. Diy = D

3. Dmiems; = Dm, + Dm,

4. Denoting Q; — Qj-bimodules as mg,q,:

D D —dg, - D

mQ,Q, " FmQ,Qs mQ;Qy ®Q, MQyQs

=dg, - Z dim Hom(mQ1Q2 ®Q2 mQ2Q3’mQ1Q3) 'DmQ1Q3
mq,; Qs

Here the product on the left-hand side is the ordinary composition of intertwiners.

5. wJ{meg = dim(f5) =: dim(m) for m = (3, m).

We have seen that a chiral Q-system in C defines a Q-system Q ® 1 in C KIC°PP. Similarly, a Q1 — Q2-
bimodule m in C can be lifted to a )1 ® 1 — Q3 ® 1-bimodule in C K C°PP, denoted m ® 1.

The notion of braided product of Q-systems gives rise to a braided product of bimodules [35], so that
if we denote the full center of Q-systems as:

RQI=Q®1)x " Quan =  Z[Q]=CTIR[Q =CT[(Q®1) xT Qean]
we can define R[Q1] — R[Q2]-bimodules as
R[m] := (m @ 1) " Qcan

where Qcan is the canonical Q-system in C X CPP regarded as a Qcqn — Qcan-bimodule. Since the full
center Z[Q)] is an intermediate Q-system with respect to R[Q], we can define Z[Q1] — Z[Q2]-bimodules
restricting R[m] to the full centers Z[Q1] and Z[Q2].

Then, Dpgpy)|z in equation (6.1) is just equation (6.2) for the Z[Q1] — Z[Q2]-bimodule R[m]|,, where
m is an irreducible Q1 — Q2-bimodule”.

As said earlier, the number of chiral bimodules between two Q-systems is known and equals the
dimension of the center of equation (5.12). Thus, provided DRgm)|z are linearly independent, they
form a basis of Hom(©%, ©F).

In [57] it is shown, using the non-degeneracy property of the braiding in a modular category, that they
are indeed linearly independent, and in fact orthogonal with respect to the scalar product:

(D1, Dy) := R . DDy RR = R . DyDI - RY, Dy, Dy € Hom(0F, ©F)

Represented as®:

(Dy,D,) = —

"Indeed, while D € Hom(©2,01) we have Dgjm)z € Hom(6%, ©%).
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where we are again using the blue color for © in order to distinguish it from ©%.
In particular [57]:
(DRjmy)|zs DRima) 2) = did3dgy,,, - Omy my

where d; and ds are the dimensions of the Q-systems ()1 and @5 respectively.

Let’s now denote T' := WPLW;” the elements of the other basis of Hom (0%, ©%), where T is understood
to include the label p and possible multiplicity indices. Recalling that W,}/ TWKE/ = dy/dim(p), Y =
L, R, one finds:

(T,7") = Lém “Or (6.3)
’ dim(p)

where dy = dg,,, thanks to proposition 6.4.2. Indeed:

d
N _ pRT Ry Lty Ly Rt R _ YQcan Rt Ry Rt R
(T, T")=R -Wp,Wp, Wp Wp -R" = a (,0) -6[,/7[,-R -Wp,Wp ‘R

and the remaining term can be resolved using the cyclicity of the trace:

Qcan

dm(p) |" = dow 60

Then we can normalize both bases and define a unitary matrix that allows one to pass from one basis
to the other.

Definition 6.5.1. The passage from the normalized basis

/dim(p)

dQcan

1 ) . .
T DRm)|z to the normalized basis

- T defines a unitary matrix:

dim(p)

gQ2 . - (DRimliz, T 6.5

m,T d1d2d%um ( R[m]|Z ) ( )
called generalized S-matriz.

Then we can finally expand the elements T = WIfo " in terms of the minimal central projections
Iy, of equation (6.2) in order to compute the boundary conditions.

d 1 dyrdadg
WLWRT —T = Qcan SQ1Q2 X .D _ can SQlQQ T
e dim(p) o "™ gy, Y dim(B)y/dim()
Thus, by equation (5.16), the values of taken by the central operators B, = \Ilﬁ

representation labeled by m are:

T\I/f in the irreducible

dydad
Tm(By) = — 2o ___ . g% = (B,m), T = WrWFt (6.6)
dim(8)y/dim(p) ™

In summary:

8Note that the equality between the two algebraic expressions for (D1, D2) admits a simple graphical interpretation:
it follows from ”sliding” one of the two intertwiners around the circle. Formally, this is a standard property of traces,
namely the cyclicity of equation (2.26), which can be proved straightforwardly using the snake identities together with
the definition of dual morphisms.
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Corollary 6.5.3. The irreducible boundary conditions, i.e., the irreducible representations of D =
BZLD X~ BfD are labelled by the chiral bimodules between the chiral Q-systems whose full centers give
rise to the extensions BzLD and BfD. The "angles” ﬂm(\IfﬁT\I/f) between left and right fields are given
by the matriz elements of the generalized S-matriz as in equation (6.6).

Recall now from proposition 6.4.1 that if Q1 = Q2 = (id,1,1) =: 1, then their full centers coincide
with the canonical Q-system. By proposition 6.3.6, bimodules over Q=1 are isomorphic to modules
over Q ® QPP = 1®1 = 1 = @. Hence bimodules over 1 are isomorphic to left modules over
1. By proposition 6.3.1, each module over 1 induced by a simple object p is itself simple, since
dim Homj (Ind; (p), Ind; (p)) = dim Hom(p,1 ® p) = 1. Hence, the irreducible @1 — Q2-bimodules m
of theorem 6.5.1 are labeled by simple objects o of CPH®(A). On the other hand, the isometries
T= WpL® ﬁWp%Tﬁ are labeled by p ® p and the generalized S-matrix reduces to:

11 qll
SII’I,T - SIndl( So‘,p

0),pRp

where on the right-hand side we have the ordinary S-matrix describing the chiral CFT, since with
these assumptions equation (6.6) collapses to match exactly equation (5.19):

__ 1-1-do

~ dim(0)/dim(p ® p) ‘

B g
dim(c)dim(p) ~7°

- Sa,p SOO

" S505,0

TP

didad
ﬂ_m(Bp) _ 162 Qcan . SQIQZ

_dim(ﬁ) dim(p) m, T = 7o(By)

with S,0 = 8,0 - S0 = dim(p)/dq,., where we have used equation (3.28) to write Spo = 1/dg....°-
Hence, we recover the result that, in diagonal theories, irreducible boundary conditions are labeled
by simple chiral objects. Furthermore, their fusion rules coincide with those of the corresponding
(induced) bimodules, which in turn match the fusion rules of chiral DHR endomorphisms. Thus, we
reconfirm that Verlinde lines obey the same fusion algebra as primary operators.

Other special cases are the following:

o If T = WEWPE! then:

dim(p) \/dim(p)

Q1Q2 _ VEEP) LyyRty - VSHRP) T Ly R _
Sm,ld _dlde%CQn (DR[mHZ’ W W ) - d1d2d3Qcan Tr("')R [DR[m]IZW W ] —
_ /dim(p) Rt yt L _ \/m Rt L
7% - Trig[W DR[m”ZW | = m -W DR[m]\ZW

where we have used again the cyclicity of the trace.
Then a generalization of property 5. in proposition 6.5.2 to Dgjmy) 7 gives [57]:

dim(p) :
Spide = hdods, d3.,, dim()

So that:

dydad,
mn(Bia) = —— 2R ST = 1
dim(5) /@i (p)

Therefore, as expected, every defect acts trivially on the identity operator.

9Recall that dg,,,, = \/dim(Ocan) = \/Zp dim(p® p) = \/Zp dim(p)? with p irreducible chiral endomorphism.
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e If we have isomorphic theories on both sides of the boundary, i.e. Q1 = Q2 = @, we can consider
m = Q as a Q — Q-bimodule. In this case, one can show that Dgm)z = didg,,, le, [57], so
that:

dim(p)

di=do=dg +/dim(p ) 9 dim(p)
Q T dldzdécan Q Qcan Qcan

- didg,,, (1,T) X Y
! dyd?, AQcan

(6.7)

where we have used the fact that in this case, since ©F = O the scalar product becomes

dr
dim(p)

dQ.a, dim(p)

_ T Ryi R Riyi/R _
(17T) r@R[Wp Wp ] TI'@R[W W ] dlm(p) dQcan

- Trplid] =

where we have used again the cyclicity of the trace as in equation (6.4).
2

d
As a consequence, since dé = dg = dim(), we have mg(B,) = m 1 =1 for all p, meaning
that we get exactly the identity for all the endomorphisms p. This implies that the trivial defect
corresponds to the trivial bimodule.

One can also use the following proposition to compute the generalized S-matrix in more general situ-
ations.

Proposition 6.5.4. Consider the assumptions of theorem 6.5.1, but now let Q¥ , Y = A, B, C, be three
Q-systems arising as full centers of chiral Q-systems Qy, QY = Z[Qy], Y = A, B,C. Furthermore,
assume that dim Hom(0Y, p) € {0,1} for all p € Obj(CPHE(A) K CPHE(A)PP) Y = A, B,C, i.e
there are no multiplicities. Then:

d
N Z e gdB SBC ST, T =wWiwE! (6.8)

mjms /7(11 my, mg3, T >’

where my, my, m3 are Q4 — Qp,Qp — Q¢ and Q4 — Qc-bimodules respectively, and Ng®,, —are the
fusion coefficients:

m; ®q, my = ZNﬁme '

Proof. First, we need to generalize property 4. of proposition 6.5.2 to the lifted intertwiners D gy z-

For m; an irreducible Q 4-Q g-bimodule and ms an irreducible Q g-Qc-bimodule, we use:™°
Dimy)\z - DRimg) 1z = @50Quan Y N, DRima)z (6.9)
ms3

where dp := dg,. The product on the left-hand side is the ordinary composition of intertwiners.

As a consistency check, take mo = @ p, regarded as the trivial Qp — @p-bimodule. As already
observed Dpm,)z = d%dg.,., lor. In general, one can show that my = Qp acts as the unit of the
fusion product of bimodules, i.e. m;®g, ms = m; [57]. In terms of the D R[m]|z Operators the product
becomes:

Dgimy)1z - Diims)|z = 5AQeun DRjim,y )|z

which fixes the normalization in (6.9).

Now we use (6.5) to express equation (6.9) in the 7" basis. In particular, for a Q4 — @ p bimodule m:
DRim)|z = dadpdq,,,, Z /dim(p) SI?IJ,BT T
T

where the bar denotes complex conjugation of the corresponding matrix element.

0This equation appears in [35], but it contains a normalization error. The consistency check performed here should
not be regarded as a proof of the formula, but rather as a way to identify the correct normalization.
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Hence the left-hand side of (6.9) becomes:

dadpdody,,, > +/dim(p) dim(p) SAP . SBC, T
1,13

whereas the right-hand side becomes
didq..,dadcdg,.,, ZN::me Z \Jdim(ph) SAC

After simplifying the common factors:

Z V/dim(pp) dim(po) Sﬁfﬂ S£§T2 T = N::f’m2 Z W SACT, T3

T1,T>

We now take the scalar product with a fixed T5. Using the normalization (6.3), this gives

g2
S Vi) dim(pe) SAL 7, S, (To ThTs) = 3 N, SpG, — i
11,1 ms 1m(p3)

Multiplying by

dim(ps3)
2 mj, T3
Qcan
and summing over T3, the unitarity of the generalized S-matrix yields
NEomy = > dgl \/dim(py) dim(ps) dim(ps) SAD . SBC, SAC . (T3, T1Ty) (6.10)
T1,1T5,T3

Let us now analyse the product T175. This is simply the ordinary composition of intertwiners. In the
present setting, the labels L/R are replaced by the labels A, B, C' of the three Q-systems. Thus

Ty € Hom(0%8l 714 T, e Hom(04l° ©%Bly T3 € Hom(0%¢], @7l4])
where Z[Y] := Z[Qy], Y = A, B,C. In the multiplicity-free case, we may write

A Bt Byy/Ct A C
=W, Wm ) =W, Wp2 ) - VVp:zVVszr
Therefore

Tt =W (WEtwE)wi

Now WgTWp‘g € Hom(pa, p1). Since the sectors p; are irreducible, Schur’s lemma implies that this

morphism vanishes unless p; ~ ps. With the chosen normalization of the W,’s, we have Wf TWf =

dQcan 11

Tt (p) 1,. Hence

dQean A Ct
T, = m‘sm,m W W,

Taking the scalar product with 75 and using again (6.3), we find

dq A C d
Ty, T\T) = —Qean_s (T, e T) _Qean_5 5
( 3,41 2) dim(pl) P1,P2 3 W d1m(p1)2 P1,p29p3,p1

Equivalently, in the multiplicity-free case,

(Tg, T1T2) = d%can dim(p)725Tl,T35T2,T3‘

"1In the presence of multiplicities, one would still have ngB TW32B X 0p;,ps, but with an additional Gram matrix gzj
on the multiplicity space. This matrix can be chosen diagonal by taking an orthonormal basis of Hom(p, ©% (B ]). This,
however, makes the derivation less straightforward.
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Inserting this back into (6.10) gives:

ng Z dQcan AB SBC SAC

mijmso VGT44* th mo, T ¥m3,T

Finally, since the fusion coefficients are non-negative integers, we may take the complex conjugate of
the whole expression and obtain the (6.8).
O

Considering (6.7), the next corollary immediately follows:

Corollary 6.5.5. With the assumption of the previous proposition, if B = C we find a "generalized
Verlinde formula”:

S TSBBT ABT
ms _ miy, ma, ms, _ Avx7 Bt
Nimim, = BB , r=wiw,
T B,T

and the unitary matrices SAB m,r diagonalize the fusion rules:

S8

ms _ m,

Z Sml TlemSmg T — SBB : 5T,T/
B.T

mjm3s

Actually, in [35] the authors came up with a stronger result, relating general defects to bimodules,
whereas theorem 6.5.1 relates bimodules just to the boundary conditions.

Note first that by construction we have:

BY =D = Bk

loc loc
Then the result is the following.

Theorem 6.5.6. [35] Let BY, Y = L, R, be two local extensions of A® A whose commutative Q-
systems QY = (©Y, WY, XY) arise as full centers of chiral Q-systems Q1 and Qz, i.e. Q¥ := Z[Q1]
and QF := Z[Qs]. Then there is a one-to-one correspondence between factorial defects

+ __BR

loc

BE=D-  cD>D

loc

and equivalence classes of (not necessarily irreducible) Q1 — Q2-bimodules. The defect is a boundary
condition if and only if the bimodule is irreducible. In this case, the boundary condition is irreducible.

Note that if the bimodule is not irreducible, then it is associated with a defect rather than with an
elementary boundary condition. This is consistent with the interpretation of an algebraic defect D
as an extension encoding not only the defect itself, but also possible additional degrees of freedom
corresponding to defect operators. Indeed, for a non-simple bimodule m, the algebra End(m) is non-
trivial, whereas for a simple bimodule Schur’s lemma implies End(m) ~ C.

Therefore, irreducible bimodules correspond to boundary conditions, while reducible bimodules de-
scribe superpositions of such boundary conditions together with non-trivial defect operator sectors.

6.6 Modules and algebra objects of the chiral Ising model

We have already seen that diagonal models can be seen as the full center with respect to the trivial
algebra, @ = 1, and the corresponding simple bimodules are all induced by simple objects. Moreover
we have already seen that in this case the generalized S-matrix reduces to the ordinary S-matrix, and
the boundary conditions are the same found algebraically in the last chapter. However, at this point
we have the tools to answer a natural question: is this the only structure we can have for the Ising
model? Indeed, we cannot be sure that there are no other special Frobenius algebras which are not
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Morita equivalent to the identity compatible with this model. In that case, such Q-systems would
describe a totally different CFT, with different defects. As we are going to see shortly, this is not the
case. We will follow a strategy from [78].

First, we need to state two useful results. We begin with the following definition:

Definition 6.6.1. Given a left Q-module m = (3,m) we can define a right Q-module m" =
(BY, f(m)), where the right-action f(m) is given by:

f(m) = (dﬁ (024 idﬁv) o (idﬁv RXmK idﬁv) o (idﬁv ®ide ® bﬁ)
Pictorially:

2

§ B

-

T

C) B g" O G

We recall that in our case right and left duality coincide and are denoted with the conjugation bar.

Recall that in general Cg is not a tensor category. However, it is possible to define a product between
left- and right- modules following a similar procedure to the definition of the product of bimodules.
Consider a simple symmetric special Frobenius algebra Q = (0, w,z) and a left Q-module m. We
define the morphism:

which can be shown to be an idempotent and to have a retract [78]. Then one defines:
m’ ®g m = Im(Pm" m)

Then one can show the following'?:

2Tn the following the Q-systems are assumed to be simple. This notion is defined in [57] as the requirement for
the chiral Q-system to generate an extension N' C M with M being a factor. This is always the case, as we have
seen in section 4.2, if dim Hom(id,®) = 1, but may fail when this condition is not satisfied. Simplicity has many
equivalent conditions, namely that dim Hom(id ® id, © zq]) = 1, where Z[Q)] is the full-center of the chiral Q-system Q,
or dim Hom(id, C*[Q]) = 1, where C*[Q] denote the left/right centers of Q [57]. These last two equivalent conditions
are the ones used in [33] to define this property. Note that if Q is not simple, the full center Z[Q] describes an extension
which is not a factor, which can be centrally decomposed as we have done for defects. Therefore, non-simple Q-systems
describe the superposition of different CFTs; this is also discussed in [33]. Finally, one can introduce a notion of direct
sum of Q-system so that a non-simple Q-system can be decomposed in a sum of simple Q-systems [78].
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Proposition 6.6.1. [78] Let Q1 be a simple symmetric special Frobenius algebra in the modular tensor
category C. Given a left Q1-module m that is not a zero object, set Q2 := m" ®q, m. Then Q2 can be
endowed with the structure of a simple symmetric special Frobenius algebra such that Q1 ~ m ®¢g, m"
and Q2 ~ m” ®g, m as Q1 — Q1- and Q2 — Q2-bimodules, respectively. In particular, Q1 and Q2 are
Morita equivalent.

Proposition 6.6.2. [78] Every simple symmetric special Frobenius algebra Qs is isomorphic to m"®¢,
m, where Q)1 is a haploid simple symmetric special Frobenius algebra and m is a left QQ1-module.

Note that if in proposition 6.6.1 we consider Q1 = 1, then every object of the form Y ® B can be
endowed with the structure of a simple symmetric special Frobenius algebra, which is Morita equivalent
to the trivial Q-system.

We start from a generic algebra object for CP7R(A) given by:
0 =10 y%w g%

where ny,n, € N and 1 does not have any multiplicity because, focusing on simple symmetric special
Frobenius algebras, as a consequence of the above propositions, there is always a haploid representative
(dimHom(1,0) = 1) in every Morita equivalence class.

Now we use proposition 6.3.1 to study the induced modules over this generic algebra. In particular,
the following table contains the dimensions dim Homg(Indg(U),Indg(V)) = dimHom(U,© ® V) for
U,V =1,v9,0:

‘ 1 P o
1 1 ny Neg
Py 1 Ne
o | ne ne 1+ny

So we immediately know that both Indg(1) and Indg(+)) are simple modules. This implies that n,
must be either 0 or 1 depending on whether these two modules are isomorphic or not. We now
distinguish the two cases:

e Suppose that ny =0, i.e. Indg(1) and Indg(¢) are not isomorphic. In this case also Indg (o) is
simple. Then we must have n, = 0, thus fixing © = 1.

e Now let ny = 1, ie. Indg(l) =~ Indg(v). Then dimHomg(Indg(o),Indg(c)) = 2, so it is
reducible: Indg (o) ~ m;@my with m;, my non-isomorphic simple Q-modules. Now we can have
either n, = 1, meaning that exactly one among m; and my is isomorphic to Indg(1) ~ Indg(?),
or n, = 0.

Thus the only possibilities are:

O=1 ©=lay O=1+¢+oc

Keeping, as always, the Q-system specific notation, to better study these algebras it is useful to express
the product XT with respect to the basis {W,} for the embedding spaces Hom(p, ©), as well as dual
basis {I/Il/g} for Hom(O, p), p < O, as compared to the bases of (2.28) describing the fusion of simple
objects *°:

13This procedure can be carried out in general; see, for example, [33]. However, since we will use it only in the present
context, we specialize directly to the Ising model and simplify the notation accordingly. In particular, equation (6.11) is
valid for general theories with N € {0,1} and dim Hom(p, ©) € {0, 1}.
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(W | W

el
Q

p c p c

where (X T);J € C. It is easy to see that the associativity of the Q-system Q is expressed as [33]:
(XN o (XN = D (XNE (X)), FLT™? (6.11)
Pp=<O

where all the labels refer to subendomorphisms with respect to ©. One can show that the special
property of the Q-system forces (X T)})j , 7 0 forall p < © [33].

Now we consider this consistency constraint applied to the algebra given by © = 1 ® ¢ & 0. We get
the following three equations:

(xhg (xhE, = (xhL (xhy Fuev

0,0 o,0

bo = (XN
(xHL_(xh? = (xhe  (xhy, Floevv

0,0 1,9 - o) 0,0 " ol

(xHy  Flovo)y

0 o,0 0,0

Since we want Q to be special, we need to impose (XT)z,p £ 0 for all p = 1,v,0. The only term of
this form appearing in the above equations is (X T)},’g and we normalize it to 1. Note that clearly we
also have (XT))’;1 = (XT)T,p =1 for all p.

ploovw _

o,1

Using Fl(jﬁw)w

we get from the last equation:

1= (XN (XN}, = (XN7 (XD,

Le. (XT);w (X1, # 0. Summing the first equation to the third we also find (XT)&U = (XT)ZW.
On the other hand, since Féijgwa)w = —1, the second equation, upon using (XT)?J % 0, gives (XT);U =

—(XT)e ., and so we have a contradiction. Thus there is no associative multiplication on © = 1®¢y ® o
that is also special.

Now we turn our attention to © = 1@ . Since ¢ ® 1 ~ 1, the coeflicient (XT)}W = 0 is the only
non-trivial structure constant. As Hom(y) ® 1, 1) is one-dimensional, this coefficient amounts only
to a choice of normalization and can therefore be set equal to 1. Consequently, the multiplication is
unique.

Furthermore, as objects of CPHE(A), we have 1 ® 1) ~ 0 ® 0 ~ 0¥ ® 0. Hence, by proposition 6.6.1,
the object 1@ v can be endowed with the structure of a symmetric special Frobenius algebra, proving
that the multiplication described above indeed exists. The same proposition also implies that 1 ® ¢
belongs to the same Morita class as the tensor unit algebra 1.

We conclude that the chiral Ising model admits a single Morita class of symmetric special Frobenius
algebras. Therefore, no additional defect classifications arise beyond the one already obtained. In this
sense, the classification of topological defects in the critical Ising model is complete.
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Conclusion

In summary, this thesis has explored the nature of topological defects and their realization in two-
dimensional conformal field theories (CFTs). We began by examining these defects within the Eu-
clidean theory, and subsequently developed the mathematical machinery required to translate these
concepts into the relativistic framework.

Algebraic Quantum Field Theory (AQFT) served as a natural axiomatic framework for the step-by-
step construction of a relativistic CEF'T. Relying on the underlying causal structure, we successfully
constructed extensions of the net of observables to encode the presence of defects. A central tool
in this procedure was the notion of a Q-system, which proved to be a symmetric special Frobenius
algebra over the modular tensor category of the DHR endomorphisms of the net.

Parallel to the relativistic case, the Euclidean construction has also been axiomatized, primarily
through the lens of Vertex Operator Algebras (VOAs). The equivalence between these approaches
was outlined in general and explicitly proven for the unitary rational CFTs of interest. Ultimately,
we demonstrated that modular tensor categories provide the natural and universal environment to
describe both Euclidean and relativistic CFTs. Within this unified categorical framework, defects are
elegantly described by bimodules.

Building upon the foundation laid in this work, there are several promising avenues for future research:

e Non-diagonal models: a natural extension involves studying a non-diagonal example, such as the
three-state Potts model. While most of the theoretical instruments developed here are general
enough to cover such examples, additional technical work is required. For instance, proposition
6.5.5 cannot be applied directly since the model does not satisfy the multiplicity-free condition.

o Generalizing algebraic defects: a comprehensive algebraic description of defects is still lacking,
as our primary focus remained on boundary conditions. Although the description via bimodules
inherently includes the notion of a defect-starting operator (see for example [85]), more algebraic
work is necessary to fully characterize the defect net D when it is not simply given by BL v BE.

o Defect intersections: we currently lack an algebraic understanding of the dynamics at the inter-
section of two defects (or boundary conditions). Addressing this clearly requires the definition
of additional degrees of freedom residing on the defect junction, tightly connecting this issue to
the aforementioned generalization of algebraic defects.

o Spacelike defects: in the AQFT framework, we have defined defects exclusively as timelike curves
in Minkowski space. To complete the relativistic picture, a rigorous description of spacelike
defects is also required.

e Boundaries and interfaces: finally, this work could be expanded by studying defects in the
presence of CFT boundaries, or by adapting the developed algebraic framework to describe
interfaces between distinct conformal field theories.

Ultimately, the results presented in this work clarify the relation between the Euclidean and relativistic
formulations of defects in conformal field theories, providing a solid algebraic foundation for future
developments as well as a unified environment for characterizing defects across different frameworks.
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Appendix

A - Covariant Form of a Conserved Charge
Let M (4= be parametrized by the coordinates {y“}dil and let e}, = gf/z be the corresponding tangent

dac”

vectors. Then dz#|y = $E5dy® = eldy® and for j = j,dz* we get

, 1 . n
*jlv = m]“e}ﬂfl---”d—ldl‘yl A e A" g = Py vy € ed 3 dy Ao A dyd 1_ = jPn,dM
with ny, == €. vy €5 esd 7'/+\/det(h) and dM = Vdet(h)dy' A...Ady®', where h is the pull-back

metric hqp = €€ 5W. Usmg the antisymmetry properties of e, it is immediate that n, el = 0 for every
a=1,...,d—1, while n,n* = det(e, - ey)/det(h) = 1. Thus, n, is the unit normal to M, up to the
sign fixed by the chosen orientation.

Moreover:

d*j= Opgt € vy, dx? Ndx"™ A - Ndaxi-t =

b
d—1)!
1
N (d — 1)'8Pjueuu1-~~ud_1Epul"'yd*1d$1 VANCIERWA da:d =

= Oyjtdrt A+ Ndx? =0

Hence the conservation equation 9,j# = 0 is equivalent to d x j = 0. The same relations generalize to
a general metric by replacing the ordinary divergence with the covariant one.

B - Computation of the bubble diagrams

We will not write the labels on the diagrams since junction spaces are one-dimensional, hence they do
not need indices, and we use the conventions for drawing lines adopted in section 2.5 to distinguish
the different TDLs.

We start by computing F' The dotted circles indicate the use of the completeness relation
(2.37). The only non-trivial entry is:

(NnN)n

— 42 o — 7 FF(N”IN)”
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From this, we get F' ](\,NA?N)” = —1. Its cyclic permutation, F ](\;7%77)]\/ = —1, is computed in the same way.

Now we compute FINNNIN = Ag mentioned above, the first two entries are given by the completeness
relation (2.37): Fé];NN)N = FZ(AT;NN)N = L. The remaining entries are given by the following

V2
diagrams:

— 2 + | = WF:ZN]\DN

where we have used (2.29) to resolve the bubbles. Note that the first diagram after the first equality
goes to zero as a consequence of that rule.

(NNN)N
N1

. NNN)N NNN)N
From which we get: F7§7I N _ % and F7§77 N _ —%.

Let us now see how to resolve the last term of the sum arising when inflating the N bubble on the
torus:
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where in the first step we fuse the defects enclosed by the dotted lines, and then resolve the resulting
bubbles using (2.29). The last term corresponds to an n defect wrapping the diagonal cycle of the
torus; equivalently, it can be represented as a network of 1 defects wrapping the two fundamental
cycles.

C - The hypergroup of boundary conditions

In section 5.3 we have seen that the boundary conditions encode the local action of defects. Indeed,
equation (5.19) coincides with the first term of equation (2.11), describing a defect moved past a local
operator. This first term is graphically represented by a defect bubble encircling a local operator.

Here we discuss another interesting way of

describing such local action, which is related H

to the language we have already developed, +

but will provide further insight on the struc- T \
ture of the algebraic theory with defects. HyoH o H,

Our main objective is to show that the ob-
servation made for the Ising model, i.e. that
there are no other operators, apart from the ,0[: (?)
identity, completely invariant under all de-

ol Devey HreoH o H, /
fects, is not a coincidence. 7

-

DI
>

We follow an observation from [73]. Con- T &
sider a defect line encircling a local opera-

tor, as in figure C.1. Instead of shrinking H.

the defect to act on the operator, we keep it pjgure C.1: Local action of the defect £ on the local field V.
at finite size and analyze the configuration

on constant-time slices.

At early times, the state lies in the vacuum representation. As the time slice intersects the defect, the
local operator acts on a state in a twisted representation associated with the defect.

The twisted representations live in the Hilbert space given by the tensor product H; ® H ® H ., where
H is the untwisted Hilbert space of the theory'*. This can be understood by using corollary 2.2.6 to
detach an identity defect from the original one and slide it across the local operator.

Finally, when the time slice exits the defect loop, the state returns to the vacuum sector.

Therefore, the entire process is described by a map acting on a generic primary operator ¥ like
Gp, (O) = TTp (V)T (C.1)

where T' € Hom(id, p,.) is an isometry from the vacuum representation to the twisted representation
p, associated to the defect £. This might appear as another possible way to describe the defect,
however, it is actually the exact same description we have already constructed.

Before formalizing this connection, we want to show that maps of the form above are special, in the
sense that they are unital completely positive maps.

Definition C.1. An element A of a C* algebra is positive, denoted A > 0 if there exist a finite
number of elements {4y}, such that 4 = SN AL A

14Be careful not to confuse H with the vacuum Hilbert space, which we have often denoted by the same symbol for
simplicity. This Hilbert space corresponds to the “identity-twisted” Hilbert space, i.e. the full Hilbert space of the
theory, where the vacuum sector is just one component.
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Definition C.2. A map between two unital C*—algebras A; and Az, ¢ : A1 — Ao, is said to be a
unital completely positive (UCP) map if it is:

e Unital: ¢(14,) = 14,;
e Positive: if X € A; is positive, X > 0, then ¢(X) > 0;

e Completely positive: the extended map ¢ ® id,, : A; ® M,(C) — A ® M,(C) is positive for
every n € N.

Theorem C.1 (Stinespring’s dilation theorem). [87] Let A be a C*-algebra with a unit, H a Hilbert
space and B(H) be the bounded operators on H. For every completely positive map

¢: A— B(H)
there exists a Hilbert space K and a unital x—homomorphism
m: A— B(K)

such that
Pp(A) = Vir(A)V

where V : H — K is a bounded operator such that V*V = 1. The converse is also true.

Hence our heuristic considerations suggest that the local actions of defects are encoded in unital
completely positive maps on the observable algebra. Now we want to show this clearly.

First we need the following definition:

Definition C.3. A (finite) hypergroup K is a (finite-dimensional) vector space with a distinguished
basis k; satisfying an associative multiplication

kiki=> N;-ki
l
with non-negative real coefficients )\ﬁj such that for each 14, j
DN =1
l

There is a neutral element kg = 1 and an involution i <+ i such that )\?j # 0 if and only if j = i.
A fusion algebra (properly normalized) is an example of hypergroup.

Now let N' C M be an irreducible type III subfactor on a separable Hilbert space and let Q =
(0, W, X) be the associated Q-system. Assume that I' = ¢z is multiplicity-free. This holds, in partic-
ular, for commutative Q-systems [74].

Let P, € Hom(I',I') be projections onto I'y; < I" and choose isometries S, € Hom(I'y,I'), such that
P, = S,S} and SIS, = 1.

Then we decompose the conditional expectation of equation (4.4), considered as a positive map of M
into itself, as:

vou(e) = dg oW i ()(W) = dg" (WH D)) = dg* (W) 37 S.La(-)S] (W)

where Sii(W) € Hom(t,Tqt) are multiples of isometries: o(W1)S,Shu(W) = dim(I'y)/dg. Then in
terms of isometries T, = \/dg/ dim(I',) SIL(W) we have:

Vo () = dlg2 S dim (L) - TiTu()T, = dlé S dim(Ty) - dal)

Finally, we can state the following'®:

5Most of the following propositions are proved by direct calculations. All these proofs are found in [74].

160



Proposition C.2. [7/] The unital completely positive maps

$a(-) = TiTo()T0 : M — M
are N -bimodular maps (i.e. ¢o(N1MN3) = N1¢o(M)Ny VN1, Na) with fized points N'. In particular
da form a hypergroup K caq under composition.

Ga By = D _ Aoy~ b

where the sum runs over the subsectors I'c < T'yI'.

Note that we are particularly interested in the fixed-point property of these maps. If we manage to
relate the ¢, to the local action of the defects, then we automatically show that what we have observed
in the Ising model is not a coincidence.

Before doing so, we need to talk about matrix representations.

Definition C.4. A matrix representation of a hypergroup K is a homomorphism U of K into
M5 (C) such that U(k) = U(k)T.

Consider the irreducible subrepresentation p < © and the charged fields \Iff), i=1,...,m,=dimHom(p, ©)

Proposition C.3. [74] The positive maps ¢, act linearly on the spaces Hom(t,tp). The coefficients
m

¢a(\1’2) = Z \Iljp' : Up(a)jz‘

form irreducible matrixz representations U, of Kxcam. The representations {U,},<e are irreducible
and pairwise inequivalent. They exhaust the irreducible representations of Kac -

Now we focus on the QFT application. For simplicity consider two isomorphic local extensions A C B
and A C Bf where A = A, ® A_. This means that the two Q-systems are the same, Q¥ = Q. As
in section 5.3, we construct the extension D defined by the braided product Q-system Q% x~ Q.

The following result relates the central projections E, to the action of the hypergroup K 45 associated
with the subfactor A(O) C B(O) on the charged fields.

Proposition C.4. [7/] The following expansion holds:
BY = (W WR = 3" U, (a) - B,
a

which implies:

(U5 T WHR) = Uy(a); (C.2)

Hence we see that the boundary conditions are related to the unitary representations of the hypergroup
Kacs.

Note that, in general, equation (C.2) does not imply a linear relation of the form

Wa(\lj{)’R) = Z Wa(\ljiﬁL) Up(a)ij

)

since the two sets of fields need not form bases'®. In extreme cases, the operators \Ifi;L and \Ilf;’R may
even be linearly independent in a given representation, and the boundary condition is then merely
a sesquilinear relation specifying the ”overlapping” or ”angles” between the two spaces of embedded
charged field operators. In the particular case in which the matrix U,(a) is unitary, however, one does
obtain linear relations between the field operators.

16 Although BY ~ B%, the way they are embedded into D may differ. The role of the boundary condition is to specify
this difference.
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To see why, consider the two vectors of charged fields!'”:
R 1,R Zp, R L 1,L Zy L
W= (9,7, 0,7 U= (v, .., v,”7)
where we are considering the same theory on both sides of the defect and Z, is the multiplicity of p
in both ©F and ©F. Now express \I/f)’R => \IIZ’L -U,(a); ; + x;j where x is an orthogonal vector with

respect to \I/Z’L: \I/,ET -x = 0. The isometry condition for \Ilf reads:

oI = WhIw R — (YU (a)f, - UEHT X)W Upla)ig + x5)
l

(2

Using the orthogonality between y and \Ilg and the fact that also the \Ifﬁ;L are isometries:
oM =Y UL Uig + X
i

Hence if U is an isometry, this implies xy = 0; since this charged-field multiplicity space is finite-
dimensional, then U is also unitary.

Suppose that U,(a) is unitary. Then we can express the action of the defect as relations

‘7R P "L e .7L
Ta(U57) =3 ma(U55) Upla)ij = da(¥5") (C.3)
i
We know that this corresponds graphically to the sliding of the defect through \I/f;L, which results
in the summation (2.11). In particular, in our theory only the first term of that sum is considered,
as we cannot have junctions on the defect. Hence equation (C.3) shows that the defect bubble acts
on the field \IJ%’L as a UCP map, transforming it into the field \Ilf;R. This map is characterized by a

decomposition like the one we have originally guessed in equation (C.1).

This not only confirms and formalizes our initial ansatz, but as a consequence of proposition C.2 we
know that these maps have A as fixed point:

A= BfAcs .= {B €B: ¢a(B) = B, V¢, € KACB}

i.e. A is the fized point subnet, or orbifold net with respect to the action of K 45 on B. Here B can
be either BX or BE.

Following our construction of two-dimensional CFTs, A is just the tensor product of two Virasoro nets.
Hence the orbifold of a full 2d CFT with respect to the hypergroup of boundary conditions, describing
the local action of its defects, gives just the Virasoro net, i.e. the vacuum sector together with its
descendants. In other words, we can conclude that in these theories there is no primary operator
that is invariant under all defects, apart from the identity family. For this reason the hypergroup of
boundary conditions is regarded as the minimal extension of the usual symmetry group of a theory,
including also the action of non-invertible symmetries. Sometimes the elements of K 45 are called
Quantum Operations [71].

Finally, we state the following result from [74]:

Proposition C.5. [74] Up to a trivial rescaling, this composition of boundary conditions is isomorphic
to the hypergroup product of K ocB.

This is not a surprise after interpreting the elements of K 4-5 as the maps describing the local actions
of defects.

The generalization to the situation where BL and B are different extensions of A is also described in
[74].

17We omit here the representation 7, to simplify notation.
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D - Calculations of the fermionic extension

We now prove equations (5.22) and (5.21). To do so, we will use the ingredients developed for the
Ising model, in particular: the application of the chiral endomorphism o to the chiral intertwiners,
i.e. equation (3.30); the fusion rules of the Ising primary fields of equation (4.13); the commutation
relations between the left and right fields in equation (5.20).

First we show that wl = 11. We do this for ¢, while the calculation for ¢_ is identical.
(V \I]a®a(u ® 1) O'®O')T = \[ \Ija®o(u ® 1)\1/5(80'

where we have used u' = u. Now we use \IIU%)U V2(rt @ rH Wk

o®o"
= \/,; \/E(TT ® TT) 0’®0’(u ® 1) oo — \/> \f( )(O'(U) ® 1)\115@)0\1/5@0
Now we focus on (rf @ 1) (o (u) ® 1):
(rT@rN(ow) @1) = (T @r)((tr +rth) @1) =t @

Where we recall that rfr = tTt = 1 and 7t = tTr = 0.
Then:

(rf@r)(o(u) ®1)- Vi, Vo, = (T rh) [l —itth @ (rr +itt )] 055, 05, = —i(tT @) 075, 0,
Now we write Wl \f\llm@a( ®r) and —ivi = Vi
wi = V=i V2T @ )W, W, = Vi 28T @ WL (r @)U, =
-V 2\chr®a( (tT) ® O—(TT))(T ’r)\:[l§®0'
Finally:
1 1
(e @o(rM)(rer) =Sl —ufth e (T +M)rer =Zwe1)

Reinserting in the equation above we find:

1/;1 =v—i- 2\115%0(0(tT) @o(r)(rer)Vl, =v-i ‘I’o—@a( w@ )W, =y

Now we prove )2 1= f( \Iﬁ@w ¢®¢) Again, the same calculations are valid for ¢ _.
Starting from the definition:

Vi =y =gl = (V=i O (we )i ) (Vi vl (we1)el,,)
Let’s focus on the middle term:
qu@aquéa \[ lI10'®o'( T ® TT)\II§®U = \/i (U(TT) ® U(TT))\I]O'®O'\P§®O' =

1 1
=V2- 5l + e T+ Zlren + ()T, = (D.4)
1 R
=51+ Tygy)
Reinserting back in the equation above:
2 Lt 1
¢+ = \I/a_®o_(u ® 1) 2 (1 + \Ilw®1/1)(u ® 1)\1}0®0'

Now we use \Iiﬁgw(u ®1) = (¢Y(u) @ 1)

vy = (CU® 1)\Ifw®¢ together with u? = 1 to get:

1., 1
¢+ 5\110(;0( - qu;@@)qjgfg)a = Z\PU®U(\II§®O’ - (’U, ® u)\Ilg’@)U\I/g@w)
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where we have also used the commutation relation between \IJC];®U and \II¢®¢ Now we focus on the
two sub-problems. First:

L
qjo‘i@o‘(u ® u)\pg@)o‘ = \/§(rT ® TT)(J(U) ® U(u))qja®aql£®a

-

=V2(rt @t +rth @ (T + et =[ror) + te ¥y l=  (D.5)

_ gl

=Yyoy
The other term is computed analogously, giving \I/U®U\I/£:®a = 1. Then we find:

1
L
%ZJ 7@0%0(@5(&0_ - (u ® u)‘Ilg(X)U\IIl]Z@w) = 5(1 - qji@ll)q[g@w)

Now we prove that ¥ = —p_1,.

¢+’¢}7 = ¢+¢T (\/7 ‘IJO'@O'( ® 1)\115@)0)(\/7 \IJ0'®0'(1 ® u)\lj§®o)
We use again equation (D.4):

¢+¢— =—1- \Ijg(TX)U(u ® 1)\1}(}}@)0\1’5%0'(1 ® u)\P£®a =

. 1
=1 ‘I’chg@a(U ® 1)2(1 + ‘1’¢®¢)(1 Ru)llo, =

- L
= S Wl (wew) - we Wl v, =

-1 L L

7 : (\IIU(TX)U(U ® u)\:[/£’®o_ - \IIO'(T®C)'(U’2 Qu )‘P§®aq’$®w) =
—1 o R \_ ¢ R L

=5 (Woey = Yyge) = 5 (Yyey = Yigy)

Where we have also used again equation (D.5) and \Ifgég\llg@(, =1
Then:

. t .
Yothy = (Yppo)T = (; C(Wiay — ‘I’ic@w)) = —% (Vhay — Vigy) = —¥+0-

Note that we have chosen the plus branch of the square root when multiplying the two /—i factors,
the other choice would give an opposite overall sign in ¢ _. However, the minus sign in the relative
exchange of 1 with ¥_ appears anyway.

Finally we prove that v/i- ¢, Ul =1Vl — \Ifg®w\ll§®o) Starting from the definitions:

\[ ¢+\I}0®o = \Ili’(ga(u ® 1)\IIR \IIR =

oRo F oRo

=V2(rf @)U, (ue ©1) Slr® ©r) + D)V, =

(T®r>wg®a[( ®r) = (t@ )V, =
= (T @rM(o(r) @o(r)Vie, — (0(t) @ o(t) Ve, Ui, =
=(r T®7’ M(o(r) @ o (r)¥he, — (o(t) @ o(t)(u @ u) Wy, Wl ] =

%\

where we have used u = rrf — ¢! to resolve the multiplication involving u ® 1. Using o(r) =

and o(t) = %(ru — tu) we find:

(r+t)

%\

1

\[i : 1p+\115®0 - 5

(‘Ila®a \I]w®¢\1/a®o)

that is the desired result.
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