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Introduction

The main objective of this thesis is to study the description of topological defects in 1+1-dimensional
relativistic conformal field theories (CFTs), and to highlight their common features with the Euclidean
formulation, with the ultimate goal of identifying a unified mathematical framework. We begin by
briefly introducing the main concepts that will be discussed throughout the thesis.

Conformal field theories are a special class of quantum field theories characterized by an enhanced
spacetime symmetry group, namely the conformal group. Conformal transformations are those coor-
dinate transformations that preserve the metric up to a local scale factor; intuitively, they preserve
angles but not necessarily distances.

CFTs appear in many different contexts, ranging from condensed matter physics to string theory. In
many of these applications, the system is described by a two-dimensional Euclidean CFT. For instance,
the worldsheet of a quantum string is described by such a theory, as well as two-dimensional critical
models in statistical mechanics. In two Euclidean dimensions, CFTs exhibit an exceptionally rich
mathematical structure, deeply connected to complex analysis: the local conformal transformations
are enhanced to arbitrary holomorphic and antiholomorphic functions.

Conformal field theories are introduced in Chapter 1.

Besides spacetime symmetries, physical theories also exhibit global symmetries. The notion of symme-
try can be generalized to include so-called non-invertible symmetries. A paradigmatic example is the
Kramers–Wannier duality in the Ising model, which relates the high-temperature and low-temperature
phases. At the critical point, these two different descriptions correspond to the same model, and the
duality becomes an intrinsic symmetry of the theory. However, in contrast with ordinary global sym-
metries, this transformation is not invertible: it is not implemented by a unitary operator on the
Hilbert space. More generally, non-invertible symmetries satisfy product laws which generalize the
group multiplication law of ordinary symmetries.

These generalized symmetries can also be described in terms of defects of the theory. Roughly speaking,
a defect is an operator supported on a submanifold of spacetime, rather than a point. We will focus on
defects in two-dimensional CFTs with the property of being topological: when inserted in a correlation
function, their continuous deformations do not change the correlator, unless the defect crosses the
support of other operators.

Topological defects are studied in Chapter 2.

Since CFTs are mostly studied in the Euclidean setting, defects are also usually analyzed within this
framework. In particular, a standard tool for their classification is modular invariance. However,
in view of the Osterwalder–Schrader theorem, which relates Euclidean and Lorentzian quantum field
theories, it is natural to investigate the connection between the relativistic and Euclidean descriptions
of CFTs, including the corresponding notions of defects.

To this end, we introduce the axiomatic framework of Algebraic Quantum Field Theory (AQFT). This
framework is based on the assignment of a net of local algebras, i.e. a map O 7→ A(O) that associates
to each spacetime region O an algebra of observables A(O). The central idea is that all relevant
physical information is encoded in this net, together with its action under the Poincaré symmetry
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group. In this sense, AQFT can be regarded as a natural extension of the Heisenberg picture of
quantum mechanics to quantum field theory.

The net is required to satisfy a set of physically motivated conditions, known as the Haag–Kastler
axioms. Roughly speaking, these axioms encode:

• isotony : larger spacetime regions contain more observables;

• locality : observables localized in spacelike separated regions commute;

• covariance: the net transforms consistently under spacetime symmetries;

• vacuum positivity : the theory admits a distinguished vacuum state with positive energy.

Once a quantum field theory has been reformulated in terms of a net of observable algebras, the
next step is to understand its possible excitations and internal symmetries. Physical information is
extracted through the representation theory of the pair consisting of the net and its symmetry action.

At this point, two equivalent descriptions arise. The first is formulated directly in terms of superselec-
tion sectors, namely inequivalent Hilbert-space representations of the observable algebra corresponding
to different types of physical charges. This picture is conceptually close to the traditional description
of quantum field theory in terms of states and particles.

The second description replaces representations by suitable localized endomorphisms of the observable
algebra itself. Instead of enlarging the Hilbert space, one studies how the algebra of observables can
be transformed while remaining within the vacuum representation. Remarkably, the full information
about superselection sectors can be recovered from these endomorphisms. Moreover, they naturally
carry additional structures such as tensor products, duals and statistics.

Although the representation-theoretic picture is often more intuitive from a physical perspective, the
endomorphism framework is technically more convenient and will therefore be the main language
adopted throughout this thesis.

Within this framework, one can also describe the statistics of particles in a model-independent way.
In higher than three spacetime dimensions, locality implies that particle exchanges are governed by
the permutation group, leading to the familiar Bose–Einstein and Fermi–Dirac statistics. In lower
dimensions, however, the topology of spacetime allows for a richer structure: particle exchanges are
described by the braid group rather than the permutation group. As a consequence, excitations may
exhibit braid statistics, interpolating between bosonic and fermionic behaviour.

Algebraic Quantum Field Theory is discussed in Chapter 3.

After developing the general framework of AQFT, we return to conformal field theory. Starting from
a one-dimensional conformal net, which carries conformal symmetry rather than Poincaré symmetry,
we describe a general procedure to construct the associated two-dimensional CFT.

The starting point is a chiral net, namely a conformal net providing the AQFT description of a one-
dimensional CFT living on one of the two light-rays of two-dimensional Minkowski spacetime, together
with its superselection sectors. Although the formalism applies to arbitrary rational chiral symmetry
algebras, throughout this thesis we will mainly focus on theories whose chiral symmetry is given by
the Virasoro algebra. A two-dimensional theory is then obtained by combining two copies of the
chiral net, corresponding to left- and right-moving degrees of freedom: A+⊗A−. However, this tensor
product construction alone does not yet define a full local CFT. One must still specify which left- and
right-moving sectors are allowed to combine and how they interact.

This additional information is encoded by a Q-system. A Q-system is a triple (Θ,W,X) consisting of
an object Θ together with two morphisms W and X satisfying a set of algebraic relations. Roughly
speaking, Θ determines the spectrum of the full two-dimensional theory: it specifies which pairs of
left- and right-moving sectors are present among all those available in the tensor product of the two
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chiral theories. The morphismW embeds the vacuum sector into Θ, ensuring that the resulting theory
contains the vacuum representation, while the morphism X endows Θ with a multiplication structure.

The information contained in a Q-system is then used to construct an extension of the observable net:
A+⊗A− ⊂ B. This larger theory contains charged fields, namely operators interpolating between the
vacuum sector and non-trivial superselection sectors. Moreover, the multiplication X determines how
such charged fields combine and therefore encodes their operator product expansion. In this way, a
Q-system provides a complete algebraic description of both the spectrum of the full two-dimensional
theory and the interactions among its charged fields.

Conformal nets and their extensions are the main focus of Chapter 4.

Once the construction of two-dimensional conformal field theories within AQFT has been established,
we turn to the main subject of this thesis: the study of defects. In the Euclidean approach, topolog-
ical defects are commonly represented as lines that can be continuously deformed without affecting
correlation functions. In the algebraic framework, instead, one works directly in Minkowski spacetime
and must formulate their defining properties in terms of localization and causality.

The basic idea is to represent a defect as a timelike curve separating spacetime into two connected
regions. On each side of the defect, we place a copy, or a possibly different realization, of the same CFT;
in other words, the theories on the two sides are assumed to be isomorphic. Observables localized
entirely on one side should belong to the corresponding theory, while the defect encodes the way
observables and charged fields can be transmitted across the separating line.

Algebraically, such a configuration is described by a net D together with two distinguished subnets
BL and BR, corresponding to the theories living on the left and right of the defect. The net D should
be thought of as the smallest theory simultaneously containing both sides and all the fields required
to interpolate between them: D may contain information not only about observables localized away
from the defect, but also about defect fields intrinsically localized on the separating line. In our
treatment, however, we focus on defects without such additional operators, since a general algebraic
theory incorporating these defect degrees of freedom has not yet been developed. In parts of the
AQFT literature, these simpler configurations are referred to as boundary conditions.

For a topological defect, the theories on the two sides preserve the same energy-momentum tensor and
therefore share a common chiral symmetry. More precisely, both BL and BR are extensions of the same
chiral subnet A+ ⊗A−. Since this subnet contains the generators of local conformal transformations,
the local algebras of both theories can be defined for every spacetime region, even when the region
lies on the opposite side of the defect. Such algebras, however, should not be interpreted as physical
observables on that side: transporting a field across the defect may change its locality properties, and
fields belonging to the two extensions need not commute in arbitrary spacelike configurations.

A crucial feature of this construction is therefore that, although the theories BL and BR are local,
the global net D is in general non-local. In particular, observables transported across the defect
need not commute at spacelike separation. From the Euclidean perspective, this non-locality is the
algebraic manifestation of the fact that local operators may undergo non-trivial transformations when
transported through a defect line. The defect is therefore encoded precisely in the controlled failure
of locality of the larger theory D.

Causality is implemented through a weaker, oriented notion of locality. If a region O1 lies on the
spacelike left of a region O2, then the algebra BL(O1) is required to commute with BR(O2):

[BL(O1),BR(O2)] = 0.

By conformal covariance, this requirement extends from regions lying strictly on opposite sides of the
timelike defect to any pair of double cones with the same relative left–right ordering. This property
is usually called left-locality, right-locality, or half-locality, depending on the orientation chosen.

The Q-systems introduced earlier provide the appropriate tool for constructing such a net. Let
(ΘL,WL, XL) and (ΘR,WR, XR) be the Q-systems describing the extensions BL and BR of the
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common chiral theory. Their braided product combines the two Q-systems into a single one, whose
associated extension contains both BL and BR. The two extensions are not simply placed side by
side: their charged generators are required to satisfy specific exchange relations. By choosing the
appropriate braiding, one imposes precisely the half-locality condition described above, so that fields
from the left theory commute with fields from the right theory whenever they occur in the required
spacelike order.

The resulting braided-product extension D is generally non-local, but its non-locality is controlled by
the exchange relations between the two subtheories. Moreover, the construction is universal: every
defect satisfying the required half-locality condition can be obtained as a representation of D. Thus,
rather than describing a single defect, the braided product initially contains all admissible ways of
joining the two theories.

This universality is reflected in the fact that the extension

A := A+ ⊗A− ⊂ D

is generally reducible. In particular, its relative commutant is non-trivial:

A′ ∩ D ≠ C1.

A trivial relative commutant is instead required for D to describe a single irreducible physical config-
uration. The braided-product extension should therefore be interpreted as a superposition of different
defect configurations rather than as one individual defect.

Since the theories described by BL and BR are themselves local, the relative commutant A′ ∩D turns
out to coincide with the algebraic center

A′ ∩ D = D′ ∩ D.

The different physical configurations contained in D can consequently be separated through its central
decomposition. More precisely, each minimal central projection selects an irreducible representation of
D and therefore an elementary defect relating BL and BR. The classification problem is thus reduced
to the finite-dimensional algebraic problem of determining the minimal projections of the center.

Defects in algebraic QFT are studied in Chapter 5.

In general, in the absence of a Wick rotation in the presence of defects, it is not a priori clear whether
the Euclidean and relativistic approaches lead to the same classification. Nevertheless, the construc-
tions developed in this thesis reproduce the expected number of defects obtained in the Euclidean
theory, and, in the special case of diagonal CFTs, the two classifications are shown to coincide exactly.
This suggests that their agreement is not accidental.

To understand this relation more deeply, we briefly introduce vertex operator algebras (VOAs), which
provide an axiomatic framework closely related to the Euclidean formulation of two-dimensional CFTs.
Their construction is based on the operator–state correspondence and emphasizes the holomorphic
structure of the theory.

VOAs and conformal nets describe similar physical data from rather different perspectives. The VOA
approach begins with fields and their operator product expansions and is therefore closely related
to the Euclidean formulation of CFT. Conformal nets, by contrast, begin with algebras of bounded
observables assigned to spacetime regions and emphasize locality, causality and the operator-algebraic
structure of the theory. In this sense, VOAs play a role analogous to field-based axiomatic approaches
such as the Wightman framework, whereas conformal nets implement the philosophy of algebraic
quantum field theory.

Under suitable analytic assumptions, a unitary VOA can be used to construct a conformal net by
smearing its vertex operators and considering the von Neumann algebras they generate. Conversely,
one expects the chiral fields of a sufficiently regular conformal net to reconstruct an associated VOA.
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Although a completely general equivalence between the two frameworks has not yet been established,
important results are available for broad classes of unitary rational theories.

This comparison is especially relevant to the construction of full two-dimensional CFTs. In both
approaches, one starts from chiral data and selects a consistent combination of left- and right-moving
sectors. In the conformal-net setting, this information is encoded by a Q-system. It turns out that
the VOA-based Euclidean framework likewise requires an algebraic structure playing the same role as
a Q-system. In both cases, this structure specifies which chiral sectors appear in the full theory and
how the corresponding fields combine through the operator product expansion. The two constructions
therefore appear rather different at the analytic level, but rely on essentially the same underlying
algebraic data.

Category theory provides the natural language for making this common structure explicit. A category
consists of objects and morphisms between them, together with rules for composing morphisms. Fur-
ther structures can then be introduced in order to encode the physical operations relevant to CFT. A
tensor product describes the fusion of sectors, dual objects describe conjugate charges, and a braiding
records the exchange statistics of excitations. When the number of irreducible sectors is finite and
suitable non-degeneracy conditions hold, these data organize into a modular tensor category.

The representation theory of a rational VOA and the DHR representation theory of a rational confor-
mal net are expected to give rise to equivalent modular tensor categories, at least under the unitarity
and rationality assumptions relevant here. This categorical description therefore retains precisely
the algebraic information shared by the two approaches, while abstracting away from their different
analytic realizations.

Within this categorical framework, the algebraic structures appearing in the Euclidean approach are
understood as algebra objects, while Q-systems provide their operator-algebraic counterpart. Their
multiplication and unit generalize the familiar notions of multiplication and identity in an ordinary as-
sociative algebra, while their additional Frobenius and compatibility properties encode the consistency
conditions required by the corresponding CFT.

Once a theory is represented by an algebra object, its boundaries, interfaces and defects admit a unified
description in terms of modules and bimodules. A boundary condition is described by a module, i.e.
an object of the underlying category carrying an action of the algebra associated with the bulk theory.
More generally, an interface between theories described by algebra objects, or Q-systems, Q1 and
Q2 is encoded by a Q1-Q2 bimodule, an object which carries compatible actions of the two algebras.
When the same theory is present on both sides, these become Q-Q bimodules and describe defects of
that theory. Their relative tensor product reproduces the fusion of defects, while simple bimodules
correspond to elementary, indecomposable defect lines.

The collection of such bimodules and their morphisms forms a categorical structure of its own. Thus,
the same mathematical language simultaneously describes the chiral sectors, the full CFT and its
topological defects. The classification obtained from the central decomposition of the braided-product
extension in AQFT can then be compared directly with the classification by bimodules arising in the
Euclidean categorical approach.

The development of this universal categorical description, and its relation to both VOAs and conformal
nets, is the main subject of Chapter 6.

To illustrate these concepts, we study the critical Ising model in each chapter, analyzing it from
different perspectives. Although the model is well known in the literature, it still provides a non-
trivial and instructive example that allows for explicit computations.

Finally, although the Ising model has been extensively studied, many computations are often omitted
in the literature. In this thesis, we reproduce these calculations in detail, together with several proofs
that are usually only stated or sketched.
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Chapter 1

Conformal Field Theory

In this chapter we introduce the basic structures of conformal field theory. We first discuss confor-
mal transformations and the constraints they impose in generic dimension. We then specialize to
two-dimensional CFTs, where the local conformal symmetry is enhanced to the infinite-dimensional
Virasoro algebra. Finally, we review the minimal models and the critical Ising model, which will serve
as the main example throughout the thesis. This chapter is based on [1–6].

1.1 The conformal group

Conformal field theories are theories that are conformally invariant. So the first step to study them is
to introduce conformal transformations.

Definition 1.1.1. A conformal transformation is an invertible mapping x 7→ x′ which leaves the
metric tensor invariant up to a scale:

g′µν(x
′) = Ω(x)2 gµν(x)

where Ω is called the Weyl factor. The set of conformal transformations forms a group called the
conformal group.

Intuitively, conformal transformations are transformations which preserve the angle of intersection
between any two curves, as shown in figure 1.1. Note that by picking gµν = ηµν , the Minkowski
metric, we see that the Poincaré group is a subgroup of the conformal group with Ω(x)2 = 1.

w    z
2

=

Figure 1.1: Representation of the conformal map z → w = z2 on the complex plane.
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To better characterize the conformal group, we can study an infinitesimal transformation xµ 7→ x
′µ =

xµ + ϵµ:

g′µν(x
′) =

∂xα

∂x′µ

∂xβ

∂x′ν
gαβ(x) = (δαµ − ∂µϵ

α)(δβν − ∂νϵ
β)gαβ = gµν − (∂µϵν + ∂νϵµ) + o(ϵ2)

where we are using the Einstein convention on repeating indices.

The requirement that the transformation be conformal implies:

∂µϵν + ∂νϵµ = f(x)gµν (1.1)

We now specialize for simplicity to a flat Euclidean metric gµν = δµν . The discussion wouldn’t change
much with the Minkowskian metric.

Taking the trace of (1.1) we find:

f(x) =
2

d
∂ρϵ

ρ (1.2)

Instead, if we further differentiate (1.1) and take a linear combination of the same equation but with
permuted indices we get:

2∂µ∂νϵρ = δµρ∂νf + δνρ∂µf − δµν∂ρf (1.3)

Taking the trace:
2∂2ϵµ = (2− d)∂µf

We now further apply ∂ν to this equation, apply ∂2 to both sides of (1.1) and combine the two results:

(2− d)∂µ∂νf = δµν∂
2f (1.4)

Finally, taking the trace we get:
(d− 1)∂2f = 0 (1.5)

From the above equations we can derive the explicit form of the conformal transformations. We will
do this derivation assuming d ≥ 3 and specialize to d = 2 later.

Combining equations (1.4) and (1.5) we get ∂µ∂νf = 0, i.e. f = A + Bµx
µ with A,Bµ constant.

Substituting this result in (1.3) we get that ∂µ∂νϵρ is a constant, which implies

ϵµ = aµ + bµνx
ν + cµνρx

νxρ cµνρ = cµρν (1.6)

with aµ, bµν , cµνρ constant.

Since in all the previous equations ϵ appears with a derivative, we deduce that aµ is free of constraints.
This term describes an infinitesimal translation.

If we substitute (1.6) into (1.1) we get:

bµν + bνµ =
2

d
bρρδµν

meaning that bµν can be decomposed into the sum of an antisymmetric part and a pure trace:

bµν = αδµν +mµν , mµν = −mνµ

The pure trace represents an infinitesimal scale transformation, whereas the antisymmetric part is an
infinitesimal rigid rotation.
Finally, substituting (1.6) into (1.3) we get:

cµνρ = δµρbν + δµνbρ − δνρbµ, bµ =
1

d
cσσµ
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and the corresponding infinitesimal transformation is:

x
′µ = xµ + 2(x · b)xµ − bµx2

called special conformal transformation (SCT).

The finite transformations corresponding to the above infinitesimal transformations are:

Translation: x
′µ = xµ + aµ

Dilation: x
′µ = αxµ

Rotation: x
′µ =Mµ

ν x
ν

SCT: x
′µ =

xµ − bµx2

1− 2 b · x+ b2x2

Note that special conformal transformations are not globally defined if our space is Rd or Rd−1,1. In
fact there always exists an x for which 1− 2 b · x+ b2x2 = 0. The solution to this is provided by the
implementation of the conformal compactification of our space, which basically means that we add
the point {∞} to our space.

1.1.1 The conformal algebra

The generators of the conformal algebra can be easily found by first considering the action of the
conformal group on scalar fields satisfying Φ′(x′) = Φ(x):1

Translation: Pµ = −∂µ

Dilation: D = −xµ∂µ

Rotation: Lµν = xµ∂ν − xν∂µ

SCT: Kµ = −2xµx
ν∂ν + x2∂µ

These generators satisfy the following algebra:

[D,Pµ] = Pµ [D,Kµ] = −Kµ [Kµ, Pν ] = 2 (δµνD − Lµν)

[Kρ, Lµν ] = δρµKν − δρνKµ [Pρ, Lµν ] = δρµPν − δρνPµ (1.7)

[Lµν , Lρσ] = δνρLµσ + δµσLνρ − δµρLνσ − δνσLµρ

We can write the algebra in a compact form by defining:

Jµν = Lµν , J−1,µ =
1

2
(Pµ −Kµ), J−1,0 = D, J0,µ =

1

2
(Pµ +Kµ)

where Jab = −Jba and a, b ∈ {−1, 0, 1, ..., d}. These new generators obey the commutation relations:

[Jab, Jcd] = ηadJbc + ηbcJad − ηacJbd − ηbdJac

where η = diag(−1, 1, 1, ..., 1) if spacetime is Euclidean. Hence the conformal group in d dimensions
is isomorphic to SO(d+ 1, 1). In the relativistic setting, spacetime is Rd−1,1 and the conformal group
is isomorphic to SO(d, 2).

Note also that the Poincaré group together with the dilations forms a subgroup of the conformal
group: this means that a theory invariant under translations, rotations and dilations is not necessarily
invariant under SCT.

1We are using the Euclidean CFT convention in which conformal generators are represented as differential operators
without factors of i. The corresponding self-adjoint generators in the Lorentzian/unitary convention are obtained by
multiplying these differential operators by i.
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1.1.2 Correlation functions

We now briefly discuss how much conformal symmetry constrains correlation functions. We will focus
on a massless scalar Φ obeying the Klein-Gordon equation.

Consider a scalar operator O(x) with energy dimension ∆O. Extrapolating from the scale transfor-
mations it is tempting to postulate that under all conformal transformations:

O(x) → Ω(x)−∆OO(x) (1.8)

But this is too strong since composite fields like (∂Φ)2 will pick up derivatives of the Weyl factor when
∂µΩ ̸= 0.

Definition 1.1.2. Operators transforming homogeneously under the whole conformal group as in
(1.8) are called primary.

The reason why we specified that the transformation property must be satisfied for the whole group
will be clear shortly.

Since one can show that a SCT is just a combination of an inversion, i.e. the transformation xµ 7→ xµ

|x|2 ,
a translation and another inversion, all conformal transformations are combinations of inversions and
of transformations with constant Ω, then to check whether an operator is primary we need only
consider how it transforms under inversion.

Now consider the two-point function:

⟨O1(x1)O2(x2)⟩ :=
1

Z

∫
DΦO1(x1)O2(x2) e

−S[Φ]

where O1 and O2 are two scalar primaries, S is the action and Z the generating functional of the
theory.
Under a dilation xµ 7→ λxµ we see that:

⟨O1(x
′
1)O2(x

′
2)⟩ = λ−∆1−∆2⟨O1(x1)O2(x2)⟩ (1.9)

Moreover, as a consequence of rotational and translational invariance the correlator must be a function
of |x1 − x2|. Then equation (1.9) forces this function to be homogeneous of degree −∆1 − ∆2, thus
fixing:

⟨O1(x1)O2(x2)⟩ =
C12

|x1 − x2|∆1+∆2
(1.10)

where C12 is a constant. If we now perform an inversion, it is easy to show that:

xµ 7→ xµ

|x|2 ⇒ |x1 − x2| 7→
|x1 − x2|
|x1| |x2|

, Ω(x) =
1

|x|2

which implies:
⟨O1(x

′
1)O2(x

′
2)⟩ = |x1|2∆1 |x2|2∆2 ⟨O1(x1)O2(x2)⟩

On the other hand:

⟨O1(x
′
1)O2(x

′
2)⟩ =

C12

|x′1 − x′2|∆1+∆2
= (|x1||x2|)∆1+∆2 ⟨O1(x1)O2(x2)⟩

Hence, in order to satisfy conformal invariance, C12 ̸= 0 if and only if ∆1 = ∆2.

The same procedure fixes also three-point functions2:

⟨O1(x1)O2(x2)O3(x3)⟩ =
λ123

|x1 − x2|∆1+∆2−∆3 |x2 − x3|∆2+∆3−∆1 |x1 − x3|∆1+∆3−∆2
(1.11)

2Clearly, correlation functions involving fields with spin are more complicated. Nevertheless, conformal invariance still
strongly constrains their form, fixing their spacetime dependence up to a finite number of independent tensor structures.

14



where λ123 is a constant, called a structure constant.

Even though conformal invariance is a highly constraining symmetry, this trend stops here: starting
from four (or more) point functions, one can construct conformally invariant coordinate ratios, known
as anharmonic ratios (or cross-ratios). Any function of these quantities is allowed in the correlator.

As a consequence of the strong constraints imposed by conformal symmetry, CFTs possess the re-
markable property of being definable without reference to a Lagrangian formulation. It is sufficient to
specify the CFT data, namely the set {Oi,∆Oi , λijk}, consisting of the local operators of the theory,
their conformal dimensions, and the three-point function structure constants. Once the CFT data are
known, two- and three-point correlation functions are completely fixed by conformal symmetry, while
four-point functions are further constrained by consistency conditions known as crossing equations.
Correlation functions with a higher number of insertions can be recursively reduced to lower-point
functions through the Operator Product Expansion (OPE), which will be introduced later. In this
way, the full theory can, in principle, be reconstructed without the need for an explicit Lagrangian
description.

1.1.3 Energy-momentum tensor and Ward identities

It is well known that the Noether currents associated with spacetime symmetries are expressed in
terms of the energy-momentum tensor. Consequently, the latter plays a central role in conformal field
theories.

For a theory described by a Lagrangian density L, the canonical energy-momentum tensor is given by

Tµν :=
∂L

∂(∂µΦ)
∂νΦ− δµνL.

The canonical energy-momentum tensor is not necessarily symmetric. A symmetric tensor can be ob-
tained through the Belinfante procedure, which modifies Tµν by the addition of suitable total-derivative
terms without affecting the associated conserved charges. Otherwise one can use the following trick:
we can couple the system to a background metric gµν(x) which under an infinitesimal coordinate
transformation xµ 7→ xµ + ϵµ(x) transforms as δgµν = ∂µϵν + ∂νϵµ. Then we set:

δϵS =
1

2

∫
∂µϵν

δS

δgµν
ddx ⇒ Tµνg :=

2√
g

δS

δgµν
(1.12)

where g = det(gµν). For a flat spacetime, we take the limit gµν → δµν and evaluate Tµνg in this limit
to get Tµν defined above. This produces automatically a symmetrized energy-momentum tensor.

We have used Lagrangian formalism to derive Tµν , but a general CFT may not admit a Lagrangian.
Therefore use the following definition.

Definition 1.1.3. The energy-momentum tensor Tµν is defined by the Noether current jµ = ϵνT
µν

corresponding to the coordinate transformation xµ 7→ xµ + ϵµ(x).

One can then easily prove the following conserved currents:

Translation: jµP = ϵνT
µν , ϵν = const.

Rotation: jµνρL = Tµνxρ − Tµρxν

Dilation: jµD = Tµν x
ν

SCT: jµνK = 2xµxρT
ρν − |x|2Tµν

Note that translation invariance implies that this tensor is conserved ∂µT
µν = 0, whereas scale and

SCT invariance both imply the tracelessness Tµµ = 0. This is not a surprise: if we look at equation
(1.12) and combine it with (1.1) and (1.2):

δϵS =

∫
∂µϵνT

µνddx =
1

2

∫
(∂µϵν + ∂νϵµ)T

µνddx =
1

d

∫
∂νϵ

νTµµ d
dx
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Hence the tracelessness of the (symmetric and conserved) energy-momentum tensor implies the in-
variance of the action under conformal transformations.
One may be tempted to think that scale invariance, together with Poincaré invariance, automatically
implies conformal invariance. In general, this is not the case, and a standard counterexample is pro-
vided by Maxwell theory in d ̸= 4, which is scale invariant but not conformally invariant, since its
energy-momentum tensor is not traceless.

One might argue that a non-vanishing trace Tµµ ̸= 0 would necessarily imply the breaking of scale
invariance too. However, one can show that if

Tµµ = −∂µV µ,

for some vector operator V µ, known as the virial current, then it is possible to improve the dilation
current in such a way that it remains conserved, and scale invariance is preserved.

Nevertheless, it is not always possible to extend this procedure to the special conformal currents, so
that full conformal invariance is not guaranteed. An additional condition is required, namely that the
virial current itself is a total derivative,

V µ = ∂νS
νµ,

which allows one to improve the energy-momentum tensor to a traceless form, thereby restoring full
conformal invariance.

For two-dimensional CFTs, a remarkable result by Zamolodchikov and Polchinski shows that, under
suitable assumptions, namely unitarity (i.e. the absence of negative-norm states) and compactness
(i.e. a discrete energy spectrum), scale invariance implies conformal invariance. In particular, for such
theories one can always construct an improved energy-momentum tensor which is traceless.

At quantum level, these conservation laws are expressed through the Ward identities. Their general
form is:

∂µ⟨jµa (x)Φ(x1)...Φ(xn)⟩ = −i
n∑

i=1

δ(x− xi)⟨Φ(x1)...GaΦ(xi)...Φ(xn)⟩

where Ga is the representation of the hermitian quantum generator of the symmetry and jµa the
associated conserved current.

In the case under consideration, one finds:

Translation: ∂µ⟨Tµν (x)X⟩ = −
n∑

i=1

δ(x− xi)∂νi⟨X⟩

Rotation: ϵµν⟨Tµν(x)X⟩ = −i
n∑

i=1

si δ(x− xi)⟨X⟩ (1.13)

Dilation: ⟨Tµµ (x)X⟩ = −i
n∑

i=1

∆i δ(x− xi)⟨X⟩

where X stands for a product of n primary operators, ϵµν is an antisymmetric tensor coming from the
definition of the spin generator, si is the spin of the operator Oi in X and ∆i its conformal dimension.
The identity for SCT does not bring any additional information, so we have omitted it.

A crucial observation is the following: conformal invariance at the quantum level does not generically
follow from conformal invariance at the classical level. A quantum field theory requires a regularization
prescription, which typically introduces a scale into the theory. This scale breaks conformal symmetry,
except at special values of the parameters corresponding to renormalization group fixed points. At
such points, the classical tracelessness of the energy-momentum tensor is expected to persist at the
quantum level (up to possible anomalies on curved backgrounds).
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1.2 CFTs in two dimensions

Two-dimensional CFTs are interesting not only because of their numerous applications, but also
because of their distinctive features. Indeed, in two dimensions the structure of these theories becomes
significantly richer, as the finite-dimensional conformal group is promoted to an infinite-dimensional
symmetry algebra.

1.2.1 The infinite and central extensions

Consider the Euclidean two-dimensional metric expressed in terms of the complex coordinate z =
x1 + ix2:

ds2[R2] = (dx1)2 + (dx2)2 = dzdz̄ (1.14)

Now recall that the conformal group is isomorphic to SO(d+ 1, 1). For d = 2 one can show that the
group SO+(3, 1), i.e. the connected component of SO(3, 1) containing the identity, is isomorphic to
the projective special linear group PSL(2,C) or Möbius group:

z′ =
az + b

cz + d
, a, b, c, d ∈ C, ad− bc = 1 (1.15)

Remember that we had to compactify our spacetime adding a point at infinity. The Möbius group is
indeed the group of complex automorphisms of the Riemann sphere as a complex manifold, i.e. the
bijective conformal maps from the Riemann sphere to itself, where the Riemann sphere is the complex
plane together with a point at infinity.

Although this is the global conformal group, note that any other holomorphic map z′ = f(z) also
multiplies the metric by a Weyl factor Ω2 = |∂f∂z |2. Expanding in a Laurent series,

f =
∑

n

fnz
n+1, fn ∈ C,

we identify the generators of these transformations as:

ln = −zn+1∂ l̄n = −z̄n+1∂̄

These two infinite sets of generators form two commuting Witt algebras:

[ln, lm] = (n−m) ln+m [l̄n, l̄m] = (n−m) l̄n+m [ln, l̄m] = 0

Hence in two dimensions the local conformal group is infinitely extended! In particular, from the above
commutation relations we see that the global conformal group is generated by {l−1, l0, l1}∪{l̄−1, l̄0, l̄1}.
If one näıvely attempts to quantize some of the most common classically conformally invariant theories,
one does not obtain a representation of the Witt’s algebra, but rather of one of its central extensions.
Moreover, when the same theories are quantized on a curved manifold instead of a flat one, conformal
symmetry becomes anomalous, and this anomaly is directly related to the central extension. A central
extension of an algebra consists in the addition of a commuting (central) term to the usual commutation
relations.

One can show that the only central extension compatible with the Witt’s algebra reads:

[ln, lm] = (n−m) ln+m +
c

12
(n3 − n)δm+n,0

called the Virasoro algebra and c is called central charge.

In the case of Lorentzian signature, the conformal symmetry is enhanced to independent reparametriza-
tions of the two lightlike coordinates, x±′ = f±(x±), where

ds2[R1,1] = −dt2 + dx2 = −dx+dx−, x± = t± x
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This is consistent with the fact that the Lie algebra so(2, 2) decomposes as

so(2, 2) ≃ so(2, 1)+ ⊕ so(2, 1)−,

or equivalently that SO(2, 2) is locally, i.e. close to the identity, isomorphic to SO(2, 1)+×SO(2, 1)−.
The two factors SO(2, 1)± are themselves locally isomorphic to PSL(2,R), whose action on the light
rays is given by fractional linear transformations of the form (1.15), but with real coefficients. To make
this action globally well-defined, each light ray is compactified by adding a point at infinity, yielding
two copies of S1. The infinite-dimensional extension of the global conformal group is then given by
the group of orientation-preserving diffeomorphisms,

Diff+(S1)×Diff+(S1),

whose Lie algebra is generated by two commuting copies of the Virasoro algebra.

Before ending this section let’s note that for certain manipulations it can be useful to extend our
variable space by making z and z̄ independent. Then one can always find the physical space in the
two-dimensional plane z∗ = z̄, where the star indicates the complex conjugation.

1.2.2 Primary fields

We want to study more in detail primary fields. As we have said earlier, a primary operator transforms
homogeneously as in (1.8) when a generic conformal transformation is performed. Now that the group
is infinitely extended, there can be fields that satisfy such transformation rule only for the global
conformal group.

Definition 1.2.1. We call an operator O(z, z̄) a quasi-primary if it transforms homogeneously under
the global conformal group.

Clearly all primary operators are also quasi-primary, but the converse is not true.

Let’s see how the transformation rule (1.8) is written in the complex coordinates. After performing
holomorphic z → w(z) and anti-holomorphic z̄ → w̄(z̄) transformations, the metric (1.14) picks up a
Weyl factor given by the two corresponding complex jacobians. Then we have:

O(w, w̄) = (
dw

dz
)−h(

dw̄

dz̄
)−h̄O(z, z̄) (1.16)

where we have defined the left/right conformal weights h, h̄ ∈ R. To see how these two numbers are
related to the dimension ∆O of the operator O let’s perform a rotation plus a dilatation by multiplying
the coordinates z → λz with λ = |λ|eiθ ∈ C:

O(λz, λ∗z̄) = (|λ|eiθ)−h(|λ|e−iθ)−h̄O(z, z̄) = |λ|−(h+h̄)e−iθ(h−h̄)O(z, z̄)

where we are working on the physical plane λ∗ = λ̄. Hence we have found that:

∆O = h+ h̄ sO := h− h̄

where sO is the spin of the operator.

We conclude this discussion with the following definition:

Definition 1.2.2. A holomorphic field, i.e. which depends only on z, is called chiral, whereas an
anti-holomorphic field is called anti-chiral. In Lorentzian signature, the same terminology is used for
fields depending respectively on one of the two light-cone coordinates x+ and x−, and one also speaks
of left-moving and right-moving fields.

Accordingly, one often refers to a theory depending only on one of these variables as a chiral CFT. In
the Lorentzian setting this terminology has a direct geometric meaning: since x+ and x− parametrize
light rays, a chiral CFT may be regarded as a one-dimensional conformal theory living on a light ray,
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or on its compactification S1. In the Euclidean formulation, instead, a holomorphic theory depending
only on z is still naturally defined on the complex plane, and should not be literally interpreted as a
one-dimensional theory.

As will become clear when discussing the Hilbert space of a CFT, in both the Euclidean and Lorentzian
settings a full two-dimensional theory is obtained by consistently combining two chiral components.

1.2.3 The operator-state correspondence

By inspecting the algebra (1.7), we observe that Pµ and Kµ act respectively as raising and lowering
operators with respect to the grading defined by the dilatation operator D. This suggests that D may
play a role analogous to that of a Hamiltonian.

To make this idea precise, let us consider the conformal map from the complex plane to the cylinder,

z 7→ w = log z = log |z|+ iθ = τ + iθ.

Here τ parametrizes the height along the cylinder, while θ is the angular coordinate.

Writing the flat metric on the plane in polar coordinates,

ds2[R2] = dr2 + r2dθ2 = r2
(
dr2

r2
+ dθ2

)
,

and using r = eτ , we obtain
ds2[R2] = e2τ

(
dτ2 + dθ2

)
.

Up to the Weyl factor e2τ , this is precisely the metric of a cylinder.

Under this change of coordinates, the dilatation generator becomes

D = −xµ∂µ = −r∂r = −∂τ ,
showing that radial evolution on the plane is mapped to time evolution on the cylinder. For this
reason, D is often referred to as the conformal Hamiltonian.

The Hilbert space can then be constructed as the span of the eigenstates of the conformal Hamiltonian.
Equivalently, to each circle of fixed radius r on the plane, or fixed time τ on the cylinder, one associates
a Hilbert space. This construction is known as radial quantization and it is shown in figure 1.2.

z   e
w

=

z    e=

z 

z 

τ

τ

w = τ+iθ

θ∼θ+2π

arg(z)=θ

Figure 1.2: The plane-cylinder correspondence underlying radial quantization.

To further formalize this picture, let us assume the existence of a conformally invariant vacuum state
|Ω⟩. In particular, a local operator Φ(z, z̄) defines the state

|Φ⟩ = lim
z,z̄→0

Φ(z, z̄)|Ω⟩.
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This establishes a one-to-one correspondence between local operators on the plane and states on
the cylinder, known as the operator-state correspondence. In this picture, an insertion at the origin
corresponds to a state defined at τ → −∞, while insertions at larger radii correspond to later Euclidean
times. The vacuum state itself can be regarded as the state associated with the insertion of the identity
operator.

As we have already pointed out, Pµ and Kµ behave as raising/lowering operators with respect to the
dilation generator D, which as said, plays the role of a Hamiltonian. Therefore, acting with Pµ on a
primary state generates its first excited states. However, in two-dimensional CFT the global conformal
algebra is enhanced to the infinite-dimensional Virasoro algebra. As a consequence, there exists an
infinite tower of additional raising operators, which generate a much richer set of excited states beyond
those obtained from the global conformal symmetry. We will return to this later.

To endow the Hilbert space with an inner product, we must define Hermitian conjugation. In
Minkowski spacetime, Hermitian conjugation does not act on the spacetime coordinates. In Euclidean
signature, however, the Euclidean time coordinate must be reversed (τ → −τ) upon Hermitian conju-
gation. In radial quantization this corresponds to the mapping z → 1/z∗. Then for a quasi-primary,
we define:

Φ(z, z̄)† := z̄−2hz−2h̄Φ(1/z̄, 1/z) (1.17)

so that:

⟨Φ| = lim
z,z̄→0

⟨Ω|Φ†(z, z̄) = lim
z,z̄→0

z̄−2hz−2h̄ ⟨Ω|Φ(1/z̄, 1/z) ζ:=1/z̄
= lim

ζ,ζ̄→∞
ζ2hζ̄2h̄ ⟨Ω|Φ(ζ, ζ̄)

The prefactors in (1.17) guarantee that the scalar product ⟨Φ|Φ⟩ has a well-defined limit when ζ, ζ̄ →
∞.

We can also expand a conformal field Φ(z, z̄) of dimensions (h, h̄) in modes by considering its Laurent
expansion:

Φ(z, z̄) =
∑

m∈Z

∑

n∈Z
z−m−hz̄−n−h̄Φm,n, Φm,n =

1

2πi

∮
dz zm+h−1 1

2πi

∮
dz̄ z̄n+h̄−1 Φ(z, z̄) (1.18)

One can relate this expansion to the Fourier expansion of the field on the cylinder (given its periodic
behaviour) by using the conformal map between the latter and the complex plane.

The usual Hermitian conjugation,

Φ(z, z̄)† =
∑

m∈Z

∑

n∈Z
z̄−m−hz−n−h̄Φ†

m,n,

compared to the definition of equation (1.17) gives:

Φ†
m,n = Φ−m,−n

Note that to be well defined, the ”in” and ”out” states, respectively at z = 0 and z = ∞, must obey:

Φm,n|Ω⟩ = 0, m > −h, n > −h̄ (1.19)

Within radial quantization, time ordering becomes a radial ordering, defined as:

R[O1(z)O2(w)] =

{
O1(z)O2(w) if |z| > |w|
O2(w)O1(z) if |z| < |w|

If the two fields are fermions, a minus sign is added in front of the second expression. All operators
in correlation functions are understood to be radially ordered.
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1.2.4 The conformal charge

Let us count the free components of the energy momentum tensor in d = 2. Being a symmetric
traceless rank-2 tensor, it has only two, out of four, free components. Considering the complex
coordinates (1.14), these components are Tzz(z, z̄) := T (z, z̄) and Tz̄z̄(z, z̄) := T̄ (z, z̄). Then the
continuity equation ∂µT

µ
ν = 0 implies:

∂zT̄ = 0 ⇒ T̄ = T̄ (z̄) ∂z̄T = 0 ⇒ T = T (z)

It follows that there is an infinite number of conserved left-moving and right-moving currents:

(j(n)z , j
(n)
z̄ ) = (zn+1 T (z), 0) (j̄(n)z , j̄

(n)
z̄ ) = (0, z̄n+1 T̄ (z̄))

The corresponding charges generate the infinite Virasoro extension of the two-dimensional conformal
algebra discussed in the previous section. In radial quantization a fixed time slice corresponds to a
contour of fixed radius. Therefore we define the conformal charge as:

Qϵ,ϵ̄ :=
1

2πi

∮
dz ϵ(z)T (z) +

1

2πi

∮
dz̄ ϵ̄(z̄)T̄ (z̄)

From now on we focus just on the holomorphic part. We can expand T (z) as in (1.18):

T (z) =
∑

n∈Z
z−n−2 Ln Ln =

1

2πi

∮
dz zn+1T (z)

whereas
ϵ(z) =

∑

n∈Z
ϵnz

n+1

Then it is easy to see that the conserved charge associated to the current j(n) = zn+1T (z) coincide
with Ln and corresponds to the transformation given by ϵ(z) = zn+1. Moreover, the conformal charge
can be expressed in modes as:

Qϵ =
∑

n∈Z
ϵnLn

In conclusion, we have found that the expansion modes of the energy-momentum tensor are the
generators of the conformal transformations. As already mentioned, the classical generators obey the
Witt’s algebra and the quantum generators obey the Virasoro algebra:

[Ln, Lm] = (n−m)Ln+m +
c

12
(n3 − n)δm+n,0

and similarly for the anti-holomorphic modes. The generators of the global conformal group PSL(2,C)
are then identified with L−1, L0 and L1 (and their anti-holomorphic counterparts). In particular, the
operator L0 + L̄0 generates dilations (z, z̄) → λ(z, z̄), which are, as said, time translations in radial
quantization. Thus, D = L0 + L̄0.

Before moving on, let us note that the conformal Hamiltonian D must be self-adjoint in order to
define a proper Hilbert-space generator of radial evolution. In radial quantization this follows from
the adjointness relations L†

n = L−n and L̄†
n = L̄−n, which in particular implies L†

0 = L0 and L̄†
0 = L̄0.

Hence D† = D.
The same adjointness relations also expresses the well-known fact that, in radial quantization, trans-
lations and special conformal transformations are conjugate to each other. Indeed, L−1, L̄−1 generate
translations on the plane, while L1, L̄1 generate special conformal transformations, and L†

−1 = L1,

and L̄†
−1 = L̄1. This is the two-dimensional counterpart of the relation P †

µ = Kµ, which is required by
compatibility of the conformal algebra (4.3.2) with D† = D.

From the quantum Noether theorem we know that this charge generates the variation of the fields as:

δϵO = [Qϵ, O] (1.20)
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If we insert the definition of the conformal charge on the right-hand side we find:

δϵO =
1

2πi

∮
dz ϵ(z)[T (z), O(w)]

How do we interpret this equation? All operator equations are to be viewed as living inside radial-
ordered correlation functions. Therefore we have to choose the contour according to the order of the
integrated operators:

δϵO =
1

2πi

∮

|z|>|w|
dz ϵ(z)T (z)O(w)− 1

2πi

∮

|z|<|w|
dz ϵ(z)T (z)O(w)

where the radial ordering of the integrand is, as always, understood. As shown in figure 1.3 this is
equivalent to a single integration over a counterclockwise contour C encircling the insertion point w
of the operator O. Therefore3:

δϵO =
1

2πi

∮

C
dz ϵ(z)T (z)O(w) (1.21)

Actually this expression could be derived by using the Ward identities (1.13) and, when generalized
to an arbitrary product of operators with insertion points (wi, w̄i), is referred as the Conformal Ward
identity.

z

w

z

w

z

w

Figure 1.3: Evaluation of the radial commutator.

Now that we know how to compute the variation of any field under a generic conformal transformation,
we can evaluate the transformation of the energy-momentum tensor itself. Using the mode expansion
of T (w) and the Virasoro algebra, one can show that:

δϵT (w) = [Q, T (w)] =
∑

n∈Z
ϵn[Ln, T (w)] = − c

12
∂3w ϵ(w)− 2T (w)∂wϵ(w)− ϵ(w)∂wT (w)

Integrating this expression one finds:

T (w) =

(
dw

dz

)−2

[T (z)− c

12
{w, z}], {w, z} =

d3zw

dzw
− 3

2

d2zw

dzw

where {w, z} is called Schwarzian derivative. An explicit calculation gives:

{az + b

cz + d
, z} = 0, a, b, c, d ∈ C, ad− bc = 1

Therefore the energy-momentum tensor is a quasi-primary (for c ̸= 0) field of conformal dimension 2.

Note that under the conformal transformation z = ew, mapping the plane to the cylinder, the energy-
momentum tensor transforms as:

Tcyl(w) = z2Tpl(z)−
c

24

3Even though O(w) is evaluated at a fixed point, it cannot be regarded as a constant with respect to the contour
integration, since the relevant object is the product T (z)O(w) inside correlation functions. By translational invariance,
this product depends on the relative coordinate z −w, so the insertion at w influences the value of the contour integral.

22



On the plane, we will see shortly that ⟨Tpl⟩ = 0, and therefore

⟨Tcyl⟩ = − c

24

This shows that the central charge can be interpreted as the Casimir energy of the theory on the
cylinder. Including also the anti-holomorphic sector, the cylinder Hamiltonian is shifted to Hcyl =
L0 + L̄0 − c

12 .

To conclude the section, since now we have all the ingredients, we formalize what we mean by a
compact CFT:

Definition 1.2.3. A CFT is said to be compact if all conformal dimensions are real, the spectra of
L0 and L̄0 are discrete and the vacuum |Ω⟩ is unique.
In the sequel we will always work with this assumption.

1.2.5 The Hilbert space structure

Consider now a primary operator O(z), chiral for simplicity. We now consider an infinitesimal trans-
formation of the coordinates given by w = z + ϵ(z). Then from (1.16) we get:

O(z) = (1 + ∂zϵ(z))
hO(z + ϵ(z)) = (1 + h∂zϵ+ o(ϵ2))(O(z) + ∂zO(z)ϵ+ o(ϵ2))

From which we find:
δϵO = (ϵ∂z + h∂zϵ)O (1.22)

If we now choose ϵ(z) = zn+1, according to (1.20) we find the commutation relation:

[Ln, O(z)] = (zn+1∂z + h(n+ 1)zn)O(z) (1.23)

Now let’s use this transformation to better characterize the Hilbert space of radial quantization. First
of all note that equation (1.19) for the energy-momentum tensor reads:

Ln|Ω⟩ = 0 L̄n|Ω⟩ = 0, n ≥ −1 (1.24)

This condition implies the invariance of the vacuum with respect to the global conformal group and
the vanishing of the expectation value of the energy-momentum tensor:

⟨Ω|T (z)|Ω⟩ = 0 ⟨Ω|T̄ (z̄)|Ω⟩ = 0

Let’s now consider a state created by a primary of conformal weights (h, h̄):

|h, h̄⟩ = O(0, 0)|Ω⟩
Using (1.24) and the commutation relations (1.23) we get:

L0|h, h̄⟩ = h|h, h̄⟩ L̄0|h, h̄⟩ = h̄|h, h̄⟩
i.e. primary states are eigenstates of the Hamiltonian. Likewise, we have:

Ln|h, h̄⟩ = 0 L̄n|h, h̄⟩ = 0, n > 0 (1.25)

Using the Virasoro algebra we get:
[L0, L−m] = mL−m

Meaning that the generators of the Virasoro algebra act as raising/lowering operators for the eigen-
states of L0. This was already pointed out for Pµ and Kµ in section 1.2.3; we now see that such
behaviour adapts to the whole extended conformal group. This means that excited states may be
obtained by successive applications of these operators on the state |h⟩:

L−k1 ...L−kn |h⟩, 1 ≤ k1 ≤ ... ≤ kn (1.26)

where the increasing order is a convention; a different ordering can always be brought into a linear
combination of well ordered states by applying the Virasoro algebra. The above state is an eigenstate
of L0 with eigenvalue h′ = h+ k1 + ...+ kn = h+ l, where l ∈ N, 0 ∈ N, is the level of the state.
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Definition 1.2.4. The states (1.26) are called descendants.

Descendants are clearly not primary states as they don’t satisfy (1.25).

The subset of the full Hilbert space generated by the primary state |h⟩ and its descendants is closed
under the action of the Virasoro generators and thus forms a representation (more correctly, a mod-
ule) of the Virasoro algebra. This representation is called a highest-weight representation and the
corresponding representation space is called a Verma module.

Thanks to (1.17), the inner product of two states in a Verma module is well defined:

L−k1 ...L−kn |h⟩, L−p1 ...L−pn |h⟩ ⇒ ⟨h|Lk1 ...LknL−p1 ...L−pn |h⟩

This product may be evaluated using the Virasoro algebra and vanishes unless the two states belong
to the same level. Moreover, Hermiticity also forces h to be real: L†

0 = L0 ⇒ ⟨h|h∗ = (h|h⟩)† =
(L0|h⟩)† = ⟨h|L0 = ⟨h|h.
The same discussion can be carried over also for the anti-holomorphic generators. If we denote by Vch
and V̄c

h̄
the Verma modules generated by the sets {L−n} and {L̄−n}, respectively, for a given value c

of the central charge and highest weights h and h̄, the whole Hilbert space can be decomposed as

H =
⊕

h,h̄

Vh,h̄ ⊗ Vch ⊗ V̄ch̄

Here Vh,h̄ is a finite-dimensional vector space accounting for the multiplicity Zh,h̄ ∈ N of the corre-
sponding irreducible representation, with

dim(Vh,h̄) = Zh,h̄.

For instance, if the same representation appears more than once, one has multiple primary fields with
identical conformal weights (h, h̄). Any linear combination of such primary fields is still a primary
with the same conformal weights. The space Vh,h̄ can thus be interpreted as the space spanned by
these states, carrying the representation labeled by (h, h̄). Equivalently, one can write

H =
⊕

h,h̄

Zh,h̄ Vch ⊗ V̄ch̄ , Zh,h̄ ∈ N

Interpreting Zh,h̄ as the number of copies in the direct sum of the subsequent Hilbert space, the
equivalence follows from the fact that, for any vector space V, the direct sum of Z copies of V can be
written as V⊕· · ·⊕V ≃ V ⊗V, where V ≃ CZ is a Z-dimensional vector space such that dim(V ) = Z.

However, not all states (1.26) in H are physical: there can exist both null states and negative-norm
states. For now, we will remove only the unphysical null states, while the removal of negative-norm
states will be discussed later in the context of unitary CFTs.

Definition 1.2.5. A null (or singular) state is a non-vanishing descendant state |χ⟩ ∈ Vch, different
from |h⟩, which is itself a highest-weight state, i.e.

Ln|χ⟩ = 0 for all n > 0

Null states generate a submodule Vχ ⊂ Vch, which is invariant under the action of the Virasoro algebra.
Singular vectors are orthogonal to the entire Verma module:

⟨χ|L−k1 ...L−kn |h⟩ = ⟨h|Lkn ...Lk1 |χ⟩∗ = 0

In particular this implies ⟨χ|χ⟩ = 0. These properties also extend to all descendants of |χ⟩.
We have thus identified an invariant subspace under the action of the conformal algebra. By definition
this means that the original representation is reducible. Therefore, from a Verma module containing
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one or more singular vectors, one may construct an irreducible representation of the Virasoro algebra
by quotienting out the null submodules:

M c
h := Vch/N c

h

where N c
h denotes the submodule generated by all null states.

These irreducible representations will be denoted asM c
h, to distinguish them from the reducible Verma

modules. The physical Hilbert space can then be written as:

Hphys =
⊕

h,h̄

Vh,h̄ ⊗M c
h ⊗ M̄ c

h̄ ≃
⊕

h,h̄

Zh,h̄ M
c
h ⊗ M̄ c

h̄ (1.27)

In the sequel, by H we will mean the physical Hilbert space.

1.2.6 Operator Product Expansion

In quantum physics, typical experiments probe composite operators made out of products of elemen-
tary fields and their derivatives. Mathematically, considering a scalar field ϕ, for a distant observer two
nearby insertions of ϕ may effectively look like an insertion of ϕ2, ϕ∂µϕ, etc. However, the coincidence
limit is in general a singular operation4. In a generic QFT, turning this intuition into a precise math-
ematical statement is difficult and usually leads only to asymptotic expansions. In a CFT, instead,
where there are no scales other than the distance between the insertions, this procedure, called the
Operator Product Expansion (OPE), is well-defined and has a finite radius of convergence.

Thanks to the operator-state correspondence, the insertion of two operators at the points (w, w̄) and
(z, z̄) creates the state

|Ψ⟩ = O1(z, z̄)O2(w, w̄)|Ω⟩.
We can decompose this state in a complete basis consisting of all highest-weight states and their
descendants:

|Ψ⟩ =
∑

k

Ckij(z − w, z̄ − w̄, ∂w, ∂w̄)Ok(w, w̄)|Ω⟩. (1.28)

O3(w',w')

O1(w,w)

O2(z,z)

Figure 1.4: Schematics of the OPE in
radial quantization.

The above sum runs only over primary operators Ok, while the
contribution of their descendants is encoded in the differential
operators Ckij(z −w, z̄ − w̄, ∂w, ∂w̄). By translational invariance,
these coefficients depend only on the separation between the two
insertions. By studying three-point functions and exploiting con-
formal invariance, one can determine the coefficients Ckij up to
an overall multiplicative constant. These constants are precisely
the structure constants λijk appearing in the three-point corre-
lators. For this reason, together with the spectrum of conformal
weights, they constitute the CFT data required to define a con-
formal field theory non-perturbatively, even in the absence of
a Lagrangian description. Since the only singularities of CFT
correlation functions are poles, we expect the expansion (1.28)
to converge inside the disk |z −w| < |w′ −w|, where w′ denotes
the nearest other operator insertion. This is illustrated in figure
1.4.

In general, we write the OPE as

O1(z, z̄)O2(w, w̄) =
∑

k

Ckij(z − w, z̄ − w̄, ∂w, ∂w̄)Ok(w, w̄).

4For instance, consider the general form of the two-point function (1.10).
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It is understood that this equation has a precise mathematical meaning only inside correlation func-
tions. Moreover, radial ordering is also implicitly understood. Finally, other operator insertions may
be present in the correlator, but according to the previous discussion the expansion remains valid
provided that all such insertions lie outside the convergence disk, namely at distances greater than
|z − w| from the expansion point.

The singular terms of the OPE as z → w completely determine the action of conserved charges
defined via contour integrals. Indeed, by Cauchy’s residue theorem, any regular contributions vanish
upon integration. Consequently, this singular behavior encodes all the relevant physics regarding the
commutation relations of the symmetry generators (1.21).5 For this reason, it is standard practice to
omit the regular terms and display only the singular part of the OPE.

For example, from the conformal Ward identity one can derive that the OPE between T (z) and a
generic operator O(w, w̄) with conformal weights (h, h̄) takes the form

T (z)O(w, w̄) = . . .+
hO(w, w̄)

(z − w)2
+
∂O(w, w̄)

z − w
+ . . . (1.29)

and similarly for the expansion involving T̄ (z̄). We see that the coefficient of the (z−w)−2 singularity
contains the conformal weight of O(w, w̄). Moreover, comparing this expansion with (1.21) and (1.22),
one finds that for a primary operator the singular terms appearing in (1.29) are the only ones present.

Once the expansion (1.29) is known, one can derive the OPE of the energy-momentum tensor with
itself:

T (z)T (w) =
c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
+ . . .

where c is the central charge.

Note that one may equivalently start from the Ward identities, derive the above OPE, which naturally
introduces the constant c, and then obtain the commutation relations of the modes Ln, proving that
they satisfy the Virasoro algebra. Here we have followed the opposite route, namely assuming the Vi-
rasoro algebra as the correct symmetry algebra of the quantum theory and motivating the appearance
of the central extension through the Casimir energy. This allows for a more direct presentation while
avoiding some technical computations.

1.2.7 Minimal models and Rational CFTs

When talking about the Hilbert space of a CFT, we have identified two issues: null vectors and
negative-norm states. The first problem has already been addressed, and now we have to discuss the
remaining one.

Definition 1.2.6. A CFT is said to be unitary if it contains no negative-norm states.

One can show, using the Virasoro algebra, that:

⟨h|LnL−n|h⟩ =
(
2nh+

c

12
n(n2 − 1)

)
⟨h|h⟩. (1.30)

Note that for n = 1 we obtain, in a unitary theory:

⟨h|L1L−1|h⟩ = 2h⟨h|h⟩ ≥ 0 ⇒ h ≥ 0.

In addition, if c < 0, the norm (1.30) becomes negative for sufficiently large n. Therefore, all repre-
sentations with negative central charge are non-unitary.

5Although the mode expansion of ϵ(z) may introduce poles at z = 0, the integration contour in (1.21) is chosen to
tightly encircle only the insertion point w. Since this contour is arbitrarily small and isolates w from any other poles or
operator insertions, the regular terms of the TO expansion yield a vanishing integral, while ensuring that we are in the
correct regime to perform the OPE.
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The necessary and sufficient conditions for unitarity are obtained by considering the Gram matrix of
inner products between all basis states. We denote by |i⟩ the basis states (1.26) of the Verma module
and define:

Mij = ⟨i|j⟩, M † =M.

This matrix is block-diagonal, with blocks M (l) corresponding to states at level l. A generic state is
a linear combination |a⟩ = ∑i ai|i⟩, and its norm is (in matrix notation) ⟨a|a⟩ = a†Ma. Since M is
Hermitian, it can be diagonalized by a unitary matrix U :

M = UΛU †.

Setting b = Ua, we obtain:

⟨a|a⟩ =
∑

i

λi|bi|2,

where λi are the eigenvalues of Λ. Consequently, there exist negative-norm states if and only if M has
at least one negative eigenvalue. Moreover, null vectors appear when one or more eigenvalues vanish,
in which case the Verma module becomes reducible.

Hence, singular vectors occur whenever det(M) = 0. There exists a general formula, due to Kac, for
the determinant of the Gram matrix, the Kac determinant :

det(M (l)) = αl
∏

r,s≥1
rs≤l

(h− hr,s(c))
p(l−rs)

Here p(l − rs) denotes the number of partitions of the integer l − rs, and αl is a positive constant
independent of h and c:

αl =
∏

r,s≥1
rs≤l

((2r)ss!)m(r,s) , m(r, s) = p(l − rs)− p(l − r(s+ 1)).

Figure 1.5: The vanishing curves hr,s(c) in
the (c, h)-plane.

The functions hr,s(c) may be expressed in various equivalent
forms. For example:

hr,s(m) =

[
(m+ 1)r −ms

]2 − 1

4m(m+ 1)
, m = −1

2
± 1

2

√
25− c

1− c

with r and s positive integers. One can freely choose ei-
ther the positive or negative branch of the square root in
m thanks to a symmetry property of the functions hr,s. In
the (c, h) plane, the Kac determinant vanishes along the
curves h = hr,s(c), called vanishing curves. Their inter-
sections correspond to Virasoro representations containing
more than one independent null vector. These curves are
shown in figure 1.5.

Note that the Kac determinant does not provide the eigen-
values of the Gram matrix, but only their product. There-
fore, a more detailed analysis is required to identify unitary
theories. Since this analysis is rather involved, we only
present the final results:

• For c > 1 and h ≥ 0 there are no null states and no negative norm states;

• For c = 1 one finds det(M (l)) = 0 for h = n2

4 , n ∈ Z;
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• For c < 1 and h ≥ 0 of course we have reducible representations along the vanishing curves. A
more careful analysis shows that negative states are absent only on certain intersection points
of such curves; these intersection points are parametrized by:

c(m) = 1− 6

m(m+ 1)
, h = hr,s(m) (1.31)

with m = 3, 4, ..., 1 ≤ r ≤ m− 1 and 1 ≤ s ≤ m.

The family of models with central charge (1.31) is called minimal models. Their importance relies
on the fact that they are exactly solvable theories and, moreover, describe the continuum limit of
discrete statistical models at criticality, such as the Ising model or the Potts model. The discovery of
minimal models and their identification with known statistical systems at criticality constitute one of
the greatest applications of conformal invariance.

Minimal models are characterized by only a finite number of irreducible representations of the Virasoro
algebra. This property places them within a wider class of theories:

Definition 1.2.7. A rational conformal field theory (RCFT) is a CFT with a finite number of ir-
reducible representations of its chiral algebra. Equivalently, it possesses only finitely many primary
fields with respect to the action of the chiral algebra.

Note that in the above definition we refer to the chiral algebra rather than to the Virasoro algebra.
This is because RCFTs include more general theories whose left- and right-moving symmetry algebras
are enlarged to a larger chiral algebra containing the Virasoro algebra as a subalgebra.

Finally, we can introduce a useful concept that will appear repeatedly throughout this thesis: the
fusion algebra of primary operators. Although fusion algebras will be defined more rigorously in the
next chapter, one may think of them as a coarse-grained version of the operator algebra, retaining
only the information about which conformal families may appear in the OPE of two primary fields
while ignoring the corresponding coefficients and spacetime dependence.

The general form of a fusion algebra for primaries {Φi} is:

Φi × Φj =
∑

k

Nk
ij Φk, Nk

ij ∈ N, (1.32)

where the symbol × is sometimes replaced by ⊗ or omitted altogether. The coefficients Nk
ij are called

fusion coefficients and should not be confused with the OPE coefficients. Their role is to count the
number of independent fusion channels through which the representations associated with Φi and Φj
can combine into the representation associated with Φk.

From the OPE point of view, the condition Nk
ij ̸= 0 means that the conformal family generated by

Φk may appear in the expansion of Φi(z, z̄)Φj(w, w̄). More generally, when Nk
ij > 1, there exist

several independent fusion channels associated with the same conformal family. Accordingly, the
corresponding three-point functions are no longer characterized by a single coupling constant, but by
several independent structure constants, one for each fusion channel.

Note that fusion rules can be defined in general for CFTs, although they take a particularly simple
form in RCFTs, where the sum appearing on the right-hand side of (1.32) is finite.

In minimal models, one can show that Nk
ij ∈ {0, 1} and that the fusion rules of chiral fields have a

precise form:

ϕ(r1,s1) × ϕ(r2,s2) =

min(r1+r2−1, 2m−r1−r2−1)∑

r=|r1−r2|+1
r+r1+r2=1 mod 2

min(s1+s2−1, 2(m+1)−s1−s2−1)∑

s=|s1−s2|+1
s+s1+s2=1 mod 2

ϕ(r,s) (1.33)
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1.2.8 The partition function

Let’s briefly recall the heuristic argument that relates the thermal partition function to the gener-
ating functional of a CFT. Consider the matrix element of the evolution operator between position
eigenstates:

⟨x2|e−iHt|x1⟩ =
∫ x(t)=x2

x(0)=x1

Dxe−iS[x,ẋ]

where H is the Hamiltonian and S is the particle action. Integrating over all configurations with
x1 = x2 and rotating to imaginary time, we obtain the thermal partition function as a path integral
over periodic trajectories:

Z(β) = TrH(e−βH) =
∫

x(0)=x(β)
Dxe−SE [x,ẋ]

where SE is the Euclidean action and the length of the Euclidean time circle is the inverse temperature
β = 1/T .

Extending this argument to two-dimensional CFTs, where spatial periodicity also emerges from the
operator-state correspondence, we obtain:

Z(β) = TrH
(
e−β(L0+L̄0− c

12
)
)
=

∫

T2

DΦ e−SE

where we have subtracted the vacuum energy contribution from the conformal Hamiltonian. Hence a
two-dimensional CFT is naturally defined on a torus T2.

We now rewrite this quantity in order to separate holomorphic and anti-holomorphic contributions
and to highlight the underlying torus structure. We first introduce q = e−β , so that:

Z(β) = TrH
(
e−β(L0+L̄0− c

12
)
)
= TrH

(
qL0− c

24 q̄L̄0− c
24

)
= Z(q, q̄)

For the moment we have q = q̄. We now introduce the modular parameters τ and τ̄ defined by

q = e2πiτ q̄ = e−2πiτ̄

Then:
Z(q, q̄) = TrH

(
qL0− c

24 q̄L̄0− c
24

)
= TrH

(
e2πiτ(L0− c

24
)e−2πiτ̄(L̄0− c

24
)
)

(1.34)

with τ = τ1 + iτ2, where τ2 =
β
2π , and τ̄ = τ∗, q̄ = q∗.

τ

τ
z

z

Figure 1.6: A complex lattice generated by τ = τ1+ iτ2.

While for a physical Euclidean torus one has
τ̄ = τ∗, it is often convenient to treat the holo-
morphic and anti-holomorphic sectors formally as
independent variables. In order to do so, one may
also allow independent central charges c and c̄. In
this way one can regard the partition function as
a function of two independent variables:

Z = Z(τ, τ̄)

The physical theory is recovered by imposing τ̄ =
τ∗, q̄ = q∗ and c = c̄.

The complex parameter τ is called the modular
parameter and encodes the geometry of the torus.
Indeed, both spatial periodicity θ ∼ θ + 2π on
the cylinder and Euclidean time periodicity tE ∼
tE + β are encoded in the identification

z ∼ z + 2πτ,
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This equivalence generates a lattice in the complex plane, defining a torus whose shape is determined
by τ (see figure 1.6).

Expanding the expression (1.34), one finds that introducing the complex modular parameter τ =
τ1 + iτ2 generalizes the thermal partition function to

Z(τ, τ̄) = TrH
(
e−2πτ2He2πiτ1(L0−L̄0)

)

The additional factor acts as a chemical potential for the momentum operator L0− L̄0, which in radial
quantization generates rotations on the plane and is naturally related to the spin of the states. Its
appearance has a simple geometric interpretation. For a rectangular torus (τ1 = 0), a translation
along the Euclidean time cycle returns to the same spatial point. For a tilted torus (τ1 ̸= 0), instead,
a translation along the Euclidean time direction must be accompanied by a spatial translation in
order to return to an identified point. The operator e2πiτ1(L0−L̄0) precisely implements this additional
translation.

The symmetries of the torus become symmetries of the partition function. Different choices of cycles
generating the same lattice are related by transformations in the modular group:

τ → aτ + b

cτ + d
,

(
a b
c d

)
∈ SL(2,Z)/Z2.

This group is generated by two elements:

T : τ → τ + 1, S : τ → −1

τ

These symmetries lift to the partition function, which becomes modular invariant :

Z(τ, τ̄) = Z(τ + 1, τ̄ + 1), Z(τ, τ̄) = Z
(
−1

τ
,−1

τ̄

)
(1.35)

This is a consistency condition that every two-dimensional CFT must satisfy and has no higher-
dimensional analogue.

Practically, the partition function is conveniently expressed in terms of characters:

χ
(c)
h := TrMc

h

(
qL0− c

24

)
, χ̄

(c̄)

h̄
:= TrM̄ c̄

h̄

(
q̄L̄0− c̄

24

)

Using the Hilbert space decomposition (1.27), we obtain:

Z(τ, τ̄) =
∑

h,h̄

Zh,h̄ χ
(c)
h (τ) χ̄

(c̄)

h̄
(τ̄)

The explicit form of the characters depends on the specific model.

In many theories, under the T transformation the characters acquire only a phase, making invariance
under T straightforward to check. In particular, from (1.34):

χ
(c)
h (τ + 1) = e2πi(h−

c
24

) χ
(c)
h (τ)

Then modular invariance under T transformations implies that:

e2πi(h−h̄) = 1

Meaning that in a modular invariant theory the spins must be integers. Note that this does not imply
that the left/right conformal weights need to be integers.

Under the S transformation, instead, the characters transform linearly as:

χ
(c)
h

(
−1

τ

)
=
∑

h′

Shh′χ
(c)
h′ (τ) (1.36)
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The matrix S is called the modular S-matrix and is symmetric and unitary. One then finds:

Z
(
−1

τ
,−1

τ̄

)
=
∑

i,j,k,k′

χ
(c)
i (τ)STikZk,k′S

∗
k′j χ̄

(c̄)
j (τ̄) = Z(τ, τ̄) ⇒ Z = SZS† (1.37)

For simplicity we have used generic indices, although they run over the full set of conformal weights
of the theory; we will adopt this convention throughout the thesis.

Definition 1.2.8. A diagonal CFT is a theory with Zi,j = δi,j .

Note that modular invariance under S follows immediately from (1.37) and the unitarity of S for
diagonal theories.

Finally, we state a famous result due to Verlinde, which relates the fusion algebra (1.32) to the modular
transformation properties of characters (1.36), namely the Verlinde formula:

Nk
ij =

∑

m

SimSjmS
∗
km

S0m
(1.38)

This formula states that the unitary S-matrix diagonalizes the fusion matrices. More precisely, if we
define (Ni)

k
j = Nk

ij , then the eigenvalues of Ni are given by Sim
S0m

. This formula will be extensively
used in the sequel.

1.3 The Ising Model

Let’s start from the discrete statistical model. Consider an N ×M lattice with spin variables σi ∈
{−1, 1} at each site, and suppose that they interact through a nearest-neighbour energy per link ⟨ij⟩:

E⟨ij⟩ = −Jσiσj

leading to the partition function:

Z =
∑

{σ}
e−β

∑
⟨ij⟩ E⟨ij⟩

where β = 1/KBT . Note that this system exhibits a Z2 symmetry implemented by the transformation
σi → −σi.
This system undergoes a second-order phase transition at a critical value K = Kc of the coupling
K := βJ . The continuum limit at the critical point is described by a conformal field theory.

Before analyzing the associated CFT, let us briefly discuss the two phases separated by the critical
point. There is a low-temperature ordered phase (K > Kc) and a high-temperature disordered phase
(K < Kc). The partition function can be expanded as a power series in K and 1/K, respectively, in
these regimes.

In the high-temperature phase (small K), using the identity:

eKσiσj = cosh(K) + σiσj sinh(K) = cosh(K)(1 + σiσj tanh(K)), σi, σj ∈ {−1, 1}

we find:

Z =
∑

{σ}

∏

⟨ij⟩
cosh(K)(1 + σiσj tanh(K)) = (cosh(K))2NM

∑

{σ}

∏

⟨ij⟩
(1 + σiσj tanh(K))

where 2NM is the number of nearest-neighbour bonds.

The above product over nearest neighbours can be expanded as follows: pick a site; for each neighbour
the product selects either 1 or σiσj tanh(K). Whenever the latter is chosen, one can imagine moving
to the neighbouring site and repeating the procedure. In this way, the polynomial arising from the
expansion of the product can be interpreted in terms of paths on the lattice.
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We now perform the sum over spin configurations. Since σi ∈ {−1, 1}, only terms in which each spin
appears an even number of times survive (a single σi would sum to 1 − 1 = 0). In the graphical
representation, this implies that only configurations consisting of (possibly disconnected) closed loops
contribute. Therefore, the partition function becomes:

Zhigh = [2 cosh2(K)]NM
∑

loops

[tanh(K)]length (1.39)

where the factor 2NM arises from the sum over all spin configurations. This is the so-called high-
temperature expansion of the Ising model. The procedure described above is illustrated in figure
1.7.

starting site 1 σiσj tanh(K) Allowed Not allowed

Figure 1.7: Graphical representation of the high-temperature expansion. In general, the path may branch and
form more complicated closed configurations.

The spin chains arising in the high-temperature expansion can be interpreted as fluctuations of short-
range correlations rather than as physical spin domains. Since the partition function contains no
sources, only closed chains contribute, resulting in a gas of closed loops of correlated spins. In this re-
spect, the high-temperature expansion is reminiscent of the perturbative expansion of a QFT partition
function, which decomposes into a sum of closed vacuum bubble diagrams. Note that the contribution
of long chains is suppressed in the low K regime.

In the low-temperature phase (large K), the system is almost fully ordered, except for small clusters
of flipped spins. A given configuration can thus be described in terms of the boundaries separating
regions of opposite magnetization.

The lowest-energy configuration is the fully aligned one, with energy:

E0 = −J
∑

⟨ij⟩
1 = −JNbonds = −2JNM

We factor this contribution out of the partition function:

Z = e2KNM ·
∑

{σ}
e−β

∑
⟨ij⟩ E⟨ij⟩−E0

The remaining sum weights the energy cost of excitations above the ground state. For every anti-
aligned nearest-neighbour pair we pay an energy cost:

∆E = Eopposite − Ealigned = +J − (−J) = 2J
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Since the boundaries of flipped clusters form closed loops, we obtain:

Zlow = 2e2NMK
∑

loops

e−2K(length) (1.40)

where the factor 2 accounts for the degeneracy of the ground state. This situation is illustrated in
figure 1.8.
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Figure 1.8: Graphical interpretation of the low-temperature expansion of the Ising model. Flipped spin clusters
are encoded by closed domain walls on the dual lattice.

Note that in the high-K regime, only small clusters give a significant contribution to the partition
function.6

From expressions (1.39) and (1.40), we see that the two phases are mapped into each other through
the identification:

e−2K′
= tanh(K) (1.41)

In particular:

Zlow(K ′) = 2e2NMK′ ∑

loops

e−2K′(length) = 2 tanh(K)−NM
∑

loops

tanh(K)(length) =

= 2 sinh(K)−NM cosh(K)NM
∑

loops

tanh(K)(length) =

= 2 (2 sinh(K) cosh(K))−NM 2NM cosh(K)2NM
∑

loops

tanh(K)(length) =

= 2 sinh(2K)−NM Zhigh(K)

This transformation relating the high- and low-temperature phases of the Ising model is called the
Kramers–Wannier duality. At the phase transition point we expectK = K ′, and from equation (1.41):

Kc = −1

2
ln(

√
2− 1)

A crucial observation is the following. Equation (1.41) is a duality transformation relating two phases
of the same physical system. However, at criticality the two phases coincide, meaning that (1.41)

6Although they are traditionally referred to as high- and low-temperature expansions, equations (1.39) and (1.40)
are exact identities for the two-dimensional Ising model. The term ”expansion” originates from the fact that these
representations become naturally organized as power series in tanh(K) and e−2K , respectively, and analogous procedures
in more general lattice models usually yield only perturbative expansions [7].
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becomes an invariance of the critical theory. This is not a fundamental microscopic symmetry of
the system, since it only emerges at the critical point. For this reason, we expect it to have special
properties. Indeed, in the next chapter we will see that the transformation (1.41) corresponds to
a non-invertible symmetry of the critical Ising model, which, although being a symmetry, exhibits
features that go beyond those of ordinary symmetries.

The duality transformation (1.41) enables us to define an operator dual to the spin operator, called
the disorder operator µ, as follows. First consider the two-point function of two spin operators:

⟨σ(r1)σ(r2)⟩ =
1

Z
∑

{σ}
σ(r1)σ(r2)e

K
∑

⟨ij⟩ σiσj

This is equivalent to picking an arbitrary path of n-steps from r1 to r2 along the lattice bonds and
changing the coupling K → K + iπ/2 for each bond on the path. Indeed, this introduces a factor
eiπσiσj/2 = iσiσj per bond ⟨ij⟩ of the path, leaving us with inσ(r1)σ(r2) as each intermediary spin σi
appears twice and σ2i = 1. One can show that the result is independent, up to a sign, of the path
chosen.

Now we define the disorder operator correlation function ⟨µ(r1)µ(r2)⟩.7Choose any path connecting
r1 and r2 and change the sign of the coupling, K → −K, on all links intersected by the path. The
resulting partition function, normalized by the original partition function Z, defines the correlator.
One can show that the result is independent of the particular choice of path.

Taking one endpoint to infinity defines a single disorder operator µ(r). Intuitively, it is called a
disorder operator because it introduces a line along which neighbouring spins are more likely to be
anti-aligned, thus favouring the presence of a domain wall. For this reason, its vacuum expectation
value ⟨µ⟩ is expected to be non-vanishing only in the high-temperature disordered phase, in contrast
with the spin operator, whose vacuum expectation value is non-vanishing only in the ordered phase.

This opposition is not accidental. Indeed, from the duality transformation (1.41) one finds

(−K)′ = K ′ + i
π

2
, (K + i

π

2
)′ = −(K ′).

These relations underlie the fact that Kramers–Wannier duality exchanges spin and disorder operators,
mapping ⟨σ(r1)σ(r2)⟩ to ⟨µ(r1)µ(r2)⟩. In the next chapter we will see how this correspondence persists
in the continuum limit.

We can finally move on to the continuum limit of the Ising model. This limit can be analysed
exactly through the Jordan–Wigner transformation, which maps the model to free fermionic degrees
of freedom. In the continuum limit one obtains a theory of a real (Majorana) fermion. At criticality
the fermion becomes massless and the action reads

S =
1

2π

∫
d2z (ψ∂̄ψ + ψ̄∂ψ̄) (1.42)

The vicinity of the critical point is also described by a free-fermion theory, but with the addition of a
mass term mψψ̄ ∝ (K −Kc)ψψ̄, which explicitly breaks conformal invariance.

The study of the conformally invariant action (1.42) leads to a theory with central charge

cising = c(3) =
1

2

showing that the critical Ising model is described by the minimal model with m = 3. However,
a modular invariant local CFT cannot be described solely in terms of the fermionic field. Indeed,
modular invariance requires the left- and right-moving sectors to recombine into a bosonic theory

7To be precise, as a consequence of the Osterwalder-Schrader reconstruction theorem, once all correlators involving
such operators have been defined, the corresponding quantum field can be reconstructed, provided that the hypotheses
of the theorem are satisfied.
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whose spectrum consists of three primary fields: the identity8, the energy operator ϵ(z, z̄) and the spin
operator σ(z, z̄). These are the continuum counterparts of the lattice operators E⟨ij⟩ and σ(r) and have
conformal weights (h, h̄) = (0, 0), (1/2, 1/2), (1/16, 1/16) respectively. The allowed chiral conformal
weights are also correctly reproduced by the Kac formula (1.31). Thus the partition function is

Z = χ
( 1
2
)

0 χ̄
( 1
2
)

0 + χ
( 1
2
)

1
2

χ̄
( 1
2
)

1
2

+ χ
( 1
2
)

1
16

χ̄
( 1
2
)

1
16

where an explicit expression for the characters can indeed be obtained from the fermionic description
(1.42). Accordingly, the Hilbert space is

H = (M
( 1
2
)

0 ⊗ M̄
( 1
2
)

0 )⊕ (M
( 1
2
)

1
2

⊗ M̄
( 1
2
)

1
2

)⊕ (M
( 1
2
)

1
16

⊗ M̄
( 1
2
)

1
16

)

Therefore, the critical Ising model is a diagonal CFT.

For a diagonal partition function, the constraint (1.37) is satisfied once the characters transform among
themselves through a unitary matrix S. However, modular invariance alone does not determine the
explicit form of S. To compute it, one has to use the explicit expressions of the characters and study
their transformation under τ 7→ −1/τ . For the Ising model, one finds

S =
1

2




1 1
√
2

1 1 −
√
2√

2 −
√
2 0


 . (1.43)

In chapter 3 we will derive the same matrix in the framework of algebraic quantum field theory.

Since the model is diagonal, we can use the general fusion rules of minimal models (1.33) to determine
the fusion algebra:

ϵ× ϵ = 1, ϵ× σ = σ = σ × ϵ, σ × σ = 1 + ϵ.

For example, one finds

ϵ(z, z̄)ϵ(w, w̄) =
1

|z − w|2 + ... σ(z, z̄)σ(w, w̄) =
1

|z − w|1/4 +
1

2
|z − w|3/4ϵ(w, w̄) + ...

where, for the chosen normalization of the fields, λσσ1 = 1 and λσσϵ = 1/2.

One can also compute OPEs and fusion rules involving the fermionic fields and the disorder operator
µ(z, z̄). The latter corresponds to the continuum limit of the discrete operator µ(r) introduced above.
In particular, one finds

ψ × σ = µ = ψ̄ × σ, ψ × µ = σ = ψ̄ × µ.

These fusion rules correspond to the OPEs:

ψ(z)σ(w, w̄) =
eiπ/4√

2(z − w)1/2
µ(w, w̄) ψ(z)µ(w, w̄) =

e−iπ/4√
2(z − w)1/2

σ(w, w̄) (1.44)

ψ̄(z̄)σ(w, w̄) =
e−iπ/4√

2(z̄ − w̄)1/2
µ(w, w̄) ψ̄(z̄)µ(w, w̄) =

eiπ/4√
2(z̄ − w̄)1/2

σ(w, w̄)

As a consequence of these relations, some authors [8] use the regularized product:

µ(w, w̄) ∝ lim
z→w

(z − w)1/2ψ(z)σ(w, w̄) (1.45)

To define the disorder operator µ. The proportionality constant in (1.45) may be different from the
ones in (1.44) due to different field normalization.

8Note that when c ̸= 0 we have seen that T (z) and T̄ (z̄) are not primary operators. Indeed, they are descendants
of the identity. For instance, placing the energy-momentum tensor T (z) at the origin gives |T ⟩ = limz→0 T (z)|Ω⟩ =
limz→0

∑

n∈Z
z−n−2Ln|Ω⟩ = limz→0

∑

n≤−2, n∈Z
z−n−2Ln|Ω⟩ = L−2|Ω⟩.
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Finally, note that at this stage we have no direct way to detect the presence of additional fields such
as ψ, ψ̄ and µ starting directly from the continuous minimal model, since they are not encoded in the
modular invariant partition function. In the next chapter we will see that these fields are naturally
associated with defects of the theory. In particular, within the Euclidean framework, we will derive a
generalization of the modular constraint (1.37), which allows one to detect and classify such additional
sectors.
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Chapter 2

Topological defects in CFT

In this chapter, we will introduce the concept of topological defects starting from the study of global
symmetries, which provide the easiest example of a topological defect. After highlighting the main
features of defects, we will specialize to 2d CFT where defects will be implemented by topological line
operators, which will be characterized in the rest of the chapter. This chapter is based on [5, 6, 9–27]
for the physical sections and on [28–32] for the notions of category theory.

2.1 From global symmetries to topological defects

In non-relativistic quantum mechanics, a global (dynamical) symmetry requires the existence of an
operator U conserved under time evolution, i.e. commuting with the Hamiltonian, [U,H] = 0. For
relativistic QFTs with Euclidean signature, time is on the same footing as any other spatial direction,
hence the appropriate generalization of this condition is that the symmetry operator commutes with
the energy-momentum tensor Tµν , thus the operator U should be topological.

To make this more concrete, consider a general QFT in d spacetime dimensions with a continuous
U(1) global symmetry. It is associated with the conserved Noether current jµ(x) such that ∂µjµ = 0
on the solution of the equations of motion and the conserved charge operator is expressed as

Q =

∮
dd−1xj0 , ∂0Q = 0

The conserved unitary operator Uθ that implements a U(1) rotation with angle θ is

Uθ = eiθQ = exp[iθ

∮
dd−1xj0]

We can express this symmetry operator in a covariant way in Euclidean signature. Let M (d−1) be a
closed (d-1)-manifold with no boundary in the d-dimensional Euclidean spacetime. We define:

Uθ(M
(d−1)) = exp[iθ

∮

M(d−1)

jµn
µ dM ] = exp[iθ

∮

M(d−1)

⋆j] (2.1)

where nµ is a vector orthogonal to M (d−1), dM is the infinitesimal volume element on M (d−1), ⋆ is the
Hodge dual and ⋆j is a closed form, i.e. d⋆j = 0, which is the Euclidean version of the Noether current

(see appendix A). We can now see that ifM
(d−1)
1 andM

(d−1)
2 are related by continuous deformation and

Md is the d-dimensional manifold with M
(d−1)
1 and M

(d−1)
2 as boundaries with opposite orientations

as in figure 2.1, we get

0 = dQ =

∮

M(d)

d ⋆ j =

∮

M
(d−1)
1

⋆j −
∮

M
(d−1)
2

⋆j ⇒ Q(M
(d−1)
1 ) = Q(M

(d−1)
2 )
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And as a consequence

M
(d-1)

1 2

(d)

M M
(d-1)

Figure 2.1: Deformation ofM
(d−1)
1 intoM

(d−1)
2 . The

boundaries M
(d−1)
i , i = 1, 2, of M (d) are oriented in

opposite ways and are assumed without boundary.

Uθ(M
(d−1)
1 ) = Uθ(M

(d−1)
2 )

Therefore, we see that a conserved current opera-
tor jµ(x) in a relativistic QFT leads to a topological
operator Uθ(M

(d−1)) supported on a codimension-
1 manifold in Euclidean spacetime. Note that
Uθ(M

(d−1)) is best interpreted as a modification of
the path integral rather than an operator acting
on a Hilbert space. This is because if a particular
time direction has been chosen, then the submani-
fold M (d−1) does not need to be a spatial slice.

Definition 2.1.1. An n-dimensional defect is a modification of the path integral, supported on an
oriented n-dimensional submanifold M (n) of Euclidean spacetime, n < d, which changes the space of
field configurations (for instance by imposing boundary conditions, singularities, or other constraints
for the fields on M (n)): ∫

C
DΦ (...) e−s[Φ] →

∫

C
M(n)

DΦ (...) e−s[Φ]

where (...) denotes possible field insertions, C is the configuration space of the fields, CM(n) is its mod-
ified version by the defect insertion. The modified partition function, denoted ZM(n) , is called twisted
partition function. The defect is called topological, if the path integral is invariant under deformations
of M (n) which do not cross the support of the other insertions.

Suppose for simplicity that n = d − 1 as in the example above1. When the defect is at a fixed time
and extends along the spatial direction, the modified correlators,

⟨...⟩ = 1

Z

∫

C
DΦ (...) e−s[Φ] → 1

ZM(d−1)

∫

C
M(d−1)

DΦ (...) e−s[Φ] = ⟨...⟩M(d−1) ,

in the spirit of the Osterwalder-Schrader reconstruction theorem, describe a theory living on the
Hilbert spaceH determined by the theory without defect, but together with a new topological operator
supported on M (d−1):

⟨...⟩M(d−1) = ⟨O(M (d−1)) ...⟩ = ⟨Ω|T (Ô(M (d−1))...)|Ω⟩

where |Ω⟩ ∈ H is the vacuum vector coming from the reconstruction and T denotes time ordering.
Considering the previous example, when M (d−1) =Mt is a spatial slice at fixed time t, then Uθ(Mt) =
U(t) is the usual unitary operator acting on the Hilbert space H implementing the U(1) symmetry at
time t. Then the topological nature implies the conservation under time evolution.
Note that a precise orientation of the support of the defect is required. Indeed, reversing the orientation
of M (d−1) in equation (2.1) would give us a different operator, which in this example would coincide
with the inverse operator U−1

θ (M (d−1)), although this is not always the case.

When the defect is extended along the full time direction and localized in one of the spatial directions,
then the associated Hilbert space HM(d−1) , called twisted, differs from the one in the absence of the
defect, since the insertion has modified the quantization by changing the configuration space of the
fields along the whole time span.

1This is the case we are interested in, i.e. line defects in two spacetime dimensions, and also the most explored case
in literature. The definition is still valid for generic supports and also the following considerations can be generalized.
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Consider for example a free complex scalar field in d = 2 and let the space be a circle S1
x parametrized

by x ∼ x+ 2π. The Hilbert space H(S1
x) on a circle is obtained by the canonical quantization of the

free scalar field subject to the periodic boundary condition

Φ(τ, x) = Φ(τ, x+ 2π)

The U(1) global symmetry gives rise to a unitary operator Uθ(H(S1
x)) acting on H(S1

x). We can
then insert a defect along the Euclidean (compact) time direction at x=0, S1

τ , changing the boundary
condition to

Φ(τ, x) = eiθΦ(τ, x+ 2π)

Canonical quantization subject to the above twisted boundary condition leads to a twisted Hilbert
space Hθ(S

1
x) labeled by the U(1) group element θ ∈ [0, 2π).

Until now, ordinary global symmetries have been considered, which can only produce (d-1)-dimensional
defects. We can relax the definition of global symmetry to also include defects supported on manifolds
of general dimension.

Definition 2.1.2 (p-form symmetry). A p-form symmetry is a codimension-(p+1) operator U , i.e.
supported on an oriented (d-p-1)-dimensional submanifold of the Euclidean spacetime, which is topo-
logical and invertible.

Therefore p-form symmetries are examples of (d-p-1)-defects and the usual global symmetries are just
0-form symmetries.

Consider now two (d−p−1)-dimensional topological defects with disjoint support, which can be freely
deformed until they coincide without crossing any other operator insertion. Since they are topological,
correlation functions do not depend on the distance between them. Hence, this configuration defines
a fusion product × between topological operators.
In general, p-form symmetries combine to form a p-form symmetry group G(p).2This means that
∀g ∈ G(p) there are topological codimension-(p+1) operators Ug obeying the fusion rule

Ug × Ug′ = Ugg′ (2.2)

Notice that in definition 2.1.1 there is no requirement for the defect operators to be invertible. As
a consequence, general topological defects will not obey the group multiplication law (2.2), including
also non-invertible operators associated with non-invertible symmetries.

In addition to the fusion product, we can also define a superposition of defects through

⟨...⟩
α M

(p)
1 +β M

(q)
2

= α⟨...⟩
M

(p)
1

+ β⟨...⟩
M

(q)
2

α, β ∈ N (2.3)

where p, q ≤ d and d is the dimension of spacetime. Notice that the coefficients α and β are restricted

to be positive integers so that the defect α M
(p)
1 + β M

(q)
2 is associated with the twisted Hilbert space

αH
M

(p)
1

⊕ βH
M

(q)
2

, where again the coefficients are interpreted as the number of copies in the direct

sum of the subsequent Hilbert space. This would be impossible if the coefficients were real.

Finally, we can define an action of the defect on local operators. Notice that only (d-1)-dimensional
defects can act on local operators, since otherwise one can simply deform the support of the topological
operator past the local insertion. Consider now a defect supported on a sphere Sd−1 and a local
operator O(x) inside it. Then we can shrink the sphere to the insertion point. Due to the topological
property of definition 2.1.1, the local operator should change accordingly in order to maintain the
correlator untouched

⟨O(S(d−1))O(x)⟩ = ⟨O′(x)⟩
2One can show that a p-form symmetry group G(p) is always abelian for p ≥ 1. This is because we can use topological

deformations to change the ordering of two topological operators of codimension greater than one. As a consequence the
fusion product (2.2) is always commutative for p ≥ 1.
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if the defect is associated with a global symmetry

⟨Ug(S(d−1))O(x)⟩ = ⟨(gO)(x)⟩ , g ∈ G(0)

Now that we have characterized topological defects in a generic quantum field theory, we can specify
the case of interest: a 2-dimensional conformal field theory.

2.2 Topological defect lines

From now on, we restrict ourselves to the specific case of a 2d Euclidean CFT.

Definition 2.2.1 (Topological defect lines). A topological defect line (TDL) in a 2d CFT τ is a 1-
dimensional topological defect L in the sense of definition 2.1.1. The defect with opposite orientation,
called dual defect, is denoted as L̄. The set of all topological defect lines is denoted as TDL(τ).

Following the previous discussion, we know that to the defect line L we can associate an operator
L̂ acting on the same Hilbert space H of the theory without defects and a twisted Hilbert space
HL. In particular, as a consequence of the invariance of correlators under deformations, all TDLs are
”transparent” with respect to the holomorphic and anti-holomorphic parts of the energy-momentum
tensor, i.e.

[L̂, T (z)] = 0 = [L̂, T̄ (z̄)] [L̂, Ln] = 0 = [L̂, L̄n] (2.4)

Hence, in an irreducible representation of the Virasoro algebra, all TDLs will be constant by Schur’s
lemma.

There are two main ways to insert a defect in the CFT in the cylinder. We can wrap the defect on
the cylinder in the compact direction. By the operator-state map this corresponds to a line encircling
the origin in the plane, as shown in figure 2.2. This defines an action of L̂ on the Hilbert space H:
by inserting an operator O at the origin and shrinking the topological defect line around O produces
a new local operator L̂(O) that, according to the operator-state correspondence, is a state L̂|O⟩ ∈ H
on the cylinder. Since L̂ commutes with the Virasoro algebra, the new state has the same conformal
weights as |O⟩. In particular, since the vacuum is unique, L̂|0⟩ = ⟨L̂⟩|0⟩, for some constant ⟨L̂⟩.
Definition 2.2.2. ⟨L̂⟩ is called the quantum dimension of L̂.
The other possible way to insert a TDL is along the time direction. By the operator-state map,
this corresponds to defect operators at the origin attached to L as shown in figure 2.3. As already
discussed in the previous section, this insertion corresponds to modifying the space of states on S1,
which becomes a ”L-twisted” Hilbert space HL. Recalling the fact that the defect is transparent with
respect to the energy-momentum tensor, the new space will still be a representation of the holomorphic
and antiholomorphic Virasoro algebras.

L

O

O 

∊H

(x)

Figure 2.2: Insertion of the defect at fixed cylinder
time.

μ

μ
L

∊H

(x)

L

Figure 2.3: Insertion of the defect at fixed cylinder
position.
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2.2.1 Fusion ring

We now introduce the notions of sum and product of TDLs following the ideas of the previous section.

Definition 2.2.3 (Direct sum). There exists a map,

+ : TDL(τ)× TDL(τ) → TDL(τ)

(Li,Lj) 7→ Li + Lj
called direct sum or superposition, such that correlation functions are additive with respect to it and
the following properties hold:

• (Li + Lj) + Lk = Li + (Lj + Lk);

• L̂i + Lj = L̂i + L̂j ;
• HLi+Lj = HLi ⊕HLj .

Definition 2.2.4. A defect L ∈ TDL(τ) is called simple if it cannot be written as a sum L1 +L2 for
any L1,L2 ∈ TDL(τ). If Li is simple, also its dual L̄i = Lī is simple.

From now on, we will assume that the number of simple defects is finite. Moreover, we will also assume
that the set of TDLs is semi-simple, meaning that all non-simple defects can be written as a sum of
simple defects. This is always verified if the CFT τ is rational.

Definition 2.2.5 (Fusion). There exists a map,

⊗ : TDL(τ)× TDL(τ) → TDL(τ)

(Li,Lj) 7→ Li ⊗ Lj = LiLj
called fusion, such that:

• (LiLj)Lk = Li(LjLk);

• L̂iLj = L̂iL̂j ;
• HLiLj = HLi ⊗HLj

L1 L2 L1L2

Figure 2.4: Fusion of two defects.

Here ⊗ denotes also a notion of tensor product of Hilbert spaces
induced by fusion of defects, and should not be confused with the
usual tensor product of two independent Hilbert spaces [16].
Pictorially, the fusion of two defects describes what happens in the
limit of coinciding defects, as shown in figure 2.4.

Among all defects, there is a particular one which is worth mentioning:

Definition 2.2.6. We denote as I ∈ TDL(τ) the trivial or identity
defect, whose insertion does not change any correlation function. It
is the neutral element with respect to the fusion operation.

Notice that commutativity is not required and in general does not
hold. We can fuse two simple defects, but, in general, the result will
fail to be simple. However, thanks to the semi-simplicity assumption,

LiLj =
⊕

k

Nk
ij Lk, HLiLj = HLi ⊗HLj =

⊕

k

Nk
ij HLk

where the sums run over all simple defects and the numbers Nk
ij ∈ N are called fusion coefficients.

Note that we did not require the existence of a multiplicative inverse for each defect, which generally
does not exist. For this reason, TDLs, equipped with fusion multiplication and direct sum, form a
more complicated algebraic structure with respect to the usual group structure, called fusion ring.
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2.2.2 k-junctions

Moving the parallel lines L1, ...,Lk on the cylinder very close to each other, we get the identification

HL1,...,Lk ≃ HL1...Lk ≃ HL1 ⊗ ...⊗HLk (2.5)

where HL1,...,Lk is the k-junction space, i.e. the Hilbert space twisted by the presence of the k defects
L1, ...,Lk. By the operator-state map, this corresponds to a k-junction operator at the origin attached
to the k defect lines. We adopt the convention such that a junction v ∈ HL1,...,Lk is represented with
all TDLs pointing outwards.
In general, junctions are not topological. Moreover, note that the order of appearance of TDLs in
HL1,...,Lk matters. However, the subset of topological junctions is particularly interesting.3

Definition 2.2.7. The subspace VL1,...,Lk ⊂ HL1,...,Lk of states with conformal weights (0, 0) cor-
responds to topological junction operators, i.e. such that the junction point can be moved without
changing any correlation function.4

By studying these topological junction spaces we can extract more properties about TDLs.

Proposition 2.2.1. The 2-junction topological space VL,L̄ satisfies dim(VL,L̄) = N0
LL̄ ≥ 1

Proof. From (2.5) we get

VL,L̄ ≃ VLL̄ = N0
LL̄ VI ⊕ (

⊕

k ̸=0

Nk
LL̄ VLk) (2.6)

where VLL̄ is the topological 1-junction space associated with the generally non-simple fused defect LL̄.
Note that the identification (2.5) naturally restricts to the topological-junction subspaces VL1,...,Lk ⊂
HL1,...,Lk . Indeed, it is obtained by bringing the defect lines together, an operation that preserves
conformal weights because topological defects commute with the energy-momentum tensor.
But if |ψ⟩ ∈ VL, |ψ⟩ ̸= 0, then one can open and join L without changing the correlators5, making its
action trivial on any operator, as shown in figure 2.5.

O O O O

Figure 2.5: Trivial action of the topological 1-junction.

This implies that L ∝ I and dim(VL) = δL,I . Then in (2.6) just the first term of the direct sum
survives and looking at the dimensions of both sides of the equation we get dim(VL,L̄) = N0

LL̄. Since
there is always an obvious |ψ⟩ ∈ VL,L̄, |ψ⟩ ̸= 0, given by the identity junction 1L : VL,L̄ → VL,L̄ we get
the statement.

Proposition 2.2.2. L ∈ TDL(τ) is simple if and only if dim(VL,L̄) = N0
LL̄ = 1.

Proof. If L = L1 + L2, then HL = HL1 ⊕HL2 and
(
α 1HL1

0

0 β 1HL2

)
∈ VL,L̄ ∀α, β ∈ C

hence dim(VL,L̄) ≥ 2. Instead, if dim(VL,L̄) = 1, the only element is the irreducible 1L and L must be
simple.

3All the other junction operators can be obtained by suitable OPE with local operators [17].
4As long as the insertion point is not moved past the support of some other operator.
5Take a correlator with two of such junctions. Since they are topological, they can be moved freely. However, in the

limit where they are brought close together, the two defect starting operators behave exactly as a single defect line L
without boundary. Therefore a correlator does not distinguish the two topological junctions with respect to the single
joined defect.
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Now we know that for a simple defect, the fusion with its dual contains the identity exactly once.
This motivates the following definition.

Definition 2.2.8 (Invertibility). A simple TDL L ∈ TDL(τ) is said to be invertible if

LL̄ = I

In particular, this implies ˆ̄L = L̂−1

Proposition 2.2.3. Let L ∈ TDL(τ) be a simple defect for a unitary and compact theory τ with
unique vacuum. Then L is invertible if and only if ⟨L⟩ = 1.

Proof. We give the idea of the proof starting from the following (the proof can be found in [6]) lemma

Lemma 2.2.4. For a unitary and compact theory τ with unique vacuum ⟨L⟩ ≥ 0

Now consider a simple defect L encircling the origin in the Euclidean plane; this represents the
correlator ⟨L⟩. Thanks to the conformal inversion w = z−1 we can reverse the orientation of L
without affecting the correlator. Hence ⟨L⟩ = ⟨L̄⟩. Thanks to proposition 2.2.2 we can express the
fusion of a simple defect with its dual as6

LL̄ = I +
∑

k ̸=0

Nk
LL̄ Lk ⇒ ⟨L⟩2 = 1 +

∑

k ̸=0

Nk
LL̄⟨Lk⟩ (2.7)

This combined with the previous lemma gives ⟨L⟩ ≥ 1 and in particular ⟨L⟩ = 1 iff L is invertible.

In the last proof we have seen that ⟨L⟩ ≥ 1. This result combined with the 1-dimensional representation
of the fusion algebra provided by the quantum dimensions

⟨Li⟩⟨Lj⟩ =
∑

k

Nk
ij ⟨Lk⟩ (2.8)

implies that for every simple Li,Lj of finite quantum dimension, there are only finitely many non-zero
fusion coefficients Nk

ij . From now on we will always assume finite quantum dimensions.

We can rewrite equation (2.8) to see an interesting relation between the quantum dimension and
the fusion coefficients. By assumption, the number of simple defects is finite and so it is the associ-
ated quantum dimension and we can define a finite vector of quantum dimensions ⟨L⟩ and a finite-
dimensional matrix Ni, called fusion matrix, whose entries are the fusion coefficients (Ni)

k
j = Nk

ij , and
write

Ni ⟨L⟩ = ⟨Li⟩⟨L⟩
Hence, ⟨L⟩ is a common eigenvector for all fusion matrices and the quantum dimension of the i− th
simple defect is an eigenvalue of the corresponding fusion matrix. Moreover, since the entries of such
matrix are all non-negative, if the matrix is also irreducible, by the Perron-Frobenius theorem7, we get
that ⟨Li⟩ is the maximal eigenvalue, also sometimes called Perron-Frobenius dimension. This relation
between quantum dimension and fusion matrices will become interesting later on when dealing with
algebraic QFT.

The study of topological 1- and 2-junctions has allowed us to gain more insight about how TDLs work.
It remains to study 3-junctions.
First, we note that the fusion coefficients, which describe the fusion of defects as open lines (figure
2.4), also describe what type of topological junction can be created by joining three different TDLs.

6Note that from the definition of quantum dimension it follows that ⟨LiLj⟩ = ⟨Li⟩⟨Lj⟩
7The Perron-Frobenius theorem states that for a non-negative irreducible matrix the maximal eigenvalue is associated

to the unique (up to multiplication by a positive constant) positive eigenvector. If Ni is irreducible, the theorem applies
and since the entries of ⟨L⟩ are all positive, we can conclude that ⟨Li⟩ is the maximal eigenvalue.
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Proposition 2.2.5. The dimension of the Hilbert space of topological 3-junctions satisfies dim(VLi,Lj ,L̄k) =

Nk
ij

Proof. We give the idea of the proof. Using the identification (2.5):

VLi,Lj ,L̄k ≃ VLiLj ,L̄k =
⊕

p

Np
ij VLp,L̄k

Now suppose that there exists a non-zero ψ ∈ VLp,L̄k . Since this junction is topological, we deduce

that ψ : HLk → HLp must be an isomorphism8, i.e. Lp ≃ Lk. Therefore, looking at the dimension of
both sides

dim(VLiLj ,L̄k) =
∑

p

Np
ij dim(VLp,L̄k) =

∑

p

Np
ij δp,k = Nk

ij

This result is not a coincidence: note that v ∈ HLi,Lj ,L̄k can be seen as a map v : HLk → HLi,Lj ≃
HLiLj , that is, a homomorphism of twisted representations of the algebra of local operators. This
interpretation is consistent with proposition 2.2.5, since the target space decomposes as HLiLj =
⊕p N

p
ij HLp . Moreover, the same interpretation is valid for a generic k-junction due to identification

(2.5).

This proposition has an important consequence.

Corollary 2.2.6. Let L ∈ TDL(τ) be a simple defect. There is a distinguished junction IL,L̄,I ∈ VL,L̄,I
such that

L

L1L,L,I

I

L

Proof. From propositions 2.2.5 and 2.2.2 we get dim(VL,L̄,I) = N0
LL̄ = 1

This formalizes the intuitive idea that the trivial defect can be attached to any other TDL in any
place.

All k-junctions with k > 3 can be obtained by fusion of 3-junctions. Consider, for example, four simple
TDLs L1, ...,L4 such that L1L2 can fuse to L̄5 and L3L4 can fuse to L5, with L5 simple. Therefore, by
proposition 2.2.5 there exist two non-zero vectors u ∈ VL1,L2,L̄5

and ũ ∈ VL5,L3,L4 . The tensor product
of these vectors represents the fusion of the common defect between the two junctions and describes
a so-called H-junction, where the name comes from its particular topology, as can be seen from the
left-hand side of figure 2.6. From this configuration, one can obtain a 4-junction by contracting the
internal line, which amounts to a map

HL1L4
L2L3

(L5) : VL1,L2,L̄5
⊗ VL5,L3,L4 → VL1,L2,L3,L4

This map is well defined due to the identification (2.5) and the properties of L5. In particular, it
consists of the projection

VL1,L2,L̄5
⊗ VL5,L3,L4 ≃ VL1,L2,L̄5L5,L3,L4

=
⊕

k

NLk
L̄5L5

VL1,L2,Lk,L3,L4 → VL1,L2,I,L3,L4 ≃ VL1,L2,L3,L4

8Consider a non-zero ψ† ∈ VLk,L̄p
. Then we can consider the map ψ ◦ ψ† : HLp → HLp is an element of VLp which

contains just multiples of the identity.
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We can then combine all such maps to find a full decomposition of a 4-junction w.r.t fusion of 3-
junctions

HL1L4
L2L3

=
⊕

k

HL1L4
L2L3

(Lk) :
⊕

k

VL1,L2,L̄k ⊗ VLk,L3,L4 → VL1,L2,L3,L4 (2.9)

where k runs over all simple defects.9 This is shown in figure 2.6.

L1

L2

L4

L3

L1

L2

Lk

L4

L3

v uk ukΣsimple k

Figure 2.6: Decomposition of a 4-junction in terms of 3-junctions.

The topology of the H-junction comes from the fact that we have fused the pairs L1L2 and L3L4

and then fused the common channel. We can obtain a different topology by first combining L1L4

and L2L3. Since both topologies come from the same 4-junction, they are equivalent. We call fusion
matrix the map between the respective junction spaces, i.e. the linear transformation that maps the
two decompositions of the 4-junction space VL1,L2,L3,L4 :

FL1L4
L2L3

(L5,Lk) : VL1,L2,L̄5
⊗ VL5,L3,L4 → VL1,Lk,L4 ⊗ VL2,L3,L̄k (2.10)

In figure 2.7 the equivalent configurations are shown. We will come back to the proper definition of
the fusion matrix when dealing with category theory. The fusion matrix also admits a decomposition
in terms of the H-junction map (2.9) and its inverse [11].

L1

L2

L5
L4

L3

v v

L1 L4

Lk

L2 L3

uk

uk

Σ L1
L2
L4
L3F (L5,Lk )simple k

Figure 2.7: Equivalent configurations under the action of the fusion matrices.

A special configuration is called partial fusion, which describes what happens when two defects fuse
partially, as shown in figure 2.8. Recalling from corollary 2.2.6 that we can always attach the identity
defect to any TDL, partial fusion appears as an ordinary fusion, as in figure 2.7, with FL1L2

L̄1L̄2
(I,Lk).

L1 L2

L1

L1

L2

L2

1 1

L1 L2

Lk

L1 L2

uk

uk

Σ
simple k

L1
L1
L2
L2F (I,Lk )I

Figure 2.8: Partial fusion between two defects.

9If Lk does not satisfy the required properties as L5 above, then either VL1,L2,L̄k
or VLk,L3,L4

, or both, have vanishing
dimension, so that such defect does not contribute.
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This can be used to determine how the correlation function is modified when a simple defect L is
moved past a local operator ϕ(z, z̄), see figure 2.9. In particular, this process amounts to the mapping

ϕ 7→ L̂(ϕ)
⟨L⟩ + L̂v(ϕ) (2.11)

where L̂v(ϕ) ∈ HLL̄ is a defect-starting operator with the same conformal weights as ϕ attached to a
superposition of simple TDLs, different from I, appearing in the fusion of LL̄ and joined to L by a
junction v ∈ VLL̄,L̄,L.

L

v
L L

ϕ L
v(ϕ)

L(ϕ)
L

Figure 2.9: Moving of a simple defect line through the local operator ϕ(z, z̄).

We say that L is transparent to ϕ if and only if L̂(ϕ) = ⟨L⟩ϕ, because in this case one can prove [17]
that the term L̂v(ϕ) also vanishes.
The factor 1

⟨L⟩ is determined by observing that the defect must be transparent to the vacuum operator
and to its descendants.

2.2.3 Verlinde lines

For a CFT with diagonal modular invariant, such as the Ising model, topological defect lines admit a
particularly simple and explicit construction.

Definition 2.2.9. A Verlinde line is a topological defect line in a diagonal modular invariant CFT
that commutes with the entire left- and right-moving chiral algebra.

The Verlinde lines are labelled by the same irreducible sectors as the primary fields, and their fusion
algebra reproduces the fusion algebra of the theory:

ΦiΦj =
∑

k

Nk
ijΦk =⇒ LiLj =

∑

k

Nk
ijLk

Since a Verlinde line commutes with the full chiral algebra, it preserves each irreducible chiral sec-
tor10. Moreover, in a diagonal theory each sector appears with multiplicity one, so its action on the
corresponding primary state must be proportional to the identity:

L̂l|ϕi⟩ = λLli |ϕi⟩ (2.12)

As we will shortly show, these eigenvalues are determined by the modular S-matrix:

L̂l|ϕi⟩ =
Sli
S0i

|ϕi⟩ (2.13)

Finally, the quantum dimension of Ll is obtained from its action on the vacuum sector. Setting i = 0
in (2.13), one finds

⟨Ll⟩ =
Sl0
S00

(2.14)

10In general CFTs, TDLs may preserve just a subalgebra of the whole chiral algebra.
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2.3 Defects in partition functions

We still do not have a general procedure for finding all TDLs of a given CFT. Fortunately, for compact
and unitary, local theories, we can use modular invariance to constrain the allowed TDLs as well as
explicitly calculate their fusion rules.

The partition function is obtained by compactifying the cylinder time; therefore, there are two ways
to insert a TDL, corresponding to the two insertions in the cylinder of figures 2.2 and 2.3. These are
shown in figure 2.10.

Figure 2.10: Possible ways of inserting a
TDL on the torus.

Before studying the analytical realization of such defect in-
sertions, we need to make a clarification. Recall that the
Hilbert space decomposes as

H =
⊕

i,j

Vij ⊗H(i,j), dimVij = Zij

where H(i,j) = M c
i ⊗ M̄ c̄

j is an irreducible representation
of the left- and right-moving Virasoro algebras, while Vij
is its multiplicity space. Since a topological defect opera-
tor commutes with both Virasoro actions, Schur’s lemma
implies that it acts trivially on each irreducible factor and
arbitrarily on the corresponding multiplicity space:

⊕

i,j

Lij ⊗ idH(i,j), Lij ∈ End(Vij).

More precisely, suppose that the multiplicity of the (i, j) representation is Zi,j > 1. Then the defect
operator must be a linear combination of operators intertwining the different copies of H(i,j):

T (i,j,α,α′) : (H(i,j))
α′ → (H(i,j))

α, α, α′ = 1, ..., Zi,j (2.15)

Thus, if |i, j, n, n̄⟩(α) is the (n, n̄)− th member of a basis of the vector space of the irreducible α− th
representation with highest weights corresponding to (i, j):

(L̂)α,α′

i,j = Lα,α
′

i,j

∑

n,n̄

|i, j, n, n̄⟩(α)⟨i, j, n, n̄|(α′), Lα,α
′

i,j ∈ C, α, α′ = 1, ..., Zi,j

For each highest weight then the action of the defect should be thought not as a constant value, but

as a constant square matrix Lα,α
′

i,j . Of course the matrix could be one-dimensional giving rise to the
constant value interpretation.

As a side result, from (2.15), we see that there are

∑

i,j

Z2
ij = Tr(ZTZ) (2.16)

independent operators commuting with the two Virasoro algebras, i.e. linearly independent solutions
to equation (2.4).

Now we are ready to see how to implement analytically defects in the partition function. Starting
from the insertion at fixed cylinder time, we get:

ZL(τ, τ̄) = TrH[L̂ qL0− c
24 q̄L̄0− c̄

24 ] =
∑

i,j

TrVi,j [Li,j ] TrHi,j [q
L0− c

24 q̄L̄0− c̄
24 ] =

∑

i,j

L̃i,j χ
(c)
i χ̄

¯(c)
j (2.17)

where L̃i,j = TrVi,j [Li,j ] =
∑

α L
α,α
i,j .

We can make explicit the multiplicity matrix Zi,j by setting λLi,j := L̃i,j/Zi,j . Clearly, since a defect
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along the spatial cycle does not modify the Hilbert space structure, if Zi,j = 0 for some (i, j), such
term would not be present in the partition function in the first place. Thus, we obtain:

ZL(τ, τ̄) =
∑

i,j

Zi,j λ
L
ij χi(τ)χ̄j(τ̄) (2.18)

Looking at the insertion at constant cylinder position, we get the twisted partition function:

ZL(τ, τ̄) = TrHL [q
L0− c

24 q̄L̄0− c̄
24 ] =

∑

i,j

ZL
i,j χi(τ)χ̄j(τ̄) (2.19)

where we used the transparency of TDLs with respect to the energy-momentum tensor to express the
trace over the twisted Hilbert space as a different combination of the characters.

By applying an S-transformation we exchange space and time directions, thus exchanging the two
configurations of figure 2.10. According to the orientations in figures 2.2 and 2.3, this implies

ZL(τ, τ̄) = ZL(−1

τ
,−1

τ̄
) (2.20)

which reduces to the usual modular invariance for the trivial defect I. Combining (2.20) with (2.18)
and (2.19) and exploiting the transformation of the characters (1.36), we get

∑

i,j

ZL
i,j χi(τ)χ̄j(τ̄) =

∑

i,j,i′,j′

Zi,j λ
L
ij Si,i′S

†
j,j′ χi′(τ)χ̄j′(τ̄)

Renaming the indices and using the fact that S = ST , we conclude with the constraint

ZL
i,j =

∑

i′,j′

Si,i′ Zi′,j′λ
L
i′j′ S

†
j′,j (2.21)

The S-matrix can be calculated explicitly for any minimal model, while the requirement that ZL
i′,j′ ∈ N,

constrains the way a TDL can act, that is to say the possible values of λLij . In particular, there are
cases in which this fixes all the defects of the theory; for example, for diagonal theories, where (2.21)
reduces to:

ZL
i,j =

∑

i′,j′

Si,i′ λ
L
i′j′ δi′,j′ S

†
j′,j (2.22)

In particular, we can invert this matrix equation and solve it for λLlii := λli by making the ansatz

ZLl
i′,j′ = N j′

li′ , i.e. Z
Ll = Nl, and using Verlinde’s formula (1.38), finding the eigenvalues (2.13):

λLli = λLlii =
∑

i′,j′

S†
i,i′ N

j′

li′ Sj′,i =
∑

i′,j′,k

S∗
i,i′

SlkSi′kS
∗
j′k

S0k
Si,j′ =

Sli
S0i

(2.23)

Here we have exploited the unitarity of the S-matrix. Note that defects are labeled with an index that
belongs to the S-matrix. Therefore, we have as many simple defects as primary operators, which, in
turn, amount to Tr[Z] =

∑
i δi,i. However, this is also equal to Tr[ZTZ], so this exhausts all possible

independent operators that satisfy (2.4). Therefore, in diagonal CFTs all TDLs are Verlinde lines.

As a consistency check, consider the integrality and positivity condition ZL
ij ∈ N. Equation (2.22)

implies that the allowed vectors λ̄L := (λL1 , . . . , λ
L
n) form the image of the lattice

(
ZL ∈ Matn(N)

∣∣∣S†ZS is diagonal
)

under the injective map ZL 7→ (λL1 , . . . , λ
L
n). Hence, the allowed solution vectors λ̄L form a lattice

of rank at most n. The n Verlinde lines provide n linearly independent elements of this lattice and
therefore show that it has maximal rank11. However, integrality alone does not imply that these
are the only solutions, since arbitrary non-negative integral combinations correspond, in general, to
non-simple defects.

The original derivation of Verlinde lines can be found in [27].

11Note that this argument alone does not show that the Verlinde lines form a basis of the full lattice; it only shows
that they generate a sublattice of the same rank.

48



2.4 Fusion category of TDLs

Formally, the properties of TDLs described in section 2.2 can be formulated in terms of the language
of category theory, in particular in terms of a fusion category. Since category theory will reveal to be
the best language to describe defects, we shall give the first definitions. However, we will give just
the most important ones and rely on the ideas for the others, in order to make the reading less heavy,
since we do not need to develop the full machinery of category theory, which is quite involved. For
precise definitions see [32].

Definition 2.4.1 (Category). A category C consists of

• a collection Obj(C) of objects;
• for each pair U, V ∈ Obj(C), a set Hom(U, V ) of morphisms f : U → V ;

• for each U, V, Z ∈ Obj(C) a function

◦ : Hom(U, V )×Hom(V, Z) → Hom(U,Z)

(f, g) 7→ g ◦ f

called composition;

• for each U ∈ Obj(C), an element 1U of Hom(U,U), called the identity on U ;

such that the following axioms hold:

• associativity: for each f ∈ Hom(U, V ), g ∈ Hom(V, Z) and h ∈ Hom(Z,H) we have (h ◦ g) ◦ f =
h ◦ (g ◦ f);

• identity laws: for each f ∈ Hom(U, V ), we have f ◦ 1U = f = 1V ◦ f .
We will often write U ∈ C, meaning U ∈ Obj(C).

In our case the objects of the category will be TDLs and the additional structure of fusion ring will
endow the category with analogous operations.

Definition 2.4.2 (Fusion category). A fusion category is a rigid semisimple abelian C-linear monoidal
category with only finitely many isomorphism classes of simple objects and such that the unit object
is simple.

We now decompose this definition to understand the meaning of each piece:

• a monoidal or tensor category is a category C equipped with

1. a tensor product ⊗ : C × C → C;
2. a unit object 1 ∈ C;

3. associators (U ⊗ V )⊗ Z
αU,V,Z−−−−→ U ⊗ (V ⊗ Z)

4. unitors ρ̃U : 1⊗ U → U and ρU : U ⊗ 1 → U

such that the following diagrams commute (coherence relations):12

12A tensor category is called strict if all these isomorphisms are identities, so that the tensor product of objects is
associative and 1⊗U = U = U⊗1. By the coherence theorem [33], there is no loss of generality in imposing this strictness
property. This is why the associative fusion product we defined in 2.2.5 is always compatible with this definition.
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1. the pentagon identity:
U V )⊗ Z W )⊗⊗( (

U V⊗ Z)) W⊗⊗( (  U V⊗ Z) W)⊗⊗((

U V⊗ Z W )⊗⊗( (

U,V, Z W⊗⊗

U V )⊗ Z ) W⊗⊗((

U V, Z,W α

U,V, Z W
⊗α 1 V, Z,WU

⊗ α1

α

⊗U,V Z,Wα

2. the triangle identity:

U 1 V( ( U 1 V( (

U V

VU ρ1V1Uρ

U,1,Vα⊗ ⊗
⊗ ⊗ ⊗

⊗ ⊗

We use string diagrams to represent objects and morphisms of monoidal categories. We follow
the convention that such figures are read from bottom to top. Basic notations are the following:

U

U

idU

V

U

f f

Y

f

Y

U

f

ZZ

V

gg

U V

W

U

g ∘ f
W

U

g

f

V ⊗

⊗

⊗

Where f ∈ Hom(U, V ), composition of morphisms amounts to concatenation of lines, while the
tensor product corresponds to juxtaposition.

• abelian C-linear means that all Hom-sets carry the structure of a C vector space and composition
is C-linear; C behaves like a category of modules over a commutative ring. In particular, we
have direct sums.

• semisimple: this means that every object of C can be written as a finite direct sum of simple
objects. An object U ∈ Obj(C) is called simple if Hom(U,U) := End(U) = C1U . Also in the
categorical case we have a version of Schur’s lemma:

Lemma 2.4.1. If U, V are simple objects that are not isomorphic then Hom(U, V ) ≃ 0.
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• rigid : this means that all objects of C have left and right duals. Formally, a (right) duality on a
tensor category C associates to every U ∈ Obj(C) another object U∨ ∈ Obj(C) and morphisms

bU ∈ Hom(1, U ⊗ U∨) dU ∈ Hom(U∨ ⊗ U, 1)

called co-evaluation and evaluation respectively and represented in (2.24) and respecting the
snake identities (2.25), and to every morphism f ∈ Hom(U, V ) the morphism

f∨ := (dV ⊗ 1U∨) ◦ (1V ∨ ⊗ f ⊗ 1U∨) ◦ (1V ∨ ⊗ bU ) ∈ Hom(V ∨, U∨)

represented in (2.24). In a similar way left-duality is defined.

U U

V V

f f

U

U

U

b

U U

U U

dU

U U

(2.24)

U U

U U

U U

U U

(2.25)

Once left/right dualities are defined, hence also the left duality morphisms b̃U ∈ Hom(1, ∨U⊗U)
and d̃U ∈ Hom(U ⊗ ∨U, 1), we can also define left and right traces of morphisms:

f f fTr
l
(   )fTr

r
(   )

which are cyclic and factorize with respect to tensor products:

TrY (g ◦ f) = TrY (f ◦ g) TrY (f ⊗ g) = TrY (f)TrY (g), Y = l, r (2.26)

In the case where left duality coincide the right duality, also the two notions of trace are equal;
thus the category C is called spherical. The trace of the identity morphism is known as the
quantum dimension of an object: dim(U) = d(U) := Tr(idU ).

In the case of our interest, the fusion category of TDLs is characterized by TDLs as objects L ∈ Obj(C)
and the morphisms spaces are given by Hom(L1,L2) = VL2,L̄1

, which are C-vector spaces. Moreover,
the direct sum and the fusion of defects are compatible with the abelian C-linear and the monoidal
properties of a fusion category.

For each object L ∈ Obj(C) there is also a dual L̄ ∈ Obj(C). To be precise, a general fusion category
does not satisfy ∨L = L∨ and neither (L∨)∨ = L. However, in the case of the fusion category of
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defects, left and right dual coincides ∨L = L∨ =: L̄. Formally, this means that we are dealing with a
sovereign or pivotal fusion category. Moreover, left and right traces coincide13, hence the category is
also spherical and the categorical quantum dimension coincide with the physical one coming from the
resolution of bubble diagrams: Tr(idL) = ⟨L⟩ = ⟨L̄⟩.
Since the morphism sets are vector spaces, their dimension is well defined. In particular, According
to proposition 2.2.5, the fusion coefficients satisfy:

dim(Hom(Lk,Li ⊗ Lj)) = Nk
ij

for Li,Lj ,Lk simple objects.

Semisimplicity of a tensor category C implies in particular dominance of C, which means that there
exists a family {Li}i∈J of simple objects with the following property: for any U, V ∈ Obj(C) every
morphism f ∈ Hom(U, V ) can be decomposed into a finite sum

f =
∑

r

gr ◦ hr , gr ∈ Hom(Li, V ) hr ∈ Hom(U,Li) (2.27)

for suitable members Li = Li(r) (possibly with repetitions) of this family. Physically, this reflects the
property of substituting a junction between the non simple defects U and V, with a superposition of
common simple defects. This property was used when we talked about how 3-junction could be fused
to form higher rank junctions.

Let {Li}i∈J be the finite set of simple defects of the fusion category14. In particular, let L0 =
I be the trivial defect, corresponding to the tensor unit. We fix a base {vα(i,j)k} in the junction

spaces Hom(Li ⊗ Lj ,Lk), as well as dual bases {ṽ(i,j)kᾱ } in Hom(Lk,Li ⊗ Lj), where α, ᾱ = 1, ..., Nk
ij .

Pictorially:

vα

Li Lj

Lk

i j

k

(i,j)k
α vα

Li Lj

Lk

i j

k

(i,j)k
α (2.28)

Since the junction spaces are C-Hilbert spaces the category carries a dagger structure

† : Hom(L1,L2) → Hom(L2,L1)

such that for v ∈ Hom(L1,L2) and u ∈ Hom(L2,L1) we have

(v ◦ u)† = u† ◦ v† (v†)† = v

In particular, due to Schur’s lemma, if L1 is simple, then v† ◦ v ∈ End(L1) must be proportional to
the identity. The only option is v† ◦ v = ⟨v, v⟩idL1 , where ⟨., .⟩ is the inner product in the topological
junction Hilbert space. Therefore, the choice of the basis and its dual determine the proportionality
constant between bubble diagrams, such as the one in (2.29), and the identity.

13This can be see as a consequence of the fact that closed defect diagrams are evaluated on the Riemann sphere and
are invariant under topological deformations

14In the following the Latin indices belong to J , which contains all the indices labeling simple objects.
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i i

i

kj

α

β

β

i

i

i

vα(j,k)iv
(j,k)i δαβ

i

kj

(2.29)

In this case, we have chosen the normalization imposing the following conditions:

⟨ṽ(j,k)0
β̄

|vα(j,k)0⟩ = δαβ δ
j,k ⟨k⟩, ⟨ṽ(j,0)i

β̄
|vα(j,0)i⟩ = ⟨ṽ(0,j)i

β̄
|vα(0,j)i⟩ = δαβ δ

j,i

where the first one comes from the fact that we want isolated bubbles to return the quantum dimension
of the involved TDL and the second one ensures isotopy invariance15.

This allows us to see another special feature of this basis: for simple objects, the fusion spaces
Hom(1, U ⊗ Ū) and Hom(Ū ⊗ U, 1) are one-dimensional; as a result, the left/right evaluation and
co-evaluation maps are uniquely determined up to normalization, and with the chosen normalization
they coincide with the canonical basis morphisms describing fusion into the identity16:

U U

U U

i i

i

i i

i i

0

α

i

0

α

So the traces used to define the quantum dimension coincide with the bubble diagrams produced by
the basis morphisms.

We have also the following completeness relation:

Proposition 2.4.2. With the normalization choice of equation (2.29) we satisfy the following com-
pleteness relation.

15Note that the second condition corresponds to a diagram such as the one of figure (2.29), but with a side of the
bubble replaced by the identity defect.

16The map Ui 7→ Ūi induces an involution i 7→ ī on the finite set of labels J according to Uī = Ūi, where we recall
that Ū := U∨ = ∨U with the last equality holding for the particular category of TDLs.
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i j

i j

k

α
i jid

i j

i j

Σ
k i

k

j
Σα

α

⊗

Proof. By the dominance property (2.27) of C we can decompose the identity morphism idi⊗j as:

Σ
k,

i

i

j

j

i j

k
k

α
α

α

A
i jid

i j

⊗ α

Where Akαij ∈ R, since each term of the sum is proportional to the morphism ṽ
(i,j)k
ᾱ ◦ vα(i,j)k. Now we

compose two of these diagrams:

Σ
k,

i j
k

k',
α

αA i j
k'A

i j

i j

k

α

i j

i j

k

α

i j

k'

α

β

β

β

δδ α
β

i

k
k
k'

j

β

Σ
k,

i j
k

k',
α
A i j

k'A

β

β

i j

α β

By consistency, we must have:

Akαij

√
⟨i⟩⟨j⟩
⟨k⟩ = 1

Note that the completeness relation of proposition 2.4.2 corresponds to the partial fusion of TDLs.

Also, we satisfy the following relations:

16Usually, in the mathematical literature junctions are normalized to 1.
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i

i

ii

ii0 0

i

i ii0

i i

0

(2.30)

Note that the relations in (2.30) are the categorical analogue of the result of proposition 2.2.6.

Once we have chosen bases as above, there are two distinct distinguished bases for the morphism space
Hom(Li ⊗ Lj ⊗ Lk,Ll): ⊕

p

Hom(Li ⊗ Lj ,Lp)⊗Hom(Lp ⊗ Lk,Ll) (2.31)

and ⊕

q

Hom(Lj ⊗ Lk,Lq)⊗Hom(Li ⊗ Lq,Ll) (2.32)

Recalling that the Hom-spaces that appear on the right-hand side of both (2.31) and (2.32) are the
topological three junction spaces, the coefficients of the basis transformation between the two, called
F-symbols or Fusion matrices, are equivalent to the F-matrices introduced in equation (2.10):17

i

p q

q

j k i j k

(i jk)lΣΣα

β γ

γ, δδ
F

ll

pα β, qγ δ
(2.33)

Notice that the F-matrices arise independently from the triviality of the associator, since they are just
a change of basis. Nevertheless, the pentagon identity manifests itself in coordinates as [28]:

∑

δ

F
(ijq)m
αpβ,δrϵF

(rkl)m
δqγ,νsµ =

∑

ξ,t,η,σ

F
(jkl)p
αqγ,ξtηF

(itl)m
βpξ,νsσF

(ijk)t
σtη,µrϵ

for all ν, s, µ, r, ϵ and α, p, β, q, γ. We finally state the following propositions:

Proposition 2.4.3. [28] A fusion category is completely determined by the fusion coefficients and the
F-symbols.

Theorem 2.4.4 (Ocneanu’s rigidity). [34] There are finitely many fusion categories with any given
fusion ring

17By comparison, the F-matrix defined in (2.10), FL1L4

L2L3
(L5,Lk), corresponds in this new notation to F

(L1L2L3)L4

δL5γ,βLkα
=

F
(123)4
δ5γ,βkα where γ and δ are indices labeling respectively the junctions in VL1,L2,L̄5

and VL5,L3,L4
and α and β label

respectively VL2,L3,L̄k
and VL1,Lk,L4

.
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Therefore, given the fusion coefficients of TDLs, there are finitely many F-matrices solving the pen-
tagon identity. Moreover, combining the left-hand side with the dual of the diagram appearing on
right-hand side of (2.33) we get a bubble diagram with the following property:

Proposition 2.4.5. The following relation holds:

i kj

l

i kj
i k

l

j

β
α

δ

(i jk)l
F pα β, qγ δ

p

γ
q

l

l
l

l

l

α

β

q

γ

δ

p

Proof. We use a F-move to bring the j line to the other side of the bubble. Then we use (2.29) to
resolve the bubbles.

r

kjΣ

θ

θ, ρ

ρr

r

r,
θ ρri kj

β
α

δ

p

γ
q

l

l

i kj

δ
γ γ

ρ

q

l

l

(i jk)l
F pα β, θ ρr

(i jk)l
F pα β,Σ

θ

θ, ρ
r

r,
i

l

l

δ δδq

By resolving also the last bubble we get the coefficient:

∑

θ,r,ρ

F
(ijk)l
αpβ,θrρ

√
⟨j⟩⟨k⟩
⟨r⟩

√
⟨i⟩⟨r⟩
⟨l⟩ δrq δ

ρ
δ δ

θ
γ = F

(ijk)l
αpβ,γqδ

√
⟨i⟩⟨j⟩⟨k⟩

⟨l⟩

By resolving the bubble diagram on the left-hand side by topological manipulations, one can compute
the F-symbols. Finally, note that when any of the labels i, j, k equals 0, labeling the trivial defect,
then the left-hand side of proposition 2.4.5 degenerates (if non-zero) to the left-hand side of (2.29),
leading to

F
(0jk)l
jβ,lδ =

√
⟨j⟩⟨k⟩
⟨l⟩ δβ,δ F

(i0k)l
iβ,γk =

√
⟨i⟩⟨k⟩
⟨l⟩ δβ,γ F

(ij0)l
αl,γj =

√
⟨i⟩⟨j⟩
⟨l⟩ δα,γ
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2.5 TDLs of the critical Ising model

Consider the Ising model CFT in d = 2 spacetime dimensions. Being a diagonal theory, the treatment
for the Ising model simplifies a lot. In particular, we know that TDLs are completely classified by
Verlinde lines. However, we apply equation (2.22) anyway, to see how it works. To simplify notation,
in (2.22) we call λLii = λi; then using the S-matrix (1.43), we get the matrix equation



z11 z12 z13
z21 z22 z23
z31 z32 z33


 =

1

4




1 1
√
2

1 1 −
√
2√

2 −
√
2 0





λ1 0 0
0 λ2 0
0 0 λ3






1 1
√
2

1 1 −
√
2√

2 −
√
2 0


 =

=
1

4



λ1 + λ2 + 2λ3 λ1 + λ2 − 2λ3

√
2(λ1 − λ2)

λ1 + λ2 + 2λ3 λ1 + λ2 + 2λ3
√
2(λ1 − λ2)√

2(λ1 − λ2)
√
2(λ1 − λ2) 2(λ1 + λ2)




where zi,j ∈ N ∀i, j. Comparing the two sides of the equation we get:




λ1 + λ2 + 2λ3 = z11 = z22 := n1

λ1 + λ2 − 2λ3 = z12 = z21 := n2
1

2
√
2
(λ1 − λ2) = z31 = z32 = z13 = z23 := n3

2(λ1 + λ2) = z33 := n4

⇒





λ1 = n1 + n2 +
√
2n3

λ2 = n1 + n2 −
√
2n3

λ3 = n1 − n2

n1 + n2 = n4

Then we see that the lattice of solutions is given by


λ1
λ2
λ3


 =



1
1
1


n1 +




1
1
−1


n2 +




√
2

−
√
2

0


n3

Each basis vector on the lattice represents the action of a different simple defect. Notice that for each
one we have just one non-zero ni, from which we can reconstruct the matrix of twisted Hilbert space
multiplicities ZL

ij . The TDLs for the Ising model are:

• the trivial defect (n1 = 1):

Î|1⟩ = |1⟩ Î|ϵ⟩ = |ϵ⟩ Î|σ⟩ = |σ⟩ (2.34)

The corresponding partition function is the usual one for the Ising model.

• the Z2-defect (n2 = 1):
η̂|1⟩ = |1⟩ η̂|ϵ⟩ = |ϵ⟩ η̂|σ⟩ = −|σ⟩ (2.35)

This defect comes from the Z2 global symmetry of the Ising model. The relative twisted partition
function is18:

Zη =



0 1 0
1 0 0
0 0 1


 ⇒ Zη = χ 1

2
χ̄0 + χ0χ̄ 1

2
+ χ 1

16
χ̄ 1

16

The three primaries in this twisted representation of the Virasoro algebra are denoted ψ, ψ̄ and
µ respectively, consisting of two Majorana fermions19and the disorder field of the Ising model.
It is worth reminding here that all operators in twisted Hilbert spaces are not local operators,
but are attached to a defect line as in figure 2.3.

18The superscript (c=1/2) in the characters is understood.
19It is common to say that the critical Ising CFT is equivalent to a free Majorana fermion. Strictly speaking, however,

one should distinguish the fermionic Majorana CFT from the bosonic Ising CFT. The former is a spin CFT, in which
the Majorana fermions are genuine local fields, while in the bosonic Ising CFT they are not local bosonic operators;
rather, they can be understood as defect fields attached to the η-line. The two theories are related by bosonization,
or equivalently by gauging the fermion parity symmetry Z

f
2 , see [10]. This distinction is also visible at the level of

symmetries. The free Majorana theory has a global symmetry group Z
f
2 × Z2, generated by the fermion parity operator

(−1)F and chiral fermion parity operator (−1)FL . The latter has a mixed anomaly with fermion parity, and after
bosonization this anomalous fermionic symmetry is transformed into the Kramers–Wannier symmetry of the bosonic
Ising CFT [10].
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• The Kramers-Wannier duality defect (n3 = 1):

N̂ |1⟩ =
√
2|1⟩ N̂ |ϵ⟩ = −

√
2|ϵ⟩ N̂ |σ⟩ = 0 (2.36)

The fact that λ3 = 0 signals the non-invertibility of this defect. Indeed, we see that its quantum
dimension is ⟨N⟩ =

√
2 ̸= 1. As will be clear shortly, this TDL is associated to the Kramers-

Wannier duality of the Ising model. The twisted partition function reads:

ZN =



0 0 1
0 0 1
1 1 0


 ⇒ ZN = χ 1

16
χ̄0 + χ0χ̄ 1

16
+ χ 1

16
χ̄ 1

2
+ χ 1

2
χ̄ 1

16

These primaries are usually denoted respectively as s, s̃,Λ and Λ̃. We see that for twisted Hilbert
spaces, such as the one considered here, the usual spin selection rule does not apply, leading to
primaries with general fractional spin20, that are called for this reason anyons. These fields obey
more general statistic with respect to Bose-Einstein or Fermi-Dirac statistics and can be seen
only in two or three spacetime dimensions, as in higher dimensions the spin-statistics theorem
constraints the spin to the set of half integers21.

Before continuing, we make some observations:

1. the eigenvalues are coherent with the expected ones for Verlinde lines, i.e. equation 2.13.

2. The TDLs of the Ising model are all self dual: N̄ = N and η̄ = η; we can represent them with
unoriented lines.

3. from equations 2.34, 2.35 and 2.36 we can derive the fusion rules for the TDLs:

ηN = Nη = N N2 = I + η η2 = I

Again, this confirms the fact that Verlinde lines have the same fusion rules as primary operators.

4. Also the ansatz ZLk
ij = N j

ki that we made in section 2.3 is verified here.

5. having Nk
ij ∈ {0, 1} implies that we have from 2.7 that ⟨L⟩2 counts the number of channels in

the fusion of L with its dual. Moreover, this combined with proposition 2.2.5, implies that the
junction spaces are at most one-dimensional. For this reason, the F-symbols can be written
without the indices labeling the junctions.

We now compute the F-symbols. The decomposition of the identity reads:

N N
id

N N

N N N N

N N N N

N N

2

1

2

1
I η⊗ (2.37)

The non-trivial F-symbols involve η and N. The 4-junction VN,N,N,η cannot be resolved using basis
elements of 3-way junctions so it has to be zero. Vη,η,N ,N is uniquely resolved so its F-symbol is also

20One can still find different spin selection rules which depends on the underlying fusion category of TDLs. This is
done for example in [11].

21In quantum mechanics, Bose-Einstein and Fermi-Dirac statistics arises from the fact that in 3 or more spatial
dimensions, the worldlines created by the permutations of n identical particles are homotopic, leading to a representation
of the permutation group Sn on the Hilbert space of the n identical particles. Assuming non intersecting paths, for two
spatial dimensions there is a well-defined orientation to exchanges, leading to representations of the braid group Bn.
With one spatial dimension we cannot apply the same procedure, since we cannot exchange particles without overlaps.
However, as we are going to see in chapter 3, we will have a representation of the Braid group at algebraic level.
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trivial. The junction VN,η,N,η and its cyclic permutation, can be resolved in two ways. The F-symbol

is F
(NηN)η
N,N = −1. The last and most interesting 4-junction is the one involving four N lines. The

completeness relation (2.37) describing the partial fusion of two N’s already gives the matrix elements

F
(NNN)N
I,I and F

(NNN)N
I,η . The remaining two can be found resolving the corresponding bubble diagram.

This is shown in appendix B. The result is22:

F (NNN)N =
1√
2

(
1 1
1 −1

)
(2.38)

This also allows us to express the crossing relation:

N N

N N N N

N N

2

1

2

1
I η

N N

N N
η

We now have sufficient information to study what happens to the local primaries when we move a
defect past them. The only interesting cases are shown in figures 2.11 and 2.12.

σ σ -σ

I ηη

η

η
σ

η

Figure 2.11: Moving σ past the η defect.

N σ σ μ

I

σ

σ
2

1

2

1

N N N N

NN

η η2

1

Figure 2.12: Moving σ past the N defect

We see that moving the spin field past the defect η changes its sign, as expected from a defect
implementing the Z2 symmetry.

On the other hand, moving the local order operator σ across the duality defect N transforms it into
the non-local disorder operator µ, attached to a η-line. In this sense, the defect N implements the
Kramers–Wannier duality, exchanging order and disorder operators.

A particularly important property of the N defect is revealed by inserting an N -bubble into the
partition function, expanding the bubble, and then fusing the defect segments that meet:23

Σ
i,j= I,η2

1
2

1

2

1

Li

Lj

22The matrix is expressed in the basis {I, η}. We do not need to include N since it cannot appear as an internal line
in the decomposition of VN,N,N,N .

23See appendix B for the details of the calculation.
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We see that the resulting partition function becomes a sum over all possible configurations of η-defect
lines. This is precisely the partition function of the theory obtained by gauging the Z2 symmetry.

More generally, discrete gauging can be understood as the analogue of gauging a continuous symmetry.
The topological defect η plays the role of a background Z2 gauge field, and gauging amounts to
summing over all possible η-defect networks on the underlying Riemann surface.

The resulting theory is denoted by Ising/Z2 and is called the orbifold theory. For the critical Ising
model, this orbifold theory is again equivalent to the original Ising CFT. One way to see this is
that there is a unique c=1/2 unitary CFT [35]. The duality defect N realizes this equivalence locally:
correlators involving (T, T̄ , ϵ, σ) are mapped to correlators involving (T, T̄ ,−ϵ, µ), consistently with the
exchange between order and disorder sectors induced by Kramers–Wannier duality.24 For instance,
recalling that the complex plane is compactified to the Riemann sphere, by inflating an N bubble:25

∞

0

σ

ε

T

σ
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Proving the equivalence of the correlators:

⟨T (z4)σ(z3, z̄3)σ(z2, z̄2)ϵ(z1, z̄1)⟩ ↔ ⟨T (z4)µ(z3, z̄3)µ(z2, z̄2)(−ϵ(z1, z̄1))⟩

The same procedure also shows that the defect N imposes selection rules, such as the vanishing of
correlators containing an odd number of ϵ insertions.

In conclusion, non-invertible symmetries not only constrain correlation functions in a way analogous
to ordinary global symmetries, but can also relate correlators of local operators to correlators involving
non-local operators.

24The transformation ϵ 7→ −ϵ can be understood from the fermionic description of the Ising model. The thermal
perturbation of the critical theory is the Majorana mass term m

∫

iψψ̄, with m ∝ K − Kc. Since the energy field is
identified with the Majorana bilinear ϵ ∼ iψψ̄ [10], the Kramers–Wannier exchange of the two massive phases, close to
criticality given by m 7→ −m, can equivalently be read as a sign flip of the energy operator. At the critical point, where
the mass term is absent from the action, this duality is implemented by the topological defect N , hence N(ϵ) = −ϵ.

25The quantum dimension contribution arising after the first step simplifies with the one appearing in the last step.
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Chapter 3

Algebraic quantum field theory

In this chapter, we introduce the axiomatic approach to quantum field theory known as algebraic
quantum field theory. Algebraic QFT starts from a net of local algebras, i.e. the assignmentO 7→ A(O),
where O is a spacetime region and A(O) is the algebra of observables localized in O. The idea at
the foundation of this approach is that all relevant information about the system is contained in the
net, together with its Poincaré automorphism. One may object that a ”net of local algebras” is a
structure too abstract for specifying a particular model; in particular, it does not involve an explicit
specification of a Lagrangian. But recall that a model in non-relativistic Quantum Mechanics is fixed
by specifying the set of observables on the Hilbert space and the Hamiltonian. The analogue is true
in QFT.
We will start from a brief reformulation of quantum mechanics in a more algebraically focused setting.
Then we will move to QFT by stating the Haag-Kastler axioms, which are at the base of AQFT. Then
we will see what the physical consequences are of the axioms. This chapter is based on [33, 35–58].

3.1 Algebraic formulation of quantum mechanics

We recall that the key postulates of quantum mechanics say that:

• Pure states of a quantum system are described by rays in H, i.e. [ψ] := {λψ|λ ∈ C\{0}}. Mixed
states are described by density matrices, i.e. positive trace-class operators ρ : H → H with unit
trace;

• Observables are described by self-adjoint operators A on H. However, the self-adjoint operators
corresponding to observables may be a proper subset of all the self-adjoint operators on H; this
occurs if the system is subject to superselection rules.

These principles can be formulated in algebraic terms as follows:

• A physical system is described by a unital ∗-algebra A, whose self-adjoint elements are interpreted
as the bounded observables. With abuse of language we call A algebra of observables. In many
situations we impose the stricter condition that A be a unital C∗-algebra.

• states are identified with positive, normalized linear functionals ω : A → C; i.e. we require
ω(A∗A) ∈ R≥0 ∀A ∈ A and ω(1) = 1 as well as ω being linear. The state is mixed if it can be
written as a convex combination of distinct states and pure otherwise.

We now give the precise definitions of the algebraic notions appearing above.

Definition 3.1.1 (∗-algebra). A ∗-algebra A is an algebra over C together with a map *: A → A,
called involution, such that:

• for all A,B ∈ A : (A+B)∗ = A∗ +B∗ and (AB)∗ = B∗A∗;

• for every λ ∈ C and every A ∈ A : (λA)∗ = λ̄A∗;
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• for all A ∈ A : (A∗)∗ = A

The ∗-algebra is unital if it has an element 1 which is a unit for the algebraic product and there-
fore invariant under involution. Homomorphisms between ∗-algebras α : A1 → A2 are algebraic
homomorphisms that respect involutions (α(A))∗ = α(A∗) and preserves unit α(1A1) = 1A2 .

The main example of a ∗-algebra is the algebra of bounded operators B(H) on a Hilbert space H with
the adjoint as the involution. This algebra also carries additional structure.

Definition 3.1.2 (normed algebra). A normed algebra A is an algebra equipped with a norm ||.||
satisfying

||AB|| ≤ ||A|| ||B||
If A is unital and ||1|| = 1, then it is a normed unital algebra. If A is complete in the topology induced
by ||.||, then A is a Banach algebra; if additionally, A is a ∗-algebra and ||A∗|| = ||A||, then A is a
Banach ∗-algebra or B∗-algebra.

A C∗-algebra is a particular B∗-algebra.

Definition 3.1.3 (C∗-algebra). A C∗-algebra A is a B∗-algebra whose norm has the C∗-property

||A∗A|| = ||A∗|| ||A|| = ||A||2, ∀A ∈ A

The algebra of bounded operators B(H), with the operator norm

||A|| := sup||v||=1 ||Av||, v ∈ H,
is a C∗-algebra.

In our second postulate, the role of the state in the algebraic approach is to assign expectation values:
if A = A∗, we interpret ω(A) as the expected value of A if measured in the state ω.
Consider B(H), then every unit vector ψ ∈ H induces a state on B(H), called vector state, by

ωψ(A) = ⟨ψ|Aψ⟩, A ∈ B(H) (3.1)

since ⟨ψ|1ψ⟩ = 1 and ⟨ψ|A∗Aψ⟩ = ||Aψ||2 ≥ 0. In addition, every density matrix (a positive operator
ρ on H with Tr(ρ) = 1) induces a state on B(H) according to

ωρ(A) = Tr(ρA), A ∈ B(H) (3.2)

indeed Tr(ρ1) = 1 and if {|n⟩}∞n=1 is an orthonormal base for H (assumed to be separable) of eigen-
vectors of ρ:

Tr(ρA∗A) =
∑

n

⟨n|ρA∗A|n⟩ =
∑

n

pn⟨n|A∗A|n⟩ =
∑

n

pn||An||2 ≥ 0

It is important to realize that, in general, not all algebraic states on A need arise from vectors or
density matrices in a given Hilbert space representation; in this sense it is a more general notion of
state. However, it is not guaranteed that all states correspond to physically realizable situations.

Before continuing, we prove for later purposes the following results.

Proposition 3.1.1. Every state on a ∗-algebra A satisfy

ω(A∗) = ω̄(A), ∀A ∈ A
where the bar represents complex conjugation.

Proof. Consider the combination 1+ λA for λ ∈ C:

ω((1+ λA)(1+ λA)∗) = 1 + λω(A) + λ̄ω(A∗) + |λ|2ω(AA∗) ∈ R≥0

Setting the imaginary part to zero leads to:

Im(λ)Re(ω(A)) +Re(λ)Im(ω(A))− Im(λ)Re(ω(A∗)) +Re(λ)Im(ω(A∗)) = 0

Since this must hold for all λ ∈ C we get Re(ω(A)) = Re(ω(A∗)) and Im(ω(A)) = −Im(ω(A∗)).

62



Proposition 3.1.2. Every state on a ∗-algebra A induces a Cauchy-Schwarz inequality

|ω(A∗B)|2 ≤ ω(A∗A)ω(B∗B), ∀A,B ∈ A (3.3)

Proof. Let B ̸= 0 and consider the combination A− λB for λ ∈ C:

ω((A− λB)(A− λB)∗) = ω(AA∗)− λω(BA∗)− λ̄ω(AB∗) + |λ|2ω(BB∗) ≥ 0

Choosing λ = ω(AB∗)/ω(BB∗) and using proposition 3.3 to write ω(BA∗) = ω((AB∗)∗) = ω̄(AB∗)
we get,

ω(AA∗)− |ω(AB∗)|2
ω(BB∗)

≥ 0 ⇒ |ω(A∗B)|2 ≤ ω(A∗A)ω(B∗B)

3.1.1 States and representations

The Hilbert space formulation of quantum mechanics is too useful to be abandoned entirely and the
study of Hilbert space representations forms an important part of AQFT.

Definition 3.1.4. A representation of a unital ∗-algebra A consists of a triple (H,D, π), where H
is a Hilbert space, D is a dense subspace of H, and π is a map from A to operators on H with the
following properties:

• each π(A) has domain D(π(A)) = D and range contained in D;

• π(1) = 1D,

• π respects linearity and products

π(A+ λB + CD) = π(A) + λπ(B) + π(C)π(D), A,B,C,D ∈ A, λ ∈ C

• each π(A) has an adjoint with D ⊂ D(π(A)∗), whose restriction to D obeys π(A)∗|D = π(A∗).

The representation is called faithful if ker(π) = {0} and is called irreducible if there are no subspaces
of H invariant under π(A) that are not either trivial or dense in H.

We will use the shorthand notation (H, π) for (H,H, π).
Definition 3.1.5. Two representations (H1,D1, π1) and (H2,D2, π2) of a ∗-algebra A are called
unitarily equivalent, if there is a unitary map U : H1 → H2 which restricts to an isomorphism between
D1 and D2, and satisfy the intertwining relation Uπ1(A) = π2(A)U for all A ∈ A. They are unitarily
inequivalent if they are not unitarily equivalent.

From equations (3.1) and (3.2), we have seen that from quantum mechanical states we can get algebraic
states. Hence, the natural question is whether the knowledge of an algebraic state ω is enough to
reconstruct a Hilbert state such that ω is the vector state ωψ for some ψ ∈ H. The answer of this
question is given by the following famous theorem by Gel’fand, Naimark and Segal.

Theorem 3.1.3 (GNS representation theorem). Let ω be a state on a unital ∗-algebra A. Then there
is a representation (Hω,Dω, πω) of A and a unit vector Ωω ∈ Dω such that Dω = πω(A)Ωω and

ω(A) = ⟨Ωω|πω(A)Ωω⟩, ∀A ∈ A (3.4)

Furthermore, (Hω,Dω, πω,Ωω) are unique up to unitary equivalence. If A is a C∗-algebra, then,
additionally:

1. each πω(A) extends to a bounded operator on Hω;

2. ω is pure if and only if the representation is irreducible;

3. if πω is faithful, then ||πω(A)|| = ||A||A.
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Due to the fact that πω(A)Ωω is dense in Hω, we say that Ωω is cyclic for the representation.
The link between purity and irreducibility is understood from the following example: if ψ,φ ∈ H are
linearly independent normalized vector states on a subalgebra A of B(H), then the density matrix
state

ρ = λ|ψ⟩⟨ψ|+ (1− λ)|φ⟩⟨φ|, 0 < λ < 1

can be realized as the vector state ωρ =
√
λψ ⊕

√
1− λφ in the reducible representation A 7→ A⊕A

of A on H⊕H.

Proof. The proof is constructive and divided into several steps:

1. Define a subset Iω ⊂ A by
Iω = {A ∈ A : ω(A∗A) = 0}

Using the Cauchy-Schwarz inequality (3.3), one may prove that Iω is a left ideal1: if A ∈ Iω
then

|ω((BA)∗(BA))|2 = |ω(C∗A)|2 ≤ ω(C∗C)ω(A∗A) = 0, B ∈ A
where C = B∗BA, so BA ∈ Iω. A similar argument shows that Iω is a subspace of A and that
the subspace I∗

ω is a right ideal.

2. Define a quotient vector space

Dω := A/Iω = {[A] | [A] := A+ Iω}

and note that Dω carries an inner product defined by

⟨[A]|[B]⟩ = ω(A∗B) A,B ∈ A (3.5)

which is well defined, i.e. has the properties of an inner product (linearity from the definition
of ω, conjugate symmetry from proposition 3.1.1 and positive-definiteness from the definition of
Dω), and if A1, A2 ∈ [A] with A1 = A2 + I for some I ∈ Iω

⟨[A1]|[B]⟩ = ω(A∗
2B) + ω(I∗B) = ω(A∗

2B) = ⟨[A2]|[B]⟩

where we used the right-ideal property of I∗
ω.

3. Define the Hilbert space Hω as the completion of Dω with respect to the inner product (3.5); by
construction Dω is dense in Hω.

4. Define Ωω = [1] ∈ Dω ⊂ Hω, noting that ||Ω||2 = ω(1) = 1.

5. Define πω as follows: for each A ∈ A,πω(A) is the linear operator Dω → Dω given by

πω(A)[B] := [AB], B ∈ A

which is well-defined due to the left ideal property. The properties

πω(1) = 1Hω πω(A+ λB) = πω(A) + λπω(B) πω(AB) = πω(A)πω(B)

are easily verified as identities of operators on Dω, and it is clear that πω(A)Ωω = Dω, so Ωω is
cyclic as Dω is dense.

Now observe that

⟨πω(A∗)[B]|[C]⟩ = ⟨[A∗B]|[C]⟩ = ω(B∗AC) = ⟨[B]|πω(A)[C]⟩

for all [B], [C] ∈ Dω. This shows that πω(A) has an adjoint with dense domain including Dω

and indeed
πω(A

∗) = πω(A)
∗
|Dω

1Given a ring R, a left ideal is a subset I of R such that 0 ∈ I and for r ∈ R and for every x, y ∈ I, one has x+y ∈ I,
−x ∈ I and rx ∈ I. If an ideal is two sided, the quotient R/I is still a ring.
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Therefore (Hω,Dω, πω) is a representation of A, and the calculation

⟨Ωω|πω(A)Ωω⟩ = ⟨[1]|πω(A)[1]⟩ = ⟨[1]|[A]⟩ = ω(A)

verifies (3.4).

6. For uniqueness, suppose that another Hilbert space H, dense domain D, distinguished vector Ω
and representation π are given with the properties above. Now define a linear map U : D → Dω

by
Uπ(A)Ω = πω(A)Ωω

noting that it is well defined because

π(A)Ω = 0 ⇔ 0 = ||π(A)Ω||2H = ω(A∗A) = ||πω(A)Ωω||2Hω
⇔ πω(A)Ωω = 0

A similar calculation shows that U is an isometry, and as it is clearly invertible, U therefore
extends to a unitary U : H → Hω so that UD = Dω and

Uπ(A)U−1 = πω(A)

acting on any vector in Dω.

7. The special features of C∗-algebras are addressed in [59].

3.2 Haag-Kastler axioms

In quantum mechanics there are two main descriptions: the Heisenberg picture, in which the algebraic
relations between observables are the primary data, and the Schrödinger picture, based on spaces of
wavefunctions on which the observables of the theory act in specific ways.2

For systems with finitely many degrees of freedom, the distinction is rather inessential, because the
Stone-von Neumann theorem guarantees that any irreducible representation of the commutation rela-
tions is unitarily equivalent to the Schrödinger representation. However, in QFT, unitarily inequivalent
representations have an important role, where they describe different physical situations [43] [60]. This
motivates an approach based primarily on algebraic relations.

The starting point of AQFT is a series of assumptions called Haag-Kastler axioms, which reformulate
the Wightman axioms without referring to individual fields as the generators of the local algebras:

1. Local algebras: there is a unital C∗-algebra3A and, to each bounded open region of Minkowski
spacetime O ⊂ Md ≃ Rd−1,1, a subalgebra A(O) containing the unit of A, so that the A(O)
collectively generate A:

A =
⋃

O⊂Md

A(O)

where the bar indicates the closure in norm. We call observables of a region O the self-adjoint
elements of A(O). With abuse of language we call A(O) local observable algebra and we call A
the quasi-local algebra of the theory. The assignment

O 7→ A(O)

is called net of local observables.

2In standard quantum mechanics there is also a third possibility, the interaction or Dirac picture. However, due to
Haag’s theorem, this description is mathematically inconsistent in QFT.

3In principle it is sufficient the structure of a ∗-algebra. However, in most of the applications it is useful to require
the additional C∗ structure.
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2. Isotony : whenever O1 ⊂ O2, the corresponding local algebras are nested:

A(O1) ⊂ A(O2)

3. Einstein Causality : if O1 and O2 are causally disjoint, then:

[A(O1),A(O2)] = 0 ⇒ [A1, A2] = 0 ∀Ai ∈ A(Oi), i = 1, 2

4. Poincaré covariance: A is the representation space of a representation of the restricted Poincaré
group P↑

+ as a group of ∗-automorphisms αa,Λ, (a,Λ) ∈ P↑
+, preserving the local structure of

observables, i.e.
αa,Λ(A(O)) = A(Oa,Λ)

where Oa,Λ := {x ∈ Md|Λ−1(x− a) ∈ O}.
5. Vacuum: there is a state ω on A, called the vacuum state, invariant under the previously

mentioned representation of the Poincarè group. It is also assumed that this state is the unique
invariant state. The GNS construction provides a Hilbert space H0, called vacuum sector, where
A can be represented as an algebra of bounded operators with a cyclic vector, the vacuum vector
|Ω⟩. The representation π0 of A in H0 is called vacuum representation.

6. Spectrum condition: one can show [43] that the last condition implies that the ∗-automorphism
αa,Λ extends to a unitary representation on H0 of the covering group of the Poincaré group.
Assuming that such representation is strongly continuous4, by Stone’s theorem there are four
commuting self-adjoint operators Pµ such that

U(x) = eiPµx
µ

represents spacetime translations. Then the spectrum condition requires that the joint spectrum
of the operators Pµ lies inside the closure of the forward light cone:

σ(Pµ) ⊂ V + := {pµ ∈ M
d|pµpµ ≤ 0, p0 ≥ 0}

Representations satisfying this condition are called positive energy representations.

7. Weak additivity : for any open region O, π0(A) is contained in the weak closure5 of the ∗-algebra
generated by the algebras π0(A(O + x)) as x runs over Md.

The prototypical local region O is a double cone, obtained intersecting a forward and a backward light
cone. This is shown in figure 3.1.

t

x

O

double cone

W
L

left causal
complement

W
R

right causal
complement

Figure 3.1: A double cone with the left and right wedges composing its spacelike complement O′ = WL ∪WR.

4I.e. the map x 7→ U(x)ψ is continuous from M
d to H0 for each fixed ψ ∈ H0, x ∈ M

d.
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The weak additivity axiom asserts that arbitrary observables can be built as limits of algebraic com-
binations of translates of observables in any given region O. In many situations, this can be a con-
sequence of the other axioms rather than an assumption; for example, this is the case for conformal
nets [61], which we are going to introduce in the next chapter. The main important consequence of
weak additivity is the following result:

Theorem 3.2.1 (Reeh-Schlieder theorem). [42] Let O be any bounded open region. Then

• vectors of the form A|Ω⟩ for A ∈ π0(A(O)) are dense in H;

• if A ∈ π0(A(O)) annihilates the vacuum, A|Ω⟩ = 0, then A = 0.

The first point says that |Ω⟩ is cyclic for every local algebra; the other says that it is also separating.
This means that the information contained in the local algebras A(O) for any, arbitrarily small, open
subset of Md, can be used to reconstruct the entire theory.

3.3 Von Neumann Algebras

So far we have expressed everything in terms of ∗- and C∗-algebras to be as general as possible. The
theory is considerably enriched when expressed in terms of von Neumann algebras. This seems like
an unmotivated extra complication, but as we shall see, one of the main success of AQFT has been
to show how this is not the case.
First, we give the basic definitions regarding von Neumann Algebras.

Definition 3.3.1 (von Neumann Algebra). Let H be a Hilbert space and B(H) the algebra of bounded
linear operators on H. Let M be a ∗-subalgebra of B(H). Then M is a von Neumann Algebra or
W ∗-algebra if

• 1 ∈ M;

• M is closed in the weak operator topology.

An important result is the following:

Theorem 3.3.1 (von Neumann double commutant). For a ∗-algebra containing M on B(H) that
contains 1, the following are equivalent:

• M is weakly closed;

• M is strongly6 closed;

• M′′ = M where the apex denotes the commutant:

M′ := {A ∈ B(H) | [A,B] = 0, ∀B ∈ M}

The most fundamental notion of a von Neumann algebra is its center.

Definition 3.3.2. For von Neumann algebras M1 and M2, we let M1 ∧M2 = M1 ∩M2. We let
M1 ∨M2 denote the von Neumann algebra generated by M1 and M2, i.e. the intersection of all von
Neumann algebras containing M1 and M2.

Definition 3.3.3. We define the center of a von Neumann algebra as

Z(M) = M∧M′

A von Neumann algebra is called factor if

Z(M) = C1 equivalently7 M∨M′ = B(H)
5A sequence of operators converges in the weak topology, w − limAn = A, if ⟨ψ|Anφ⟩ → ⟨ψ|Aφ⟩ for all vectors

ψ,φ ∈ H.
6A sequence of operators converges in the strong topology if ||Anψ|| → ||Aψ|| for all vectors ψ ∈ H.
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Factors are of great importance in the theory of von Neumann algebras. They are divided in three
main categories, depending on the projections8 belonging to them. The main types of projections are
the following:

Definition 3.3.4. Let M be a von Neumann algebra. A projection E ∈ M is said to be:

• equivalent to a projection P ∈ M, written E ∼ P , if there exists V ∈ M such that V V ∗ = E
and V ∗V = P ;

• A subprojection with respect to another projection P ∈ M, denoted E ≤ P , if PE = EP = E.
If E ̸= P , the subprojection is proper and we write E < P ;

• central if E ∈ Z(M);

• Minimal if M contains no proper subprojection of E;

• Abelian if the von Neumann algebra over EH defined as

EME := {EAE |A ∈ M}

is abelian;

• Infinite if there exists a projection E0 ∈ M such that E0 < E, i.e. it is a subprojection of E,
and E0 ∼ E. The projection is said to be finite if it is not infinite;

• Properly infinite if E is infinite and for each central projection P ∈ Z(M), either PE = 0 or
PE is infinite.

Notice that every infinite projection E ∈ M has infinite rank in the usual Hilbert-space sense. Indeed,
if E is infinite in M, then it is also infinite when regarded as a projection in B(H), and for B(H)
the above abstract notion of finiteness coincides with the ordinary distinction between finite- and
infinite-rank projections. However, the converse is not true in general: for instance, the identity of
M = C1H ⊂ B(H), with dimH = ∞, has infinite rank but is finite in M, because the only projections
in M are the null projection and 1 and there is no proper subprojection 1 equivalent to it.
Proper infinity is stricter, since it requires that each central decomposition of E is still infinite.

One can prove the following [54]:

Proposition 3.3.2. There are the following relations for projections:

minimal ⇒ abelian⇒ finite

properly infinite⇒ infinite

For factors, the first arrows on both lines can be reversed.

We can make a first classification based on the previous definition:

Definition 3.3.5. A von Neumann algebra M is said to be:

• finite, if 1 is finite in M;

• infinite, if 1 is infinite in M;

• properly infinite, if 1 is properly infinite in M;

In particular, we can classify factors as follows:

Definition 3.3.6. A von Neumann factor is said to be:

• Type I if it contains a minimal projection;

• Type II if it contains a finite projection, but no minimal projection;

7Indeed: (M∪M′)′ = C1; therefore (M∪M′)′′ = B(H).
8A projection E ∈ M is an idempotent and self-adjoint element: E = E2 = E∗.
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• Type III if it does not contain finite projections.

From this classification, we can state the fundamental result in the theory of von Neumann algebras:

Proposition 3.3.3. [62] Every von Neumann algebra acting on a separable Hilbert space admits a
central decomposition as a direct integral of factors.

Thus, in this sense, every von Neumann algebra can be regarded as a generalized combination of
factors. The precise construction is formulated in terms of direct integrals, but we will not formalize
it here. The classification into type I, type II and type III is then applied to the factor components
appearing in this decomposition.

The type I factors were already completely classified by Murray and von Neumann [54]: for each
cardinal number k there is a unique (up to isomorphism) type Ik factor, namely B(H) where H is a
Hilbert space of dimension k. The type II factors can be further subdivided according to whether
or not the identity projection I is finite (type II1) or infinite (type II∞). The type III factors can
be subdivided into types IIIλ with λ ∈ [0, 1], although the basis for this subclassification depends
on Tomita-Takesaki modular theory, which we very briefly discuss now. First consider the following
definition:

Definition 3.3.7. Let M be a von Neumann algebra acting on a Hilbert space H, and suppose that
|Ω⟩ ∈ H is cyclic and separating for M. Define an operator S0 on H by setting

S0A|Ω⟩ = A∗|Ω⟩
Then S0 extends to a closed9 anti-linear operator S on H. Let S = J∆1/2 be the polar decomposition
of S (which is unique, also for densely defined unbounded operators), so that ∆ is positive (but
generically unbounded) and J is anti-unitary. We call ∆ the modular operator and J the modular
conjugation associated with the pair (M, |Ω⟩).
We will talk of the physical consequences of all these definitions in a bit. For now, just note that the
hypotheses at the base of this definition are satisfied by a net of von Neumann algebras obeying the
Haag-Kastler axioms, as a consequence of the Reeh-Shlieder theorem.

Theorem 3.3.4 (Tomita’s commutation theorem). Let M be a von Neumann algebra with cyclic and
separating vector |Ω⟩. Then J |Ω⟩ = |Ω⟩ = ∆|Ω⟩ and

∆itM∆−it = M, ∀t ∈ R

JMJ = M′

Definition 3.3.8. The modular spectrum S(M) of M is given by

S(M) =
⋂

ω

sp(∆ω)

where ”sp” denotes the spectrum and ω runs over the family of normal states of M, and ∆ω are the
corresponding modular operators.10

The spectrum of the modular operator ∆ gives a rough measure of the periodicity of the modular
automorphism group (σωt )t∈R, where σ

ω
t (A) := ∆itA∆−it; i.e. the smaller the spectrum of ∆, the

closer the automorphism σωt is to the identity. Conversely, as the spectrum of ∆ goes up to R+, the
group (σωt )t∈R tends toward being ergodic (i.e. having no fixed points).

Finally, the classification reads:

9An operator A on H with domain D(A) ⊂ H is said to be closed if its graph, GA := {(ψ,Aψ) : ψ ∈ D(A)}, is a
closed subset of H × H with respect to the product topology and A is said to be closable if the closure of its graph is
the graph of an operator Ā, called the closure of A. One can show that a densely defined operator A on H is closable iff
its adjoint A† is densely defined and in this case Ā = (A†)† [44].

10A state is faithful if ω(AA∗) = 0 ⇒ A = 0. A state ω is said to be normal if for every increasing sequence
{An}n∈N ⊂ M of semi-positive definite operators, namely An ≥ 0 and An+1 − An ≥ 0, with supremum A = supnAn,
one has ω(A) = supn ω(An). Equivalently, a state is normal if it can be represented by a density operator, namely
ω(A) = Tr(ρA), for some positive operator ρ with Tr(ρ) = 1 (see [52] for the details).
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Definition 3.3.9. A factor of type III is said to be:

• Type III0 if S(M) = {0, 1}
• Type IIIλ if S(M) = {λn |n ∈ Z}
• Type III1 if S(M) = R+

Modular theory admits a remarkable physical interpretation in relativistic quantum field theory. In
a celebrated result, Bisognano and Wichmann showed that the modular objects associated with the
vacuum state and the algebra of observables localized in a wedge region of Minkowski spacetime have
a direct geometric meaning. In particular, the modular flow is implemented by the Lorentz boosts
preserving the wedge, while the modular conjugation corresponds to a reflection exchanging the wedge
with its causal complement, combined with charge conjugation [63].

Theorem 3.3.5 (Bisognano–Wichmann). [63] Let A(W ) be the von Neumann algebra associated with
a wedge region W and let Ω be the vacuum vector. Then the modular objects (∆, J) associated with
the pair (A(W ),Ω) satisfy

∆itU(s)∆−it = U(e−2πts), JU(s)J = U(−s),

for all s, t ∈ R.

To understand the geometric meaning of the first relation, consider a lightlike translation U(s). Under
a Lorentz boost of rapidity λ, the corresponding light-cone coordinate transforms as x± 7→ e±λx±, so
that

U(s) 7→ U(eλs).

Comparing this with
∆itU(s)∆−it = U(e−2πts),

one sees that the modular group acts exactly as a Lorentz boost with rapidity λ = −2πt. Therefore the
modular flow coincides with the one-parameter group of boosts preserving the wedge. The second rela-
tion shows instead that the modular conjugation reverses the direction of translations, corresponding
geometrically to a spacetime reflection exchanging the wedge with its opposite.

3.3.1 Application to quantum field theory

Consider a net of local C∗-algebras obeying the Haag-Kastler axioms. Given a vacuum state ω on A,
form its GNS representation. For any open bounded region O ⊂ Md define the algebra:

M0(O) := π0(A(O))′′ (3.6)

Now consider the following proposition.

Proposition 3.3.6. For any subalgebra B ⊂ B(H) one has B ⊂ B′′ and B′′′ = B′.

Proof. From the definition of commutant:

X ∈ B′′ ⇔ [X,Y ] = 0 ∀Y ∈ B′

Since all elements of B satisfy this request, we conclude that B ⊂ B′′.
Now consider X ∈ B′′′. Similarly, this means that [X,Y ] = 0 ∀Y ∈ B′′. Then the same reasoning used
before gives us B′ ⊂ B′′′.
Now we prove the other inclusion B′′′ ⊂ B′. Let X ∈ B′′′, hence X commutes with the whole B′′. But
we have shown that B ⊂ B′′. Therefore X commutes with B, meaning that it is also an element of
B′.

Corollary 3.3.7. The algebra (3.6) is a von Neumann algebra
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Proof. By proposition 3.3.6:

M0(O)′′ = (π0(A(O))′′)′′ = (π0(A(O))′)′′′ = π0(A(O))′′ = M0(O)

Since M0(O) also contains the unit operator, as a consequence of what is stated in the first axiom, by
the von Neumann double commutant theorem we conclude that M0(O) is a von Neumann algebra.

Einstein causality implies that the commutant π0(A(O))′ contains all local algebras π0(A(Õ)), where
Õ is causally disjoint from O. As π0(A(O))′ = π0(A(O))′′′ = M0(O)′, we see that also M0(Õ) ⊂
M0(O)′. It is natural to interpret M0(O)′ in terms of (limits of) observables localized in the causal
complement of O and further natural to assume that there are no non-trivial observables localized in
both O and its causal complement. This motivates the assumption that:

M0(O) ∩M0(O)′ = C1

that is, that the local algebras are factors. This heuristic intuition can be formalized and further
developed. Indeed, in 1985, Fredenhagen obtained one of the most striking results in the development
of AQFT. In addition to the standard axioms he posed the following physically reasonable assumptions:

1. There is a dense domain D ⊂ H0 and a linear map ϕ from real-valued test functions to symmetric
operators f 7→ ϕ(f) defined on D and obeying ϕ(f)D ⊂ D, so that ϕ(f) has a closure affiliated11

to M0(O) for any O containing supp(f). Furthermore, the n-point functions of the fields ϕ(f)
define the distributions

Wn(f1, ..., fn) = ⟨Ωω|ϕ(f1) · · · ϕ(fn)Ωω⟩

2. Defining scalar maps on test functions by (βp,λf)(x) = f((x− p)/λ), there should be a positive
monotone function ν so that the scaling limit n-point functions

W s.l.
n (f1, ..., fn) = lim

λ→0+
ν(λ)nWn(βp,λf1, ..., βp,λfn)

exist and satisfy the (vacuum) Wightman axioms. One may think of this theory as living in the
tangent space at p; it is not usually the same theory we started with.

3. It is required that
⋂

O∋pM0(O) = C1, where the intersection is taken over all local regions
containing the point p.

Assuming condition 1., we say that ω has a regular scaling limit at p ∈ Md if conditions 2. and 3.
hold. Then Fredenhagen proved the following [64]:

Theorem 3.3.8. Let O be a double-cone. If the state ω has a regular scaling limit at some point of
the spacelike boundary of O, then M0(O) is a type III1 factor.

Shortly afterwards, Haagerup proved that there was a unique hyperfinite type III1 factor [65].

Definition 3.3.10. Let M be a von Neumann algebra. Then M is said to be hyperfinite if there is
a family (Mi)i∈I of finite-dimensional von Neumann algebras in M such that

M = (
⋃

i∈I
Mi)

′′ =
∨

i∈I
Mi

Then a further paper of Buchholz, D’Antoni and Fredenhagen pointed out that the local algebras of
QFT are hyperfinite [66], therefore fixing them uniquely up to isomorphism. Remarkably, the local
algebras themselves are completely independent of the theory, and the distinction between different
theories lies only in the ”relative position” of the local algebras within B(H).

11Let M be a von Neumann algebra acting on a Hilbert space H. A closed and densely defined operator A is said to
be affiliated with M if A commutes with every unitary operator in the commutant of M. The notion of commutation
for unbounded operators will be made precise in section 6.2.
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Recall that every type I factor is isomorphic, as a von Neumann algebra, to B(H1) for some Hilbert
space H1. However, in general a factor is given as a subalgebra of B(H) for a possibly different Hilbert
space H, and therefore it need not coincide with the whole algebra of bounded operators on H. The
following characterization describes how a type I factor can sit inside a larger algebra of operators:
up to a unitary equivalence, it acts as the full algebra of bounded operators on one tensor factor and
trivially on the other.

Definition 3.3.11 (Alternative definition for type I factors). A von Neumann factor M on a Hilbert
space H is of type I if there is a unitary U : H → H1 ⊗ H2, for some Hilbert spaces Hi, so that
M = U∗(B(H1)⊗ 1H2)U .

From this definition it is clear that type I factors arise in non-relativistic quantum mechanics: they
are the observables of one party in a bipartite system. Many distinctions between quantum mechanics
and quantum field theory arise due to this algebraic difference. We state some of them:

• All eigenvalues have infinite degeneracy : by definition of type III factors, the local algebra does
not contain any finite projection. It follows that no self-adjoint element of a local algebra M0(O)
can have a finite-dimensional eigenspace; moreover, the identity operator is an infinite projector,
hence also the total Hilbert space is infinite-dimensional. In particular, if |Ω⟩ is the vacuum
vector, then the projection |Ω⟩⟨Ω| belongs to no local algebra M0(O), nor to any commutant
M0(O)′ (since the commutant of a type III is still a type III).

• Local states are impure: any state ω on A restricts in a natural way to a state ω|A(O)
on each

local algebra A(O). We want to characterize it. To start, we note the following:12

Proposition 3.3.9. Suppose ω is a pure state on a C∗-algebra A. Then the von Neumann
algebra Mω = πω(A)′′ in the GNS representation of ω is a type I factor.

Proof. The GNS representation of a pure state is irreducible. So, for Schur’s lemma, the com-
mutant πω(A)′ consists only of multiples of the unit, and Mω = B(Hω), which is evidently type
I.

In the light of this result, the following theorem shows that local restrictions of states in QFT
behave in a radically different way [43]:

Theorem 3.3.10. Under the hypotheses of theorem 3.3.8, the algebra πω|A(O)
(A(O))′′ is of

type III1. Therefore ω|A(O)
is not pure, nor is it a normal state in the GNS representation

of a pure state of A(O). Furthermore, when Mω(O) := πω(A(O))′′ is a factor, the previous
statements remain valid if the state ω is replaced by any state belonging to the same Hilbert-
space representation.

Intuitively, the theorem shows that the restriction of a state to a local region in QFT is not a
mixed state in the ordinary quantum-mechanical sense. In ordinary quantum mechanics, restrict-
ing a pure state to a subsystem produces a reduced density matrix by means of a partial trace
over the complementary degrees of freedom. This construction presupposes a tensor product
decomposition

H = HO ⊗HOc

such that the algebra of the subsystem is the type I factor

B(HO)⊗ 1.

If such an exact decomposition were available for a local region in QFT, the local von Neumann
algebra would be of type I. This is incompatible with the type III nature of local algebras.
The theorem gives an even stronger formulation of this obstruction: even if one represents the
abstract local algebra in a type I way, through the GNS representation of a pure local state,

12Note that here ω is a generic state, not necessarily the vacuum. Hence (Hω, πω) denotes the corresponding GNS
representation.
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the physical restricted state ω|A(O)
is not normal in that representation. Hence it cannot be

described as an ordinary density-matrix state, and the usual partial-trace picture of local mixed
states does not apply.

• Local experiments can be prepared locally : suppose E is any projection in M0(O) and let ω be
any state on the C∗-algebra formed as the closure of

⋃
O M0(O) in B(O).

For a type III factor one can show the following [52]:

Proposition 3.3.11. If M is a factor, then any two non-zero infinite projectors are equivalent.

Corollary 3.3.12. In a type III factor, any two non-zero projections are equivalent.

Thanks to the above corollary, E ∼ 1 and we may write E = V V ∗ for some isometry V ∈ M0(O).
Then the modified state ωV (A) := ω(V ∗AV ) satisfies

ωV (E) = ω(V ∗V V ∗V ) = 1, ωV (A) = ω(V ∗AV ) = ω(V ∗V A) = ω(A), ∀A ∈ M0(O)′

where we recall that M0(Õ) ⊂ M0(O)′ with Õ causally disjoint from O. Therefore, the property
described by the projection E is guaranteed to be satisfied in the state ωV (E), which can be
prepared in our lab without changing the rest of the world.

3.4 Superselection sectors

In this section, we will see the general strategy for extracting the physics encoded in the net of
observables. From now on, we will use the more commonly used dagger notation † in physics, instead
of the star ∗, to denote the algebraic involution.
Our base assumptions are the following: we will assume that our vacuum representation is faithful and
irreducible, and that local algebras π0(A(O)) are von Neumann algebras13: π0(A(O)) = π0(A(O))′′.
Furthermore, we assume that Haag duality is satisfied in the vacuum representation, meaning that

π0(A(O′)) = π0(A(O))′

where O′ is the causal complement of O.

The physics of a system characterized by a pair {A, α}, where α is the Poincaré automorphism, can
be derived from the representation theory of such pair. Of particular interest are the representations
πj that satisfy the following criterion.

Definition 3.4.1 (Doplicher-Haag-Roberts criterion). A representation πj of a net14O → A(O) is a
DHR representation if

πj(A(O′)) ≃ π0(A(O′))

where ”≃” stands for unitary equivalence and O are double cones. We say that such representations
are localizable in double cones.

The physical motivation of this criterion is that a particular representation πj should describe a particle
with a Noether charge j localized in some region O; therefore its influence should be negligible far
from that region. This translates on the unitarily equivalence of πj with the vacuum representation
on the causal complement O′.15

Note that this criterion rules out long range interactions and, as a consequence of Strocchi’s theorem
[60], gauge theories in general. Fortunately, this criterion can be weakened: suppose that Hj carries

13If this property does not hold, one can apply this discussion to the net O → M0(O) :=π0(O)′′.
14For ”representation π of a net” we mean a representation of the quasi-local algebra A together with the automorphism

α defined in the axioms, which from now on will be understood. Then π(A(O)) is well defined for every double cone
O ⊂ M

d.
15If two representations πj and πi are unitarily equivalent, i.e. exist an intertwining unitary U : Hj → Hi such that

Uπi(·)U
† = πj(·), then the conserved charge operator Q in the two representations should be equivalent under the same

mapping, πj(Q) = j1Hj
= Uπi(Q)U† = iU1Hi

U† = i1Hj
, which is consistent if and only if j = i.
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a strongly continuous unitary representation Uj of the covering group of the Poincaré group P̃↑
+ such

that
πj(αa,Λ(A)) = Uj(a, Λ̃)πj(A)Uj(a, Λ̃)

†

where (a, Λ̃) ∈ P̃↑
+ projects to (a,Λ) ∈ P↑

+; we call such representation Poincaré covariant. Moreover,
suppose that this representation is also a positive energy representation. Then Fredenhagen and
Buchholz have shown in [45] that the DHR criterion is satisfied by such representations, in the absence
of zero-mass particles, with spacelike cones C instead of double cones O,

πj(A(C′)) ≃ π0(A(C′)),

which does not exclude a priori gauge theories. We will say that such representations are localizable
in spacelike cones. Moreover, there is also evidence that this still holds in the presence of massless
particles [39]. The space of physical states of the theory is defined as

H =
⊕

j∈J
Hj

where the sum extends over the list J of all inequivalent and irreducible physical representations16 of
A.

In the cases of interest here, namely two-dimensional conformal field theories, spacelike cone localiza-
tion provides the natural framework for describing charged sectors and defect fields whose localization
cannot be confined to bounded regions. The localization cone encodes the non-local structure attached
to the field and provides a consistent notion of localization for the corresponding endomorphism.

However, as far as statistics is concerned, the two-dimensional setting offers a significant simplification.
The statistics of charged sectors is not obtained by tracking the detailed geometry of the localization
cone. Rather, it is extracted by comparing different spacelike separated localizations of the same sector
through charge transporting operators. In two spacetime dimensions, spacelike separated regions
admit a natural left-right ordering, which replaces the geometric notion of winding particles around
one another familiar from higher dimensions. As a consequence, the relevant statistical information
depends only on the relative localization of sectors and not on the particular choice of localization
cone.

In the present work, however, we shall not make explicit use of defect starting operators. Their
treatment would require a more careful analysis and lies beyond the scope of the present discussion.
For local modular invariant two-dimensional CFTs, all fields of the full theory have integral spin and
are therefore naturally described within the framework of double-cone localization. Nevertheless, the
algebraic framework still retains the information about more exotic forms of statistics encoded in the
chiral components of the theory, which will play an important role later on. Since our analysis will be
entirely formulated in terms of the observable net and its DHR sectors, localization in double cones
will be sufficient throughout.

As a consequence of the DHR criterion, for the physical representations considered (also for the non-
irreducible ones) for an arbitrary double cone O there is a unitary V O

j : H0 → Hj such that

πj(A) = V O
j π0(A)(V

O
j )†, ∀A ∈ A(O′)

Using V O
j we can construct a representation ρ̃Oj of A in H0 equivalent to πj by setting

ρ̃Oj (A) := (V O
j )†πj(A)V O

j , ∀A ∈ A

The fundamental result is the following:

Proposition 3.4.1. The representation ρ̃Oj extends to a ∗-endomorphism ρOj of A.

16i.e. covariant, positive energy and DHR.
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Proof. Consider a bigger double cone Õ, O ⊂ Õ, and A ∈ A(Õ), B ∈ A(Õ′). Since A(Õ)
′ ⊂ A(O)′

and, due to the DHR criterion, ρ̃Oj = π0 on A(O′), we have

[ρ̃Oj (A), π0(B)] = [ρ̃Oj (A), ρ̃
O
j (B)] = ρ̃Oj ([A,B]) = 0

so ρ̃Oj (A) ∈ π0(A(Õ′))′ = π0(A(Õ))′′ = π0(A(Õ)), where we used Haag duality and the fact that local

algebras are von Neumann algebras. We conclude that ρ̃Oj (A(Õ)) ⊂ π0(A(Õ)), so ρ̃Oj (A) ⊂ π0(A), as

local operators are dense in A. Since π0 is faithful, there exists a linear map ρOj of the abstract C∗-
algebra A into itself with ρOj = π−1

0 ◦ ρ̃Oj . From the properties of representations, shown in definition
3.1.4, it follows that

ρOj (AB) = ρOj (A)ρ
O
j (B) ρOj (A

∗) = ρOj (A)
∗

Hence this linear map is a ∗-endomorphism of A.

Proposition 3.4.2. [43] Endomorphisms ρOj obtained from representations satisfying the DHR cri-
terion for a given O have the following properties:

• Localized in O: ρOj (A) = A, ∀A ∈ A(O′);

• Transportable: ∀O1,O2 such that O ∪ O1 ⊂ O2, there is a unitary, sometimes referred to as
”charge transport operator”, U ∈ A(O2) with AdU ◦ ρOj (A) = UρOj (A)U

† = A, ∀A ∈ A(O′
1), i.e.

for every region O1 there exists an endomorphism unitarily equivalent to ρOj (A) that is localized
in O1. For this reason, we will sometimes omit the superscript O, except when necessary to
avoid confusion.

• Subfactor: ρOj (A(O1)) ⊂ A(O1) for every O1 such that O ⊂ O1. This means that ρOj maps
any local algebra defined on a double cone containing the localization region into itself. Actually,
this property can be derived from the previous two.

We can use such properties as defining properties for endomorphisms.

Definition 3.4.2. Given a double cone O, let ∆(O) be the set of all transportable endomorphisms of
A localized inO, i.e. those satisfying the properties of proposition 3.4.2. We define ∆ :=

⋃
O⊂Md ∆(O).

Then one can show that the equivalence classes of

∆/∼ := {[ρj ], j ∈ J |ρj ∼ ρ̃j , ρj , ρ̃j ∈ ∆ ⇔ ρj = ι ◦ ρ̃j for some inner automorphism17 ι of A}

are in one to one correspondence with unitary equivalence classes of representations satisfying the
DHR criterion [43]. This provides us with another alternative language to describe the superselection
sectors of a theory.

We can carry structure from a language to the other. In particular, ∆/∼ is equipped with a natural
product (given by the composition of endomorphisms of A), which induces a product on the space of
sectors, namely:

[πi × πj ] := [π0 ◦ ρiρj ]
where πi ≃ π0 ◦ ρi and ρiρj = ρi ◦ ρj . The corresponding representation space, Hi×j describes states
in which a charged particle with superselection quantum number i and a particle with superselection
quantum number j are simultaneously present.

We can say more about this product.

Proposition 3.4.3. Composition of endomorphisms is locally commutative, i.e. for O1 ⊂ O′
2 we have

ρO1
i ρO2

j = ρO2
j ρO1

i

20I.e. one that can be written as ι(A) = UAU† for some unitary operator U ∈ A.
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Proof. Consider the configuration of figure 3.2.

O1 O1

O1

O2 O2

O2O

Figure 3.2: Chosen configuration for the proof.

We can transport the endomorphisms to Ôk, k = 1, 2, with two unitaries Uk ∈ A(Õk): ρ
Ô1
i = AdU1◦ρO1

i

and ρÔ2
j = AdU2 ◦ ρO2

j . Hence, for any A ∈ A(O) we have

ρO1
i (A) = Ad

U†
1
◦ ρÔ1

i (A) = Ad
U†
1
(A) ρO2

j (A) = Ad
U†
2
◦ ρÔ2

j (A) = Ad
U†
2
(A)

since O is causally disjoint from Ôk, k = 1, 2. Hence

ρO1
i ρO2

j (A) = ρO1
i ◦Ad

U†
2
(A) = ρO1

i (U †
2AU2) = ρO1

i (U †
2)ρ

O1
i (A)ρO1

i (U2) = U †
2AdU†

1
(A)U2 =

= Ad
U†
2U

†
1
(A) = Ad

U†
1U

†
2
(A) = ρO2

j ρO1
i (A)

where we used ρO1
i (U2) = U2 since U2 ∈ A(Õ2), while U

†
1U

†
2 = U †

2U
†
1 follows from the locality axiom.

We can repeat the same reasoning for any double cone O, so ρO1
i ρO2

j = ρO2
j ρO1

i .

Corollary 3.4.4. Consider two endomorphisms ρi, ρj ∈ ∆(O). Then ρiρj is unitarily equivalent to
ρjρi.

Proof. Choose two spacelike separated double cones O1 and O2. There exist unitaries Uk, k = 1, 2,
such that ρ̃i = AdU1 ◦ ρi and ρ̃j = AdU2 ◦ ρj are, respectively, localized in O1 and O2. From the last
proposition we get:

ρjρi = Ad
ρj(U

†
1 )U

†
2
◦ ρ̃j ρ̃i = Ad

ρj(U
†
1 )U

†
2
◦ ρ̃iρ̃j = Adϵ(ρi,ρj)ρiρj

where
ϵ(ρi, ρj) := ρj(U

†
1)U

†
2U1ρi(U2)

is called statistics operator or braiding.

We will say more on the statistics operator in a bit. For now, let us focus on representations; the
result we wanted is the following:

Corollary 3.4.5. The product of representations is commutative, i.e.

[πi × πj ] = [πj × πi]

Proof. It follows from the unitary equivalence of endomorphisms proven in the last corollary.
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From now on, we will refer to generic representatives of the equivalence classes of representations,
keeping the square brackets understood.

Many interesting properties of the representations are valid in the finite index case. We briefly explain
what this means: consider an inclusion N ⊂ M; in particular, if N is a factor, we call it subfactor.
The index of inclusion, denoted [M : N ] is a number that measures ”how big the inclusion N ⊂ M
is”. More concretely, it corresponds to the dimension of a GNS constructed Hilbert space starting
from a state induced by a trace over M, which is a particular linear functional from the semi-positive
defined elements of M to the positive real numbers. This notion was initially introduced by Jones for
Type II1 factors, since for them the existence of an appropriate trace is ensured, and later generalized
to arbitrary factors. It has been shown that:

[M : N ] ∈ {4cos2(π
n
), n ∈ N and n ≥ 3}

⋃
[4,+∞]

The index allows for a notion of dimension of a unit preserving and injective endomorphism φ ∈
End(M) [38]:

dim(φ) = d(φ) := [M : φ(M)]1/2 (3.7)

One can show that the dimension is stable under direct sums and composition:

dim(φ1 ⊕ φ2) = dim(φ1) + dim(φ2) dim(φ1 ◦ φ2) = dim(φ1) · dim(φ2)

In our case we are interested in the subfactors arising through the DHR endomorphisms, as a conse-
quence of the third property in proposition 3.4.2.21 In particular we define the statistical dimension,
or just dimension, of ρi ∈ ∆(O) as:

dim(ρi) = d(ρi) := [A(O) : ρi(A(O)) ]1/2 (3.8)

In particular, this index can be shown to be independent of the localization region O [39]. For rational
conformal field theories such indices are all finite. [49]

Proposition 3.4.6. [39] Suppose that the representations labeled by J have finite index. The following
properties hold:

• Every covariant, positive energy representation of A of finite index is completely reducible into
a finite sum of irreducible covariant positive energy representations belonging to J :

πi × πj ≃
⊕

k

Nk
ij πk, Nk

ij ∈ N (3.9)

• There exists a unique involution (”charge conjugation”) on J : j ∈ J → j̄ ∈ J , such that πj×πj̄
contains the vacuum representation exactly once as a subrepresentation.

• The set of covariant, positive energy representation of A which are localizable in double cones is
stable under taking direct sums, conjugations, subrepresentations and composition.

For rational CFTs, the Hilbert space decomposes into finitely many irreducible sectors of the observable
algebra. These sectors are represented, in the field-theoretic description, by primary fields of the
theory; in a full two-dimensional CFT the corresponding labels may be pairs of left- and right-chiral
labels. Therefore, the fusion rules (3.9) coincide with the fusion rules arising from the OPE of the
corresponding primary fields, and the set J labels these primary sectors22. We can combine this
observation with the following proposition [39].

Proposition 3.4.7. Let ρj ∈ ∆. Then the statistical dimension d(ρj) is the largest eigenvalue of the
fusion matrix (Nj)

k
i := Nk

ji.

21It is easy to verify that ρ(A(O)) ⊂ A(O) is a subfactor. As we are going to prove in section 3.6, DHR endomorphisms
are faithful, i.e. ρ(A) = 0 ⇒ A = 0. Then note that if ρ(A) ∈ ρ(A(O))′∩ρ(A(O)), then ρ(A)ρ(B) = ρ(B)ρ(A) ∀B ∈ A(O)
implying by faithfulness ρ([A,B]) = 0 ⇒ [A,B] = 0, i.e. A ∈ A(O)′ ∩ A(O) = C1.

22Recall that for general RCFTs the chiral algebra may be larger than the Virasoro algebra.
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This result relates several structures appearing in rational CFT. In a diagonal RCFT, all topological
defect lines are Verlinde lines and are labeled by the same data as the chiral primary fields. Moreover,
their fusion rules coincide with the fusion rules of the corresponding primary sectors. Since the DHR
superselection sectors of the observable net are governed by the same fusion algebra, proposition 3.4.7,
together with the discussion of section 2.2.2, shows that the statistical dimension of a sector coincides
with the quantum dimension of the corresponding Verlinde defect.

3.4.1 Statistics

Now we see how the language of endomorphisms just introduced can be used to describe the statistical
properties of the theory. In particular, we remark the fact, briefly mentioned before in section 2.5,
that in low dimensional theories there exists more general statistics with respect to the usual Bose-
Einstein and Fermi-Dirac statistics. The particles that obey this general statistics are called anyons.
The reason why this phenomenon appears in low-dimensional theories is rooted in the topology of
spacetime. In particular:

• In d = 3, there are two distinguished possibilities to exchange identical particles in a fixed time
slice, which are counter clockwise and clockwise exchanges;

• In d = 2, the spacelike complement of a double cone consists of two disconnected wedges;

• In chiral CFTs, the theory is effectively defined on a one-dimensional light-ray, parametrized by
x+ = t + x or x− = t − x. Since intervals on a line are naturally ordered, the exchange of two
localized sectors depends on their relative left-right localization.

Although these are different properties, the consequence of all three is that the statistics of the particles
are more exotic. For example, the difference between d = 4 and d = 3 is the following: in d = 4 the
oriented exchanges clockwise and counterclockwise can be deformed into each other continuously
without ever intersecting the paths. For example, if the paths lie on a plane, as shown in figure 3.3
[47], it is sufficient to rotate the plane by an angle π around an axis passing through the positions of
the two particles. In d = 3 this is impossible and therefore we can assign a well-defined orientation
to the exchanges. Therefore, in d = 4 exchanges between n identical particles generate the group of
permutations, Sn, whereas in d = 3, exchanges with orientation generate a different group: the group
of braids, Bn [47].

(a)

1 2 1 2

(b)

1 2

Figure 3.3: (a) An oriented exchange (b) Its deformation into an exchange with opposite orientation in d = 4.

Before we see how the braid group arises in d = 1, 2, we shall give its definition.

Definition 3.4.3 (Braid group). The Artin braid group or braid group on n strands, denoted Bn is the
finitely generated group with generators ζ1, ..., ζn−1, called braids, which satisfy the braid relations:

ζiζj = ζjζi when |i− j| ≥ 2 for i, j ∈ {1, ..., n− 1}

ζiζi+1ζi = ζi+1ζiζi+1 for i, j ∈ {1, ..., n− 2} (3.10)

We can geometrically interpret the braid group Bn as if its element acts on a space of n-strands by
exchanging them. In particular, ζi exchanges the i − th strand with the (i + 1) − th by passing over
it. With this interpretation, we can draw the second braid relation, also called Yang-Baxter equation,
as in figure 3.4.
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i+1 i+2ii+1 i+2i

Figure 3.4: Graphical representation of the Yang-Baxter equation [47].

Notice that if we impose the additional relation ζ2i = 1 we get the permutation group instead, consistent
with the fact that now the exchanges are not oriented.

Now recall from corollary 3.4.4 that if ρi, ρj ∈ ∆(O), then

ϵ(ρi, ρj) ρiρj = ρjρi ϵ(ρi, ρj), ϵ(ρi, ρj) := ρj(U
†
1)U

†
2U1ρi(U2) (3.11)

where Uk, k = 1, 2, are unitaries such that ρ̃i = AdU1 ◦ρi and ρ̃j = AdU2 ◦ρj are, respectively, localized
in spacelike separated O1 and O2.
Actually, there are two ways of separating the two endomorphisms. To be precise we define the
following:

Definition 3.4.4. Let O be a double cone in the Minkowski plane. Then its causal complement
decomposes in two disconnected regions, O′ = WL∪WR, called, respectively, left and right wedges. In
the one-dimensional case we have intervals instead of double cones and the wedges are two half-lines,
called future and past half-rays.

We can have either O1 ⊂ W2,L ⊂ O′
2 or O1 ⊂ W2,R ⊂ O′

2. This would give the same result, but
with two different braiding unitaries. Suppose that ϵ(ρi, ρj) as defined in (3.11) realizes the second
situation, i.e. ρi gets localized in the spacelike right (respectively future, in the chiral case) of ρj , then
we have

ϵ+ρi,ρj := ϵ(ρi, ρj) = 1, whenever ρi is localized in the spacelike right of ρj . (3.12)

because one may just take U1, U2 = 1; we denote this configuration with ρj < ρi or equivalently
O2 < O1. The opposite choice of ordering would have resulted in an opposite braiding: ϵ−ρi,ρj :=

(ϵ+ρj ,ρi)
†. Note that the fact that one of the two braiding is not the identity when the two morphisms

are spacelike separated (independently of how) does not mean that they do not commute, which is
always the case as shown in proposition 3.4.3.

The braiding unitaries are particular examples of intertwiners of morphisms.

Definition 3.4.5. Intertwiners between localized endomorphisms ρi, ρj ∈ ∆ are operators T satisfying

Tρi(A) = ρj(A)T ∀A ∈ A

We write T : ρi → ρj or T ∈ Hom(ρi, ρj).
23

Note that as a consequence of Haag duality, every intertwiner between two localized endomorphisms
is an element of some local algebra. Indeed, if ρi ∈ ∆(O1), ρj ∈ ∆(O2) and T : ρi → ρj :

Tρi(A) = ρj(A)T ∀A ∈ A ⇒ TA = AT ∀A ∈ A(O′
1) ∩ A(O′

2) ⇔ T ∈ (A(O′
1) ∩ A(O′

2))
′

23The reason of this notation will be clear in the next section.
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In the specific case where O1 = O2 = O we get by Haag duality T ∈ A(O′)′ = A(O). Therefore T ∗ is
a well-defined intertwiner ρj → ρi.

The braiding is an example of intertwiner: ϵ(ρi, ρj) ∈ Hom(ρiρj , ρjρi). Furthermore:

Proposition 3.4.8. The following fundamental relations hold24:

1. For Ti ∈ Hom(ρi, σi) with ρi, σi ∈ ∆, i = 1, 2, we have:

ϵ(σ1, σ2)σ1(T2)T1 = T2ρ2(T1)ϵ(ρ1, ρ2) (3.13)

2. Let ρi ∈ ∆, i = 1, 2, 3, then:

ϵ(ρ1ρ2, ρ3) = ϵ(ρ1, ρ3)ρ1(ϵ(ρ2, ρ3)) ϵ(ρ1, ρ2ρ3) = ρ2(ϵ(ρ1, ρ3))ϵ(ρ1, ρ2) (3.14)

Proof. 1. We start by showing that

σ1(T2)T1 = T2ρ2(T1) ∈ Hom(ρ1ρ2, σ1σ2) (3.15)

where ρi, σi ∈ ∆(Oi) and Oi spacelike separated. For all A ∈ A we have:

σ1(T2)T1 ρ1ρ2(A) = σ1(T2)T1 ρ1(ρ2(A)) = σ1(T2) σ1(ρ2(A)) T1 = σ1(T2 ρ2(A)) T1 =

= σ1σ2(A) σ1(T2)T1

Therefore σ1(T2)T1 ∈ Hom(ρ1ρ2, σ1σ2). Since T1 ∈ A(O1) and T2 ∈ A(O2) and the two double
cones are spacelike separated we get

σ1(T2)T1 = T2T1 = T2ρ2(T1)

We are not going to do the explicit computation for the complete equation (3.13) since it would
take a long time; note that with the morphisms spacelike separated with the correct ordering
(ρ2 < ρ1 and σ2 < σ1) the braiding operators simplify (as a consequence of equation (3.12)) and
we get back the just proven formula. If that is not the case, consider morphisms and intertwiners
for which equation (3.15) holds and move their localization to arbitrary double cones by using
charge transporting unitary operators25: σi = Ad

U†
i
σ̃i, ρi = Ad

U†
i
ρ̃i and Ti = Ad

U†
i
T̃i, i = 1, 2.

Note that by multiplying both sides of (3.13) by ρ1ρ2 it is immediate that both members are
intertwiners ρ1ρ2 → σ2σ1.

2. We just show that ϵ(ρ1, ρ3)ρ1(ϵ(ρ2, ρ3)) ∈ Hom(ρ1ρ2ρ3, ρ3ρ1ρ2). For all A ∈ A:

ϵ(ρ1, ρ3)ρ1(ϵ(ρ2, ρ3)) ρ1(ρ2(ρ3(A))) = ϵ(ρ1, ρ3)ρ1(ϵ(ρ2, ρ3)ρ2(ρ3(A))) =

= ϵ(ρ1, ρ3)ρ1(ρ3(ρ2(A)))ρ1(ϵ(ρ2, ρ3)) =

= ρ3(ρ1(ρ2(A))) ϵ(ρ1, ρ3)ρ1(ϵ(ρ2, ρ3))

Note that the equality with ϵ(ρ1ρ2, ρ3) is trivial when ρ3 < ρ2 < ρ1 and simplifies to ϵ(ρ1ρ2, ρ3) =
ϵ(ρ1, ρ3) when ρ3 < ρ2; then the same strategy given before can be used to prove the equality
for every localization.

Now we have all the ingredients to construct the desired representations. For simplicity, we restrict
ourselves to the case of n = 3 strands.

24With abuse of notation, the subscript of endomorphism will sometimes be used just to distinguish endomorphisms
and not to label the corresponding representation. The distinction should be clear depending on the context.

25We have seen that ρ = AdU† ρ̃ moves the localization of ρ to a different double cone depending on the charge
transporter U . Then if we consider an intertwiner T ∈ Hom(ρ, σ), where ρ and σ have different localizations, we get:
Tρ = σT ⇒ TU†

ρ ρ̃Uρ = U†
σσ̃UσT , from which we get T̃ = UσTU

†
ρ . In case the two morphisms share the same localization

before and after the transport: T̃ = AdU ◦ T and T = AdU† ◦ T̃ .
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Proposition 3.4.9. Consider ρi ∈ ∆, i = 1, 2, 3. Then the following equation holds:

ρ3(ϵ(ρ1, ρ2))ϵ(ρ1, ρ3)ρ1(ϵ(ρ2, ρ3)) = ϵ(ρ2, ρ3)ρ2(ϵ(ρ1, ρ3))ϵ(ρ1, ρ2) (3.16)

Proof. Starting from the left-hand side, we use equation (3.14):

ρ3(ϵ(ρ1, ρ2))ϵ(ρ1, ρ3)ρ1(ϵ(ρ2, ρ3)) = ρ3(ϵ(ρ1, ρ2))ϵ(ρ1ρ2, ρ3) (3.17)

Now we apply equation (3.13) with the following identification:

T2 = idρ3 , T1 = ϵ(ρ1, ρ2), ρ1 → ρ1ρ2, ρ2 → ρ3, σ1 → ρ2ρ1, σ2 → ρ3 (3.18)

which becomes
ϵ(ρ2ρ1, ρ3)ρ2ρ1(idρ3)ϵ(ρ1, ρ2) = idρ3ρ3(ϵ(ρ1, ρ2))ϵ(ρ1ρ2, ρ3) (3.19)

i.e. the right-hand side of (3.18) coincides with the right-hand side of (3.17). Thus, we have found:

ρ3(ϵ(ρ1, ρ2))ϵ(ρ1, ρ3)ρ1(ϵ(ρ2, ρ3)) = ϵ(ρ2ρ1, ρ3)ϵ(ρ1, ρ2)

Finally, we apply again (3.14) and conclude with:

ϵ(ρ2ρ1, ρ3)ϵ(ρ1, ρ2) = ϵ(ρ2, ρ3)ρ2(ϵ(ρ1, ρ3))ϵ(ρ1, ρ2)

Equation (3.16) can be seen as a Yang-Baxter equation for three colored braids, and admits a graphical
representation identical to the one of figure 3.4, but with the additional information that each strand
corresponds to a particular endomorphism among ρ1, ρ2 and ρ3. This equation is more general
than the braid relation (3.10): each term in (3.16) does not represent a generator of Bn since the
braids are different and each term belongs to a different space, thus making it impossible to create a
representation on a single Hilbert space. However, if we now set ρi = ρ ∀i, we get

ρ(ϵρ,ρ)ϵρ,ρρ(ϵρ,ρ) = ϵρ,ρρ(ϵρ,ρ)ϵρ,ρ, ϵ(ρ, ρ) = ϵρ,ρ (3.20)

which is easily mapped to the Yang-Baxter equation for B3. In general, if we now define:

ζi+1 7→ ρi(ϵρ,ρ), i = 0, ..., n− 2, ρ0(ϵρ,ρ) := ϵρ,ρ (3.21)

we get a unitary representation of Bn into (ρn(A))′.26 Indeed, note that by applying ρ to both sides
of equation (3.20) we find that the braid relation (3.10) holds for all generators. Moreover, note that

ϵρ,ρρ
i(ϵρ,ρ) = ρi(ϵρ,ρ)ϵρ,ρ ∀i ≥ 2

which is the first braid relation.
The same procedure can be performed with ϵ−ρ,ρ = (ϵρ,ρ)

† instead of ϵ+ρ,ρ. In particular, note that
if ϵ+ρ,ρ = ϵ−ρ,ρ, then ϵ2ρ,ρ = 1 and the representation collapses to a representation of the permutation
group.

Consider now a theory with a charged particle with self conjugate sector (i.e. πj̄ = πj) and such that

Nk
jj ̸= δk0 . Then if we group n identical particles together, depending on the particular fusion rules, we

end up with a superposition of different states, each related to a particular fusion tree.27 We can now
express the generators of the braid group representations in this base and the matrices we get describe
how such states get mixed when we make on ordered exchange of a pair of identical particles. In this
case the braid group is associated to a matrix representation, which is in general non abelian, and for
this reason the corresponding particles are called non-abelian anyons. We make two observations on
this:

26Of course ϵρ,ρ ∈ (ρ2(A))′ from which it is immediate that ρ(ϵρ,ρ) ∈ (ρ3(A))′ and so on and so forth. In general, since
ρ is an endomorphism of A we have ρ(A) ⊂ A, therefore ρn+1(A) ⊂ ρn(A) and so (ρn(A))′ ⊂ (ρn+1(A))′.

27For fusion tree we mean a diagram such as the one on the left-hand side of (2.33).
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1. As a consequence of equation (3.16), braid statistics can appear also between non identical par-
ticles! However, in that case we do not have a representation of Bn, but rather a representation
of the ”groupoid of colored braids” [50];

2. The non-abelianity of anyons has nothing to do with their spin, but it is rather a property of
the fusion algebra.

Consider again the same theory, but now with Nk
jj = δk0 , i.e. πj×πj = π0. Then the fusion of identical

particles among themselves generates just one single state, but we can still have one-dimensional
representations of the braid group where the generators are the complex phases acquired by the fields
According to a particular exchange. In this case we talk about abelian anyons. Even in this case, the
particles need not to be identical, but if so, then one can show that the acquired phase is related to
the spin of the representation [39]. Note that in case of half-integer spin this reduces to the common
Sn statistics.28

Before ending this section, we just mention the fact that the base we heuristically introduced above,
used to express the braid group representation in coordinates, is nothing more than a base of the
intertwiner space Hom(ρnj , ρj). In the general case of n different particles, the coordinate form is still
written with respect to a basis of intertwiners, but such treatment is highly non-trivial and far beyond
the scope of this thesis; see, for example, [47] and [39].
Usually, the coordinate expressions of the representations of the (colored) braids are called statistical
R matrices. However, we will use this notation for a slightly different (but still related) notion, which
is directly connected to the categorical language we are going to introduce in the next section.

The physical implication of this statistical structure will be explored in a concrete way in the Ising
model at the end of this chapter.

3.5 The category of DHR endomorphisms

We now focus on one spacetime dimension, i.e. to chiral rational CFTs. The discussion about two-
dimensional CFTs will be resumed in the next chapter.
The structure introduced in the previous two sections, namely the set of DHR endomorphisms ∆, the
braiding unitary operator ϵ and, more in general, intertwiners between endomorphisms, turn the DHR
representation theory of A into a braided C∗ tensor category C = CDHR(A).
From now on we also assume complete rationality, i.e. A possesses only finitely many inequivalent
positive-energy representations with finite statistical dimension; all of them have conjugates and obey
the properties proposition 3.4.6. This also implies modularity [35]; hence we deal with a modular
fusion category.

Definition 3.5.1. A modular fusion category or modular tensor category is a ribbon fusion category
with an invertible s-matrix.

We now unpack this definition. First note that the starting point is a fusion category, which was
already well characterized in section 2.4. Then we have:

• Ribbon: this means that the category is endowed with a braiding and a twist. A braiding on
a tensor category C allows one to ‘exchange’ objects; it consists of a family of isomorphisms
ϵU,V ∈ Hom(U ⊗ V, V ⊗ U), one for each pair U, V ∈ Obj(C). Finally, a twist is a family of

28Indeed, in these cases we have ϵρ,ρ = ±1 ⇔ ϵ2ρ,ρ = 1.
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isomorphisms θU , one for each U ∈ Obj(C). We can represent them graphically as follows

U

U

V

V,

V U

U

Uθε

U

UU

U

Uθ -1
-1

U

U

U

V

V

V

ε

U

U

U,

V

VU

U V

VU

U

The terminology ”Ribbon” comes from the fact that one can represent pictorially the twist and
the braiding using ribbons as in figure (3.22). However, we will stick to the string notation.

Uθ
VεU,

VU U

(3.22)

Both the braiding and the twist must satisfy different consistency conditions with the already
present structures in the category. In (3.23) is shown the compatibility with the rigid structure,
as well as the functoriality of the twist and the braiding, i.e. compatibility with morphisms.

f g

f

f f

fU U

U

U

U U

U

U

U

U

Z

VU

W

fg

Z

VU

W U

U

(3.23)

The compatibility of the braiding with the monoidal structure as well as the compatibility
between the braiding and the twist are shown in (3.24).

θ

U V ZU V U V U V

U V U V

Z

Z U VZ U V

ZεU,
ZεV,V,εU Z⊗ VU⊗ UθVθ (3.24)

For a ribbon category, left duality can be defined starting from the notion of right duality and a
natural isomorphism between U and (U∨)∨ can be obtained with the help of the twist, making
the category automatically sovereign. [33]
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• Modular : Suppose that J is the set of labels of simple objects in the category. Then the
modularity consists of a non-degenerate |J | × |J |-matrix s = (si,j)i,j∈J by

si,j = Tr(ϵUi,Uj ϵUj ,Ui)

This latter property provides in fact an explanation of the qualification ”modular”: when com-
bined with the other axioms, it implies that the matrices s and t = diag(θUi) (when multiplied
with overall constants that are expressible through the θUj and the quantum dimensions dim(Uj))
generate a projective representation of the modular group SL(2,Z) [33]. Pictorially:

si, j i j ti, j
i, j

i

i

δ

Note that for simple objects si,0 = ⟨i⟩ with i ∈ J .

In our case, the category C = CDHR(A) is the category with DHR endomorphisms29 as objects and
intertwiners between endomorphisms as morphisms; CDHR(A) is a fusion category due to the underly-
ing fusion ring induced by equation (3.9), with composition of endomorphisms as tensor product, and
it is a ribbon category due to the braiding ϵρi,ρj , ρi, ρj ∈ Obj(CDHR(A)) and the twist determined by
the fractional part of the conformal weight of the associated representation:

θρ = e2πi hρ idρ (3.25)

In this category, the quantum dimension corresponds to the dimension defined in equation (3.8).

An important observation is the following: note that the axioms that the braiding has to satisfy,
namely the functoriality of the braiding of (3.23) and the compatibility with tensor products of (3.24)
correspond to the properties of proposition 3.4.8 by using the representation (3.21) to interpret each
term as a move on braids. This is of course not an accident and shows indeed that the braiding unitary
defined in the previous section is compatible with the ribbon category axioms. Furthermore, we can
impose these rules as axioms also in the algebraic setting: indeed, these properties together with an
initial condition such as the one of equation (3.12), uniquely fix the braiding. [58]

Modularity is ensured by the complete rationality of the underlying theory, which guarantees the
non-degeneracy of the braiding and therefore the invertibility of the s-matrix [35]. The matrix s
coincides, up to normalization, with the modular S-matrix of the CFT that implements the modular
transformation τ → − 1

τ on the characters of primary fields [33]:30

si,j =
Si,j
S0,0

(3.26)

Thus, CDHR(A) is a modular tensor category.

Introducing for this category a base and its dual as done previously in (2.28), we can express the
braiding morphisms in coordinates, which provides us with the braiding matrices R:

29As we have discussed in the previous section the language of endomorphisms is equivalent to the one of representa-
tions. Hence one could take representations as objects instead.

30This normalization is consistent with the categorical definition of quantum dimension and our previous result of
equation (2.14) for diagonal theories, in the context of the category of TDLs.
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i j i

(ij)k

j

k

α

α,

k

Σ
β

β
β

R

The number obtained when the braiding ϵρiρj (”over-braiding”) is replaced by ϵ−1
ρjρi (”under-braiding”)

is denoted by R
− (ij)k
α,β , and instead of R

+ (ij)k
α,β one often writes R

(ij)k
α,β . One easily checks that

∑

β

R
+ (ij)k
α,β R

− (ji)k
β,γ = δα,γ

and, using the mutual compatibility of twist and braiding and functoriality of the twist of (3.23) and
(3.24) we can prove the following:

Proposition 3.5.1. The following property holds:

∑

β

R
(ij)k
α,β R

(ji)k
β,γ =

θk
θiθj

δα,γ (3.27)

Proof. Consider two successive braidings. We start by resolving the knots by using the definition of
the R matrix:

γ

γ
γ

ij

ij

ij

k

α

k

Σ
β

k

Σ
β,

β

(ij)k

α,βR
(ij)k

α,βR
(ji)k

β,R

Now we now use the compatibility of twist and braiding and functoriality of the twist:
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θ

θ

⊗θθ

θ θ

i

i

i

j ij ij

ij

j

j

k

α

k

α

k

α

k
k

k

θk

α

ij

α-1 -1 θ θi

i

j

j

-1 -1 θ θij
-1 -1

θ θij

Comparing both sides we obtain:

∑

β

R
(ij)k
α,β R

(ji)k
β,γ =

θk
θiθj

δα,γ

With this property we can prove a useful formula for computing the s-matrix.

Proposition 3.5.2. The s-matrix can be computed using the following formula:

si,j =
∑

k

θk
θiθj

Nk
ij ⟨k⟩

Proof. We start by deforming the two circles. Then we apply the completeness relation of proposition
2.4.2 to the first red dotted circle; successively, we apply the last proposition to the other red dotted
circle, and finally we use the property of (2.29) to resolve bubble diagrams.

i jsi, j Σ
k, i

k

jα

i j i

k

j

α

α

Σ
k, i

k

jα
j i

j i
θk
θ θij

Σ
k, i

k

jα

θk
θ θij

α

α

k

k

α

α
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iΣ
k, i

k

jα

θk
θ θij i

kj

i

kjΣ
k i

k

j
i

θk
θ θij

j
kNiδαα

Note that we have used the fact that α = 1, ..., Nk
ij = dim(Ui×Uj , Uk) for Ui, Uj and Uk simple objects

of the category. By simplifying the right-hand side, we find:

sij =
∑

k

θk
θiθj

Nk
ij ⟨k⟩

Note that since s00 = 1, we deduce that sij and Sij must be at least proportional by a factor S00,
which justifies (3.26). That factor is necessary to make the S-matrix unitary, since the s-matrix in
general doesn’t have this property [33]. In particular, from the unitarity of S:

SS† = 1 ⇒
∑

k

SikS
∗
jk

taking the first entry and using the fact that ⟨k⟩ = s0k = S0k/S00:

1 =
∑

k

|S0k|2 = |S00|2
∑

k

|⟨k⟩|2 ⇒ |S00| =



√∑

k

|⟨k⟩|2



−1

(3.28)

where we have written |⟨k⟩|2 since for a general MTC ⟨k⟩ ∈ C. In the specific case of C = CDHR(A),
as we have seen, the quantum dimension is related to the Jones index, which is a positive real number.

3.6 The chiral Ising model

In this section, we are going to study the chiral Ising model with the just introduced notions. The
idea is to start with the chiral model to build the two-dimensional theory in the next chapter and add
defects subsequently. Since we will subsequently be dealing with equations containing elements from
both chiral algebra and two-dimensional algebra, we shall denote the former by lowercase letters.

We are not going to explicitly build the net, which is rather difficult to do, but instead we study
directly the superselection structure of the model. Indeed, the chiral Ising model is described by a
Virasoro net with central charge c = 1/2; its precise definition will be given later, but essentially it
is just a net of observables generated by orientation preserving diffeomorphisms.31. Therefore, the
superselection structure is already known from the study of irreducible representations of the Virasoro
algebra with c = 1/2. Nevertheless, one can actually build a net for the chiral Ising model using the
CAR algebra; this is done in [36, 40].

We know that we have three primary operators, hence three superselection sectors, π0, πψ and πσ.
The associated DHR ∗-endomorphisms of the net are denoted as the corresponding primary operators,
i.e. 1, ψ and σ. From the fusion rules (3.9) of superselection sectors, these endomorphisms are defined
up to the following unitary equivalences:

ψ × ψ ≃ 1 σ × ψ ≃ ψ × σ ≃ σ σ × σ ≃ 1 + ψ

We choose the representative of the unitary equivalence class of ψ such that

ψσ = σ,

31I.e. the infinite extension of the conformal group on the one-dimensional spacetime line.
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where the product of endomorphisms is given by composition. Notice, however, that the analogous
equality

σψ = σ

cannot be imposed for any non-trivial representative of the sector ψ.

To see this, let us first show that DHR endomorphisms are injective [67]. Indeed, let A ∈ A(O) and
suppose that ρ(A) = 0. By transportability, we can choose an equivalent endomorphism ρ̃ localized in
a region spacelike separated from O. Therefore there exists a unitary charge transporter u such that

ρ̃ = Adu ◦ρ.

Since ρ̃ is localized spacelike to O, it acts trivially on A(O). Hence

A = ρ̃(A) = uρ(A)u† = 0.

Thus ρ(A) = 0 implies A = 0, and ρ is injective32.

Now suppose, by contradiction, that there existed a non-trivial representative ψ′ such that

σψ′ = σ.

Then, for every local observable A,
σ(ψ′(A)) = σ(A).

By the injectivity of σ, this implies ψ′(A) = A for all A, hence ψ′ = 1. Therefore, while the equivalence
σψ ≃ σ holds, it cannot be made into a strict equality.

It follows that:

• ψ2 = 1. Indeed from ψ × ψ ≃ 1 we know that there exists a unitary operator v such that:

v ψ ◦ ψ(·) v† = v ψ2(·)v† = 1(·) ⇒ ψ2(·) = v† 1(·) v = v†v 1(·) = 1(·)

which implies ψ2 = 1. From now on the argument of endomorphisms (·) will be usually omitted;

• Since σψ ≃ σ we have Hom(σψ, σ) = C ≃ Hom(σ, σψ), where the identification is given by the
algebraic involution †. By calling u ∈ Hom(σψ, σ) the unitary which realizes the equivalence
σψ ≃ σ, we get σψ = Aduσ with u2 = 1 = (u†)2. Indeed:

σ = σψ2 = σψ(ψ(·)) = Adu(σ(ψ(·))) = Adu(σψ) = Adu(Adu(σ)) = Adu(uσu
†) = u2σ(u†)2

Hence u2 ∈ Hom(σ, σ); since σ is a simple object, by Schur’s lemma, we have u2 = λ1, λ ∈ C.
From unitarity we get that this number must be a phase λλ̄1 = u2(u†)2 = 1. Since we can
always redefine unitaries up to a phase we fix u2 = 1. Note that we cannot have u ∝ 1, since
this would imply σψ = σ = ψσ from which ψ = 1.

As a consequence of the fusion rules, we can choose a pair of intertwiners, r ∈ Hom(1, σ2) and
t ∈ Hom(ψ, σ2), satisfying the following relations:

r†r = 1, t†t = 1, r†t = 0 = t†r, rr† + tt† = 1 (3.29)

The first two normalizations come from the fact that r†r and t†t must be proportional to 1 due
to Schur’s lemma. The third relation follows from the fact that, being simple objects, Hom(ψ, 1) =
Hom(1, ψ) = 0. The last equation is a normalization choice that comes from the fusion rule: Hom(σ2, σ2) =
rr† · Hom(1, 1) + tt† · Hom(ψ,ψ) = rr† · C + tt† · C. In particular, this set of normalizations is called
Cuntz algebra [35].

32This property is sometimes referred to as faithfulness. For a linear map, and in particular for a ∗-homomorphism
of C∗-algebras, it is equivalent to injectivity: indeed, if ρ(A) = ρ(B), then ρ(A − B) = ρ(A) − ρ(B) = 0, and therefore
A−B = 0, i.e. A = B.
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Since33 u ∈ Hom(σψ, σ) ⊂ Hom(σ2, σ2) = rr† · C+ tt† · C we can set u = αrr† + βtt† with α, β ∈ C.
From the last relation above, we can write:

u = αrr† + βtt† = αrr† + β(1− rr†) = (α− β)rr† + β1

Since u cannot be proportional to the identity, we get α ̸= β. From the constraint u2 = 1:

u2 = (αrr† + βtt†)(αrr† + βtt†) = α2rr† + β2tt† = 1

which implies α2 = 1 = β2. Together with the other result we get u = rr†− tt†, upon fixing an overall
free phase. Note that as a consequence of the properties of u, in particular from u† = u, we conclude
that Hom(σ, σψ) = Hom(σψ, σ).

Now we have to determine the action of morphisms on the intertwiners. We start from ψ(r). Since
r ∈ Hom(1, σ2), ψ(r) ∈ Hom(ψ, ψσ2) = Hom(ψ, σ2) = t · C. Let ψ(r) = λt, λ ∈ C. Then

ψ(r†) = ψ(r)† = λ̄t† ⇒ ψ(1) = 1 = ψ(r†r) = λλ̄

which implies that λ = eiθ with θ ∈ S1. Moreover,

ψ2(r) = r = λψ(t) ⇒ ψ(t) = λ−1r

We do not have any other constraint on the phase, hence we are free to choose λ = 1. Then we get:

ψ(u) = ψ(rr† − tt†) = tt† − rr† = −u

We conclude with:
ψ(r) = t ψ(t) = r ψ(u) = −u

Now we move on to σ. As before, we note that:

σ(r) ∈ Hom(σ, σ3) = (rr† + tt†) ·Hom(σ, σ3) = r ·Hom(σ, σ) + t ·Hom(σ, ψσ) = r · C+ t · C

Hence, we have σ(r) = αr + βt, α, β ∈ C. Now we impose ψσ = σ:

ψ(σ(r)) = σ(r) ⇔ αψ(r) + βψ(t) = αr + βt⇔ αt+ βr = αr + βt

Therefore α = β. Next:

1 = σ(1) = σ(r†r) = |α|2(r + t)†(r + t) = |α|2(r†r + t†t) = 2|α|2

Hence |α| = 1/
√
2. Now we do the same for σ(t):

σ(t) ∈ Hom(σψ, σ3) =(rr† + tt†) ·Hom(σψ, σ3) = r ·Hom(σψ, σ) + t ·Hom(σψ, ψσ) =

=ru ·Hom(σ, σ) + tu ·Hom(σ, ψσ) = ru · C+ tu · C

So we set σ(t) = γ ru+ δ tu and impose:

ψ(σ(t)) = σ(t) ⇔ −γ tu− δ ru = γ ru+ δ tu

Therefore γ = −δ. Next

1 = σ(1) = σ(t†t) = |γ|2(u†r† − u†t†)(ru− tu) = 2|γ|2

Therefore |γ| = 1/
√
2. Finally, we impose the intertwining relation:

σ2(r)t = tψ(r) = tt⇔ α σ(r + t)t = tt⇔ α[α(r + t) + γ(ru− tu)]t = tt

33Note that if u ∈ Hom(σψ, σ), then σ2(rt†)σ(u†) ∈ Hom(σ2, σ2). Indeed: σ2(rt†)σ(u†)σ2(A) = σ2(rt†)σ(u†σ(A)) =
σ2(rt†ψ(A))σ(u†) = σ2(A)σ2(rt†)σ(u†) ∀A ∈ A.
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Using the fact that u = rr† − tt† we find:

α2rt+ γ2tt− γαrt+ γαtt = tt⇔
{
α2 + αγ = 1

α2 − αγ = 0
⇔
{
α2 = γ2 = 1/2

α = γ

We fix an overall free sign by choosing α = 1/
√
2 = γ. Then we can compute σ(u):

σ(u) = σ(rr†)− σ(tt†) =
1

2
(r + t)uu†(r + t)† − 1

2
(r − t)uu†(r − t)† = tr† + rt†

We have found:

σ(r) =
1√
2
(r + t) σ(t) =

1√
2
(ru− tu) σ(u) = tr† + rt† (3.30)

The twists of the model, according to (3.25) and using the conformal weights hr,s(3) of (1.31), are:

θψ = eiπ = −1 θσ = e
πi
8

Now we have to find the braidings. We start from ϵψ,ψ. We have ϵψ,ψ ∈ Hom(ψ2, ψ2) = Hom(1, 1) = C,

which means that ϵψ,ψ = λ for λ ∈ C. Unitarity imposes ϵψ,ψϵ
†
ψ,ψ = 1 ⇔ |λ| = 1. Therefore ϵψ,ψ = eiθ,

θ ∈ S1. We also have ϵψ,ψϵψ,ψ = ϵ2ψ,ψ = 1 from which ϵψ,ψ = ±1.
Now we turn our attention to ϵψ,σ ∈ Hom(ψσ, σψ) = Hom(σ, σψ) = C u. Note that from what we have
already seen, namely Hom(σ, σψ) = Hom(σψ, σ), ϵψ,σ = ϵσ,ψ. We use the compatibility of braiding
and twist (3.24):

θψσ = θσ = ϵψ,σ θψ θσ ϵσ,ψ ⇒ ϵ2ψ,σ = −1

Hence ϵψ,σ = ±iu. We can now apply the other property (3.24) (i.e. equation (3.14)):

ϵψσ,ψ = ϵσ,ψ = ϵψ,ψψ(ϵσ,ψ) = −ϵψ,ψϵσ,ψ

which imposes ϵψ,ψ = −1, coherently with the 1/2 conformal dimension of ψ.

Finally, we look at ϵσ,σ. We see that:

ϵσ,σ ∈ Hom(σ2, σ2) = rr† · C+ tt† · C

Therefore, ϵσ,σ = αrr† + βtt†, α, β ∈ C. From unitarity:

ϵσ,σϵ
∗
σ,σ = 1 = |α|2 rr† + |β|2 tt† ⇒ |α| = |β| = 1

So we can write: ϵσ,σ = eiθ(rr† + eiω tt†), with θ, ω ∈ S1. Then using compatibility with the twist:

θσσ = ϵσ,σθσθσϵσ,σ = θ2σ e
2iθ (rr† + eiω tt†)(rr† + eiω tt†) = θ2σ e

2iθ (rr† + e2iω tt†)

Note that the left-hand side is not a scalar, since θσσ ∈ Hom(σ2, σ2). We can use the compatibility of
the twist with morphisms (3.23); in particular, intertwining σ2 with 1, which has twist 1, we get:

r† = r†θσσ ⇒ θ2σ e
2iθ = 1 ⇒ e2πi/8+2iθ = 1

from which we find eiθ = ±e−iπ/8. We can do the same intertwining σ2 with ψ:

θψt
† = t†θσσ ⇒ e2iω = −1

from which eiω = ±i.
The relative sign inside ϵσ,σ is related to the sign in front of ϵψ,σ by equation (3.14):

ϵψσ,σ = ϵσσ = ϵψ,σψ(ϵσ,σ)
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Suppose that we choose ϵψ,σ = −i u and ϵσ,σ = +e−iπ/8(rr† ± itt†). Then:

rr† ± itt† = −i(rr† − tt†)(tt† ± i rr†) = −i(−tt† ± irr†) = (±rr† + itt†)

This is consistent if and only if we choose the plus sign. Choosing the other overall sign in ϵψ,σ would
give the converse result; hence the two signs must be opposite.

Note that the remaining two free signs come from the two possible square roots of the statistical

matrix34 coming from equation (3.27): (R(ii)j)2 =
θj
θ2i

⇒ R(ii)j = νi
θ
1/2
j

θi
, νi = ±1. It can be shown

that this sign, called Frobenius-Schur indicator, can be computed with νi = dim(Ui)F
(iii)i
00 for a simple

and self-dual object Ui of the category [33, 68]. In our case, these signs are plus for all our simple
objects (which are all self-dual). In particular, we find R(σσ)1 = +e−iπ/8 and R(σσ)ψ = +eiπ3/8, which
also fixes R(ψσ)σ = R(σψ)σ = +e−iπ/2 = −i for the previous consideration.

In summary:

ϵψ,ψ = −1 ϵψ,σ = ϵσ,ψ = −i u ϵσ,σ = e−iπ/8(rr† + itt†) =
(
e−iπ/8 0

0 eiπ3/8

)
(3.31)

Here we have also written the last braiding in matrix form with respect to a basis of Hom(σ, σ3) ≃
r ·C⊕t·C. These basis elements can be intuitively interpreted as the states associated with the possible
fusion trees obtained by fusing three spin fields into one, as discussed at the end of Section 3.4.1.

As anticipated, from the fusion rule σ × σ ≃ 1 + ψ, the braiding of σ is non-trivial and provides
an example of non-abelian braid statistics. In the chosen basis, this braiding is diagonal because it
corresponds to exchanging the two innermost fields in the fusion tree, so that the intermediate fusion
channel is preserved. As we shall see in a moment, braiding fields which are not adjacent in the chosen
fusion tree requires a change of fusion basis and, in general, mixes the different fusion channels.

If we were in the Euclidean setting, all these calculations involving the braidings could have been
avoided by using the OPE of two chiral fields ϕi and ϕj :

lim
z→w

ϕi(z)ϕj(w) =
∑

k

Cki,j (z − w)∆k−∆i−∆jϕk(w)

to determine the phase accumulated when two particles wrap around each other. In particular, note
that an exchange of particles amounts to half of a full wrapping; meaning that if we set the conventional
rotation direction as the counter-clockwise direction, the exchange of ψ with σ and the successive fusion
to σ would accumulate an overall phase eπi (∆σ−∆σ−∆ψ) = −i; the clockwise rotation would give +i
instead; i.e. the opposite braiding.

The same procedure can be used to immediately compute all phases R(ij)k, which agree with the
components expressions of the braiding of equation (3.31):

R(ψψ)1 = −1 R(ψσ)σ = R(σψ)σ = −i R(σσ)1 = e−iπ/8 R(σσ)ψ = eiπ3/8

Finally, we can compute the other element of the unitary representation of B3 associated to σ:

σ(ϵσ,σ) =
e−iπ/8

2
[(r + t)(r + t)† + i(r − t)uu†(r − t)†] =

=
e−iπ/8

2
(rr† + rt† + tr† + tt† + irr† + itt† − itr† − irt†) =

=
e−iπ/8

2

(
1 + i 1− i
1− i 1 + i

)

34We suppressed the α, β indices since Nk
ij ∈ {0, 1}.
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The very same result can be achieved performing the operation F−1ϵσσF , i.e. we first make a basis
change using F in order to determine how the two rightmost particles fuse in the fusion tree with
three σ, then we rotate these two rightmost particles using the braiding, and finally undo the basis
change35. Using the fusion matrix of equation (2.38), by noting that it is auto-inverse, and the matrix
form of the braiding, we get:

1√
2

(
1 1
1 −1

)
e−iπ/8

(
1 0
0 i

)
1√
2

(
1 1
1 −1

)
=
e−iπ/8

2

(
1 i
1 −i

)(
1 1
1 −1

)
=
e−iπ/8

2

(
1 + i 1− i
1− i 1 + i

)

Coherent with the previous result. The procedure that we have followed is represented as:

F

σ σ σ σ σ σ

σ

1,ψ

σ σ σ

σ

1,ψFε1,ψ

σ

σ σ σ

1,ψ

σ

σσ
-1

We conclude the characterization of the chiral Ising model by computing the s-matrix. Using propo-
sition 3.5.2:

s11 = 1 s1ψ =
θψ
θ1θψ

Nψ
1ψ ⟨ψ⟩ = 1 s1σ =

θσ
θ1θσ

Nσ
1σ ⟨σ⟩ =

√
2 sψψ =

θ1
θψθψ

N1
ψψ ⟨1⟩ = 1

sψσ =
θσ
θψθσ

Nσ
ψσ ⟨σ⟩ = −

√
2 sσσ =

θ1
θσθσ

N1
σσ ⟨1⟩+ θψ

θσθσ
Nψ
σσ ⟨ψ⟩ =

√
2−

√
2 = 0

While from (3.28) we have S00 = 1/2. This is consistent with the S-matrix (1.43) we expected from
the Ising model.

35The first element of B3 is mapped to ϵσ,σ. This element should make the exchange of the first two strands. However,
in the language of ribbon categories, recall that the tensor product ⊗ of the category corresponds, in this case, to
composition of morphisms; then the algebraic action of ϵσ,σ corresponds to the morphism ϵσ,σ ⊗ 1σ. The fact that this
morphism, after the change of basis, still correspond to the exchange of the innermost strands is understood by looking
at the basis decomposition given by equations (2.31) and (2.32). With this in mind, it is clear why 1σ ⊗ ϵσ,σ corresponds
algebraically to σ(ϵσ,σ).
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Chapter 4

Conformal nets and extensions

After introducing the general algebraic framework of quantum field theory and the DHR description
of superselection sectors, we now specialize to the conformal case. The aim of this chapter is to
explain how a full two-dimensional conformal field theory can be constructed starting from chiral
data. Physically, the chiral theory describes one light-cone component of the system: its observables,
its charged sectors, and the way these sectors can be fused. A two-dimensional CFT, however, contains
both left- and right-moving degrees of freedom. Therefore, the first natural step is to consider two
chiral nets and form their tensor product, which represents the independent propagation of the two
chiral components.

This tensor product is not yet the most general full CFT. It only provides the kinematical arena
in which left- and right-moving sectors are available. To obtain a genuine two-dimensional theory,
one must specify which pairs of chiral sectors actually appear in the physical spectrum and how the
corresponding fields multiply. This additional datum is encoded by a Q-system (Θ,W,X). From a
physical point of view, the object Θ specifies the charged content of the extension, while the morphisms
W and X respectively implement the inclusion of the vacuum and the multiplication of charged fields.
In this way, the Q-system plays the role of an algebraic substitute for the information usually contained
in the operator product expansion.

The chapter then explains how a Q-system determines an extension of nets

A ⊂ B,

where A is the observable chiral theory and B is the enlarged theory containing charged fields. These
charged fields should be understood as operators which interpolate between the vacuum representa-
tion and non-trivial superselection sectors. Their algebraic relations, and in particular their locality
properties, are dictated by the structure of the Q-system.
From a physical CFT point of view, they are the primary sector-generating field of the theory, and
the Q-system completely determines their fusion rules.

We will first present this procedure in the simpler setting of a single von Neumann factor. Namely,
given a factor N , we will explain how a Q-system in End(N ) determines an inclusion N ⊂ M, where
M is a larger von Neumann algebra containing N . In general, M need not be a factor; only under
suitable irreducibility assumptions does this inclusion become an inclusion of factors. Then, recalling
that the local algebras of the conformal nets considered here are type III1 factors, we will extend the
same idea from a single algebra to a net of local observables, obtaining inclusions of nets A ⊂ B.
We also discuss the canonical extension, which provides the natural diagonal construction associated
with a rational chiral theory. This construction is especially important because it gives the basic
example of a local two-dimensional CFT obtained from chiral data. Finally, the abstract formalism is
applied to the critical Ising model. This example makes the general construction explicit: the chiral
Ising sectors are combined into a full two-dimensional theory, and the corresponding Q-system encodes
both the spectrum and the algebraic structure of the resulting fields.
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This chapter is based on [33, 35, 38, 69–71].

Note that, in order to simplify notation, we are not going to explicitly write the vacuum representation
π0 from now on, identifying an observable algebra with its vacuum representation. Recall also that
we are going to use lowercase letters for the elements of chiral algebras.

4.1 Conformal nets

We specify now the framework introduced in the previous chapter to chiral conformal field theories.
A chiral CFT lives on a single light-ray of a two-dimensional Minkowski spacetime. We identify the
light-ray with R and consider its compactification S1. Let I be the set of non-empty non-dense open
intervals on S1. We also recall that the global conformal group is PSL(2,R) = SL(2,R)/{±1}, also
called Möbius group as its complex version arising in Euclidean spacetime.

Definition 4.1.1. A Möbius covariant net on S1 is a net of von Neumann algebras I ∋I → A(I)
satisfying the Haag-Kastler axioms1 where Poincaré covariance is substituted by Möbius covariance.

Note that Möbius covariance implies the existence of a strongly continuous unitary representation U
of PSL(2,R) on the vacuum Hilbert space H0.

We know that the conformal group has an infinite extension in one dimension, given by the orientation
preserving diffeomorphisms of the unit circle, Diff+(S

1).

Definition 4.1.2. A Möbius covariant net will be called a conformal net on S1 if in addition U
extends to a strongly continuous projective unitary representation of Diff+(S

1), again denoted by U ,
such that for every I ∈ I

U(γ)A(I)U(γ)† = A(γI), γ ∈ Diff+(S
1),

U(γ)xU(γ)† = x, x ∈ A(I), γ ∈ Diff+(I
′),

where Diff+(I) denotes the subgroup of orientation preserving diffeomorphisms of S1, Diff+(S
1), that

are localized in I and I ′ is the complement of I in S1.

We can have inclusion of nets describing subtheories.

Definition 4.1.3. A conformal subnet of a conformal net A is a family B = {B(I) : I ∈ I} of
non-trivial von Neumann algebras acting on H0 such that:

• B(I) ⊂ A(I) ∀I ∈ I;
• U(g)B(I)U(g)† = B(gI) ∀I ∈ I, g ∈ PSL(2,R);

• B(I1) ⊂ B(I2) ∀I1, I2 ∈ I with I1 ⊂ I2.

One can show that a conformal subnet is a conformal net itself [71].

Definition 4.1.4. A net I → A(I) is said to be irreducible if (
∨
I∈I A(I))′ = C1 or, equivalently,∨

I∈I A(I) = B(H0). We call an inclusion B ⊂ A irreducible if B(I)′ ∩ A(I) = C1 for some, hence for
all, I ∈ I, where the commutant is taken in B(H0).

Let U(c,0) be the irreducible strongly continuous projective unitary and positive energy representation
of Diff+(S

1) with central charge c and lowest weight zero.

Definition 4.1.5. Let V irc be the Virasoro net with central charge c associated with U(c,0):

I ∈ I → V irc(I) := {U(c,0)(γ) : γ ∈ Diff+(I)}′′

The vacuum vector |Ω⟩ ∈ H0 is the lowest weight vector of U(c,0).

1By definition of von Neumann algebra, this net comes already together with a Hilbert space, which is identified with
the vacuum Hilbert space that one usually construct from the vacuum state defined in the axioms. This Hilbert space
contains a unique Möbius invariant vacuum vector.
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Any conformal net A contains a copy of V irc, for some c, as a conformal subnet:

I ∈ I → V irA(I) := {U(γ) : γ ∈ Diff+(I)}′′

the conformal inclusion V irA ⊂ A is automatically irreducible. Moreover, the Virasoro net is minimal,
in the sense it does not contain any non-trivial conformal subnet [71].

The following result tells us that a subnet describes a subtheory if and only if the relative commutant
of the subtheory in its extension is trivial; this ensures that the subtheory contains the total energy-
momentum tensor of the full theory, since otherwise the relative commutant is a QFT of its own which
commutes with the given subtheory [35].

Proposition 4.1.1. [71] Let A be a conformal net and B ⊂ A a conformal subnet. Then B contains
V irA, namely it is intermediate V irA ⊂ B ⊂ A, if and only if the inclusion B ⊂ A is irreducible.
Moreover, the condition V irA ⊂ B ⊂ A is equivalent to V irB = V irA.

The chiral Ising model we have characterized in the previous chapter is the Virasoro net with c = 1/2,
i.e. V ir1/2.

Two conformal nets A+ and A− can be combined to generate a two-dimensional net. In particular,
we define

A2D(O) := A+(I)⊗A−(J) I, J ∈ I

The irreducible localized endomorphisms of A2D are the tensor products ρ = ρ+ ⊗ ρ− of the chiral
endomorphisms, and, in view of the convention (3.12), the two-dimensional braidings are given by the
chiral ones by

ϵ+ρ,σ = ϵ+
ρ+,σ+ ⊗ ϵ−

ρ−,σ− = ϵρ+,σ+ ⊗ ϵ†
σ−,ρ−

ϵ−ρ,σ = (ϵ+σ,ρ)
† = ϵ−

ρ+,σ+ ⊗ ϵ+
ρ−,σ−

The corresponding DHR category is the completion under direct sums2 of the tensor product of
categories CDHR(A+)⊗ CDHR(A−)opp, denoted as

CDHR(A2D) := CDHR(A+)⊠ CDHR(A−)opp

where Copp is the tensor category equipped with the opposite braiding ϵ−
ρ−,σ− .

This new two-dimensional net is, however, insufficient to describe an actual two-dimensional CFT,
since we have just tensored two chiral theories without specifying any compatibility condition between
them. It turns out that additional information is required to extend the net to a larger one that
describes a specific theory [33]; such information is encoded in what is called Q-system in the algebraic
literature, which corresponds to a Frobenius algebra over the DHR category. The extended net will
contain new operators, called charged fields, that are the algebraic counterpart of the sector generating
primary fields in CFT

4.2 Q-systems and extensions

We now describe a general mechanism to extend a net of observables in order to describe a larger
theory. We will start by showing how this works for general von Neumann factors and then show the
application in quantum field theory.

Definition 4.2.1. Let N and M be two type III factors. A pair of homomorphisms φ : N → M
and φ̄ : M → N is called conjugate if there are intertwiners N ∋ W ∈ Hom(idN , φ̄φ) and M ∋ V ∈
Hom(idM, φφ̄) satisfying the conjugacy relations:

V †φ(W ) = 1M, W †φ̄(V ) = 1N
2This operation is called Deligne product [57].
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One may normalize the pair such that W †W = d 1N and V †V = d 1M. Then the infimum of d among
all solutions to the normalized conjugacy relations is denoted as dim(φ) = dim(φ̄). If a solution of the
conjugacy relations exists at all, then there exist solutions taking the infimum value. Such solutions
are called standard pairs.

Note that for DHR endomorphisms, the definition of conjugate given in 3.4.6 coincide with this last
definition [38].
Moreover, the above definition of dimension for homomorphisms generalizes the previous one, i.e. the
one of equation (3.7). Indeed, one can show that if φ ∈ End(M), then dim(φ) = [M : φ(M)]1/2.
In particular, if N ⊂ M is a subfactor and ι : N → M is the embedding homomorphism, then
dim(ι) = [M : N ]1/2 [35].

Standard pairs give rise to bijective maps [35],

Hom(φ1, φ2φ3) → Hom(φ̄2φ1, φ3) Hom(φ1, φ2φ3) → Hom(φ1φ̄3, φ2),

called Frobenius reciprocity relations, which will be useful later on.

Finally, note that the conjugacy relations are the snake identities that also the evaluation/coevaluation
must satisfy in a rigid category. For this reason, standard pairs, which are properly normalized, can
be identified with the latter.

Given a subfactor N ⊂ M of a von Neumann algebra M, there are two distinct homomorphisms.

Definition 4.2.2. Suppose that N ⊂ M is a subfactor and let ι : N → M be the embedding
homomorphism. The following are called canonical and dual canonical endomorphisms respectively:

Γ = ι ◦ ῑ : M → M Θ = ῑ ◦ ι : N → N

Proposition 4.2.1. Let W ∈ Hom(idN ,Θ) and X := ῑ(V ) ∈ Hom(Θ,Θ2), where W and V are the
intertwiners defined in definition 4.2.1. Moreover they satisfy the following relations:

1. Unit property: W †X = Θ(W †)X = 1N ;

2. Associativity: XX = Θ(X)X;

3. Frobenius property: Θ(X†)X = XX† = X†Θ(X);

4. Specialness: W †W = X†X = d 1N

where d = dim(ι) =
√
dim(Θ).

Proof. First we show that X := ῑ(V ) ∈ Hom(Θ,Θ2). By definition of Γ, Γ(A)V = V A, ∀A ∈ M.
Therefore, if we apply ῑ to both sides we get:

ῑ(Γ(A))ῑ(V ) = ῑ(V )ῑ(A) (4.1)

However ῑ(Γ(A)) = ῑ(ιῑ(A)) = Θ(ῑ(A)). Therefore (4.1) becomes:

Θ(ῑ(A))ῑ(V ) = ῑ(V )ῑ(A) ⇒ Θ(Θ(B))X = XΘ(B)

where we have applied the relation to A = ι(B), B ∈ N .

Now we prove the remaining properties:

1. W †X = idN follows directly from the second conjugacy relation of standard pairs. Now, using the
(adjoint) of the other conjugacy equation: Θ(W †)X = ῑι(W †)ῑ(V ) = ῑ(ι(W †)V ) = ῑ(1M) = 1N ;

2. Using V ∈ Hom(idM, ιῑ): XX = ῑ(V )ῑ(V ) = ῑ(V V ) = ῑ(ιῑ(V )V ) = ῑιῑ(V )ῑ(V ) = Θ(X)X;

3. Starting from XX† = ῑ(V )ῑ(V †) = ῑ(V V †). Now by using the fact that V † ∈ Hom(ιῑ, idM), i.e.
V †ιῑ(A) = AV † ∀A ∈ M, we find ῑ(V V †) = ῑ(V †ιῑ(V )) = ῑ(V †)ῑιῑ(V ) = X†Θ(X). On the other
hand, using again V ∈ Hom(idM, ιῑ): ῑ(V V †) = ῑ(ιῑ(V †)V ) = Θ(X†)X;
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4. Follows from the normalization of standard pairs.

We will give for these algebraic properties a more intuitive graphical representation in the next section,
where we give the categorical description.

Definition 4.2.3. The triple

Q = (Θ,W,X) (Θ ∈ End(N), W ∈ Hom(idN ,Θ), X ∈ Hom(Θ,Θ2))

satisfying the relations of proposition 4.2.1, is called Q-system associated to the subfactor N ⊂ M,
and the number d = dim(ι) =

√
dim(Θ) is called the dimension dQ of the Q-system. The Q-system is

called irreducible if dimHom(idN ,Θ) = 1.

Actually, the Q-system can be defined only referring to the subfactor N . In this case we say that the
triple Q = (Θ,W,X), defined as above, is a Q-system in the tensor category End(N ) of endomorphisms
of N . We denote the subcategory of endomorphisms of finite dimension as End0(N ).

The main result we are going to use tells us that a Q-system is exactly the information needed to
reconstruct M starting from the subfactor N .

Theorem 4.2.2. [70] Let N be a type III factor, and Q = (Θ,W,X) a Q-system in End0(N)
of dimension dQ, such that idN is a subendomorphism3 of Θ, written idN ≺ Θ, with multiplicity
1. Then there is a (unique up to isomorphism) type III factor M and an irreducible embedding
ι : N → M such that Q is the Q-system associated with this subfactor. The dimension dim(ι) equals
the dimension dQ.

We are not going to give the exact proof which would take too much time. Instead, we show the
construction [35]: M is the algebra generated by N (regarded as a subalgebra written as ι(N ) ⊂ M)
and a single generator V ∈ M, with the defining relations

V † = ι(W †X†)V, V V = ι(X)V, ι(W †)V = 1M, V ι(N) = ι(Θ(N))V N ∈ N (4.2)

Note that the last relation means V ∈ Hom(ι, ιΘ). Every element M ∈ M is of the form ι(N)V with
N ∈ N and ι(N)V = 0 implies N = 0. The conjugate homomorphism ῑ : M → N is given by:

ῑ : ι(N)V 7→ Θ(N)X (4.3)

and (W,V ) is a standard solution of the conjugacy relations. Indeed, ῑ defined as above satisfies
ῑι = Θ:

ι(N) = ι(N)ι(W †)V = ι(NW †)V 7→ Θ(NW †)X = Θ(N)Θ(W †)X = Θ(N)

where we used the unit property of the Q-system and the third defining property of V.
Since every element of M is of the form ι(N)V , with N ∈ N , the algebra M is finitely generated, the
weak topology on M is inherited from the weak topology of N and M is weakly closed [35]. Hence
M is a von Neumann algebra.
The relative commutant ι(N )′ ∩M is given by elements of the form ι(H)V with H ∈ Hom(Θ, idN ) =
CW †, by assumption, hence ι(N )′ ∩M = C1M. Thus, the inclusion is irreducible, and, since ι(N ) ⊂
M ⇒ M′ ⊂ ι(N )′, M is a factor, M′ ∩M = C1M One can show also the type III property.

Theorem 4.2.2 can be generalized by relaxing the condition that Hom(idN ,Θ) is one-dimensional. In
this case, the irreducibility N ′ ∩M = C will fail, and M may even fail to be a factor. On the other
hand, if dimHom(idN ,Θ) = 1, then the embedding ι constructed from the Q-system is irreducible.
This is the reason why Q-systems satisfying this condition are called irreducible.

Theorem 4.2.3. [35] Let N be a type III factor, and Q = (Θ,W,X) a Q-system in End0(N ) of
dimension dQ. Then there is a (unique up to isomorphism) type III von Neumann algebra M and
an embedding ι : N → M with conjugate ῑ : M → N such that Q is the Q-system associated with this
conjugate pair. The dimension dim(ι) =

√
dim(Θ) equals the dimension dQ.

3Here idN is the identity automorphism of N and with idN ≺ Θ we mean that Θ is associated to a reducible
representation of N containing the vacuum representation.
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4.2.1 Application in quantum field theory

Let A be a Haag dual net of local von Neumann algebras A(O), and CDHR(A) the category of its
DHR endomorphisms. The net may be two-dimensional or chiral; in the latter case “O” is understood
to stand for an interval I ∈ I and elements belonging to the chiral algebra are denoted with lowercase
letters instead of uppercase letters.

In the AQFT context, a Q-system (Θ,W,X) is built from a DHR endomorphism Θ. Then the first
link with subfactor theory comes from the inclusion of type III subfactors Θ(A(O)) ⊂ A(O). Then
a result analogue to theorem 4.2.2 associates to the Q-system an extension A ⊂ B, so that the local
inclusions A(O) ⊂ B(O) provide a second realization of the same subfactor-theoretic structure.

Definition 4.2.4. We say that the triple (Θ,W,X) is a Q-system in CDHR0 (A), the category of DHR
endomorphisms with finite dimension, if it is a Q-system in End(A(O)) for some O ⊂ M2, i.e. Θ is a
DHR endomorphism of A localized in O and the elements W and X belong to A(O).

Note that with the assumptions of section 3.5, CDHR0 (A) = CDHR(A).

Before giving the QFT version of theorem 4.2.2 we introduce the following notion:

Definition 4.2.5. Let N ⊂ M be two von Neumann algebras with common unit. A conditional
expectation µ : M → N of M into N is a completely positive4 unit preserving (or unital) map with
the bimodule property:

µ(N1MN2) = N1µ(M)N2 ∀N1, N2 ∈ N ,M ∈ M

Now we are ready to state the theorem:

Theorem 4.2.4. [38] Let A be a (conformal) QFT, and Q = (Θ,W,X) an irreducible Q-system in
CDHR0 (A) of dimension dQ. Then there is a (unique up to isomorphism) QFT B and an irreducible
embedding ι : A → B such that Q is the Q-system associated with this extension. The dimension
dim(ι) equals the dimension dQ. B is relatively local w.r.t. A, and B is local iff

ϵΘ,ΘX = X

holds; in this case the Q-system is said to be ”commutative”. There is a conditional expectation
µ : B → A that extends the vacuum state ω0 on A to a vacuum state ω0 := ω0 ◦ µ on B, such that its
GNS representation, when restricted to A, is equivalent to πΘ.

Proof. We sketch the construction as we have done for the general case, but we will be a bit more
precise this time.
The construction is the following [35]. We construct an algebra B by adding one generator V satisfying
the relations (4.2). Then, again, every element of B is of the form ι(A)V with A ∈ A and ι(A)V =
0 ⇒ A = 0.
The local subalgebras of B are defined as

B(O) := ι(A(O)) V̂

where V̂ = ι(U)V with U ∈ A is a unitary such that Θ̂ = AdU Θ is localized in O.
In principle we know that A(O) ⊂ B. Now we show that indeed A(O) ⊂ B(O). Because Ŵ = UW ∈
Hom(idA, Θ̂) is in A(O) and ι(Ŵ †)V̂ = ι(W †)V = 1B we have ∀A ∈ A(O):

ι(A) = ι(A)ι(W †)V = ι(A)ι(Ŵ †)V̂ = ι(AŴ †)V̂ ∈ B(O)

Hence A(O) ⊂ B(O). Then B(O) are ∗-algebras. Indeed, using V V = ι(X)V , we have

V̂ 2 = ι(U)V ι(U)V = ι(U)ι(Θ(U))V V = ι(UΘ(U)X)V = ι(UΘ(U)XU †)V̂

4See appendix C for the definition.
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where we have used the last and the second properties of equation (4.2). From the definitions it is easy
to see that UΘ(U)XU † ∈ Hom(Θ̂, Θ̂2) ⊂ A(O) meaning that V̂ 2 ∈ B(O). This implies that products
of elements are well defined, i.e.

ι(A1)V̂ ι(A2)V̂ = ι(A1UΘ(A2)U
†)V̂ 2 A1, A2 ∈ A(O)

is of the form ι(A)V̂ . Similarly, using the first relation of equation (4.2), one shows that V̂ † =
ι(W †X†Θ(U †)U †)V̂ , with UΘ(U)XW ∈ Hom(id, Θ̂2) ⊂ A(O), which allows us to write (ι(A)V̂ )† as
an element of B(O).
Then we can see that A(O) is relatively local to B(O):

ι(U)V ι(A) = ι(UΘ(A))V = ι(Θ̂(A))V̂ = ι(A)V̂

whenever A ∈ A(O′). Moreover, B is itself local if ι(Ui)V localized in spacelike separated Oi commute,
which turns out to be equivalent to the condition ϵΘ,ΘX = X; indeed on one side we have:

ι(U1)V ι(U2)V = ι(U1Θ(U2))V V = ι(U1Θ(U2)X)V

on the other side:
ι(U2)V ι(U1)V = ι(U2Θ(U1))V V = ι(U2Θ(U1)X)V

imposing the equality:

ι(U1Θ(U2)X)V = ι(U2Θ(U1)X)V ⇒ ι((U1Θ(U2)−U2Θ(U1))X)V = 0 ⇒ ι(U1Θ(U2)(1−ϵΘ,Θ)X)V = 0

This implies ϵΘ,ΘX = X since U1Θ(U2) is unitary. Finally we define

µ(B) = d−1
Q W † ῑ(B)W B ∈ B (4.4)

where ῑ is defined as in (4.3). The fact that this is a completely positive map follows from Stinespring
theorem (see appendix C); modularity is shown by direct computation,

µ(ι(A1)Bι(A2)) = d−1
Q W †ῑ(ι(A1)Bι(A2))W = d−1

Q W †Θ(A1)ῑ(B)Θ(A2)W = A1(d
−1
Q W †ῑ(B)W )A2 =

= A1µ(B)A2,

where we used the fact that W ∈ Hom(idA,Θ). We can also show that µ respects the local structure,
i.e. µ(B(O)) ⊂ A(O):

µ(ι(A)V̂ ) = d−1
Q W † ῑ(ι(A)UV )W = d−1

Q W †Θ(AU)XW = d−1
Q AUW †XW = d−1

Q AUW =

= d−1
Q AŴ ∈ A(O), A ∈ A(O)

With the help of µ one can show that the vacuum state ω0 of A extends to a vacuum state ω0 := ω0 ◦µ
of B. The GNS representation of ω0, when restricted to A, is unitarily equivalent to the representation
πΘ = π0 ◦Θ given by the DHR endomorphism Θ [35, 38].

This theorem was initially proven in [38] assuming that dimHom(idA,Θ) = 1. Again, the theorem
can be generalized; this will be useful when dealing with defects.

Lemma 4.2.5. [35] With the assumptions of theorem 4.2.4, admitting id ≺ Θ with multiplicity > 1,
the relative commutant is given by ι(A)′ ∩ B = ι(Hom(Θ, idA))V . The center of B is given by ι(H)V ,
H ∈ Hom(Θ, idA) satisfying

HX = Θ(H)X (4.5)

Moreover ι(H)V is self-adjoint if and only if H† = Θ(H)XW and idempotent if and only if HΘ(H)X =
HHX = H.
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Proof. By direct computation, pick any A ∈ A:

ι(H)V ι(A)V = ι(HΘ(A))V V = ι(AH)V V = ι(AHX)V = ι(A)ι(Θ(H)X)V = ι(A)ι(Θ(H))V V

= ι(A)V ι(H)V

where we used the second and fourth relations of (4.2). Then:

(ι(H)V )† = V †ι(H†) = ι(W †X†)V ι(H†) = ι(W †X†Θ(H†))V = ι(H)V ⇔ H = Θ(H)XW

For the last relation:

ι(H)V ι(H)V = ι(HΘ(H)X)V = ι(H)V ⇔ HΘ(H)X = HHX = H

4.2.2 Charged fields

The abstract procedure of extending a net via a Q-system has a more intuitive interpretation. If ρ ≺ Θ
is an irreducible subrepresentation localized in O, then ι(Hom(ρ,Θ))†V is a Hilbert space in B(O),
and its elements Ψρ = ι(Wρ)

†V ∈ B(O) with Wρ ∈ Hom(ρ,Θ) satisfy the commutation relation:

ΨρA = ρ(A)Ψρ ∀A ∈ A

intertwining the vacuum representation with the representation ρ. Because ρ is localized in O, it
follows that Ψρ commutes with A(O′), i.e. the extension is relatively local with respect to A.

Since µ(ΨρΨ
†
ρ) ∈ Hom(ρ, ρ) = C1, one may normalize Ψρ such that µ(ΨρΨ

†
ρ) = 1. Then, as a

consequence of theorem 4.2.4,

ωρ(A) = ω0(ΨρAΨ
†
ρ) = ω0 ◦ µ(ΨρAΨ

†
ρ)

is a state on A. Its GNS representation is equivalent to the representation πρ = π0 ◦ ρ, justifying the
interpretation of Ψρ as charged field operators.5

By choosing a complete irreducible decomposition of Θ by isometriesWρ (possibly with multiplicities)

such that
∑

ρWρW
†
ρ = 1, every element of B has a unique representation in terms of the charged field:

B = ι(A)V =
∑

ρ

ι(AWρW
†
ρ )V =

∑

ρ

ι(Aρ) Ψρ

where Aρ = AWρ. Hence, we can see an extension B as the theory generated by A with the addition
of charged fields.

These bounded operators may therefore be regarded as the analogue of the primary fields in AQFT,
such that a general (“descendant”) field is obtained by left multiplication (”OPE”) of Ψρ with some
element of A. The formulae given in (4.2) for the product V 2 and the adjoint V † determine the
multiplication and adjoint of the charged field operators Ψρ. Therefore, the Q-system determines the
algebraic product of charged field operators: it specifies which fusion channels appear and with which
intertwiner coefficients. However, these data should not be confused with the full Euclidean OPE
coefficients, which also depend on the normalization of local fields and on the coordinate dependence
of the operator product.

In four dimensions, the Doplicher–Roberts reconstruction theorem [72] states that for every DHR
endomorphism ρ there is an orthonormal basis of charged field operators satisfying

∑
iΨ

i
ρ(Ψ

i
ρ)

† = 1,

which implement ρ by the formula ρ(A) =
∑

iΨ
i
ρA(Ψ

i
ρ)

†.

5Usually, in QFT, the term charged field operator refers to a field defined in the whole Hilbert space and intertwining
between several charged superselection sectors. In the present context, however, charged fields are used in a more
restricted sense: they intertwine the vacuum sector with a given charged sector.
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In low dimensions, the non-triviality of the braiding poses an obstruction, so that the range projec-
tions of ι(Hom(ρ,Θ))†V in general do not exhaust the unit operator [35, 38]; but one has still the
implementation via the conditional expectation:

ρ(A) =
∑

i

µ(Ψi
ρA(Ψ

i
ρ)

†) where
∑

i

µ(Ψi
ρ(Ψ

i
ρ)

†) = 1

This is the case every time ρ ≺ Θ has non integer dimension [38]; in particular this happens with σ in
the Ising model.

There are two interesting ways to normalize charged fields.

Proposition 4.2.6. The following relations hold:

• µ(ΨρΨ
†
ρ) = 1 iff W †

ρWρ = dQ;

• Assuming ι is irreducible, then Ψ†
ρΨρ = 1, i.e. charged fields are isometries, iff W †

ρWρ =
dQ/ dim(ρ)

Proof. 1. by direct computation, using the definitions of µ and ῑ:

µ(ΨρΨ
†
ρ) = d−1

Q W †ῑ(ΨρΨ
†
ρ)W = d−1

Q W †Θ(W †
ρ )XX

†Θ(Wρ)W = d−1
Q W †

ρW
†XX†WWρ

= d−1
Q W †

ρWρ

where we have also used X†W = 1 and the fact that W ∈ Hom(id,Θ).

2. Since Ψ†
ρΨρ ∈ Hom(idA, idA) we have Ψ

†
ρΨρ ∈ A(O)′∩B(O). Hence in the irreducible case Ψ†

ρΨρ

is automatically multiple of 1. In this case Ψ†
ρΨρ equals its image under µ. Now we compute

the normalization similarly to the previous point:

µ(Ψ†
ρΨρ) = d−1

Q W †X†Θ(WρW
†
ρ )XW

one can show [35], by exploiting properties of standard pairs, that this equals d−1
Q ·dim(ρ)W †

ρWρ.
6

This proposition can also be generalized in the case charged fields have multiplicities, i.e. in the case
of dimHom(ρ,Θ) > 1.

To conclude, note that charged fields Ψρ are localized in B(O) if ρ is localized in O. They can be
transported to any other region Õ with the help of unitary intertwiners U ∈ Hom(ρ, ρ̃), where ρ̃ is
localized in Õ:

Ψρ̃ = ι(U)Ψρ (4.6)

4.2.3 The canonical extension

Consider a two-dimensional net built from two (possibly different) chiral nets A2D = A+ ⊗ A− with
CDHR(A2D) := CDHR(A+)⊠CDHR(A−)opp as described previously. Since theorem 4.2.4 is very general,
we can apply it also in this case.
A Q-system (Θ,W,X) in CDHR(A2D) is characterized by

Θ ≃
⊕

σ,ρ

Zσ,ρ σ ⊗ ρ (4.7)

The multiplicity matrix Z, coupling the left- and the right-moving representations, is also called the
coupling matrix. From this, we can construct the extension A2D ⊂ B2D = ι(A2D)V generated by A2D

and the charged fields Ψi
σ⊗ρ = ι(W i

σ⊗ρ)
†V , with i = 1, ..., Zσ,ρ, satisfying:

Ψi
σ⊗ρA = (σ ⊗ ρ)(A)Ψi

σ⊗ρ ∀A ∈ A2D

6The omitted computation is actually identical to another one done in chapter 6, namely equation (6.4), and involves
the cyclic property of traces.
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where σ ⊗ ρ ≺ Θ are irreducible subrepresentations.

In the case A+ = A−, there is a distinguished extension of A2D = A ⊗ A whose coupling matrix is
the conjugation matrix.

Theorem 4.2.7. [38] If CDHR0 (A) has finitely many inequivalent irreducible objects ρ, then there is a
canonical Q-system Qcan in CDHR0 (A⊗A) with

Θ ≃
⊕

ρ

ρ⊗ ρ̄

where the sum extends over the irreducible sectors of A. More precisely, choosing some isometries

Tρ ∈ Hom(ρ⊗ ρ̄,Θ), one has W = d
1/2
Q Tid and

X = d
−1/2
Q

∑

ρ,σ,τ

(
dρdσ
dτ

)1/2 Θ(Tσ)Tρ · (
∑

a

ta ⊗ tā) · T †
τ

where the second sum extends over an orthonormal basis of isometries ta ∈ Hom(τ, ρσ) and tā ∈
Hom(τ̄ , ρ̄σ̄). The dimension is dQ =

√
dim(Θcan) =

√∑
ρ dim(ρ)2.

According to proposition 4.2.6, the charged operators Ψρ⊗ρ̄ of the canonical extension are isometries

if Wρ⊗ρ̄ ∈ Hom(ρ⊗ ρ̄,Θ) are normalized as W †
ρ⊗ρ̄Wρ⊗ρ̄ =

√
dim(Θ)/ dim(ρ⊗ ρ̄) =

√
dim(Θ)/ dim(ρ)2.

Moreover, the canonical extension is always local:

Proposition 4.2.8. [38] The canonical Q-system satisfies

ϵΘ,ΘX = X

i.e. it is commutative in CDHR0 (A⊗A).

Thus, with CDHR0 (A) for a chiral QFT A, the canonical Q-system describes a local two-dimensional
extension A ⊗ A ⊂ B2D with charged fields Ψρ⊗ρ̄. In other words, the canonical Q-system gives a
prescription to build diagonal CFTs out of the chiral data only.

4.3 Q-systems as algebra objects

A Q-system is a particular case of a more general notion which can be defined for a tensor category.
Nevertheless, we will keep the notation used for Q-systems in order to not create confusion.

Definition 4.3.1. An algebra object Q in a tensor category C is a triple (Θ,W,X†), where Θ is an
object of C, X† ∈ Hom(Θ⊗Θ,Θ) is called multiplication and W ∈ Hom(1,Θ) is called unit, fulfilling:

X† ◦ (X† ⊗ idΘ) = X† ◦ (idΘ ⊗X†) X† ◦ (W ⊗ idΘ) = idΘ = X† ◦ (idΘ ⊗W )

Note that with X† we are not referring to a dagger structure of the category and in principle different
symbols should be used. However, since we are going to relate this definition to the one of Q-system,
such notation permit an easier identification without introducing new letters.

Pictorially, we can represent the above relations as:

X W
†

Θ Θ 1

Θ Θ

Θ Θ

Θ Θ Θ Θ Θ Θ
Θ Θ Θ

Θ Θ Θ
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To call Q an algebra is appropriate because in the particular case that C is the category of vector
spaces over C (or some other field), the prescription reduces to the conventional notion of an algebra
[33]. Similarly also the following definitions are extensions to the category setting of the corresponding
concepts in algebras over C.

Definition 4.3.2. A co-algebra Q in a tensor category C is a triple (Θ,W †, X) where Θ is an object
of C, X ∈ Hom(Θ,Θ⊗Θ) is called comultiplication and W † ∈ Hom(Θ, 1) is called counit, fulfilling:

(X ⊗ idΘ) ◦X = (idΘ ⊗X) ◦X (W † ⊗ idΘ) ◦X = idΘ = (idΘ ⊗W †) ◦X (4.8)

These relations are pictorially represented as follows:

X W
†

Θ Θ
1

Θ
Θ

Θ Θ

Θ Θ Θ Θ Θ Θ
Θ Θ Θ

Θ Θ Θ

Definition 4.3.3. A Frobenius algebra in a tensor category is an object in C that is both an algebra
and a co-algebra and for which the product and coproduct are related by:

(idΘ ⊗X†) ◦ (X ⊗ idΘ) = X ◦X† = (X† ⊗ idΘ) ◦ (idΘ ⊗X) (4.9)

We can represent pictorially the Frobenius property as follows:

Θ Θ

Θ

Θ
Θ

Θ
Θ

Θ

Θ

Θ Θ Θ

There are other additional properties that an algebra can satisfy:

Definition 4.3.4. An algebra in a tensor category is said to be:

• special if
W † ◦W = β1 id1 X† ◦X = βQ idΘ (4.10)

for non-zero numbers β1, βQ ∈ C. Pictorially:
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Θ

Θ

Θ

Θ

Θ

1
ββ

• symmetric if the following equality between morphisms holds:

Θ

Θ

Θ

Θ

• commutative if the category is also braided and ϵΘ,Θ ◦X = X. Note that multiplying both sides
by ϵ−Θ,Θ and exploiting the unitarity of the braiding we get: ϵ−Θ,Θϵ

+
Θ,ΘX = ϵ−Θ,ΘX ⇒ X = ϵ−Θ,ΘX.

The same relations hold also for X†; hence pictorially:

ΘΘ Θ Θ Θ Θ

Θ Θ Θ

• haploid if dimHom(1, Q) = 1. One can show that this condition also implies the symmetry
property [33]. In the context of Q-systems, this is often referred to as irreducibility.

We now see that a Q-system consists of a symmetric special Frobenius algebra over CDHR0 (A) with
β1 = βQ = dQ and where A is either a chiral or a two-dimensional net7. The symmetry property can
be easily proved using the Q-system properties: since Θ = ῑι is self-dual, Θ = Θ∨; the unit property
can be used to remove the ”branching”W † factors, and the remaining snake diagrams are equal thanks
to the Frobenius property. Finally, note that the defining properties of a Q-system in proposition 4.2.1
correspond to equations (4.8),(4.9) and (4.10).

7For Q-systems over CDHR0 (A) (or more generally End(N )), morphisms are realized by intertwiners belonging to
the underlying observable algebra (or to the von Neumann factor N ). In this setting, the tensor unit is the identity
automorphism of the algebra, and the identity morphisms id1 and idΘ are both implemented by the algebraic unit 1A.
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We have introduced a slightly modified graphical notation for the algebra object in order to simplify
diagrams. Nevertheless, in some situations it will be useful to revert to the original conventions. For
this reason, we now show how W and X are represented in the previously defined notation for a
Q-system:

X

Θ Θ

Θ

W

Θ

1

ι ι

ι ι

ι ι ι ι

The graphical representation makes also easier to see that W †W = X†X = dim(ι)1 =
√

dim(Θ)1. In
addition, note that we represent W as the co-evaluation for ι; this is not a coincidence: W is part of a
standard pair, hence, as we have observed earlier in section 4.2, it is identified with the co-evaluation.

4.4 Constructing the two-dimensional Ising model CFT

The two-dimensional Ising model is the extension of A2D = V ir1/2 ⊗ V ir1/2 given by the canonical
Q-system. Let ψ and σ localized in an interval I and let O = I× I. Then, choose any three isometries
T1, Tψ, Tσ ∈ (V ir1/2 ⊗ V ir1/2)(O) satisfying

T †
i Tj = δij · 1

∑

i

TiT
†
i = 1 (4.11)

where i = 1, ψ, σ, and define:

Θ(A) = T1AT
†
1 + Tψ(ψ ⊗ ψ)(A)T †

ψ + Tσ(σ ⊗ σ)(A)T †
σ A ∈ A2D (4.12)

The intertwiners of the canonical Q-system, Qcan = (Θ,W,X), are given by proposition 4.2.7. In
particular, note that:

dQ =
√
dim(Θ) =

√
dim(1)2 + dim(ψ)2 + dim(σ)2 =

√
4 = 2

Hence we have W :=
√
2 · T1 and

X =
1√
2
(Θ(T1)T1T

†
1 +Θ(T1)TψT

†
ψ +Θ(T1)TσT

†
σ +Θ(Tψ)T1T

†
ψ +Θ(Tσ)T1T

†
σ+

+Θ(Tψ)TψT
†
1 +Θ(Tσ)TψT

†
σ +Θ(Tψ)Tσ(u⊗ u)T †

σ +
√
2 ·Θ(Tσ)Tσ(r ⊗ r)T †

1+

+
√
2 ·Θ(Tσ)Tσ(t⊗ t)T †

ψ)

Properly normalizing as prescribed in proposition 4.2.6, i.e. Wρ⊗ρ =
√
2/ dim(ρ) · Tρ, one obtains the

charged fields:
Ψψ⊗ψ = ι(W †

ψ⊗ψ)V Ψσ⊗σ = ι(W †
σ⊗σ)V

They are, respectively, the algebraic realization of the primary fields ϵ and σ of the critical Ising model.
By construction they satisfy the following intertwining relations:

Ψψ⊗ψA = (ψ ⊗ ψ)(A)Ψψ⊗ψ Ψσ⊗σA = (σ ⊗ σ)(A)Ψσ⊗σ ∀A ∈ A2D

Indeed, even though we have chosen the Ti’s as generic isometries, by writing Θ as in equation (4.12),
they become automatically intertwiners between Θ and its subrepresentations. For example:

Ψψ⊗ψA = Ψψ⊗ψι(A) = ι(W †
ψ⊗ψ)V ι(A) = ι(W †

ψ⊗ψΘ(A))V =
√
2 · ι(T †

ψΘ(A))V =

= ι((ψ ⊗ ψ)(A))
√
2 · ι(T †

ψ)V = ι((ψ ⊗ ψ)(A))Ψψ⊗ψ = (ψ ⊗ ψ)(A)Ψψ⊗ψ
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where we used the properties of equation (4.11).

We can compute the adjoint of the charged fields. Starting from Ψψ⊗ψ:

Ψ†
ψ⊗ψ = V †ι(Wψ⊗ψ) = ι(W †X†)V ι(Wψ⊗ψ) = ι(W †X†Θ(Wψ⊗ψ))V = 2 · ι(T †

1X
†Θ(Tψ))

Again, using the properties (4.11), we find:

Ψ†
ψ⊗ψ = 2 · ι(T †

1X
†Θ(Tψ)) =

2√
2
· ι( (T †

1Θ(T †
1 ) + T †

ψΘ(T †
ψ) +

√
2 · (r ⊗ r)†T †

σΘ(T †
σ)) Θ(Tψ)) =

=
√
2 · ι(T †

ψ)V = Ψψ⊗ψ

where we have first resolved T †
1X

†. We can do the same with Ψσ⊗σ:

Ψ†
σ⊗σ =

√
2 · ι(T †

1X
†Θ(Tσ)) = ι(

√
2 · (r ⊗ r)†T †

σ) =
√
2 · (r† ⊗ r†)Ψσ⊗σ

Now we can compute the fusion rules:

• Ψ2
ψ⊗ψ = ι(W †

ψ⊗ψ)V ι(W
†
ψ⊗ψ)V = 2 · ι(T †

ψΘ(T †
ψ)X)V = 2√

2
ι(T †

1 )V = ι(W †)V = 1A2D
;

• Ψψ⊗ψΨσ⊗σ =
√
2 · ι(T †

ψΘ(T †
σ)X)V = ι(T †

σ)V = Ψσ⊗σ;

• Ψσ⊗σΨψ⊗ψ =
√
2 · ι(T †

σΘ(T †
ψ)X)V = ι((u⊗ u)T †

σ)V = (u⊗ u)Ψσ⊗σ;

• Ψ2
σ⊗σ = ι(T †

σΘ(T †
σ)X)V = ι((r ⊗ r)T †

1 + (t⊗ t)T †
ψ) =

1√
2
· ((r ⊗ r) + (t⊗ t)Ψψ⊗ψ)

Hence, we recover the exact fusion rules we expect from the Ising model. Moreover, note that all
charged fields are isometries; however, as claimed earlier, we do not satisfy Ψσ⊗σΨ

†
σ⊗σ = 1 due to the

presence of the term (r† ⊗ r†) arising from the non-trivial braiding of σ.

In summary:
Ψψ⊗ψA = (ψ ⊗ ψ)(A)Ψψ⊗ψ Ψσ⊗σA = (σ ⊗ σ)(A)Ψσ⊗σ

Ψ†
ψ⊗ψ = Ψψ⊗ψ Ψ†

σ⊗σ =
√
2 · (r† ⊗ r†)Ψσ⊗σ

Ψψ⊗ψΨσ⊗σ = Ψσ⊗σ Ψσ⊗σΨψ⊗ψ = (u⊗ u)Ψσ⊗σ (4.13)

Ψ2
ψ⊗ψ = 1A2D

Ψ2
σ⊗σ =

1√
2
· ((r ⊗ r) + (t⊗ t)Ψψ⊗ψ)

Finally, we show that these operators are local. This is expected on general grounds, since the canonical
Q-system is commutative, namely ϵΘ,ΘX = X.

Let σ⊗σ be localized in a doublecone O. We can shift the localization thanks to a charge transporter
unitary Ux ∈ Hom((σ ⊗ σ)Ox , σ ⊗ σ) to a doublecone Ox centered at the point xµ ∈ M2. According
to (4.6), the associated charged field is:

Ψx
σ⊗σ ∈ B(Ox)

Now, let’s repeat the same procedure for a doublecone Oy spacelike separated with respect to O.
Omitting for simplicity the embedding ι, we have:

Ψx
σ⊗σΨ

y
σ⊗σ = UxΨσ⊗σ UyΨσ⊗σ = Uxσ ⊗ σ(Uy)Ψσ⊗σΨσ⊗σ

Where we have used the intertwining relation of Ψσ⊗σ ∈ Hom(id, σ ⊗ σ). On the other hand:

Ψy
σ⊗σΨ

x
σ⊗σ = UyΨσ⊗σ UxΨσ⊗σ = Uyσ ⊗ σ(Ux)Ψσ⊗σΨσ⊗σ

If we impose the equality of both sides we find the condition:

Ψx
σ⊗σΨ

y
σ⊗σ = Ψy

σ⊗σΨ
x
σ⊗σ ⇔ U †

xσ ⊗ σ(U †
y)Uyσ ⊗ σ(Ux)Ψσ⊗σΨσ⊗σ = Ψσ⊗σΨσ⊗σ
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The operator appearing on the left-hand side is precisely the two-dimensional DHR braiding associated
with the exchange of the two localized morphisms. Therefore the condition becomes:

ϵσ⊗σ, σ⊗σΨ2
σ⊗σ = Ψ2

σ⊗σ,

i.e. the braiding must preserve the fusion. This relation can be seen as the general condition ϵΘ,ΘX =
X specialized to the σ⊗σ endomorphism. Note that locality does not require the braiding itself to be
trivial. What is required is only that the braiding acts trivially on the specific fusion channel selected
by the multiplication X.

We now prove this condition for the braiding

ϵ+σ⊗σ, σ⊗σ = ϵσ⊗σ, σ⊗σ := ϵ+σ, σ ⊗ ϵ−σ, σ = ϵσ, σ ⊗ ϵ†σ, σ,

where ϵ+σ, σ = ϵσ, σ and ϵ−σ, σ = ϵ†σ, σ are the chiral braidings and ϵ+σ⊗σ, σ⊗σ = ϵσ⊗σ, σ⊗σ and ϵ−σ⊗σ, σ⊗σ =

ϵ†σ⊗σ, σ⊗σ are the corresponding two-dimensional versions. Using the braiding expressions (3.31), the
Cuntz relations (3.29) and the products (4.13):

ϵσ⊗σ, σ⊗σΨ2
σ⊗σ = ((rr† + itt†)⊗ (rr† − itt†))

1√
2
· ((r ⊗ r) + (t⊗ t)Ψψ⊗ψ) =

=
1√
2
[(rr† + itt†)r ⊗ (rr† − itt†)r] +

1√
2
[(rr† + itt†)t⊗ (rr† − itt†)t]Ψψ⊗ψ =

=
1√
2
· ((r ⊗ r) + (t⊗ t)Ψψ⊗ψ) = Ψ2

σ⊗σ

Therefore the spin field Ψσ⊗σ is local. The locality of Ψψ⊗ψ can be easily proved as well.
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Chapter 5

Topological defects in AQFT

Having constructed two-dimensional conformal field theories in the language of conformal nets and
Q-systems, we now turn to the algebraic description of topological defects. In the Euclidean picture,
a topological defect is represented by a line that can be freely deformed as long as it does not cross
local field insertions. In the relativistic algebraic setting, this intuitive idea must be reformulated in
terms of localization, causality and inclusions of nets. A defect is therefore described as an interface
separating two regions of spacetime, with one copy of the theory living on one side and another,
possibly equivalent, copy living on the other.

The physical meaning of the construction is the following. Away from the defect, each side behaves as
an ordinary local CFT. However, once fields are transported across the defect, their locality properties
may change. Thus the larger theory containing both sides is not expected to be fully local. Instead, it
satisfies a weaker, oriented form of locality, usually called left-locality or half-locality. This controlled
failure of locality is precisely what algebraically records the presence of the defect.

The technical tool used to implement this idea is the braided product of Q-systems. Given two
extensions of the same chiral subnet, described by Q-systems QL and QR, their braided product
produces a larger extension containing both theories. The choice of braiding fixes the exchange
relations between charged generators belonging to the two sides and imposes the correct half-locality
condition. In this sense, the braided product glues the two theories together while remembering on
which side of the defect each field is supposed to live.

A crucial point is that this construction is universal. The braided product does not describe a single
elementary defect, but rather contains all possible irreducible defect configurations compatible with
the prescribed left- and right-theories. The problem of classifying defects is therefore reduced to de-
composing this universal object. Algebraically, this is achieved by studying the center, or equivalently
the relative commutant, of the braided-product extension. Minimal central projections select the
irreducible representations of the universal extension, and hence the elementary defects.

Before applying the universal construction to concrete examples, we introduce two technical operations
on Q-systems which clarify the algebraic meaning of this decomposition. The first is the reduction of
a Q-system. Roughly speaking, this procedure allows one to extract from a given Q-system a smaller
Q-system associated with a subextension, or subtheory, of the original one. In the present context this
is precisely what is needed for the braided-product extension: since the latter describes a universal
superposition of admissible defect configurations, its irreducible components are obtained by reducing
the corresponding Q-system with respect to suitable central projections. In this way, the abstract
problem of separating elementary defects becomes the concrete algebraic problem of decomposing and
reducing a reducible Q-system.

The second operation concerns maximal local subtheories. Here the same idea of reduction is used
in a different way: starting from a possibly non-local extension, one extracts the largest local subnet
contained in it. This construction is useful for two reasons. First, it provides a more intrinsic formu-
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lation of algebraic defects, since a defect can be described through a non-local extension whose left
and right-local parts are recovered as maximal local subtheories. Second, it will play an important
role in the following chapter, where the full center of a Q-system is introduced. The full center can be
understood as a systematic way of producing local two-dimensional theories from chiral data, and its
construction is naturally expressed in terms of maximal local subtheories.

After developing these tools, we apply the universal construction to the relativistic two-dimensional
Ising model. In this example, the central decomposition of the braided product can be carried out
explicitly, and the resulting irreducible components reproduce the expected elementary topological
defects. This provides a concrete test of the algebraic formalism and prepares the comparison with
the Euclidean categorical description discussed in the next chapter.

This chapter is based on [35, 38, 57, 70, 71, 73–75].

5.1 Defects and boundary conditions

We first recall the notion of a boundary between two possibly different CFTs, and then specialize it
to the case of topological defects in the algebraic setting.

Definition 5.1.1. Consider two local CFTs in the two-dimensional Minkowski plane. A boundary is
a timelike curve x(t) such that energy conservation is satisfied along it1, i.e.:

TL01(t, x(t)) = TR01(t, x(t)) ⇒ TL+(t) + TR− (t) = TR+ (t) + TL−(t) (5.1)

where TLµν and TRµν are the energy-momentum tensors describing the CFTs on the two sides of the

boundary, and TR+ (t + x), TR− (t − x), TL+(t + x), TL−(t − x) are the respective free components in the
lightcone coordinates x± = t± x.
Moreover, we call the boundary transmissive or topological if also momentum conservation is satisfied
along the boundary:

TL11(t, x(t)) = TR11(t, x(t)) ⇒ TL+(t)− TR− (t) = TR+ (t)− TL−(t) (5.2)

Note that equations (5.1) and (5.2) can be combined into:

TL+(t) = TR+ (t) TL−(t) = TR− (t)

which clarifies why we call the boundary ”transmissive”. Note that both CFTs on the two sides of
the boundary must have equal central charge. Since we are interested in the defects of a particular
theory, we will always work with the transmissive assumption; otherwise the two theories on the two
sides would be totally different CFTs.

According to [35], we make the following observations:

1. Because the two local theories at the boundary share the same energy-momentum tensor, they
share the same unitary representation of the conformal group on the Hilbert space. So the field
operators of the theory on one side of the phase boundary can be translated to the other side by
the translation unitaries, where they will in general fail to coincide with the fields of the theory
on the other side. It is important to notice that the Hilbert space necessarily supports both
sets of fields everywhere in Minkowski spacetime, but on either side of the boundary only one of
them represents physical observables.

1Note that in this case we are interested in the conservation along a boundary and not in the local conservation.
Consider for simplicity the line x = 0: heuristically, if we integrate the conservation equation ∂νTµν = 0 in a rectangle
of width 2ϵ centered at the boundary,

∫ ϵ

−ϵ
∂0Tµ0 dx +

∫ ϵ

−ϵ
∂1Tµ1 dx = 0, then, in the absence of singular contributions

along the line x = 0, the first integral vanishes in the limit ϵ → 0 and from the second we get Tµ1(t,−ϵ) = Tµ1(t, ϵ).
This condition establish the conservation of the flux of the quantity ”µ” along the boundary. This is coherent with the
interpretation of Tµν as the flux of pµ along a surface of constant xν [76].

110



2. Apart from the transmitted chiral fields, the quantum field theories on each side may have more
chiral fields that are not transmitted, and each side may have further local fields that are not
chiral. Thus both sides are extensions of quantum field theories of the form A+ ⊗A− ⊂ BL,R.

3. The boundary will be described by some extension containing both BL and BR, which will in
general fail to be local. Since BL and BR describe respectively the theories on the left and
right sides of the boundary, we would like to have [BL(O1),BR(O2)] = 0 whenever O1 lies on
the spacelike left complement of O2. By conformal covariance, this requirement extends from
regions lying strictly on opposite sides of the timelike defect to any pair of double cones with
the same relative left–right ordering. If this ”half-locality” condition is satisfied, we shall call
this boundary a defect ;

4. The extension satisfying the previous conditions may not be irreducible. Then, in view of propo-
sition 4.1.1, we should look for a decomposition of such extension into irreducible components,
i.e. each with trivial relative commutant with respect to A+⊗A−, as this would ensure that the
extension contains the chiral algebras and, in particular, the full energy-momentum tensor: these
describe the real elementary physical configurations. In this particular context, these irreducible
extensions qualify as different defects.

This last observation will be the idea behind the universal construction studied by [35], which is the
goal of this chapter.

According to the observation 3. we define in a precise way the meaning of ”half locality”.

Definition 5.1.2. For two nets of local algebras Bi, i = 1, 2, defined on the same Hilbert space, we
say that B1 is left-local with respect to B2, if

[B1(O1),B2(O2)] = 0

whenever O1 is in the left causal complement of O2; i.e. O1 ⊂ W2,L, O′
2 = W2,L ∪ W2,R, where

W2,L,W2,R are the two wedges defined in figure 3.1. Right locality is defined in the same way.

Then we define a defect as follows:

Definition 5.1.3. [35] Consider two chiral nets A+ and A−, and let A := A+ ⊗ A−. A topological
defect between nets BL ⊃ A and BR ⊃ A is a transmissive boundary implemented by a relatively local
extension D ⊃ A of finite index, such that BL/R are intermediate extensions and D is left-local with
respect to BR and right-local with respect to BL. In particular, BL is left-local with respect to BR.
We call it a boundary condition if

D(O) = BL(O) ∨ BR(O)

holds, simple or factorial if D(O) are factors and irreducible if A ⊂ D is an irreducible extension.

First of all note that the actual location of the defect is arbitrary, and it may be any timelike curve. For
this reason it is called topological. Then, note that we specified a difference between general defects
and boundary conditions, which satisfy equation (5.1.3): the reason is that on a boundary condition
there are no extra degrees of freedom apart from the ones generated by the given local nets. In other
words, ”boundary conditions” refers to defects that do not contain any defect operator, or, using the
previously defined terminology, junction. We will be mainly interested in boundary conditions, since a
full description of general defects in this setup is still missing [74]. The recent approach to defects by
[77] also admits such extra degrees of freedom, however their treatment is restricted to the chiral case.
Nevertheless, as we are going to see, boundary conditions are interesting since they can be formulated
as algebraic relations among the charged fields from BL and BR.
In the next sections we are going to build all the machinery needed to construct the non-local extensions
implementing the defects.
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5.2 Operations with Q-systems

We now introduce the operations needed to manipulate and combine different Q-systems.

We begin with the notion of a reduced Q-system. Starting from a projection P ∈ Hom(Θ,Θ) satisfying
a suitable relation, one can construct a new Q-system describing a reduced extension. The interpre-
tation of this extension depends on the additional properties of P . In particular, we will discuss
intermediate extensions, which correspond to extensions lying between two given ones, and central
decompositions, where, given an extension A ⊂ B, the reduced Q-system describes the extension
A ⊂ EB, with E projecting onto one of the factors arising from the center of B. This decomposition
will play a central role in the classification of defects.

Intermediate extensions will also allow us to define the notion of a maximal local extension, which
provides a more elegant algebraic characterization of defects.

Finally, we introduce the braided product of Q-systems, a multiplication that combines two extensions
into a single one. Roughly speaking, the resulting extension contains the charged fields of both original
extensions, with their mutual commutation relations determined by the braiding.

5.2.1 Reduced Q-system

Consider a Q-system (Θ,W,X) and let P ∈ Hom(Θ,Θ) be a projection satisfying:

PXP = Θ(P )XP = Θ(P )PX (5.3)

Then we can construct the following Q-system:

Proposition 5.2.1. [57] Consider a Q-system (Θ,W,X) and a projection P ∈ Hom(Θ,Θ) satisfying
equation (5.3). Then the triple

ΘP (·) := S†Θ(·)S ≺ Θ

WP := dim(ΘP )
−1/4 · n1/2P S†W

XP := dim(ΘP )
1/4 ·Θ(n

−1/2
P S†) · n−1/2

P S† ·XSn1/2P

where P = SS† and nP = S†X† · PΘ(P ) · XS ∈ Hom(ΘP ,ΘP ) is a normalization intertwiner, is

a Q-system called reduced Q-system if and only if WP has the correct normalization W †
PWP =

W †X† ·Θ(P )P ·XW = dim(ΘP ).

The interesting part about reduced Q-systems is that they have a different interpretation depending on
additional properties satisfied by P. In the following, we are not going to be interested in constructing
such reduced Q-system, but rather in knowing the conditions for its existence.

First of all, we want to characterize intermediate extensions.
Let A ⊂ B1 ⊂ B be any intermediate extension with Q-system (Θ1,W1, X1). Then ι = ι2 ◦ ι1, with ι1 :
A → B1, ι2 : B1 → B, and Θ1 = ῑ1ι1 ≺ ῑι = Θ. Let P ∈ Hom(Θ,Θ) be the projection corresponding

to Θ1 ≺ Θ. This can be defined starting from a projection E2 = d−1
2 W2W

†
2 ∈ Hom(Θ2,Θ2) onto

idB1 ≺ Θ2 so that P = ῑ1(E2), which can be drawn as:

Which makes clear that P ∈ Hom(Θ,Θ) is indeed a projection onto Θ1 ≺ Θ.2

We can show that this projection satisfy the following relations:

PW =W, PXP = PΘ(P )X = Θ(P )XP (5.4)

2This can be checked also explicitly: ῑ1(E2)Θ(A) = ῑ1(E2) · ῑ1 ῑ2ι2ι1(A) = ῑ1(E2) · ῑ1Θ2ι1(A) = ῑ1(E2 · Θ2ι1(A)) =
ῑ1(Θ2ι1(A) · E2) = ῑ1(Θ2(ι1(A))) · ῑ1(E2) = Θ(A)ῑ1(E2), ∀A ∈ A.
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ι1 ι1ι2 ι2

ι1 ι1ι2 ι2

P d2
-1

I.e. it satisfies equation (5.3) and in addition PW = W . To prove the above properties we will need
the graphical representations of W and X with respect to the standard rules for generic elements of
the category, as done for representing P above. First we prove the additional property:

ι1 ι1ι2 ι2 ι1 ι1ι2 ι2

d2
-1

Where the d−1
2 factor simplified with the ι2 bubble. Now we show that also (5.3) is satisfied:

ι1 ι2 ι1ι2 ι1 ι2 ι1ι2ι1 ι2 ι1ι2 ι1 ι2 ι1ι2

ι1 ι2 ι1ι2ι1 ι2 ι1ι2ι1 ι2 ι1ι2

ι1 ι2 ι1ι2 ι1 ι2 ι1ι2

where we have simplified the overall constant d−1
2 factor and the equalities are realized exploiting the

isotopy invariance of the internal lines.

The following theorem states that also the converse is true:

Proposition 5.2.2. [57] Let Q = (Θ,W,X) be a Q-system defining the extension A ⊂ B. Let P ∈
Hom(Θ,Θ) be a projection satisfying equation (5.4), then the reduced Q-system QP = (ΘP ,WP , XP )
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of proposition 5.2.1 corresponds to the intermediate extension A ⊂ BP ⊂ B where BP = A · PV .

We can also say something about the locality of such intermediate extension:

Lemma 5.2.3. [35] B is left-local with respect to BP if and only if P satisfies:

Θ(P )X = ϵΘ,Θ · PX

B is right-local with respect to BP if and only if P satisfies the same relation with ϵΘ,Θ replaced by ϵ†Θ,Θ.

Now we focus on the other case we are interested in: central decomposition.
Suppose that the extension B ⊃ A is characterized by a non-trivial center B′ ∩ B ̸= C · 1. We
know from lemma 4.2.5 that this could be the case if dim(Hom(idA,Θ)) > 1. Then every projection
E ∈ B′∩B gives rise to an inclusion3EA ≃ A ⊂ EB. Now we want to characterize the corresponding
embeddings EA → EB in terms of the reduced Q-systems of proposition 5.2.1.

By defining the projection4 P = ῑ(E) ∈ Hom(Θ,Θ) it is easy to see that it satisfies:

XP = Θ(P )X = PX (5.5)

which trivially implies also equation (5.3).
Indeed, consider the two equations

V E = ιῑ(E)V V E = EV

the first coming from the construction of the extension A ⊂ B, in particular it is the last relation in
equation (4.2) with ι(E) = E since E ∈ B, and the second from the fact that E ∈ B′ ∩ B. Now we
apply ῑ to both sides and we get:

ῑ(V )ῑ(E) = XP = ῑιῑ(E)ῑ(V ) = Θ(P )X ῑ(V )ῑ(E) = XP = ῑ(E)ῑ(V ) = PX

Again, it turns out that also the converse is true:

Proposition 5.2.4. [57] Let Q = (Θ,W,X) be a Q-system defining the extension A ⊂ B. Let P ∈
Hom(Θ,Θ) be a projection satisfying equation (5.5), then the reduced Q-system QP = (ΘP ,WP , XP )
of proposition 5.2.1 corresponds to the extension AE ⊂ BE where E ∈ B′ ∩ B and P = ῑ(E).

5.2.2 Maximal local subtheories of non-local extensions

There are two distinguished maximal local subtheories contained in a non-local extension, namely
the subtheories of B(O) commuting with the algebras localized on the left/right causal wedges of O,
O′ = WL ∪WR.

Definition 5.2.1. Let A ⊂ B be an extension. We define:

B+
loc(O) := B(WL)

′ ∩ B(O) B−
loc(O) := B(WR)

′ ∩ B(O)

Lemma 5.2.5. [35] The following properties hold:

1. B±
loc are Poincaré covariant isotonous nets of von Neumann algebras.

2. B is left-local with respect to B+
loc and right local with respect to B−

loc

3Note that in principle the projected algebras are defined as EAE and EBE. However, since E ∈ B′ ∩ B and A ⊂ B
we get EAE = AE2 = AE; same for B. Moreover, we write A ≃ AE since the two are isomorphic [57].

4The fact that P is a projection follows directly from the fact that E is a projection. Then, note that since E ∈ B′∩B
we have EA = AE ∀A ∈ A and applying ῑ to both sides, recalling that ῑ(A) = ῑ(AW †)V = Θ(AW †)X = Θ(A), we get
PΘ(A) = Θ(A)P . Hence P ∈ Hom(Θ,Θ).
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3. The nets B±
loc are both local and intermediate between A and B:

A(O) ⊂ B±
loc(O) ⊂ B(O)

4. The nets B±
loc are the maximal intermediate nets with properties stated in 2.

Of course, as a consequence of property 4., if B is itself local, then B±
loc = B and also the other extreme,

i.e. B±
loc = A may occur.

The following result shows how B±
loc are related to the construction of intermediate extensions arising

from projections P ∈ Hom(Θ,Θ) introduced in the last section.

Definition 5.2.2. [35] The left C+[Q] and right C−[Q] centers of a Q-system Q = (Θ,W,X) are the
intermediate Q-systems associated to the intermediate extensions given by the projections:

dim(Θ)1/2 · P± :=W †X†Θ(ϵ±Θ,Θ)XX (5.6)

satisfying equation (5.4) and in addition

Θ(P+)X = ϵΘ,Θ · P+X Θ(P−)X = ϵ†Θ,Θ · P−X (5.7)

Therefore, as a consequence of lemma 5.2.3, the left (right) center C+[Q] (C−[Q]) define an inter-
mediate extension A ⊂ BP+ ⊂ B (resp. BP−) such that B is left (right) local with respect to BP+

(BP−).

Proposition 5.2.6. [57] The centers of a Q-system are maximal with respect to the property of
equation (5.7), i.e. for every other projection P satisfying the first (second) relation of equation (5.7),
one has PP+ = P (PP− = P ), i.e. P ≤ P+ (P ≤ P−).
Moreover, equation (5.7) entails ϵΘP ,ΘPXP = XP , i.e. the left and right centers of a Q-system are
commutative.

This provides us with the desired connection:

Proposition 5.2.7. The intermediate extensions associated with the left resp. right center of the
Q-system for A ⊂ B are A ⊂ B+

loc ⊂ B resp. A ⊂ B−
loc ⊂ B.

Proof. By lemma 5.2.5, B±
loc are the maximal local intermediate extensions such that B is left-local

with respect to B+
loc and right-local with respect to B−

loc. By lemma 5.2.3, the associated projections
are the maximal projections satisfying equation (5.7), but these properties characterize the center
projections.

This language allows us to rephrase the locality condition required at a boundary.

Corollary 5.2.8. An extension D of A implements a defect between BL and BR if and only if

BL ⊂ D−
loc ⊂ D ⊃ D+

loc ⊃ BR

Proof. By definition 5.2.7 we have D+/−
loc = D(WL/R)

′ ∩ D(O), hence D±
loc(O) ⊂ D(O). Then the

defining properties of a defect, namely BR/L(O) ⊂ D(O) and left/right locality of D with respect to

BR/L, are equivalent to BR/L(O) ⊂ D+/−
loc (O).

5.2.3 Braided products

In general, two extensions A ⊂ B1 and A ⊂ B2 with charged fields Ψ1,ρ (ρ ≺ Θ1) and Ψ2,ρ (ρ ≺ Θ2)
are defined on different Hilbert spaces, that are both DHR representations of the underlying algebra
A. However, if we want to construct an extension D implementing a defect, we need to be able to
combine B1 and B2 in a single extension, which contains both as intermediate extensions.
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Proposition 5.2.9. Let Q1 = (Θ1,W1, X1) and Q2 = (Θ2,W2, X2) be two Q-systems. Then the
triples

(Θ1,W1, X1)×± (Θ2,W2, X2) := (Θ = Θ1Θ2, W =W1W2, X
± = Θ1(ϵ

±
Θ1,Θ2

)X1Θ1(X2))

define a pair of Q-systems denoted Q1 ×± Q2. We call them braided product of Q-systems, and
denote the corresponding braided product extensions by A ⊂ B1 ×± B2 =: D±. Both product Q-
systems Q1 ×± Q2 contain Q1 and Q2 as intermediate Q-systems, hence D± contains B1 and B2 as
intermediate extensions:

D± ⊃ B1 ⊃ A ⊂ B2 ⊂ D±

Moreover, D± can be characterized as the quotient of the free product of the algebras B1 and B2 by the
relations ι1(A) = ι2(A) and the commutation relations

V2V1 = ϵ±Θ1,Θ2
· V1V2 (5.8)

Proof. We sketch the proof: the defining relations of Q-system for Q1 ×± Q2 can be shown by direct
computation using the valid relations for both Q1 and Q2. We give an example5: we prove that
W †X± = 1D± :

W †X± =W †
2W

†
1Θ1(ϵ

±
Θ1,Θ2

)X1Θ1(X2) =W †
2 ϵ

±
Θ1,Θ2

W †
1X1Θ1(X2) =W †

2 ϵ
±
Θ1,Θ2

Θ1(X2)

where we used the fact that W †
1 ∈ Hom(Θ1, idB1). Now we use the compatibility of braiding with

morphism of (3.23) (or equivalently equation (3.13) with σ1 = ρ1 = Θ1, σ2 = id, ρ2 = Θ2, T1 = 1 and

T2 =W †
2 ) to get W †

2 ϵ
±
Θ1,Θ2

= Θ1(W
†
2 ), so that Θ1(W

†
2 )Θ1(X2) = Θ1(W

†
2X2) = 1D± .

It is easier to check these relations by using the graphical language we have developed. For example,
by writing X+ as

ΘΘ
1 2 21

21

ΘΘ

ΘΘ

the above relation can be easily proven (for Q1 ×+ Q2) as follows:

21

21

ΘΘ

ΘΘ

21

21

ΘΘ

ΘΘ

21

21

ΘΘ

ΘΘ

where we have used the properties of definitions 4.3.1 and 4.3.2 and we have used two colors to
distinguish Θ1 from Θ2.
Then the projections P1 = d−1

2 Θ1(W2W
†
2 ) ∈ Hom(Θ,Θ) and P2 = d−1

1 (W1W
†
1 ) ∈ Hom(Θ,Θ) satisfy

equation (5.4), hence by proposition 5.2.2 they define intermediate extensions. For example we can
show explicitly that P1,2W =W :

P1W = d−1
2 Θ1(W2W

†
2 )W1W2 = d−1

2 W1W2W
†
2W2 =W1W2

5In the following we are going to suppress the inclusions ι to enhance readability.
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P2W = d−1
1 W1W

†
1W1W2 =W1W2

Since P1 and P2 project respectively to Θ1 and Θ2, we conclude that Q1 and Q2 are intermediate
with respect to Q1 ×± Q2. Hence B1 and B2 are intermediate extensions with V1 = Θ1(W

†
2 )V

± and

V2 =W †
1V

±. Conversely:

V1V2 = Θ1(W
†
2 )V

±W †
1V

± = Θ1(W
†
2 )Θ(W †

1 )V
±V ± =

= Θ1(W
†
2 )Θ1Θ2(W

†
1 )X

±V ± = Θ1(W
†
2 )Θ1Θ2(W

†
1 )Θ1(ϵ

±
Θ1,Θ2

)X1Θ1(X2)V
± =

= Θ1(W
†
2Θ2(W

†
1 )ϵ

±
Θ1,Θ2

)X1Θ1(X2)V
± = Θ1(W

†
1W

†
2 ϵ

±
Θ1,Θ2

)X1Θ1(X2)V
± =

= Θ1(W
†
1Θ1(W

†
2 ))X1Θ1(X2)V

± = Θ1(W
†
1 )Θ1Θ1(W

†
2 )X1Θ1(X2)V

± =

= Θ1(W
†
1 )X1Θ1(W

†
2 )Θ1(X2)V

± = V ±

Hence D± is generated by A together with V1 and V2. Then the product V2V1 is given by:

V2V1 =W †
1V

±Θ1(W
†
2 )V

± =W †
1Θ1Θ2Θ1(W

†
2 )V

±V ± = Θ2Θ1(W
†
2 )W

†
1X

±V ± =

= Θ2Θ1(W
†
2 )W

†
1Θ1(ϵ

±
Θ1,Θ2

)X1Θ1(X2)V
± = Θ2Θ1(W

†
2 )ϵ

±
Θ1,Θ2

W †
1X1Θ1(X2)V

± =

= Θ2Θ1(W
†
2 )ϵ

±
Θ1,Θ2

Θ1(X2)V
± = ϵ±Θ1,Θ2

Θ1Θ2(W
†
2 )Θ1(X2)V

± =

= ϵ±Θ1,Θ2
V ± = ϵ±Θ1,Θ2

V1V2

It is easy to see that equation (5.8), written in terms of the charged fields

Ψ1,ρ =W †
1,ρV1 Ψ2,σ =W †

2,σV2 ,

reads:
Ψ2,σΨ1,ρ = ϵ±ρ,σ ·Ψ1,ρΨ2,σ (5.9)

Indeed:

W1,ρ
†

W1,ρ
†

W1,ρ
† W2,σ

†

W2,σ
†

W2,σ

2,σ

V1V2

†

V1 V2 V1 V2

ψ
1,ρ
ψ

ρσ ρσ ρσ

where in the figure we have chosen the positive braiding.

The following result is a natural consequence of the last proposition:

Proposition 5.2.10. [35] Within D+ = B1 ×+ B2, B1 is right-local w.r.t. B2, whereas within
D− = B1 ×− B2, B1 is left-local w.r.t. B2. Every irreducible extension containing both B1 and B2

as intermediate extensions such that B1 is right-local (left-local) w.r.t. B2, is a quotient of D+ (D−).

The braided product Q1 ×± Q2 of two irreducible Q-systems (i.e. such that dimHom(id,Θi) = 1,
i = 1, 2) will in general fail to be irreducible, because dimHom(id,Θ1Θ2) = dimHom(Θ1,Θ2) > 1, as
explained in the end of section 4.2.6

6The isomorphism Hom(id,Θ1Θ2) ≃ Hom(Θ1,Θ2) comes from the Frobenius reciprocity relations valid for standard
pairs, together with the fact that, by definition, the dual canonical endomorphism Θ = ῑ ◦ ι is self-conjugate.
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Proposition 5.2.11. The relative commutant A′∩D± of the braided product extension D± is spanned
by all operators of the form (Ψn

1,ρ)
†Ψm

2,ρ, where ρ ≺ Θ1, ρ ≺ Θ2, and n = 1, ..., dimHom(ρ,Θ1),
m = 1, ..., dimHom(ρ,Θ2). If both the Q-systems Q1 and Q2 are commutative (hence the corresponding
extensions Bi, i = 1, 2, are local), then the relative commutant coincides with the center:

A′ ∩ D = D±′ ∩ D±

Proof. In lemma 4.2.5, we have characterized the relative commutant by the elements ι(H)V with
H ∈ Hom(Θ, id), where Θ = Θ1Θ2 for a product Q-systems. By Frobenius reciprocity, we have

Hom(Θ1Θ2, id) = R†
1Θ1(Hom(Θ2,Θ1)) where R1 := X1W1 ∈ Hom(id,Θ1Θ1). A basis of Hom(Θ2,Θ1)

is given by W1,ρW
†
2,ρ with Wi,ρ ∈ Hom(ρ,Θi), i = 1, 2. Define the corresponding charged fields as

Ψ1,ρ =W †
1,ρΘ1(W2)

†V ± Ψ2,ρ =W †
1Θ1(W2,ρ)

†V ±

where we have suppressed the symbols ι for simplicity. Then

Ψ†
1,ρΨ2,ρ = (V ±)†Θ1(W2)W1,ρW

†
1Θ1(W

†
2,ρ)V

± =W †(X±)†V ±Θ1(W2)W1,ρW
†
1Θ1(W

†
2,ρ)V

± =

= R†Θ(Θ1(W2)W1,ρW
†
1Θ1(W

†
2,ρ))V

±V ± = R†Θ(Θ1(W2)W1,ρW
†
1Θ1(W

†
2,ρ))X

±V ±

where R := X±W ∈ Hom(id,Θ).

We want to show that this equals HV ± where H := R†
1Θ1(W1,ρW

†
2,ρ). Since the algebraic compu-

tation of this equality is quite involved, we use the graphical calculus to prove it7. Starting from
R†Θ(Θ1(W2)W1,ρW

†
1Θ1(W

†
2,ρ))X

± we have:

21

ΘΘ
21

ΘΘ
21

ΘΘ

W1,ρW2,ρ
†

W1,ρW2,ρ
†

W1,ρW2,ρ
†

where on the right-hand side we have exactly the diagram representing R†
1Θ1(W1,ρW

†
2,ρ) =: H.

Hence:
Ψ†

1,ρΨ2,ρ = R†Θ(Θ1(W2)W1,ρW
†
1Θ1(W

†
2,ρ))X

±V ± = HV ±

Since H ∈ Hom(Θ1Θ2, id) arises by Frobenius reciprocity from a basis W1,ρW
†
2,ρ of Hom(Θ1,Θ2), the

operators Ψ†
1,ρΨ2,ρ form a basis of Hom(Θ1Θ2, id)V

± = A′ ∩ D±.

In lemma 4.2.5, we have characterized the center by H ∈ Hom(Θ, id) satisfying the supplementary
relation (4.5). For H ∈ Hom(Θ1Θ2, id) one computes:

HX± = Θ1(H)ϵ∓Θ1,Θ1
X1Θ1(X2) = Θ1(H)X1Θ1(X2) = Θ1(H)X1Θ1(ϵ

∓
Θ2,Θ2

X2) = Θ1Θ2(H)X±

(5.10)

7All the graphical computations in this proof are referred to D+. The generalization to D− is trivial.

118



where we have used the hypothesis of both Q-systems being commutative (i.e. ϵ±Θi,ΘiXi = Xi, i = 1, 2).
The first and last equalities are easily proved with graphical calculus; in particular, the complete
equation (5.10) is represented as follows:

21

ΘΘ

21

Θ
2

ΘΘ
1

Θ
2

Θ
1

Θ

21

ΘΘ
21

ΘΘ
21

ΘΘ
21

ΘΘ

H H H H H

21

ΘΘ
2

Θ
1

Θ

Thus the supplementary condition of equation (4.5) for the product Q-system is satisfied by every
H ∈ Hom(Θ, id).

Since the combination R := XW ∈ Hom(id,Θ2) we have defined in the last proof will come back
several times, we give a precise graphical interpretation of it:

R

Θ ι ι ι ι ι ι ι ιΘ Θ Θ

Thanks to the auto-duality of Θ, R and R†, which are normalized as R†R = dim(ι)2 = dim(Θ), can
be seen as a standard pair for Θ , and so they can be identified with the evaluation/co-evaluation
morphisms associated to Θ. However, we are not going to draw the arrows, as in principle, if we didn’t
invoke the auto-duality of Θ, we would just have R ∈ Hom(id,ΘΘ).

5.3 The universal construction

Consider a boundary between two local CFTs described by extensions A := A+ ⊗ A− ⊂ BL and
A = A+ ⊗A− ⊂ BR, where A+, A− are the chiral nets, by a pair of Q-systems QL = (ΘL,WL, XL)
and QR = (ΘR,WR, XR) 8.
Consider the braided product of the two Q-systems:

QL ×± QR = (Θ = ΘLΘR, W =WLWR, X± = ΘL(ϵ±
ΘL,ΘR

)XLΘL(XR))

and the corresponding extensions A ⊂ D±. As a consequence of proposition 5.2.9 we have

D± ⊃ BL ⊃ A ⊂ BR ⊂ D±

and the nets D± are generated by A and two sets of charged fields

ΨL
σ⊗ρ (σ ⊗ ρ ≺ ΘL) ΨR

σ′⊗ρ′ (σ′ ⊗ ρ′ ≺ ΘR)

suppressing possible multiplicity indices. The braided product Q-system determines their commutation
relations among each other as in equation (5.9):

ΨR
σ′⊗ρ′Ψ

L
σ⊗ρ = ϵ±σ⊗ρ,σ′⊗ρ′Ψ

L
σ⊗ρΨ

R
σ′⊗ρ′ (5.11)

8The subscript ”2D” on the local algebras is understood, since we are interested in two-dimensional theories. However,
the results of this section are valid also for chiral theories where a boundary is just a point [35]. In the next chapter, our
results will be based on more specific hypotheses.
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Now recall that by equation (3.12), ϵ−σ⊗ρ,σ′⊗ρ′ = 1 whenever σ ⊗ ρ is localized to the spacelike left of

σ′⊗ ρ′. Thus, the choice of ϵ− ensures that BL is left-local with respect to BR. Therefore, we consider
the product

QL ×− QR

and the extension D := D−. We are ready to state the main theorem from [35]:

Theorem 5.3.1 (”Universal construction”). The extension D of A defined by the Q-system QL×−QR

implements a boundary condition. It is universal in the sense that every irreducible boundary condition
appears as a representation of D.

Proof. By proposition 5.2.9, D is generated by BL and BR, and by proposition 5.2.10, BL is left-local
with respect to BR. Hence, According to corollary 5.2.8, D implements a defect.
The universal property follows because apart from the identification of the subalgebras A ⊂ BL and
A ⊂ BR, the commutation relation equation (5.8), i.e., left locality, is the only additional relation
among the generators of D imposed by the product Q-system.

By proposition 5.2.11, the extension A ⊂ D is not in general irreducible and since both BL and BR
are assumed to be local, the relative commutant A′ ∩D coincides with the center D′ ∩D. The central
decomposition gives irreducible representations of D, restricting to representations of both BL and BR
on a common Hilbert space.
Let

ΘL =
⊕

ρ

ZLρ · ρ ΘR =
⊕

ρ

ZRρ · ρ

where each ρ is of the form ρ+ ⊗ ρ−. By proposition 5.2.11, the dimension of the center is

dimHom(ΘL,ΘR) =
∑

ρ

ZLρ · ZRρ = Tr[(ZL)TZR] (5.12)

and there are as many irreducible representations, implementing different boundary conditions.

Lemma 5.3.2. Each minimal projection E ∈ D′∩D defines an irreducible extension A ≃ AE ⊂ DE.
In particular, the representation DE contains a unique vacuum vector.

Proof. Every Q-system contains the identity at least with multiplicity one. By proposition 5.2.11, the
number of minimal central projections is equal to the dimension of the relative commutant A′ ∩ D,
which in turn is equal to the multiplicity of the identity in Θ = ΘRΘL. Since Θ decomposes as the
direct sum of the projected endomorphisms ΘE , it follows that dimHom(id,ΘE) = 1 for each minimal
projection E.9 Therefore, the extension AE ⊂ DE is irreducible, and the vacuum representation of
A is contained exactly with multiplicity one.

Combining these results with the universal construction we get:

Corollary 5.3.3. The minimal central projections of the braided product between two local QFTs
classify the irreducible boundary conditions.

Note that this result remains valid even when BL and BR describe two different CFTs. In that case, the
corresponding boundary conditions represent interfaces between the two theories, often referred to in
the literature as phase boundaries [35]. Although our main interest lies in defects within a single CFT,
we will retain the labels L/R on BL/R to emphasize that the two theories are embedded differently
into D. This distinction is in fact crucial: in the Ising model, we will see that the duality defect can be
detected precisely because the theories on the two sides are allowed to be distinct, though isomorphic.
Indeed, as discussed in section 2.5, the defect N relates the Ising model to its Z2-orbifold theory.

9From the central decomposition we have 1D =
∑

a Ea. The projections Pa = ῑ(Ea) ∈ Hom(Θ,Θ) which are used to
construct the reduced Q-system, as show in section 5.2.1, satisfy

∑

a Pa = 1A and PaPb = PbPa = δab. For this reason
Θ decomposes as Θ ≃

⊕

aΘEa . Therefore dimHom(id,Θ) =
∑

a dimHom(id,ΘEa).
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Before proceeding with the general strategy needed to compute boundary conditions, we want to note
that the number of defects predicted within this framework coincide with the expected one. Indeed,
the number of operators commuting with the energy-momentum tensor predicted by equation (2.16)
agrees with the dimension of the center of equation (5.12), assuming that we have the same theory on
both sides of the defect.

5.3.1 Computation of the boundary conditions

From proposition 5.2.11 we know that a basis for the center is given by

Bρ = (ΨL
ρ )

†ΨR
ρ

where ρ ≺ ΘL and ρ ≺ ΘR. In an irreducible representation, they are multiples of 1, thus, every
representation comes with a characteristic set of relations between the charged fields ΨL

ρ and ΨR
ρ ,

corresponding to the boundary conditions. In presence of multiplicities for the charged fields we get
a complex matrix of boundary conditions, πa(B

ij
ρ ) = πa((Ψ

i,L
ρ )†Ψj,R

ρ ); this matrix can be interpreted
as a measure of the overlapping of the two embedded spaces of left and right charged fields10.

We now need to determine the values of the central operators Bρ in each representation. To do so,

we need to know the minimal central projections {Ea}dim(D′∩D)
a=1 of D. Then we will be able to expand

the Bρ as

Bρ =
∑

a

πa(Bρ) · Ea (5.13)

where πa(Bρ) ∈ C and πa(Eb) = δa,b 1.

To accomplish this task, we should reformulate the problem, since working directly within the center
D′ ∩ D can be rather difficult, involving the non-trivial commutation relations of charged fields.

We introduce a linear bijection [35]:

χ : Hom(ΘR,ΘL) → D′ ∩ D, T 7→ ι(RL†ΘL(T )) · V
Then one has the following:

Proposition 5.3.4. The above bijection satisfies

χ(T1) · χ(T2) = χ(T1 ∗ T2) (5.14)

where the associative *-product in Hom(ΘR,ΘL) is defined as

T1 ∗ T2 := XL† ·ΘL(T1)T2 ·XR = XL† · T2ΘR(T1) ·XR

Proof. We can represent graphically the χ and ∗-products respectively as:

V

L

L

R

R

T

T2 T1

Θ Θ

Θ

Θ

10In general, this relation is not invertible, i.e. we cannot express one field as a linear combination of the others; in
this case the boundary condition is just a sesquilinear relation between the charged fields on both sides. See appendix C
for more details.
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and prove equation (5.14) starting from χ(T1) · χ(T2):

Θ

Θ

Θ

Θ Θ Θ

T2T1

V

L R

Θ Θ

V

T1 T2

T2T1

V

Θ Θ Θ

Θ Θ Θ

Where we have used the Frobenius property combined with the unit property of Q-systems within the
part encircled by the dotted line11. The last equality is non-trivial and involves the following moves:

T1 T2V T1 T2V T1 T2V T1 T2V

Where we have passed the braiding between ΘL and ΘR over T1, denoted the morphism to which
lines are attached on the bottom and we have used the associativity of the product together with the
commutativity of the Q-system.
The ∗-product is also commutative, because the Q-systems QL and QR are commutative:

V

L R

Θ Θ

T1 T2

V

L R

Θ Θ

T2 T1

V

L R

Θ Θ

T2 T1

The unit is given by WLWR†:
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V

L R

T

Θ Θ

V

L R

Θ Θ

T

T

V

Proposition 5.3.5. The above bijection satisfies

χ(T )† = χ(F (T †)) (5.15)

where
F : Hom(ΘL,ΘR) → Hom(ΘR,ΘL), T † 7→ RR†ΘR(T †RL) = ΘL(RR†T †)RL

is called Frobenius conjugation

Proof. We can represent the Frobenius conjugation as:

T

L

Θ
L

Θ

R

Θ
R

Θ

T† †

Thus equation (5.15) is proved as follows:

V

T†

†

†

V

T

†

V

T

†

V

T

Where we have used V † =W †X†V = R†V and the commutativity of the left Q-system.

11The top-right theta appearing in the Frobenius property is composed with W †. Thus we have represented that part
of the diagram with a ”cap” as we do for R† = W †X† and applied the Frobenius property to that diagram. On the
right-hand-side of the Frobenius property, the top-right leg ends again in the identity through W †; therefore we have
used the unit property to remove it.
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Now let ΨL
ρ = WL†

ρ ΘL(WR†)V and ΨR
ρ = WR†

ρ WLV as in the previous section. For simplicity, we
suppress possible multiplicity indices if these spaces are more than one-dimensional, and assume the
charged field operators to be isometries, i.e. W Y †

ρ W Y
ρ = dY / dim(ρ), Y = L,R, in accordance with

proposition 4.2.6, where dY =
√

dim(ΘY ).

By Frobenius reciprocity Hom(ρ,ΘY ) ≃ Hom(ρ̄,ΘY ) so that we do not need to define an independent

intertwiner Wρ̄. Instead, we set W Y
ρ̄ := R†

ρρ̄(W
Y †
ρ RY ) = ΘY (R̃†

ρW
Y †
ρ )RY ∈ Hom(ρ̄,ΘY ) with the

same normalization, where R̃†
ρ ∈ Hom(ρρ̄, id) and R†

ρ ∈ Hom(ρ̄ρ, id) are part of a standard pair for
ρ and ρ̄. This is represented as the snake diagrams (2.24) used to define dual morphisms in a fusion
category12. Then ΨY

ρ̄ and BY
ρ̄ are the corresponding central operators.

The following proposition gives the algebraic relations among Bρ in terms of the pair of Q-systems
QL , QR.

Proposition 5.3.6. The algebraic relations of the center D′ ∩ D of the braided product of two local
extensions (corresponding to two commutative Q-systems) are

B†
ρ = Bρ̄, Bρ ·Bσ =

∑

τ≺ρσ
f τρσ ·Bτ

where

f τρσ = f τσ,ρ =
dim(τ)2

dLdR
·WL†

τ · ((WL
ρ W

R†
ρ ) ∗ ((WL

σW
R†
σ )) ·WR

τ

The expressions given for f τρσ are self-intertwiners ∈ Hom(τ, τ), hence multiples of 1.

Proof. We give just the idea of the proof. The first relation follows from F (WR
ρ W

L†
ρ ) = WL

ρ̄ W
R†
ρ̄

thanks to equation (5.15). The second relation is just the expansion of (WL
ρ W

R†
ρ ) ∗ ((WL

σW
R†
σ ) in

terms of WL
τ W

R†
τ , with the appropriate normalization and by using equation (5.14).

Knowing the algebra of the Bρ’s, one can compute their decomposition into central projections. In
particular now the task is to find Ia = χ−1(Ea), which are the minimal projections in Hom(ΘR,ΘL)
with respect to the *-product, and expand χ−1(Bρ) in terms of Ia, i.e.

WL
ρ W

R†
ρ =

∑

a

πa(Bρ) · Ia (5.16)

which is just the image of equation (5.13) under χ−1.
To do so, one in principle has to impose three conditions:

self-adjointness: I†a = F (Ia)

idempotency: Ia ∗ Ia′ = δa,a′ · Ia (5.17)

completeness:
∑

a

Ia =WLWR†

Minimality is then automatically ensured if the number of Ia exhausts the dimension of the center
dim(D′∩D) = dimHom(ΘR,ΘL) = Tr[(ZL)TZR] [35]. This is not an easy calculation to do in general,
but it simplifies considerably for diagonal theories.

Proposition 5.3.7. For two-dimensional theories, if A+ = A− is completely rational and both Q-
systems QL and QR equal the canonical Q-system in the category CDHR(A)⊠CDHR(A)opp, each sector
is of the form ρ⊗ ρ̄, there are no multiplicities, and the coefficients f τρσ simplify drastically:

f τ⊗τ̄ρ⊗ρ̄ σ⊗σ̄ =
dim(τ)

dim(ρ) dim(σ)
·N τ

σρ

12I.e. its diagram coincide with the graphical representation of the Frobenius conjugation, but with ρ as bottom line,
ΘY as top line and WY †

ρ as intertwiner.
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Proof. Recall that in the two-dimensional case we have W Y †
ρ⊗ρ̄W

Y
ρ⊗ρ̄ = dY / dim(ρ⊗ ρ̄) = dY / dim(ρ)2,

Y = L,R. In particular, recall that for the canonical Q-system we have W Y
ρ⊗ρ̄ =

√
dY

dim(ρ)T
Y
ρ where

T Yρ ∈ Hom(ρ⊗ ρ̄,ΘY ) is an isometry.

Now consider the definition of f τ⊗τ̄ρ⊗ρ̄ σ⊗σ̄:

f τ⊗τ̄ρ⊗ρ̄ σ⊗σ̄ =
dim(τ ⊗ τ̄)2

dLdR
·WL†

τ⊗τ̄ · ((WL
ρ⊗ρ̄W

R†
ρ⊗ρ̄) ∗ ((WL

σ⊗σ̄W
R†
σ⊗σ̄)) ·WR

τ⊗τ̄ =

=
dim(τ)4

dLdR
·WL†

τ⊗τ̄ ·XL† ·WL
σ⊗σ̄W

R†
σ⊗σ̄Θ

R(WL
ρ⊗ρ̄W

R†
ρ⊗ρ̄) ·XR ·WR

τ⊗τ̄

Now it is easy to realize graphically that WR†
σ⊗σ̄ and ΘR(WL

ρ⊗ρ̄) commute, so that we can bring all the
things labeled as R to the right. Then we can focus on that part, that is:

WR†
σ⊗σ̄Θ

R(WR†
ρ⊗ρ̄) ·XR ·WR

τ⊗τ̄

The other half is resolved in the same way.
Now we use the definition of X for the canonical Q-system:

WR†
σ⊗σ̄Θ

R(WR†
ρ⊗ρ̄)


d−1/2

R

∑

ρ′,σ′,τ ′

(
dρ′dσ′

dτ ′
)1/2 Θ(Tσ′)Tρ′ · (

∑

a

ta ⊗ tā) · T †
τ ′


WR

τ⊗τ̄

Using the W Y
ρ⊗ρ̄ =

√
dY

dim(ρ)T
Y
ρ we get:

d
−1/2
R (

dρdσ
dτ

)1/2
√
dR
dρ

√
dR
dσ

(
∑

a

ta ⊗ tā)

√
dR
dτ

=
dR
dτ

1√
dτdρdσ

(
∑

a

ta ⊗ tā)

Recall now that ta ∈ Hom(τ, ρσ) are isometries, so that when we combine the two parts we get:

f τ⊗τ̄ρ⊗ρ̄ σ⊗σ̄ =
dim(τ)4

dLdR
· dL dR

d2τ

1

dτdρdσ
(
∑

b

tb ⊗ tb̄)
†(
∑

a

ta ⊗ tā) =
dim(τ)

dim(ρ) dim(σ)
·N τ

σρ

Corollary 5.3.8. Under the hypothesis of the last proposition:

πσ(Ψ
L†
ρ⊗ρ̄Ψ

R
ρ⊗ρ̄) =

Sρ,σ S0,0
Sρ,0 S0,σ

(5.18)

Proof. From the last proposition together with the algebra for the central operators, we see that
dim(ρ)Bρ represent the fusion rules. This implies that the various irreducible representations are
labelled by the irreducible chiral sectors σ ∈ CDHR(A), and the equation

πσ(Bρ) dim(ρ) · πσ(Bγ) dim(γ) =
∑

τ≺ργ
N τ
ργ · πσ(Bτ ) dim(τ)

has the above solution.

Note that for diagonal theories charged fields do not have multiplicities: for this reason the ”angles”
or ”overlapping values” πσ(Bρ) between the charged fields defined on the two sides of the defect can
be either zero or a generic scalar number. Then recalling that charged fields are normalized to be
isometries, when πσ(Bρ) is a phase, we can invert the above relation to get:

ΨR
ρ⊗ρ̄ = πσ(Bρ⊗ρ̄) ·ΨL

ρ⊗ρ̄ =
Sρ,σ S0,0
Sρ,0 S0,σ

·ΨL
ρ⊗ρ̄
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When πσ(Bρ) is not a phase, the above equation is no longer valid, as the isometry condition for
ΨR
ρ⊗ρ̄ would not be satisfied. In particular, when πσ(Bρ) = 0, the two fields ΨR

ρ⊗ρ̄ and ΨL
ρ⊗ρ̄ have zero

overlap, i.e. are independent.

Moreover, recalling equations (2.13) and (2.14) from chapter 2, we can rewrite equation (5.18) as:

πσ(Ψ
L†
ρ⊗ρ̄Ψ

R
ρ⊗ρ̄) =

Sρ,σ S0,0
Sρ,0 S0,σ

=
Sρ,σ/Sρ,0
S0,σ/S0,0

=
⟨Ψρ⊗ρ̄|L̂σ|Ψρ⊗ρ̄⟩

⟨Lσ⟩
(5.19)

where L̂σ denotes the operator associated to the defect labeled by σ and describing its local action,
and |Ψρ⊗ρ̄⟩ is the primary state built acting on the vacuum with the primary operator generating
the sector labeled by ρ. Now it is clear that we have found exactly the first term of equation (2.11),
describing what happens when a defect is moved past a local operator!

It is not a surprise that the other terms are missing: as we have said, we are restricting our attention
to boundary conditions, that are extensions of the type:

D(O) = BL(O) ∨ BR(O)

i.e. without additional degrees of freedom. Since the other terms in (2.11) involve junctions lying on
our defect, these cannot appear in our treatment.

Finally note that the numerator of (5.19) is exactly the eigenvalue expected for the action of a Verlinde
line on a local operator, found in the euclidean context in equation (2.13).

5.4 Defects of the relativistic 2D Ising model CFT

In the Ising model, both Q-systems are canonical and the extension D is generated by A = V ir1/2 ⊗
V ir1/2 and the charged fields ΨY

ψ⊗ψ and ΨY
σ⊗σ, Y = L,R. Furthermore, equation (5.11) for QLcan ×−

QRcan, together with the chiral braidings of equation (3.31), gives us the following commutation rela-
tions:

ΨR
ψ⊗ψΨ

L
ψ⊗ψ = ΨL

ψ⊗ψΨ
R
ψ⊗ψ ΨR

ψ⊗ψΨ
L
σ⊗σ = (u⊗ u)ΨL

σ⊗σΨ
R
ψ⊗ψ

ΨR
σ⊗σΨ

L
ψ⊗ψ = (u⊗ u)ΨL

ψ⊗ψΨ
R
σ⊗σ ΨR

σ⊗σΨ
L
σ⊗σ = ((rr† − itt†)⊗ ((rr† + itt†)))ΨL

σ⊗σΨ
R
σ⊗σ (5.20)

The center of D is spanned by:

B1⊗1 = 1 Bψ⊗ψ = ΨL†
ψ⊗ψΨ

R
ψ⊗ψ Bσ⊗σ = ΨL†

σ⊗σΨ
R
σ⊗σ

To compute the minimal central projections, the hardest part would be to compute the coefficients
f τρσ. For the Ising model, being a diagonal model, these coefficients are known from proposition 5.3.7.
Then, since in this case the algebra of the Bρ’s is rather simple, the minimal central projections can
be computed directly using proposition 5.3.6.

Consider the algebra of the central elements:

B2
ψ⊗ψ = 1 Bψ⊗ψBσ⊗σ = Bσ⊗σ = Bσ⊗σBψ⊗ψ B2

σ⊗σ =
1

2
(1+Bψ⊗ψ)

First note that, since B2
ψ⊗ψ = 1, the operator Bψ⊗ψ has two eigenvalues (possibly with multiplicities)

λ = ±1. The associated projectors are

P± =
1±Bψ⊗ψ

2

Instead, from B2
σ⊗σ = 1

2(1 + Bψ⊗ψ) we see that Bσ⊗σ has three eigenvalues: λ = 0,±1. The zero
eigenvalue is associated to P−, whereas the remaining two must be proportional to 1±Bσ⊗σ. However,
these two combinations are mutually orthogonal, but they are not with respect to P−. We can then use
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the fact that P−P+ = 0 together with the fact that when Bψ⊗ψ is restricted to the λ = +1 eigenspace,
P+ = 1, so that the three combinations

E1 =
1

2
(1+Bψ⊗ψ)

1

2
(1+Bσ⊗σ) E2 =

1

2
(1+Bψ⊗ψ)

1

2
(1−Bσ⊗σ) E3 =

1−Bψ⊗ψ
2

are orthogonal. In particular note that E1E3 = 0 = E2E3 thanks to the fact that Bσ⊗σ and Bψ⊗ψ
commute. Since in this model all chiral sectors are self-conjugate, we also satisfy E†

i = Ei, i = 1, 2, 3.
Finally, we can check the completeness relation:

E1 + E2 + E3 =
1

4
(1+ 2Bσ⊗σ +Bψ⊗ψ) +

1

4
(1− 2Bσ⊗σ +Bψ⊗ψ) +

1−Bψ⊗ψ
2

= 1

Hence Ei, i = 1, 2, 3, are the three minimal central projections.

According to equation (5.13), we expand the central elements Bρ in terms of the minimal projections
and find their values in each irreducible representation.

B1⊗1 = E1 + E2 + E3 Bψ⊗ψ = E1 + E2 − E3 Bσ⊗σ = E1 − E2

Hence we have found:

π1(B1⊗1) = 1 π1(Bψ⊗ψ) = 1 π1(Bσ⊗σ) = 1

π2(B1⊗1) = 1 π2(Bψ⊗ψ) = 1 π2(Bσ⊗σ) = −1

π3(B1⊗1) = 1 π3(Bψ⊗ψ) = −1 π3(Bσ⊗σ) = 0

It is easy to see that these values agree with the general formula given in corollary 5.3.8.
We can translate the above values into the following relations between charged fields:

1. Trivial defect I: ΨR
ψ⊗ψ = ΨL

ψ⊗ψ, Ψ
R
σ⊗σ = ΨL

σ⊗σ

2. Z2 defect η: ΨR
ψ⊗ψ = ΨL

ψ⊗ψ, Ψ
R
σ⊗σ = −ΨL

σ⊗σ

3. Duality defect N : ΨR
ψ⊗ψ = −ΨL

ψ⊗ψ,

Note that for the duality defect we have just a condition on Ψψ⊗ψ. This is not a surprise: in our
description we cannot have junctions along the defect, hence when we move the duality defect through
Ψσ⊗σ we identify only the first term of the resulting sum of equation (2.11). In this case that term
is just 0. Nevertheless we still detect the duality defect through its action on Ψψ⊗ψ. Furthermore,
the fact that we don’t have any compatibility condition between ΨL

σ⊗σ and ΨR
σ⊗σ means that the two

fields are independent. Since the two theories on the two sides of the defects may not be identical,
but also isomorphic, we conclude that one of these two fields must be interpreted as the spin field σ
while the other as the disorder field µ. In other words, on one side we have the Ising CFT and on the
other the Ising/Z2 orbifold theory. This should not surprise since N is the duality defect that allows
for the identification of these two, as seen in section 2.5.

To make this identification more explicit we can consider the fermionic extension of the Ising model,
obtained by introducing the two operators:

ψ+ :=
√
−i ·ΨL†

σ⊗σ(u⊗ 1)ΨR
σ⊗σ ψ− :=

√
i ·ΨL†

σ⊗σ(1⊗ u)ΨR
σ⊗σ

Indeed, they satisfy the following relations13:

ψ†
± = ψ± ψ2

± =
1

2
(1−ΨL

ψ⊗ψΨ
R
ψ⊗ψ) ψ+ψ− = −ψ−ψ+ =

i

2
(ΨR

ψ⊗ψ −ΨL
ψ⊗ψ) (5.21)

Moreover they are by construction chiral intertwiners:

ψ+A = (ψ ⊗ id)(A)ψ+ ψ−A = (id⊗ ψ)(A)ψ− A ∈ A
13Since the proofs of these relations involving the fermions are quite involved, they are showed in appendix D.
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In particular they belong to the relative commutants (1⊗A)′ ∩D and (A⊗ 1)′ ∩D respectively; the
latter are generated by (A⊗ 1) ∨ ψ+ and (1⊗A) ∨ ψ− respectively.

Therefore, in the representations π1 and π2, ψ± = 0, whereas in π3 they are a pair of left- and
right-moving selfadjoint unitary Majorana fields implementing the chiral automorphism ψ.

The interesting fact is that we can compute

√
±i · ψ±ΨR

σ⊗σ =
1

2
(ΨL

σ⊗σ −ΨR
ψ⊗ψΨ

L
σ⊗σ) (5.22)

This vanishes in the representations π1 and π2 (since ΨR
ψ⊗ψ = ΨL

ψ⊗ψ and ΨL
ψ⊗ψΨ

L
σ⊗σ = ΨL

σ⊗σ), while
it is equal to ΨL

σ⊗σ in the representation π3, giving us:

ΨL
σ⊗σ =

√
±i · ψ±ΨR

σ⊗σ ΨR
σ⊗σ =

√
∓i · ψ±ΨL

σ⊗σ

These are the AQFT analogue of the fusion rule (1.45), thus confirming the identification, in the
representation π3, of one of the two ΨY

σ⊗σ, Y = L,R, with the disorder field µ.14

Before ending this section we make an observation: note that no primary operator is left invariant
by all boundary conditions. This may seem a coincidence due to the fact that in the Ising model we
just have two primary operators (apart from the identity). However, as we show in appendix C, this
is a structural result: if we look for fixed points in our net B ⊃ A, i.e. operators left invariant, with
respect to all defects, we always end up with the Virasoro net A = V irc ⊗ V irc.

14The normalization conventions used in the AQFT literature differ from the standard CFT conventions adopted
above. In particular, the coefficient appearing in the short-distance product (1.45) of ψ and σ is convention-dependent
and depends on the normalization chosen for the order, disorder and Majorana fields. Therefore the relation above
should not be compared directly with the coefficient of the Euclidean OPE.
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Chapter 6

The bridge with Euclidean CFT

The previous chapter classified topological defects using the relativistic framework of algebraic quan-
tum field theory. However, defects in two-dimensional CFT are most commonly studied in the Eu-
clidean formulation, where one uses holomorphic fields, modular invariance and categorical methods.
The purpose of this chapter is to explain why these two apparently different approaches are in fact
based on the same underlying algebraic structure. This is the conceptual bridge between conformal
nets and vertex operator algebras.

We begin by introducing vertex operator algebras. A VOA provides an axiomatization of chiral
CFT which is close to the Euclidean and field-theoretic point of view: states are related to fields
through the operator-state correspondence, while the algebraic structure is encoded in the vertex
operators and their mode expansions. Conformal nets, on the other hand, start from bounded operator
algebras localized in intervals and emphasize locality, covariance and von Neumann algebra techniques.
Although the two formalisms look very different, under suitable analytic assumptions a unitary VOA
gives rise to a conformal net by smearing vertex operators, while the representation theories of rational
VOAs and rational conformal nets are expected to describe the same chiral data.

The common language is category theory. The objects of the relevant category represent superselection
sectors, the tensor product describes fusion, duals encode conjugate charges, and the braiding records
the exchange statistics. In rational theories, these data organize into a modular tensor category.
Within this category, the structures used to build full two-dimensional CFTs appear as algebra objects.
In the operator-algebraic formulation these are precisely Q-systems, while in the Euclidean categorical
formulation they are special Frobenius algebras.

The chapter then explains the role of the full center. Starting from a chiral algebra object, the full
center produces the corresponding local two-dimensional theory. Physically, it selects a consistent
pairing of left- and right-moving sectors and ensures the locality and modular invariance of the full
CFT.

Finally, we discuss modules and bimodules. A module describes a boundary of a CFT, while a
bimodule describes an interface between two theories. Intuitively, a bimodule is an object on which
two algebra objects act simultaneously, one from the left and one from the right, in a compatible
way; in the present context, these two actions describe how the degrees of freedom of the two theories
are attached to the two sides of an interface. When the two theories coincide, bimodules become
topological defects of that theory. Their relative tensor product reproduces the fusion of defects, and
simple bimodules correspond to elementary defect lines. The categorical classification by bimodules
can then be compared with the algebraic classification obtained in the previous chapter from the center
of the braided-product extension. The final part of the chapter illustrates these ideas in the chiral
Ising model, where the relevant algebra objects, modules and bimodules can be described explicitly.

This chapter is based on [35, 61, 78, 79].
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6.1 Vertex operator algebras

Consider a vector space V over C. We define the formal series a(z) as

a(z) :=
∑

n∈Z
a(n)z

−n−1

where a(n) ∈ End(V ). This series is called ”formal” since a(z) is not a function of z resulting from
the convergence of the series, but rather the power series itself, without concern for convergence.

Definition 6.1.1. A formal series a(z) :=
∑

n∈Z a(n)z
−n−1 is called a field, if for every b ∈ V we have

a(n)b = 0 for n sufficiently large.

Note that in this section we are not using the usual bra-ket notation since V is not a Hilbert space.

Before stating the formal axioms, it is useful to grasp the physical intuition. In Wightman’s approach
to quantum field theory, fields are operator-valued distributions. In two-dimensional conformal field
theory, thanks to the relation with complex analysis, these distributions can be entirely encoded into
formal power series. The vertex algebra axioms are the algebraic translation of the operator product
expansion (OPE) and the state-field correspondence found in physics.

Definition 6.1.2. A vertex algebra is a complex vector space V together with a given vector Ω ∈ V ,
called the vacuum vector, and an operator T ∈ End(V ) called the infinitesimal translation operator,
and a linear map from V to the space of fields on V (the state-field correspondence)

a 7→ Y (a, z) =
∑

n∈Z
a(n)z

−n−1,

satisfying:

1. Translation covariance: [T, Y (a, z)] = d
dzY (a, z);

2. Vacuum: TΩ = 0, Y (Ω, z) = 1V , a(−1)Ω = a;

3. Locality: for all a, b ∈ V , (z − w)N [Y (a, z), Y (b, w)] = 0 for a sufficiently large non-negative
integer N.

The fields Y (a, z), a ∈ V , are called vertex operators.

The locality axiom might look strange algebraically, but it is the direct translation of the physical
requirement that observables must commute at spacelike separations. In the language of formal
distributions, multiplying the commutator by (z − w)N smoothly cancels the pole singularity that
arises when the two coordinates approach each other.

Note that translation covariance is equivalent to:

[T, a(n)] = −na(n−1), a ∈ V, n ∈ Z

From the field property we know that there is a smallest non-negative integer N such that a(n)Ω = 0
for all n ≥ N . Then:

0 = Ta(N)Ω = [T, a(N)]Ω = −Na(N−1)Ω

Hence N = 0. Moreover we can replace the condition a(−1)Ω = a in the above definition with the
stronger condition:

Y (a, z)Ω|z=0 = a

As a consequence of the axioms, the Borcherds (or Jacobi) identity holds:

∞∑

j=0

(
m
j

)
(a(n+j)b)(m+k−j)c =

∞∑

j=0

(−1)j
(
n
j

)
a(m+n−j)b(k+j)c−

∞∑

j=0

(−1)j+n
(
n
j

)
b(n+k−j)a(m+j)c

where a, b, c ∈ V, m, n, k ∈ Z. This identity encodes the associativity structure of the vertex algebra,
together with the locality properties of the fields, and can be regarded as the mode expansion of the
OPE relations among vertex operators [80].
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Definition 6.1.3. A linear subspace W ⊂ V is called vertex subalgebra, if Ω ∈ W and a(n)b ∈ W for
all a, b ∈W , n ∈ Z.

A vertex subalgebra can be interpreted as a closed sector under the OPE: inserting fields from W
cannot produce states outside W .

Note that:
Ta = Ta(−1)Ω = a(−1)TΩ+ [T, a(−1)]Ω = a(−2)Ω

Hence a vertex subalgebra is always T-invariant and thus W inherits the structure of a vertex algebra.
The intersection of a family of vertex subalgebras is again a vertex subalgebra. Then for every subset
F ⊂ V there is a smallest vertex subalgebra W (F) containing F , the vertex subalgebra generated by
F . If W (F) = V we say that V is generated by F .

Definition 6.1.4. The subspace I ⊂ V is an ideal if it is T-invariant and a(n)b ∈ I for every a ∈ V ,
b ∈ I and n ∈ Z. A vertex algebra V is simple if every ideal is either {0} or V .

Ideals correspond to decoupled sectors of the theory: they represent states that are not dynamically
connected to the rest of the VOA under operator insertions. So basically, the algebra is simple if there
is no completely decoupled sector.

So far, a vertex algebra V only describes the vacuum sector of the theory, namely the states generated
from the vacuum by the action of the holomorphic fields belonging to the chiral algebra. In the special
case in which the chiral algebra coincides with the Virasoro algebra, V consists of the identity field
together with all its descendants.

However, a full physical theory contains additional sectors. To describe them algebraically, one in-
troduces representations of V, called V-modules. Each irreducible module corresponds to a different
primary field, or equivalently to a different superselection sector of the chiral theory. These modules
provide the chiral building blocks from which the generally non-holomorphic local fields of the full
two-dimensional CFT are constructed.

Definition 6.1.5. A module M over the vertex algebra V is a complex vector space M together with
a linear map:

V ∋ a 7→ YM (a, z) =
∑

n∈Z
aM(n)z

−n−1, aM(n) ∈ End(M)

such that YM (Ω, z) = 1M and the Borcherds identity holds on M.

Note that every vertex algebra V becomes itself a V -module by setting Y V (a, z) = Y (a, z). This
module is called the adjoint module. If the adjoint module is irreducible, then the algebra is simple.
The converse is in general not true [61].

While the vertex algebra axioms capture the algebraic nature of quantum fields, they completely miss
the geometric side of Conformal Field Theory. In CFT, the fields must transform covariantly under
local conformal transformations. To implement this geometrically, we need the algebraic generator
of these transformations: the energy-momentum tensor. This is why we must introduce the Virasoro
algebra.

Definition 6.1.6. Consider a field L(z) =
∑

n∈Z Lnz
−n−2 on the vector space V . If the endomor-

phisms {Ln : n ∈ Z} satisfy the Virasoro algebra relations:

[Ln, Lm] = (n−m)Ln+m +
c

12
(n3 − n) δn+m,0 1V

with central charge c ∈ C, then L(z) is called a Virasoro field. If V is a vertex algebra, we call ν ∈ V
a Virasoro vector if the corresponding vertex operator Y (ν, z) =

∑
n∈Z Lnz

−n−2, Ln = ν(n+1), is a
Virasoro field.

Then the following nomenclature fixes the analogy.
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Definition 6.1.7. We shall call a Virasoro vector ν ∈ V a conformal vector if L−1 = T and L0 is
diagonalizable in V. The corresponding vertex operator Y (ν, z) is called energy-momentum field and
L0 is called conformal Hamiltonian. A vertex algebra with a fixed conformal vector is called conformal
vertex algebra.

One can show that for a conformal vertex algebra, V is simple if and only if its adjoint module is
irreducible [61].

Now, let V be a conformal vertex algebra and Y (ν, z) be the corresponding energy-momentum field.
Set Vα = Ker(L0 − α1V ), α ∈ C. Since L0 is diagonalizable we can decompose V as follows:

V =
⊕

α∈C
Vα

Definition 6.1.8. A non-zero element a ∈ Vα is called a homogeneous element of conformal weight
ha = α

For such elements we use the following convention:

an := a(n+ha−1) n ∈ Z− ha + 1 ≃ Z− ha

so that:
Y (a, z) =

∑

n∈Z−ha
anz

−n−ha

And we have the following commutation relations [81]:

[L0, an] = −nan

[L−1, an] = (−n− ha + 1)an−1

[L1, an] = −(n− ha + 1)an+1 + (L1a)n+1

for all homogeneous a ∈ V, n ∈ Z

Definition 6.1.9. A homogeneous vector a in a conformal vertex algebra V and the corresponding
field Y (a, z) are called quasi-primary if L1a = 0 and primary if Lna = 0 for every integer n > 0.

The vacuum vector is obviously a primary vector in V0. The conformal vector ν is a quasi-primary
vector in V2 which cannot be primary if c ̸= 0.

Definition 6.1.10. A conformal vertex algebra V is of CFT type if Vα = {0} for α /∈ N and V0 = CΩ.

Hence, in a conformal vertex algebra of CFT type the vacuum is unique and all states have non-
negative integer conformal dimension, reflecting a discrete and bounded-from-below energy spectrum.

Finally we have the following definition:

Definition 6.1.11. A vertex operator algebra (VOA) is a conformal vertex algebra such that the
corresponding energy-momentum field Y (ν, z) and homogeneous subspaces Ker(L0−α1V ) satisfy the
following additional conditions:

1. V =
⊕

n∈Z Vn;

2. Vn = {0} for n sufficiently small;

3. dim(Vn) <∞.

If in addition V0 = CΩ, then one can show that Vn = {0} for all n < 0; i.e. the VOA is of CFT type
[61].
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6.2 From Vertex Operator Algebras to conformal nets

In the last section we have introduced the basic definition of VOA. It is clear that this approach
to one-dimensional conformal field theories is rather different from the one given by conformal nets.
However, this approach is closer to the usual treatment of holomorphic CFT.
In the following we are going to sketch the construction of a conformal net starting from a VOA. To
do so we need a couple of definitions.

Definition 6.2.1. An invariant bilinear form on V is a bilinear form (·, ·) on V satisfying

(Y (a, z)b, c) = (b, Y (ezL1(−z−2)L0a, z−1)c)

The transformation rule for the fields on the right-hand side is induced by the inversion of the complex
plane z 7→ 1/z.
Intuitively, an invariant bilinear form should be thought of as a pairing between states inserted at the
origin and at infinity. Since these two points are exchanged by an inversion, moving a field from one
entry of the pairing to the other requires transforming it accordingly under this conformal map.
In particular, the factor (−z−2)L0 arises from the Weyl factor associated with the inversion, while the
term ezL1 accounts for the non-trivial transformation of descendant states.

Definition 6.2.2. An (antilinear) automorphism of a vertex algebra is a (anti)linear map θ from V
to itself such that θ(a(n)b) = θ(a)(n)θ(b) for all a, b ∈ V and n ∈ Z, and it satisfies θ(Ω) = Ω and
θ(Ta) = Tθ(a) for all a ∈ V .
If V is a VOA and θ(ν) = ν, then θ is a VOA (anti)linear automorphism.

Definition 6.2.3. Let V be a VOA with conformal vector ν and let ⟨·, ·⟩ be a scalar product on V,
namely a positive-definite sesquilinear form (linear in the second variable). We say that it is normalized
if ⟨Ω,Ω⟩ = 1 and invariant if there is a VOA antilinear automorphism θ such that ⟨θ ·, ·⟩ is an invariant
bilinear form on V. In this case we will say that θ is a PCT operator associated with ⟨·, ·⟩.
The inclusion of the antilinear automorphism θ is necessary to bridge the gap between the geometric
definition of VOA invariant bilinear form and the physical requirement of a positive-definite sesquilin-
ear scalar product. In other words, θ compensates for the conjugate-linearity of the first entry, restoring
the bilinearity needed for algebraic consistency.

Definition 6.2.4. A unitary VOA is a pair (V, ⟨·, ·⟩) where V is a VOA and ⟨·, ·⟩ is a normalized
invariant scalar product on V .

A unitary VOA is basically a VOA where every vertex operator Y (a, z) has an adjoint, i.e. a field

defined as Y †(a, z) :=
∑

n∈Z a
†
(n)z

n+1 where a†(n) is the adjoint of a(n) with respect to the scalar product

⟨·, ·⟩ [61].
Heuristically, θ may be viewed as a remnant, within the purely chiral setting of a VOA, of the
PCT structure that in a full two-dimensional CFT is encoded geometrically by the transformation
(z, z̄) → (1z̄ ,

1
z ), allowing the purely holomorphic VOA formalism to carry a notion of Hermitian

conjugation analogous to (1.17).

The vertex algebra L(c, 0) associated with the unitary representation of the Virasoro algebra with
central charge c and lowest conformal weight 0 is a simple unitary VOA. The only property non-
trivially verified is unitarity: consider the scalar product of the Hilbert space associated to such
representation and θ as simply the complex conjugation of complex scalars. Considering the conformal
field Y (ν, z) =

∑
n∈Z Lnz

−n−2 we have:

L0 ν = 2 ν L1 ν = 0

Then:
⟨θ(Y (ν, z)b), c⟩ = ⟨Y (ν, z)b, c⟩ = ⟨b, Y (z−4ν, z−1)c⟩ = ⟨b, z−4Y (ν, z−1)c⟩
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And if we expand the field we get:

⟨
∑

n∈Z
Lnz

−n−2b, c⟩ = ⟨b,
∑

n∈Z
Lnz

n−2c⟩ ⇒ ⟨Lnb, c⟩ = ⟨b, L−nc⟩

So the general condition above reduces to the classical condition L†
−n = Ln, which is clearly satisfied

by L(c, 0), where the possible values of c are restricted to c(m) = 1− 6
m(m+1) , m = 3, 4, ... and c ≥ 1,

as discussed in section 1.2.7.

Definition 6.2.5. Let (V, ⟨·, ·⟩) be a unitary VOA. We say that a ∈ V (or equivalently the corre-
sponding field Y (a, z)) satisfies energy bounds if there exist positive integers s, k and a constantM > 0
such that, for all n ∈ Z and all b ∈ V :

||anb|| ≤M(|n|+ 1)s ||(L0 + 1V )
k b||

If every a ∈ V satisfies energy bounds we say that V is energy-bounded.

The following proposition gives us a criterion to know when a simple unitary VOA is energy-bounded.

Proposition 6.2.1. If V is a simple unitary vertex operator algebra generated by V1 and F ⊂ V2
where F is a family of quasi-primary θ-invariant Virasoro vectors, then V is energy-bounded.

Of course L(c, 0) is energy bounded since it is generated by the conformal vector ν ∈ V2.

Consider an energy-bounded unitary VOA. Now we start the construction of the conformal net asso-
ciated to V : first we define the Hilbert space H = H(V,⟨·,·⟩) as the completion of V with respect to
⟨·, ·⟩. For any a ∈ V and n ∈ Z, a(n) is an operator on H with dense domain V ⊂ H. Due to the
invariance of the scalar product it has also a densely defined adjoint and hence it is closable (see the
definition in footnote 9 of chapter 3).

Now consider a smooth function f(z) on S1 = {z ∈ C : |z| = 1} with fourier coefficients:

f̂n =

∫ π

−π

dθ

2π
f(eiθ)e−inθ =

∮

S1

dz

2πiz
f(z)z−n

For every a ∈ V we define the operator Y0(a, f) with domain V by:

Y0(a, f)b =
∑

n∈Z
f̂nanb b ∈ V

One can show that sum converges in H due to the energy bounds and hence Y0(a, f) is a densely de-
fined operator on H [61]. From the invariance of the scalar product it follows that Y0(a, f) has densely
defined adjoint and hence it is closable. We call the closure of Y0(a, f) smeared vertex operator Y (a, f).

Now we can associate with every interval I ∈ I a von Neumann algebra A(V,⟨·,·⟩)(I) generated by the
operators Y (a, f). Since these operators are generally unbounded, one has to clarify what is meant
by ‘generated’, as a von Neumann algebra, by definition, consists only of bounded operators.

An operator A on H with domain D(A) is said to commute with a bounded operator B ∈ B(H) (and
vice versa), denoted BA ⊂ AB, if BD(A) ⊂ D(A) and ABa = BAa for all a ∈ D(A). If A is densely
defined and closable and if A commutes with B ∈ B(H), then A† commutes with B†.
A closed densely defined operator A on H is said to be affiliated with a von Neumann algebra M ⊂
B(H) if A commutes with all operators in M′. For any closed densely defined operator A on H the
set

{B ∈ B(H) : BA ⊂ AB,B†A ⊂ AB†}
is a von Neumann algebra and

W ∗(A) := {B ∈ B(H) : BA ⊂ AB,B†A ⊂ AB†}′

134



is the smallest von Neumann algebra to which A is affiliated called the von Neumann algebra generated
by A. If we have a set of unbounded operators, then W ∗({Ai}i∈I) will be the smallest von Neumann
algebra affiliated to all {Ai}i∈I 1. The intuitive idea behind this definition is that a von Neumann
algebra to which A is affiliated ‘sees’ the operator A as if it belonged to the algebra, even though A
may be unbounded.

Then we define:

A(V,⟨·,·⟩)(I) :=W ∗({Y (a, f) : a ∈ V, f ∈ C∞(S1), supp(f) ⊂ I})

The net I 7→ A(V,⟨·,·⟩)(I) clearly satisfies isotony. Moreover one can show that Ω is cyclic for the von
Neumann algebra

A(V,⟨·,·⟩)(S
1) :=

∨

I∈I
A(V,⟨·,·⟩)(I)

and also conformal covariance is satisfied [35].

Locality is not guaranteed by construction. In particular we define the following:

Definition 6.2.6. A unitary vertex operator algebra (V, ⟨·, ·⟩) is strongly local if it is energy-bounded
and we have

A(V,⟨·,·⟩)(I) ⊂ A(V,⟨·,·⟩)(I
′)′

for all intervals I ∈ I.
A criterion for strong locality is the following:

Proposition 6.2.2. [61] Let V be a simple unitary vertex operator algebra generated by V1 ∪F where
F ⊂ V2 is a family of quasi-primary θ-invariant Virasoro vectors, then V is strongly local.

Again, this shows immediately that L(c, 0) is strongly local. However, there are many other more
complex examples exposed in [61].

This construction seems to depend on the choice of the scalar product. However, the following con-
clusive result also addresses this problem:

Theorem 6.2.3. [61] Let (V, ⟨·, ·⟩) be a simple strongly local unitary VOA. Then the map I 7→
A(V,⟨·,·⟩)(I) defines an irreducible conformal net A(V,⟨·,·⟩) on S1. If {·, ·} is another normalized invari-
ant scalar product on V then (V, {·, ·}) is again strongly local and A(V,⟨·,·⟩) and A(V,{·,·}) are isomorphic
conformal nets.

We say that AV := A(V,⟨·,·⟩) is the irreducible conformal net associated with the strongly local unitary
simple vertex operator algebra V. The irreducible conformal net associated to L(c, 0) is the Virasoro
net AL(c,0) = V irc, since in L(c, 0) the only non-trivial field is the energy-momentum field Y (ν, z) =∑

n∈Z Lnz
−n−2 and its derivatives.

It is also possible to reconstruct the vertex operator algebra from the conformal net AV . The main
difficulty lies in recovering pointlike fields Y (a, z) from the local von Neumann algebras A(I), which
are defined only for intervals and do not carry an explicit dependence on the complex coordinate.

Since also this construction is very involved, we give just the idea [61]: consider a conformal net A
and let a ∈ H be a quasi-primary vector of conformal weight ha ∈ N. For every f ∈ C∞(S1) we can
consider the vector a(f) defined as:

a(f) :=
∑

n∈N
f̂−n−ha

1

n!
Ln−1a

where in the context of conformal nets, L−1 is the representation on the vacuum Hilbert space H of
the associated generator of the Virasoro algebra.

1Precisely [61]: W ∗({Ai}i∈I) = (∪i∈I W
∗(Ai))

′′ = (∩i∈I W
∗(Ai)

′)′ since the commutant of the union equals the
intersection of the commutants.
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Then, with the help of Tomita–Takesaki theory, one can define for all I ∈ I the operator-valued
distributions

C∞(S1) ∋ f 7→ YI(a, f), YI(a, f)B Ω = B a(f), supp(f) ⊂ I, B ∈ A(I)′

These operators are called Fredenhagen-Jörß smeared vertex operators or FJ fields. As usual for
distributions we can use the formal notation

YI(a, f) =

∫

I

dz

2πiz
YI(a, z)f(z)z

ha

Then we say that the family {YI(a, z), z ∈ I : I ∈ I} is an FJ vertex operator or an FJ field.
It is not known if the FJ smeared vertex operators admit a common invariant domain. Hence we
cannot extend the family of distributions {YI(a, z), z ∈ I : I ∈ I} to a unique distribution Ỹ (a, z). In
particular the FJ fields cannot in general be considered as quantum fields in the sense of Wightman
[61].

Theorem 6.2.4. [61] Let V be a simple unitary strongly local VOA and let AV be the corresponding
irreducible conformal net. Then, for any quasi-primary vector a ∈ V we have YI(a, f) = Y (a, f)
for all I ∈ I and all f ∈ C∞(S1), supp(f) ⊂ I, i.e. the smeared vertex operators of V coincide
with the FJ smeared vertex operators of AV . In particular one can recover the VOA structure on
V :=

⊕
n∈NKer(L0 − n1H) from the conformal net AV .

In addition, in [61] the authors have identified a set of conditions for a generic irreducible conformal
net A necessary to construct a vertex operator algebra V such that AV = A.

In particular, we say that for every a ∈ H the corresponding FJ vertex operator YI(a, z) : I ∈ I satisfies
energy bounds if there exist a real number M > 0 and positive integers k and s such that:

||YI(a, f)b|| ≤M

(∑

n∈Z
(|n|+ 1)s |f̂n|

)
||(L0 + 1H)k b||

Moreover we say that a family F ⊂ H of quasi-primary vectors generates A if the corresponding FJ
vertex operators generate the local algebras, i.e.

A(I) =W ∗({YI1(a, f) : a ∈ F , f ∈ C∞(I1), I1 ∈ I, I1 ⊂ I, supp(f) ⊂ I1})

Theorem 6.2.5. [61] Let A be an irreducible conformal net that is generated by a family of quasi-
primary vectors F . Assume2 θF = F and that for every a ∈ F the FJ vertex operator {YI(a, z) : I ∈ I}
satisfies energy bounds. Moreover, assume that Ker(L0 − n1H) is finite-dimensional for all n ∈ N.
Then, the vector space V :=

⊕
n∈NKer(L0 − n1H) admits a VOA structure making V into a simple

unitary strongly local VOA such that AV = A.

A direct correspondence between the representation theories of a vertex operator algebra (VOA) and a
local conformal net is generally more difficult to establish, although significant recent progress has been
made [82, 83]. However, for the simple models given by L(c, 0) and V irc, the representation theory
in both frameworks reduces to the representations of the Virasoro algebra, making this identification
seamless for our purposes.

To construct a consistent two-dimensional Euclidean CFT out of a VOA, simply combining two chiral
theories and imposing modular invariance is usually insufficient; numerous examples exist of modular-
invariant bilinear combinations of characters that fail to correspond to the partition function of any
physical CFT [33]. Remarkably, the strategy developed for the relativistic setup remains valid in the
Euclidean construction: one starts from the modular tensor category of representations of the two
VOAs, C = Rep(VL/R), describing a chiral RCFT, and considers the product C ⊠ Copp. The missing

2θ is a PCT operator associated to the conformal net which coincides with the modular conjugation operator J from
Tomita–Takesaki theory restricted to the upper semicircle S1

+ [61].
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data required to consistently glue the left- and right-moving chiral sectors together is precisely a special
Frobenius algebra, or a Q-system [33, 84].

In summary, the key takeaways are:

• VOAs and conformal nets provide equivalent (under suitable hypotheses) axiomatizations of
one-dimensional chiral CFTs.

• In both frameworks, the construction of a full 2d CFT requires additional data, captured in the
RCFT setting by a Q-system (or special Frobenius algebra). Consequently, modular tensor cate-
gories provide a natural categorical language linking the Euclidean and relativistic formulations
of RCFTs.

• for RCFTs, the classification of defects is identical in both approaches, with the total number
of defects given by Tr[ZTZ] in both cases.

Hence, it is natural to expect category theory to provide a unified description of defects, at least for
certain classes of models. However, the derivation of defects in the relativistic theory relies heavily on
causality, in contrast with the Euclidean approach, which is rooted in modular invariance.

In [33], the authors demonstrate that the correct categorical framework for defects is given by Q-Q
bimodules. A Q-Q bimodule is an object within the category endowed with commuting left and right
actions of a chiral Q-system Q, which encodes the two-dimensional theory. This structure naturally
mirrors the physical behavior of a defect line partitioning the complex plane into two halves, each
governed by a bulk theory associated with the chiral Q-system Q.3 In the next section, we will follow
the approach of [35] to show that this categorical framework is fully compatible with the algebraic
classification established in the preceding chapter.

6.3 The categories of modules and bimodules

In this section we are going to use a notation adapted to C = CDHR(A) with A chiral net, since we are
going to apply these notions directly to that category. In particular, Obj(C) are denoted with Greek
letters, since they will represent DHR endomorphisms, and intertwiners, including the one defining
the algebra objects, will be denoted with lowercase Latin letters.

We are going to extend the usual notion of a module over a ring to the general setting of tensor
categories.

Definition 6.3.1. Let Q = (Θ, w, x†) be an algebra in a tensor category C. A (left) Q-module in C is
a pair m = (β,m) of two data: an object β ∈ Obj(C) and a morphism of C that specifies the action
of Q on β, mβ = m ∈ Hom(Θ ⊗ β, β), called representation morphism. Further, m must satisfy the
representation properties

m ◦ (idΘ ⊗m) = m ◦ (x† ⊗ idβ) m ◦ (w ⊗ idβ) = idβ

We can represent m and the representation properties respectively as:

3As in the general algebraic treatment of defects, we will focus on defects within a single theory, which are described
by Q−Q-bimodules. However, the same framework also describes interfaces between two CFTs, each associated with a
particular Q-system. Such interfaces are classified by Q1 −Q2-bimodules [33, 85].
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Note that in the above definition, Q is not required to be a Frobenius algebra, nor is required a dagger
structure on C. In particular, we remind that Q-systems are denoted Q = (Θ, w, x) and are both
algebras, denoted as triples (Θ, w, x†), and co-algebras, written as (Θ, w†, x).

Analogously, one can define right modules and co-modules over a co-algebra. Note that not every ob-
ject needs to underlie some Q-module, and the same object can be a Q-module in different inequivalent
ways.

Definition 6.3.2. For (left) Q-modules n, m, a n−m-intertwiner is a morphism f between βn and
βm satisfying f ◦ n = m ◦ (idΘ ⊗ f). Pictorially:

f

Θ

β

β

f

Θ

β

β

m m

m

n

n n

Given an algebra Q in C, we call CQ the category with Q-modules as objects and

HomQ(n,m) := {f ∈ Hom(βn, βm) : f ◦ n = m ◦ (idΘ ⊗ f)}

as morphism spaces.

The category CQ inherits many properties from C [33]. For example, when C is modular and hence
semisimple and when Q is special Frobenius, then the category CQ is semisimple. On the other hand,
that C is modular does not imply that CQ is modular. In fact, it does not even imply that CQ is a
tensor category. However, a sufficient condition for CQ to be tensor is then that Q is a commutative
algebra and has trivial twist, i.e. θΘ = idΘ [33].

A strategy to compute the modules over an algebra object is to study the induced modules.

Definition 6.3.3. For β ∈ Obj(C), the induced (left) module IndQ(β) is the Q−module that is equal
to Θ⊗ β as an object in C and has representation morphism x† ⊗ idβ , i.e.

IndQ(β) := (Θ⊗ β, x† ⊗ idβ)

Pictorially:
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β

Θ

Θ

ΘΘ

Θ
β⊗

Θ
β⊗

Note that IndQ(id) = Q = (Θ, x†), i.e. every Q-system can be seen as the induced Q-module by the
tensor unit, here represented by the identity endomorphism.
The following proposition is particularly useful to compute induced modules.

Proposition 6.3.1. [33] Let Q = (Θ, w, x) be a Frobenius algebra in a tensor category C, ρ ∈ Obj(C)
and m = (β,m) a Q− module. Then there are natural isomorphisms:

Hom(ρ, β) ≃ HomQ(IndQ(ρ),m) Hom(β, ρ) ≃ HomQ(m, IndQ(ρ))

In particular:

dimHom(ρ, β) = dimHomQ(IndQ(ρ),m) dimHom(β, ρ) = dimHomQ(m, IndQ(ρ))

This proposition is helpful because if m = IndQ(σ) for σ ∈ Obj(C), we get

dimHom(ρ,Θ⊗ σ) = dimHomQ(IndQ(ρ), IndQ(σ))

dimHom(Θ⊗ σ, ρ) = dimHomQ(IndQ(σ), IndQ(ρ))

Since the left-hand side can be easily computed, this relation can be used to determine whether an
induced module is simple or not.
Then the following proposition tells us how induced modules are related to general modules:

Proposition 6.3.2. If Q is a special Frobenius algebra in a semisimple tensor category C, then every
Q-module is a submodule of an induced module, and the category CQ of Q-modules is semisimple.

Corollary 6.3.3. The module IndQ(ρj)(j ∈ J ) decomposes into simple modules mk (k ∈ K) according
to:

IndQ(ρj) =
⊕

k∈K
dimHom(ρj , βk)mk

where J labels simple objects and K simple modules.

That CQ is semisimple means that every Q-module decomposes as a finite direct sum of simple Q-
modules. Moreover, every simple Q-module appears as a subobject of an induced module IndQ(ρ),
where ρ is a simple object of C. Since in our case C is a modular tensor category, it contains only
finitely many isomorphism classes of simple objects [33]. As a consequence, there are only finitely
many isomorphism classes of simple Q-modules.

However, a defect separates the plane into two regions, each described by the same theory up to
isomorphism. Therefore, a module is not sufficient to describe a defect, since it only encodes a one-
sided action, while a defect requires both left and right actions together with their compatibility, i.e.
a bimodule structure4.

4With the same reasoning, we can interpret Q-modules as describing boundaries of a CFT, where the action of the
Frobenius algebra Q encodes the presence of the theory only on one side of the boundary [33].
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Definition 6.3.4. Let Q1 = (Θ1, w1, x
†
1) and Q2 = (Θ2, w2, x

†
2) be algebra objects in a tensor category

C. Then a Q1 −Q2-bimodule is a triple m = (β,ml,mr) consisting of an object β ∈ Obj(C) and two
morphisms ml ∈ Hom(Θ1 ⊗ β, β) and mr ∈ Hom(β ⊗ Θ2, β), such that (β,ml) is a left Q1−module
and (β,mr) is a right Q2−module. Furthermore the actions ml and mr commute, i.e.

ml ◦ (idΘ1 ⊗mr) = mr ◦ (ml ⊗ idΘ2)

Pictorially:

Θ Θ

β

β
ΘΘ

β

β

mlmr

ml mr

1 12 2

Note that, similarly to modules, the algebra Q itself can be seen as a Q−Q−bimodule with the algebra
product as left/right actions.

In contrast to Q−modules, for any Frobenius algebra Q in a tensor category C, the category QCQ of
Q − Q−bimodules is again a tensor category. However, in general, the bimodule category does not
have a braiding and a twist either [33].

Note that we can equivalently define a Q1−Q2−bimodule as a pair m = (β,m) where m ∈ Hom(Θ1⊗
β ⊗Θ2, β) satisfy:

Θ

m

β
Θ Θ

β
Θ Θ

β β

β
Θ ΘΘ Θ

β

β
Θ ΘΘ Θ

β

ββ

ββ

This is done simply by setting m := ml ◦ (idΘ1 ⊗mr) = mr ◦ (ml ⊗ idΘ2). On the other hand, given
m = (β,m), the pairs ml = (β, (idΘ1 ⊗ idβ ⊗ w2) ◦m) and mr = (β, (w1 ⊗ idβ ⊗ idΘ2) ◦m) are a left
Q1−module and a right Q2−module with commuting actions:

β

ΘΘ

β

β

ΘΘ

β

β
Θ Θ

β

β

ΘΘ

β

β

ΘΘ

β
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One can show that if C is a braided tensor category, then bimodules can equivalently be thought of as
left (Q1 ⊗Qopp2 )-modules, so that once one knows how to find modules, it is not necessary to develop
new techniques to find bimodules [33].

The opposite algebra Qopp is defined as follows:

Proposition 6.3.4. [33]

• Q = (Θ, w, x†) is an algebra if and only if Qopp := (Θ, w, x† ◦ ϵ−1
Θ,Θ) is an algebra;

• Q = (Θ, w, w†, x†, x) is a symmetric special Frobenius algebra if and only if Qopp := (Θ, w, w†, x†◦
ϵ−1
Θ,Θ, ϵΘ,Θ ◦ x) is an algebra;

Note that for a commutative algebra Q = Qopp.

The tensor product of algebras is defined categorically as:

Proposition 6.3.5. [33]

• For any two algebras Q1 and Q2 the triple (Θ1 ⊗ Θ2, x
†
Q1⊗Q2

, wQ1⊗Q2) with x†Q1⊗Q2
:= (x†Q1

⊗
x†Q2

) ◦ (idΘ1 ⊗ ϵ−1
Θ1,Θ2

⊗ idΘ2) and wQ1⊗Q2 = w1 ⊗w2 furnishes an algebra structure on the object
Q1 ⊗Q2.

• If Q1, Q2 are symmetric special Frobenius, then also Q1⊗Q2 is symmetric special Frobenius, with
counit w†

Q1⊗Q2
= w†

1⊗w†
2 and coproduct given by xQ1⊗Q2 := (idΘ1 ⊗ ϵΘ1,Θ2 ⊗ idΘ2)◦ (xQ1 ⊗xQ2).

Also the inverse convention of braiding is possible.

I.e. it corresponds to the braided product of two algebras.

Proposition 6.3.6. [33] For Q1, Q2 algebras in a braided tensor category, the mapping

f : (β,ml,mr) 7→ (β,ml ◦ (idΘ1 ⊗mr) ◦ (idΘ1 ⊗ ϵ−1
β,Θ2

))

takes Q1 −Q2-bimodules to left Q1 ⊗Qopp2 -modules. f is invertible, with inverse g given by

g : (β,m) 7→ (β, m ◦ (idΘ1 ⊗ w2 ⊗ idβ), m ◦ (w1 ⊗ ϵβ,Θ2))

Pictorially:

gf

β

β

ΘΘ

β

β

ml

mr

1 2

Θ

β

β 2

ΘΘ

β

β1 2

↦ ↦
ml

ml

m

m

mr

mr

Θ
1

Θ

2 β

β

m

Θ
1

m

,( (

We can define a product of bimodules. First, we need the following definition:

Definition 6.3.5. Let p ∈ Hom(ρ, ρ) be an idempotent, p ◦ p = p. A triple (σ, e, r), consisting of an
object σ ∈ Obj(C) and morphisms e ∈ Hom(σ, ρ) and r ∈ Hom(ρ, σ), is called a retract of p iff

e ◦ r = p r ◦ e = idσ

The subobject σ of ρ is then called the image of p, denoted Im(p).
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Note that this notion is just a categorical generalization of projections.

Consider now three special Frobenius algebras Q1, Q2 and Q3 and let m and n be Q1 − Q2- and
Q2 − Q3-bimodules respectively. Consider now the morphism pm,n ∈ Hom(βm ⊗ βn, βm ⊗ βn) given
by:

m

m n

n

β

Θ2

β

:

β

β

pm,n

Using that Q2 is special Frobenius, one can verify that pm,n is an idempotent and that there exists a
retract for it [33, 85]. Noting that βm ⊗ βn is naturally a Q1 − Q3-bimodule5 and that the image of
pm,n is a subobject of βm ⊗ βn, we define the product bimodule as:

m⊗Q2 n := Im(pm,n) ∈ Q1
CQ3

Note that we can consider a left Q2-module, x, as a Q2 − 1−bimodule, where 1 := (id,1,1) is the
trivial Q-system. Then its product with the Q1 − Q2−bimodule m ∈ Q1

CQ2 , namely m ⊗Q2 x, is a
well-defined left Q1-module.

In [33] it is shown that the number of isomorphism classes of simple Q − Q-bimodules is given by
Tr(ZTZ), where Z is the coupling matrix of the associated two-dimensional model, namely the multi-
plicity matrix relating left- and right-moving characters in the partition function. From the algebraic
point of view, this is the same matrix appearing in the decomposition of the Hilbert space of the two-
dimensional theory into irreducible left/right representations of the Virasoro algebra. Equivalently, if
the two-dimensional theory is described by a Q-system, Z is the matrix encoding the decomposition
of the object Θ appearing in Q, as in equation (4.7).

This result, together with the discussion at the end of the previous section, already highlights bi-
modules as natural candidates for the description of defects. However, in the previous section we
established the equivalence between the algebraic and Euclidean axiomatizations of one-dimensional
CFT, while the corresponding relativistic and Euclidean two-dimensional theories remain intrinsically
different objects. Nevertheless, in both approaches the construction of the full two-dimensional theory
relies on the choice of a special Frobenius algebra in C ⊠ Copp, encoding the sewing of the two chiral
components. For this reason, if a genuinely common description of defects exists, one expects it to
emerge purely from chiral data.

This, in turn, requires a systematic procedure to construct a two-dimensional Q-system starting from
a chiral one. Such a construction is provided by the full center of a Q-system.

In the next sections we will see that the full center is indeed a well-defined construction and, moreover,
that the correspondence between defects and bimodules holds precisely when the two-dimensional CFT
is described as the full center of a chiral Q-system. In this way, defects are classified by bimodules
living entirely in the chiral category.

5With respect to the Q1 left action of m and the Q3 right action of n.
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6.4 Full center of Q-systems

Every Q-system in CDHR(A) lifts trivially to a Q-system in C⊠Copp by tensoring with the identity [35].
For each chiral Q-system, there exists an associated Q-system for the corresponding two-dimensional
theory.

Definition 6.4.1. The left/right full centers of a chiral Q-system Q in CDHR(A) are given by

Z±[Q] = C±[(Q⊗ 1)×± Qcan]

which are Q-systems in CDHR(A⊗A) := CDHR(A)⊠ CDHR(A)opp

Therefore the full center is given by the following two steps:

1. Construction of a 2D non-local CFT as a braided product of a chiral extension with the canonical
2D local QFT;

2. Restriction to the respective6 maximal local subtheory.

So the full center is an algebraic prescription to generate modular invariant two-dimensional CFTs
from the chiral data.

The name full center can be seen as a generalization of the algebraic notion of center, since Z gives
rise to the maximal local extension. In this sense, it is the maximal commutative (i.e. local) Q-system
associated with the two-dimensional theory.
One can show that the two full centers are not independent [35]. In the sequel, “full center” Z[Q] will
always mean the left full center Z+[Q].

Proposition 6.4.1. Denoting as 1 = (id,1,1) the trivial Q-system, the following relation holds:

Z[1] = Qcan

Proof. Of course 1×+Qcan = Qcan. Now we have to show that C+[Qcan] = Qcan. This is obviously true
since the center of a Q-system gives the maximal local intermediate extension andQcan is commutative.

Since the trivial Q-system, Q = 1, always exists, all the results valid for full centers are also valid for
canonically extended systems.

A useful side result is the following:

Proposition 6.4.2. [57] Let Q be an irreducible Q-system in a modular tensor category C. Then all
full centers have the same dimension:

d2Z[Q] = dim(ΘZ[Q]) =
∑

σ,τ

Zσ,τ dim(σ) dim(τ) = d2Qcan =
∑

j∈J
dim(ρj)

2

where J labels all the equivalence classes of simple objects of C.
An important property of the full center involves the notion of Morita equivalence. This notion was
originally formulated in ring theory: two algebras are said to be Morita equivalent if their categories of
modules are equivalent. In this sense, Morita equivalence can be understood as a notion of “sameness”
of algebras from the point of view of their representation theory.

In the more general setting of algebra objects in tensor categories, Morita equivalence is defined as
follows [86]:

6If in step 1. we choose ×+, we are forced to choose the left center C+ and vice versa. Indeed, one can show that
C±[(Q⊗ 1)×∓ Qcan] = Qcan [35, 57].
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Definition 6.4.2. Two algebras Q1, Q2 over a tensor category C are Morita equivalent if there exist
a Q1 −Q2-bimodule m and a Q2 −Q1-bimodule n such that

m⊗Q2 n ≃ Q1 n⊗Q1 m ≃ Q2

as bimodules.

These bimodules implement an equivalence between the corresponding module categories: for in-
stance, if x is a left Q1−module, then n ⊗Q1 x is a left module over Q2. This provides a categorical
generalization of classical Morita theory.

The main result is the following:

Proposition 6.4.3. [86] If Q1 and Q2 are Morita equivalent algebras, then Z[Q1] and Z[Q2] are
isomorphic.

In the following we restrict ourselves to CFTs arising as full centers of chiral Q-systems. In this
framework, Morita equivalent chiral algebras give rise to the same full two-dimensional CFT.

6.5 Bimodules-defects correspondence

Now we will expose the results from [35, 57] which relate the previous classification of defects to chiral
bimodules. The main result is the following:

Theorem 6.5.1. [57] Let A be a completely rational chiral CFT net, and C = CDHR(A) its (modular
C∗ tensor) DHR category. Let BY (Y = L, R) be two local chiral extensions of A ⊗ A whose com-
mutative Q-systems QY = (ΘY ,W Y , XY ) arise as full centers of chiral Q-systems Q1 = (Θ1, x1, w1)
and Q2 = (Θ2, x2, w2). Then the minimal projections Im ∈ [Hom(ΘR,ΘL), ∗] (i.e., the solutions to
the system (5.17)) are given by the operators

Im =
dim(β)

d2Q1
d2Q2

d2R
·DR[m]|Z (6.1)

where m = (β,m) runs over the equivalence classes of irreducible Q1 −Q2−bimodules. Consequently,
Em = χ(Im) are the minimal central projections in D ∩ D′ that classify the irreducible boundary
conditions according to corollary 5.3.3.

The proof is rather long and so we omit it, but can be found in [57]. Note that in the treatment of
defects, this is the only theorem so far where modularity is assumed.

Now we have to define what are the operators DR[m]|Z . Consider a Q1 − Q2-bimodule m = (β,m)

over the category C = CDHR(A). We can define the intertwiners:

Dm := r†ββ̄(ϵΘ1,β Θ1β(r
†
2)m

†)rβ ∈ Hom(Θ2,Θ1) (6.2)

where, as usual, ri = xiwi, i = 1, 2, and rβ ∈ Hom(id, β̄β) is part of a standard solution to the
conjugacy relations for β and β̄ depends on m only through its equivalence class as bimodule [35].
This intertwiner can be represented as:

ββ

Θ

2

Θ
1

D
m

Θ

2

Θ
1
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In particular, these operators form a ”representation” of the tensor category of bimodules [35, 57]:

Proposition 6.5.2. [57] The operators Dm satisfy the following properties:

1. Dm depends only on the unitary equivalence class of m = (β,m).

2. D†
m = Dm

3. Dm1⊕m2 = Dm1 +Dm2

4. Denoting Qi −Qj-bimodules as mQiQj :

DmQ1Q2
·DmQ2Q3

= dQ2 ·DmQ1Q2
⊗Q2

mQ2Q3
=

= dQ2 ·
∑

mQ1Q3

dimHom(mQ1Q2 ⊗Q2 mQ2Q3 ,mQ1Q3) ·DmQ1Q3

Here the product on the left-hand side is the ordinary composition of intertwiners.

5. w†
1Dmw2 = dim(β) =: dim(m) for m = (β,m).

We have seen that a chiral Q-system in C defines a Q-system Q⊗ 1 in C ⊠ Copp. Similarly, a Q1 −Q2-
bimodule m in C can be lifted to a Q1 ⊗ 1−Q2 ⊗ 1-bimodule in C ⊠ Copp, denoted m⊗ 1.
The notion of braided product of Q-systems gives rise to a braided product of bimodules [35], so that
if we denote the full center of Q-systems as:

R[Q] := (Q⊗ 1)×+ Qcan ⇒ Z[Q] = C+[R[Q]] = C+[(Q⊗ 1)×+ Qcan]

we can define R[Q1]−R[Q2]-bimodules as

R[m] := (m⊗ 1)×+ Qcan

where Qcan is the canonical Q-system in C ⊠ Copp regarded as a Qcan −Qcan-bimodule. Since the full
center Z[Q] is an intermediate Q-system with respect to R[Q], we can define Z[Q1]−Z[Q2]-bimodules
restricting R[m] to the full centers Z[Q1] and Z[Q2].
Then, DR[m]|Z in equation (6.1) is just equation (6.2) for the Z[Q1]− Z[Q2]-bimodule R[m]|Z , where
m is an irreducible Q1 −Q2-bimodule7.

As said earlier, the number of chiral bimodules between two Q-systems is known and equals the
dimension of the center of equation (5.12). Thus, provided DR[m]|Z are linearly independent, they

form a basis of Hom(ΘR,ΘL).

In [57] it is shown, using the non-degeneracy property of the braiding in a modular category, that they
are indeed linearly independent, and in fact orthogonal with respect to the scalar product:

(D1, D2) := RR† ·D†
1D2 ·RR = RL† ·D2D

†
1 ·RL, D1, D2 ∈ Hom(ΘR,ΘL)

Represented as8:

†D1

(D1 , D2)

D2
†

D2

D1

7Indeed, while Dm ∈ Hom(Θ2,Θ1) we have DR[m]|Z ∈ Hom(ΘR,ΘL).
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where we are again using the blue color for ΘR in order to distinguish it from ΘL.
In particular [57]:

(DR[m1]|Z , DR[m2]|Z) = d21d
2
2d

4
Qcan · δm1,m2

where d1 and d2 are the dimensions of the Q-systems Q1 and Q2 respectively.

Let’s now denote T :=WL
ρ W

R †
ρ the elements of the other basis of Hom(ΘR,ΘL), where T is understood

to include the label ρ and possible multiplicity indices. Recalling that W Y †
ρ W Y

ρ = dY / dim(ρ), Y =
L,R, one finds:

(T, T ′) =
d2Qcan
dim(ρ)

· δT,T ′ (6.3)

where dY = dQcan thanks to proposition 6.4.2. Indeed:

(T, T ′) = RR† ·WR
ρ′W

L †
ρ′ W

L
ρ W

R †
ρ ·RR =

dQcan
dim(ρ)

· δρ′,ρ ·RR† ·WR
ρ′W

R †
ρ ·RR

and the remaining term can be resolved using the cyclicity of the trace:

ρ

ρ

ρ

†

WR

WR
ρ

ρ

ρ
†

WR

WR

ρ
ρ

dQ

dim(  )
can dQcan (6.4)

Then we can normalize both bases and define a unitary matrix that allows one to pass from one basis
to the other.

Definition 6.5.1. The passage from the normalized basis 1
d1d2d2Qcan

·DR[m]|Z to the normalized basis
√

dim(ρ)

dQcan
· T defines a unitary matrix:

SQ1Q2

m,T :=

√
dim(ρ)

d1d2d3Qcan
· (DR[m]|Z , T ) (6.5)

called generalized S-matrix.

Then we can finally expand the elements T = WL
ρ W

R †
ρ in terms of the minimal central projections

Im of equation (6.2) in order to compute the boundary conditions.

WL
ρ W

R †
ρ = T =

dQcan√
dim(ρ)

∑

m

SQ1Q2

m,T · 1

d1d2d2Qcan
·DR[m]|Z =

d1d2dQcan

dim(β)
√

dim(ρ)

∑

m

SQ1Q2

m,T · Im

Thus, by equation (5.16), the values of taken by the central operators Bρ = ΨL†
ρ ΨR

ρ in the irreducible
representation labeled by m are:

πm(Bρ) =
d1d2dQcan

dim(β)
√

dim(ρ)
· SQ1Q2

m,T , m = (β,m), T =WL
ρ W

R †
ρ (6.6)

In summary:

8Note that the equality between the two algebraic expressions for (D1, D2) admits a simple graphical interpretation:
it follows from ”sliding” one of the two intertwiners around the circle. Formally, this is a standard property of traces,
namely the cyclicity of equation (2.26), which can be proved straightforwardly using the snake identities together with
the definition of dual morphisms.
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Corollary 6.5.3. The irreducible boundary conditions, i.e., the irreducible representations of D =
BL2D ×− BR2D are labelled by the chiral bimodules between the chiral Q-systems whose full centers give

rise to the extensions BL2D and BR2D. The ”angles” πm(ΨL†
ρ ΨR

ρ ) between left and right fields are given
by the matrix elements of the generalized S-matrix as in equation (6.6).

Recall now from proposition 6.4.1 that if Q1 = Q2 = (id, 1, 1) =: 1, then their full centers coincide
with the canonical Q-system. By proposition 6.3.6, bimodules over Q=1 are isomorphic to modules
over Q ⊗ Qopp = 1 ⊗ 1 = 1 = Q. Hence bimodules over 1 are isomorphic to left modules over
1. By proposition 6.3.1, each module over 1 induced by a simple object ρ is itself simple, since
dimHom1(Ind1(ρ), Ind1(ρ)) = dimHom(ρ, 1 ⊗ ρ) = 1. Hence, the irreducible Q1 − Q2-bimodules m

of theorem 6.5.1 are labeled by simple objects σ of CDHR(A). On the other hand, the isometries

T =WL
ρ⊗ρ̄W

R †
ρ⊗ρ̄ are labeled by ρ⊗ ρ̄ and the generalized S-matrix reduces to:

S11
m,T = S11

Ind1(σ),ρ⊗ρ̄ = Sσ,ρ

where on the right-hand side we have the ordinary S-matrix describing the chiral CFT, since with
these assumptions equation (6.6) collapses to match exactly equation (5.19):

πm(Bρ) =
d1d2dQcan

dim(β)
√

dim(ρ)
· SQ1Q2

m,T → πσ(Bρ) =
1 · 1 · dQcan

dim(σ)
√

dim(ρ⊗ ρ̄)
· Sσ,ρ =

=
dQcan

dim(σ) dim(ρ)
· Sσ,ρ =

=
Sσ,ρ S00
Sσ,0 Sρ,0

with Sρ,0 = sρ,0 · S00 = dim(ρ)/dQcan where we have used equation (3.28) to write S00 = 1/dQcan
9.

Hence, we recover the result that, in diagonal theories, irreducible boundary conditions are labeled
by simple chiral objects. Furthermore, their fusion rules coincide with those of the corresponding
(induced) bimodules, which in turn match the fusion rules of chiral DHR endomorphisms. Thus, we
reconfirm that Verlinde lines obey the same fusion algebra as primary operators.

Other special cases are the following:

• If T =WLWR†, then:

SQ1Q2

m,id =

√
dim(ρ)

d1d2d3Qcan
· (DR[m]|Z ,W

LWR†) =

√
dim(ρ)

d1d2d3Qcan
· TrΘR [D†

R[m]|ZW
LWR†] =

=

√
dim(ρ)

d1d2d3Qcan
· Trid[WR†D†

R[m]|ZW
L] =

√
dim(ρ)

d1d2d3Qcan
·WR†D†

R[m]|ZW
L

where we have used again the cyclicity of the trace.
Then a generalization of property 5. in proposition 6.5.2 to DR[m]|Z gives [57]:

SQ1Q2

m,id =

√
dim(ρ)

d1d2d3Qcan
· d2Qcan dim(β)

So that:

πm(Bid) =
d1d2dQcan

dim(β)
√

dim(ρ)
· SQ1Q2

m,id = 1

Therefore, as expected, every defect acts trivially on the identity operator.

9Recall that dQcan =
√

dim(Θcan) =
√

∑

ρ dim(ρ⊗ ρ̄) =
√

∑

ρ dim(ρ)2 with ρ irreducible chiral endomorphism.
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• If we have isomorphic theories on both sides of the boundary, i.e. Q1 = Q2 = Q, we can consider
m = Q as a Q − Q-bimodule. In this case, one can show that DR[m]|Z = d21dQcan 1ΘR [57], so
that:

SQQQ,T =

√
dim(ρ)

d1d2d3Qcan
· d21dQcan(1, T )

d1=d2=dQ
=

√
dim(ρ)

d2Qd
3
Qcan

· d2QdQcan · dQcan =

√
dim(ρ)

dQcan
(6.7)

where we have used the fact that in this case, since ΘL = ΘR, the scalar product becomes

(1, T ) = TrΘR [W
R
ρ W

R†
ρ ] = TrΘR [W

R†
ρ WR

ρ ] =
dR

dim(ρ)
· Trρ[id] =

dQcan dim(ρ)

dim(ρ)
= dQcan

where we have used again the cyclicity of the trace as in equation (6.4).

As a consequence, since d2Q = dΘ = dim(β), we have πQ(Bρ) =
d2Q

dim(β) · 1 = 1 for all ρ, meaning
that we get exactly the identity for all the endomorphisms ρ. This implies that the trivial defect
corresponds to the trivial bimodule.

One can also use the following proposition to compute the generalized S-matrix in more general situ-
ations.

Proposition 6.5.4. Consider the assumptions of theorem 6.5.1, but now let QY , Y = A,B,C, be three
Q-systems arising as full centers of chiral Q-systems QY , Q

Y := Z[QY ], Y = A,B,C. Furthermore,
assume that dimHom(ΘY , ρ) ∈ {0, 1} for all ρ ∈ Obj(CDHR(A) ⊠ CDHR(A)opp), Y = A,B,C, i.e.
there are no multiplicities. Then:

Nm3
m1m2

=
∑

T

dQcan√
dim(ρ)

· SABm1,TS
BC
m2,TS

AC
m3,T

, T =WA
ρ W

C†
ρ (6.8)

where m1,m2,m3 are QA − QB, QB − QC and QA − QC-bimodules respectively, and Nm3
m1m2

are the
fusion coefficients:

m1 ⊗QB m2 =
∑

m3

Nm3
m1m2

·m3

Proof. First, we need to generalize property 4. of proposition 6.5.2 to the lifted intertwiners DR[m]|Z .
For m1 an irreducible QA-QB-bimodule and m2 an irreducible QB-QC-bimodule, we use:10

DR[m1]|Z ·DR[m2]|Z = d2BdQcan
∑

m3

Nm3
m1m2

DR[m3]|Z (6.9)

where dB := dQB . The product on the left-hand side is the ordinary composition of intertwiners.
As a consistency check, take m2 = QB, regarded as the trivial QB − QB-bimodule. As already
observed DR[m2]|Z = d2BdQcan 1ΘR . In general, one can show that m2 = QB acts as the unit of the
fusion product of bimodules, i.e. m1⊗QBm2 = m1 [57]. In terms of the DR[m]|Z operators the product
becomes:

DR[m1]|Z ·DR[m2]|Z = d2BdQcan DR[m1]|Z

which fixes the normalization in (6.9).

Now we use (6.5) to express equation (6.9) in the T basis. In particular, for a QA −QB bimodule m:

DR[m]|Z = dAdBdQcan
∑

T

√
dim(ρ) SABm,T T

where the bar denotes complex conjugation of the corresponding matrix element.

10This equation appears in [35], but it contains a normalization error. The consistency check performed here should
not be regarded as a proof of the formula, but rather as a way to identify the correct normalization.
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Hence the left-hand side of (6.9) becomes:

dAd
2
BdCd

2
Qcan

∑

T1,T2

√
dim(ρ1) dim(ρ2) SABm1,T1

SBCm2,T2
T1T2

whereas the right-hand side becomes

d2BdQcandAdCdQcan
∑

m3

Nm3
m1m2

∑

T ′
3

√
dim(ρ′3) S

AC
m3,T ′

3
T ′
3

After simplifying the common factors:

∑

T1,T2

√
dim(ρ1) dim(ρ2) SABm1,T1

SBCm2,T2
T1T2 =

∑

m3

Nm3
m1m2

∑

T ′
3

√
dim(ρ′3) S

AC
m3,T ′

3
T ′
3

We now take the scalar product with a fixed T3. Using the normalization (6.3), this gives

∑

T1,T2

√
dim(ρ1) dim(ρ2) SABm1,T1

SBCm2,T2
(T3, T1T2) =

∑

m3

Nm3
m1m2

SACm3,T3

d2Qcan√
dim(ρ3)

Multiplying by √
dim(ρ3)

d2Qcan
SACm′

3,T3

and summing over T3, the unitarity of the generalized S-matrix yields

Nm3
m1m2

=
∑

T1,T2,T3

d−2
Qcan

√
dim(ρ1) dim(ρ2) dim(ρ3) SABm1,T1

SBCm2,T2
SACm3,T3 (T3, T1T2) (6.10)

Let us now analyse the product T1T2. This is simply the ordinary composition of intertwiners. In the
present setting, the labels L/R are replaced by the labels A,B,C of the three Q-systems. Thus

T1 ∈ Hom(ΘZ[B],ΘZ[A]), T2 ∈ Hom(ΘZ[C],ΘZ[B]), T3 ∈ Hom(ΘZ[C],ΘZ[A])

where Z[Y ] := Z[QY ], Y = A,B,C. In the multiplicity-free case, we may write

T1 =WA
ρ1W

B†
ρ1 , T2 =WB

ρ2W
C†
ρ2 , T3 =WA

ρ3W
C†
ρ3

Therefore
T1T2 =WA

ρ1

(
WB†
ρ1 W

B
ρ2

)
WC†
ρ2

Now WB†
ρ1 W

B
ρ2 ∈ Hom(ρ2, ρ1). Since the sectors ρi are irreducible, Schur’s lemma implies that this

morphism vanishes unless ρ1 ≃ ρ2. With the chosen normalization of the Wρ’s, we have WB†
ρ WB

ρ =
dQcan
dim(ρ)1ρ. Hence

11

T1T2 =
dQcan

dim(ρ1)
δρ1,ρ2W

A
ρ1W

C†
ρ1

Taking the scalar product with T3 and using again (6.3), we find

(T3, T1T2) =
dQcan

dim(ρ1)
δρ1,ρ2

(
T3,W

A
ρ1W

C†
ρ1

)
=

d3Qcan
dim(ρ1)2

δρ1,ρ2δρ3,ρ1

Equivalently, in the multiplicity-free case,

(T3, T1T2) = d3Qcan
dim(ρ)−2δT1,T3δT2,T3 .

11In the presence of multiplicities, one would still have W i B†
ρ1 W j B

ρ2 ∝ δρ1,ρ2 , but with an additional Gram matrix gijρ
on the multiplicity space. This matrix can be chosen diagonal by taking an orthonormal basis of Hom(ρ,ΘZ[B]). This,
however, makes the derivation less straightforward.
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Inserting this back into (6.10) gives:

Nm3
m1m2

=
∑

T

dQcan√
dim(ρ)

· SABm1,T
SBCm2,T

SACm3,T

Finally, since the fusion coefficients are non-negative integers, we may take the complex conjugate of
the whole expression and obtain the (6.8).

Considering (6.7), the next corollary immediately follows:

Corollary 6.5.5. With the assumption of the previous proposition, if B = C we find a ”generalized
Verlinde formula”:

Nm3
m1m2

=
∑

T

SABm1,T
SBBm2,T

SABm3,T

SBBB,T

, T =WA
ρ W

B†
ρ

and the unitary matrices SABm,T diagonalize the fusion rules:

∑

m1m3

SABm1,T
Nm3

m1m
SABm3,T ′ =

SBBm,T

SBBB,T

· δT,T ′

Actually, in [35] the authors came up with a stronger result, relating general defects to bimodules,
whereas theorem 6.5.1 relates bimodules just to the boundary conditions.

Note first that by construction we have:

BL = D−
loc D+

loc = BR

Then the result is the following.

Theorem 6.5.6. [35] Let BY , Y = L,R, be two local extensions of A ⊗ A whose commutative Q-
systems QY = (ΘY ,W Y , XY ) arise as full centers of chiral Q-systems Q1 and Q2, i.e. Q

L := Z[Q1]
and QR := Z[Q2]. Then there is a one-to-one correspondence between factorial defects

BL = D−
loc ⊂ D ⊃ D+

loc = BR

and equivalence classes of (not necessarily irreducible) Q1 − Q2-bimodules. The defect is a boundary
condition if and only if the bimodule is irreducible. In this case, the boundary condition is irreducible.

Note that if the bimodule is not irreducible, then it is associated with a defect rather than with an
elementary boundary condition. This is consistent with the interpretation of an algebraic defect D
as an extension encoding not only the defect itself, but also possible additional degrees of freedom
corresponding to defect operators. Indeed, for a non-simple bimodule m, the algebra End(m) is non-
trivial, whereas for a simple bimodule Schur’s lemma implies End(m) ≃ C.
Therefore, irreducible bimodules correspond to boundary conditions, while reducible bimodules de-
scribe superpositions of such boundary conditions together with non-trivial defect operator sectors.

6.6 Modules and algebra objects of the chiral Ising model

We have already seen that diagonal models can be seen as the full center with respect to the trivial
algebra, Q = 1, and the corresponding simple bimodules are all induced by simple objects. Moreover
we have already seen that in this case the generalized S-matrix reduces to the ordinary S-matrix, and
the boundary conditions are the same found algebraically in the last chapter. However, at this point
we have the tools to answer a natural question: is this the only structure we can have for the Ising
model? Indeed, we cannot be sure that there are no other special Frobenius algebras which are not
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Morita equivalent to the identity compatible with this model. In that case, such Q-systems would
describe a totally different CFT, with different defects. As we are going to see shortly, this is not the
case. We will follow a strategy from [78].

First, we need to state two useful results. We begin with the following definition:

Definition 6.6.1. Given a left Q-module m = (β,m) we can define a right Q-module m∨ =
(β∨, f(m)), where the right-action f(m) is given by:

f(m) = (dβ ⊗ idβ∨) ◦ (idβ∨ ⊗m⊗ idβ∨) ◦ (idβ∨ ⊗ idΘ ⊗ bβ)

Pictorially:

β
Θ

β

β
Θ

β β

β

f
↦ :

Θ

We recall that in our case right and left duality coincide and are denoted with the conjugation bar.

Recall that in general CQ is not a tensor category. However, it is possible to define a product between
left- and right- modules following a similar procedure to the definition of the product of bimodules.
Consider a simple symmetric special Frobenius algebra Q = (Θ, w, x†) and a left Q-module m. We
define the morphism:

β

Θ

β

:

β

β

pm ,m

which can be shown to be an idempotent and to have a retract [78]. Then one defines:

m∨ ⊗Q m := Im(pm∨,m)

Then one can show the following12:

12In the following the Q-systems are assumed to be simple. This notion is defined in [57] as the requirement for
the chiral Q-system to generate an extension N ⊂ M with M being a factor. This is always the case, as we have
seen in section 4.2, if dimHom(id,Θ) = 1, but may fail when this condition is not satisfied. Simplicity has many
equivalent conditions, namely that dimHom(id⊗ id,ΘZ[Q]) = 1, where Z[Q] is the full-center of the chiral Q-system Q,
or dimHom(id, C±[Q]) = 1, where C±[Q] denote the left/right centers of Q [57]. These last two equivalent conditions
are the ones used in [33] to define this property. Note that if Q is not simple, the full center Z[Q] describes an extension
which is not a factor, which can be centrally decomposed as we have done for defects. Therefore, non-simple Q-systems
describe the superposition of different CFTs; this is also discussed in [33]. Finally, one can introduce a notion of direct
sum of Q-system so that a non-simple Q-system can be decomposed in a sum of simple Q-systems [78].
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Proposition 6.6.1. [78] Let Q1 be a simple symmetric special Frobenius algebra in the modular tensor
category C. Given a left Q1-module m that is not a zero object, set Q2 := m∨⊗Q1 m. Then Q2 can be
endowed with the structure of a simple symmetric special Frobenius algebra such that Q1 ≃ m⊗Q2 m

∨

and Q2 ≃ m∨ ⊗Q1 m as Q1 −Q1- and Q2 −Q2-bimodules, respectively. In particular, Q1 and Q2 are
Morita equivalent.

Proposition 6.6.2. [78] Every simple symmetric special Frobenius algebra Q2 is isomorphic to m∨⊗Q1

m, where Q1 is a haploid simple symmetric special Frobenius algebra and m is a left Q1-module.

Note that if in proposition 6.6.1 we consider Q1 = 1, then every object of the form β∨ ⊗ β can be
endowed with the structure of a simple symmetric special Frobenius algebra, which is Morita equivalent
to the trivial Q-system.

We start from a generic algebra object for CDHR(A) given by:

Θ = 1⊕ ψ⊕nψ ⊕ σ⊕nσ

where nψ, nσ ∈ N and 1 does not have any multiplicity because, focusing on simple symmetric special
Frobenius algebras, as a consequence of the above propositions, there is always a haploid representative
(dimHom(1,Θ) = 1) in every Morita equivalence class.

Now we use proposition 6.3.1 to study the induced modules over this generic algebra. In particular,
the following table contains the dimensions dimHomQ(IndQ(U), IndQ(V )) = dimHom(U,Θ ⊗ V ) for
U, V = 1, ψ, σ:

1 ψ σ

1 1 nψ nσ
ψ nψ 1 nσ
σ nσ nσ 1+nψ

So we immediately know that both IndQ(1) and IndQ(ψ) are simple modules. This implies that nψ
must be either 0 or 1 depending on whether these two modules are isomorphic or not. We now
distinguish the two cases:

• Suppose that nψ = 0, i.e. IndQ(1) and IndQ(ψ) are not isomorphic. In this case also IndQ(σ) is
simple. Then we must have nσ = 0, thus fixing Θ = 1.

• Now let nψ = 1, i.e. IndQ(1) ≃ IndQ(ψ). Then dimHomQ(IndQ(σ), IndQ(σ)) = 2, so it is
reducible: IndQ(σ) ≃ m1⊕m2 withm1,m2 non-isomorphic simple Q-modules. Now we can have
either nσ = 1, meaning that exactly one among m1 and m2 is isomorphic to IndQ(1) ≃ IndQ(ψ),
or nσ = 0.

Thus the only possibilities are:

Θ = 1 Θ = 1⊕ ψ Θ = 1 + ψ + σ

Keeping, as always, the Q-system specific notation, to better study these algebras it is useful to express
the product X† with respect to the basis {Wρ} for the embedding spaces Hom(ρ,Θ), as well as dual

basis {W †
ρ} for Hom(Θ, ρ), ρ ≺ Θ, as compared to the bases of (2.28) describing the fusion of simple

objects 13:

13This procedure can be carried out in general; see, for example, [33]. However, since we will use it only in the present
context, we specialize directly to the Ising model and simplify the notation accordingly. In particular, equation (6.11) is
valid for general theories with Nk

ij ∈ {0, 1} and dimHom(ρ,Θ) ∈ {0, 1}.
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τ

τ

W

ρW σ

ρ σ

W

†

τ

ρ σ

τ
ρ,σ(X  )†

where (X†)τρ,σ ∈ C. It is easy to see that the associativity of the Q-system Q is expressed as [33]:

(X†)γρ,σ(X
†)δγ,τ =

∑

φ≺Θ

(X†)φσ,τ (X
†)δρ,φ F

(ρστ)δ
φ,γ (6.11)

where all the labels refer to subendomorphisms with respect to Θ. One can show that the special
property of the Q-system forces (X†)1ρ,ρ ̸= 0 for all ρ ≺ Θ [33].

Now we consider this consistency constraint applied to the algebra given by Θ = 1 ⊕ ψ ⊕ σ. We get
the following three equations:

(X†)σψ,σ(X
†)ψσ,σ = (X†)1σ,σ(X

†)ψψ,1 F
(ψσσ)ψ
1,σ

(X†)σσ,ψ(X
†)ψσ,σ = (X†)σψ,σ(X

†)ψσ,σ F
(σψσ)ψ
σ,σ

(X†)1σ,σ(X
†)ψ1,ψ = (X†)σσ,ψ(X

†)ψσ,σ F
(σσψ)ψ
σ,1

Since we want Q to be special, we need to impose (X†)1ρ,ρ ̸= 0 for all ρ = 1, ψ, σ. The only term of

this form appearing in the above equations is (X†)1σ,σ and we normalize it to 1. Note that clearly we

also have (X†)ρρ,1 = (X†)ρ1,ρ = 1 for all ρ.

Using F
(σσψ)ψ
σ,1 = 1 = F

(ψσσ)ψ
1,σ we get from the last equation:

1 · 1 = (X†)1σ,σ(X
†)ψ1,ψ = (X†)σσ,ψ(X

†)ψσ,σ

I.e. (X†)σσ,ψ , (X
†)ψσ,σ ̸= 0. Summing the first equation to the third we also find (X†)σψ,σ = (X†)σσ,ψ.

On the other hand, since F
(σψσ)ψ
σ,σ = −1, the second equation, upon using (X†)ψσ,σ ̸= 0, gives (X†)σψ,σ =

−(X†)σσ,ψ and so we have a contradiction. Thus there is no associative multiplication on Θ = 1⊕ψ⊕σ
that is also special.

Now we turn our attention to Θ = 1 ⊕ ψ. Since ψ ⊗ ψ ≃ 1, the coefficient (X†)1ψψ ̸= 0 is the only
non-trivial structure constant. As Hom(ψ ⊗ ψ, 1) is one-dimensional, this coefficient amounts only
to a choice of normalization and can therefore be set equal to 1. Consequently, the multiplication is
unique.

Furthermore, as objects of CDHR(A), we have 1⊕ ψ ≃ σ ⊗ σ ≃ σ∨ ⊗ σ. Hence, by proposition 6.6.1,
the object 1⊕ψ can be endowed with the structure of a symmetric special Frobenius algebra, proving
that the multiplication described above indeed exists. The same proposition also implies that 1 ⊕ ψ
belongs to the same Morita class as the tensor unit algebra 1.

We conclude that the chiral Ising model admits a single Morita class of symmetric special Frobenius
algebras. Therefore, no additional defect classifications arise beyond the one already obtained. In this
sense, the classification of topological defects in the critical Ising model is complete.
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Conclusion

In summary, this thesis has explored the nature of topological defects and their realization in two-
dimensional conformal field theories (CFTs). We began by examining these defects within the Eu-
clidean theory, and subsequently developed the mathematical machinery required to translate these
concepts into the relativistic framework.

Algebraic Quantum Field Theory (AQFT) served as a natural axiomatic framework for the step-by-
step construction of a relativistic CFT. Relying on the underlying causal structure, we successfully
constructed extensions of the net of observables to encode the presence of defects. A central tool
in this procedure was the notion of a Q-system, which proved to be a symmetric special Frobenius
algebra over the modular tensor category of the DHR endomorphisms of the net.

Parallel to the relativistic case, the Euclidean construction has also been axiomatized, primarily
through the lens of Vertex Operator Algebras (VOAs). The equivalence between these approaches
was outlined in general and explicitly proven for the unitary rational CFTs of interest. Ultimately,
we demonstrated that modular tensor categories provide the natural and universal environment to
describe both Euclidean and relativistic CFTs. Within this unified categorical framework, defects are
elegantly described by bimodules.

Building upon the foundation laid in this work, there are several promising avenues for future research:

• Non-diagonal models: a natural extension involves studying a non-diagonal example, such as the
three-state Potts model. While most of the theoretical instruments developed here are general
enough to cover such examples, additional technical work is required. For instance, proposition
6.5.5 cannot be applied directly since the model does not satisfy the multiplicity-free condition.

• Generalizing algebraic defects: a comprehensive algebraic description of defects is still lacking,
as our primary focus remained on boundary conditions. Although the description via bimodules
inherently includes the notion of a defect-starting operator (see for example [85]), more algebraic
work is necessary to fully characterize the defect net D when it is not simply given by BL ∨BR.

• Defect intersections: we currently lack an algebraic understanding of the dynamics at the inter-
section of two defects (or boundary conditions). Addressing this clearly requires the definition
of additional degrees of freedom residing on the defect junction, tightly connecting this issue to
the aforementioned generalization of algebraic defects.

• Spacelike defects: in the AQFT framework, we have defined defects exclusively as timelike curves
in Minkowski space. To complete the relativistic picture, a rigorous description of spacelike
defects is also required.

• Boundaries and interfaces: finally, this work could be expanded by studying defects in the
presence of CFT boundaries, or by adapting the developed algebraic framework to describe
interfaces between distinct conformal field theories.

Ultimately, the results presented in this work clarify the relation between the Euclidean and relativistic
formulations of defects in conformal field theories, providing a solid algebraic foundation for future
developments as well as a unified environment for characterizing defects across different frameworks.
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Appendix

A - Covariant Form of a Conserved Charge

LetM (d−1) be parametrized by the coordinates {ya}d−1
a=1 and let eµa = ∂xµ

∂ya be the corresponding tangent

vectors. Then dxµ|M = ∂xµ

∂ya dy
a = eµadya and for j = jµdx

µ we get

⋆j|M =
1

(d− 1)!
jµϵµν1...νd−1

dxν1 ∧ ... ∧ dxνd−1 |M = jµϵµν1...νd−1
eν11 · · · eνd−1

d−1 dy
1 ∧ ... ∧ dyd−1 = jµnµdM

with nµ := ϵµν1...νd−1
eν11 · · · eνd−1

d−1 /
√
det(h) and dM :=

√
det(h)dy1∧...∧dyd−1, where h is the pull-back

metric hab = eµaeνb δµν . Using the antisymmetry properties of ϵ, it is immediate that nµe
µ
a = 0 for every

a = 1, . . . , d − 1, while nµn
µ = det(ea · eb)/det(h) = 1. Thus, nµ is the unit normal to M , up to the

sign fixed by the chosen orientation.

Moreover:

d ⋆ j =
1

(d− 1)!
∂ρj

µϵµν1···νd−1
dxρ ∧ dxν1 ∧ · · · ∧ dxνd−1 =

=
1

(d− 1)!
∂ρj

µϵµν1···νd−1
ϵρν1···νd−1dx1 ∧ · · · ∧ dxd =

= ∂µj
µdx1 ∧ · · · ∧ dxd = 0

Hence the conservation equation ∂µj
µ = 0 is equivalent to d ⋆ j = 0. The same relations generalize to

a general metric by replacing the ordinary divergence with the covariant one.

B - Computation of the bubble diagrams

We will not write the labels on the diagrams since junction spaces are one-dimensional, hence they do
not need indices, and we use the conventions for drawing lines adopted in section 2.5 to distinguish
the different TDLs.
We start by computing F (NηN)η. The dotted circles indicate the use of the completeness relation
(2.37). The only non-trivial entry is:

η η
2 2 2

(N

NN

N)
F

,
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From this, we get F
(NηN)η
N,N = −1. Its cyclic permutation, F

(ηNη)N
N,N = −1, is computed in the same way.

Now we compute F (NNN)N . As mentioned above, the first two entries are given by the completeness

relation (2.37): F
(NNN)N
I,I = F

(NNN)N
I,η = 1√

2
. The remaining entries are given by the following

diagrams:

2

0

2
N N

η η
(N N)
F ,

2

where we have used (2.29) to resolve the bubbles. Note that the first diagram after the first equality
goes to zero as a consequence of that rule.

2
N N

η
(N N)
F ,

2

I

From which we get: F
(NNN)N
η,I = 1√

2
and F

(NNN)N
η,η = − 1√

2
.

Let us now see how to resolve the last term of the sum arising when inflating the N bubble on the
torus:

1

2
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where in the first step we fuse the defects enclosed by the dotted lines, and then resolve the resulting
bubbles using (2.29). The last term corresponds to an η defect wrapping the diagonal cycle of the
torus; equivalently, it can be represented as a network of η defects wrapping the two fundamental
cycles.

C - The hypergroup of boundary conditions

In section 5.3 we have seen that the boundary conditions encode the local action of defects. Indeed,
equation (5.19) coincides with the first term of equation (2.11), describing a defect moved past a local
operator. This first term is graphically represented by a defect bubble encircling a local operator.

LL L

L

Ψ

T

T
†

ρ (Ψ)

H

H

H

H⊗ ⊗ LH

LH H⊗ ⊗ LH

Figure C.1: Local action of the defect L on the local field Ψ.

Here we discuss another interesting way of
describing such local action, which is related
to the language we have already developed,
but will provide further insight on the struc-
ture of the algebraic theory with defects.
Our main objective is to show that the ob-
servation made for the Ising model, i.e. that
there are no other operators, apart from the
identity, completely invariant under all de-
fects, is not a coincidence.

We follow an observation from [73]. Con-
sider a defect line encircling a local opera-
tor, as in figure C.1. Instead of shrinking
the defect to act on the operator, we keep it
at finite size and analyze the configuration
on constant-time slices.

At early times, the state lies in the vacuum representation. As the time slice intersects the defect, the
local operator acts on a state in a twisted representation associated with the defect.

The twisted representations live in the Hilbert space given by the tensor product HL̄⊗H⊗HL, where
H is the untwisted Hilbert space of the theory14. This can be understood by using corollary 2.2.6 to
detach an identity defect from the original one and slide it across the local operator.

Finally, when the time slice exits the defect loop, the state returns to the vacuum sector.

Therefore, the entire process is described by a map acting on a generic primary operator Ψ like

ϕρL (Ψ) = T †ρL(Ψ)T (C.1)

where T ∈ Hom(id, ρL) is an isometry from the vacuum representation to the twisted representation
ρL associated to the defect L. This might appear as another possible way to describe the defect,
however, it is actually the exact same description we have already constructed.

Before formalizing this connection, we want to show that maps of the form above are special, in the
sense that they are unital completely positive maps.

Definition C.1. An element A of a C∗ algebra is positive, denoted A ≥ 0 if there exist a finite
number of elements {Ak}Nk=0 such that A =

∑N
n=0A

∗
kAk.

14Be careful not to confuse H with the vacuum Hilbert space, which we have often denoted by the same symbol for
simplicity. This Hilbert space corresponds to the “identity-twisted” Hilbert space, i.e. the full Hilbert space of the
theory, where the vacuum sector is just one component.
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Definition C.2. A map between two unital C∗−algebras A1 and A2, ϕ : A1 → A2, is said to be a
unital completely positive (UCP) map if it is:

• Unital: ϕ(1A1) = 1A2 ;

• Positive: if X ∈ A1 is positive, X ≥ 0, then ϕ(X) ≥ 0;

• Completely positive: the extended map ϕ ⊗ idn : A1 ⊗Mn(C) → A2 ⊗Mn(C) is positive for
every n ∈ N.

Theorem C.1 (Stinespring’s dilation theorem). [87] Let A be a C∗-algebra with a unit, H a Hilbert
space and B(H) be the bounded operators on H. For every completely positive map

ϕ : A → B(H)

there exists a Hilbert space K and a unital ∗−homomorphism

π : A → B(K)

such that
ϕ(A) = V ∗π(A)V

where V : H → K is a bounded operator such that V ∗V = 1. The converse is also true.

Hence our heuristic considerations suggest that the local actions of defects are encoded in unital
completely positive maps on the observable algebra. Now we want to show this clearly.

First we need the following definition:

Definition C.3. A (finite) hypergroup K is a (finite-dimensional) vector space with a distinguished
basis ki satisfying an associative multiplication

ki kj =
∑

l

λlij · kl

with non-negative real coefficients λlij such that for each i, j

∑

l

λlij = 1

There is a neutral element k0 = 1 and an involution i↔ ī such that λ0ij ̸= 0 if and only if j = ī.

A fusion algebra (properly normalized) is an example of hypergroup.

Now let N ⊂ M be an irreducible type III subfactor on a separable Hilbert space and let Q =
(Θ,W,X) be the associated Q-system. Assume that Γ = ιῑ is multiplicity-free. This holds, in partic-
ular, for commutative Q-systems [74].
Let Pa ∈ Hom(Γ,Γ) be projections onto Γa ≺ Γ and choose isometries Sa ∈ Hom(Γa,Γ), such that

Pa = SaS
†
a and S†

aSa = 1M.
Then we decompose the conditional expectation of equation (4.4), considered as a positive map of M
into itself, as:

ι ◦ µ(·) = d−1
Q ι(W †) ιῑ(·)ι(W ) = d−1

Q ι(W †) Γ(·)ι(W ) = d−1
Q ι(W †)

∑

a

SaΓa(·)S†
a ι(W )

where S†
aι(W ) ∈ Hom(ι,Γaι) are multiples of isometries: ι(W †)SaS

†
aι(W ) = dim(Γa)/dQ. Then in

terms of isometries Ta =
√
dQ/ dim(Γa)S

†
aι(W ) we have:

ι ◦ µ(·) = 1

d2Q

∑

a

dim(Γa) · T †
aΓa(·)Ta =:

1

d2Q

∑

a

dim(Γa) · ϕa(·)

Finally, we can state the following15:

15Most of the following propositions are proved by direct calculations. All these proofs are found in [74].
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Proposition C.2. [74] The unital completely positive maps

ϕa(·) = T †
aΓa(·)Ta : M → M

are N -bimodular maps (i.e. ϕa(N1MN2) = N1ϕa(M)N2 ∀N1, N2) with fixed points N . In particular
ϕa form a hypergroup KN⊂M under composition.

ϕa ϕb =
∑

c

λcab · ϕc

where the sum runs over the subsectors Γc ≺ ΓaΓb.

Note that we are particularly interested in the fixed-point property of these maps. If we manage to
relate the ϕa to the local action of the defects, then we automatically show that what we have observed
in the Ising model is not a coincidence.

Before doing so, we need to talk about matrix representations.

Definition C.4. A matrix representation of a hypergroup K is a homomorphism U of K into
Mm×m(C) such that U(k̄) = U(k)†.

Consider the irreducible subrepresentation ρ ≺ Θ and the charged fields Ψi
ρ, i = 1, ...,mρ = dimHom(ρ,Θ)

Proposition C.3. [74] The positive maps ϕa act linearly on the spaces Hom(ι, ιρ). The coefficients
in

ϕa(Ψ
i
ρ) =

∑

j

Ψj
ρ · Uρ(a)ji

form irreducible matrix representations Uρ of KN⊂M. The representations {Uρ}ρ≺Θ are irreducible
and pairwise inequivalent. They exhaust the irreducible representations of KN⊂M.

Now we focus on the QFT application. For simplicity consider two isomorphic local extensions A ⊂ BL
and A ⊂ BR where A = A+ ⊗A−. This means that the two Q-systems are the same, QL = QR. As
in section 5.3, we construct the extension D defined by the braided product Q-system QL ×− QR.

The following result relates the central projections Ea to the action of the hypergroupKA⊂B associated
with the subfactor A(O) ⊂ B(O) on the charged fields.

Proposition C.4. [74] The following expansion holds:

Bij
ρ = (Ψi,L

ρ )†Ψj,R
ρ =

∑

a

Uρ(a)ij · Ea

which implies:
πa((Ψ

i,L
ρ )†Ψj,R

ρ ) = Uρ(a)ij (C.2)

Hence we see that the boundary conditions are related to the unitary representations of the hypergroup
KA⊂B.

Note that, in general, equation (C.2) does not imply a linear relation of the form

πa(Ψ
j,R
ρ ) =

∑

i

πa(Ψ
i,L
ρ ) Uρ(a)ij ,

since the two sets of fields need not form bases16. In extreme cases, the operators Ψi,L
ρ and Ψj,R

ρ may
even be linearly independent in a given representation, and the boundary condition is then merely
a sesquilinear relation specifying the ”overlapping” or ”angles” between the two spaces of embedded
charged field operators. In the particular case in which the matrix Uρ(a) is unitary, however, one does
obtain linear relations between the field operators.

16Although BL ≃ BR, the way they are embedded into D may differ. The role of the boundary condition is to specify
this difference.
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To see why, consider the two vectors of charged fields17:

ΨR
ρ = (Ψ1,R

ρ , ...,Ψ
Zρ,R
ρ ) ΨL

ρ = (Ψ1,L
ρ , ...,Ψ

Zρ,L
ρ )

where we are considering the same theory on both sides of the defect and Zρ is the multiplicity of ρ

in both ΘL and ΘR. Now express Ψj,R
ρ =

∑
iΨ

i,L
ρ ·Uρ(a)i,j + χj where χ is an orthogonal vector with

respect to Ψi,L
ρ : ΨL†

ρ · χ = 0. The isometry condition for ΨR
ρ reads:

δk,j = Ψk,R†
ρ Ψj,R

ρ = (
∑

l

Uρ(a)
†
k,l ·Ψl,L†

ρ + χ†
k)(
∑

i

Ψi,L
ρ · Uρ(a)i,j + χj)

Using the orthogonality between χ and ΨL
ρ and the fact that also the Ψi,L

ρ are isometries:

δk,j =
∑

i

U †
k,iUi,j + χ†

kχj

Hence if U is an isometry, this implies χ = 0; since this charged-field multiplicity space is finite-
dimensional, then U is also unitary.

Suppose that Uρ(a) is unitary. Then we can express the action of the defect as relations

πa(Ψ
j,R
ρ ) =

∑

i

πa(Ψ
i,L
ρ ) Uρ(a)ij = ϕa(Ψ

j,L
ρ ) (C.3)

We know that this corresponds graphically to the sliding of the defect through Ψi,L
ρ , which results

in the summation (2.11). In particular, in our theory only the first term of that sum is considered,
as we cannot have junctions on the defect. Hence equation (C.3) shows that the defect bubble acts
on the field Ψj,L

ρ as a UCP map, transforming it into the field Ψj,R
ρ . This map is characterized by a

decomposition like the one we have originally guessed in equation (C.1).

This not only confirms and formalizes our initial ansatz, but as a consequence of proposition C.2 we
know that these maps have A as fixed point:

A = BKA⊂B := {B ∈ B : ϕa(B) = B, ∀ϕa ∈ KA⊂B}

i.e. A is the fixed point subnet, or orbifold net with respect to the action of KA⊂B on B. Here B can
be either BL or BR.

Following our construction of two-dimensional CFTs, A is just the tensor product of two Virasoro nets.
Hence the orbifold of a full 2d CFT with respect to the hypergroup of boundary conditions, describing
the local action of its defects, gives just the Virasoro net, i.e. the vacuum sector together with its
descendants. In other words, we can conclude that in these theories there is no primary operator
that is invariant under all defects, apart from the identity family. For this reason the hypergroup of
boundary conditions is regarded as the minimal extension of the usual symmetry group of a theory,
including also the action of non-invertible symmetries. Sometimes the elements of KA⊂B are called
Quantum Operations [71].

Finally, we state the following result from [74]:

Proposition C.5. [74] Up to a trivial rescaling, this composition of boundary conditions is isomorphic
to the hypergroup product of KA⊂B.

This is not a surprise after interpreting the elements of KA⊂B as the maps describing the local actions
of defects.

The generalization to the situation where BL and BR are different extensions of A is also described in
[74].

17We omit here the representation πa to simplify notation.
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D - Calculations of the fermionic extension

We now prove equations (5.22) and (5.21). To do so, we will use the ingredients developed for the
Ising model, in particular: the application of the chiral endomorphism σ to the chiral intertwiners,
i.e. equation (3.30); the fusion rules of the Ising primary fields of equation (4.13); the commutation
relations between the left and right fields in equation (5.20).

First we show that ψ†
± = ψ±. We do this for ψ+, while the calculation for ψ− is identical.

ψ†
+ = (

√
−i ·ΨL†

σ⊗σ(u⊗ 1)ΨR
σ⊗σ)

† =
√
i ·ΨR†

σ⊗σ(u⊗ 1)ΨL
σ⊗σ

where we have used u† = u. Now we use ΨR†
σ⊗σ =

√
2(r† ⊗ r†)ΨR

σ⊗σ:

ψ†
+ =

√
i ·

√
2(r† ⊗ r†)ΨR

σ⊗σ(u⊗ 1)ΨL
σ⊗σ =

√
i ·

√
2(r† ⊗ r†)(σ(u)⊗ 1)ΨR

σ⊗σΨ
L
σ⊗σ

Now we focus on (r† ⊗ r†)(σ(u)⊗ 1):

(r† ⊗ r†)(σ(u)⊗ 1) = (r† ⊗ r†)((tr† + rt†))⊗ 1) = t† ⊗ r†

Where we recall that r†r = t†t = 1 and r†t = t†r = 0.
Then:

(r†⊗r†)(σ(u)⊗1) ·ΨR
σ⊗σΨ

L
σ⊗σ = (t†⊗r†) · [(rr†−itt†)⊗(rr†+itt†)]ΨL

σ⊗σΨ
R
σ⊗σ = −i(t†⊗r†)ΨL

σ⊗σΨ
R
σ⊗σ

Now we write ΨL
σ⊗σ =

√
2ΨL†

σ⊗σ(r ⊗ r) and −i
√
i =

√
i:

ψ†
+ =

√
−i ·

√
2(t† ⊗ r†)ΨL

σ⊗σΨ
R
σ⊗σ =

√
−i · 2(t† ⊗ r†)ΨL†

σ⊗σ(r ⊗ r)ΨR
σ⊗σ =

=
√
−i · 2ΨL†

σ⊗σ(σ(t
†)⊗ σ(r†))(r ⊗ r)ΨR

σ⊗σ

Finally:

(σ(t†)⊗ σ(r†))(r ⊗ r) =
1

2
[(u†r† − u†t†)⊗ (r† + t†)](r ⊗ r) =

1

2
(u⊗ 1)

Reinserting in the equation above we find:

ψ†
+ =

√
−i · 2ΨL†

σ⊗σ(σ(t
†)⊗ σ(r†))(r ⊗ r)ΨR

σ⊗σ =
√
−i ·ΨL†

σ⊗σ(u⊗ 1)ΨR
σ⊗σ = ψ+

Now we prove ψ2
+ = 1

2(1−ΨL
ψ⊗ψΨ

R
ψ⊗ψ). Again, the same calculations are valid for ψ−.

Starting from the definition:

ψ2
+ = ψ+ψ+ = ψ+ψ

†
+ = (

√
−i ·ΨL†

σ⊗σ(u⊗ 1)ΨR
σ⊗σ)(

√
i ·ΨR†

σ⊗σ(u⊗ 1)ΨL
σ⊗σ)

Let’s focus on the middle term:

ΨR
σ⊗σΨ

R†
σ⊗σ =

√
2 ·ΨR

σ⊗σ(r
† ⊗ r†)ΨR

σ⊗σ =
√
2 · (σ(r†)⊗ σ(r†))ΨR

σ⊗σΨ
R
σ⊗σ =

=
√
2 · 1

2
[(r† + t†)⊗ (r† + t†)]

1√
2
[(r ⊗ r) + (t⊗ t)ΨR

ψ⊗ψ] =

=
1

2
(1+ΨR

ψ⊗ψ)

(D.4)

Reinserting back in the equation above:

ψ2
+ = ΨL†

σ⊗σ(u⊗ 1)
1

2
(1+ΨR

ψ⊗ψ)(u⊗ 1)ΨL
σ⊗σ

Now we use ΨR
ψ⊗ψ(u⊗ 1) = (ψ(u)⊗ 1)ΨR

ψ⊗ψ = (−u⊗ 1)ΨR
ψ⊗ψ together with u2 = 1 to get:

ψ2
+ =

1

2
ΨL†
σ⊗σ(1−ΨR

ψ⊗ψ)Ψ
L
σ⊗σ =

1

2
ΨL†
σ⊗σ(Ψ

L
σ⊗σ − (u⊗ u)ΨL

σ⊗σΨ
R
ψ⊗ψ)
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where we have also used the commutation relation between ΨL
σ⊗σ and ΨR

ψ⊗ψ. Now we focus on the
two sub-problems. First:

ΨL†
σ⊗σ(u⊗ u)ΨL

σ⊗σ =
√
2(r† ⊗ r†)(σ(u)⊗ σ(u))ΨL

σ⊗σΨ
L
σ⊗σ =

=
√
2(r† ⊗ r†)[(tr† + rt†)⊗ (tr† + rt†)]

1√
2
[(r ⊗ r) + (t⊗ t)ΨL

ψ⊗ψ] =

= ΨL
ψ⊗ψ

(D.5)

The other term is computed analogously, giving ΨL†
σ⊗σΨ

L
σ⊗σ = 1. Then we find:

ψ2
+ =

1

2
ΨL†
σ⊗σ(Ψ

L
σ⊗σ − (u⊗ u)ΨL

σ⊗σΨ
R
ψ⊗ψ) =

1

2
(1−ΨL

ψ⊗ψΨ
R
ψ⊗ψ)

Now we prove that ψ+ψ− = −ψ−ψ+.

ψ+ψ− = ψ+ψ
†
− = (

√
−i ·ΨL†

σ⊗σ(u⊗ 1)ΨR
σ⊗σ)(

√
−i ·ΨR†

σ⊗σ(1⊗ u)ΨL
σ⊗σ)

We use again equation (D.4):

ψ+ψ− = −i ·ΨL†
σ⊗σ(u⊗ 1)ΨR

σ⊗σΨ
R†
σ⊗σ(1⊗ u)ΨL

σ⊗σ =

= −i ·ΨL†
σ⊗σ(u⊗ 1)

1

2
(1+ΨR

ψ⊗ψ)(1⊗ u)ΨL
σ⊗σ =

=
−i
2

·ΨL†
σ⊗σ((u⊗ u)− (u⊗ u)ΨR

ψ⊗ψ)Ψ
L
σ⊗σ =

=
−i
2

· (ΨL†
σ⊗σ(u⊗ u)ΨL

σ⊗σ −ΨL†
σ⊗σ(u

2 ⊗ u2)ΨL
σ⊗σΨ

R
ψ⊗ψ) =

=
−i
2

· (ΨL
ψ⊗ψ −ΨR

ψ⊗ψ) =
i

2
· (ΨR

ψ⊗ψ −ΨL
ψ⊗ψ)

Where we have also used again equation (D.5) and ΨL†
σ⊗σΨ

L
σ⊗σ = 1.

Then:

ψ−ψ+ = (ψ+ψ−)† =
(
i

2
· (ΨR

ψ⊗ψ −ΨL
ψ⊗ψ)

)†
= − i

2
· (ΨR

ψ⊗ψ −ΨL
ψ⊗ψ) = −ψ+ψ−

Note that we have chosen the plus branch of the square root when multiplying the two
√
−i factors,

the other choice would give an opposite overall sign in ψ+ψ−. However, the minus sign in the relative
exchange of ψ+ with ψ− appears anyway.

Finally we prove that
√
i · ψ+Ψ

R
σ⊗σ = 1

2(Ψ
L
σ⊗σ −ΨR

ψ⊗ψΨ
L
σ⊗σ) Starting from the definitions:

√
i · ψ+Ψ

R
σ⊗σ = ΨL†

σ⊗σ(u⊗ 1)ΨR
σ⊗σΨ

R
σ⊗σ =

=
√
2(r† ⊗ r†)ΨL

σ⊗σ(u⊗ 1)
1√
2
[(r ⊗ r) + (t⊗ t)ΨR

ψ⊗ψ] =

= (r† ⊗ r†)ΨL
σ⊗σ[(r ⊗ r)− (t⊗ t)ΨR

ψ⊗ψ] =

= (r† ⊗ r†)[(σ(r)⊗ σ(r))ΨL
σ⊗σ − (σ(t)⊗ σ(t))ΨL

σ⊗σΨ
R
ψ⊗ψ] =

= (r† ⊗ r†)[(σ(r)⊗ σ(r))ΨL
σ⊗σ − (σ(t)⊗ σ(t))(u⊗ u)ΨR

ψ⊗ψΨ
L
σ⊗σ] =

where we have used u = rr†− tt† to resolve the multiplication involving u⊗1. Using σ(r) = 1√
2
(r+ t)

and σ(t) = 1√
2
(ru− tu) we find:

√
i · ψ+Ψ

R
σ⊗σ =

1

2
(ΨL

σ⊗σ −ΨR
ψ⊗ψΨ

L
σ⊗σ)

that is the desired result.
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