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“Matter tells space how to curve.
Space tells matter how to move.”

J. A. Wheeler
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Abstract
Einstein’s General Relativity has been confirmed in numerous experiments and observations
through the years, the latest being the detection of gravitational waves. However there still
remain cosmological phenomena, such as the accelerating expansion of the Universe and the

presence of Dark Matter, whose satisfactory explanation has not been found yet in the
framework of the Standard Model of Elementary Particles and Cosmology. This motivated
theorists to look for modifications of gravity aiming at gaining an alternative insight into the
nature of Dark Energy and Dark Matter. This Master’s Thesis studies internal consistency of
the theories of Modified Gravity with a massive graviton, Massive Gravity and Bigravity, and
discusses their strong points as well as their weaknesses in trying to interpret the Cosmological

issues of fundamental importance.
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Introduction

Over one century has passed since the classical theory of gravitation, Einstein’s General Relativ-
ity, was presented in 1915 in the Prussian Academy of Science. From that year to nowadays this
theory has been confirmed with several evidences, such as the discovery of Mercury’s perihelion
precession, the deflection of starlight checked for the first time during an eclipse in 1919 or the
recent detection of gravitational waves coming from the merging of two black holes.
Though the consistency of General Relativity has been shown in a lots of experiments with great
precision, it is always challenging to make suppositions about modifications of this classical the-
ory, which may shed an alternative light on the nature of still puzzling features of our Universe,
such as the inflationary epoch, the actual accelerated expansion of the Universe, thought to be
driven by a source of energy known as cosmological constant, and the presence of a type of
matter invisible to all other forces than the gravitational one and thus called Dark Matter. It
is not so unbelievable that at cosmological distances gravity itself could be different from what
we experience at much smaller scales, in our Solar System.
In order to explain Dark Matter any suitable candidate competes with a plenty of various extra
Standard Model particles, while so far there is no convincing explanation for the smallness of
the observed cosmological constant. Unless both these issues eventually turn out to be resolved
on the particle physics side, the severeness of the phenomenological problems challenges General
Relativity as the ultimate and complete theory of gravity.
From a more general theoretical point of view looking for consistent deformations or generaliza-
tions of Einstein gravity can also tell us to which extent this theory is unique (or flexible).
In this Master Thesis, as a particular modification of gravity we will focus on the effects which
arise when a mass is given to the graviton, the boson which mediates the gravitational funda-
mental force. Firstly, quadratic interactions responsible for furnish a mass will be put in the
theory in the simplest and most obvious way, but at the end the correct models will proved to
be Massive Gravity and Bigravity. From the particle physics perspective, the extension of the
classical theory for gravitation performed adding a mass to the graviton seems rather natural
and might be in a sense similar to the case of electroweak forces whose carriers acquire masses
via the Brout-Englert-Higgs mechanism. However, an analogous mechanism which would give
mass to the graviton is still unknown.
The graviton mass will take values in a very wide range according to the models of Modified
Gravity analysed. All of them will be perfectly allowed in order to be consistent with observa-
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tions (which, up to the sensitivity of the experiments, confirm General Relativity). For example,
the graviton mass, in Massive Gravity, is bounded by General Relativity consistency to a very
little value of 10−32 eV

c2
; the Bigravity massive mode, instead, is expected to lie in the window

between 1 TeV
c2

and 66 TeV
c2

.
Before addressing the challenging cosmological issues, a consistent modification of General Rel-
ativity with the addition of a mass for the graviton should be furnished. However this is sur-
prisingly difficult to obtain and consistency analyses are complicated by the non-linearities of
the original Einstein theory.
The first part of this Thesis is dedicated to solving these problems in building a massive theory
of gravity. They will be faced following the historical developing process of the theory. The
second part, instead, focuses on the predictive power of those modifications to Gravity for the
Dark Energy and Dark Matter issues.
Firstly, we will proceed by extending the theory invariant under the linearised transformations
of the diffeomorphism group with a quadratic mass term for the graviton. This was the approach
presented for the first time by Fierz and Pauli in 1939 [19]. The linearised case, although at
first sight seems to be convincing because it propagates the right number of degrees of freedom,
will show a particular unphysical feature, that is the presence of a discontinuity between the
massless limit of the massive theory and the free limit of GR, called the vDVZ discontinuity,
due to the coupling to matter of the scalar degree of freedom of the massive graviton, discovered
in 1970 independently by van Dam and Veltman [29], and by Zakharov [31]. The previously
mentioned scalar mode arises naturally in the theory because in four dimensional spacetime a
massive graviton propagates five degrees of freedom, three more than in the usual massless case.
The solution to this puzzle lies in the Vainshtein mechanism (found by the Russian physicist
Vainshtein [28] in 1972), which works in an interacting theory when considering non-linearities
and consists in the screening of the scalar degree of freedom by its own interactions, dominating
over the linear terms in the massless limit. Moreover, this effect may also present particular
features such as strong coupling and superluminalities.
When one tries to construct a non-linear theory and the formulation of the massive theory in this
context, extending the Fierz-Pauli term in a non-linear way, the vDVZ effect does not manifest
itself, but another problem seems to appear when adopting a naive way to proceed as Boulware
and Deser showed in [8]. It is referred as Boulware-Deser ghost and it consists in the presence
of a pathological degree of freedom. In field theory ghosts are fields whose kinetic term in the
lagrangian has a wrong sign, leading to unstable configurations in classical physics as well as to
states with negative norm whose existence thus violates unitarity in quantum physics. Crem-
inelli, Nicolis, Papucci and Trincherini in [9] were able to prove, instead, that the additional
degree of freedom in a Fierz-Pauli non-linear generalization is not removed although it is possi-
ble to add a wide range of non-linear interactions.
Then, we will explain how expressing the self-interactions for gµν in a reference frame given
by the generic metric fµν as a precise combination of traces of

√
g−1f and other higher powers

returns a consistent theory. The solution was proposed first by the three physicists de Rham,



ix

Gabadadze and Tolley in [14] and it is called Massive Gravity. The theory propagates exactly
five degrees of freedom, as expected from a massive graviton, and the massless limit is smooth.
However, as we will discuss, there are some detectable effects which distinguish the massive case
from General Relativity, outside a typical radius known as Vainshtein radius depending on the
source mass and in an inverse way on the Planck mass and the graviton mass. The difference
between massless and massive theory is, in particular, due to the presence of the unavoidable
fifth force generated by the coupling of the scalar mode to matter sources which has been found
to arise in the massive linearised version of General Relativity, but the screening mechanism
reduces its effects, compared to canonical Einstein’s Relativity, inside this typical distance.
In the vielbein formalism, a basis of one forms eaµ dxµ which, in a way, "diagonalizes" any metric,
yielding to Minkowski metric in tangent space, the whole discussion simplifies and it will become
easier to express the interaction terms (they will be an appropriate product between vielbeins of
one type and of the other type) and even the equations of motion will be extracted in a simpler
way. Hence Massive Gravity with vielbeins, besides being free from pathologies, is quite elegant
and natural.
Then, we will pay attention to Bigravity, a theory similar to Massive Gravity but with both
metrics being dynamical, discussing its self-consistency and, in a second moment, its peculiar
properties, such as the capability in giving a self-contained explanation to Dark Matter without
introducing particles outside the Standard Model, and the related possibility for the massive
graviton to have a very huge mass, as already mentioned, without contradicting GR. An anal-
ysis of its decoupling limit will be carried out and the result will be that Bigravity reduces to
Massive Gravity, justifying in this way the choice to start the exposition with the latter, as a
first, simpler step of a theory of modified gravity, and also the possibility of deriving results
which apply to Bigravity following the behaviour of Massive Gravity.
Having provided the evidences in order to prove that these modifications of General Relativity
are ghost free, propagate the correct number of degrees of freedom and the massless limit is
smooth, we will then focus on the Massive Gravity and Bigravity solutions.
The cosmological solutions will be obtained restricting ourselves to the case of proportional
metrics, and both analogies and differences between them and that of the standard General
Relativity case will be presented.
A Massive Gravity solution will be shown to perfectly admit an external arbitrarily large cos-
mological constant but at the same time to describe a nearly flat Universe, when the parameters
of Massive Gravity are appropriately tuned compensating for that cosmological constant.
An other difference with respect to General Relativity are the self-accelerated solutions, which
provide an accelerated expansion to the Universe only through the presence of the massive gravi-
ton.
In the Dark Matter issue, instead, the massive combination of the perturbations around a same
zero order solution for gµν and fµν can be potentially depicted as that constituent of the Uni-
verse.
That eigenstate of mass will be presented as a suitable candidate due to its feeble coupling to
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Standard Model matter which, at tree level in perturbation theory, furnishes however the basis
of an efficient production mechanism in primordial ages.
When relaxing the proportionality condition on the two metrics, Bigravity and its decoupling
limit will be proved to admit black holes solutions as those solutions corresponding to a static
and spherically symmetric sources of matter. One of the main features which makes these black
holes different from those in General Relativity is that not all the metrics which couple to the
solution are equivalently allowed: for example the second metric can be either de Sitter or
Schwarzschild, but not Minkowski.
Furthermore, stability of all the above solutions will be investigated.

The material is arranged in the following way: after a brief review of the main features of
General Relativity and its linearised realisation in chapter 1, chapter 2 deals with the Fierz-Pauli
mass term, the Stückelberg trick in distributing the additional degrees of freedom of the massive
graviton to a vectorial and a scalar field, and the vDVZ discontinuity. Then some attention is
paid to an attempt in building a full diffeomorphism invariant theory with a mass in section
3 of chapter 2, but it will be plagued by a ghost field which will make it inconsistent. After
having presented an equivalent reformulation of General Relativity in the vielbein language in
section 1 of chapter 3, thus justifying the use of these one forms, in section 2 of the same
chapter, consistent Massive Gravity is discussed mostly with the aid of vielbeins. Moreover the
recovering of the metric formulation of Massive Gravity from the vielbein formulation is presented
therein. The successive chapter 4 examines Bigravity, while the consistent decoupling limits of
the massive theory are extracted in chapter 5, and immediately used to explain the Vainshtein
screening mechanism in section 2 of that chapter. In the final chapter 6, cosmological predictions
involving some solutions of Massive Gravity and Bigravity and their suitable properties, as well
as their flaws, are investigated: section 1 deals with Dark Energy, section 2 with Dark Matter,
and Black Holes are analysed in section 3.



Chapter 1

General Relativity and its free field
limit

Gravity can be regarded as a gauge theory with associated gauge group being the group of
diffeomorphisms. Its formulation relies on the observation that inertial and gravitational mass
can not be distinguished, and on the equivalence principle, which follows from the previous
remark and states that all accelerated reference frames are equivalent to one another, and hence
the gravitational field is in complete correspondence with the acceleration in an accelerated
reference frame. The equivalence principle has lead Einstein to notice that a consistent theory
for gravitation should be invariant under diffeomorphisms, while only locally it should respect
the Lorentz group of symmetry. The property of the masses, instead, is fundamental when trying
to generalize the Newtonian law of gravity with the request that covariance is manifest: it is the
spacetime itself and the metric gµν on it that rule the trajectories of the massive bodies, not the
gravitational potential. Thus the fundamental gravitational field is given by the curvature of
spacetime. Its coupling to the stress-energy tensor Tµν of matter, instead, furnishes its behaviour
when a particular configuration of matter objects is chosen. As J.A. Wheeler said, “Matter tells
space how to curve. Space tells matter how to move”.
The covariant equations which generalise Newton’s theory are, then, uniquely defined by the
following expression, known as Einstein equation:

Rµν −
1

2
gµνR =

8πG

c4
Tµν , (1.1)

in which G is the gravitational coupling constant and it is related to the Planck mass as G = 1
MPl

,
c is the speed of light, Rµν is known as the Ricci tensor, while R is the Ricci scalar (R := Rµνg

µν),
and both of them are covariant objects built from the connection.

A connection is a way to parallel transport vectors along geodesics in a way which does not
depend on the particular coordinate system, in the sense that on Riemann manifolds, rather
than the case of topological flat spaces, the idea of derivative along tangent vectors is extended
to a covariant differentiation, which does not change under the induced basis transformation
of the tangent space when applying a coordinate chart transformation to the manifold. The

1



2 CHAPTER 1. GENERAL RELATIVITY AND ITS FREE FIELD LIMIT

covariant derivative and hence a connection could be obtained through the generalization of ∂µ,
applied to vectors of the curved space, to Dµ defined through its action on a generic vµ which
belongs to the space, Dµvν := ∂µv

ν + Γ ν
µ ρv

ρ, where the Γ ν
µ ρ are called Christoffel symbols

and are uniquely expressed in terms of the metric and its derivative due to Levi-Civita theorem,
which is satisfied if the Riemann manifold has the metric gµν covariantly conserved (this is called
the metric compatibility condition):

Dµgνρ = 0 , (1.2)

and the torsion tensor is null.
The torsion tensor Tµν , if f is any smooth function, is defined by

DµDνf − DνDµf = −T ρ
µ νDρf .

In components, the torsion is T ρ
µ ν = Γ ρ

µ ν − Γ ρ
ν µ. When it is zero, Γ ρ

µ ν is symmetric in its
lower indices.
Then due to Levi-Civita theorem the connection coefficients are:

Γ ρ
µ ν =

1

2
gρσ (∂µgνρ + ∂νgρµ − ∂ρgµν) . (1.3)

The Christoffel symbols define the connection but above all they are involved in the con-
struction of the Riemann tensor R ρ

µν σ which, under appropriate contractions, gives back the
Ricci tensor (Rµν := R ρ

ρµ ν) and the scalar curvature (R := Rµνg
µν):

R ρ
µν σ = ∂µΓ ρ

ν σ − ∂νΓ ρ
µ σ + Γ α

ν σΓ ρ
α µ − Γ α

µ σΓ ρ
α ν . (1.4)

Due to its geometrical meaning, encoded in the measure of the extent to which the metric tensor
is not locally isometric to that of Euclidean space, Riemann tensor satisfies an important identity
known as Bianchi identity:

Dµ Rανρσ +Dρ Rανσµ +Dσ Rανµρ = 0 . (1.5)

It implies exactly that extracting a covariant derivative from the left-hand side of equation (1.1)
gives zero. A proof of the validity of this statement is derived in chapter 3.

Focusing on equations (1.1), they can be obtained by variational principle from the Hilbert-
Einstein action SHE plus an action for matter SM with Lagrangian LM (g denotes the determi-
nant, g := 1

4!εµνρσε
αβγδgµαgνβg

ρ
γgσδ):

SHE + SM =

∫
d4x
√
−g

(
c4

16πG
R [g] + LM

)
, (1.6)

where the stress-energy tensor Tµν is defined in General Relativity as

Tµν :=
−2√
−g

δ (
√
−gLM )

δgµν
,
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and the variation with respect to the metric gµν of
√
−g follows from the important identity

which relates the logarithm of the determinant to the trace of the logarithm:

log (g) = tr [log g] . (1.7)

Taking δ
δgµν in

√
−g and using (1.7), one gets to:

δ
√
−g

δ gµν
= − 1

2
√
−g

g
δtr [log gρσ]

δgµν

= −
√
−g

2
gµν ,

which is in perfect agreement with the second term in the LHS of (1.1).
Full diffeomorphism invariance usually means that applying a differentiable and invertible

map, with inverse map differentiable as well, keeps the transformed lagrangian equivalent to the
initial one (modulo total derivatives), and obviously it also preserves the equations of motion as
well.
If xµ is the chart used to cover the spacetime manifold, the diffeomorphism taken into account
is denoted by xµ → xµ′, then the Einstein-Hilbert action (SHE in natural units, see (1.6))
invariance under the symmetry group of diffeomorphisms is easily derived from:

d4x′ =

∣∣∣∣∂x′∂x

∣∣∣∣4 d4x

g′µν(x′) = gρσ(x)
∂xρ′

∂xµ
∂xσ′

∂xν
→
√
−g′ =

∣∣∣∣∂x′∂x

∣∣∣∣4√−g .

When focusing on a linearised version of the theory, correspondingly gµν could be thought as
associated with a massless spin-2 particle in a Minkowski reference metric, in accordance with
Wigner’s classification of relativistic particles as representations of Poincaré group. In this sense,
an analysis of the linearised diffeomorphism invariant theory of gravity corresponds exactly to
discuss the properties of the massless spin-2 particle. Even giving a mass to the graviton is a
quite natural theoretical successive step, in this context, and to this we will be dealt with in a
while.
The linearised version of the symmetry group can be obtained by looking at the infinitesimal
coordinate transformation, x′µ = xµ + ξµ (x). The metric tensor g′µν (x′) in this chart is related
to gµν (x) by:

gµν(x) = g′µν(x′) +
∂ξλ

∂xµ
gλν(x) +

∂ξλ

∂xν
gµλ(x) + o(ξ2)

= g′µν(x) + ξρ
∂gµν(x)

∂xρ
+

∂ξλ

∂xµ
gλν(x) +

∂ξλ

∂xν
gµλ(x) + o(ξ2) ,

and this implies that for hµν , being the symmetric Lorentz tensor field associated to first order
correction to flat spacetime, gµν = hµν + ηµν , the variation under a coordinate transformation,
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evaluated at the same point, is:

hµν(x) + ηµν =h′µν(x) + ηµν + ξρ
∂ (hµν(x) + ηµν)

∂xρ

+
∂ξµ
∂xρ

(hρν(x) + ηρν) +
∂ξν
∂xρ

(hµρ(x) + ηµρ(x)) + o(ξ2)

=h′µν(x) + ηµν +
∂ξµ
∂xν

+
∂ξν
∂xµ

+ o(ξ2) ,

(1.8)

where we stopped to first order in the expansion (neglecting terms involving derivatives h or ∂ξ
multiplying h).
The transformation law for hµν , stopped at first order in ξ,

hµν → hµν + ∂µξν + ∂νξµ , (1.9)

will be written, from now on, with the aid of the round parenthesis (, ), meaning that the
condensed expression is actually including all possible symmetric contributions, divided per the
factorial of the number of indices involved: hµν → hµν + 2∂(µξν). This synthetic writing will
be used everywhere, also in the case of square parenthesis [, ] which refer to the antisymmetric
contributions, thus abandoning the extended expression.
Under the assumption that hµν should follow the transformation rule (1.9), then the most general
kinetic term for this tensor respecting the local symmetry (1.8), Lorentz invariance and locality
can only be:

Lspin−2
kin =

1

8
hµν

(
�hµν − 2∂α∂(µh

α
ν) + ∂µ∂νh − ηµν

(
�h − ∂α∂βh

αβ
))

. (1.10)

A sketch of the proof of Lspin−2
kin invariance under (1.8) follows here:

Lspin−2 ′

kin =Lspin−2
kin +

hµν

8

(
�∂(µξν) − ∂(µ�ξν) − ∂α∂(µ∂ν)ξα + ∂(µ∂ν)∂

αξα
)

+
1

16
ξν
(
�∂µhµν −�∂αhαν − ∂ν∂µ∂αhαµ +�∂νh−

(
�∂νh− ∂α∂β∂νhαβ

))
− h

8
(�∂αξα −�∂αξα) + ∂µ (...) + other null contributions .

Then from integration by parts, since the total derivative contributions are nothing else than
some additional pieces which return an equivalent lagrangian, Lspin−2 ′

kin really does coincide with
Lspin−2
kin .

The lagrangian (1.10) can be obtained directly from the Einstein Lagrangian restricting R[g]
√
−g

to the terms quadratic in hµν . In fact:

√
−g = 1 +

1

2
hαα ,

while the only first order term in the Christoffel symbols are:

Γ ρ
σ µ =

1

2

(
∂σh

ρ
µ + ∂µh

ρ
σ − ∂ρhµσ

)
. (1.11)
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The Ricci tensor Rµν is, thus:

R ρ
ρµ ν =

(
∂ρΓ

ρ
µ ν − ∂µΓ ρ

ρ ν

)
=

1

2

(
∂ρ∂µh

ρ
ν + ∂ρ∂νh

ρ
µ −�hµν − ∂µ∂ρhρν − ∂µ∂νh+ ∂µ∂

ρhρν
)
.

This leads to the following expression for
√
−g R, noticing that gµν is gµν = ηµν − hµν and

stopping to first order in the perturbation:

√
−g R[g] =

(
1 +

1

2
h

)
(ηµν − hµν)

1

2

(
∂ν∂ρh

ρ
µ −�hµν − ∂µ∂νh+ ∂µ∂ρh

ρ
ν

)
= −hµν

(
1

2
∂ρ∂νh

ρ
µ −

1

2
�hµν −

1

2
∂µ∂νh+

1

2
∂µ∂

ρhρν

)
+

1

4
h (2∂ρ∂νh

νρ − 2�h) ,

which is exactly (1.10) apart from a factor of 1
4 .

Therefore, the lagrangian discussed in the above lines gives a consistent theory for a symmetric
tensor of rank 2, which propagates 2 = 10 − (4 · 2) degrees of freedom (4 are related to dif-
feomorphism invariance which together with the gauge constraints remove 8 degrees of freedom).
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Chapter 2

Linear theory with Fierz-Pauli mass
term

We are interested now in endowing the graviton with a mass. Adding a mass term breaks
local gauge invariance (1.8), but we would keep our theory Lorentz-invariant and try to avoid
pathologies such as ghosts. These requirements restrict the possible forms of the graviton mass
term to a single one, and this will be presented later in this paragraph.
First, let us state a criterion very useful in order to establish if the theory analysed is free from
ghosts. Ghosts are fields with negative kinetic energy whose presence would lead to instabilities
at the classical level and non-unitarity of the theory at the quantum level.
Such undesired behaviour may come up when one considers a theory with more than one time
derivative of the examined field in the lagrangian, e.g.:

Lgh =
1

2

(
φ̈
)2

. (2.1)

We can rewrite this lagrangian in a form with two derivatives introducing the auxiliary field p.

Lgh = pφ̈ − 1

2
p2 = −ṗφ̇ − 1

2
p2 . (2.2)

The equation of motion of p is p = φ̈, so substituting it back into (2.2) gives (2.1).
On the other hand, diagonalising now the lagrangian (2.2) with the choices Ψ+ = p + φ and
Ψ− = p− φ, so that

Lgh = −1

2

(
Ψ̇+

)2
+

1

2

(
Ψ̇−

)2
− 1

2

(
Ψ+ + Ψ−

2

)2

,

then clearly in Lgh one of the fields, Ψ+, has the kinetic term with the wrong sign.
Thus from a kinetic lagrangian with a second order time derivative for the scalar field φ as (2.1)
the superior degree of the derivative has made possible to split φ in two dynamical degrees of
freedom, but one of them is a ghost, so that the corresponding theory is unphysical. This result
is known as Ostrogradsky instability.

7



8 CHAPTER 2. LINEAR THEORY WITH FIERZ-PAULI MASS TERM

Another important requirement which should always be checked in order to make a field
theory consistent is the conformity between the observable quantities in the case in which some
interactions are initially switched on and then turned off and the observables for the other case,
in which there is no interaction from the beginning. The physical system described should be
exactly the same.

The problem to which we are interested, anticipated previously, is whether the graviton, in
the linearised realization of the symmetry group, may have a mass. The form of the mass term
in the lagrangian is restricted by the previously justified requirement of Lorentz invariance and
absence of the ghost degrees of freedom; these are satisfied by a unique choice, that is:

Lmass = −1

8
m2
(
hµνhµν − h2

)
, (2.3)

and it is known as the Fierz-Pauli mass term. Any other combination of hµν and h would lead
to the appearance of the ghost field as we will see in the next section.

1 Counting of degrees of freedom

The mass term (2.3) in the Lagrangian breaks diffeomorphism invariance. Thus the theory with
lagrangian

Lspin−2
kin + Lmass (2.4)

for a symmetric tensor field hµν will have more physical degrees of freedom than its massless
counterpart. From Wigner’s classification we know that in four-dimensional spacetime the spin-2
massive particle has 5 degrees of freedom hence we should show that on the mass shell hµν has
5 genuine degrees of freedom. The lagrangian (2.4) yields the following equations of motion:

�hµν − 2∂α∂(µh
α
ν) + ∂µ∂νh − ηµν

(
�h − ∂α∂βh

αβ
)

= m2 (hµν − hηµν) . (2.5)

Acting on the equations of motion with ∂µ we have

�∂µhµν − �∂αhαν − ∂ν∂α∂
µhαµ − ∂ν

(
�h − ∂α∂βh

αβ
)

= m2 (∂µhµν − ∂νh) ,

the left-hand side (Einstein) part vanishes due to Bianchi identity (1.5), and hence the RHS
should be zero as well, i.e.

∂µhµν = ∂νh . (2.6)

Taking now the trace of (2.5) we get:

�h − 2∂µ∂αh
α
µ + �h − 4

(
�h − ∂α∂βh

αβ
)

= −3m2h . (2.7)

The left hand side of (2.7) is zero due to equation (2.6). Thus we get

h = 0 (2.8)

and hence, in view of (2.6), also
∂µhµν = 0 . (2.9)
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The condition of null trace (2.8) removes from hµν one degree of freedom and the transversality
condition (2.9) removes 4 of them. Hence, the number of degrees of freedom of the massive
graviton in 4 dimensions is reduced from 10 to 5, in accordance to Wigner classification.

Having set all the important features of the free theory, now it is time to focus on its coupling
to matter sources, described through the stress-energy tensor Tµν , considering the action built
from the Lagrangian (2.4) plus a coupling of hµν to an external source, 1

2M2
Pl
hµνTµν :

L = Lspin−2
kin + Lmass +

1

M2
Pl

hµνTµν , (2.10)

where MPl is the Planck mass, related to the gravitational constant via MPl = 1√
G
.

Then the equations of motion obtained by varying L with respect to hµν are:

1

2

(
�hµν − 2∂α∂(µh

α
ν) + ∂µ∂νh − ηµν

(
�h − ∂α∂βh

αβ
))
− 1

2
m2 (hµν − hηµν) = − 1

M2
Pl

Tµν .

(2.11)
We would now like to see if in the massless limit m → 0 the theory under consideration reduces
to linearised General Relativity coupled to matter.

One simple way to answer the question is by checking the behaviour of the Ricci scalar. In
classical General Relativity, the trace of (1.1) in natural units is:

−R =
1

M2
Pl

T .

The Ricci scalar, according to Einstein’s equations, is proportional to the trace of the stress-
energy tensor. This also holds in the linearised massless theory described by (1.10).
In the linearised case with the Fierz-Pauli mass term, instead, (2.11) can be written also as:

Rµν −
1

2
ηµνR +

m2

2
(hµν − hηµν) =

1

M2
Pl

Tµν .

While directly tracing (2.11) gives:

−R− 3

2
m2h = �h − ∂α∂βh

αβ − 3

2
m2h =

1

M2
Pl

T , (2.12)

which combines with the result coming from the calculation of ∂µ on the equations of motion:

∂µhµν − ∂νh =
2

m2M2
Pl

∂µTµν .

Now, assuming that as in the massless case, the source is conserved, i.e. ∂µTµν = 0, we have
∂µhµν − ∂νh = 0 and then from (2.12) we get:

�h − ∂α∂
αh − 3

2
m2h =

1

M2
Pl

T

h = − 2

3m2M2
Pl

T . (2.13)
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Equation (2.13) allows to rewrite the equation for the trace (2.12)

−R − 3

2
m2h = −R +

1

M2
Pl

T =
1

M2
Pl

T , (2.14)

which implies that R = 0 even in the presence of T 6= 0 in contrast to Einstein gravity. Some suit-
able examples for Tµν with null trace exist in Nature. One of them can be found in the Maxwell
theory for the free electromagnetic field with the field strength Fµν which respects General Rel-
ativity by means of the equivalence principle, with lagrangian Lem = −1

4

√
−gFµνF

µν . It can
be proved that Tµν = F ρ

µ Fνρ − 1
4gµνF

2.
However R = 0 must hold choosing any possible stress-energy tensor, so the linearised massive
theory of gravitation does not lead to the same result which comes from the linearised classical
gravitational theory.

Another way to check if the massless limit of the massive theory fits the classical mass-
less theory consists in checking the amplitude between two sources, mediated by the graviton
propagator arising from each theory. From equations (2.11) one gets:

(
� − m2

)
hµν =

2

M2
Pl

(
−Tµν +

ηµν
3

(
T +

1

m2
∂α∂βTαβ

))
− 2

M2
Pl

(
− 2

m2
∂α∂(µTα

ν) +
1

3m2

[
∂µ∂νT +

2

m2
∂µ∂ν∂α∂βTαβ

])
.

Defining η̃µν := ηµν − 1
m2∂µ∂ν , this can be reduced to:

(
� − m2

)
hµν = − 2

M2
Pl

[
η̃µ (αη̃β) ν −

1

3
η̃µν η̃αβ

]
Tαβ ,

which, in momentum space, is:

(
p2 −m2

)
hµν = − 2

M2
Pl

[
ηµ(αηβ)ν −

1

3
ηµνηαβ +

2

3m4
pµpνpαpβ

]
Tαβ

− 2

M2
Pl

[
1

m2
ηµ(αpβ)pν +

1

m2
ην(αpβ)pµ −

1

3m2
pµpνηαβ −

1

3m2
pαpβηµν

]
Tαβ .

(2.15)
As above, when taking the limit m → 0, one should assume that the matter source is con-
served, which entails that every term that combines a pα or a pβ with a Tαβ is null: only
− 2
M2
Pl

[ηµ(αηβ)ν − 1
3ηµνηαβ −

1
3m2 pµpνηαβ] Tαβ still brings a contribution. Let us consider now

the exchange amplitude ∫
d4p hµνT′µν , (2.16)

in which hµν is defined in (2.15) and the term Tαβ

(
− 1

3m2 pµpνηαβ
)

p2 − m2
T′µν vanishes due to matter

source conservation. Then (2.16) leads to the following graviton propagator:

− 2

M2
Pl

[
ηµ(αηβ)ν − 1

3ηµνηαβ
]

p2 −m2
. (2.17)
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Note that the propagator does not depend on the graviton mass.
In the massless case, instead, the same procedure can be applied choosing now a specific gauge,
the so called De Donder gauge ∂µ (

√
−g gµν ) = 0, to fix the diffeomorphism invariance. In our

linearised case of a generic metric expanded around Minkowski space, gµν = ηµν + hµν , the De
Donder condition (given that −g = 1 + haa and then

√
−g = 1 + 1

2h
a
a) becomes

∂µhµν −
1

2
∂νh

a
a = 0 . (2.18)

Applying this relation to the equations of motion for hµν obtained from (2.10), in which obviously
Lmass is set to zero, leads to the following equation for hµν :

�hµν = − 2

M2
Pl

(
Tµν −

1

2
Tηµν

)
,

and the inverse of the propagator can be further expressed as:

�hµν = − 2

M2
Pl

(
ηµ(αηβ)ν −

1

2
ηµνηαβ

)
Tαβ .

Correspondingly, the massless graviton propagator in the momentum space is:

− 2

M2
Pl

[
ηµ(αηβ)ν − 1

2ηµνηαβ
]

p2
(2.19)

As one can see, the propagators (2.17) and (2.19), do not coincide even when m is set to 0: this
is known as Van Dam-Veltman-Zakharov discontinuity (vDVZ discontinuity) [4].
Physical implications of this effect can easily be found even in the non-relativistic regime. Fo-
cusing our attention on the exchange amplitude between two stress-energy tensors, (2.16), the
choices T′µν = diag (M ′, 0, 0, 0) and Tµν = diag (M, 0, 0, 0), representing two static stars, in
the massless limit of the massive case lead to:

− 2

M2
Pl

[
1
2T ν

αT′ αν + 1
2T ν

β T′ βν − 1
3TT′

]
p2

= − 4

3M2
Pl

M ′M

p2
,

while, obviously, the result for the massless gravity theory is found by substitution of the 1
3

factor with 1
2 :

− 1

M2
Pl

M ′M

p2
.

Performing an inverse Fourier transform, and switching to spherical coordinates (|p|, θ, φ):

− 1

(2π)2

∫
dp0d3p

1

p2
eipx = − 1

(2π)2

∫
dp0d3p

1

−p2
0 + p2

e−ip0x0
ei~p~x

= − 1

(2π)2

∫
d |p|dφ d cos θ |p|2

(
1

2 |p|

)
ei|p||x| cos θ

= − 1

(2π)2

∫ +∞

0
d |p| |p|2

(
2π

2i |x| |p|2

)
ei|x||p| − e−i|x||p|

= − 1

(2π)2

∫ +∞

−∞
d |p| |p|2

(
2π

i |x| |p|2

)
ei|x||p|

= − 1

(2π)2

4iπ2

i |x|
= −1

r
,
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it is clear that the result found in the inverse space involves directly the potentials (G := 1
M2
Pl

is
Newton gravitational constant)

Vmassive = −4G

3

M ′M

r
, Vmassless = −GM

′M

r
,

and translates into a discrepancy in the value of the Massive Gravity potential, which differs
from the Newtonian potential by a factor of 3

4 . This quite big difference would be undoubtedly
noticed at the experiments.
If one tries, instead, to redefine the Newton constant, the discrepancy will then reappear in other
observable quantities, such as the light bending. It will then be 25% smaller in the massive case
than in the massless one, a too large value to make it compatible with current measurement of
the light bending by the Sun [29], [31].

2 Stückelberg trick

A smart expedient to restore the underlying symmetry under diffeomorphisms is to introduce
into the lagrangian the Stückelberg field χµ transforming in a way that keeps the linearised
diffeomorphism symmetry valid,

χµ → χµ − ξµ .

Putting χµ into Lmass in this way:

Lmass = − 1

8
m2
((
hµν + 2∂(µχν)

)2 − (h + 2∂αχ
α)2
)

→ L′mass = − 1

8
m2
((
hµν + 2∂(µξν) + 2∂(µχν) − 2∂(µξν)

)2 − (h + 2∂ξ + 2∂χ − 2∂ξ)2
)
,

then automatically diffeomorphism invariance is respected.
One of the extents of the Stückelberg trick is also to move 3 of the 5 degrees of freedom of
the massive graviton, which appear when the system loses its invariance under diffeomorphism,
to a vector Aµ and a scalar π, while spin-2 boson hµν carries 2 degrees of freedom, as the
corresponding massless tensor-2 field.
With the Stückelberg trick one can directly check whether the massive graviton scalar mode
contains the ghost or not. In fact, let us further split the Stückelberg field into an effective
gauge field Aµ and a scalar mode π, appropriately renormalized with some mass coefficients

χµ =
1

m
Aµ +

1

m2
∂µπ . (2.20)
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This decomposition is invariant under the gauge transformation A′µ = Aµ + 1
m∂µϕ, π

′ = π − ϕ.
Equations (1.10) and (2.3) become:

=Lspin−2
kin − 1

8
m2

((
hµνh

µν − h2
)

+
1

m2

(
(∂µAν + ∂νAµ)2 − 4 (∂αA

α)2
)

+
4

m4
(∂µ∂νπ)2

)
+

1

2m2
(�π)2 − 1

8
m2

(
2

m
hµν (∂µAν + ∂νAµ)− 4

m
h (∂αA

α) +
4

m4
hµν (∂µ∂νπ)− 4

m4
h (�π)

)
=Lspin−2

kin − 1

8
m2
(
hµνh

µν − h2
)
− 1

8
F 2
µν −

1

4
m (hµν − hηµν) (∂µAν + ∂νAµ)

− 1

2m2
hµν (∂µ∂νπ − �πηµν) − 1

2m2

(
(∂µ∂νπ)2 − (�π)2

)
.

We can further diagonalise the π term using the field redefinition hµν = h̃µν + ηµνπ:

=Lspin−2
kin

(
h̃
)
− m2

8

(
h̃µν h̃

µν − h̃2 + 16π2 + 8h̃π − 16π2
)
− 1

8
F 2
µν −

1

2m2
π (�π − 4�π)

− m

4
(∂µAν + ∂νAµ)

(
h̃µν + ηµνπ − h̃ηµν − 4πηµν

)
− 1

2m2
h̃µν (∂µ∂νπ − �πηµν) − 8h̃π

=Lspin−2
kin

(
h̃
)
− m2

8

(
h̃µν h̃

µν − h̃2
)
− 1

8
F 2
µν −

m

4

(
h̃µν − h̃ηµν − 3πηµν

)
(∂µAν + ∂νAµ)

− 1

2m2
h̃µν (∂µ∂νπ − �πηµν) +

3

2m2
π�π .

So, the Stückelberg field χµ allows to distribute the degrees of freedom of one massive Lorentz
rank-2 tensor between three fields. Still present as in General Relativity and propagating 2
degrees of freedom there is the helicity-2 mode, h̃µν , then there is a Lorentz vector Aµ, which
represents the helicity-1 mode and propagates 2 degrees of freedom because all its mixing terms
can not give a AµAµ massive contribution even after a field redefinition, and last there is a
scalar field for the helicity-0 mode, π, which propagates 1 degree of freedom. The total number
of degrees of freedom is exactly 5.
From the above Lagrangian, we see, moreover, that the scalar π has the standard second-order
kinetic term and hence does not develop any ghost degree of freedom.

To summarize, the linear theory fits perfectly the requirement of the absence of ghosts but
it exhibits the vDVZ discontinuity. In 1972 [28] Vainshtein showed that the vDVZ problem was
peculiar to the linear theory and could be solved in a non-linear formulation, in which the effect
is screened by scalar mode interactions (see section 5). So the final conclusion is to extend the
linear theory to a non-linear theory of massive gravity in order to avoid the discontinuity and
its effects which we should be able to detect with our experimental sensitivity.

3 Towards the full non-linear diffeomorphism invariant theory

A straightforward implication deriving from the issues of the previous chapter is not that it is
unavoidable to build our theory for gravitation in a non-Minkowskian reference metric f̃µν , in
fact a flat metric can be used, but that the interaction terms (as well as the kinetic terms) may
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arise from the fluctuations around non-flat spacetime.
If f̃µν is the generic reference metric, the Stückelberg trick can act even in the non-linear con-
text as, again, the expedient which allows to overcome full diffeomorphism symmetry breaking
and hence allows to formally restore covariance. It works in the following sense: f̃µν has to be
promoted to a covariant tensor, by putting in it the four Stückelberg fields φa transforming as
scalars, fµν := ∂µφ

a∂νφ
b f̃ab.

Then, splitting the degrees of freedom of the φa as φa = xa − 1
MPl

χa and choosing exactly
the flat metric ηab as reference metric fab leads to a ηµν piece plus first order corrections to flat
spacetime. χa can be further split into a vectorial part and a scalar contribution as in (2.20)
(here Πµν is used as a short-hand notation for Πµν := ∂µ∂νπ):

fµν = ηµν −
2

MPl
∂(µχν) +

1

M2
Pl

∂µχ
a∂νχ

bηab

= ηµν −
2

MPlm
∂(µAν) −

2Πµν

MPlm2
+

1

M2
Plm

2
∂µA

α∂νAα +
2

M2
Plm

3
∂µA

αΠνα +
1

M2
Plm

4
Π2
µν ;

(2.21)
in this way the hµν of the linear theory has been promoted to a tensor, which is denoted by Hµν ,
for the full diffeomorphism invariant perturbed theory:

Hµν = MPl (gµν − fµν)

= hµν +
2

m
∂(µAν) +

2

m2
Πµν −

1

MPlm2
∂µA

α∂νAα −
2

MPlm3
∂µA

αΠνα −
1

MPlm4
Π2
µν .

Then the linearised diffeomorphism invariant massive lagrangian Lmass is promoted to a la-
grangian for massive gravity which respects full diffeomorphism invariance by multiplying, in
accordance with the minimal principle of covariance, the square root of minus the determinant
of g,

√
−g, per a Fierz-Pauli term, in which now the indices are raised and lowered with the

full metric gµν . But following the works published on this subject, for example [3], it has been
conventionally chosen to define a useful tensor Xµν = gµαfαν and to express the theory in
term of this tensor, considering also the following non-linear extension of the Fierz-Pauli mass
term (2.3), as one of the simplest possible one (squared parenthesis meaning the trace of their
argument):

Lmass = −m2M2
Pl

√
−g
([

(I − X)2
]
− [I − X]2

)
. (2.22)

In fact, it is (δµν − Xµν) = 1
MPl

gµρHρν , so (2.22) corresponds exactly to (2.3) in the non-linear
case. Putting Xµν = hµν in (2.22) leads, in fact, to:

Lmass = −m2M2
Pl

(
16 − 8h + hµαh

α
µ − 16 + 8h − h2

)
= −m2M2

Pl

(
h αµ h

µ
α − h2

)
,

a quadratic lagrangian for the difference between h2
µν and the square of its trace, exactly as

(2.3).
The linear Fierz-Pauli action for a massive theory of Gravity can be extended non-linearly

in many other arbitrary ways. A very similar expression, which is not equivalent to (2.22) plus
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total derivative contributions, has been found by Boulware and Deser in [8] and it is presented
here as an example of another mass term:

L?mass = −m2M2
Pl

√
−g
√

detX
([(

δµν − (Xµν)−1
)2]− [δµν − (Xµν)−1

]2)
. (2.23)

Unfortunately, most of the generalizations of the mass term built in this way reveal the
presence of the Boulware-Deser ghost.
Referring to (2.22) to be more specific, we will prove that the ghost appearance really takes
place by analysing the behaviour of the helicity-0 mode π. In fact, neglecting all the other
contributions, in the sense that the Stückelberg ξa is not given by ξa = 2Aa

m + ∂aπ
m2 but it is only

ξa = ∂aπ
m2 , then Xµν takes the form

Xµν = δµν −
2

MPlm2
Πµ

ν +
1

M2
Plm

4
Πµ

αΠα
ν ,

so that (2.22) is now:

Lmass = −4
√
−g

m2

([
Π2
]
− [Π]2

)
+

4
√
−g

MPlm4

([
Π3
]
− [Π]

[
Π2
])
−
√
−g

M2
Plm

6

([
Π4
]
−
[
Π2
]2) (2.24)

in which integration by parts makes the quadratic term a total derivative, but it does not help
much with the quartic and cubic interactions. These bring up additional degrees of freedom
which, due to Ostrogradsky theorem, always enter as ghosts, therefore one should look for dif-
ferent consistent non-linear extensions of massive gravity.

Before passing to the description of a consistent theory of massive gravity, let us point out
that a theory for gravity in 5 dimensions, with the extra dimension compactified into a circle,
in 4 dimensions may reproduce a theory of massive gravity. In fact, in 5 dimensions the rank-2
tensor of the massless theory has exactly the right number of degrees of freedom to describe
a massive graviton in 4 dimensions. The way to get to this result is a kind of Kaluza-Klein
dimensional reduction procedure.
The most important thing to notice is that the theory of Massive Gravity obtained in this way
is a ghost free Massive Gravity, as it can be proved [15].

In the following chapter we will give instead the simplest and to our knowledge the most
natural way of constructing the non-linear ghost-free generalization of the mass term, which
instead of the metric will use the vielbein formalism. Now let us only note that a solution to
the fundamental problem of ghosts was found only quite recently [21], in a somewhat brut force
way constructing the interaction terms order by order in powers of the gravitation field, in such
a way that all the higher derivative operators involving the helicity-0 mode (∂2π)n are total
derivatives.
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It has been shown that:

Lmass = −m2M2
Pl

√
−g

([(
I −

√
g−1f

)2
]
−
[
I −

√
g−1f

]2
)

(2.25)

is exactly the correct non-linear generalization of the mass term free of the ghosts. However, as
anticipated, there is a more natural way to see that this is the desired non-linear generalization
of the mass term, and it relies on the vielbein formulation of Gravity.
In the following section, after a quick translation of Einstein General Relativity from metric-
based theory into a vielbein-based one, the self-interactions leading to a mass for the graviton
will be built with those objects rather than gµν as in (2.25) and the result of the absence of the
ghost degree of freedom is derived without too much difficulty.



Chapter 3

Consistent massive gravity

1 Vielbein formulation of General Relativity

The most straightforward way to get the consistent theory of Massive Gravity is to use the
vielbein formulation of gravity. Vielbeins are a basis of one forms, eaµdxµ, which can make any
generic metric flat:

gµν = eaµe
b
νηab . (3.1)

These one forms may be seen as a linear map from the tangent space of a Riemann manifold to
Minkowski space, preserving the inner product.
An important identity which relates the determinants of gµν and eaρ and comes directly from
(3.1) is extracted here because it will be used quite often in what follows.
Choosing the sign of the Levi-Civita symbol ε0123 as the negative one, so that ε0123 = 1, then
one important relation arises easily from the previous definition: if e stands for the determinant,
i.e. e ≡ −εabcdεµνρσ eaµebνecρedσ, then in the tetrad basis g, the determinant of gµν , and e are
related by g = e2 · (−1).
Notice that, moreover, the components of the one forms eaµ are the elements of a matrix which
allows the passage from “curved” to “flat” indices, and viceversa for eνb.
For example:

Vµ → Va = e µa Vµ

Va → Vµ = e aµ Va ,

where Vµ is a vector field.
This formalism is also known as Einstein-Cartan formalism.

In order to construct a minimal theory of ghost-free Massive Gravity formulated with the
vielbeins, the first step is to convert the basic quantities of General Relativity, such as the
connection, the torsion and the curvature from the usual metric formulation to the vielbein
language. Moreover all the classical theory of Gravity, i.e. the Hilbert-Einstein action and its
associated equations of motion should be revisited before taking into account any suggestion for

17
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the interacting terms which give mass to the graviton.
With the vielbein one-forms, the equivalent notion of covariant derivative depends, now, on
a particular one-form ωabµ dxµ, the so-called spin connection, which is the counterpart of the
Christoffel symbols for the covariant derivative obtained from gµν . Then in the Cartan formalism,
neglecting from now on the wedge product ∧ between forms, the covariant derivative acting on
the vielbein itself is

Dea = dea + ωabe
b .

The torsion tensor, now, is defined as

T a := Dea . (3.2)

Also the Riemann tensor R ρ
µν σ, the Ricci tensor Rνσ := R ρ

µν σ gραg
αµ and the Ricci scalar

R := Rµνg
µν are expressed according to this spin-connection and the vielbeins.

This can be done by noticing that the curvature two-form Rab, where Rab := 1
2Rab

µν dxµdxν ,
and defined by

D (Dea) := Ra
be
b , (3.3)

returns exactly SHE of the classical Einstein theory for gravitation, as we will show after having
developed expression (3.3) a bit. In fact, if one uses that applying two exterior derivatives on
smooth functions gives zero, d (dea) = 0, then:

D (Dea) = d2ea + dωabe
b − ωabde

b ωacde
c + ωacω

c
be
b

= dωabe
b + ωacω

c
be
b .

That is,

Rab = dωab + ωacω
cb . (3.4)

Therefore Hilbert-Einstein action for Gravity, see equation (1.1), turns into a functional involving
a scalar function for the curvature. In natural units it is:

SHE =
1

4

∫
εabcd Rab ∧ ec ∧ ed . (3.5)

This action forms the basis of the description of the Hilbert-Einstein theory in the Einstein-
Cartan formalism, and it is called Palatini action. The proof of the equivalence between Palatini
action and Hilbert-Einstein action is given at the end of this section, as well as the one for the
equations of motion arising from the metric or the vielbein formulation. Now we prefer to pay
attention to the expressions assumed by minimizing the action and to their meaning.

First of all, it is possible to show that the condition of absence of torsion comes as a natural
consequence of performing the variation with respect to ωab considered as an independent field.
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In fact, varying the curvature two form (3.4) with respect to ωab gives:

δSHE = εabcd d
(
δωab ec ed

)
+ εabcd δω

ab d
(
ec ed

)
+ 2δωabω f

[b e
c ed εa]fcd = 0

δSHE
δωab

= 2
(
εabcd (d ec) ed + ω f

[b e
c ed εa]fcd

)
δSHE
δωab

εabik = εabik
(
εabcd dec ed + ω f

[b e
c ed εa]fcd

)
= −4 de[i ek] − 2 · 3! δ b[fδ

i
c δ

k
d] ω

f
b e

c ed

= −4
(

de[i ek] + ω
[i |
b eb e| k]

)
= 0 .

This is exactly the condition for the absence of torsion (see definition of T a in (3.2)):

T i := dei + ωike
k = 0 . (3.6)

From (3.6) one can find the unique expression for ω in terms of e:

ωabµ =
1

2
ecµ

(
2eaρebσ∂[ρeσ] c − 2eρce

aσ∂[ρe
b
σ] − 2ebρeσc∂[ρe

a
σ]

)
. (3.7)

Taking the variation with respect to ed in (3.5) gives, instead, Einstein equations in the vielbein
form:

δSHE
δed

=
1

2
εabcd

(
Rab ∧ ec

)
= 0 . (3.8)

Now we would like to show that both the action and the equations of motion written for the
classical Hilbert-Einstein theory of gravity with the vielbeins are completely equivalent to those
of the theory written with the metric, as they are expected to be.
The fundamental thing which has to be noticed and used in the proofs that follow is that
the Riemann tensor (1.4) and its contractions in the metric language are directly related to
the expressions of these tensors in the Einstein-Cartan formalism. First of all, the Christoffel
symbols Γ ρ

µ ν(g), as stated in section 1, arise also from the condition of compatibility with the
metric (1.2) which can be rewritten in the vielbein basis as:

Dµ (eaνeρa) = (Dµeaν) eρa + e aν (Dµeρa) = 0 ,

and in the vielbein language the compatibility condition turns into:

Dµeaν = ∂µe
a
ν + Γ ρ

µ νe
a
ρ + ω a

µ be
b
ν = 0 . (3.9)

Thus, the Christoffel symbols depend on a derivative of the vielbein and on the spin connection:

Γ ρ
µ ν = −eρa

(
∂µe

a
ν + ω a

µ be
b
ν

)
,

and this leads to the following equivalence between Riemann tensors, using expression (1.4) for
the tensor written with the metric:

R σ
µν, ρ = − ∂µ

(
eσa

(
∂νe

a
ρ + ω a

ν be
b
ρ

))
+ ∂ν

(
eσa

(
∂µe

a
ρ + ω a

µ be
b
ρ

))
− eσa

(
∂µe

a
β + ω a

µ be
b
β

)
eβc

(
∂νe

c
ρ + ω c

ν de
d
ρ

)
+ µ↔ ν

=
(
∂µω

a
ν b − ∂νω a

µ b + ω a
[µ| cω

c
|ν] b

)
eσae

b
ρ = R a

µν, b e
σ
ae
b
ρ .
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This means that the following relation holds:

R σ
µν, ρ(g)e ρa e

b
σ = R b

µν, a(e) .

Now starting from SHE in (3.5), let us give the proof of its equivalence with SHE in (1.6) in
natural units, SHE =

∫
d4x
√
−g R[g].

1

4

∫
εabcdR

ab ∧ ec ∧ ed =
1

4

∫
1

2
Rab

µνe
c
ρe
d
σ εabcd dxµ ∧ dxν ∧ dxρ ∧ dxσ

=
1

4

∫
1

2
Rαβ

µνe
a
αe
b
βe
c
ρe
d
σ εabcd dxµ ∧ dxν ∧ dxρ ∧ dxσ

= −1

4

∫ (
1

2
Rαβ

µνεαβρσε
µνρσ e

)
d4x

=

∫
Rαβ

µνδ
µ
[αδ

ν
β]

√
−g d4x

=

∫ √
−g R[g] d4x

The proof of the equivalence between the equations of motion (3.8), in the Einstein-Cartan for-
malism, and (1.1) without any coupling to a source follows here:

1

2
εabcd Rab ∧ ec =

1

4
Rρσ

µν e
a
ρ e

b
σ e

c
α εabcd dxµ ∧ dxν ∧ dxα

1

2
εabcd Rab ∧ ec ∧ eh =

1

4
εabcd ε

µναβ Rρσ
µν e

a
ρ e

b
σ e

c
α e

h
β d4x

= −e · 1

4
δhd ε

µναβ ερσαβ Rρσ
µν d4x

= e · 6

4
Rρσ

µν δ
[µ
ρδ
ν
σδ
γ]
η e

h
γe
η
d d4x

=
1

2

(
R δhd + Rνγ

µν e
h
γe
µ
d + Rγµ

µν e
h
γe
ν
d

) √
−g d4x

=

(
1

2
R δhd − Rh

d

) √
−g d4x .

2 Massive terms in the vielbein formalism

The aim of this paragraph is to show that adding a specific mass contribution and other in-
teracting terms to the Palatini action (3.5) respects all the requests for consistency. If f is the
reference metric, fµν = faµ f

b
ν ηab, in which faµ is a reference vielbein, taking into account also

the possible linear interaction for f and a cosmological constant, the additional term which we
are interested in is:

Lmass = m2εabcd

(
c2f

a ∧ f b ∧ ec ∧ ed + c1f
a ∧ eb ∧ ec ∧ ed + c0e

a ∧ eb ∧ ec ∧ ed
)
. (3.10)

It has to be checked whether this guess really gives a consistent Lagrangian in which eaµ prop-
agates 5 degrees of freedom or not, and it is also important to verify if the massive lagrangian
(3.10) corresponds to the metric lagrangian (2.25).
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In order to give the proof for the absence of the sixth degree of freedom of the eaµ viel-
bein, it is enlightening to start from the extraction of the equations of motion from L =

M2
Pl (LHE + Lmass).

Taking the variation of L with respect to e gives:

δLmass
δed

= εabcd

(
m2(2c2f

a ∧ f b ∧ ec + 3c1f
a ∧ eb ∧ ec + 4c0e

a ∧ eb ∧ ec)
)

= −δLHE
δed

, (3.11)

which, passing from the differential forms to their components, turns into:(
1

2
Rδhd − Rh

d

)
= −m2

(c2

2

(
fabf

b
a − faaf bb

)
δhd

)
−m2

(
c2

2

(
fadf

h
a − faafhd

)
+
c2

2

(
fhbf

b
d − fhdf bb

)
+

3c1

2

(
faaδ

h
d − fhd

)
+ 6c0 δ

h
d

)
,

(3.12)

where fab := faµe
µ
b.

In fact, to get the RHS of (3.12) in the above form the following passages should be performed
(in the second line we have to multiply by ehβ as it has been done in order to obtain the LHS
from (3.5), moreover a division by a factor of 4 has to be done for the same reason):

m2 εabcd

(
2c2 f

a ∧ f b ∧ ec + 3c1 f
a ∧ eb ∧ ec + 4c0 e

a ∧ eb ∧ ec
)

= m2 εabcd

(
2c2f

a
kf

b
we

k
µe
w
νe
c
ρe
h
β + 3c1f

a
je
j
µe
b
νe
c
ρe
h
β + 4c0 e

a
µe
b
νe
c
ρe
h
β

)
dxµ ∧ dxν ∧ dxρ ∧ dxβ

= m2
(

2c2 f
a
k f

b
w εabcdε

kwch + 3c1 f
a
j εabcdε

jbch + 4c0 εabcdε
abch
) √
−g d4x

=− 6m2
(

2c2f
a
kf

b
wδ

[ k
aδ
w
bδ
h ]
d + 2c1f

a
jδ

[ j
aδ
h ]
d + 4c0δ

h
d

) √
−g d4x

=−m2√−g
(

2c2

(
faaf

b
b − fabf ba

)
δhd + 2c2

(
fadf

b
a − faaf bd

)
δhb + 2c2

(
fabf

b
d − fadf bb

)
δha

)
d4x

− 6m2√−g
(
c1 f

a
aδ
h
d − c1f

a
dδ
h
a + 4c0δ

h
d

)
d4x

=−m2√−g 2c2

((
faaf

b
b − fabf ba

)
δhd +

((
2f [a

ν e
ν
d] + 2f (a

ν e
ν
d)

)(
2f [h
µ eµa] + 2f (h

µ eµa)

)))
d4x

−m2√−g 2c2

(
−faa

(
2f [h
µ eµd] + 2f (h

µ eµd)

)
+
(

2f [h
ν eνb] + 2f (h

ν eνb)

)(
2f [b

µe
µ
d] + 2f [b

µe
µ
d]

))
d4x

−m2√−g
(
−2c2f

b
b

(
2f [h
ν eνd] + 2f (h

ν eνd)

)
+ 6c1

(
faaδ

h
d − 2f [h

ν eνd] − 2f (h
ν eνd)

)
+ 24c0δ

h
d

)
d4x .

In order to match with the symmetry under the exchange of the h and d indices, which is
respected by the LHS of (3.12), one should require that

f [a
µ e

µ b] = 0 . (3.13)

This constraint reduces to 10 the initial 16 degrees of freedom of the eaµ vielbein.
Other 4 constraints arise due to the identity

Dµ
(

Rµν −
1

2
Rgµν

)
= 0 . (3.14)

In fact, this holds because the Riemann tensor satisfies, by construction,

DαRµνρσ + DρRµνσα + DσRµναρ = 0 . (3.15)
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Contracting the µ and ρ indices with gµρ leads to DαRνσ + DρRρνσα − DσRνα = 0; then,
multiplying by gνσ one obtains DαR − DρRρα − DνRνα = 0, which is exactly (3.14).

Now, given that (3.15), which, written in the vielbein formulation, is simply DRab = 0, with
D := dxµDµ, should hold, then also the covariant derivative on the RHS of (3.12) is null.
Applying dxµDµ to the variation with respect to ed of an interaction term built from one vielbein
of the f type (i.e. when we put c2 and c0 in (3.12) equal to zero) fa ∧ eb ∧ ec, a simpler example
which does not lose any general validity and choosing for simplicity faµ = δaµ, in this case:

dxµDµ
(
fa ∧ eb ∧ ec

)
εabcd =

dxµω a
µ k δ

k
ν dxν ∧ eb ∧ ec εabcd =

d4x εµνρσω a
µ ν e

b
ρ e

c
σ εabcd =

−
√
−g d4x δµ[a δ

ν
d] ω

a
µ ν =

√
−g d4x (ω a

d a − ω a
a d) =

√
−g d4x

(
ω a
µ d e

µ
a

)
= 0

We thus find that Bianchi identity leads to the 4 conditions of the form

ω ab
µ e µa = 0 . (3.16)

These 4 equations further reduce the number of physical degrees of freedom of eaµ from 10 to 6.
Now using (3.16) in the scalar curvature coming from the trace of the LHS of equation (3.12),
one gets:

R = 2
(
∂[µ ω

ab
ν] + ω a

[µ c ω
c b
ν]

)
e µa e

ν
b

= 2
(
∂µω

ab
ν − ∂νω

ab
µ

)
e µa e

ν
b − 2ω a

ν c ω
cb
µ eµae

ν
b

= 4 ∂µ

(
ω ab
ν e νb

)
eµa − 2ω ab

ν ∂µ e
ν
be
µ
a − 2ω a

ν c ω
cb
µ eµae

ν
b

= 4 ∂µ

(
ω ab
ν e νb

)
eµa − 2ω ab

ν

(
Γ ν
µ ρe

ρ
b − ω c

µbe
ν
c

)
eµa − 2ω a

ν c ω
cb
µ eµae

ν
b

= 4 ∂µ

(
ω ab
ν e νb

)
eµa + 2ω ab

ν ω c
µb e

ν
c e

µ
a − 2ω a

ν c ω
cb
µ eµae

ν
b

= 4 ∂µ

(
ω ab
ν e νb

)
eµa = 0 .

In the second and third equality condition (3.16) is used, while in the fourth line the absence of
torsion allow to express the partial derivative via the connection ω and the Christoffel symbols.
On the other hand the Christoffel symbol is symmetric in the µ, ρ indices while ω is antisym-
metric, so the only term with both ω and Γ cancels due to this contraction between indices.
Eventually in the second to last line it is sufficient to relabel b↔ c in the second term to match
the third. In the last line again condition (3.16) is used, so we get that if constraint (3.16) holds
then R is identically zero, and so should be the RHS of the trace of (3.12).
Thus the fact that from Bianchi identity in the special case of a deformation arising only from
fa∧eb∧ec∧ed εabcd and choosing the vielbein faµ = δaµ the Ricci scalar is null has the important
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consequence on the trace of the contribution to the equations of motion of Lmass, which should
be zero as well, i.e. ed ∧

(
δaνdxν ∧ ebρdxρ ∧ ecσdxσ εabcd

)
= 0. Developing the calculations:

edµδ
a
νe
b
ρe
c
σ dxµ ∧ dxν ∧ dxρ ∧ dxσ εabcd = d4x εµνρσεabcd e

d
µδ
a
νe
b
ρe
c
σ

= d4x
√
−g εkdbcεabcd εαµρσε

µνρσ e αk δ
a
ν

= −d4x
√
−g 3!3!δkaδ

ν
α e

α
k δ

ν
a

= 0 ,

hence we found the ultimate condition necessary to remove the ghost degree of freedom, as in
[16]:

eaa = 0 . (3.17)

After having proved that this vielbein formulation of Massive Gravity is not troubled with a
ghost, and propagates the genuine 5 degrees of freedom of the massive graviton, in this paragraph
we will show that the lagrangian (3.10) with c2 = c0 = 1

2 , c1 = −1
2 is equivalent to the metric

lagrangian (2.25).
Leaving apart the cosmological constant 4! c0

√
−gm2, we can rewrite the other two terms of

(3.10) as follows:

m2 εabcd

(
c2f

a
ge
g ∧ f bheh ∧ ec ∧ ed + 2c1f

a
ie
i ∧ eb ∧ ec ∧ ed

)
= m2 εabcd

(
c2 f

a
g f

b
h e

g
µ e

h
νe
c
ρ e

d
σ ε

µνρσd4x + c1 f
a
i e
i
µ e

b
ν e

c
ρ e

d
σ ε

µνρσd4x
)

= m2 e εabcd

(
εghcd c2f

a
g f

b
h + εibcd c1f

a
i

)
d4x

= −m2 e
(

4δg[aδ
h
b] c2 f

a
g f

b
h + 6δia c1 f

a
i

)
d4x

= −m2 e
(

2 c2

(
faa f

b
b − fab f

b
a

)
+ 6c1 f

a
a

)
d4x

= − 2m2√−g
(
c2

(
faρ e

ρ
a f

b
σ e

σ
b − faν e

ν
b f

b
µ e

µ
a

)
+ 3c1

(
faρ e

ρ
a

))
= − 2m2√−g

(
c2

[(√
g−1f

)]2
− c2

[((√
g−1f

)µ
ν

)2
]

+ 3c1

[√
g−1f

])
,

in which the last expression with the gµν metric ((g−1)µν = gµν) and the reference metric f can
be obtained taking into account the previously found condition (3.13). Moreover, in order to
better understand how the second to the last line is related to the expressions with the traces of
the square root of the metric g and f, it is useful to define Yµν := eµafaρ. In fact, using (3.13),
the following relations hold: (

g−1f
)µ
ν

= e µa e
ρaf b

ρ fνb

= eµae
ρbf a

ρ fνb

= YµρYρν = (Y)2 µ
ν ,

so faρe
ρ
af bσe

σ
b = [Y]2 =

[√
g−1f

]2
, while faνeνbf

b
µe
µ
a =

[
Y2
]

=

[(√
g−1f

µ

ν

)2
]
, and the term

with the c1 coefficient gives faρe
ρ
a = [Y] =

[√
g−1f

]
.
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Thus we have seen that Massive Gravity in the vielbeins formulation has a nicer expression
for the interaction term than that of the metric formulation. It has been shown to be free from
ghost degrees of freedom.
In the following chapter we will present another theory for gravitation, called Bigravity, involving
one massless graviton in interaction with a massive one, in which, moreover, both metrics are
dynamic. Bigravity and Massive Gravity are related by the fact that the latter is the consistent
decoupling limit of the former.



Chapter 4

Bigravity

Bigravity is, as it will be shown, a theory of gravity with a massive graviton interacting with a
massless one (5 + 2 degrees of freedom in total). A good reason to consider this modification
of gravity is that in this theory the mass of the graviton can be large enough to fit both as
a candidate to be a source for Dark Matter (see section 2 of chapter 6) and to agree with
experimental results, which confirm Einstein General Relativity up to detection sensitivity.
In terms of the vielbeins e and f (which are now both dynamic), with associated Planck masses
Mg and Mf respectively, the lagrangian for Bigravity is:

Lbigrav = εabcd

(
M2
gRab

g ∧ ec ∧ ed +M2
f Rab

f ∧ f c ∧ fd +M2
gm

2c (fa − ea) ∧ (f b − eb) ∧ ec ∧ ed
)

+ εabcd

(
M2

f m
2c′ (ea − fa) ∧ (eb − f b) ∧ f c ∧ fd

)
.

(4.1)

Compared to Lmass of Massive Gravity, (3.10), here c0 = c, c1 = −2c and c2 =
(M2

g c +M2
f c′)

M2
g

.
Written in this way, (4.1) is symmetric under the interchange of the e and the f vielbein, if also
the corresponding masses Mg and Mf are interchanged. Apart from this symmetry, other rele-
vant invariances owned by the Bigravity action are local Lorentz invariance and diffeomorphism
invariance (but only for diagonal diffeomorphisms which do not mix the vielbein types). The
former is responsible to reduce the number of degrees of freedom of each vielbein from 16 to 10

(symmetric vielbeins), while the latter removes a total of 2 · 4 = 8 degrees of freedom, but it
leaves us also with two canonical standard Bianchi identities (3.16) for both the vielbein types
which has to satisfy a common relation, so that the final result is the removal of 8−4 = 4 degrees
of freedom. Then 10 + 10 − 8 − 4 = 8, but it is possible to show that through a Hamiltonian
construction known as ADM decomposition the last constraint can be found (see [21]), and the
theory really describes a massive graviton with 5 degrees of freedom, and a massless one, which
propagates as usual 2 degrees of freedom.

The term εabcd
(
fa ∧ f b ∧ f c ∧ ed

)
is the only one which has not been characterised yet, but

it is known that it has to correspond to one of the contributions appearing in the series written

25
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in (4.2), but which can also make sense in Massive Gravity. It is, in fact:(
faµdxµ ∧ f bνdxν ∧ f cρdxρ ∧ edσdxσ

)
εabcd

= εabcd

(
fagf

b
hf

c
le
g
µe
h
νe
l
ρe
d
σ

)
εµνρσ d4x

= e εghldεabcd

(
fagf

b
hf

c
l

)
d4x

= −
√
−g

(
faaf

b
bf
c
c + fabf

b
cf
c
a + facf

b
af

c
b − faaf

b
cf
c
b − fabf

b
af

c
c − facf bbf c;a

)
d4x

= −
√
−g

([√
g−1f

]3
− 3

[(√
g−1f

µ

ν

)2
] [√

g−1f
]

+ 2

[(√
g−1f

µ

ν

)3
])

d4x .

The generalization of Lagrangian (4.1) (plus the contribution of matter fields ψ) can be
written in term of the metric gµν and fµν introducing five coefficients αn, polynomials related
to c and c′ in (4.1):

Lbigrav =
M2
g

2

√
−g R [g] +

M2
f

2

√
−f R [f] +

1

4
m2M2

g

√
−g

(
4∑

n= 0

αnLn [K [g, f]]

)
+
√
−g̃L(matter)

g̃ (g̃µν , ψg̃) ,

(4.2)

where a possible dynamics is given only to a strictly defined combination of the metrics (g̃)
depending on only two parameters, a and b. In fact this coupling to matter is bounded, as
usual, to not develop an Ostrogradsky instability and to not propagate a Boulware-Deser ghost,
as it is explained for example in [24]. In that paper, the combination of gµν and fµν is proved
to be g̃µν = a gµρ [(1 + bK)], where K is exactly the tensor appearing in (4.2) and it is defined
as Kµν [g, f] := δµν −

(√
g−1f

)µ
ν
. In the condensed expression in the sum, the Ln’s are used in

order to indicate polynomials built by contracting d− n indices of two Levi-Civita tensors, the
other n indices being contracted with Kµν , which are:

L0 [K] = εµναβεµναβ = −4!

L1 [K] = εµναβεµ′ναβ Kµ′µ
L2 [K] = εµναβεµ′ν′αβ Kµ′µKν′ν
L3 [K] = εµναβ εµ′ ν′α′β Kµ′µKν′ν Kα′α
L4 [K] = εµναβ εµ′ ν′α′β′Kµ′µKν′ν Kα′αK

β′
β

The proposed metric lagrangian for Bigravity in (4.2), due to the coupling to matter fields,
thus renounces to the exchange symmetry between the metrics gµν and fµν , privileging gµν with
respect to the other. Moreover it has, hence, 5 parameters in addition to the masses Mg and
Mf , while Lmass in (2.25) is obtained by a suitable choice of 3 coefficients plus a mass. This
is not an inconsistency because the non-dynamical reference metric f in Massive Gravity could
also produce an avoidable constant and a tadpole, which in fact are not taken into account.
Let us mention that the interaction terms in (4.2) written in the synthetic expression as a sum
of polynomials can be used also in Massive Gravity, if one assumes fµν to be a non-dynamical
reference metric and allows the tadpole and the other interactions of higher order (n = 3, 4).
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Now, we would like to notice that (4.2) is truly describing two gravitons, one massive and
the other massless, but, as it is, it involves a superposition of mass eigenstates. In order to see
this, one has to work in the linear approximation, that is:

gµν = ηµν +
1

Mg
δgµν

fµν = ηµν +
1

Mf
δfµν

Let us consider only the quadratic order in the perturbation around flat spacetime, put the
cosmological constants and tadpole terms to zero (α0 = 0 = α1), and set α2 = −1

2 . Then it
turns out that the following linear combination of δgµν and δfµν , called hµν , is a massive mode
of mass meff , and lµν is massless:

hµν := Meff

(
1

Mf
δfµν −

1

Mg
δgµν

)
,

lµν := Meff

(
1

Mf
δgµν +

1

Mg
δfµν

)
,

where

M2
eff :=

(
1

M2
g

+
1

M2
f

)−1

(4.3)

m2
eff := m2

M2
g

M2
eff

= m2

(
M2

f +M2
g

)
Mf

. (4.4)

Then the linearised action for Bigravity is:

S(2)
bigrav =

∫
d4x

[
1

8
δgµν

(
�δgµν − 2∂α∂(µδg

α
ν) + ∂µ∂νδg − ηµν(�δg − ∂α∂βδgαβ

)]
+

∫
d4x

[
1

8
δfµν

(
�δfµν − 2∂α∂(µδf

α
ν) + ∂µ∂νδf − ηµν(�δf − ∂α∂βδfαβ

)]
+

∫
d4x

[
−1

8
m2

eff

(
h2
µν − h2

)]
,

=

∫
d4x

[
1

8
hµν

(
�hµν − 2∂α∂(µh

α
ν) + ∂µ∂νh− ηµν(�h− ∂α∂βhαβ)

)]
+

∫
d4x

[
1

8
lµν
(
�lµν − 2∂α∂(µl

α
ν) + ∂µ∂ν l − ηµν(�l − ∂α∂βlαβ)

)]

+

∫
d4x

−1

8
m2

effh
µν(δαµδ

β
ν − ηαβηµν)hαβ −

1√
M2
g +M2

f

(Mfhµν −Mglµν)Tµν

 .
(4.5)

Thus both hµν and lµν possess, as kinetic term, the linearised Hilbert-Einstein action already
found in chapter 1, arising from the linear approximation in the Ricci scalar. There is only one
massive mode, hµν , which shows a Fierz-Pauli mass term in the linearised limit, while δfµν , that
corresponds exactly to the above combination of hµν and lµν , couples to matter sources, Tµν .
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However in this coupling the massive mode hµν enters with a coefficient of Mf√
M2
g+M2

f

, depending

on m
meff

in which m can be taken as small as one wishes, even zero in the decoupling limit of
Bigravity. Thus the conclusion is that the massive mode has no interactions other than the
gravitational ones, and this property is typical of Dark Matter.

Massive Gravity, to which Bigravity reduces when taking one of the two equivalent metric
to be ηµν , has already been proved to be free from ghosts. In the next chapter this decoupling
limit and the relevant interactions at the suitable scale are analysed in order to establish if the
vDVZ discontinuity is effectively relevant at every energy scale.



Chapter 5

Vainshtein mechanism

The coupling of the scalar mode of the massive graviton to matter has been shown, in section 2,
to generate a pathology in the behaviour of the massless limit of the massive linear theory, which
does not reduce to the massless theory. What we are going to show now is that in the non-linear
theory there is a screening effect that, in the vicinity of the matter, removes the effect of the
scalar field. Before investigating it, we will describe the possible decoupling limits of the theory.
These would become quite important because the critical issue of the vDVZ discontinuity, as
already stated, is due to the couplings of the scalar mode π to matter, and it has to be proved
that at the relevant scale the scalar couplings are appropriately modified.

1 Decoupling limits

In Massive Gravity the interactions of the helicity-2 mode hµν and the scalar mode π do not
arise at the Planck scale, as one might expect, but at a lower scale given by a combination of
the Planck scale and the graviton mass. Considering the potential term for Massive Gravity
and focusing on the case in which the decoupled theory is built about Minkowski metric, i.e.
M2
Plm

2√−gLn [K [g, η]], then generic interactions between the canonically normalised modes
can be characterized by the mass scales as in the following lagrangian:

Lj,k,l = m2M2
Pl

(
h

MPl

)j ( ∂A

mMPl

)2k ( ∂2π

m2MPl

)l
=

= Λ
−4+(j+4k+3l)
j,k,l hj (∂A)2k (∂2π

)l
,

where j, k and l ∈ N and the scales Λj,k,l are defined as:

Λj,k,l =
(
m2k+2l−2M j+2k+l−2

Pl

) 1
(j+4k+3l−4)

.

Then, the first interaction, involving a triple power of ∂2π, might appear at Λj=0, k=0, l=3 =(
MPlm

4
)1/5

:= Λ5, with m < Λ5 < MPl. But we already know that the appearance of the
second derivative of any field with respect to time means that the theory is afflicted by the
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Ostrogradsky instability.
At Λ5 scale and above, the dangerous contributions are approximated by:

Ln ∼
(
∂2π

)n
Mn−2
Pl m2(n−1)

,

with n varying from 2 to 4.
However, in the consistent theory of Massive Gravity it turns out that the terms at each order
are combined into total derivatives of the form:

L(2)
der = [Π]2 −

[
Π2
]

L(3)
der = [Π]3 − 3 [Π]

[
Π2
]

+ 2
[
Π3
]

L(4)
der = [Π]4 − 6

[
Π2
]

[Π]2 + 8
[
Π3
]

[Π] + 3
[
Π2
]2 − 6

[
Π4
]
.

Therefore no interaction really appears at scale below Λ3, which identifies the full set of in-
teractions

(
∂2π

)l, with l varying from 3 to +∞, and it is precisely Λj=0, k=0, l→∞ := Λ3 =

(MPlm
2)1/3. Switching on the helicity-2 and the helicity-1 modes, instead, will imply higher

scales.
The decoupling limit of Massive Gravity (with standard Hilbert-Einstein lagrangian plus

other interactions of type 1
4 m

2M2
g

√
−g
(∑4

n= 0 αnLn [K [g, f]]
)
) is consistently extracted by

taking
m→ 0 , MPl →∞, Λ3 fixed ,

which implies that the Hilbert-Einstein term takes its linearised expression (1.10), while the
other interacting terms become

Ldec−Λ3
mass =

1

8
hµν

(
2α2X

(1)
µν +

2α2 + 3α3

Λ3
3

X(2)
µν +

α3 + 4α4

Λ6
3

X(3)
µν

)
, (5.1)

where the correct normalization should be α2 = 1 and the X(n) are polynomials of Π:

X
(1)µ
µ′ [Π] = εµναβεµ′ν′αβΠν′

ν

X
(2)µ
µ′ [Π] = εµναβεµ′ν′α′βΠα′

αΠν′
ν

X
(3)µ
µ′ [Π] = εµναβεµ′ν′α′β′Π

β′

βΠα′
αΠν′

ν

X
(4)µ
µ′ [Π] = 0 .

(5.2)

These expressions are transverse, i.e. ∂µ′X(n)µ
µ′ = 0, in fact, checking for n = 1,

∂µ′
(
−δµµ′Πν

ν′ + Πµ
µ′
)

= −∂µ�π + ∂µ′∂µ∂µ′π = 0 ,

therefore the Λ3-decoupling limit of Massive Gravity is free of any ghost-like pathologies. More-
over, (5.1) can be further diagonalised with a suitable choice of h̃µν : it is possible to prove,
thus, that in this way one gets the Galileon Lagrangians L(n)

(Gal) [π] [12], which typically involves
a (∂π)2 term multiplying, according to the n index, the usual contractions between two Levi-
Civita tensors and n − 2 Π tensors. Those terms will be fundamental in the discussion of the
Vainshtein mechanism.
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2 Vainshtein radius for static and spherically symmetric source

From the decoupling limit analysis it has been shown that π is responsible for interactions of
the type (∂π)2 [Π]n or (∂π)2 [Πn], called galileons [26] because they enjoy the special global
symmetry:

π → π + c+ vµx
µ ,

where c and vµ are constant parameters.
Hence it is quite meaningful and without loss of generality to work with

Ldec = −1

2
(∂π)2 − 1

Λ3
3

(∂π)2�π +
1

MPl
πT . (5.3)

The decoupling limit of Massive Gravity (5.1) resembles a galileon but presents also few pecu-
liarities. First, the coupling hµνX(3)

µν , which can not be removed with a local field redefinition,
could be proved to allow no stable static spherically symmetric configuration unless α3+4α4 = 0,
a tuning which sets to zero this coupling term in (5.1). It is particularly deprecable that we
are obliged to drop it out, but we are interested exactly in the configuration generated by ap-
proximately spherically symmetric massive objects, like the one created by the Sun in the Solar
System.
Second, when the cubic galileon is present also the quartic galileon should necessarily be there
and one can not prevent the appearance of a new coupling to matter, ∂µπ∂νπTµν , typically
absent in other Galileon theories. Its effect is to bound the values of α, where α = −

(
1 + 3

2α3

)
,

to be strictly positive, but also to give as Vainshtein solution close to the source a cosmological
solution which does not depend on the distance r in this regime.

Having discussed how the galileon lagrangian (5.3) arises in the decoupling limit of Massive
Gravity, let us now analyse the Vainshtein mechanism in the case of a point like spherically
symmetric and static source. Its stress-energy tensor is:

T0 = −Mδ3(r) = −M δ(r)

4πr2
. (5.4)

Let us study the equations of motion for the scalar mode π0 sourced by (5.4):

0 = �π0 +
2

Λ3
3

∂µ(∂µπ0�π0)− 1

Λ3
3

�(∂π0)2 +
T0

MPl

= �π0 +
2

Λ3
3

(�π0)2 − 2

Λ3
3

(∂µ∂νπ0)2 +
T0

MPl

=
1

r2
∂r

[
r3

(
π′0(r)

r
+

1

Λ3
3

(
π′0(r)

r

)2
)]
− M

4πMPl

δ(r)

r2

= r3

(
π′0(r)

r
+

1

Λ3
3

(
π′0(r)

r

)2
)
− M

4πMPl
.

so if the Vainshtein (or strong coupling) radius r? is defined as:

r? =
1

Λ3

(
M

4πMPl

)1/3

, (5.5)
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the dominant terms in the equation of motion for π0, taking into account the different regimes,
are respectively:

for r >> r?, π′0(r) ∼ M

4πMPl

1

r2

for r << r?, π′0(r) ∼
√

M

4πMPl

Λ
3/2
3√
r
.

so in the first case one recovers a Newton square law for the force mediated by π0, which means
that the theory with a mass can be detected only at distances larger than r?, and its linearised
version works.
Conversely, close to the source, the ratio between the force exerted in the massive theory for
gravitation, which is implemented by a sort of fifth force contribution from the scalar mode and
corresponds to distances r << r?, and the Newtonian force of the standard General Relativity
case (the newtonian approximation is valid because the scales are large enough to be sufficiently
away from the massive body):

F
(π)
r<<r?

FNewt
∼
(
r

r?

)3/2

<< 1 ;

when considering a quartic galileon coming from (5.1) this is further suppressed and goes as(
r
r?

)2
. For a graviton mass of the order of the Hubble parameter today H0 (i.e. Λ3 =

(1000 km)−1 , m =

(
Λ3M

− 1
3

Pl

) 3
2

' 1.25 · 10−32 eV) then the gravitational force exerted by the

Sun at the position of the Earth in a massive theory is suppressed, compared to standard New-
tonian force, by 16 orders of magnitude in the quartic Galileon (12 orders in the case of the
cubic Galileon). Thus, the extra force mediated by π is negligible and deviations from General
Relativity are extremely small, but detectable, at least in the case of the cubic Galileon.

Now, let us consider fluctuations around the solution discussed above. Following the be-
haviour of the perturbation to the second order, π = π0 + φ and T = T0 + δT, the lagrangian
which we are interested in is

L(2) = −1

2
(∂φ)2 − 1

Λ3
3

(∂φ)2(�π0)− 2

Λ3
3

∂νφ∂
νπ0(�φ) +

1

MPl
φδT .

It can be checked that L(2) corresponds to the following expression:

L(2) = − 1

2
Zµν∂

µφ∂νφ+
1

MPl
πT

Zµν = ηµν +
2

Λ3
3

(�π0ηµν − ∂µ∂νπ0) .
(5.6)

Even if Zµν does not behave like Zµν ∼ Zηµν , the idea of canonically normalizing the fluctuations
as φ̂ =

√
Zφ means that the coupling of the fluctuations to matter can arise at a scale which

is very different from the Planck scale, MPl

√
Z >> MPl, and this allows to conclude that the

coupling to matter, which depends on the inverse of this quantity, is thus very suppressed.
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Zµν for our case (5.6) has a peculiar property for small radii, r << r?, which becomes evident
when performing the following calculation:

Zµν dxµdxν =−
(

1 +
2

Λ3
3

(
2
π′0(r)

r
+ π′′0(r)

))
dt2 +

(
1 + 4

π′0(r)

rΛ3
3

)
dr2

+

(
1 +

2

Λ3
3

(
π′0(r)

r
+ π′′0(r)

))
r2dΩ2

Zµν dxµdxν = 3
(r?
r

)3/2
(
−dt2 +

4

3
dr2 +

1

3
r2dΩ2

)
+ ηµνdxµdxν .

The modes propagating along the radial direction have a superluminal phase and group velocity
c2
r = 4

3 > 1. This fact has been a source of many questions in these kinds of gravity theories,
which are related to Massive Gravity decoupling limit but do not exactly correspond to it, unless
something further is required.
It is known that group velocity, which represents the speed at which the envelop of the signal
propagates, could be superluminal without violating causality, because it is the wavefront veloc-
ity (high frequency limit of the phase velocity) that carries the information of the signal. Hence
it is the behaviour of the latter which should be inquired in order to infer if superluminalities
are really present.
In a Galileon theory of type

L = π
4∑

n=1

cn+1

Λ
3(n−1)
3

Ln(Π) , (5.7)

where Ln are the appropriate contractions built from (5.2), taking π to be a plain wave in the
x1 direction plus small perturbation δπ:

π0(xµ) = F (x1 − t) + δπ(xµ) , (5.8)

it is possible to show that the perturbation travels with a velocity v

v =

1− 12c3

Λ3
3

F ′′(x1 − t)

1 +
12c3

Λ3
3

F ′′(x1 − t)
.

This leads to a superluminal velocity in the case in which 12c3F
′′ < −Λ3

3 for the “toy” model
with lagrangian (5.7); however this is the group velocity and in order to infer something about
the (a)causality one needs to calculate the front velocity, so one-loop corrections must be taken
into account. So far this is yet to be determined [10].
In Massive Gravity, instead, a perturbative analysis on the static and spherically symmetric
sourced solution would eventually prove that the modes along all the directions are subluminal
and it is yet unclear if this result is due to the accidental specific case or a consistent property
of Massive Gravity. Some massive gravity solutions, not related to the Vainshtein mechanism
here presented, have been thought to admit superluminal propagation, but then they have been
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discarded because they were proved to describe only a confined region of space and time or to
lie beyond the validity domain of the theory.

Another aspect of the Vainshtein mechanism which has to be discussed deeper concerns the
graviton mass. In fact the Vainshtein screening effect relies on interactions which are important
at a low energy scale Λ << MPl, quite lower than the typical scale of GR.
Moreover, the Galileon operators have mass dimension larger than 4, so in a traditional Effective
Field Theory viewpoint these are irrelevant and hence the theory is non-renormalizable. But
in order for the Vanishtein mechanism to be successful the irrelevant operator should dominate
over the others, the so-called marginal operators in EFT, because only the couplings of type
(5.1) are taken into account, so one may wonder whether or not it is possible to use the effective
field description within the strong coupling region without going outside the regime of validity
of the theory.
A non-renormalization theorem which assures that in a Galileon theory the Galileon operators
do not get renormalized comes to our aid.
Hence it is possible to find a regime for the theory in which the operators generated by quantum
corrections (which are not the ones obtained from a one-loop and higher loops analysis of the
Galileons due to the non-renormalization theorem) are irrelevant and the leading interactions
are then brought by the Galileons. This also implies that the scale Λ3, which could not be
renormalized, can be set to an arbitrary small value without running issues.
When beyond the decoupling limit Λ3, instead, operators of the form h2

(
∂2π

)n are expected
to spoil the non-renormalization theorem; however these operators are MPl suppressed, leading
also to the suppression of the quantum corrections to the graviton mass:

δm2 . m2

(
m

MPl

) 2
3

.

In order for the massive theory to be viable, then, the graviton mass in Massive Gravity ought
to be tuned to extremely small values.



Chapter 6

Cosmology

One of the main motivations for developing modified theories of gravity is to make a somewhat
alternative insight into the nature of the main cosmological issues.
For instance, the modification of gravity by the introduction of a mass term is a correction to the
behaviour of the metric tensor field in the infrared, which means that the late time acceleration
of the Universe could be theoretically explained without assuming the existence of an alternative
form of energy named Dark Energy.
There are two principal ways in which massive theories of gravity could be useful for addressing
the cosmological constant problem. On the one hand, by weakening gravity in the infrared, they
may weaken the sensitivity of the solutions which depends on already existing large cosmological
constant. This is the idea behind screening or degravitating solutions.
On the other hand, a condensate of massive gravitons could act like a source for the present
unnatural little cosmological constant, due to the small but technically natural value of the
graviton mass. This is the idea of self-accelerating solution.
Bimetric theories, instead, possess desired features to give a self-contained explanation to Dark
Matter, as we will discuss in section 2.
In section 3 the possibility for Massive (Bi-)Gravity to admit Schwarzschild solutions to spheri-
cally symmetric and static sources of matter is investigated and a discussion on the stability of
those solutions follows.

1 Dark Energy from Massive Gravity

As previously stated at the beginning of this section, there are two technical ways which allow
to relate massive gravitational theories to a cosmological constant: the idea of degravitating or
screening solutions, in the decoupling limit, and the idea of self-acceleration due to a bunch of
massive gravitons.

In the Λ3-decoupling limit we know from the previous chapter (subsection 1) that the la-

35



36 CHAPTER 6. COSMOLOGY

grangian for Massive Gravity coupled to an external source,

LHE + Lmass +
1

MPl
hµνT

µν ,

with Lmass given in (2.25), reduces to (5.1), which we rewrite in the following way:

L[hµν , π] = Lspin−2
kin + hµν

3∑
n=1

an

Λ
3(n−1)
3

X(n)
µν [Π] , (6.1)

where the X(n) were defined in (5.2).
What we are going to show first is that some values of the scalar mode, chosen if we assume that
the metric ought to be of a de Sitter type, prevent the geometry from being not flat. A de Sitter
metric gdS

µν can be defined, in a Friedmann-Lemâitre-Robinson-Walker (FLRW) context, by the
condition that the Hubble constant, cosmological relevant parameter function of the scale factor
a(t) and its first time derivative, H := ȧ

a , is really constant in time. By FLRW context we mean
a solution to Einstein equations representing an expanding Universe, with expansion regulated
by the scale factor a(t). If for c is meant the speed of light and for k we denote a parameter,
taking values in the set {−1, 0, +1}, which represents the curvature of the space (closed, flat or
opened space), in spherical coordinates the FLRW metric corresponds to:

ds2
FLRW = −c2dt2 + a(t)2

(
1

1− kr2
dr2 + r2dΩ2

)
.

Then we will also show that a self-accelerated solution in the decoupling limit exists even when
the cosmological constant is absent, and depends on the value of the graviton mass.
We refer to [13] for the whole discussion.
The variations with respect to π and hµν of (6.1) are, respectively:

0 =a1 (�h− ∂µ∂νhµν) + 2
a2

Λ3
3

(�h�π + ∂µ∂αh
µν Πα

ν + ∂α∂νh
µνΠαν − ∂µ∂νhµν�π −�hΠµν)

− 2
a2

Λ3
3

(
∂α∂βhΠαβ

)
+ 3

a3

Λ6
3

(
∂α∂βh

µνε αρσµ ε βγδν ΠργΠσδ

)
0 =

1

4

(
�hµν − 2∂α∂(µh

α
ν) + ∂µ∂νh− ηµν

(
�h− ∂α∂βhαβ

))
+

3∑
n=1

an

Λ
3(n−1)
3

X(n)
µν [Π] +

1

MPl
Tµν .

(6.2)
Now, guessing a self-accelerated solution for this system of equations, the metric which we are
interested in should only follow from an expansion around |x| =

√
ηµνxµxν of a de Sitter type

of metric with Hubble parameter H:

ds2
dS = e−

H2|x|2
2 ηµν dxµ dxν '

[
1− 1

2
H2|x|2

]
ηµν dxµ dxν .

So, under this assumption, the ansatz for hµν is:

hµν = −1

2
MPlH

2|x|2ηµν ,
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while the ansatz for the scalar mode π, bounded to respect the same symmetries as those
respected by hµν , i.e. isotropy and homogeneity, if q0 is the current deceleration parameter
q0 = äa

ȧ2 , leads to:

π =
1

2
q0Λ3

3|x|2 + cΛ3 .

In order to be a source of dark energy, the stress-energy tensor Tµν should be

Tµν = −ληµν , λ > 0 .

Using the ansatz for hµν , its free kinetic linear term is simply:

1

4

(
�hµν − 2∂α∂(µh

α
ν) + ∂µ∂νh− ηµν

(
�h− ∂α∂βhαβ

))
=

(
−1 +

1

2
− 1 + 4− 1

)
H2 ηµν

=
3

2
H2ηµν .

The equations of motion for the helicity-0 and helicity-2 fields (6.2) can be recast now in the
following form: 

(
−a1

2
+ 2a2q0 + 3a3q

2
0

)
H2 = 0

2q0Λ3
3

(
a1 + a2q0 + a3q

2
0

)
=MPlH

2 − λ

3MPl
.

(6.3)

Hence the geometry can remain flat (i.e. H = 0) or approximately flat despite the presence of a
cosmological constant. In fact when H = 0, then the first equation in (6.3) is trivially satisfied,
while the second leads to

a1q0 + a2q
2
0 + a3q

3
0 = − λ

6Λ3
3MPl

,

which has always at least one real root when a3 is present. These are the degravitating solutions,
or the screening solutions.
In order to infer something about their stability, one has to consider small perturbations around
the corresponding de Sitter background, denoted with a b superscript:

hµν = hbµν + χµν , π = πb +
φ

2
(
a1 + 2a2q0 + 3a3q2

0

) , Tµν = −ληµν + τµν .

The lagrangian for the perturbations is then:

Lpert−degr = Lspin−2
kin (χµν − φηµν) +

3

2
φ�φ +

1

MPl
χµντµν . (6.4)

The first two terms are the kinetic terms for χ and φ, while the third describes an interaction
between χ and the first order perturbed stress-energy tensor.
The most interesting property of (6.4) is that the helicity-0 fluctuations φ decouples from matter
sources.
When the kinetic term for φ is positive, then the solution is stable. This happens when

2
a1 + 2a2q0 + 3a3q

2
0

q0 − 1
> 0 .
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A second branch of solutions of de Sitter type (i.e. H = const 6= 0) is obtained from (6.3)
and only exists if

a2
2 ≥ 3a1a3 ,

and its stability can be analysed as in the case of degravitating solutions by looking at fluctua-
tions around the background configuration:

hµν = hbµν + χµν , π = πb + φ , Tµν = −ληµν + τµν .

The resulting action is of the form:

Lpert−self−acc = Lspin−2
kin (χµν) +

6H2
dSMPl

Λ3
3

(a2 + 3a3q0) φ�φ +
1

MPl
χµντµν , (6.5)

so stability is assured when one of these conditions is achieved (setting a1 = −1/2 and λ̃ :=
λ

6MPlΛ
3
3
): 

a2 < 0 and − 2a2
2

3
≤ 1− 3a2λ̃− (1− 2a2λ̃)3/2

3λ̃2
,

a2 <
1

2λ̃
and a3 >

1− 3a2λ̃+ (1− 2a2λ̃)3/2

3λ̃
,

a2 <
1

2λ̃
and a3 > −

2

3
a2

2 .

This means that there are self-accelerating solutions in which the Hubble constant has magnitude
proportional to Λ3

3
MPl

= m2, the graviton mass, even if λ = 0, i.e. no dark energy taken into
account. In this sense a bunch of massive gravitons can give rise to accelerating solutions.
However it seems that, beside the fact that the range of the solutions is so wide that can
accommodate a plenty of values for the cosmological constant, this range remains too small
to significantly change the Old Cosmological Constant problem, i.e. the disagreement between
measured values of the vacuum energy density (the small value of the cosmological constant)
and its theoretical value suggested by quantum field theory [10].

2 Massive graviton mode as a Dark Matter candidate

In section 4 it has been shown that the bimetric theory propagates 5+2 = 7 degrees of freedom,
belonging respectively to a massive graviton hµν and a massless one lµν . This is explicit when
considering the quadratic order lagrangian in equation (4.5).
What we are going to study now, following [? ], is whether the hypothesis that the massive
graviton could be a suitable candidate for Dark Matter is consistent.
The relevant features for a good candidate able to take the role of Dark Matter are its very
feeble interactions with Standard Model matter and its actual value, often given in terms of the
product between the critical density for the Universe, ΩDM, 0, and h0, which is defined as one
percent of the actual value of the Hubble constant: ΩDM, 0h

2
0 ' 0.26. This abundance should

follow from a specific model of production of Dark Matter during inflation.
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Before starting the discussion, let us consider for the sake of simplicity only Bigravity back-
grounds for which g0

µν = f0
µν = ḡµν . Then the perturbations around this background are given

as in section 4, with Meff defined in (4.4):

gµν = ḡµν +
Meff

Mg

(
1

Mf
lµν −

1

Mg
hµν

)
fµν = ḡµν +

Meff

Mf

(
1

Mg
lµν +

1

Mf
hµν

)
.

(6.6)

From now on, we will use α := Mf
Mg

instead of the ratio between the two masses. Moreover, Mg

is related to the reduced Planck mass via

M2
Pl = M2

g

(
1 + α2

)
.

The zero-order bimetric vacuum equations, i.e. the equations obtained when gµν = ḡµν = fµν ,
are: 

Rµν(ḡ)− 1

2
ḡµνR(ḡ) + Λg ḡµν = 0

Rµν(ḡ)− 1

2
ḡµνR(ḡ) + Λf ḡµν = 0 .

The system is solved only if Λg = Λf , where the Λ’s are defined by the following relations:
Λg ḡµν =

(
−

2M2
g√
−g

∂
√
−gL[

√
g−1f]

∂gµν

)∣∣∣∣∣
gµν=ḡµν

Λf ḡµν =

(
−

2M2
g

α2
√
−f

∂
√
−gL[

√
g−1f]

∂fµν

)∣∣∣∣∣
fµν=ḡµν

.

Expanding now the Bimetric Lagrangian (4.2) in the massive (hµν) and massless mode (lµν)
as in (6.6), skipping mass-dependent coefficient therein because the final result will not be
affected by them, i.e. ḡµν → ḡµν + lµν + hµν := Gµν + hµν , the potential becomes:

M2
g

√
−gL[

√
g−1f]→M2

g

(√
−gL[

√
g−1f]

) ∣∣∣∣∣
f=g=G

+M2
g

[
∂
√
−gL[

√
g−1f]

∂gµν
∂gµν

∂hρσ

] ∣∣∣∣∣
f=g=G

hρσ

+ M2
g

[
∂
√
−gL[

√
g−1f]

∂fµν
∂fµν

∂hρσ

] ∣∣∣∣∣
f=g=G

hρσ .

(6.7)
This expression can be reduced to a simpler form as follows. Bianchi identity for the Hilbert-
Einstein contribution in (4.2), if Vµν is used in place of

−
2M2

g√
−g

∂(
√
−gL[

√
g−1f])

∂gµν
:= Vµν

and Ṽµν denotes the same quantity for the fµν metric, implies that the following equality for the
potential term should hold:

√
−g V ρ

σ +
√
−f Ṽ ρ

σ =
√
−g V δρσ , (6.8)
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where V := V µ
µ .

It follows that the first piece of (6.7) is

M2
g

√
−GV = M2

g

(
Λg + α2Λf

) √
−G .

Using now

∂
√
−gL[

√
g−1f]

∂gµν

∣∣∣∣∣
f=g=G

= ΛgGµν

(
−
√
−G

2M2
g

)
,

∂gµν

∂hρσ
=

α

MPl
2δµ(ρδ

ν
σ) ,

∂
√
−gL[

√
g−1f]

∂fµν

∣∣∣∣∣
f=g=G

= ΛfGµν

(
−
√
−G

2M2
g

α2

)
,

∂fµν

∂hρσ
= − 1

αMPl
2δµ(ρδ

ν
σ) ,

the second and the third piece in (6.7) can be written as:

−
M2
gα

MPl

(√
−G

M2
g

)
(Λg − Λf)Gµνh

µν = 0 , (6.9)

because Λg = Λf .
If (6.9) was non-zero, it would imply that in perturbation theory for Bimetric Gravity the decay
of the massive mode into the massless one can really take place. Conversely, at first order in
perturbation the massive and the massless sector of the theory are independent from one another,
and even a higher order expansion of the Bigravity potential leads to a very close result: a single
massive mode can not decay to any arbitrary number of massless modes.
In fact a generic interacting term of type δgk δfn, according to (6.6), can be parametrized as:

δgk δfn ∼
k∑
s=0

n∑
r=0

αs−r

Mk+n
P l

(
lk+n−s−rhs+r

)
∼

k∑
s=0

n∑
r=0

αs−r

Mk+n
P l

Ek+n ∼ Ek+n

Mk+n
P l

(
α−n + α−n+1 + ... + αk

)
,

in which E is the field energy value chosen, each one of the metrics carrying, in dimensional
analysis, the dimension of mass. In order for the perturbative approach to be consistent, E should
be smaller than αMPl, so if one parametrises the energy as E := α1+qMPl , α << 1 , q ∈ R>0,
the Bigravity potential, taking into account that for α << 1 the most enhanced vertices come
from pure δfµν terms, is approximated by:

V(m) ∼
m∑
k=0

δgkδfm−k ∼ αqm
(
1 + α+ α2 + ...+ α2m

)
∼ V (0)

(m) + V
(1)

(m) + V
(2)

(m) + ... + V
(2m)

(m)

V
(j)

(m) :=V
(0)

(m) + V
(1)

(m) + V
(2)

(m) + ... + V
(2m)

(m)

(6.10)
Care must be taken in order to arrange the perturbative expansion with parameter α, in fact if
we consider q given by the inverse of an integer p, q = 1

p , then V
(j)

(m) = V
(0)

(m+jp) because α appears
q ·m+ j times.
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The ultimate result of the analysis, due to the correct rearrangement of the expansion of the
Bigravity potential in power of α, is that the k = m − 1 terms in (6.10), which include in
particular the h l2 and the h l3 vertices, do not appear. Any interaction of the type of a decay
of the massive graviton into massless gravitons is not allowed.
Instead, vertices which couple h and l for m = 3, 4 always exist; the coupling constants are
collected in [? ].

Referring to chapter 4 for its more specific analysis on Bigravity massive and massless mode
coupling to Standard Modern matter, there it has been pointed out that hµν in the expression
(4.5) couples very weakly to SM matter. The coupling coefficient can be rewritten as m

meff
, and

this ratio can be very small because it involves the bare coefficient appearing in the lagrangian,
a parameter of the theory, and the effective mass, the actually measured quantity.
In spite of this weak probability that massive gravitons and SM particles interact at first pertur-
bative order, when passing to higher orders this process will happen more likely. To be precise, a
claim is that, at tree level, perturbation theory makes possible for the Standard Model particles
to decay into massive gravitons (Dark Matter).
In particular, this can be seen as an efficient production mechanism for Dark Matter, and it is a
very good tip since any other proposed mechanism has not given the correct abundance so far.
In a canonical early Universe cosmology viewpoint, Universe is considered to be made of a
primordial thermal bath in which different species of particles are in equilibrium and interact
through annihilation and inverse annihilation processes. Abundances depend on the relativistic
or non-relativistic state of the species when they stop to interact, at Γ < H, where Γ is the inter-
action rate, while H is the Hubble parameter. In fact the equilibrium distribution is suppressed
by a Boltzmann factor e−

m
T when m > T , i.e. when the particle ceases to be relativistic, so that

if the distribution freezes-out later or earlier, abundance can respectively be damped or not.
In the DM production context, freeze-out can not even start: thermal equilibrium, Γ := nDM <

σv >∼ ΩDM
H2

meff
>> H, where meff is defined in (4.4), is never achieved if meff >> H.

However the Universe can be filled with Dark Matter supposing that a freeze-in mechanism takes
place. For freeze-in mechanism it is meant that the produced particles interact so feebly that
they do not ever reach thermal equilibrium with the bath. In fact, in this scenario, it happens
that a pair of Standard Model particles SM , still in equilibrium with the thermal bath, can
annihilate in two massive gravitons, exchanging either a massless graviton or a massive one,
but the opposite reaction does not counterbalance the process because the heavy spin-2 boson
remains below its thermal abundance.
Both the combinations of vertices, SM SM → l → hh and SM SM → h → hh, has the same
total strength equal to 1

MPl

1
MPl

because in the latter expression the α factors cancel (the first
factor, from the SM SM → h vertex, is α

MPl
, while the coefficient for the h → hh vertex is

1
αMPl

).
Then the thermalized cross section < σv > can be proved to go as T 2

M4
Pl
. An estimate of the

total DM abundance in radiation domination can be obtained by matching the observed DM
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abundance ΩDM via freeze-in:

meff ≈
ΩDMM

3
Pl

ΩbT
3
RH

mpηb

wheremp is the proton mass, Ωb the abundance of baryons, and ηb ≈ 10−9 the baryon asymmetry.
Since the scale of inflation can not be too high in order to avoid overproduction of tensor modes
(not observed in the CMB), this implies that the heavy spin-2 mass will be constrained to the
range,

1
TeV

c2
. meff . 1011 GeV

c2
.

A more stringent bound is obtained when analysing the possible decays for the massive graviton.
In fact the opened decay channels of the massive gravitons, carrying no Standard Model quantum
numbers, are those with mX ≤ meff

2 but with the channel mX = 0 forbidden. This limit
intersects the bound on its lifetime: Dark Matter has to be stable on cosmological timescales of
τ = 13.8Gyr, which leads to the upper bound α2/3meff < 0.13 GeV

c2
.

Till meff ≈ 6.6 · 106 GeV, both the requirements are satisfied.
Now using the (non)observation of SM particle fluxes due to DM decay in different channels
and the decay width dependence on α and meff , as well as the consistency of the perturbative
approach only in the case meff ≤ αMPl, the combined use of the criteria for α and meff implies
that the graviton mass, if measured, should lie in the interval

1
TeV

c2
. meff . 66

TeV

c2
.

This is enough to respect the actual values of DM in the Universe, produced in a freeze-in
scenario, and also to avoid any violation of the requirements listed.
A quite narrow mass range for heavy spin-2 DM is one of the strongest predictions we could infer
from the discussion: a measured DM mass within this narrow range would be a good indication
in support of the model.

3 Black Holes solutions

Until now we have paid attention to Massive Gravity solutions in which fµν and gµν are propor-
tional to one another, seeking for an accelerating Universe or a Dark Matter description.
Other types of solutions, in particular the ones for a static and spherically symmetric configu-
rations can be found in Bigravity and thus in its decoupling limit of Massive Gravity.
In the case of Einstein’s General Relativity these solutions are called Schwarzschild metrics and
correspond to the cosmological objects known as black holes of Schwarzschild radius rBH, which
is commonly twice the mass M of the spherical body divided per the square of the Planck mass,
rBH = 2 M

M2
Pl
:

ds2
BH = −

(
1− rBH

r

)
dt2 +

(
1

1− rBH
r

)
dr2 + r2 dΩ2 (6.11)

This solution exhibits a horizon, which is a boundary within which the black hole’s escape
velocity is greater than the speed of light, as well as a singularity (a specific point in the chosen



3. BLACK HOLES SOLUTIONS 43

set of coordinates at which the curvature is infinite) at r = rBH. Any other coordinate system
would lead to this description at points labelled with those different coordinates.
When working with two metrics instead of one, these typical features of black holes do not
show themselves as easily as in General Relativity. To get Schwarzschild solutions one should
overcome some critical issues, such as the fact that it is not possible to make the starting ansatz
that both gµν and fµν are diagonal.
There are propositions which rule the properties of the second metric when the first one satisfies
some specific requirements, as stated in [18]:

1) When the killing vector ε = ∂t for g, defined by the condition D(g)(µεν) = 0 and in this
case infinitesimal generator of the time-translations, is null at r = rH , then, if both gµν
and fµν are diagonal and describe smooth geometries at rH , ∂t is also a killing vector for
f, which shares the same translation invariance in the time dimension as gµν .

2) Let ε be a killing vector for gµν and fµν and let gµν have a killing horizon (which is the
variety defined by the condition that the norm of the killing vector is null) with non-
vanishing surface gravity k (εµDµεν := kεν). Suppose further that both geometries are
regular and possess the reflection isometry in the (t, φ) plane (i.e. they are stationary,
which means that gµt and also fµt components are null). Then the horizon is also a horizon
for fµν .

As will be obtained and justified in the following lines, these propositions imply the explanation
of the particular form, for the solutions gµν and fµν in the spherically symmetric and static case.
Their meaning will be clarified once having showed that starting from non-bidiagonal metrics
will necessarily lead to bidiagonal metrics and to a particular specific pair of them.

In a Bigravity theory the action, following the work of Volkov [30], can be given by:

Sbigr =
1

16πGg

∫
d4x
√
−g R(g) +

1

16πGf

∫
d4x
√
−f R(f) + S(m)

g + S(m)
f

− m2

16π(Gg + Gf)

∫
d4x
√
−g

(
4∑

n=0

bnLn [K [g, f]]

)
,

(6.12)
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where the Ln are the usual interaction terms for Bigravity as in section 4 but the bn’s coefficients
now, unlike the αn, leads to the following normalizations:



L0 [K [g, f]] = 1

L1 [K [g, f]] =
[√

g−1f
]

L2 [K [g, f]] =
1

2!

([√
g−1f

]2
−
[(√

g−1f
)2
])

L3 [K [g, f]] =
1

3!

([√
g−1f

]3
− 3

[(√
g−1f

)2
] [√

g−1f
]

+ 2
[(√

g−1f
)]3
)

L4 [K [g, f]] =
1

4!

([√
g−1f

]4
− 6

[(√
g−1f

)2
] [√

g−1f
]2

+ 8
[√

g−1f
] [(√

g−1f
)3
])

+
1

4!

(
3

[(√
g−1f

)2
]2

− 6
[
(
√
g−1f)4

])
.

The equations of motion which come from the Bimetric theory with action (6.12), if
− 2√
−g

δ
δgµν

(√
−g
∑4

n=1 bnLn [K [g, f]]
)

:= τµν(g) and the similar term variated with respect to
f is called τµν(f), are:


R(g)µν −

1

2
gµρgρν R(g)−m2

√
G2
g +G2

f

Gg
τµν(g) =

2√
−g

δ

δgρν

(
S(m)
g

)
gρµ

R(f)µν −
1

2
fµρfρν R(f)−m2

√
G2
g +G2

f

Gf
τµν(f) =

2√
−f

δ

δfρν

(
S(m)

f

)
fρµ

(6.13)

Then it is possible to look for the static solutions with spherical symmetry beginning with a
diagonal gµν whose spatial part is written in spherical coordinates, while for f one is forced to
keep f0r = fr0 6= 0:

{
fµν dxµdxν = − (aQdt+ cN dr)2 + (cQdt− bNdr)2 + u2R2dΩ2

gµν dxµdxν = −Q2 dt2 +N2 dr2 +R2 dΩ2 ,
(6.14)

where Q, N, R, a, b, c andu are a priori functions of r and t.
With these initial metrics,

√
g−1f becomes the matrix with elements:

(√
g−1f

)µ
ν

=


a cN

Q 0 0

− cQ
N b 0 0

0 0 u 0

0 0 0 u

 ,

whose eigenvalues are λ0, 1 = 1
2

[
a+ b±

√
(a− b)2 − 4c2

]
, λ2 = λ3 = u. This implies that, after

having calculated the second, third and fourth power of
√
g−1f, the interaction term U can be
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explicitly found, by summing the eigenvalues, to be:

L0 [K [g, f]] = 1

L1 [K [g, f]] = 2u+ a+ b

L2 [K [g, f]] =u2 + ab+ 2ub+ 2au+ c2

L3 [K [g, f]] =u(au+ bu+ 2ab+ 2c2)

L4 [K [g, f]] =u2(ab+ c2) .

In the expression of the equations of motion for Sbigr in (6.12) it is useful to notice that the
variation with respect to gµν of the interaction, τµν(g), can be written in the following form:

τµν(g) = (b1L0 + b2L1 + b3L2 + b4L3)
√
gµαfαν + (b3L0 + b4L1) (

√
g−1f

3
)µν

− (b2L0 + b3L1 + b4L2) (
√
g−1f

2
)µν − b4L0(

√
g−1f

4
)µν −

4∑
n=0

Lnδµν ,
(6.15)

and an analogous expression can be obtained also in the case of the variation with respect to
fµν .
The (t, r) component of τ(g), which is computed using the above expression (6.15), is found to
be:

τ tr(g) =
cN

Q

[
b1 + 2b2u+ b3u

2
]
.

Correspondingly the (r, t) component differs only by a constant factor and a sign:

τ rt(g) = −cQ
N

[
b1 + 2b2u+ b3u

2
]

But we do want to seek some specific static solutions, so the radial flux of energy should be null,
and even these components of τ(g)µν tensor should manifest themselves, i.e.:

τ tr(g) = 0 = τ rt(g) . (6.16)

Leaving apart the c = 0 branch which we are not interested in, this condition is fulfilled by
requiring that:

b1 + 2b2u+ b3u
2 = 0 (6.17)

which implies that u is actually a constant depending on the parameters of the theory rather
than a function of r and t.
Another meaningful implication which is obtained directly from definition (6.15) imposing con-
dition (6.17) is that the (t, t) component of the τ(g) tensor in (6.15) is

τ tt(g) = τ rr(g) = −(b0 + 2b1u+ b2u
2) + b4((a+ b)2(1− c2)) ,

in which one should set c = ±1 in order to obtain, at the end, a tensor proportional to the
identity tensor.
Moreover the Bianchi identity in the case in which S(m)

g is null,

∂ρτ
ρ
σ(g) + Γ α

σ βτ
β
α(g)− Γ α

α βτ
β
σ(g) = 0 , (6.18)
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reduces in this case to the requirement that τ tt(g)− τ θθ(g) should vanish.
In fact, the only non-zero Christoffel symbols for the g metric, if the dot stands for a derivative
with respect to time, while ′ stands for a derivative with respect to r, are:

Γ t
r r = −NṄ

Q2
, Γ t

t t =
Q̇

Q
, Γ t

r t =
Q′

Q
, Γ t

θ θ =
RṘ

Q2
,

Γ r
t t =

Q′Q

N2
, Γ r

r r =
N ′

N
, Γ r

t r =
Ṅ

N
, Γ r

θ θ = −RR
′

N2
,

Γ t
φ φ =

RṘ sin2(θ)

Q2
, Γ r

φ φ =
RR′ sin2(θ)

R2
, Γ θ

θ t = −Ṙ
R
, Γ θ

θ r =
R′

R
,

Γ φ
φ t =

Ṙ

R
, Γ φ

φ r =
R′

R
, Γ φ

φ θ = cot(θ) , Γ θ
φ φ = −sin(2θ)

4
,

The τ conservation, being τ tr(g) = τ rt(g) = 0, brings us to:

0 =∂tτ
t
t + Γ r

t rτ
r
r + Γ θ

t θτ
θ
θ + Γ φ

t φτ
φ
φ − Γ r

t rτ
t
t − Γ θ

t θτ
t
t − Γ φ

t φτ
t
t

0 =∂rτ
r
r + Γ t

r tτ
t
t + Γ θ

r θτ
θ
θ + Γ φ

r φτ
φ
φ − Γ t

t rτ
r
r − Γ θ

r θτ
r
r − Γ φ

r φτ
r
r

0 =∂θτ
θ
θ + Γ φ

θ φτ
φ
φ − Γ φ

θ φτ
θ
θ

0 =∂φτ
φ
φ ,

where it is implicit that we refer to τµν(g) every time, so (g) is omitted.
Then, noticing also that τ θθ has to be equal to τφφ because the (θ, θ) and the (φ, φ) components
of
√
g−1f are equal, and using τ tt = τ rr, the above set of equations is:

0 =∂tτ
t
t + 2

Ṙ

R
τ θθ − 2

Ṙ

R
τ tt

0 =∂rτ
t
t + 2

R′

R
τ θθ − 2

R′

R
τ tt

0 =∂θτ
θ
θ = ∂φτ

θ
θ .

From the last line it is possible to deduce that τ θθ is a function of t and r only, while for the first
two equations to be satisfied simultaneously only τ tt = τ θθ is allowed.
On the other hand, by direct computation from (6.15), τ θθ is:

τ θθ = −b0 − b1(a+ u+ b)− b2(ab+ ub+ au+ c2)− b3(aub+ uc2) ,

and the difference τ tt − τ θθ, imposing condition (6.17):

τ tt − τ θθ = (b2 + b3u)[(u2 − ua− ub+ ab+ c2] .

It can be proved that the constraint b2 + b3u = 0 is too much limiting for the Bigravity theory,
which ceases to be general enough in this case. Thus it is the choice

(u− a)(u− b) + c2 = 0 , (6.19)
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which has to be taken.
The final result is that τ(g) is a tensor proportional to the identity tensor, τµν(g) = −(b0 +2b1u+

b2u
2) δµν .

These consequences, arising from condition (6.16), lead to the same conclusions for the τµν(f)

tensor: its (t, t) component is equal to its (r, r) component and it amounts to − (b2+2b3u+b4u2)
u2 .

Bianchi identity for the Riemann tensor of the fµν metric gives the same result as in the g case,
that is τ tt = τ θθ.
The important outcome behind this is that, although one is forced to start with a non-diagonal
ansatz metric fµν , then the equations of motion (6.13) for fµν fully decouple from the gµν ones
and, apart from a scaling, are completely analogous:

R(g)µν −
1

2
gµρgρν R(g) +m2

√
G2
g +G2

f

Gg
(b0 + 2b1u+ b2u

2) δµν =
2√
−g

δ

δgρν

(
S(m)
g

)
gρµ

R(f)µν −
1

2
fµρfρν R(f) +m2

√
G2
g +G2

f

Gf

(
b2 + 2b3u+ b4u

2

u2

)
δµν =

2√
−f

δ

δfρν

(
S(m)

f

)
fρµ

Thus the initial requirement on gµν , i.e. that the radial flux of energy is set to zero, leads nec-
essarily not only to a diagonal form of τ(g)µν , but furthermore to a proportionality with respect
to the identity tensor. These results apply also to τ(f)µν , and then the equations of motion fully
resemble standard General Relativity ones for a static and spherically symmetric distribution of
matter.
Possible solutions which can be extracted from these equations are then exactly of the Schwarzschild
type of GR. In fact, it can be checked that:

ds2
g = −Ddt2 +

dr2

D
+ r2dΩ2 , D = 1− rg

r
−
m2
√
G2
g +G2

f (b0 + 2b1u+ b2u
2) r2

3Gg

ds2
f = −∆(U)dT 2 +

dU2

∆(U)
+ U2dΩ2 , ∆ = 1−

m2
√
G2
g +G2

f (b2 + 2b3u+ b4u
2)U2

3u2Gf

(6.20)
where, under condition (6.19),

U = ur , T = ut− u
∫
D −∆

D∆
dr .

These are a set of solutions perfectly consistent in Bigravity and describing a Schwarzschild-
(anti)-de-Sitter family of solutions of GR.
The particular pair of solutions is justified by the propositions in the beginning of the chapter,
once the bidiagonal form is shown to follow from the requirements on τ(g) and τ(f).

3.1 Stability of Black Hole solutions

In the previous paragraph a Schwarzschild metric coupled to a de Sitter spacetime (6.20) have
been found to be one of the spherically symmetric and static solutions to Bigravity in the generic
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non-bidiagonal case.
Now one may ask whether Black Holes solutions in Bigravity are stable or not. Following
the behaviour of a tensor perturbation around the solution, whose degrees of freedom are not
separated in pure General Relativity tensor, vector and scalar mode, in the sense that:

gµν −→ gµν + hµν(g) , fµν −→ fµν + hµν(f)

can lead to some enlightening outcomes. Here the tensor perturbation has been called hµν with
an abuse of notation, having nothing to do with the helicity-2 mode of the full theory.
In order to check both metrics in a simpler way, let us work under the assumption that gµν is
a Schwarzschild metric with different Schwarzschild radius rg := 2MG rather than a de Sitter
solution, so that again both metrics still belong to the non-bidiagonal branch of solutions. This is
an allowed solution to Bigravity complying with the proposition 1 and 2 of section 3 of chapter 6.
Moreover we claim that, since we are mainly interested in the f metric, it is physically meaningful
to extrapolate what is achieved with the calculations for one of the Schwarzschild metrics to the
Schwarzschild-(anti)-de-Sitter initial case explored previously.
Hence, although the first order perturbed equations are reduced to less complicated ones, the
analysis of the stability is not compromised.
Before starting the whole procedure, it is useful to introduce the ingoing Eddington-Finkelstein
coordinates (v, r, θ, φ) in which v := t + r?, while r? is a specific radial coordinate for black
holes known as tortoise coordinate:

r? = r + rg ln

∣∣∣∣ rrg − 1

∣∣∣∣ .
With these coordinates, dt = dv − 1

1− rg
r

dr and the Schwarzschild black hole solution is not

diagonal, but is described by the metric:

ds2
BH = gµν dxµ dxν = −

(
1− rg

r

)
dv2 + 2dvdr + r2dΩ2 .

In the Eddington-Finkelstein coordinates we shall check whether unstable (Ω > 0) spherically-
symmetric modes exist, to which we can assign the form:

hµν(g) = eΩv


hvv(g)(r) hvr(g)(r) 0 0

hvr(g)(r) hrr(g)(r) 0 0

0 0
hθθ

(g)
(r)

r2 0

0 0 0
hθθ

(g)
(r)

r2 sin2(θ)

 , (6.21)

and a similar expression can be written for hµν(f).
The restrictions on the τ tensor for the interactions, which is still in (6.15), put as in section 3
of this chapter, i.e. the only non-diagonal elements are null:

τ rv(g) = τ rv(g) = −τ rv(f) = 0 ,
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leads to the following expression for the first order perturbation of the interaction tensor δτµν(g),
which appears upon having extracted the variation with respect to hµν(g) in Bigravity action
(6.12), [5]:

δτµν(g) =
eΩvA(rg − rf)

4r


0 0 0 0

hθθ(−) 0 0 0

0 0
hvv

(−)

2 0

0 0 0
hvv

(−)

2

 = −δτµν(f)

in which the minus subscript refers to the difference

hµν(−) = hµν(g)− hµν(f) ,

while the rg and rf are the Schwarzschild radii which can be associated to each metric, and A
is a constant built from combinations of the Bigravity lagrangian parameters.
Even at first perturbative order the covariant derivative of δτ(g), Dµδτµν(g) necessarily is zero
due to the Bianchi identity for the Hilbert-Einstein perturbed lagrangian. Previously it has been
used in finding further constraints on τ which at the end lead us to the Black Holes solution
allowed in Bigravity.
When the covariant derivative is built from the zero-order gµν metric in the Schwarzschild case
with Eddington-Finkelstein coordinates:

D(g)µδτ
µ
ν := ∂µδτ

µ
ν + Γ ρ

α νδτ
α
ρ − Γ β

σ βδτ
σ
ν ,

and taking into account that the only non-zero Christoffel symbols are

Γ v
v v =

rg
2r2

= −Γ r
v r ; Γ v

θ θ = −r =
Γ v
φ φ

sin2 θ
; Γ r

φ φ = −r
(

1− rg
r

)
=

Γ r
θ θ

sin2 θ
;

Γ θ
θ r =

1

r
= Γ φ

φ r ; Γ θ
φ φ = − sin θ cos θ = − sin2 θ Γ φ

φ θ ; Γ r
v v =

(
1− rg

r

) rg
2r2

,

(6.22)
then the only non trivial equations are:

eΩv

4

((
hθθ(−)

r

)′
+ 2

hθθ(−)

r2

)
= 0 = Dµδτµv ,

eΩv

4r

hvv(−)

r
= 0 = Dµδτµr .

(6.23)

so hθθ(−) and hvv(−) are:

hθθ(−) =
c0

r
, hvv(−) = 0 , (6.24)

in which c0 is an integration constant.
The conditions found for the perturbations on the metric tensor are essentially different from
those which descend from the Bianchi identity in the linear theory of General Relativity with a
mass, chapter 2,

∂µh
µ
ν = 0 = h .
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The quite different expression (6.24) implied by the Bianchi identity will have interesting impli-
cations on the analysis of the stability of the solutions.
First of all, as it is stated in [5], it is not possible to write down a unique equation for hµν

starting from the couple of equations of motion in Bigravity for f and g: the trick to get the full
solution is to follow the behaviour of the gauge-dependent, GR-like, part and that of the other
particular solution hµν(m),

hµν(g, f) = hµνGR(g, f) + hµν(m)(g, f) .

The particular solution can be proved to have a single non-zero component for each metric
perturbation:

hrr(m)(g) =
A(rg − rf) e

Ωv

4Ω
m2 hθθ(−) , (6.25)

and hrr(m)(f) is minus hrr(m)(g) multiplied with the ratio of their Planck masses.
Conversely, hµνGR is pure gauge, hence it can be derived from the formal expression of the sym-
metrization of the Lie derivative 2D(µξν) := −hµνGR in which ξ, in order to reproduce hµν in
(6.21), is of the type ξµ = eΩv

(
ξ0(r) , ξ1(r) , 0 , 0

)
. In virtue of the conditions (6.24), ξ(f) and

ξ(g) are related by:

ξ0(f) = ξ0(g) + c1 , ξ1(f) = ξ1(g) +
c0

2
.

This implies that the (v, v), the (v, r), the (r, r) and the (θ , θ) = sin2 θ(φ , φ) components of
hµν(f), given that the Christoffel symbols in the f metric are obtained switching rg to rf in the
Γ(g) listed in (6.22), and that:

fµν =


−
(
1− rf

r

)
1 0 0

1 0 0 0

0 0 r2 0

0 0 0 r2 sin2 θ

 , fµν =


0 1 0 0

1
(
1− rf

r

)
0 0

0 0 1
r2 0

0 0 0 1
r2 sin2 θ

 ,

corresponds to:



hvv(f) =− 2fvr
(
∂rξ

v + Γ v
r µξ

µ
)

= −2eΩv
(
ξ0(g)

)′
hrr(f) =− 2frr

(
∂rξ

r + Γ r
r µξ

µ
)
− 2frv

(
∂vξ

r + Γ r
v µξ

µ
)

=

− 2eΩv
((

1− rf

r

) [
(ξ1(g))′ − rf

2r2

(
ξ0(g) + c1

)]
+ Ω(ξ1(g) +

c0

2
)− rf

2r2
(ξ1(g) +

c0

2
)
)

− 2eΩv
((

1− rf

r

) rf

2r2
(ξ0(g) + c1)

)
hrv(f) =− frr

(
∂rξ

v + Γ r
r µξ

µ
)
− frv

(
∂vξ

v + Γ v
v µξ

µ
)
− fvr

(
∂rξ

r + Γ r
r µξ

µ
)

=

− eΩv
((

1− rf

r

)
(ξ0(g))′ +

(
Ω +

rf

2r2

) (
ξ0(g) + c1

)
+ (ξ1(g))′ − rf

2r2

(
ξ0(g) + c1

))
hθθ(f) = − 2fθθ

(
∂θξ

θ + Γ θ
θ µξ

µ
)

= −2
1

r2

1

r

(
ξ1(g) +

c0

2

)
eΩv
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We have the freedom to choose entirely the hµνGR(f) entries, due to gauge fixing, putting it to
zero, hµν(f) = 0, then ξ0, ξ1, c0 and c1 begin to be related to each other:

0 =
(
ξ0(g)

)′
0 =

(
1− rf

r

) (
ξ1(g)

)′
+
(

Ω− rf

2r2

)(
ξ1(g) +

c0

2

)
0 = Ωξ0(g) + Ωc1 +

(
1− rf

r

)
(ξ0(g))′ + (ξ1(g))′

0 =
(
ξ1(g) +

c0

2

)
,

so that
ξ0(g) = −c1 , ξ1(g) = −c0

2
, Ω =

rf

2r2
. (6.26)

In the end hµνGR(g) assumes the form:

hµνGR(g) = eΩv


0 Ωc1 0 0

Ωc1 c0

(
Ω− rg

2r2

)
0 0

0 0 c0r
−3 0

0 0 0 c0
1

sin2 θr3

 . (6.27)

Finally, what emerges from the analysis is that (6.27) plus (6.25), both in the g and in the
f case, where only (6.25) is present, give rise to a tensorial perturbation to the Schwarzschild
black hole which does not develop pathologies at the Schwarzschild radius r = rg. Therefore the
non-bidiagonal black holes do not have unstable modes: the physical perturbations are regular
when Ω = iω and describe non-growing ingoing waves, so they confirm the stability of the
Schwarzschild solution in Bigravity.
Instead, the case Ω = 0, which seems to be excluded due to the presence of a 1

Ω factor in (6.25),
can in reality be considered if one takes also c0 ∼ Ω: then the only nonvanishing contribution
is hrr ∼ 1

r , which describes, anyhow, the same Schwarzschild original solution with different
Schwarzschild radii. This means that, contrary to what was claimed at the beginning, the case
Ω = 0 does not describe a true perturbation but only a sort of rescailing of the original solution,
which does not add further informations about the stability. Therefore it is reasonable to exclude
the existence of other branches of solutions close to this family.
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Chapter 7

Concluding remarks

Massive Gravity and Bigravity have been proposed in the context of Theoretical Physics only
quite recently in order to give an alternative theory of gravitation. They consist in giving a mass
to the mediator of the gravitational force, the graviton.
These theories have been formulated with the aim of giving possible explanations of fundamental
cosmological issues such as the nature of Dark Energy and Dark Matter.

In the beginning of the thesis, which focused on the issues which appear when one tries to
generalise the theory of General Relativity by introducing a mass to the graviton, basic problems
concerning the propagation of ghost degrees of freedom and/or the presence of a discontinuity
between the massless limit of the massive theory and the massless theory have been considered.
These problematic aspects show themselves in the linear theory with a mass (Fierz-Pauli mass
term) and even in some of its non-linear extensions.
The physically consistent formulation of a massive gravity model was found in the framework
of Massive Gravity and Bigravity. In chapters 3 and 4, these theories are presented as perfectly
consistent in the more elegant vielbein formalism, propagating exactly the 5 degrees of freedom
of a spin-2 particle with a mass whose coupling via the Stückelberg scalar degree of freedom
π0 to the stress energy tensor is suppressed by Vainshtein mechanism. But the fundamental
question is: do they really represent a good alternative to GR, giving a better answer to its open
questions and at the same time reducing to it at observable cosmological scales?

The pros to these theories were presented using the equations of motion and their subsequent
solutions, which were analysed starting from section 1 of chapter 6. When the helicity-2 tensor
hµν and the scalar π0 are chosen in order to be of Friedmann-Lemâitre-Robertson-Walker type,
and in particular to describe an expanding de Sitter universe, then two significant solutions are
really allowed. On the one side, there is the self-accelerating solution: it describes an accelerat-
ing Universe even in the absence of the usual cosmological constant, with the acceleration given
by the parameters of the interacting terms in Massive Gravity lagrangian. In the ΛCDM model,
the most widely accepted cosmological model, the cosmological constant Λ refers instead to the
stress-energy tensor of a hypothetical fluid with negative pressure taken as responsible for the
actual accelerated expansion, while CDM denotes the assumption that the actual abundance of

53
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Dark Matter is due to a production mechanism which took place when it was already cold (Cold
Dark Matter).
On the other side, in Massive Gravity one can also find the so-called screening or degravitating
solution in which massive graviton interactions are able to screen the effects of a large cos-
mological constant, which can be an a priori external input to the theory, leading thus to an
approximately flat (at first order in a perturbation expansion) Universe, despite the presence of
that large Λ.
Stability of these degravitating and self-accelerating branches of solutions has also been checked
and they both have been found to be stable.

In section 2 of chapter 6, one combination of the first order perturbation to the proportional
metrics, which are a class of Bigravity solutions, corresponding to a mass eigenstate, is presented
as a suitable candidate for Dark Matter. In fact it is proved to interact very weakly with the
stress-energy tensor of Standard Model matter.
Limiting us only to the first orders in perturbation theory, the analysis performed on the massless
and massive eigenstates of the perturbation of the background gµν and fµν solution has also
allowed to prove that there is no vertex between a massive and a massless mode: these two
sectors do not communicate. Going to tree level, then, the massive or massless mode mediated
decay of a couple of Standard Model particles into a couple of massive graviton is really allowed.
This is an effective mechanism of production for Dark Matter.
The mass value of the Dark Matter candidate can be constrained using crossed bounds coming
from the right arrangement of the various perturbation orders and from considerations on the
freeze-in mechanism of production, which has to reproduce the current abundance of Dark
Matter. The values are obtained in a narrow window, 1 TeV

c2
. meff . 66 TeV

c2
. This implies

that if future measurements of the Dark Matter mass will fall into this range, the Bigravity
explanation for Dark Matter will begin to be considered more seriously considered as one of the
correct cosmological models.

Black Holes solutions were shown to be allowed in Bigravity and Massive Gravity, but under
some stringent hypothesis on the second coupled metric, such as the fact that it can not be of
any possible type, but for example of de Sitter type or of Schwarzschild type.

Thus in these simple cases the solutions to the strongly coupled system of equations of Mas-
sive (Bi-)Gravity have been shown to reproduce the metrics which solve Einstein’s equations in
General Relativity. This is only a little step in the quest of viability for the theories: the check
with General Relativity is performed with a plethora of simplifying assumptions and the aspects
which differentiates them from the predictions of Einstein’s theory match in a so perfect way
with the actual observations that one should think that there is too much freedom in choosing
the parameters, in the sense that they can be adapted to many different cases.
So other cross checks and further steps, such as the study of issues of coupling massive gravity
to Standard Model matter, have to be performed before one can conclude that these generalized
models of gravitation with a massive graviton are viable physical theories. Even their quanti-
zation has not been sufficiently discussed in the literature yet, and in general further work is
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required to reveal whether one of these fascinating models can be promoted to a fully fledged
theory of Nature.
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