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Abstract

In this thesis we study how to measure the anisotropies of the Stochastic Gravitational Wave
Background (SGWB) with a network of ground-based detectors. In particular, we investigate
how to correlate measurements at planned third-generation gravitational wave detectors, such
as Einstein Telescope, Cosmic Explorer, and a third generation of the LIGO detectors, to measure
the coefficients of an expansion in spherical harmonics of the SGWB arriving from divergent
directions of our sky. We also study the possibility of measuring different polarisations of the
SGWB.
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INTRODUCTION

SCIENTIFIC INTEREST IN GRAVITATIONAL WAVE BACKGROUND

On 14 September 2015, the Laser Interferometer Gravitational-wave Observatory (LIGO) and
the Virgo collaboration made the first direct detection of a gravitational wave (GW) signal
sourced by a binary black hole merger, named GW150914 [1]. This event came after a huge
experimental effort of more than 50 years and about one hundred years after Einstein’s first
theoretical prediction. From that day, further observations and technological improvements led
to an enrichment of the sample of GW detections. Soon the Japanese interferometer KAGRA
joined the network, giving an important contribution to this newborn field of physics and other
instruments are planned to be built in the next years. Gravitational wave astronomy has proved
firstly to be an effective tool to investigate the astrophysics of compact objects evolutions,
providing information on mass and spin parameters. Once we will own a set of measurements
rich enough, we will we able also to have a better understanding of compact objects formation
and to constrain several models of star evolution, since, as we know, astrophysical compact
objects are the results of the last stages of a stellar life.

However, we expect GWs not to bring precious information just from the astrophysical
perspective. In fact, the expected signals coming from compact objects mergers are excellent
tests of General relativity, since the merging waveforms (i.e. the shape of the GW amplitude
in time) are well known from Einstein theory. As a second important cosmological aspect of
interest in this field of research, gravitational waves can also give an independent estimate
of the Hubble rate Hj value, strongly constraining several theoretical models. Furthermore,
GWs are coupled with matter only via gravitational interaction, therefore being very weekly
coupled with all the content of the universe (gravitation is the weakest among fundamental
interactions). On one hand, this makes their detection very hard (so hard that it took a century
to see them for the first time), but on the other hand for this reason all the GWs basically
free stream from the source, without experiencing substantial alterations during their travel
towards us. This means that GWs originated by early universe events (which we expect to exist
from cosmology) may bring a faithful snapshot of the first stages of the universe history. These
events are expected to be undetectable as single events like GW150914 since they happened at
extremely high redshift and therefore very weak in amplitude: we can only study the statistical
properties of signal resulting from the superposition of all the primordial GW sources as a
whole. This signal is what we call the Stochastic Gravitational Wave Background (SGWB).

We expect the SGWB background to be constituted by a cosmological and an astrophysical
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primordial component. Among the cosmological sources, the amplification of quantum vac-
uum fluctuations during inflation is expected to be at an undetectable level for 3G detectors.
However, several other mechanisms related to inflation could produce a detectable signal. [2,
3]. Other cosmological sources of the SGWB include pre-big-bang models, phase transitions,
and topological defects (see [4] for a review). The astrophysical component originates instead
from the superposition of a large number of unresolved sources that are too weak to be de-
tected individually. In the frequency range probed by ground-based detectors, the strongest
astrophysical SGWB is expected to be one due to the coalescence of black holes and neutron
star binaries.

The most immediate step to disentangle the cosmological and astrophysical components of
the SGWB is through the spectral dependence of its average (monopole) amplitude. Beside this,
crucial information will be contained in its directionality dependence. The angular anisotropies
(namely, the difference between the SGWB from any given direction, and the average monopole
value) provide information about the angular distribution of the astrophysical sources [5] and
might also become a tool to trace astrophysical or cosmological structures [6]. Anisotropies
in the astrophysical background correlate with the Large Scale Structure distribution, due to
both how the GW originate and on how they propagate to arrive to Earth [7]. Anisotropies
in the cosmological component can also be inherent in their production mechanism [8, 9] or
originate from the GW propagation in the perturbed cosmological background [10, 11]. This
might also imprint a non-Gaussian statistics to the cosmological SGWB angular anisotropies, so
that the SGWB might also be a new probe of primordial non-Gaussianity [11]. To characterize
the anisotropies, one typically decomposes the SGWB in spherical harmonics Yy, (in one given
chosen fixed cosmological frame), and then study the correlation between different multipoles
of this decomposition.

GROUND BASED DETECTORS FOR GRAVITATIONAL WAVES DETECTION

So far, the current network of GW experiments proved the existence of a SGWB. However, its
observation has been the object of several studies concerning its possible detection by GW
ground-based [12, 13], space-based [14] interferometry and PTA [15]. This thesis work is
aimed to provide a general methodology to study an anisotropic SGWB with a network of
ground-based detectors, taking into account the possibility to observe a polarized background,
i.e. where the production of gravitational waves is not chiral symmetric.

A ground based detector is made of an Michelson-like interferometer, whose interference
pattern can be affected by the presence of a gravitational wave signal. When a gravitational
wave comes to the detector, its arm length shows a variation in time, accordingly to the
frequency of the incoming gravitational wave. Therefore the resulting interference pattern

varies periodically: the characterization of this interference pattern variation brings information
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about the original gravitational signal. A possible design for a gravitational wave detector is the
L-shaped, schematized in figure 1. In this case we have the two perpendicular arms travelled
by two different light beams, which interfere in proximity of the photodetector. The two LIGOs,
Virgo and KAGRA interferometers are L-shaped instruments.

Aranie

-

PiomoniTicToR

FIGURE 1: Scheme of an L-shaped gravitational wave interferometer. Image taken from the LIGO
webpage: https://www.ligo.caltech.edu/page/what-is-interferometer

Another possibility to build a GW detector is the triangular-shaped configuration, obtained
by superimposing three different Michelson-like interferometers, with an angle of 60° between
their arms, in such a way that each couple of interferometers shares one of their two arm
lengths. The configuration is schematized in figure 2 for Einstein Telescope (ET), which will be
built as a triangular-shaped instrument.

Ref. [12] developed a formalism for the response to the anisotropic and unpolarized SGWB
of two L-shaped detectors that are bound to the surface of the Earth, and that therefore have a
regular scan pattern related to the daily rotation of our planet. The authors choose to expand
the anisotropies in spherical harmonics and study the response of the two LIGO interferometers
to the multipolar contributions of the SGWB, computing the SNR of this network. On the other
hand, in [17] a useful formalism for the study of a polarized anisotropic background with two
L-shaped detectors has been introduced.

The aim of this thesis work is to make advantage of the formalism introduced in [17] and
extend the treatment of [12] to a more general level. The first improvement made by this work
is to go beyond the hypothesis of an unpolarized background and to consider an asymmetry
in polarizations of the SGWB, understanding how it can affect the detectability of the SGWB.

IX
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FIGURE 2: Scheme of an triangular-shaped gravitational wave interferometer, such as Einstein Tele-
scope. The instrument is made of three Michelson-like interferometers (in figure, schema-
tized in red, green and blue), which share an arm couple by couple. Image taken from
[16]

As a second step, we generalize the results of [12] to a generic network of L-shaped and
triangular-shaped detectors, while the authors considered just the two LIGO interferometers.
Furthermore, we are able to provide explicit calculations for the response to the monopole, the
dipole and the quadrupole of the spherical harmonics expansion for a network made of the
two Advanced LIGOs, Advanced Virgo, KAGRA and Einstein Telescope (ET). In doing this
we make advantage of the formalism introduced in [17] which provide analytic expressions
useful for the computation to the response of two interferometers to the monopolar and the
dipolar component of the SGWB. As a last improvement, we provide the analogous expressions
aforementioned also for the quadrupolar component. As a last step, we study the response
of the hypothetical network of two identical ET-like instruments to this SGWB. This network
has been studied in [18], where an unpolarized SGWB has been considered and, thanks to the
short distance between the instruments considered, further assumptions has been introduced:
we show that our results agree with the ones of that paper.
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PLAN OF THE WORK

The plan of the thesis work is the following. In section 1 we introduce the fundamental
quantities involved in the study of the SGWB, making assumptions on its power spectrum. In
section 2 we study the data stream on a network of ground based detectors, which is influenced
by both the action of gravitational waves and their noise. In section 3 we define what our signal
is and we explain which are the conditions necessary to a SGWB to be detected by a generic
network of ground based interferometers. In section 4 we apply the results of the previous
section to a network made of the two Advanced LIGOs, Advanced Virgo, KAGRA and Einstein
Telescope (ET). In section 5 we study an hypothetical network of two identical ETs located in
the two sites currently under consideration for the building of the instrument. This section
summarizes the publication [18]. In section 6 we present our conclusions. In appendix A we
derive some useful properties of the GW polarization operators. Appendix B shows all the
steps necessary to prove the results of section 3. In Appendix C we show that all odd terms in
@ do not contribute to the correlators that we have computed in section 5, so that the results of
this section are corrected only to O (|®[2). Appendix D provides the explicit analytical writing
of the response functions introduced in section 3. Finally, In Appendix F we present the details
of the analytic computation of the overlap functions in the small frequency regime.

XI






Chapter

THE STOCHASTIC GRAVITATIONAL WAVE

BACKGROUND

We consider gravitational waves at the location of the detectors as small perturbations of the
metric tensor on a Minkowski background, in such a way that

Suv (x") =ty + hyuy (x) (1.1)

where 177, is the (mostly positive signature) metric tensor for Minkowski spacetime and h,,, the

gravitational wave. Under our assumptions of weak perturbations of the metric
h<n (1.2)

We move to traceless transverse gauge (d,h"" = hz = 0) and solve the Einstein equations in the
vacuum for this metric tensor, obtaining the plane wave solutions

ha(tx) = [ df [@aemIN V(s i) e, () =

s=-+,x

=) haps(t x) (1.3)

where 7 is the unit vector in R%, and ¢}, (), e}, (7) the two polarization tensors, defined by

eyp(R) = papby — qady (1.4)
e () = pady + qapy (1.5)

where
il = cos ¢ sin 0% + sin ¢ sin 07 + cos 02 (1.6)

is the direction of propagation of the plane wave (6, ¢ are polar angular coordinates, while %, 7, 2
are unit vectors along the three Cartesian axes), while p and § are two directions perpendicular
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to 71 and to each other, that are conventionally chosen as in [12]

P = sin ¢X — cos ¢7 (1.7)
4 = cos @ cos 0% 4 sin ¢ cos 8] — sin 62 (1.8)

One can also consider left-handed and right-handed polarizations starting with + and x
polarization tensors (see Appendix A for more details) and rewrite (1.3) as

ha(tx) = [ df [@ae 0T T () e, ) (19
- A=R,L

The plane wave solution of equation (1.9) is defined in a reference system fixed with respect to
the cosmological fluid and in which the spatial pattern of the perturbations of the stochastic
background is assumed to be statistically time-independent. The £ vector of this system is
chosen to point along the direction of the earth rotation axis. To describe a stochastic source,
we treat the complex amplitude 1) (f,7) as a random Gaussian variable with zero mean and
with statistics therefore completely specified by its variance. The dependence of the stochastic
background on frequency and direction may be stated therefore in terms of the expectation

value of the two point correlator for the random variable h,(f, ) as

(3 (F, ) I (1)) = Sawdy) (R —=1')op (F = ) Ha (If], ) (1.10)

where § 1(32 ) (i — #') is a covariant two-dimensional Dirac delta-function on the unit two-sphere
and dp (f — f') the Dirac delta function on the frequency space.
In principle, such a source has spectral properties which depends upon amplitude and

frequency in an arbitrary way. For simplicity in this work we consider a factorized dependence

Ha (If1,7) = Ha (If]) Pa (7) (1.11)

which amounts in assuming that sources of the SGWB situated along different line of sights

emit with the same "average" spectrum in frequency.

1.1 — ENERGY DENSITY AND SPECTRUM

We know that gravitational waves have an average energy density (see [19])

2
c . .
PGWA = 55— <h3h,Ahub'A> (1.12)



1.1 Energy density and spectrum

To compute it, we start from (1.9) taking its time derivative:

hap, (t x) = 271 /f OZO df /S ; dOfif=0x/y, (£, ()l (O) (1.13)

and using (1.10), combined with the fact that the trace of each polarization matrix defined in
(1.4) is equal to 2, we obtain

(i (4201 (4,2)) =47 [~ df [ dofe 2 0-050 100y
/ df/ /2/ d(")/f/EZTIif’(tff)’-x/c)e)\,ﬂb(Q/) <h/\ (f/ Q)h/\ (f// O/»
PSS 52,
=167 [ dOP(Q) [~ dfPHA(If]) (1.14)
JS 0
From Friedmann equations we know that the critical density assumes the following expression:

3c*H3

Pcrit = 871G (1.15)

where Hj is the Hubble rate. We define the fractional energy density in GW per logarithmic
frequency interval and per polarisation as

d
O = f dpcwa 116
GW (f) Ocrit df ( )
and using (1.14) with (1.12) we obtain
47? A
Ol (f) = S PHASD) [ dOP(Q) (117)
F .

Next, we decompose the angular power spectrum in terms of spherical harmonics, writing it
as:

¢
P\(Q)) = Y. P Yim(Q) , poop = VAm (1.18)

where the value of py , is set considering the convention for the monopole Yy = \/%. The

monopole only contributes to the energy density budget, and therefore

B 1673

Q/(\;W(f)_?)? _SH(%Q/(\}W(U:D
0

PHAf) = HA(W)—W (1.19)
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The total SGWB energy density is obtained by summing (1.13) over the two polarisations. From

it, one defines the fractional energy density in GW per logarithmic frequency interval

2
[ ab _ [ docw f docwa
Q = = :
> GW(f) Perit df X Ocrit df

I .

Therefore
PGw = Y_PGwA Qew(f) =Y Qcwa
B B

using (1.10) and (1.19) we can then write

167 4

Qew(f) = 3HE ;HA(VD

(1.20)

(1.21)

(1.22)

Assuming a symmetric background, i.e. Hr(|f|) = HL(|f|) = H(|f]), the last expression

becomes
3
Qu(f) = S FHS)

(1.23)
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DATA STREAM ON GROUND BASED

INTERFEROMETERS AND THEIR NOISE MODEL

For the aim of this thesis, we consider a network of N L-shaped ground based detectors
(as for instance LIGO, Virgo and KAGRA) and M ground based detectors with triangular
configuration (as for instance Einstein Telescope). For each L-shaped interferometer of the
network, we measure the difference AT of the time required by light to complete a return light
across one interferometer arm and that to complete a return flight across the other arm. The
measurement is affected by the instrument noise and possibly by a signal,

mi(t):%:ni(t)—f—si(t) , i=1,...,N .1)

where Tj is the time needed for a return flight in absence of signal and noise (namely, twice
the unperturbed arm length).

In a similar fashion we can define the set of measurements made by each triangular-shaped
interferometer of the network. In this case, each triangular detector has an equilateral triangular
configuration with three Michelson interferometers at its vertices « = X, Y, Z, therefore

= () +sie(t) , i=1...,M , a=X,Y,Z (2.2)

We then make the crucial assumption that the noise of each instrument of the network is not
correlated with the one present in the others. We then assume that the noise of each detector is
Gaussian with zero mean.

These assumptions imply a vanishing correlation between L-shaped and triangular-shaped

detectors
(i (/)7 (f')) =0 (2.3)
wherei=1,...,Mandj=1,...,N. For the L-shape detectors, we can then write
~ % ~ ! — (51] !
(i (F) i (f)) = 5 0o (f = ) Bi(If]) (24)

wherei=1,...,Nand j=1,..., N and we assume that our noise is Gaussian with zero mean.

For what instead concerns the variance of the noise of the triangular-shaped detectors, due
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to the fact that every interferometer shares one arm with each of the other two interferometers
(of the same detector), we write

(it (1) s (7)) = by (F = 1) Nag (1) @5)

wherei=1,...,M,j=1,..., M. In the limit in which the i-th detector has an exact equilateral
configuration, with identical instruments at the three vertices, the noise correlation matrix at

each site is formally of the type

Nd,i No,i No,i
Nugi=| Noi Nagi N,; (2.6)
Ngi Noi Ngj;

This matrix can be diagnalized by the three channels

m; =2 (2mix — myy —mjz)
ZA_?J\@ iX iy iZ

2
Mg = 3 (mz'Z - miy)

3/2
mir = (3> (mix +mjy +mjz) (2.7)

These linear combinations were introduced in [20] for the LISA experiment, that has also an
equilateral configuration (the explicit frequency dependence of N;; and N, ; for LISA can be
found for example in ref. [21]). More precisely, we change the normalization of each channel
with respect to [20], so that the A— and E—channels behave as 90° degrees interferometers at
small frequency, with arm factors d?Z,E having a standard normalization, see eq. (E.5). The
redefinition (2.7) can be written

4 2 2
33 33 33
mio = coaMix ~, C= 0 ~2 Z (2.8)
3/2 3/2 3/2
37 G G

where the index O scans the three channels A, E, T, and where we stress that the same

combinations cp, are taken in each detector. Combining egs. (2.5) and (2.7) one obtains

<ﬁ?o (f) fijor (f’)> = %50 (f = f) 6ij600 No,i (If]) (2.9)

with

N (F) = Nei (f) = g [Njs (F) = Nog ()] Nia () = g [Ny (F) + 2N, ()] 2:10)



We use these channels in this work, as they diagonalize the noise matrix, and this simplifies the
computation of the SNR that we perform below. As already remarked, and as we explicitly
verify in Section 5.2, the A— and E—channels behave as 90° interferometers in the small
frequency regime (which, as we show below, is the relevant one for the correlators that we are
computing). Moreover, in the small frequency regime the T—channel vanishes, so we disregard
it in our computations.

The discussion so far in this chapter assumed generic L-shaped and triangularly shaped
detectors, with noise specified by egs. (2.4), (2.3) and (2.5). Here we specify the noise model for
the instruments that we consider in our analysis.

For what concerns the triangularly shaped detectors, we consider a noise model according to
that of the proposed Einstein Telescope (ET). From the literature, we are aware of a computation
of the ET sensitivity under the assumption that ET is a single 90° interferometer [22](that, as
we remarked, is appropriate for the A and E channels in the small frequency limit). We show
the sensitivity curve of [22] in Figure 3.

1.x10722 3
_ 5.x10723¢ ]
& i ]
|
N
I 1.x10723 E
S 5.x10724) ]
W [ ]
<
=
1.x10724 ¢ ]
5.x10725 F ]

1 10 100 1000 104
f [Hz]

Ficure 3: Predicted Power Spectral Density (PSD) of ET with data stored in [22]. On y axis we plot
the square root of the PSD accordingly to (2.10), while on x axis we plot the frequency
scale.

For what concerns instead the L-shaped detectors, we consider the noise functions of
Advanced LIGO, Advanced Virgo and of KAGRA as in [23]. We show these functions in Figure
4
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FIGURE 4: Predicted Power Spectral Density (PSD) of Advanced LIGO (red curve), Advanced Virgo
(blue curve) and KAGRA (green curve), based on data stored in [23]. On y axis we plot the
square root of the PSD, accordingly to (2.6), while on x axis we plot the frequency scale.
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MEASUREMENT IN A NETWORK OF

INTERFEROMETERS

We proceed as in ref. [12], that studied the sensitivity of an Earth-based detector to a direction-
ality dependent SGWB, introducing the time-dependent Fourier transform of (2.1) for L-shaped

interferometers

t+7/2 e
i (f, 1) = /t dt'e 2 i, () (3.1)

—1/2
Analogously, for triangular-shaped interferometers from the linear combinations (2.7) of the
measurements (2.2) at the three vertices, we can define

mio (f, t) = /t+T/2 dt'e 2 o (1) (3.2)
t—1/2
where the integration is done on a timescale T much greater than the inverse of the smallest
frequency that we want to study, but sufficiently small that we can disregard the rotation of the
Earth in this time. We introduce the Fourier transforms of the signals §jp, 5j, and of the noises
flio, f1j in an analogous manner.

We can then define the estimator

C(f)5/+ dfz Z Y. o (f, ) mior (f. 1) Qijoor (f) +
- i=1j=i+10,0’

M N

+Zzzmzo f t) Qz], (f)
i=1j=1 O
N N

2 X L om(f (1) Qi (f) (33)
i=1j=i+10,0

where the functions Qij,OO’ (f), Qijo (f) and Qjj (f) are weights (in the sum over channels,
interferometers of the network, and frequencies) that will be chosen later to maximize the
signal-to-noise-ratio (SNR). We have that

to0 +co
[ oo (F6) = [ o (£, o (£, 1) 64

—00

and identically for the other two terms, as immediately follows from the substitution f — —f

9
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in equations (3.1) and (3.2). Furthermore, (see appendix B for details) we find that

Qijo0 (f) = Qijo0 (—f)
Qijo(f) = Qjjo(—f)
Qij(f) = Qj(=f) 3.5)

which implies that the estimator in (3.3) is a real number. Note that in the definition of the
estimator (3.3) we do not consider the correlations between instruments located at the same
site. This is done because it is difficult to properly characterize all the noise contributions when
the distance between the couple of the instruments is very little.

We assume that the statistical properties of the signal and the noise do not change with time.
Then for an anisotropic SGWB, the statistics of the measurement is periodic, with periodicity
given by the rotation period T, = 377: of the Earth

o ) T .
Y Cuemet | Cy= 1 / dteimeet ¢ (1) (3.6)
oo T Jo

where we take the observation time T to be an integer multiple of one day 7.
For each coefficient C,,;, we compute the signal-to-noise ratio

{Cm)
()

SNR,;, = (3.7)

3.1 — EXPECTATION VALUE OF THE SIGNAL

In appendix B we show that the expectation value of (3.6) is

8wt [t 0 M M
<Cm> = ZT / de/\ |f| Z m,A Z Z Yom,i ,ij,00/,A )Qz] oo’ (f) +
A Jmee =] i=1j=i+1 0,0/
M N N N
+ X; 4 21 ;'Yfm,ij,O,/\ (f) Qijo (f) + X; Z%szm Qi (f)| =
1= ]:l 1= ]:

= ; (Cimp) (3.8)



3.2 Variance of the noise and SNR

where we defined, in a similar way to what has been done in [12], the overlap functions !

Yem,ijoo\(f) = % / A pe?TIAN Yy, (R) e () ely (R) di d5dy

Yemijon(f) = % /dzﬁeszﬁm“ Yo () €5} (R) ey (R) dig S

Tanialf) = oo [ PASTIN Y, () ) (7) ¢y () P (3.9)
It is useful to rewrite the 7y coefficients of equation (3.9) as

Yemij,00' 7 (F) = Vempavea (Kij, $if) x dig d;é/

Yem,is o0 (F) = YVompavea (ij, Sif) X dig dS?

Yem,ign (f) = Yomnavea (Kij, $i5) x di° dS* (3.10)

where we define the tensor

~a b ~a b
4% = UigUin — VinVia
in 2
sanb _ aaab
atad — 049"
a5 5
dj = 5 (3.11)

with #;,, 9;, the arm directions of the triangular-shaped interferometers and 7;, 9; the arm
directions of the L-shaped interferometers (defined in appendix B). We also defined

Ax;;
Kij = 27f |Axy| , 8 = |AXZ‘ | (3.12)
with
Axij = X; — x]- (313)
and where
R 5 o iheg N N N
Tompared(,8) = o [ dne™ Yy, (1) et (7) ely (1) (314)

This decomposition is motivated by the fact that the coefficients (3.14) can be evaluated once
for all, independently of the pair of detectors under consideration. In Appendix D we provide
the explicit analytic expressions for the monopole, dipole, and quadrupole contributions?, and
we explain how this computation can be extended to higher multipoles.

IThe factor 8% is conventional, and it has the purpose of eliminating the overall factor in the last of (A.1) in the
monopole term.

2The expressions for the monopole and dipole can be found in [17], while the expression for the quadrupole is an
original result of this thesis.

11
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3.2 — VARIANCE OF THE NOISE AND SNR

We evaluate the denominator of eq. (3.7) under the assumption of a weak signal, namely
assuming that the variance of the signal is negligible with respect to that of the noise. This
assumption is valid if one is interested in obtaining the minimum signal that produces an SNR
of order 1. After some algebraic steps shown in appendix B we find
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Eventually, we insert egs. (3.8) and (3.15) into the ratio (3.7), to obtain (see appendix B for
further details)

00 M M M N B
SNR,, = l/o df(Z Y. Y Yoo (f) Qijoor (f)+Z;ZXO:”?ij,o(f) Qijo (f) +

i=1j=i+100’ =1j=1
N N 2

+Y ) 7 (f) Qi (f))] 16n5\ﬁ / dfR(f) (3.16)
im1j=it1

where, after choosing the weight function in such a way as to maximize this expression (see
Appendix B.3)
. 2
ﬁ 35 ’Z/\ Hy (f) Z0Z ) Pema Yemijoon (f )‘
& 5.60 Nio (f) Njor (f)

‘2/\ Hx (f) X i) Pema Yemijon (f)
Nio (f) P (f)

’ZA Ha (f) 202 ) Pema Yem,ijr (f)
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+
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I
—
-
I
—

+

‘ 2

(3.17)

In the next chapter, we apply this result to the network of detectors introduced in the previous
chapter.



Chapter 4

LIGO+VIRGO+KAGRA+ET

In the following we consider a network constituted of the two Advanced LIGO interferometers
in the two sites of Hanford and Livingston in USA, the Advanced Virgo interferometer near
Cascina (Italy), KAGRA in Japan and ET, which we suppose to be located in the Sardinia site
(coordinates 40.4°N; 9.45°E). This network is made of 4 L-shaped interferometers and one
triangular-shaped. Therefore, we set N=4 and M=1".

For this network we have the following writing for the SNR from equation (3.16)

) 4 4 4 %
SNR,, = [/0 af (2%’?1]‘,0 (f) Qrjo A+ Y ¥ (f) Qy (f))} =

i=1j=it+1

167V2T | [ 4 ’EA Ha (f) X0 Pema Yemajon (f)
[y Mo (1177

‘ 2

4 i ‘2,\ H) (f) ZZ":W Pema Yem,ija (f)

i=1j=i+1 P (f) P; (f) )] (4.1)

and after using (1.19)

2
‘ZA Qewa (f) EiZpm) Pema Yemaj 0 (f)

1%: foN1o () P (f)

4 4 ‘2/\ Qewa (f) Ko ) Poma Yemjija (f)

' i;j;l fo P (f) Pj(f) >] (42)

4

572

]

BHZ\/ﬁ )
SNR,, = ~0V=2 [/O af (

For definiteness, we identify Advanced LIGO-Hanford site as i=1, Advanced LIGO-Livingston
as i=2 (which we assume to have the same PSD P (f) = P»(f)), Virgo as i=3 (with PSD defined
as P5(f)) and KAGRA with i=4 (with PSD P4(f)). We further assume that all multipoles of the
SGWB anisotropies have the same degree of polarization. We implement this in eqgs. (1.17) and

n this chapter we will make also a comparison between the response of the present network to the SGWB and the
same network without considering ET: in that case our equations must be restricted to the case M=0

13
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(1.18) by taking the coefficient py,,’s be polarization-independent, namely

Pema = Pim,—1 = Pim (4.3)

and by encoding the degree of polarization in the common factor

Hi(f)=H(f)(1+p)
Ha(f)=H()A-p) (4.4)

which implies

Qcw,a (f) = 5Q6w (f) (1+p)

w1 (f) = 306w (F) (1~ p) 5

NI~

We also note that in writing eq. (4.4) we have also assumed that the degree of polarization is
frequency-independent. The parameter p controlling the polarization is a real number that
ranges from -1 to 1. The two extremes correspond to a fully chiral background, while p = 0
corresponds to an unpolarised SGWB. Under these assumptions eq. (4.2) becomes

3HZV2T

SNR,, = 0% [ | s (9 %

y 4 Y02 | Pim {(1 +P)Yempajon (f) + (1 =p) Yemajo,-1 (f)} ’2
L Moo ()5, ()

4 i Y02 | Pem {(1 + 1) Yem,ijo () + (1= ) Yomij—1 (f)} ‘Zﬂ 2
i=1j=it1 fOP: (f) P (f)

+

(4.6)

To evaluate this quantity, we assume a power-law frequency dependence for the energy density:

Qcw (f) = Qcw (10({HZ)(X (4.7)

where Qgyy is the fractional energy density at the pivot scale of 100 Hz. Typical values consid-
ered for the spectral index are « = 0, as for a cosmological inflationary signal (characterized by
nearly scale-invariance) and a = 2/3, as expected for the stochastic background due to black
hole-black hole and black hole-neutron star binary system inspirals [24]. For our treatment
we consider « € [—2,2], since the models we know from literature do not present values of «
which lay outside this interval. We can then rewrite eq. (4.6) as
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—4n
_ T 9H4 fmaxii  d 10 1Hz
SNR,, = Ocw 32422/ ]”f; .
(1Hz)” 270 | 1j=i+1 Jain,jj z P (f) P](f) Hz

2

i Pem [(1 +P) Yemiji (f) + (L= P) Yem,ij,—1 (f)}

l=|m|

a—6

4 fumt df  107H T)z
L L[ |

j=10=A,E fmin,j1 1Hz P](f) Ny 1,0 f sz

i Pim [(1 + 1) Yem1j01 (f) + (1= P) Yem1j,0,-1 (f)]

{=|m|

] 4.8)

where we define the set of minimum and maximum frequencies over which the PSDs P;(f) are
defined: {fimini}t, {fmaxi} withi=1,..,4 and

fmin,ij = max{fmin,i/fmin,j}
fmax,ij = min{fmax,ir fmax,j} (4'9)
since we want to integrate only the frequency range which is common to each of the two

detectors, taken pair by pair.

This equation can be numerically approximated as

SNRm ~ OGW1 [ —— 1year

Y o [(14 P) Yoz () + (1= P) vomsi1 ()]

{=|m|

200—6
4 i 2 /fmax,jl df 128 X 1076674“ (1%2)
X
j=10=A,E / fmin j1 1Hz Pi (f) N1,o (f) Hz?

20—6
/fmax,ij df 1.28 x 10_66_4"‘ (%) x §

fminij 1 HZ Pi (f) P; (f) HZ?
2

+

i= 1] 1+l

; P [+ 01 )+ 0= P T2 0)

] (4.10)

Finally, we assume that the SGWB is dominated by a single multipole (¢, m), giving an estimate
of the threshold value of Qgwpy, necessary to obtain an SNR,, = 1 during T = 1year of
observation. Inverting equation (4.10) under our hypotheses, we have
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200—6
[i i /fmax,ij df 1.28 x 1076674“ (1{&) '
ety Lioij=i1 g 1HZ P; (f) P; (f) HZ?

QcwPim

2
‘ n

[ S

x| [+ P) Yemia (F)+ (1= ) Fems 1 ()

T

z

200—6
/fmax,il df 128 X 10766*406 (]f ) &
10=A,E * fmin,i1 1Hz P; (f) Nl,O (f) HZz?

+

1

4
X

X ‘ (L +P) Yemion (f) + (1 =p) Yemiro0,-1 (f)] ﬂ (4.11)

Nl—

In appendix D we provide an explicit analytic writing for the response functions 7y, ;jx for the
monopole (¢ = 0), dipole (¢ = 1) and quadrupole (¢ = 2).
We specify in appendix E our procedure for determining the detector-dependent elements

dlll?a' d”l’% and d?h, which encode the orientation of the arms of our interferometers.

In figures 5-15 we plot the threshold values of Qgwpim of equation (4.11) for different

thr,1y
values of p and «. In particular figure 5 considers the monopole (¢ = 0), figures 7-9 the dipoles

(¢ = 1) and figures 11-15 the quadrupoles (/ = 2). The thick lines correspond to the full
network (which we recall is made of the two Advanced LIGO, Advanced Virgo, KAGRA and
ET), while the dashed ones correspond to the values obtained by the same network without ET.

The comparison of the two results quantifies the impact that ET can have for the study of the
SGWB.
In figure 17 we combine the threshold values for all the coefficients, in the case of a scale
invariant (¢« = 0) and unpolarised (p = 0) SGWB.
As it is displayed in tables 6-16, the contribution of ET leads to a significant improvement
Qewpe,m

= . l¢hr,1y,ET
on the value of the () . Tables show the values of the ratio ~———=¥="_ between
GW pﬂ,m |thr'1y QGWP/’,m ‘thr,ly,no ET

the threshold value of Qgwpy , obtained considering a network of the two Advanced LIGO,
Advanced Virgo and KAGRA and ET over the same value considering the previous network
without ET. The tables 6-16 refer to the values shown in each relative plot of figures 5-15.

In all the plots shown in this paragraph we consider only multipoles (¢, m) with m > 0,
since in equation (4.11) we see that the functions ;1,01 (f) and vy,,ij,1(f) appear only with
the square modulus of a linear combination of them. Therefore, looking at their explicit writing
in (D.1) we can see that

= QWP —m (4.12)

thr, 1y

QGWP 0,m

thr, 1y
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For all these accounts, we set the angle of the orientation of ET (as introduced in figure 23)
B = 0. This assumption is arbitrary, since the instrument is not built yet and its direction arms

still not defined, but we found by an explicit evaluation that all the values of Qcgwpy do
thr,1y
not depend on the value of B (see E for further details on the ET geometry definition)
CT T T T T T T T T T T T T T T T T T T ]
1078 ¢ 3
-9L i
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-1.0 -0.5 0.0 0.5 1.0
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FIGURE 5: Sensitivity to a monopole of the SGWVB. The lines show the amplitude that the multipoles
must have to produce SNR = 1 in one year of observation, whose scale is set on y-axis. On
x-axis we show how the amplitude depends on the parameter p introduced in equation
(4.4). The blue lines are drawn under the assumption of a red tilted power spectrum
(« = —2), the orange lines represent are plotted for a scale invariant one (¢ = 0) while the
green ones are made for a blue tilted one (x = 2). A pivot frequency scale of 100 Hz is
assumed. The thick lines correspond to the threshold values for the network of the two
Advanced LIGO, Advanced Virgo and KAGRA interferometers. The dashed lines are the
expected values for the same network + Einstein Telescope.

l=0m=0) | p=—-1|p=—-05]| p=0|p=05| p=1
n= -2 0.0561 0.0497 | 0.0391 | 0.0308 | 0.025
a=0 0.082 0.0817 0.078 | 0.0724 | 0.0661
a=2 0.0252 0.023 0.0224 | 0.0242 | 0.0269

. O ,m |thr, :
FIGURE 6: The values of the ratio ~SWPonleer (o e monopole (¢ = 0,m = 0) at different values
Q6w Pe,m lthr 1yno ET

of w and p
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1078 ¢
° 10—9 L
o
*x L e a-
3 [emm ===

-1.0 -0.5

FIGURE 7: Sensitivity to a dipole ((¢,m) = 1,0) of the SGWVB. The lines show the amplitude that the
multipoles must have to produce SNR = 1 in one year of observation, whose scale is set on
y-axis. On x-axis we show how the amplitude depends on the parameter p introduced
in equation (4.4). The blue lines are drawn under the assumption of a red tilted power
spectrum (x = —2), the orange lines represent are plotted for a scale invariant one (¢« = 0)
while the green ones are made for a blue tilted one (v = 2). A pivot frequency scale of 100
Hz is assumed. The thick lines correspond to the threshold values for the network of the
two Advanced LIGO, Advanced Virgo and KAGRA interferometers. The dashed lines are

0.0

p

0.5

the expected values for the same network + Einstein Telescope.

1.0

f=1m=0) | p=—-1|p=—-05| p=0|p=05| p=1
a=—2 0.0133 0.0175 | 0.0263 | 0.0114 | 0.0041
a=0 0.05 0.0732 | 0.1169 | 0.0538 | 0.0234
x=2 0.019 0.0258 | 0.0304 | 0.0207 | 0.0128

Ficure 8: The values of the ratio =

QGW Pem |thr,1y,no ET

and p

QGw Pem |t 1yET

for the dipole (¢ = 1,m = 0) at different values of «
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FIGURE g: Sensitivity to a dipole ((¢,m) = 1,1) of the SGWVB. The lines show the amplitude that the
multipoles must have to produce SNR = 1 in one year of observation, whose scale is set on
y-axis. On x-axis we show how the amplitude depends on the parameter p introduced
in equation (4.4). The blue lines are drawn under the assumption of a red tilted power
spectrum (x = —2), the orange lines represent are plotted for a scale invariant one (¢« = 0)
while the green ones are made for a blue tilted one (v = 2). A pivot frequency scale of 100
Hz is assumed. The thick lines correspond to the threshold values for the network of the
two Advanced LIGO, Advanced Virgo and KAGRA interferometers. The dashed lines are
the expected values for the same network + Einstein Telescope.

f=1m=1) | p=—-1|p=—-05| p=0|p=05| p=1
n=-2 0.0079 0.0095 0.012 | 0.0136 | 0.0133
a=0 0.0407 0.0531 | 0.0657 | 0.064 | 0.0549
x=2 0.0328 0.0457 | 0.0627 | 0.0514 | 0.039

FIGURE 10: The values of the ratio ~CWPinltmser g o dipole (¢ = 1,m = 1) at different values of
QW Pem |t iynoET

« and p
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FIGURE 11: Sensitivity to a quadrupole ((¢,m) = 2,0) of the SGWVB. The lines show the amplitude
that the multipoles must have to produce SNR = 1 in one year of observation, whose
scale is set on y-axis. On x-axis we show how the amplitude depends on the parameter
p introduced in equation (4.4). The blue lines are drawn under the assumption of a
red tilted power spectrum (x = —2), the orange lines represent are plotted for a scale
invariant one (¢ = 0) while the green ones are made for a blue tilted one (x = 2). A pivot
frequency scale of 100 Hz is assumed. The thick lines correspond to the threshold values
for the network of the two Advanced LIGO, Advanced Virgo and KAGRA interferometers.
The dashed lines are the expected values for the same network + Einstein Telescope.

f=2m=0) | p=—-1|p=—-05| p=0|p=05| p=1
n=-2 0.004 0.0042 0.005 | 0.0062 | 0.0078
a=0 0.02 0.0183 | 0.0232 | 0.0325 | 0.0414
x=2 0.0194 0.0255 | 0.0565 | 0.0439 | 0.0287

FIGURE 12: The values of the ratio ~S¥Pnlser g o quadrupole (¢ = 2,m = 0) at different
QGW Pem ‘ thr,1y,no ET

values of « and p



1078 ¢ |

- 10‘9§

(9] r ]
o
*

ts‘ e e T T T e e e

(@] 10_1O§ E

10~ 1L

-1.0 -0.5 0.0 0.5 1.0

p

FIGURE 13: Sensitivity to a quadrupole ((¢,m) = 2,1) of the SGWVB. The lines show the amplitude
that the multipoles must have to produce SNR = 1 in one year of observation, whose
scale is set on y-axis. On x-axis we show how the amplitude depends on the parameter
p introduced in equation (4.4). The blue lines are drawn under the assumption of a
red tilted power spectrum (x = —2), the orange lines represent are plotted for a scale
invariant one (¢ = 0) while the green ones are made for a blue tilted one (x = 2). A pivot
frequency scale of 100 Hz is assumed. The thick lines correspond to the threshold values

for the network of the two Advanced LIGO, Advanced Virgo and KAGRA interferometers.

The dashed lines are the expected values for the same network + Einstein Telescope.

f=2m=1) | p=—-1|p=—-05| p=0|p=05| p=1
n=-2 0.0207 0.0192 | 0.0171 | 0.0149 | 0.0129
a=0 0.094 0.0891 | 0.0787 | 0.0655 | 0.0531
x=2 0.0434 0.0399 | 0.0363 | 0.0329 | 0.0294

FIGURE 14: The values of the ratio Sowpenltoager g the quadrupole (¢ = 2,m = 1) at different
QGW Pem ‘ thr,1y,no ET

values of « and p
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FIGURE 15: Sensitivity to a quadrupole ((¢,m) = 2,2) of the SGWVB. The lines show the amplitude
that the multipoles must have to produce SNR = 1 in one year of observation, whose
scale is set on y-axis. On x-axis we show how the amplitude depends on the parameter
p introduced in equation (4.4). The blue lines are drawn under the assumption of a
red tilted power spectrum (x = —2), the orange lines represent are plotted for a scale
invariant one (¢ = 0) while the green ones are made for a blue tilted one (x = 2). A pivot
frequency scale of 100 Hz is assumed. The thick lines correspond to the threshold values
for the network of the two Advanced LIGO, Advanced Virgo and KAGRA interferometers.
The dashed lines are the expected values for the same network + Einstein Telescope.

f=2m=2) | p=—-1|p=—-05|p=0|p=05| p=1
a=—2 0.0095 0.0143 | 0.0204 | 0.017 | 0.0125
a=0 0.033 0.0444 | 0.0611 | 0.0622 | 0.0516
x=2 0.0531 0.0626 0.072 | 0.0726 | 0.0645

FIGURE 16: The values of the ratio ~S¥Pnltser g o quadrupole (¢ = 2,m = 2) at different
QGW Pem ‘ thr,1y,no ET

values of « and p
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FIGURE 17: Sensitivity to a statistically invariant (p = 0 of equation (4.4)) monopole, dipole, and
quadrupole of the SGWB. The lines show the amplitude that the multipoles must have
to produce SNR = 1 in one year of observation. The thick lines correspond to the
threshold values for the network of the two Advanced LIGO, Advanced Virgo and
KAGRA interferometers. The dashed lines are the expected values for the same network
+ Einstein Telescope. A scale invariant Qg is assumed (« = 0 of equation (4.7)). A pivot
frequency scale of 100 Hz is assumed.
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4.1 — STATISTICALLY ISOTROPIC Py

We can also consider the case of a statistically isotropically signal, in which the coefficients
Pell,m satisfy
(PP ) = CoSeer Sy (4.13)

with a single C; dominating over the other ones. We obtain the following expectation from the
m = 0,1,2 measurements from eq. (4.10)

L f 20—6
) Frnai 1.28 x 107674 ( -
YSNR,, ) ~ OewCl/? Z Z / i df (1Hz2) «
m ’ 1 year 1= 1/ i+1 fmm ,ij 1 HZ Pl (f) P] (f) HZ

< Y|+ ) Yemiia (F) + (0= P) Famsr (O]

_|_

)ZIX 6

i 1.28 x 10064«
vy p [l (+h

So=AE/ fenp 1HZ Py (f) Nio (f) H
1
2

2
XY ‘(1 +P) Yemaj01 (f) + (1= P) Yemaj0,-1 (f)’ ] (4.14)

and the sensitivity to C; is then obtained from the sum over all m’s

g 12810794 (o )2“_6

_ 4 fmax,z‘] 1Hz
OawCl?| = [ / X
¢ thr,ly 121 ;1 fmm ij 1Hz Pi (f) P/ (f) H22
2
X 2 ‘ [(1 + P) ’)’Zm,ij,l (f) + (1 - ’Ykm Jij,— ‘ +
m
20—6
i foit df 128107664 1HZ) .
+L ¥
iS0=AE fonn 1HZ P; (f) Nio (f) HZ?
i
X Z‘ [(1+p) Yemio1 (f) + (L= p) Yemiro,-1 (f)] ‘ 1 (4.15)
m

In figure 18 we plot the threshold values of Qgw C}/ 2 necessary to be detected to our network,
with and without considering Einstein Telescope, under the assumption of isotropic statistics
of the multipoles py ,,.
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FIGURE 18: Sensitivity to a statistically invariant (p = 0 of equation (4.4)) monopole, dipole, and
quadrupole of the SGWB under the hypothesis of statistically isotropic distribution of
multipoles (¢,m) at fixed ¢ value. The lines show the amplitude that the multipoles
must have to produce SNR = 1 in one year of observation. The thick lines correspond to
the threshold values for the network of the two Advanced LIGO, Advanced Virgo and
KAGRA interferometers. The dashed lines are the expected values for the same network
+ Einstein Telescope. A scale invariant Qg is assumed (« = 0 of equation (4.7)). A pivot
frequency scale of 100 Hz is assumed.






Chapter

Two ETs IN THE SHORT DISTANCE LIMIT

Let us consider now a network made of two hypothetical Einstein Telescopes, located at the
two sites under consideration for the actual ET detector. The first site is the Sos Enattos mine in
Sardinia, at coordinates 40.4°N; 9.45°E. The second site is at the Belgium-Netherlands border.
For definiteness, we choose the city of Maastricht, at coordinates 50.9°N; 5.69°E. Assuming the
Earth to be a perfect sphere of radius RE = 6; 371 km, the length of the segment connecting
these two locations is dgr =~ 1.200 km. For this choice, the argument in the phase of eq. (B.11)
satisfies
|1 — %9

_ R f
O = |270ff - (210 — x28)| < 271 f %1 — x2| ~ 0.025 2 1,200 km (5.1)

As we discuss below (see Figure 19) this quantity is smaller than one at the frequency to which
ET is most sensitive to. As an example, for a scale invariant GW signal (Qgyw independent of
frequency), the sensitivity is strongly peaked at f ~ 7 Hz. For this value, the product in eq. (5.1)
evaluates to about 0.18. It is therefore meaningful to evaluate eq. (B.10) as an expansion series
in ®. As we show below, the response functions to the various multipoles p;,,, are suppressed
by positive powers of ®, with exception to those to the multipoles £ = 0, 2, 4 and |m| < ¢ [12].
For this reason, in this chapter we evaluate only these unsuppressed contributions. As we
show in Appendix C, correlators between even (odd) multipoles ¢ receive contributions only
from even (odd) powers of ®. Therefore, evaluating these coefficients at ® = 0 results in a
O (®?) ~ 3% inaccuracy at the most sensitive frequencies. Taking ® = 0 allows for a greater
simplification of eq. (B.10). This is a major departure from the study of [12], where the much
longer distance between the two LIGO interferometers did not allow for this simplification. As
we show in this chapter, in this limit the detector response functions (to be defined shortly)
acquire vey simple analytical expressions, which can be employed to determine the SNR, and
hence the sensitivity to the anisotropy, almost fully analytically, only up to one numerical
integration over frequency.

Proceeding in this way, we can readily go from the correlation of the signal at the three
vertices to the correlator of the signal in the thee channels, and write the response functions in
equations (3.9) as

5 N . . "
Tim12004 = g | A0 Yo (1) e (1) ely (1) iy Sl 52)

We note that under this approximation the 7y, ij 00,1 are now just simple numbers, frequency-
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independent. We can therefore define the frequency-independent coefficients

5 . ) ) )
Vompabed = g [ 40 Yo () €5 () ely () 63)
in terms of which
Vem 12,0000 = Vempabed X A1 d5E, (5.4)

For the present section (which recalls the main steps done in [18]) we assume an unpolarized
background, i.e. p = 0. Therefore it turns out to be useful to introduce the new coefficients

_ ab  jcd
Yim,00" = Yemabed X 416 doey

Yem,abed = Z'Ylm,)\,abcd (5~5)
A

The coefficients 7y, ,pcq are computed in Appendix F, where, integrating over the two angles,



5.1 SNR computation

we obtain simple expressions for the Yo, ab cd, Vom,ab,cds Vam,ab,cd terms:

Yoo,abed = 5 \F (Oac Opg + 044 Opc)
1
Toabed F 14 (5ac Apg + 0aq Ape + 8 < A)
~ 3
Toslabed = 17 6 (Oac Bpa+ + 0aq Bpes + 6 <> Bx)
3 [5
Tes2aned = 1\ o (Oac Cpas + 044 Cpet +6 <> Cx)
1
Ya0,abed = 7567 [ — Oac Opd — Oad Ope — 5 (Oac Apg + 04q Ape + 06 < A)
1
+20 (Aac Apg + Agg Ape — ZAab Acd)
. 1[5
Tatlabed = 575 2 (0ac Bpg+ + 0ap Begs + 6 <> Bx)
+7 (Aac Bpg+ + Aga Bpet + Agp Begs + A <> Bx) ]
.1 [5
Terzabed = “5or\ o 2 (0ac Cpgs + 040 Cpet +6 <+ Cx)
+7 (Auc Cpa+ + Apg Cpe + A & C:t)
1 5
Tadabed = o\l 7o (Bap+ Cogs + B+ <> C)
1 5
Ya+4,ab,cd = E mcubi Ccdi (5'6)

while all the other coefficients vanish. The symbol = denotes the fact that we have disregarded
terms proportional to J,, and to .4, as they vanish when contracted with, respectively, the
detector coefficients dl‘lb and d;‘é, Finally, in eq. (5.6) we have introduced the matrices

1 0 O 0 0 =1 1 +i 0
Ayg=101 0], Byr=|0 0 i ;, Cygr=|xi -1 0 (5.7)
00 -2 +1 i 0 0 0 0

The simple analytical expressions (5.6) are an original result of [18], and they can be used for
any pair of detectors (since the geometry of the detectors is encoded in the d“b dCd, terms), in
the small frequency regime.
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5.1 — SNR COMPUTATION

In terms of the original quantities, one can obtain also in this case the final expression for the
signal-to-noise ratio

3HZ 2T
SR = 1(())7r2 \// ff6N2

X Z Pem Yem,AA| + Z Pem YemEE| T Z Pem Yem,AE| + Z Pem Yem,EA

2 2 211/2

(=|m| (=|m| (=[m| (=|m|
(5.8)
where we identify N = Ny ; = Ng;. We note that, assuming an unpolarized background
(p = 0) we have pgu = pom
To evaluate eq. (5.8) we assume a power-law signal in the ET observational window
- f ®
Qcw (f) = Qcw (10 Hz) (5.9)

where Qg is the fractional energy density at the pivot scale equal to 10Hz. We can then
rewrite eq. (5.8) as

2 2
T o o
SNR,, = Tvear Fax | 1Y, Qcwpem Yeman| +| Y Ocw Pom YemEE
year {=|m| {=|m|
2 2 1/2
[ee] _ [ee] _
Y. Ocw Pom Yemae| +| Y. Qcw Pom YemEa ]
l=|m| {=|ml|

(5.10)

where we have normalized the total observation time to one year, and where we have defined
the dimensionless factor

0w f 20—6
lyear 9Hj /fmax df 10 (1Hz) N

F ~
“ 7\ (1Hz)? 507 J, 1Hz  N2(f) HZ

6

12

(5.11)

25—
104 Hz df 1.28 x 10—66—2 (&) ;
/Hz 1Hz N2 (f) Hz2

In the evaluation we have taken a year of 365.25 days, the value of the current Hubble
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rate Hy ~ 67kms~! Mpc ™! indicated by Planck [25], and the minimum and maximum ET

frequencies given in [26].

FIGURE 19: Left panel: integrand of the quantity F, introduced in egs. (5.10) and (5.11), for a scale-
invariant Qgw. The vertical dashed line is the threshold (5.12) for the low frequency
/ short separation condition, in the hypothesis in which two ET-like instruments are
placed at the sites currently under consideration for ET. We see that the ET sensitivity is
completely dominated by frequencies that satisfy this condition. Right panel: Value of
Fy for a ranging between —2 and 2.

In the left panel of Figure 19 we show the integrand of eq. (5.11) for the choice of « = 0. As
discussed after eq. (5.1), our results are valid for frequencies

L yopp,/200km (5.12)

f < 27TdET dET

where dpr = 1,200 Km is the distance of the segment connecting the two sites under con-
sideration for ET. We see that the sensitivity is completely dominated by frequencies that
satisfy the condition (5.12). As already remarked, disregarding the phase in eq. (B.10) amounts

inaO 4()1[@ ’ mistake, that, evaluated at the peak frequency visible in the figure, is about
0.03. In the right panel of Figure 19 we plot the value of F, for « ranging between —2 and 2.
The two cases a = 0,2/3 mentioned above correspond, respectively, to Fy ~ 6.8 x 10! and
Fayz =~ 6 x 101,

5.2 — SENSITIVITY OF THE ET PAIR TO MULTIPOLES OF THE SGWB

Also for this subsection we first assume that only one multiple p;,, dominates the SGWB, so
that

T . 1/2
SNRy = Fa 4 | Tyear Qcw |pem| me,AA\Z + |Wm,EE\2 + |Wm,AE|2 + |’Yem,EA{2} (5.13)

T
! 1.4x1013 |
3.5x1024} | .
' 1.2x10"3 |
3.0x10%4F '
1 13 L
25x1024 N 1.0x10
X S}
20x1024F : o 80x1012F
1
15x1024 [ : 6.0x1012}
1
1.0x10%4 | 4.0x1012}
1
23 [
5.0x10 : 2.0x1012}
1 L L L
2 5 10 20 50 -2 -1 0 1 2
f [Hz] a
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The threshold amplitude to give SNR = 1 is therefore

~ 1 year 1
Qcw |p€m| = yT 7 : (5.14)
threshold a Y 0m,combined
where !
— 2 2 2 2 1/2
Tt combined = “W’”r“’ + [vomeel” + [vomael” + [ vem Eal } (5.15)

As expected, the threshold value decreases as the inverse of the square root of the observation
time. For definiteness, we fix T to one year in the following computations.

To evaluate the threshold value, we need to compute the overlap function elements according
to eq. (5.3). In eq. (5.6) we provided simple analytic results for the detector-independent 7y, 41 4
coefficients. We now need to determine the detector-dependent elements d?ﬁ and d‘fg, which
encode the orientation of the arms of the ET pair.

From the definition (3.9), and from the property (A.4), we see that v, oo transforms as
Yy, under a rotation. Namely,

5 ~ ~ ~ ~ 11,/ ! 3!
Y¢m,RORO' = 87[/012”1%1 (”)Eefb (”)efd( ) Z/Rbfdtllob E/Rd'd%'
P
5 R R R R
= g/dzn Yom (R”);ef;b (1) efy () dipdsdy (5.16)

Therefore, for a rotation of angle ¢ about the z—axis, v/, 000 — elme Yemoo0'- 1t follows
that |'Y£m,OO' |2 is invariant under such rotation. With our choice of frame, a rotation about the
z—axis connects two locations on Earth that have the same latitude, and different longitude.
It follows that the sensitivity to the various multipoles does not depend on the individual
longitudes of the two sites, but only on their difference.

We specify the position and orientation of the two ET-like detectors accordingly to what
has been done in appendix E, denoting the latitude and longitude of each site with 6; and ¢;,
respectively and f; the angles of rotation of the two instruments accordingly with figure 23 (we
recall that i = 1,2 denote the first or the second detector). We find that (see [18] for further
details) the combination (5.15) depends only on the latitude of the detectors, 6; and 6, and on
the difference of their longitudes, ¢, — ¢;. Furthermore, (5.15) does not depend on the angles
of rotation B; of the two ETs. Evaluating the coefficients between the two sites currently under
consideration for ET produces the sensitivities shown in Figure 20.

Finally, to give a measure of the sensitivity to a given multipole number ¢, we consider

the case of a statistically isotropically signal, as in equation (4.13), obtaining the following

1We note that Yo—moo = (=1)" v _,, oo+ due to the property of the spherical harmonics in eq. (3.9). Therefore
the value of 7, combined does not depend on the sign of m.
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FIGURE 20: Sensitivity to the monopole and to the various quadrupole and hexadecapole moments.
The solid lines shows the amplitude that the multipoles must have to produce SNR =1 in
one year of observation ot two ET-like detectors placed at the two sites currently under
consideration for ET. A scale invariant Qg is assumed (« = 0).

expectation from the m = 0, 2,4 measurements

T _
<;SNRW1> = \/1year }_o% QzGW ; <p€mpzm> 2 Z Yem,00' ()/Zm,OO/

O=AEO'=A,E

1 year p
1/2
T 1/2

) 2
- 1year Fa €)' Qow [; Y ¢m,combined

T
F,Cl/2
1 year

and the sensitivity to Cy is then obtained from the sum over all m’s

= ! (5.18)

QGW C; /2 - / 1/2
threshold,lyear .F,x [Z ——y ’y%m,combined

Given what we proved in eq. (5.16), summing over m results in a quantity that is invariant under
rotations [27]. Therefore, the sensitivity (5.18) only depends on the opening angle ¢ formed by
the two radial vectors that, starting from the centre of the Earth, point in the directions of the
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two sites. Or, equivalently, on the distance Rg ¢ between the two sites. > An explicit evaluation

gives
2 1+ 6cos® P + cos* ¢
r)/O,tO't = 1671
) 5 [13 — 6 cos® i + cos* ¢]
72,tot = 19671
321 + 246 cos® P + cos* i
2 —

We show the corresponding threshold values in Figure 21.
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FIGURE 21: Sensitivity to a statistically invariant monopole, quadruple, and hexadecapole multipole
of the SGWB. The lines show the amplitude that the multipoles must have to produce
SNR = 1 in one year of observation. The horizontal axis is the distance between the two
sites. The vertical dashed line corresponds to the distance between the two sites under
consideration for ET. A scale invariant Qg is assumed (« = 0).

2This distance is the length of the arc on the Earth surface between the two sites. The angle between the two sites
under considerations for ET is ¢ ~ 0.19. For this angle, the length of the arc is only about 0.15 % greater than the
length of the segment joining the two sites, that is the distance that should be used in the condition (5.12).



Chapter

CONCLUSIONS

In this work we studied the sensitivity of a network of L-shaped and triangular-shaped ground
based detectors to a Stochastic Gravitational Wave background. We followed the computation
of ref. [12], that provided the formalism to study the response functions to the anisotropic
SGWB from ground-based detectors, that have a well defined scanning pattern related to the
daily rotation of the Earth. We also followed [17], that provided a simple procedure to write
the overlap functions for a pair of detectors at any frequency. We extended their results in
several ways.

Firstly, we extended the procedure of [12] to a generic network of detectors, not restricting
our treatment to just a pair of instruments. Furthermore, we went beyond the assumption of a
non polarized background, taking into account the possibility that the SGWB can bring a net
amount of polarization. Thirdly, we considered the presence in the network of triangular-shape
detectors, where multiple measurements can be performed at the same location, that we
diagonalised using the formalism developed for the LISA constellation [20].

We applied this formalism to a network made of the two Advanced LIGOs, Advanced Virgo,
KAGRA and ET, which is assumed to be built in the site under current consideration in Sardinia
(Italy). In this case we provided the threshold values of ()g necessary to the SGWB to be
detected by this network of instruments. We paid particular attention to the impact provided
by ET, by comparing the threshold levels of this network with and without the inclusion of this
instrument. Our analysis has been done under the assumption that the SGWB is dominated
by a single multipole, in an expansion of the signal in spherical harmonics. We provided
explicit results for the first three multipoles, namely the monopole, dipole, and the quadrupole).
For these multipoles, we provided analytic expressions for the (frequency-dependent) overlap
functions of any detector pairs !.

Averaging over the possible values of m within each ¢, we obtained that the threshold
values of Qgwp, for the monopole, dipole and quadrupole to be detected over 1 year of
observation are presented in table 22 (in the first line we show the values for the network of
the two Advanced LIGOs, Advanced Virgo and KAGRA interferometers; in the second line
we consider the same network with Einstein Telescope). We found that the contribution of ET
for the measurement of a SGWB amounts to an improvement of a factor ~10 to the sensitivity
with respect to the existing network of instruments in their Advanced configuration.

1The analytic expression for the quadrupole case is an original result of this thesis.
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We were also interested in quantifying the SGWB that ET can reach on its own, without
correlating it with LIGO, Virgo, and KAGRA. Multiple measurements can be performed at
ET instrument (combining the measurements by the detectors placed in the three vertices).
However, measurements performed at the same site have correlated noise, which substantially
impacts our ability to detect a SGWB signal. We therefore considered the (speculative) possibil-
ity that two ET-detectors are constructed in the two sites currently under consideration for ET
(one in Sardinia and one at the Belgium-Netherlands border). The distance between these two
sites is such that the overlap functions can be evaluated by simply setting the GW frequency to
zero, where they acquire particularly simple expressions [18].

Therefore, in table 22 we compared also the threshold values of QGWC}/ 2 for the monopole,
dipole and quadrupole necessary to be detected over 1 year of observation by the full network
of section 4 with the ones for the network made of the two ETs, as in section 5. The result are
shown on the second and third line respectively. In this case, we see that the introduction of
a second instrument ET-like can improve the detectability of a SGWB of a factor ~100 with

respect to the network with only one Einstein Telescope and the other existing instruments.

QowC,’* (=0 (=1 (=2
LIGOs+Virgo+KAGRA 23x1077 | 25x 1077 | 1.9x 1077
LIGOs+Virgo+KAGRA+ET | 1.8x10 10 [ 1.8x 10710 [ 1.2 x 1010
ET (Sardinia)+ET (Netherlands) | 7.6 x 10713 | 8.4 x 1012 | 1.1 x 10~ 12

FIGURE 22: Averaged threshold values of QGWC;/ 2 for monopole, dipole and quadrupole necessary
to produce SNR=1 in the network of instruments considered. The computation are done
assuming scale invariant power spectrum, unpolarized background and one year of
observation.

As a last remark, we know from theory [28] that the predicted energy density for the
monopole of an unpolarized astrophysical background (the models predict & = % as remarked
before) is QtGhW,mon ~ 3 x 1077, while an explicit evaluation for the network made of Advanced
LIGOs + Advanced Virgo + KAGRA leads to a threshold value necessary to produce SNR=1
(over 1 year of observation) of Qg}\f’mm ~ 1.5 x 107°. The same computation taking into
account also the Einstein Telescope contribution leads to Qé%;fgn ~ 9.5 x 10~!1, from which it
becomes evident the benefit of Einstein Telescope to study the SGWB.

The present thesis can be extended in several directions. For example, one can go beyond
the assumption of having the angular and the frequency dependence factorized for the power
spectrum of the SGWB. Another possibility is to consider simultaneously more than a single
multipole (¢, m) for the anisotropies of the SGWB, understanding how to disentangle their
independent contributions. It can be also interesting to understand how to prove, in the case of
a non chiral symmetric background, the presence of a net amount of polarized gravitational

waves with the present network of interferometers.



Appendix

POLARIZATION OPERATORS

We consider the two polarization tensors defined in (1.4). It can be proven that

e (1) ey () = 267
e;h (ﬁ) ef:d (ﬁ) = Qac Q_hd + Qad th - Q_ah ch ’ Q_ah = 5ah — g ﬁb
s=+4,X%
. N . 8 2
/dzn ezh (7’[) eid (”) = ? <5a55bd + 5ud(5bc - 35ab5cd) (Al)
s=+,x

Moreover, we can introduce the helicity operators

+ X X
€ab +leab _ 5 € — ey

CuwR = T =81+ CapL = T = Cap,—1 (A.2)
As shown in Appendix A of [29], under a rotation i — R, the helicity operators transform as

—2iAv[#, R]

e (Rt) = e RacRpg 84 (1) (A.3)

where 7 is a real quantity whose precise expression is not relevant for the present discussion

(see [29] for the precise expression). By combining the last two expressions one finds that

Y &, (RA) ey (Ri) = Ry Ry Reeo Ry Y, €y, (R) €34 (1) (A.4)

s=+4,X s=+4,X%

namely the quantity Y., . e, (R7) e, (R#) is a tensor under rotations, while the individual
polarization operator is not. Therefore, using equation (A.2) we find that

ey (el ()= Y e, (7)€l (7) (A.5)

5=+,

and from equation (A.4) it follows immediately that also the quantity e*}' (Rf) e}, (Rf) is a
tensor under rotations.
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Appendix

EVALUATION OF SIGNAL EXPECTATION VALUE

AND VARIANCE IN CHAPTER 3

B.1 — SIGNAL EXPECTATION VALUE

As we discussed in section 3, the different measurements are noise-uncorrelated. Therefore, the

expectation value of the estimator C;, in (3.6) contains only the contribution from the signal

= [aemer [Tag 25 F (S0 050 () Qoo (1) +

i=1j=i+10,0'
N

Mi

+, (8o (f. 1§ (f, 1)) Qijo+

O

Il
MR

M™M=
ﬂMZ N

j=

+, §< 5 (f £ 1) Qi (B.1)

I
—

j=i+1

To compute the signal we recall that, to first order in the GW, light starting from x at the
unperturbed time t — 2L, arriving at x + L[, and returning back to x at the unperturbed time
time ¢ completes this flight in the time

Treturn =2L+

jafb L R R
+ 5 / ds hyy (t—L+s,x+Ll—sZ)
0
(B.2)
where we note that Ty = 2L is the unperturbed time for a return travel. We work in the

b L .
Zzl /0 dshab<t—2L+s,x+sl)

regime of short arm, namely 27t f L < 1. This applies to existing ground-based interferometers,
and to the ones which are planned to be built in the next decades (we explicitly verify that
this condition applies to our study in Chapter 5). In this case, we can approximate the GW
appearing in (B.2) as h,y, (t, x), which is constant along the line integral, and therefore

Z‘a ib
Tret =2L+

X 2 Lhg (t, x) (B.3)

We denote by xj, (t) the location of the vertex a of the i—th triangular-shaped detector, and
by x; (t) the location of the j—th L-shaped detector of the network. We denote by 7, (f)
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and 9j, (f) the unit vectors in the directions of the two arms that start from this vertex of
each triangular-shaped detector, as indicated in Figure 23. We note that these quantities are
time-dependent due to the rotation of the Earth about its axis. With this conventions, the signal
at the time t at the vertex « of the i-th triangular-shaped detector, located at x;, (t), is

sin(8) = 42 (s (6 3,(8)) , i) = a0 Zﬁfw(f)z’?a(”

(B.4)

Analogously, being 7, (t) and 9, (t) the unit vectors in the directions of the two arms that start
from the j—th L-shaped interferometer, the signal at the time ¢ at the j-th L-shaped detector,
located at x; (t), is

5i(1) = P (D hay(1,2,(1)) , d () = f (B.5)

By using (B.4), (B.5) and (1.9) one finds

+OO ’ — ”".x. A A
Su(f )= 5 [dn [ dpe U (F— p) e 2Oy (1, ) el () diF (1)
A=R,L -

(0= ¥ [ [ ape U, (5 - p) e I On (1, 1) ey (3) it (1)
A=R,L -
(B.7)

where, as we mentioned after (3.2), the interferometer location and arms directions can be
treated as constant in the time integration of length 7. In analogy to [12] we have introduced

the notation _
sin (Tf)

o0 (f) = ————= , lim é:(f) =dp(f) (B.8)

7'[f T—00
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We then compute the correlators

S (f 5 (f. 1) = ) /mdf'fsf— (f=1) HA(\f”)/dzﬁesz'ﬂ'(xia<f)—xjﬁ(f>)
A=R,L7~%®
< P Yoo (1) €53 1)y (1) 1) 5 0)
05 (0= 5 [ ag s (e ) (15 [ e )
A=R,L
< P Yoo (1) €5 1)y (1) ()5 1)
SEENGE0)= 5 [ dp & (- ) (|]) [ anerr s (soo)
A=R,L

x ;Pem,AYem (R) exp (R) el () df (£) 57 (¢) (B.9)

As the integration time 7 is chosen to be much greater than the inverse of the typical measured

frequencies, one of the two J; in this expression can be substituted with a Dirac §—function,

while the other one evaluates to the integration time, obtaining

G (f, )5 (f, 1) =T Y. Hy(If]) / 427 27 - (% () —xjp (1))

A=R,L
X pmaYon (1) e ) ly (1) i ()54 0

G (F, 05 (f, )=t Y, Hy(fl) /dZﬁeZHifﬁ-(x,-u(t)ij(t))

ASRL
X Y PemYew (7) e} () ety (R) dfy (1) d57 (t)

{m

© T Hy(If]) [ e Giox)

A=R,L
X Y Pemp Yom () el () ey () di¥ (£)d57 (1) (B.10)
{m

T~
)
e
—
-
<
-~
SN—
U
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—
-
<
-~
S—
g

Proceeding in this way, we can readily go from the correlation of the signal at the three vertices
to the correlator of the signal in the thee channels, and rewrite the first equation of (B.10) as

<§;ko (f, t) §]'o/ (f, t)> :TA:ZR H/\ |f| /d2 27Tlfn xl(t) ())
Xmemm( e () ely () dib () dB, (1) (B.11)

where d?g = COad?,f- Evaluating these linear combinations we find

2 2
b b b b b b
dip = 7 dix , dE=-3 (d?x + 2d?¥> , dip=0 (B.12)
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namely only the two channels A and E are non vanishing in the short arm approximation.

Inserting all this in (B.1), we obtain
e 25 ( 5 .
Y [ drHu (D) [ d@neg (1) ek (1) X pow Yoo (0)

/ dt e —imw,t
{m!

M M o
X[Z Y X X 4o ]O,()QUOO, (f)emen~(xi(t)—x/(t))+

i=1j=i+1 O=AEO'=A,E

A=R,L

+ jvj: i Z dcd( )Qij,o (f) e27rifﬁ-(x,-(t)—xj(t))+

i=1j=1 O=A,E
N N
R

i+

di® (1) a5 () Qi (f) 2””"‘“”"1‘“”1 (B.13)
i=1j=

+1

As we mentioned, the quantities d7 4/ () and d?% (t) are time dependent because of the rotation
of the Earth in the frame of the fixed stars. Denoting by d?qu ,g and d?b the same quantities in a
frame that is fixed with respect to the Earth,

%5 (1) = Rag (£) Ry (£) d25
% (£) = Ryg (1) Ry (1) d2Y (B.14)

where R (t) is a rotation matrix of period T, around the z—axis. We can reabsorb this rotation by
changing integration variable 1 — R7 in eq. (B.13). Using then eq. (A.5) we see that the rotation
matrix disappears from everywhere apart from the argument of the spherical harmonic, where
it produces Yy,y (Rft) = e™@ty, , (). Then we define the position of the i-th interferometer
in this reference frame as x;, in such a way that we can set, as in (3.13)

Axi]‘ =X; — x/' (B‘15)

It is then immediate to see that the integration in time then forces m’ = m, and

+00 i
C)=7 X [ drH(f) [ e #)ely () Y pona Yo ()
A=R,L7™%® (=|m|
b d 27Tifi-A d 27Tifi-Axjj
x Z Z Z d]CO'Qz] oo (f)e i x”+2 Z Zd dc Qz], fle A 4
i=1j=i+1 0,0’ i=1j=i+1
N N )
Z Z dﬂbdchl] 27Tlf17l~Ax,']"| (B16)

which leads to (3.8) in the main text.
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B.2 — VARIANCE OF THE NOISE

For what concerns the variance of the noise, we start from the denominator of (3.7), evaluating

+o0 +0c0
<|Cm| :i/ dt/ dtl imew, (t— t)/ df/ df/

<l > Z Z Qiioor (f) o (fit) o (frt) +
0,0’ i=1j=it+1
M N
FEE L0 mo 05 (0 + & T 05 0)m(s0 (5]
0 i=1j=1 i=1j=i+1
M M
[ Y. L. Quoror (f) igor (F,t) wom (F,1) +
O",0" k=11=k+1
M N N N
P L L Quor (1) ior (7M7) + X 8 Qu () (7 (ff,t'>]>
(B.17)
Some useful intermediate quantities for this computation are
< N0 (f t) o (f t)> _ (SijiOOl /+°° dfl e27rit(fff1),2mt/(f/7f1)X
< 0c (f = f1) oc (f' = fi) Nio (1f1])
(B.18)
(i (f, )7 (', 1)) =
Oij [T /
(i (F, 0 (F,4)) = 5 | dfi @R s (F = fi) be (F = f1) P (1)
(B.19)

which follows from combining eq. (3.2) and (3.1) for the noise with eq. (2.9) and (2.4). It is
also useful to recall that reality of n;0 (t) and n; (t) imposes that ;o (f) = {5 (—f) and
ii; (f) = iy (—f). Inserting this into eq. (B.17), evaluating the expectation values under the
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assumption that the noise is Gaussian, and integrating over the times, results in

2 1 e ! / !
(lenl?) = 43 | dfdf'dfidfade (f = ) 6c (F = ) 6c (' = ) e (F = f2)

X 67 (fl—fermwe) [Z Y. Y. Nio (1Al Njor (If2]) Q00 (f) Qijoor (f) +

i=1j=i+100’

;Nlo |f1| ‘fZD Z]O(f) Qij,O (f/)—'_

Mz
™=z

+

Il
—

N
Zz =

Mz

+) Y B(AD P (£ Q5 (f) Qi (f')] (B.20)

i+1

Il
_

j

The integration time T is much greater than the inverse of the argument of d7, so we can treat

mwe -
5~ in the argument, as

that term as a Dirac d—function times T. Moreover, we can disregard
it is much smaller than the frequencies in the ET window. This results in

(1enl?) = 5 [ afafanst (f - )& (7 - )

[Z Y. Y. Nio (1Al Njor (1) Q00 (f) Qijoor (f') +

=i+1 00/

Mz
Mz 5

+ Nio (1A1) P (If1) Qijo (f) Qijo (f) +

O

1j

+

™=
Mzi

P (1A]) P (1A1) Qi (f) Qij (f) (B.21)

i=1j=i+1

We treat the J; quantities analogously, and we obtain equation (3.15) in the main text.
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B.3 — THE SNR

Starting from (3.7) with (3.8) and (3.15) we obtain the following expression

00 00 M M
SNRy, = @ [; /0 " dfHA (f) Y. Poma < Y Y Y vemioon (f) Qijoor (f) +

0=|m| i=1j=i+10,0'

M N N N
Y3 Y Yemiion () Qijo (F) + X2 Y. Yemiin (f) Qij (f) )] X

i=1j=1 0 i=1j=i+1

X

2
Qz] oo’ (f)’ +

+oo M M
| (2 Y. ¥ No () Nior (I£1)

i=1j=i+100’

N—=

[ Mg

. _
Z; 20 (IFD P (1£1) [Qijo () +Z Z P (IF1) P (I£1) Qi (f)] )] (B.22)

i=1j=i+1

where we have restricted the domain of integration to positive frequencies only. By relabelling

16775\5 i) (f ) Z Pem Yem,ij00'1 (f) = Tijoor (f)
\/N1 o) ] O’ Z |m]
167t /2T H), (f) - — 5.
- ; Yo ) B 0) e;ﬂ Pema Yemijon (f) = Yijo (f)
167 V2T Hy (f)

Y Poma Yemijn (f) = %ij (f) (B.23)

5 ;WRmEmwm

and

\/Nzo (f)Njor ( Qljoo' (f) = Qij00 (f)
\/ zO f Ql]O Qz]O )
\/ Pi fR )Qii (f) = Qi (f (B.24)
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we can rewrite

M M . M N ~
SNR = | [“af( L 2 ¥ Fioo () Qoo (N + 1 18 Fio (F) Qo () +
i=1j=i+100’ i=1j=1 O
N N B oo M M 3
L2 w0 00)| x| [H(L £ T 0P
i=1j=i+1 i=1j=i+100’
M N _ N N ~1
PR Y050 (P4 Y 3 1050 2)] 325
i=1j=1 O i=1j=i+1

which is maximized by Q;; 00 (f) = ¢ Vijo0or (f)s Qijo (f) =c Vijo (f) and Qii(f) =c¢ Vi (f)
where c is an arbitrary real constant that can be set to one. In terms of the original quantities,
this gives (3.16) in the main text



Appendix C

IMPACT OF A NON VANISHING PHASE D

In this appendix we estimate the impact of neglecting the phase ® in eq. (B.10). Specifically we
show that, once reintroduced in (B.13), this phase changes the result only to second order. To
see this, we Taylor expand to first order eq. (B.13) with the phase inserted into it

+
(o) = / dte et [T dfH(If) [ e (1) el (2) Y o Yo ()

A=R,L Im'

M M

Y X Y. A (1) did (1) Qoo (f) (1+27iff - Axyj(t)) +
M N ,

+ Z Z dig (t) d5 (1) Qujo (f) (1+27if - Axyy(t)) +

N N
LYY ) (0)Qy () (14 2mifn- Axﬁa))]

= <c§£ > + <c,5})> (C1)

{0 denotes the order @' term in the Taylor expansion, and where we have defined

where C;,
Axji(t) = x;(t) — xj(t). In the following, we denote by L the length of this vector.

We denote the first order correction of the coefficients (3.14) analogously,

'YE},B,abcd,)\(Axij/ft = /dz”‘sz” Axii(£) Yo (R) €y, (71) €l () (C2)

Differently from the zeroth-order expressions evaluated in the man text, the quantities

a

Y m) abed, /\(Axi]-, f,t) depend on time. For this reason, we first define a new variable &« = w, t
and we compute 'yﬁz abed, /\(Axi]«, f,t) in a set of new reference systems with coordinates (6/,¢’),
co-rotating with the Earth, and defined in such a way that each vector Axgj is oriented along
the z’' —axis [12]

' Axjj(a) = L cost’ (C.3)

We choose the fixed frame such that Ax;; has no y—component at the initial time. The change of
coordinate (0, ¢) — (0', ¢') is then obtained from two consecutive rotations. The first rotation

is by an angle a about the z—axis, so that, after this rotation, Ax;; has vanishing y—component
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at all times. The second rotation is along the new y—axis (the one emerging from the first
rotation), so to eliminate the x—component of Ax;;. We denote by B the angle of this second
rotation, and by R the matrix that encodes the product of these two rotations. Accounting for
the change of the polarization operator given by combining eq. (A.4) and (A.5) and for the
change of the spherical harmonics under a rotation, we see that the change of variable results
in

Yon(0, @) = Tie— Dy (4, B,0) Y (60, ¢') = Lo €y (B) Y (0, ')

- Axjj(a) = L cos 6’

e%\ (ﬁ) eé\d (ﬁ) = Raa’ Rbb’ Rcc’ Rdd’ eZ//Z/ (ﬁ/) ei‘,d, (ﬁ,)

d’n = d?p’

(C.4)

where the explicit form for the coefficients dink (B), which is however irrelevant for our purposes,
can be found in [12]. With these substitution, and setting u = cos @', one finds

4 1
1 . 5 ; kA
’Y;Em),abcd,A(“/f) = 271if &Ry Ry Reer Ra kzzelm“dfnk(‘g)]\]g ./_1 duPf(u) Lul%) . (1)

(C.5)

where we have used Yy (¢, ¢') = /2t Eﬁ;g:Pé‘(cos 0')eike’ = NP (cos 0')e’*?, and where
we have introduced

kA [Pk A (a1 A

Ly (0) = /o dg'e"V ey (') e (7') (C.6)

One can verify that Il];,'g, o (1) has parity (—1)k as u — —u. The associated Legendre polyno-
mials Pf () have instead parity (—1)k+z. Therefore, the integrand of the [ _+11 du integration in
(C.5) has parity (—1)“1. As the integration is on an even domain, it vanishes for even ¢, and,
as a consequence,

VI(rlrz),ubcd,A(“/ f) =0 foreven/ (C.7)

This concludes the proof that the terms 78?;2 abed” ’yg)’z abed” 74(182 ahed €valuated in chapter 5, do

not receive corrections to linear order in ®. Therefore, our results for these coefficients are
accurate up to O (P?) corrections. To conclude this appendix is worth noting that the same
steps outlined here allow to see that only even (odd) powers of ® contribute to even (odd) ¢

correlators.



Appendix

D A
EVALUATION OF THE FUNCTIONS I'V/0C (, §)

In this appendix, we show that the explicit writing of (3.14) for the monopole, dipole and

quadrupole is

A M A
Y00,abed, 1 (K, 8) = N ﬁrabcd,A(Krs)

A 5 /3 R
Y10,abed A (K, 8) = ) ;r%Cd,A(K/ 3,2)

A 5 |3
T1abed ) (K,8) = 54/ 5 [ D

R 5 /5 A s A
/YZO,ﬂde,)\ (KIS) = 4\/; {_3r1?bcd,?\(1(’ S, 2, Z) - ré\/blcd,/\(Kls)}

o 5 /15

Tox1abed \ (%,8) = 5 { Q
. 5 (151 o

Yo+2,abcd A (K, 8) = Ve [

where we introduced the following functions:

Thea (K */dZA e exft (i) ey ()
MR (,8,0) = /d” e "N (7)) X, (7) (it )
1
TG0 (5,0,0) = o [ e et (1) ely (1) (10 1) (i ) (D2)

In [17] it has been proven that the last expressions can be rewritten in the form of

T0ear (6,8) = Tapea p (%, 8) 51

A

1. 0
b ,8,0) = |-0,—T ,
ubcd,A(K 3,0) [Kvl 3s; abed, )\ (K 5)] -

U 1, &
rﬂQbrcd’)L(K/ 5,0, ZU) = [ﬂviwjasiasj Fabcd,/\(K/ S)] (D.3)
[s=1
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with
SacOpg + 8,40 5 5 5 5
Tavean(k,8) = fa(s) 2o bd‘; adObc +fBS(;<S) acSpSq + deaScZ adSpSc + OpcSada
+ fCS(ZS) SuSpSeS - )\fD (SKS) OacSe€pde + OpdSeCace 1‘ GadSe€bce + OpcSe€ade +
n \JE s(;<S) SaScSe€pde + SpSdSe€ace Z SaSdSe€pce + ShScSe€ade (D)
and
' 1—y2,
faty) =0 + k)
' 5—1y2
fay) = h(]/y) + sz]z(y)
35— 2.
fely) =7 + B )
_hy)  jay)
. e
fe(y) = —L(Zy )+ ]z(yy) (D.5)

where j1(y) and j»(y) are the Bessel Functions, respectively of the first and the second type.
The authors of [17] provided for a couple of L-shaped interferometers the explicit form of the
quantities

Mi(k,8) = Tig o (1, 8)d"d5
Dl (k,5,0) =TH . (x,8,0)dds (D.6)
ij\"r2r — tabed A\ i %y :

which we recall to be:

M;}(k) = fA(K> tr [dld]] +fB<K) (di§ij)a (djél])a +fc(K) (dl§1]§l]) (d]§1]§1])
+Afp(x) [didj]ab eancs; + Afe(x) (disij)" (djéij)b €abcSij (D.7)
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and
Dija(K,8,0) = fu(x)(08) (did})™
|10 = 2292 o) ey )"+ T2 (1) (dj9)" + ) ()]
+ | fL() 4ff((K) (68) (d;39) (d]§§)+2ffc(’<) [(d08) (d;88) + (4:88) (d;09)]
+ A(69) [ lg(K)—fD1£K> (didjx§)+/\fD1£K) (did; x 0)
sl sp0 - 29 00 [14) (@9) %4
A9 4 (@) (aj9) 8]+ [(39) (d70) x 8] + [(4) (d9) = ) (D)
with

)
(didj x 8) = di*d e gpcs,

(@) (dj8) x §] = (@8)" ()" eancse
08) = 0'¢!
(di9)" = dito’
(d;03) = do°s"
(d,d] X UA) = d?ed]e‘b‘sabcvc

[(458) (d8) x §] = (di9)" (dj8)" eapesic
[(:8) (0) x 8] = (48)" (42)" eancSe
[(@:8) (dj8) x 0] = (@) ()" eance (D9)

We went on following the procedure proved in equation (D.3) and we found the explicit analytic

writing of the functions l"[?b car(K,8,0,W)
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x
e (6/8,8,0) = [f;{( Joese Wpsy +fA( g Dot — ! A( )vese wrSf| 5 (5acabd+5ad5bc>
[ 26 (k) 2fg(x)] . . . . o
+ | fg (k) — f]j(( )+ fiz( )} veSeZUfoZ (0acSp8q + perm.) +

[ 2fg(e) | 1, . . 1 A A
+ | fp(x) — 7f]jc( )} ;(Ugwg —vgsgwfsf)zL (0acSp8y + perm.) +
: 2fp(0)] 11,
+ | fh(x) — fBK()} vese;E{égc(wbsderdsbwafsfsbsd)anerm.}Jr

fy () _fBocq 1

| x K2
K
+ fBK(2 ) 4{5ud(vbwc + vcwh w5§gﬁb§c — weéeﬁc§b) + perm'}_~_
[ Afc(e)  Afc()] . o s as
+ _fé/(K) - (;{ + fKZ :| vesgwafSquSCSd+

[ 4 1,
+ fé(K) — fCK(K)] E Oe{Wa8p8c845. + perm. — SSasbsCsdsewfsf}+
Lo [ c(x)  fe(x)
K

K2
ZfC(K> { AAAAA
o ”(K)_fD()JFfE;g)} b

D . vesewfsAf;((Sacsbdg + perm.)3g+

oAl
] wesef{vasbscsd + perm. }+

+ o - 219

o [fol8) ot

L1 A oA A
UeZ(KSachdg + perm.) (@8 + Wede — 20 ¢S 8e8¢) +

| .
wfsfz(éﬂcebdg + perm.)dg+

I 3fr(x)  3fe()] . . ... 1. .
+A | (k) — f’:;c( ) + fi§ )} Df850e8e8g 7 [8p84€acg + perm.] +
: 3fe(x)] 1. 1
+ A f]/-: (K) — fEK()] Evei{eacg(wesbsdsg + perm. — 4sesbsdsgwfsf) + perm.}—|—
yAC K)o e Lt o aaNe L oaas
+A fET() — fEK(z)} Wy fZ{ [(0084 + 8504)8¢ + 85840 ] €acg + perm.}+
+Af’5(")1{[(whﬁd+ﬁbwd—2w 8 (@b§d+ﬁd§b))§ + (8404 + 8403 ) g+
k2 4 S g . §

+ (g + Syt — 2884 féf)zsg] £acg + perm.} (D.10)

and after being projected on the geometry of the couple of the detectors we define

Q}(x,8,6,®) =T, (8,0, 0)dds! (D.11)
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where we identify the two contributes:

Qijr)‘(K’ 5,9, Zf)) = Qijr)‘ (K’ 50, Zf)) |Parity invariant + Qij,/\ (K’ 5.0, Zf)) |Parity violating (D-12)

with

Qij A(x,8,0,) ’Pari{y invariant

{1259 00) + [ 500~ 1220) (osy as) | )™
+ { {’g(’() — M] (o) + [f{a’(x) A é{ () 8 iz(’c)} (95) (wé)} (di8)" (d;8)"

+[50) 289] (o9) [(aay® (49)" + @ (aa)]
+ [50) - 28 ag) (o) (a9 + )" (a0)]
80 (a0 (@0)" + a0 (a0

]
+{ fe(x) _4fc<")} (o) + {fg(x)— 2elx) | el )} (6@)(w§)}(di§§) (4;%)

K 2

] (08) [(d;8) (d;88) + (d;88) (dj8)]

[ K K2
42 {f éi'c) _ Y iz(K)] (5) [(d;98) (d;88) + (d;85) (d;05)]
n 2f}cc2(7<) [(d;ow) (d;85) + (d;$8) (d ;o) + 2 (d;08) (d;WS) + 2 (d;8) (d;08)]  (D.13)

and

Qij,/\ (K’ 5,9, Zf)) |Parity violating

A { [fD(K) - ﬁj,{(f)] (o) + {fg(x) _ %) | 3fD(")] ) (wé)} (did; x )

K K Kz

{fb(K) folx )} (3) (did xw)+)\[ﬁ’(’()—f’3(">} (@) (did; x )

2 K 2

+/\{ ;EK 3f’5 ] W) + {f,’.:'(x) — 7féK(K) + 15fE(K)} (ﬁé)(d;é)} [(d;8) (d;5) x 5]

[T e () ([(d0) (d9) 5] + (1) d2) x 8] + (@) (d9) = ]}

K2
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A {fE;E") - 3fE(")] (@8) {[(d0) (di8) x §] + [(:8) (d5) x §] + [(d:d) (d8) x 9]}

12

)
(diow)
[(dl”ﬁ) (d]§> X Zf)] = (di”ﬁ)a (dj§)b€ubclf)c
[(di8) (d;0) x @] = (di8)" (4;0)” eqpetic
[(did) (d;w) x 8] = (d;0)" (d;®)" eapcde (D.15)

For completeness, one may introduce in an analogous way of (D.6) and (D.11) some useful

quantities for studying a network made of both L-shaped and triangular-shaped interferometers:

A 4 2\ qab_qcd

A PPN D A A\ qab gcd
Dl]ro(k’ S, U) = rabcd’A(K, S, U)d?,od;

A A A A A A A b qcd
Qiio(x,8,0,) = F%Cd’A(K, 8,0, W)d] d;

A o _ M o qab_qed
MG 00 (K 8) = Tapeq p (K, 8)di od o

A A n a #\qab gcd
Dij,OO’ (k,8,0) = ngcd,/\<K' 5 U>d?,0d;,0’
Qs 0 (1,8,0,®) =TS, (K, 8,8, ®)did5y (D.16)



Appendix

(GEOMETRY OF THE DETECTORS

We specify the position and orientation of each detector as follows. We denote the latitude
and longitude of the site with 6 and ¢, respectively. Following standard convention, the north
pole is at latitude 6 = 0, while the equator is at latitude 6 = 71/2. Let us consider a Cartesian
system centred at the center of the Earth (assumed to be a perfect sphere), with the x— axis
pointing toward the location of 0 longitude on the equator, with the y— axis pointing toward
the location of 7/2 longitude on the equator, and with the z—axis pointing toward the north
pole. In this coordinate system, at the {6, ¢} location, the north direction is given by

Dnorth = {—sin6 cos ¢, —sin @ sin ¢, cos 0} (E.1)
while the east direction is given by
Deast = {_ sin ¢, cos @, 0} (E.2)

we note that these vectors are a basis for the tangent space to the Earth surface at the {6, ¢}
location, and they can therefore be employed to specify the directions of the arms of the
detector. In our computations we specify the orientation by the angle § that the arm direction
fix forms with the north direction,

fix = co8 (B) Onorth + Sin (B) Deast (E.3)
for what concerns the L-shaped detectors, we have
ity = —sin (B) Onorth + €08 (B) Deast (E4)

while for iy and iz in triangular-shaped interferometers we follow the conventions indicated
in Figure 23.

E.1 — GEOMETRY OF ET ADOPTED IN SECTIONS 4-5

For the case of a single ET (like the one considered in section 4 and section 5), an explicit

evaluation of the d‘llf’q and d’{% coefficients show that the A— and the E— channels can be
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Ficure 23: Our convention for the orientation of the three ET arms, with the labels “N” and “E”
indicating, respectively, the north and east direction at the location of the interferometer,
and with p being the angle formed by the direction 7ix of the “first” arm and the north
direction.

understood as two 90° interferometers that are shifted by 45° with respect to each other. To see
this, we can imagine placing one interferometer to the north pole (f = 0), arriving to it from
the meridian that joins the equator along the negative y—axis (¢ = —7). In this way the deast
and the 9,y directions are unit vectors oriented, respectively, along the x— and y— axis (as a

conventional 2d Cartesian system in Figure 23) . One then finds that

ity (p) =t (T3 8) ot (p) =ty (4 ) (E5)

where dggo («) is the element in eq. (B.4) resulting from a 90° interferometer with the 7 arm
(resp., © arm) oriented at a counter-clockwise angle & (resp., & + 90°) with respect to the x—axis.

As a consequence of the first of (E.5), d{%, (B+ %) = —d{’; (B). Combining this with the
second of (E.5) results in d’fb W (B) = fd‘{,hE (B+ F). Therefore, the quantity (4.11) in section 4
and (5.15) in section 5 are at least invariant under the variation § — B+ Z. One also expects
that any physical result, such as the optimal SNR, should be invariant under a different labelling
of the three arms. Therefore (4.11) and (5.15) should also be invariant under the variation
B— B+ 27” Combining these two periodicities, we see that (4.11) and (5.15) should at least be
invariant for B — B+ {5. In fact, an explicit evaluation of these coefficients shows that (4.11)
and (5.15) are independent of .
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E.2 — POSITIONS AND ARMS OF EXISTING AND PLANNED INTERFER-

OMETERS

To summarize, the table 24 displays the actual locations of the existing interferometers LIGO,
Virgo and KAGRA, with the proposed ones for ET in the two sites (the one in Sardinia and the
one in the Netherlands). In the table we consider § = 0, with § defined in (E.3) for both the

ETs.

Central location

{=0.338,—0.600,0.725}

LIGO Hanford First Arm {—0.224,0.799,0.557}
Second Arm {—0.914,0.0261, —0.405}
Central location {—0.0116, —0.861,0.508}
LIGO Livingston First Arm {—0.953, —0.144, —0.266}
Second Arm {0.302, —0.488, —0.819}
Central location {0.712,0.132,0.690}
Virgo First Arm {—0.701, 0.201, 0.684}
Second Arm {—0.0485, —0.971,0.236 }
Central location {—0.591,0.546,0.594}
KAGRA First Arm {—0.390, —0.838, 0.382}

Second Arm

{0.706, —0.00580, 0.709 }

Central location

{0.750734,0.124943,0.648682}

ET - Sardinia First Arm {—0.639881, —0.106494, 0.76106 }
Second Arm {0.177765,0.907522, —0.38053 }
Third Arm {0.462115, —0.801028, —0.38053 }
Central location {0.627568,0.062529,0.776046 }
ET - Netherlands First Arm {—0.772223, —0.076942, 0.630676}
Second Arm {0.300248,0.900229, —0.315338}
Third Arm {0.471974, —0.823287, —0.315338}

FIGURE 24: Cartesian coordinates of the unit-vectors specifying the positions of the interferometers
and the direction of their arms, in the coordinate system described in this Appendix. For
ET, we consider the configuration with 8 = 0, with B defined in (E.3).






Appendix

EVALUATION OF THE COEFFICIENTS Yy ab cd

In this Appendix we evaluate the coefficients y,, 5, 4. We start from eq. (5.3), where we insert

the expression for the spherical harmonics,

2141 (1 —m)!
Yom (60, 9) = a7 (I+m)!

P (cos8) e™? = NJ" P" (cos 0) ™7 (E1)

(6 and ¢ are the polar angles that specify the direction 7, and P}" are the associated Legendre
polynomials) and where we use the second of (A.1), to write

_ 2 /ndé)sin 6 NJ'P}" (cos0) an elm?
Vemabed = g0 | Iy ) ¢

X {5uc5bd + 6,440pc — Sapdcd
+ Oap fic g + Ocq Al iy — [Oac iy g + Opg g e+ Ogg gy e + Ope a g

+ fig iy Ae ﬁd} . (F2)

Let us first discuss the integration over the angle ¢. We notice the presence of three
structures, characterized by, respectively, zero, two, and four elements 7.

The terms with no 7 give

27 ) 2710 40, ifm=0,
/ dpem? g5,y =4 w0 (F3)
/0 0 if |m| >0,

(and identically for the other two structures in the second line of eq. (F.2)). An explicit evaluation

of the terms with two 7 results in

Aq0) ifm=0,
Bogs(0) ifm =41,
Cegr(0) ifm==2,

0 if |m| > 2,

27 .,
/0 g™ 5.y = T80 (F4)
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where we have introduced the matrices

sin?6 0 0
Aqg@) = 0 sin?6 0
0 0 2cos? 6
0 0 sin6 cos 0
Beas(0) = 0 0 +isin 6 cos 6
sinfcosf +isinfcosf 0
1 sin? 0 +isin26 0
Coas(0) = 5+ sinf§ —sin?6 0
0 0 0

Finally, an explicit evaluation of the terms with four 7 results in

Daped + €052 0E ypcq + cos* OF pcq ifm=0
sinf cos 6 [Gapeas + c0s? 0 Hopega | ifm=+1
o (1 —cos*0) Lpegs +cos? 0 sin? O pege i m = £2
deeigfyiciy = 7 ~
0 cos 0 sin® 0 Kpegs ifm=4+3
sin® 0 Lo ifm=+4
0 if |m| > 4

(E5)

(F.6)

(E7)

(F.8)

where the matrices D, ... M4+ are constant (and where the + and — matrices are conjugate of

each other). Their explicit form is not illuminating, and we do not report it here. We use the

results (F.3), (F4), and (E8) in eq. (F2) and we perform the remaining integration. Considering

only the 6 dependences, we have the following integrals (where x = cos6)

1 1
NO/ dxPy(x) = —6
V4 1 é( ) \/E /0
1 1 2
NO/ dx Py (x) x> o0 + 1)
V4 1 5( ) 3\/5 /0 3 /757_[ 2
1 1 4 8
NO/ dx P, (x) x* dpo + S + 1)
¢ | dxP(x) N AR N AT WAL

for the coefficient m = 0,

1 2
+1 +1 _ /
Nj /_1de€ (x)xvV1—x2 = F 1571542

1 1 6 4
Nil/ dx P (x) ®v/1 — x2 Y ) —
o]y ] (x) :F7 5n£2:F21\/5—7T£4

(F.9)

(F.10)



APPENDIX F. EVALUATION OF THE COEFFICIENTS Yy ab,cd

for the coefficient m = +1,
1
N2 /_1dxpfﬂ (x) (1—x2) N
1 16 \/T 4 [2
+2 42 .4 _ 1 2
Ng /_1de£ (%) (1 x) 7\ 5202 T a1\ 5,04
2
7

1 2 4 2
+2 +2 2(1 .2 /
N, /_1 dx P,* (x) x (1 x ) = n S + 7V 5 du4 (F11)

for the coefficient m = +2,

1 3/2 4
N3 / dx PP (x) x (1 — 2 = ) F.12
) AP @ (1) NENGT (F12)
for the coefficient m = %2, and, finally
1 2 8 2
+4 +4 _ 42 - - -
N; /_1 dx P; (x) (1 X ) 3\ 35 o (E13)

for the coefficient m = +3.
Inserting these results, together with egs. (E.3), (F4), and (ES8), in eq. (F.2), we obtain the
expressions given in eq. (5.6) of the main text.

F.1 — THE COEFFICIENTS Yy apcd AS A LOW-FREQUENCY LIMIT OF
(3.14)

In this appendix we derived the values of the coefficients 7, 44 4 by neglecting the value of
the phase (5.1) as a first step of the treatment, and secondly computing the angular integrations
in eq. (5.2), eventually obtaining (5.6). We can achieve the same results of (5.6) by considering

the values of (3.14), summing over A = —1,1 and eventually taking the limit x — 0, namely
Yim,ab,ed = hn’(l) Z ')’/m ahcd(K S) (F‘14)
A=

The proof of this equation is straightforward. First we consider the limit of (D.7), (D.8) and
(D.12) for x — 0, obtaining
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) 0,40
Mij,/\(OrSA) __Yac hdl‘i(‘) ad%bc % d?bd]qd

. A
Dz] A(O ZJ) 30 (fsacgbde + Oud€pce T Ovc€ade + (degace) Ve X dﬂbdﬂi

1 11

70 — ?'ﬁewe (5ac§bd + 5ad5bC) +

QiiA(0,3,0,0) =
+ Gac (OpWg + Dy0a) + Gaa (OpWc + Wp0c) +
+ Oy (0athg + Da0g) + Spa (Dathe + Wade) | x divds? (E15)

Therefore

1-. 5ac§bd + 5ad5bc
Z abed A — &

5
ub cd Z I1ab cd, A=
A 1 11
rth,cd(O’ 0,) = ;rth,cd,/\ =35 gvewe (0acOpa + 0addpc)

+ dac (ﬁblf)d + wbﬁd) + 044 (ﬁbwc + wbﬁc)

+ Ope (Z?alf)d + wﬂﬁd) + Opa (Z?alf)c + wﬂﬁc) (F.16)

and implementing those results into (D.1) we find back the same expressions of (5.6).
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