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Abstract

Gravitational waves (GW) are opening the possibility of probing otherwise inaccessible
physical scenarios, with a transformative impact on our understanding of fundamental
physics. One of the most important science cases for GW physics is the discovery of an
extension of General Relativity (GR); for example, scalar-tensor theories of gravity be-
yond GR predict the existence of a scalar mediator of gravity other than the usual tensor
interaction. The existence of such scalar fields will have possibly observable effects in Ex-
treme Mass Ratio Inspirals (EMRI), highly-informative astrophysical systems which will
be observed by the future GW detector LISA.

In this Thesis, I explore the phenomenology of a massive scalar field affecting the EMRI
orbital evolution in the perturbative regime, characterizing systematically the effects of
the field dynamics using custom analytical and numerical methods. Based on a classical
field-theoretical approach, I provide an efficient numerical implementation to compute
the field dynamics and its back-reaction on the secondary. I use these results to assess the
observability of such effects and forecast the LISA capabilities for estimating the field’s
parameters. Particular attention is given to the description, modeling, and interpretation
of effects specific to massive fields, such as field confinement, global superradiance, and
superradiant resonances; for the latter, a thorough investigation of resonant and floating
orbits is performed.
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1 Gravitational waves, LISA and Ex-
treme Mass Ratio Inspirals

1.1 Gravitational waves: the latest window on our universe

1.1.a An introductory overview

Gravitational waves (GW) are a general prediction of a wide class of theories of gravity
(Arun et al., 2013; Berti et al., 2015) including General Relativity (GR) (Einstein, 1916; Ein-
stein, 1918; Misner et al., 1973; Maggiore, 2007). They are defined aswave solutions (prop-
agating oscillations) of the field equations describing gravity: in the context of General
Relativity, gravity is described by the metric gµν of a 4-dimensional pseudo-Riemannian
spacetime manifold M through the Einstein Field Equations1

Gµν ≡ Rµν −
1

2
Rgµν = 8πTµν (1.1)

where Gµν is the Einstein tensor, Rµν ≡ Rα
µαν is the contraction of the Riemann tensor

Rµ
ναβ ≡ ∂αΓ

µ
νβ − ∂βΓ

µ
να + Γµ

σαΓσ
νβ − Γµ

σβΓ
σ
να built from the Christoffell symbols Γµ

να ≡
1
2g

µσ(∂νgασ+∂αgσν−∂σgνα), andTµν is the stress-energy tensor that describes the source of
the field in terms of matter/energy density, momentum density, and energy/momentum
fluxes. Eq. (1.1) corresponds to a set of ten second-order coupled differential equations in
the metric components gµν , which in general are very difficult, if not impossible, to solve.
The GW solution, however, arises in a particularly simple way from the linearization of
Eq. (1.1) in vacuum, Tµν = 0, around the trivial solution of Minkowski spacetime. Let
hµν be a small perturbation of the metric gµν = ηµν + hµν , and consider the tensor hµν
such that hµν = hµν − 1

2hηµν . The linearized Einstein Equations lead to a wave equation
□hµν = 0, which in general describes the propagation of a wave packet (superposition of
monochromaticwaves) that travelswith the speed of light independently of the frequency
(non-dispersive propagation). The tensor hµν originally has 10 degrees of freedom (DoF),
being a symmetric 4 × 4 matrix; not all of these describe physical degrees of freedom,
since a gauge choice is still possible. A customary and useful choice is the Transverse
Traceless (TT) gauge, in which hµ0 = 0 (the perturbation is purely spatial), ∂αh

αβ
= 0

(transverseness) and h
α
α = 0 (tracelessness: this has the effect that hµν = hµν , thus the

wave equation involves directly the perturbation hµν). These three conditions make use,
respectively, of 4, 3 and 1 DoF, thus leaving only 2 physical DoF, corresponding to the
two possible independent polarization states of GW. The metric perturbation can thus

1throughout this Thesis, if not otherwise specified I will use geometrized units c = G = h̄ = 1 and
mostly-positive metric signature (−,+,+,+).
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CHAPTER 1. GRAVITATIONAL WAVES, LISA AND EXTREME MASS RATIO INSPIRALS

be written as the sum of two amplitudes hλ(t), with index λ taking only 2 values, each
multiplied by a polarization tensor eλµν :

hµν(t) = hλ(t)e
λ
µν eλ,µνe

µν
λ′ = 2δλλ′

A convenient choice of the polarization tensors is given by λ = +,× as

e+ij = ex⊗ex−ey⊗ey =

⎛⎜⎝ 1 0 0

0 −1 0

0 0 0

⎞⎟⎠ e×ij = ex⊗ey+ey⊗ex =

⎛⎜⎝ 0 1 0

1 0 0

0 0 0

⎞⎟⎠
which describe the “plus” and “cross” polarizations of a quadrupolar transverse wave,
and have the effect of deforming a circle of free test particles into an oscillating ellipsewith
the axes oriented along the reference frame’s axis direction (+) or with an inclination of
45◦ (×). This is theworkingmechanism for the detection of GWwith laser interferometers
(Sect. 1.1.c).

Since GWs are usually small perturbations of the background spacetime, their produc-
tion is often described by linearizing the Einstein Equations and expressing the stress-
energy tensor (the source term) explicitly to describe the physical setup. The classical
treatise to obtain the GW amplitudes far from the source consists in expanding the metric
tensor gµν around the Minkowski metric, eventually obtaining (Maggiore, 2007)

hµν(t, x⃗) =
4G

c4

∫︂
d3y

Tµν(t− |x⃗− y⃗|/c, y⃗)
|x⃗− y⃗|

namely a retarded potential, since the information about the source at position y⃗ propagates
with finite speed c and reaches the observer at position x⃗ at time τ = |x⃗− y⃗|/c, with amag-
nitude that decreases like 1/|x⃗ − y⃗| = 1/DL, where DL is the luminosity distance from
the source. This is a very important feature of GWs: detection involves measuring the
gravitational potential, differently from electromagnetic waves, for which we can measure
only the intensity of the energy flux, which scales as 1/D2

L due to energy conservation.
As a result, although GW are intrinsically extremely weak due to the numerically small
prefactor G/c4, the decay with distance is less severe than the one experienced by the en-
ergy flux: this will enable GW detectors to reach detectability horizons that would not be
possible for electromagnetic (EM) observations. For example, for suitablemass configura-
tions, the GW detector LISA (see Sec. 1.3.c) will reach redshift z ∼ 20with signal-to-noise
ratio (SNR) ρ ∼ 200 (Bogdanovic et al., 2022), and much further, z ∼ 100, at lower but
still observable SNR, practically covering the whole observable Universe and probing the
electromagnetically inaccessible era before reionization.

The standard post-Minkowskian expansion presented here applies to low-compactness
systems (roughly speaking, the condition (m1+m2)/r ≪ 1 holds). This is not necessarily
true for the systems considered in this Thesis, which can exhibit high compactness in
the last phases of their evolution. In Chapter 3 the Teukolsky formalism is presented,
in which the fundamental simplification is given by the expansion around a Kerr metric
background instead (Sec. 1.4.a), exploiting the small mass ratio q.

2



1.1. Gravitational waves: the latest window on our universe

1.1.b Gravitational Wave stress-energy tensor

Gravitational waves as described in the TT gauge do not have any effect on the coordi-
nates of single test particles, namely every particle does not perceive an acceleration. This
however does not imply that GWs cannot transfer energy to an extended system of par-
ticles, since the proper distance between the particles themselves change accordingly to
the metric perturbation. For this reason, in principle if a generically dissipative mecha-
nism is present (e.g. a dissipative spring between two testmasses) energy andmomentum
can be extracted from a passing GW. This implies that the perturbation of spacetime itself is
carrying energy and momentum, which are represented by a GW stress-energy tensor.

The most direct way of obtaining such a tensor is by using a field-theoretical approach
(Maggiore, 2007), namely, to consider the metric perturbation hTT

µν as a classical tenso-
rial field defined on a Minkowski (flat) spacetime. The definition of such tensor presents
some conceptual difficulties: for example, it cannot be defined locally, since the space-
time is Minkowskian point-by-point (morally, the GW effect is manifest only on finite-size
systems). For this reason, the GW stress-energy tensor must be defined as a finite-size
spatial average of the standard stress-energy tensor found with the Noether currents as-
sociated with space-time symmetries. The equation of motion of the field is given by the
Einstein-Hilbert action

SEH =

∫︂
d4x

√
−g

16π
R (1.2)

Where R is the Ricci scalar, R = Rα
α = Rγ

αγβg
αβ , and g = det gµν . At the first relevant

order in h, which is the second since R ∼ h2, the action becomes

SGW = − 1

64π

∫︂
d4x
[︂
∂µhαβ∂

µhαβ − ∂µh∂
µh+ 2∂µh

µν∂νh− 2∂µh
µν∂ρh

ρ
ν

]︂
The Lagrangian is then L = − 1

64π

[︂
∂µhαβ∂

µhαβ − ∂µh∂
µh + 2∂µh

µν∂νh − 2∂µh
µν∂ρh

ρ
ν

]︂
and the stress-energy tensor (interpreted as a collection of four Noether currents) can be
obtained as

tµν =
⟨︂
ηµνL − ∂L

∂(∂µhαβ)
∂νhαβ

⟩︂
where ⟨⋆⟩ represents a spatial average over a region with typical size L ≫ λ, where λ is
the wavelength of the GW. Note that the application of the TT gauge must be performed
after the computation of the derivative with respect to ∂µhαβ : the application of the gauge
choice corresponds to choosing a univocal representation of h among a class of equiv-
alence in a function space (e.g. L2); the choice then corresponds to the reduction to a
submanifold, which is possibly curve: while in the general description ∂ is computed as a
simple partial derivative, if the gauge choice is explicited before the application of the dif-
ferential operator the correct expression would feature Christoffell coefficients. Instead,
the derivative is performed in the general (flat) space of functions, and the gauge choice
is specified at the end.

The final expression for the stress-energy tensor in the TT gauge and with explicit de-
pendence from the constants c, G is eventually given by

tµν =
c4

32πG

⟨︂
∂µhαβ∂

νhαβ
⟩︂

(1.3)
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CHAPTER 1. GRAVITATIONAL WAVES, LISA AND EXTREME MASS RATIO INSPIRALS

This expression is crucial for the adiabatic treatment of gravitating binary systems, which
is the fundamental theoretical tool used in Chapter 5 and 6 to evaluate the dynamical
evolution of ExtremeMass Ratio Inspirals (EMRI) under the effect of standard GW energy
and angularmomentumdissipation and an additional scalar field dissipative channel (see
Chapters 2, 3).

1.1.c Gravitational Waves experimental observations

Currently, the detection of deterministicGWsignals from individual astrophysical sources
is performed using interferometric techniques. Although other approaches have been ex-
plored in the past, such as resonant bars (Weber, 1968; Cerdonio et al., 1997; Astone et al.,
1991) and planetary resonant modes, which are now being taken again in consideration
for lunar GW detection (Ajith et al., 2025), and more are being considered, such as atom
interferometry (Dimopoulos et al., 2009; Abe et al., 2021; Norcia et al., 2017), the first direct
GW detection, followed by an extremely rich series of other events, was performed by the
interferometers LIGO (Laser Interferometer Gravitational-Wave Observatory) and Virgo
(Abbott et al., 2016; Aasi et al., 2015; Acernese et al., 2015). The scientific output of these
detectors had a transformative impact on physics and astrophysics; the instruments are
constantly subject to progressive improvement, leading to increasingly informative ob-
servations, larger detection volume and probed binary compact objects population (A. G.
Abac et al., 2026a; N. Abac et al., 2026).

Although a detailed description of an interferometer is not necessary for the following,
the physical principle that enables GW measurement is briefly summarized. As seen in
the previous Section, the transit of a GW induces a quadrupolar deformation of proper
distances between free test masses, with opposite expansion/contraction along the main
polarization axes, which are positioned at 90◦ in the plane transverse to the GW propaga-
tion direction. Broadly speaking, the goal of an interferometer is to monitor the relative
position of a set of test masses and detect the anti-correlated oscillations along the po-
larization’s axes. This is achieved by comparing the phase of a laser linkages between
the masses, in such a way that a small proper distance shift will induce a measurable de-
phasing between distinct linkages. In the case of ground-based interferometers, the test
masses are heavy mirrors that constitute the termination of a resonant cavity, through
which small length changes induce a much more pronounced dephasing with respect to
a simple Michelson-Morley interferometric setup. Note, however, that the given broad
definition also includes different setups used for space-borne detectors: for example, the
Laser Interferometer Space Antenna (LISA) detector will use metallic test masses embed-
ded in a constellation of three spacecrafts, the laser linkage and phase locking will be
provided by a system of telescopes and transponders, and the test mass relative posi-
tion monitoring will be mediated by individual measurements of test mass-spacecraft,
spacecraft-spacecraft, and spacecraft-test mass distances. The dephasing measurement
does not directly provide the proper distance, since the latter is an isochronous modifica-
tion of spacetime, while the interferometric measurement is extended in time due to the
finite speed of light. As a result, while longer interferometer arms are desirable, since the
proper distance change is proportional to the baseline length, the time of flight increases,
and higher frequency signals are averaged out, decreasing the instrument’s response. For
this reason, space interferometers like LISA can exploit an extremely long baseline, but
the frequency range is forced to shift towards smaller frequencies, in the milliHertz band

4



1.2. Detection and parameter estimation with gravitational waves

for this example.
The only other technique that has already produced a direct observation of GW is the

pulsar timing array (PTA), which monitors the correlations between the time of arrival
(ToA) of radio pulses from an extended network of millisecond pulsars (Hobbs et al.,
2010). The target of the measurement is the GW spectrum in the nanoHertz frequency
band, which mainly consists of a stochastic background producing a characteristic aver-
gaed angular distance correlation between ToAs, namely the Hellings & Downs (HD)
curve (Hellings et al., 1983). The International PTA (IPTA) revealed the presence of a
stochastic GW background (Verbiest et al., 2016); the individuation of resolved sources or
anisotropies, which did not yet occur, is expected to produce statistically relevant depar-
tures of the angular correlation function from the HD curve.

1.2 Detection andparameter estimationwith gravitationalwaves

1.2.a Characterization of detector noise

The frequency window spanned by a detector, as well as its sensitivity in the frequency
domain, is determined by its intrinsic noise. The output datastream of a detector can be
decomposed as a signal + noise,

d(t) = s(t) + n(t) (1.4)

where the magnitude of the noise can potentially be dominant with respect to the signal
that we want to detect and characterize. For this reason, a rigorous treatment of noise
properties is essential to correctly recover the very faint signal. Note that in Eq. (1.4) the
noise is referred to the input: we consider the noise as it was produced by the same physical
mechanism that we are probing, in this case GW, to be able to compare different sources
of noise directly with the physical GW signal; morally, even if the noise is produced later
in the detection apparatus, we always treat n(t) as the intensity that a GW signal should
have had to produce the particular realization of the total datastream d(t). The GW strain
s(t) corresponds to the projection of the GW tensor hij through an antenna pattern ten-
sor F ij , which depends on the detector configuration and the orientation of the source,
parametrized by the right ascension and declinationα, δ; in terms of the+ and× polariza-
tion amplitudes, s(t) = F+(α, δ; t)h+(t) + F×(α, δ; t)h×(t); it is customary to express the
GW amplitude as the complex strain h = h+−ih×, such that the antenna pattern expressed
as a complex function F = F++iF× gives the strain h(t) simply through h(t) = h · F . Note
that in general the antenna pattern can be a function of time, especially for long-duration
signals where the detector’s motion becomes relevant.

Noise can be defined as any source of stochastic unwanted signal in the detector datastream.
It can be produced by the detector itself, the environment, or even be of the same physical
origin of the “true” signal. For example, typical sources of noise are seismic vibrations,
which in current interferometers are damped by a cascade of passive and active seismic
insulators (standard and inverted pendula, feedback mechanisms) to which the reflective
masses are attached, the readout noise caused by the physical mechanism that converts
the interferometer’s laser intensity to an electric signal (transducer), the thermal noise
that is typical of finite-temperature objects as the mirrors (which for this reason will be
maintained in a cryogenic environment for the Einstein Telescope), the quantum noise

5



CHAPTER 1. GRAVITATIONAL WAVES, LISA AND EXTREME MASS RATIO INSPIRALS

caused by themomentum transfer of single photons impinging on themirrors (shot noise);
the Newtonian noise consists in local gradients of the local gravitational field, and it is
much more difficult to avoid since it consists of the very same nature of the signal that we
want to isolate; even worse, the Laser Interferometer Space Antenna (see Sec. 1.3.c) will
be limited in the mHz band by a stochastic background of unresolvable galactic double
white dwarfs: in this case, not only this contribution has the same nature of the signal it
covers (for example, a very distant EMRI or massive symmetric binary), but also comes
from an astrophysical sources, and can be considered as a signal or as a noise depending
on the topic of interest. This brief list showcases the variety and great difference in the
possible noise sources, andmotivates the development of a unified formalism to take into
account all these factors through a set of common theoretical tools.

Noise is a stochastic process, thus it can be characterized only through its statistical
properties. In order to develop operative data analysis methods, three fundamental as-
sumptions are made (Maggiore, 2007):

• Ergodicity: the statistical properties of a set of multiple noise realizations at fixed
time t coincide with the statistical properties of a single noise realization at different
times, namely ensemble properties can be obtained from time-averaged properties.

• Stationarity: the statistical properties of the noise are independent of the time of
measurement. This hypothesis must hold for at least the duration of the signal.

• Gaussianity: at fixed time, the probability distribution for the noise realization is
gaussian; this is a consequence of the Central Limit Theorem, thanks to the fact that
the noise results from a large set of stochastic processes (which are not necessarily
gaussian).

These hypotheses constitute the foundation of the current data analysis techniques;
while I will always assume their validity, which is strongly motivated and validated in
current interferometers, it is important to notice that they will be violated in the context
of next-generation detectors. The stationarity condition is ensured for current observa-
tions thanks to their brevity, ∆t ≲ 128 s (A. G. Abac et al., 2026a), however this will
not the case for next-generation interferometers, where the signal can last O(103) s for
solar-mass binary black holes (BH) in the audio band (in the case of Einstein Telescope
and Cosmic Explorer), up to years in the case of mid- to low-frequencies as for the Lu-
nar Gravitational Wave Antenna (LGWA, Ajith et al., 2025) and the Laser Interferometer
Space Antenna (LISA, Amaro-Seoane et al., 2017), for which the signal can be present in
the observational band for the whole duration of the mission. In these cases, variations of
the statistical characteristics of noise are expected during the evolution of the signal (Ed-
wards et al., 2020). Regarding Gaussianity, the prevalence of a single non-Gaussian noise
source could prevent the application of the central limit theorem; this will be the case
for LISA, when considering the stochastic noise produced by the galactic double-white
dwarfs background (Buscicchio et al., 2025).

The main statistical property of the detector’s noise is the autocorrelation function,
which is a measurement of the expected correlation of the noise value at two different
times:

ϑ(2)(t1, t2) ≡ ⟨n(t1)n∗(t2)⟩

It is more convenient to work with another quantity, namely the power spectral density
(PSD) of the signal. The PSD is defined as the average “power” contained in the signal at
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1.2. Detection and parameter estimation with gravitational waves

a fixed frequency, namely Sn ≡ ⟨|n(f)|2⟩ = lim
T→∞

1
T

∫︁ T/2
−T/2 |nt(f)|

2dt. The PSD and the 2-
point correlation function are related by the Wiener-Kinchin theorem under the assump-
tion of wide-sense stationarity, a weaker requirement of the general stationarity. Under
this hypothesis, the 2-point CF corresponds to the inverse Fourier transform of the PSD:

ϑ(2)(t) =

∫︂
df eiftSn(f)

This easily defines a handy expression for the power spectrum:

⟨n(f1)n∗(f2)⟩ =
1

2
Sn(f1)δ(f1 − f2)

This is easily shown as follows, rewriting the 2-point correlation function in Fourier do-
main and verifying that the use of the previous expression (passage marked as ⋆) leads to
the statement of the Wiener-Kinchin theorem:

ϑ(2)(τ) = ⟨n(t+ τ)n∗(t)⟩

=

⟨︄∫︂
df1

∫︂
df2 e

if1(t+τ)e−if2tn(f1)n
∗(f2)

⟩︄

=

∫︂
df1

∫︂
df2 e

if1(t+τ)e−if2t⟨n(f1)n∗(f2)⟩

⋆
=

∫︂
df eift

1

2
Sn(f)

=

∫︂ ∞

0
df eiftSn(f)

Note that the PSD is dimensionful and has the dimensions of the inverse of themeasure
df in order to give an adimensional correlation function; thus [Sn] = Hz−1. Other repre-
sentations of the detector noise are the spectral amplitude

√︁
Sn(f), which is motivated by

the fact that Sn is quadratic in the noise amplitude, thus the spectral amplitude becomes
linear, and the characteristic strain hn =

√︁
fSn(f), which is adimensional and allows for an

intuitive graphical evaluation of the detectability of a signal (Moore et al., 2015). In Fig.
1.1 the characteristic strain noise curves of some present and future detectors are shown,
together with the typical strain amplitude of relevant GW sources.

1.2.b A whisper in the crowd: matched filtering and parameter estimation

The detection of GW is by definition a high-precision measurement process, in the sense
that the amplitude of the noise is larger than the amplitude of the signal present in the
datastream, namely ||n(t)||2 ≫ ||s(t)||2; to be able to extract relevant information, it is
therefore necessary to develop efficient and robust data analysis techniques, the most im-
portant of which is match filtering, which addresses transient and modeled signals. In this
Section I will introduce thematch filtering, the signal-to-noise ratio (SNR) and theWiener
dyadic product, general tools that will be useful in Chapter 5 to assess detectability and
parameter estimation (Maggiore, 2007).

TheWiener dyadic product between two signals a(f) and b(f) in the frequency domain
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Figure 1.1: The present and future landscape of GW detection, with some of the most relevant
detectors and sources. Refer to Sec. 1.3 for a description of the future detectors. In the frequency
vs characteristic strain space, from left to right: LISA will observe sources in the mHz band, such
as Extreme Mass Ratio Inspirals; the unresolved galactic binaries background in green showcases
the possibility of a GW source effectively acting as a noise feature. In the deci-Hertz band is repre-
sented DECIGO, and the representative source of supernovae type Ia resulting from double-white
dwarfs merging. In the audio band, the current configurations of Advanced LIGO and Advanced
Virgo (red and green respectively), and the future ground-based interferometers Einstein Tele-
scope and Cosmic Explorer, mainly probing compact binary coalescences of solar-mass compact
objects. Plot realized with the GWplotter tool (Moore et al., 2015).
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is defined as
(a|b) ≡ Re

∫︂ +∞

−∞
df
a∗(f)b(f)

Sn(f)/2
= 4Re

∫︂ +∞

0
df
a∗(f)b(f)

Sn(f)
(1.5)

where the second equation is motivated by the fact that since a(t), b(t) are real signals in
time, a∗(f) = a(−f), b∗(f) = b(−f) and the dyadic product involves only the real part of
the integral. The dyadic product is real, thus symmetry (a|b) = (b|a)∗ = (b|a) is implied,
depends on the specific properties of the detector’s noise and has the property of acting
like a standard L2 product between functions of one variable (frequency) with the prop-
erty of weighting more the product in correspondence of frequencies where the detector
is more sensitive. In particular, following the definition of the power spectrum, the prod-
uct is directly comparing the product of the two signals with the average square amplitude of
the noise. Note that (a|b) is a well-defined scalar product in a space of functions: this im-
plies the existence of a corresponding metric. This geometric interpretation will be useful
when introducing Fisher matrices (Sec. 1.2.c).

A generic linear filter consists in the convolution of a signal h(t) with a kernel function
K(t), to obtain a filtered time series S(t):

S(t) =

∫︂ +∞

−∞
dτh(τ)K(τ + t) (1.6)

let’s consider a noisy signal h(t) = s(t) + n(t), with s(t) = αs̃(t), ||s||2L2
= 1 such that

α represents an overall amplitude of the signal present in the datastream. Then, if the
kernel is exactly s̃(t), the expectancy value of the filtered signal at t = 0 will read

⟨S⟩ =
⟨︂∫︂ +∞

−∞
dτh(τ)s̃(τ)

⟩︂
=

∫︂ +∞

−∞
dτ αs̃∗(τ)s̃(τ) = α (1.7)

since ⟨n⟩ = 0. This is the fundamental concept of match filtering: if the functional form of a
signal is known, it is possible to extract its amplitude from a noisy datastream. This explains why
for GW searches it is of primary importance to know in advance the functional form of the
target signal up to a certain accuracy, both for detection and parameter estimation. The
biased knowledge of a signal will result in a non-detection, or in a systematically biased
parameter inference (Benetti et al., 2026a; Dhani et al., 2025).

Of course, even if ⟨n⟩ = 0 for an infinite amount of time, the specific realization of the
noise for a finite-duration signal (or observational period, or even data analysis window)
will introduce a finite statistical bias on the signal amplitude S(t). For this reason, we can
estimate the square amplitude of the noise through the same kernel:

N2 = ⟨n2⟩ − ⟨n⟩2 = ⟨n2⟩ =
∫︂ +∞

−∞
dt

∫︂ +∞

−∞
dt′K(t)K(t′)⟨n(t)n(t′)⟩

=
1

2

∫︂ +∞

−∞
df |K(f)|2Sn(f)

using a double Fourier transform and the definition of the spectral noise. Thus, for a
generic kernelK and a signal s(t) present in the datastream it is possible to define a signal
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to noise ratio (SNR)

S

N
=

∫︁ +∞
−∞ dfK∗(f)s(f)√︂∫︁ +∞

−∞ df |K(f)|2Sn(f)/2

The optimal matched filter corresponds to the choice of the kernelK that maximizes the
SNR once the signal and noise are fixed. It can be shown that the optimal kernel is given
byK(f) = s(f)/Sn(f). In this case, the SNR is called the optimal SNR and takes the value
ρ =

√︁
(s|s), where (⋆|⋆) is the previously defined Wiener dyadic product.

The operative implementation of matched filtering consists in a continuous evaluation
of the SNR statistics over a extensive bank of waveform templates, such that every signal
is well approximated by at least one template. An event is further considered as a pos-
sible detection if the SNR exceeds a given threshold (currently typically 8, for LISA the
detection threshold will be ρ = 20), such that the false alarm rate (FAR) caused by the
statistical behavior of the noise (which will display a stochastic behavior with occasional
peaks of relatively high SNR) is sufficiently low to avoid an unmanageable excess of false
positives.

1.2.c Parameter estimation forecasts: the Fisher matrix technique

Once a signal is detected through matched filtering, the goal of a parameter estimation
procedure is to assign a joint probability density to specific values of a parameter set describing the
system. To do so, we consider the likelihood function L associated with the noise statistics:
since the noise is gaussian and stationary, it can be written as a product of single gaussian
likelihoods for every noise sample:

Ln(d;Sn) ∝ exp
{︄

− 1

2

∑︂
i

|ni|2

Sn(fi)T

}︄

Note that the expression is already written in frequency domain, where Sn(f) acts like a
frequency-dependent variance, and includes the dependence from the observational time
T : in particular, the noise floor decreases as T−1/2 as expected.

If a deterministic signal h(f ; θ⃗) which is a function of the frequency and a finite set of
parameters θ⃗ is present in the datastream d(f), the likelihood of the parameter set θ⃗ will
be inherited from the noise likelihood via

L(d;Sn, θ⃗) ∝ exp
{︄

− 1

2

∑︂
i

|di − h(fi; θ⃗)|2

Sn(fi)T

}︄

in other words, we are evaluating how probable it is that the residuals are exclusively described
by noise. The maximum-likelihood parameters will indicate the optimal set of parameters
such that the datastream minus the template generated with that parameter set “looks
like” a realization of gaussian stationary noise. Moving away from the ideal parameter
set will result in a increasingly relevant residual, which will lower the likelihood since a
true noise realization with such residuals is progressively less probable.

The Bayes theorem allows to compute the posterior distribution, namely the proper prob-
ability density of the parameter set, as the normalized product between the likelihood and
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the prior distribution, which is a probability density describing the probability of an event
a priori of the detection. For example, the prior distribution as a function of the luminos-
ity distance DL will scale approximately as D2

L, reflecting the fact that a spherical shell
located at radius DL and with fixed thickness has a volume that scales as D2

L; but priors
are used also to exclude unphysical combinations of parameters (for example, a negative
mass of a binary system’s component). In general, the priors are chosen to be the less infor-
mative possible, since a biased prior can severely bias the posterior; for example, a prior
on the sky locationwill be completely homogeneous on the S2 sphere. At the same time, if
strongly physically-motivated prior distributions are available, they can help constraining
the posterior also starting from a loosely-constrained likelihood.

The Fisher matrix technique is a gaussian approximation of the likelihood function in
the parameter space. In particular, we write

L ≈ exp
{︂
− 1

2
∆θiFij∆θ

j
}︂

(1.8)

To find the explicit expression of the Fisher matrix Fij , let’s expand the logarithm of the
likelihood around its maximum, defined by the parameter set θ⃗ = θ⃗0, where ∂i lnL = 0:

lnL(d;Sn, θ⃗) = lnL|θ=θ0 +
1

2
∆θi∆θj∂i∂j

[︄
− 1

2
(d− h(θ⃗)|d− h(θ⃗))

]︄⃓⃓⃓⃓
⃓
θ=θ0

+O(∆θ3)

≈ lnL|θ=θ0 +
1

2
∆θi∆θj

[︄
− 1

2

[︂
2(∂i∂jh(θ⃗)|h(θ⃗)− d) + 2(∂ih(θ⃗)|∂jh(θ⃗))

]︂]︄⃓⃓⃓⃓⃓
θ=θ0

Where in the second line the approximation is due to dropping the residualO(∆θ3) terms.
Finally, consider the expectation value of the noise ⟨n⟩ = 0 (ensemble average over multi-
ple realizations), such that ⟨d− h(θ⃗)⟩ = 0:

lnL(d;Sn, θ⃗) = lnL|θ=θ0 +∆θi∆θj

[︄
− 1

2
(∂ih(θ⃗)|∂jh(θ⃗))

]︄⃓⃓⃓⃓
⃓
θ=θ0

+O(∆θ3)

Thus, comparing this expanded expression with Eq. (1.8) we found that the Fisher matrix
can be computed as

Fij = (∂ih|∂jh) (1.9)

From the gaussian approximation, Eq. (1.8), it can be seen that the Fisher matrix is the
inverse of the covariance matrix Cij : a generic Gaussian distribution is indeed defined by
G(δθ) ∝ exp

{︂
− 1

2δθ
iC−1

ij δθ
j
}︂
. Thus the inverse of Fij directly provides the information

on the joint and marginalized probability densities in the parameter space. Eq. (1.9) is
a simple expression that allows fast and reliable forecasts for parameter estimation with
future detectors, in the limit of high SNR (where the application of the expectancy value
over an ensemble of noise realizations is actually valid). The ingredients are the noise
power spectrum of the detector, which is necessary to compute the dyadic product, and
a template of the waveform, h(θ⃗), that can be generated with different parameter values
in order to compute the partial derivatives. This approximates well the likelihood (and
usually also the posterior distribution, since at high SNR the generic priors are often nearly
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constant; however that it not always the case, see Sec. 5.5) under the assumptions that
the noise spectrum and the signal template correctly represent the respective physical
phenomena.

Geometrical interpretation of the Fisher matrix

The choice to parametrize every possible waveform2 with a finite set of parameters, cor-
responding to aD-dimensional vector θ⃗, corresponds to a dimensionality reduction from
a ∞-dimensional space of functions for the signal h to a D-dimensional submanifold M.
Since the Wiener scalar product (h1|h2) induces a metric d2w = (dh|dh), the submanifold
metric is inherited through the projection d2w̃ = (∂ih|∂jh)dθidθj = Fijdθ

idθj . Thus, the
submanifoldM is locally homeomorphic toRD with a metric given by the Fisher matrix3.
With this interpretation, the distance between two waveforms (defined as vectors in the
manifold M) provides a direct distinguishability criterion through the standard Gaussian
compatibility, which will be used to obtain an estimation for the observable dephasing
threshold in Sec. 5.4.b.

Limitations of Fisher matrix technique

In Chapter 5 the Fisher matrix technique is applied to assess the detectability andmeasur-
ability of EMRI parameters, including those describing an additional massive scalar field
that mediates gravity (Chapter 2). It is important to note that, while the method offers a
cheap and fast tool for evaluating measurement errors, it is limited by a series of factors.
These limitations usually arise in the low-SNR limit and could become important for the
EMRI population in LISA, and consist mainly of (Marsat et al., 2021; Piro et al., 2023):

• Non-gaussianposteriors: the posterior distribution couldpresent non-gaussianities
in the general shape; typically, posterior probability contours can assume curved
shapes in the parameter space, especially when the errors are comparable with the
absolute value of the considered parameter. For example, wide sky locations in-
volving right ascension and declination α and δ often display complex shapes; more
importantly, consider luminosity distance and inclination, which are naturally de-
generate: the degeneracy provides the elongation of the posterior in the parameter
space, and non-cartesian nature of the parameter space contributes to non-gaussian
deformations of such elongated posterior.

• Multi-modality: especially for the LISA detector, which will probe the phenomena
described in this Thesis, posteriors with multiple peaks are possible; this usually
arises due to approximate discrete symmetries in the detector, causing different sky
positions to be nearly equivalent. In particular, the true sky location is often mir-
rored in every octant of the sky (in the LISA reference frame), obtaining not one
but eight local maxima of the likelihood function. If strong covariance with other
parameters is present, multi-modality can propagate to such parameters.

• Single-event fit: while the previous effects are at least partly mitigated by the high
SNR considered, a big uncertainty comes from the fact that data analysis for LISA

2within a certain class of phenomena: for example, a binary black hole (BBH) coalescence is usually
defined by a set of 15 parameters, 8 intrinsic (component masses m1, m2 and spins χ⃗1, χ⃗2) and 7 extrinsic
(inclination ι, phase ϕ, sky location α, δ, polarization angle ψ, luminosity distanceDL and time of arrival tc).

3Note that M is not globally homeomorphic to RD since some variables are defined periodically on a
limited domain, for example the angular coordinates.
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will be completely different from the currently used techniques. Stationarity and
gaussianity of the noise will not be satisfied, multiple signals from different sources
will overlap simultaneously: for this reason, it is likely that a global fit will be per-
formed, estimating the parameters of all the present sources at once. There are mul-
tiple proposals on how to perform a global fit (Toubiana et al., 2026; Criswell et al.,
2026; Srinivasan et al., 2025; De Santi et al., 2026), each with a focus on different as-
pects. However, a common aspect is that the global fit could introduce covariance
between parameters of distinct sources: the covariance would be incidental and not
physical, namely purely due to the particular way in which different sources are
overlapping. In this sense, the Fisher matrix technique could underestimate the sta-
tistical uncertainties on the parameters’ posteriors, since it would represent a condi-
tioned probability over the rest of the other sources’ parameters, and not a marginal-
ized distribution.

Clarified the possible limitations of this method, it is however evident the immediate
practical value to approximately assess at first order the measurability of the source pa-
rameters. Errors obtained in this way should thus be regarded as an indication of the er-
ror magnitude, rather than a necessarily accurate forecast. The other alternative is the full
Bayesian analysis of an injected signal, which, however, is computationally prohibitively
expensive for signals with a mission lifetime duration, such as the ones considered in this
work.

1.3 Towards the next generation of detectors

In this section I will give an overview of the next-generation GW detectors that will be
relevant for assessing the occurrence of the phenomena predicted by beyond-GR theories,
and in particular the existence of a ultralight scalar mediator of gravity, which is the topic
of this Thesis. Although many different detectors are being proposed, the fundamental
distinction is the frequency band; I will then follow a frequency order, starting from the
audio band (≈ 10Hz toO(1000)Hz), passing through the deciHertz (dHz)windowdown
to the milliHertz (mHz) band, which will be of primary interest in the next chapters and
is described more thoroughly.

1.3.a The audio band: Einstein Telescope and Cosmic Explorer

The audio band, spanning from few Hz to the kHz, has been proven to be extremely rich
of information and compact binary coalescence (CBC) events (N. Abac et al., 2026; A. G.
Abac et al., 2026a). In light of this high informativeness, next-generation ground-based
interferometers are currently being designed.

Einstein Telescope (ET) is a European project for an underground, cryogenic laser in-
terferometer (Punturo et al., 2010; A. Abac et al., 2026), consisting in either a triangular
10-km arms configuration or two separate L-shaped, 15-km arms configurations (Branch-
esi et al., 2023). Cosmic Explorer (CE) is the American successor of the LIGO interferom-
eters, consisting in two L-shaped surface interferometers with 20- or 40-km arms (Dwyer
et al., 2015; Reitze et al., 2019). Despite differences in the configurations and instrumental
choices, the sensitivity curves are comparable, with ET reaching lower frequency thanks
to the reduced seismic noise in the underground environment, andCEbeing slightlymore
sensitive at higher frequencies due to larger arm lengths. For this reason, the science cases
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of these detectors are the same, and they are often treated as a unique next-generationGW
detection network.

TheET-CE science cases include the observation of BBH,with amerger rate of∼ 104 yr−1

within redshift z = 1, and 10 timesmore in thewhole detection volume, with∼ 104 events
per year having SNR ρ > 100 (Borhanian et al., 2024). This will enable extremely precise
characterization of BBH populations up to high redshifts, strong-gravity dynamics and
tests of GR, precision cosmology via the dark siren method (Maggiore et al., 2020; A.
Abac et al., 2026). Binary neutron stars (NS) and BH-NS systems will also manifest with
high SNR, with a rate of ∼ 105 yr−1 within z = 1 at SNR ρ > 10 (Borhanian et al., 2024),
enabling an accurate reconstruction of the equation of state in the NS core and probing
dense-matter phenomena that would be otherwise impossible to observe. ET and CEwill
also open the possibility of observing a stochastic GW background in the audio band, ei-
ther of cosmological or astrophysical origin, monochromatic signals from fast-spinning
neutron stars, and possibly other unmodeled phenomena such as supernovae explosions.
The science cases will be sometimes observable in lower GW frequency bands, enabling
a multi-band approach between different detectors such as LISA and LGWA (following
Sections), or by electromagnetic facilities as for the multimessenger event GW170817 (Ab-
bott et al., 2017), or possibly by neutrino detection; the multimessenger observation of an
event would provide different sets of information, enabling a more complete description
and comprehension of such phenomena.

1.3.b The deciHertz window: LGWA and DECIGO

Towards lower frequencies, the dHz frequency band offers unique case studies of pri-
mary physical importance. Among these, particularly important will be massive and
intermediate-mass BBH (higher mass shifts the waveform towards lower frequencies, en-
abling to study a different subpopulation with respect to the one currently observed by
LIGO/Virgo), enabling population studies, tests of GR and multibanding with audio-
frequency detectors, binary NS mergers, cosmology and cosmography (the localization
capabilities of dHz detectors allow to precisely locate the GW source, linking it to the
galaxy host without a prompt counterpart; this can be used to calibrate the Hubble law)
(Berti et al., 2026). Many other sources are specific to this narrow band: double-white-
dwarfs mergers and the associated counterparts (possibly supernovae type Ia) enabling
multimessenger astronomy (Benetti et al., 2026b), tidal disruption events (TDE), in which
a compact secondary consisting in a neutron star or a white dwarf is tidally disrupted
when approaching a primary Super Massive Black Hole (SMBH), possibly providing an
observable EM transient (Sesana et al., 2008), and most importantly for the content of this
thesis, Intermediate Mass Ratio Inspirals (IMRI), which are asymmetric binary systems
with mass ratio q ≡ msec/M ∼ 10−3. Like EMRIs (see Sec. 1.4), they are of particular in-
terest since the secondary can spend hundreds of orbits in the observable band, enabling
a precise inference of intrinsic parameters and the potential presence of smaller effects,
such as environmental effects or modifications to GR.

The proposals for the dHz band detectors, unlike for the other frequencies, are more
variegated. The Lunar Gravitational Wave Antenna (LGWA, Ajith et al., 2025) would ex-
ploit the interaction between GWs and the Moon as a resonant body to measure the grav-
itational signal, following the concept of resonant bars detectors proposed by Weber. In
particular, the tidal forces associated with a passing GW would excite quadrupolar nor-
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mal modes of the Moon, which can be measured by a network of four high-precision
seismometers (Heijningen et al., 2023) as a low-frequency seismic signal.

TheDeci-hertz InterferometerGravitationalWaveObservatory (DECIGO) is a proposed
space-based detector operating between the dHz and the low audio band. The configu-
ration is analogous to LISA (Sec. 1.3.c), and consisting in possibly multiple independent
clusters of 3 satellites linked by a 1000 km laser linkage.

Other proposed detectors are the Lunar Interferometer Laser Antenna (Jani et al., 2025),
consisting in a standard interferometric setup brought to the Moon to exploit the lack of
seismic noise, or atom interferometry, both on Earth and in space (Abe et al., 2021; Norcia
et al., 2017).

1.3.c The milliHertz band: Laser Interferometer Space Antenna

The Laser Interferometer Space Antenna (LISA) is a space-based future interferometer
operating from ∼ 10−4 to 1 Hz (Amaro-Seoane et al., 2017). After the success of the tech-
nology demonstrator LISA Pathfinder (Armano et al., 2016) the LISA mission is currently
under development, with scheduled launch in 2035. The mission duration will be nom-
inally 4 years, with a probable extension to 10 years, given the transformative impact of
such detector. LISA will consist in a constellation of three spacecrafts carrying inertial
test masses; the relative position of the test masses is monitored through a laser linkage
between the three spacecrafts, each located at ∼ 2.5 million kilometers from each other.
The characteristic noise curve can be found in Fig. 1.1, and results from the combined
effect of stray acceleration of the test masses at low frequency (imperfect cancellation of the
residual acceleration due to solar wind, radiation pressure, electrostatic charges on the
test masses), displacement noise between pairs of test masses, and increased strain noise at
high frequencies (above 30 mHz) due to partial cancellation of the GW signal after the
violation of the long-wave approximation (for such frequencies, λGW < Larm). These
few sources of noise define an optimal frequency range around few mHz. In addition, it
is expected the presence of a relevant unresolved background generated by galactic bi-
nary white dwarfs; despite the genuine GW nature of such background, it is customary
to consider it as a noise source, since it effectively prevents the detection of fainter sig-
nals. The galactic white dwarfs (WD) background is mostly present between 0.5 and 2

mHz, causing a small bump in the sensitivity curve. An important feature of LISA is a
time-changing antenna pattern, which will help localizing long-lived sources by provid-
ing a known modulation to the signal depending on the sky location. The sampling rate
of 3.33Hz determines the maximum reachable frequency of ≈ 1Hz through the Nyquist
sampling theorem; for the sources treated in this Thesis (namely Extreme Mass Ratio In-
spirals) the maximum frequency before plunging is lower, making sufficient even smaller
sampling rates.

The most important astrophysical science cases for LISA (Barausse et al., 2020) will
be the study of supermassive BH binary mergers, with total mass M ∼ 105 − 107M⊙,
extreme- and intermediate- mass ratio inspirals, which are treated in the next Section,
early stages of stellar-mass BBH enabling multiband observations with the dHz and au-
dio banddetectors, galacticWDandNSbinaries; cosmological breakthroughs could come
from the detection of a cosmological stochastic GW background, and the accurate sky
location reconstruction of high-redshift sources will improve cosmography and the cal-
ibration of the Hubble law. Regarding fundamental physics, LISA will enable precision
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CHAPTER 1. GRAVITATIONAL WAVES, LISA AND EXTREME MASS RATIO INSPIRALS

tests of GW propagation, generic tests of GR and strong-gravity regimes, which are one
of the topics of this Thesis: in particular, massive fields potentially acting as dark matter
candidates would become observable in EMRI dynamics, affecting the evolution through
additional dissipative channels (Chapter 5) or very distinctive features such as superradi-
ance and floating orbits (Chapter 6).

Other similar concepts are being proposed, as the detectors TianQuin (Luo et al., 2016)
and Taiji (Hu et al., 2017), with respectively arm lengths of 3 × 105 and 106 km, which
would locate the optimal frequency window at slightly higher frequency with respect to
LISA. In Chapter 5, the detection forecasts for EMRIs with modified gravity are exclu-
sively referred to the LISA detector, for a signal duration of 2 years; mission extensions,
noise curve upgrades and orbital configuration should be taken into account for future
estimations of GW parameter inference.

1.4 Extreme Mass Ratio Inspirals

Extreme Mass Ratio Inspirals (EMRI) are a class of GW sources consisting of a binary of
compact objects with mass ratio q = msec/M ≪ 1, usually of ≈ O(10−6). The primary
must be a super-massive BH with M ≈ O(106 − 108M⊙), while the secondary is usu-
ally a solar-mass BH with msec ≈ O(10M⊙) or a neutron star, mNS ≈ 3M⊙, or even a
white dwarf (mWD ≈ 1.4M⊙. Given the extreme mass difference, the dynamics of the
system can be solved with a perturbative approach using the mass ratio q as an expansion
parameter.

The approximate frequency at which EMRIs emit can be found by considering a typical

orbit, say a circular orbit at r ∼ 10M
(︂
· G
c2

)︂
. Approximating the orbital dynamics with

Newtonian gravity, we have that for a 106M⊙ primary, f =
1

2π

√︃
GM

r3
∼ 1

2π

√︄
GMc6

(10MG)3
∼

1

2πMG

√︃
c6

1000
= 10−3 Hz. Thus we see that EMRIs will be primary targets for the LISA

detector, which operates from ∼ 10−4 Hz to ∼ 0.1 Hz. Other objects of interest are the
Intermediate Mass Ratio Inspirals (IMRI), which exhibit q ∼ 10−2 and emit in the dHz
band. These can be treated with the same formalism (although reaching a lower accuracy
with a truncated perturbative approach) andwill be relevant for LGWA. The length of the
inspiral can be computed using the formula for the time to coalescence in a quasi-adiabatic
inspiral (Maggiore, 2007),

τ =
5

256
(πfstart)

− 8
3

(︂ c3

GM

)︂ 5
3 (1.10)

where M = M
(︂ q3

1 + q

)︂ 1
5 ≈ Mq

3
5 is the chirp mass expressed as a function of M and q

and approximated for small q in the second passage. For an EMRI defined by a starting
frequency of 1 mHz,M = 106M⊙ andmsec = 10M⊙, we obtain τ ∼ 103 years: for many
systems, the permanence in the observable frequency is set by the duration of themission,
and not by the duration of the inspiral. This will result in an extremely long integration
of the signal, enabling high-precision parameter estimation and a large detection volume.

In this Section Iwill present the general phenomenology associatedwith a EMRI consti-
tuted of a primary Kerr BH and a secondary point-like particle; as detailed in the follow-
ing, this case is not only of physical relevance for the standard general relativity treatise,
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1.4. Extreme Mass Ratio Inspirals

but also for a wide class of theories of modified gravity.

1.4.a The Kerr metric and geodesic motion

The Kerr metric (Kerr, 1963; Saul A. Teukolsky, 2015) represents a vacuum solution of the
Einstein field equations around a massive rotating object, and corresponds to the metric
around every supermassive black hole. I will use a Boyer-Lindquist coordinate system,
which enables to represent the space with variables t, r, θ, φ that resemble the spherical
coordinates of Minkowski spacetime. The relation between B-L coordinates and usual
Cartesian coordinates is given by

x =
√︁
r2 + a2 sin θ cosφ

y =
√︁
r2 + a2 sin θ sinφ

z = r cos θ

where a is a rotation parameter that will be characterized later; for now it simply rep-
resents an oblation of the spherical coordinates.

The components of the metric are the following:

gtt = −
(︂
1− 2Mr

Σ

)︂
grr =

Σ

∆
gθθ = Σ

gφφ =

(︄
r2 + a2 +

2Mra2 sin2 θ

Σ

)︄
sin2 θ gtφ = −2Mra sin2 θ

Σ

where a = J/(Mc2) ∈ [0,M) is the BH spin parameter, proportional to the BH angular
momentum J , and Σ ≡ r2 + a2 cos2 θ, ∆ ≡ r2 − 2rM + a2 = (r − r+)(r − r−), where
r± =M±

√
M2 − a2. The metric becomes singular at r±, but as in the Schwarzschild case

these singularities are only a pathology of the metric and not physical ones; they define
an outer (+) and inner (-) horizon; in the following, only the outer horizon is considered.

Before specializing the dynamics to the Kerr metric, recall that in General Relativity
the trajectory of a test particle (i.e. a mass that is sufficiently small not to perturb the
background metric) is described by geodesics on the spacetime manifold; in particular,
once a metric gµν is defined, the equation of motion will correspond to the Geodesics
Equation

dpµ

dτ
+ Γµ

νρp
νpρ = 0

where pµ ≡ dxµ

dτ
is the contravariant 4-momentum of the massive particle, τ is the proper

time of the test mass and the Γµ
νρ are the Christoffel symbols associated with the metric

gµν . Despite being the most used formulation, in the context of trajectory integration it’s
often more useful to use the completely equivalent Hamiltonian formalism. In fact, it
can be shown that the geodesics equation can be obtained directly from the least action
principle once the correct Lagrangian is adopted:

L(x, ẋ) = 1

2
gµν(x)ẋ

µẋν (1.11)
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To pass to the Hamiltonian formalism, the conjugate momenta are defined:

pα =
∂L
∂ẋα

= gαν ẋ
ν (1.12)

and finally the HamiltonianH, with ẋα to be intended as a function of pβ via Eq. (1.12):

H = pµẋ
µ − L(x, ẋ) = 1

2
gµνpµpν =

1

2
gµν ẋ

µẋν (1.13)

The Equations of Motion (EoM) are then given by the usual set of Hamilton equations

ẋµ =
dH
dpµ

(1.14)

ṗµ = − dH
dxµ

(1.15)

This is a useful formulation to highlight the conserved quantities due to the presence of
symmetries: ifH is independent from aparticular coordinate xσ (and in this case xσ is said
to be cyclic), then from Eq. (1.15) it follows that ṗσ = 0, namely pσ is a conserved quantity
that can be exploited to separate the equations for different variables and disentangle the
system.

The Kerr metric is stationary and axisymmetric; hence, since the coordinates t and φ

are cyclic, two conserved quantities pt and pφ can be defined:

−E = pt = gtµẋ
µ = gtφφ̇+ gttṫ

Lz = pφ = gφµẋ
µ = gφφφ̇+ gφtṫ

in addition, it presents another non-trivial symmetry other then time translation and ro-
tation around z axis, which results in an additional constant of motion, namely the Carter
constant (Carter, 1968):

Q = p2θ + cos2 θ[a2(m2
p − E2) + L2

z/ sin2 θ] (1.16)

The conservation of the Carter constant allows for the complete decoupling of the EoM
for r and θ, and thus the integrability of the system; an Hamiltonian system is integrable
if there exist a variable change (p, q) ↦→ (Ip, ϕp) (action-angle variables) such that

ϕ̇ =
∂H

∂I
≡ ω

İ = −∂H
∂ϕ

= 0

I is a prime integral of the motion (conserved quantity along the orbit) and ϕ is a vector
of angular variables that describe the oscillatory motion and evolve linearly with time.

In practice, the existence of n prime integrals enable the separation of the EoM into a set
of independent 1-dimensional systems, which can be brought to the form of n harmonic
oscillators via the definition of proper angle variables. As a result, the motion occurs on
the direct product of each variable’s periodic domain, namely a n-torus Tn immersed in
the 2n-dimensional phase space. If all the ratios between the frequencies are irrational,
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1.4. Extreme Mass Ratio Inspirals

the orbit covers densely the torus; to be more precise, the dimensionality of the (hyper-)
surface densely covered is equal to the number of rationally independent angular velocities
of the system. In the case in which two or more frequencies are commensurate, the orbit
closes and the torus hosts an infinite number of copies, distinguished only by an initial
offset.

In the Kerr metric, four independent action variables which are constants of motion
can be defined: energy and angular momentum along the z-axis from the two cyclic co-
ordinates t and φ, the Carter constant Q from a tensorial Killing field, and finally the La-
grangian itself, which based on the normalization corresponds equivalently to the mass
of the secondary (as the norm of the 4-momentum) or simply to −1 (as the modulus of
4-velocity). As a result, the system is integrable and can be solved separately for each
coordinate.

Although the set of action variables (mp, E, Lz, Q) uniquely define a trajectory, it is cus-
tomary to workwith a different set of coordinates which provide amore intuitive descrip-
tion of the characteristics of the orbit, namely the semilatus rectum p, the orbital eccentricity
a and the orbital inclination θinc with respect to the equatorial plane. The relation between
the two set of coordinates are algebrically involved, and reported in Gliorio et al. (2026).
The implementation of geodesic motion in a Kerr background is provided by the code
STORM (Scalar Tensor Orbital Radiation from EMRIs, Gliorio et al. (2026)), which will
provide the foundation for the computation of the modified dynamics in the next chap-
ters.

1.4.b Astrophysical relevance

EMRIs represent a unprecedented opportunity for probingwith highprecision newphysics,
strong gravity regimes, BH environments, formation channels andpopulations for SMBH,
cosmology, physics of condensed matter and nuclear physics, and many more (Amaro-
Seoane et al., 2015).

It is established that most of the galaxies, if not all, host a massive (M ≈ 106M⊙) BH
in the nucleus (Eisenhauer et al., 2005; Ghez et al., 2005; Gillessen et al., 2009; Magorrian
et al., 1998; Heckman et al., 2014) that can act as the extremely massive primary, and a sig-
nificant concentration of stellar-mass compact objects (Hailey et al., 2018; Miralda-Escude
et al., 2000), which are candidates for the inspirallig secondary. Such compact objects can
potentially undergo an inspiral around the primary, radiating energy and angular mo-
mentum through GW emission and reaching the innermost region, where strong gravity
effects become relevant. This possibility is due to the relativelyweak tidal forces across the
secondary, thanks to the compactness and the extremely smallmass ratio q, which prevent
either the tidal disruption of the secondary (in principle possible for non-BH compact ob-
jects) or the substantial modification of the metric before the plunge (which is the case for
the colliding solar-mass BH observed until now).

EMRIs will be used to precisely map environmental effects around SMBHs, such as the
presence of gaseous disks (Dittmann et al., 2026; Kocsis et al., 2011; Yunes et al., 2011; Bon-
vin et al., 2017) which can modify the inspiral dynamics from pure-GR evolution, driven
by GW emission, to a friction-dominated dynamics where the dissipative mechanism is
provided by the interaction with the gaseous environment. In this case, the modifications
to the waveform can provide valuable information on the density profile of the disk. Sim-
ilarly, the inspiral can be modified by the presence of a dark matter cloud (Mitra et al.,
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2025) which can act on the secondary either by dynamical friction (Vicente et al., 2022) as
it was the case for the gaseous disk, or/and by deformations of the metric, which ceases
to be described by the Kerr metric tensor since the energy-momentum tensor is not null
anymore. This second case is of great observational relevance, since even little pertur-
bations of the Kerr metric are expected to produce relevant modifications of the dynam-
ics in correspondence to resonant configurations of the system (Pan et al., 2023; Brink et
al., 2015b; Destounis et al., 2021; Destounis et al., 2023; Brink et al., 2015a) if the pertur-
bation is non-integrable, namely the dynamical system does not admit anymore exactly
4 constants of motion (as it is the case for the Kerr metric, see previous Section). The
relevant case for astrophysical systems, which are typically stationary and axisimmetric
and thus conserve the action variables E and Lz due to the cyclic coordinates t and φ, is
when the Carter symmetry is broken by the non-integrable perturbation; in this case, the
Kolmogorov-Arnold-Moser theory (Arnold, 1989) predicts that for non-resonant orbits,
namely configurations for which the characteristic frequencies associated to the radial (r)
and angular (φ) action-angle variables are not even approximately rational dependent,
the dynamics is only a small deviation of the unperturbed system, and the motion in
the action-angle variable space continues to be foliated in nested invariant tori (as the
integrable case). However, when the frequencies are resonant, the invariant tori are de-
stroyed and a Birchhoff chain of stable/unstable resonant islands is formed. Across these
resonant islands, the rotational number κ = ωr/ωφ is constant, leading to clear observable
consequences in the GW waveform (glitches in the GW phase, and sharp features in the
GW amplitude in correspondence with the resonant frequency). The resonant islands are
embedded in a thin chaotic layer where positive Lyapunov exponents can influence the
secular evolution of the system, amplifying small initial coordinate displacements that
would have been otherwise not measurable; the very thin nature of this boundary layer
could also allow for direct probing of the properties of the secondary, which is usually
treated as a point-mass.

Otherways inwhich the GR dynamics is affected although the background is described
by the Kerrmetric involve dissipativemechanisms related to GR or tomodified theories of
gravity. Regarding the former possibility, the presence of the secondary can excite quasi-
normal modes of the primary (Santos et al., 2026), initiating a very complex evolution
determined by the non-trivial interplay of different modes; the internal structure of the
secondary, for example given by a close compact objects binary instead of a single mass
particle, can also produce awide variety of observable effects (Santos et al., 2025). The last
aspect, namely testing the validity of General Relativity, represents an extensive field of
research including the topics explored in the next Chapters of this Thesis. The possibility
of following for a long time a GW signal tracing the evolution of a system dominated by
gravity and reaching the strong field regime opens the possibility of testing the accuracy
of GR predictions, and discover possible deviations hinting at new fundamental physics.

Among the proposed theories of modified gravity, some of which are presented in the
next Chapter, the scalar-tensor theories involving the presence of a scalar field as an ad-
ditional force mediator in addition to the standard graviton are being considered as po-
tentially relevant in the context of EMRI dynamics. The relevance of new fields detec-
tion is not limited to astrophysics, but concerns also fundamental physics and cosmology
(Clifton et al., 2012). The possible effects on the dynamical evolution are given by a variety
of phenomena:
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• Additional radiative channel provided by the scalar field, equivalent to a further
polarization mode, which can speed up or even slow down the inspiral as I will
motivate in the following. The energy, angular momentum and Carter constant
fluxes due to scalar emission would be usually subdominant with respect to the
GW fluxes (otherwise we would have already observed these effects in BBH merg-
ers, A. G. Abac et al., 2026b), thus the main effect will consist in a little dephasing of
the GW waveform (Chapter 5); however, under circumstances provided by EMRIs,
these fluxes can substantially change the dynamics of the system giving rise to the
unusual phenomenon of floating orbits, discussed in Chapter 6.

• Scalar cloud formation is another possibility, in which some scalar field modes are
excited around the primary, and form a boson cloud (Hod, 2014; Benone et al., 2014)
which can affect the evolution via dynamical friction (Tomaselli et al., 2023), bydirect
coupling with the secondary (Baumann et al., 2022b; Baumann et al., 2022a) or by
deformations of the metric, as discussed before for ordinary matter; in this sense,
scalar clouds would constitute a form of dark matter that would become detectable
through GW observations.

The specificity of EMRIs as ideal probes for ultralight scalar fieldswithmassms < 10−16

eV comes from the typical frequency of these objects, f ≲ 10−2 s−1 , which in natural units
corresponds to amass of about 10−17 eV.Massive field interaction are limited by a Yukawa
damping factor e−msr, thus the transition across this characteristic rangewill highlight the
presence of an ultralight boson.
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2 Theories of modified gravity and
massive scalar fields

Since its first formulation, General Relativity (GR) has been confirmed on a wide set of
gravitational phenomena (Bhattacharyya, 2019), from the deflection of light rays (Dyson
et al., 1920) to extremely recent tests of its validity using GW observations of merging
BBH (A. G. Abac et al., 2026b). Nevertheless, GR displays theoretical issues, such as
the presence of singularities, as well as indirect observational problems, for example the
late-time accelerated expansion of the Universe, which can be explained within the GR
framework only by invoking the presence of a still unknown dark energy. Although GR
is a sufficiently good description of gravity at least at the mesoscale level (Murata et al.,
2015), namely between the laboratory scale, ∼ 10−4 m, and ≈ 1015 m (∼ 0.1 pc), there is
still the possibility of substantial modifications acting in the strong-field regime or at the
long range. The former are motivated by the arising of singularities and quantum gravity
phenomena on small scales, and would be necessary, for example, to describe primordial
black holes (Hawking, 1971), the latter by the search for a purely gravitational explanation
of dark energy. From an experimental point of view, a wide range of GR modifications is
still possible, since their effect would be smaller than that of the systems currently probed
(Bergé, 2017); note that outside the mentioned scales, GR is still very poorly constrained.
From a purely theoretical point of view, GR is not the unique theory of gravity since other
self-consistent theories proposing little modifications to GR are possible.

In this Chapter I will give a general overview of modified theories of gravity mainly
based on Berti et al., 2015, with a specific focus on scalar-tensor theories, which represent
the main topic (Sec. 2.1). In Sec. 2.2 I will describe the field equations for an additional
massive scalar mediator of gravity in the astrophysical environment of a EMRI (see Sec.
1.4), motivating the usage of the field equations with a first-order mass ratio expansion.

2.1 Motivations and examples

2.1.a Beyond General Relativity: a classification of the alternatives

General Relativity is in fact well motivated by the Lovelock’s theorem, which states that
(Berti et al., 2015; Lovelock, 1971):

In four spacetime dimensions the only divergence-free symmetric rank-2 tensor con-
structed solely from the metric gµν and its derivatives up to second differential order,
and preserving diffeomorphism invariance, is the Einstein tensor plus a cosmological
term.
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This implies that GR, defined by the Einstein Equations, Eq. (1.1), is the only formu-
lation of a theory of gravity compatible with the Weak Equivalence Principle (through
the divergence-free requirement) and diffeomorphism invariance (namely general covari-
ance), with the only exception of the cosmological term, which is not included in Eq. 1.1.
Despite being seemingly very general, it is possible to circumvent the theoremby violating
the hypothesis in four different ways. (1) The theorem is valid only for a four-dimensional
spacetime: if extra “hidden” dimensions are present, GR is not unique anymore; this is the
case for Kaluza-Klein gravity (Overduin et al., 1997), in which both gravity and electro-
magnetism arise from a unified theory in five dimensions. (2)Weak Equivalence Principle
(WEP) violation is obtained if the divergence-free hypothesis is dropped, leading to more
general theories (Capozziello et al., 2011), which, however, are well constrained by strong
experimental evidence for the validity of the WEP (Schlamminger et al., 2008). (3) Dif-
feomorphism invariance violation: dropping the requirement of general covariance (but
usually not Lorentz covariance in Minkowski spacetime, which is experimentally verified
with great accuracy) is possible and generates viable theories. (4) As the most relevant
approach for this Thesis, the Lovelock theorem restricts a priori the gravitational interac-
tion to the metric field: thus, adding additional fields acting as mediators of gravity will
produce a viable extension of GR. Equivalently, it can be shown that enabling higher dif-
ferential order in the metric derivatives is equivalent to asking second-order derivatives
but introducing additional fields.

The “additional (scalar) field”, ”broken diffeomeorphism invariance” and “higher di-
mension” approaches predict the presence of still unknown scalar fields, the latter arising
from the dimensionality reduction to the observable four dimensions. In other words, for
most of the possiblemodifications ofGR, despite the fundamentalmechanisms being very
different, the discrepancy will manifest effectively as the presence of an additional field. I
will restrict to such scenarios, in which the standard gravity is complemented by the pres-
ence of a generic additional scalar field; this field can be either massless or massive.

Scalar-tensor theories could explain the inflationary dynamics of the primordial Uni-
verse, with the additional scalar driving inflation given a suitable slow-roll potential; sim-
ilarly, the presence of a scalar field could explain the late-time cosmic acceleration, effec-
tively acting as a dark energy component. In the following, I will formalize the presence
of an additional boson within a classical field-theoretical approach.

2.1.b An overview of scalar-tensor theories

Scalar-tensor theories of gravity, in which the gravitational interaction is mediated by the
graviton and one additional scalar field (generalizable to multiple scalar fields), can be
described by the general action (Bergmann, 1968; Wagoner, 1970; Berti et al., 2015)

S =
1

16π

∫︂
d4x

√
−g

[︄
φR− ω(φ)

φ
∂µφ∂

µφ− U(φ)

]︄
+ SM (ψ; gµν) (2.1)

where φ is the scalar field, ω(φ) and U(φ) are generic scalar functions of the field, and
SM (ψ; gµν) is the action of the matter fields ψ; note that the dependence from φ is entirely
contained in the gravitational action, which acts as a modified Einstein-Hilbert action.
This description, in which modified gravity and matter actions are independent, is called
“Jordan frame”. However, it is possible to perform a conformal transformation of the
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metric, g̃µν ≡ A−2gµν , in such a way to recover a gravitational action that separates the
scalar field contribution from the standard GR Lagrangian LHE ∝

√
−gR; in addition, a

redefinition of the scalar field ϕ = ϕ(φ) is performed to reabsorb the function ω(φ). Then,
the transformation corresponds to A(ϕ) = φ−1/2, where φ = φ(ϕ) through the inverse
transformations, and the action becomes

S =
1

16π

∫︂
d4x
√︁

−g̃

[︄
R̃− 1

2
∂µϕ∂̃

µϕ− V (ϕ)

]︄
+ SM (ψ;A2(ϕ)g̃µν) (2.2)

where the quantitieswith the tilde are calculated from the transformedmetric g̃µν , and the
potential V is defined by V (φ) = A4(ϕ)U(φ). This is known as the “Einstein frame”, and
exhibits a minimal coupling of the gravitational sector (the pure Hilbert-Einstein term
is not multiplied by the field; instead, there is a standard Lagrangian for gravity and a
standard Lagrangian for the scalar field, composed of a kinetic and a potential term in the
usual form), with a non-minimal coupling of the matter sector: the field ϕ is affecting the
transformed metric inside the matter action.

Note that the physical description of the dynamics is provided by the Jordan frame;
however, since the results after an inverse transformation are the same, the Einstein frame
can be used to describe the dynamics more easily, especially when matter is not present:
in this case, SM = 0 and the equations of motion reduce to a minimally coupled scalar
field in a GR metric background.

A specific scalar-tensor theory is defined by the choice of the potential U(φ) or equiv-
alently V (ϕ), and the function ω(φ). The potential term possibly encodes a mass term,
crucial in the following, and self-interactions of the field, which are not explored in this
work. The function ω(φ) can be mapped in the Einstein frame to a scalar coupling α(ϕ) ≡
d(lnA(ϕ))/dϕ through 3+2ω(φ) = α−2(ϕ) (this is the explicit transformation that absorbs
the function ω(φ)/φ in the definition of the new field ϕ); note that this quantity acts only
through SM , since the only non-minimal coupling is through the matter field.

The prototype of scalar-tensor theories defined by the action reported in Eq. (2.2),
(2.1) are Brans–Dicke (BD) theories, where ω(φ) = ωBD is constant and the potential
is generic (for this reason, the choice actually corresponds to a wide class of theories).
Also, theories that do not explicitly impose the existence of a scalar field can be reformu-
lated as BD theories: for example, f(R) theories in which the Ricci scalar in the Hilbert-
Einstein action is replaced by a function of R, in such a way that modifications in specific
curvature regimes can be applied. Indeed, it is possible to reformulate the f(R) action

Sf =
1

16π

∫︂
d4x

√
−gf(R) to the equivalent Sf =

1

16π

∫︂
d4x

√
−g
[︂
ϕR − f(φ) + φf ′(φ)

]︂
where again φ = φ(ϕ), thus in the form of Eq. 2.1 with a potential determined by the
functional form chosen for f(R).

More general alternatives include a second-order coupling of the scalar field with the
metric (Barsanti, 2024): for example, scalar Gauss-Bonnet (sGB) gravity is defined by the
previously specified action including geometry and standard scalar field kinetic and po-

tential term, plus an additional coupling Ŝc =
αsGB
4

1

16π

∫︂
d4x

√
−gf(ϕ)G,1 where G ≡

R2−4RµνR
µν+RµναβR

µναβ is a second-order scalar built from the Riemann tensorRµναβ ,
and f(ϕ) is as usual a scalar function of the field. In particular, f(ϕ) = expϕ generates the

1The coupling action is written with a hat (Ŝ) since in the following I will consider separately Sc = Ŝc/α.
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Einstein-dilaton scalar Gauss-Bonnet gravity, and ‘f(ϕ) = ϕ generates shift-symmetric grav-
ity. These particular choices are motivated by string theory and are possible candidates
for driving inflation (Odintsov et al., 2020; Oikonomou, 2021). Another way of coupling
the scalar field to a quadratic combination of the Riemann tensor is the dynamical Chern-

Simons gravity, in which Ŝc = αCS
1

16π

∫︂
d4x

√
−g ϕP , where P = 1

2Rµναβϵ
νµγσRαβ

γσ; the
structure is formally equal to scalar Gauss-Bonnet, with a different quadratic coupling
scalar. In the following, theories with a quadratic term are included in the treatise, pro-
vided that the physical dimension of the coupling α is a mass to the power of n, with
n ≥ 2; the motivation is given in Sec. 2.2.b, but note that the theories presented here sat-
isfy this requirement since [αsGB/CS] = Mass2, which can be directly found bydimensional
analysis of the action, that in geometrized units is dimensionless.

In conclusion, each theory is defined by specific physicalmotivations, butmany of these
mathematically reduce to an action involving a scalar field and possibly a higher-order
couplingmediated by a coupling constant α; themapping between the theory parameters
and the general description can be recovered after a general treatise, both theoretically and
observationally. For this reason, in the following I will not refer to a specific theory but
simply obtain the dynamical signatures of a scalar field using the general description of
scalar-tensor theories in the Einstein frame.

2.1.c Current estimations and upper limits

Quantitative tests of GR can be performed in a wide range of varieties; in particular, it
is possible to perform agnostic or theory-specific tests. The former challenge a particular
aspect of GR, verifying at which extent it holds, and in particular if it is possible to falsify
the null hypothesis Θexperiment − ΘGR = 0 in an experimental setting, where Θexperiment
are the results of some experiment and ΘGR is the corresponding prediction of GR. The
latter aim to find the values of the characteristic parameters of a specific theory assuming
its validity; this is a correct approach since modified gravity theories are continuously
connected to GR, thus if the full theory is not describing the results the test will simply
return the GR limit. Note that agnostic tests are generally less powerful in constraining
deviations, since they are more general by design. Theory-specific tests can constrain the
values of the single parameters, although their specificity is an intrinsic limitation. Note
that theory-agnostic tests can always be converted to theory-specific tests just by consid-
ering the effect that a particular theory would have in that particular context, although
resulting in looser constraints. Although deviations from GR have not been observed un-
til now, the tests that were performed pose upper limits to the strength of the additional
interactions under consideration. In the following, an overview of the various tests is
provided.

Theory-agnostic tests of GR

A detailed explanation of agnostic tests is presented in Clifton et al. 2012; they are mainly
based on the parametrized post-Newtonian (PPN) formalism, a flexible theoretical setup
that allows for awide class ofmodification ofGR in theweakfield regime. The approach is
parametric in the sense thatmetric deviations fromGR are phenomenologically described
by a (wide) set of parameters, each carrying a physical significance. Although the exact
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definition of such parameters is not relevant here, I briefly mention some of the tests that
were used to constrain them.

• Light deflection andShapiro delay: using the Sun’s gravitational potential, in terms
of the PPN parameters the angular deflection of light is given by θ = θGR(1 + γ)/2,
where γGR = 1. Analogously, the Shapiro delay∆ts is corrected by the same prefac-
tor. Bounds in γ can be obtained experimentally, resulting in γ − 1 = (−1.7± 4.5) ·
10−4 for light deflection and γ − 1 = (2.1± 2.3) · 10−5 for the Shapiro delay Clifton
et al. 2012.

• Nordtvedt effect and lunar laser ranging: tests of the strong equivalence principle
for the Moon-Earth system in the Sun’s gravitational field. Again, no statistically
significant discrepancies from GR are found.

• Torsion-balance pendulum: used to test theweak equivalence principle, measuring
the difference in the gravitational acceleration of distinct materials with the same
inertial mass. Accelerations are verified to be the same up to 1 part of 1013.

• Tests of Yukawa potential: more important for our case of study, namely massive
fields, tests of a Yukawa-type gravitational potential with a component behaving as
V ∼ αe−r/λ/r characterized by a characteristic scale λ dependent on the mass of the
mediator and a coupling constant α. The determination of an upper limit for α is
dependent on the chosen scale λ, thus a scan of the scales is usually performedwith
a variety of techniques. The results range from α ≲ 10−8 on the planetary scales
(108–1012 m) down to α ≲ 10−3 on the sub-meter lab scales.

• GW residual tests: we recently entered the era of precision GW astrophysics, and
accurate waveform models are available, reproducing with sufficient accuracy the
GRpredictions. Thismeans thatwhen aGWtemplatewith the correct reconstructed
parameters is subtracted from the datastream of a detected CBC event, the residuals
can act as a generic test of GR: if the residual statistic is not compatible with only
noise, then the null hypothesis can be rejected. At the moment, the observed signals
confirm the GR predictions (A. G. Abac et al., 2026b).

• Extra polarizations: the existence of additional scalar / vector GW modes associ-
atedwith a spin-0 or spin-1 mediator of gravity would have the effect of introducing
additional polarization modes, which in principle are detectable by the current in-
terferometers. Using the GWTC-5 catalog (A. G. Abac et al., 2026b) it is possible to
assign a Bayes factor of −19.5 (extremely strongly disfavoured) the the scalar-only
hypothesis (as expected), and a completely neutral Bayes factor of 0.01 ± 0.7 to a
generic scalar-tensor theory. This means that based on the observations it is not yet
possible to distinguish the presence of a scalar field, if it is actually present. Similar
results hold for vector, vector-tensor and scalar-vector-tensor theories, with strongly
disfavoured hypotheses lacking a tensor component and inconclusive results for the
presence of a further mediator beyond the standard graviton.

• Ringdown / quasi-normal modes: after merging, two BH produce a single rotating
BH with strong perturbations, which are radiated away via quasi-normal modes
(QNM), corresponding to damped oscillations of a discrete set of resonant frequen-
cies associated to the Kerr metric. Once the system parameters are estimated from
the inspiraling/merging phase, the QNM spectrum can be determined through an
analytic treatise and compared to the observed data, providing a test for the Kerr
metric itself. In particular, we can expect QNM to be modified by the presence of a
BH “hair”, namely an additional characteristic beyond mass and spin. This is par-
ticularly interesting for scalar-tensor theories such as sGB, since they predict the
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possibility for a BH to acquire a charge. At present, no anomaly in the QNM spec-
trum has been found yet (A. G. Abac et al., 2026b).

Scalar-tensor specific tests

Specific tests are obtained either from predicting the phenomenology of a theory in the
context of theory-agnostic test setup or from designing specific fits. Some examples are
given by:

• Bounds onmassive BD theories: Alsing et al. 2012 applies existing agnostic tests to
the specific case of massive BD scalar-tensor theories introduced before, obtaining
lower bounds on ωBD as a function of the scalar mass ms. The theory is extremely
poorly constrained for scalar masses larger than 10−17 eV, with the constraint ωBD >
50. Tighter bounds apply for smaller masses; this strongly motivates the search for
ultralight bosons through EMRIs dynamics, which, as motivated above, would be
sensitive to scalar masses of about 10−16 eV.

• Bounds on GB gravity: the EdGB gravity effects become relevant when the cou-
pling termbecomesO(1). Approximately, the coupling behaves asSc ∼ αR ∼ α/L2,
where L is the typical scale of the spacetime curvature. Thus, tests of GR on a refer-
ence scale L produce a bound on αGB. On the Solar System scales (low curvature),
the coupling can be loosely constrained as √αGB ≲ 1013 cm, while strong gravity
regimes such as those of binary neutron stars it is possible tomeasure√αGB ≲ 5·106
cm (Berti et al., 2015). For BBH tests of GR, the curvature being L ∼ RSch ∼ M we
can findαGB/M

2 ≲ 0.7. TheGWTC-5 data release constrained in thisway√αEdGB ≲
1.32 km (A. G. Abac et al., 2026b), but a previous tighter bounds existed due to the
GW event GW230529, which resulted in the tighter constraint √αEdGB ≲ 0.28 km
(Sänger et al., 2026). In the Bergmann-Wagoner formalism, this would correspond
to a scalar charge d ≲ 0.02 (Speri et al., 2024). Note, however, that this is valid for a
massless scalar field: introducing a scalar mass has the effect of constraining less the
charge, since mass and charge are highly degenerate; for this reason, in the follow-
ing even larger scalar charges are considered, still representing a realistic scenario
compatible with current bounds.

2.2 Massive scalar fields around EMRIs

2.2.a Gravitational and massive scalar field equations of motion

In the following, I will adopt the Einstein frame description. This choice, already moti-
vated previously, allows for a simpler treatment of the scalar field equations, since the
field is minimally coupled to gravity. The price is that the matter action also depends on
the field; however, since the only source to be included in the stress-energy tensor is the
point-like particle representing the secondary, the adaptation is very easy and can be ad-
dressed by matching the expansion of the field in a neighborhood of the source with the
expected Yukawa potential.

The dynamics of the whole problem, consisting of the metric field and the scalar field,
is thus set by the action:
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S(g, φ, ψ) = S0(g, φ) + αSc(g, φ) + SM (g, φ, ψ)

where S0 encodes geometry, the usual kinetic term and mass term of the scalar field,
thus all the gravitational interactions, Sc the coupling between the scalar and the tensor
mediators, and SM is the matter action accounting for the secondary.

These contributions explicitly read:

• Modified Einstein-Hilbert action, including scalar field contribution:

S0 =

∫︂
d4x

√
−g

16π

(︂
R− 1

2
∂µφ∂

µφ− 1

2
µ2sφ

2
)︂

Note: the global rescaling of the scalar field is arbitrary and is set by this conven-
tion for the mass: the choice of this action (in particular the normalizing constant
inherited from the GR Einstein-Hilbert action) fixes the mass definition. Note that
since geometrized unitsG = c = 1 are used, the length has the physical dimensions
of a mass. This means that µs ≡ ms/h̄ has the dimension of the inverse of a mass.
Choosing this action selects a massive scalar field without self-interactions; this can
be considered either as an exact formulation of a free field theory or an approxi-
mation for a very weakly self-interacting field. This second hypothesis is motivated
also by the fact that the interaction between the graviton and the boson, encoded in
the coupling action, will be discarded thanks to the q-expansion (see Sec. 2.2.b).

• Matter action: in GR, Sp = −m
∫︁
dτ = −m

∫︁
dλ
√︁
gαβ ẏαẏβ . Here in general we

assume a dependence of the mass from the scalar field (the only way to couple φ
with the matter Lagrangian):

SM = Sp = −
∫︂
m(φ)

√︄
gαβ

dyαp
dλ

dyβp
dλ

dλ = −
∫︂
d4x

∫︂
dτ m(φ)δ(4)(x− yp(τ))

In the last step I introduced a δ(4) to write the integral over d4x, allowing later the
application of a functional derivative. In addition, I prefer to explicitly indicate the
affine parameter as the proper time τ of the particle, instead of a generic affine pa-
rameterization λ, just for clarity.

We obtain the field equations through the Euler-Lagrange equations, or equivalently
requiring null functional derivative with respect to the scalar field (−→ scalar field equa-
tions) and to the metric tensor (−→ Einstein Equations with source term given by both
the secondary and the field). The functional derivative with respect to a generic tensorial
field χµ1,...µn is given by applying to the integrand under

∫︁
d4x the following differential

operator:

δ

δχµ1...µn

≡ ∂

∂χµ1...µn

− ∂µ
∂

∂ ∂µχµ1...µn

Field equations:

0 =
δS

δφ
=

√
−g

16π

(︂
− µ2s + ∂µ∂

µ
)︂
φ−

∫︂
∂m(φ)

∂φ
δ(4)(x− yp(τ))dτ

=

√
−g

16π

(︂
□− µ2s

)︂
φ−

∫︂
m′(φ)δ(4)(x− yp(τ))dτ
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In the second passage, the notation is simplified, thus leading to the Klein-Gordon-like
equation

(︂
□− µ2s

)︂
φ = 16π

∫︂
m′(φ)

δ(4)(x− yp(τ))√
−g

dτ

Note that I can bring the square root of the metric determinant under integration due
to the presence of the Dirac δ(4). The same goes for the metric tensor field equations
(analogous to Einstein equations): let’s compute all the different terms:

• Einstein-Hilbert GR action, involving only R: this gives rise to a term

δSEH
δgµν

=

√
−g

16π
Gµν

Since
√
−g ̸= 0 always, this reduces to the vacuum Einstein Equations. This is the

classical derivation and follows directly from expliciting R as a function of gµν and
its derivatives.

• Scalar field kinetic and mass terms: we make use of ∂
√
−g

∂gµν
= −1

2
gµν

√
−g and open

the term ∂µφ∂
µφ = ∂µφg

µν∂νφ to make explicit the dependence from the metric
tensor, finally obtaining

δSscalar
δgµν

= −
√
−g

16π

[︄
− 1

4
gµν∂αφ∂

αφ− 1

4
gµνµ

2
sφ

2 +
1

2
∂µφ∂νφ

]︄

This will later correspond to a stress-energy tensor; since we want to write the EE in
a form like Gµν = 8πTµν , it is sufficient to multiply by a factor − 16π√

−g
1

8π
= − 2√

−g
.

The stress-energy tensor for the scalar field takes the following form:

T scalar
µν =

1

16π

[︄
− 1

2
gµν∂αφ∂

αφ− 1

2
gµνµ

2
sφ

2 + ∂µφ∂νφ

]︄
(2.3)

• Mass term: the dependence of the matter action from gµν is only through the term√︄
gαβ

dyαp
dλ

dyβp
dλ

, and there is no dependence from ∂αgµν . Thus:

δSp
δgµν

= −
∫︂
m(φ)δ(4)(x− yp(λ))

1

2

1√︂
gαβ

dyαp
dλ

dyβp
dλ

dyαp
dλ

dyβp
dλ

dλ

= − 1

2

∫︂
m(φ)δ(4)(x− yp(τ))

dyαp
dτ

dyβp
dτ

dτ

Again, we want to express this in terms of a stress-energy tensor by multiplying by
− 2√

−g
, thus obtaining

T
p
µν =

∫︂
m(φ)

δ(4)(x− yp(τ))√
−g

dyαp
dτ

dyβp
dτ

dτ

We still have an unknown dependence of the mass from the field, m(φ). We approxi-
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mate this dependence with a linear expansion, m(φ) ≊ mp +
∂m

∂φ
φ, since φ ∼ O(q). We

find the derivative using the weak field approximation: outside the particle’s trajectory,
the field equation reads (□ − µ2s)φ = 0, which is solved (in flat spacetime, which we can
assume in a small neighborhood of the secondary in a free-falling frame) by the Yukawa
potential

φ ≊
mpd

r̃
e−µsr̃

wherempd is the scalar charge of the secondary, withmp the gravitational charge (mass).
Applying the Klein-Gordon (KG) operator in a local neighborhood of the secondary re-
sults in

(□− µ2s)φ = −4πmpdδ
(3)(x− yp)

Compared to the source term in the field equation, we obtain m′(φ) = −mpd

4
, thus the

final field equations read:

(□− µ2s)φ = −4πmpd

∫︂
δ(4)(x− yp(τ))√

−g
dτ (2.4)

Note that we must use the linear expansion since the source term is proportional to
m′(φ), which happens to be proportional tomp, resulting in the first-order approximation
in q.

The matter stress-energy tensor instead depends directly on m(φ), and thus it is suffi-
cient to use the first-order termmp, hence

Gµν = 8πmp

∫︂
δ(4)(x− yp(τ))√

−g
dyµp
dτ

dyνp
dτ

dτ

2.2.b Leading and subleading order terms in mass ratio

Throughout this work, a perturbative approach in the expansion parameter q is adopted:
the zero-order solution would be a stationary Kerr BH, since this would correspond to
setting q = 0; the relevant effects can be seen at first order in q, which is the fundamental
choice for the rest of the theoretical approach. This allows for a simplified treatise of the
system, that becomes analytically and computationally approachable thanks to linearity;
for this reason, it is important to clarify the expansion order of the fundamental quantities
and their combinations, and develop the theory discarding contributions beyond linear
order. In the following, I will specify and comment the expansion order of themain quan-
tities.

• Background metric: if the no-hair theorem (Bekenstein, 1972; Saa, 1996; Banerjee
et al., 1998) is valid, the backgroundmust be simply described by the Kerr metric. It
is however possible to evade no-hair theorems (Sotiriou et al., 2014b; Sotiriou et al.,
2014a); in this case, let’s consider a coupling constant α has dimensions of massn
with n ≥ 2 (because Sc is in general not dimensionless: for example, scalar Gauss-
Bonnet gravity can have L ∝ φwhich is dimensionless, thus taking into account the
integrand measure d4x, it must be that [α] = mass2). The corrections to the Kerr
metric must then be described by an adimensional parameter ζ ≡ α/Mn ≡ qnζp,
where ζp ≡ α/mn

p . Observationally ζp < 1 (see Sec. 2.1.c), so we can consider the

31



CHAPTER 2. THEORIES OF MODIFIED GRAVITY AND MASSIVE SCALAR FIELDS

correction to be O(qn), and since n ≥ 2 we can ignore it. Although it is impor-
tant to notice that this is actually a restriction of the possible theories that can be
probed with this theoretical framework, the condition is actually satisfied for the
most relevant scalar-tensor theories of gravity, such as the previously commented
scalar Gauss-Bonnet. This restriction allows for the usage of known analytical re-
sults relative to the Kerr metric, which enjoys particularly convenient characteristics
such as symmetries and integrability, and for which computational infrastructures
are already available.
Result: the backgroundmetric is exactly the Kerrmetric, without corrections (order
0 in q)

• Scalar field φ: the scalar field is dimensionless, as can be seen from the modified
Hilbert-Einstein action S0: morally, “R ∼ ∂∂g”, where the metric gµν is dimension-
less, thus comparing this termwith the kinetic andmass terms, it is evident that the
field itself is dimensionless. Wewriteφ = φ0+φ1, whereφ0 is a constant background
field (∂µφ0 = 0) and φ1 is a perturbation, which is of our interest. For the case of a
massless field, it is easy to check that φ1 ∼ O(q), since the KG equation corresponds
to □φ = □(φ0 + φ1) = □φ1 = O(q) because the source term being proportional to
mp. For the massive case, the calculation is more involved: the KG equation without
the O(q) source reads (□ − µ2s)(φ0 + φ1) = 0 =⇒ (□ − µ2s)φ1 = µ2sφ0 which is KG
equation for φ1 with a constant source term (potential). If we assume φ0 ̸= 0, the
Green’s function method can be used to compute φ1. the Green’s function for the

KG operator is φg(x) =
∫︂

d4k

(2π)4
e−ikx

−k2 − µ2s
and the general solution is given by

φ1 =

∫︂
d4y µ2sφ0φg(x− y) =

∫︂
d4y µ2sφ0

∫︂
d4k

(2π)4
e−ik(x−y)

−k2 − µ2s

=µ2sφ0

∫︂
d4k

e−ikx

−k2 − µ2s
δ(4)(k)

= − φ0

This means that φ = 0 everywhere without a source term. If we introduce a source
as explained previously, we obtain proportionally φ ∼ O(q), which directly follows
from the Green’s function method with a O(q) source term.
Result: for a massive scalar field, φ ∼ O(q)

• Scalar field stress-energy tensor: the explicit form has been derived previously and
always involves the field amplitude φ quadratically, meaning that T scalar

µν ∼ O(q2)
and thus can be ignored at linear order. It is important to note that, differently
from themassless case, the stress-energy tensor for the massive field features a term
gµνµ

2
sφ

2: thus it was important to check that the whole φwas actuallyO(q), and not
only the non-constant part as in the massless case, since this term does not involve
derivatives that remove a constant component φ0 ∼ O(1). This is an additional
independent condition needed for stating that the background metric is the Kerr
metric: while the first point was evaluating the possible effects of a scalar charge
of the primary on the metric and found that in the described restrictive hypothe-
sis the metric continues to be Kerr at least at the first order, here we assess that the
scalar field modes excited by the secondary will not contribute, at first order, to the
stress-energy tensor, which would affect metric perturbations through the Einstein
Equations.
Result: for a scalar field, T scalar

µν ∼ O(q2)
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• Coupling term in the global action: The argument is analogous to the one pre-
sented for the backgroundmetric: since [Sc] = mass−n due to the coupling constant
α, for a dimensional scaling argument we expect Sc ∼M−nS0, so that the coupling
action αSc ∼ α

MnS0 ≪ S0 and in particular is at least O(q2).
Result: the coupling terms can be ignored since αT c

µν ∼ O(qn≥2)

• Matter stress-energy tensor: SM ∝ mp, thus this results in a first-order effect in the
mass ratio q. This is by definition and constitutes the foundation of the first-order
post-adiabatic approach.

In conclusion, the first-order approach is based on a rather simple and ordered set of
“motivated prescriptions”:

• The secondary follows a trajectory determined by geodesics in Kerr spacetime; the
orbits are described by the usual action variables (E,Lz, Q)which undergo a secular
evolution due to the GW and scalar fluxes that are found at the first post-adiabatic
order.

• The scalar field is described by a massive KG equation in a curved spacetime, with-
out back-reaction on the spacetime itself due to the field stress-energy tensor; the
source term of the field is given by the adiabatic description (0 order in q of the
secondary trajectory), which, as seen before, is a geodesic in Kerr spacetime.

• The perturbations of the gravitational field, corresponding to GWs, are conceptually
equivalent to the scalar field: they can be treated as a separate (tensorial) field on a
Kerr background and governed by the linearized Einstein equations with a source
term given by the secondary.

• The post-adiabatic evolution of the system is obtained by evolving the action vari-
ables accordingly to the relative GW and scalar fluxes. The evolution happens on
secular timescales, namely the dynamical orbit can be considered as a series of
slowly-changing Kerr geodesics (which are not dissipative in the test-mass approx-
imation).

This clearly defines a program to compute the dynamics of massive scalar fields: given
a orbital configuration and using the KG equation it is possible to find the solution of
the field amplitude on the entire spacetime domain; this is an “adiabatic” solution, in
the sense that it describes a stationary configuration of the system; we will exploit the
stationarity to decompose the system in a continuous energy spectrum. Once the field is
known, the integration of the stress-energy tensor on the boundary surfaces, one at the
BH horizon and one at spatial infinity, will provide the energy, angular momentum and
Carter constant fluxes which, together with the corresponding GW solution and fluxes,
determine the evolution of the secondary. Since the computation of the fluxes is adiabatic,
it depends only on the current state of the system and not on the past evolution; thismeans
that the flux evaluation and the subsequent evolution can be treated subsequently and
not simultaneously, since the evolution has no back-action on the flux computation. This
would not be true for an exact treatise of the dynamics.

Physically, this treatment is motivated by the evolution of the system on two very dif-
ferent timescales, the orbital timescale and the secular evolution timescale; since the two are
clearly separated, it is possible to consider phenomena that evolve secularly as stationary
over the orbital timescale, and phenomena that happen on the orbital timescale can be
averaged over a large number of cycles when considering secular effects.
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3 Solutions to the field equations in a
curved background

This Chapter is entirely dedicated to the development of the theoretical foundation for
the numerical solution of the scalar field and its characterization in terms of energy and
mode decomposition, and scalar fluxes (of energy and angular momentum) at spatial
infinity and at the horizon. I will begin with a review of the Teukolsky formalism that
is commonly used to treat small perturbation of massless fields in the Kerr spacetime,
and later adapt it to treat a massive scalar field. Finally, considering the source term and
the homogeneous solutions to the massive master equation, it is possible to compute the
field magnitude on the entire spatial and energy domains, resulting in the computation
of the scalar fluxes.

3.1 Teukolsky formalism for massless fields

For a massless scalar field, the master equation is set by□φ = T (0), where T (0) is a source
term (cf. Eq. 2.4) and the Dalembertian is computed in a curved spacetime manifold. The
same procedure can be applied to spinors (s = 1/2, Dirac equation), vectors (s = 1, Proca
equation) and tensors s = 2, particularly relevant here since they represent gravitons,
or gravitational wave perturbation in the classical field approach. Very conveniently, the
explicit equations of motion specialized to the Kerr metric (which enters through the dif-
ferential operators) for different spins can be written as a unified master equation, called
the Teukolsky equation(Saul A. Teukolsky, 1973; S. A. Teukolsky et al., 1974). Let’s define
the Teukolsky operator T (s) for a spin-s perturbation as:

T (s) ≡

[︄
(r2 + a2)2

∆
− a2 sin θ2

]︄
∂20 +

4Mar

∆
∂0∂φ +

[︄
a2

∆
− 1

sin θ2

]︄
∂2φ−

−∆−s∂r∆
s+1∂r −

1

sin θ∂θ sin θ∂θ−

− 2s

[︄
a(r −M)

∆
+ i

cos θ
sin θ2

]︄
∂φ − 2s

[︄
M(r2 − a2)

∆
− r − ia cos θ

]︄
∂0 + (s2 cot θ2 − s)

Where the functions ∆(r, a) and Σ(r, a, θ) are defined in Sec. 1.4.a and inherited from
the Kerr metric through the explicit definition of the GR Delambertian operator. The
Teukolsky equation for a perturbation field ψ simply reads

T (s)ψ = 4πΣT (s)

35



CHAPTER 3. SOLUTIONS TO THE FIELD EQUATIONS IN A CURVED BACKGROUND

where T (s) is the source term inherited from the field equations. For the scalar I showed

thatT (0) = −mpd

∫︂
δ(4)(x− yp(τ))√

−g
dτ , and analogue expressions are valid for s = 1/2, 1, 2.

This allows to write different spin perturbations with a unified master equation, but hav-
ing custom expressions for each source term and field representation, which is a great ad-
vantage when solving the whole differential equation with the Green’s function method.

The Teukolsky equation can be solved more easily by decomposing the operator into
a series of multipoles, each having a factorized angular and radial part, each expressed
in frequency domain through a Fourier transform. This decomposition must be done
simultaneously for the Teukolsky operator and the source term:

ψ(s) =

∫︂
dω
∑︂
ℓ,m

R
(s)
ℓ,m(r, ω)S

(s)
ℓ,m(θ, ω)eimφe−iωt

4πΣT (s) =

∫︂
dω
∑︂
ℓ,m

J
(s)
ℓ,m(r, ω)S

(s)
ℓ,m(θ, ω)eimφe−iωt

Some observations on this passage:

• This is possible since the Teukolsky operator is linear in the perturbation; this is
enforced by the linear treatment of the perturbation problem.

• Here we indicate the spin-weighted spheroidal harmonics S(s)
ℓ,m(θ) as a real function of

the angular coordinate θ; the dependence from the angular coordinateφ is factorized
as a complex phase, similarly to what is done for spherical harmonics.

• The spheroidal harmonics are orthonormal in the usual sense, and differently from
the simpler spherical harmonics they account for the dragging terms in the Kerr
metric. These two properties will be evident from the definition of the angular part
of the Teukolsky equation; for now they represent very general requirements of a
mode decomposition.

• The partial derivatives in t and φwithin T (s) become ∂0 ↦→ −iω and ∂φ ↦→ im. Thus
formally T (s) = T (s)(r, θ, ∂r, ∂θ).

Now we can separate the angular and radial contributions: starting from the homo-
geneous equation T (s)φ = 0, the Teukolsky operator can be schematically separated as
follows

T (s)R(r)S(θ) = [f1(r) + f2(θ)]R(r)S(θ) +R(r)D̃θS(θ) + S(θ)D̃rR(r) = 0

Where D̃r and D̃r are differential operators in the respective variables and derivatives.
This can be separated as:

R(r)
[︂
D̃θ + f2(θ)

]︂
S(θ) = −S(θ)

[︂
D̃r + f1(r)

]︂
R(r)

If eitherR or S are zero, the equation becomes trivial. If not, we can separate the equation
in radial and angular part, whichmust be equal to a constantA since they involve different
independent variables. The final equations take the form of an eigenproblem:
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3.1. Teukolsky formalism for massless fields

[︂
D̃θ + f2(θ)

]︂
S(θ) = −AS(θ)[︂

D̃r + f1(r)
]︂
R(r) = AR(r)

inserting the actual expressions for the differential and algebraic operators, we obtain
the angular equation (defining the obliteness γ ≡ aω)[︄

1

sin θ∂θ sin θ∂θ − γ2 sin2 θ − m2

sin2 θ
− 2sm

cos θ
sin2 θ

− 2sγ cos θ − s2 cot2 θ + s+A

]︄
S(θ) = 0[︄

1

sin θ∂θ sin θ∂θ − γ2 sin2 θ − (m+ s cos θ)2

sin2 θ
− 2sγ cos θ + s+A

]︄
S(θ) = 0

Note that since the angular decomposition is the same at RHS and LHS of the Teukolsky
equation, spin-weighted spheroidal harmonics are universal and independent from the
realization of the problem; they depend only the field’s spin and the obliteness parameter,
which results from the BH angular momentum and the considered energy.

The radial part of the master equation after some algebra becomes:[︄
∆−s∂r∆

s+1∂r +
K2 − 2is(r −M)K

∆
+ 4isωr + 2mγ −A

]︄
R(r) = 0

Where K = (r2 + a2)ω − ma. We define the angular eigenvalue as sλℓm ≡ A − 2mγ.
This definition, instead of considering the eigenvalue simply as A, comes from the fact
that in the angular equation the eigenvalue can be chosen with an arbitrary offset without
changing much the expression, while relatively simplifying the radial equation (which
will be the main problem to solve).

Note: in the original papers (Saul A. Teukolsky, 1973; S. A. Teukolsky et al., 1974) the
definitions are slightly different, due to the fact that Teukolsky prefers to write a term
γ2 cos2 θ instead of −γ2 sin2 θ, with a consequent extra term γ2 within the definition of
the angular eigenvalue.

The decoupled homogeneous Teukolsky equations thus become:[︄
1

sin θ∂θ sin θ∂θ − γ2 sin2 θ − (m+ s cos θ)2

sin2 θ
− 2sγ cos θ + s+ 2mγ + sλℓm

]︄
Sℓm(θ) = 0[︄

∆−s∂r∆
s+1∂r +

K2 − 2is(r −M)K

∆
+ 4isωr − sλℓm

]︄
Rℓm(r) = 0

The solution to the inhomogeneous equation (with a source term represented by a con-
tribution J(r)S(θ) at RHS) correspond to the homogeneous case for the angular depen-
dence (the angular function is still the spheroidal harmonics), and to a inhomogeneous
equation for the radial functions:[︄

∆−s∂r∆
s+1∂r +

K2 − 2is(r −M)K

∆
+ 4isωr − sλℓm

]︄
Rℓm(r) = Jℓm(r)
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CHAPTER 3. SOLUTIONS TO THE FIELD EQUATIONS IN A CURVED BACKGROUND

Now the equation is in a form
[︂
D̃r + f(r)

]︂
R(r) = J(r), where D̃r = ∆−s∂r∆

s+1∂r

is a differential operator containing two derivatives and f(r) is a function of the radial
coordinate only, including the eigenvalue. We want to recast this expression in a form
that resembles a Schrodinger equation, namely

d2Y (r∗)

dr2∗
+ V (r∗)Y (r∗) = JY (r∗)

expliciting all the dependences. Define Y (r) ≡ ∆s/2
√
r2 + a2R(r) and make use of the

tortoise radial coordinate r∗ defined by dr∗
dr

=
r2 + a2

∆
. The radial equation becomes

d2

dr2∗
Y + V (ω)Y = JY

With a source term JY ≡ J
∆

(r2 + a2)
3
2

. The potential is given by

V (ω) =
K2(r, ω)−∆λℓm

(r2 + a2)2
−G2(r)− dG(r)

dr∗

where G(r) = s(r −M)

r2 + a2
+

r∆

(r2 + a2)2
andK = (r2 + a2)ω −ma.

In order to compute the energy flux, we are interested in the asymptotic behavior of the
field solution at the horizon and at spatial infinity, where it will define the stress-energy
tensor encoding the fluxes. In the case of interest of a scalar field, s = 0, we observe that:

• At the horizon,∆ = 0 (by definition of the horizon, or equivalently due to the value
of the radius of the outer horizon r+ =M +

√
M2 − a2), so G = ∂rG = 0, r2+ + a2 =

2Mr+ and the potential V reduces to k2 ≡ ω −mΩ+ with Ω+ ≡ a

2Mr+
. Note that

this is not valid for tensor (s=2) perturbations, as G↛ 0.
• At r → ∞, the asymptotic behaviors are ∆ ∼ r2, K ∼ r2, G ∼ r−1, thus the leading

term isK2/r4 ∼ ω2, so V ∼ ω2.

This results in the asymptotic homogeneous equations:

d2

dr2∗
Y + k2Y = 0 for r → r+

d2

dr2∗
Y + ω2Y = 0 for r → ∞

The complete master equation can be solved by specifying two homogeneous solutions
and building the total solution as a superposition using the Green’s functionmethod. The
choice of the two independent homogeneous solutions can greatly simplify the treatise;
in particular, since the fluxes are extracted in correspondence with the asymptotic limits
here described, we select a purely outgoing solution at∞ and a purely ingoing solution at
the horizon. Since the solution to each equation is a sum of just two complex exponentials
e±ikr∗ and e±iωr∗ respectively, a combination of these two purely oscillatory behaviorswill
entirely describe the field oscillations on the other side:
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3.2. Teukolsky equation for massive scalar fields

Purely ingoing at horizon:

Y− = e−ikr∗ for r → r+

Y− = Aine
−iωr∗ +Aoute

+iωr∗ for r → ∞

Purely outgoing at infinity:

Y+ = Bine
−ikr∗ +Boute

+ikr∗ for r → r+

Y− = e+iωr∗ for r → ∞

The effect of the field dynamics on theKerrmetric (represented by the effective potential
V (ω)) between horizon and infinity is uniquely encoded in the coefficients Ain, Aout, Bin,
Bout. Note that we already implicitly choose a normalization of the two homogeneous
solutions, which is completely arbitrary since there is no source term to compare. Once
the homogeneous solutions are known on the whole range (for example, by integrating
this oscillatory limit through the potential at finite values of the radial coordinate), they
can be used to find the particular solution using the Green’s function method.

After presenting the standard treatise for a massless scalar field let’s adapt it to a mas-
sive field, having already clear the theoretical meaning of the used procedure.

3.2 Teukolsky equation for massive scalar fields

In this section, the formalism presented before is adapted to the massive field and spe-
cialized to a scalar. The master equation is not given anymore by the Teukolsky operator,
since that is valid only for massless fields. In order to recover the correspective master
equation, I restart from the field equations, namely a Klein-Gordon with a source term:

(□− µ2s)ϕ = −4πT (3.1)

where the Dalembertian operator is

□ = ∇µ∇µ = gµν∇µ∇ν =
1√
−g

∂µ
√
−g∂µ (3.2)

This expression can be specialized to the Kerr metric, for which
√
−g = Σ sin θ, obtain-

ing

□ =
1

Σ sin θ∂µΣ sin θ gµν∂ν (3.3)

The standard Teukolsky operator T (0) is obtained by expliciting this operator and mul-
tiplying by −Σ (it is evident for example in the D̃θ term); thus the massive Teukolsky
operator is

−Σ(□− µ2s) = T (0) +Σµ2s

= T (0) + r2µ2s + a2µ2s − a2 sin2 θ µ2s

=

[︄
− (r2 + a2)2

∆
(ω2 − µ2s) +

4Mar

∆
ωm− 2Mr

∆
(r2 + a2)µ2s −

m2a2

∆
− ∂r∆∂r

]︄
+

+

[︄
a2(ω2 − µ2s) sin2 θ +

m2

sin2 θ
− 1

sin θ∂θ sin θ∂θ

]︄

In the last passage I already separated the radial (angular) operators in the upper (lower)
line. I also already used the usual Fourier-radial-angular decomposition, which enables
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CHAPTER 3. SOLUTIONS TO THE FIELD EQUATIONS IN A CURVED BACKGROUND

writing ∂t and ∂φ as −iω and im respectively. As for the massless case, this equation can
be separated into an angular and a radial part.

The decoupled homogeneous massive Teukolsky equations thus become:[︄
1

sin θ∂θ sin θ∂θ − a2(ω2 − µ2s) sin2 θ − m2

sin2 θ
+A

]︄
Sℓm(θ) = 0[︄

∂r∆∂r +
(r2 + a2)2(ω2 − µ2s)− 4Marωm+ 2Mr(r2 + a2)µ2s +m2a2

∆
−A

]︄
Rℓm(r) = 0

where A is the separation constant. I define as before the angular eigenvalue λ = A −
2maω, obtaining the massive radial master equation

∆R′′ + 2(r −M)R′ +

[︄
K2

∆
− µ2s(r

2 + a2)− λ

]︄
R = 0 (3.4)

Note that in this case it is not possible to write the potential as the square of a functionK,
since an additional term is introduced in the double product. Nevertheless, the correction
is very minimal and simply corresponds to adding a linear term −µ2sρ2R. Note that this
is the massive scalar equivalent of Eq. 1.2 of Mano et al., 1996.

Introducing the Tortoise coordinate r∗ and the auxiliary radial functionY =
√
r2 + a2R =

ρR, we obtain the Schrodinger-like equation for the radial function:

d2Y

dr2∗
+ V (r)Y = JY (3.5)

with the effective potential given by

V (r) =

(︄
ω − am

ρ2

)︄2

− ∆

ρ8

[︄
λρ4 + 2Mr3 + a2(∆− 2Mr) + µ2sρ

6

]︄
(3.6)

Some observations on the separated massive Teukolsky equation:

• Angular equation: adding a mass to the field has effects on the definition of the
spheroidal harmonics, although it only consists in a simple reparametrization of
the ω: the massive spheroidal harmonics are the massless functions evaluated in
ω̃ =

√︁
ω2 − µ2s , namely the “bare” energy stripped from the mass contribution.

However, the eigenvalue λ reported in the effective potential still corresponds to
A− 2maω, thus it is equal to λmassless(ω̃) + 2maω̃ − 2maω. Note that if µs ̸= 0, then
ω̃ becomes purely imaginary for sufficiently low energy. This is not problematic for
the definition of the spheroidal harmonics and will become extremely relevant for
massive fields. Note that even if ω̃ is purely imaginary, the angular equation remains
real, and thus also S(0)

ℓm . This is true only for scalars, s = 0.

• Radial equation: the effect of a mass is to add a contribution−∆

ρ2
µ2s to the massless

potential. This goes to−µ2s at r → ∞ and to 0 for r → r+. The interpretation at∞ is
clear, since we recover the standard behavior of a massive field in a flat spacetime.
The interpretation at the horizon is more interesting: the massive field is behaving
like a massless field in the strong potential; morally, for a particle which at infinity has
a finite energy from amass contribution and a kinetic contribution, near the horizon
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3.2. Teukolsky equation for massive scalar fields

themass is progressively less relevantwith respect to the energy that is accumulated
by the descent in the potential, becoming irrelevant exactly at the horizon; another
way of seeing this is that in Kerr coordinates, as for the Schwarzschild coordinates,
lightcones accumulate on the horizon becoming more and more squeezed as they
approach it; this means that at the horizon the inwards and outwards light-like sur-
faces (populated bymassless particles) coincide, andwith them everything that was
in between (massive particles): in this sense, at the horizon massless and massive
particle behave in the same way. Of course, this serves only as an intuitive descrip-
tion of the phenomenon, but it will be useful to recall this particular feature in the
following.

3.2.a Asymptotic behavior of the master equation

In order to compute the behavior of the field in the limits r∗ → ±∞, it would be tempting
to simply evaluate the effective potential in the two limits and plug the result into the
master equation. This, however, would be wrong, since we must explicitly consider the
dependence of V (r) on terms of orderO(r−2α

∗ )with α < 1. This comes from the following
argument: let’s consider a master equation

d2Y

dx2
+ V (x)Y = 0

with V (x) ∼ ε2x−2α in the limit (without loss of generality) x → ∞. Then for x → ∞ we
can decompose the master equation in the form(︄

d

dx
+ iεx−α

)︄(︄
d

dx
− iεx−α

)︄
Y = 0

The two linearly independent solutions to each of the two operators can be easily obtained
by separating the variables, and are

Y ∝ exp
[︄
± iε

x1−α

1− α

]︄
if α ̸= 1

Y ∝ x±iε if α = 1

This solution is non-trivial (it does not reduce to a constant, which implies a null solution)
only if 1− α ≥ 0, namely α ≤ 1.

Let’s apply this to the effective potential: for r → rh we have that ρ assumes a finite
value, while ∆ → 0 linearly in r (it has a finite derivative in rh), and thus is exponentially
suppressed in r∗. Since the exponential suppression is faster than any polynomial, this is
a term that does not contribute to the asymptotic limit of Y −. In conclusion, at the horizon
we have

d2Y −

dr2∗
+ k2−Y

− = 0, with k− ≡ ω −mΩh

with purely ingoing asymptotic (normalized) solution

Y −(r∗ → −∞) = e−ik−r∗
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CHAPTER 3. SOLUTIONS TO THE FIELD EQUATIONS IN A CURVED BACKGROUND

Again, this can be interpreted with the fact that at the horizon, massive fields behave as
massless. Now let’s consider the limit r∗ ∼ r → +∞, expanding the effective potential in
powers of 1/r, keeping only constants and O(1/r) and writing it in the form used above:

V (r) =ω2 − ∆

ρ2
µ2s +O

(︂ 1

r2

)︂
=ω2 − µ2s + 2

Mµ2s
r

+O
(︂ 1

r2

)︂
=

(︄√︁
ω2 − µ2s +

1

r

Mµ2s√︁
ω2 − µ2s

+O
(︂ 1

r2

)︂)︄2

Thus, the asymptotic solution will be

Y +(r∗ → +∞) = exp
[︄
ir∗
√︁
ω2 − µ2s

]︄
r
i

µ2sM√︂
ω2−µ2s = eik+r∗r

i
µ2sM√︂
ω2−µ2s

with k+ =
√︁
ω2 − µ2s . Note that in this case the asymptotic behavior is qualitatively

(and quantitatively) different from that expected by simply performing the limit of the
effective potential for r → ∞, which would give only the dependence eik+r∗ .

3.2.b Green’s function method for second order ODE

Given a second order Ordinary Differential Equation (ODE) in the form y′′ + p(x)y′ +

q(x)y = f(x), the solution is yh+yp, where yh is the solution to the homogeneous problem
and yp is the particular solution. The homogeneous is given by the sum of two linearly
independent solutions y1 and y2, namely yh = a1y1+a2y2. The particular solution is given
by

yp = y1(x)U1(x) + y2(x)U2(x)

where the functions U1 and U2 are given by

U1(x) = −
∫︂ x

x0

y2(z)f(z)

W (z)
dz U2(x) =

∫︂ x

x0

y1(z)f(z)

W (z)
dz

AndW is the Wronskian,W = y1y
′
2− y′1y2. Note that sinceW is the determinant of the

matrix [︄
y1 y2
y′2 y′2

]︄
and y1, y2 are linearly independent, it is surely non-zero1.

Note that this corresponds to taking theGreens functionG(x, τ) = y2(x)y1(τ)− y1(x)y2(τ)

W (τ)
.

In our case it is better to maintain this separate form, since we have boundary conditions
at different spatial coordinate for the 2 homogeneous solutions (r∗0 → ±∞ respectively).

Let’s apply the general Green’s function method to the specific case of the scalar field’s
radialmaster equation: letY ±(r∗) be the homogeneous solutionswith purely ingoing/out-

1In reality, this condition is violated by quasi-normal modes (see Chapter 6), for which however the zero
of theWronskian is located in the complex plane of the variablex away from the real axis, thus not introducing
domain incompleteness when evaluated in x ∈ R.
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3.3. Energy and angular momentum scalar fluxes

going boundary conditions at horizon/infinity; then the general solution will be

Y = Y +

∫︂ r∗

−∞

Y −JY
W

dr∗ + Y −
∫︂ +∞

r∗

Y +JY
W

dr∗ (3.7)

Note that the minus sing present in the general form is reabsorbed by exchanging the
integration boundaries when integrating R+. This also gives a more natural result in
terms of the integrating direction. In addition, we are always working with the tortoise
coordinate, since the original ODE is expressed using r∗.

The application of the method requires the knowledge of the homogeneous solutions.
We obtain the homogeneous using a Frobenius expansion ansatz, exploiting the asymp-
totic dependences that we found before:

Y − = e−ik−r∗(r)
nh∑︂
n=0

an(r − rh)
n Y + = e+ik+r∗(r)r

iµ2
sM√︂

ω2−µ2s

n∞∑︂
n=0

bn
rn

In fact, choosing a0 = b0 = 1 correctly gives the correct asymptotic solutions. In prac-
tice, the sum is truncated at nmax

h = nmax
∞ = 10, which gives an accuracy of ≈ 1 part on

1030. The coefficients an, bn are found by solving the master equation iteratively with the
Frobenius ansatz. Refer to Sec. 4.4 for the implementation and details.

3.3 Energy and angular momentum scalar fluxes

At this point, we have the solutionϕ to the field equations andwe can compute the energy
emission. This can be done considering the stress-energy tensor of the scalar field: the
component Ttr encodes the flux of energy (selected by the time component) along the
radial coordinate. Thus, it is sufficient to integrate this element over a surface at ∞ (on
the horizon) to obtain the total outgoing (ingoing) energy flux. Since the stress-energy
tensor component we are considering is out of the diagonal, the matrix element simply
corresponds to (cf. Eq. (2.3))

Trt =
1

16π
∂rϕ∂tϕ

∗

so that the total energy flux is

Ė± = ±∆

∫︂
Ω
TrtdΩ

The time derivative of the field is simply ∂tϕ = −iωϕ, while the radial derivative can
be computed directly from the asymptotic limits, giving ∂rϕ = ±ik±ϕ depending on
the evaluation surface (horizon or infinity). The angular-radial decomposition ensures
that the angular integral can be separated and integrated to unity by definition of the
spheroidal eigenvalues. After some calculation (remember that we are using the Y radial
function, thus in the derivatives some additional terms are present; however, the prefactor
∆ at the horizon and the asymptotic behavior at infinity allow us to simplify the limits)
the energy fluxes are:

Ė± =
1

16π

∑︂
ℓ,m

ωk±|Yℓm(r∗ → ±∞)|2
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CHAPTER 3. SOLUTIONS TO THE FIELD EQUATIONS IN A CURVED BACKGROUND

We define the amplitudes

Z±
ℓm ≡ Y ±

ℓm(r∗ → ±∞)

∫︂ +∞

−∞

Y ∓
ℓmJY,ℓm
W

dr∗

which correspond to the asymptotic limit of the general solution to the field equation.
Thus, the energy fluxes are simply

L̇± =
1

16π

∑︂
ℓ,m

ωk±|Z±
ℓm|2 (3.8)

Similarly for the angular momentum flux, which is obtained by integrating Tφt on a
suitable spherical surface and is given by

Ė± =
1

16π

∑︂
ℓ,m

mk±|Z±
ℓm|2 =

∑︂
ℓ,m

m

ω
Ėℓm (3.9)

thus it is possible to obtain, mode-by-mode, the flux of angular momentum as a func-
tion of the energy flux. Note that for circular equatorial orbits ω = mΩp, thus the prefactor
is factorized out of the sum and the energy and angular momentum fluxes are linearly de-
pendent: morally, the circular equatorial orbital evolution is controlled by only the energy
flux.

3.3.a Source term computation

The Teukolsky equation has a source term 4πΣT (0), where T (0) is the source in the Klein
Gordon equation. Thus

4πΣT (0) = − 4πΣdmp

∫︂
δ(4)(x− yp(τ))√

−g
dτ

= − 4πΣdmp

∫︂
δ(t− tp(τ))δ(r − rp(τ))δ(θ − θp(τ))δ(φ− φp(τ))

Σ sin θ
dτ

dt
dt

= − 4πdmp
δ(r − rp(t))δ(θ − θp(t))δ(φ− φp(t))

ṫ sin θ

where I used
√
−g = Σ sin θ, and the conversion between the proper time τ and the

coordinate time t to apply the Dirac δ along the particle trajectory. The term JY used in
the radial equation corresponds to the radial part of the angular-radial decomposition of
the whole source term; to obtain J , I must project the whole term on Sℓm(θ) and take the
anti-Fourier transform (we are working in frequency domain, not time):

Jℓm =
1

2π

∫︂ ∫︂
Ω
4πΣT (0)S∗

ℓm(θ, ω)e−imφeiωtdΩdt

= − 1

2π

∫︂ ∫︂
Ω
4πdmp

δ(r − rp(t))δ(θ − θp(t))δ(φ− φp(t))

ṫ sin θ
S∗
ℓm(θ, ω)e−imφeiωt sin θdθ dφ dt

= − 1

2π

∫︂ ∫︂
(φ)

4πdmp
δ(r − rp(t))δ(φ− φp(t))

ṫ
S∗
ℓm(θp(t), ω̃)e

−imφeiωt dφ dt

= − 4πdmp
1

2π

∫︂
δ(r − rp(t))

ṫ
S∗
ℓm

(︁
θp(t), ω

)︁
ei[ωt−mφp(t)] dt
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3.3. Energy and angular momentum scalar fluxes

The projection on the angular part is obtained through the usual dyadic product, namely
integrating the function times the complex conjugate of S(θ)eimφ over dΩ. Recall that we
separated the simple dependence on φwith the exponential, whichmust be included (and
conjugated) in the true entire spheroidal harmonic function.

Note that this is the maximal simplification that can be done to the general expression
of Jℓm: all the quantities under integration are in general functions of the time coordinate.
The general solution to this problem is obtained by using the explicit behavior of the Kerr
geodesics; this is described in Gliorio et al. (2026), and involves a further Fourier series
decomposition of the frequencies, resulting in a summation over the additional indexes
n, k of the frequency spectrum given by the energies ωmkn = mΩφ+nΩr+kΩθ, where the
Ωi are the angular velocities associated to the angle variables of the action-angle variable
decomposition of integrable Hamiltonian systems (see Sec. 1.4.a).

Specialization to equatorial circular orbits

For equatorial circular orbits, both r = rp, ṫ and θp(t) = π/2 do not depend on the time
coordinate. The angular coordinate φ is linear in time: φ(t) = Ωpt, such that

Jℓm = − 4πdmp
δ(r − rp)S

∗
ℓm(π/2, ω)

ṫ

1

2π

∫︂
ei(ω−mΩp)tdt

= − 4πdmp
δ(r − rp)S

∗
ℓm(π/2, ω)

ṫ
δ(ω −mΩp)

= − 4πdmp
δ(r − rp)S

∗
ℓm(π/2,mΩp)

ṫ
δ(ω −mΩp)

Note that in the Schrodinger-like equation we use the modified source term JY ≡

J
∆

(r2 + a2)
3
2
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4 Finding the homogeneous solution

In the previous Chapter we saw that the scalar field solution can be found using the
Green’s functionmethod, once the homogeneous solutions of themassive Teukolsky equa-
tion are known; in addition, we made the choice for these oscillatory homogeneous solu-
tions to be purely ingoing at the outer horizon and purely outgoing at spatial infinity, in
order to compute more easily the total energy and angular momentum fluxes. This Chap-
ter is dedicated to the methods that are implemented to find the homogeneous solutions.

A solution of a second-order ODE such as the Teukolsky Equation can be found nu-
merically, once initial conditions are given at the boundaries; very interestingly however,
semi-analytical solutions exist, such as the ones provided by Mano et al. (1996). These
solutions are very valuable for finding accurate boundary conditions, from which is then
more convenient to numerically integrate in a finite radial interval. The code STORM,
later used for the numerical evaluation of massive scalar fluxes, already implements this
method for massless fields. In Sec. 4.1 I will explain and comment the original Mano-
Suzuki-Takasugi (MST) method for a massless scalar field; In Sec. 4.2 I will present origi-
nal results on the generalization of the MSTmethod to a massive scalar field; in Sec. 4.4, a
complete different approach is discussed, in terms of a Frobenius series expansion at the
horizon and at infinity. Finally, in Sec. 4.5 I will explain the integration scheme used to
compute the homogeneous solution on a finite spatial (radial + angular) region.

4.1 MST method for a massless scalar field

TheMSTmethod (Mano et al., 1996) provides an analytical solution to themassless Teukol-
sky equation in terms of a sum of hypergeometric functions. We saw the radial homoge-
neous Teukolsky equation (without the tortoise radial variable redefinition):

∆∂2rR+ 2(r −M)(s+ 1)∂rR+
[︂K2 − 2is(r −M)K

∆
+ 4isωr − λ

]︂
R = 0 (4.1)

4.1.a The hypergeometric function

Definition: the hypergeometric function 2F1(a, b; c; z), for brevity F (a, b; c; z), is defined
by the power series:

F (a, b; c; z) ≡
∞∑︂
n=0

(a)n(b)n
(c)n

zn

n!
(4.2)

47



CHAPTER 4. FINDING THE HOMOGENEOUS SOLUTION

where the Pochhammer symbol (a)n is defined as (a)0 = 1, and for n > 0

(a)n ≡ (a+ n− 1)!

(a− 1)!
= a(a+ 1) . . . (a+ n− 1) (4.3)

Warning: the definition holds for |z| < 1, but F can be analytically continued (with
some care, elaborate later if needed).

Lemma: The hypergeometric functionF (a, b; c; z) is the solution to the following second-
order differential equation:

z(1− z)
d2F

dz2
+
[︁
c− (a+ b+ 1)z

]︁dF
dz

− abF = 0 (4.4)

Lemma: The derivatives of the hypergeometric function are

dn

dzn
F (a, b; c; z) =

(a)n(b)n
(c)n

F (a+ n, b+ n; c+ n; z)

Observation: even if we can use more general theorems about regular points, it is ev-
ident that the structure of the radial Teukolsky equation, Eq. (4.1), closely resembles the
structure of the Euler hypergeometric differential equation, Eq. (4.4), in particular regard-
ing the second-power (inhomogeneous) coefficient of the second-order term and the first-
power (inhomogeneous) coefficient of first-order term. We want to make some variable
and radial function redefinition in order to express the result as a sum of hypergeometric
functions. Note that the zeroth-order term of Eq. (4.1) is not a constant, as the ab term
featured in Eq. (4.4); this means that the solution will correspond to the Euler’s equation
with a non-zero RHS featuring both the variable and the radial function. The trick is that
the RHSwill be of order ϵ, enabling for a recursive solution. In particular, the solutionwill
be obtained as an expansion in the parameter ϵ = 2Mω (low-energy solution, for series
coefficients with exponent n > 0).

Defined the auxiliary quantities

ϵ = 2Mω, q = a/M, κ =
√︁

1− q2, τ = (ϵ−mq)/κ,

I make the following redefinitions of the working variable/functions:

x ≡ ω(r+ − r)/ϵκ

Rν
in = eiϵκx(−x)−s− i

2
(ϵ+τ)(1− x)

i
2
(ϵ−τ)pνin(τ)

Rν
out = eiϵκx(−x)

i
2
(ϵ+τ)(1− x)−s− i

2
(ϵ−τ)pνout(τ)

Let’s consider the purely ingoing solution at the horizon. The radial equation becomes

x(1− x)
d2pνin
dx2

+
[︂
1− s− iϵ− iτ − (2− 2iτ)x

]︂dpνin
dx

+ (ν + iτ)(ν + 1− iτ)pνin =

= 2iϵκ
[︂
− x(1− x)

dpνin
dx

+ (1− s+ iϵ− iτ)xpνin

]︂
+

+
[︂
− λ− s(s+ 1) + ν(ν + 1) + ϵ2 − iϵκ(1− 2s)

]︂
pνin
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4.2. MST method for the massive scalar field

• Role of ν: note that the terms in the parameter ν exactly vanish at LHS and RHS;
they are added with the aim of making the LHS resemble Euler’s equation. For this
reason, this is in principle a free parameter, which however will be later fixed in
order to allow a recursive solution.

• The RHS is O(ϵ): we want an ϵ-expansion of the solution, which at 0 order is the
hypergeometric function. For this reason, we require the RHS to beO(ϵ): we can use
the fact that ν is a free parameter and that the spheroidal eigenvalue has an explicit
expression as λ = E − s(s+ 1)−m

a

M
ϵ+

(︂ a
M
ϵ
)︂2

, with

E = ℓ(ℓ+ 1)− s2m

ℓ(ℓ+ 1)

a

M
ϵ+

[︂
H(ℓ+ 1) +H(ℓ)− 1

]︂(︂ a
M
ϵ
)︂2

+O(ϵ3)

whereH(ℓ) =
2(ℓ2 −m2)(ℓ2 − s2)2

(2ℓ− 1)ℓ3(2ℓ+ 1)
so that λ = ℓ(ℓ+1)−s(s+1)+O(ϵ). This means

that if ν = ℓ + O(ϵ), the RHS is globally O(ϵ). This constraint, however, still leaves
the degree of freedom of choosing ν from first order on.

• Homogeneous solved by hypergeometric function: the homogeneous solution is
the hypergeometric function with a = −ν − iτ , b = ν + 1 − iτ , c = 1 − s − iϵ − iτ ,
namely pν(x) ≡ F (ν + 1− iτ,−ν − iτ ; 1− s− iϵ− iτ ;x).

• General solution given by sumof hypergeometric functions: wewrite the solution

as pνin(x) =
∞∑︂

n=−∞
aνnpn+ν(x), where pn+ν is simply pν with the substitution ν ↦→ ν+n.

This is an ansatz that will finally prove to give a convergent solution.

In addition, we can write the terms xpn+ν and x(1 − x)p′n+ν present at RHS as linear
combinations of pn+ν−1, pn+ν and pn+ν+1. By plugging the series expansion ansatz into
the radial equation we can solve the coefficients an order-by-order in n. In particular, the
coefficients must obey a three-term recurrence relation

αν
na

ν
n+1 + βνna

ν
n + γνna

ν
n−1 = 0 (4.5)

with αn, βn, γn constants dependent on the usual set of parameters and the index n. The
three-term recurrence can be rewritten in terms of continued fraction: we define the right-
and left-continued fractions as

Rn(ν) =
aνn
aνn−1

= − γνn
βνn + αν

nRn+1(ν)
Ln(ν) =

aνn
aνn−1

= − αν
n

βνn + γνnLn−1(ν)
(4.6)

The first expression explains the “right” and “left” denominations, while the second ex-
plains why they are called continued fractions. Either L or R allow to build a ladder of
coefficients; in order for these to b consistent, we ask Rn(ν)Ln−1(ν) = 1, namely one step
to the right and one to the left is equivalent to the identity. This fixes the value of the
renormalized angular momentum ν.

4.2 MST method for the massive scalar field

In this section, I will generalize the MST method by closely following the approach used
inMano et al., 1996. I previously found the radial master equation Eq. (3.4), which differs
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CHAPTER 4. FINDING THE HOMOGENEOUS SOLUTION

from the massless one for the term proportional to µ2s . With the formalism outlined in
App. B of Mano et al., 1996, where y ≡ ωr and thus y± = ϵ

2(1 ± κ), this corresponds to
the following linear term in R (the ω2 comes from the variable change r ↦→ y = ωr):

−µ
2
sρ

2

∆ω2
= − µ2s

ω2

(r2 + a2)ω2

(y − y+)(y − y−)

= − µ2s
ω2

[︄
1 +

ϵ

y − y∓
+

ϵ

(y − y+)(y − y−)

ϵ

2
(1± κ)

]︄

= − µ2s
ω2

[︄
1 +

ϵ/2

y − y+
+

ϵ/2

y − y−
+

1

(y − y+)(y − y−)

ϵ2

4
(1 + κ) +

1

(y − y+)(y − y−)

ϵ2

4
(1− κ)

]︄

= − µ2s
ω2

[︄
1 +

ϵ/2

y − y+
+

ϵ/2

y − y−
+

1

(y − y+)(y − y−)

ϵ2

2

]︄

Note that in the third line I choose to maintain symmetry by summing half of each
possibility in line 2 (there is the choice of the ±). This allows the simplification in line 4,
in which the κ dependence vanishes.

Before continuing, let’s define an additional adimensional parameter η ≡ µs/ω. This
is needed if the additional independent dimensional parameter µs is introduced, and the
choice of this adimensionalization seems quite straightforward. The other possible op-
tion, the commonly used adimensional parameter µsM which compares the typical range
of the scalar with the gravitational radius of the primary, produces more complicated
factors that ultimately lead to a more natural definition of the same parameter η. The
complete radial equation becomes (equivalent to Eq. B1 of Mano et al., 1996):

d2R

dy2
+

(︄
1

y − y+
+

1

y − y−

)︄
dR

dy
+

+

[︄
1− η2 +

1

y − y+
ϵ

(︄
1− η2

2
+

1

κ

)︄
+

1

y − y−
ϵ

(︄
1− η2

2
− 1

κ

)︄
+

+
1

(y − y+)2
(ϵ+ τ)2

4
+

1

(y − y−)2
(ϵ− τ)2

4
+

+
1

(y − y+)(y − y−)

(︄
− λ+

ϵ2

2

(︁
1− η2

)︁
− τ2

2
− ϵmq

)︄]︄
R = 0

Note that this contribution to the potential does not include terms in (y−y±)−2, namely
those in the third line; this is very important, since it implies that in the redefinition of
the radial variable via y − y+ = ϵκ(−x) and y − y− = ϵκ(1 − x), and the field R =

(−x)α(1−x)βR̃, in order to eliminate the coefficients of 1/x2 and 1/(1−x)2, the exponents
α and β will take the same values as the massless case:

α± = ± i

2
(ϵ+ τ) β± = ± i

2
(ϵ− τ)

These exponents are easily found algebraically; since the differential equation is at sec-
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4.2. MST method for the massive scalar field

ond order, the solutions for α, β will be (for each) a pair of solutions of a corresponding
quadratic equation. The ± choice for each is a ”true choice”, namely the corresponding
solutionswill be different (obviously) and linearly independent when taken at pairs. Note
that the choice of α determines the asymptotic behavior of the solution at the outer hori-
zon, corresponding to purely ingoing/outgoing waves.

Another redefinition is applied, namely R̃ = eiϵκxp, which leads to the radial equation
presented in the previous section. Note that this corresponds to isolating an amplitude p
from an oscillating part eiϵκx = e−iω(r−r+); However, this is not the complete oscillating
asymptotic behavior that we expect at the outer horizon, since the frame-dragging term
involves the indexm through some sort of k−, which is not present at exponential, having
instead simply ω.

Let’s now compute the additional terms in the master equation (the one that at 0th or-
der in ϵ has the hypergeometric function as solution): in the massless case, this equation
is obtained by the substitution of the new function p and the variable x, and finally multi-
plying by (−x)1−α(1− x)1−βe−iϵκxϵ2κ2 in order to have the simple coefficient (−x)(1− x)

in front of the second derivative. Thus it is sufficient to compute the contributions from
the 4 additional terms in the previous equation, and then multiply by this additional co-
efficient. The terms are:

• Zero-order term in the radial variable:

−η2R = −η2(−x)α(1− x)βeiϵκxp ↦→ −η2(−x)(1− x)ϵ2κ2p (4.7)

This is a second-order term in the expansion parameter ϵ, and is proportional to
(−x)(1− x)p; thus, it will need an additional recurrence relation, which is not pro-
vided in Mano et al., 1996.

• first-oder terms in (y − y±)
−1:

−η
2ϵ

2

1

y − y+
R = − η2ϵ

2ϵκ
(−x)α−1(1− x)βeiϵκxp ↦→ −η

2

2
(1− x)ϵ2κp (4.8)

−η
2ϵ

2

1

y − y−
R = − η2ϵ

2ϵκ
(−x)α(1− x)β−1eiϵκxp ↦→ −η

2

2
(−x)ϵ2κp (4.9)

Also, these terms are second-order in ϵ. For these, the recurrence relations are al-
ready known.

• second order term in [(y − y+)(y − y−)]
−1:

−η
2ϵ2

2

1

(y − y+)(y − y−)
R = − η2ϵ2

2ϵ2κ2
(−x)α−1(1− x)β−1eiϵκxp ↦→ −η2

2
ϵ2p

(4.10)
And also this term is ∝ ϵ2, and linear in p.

Leaving aside the first term for now, the other three can be summed and separated again
in algebraically distinct contributions, giving:

• +η2ϵ2κxp : the recurrence relation for xp is known, and this term can be integrated
in the master equation as 2iϵκ(−iϵη2/2)xp (the term in front is gathered to resemble
the corresponding term in the original master equation).

• −η2

2 ϵ
2(1+κ)p : this term is linear in p and thus does not require a recurrence relation.

It can be included in the master equation as it is.
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CHAPTER 4. FINDING THE HOMOGENEOUS SOLUTION

The master equation RHS thus becomes

2iϵκ
[︂
(−x)(1− x)p′in + iϵκ

η2

2
(−x)(1− x)p+

(︂
1 + iϵ

(︁
1− η2

2

)︁
− iτ

)︂
xpin

]︂
+

+
[︂
− λ+ ν(ν + 1) + ϵ2 − iϵκ− η2

2
ϵ2(1 + κ)

]︂
p

4.2.a Recurrence relation for the term (−x)(1− x)p

Since we want to express every term as a linear combination of pν+n+1, pν+n−1, pν+n,
we have to find a recurrence relation for the term (−x)(1 − x)pν+n. Note that with the
standard notation, if pν+n = F (a, b; c;x), then pν+n+1 = F (a+1, b− 1; c;x) and pν+n−1 =

F (a − 1, b + 1; c;x). This means that we have to find some coefficients A,B,C, algebraic
functions of a, b, c as previously defined as functions of the dimensionless parameters,
such that

(−x)(1−x)F (a, b; c;x) = AF (a+1, b−1; c;x)+BF (a, b; c;x)+CF (a−1, b+1; c;x) (4.11)

In order to do so, we have to express the RHS in terms of only 2 hypergeometric func-
tions (this is always possible and it is the best one can do, see next paragraph), and impose
the equality order-by-order in x for the terms proportional to F (a, b; c;x) and that the ad-
ditional contiguous function vanishes. This is a total of 4 constraints with only 3 DoF, so
a solution may not exist. We can also try adding two termsDF ′(a, b; c;x), ExF ′(a, b; c;x)

(but not terms in (−x)(1 − x)F ′ or xF , since for these the contiguous relations exist and
thus would be already accounted for in the form above), since these can be reabsorbed in
the LHS, only contributing to a redefinition of the a, b, c parameters of the 0-order equa-
tion.

In the next paragraph, the recurrence relations for F (a±, b∓) and F (a+, b+; c+) =

c/(ab)F ′(a, b; c) are computed.

Contiguous relations Two hypergeometric functions are said to be contiguous if their
parameters a, b, c and a′, b′, c′ differ by a triplet of integers l,m, k. Gauss proved that any
hypergeometric function F (a, b; c;x) can be written as a linear combination of any pair of
contiguous hypergeometric functions F (a + l, b +m; c + k;x), F (a + l′, b +m′; c + k′;x)
through coefficients P andQ dependent on a, b, c, l,m, k, l′,m′, k′, x. This linear combina-
tion is called contiguous relation. Any contiguous relation can be obtained by combining
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4.2. MST method for the massive scalar field

the following elementary relations (Gauss contiguous relations, Gcr):

(c− a)F (a− 1, b; c;x) + (2a− c+ (b− a)x)F (a, b; c;x) + a(x− 1)F (a+ 1, b; c;x) = 0

(Gcr1)

(b− a)F (a, b; c;x) + aF (a+ 1, b; c;x)− bF (a, b+ 1; c;x) = 0

(Gcr2)

(c− a− b)F (a, b; c;x) + a(1− x)F (a+ 1, b; c;x)− (c− b)F (a, b− 1; c;x) = 0

(Gcr3)

c(a+ (b− c)x)F (a, b; c;x)− ac(1− x)F (a+ 1, b; c;x) + (c− a)(c− b)xF (a, b; c+ 1;x) = 0

(Gcr4)

(c− a− 1)F (a, b; c;x) + aF (a+ 1, b; c;x)− (c− 1)F (a, b; c− 1;x) = 0

(Gcr5)

c(1− x)F (a, b; c;x)− cF (a− 1, b; c;x) + (c− b)xF (a, b; c+ 1;x) = 0

(Gcr6)

cF (a, b; c;x)− cF (a− 1, b; c;x)− bxF (a, b+ 1; c+ 1;x) = 0

(Gcr7)

(a− 1 + (b+ 1− c)x)F (a, b; c;x) + (c− a)F (a− 1, b; c;x)− (c− 1)(1− x)F (a, b; c− 1;x) = 0

(Gcr8)

c(c− 1)(x− 1)F (a, b; c− 1;x) + c(c− 1− (2c− a− b− 1)x)F (a, b; c;x) + (c− a)(c− b)xF (a, b; c+ 1;x) = 0

(Gcr9)

and their dual, namely the same equation with a and b exchanged. Note that some
equations are the dual of themselves (e.g. Gcr2). With a intuitive notation, the contiguous
relations can be found as:

• Contiguous relation for F (a±, b∓):

(1† + 3† ⇝ 10)(10 + 2(b−)⇝ 11)(11 + 2†(a−)⇝⋆)[︄
(b− a)(1− x) +

(c− b)(b− 1)

b− 1− a
− (c− a)(a− 1)

a− 1− b

]︄
F (a, b; c)−

− (c− b)a

b− 1− a
F (a+, b−; c)− (c− a)b

a− 1− b
F (a−, b+; c) = 0

• Contiguous relation for F (a+, b+, c+):

(2(b−) + 3⇝ 12)(12 + 7(a+)⇝⋆)

[b− c+ (a− b+ 1)x]F (a, b; c) +
b

c
(a− b+ 1)(−x)(1− x)F (a+ 1, b+ 1; c+ 1)+

+(c− b)F (a+ 1, b− 1; c) = 0

Note that the Gcr for F (a±, b∓) has only terms at first order in x in the coefficient of F ;
this means that Eq. (4.11) cannot be satisfied. It does not help adding terms in F ′ or xF ′,
since the Gcr for F (a+, b+, c+) would involve a term x(1 − x) at the denominator. Note
that the second Gcr, properly symmetrized by using the respective dual, corresponds to
the second recurrence relation provided by Mano et al., 1996.

Conclusion: the massless reparametrization of the radial function would need a con-
tiguous relation that does not exist in order to obtain a recurrence relation in the expan-
sion of hypergeometric functions.
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Second approach: redefinition of radial function

In the previous approach, I maintained the transformation R = (−x)α(1 − x)βeiϵκxp(x),
obtaining a problematic term−η2(−x)(1−x)ϵ2κ2p in the final equation, which cannot be
expressed through a recurrence relation. Thus, I want to change this redefinition of the
function in order to get rid of this term.

Note that choosingR = (−x)α(1−x)βeiϵκ
√︁

1−η2xp(x) produces exactly this term among
those of d2R/dx2, with opposite sign. It can be shown that this is also the only possible
option. The complete calculation of themaster equation as a function of the radial variable
x and the new function p (remembering the mass contribution inside the potential) leads
to:

x(1− x)p′′ +
[︂
(2α+ 1)− 2(α+ β + 1)x]p′ − abp =

= 2iϵκ
√︁
1− η2

[︄
(−x)(1− x)p′ +

(︄
α+ β + 1 + iϵ

(︂
1− η2

2
√︁
1− η2

)︂)︄
xp

]︄
+

+

[︄
− λ+ 2αβ + (α+ β)− iϵκ

√︁
1− η2(2α+ 1) + κϵ2

(︂
1− η2

2

)︂
+

+ ϵ2
(︂3
2
− η2

2

)︂
− 1

2
τ2 − ϵmq − ab

]︄
p

The coefficients a, b (which are added both at RHS and LHS, thus they are, in principle,
free parameters) are chosen in such a way that a+ b = 2(α+ β) + 1, in order to form the
Euler hypergeometric equation at LHS. Note that the choice of α, β and thus a, b is exactly
the same of the massless case! So choose α− = − i

2(ϵ + τ) to obtain an ingoing solution,
β+ = i

2(ϵ− τ), a = −ν − iτ , b = ν + 1− iτ , obtaining

x(1− x)p′′ +
[︂
(1− iϵ− iτ)− 2(1− iτ)x]p′ − (ν + iτ)(ν + 1− iτ)p =

= 2iϵκ
√︁
1− η2

[︄
(−x)(1− x)p′ +

(︄
1− iτ + iϵ

(︂
1− η2

2
√︁
1− η2

)︂)︄
xp

]︄
+

+

[︄
− λ+ ν(ν + 1) + ϵ2

(︂
1− η2(1 + κ)

2

)︂
− iϵκ

√︁
1− η2 + ϵκ

(︁
ϵ+ τ)

(︂
1−

√︁
1− η2

)︂]︄
p

Now we make the ansatz pνin =
+∞∑︂

n=−∞
anpn+ν(x) with pn+ν = F (a + n, b − n; c;x),

a = ν + 1− iτ , b = −ν − iτ , c = 1− iϵ− iτ . If I insert the ansatz into the radial equation,
the LHS can vanish by adding and subtracting (a + n)(b − n) to complete the Euler’s
differential equation for pn+ν . This produces an additional term (2nν + n(n+ 1))pn+ν at
RHS. Now we use the recursion relations for xp and x(1− x)p′: we have that

xpn+ν = γ1pn+ν+1 + γ0pn+ν + γ−1pn+ν−1 x(1− x)p′n+ν = ζ1pn+ν+1 + ζ0pn+ν + ζ−1pn+ν−1

with
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γ1(n) = −(n+ ν + 1− iϵ)(n+ ν + 1− iτ)

2(n+ ν + 1)(2n+ 2ν + 1)

γ0(n) =
1

2

[︄
1− τϵ

(n+ ν)(n+ ν + 1)

]︄

γ−1(n) = −(n+ ν + iϵ)(n+ ν + iτ)

2(n+ ν)(2n+ 2ν + 1)

ζ1(n) =
(n+ ν + iτ)(n+ ν + 1− iτ)(n+ ν + 1− iϵ)

2(n+ ν + 1)(2n+ 2ν + 1)

ζ0(n) =
iϵ

2

[︄
1 +

iτ(1− iτ)

(n+ ν)(n+ ν + 1)

]︄

ζ−1(n) = −(n+ ν + iτ)(n+ ν + 1− iτ)(n+ ν + iϵ)

2(n+ ν)(2n+ 2ν + 1)

Thus, we require that

0 =

+∞∑︂
n=−∞

an

{︄
2iϵκ

√︁
1− η2

[︄
− ζ1pn+ν+1 − ζ0pn+ν − ζ−1pn+ν−1+

+

(︄
1− iτ + iϵ

(︂
1− η2

2
√︁
1− η2

)︂)︄(︂
γ1pn+ν+1 + γ0pn+ν + γ−1pn+ν−1

)︂]︄
+

+

[︄
− λ+ ν(ν + 1) + 2nν + n(n+ 1) + ϵ2

(︂
1− η2(1 + κ)

2

)︂
−

− iϵκ
√︁
1− η2 + ϵκ

(︁
ϵ+ τ)

(︂
1−

√︁
1− η2

)︂]︄
pn+ν

}︄

The equality must hold for every pn+ν , thus we have a three-term relation αnan−1 +

βnan + γnan+1 = 0, with

αn =
iϵκ
√︁
1− η2(n+ ν + 1 + iϵ)(n+ ν + 1 + iτ)(n+ ν + 1− iϵ(1− η2/(2

√︁
1− η2))

(n+ ν + 1)(2n+ 2ν + 3)

βn = −λ+ (ν + n)(ν + n+ 1) + ϵ2(1− η2/2) + ϵτκ+ ϵ2κ
(︂
1−

√︁
1− η2

)︂
+

+
ϵ3τκ

(n+ ν)(n+ ν + 1)

(︂√︁
1− η2 − η2

2

)︂
γn = − iϵκ

√︁
1− η2(n+ ν − iϵ)(n+ ν − iτ)(n+ ν + iϵ(1− η2/(2

√︁
1− η2))

(n+ ν)(2n+ 2ν − 1)

Convergence: analogously to massless case, if RnLn−1 = 1 is satisfied (we impose that
an is a minimal succession for both n→ ±∞) we have

lim
n→∞

n
an
an−1

= − lim
n→−∞

n
an
an+1

=
iϵκ

2

√︁
1− η2
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thus
lim

n→±∞
n

anpn+ν(x)

an∓1pn+ν∓1(x)
= ± iϵκ

2

√︁
1− η2

[︂
1− 2x+

√︁
(1− 2x)2 − 1

]︂
the convergence is thus similar to the massless case, namely the series converges for all

|x| except |x| = +∞.
It is also useful to expressRν

in = Rν
0+R

−ν−1
0 , withRν

0 = . . . , which follows directly from
the properties of the hypergeometric function. Since the only modifications to the mass-
less case are the coefficient series an and the global oscillatory term in the reparametriza-
tion ofR (which becomes exponential for η > 1), this expression is also easily generalized
toRν

0 = eiϵκ
√︁

1−η2x · · ·
∑︁∞

n=−∞ amassive
n . . . , namely the formalism is exactly the same, only

changing the coefficient series and the oscillating factor.

Behavior for η = 1

I want to discuss the special case η = 1, for which the previous formulas present some
apparent singularities, having the factor

√︁
1− η2 at denominator. These obviously aren’t

real singularities, since they are multiplied by the same factor in front (see, for example,
the master equation); however, the asymptotic analysis differs, since the final factors are
multiplied by

√︁
1− η2, making the leading order identically zero. In particular, the three-

term relation has the following coefficients:

αη=1
n =

−ϵ2κ(n+ ν + 1 + iϵ)(n+ ν + 1 + iτ)

2(n+ ν + 1)(2n+ 2ν + 3)
∼ −ϵ

2κ

4

βη=1
n = −λ+ (ν + n)(ν + n+ 1) + ϵ2/2 + ϵτκ+ ϵ2κ− ϵ3τκ

2(n+ ν)(n+ ν + 1)
∼ n2

γη=1
n = −ϵ

2κ(n+ ν − iϵ)(n+ ν − iτ)

2(n+ ν)(2n+ 2ν − 1)
∼ −ϵ

2κ

4

so that

lim
n→∞

n2
an(η = 1)

an−1(η = 1)
= lim

n→−∞
n2

an
an+1

=
ϵ2κ

4

Note that in this case, the signs are the same for both the r∗ → ±∞ limits. All of this
is not in contradiction with the case η ̸= 1 since these terms have a different dependence
with respect to n: with η ̸= 1, L/R ∼ ± iϵκ

2

√︁
1− η2

1

n
, which is dominant with respect to

ϵ2κ

4

1

n2
unless we have explicitly η = 1.

In conclusion, differently fromwhat appears from the general asymptotic analysis, also
for η = 1 we have a valid full three-term recurrence relation, the solution is non-trivial
and converges even faster.

Behavior for η > 1

Here we truly expect that the solution is fundamentally different from the massless case.
In the radial function reparametrizationwehave an exponential term eiϵκ

√︁
1−η2x = e±ϵκ

√︁
|1−η2|x

which is either divergent or goes exponentially to 0. We expect the second to be the phys-
ical solution, since the field is confined within a gravitational potential pit, behaving like
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an evanescent wave far from the BH.
To obtain the exponentially damped behavior, I have to choose the branch

√︁
1− η2 =

+i
√︁

|1− η2|. This is in fact a choice, but it is forced by vanishing boundary conditions,
so it does not correspond to a real choice of the solution as it was in the case of the α, β
exponents.

4.3 Upgoing solution: possible paths for a generalizedMSTmethod

While the ingoing homogeneous solution at the horizon can be obtained by means of a
modifiedMSTmethod as described previously, theMST procedure does not generalize to
the massive case for the upgoing solution at spatial infinity. In this Section I will motivate
this fundamental difference, and despite not providing a definitive solution I will propose
a possible path which could lead to a massive MST method at spatial infinity; due to
the complexity of the analytical treatise and the fact that it is not strictly necessary to
find such method for the further computation of the modified EMRI phenomenology,
this investigation will be conducted in a future study.

The massless MST method at infinity is based on a series expansion of Coulomb func-
tions, similarly to the role that the hypergeometric function covered for the solution at the
horizon. These functions are defined using the confluent hypergeometric function, which in
terms of a series is defined as

Φ(a; b;x) ≡
∞∑︂
n=0

(a)n
(c)n

xn

n!
(4.12)

and is a solution of the Kummer’s confluent hypergeometric equation

zf ′′ + (c− z)f ′ − af = 0 (4.13)

The Coulomb wave function is

z2f ′′ + (z2 − 2ξz − L(L+ 1))f = 0 (4.14)

and its solution is the previously mentioned Coulomb function

FL(ξ, z) = 2LzL+1e−ize−πξ/2Γ(L+ 1 + iξ)

Γ(2L+ 2)
Φ(L+ 1− iξ, 2L+ 2, 2iz) (4.15)

Note that (Mano et al., 1996) use the unnormalized Coulomb function, where the factor
e−πξ/2 is omitted. Effectively, this is only a multiplication constant that is irrelevant in the
definition of the homogeneous solution, since the normalization is arbitrary.

4.3.a Direct approach

Motivated by the success of the direct approach for the solution at the horizon, namely
following the MST treatise including scalar mass terms in the ϵ-perturbative RHS, I adapt
the traditional approach by using a proper corrective factor to eliminate the problematic
massive terms like −η2. I first try with a corrective coefficient e−ηz other than the usual
reparametrization done for the Coulomb solution, obtaining
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z2f ′′ + [z2 + 2ϵz − ν(ν + 1)]f = ϵκz(f ′′ + f) + [ϵκ(−1 + iϵ+ iτ) + 2ηz(z − ϵκ)]f ′−

− ϵ

z
κ(i+ ϵ)(i+ τ)f+

+ (−ν(ν + 1) + λ− 2ϵ2
(︂
1− η2

4
(1− κ) +

iηκ

2

)︂
+

+ ϵmq + κϵ2 + ϵη(zη + κ− iκτ))f

The blue terms contain the mass corrections, in order to follow more simply the mod-
ifications to the massless MST. This master equation can be expressed with a RHS in an
ϵ-expanded form as:

z2f ′′ + [z2 + 2ϵz
(︂
1− η2

2

)︂
− ν(ν + 1)]f = ϵκz(f ′′ + f) + [ϵκ(−1 + iϵ+ iτ) + 2ηz(z − ϵκ)]f ′−

− ϵ

z
κ(i+ ϵ)(i+ τ)f+

+
[︂
− ν(ν + 1) + λ− 2ϵ2

(︂
1− η2

4
(1− κ) +

iηκ

2

)︂
+

+ ϵmq + κϵ2 − iηϵκ(i+ τ)
]︂
f

This second form involves corrective factors such as 1−η2/2, whichwere alreadypresent
in the hypergeometric expansion. However, in this case the LHS operator is modified,
meaning that the massless Coulomb functions themselves cannot serve as a 0-order solu-
tion corresponding to the massless case (differently from the hypergeometric expansion
at the horizon).

Not only a Coulomb function with massless parameters cannot serve as a basis for the
expansion, but also a generic Coulomb function with modified parameters. This follows
from the following observations:

• It is not possible to eliminate the extra coefficient z(z − ϵκ)f ′ by multiplying the
reparameterization for a generic functionw(z): the solution isw = eηz which would
compensate for the e−ηz factor previously introduced.

• It is not possible to have any effect on the terms containing f ′ by considering f̃ = fα

with α free, since it does not have any effect on the coefficient of f ′.

• =⇒ the 0-order solution cannot be a ”modified Coulomb function”, namely a func-
tion proportional to the confluent hypergeometric function via some prefactor.

4.3.b Usage of the double-confluent Heun Equation

The double-confluent Heun equation (DHCE) is given by (Jaccoud El-Jaick et al., 2008):

z2f ′′ + (B1 +B2z)f
′ + (B3 − 2ξσz + σ2z2)f = 0 (4.16)
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This exactly resembles the functional form of themaster equation, including the problem-
atic term ηz(z − ϵκ)f ′, with the coefficients mapped in the following quantities:

B1 = 2ηϵκ

B2 = −2η

B3 = −ν(ν + 1)

ξ = ∓ϵ(1− η2/2)

σ = ±1

Note thatB1 ̸= 0 is required: this implies that the behavior of the Coulomb function is not
immediately recovered in themassless case η = 0, or at least a limit treatment is necessary.
The solution of the DHCE, Eq. (4.16), is in the form of an infinite sum of confluent hyper-
geometric functions (either regular or irregular, corresponding to the two independent
solutions of the 2nd order differential equation) characterized by a three-term recurrence
relation. As a result, it could be feasible to use this solution (which is itself an infinite sum
of hypergeometric functions determined by a specific three-term recurrence relation) as a
0-order solution of the master equation, and successively find the ϵ-expansion by means
of an infinite sum with a different characteristic three-term recurrence relation. Note that
this treatment becomes more involved than the MST method, since two contiguous rela-
tions should be found for the 0-order solution U(z), one for z−1U(z) and one for U ′(z),
which could be possible but surely complicated, since the series coefficients are not ex-
plicit.

4.4 Upgoing solution in terms of a Frobenius expansion

4.4.a Implementation of the massive MST method

The massive MSTmethod to compute the ingoing solution at the horizon, as described in
the previous Sections, has been implemented in the code STORM. Despite the theoreti-
cal self-consistency of the theory, its physically-motivated features and multiply-checked
derivations, I found a systematic non-constant discrepancy of the order of 1%− 2% with
the fluxes predicted by Barsanti (2024) and Barsanti et al. (2023). Given the conceptual and
practical complexity and length of the MST implementation in the code, it is very likely
that an unknown (and very tiny) implementation error is causing the observed discrep-
ancy. Not having found the error in a reasonable time, I resorted to a method which is
conceptually simpler, even thoughmuchmore computationally expensive, namely the ex-
pansion of the homogeneous solution in terms of a Frobenius series, presented in the fol-
lowing. Still lacking a massive MST series at spatial infinity, the Frobenius series method
would have been used in any case for the upgoing solution, even in the presence of a
working version of the massive MST at horizon.

4.4.b The Frobenius expansion

The method described in this section has been used in Barsanti et al. (2023) and Barsanti
(2024) to find the homogeneous solutions of the Teukolsky equation. It is based on the
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CHAPTER 4. FINDING THE HOMOGENEOUS SOLUTION

physically-motivated asymptotic behavior of the solutions, found in 3.2.a directly from
the massive scalar field master equation. The fundamental ansatz is then obtained by
multiplying the asymptotic solution by a Taylor/Laurent series expansion, which will
capture the behavior of the solution in a small neighborhood of the horizon and infinity.
The expansion at infinity reads:

uup(r) = ei
√︁

ω2−µ2r∗r
i Mµ2√︂

ω2−µ2

∞∑︂
n=0

bn
rn

(4.17)

and at the outer horizon:

uin(r) = e−ik−r∗

nh∑︂
n=0

an(r − rh)
n (4.18)

We want to iteratively solve the coefficients an, bn; The symbolic expression of the coeffi-
cients in terms of the usual adimensional parameters is found usingWolframMathemat-
ica, and subsequently translated to C++ for the STORM implementation. The coefficients
bn that solve the ansatz inside the master equation are listed in App. A; the coefficients
an are too long to be included.

This will provide the boundary conditions, meaning that we also need to compute the
coefficients for u′ and u′′. I found:

u′up(r) = ei
√︁

ω2−µ2r∗r
i Mµ2√︂

ω2−µ2

∞∑︂
n=0

bn
rn

[︄
i
√︁
ω2 − µ2 r′∗ +

iMµ2

r
√︁
ω2 − µ2

− n

r

]︄

u′′up(r) = ei
√︁

ω2−µ2r∗r
i Mµ2√︂

ω2−µ2

∞∑︂
n=0

bn
rn

[︄
n(n+ 1)

r2
− M2µ4

r2(ω2 − µ2)
− iMµ2(2n+ 1)

r2
√︁
ω2 − µ2

−

−2r′∗(Mµ2 + in
√︁
ω2 − µ2)

r
− (ω2 − µ2)r′2∗ + i

√︁
ω2 − µ2r′′∗

]︄

where the Tortoise coordinate and its derivatives are explicitly:

r∗(r) = r +
2M(M +

√
M2 − a2)

2
√
M2 − a2

log r −M −
√
M2 − a2

2M
−

− 2M(M −
√
M2 − a2)

2
√
M2 − a2

log r −M +
√
M2 − a2

2M

= r +
(︂
1 +

1√
1− a2

)︂
log r − r+

2
+
(︂
1− 1√

1− a2

)︂
log r − r−

2
(normalized M=1)

r′∗(r) =
r2 + a2

r2 − 2Mr + a2

r′′∗(r) = − 2M(r2 − a2)

(r2 − 2Mr + a2)2
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4.5 Numerical integration of the Teukolsky equation

In order to obtain the solution to the Teukolsky field equation on a finite radial interval,
it is more computationally efficient to integrate the field equation rather than computing
theMST semianalitical solution point-by-point. In addition, the small convergence radius
of the Frobenius expansion is not in general sufficient to provide a series expansion of the
field at the radius of the secondary, where the evaluation is necessary for the flux compu-
tation. The MST method and the Frobenius expansions are thus used to provide accurate
fast and accurate boundary conditions, from which is then possible to start the numeri-
cal integration. Note that in the case of circular orbits the solution must be evaluated at
a single point rather than a finite interval; for this reason, we can directly use the MST
method for the ingoing solution, but the inwards integration of the upgoing solution is
still needed due to the limited Frobenius series radius of convergence.

A transformation of the Teukolsky equation is usually performed in order to deal with
a short-range potential that decays as r−2:

R(r) = r−1∆−seiωh+imφ̃ψ(r)

where h(r) is a function (height function) such that its derivativewith respect to the tortoise
coordinate, H ≡ dh/dr∗ has the following properties:

lim
r∗→±∞

H = ±1 |H| ≤ 1 lim
r∗→±∞

H ′ = 0

and the new angular coordinate φ̃ is defined as

dφ̃ = dφ+
a

r2 + a2
dr∗

this choice of the angular coordinate, together with the tortoise radial coordinate, regular-
izes the behavior of the field equation near the horizon. Morally, this angular coordinate
is “undoing”, “unwinding” the effect of the frame dragging caused by the BH rotation.

With this reparameterization, the Teukolsky equation for a massive field takes the form

(r2 + a2)2

r4
d2ψ

dr2∗
− 2G̃

r5
dψ

dr∗
+
Ũ

r6
ψ = 0

where

G̃ = a2∆+ (r2 + a2)(rs(r −M)− ir((r2 + a2)ωH +ma))

Ũ = 2isωr2(r∆(1−H)−M(r2 − a2)(1 +H))− 2iar∆(m+ aωH) + ∆(2a2 − r2λ− 2Mr(s+ 1))

− 2maωr2(r2 + a2)(1 +H) + r2(r2 + a2)2(ω2(1−H2) + iωH ′ −∆µ2)

Note that G̃ is independent of themass, whereas Ũ has a relevant term−r2(r2+a2)2∆µ2.
With µ = 0, the effective potential Ũr−6 is short-ranged (it goes like r−2 at ∞), but with
a non-vanishing scalar mass the potential assumes an asymptotical constant value. It is
impossible to find a reparameterization that brings the massive equation in the form of
a short-ranged potential: multiplying the new function for a generic factor eA(r) has the
effect of producing a massive term in Ũ that contains factors of O(r6), O(r5) with some
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prefactors that depend on A′ only and A′, A′′ respectively. However, this means that we
have only one degree of freedom (namely the choice of A′) to satisfy the condition that
the prefactor of r6 should behave like r−2, namely we have 2 constraints, one for the term
of order r0 and one for the term r−1, which cannot be satisfied at the same time. The
best we can do is to find a potential that goes like r−1. Not having the real advantage
of a short-ranged potential, I prefer to maintain the standard redefinition and integrate
the equation with asymptotically constant potential. This has the advantage of needing a
minimal change to the code already used for massless perturbations.

The choice of the height function h(r) is the minimal one, namely H(r) is fixed at ±1

for upgoing/incoming solutions, respectively. Although this choice does not in principle
satisfy the asymptotic limits (e.g., for the ingoing solution H = −1 we still expect that
H → +1 as r → +∞), the integration is actually performed from r+ ∼ ±∞ to a finite
value, so that we can imagine H detaching from the constant value and approaching the
correct asymptotic limit only in the interval where the integration is not performed. With
this choice, h(r) = r∗ up to an integration constant.

Wronskian computation

Since we do not have an analytic solution for the upgoing solution, the Wronskian must
be computed numerically. This does not imply the need for an integration up to the radius
of the particle, because the quantity ∆ ×W is constant over the radial coordinate. This
can be seen starting from the radial field equation

d2R

dr2
+

∆′

∆

dR

dr
+ VeffR = 0

Using the Abel’s identity for second order ODEs, the evolution of the Wronskian is given
by

W (r) = Ce−
∫︁

∆′
∆

dr = Ce− ln∆ = C∆−1

where C is a constant.
Since the integration of the upgoing solution is necessary anyway, the Wronskian is

computed at a fixed radius in the proximity of the horizon, where the Frobenius solution
converges fast. In practice, r = r+ +2 · 10−5 is used to compute the boundary conditions,
and then the field solutions are integrated to r = rp. Afterwards, the constant combination
W∆ is used on the entire range.

4.5.a Spin-weighted spheroidal harmonics computation

The spin-weighted spheroidal harmonics sSℓm : S1 ↦→ C are the solutions of the equation[︄
1

sin θ
d

dθ

(︂
sin θ d

dθ

)︂
−ζ2 sin2 θ− (m+ s cos θ)2

sin2 θ
−2ζ cos θ+s+2mζ+sλℓm

]︄
sSℓm = 0 (4.19)

Note that the dependence from the longitudinal variable φ is completely factorized out
of this definition into the Fourier transform previously defined, as a factor eimφ. As a
result, sSℓm =s Sℓm(θ). The parameter ζ ∈ C is the spheroidicity, also called oblateness or
prolateness in the specific cases in which it takes purely real or purely imaginary values,
respectively.
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The calculation of the functions and the corresponding eigenvalues are originally per-
formed by the STORM code in the case of oblated harmonics, ζ = aω. The differential
equation is real, and thus both the eigenvalues and eigenfunctions are real. This is not
the general case, since for η > 1 we have ζ = aω

√︁
1− η2 purely imaginary. However,

for a massive scalar field s = 0, and the linear contributions in ζ vanish, since Eq. (4.19)
remains hermitian (and in particular real).

The generalization in the code is obtained by promoting the variables involving ζ from
real to complex types. The method used to compute the eigenfunctions, the Leaver’s
method, works also for prolate spheroidicity, thus the available code has been used with
minimal changes.
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5 Results: waveforms and observabil-
ity forecasts

5.1 Field solution and scalar fluxes

The previous Chapter was dedicated to finding the homogeneous solutions for a massive
scalar fieldwith dynamics set by the homogeneous Teukolsky Equations. Once the homo-
geneous is known, the integration scheme that implements theGreen’s functionmethod is
completely equivalent to the one that is already implemented in the code STORM (Gliorio
et al., 2026) for a massless scalar field in a generic orbital configuration. The only signifi-
cant differences are the expressions of the energy andmomentumfluxes at spatial infinity,
which read

Ė+
s =

1

16π

∑︂
ℓ,m

ωk+|Z+
ℓm|2 (5.1)

L̇+
s =

1

16π

∑︂
ℓ,m

mk+|Z+
ℓm|2 (5.2)

where k+ =
√︁
ω2 − µ2s contains a further dependence on the scalar mass, other than the

obvious dependence inside the field solution, which is implicitly encoded in Z+
ℓm. Once

these changes are correctly implemented, the STORM code is able to produce the corre-
sponding energy fluxes. In this and the following Chapters, I will use a version of STORM
I specifically modified as detailed in the previous Chapters to include the effects of the
massive scalar field. The difference from previous works (Barsanti et al., 2023; Barsanti,
2024) is that the new code efficiency and generality (it naturally implements generic or-
bits, namely eccentric and inclined, with, however, the possibility of selecting the special
cases of circular equatorial and circular eccentric orbits) allows for a relatively fast and
systematic computation of the scalar fluxes and the phenomenology that follows.

The computations were executed on the GWave cluster at the Pennsylvania State Uni-
versity, a Tier‑2 center of the LIGO Data Grid and part of the International Gravitational-
Wave Network (IGWN) Computing Grid. The availability of a cluster infrastructure en-
abled parallelization of the tasks, making it possible to compute the energy fluxes on large
grids later used for interpolation.

Due to limited time, mainly the circular equatorial case was systematically explored:
the computational cost of fluxes evaluation on a grid increments steeply when adding
eccentricity and inclination, since not only it is necessary to add the corresponding grid
dimensions (and thus a power scaling with an exponent that grows like the dimension-
ality), but also a sum over the additional mode numbers n, k, for which a finite-size spec-
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trum appears as respectively eccentricity and inclination are added (corresponding to the
characteristic frequencies Ωr,Ωθ of the angle variables). At the end of this Chapter I will
briefly present the results on a single eccentric case study, for which a local grid was com-
puted only in the neighborhood of a 2−dimensional manifold spanning only eccentricity
and semilatus rectum. The availability of an efficient code and a computational infras-
tructure will allow for a complete investigation of the fluxes as a follow-up study of the
work presented in this Thesis.

5.2 Energy fluxes, grid sampling and interpolation

5.2.a Energy scalar fluxes with STORM

The calculation of the scalar flux for a given set of parameters consists of a summation of
ℓ,m modes (n = k = 0 for circular equatorial orbits). The computation is simplified by
the symmetry property Ėℓ,m = Ėℓ,−m and by the selection rule Ėℓ,m = 0 if ℓ +m is odd
(ℓ and m have different parity). The summation proceeds from ℓ = 1 to a maximum cap
ℓmax = 50, and is interrupted before if two consecutive ℓ-modes bring a energy flux con-
tribution that is less than 10−10 of the total flux accumulated until then. This threshold is
chosen such that mode truncation does not lead to systematic biases in the binary orbital
dynamics. Nested inside the ℓ-model computation, them−modes summation follows the
exact same logic, starting fromm = ℓ and going down at steps of 2 (for the selection rule),
and stopping when the relative energy contribution condition is satisfied. Three typical
examples of mode hierarchy at extremal spin and different radii are shown in Fig. 5.1; the
computed modes are shown as colored (note the logarithmic color scale for the absolute
value of the energy flux), and those that are below the energy threshold are hatched. In
Fig. 5.1a the modes corresponding to an orbit near the Innermost Stable Circular Orbit
(ISCO) are plotted: themode structure is very rich, especially for the flux at spatial infinity,
reaching ℓ = 47; in addition, the mode that contributes more to the flux is not the lowest
ℓ = m = 1, but instead ℓ = m = 3. Incrementing the radius, in Fig. 5.1b we can observe a
more typical behavior, with ℓmax ∼ 20 and still a prevalent flux at infinity. Finally, if the ra-
dius is incremented further (Fig. 5.1c) we can enter the field confinement region in which
mΩφ < µs: the flux at infinity is identically zero, and superradiance can occur (note the
negative total energy flux). Recall, however, that superradiance and field confinement are
two independent conditions: in fact, for the displayed configurations, every mode at the
horizon is superradiant, thus the energy flux at the horizon is always negative (globally
and mode-wise). A net superradiance is observed only in the last configuration because
the flux at infinity, which is usually dominant, is instead suppressed by the massive field
confinement.

For circular equatorial orbits, I used a grid that covers the entire physically relevant
space in the primary spin a and the semilatus rectum p (which reduces to the orbital
radius), following the grid building prescription of Chapman-Bird et al. (2025). The grid
is sampled taking into account the fact that the innermost stable circular orbit (ISCO)
prevents circular orbits to exist under a given radius for each value of the spin a; as a
result, the spin a is sampled more finely near the extremal configuration a ∼ 0.99; for
each value of the spin, the radius is then sampled from ISCO to pmax = 200 with 195
values, more finely in an inner zone and coarser in the outer zone. For details about the
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(a) Near-ISCO orbit for extremal Kerr. The system is superradiant at horizon and radiative at infinity, with a net
positive energy flux distributed over a large spectrum in ℓ.

(b) Middle-region orbit, still globally radiative but with a narrower ℓ-spectrum.

(c) High-radius orbit, superradiant and confined by the low-energy configurationmΩφ < µs ∀m < ℓmax.

Figure 5.1: Typical energy flux Ė modes hierarchy for extremal spin a = 0.998, 0.989, circular
equatorial orbitswith orbital radius p = 1.67, 4.26, 17.7. Fluxes at the horizon and at spatial infinity
are shown separately butwith common colorscalewithin the same subfigure. The colorscale refers
to the absolute value of the energy flux; the horizon flux is always superradiant, namely for all the
three configurations every mode at horizon has negative energy flux.
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Figure 5.2: Computation grid for global spin-radius coverage. The hatched area corresponds to
radii below the ISCO, black markers to configurations for which the scalar fluxes have been com-
puted, red markers for incomplete (ongoing) computation, and hollowmarkers for configurations
yet to be computed, referred to to the case study µs = 0.1 (and scalar mass values nearby).

grid sampling, refer to App. B of Chapman-Bird et al. (2025).
In order to compute the Fisher matrices, which are built from the partial derivatives

of the waveform with respect to a single parameter at the time, in addition to the grid
sampling it is necessary to sample a small neighborhood of the scalar mass parameter. In
this case, the two case studies µs = 0.1 and 0.01 have been chosen, and a total of 9 scalar
mass values centered around the reference µs are considered.

In Fig. 5.2 is represented the sampling grid (hollow markers) in the a − p parameter
space, with the actual completion of the flux calculation (black markers, still incomplete).
The parallel computation of fluxes is carried out at constant radial index, namely the pa-
rameter space scan starts from extremal values of a = 0.99 and proceeds towards lower
values.

Data quality and completeness

As it can be seen from Fig. 5.2, the scan is still incomplete since low radial values need
much higher modes contributions to converge, lengthening the computational time. In
addition, for some configurations a failure to compute single, isolated modes has oc-
curred; these configurations have been excluded from the interpolation later, since the
missing modes can produce severe artifacts if used in the interpolation. The cause of the
mode failure has been detected and removed for the other evaluations1, however the data
quality is sufficient to obtain relevant and reliable results, under a correct treatment of
these isolated defects.

1The error was occasionally produced by the functions implementing theMSTmethod calculations; even
if the massive scalar field code does not depend on the evaluation of such quantities, they were computed
as part of the whole ScalarFluxMode class initialization. For such reason, the sporadic occurrence of errors
during the usage of the class is not a symptomof numerical/physical issues in the computation of themassive
field fluxes, but nevertheless used to compromise the application of the class when defined with certain
parameter sets. A further refinement of the implementation, which bypasses the computation of the MST
quantities, completely eliminated these failures and further improved the evaluation speed.
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5.2.b Interpolation

The energy fluxes grid described in the previous section were used to build an interpo-
lator (based on RegularGridInterpolator of the SciPy suite (Virtanen et al., 2020)) with
proper masking to account for mode failure defects in the grid. Visual inspection led to
the choice of the pchip method which, despite being very slow to evaluate, did not pro-
duce oscillating artifacts near mode failure defects, as it was the case for faster methods
like cubic.

In Fig. 5.3 are plotted the interpolated energy fluxes on the valid domain (left column)
and the derivative of the scalar fluxes with respect to the scalar mass (right column), ob-
tainedwith a finite-size difference approach through the interpolator (2-points symmetric
half-step stencil with δµs = 10−8 chosen for stability and reduced production of artifacts).
Fig. 5.3a shows the results for µs = 0.1, the lower plot Fig. 5.3b the results for µs = 0.01.
The coverage of the two cases is very similar. The physical features of the fluxes and the
derivatives are discussed in the next Section. Here we notice only the presence of small
and isolated artifacts, limited to the derivatives plots (not on the energy fluxes), for both
scalar masses in correspondence of a ∼ 0.8, p ∼ 5, likely due to mode failure defects.

5.3 Results: energy scalar fluxes for circular equatorial orbits

5.3.a Theoretical explanation of energy flux features

The main qualitative features of the energy flux are determined by two main phenom-
ena: superradiance and field confinement. Let’s briefly review the expected properties and
definitions:

• Superradiance: for a deep understanding and treatise of superradiant phenomena
in their generality and the application to massive scalar fields around Kerr BHs, see
the dedicated Chapter 6. For now, the term superradiance refers to the extraction
of energy from the primary BH through the scalar field, which is possible mode-
wise when k− = ω −mΩh < 0: when this condition is met, it immediately follows
from Eq. (3.8) that the energy flux at the horizon is negative, namely energy is being
delivered from the primary to the secondary through the scalar field. Remembering
that Ωh = a/(2Mr+), where r+ = M +

√
M2 − a2 is the outer horizon radius, and

that for circular equatorial orbits ω = mΩφ with Ωφ =
M1/2

r3/2 + aM1/2
for prograde

orbits, the superradiant condition becomes independent of the index m2, and in
particular is given by

r

M
>

[︄
2(M +

√
M2 − a2)

a
− a

M

]︄2/3
(5.3)

This defines a region of the p − a plane where the flux at horizon is superradiant
(mode-by-mode, since the condition is independent from m). Note also that this

2Note that form = 0we cannot divide the superradiant condition bym to show that it’s m-independent,
however for m = 0 the angular momentum (and thus the energy) flux is manifestly 0, thus it doesn’t con-
tribute. Equivalently, for m = 0 we have k− = 0, namely the mode sits exactly between superradiance and
standard radiative regime, thus Ė−

m=0 = 0.
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(a) Scalar mass µs = 0.1

(b) Scalar mass µs = 0.01

Figure 5.3: Interpolated total energy fluxes due to the scalar field (left column) and their derivative
with respect to the scalar mass (right column). Scalar mass µs is equal to 0.1 for Fig. 5.3a and to
0.01 for Fig. 5.3b. The hatched region represents the zone inside the ISCO. Refer to Sec. 5.2.b, 5.3
for details and interpretation.

70
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condition is not exclusive to massive fields; in fact, the scalar mass has no role in
defining the occurrence of superradiance.
Comparing Eq. 5.3 with the ISCO we obtain that, for circular equatorial orbits, su-
perradiance occurs for every value of the orbital radius if a ≳ 0.4.

• Massive field confinement Referring again to Eq. (3.8), we observe that if ω < µs,
then k+ becomes purely imaginary. Since the energy flux is a real quantity, the field
amplitude contribution |Zℓ,m|2 must then vanish. This is what can be called field
confinement: for amassive scalar field, orbital frequencies ω = mΩφ that are less than
the scalar mass cannot produce radiative modes at infinity; thus, the energy flux at
spatial infinity (depending on the specificmode choice)will be null. This can be seen
in Fig. 5.1c, where the radius is large enough to produce an orbital frequency that
cannot radiate energy for at leastm < mmax = 7 in this specific example. Note that
higher-order modes emission is possible, but the mode hierarchy implies that these
highermodeswill contributewith a negligible energy flux. The energy confinement
condition is the following: a mode is confined if ω < µs, namely

r

M
>

[︄
m

Mµs
− a

M

]︄3/2
(5.4)

In this case, the condition depends on the mode index m; this means that the in-
terplay between this effect and superradiance cannot be predicted a priori without
knowing the flux amplitudes. Note that the dependence on the spin parameter a
is subdominant with respect to little µs and largem: with the chosen scalar masses
µs = 0.1, 0.01 the dependence on the primary BH spin is practically lost.

These two main effects are graphically represented in Fig. 5.4, overlapped to the previ-
ously presented interpolated energy fluxes for each of the two considered scalar masses.
The superradiance condition, affecting every and only the horizon flux modes, is rep-
resented with the red line, marking the equality of Eq. (5.3), and is common between
Fig. 5.4a and 5.4b. Above the line superradiance occurs under the line the horizon is ab-
sorbing energy (“standard” radiative behavior towards the primary’s horizon). The black
lines mark the equality of Eq. (5.4), the field confinement condition, which affects radia-
tive modes at spatial infinity and depend both on them index (plottedm = 1, . . . , 20) and
on the scalar mass (the set of lines is different between the two plots).

Let’s consider µs = 0.1, namely Fig. 5.4a. The theoretical prediction for the occurrence
of superradiance matches very well the boundary between net radiance and superradi-
ance at high orbital radius. This confirms the fact that the field confinement, which in
this region applies to several values ofm, limits the effect of radiative modes on the total
flux, which is then determined purely by the flux at horizon. Radiative modes become
dominant only at small p (lower right region of the plot), where the low-mmodes are no
longer confined. We observe in particular that the most relevant mode ism = 2 (in prin-
ciple receiving contributions from every ℓwith even parity, but practically dominated by
ℓ = 2), which displays a sufficient magnitude to return to globally radiative behavior as
soon as the corresponding confinement radius is crossed.

Similarly for µs = 0.01, where the superradiant region is not interrupted by grid incom-
pleteness due to a lower scalar mass that shifts the confinement radii towards a higher p;
as before, the relevant index m for obtaining a net positive energy flux in the superradi-
ant region corresponds to m = 2. This is in accordance with the mode hierarchy found
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in Sec. 5.2.a and Fig. 5.1, where it can be seen that ℓ = 2 is prominent at a small orbital
radius. In this second example, it is also visually evident the quick appearance of single
m-modes contributions when the confinement radius is reached: near the confinement
boundary, the magnitude of the energy flux is dominated by the k+ =

√︂
m2Ω2

φ − µ2s ,
which decreases sharply asmΩφ approaches µs (with vertical tangent at confinement ra-
dius, given by the characteristic behavior of the square root). These horizontal features
(due to the weak dependence of the mode confinement radius from the spin a) are some-
what visible in the energy flux plots (see also the interpolated energy fluxes of Fig. 5.3,
where the mode confinement boundary lines do not visually interfere) even if they are
“diluted” by the presence of other modes with comparable magnitude; they become ex-
tremely well visible when considering the derivative of the energy flux with respect to
the scalar mass, right panels of Fig. 5.3: since the flux at the horizon depends weakly on
the scalar mass (morally: the effective potential reduces exactly to the massless case at
the horizon, namely the massive field behaves as massless in strong potentials, refer to Chapter
3) and in particular the energy flux does not exhibit the strong dependence of k+ on µs,
the derivative will isolate and highlight the k+ derivative features in the proximity of the
mode confinement boundaries. This is exactly what can be clearly seen in the right panel
of Fig. 5.3b, where progressive “layers” of radiative modes are switched on as the orbital
radius approaches the ISCO.

5.3.b An unidimensional case study

After understanding the global features of the energy flux, let’s consider a single case
study, namely a slice of the parameter space with reference parameters a = 0.9 and µs =
0.1. The data used in this isolated case are computed independently from the previously
presented data set. The radial coordinate is still sampled over the entire range, choosing
the radial sampling provided by the 2-dimensional grid; to compute the derivatives, 5
values of scalar mass and BH spin are also sampled around the reference configuration.
The final coverage, excluding datapoints that suffered mode failure defects, is ≈ 95%.

This case study, which is more complete also towards smaller radial values, gives the
opportunity of assessing the role of each mode contribution to the energy flux and its
derivative with respect to the scalar mass. In Fig. 5.5a the energy fluxes are plotted for
eachm, at horizon and infinity separately and then summed. In the lower semiplane the
dotted lines report the horizon fluxes: note that since for a = 0.9 the flux at horizon is
always superradiant. In contrast, the upper semiplane dotted lines refer to the spatial
infinity flux; the total fluxes, mode-by-mode and summed, are plotted with a solid line.
To achieve a single visualization of negative and positive energy fluxes, a small region
with linear y−axis scaling is interposed between Ė = ±10−10. Mode confinement radii
are reported form = 1, 2, 3, 4.

Starting from high radius (from right to left of the plot 5.5a): the prevalent mode is the
superradiant ℓ = m = 1 energy flux at the horizon: the flux at infinity is zero by field
confinement and far from the strong potential region the modes follow a monotonic ℓ-
hierarchy. At p ≈ 10, the envelope of the energy flux at infinity (dotted black line) begins
to become relevant: for some modes (e.g. m = 3, blue colored) radiative modes become
dominant on superradiance, creating a sharp “dip feature”. The quick dominance of ra-
diative modes is due to the steep functional dependence of k+ from p in correspondence
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(a) (upper plot) Scalar mass µs = 0.1

(b) (lower plot) Scalar mass µs = 0.01

Figure 5.4: Energy fluxes structure interpreted with superradiance (red curve) and mode confine-
ment (black lines, with indexm = 1, . . . , 20), as discussed in Sec. 5.3.
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(a) Energy flux dependence, mode-by-mode, at horizon/infinity and total.

(b) Derivative of energy flux with respect to µs, mode-by-mode, at horizon/infinity and total.

Figure 5.5: Mode comparison, for fixed a andµs, of Ės(p) (5.5a) and−∂Ės/∂µs (5.5b) at the horizon
(dotted lines on the negative semiplane) at infinity (dotted lines on the positive semiplane), and
the sum of the two (solid lines), for each value of m = 1, . . . , 8 (summed over ℓ, colored), and
for the remaining modes m > 8 (gray). The total (horizon/infinity/total) is plotted in black. The
y-axis is logarithmic until ±10−10, and linear around 0 (shaded in gray). Mode confinement radii
(Eq. 5.4) form = 1, 2, 3, 4 are shown with vertical red lines.74
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to the confinement radius. As observed in the previous Section, the relevant contribution
to pass from globally superradiant to globally radiative behavior is the appearance of the
ℓ = m = 2 radiative mode at p ≈ 7: the global energy flux detaches from the ℓ = m = 1

mode, dominant until now, to follow more closely them = 2 line. The net flux Ėtot = 0 is
not immediately attained, since the radiative mode must increase enough to compensate
for the sum of the strongly superradiant modesm = 1 andm = 2 at the horizon: it is thus
explained the small superradiant strip still visible in Fig. 5.4a and 5.4b immediately below
the confinement radius for m = 2. at low radii p ≲ 6, even though the prominent mode
is still m = 2, as observed in Sec. 5.2.a the spectrum becomes very rich in the sense that
the higher- m modes become relevant, acquiring magnitudes that are comparable to the
low-mmodes: already at p = 5, the total flux is clearly distinct from the flux form = 2. As
a last point-like feature, the appearance of the radiativem = 1mode causes a small bump
in the total flux, without however becoming dominant again. At the smallest sampled ra-
dius, p = 2.34, not only the plottedmodes have similar magnitude, but for at least m̃ < 10,
the sum of all the modes withm > m̃ produces a larger energy flux than the single mode
m̃. In addition, at low radii the flux at horizon, despite continuing to grow in modulus, is
essentially irrelevant on the total flux, which is dominated by radiative modes.

An analog description can be made for the derivative of the energy flux with respect
to the scalar mass: in Fig. 5.5b is plotted −∂Ės/∂µs, with the same conventions as in
the previously seen Fig. 5.5a. The choice of the − sign for visualization purposes is to
better relate these results with the simple energy flux Ės: the inverted sign allows to
have once again the modes at the horizon in the lower semiplane, the modes at infin-
ity in the upper semiplane and the total sum that follows the same qualitative features
of the Ėtot

s curve. It is here evident the “step behavior” of the derivative, that mode-by-
mode is completely dominated by the radiative component at spatial infinity, as argued
in the previous Section: for every mode, the total curve is overlapped to the mode at
infinity, and abruptly changes to the superradiant mode only when the radius is larger
than the confinement radius. However, the modes are not equivalent, and the hierarchy
between them forces the total curve to coincide with the dominant ℓ = m = 1 mode
for large p, at which the mode is purely superradiant. In this case, for small p the mode
hierarchy continues to follow the m-order, since the prevalent functional dependence is

given by k+ and ∂k+/∂µs = −

√︄
m2Ω2

φ

µ2s
− 1

−1

≈ − µs
mΩφ

for ω ≫ µs, which means that

∂

∂µs
Ė+

ℓm ≈ −µs|Z+
ℓm|2 follows the mode hierarchy of the square amplitudes |Z+

ℓm|2 (which

ism−suppressed compared to the energy hierarchy by a factor 1/m2, see Eq. 3.8).

5.4 Results: dephasing

5.4.a Definition and implementation

The detection of EMRIs and the characterization of the orbits will be performed by next-
generation GW detectors; in order to assess the detectability of a massive scalar field and
our ability to measure its physical properties (the scalar mass µs and the scalar charge
of the secondary), the computation of the energy fluxes is not directly indicative. It is
necessary to evaluate the effects of energy dissipation on the dynamics of the system,
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which is then characterized by theGWsignal, fromnowon calledwaveform todistinguish
the main dynamical evolution mechanism (dissipation of energy through emission of GW
radiation, dominant with respect to scalar field dissipation) from the detection signal (the
same GW radiation that arrives at the detector and can be measured): despite being the
same phenomenon, they are treated with different methods and “serve” different scopes
in our treatise.

A first-order assessment of the scalar field energy dissipation on the observable wave-
form is the waveform dephasing ∆ψ, defined as

∆ψ(T ) = 2

∫︂ T

0
∆Ωφ(t)dt (5.5)

where the orbital angular velocity difference is∆Ωφ = ΩGR + scalar
φ (t)−ΩGR

φ (t), given iden-
tical initial orbital configurations at t = 0. Themultiplicative factor 2 is due to the fact that
GW radiation, which is quadrupolar, is produced at a frequency that is double the orbital
frequency. This means that the integration of 2Ωφ actually gives the GWdephasing, while
the simple integration of Ωφ would return the orbital dephasing, which observationally is
not relevant. Note that the phase difference is given by the dynamical evolution in the
first-order adiabatic approximation, not by a modified structure of geodesics, thus it is
necessary to evolve the system using the previously computed energy fluxes. The config-
uration of a circular equatorial orbit is uniquely determined by the orbital energy E (see
Sec. 1.4.a) which will evolve following Ė = −Ėg− Ės; the energy fluxes associated to GW
dissipation are available through the python package Fast EMRI Waveforms (FEW, Chua
et al. (2021), Katz et al. (2021), Speri et al. (2024), and Chapman-Bird et al. (2025)). The
package provides an integrator that for circular equatorial orbits integrates

ṗ =
dE

dt

(︂dE
dp

)︂−1
= Ė

[︄
8ap1/2 + p(p− 6)− 3a2

2(2ap+ (p− 3)p3/2)(2ap3/2 + (p− 3)p2)1/2

]︄−1

(5.6)

thus, the inclusion of the scalar energy flux can be performed by adding the term ṗs =

−Ės

(︂dE
dp

)︂−1
to the integration variable ṗ in the integrator. This is implemented by a

Python class KerrCircEqFluxScalarMassive built upon the KerrCircEqFluxScalar class
present in the additional packageModified EMRIWaveforms (MEW, (Gliorio et al., 2026),
originally written to interface the scalar flux produced by STORM with the robust imple-
mentation of EMRI dynamics in FEW).

The numerical results for the dephasing over a 4-year evolution period with primary
mass M = 105M⊙, secondary mass msec = 10M⊙, scalar charge d = 0.01, and scalar
masses µs = 0.1, 0.01 are plotted respectively in Figs. 5.6a and 5.6b. The plots show
the dephasing accumulated in 4 years, namely the nominal mission duration for LISA,
for a system that at the end of its evolution has reached the orbital radius shown in the
figure (thus, that started the evolution at a suitably larger p). The net superradiant zone,
obtained directly from the interpolated energy fluxes (negative Ė in Fig. 5.4) is hatched
for reference in Fig. 5.6a. Note that the sign of the energy flux directly determines the
dephasing sign only for large p, where the frequency evolution is negligible; at low radial
coordinate (e.g. lower right zone of the µs = 0.1 dephasing plot). In the µs = 0.01 plot, the
negative dephasing corresponds nearly exactly to the superradiant zone, since the system
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is nearlymonochromatic throughout the observational period; it is also still possible to see
the step structure inherited from the mode confinement mechanism acting on the energy
flux at spatial infinity.

5.4.b Observational thresholds of the dephasing

The modified dynamics will thus produce a dephasing that changes with time in the GW
waveform (note that∆Ωφ is not positive- or negative- defined over the whole range of or-
bital evolution; thus, in general the dephasing is not strictlymonotonically increasing/de-
creasing with time). We are interested in computing an indicative dephasing threshold
over which the modified waveform can be unambiguously distinguished from the GR
waveform. To do so, I adopt the formalism presented in Benetti et al. (2026a) to assess the
measurability of little waveform discrepancies; while in Benetti et al. (2026a) the formal-
ism is applied to unwanted waveform systematics, here the discrepancy is the goal of the
measurement.

Consider a GR waveform h = h(µs = 0), and the modified gravity waveform h∗ =

h + δh, where δh is a small deviation caused by the scalar flux. Note that in this case
the deviation will cause exclusively a dephasing, without modifying the GW amplitude,
since in both cases the trajectories correspond to Kerr geodesics. The difference between
the waveforms can be globally quantified with the faithfullness (Apostolatos, 1995)

F = max
Λ

(h | h∗)√︁
(h | h) (h∗ | h∗)

, (5.7)

where the maximization is performed over a subset of the parameters that describe the
system. In our case, adopting themodeller’s perspective described in Benetti et al. (2026a),
the extremization set corresponds to the extrinsic parameters, thus the faithfullness is a
function of the intrinsic parameters only, and let D be the number of such parameters.
Expanding at linear order the modified waveform around the GR waveform (this opera-
tion is valid in the high-SNR limit, as it is done in the Fisher matrix approach) we obtain
h∗ = h + ∆λi∂ih + . . . , where ∆λi is a small variation of the parameters; in this case,
since we want to distinguish the modified waveform (scalar charge d ̸= 0 but neverthe-
less small) from the GRwaveform (d = 0), the∆λi will be exactly the scalar charge. There
is however a problem: the discrepancy caused by the presence of a scalar charge could be
masked by simultaneous variation (biasing) of the other intrinsic parameters: this behav-
ior is well described by the Cutler-Vallisneri formula

δλi = Γij−1
(∂jh|δh) (5.8)

which is found in the linear signal approximation within the Fisher matrix formalism.
From this, it can be seen that a waveform discrepancy caused by the variation of a single
parameter can, in fact, affect the measurement of the others, propagating through the co-
variancematrix Γij−1. For this reason, a global estimation of the induced bias is necessary.
Following the approach of Chatziioannou et al. (2017), the faithfullness can be expanded
at the first relevant order (the second) to

F ≊ 1− 1

2
gij∆λ

i∆λj + . . . (5.9)
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(a) Scalarmassµs = 0.1. The coarse-hatched region corresponds to the globally superradiant regime Ėtot
s < 0.

(b) Scalar mass µs = 0.01. The hatched region corresponds to a dephasing ∆ψ < 0.1 rad.

Figure 5.6: GW dephasing, obtained as the difference between purely-GR phase and GR + mas-
sive scalar phase, for µs = 0.1 (upper figure, 5.6a) and µs = 0.01 (lower figure, 5.6b). The other
parameters are T = 4 yrs,M = 105M⊙,ms = 10M⊙, a = 0.9, d = 0.01.
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where
gij =

(∂ih|∂jh)(h|h)− (h|∂ih)(h|∂jh)
(h|h)2

(5.10)

Let’s introduce the unfaithfullness F = 1 − F . Then the expectancy value of F can be
computed as:

E[F ] =E

[︄
1

2

Fijρ
2 − (h|∂ih)(h|∂jh)

ρ4
∆λi∆λj

]︄

=
1

2

Dρ2 − ρ2

ρ4

=
D − 1

2ρ2

where I used the definition of the SNR ρ2 = (h|h), the Fisher matrix Fij = (∂ih|∂jh), the
expectation value for the product of the parameter biases E[∆λi∆λj ] = Cij = Fij

−1 (such
that in the first term FijC

ij = δjj = D, since we are considering only intrinsic parameters
following themodeller’s perspective). This corresponds to the geometric interpretation of
the indistinguishability criterion provided in Eq. A4 of Benetti et al. (2026a). Finally, we
write the unfaithfullness in terms of phase and amplitude discrepancies, δφ and δA; we
can expand h∗ = h+ δh = heδA+iδφ ≈ h(δA+ iδφ), so that (δh|δh) ≈ ρ2(δφ2+ δA2). Com-
paring this approximation with the unfaithfullness definition, to practically distinguish
a physical difference between waveforms from a statistical fluctuation of the unfaithfullness,
due to a particular realization of the noise, it is required that

δφ2 + δA2 >
D − 1

2ρ2
(5.11)

in our case as Imentioned above δA = 0, thus this translates to a simpledistinguishability
condition regarding exclusively the dephasing:

∆ψ(T ) = δφ >

√
D − 1

ρ
√
2

(5.12)

Let’s apply this condition to the EMRI system previously parametrized: since we are con-
sidering circular equatorial orbits, the parameters of the system are the primary massM ,
the secondary massmp, the BH spin a, initial orbital radius pi, initial phase φi, the scalar
charge d and scalar mass µs for a total of 7 parameters; to be rigorous, this is a specific con-
figuration of zero measure in the parameter space of generic orbits, thus in principle also
orbital eccentricity and inclination should be added, taking the count to 9 parameters. In
addition, since the final goal is not to assess the intrinsic difference between waveforms
but the detectability of small parameter variations, the correct diagnostic would also in-
clude the extrinsic parameters, in the so-called “data-analyst perspective” presented in
Benetti et al. (2026a), taking the total toD = 15 (adding sky location, luminosity distance,
inclination and polarization angles, time of arrival). Since the square root weaken the de-
pendence on the number of parameters for large D, let’s adopt the conservative criterion
with D = 15 and an average SNR of ρ ≈ 30. This results in a dephasing threshold of
δφ > 0.088 rad ∼ 0.1 rad. Note that this is an indicative and conservative estimate for the
minimum dephasing needed for the detection of the scalar field, and also that SNR of the
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Variable Reference (run 1) Range (run 1) Reference (run 2) Range (run 2)

M (M⊙) 105 [105 − 107] 3 · 106 [105 − 107]
ms (M⊙) 10 [1− 100] 3 [1− 100]
d 0.01 [10−3 − 1] 0.01 [10−3 − 1]
T (yrs) 4 [1− 4] 4 [0− 4]
p/M 2.4 [2.4− 20] 3 [2.4− 20]

Table 5.1: Reference values and range intervals for the intrinsic parameters considered in Sec.
5.4.c.

order of ∼ 102 are expected, leading to lower dephasing thresholds of ∼ 0.01 rad or less
for a small number of particularly favorable sources.

Following this prescription, in Fig. 5.6b the ∆ψ = 0.1 rad level line is highlighted,
and the area with |∆ψ| < 0.1 rad is hatched. For µs = 0.1 (Fig. 5.6a) the modulus of
the dephasing is always under this threshold. Note that for low primary spin a ∼ 0

and large orbital radius, since both the modes at horizon and infinity are suppressed the
detectability is generally worse. Observationally, the most convenient cases are extreme-
Kerr, for both a approaching ±1.

5.4.c dephasing observability

In this Section I will make use of the isolated case study presented in Sec. 5.3.b to assess
the observability of the dephasing for a wide range of configurations, taking advantage
of the excellent completeness of such a configuration also toward the ISCO. It is indeed
clear from Fig. 5.6 that the confinement effect of the scalar mass will strongly suppress
the dephasing, leading to observable effects only near the ISCO, where themodes at infin-
ity are radiative. In fact, the evolution through the purely superradiant regime and then
across the radiative regime can have the effect of eliding the total dephasing (this effect
does not occur for a massless field, for which the radiative modes are always dominant
on the superradiant behavior and the dephasing is monotonically increasing. This means
that lower masses are needed to distinguish the presence of a generic scalar field, but this
could prevent the observability of a scalar mass unambiguously different from 0. Note
that a final dephasing which is under the conservative threshold indication∆ψ ∼ 0.1 rad
computed in the previous Section does not imply the non-observability of the scalar field
effects, since this is only a sufficient condition to claim the observability of a measurable
discrepancy from the expected GR waveform. This is especially true for massive scalar
fields where, as argued, the dephasing can grow and then diminish under the observabil-
ity threshold; this behavior could be detected by a complete signal analysis (as the Fisher
matrix technique presented in the following), even if the dephasing condition is not met.

Under these premises, I used the case study with fixed µs = 0.1, despite this being a
disfavorable choice of the scalar mass, as can be seen in Fig. 5.6, to probe the dephasing
across different values of the remaining intrinsic parameters (primarymassM , secondary
mass mp, scalar charge d, observational time T , final orbital radius p). A reference value
for each of these is fixed while 2 parameters per time are let varying on a chosen range.
The reference parameters and the corresponding ranges are listed in Tab. 5.1.

Two runs are performed, considering different reference parameters. The first (Run 1 in
Tab. 5.1) adopts the standard parameters that were considered in the previous Sections;
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the 2D dephasing distributions resulting from the variations of parameter couples are
plotted in Fig. 5.7.

before commenting the plots, let’s describe the dependence of the energy fluxes from
the intrinsic parameters. As for the massless scalar field, both the scalar and GW energy
fluxes scale as q2: this follows from the fact that the source terms are proportional to
ms, and the energy fluxes are a sum over the square modulus of the fields’ modes. In
addition, the scalar flux is proportional to the square of the scalar charge d, which follows
from the same argument. The scaling with respect to the total mass of the system (which
is M for an EMRI) follows the typical GR rescaling of mass, length and time: since p
is the orbital radius normalized to the mass (p = pphysical/M ), and analogously for the
spin (a = aphysical/M ), and the energy flux depends on the mass ratio q uniquely, the
only remaining relevant scaling is the time dependence which is proportional to the total
mass: the dephasing at physical time T will thus scale as 1/M . In the massive scalar
field case however the GR global rescaling symmetry is broken, since a physical reference
mass is introduced, the mass of the scalar field; in light of the two main mechanisms that
determine the scalar flux, we can verify that superradiance, being independent from the
scalar mass (Eq. 5.3) is not affected; however, massive field confinement is affected by the
choice of the scalar mass,

The first plot (p vs T , upper left) shows that, at the chosen reference values, the final
radius that provides the best observability of the dephasing is not the innermost one (as
it is the case for a massless field), instead it is popt ∼ 6, for which the accumulated de-
phasing is negative and due to the prevalence of superradiance. Shifting toward smaller
radii will actually decrease the dephasing (and thus the observability of a deviation from
GR) since the radiative modes will compensate for the effect of the superradiant modes;
in particular, the evolution in the radiative regime is too fast to accumulate a net posi-
tive dephasing (lower left corner of the plot: a positive dephasing is attained at low radii
for a short observational period, over which the initial radius is too deep in the superra-
diant zone and the net dephasing is negative). The second plot (M vs T , upper right),
shows a non-trivial interplay between observational time and the mass of the primary: at
smallerM , like the one chosen for reference, the orbital evolution is faster and allows the
secondary to span a larger radial interval, averaging radiative and superradiant configu-
rations to a net unobservable dephasing; moving to largerM , the slower evolution allows
for a consistent accumulation of dephasing only in the radiative zone (where the reference
final configuration lies; a similar argument holds for the superradiant zone, although the
net energy flux is smaller with respect to radiative modes, leading to a potentially more
difficult detection, even if more informative about the mass of the scalar field). On the
other hand, towards largerM the slower evolution will accumulate a smaller dephasing
for a quasi-monochromatic system in a fixed physical time interval. As a result of these
two competing phenomena, for a certain reference set of parameters, there exists an op-
timalM such that the dephasing is maximized; for the parameter set of Run 1, this mass
corresponds to approximately 106M⊙, and an observable dephasing becomes visible al-
ready after 1 year of observation. Another important observation is that, in general, the
time dependence becomesweak after≈ 2 years of observation (almost vertical level lines).

The middle plot of Fig. 5.7 shows the dephasing dependence from the primary and
secondary masses. The primary mass dependence is analogous to what has already been
described; at fixed M , the choice of ms determines the mass ratio q and thus the global
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rescaling of both GW and scalar fluxes; thus largerms implies a faster evolution andmore
radiative-superradiant averaging across the field confinement boundary, as it was the case
for the evolution time. In this plot, however, it is also possible to note that for the reference
primary mass, the dephasing is not monotonically decreasing with increasing secondary
mass after reaching a (negative) minimum around ms ∼ 10M⊙, since with larger sec-
ondary mass most of the evolution will happen at even larger radial coordinate, where
also superradiant energy fluxes are suppressed (see Fig. 5.3, 5.4), and thus the evolution
is completely dominated by standard GR, namely dephasing is not accumulated. A sim-
ilar behavior is expected for the time dependence, but in this case it cannot be seen due
to the limited mission duration (also note that thems axis is logarithmic, the time axis is
linear).

The last two plots (at the bottom of the figure) show the dephasing dependencewith the
scalar charge d and the previously considered primarymassM and observational time T .
As expected, the modulus of the dephasing is monotonically increasing with d (since it
represents a simple ratio between GW and scalar emissions): the level curves are all equal
and simply shifted depending on d, since d2 is a mere multiplicative factor for the scalar
energy flux. As a result, features such as net-0 dephasing time (left plot) or primary mass
(right plot) or optimal primary mass are independent of the choice of d.

Motivated by these qualitative dependences, a second set of reference values (Run 2,
see Tab. 5.1) is evaluated with similar ranges, and presented with the same conventions
in Fig. 5.8. In particular, I choose a smaller secondary mass (ms = 3M⊙, compatible with
a neutron star as the secondary) and a larger primary (M = 3 ·106M⊙) to achieve a slower
evolution in the radiative zone and a potentially observable dephasing. The qualitative
explanation of the dephasing plots is analogous to the one provided for Run 1; the notable
difference is that with such low q the system is practically monochromatic even near the
smallest radius considered, leading to a time-independent separation of radiative and
superradiant behavior in the p vs T plot (upper left) and thus the absence of an initially
superradiant phase (for example, in the T vs d plot, lower left). Note thatwith such a small
secondary mass, the optimal primary mass for detection is actually located at a much
smaller Mopt ∼ 5 · 105M⊙, thus nearly 1 order of magnitude less than the considered
primary mass.

5.5 Results: Fisher matrix forecasts for parameter estimation

The most informative diagnostic of the observability of a parametrized phenomenon is
the Fisher matrix. With such long signals, a full Bayesian analysis is prohibitively compu-
tationally expensivewith current tools; however, in the high-SNR limit the Fisher approxi-
mation provides an excellent representation of the posterior distribution for the parameter
set used to describe the system, at a reasonable computational cost and under the theoret-
ical limitations presented in Sec. 1.2.c. This set of parameter consists of the primary mass
m1 = M , secondary mass m2 = msec, the spin parameter a, initial orbital radius p0 and
orbital phase Φφ0, source luminosity distance DL, the sky location polar and azimuthal
angles qs, φs, the spin vector orientation polar and azimuthal angles qk, φk, and the ad-
ditional parameters describing the scalar field, namely the scalar charge d and the scalar
mass µs. Note that since h ∝ D−1

L and Fij = (∂ih|∂jh), the matrix elements are inversely
proportional to the square of the luminosity distance; it follows that the covariancematrix
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Figure 5.7: Run 1 for the dephasing dependence on the intrinsic parametersM , ms, d, T , p. Two
parameters are varied on a range while the other are fixed to the reference values (see Tab. 5.1);
the reference values are here marked with a star. All the colorbars refer to the dephasing ∆ψ in
radians.
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Figure 5.8: Run 2 for the dephasing dependence on the intrinsic parameters M , ms, d, T , p (see
Tab. 5.1). Refer to Fig. 5.7
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Cij = F−1
ij is directly proportional toD2

L, or more informatively inversely proportional to
the squared SNR ρ, since ρ2 ≡ (h|h) ∝ D−2

L .
The computation of the Fisher matrix is performed by the Python package StableEM-

RIFisher (Kejriwal et al., 2026), which computes stable waveform derivative with a finite-
difference approach, automatically selecting an optimal stencil to ensure robustness of the
results and invertibility of the Fisher matrix; this is a general problem for Fisher matrix
computation, where the eigenvalues can span several orders ofmagnitude, thus being eas-
ily subject to numerical instability. The Fisher matrix computation utilizes the waveform
generators from FEW, previously generalized to include the contribution from scalar field
energy fluxes through the custom class KerrCircEqFluxScalarMassive previously intro-
duced. The StableEMRIFisher is used without GPU acceleration and with sky-average
sensitivity, thus not directly implementing the time-changing antenna pattern and re-
sponse functions of LISA. This choice is motivated by the fact that the main interest is
to assess detectability of intrinsic parameters for an “average source” without introduc-
ing sky-location dependencies. Furthermore, I verified that the Fisher matrix is block-
diagonal with two main blocks, one corresponding to the angles qs, φs, qk, φk, which, as
expected, are decoupled from the rest of the parameters. For this reason (and not con-
sidering an antenna response, which leads to unphysically poorly constrained orientation
angles), these parameters are excluded from the Fisher matrix computation. Note that
this is a physically (parameter independence), numerically (the cross-parameter correla-
tions are verified to be small), and statistically (since the covariance is block-diagonal, the
marginalized posteriors of the parameters left are unchanged) well motivated restriction,
which will not affect the rest of the estimations.

I start by using the unidimensional case study grid presented in Sec. 5.3.b, since its
completeness facilitates stability especially regarding the scalar mass parameter (as we
saw in Fig. 5.3, incompleteness can cause artifacts in the mass derivative plot). In the
following, I will present and comment different configurations.

Case study 1

Motivated by the observable dephasing observed for the Run 2 configuration (see Tab.
5.1), I start with a system defined by M = 3 · 106M⊙, msec = 3M⊙, pfinal = 4, Tobs = 2

yrs, with SNR ρ = 24. Note that the corresponding dephasing is below the threshold of
0.1 rad; however, this is only an explorative run with a radius that allows stability of the
Fisher matrix (smaller radii were producing instabilities), and a shorter signal duration
reduces the computational time. The resulting Fisher and covariance matrices are shown
in Fig. 5.9; the values that are plotted are normalized as M̃ij = Mij/

√︁
MiiMjj , where

M is either the Fisher matrix F or the covariance matrix C = F−1, in such a way that
the covariance is normalized to the standard deviation of the respective parameters; this
allows an immediate comparison of the degeneracy between parameters, easily found by
searching for off-diagonal elements C̃ij ∼ ±1.

The figure highlights a crucial feature of the system, namely the strong degeneracy be-
tween multiple parameters; this follows from considering quasi-monochromatic circular
equatorial orbits. A circular equatorial orbit is defined exclusively by the orbital frequency
Ωφ, which is a function of M , p0 and a simultaneously: this means that for a monochro-
matic source these 3 parameters are completely degenerate. The parameter evolution can
help to break the degeneracy; however, the setup was deliberately chosen for its limited
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Figure 5.9: Normalized Fisher and covariancematrices forM = 3 ·106M⊙,msec = 3M⊙, pfinal = 4,
Tobs = 2 yrs, d = 0.01, µs = 0.1. pi ≈ 4.5 follows from the chosen parameters.

evolution, which leaded to a more substantial accumulation of dephasing: the initial ra-
dius was only pi ≈ 4.5, to be compared with the final radius pf = 4. This means that
only a small portion of the orbital dynamics is observed, which breaks the degeneracy
only slightly: all the matrix elements in the upper-left submatrix 4×4 are all very close to
1. In addition, the classical EMRI intrinsic parameters in the monochromatic regime are
in general degenerate with the scalar mass: at linear order, the scalar flux can be linearly
expanded around the true value of µs; a small shift in µs will cause a proportionally small
change of the energy flux. However, the same operation can be performed on the GW en-
ergy flux, which depends only on the orbital parameters; then, at linear order a small shift
in any of the intrinsic parameters of the system is equivalent to a certain shift in µs. This
degeneracy can be broken only by higher-order derivatives in the local expansion, and in
particular as many as the considered parameters. In other words, to disentangle parameter
degeneracy, it is necessary to probe a finite (large) radial interval. This goes in the opposite di-
rection of the dephasing criterion, since exploring a large radial interval implies averaging
over superradiance and radiative behavior; note that the dephasing criterion is not incor-
rect: it simply assumes that the other intrinsic parameters are correctly estimated, which
becomes operationally impossible when a complete degeneracy is present. It is thus likely
that there will be an optimal trade-off between the two tendencies, between fast-evolving
systems that cannot show a relevant phase mismatch and slowly-evolving systems that
are completely degenerate in the parameters. In particular, for the considered system
the marginalized 1σ statistical uncertainties are far from sufficient to distinguish either µs
or d2 from 0 (null hypothesis, GR), with estimated σµs ∼ 25 completely losing physical
meaning.

Note that, independently from the scalar field, adding eccentricity and inclination to
the dynamics will break the degeneracy between M,ms, a, p0 (at the cost of adding the
additional parameters e and θinc). In this sense, the circular equatorial case is more prob-
lematic since its symmetry directly causes degeneracy.
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Figure 5.10: Normalized Fisher and covariance matrices forM = 105M⊙,msec = 3M⊙, pfinal = 4,
Tobs = 2 yrs, d = 0.01, µs = 0.1. pi ≈ 20 follows from the chosen parameters.

Case study 2

In order to avoid degeneracy, I then consider a system that covers a wider radial range,
with parameters p0 = 4,M = 105M⊙,ms = 3M⊙. The other parameters are the reference
ones, and the luminosity distance has been chosen to have SNR ρ = 30 or 100 with a
observational period of 2 years. With this set of parameters, the initial orbital radius is
pi = 20: from Fig. 5.5a we can see that the orbit spans the superradiant region, the field
confinement boundaries for m ≥ 2 and lands in the radiative zone just before the m = 1

radiativemode becomes active. Thus it is expected that all this structure can help to break
the degeneracies between EMRI parameters and the scalar field mass µs.

In Fig. 5.10 the Fisher and covariance matrices for a scalar charge d = 0.01 are graph-
ically reported; the qualitative features of the normalized Fisher matrix do not substan-
tially change with the scalar charge. In this case, a strong covariance between scalar mass
and scalar charge is observed, hinting at the fact that radiative/superradiant dephasing
cancellation in different parts of the orbit, which are controlled by the scalar mass, have
a comparable effect with a global rescaling of the total flux through d2. In particular, in-
creasing the scalar mass µs will damp the flux by reducing the innermost radiative zone,
thus the waveform will be “minimally changed” if this is accompanied by a larger scalar
charge which compensates for the missing radiative zone, resulting in a strong positive
correlation.

Thus also in this case the system is not very informative: despite spanning a wide ra-
dial interval, the majority of the time the secondary orbits in a very weakly superradiant
zone, and the transition between superradiant and radiative behavior happens too fast
to produce a strong signature in the waveform. Keeping the other parameters fixed, I
performed 3 runs for d1 = 0.01 (shown in Fig. 5.10), ds = 0.05 and d3 = 0.1. The corre-
sponding corner plots of the approximated gaussian posterior distributions are shown in
Fig. 5.11 for the two choices of SNR (Fig. 5.11a and 5.11b for SNR 30 and 100 respectively).
It is evident the importance of the scalar charge d which, entering the scalar flux as d2, if
increased has the double effect of reducing the marginalized uncertainty on µs (but, note,
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(a) Corner plot for SNR ρ = 30

(b) Sub-corner plot for SNR ρ = 100

Figure 5.11: Corner plot of the Gaussian posterior distributions for scalar charge d = 0.01 (orange),
d = 0.05 (green), d = 0.1 (blue) andM = 105M⊙, msec = 3M⊙, pfinal = 4, Tobs = 2 yrs, µs = 0.1.
The plot shows the 1, 2, 3σ contours, and the null hypothesis d = 0, µs = 0 for the scalar field
parameters. Upper plot SNR ρ = 30, lower plot SNR ρ = 100.
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without relevant effects on the width of the marginalized d2 posterior) and detaching d2

from 0, thus making simpler the rejection of the null hypothesis d = 0.
The upper-right panel of Fig. 5.11a and the whole Fig. 5.11b show the µs, d corner

subplots with marginalized distributions normalized at the peak and meaningful axis
limits: for both µs and d2, the axis stops at 0 since negative values are unphysical; in
a realistic data analysis process, these values would have been ruled out by the choice
of prior distributions. With d = 0.01 the joint posterior is completely consistent with
d = 0 and a practically unconstrained µs on a large interval (namely, without a charge
it is not important if a field exists at all, thus the mass can in principle assume any value;
this explanation is violated considering the posterior at sufficiently high d2 due to strong
covariance). With d = 0.05, it is possible to reject the null hypothesis d = 0 = µs (plot
origin) at 1σ confidence level, however still not being able to constrain significantly further
charge and mass. A good result is attained at d = 0.1, where not only the null hypothesis
is rejected at > 3σ, but also physically meaningful marginalized posteriors for d, µs can
be extracted. The effect on the remaining intrinsic parameters is practically negligible.

For higher SNR ρ = 100 (Fig. 5.11b) a relevant measurement of the scalar field param-
eters is already possible at d = 0.05. In fact, since the covariance matrix scales as 1/ρ2,
the simplest way to obtain tighter bounds is to just consider higher-SNR events. This ap-
proach is not a trivial simplification of the data analysis process, instead is motivated by
the nature of the detection: the goal is to find a system which has the optimal configuration
together with a sufficiently high SNR to enable the detection of the field, not assessing the
presence of the field on a large sample of objects with average SNR.

Case study 3

The previous two cases showed that, for the specific task of measuring the properties of
a massive scalar field with relatively high mass µs, the optimal cases at fixed SNR do not
correspond neither to quasi-monochromatic systems, which consistently accumulate de-
phasing but are highly degenerate, nor for fast-evolving systems, for which the radiative
evolution is too short to produce a relevant signature in the GW signal. This suggests that
the optimal system be a configuration starting in the strong superradiant regime and tran-
sitioning to the radiative regime, accumulating significant SNR in both the configurations:
in this way, the presence of a scalar field is assessed through the detection of a consistent
and long radiative phase, while the massive nature of the field can be inferred from the
location of the sudden switch between superradiant and radiative regimes. The change
should occur slowly, in such a way to accurately resolve the transitioning frequency.

To attain this specific dynamics, I used a third configuration consisting of a primary
mass M = 106M⊙, secondary mass ms = 10M⊙, as always a = 0.9 and µs = 0.1 are
fixed by the case study unidimensional grid, the observational time is kept at T = 2 years
and the scalar charge varied across the three reference values d = 0.01, 0.05, 0.1. The
luminosity distance is normalized to have the reference SNR ρ = 30 and 100 as for the
previous case: in thisway, the global scaling of the Fishermatrix does notmask the specific
effect of the choice of the intrinsic parameters. The posterior probability representation is
plotted in Fig. 5.12 with the same conventions of Fig. 5.11.

As expected, the dynamics through the superradiant-radiative boundary breaks the
degeneracy between µs and d2, leaving a mild normalized covariance −0.3 < Cd2µs

< 0.5

across the three considered values of d2; for d = 0.05 the covariance is almost zero. The
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(a) Corner plot for SNR ρ = 30

(b) Sub-corner plot for SNR ρ = 100

Figure 5.12: Corner plot of the Gaussian posterior distributions for scalar charge d = 0.01 (orange),
d = 0.05 (green), d = 0.1 (blue) andM = 106M⊙,msec = 10M⊙, pfinal = 4, Tobs = 2 yrs, µs = 0.1.
The plot shows the 1, 2, 3σ contours, and the null hypothesis d = 0, µs = 0 for the scalar field
parameters. Upper plot SNR ρ = 30, lower plot SNR ρ = 100.
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marginalized posteriors are moderately tighter, with a substantial improvement in the
measurement of µs and a moderate improvement for d2. This is expected, since the con-
figuration was chosen mainly for probing the superradiant to radiative transition, which
is regulated by µs, and not necessarily tomaximize the flux, whichwould have resulted in
a bettermeasurement of d2 (but affected by the degeneracy problem, seeCase study 1: the
measurement is actually better only if the scalar mass is independently known, namely
the posterior is not marginalized over the scalar mass).
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6 Superradiance and floating orbits

6.1 Superradiance: a general introduction

The term Superradiance indicates phenomena in which some type of incoming radiation is
coherently amplified by a collective behavior of the system (Dicke, 1954; Brito et al., 2015).

The definition is very general and qualitative; let us analyze the schematic definition
“amplification of radiation by collective phenomena”:

• Amplification: to observe superradiance, an incoming “seed” is needed, which is
then amplified with a larger outgoing amplitude. In general, the seed can be clas-
sical (incoming radiation) or quantum (fluctuations of the vacuum for fields or the
metric itself).

• Radiation: in a wide sense, radiation can be intended as any type of oscillatory phe-
nomenon (acoustic waves in a fluid, oscillatory fields, either classical or quantum,
scalar, vector, tensor) and the corresponding particle interpretation. For example,
superradiance can manifest itself in electromagnetic radiation (photons), gravita-
tional waves (gravitons), and exotic fields such as beyond-standard model bosons.
The latter will be the case of interest, given the topic of a massive scalar field that
mediates gravity.

• Collective phenomena: the amplification mechanism is usually macroscopic and
acts as a virtually infinite energy reservoir for the amplification of the radiation. For
example, such collective systems can be a supersonic flow of a fluid for acoustic
waves, a strong potential barrier for charged particles, a rotating dielectric cylin-
der for electromagnetic radiation, a strong gravitational tide or spacetime dragging
effect for GW or any field that is defined on such spacetime.

Before treating superradiance in the specific context of a massive scalar field around a
black hole, I want to introduce a classical example in which superradiance occur, namely
the Klein Paradox, in order to build a intuitive and general comprehension of such a wide
class of phenomena. Many other cases not regarding BH physics are thoroughly treated
in Brito et al. (2015).

The Klein paradox

The Klein paradox is a first intuitive occurrence of superradiance. Let’s consider a mass-
less scalar field with charge q, moving in a potential Aµ = (V0, 0, 0, 0). The dynamics is
set by the Klein-Gordon equation □φ = φ ;µ

;µ = 0, where the covariant derivative (with
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respect to the quadripotential Aµ) is defined as φ;µ = (∂µ − iqAµ)φ. The problem can
be solved by decomposing the radiation in an incoming, reflected and transmitted os-
cillating components, the first two with a wave vector |⃗k| =

√︁
ω2 − µ2s , the latter with

|⃗k′| =
√︁

(ω − V0)2 − µ2s . The magnitudes of the reflected and transmitted components are
characterized by a reflection and transmission coefficient that quantifies the flux associ-
ated with the charge conservation. These coefficients can be expressed as

R =

⃓⃓⃓⃓
⃓ k⃗ − k⃗′

k⃗ + k⃗′

⃓⃓⃓⃓
⃓
2

T =
4|⃗k|Re(k⃗′)

|⃗k + k⃗′|2
ei(k⃗+k⃗′)·x⃗

While in the weak and intermediate potential regimes, respectively V0 < ω − µs and
ω − µs < V0 < ω + µs, the reflection and transmission coefficients behave in a classical
way, with both in the [0, 1] interval and R + T = 1, in the strong potential regime they
become T < 0, R > 1 and still T + R = 1. Classically, this would be a paradoxical and
unphysical situation, in which the flux of a transmitted field is negative and the reflected
field is more intense than the incoming.

The interpretation of the paradox is that particle/antiparticle pairs are created at the
interface in such a way that the reflected radiation is amplified (R > I). We recognize the
elements that define superradiance: 1) a seed, provided by the incoming radiation, without
which the reflected radiation would be zero; note that at classical level although the inter-
face presents a potential difference that would be enough to create the pair, it is necessary
to have an incoming particle to actually produce it; 2) a propagating oscillatory behavior
given by theKlein-Gordon equation, and 3) amacroscopic collective phenomenon, the po-
tential that needs to be sustained for example by a battery: the creation of new particles
or equivalently the amplification of incoming radiation comes at expense of this battery,
which needs to do some work to maintain the potential barrier at a constant level.

We can observe two distinctive characteristics of a superradiant system, which will be
present in the following examples:

• Superradiance involves “low-energy” radiation (ω small enough) and a “high-energy”
amplification system (V big enough); in particular, in this case the relation ω ≪ qV
is required.

• Presence of a dissipative mechanism: the potential barrier (and the battery that
keeps it at a constant value) can act as a dissipative system, in the sense that it has
the capacity to absorb momentum from an incoming charged particle (and this has
the effect of charging the battery). The dissipation in a wide sense allows a coupling
between the reservoir and the radiation, enabling superradiant dynamics to occur.

Superradiance in fluidodynamics

Another case in which superradiance occurs is at the interface of two masses of fluids
moving with supersonic relative velocity (Brito et al., 2015). This case is of special inter-
est for the BH superradiance modelization since the linearized Navier-Stokes equations
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for the motion of the fluid are uniquely mapped to the field equations on a curved back-
ground; in this sense, it is possible to perform fluid-mechanics experiments that can be
directly mapped to the corresponding GR realization. For the specific case of superradi-
ant instability for a Kerr BH (formally defined in Sec. 6.1.b), Švančara et al. 2026 were able
to recreate a fluidodynamical experiment that maps the dynamics of a bosonic field in the
Kerr metric, offering an experimental probe to investigate in a laboratory setting extreme
physics and non-linear effects that are not captured by a first-order analytical analysis.

In this case, the energy needed to amplify an incoming signal is provided by the kinetic
energy of the supersonic mass of fluid, that acts as a large battery. Mapped to the case of a
Kerr black hole, the “supersonic mass of fluid” is represented by the interior of the ergo-
sphere, which is supersonic in the sense that the dragging effect forces every worldline to
co-rotate with the horizon (the speed of sound in GR corresponds to the speed of light c,
which establishes causality), thus the “battery” is represented by the angular momentum
of the Kerr BH.

6.1.a Superradiance for a rotating BH

Superradiance from BH thermodynamics

Very interestingly, the possibility of occurrence of superradiant phenomena for a rotating
BH can be obtained directly from the “laws of BH dynamics”, which closely resemble the
ones of thermodynamics:

• First law: conservation of total energy δM =
k

8π
δAH +ΩHδJ (+ΦHδQ)

• Second law: δAH ≥ 0.

WhereM is the gravitational mass of a BH system, AH the total area of the horizon(s),
k the surface gravity,ΩH the angular velocity of the horizon as previously introduced and
J the BH’s angular momentum. The complete formulation of the first law also includes
the electric charge Q and the surface electric field ΦH , but for the astrophysical case this
is irrelevant.

Now we ask, given a field around the BH, if it can be used to extract energy from the
BH itself: following the usual Fourier transform and spherical decomposition (or equiva-
lently, considering a monochromatic wave for a specific spheroidal harmonic mode with
azimuthal numberm) for a scalar field ϕ = f(r, θ)e−iωt+imφ having a stress-energy tensor
Tµν = ϕ,µϕ,ν − 1

2gµνϕ,αϕ
,α, it is possible to relate the flux of angular momentum to the

flux of energy, as previously detailed:

δL

δE
= −

T r
φ

T r
t

=
m

ω

this ratio corresponds to the ratio between the angular momentum and the energy (mass)
lost by the BH itself. Note that the mass can, in fact, decrease, as long as sufficient angular
momentum is extracted, in accordance to the first law with the constraint of the second
law. Thus δJ = m

ω δM , and substituting this in the first law, we obtain

δM =
ωk

8π

δAH

ω −mΩH
.
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Thus, since δAH ≥ 0, the field extracts mass (namely δM < 0) from the BH if ω < mΩH .
Note the close analogy to the Klein paradox case: superradiance occurs for small energy
ω compared with a “potential” mΩH provided by the rotation of the BH. The angular
momentum loss via superradiance slows the rotation of the BH, diminishing the potential,
in the same way as the production of particle pairs in the Klein-Gordon paradox setup
discharges the battery.

Superradiance from computed energy fluxes

In Sec. 3.3 I presented the general expression for the energy flux at horizon and infinity
due to the scalar field radiation, namely (Eq. 3.8):

Ė± =
1

16π

∑︂
ℓ,m

ωk±|Z±
ℓm|2

with k+ =
√︁
ω2 − µ2s , k− = ω −mΩH . Once again, it is immediately evident that the

energy flux at horizon can be negative provided that k− < 0, thus obtaining the same
result.

6.1.b Superradiant resonances

The superradiant regime for ω < mΩH enables the amplification of incoming radiation at
the expense of the BH rotational energy; if a feedback mechanism is provided, in which
the amplified radiation is redirected cyclically to the superradiant region, an instability
will develop. Let’s consider a simplified model of a BH enclosed in a perfectly reflect-
ing mirror. Without the BH, inside the closed mirror normal modes of a field are defined
with a discrete spectrum analogously to a wave function confined inside a deep poten-
tial well; the spectrum is given by wavelengths λ ∼ 2R/n, where R is the radius of
the mirror. After factorizing the time dependence with an oscillating term eiωt, equiv-
alent to performing a Fourier decomposition, further radial-angular separation leads to
a eigenmodes structure with the quantitative details (energy levels, mode decomposi-
tion) determined by the boundary conditions and the functional form of the potential
well (“perfect mirror” ∼ square well, “massive field in a weak gravitational potential” ∼
Coulomb well, ecc.). However, if no dissipative mechanism is provided, the system will
always be decomposed into a discrete energy spectrum of eigenfunctions, called normal
modes. This is the case, for example, for the hydrogen atom: the electron is confined in
a Coulomb potential well, and despite the singularity of the potential at r = 0 regular-
ity conditions of the field can be imposed, eventually obtaining the well-known atomic
structure organized in orbitals with a discrete spectrum indicized by the principal num-
ber n, azimuthal number ℓ and magnetic number mℓ, which define the angular decom-
position in spherical harmonics. Note the great similarity with the gravitational case: a
well that, at least in the weak-field approximation, resembles the Coulomb potential, a
confined field (thanks to the massive field confinement mechanism) and the Teukolsky
radial-angular decomposition, with the usage of spin-weighted spheroidal harmonics to
include the Kerr frame-dragging effects. If the presence of the horizon is ignored (which
modifies the regularity/boundary conditions at the “bottom” of the well), the eigenfunc-
tion problem for a massive admits a set of normal modes at given frequencies, which
are determined by the massive Teukolsky equation. However, the BH inside the well has

96



6.2. Resonance phenomenology

a relevant effect on the system, that is adding a dissipation mechanism: an initially nor-
malized normal mode can lose energy via absorption at the BH horizon (the field “falls
inside”, a non-rigorous expression that, however, captures the essence of themechanism).
The overall amplitude of the field will thus vary in time (the eigenstates do not con-
serve normalization): after a time t, the trapped particle will have interacted N ∼ tvg/L

times with the central BH (vg is the particle’s velocity), with an absorption probability
A. The amplitude between consecutive scatterings varies as An+1 = (1 − |A|2)An, thus
A(t) = (1−|A|2)NA0 ∼ (1−N |A|2)A0 ∼ (1− t|A|2/L)A0. This can be easily described by
a complex eigenfrequency ω = ωR+ωI , with ωI ∼ |A|2/L: the originally purely oscillating
factor eiωt now displays a decreasing component e−

t|A|2
L which dampens the oscillations

(implementing the standard behavior for an oscillating system with a weak dissipation
mechanism). For the case of quasi-normal modes in superradiant regime, the cross sec-
tion |A|2 is negative (corresponding to the negative transmission coefficient in the Klein
paradox), since the radiation is not absorbed but amplified instead: this gives rise to an
unstable growth of the resonant mode, which forms a bosonic cloud, analogous to an elec-
tronic orbital in the hydrogen structure; for this reason, such a solution is called a gravita-
tional atom. However, we are interested in the homogeneous solution of the field equations
(with fixed boundary conditions) and not in the cloud itself and its spontaneous formation
even in the absence of a charged source, which could indeed be astrophysically relevant
for mainly two reasons: 1) direct GW observations: boson clouds are expected to radi-
ate away the accumulated energy via monochromatic GW emission of a discrete spec-
trum, encoding the zero-order, fine and hyperfine structure of the gravitational atom’s
energy levels (Bošković et al., 2026), and 2) for population properties, since superradiant
extraction of angular momentum would modify the spin distribution of observed BHs.
The presence of an ultralight bosonic field extracting angular momentum from rapidly-
spinning BHs via superradiant instabilities is consistent with the currently observed spin
distribution inferred from BH mergers (Kou et al., 2026).

Nevertheless, the presence of a quasi-resonant mode, corresponding to a pole of the
Green’s function, will produce a resonant feature in the homogeneous solution field’s
amplitude, as detailed in Sec. 6.4.b. Note that the pole is not on the real axis (the corre-
sponding frequency has a little imaginary part); thus the field amplitude and the energy
fluxes are always well-behaved.

6.2 Resonance phenomenology

6.2.a Resonance shape and parametrization

I thoroughly study the main resonance n = 0 for the ℓ = 1,m = 1 mode. For a circular
equatorial orbit and at first order in the µsM ≪ 1 parameter, the position of the resonance
is given by the approximated resonant frequency (Brito et al., 2015; Detweiler, 1980)

ω2
res = µ2s

[︄
1−

(︂ µsM

ℓ+ 1 + nres

)︂2]︄
(6.1)

with nres = 0, 1, 2, . . . , analogous to the principal number of the hydrogen atom orbital
structure.
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The resonance shape follows a ”resonance-antiresonance profile”, namely

−dE
s

dt
= Ė0

1 +
(︂
p−(p0−q)

Γ/2

)︂2
1 +

(︂
p−p0
Γ/2

)︂2 = Ė0

(︂
Γ
2

)︂2
+
(︂
p− (p0 − q)

)︂2
(︂
Γ
2

)︂2
+
(︂
p− p0

)︂2 (6.2)

where p0 is the semilatus rectum of the positive resonance peak and p0 − q is the semi-
latus rectum of the negative resonance peak (thus q is the radial distance between the
resonance and antiresonance’s peaks), Ė0 is the baseline energy flux and Γ is the width of
the resonances. In total we have 4 parameters, meaning that with 4 samples of the energy
flux the whole shape of the resonance can be easily reconstructed.

It is important to make clear that this is a phenomenological parametrization, namely I
found that this function describes extremely well the true resonance curve. This phe-
nomenological function, however, hints at the underlyingphysics: for example, thewidths
of the resonance and the antiresonance are the same, and this fact is valid across the entire
considered parameter space (also in the following). The parametrization is thus minimal,
in the sense that it is not possible to describe the system with less degrees of freedom,
and physical, in the sense that the parameters represent physical quantities and are not a
generic parametrization (as it could have been a Taylor expansion around the peak). A
physical motivation for the shape of the resonance is provided in Sec. 6.4.

The presence of an antiresonance peak at p0− q could seem irrelevant for the dynamics
of the secondary around the resonance; however, the value of the shift q has a direct impact
on the main resonance:

• Peak energy flux: the energy flux at p = p0 reads Ep = E0

(︂
1 + (2q/Γ)2

)︂
, namely

for larger separation the peak reaches higher values (becoming potentially more
relevant).

• FullWidth atHalfMaximum (FWHM): the FWHMof themainpeak reads∆pFWHM =
Γ
√︁
1 + (Γ/q)2: in accordance to the previous result, a higher shift q produces a nar-

rower resonance. The simple Breit-WignerwidthΓ is recovered for q → ±∞, namely
the antiresonance is moved far away from the resonance; note, however, that the
peak energy in this case diverges to +∞.

For these reasons, the shift parameter q must be considered as a crucial quantity of the
same importance as Γ when treating the magnitude and width of the main resonance
peak. Unlike a simple resonance curve, the interplay between Γ and q determines the
quantitative shape of the physically relevant energy flux peak.

In general, thewidth is extremely small for small scalarmasses, and thus it is difficult to
resolve numerically. For this reason, I wrote a code that follows the evolution in parameter
space of the resonance to find where it falls with generic parameters. Briefly, the code
samples the resonance in 4 points to find the 4 parameters that describe it, estimates the
position of the peak with a variation of a certain generic parameter δϑ using a quadratic
interpolant extrapolated from the previous two iterations (a quadratic interpolant already
displays a very good accuracy for the predicted position at a step size that allows for
a complete coverage of the parameter space with O(103) iterations), jumps to the new
semilatus rectum, and repeats the measurement of the actual peak using again the 4-
point sampling method. The step is adaptive and is chosen to have an accuracy in finding
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Figure 6.1: Main resonance in the circular equatorial case, with reconstructed resonance shape
and residuals.

the peak of ∼ q/8, for which the reconstruction of the peak is still possible and accurate.
The step is subject to additional constraints and checks, mainly because the variation of
the parameters is approximately quadratic, δϑ tends to become large very quickly; on the
other side, at a certain point the quadratic behavior changes abruptly, and if δϑwas big at
this point, the resonance is simply lost.

The resonance corresponding to circular equatorial orbits for µs = 0.1, a = 0.99, ℓ =

m = 1 and nres = 0 is shown in Fig. 6.1, together with sampled points (in red) for parame-
ter reconstruction, reconstructed curve (in black, overlapped with computed fluxes), and
residuals on the bottom plot. The sampling distance between the 400 samples is chosen
to be finer near the resonance, where the function is steeper. I found that the shape is bet-
ter reconstructed if the samples are taken around the positive peak, where larger fluxes
enable a more precise reconstruction. In particular, the estimation of Γ is sensitive to hav-
ing a sample near the peak of the resonance, and it is poorly estimated when the peak is
not sampled. For this reason, the code that follows the resonance computes a fine-tuned
estimation of the parameters before proceeding with the next step, in order to evaluate
with accuracy also the Γ by centering a sample point exactly on the first estimation of the
peak’s radius (which in contrast is already very accurate).

In the circular equatorial case, the presence of this superradiant resonance implies the
existence of a floating orbit: the total energy flux Ėtot = Ėg + Ės = 0 is null together with
the total angular momentum flux in correspondence with 2 values of the radius, namely
on the right and on the left shoulders of the positive resonance peak. The equilibrium
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on the left shoulder is always unstable, so it will not be considered. The equilibrium
on the right shoulder is stable: at higher radii, the GW emission will dissipate energy
shrinking the orbit, and at smaller radii the superradiant resonance will transfer energy
from the BH to the secondary, rising the orbit. The stable equilibrium is thus completely
stalled, in the sense that at first order in the adiabatic approximation no evolution occurs;
to see an evolution, one must consider the variation of the BH parameters caused by the
energy extraction through the resonance, and how the resonance profile is affected. Being
a second-order effect, a first-order treatise would be inconsistent to solve this change of
the background metric.

6.2.b Variation under change of eccentricity or inclination

I begin by exploring the effects of eccentricity on equatorial orbits (θ = 0). Starting from
the previously commented resonance (lowest-order nres = 0, ℓ = m = 1, µs = 0.1 and
extremal spin a = 0.99), the eccentricity is increased until the resonance is “lost”, in the
sense that Ė0 becomes 0 and the inversion of Eq. (6.2) becomes impossible (some param-
eters are singular): in particular, we observe that the peak shift q exhibits an asymptote.
The resonance parameters related to the circular equatorial values are plotted in Fig. 6.2;
the left column shows the behavior for small eccentricity values, while the right column
contains the entire eccentricity interval. The width parameter Γ is plotted separately in
the upper row, since the variation is much smaller compared to the variation of p0, q, E0. I
verified that the functional form of the resonance, Eq. (6.2), appropriately represents the
resonance profile also at high eccentricity (for example, Fig. 6.4).

The qualitative behavior inferred from Fig. 6.2 implies that the resonance also survives
at high eccentricity without substantial modifications of width and peak energy (plotted
separately in Fig. 6.3). However, a significant shift in the position of the semilatus rectum
is observed (relevant with respect to the resonance width and antiresonance shift); this
could lead to important modifications of orbital dynamics, treated in more generality in
Sec. 6.2.c.

Analogously, spherical orbits characterized by null eccentricity but non-zero inclination
are considered in Fig. 6.5 and 6.6.

For both the cases, the peak energy is decreasing when departing from circular equa-
torial orbits; in case floating orbits are not stable under orbital perturbations (Sec. ??),
this would provide a first-order exit mechanism from the resonant orbit in the adiabatic
approximation, without the need for a second-order treatise: if the orbit is dynamically
shifted away from the circular equatorial configuration, the resonance weakens until it
cannot sustain a “quasi-floating” configuration; at this point the usual adiabatic evolu-
tion resumes, and the resonance is crossed. The net effect of this crossing would be a
discontinuity of the orbital parameters, since to overcome the resonance the orbit must be
pushed either to high eccentricity or high inclination.

6.2.c Resonance parameters for generic orbits

A complete grid in the eccentricity vs radius parameter space is built to study the reso-
nance for a generic orbit (eccentric and inclined). The parameters are evaluated for every
inclination value between 0◦ and 20◦ at intervals of 0.1◦ with the procedure used in Sec.
6.2.b (non-eccentric orbits), and starting from each of these values the eccentricity has
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Figure 6.2: Behavior of the parameters that describe the resonancewith varying eccentricity (equa-
torial case). The values are normalized to the circular equatorial parameters. Upper plots: reso-
nance width Γ (isolated from the others to appreciate the change from 1, otherwise not visible);
Lower plots: resonance radius p0, peaks separation q, energy flux baseline E0. The two plots on
the left represent the behavior for small values of eccentricity, up to ≈ 0.1, while the plots on the
right contain the entire eccentricity range.

Figure 6.3: Peak energy flux (related to the circular equatorial resonant orbit) as a function of
the eccentricity, for equatorial orbits. Before the parameters become singular, the peak energy
decreases, in such a way that eventually it cannot sustain a resonant orbit. Note the logarithmic
y−scale.
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Figure 6.4: Resonant profile for highly eccentric equatorial orbit, analog to Fig. 6.1. The resonance
is preserved with small residuals.

Figure 6.5: Behavior of the parameters that describe the resonance with varying orbital inclination
(non-eccentric case). The representation is analogous to Fig. 6.2.

102



6.3. Dynamical evolution of resonant orbits

Figure 6.6: Peak energy flux (related to the circular equatorial resonant orbit) as a function of the
inclination, for circular inclined orbits. The representation is analogous to Fig. 6.3.

been varied analogously to Sec. 6.2.b.
The resulting set of parameters that characterize the resonance is represented in Fig.

6.7, together with the relevant quantity Ep, the modulus of the energy flux at the peak,
Ep = E0

(︂
1+(2q/Γ)2

)︂
, as previously reported. Levels are also plotted to facilitate reading.

A general consequence of symmetry with respect to inclination and eccentricity (to-
gether with a regularity condition of at least differentiability) is that the level lines I(α∗)

for a certain parameter αwith a fixed value α∗ cross the two axes perpendicularly, namely
at first order α(ϵ, θ̃) = α(ϵ, θ = 0) for small inclinations θ̃, and viceversa with small eccen-
tricity. This is due to the fact that an eccentricity −ϵ is equivalent to ϵ, and analogously
for the inclination. Specialized to the origin of the eccentricity-inclination plane, the cir-
cular orbit can be either a maximum/minimum or a saddle point for a chosen parameter;
the derived quantities, as the aforementioned peak energy and FWHM, will inherit this
structure, with the nature of the origin determined by the functional form of the derived
quantity.

6.3 Dynamical evolution of resonant orbits

In the previous Section, I obtained a wide (and generalizable to different ℓ,m, k, n, nres
modes) description of the scalar fluxes in a neighborhood of a superradiant resonance.
In this Section I will describe the dynamical evolution of such orbits; indeed, a resonant
orbit is not necessarily a floating orbit, for the reason explained in Sec. 6.3.a. Afterwards,
a characterization of such orbits is provided, following the two different perspectives of
stability theory and full dynamical evolution.

6.3.a Resonant but not floating: the uncomfortable situation of generic orbits

A floating orbit is defined as a configuration in which the dynamics is completely stalled,
i.e. both the fluxes of energy and angular momentum are null. For circular equatorial or-
bits, the energy condition and the angular momentum condition are dependent, namely
the net zero energy flux condition implies null angular momentum flux. This can be
seen through the mode-by-mode relation (valid for both scalar and gravitational emis-
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Figure 6.7: Behavior of the parameters that describe the resonance with varying orbital inclination
and eccentricity (generic orbital configuration).
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sion) L̇ℓmnk =
m

ωmnk
Ėℓmnk as found before, with ωmnk = mΩφ + nΩr + kΩθ; for circular

equatorial orbits, n = k = 0, thus ωmnk = mΩφ and the ratio m/ωmnk becomes simply
1/Ωφ, which can be brought outside the series when resumming themodes; thus, globally
L̇ = Ė/Ωφ.

This is not true for a generic orbit: the condition of a null balance of energy fluxes is:

0 = Ėtot =
∑︂
ℓmkn

[︂
Ė−

s,ℓmkn + Ė−
g,ℓmkn + Ė+

g,ℓmkn

]︂
(6.3)

and using L̇ℓmkn =
m

ωℓmkn
Ėℓmkn as before, we obtain

0 = Ėtot =
∑︂
ℓmkn

ωℓmkn

m

[︂
L̇−
s,ℓmkn + L̇−

g,ℓmkn + L̇+
g,ℓmkn

]︂
(6.4)

This is in general not equivalent to an angular momentum balance L̇tot
ℓmkn = 0, meaning

that even if the energy balance condition is met, the angular momentum flux is still mak-
ing the orbit evolve. This represents a “functional independence” argument, in the sense
that the non-zero angular momentum balance is due to the angular momentum indepen-
dence from energy in the case of eccentric orbits. A similar consideration is valid also for
the Carter constant, even if this has a more involved algebraic expression. For now, let’s
reason only on the eccentricity / angular momentum evolution.

A more rigorous perspective comes from considering energy and angular momentum
fluxes simultaneously, without giving a privileged role to the energy flux as implicitly
assumed before; the orbital evolution is given by the orbital parameters p, e, which can
be seen as a coordinate transformation of the action variablesE(p, e), Lz(p, e); this means
that the orbital evolution is determined equivalently by

dp

dt
=

∂p

∂E

dE

dt
+

∂p

∂Lz

dLz

dt
de

dt
=

∂e

∂E

dE

dt
+

∂e

∂Lz

dLz

dt

which in matricial form can be written as

d

dt

(︄
p

e

)︄
=

(︄
∂p
∂E

∂p
∂Lz

∂e
∂E

∂e
∂Lz

)︄
d

dt

(︄
E

Lz

)︄
(6.5)

Since the transformation is invertible (the determinant of the Jacobian is finite for generic
orbits and becomes singular only when the orbit is circular, in which case the system
reduces to a single equation since Ė and L̇z are not independent anymore), the orbital
parameters are floating (ṗ = ė = 0) if and only if also Ė = L̇z = 0. This is easily generaliz-
able to the three-dimensional case with Carter constant and orbital inclination. It is then
clear that the floating orbit configurations are uniquely determined by the simultaneous
condition (Ė, L̇z, Q̇) = 0.

In the first-order adiabatic approximation, a change in the angular momentum of the
particle will change the value of eccentricity. Note that it is not obvious a priori in which
direction: it could be a circularization as well as a “eccentricization”, depending on the
interplay between the scalar modesm,n, k, the resonance order nres and the GW modes:
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since the scalar mode is superradiant, it is possible that a net angular momentum at fixed
energy is acquired rather than radiated away. This will affect the resonance parameters:
the resonance profile will thus evolve, again enabling a net energy flux. In the hypothesis
that the resonance is very peaked, two scenarios are possible:

• The stable equilibriummoves inward (this is equivalent to the eccentricity increasing
or the inclination decreasing, see Fig. 6.2, 6.5, 6.7): in this case, the orbit evolves more
similarly to the standard GW dissipation, following the equilibrium inwards.

• The stable equilibrium moves outward (viceversa, eccentricity decreasing or inclina-
tion increasing): in this case, whether the resonance will push outward the orbit,
rising the semilatus rectum, or if the resonance shifts faster than the orbital radius,
enabling the orbit to “jump” over the resonance, depends on the specific parameters
such as the height and the width of the resonant peak.

Clarified the fact that general resonant orbits evolve at first adiabatic order and that the
evolution is non-trivial, in the following Sections I will develop a qualitative (but strongly
physically motivated) description of the resonant dynamics.

6.3.b Methods and qualitative phenomenology of generic resonant orbits

The next step is to evaluate the dynamics of an orbit near a resonance; this can be done at
two different levels:

• Study of the stability properties of a configuration which is slightly displaced from
the equilibrium position; this “linearized” approach gives a quantitative descrip-
tion of quasi-equatorial, quasi-circular orbits and a good qualitative description of
generic orbits, thanks to the global regularity of the resonance’s parameters (which
from Fig. 6.7 clearly follow a functional behavior that resemble globally the local
properties of stationary points, described by stability theory).

• Full evolution of a resonant, non-floating orbit: this approach involves the explicit
integration of the energy, angular momentum and Carter constant fluxes. While
giving the exact dynamics (and waveforms), it is computationally expensive and, as
today, difficult to achieve. For this reason, this approach will be replaced here by a
demonstrative toy model.

As we saw, resonant orbits are not generally floating and will thus undergo a dynamical
evolution at the fisrt adiabatic order, which however is completely different from the usual
adiabatic inspiral due to the presence of the scalar resonance. An important consideration
for assessing stability concerns the dimensionality of the problem:

• If orbits are parametrized just by the radial coordinate, we obtain circular equato-
rial geodesics. As explained before, with this only dimension, the floating orbit is
actually a stable equilibrium.

• Adding a second coordinate, either the eccentricity e or the inclination x ≡ cos θ, the
equilibrium can lose its stability properties: adding a second principal axis to the
matrix that describes the linearized flux around the floating equilibrium (previously
purely attractive) can render it unstable if the new direction is repulsive. As argued
before, it is not given a priori whether the new direction will be attractive or repul-
sive with respect to the equilibrium; however, it is clear that the principal axis is

106



6.3. Dynamical evolution of resonant orbits

aligned with the new coordinate axis. This is very important for the following, and
a consequence of the symmetries of the system (and the fact that the chosen modes,
defined by ℓ,m, k, n, are eigenfunctions of the corresponding action variables).

• Adding the last dimension, the third, is equivalent to what has been said for the
second: another possibility of changing the stability of the floating orbit from stable
to unstable.

This encodes more formally the “functional independence” argument presented in Sec.
6.3.a: in the (p−pce, e, cos θ) parameter space (pce is the radius of a circular equatorial res-
onant orbit, which is truly floating), every balance condition defines a 2−dimensional
manifold (surface) passing through the origin (the representation of the null energy flux
manifold corresponds approximately to the lower panel of Fig. 6.7; only approximately
since the net zero energy condition is satisfied not at the resonance peak, but slightly
nearby, and it depends on the GW flux); the intersection of these manifolds thus is 1−di-
mensional, which is already geometrically not general, but enforced by the functional
dependence of the three conditions in the origin.

It is then possible to predict with more accuracy the qualitative evolution of a floating
orbit based on the stability properties of the floating orbit:

• Stable equilibrium: if all the three principal axes of the linearized system are at-
tractive (that is, the two corresponding to eccentricity and inclination), the orbit will
evolve towards a circular equatorial configuration. To reach it, the action variables
E,Lz, Q can vary in any direction (the orbit can gain or lose energy, ecc), but with
the constraint that the three functions δp ≡ |p − pce|, e and |θ| are monotonically
decreasing toward 0. Once the floating orbit is “reached” (inappropriate term, since
for existence and unicity of the solution the actual equilibrium is never reached),
the evolution will be determined by second-order effects in the adiabatic approxi-
mation, thus it is not possible anymore to predict what will happen.

• Unstable equilibrium: if even one of the e, x coordinates has repulsive character,
then the equilibrium is unstable and the configurationwill drift away from the float-
ing orbit. As can be seen in Figs. 6.3 and 6.6, the peak energy flux of the resonance
diminishes as the eccentricity and/or the inclination increase. This means that the
orbit will reach a regime in which the resonance is not strong enough to maintain a
net zero energy flux, and at this point the trajectory can pass over the resonance and
resume the standard inspiral; observationally, this would correspond to a “glitch” in
which the orbital parameters change between two phases of quasi-adiabatic inspiral
(how fast this change happens is a matter of a quantitative analysis). In principle,
another possibility is that the resonance is strong enough to bring the trajectory near
the separatrix (which is the reason why the resonance parameters become singular,
see Fig. 6.2) before disappearing, thus having the potential effect of causing a pre-
mature plunge.

Quite conveniently, the study of the equilibrium properties can be performed with a
point-like linearized analysis on the principal axes of the flux. Since we know that these
axes correspond to the e = 0 (inclined circular) and θ = 0 (eccentric equatorial) configu-
rations, this reduces to the computation of the GW modes in these two isolated cases.

For the case ℓ = 1, floating orbits have been proved to be stable against small perturba-
tions of eccentricity, namely the orbit tends to circularize, by Cardoso et al., 2011. This is
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not necessarily the case for generic ℓ; in addition, stability under perturbations of the in-
clination has not been assessed yet. A possible hint for inclination instability comes from
the fact that the resonance’s semilatus rectum exhibits opposite trends under change of
eccentricity and inclination: in the former case, increasing the eccentricity reduces pres,
while in the latter increasing the inclination increases pres. A quantitative assessment of
this stability is left for a future study.

6.4 A theoretical explanation for the resonance shape

6.4.a Resonance interference with a wide-band background

As argued before, the resonant profile in the horizon energy flux arises from the squared
amplitude at rp of the field component R+, namely the part of the homogeneous solu-
tion that is purely outgoing at infinity. Near the resonance frequency determined by the
existence of an unstable quasi-normal mode of the field, the total field is composed of
two different field amplitudes which are then summed: one is the baseline amplitude, which
is smooth on wide energy scales (small derivative with respect to energy everywhere;
again, smooth not in a differentiability sense, just as lack of short-scale features) and is
represented by the approximately constant Ė that enters the phenomenological param-
eterization of the resonance curve. Over this is added the resonant amplitude stemming
from the presence of the quasi-normal mode of the scalar field. This comes from a dif-
ferent mechanism (not a homogeneous solution for a continuous energy spectrum but a
feature arising from the discrete spectrum of eigenmodes, which are approximately sta-
tionary even without the need for an oscillating boundary condition, which corresponds to a
forcing mechanism. In other words, a source (the charged inspiraling secondary) is not
needed to sustain the discrete oscillation spectrum of the field, which is present regard-
less. This does not mean that the properties of the secondary have no effect on the energy
flux: if the secondary is in the resonant regime, it couples with the discrete mode through
its scalar charge, producing the resonant flux. As an extreme case, if d = 0 in generic con-
ditions the wide-band solution of the field is not produced since it is not actively excited
by the secondary, and thus no scalar energy flux occurs; the discrete spectrum, by con-
trast, is produced regardless of the absence of a source, but if the secondary has null charge
it cannot couple with the field and exchange energy, thus again Ės = 0. Despite this case
being physically not informative, it makes clear the conceptual distinction between the
wide-band solution and the resonance at the field level, while at the energy flux level the
charge plays a crucial role for both the components.

This observation can also be seen from the computed fluxeswith a data-drive approach:
if exclusively a resonant amplitude were present, the flux would appear as a Bode plot
with different slopes in the log-log plane for the tails of the resonance, which is not the
case; instead, the energy follows a consistent baseline at both sides of the resonance.

The total field can thus be written exactly as

ϕ+(ω(rp)) = ψr(ω)e
i(ωt+Φr(ω)) + ψb(ω)e

i(ωt+Φb(ω)) (6.6)

where ψr(ω) is the resonant amplitude, which depends rapidly on ω and is parametrized
by the resonant frequency ω0 = ωR and the peak width Γ = |ωI | through a standard
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resonance curve
ψr(ω) = α

ω2
0√︁

(ω2 − ω2
0)

2 + (ωΓ)2
(6.7)

and Φr(ω) is the associated standard resonance phase, also this is rapidly dependent on
ω and given by

Φr(ω) = arctan
[︄

Γω

ω2 − ω2
0

]︄
(6.8)

such that, using cos arctanx = 1/
√
1 + x2 and sin arctanx = x/

√
1 + x2, the sin and cos

of the phase can be written as

cosΦr =
ω2 − ω2

0

ω2
0α

ψr(ω) sinΦr =
Γω

ω2
0α
ψr(ω)

These are well-known results that are common to every physical system behaving like
a resonant harmonic oscillator. On the other hand, the background field contribution
is weakly dependent on ω on the considered energy interval (of the order of Γ, which
is small compared to ω0 since the cross-section is extremely small: in other words, the
characteristic time for decay/explosion is very long), thus approximately ψr ∼ constant,
Φr ∼ constant in ω. In addition, the background field dominates outside the resonance,
namely ξ ≡ α/ψb ≪ 1. We then see that there are two small expansion parameters,
namely the ratio ξ between the baselines of the fields for ω < ω0 and the energy shifts
δ ≡ δω/ω0 ∼ Γ/ω0. I will use the properties ξ ≪ 1 and δ ≪ 1 (independently) to describe
the resulting amplitude.

The energy flux is computed from |Z+|2 ∝ ϕ+(ϕ+)∗, thus let’s compute the square
modulus:

|ϕ+|2 =
(︂
ψr(ω)e

i(ωt+Φr(ω)) + ψb(ω)e
i(ωt+Φb(ω))

)︂(︂
ψr(ω)e

−i(ωt+Φr(ω)) + ψb(ω)e
−i(ωt+Φb(ω))

)︂
=ψ2

r (ω) + ψ2
b + 2ψr(ω)ψb cos

(︂
Φr(ω)− Φb

)︂
=ψ2

b

[︄
1 +

(︂ψr(ω)

ψb

)︂2
+ 2

ψr(ω)

ψb

(︂
cosΦr cosΦb + sinΦr sinΦb

)︂]︄

=ψ2
b

[︄
1 + ξ

ω4
0

(ω2 − ω2
0)

2 + (ωΓ)2

[︂
ξ +

2

ω2
0

(︂
(ω2 − ω2

0) cosΦb + (Γω) sinΦb

)︂]︂]︄

=ψ2
b

(ω2 − ω2
0)

2 + (ωΓ)2 + ξ2ω4
0 + 2ξω2

0

[︂
(ω2 − ω2

0) cosΦb + (Γω) sinΦb

]︂
(ω2 − ω2

0)
2 + (ωΓ)2

where I used the previously found trigonometric relations for the resonant phase and
started to organize the terms in order to reproduce the phenomenological description
used previously, featuring a multiplicative amplitude that corresponds to the baseline so-
lution, a positive peak due to the denominator and an antiresonance due to the numerator.
Note that until this point everything is exact, namely no approximation (linearization in
the small parameters) has been adopted. The amplitude resonance correctly displays a
positive peak corresponding to the resonant frequency ω0 due to the denominator; the
numerator contains additional terms. In order to reproduce a shifted antiresonance, let’s
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add and subtract a term (ω2 − (ω0 − q)2)2 to the numerator. In this moment, q is a free
parameter, in the sense that its numerical choice is arbitrary. This results in the resonance-
antiresonance shape with a remainder:

|ϕ+|2 =ψ2
b

{︂
(ω2 − (ω0 − q)2)2 + (ωΓ)2

}︂
+G(p)

(ω2 − ω2
0)

2 + (ωΓ)2

let’s consider the polynomial in q outside curl brackets in the numerator, called G(p):

G(p) = (ω2 − ω2
0)

2 − (ω2 − (ω0 − q)2)2 + ξ2ω4
0 + 2ξω2

0

[︂
(ω2 − ω2

0) cosΦb + (Γω) sinΦb

]︂
Note that the first relevant order in the small parameter δ ≡ δω/ω0 ∼ Γ/ω0 for both the

numerator and the denominator of |ϕ+|2 is the second: indeed, expanding the denomina-
tor leads to (ω2−ω2

0)
2+ω2Γ2 ∝ (ω−ω0)

2+(Γ/2)2+O(δω3), which is exactly the form of
the phenomenological parameterization. We thus learned that the parametrization is ac-
tually an expansion (extremely well motivated a posteriori) of the exact resonance shape.
As this contribution is at second order in δω ∼ Γ, let’s expand G(q) at the same order in
ξ and δω ∼ Γ ∼ q. Note that the last requirement q ∼ δω needs to be verified a posteriori.
We thus obtain:

G(q) ∼ − 4ω2
0(2δωq + q2) + ξ2ω4

0 + 2ξω2
0

[︂
2ω0δω cosΦb + (Γω0) sinΦb

]︂
= − 4ω2

0

{︄
q2 + 2qδω − ω2

0

4

[︄
ξ2 + 2ξ

(︂
2
δω

ω0
cosΦb +

Γ

ω0
sinΦb

)︂]︄}︄

as argued before, since q is a free parameter, we can substitute it with a root q̃ of this
second-degree polynomial. The roots are:

q̃± = −δω ±

⌜⃓⃓⎷δω2 +
ω2
0

4

[︄
ξ2 + 2ξ

(︂
2
δω

ω0
cosΦb +

Γ

ω0
sinΦb

)︂]︄

Under this choice of q̃, the square amplitude profile reduces to the desired resonance-
antiresonance curve:

|ϕ+|2 = ψ2
b

(︁
ω2 − (ω0 − q̃)2

)︁2
+ (ωΓ)2(︁

ω2 − ω2
0

)︁2
+ (ωΓ)2

(6.9)

with a parameter q̃ that is now a function of the energy shift from the resonance. Which
branch of q̃± to choose? One will be physical and one unphysical. Note that if the reso-
nance is not present, namely α = 0 =⇒ ξ = 0, we must recover the simple background
amplitude. With ξ = 0, q̃± = −δω± δω: if I choose the sign +, I obtain q = 0, thus simpli-
fying the square amplitude function numerator and denominator: only the background
amplitude remains and no resonant features survive. Thus, the physical solution is q̃+.
From now on, let us simplify the notation redefining q = q̃+, where it is understood that
q is not anymore a free parameter, but the + branch of the approximated roots G(q).

The antiresonance peak condition is ω = ω0 − q̃(δω), namely q̃ = −δω. This is satisfied
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when the argument of the square root is zero:

κ(δω) ≡ δω2 +
ω2
0

4

[︄
ξ2 + 2ξ

(︂
2
δω

ω0
cosΦb +

Γ

ω0
sinΦb

)︂]︄
!
= 0

the roots of this second-degree polynomial are (define the adimensional width γ ≡ Γ/ω0):

δ̃ω±
ω0

= − 1

2
ξ cosΦb ±

1

2

√︂
−ξ2 sin2Φb − 2ξγ sinΦb

= − 1

2

[︄
ξ cosΦb ∓

√︁
γ2 − (γ + ξ sinΦb)2

]︄

There are here several options, which are specialized to the physical system that we are
studying:

• Zero background dephasing: if Φb = 0 (mod π), then only one antiresonance peak
appears, since the two branches coincide. In this case, the antiresonance peak is
located at

δωanti = −1

2
ξω0 (6.10)

This would provide a direct, simple and very informative information on the rela-
tion between the background flux and the resonant amplitude. In addition, another
extremely desirable property is attained: q(δω) becomes a constant equal to

q =
1

2
ω0ξ

thus, reducing the expression exactly to the phenomenological parametrization,
where the shift q was assumed to be constant, with the only approximation of the
linear expansion in the parameter δ.
Two “fine-tuning conditions” are necessary: the first is Φb = 0; rather than being a
fine-tuning, this is more a symptom of a physical mechanism that leads to resonant
phase to be defined as related to the homogeneous solution phase. The second is the re-
quirement ξ ∼ γ, namely all the expansion parameters are similar in magnitude;
note however that is not strictly required, it is only something that is incidentally
seen in our dataset for a specific resonance; in fact, for the ℓ = m = 1, nres = 0 res-
onance, these are different by 2 orders of magnitude. Hence, this condition is quite
loose and does not need a physical explanation. If a physical explanation exists for
the reasonwhy ξ ∼ γ loosely, it must come from the fact that all the quantities are re-
lated to the same set of physical parameters, and in particular they will be regulated
by µsM ≪ 1, which will act as some global scaling of the expansion parameters.

• Generic background dephasing: for a general Φb, the antiresonance locations will
be either 2 or none depending on the sign of γ sinΦb (+ or - respectively; remember
that γ < 0 since we are in the superradiant regime, but this is a generic treatment).
In both cases, the function q(δω) will distort the amplitude profile, but causing a
double dip in the first case, or a potentially mild distortion in the second.

The computed fluxes qualitatively and quantitatively support the first option. The generic
occurrence of the second (namely, without requiring special conditions) can be directly
discarded from the simple observation that only one clear antiresonance peak is always
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present, hinting at the fact that the zero background dephasing required by the first op-
tion is actually a structural feature. As a strong quantitative confirmation of the first hy-
pothesis, the residuals of the fit obtained from only 4 points are always of the order of
δ|A|2/|A|2 ≪ 103, often reaching the precision of 1 part to 108, with these small discrep-
ancies that are imputable to the linear expansion approximation.

In fact, an option is still open for the second hypothesis in the limit ξ ≫ γ, which
is actually satisfied in our case study. In this case, real solutions for δ̃ω± exist only if
sinΦb < 2|γ|/ξ and sinΦb > 0, thus practically an extremely fine-tuned condition. If in-
stead the roots are complex, they will be (for a non-fine-tuned background phase) δ̃ω± ∼
−ω0ξ/2(cosΦb ∓ i sinΦb), which would show as a “antiresonance ghost”, namely a blunt
deformation of the amplitude profile, near δω = −δωanti cosΦb. This is clearly not ob-
served in the produced data; thus, the only option would be a fine-tunedΦb, which is less
likely than a structurally motivated equality Φb = 0.

6.4.b Field amplitude related to the Green’s function method

While the previous approach is completely general, in the sense that it does not require
an explicit solution for the field, a more practical approach comes from the direct inspec-
tion of the field amplitude at the horizon, which determines the only active energy flux
Ė− = ωk−|Z−

ℓm|2, since the flux at infinity is quenched. ω and k− are “wide-band” func-
tions, thus the resonance comes from |Z−

ℓm|2. This is expected, since resonance profiles
often arise from the square modulus of a field amplitude. Let’s trace back Z− = R−(r∗ →

−∞)

∫︂ ∞

r+

R+(r)J(r)

W (r)∆
dr. The R−(r∗ → −∞) contribution is normalized by definition (the

homogeneous R− is purely ingoing with unit amplitude at the horizon), thus it does
not contribute to the square modulus of Z−. The resonant amplitude then comes from
R+(rp)/W (rp), namely the purely outgoing solution at infinity evaluated at the particle
radius rp, divided by the Wronskian.

Intuitively, this can be interpreted as follows: we are considering homogeneous solu-
tions with normalized boundary conditions; fixing a normalized boundary condition at
infinity (although exponentially declining, since the field is confined) has the effect of
quenching the field modulus at finite radial coordinate in correspondence to the resonant
frequency. This is because a fixed amplitude at finite radius produces a resonantly en-
hanced amplitude at the boundary; in this case, however, the boundary conditions are
normalized, thus the amplitude at finite radius is divided by the standard resonant ampli-
tude function, namely Eq. (6.7) modulated by the resonant phase Eq. (6.8). This produces
the “dip structure” observed in thiswork. At the same time, theWronskian exhibits a sim-
ilar dip, but not at the same radial coordinate: the physical origin is the same dip that mod-
ulates R+(r), however, the (anti-)resonance here is shifted by the simultaneous effect of
the interplay with amplitude and phases of R′

+, R−, R′
−, which also enter the Wronskian

formula. TheWronskian follows an inverse resonance profile as a consequence of the fact
that quasi-normal modes are defined by the poles of the Green’s function in the com-
plex frequency plane, where the two homogeneous solutions become linearly dependent
and thus the Wronskian is null. Around the pole frequency ωp = ωR + iωI the Wron-
skian can be expanded in a Taylor series asW ≈ W,R(Re(ω)− ωR) +W,I(Im(ω)− ωI) =

W,R(ω−ωR)−W,IωI since the physical ω is real. This implies that on the real axis, near the
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pole,
√︁
|W |2 ≈

[︂
|W,R|2(ω − ωR)

2 + |W,I |2ω2
I + 2(ω − ωR)ωIRe(W,RW,I)

]︂1/2
, which since

in the energy flux is at denominator generates the positive resonance peak. The peak
shift of ω0 from ωR in this case is due to the extra (ω − ωR) term which is proportional to
Re(W,RW,I).

I use themodified version of STORMdescribed in the previous Chapters to numerically
visualize the phenomenology described above. In particular, I focus on the magnitude of
the scalar field Rup and the Wronskian, considering the quantity W∆ which, as shown
in Sec. 4.5, is constant over the radial coordinate at fixed energy ω (thus considering ω
as a free parameter, and not related to p through Ωp(p) = ω). Fixing µs = 0.1, I perform
a scan of Rup andW∆ in the radial coordinate p considering, point by point, the energy
given by the orbital frequency ω = Ωp; the scans ofRup, its radial derivativeR′

up andW∆

in a tight interval around the resonance are shown, respectively, in Fig. 6.8a and 6.8b.
The scalar field and its derivative display a resonantly damped behavior as motivated
before, centered in different radial coordinates; the interaction of these resonances with
the nearly constant Rin, R′

in finally produces a Wronskian with a shifted antiresonance;
finally, the amplitude proportional toRup/(W∆) inherits the antiresonance fromRup and
the resonance fromW−1.

A wider scan, with otherwise the same plotting conventions, is presented in Fig. 6.9.
Here is well visible the radiative zone, where ω − µs > 0, on the left of the vertical green
line. Regarding the phase, it has been obtained by unwrapping the dephasing between
consecutive points of the radial sampling: for this reason, around ω = µs, where the
magnitude and phase evolution becomes singular from both sides, the sampling interval
is not sufficient to correctly unwrap the phase, leading to artifacts. In addition, since the
phases of the radiative and confined zones are separated by such singularity, at the two
sides of ω = µs the phase is always referred to the data points at the extremes of the
whole sampling interval. In the region ω < µs it is well visible the resonant structure:
starting from lower energy (higher radius), the field amplitude and phase is determined
by the series of resonances (the theoretical prediction for the position of the resonances,
Eq. (6.1), are shown with red lines for nres = 0, . . . 6), which has the effect of increasing
the slope of the field magnitude towards higher energies (analogously to a Bode plot, and
taking into account that the field is described by the inverse of a resonant profile), and
the phase accumulates a π dephasing in correspondence of each resonance. The same
qualitative structure characterizes R′

up and is inherited byW∆.
Note that the perspective presented in this Section is conceptually different (and inde-

pendent) from the one presented before: for the interpretation presented previously, the
structure ismotivated by an overlap of two distinct phenomena (awide-band solution and
a resonant discrete spectrum) regardless of the particular mathematical treatise of the en-
ergy flux; here insteadwe are considering the explicit energy flux formula, and tracing the
origin of the resonance’s features to the amplitude given by the Green’s function method,
which incorporates the field amplitudes in a non-trivial way. Both approaches give a cor-
rect interpretation of how the resonant structure arises based on different physical details
of the problem.
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(a) Scalar field Rup and its radial derivative R′
up.

(b) The quantityW∆, alias for the WronskianW .

Figure 6.8: Scalar field (upper figure) and Wronskian W∆ (lower figure) for µs = 0.1 around
the resonance nres = 0 for ℓ = m = 1, represented with amplitude and phase. The horizontal
axis represents either the radial coordinate, centered and normalized to pres, the resonance peak
coordinate, or the energy ω = Ωp(p), referenced to the scalar mass µs.114
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(a) Scalar field Rup and its radial derivative R′
up.

(b) The quantityW∆, alias for the WronskianW .

Figure 6.9: Same of Fig. 6.8 for a wider radial interval, across radiative regime (ω − µs > 0, at the
left of the vertical green line), and the series of discrete resonances (theoretical prediction Eq. 6.1
marked with vertical red lines).
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Conclusions

In this Thesis I developed theoretical and numerical tools to characterize the phenomenol-
ogy associatedwith the presence of a freemassive scalar field coupledwith the secondary
compact object of an EMRI. The general treatise is based on the adiabatic approximation
with a first order expansion in the mass ratio q. The scalar field’s equation of motion
is obtained from the action and is represented by a Klein-Gordon equation in a curved
(Kerr) background, with a point-like source term corresponding to the secondary; it can
be solvedusing theGreen’s functionmethod, once the homogeneous solutions are known.

Although not exploited in the numerical implementation of the results, I presented a
generalization of the semi-analytical MST method to compute the homogeneous solution
defined by purely ingoing boundary conditions at the horizon. The solution consists in
a generalization of the original MST solution, obtained through a summation of hyper-
geometric functions weighted through a series of coefficients determined by a three-term
recurrence relation. I proved that a similar minimal modification to the massless MST
does not exist for the homogeneous solutionwith purely outgoing boundary conditions at
spatial infinity, and proposed a promising path for a non-minimal generalization. The de-
velopment of such a solution and a working implementation of the massive MST method
will be conducted in future work.

I produced a modified version of the code STORM to compute the solution of the mas-
sive field equations for a generic orbital configuration and obtain, mode-by-mode, the
energy fluxes at horizon and spatial infinity. This implementation of the code, easily par-
allelizable and executed on the LIGO/IGWNGWaveCluster, enabled a systematic charac-
terization of the scalar field phenomenology. For circular equatorial orbits, I computed the
energy fluxes, GWwaveformdephasing, and Fishermatrix observability estimationswith
the LISA GW detector, and interpreted the results in light of superradiance and massive
field confinement. Covariance between the scalar charge and the scalar mass is observed,
making it difficult to constrain the parameters of the scalar field; however, through a series
of physically motivated case study examples, I found the concrete possibility of precisely
measuring such parameters under the condition that the observable evolution happens
sufficiently slowly across the transition between superradiant and radiative behavior. The
availability of a accurate and efficient computational infrastructurewill enable awider ex-
ploration of the phenomenology for generic orbits, which will break the degeneracies and
facilitate parameter estimation.

Finally, I explored the phenomenology of superradiant resonances and floating orbits
associated with the massive nature of the scalar field. For the first time, a complete map-
ping of the main resonance was performed for high values of eccentricity and inclina-
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tion, which were considered both separately and simultaneously. This opens the possi-
bility of testing for the instability of floating orbits against small orbital perturbations,
which could produce drastic changes in the evolution, leading to unmistakable observa-
tional signatures for the presence of a massive scalar field. Furthermore, I identified and
parametrized a relevant antiresonant feature in the resonance shape, and explained its
physical and mathematical origin.

In conclusion, EMRIs will represent an unprecedented opportunity to probe scalar
fields and in particular ultralight scalar mediators of gravity predicted by many beyond-
GR theories. The observational signatures of a massive scalar field could be detectable
via GW observations in the LISA era through slight modifications of the orbital dynamics
due to the presence of the additional dissipative (or superradiant) channel continuously
acting throughout the entire evolution, and/or discrete features, such as floating orbits,
which affect the dynamics with punctual but extremely impactful modifications to the
pure-GR evolution. In this Thesis I provided an efficient computational infrastructure
to investigate quantitatively these effects, uncovering a rich phenomenology, expanding
the present knowledge of the possible observables and interpreting them with analytical
methods or, when it was not possible, heuristic but physically motivated arguments. This
work opens many avenues for future research, from the most mathematically-oriented
ones such as the search for a complete massive MST solution to the more observationally
motivated ones, such as the construction of wide and dense grids of energy fluxes across
the whole parameter space, parameter estimation forecasts for generic orbits, dynamical
evolution of resonant orbits and the study of the corresponding GW waveforms.
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A Coefficients of the Frobenius series
for ingoing solution

I report the explicit expressions to compute the coefficients of the Frobenius series for
outgoing solution up to order 10. Here

√︁
ω2 − µ2 ≡ σ. The coefficients for the ingoing

solution at the horizon are not reported, being much longer.

d0 = 1 (A.1)

d1 =
i

2σ3

(︂
λ(ω2 − µ2) + iMµ2σ + 2amω(ω2 − µ2)−M2(−5µ4 + 4µ2ω2)

)︂
(A.2)

d2 =
i

4σ3

(︂
−4M3µ4 + (−2 + λ+ 2amω)(ω2 − µ2)d1 +Mσ

(︁
2σ − 2λσ + 2a2µ2σ + 7iµ2d1 − 4iω2d1

)︁
−M2µ2(︁6iσ + (4ω2 − 5µ2) d1

)︁)︂
(A.3)

d3 =
i

6σ3

(︂
2a3m(µ− ω)ω(µ+ ω) + 4M2(︁(1 + 2iMσ)µ2 +M2µ4 − ω2)︁

− 2M
(︁
(6 + 7iMσ − λ)µ2 + 2M2µ4 + (−6 + λ)ω2)︁d1

− a2(µ− ω)(µ+ ω)
(︁
1−m2 − λ+ 2Mµ2(2M + d1)

)︁
+ 2amω(−µ+ ω)(µ+ ω)d2

+
(︁
µ2(6 + 13iMσ − λ+ 5M2µ2) + (−6 + λ− 4M(2iσ +Mµ2))ω2)︁d2)︂ (A.4)

d4 =
i

8σ3

(︂
2a4Mµ2(µ− ω)(µ+ ω) + 2a3m(µ− ω)ω(µ+ ω)d1

+ 4M2(︁(4 + 4iMσ)µ2 +M2µ4 − 4ω2)︁d1
− 2M

(︁
(15 + 11iMσ − λ)µ2 + 2M2µ4 + (−15 + λ)ω2)︁d2

+ a2
(︁
4M3µ4 + (−1 +m2 + λ)(µ− ω)(µ+ ω)d1 + 2M2µ2(5iσ + 2(−µ2 + ω2)d1)

− 2M(µ− ω)(µ+ ω)(−6 + 2λ+ 2iσ d1 + µ2d2)
)︁
+ 2amω(−µ+ ω)(µ+ ω)d3

+
(︁
µ2(12 + 19iMσ − λ+ 5M2µ2) + (−12 + λ− 4M(3iσ +Mµ2))ω2)︁d3)︂ (A.5)

d5 = − i

10σ3

(︂
2a5m(µ− ω)ω(µ+ ω)− a4(µ− ω)(µ+ ω)

(︁
2− 2m2 − λ+ 2Mµ2(2M + d1)

)︁
+ 2a3mω(−µ+ ω)(µ+ ω)d2

+ 2M
(︁
−2M

(︁
(9 + 6iMσ)µ2 +M2µ4 − 9ω2)︁d2 + (︁

(28 + 15iMσ − λ)µ2 + 2M2µ4 + (−28 + λ)ω2)︁d3)︁
+ a2

(︁
8M4µ4 +M3(24iMσ µ2 − 4µ4d1)− (−1 +m2 + λ)(µ− ω)(µ+ ω)d2

+ 2M2(−12ω2 + µ2(12− 9iσ d1 + 2(−µ2 + ω2)d2))

+ 2M(µ− ω)(µ+ ω)((−13 + 2λ)d1 + 4iσ d2 + µ2d3)
)︁

+ 2am(µ− ω)ω(µ+ ω)d4

+
(︁
µ2(−20 + λ− 5M(5iσ +Mµ2)) + (20− λ+ 4M(4iσ +Mµ2))ω2)︁d4)︂ (A.6)
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d6 = − i

12σ3

(︂
2a6Mµ2(µ− ω)(µ+ ω) + 2a5m(µ− ω)ω(µ+ ω)d1

+ a4
(︁
4M3µ4 + (−2 + 2m2 + λ)(µ− ω)(µ+ ω)d1 + 2M2µ2(7iσ + 2(−µ2 + ω2)d1)

− 2M(µ− ω)(µ+ ω)(−15 + 3λ+ 2iσ d1 + µ2d2)
)︁

+ 2a3mω(−µ+ ω)(µ+ ω)d3

+ 2M
(︁
−2M

(︁
8(2 + iMσ)µ2 +M2µ4 − 16ω2)︁d3 + (︁

(45 + 19iMσ − λ)µ2 + 2M2µ4 + (−45 + λ)ω2)︁d4)︁
+ a2

(︁
8M4µ4d1 +M3(40iMσ µ2d1 − 4µ4d2)− (−1 +m2 + λ)(µ− ω)(µ+ ω)d3

+M2(−56ω2d1 + 4µ4d3 + µ2(56d1 − 26iσ d2 − 4ω2d3))

+ 2M(µ− ω)(µ+ ω)(2(−12 + λ)d2 + 6iσ d3 + µ2d4)
)︁

+ 2am(µ− ω)ω(µ+ ω)d5

+
(︁
µ2(−30− 31iMσ + λ− 5M2µ2) + (30− λ+ 4M(5iσ +Mµ2))ω2)︁d5)︂ (A.7)

d7 =
i

14σ3

(︂
2a7m(µ− ω)ω(µ+ ω)− a6(µ− ω)(µ+ ω)

(︁
3− 3m2 − λ+ 2Mµ2(2M + d1)

)︁
+ 2a5mω(−µ+ ω)(µ+ ω)d2

+ a4
(︁
12M4µ4 +M3(48iσ µ2 − 4µ4d1)− (−2 + 2m2 + λ)(µ− ω)(µ+ ω)d2

+M2(−72ω2 + 2µ2(36− 11iσ d1 + 2(µ− ω)(µ+ ω)d2))

+ 2M(µ− ω)(µ+ ω)(3(−8 + λ)d1 + 4iσ d2 + µ2d3)
)︁

+ 2a3m(µ− ω)ω(µ+ ω)d4 + 4M2(︁5(5 + 2iMσ)µ2 +M2µ4 − 25ω2)︁d4
− 2M

(︁
(66 + 23iMσ − λ)µ2 + 2M2µ4 + (−66 + λ)ω2)︁d5

+ a2
(︁
−8M4µ4d2 + 4M3(−14iσ µ2d2 + µ4d3) + (−1 +m2 + λ)(µ− ω)(µ+ ω)d4

+ 2M2(52ω2d2 − 2µ4d4 + µ2(−52d2 + 17iσ d3 + 2ω2d4))

− 2M(µ− ω)(µ+ ω)((−39 + 2λ)d3 + 8iσ d4 + µ2d5)
)︁
+ 2amω(−µ+ ω)(µ+ ω)d6

+
(︁
µ2(42 + 37iMσ − λ+ 5M2µ2) + (−42 + λ− 4M(6iσ +Mµ2))ω2)︁d6)︂ (A.8)

d8 =
i

16σ3

(︂
2a8Mµ2(µ− ω)(µ+ ω) + 2a7m(µ− ω)ω(µ+ ω)d1

+ a6
(︁
4M3µ4 + (−3 + 3m2 + λ)(µ− ω)(µ+ ω)d1 + 2M2µ2(9iσ + 2(−µ2 + ω2)d1)

− 2M(µ− ω)(µ+ ω)(−28 + 4λ+ 2iσ d1 + µ2d2)
)︁

+ 2a5mω(−µ+ ω)(µ+ ω)d3

+ a4
(︁
12M4µ4d1 +M3(72iσ µ2d1 − 4µ4d2)− (−2 + 2m2 + λ)(µ− ω)(µ+ ω)d3

+ 2M2(−66ω2d1 + 2µ4d3 + µ2(66d1 − 15iσ d2 − 2ω2d3))

+ 2M(µ− ω)(µ+ ω)((−37 + 3λ)d2 + 6iσ d3 + µ2d4)
)︁

+ 2a3m(µ− ω)ω(µ+ ω)d5 + 4M2(︁12(3 + iMσ)µ2 +M2µ4 − 36ω2)︁d5
− 2M

(︁
(91 + 27iMσ − λ)µ2 + 2M2µ4 + (−91 + λ)ω2)︁d6

+ a2
(︁
−8M4µ4d3 + 4M3(−18iσ µ2d3 + µ4d4) + (−1 +m2 + λ)(µ− ω)(µ+ ω)d5

+ 2M2(84ω2d3 − 2µ4d5 + µ2(−84d3 + 21iσ d4 + 2ω2d5))

− 2M(µ− ω)(µ+ ω)(2(−29 + λ)d4 + 10iσ d5 + µ2d6)
)︁
+ 2amω(−µ+ ω)(µ+ ω)d7

+
(︁
µ2(56 + 43iMσ − λ+ 5M2µ2) + (−56 + λ− 4M(7iσ +Mµ2))ω2)︁d7)︂ (A.9)
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d9 =
i

18σ3

(︂
2a9mω(−µ2 + ω2) + a8(µ− ω)(µ+ ω)

(︁
4− 4m2 − λ+ 2Mµ2(2M + d1)

)︁
+ 2a7m(µ− ω)ω(µ+ ω)d2

+ a6
(︁
−16M4µ4 + 4M3(−20iσ µ2 + µ4d1) + (−3 + 3m2 + λ)(µ− ω)(µ+ ω)d2

+ 2M2(80ω2 + µ2(−80 + 13iσ d1 + 2(−µ2 + ω2)d2))

− 2M(µ− ω)(µ+ ω)((−39 + 4λ)d1 + 4iσ d2 + µ2d3)
)︁
+ 2a5mω(−µ+ ω)(µ+ ω)d4

+ a4
(︁
12M4µ4d2 +M3(96iσ µ2d2 − 4µ4d3)− (−2 + 2m2 + λ)(µ− ω)(µ+ ω)d4

+M2(−216ω2d2 + 4µ4d4 + µ2(216d2 − 38iσ d3 − 4ω2d4))

+ 2M(µ− ω)(µ+ ω)(3(−18 + λ)d3 + 8iσ d4 + µ2d5)
)︁
+ 2a3m(µ− ω)ω(µ+ ω)d6

+ 4M2(︁7(7 + 2iMσ)µ2 +M2µ4 − 49ω2)︁d6
− 2M

(︁
(120 + 31iMσ − λ)µ2 + 2M2µ4 + (−120 + λ)ω2)︁d7

+ a2
(︁
−8M4µ4d4 + 4M3(−22iσ µ2d4 + µ4d5) + (−1 +m2 + λ)(µ− ω)(µ+ ω)d6

+M2(248ω2d4 − 4µ4d6 + µ2(−248d4 + 50iσ d5 + 4ω2d6))

− 2M(µ− ω)(µ+ ω)((−81 + 2λ)d5 + 12iσ d6 + µ2d7)
)︁
+ 2amω(−µ+ ω)(µ+ ω)d8

+
(︁
µ2(72 + 49iMσ − λ+ 5M2µ2) + (−72 + λ− 4M(8iσ +Mµ2))ω2)︁d8)︂ (A.10)

d10 =
i

20σ3

(︂
2a10Mµ2(ω2 − µ2) + 2a9mω(ω2 − µ2)d1

− a8
(︁
4M3µ4 + (−4 + 4m2 + λ)(µ− ω)(µ+ ω)d1 + 2M2µ2(11iσ + 2(ω2 − µ2)d1)

+ 2M(ω2 − µ2)(−45 + 5λ+ 2iσ d1 + µ2d2)
)︁
+ 2a7m(µ− ω)ω(µ+ ω)d3

+ a6
(︁
−16M4µ4d1 + 4M3(−28iσ µ2d1 + µ4d2) + (−3 + 3m2 + λ)(µ− ω)(µ+ ω)d3

+M2(256ω2d1 − 4µ4d3 + µ2(−256d1 + 34iσ d2 + 4ω2d3))

+ 2M(ω2 − µ2)((−54 + 4λ)d2 + 6iσ d3 + µ2d4)
)︁
+ 2a5mω(ω2 − µ2)d5

+ a4
(︁
12M4µ4d3 +M3(120iσ µ2d3 − 4µ4d4)− (−2 + 2m2 + λ)(µ− ω)(µ+ ω)d5

+M2(−324ω2d3 + 4µ4d5 + µ2(324d3 − 46iσ d4 − 4ω2d5))

+ 2M(µ− ω)(µ+ ω)(3(−25 + λ)d4 + 10iσ d5 + µ2d6)
)︁

+ 2a3m(µ− ω)ω(µ+ ω)d7 + 4M2(︁16(4 + iMσ)µ2 +M2µ4 − 64ω2)︁d7
− 2M

(︁
(153 + 35iMσ − λ)µ2 + 2M2µ4 + (−153 + λ)ω2)︁d8

+ a2
(︁
−8M4µ4d5 + 4M3(−26iσ µ2d5 + µ4d6) + (−1 +m2 + λ)(µ− ω)(µ+ ω)d7

+M2(344ω2d5 − 4µ4d7 + µ2(−344d5 + 58iσ d6 + 4ω2d7))

− 2M(µ− ω)(µ+ ω)(2(−54 + λ)d6 + 14iσ d7 + µ2d8)
)︁
+ 2amω(−µ+ ω)(µ+ ω)d9

+
(︁
µ2(90 + 55iMσ − λ+ 5M2µ2) + (−90 + λ− 4M(9iσ +Mµ2))ω2)︁d9)︂ (A.11)
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