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Abstract

Current and future galaxy surveys will be used to measure baryonic acoustic oscillations (BAOs)
with high significance. In this thesis, we study BAO anisotropies arising in the two-point correlation
function (2PCF) of galaxy redshift space and we do so with a derivation of the configuration-space
2PCF using the streaming model (Peebles 1980; Fisher et al. 1994; Fisher 1995; Scoccimarro 2004).
Following the approach discussed in Jeong et al. 2015 and applying the streaming model further
developed in A. Taruya et al. 2010, we can exploit the non-linear anisotropies of BAOs in redshift
space to extract the cosmological information contained in BAOs themselves.
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1. Introduction

The Two-Point Correlation Function (2PCF hereafter) of the galaxy density fields has been an im-
portant tool for modern cosmology. It has already provided important constraints, thanks to the large
scales surveys like the Sloan Digital Sky Survey (SDSS) with eBOSS [16], WiggleZ [9] and VIPERS
[15], to the current �CDM model. Measurements from large scales distribution of galaxies will be
further improved with the future data release of surveys such as the ESA mission Euclid1, where the
2PCF will continue to be the key observable from which extract cosmological information.

One of the main goals of cosmological surveys is to constrain the properties of Dark Energy (DE
from now on) by exploiting Baryonic Acoustic Oscillations (BAOs) in the galaxy 2PCF as standard
rulers. BAOs appear as a peak corresponding to a scale of dBAO ’ 105:6 [h�1Mpc] [34] in the galaxy
2PCF, which correspond to the comoving distance travelled by the baryon-photon fluid from the
Big Bang to the recombination epoch at redshift z ’ 1080 [72]. The distance of the peak can be
determined by very simple physics once one has determined the epoch of recombination: the time
when photons decoupled from the matter of the Universe and started their free travel in a transparent
environment [72]. From the BAO acoustic peak of the 2PCF we can retrieve information about the
angular diameter distance, DA(z), and expansion rate, H(z), by looking respectively at the angular
separation and redshift difference between galaxies. These measurements combined can then help
constraining the energy density and equation of state of DE [54, 59].

Given the early difficulties detecting the BAO bump, the first works focused on the angular aver-
aged 2PCF, namely the monopole contribution, to constrain DE properties. Today surveys, however,
are already characterized with a much better signal-to-noise ratio, making us able to focus on more
robust statistics such the quadrupole [37, 48]. This combined measures allow the independent de-
termination of DA(z) and H(z) [72]. Future missions will be able to detect BAOs with even higher
significance, allowing the detection of the BAO bump as a function of the orientation with respect to
the line of sight and improving even further the measurement of DA(z) and H(z).

With this work we want to characterize the description of the 2PCF as a function of the redshift
space separation parallel and orthogonal to the line of sight. Our major tools will be the streaming
model as presented by R. Scoccimarro in [58] and its iteration proposed by Taruya, Nishimichi and
Saito in 2010 [68], from which we will derive the behaviour of the correlation function and the BAO
bump. In this first Chapter we collected the fundamental concepts from which this work has been
developed; we divided it as follows

• In Section 1.1 we present the cosmological principle and the implications coming from its as-
sumption, both on theoretical and philosophical level.

1https://www.esa.int/Science_Exploration/Space_Science/Euclid
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ˆ In Section 1.2 we focus on the cosmological aspects which constitute the basis of this work,
with a particular focus, in Section 1.2.1, for the de�nition of the cosmological redshift, which
constitutes our access to the third dimension.

ˆ Section 1.3 de�nes matter perturbations: the density contrast and velocity �elds of galaxies.
Through Section 1.3.1, we summarize the current state of play of their evolution in di�erent
regimes.

ˆ In Section 1.4 we focus on galaxy clustering: we de�ne spatial correlation functions starting
from the phase space analysis, done by adapting plasma physics for an expanding Universe. In
1.4.1 we use those de�nitions to build up speci�cally the 2PCF and thePower Spectrum(PS),
which constitute the fundamental functions to implement the analysis inside Chapters 2 and 3
later on.

ˆ Finally, in Section 1.5 we describe the BAO phenomenon, its important qualities as a statistical
standard ruler, Section 1.5.1, and how it is possible to retrieve cosmological information from
its investigation, Section 1.5.2.

1.1 Cosmological Principle

Stated in its �rst form by Milne in the early 30s of the past century as the Extended Principle of
Relativity [45], it quickly became the fundamental principle of the modern cosmology. Nowadays it
refers to the assumption of homogeneity and isotropy of the Universe and its strength comes from
the fact that, on one hand, it is able to simplify equations in such a way to make theoretical analysis
treatable, while on the other hand it has also very profound philosophical merits. First, among those
philosophical merits, comes the extreme advantage determined by an isotropic and homogeneous
universe: it would be, indeed, nearly impossible trying to understand a universe where physical
conditions or, in even more dramatic scenarios, physical laws keep changing as one moves from region
to region [12].

A more physical oriented validation of the Cosmological Principle came with the advent of general
relativity: within Einstein's new theory of gravitation, isotropic and homogeneous universes possess
what have been calledCosmological Horizon, a theoretical spherical surface that can be drawn around
any event and describes the limit of causal connection. In other words, given an event in the Universe
and its cosmological horizon, a second event could have been in causal connection to the �rst one only
if it took place within the above mentioned cosmological horizon. The validation of the Cosmological
Principle then comes from the analysis of the largest available cosmological scales, like for example the
Cosmic Microwave Background(CMB), the radiation coming from the last scattering surface where
photons decoupled from matter and started their free path in a transparent environment: if we �x a
point on the CMB, the cosmological horizon will be a circle subtending an angle of approximately1� ;
at the same time however, for any point in the CMB surface we see a temperature which deviates from
the mean value of the order of10� 5 [K] [1], even from regions of CMB well beyond a1� separation
[42]. This "agreement" between causal disconnected regions can be explained by either a re-evaluation
of the cosmological horizon, like it is done in in�ationary models, or by enforcing the Cosmological
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Principle2 [12].
With homogeneity we refer to the ability of a given �eld, and its statistical properties, to be

invariant under translation of spatial coordinates, while isotropy re�ects the property of being invariant
under rotations of the spatial coordinates [7, 12]. Here we want to stress that, in cosmology, we refer
to these two properties at a statistical level: we see indeed strong inhomogeneities in our Universe such
as, for example, density �uctuations between the extra-galactic void and the core of a star. However,
if we de�ne galaxies as the fundamental blocks of the largest cosmological structures, namely clusters
and �laments, we are then able to think about scales so large that single stars are not distinguishable
any more. On those scales we can think the Universe as homogeneous and isotropic.

As we were saying before, today one of the best validations of the principle comes from the extreme
isotropy of the CMB radiation temperature once cleared from the dipole anisotropy due to the Earth
motion: a combination of its revolution around the centre of mass of the Solar System, superimposed
with the movement of the Solar System itself around the centre of the Milky Way and the one of the
Milky Way towards the Great Attractor of the Local Group. The superposition of all these e�ects
corresponds to a solar dipole with an amplitude of3362:08 � 0:99 [�K CMB ] [1]. In Figure 1.1 we
report the latest measurement of the CMB radiation cleared by the solar dipole; each point in the
picture represents the temperature deviation from the main value of the CMB, 2.7260 [K] [25], up to
a maximum of 300 [� K] [1], with colder regions depicted in blue and hotter ones in red. Through the
CMB radiation temperature we are able to support the concept of isotropy. This does not necessarily
imply, however, statistical homogeneity without the additional assumption that the observer is not
placed in a special place in the Universe: theCopernican Principle. In fact, one would be able
to observe statistical isotropy in any spherical matter distribution only if they were in its centre.
Therefore, observed isotropy implies homogeneity only when coupled with the Copernican Principle
[22, 12].

The same reasoning could be applied for matter by looking at the galaxy density �eld, but it re-
quires some more caution due to the well documented presence ofCold Dark Matter (CDM hereafter3),
which we cannot directly observe as our detectors are photon sensitive. Consequently, without any
further consideration, looking at the galaxy density �eld we can probe isotropy for luminous matter
only, which constitutes the minority of it. We can overcome this problem by asserting that baryonic
matter is not placed randomly in the Universe but it rather traces CDM with some sort of bias factor4,
with galaxies forming more e�ciently inside DM halos and �laments [64]. In addition to that, density
�elds present more severe excursions at small scales than the CMB and thus, in order to exploit the
Cosmological Principle while dealing with galaxies, one should care about observing a "su�ciently
large" sample (Figure 1.2) [51, 52].

Taken alone, the Cosmological Principle can help us retrieving information about the observable
Universe, but then a profound question arises: how can we extend these results to its unseen, and
perhaps in�nite, part causally disconnected from us? To do so we require an additional condition of
the observed �eld: Ergodicity. With the ergodic hypothesis we state that the ensemble average of a

2Note that the two possibilities are not necessarily mutually exclusive. Indeed, within in�ation, homogeneity and
isotropy come as a consequence of the re-evaluation of the cosmological horizon.

3Throughout the work the acronym CDM is often reported as just DM (Dark Matter), as today cold dark matter is
our best candidate of dark matter.

4More detailed considerations on the bias will be done in Section 2.3.1.
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Figure 1.1: Full sky map of the CMB radiation temperature obtained from the Planck survey and
presented in 2018. Zones colder than the mean value are depicted in blue while zones hotter than the
mean value are depicted in red [1].

Figure 1.2: The �gure illustrates the spatial distribution of the nearly 80000 galaxies included in the
2dFGRS survey, plotted in the redshift/right ascension plane. It is clearly visible that the galaxies are
not randomly distributed, but grouped in clusters and �laments enclosing void regions. Figure taken
from the 2dFGRS Image Gallery.
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given �eld f (x) is equal to the spatial average taken over one realization of the �eld itself, namely

hf (x)i =
Z

P(f )df =
1
V

Z

V
f (x)d3x; (1.1)

where P(f ) represents theProbability Distribution Function (PDF) of f (x) and V is the volume of
the single realization [46]. In other words, if the spatial correlationhf (x)i decays su�ciently fast
with an increasing separation, then there will exist many statistical independent volumes in one single
realization of the �eld.

Given the fact that the ergodic hypothesis is proven for Gaussian random �elds, like the ones we
expect coming from most in�ation theories [7], we can pair it with the Cosmological Principle and
extend our "local" results to the whole Universe.

To conclude this Section we want to highlight the fact that the assumptions of homogeneity and
isotropy do not constitute a theoretical requirement: a strongly inhomogeneous and/or anisotropic
universe would not be forbidden by the general theory of relativity. The strength of those assumptions
comes from the extremely powerful considerations that can be derived from them and, ultimately, from
their agreement with data [52].

1.2 Background Cosmology

Following assumptions of homogeneity and isotropy coming from the Cosmological Principle, it can
be shown that we can de�ne the so calledFriedmann-Lemaître-Robertson-Walker metric (FLRW) as
follows [22]

ds2 = � c2dt2 + a2(t)dl2 = � c2dt2 + a2(t)
�
dx2 + f 2

K (x)[d� 2 + sin 2(� )d� 2]
�

; (1.2)

with a(t) being the (dimensionless) scale factor of the expanding Universe,c being the speed of light
and dl representing the spatial part of the metric. The choice of a dimensionless scale factor is due
to the fact that, in this way, we are able to chose freely the normalization ofa(t), with the common
normalization �xing the today value 5 of it being a(t0) := a0 = 1 . With a dimensionless a(t), it
follows the comoving radial coordinatex to have the dimension of a length andK with dimension
of (length) � 2. The K parameter then gives information about the intrinsic curvature scaleR0 [22]
according to

jK j = R� 2
0 = ( a0H0

p
j
 K0 j) � 2; (1.3)

with 
 K0 being the energy associated with the curvature at the present time; thusK = 0 describes
a �at space, while K < 0 and K > 0 relate respectively to open (hyperbolic) and closed (spherical)
ones.

The function f K (x) is the comoving angular diameter distance that depends on the curvature
parameter of the UniverseK ; this function takes the form [22]

f K (x) =

8
><

>:

sinh (
p

� Kx )=
p

� K; if K < 0

x; if K = 0

sin (
p

Kx )=
p

K; if K > 0:

(1.4)

5Throughout this work, the today value of a given quantity will be labelled with a 0 as subscript.
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From the latest cosmological observations, like for example [1], we have a value ofK very close to
zero6, which allows us to considerf K (x) = x.

FLRW metric of equation (1.2) can be further simpli�ed by the de�nition of the Conformal Time
� through the in�nitesimal relation

d� :=
dt

a(t)
; (1.5)

with such a rede�nition of the time coordinate, the FLRW metric takes the following form

ds2 = a2(� )[� c2d� 2 + dl2]: (1.6)

The FLRW metric presented above is an exact solution of the Einstein's �eld equations

G�� + � g�� =
8�G
c4 T�� ; (1.7)

whereG�� is the Einstein tensor, � is the cosmological constant associated to the vacuum energy,g��

is the metric tensor, G is the Newton's gravitational constant and T�� is the stress-energy tensor. If
we assume the cosmic �uid to be a perfect one, namely a �uid that can be completely described by
just its rest frame mass density� and the isotropic pressureP, we can then insert the FLRW metric
(1.2) inside the Einstein equations (1.7) to obtain the so called Friedmann equations

a•
a

= �
4�G

3

�
� +

3P
c2

�
+

�
3

�
a_
a

� 2

� H 2 =
8�G�

3
�

kc2

a2 +
�
3

;

(1.8)

where dots represent derivatives with respect to cosmic time. In the previous set of equations we have
set a � a(t) in order to lighten the expression and we have de�ned the Hubble parameter, which gives
information about the expansion rate of the Universe, as

H (t) :=
a_
a

: (1.9)

The today value of the Hubble parameter,H0, is often parametrized asH0 := 100h km/sMpc, where
h is a dimensionless factor of order unity. From the second Friedmann equation we can de�ne the
critical density as [73]

� crit :=
3H 2

8�G
� 1:95� 10� 29h2 [g/cm3] (1.10)

once we have assumedK = � = 0 . The critical density is useful because from that we can de�ne the
total density parameter


 :=
�

� crit
(1.11)

6 It is important to say that we have not been able to exclude the possibility of a curved Universe yet: referring
again to the results of the Planck collaboration [1], we can see they have retrieved a value for the curvature parameter

 K = 0 :0007� 0:0019. That result is still compatible with anyone of the three scenarios, but since value is so close to
zero, the assumption of a �at spacetime is reasonable.
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and analogously the density parameters of each component of the Universe


 m :=
� m

� crit
; 
 r :=

� r

� crit
; 
 � :=

� �

� crit
; (1.12)

where the su�x m refers to the totality of matter, which is determined by the sum of baryons, labelled
with b as a subscript, and CDM
 m = 
 b + 
 CDM . It is important to highlight that with the label
"baryons" we identify all the species which constitute ordinary matter, namely protons, neutrons
and, despite the fact they are leptons, their associated electrons; this association comes from the fact
that neutral atoms require electrons to be paired with the other baryonic particles and, therefore,
their mass needs to be accounted for the computation of the density parameter of baryonic matter
itself. The label r refers to radiation, which includes photons, labelled with
 , and neutrinos, with � ,

 r = 
 
 + 
 � ; this parameter accounts for the energy density of the relativistic particles of the early
Universe and its contribution is negligible at the present day (
 r (t0)h2 ' 10� 4) [18]. Finally, DE is
labelled with � ; its presence comes from the fact that we expect a total density parameter very close
to one, but at the same time the total mass density coming from matter is observed to be one third
with respect to the critical one: this means that the remaining energy density must be, in absence of
curvature, due to DE. The choice of this label rely on the fact that often DE is associated with the
famous Einstein's cosmological constant� ; it is important to know however, that in full generality we
do not have yet constrained properties of DE to be constant at all times [18].

Each one of the density parameters above give information about the relevance of a given species in
the energy budget of the Universe. We can see it clearly by looking at the second Friedmann equation
(1.8), where the energy density� includes contributions from both matter and radiation, if we divide
by H 2 we get

1 +
kc2

a2H 2 = 
 m + 
 r + 
 � ; (1.13)

which is valid at any epoch. Once accounted for all the di�erent species above, we can see from
equation (1.13) that the energy density associated to the curvature,
 k := kc2=a2H 2, can be obtained
by subtracting all the other ones to unity.

The best possible present day values of the
 parameters, retrieved from Planck data [1] coupled
with BAOs, are reported in Table 1.1. They describe a Universe very close to �atness but not exactly
�at, as predicted by in�ationary models [22], with DE taking approximately 70%of the energy density
inside it. With the present day energy density of radiation being of the order of10� 4 [22], the remaining
30%of the energy budget is due to matter, which is split in approximately4% determined by baryons
and, consequently,26% due to CDM.

1.2.1 Cosmological Redshift

For each galaxy in a given survey, ideally we want pair up its right ascension and declination coordi-
nates, which mark the direction in the sky to point at in order to observe the galaxy itself, with its
radial distance from us; this, done for every galaxy in the survey, will allows us to retrieve a three
dimensional map of the galaxy distribution. The point is that we do not have direct access to the
radial distance, so we need to rely on di�erent observables like for example theRedshift z: the shift
toward the red part of the spectrum of a given electromagnetic radiation induced by the recession

7



Table 1.1: Summary of the present day values of the density parameters, with the subscript0 referring
to the today value of the quantity. Taken from [1].

Cosmological Parameter Planck + BAOs

Hubble Constant H (t0) 67:66� 0:42 [km/s/Mpc]

Baryon Density 
 b(t0)h2 0:02242� 0:00014

CDM Density 
 CDM (t0)h2 0:11933� 0:00091

DE Density 
 � (t0) 0:6889� 0:0056

curvature Density, 
 k (t0) 0:0007� 0:0019

velocity of the source, which is expanding with the Universe7.
In the speci�c case of an homogeneous and isotropic universe, to de�ne the redshift we start from

the FLRW metric of equation (1.2). Again, thanks to the symmetry properties of the line element
we can consider photons as if they were travelling radially in their path between the source and the
observer, with d� = d� = 0

c2dt2 = a2(t)dx2: (1.14)

Thus equation (1.14) can be integrated to obtain the radial coordinate of the photon as a function of
the time of �ight of the photons

x(t) =
Z t0

t

cdt0

a(t0)
; (1.15)

where we have setx(t0) = 0 . Here it is important to note that x(t) is a comoving coordinate and,
therefore, it does not change due to the Universe expansion. It represents the distance travelled by
the electromagnetic signal going from the source, at the timet of the emission, to the observer, at the
present time t0 when the signal is received.

Consider now the computation of the same quantity between the timest0 = t + �t e and t0
0 = t0+ �t 0,

with the two in�nitesimal times �t e and �t 0 representing respectively the time interval between two
points with the same phase, i.e. two maxima or two minima, in the wave function of the signal at the
emission and at the reception. Sincex(t) is constant we can write

Z t0+ �t 0

t+ �t e

cdt0

a(t0)
=

Z t0

t

cdt0

a(t0)
; (1.16)

which can be written, using the additivity property of integrals, as follows
Z t0

t+ �t e

cdt0

a(t0)
+

Z t0+ �t 0

t0

cdt0

a(t0)
=

Z t+ �t e

t

cdt0

a(t0)
+

Z t0

t+ �t e

cdt0

a(t0)

=)
Z t0+ �t 0

t0

cdt0

a(t0)
=

Z t+ �t e

t

cdt0

a(t0)
:

(1.17)

7 In full generality we would have to consider also peculiar velocities of galaxies, this will be done in Section 2.1. For
the moment, however, it is su�cient to consider galaxies as if their velocity were due to the expansion of the Universe
only.
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For an arbitrarily distant source, the time separation between two points with the same phase is much
less than the time of �ight of photons, hence we can assume�t e; �t 0 �! 0 to obtain

�t 0

a(t0)
=

�t
a(t)

=) !a (t) = ! 0a(t0); (1.18)

with the two in�nitesimal �t 0 and �t e that have been identi�ed with the inverse of frequencies of the
radiation ! 0 (as seen from the observer today) and! (t) (as it was at the emission).

Recalling now the de�nition of redshift coming from the Doppler e�ect [12]

z :=
! � ! 0

! 0
(1.19)

we can see that, as a result of the expansion of the Universe, photons travelling the comoving distance
between source and observer will be redshifted by

1 + z =
!
! 0

=
a(t0)
a(t)

; (1.20)

which links the redshift measurement with the ratio between the scale factor at the time of observation
with the one at the time of the emission, making all photons we observe to be redshifted by some
amount depending on how far in the past the source emitted the signal. Here we highlight the fact
that this reasoning can be done only for distant galaxies: in the nearby Universe the e�ects due to the
cosmological expansion are minimal and, therefore, the redshift e�ect is dominated by the peculiar
motion of the sources.

If the mutual velocity between source and observer is due to the Universe expansion only, then the
ratio between the two scale factors inside equation (1.20) can be translated, at least at small redshifts,
into a measure of the radial (physical) distancer through the well established Hubble-Lemaître law

z =
a(t0)
a(t)

� 1 '
a(t0)

a(t0) + da(t )
dt jt= t0 (t � t0)

' (t0 � t)H0; (1.21)

where an expansion around the present timet0 of the time-dependent scale factor has been done.
The previous equation can then be recast into the usual for of the Hubble-Lemaître's law using
(t0 � t) = r=c, namely

z =
r
c

H0 =) cz ' wq = rH 0; (1.22)

with wq being the radial component of the recession velocity. For larger redshifts this expression has
to be replaced by a model-dependent relation.

1.3 On Matter Clustering

The Universe described in the previous Section through the FLRW metric, equation (1.2), is char-
acterized by homogeneity and isotropy. However, with gravitation giving the major contribution for
the building of cosmic structures we observe today, such galaxies and clusters of galaxies, a certain
amount of small initial density perturbations is required, which need to be properly described. In this
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Section we examine cosmological perturbations and their evolution in a regime where their magnitude
is small. Given our interest in structures much smaller than the horizon size8 [46]

x(t) =
Z t

0

cdt0

a(t0)
(1.23)

here we will develop a Newtonian description of perturbation in linear regime.
As it it shown schematically below [18], after recombination9 matter perturbations, � and v,

depend only on the gravitational potential �eld � , which turns out to be completely independent
from radiation at such later times [18]

Gravitational Potential: � �! Matter Perturbations: �; v: (1.24)

Matter perturbations shown in the schematic representation above are the density contrast� , which
tells us how much the density �eld di�ers from its main value, and the peculiar velocity v, which
gives information about how the velocity di�ers from the Hubble expansion. The idea describing
matter perturbations, gravitational instability, turns out to be fairly easy to picture: as the cosmic
time proceeds, the initial perturbation of the potential start attracting matter inducing a growth of �
and v �elds. The other important quantity to correctly describe the growth of matter perturbations
before recombination is the pressure, which acts against their growth. Hence, if pressure is low,�
grows exponentially while if it is large, � presents an oscillating behaviour [18].

First of all, the considerations above are able to give an explanation on why collapse of baryonic
matter could not start before recombination: at early times baryons were coupled with radiation and
therefore they were a�ected by radiation pressure, which became stronger as they fell into the potential
wells of � ; after recombination, when they decoupled from radiation, the pressure contribution vanish
until extremely small scales, making baryons able to start their collapse to form galaxies. DM, on the
other hand, is never coupled with radiation by de�nition and so it can start collapsing even before
recombination. The oscillating behaviour of baryons in the early Universe is precisely what we call
BAOs and their mark is detectable in the present day galaxy statistics. At this point it is clear
that, given the dominance of DM over baryons, to characterise correctly matter perturbations one
necessarily needs to incorporate DM behaviour.

Since our aim is describing those perturbations in a FLRW universe, it is useful to use comoving
rather than physical coordinates; the two are related as follows

xphys(t) = a(t)x : (1.25)

Then we can identify the recession velocity of a given galaxy,w(t; x), placed at a comoving coordinate
x as

w(t; x) = x_phys = a_(t)x + a(t)x_

= a(t)H (t)x + a(t)x_ � H (t)x + v(t; x);
(1.26)

8Note that the quantity here de�ned as the horizon corresponds to the distance travelled by a photon from the origin
of the Universe until the given time t. This should not to be surprising, since information can travel at most at the
speed of light and, therefore, such a de�nition represents also the maximum radius within which causality holds.

9With "recombination" we refer to the epoch around, redshift z ' 1080, at which the temperature of the Universe
reached a value that allowed the recombination of free electrons with the protons in the primordial plasma. The sudden
disappearance of charged particles caused the decoupling between the radiation and the baryonic matter, leaving the
latter able to cluster into galaxies.
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where the dots represent derivatives with respect to timet, H (t) := a(t)H (t) refer to the conformal
Hubble parameter and, �nally, v (t; x) := a(t)x is the peculiar velocity describing the motion of the
�uid element relative to a comoving observer at coordinatex. For future convenience, here we de�ne
also the velocity divergence �eld as in [57]

� (x) = �
r � v (t; x)

aHf
; (1.27)

where we have introduced the growth factorf , which is de�ned as the logarithmic derivative of the
growing mode of perturbationsD (+) (t) with respect to the scale factor

f :=
d ln (D (+) )

d ln (a)
=

a
D (+)

dD (+)

da
(1.28)

and it can be shown that it is linked to the density parameter of the totality of matter as f ' 
 0:6
m

when we are in matter domination [7, 18]. The expression of� can be retrieved from the equation
describing the perturbed density �eld

� (t; x) = ��( t)[1 + � (t; x)]; (1.29)

where � (t; x) is the matter density in a given point in the sky and ��( t) the average matter density at
a given time. Inverting equation (1.29) we have

� (x ; � ) =
� (x ; � ) � ��( � )

��( � )
: (1.30)

This de�nition of � is general, therefore the density contrast can be built for either DM, luminous
matter (galaxies) or the sum of the two. For this initial part of the work, since we are trying to
theoretically describe DM, we choose to leave quantities referred to it without labels while quantities
referring to the total amount of matter and the ones referring to galaxies alone will be labelled
respectively with m an g as subscripts.

1.3.1 Evolution of Perturbations

Even with the nature of DM being still unknown, the up to date most valid candidate for DM turns
out to be CDM, which becomes non relativistic very early in the history of the Universe. The evolution
of collisionless CDM particles can be described, as long as particle di�usion is negligible at the scales
of interest, by a set of hydrodynamical equations derived from the collisionless Boltzmann equation,
which will be reported below directly in comoving coordinates. The �rst moment of the Boltzmann
equation leads to mass conservation

@�
@t

+
1
a

r � [(1 + � )v ] = 0 ; (1.31)

where r � r x and @=@tis now for �xed x [46]. Following the same notation, the second moment
determines instead the momentum conservation

@v
@t

+ H (t)v +
1
a

(v � r )v = �
1
a

r � �
1
a�

r P (1.32)
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with P being the pressure of the �uid, which in the most general case is dependent on both density�
and entropy S through the equation of state

P = P(�; S ): (1.33)

To close the previous set, we need an equation linking the gravitational potential with the density
perturbation: this is given by the Poisson equation

r 2� = 4 �G�� a2�: (1.34)

It is important to notice that �( t; x) is the cosmological gravitational potential, which is related with
the classic Newtonian potential� (t; x) through [46]

� = � +
1
2

aa• x2: (1.35)

Now, di�erentiating once with respect to time the continuity equation (1.31) and using both the
Euler (1.32) and the Poisson (1.34) ones, we are able to obtain the equation of motion for the density
contrast �eld [46]

@2�
@t2

+ 2H
@�
@t

= 4 �G�� � �
1

a(1 + � )
r P
��

; (1.36)

where the second term of the left hand side describes the Hubble drag contribution, which acts against
the growth of perturbations due to the Universe expansion. The �rst term of the right hand side is the
gravitational term which, as we were presenting before, acts in favour of perturbations via gravitational
instability. Lastly, the second term in the right hand side is the pressure term, depending both on
spatial variations of the �uid density and spatial variation of its speci�c entropy.

The �uid approximation discussed above is valid only if the mean free path of the particles is much
smaller than the spatial scale of the perturbations we are considering. In the case when collisions
between particles are much more rare and the resulting mean free path is large, the evolution of
perturbations is retrieved from the particle distribution function f (t; x ; p), which brings information
about the number of particle per unit volume in phase space according to

dN = f (t; x ; p)d3xd3p; (1.37)

with pi := @L=@x_i being the canonical momentum conjugate to the comoving coordinatesx i [46].
Thus, to obtain p we use the Lagrangian of a particle with massm in an expanding universe

L =
1
2

ma2x_2 � m� ; (1.38)

which gives
p(t; x) = mav (1.39)

and an equation of motion
dp
dt

= � mr � : (1.40)
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Enforcing particle conservation in phase space we can write the Vlasov equation forf (t; x ; p)

@f
@t

+
1

ma2 p � r f � mr � �
@f
@p

= 0 : (1.41)

Being a nonlinear partial di�erential equation, the Vlasov equation above turns out to be very
di�cult to solve, we can however deal with it by enforcing the single stream approximation10 and taking
momentum moments of the spatial distribution. The zeroth order moment, for example, relates the
phase space density to the density �eld of the local mass

Z
d3pf (t; x ; p) = �

a3

m
:= n(x) (1.42)

and it can be identi�ed with the comoving number density of the given particle11 at the coordinate
x. The zeroth order moment of the Vlasov equation gives the continuity equation

@�
@t

+
1
a

X

j

@
@xj

[(1 + � ) hvj i ] = 0 ; (1.43)

which is equivalent to the continuity equation (1.31), with the peculiar velocity of the particle substi-
tuted with the mean streaming motion hv i . From the �rst moment of (1.41), once we have subtracted
hv i times the continuity equation we are able to obtain the Euler equation in an expanding universe

@hvi i
@t

+ H hvi i +
1
a

X

j

hvj i
@hvj i
@xj

= �
1
a

@�
@xi

�
1

a(1 + � )

X

j

@
@xj

[(1 + � )� 2
ij ]; (1.44)

with � 2
ij := hvi vj i � h vi i hvj i [46, 7]. A quick comparison with equation (1.32) shows that the quantity

�� 2
ij plays the role of pressure, such a quantity is called the stress tensor. It is important to note

that equation (1.43) couples the zeroth order moment of the distribution, in the form of the density
contrast, with the �rst order one, the mean streaming motion, as expected in full generality. One can
note the same behaviour also in equation (1.44), which relates the �rst moment of the distribution
with the stress tensor� 2

ij . Thus, in principle, one could keep building up higher and higher moments
of the Vlasov equation; the hierarchy can be closed, however, if one makes some assumptions on the
stress tensor like in the single stream approximation12 [7]. With a negligible stress tensor the right
hand side of equation (1.44) turns out to be dominated by the gravitational term and therefore, up
to �rst order in � , equations (1.43) and (1.44) can be combined to give [46]

@2�
@t2

+ 2H
@�
@t

= 4 �G�� �; (1.45)

which is the equation of motion of perturbations. It shows the density contrast �eld � behaves like an
ideal �uid with zero pressure (1.36).

10 By single stream approximation we refer to the fact that we are neglecting the stress tensor at large scales. This
is because on such scales there are no deviations from the coherent �ow of the �uid until later times, when structures
have had a su�cient amount of time to collapse and virialize [7].

11 Here we are assuming the density of the Universe to be dominated by the selected collisionless species.
12 Essentially, such an assumption on the stress tensor comes from the fact that data support a scenario in which

structure formation is driven by matter with negligible velocity dispersion and zero pressure, like for example CDM.
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At large scales, where we expect the Universe to become smooth, matter perturbation �elds de-
scribed in equations (1.26), (1.30) and (1.35) become negligible compared with the homogeneous
solution. Hence we can linearize equations (1.31) and (1.32) [7]

@�
@t

+
1
a

r � v = 0 (1.46)

@v
@t

+ H v = �
1
a

r � : (1.47)

The solution for the equation of motion of the density contrast �eld (1.45) is then described by the
sum of two independent solutions [7]

� (t; x) := D (+) (t)A(x) + D (� ) (t)B (x); (1.48)

with A(x) and B (x) being two arbitrary functions describing the initial density �eld con�guration
and D (+) is the linear growth factor. For an Einstein-De Sitter universe with 
 m = 1 and 
 � = 0 the
two solutions obey [7, 46]

D (+) = a & D (� ) = a� 3=2

=) f (
 m ; 
 � ) = 1 ;
(1.49)

while for an open universe with
 m < 1 and 
 � = 0 we have

D (+) = 1 +
3
x

+ 3

r
1 + x

x3 ln
� p

1 + x �
p

x
�

& D (� ) =

r
1 + x

x3

f (
 m ; 
 � ) � 
 0:6
m ;

(1.50)

with x := (
 � 1
m � 1)=(1 + z) and a scale factor normalized to one at the present day,a0 = 1 .

Here it is important to stress that matter perturbations grow faster in a Einstein-De Sitter universe
than in an open one: this is due to the fact that the latter scenario, as well as one with a non-zero
cosmological constant� , determines a larger Hubble expansion rate and hence a larger drag term inside
equation (1.45) [46]. The de�nition of the growth factor anticipated above, equation (1.28), depends
exclusively on the growing mode of perturbations, this is because, as time proceeds, the decaying
mode of perturbations becomes negligible and at early times the consideration of the growing mode
only is well motivated by in�ation [18].

1.4 On Galaxy Statistics

From the previous Section we can have an hint on how perturbations of matter evolve throughout
the history of the Universe, now we have to �nd a way to link them with observations. Due to
the elusiveness of DM we will never be able to have a comprehensive look on matter perturbations
using photon based detectors. Thanks to insights coming from theory however, and con�rmed by
observations and projects like theMillennium Simulation [64], we know we can look at the baryonic
component of matter which has clustered into galaxies to track the behaviour of the totality of matter.
This quality of the galaxy �eld is pictured very well in Figure 1.3, where it is clear that baryonic matter
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Figure 1.3: The top row shows the galaxy distribution in the Millennium Simulation, for both a single
cluster (left) and the whole large scale structure around it (right). The images in the bottom row
show the corresponding DM distribution. Figure taken from the Gerard Lemson & Virgo Consortium
database.

tends to cluster inside DM halos and �laments. The statistical properties of the galaxy clustering can
be described starting from a re-adaptation of the BBGKY hierarchy used in plasma physics [14, 51],
which deals with the generalization of then-point correlation functions to the joint distributions in
position and peculiar velocity of galaxies.

From the de�nition of canonical momentum given in equation (1.39), we can write down the
probability of �nding a particle moving in the comoving volume element d3x with conjugate momentum
p in the range d3p as

dP := b(p; t)d3x d3p: (1.51)

With the galaxy distribution assumed to be an homogeneous and isotropic random process, the 1-
point correlation function b(p; t) turns out to be independent of both the positionx and the direction
p̂ given by the peculiar motion of the galaxies themselves. The normalization ofb(p; t) is then given
by Z

d3p b(p; t) = n � nphysa3; (1.52)

where n is the comoving number density of galaxies, which is constant in time, andnphys is the
time dependent physical one. The probability de�ned in equation (1.51) can be generalized for two
particles, labelled as1 and 2, being in the comoving volumesdx1 and dx2 with respective momenta
p1 and p2 inside dp1 and dp2, as follows

dP = � 2(1; 2)d3x1d3p1d3x2d3p2

=[ b(1)b(2) + c(1; 2)]d6xd6p;
(1.53)
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Figure 1.4: Graphical representation of the connected and unconnected correlation functions. Figure
taken from [7]; labels have been modi�ed to match our de�nitions.

where the function c(1; 2) represents the connected part of the two-point function. For three particles
we have

dP = � 3(1; 2; 3)d3x1d3p1d3x2d3p2d3x3d3p3

=[ b(1)b(2)b(3) + b(1)c(2; 3) + b(2)c(1; 3) + b(3)c(1; 2) + d(1; 2; 3)]d9xd9p:
(1.54)

In the previous two equations, the functionsc(1; 2) and d(1; 2; 3) are respectively the connected two
and three point functions. The important property of connected correlation functions is that they
vanish when one or more particles of the ensemble are separated by an in�nite distance. In Figure 1.4
we show a visual representation of the connected correlation functions present in the three multi point
probabilities (1.51), (1.53) and (1.54) and, as an example, their interaction inside (1.54). Integrating
both of them over all momenta we are then able to �nd the usual spatial correlation functions [14]

Z
d3p1 d3p2 c(1; 2) = n2� (r; t );

Z
d3p1 d3p2 d3p3 d(1; 2; 3) = n3� (1; 2; 3);

(1.55)

where in the �rst row r labels the separation between the two galaxies in comoving units, de�ned as
r := x2 � x1. The function c(1; 2) has the following symmetry properties: [14, 51]

Homogeneity: in principle the correlation function would be dependent on all four variables. At
the scales of our interest however, where we can describe the Universe using FLRW (1.2),
homogeneity of space simpli�es those dependencies. More precisely, with the galaxy-galaxy
comoving separation de�ned asr = x2 � x1 we have

c(x1; x2; p1; p2) = c(x1; x1 + r ; p1; p2):

If we are under FLRW, then a variation of the position of Galaxy 1 alone,x1, should not make
the correlation vary. Thus, what really determines a variation of the correlation function is the
separation between the two

=) c(x1; x2; p1; p2) = c(r ; p1; p2): (1.56)

Exchange: this property comes from the fact that galaxies are indistinguishable particles and there-
fore we are able to freely exchange the labelsc(1; 2) = c(2; 1). Explicitly we obtain

c(x2 � x1; p1; p2) = c(x1 � x2; p2; p1)

=) c(r ; p1; p2) = c(� r ; p2; p1);
(1.57)
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Parity: this property follows from isotropy: since we expect galaxy clustering to behave the same in
all directions, then the correlation function should not vary under a re�ection of the coordinates

c(r ; p1; p2) = c(� r ; � p1; � p2):

To give this result in the same fashion of [51], we apply exchange symmetry to the previous
equation

c(r ; p1; p2) = c(r ; � p2; � p1): (1.58)

In full generality, we could keep building an in�nite amount of higher multi-point correlation
functions, each one involving more and more particles at the same time. For a Gaussian distribution
however, we know that the only non vanishing connected correlation function is the 2 point one [7]
and thus the statistical properties of any Gaussian �eld can be described in terms of combinations
of the 2PCF of the �eld itself. This is the key aspect behind our following description ignoring the
3-point correlation and higher ones: we expect perturbations of galaxies, which can be traced back to
in�ation [7], to be very close to Gaussianity and, consequently, with most of the statistical information
stored in the 2PCF.

1.4.1 Two Point Correlation Function and Power Spectrum

Following the conventions used in [57] and [68], we de�ne the Fourier transform of a given function
f (x) as

f (k) :=
Z

d3x ei k �x f (x); (1.59)

while its inverse takes the form

f (x) :=
Z

d3k
(2� )3 e� i k �x f (k): (1.60)

Before proceeding further, it is useful to show some properties of the functions just de�ned: �rst of
all, using the de�nition of the inverse Fourier transform stated above, in full generality we havef (k)
being a complex random variable, thus we can write

f (k) =
Z

d3x ei k �x f (x);

f � (k) =
Z

d3x e� i k �x f (x):
(1.61)

Since f (x) is generally linked with observables, we want it to be real. With this constraint we are
then able to retrieve the relation

f � (k) = f (� k); (1.62)

which is able to describe the complex conjugate of a Fourier space function as the function itself. This
will be useful to write explicitly the redshift space PS.

The 2PCF inside (1.55) can be linked directly to the product of the density contrast �elds, described
in equation (1.30), of two di�erent points in space separated by a distancer := x0� x [7]

� (r ) := h� (x)� (x + r )i : (1.63)

17



Figure 1.5: Large scale redshift space 2PCF of the SDSS LRG galaxy survey. The various lines
represent di�erent models with di�erent cosmological parameters: 
 m h2 = 0 :12 (green), 
 m h2 = 0 :13
(red) and 
 m h2 = 0 :14 (blue). All the three models have 
 bh2 = 0 :24. the magenta line represent
a pure CDM model with no baryons and 
 m h2 = 0 :105 without the acoustic peak. Note that the
vertical axis mixes linear and logarithmic coordinates. Figure taken from [21].

Here we stress that the function presented above, thank to the properties (1.56)-(1.58), is dependent
only on the modulus of the distancer and not on the vectorial quantity r , nor on the individual
galaxy coordinatesx and x0 separately. This is a direct consequence of the statistical homogeneity
and isotropy of the Universe we have treated in Section 1.1.

In terms of the spatial 2PCF, equation (1.53) reads

dP = n2[1 + � (r )]dV1dV2: (1.64)

As stated in the Section above, the 2PCF gives information about the probability of �nding two
particles in the volume elementsdV1 and dV2, placed at a distancer from each other. From the
expression above we are able to immediately grasp the meaning of the 2PCF: if the observed galaxies
are more clustered than a random distribution, then� (r ) > 0 and we have an enhanced probability
of �nding neighbours; if instead they are less clustered than a random distribution,� (r ) < 0, the
probability of �nding neighbours is suppressed. In Figure 1.5 we show the form of the 2PCF function
retrieved using data from the SDSS LRG galaxy survey.
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Figure 1.6: Schematic representation of the Fourier pairs� (r ) and P(k). The lighter blue curve repre-
sents the mathematical relation, relating a� function in real space to an in�nite series of oscillations
in Fourier space; the darker blue curve instead, shows a more physical situation in which we have
just a � -type function, like the baryon acoustic peak, translating into a series of damped oscillations.
Figure taken from [6].

The Fourier counterpart of the 2PCF is the PS

P(k) :=
Z

d3r ei k �r � (r ); (1.65)

with the two quantities being Fourier pairs, we have that any � -type function at a characteristic scale
in the 2PCF, as the baryon acoustic peak, translates into PS oscillations in Fourier space. The relation
is represented schematically in Figure 1.6.

Using property (1.62) we are able to see explicitly why the 2PCF and PS are Fourier pairs; we
have



� (k)� (k0)

�
=

Z
d3x ei (k + k 0)�x

Z
d3r ei k �r h� (x)� (x + r )i

= (2 � )3� D (k + k0)
Z

d3r ei k �r � (r )

= (2 � )3� D (k + k0)P(k);

(1.66)

where the(2� )3 factor is due to the Dirac delta de�nition as both Fourier transform and anti transform
of 1

� D (x + x0) :=
Z

d3k
(2� )3 e� i k �(x + x 0) & � D (k + k0) :=

Z
d3x

(2� )3 ei (k + k 0)�x : (1.67)

Regarding the relation between the Fourier space correlation function and the PS, in the passage from
the �rst and the second line the integration along d3x has been rewritten in the form of the Dirac
delta. This approach, in full generality, should not be valid due to thex dependence of the correlation
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function. To overcome this one needs to assume, following the homogeneity of space, the correlation
function h� (x)� (x + r )i is not really a function of the two coordinates x and x + r separately, but
rather a function of the galaxy-galaxy separationr .

Here it is important to highlight that the PS gives information about the galaxy distribution in
the same way as the 2PCF above, with higher values ofP(k) referring to more clustered regions and
lower values ofP(k) referring to less clustered ones instead. The huge advantage of the latter comes
clear if we are interested in large scales: for su�ciently small values ofk we have di�erent Fourier
modes evolving independently, while the amplitude of the 2PCF is always a superposition of di�erent
modes. This means that, at least for large scales, choosing to deal with the PS in Fourier space one
is able avoid dealing with the highly nonlinear physics present at small scales [30, 46].

1.4.2 The Matter Power Spectrum

The shape of the matter PS can be, at �rst approximation, derived focusing on the evolution of DM
only [18]. This approach is justi�ed by observations, with the totality of matter representing roughly
30% of the energy budget of the Universe versus the more or less4% of its luminous component
[1]. Nonlinear contributions will be relevant only in the small scale part of the PS (high values of
the wavenumber k) as clearly visible in Figure 1.7, which shows the matter PS at redshiftz = 0
inferred from di�erent cosmological models. It is important to note the fact that the nonlinear scale is
directly linked with the growth factor of matter perturbation f (t), de�ned in equation (1.28), which
is an increasing function of time; hence, as far as we move to higher values of redshift the boundary
between linear and nonlinear regime tends to move to smaller scales (higher values ofk in the PS).

Referring again to Figure 1.7, we can clearly divide it into three main regions: the large scale one,
at small values ofk; the region of the peak at intermediate scales, where the PS reaches its maximum
value, and the small scale one at large values ofk. We now proceed to highlight the main features of
the PS in each of these regions. Recalling the scheme given in Section 1.3, at (1.24), we can see the
behaviour of the matter perturbations, and consequently the PS one, is directly linked to the value
of the potential during time. At large scales, the potential can be thought to be constant, with a late
time value 10% lower than the initial one, set by in�ation. This decrease is determined by the passage
through matter/radiation equality [18].

Upon inverting the Poisson equation (1.34) to describe� in terms of � , it is possible to express
the large scales PS, which turns out to be proportional to the wavenumberk [18]. This part of the PS
can then be used, thanks to the nearly null modi�cation of the gravitational potential at low values
of k, to de�ne the primordial PS of matter

P(k) / kn ; (1.68)

where n is the spectral index of the spectrum.
At small scales the behaviour of�( k) becomes less simple than before: once two regions enter in

causal connection before matter/radiation equality, the potential associated to them starts decaying:
this is due to the combined e�ect of the pressure forces in the plasma, which do not allow perturbations
to grow, and the expansion of the Universe, which makes the density decrease. Once the decay is
complete, �( k) starts oscillating as the baryon/photon plasma do with BAOs. Modes that enter
in causal connection earlier in radiation dominated epoch undergo a more severe suppression of the
potential, thus in this region the PS is a decreasing function ofk.
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Figure 1.7: Reconstruction of the linear theory matter PS atz = 0 from di�erent cosmological probes
(solid line) versus the nonlinear theory at z = 0 (dotted line). The agreement between the theory
and data points, which are spanning roughly14 Gyr in time, shows the extreme power of the� CDM
model of the Universe. Figure taken from [1].

The opposite behaviour in the two regimes delineates the presence of a peak in the middle, de-
termined by those modes which enter in causal connection exactly during matter/radiation equality.
Since the position of the peak is sensitive to the epoch of equality, it turns out to be an important
characteristic for the determination of the underlying cosmology, with the peak moving to larger scales
implying an equivalence epoch moving earlier in time [18].

1.5 On Baryon Acoustic Oscillations

BAOs was �rstly identi�ed as a potential e�ect on the CMB radiation in the late '60s and later
extended to the late time matter PS. The presence of BAOs in both the spectra of radiation and matter
is a direct consequence of the fact that they are a phenomenon which happened in the primordial
plasma before the recombination epoch, were baryons and photons were coupled together. In fact,
prior to recombination, the Universe was hot and dense enough that electrons were free moving in the
plasma rather than bounded in neutral atoms; in this conditions they were able to provide enough
cross-section to interact with photons via Thomson scattering while still connected with matter via
Couloumb interaction.

In this regime the schematic representation (1.24) given in Section 1.3 can be rewritten considering
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also photon perturbations

Photon Perturbations: � 0; � 1 $ Gravitational Potential: � ! Matter Perturbations: �; v; (1.69)

where the new perturbations are the monopole� 0 and the dipole � 1 of radiation13. In such an envi-
ronment, the initial perturbations of both the potential and the photons determines the potential wells
in which matter (CDM plus baryons) started to be attracted in. Even if CDM does not interact with
photons, the same is not true for baryons: as far as they fell into the potential wells via gravitational
instability, radiation pressure became larger and larger until it was su�ciently strong to overtake the
gravitational attraction and started pushing away the plasma, with the net result that perturbations
in the baryon-photon �uid oscillated as sound waves [72].

Mathematically we can observe this behaviour looking back to equation (1.36) and analyse it under
some di�erent approximations: �rst of all we consider now a �uid made of DM and baryons, with the
mean density of the Universe dominated by DM (
 CDM � 
 b) and where baryon perturbations are
not self-gravitating, namely the potential for the gravitational source is given by CDM only; second
of all, since the pressure felt by baryons is a key aspect for the description of BAOs we cannot neglect
the pressure term in (1.36) any more. To deal with it we apply the �rst law of thermodynamics to a
unit mass of an ideal monoatomic non relativistic gas

TdS = d
�

3
2

P
�

�
+ Pd

�
1
�

�
; (1.70)

whereT is the temperature, P the pressure and� the density. We can rewrite the temperature using
P = ( �=�m p)kB T with � mean molecular weight in units of the proton massmp and kB Boltzmann
constant and solve the equation

d ln (P) =
5
3

d ln ( � ) +
2
3

�m p

kB
Sdln (S); (1.71)

which gives [46]

P / � 5=3 exp
�

2
3

�m p

kB
S

�
: (1.72)

From the equation of state (1.72) we then can write

r P
��

=
1
��

" �
@P
@�

� �
�
�
�
S= const:

r � +
�

P
S

� �
�
�
�
� = const:

r S

#

= c2
sr � +

2
3

(1 + � )Tr S;

(1.73)

where we have de�ned theadiabatic speed of soundas

cs :=
�

@P
@�

� �
�
�
�

1=2

S= const:
; (1.74)

13 With considerations like the ones in Section 1.3.1, in full generality perturbations with higher order than the dipole
should be present. Since we are dealing with photons before recombination however, the higher order moments are
suppressed thanks to the tight coupling between photons and baryons [18].

22



which makes equation (1.36) become

@2� b

@t2
+ 2H

@�b
@t

= �
1
a2 r 2� CDM +

c2
s

a2 r 2� b +
2
3

T�

a2 r S (1.75)

with T� the mean temperature of the �uid. At our scale of interest, the curvature of the Universe
becomes negligible making us able to write the mode functions of baryon perturbations,� bk , as plane
waves and perturbations themselves as their Fourier transform following (1.60) [46]

� b(t; x) =
X

k

� bk (t)ei k �x & � bk (t) =
1
V

Z 1

�1
d3x� b(t; x)e� i k �x ; (1.76)

with V the volume over which the perturbation are assumed to be periodic. Once translated in Fourier
space equation (1.75) becomes

d2� bk

dt2 + 2H
d� bk

dt
= �

k2

a2 � CDM �
k2c2

s

a2 � bk +
2
3

T�

a2 k2Sk ; (1.77)

with Sk being entropy perturbations which are directly linked to perturbations in the curvature of
the Universe. If the time scale of interest is much shorter than the Hubble time, we can neglect the
universe expansion and thus (1.77) reads [46] (we drop thek subscripts for clarity, but we are still in
Fourier space)

d2� b

dt2 +
k2c2

s

a2 � b = �
k2

a2 � CDM ; (1.78)

which is the equation of a damped harmonic oscillator. If the gravitational potential remains constant
over the time of interest, the solution written in terms of the conformal time � reads [46]

� b(� ) =
�
� b +

� CDM

c2
s

�
cos (kcs� ) +

1
kcs

d� b

d�
(0) sin (kcs� ) �

� CDM

c2
s

; (1.79)

it oscillates around a zero point,� � CDM =cs, with a frequency ! = kcs and amplitude and phase set
by initial conditions. By translating the Euler equation (1.32) in Fourier space, maintaining the same
considerations, it is possible to retrieve the time evolution of the corresponding velocity perturbations

vb(� ) = �
icsk

k

�
� b(0) +

� CDM

c2
s

�
sin (kcs� ) +

ik
k

d� b

d�
(0) cos (kcs� ); (1.80)

which has a phase di�erence of�= 2 with respect to the density perturbation as expected for longi-
tudinal acoustic waves. Here it is important to stress that before recombination, for each mode, the
oscillation frequency as well as the amplitude and the zero point all depend upon the ratio between
baryons and photons through the adiabatic sound speed (1.74), which in such a condition14 can be
written as [46]

cs =
c

p
3

�
1 +

3
4

�� b(z)
�� 
 (z)

� � 1=2

: (1.81)

The behaviour of a single acoustic wave is reported schematically in Figure 1.8 following its evolution
in time through the most relevant epochs

14 Where the density and pressure of the plasma are given by � plasma = � b + � 
 and Pplasma � Pr = � 
 c2=3.

23



Before Recombination (z = 6824 and z = 1440 panels) In this epoch photons and baryons are
coupled in a single �uid. At �rst, CDM overdensities develop point-like perturbations; later on,
with the generation of acoustic waves of plasma those point-like overdensities are brought to
higher radial coordinates by the outgoing waves.

After Recombination (z = 848 and z = 478 panels) During recombination photons and baryons
decouple, leaving the latter without the pressure forces that were pushing them away from the
initial overdensity: the net result is a central overdensity of CDM, with a second one constituted
by baryons in a spherical shell at a radius of 150 Mpc (note that in this case it is given in
absolute units).

Later Times (z = 79 and z = 10 panels) With the pressure forces gone, the only interaction left
is the gravitational one between CDM and baryons, which leads to a common �nal shape of
perturbations. Galaxy clustering is the expected to be enhanced around the central perturbation
and the shell at 150 Mpc.

1.5.1 BAOs as a Statistical Standard Ruler

The great importance of BAOs for cosmology comes from the fact that they can be used as cosmological
ruler: the acoustic scale can in fact be computed as the comoving distance that sound waves could
travel from the Big Bang until recombination, labelled with a � subscript here below, as a simple
integral

r s =
Z t �

0
dt

cs(t)
a(t)

�
Z 1

z�

dz
cs(z)
H (z)

; (1.82)

where cs is the adiabatic sound speed we have described in equation (1.81), which depends on the
baryon-to-photon ratio and thus it is proportional to 
 bh2. The behaviour of H (z) depends, at least
for simple cosmological models, on the ratio between the matter density and radiation density [72].
The acoustic scale is about 150 Mpc because primordial sound waves travel at a relativistic speed,
which tops at about c=

p
3 during the earliest epochs where the baryon density was null compared to

radiation density. This is a huge advantage: such a large scale is able to protect clustering features of
galaxies from nonlinearities in the local universe, making the BAO peak a stable statistical feature of
the galaxy density �eld and hence an extremely good standard ruler [72]. This stable characteristics of
BAOs is reported schematically in Figure 1.9 (left panel) and compared with a more realistic scenario,
where the BAO acoustic peak has been broadened by gravitational instability (right panel): it is clear
that, in the second case, the BAO rings are not visible any more and therefore they must be recovered
statistically. At small redshift, z . 0:5, BAO measurements are able to complement Supernovae Ia
ones because they provide a strong connection to the CMB peaks and therefore a better absolute scale
of distance, while Supernovae allow a more precise determination of the relative distance between
objects. At high redshift, z & 0:5, the large volumes accessible for observations, coupled with the
direct access toH (z) provided from BAOs, makes statistical analysis of galaxy clustering (and the
CMB) an extremely useful tool to understand DE and the cosmic geometry of our Universe [72].

With the BAO method it is possible to relate redshift separation between galaxies,� z, with
the Hubble parameter, H (z), while angular separations,� � , are related with the angular diameter
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Figure 1.8: Generation of the BAO peak via the linear theory response to a point-like initial overdensity
and the acoustic pressure wave. Each panel shows the radial pro�le of (fractional) mass perturbations
for the four species: CDM (black), baryons (blue), photons (red) and neutrinos (green). The redshift
and the time after the big bang are given in each panel. Note that the radial pro�le has been multiplied
by the square of the radial coordinate in order to yield the mass pro�le. Figure take from [20].
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Figure 1.9: Schematic representation of BAO acoustic rings. The two panels contain the same number
of points; the left one represents the case of a sharp BAO peak in the mass pro�le of perturbations,
while the right one shows a more realistic scenario where the peak has been broadened (i.e.: due to
gravitational instability), but is is still present. Figure taken from [6].

distance, DA (z), as follows [6]

H (z) =
c� z
sq(z)

DA (z) =
s?

� � (1 + z)
;

(1.83)

where sq(z) and s? are respectively the separations between galaxies in redshift space (they will
be de�ned in detail in Section 2.2). This means that, since the acoustic scale is set by the sound
horizon at decoupling (equation (1.82)), they can be turn into a calibrated Alcock-Paczynski test [2].
Since the monopole of the correlation function in redshift space is still isotropic, the measurement
of the two parameters from the Alcock-Paczynski test is not independent but rather it measures the
product H (z) � DA (z). The same happens with the determination of DE parameters, which needs
measurements of bothH (z) and DA (z) to be e�ectively improved by BAOs [6]. Thanks to the fact that
the monopole is sensitive to the quantityDV (z) := [ cz(1 + z)2DA (z)2=H(z)]1=3 while the quadrupole
to DA (z)H (z) [34]. In this context redshift distortions become a fundamental tool: as higher order
multipoles become anisotropic, then a deep understanding of their behaviour helps us disentangle the
two parameters.

1.5.2 Retrieving Cosmological Information From BAOs

With their capability of determine the Hubble expansion parameter and angular diameter distance
as functions of redshift, BAOs have been exploited to probe DE and its equation of state. Even if in
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general DE does not need to obey an equation of state, it is always possible to de�ne a function like

! (z) :=
p� � (z)
�� � (z)

(1.84)

which, if DE behaves like a cosmological constant, corresponds to! (z) = � 1. Equation (1.84) can
then be parametrized by the value
 � := � � =� crit today, which is linked to other density parameters
through 
 � = 1 � 
 m � 
 k . If the assumption of having perfectly uncorrelated data from observations
holds, it is possible to reconstruct! (z) without assuming a speci�c parametrization [32].

To see how it is possible to retrieve! (z) from the observables (1.83), it is useful to de�ne the
dimensionless, transverse, comoving distance [32]

D(z) :=
1

p
� 
 k

sin
� p

� 
 k

Z z

0
dz0 H0

H (z0)

�
; (1.85)

which is related to the angular diameter distance as

D(z) =
c

H0
(1 + z)DA (z): (1.86)

The Hubble parameter in equation (1.85) can be computed from the Friedmann equation and it reads

H 2(z) = H 2
0 [
 m (1 + z)3 + 
 k (1 + z)2 + 
 � f (z)]; (1.87)

where f (z) is the dimensionless DE density

f (z) :=
� � (z)

� � (z = 0)
= exp

�
3

Z z

0
dz01 + ! (z0)

1 + z0

�
: (1.88)

It is then possible to �nd ! (z) using the Hubble parameter by inverting equation (1.87) [32]

! (z) = �
1
3


 kH 2
0 (1 + z)2 + 2(1 + z)HH 0� 3H 2

H 2
0 (1 + z)2[
 m (1 + z) + 
 k ] � H 2 ; (1.89)

where 0 denote derivatives with respect to the redshiftz. At the same time we can accomplish the
same result usingD(z) if we invert equation (1.85) [32]

! (z) =
2(1 + z)(D 2
 k + 1) D 00� D 0[
 k (1 + z)2D 02 + 2
 kD(1 + z)D 0� 3 � 3D 2
 k ]

3D 0f [
 k + 
 m (1 + z)](1 + z)2D 02 � D 2
 k � 1g
: (1.90)

Here it is important to notice that both of the two reconstruction of the DE equation of state presented
above are e�ective only if we previously know
 m and 
 k .

In addition to that, by inverting equation (1.85) it is possible to give a determination of the
cosmological curvature of the Universe, as well as hints on the validity of FLRW, independently from
other parameters and/or DE models. Explicitly we have [32]


 k =
[H (z)D 0(z)]2 � H 2

0

[H0D(z)]2 ; (1.91)

which gives the value of the curvature parameterat the present dayas a function of measurements
done at any redshift. This has an important implication: since the de�nition of D(z) given in equation
(1.85) is valid in any FLRW universe and the curvature parameter is a single number, then the right
hand side of equation (1.91) should have the same value at any given redshift if we are in a FLRW
background; if instead it turns out to have a redshift dependence this would mean that the assumption
of a FLRW metric is wrong [6].
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2. Theoretical Models of Redshift Space Distortions

In this Chapter we proceed describingRedshift Space Distortions(RSD from now on) and their up to
date theoretical description.

ˆ In Section 2.1, starting from the redshift de�nition (1.20), we de�ne the coordinate of redshift
space and give an overview of the RSD phenomenon caused by the real-to-redshift map.

ˆ In Section 2.2 we describe the plane-parallel approximation, which is a useful tool to simplify
theoretical calculations, as well as the conditions in which it can be enforced and, lastly, its
implications for the models.

ˆ With Section 2.3 we intend to show the derivation of the �rst result proposed by N. Kaiser [36]
by applying dynamical considerations we have made in Section 1.3 and 1.4. In Section 2.3.1 we
focus on the bias problem, which is a�ecting the measurements of density and velocity �elds,
and state what assumptions have been made in our treatment of RSDs.

ˆ In Section 2.4 we summarize the �rst attempts to build a model having a more large range
of validity by incorporating the Kaiser result at large scales with a phenomenological damping
factor able to explain the Finger of God e�ect at small ones.

ˆ With Section 2.5 we report the work by R. Scoccimarro [58] on the streaming model, which is
able to give a more general description of the redshift space behaviour of the 2PCF and PS. In
Section 2.5.1 we de�ne the various relations between correlations and pairwise velocity moments,
while in Sections 2.5.2 and 2.5.3 we respectively summarize the large scale limit of the streaming
model and the PS we are able to obtain from it.

ˆ In Section 2.6 we report the multipole expansion of the 2PCF and PS in order to quantify the
magnitude of the correction needed on those quantities to explain RSDs.

ˆ We proceed with Section 2.7, in which we summarize the attempt to improve the streaming model
done by A. Taruya, T. Nishimichi and S. Saito (TNS) including density-velocity correlations.
The TNS model exploits a large scale expansion of the problem we have reported as follows: the
zeroth order contributions in Section 2.7.1, the �rst order ones in Section 2.7.2 and the second
order one in Section 2.7.3.

ˆ Lastly, with Section 2.8 we compare the two models presented in the Chapter and demonstrate
they are equivalent, while in Section 2.8.1 we give an alternative de�nition of the pairwise velocity
generating function, which allows a more direct comparison between models.
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2.1 On Redshift Space Distortions

In galaxy surveys the access to the third dimension cannot be obtained probing directly the radial
distance from the observer, but rather it is provided by a redshift measurement. The Hubble-Lemaître
law tells that the recession velocity of an object is proportional to its distance from us as shown in
(1.22). As we can see from the de�nition of the recession velocity of a galaxy, equation (1.26), it is
dependent not only on the radial distance from the observer, but also on its peculiar velocityv (more
precisely, on its radial componentvq), which is generated due to the dynamics of galaxy clustering
and, therefore, unrelated to the expansion of the Universe. We express the redshift coordinate, in
velocity units, as follows [30]

S := cz; (2.1)

with c being the speed of light andz the cosmological redshift (1.20). These considerations allow us
to deal with the approximation done in equation (1.22) by accounting peculiar velocity perturbations
in the recession velocity description

S = aHx q + vq; (2.2)

where, di�erently from (1.22), the physical distance xqphys has been written in terms of the comoving
(radial) distance, xq, times the product between scale factora and the Hubble parameterH . The two
quantities xq := x � ẑ and vq := v � ẑ are radial components of, respectively, the comoving coordinate
of the target and its peculiar velocity, with the radial direction labelled as ẑ. Thus the redshift
space position of galaxies gets distorted by their peculiar velocities, resulting in a distortion of their
redshift space clustering properties: this distortions behave di�erently at di�erent scales and they are
precisely what we call RSDs. They are visualized in Figure 2.1, where on the left is depicted a thin
slice of a cosmological simulation and on the right side it is possible to see the same slice after the
real-to-redshift space mapping has been applied.

At large scales RSD are dominated by the coherent motion of galaxies towards the centre of
clusters: galaxies between us and the cluster have their infall velocities added to the Hubble �ow and
thus they appear further away in redshift space; at the same time, galaxies beyond the cluster have
their infall velocities subtracted to the Hubble �ow and thus they appear closer to us than in real
space. As a consequence, the e�ect of RSD at large scales is a "squash" along theLine of Sight1 (LOS
hereafter). At small scales (smaller than the typical cluster size) the main e�ect of peculiar velocity
is due to the velocity dispersion from virialization, which causes an elongation along the LOS: this is
the so calledFinger of God (FOG from now on) e�ect.

To better compare our work with the references, it is useful to report the real-to-redshift map
de�ned above, equation (2.2), using quantities expressed in units of length [58, 68, 77]

s = x + f
vq(x)
aHf

ẑ = x � fu q(x)ẑ; (2.3)

with f being the growth function de�ned in (1.28). The vectorial formulation of the previous equation
has to be intended as two dimensional, with one component parallel to the LOS,sq, and the other

1Since with redshift space mappings we deal with lots of targets, with LOS we refer to the average direction we are
pointing at. This concept will become clear once we enforce the distant observer/plane-parallel approximation depicted
in the next Section.
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Figure 2.1: Distribution of DM particles from LCDM240, with the horizontal axis corresponding to
the radial coordinate. The two panels show the same slice of1 h� 1Mpc: in the left one particles are
disposed according to their real space coordinates, while in the left one they are disposed according
to their redshift space coordinates. The right panel reproduces the distribution as seen from Earth.
Figure taken from [26]

perpendicular to it, s? . By looking at the explicit form of the velocity �elds in equation (2.3), in both
spatial vq := v � x̂ and velocity units uq := u � x̂ , it is then clear that the perpendicular component of
the redshift coordinate

s? = x? + f
v? � x̂
aHf

ẑ = x? � f (u? � x̂ )ẑ; (2.4)

is equal to the real space ones? = x? thanks to v? � x̂ = 0 (and u? � x̂ = 0 ). As a consequence
of equation (2.3), the redshift separation between two galaxiess~ := s � s0, which in real space are
respectively at coordinatesx and x0 := x + r , can be retrieved from the real-to-redshift map

s~ = r + f
� vq(r )
aHf

ẑ = r � f � uq(r )ẑ; (2.5)

where the galaxy displacement along the LOS direction, denoted withẑ, has been de�ned as

� uq(r ) := uq(x0) � uq(x);

� vq(r ) := vq(x0) � vq(x)
(2.6)

in units of length and velocity respectively. The two are related to each other throughu(r ) �
� v (r )=aHf , as stated in [68, 77].

2.2 Plane-Parallel Approximation

Using the real-to-redshift map we have de�ned in equation (2.3), it is possible to derive quantities in
redshift space starting from their counterparts in real space; the only assumption made to describe the

30



Figure 2.2: Representation of a spherical overdensity distorted by peculiar velocities. The left panel
shows in the plane-parallel approximation, with the observer placed at great distance; the right panel
represents a situation in which the observer (the bigger circle in the bottom part of the picture) is near
the target galaxies, making large scale distortions kidney-shaped and FOG e�ect like it is pointing to
the observer. Figure taken from [30].

map is the plane-parallel approximation. With plane-parallel approximation we refer to the simpli�ca-
tion we enforce to avoid spherical distortions while dealing with galaxy surveys: it tells us that if we
are observing two su�ciently distant targets we can consider the LOS as �xed in a single direction,
called x̂pp, instead of computing the projection along the coordinate directionx̂ for each target. A
schematic visualization of what we are trying to do is given in Figure 2.2, where RSDs are represented
with and without this assumption. Once the LOS is �xed, we can treat the direction of the survey as
common among all the targets; thedirectional cosine becomes

k � x̂ = k � x̂0 � k � x̂pp; (2.7)

where we treatedx = xx̂ as the radial coordinate of each target in full generality andxpp = xx̂pp

the with the �xed LOS thanks to the plane-parallel approximation. Without the assumption of the
plane-parallel approximation the velocity �eld in the real-to-redshift map would have been projected
along di�erent directions instead of along the LOS

uq(x) �! u(x) � x̂

uq(x0) �! u(x0) � x̂0;
(2.8)

making the computation between �elds located at di�erent real space coordinates more complicated
to calculate [58]. It is important to note that in some references [57, 68, 66, 77] the directional
cosine has been de�ned as� := k̂ � x̂pp which is controlled by the angle between the �xed LOS
and the vector k; the direction cosine is related tokq, or kz [57, 58, 68, 77], through the relation
kq � kz = k � x̂pp = kk̂ � x̂pp = k� .
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We refer to what we have stated before as theglobal plane-parallel approximation, which is a
powerful tool but breaks down for extreme large-scale modes. So, thinking about modern large-angle
surveys, in some cases it could be appropriate to re�ne the approximation above by making itlocal
[57] as we show below

k � x̂1 ' k � x̂2 ' k � x̂h ; (2.9)

with x̂1 and x̂2 mark the directions of the two galaxies andx̂h := ( x̂1+ x̂2)=2 the middle point between
them on the celestial sphere.

2.3 Derivation of the Kaiser Formula

We now discuss how the e�ect of RSDs applies on the clustering statistics and, furthermore, is able to
reproduce the Kaiser results of 1987 [36]. For distant galaxies, the radial distancex in is mapped in
redshift space as (2.3). As mentioned above, we restrict ourselves to the plane-parallel approximation
so that the LOS is taken as a �xed direction for all the galaxies considered, denoted byẑ. Plane-parallel
distortions maintain statistical homogeneity, so Fourier modes are still the natural basis in redshift
space. However, statistical isotropy breaks down because the real-to-redshift mapping of equation
(2.3) de�nes a preferred direction, denoted by the LOS itself, along which the clustering statistics is
di�erent from the one in each of the other possible directions [30].

As a consequence of number conservation between real and redshift space, it is possible to apply
the real-to-redshift map (2.3) to the mass density

� sd3s = �d 3x; (2.10)

where � s is the redshift space density �eld associated with� ; by expanding the equation using (1.29)
we obtain

�� s(1 + � s)d3s = ��(1 + � )d3x: (2.11)

Since the average density cannot be di�erent between the two spaces, the equation deriving from
number conservation reads

(1 + � s)d3s = (1 + � )d3x; (2.12)

which is able to relate the redshift perturbation of the density �eld in redshift space with the real
space one [18, 36, 55, 57, 58, 68]. The Jacobian of the real-to-redshift transformation is de�ned as

J (x) =

�
�
�
�
d3s
d3x

�
�
�
� ; (2.13)

its computation follows directly from the real-to-redshift map we have de�ned in equation (2.3) [36, 57]
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�
�
�
�
s2

x2

ds
dx

�
�
�
� =

�
�
�
�

1
x2

�
x2 + 2 f

1
aHf

xvq(x) + f 2 1
(aHf )2 v2

q(x)
� �

1 + f
1

aHf
@vq(x)

@x

� �
�
�
�

=

�
�
�
�

�
1 + 2f

1
aHf

vq(x)
x

+ f 2 1
(aHf )2

v2
q(x)
x2

� �
1 + f

1
aHf

@vq(x)
@x

� �
�
�
�

�

�
�
�
�

�
1 � 2f

uq(x)
x

+ f 2 u2
q(x)
x2

� �
1 � f

@uq(x)
@x

� �
�
�
�

(2.14)
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and from it it is possible to see that the Jacobian is composed by two factors: the �rst one containing
the square of the ratio between the redshift and the real coordinates and the second one containing
the term involving the gradient of the LOS component of the peculiar velocity. With equation (2.14)
written explicitly, we can now quantify exactly the "su�ciently distant targets" condition stated
above: the two velocity dependent terms inside the �rst factor can be dropped out if the peculiar
velocities vq(x) (or equivalently uq(x) in unit of length) are much smaller than the radial distance x
at which structures are being observed [31], namely

vq(x)
x

� 1: (2.15)

When the condition above is met, the �rst term inside equation (2.14) becomes very close to unity;
thus we can exploit the distant target condition and simplify the Jacobian (2.14) as follows [10, 36, 57]

J (x) '
�

1 + f r q
vq(x)
aHf

�
� (1 � f r quq(x)) ; (2.16)

where with r qf (x) := @f(x)=@xwe denote the directional derivative along the LOS.
The same approximation can be done taking pairs of galaxies, by deriving the Jacobian from (2.5)

rather than (2.3), to obtain
J (r ) ' (1 � f r q� uq(r )) : (2.17)

In linear theory this treatment is justi�ed because one can reasonably expect peculiar velocities of
galaxies along the LOS,vq(x), to be much smaller than the expansion rate of the Universe,H ; as
a consequence the real-to-redshift separation coming from the map de�ned in (2.3) will tend to zero
making the Jacobian, in both the forms (2.16) and (2.17), approaching unity.

The original derivation by N. Kaiser [36], as well as most of the work based on it [10, 30, 68, 57,
77], starts from number conservation (2.12) and derives the redshift space description of the mass
perturbation by isolating the redshift space density contrast �eld � s(s), rather than the one of the
total mass (1 + � s(s))

� s(s) =
1 + � (x)

J (x)
� 1: (2.18)

Inserting the form of the Jacobian coming from linear theory (2.16), the redshift space mass pertur-
bation becomes

� s(s) =[1 + � (x)]J � 1(x) � 1 ' [1 + � (x)][1 + f r quq(x)] � 1

= � (x) + f r quq(x) + � (x)f r quq(x)

' � (x) + f r quq(x):

(2.19)

Here we notice that the form of the redshift space density contrast �eld given above can be reached
only assumingr quq(x) � 1 to further expand the Jacobian of equation (2.16). Taking equation (2.19)
to Fourier space with de�nition (1.59) we obtain

� s(k) =
Z

d3s ei k �s� s(s)

=
Z

d3x ei k �x e� ik qfu q(x ) [� (x) + f r quq(x)]:
(2.20)
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It is important to notice that, in the computation of (2.20), we have enforced the linear theory only for
the transformation of the mass perturbation � s(s): to retrieve the Kaiser formula one needs to apply
linear theory also to the transformation itself, which enters in (2.20) via the exponential of the Fourier
transform [57]. By expanding the exponential involving the velocity �eld uq(x) around uq(x) = 0 , one
can obtain

� s(k) '
Z

d3x ei k �x [� (x) + f r quq(x)]

= � (k) + f
Z

d3x ei k �x r quq(x)

= � (k) + f
Z

d3x ei k �x r q

Z
d3p

(2� )3 e� i p �x uq(p)

= � (k) � if
Z

d3pd3x
(2� )3 ei (k � p )�x pquq(p)

= � (k) +
i

aH

Z
d3p� D (k � p)pqvq(p)

= � (k) +
i

aH
kqvq(k);

(2.21)

where, going from the third to the fourth line, we have used the de�nition of the Dirac delta function
given in equation (1.67).

Thus, the expression of the redshift space density contrast �eld in Fourier space is directly linked
to the velocity �eld in the same domain; to derive it we start by applying the Fourier transform to
the velocity divergence �eld (1.27)

� (k) =
Z

d3x ei k �x
�
�

r � v (x)
aHf

�
: (2.22)

In order to deal with the gradient inside (2.22), we look at the velocity �eld in real space as if it were
its Fourier counterpart, on which we then apply the anti-transform

aHf � (k) =
Z

d3x ei k �x
�
�r �

Z
d3p

(2� )3 e� i p �x v(p)
�

=
Z

d3x ei k �x
�
�

Z
d3p

(2� )3 e� i p �x (� i p � v (p))
�

= i
Z

d3kd3x
(2� )3 ei (k � p )�x [p � v (p)]

= i
Z

d3p
(2� )3 � D (k � p)[p � v (p)]

= ik � v (k);

(2.23)

where once again we have used the de�nition of Dirac delta given in equation (1.67) passing from
the third to the fourth line. Inverting the equation we can now express the peculiar velocity �eld in
Fourier space as a function of its divergence

v(k) = � iaHf
k
k2 � (k): (2.24)

34



To link the velocity �eld (2.24) with the density contrast (2.21), we make use of the linearized
continuity equation (1.46). We start by applying the Fourier transform to it

@�(k)
@t

+
1
a

Z
d3x ei k �x r � v (x) = 0

@�(k)
@t

+
1
a

Z
d3x ei k �x r �

Z
d3p

(2� )3 e� i p �x v(p) = 0 ;
(2.25)

which exploiting the same procedure of (2.23) to deal with the gradient, becomes [46]

@�(k)
@t

�
1
a

ik � v (k) = 0

=) v (k) = � ia
k
k2

@�(k)
@t

:
(2.26)

The derivative of the density perturbation can be computed by noticing that � / D (+) and then
proceeding as follows

@�
@t

'
@D(+)

@t
=

D (+)

a
a

D (+)

@a
@t

@D(+)

@a
' �Hf; (2.27)

where for the last equality we have used the de�nitions of the Hubble parameter (1.9) and linear
growth factor (1.28). Thus, the linearized continuity equation in Fourier space becomes [46]

v (k) = � iaHf
k
k2 � (k); (2.28)

which provides, after a comparison between (2.28) and (2.24), the relation linking density and velocity
perturbations in linear dynamics

� = �: (2.29)

Inserting equation (2.24) into (2.21) and exploiting (2.29), we are able to write

� s(k) = � (k) + f
k2

q

k2 � (k) = � (k) + f � 2� (k) = (1 + f � 2)� L (k); (2.30)

with � L (k) being the linear dynamics density contrast �eld. With this description of the redshift space
density contrast, it is possible now to build the PS of matter perturbations through (1.63) and (1.65)
we have

Ps(k) = (1 + f � 2)2PL (k): (2.31)

The important thing to keep in mind here is that equation (2.31) is describing the PS of DM perturba-
tions, while through observations coming from photon based detectors we are capable to observe only
its luminous counterpart. As we have previously seen, in Section 1.4, galaxies can be used as tracers
of the underlying DM distribution; this approach comes, however, with some important caveat: in
principle galaxies could be abiasedtracer of the totality of matter, both in their velocity and density
�elds. Below we give the form of the galaxy PS under the assumption of a linear bias for the density
�eld, � g = b� with b as linear bias factor, and no bias for the velocity �eld,vg = v,

Ps;g(k) = b2(1 + �� 2)2PL (k); � :=
f
b

'

 0:6

m

b
: (2.32)
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Through the bias factor, the equation above is able to link the observed galaxy PS to the underlying
DM one (solid line in Figure 1.7). It is important to notice that � is not a cosmological parameter
in full generality, like 
 m for example, because it is de�ned only in this context of a linear bias
approximation. Under this assumptions, however, it is still a useful quantity thanks to the fact that
it is able to relate the velocity �eld with the density contrast one [76].

Before proceeding with the next Sections, it is important to keep track of the assumptions made
to retrieve the Kaiser results [10]

1. Linear evolution of DM, in order to utilize equations (1.46) and (1.47) for DM and, consequently,
of galaxies (at least at large scales).

2. � ij � 1, in order to close the hierarchy of the Vlasov equation moments and recover the ideal
pressureless �uid treatment of DM.

3. Number conservation of sources between real and redshift space, in order to relate the real
density contrast �eld with its redshift space counterpart.

4. Plane-parallel/Distant observer approximation, namely x ' xpp = xx̂pp, to avoid spherical
distortions and set uq(x)=x � 1 to describe the Jacobian as proposed in equation (2.16).

5. d� uq(r )=dr � 1, so that the Jacobian can be expanded as in equation (2.19).

As we will show during the following of this Chapter, although this result works for the largest scales,
this model can be re�ned further by reducing the amount of assumptions; in such a way we can hope
to extend its regime of validity even at smaller scales where nonlinear e�ects become important.

2.3.1 On the Bias Factor

The linear bias model mentioned in the previous Section was originally motivated by the threshold
biasing model of galaxy formation, in which galaxy formation results to be ampli�ed in those regions
were the density �eld of matter exceed a certain value [35], and the peak biasing model, in which
galaxies are supposed to form only at the peaks of matter density [5].

Regarding the linear bias model,� g = b� , it is important to note that it must break down in the
highly nonlinear regime, namely whenb > 1: if not regions without matter, where � = � 1, would
have a negative galaxy density, which is obviously impossible [30]. In addition to that, if a linear bias
b(t i ) is established at some initial timet i so that the relation

� g(r ; t i ) = b(t i )� (r ; t i ) (2.33)

holds and after which the continuity equation of galaxy is ful�lled (no more formation or destruction
of galaxies starting from t i ), we have an evolution of the bias factorb(t > t i ) = � g(t > t i )=� (t > t i ).
During linear growth, the matter density perturbation remains small and their evolution can be
described by the linear growth solutionD (+) (t) expressed in equation (1.48) as

� (t)
� (t i )

=
D (+) (t)
D (+) (t i )

: (2.34)
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Hence the bias evolution turns out to be decrease its magnitude in time, while it remains constant in
space [30]

b(t) � 1 = ( b(t i ) � 1)
D (+) (t i )
D (+) (t)

; (2.35)

this tells us that the bias factor tends to reach unity as �uctuations grow.
If the continuity condition of galaxies persists into the nonlinear regime, then the bias becomes a

function of the position [30]

b(r ; t) � 1 = � (r ; t i )
�

1
� (r ; t)

+ 1
�

(b(t i ) � 1) (2.36)

which has limit values b = 1 in zero density regions,� (r ; t) �! � 1, and b = 1 + � (r ; t)(b(t i ) � 1) in
regions of high density,� (r ; t) �! 1 . As the conditions becomes more and more nonlinear, streams
with di�erent initial coordinates may end up in the same �nal point, so it is important to say that in
principle equation (2.36) should be averaged over streams.

In the linear bias model of the previous Section, the velocity �eld is an unbiased �eld,vg(t) = v (t),
as long as one has a good description of the density contrast �eld of the biased tracer. Nevertheless,
it is not necessarily true that the velocity bias is always negligible, as stated in [57, 68, 77].

The model presented brie�y in this Section is a simpli�ed one: the point in showing that is, as
times goes and the continuity condition for galaxies holds, the bias factorb(t) tends to become closer
and closer to unity making galaxies a progressively less biased tracer of DM. Obviously non linear
bias model have been theorized, but they turn out to be beyond the goal of this work; if the reader is
interested, they could look at [17, 44] and references therein for some examples.

2.4 RSDs: a Phenomenological Description

Although the Kaiser formula given in equation (2.32) is able to reproduce the redshift behaviour of
the PS at large scales, it fails to reproduce it at small scales where nonlinear e�ects start to become
relevant, inducing the FOG e�ect we have mentioned before. The FOG e�ect can be reproduced by
multiplying the linear distortion term of Kaiser by a damping factor which treats the distortion as a
convolution with an incoherent velocity component [4]

Ps(k; � ) = DF OG (k�f � v; e� ) PKaiser (k; � ); (2.37)

wherePKaiser (k; � ) represents the Kaiser e�ect squashing the PS at large scales, equation (2.32), and
the � v; e� function is the e�ective velocity dispersion, which is treated as a free parameter.

The FOG damping factor is directly dependent on the pairwise velocity distribution function,
historically [4, 11, 43, 49] it has been assumed to have an exponential form

f (v12) =
1

q
2� 2

v; e�

exp

(

�

p
2jv12j

� v; e�

)

(2.38)

for the treatment of nonlinear scales; alternatively, also a Gaussian form has been proposed

f (v12) =
1

q
2� 2

v; e�

exp

(

�
v2

12

2� 2
v; e�

)

(2.39)
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in the case where the density �eld can be thought to be a pure random �eld. Once brought in Fourier
space, the two descriptions of the pairwise velocity distribution function presented above determine
exactly DF OG (k�f � v; e� ). Respectively we have [4]

DF OG (k�f � v; e� ) =

8
<

:

(1 + k2� 2f 2� 2
v; e� =2)� 1

exp
�

�
k2 � 2 f 2 � 2

v; e�
2

�
:

(2.40)

Despite the di�erences between the two pairwise velocity models, it turns out that they determine very
little variations once inserted in (2.37) until the damping factor reaches valuesDF OG (k�f � v; e� ) & 2
[4]. Since the FOG e�ect is thought to be a completely nonlinear e�ect [68, 58], an analytic description
of the velocity dispersion insideDF OG (k�f � v; e� ) cannot be written in terms of the linear theory: this
is the reason behind the choice of treating it as a free parameter.

In linear theory, the Kaiser e�ect in equation (2.37) can be described using the result we presented
in Section 2.3 with equation (2.31), which was proposed for the �rst time by N. Kaiser in [36]. The
PKaiser (k; � ) term inside (2.37) can be improved further if one does not enforce linear dynamics
between the density and velocity �elds through equation (2.29), and de�nes three new power spectra:
P�� (k), P�� (k) and P�� (k), which are respectively the auto power spectra of the density and velocity
�eld and their cross PS. Following the de�nition given in equation (1.66), we can write [41, 60]



� (k)� (k0)

�
= (2 � )3� D (k + k0)P�� (k);



� (k)� (k0)

�
= (2 � )3� D (k + k0)P�� (k);



� (k)� (k0)

�
= (2 � )3� D (k + k0)P�� (k):

(2.41)

Then from equation (2.30) it is possible to retrieve the nonlinear PS in redshift space using (2.41),
which gives2 [53, 58]



� s(k)� s(k0)

�
=



[� (k) + f � 2� (k)][� (k0) + f � 2� (k0)]

�

=


� (k)� (k0) + f � 2� (k)� (k0) + f � 2� (k)� (k0) + f 2� 4� (k)� (k0)

�

=


� (k)� (k0)

�
+ f � 2 


� (k)� (k0)
�

+ f � 2 

� (k)� (k0)

�
+ f 2� 4 


� (k)� (k0)
�

=) Ps(k) = P�� (k) + 2 f � 2P�� (k) + f 2� 4P�� (k):

(2.42)

Thus the two descriptions of the Kaiser e�ect given by the phenomenological are

PKaiser (k; � ) =

(
(1 + f � 2)2PL (k); Linear

P�� (k) + 2 f � 2P�� (k) + f 2� 4P�� (k); non-Linear.
(2.43)

In Figure 2.3 we report a comparison3 between various combinations of terms inside (2.40) and
(2.43), once inserted inside equation (2.37), with the N-body simulation results fromwmap5[67] at

2Note that the last equality in equation (2.30) implies (2.31), while here we are using � s (k ) = � (k ) + f � 2 � (k ); this is
done to take into account nonlinear dynamics in the galaxy statistics, which is ignored if we enforce the last equivalence,
� = � , to retrieve the Kaiser formula (2.31).

3Note that the comparison is given for both the monopole (left panel) and the quadrupole (right panel) components
of the PS, which will be described in detail in Section 2.6
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Figure 2.3: Comparison between the dispersion model of equation (2.37) and N-body simulation results
from wmap5[67] at di�erent redshifts. The dotted line depicts the linear behaviour of the PS, while the
three coloured lines are various combinations of the phenomenological description terms. The three
coloured lines are: Gaussian velocity distribution coupled with a linear description of the PS (solid
green line), Gaussian velocity distribution and nonlinear description of the PS (dashed magenta) and
Lorentzian velocity distribution coupled with nonlinear description of the PS (dash-dotted blue). The
reference PS is calculated from [19]. Figure taken from [57].

various redshifts. Here we stress again that in all the cases shown the one-dimensional velocity
dispersion� 2

v; e� was determined by a �tting procedure to the N-body simulation, rather than predicted

from theory. The reference spectrum,P (S)
no� W iggle (k), is the redshift space PS determined from the no-

wiggle approximation of the linear transfer function [19] coupled with the linear theory of the Kaiser
e�ect (2.31) and reported as a dotted line. From Figure 2.3 we can clearly see why the FOG factor was
needed to give a proper characterization of the redshift PS: indeed the linear description from (2.31)
strongly deviates from simulation results as far as we go to higher value ofk (smaller scales), while
the introduction of the FOG suppression term is able to better reproduce the expected behaviour.

2.5 The Streaming Model

In this Section we present the theoretical model known as theStreaming Model proposed by P. J. E.
Peebles in his bookThe Large Scale Structure of the Universe[51] using the later approach depicted
by R. Scoccimarro in [58], which is able to give a full characterization of RSDs (still remaining in the
plane-parallel approximation though) while reducing the number of assumptions required to recover
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the Kaiser results of [36]. It aims to describe the real and redshift power spectra with the pairwise
velocity PDF and its Fourier transform. The pairwise velocity PDF needs then to be modelled as
function of the linear matter PS and cosmological parameters [58].

Starting from the number conservation of sources between real and redshift space of equation (2.12)
and recalling the real-to-redshift map (2.3), it is possible to describe the redshift space behaviour of
matter perturbations by applying the Fourier transform (1.59) to the real space density contrast as
follows

(2� )3� D (k) + � s(k) =
Z

d3s ei k �s[1 + � s(s)]

=
Z

d3x ei k �x e� ifk quq(x ) [1 + � (x)];
(2.44)

where the only approximation made is the plane-parallel one and no additional dynamical information
has been used in the derivation of equation (2.44); moreover, since there is no dependence on the
Jacobian inside equation (2.44), it is valid also in regions where there is multi streaming [7, 58, 68].
As a summary, below we list all the assumptions made by R. Scoccimarro in [58] to implement the
model

1. Number conservation of sources between real and redshift space, in order to relate the real
density contrast �eld with its redshift space counterpart.

2. Plane-parallel/Distant observer approximation, namely x ' xpp = xx̂pp, to avoid spherical
distortions.

These assumptions are the reason behind the strength of the streaming model proposed by R. Scoc-
cimarro: once compared with the Kaiser derivation, the description of the redshift space density �eld
itself, in the form of (2� )3� D (k) + � s(k), rather than perturbations alone made possible to drop all
the dynamical assumptions that were made in Section 2.3 to describe the linearized Jacobian of the
transformation.

Starting from equation (2.44) , it is possible to describe the redshift space PS of the totality of
matter. To do so we start by isolating the density contrast �eld

� s(k) =
� Z

d3x ei k �x e� ifk quq

�
� (2� )3� D (k); (2.45)

where to lighten the equation we have setuq := uq(x); for future reference we use the same conventions
setting u0

q := uq(x0), � := � (x) and � 0 := � (x0). De�ning now the redshift space PS of matter
perturbations analogously to equation (1.66)4



� s(k)� s(k0)

�
= (2 � )3� D (k + k0)Ps(k ; k0) (2.46)

we can look at the correlator between the two redshift space density contrasts: we insert equation

4Notice that here, since we are dealing with Fourier transforms of redshift space quantities, we cannot write the PS
as a function of the magnitude of k only but rather, in full generality, a function of both k and k 0.
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(2.45) inside (2.46) to get

(2� )3� D (k + k0)Ps(k ; k0) =

=
�� Z

d3x ei k �x e� ifk quq(1 + � ) � (2� )3� D (k)
� � Z

d3x0 ei k 0�x 0
e� ifk 0

quq(1 + � ) � (2� )3� D (k0)
��

=
Z

d3x d3x0 ei k �x ei k 0�x 0
D

e� if (kquq+ k0
qu0

q) (1 + � )(1 + � 0)
E

+

� (2� )3� D (k)
Z

d3x0 ei k 0�x 0
D

e� ifk 0
qu0

q(1 + � 0)
E

+

� (2� )3� D (k0)
Z

d3x ei k �x
D

e� ifk quq(1 + � )
E

+ (2 � )6� D (k)� D (k0):

(2.47)

Equation (2.47) can then be further simpli�ed dealing with the two integrals involving one point cor-
relations, namely the ones of the second and third addenda. It is possible to notice that, for Gaussian
�elds at least, the velocity and density �elds evaluated at the same coordinate are uncorrelated [24],
giving D

e� ifk 0
qu0

q� 0
E

=
D

eifk quq�
E

= 0 : (2.48)

The two remaining integrals in the second and third addenda of equation (2.47) are thus
Z

d3x0 ei k 0�x 0
D

e� ifk 0
qu0

q

E
=

Z
d3x0 ei k 0�x 0

e� ifk 0
qhu0

qi =
Z

d3x0 ei k 0�x 0
= (2 � )3� D (k0)

Z
d3x ei k �x

D
e� ifk quq

E
=

Z
d3x ei k �x e� ifk qhuqi =

Z
d3x ei k �x = (2 � )3� D (k)

(2.49)

thanks to the isotropy of the velocity �eld. Hence equation (2.47) becomes

(2� )3� D (k + k0)Ps(k ; k0) =
Z

d3x d3x0 ei k �x ei k 0�x 0
D

e� if (kquq+ k0
qu0

q) (1 + � )(1 + � 0)
E

+

� (2� )6� D (k)� D (k0) � (2� )6� D (k0)� D (k) + (2 � )6� D (k)� D (k0)

=
Z

d3x d3x0 ei k �x ei k 0�x 0
D

e� if (kquq+ k0
qu0

q) (1 + � )(1 + � 0)
E

+

� (2� )6� D (k)� D (k0)

(2.50)

and, recalling the correlation inside (2.50) depends only on the galaxy-galaxy separationr (thanks to
the considerations we made to de�ne the PS in equation (1.66)), we can write

(2� )3� D (k + k0)Ps(k ; k0) =(2 � )3� D (k + k0)
Z

d3r ei k 0�r
D

e� ifk 0
q� uq(1 + � )(1 + � 0)

E
+

� (2� )6� D (k)� D (k0);
(2.51)

with the velocity di�erence de�ned as before � uq(r ) := u0
q � uq.
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The PS of matter, denoted below with a bold character, is then

P s(k~) =
Z

d3s~ ei k~�s~ 

� s(s)� s(s0)

�

= �� 2
s

Z
d3s~ ei k~�s~ 


(1 + � s(s))(1 + � s(s0))
�

= �� 2
s

Z
d3s~ ei k~�s~ �

1 +


� s(s)� s(s0)

��
;

(2.52)

where the quantity s~ := s0� s is the redshift space correspondent of the galaxy-galaxy separation
r = x0� x previously de�ned in real space coordinates. We can rearrange equation (2.52), which
follows directly from (1.65), in order to be able to exploit the Fourier space correlation of redshift
space contrast �elds inside it (through equation (1.66))

P s(k~) = �� 2
s

Z
d3s~ ei k~�s~

�
1 +

Z
d3k

(2� )3 e� i k �s
Z

d3k0

(2� )3 e� i k 0�s0 

� s(k)� s(k0)

�
�

= �� 2
s

Z
d3s~ ei k~�s~

�
1 +

Z
d3k

(2� )3 e� i k �s
Z

d3k0

(2� )3 e� i k 0�s0
(2� )3� D (k + k0)Ps(k ; k0)

�
:

(2.53)

We can now use equation (2.51) to write

P s(k~) = �� 2
s

Z
d3s~ ei k~�s~

�
1 +

Z
d3k

(2� )3 e� i k �s
Z

d3k0

(2� )3 e� i k 0�s0
(2� )3� D (k + k0)Ps(k ; k0)

�

= �� 2
s

Z
d3s~ ei k~�s~

�
1 +

Z
d3k

(2� )3 e� i k �s
Z

d3k0

(2� )3 e� i k 0�s0
(2� )3� D (k + k0)�

�
Z

d3r ei k 0�r
D

e� ifk q� uq(1 + � )(1 + � 0)
E

+

�
Z

d3k
(2� )3 e� i k �s

Z
d3k0

(2� )3 e� i k 0�s0
(2� )6� D (k)� D (k0)

�
;

(2.54)

where the inverse Fourier transforms of the two Dirac delta functions give a� 1 which simpli�es with
the one at the beginning. To deal with the only remaining term we can integrate overd3k0 and obtain

P s(k~) = �� 2
s

Z
d3s~ ei k~�s~

Z
d3k

(2� )3 e� i k �sei k �s0
Z

d3r e� i k �r
D

eifk q� uq(1 + � )(1 + � 0)
E

= �� 2
s

Z
d3s~ ei k~�s~

Z
d3k

(2� )3 ei k �s~
Z

d3r e� i k �r
D

eifk q� uq(1 + � )(1 + � 0)
E

= �� 2
s

Z
d3s~ d3k
(2� )3 ei (k~+ k )�s~

Z
d3r e� i k �r

D
eifk q� uq(1 + � )(1 + � 0)

E

= �� 2
s

Z
d3k � D (k~ + k)

Z
d3r e� i k �r

D
eifk q� uq(1 + � )(1 + � 0)

E

= �� 2
s

Z
d3r ei k~�r

D
e� ifk~q� uq(1 + � )(1 + � 0)

E
:

(2.55)
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By looking at the construction of the total matter PS, we can see that equation (5) of [58] is valid:
the demonstration is straightforward if we go back to equation (2.53) and integrate overd3k0 before
substituting (2.51). By doing so we obtain

P s(k~) = �� 2
s

Z
d3s~ ei k~�s~

�
1 +

Z
d3k

(2� )3 e� i k �sei k �s0
Ps(k)

�

= �� 2
s

Z
d3s~ ei k~�s~

�
1 +

Z
d3k

(2� )3 ei k �s~Ps(k)
�

;
(2.56)

which obeys (2.55) only if

(2� )3� D (k) + Ps(k) =
Z

d3r ei k �r
D

e� ifk q� uq(1 + � )(1 + � 0)
E

: (2.57)

The only di�erence of (2.57) with respect to its counterpart in [58] is the (2� )3 factor before the Dirac
delta: it comes from our di�erent normalization convention on the Dirac delta de�nition itself (1.67)
with respect to [58]. The power spectrum presented in equation (2.57) is related to the average of real
space quantities in a very complicated way but it turns out to be, qualitatively speaking at least, easy
to understand: the two e�ects in play here are the compression at large scales, the well known Kaiser
e�ect [36], and the FOG. The Kaiser e�ect comes from the combination of the brackets in the right
hand side and the Dirac delta in the left hand one [68] and represents the coherent distortion due to
the peculiar velocity along the LOS; in linear theory it is controlled by the growth factor f and hence
can give information about the growth of structure as we mentioned in Section 1.5.2. The FOG e�ect
comes from the exponential factor inside the ensemble average of equation (2.57) and it provides a
damping of the power spectrum due to the random peculiar velocities. Unfortunately the two e�ects
cannot be treated separately and a mixture of them is expected to be relevant in the trans-linear
regime, where the velocity and density �elds are still correlated [68].

Now it is possible to describe the redshift space 2PCF by applying an inverse Fourier transform
(1.60) to equation (2.57)

Z
d3k

(2� )3 e� i k �s[(2� )3� D (k) + Ps(k)] = 1 + � s(s) � 1 + � s(s? ; sq); (2.58)

in which the redshift coordinate parallel to the LOS is linked with the real one through equation (2.3),
while for the perpendicular one we haves? = r ? . Thus we can write [58]

1 + � s(s? ; sq) =
Z

d3k
(2� )3 e� i k �s

Z
d3r ei k �r

D
eifk q� uq(1 + � )(1 + � 0)

E

=
Z

d2k?

(2� )2

dkq

2�
e� ik ? s? e� ik qsq

Z
d2r ?

(2� )2

drq

2�
eik ? r ? eik qr q�

�
D

eifk q� uq(1 + � )(1 + � 0)
E

=
Z

drqd

2�

ei
 (r q� sq)
D

e� � uq(1 + � )(1 + � 0)
E

;

(2.59)

where for the last row we have de�ned the quantity � := � ifk q in Fourier space, which is equivalent
to � := � if 
 in con�guration space [57, 58]. From the redshift space 2PCF expressed as above we
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are then able to de�ne the Pairwise Velocity Generating Function M (�; r ) as follows

M (�; r ) :=



e� � uq[1 + � ][1 + � 0]

�

[1 + � (r )]
: (2.60)

At this point we can write equation (2.59) in a more compact way [58]

1 + � s(s? ; sq) =
Z

drqd

2�

ei
 (r q� sq) [1 + � (r )]M (�; r ): (2.61)

Before proceeding in our presentation of the streaming model it is useful, in order to avoid carrying
around the 1=aH factor needed to describe the peculiar velocity of galaxies with units of length, to
de�ne a new quantity: the real-to-redshift separation

y := sq � rq: (2.62)

Then the PDF of the pairwise velocity can be de�ned as the inverse Fourier transform (1.60) of the
pairwise velocity generating function

P(y; r ) :=
Z

d

2�

e� i
y M (�; r ); (2.63)

from which we can see it links the radial coordinate in real spacerq with the redshift one sq through
the relative velocity between the two galaxiessq � rq = � vq=H � y. The common normalization of
(2.63) for a scale independent generating function reads

Z
dy P(y) = 1 : (2.64)

Here we highlight the fact that the condition above is no longer valid in the case of a scale dependent
generating function, which is the case we expect for a realistic scenario [58]: it is possible to see it by
inverting equation (2.63) to retrieve the pairwise velocity generating function

M (�; r ) =
Z

dy e�y (r )=f P(y; r ); (2.65)

from equation (2.60) we have

M (�; r ) =



e�y (r ) [1 + � ][1 + � 0]

�

[1 + � (r )]
; (2.66)

which is not necessarily equal to one if the real-to-redshift velocity �eldy(r ) is scale dependent.
It is now possible now to recast equation (2.59) in its most common formulation [23, 24, 51, 58],

1 + � s(s? ; sq) =
Z

dy[1 + � (r )]P(y; r ): (2.67)

Here it is important to notice that both equation (2.63) and (2.65) determine the scale dependence
of the pairwise velocity PDF through the r dependence ofM (�; r ). If the PDF turns out to be
scale independent,P(v), then the formulation of the redshift space correlation given in terms of
perturbations alone presented in the previous Sections would be equivalent to the one presented here
in terms of 1 + � ; if instead the PDF has a scale dependence, the �rst contribution inside the integral
de�ning P(v; r ) (2.63) would be di�erent from one, making the formulation of (2.67) the correct one
[58].
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2.5.1 Pairwise Velocity Moments

The utility of the pairwise velocity generating function (2.60) is not limited with the simpli�cation
it implies in the description of the correlation (and the spectrum) of matter density, it allows also a
useful description of velocity auto and cross correlation functions. To see that, from equation (2.60)
it is useful to de�ne the velocity moments as follows5

v12(r ) :=
�

@M
@�

� �
�
�
�
� =0

=
h� uq(r )[1 + � (x)][1 + � (x0)]i

[1 + � (r )]
;

� 2
12(r ) :=

�
@2M
@�2

� �
�
�
�
� =0

=



� u2

q(r )[1 + � (x)][1 + � (x0)]
�

[1 + � (r )]
:

(2.68)

The moments thus de�ned can then be related with the pairwise velocity PDF using equation (2.65)
Z

dv P(v; r ) v(r ) = fv 12(r );
Z

dv P(v; r ) v2(r ) = f 2� 2
12(r ):

(2.69)

Below we show as an example the derivation for the �rst relation of (2.69) using the de�nition of the
pairwise velocity moments (2.68) and equation (2.65)

v12(r ) =
�

@M
@�

� �
�
�
�
� =0

=
Z

dv
@

@�
e�v=f P(v; r )

�
�
�
�
� =0

=
Z

dv
v(r )

f
P(v; r )

=) fv 12(r ) =
Z

dv v(r )P(v; r );

(2.70)

for the second relation it is su�cient to carry out the same procedure, but applied to the de�nition
of the pairwise velocity dispersion inside (2.68).

The pairwise velocity auto correlation can then be written, using symmetry considerations, in the
following form (equation (72.3) of [51])

hui (x)uj (x + r )i =  ? � ij + [  q �  ? ]
r i r j

r 2 (2.71)

where  q and  ? are respectively the velocity correlation functions parallel and perpendicular to the
LOS. The two correlation functions can be de�ned starting from the velocity divergence PS and by
assuming a potential �ow [28], namely q(r ) = d(r ? )=dr and  ? (r ) �  q(r ), obtaining

 ? :=
Z

d3k
(2� )3

P�� (k)
k2

j 1(kr )
kr

 q :=
Z

d3k
(2� )3

P�� (k)
k2

�
j 0(kr ) � 2

j 1(kr )
kr

�
;

(2.72)

5Also in this case, like we did for the moments of the Vlasov equation in Section 1.3.1, it is possible to keep de�ning
moments of higher order without an upper limit. Like we did with the Vlasov equation however, with this work we stop
our description at the second order moment: the velocity dispersion.
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with the functions j l (x) being spherical Bessel functions. The di�erence between the two potentials
can then be written as [58]

�  :=  ? (r ) �  q(r ) =
Z

d3k
(2� )3

P�� (k)
k2 j 2(kr ); (2.73)

which coupled with the one dimensional velocity dispersion given by linear dynamics [58]

� 2
v :=

1
3

Z
d3k

(2� )3

P�� (k)
k2 (2.74)

allows us to describe the variance of the velocity �eld as


� u2

q

�
=



(uq)2�

+


(u0

q)
2�

� 2


uqu0

q

�

=


(uq)2�

+


(u0

q)
2�

+ 2
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�  ? (r ) � [ q(r ) �  ? (r )]
r 2

q

r 2

�

=2
�

� 2
v �  ? (r ) +

r 2
q

r 2 �  (r )
�

:

(2.75)

It is important to note that when r �! 0 we have ? (r ) =  q(r ) = � 2
v and therefore



� u2

q

�
�! 0; in

the opposite regime, whenr �! + 1 , we have ? (r );  q(r ) �! 0, making


� u2

q

�
�! � 2

v . An other
important thing to notice is that, di�erently from what was done for the phenomenological description
in Section 2.4, here the one dimensional velocity dispersion is not a free parameter but rather it is
dependent on the velocity auto PS.

To describe the density-velocity correlation function it is possible to use the de�nition of the
pairwise velocity moments of equation (2.68)



� uq[1 + � ][1 + � 0]

�
= v12(r )(1 + � ); (2.76)

which once expanded gives


� uq[1 + � + � 0+ �� 0]

�
= v12(r )(1 + � ): (2.77)

The �rst term, h� uqi , is equal to zero for symmetry reasons [24, 57, 58], therefore we have to deal
with just the terms where the velocity �eld is coupled with the density one



� uq[� + � 0]

�
+



� uq�� 0� = v12(r )(1 + � ): (2.78)

At linear order, the h� uq�� 0i term can be dropped [24], hence the only remaining quantities to evaluate
areh� uq� i and h� uq� 0i . We know that Gaussian �elds have the property that the density and velocity,
evaluated at the same coordinate, are not correlated [24], namelyhuq� i =



u0

q�
0
�

= 0 ; this implies that
h� uq� i =



u0

q�
�

and h� uq� 0i = � h uq� 0i . Furthermore, for symmetry reasons the two contributions
should be the same. Consequently the correlations above read



uq� 0� =

Z
d3k

(2� )3 e� i k �x 0
huq� (k)i =

Z
d3k

(2� )3 e� i k �x 0
Z

d3p
(2� )3 e� i p �x huq(p)� (k)i ; (2.79)
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which can be simpli�ed if we transform the galaxy separation in distance unitsuq back into the
separation in velocity units vq using equation (2.24) and exploiting the de�nition of the density/velocity
cross-PS (2.41). Implementing all of that we get



vq� 0� =

Z
d3k

(2� )3 e� i k �x 0
Z

d3p
(2� )3 e� i p �x
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� iaHf

p
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(2.80)

where we have used the relation Z
d
 k

4�
e� i k �r k̂ = i r̂ j 1(kr ): (2.81)

From equation (2.80) is immediate to retrieve the linear relation, whereP�� (k) = P(k), given in
equation (10) of the paper by Fisher [24]
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dk
2� 2 kPg(k)j 1(kr ): (2.82)

Applying all these considerations on equation (2.76) gets us
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(2.83)

For the second order term we have

� 2
12(r )(1 + � ) =
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(2.84)

The equation above can then be simpli�ed further once we get rid of the terms which involveh� i or
h� 0i , if we do so we obtain the form shown in [58]

� 2
12(r )(1 + � ) =



� u2

q

�
(1 + � ) +



� u2

q(� + � 0)
�

+


� u2

q�� 0�
c

=


� u2

q

�
(1 + � ) + � 2; c

12 :
(2.85)

If we were interested in linear dynamics only, the Gaussianity condition would make the last two terms
of equation (2.85) vanish. In a more realistic scenario however, non-Gaussian corrections remains in
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