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Abstract

Next-generation gravitational wave observatories, such as the Einstein Telescope and Cosmic Explorer,
are set to signiÞcantly enhance both the quantity and quality of signals detected from compact-object
mergers. This dissertation examines the potential of analyzing binary black hole merger events in-
dependently, without relying on electromagnetic counterparts or redshift measurements, to constrain
the local-type Primordial non-Gaussianity parameter,f NL . Using a modiÞed version of the Boltzmann
codeCLASS(Multi_CLASS) Ð adapted to account forf NL signatures on the scale-dependent bias Ð the
angular power spectraC! are calculated for a source density resembling that of an Einstein Telescope-
like detector, extending up to ! max = 100. A custom Fisher matrix pipeline, which I developed, is
then employed to forecast constraints within the! CDM+ f NL parameter space marginalizing over the
clustering bias of the sources. Under a baseline detection rate ofNGW = 4 .8! 104 events per year, with
Planck priors on all ! CDM parameters and no prior on bias terms, the analysis predicts" f NL = 7 .64.
For a combined ET2CE network with NGW = 1 .1 ! 105 events per year, the forecast improves to
" f NL = 3 .61 and in an optimistic scenario of106 detections per year by the Einstein Telescope alone
it tightens further to " f NL = 0 .9. As f NL endures as a fundamental unresolved issue in cosmology,
probing it with independent tracers can yield substantively complementary constraints.
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Introduction

Ya. B. Zel’dovich once quipped, attempting to explain non-Gaussianity is akin to defining
a ‘non-dog’.

Over the past decades, the knowledge of the primordial universe has been revolutionized by high-
precision measurements of the Cosmic Microwave Background (CMB) from missions such as Planck [6],
as well as, increasingly detailed galaxy surveys. These observations have pinned down key cosmologi-
cal parameters to percent-level accuracy and conÞrmed many predictions of the inßationary paradigm.
Firstly proposed in the early Õ80s to solve the shortcomings of the Hot Big Bang model, this theory
also provides the mechanism for generating the tiny density perturbations that seeded todayÕs Large
Scale Structure (LSS). Concurrently, the Þrst direct detection of Gravitational Waves (GWs) from a
Binary Black Hole (BBHs) merger [2] has introduced a brand-new observational window on the Uni-
verse, marking the beginning of multimessenger astronomy. Despite these breakthroughs, fundamental
questions regarding the physics of inßation remain unanswered. In particular, measuringPrimordial
non-Gaussianity (PNG), quantiÞed by the amplitude f NL , constitutes a pivotal test: a large non-zero
value of f NL would rule out single-Þeld models of slow-roll inßation in favor of multi-Þeld models and
non-standard scenarios [11]. To date the most stringent bounds onf NL come from the CMB.

Recently, several studies have suggested that GW merger events could serve as tracers of the LSS in a
similar manner to galaxies in traditional cosmological surveys ( [40] and references therein). A number
of works have employed the GW! LSS cross-correlation technique to extract relevant parameters [18,
58], including constraints on f NL [32]. This dissertation aims to address the question: given that
f NL imprints a strong, scale-dependent bias on the largest cosmological scalesÑprecisely those most
readily probed by gravitational-wave surveys with all-sky coverage and high-redshift reachÑcan GW
signals from astrophysical BBHs mergers alone, without cross-correlation with galaxy surveys, deliver
competitive constraints on the PNG parameterf NL ?

This thesis tackles the question by conducting a detailed forecasting analysis of next-generation grav-
itational wave detectorsÑfocusing in particular on the Einstein Telescope. It employs cutting-edge
modeling for density merger distribution [18] and the bias [53] of BBH events, utilizing the Boltzmann
solver Multi_CLASSto compute the angular power spectraC! of the GW source density. The scale-
dependent bias induced by a nonzero primordial non-Gaussianity parameterf NL is taken into account.
Finally, a custom Fisher matrix pipelineÐimplemented in standalone codeÐingests theC! outputs to
forecast the precision with which the Einstein Telescope can measuref NL and benchmarks these results
against the existing literature.

The thesis is structured as follow:

Chapter ¤1 begins with a concise overview of the foundational tools of General Relativity. It then
transitions into a review of the cosmological framework, discussing the Hot Big Bang model, its short-
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Introduction

comings, and the emergence of the inßationary paradigm. The chapter concludes by introducing the
simplest form of inßation, the single-Þeld slow-roll model, along with an explanation of the associated
slow-roll parameters.

Chapter ¤2 outlines the dynamics of cosmological perturbations during inßation, showing how quantum
ßuctuations give rise to the primordial density inhomogeneities that seed the LSS of the Universe. It
introduces the gauge-invariant formalism and the curvature perturbation, deÞnes the Power Spectrum
and culminates with a discussion of PNG Ð parametrized by the amplitudef NL Ð which is the central
focus of this thesis.

In Chapter ¤3, the focus shifts to solving the linearized Einstein Þeld equations, providing a detailed
exploration of GWs both in vacuum and in the presence of matter. The chapter examines various
sources of gravitational waves, with special attention given to binary systems as the primary emitters
discussed in this work. It wraps up with a brief overview of current and upcoming GW detectors.

Chapter ¤4 develops the theoretical framework for the statistical analysis of the primary observable
in this work, namely the angular power spectrum of GW merger events. It begins by deÞning the
angular power spectrum, thereby linking cosmological models to observations. The chapter further
explores the impact of a non-zero PNG parameterf NL , highlighting the resulting scale-dependent bias.
Finally, within the context of statistical inference, it presents the Fisher matrix formalism as a tool for
experimental design and for forecasting the ability of next-generation detectors to constrain parameters
such asf NL .

Lastly, in Chapter ¤5, a Fisher-matrix forecast for the local PNG parameterf local
NL is performed us-

ing the expected sensitivity and detection rates of the Einstein Telescope. Building on the tools and
methodology introduced in Chapter ¤4, the chapter Þrstly deÞnes the baseline tracer model and its
properties. It then details the numerical implementation within the public code Multi_CLASSBoltz-
mann solver and presents the resulting forecasted constraints. Lastly, these results are compared with
those obtained in [32] highlighting both improvements and limitations of the proposed analysis.
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Chapter 1

The Universe we call Home

One of the fundamental concepts on which modern cosmology relies is surely the idea that, on large
scales Ð at distances greater than 100 Mpc [36, 29] Ð the universe is homogeneous and isotropic1.
Homogeneity is the characteristic of matter density and geometry of the universe to be smooth functions
of the position, whereas isotropy is the characteristic of appearing statistically the same in all directions.
In other words, the aforementionedCosmological Principle a"rms that no preferred direction exist and
no observer (especially us) occupies a preferred position in the Universe.
The geometry of the universe can be tested through the peculiar motion of galaxies, gravitational
lensing and particularly the Cosmic Microwave Background (CMB) radiation [6], the oldest observable
photons which is all around us2. The CMB exhibits nearly uniform statistical properties, including a
temperature of T = 2 .725K with tiny ßuctuations on the order of ! T

T " 10! 5. The small deviations
from homogeneity and isotropy in the CMB are critically important, as they likely represent the initial
"seeds", meaning the primordial ßuctuations originated from tiny quantum perturbations of some
Þeld, which are ampliÞed during a period of accelerated expansion. Then these ßuctuations, through
gravitational instability, lead to the formation of large-scale structures, galaxies, and eventually solar
systems.
In the Þrst part of this chapter, the basic aspects of the Hot Big Bang (HBB) theory are outlined, Þrstly
by examining the geometry of a homogeneous and isotropic spacetime and consequently going through
the most relevant issues of the HBB model. Finally, the inßationary paradigm and the single-Þeld
model of inßation are presented.

1Precisely, this applies to a comoving observer at a Þxed cosmic time, meaning an observer who moves with the
expansion of the universe.

2The CMB are photons coming from the last scattering surface, when for the Þrst time they decoupled from matter
and began to travel freely. Before this epoch (t r ! 400.000 years) the universe was a hot, dense plasma where photons
were constantly interacting with electrons and protons. As the universe expanded (see ¤1.2) and cooled, it eventually
reached a temperature that allowed electrons and protons to combine and form neutral hydrogen atoms in a process
known as recombination.
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Chapter 1. The Universe we call Home

1.1 The Cosmological Background

1.1.1 Gravity as Geometry

In 1915, EinsteinÕs theory of General Relativity marked a paradigm shift in our understanding of the
universe. His celebrated Þeld equations are3

Rµ" #
1
2

R gµ" =
8$G
c4 Tµ" , (1.1)

where the essence of the curvature of spacetime is encapsulated in theRiemann tensor :

R #
µ" $ = %µ" #

"$ # %" " #
µ$ + " #

µ%" %
"$ # " #

"%" %
µ$ . (1.2)

which provides a local description of curvature at each point of a manifold ($ spacetime). It is typically
introduced through parallel transport around an inÞnitesimal loop (see [22]). In a four-dimensional
space, the Riemann tensor has 20 independent components.
The contraction of the Þrst and third index of (1.2) gives the Ricci tensor Rµ" := R #

#µ " , while per-
forming the trace of the Ricci tensor one Þnds theRicci scalar R := Rµ" gµ" (the simplest independent
scalar that contains second derivative of the metricgµ" ). Finally, the " &

µ" is the Christo!el symbol,
which represents the connection between points on the manifold deÞned as

" &
µ" =

1
2

g&$(%µg"$ + %" g$µ # %$gµ" ) . (1.3)

The Christo!el symbol or connection is used to transport vectors from one tangent space to another.
The properties of torsion-freeness" &

µ" = " &
"µ and metric compatibility D#gµ" = 0 make the connection

unique.
The EinsteinÕs equations can be derived by varying with respect to&gµ" the total action given by the
sum of theHilbert-Einstein action and the action of the lagrangian of "rest-of-the-world" L f ields made
of fermions, gauge Þelds, other scalars, etc. Then the total action is:

STOT = SH + Sfields =
!

d4x
%

# g
"

M 2
P

2
R + L fields

#
, (1.4)

whered4x
%

# g is the invariant volume element under a change of coordinates andM P =
$

1
8'G is the

reduced Planck Mass in natural units. In particular, putting (STOT
(g µ! = 0 one Þnds equation (1.1), where

the stress-energy tensorTµ" is deÞned as

Tµ" := #
2

%
# g

&Sfields

&gµ" . (1.5)

The computation of the stress-energy could be performed by studying every single Þelds that contribute
to it, however this requires a very detailed theory which must unify gravity to the other forces. Hence,
it is preferable follow another way consideringTµ" global properties and treating it as a ßuid:

Tµ" = 'u µu" + Phµ" + # µ" (1.6)

where ' and P are the energy density and isotropic pressure of the ßuid,uµ is the 4-velocity (uµuµ =
# 1), the tensor hµ" = uµu" + gµ" and # µ" is the anisotropic stress-energy tensor which encodes any

3Note, the Bianchi identity D µ Gµ! = 0 and the continuity Equation D µ T µ! = 0 which are consequence of one another
and two signiÞcant properties of the EinsteinÕs equations.
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1.1. The Cosmological Background

form of viscosity and anisotropies.

1.1.2 The Friedmann-Lema”tre-Robertson-Walker Metric

The Universe is described by a 4-dimensional spacetime(M , g), characterized by a pseudo-Riemannian
manifold M with metric g. A homogeneous and isotropic spacetime allows for a slicing into ho-
mogeneous and isotropic, maximally symmetric, three-dimensional spaces. There exists a preferred
geodesic time coordinatet, named cosmic time, such that the three-dimensional spaces at constant
time, $ = { x | (t, x) & M} , are maximally symmetric and exhibit constant curvature [29]. The metric
g is of the form

ds2 = # c2dt2 + a(t)2
"

dr2

1 # (r 2 + r 2d%2
#

(1.7)

where (r , ) , * ) are spherical polar comoving coordinates4, the scale factor a(t) spans the expansion
of the universe; d%2 = d) 2 + sin 2 )d+ 2 is the inÞnitesimal solid angle and( is the spatial curvature.
Depending on the sign of( this space is locally isometric to a three-dimensional sphere (( = 1 ), an
hyperboloid (( = # 1) or ßat, Euclidean space (( = 0 ). The line element (1.7) represents the most
general spacetime metric describing a universe in which the Cosmological Principle holds and is known
as the Friedmann-Lemaître-Robertson-Walker metric. The stress-energy tensor (1.6) in the case of a
perfect ßuid that is

Tµ" = ( ' + P)uµu" + Pgµ" , (1.8)

in this metric can be written as

Tµ" = diag[# ' (t), P(t), P(t), P(t)], (1.9)

where ' (t) and P(t) are function of the only time because of isotropy and homogeneity.

1.1.3 Friedmann Equations

The evolving nature of the expanding Universe is indirectly evident through the time variation of
the scale factora(t). To explicitly deÞne this temporal evolution, it is necessary to solve EinsteinÕs
equations for the scale factor. For completeness, here, the cosmological constant! is included:

Rµ" #
1
2

R gµ" =
8$G
c4 Tµ" # ! gµ" . (1.10)

Following [38] one can recover from the00, ij components of the (1.10) and the continuity equation
DµTµ" = 0 :

H 2 =
8$G

3
' #

(
a2 +

!
3

, (1.11)

¬a
a

= #
4$G

3

%
' + 3P

&
+

!
3

, (1.12)

ú' + 3H
'
' + P

(
= 0 . (1.13)

The dot indicates the derivative with respect to cosmic time and H is theHubble rate deÞned as
H (t) = úa

a . Nonetheless, these equations are interdependent through the Bianchi identity thus, to fully

4In order to recover the physical distance, one must multiply the comoving coordinates by the scale factor a(t):

! physical = a(t) á! comoving .
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Chapter 1. The Universe we call Home

characterize the system, an additional equation which linksP(t) and ' (t) is demanded, the equation
of state (EoS):

P = w' with w =

)
**+

**,

0 Dust or collisionless matter
1
3 Radiation

# 1 Dark Energy.

(1.14)

The value of w depends on what is the dominant energy-density of the universe. Solving the above
set of equations with ( = 0 (spatially ßat Universe or sub-dominant curvature [45]) and ! = 0 (Dark
Energy contribution is very small at early times, see for instance [42]), one gets, respectively, for the
scale factor and for' :

a(t) ' t
2

3(1+ w ) , ' ' a! 3(1+ w) . (1.15)

The evolution of the scale factor and energy density reveals how di!erent components of the universe
dominate at di!erent times. In the case of pressureless matter, the energy density scales asa! 3,
since the number of particles remains constant while the volume increases due to the expansion of the
universe. For radiation, ' r ' a! 4, as radiation experiences an additional redshift factor proportional
to a! 1. Finally, for dark energy ! , the energy density remains constant (see ¤1.2.1).
Consequently, the universe has undergone di!erent evolutionary phases depending on which component
was dominant. The period in which radiation was the dominant energy component of the universe
is known as theradiation-dominated epoch, during which the expansion rate was primarily inßuenced
by photons and neutrinos. As the universe expanded and cooled, matter began to dominate, leading
to the matter-dominated epoch, where galaxies and large-scale structures could start forming under
gravitational attraction.

1.1.4 Cosmological Horizons

The causal structure of the Universe is determined by the propagation of light within the LFRW
spacetime, to show this, a coordinate transformation of the metric (1.7) is done

ds2 = # c2dt2 + a2(t)
-
d, 2 + f k(, 2)d%2.

(1.16)

where

r 2 = f k(, 2) $

)
*+

*,

sinh2 ,
, 2

sin2 ,

( = # 1
( = 0
( = +1

. (1.17)

Introducing the conformal time d- = dt
a(t ) the metric (1.16) for an isotropic () and * constant) universe

turns into
ds2 = a2(- )

-
# d- 2 + d, 2.

. (1.18)

The metric has decomposed into a static Minkowski metric scaled by a time-dependent conformal
factor a(- ). When expressed in terms of conformal time, the radial null geodesics of light within the
LFRW spacetime follow the relation

, (- ) = ± - + const. (1.19)

This implies that they correspond to straight lines inclined at angles of(± 45" ) in the (-, , ) plane.
Going back to cosmic time and integrating from an initial time t = 0 to a certain time t the null
geodesic for a photonds2 = 0 = # c2dt2 + d, 2 one gets the maximum comoving distance covered by
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1.1. The Cosmological Background

light

, (t) =
! t

0

c dt#

a(t#)
. (1.20)

The physical size associated to this quantity is

dH (t) = , (t)a(t) = a(t)
! t

0

cdt#

a(t#)
, (1.21)

when the integral in (1.21) exist Þnite then dH (t) is called particle horizon. In particular, in a ßat
FLRW universe wherea(t) is provided by (1.15) the particle horizon is Þnite if w > # 1/ 3, in fact

dH (t) (
3(1 + w)
1 + 3w

ct . (1.22)

Furthermore, using (1.12), it can be determined that dH (t) is Þnite if and only if ¬a < 0, which implies
that the universe experiences negative acceleration.
The particle horizon is closely related to theHubble radius, deÞned as

RH (t) =
c

H (t)
= c-H , (1.23)

where -H is the inverse of the Hubble rate and quantiÞes the characteristic time of expansion of the
universe. The relation betweenRH (t) and dH (t) is5

RH (t) =
3
2

(1 + w)ct =
1 + 3w

2
dH (t) . (1.24)

The comoving counterpart of the (1.23) is the comoving Hubble radius deÞned as

rH (t) =
RH (t)
a(t)

=
1
úa

=
1

aH
. (1.25)

In a FLRW universe dominated by matter or radiation ( ¬a(t) < 0), the comoving Hubble radius grows
monotonically, and the fraction of the universe in causal contact increases over time as one can notice
by deriving (1.25) with respect to time t,

úrH (t) = #
¬a(t)
úa(t)2 . (1.26)

Finally, the primary distinction between the particle horizon and the Hubble radius lies in their re-
spective considerations. The particle horizon encompasses the entirety of the observerÕs past history,
whereas the Hubble radius delineates the causal connection taking place in an Hubble time.

1.1.5 Shortcomings of the Hot Big Bang Model

Despite the signiÞcant achievements of the standard cosmology, several issues remain unresolved. This
section addresses two such problems: the horizon and the ßatness problem.

The Horizon Problem

Observational evidences, such as the CMB, reveal regions that exhibit identical statistical properties,
particularly the same temperature T, despite never having been in causal contact. These regions are
separated by distances far exceeding the maximum distance light could have traveled throughout the

5For FLRW model with " = 0 and ! = 0 the Hubble rate H (t) = úa
a = 2

3t
1

1+ w .
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Chapter 1. The Universe we call Home

entire history of the universe. To address this inconsistency, two potential solutions can be consid-
ered. Firstly, one might assume that the initial conditions of the universe were already isotropic and
homogeneous. However, this explanation is unsatisfactory as it represents a measure-zero condition.
Alternatively, one can revise the Hot Big Bang (HBB) model by introducing a phase of accelerated
expansion in the early universe, lasting long enough to allow previously causally disconnected regions
to come into causal contact. This means that, in order to resolve the horizon problem, the comoving
Hubble radius at beginning of inßation had to be larger than the comoving Hubble radius today:

r c(t i ) ) r c(t0) . (1.27)

The duration of this accelerated expansion, dubbedInflation by Alan Guth in 1981 (see ref. [33]),

Figure 1.1: Evolution of the comoving cosmological horizonr (t): during the period of accelerated expansion
t i < t < t f the Hubble radius shrinks. In particular, considering a comoving scalel0 which is causally connected
during inßation and leaves the horizon at t2, once re-enters the horizon att3, would appear inexplicably in
causal contact in the standard HBB model. [24]

can be quantiÞed in terms of the number ofe-folds, deÞned as

N = ln
%

af

ai

&
=

! t f

t i

H (t#) dt#, (1.28)

wherea(tf ) and a(t i ) are the scale factors at the end and the beginning of inßation, respectively. From
the requirement in equation (1.27), a minimum Nmin " 60 e-folds is obtained.

The Flatness Problem

This issue can be readily understood by examining the Þrst Friedmann equation (1.11), in fact, in
the standard FLRW universe during the radiation and matter domination epochs, the energy density
scales asa! 4 and a! 3, respectively. The curvature term ( can assume any Þnite value, making the
probability of having ( = 0 a measure-zero condition. Consequently, it is evident that, given( *= 0 ,
there will be a point at which the curvature term (/a 2 dominates over the other terms. Introducing
the density parameter:

% =
'
' c

=
'

3H 2M 2
P

, (1.29)

where' c is the critical energy density for a ßat FLRW universe. Observations, particularly from CMB,
indicate a near-perfect ßatness of the universe today, implying a density parameter% very close to
unity. In order to meet the actual observational constraints of |%(t0) # 1| < 10! 3 at 95% CL [6],
the parameter density % must di!ers from 1 by less than 10! 60 at the Planck epoch (tP " 10! 43 s).
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1.2. The Inßationary Paradigm

Figure 1.2: Evolution of the density parameter %(t) for an open Universe(a) and closed Universe(b) [24]. As
one can see, the accelerated expansion during the periodt i < t < t f has the net e!ect of pushing % to unity.

This requirement implies an extremely precise initial value of%, set to 1 up to the 60th decimal place,
leading to the fine-tuning problem.
The solution to this problem can be addressed by considering inßation, which causes the universe to
expand exponentially. Under such an expansion,|%# 1| could reach a su"ciently small value such
that it remains negligible even today, as shown in Þgure1.2. Similar to the resolution of the Horizon
problem (¤1.3.1), the condition (1.27) translates into:

%! 1(t i ) # 1
%! 1(t0) # 1

) 1. (1.30)

As with the Horizon problem, the same minimum amount ofNmin " 60 e-folds is needed to Þx the
ßatness problem.

1.2 The Inflationary Paradigm

Inßation Ð [20, 59, 33, 44] and many others Ð refers to an epoch of accelerated expansion of the
primordial universe occuring at energy scales greater than1 MeV, approximately 10! 33 s after the
"Big Bang". This expansion, as stated above, has to last long enough to solve the horizon and ßatness
problems. The basic idea of the cosmological inßation is that the vacuum energy of a speciÞc quantum
Þeld(s)6, known as the "inßaton(s)", dominates over all other forms of energy, leading to a rapid
expansion in which all physical distances increase in an almost exponential manner: (quasi-)De Sitter
expansion. In particular, the crucial assumption of the inßationary cosmology is that the observable
Universe is far inside the horizon at the beginning of inßation, and far outside the horizon at the end of
it [ 45]. Beyond resolving these issues, the inßationary theory provides a mechanism for the generation
of primordial cosmological perturbations, which serve as the seeds for the formation of Large-Scale
Structures in the universe.

1.2.1 A De Sitter Phase Example: the Cosmological Constant !

In Sec. ¤1.1.3, the cosmological constant! is introduced to provide the most general form of EinsteinÕs
equation. But what is it? Why is it also referred to as dark energy?
When Einstein formulated his theory of general relativity, the prevailing belief was that the Universe
was static. However his ÞeldÕs equations implied a dynamic universe as can be appreciated considering

6To achieve a su!ciently long stage of accelerated expansion, a Þeld characterized by a negative pressure (or tension)
is mandatory:

¬a > 0 "# P < $
1
3

#. (1.31)

9



Chapter 1. The Universe we call Home

(1.12) with ! = 0 and non-exotic7 matter. So, he added the cosmological constant in (1.1) without
spoiling the covariance to recover Ð with an appropriate choice of! Ð a static cosmological model.
Shortly after, in 1929, HubbleÕs discovery of the expanding universe made this modiÞcation unnecessary.
Nonetheless,! reamained a subject of great interest and today it is supposed to be the source of the
observed accelerated expansion of the Universe, calleddark energy. The standard model of cosmology
that incorporates the e!ects of the cosmological constant is the! CDM model.
Precisely because! is constant tends to dominate over the other component of the universe:

H 2 =
8$G

3
(' m + ' r + ' " ) #

k
a2 +

8$G
3

' " +
!
3

(1.32)

This cosmological model, known asDe Sitter universe, describes an universe dominated by a positive
value cosmological constant, empty and ßat (( = 0 ). This universe is subject to an exponential
expansion

a(t) ' exp
%/

!
3

t
&

, (1.33)

where test particles move away from each other because of the repulsive gravitational e!ect of the
positive cosmological constant [24]. The stress-energy tensor (1.8) for such model reduces to

Tµ" = P" gµ" = # ' " gµ" . (1.34)

In the modern interpretation of the cosmological constant,P" and ' " can be interpreted as the energy
density and pressure of a quantum vacuum state, which is the ground state of the system contributed
by any particle species. In such a system, the vacuum state does not contain any physical particles but
it is characterized by the continuous creation and annihilation of virtual particles. The energy produced
by these ßuctuations is quantiÞed by the vacuum expectation value (VEV) of the stress-energy tensor
(1.34):

,Tµ" - = #, ' " -gµ" = #
!

8$G
gµ" . (1.35)

1.2.2 Single Field Model of Inßation

The simplest model of inßation involves a single scalar Þeld+(t, x) whose Lagrangian is provided by

L = #
1
2

gµ" %µ+%" + # V(+), (1.36)

with V (+) the potential of a minimally-coupled scalar Þeld equal to1
2m2

) +2. The dynamics of the Þeld
is ruled by its action

S) =
!

d4x
%

# gL ) [+, gµ" ] , (1.37)

replacing the Lagrangian (1.36) in equation (1.5) one recovers the stress-energy tensor associated to
the inßaton as follow

T() )
µ" = #

2
%

# g
&
%

# g
&gµ" L ) #

2
%

# g
&L )

&gµ"

%
# g

= #
2

%
# g

%
#

1
2

%
# g gµ" L )

&
+ %µ+%" +

= %µ+%" + + gµ" L .

(1.38)

7This means that one considers simply a matter or radiation dominated universe.
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1.2. The Inßationary Paradigm

Therefore, to fully characterize the evolution of the inßaton,+(t, x) is decomposed into the sum of+0,
the ÒclassicalÓ Þeld, which represents the vacuum expectation value of the inßaton Þeld in the initial
isotropic and homogeneous state, and&+(x, t), which accounts for the quantum ßuctuations around
+0(t):

+(x, t) = ,0|+(x, t)|0- + &+(x, t)

= +0(t) + &+(x, t)
(1.39)

with the condition ,&+2(x, t)- . +2
0(t) which allows to perform perturbation theory and expand in

orders of the ßuctuations (see Ch. ¤2). For the background inßaton Þeld+0(t), which is homogeneous
and isotropic, the components of the stress-energy tensor (1.38) becomes:

T0
0 = #

"
1
2

ú+2
0(t) + V (+0)

#
= # ' ) , (1.40)

T i
j =

"
1
2

ú+2
0(t) # V (+0)

#
&i

j = P) &i
j . (1.41)

Given that a negative pressure is required for inßation, it becomes evident from the equations (1.40)
and (1.41) that

V (+0) / ú+2
0 (1.42)

leads to P) " # V (+) " # ' ) , resulting in a quasi-de Sitter phase. Note that, unlike the de Sitter
phase driven by ! , +0(t) is not constant but a function of time because inßation must end at some
point letting the radiation dominated epoch starts. Thinking of +0(t) as a classical degree of freedom
rolling over its potential, as illustrated in Figure 1.3, the condition (1.42) leads to a slow-roll regime
during which inßation is realized. This slow-roll period can be achieved if the inßaton Þeld+0(t) is in

reheating

Figure 1.3: A schematic representation of a typical inßaton potential V (+) of small Þeld model of inßation [12].

a region where the potential is su"ciently ßat.
In order to study the dynamics of the inßaton Þeld in a curved spacetime one should consider the total
action (1.4) and the action (1.37) then including also the matter component, i.e. fermions, bosons.
Nevertheless these components can be safely neglected during inßation thanks to thecosmic no-hair
theorem [24]. Therefore the equation of motion for the inßaton Þeld can be recovered by varying the
action (1.37) with respect to +(t, x):

&S)

&+
= 0 = 0 ! + =

%V
%+

, (1.43)
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Chapter 1. The Universe we call Home

where the DÕAlembertian of the KleinÐGordon equation in a curved spacetime is

! + =
1

%
# g

%"
' %

# g gµ" %µ+
(

. (1.44)

In a FLRW universe described by the metric (1.7), the evolution equation for +(t, x) (1.43) becomes

¬+ + 3H ú+ #
1 2+
a2 = #

% V
% +

. (1.45)

Note, in particular, the appearance of the friction term 3H ú+, which arises due to the scalar Þeld
evolving in an expanding universe.
Now, considering the equation of motion for the inßaton Þeld (1.45) and the 00 component of the
Friedmann equation (1.11) for +0(t) one obtains8

0
¬+0 + 3H ú+0 = # V #(+0),
H 2 = 8'G

3 ' ) = 8'G
3

' 1
2 ú+2

0 + V (+0)
(

,
(1.46)

where the other contributions to the Hubble rate have been neglected because, as mentioned above,
during inßation ' ) " V (+) + constant dominates over all other components of the universe. Indeed
V(+) + constant provides an accelerated expansion driven by the vacuum energy density of+, which
mimics ! as seen in (1.33). Most importantly, this shows the property of inßation to be an attractor
solution, meaning that whatever are the initial conditions during inßation any pre-inßationary inhomo-
geneities are smoothed out and the homogeneity of the universe observed today Ð at large scales Ð are
a direct consequence of this mechanism. Thus the relation (1.42) leads to the conclusion that since the
kinetic energy of the inßaton has to be extremely low with respect to the potential, the particle rolls
slowly along it and one may also expect that Ð given the ßat potential Ð¬+ is negligible too. Assuming
this to be true, one obtain

¬+0 . 3H ú+0 . (1.47)

Therefore the set of equations (1.46), in the slow-roll regime, becomes:

0
3H ú+0 + # V #,
H 2 + 8'G

3 V (+0).
(1.48)

Equations (1.42) and (1.47) represent the ßatness conditions on the potential, which are conveniently
parametrized in terms of the so-calledslow-roll parameters, constructed from the potential V (+) and
its derivatives V #, V ##, V ###, V (n) with respect to +.

1.2.3 Slow-roll Parameters

The Þrst two parameters are. and / , and the condition for inßation to occur is ., |/ | . 1. The
deÞnition of . is model-independent and is given by:

. = #
úH

H 2 . (1.49)

If one manipulates the second derivative of the scale factora(t) as

¬a = aH 2
%

1 +
úH

H 2

&
= aH 2 '

1 # .
(

, (1.50)

8Where the derivative with respect to $ is indicated as ! % "
"# .
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1.2. The Inßationary Paradigm

can appreciate that an accelerated expansion occurs if and only if. . 1. For a single Þeld model in
the slow-roll regime, . is linked to the potential V (+) through:

. +
1

16$G

%
V #

V

&2

(1.51)

Hence, it is evident that . . 1 20 V # . V , indicating a ßat potential. The second slow-roll condition
(1.47) can be used to deÞne:

/ = #
¬+

H ú+
(1.52)

by di!erentiating ú+ with respect to time t in the second equation of (1.48), one obtains:

¬+ = #
V ##ú+
3H

+
úHV #

3H 2 (1.53)

Substituting this into the deÞnition of / :

/ =
V ##

3H 2 #
úH

H 2

V #

3H ú+
+ / V # . (1.54)

where V !

3H ú) + # 1 has been used. The parameter/ V is deÞned as:

/ V =
V ##

3H 2 +
1

8$G
V ##

V
(1.55)

Here the slow-roll conditions ., |/ | . 1 imply that / V . 1 20 V ##. V . The requirement |/ | . 1
must be met because, even though inßation can start when. . 1 as indicated by (1.50), it is necessary
to ensure that the accelerated expansion lasts for a su"ciently long period Ð greater than 60 e-folds Ð in
order to resolve the shortcomings of the Hot Big Bang model. In other words, the slow-roll parameter
/ controls the duration of inßation.
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Chapter 2

Seeds of Structure in the Universe

This chapter explores the dynamics of cosmological perturbations during inßation, detailing how quan-
tum ßuctuations evolve into the primordial density variations that seed the Large-Scale structure ob-
served today. Section ¤2.1 examines these ßuctuations, providing solutions in de Sitter and quasi-de
Sitter phases. Section ¤2.2 highlights gauge-invariant formulations, introducing key variables like the
Sasaki-Mukhanov variable to address gauge dependence. Section ¤2.3 introduces the power spectrum,
essential for connecting theory to observations. Section ¤2.4 discusses the evolution of the gauge-
invariant quantity #, linking quantum ßuctuations to the present-day matter power spectrum. Finally,
Section ¤2.5 introduces the main character of this dissertation: the Primordial Non-Gaussianity.

2.1 Dynamics of Quantum Fluctuations During Inflation

Following the treatment in [ 10], the evolution of quantum ßuctuations &+(t, x) is described using the
Klein-Gordon equation (1.45). Remembering the decomposition (1.39) of +(t, x)1, the Klein-Gordon
equation is expressed as

¬&++ 3H ú&+#
1 2&+

a2 = #
%2V
%+2

&+ . (2.1)

To facilitate analysis, it is advantageous to work in Fourier space, representing the ßuctuations as
superpositions of plane waves2 with wavenumber k:

&+(t, x) =
!

d3k
(2$)3 e! i k áx &+k (t), (2.2)

such that, at least to linear order in +, each mode evolves independently. For a given Fourier mode,
equation (2.1) becomes

¬&+k + 3H ú&+k +
k2

a2 &+k = #
%2V
%+2

&+k . (2.3)

The next step is to quantize the scalar Þeld+ using the standard approach of second quantization.
Prior to this, &+ is rescaled as follows:

1&+(-, x) = a(- )&+(-, x), (2.4)

1It is pertinent to highlight that the production mechanism for quantum ßuctuations is not exclusive to the inßaton
Þeld but is a common feature for any scalar Þeld in an accelerated background.

2This analysis is conducted within a ßat FLRW spacetime, which is a valid approximation during inßation. The use
of a 3D Fourier transform reßects the spacetimeÕs translational and rotational symmetry, while excluding time-invariance
symmetry.
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where conformal time replaces cosmic timet. Introducing the creation and annihilation operators ak

and a 
k , 1&+ is elevated to the status of an operator:

1&+(-, x) =
!

d3k
(2$)3/ 2

2
uk (- )ak e! i k áx + u$

k (- )a 
k ei k áx

3
. (2.5)

The canonical commutation relations forak and a 
k are deÞned as follows:

[ak , ak ! ] = 0 , [ak , a 
k ! ] = &(3) (k # k#), (2.6)

and the modesuk(- ) satisfy the normalization condition u$
ku#

k # uku$#
k = # i , where primes denote

derivatives with respect to conformal time - . In ßat spacetime, once the commutation relations (2.6)
are set, the eigenfunction solutionuk(- ) is given by

uk(- ) =
e! i* k %
%

20k
, 0k =

4
k2 + m2. (2.7)

However, in curved spacetime, an ambiguity arises in selecting the vacuum state. To resolve this, the
Bunch-Davies vacuum choice is applied3. After further calculations, the Klein-Gordon equation (2.3)
for the eigenfunction uk(- ), expressed in conformal time in an unperturbed FLRW universe, reads as

u##
k (- ) +

"
k2 #

a##

a
+ a2m2

)

#
uk (- ) = 0 , (2.8)

where m2
) = +2V

+) 2 represents the e!ective mass of the scalar Þeld. Equation (2.8) describes a harmonic

oscillator with a time-dependent frequency term, represented bya!!

a , which reßects the universeÕs ex-
pansion.

2.1.1 Approximate Solutions in the De Sitter Phase

The solution to equation (2.8) may be approached in two ways: through matching techniques or by
applying a more rigorous method (see sec. ¤2.1.2). Here, the former approach is used for the case of a
pure de Sitter phase (H = const) with a massless scalar Þeld (m) = 0 ). First, applying the assumption
made above, the Klein-Gordon equation (2.8) can be rewritten as

u##
k (- ) +

"
k2 #

a##

a

#
uk (- ) = 0 , (2.9)

and, keeping in mind that a!!

a depends on- , it can be shown that, in a De Sitter stage,a = # (H- )! 1

[10]. This leads to
a##

a
=

2
- 2 = 2a2H 2 =

2
r 2

H
, (2.10)

where, in the last equality, the deÞnition of the Hubble radiusrH (1.25) is applied. The next step
involves distinguishing between sub-horizon and super-horizon regimes. For a comoving wavelength

3Selecting the Bunch-Davies vacuum implies that, in the limit of small scales and at initial times, the modes uk (%)
in curved spacetime asymptotically match those of ßat spacetime, consistent with the Equivalence Principle:

uk (%) !
e" ik$

&
2k

.
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1 = const of an observable within sub-horizon scales, it follows that:

1com ( k! 1 . rH = ( aH )! 1 20 k / aH. (2.11)

Conversely, when inßation causes the Hubble radius to contract and1 shifts to super-horizon scales:

1com ( k! 1 / (aH )! 1 20 k . aH. (2.12)

The solution to the equation must thus be established within these two regimes and then matched to
a single value at horizon crossing.

Sub-horizon Scales (k / aH ):

Using the relation (2.10) for a!!

a , equation (2.9) reduces to

u##
k (- ) + k2uk (- ) = 0 = 0 uk (- ) =

e! ik%
%

2k
. (2.13)

Thus, in the sub-horizon regime (small scales), the Bunch-Davies vacuum solution is recovered. Ac-
cordingly, the amplitude of the scalar Þeld ßuctuations&+ is

|&+k | =
|uk |

a
=

1

a
%

2k
. (2.14)

These quantum ßuctuations, following Quantum Field Theory (QFT) principles within a ßat spacetime
at sub-horizon microscopic scales, experience a decay in amplitude as1

a for a Þxed wavenumberk during
accelerated cosmic expansion.

Super-horizon Scales (k . aH ):

In the super-horizon regime, equation (2.9) becomes

u##
k (- ) #

a##

a
uk (- ) = 0 , (2.15)

which has a general solution of

uk (- ) = B (k)a(- ) + A(k)a! 2(- ), (2.16)

representing the sum of a constant or growing mode and a decaying mode. During inßation, the
decaying mode is rapidly redshifted away. Therefore, the amplitude of quantum ßuctuations&+ on
these scales remains approximately constant:

|&+k | =
|uk |

a
+ | B (k)| + const. (2.17)

Matching the two solutions at horizon crossing yields:

|&+k | = |B (k)| =
1

a
%

2k

5
5
5
5
k= aH

=
H

%
2k3

. (2.18)
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As the wavelength 1 crosses the horizon, the quantum ßuctuations&+ stabilize at a constant value
dependent only on the wavelengthk! 1 as shown in (2.18)4, ultimately becoming classical ßuctuations
at super-horizon scales. This process involves quantum ßuctuations originating at small scales that
"excite" at super-horizon scales, resulting in a net particle production. Known as thegravitational
amplification mechanism, this phenomenon mirrors the creation of electron-positron pairs in a strong
electromagnetic Þeld (Klein paradox). The production of real particles from vacuum quantum ßuctu-
ations through gravitational interactions occurs in two extremes: in presence of intense gravitational
Þelds, as in HawkingÕs black hole evaporation [34], or, as in this case, in rapidly evolving gravitational
Þelds [52].

2.1.2 Exact Solutions in the Quasi-De Sitter Phase

In contrast to the approximate approach detailed for a pure de Sitter stage, an exact solution for
a quasi-de Sitter stage with a slowly varying Hubble parameter (2 . 1) can be obtained through a
more rigorous analysis. Maintaining, for the moment, the assumption of a massless scalar Þeld, one
considers a Hubble parameter that evolves likeúH = # 2H2 (1.49). Expanding to the lowest order in 2,
the conformal time - and consequentlya!!

a are approximated as follows (see ref. [10]):

- + #
1

aH (1 # 2)
,

a##

a
+

2
- 2

%
1 +

3
2

2
&

. (2.19)

The Klein-Gordon equation (2.9) can then be rewritten as

u##
k (- ) +

6

k2 #
32 # 1

4

- 2

7

uk (- ) = 0 , (2.20)

where 32 = 9
4 + 32. The constant 3 is introduced to recast the equation of motion (2.20) in the form

of a Bessel equation, commonly expressed as5:

z2y##(z) + zy#(z) +
'
z2 # 32(

y(z) = 0 . (2.21)

The solutions to equation (2.20) can be represented as a linear combination ofHankel functions H (i )
"

of the i -th kind and order 36:

uk (- ) =
%

# -
2
c1(k)H (1)

" (# k- ) + c2(k)H (2)
" (# k- )

3
. (2.22)

On sub-horizon scales, wherek / aH (i.e., # k- . 1), the behavior of the Hankel function H (1)
" is

approximated by:

H (1)
" (x) #3

x% 1

/
2

$x
ei (x! %

2 " ! %
4 ) , (2.23)

where, for simplicity, the reparametrization x = # k- is assumed. By enforcing the recovery of the plane
wave solution (2.13), the integration constants are found to bec1(k) =

&
'

2 ei %
2 (" + 1

2 ) and c2(k) = 0 .
Therefore, the full solution is given by:

uk (- ) =
%

# -
%

$
2

ei %
2 (" + 1

2 )H (1)
" (# k- ). (2.24)

4The quantum ßuctuations in the scalar Þeld $ result from the continuous creation and annihilation of virtual particle
pairs which characterizes the quantum vacuum state.

5This requires & to be constant, which is valid here since ' can be treated as constant to Þrst order in the slow-roll
parameters.

6For which it holds that H (2)
! ($ k%) = H (1) #

! ($ k%).
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On super-horizon scales, wherek . aH (i.e., # k- / 1), the asymptotic behavior of the solution is of
particular signiÞcance, as the mode lies well outside the horizon. In this regime, the Hankel function
behaves as follows:

H (1)
" (x) #3

x' 1

/
2
$

e! i %
2 " 2" ! 3

2

%
"( 3)

"(3 / 2)

&
x! " . (2.25)

Returning to the variable # k- , the mode function uk (- ) can be approximated as:

uk (- ) + ei %
2 (" ! 1

2 ) 2" ! 3
2

%
"( 3)

"(3 / 2)

&
(# k- )

1
2 ! "

%
2k

. (2.26)

By using the relation - = # 1
aH , the amplitude of the ßuctuations becomes:

|&+k | +
|uk (- )|

a
+ 2" ! 3

2
"( 3)

"(3 / 2)
(# k- )

1
2 ! "

%
2k

(# H- )

+ 2" ! 3
2

"( 3)
"(3 / 2)

(# k- )
3
2 ! " H

%
2k3

+ 2" ! 3
2

"( 3)
"(3 / 2)

%
k

aH

& 3
2 ! " H

%
2k3

.

(2.27)

Notice that 3 can be expanded as3 =
' 9

4 + 32
( 1/ 2 + 3

2 + 2. In the limit where 2 . 1, equation (2.27)
simpliÞes to:

|&+k | +
H

%
2k3

%
k

aH

& 3
2 ! " ( ! ,

. (2.28)

To extend this analysis, one considers the case of a "light-mass" scalar Þeld:

m2
) =

%2V
%+2

. H 2 (2.29)

this requirement translates into / " . 1 (see Eq. (1.55)), which is the condition needed to allow inßation
to last long enough. Consequently, the Klein-Gordon equation (2.8) for the mode uk turns into

u##
k (- ) +

"
k2 #

a##

a
+ 3 / " a2H 2

#
uk (- ) = 0 , (2.30)

by employing again - = # 1
aH and a!!

a + 2
%2

'
1 + 3

22
(
, the identical form of (2.20) is recovered, but, in

this case,32 = 9
4 + 32# 3/ " . Following the same procedure as before, the expression for the ßuctuation

amplitude is found to be equal to (2.28):

|&+k | +
H

%
2k3

%
k

aH

& 3
2 ! " ( - ! ! ,

. (2.31)

The results presented are applicable to any scalar Þeld, not exclusively the inßaton, as long as the
conditions 2,|/ | . 1 are satisÞed.

2.2 Gauge-Invariant Description of Perturbations

In the derivation above, a simpliÞcation error is deliberately introduced by perturbing the scalar
Þeld + within an unperturbed metric (FLRW universe), which is inconsistent. Perturbations of +
generate perturbations in the energy-momentum tensor&Tµ" , which, following EinsteinÕs equations,
induce metric perturbations &gµ" . These, in turn, a!ect + through the dÕAlembertian term in the
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Klein-Gordon equation. Thus,
&+ 20 &gµ" , (2.32)

demonstrates a strict linkage between scalar Þeld perturbations and metric perturbations. To coher-
ently address the perturbations in both the metric gµ" and the Þeld&+, the gauge-invariant Sasaki-
Mukhanov variable should be adopted in place of&+. Before going on, clariÞcation of gauge-invariant
quantities is necessary by introducing the real perturbed metric and quantity.

2.2.1 The Real Perturbed Universe

Consider a ßat FLRW metric in conformal time - :

ds2 = g(0)
µ" dxµdx" = a2(- )

-
# d- 2 + dx2 + dy2 + dz2.

, (2.33)

and deÞne the real perturbed metricds2 = gµ" dxµdx" , with gµ" given by [21]:

)
**********+

**********,

g00 = # a2(- )

6

1 + 2
)8

r =1

1
r !

4 (r ) (x , - )

7

,

g0i = gi 0 = a2(- )
)8

r =1

1
r !

0(r )
i (x , - ),

gij = a2(- )

69

1 # 2
)8

r =1

1
r !

* (r ) (x , - )

:

&ij +
)8

r =1

1
r !

, (r )
ij (x , - )

7

.

(2.34)

Here, the lapse function 4 (r ) , the shift function 0(r ) , * (r ) , and , (r ) denote ther -th order perturbations
of the metric. These perturbations decompose into scalar, vector, and tensorial modes, which evolve
independently at linear order. Scalar quantities, like4 (r ) and * (r ) , link to scalar potentials, while
vector components associate with transverse (solenoidal) vector Þelds, where0(r )

i = %i 0
(r )
* + 0(r )

+ i , with

%i 0
(r )
* representing the gradient of the scalar potential, and0(r )

+ i as the transverse vector component,

satisfying %i 0(r )
+ i = 0 . The tensor part involves the transverse, trace-free tensor, T

ij , arising from the

decomposition of , ij = Dij , (r )
* + %i ,

(r )
+ j + %j , (r )

+ i + , T
ij , where Dij , (r )

* $
'
%i %j # 1

31 2&ij
(

, (r )
* , with

%i , (r )
+ i = 0 and %i , iT = 0 [21].

Alongside metric perturbations, ßuctuations in the energy-momentum tensor (1.6) around the ßat
FLRW metric include: )

****+

****,

' (x , - ) = ' 0 +
)8

r =1

1
r !

&(r ) ' (x , - ),

P(x, - ) = P0 +
)8

r =1

1
r !

&(r )P(x, - ),

(2.35)

with the equation of state (EoS):

&P =
%P
%'

5
5
5
5
S= const

&' +
%P
%S

5
5
5
5
#= const

&S= c2
s&' + &Pnon-adiabatic , (2.36)

where c2
s is the adiabatic sound speed. The perturbative expansion of the 4-velocity becomes:

uµ =
1
a

9

&µ
0 +

)8

r =1

1
r !

vµ
(r )

:

with uµuµ = # 1. (2.37)
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2.2.2 Resolving The Gauge Issue

In General Relativity, introducing perturbed metrics and energy-momentum tensors raises the challenge
of relating the physical value of a quantity to its unperturbed FLRW counterpart. This arises from
perturbing the space-time manifold itself, requiring a distinction between the actual physical space-time
and the unperturbed FLRW background. This mapping, or one-to-one correspondence, constitutes a
gauge choice and any modiÞcation of this mapping induces a gauge transformation. As an example,
for a quantity represented by the tensorT0 deÞned in the unperturbed FLRW metric g(0)

µ" and the same
quantity T in the perturbed metric gµ" , the perturbation & T = T # T0 can be equally expressed in
another gauge& ÷T = ÷T # T0. These perturbations relate through [10]7:

& ÷T = & T + L . (T0) (2.38)

whereL . (T0) is the Lie derivative of tensor T induced by vector field 5µ 8. Consequently, General Rela-
tivity permits freedom in coordinate transformations, rendering perturbation values gauge-dependent
but equally valid in each gauge. This gauge dependence a!ects all orders of perturbations [11]. To
address this, one can either construct gauge-invariant quantities or carry out calculations using a Þxed
gauge, albeit with the potential risk of introducing unphysical residual gauge artifacts.
For scalar perturbations9 the metric tensor provides four scalar perturbations4 (r ) , * (r ) , 0 (r )

* , and , (r )
* .

Among these, two independent gauge-invariant quantities arise:

2' A = 24 + 20#
* + 2

a#

a
0* # , ##

* #
a#

a
, #

* , (2.39)

2( H = # 2* #
1
3

1 2, * + 2
a#

a
0* #

a#

a
, #

* . (2.40)

In the Poisson gauge10, ( H = # ö( = # * and ' A = ö' = 4 , where ( H and ' A represent theBardeen
potentials, gauge-invariant scalar quantities associated with curvature and gravitational potential per-
turbations. The association with the gravitational potential arises because, in a matter-dominated
universe, the Bardeen potentials are equal11, so # ( H = ' A = ( , which is commonly referred to
as the Newtonian potential. On the other hand, Bardeeen potentials are connected to thecurvature
perturbation ö( deÞned as

ö( = * +
1
6

1 2, * . (2.41)

It can be shown that, at linear order, the intrinsic spatial curvature on hypersurfaces of constant
conformal time / in the spatially flat gauge12 is given by (3) R = 4

a2 1 2 ö( [11].

2.2.3 The Sasaki-Mukhanov Gauge-invariant Quantity

By perturbing KG equation ( 1.43), now including also the linearly pertubed metric, one Þnds that, in
the spatially ßat gauge, the perturbations of the scalar Þeld&+ correspond to theSasaki-Mukhanov

7This relation holds at linear order in ( . Furthermore, when applying linear perturbations around the FLRW metric,
an additional simpliÞcation can be achieved by replacing L &(T ) with L &(T0) [10].

8The 4-vector ( µ has components ( µ = ( ( 0 = ), ( i = * i + + di ), where ) and + are scalars, and di is a transverse
vector satisfying * i di = 0 .

9Scalar perturbations correspond to density ßuctuations (see Section ¤2.4), tensor perturbations, which are gauge-
invariant at linear order, contribute to the cosmological GW backgroundÐdistinct from astrophysical gravitational waves,
discussed in the next chapter (Ch. ¤3)Ðwhile vector perturbations rapidly decay.

10 The Poisson (or orthogonal zero-shear) gauge is obtained by setting ÷, $ = 0 , ÷- $ = 0 , and ÷, %
i = 0 , where the tilde

refers to equation (2.38). In this gauge, EinsteinÕs equations simplify to Newtonian form.
11 To properly demonstrate this, one must account for the traceless part of the linearly perturbed Einstein equations

for scalar perturbations in the Poisson gauge; however, the derivation is beyond the scope of this work.
12 The spatially ßat gauge is deÞned by setting ÷. = 0 , ÷, $ = 0 , and ÷, %i = 0 .
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gauge-invariant variables deÞned as:

Q) = &++
ú+

H
ö( . (2.42)

The perturbed KG equation at linear level in Fourier space becomes:

öQ##
) +

"
k2 #

a##

a
+ a2M 2

)

#
öQ) = 0 , (2.43)

where one recognizes the same form of equation (2.8); the gauge-invariant Þeld öQ) has been rescaled

as öQ) = Q#
a as done before, and

M 2
#

H 2 = 3 / " # 62. On super-horizon scales, this solution approximates
as:

|Q) | +
H

%
2k3

%
k

aH

&- ! ! 3,

. (2.44)

2.3 The Power Spectrum

Consider, in full generality, a generic random Þeld&(x)13, which represents a collection of random
variables, each governed by a speciÞc probability distribution function. The statistical properties of
this Þeld14 are characterized by an inÞnite set ofcorrelation functions, deÞned as follows:

5(x1, x2) = ,&(x1)&(x2)- ,

5(x1, x2, x3) = ,&(x1)&(x2)&(x3)- ,
...

5(x1, x2, . . . , xN ) = ,&(x1)&(x2) á á á&(xN )- ,

(2.45)

where ,á- denotes the average taken over an ensemble of realisations. If the Þeld&(x) is homogeneous
and isotropic, the two-point correlation function reduces to

5(r ) $ , &(x + r )&(x)- (2.46)

which depends solely on the relative distancer between the two points being evaluated. Given the
Fourier transform convention:

&(x) =
!

d3k
(2$)3 e! i k áx ö&(k), ö&(k) =

!
d3xei k áx &(x), (2.47)

one can deÞne thePower Spectrum P(k) as:

;
ö&(k1)ö&$(k2)

<
= (2 $)3&(3) (k1 # k2)P(k), (2.48)

which, according to theWiener-Khinchin theorem, is the Fourier transform of the two-point correlation
function. If the random Þeld is also Gaussian, thenP(k) characterizes&(x) completely and contains
all the information needed to answer any statistical question whatsoever about&(x) [60].
An additional important quantity is the variance " 2, deÞned as:

" 2 $
=
&(x)2>

=
!

d3k
(2$)3 P(k) = 4 $

! )

0

dk
(2$)3 k2P(k) =

1
2$2

! )

0

dk
k

k3P(k), (2.49)

13 The functions are assumed to depend solely on three spatial coordinates, as is appropriate in cosmology.
14 The ensemble average of a random Þeld is zero by deÞnition, a result that of course suites for quantum ßuctuations

/$ (t, x ) (see (1.39)) due to the randomness nature of quantum processes.
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where the last expression introduces thedimensionless power spectrum & 2(k) deÞned as

& 2(k) $
k3

2$2 P(k). (2.50)

which is the contribution to the variance per logarithmic integral. For the the inßaton Þeld |Q) | = |uk |
a

one Þnds
=
Q) (k)Q$

) (k#)
>

= (2 $)3&(3) (k # k#) |Q) (k)|2 (2.51)

and by comparing with (2.48) and (2.50)

PQ# (k) = |Q) (k)|2 =
|uk |2

a2 3 & 2
Q#

(k) =
k3

2$2

|uk |2

a2 , (2.52)

In particular, utilizing the result from ( 2.44), it is found that, at super-horizon scales, the dimensionless
power spectrum is expressed as:

& 2
Q#

(k) =
%

H
2$

&2 %
k

aH

&3! 2"

, (2.53)

where3# 23 = 2 / " # 62. The dimensionless power spectrum& 2(k) is useful to deÞne thepower spectral
index ns(k) for scalar perturbations:

ns(k) # 1 =
d ln & 2(k)

d ln k
, (2.54)

which describes the shape of the power spectrum. Ifns(k) is constant the power spectrum can be
generally written as

& 2(k) = & 2(k0)
%

k
k0

&ns ! 1

(2.55)

where k0 denotes the pivot scale. Then di!erent classiÞcation of the power spectrum depends on the
value of ns(k). SpeciÞcally ifns(k) = 1 power spectrum is scale-invariant, referred to as theHarrison-
Zel’dovich spectrum; for ns(k) > 1 the spectrum is blue-tilted, indicating greater power on smaller
scales; while forns(k) < 1, the spectrum is red-tilted, signifying more power on larger scales [10].

2.4 From Quantum to Cosmic Seeds

The necessary tools are now available to demonstrate how the amplitude ßuctuations (2.44) of the
inßaton Þeld generate density ßuctuations once they re-enter speciÞc cosmological epochs, such as
the radiation- or matter-dominated era. As outlined in ¤1.2.2, during inßation, the energy density is
dominated by the scalar Þeld+. SpeciÞcally, one has:

H 2 =
8$G

3
' ) +

8$G
3

V(+), (2.56)

and consequently, quantum ßuctuations&+ induce ßuctuations in the energy density:

&' ) +
%V
%+

&++ # 3H ú+&+, (2.57)

where the Þrst equation in (1.48) is employed for the Þnal equality. It is then possible to show that,
when considering large-scale ßuctuations of+, the average value of+, smoothed over small scales
within a given Hubble-sized region, can be compared to the average value in another Hubble-sized
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region separated by a distance much larger than their individual sizes. This implies that the laplacian
term in equation (2.1) becomes neglibible on large scales leading to:

¬&++ 3H ú&+= #
%2V
%+2

&+, (2.58)

by comparing (2.58) with the Þrst equation of (1.46), derived with respect to cosmic timet, one can
demonstrate, after some computations, that (see ref. [10] for a detailed derivation):

&+(x, t) = # &t(x) ú+0. (2.59)

Therefore, the scalar Þeld+ can then be expressed as:

+(x, t) = +0 + &+(x, t) = +0(t # &t(x)) , (2.60)

which physically implies that the ßuctuations &+ generate variations in the expansion of the Universe,
such that di!erent regions experience the same inßationary history but at slightly di!erent times.

2.4.1 The Gauge-Invariant Quantity !

One should bear in mind that, the natural quantity to describe the amount of expansion in a given
region of the universe over a speciÞc period is the number of e-folds,N (see Eq. (1.28)). Fluctuations in
&+ induce local ßuctuations in the number of e-foldsN region by region. This ßuctuation is expressed
as:

&N = H&t = # H
&+
ú+

+ # H
&' )
ú' )

+ #, (2.61)

where equation (2.59) is used for the second equality and the third equality follows by employing
equation (2.57) and ú' = # 3H (' + P) = # 3H ú+2 obtained from the continuity equation (1.13), (1.40)
and (1.41). The last term in equation (2.61) represents the gauge-invariant quantity known as the
curvature perturbation on uniform energy density hypersurfaces, expressed in the spatially ßat gauge.
The quantity #, on large scales [11], is deÞned as:

# = # ö( # H
&'
ú'

, (2.62)

where ö( is the curvature perturbation previously introduced in equation (2.41). A key property of #
is that it remains constant outside the horizon for adiabatic matter perturbations [11]15. Looking at
Þgure 2.1, for a given scale1, evaluating # at t(1)

H (k), the time when 1 exits the horizon during the
inßationary epoch, and again att(2)

H (k), the time when it re-enters (e.g., during the radiation-dominated
epoch), one Þnds:

#

5
5
5
5
5
t(1)
H (k)

+ #

5
5
5
5
5
t(2)
H (k)

=0 # H
&+
ú+

5
5
5
5
5
t(1)
H (k)

+
1
4

&' /
' /

5
5
5
5
5
t(2)
H (k)

=
&T
T

+ 10! 5. (2.63)

In this calculation, equations (2.62), (1.13), ú' / + # 4H' / , and ' / ' T4 are used, which hold during
the radiation-dominated epoch.
Thus, by utilizing #-conservation on super-horizon scales, a direct link between temperature ßuctua-

15 It can be demonstrated, though it is beyond the scope of this work, that by considering the energy density component
of the linearized continuity equation for scalar perturbations (D ! T µ! = 0 for µ = 0) , and working in the uniform energy
density gauge on super-horizon scales, one Þnds thatú0 ' 0 for single Þeld models of inßation [10].
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Figure 2.1: Comparison between di!erent epochs using#-conservation on super-horizon scales.

tions and quantum perturbations of the inßaton Þeld is established.

2.4.2 Primordial Density Perturbation

It is evident that, for single Þeld models and on large scales, the following relation between the curvature
perturbation on the uniform energy density hypersurface,#, and the Sasaki-Mukhanov variables (see
equation (2.42)) holds [11]:

# + # H
Q)

ú+
. (2.64)

Thus, the dimensionless power spectrum of the curvature perturbation, on large scales, is given by:

& 2
0 =

H 2

ú+2 & 2
Q#

=
%

H 2

2$ ú+

&2 %
k

aH

&3! 2"

+
%

H 2

2$ ú+

&2

$
. (2.65)

Here, the asterisk indicates the epoch at which a given perturbation mode leaves the horizon during
inßation. It is worth noting that the last equality directly follows from the conservation of # on
super-horizon scales, as expressed in equation (2.63).

By recalling equation (1.42) and using úH = # 4$G ú+2, which can be derived by di!erentiating the
second equation of (1.46) with respect to time t and substituting the Þrst equation, one can rewrite
& 2

0 as:

& 2
0 =

H 2

$M 2
P 2

5
5
5
5
$
. (2.66)

Moreover, from equation (2.65), one can immediately extract the spectral index of the curvature
perturbation on the uniform energy density hypersurface, to lowest order in the slow-roll parameters,
which is related to the slow-roll parameters as follows:

ns(k) # 1 $
d ln & 2

0

d ln k
= 2 / " # 62. (2.67)

Recent measurements [6] have foundns # 1 = 0.9665± 0.0038(at 95% C.L.), which is consistent with
red-tilted spectra, ns < 1, at an 8" conÞdence level.

2.4.3 Evolution of Perturbations into Structure

The primordial perturbations set up during inßation manifest themselves in the radiation as well as in
the matter distribution. As the universe expands, the primordial density ßuctuations serve as the ini-

25



tial seeds for the formation of LSS through gravitational instability. These early density perturbations
inßuence the primary matter component of the universe, Cold Dark Matter (CDM), causing regions
of slightly higher mass to attract additional matter, leading to gravitational collapse and the growth
of overdense regions. These CDM "halos" generate gravitational wells that attract baryonic matter.
Initially, baryonic matter resists collapse due to thermal pressure; however, as it cools, it sinks further
into the CDM potential wells. The continued accretion of baryonic matter into these CDM halos
supports the hierarchical assembly of progressively larger cosmic structures, culminating in galaxies,
galaxy clusters and the Þlamentary networks that constitute the Large Scale Structure of the universe.
To determine the power spectrum of matter at late times, it is essential to establish a relationship be-
tween the gravitational potential at late times and the primordial potential generated during inßation.
Strictly following the formalism in [ 28], the gravitational potential can be expressed as:

(( k , a) = ( p(k) ! { Transfer function(k)} ! { Growth function (a)} . (2.68)

The Transfer Function T (k), deÞned as:

T (k) =
(( k, aLate )

( Large Scales(k, aLate )
, (2.69)

describes the evolution of perturbations during horizon crossing and through the transition from the
radiation-dominated to the matter-dominated eras [28]. Here, aLate denotes the scale factor at a
time when the perturbation has entered the horizon and the transition between radiation and matter
dominance has occurred. To interpret the meaning and compute the value of( Large Scales, the 00
component of the linearized Einstein equations for scalar perturbations is considered [55]:

3H
?

ö( #+ H4
@

# 1 2
?

ö( + H"
@

= # 4$Ga2&', (2.70)

which, in the Poisson gauge (# ' A = ( H or * = 4 ) and on super-horizon scales (k . aH =0 1 2* "
0), reduces for thek-mode in Fourier space to:

3H 2* k = # 4$Ga2&'k =0
&'k

ø'
= # 2* k . (2.71)

By employing the deÞnition of the curvature perturbation # and substituting ú' = # 3H (1 + w)' , the
following expression for#k on super-horizon scales is obtained:

#k = # * k +
&'k

3(1 + w)ø'
= #

%
1 +

2
3(1 + w)

&
* k = #

5 + 3w
3(1 + w)

* k . (2.72)

Implying that:

( RD
k = #

2
3

#RD
k during the radiation-dominated (RD) phase, (2.73)

( MD
k = #

3
5

#MD
k during the matter-dominated (MD) phase. (2.74)

Consequently, the gravitational potential evolves smoothly during the transition between these epochs,
and the relationship between the potentials is given by:

( MD
k =

9
10

( RD
k . (2.75)
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In particular, ( MD
k represents the gravitational potential at large scales after the universe enters the

matter-dominated phase, so( Large Scales = ( MD
k . The other key ingredient in (2.68) is the Growth

function D(a), which describes the wavelength-independent evolution of matter perturbations at late
times and is conventionally deÞned as:

(( a)
(( aLate )

=
D(a)

a
. (2.76)

By combining equations (2.76), (2.69), and (2.75), equation (2.68) can be written more precisely as:

(( k , a) =
9
10

( p(k)T (k)
D(a)

a
. (2.77)

where the primordial potential ( p(k) represents the gravitational potential on super-horizon scales
during the radiation-dominated era, generated by inßation and conserved until horizon re-entry. As
shown, the gravitational potential evolves smoothly between the radiation and matter epochs, with
the matching relation:

( MD
k =

9
10

( RD
k =

9
10

( p(k). (2.78)

To explicitly connect the matter overdensity to the gravitational potential at late times, the Poisson
equation is employed:

(( k, a) =
4$G' m a2&

k2 , for a > a Late , (2.79)

where the background density of matter is given by' m = %m ' cr/a 3 and 4$G' cr = (3 / 2) H 2
0 . Thus,

the overdensity today is related to the primordial potential as:

&(k, a) =
2k2a

3%m H 2
0

(( k , a) =
3
5

k2

%m H 2
0

( p(k) T (k) D(a), (2.80)

where for the last step (2.77) is used. The primordial spectrum for the gravitational potential can be
found using eq. (2.50), (2.66) and (2.73):

P# p (k) =
8$
9k3

H 2

M 2
p 2

5
5
5
5
$

=
50$2

9k3

%
k

H0

&ns ! 1

&2
$

%
%m

D(a = 1)

&2

, (2.81)

where the asterisks indicate evaluation at horizon crossing and the last equality is the conventional
way to write the primordial spectra. Finally, the matter power spectrum at late times is [28]:

P(k, a) = 2 $2 kns

H ns +3
0

&2
$ T 2(k)

%
D(a)

D(a = 1)

&2

, a > a Late . (2.82)

2.5 Primordial Non-Gaussianity

The inßationary paradigm, as introduced so far, has considered the single-Þeld slow-roll model of
inßation, treating the inßaton as a free, non-interacting scalar Þeld at linear order. Within this frame-
work, the quantum ßuctuations generated during inßation are predicted to be nearly Gaussian and
adiabatic. Nevertheless, many theoretical models predict small but potentially detectable deviations
from Gaussianity in the initial conditions. These deviations, collectively referred to asprimordial
non-Gaussianity (PNG), may originate from various physical mechanisms including self-interactions
of the inßaton Þeld (e.g., interactions such as1* 3), couplings between multiple Þelds and the non-
linear evolution of Þelds during inßation. To identify signatures of PNG in cosmological observables,
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one must examine higher-order correlation functions of the primordial curvature perturbation. In a
purely Gaussian Þeld, all statistical information is encoded in the two-point correlation function, or
equivalently, the power spectrum deÞned in Eq. (2.48). However, the presence of non-Gaussianity
necessitates studying higher-order correlators. The leading such observable is thebispectrum of the
curvature perturbation #, deÞned as the three-point correlation function in Fourier space:

,#(k1) #(k2) #(k3)- = (2 $)3 &(3) (k1 + k2 + k3) B0(k1, k2, k3) , (2.83)

where B0(k1, k2, k3) encodes both the overall strength and the speciÞc scale-dependent pattern of the
non-Gaussian signal. It is conventional to factor out a dimensionless amplitudef NL so that

B0(k1, k2, k3) = f NL S(k1, k2, k3) , (2.84)

with S(k1, k2, k3) the shape function determined by the underlying inßationary interactions. In this
way, f NL directly quantiÞes the amplitude of primordial non-Gaussianity.

2.5.1 Local-Type Primordial Non-Gaussianity

The shape of the bispectrum encodes information about the inßationary dynamics. A typical model
of non-Gaussianity is thelocal PNG, which naturally arises in multi-Þeld inßationary scenarios where
the curvature perturbation is generated on superhorizon scales. In such settings, spatial gradients are
negligible and the resulting non-Gaussianity assumes a local form in real space [10]. The standard
local-type parametrization is expressed in terms of the Bardeen potential( (see Eq. (2.74)) as [57,
26]:

(( x) = * (x) + f local
NL

-
* 2(x) # , * 2-

.
, (2.85)

where* is a Gaussian random Þeld, andf local
NL encodes the amplitude of the non-linear correction. This

expression retains only the leading-order non-linear term, assuming that all the higer-orders terms are
negligible. The bispectrum (2.84) admits a decomposition into three shape contributionsÑlocal, equi-
lateral and orthogonalÑeach associated with a distinct inßationary mechanism. The local bispectrum
takes the form [26]:

B local
# (k1, k2, k3) = 2 f NL [P# (k1)P# (k2) + 2 perm.] . (2.86)

Notice that, single-Þeld slow-roll inßation generally predictsf NL < 1 [48, 4], while multi-Þeld models
can produce signiÞcantly larger values off NL [11]. Therefore, a detection off NL > 1 would e!ec-
tively rule out the majority of single-Þeld inßationary frameworks. The local bispectrum peaks in the
squeezed limitÑwhen one momentum is much smaller than the others (k1 . k2 + k3)Ñbecause a long-
wavelength mode modulates the evolution of short-wavelength modes, introducing a scale-dependent
coupling. The equilateral conÞguration, parametrised byf equil

NL , arises in inßationary models with non-
canonical kinetic terms or higher-derivative interactions (e.g.&*(1 &*)2) and peaks when all modes
enter the horizon simultaneously (k1 + k2 + k3). The orthogonal conÞguration, parametrised by
f ortho

NL , is instead constructed to be orthogonal to the equilateral shape. The tightest constraints from
CMB measurements by the Planck satellite are

f local
NL = # 0.9 ± 5.1, f equil

NL = # 26± 47, f ortho
NL = # 38± 24

at 68% CL[7]. More recently, LSS analyses using the Dark Energy Spectroscopic Instrument (DESI)
survey have reported

f local
NL = # 3.6+9 .0

! 9.1,
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based on the scale-dependent bias of luminous red galaxies and quasars [23]. This thesis focuses on the
local type of primordial non-Gaussianity. The aim is to understand that is possible to achieve better
constrain of f local

NL using as tracers only GW events from astrophysical binary black hole mergers.
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Chapter 3

Ripples Through The Universe

This chapter provides a brief mathematical derivation of gravitational waves within General Relativity:
their wave-like solutions from the linearized Einstein equations (Sec. ¤3.1), their energy and generation
in the presence of matter (Sec. ¤3.2, ¤3.3) and their astrophysical sources and detection methods
(Sec. ¤3.4, ¤3.5).

3.1 Linearized Einstein Field Equations

The Einstein Þeld equations, in their full form, are nonlinear and describe how the distribution of matter
and energy inßuences the curvature of spacetime. To make such a study feasible, the assumption of
weak field1 is introduced [35]. Under this approximation, the metric2 takes the form

gµ" = / µ" + hµ" , |hµ" | . 1, (3.1)

where hµ" represents a small time-dependent perturbation over the ßat Minkowski background/ µ"
3.

Mathematically, the weak-Þeld approximation involves linearizing (1.1). Therefore, to begin, the lin-
earized Christo!el symbols are considered:

" &
µ" +

1
2

/ &$(%µh"$ + %" h$µ # %$hµ" ). (3.2)

Using the Riemann tensor deÞnition (1.2), the Ricci tensor simpliÞes toRµ" = R 1
1µ " + %1 " 1

µ" # %µ" 1
1" ,

where terms of orderO(h2
µ" ) are neglected. Substituting (3.2), it follows that:

Rµ" = R 1
1µ " +

1
2

2
/ 12 %1 (%µh"2 + %" hµ2 # %2hµ" ) # / 12 %µ (%1 h"2 + %" h12 # %2h1" )

3

=
1
2

2
%" %2hµ2 # ! hµ" # %µ%" h + %µ%2h2"

3 (3.3)

1This assumption does not imply that gravitational waves originate in weak gravitational Þelds but rather that they
manifest as small perturbations, on the order of 10" 21 , when observed at large distances from the source.

2Perturbations about alternative background metrics, as discussed in Section ¤2.2.1 regarding inßationary perturba-
tions, can also be considered.

3Note that the inverse metric tensor gµ! = 1µ! $ hµ! , and the indices of hµ! are raised using1µ! to maintain linearity
in hµ! . This implies that hµ! = 1µ' 1!( h'( and that

gµ' g'! = ( 1µ' $ hµ' )( 1'! + h'! ) = / !
µ + h!

µ $ h!
µ + O(h2).
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where the dÕAlembertian is! = / 12 %1 %2 and h = / µ" hµ" represent the trace ofhµ" . The Ricci scalar
is obtained after a further contraction

R + / µ" Rµ" = # ! h + %" %$h"$ , (3.4)

substituting ( 3.3) and (3.4) into ( 1.1) and introducing the trace-reversed metric perturbation øhµ" as

øhµ" $ hµ" #
1
2

/ µ" h, øh = # h, (3.5)

the linearized Einstein equations take the form

! øhµ" # %" %$øhµ$ # %µ%$øh$" + / µ" %#%$øh#$ = # 16$GTµ" (3.6)

which are valid whenever the metric takes the form (3.1). Equations (3.6) can be further simpliÞed
by performing a gauge transformation (see section2.2). Indeed, since General Relativity is invariant
under a generic di!eomorphism, such as

gµ" (x) 3 g#
µ" (x#) =

%x#

%x#µ
%x$

%x#"
g#$(x). (3.7)

Considering the coordinate transformation

xµ 3 x#µ = xµ + 5µ(x), (3.8)

and using (3.1), øhµ" and its derivative transform as follows:

øh#
µ" (x#) = øhµ" (x) # %µ5" # %" 5µ + / µ" %$5$,

%" øh#
µ" = %" øhµ" # ! 5µ.

(3.9)

where the derivatives |%µ5µ| are of the same order ofhµ" . Setting ! 5µ = %" øhµ" imposes theLorenz
gauge4 condition: %" øhµ" = 0 . Note that this gauge condition is preserved by any further gauge
transformation provided that the functions 5µ satisfy ! 5µ = 0 [35]. Consequently, the Þeld equations
(3.6) reduce to

! øhµ" = # 16$GTµ" . (3.10)

3.1.1 Vacuum Solutions of the Linearized Field Equations

In order to understand the propagation of gravitational waves through spacetime, attention is directed
to the behavior of the governing equation in the absence of sources, where the energy-momentum
tensor vanishes, i.e.,Tµ" = 0 :

! øhµ" = 0 . (3.11)

Since the vacuum Þeld equations (3.11) are linear by construction, it follows (see [35, 22]) that any
solution to (3.11) can be expressed as a superposition of plane-wave solutions of the form:

øhµ" = Aµ" exp(ik #x#). (3.12)

4The Lorenz condition is named after Ludvig Lorenz. It is frequently called the "Lorentz condition" (see [ 47]) due to
confusion with Hendrik Lorentz, after whom Lorentz covariance is named. The Lorenz gauge, as deÞned in [47], is the
linear-order approximation of the De Donder harmonic gauge, which is deÞned by

* µ gµ! &
$ g = 0 .
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Here, Aµ" represents constant (and, in general, complex) components of a symmetric tensor and
kµ = ( 0/c, k) the wave 4-vector. By substituting this ansatz into (3.11), one Þnds that k#k# = 0 ,
which implies that gravitational waves propagate at the speed of light, c. The physical solution
corresponds to the real part of (3.12). Additionally, the Lorenz gauge condition must be satisÞed,
leading to Aµ" k" = 0 [35].
As demonstrated by [47], given that the Lorenz gauge condition is preserved under the transformation
(3.8) if ! 5µ = 0 , an additional gauge transformation is permissible, provided that the four functions
5µ satisfy this condition. These functions can be used to impose constraints on the six independent
components oføhµ" . SpeciÞcally, by appropriately choosing5µ, one can set the trace to zero,øh = 0 ,
implying that øhµ" = hµ" . Furthermore, selecting the three spatial functions5i (x) such that h0i (x) = 0
simpliÞes the Lorenz condition forµ = 0 to:

%0h00 + %i h0i = 0 , (3.13)

with h0i = 0 , this reduces to %0h00 = 0 , implying that h00 is time-independent. Since GWs require
time-dependent perturbations, it follows that h00 = 0 . Consequently, the Lorenz gauge condition
imposes the condition%j hij = 0 on the spatial components. In summary, the imposed conditions are:

h0µ = 0 %j hij = 0 hi
i = 0 , (3.14)

these deÞne thetransverse-traceless (TT) gauge. Therefore, by enforcing the Lorenz gauge, the ten
degrees of freedom in the symmetric matrix of (3.12) reduce to six, while the residual gauge freedom
associated with the four functions5µ, satisfying ! 5µ = 0 , further reduces the degrees of freedom to two.
Hence, under the TT gauge5, only the spatial componentshij

6 remain, describing two independent
polarization states of GWs, conventionally labeledh+ and h, . Decomposing in Fourier space the

�D�>!

�D! !

" !
�è
#

!
$�è
#

!�è! #�è!�ö!Figure 3.1: Illustration of the motion of test particles along a circular ring due to the interaction with a plus- and
cross-polarized GW propagating perpendicular to the plane of the ring. Image adapted from [ 9].

spatial components ofhµ" in the TT-gauge, one Þnds

hij (x , t) =
8

&=+ ,,

!
d3k

(2$)3 ei k áx h&(k, t)2&
ij (k), (3.15)

where 2&
ij (k) are the polarization tensors satisfying:

2&
ij = 2&

ji , 2&
ii = 0 , ki 2&

ij (k) = 0 , (3.16)

5This gauge cannot be applied within the source region, i.e., in presence of matter.
6The components hT T

ij correspond to the transverse, trace-free tensor , T
ij obtained via the decomposition of , ij in

Eq. (2.34), introduced in Sec. ¤2.2.1.
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and the normalization conditions:

2&
ij (k)2&! $

ij (k) = &&&!
, 2&

ij (k)$ = 2&
ij (# k). (3.17)

For a monochromatic plane gravitational wave propagating in theöz direction, the polarization tensors
in Fourier space are:

2+
ij =

A

B
C

1 0 0
0 # 1 0
0 0 0

D

E
F

ij

, 2,
ij =

A

B
C

0 1 0
1 0 0
0 0 0

D

E
F

ij

. (3.18)

The metric perturbation hij (k , t) then takes the form:

hij (k , t) = h+ (k, t)2+
ij (k) + h, (k , t)2,

ij (k). (3.19)

Under these conditions, gravitational waves modify the spacetime intervalds2 as:

ds2 = # dt2 + dz2 + [1 + h+ cos(0(t # z))] dx2 + [1 # h+ cos(0(t # z))] dy2

+ 2h, cos(0(t # z))dx dy.
(3.20)

Gravitational waves induce oscillatory distortions in the spacetime metric, producing periodic changes
in the relative distances between freely falling test particles arranged in a ring conÞguration. Figure
3.1 illustrates this e!ect, showing how the ring is alternately stretched and compressed according to
the two polarization states, h+ and h, .

3.2 GW Energy-Momentum Tensor in a Curved Background

To assess whether GWs contribute to the curvature of spacetime, it becomes necessary to go beyond the
assumption of a ßat background metric. Thus far, the designation of these perturbations as "waves"
has been justiÞed by the fact that, in an appropriate gauge, the tensorhµ" satisÞes a wave equation.
However, treating GWs purely as perturbations on a ßat Minkowski background/ µ" inherently excludes
their contribution to spacetime curvature. To remedy this limitation, one must consider perturbations
on a generic curved background:

gµ" (x) = øgµ" (x) + hµ" (x), (3.21)

whereøgµ" denotes the background metric andhµ" . 1 represents the gravitational wave perturbations.
The distinction between the perturbations hµ" from the metric curvature is made in terms of the typical
spatial variation L B of the background on top of which small amplitude perturbations are superimposed
[47] which are characterized by a wavelength1gw . L B . This separation can equivalently be expressed
in the frequency domain, with the background metric containing only low-frequency components (up
to a maximum frequency f B ), while the gravitational wave perturbations are centered around much
higher frequenciesf gw / f B . This formalism is known as theshort-wave expansion, in which the full
spacetime metric is decomposed into a slowly varying background plus high-frequency perturbations.
To investigate how GWs inßuence the background, one can expand the Ricci tensor up to second order
in hµ"

7:

8$G
%

Tµ" #
1
2

gµ" T
&

= Rµ" " øRµ" + R(1)
µ" + R(2)

µ" + . . . (3.22)

7By contracting gµ! with equation ( 1.1), one obtains $ R = 8 2GT , where T = gµ! Tµ! . Substituting this back into
equation (1.1) then yields ( 3.22).
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Here, øRµ" depends only onøgµ" (the low-frequency component),R(1)
µ" is linear in hµ" (the high-frequency

component), and R(2)
µ" is quadratic, containing both low- and high-frequency contributions.8 Thus,

equation (3.22) can be separated into two sets based on the distinction between low- and high-frequency
parts:

øRµ" = #
2
R(2)

µ"

3low
+ 8$G

%
Tµ" #

1
2

gµ" T
&low

(3.23)

R(1)
µ" = #

2
R(2)

µ"

3high
+ 8$G

%
Tµ" #

1
2

gµ" T
&high

, (3.24)

where the low-frequency equations (3.23) govern the background curvature, and the high-frequency
equations (3.24) describe the propagation of GWs. Since the primary interest lies in how GWs a!ect
the background, equation (3.23) is averaged over a spacetime volume of characteristic sizel such that
1gw . l . L B :

øRµ" = #
;

R(2)
µ"

<
+ 8$G

G
Tµ" #

1
2

gµ" T
H

. (3.25)

The e!ective energy-momentum tensor of matter øTµ" is then deÞned as:

G
Tµ" #

1
2

gµ" T
H

$ øTµ" #
1
2

øgµ" øT , (3.26)

so that øTµ" represents the smoothed, low-frequency part of the matter energy-momentum tensor. The
energy-momentum tensor for GWs,tµ" , is deÞned as:

tµ" $ #
1

8$G

G
R(2)

µ" #
1
2

øgµ" R(2)
H

, (3.27)

which is quadratic in hµ" and acts as the energy-momentum tensor of a real matter distribution. As
shown by [47] using these deÞnition, the "coarse-grained" form of the Einstein equations is:

øRµ" #
1
2

øgµ" øR = 8$G
' øTµ" + tµ"

(
(3.28)

Notice that only the sum of the two tensor øTµ" and tµ" is conserved, reßecting an exchange of energy
and momentum between GWs and the background curvature sources. The author of [47] demonstrates
that, assuming an approximately ßat background in the Lorenz gauge, this expression simpliÞes to:

tµ" =
1

32$G

;
%µh12 %" h12

<
, (3.29)

which is gauge-invariant and valid in any coordinate system. In the transverse-traceless (TT) gauge,
the energy density carried by the gravitational wave is:

t00 =
1

32$G
, úhT T

ij
úhT T

ij -. (3.30)

For a wave propagating along theöz-direction, this becomes

t00 =
1

16$G
, úhT T

+
úhT T

, -, (3.31)

8ÒLow-frequencyÓ corresponds to long-wavelength variations of the background, while Òhigh-frequencyÓ refers to the
rapidly oscillating nature of the gravitational waves.
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with t01 = t02 = 0 and t03 = t00. The total energy ßux emitted by gravitational waves is obtained by
integrating equation (3.29) over a spherical surface at large distance:

dE
dt

=
r 2

32$G

!
, úhT T

ij
úhT T

ij - d%, (3.32)

and the corresponding momentum ßux is given by [47]:

dPk

dt
= #

r 2

32$G

!
, úhT T

ij %k úhT T
ij - d%. (3.33)

3.3 The Generation of Gravitational Waves

The Þrst part of this chapter examines the linearization of the Einstein equations and the analysis of
their solutions in vacuum, focusing on the impact of gravitational waves on the background and the
energy they carry away. The second part shifts attention to the mechanisms governing the generation
of gravitational waves, the sources responsible for their emission, and their detection.

3.3.1 General Solutions of the Linearized Equations

As a Þrst step in this analysis, it is necessary to determine the solution of the linearized Einstein
equations in the presence of matter following the derivation presented in [35]. Under the weak-Þeld
approximation, Equation (3.10) is considered alongside the gauge conditionøhµ" = 0 . Given the linear-
ity of these equations, the GreenÕs functionG is employed to obtain the solution to the inhomogeneous
wave equation when the source is represented by a Dirac delta function aty$ :

! xG(x$ # y$) = &(4) (x$ # y$), (3.34)

where G(x$ # y$) is the GreenÕs function, which, in the absence of boundaries, depends solely on the
di!erence (x$ # y$). Integrating both sides of (3.34) yields9:

# 2(
!

d4y ! xG(x$ # y$)Tµ" (y$) = # 2(
!

d4y &(4) (x$ # y$)Tµ" (y$),

! x

%
# 2(

!
d4y G(x$ # y$)Tµ" (y$)

&
= # 2(T µ" (x$),

(3.35)

where ( = 16'G
c4 . From (3.34) and (3.35), the general solution to the linearized Þeld equations is

obtained as:
øhµ" (x$) = øh0

µ" (x$) # 2(
!

d4y G(x$ # y$)Tµ" (y$), (3.36)

whereøh0
µ" (x$) represents the solution to the homogeneous equation (3.11). Without loss of generality,

it is set to zero to focus on the integral term. Placing the delta function source at the origin of the
coordinate system and deÞningxµ = ( ct, x), (3.34) simpliÞes to:

%µ%µG(x$) = &(4) (x$). (3.37)

9From this point until the end of the chapter, the inclusion of explicit factors of c ensures consistency with standard
physical units.
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Integrating ( 3.37) over a four-dimensional hypersphere of radiusr = |x | yields:

!

V
d4x &(4) (x$) = 1 =

!

V
d4x%µ%µG(x$) =

!

S
dS [%µG(x$)] nµ (3.38)

where the second equality follows from thedivergence theorem, which transforms the volume integral
into a surface integral overS with nµ denoting the unit normal. Since GWs propagate at the speed
of light c the only points in spacetime that can be inßuenced by a&-function source at the origin are
those lying in the future light-cone. Consequently the GreenÕs function takes the form:

G(x$) = f (r )&(ct # r )) H (ct), (3.39)

wheref (r ) is an arbitrary function of r , and the Heaviside function) H (ct) ensures causality. Rewriting
(3.38) using the relation dS = c dt d% with d% = 8$r dr , and noting that nµ%µ = %r , leads to:

4$r 2c
! )

!)
dt %r G(x$) = 1 . (3.40)

Substituting ( 3.39) into ( 3.40), results in:

4$r 2%r f (r )
! )

0
dt &(ct # r ) # 4$r 2f (r )

! )

0
dt %r [&(ct # r )] = 1 . (3.41)

Through integration by parts, the second integral in (3.41) vanishes, while the Þrst evaluates to unity.
Consequently, the relation4$r 2%r f (r ) = 1 must hold, leading to the function f (r ) = # 1/ (4$r ). The
integration constant vanishes, as the GreenÕs function must asymptotically approach zero at spatial
inÞnity. Thus, the GreenÕs function in terms ofx$ takes the form:

G(x$) = #
&(x0 # | x |)

4$|x |
) H (x0), (3.42)

where the Heaviside function) H (x0) is equal to unity for x0 ) 0 and vanishes otherwise. Substituting
this result into ( 3.36) and setting øh(0)

µ" to zero yields:

øhµ" (x$) =
(
2$

!
d4y

&
'
(x0 # y0) # | x # y |

(

|x # y |
) H (x0 # y0)Tµ" (y$). (3.43)

Using the &-function to evaluate the integral over y0, one ultimately obtains the general solution to
the linearized Þeld equation (3.10):

øhµ" (ct, x) =
4G
c4

!
d3y

Tµ" (ct # | x # y |, y )
|x # y |

. (3.44)

The (3.44) represents the Þeldøhµ" produced by a source located aty and positioned at a distance
|x # y | from it. The gravitational Þeld disturbance at the event (ct, x) corresponds to the integral over
the spacetime region occupied by the source points at the retarded timestr = ct # | x # y |. Outside
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the source, (3.44) can be expressed in the TT gauge using thelambda tensor10:

øhT T
ij (ct, x) =

4G
c4 ! ij,kl ( ön)

!
d3y

Tkl (ct # | x # y |, y )
|x # y |

. (3.46)

Multiple Expansion: Large Distance and Non-Relativistic Sources

A key focus is evaluatingøhT T
ij at large distances from the source, where GWs detectors are positioned.

As shown in [47], under the assumption that the distancer from the source is signiÞcantly greater
than its own dimensions, the solution simpliÞes:

øhT T
ij (ct, x) "

1
r

4G
c4 ! ij,kl ( ön)

!
d3yTkl

%
t #

r
c

+
y áön

c
, y

&
, (3.47)

where only the Þrst-order term in the expansion ofyr is retained. Furthermore, assuming that the
source velocities are small compared to the speed of light (i.e., non-relativistic sources), the generation
of gravitational radiation is signiÞcantly simpliÞed. Let 0s represents the characteristic frequency of
motion within the source and d be its size. The typical velocity is given byv ( 0sd. Consequently,
the term 5 $ y áön

c = yi ni

c ( d
c . d

v , allowing for an expansion of (3.47) in terms of 5. DeÞning the
momenta of the stress-energy tensor as

Sij [,klm... ](t) $
!

d3x Tij (t, x)[xkxl xj . . . ], (3.48)

and (see [47] for detailed calculations) substituting (3.48) into ( 3.47) results in:

øhT T
ij (ct, x) "

1
r

4G
c4 ! ij,kl

2
Skl # nm úSkl,m

3

tr
. (3.49)

For a non-relativistic source, the series converges rapidly, permitting truncation at the Þrst-order
correction. The physical signiÞcance of the expansion terms becomes clearer by expressing the momenta
of T i

j in terms of the momenta of the energy densityT00 and linear momentaT0i /c . As shown in [47],
one obtains:

øhT T
ij (ct, x) "

1
r

4G
c4 ! ij,kl Skl =

1
r

2G
c4 ! ij,kl ¬M kl , (3.50)

where the momenta11 of the energy densityT00 are deÞned as:

M =
1
c2

!
d3x T 00(t, x ),

M ij... =
1
c2

!
d3x T 00(t, x )xi xj . . .

(3.51)

10 The transverse-traceless (TT) projection operator ! ij,kl extracts the physical degrees of freedom of the gravitational
wave Þeld. It simpliÞes the metric perturbation in the TT gauge and is deÞned as:

! ij,kl = Pik Pjl $
1
2

Pij Pkl , (3.45)

where Pij = / ij $ ni nj is the projection tensor onto the plane orthogonal to the unit vector n, parallel to k . This ensures
that the metric perturbation hTT

ij satisÞes transversality and tracelessness conditions.
11 This represents the total energy density, but in the weak-Þeld approximation and non-relativistic limit, the mass

density dominates.
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Quadrupole Radiation

Finally, øhT T
ij can be expressed in terms of the quadrupole moment, deÞned by

Qkl $ M kl #
1
3

&kl M ii =
!

d3x ' (t, x ) (xi xj #
1
3

r 2&ij ), (3.52)

which represents how the moment of inertia of the source di!ers along di!erent axes (for instance, a
spinning disk has no net quadrupole moment because the di!erence vanishes). SubstitutingM kl from
(3.51) into ( 3.50), and applying (3.52) together with the property ! ij,kl &kl = 0 , yields

øhT T
ij (ct, x) "

1
r

4G
c4 ! ij,kl ( ön) ¬Qkl

?
t #

r
c

@
=

1
r

4G
c4

¬QT T
ij

?
t #

r
c

@
. (3.53)

This result shows that the dominant contribution to gravitational wave generation originates from the
quadrupole moment of the source. Through detailed calculations (see [47]) involving ( 3.32) and (3.53),
the energy emitted via quadrupole radiation is found to be

dE
dt

=
G

5c5

=...
Q ij

...
Q ij

>
, (3.54)

where the third time derivative of Q is evaluated at the retarded timet # r/c .

3.4 Di!erent Gravitational Wave Sources

Gravitational waves originate from a variety of astrophysical and non-astrophysical sources, each char-
acterized by distinct signal properties. Transient signals arise from short-lived phenomena, including
compact binary coalescences, supernova explosions and gamma-ray bursts, whereas continuous sig-
nals persist over extended timescales and are associated with binary systems far from coalescence and
stochastic GW background of both astrophysical and cosmological origin. Among these sources, binary
systems constitute the only class for which both transient and continuous signals can be accurately
modeled. Moreover, to date, they remain the only sources from which gravitational waves have been
conclusively detected. In contrast, for other sources, a complete theoretical framework remains elu-
sive. For instance, in the case of transient sources such as supernova explosions, the absence of a
comprehensive model requires a search strategy based on time-frequency analysis of detector output,
complemented by the investigation of possible electromagnetic counterparts. Meanwhile, owing to its
extremely weak amplitude and characteristic frequency range, the astrophysical stochastic GW back-
ground remains undetectable by current ground-based experiments. Notably, however, in June 2023
the NANOGrav 15-year datasets by PTAs12 showed a 3" evidence for an astrophysical stochastic GW
background, while a 5" standard to claim detection expected in 2025 [5].

3.4.1 Binary systems

This study focuses exclusively on the GWs signal emitted during the merging phase of astrophysical
(stellar-mass) Binaries Black Hole (BBH). Although other binary conÞgurations Ð such as Neutron
StarÐNeutron Star (NSÐNS) and Neutron StarÐBlack Hole (NSÐBH) systems Ð do indeed exist, they
lie beyond the scope of this work. Stellar black holes represent the Þnal evolutionary stage of massive

12 The Pulsar Timing Arrays (PTAs) are networks of monitored milliseconds pulsarÑhighly stable astrophysical
clocksÑspread across the galaxy. GWs passing through space-time induce tiny variations in the arrival times of these
pulses, creating a distinct correlation pattern. This method enables PTAs to detect gravitational waves in the nanohertz
frequency band.
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stars that undergo gravitational collapse upon exhausting their nuclear fuel. During this process, the
stellar core implodes, forming a highly compact object with an event horizon from which not even light
can escape. Depending on the progenitor mass, a collapsing star can result in either a BH or a NS,
with BH formation typically occurring for stellar remnants exceeding the Tolman-Oppenheimer-Volko!
limit. Stellar-mass BHs primarily form through the core-collapse of stars with initial masses above
approximately 20 # 25M - , although precise threshold values depend on factors such as metallicity,
rotation, and mass-loss rates due to stellar winds. This formation mechanism can also shape the

Figure 3.2: Phases of the binary evolution and estimated GW strain amplitude from GW150914. Image from [ 2].

evolution of binary systems composed of massive stars. The life cycle of such system progresses
through distinct phases, each characterized by speciÞc dynamical and radiative properties. The inspiral
phase represents the longest stage, during which two compact objects orbit each other while gradually
decreasing their relative separation. As a consequence, both the frequency and amplitude of the emitted
GWs increase. In this regime, the system can be well approximated by a quasi-circular motion since
radiation reaction e!ects drive the orbit toward circularization over time. A fundamental aspect of
this phase involves the description of the systemÕs gravitational radiation, which can be analyzed using
the mass quadrupole formalism (see Sec.¤3.3.1). In a self-gravitating system consisting of two masses
in the XY plane with a stable orbit, the reduced mass formalism13 provides an e!ective framework
for describing the second mass momentM ij . Using this approach,M ij and its second derivatives are
given by: )

*+

*,

M 11 = 1
2µR2(1 # cos 20st)

M 22 = 1
2µR2(1 + cos 20st)

M 12 = 1
2µR2 sin(20st)

=0

)
*+

*,

¬M 11 = 2µR202
s cos(20st)

¬M 22 = # ¬M 11
¬M 12 = 2µR202

s sin(20st)

(3.55)

since the emission of GWs occurs at twice the rotational frequency, the strain componentsh+ and h,

for a direction of propagation alongöz take the form:

h+ =
1
r

G
c4 ( ¬M 11 # ¬M 22)

h, =
2
r

G
c4

¬M 12 ,
(3.56)

13 The reduced mass formalism simpliÞes a two-body system by transforming it into an equivalent one-body problem.
For two masses m1 and m2, the reduced mass is given byµ = m 1 m 2

m 1 + m 2
, allowing the motion to be analyzed relative to

the center of mass.
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while for a generic direction of propagation (see [47]) one Þnds:

h+ (t, ), * ) =
1
r

4Gµ0 2
sR2

c4 (1 + cos2 ) ) cos(20stret + 2 * )

h, (t, ), * ) =
1
r

4Gµ0 2
sR2

c4 cos) sin(20stret + 2 * )
(3.57)

whereµ is the reduced mass,R the orbital separation, 0s the angular frequency,r the distance to the
source, and) the inclination angle. For an edge-on orbit () = '

2 ), h, vanishes, leading to linearly
polarized radiation. Conversely, when) = 0 , both h+ and h, attain identical amplitudes, resulting in
circularly polarized emission. For a quasi-circular orbit, one can derive an alternative expression (see
[47]) for the strain components:

h+ (t) =
4
r

%
GM c

c2

& 5
3

%
$f gw(tret )

c

& 2
3 1 + cos2 )

2
cos* (tret )

h, (t) =
4
r

%
GM c

c2

& 5
3

%
$f gw(tret )

c

& 2
3

cos) sin* (tret )

(3.58)

where* (t) =
I t

t0
dt#0gw(t#) is the phase evolution,M c is a crucial parameter in binary mergers named

chirp mass, deÞned as:

M c $
(m1m2)3/ 5

(m1 + m2)1/ 5
= µ

3
5 M

2
5 (3.59)

where M = m1 + m2 denotes the total mass of the system. The GWs frequencyf gw is simply given
by f gw = * GW

2' = * s
' which during the inspiral phase evolve as:

úf GW =
96
5

$8/ 3
%

G M c

c3

&5/ 3

f 11/ 3
GW . (3.60)

Equations (3.58) can be used to generate the chirping waveform shown in Fig.3.2. As demonstrated
in [47], knowledge of the chirp mass and measurement off GW provide key insights into the merger
process. For systems with identical chirp masses, the frequency evolution remains the same. However,
by measuring the maximum frequency reached before merger, it is possible to extract information
about the two objects and their respective masses. For instance, higher GW maximum frequencies are
reached when the systems is composed of lighter objects.
Once the binary reaches the Innermost Stable Circular Orbit at a radiusr ISCO = c3

63/ 2 'GM
, the quasi-

circular approximation breaks down, deÞning a fundamental frequency thresholdf gw,ISCO = 1
6
&

6'
c3

GM .
At this point, the system enters the merger phase, which unfolds over a timescale of milliseconds.
During this stage, the emitted GW signal reaches peak luminosity, and the frequency peaks as strong-
Þeld dynamics govern the systemÕs evolution. Finally, the ringdown phase ensues and the resulting BH
has a lower mass than the total progenitor mass, as a fraction of the total progenitors mass is radiated
away through GWs (3.54). As the ringdown signal decays, the system asymptotically settles into a
stable conÞguration, marking the completion of the GWs emission process.

Redshift and Luminosity Distance

A fundamental distinction exists between the GWs signal emitted during the merger of a BBH system
and the electromagnetic radiation produced by other astrophysical sources, such as galaxies or super-
novae. In the case of electromagnetic radiation, it is typically feasible to deÞne theredshift z of the
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source through the displacement of spectral lines, in accordance with the relation:

z =
1o # 1e

1e
, (3.61)

where 1o denotes the observed wavelength and1e the emitted (rest-frame) wavelength. The redshift
z quantiÞes the degree to which the radiationÕs wavelength has been stretched, due to either the
expansion of the Universe, the relative motion of the source (Doppler e!ect), or gravitational e!ects
(gravitational redshift). As demonstrated in [24], the redshift is related to the scale factora(t) through:

1 + z =
a(to)
a(te)

, (3.62)

where a(to) and a(te) refer to the scale factor at the time of observation and emission, respectively.
However, since BBH systems lack electromagnetic counterparts, their redshift cannot be determined
directly via spectroscopic methods. Instead, their distances can be inferred by measuring the energy
ßux from the source, which in an expanding universe is expressed as:

F =
L(, )

4$ , 2(a)
, (3.63)

whereL(, ) represents the luminosity through a (comoving) spherical shell of radius, (a)14. As shown
in Ref. [28], equation (3.63) simpliÞes to:

F =
L

4$ D 2
L

, (3.65)

where the luminosity distance DL is deÞned as:

DL =
, (a)

a
= c(1 + z)

! z

0

dz#

H (z#)
, (3.66)

with the Hubble expansion rate H (z) for a spatially ßat Universe is:

H (z) = H0

4
%m (1 + z)3 + %" . (3.67)

Consequently, in an expanding universe, the observed frequencyf (obs)
gw is redshifted with respect to the

frequency in the source frame:
f (s)

gw = (1 + z)f (obs)
gw , (3.68)

and the chirp mass (3.59) transforms as:

M (obs)
c = (1 + z)M (s)

c . (3.69)

14 From the deÞnition of comoving distance ( 1.20), one derives:

, =
! a

1

da!

a! úa!
=

! a

1

da!

a!2H (a! )
=

! z

0

dz!

H (z! )
. (3.64)
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Thus, the strain amplitude of the chirping waveform (3.58) becomes:

h+ (t) =
4

DL

9
G M (obs)

c (z)
c2

: 5/ 3 9
$f (obs)

gw (tret
obs)

c

: 2/ 3
1 + cos2 )

2
cos* (tret

obs),

h, (t) =
4

DL

9
G M (obs)

c (z)
c2

: 5/ 3 9
$f (obs)

gw (tret
obs)

c

: 2/ 3

cos) sin* (tret
obs),

(3.70)

where the factor 1/r , which appears in the standard expression for gravitational wave amplitude in
ßat spacetime, is replaced by1/D L (z) to incorporate the e!ects of cosmic expansion.

3.5 Gravitational Wave Detectors

The discovery of the binary pulsar system PSR B1913+16 by Hulse and Taylor, along with subsequent
observations of its energy loss by Taylor and Weisberg, demonstrates the existence of GWs. E!orts
to detect these waves began in the 1960s with WeberÕs resonant mass detectors. Advances in the
analysis of noise and the performance of interferometric detectors facilitated the construction of long-
baseline broadband laser interferometers. By the early 2000s, a set of initial detectors had been
completed. In 2015, the event GW150914 was observed by the two Laser Interferometer Gravitational-
Wave Observatory (LIGO) detectors in the United States (Livingston and Hanford), marking the Þrst
successful detection of a transient gravitational wave signal [2].

Figure 3.3: SimpliÞed illustration of the Advanced LIGO detector. Inset (a): Location and orientation of the two LIGO
detectors at Hanford (H1) and Livingston (L1). Inset (b): Instrument noise for each detector around the time of signal
detection, represented as an amplitude spectral density in terms of equivalent GW strain amplitude [ 2].

3.5.1 Interferometers

Modern interferometers, such as Advanced LIGO and Advance Virgo (Cascina, Italy), are based on
the operational principle of the Michelson-Morley interferometer. This conÞguration detects variations
in optical path length by analyzing interference patterns, enabling the measurement of minute dis-
placements. Brießy, a laser beam is initially split by a partially reßective beamsplitter, forming two
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perpendicular beams that propagate along distinct paths. Each beam is subsequently reßected by a
mirror positioned at the terminus of its respective arm before returning to the beamsplitter. Upon
recombination, the resulting interference pattern is recorded by a photodetector, allowing for the de-
tection of relative path length changes. These ßuctuations serve as indicators of gravitational waves
passing through the interferometer. However, this description remains an idealized representation, as
real-world interferometers incorporate additional complexities (see Fig.3.3).

Noise Sources and Sensitivity Limits

The noise in gravitational-wave detectors arises from various physical and environmental sources, which
impact their sensitivity across di!erent frequency ranges. At low frequencies, sensitivity is primarily
limited by the ability to isolate mirrors from environmental disturbances, whereas at higher frequencies,
it is constrained by the precision of displacement measurements. The overall sensitivity curve accounts
for various noise contributions, including thermal, quantum, seismic (arising from human activity
and oceanic disturbances) and Newtonian ones, which results from stochastic ßuctuations in the local
gravitational Þeld primarily due to the seismic vibrations (Love and Rayleigh waves) and variations in
atmospheric pressure. Today interferometers, such as LIGO and VIRGO, with arm lengths of 4 km and
3 km respectively, are sensitive to gravitational waves within a frequency range spanning approximately
from 10 Hz to several kHz. To reduce noise, advanced technologies are employed, including multi-stage
seismic isolation systems to reduce ground motion e!ects, high-power lasers, and Fabry-PŽrot cavities
to enhance both the e!ective arm length and laser power. Additionally, quantum squeezing techniques
are implemented to minimize quantum noise.

Signal Detection and Antenna Patterns

The output of any GW detector is a time series which, in the case of an interferometer, represents the
phase shift of laser light after it travels through the instrumentÕs two orthogonal arms and recombines.
This signal, referred to as the detector strain, consists of both the true GW signalh(t) and the
detector noisen(t). The sensitivity of a detector across di!erent frequencies is characterized by its
Power Spectral Density (PSD), which quantiÞes the noise level as a function of frequency. Gravitational
waves emitted by compact binary coalescencesÑsuch as binary black hole or neutron star mergersÑare
typically identiÞed using a technique calledmatched filtering. In this method, the data are cross-
correlated with a bank of precomputed waveform templates that model the expected signals. These
templates are generated by varying key source parameters, including component masses, mass ratio,
spins, luminosity distance and so on (see [47] for a comprehensive discussion). To determine whether a
peak is statistically signiÞcant, a threshold must be set based on a predeÞned False Alarm Rate (FAR).
The FAR quantiÞes how often noise alone would produce a peak as high as the one observed. To further
reduce false alarms caused by non-Gaussian noise transients (glitches), searches requirecoincident
detections in multiple detectors. A candidate event is considered valid only if triggers occur within a
time window smaller than the maximum light travel time -max between detectors in the network. To
estimate the background noise and calculate the false alarm rate, one simulates "no-signal" conditions
by artiÞcially shifting the time series from one detector by an o!set&t > - max . This ensures that any
true astrophysical coincidences are excluded, leaving only accidental ones due to noise. By repeating
this time-shifting procedure for many values of &t, it becomes possible to generate a statistically
signiÞcant background distributionÑequivalent to simulating thousands of years of background data.
However, a detectorÕs ability to observe a GW signal also depends on its antenna pattern, which
determines how sensitive it is to signals coming from di!erent directions and polarizations. Indeed, the
two polarization components of the GW signal,h+ and h, , depend on a pair of angles(), * ), as deÞned
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Figure 3.4: Square root of the PSD overlaid with the expected frequency ranges of various astrophysical sources for
both current and planned GW detectors. The black curves represent the sensitivity of detectors such as Advanced Virgo
(AdV), the Einstein Telescope (ET), LISA, DECIGO, TianQin and the International Pulsar Timing Array (IPTA), with
lower PSD values indicating greater sensitivity. The shaded colored regions correspond to the characteristic frequency
bands and strain amplitudes of di"erent gravitational-wave sources, including compact binary inspirals, core-collapse
supernovae, pulsars, EMRIs, and the stochastic background [51].

in the source reference frame (3.58). These angles describe the emission direction relative to a frame
in which the z-axis is aligned with the binary systemÕs angular momentum. In contrast, the detectorÕs
response is determined by a di!erent set of angles,() #, * #), which deÞne the waveÕs propagation direction
and polarization relative to the detectorÕs frame. The antenna pattern functions,F+ and F, , describe
the detectorÕs sensitivity to each polarization as functions of these angles. Therefore, the total strain
measured by the interferometer is expressed as:

h(t) = F+ () #, * #)h+ + F, () #, * #)h, , where

0
F+ () #, * #) = 1

2(1 + cos2 ) #) cos 2* #,
F, () #, * #) = cos ) #sin 2* #.

(3.71)

This formulation encapsulates the combined e!ects of both the direction of gravitational wave prop-
agation and the detectorÕs response, illustrating how the detected signal is inßuenced by the source
geometry and the orientation of the instrument. Therefore, if the signal is detected by at least three
independent detectors, triangulation of the sourceÕs position becomes feasible. Furthermore, with at
least two independent antenna pattern functions and knowledge of the signalÕs direction, it is possible
to determine both the polarization content of the signal and its inclination angle by using these two
antenna pattern functions. Finally, the distance to the system can be determined, recognizing that the
amplitude of the signal scales as( 1/r (see eq. (3.58)).

3.5.2 Next-Generation Gravitational Wave Detectors

Future GW detectors are expected to signiÞcantly enhance observational capabilities, o!ering un-
precedented insights into both astrophysical and cosmological phenomena (see Fig.3.4). Among the
most promising next-generation observatories is the Einstein Telescope (ET), a European underground
facility scheduled to become operational in the mid-2030s [46]. The ET will employ a triangular con-
Þguration with 10 km-long arms, comprising three nested interferometers capable of resolving multiple
polarization states. Its advanced design incorporates cryogenic mirrors and a broadened frequency
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Figure 3.5: Left: Illustration of the LISA orbit [ 8]. Right: Schematic representation of the Einstein Telescope (ET)
geometry, consisting of three nested detectors [30].

range extending down to 1 Hz, resulting in a sensitivity improvement of an order of magnitude com-
pared to current detectors such as Advanced LIGO (AdLIGO) and Advanced Virgo (AdVirgo). These
ground-based observatories, including ET and its american counterpart Cosmic Explorer (CE) [31], are
optimized for high-frequency signals from sources such as stellar-mass binary coalescences and neutron
star mergers. CE, also expected in the mid-2030s, will feature an L-shaped conÞguration with 40 km
arms, utilizing state-of-the-art optical coatings and high-power lasers to suppress quantum noise and
extend the detection horizon to cosmological distances. In parallel, several space-based interferometers
are under development to probe the lower-frequency gravitational-wave spectrum. Notably, the Laser
Interferometer Space Antenna (LISA) [8], a European-led mission scheduled for launch in the mid-
2030s, will consist of three spacecraft forming an equilateral triangle with 2.5 million-kilometer arms
in a heliocentric orbit at 1 AU (see Fig. 3.5). LISA will operate in the 10! 4 # 10! 1 Hz range, targeting
low-frequency sources such as massive black hole binaries and Extreme Mass Ratio Inspirals (EM-
RIs). Complementary missions, including DECIGO (DECI-hertz Interferometer Gravitational-Wave
Observatory), BBO (Big Bang Observer) and TianQin, aim to expand sensitivity across intermediate
frequency bands, ensuring broad and overlapping observational coverage.
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Chapter 4

Mapping the Invisible: Structure Through
Gravitational Eyes

The theoretical background for investigating the statistical properties of LSS observables is explained
in this chapter. In this work, the observable is the angular power spectrum of gravitational wave merger
events. This refers to the two-point statistics of the number count ßuctuations of GW events, expressed
in harmonic space. Firstly, Section ¤4.1 introduces the angular power spectrumC! . It demonstrates
how this quantity naturally describes ßuctuations projected on the sky and helps connect cosmological
models with observational data. Then, Section ¤4.2 discusses the e!ect of a non-zero primordial non-
Gaussianity parameter f NL on the angular power spectrumC! and the consequent scale-dependent
bias of the tracers. Finally, Section ¤4.3 presents the Fisher matrix formalism. This method is used to
estimate how well future observations can measure parameters such asf NL .

4.1 The Angular Power Spectrum

Section 2.3 introduces the Gaussian random Þeld&(x) in three-dimensional Fourier space, leading to
the deÞnition of the power spectrumP(k), which characterizes spatial correlations in a ßat geometry.
However, a number of cosmological observablesÑsuch as the temperature anisotropies of the CMB,
the angular clustering of galaxies or the distribution of binary black hole merger events (see Chap-
ter 3)Ñcan be projected on the celestial sphere. In these situations, it becomes suitable to expand the
observed ÞeldÕs ßuctuations in spherical harmonics to accommodate the spherical geometry of the sky.
This expansion for CMB temperature anisotropies is shown in this section using the formalism given in
Ref. [28]. The dimensionless temperature ßuctuation Þeld) = & T/T is expanded in harmonic space
as:

)( x , ön, / ) =
)8

! =0

!8

m= ! !

a!m (x)Y!m (ön), (4.1)

where a!m (x) denotes the spherical harmonics coe"cients at positionx in direction ön, and Y!m rep-
resents the spherical harmonics functions. This decomposition serves as the analogue of a Fourier
expansion in ßat space. The harmonicsY!m form a complete set of eigenfunctions on the sphere and
are deÞned as:

Y m
! (), * ) = Neim3 P |m|

! (cos) ), (4.2)
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with N being a normalization constant that satisÞes the orthogonality condition:
!

d%Y $
!m (%)Y! ! m! (%) = &!! ! &mm ! , (4.3)

where P|m|
! denotes the associated Legendre polynomials. For a given multipole! ' 1

4, there exist
2! + 1 independent solutions corresponding to the integerm within # ! 4 m 4 ! . The amplitude of

Figure 4.1: A visualization of spherical harmonics Y m
) (3, . ), where 4 indicates the angular frequency and m describes

the orientation. Image adapted from [ 56].

the spherical harmonics coe"cientsa!m is determined through:

a!m (x) =
!

d3k
(2$)3 ei k áx

!
d%Y $

!m (ön) )( k , ön), (4.4)

these coe"cients originate from quantum ßuctuations generated during inßation (see Ch. ¤2). As a
result, their expectation value vanishes, while their variance, employing Eq. (4.3), yields:

,a!m a$
! ! m! - = &!! ! &mm ! C! , (4.5)

whereC! , referred to as theAngular Power Spectrum (APS), quantiÞes the variance ofa!m and encodes
cosmological information. Nonetheless, due to the inherent constraint of being able to observe just a
single realization of the universe, an uncertainty referred to asCosmic Variance naturally emerges.
This uncertainty scales as:

& C!

C!
=

/
2

2! + 1
, (4.6)

and becomes signiÞcant at large angular scales (i.e., low! ). To express C! in terms of ) ! (k), one
combines Eq. (4.5) with Eq. ( 4.4):

,a$
!m a!m - = C! =

!
d36k

(2$)3 ei5ká5x
!

d%Y $
!m (öp) (4.7)

!
!

d36k#

(2$)3 e! i5k! á5x
!

d%#Y!m (öp#)
;

)( 6k, ök áöp)) $(6k#, ök#áöp#)
<

. (4.8)
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Using the relation ) = &! () /&), where & denotes the initial matter overdensity and ) /& describes
its evolution, the expectation becomes:

=
)( k, öp)) $(k#, öp#)

>
=

=
&(k)&$(k#)

> )( k, öp)
&(k)

) $(k#, öp#)
&$(k#)

= 2$&(3) '
k # k#( P(k)

)( k, ök áöp)
&(k)

) $(k, ök#áöp#)
&$(k)

,

(4.9)

where Eq. (2.48) is used. Substituting into Eq. (4.7), one obtains:
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where ) is expanded in Legendre polynomialsP |m|
! (see [28] for a complete derivation). The factor5

5
5$ ) (k)

( k

5
5
5 encodes the transfer function and the growth factor, reßecting the evolution of the power

spectrum.

4.1.1 Angular Power Spectrum of Gravitational Wave Number Counts

This study considers the ßuctuation in the number density of gravitational wave merger events&GW (z, ön)
at redshift z and in direction ön. Analogous to CMB temperature anisotropies, the Þeld is expanded in
spherical harmonics [17, 14]:

&GW (z, ön) =
8

!m

aGW ,z
!m Y!m (ön), with aGW ,z

!m =
!

d%ön Y $
!m (ön) &GW (ön, z). (4.12)

Using the notation from [17], consistent with the Boltzmann code CLASS[16, 27] and its extension
Multi_CLASS [14, 15], the angular power spectrum of GW number counts in redshift binsi and j
follows from Eq. (4.10):

CGW
! (zi , zj ) =

2
$

!
dk k2 P(k) & zi

! (k) & zj
! (k), (4.13)

where & ! (k, z), the angular transfer function, describes how the observable projects from three-
dimensional perturbations onto the sphere. In this context, it e!ectively corresponds to the term5
5
5$ ) (k)

( k

5
5
5 of Eq. (4.10), which represents the response of the observable to an initial matter overden-

sity mode &k. The angular transfer function & GW ,zi
! (k) is obtained by integrating over the redshift

distribution:

& GW ,zi
! (k) =

! )

0
dz

dN GW

dz
W (z, zi , & zi ) & GW

! (k, z), (4.14)

here, dN GW

dz is the redshift distribution of GW events, W (z, zi , & zi ) is a window function centered at
zi with width & zi , and & GW

! (k, z) is the GW number count transfer function. The full expression in-
cludes contributions from density ßuctuations, redshift-space distortions (RSD)1, gravitational lensing

1In a nutshell: redshift-space distortions occur because the distances to tracers are inferred from their redshifts
rather than their actual comoving coordinates. This inference is accurate only if tracers strictly follow the Hubble
ßow. However, in reality, they have peculiar velocities that add to or subtract from the cosmological redshift. As a
result, the observed redshift is the sum of the cosmological redshift and the Doppler term from these peculiar motions.
Consequently, converting positions from redshift space into comoving coordinates introduces anisotropic distortions in
the inferred clustering of tracers that must be taken into account.
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magniÞcation and general relativistic (GR) corrections:

& GW
! (k, z) = & den

! (k, z) + & vel
! (k, z) + & len

! (k, z) + & gr
! (k, z). (4.15)

Of primary interest is the density term [14, 27]:

& den
! (k, z) = btot

GW &(k, - z) j ! [k, (z)], (4.16)

where &(k, - z) denotes the matter overdensity at conformal time-z, j ! is the spherical Bessel function
evaluated at comoving distance, (z) and btot

GW is the total bias factor for GW sources.

4.2 Biased Tracers of the Cosmic Web

In Sec.4.1, the total bias appears in the density term (4.16), which contributes to the angular transfer
function & zi

! (k). But, what does this bias signify?
The cosmologicalbias describes how the spatial distribution of visible matter, such as galaxies, traces
the underlying dark matter Þeld in the universe. A common analogy likens this to viewing Earth at
night: the lights emitted by cities reveal where people live, but they do not represent the entire global
population distribution. In a similar way, the observed clustering of galaxies or other tracers provides
only a biased representation of the underlying dark matter density Þeld.

4.2.1 Linear Bias

On su"ciently large scales, the simplest assumption is that tracers follow the matter density Þeld
through a linear and local relation. In this regime, the halo overdensity&h is assumed to be proportional
to the underlying dark matter overdensity &, such that:

&h(x) = b &(x), (4.17)

where b denotes thelinear bias parameter. For example, when galaxies are employed as tracers of the
halo population, one may deÞne the overdensity Þelds for galaxies and matter as:

ng = øng (1 + &g) , ' dm = ø' dm (1 + &) , (4.18)

where øng and ø' dm represent the mean comoving number densities of galaxies and dark matter, re-
spectively. Assuming a linear bias model, the auto-angular power spectrum of the galaxy distribution
relates to that of the dark matter as:

Cgg
l (z) = b2 Cdm

l (z). (4.19)

A higher value of b indicates that the tracers exhibit stronger clustering than the dark matter Þeld
itself. This aligns with the theoretical expectation that more massive halosÑwhich host the most
massive galaxiesÑare likely to form in the rare peaks of the initial density Þeld, where correlations are
inherently stronger than in average regions.
Upcoming 3G gravitational wave interferometers, such as the Einstein Telescope and Cosmic Explorer,
are expected to detect a diverse and growing population of GW events (see Chapter ¤3). In recent
literature [ 40, 58, 18], several studies have proposed the use of GW mergers as tracers of LSS, analo-
gous to the use of galaxies. Indeed, gravitational waves from binary black hole mergers are expected
to originate predominantly in the most abundant dark matter halos. This approach does not re-
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quire spectroscopic redshift measurements, as the luminosity distanceÑdirectly inferred from the GW
signalÑcan serve as a radial coordinate [40].

4.2.2 Scale-Dependent Bias from Local Primordial Non-Gaussianity

In the presence of local PNG, the standard linear bias relation undergoes a distinctive modiÞcation
that introduces a scale dependence at large scales [25, 26, 50]. This arises from a coupling between
long- and short-wavelength modes in the primordial gravitational potential ( , which is induced by a
non-zero value of the non-Gaussianity parameterf NL . As a result, the potential ( directly a!ects the
abundance of collapsed structures [26], such that:

&h(k, z) = b(z)&(k, z) + f NL b# (z)(( k), (4.20)

where b(z) is the redshift-dependent linear bias andb# (z) quantiÞes the response to the potential
perturbation. Rewriting the relation ( 2.80) as:

&(k) = M (k, z)(( k), with M (k, z) =
2k2aT (k)D(z)

3%m H 2
0

, (4.21)

and substituting into Eq. ( 4.20), the expression becomes:

&h(k, z) = b(z)&(k, z) + f NL b# (z)
&(k, z)

M (k, z)
= [ b(z) + & b(k, z)] &(k, z), (4.22)

where & b(k, z) denotes the scale-dependent correction due to PNG. At leading order inf NL , this
correction takes the form (as shown by [25]):

& b(k, z) = [ b(z) # 1] f NL &c
3%m H 2

0

k2T (k)D(z)c2 , (4.23)

where &c + 1.686 is the critical overdensity for spherical collapse,T (k) is the matter transfer function
(2.69), D(z) is the linear growth factor (2.76), %m is the matter density parameter, and H0 is the
Hubble constant at present time. Thek! 2 scaling of this correction implies a dominant e!ect on the
largest cosmological scales, i.e., at low multipoles! . This enhances the clustering of tracers on large
scales, rendering the angular power spectrum at low! a sensitive probe of local-type PNG.
Importantly, the k! 2 dependence constitutes a unique signature of PNG, as neither gravitational
evolution nor local astrophysical processes can produce a similar scale dependence [26].

4.3 Statistical Forecasting with the Fisher Formalism

In the previous sections, the observable of interestÑnamely the angular power spectrumC! Ñwas
introduced, and its sensitivity to PNG through the scale-dependent bias was discussed. Furthermore,
the potential of future third-generation GWs interferometers to act as LSS tracers was highlighted. This
naturally leads to a critical inquiry: to what extent will these forthcoming GW surveys be capable
of constraining cosmological parameters such asf NL using only the statistical properties of the GW
number count distribution?
The answer lies in the Fisher information matrix formalism, a powerful statistical tool that enables one
to estimate the precision with which model parameters can be inferred from a given datasetÑbefore
the dataset is even collected. This section outlines the theoretical underpinnings of this formalism and
its application to angular power spectra of GW sources.
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Figure 4.2: Dependence of the density auto-correlation angular power spectrum C) on di"erent values of the local-type
primordial non-Gaussianity parameter f local

NL , as computed with Multi_CLASS.

4.3.1 Statistical Inference and Estimators

In cosmology, unlike laboratory sciences, it is not possible to repeat experiments under controlled
conditions. Observations are instead limited to a single realization of the Universe. In such a context,
Bayesian statistics provides a robust framework for inference and model testing. Given a datasetd, one
can compute the posterior distribution P() |d) of a set of model parameters) using BayesÕ theorem:

P() |d) =
L (d|) ) $() )

p(d)
, (4.24)

whereL (d|) ) is the likelihood, quantifying how well the model with parameters) explains the observed
data, $() ) is the prior probability, encoding pre-existing knowledge or assumptions about the parame-
ters and p(d) is the evidence serving as a normalization factor [43].
In the frequentist approach, parameters are estimated using statistical estimatorsö) , functions of the
data whose expected value satisÞes, ö) - = ) if the estimator is unbiased. A common choice is the
Maximum Likelihood Estimator (MLE), which maximizes the likelihood function.
In contrast, Bayesian inference centers around the posterior distribution. TheMaximum A Posteriori
(MAP) estimator is the value of ) that maximizes P() |d). Notably, if the prior $() ) is uniform, the
MAP and MLE estimators coincide.

4.3.2 The Fisher Information and the CramŽrÐRao Bound

A central goal in experimental design is to assess the best possible precision with which model param-
eters can be constrained by an experiment. TheFisher information matrix plays a pivotal role in this
context, as it quantiÞes the amount of information that an observable dataset carries about the model
parameters. Formally, the Fisher information matrix is deÞned as the expectation value of minus the
second derivative of the log-likelihood with respect to the model parameters evaluated in the maximum
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likelihood value:

F12 $
G

#
%2 logL
%)1 %)2

H

ö4= ö4ML

(4.25)

The Fisher matrix sets a fundamental bound on parameter estimation through theCramér–Rao in-
equality, which states that the covariance matrix of any unbiased estimatorö) satisÞes:

Cov(ö) ) ) F ! 1, (4.26)

Moreover, two other important theorems a"rm that:

i) if exist an estimator which saturates, the CR bound i.e. thebest unbiased estimator (BUE), this
is the Maximum Likelihood;

ii) the ML estimator asymptotically saturates the CR bound.

Finally, the Bernstein–von Mises theorem, also known as the Bayesian central limit theorem, states
that in the asymptotic limit the posterior distribution converges to the sampling distribution of the ML
estimator [43]. Therefore, for very large datasets, Eq. (4.26) and the theorems above can be applied also
to the MAP estimator regardless of the choice of the prior. This result justiÞes the application of Fisher
matrix forecasts even within a Bayesian framework, provided the dataset is su"ciently informative.

4.3.3 Fisher Matrix for Gaussian Likelihoods

When the data vector d is distributed as a multivariate normal distribution with mean µ (! ) and
covariance matrix C(! ), the likelihood is:

L (d|! ) =
1

4
(2$)n det C

exp
"
#

1
2

(d # µ )" C! 1(d # µ )
#

. (4.27)

In this case, it can be shown (see e.g. [43]) that the Fisher matrix becomes:

Fij =
%µ "

%)i
C! 1 %µ

%)j
+

1
2

Tr
"
C! 1 %C

%)i
C! 1 %C

%)j

#
. (4.28)

In cosmology, observables such as CMB temperature anisotropies, galaxy number density ßuctuations,
andÑas considered in this workÑthe number counts of gravitational wave sources, can be approxi-
mated as Gaussian random Þelds with zero mean on su"ciently large scales. Under this assumption,
the general expression for the Fisher information matrix in Eq. (4.28) simpliÞes to:

Fij =
1
2

Tr
"
C! 1 %C

%)i
C! 1 %C

%)j

#
. (4.29)

4.3.4 Angular Power Spectrum Fisher Matrix

The Fisher matrix formalism can be used with the angular power spectraC! (see Sec.4.1) in order to
quantify the constraining power of future observations of gravitational wave number count ßuctuations.
The analysis begins with the decomposition of the observed GWs signal into spherical harmonics [58]:

aGW
!m (zi ) = sGW

!m (zi ) + nGW
!m (zi ), (4.30)
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where sGW
!m (zi ) represents the signal component andnGW

!m (zi ) is the noise contribution, assumed to be
purely due to shot noise2, in the redshift bin zi . The expectation value of the signal and noise are
given by:

,s!m (zi )s$
! ! m! (zj )- = &!! ! &mm ! C! (zi , zj ), ,n!m (zi )n$

! ! m! (zj )- = &!! ! &mm ! &ij N! (zi ). (4.31)

The total observed spectrum is:

=
aGW

!m (zi )aGW $
! ! m! (zj )

>
= &!! ! &mm ! [C! (zi , zj ) + &ij N! (zi )] . (4.32)

Shot noise is an unavoidable source of statistical uncertainty that arises from the fact that we are
dealing with a discrete set of objects, such as galaxies or GW events, rather than a continuous Þeld.
This phenomenon arises due to the Poissonian nature of the sampling process and leads to additional
ßuctuations in the measured number density. In the context of angular power spectra, shot noise
manifests as a scale-independent contribution (N! ' 1/ øn, where øn is the number density of sources)
to the auto-correlation signal, and its impact becomes more signiÞcant when the number density of
sources is low. The Fisher matrix for angular power spectra (see [28] for the full derivation) reads:

F12 =
! max8

! min

2! + 1
2

f sky

8

zi ,zj

6
%Cij

!

%)1
" ! 1

!,ij
%Cij

!

%)2
" ! 1

!,ij

7

, (4.33)

where" !,ij = Cij
! + &ij N i

! . This formula which relies on the assumption that the underlying distribution
is Gaussian and isotropic, di!ers from the (4.29) because in the case of angular power spectra, the
trace transforms into a summation over multipoles! , and the Gaussian covarianceC corresponds to
the angular covariance matrix" ij

! for each! . The prefactor 2! +1 quantiÞes the number of independent
m-modes available at a given angular multipole! . As mentioned for the Eq. (4.6), this reßects the
statistical power gained by averaging over all m-modes, which reduces the uncertainty in the estima-
tion of C! . Each of these modes provides an independent sample of the underlying cosmological Þeld,
contributing additively to the Fisher information. Finally, The factor f sky accounts for the fraction of
the sky covered by the survey. Since incomplete sky coverage limits the number of available modes,
the e!ective number of independent measurements at each multipole is reduced by this factor. Conse-
quently, the Fisher matrix is rescaled byf sky, reßecting a degradation in statistical power caused by
partial observations of the sky.

2For a foundational discussion of shot noise in the context of galaxy surveys and power spectrum estimation, see
Tegmark et al. [60]. A comprehensive treatment of statistical uncertainties, including shot noise, is provided in DodelsonÕs
Modern Cosmology [28].

54



Chapter 5

Forecasting Primordial Non-Gaussianity
with Gravitational Wave Surveys

This chapter presents the Fisher forecast of the local-type primordial non-Gaussianity parameterf local
NL

employing upcoming data from the next generation GW detectors. After deÞning the baseline tracer
model, merger rates and cosmological Þducials in Section ¤5.1, it introduces in Section ¤5.2 the numeri-
cal approach to carry on the Fisher analysis. Section ¤5.3 describes the Boltzmann solverMulti_CLASS
and all the relevant conÞguration choices. Finally, the main forecast results are presented in Sec-
tion ¤5.4.

5.1 Baseline Analysis and Assumptions

As outlined in previous chapters, the GWs signal in this analysis arises solely from astrophysical BBH
mergers, which serve as the exclusive tracer of large-scale structure. The Einstein Telescope is adopted
as the reference third-generation interferometer. ET is expected to detect on the order of105 BBH
mergers per year, with sensitivity extending to multipolesl ( 100 [1, 37, 19].

5.1.1 Gravitational-Wave Event Distribution and Clustering Bias

As the Þducial model, the number density of detected GWs events per redshift bin per unit solid angle
is adopted from Ref. [18]:

d2N
dz d%

= A
%

z
z0

&1

exp
-
# (z/z 0)2 .

, (5.1)

with parameters {A , z0, 7, 8 } = { 1.35! 10! 7 GW/ sr, 2.02! 10! 3, 6.12, 0.41} . This parametrization
is valid for z & [0, 9]. The normalization A assumes a ten-year observing run of the ET. Equation (5.1)
was derived in Ref. [18] by generating simulated GW-event catalogs following the methodology of
Ref. [13], and incorporates the LIGOÐVirgoÐKAGRA CollaborationÕs estimate of the local BBH merger
rate, R0

LVK + 20 Gpc! 3 yr! 1 , under the assumption that all BBHs are of astrophysical origin [3].

GWs Event Detection Rate

The baseline survey assumes a total detection rate ofN GW
tot = 4 .8! 104 events per year over the redshift

range z & [0, 6], in accordance with Ref. [18]. This value is consistent with projections from the ET
science case [1], which expects up toO(105) BBH detections annually. In the following analysis, the
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Figure 5.1: Redshift distribution of detected GW events (solid line) plotted together with the Gaussian window functions
for each bin, using centers zi and widths 5i from Table 5.1.

e!ect of varying the total number of detected events on constraints for the local-type primordial non-
Gaussianity parameterf NL will be systematically explored. In particular, it also considers the projected
yield of the ET2CE network (comprising the Einstein Telescope and two Cosmic Explorer detectors),
whichÑwhile its primary advantage lies in signiÞcantly improved GW sky localization rather than a
higher detection rateÑis nevertheless expected to reachN GW

tot = 1 .1 ! 105 events per year [53].

5.1.2 Merger Bias

The clustering bias of the BBH population employed in this study is the Þtting function estimated
in [53], which is derived from the analysis of clustering signals extracted from hydrodynamical cos-
mological simulations in combination with population synthesis frameworks. The bias evolution with
redshift is described by:

bgw(z) = A (1 + z)B , (5.2)

with A = 1 .2 and B = 0 .59. As reported in Ref. [53], the uncertainties associated with this parametriza-
tion remain within approximately 50% for the redshift interval z & [1, 6].

5.1.3 Fiducial Cosmological Parameters

The Þducial cosmological parameters adopted in this analysis are based on thePlanck 2018 results,
speciÞcally the TT,TE,EE+lowE+lensing+BAO combination [ 6]. These parameters deÞne the baseline
! CDM cosmology assumed throughout this work:

¥ H0 = 67.66± 0.42 km s! 1 Mpc! 1: the Hubble constant, representing the present-day expansion
rate of the Universe.

¥ %ch2 = 0 .11933± 0.00091: the physical density of cold dark matter, whereh $ H0/ 100.

¥ %bh2 = 0 .02242± 0.00014: the physical density of baryonic matter.

¥ ns = 0 .9665± 0.0038: the scalar spectral index (see ¤2.4).
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Figure 5.2: Redshift evolution of the GW clustering bias model ( 5.2) (solid curve) with 15 forecasted uncertainties (error
bars) derived from the Fisher analysis employing Planck prior on ! CDM parameters.

¥ - = 0 .0561± 0.0074: the optical depth to reionization, sensitive to the early ionization history
of the Universe and a!ecting CMB large-scale polarization.

¥ As = (2 .105± 0.030) ! 10! 9: the amplitude of primordial scalar ßuctuations, evaluated at the
pivot scale k$ = 0 .05 Mpc! 1.

This analysis expands on the six baseline parameters of the standard! CDM model by incorporating
the local-type primordial non-Gaussianity parameter as an additional degree of freedom. This extended
parameter space allows us to assess the constraining power of gravitational wave observations onf NL .
However, since the primary goal is to derive constraints onf NL , the remaining six! CDM parameters are
treated as nuisance parameters and will be marginalized over in the Fisher analysis. This ensures that
the forecasted bounds onf NL account for degeneracies and uncertainties in the! CDM cosmological
model.

5.2 Forecasting Methodology

In GW surveys the natural observable is the luminosity distanceDL , inferred directly from the strain.
Converting DL to redshift z requires assuming a Þducial cosmology (to break theDL Ðchirp-mass (3.59)
degeneracy) and applying small relativistic corrections (lensing, velocities, projection e!ects). Studies
show that, for su"ciently wide tomographic bins, the impact on the angular power spectrum C! is
negligible [40]. By the era of third-generation detectors, parameters such asH0, %m and %" will be
tightly constrained by other probes, justifying working directly in redshift space, using the background
cosmology to convert luminosity distance to redshift via (3.66). Under this assumption, the GW
number count survey can be treated analogously to a photometric galaxy survey, enabling the use of
tomographic binning in redshift space [41].

5.2.1 Redshift Binning Strategy

The Þducial survey conÞguration adopted in this work relies on a tomographic binning scheme in
redshift space. SpeciÞcally, the Þducial redshift range is divided into 10 overlapping Gaussian bins,
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each characterized by a central redshiftzi = ( zmax + zmin )/ 2 and a corresponding width" i = ( zmax #
zmin )/ 2, as done in Ref. [40]. The bin centers are chosen to span the redshift intervalz & [0, 6] (see
Tab. 5.1), ensuring su"cient overlap between adjacent bins. The Gaussian window functions were
selected over top-hat windows to provide a more realistic forecast, even though top-hat binning would
yield noticeably tighter constraints by capturing the full signal within each slice. Finally, the stability
of the forecasts was tested against alternative tomographic schemes with 5, 15, and 20 bins, conÞrming
that the constraints converge and remain robust for the chosen 10-bin conÞguration.

zmin zmax zi " i bi

0.00 0.74 0.37 0.37 1.44
0.74 1.18 0.96 0.22 1.78
1.18 1.54 1.36 0.18 1.99
1.54 1.90 1.72 0.18 2.17
1.90 2.26 2.08 0.18 2.33
2.26 2.62 2.44 0.18 2.49
2.62 3.00 2.81 0.19 2.64
3.00 3.46 3.23 0.23 2.81
3.46 4.46 3.96 0.50 3.09
4.46 6.00 5.23 0.77 3.53

Table 5.1: Redshift binning adopted in the Þducial analysis (see Fig. 5.1). Each bin is speciÞed by its minimum and
maximum redshifts (zmin , zmax ), centre zi , Gaussian width 5i , and clustering bias bi .

Angular Resolution

The angular resolution ) of the GW survey determines the multipole! ( 180&

4 that can be included in
the Fisher analysis. The lowest multipole is! = 2 . Indeed, The monopole! = 0 represents the sky-
averaged signal and does not carry clustering information, while the dipole! = 1 is dominated by the
observerÕs peculiar motion and other kinematic e!ects that obscure the underlying cosmological signal.
For both the ET [ 58] and ET2CE [37] conÞgurations the largest multipole is set to be! max = 100.

Sky Coverage

A key factor that enters the Fisher matrix formalism (4.33) is the fraction of the sky covered by the
survey, denotedf sky. This factor accounts for the reduction in the number of available independent
modes due to incomplete sky coverage. One of the main advantage of GWs observations lies in their
ability to achieve full-sky coverage. This is a distinguishing factor from the ground-based electromag-
netic surveys, which are constrained by their geographic location and observational limitations [32].
Therefore, this analysis adopts a full-sky assumption1, setting f sky = 1 .

5.2.2 Fisher Matrix Forecast Implementation

The core of this analysis is the Fisher matrix formalism for the angular power spectrum, as introduced
in Sec. ¤4.3.4. For each multipole ! , the angular power spectrum is anN ! N matrix

C! =

A

B
B
B
B
C

C! (z1, z1) C! (z1, z2) á á á C! (z1, zN )
C! (z2, z2) á á á C! (z2, zN )

. . .
...

C! (zN , zN )

D

E
E
E
E
F

, (5.3)

1This is especially justiÞed for a network such as ET2CE, which combines multiple detectors.
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where Cij
! $ C! (zi , zj ) is the cross-power spectrum between redshift binszi and zj . Only the upper-

triangle (or equivalently N (N +1) / 2 independent entries) needs to be computed, sinceC! is symmetric.
The Cl Õs are computed by mean theMulti_CLASSwhich will be introduced in Sec. ¤5.3. To account for
overlapping redshift bins, the Fisher employed for the data analyisis di!ers from Eq. (4.33). Indeed,
using the prescription of Ref. [54]:

F12 =
lmax8

lmin

8

(i,j )( m,n )

?
%1 C(ij )

l

@ ?
Cov[( i,j ),(m,n )]

l

@! 1 ?
%2C(mn )

l

@
(5.4)

where the covariance matrix is deÞned as

Cov[( i,j ),(m,n )]
l =

1
f sky(2l + 1)

?
" (im )

l " (jn )
l + " (in )

l " (jm )
l

@
(5.5)

with " (ij )
l = Cij

l + N ij
l (see4.3.4) is the observed APS including the shot-noise contributionN ij

l in
each redshift bin is expressed as:

N ij
l = &K

ij

" ! zmax
i,j

zmin
i,j

d2NGW

dzd%
W (zi,j , z)dz

#! 1

, (5.6)

where W (zi,j , z) represents the unnormalized Gaussian window function centered at eachzi bin and
with standard deviation " i (see Table5.1). The sum in (5.4) is performed over the indices(ij ) with
i 4 j and (pq) with p 4 q which run from 1 to the number of bins. In this way both the auto-
and cross- correlated bins are correctly taken into account [54]. As stated above the sky coverage is
assumed to bef sky = 1 . In Eq. (5.4), F12 denotes the Fisher matrix element associated with the pair
of cosmological parameters) 1 and ) 2 . Indeed, to perform the Fisher analysis the derivatives of the
Cl Õs are computed with respect the parameter space

) =
J

H0, %ch2, %bh2, As, ns, -, f NL , b0, . . . , bn
K

, (5.7)

which includes both the six! CDM parameters and the ten bias parameters, which are always marginal-
ized over; the full 17 ! 17 matrix is then inverted to obtain the covariance. The derivatives of theCl

are computed numerically by central Þnite di!erences [49] with the choice ) 1 = ) Þd
1 ± 10! 3 ) Þd

1 , where
) Þd

1 is the Þducial value of the parameter) 1 . The sum over the multipoles run from lmin = 2 up to
lmax = 100 in the Þducial baseline setup.

5.3 Boltzmann Solver: Multi_CLASS

The numerical computation of the angular power spectrum and the contributions outlined in Eq. (4.15)
requires solving the Boltzmann equations that govern the evolution of cosmological perturbations. In
this study, as previously mentioned, this process is carried out by using the public codeMulti_CLASS2

by N. Bellomo et al. [14]: an extension of the public codeCLASS3 (Cosmic Linear Anisotropy Solving
System) by J. Lesgourgueset al. [39, 16]. CLASSis a C code designed to simulate the evolution of linear
perturbations in the universe and to compute CMB and large scale structure observables.Multi_CLASS
is a modiÞcation which allows tomographic analyses across multiple tracers or redshift bins and includes
also an implementation of the e!ects of primordial non-Gaussianities of the local type, parametrized
by the amplitude f NL . Although this work does not employ the multi-tracer functionality, it makes

2https://github.com/nbellomo/Multi_CLASS
3http://class-code.net
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extensive use of the local-type PNG implementation.

5.3.1 Multi_CLASSConÞguration

Input

The Multi_CLASScode allows inputs to be set either through an.ini conÞguration Þle or via a Python
wrapper using a .py script. Among the various parameters available, the most relevant for deÞning
the tracer properties and survey characteristics are:

¥ selection_window : DeÞnes the shape of the redshift selection functionW (z). Supported options
include gaussian , tophat , and dirac . The gaussian is chose.

¥ selection_mean : SpeciÞes the central redshift values of each bin. Here thezi are listed in Tab.
(5.1).

¥ selection_width : Corresponds to the width of the selection function for each redshift bin. For
a Gaussian window, this is the standard deviation; for a top-hat, it is the half-width. The " i are
listed in Tab. (5.1).

¥ number count contributions : Lists the physical e!ects which goes in the angular transfer
function (4.14), such asdensity , rsd (redshift space distortions), lensing , and gr (relativistic
e!ects) (see Eq. (4.15)). In this work only density , rsd are included.

¥ selection_bias : SpeciÞes the GW tracer biasb(z) in each redshift bin. Here, the bias relation
employed is the one reported in Eq. (5.2).

¥ selection_magnification_bias : DeÞnes the magniÞcation biass(z) in each bin. The mag-
niÞcation bias parameters(z) quantiÞes the change in the observed number of tracers due to
gravitational lensing. Its e!ect appears in the lensing contribution to the number count ßuctua-
tions, with a prefactor (5s # 2). In this work sGW (z) = 0 .4 is chosen, in such a way the lensing
magniÞcation term is e!ectively canceled.

¥ selection_tracer_1 : Sets the analytic form of the redshift distribution dN/dz of the tracer.
Available choices include predeÞned distributions such aseuclid_galaxy or astrophysical_gws .

¥ selection_tracer_2 : (Optional) Sets the redshift distribution for a second tracer, used in multi-
tracer analyses. This parameter was not utilized in the present work.

¥ non_diagonal : Determines how many cross-correlations between di!erent redshift bins are com-
puted. For example, 0 includes only auto-bin correlations, whileNbins # 1 considers all cross-
correlations.

Two key implementation details are worth highlighting:

1. The analytic form of the redshift distribution adopted in this work is based on Eq. (5.1), which
models the number density of GW events per redshift bin per square degree. This expression was
implemented directly into the transfer.c module of Multi_CLASSwhich compute the transfer
function & ! (k), replacing the default internal prescription astrophysical_gws by Ref. [58].

2. The scale-dependent bias expression used for local-type primordial non-Gaussianity is imple-
mented according to Eq. (4.22) with the correction term given in Eq. ( 4.23). This modiÞcation
enables consistent modeling of the large-scale clustering enhancement induced byf NL .
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Additionally, Multi_CLASSallows the user to go beyond a constantf NL , and instead model its scale
dependence through:

f NL (k) = f NL

%
k

kNG

&nNG

, (5.8)

where kNG is the pivot scale andnNG is the running of non-Gaussianity.

The relevant parametersÑabsent in standardCLASSbut implemented in Multi_CLASSÑare [ 14]:

¥ f_NL: Amplitude of local-type non-Gaussianity,

¥ n_NG: Spectral index or tilt of the non-Gaussian contribution (default: 0),

¥ k_pivot_NG: Pivot scale for evaluating the running (default: 1.0 Mpc! 1).

In this analysis, the default values fornNG and kNG are retained.

Output

The primary output required for this analysis is the nCl block, which contains the angular power
spectra C! for number count ßuctuations. These spectra are returned byMulti_CLASS as a nested
dictionary with two main keys: ÕllÕ, which stores the array of multipole moments! , and ÕddÕ, which
contains the angular power spectra for all redshift-bin combinations. In the case of a single tracer,
each element ofÕddÕcorresponds to a speciÞc redshift bin pair(zi , zj ), and is represented by an array
of the same length asÕllÕ, holding the values ofCzi zj

! across all multipoles. The elements inÕddÕ
follow the ordering:

ÕddÕ= { Õ1Õ: Cz1z1
! , Õ2Õ: Cz1z2

! , . . . , Õ10Õ: Cz1z10
! , Õ11Õ: Cz2z2

! , . . . , Õ55Õ: Cz10 z10
! }

This sequence spans allN (N +1)
2 unique redshift bin combinations for N bins. These outputs can then

be reshaped or indexed appropriately to construct the full covariance matrix required for Fisher matrix
computations. Each Czi zj

! is a one-dimensional array of length equal to the number of multipoles! ,
and encodes the angular correlation between the redshift binszi and zj as a function of angular scale.
These outputs are then processed by a bespoke Python script, speciÞcally developed to construct the
Fisher matrix and extract the resulting constraints.

5.4 Forecast Results

This Þnal section presents the principal Þndings of the analysis and compares the adopted experimental
setup with those reported in the literature.

5.4.1 Fisher Forecast Outcomes

The Fisher forecasts for the Þducial conÞguration introduced in Sections ¤5.1 and ¤5.2 were carried
out under two prior assumptions:

¥ Uniform priors: The parameter vector

) = { H0, %ch2, %bh2, As, ns, -, f NL , b0, . . . , bn} (5.9)

is estimated assuming uniform uninformative priors on all cosmological parameters.
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¥ Planck priors: The same parameter vector

) = { H0, %ch2, %bh2, As, ns, -, f NL , b0, . . . , bn} (5.10)

is constrained with Planck priors [6] on the subset{ H0, %ch2, %bh2, As, ns, - } .

These two conÞgurations allow us to isolate the role of external cosmological information in constraining
f NL . The Uniform case highlights the intrinsic degeneracies when relying solely on GW merger signals,
whereas thePlanck case demonstrates how informative priors break these degeneracies and tighten the
overall parameter constraints. Figure5.3 displays the marginalized 68% and 95% conÞdence contours
obtained from the Fisher matrix computed with uniform priors on both the ! CDM cosmological
parameters and the ten bias parameters, marginalizing over all parameters exceptf NL . For the purpose
of this plot, the full Fisher matrix is Þrst used to derive the covariance, then the sub-covariance
corresponding only to f NL and the ! CDM parameters is extracted to produce the contour plots,
yielding " Uniform

f NL
= 16.53. The broad, highly degenerate contours reßect the limited constraining

power of GW data alone. Figure5.4, by contrast, shows the corner plots for the full parameter space,
marginalizing over the ! CDM parameters (with Planck priors (5.10)) and the ten bias parameters
without any prior assumptions on them. The absence of degeneracies betweenf NL and the bias
parameters is evident, and the plot yields a sensitivity of" Planck

f NL
= 7 .64. Moreover, presenting both

cases is essential to demonstrate the intrinsic constraining power of the GW angular power spectrum
alone, and the additional improvement a!orded by existing CMB measurements.

Sensitivity to Maximum Multipole ! max

The forecasted1" uncertainty on f NL is investigated as a function of the maximum multipole! max ,
while keeping the minimum multipole Þxed at ! min = 2 . Figure 5.5 displays " (f NL ) for the two prior
conÞgurations (5.10) and (5.9). The scan varies! max from 20 to 300. As depicted in Figure5.5, the
Planck run reaches a plateau of orderO(10) already by ! max ( 90, whereas the Uniform one decreases
more gradually. At the commonly adopted cuto! ! max = 100, the forecasted uncertainties are

" Planck
f NL

= 7 .64, " Uniform
f NL

= 16.53. (5.11)

This behavior reßects the fact that the bulk of the information on local-type non-Gaussianity is carried
by the largest angular scales (i.e. the lowest multipoles), where the scale-dependent bias term produces
the strongest signal.

Sensitivity to Total GW Event Rate

Figure 5.6 shows the forecasted uncertainty" (f NL ) as a function of the total number of GWs events
detected per year, on a logÐlog scale from104 to 106. The baseline detection rate (4.8! 104 events/yr)
and the expected yield of the ET2CE network (1.1 ! 105 events/yr) are highlighted. As the event
count increases, the shot-noise contribution to the angular power spectrum (5.6) decreases, leading to
tighter constraints. Under Planck priors, " (f NL ) falls below( 1 only when Ntot # 106. In the uniform
case, the uncertainty remains above unity for all realistic event rates.

Sensitivity to Survey Depth zmax

The dependence of" (f NL ) was evaluated for surveys covering di!erent redshift ranges[0, zmax ] with
zmax & { 1, 2, 3, 4, 6, 9} . Figure 5.7 shows that, for both prior conÞgurations, the uncertainty on f NL

decreases with increasing survey depth up tozmax " 6, then plateaus. Beyondz ( 6, the redshift

62



0

H0

! 40

0

40

f N
L

! 4" 10! 8

0

4" 10! 8

A
s

! 0.8

0.0

0.8

!
b

0

3

!
c

! 20

0

20

!

! 5

0

5

n
s

! 5 5

ns

! 20 20

!
0 3

! c

! 0.5 0.6

! b

! 4 0 4

As
" 10! 8

! 30 30

f NL
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space, obtained by extracting the sub-covariance for the ! CDM parameters and f NL from the full Fisher matrix computed
with uniform priors on both the cosmology and ten bias parameters. In the one-dimensional marginals, the grey and
light-orange shaded bands denote the 68% and 95% credible intervals, respectively.

N GW (events / yr)
" ( f NL ) ( #max = 100)

Uniform prior Planck prior

ET (baseline): 4.8 ! 104 16.53 7.64

ET2CE: 1.1 ! 105 7.67 3.61

Gagnon et al.: 1.0 ! 106 1.79 0.90

Table 5.2: Forecasted uncertainties 5f NL (for 4max = 100) under uniform versus Planck priors on ! CDM parameters, for
the ET baseline, the ET2CE network, and the optimistic scenario of Gagnon et al. [32].

63



68
H0

0

7

b 1
0

3b 9

2

b 8

2.1

3.0

b 7

2.1

2.9

b 6

2.5

b 5

2.0

2.4

b 4

2b 3

1.8b 2

1.5b 1

0f N
L

2.1

A
s

!
10

"
90.0221

0.0227

!
bh

2

0.12

!
ch

2

0.06!

0.96

n
s

0.96
ns

0.06
!

0.12
! ch2

0.0224
! bh2

2.1
As ! 10" 9

0
f NL

1.5
b1

1.8
b2

2
b3

2
b4

2.3
b5

2.5
b6

3
b7

3
b8

3
b9

0
b10

Figure 5.4: Marginalized 68% (solid blue) and 95% (solid orange) conÞdence contours for the full !CDM+ f NL parameter
space, computed with Planck priors on the six !CDM parameters and uniform priors on the ten bias parameters. In
the one-dimensional marginals, the grey and light-orange shaded bands denote the 68% and 95% credible intervals,
respectively.

64



0 50 100 150 200 250 300
Multipole !

0

5

10

15

20

25
" f

N
L

7.64

16.53

Planck Prior

Uniform Prior

Baseline! = 100

Figure 5.5: Forecasted 15 uncertainty 5(f NL ) as a function of the maximum multipole 4max , for both Uniform (blue)
and Planck priors (bordeaux). The vertical dashed line marks 4max = 100, where 5Planck

f NL
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= 16 .53.

distribution of astrophysical BBH mergers e!ectively vanishes, so no additional clustering signal is
available (while shot noise dominates), causing the constraints to level o! Ð an e!ect reached most
rapidly when adopting Planck priors.

5.4.2 Comparison with Existing Constraints

As reviewed in Sec. ¤2.5, the most stringent current limits on local PNG arise from the Planck 2018
CMB analysis, which reports f local

NL = # 0.9 ± 5.1 (68% CL) [7], and from large-scale structure mea-
surements such as DESI, which Þndf local

NL = # 3.6+9 .0
! 9.1 [23]. More recently, the paper by Gagnonet

al. combining the forecast LSST4 3! 2pt analysis (the combination of three two-point correlations
of galaxy density and weak lensing shear Þelds) with the large-scale auto-correlation of GW sources
from proposed by the next-generation interferometer can achieve" (f local

NL ) + 8.5 [32], here a detailed
comparison is made.

Benchmarking Against Gagnon et al. (2023)

Ref. [32] introduces three GW survey scenarios, each deÞned by di!erent choices of the GW source
density nGW , maximum multipole ! max , and redshift span. Their most optimistic case Ð when combined
with galaxy clustering Ð yields" (f NL ) = 8 .46 and is adopted here as the comparison benchmark. The
present analysis, by contrast, relies solely on GWs angular power spectra. Both conÞgurations assume
a total detection rate of 106 events per year5, cover 0 < z < 3 with 19 overlapping Gaussian bins and
adopt the same redshift-dependent bias (5.2) from Peron et al. [53] but di!er in:

1. Redshift binning Both adopt 0 < z < 3 subdivided into 19 overlapping Gaussian bins.

¥ Gagnon et al.: [0, 0.5] split into 3 bins at nGW = 1 .14! 10! 3 arcmin! 2; [0.4, 1.3] into 9 bins
at nGW = 1 .6 ! 10! 3 arcmin! 2; [1, 3] into 7 bins at nGW = 4 .2 ! 10! 3 arcmin! 2.

4the forecast Legacy Survey of Space and Time (LSST) is a 10-year deep-wide-fast imaging survey which maps the
large-scale structure.

5As done in the paper Gagnon et al. which relies on Ref. [46].
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¥ Present work : The same 19-bin centers are used, but with the continuous redshift distribu-
tion employed in the baseline of this work

d2N
dzd%

= A G

%
z
z0

&1

e! (z/z 0)*
, (5.12)

with {A G, z0, 7, 8 } = { 3.6855! 10! 6, 2.02 ! 10! 3, 6.12, 0.41} where the A G normalization
is chosen in order to have106 GWs detected events per year.

2. Angular Resolution
Gagnon setup uses! max = 90 for 0 < z < 1.3 and ! max = 57 for 1 < z < 3. The present analysis
adopts two Þxed resolutions across0 < z < 3: ! max = 57 and ! max = 90.

3. Parameter vector Gagnon et al. forecast using{ %c, " 8, %b, h, ns, f NL , bi } . The present analysis
uses{ H0, %ch2, %bh2, As, ns, -, f NL , bi } . In both cases all parameters carry uniform, uninforma-
tive priors (see Table5.9).

The primary di!erences and the value of the uncertaintes presented in the paper and in this analysis
are summarized in Table5.9. The forecasts of Gagnonet al. [32] combine LSST galaxy clustering
with GW events but restrict the galaxy angular modes to ! ) 50, even though LSST can reach larger
scales. As a result, virtually all of the large scale signal in their LSST! GW cross-spectrum comes from
the GWs data alone, while the galaxy information at ! < 50 remains unused. Moreover, their Fisher
matrix F encompasses a high-dimensional parameter space,

dim F = n"CDM + nLSST bins + nGW bins = 25, (5.13)

over which they marginalize, diluting the constraining power. They also omit redshift-space distor-
tions (RSD) from their angular transfer functions. In this direct comparison RSD are likewise not
included, although in the Þducial forecasts presented in Sec.5.4.1 redshift-space distortions were fully
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incorporated. By contrast, the present analysis relies solely on GW number counts Ð under identical
bias assumptions and detection-rate forecasts Ð yet retains all large scale modes and employs a sub-
stantially reduced parameter set, yielding forecasts forf local

NL that are competitive despite the absence
of any galaxy input.

Gagnon et al. Present Work

Bins 19 overlapping, equipopulated 19 overlapping

Source Galaxy & GW Astrophysical GW only

GW model constant density per bin
nGW ( 10! 3 arcmin! 2

analytic form:
d2N

dz d%
= A G

' z
z0

( 1 e! (z/z 0)*

N tot
GW 106 events/yr 106 events/yr

Parameters { %c, " 8, %b, h, ns, f NL , bi } { H0, %ch2, %bh2, As, ns, -, f NL , bi }

Multipoles # ! GW
max = 90 for z & [0, 1.3],

! GW
max = 57 for z & [1, 3],

! LSST
min > 50

! max = 57 per z & [0, 3] ! max = 90 per z & [0, 3]

" ( f NL ) 8.46 3.40 2.66

Figure 5.9: Key di"erences between Gagnon et al. and the present analysis: binning strategy, 4-range choices, GW
source modeling, and parameter sets. The last row shows the resulting5f NL .

An additional source of discrepancy in the values of" f NL between this work and Ref. [32] is the
treatment of the GW redshift distribution. Here the shape of Eq. (5.12) was implemented in the
transfer.c module of Multi_CLASSfor the computation of C! , with the normalization applied only
in the Fisher code for the shot noise. Since Ref. [32] does not employMulti_CLASSand uses a di!erent
prescription, this explains the di!erence in the resulting " f NL .

104 105 106

Number of Detections per Year

101

102

!
(f

N
L
) (

G
W

)

zmax = 0.5, "max = 30

zmax = 1.3, "max = 60

zmax = 3.0, "max = 80

30 60 80

"max

NGW = 104, zmax = 0.5

NGW = 105, zmax = 1.3

NGW = 106, zmax = 3.0

0.5 1.3 3.0

zmax

NGW = 104, "max = 30

NGW = 105, "max = 60

NGW = 106, "max = 80

Figure 5.10: Top panel : Plot from the paper of Gagnon et al. showing marginalized 68% CL uncertainty on f NL with
LSST baseline plus varying GW setups. Markers indicate the base parameters of the 3 GWs setups of the paper [32].
Bottom panel : The reproduction of the same plot made by using the results of the present analysis and using only
GWs source.
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A graphical comparison appears in Fig.5.10: the top panel replicates the results of Gagnonet al. [32],
while the bottom panel shows the GW-only forecasts under the survey assumptions listed in this section.
Omitting galaxy data degrades the constraints, but the solid blue curve nevertheless demonstrates the
substantial information content of the GW signal alone. Moreover, both the total event rate and the
maximum redshift critically a!ect " (f NL ). Finally, adopting GagnonÕs more optimistic normalization
(last row of Table 5.2, Sec. ¤5.4.1) and Planck priors on ! CDM, yields a value of the uncertainty for f NL

of " f NL = 0 .9. Achieving such precision would surpass the constraints from current CMB and galaxy
surveys, leading to clear discrimination among inßationary models. Indeed, as mentioned above, a
measured|f local

NL | # 1 would rule out single-Þeld slow-roll scenarios in favor of multi-Þeld dynamics,
whereas a constraint|f local

NL | . 1 would provide strong support for single-Þeld inßation.

Ultimately, if next-generation detectors deliver O(105Ð106) GW events per year, GW surveys Ð with
their full-sky coverage, sensitivity to very large scales, and independent systematics Ð will stand as
competitive and complementary probes alongside CMB and galaxy surveys, enabling primordial non-
Gaussianity constraints at unprecedented levels.
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Conclusions

This dissertation has investigated whether stringent and competitive constraints on the local primor-
dial non-Gaussianity parameter f local

NL , comparable to those obtained by Planck CMB analyses and
galaxy surveys, can be derived solely from the angular power spectraC! of GW signals produced by
astrophysical BBH mergers. In particular, in Chapter ¤1, a brief introduction to the notions of General
Relativity was given, followed by a presentation of the limitations of the Hot Big Bang model and the
inßationary paradigm, with particular focus on single-Þeld slow-roll inßation. In Chapter ¤2, quantum
ßuctuations were shown to generate primordial inhomogeneities in the early universe, which in turn
prompted the introduction of the local non-Gaussianity parameterf local

NL . Chapter ¤3 then presented
gravitational waves as solutions of the linearized Einstein Þeld equations in vacuum and in the pres-
ence of matter, with emphasis on their binary sources and on current and future detectors. Chapter
¤4 constructed the statistical framework for the angular power spectrum of GW merger events, high-
lighted the scale-dependent bias induced by a nonzerof local

NL , and laid out the theoretical basis of the
Fisher matrix formalism. Finally, in Chapter ¤5, the baseline for this work was deÞned and the Fisher
matrix results were presented; in the Þnal section, the forecasted constraints were compared with those
reported in Ref. [32]. The Fisher matrix forecasts in Chapter 5 fully marginalize over the ! CDM
cosmological parametersand the clustering bias of GW sources, using either uniform uninformative or
Planck priors only on ! CDM parameters. Incorporating Planck priors for ! CDM markedly tightens
the predicted uncertainty on f local

NL . Under the conservative ET detection rate ofNGW = 4 .8 ! 104

yr! 1 the forecast yields" f local
NL

= 7 .64 demonstrating robust constraining power despite the enlarged
parameter space.

Moreover, as shown in Figure5.5, the projected " f local
NL

saturates at small scales, reaching a plateau
around ! = 100, in agreement with theoretical expectations. The plot of " f local

NL
versus the annual

number of detected events (Figure5.6) demonstrates a steady improvement in constraints as event
counts increase, underlining the critical role of shot noise in limiting sensitivity. In this context,
Table 5.2 reports " f local

NL
values for an ET2CE network: a conservative detection rate of1.1! 105 events

per year yields " f NL = 3 .61, while an optimistic scenario of 106 events per year (as considered by
Gagnon et al. [32]) achieves" f local

NL
= 0 .9. This precision would allow a decisive test of inßationary

models: it would su"ce to conÞrm or rule out single-Þeld slow roll inßation (which predicts|f local
NL | . 1),

thereby providing clear indications about the underlying inßationary mechanism. Equally signiÞcant
is the redshift-range analysis (Figure5.7), which reveals that extending the observations beyondz = 6
provides negligible additional information, indicating that the bulk of the constraining power originates
from sources atz < 6.

Nonetheless a certain numbers of approximation has been made. For instance, when extending the
analysis to higher redshifts, the assumption of a one-to-one mapping between luminosity distance and
redshift spaces becomes progressively less accurate and weak. Future work should address these issues
by incorporating realistic localization uncertainties, systematic biases in distance determination, and
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the full suite of general-relativistic corrections Ð including lensing, Doppler, and integrated e!ects Ð
by implementing these e!ects directly in luminosity distance space within the forecasting pipeline.
Moreover, the adopted observed GW redshift distribution is based on data that continuously update,
given the near-exponential increase in observations already provided by current detectors. Future vari-
ations in detection rates with advanced networks may reveal subtle deviations in the true merger rate,
which could signiÞcantly a!ect the inferred number density of detected events per redshift bins and
thus the outcomes of such analysis. Additionally, the bias prescription employed carries substantial
uncertainty as pointed out by Ref. [53] potentially inßuencing the forecasted" f local

NL
. For example, un-

certainty about which formation channel produces the detected GW events directly a!ects bias models.
Lastly, extending the analysis to additional astrophysical and primordial tracers Ð such as neutron-star
mergers, black-hole/neutron-star binaries, and primordial black holes Ð could enrich the statistical
ensemble and probe di!erent epochs of structure formation. Moreover, cross-correlating these tracers
with LSST galaxy clustering on very large scales would leverage complementary information and sig-
niÞcantly tighten constraints on f local

NL .

In conclusion, the Fisher matrix forecasts demonstrate that GW number counts can probe local PNG
with "

'
f local

NL

(
+ 7.64 under the conservative assumption ofNGW = 4 .8 ! 104 events/year. Although

this precision does not yet match the tightest existing limits, the full-sky coverage, direct access to
large scales, and rapidly growing detection rates of next-generation GW detectors guarantee that
these constraints will improve and become competitive. Further gains are expected from reÞned bias
modeling, the inclusion of additional tracers, and multi-tracer cross-correlation analyses, positioning
GW cosmology as a fundamental tool for testing primordial physics.
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