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Introduction

In classical terms (see, for example, | , 81.3.5]), the joint spectrum X of a tuple f of
elements (f1,..., fn) of a unital commutative Banach C-algebra & can be defined as the

image of the map

fX(2)-=C" x = (X(f)s - x(fa)s (1)

where X (2) is the space of characters of & (i.e. the space of unital C-algebra homomor-
phisms 2 — C). Moreover, if we identify C™ with the space of characters of the C-algebra
of polynomials in n variables C[T7,...,T,], then we can see *f as the map (between the

corresponding spaces of characters) induced by the homomorphism

e: CTh,.... T, =2, Ti—fi (MVi=1,...,n). (2)

As recounted in | |, the problem from which the idea of Berkovich spaces originated
was that of defining an analogue of spectra for elements of a unital commutative Banach
K-algebra &, where K is a non-Archimedean field. The idea of Berkovich was to allow
characters to take values on Banach field extensions of K (something that is superfluous
in the complex case because of Gelfand - Mazur theorem, | , Corollaire 1.2.5/2]).
This led him (in view of Proposition 1.2.8.iii) to define the following analogues for X (2)
and C": the Berkovich spectrum .# (%) of & is the topological space of all bounded
multiplicative seminorms on 2 (with the weakest topology); the n-dimensional analytic
affine space A’ is the topological space of all the multiplicative seminorms on K17, ..., T;]
which extend the absolute value on K (with the weakest topology). Thus, for any f :=
(f1,---y fn) € 2™, he could define an analogue of the map *f in (1) as the map induced
(see Definition/Proposition 1.2.4) by the analogue of ¢ with K instead of C, and could
define the joint spectrum of f as the image of this map. To allow more generality, he
further defined the spectrum X, of a bounded homomorphism ¢: & — Z from a K-
affinoid algebra .7 (see Definition 1.5.4) to a unital commutative Banach K-algebra Z as

the image of the induced map 4 (p): 4 (2) — M (/). One can relate it to the definition



of joint spectrum of a tuple of elements by considering A’ as the union of the Berkovich

spectra relative to the K-affinoid algebras K{r—1T} (see Definition 1.5.2) with |r| — oco.

Now, for any unital commutative Banach C-algebra 2, the (classical) holomorphic
functional calculus theorem (see, for example, | , §81.4]) says that there exists one
and only one map which associates to any tuple of elements f = (fi,...,fn,) € Z" a
homomorphism 0¢: I'(X ¢, Ocn) — Z such that, if 21, .. ., 2, are the germs of the coordinate
functions on C", then §¢(2;) = f; for each i = 1,...,n (plus some further properties). Here,
I'(X¢, Oc) is the algebra of holomorphic functions on a neighborhood of ¥¢ in C". The
purpose of this thesis is to provide a complete proof of the analogue theorem for unital
commutative Banach algebras over a non-Archimedean field K (Theorem 4.2.1). Omitting
some further properties that are proven, it says that there is a way to extend any bounded
homomorphism ¢: &/ — 2 from a K-affinoid algebra <7 to a unital commutative Banach
K-algebra 2 to a homomorphism 0,: I'(X4, 0 (7)) — 9, where I'(Xy, 0 4(.)) is the

analogue of the algebra of holomorphic functions on a neighborhood of the spectrum.

We start, in Chapter 1, with a brief introduction to Berkovich’s setting for non-
Archimedean geometry, which ends with a construction of the analogue of the algebra
of holomorphic functions on a closed subset (§1.8) and a discussion of the morphisms to be
considered (§1.9). Then, in Chapter 2, we discuss relative interiors, which are an analytical
analogue of topological interiors for Berkovich spaces. In fact, they are useful in order to
prove Proposition 4.1.2, which is our first real step towards the proof of the holomorphic
functional calculus theorem. It says that every bounded homomorphism #: & — 2 from a
K-affinoid algebra o7 to a unital commutative Banach K-algebra & can be extended in one
and only one way to a bounded homomorphism 9%22): F(EZ), O () — 2. Here, ZZL) is
the holomorphically convex envelope of the spectrum X, of ¢, and holomorphically convex
envelopes and spectra of homomorphisms are the subject of Chapter 3. Finally, in Chap-
ter 4, we state and prove the holomorphically functional calculus theorem (Theorem 4.2.1),

after (the analogue of) Arens - Calderon lemma (Lemma 4.1.3).

Given a unital commutative Banach C-algebra & and a tuple of elements (fi,..., fn),
the (classical) Arens - Calderon lemma (see, for example, | , Lemma II1.5.2]) says
that for any open neighborhood U of the joint spectrum Xy, . r ) in C" there exist some

elements fyi1,..., fn+m In Z such that II( C U, where IT: C*™™ — C" is

'4
E(fla---vfn+m))
'4

the canonical projection and E(f17-~-7fn+m

) is the polynomially convex envelope of the joint
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spectrum X r , 1.e. the set

17~--»fn+m)
{Z ccrtm ‘ |P(2)] < max |P(w)| VP e C[T,... ,Tn+m]} :

The analogous lemma for a bounded homomorphism ¢: o/ — % from a K-affinoid algebra
&/ to a unital commutative Banach K-algebra & says that for any open neighborhood
U of the spectrum X, in .#(</) there exist ri,...,7, € Ry and a bounded homo-
morphism ¢': @ {r~1T} — % which extends ¢ and is such that H(Z’;,) C U, where
IT is the continuous map .# (o {r—'T}) — .# (/) induced by the inclusion of &7 into
/{r~1T}. Thus, for any open neighborhood U of Y4, we can construct a homomor-
phism I'(U, 0 4(.s)) — 2 extending ¢ by composing the pullback homomorphism (see

Definition 1.9.3 and Remark 1.9.6) II*

U,Eh,: F(U, ﬁ///(%)) — F(EZ;, ﬁ///(mf{,,.—lT})) with
©

the homomorphism 0@,722/ : F(EZ,, 6"%(%{7,_111})) — & previously described. This is the

way in which we will construct the homomorphism 6,,.
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Chapter 1

Conventions and preliminaries

Here we introduce the most important notions and propositions which are needed in the
following chapters, together with the notations and conventions used. This is meant to be
a quick introduction to non-Archimedean geometry as developed by V. G. Berkovich in
the first two chapters of | |. In particular, we introduce non-Archimedean fields and
Banach algebras (§1.1), Berkovich spectra (§1.2), spectral radii and residue rings (§1.3),
completed tensor products (§1.4), affinoid algebras and affinoid spaces (§1.5), affinoid do-
mains (§1.6), special subsets (§1.7), sheaves of affinoid functions (§1.8) and morphisms of
quasiaffinoid spaces (§1.9). We skip most of the proofs, while referring to | | or to
[ |. We put a bit more attention than | | to the rings of affinoid functions on
closed subsets of affinoid spaces and to pullback homomorphisms (§1.8 and §1.9), since

they play an important role in the following chapters.

Convention 1.0.1. We use almost the same notations of | |. The only difference is
that we preferred a more coherent way of assigning names to mathematical objects; here

are our choices:

e M, N,i, j, k, I, mn,s,t, u, and v represent (usually positive) integer numbers;

e, 0, C, p, q, r represent (usually positive) real numbers;

S and T represent indeterminates;

P and @ represent polynomials;

K and L represent non-Archimedean fields;

o/, # and € represent K-affinoid algebras;

2 and & represent seminormed (usually Banach) K-algebras;



b and p represent ideals of a K-algebra;

e a b, c d, e f, gand h represent elements of a K-algebra;

e XY and Z represent Berkovich spectra;

e z, y and z represent elements of a Berkovich spectrum,;

e n, 0,1, & 7w p, o, T, pand ¥ represent homomorphisms of K-algebras;
e  represents characters of Banach K-algebras;

e =, II, ® and V¥ represent (induced) continuous functions between Berkovich spectra

and morphisms of K-quasiaffinoid spaces;

e A represents subsets of a K-affinoid space which are either open or closed;

> represents closed subsets of a K-affinoid space;

e U represents open subsets of a K-affinoid space;

e I/ represents special subsets of a K-affinoid space;

e W represents K-affinoid domains of a K-affinoid space.

Convention 1.0.2. Unless otherwise stated, all rings are supposed to be commutative

and with identity 1 # 0, and all homomorphisms send the identity to the identity.

Convention 1.0.3. We use the term “canonical” to indicate the maps that are derived
or implied by the definitions or the universal properties of the objects involved. For ex-
ample, 7g/, Ty and n in Definition 1.4.4 and oy in Definition 1.6.1 are all canonical

homomorphisms.

1.1 Banach K-algebras

Definition 1.1.1. An absolute value on a field K is a map |-|: K — R>( such that, for

any ¢, ¢ € K, we have:
(i) || =0 <= c=0;
(ii) e = |e||¢'];

(ili) |e4+ | < |e|+|¢].

It is said to be non-Archimedean if |c + ¢'| < max{|c|, ||} for all ¢, € K, and non-trivial

if there exists an element ¢ € K* = K \ {0} such that |c| # 1.



Definition 1.1.2. A field K is called a non-Archimedean field if it is endowed with a
non-Archimedean absolute value |- | such that the map K x K — Rxq, (¢,d) — |¢— |

defines a complete metric on K.

Convention 1.1.3. Throughout this thesis we let K be a fixed arbitrary non-Archimedean

field. We denote its absolute value by |- |.

Definition 1.1.4. A K-algebra seminorm on a K-algebra & is a map ||-|| : Z — Rx¢

such that, for any f,g € 2, we have:
(i) fe K = |[lfll=If];
(i) Ifgll < I1£1l1lgll;

(iid) [[f = gll < I[f1] + llgll-

It is said to be non-Archimedean if ||f — g|| < max{||f]|,[|g||} for all f,g € 2, power-
multiplicative if ||f™|| = ||f]|" for all f € 2 and n € N, and multiplicative if ||fg|| =

1 fI|1lg]| for all f,g € 2. Furthermore, it is called a norm if ||f|| = 0 only when f = 0.

Definition 1.1.5. A K-algebra & is called seminormed (resp. normed) if it is endowed
with a K-algebra seminorm (resp. norm). A K-algebra & is called Banach if it is endowed
with a K-algebra norm || - || such that the map 2 x 2 — Rxq, (f,9) — ||f — g|| defines a

complete metric on 2.
Convention 1.1.6.

(i) For simplicity, we always suppose the K-algebra seminorm of any seminormed K-

algebra to be non-Archimedean.

(ii) If not stated otherwise, we denote the K-algebra seminorm of any seminormed K-
algebra by [|-||. If it is important to point out the K-algebra seminorm, we write

(2,]]-||) instead of just 2.

(iii) For simplicity, we will write just “seminorm” instead of “ K-algebra seminorm”.!

(iv) Whenever we write that a map ¢ between two K-algebras is a homomorphism, it is

intended that ¢ is a K-algebra homomorphism.

Definition 1.1.7. A homomorphism ¢: 2 — 2’ between two seminormed K-algebras is
said to be bounded if there exists a bound C € Rsq such that ||¢(f)|| < C||f]| for all
fea.

!The actual definition of seminorm on a ring is like Definition 1.1.4, but with just ||0|| = 0 and ||1|| = 1
as condition (i).



It is said to be contractive if we can choose C' = 1.

It is said to be isometric (or an isometry) if ||@(f)|| = ||f]| for all f € 2, and it is
called an isometric isomorphism (resp. an embedding) if it is, moreover, bijective (resp.
injective).

It is said to be an admissible epimorphism if it is bounded and there exists C’ € R
such that any f' € 2’ admits a preimage f € 2 with ||f|| < C'||f|]; it is called an

admissible isomorphism if it is, moreover, injective.

Proposition 1.1.8. Any bounded homomorphism p: 9 — D' between two seminormed K -
algebras is continuous. Moreover, the composition of two bounded homomorphisms (resp.
two contractive homomorphisms, two isometries, two admissible epimorphisms, ...) is a

bounded homomorphism (resp. a contractive homomorphism, an isometry, an admissible

epimorphism, ... ).
Definition 1.1.9. Two seminorms || || and || - || on a K-algebra 2 are said to be equivalent
if the identity homomorphism ¢: (2,]|]-]|) = (2,]|-||') is an admissible isomorphism.

Definition 1.1.10. Let b be an ideal of a seminormed K-algebra Z. The quotient semi-

norm on Z/b is defined by the formula

1Al = inf{[[pll [ h e == ({f})} VY fe2P/b,

where 7 is the canonical projection of & into Z/b.

Convention 1.1.11. If not stated otherwise, we assume any quotient of a seminormed

K-algebra to be endowed with the quotient seminorm.
Proposition 1.1.12. Let & be a Banach K -algebra.
(i) The group of units 2 is open and any maximal ideal of 2 is closed.
(11) If b is a closed ideal of 9, then 2/b is complete (i.e. it is a Banach K-algebra).

Definition /Proposition 1.1.13. A completion of a seminormed K-algebra Z is a Banach
K-algebra 2 with a homomorphism ¢: ¥ — 2 which is an isometry with dense image.
Any two completions are the same up to isometric isomorphisms, and one can be defined
as the quotient of the K-algebra of Cauchy sequences in ¥ modulo the ideal made of
the sequences that converge to zero (with ||(fi)ien|| == lim;—o0 || fi]|, and the isometry

DD sending each element f € & to the constant sequence (f, f,...)).



1.2 Berkovich spectra

Definition 1.2.1. A seminorm |-| on a seminormed K-algebra (Z,||-||) is said to be

bounded if there exits a bound C € R+ such that |f| < C||f]| for all f € 2.
Proposition 1.2.2.

(i) If|-| is a power-multiplicative bounded seminorm on a seminormed K -algebra (2, - ),

then | f| <||f]| for all f € 9.

(11) Any multiplicative norm on a K-algebra 9 which is also an integral domain can be
extended, in one and only one way, to a multiplicative K-algebra norm on the field

of fractions Frac(2).

(ii1) Any bounded seminorm on a seminormed K-algebra & can be extended, in one and
only one way, to seminorm on a completion 9. Moreover, the extension is bounded

by the same bounds of the original seminorm.

(iv) A non-Archimedean field admits a unique bounded multiplicative seminorm (which is

the absolute value).

Definition 1.2.3. The Berkovich spectrum, denoted by .# (), of a Banach K-algebra 2
is the set of all bounded multiplicative seminorms? on 2, with the weakest topology which

makes all the maps |f| : #(Z) — R>o, || — |f| (for each f € ) continuous.

Definition /Proposition 1.2.4. Any bounded homomorphism ¢: 2 — 2’ between two
Banach K-algebras induces a continuous map #(p): 4 (9') — M (D) sending any

bounded multiplicative seminorm |- | to the composition | -| o ¢.

Remark 1.2.5. If o: 2 — 2’ is a bounded homomorphism between two Banach K-algebras

and it has dense image, then .Z () is injective.

Definition 1.2.6. Let 2 be a Banach K-algebra. A character of & is a bounded homo-
morphism x: ¥ — L to some non-Archimedean field L extending K.

Two characters x': 2 — L' and x”: 2 — L” are said to be equivalent if there exists
a non-Archimedean field L and two embeddings «/: L' < L and (”: L” < L such that

' ox"=1"ox". (This is clearly an equivalence relation.)

Definition 1.2.7. Let Z be a Banach K-algebra and let z € .#(2) be given by a bounded

multiplicative seminorm |-|,. It is clear that p, == {f € 2 | |f|, = 0} is a closed prime

2Tt is easy to see that any bounded multiplicative ring seminorm on a K-algebra is automatically a
K-algebra seminorm. Hence, the definition is not affected by the ambiguity given by Convention 1.1.6.iii.



ideal of 2. We denote by .7 (x) a completion of the field of fractions of the K-algebra Z/p,
with the quotient seminorm induced by |-|,. The canonical contractive homomorphism
9 — (x) is called the character associated to x and it is denoted by x,. Nonetheless,
we denote the image in 7 (x) of any f € 2 by f(x), and we write |f(x)| for its absolute

value.
Proposition 1.2.8. Let Z be a Banach K-algebra.

(i) If x € M (D) is given by a bounded multiplicative seminorm |- |, then |f(x)| = |f],

forall f e .

(i) For any x € 4 (D) the image of the continuous map M (xz): M (H(x)) — M (D)

is precisely {x}.

(iii) The assignment x — X, induces a bijection between A (P) and the set of equivalence
classes of characters of 2. The inverse map sends the equivalence class of a character
X: 2 — L to the multiplicative bounded seminorm |-|; ox, where |-|, is the absolute

value on L.

Remark 1.2.9. A basis of open neighborhoods of a point z € .#Z (%) is given by the sets

ly e (D) || <|fi(x)| +ei A lgi(y)l > lgj(2)| =& Vi=1,....n, Vj=1,...,m},

with n,m € N, ¢;,0; € Ry and f;,g; € Z for each i and j.

Theorem 1.2.10 (| , Theorem 1.2.1]). The Berkovich spectrum .#(2) of any Banach

K-algebra 9 (with 0 # 1) is non-empty, compact and Hausdorff.

1.3 Spectral radii and residue rings

Definition /Proposition 1.3.1. The spectral radius of a seminormed K-algebra & is the

map p: 4 — R>q defined by the formula

p(f) = lim I Vi€,

11—

The limit in the formula is indeed well defined, and it is bounded by || f||.

Remark 1.3.2. If the seminorm || - || on Z is power-multiplicative, then it clearly coincide

with the spectral radius.

Convention 1.3.3. We denote the spectral radius of any seminormed K-algebra by p( - ).
If we want to point out that it is associated to a seminormed K-algebra &, we could also

use the more precise notation pg( - ).



Proposition 1.3.4. Let 2 be a Banach K-algebra.

(i) ([ , Theorem 1.3.1]). For any f € 9 we have p(f) = maxXye () |f(x)].

(i1) ([ , Corollary 1.3.3, 1.8.4.ii]). The spectral radius p(-) is a non-Archimedean

power-multiplicative seminorm.

(i1i) For any bounded homomorphism ¢: 9 — ' between two Banach K-algebras, we
have p(¢(f)) < p(f) for all f € 2.

Definition 1.3.5. For any Banach K-algebra 2, we define the ring

7°={fe2|pn(f) <1}

and its ideal

7*° ={fe2°|p(f) <1}.

The quotient 2°/2°° is called the residue ring of 2, and it is denoted by 9.
For any bounded homomorphism ¢: 2 — 2’ between two Banach K-algebras, we
denote the induced homomorphism between the residue rings (well defined because of

Proposition 1.3.4.iii) by ¢: 72

1.4 Completed tensor products

Definition 1.4.1. Let 2 be a Banach K-algebra. A Banach Z-algebra is a Banach K-

algebra 2’ together with a contractive homomorphism 2 — 2.

Convention 1.4.2. If we say that a map ¢: 2" — 2" between two Banach Z-algebras is

a homomorphism, it is intended that ¢ is a Z-algebra homomorphism.

Proposition 1.4.3. Let 2 and (2',]|-||) be two Banach K-algebras, and let p: 9 —
(2, 1]) be a bounded homomorphism. Then, there exists a norm ||-||" on @' which is
equivalent to || - || and is such that ¢: 9 — (2',||-||') is contractive, thus making (2',||-||)

into a Banach Z-algebra.
Proof. We define

1 -
11 = ol (h S;)l\lzo}llw(h)fl\llhll 1) Vie?,
S

where ||| = supye o foy |le(h)]] ||h||~*. The verification that ||-||" (such defined) is a
norm equivalent to ||-|| and that p: 2 — (2',]|-]|') is contractive is analogous to the

proof of | , Proposition 1.2.1/2]. O



Definition /Proposition 1.4.4 (| , Proposition 3.1.1/2|). Let & be a Banach K-
algebra and let 2’ and 2” be two Banach Z-algebras. Then, there exists a Banach
P-algebra 2’ @4 9" together with two contractive homomorphisms 7¢/: 2" — 2' @4 2"
and 7o D" — P’ @4 D" satisfying the following universal property: for any two bounded
homomorphisms 7': 2’ — &, bounded by C’, and 7”: 2" — &, bounded by C”, there
exists a unique homomorphism n: 2’ ®4 2" — &, bounded by C'C”, such that norgy =1’
and 1o 7 = n”. Such a Banach Z-algebra 2’ @4 2" is called completed tensor product
of 2" and 2" over 2, and it is unique up to isometric isomorphisms.

Given d' € 2’ and d" € 2", we denote by d' ® d" the element of Z' @ 2" given by

T (d )T (d").

Convention 1.4.5. Given two bounded homomorphisms between Banach K-algebras
2 — 2 and 2 — 2", we will consider the completed tensor product 2’ @4 2" even
if they are not contractive. In fact, whenever we do so, we will not make use of the precise
norm of any element, but only of Berkovich spectra and the boundedness (or admissibility)
of some homomorphisms. Therefore, it is intended that we are considering 2’ and 2” to

be endowed with the equivalent norms of Proposition 1.4.3.

Definition /Proposition 1.4.6. Let 2 be a Banach K-algebra and let 2, 2, & and
&" be four Banach Z-algebras. Any two bounded homomorphisms ¢': 2" — &’, bounded

by C’, and ¢": 2" — &”, bounded by C”, induce a unique homomorphism

SD/ @@ SD”: 9/ @@ 9// N éa/ @@ @@//’

bounded by C’C”, such that (¢’ ®g ¢") 0 Tgr = 11 0 ' and (¢’ @g @) 0 Tgn = Ten 0 "

(where 79/, Tgu, Ter and Ten are as in Definition 1.4.4).

Proposition 1.4.7 (| , Proposition 2.1.8/6]). Let & be a Banach K-algebra. If
oD = & and " D" — E" are two admissible epimorphisms of Banach 2-algebras,
then also the induced homomorphism ¢ @g¢": D' &g D" — & @9 E" is an admissible

epimorphism.

1.5 K-affinoid algebras and K-affinoid spaces

Convention 1.5.1. We use bold symbols for multi-index notations. In particular, given a

K-algebra 2 and some positive real numbers ry ..., r,, we abbreviate @{TflTl, cy Tngn}

as 2{r~1T} (see the definition below). Furthermore, given a multi-index w = (u1, ..., uy)



(belonging either to N or to Z"), then |u| = Y 1| |u;|, T = [[_; 7" and 7* =
| JEES
Definition 1.5.2. Let 2 be a Banach K-algebra. Given n € N and rq,...,r, € Ryg, we

define the following Z-subalgebra of the Z-algebra of formal power series over Z in the

indeterminates 17, ..., T}:

P2{r~1T} = { Z a T € D[[T1,...,T,]] | aw € Z Vu € N* A lim |a,|r" = O}.

et |u|—o00

We endow it with the (relative) Gauss norm, which is given by

Z G T

ueN”

-— u
= max [jay|| ™.

Proposition 1.5.3. Let 9 be a Banach K -algebra and 2’ a Banach 2-algebra. Moreover,

let us be given some positive real numbers r1,...,1, and qi,...,qm-

(i) The normed 2-algebra 2{r~1T} is complete (i.e. Banach).

(i3) If the norm on 2 is multiplicative, then so is the Gauss norm on 2{r—1T}.
(iti) p( > penn GuT™) = maxyenn p(ay)r™ for all 3, cnn T € 2{r~'T}.

() 9'®g 2{r~ T} = 2'{r—'T}.

(v) P{r='T}®y 2{q~ 'S} = 2{r~'T,q7'S}.

Definition 1.5.4. A Banach K-algebra «f is said to be K-affinoid if there exits an ad-

missible epimorphism K{rflTl, oI} — of for somen € Nand rq,...,7, € Ruq. If

r'n

we can choose 7y = --- =r, = 1, then & is said to be strictly K -affinoid.

Definition 1.5.5. Let &/ be a K-affinoid algebra and let #Z be a Banach «7-algebra. 2 is
said to be & -affinoid if there exits an admissible epimorphism M{TflTl, T T = B
for some n € N and r1,...,7r, € Ryg. If we can choose r; = --- =1, =1, then £ is said

to be strictly < -affinoid.

Proposition 1.5.6. Let o/ be a K-affinoid algebra and let 8 and € be two Banach < -

algebras.

(i) If B is o -affinoid, then it is also K-affinoid. Moreover, if B is strictly < -affinoid

and o is strictly K-affinoid, then A is strictly K-affinoid.

(i) If B and € are (strictly) o -affinoid, then so is B &, €.



Definition 1.5.7. K-affinoid spaces are the Berkovich spectra of K-affinoid algebras.
Moreover, the morphisms between two K-affinoid spaces are the continuous maps which

are induced by bounded homomorphisms between the underlying K-affinoid algebras.

Remark 1.5.8. Later on, we will endow any K-affinoid space with a sheaf of functions.

Remark 1.5.9. The category of K-affinoid spaces is by construction the opposite of that of
K-affinoid algebras. In particular, since the category of K-affinoid algebras admits amal-
gamated sums in the form of completed tensor products (by Proposition 1.5.6.ii and the
universal property of completed tensor products), the category of K-affinoid spaces admits
fibered products: #(%8) X 4 (o) M (€C) = M (B ®. €) for any two bounded homomor-
phisms of K-affinoid algebras & — % and o — .

Definition 1.5.10. We let /|K*|:={r € Rso | In € N, r € |[K*|}, and we notice that
the multiplicative group Rso/+/|K*| can be naturally endowed with the structure of a

Q-vector space. Now, positive real numbers r1, ..., 7, are called K -free if their projections

to Rso/+/|K*| are Q-linearly independent.

Definition 1.5.11. Let rq,...,r, be K-free positive real numbers. We define the following
K-subalgebra of the K-algebra of Laurent series over K in the indeterminates T7,...,T),:

K,,::{ Y T |ay € KVueZ" A lim auyr":o}.

u|—
uezm” =00

We endow it with the norm given by HZuEZ” auT"|| == maxyezn [|aw|| ™.

Proposition 1.5.12. Let ry,...,r, be K-free real numbers. Then, K, is a K-affinoid
algebra and a non-Archimedean field with non-trivial absolute value. Moreover, K, =

K, ®k...0xK,,.

Proposition 1.5.13. Let ry,...,r, be K-free real numbers, and let 9 be a Banach K-

algebra. Then,

P23k K, :{ ZauT”|auE@Vu€Z” A lim |au|r":O},

wezn |u|—o0

where the right-hand side has norm given by HZuEZ” auT"|| = maxyezn ||au|| 7™ and
spectral radius p (3, czn 0uT™) = maxyezn p(aqy)r™.
Moreover, the map M (2 @k Ky) — (D) induced by the embedding of P into

9 & Ky is surjective.

Proposition 1.5.14. For any K -affinoid algebra <7 there exist some K -free real numbers

T1,..., o such that o @ Ky is a strictly Ky-affinoid algebra.
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Remark 1.5.15. We will sometimes need to extend results proven in the strictly affinoid case
(and supposing non-trivial absolute value) to the general one. By the previous propositions,
to do so it is enough to show that the property passes from 7 @k K, to o7, where o is
any K-affinoid algebra and r € Ry \ \/W

Proposition 1.5.16. Let & and £ be two K-affinoid algebras. Moreover, let us be given

some positive real numbers ri,...,ry, and q1, ..., Qn-

(i) ([ , Proposition 2.1.4]). For any f € o there exist C € Rsg and N € N such
that || f"| < Cp(f)" for all n > N. Moreover, one can take N = 0 if f is not

nilpotent.

(11) ([ , Corollary 2.1.5]). Given a bounded homomorphism ¢: of — A and given
fis-oosfn € B, then p(f;) < 1y for all i = 1,...,n if and only if there exists a
(necessarily unique) bounded homomorphism ¢': o/ {r~ 1T} — B eatending ¢ and

sending T; to f; foralli=1,...,n.

(1i1) ([ , Corollary 2.1.6]). < is strictly K -affinoid if and only if p(f) € /| K>*|U{0}
forall f e .
(v) ([ , Proposition 2.1.7]). Let ¢: {r{'T1,...,r; T} — & be an admissible

epimorphism and let us denote by f; the image of T; (for each i =1,...,n). Then,
there exists € € Rso such that, for any choice of elements fi,...,f, € B with
l|fi = flIl < e, the homomorphism ¢': o/ {r~ 1T} — P sending T; to f! for all

i=1,...,n is an admissible epimorphism.

(v) Clearly, o/ {r= YT} C o/{q= T} if ¢ < r; for alli=1,...,n. Now, if the absolute
value on K is non-trivial and if B is strictly K-affinoid, then any bounded homo-
morphism ¢: o/ {r~1T} — % admits a bounded extension ¢': o/ {q T} — B with

qi <1 and q; € \/|K*| foralli=1,... n.

Proof. Let us prove (v). If r; ¢ \/|K*|, it means, by (iii), that p(¢(T;)) < r;. Therefore, we
can find ¢; € \/|K*| such that p(p(T;)) < g; < r;, because /|K*| is dense in Rsg (which
follows easily from the fact that the absolute value on K is assumed to be non-trivial). By

(ii), we can extend ¢ to a bounded homomorphism ;zf{rflTl, cee qflﬂ, N e M 2

It suffices to iterate this procedure for each ¢ such that r; ¢ /| K*|. O
Theorem 1.5.17 (| , Theorem 6.3.5/1]). Let the absolute value on K be non-trivial

and let p: o — P be a bounded homomorphism between two strictly K-affinoid algebras.

Then, the following are equivalent:
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(a) @ is finite;
(b) ¢ is integral;
(c) @ is finite;

(d) @ is integral.

1.6 K-affinoid domains

Definition 1.6.1. Let o/ be a K-affinoid algebra and let X := .# (/). A closed subset
W C X is called a K-affinoid domain in X if there exists a K-affinoid algebra <4y and a

bounded homomorphism oy : &/ — @y such that:
(i) the induced map A (ov): #(<hy) — X has image W;

(ii) for any bounded homomorphism of K-affinoid algebras ¢: o/ — 2% such that .Z(y)

has image inside W there is a unique bounded homomorphism @w : Ay — % such

that ¢ = pw o ow.
In such a situation, we say that W is represented by the homomorphism oy : &7 — Ay .

Remark 1.6.2. This definition is equivalent to that in | , §2.2|, as proven in | )

Corollary 3.2|

Convention 1.6.3. Let o7 be a K-affinoid algebra and let W be a K-affinoid domain in

(i) Whenever writing <4y, we imply that W is represented by a bounded homomorphism

ow - ﬂ%ﬂw

(ii) By means of Proposition 1.4.3, we assume .y to be a Banach 7-algebra (i.e. o to

be contractive).

(ii) If W' C W is another K-affinoid domain in .# (%), then the universal property of
K-affinoid domains gives a (canonical) bounded homomorphism oy w: @Ay — .

We denote the image of any element f € <Ay by f.

Proposition 1.6.4. Let o7 be a K-affinoid algebra and let W be a K-affinoid domain in

(i) The bounded homomorphism ow: o — <y representing W is unique up to the

composition with admissible isomorphisms.
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(ii) (] , Proposition 2.2.4.i]). The map M (ow): M (hy) — W is an homeomor-

phism.

(111) ([ , Remark 2.2.2.111f). If ¢: of — B is a bounded homomorphism of K -affinoid
algebras and ®: M (B) — M () is the corresponding morphism of K-affinoid
spaces, then ®~Y(W) is a K-affinoid domain in .# (%), and it is represented by

the canonical homomorphism B — B R o iy .

(v) ([ , Remark 2.2.2.1v]). If W' is another K-affinoid domain in .# (<), then also
W N W' is a K-affinoid domain in A (), and it is represented by the canonical

homomorphism < — <ty Q.o Ly

Definition /Proposition 1.6.5. Let &/ be a K-affinoid algebra and let X = .Z(<7).
Given some elements f1,..., fim,91,---,9n € & and some positive real numbers p1, ..., pm

and qi,...,qn, the closed subset

Xpfiqg ) ={zeX||filx)|<piVi=1,....m A |gj(z)| >¢q; Vi=1,...,n}

is said to be a Laurent domain in X, and it is a K-affinoid domain represented by the

canonical homomorphism
Ox(p=1fag-1): @ = {p~'T,qS}/b,

where b is the ideal generated by the elements T; — f; and ¢;5; — 1 (for alli = 1,...,m
and j=1,...,n).
If n = 0 (i.e. if there are no g;’s nor ¢;’s), then X (p~!f) is said to be a Weierstrass

domain.

Remark 1.6.6. Let us be given a K-affinoid algebra & and a point x € .#(</). By
Remark 1.2.9, the neighborhoods of  which are Laurent domains form a basis of neigh-

borhoods of z in . (7).

Definition /Proposition 1.6.7. Let o/ be a K-affinoid algebra and let X = # (7).
Given some elements fo, f1,..., fm € & generating o (as an ideal) and given some positive

real numbers p1, ..., pm, the closed subset

X(p~ f/fo) = {z € X [|fix)] < pilfo(x)| Vi=1,...,m}
is said to be a rational domain in X, and it is a K-affinoid domain represented by the
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canonical homomorphism
UX(p—lf/fO) . d — JZ{{p_lT}/b,

where b is the ideal generated by the elements foT; — f; (for alli=1,...,m).

Proposition 1.6.8 (| , Proposition 7.2.3/7|). The intersection of two rational (resp.
Laurent, resp. Weierstrass) domains is a rational (resp. Laurent, resp. Weierstrass) do-

main.

Proposition 1.6.9 (| , Corollary 2.2.10, 2.2.11]). Let o/ be a K-affinoid algebra
and let W be a K-affinoid domain in # (/) represented by a bounded homomorphism

ow : o — .ﬂsz
(i) If W is a Weierstrass domain, then ow has dense image.

(it) If W is a rational domain in A (<), then the localization of </ with respect to the

elements not vanishing on W has dense image in <y .

(iit) If W is a rational (resp. Weierstrass) domain in X and W' is a rational (resp.

Weierstrass) domain in W, then W' is also a rational (resp. Weierstrass) domain in

X.

Theorem 1.6.10 (Gerritzen - Grauert, | , Corollary 7.3.5/3], | , Theorem 3.1]).
Let o7 be a K-affinoid algebra and let W be a K-affinoid domain in #(</). Then, there
exists a finite cover of M (/) by rational domains Wh, ..., Wy, such that W N W; is a

Weierstrass domain in Wy for each i =1,...,m.

Remark 1.6.11. In view of Proposition 1.6.9.iii, the previous theorem tells us that any

K-affinoid domain is a finite union of rational domains.

Proposition 1.6.12 (| , Corollary 2.2.7|). Let o/ be a K-affinoid algebra and let
X = H(H). If W is a K-affinoid domain in X which is represented by an admissible
epimorphism, then X \ W is a K-affinoid domain in X and there is an admissible isomor-
phism between o and Ay X x\w (where the norm on the Cartesian product is given by

taking the mazimum of the norms of the components).

1.7 Special subsets

Definition 1.7.1. Let o/ be a K-affinoid algebra and let X = .#(<7). We say that V is

a special subset of X if it is a finite union of K-affinoid domains in X.
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Definition 1.7.2. Let o/ be a K-affinoid algebra and let ¥ C .# (%) be a closed subset.
The special neighborhoods (resp. Laurent neighborhoods, resp. Weierstrass neighborhoods)
of ¥ are the (closed) neighborhoods of ¥ that are special subsets (resp. Laurent domains,

resp. Weierstrass domains) in (7).

Proposition 1.7.3. Let o/ be a K-affinoid algebra and let ¥ C # (<) be a closed subset.

Then, the special neighborhoods of ¥ form a basis of neighborhoods of X.

Proof. Let U be an arbitrary open neighborhood of ¥. By Remark 1.6.6, there exists,
for any point z € X, a Laurent domain V, which is a neighborhood of = contained in U.
Since ¥ is compact (by Theorem 1.2.10), it can be covered using only a finite number of
interiors of some V,’s. The finite union of these V,’s is clearly a special neighborhood of

Y contained in U. This concludes the proof. O

Definition /Proposition 1.7.4 (| , Corollary 2.2.6]). Let &7 be a K-affinoid algebra
and let X = Z (/). Let V be a special subset which is the union of a finite family

{W;}ier of K-affinoid domains in X. We define

Jafv = ker (@MWz — @ JZfWZ.ij>, (1.1)

iel (i,)€I?

where the map is the homomorphism of «/-modules which sends

(ai)ier = (aiwin; — @\win, ) (i.g)er2-

We endow 4, with the norm given by ||(a;)icr|| = max;er ||a;l|.

It turns out that <%, is a Banach «7-algebra, and (as a consequence of Tate acyclicity
theorem, | , Proposition 2.2.5]) it does not depend, up to admissible isomorphisms,
on the choice of the cover {W;}icr (and of the representations &/ — <#y,). Thus, we
can consider @7, as if it were determined directly by V. We denote the homomorphism

o — @y making 7, into an «7-algebra by oy .

Definition 1.7.5. If V' C V' are two special subsets of a K-affinoid space X = .# (<),
then there is a (canonical) contractive homomorphism oy y : @4 — 44/, obtained by
defining 2%, using a cover (made of K-affinoid domains) which extends that used for %, .

We call it restriction homomorphism and denote the image of an element f € @ by fy.

Remark 1.7.6. Restriction homomorphisms are compatible with each other, meaning that
the composition of two (composable) restriction homomorphisms @#,» — @4, and <, —

4y is the restriction homomorphism between o+ and 2.
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Proposition 1.7.7. Let o/ be a K-affinoid algebra and let V' be a special subset of M (<)

with associated canonical homomorphism oy : of — oy .

(i) There is a canonical continuous map V. — M (2#y) whose composition with the in-

duced map M (o ): M (A ) — M () is the inclusion of V into M (/).

(11) V is a K-affinoid domain if and only if <ty is a K-affinoid algebra and the image of
M(ov): M(Hy) — M) coincides with V.

Remark 1.7.8. The map of the first point is given by gluing the maps W — .Z(<#y) of
Proposition 1.6.4.ii, for all W in a finite cover of V made of K-affinoid domains.
The second point is a correction of | , Corollary 2.2.6], which is wrong as it is

stated. For a counterexample and a proof of the correct statement, see | .

Remark 1.7.9. Let o/ be a K-affinoid algebra and let V' be a special subset of .# (7). By
means of the continuous map which is given in the first point of the previous proposition,

we can consider V also as a subset of .Z (a7 ).

Definition /Proposition 1.7.10. Let ¢: &/ — % be a bounded homomorphism of K-
affinoid algebras and let ®: .# (%) — .# (<) be the corresponding morphism of K-affinoid
spaces. It follows from Proposition 1.6.4.iii that ®~1(V) is a special subset of .# (%) for
any special subset V' of .# (/). Moreover, there is a canonical homomorphism @3, : @4, —
HBy-1(vy for any special subset V' of .4 (7). It is induced by the canonical homomorphisms
Gy — Bo-1(w) = B Ry oy for any K-affinoid domain W in a finite cover of V.

Furthermore, let ¢: & — % be a bounded homomorphism, where & and # are
K-affinoid algebras and V is a special subset in .# (%), and let U: M(By) — M () be
the induced continuous map. For any K-affinoid domain W in . (/) and any K-affinoid
domain W’ C W~1(W) there exists a canonical homomorphism Uiy w — PBw by the
universal property of @4y . Then, recalling Definition/Proposition 1.7.4 and the universal
property of kernels, we get a canonical homomorphism \IJ’{/W,: oty — By for all special
subsets V in .# (<) and V' in V such that V' C U~(V).

These homomorphisms are called pullback homomorphisms and they are compatible
with respect to restriction homomorphisms and compositions, in the sense of Proposi-

tion 1.9.4 below.

Remark 1.7.11. Let o/ be a K-affinoid algebra and let I1: .# (o {r—'T}) — # (/) be
the morphism of K-affinoid spaces induced by the inclusion of .7 into & {r=1T} for some

T1,...,7 € Ryg. We notice that for any special subset V' of .# (/) we have
JZ%V{T'_IT} = JZ{{’I"_IT}H—I(V).
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Indeed, it is true if V' is a K-affinoid domain (because of Proposition 1.6.4.iii or by a direct

verification of the universal properties), and then it is clear that

dv{r_lT}:ker(@dWi{r_lT}% & szwimwj{r_lT})

iel (i,j)EI2

when (1.1) holds.

1.8 Sheaves of K-affinoid functions

Definition 1.8.1. Let X = .# (<) be a K-affinoid space. For any open subset U of X,
we define the K -algebra of K-affinoid functions on U as the projective limit l'glvgj Ay
in the category of K-algebras, where V runs through the special subsets contained in U.
It is denoted by Ox (U) or I'(U, Ox).

If U C U’ is an inclusion of open subsets in X, then the universal property of projec-
tive limits gives a canonical homomorphism pyrr: Ox(U') — Ox(U), called restriction

homomorphism.

Remark 1.8.2. It is easy to see that given three open subsets U C U’ C U”, then the
restriction homomorphism from &x(U”) to Ox(U) is the composition of the other two.

This means that Ox is a presheaf of K-algebras on X.

Proposition 1.8.3 (| , §2.3]). Let X :== . # () be a K-affinoid space.
(1) Ox(X) = o;

(i) Ox is actually a sheaf;

(11i) (X, Ox) is a locally ringed space.

Definition 1.8.4. Let X = .Z (/) be a K-affinoid space. For any closed subset 3 of X,
we define the K-algebra of K -affinoid functions on X as the injective limit thDE U, 0x)
in the category of K-algebras, where U runs through the open subsets of X containing ..

It is denoted by I'(3, Ox).

Definition /Proposition 1.8.5. It follows easily from the definitions that there is a canon-
ical homomorphism ppr a: (A, Ox) — T'(A, Ox) for all subsets A C A’ of a K-affinoid
space X which are either open or closed (even one open and the other closed). We denote
the restriction to A of any f € I'(A’, Ox) by fia.

If U C U’ are two open subsets of a K-affinoid space X and V is a special subset

such that U C V' C U’, then there is a canonical homomorphism oy v : T(U', Ox) — 4,
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and a canonical homomorphism oy : @4, — I'(U, Ox ). Moreover, if ¥ is a closed subset
of X and V is a special neighborhood of ¥, then there exists a canonical homomorphism
ovy: @y — I'(X, Ox) (which is the composition pyy; o oy, where U is any open neigh-
borhood of ¥ inside V).

All these homomorphisms are called restriction homomorphisms, and they all are com-
patible with each other (i.e. the composition of two composable ones is the restriction

homomorphism between the corresponding K-algebras).

Convention 1.8.6. Let X = .# (<) be a K-affinoid space and let A C A’ be two
open or closed subsets of X. Unless otherwise specified, whenever we write an arrow
['(AN,0x) — T'(A,0x) we mean the restriction homomorphism. Anyway, we tend to

VA4

retain the name (“oy”, “opr v, “oyx” and so on) in the case of special subsets.

Proposition 1.8.7. If ¥ is a closed subset of a K-affinoid space X = # (<), then
I['(X, Ox) can be calculated as the injective limit @VODE Ay (again in the category of

K-algebras) for V' running through the special neighborhoods of 3.

Proof. 1t is enough to prove that I'(X, Ox), together with the restriction homomorphisms
ovy: @y — I'(X, 0x), satisfies the universal property for li_n>r1VOQE Ay. Suppose that
we are given a set of compatible homomorphisms ¢y : @, — 2, where V runs through
all the special neighborhoods of . For any open neighborhood U of ¥, we have seen
in Proposition 1.7.3 that there exists a special neighborhood V of ¥ such that V C U.
Therefore, we get a set of compatible homomorphisms I'(U, Ox) vy, oy 25 9, where
U runs through all the open neighborhoods of ¥ (and V is a special subset inside U).
By the universal property of inductive limits, there exists a unique homomorphism ¢
from I'(X, Ox) = hﬂUQE (U, 0x) to 2 such that ¢y ooy = ¢ o pyyx for any special
neighborhood V' of ¥ and any open subset U such that U O V. What we want is a unique
homomorphism ¢: I'(X, Ox) — 2 such that gy = p o oy y for any special neighborhood
V of ¥. Therefore, we notice that for any such V there exists an open neighborhood U’ of

Y inside V' and a special neighborhood V' of ¥ inside U’, so we get the following diagram:

UV,U’ oV, %

l ~

ovv: DU, Ox) —rus— T(8,0x) —v— D

e

oyt vt oy s

[~

JZ{V/ e Pyt
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Now, by the compatibility of the restriction homomorphisms and the fact that (by hypoth-

esis) @y o oy = @y, we obtain that

poOoYy =@opyxOOyy =Py ooy v 00V Yy = Py ooyy = Py,

as we wanted. O

1.9 Morphisms of K-quasiaffinoid spaces

Definition 1.9.1. Let Uy be an open subset of a K-affinoid space Y = .# (%) and let
Ux be an open subset of a K-affinoid space X = .# (/). A morphism of K -quasiaffinoid
spaces =: Uy — Ux consists of a continuous function =: Uy — Ux and of a pullback homo-
morphism Z;: T(U, Ox) — T(E7Y1(U), Oy) for any open subset U of Ux. The continuous
function and the pullback homomorphisms must then satisfy the following properties (with

the first two just saying that = is a morphism of locally ringed spaces):

(i) For any two open subsets U and U’ of Uy, with U C U’, the following diagram

comimutes:

(U, 0x) — D(E~1U"), Oy)

J |

LU, 0x) —— D(ETU), 0v)

(ii) Recalling Proposition 1.8.3.iii, the homomorphism induced by the pullback homo-
morphisms sends the maximal ideal of the stalk of the point =(y) to the maximal

ideal of the stalk of y, for all y € Uy

(iii) For any K-affinoid domain W in Uy and any K-affinoid domain W' C Z=1(W°)3,

the homomorphism

UW,WO

dy 2V (WO, Ox) “WS T(ETHWP), Oy

aifl(WO),W’
) ——

%W’

is bounded.

The composition of two (composable) morphisms of K-quasiaffinoid spaces is given by
composing in the obvious ways both the continuous functions and the pullback homomor-

phisms.

3W° denotes the topological interior of W in X. It is proven in Proposition 2.2.8 that it coincides with
the relative interior Int(W/X) defined in Definition 2.2.1.
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Convention 1.9.2. We will continue using this slight abuse of notation consisting in
denoting the underlying continuous function with the same symbol of the morphism of K-
quasiaffinoid spaces. Moreover, the asterisk will always indicate pullback homomorphisms

(in the generalized sense of Definition 1.9.3 below).

Definition 1.9.3. Let =: Uy — Ux be a morphism of K-quasiaffinoid spaces, where Uy is
an open subset of a K-affinoid space Y := .#(%) and Ux is an open subset of a K-affinoid
space X = #(</). For any closed subset ¥ of Ux there is a canonical homomorphism
EL: (%, 0x) — T(E71(), Oy) induced by the pullback homomorphisms relative to the
open neighborhoods of X.

Given an open or closed subset A of Uy and an open or closed subset A’ of Z7(A), we
denote by =} ,, the composition of Z} with the restriction homomorphism L(EYA), 0y) —
I'(A’, Oy). However, if A is declared to be a special subset and A’ C Z71(A°)*, then we

define =} ,, as the composition

JA,AO

oy T(A°, Ox) -5 T(A, 6y)

if A’ is declared to be an open or closed subset, and as the composition

T2-1(A0),

y TN, O0x) 2% T(EH(A®), Oy) B

if A’ is declared to be a special subset.

We call all these maps pullback homomorphisms.

Proposition 1.9.4. The pullback homomorphisms =} ,, of the previous definition are

compatible with respect to restrictions and compositions, that is:

(i) For any open or closed subsets A C A and N C A such that ' C 7Y (A), the

following diagram commutes:

T(A, Ox) —2% T(A, Oy)

1 |

L(A, 0x) =— T(X, 0y)

A

[1]

Sk

(Of course, in case e.g. A is declared to be a special subset, then we should substitute

T(A, Ox) with <y.)

4But recall Definition/Proposition 1.7.10, for when A’ ¢ Z7'(A°) but Z is a morphism of K-affinoid
spaces, A’ C = !(A), and both A and A’ are special subsets.
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(ii) For any other morphism of K -quasiaffinoid spaces V: Uz — Uy and for any open or

closed subset A" C W~1(A"), we have (Z o )R o = YR An ©ZR v

Proof. 1t is immediate, if one unravels all the (various) definitions and recall Defini-
tion 1.9.1.1 and the compatibility of restriction homomorphisms (Definition/Proposition

1.8.5). O

Remark 1.9.5. The homomorphism EXA,: 2n — Py in the last case of Definition 1.9.3
is bounded. Indeed, if {W;};c; is a finite cover of A made of K-affinoid domains, then the
homomorphisms E;Vi,E—l(Wi) AN COAW S DN — %}Efl(wi)m A are bounded, as a consequence
of Definition 1.9.1.iii and the definition of the norm on #z-1(yy,)nas- Then, since those are
the homomorphisms o5/ =-1(w;)na © E3 y/, it follows from the definition of the norm on

/) that =} ,, is bounded by the maximum of the bounds of those homomorphisms.

Remark 1.9.6. Let ¢: &/ — %y be a bounded homomorphism where & and % are K-
affinoid algebras and V is a special subset of . (%). We let W: M(By) — M(A)
be the induced continuous map, and we denote .Z(#) by Y and #(</) by X. By
their compatibility with restriction homomorphisms, the pullback homomorphisms from

Definition/Proposition 1.7.10 induce a pullback homomorphism
(U, 0x) — D(E 1 (U)NV°, Oy)

for any open subset U of .# (o). It is easy to see that ¥ 5, : V° — (/) together with

|
these pullback homomorphisms is a morphism of K-quasiaffinoid spaces.

Considering the particular case in which V = .# (%), we obtain that the morphisms

of K-affinoid spaces are also morphisms of K-quasiaffinoid spaces.

Proposition 1.9.7. Let U be an open subset of a K-affinoid space M (AB) and let X =
A () be another K-affinoid space. Let =: U — X be a morphism of K-quasiaffinoid
spaces and let V CU be a special subset. Then, the morphism of K -quasiaffinoid spaces
///(527‘7)"70: V° = X induced by 5}7‘7: A — By (in the way erplained in the previous

remark) coincides with the restriction EI‘7°'

Proof. Let us fix a point y € V° C A (%) and let us prove that .///(E’;( r/)(y) =B (y).

We let W be a Laurent neighborhood of E e (y) in X, and we let W’ C E‘_‘;O (W°) be
a Laurent neighborhood of y in Ve (which exists by Remark 1.6.6). In particular, y is
in the image of the map .# (o ., ): W' = M (Bw:) — M (%) by Remark 1.7.8. By

Proposition 1.9.4, the bounded homomorphism Zjy, .+ @Ay — By makes the following
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diagram to commute:

(1]

X,V
~
g —" s B

le lgm, (1.2)

JZ%W —_— %W’

It follows that %(E;f/)(y) C M (ow)(y) = W. Now, since .# (<) is Hausdorff and
the Laurent neighborhoods W of EI‘7° (y) form a basis of neighborhoods, it follows that
their intersection is just {E\‘7° (y)}. Therefore, ///(E}r/)(y) = E (y), as we wanted.

Let us now consider the pullback homomorphisms. If W is a K-affinoid domain in X

and W' is a K-affinoid domain in 2-1(W°)NV° = E‘%,lo (W?°), then the pullback homomor-

phism oy — By relative to A (E} ‘7)”70 and the one relative to Z g, must coincide, be-

cause (by the universal property of .27y ) there is a unique bounded homomorphism @4y —
Py making the diagram in (1.2) to commute. Then, recalling Definition/Proposition
1.7.4 and the universal property of kernels, also the pullback homomorphisms o, — %y
with V a special subset in X and V' a special subset in 2~ 1(V°) N V° = E‘}/lo (V°) must
coincide, if they are to satisfy Proposition 1.9.4.i. Finally, by passing to the projective
limits, also the pullback homomorphisms T'(U, @x) — ['(E~1(U) NV°, Gy) must coincide,

for any open subset U in X. This concludes the proof. O
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Chapter 2

Inner homomorphisms and relative

Interiors

Here we introduce inner homomorphisms (§2.1), proving the equivalence of 3+1 possible
definitions, and relative interiors (§2.2), proving some of their properties and in particular
their relation with inner homomorphisms (Proposition 2.2.7). Moreover, we prove that
the relative interior coincides with the topological one in the case of affinoid domains
(Proposition 2.2.8) and we apply this fact in order to study the Weierstrass neighborhoods
of a closed subset (Proposition 2.2.10). We are following | , §2.5] but trying to give
more detailed proofs.

Throughout this chapter, we let o/ be a K-affinoid algebra, % an /-affinoid algebra
and 2 a Banach &7-algebra. Moreover, we denote .# (/) by X and .# (%) by Y.

2.1 Inner homomorphisms

Definition /Proposition 2.1.1. A bounded homomorphism ¢: & — 2 is said to be

inner with respect to </ if it has one of the following equivalent properties:

(a) There exist 71,...,7, € Ry (for some n € N) and an admissible epimorphism

7. {r~ 1T} — P such that p(o(n(T;))) < r; for alli =1,...,n.

(b) For any bounded homomorphism : .7 {r~1S} — % there exists a polynomial P =
S™ 4+ a1 St + -+ a, € 9] such that p(a;) < 7' for all i = 1,...,m, and

p(p((P))) <r™.

(c) For any e € ]0,1[ there exist rq,...,7, € Ryo (for some n € N) and an admissible

epimorphism 7: & {r~1T} — % such that ||p(7(T3))|| < er; foralli =1,... n.
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If, moreover, the absolute value on K is non-trivial and « and £ are strictly K-affinoid,

then the properties above are also equivalent to:

(d) the ring $(2) is integral over {5(&7)
Convention 2.1.2. We will refer to these equivalent ways of defining inner homomor-

phisms as “property (a)”, “property (b)”, “property (c)” and “property (d)”.

Proof. (a) = (d). We assume that the absolute value on K is non-trivial and that .7 and
9 are strictly K-affinoid. Moreover, we let 7: .o {r; 'Ty,...,r ' T} — % be an admissible
epimorphism such that p(p(7(7;))) < r; for all i = 1,...,n. By Proposition 1.5.16.v, we
may assume that r; € \/W for all i = 1,...,n (clearly, the extension of an admissible
epimorphism is still an admissible epimorphism). It means that we can pick u; € Ny
and ¢; € K* such that " = ‘ci_l‘ (for all # = 1,...,n), and consider the bounded
homomorphism 7: & {T} — &/ {r~ 1T} sending each T} to ¢;T%.

We let 7’ := momn, and we notice that, by construction, p(¢o(7'(T;))) < 1 for all

i =1,...,n. Moreover, 1 is finite because every element of </ {r~1T} can be written in

the form

u1—1 up—1
Z Z [( Z aku+jc_k(cTu)k> Tj] with lim |aku—|—j| pkuti —

k|—
5120 jn=0 L \kenn [kl =00

and, for any fixed j = (j1,...,Jn), the element between the round brackets is the image

through 7 of the element > - (akutjc™®)T* € &/{T}, which is well defined because

. —k . k i 1. k ;
lim ‘akw_jc ‘ = lim |aguti| 7" =777 lim |agusyj|T uti — .
Since 7 is finite and 7 is surjective, then also the composition 7’ := 7 o n must be

finite. This is equivalent, by Theorem 1.5.17, to the fact that 7': &{T} — B is integral,

which clearly implies that ¢(Z) is integral over @(7'(«7{T})). Finally, we have that

(5(77’(4221_”/})) = ¢() because p(p(7'(T;))) < 1 implies (7' (T;)) =0 for all i = 1,...,n.

(d) = (b). We assume that the valuation on K is non-trivial, that </ and % are
strictly K-affinoid and that &(%7) is integral over 6(@7) We consider a bounded ho-
momorphism ¢: &/ {r~1S} — % and we have to produce a polynomial P as in (b). By
Proposition 1.5.16.v, we may assume that r € \/W Then, we can further assume r = 1.

Indeed, we can pick u € Nyg and ¢ € K* such that r* = ‘c‘l

, and consider the bounded
homomorphism 7: &{S} — & {r~1S} sending S to cS": if we can find a polynomial

Q= S"+a;S™ 1+ . +a,, such that p(a;) < 1foralli =1,...,mand p(p(x(n(Q)))) < 1,
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then the polynomial P := ¢ "n(Q) = S + ¢ la;8uUm=1 4 ... 4 ¢~™Mq, is such that
p(cla;) <r“foralli=1,...,m and p(((P))) < r“™, as we wanted.

Thus, it remains only to prove the case in which » = 1. In this case, by hypothesis,

2(1(S)) € F(B) is integral over gE(sz/v) It means that there exists a polynomial 7™ +
P(@)T™ 1t + -+ @(am) € @(@[T] having @(1(S)) as a root. Then, for any choice of
ai,...,an, € o° lifting @1, ..., am, the polynomial P = S™ + a; 8™ ! + ... + a,, is such
that p(a;) < 1foralli=1,...,m, and (¢(P)) = 0, that is p(e(¥(P))) < 1.

(a) = (b). Recalling Proposition 1.4.7, we notice that if property (a) holds for ¢,
then it holds also for w@Kide: By K, — DRk K, (relatively to I R K,) for any
p ¢ \/|K*|. Having already proven the implications (a) = (d) and (d) = (b) in the
strictly affinoid case, it is enough (by Remark 1.5.15) to show that if property (b) holds for
©®K idg, (relatively to </ ®x Kp) with p ¢ \/[K*], then it holds also for ¢ (relatively
to «). So, let us consider a bounded homomorphism : &7 {r~'S} — % and assume
the existence of a polynomial Q = S™ 4 a1 8™ ! 4 -+ + a,, € ( @ K)[S] such that
pla;) <riforalli=1,...,m, and p(¢ @ idk, (¥ ®k idk, (Q))) < r™. With reference to
Proposition 1.5.13, we let a; ; € & be elements such that a; = ZjeZ ai,jTj, and we consider
the polynomial P := S™ + a1 0S™ ! + ..., amo € &[5]. Since p(a;) = P> ez ai jT7) =
max;ez, p(am)rj > p(aip), we have that p(a;0) < p(a;) < riforalli=1,...,m, and also
plp((P))) < p(¢ B idk, (Y @k 1k, (Q))) < ™, as we wanted.

(b) = (c). Since A is assumed to be o-affinoid, there exists an admissible epimor-
phism n: ﬂ{rflTl, oy AT} — B For all i = 1,...,n, let us denote by 7; the restric-
tion of ) to o7 {r; 1T;}. Assuming that ¢ satisfies property (b), then also each pon; satisfies
the same property. Indeed, for any bounded homomorphism 1: & {r=1S} — & {r; T},
the polynomial P given by property (b) of ¢ (with respect to the bounded homomorphism
n;01)) works also for the property (b) of pon; (with respect to the bounded homomorphism
¥).

Suppose, for the moment, that we are able to prove the implication (b) = (c¢) when
B = of {r~18}, for any r € Rsg. Applying this to ¢ on; (for each i), with fixed € € ]0, 1],
we get admissible epimorphisms ;: &7 {7}_ llTM T 7}’117—‘7'7”7,} — d{r; lTi} such that
llo(ni(mi(Ti5)))|| < er;j foralli=1,...,nand j =1,...,m,;. By Proposition 1.4.7 and

Proposition 1.5.3.v, we can put all the 7;’s together and form an admissible epimorphism

7' ﬂ{riiTLh ... ,r;}nnTmmn} — d{rl_lTl, o T}
such that, for all i+ = 1,...,n, the restriction of 7’ to ;af{r;llTi’l . ,r;%iﬂvmi} coin-
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cides with m; (up to the inclusion of & {r;'T;} into &/ {r;'T1,...,7;'T,}). Therefore,

o (Ti))I = lleni(mi(Ti )| < erijforalli=1,...,nand j =1,...,m;. Hence,

non' is an admissible epimorphism proving property (c).

Thus, it remains only to prove the implication (b) = (c) when & = &/ {r~15}. We
let P = 8"+ a1 S™ '+ -+ a, € [S] be such that p(a;) < r’ for all i = 1,...,m
and p(¢(P)) < r™ (we are considering ¥ = idg in the text of property (b)). For any
M € Ny, we consider the polynomial PM = §mM bgj\/[)Sm]\/[*1 4+ bmj‘@[. It is such
that p(bZ(M)) <rtforalli=1,...,mM, as it can be seen from the expansion
P Y s R

ko, km €N

(in a way analogous to the one used later in the proof of the claim), or from the fact that

otherwise we would have

M mM —i m
p(PM)Zi:{n"aﬁMp(bE DypmM=i s M = p(P)M

Moreover, it follows from Proposition 1.5.16.i that there exists a constant €’ € R+ such

that ||¢(PM)|| < C'p(p(P))M for all M large enough. Then,

N (bl (p(sO(P))>M:O‘

M—o00 rmM M—o0

It means that for any € > 0 we can find M € N such that ng(PM)H < Clterm™M | where

C is any fixed bound of ¢.

From now on, let us fix € € ]0, 1, and let us denote by
Q=S"+d\S" '+ - +d,

the polynomial PM (so that n := mM) for M large enough, so that ||¢(Q)|| < C~term.

Recall that p(al) < r? for all i = 1,...,n and that this fact implies that p(Q) < r".

Let us pick ¢ € Ry such that 7 < g and Cre~! < ¢. We define a homomorphism
m: d{q o, r T, Ty TRy s g (S =

by sending Ty to S and T} to S*1Q (for all i = 1,...,n). It is well defined and bounded

because of Proposition 1.5.16.ii, since p(S) = r < ¢ and p(S“1Q) < p(SH)p(Q) <
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ri=lpn = pn+i=l for all ¢ = 1,...,n. Finally, we notice that

lp(m(To))ll = [le(S)]] < CIS]| = Cr < eq

and
lo(m (T < |Je(S || le(@)] < Cr'Hlp(@)]| < er™™™! Vi=1,...,n,

so it remains only to prove that 7 is an admissible epimorphism. This will follow from the

following claim:

Claim. For all j € N there exist two polynomials G; € «/[T1,...,Ty] and Hj € o/ [To)
such that ©(Gj + H;) = S7 and H; has degree at most n — 1. Moreover, there exists a
constant C € Rsq such that ||G,|| < Cr? for all j € N and thj)H < CrJ forall j €N and

alli=1,...,n, where WWTP ' 4. 4+ Y 1+ 1Y) = H;.

Proof of the claim. We construct the polynomials G; and H; by induction on j. The base
case is simple: for all j < n — 1 we can take H; = Tg and G; = 0. Now, let us assume
the validity of first part of the claim for all j < I, with [ > n. By euclidean division, let us
write [ = tn+s with ¢, s € N and s < n. We notice that S*Q' must be a monic polynomial
of degree tn + s = [; let us give a name to its coefficients: S*Q* = S + bgl)Sl_l +e bl(l).
Now, we define

G =T "Tor — WG4 + .00 G)

and

Hy=—0VH + . 00 =) - 0F 1t b !

n l—n+1 l—n—+2

(which means that G; = T1 and H; = —(bgl)T(?*l + bgl)TSFQ + o+ bl(l)) in case [ = n).
These two polynomials satisfy the first part of the claim for j = [. Indeed, by inductive

hypothesis, deg(H;) <n — 1 and

l—n
m(Gi+ Hy) = m(Th)" " m(Torn) Z b m(Gri + Hyig) — (b )n+1Tn ! by =
i=1

l—n
S l 7 n— l
=QYs*Q) - Y oSt~ v, st 1)) =
=1

SSQt ( l)sl 1 —|—bl(l)):sl

Let us now prove the “moreover” part. For any [ € N, we notice that bz(»l) =0ifi>1l—s,

@

and otherwise b;” can be seen (formally) as a homogeneous polynomial of degree 7 in the
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formal ring of polynomials Z[a}, ..., a], when considering each aj, to have degree exactly
k. Indeed, bgl) is the coefficient of the monomial of Q' with degree (in the variable S)

l—i1—s=1tn—1, and

Q= Y (s (o)

ko! - k!
ko, hneN 0 m
k0+"'+kn:t

Clearly, the terms of degree tn — i (in the variable S) are those such that
nko+(n—1)k1+-~~+kn_1 =tn—1

and hence (considering now degaj, = k for all k = 1,...,n) their coefficients have degree

equal to

i+ Ak, =k 4+ nky +tn— (ko4 -+ kn)n =
=tn—[nko+(n—1ki+--+n—(n—1)kp1] =

— i7
as we wanted.

Now, since p(aj},) < ¥ forall k = 1,...,n (and since p is a non-Archimedean seminorm),

it follows that p(bgl)) < 7riforalll € Nand i = 1,...,l. By induction, it is easy to see

that, for every [ € N, the coefficients hgl), . ,hg) of H; are homogeneous polynomials of
degree at most [ in the formal variables ay (always with degay =k, for all k = 1,...,n).

Therefore, if C' € Ry is such that ||a}|| < Cr* for all k =1,...,n, then thl)H < Crl for

allleNandalli=1,...,n.

We want now to prove that there exists a constant C’' € R~ such that p(G;) < C'r?
for all j € N. We use induction again, and show that, for any [ > n, if C’ > 1 is such that
p(Gi_;) < C'r'=" for all i = 1,...,n, then the same constant is such that p(G;) < C'r!.

Indeed, recalling that p(bl(-l)) < 7t for all i, we obtain that

p(Gp) = p(Tf_lTerl — (01G1—1 + -+ b_pnGh)) <
< max{p(TltilTs—H)a p(blGl—1)7 cee p(bl—nGn)} <

< max{r”(t_l)r"+s, r(CY), () = O

as we wanted. Then, we notice that every G; is not nilpotent, because of its monic

monomial quflTSJrl. Therefore, by Proposition 1.5.16.i, we can find a constant C” € R+
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such that ||Gj]| < C"p(Gy) < C"C'r! for all [ € N.
To conclude, we can just pick C' € Rsq such that C > C”C" (where C” is such that

C’>1and p(G;) <C'riforalli=0,...,n—1)and ||a}|| < Cr¥forallk=1,...,n. O

Let us use the claim to prove that 7 is indeed an admissible epimorphism. For any

element f = Y. b;S7 € & {r 1S} (meaning that lim; o ||b;|| 7/ = 0), we define g =

jEN
SienbiGy and b = Y biH; = diTy 4 -+ dy, where d; = Y bihl” for all
i=1,...,n. They are all well defined because of the upper estimates in the claim, which

give also the bounds

< bil|r! =
llgll < Cmax{lb;l| " = ClIf]

and

Il = max [|dillq" < max maxCllbyl|rq" < ¢( max ") |If]].
i=1,...,n i=1,...,n jEN i=1,...,n

)

Finally, since m(G; + Hj) = S for all j € N, it is clear that 7(g + h) = f.

(¢c) = (a). This implication is trivial. O

Corollary 2.1.3. Let r ¢ /|IKX|. If ¢: B — 2 is a bounded homomorphism and
@@KidKT: B K, — 9k K, is inner with respect to o Qi Ky, then ¢ is inner with

respect to < .

Proof. Already proven, inside the proof of the implication (a) = (b). O

Corollary 2.1.4. Let p: BB — Z be a bounded homomorphism which is inner with respect
to o/. Then, for any bounded homomorphism of < -affinoid algebras 1p: B — B and any
bounded homomorphism of Banach <f -algebras £: 9 — 9', the composition Eopot): B —

2’ is inner with respect to < .

Proof. By Proposition 1.3.4.iii, it is clear that the composition £ o po1): B — P’ satisfies
property (a) if p o ¢p: ' — 2 does. Then, it is enough to show that the composi-
tion ¢ o 1) satisfies property (b). This follows because for any bounded homomorphism
n: o {r—'S} — A’ there exists a polynomial P = S™ + a;S"" ! + .- + a,, € &[5] with
pla;) < r'forall i =1,...,m, such that p((¢ o ¥)(n(P))) = p(e((¥ o n)(P))) < ™ (by
property (b) of the inner morphism ¢, with respect to the bounded homomorphism ) on),
and this polynomial (depending on 7, which is arbitrary) proves property (b) for ¢ o .
Note that we have already used this fact at the beginning of the proof of the implication
(b) = (c). O
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2.2 Relative interiors

Recall that « is a K-affinoid algebra, that % is an «/-affinoid algebra and that X =
M) and Y = M (B).

Definition 2.2.1. The relative interior of a morphism of K-affinoid spaces Z: Y — X
is the set Int(Y/X) of points y € Y such that the associated characters # — 7 (y) are
inner with respect to <.

Moreover, the complement of Int(Y/X) in Y is called the relative boundary of = and

is denoted by 0(Y/X).

Remark 2.2.2. More explicitly, using property (a), y € Int(Y/X) if and only if y € ¥
and there exist 71,...,r, € Ry (for some n € N) and an admissible epimorphism
m: {ri M, . e T} — 9B such that |7(T3) (y)| < ri for alli=1,...,n.

It follows that Int(Y/X) is always an open subset of Y, since it is a union of open

subsets (one for any admissible epimorphisms like 7).

Example 2.2.3. Let us consider the particular case o = K. The existence of an admissible
epimorphism 7: K{r{'Ty,...,r;'T,} — % such that |7(T;)(y)| < r; foralli =1,...,n
(property (a)) means the existence of an embedding of Y into the closed polydisc E(0,r) =
A (K{r~1T}) such that y lies in the open polydisc D(0,r) == {x € E(0,7) | |T;(z)| <
r; Yi = 1,...,n}. On the other hand, the existence, for any bounded homomorphism
Y K{r='S} — %, of a polynomial P = S™ + a; 5" ! + ... + a,,, € K[S] such that
| (P)(y)| < r™ while |a;| < 7 for all i = 1,...,m (property (b)) implies that the image
of y in E(0,7) == .#(K{r—1S}) cannot be the Gauss point (i.e. the point corresponding
to the Gauss norm).

In particular, considering the extension K, of K when r ¢ \/W, we see that
Int(K,/K) = (. In fact, the norm on K, extends the Gauss norm on K{r—'S} after
the canonical inclusion of K{r~1S} into K,; it follows that the only point in .#(K,) (re-
call Proposition 1.2.2.iv) is sent by the induced map .# (K,) — .# (K{r—1S}) precisely to

the Gauss point.
Proposition 2.2.4.

(i) In view of Remark 1.5.9, any two morphisms of K-affinoid spaces ®:Y — X
and W: X' — X induce a morphism W':Y' — Y, where Y =Y xx X'. Then,
U Int(Y/X)) C Int(Y'/X").

(ii) For any two morphisms of K-affinoid spaces Z: Z —'Y and ¥:Y — X, we have
Int(Z/X) =Int(Z/Y)NE"(Int(Y/X)).

30



(i) If Z CY C X are K-affinoid spaces, then Int(Z/X) C Int(Y/X).

Proof. (i). Let ¥’ € Y’ be such that y = ¥/'(y) € Int(Y/X); we need to prove that
y € Int(Y'/X"). Welet X' = # (<) and Y' = #(H'), where B' = BR, '. By
Remark 2.2.2; there is an admissible epimorphism 7: &%{rflTl, o Ty = A with

r'n

|7(T;)(y)| < r; for alli =1,...,n. By Proposition 1.4.7, the induced homomorphism
AN - 1 fa—1 /
T =T Ry id .527{7‘ T} — ;%
A ATy Ry ! BOw A’

is an admissible epimorphism too. Moreover, if we denote the underlying bounded homo-

morphisms by ¢: & {r~ 1T} — &'{r~1T} and ¢': Z — %', then we have a commutative

diagram
d{r 1T} " %
| J/
A 1T} = B
and

This shows that ¢’ € Int(Y'/X’), as we wanted.

(ii). Welet X = #(),Y = #(A) and Z = #(¥), and we let ® := Vo =. For any
z € Z, we define y := E(z) and x = ¥(y) = ®(z). We have to prove three clauses:

zeInt(Z/X) = z € Int(Z/Y). This follows by the previous point (using the same
names for functions, even if not for spaces), noticing that Z = Z xx Y, with ¥’ being
nothing but the identity of Z (since Z, with the identity and =, clearly satisfy the universal
property for the Cartesian product).

z€Int(Z/X) = y € Int(Y/X). Considering property (b), let n: &/{r=1S} — % be
any bounded homomorphism. Since z € Int(Z/X), there exists a polynomial P = S™ +
a1S™ L+ .-+ a, € 5] such that p(a;) < riforalli=1,...,m and |(£ on(P))(2)| <
r™, where £: B — € is the bounded homomorphism underlying =. We conclude that
y € Tnt(¥/X) because [1(P)(y)] = [1(P)(E()] = [(€ o n(P))()] < ™.

z € nt(Z/Y) Ny € Int(Y/X) = 2z € Int(Z/X). By hypothesis we have two
admissible epimorphisms 7: M{rl_lTl, oy 1T} — % and n: ,@{ql_lSl, e G S} —
¢ such that |7(T;)(y)| < r; for all i = 1,...,n and |n(S;)(z)| < gj forall j =1,...,m.
We extend 7 to an admissible epimorphism .7 {r~1T, q= 1S} — %{q~1S} in the obvious

way (i.e. sending S; to S; for each j). Its composition with 7 then gives an admissible
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epimorphism o: &/ {r~1T, q=18} — € such that |o(T;)(z)| < r; for all i = 1,...,n and
lo(S5)(2)] < gj forall j =1,...,m, as we wanted.
(iii). This is just a particular case of the implication z € Int(Z/X) = y € Int(Y/X)

given in the proof of the previous point. O

Proposition 2.2.5. Let W be a K-affinoid domain in'Y and let V' be a special subset of W
with a finite cover {W;}i=1,.. n by K-affinoid domains. Then, the canonical homomorphism
ow,v: Bw — By is inner with respect to &/ if and only if all the canonical homomorphisms

ow,w,: Bw — PBw, are inner with respect to o .

Proof. The “only if” part follows immediately from Corollary 2.1.4. Let us prove that oy,
satisfies property (b) if all the homomorphisms oy, do. Let ¢: &{r 1S} — ZBy be
a bounded homomorphism. By hypothesis, we assume to have polynomials P, = S™i +
agi)SmFl—i—- . ~+a£,?i, foralli =1,...,n, such that p(agi)) < rJ and p(oww, (Y(B))) < r™

foralli=1,...,nand j=1,...,m;. Let

n
P:HP,L:Sm+a15m_1++am
=1

From p(aé.i)) < 7 for all i and j, we obtain that p(a;) < r?, and also that p(aw.w, (¥(FPy))) <
p(Py) < r™k for all i,k = 1,...,n. From these second inequalities and the strict one
ploww,(¥(F;))) < r™, it follows that p(oww,(¢¥(P))) < r™ for alli=1,...,n. Since the
norm on Ay is by definition the maximum of the norms on the By, ’s (after the restriction

m

homomorphisms), it follows that p(ow v (¥(P))) = max=1.» ploww, (¥ (P))) < r™, and

this finishes the proof. O

Proposition 2.2.6. Let ¥ be a closed subset of Y. Then, ¥ is contained in Int(Y/X)
if and only if for any e € ]0,1[ there exist r1,...,m € Rsg (for some n € N) and an
admissible epimorphism mw: o {r7"Ty, ..., v T} — B such that ¥ C Y ((er)~Lf), where

fi=n(T;) foralli=1,...,n.

Proof. The “if” part is trivial. For the other direction, let us fix ¥ C Int(Y/X) and ¢ €
]0,1[. For any y € ¥ there exists an admissible epimorphism 7, : o/ {r 7, .., Ty, }Iy Tn,} —
% such that |my(T;)(y)| < ry; for all @ = 1,...,n,. For all such i, we set f,; = m,(T;)
and pick ¢,; € Ry such that |my(T;)(y)| < qyi < 7yi. Then, the Weierstrass do-
main W, = Y(q; 1£,) is a neighborhood of y in Y, and the canonical homomorphism

ow,: # — PBw, is inner with respect to &/ by property (a) (since p(ow,(my(T7))) =

plow, (fyi) < @y <ryiforalli=1,...,n,).
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Because X is compact, it lies in a finite union V' := (J;; W, for some points y; in X. By
the previous proposition, the canonical homomorphism oy : Z — Ay is inner with respect
to «7. This means that we can find an admissible epimorphism 7 : sz{rflTl, I e A S

2% such that ||oy (7 (T;))|| < er; for all ¢ = 1,...,n (property (c)). Denoting f; == w(T;)

and recalling that the image of .Z(%y ) in Y contains V', we have that

i < i Nl < Il <er; Vi=1,...,n.
max |fiy)| <  max ov (£ ()| < llov(fll <eri Vi n

Hence, ¥ CV C Y((er)~1f), as we wanted. O

Proposition 2.2.7. Any bounded homomorphism p: B — Z is inner with respect to of
if and only if the induced map A (p): M (Z) — Y has image inside Int(Y/X).

Proof. First, let us denote the image of .Z () by X, and let us notice that

p(e(f)) = L [e(N)(2)] = max Ifw)l Ve (2.1)

Now, if ¢: #8 — 2 is inner with respect to o7, it means that there exists an admissible
epimorphism 7: @ {r7 'Ty,. .., 7 T} — 2 such that p(p(n(T;))) < r;foralli =1,...,n.
By the previous formula (with f = 7(7})), it follows that |7(T;)(y)| < r; for all y € ¥ and
all # = 1,...,n. This shows (by Remark 2.2.2) that ¥ C Int(Y/X) if ¢ is inner with
respect to 7.

For the other direction, let us suppose that ¥ C Int(Y/X). By Proposition 2.2.6, fixed
e € )0, 1], there exists an admissible epimorphism 7 : %{rl_lTl, oo, T} — 2 such that
¥ C Y((er)~1f), where f; == n(T;) for all i = 1,...,n. Using formula (2.1) again, it
follows that p(¢(7(73))) = maxyes [7(T13)(y)| < er; for all i =1,...,n. This shows that ¢

is inner with respect to &7 if ¥ C Int(Y/X). O

Proposition 2.2.8. If Y is an affinoid domain in X, then Int(Y/X) coincides with the

topological interior Y° of Y in X.

Proof. Let us prove the inclusion Y° C Int(Y/X) first. By Remark 1.2.9, given any point
y in the topological interior of Y, there must exist an open neighborhood of y inside Y of
the form {z € X [ [fi(2)] <7iAlgj(2)] > ¢; Yi=1,...,n, Vj=1,...,m}, for some f;’s

and g;’s in /. For each ¢ and j, we pick r; <7} and ¢; > q} in such a way that
yeU={zecX||filx)l<rin|gj(z)]>q; YVi=1,...,n, Vi=1,...,m}.
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Then, by construction, y € W C Y, where W is the Laurent domain

X foag™h) ={e e X ||fix)| < rinlgi(a)| 2 ¢ Vi=1,...,n, ¥j=1,...,m}.

It follows directly from the construction of 2y in Definition/Proposition 1.6.5 that
there exists an admissible epimorphism 7: & {r~1T,qS} — Ay which sends T; to f;
(for all i) and S; to g;1 (for all j). In particular, |7(7;)(y)| < r; for all = 1,...,n and
|7(S;)(y)| < qj_1 for all j = 1,...,m. This shows that y € Int(W/X) C Int(Y/X), where

the last inclusion follows from Proposition 2.2.4.iii.

Now, let us prove the inclusion Int(Y/X) C Y°. By Theorem 1.6.10, there exists a finite
cover of X by K-affinoid domains Wy,..., Wy, such that Y; =Y N W; is a Weierstrass
domain in W; for each j = 1,...,m. Let us be given an arbitrary point y € Int(Y/X)
and let j € {1,...,m} be such that y € Y;. We apply Proposition 2.2.4.i with X' = w5,
with Y :=Y xx X' =Y NW; =Y; and with ¥ and ¥’ being respectively the inclusions
of W in X and of ¥ in Y. Since UL (Int(Y/X)) = Y5> N Int(Y/X) > y, we obtain that
y € Int(Y5/X5). If Int(Y5/X5) C Yj.o, then we would get that y € ij’ C Y°. Therefore, we
can restrict ourself to case of a Weierstrass domain: for simplicity, we assume Y to be a

Weierstrass domain in X (forgetting Y5 and X7) and prove the inclusion Int(Y/X) C Y*°

in this case.

Let y be any point in Int(Y/X); it means that there exists an admissible epimorphism

m: o {r{ T, ..., v T} — o such that

yeU={y Y ||fily)] <ri Vi=1,...,n},

where f; == m(T;) for each i« = 1,...,n. We know that 7 is dense in 2% because we
assumed Y to be a Weierstrass domain. Hence, we can find f{,..., f], € o such that
I|fl — fill < rj for all ¢ = 1,...,n, and such that (by Proposition 1.5.16.iv) the homo-
morphism 7': &{r 1T} — @ sending T; to f/ for all i = 1,...,n is an admissible
epimorphism.

Let us set

U={zeX||fix)|<r Vi=1,...,n}

and

W=Xr'f)={zeX||fi(x))<r Vi=1,...,n}.

We notice that Y C W because |f/(y')| < max{|f;(¢/)],||fl — fill} < riforaly €Y
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and 7 = 1,...,n. For an analogous reason U' N'Y = U. Moreover, 7’ clearly induces an
admissible epimorphism from Ay = o {r= T}/(T1 — fl,...,Tn — f}) to @ . It coincides
with the restriction homomorphism @4y — 2% by the universal property of 2y ; therefore,
by Proposition 1.6.12, W must be the disjoint union of Y and of another K-affinoid domain
W’. We notice that U = U'NY = U\ W', and since U’ is open (in X) and W’ closed
(in X), then U must be open (in X). This concludes the proof because, by construction,

yelUCY. O

Corollary 2.2.9. Let W C W' be two K -affinoid domains in X. The restriction homo-
morphism oy w: Sy — Gy is inner with respect to o/ if and only if W lies in the

topological interior of W'.

Proof. Since W and W' are the images in X = .# () of M () and A () (respec-
tively), it follows immediately from Proposition 2.2.7 that oy 1y is inner with respect to
o/ if and only if W C Int(W'/X). But Int(W’/X) coincides with the topological interior

of W' by the previous proposition. O

Proposition 2.2.10. A closed subset ¥ C X lies in the topological interior of a Weierstrass
domain W if and only if for any € € 10, 1[ there exists a representation W = X(r~1f)

such that ¥ C X ((er)~Yf) for some fi,...,fn € & andry,...,7n € Rsg.

Proof. The “if” part is trivial. For the other direction, the hypothesis becomes that 3
is contained in Int(W/X), by Proposition 2.2.8. Then, by Proposition 2.2.6, there exists
an admissible epimorphism 7: & {r; 'Ty,...,r;'T,} — Ay such that & C W((er)~1f),
where f; == w(T;) for all i = 1,...,n. We know that </ is dense in <4y; hence, by
Proposition 1.5.16.iv, we can assume that f; € & for all i = 1,...,n. We let W/ =
X(r~1f), and we notice that ker(m) contains the ideal generated by all T; — f;, so that 7

induces an admissible epimorphism

Sy = A {r YTy — fry - Ty — fo) = S,

which must coincide with the restriction homomorphism. By Proposition 1.6.12, the com-
plement W'\ W is a K-affinoid domain in X with @4y = oAy x Sy . We pick a real
number 0 < 7,41 < 1, and we let e be the element of @Ay corresponding to the pair (0,1)
under the previous identification. By the density of &7 in @4y, we can pick f,4+1 € & such

that ||e — fn41|| < erpe1. Then, it is easy to see that

W= {z €W ||fps1(2)| < rng1} = X(r7 f)
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and ¥ C X ((er)~1f), where, now, » and f are tuples of n + 1 elements.
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Chapter 3

Holomorphically convex envelopes

and spectra of homomorphisms

Here we introduce holomorphically convex envelopes of closed subsets (§3.1), proving their
relations with Weierstrass neighborhoods (Proposition 3.1.2 and Corollary 3.1.3), and spec-
tra of homomorphisms (§3.2), proving some of their properties, especially with respect to
holomorphically convex envelopes. We are following | , §2.6, §7.3] but trying to give

more detailed proofs.

3.1 Holomorphically convex envelopes

Throughout this section, we let X := .# (/) be a K-affinoid space and we let ¥ be any
closed subset of X.
We recall that if f € T'(U, Ox), where U is an open neighborhood of ¥, then we denote

its restriction to ¥ by f|s;. In particular, this applies to all f € & =T'(X, Ox).
Definition /Proposition 3.1.1.

(i) For any x € ¥ and any special neighborhood V' of ¥ there is a canonical homo-
morphism @4, — 5 (x). Hence, by Proposition 1.8.7 and the universal property of
inductive limits, we get a canonical homomorphism I'(X, Ox) — 5 (x). We denote

the image in 7 (x) of any f € I'(3, Ox) by f(x) (and the absolute value of f(x) by
[f(@)])-

(ii) We notice that ‘fm(x)‘ = |f(x)| for any f € o/ and x € ¥.

(iii) The assignment ||f||y;, == maxgex |f(z)| for f € I'(X, Ox) defines a non-Archimedean

seminorm || - ||y, on I'(3, Ox).
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(iv) We denote the completion of (I'(X, Ox), || - ||s;) by #(X), and the closure of the
image of & =T'(X, Ox) in F(X) by Z(%).

(v) The holomorphically convex envelope of ¥ in X is the topological space
Shi= o e X @) <||fislly ¥F € o}

(with the topology induced form that of X).
(vi) We say that X is holomorphically conver in X if ¥ = Xk,

Proof. (i). The canonical homomorphism 2, — (x) is given by the composition of the
restriction homomorphism @4, — @y, where W is any K-affinoid domain inside V' and
containing z, and the homomorphism <y — #(x) obtained by the universal property of
K-affinoid domains. Indeed, given two affinoid domains W and W’ inside V' and containing
x, then the two homomorphisms @, — Ay — ' (x) and oy — Ay — H(x) are the
same, since they both coincide with the homomorphism @4, — Ay — H(x) (by
the compatibility of restriction homomorphisms and the universal property of K-affinoid
domains).

(ii). It follows directly from the construction in the previous point (considering V = X)
that fis(7) and f(x) are the same point of ().

(iii). Clearly, ||c||s; = |¢| for all ¢ € K, and for all f,g € I'(X, Ox ) we have

If +glls = [(f + 9)@)] < [F@)] + |g)] < £z + llglls
and

1f9lls = [(f9)@")] < [f(=")] [gG")| < Il lglls

where 2’ and z” are points of ¥ (which exist by the compactness of X) realizing the

maxima. O
Proposition 3.1.2.

(i) Any Weierstrass neighborhood W of ¥ is also a neighborhood of L.

(i) The intersection of all Weierstrass neighborhoods of ¥ coincides with X"

(i4) There is an homeomorphism between .4 (P (X)) and L.

Proof. (i). By proposition 2.2.10, we can write W = X (r~1f) and ¥ C X ((er) "1 f) for

some fi,...,fn €9, r,....,Tp € Rsgand e € ]0,1[,ie. W ={x € X | |fi(z)| <r; Vi=
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1,...,n}and ¥ C{z € X | |fi(z)| <er; Vi=1,...,n}. This immediately implies that
Hfi\EHz < er; for all i = 1,...,n, and therefore " C {z € X | |fi(x)] < er; Vi =
1,...,n}. This set is clearly contained in the interior of W = X (r~1f), so we are done.

(ii). By the previous point, it is clear that X" is contained in the intersection of all the
Weierstrass neighborhoods of . Let us prove the converse: we suppose that = ¢ X" and
find a Weierstrass neighborhood W of ¥ such that « ¢ W. By our assumption, there exists
f € o/ such that Hf‘zHE < |f(x)|. Then we take r € Rsq such that Hf@”z <r <|f(z)]
and define the Weierstrass domain W = X (r~1f) = {y € X | |f(y)| < r}. Tt is clear that
it does not contain x and that X lies in its interior.

(ili). With a slight abuse of notation, let us denote by || - ||y, also the norm on Z(X).
Moreover, let us denote by ¢ the canonical homomorphism & — Z(X). It is easy to
see that ||p(f)|y, = Hf\EHz < ||f]| for all f € . Therefore, ¢ induces a continuous
function A (p): A (P (X)) — X. Since A (F(X)) is compact and X is Hausdorff, it
is enough to show that .#(p) is injective and has image ©". We notice that . ()
is indeed injective, because the image of &/ in Z(X) is dense by construction. Now,
an element x is in the image of .#(y) if and only if there exists y € .#(%(X)) such
that [£(2)] = [¢(£))| for all f € . But [p(£)W)| < le(All = ||figly Thus, the
inequality |f(z)| = |e(f)(y)] < Hf\EHZ (for all f € &) shows that x € X" if z is in
the image of .# (). As for the converse implication, we notice that for any = € %" we
have |f(z)| < Hf\EHE = ||¢(f)|ls; for all f € o7. Hence, z extends in a unique way to a
seminorm on the completion of (@7, || - ||5;0¢). It remains only to notice that &(X) is such
a completion: & (X)) is complete (since it is a closed subspace of a complete metric space)

and ¢: (|| ||s; 0 p) = Z(X) is an isometry with dense image almost by definition. [

Corollary 3.1.3. If ¥ is holomorphically convex in X, then I'(X, Ox) can be calculated
as the inductive limit @WODE Aw (in the category of K-algebras) for W running through

the Weierstrass neighborhoods of 3.

Proof. We start with an easy topological lemma: let U be an open subset of a compact
set X and let {W;};er be compact subsets of X such that their intersection is inside U;
then there exists a finite number of them whose intersection is inside U. In fact, X \ U
is compact, {X \ W;}ier is an open cover of X \ U, and the complements of any finite
subcover give a finite number of W;’s whose intersection is inside U.

We apply this lemma to any open subset U C X containing 3, with the compact subsets
being the Weierstrass neighborhoods of 3. Their intersection is indeed inside U because

it coincides with X, by the second point of the previous proposition (under our hypothesis
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that ¥ = ¥"). A finite intersection of Weierstrass domains is again a Weierstrass domain
by Proposition 1.6.8. Hence, since U was arbitrary, the neighborhoods of 3 which are
Weierstrass domains form a basis of neighborhoods of Y. The thesis now follows by a

proof completely analogous to the one of Proposition 1.8.7. O

3.2 Spectra of homomorphisms
Throughout this section, we let &/ be a K-affinoid algebra and & a Banach K-algebra.

Definition 3.2.1. The spectrum of a bounded homomorphism ¢: & — Z is the image of
the induced function . (p): 4 (P) — M (/) as a closed subset of # (o). It is denoted

by Y.

Ezample 3.2.2. By Proposition 1.2.8.ii, the spectrum of a character x,: & — J(z) is the

point {z} inducing the character.

Remark 3.2.3. Let ¢p: & — 2 be a bounded homomorphism. Unravelling all the defini-
tions, we get

fiz. s, = max |f(x)] = nax le(f)(2)| = p(e(f) Yfed. (3.1)

Proposition 3.2.4. Let p: &/ — 2 be a bounded homomorphism. For any Weierstrass
neighborhood W of the spectrum X, there exists one and only one bounded homomorphism

ow: Gy — P which extends ¢.

Proof. For any W as in the statement and for any fixed ¢ € ]0, 1], Proposition 2.2.10 tells
us that W = X(r~1f) and £, C X((er)~1f) for some fi,...,fn € & and r1,...,7, €
R<o. Let us prove that we can construct a (clearly unique) bounded homomorphism
@' I {r~ 1T} — 2 which extends ¢ and sends T; to o(f;) for all i = 1,...,n. We start
by noticing that p(o(f;)) = maxzes,, |fi(z)] < er; for all i = 1,...,n, where the equality

is shown in (3.1) and the inequality is because £, C X ((er)~!f). Now, the fact that

u

ple(fi)) = lim /[p(fi) ]| < ers

implies that (for each ¢ = 1,...,n) there exists m; € N such that ||p(f;)"|] < r}* for all
uw > m;. Then, we pick a real number C such that C' > 1 and C > [[ ||¢(fi)"]| for
any possible choice (for each i =1,...,n) of u; = 1,...,m;. It follows that ||a,e(f)*|] <

C'||ay||r™ for all a,, € «7. This shows that ¢’ is well defined and bounded, as we wanted.
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To conclude, it is clear that ker(¢’) contains the ideal generated by all T; — f;, so
that ¢’ factors (in a unique way) as a composition of the canonical projection and of
a homomorphism ¢y (extending ) from Ay = Z{r 1TY/(T1 — f1,...,Tn — fa) to
2. Moreover, the homomorphism o : Ay — 2 extending ¢ is unique because the
composition of any such homomorphism with the canonical projection & {r=1T} —

A {r=IT}/(Ty — f1,..., T, — fn) must coincide with ¢’. O

Proposition 3.2.5. Let ¢: & — B and Y: B — D be two bounded homomorphisms,
with B a K-affinoid algebra. Let V: Z — Y and ®:Y — X be the induced continuous

functions between Berkovich spectra. Then, @(ZZ) - Efzw - Zg.

Proof. For any y € Zg we have |g(y)| < max,cz [(g)(z)] for all g € A, by formula (3.1).
Then, ®(y) is such that

@@ = (N )] < max ()] = ||fis,..,

Vfied.
Zwow

This shows the first inclusion. The second one follows from the two simple facts that
Ypop = ®(V(Z)) € ®(Y) = X, and that taking the holomorphically convex envelopes

preserves inclusions. O

Corollary 3.2.6. Let &' : o/ {ri'Ty,...,r; T} — 2 and &": A {q'S1,..., ¢, Sm} — 2
be two bounded homomorphisms, and let £: &/ {r=1T,q= 1S} — 2 be the (bounded) homo-
morphism acting as & on the T;’s and as £ on the Sj’s. Furthermore, let I1, II' and 11" be

the morphisms of K -affinoid spaces induced by the inclusions of o/ in o/ {r=1T, q= 1S},

in /{r=1T} and in o/{q=18}, respectively. Then H(Z’g) - H'(E]g,) N H”(Zlgu).

Proof. We apply Proposition 3.2.5 with 1) = ¢ and with ¢ being the inclusion of &7 {r—1T}
into &/ {r~1T,q~1S}. Denoting by ® the map induced by ¢, we obtain that @(Z?) - Z’g,.
Hence, H(Z?) =1r (@(Z?)) cIr (Zg,), where the first equality follows from the fact that

Il =1I' 0 ®. The other inclusion I1(X}) C II”(%f,) is completely analogous. O

Proposition 3.2.7. Let ¢: o/ — 9 be any bounded homomorphism, let 2’ be the closed
K -subalgebra of 9 generated by the image of ¢, and let ¢’ denote the induced homomor-

phism o/ — 9'. Then, ¥y = Zf},.

Proof. Recalling formula (3.1), we have

iz, I, = po(e(F) = por (P (D) = ||fin,, ||, VSea.

@
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Thus, E’;/ = EZ, and it remains to prove that Eg/ C Y. We notice that for any = € Zgl

we have

@I < |fiz,lly, = ple() <Ml Ve,

It follows that x can be extended to a seminorm on the completion of (&7, ||-|| o ¢). It
remains only to notice that 2’ is such a completion: 2’ is complete (since it is a closed
subspace of a complete metric space) and ¢: (#,]]- ||y 0 ) — 2’ is an isometry with

dense image almost by definition. O
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Chapter 4

The holomorphic functional calculus

Here we prove Arens - Calderon lemma (§4.1), and we use it to prove the holomorphic
functional calculus theorem (§4.2). We are following | , §7.3] but trying to give more

detailed proofs.

4.1 Preliminary results

Throughout this section we let &/ be a K-affinoid algebra and Z a Banach K-algebra.

Moreover, we denote the K-affinoid space .Z (/) by X.

Definition 4.1.1. Let ¥ be a closed subset of X. A homomorphism ¢: I'(X,0x) — 2
is said to be bounded if the compositions @, —2=» [(Z,0x) % 2 (with the restriction

homomorphisms) are bounded for all special neighborhoods V' of 3.

Proposition 4.1.2. Every bounded homomorphism ¢: o — & can be extended in one
and only one way to a bounded homomorphism 0, s : L(Zh, O0x) = 2, where ©" is any

holomorphically conver subset of X containing the spectrum X.

Proof. By Corollary 3.1.3, we have that T'(X" 0x) = lingogzh Ay, where W runs
through the Weierstrass neighborhoods of ", It now follows from Proposition 3.2.4 (and
the universal property of inductive limits) that ¢ has one and only one bounded extension

Q%EhZ F(Eh, ﬁx) — 9. O

The aim of this chapter is to construct an extension of any bounded homomorphism

p: & — P not just to F(EZ, Ox), but to I'(X,, Ox).

Lemma 4.1.3 (Arens - Calderon). Let ¢: &/ — 2 be a bounded homomorphism. For any
open neighborhood U of the spectrum X, there exist r1,...,r, € Rsg (for some n € N5g)

and a bounded homomorphism ¢': o{r=1T} — 2 which extends ¢ and is such that
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H(EZ,) C U, where 11 is the continuous map M (/{r~1T}) — X induced by the inclusion

of < into o/ {r—1T}.
Proof. First, we prove the following claim:

Claim. Let x be a point in X \X,. Then, there exist q1,...,qm € Rsq (for some m € N5g)
and a bounded homomorphism ¢,: /{q= 1S} — 2 which extends ¢ and is such that x ¢

Hm(Egz), where Il is the continuous map induced by the inclusion of o/ into </{q~'S}.

Proof of the claim. Let us denote by b the ideal of 2 @ S (z) generated by the elements
¢(a)®1—1&a(x) for all a € &/. Let us suppose, by contradiction, that b # 2 S ().
Then, also the closure b of b must be different from 2 & . (x), otherwise b would
intersect the group of units (2 @ J#(x))*, since this is open by Proposition 1.1.12.i. Tt

follows that we have a commutative diagram

od —2 g

o ]

H(r) —— D"

with 2" = 9 @ A (x)/b # {0} being a Banach K-algebra. The image of the continuous
map #(2") — X induced by the two coinciding compositions &/ — 2" must be the point
{z} by Example 3.2.2. On the other hand, the image of that map must ly inside ¥,. This
contradicts our hypothesis that « ¢ ¥, and thus b = 2 ®x (x). This means that we

can write
m

1= (p(a:)®1— 18 ai(x))g: ® hs (4.1)
=1

for some a; € &7, g; € P and h; € H(x).

For each i = 1,...,m, we let r; € Rso be such that r; > ||g;||. Then, recalling
Proposition 1.5.16.ii, we let ¢, : &/ {r~ 1T} — 2 be the bounded homomorphism which
extends ¢ and sends T; to g; for all i = 1,..., m. We denote by &’ the closed K-subalgebra
of 2 generated by the image of ¢, (i.e. generated by ¢(<) and the g;’s), and we denote
by ¢!, (resp. ¢') the bounded homomorphism obtained by restricting the codomain of ¢,
(resp. @) to Z'. Proposition 3.2.7 tells us that X, = Zgz, so we want to prove that
¢ (X, ).

We suppose, by contradiction, that there exists y € .#(2') such that Z(¢')(y) = .
By Proposition 1.2.8.iii, it means that the two characters y,o¢’: & — J(y) and x,: & —
J€(x) are equivalent, i.e. there exist two embeddings ¢, : J€(y) — L and t,: H(x) — L
to a non-Archimedean field L extending K such that ¢, 0 x, 0¢" = t50x,. By the universal

property of the completed tensor product, ¢, o x, and ¢, induce a bounded homomorphism
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9 @ A (x) — L, and it is easy to see that all the elements p(a)®1 — 1 & a(x) with
a € o are in its kernel. It follows that ¢, : 7 (x) — L factors as a composition () —
9 @y H(x)/b — L, where b is the ideal of 2’ @ J(x) generated by the elements
©(a)®1—1®a(x) for all @ € «7. This is contradictory because b’ must be the whole ring
P' @k A (z) by formula (4.1). We have thus proven that = ¢ . (o')(.#(2")). Finally,
since A (') =11, o M (¢),) (because ¢!, extends ¢’ by construction), this is equivalent to
saying that 2 & T, (A(2,)(A(7))) = Tha(Sy,). m

Let us fix a neighborhood U of 3. Forall z € X \ U C X \ ¥, we let ¢, and II, be
as in the statement of the claim, which tells us that the set U, == X \ Hx(ZZ,x) is an open
neighborhood of z (in fact Hm(ZZZ) is compact and hence closed in X). Since X \ U is
compact, it is covered by a finite number of U,’s: let us denote the corresponding points by
x1,...,2¢. We construct ¢’ (and II) by putting together all the ¢,,’s (resp. II,,’s) in the
same way as £ is constructed after ¢ and £” (resp. II after II' and I1”) in Corollary 3.2.6.

That corollary ensures us that

I(S) € (1, (3,,) = X\ (U Uzi> cu,
=1

i=1

as we wanted. (The corollary gives the first inclusion, the subsequent equality is an appli-
cation of De Morgan laws and the last inclusion follows from the fact that the Us,’s cover

X \ U by construction.) O

4.2 The theorem

Theorem 4.2.1 (holomorphic functional calculus). There exists one and only one way,
satisfying the following properties, to extend any bounded homomorphism p: o — P
from a K-affinoid algebra o/ to a Banach K-algebra 2 to a bounded homomorphism
O,: (g, 0x) = D (where X = M (A)).

(Composition property). For any bounded homomorphism 1¥: 2 — 9’ between two

Banach K -algebras, the diagram

| y (42)

commutes.

(Superposition property). Any morphism of K -quasiaffinoid spaces Z: U — X' from
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an open neighborhood U of ¥, to a K-affinoid space X' := M (/") gives rise to a bounded
homomorphism

X/

br o' Ee (8, 0x) 25 9

such that ¥y = Z(3,) and such that the diagram

Es, =
F(Elb,ﬁX/) # F(vaﬁX)

k / (4.3)

9

commutes.

Proof. (Construction of 6,). Let V' be any special neighborhood of ¥,. Making use of
Lemma 4.1.3, we let ': &/{r~1T} — & be an extension of ¢ such that H(EZ,) c Ve,
where II is the canonical morphism from X’ := .# (o {r=1T}) to X. By Proposition 4.1.2,
it follows that ¢’ can be extended in one and only one way to a bounded homomorphism
HW,,E;L/: F(ZZ,, Ox1) = 2. Then, we define the bounded homomorphism 6, v : @ — 2

as the composition 6 o5t o II¥ where IIT, ., : dy — F(EZ,,ﬁX/) is the pullback
I *P/

Vzh )

homomorphism. We can see that it is indeed bounded by decomposing it further as (Hso’ sk O
’ W/

*
JH*(V),ZZ,) olIly.

{rT} ——— T(h,, 6x)

® 9
oy
,efv <

Figure 4.1: Homomorphisms involved in the construction of 8,y .

Let us now prove that the homomorphism 6,y just defined does not depend upon
¢'. For this, let us use for a moment the notations of Corollary 3.2.6, that is, let (¢/,IT")
and (&”,T1") stand for two possible couples (¢, I1), and let (&, II) be constructed as in the
corollary. Now, the corollary tells us that H(Zg) C V°, and so it suffices to prove that

O sp O IT* Ve = = O, £, © I’ ., (since the other equality with £” and IT” instead of ¢ and

V,xh,
IT is then completely analogf)us). Let us denote by ® the morphism of K-affinoid spaces
induced by the inclusion of &7 {r~1T} into &7 {r~1T,q~ 18} (again with reference to the
text of Corollary 3.2.6). By Proposition 3.2.5, we have that @(Zh) - E?/, so there exists a
pullback homomorphism (I)Eguzh (E?,, ﬁ%(&{{r—lT})) — F(Eg, a%((%{r—1T7q—1s})). By
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the uniqueness of the extension 05,722/: F(E}g,, ﬁ///(d{r_lT})) — 9 of £, we obtain that

05 s 0P, s = 95/ s . On the other hand, since IT = II'o®, the compatibility of pullbacks
) {/7 3 ’ 5/

with respect to compositions (Proposition 1.9.4.ii) gives II*, _, = &%, _, oII’*_, . Hence,
vzl ko © Bvsh,
* _ * 1% _ I%
05722, (¢] H‘/,Z? = 0{-,2? (¢] @EQHE? o HV',EQ/ = 0&-/722/ (¢] HV,E?,’

as we wanted.

By Proposition 1.8.7, in order to construct 0,: I'(3,, Ox) — &, it remains only to
show that the bounded homomorphisms 6,y are compatible. Hence, we let V' C V' be
two special neighborhoods of X,. Since we have proven that 6,y = 9@/’2;& o H"“/,SZI does
not depend upon ¢, we can take ¢’ such that H(Eg/) C V° C V. Then, 9¢/722/ is (by

construction) independent of whether we are considering V' or V’, while the triangle

oyl v
%\// > Mv

® F(EZ[, ﬁX/)

commutes by Proposition 1.9.4.i. This concludes the proof of the compatibility of the
f,,v’s and our construction of 6, which is bounded because the homomorphisms 6,y are
bounded, and extends ¢ because 0, x = 0,,.

(Composition property). Let V be a special neighborhood of ¥, and let ¢ be as above,
in the construction of 6,. By Proposition 3.2.5 we have that Zfzw, C ZZ,, and in view of

Proposition 1.9.4.i there is a commutative diagram

n Ay e,
h N h
PG, 0x) Peh osh P(Efop Ox)
@ Tpop

Moreover, we notice that both 1 o 0%22/ and %w’%ow o pEZ"EI}Zow extend v o ¢'. This

extension must be unique by Proposition 4.1.2; hence,

pYolbyy =1o 9<P’,EZ/ o H#{/,E’;, =
= mep,jﬁovl o pzil’zzjw, o H;Zz, =
= 9¢Oﬁolvzﬁ,w' o H;’EZJW’ = Oyop,v-
The commutativity of the diagram in (4.2) then follows by considering the inductive limit

on the special neighborhoods V' of Y.
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(Superposition property). By Proposition 1.7.3, we can find a special neighborhood V of
Y, inside U. We fix such a special subset V and notice that the restriction homomorphism
LU, 0x) — I'(3,, Ox) factors through <% by Definition/Proposition 1.8.5. Recalling
the construction of 0, it follows that ¢ = 0, o E},&p = 9%‘7 o 5}17\7' After this new
decomposition of ¥ and after Remark 1.9.5, we can be sure that 1 is indeed bounded.
Furthermore, by Proposition 1.9.7 and the simple fact that 29%‘7 = Y, (as subsets of YN/O),

we obtain that

Sy = M(E, 5) (Do,

as we wanted.

Now we need to define a lot of homomorphisms: see Figure 4.2 for a representation of all
of them. Using Lemma 4.1.3 (as in the construction of 6,), we let ¢’: &7 {q=1S} — 2 be an
extension of ¢ such that H(EZ,) C V°, where II is the morphism induced by the inclusion
of o into «/{q~18}. Let us denote V’ := IT"1(V) and let 0, v A{q 'S}y — Z be
the composition «9@,722/ o 0‘7,7221 (well defined because Eg, C ‘7’0).

Now, let V' be any special neighborhood of ¥,. Using Lemma 4.1.3 again, we let
' ' {r7T} — 2 be an extension of v such that H’(EZ),) C V°, where II' is the
morphism induced by the inclusion of &7’ into «/’{r~1T}. If II” denotes the morphism

induced by the inclusion of &7 into &/ {q~1S,r»~ 1T} and V"= H”*l(f?), we notice that
d{q 'S}y {rT'TY = {q7 'S}, Ry ' {r 7T} = Z{q 'S, 7 T},

by Proposition 1.5.3.iv and Remark 1.7.11. Let us denote by 9«:”,‘7” A {q7 18, r_lT}f/,, —
2 the homomorphism induced (through the universal property of completed tensor prod-
ucts) by 0@,7‘7, and ¢/'. We let ¢" = 0@,,"7,, o oy, and we notice that " extends
¢'. In particular, by Proposition 3.2.5, H”(ZZ,,) - H’(E:})/) C V°, which means that
EZ,, C V. Hence, using Proposition 4.1.2, we can decompose 9¢,,7‘~/,, as a the composi-
tion 9@”,22// o 0‘7,,722”.

Let us denote by Z': V"° — .#(«/'{r~1T}) the morphism of K-quasiaffinoid spaces
associated (as explained in Remark 1.9.6) to the canonical homomorphism «'{r=1T} —
/{q~'8,r~'T}y,. If we denote the inclusion of &/’ into &’{r~'T} by ¢ and the canon-
ical homomorphism &' {r~'T} — «/{q='S,v~'T}, by 7, then

H/ © E/ = %(L) o %(7-)“7”0 = %(E}/7ﬁ)|\70 o %(ngﬁ//hﬁﬁo = E|\70 © H%}//o (44)

by Proposition 1.9.7 and the fact that, by construction, 70¢ = H;i/ on © E;(, v (and that
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V" =11 _1(17)) Moreover, the fact that by construction

—/ /
o= o - = 005 oT = =, 0T =
090//722” ZZ”EZ” p//{(@//{r 1T})7ZZ)I 9‘:0”72:;// O-V”:EZ// T 0@//7‘/// T w

implies that 6, v« =6 _,<rn 0oZL, ., by the uniqueness of the bounded homomorphism
P 72111/ @ :Eq)// Ew,,Ew,,

F(EZ/, O y(orir—11y)) — 2 extending ¢ (Proposition 4.1.2).
Now, let V’ be a special neighborhood of ¥, inside 2~1(V°) N Ve°. We recall that, by

construction, 6, is the homomorphism induced by the homomorphisms 6,1 = Gwnzz/l °

H"//"j sh for such special neighborhoods V' (we can define 6., in that way because we have
H ‘PN

shown it to be independent of the choice of the decomposition). By (4.4) and Proposition

1.9.4.ii, we obtain the following commutative diagram:

’ H/;’Eil h
dv _— F(Ew/, ﬁ%(&zf’{'f‘_lT}))

Ow’,zg,
E/*
9

Az =h, s,
6<P” ’EZ”
o h
E— — —
|4 F(va ﬁ//{(&f{q 18- 1T}))

! soh
\4 ’Etp”

Hence,

— o 1% —% _ /% —
Opyr oSy =0pnsn, quzg,, °Evyr = Oy, © My, = by

The commutativity of the diagram in (4.3) then follows by considering the inductive limit
on the special neighborhoods V' of ¥, (and, consequently, the inductive limit on the special
neighborhoods V' of ¥,)).

(Uniqueness). Let 0,: ['(X,, Ox) — 2 be a holomorphic functional calculus extension
of ¢ (possibly different from that constructed before). Let V' be any special neighborhood
of B, and let ¢': & {r 1T} — % and II: X’ — X be as in the construction of f,. By the

superposition property (relative to the morphism II), the triangle

H*zw,zw,
['(3,,0x) ————— I'(Xy, Ox/)
0, 0,
@
7
must commute. Moreover, the diagram
oV,s,
%V a F(Eip, ﬁx)
I* x
V,EZ, HZ@EV,/

L(Sl, Ox) —po o DSy, Ox7)
o7’
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commutes by Proposition 1.9.4.i. Recalling the homomorphisms HWI’EZ/ and 0,y from the

construction of f,, we have that
n N * N * _ * _ _
Opoovn, =bpolly, v 00V s, =bpopsn s oMy on =0y sn oy =04y = 0005,

where Hsz o psn 5, = b, sn by the uniqueness of the homomorphism 6, v» = extending
Lp/’ © ’ ‘PI ’ Lp/
. Tt follows that 0}, = 0,, as we wanted, by considering the universal property of the

inductive limit MVOQZ ay =T1(X,, Ox). O
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