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Introduction

Modular forms are classically defined as holomorphic functions on the complex upper half
plane H that satisfy some functional equations with respect to the action of the modular
group SLy(Z) and its subgroups I' on H. Thanks to properties of periodicity a modular
form f of level I' is naturally endowed with Fourier expansions

f= Z anq"

n>no

at the cusps of ', called q-expansions. With these premises the most naive reader may
think that modular forms are merely analytic objects that can be studied through means
of complex analysis. But they are indeed powerful tools in modern number theory. Histor-
ically, the coefficients of their g-expansions were discovered to encrypt beautiful numerical
identities and their popularity grew steadily over the past century as modular forms have
found their application in several different contexts. To mention one, modularity the-
orems, which in a certain sense imply that rational elliptic curves arise from modular
forms, are incarnations of the deep relation between these two objects which becomes
explicit when we attach to them L-functions and Galois representations.

Modular forms of a fixed level I' over the complex numbers also have a geometric in-
terpretation as global differentials on the Riemann surface obtained by quotienting the
complex upper half plane by the action of the group I'. This interpretation is of extreme
importance. On one hand it makes easier to study the properties of classical modular
forms. On the other it paves the way to the definition of modular forms over fields of
positive characteristic.

The aim of this work is to define modular forms modulo p and to present a result about
them adopting the two perspectives mentioned above. First we will deal with the case of
the full modular group and we will see modular forms only through their g-expansions.
Then we will focus on their geometric embodiment to generalize their characterization to
level N.

Chapter 1 presents the definition of modular forms as complex analytic objects and col-
lects some of the main results in the classical theory of modular forms which will be of
central importance to our purpose. In particular, in the first section we introduce modular
forms of full level and state a theorem about their structure of a graded C-algebra gener-
ated by the Eisenstein series () and R of weight 4 and 6 respectively. We then generalize
the definition of modular forms to arbitrary congruence subgroups of the modular group.
In Chapter 2 we characterize modular forms modulo p of level 1 for p > 5 following
Swinnerton-Dyer’s construction in On [-adic representations and congruences for coef-
ficients of modular forms [17]. The associated graded algebra M is the result of the



reduction modulo p of the Fourier expansions of modular forms whose coefficients lie in
the ring Z(p). The action of the operator

f:=qg—

q dq
plays a fundamental role in this setting. Moreover elegant congruence relations between
the Bernoulli numbers imply that the reduction of the weight p — 1 Eisenstein series Ep_1
is 1 and this is enough to describe the whole algebra of modular forms of full level. More
precisely, if we denote by A the homogeneous polynomial in ) and R that corresponds to

E,—1 modulo p then B )
M = F[Q, R/(A—1).

Furthermore M inherits the structure of graded algebra. Its graded pieces are indexed by
Z/(p — 1)Z and multiplication by A naturally yields the notion of a filtration w for the
elements f of M. Such a simple description seems to require nothing more than the few
tools we developed in the first Chapter of this work.

The aim of Chapter 3 and 4 is to extend it to the more general case of modular forms of
level N, for an integer N > 3. The complex analytic theory of modular forms ceases to
be enough for such an intent and we’re forced to use geometric means. In Chapter 3 we
give another, more intrinsic, definition of modular forms which arises from the geometry
of elliptic curves. Following the work of Katz they will either be functions on classes of
elliptic curves with additional data, or sections of line bundles over a universal curve. In
order to do so we also need to extend our notion of an elliptic curve over a field to the
more general one of an elliptic curve over a scheme. In this perspective an elliptic curve is
a morphism of schemes whose fibers parametrize genus one curves with a section, that is
to say a family of elliptic curves in the classical sense. After defining level structures for
elliptic curves, we will reach the notion of a universal elliptic curve E lying over a modular
curve Y (N'), which represents the functor associating to a scheme the set of isomorphism
classes of elliptic curves carrying such extra information. As a result elliptic curves with
level N-structures can be obtain through pull-back from the universal elliptic curve

Y (N).

An invertible sheaf on the modular curve, denoted by w, naturally emerges from this
setting and represents the key to interpret geometric modular forms, as either functions
on pairs of elliptic curves over varying base schemes and level N-structures or equivalently
as global sections of the powers of w on the modular curve. As a result we can define
modular forms over any ring. In particular the graded algebra of modular forms modulo
p, denoted by R, simply coincides with the one of modular forms over a field of positive
characteristic p and their g-expansions are defined as their evaluation at a particular curve
or, equivalently, in terms of the cusps of the modular curve.

Chapter 4 follows Katz’s argument in A result on modular forms in characteristic p [9]. As
in the full level case the only modular form whose g-expansion is 1 is the Hasse invariant



denoted by A and its geometric description comes from the action of Fobenius on elliptic
curves. Again multiplication by A does not affect g-expansions and naturally determines
a filtration on the graded algebra of modular forms. As in Chapter 2 we will analyze the
behaviour of an operator on the ring of modular forms whose effect upon g-expansions is
qd%. The construction of such an operator, denoted by A6, represents the core of Chapter
4 and relies on the action of Frobenius on the first relative de Rham cohomology of £
over Y (N). In particular the image of such a map splits the Hodge filtration on the open
subset of the modular curve where the Hasse invariant is invertible. Here we can define
Af exploiting the action of a connection on the first relative de Rham cohomology and
working locally we extend such a definition to the whole modular curve. The central
theorem of this section is followed by some of its corollaries whose flavour recalls the
results presented at the end of Chapter 2 in the full level case.

The main body of this thesis is followed by three appendices. They are a collection of
several definitions, proofs and examples that the author of this work has found herself
useful in the understanding of the results of Chapter 3 and 4. Appendix A develops
in full generality some algebraic-geometric tools about cohomology of sheaves and de
Rham cohomology and includes some examples in the case of our interest. Appendix B
presents the Hodge filtration and the conjugate filtration that appear in Chapter 4. To
conclude in Appendix C we define the algebraic Gauss-Manin connection following the
exposition of Katz and Oda in [11]. This section includes an explicit computation by
Katz for the case of the universal elliptic curve and presents as well the definition of the
Kodaira-Spencer morphism. The two play a primary role in the construction of the
operator of Chapter 4.






Chapter 1

Classical theory of modular
forms over C

In this chapter we present the classical definitions and some of the results of the theory
of modular forms over C which will be useful in the rest of our work.

1.1 Modular forms of level 1

Let H = {z € C,3(2) > 0} be the complex upper half plane. We define the modular

group as
SLy(Z) = {7 = <CCL Z) | a,b,c,d € Z, dety = 1}.

Definition 1.1. Let f : H — C be an holomorphic function. We say that f is weakly

modular of weight k € 7. if for any v = (CCL 2) € SLa(Z) and for any z € H we have

f(r2) = (ez + )" f(2).

We will often write f;, , to denote the weight k action of v on f i.e.

fien(2) = (cz+d) 7" f(2).
Then asking that f is weakly modular is equivalent to f, , = f for all f € SLa(Z).
Remark 1.1. We observe that if f # 0 is weakly modular of weight k, then k is even.
-0 € SLo(Z), then f(vz) = f(2) = (=1)*f(2) for all z € H. If k

0 -1
is odd f(z) = —f(2) i.e. f(z) =0 for any z € H and this is a contradiction.

Indeed let v =

If f is weakly modular
flz+1) = [f(Tz) = f(2)

where T = (1 1) hence f is periodic of period 1. The maps

0 1

2miz g — 10gQ
2



give us a bijection between the upper half plane and the punctured unit disk. It follows

that the function f(q) = f (bﬂ is periodic of period 277 and admits a Fourier expansion

27
Fl@) =) ang"
nez

Remark 1.2. We say that f is meromorphic at oo if f(q) =

We say that f is holomorphic at oo if f(q) = >, ~qanq". Moreover we say that f is
cuspidal if f is holomorphic at oo and ag = 0.

n>—no anq"” for anng > 0.

Definition 1.2. Let f : H — C be an holomorphic function. We say that f is a modular
form of weight k and level 1 if f is a weakly modular form of weight k and it is holomorphic
at 0o.

From now on we will use the same notation for f and its expansion at oco.
Let £ > 0 be an even integer. We define the weight k Eisenstein series

1
Gr(z) = Z vl
(m.n)€Z2\{(0,0)}

For or k > 4 Gy is a modular form of weight & and level SLy(Z), which has Fourier
expansion given by:

Gr(z) = 5 + Zak,l(n)qn
n>1
By, n
== —% + ;ak_l(n)q

where oj,_1(n) = > d* 1.
dln
Definition 1.3. The normalized Fisenstein series of weight k is

Ep(z) = —%’ZGk(z) PR > ok 1(n)g".

For k = 2 the Eisensten series

Gae) = A+ 3 Y s

m#0 neZ

is not a modular form of weight 2 because it is not weakly modular of weight 2. In

1
particular one can prove that for v =5 = ( 0 0 1) we have

Ey(vz) = Ey(—1/z2) = 22Ey(2) + 21—7iz (1.1)



Remark 1.3. Let us denote by My (C) the set of modular forms of weight k and level
SLo(Z) and let Si(C) be the subset of cusp forms. They clearly form C-vector spaces.
Moreover it is easy to see that if f € My(C) and g € My(C), then gh € My 4(C). Then

M(C) = ) M(©)

k>1

15 a graded algebra and taking Fourier expansion at the cusp gives us an embedding
M(C) — Clq]
We now recall a technical result for weakly modular meromorphic functions.

Theorem 1.1 (The valence formula). Let f be a non zero meromorphic function on H
which is weakly modular of weight k. Then:

k 1 1
15 = 0rdecf + Sord;f + gord, f + > orduf. (1.2)
wESLy(Z)\H

Proof. To prove this classical result we integrate f'/f along the fundamental domain. For

the explicit computation see [12] Chapter 1, Theorem 2.1. O
Definition 1.4. The Ramanujan’s A function is A = E%;;Eg.

The A function is a cusp form of weight 12. As an immediate application of the
valence formula we have that it never vanishes in H. As a consequence multiplication by

A
Mk((C) — Sk+12(@)
f—fA

is an isomorphism of vector spaces. The valence formula also allows us to prove the
following result.

Corollary 1.1. The C-vector spaces My(C) and Sk(C) are finite dimensional for every
k. Moreover dimc(My(C)) =0 if k <0 or k is odd and

|k/12] if k=2 mod 12,

dimg (M) =
c(M) {U@/12J+1 otherwise.

Proof. If f is a modular form then f is holomorphic so all the numbers ord, f occurring
in the formula (1.2) must be positive. So it’s immediate that My (C) = 0 for k£ < 0.
Moreover applying again (1.2) we must have Ma(C) = 0 = S3(C). If M(C) # 0, the
linear map

[ee]
o n
f—E anq" — agp
n=0

7



has kernel Si(C). So dim¢ M (C) = dimg Sk(C) 4+ 1 and the isomorphism above reduces
us to compute the dimension of dimg (M (C) for £ < 10. Constant functions are clearly in
Mp(C) so it is nonzero and we conclude that My(C) = C. Assume now that 2 < k£ < 10.
If f e Sp(C), f#0, wehave ordso f = 1 and |k/12] = 0 contradicting (1.2). So we must
have Si(C) = 0 and My (C) = 1. To conclude

dimg (M, (C) = dimc(5x(C)) + 1 = dime(My-12(C)) + 1
= dimc (My—24(C)) + 2
= ... = dimc(Mj_|x/12]12(C)) + [k/12]

and it equals |k/12] if k — |k/12]12 =2 1ie. k=2 mod 12, 1 + |k/12] otherwise. [

Theorem 1.2. Any modular form f € My(C) can be written as an isobaric polynomial
in Eq and Eg i.e. if f € M(C), then

f=) cjEiB]

4i+6j=k
for some ¢; ; € C. As a consequence we have the equality of graded algebras
M(C) = C[Ey, Es] .

Proof. We prove that {EiEg,lli + 65 = k} is a set of generators for My (C). If k < 12,
the C-vector space My (C) has dimension 1. Then for ¥ = 4 and k£ = 6 we must have
that £y and Eg are a basis for My(C) and Mg(C) respectively. Moreover E? and EyFEg
are non zero modular forms of weight 8 and 10 respectively so they must be a basis for
M (C) for k = 8,10. Let now k > 12 and f € M;(C). We choose a,b > 0 such that
4a + 6b = k. This is always possible. Indeed, £k = 2m thus the condition 4a + 6b = k
equals 2a + 3b = m and such a and b can always be found by coprimality of 2 and 3.
Moreover from k£ > 12 we can assume a,b > 0. Then EZEg is a modular form of weight
k and f — ag(f)E$E is a cusp form, namely

f —ao(f)E{E} € Si(C).

Moreover ;
f—ao(f)E{Eg
A

is a modular form of weight k£ — 12. Using the inductive hypothesis we have

F=A > EE] | +ao(f)ELES
4i4+6j=k—12
E3 — E? o b
= % Z cijByEL | + ao(f)ELEg
4i+6j=k—12

and we conclude that f can be written as an isobaric polynomial of degree k in F,; and
Eg. To conclude that we get the whole graded ring of polynomials it suffices to check that

8



E4 and Ejg are algebraically independent. It is clear from the homogeneity property that
a non trivial relation among elements of distinct weight cannot exists. Hence if E4 and
Ejg verify an algebraic relation, the monomials occurring in it must have the same weight.
In such a relation, if a power of E4 occurs we have

Ein + E6P(E4, E6) = 0.

But Eg(i) = 0 and E4(i) # 0 so this cannot happen. Similarly pure powers of Eg cannot
occur. Hence Ej divides each monomial and cancelling F4 we obtain a relation of lower
degree, so we conclude by induction. O

1.2 Modular forms of arbitrary level

Definition 1.5. Let N > 1 be an integer. The principal subgroup of level N 1is the kernel
of the natural map of reduction SLo(Z) — SLo(Z/NZ), namely:

HNy:{VESIﬂZL7:<é§§ nmdN}.

Definition 1.6. A subgroup I' C SLy(Z) is called a congruence subgroup if there exists
an N > 1 such that T(N) CT.

The congruence subgroups we’re mainly interested into are I'(N), I'g(N) and I'1 (V)
where

IMNy:{7:<ZZ>eS@@%c:oImdN}

and

Fl(N)ZZ{’Y:(Z 2>6SL2(Z),020 mod N, a=d=1 modN}.

Definition 1.7. An holomorphic function f : H — C is a weakly modular form of
weight k and level T if

f(v2) = (ez +d)* f(2)
for all z € H, for all v = (CCL Z) el.

Let P'(Q) = QU{oc}. Then SLy(Z) acts on P}(Q) transitively. Indeed by definition

az+b_a

— 1 _
e zinolocqud c

¢ Z € SLa(Z). If we let 2 € Q with a and ¢ coprime then there exist
b, —d € Z such that ad — bc = 1. Hence

for any v =



a

is in SLy(Z) and yoo = 2. As a consequence, given ¢ and ‘cz—,/ in Q, if we choose v, €

SLo(Z) such that yoo =

e ole

and y’oo:%,lthen
1 [a a
(Y o )(E)__"

Moreover the stabilizer of the action of the modular group at oo is given by

1 0 -1
StabSLQ(Z)(oo) = {(0 1) , ( 0 _1> , be Z} .

Definition 1.8. The set of cusps of I' is given by Cusps(I') := I'\P1(Q).

Let ¢ = [t] be a cusp and let Stabr(t) be the stabilizer of ¢t € QQ through the action of
I'. If we also have ¢ = [t/], i.e. ¢’ = ~t for some « € I', then Stabr(t') = yStabr(t)y~!.
Moreover if t = yy00 for some 7y € SLa(Z) we have Stabr(t) =I'N 'ytStabSLz(Z)(oo)fyt_l.
Hence it makes sense to define

H := Stabgr,z)(c0) N v 1Ty

Remark 1.4. Let ¢ = [t] be a cusp, then H, is either the cyclic subgroup generated by

1 h -1 h
(0 f), or the one generated by ( 0 _c1>, in which case we say that the cusp s

irreqular, or the subgroup Z/27, x 7, generated by <_01 _01> and ((1) }ic) Moreover
he is the index of He in Stabgr, z)(c0).
Definition 1.9. Let ¢ € Cusps(I'), we call he the width of the cusp.

We give the following proposition.

Proposition 1.1. Let I be a congruence subgroup of SLo(7Z) and T its image in PSLo(7Z).
Then
> he=[PSLy(Z) : T| = [SLy(Z) : {+T'}]
c€Cusps(T")

Moreover if T <« PSLo(Z) then he = he for all he, he € Cusps(I).

Proof. The proof of this proposition is a consequence of the following lemma:

Lemma 1.1. Let G be a group acting transitively on a set X and H < G a subgroup of
finite index. Let R be a set of representatives for H\X, then

) [Stabg(x) : Stabg(x)] = [G : H).

TER

Proof. We start noticing that we have an injection

Staby (x)\Stabg(z) — H\G

10



with image H\Stabg(x)H. Moreover, fixed zp in X, we have a surjective map
H\G —» H\X
Hg — Hgxg
whose fibers have cardinality [Stabg(z) : Stabg(x)]. Indeed since G acts transitively on
X, for any z € X we can find g, € G such that g,x¢9 = = and this gives surjectivity.
Furthermore, denoting by T, the fiber of Hx in H\X we have
Ty, ={Hge€ H\G : Hgxo= Hzx}

={H¢ € H\G : Hg g,v¢o = Hx}

={Hg € H\G : Hg'v = Hx}

= H\HStabg(z) = Stabg(z)\Stabg(x)
To conclude, taking a set of representatives R we have

G+ H] =) |Tra| =) [Stabg(x) : Staby (z)).

TER TER
UJ

We apply the lemma with X = P}(Q), G = PSLy(Z) and H = T. The last statement
is straight forward from the definition of H.. m

Remark 1.5. IfI' =T'(N), for any cusp ¢ we have he = N and applying proposition 1.1.
we obtain that

N|Cusps(D(N))| = [PSLs(Z) : T(N)| = 1|SLa(Z/N )|

hence )
N 1
|Cusps(I'(V))| = - H <1 — ]?) .
p|N

Now let f be weakly modular of weight k£ and level I'. Let ¢ = [¢] be a cusp and let
t =yoo. Then fc = fi ., 1s invariant under the weight & action of H. Hence if we let

b, — h. if ¢ is regular,
‘ 2h, if ¢ is irregular,

1
the group H. contains < 0 hlc

the function on the punctured disk fc(qc) obtained after the change of variable

) thus f. is periodic of period he. As before we consider

2miz

qczehc,

If fc admits a meromorphic extension at zero we say that the function f is meromorphic
at the cusp ¢ and in this case f. admits a Laurent expansion

f ¢ = Z ac,n(J?-
nez
If f. is holomorphic (respectively vanishes) at zero we say that f is holomorphic (respec-

tively vanishes) at c.

11



Definition 1.10. A modular form of weight k and level I' is a holomorphic function
f:H — C such that f is weakly modular of weight k and level T' and holomorphic at
all cusps of I'. Moreover we say that f is a cusp form if f vanishes at all cusps.

12



Chapter 2

Algebraic structure of modular
forms modulo p of level 1

In this chapter we will give an algebraic representation of modular forms modulo p of
level 1 following [17]. The reader may acknowledge that such a description is effective but
naive and requires nothing more than the classical tools we developed in Chapter 1.

2.1 Preliminaries

Following Ramanujan’s notaion we set

Pi=FEy=1-12) oi(n)q",

n>1
Q=FE;=1+ 240203(n)q”,
n>1
R:=FEg=1-504) o5(n)q".
n>1
We moreover introduce the operator
d 1 d
0 =q— = ——.
dg 2midz

Proposition 2.1. Let f be a modular form of weight k, then 0f = 120f — kPf is a
modular form of weight k + 2.

Proof. Assume f € My (C) and v = (c i

“ b) € SLa(Z). We want to prove that

Of(v2) = (cz + d)F20f(2) e Of |0y (2) = Of (2).
We recall that the modular group is generated by the transformations

S:iz— —1/z
T:2z—2+1

13



and the action above respects composition, namely

Ilklky = Ilkyy'
So it suffices to prove invariance under the weight k£ + 2 action of 7" and S. Clearly
Of(z+1)=120f(2+1) —kP(z+1)f(z+ 1) = 0f(2)

since 0f(z + 1) = 1i%f(z+ 1) and f(z+1) = f(z). From (1.1) we have

— 2mi
P(—1/z) = 2°P(2) + 21—7322’
Moreover i p .
Ereva = (E1-19)

And f(—1/z) = 2F f(2) yields

d _ d
T f(=1/2) = k7 f(2) + (=),

Hence
0f(—1/z) = %22 (kzk_lf(z) + dizf(z)zk) :
Then
0f(=1/2) =120f(=1/2) = kP(=1/2)f(=1/z)
= %22 (kzklf(z) + C%f(z)zk> —k (zzP(z) + %z) f(2)2*
_ k2 (9 Fo)+ 2O rypie) - 2 i’”)

= K20 f — kPf)(2).

Similarly one can prove that
120P — P?2 = —(Q.
As a consequence

Proposition 2.2. We have

14



Proof. By Proposition 2.1. we have that 0Q € Mg(C) and the latter is a C-vector space
of dimension 1. So there exist A € C such that 9Q = AR and

90 = 120Q — 4PQ

= 12qdiq (1 + 240203(71)(1") —4 <1 - 122 Jl(n)q”> (1 + 240203(71)(]")

n>1 n>1 n>1

= —4+42016g+ ... = A(1 — 504¢ + ...)

yields A = —4. Similarly OR € M4(C) and the latter is a one dimensional vector space
over C generated by @2, namely OR = AQ?. Then

OR =120R — APR

= 12qdiq (1 — 5042 05(n)q”> —6 (1 —12 Zal(n)q"> <1 — 504205(n)q”>

n>1 n>1 n>1

— —6 —2880¢ 4 ... = A(1 +240q + ...)

which yields A = —6. O

2.2 Modular forms modulo p

From now on we assume p > 5. Let

O:Z(p):ZpﬂQ:{a/b cQ : p/ﬂ)}

We denote by M (O) the O-module of modular forms of weight k& whose Fourier expan-
sions have coefficients in O, namely

M, (0) = {feMk((C) L f=) and, anEO}

and set M(O) = @,~, Mi(O). We notice that Q, R € M(O) and in this way we have a
diagram: -

M(C) —= ClQ, R

[ [

M(O) +— O|Q,R].
Proposition 2.3. We have that M(O) = O[Q, R].

Proof. Let f € M(O), ie. f € M(C) such that f = > a,q¢" with a, € O. Let
»(Q, R) € C[Q, R] such that ¢(Q, R) = f. In the same style of Theorem 1.2. we prove
that ¢(Q, R) € O[Q, R] by induction on k. If & < 12, the vector space My(C) has
dimension 1. Indeed if & = 4, Q is a basis and f = AQ for some A € C. Hence f
has Fourier coefficients in O if and only if A\Q) has Fourier coefficients in O, if and only

if A € O0,ie ¢(Q,R) = \Q € O[Q,R]. Similarly for £ = 6,8,10 we have f = AR,

15



f = AQ? f = AQR respectively and we must have A € O. Assume that £ > 12 and
f=>,ang" € My(O). Then f — aoQ' R’ with 4i 4+ 65 = k is a cusp form. Since ag € O
we have f — agQ'R’ € S,(O). We recall that we have an isomorpshism
Mk(C) — Sk+12<C)
f—Af

induced by A. Notice that A = leng € O[Q, R]. Hence f_aOTQiRj € My_12(0O). But

then by the inductive hypothesis f_aoTQiRj =¢(Q, R) € O[Q, R] which implies

f = ($(Q, R) + apQ ) A
and the latter belongs to O[Q, R]. O

We now define modular forms modulo p as follows.

Definition 2.1. Let ]\/Zk C Fplq] be the Fy-vector space obtained by reducing modulo p
the coefficients of the modular forms in M(QO), namely

]/\Zk = {]?2 Z@z@ﬂ» [ € Mg(O)}.

We define the IF)-algebra of modular forms modulo p to be

3=

We want to characterize the algebraic structure of M. We have a diagram

M(0) == 0[Q, k]

| }

M «Y— F,[Q,R).

Where the maps are induced by the reduction modulo p. The map ¢ is clearly surjective
but it may not be injective: two modular forms in O[Q, R] may have the same ¢ expansion
modulo p. Our aim is then to determine ker 1.

To proceed with our argument we introduce the following notation. Let f € M(O) be a
modular form such that (in terms of polynomials in @ and R) f = ¢(Q, R) € O[Q.R]. We
denote by fthe function obtained by reducing modulo p its Fourier coefficients. Moreover

we denote by ¢(Q, R) € [F,|Q, R] the corresponding isobaric polynomial modulo p. Then
f=(6(Q.R)) = $(Q. R).
We state the following results about congruences between the Bernoulli numbers.

Theorem 2.1 (Von Staudt-Clausen). Let p be a prime. For all n > 0, we have

0 modp if(p—1) f2n,
pBan = .
—1 modp if (p—1)| 2n.
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Corollary 2.1 (Kummer’s congruence). Suppose k > 1 and (p — 1) does not divide 2k.
The class of % modulo p only depends on 2k mod (p — 1), i.e. if

2k = 2k" mod (p—1)

then
Dok = Do mod
2k 2K b
Proof. For a proof of these classical results see [12] Chapter 10, sections 1 and 2. ]

Let us now consider the polynomials A, B € C[Q, R] such that A(Q, R) = E,_1 and
B(Q,R) = Ept1. Then A, B € O[Q, R]. Indeed

2p — 1) 2(p+1)
E,:l——ga,n” E :1+—Ean”
p—1 By1 s P 2(n)q p+1 Byt p( )q

From Corollary 2.1. we have that

p+1 2
Bp—l—l Bs

SO % € O. This shows that Eyp; 1 € M(O) and B(Q,R) € O[Q,R]. Similarly
pBp—1 = —1 mod p yields ord,(By—1) = —1 and

—1
ord,, <po_1) =1.

Then 2= € 0 and A(Q, R) € 0[Q, B,

Remark 2.1. The observation above yields in particular that
E, 1=AQ,R)=1.

As a consequence (Z— 1) C kerep. This is enough to describe ]\7[, indeed the following
theorem holds:

Theorem 2.2. B B
M = F,[Q, R]/(A-1).

In order to prove it we need a lemma.
Lemma 2.1. i) A(Q,R) =1 and B(Q,R) = P.
ii) 9A(Q, R) = B(Q, R) and dB(Q, R) = QA(Q, R).

i) E(Q, R) has no repeated factor and A and B are coprime.

17



Proof.

ii)

iii)

i) From the observation above Z(@, E) = Ep_l = 1. Moreover by Kummer’s

congruence
Bp1 = 5 = L mod
2o(p+ 1) 4 12 b

and the fact that a? = a mod p yields o,(n) = o1(n) for all n > 1. We conclude
that

We have 0A(Q, R) = 0 then 0A(Q, R) = PA(Q, R) = B(Q, R) i.c.

OA(Q,R)— B(Q,R) =0

in ]\N4p+1 Then 0A(Q, R)—B(Q, R) € My;+1(0O) and all its coefficients are congruent
to zero modulo p. So we must have 0A(Q, R) — B(Q, R) € pO[Q, R] and thus
JA—B=0inF »|@, R]. Similarly

OB(Q,R) = 0P = 120P — P> = Q = QA(Q, R)

that yields 0B(Q, R)— QA(Q, R) = 0 in M. The modular form 0B(Q, R) — A(Q, R)
has all its Fourier coefficients divisible by p, namely 0B(Q, ) — A(Q, R) € pO[Q, R]
S0 aB(Qa R) - A(Q7 R) =01in Fp[@» R]

The irreducible elements of F,[Q, R] are of the form @), R and Q® — aR% Assume
that Q3 — aR? is an irreducible factor of A(Q, R), namely

(Q* — aR?)"A(Q, R)

for some a € I[Tp. Assume that n > 1. We must have a # 1 since Q3 — R? has zero
constant factor in the Fourier expansion but A(Q, R) = E,—1 has not. Then

9(Q? — aR?) = 3Q*(—4R) — 2aR(—6Q?) = —12Q*R(1 — a) # 0.

We now assume that n is the exact power of (Q3 — aR?) dividing Z(Q, R). Then
GZ(Q,R) = E(Q,R) is divided exactly by (@3 — aR?)"! since (Q3 — aR?) and
9(Q3 — aR?) are coprime. But then 8§(Q, R) = QZ(Q, R) is divided exactly by
(Q3— ozR2)”*2 i.e. (Q3—aR?)" 2 divides exactly /Nl(Q R) and this is a contradiction.
Similarly if A(Q R) is divisible by @™, we have 0Q) = —4R and it is coprime with
@. Then A = B is divided exactly by Q"1 and OB = QA is divided exactly by
("2 and this is again a contradiction. The case with R™ uses the same argument.
We conclude that A has no repeated factors. In particular all its factors appear
with multiplicity n = 1 so that they appear with multiplicity n = 0 in 0A=B.

]

Now we can prove the theorem.
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Proof. Let a be the kernel of 1. Point i) of the lemma above shows that (Z —1)Ca
We notice that a must be prime since M C F,[q] is an integral domain. Moreover we
cannot have that a is maximal. We would have otherwise that F,[Q, R]/a is a field and a
finitely generated [F,-algebra. By Hilbert’s Nullstellensatz the extension I, C IF,[Q, R]/a
would be finite and @ and R algebraic over [F, hence constant. But we notice that
Q=1+240> .,03(n)¢" and R = 1 —504) ., 05(n)g" so if p # 2,3 at least one
of them has coefficient of ¢ non zero modulo p. To conclude it is then enough to prove
that (Z — 1) is prime or, equivalently, irreducible. Indeed we recall that F,[Q), R]| has
Krull dimension equal to 2 and the fact that a is not maximal implies the existence of
m C F,[Q, R] maximal such that a C m. Assuming (A—1) irreducible we have a inclusion
of prime ideals

0c(A—1)Cacmcl,[Q R

which yields (A — 1) = N
To prove then that (A — 1) is irreducible we let ¢(Q, R) € [F,[Q, R] be an irreducible
proper factor of A — 1 in [F)[@, R]. Then we can write

S(Q,R) =1+ 01(Q, R) + ... + on(Q, R)

where each of the gbZ(Q R) is isobaric of degree i and n < p—1. Let ¢ be a primitive (p—1)-
th root of unity. We notice that A(&Q (OR) = (Q R) since A is homogeneous of degree
— 1. Then <;§((4Q ¢OR) is also a divisor of A(Q, R) — 1 and it is different from gzﬁ(Q R),
hence coprime with it. So ¢(Q R)¢(C4Q ¢S R) divides A(Q R) —1. Then considering the
isobaric terms of highest degree we must have that gbn(Q R)¢n(C4Q (OR) = C"qbn(Q R)?
divides A(Q, R) but this contradicts Lemma 2.1 O

Remark 2.2. We recall that the multiplication by E,_1
f—fEp
gives us a chain of maps among the subspaces
Mi(C) — Myyp1(C) — Myyop—1)(C) -+ — My (p—1y(C) - -+

Since fg(@, E) = f the corresponding maps on ]\~4k are injective. Hence we have an
induced filtration

My € Migip1 € Mysapry -+ S Migngpo1) -

We conclude that the structure of My(C) of a graded algebra induces a grading on M with
values in Z/(p — 1)Z, namely:

- @ Y

a€Z/(p—1)Z k=a mod p

Remark 2. 3 We remark that P is by definition a modular form modulo p, namely

B(Q.R) =
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We now let fbe a graded element in M , l.e.

fézﬂk

k=a mod p

for some o € Z/(p — 1)Z. By multiplying each summand by suitable powers of Z(@, E)
we can assume that f € M for some k.

Definition 2.2. We define w(f) =k to be the filtration off.

In other words w(f) is the smallest integer £ such that there exists a g € M} such
that g = f.

Proposition 2.4. i) Let k € Z a positive integer and [ € My(O) with f = ¢(Q, R)
for some $(Q, R) € O[Q, R]. Assume f #£0. Then w(f) < k if and only if A(Q R)
divides ¢(Q, R).

i1) Let f be a graded element, then w(@f) (f) +p+1 and equality holds if and only
sz(f) =0 mod p.

Proof. 1) One implication is clear. Assume that Z(Q,R) divides g(Q,R), namely
3(Q. R) = A(Q. R)"(Q, R), then
f=0(Q.R) =AQ.R"(QR) =v(Q.R) =7
where g = ¥(Q, R) € O[Q, R] is an isobaric polynomial of degree k¥’ = k —n(p — 1),
that is w(f) = &". Conversely assume w(f) = k' < k for some &' = k mod (p — 1),
ie. k=K +n(p—1). Then f =g for g € M. Let g = ¥(Q, R) as an isobaric
polynomial in ) and R, then

0(Q. R) = 9(Q, B) = $(Q R)AQ, B)"
in Mj,. Consider ¢ — A" € F,[Q, R]. We have that ¢(Q, R) — (Q, R)A(Q, R)"
in M(O) and it’s congruent to zero modulo p. So it must have all its coefficients

in pO. Hence ¢(Q, R) — ¢¥(Q, R)A(Q,R)" = 0 in F,[Q, R] and this allows us to
conclude.

ii) Assume that w(f) = k, i.e. f € My and let f =@, R) € M(O) be a modular
form of weight k that lifts it. We can write 126 f = A(Q R)af + kB(Q R)f and it
is in Mk+p+1 Then we have w(ff) < k + p+ 1 and strict inequality holds if and
only if A divides A@gf) + k:BgZ) in [Fp[@, R] by the point above. But we recall that
A and B are coprime and the assumption w(f ) = k implies that A(Q R) does not
divide QS(Q R). Hence A divides Aaqb + kB¢ if and only if k =k mod p = 0.

O

We conclude stating the following result for modular forms in characteristic p.

Proposition 2.5. Let f,ﬁ € ]\7[k Then }v: g if and only if for each n < |k/12] the
coefficients of ¢" of f and ¢ are equal.
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Proof. To prove the proposition we recall the following algorithm for the construction of
a basis for S.

Lemma 2.2. The space Si(C) has a basis g1, 92, -.., gq where d = dimg(Sk(C)) such that
the g;’s lie in Z[q] and a;(g;) =0 fori < j and a;(g;) = 1.

Proof. We notice that if a,b > 0, the modular forms g; = A RAA=5)Fab for 5 =1,....d
are in Z[q] since A, R and @ lie in Z[q]]. We recall that

k2] 1 ifk=2 mod 12,
| 1k/12] ifk#2 mod 12.

We notice that the g;’s are cusp forms and we can choose a,b such that g; € Si(C).
Indeed, if £ = 0 mod 12, then d = |k/12] with £ = 12d, then we set a = b = 0 and
gj = AV RY4I) € S (C). Now let k = c4+nl2 with 0 < ¢ < 12. If ¢ = 2 thend = n—1 and
we choose 4a+6b = 14 and for any j we have 12j+6(2(d—j))+6a+4b = 12n—12+14 = k,
ie. gj € Sp(C). Similarly for the remaining cases we have d = n and we choose a,b > 0
such that 4a + 6b = ¢ (namely a = 1,0 =0ifc=4,a=0,b=1ifc=6,a=2,b=0 if
c=8and a =1=10bif ¢ =10) and obtain that g; € S;(C). Furthermore we clearly have
ai(gj) = 0 for i < j and a;(g;) = 1. This also proves thar they’re linearly independent
over C and thus form a basis for S;(C). O

As a consequence if f € Si(C), then we can write f = Ag1 + ... + Aggq with \; € C.
Then a;(f) = A\; for i =1, ...,d i.e. f can be written as linear combination of the g;’s and
the coefficients are given by the first d Fourier coeflicients of f.

We can now prove the proposition. Let f g c Mk and assume that the coefﬁments of ¢"

of the two coincide for each n < |k/12|. Then the first |k/12] coefficients of f — § are
0. We take lifts for f, g € My(O) and it’s not restricting to assume f — g € Si(O). Then
ai(f —g) € pO for i < |k/12] and notice that d = dim¢(Sk(C)) < |k/12]. From the
lemma above we have f — g = a1(f — g)g1 + ... + aq(f — g)gq and taking the reduction
modulo p we conclude f — g = 0. O
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Chapter 3

Katz’s modular forms

Our aim is to extend the definition of modular forms modulo p for arbitrary level N.
The classical theory of modular forms is no longer enough and we’re forced to approach
geometric tools. From now on modular forms will either be rules which associate to a
class of elliptic curves over a ring with an additional level structure an element of the base
ring or equivalently sections of a line bundle over the modular curve.

3.1 Modular curves and some motivations

Why to bother about a universal curve?
We have a natural action of ZZ on H x C as follows:

(HxC)xZ> —HxC
((1,2), (n,m)) — (1, (z + m7 +n)).

Let
W:(HXC)/Zz—>H

be the natural projection. Then the fiber of a point 7 € H is given by the class of pairs
(7, z) such that two pairs (7, 2) and (7, 2’) are equal if and only if z = 2’ mod (Z + 77Z),
Hence

(1) =2 C/Z + 1.

We denote A; := Z + 7Z. The complex torus C/A; is complex analytically equivalent to
an elliptic curve E; over C of equation’

Y2 = X3 - g2(7) X + g3(7)
where

12(27i) ga(7) = Ea(7) = 14240 > _o3(n)q",

216(2mi) Cg4(7) = Eg(1) = 1 — 5042 os5(n)q".

1See [16] Chapter 6 for a complete argument.
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Letting the modular group SLy(Z) act on E = (H x C)/Z? through the classical
action on H we obtain

7 SLo(Z\E — SLo(Z)\H.

Recalling that two elliptic curves E and E, are isomorphic if and only if 7/ = 7 for some
v € SLa(Z), we have that the fiber of a point SLy(Z)7 corresponds to the isomorphism
class of the corresponding elliptic curve E,. Hence the map above parametrizes elliptic
curves over C up to isomorphism.

We can repeat the same argument with any subgroup I' C SLy(Z) of Chapter 1 and
obtain

7:T\E — I'\H.

It turns out that m parametrizes elliptic curves with additional structure. In the case
' =T(N), we obtain classes of isomorphism of elliptic curves equipped with certain level
N-structures. If E; is a complex elliptic curve we consider the subgroup of N-torsion
points E;[N] given by

1
N
A level N structure is an isomorphism

(V]

0 — —=A;//A; — E, — E;.

ay : (Z/NZ)> — E.[N]

and corresponds to the choice of a basis an(1,0) = P, ay(0,1) = @ for E;[N]. There is
a pairing 2
eN ET[N] X ET[N] — UN

which can be computed as follows. We fix a basis for E;[N], for istance w; = % +1'; and

wl) . We have

wp = v + 'z and we let v € Ma(Z/NZ) be such that (g) =7 (

w2
BN(P, Q) _ 627Tidet’y/N‘

One can see that this does not depend on the choice of the basis and if P, () are generators
of E;[N] we have v € GLy(Z/NZ) hence en(P, Q) is a primitive root of unity.

We then consider classes of isomorphism of elliptic curves E, with level N structure
determined by the N-torsion points P, () of determinant ey (P, Q) = e2™/N i e. pairs of
the form (E;, (% + As, % + A7)) for 7 € H. One can easily check that two such classes

/

[(E;, (% + A7, & + A7))] and [(Er, (% + A7’ 5 + A7'))] are equal if and only if
[(N)r" =T(N)r.

The group Y (I') = T'\H can be seen as an Hausdorff topological space with the classical
quotient topology from C. It can be equipped with complex charts and thus inherits the
structure of a Riemann Surface 3. We define

X () =T\HUPHQ) = Y(I') U Cusps(T).

2See [16] Chapter II1.8 for the characterization of the Weil Pairing on elliptic curves over
arbitrary fields k£ and [10] Chapter 2.8 for a more general definition.
3See [3] Chapter 2.
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It is an Hausdorff, connected and compact Riemann Surface and thus corresponds to an
algebraic projective curve. Let

p:H— Y(T) — X(I)

be the natural map and let us denote by Q%{(F) the sheaf of C-linear (holomorphic)
differentials on the modular curve X (I'). We have a correspondence between modular

forms of weight 2k and global sections of Qﬁ((r)@)k. In particular if we let

we H (X(F), Q;(F)(@k) ,

then the pull-back p*w defines a modular form of weight 2k and level I". Indeed let

x =710 =p(r) € Y(I'), then for any v = ((CI Z) € I" we have (po~)(7) = p(7). Hence

Y*p*w = p*w must hold. If p*w = f(7)(d7)* then:

Yptw = fyr)(dy(r))F

. k
= f(y7) (m) (dr)*
=p'w = f(r)(dr)".

which yields f(y7) = (cz + d)?)f(7), i.e. f is weakly modular of weight 2k and level
I'. Moreover the local charts around the cusps ¢ = [t] € I'\P}(Q) are disjoint open
neighbourhoods which are homeomorphic to the unit disk through z — ¢.. If p*w is
locally ¢(qc)d(g.), we can recover from ¢(q.) the g-expansion of f at the cusp ¢ exactly
how we defined it in Chapter 1.

Coversely, repeating the argument backwards, for any modular form f : H — C, the
position

piw = f(r)(dr)*

defines a global section of Q‘lx(r)(@k. Then we can identify modular forms of level N and
weight 2 with HO (X (1), 24, “").

To conclude our argument, we fix I' = I'(V) and we let E := F(N)\IE, Y(N) =Y (I'(N)).
We consider

Y(N).

The discussion above suggests us to extend our definition of an elliptic curve over a certain
field k£ to a notion of elliptic curve over a scheme. It will be a morphism of schemes whose
fibers are elliptic curves in the classical sense. Then E/Y(N) is going to be an elliptic
curve and its fibers elliptic curves with level N structure. In a naive way modular forms
of weight 2k, not necessarily holomorphic at the cusps, are elements of

Rk
HO (Y(N), ) )
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and holomorphic modular forms of weight 2k are sections in HY (X (N), Qﬁ(( N)®k).

Finally let wg,y(n) = W*QSE JY (N The Kodaira-Spencer isomorphism (Appendix C.3)

tells us that i
1 Ok ~, @2k
Qywy =gy

All in all; it makes then sense to define modular forms of weight 2k and level N as
HO (Y (V)P )

Our aim is to generalize the argument above to a scheme Y (N) over Z[1/N]. To do
so we will translate our problem in the formalism of moduli spaces.

3.2 Arithmetic moduli of elliptic curves: an overview

The results of the following section are in [10]. Many of them are presented without a
proof. Indeed, the above mentioned topic constitutes an entire branch unto itself and
going into details would make us stray from our purpose. We give the definition of an
N-structure and state a representability theorem in the category Ell. At the end of it we
will have the notion of a universal curve in the sense that any elliptic curve with level N
structure can be seen as a pullback of it.

In this section we will denote by S a scheme and by E/S an elliptic curve over S as
follows.

Definition 3.1. An elliptic curve is a proper, smooth morphism of schemes together with
a section which we denote O

E

S

whose fibers are connected curves of genus one.

This means that for any s € S, if we denote by k(s) = Ogs/mg ¢ the residue field at
s and by FEs the curve obtained by pullback

Ey — F

| |

Spec(k(s)) —— S

then Eg/k(s) is an elliptic curve in the usual sense.

Remark 3.1. The scheme E/S has a unique structure of a commutative group scheme.
In [10] Theorem 2.1.2 Katz and Mazur give a detailed proof of this fact reducing to the
well known case of an elliptic curve over a field k. Moreover, as in the case of elliptic
curves over a field, one can define the map [N] of multiplication by N over a group scheme

(see [15] Remark 3.4).

26



It is important to recall the following crucial fact about the N-torsion of an elliptic
curve.

Theorem 3.1. Let N > 1 be an integer. Let S be a scheme over Z[1/N], i.e. N is
invertible in S. Let E[N] be the kernel of the multiplication by N morphism:

[N]: E— E.

Then E[N] is a finite étale subgroup scheme over S which is locally on S isomorphic to
the constant group scheme (Z/NZ)%.

Proof. A whole detailed proof can be found in [10] Chapter 2.3. We will sketch the main
steps here, since they are an interesting reduction to the case of elliptic curves over an
algebraically closed field. In the latter situation the statement above is a classical result,
whose proof can be found in [16] Chapter III. Zariski locally on S, E is given by a smooth
Weirstrass cubic in P% with origin (0,0, 1) (see [10] section 2.2). So we may suppose that
S is the open set in

Spec(Zlay, az, as, ay, ag))

over which the generalised Weirstrass cubic
X2+ a1 XY + a3y = X2+ apsX? + ay X + ag

is smooth. Then S is regular and F, being smooth over S, is regular. We check that
[N] is finite flat and fiber by fiber étale and this yields that [N] is finite étale . Finite
morphisms of regular schemes of the same dimension are automatically flat, so to prove
that [N] is finite and flat it suffices to prove that it is finite. Since E is proper over S,
any S-morphism of F is proper so it is enough to check it has finite fibers and this can be
checked geometric fiber by geometric fiber. We're reduced to show that [N]: B — E is
finite when E is an elliptic curve over an algebraically closed field k. But any morphism
between proper smooth connected curves over k is either constant or finite. In particular
the map induced by [N] on differentials is multiplication by N so [N] is non constant
thus finite and étale. This shows that [INV] is finite étale over S. To conclude that E[N]
is isomorphic to (Z/NZ)%, since with our reduction S is normal and connected, it is
enough to check it at a geometric point and it is again the case of an elliptic curve over
an algebraically closed field. O]

Definition 3.2. Let S be a scheme and E/S an elliptic curve. A (naive) I'(N)-structure
on E is a group schemes isomorphism

a:(Z/NZ x Z/NZ)s — E[N].
We now define the category of elliptic curves in the sense of Definition 3.1.

Definition 3.3 (The category Ell). The category of elliptic curves is given by the following
data.
Objects are elliptic curves over variable base schemes

E

I

S.
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Morphisms are commutative squares of the form

E —— F

o
s L5

where the induced morphism E'—E x g S’ is an isomorphism of elliptic curves.

If we consider only schemes over Spec(Z[1/N]) we will denote the corresponding sub-
category by Ellz /ni.

Definition 3.4 (Moduli problem). A contravariant functor P : EIl — Set is a moduli
problem for elliptic cuves. Given E/S € Ell an element of P(E/S) is called a level P
structure over S.

The reader might guess that we're interested in the following moduli problem:
Definition 3.5. For N > 3 the level N moduli problem is

F(N) : EHZ[l/N} — Set
E/S — {level N structures E[N]| = (Z/NZ)%}.

The moduli problem P is said to be representable if it is representable as a functor
from Ell. This means that there exists an elliptic curve over a scheme

E

|

M(P)
and a functorial isomorphism
Homgy (E/S,E/M(P)) = P(E/S).

Remark 3.2. If the moduli problem P is representable, the scheme M(P) represents
the functor on the category of schemes Sch which associate to a scheme S the set of
isomorphism classes of pairs (E/S,«) with E an elliptic curve over S and o € P(E/S)
a level P-structure.

We give now some definitions.

Definition 3.6 (Relative representabe moduli problem). The moduli problem P is said
to be relatively representable over Ell if for every E/S € Ell the functor

Sch/S — Set
T — P(ET/T)

is representable by a scheme Prg.
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Definition 3.7 (Rigid moduli problem). A moduli problem P is called rigid if for any
elliptic curve E/S and any level P structure o € P(E/S) on E/S the pair (E/S,a) has
no non triwvial automorphism.

Definition 3.8. Let P be a property of morphisms of schemes. A moduli problem P is
said to be of type P over Ell if it is relatively representable and for any E/S the morphism
of schemes

PE/s

|

S
has property P.

Remark 3.3. The level N moduli problem 1s relatively representable and étale over Ell
(see [10] Theorem 3.6.0). More generally Katz and Mazur show that if C/S is a smooth
commutative group scheme of relative dimension 1 and A is a fized finite abelian group,
then the functor on Sch/S which sends any scheme T over S to Homg, (A, C(T)) is rep-
resentable by an S-scheme of finite presentatiom. It follows that the sub-functor that
sends a scheme T over S to the set of A-structures on Cp/T is representable by a closed
subscheme of such a scheme. For more details about this see [10] 1.6.

It turns out that the level N moduli problem is also rigid.

Proposition 3.1 (Rigidity of level N structures). Let f : E — E be an automorphism
of an elliptic curve E over a connected scheme S. Let N > 3 and E[N] the kernel of the
multiplication by N map. If f induces the identity on E[N] then f = 1.

Proof. We recall 4 that for any f € End(E) we have its dual isogeny fe End(F). They
satisfy

fof=fof=][degf].
The trace of f is defined as the integer tr(f) = f + f. We need an auxiliary lemma.

Lemma 3.1. If f : E — FE is an S-morphism of an elliptic curve, then

i) Inside the ring End(F), f is a root of the Z-polynomial:

X2 —tr(f)X + deg f.

it) We have the inequality
tr(f)? < 4deg f.

Proof. The first statement is clear from
PP=(f+Ni+fr=o.
The second holds if and only if

tr(f)? —4deg f <0

4See [16] Chapter II1.
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if and only if the polynomial
X2 —tr(f)X +deg f

takes only positive values for real values of X. This is equivalent to having
n% —tr(f)n +deg f >0

for n € Z C End(F) that is deg(n — f) > 0 which allows us to conclude. O

Back to our case, assume that f fixes E[N]. Then f — 1 kills E[N] so it factors
through N, namely f = 1+ g[N] for some g € End(FE). Hence tr(f) = 2 + Ntr(g) and
deg(f) = 1+tr(g)N +deg(g)N?. But f € Aut(E) so deg f = 1 and Ntr(g) = —N?degg.
From part ii) of the lemma we have tr(g)? < 4 and thus |N deg g| < 2, which yields for
N > 3 that degg < 1. So we must have degg =0 and f = 1. O

Rigidity of the level NV problem will play a primary role in our discussion. It is indeed
the key to representability.

Theorem 3.2. A relatively representable moduli problem P which is also affine over Ell is
representable if and only if it’s rigid. If moreover it is étale over Ell then it is represented
by a smooth affine curve over Z.

Proof. This result is non trivial. See [10| Chapter 4.7. O

From now on we will consider schemes S over Z[1/N]|. We can finally state our main
result:

Proposition 3.2. For N > 3 the level N moduli problem

F(N) : EHZ[I/N} — Set
E/S — {level N structures E[N] = (Z/N7)*}

is representable. In particular the associated functor on Schzy N is represented by a
smooth affine curve Yy over Z[1/N].

Proof. The proposition follows from Theorem 3.2., Remark 3.3. and Proposition 3.1. [

Remark 3.4. If we consider elliptic curves over S = Spec(C) we recover the classical
definition of modular curve. Following the argument of Section 3.1, elliptic curves over
C with level N-structure are parametrized by

Y = | ] T'(N)\H.

~ESLy(Z/NZ)\GL2(Z/NZ)

Here each connected component Y (N) = I'(IN)\H represents the moduli problem over
Ellc of isomorphism classes of pairs (E;, (P,Q)) where E; is an elliptic curve and (P, Q)
is a level N-structure of determinant ( i.e. a basis for the N-th torsion subgroup of pairing
en(P, Q) = ¢ for ¢ a primitive root of 1.
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Let (i vary between the primitive N-th roots of 1. Let us consider Yy as a curve over
Z[1/N,(n] under base extension. Since the setting in the complex case of Remark 3.1. is
obtained by base change Z[1/N] — C it’s not surprising that the curve Yy turns out to
be disjoint union of ¢(N) affine irreducible (all isomorphic) curves over Z[1/N,(x]. We
denote each irreducible component by Y (N). We have then a universal pair

(E/Y(N), quniv)

that represents the moduli problem in Ellz /¢y of level N-structures of pairing (n.
In particular Y(N) represents the functor on Sch/Z[1/N, (y] which associates to each
scheme S the set of pairs (E/S, ay) of elliptic curves over S with level N-structures of

pairing (.

Remark 3.5. We will work over an algebraically closed field K of positive characteristic
p and with an integer N > 3 coprime with p. We will consider only affine schemes over
the base field K. Fized a primitive N-th root of unity (x, the I'(N) moduli problem
of determinant (x is representable in the category Ellx by a pair (Ex/Y (N)k, ouniv)-
Such an object is simply obtained after base extension from the pair (E/Y (N), cyniv) in
the category Ellz /N ¢y

(E7 auniv)
Definition 3.9. We refer to the object lﬂ as the uniwversal elliptic curve.

Y(N)

3.3 Katz’s modular forms

We are now ready to give the definition of modular forms. We recall again the definition
of an elliptic curve over a scheme.

Definition 3.10. Let S be a scheme. An elliptic curve E over S is a smooth proper
morphism p : E — S whose geometric fibers are connected curves of genus 1 with a
section e : S — F.

We denote by WEg/S the sheaf p*leE/S = ROP*Q}E/S' Such a sheaf is a line bundle and
its formation is compatible with base change, i.e. if we have a pullback square:

Eg —— F

I b

g —1s S
then wp, /¢ = 9*'wpyg-

Definition 3.11 (Modular forms of level 1). A modular form of weight k € Zi and level
1 is a rule f which assigns to each elliptic curve E over any scheme S a section f(E/S)
of (c_uE/S)®k over S such that:

i) f(E/S) depends only on the S-isomorphism class of the elliptic curve E.
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it) The formation of f(E/S) commutes with arbitrary base change. Hence if we have
g:S — S and
EFg —— E

L)

s -9 59
then f(Es/S") = g*(f(E/S)).

We denote by M(Z,1,k) the Z-module of such modular forms of weight k. If we
consider elliptic curves defined over a ring R it makes sense to give the following equivalent
definition:

Definition 3.12. A modular form f of weight k is a rule which assigns to each pair
(E/R,wg/R) consisting of an elliptic curve E over a ring R, together with a basis wg /g of
HO(SpeC(R),gE/R), i.e. a nowhere vanishing section of QJIE/R’ an element f(E/R,wg/R)
of R such that

i) f(E/R,wg/r) depends only on the isomorphism class of the pair (E,wg/R)-

it) f is homogeneous of degree —k in the second variable, namely for any A € R* we
have f(E/Ra )‘WE/R) = /\_kf(E/Ra wE/R)‘

iii) The formation of E/R commutes with arbitrary extension of scalars u : R — R/,
namely f(Ep /R wg,, /) = u(f(E/R,wg/R))-

The correspondence between the two definitions is given by the formula
f(E/Spec(R)) = f(E/R.wp/p)wi)

Remark 3.6. The position above makes sense. Let S = Spec(R) and let w be a nowhere

vanishing differential for E/R i.e. a global basis for Q}E/S' We have p*Q}E/S =T'(F, Q}E/S)
and thus Wi = (P 6)™F = (T(E, Q) *F = °T(E, Q; g)®* hence

HY(S,wiis) = (02" 5/5)*M(S) = (¥ pys(E))®* = R .

Remark 3.7. If in the definition above we consider only schemes S or rings R lying
over Ry and only change of base given by Ro-morphisms, we obtain the notion of modular
forms of weight k and level 1 defined over Ry, whose Ry-module we denote by M (R, 1, k).

Remark 3.8. If we consider Ry = C then any elliptic curve over C is of the form
E(A) = C/A for some lattice A C C and we have a correspondence

SLy(Z)\H «+— {A C C}/C".

"Here we use that on a scheme X = Spec(R) if we have coherent Ox modules M and N,
then M ®o, N = M ®o, N.
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It’s an easy exercise to check that we recover the classical notion of modular forms of
weight k and level SLo(Z). Indeed, let Ay, = Z+ 172 and A, = Z + 7Z.. We recall that

maps between complex tori are of the form

C/A;, — C/A,,
Z— Q2

form some a € C such that al., C A;. In particular the elliptic curves C/A;, and
C/A;, are isomorphic if and only if there exists « € C* such that

A, = al\;,
or equivalently if and only if, from the correspondence above, we have

Ty =71

for~v = <Z Z) € SLy(Z) and o = ¢y + d .

Let wy = dz be the canonical invariant differential on C/A;, then wy = d(az) = adz is
an invariant differential on C/A. . Let f be a modular form in the sense of Definition
3.12. Regarding f as a function of T i.e. f(1) = f(C/A;,w), we have

f(’YTl) = f(TQ) = f(C/ATww?) = f(C/ATl7 a_lwl)
= akf((C/Aﬁvwl) = (CZ + d)kf(Tl)

Remark 3.9 (The Tate curve). In the classical theory of modular forms we require a
modular form f(7) to be holomorphic at co. This means that the Laurent series around
zero of f(q) = f(logq/2ni), 0 < |q| < 1, lies in C[q]. Our aim is to interpret the q-
expansion of f in the perspective above as the value of such a rule f at a particular elliptic
curve. To do so we will follow Katz’s exposition in [8] Appendiz 1.2. In particular, let
7 € H and consider the associated elliptic curve Er = C/Z + 1. Taking the exponential
gives us a complex analytic isomorphism

C/Z+7Z — C*/¢"

P t = 627rzz

2miT

where ¢ = e and ¢ is the multiplicative subgroup of C* generated by q. In particular

the canonical differential dz is sent to 2m‘%. So asking that the q-expansion of f lies in
Clq] is equivalent to asking that

f(C*/q", dt/t) € Cla].

Let us find an equation for the curve above. The elliptic curve Er = C/A; given by the
lattice Z. + T4, with differential dz is described by the Weirstrass equation

Y2 =x3— g2(7) X + g3(7) (3.1)
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where

12(27Ti)_4g2(7') = E4(1) =1+ 240 Z os(n)q",
216(27i) Oga(r) = Eg(r) = 1—-504 Y _o5(n)q".

The canonical differential corresponds to dTX The isomorphism is as usual given by the

Weirstrass @-function
C/Ar — E;
z+ AT — (@(Z, T)) p/(za T))
A — O.

Through the change of variable ¢ = e*™™ we may see the coefficients of (3.1) as lying in
C((q)). In particular the equation above defines an elliptic curve over Z[1/6](q)). To get
rid of the denominators in (3.1) we make the change of variables

1
H —_—
erigt Tt

1
—(2m)3y — x4+ 2y

Then we get the equation

Y24+ XY = X3 4 as(¢) X + ag(q) (3.2)

where

One can easily see that as(q) and ag(q) lie in Z((q)). Hence this last equation defines an

elliptic curve with coefficients in Z((q)) whose canonical differential is wWean = %. The

Tate curve Tate(q) is the curve over Z((q)) defined by (3.2) whose restriction to Z[1/6]((q))
is giwen by (3.1). Doing a little algebra and summing up we have the following result.

Proposition 3.3. We have a complex analytic isomorphism

C*/¢* — Tate(q)
t— (X(t,q),Y(t q))

where

q"t q"
X0 =2 e Ty

nez n>1
(¢"t)° q" 43)
Y(tg) =) 0 g7 +> T
nez n>1
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Moreover the discriminant and j-invariant of the Tate curve are given by the formulas

Alg)=q ][ —a)* e Zld]

n>1

1
§(q) = = + 744 + 196884¢ + . ..
q

Proof. See Theorem 1.1 of [15] Chapter 5. O

Let us now fix a base ring Ryg. The pair (Tate(q),weqn) can be seen through base
change as an elliptic curve over Z((q)) ®z Rp i.e

Tate(q)p, — Tate(q)

| |

Spec(Z((q)) @z Ro) — Spec(Z((q)))

| !

Spec(Ry) ——— Spec(Z)

and we can evaluate any modular form of weight k£ and level 1 defined over Ry at it in
order to define:

Definition 3.13. The g-expansion of a modular form f of level 1 is the finite-tailed
Laurent series

f(Tate(q) gy, wean) € Z((q)) ®z Ro.

Definition 3.14. We say that f is holomorphic at oo if its g-expansion lies in Z[q] @z Ro.

3.4 Modular forms of level N

Definition 3.15. A modular form of weight k and level N is a rule f which assigns to
each pair (E/S,an) where E is an elliptic curve over S and ay a level N structure a
section f(E/S,an) ofg%% such that

i) f(E/S,an) depends only on the isomorphism class of (E/S, ay).

ii) The formation of f commutes with arbitrary base change, i.e. if g : 8" — S is a
morphism of schemes and Eg/ /S’ is the elliptic curve obtained by pullback

Esr—>E

Lol

S —4— S
then f(Eg /S, o) = g*(f(E/S, an)).

If we consider elliptic curves over affine schemes, we have the equivalent definition:
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Definition 3.16. A modular form of weight k and level N is a rule f which assigns to each
triple (E'/R, WE/R: ay), consisting of an elliptic curve over a ring R together with a base
WE/R ofHO(Spec(R),gE/R) and a level N structure a, an element f(E/R,wg/p, an) €
R such that:

i) f(E/R,wg/r,an) depends only on the isomorphism class of (E/R,wg /g, aN).

ii) The formation of f commutes with arbitrary base change, i.e. for any g : R — R’
we have f(Ep /R wp,,r.an') = g(f(E/R,wg/r, aN))-

it) f is homogenous of degree —k in the second wvariable, namely for any N € R*,
f(E/Ra AwE/R: Oé]\]) = Aikf<E/R7 WE/Rs OUV)

Similarly if we consider only schemes or rings lying over a fixed ring Ry, we obtain
modular forms of weight k& and level N defined over a ring Ry. The Rp-module of all such
is denoted by M (Ry, N, k).

We now assume that N is invertible in Ry and that Ry contains a primitive N-th root of
1, (. We consider the pair (Tate(q),weqn) consisting of the Tate curve over Z((q)) and
its canonical differential. Then a level N-structure is given by the choice of a basis for the
N-torsion subgroup. Through the isomorphism Tate(q) = C*/q% the points in Tate(q)[V]
are given by

N 0<ij<N -1

Plugging the values for ¢ in (3.3) we see that they have coordinates in Z[¢'/N]®zZ [%, QN}
and the non constant g-coefficients of their coordinates lie in Z[(y|. Hence for any level N
structure ay of the Tate curve, i.e. any choice of a basis for Tate(q)[N], we may consider
the triple

(Tate(¢""™), Wean, an)

over Z (/™)) @z Z[1/N,Cy]. Let us denote by (Tate(¢'/N) gy, Wean, an) the Tate curve
over Z((ql/ M) ®7 Ry obtained by base change equipped with its canonical differential and
the level N structure above. We give the following definition:

Definition 3.17. The q-expansions of a modular form f of level N over Ry are the finitely
many, finite-tailed, Laurent series:

f(Tate(ql/N)Roa Wean aN) S Z((ql/N)) K7, Ry
for an varying among all level N structures.

Definition 3.18. A modular form of level N defined over a ring Rg is said to be holo-
morphic if it has all its q-expansions in Z[[ql/N]] ®z Ro[l/N,(N]. If Ro itself contains
1/N and Cy this is equivalent to asking that all its g-expansions lie in Z[q"/N] @7z Ro.

Now we consider a base ring Ry which contains 1/N and (y a primitive N-th root
of unity. Our aim is indeed to work over the algebraically closed field K of positive
characteristic of Remark 3.5. We want to give a description of the ring M (Ry, N, k) of
modular forms of weight k over Ry in terms of the universal elliptic curve with level N-
structure Ep, /Y (N)pg,. For the sake of simplicity we will forget about the ground ring
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and we will denote by E/Y' (V) the universal elliptic curve and wg/y () = T JY(N)
the associated line bundle on Y (N) over any base ring (keeping in mind that everything
works well under base change) . The scheme Y (N) is a smooth affine curve over Ry and
represents the functor

Sch/Ry — Set
S — {(E/S,an), an a level N-structure of pairing (x}.

Hence any elliptic curve (E/S, «) over the base ring Ry with level structure « of determi-
nant (y is determined by base a change g : S — Y (V) through the pullback

(E,a) —— (E, aynin)

| [

S —2 5 Y(N).

For any modular form f its value f(E/S,a) in H°(S, g%’/“ ) is uniquely determined by

f(E/S, Oé) = g*f(E/Y<N)7 aum’v)
by definition. Then it is natural to give the following equivalent definition.

Definition 3.19. A modular form of weight k and level N over Ry is a section in

HOY (N), wE%, )

In our argument of Section 3.1. we arrived to the definition of holomorphic modular
forms as sections of differentials on the compactified modular curve X(N). To conclude
this section we want to present a curve which will do the same job in the general case
following sections 1.4 and 1.5 of [8]. As usual, many of the statements won’t be proved
here as they’'re beyond the scope of this work. First we give a remark.

Remark 3.10. If we let N = 1 we consider the moduli problem in Ell that sends any
elliptic curve E/S to its isomorphism class. It’s not surprising that such a moduli problem
1s not representable. Indeed, it’s clearly not rigid and Theorem 3.2. does not apply. So
our setting over C

(H x C)/Z2

|

SLy(Z)\H

where the modular curve Y (1) := SLo(Z)\H parametrizes elliptic curves up to isomor-
phism does not give us an elliptic curve over C. Anyway let us consider the j-function

(r) = 1278g2(7)®  1278gy(7)?
IIZTTA0) ~ ga(r) — 27g5(1)2

which is a weakly modular function of weight zero, meromorphic at oo. In terms of Katz’s
modular forms, it is the rule which sends any elliptic curve E; over C to its j-invariant.
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It’s an easy application of the valence formula to check that it is surjective (indeed the
surjectivity of j hides behind the reason why any elliptic curve over C is of the form E.,
see [3] or [16]). Hence it gives us a complex analytic isomorphism

v (1) L C = AL
We have then morphisms of Riemann surfaces (thus of schemes over C)
D(N)\H — SLy(Z)\H = A(lc — IP’(IC.

And the compactified modular curve X (N) := T'(N)\(HUPY(Q)) was build ad hoc to fit
m the commutative diagram

Y(N) —— X(N)

| l

V(1) = AL — PL.

Now we go back to the general case of Schz/n ¢, and consider the smooth affine
curve Y(N). As in the complex case, there is a finite and flat morphism of schemes

Y(N) — A%p INCx] and the last one embeds naturally into ]P’%[1 NG

Definition 3.20. The modular curve X (N) over Z[1/N,(n] is the normalization of the
projective line P%[l/N ] Y(N).

Then X (N) comes equipped with a natural factorization of

Y(N) — A%u/Mch] = IED%[l/N,CNJ

trough Y (N) < X(NN). Moreover the modular curve X () is a smooth proper curve
over Z[1/N,(n] and the set
X(N)\Y(N)

is (not surprisingly) a disjoint union of sections. We call such sections the cusps of X (N),
which we will keep denoting by Cusps(I'(N)) or equivalently Cusps(N).

Remark 3.11. The cusps of X(N) are in correspondence with the set of isomorphism
classes of the level N -structures of the Tate curve. This means the following fact. The
completion of X(N) along each cusp is isomorphic to SpecZ[1/N][(n](q). If we consider
in this context the universal elliptic curve

(]E’7 auniv)
Y(N) — X(N)
then the inverse image of (E, caynin) over (the spectrum of ) Z[1/N][(n](q) (viewed as a
punctured disc around the cusp) is isomorphic to the inverse image over Z[1/N][(n](q))

of the Tate curve with a level N structure that will correspond to that cusp. For a complete
discussion of the topic see [10] Chapter 8.
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Furthermore

Remark 3.12. There is a canonical way to extend wg v () to a unique invertible sheaf w
on X(N) whose restriction to Y (N) is wg y(n)- Such a sheaf is of formation compatible
with base change and its sections over the completion Z[1/N][(n](q) at each cusp are
precisely the Z[1/N][Cn](q)) multiples of the canonical differential of the Tate curve. For
the explicit construction see [10] Chapter 10.185.

Back to the setting of our base ring Ry which contains 1/N and (y, we can characterize
holomorphy of modular forms as follows. A modular form f € H(Y(N)g,,wg /vy (n)) 18
holomorphic at oo if it extends to a global section of w. All in all, holomorphic modular
forms of weight k£ and level N are sections in

HO (X(N)Roag)

3.5 The Hasse Invariant and the action of Frobenius

From now on we will work in positive characteristic p.

Definition 3.21. Let S be a scheme over ). The absolute Frobenius is the morphism
of schemes Fups on S which corresponds to the identity on topological spaces ad whose

map on structure rings F : Og — Og s induced by the Frobenius endomorphism i.e.
Fa#bs( ) = aP for every sectwn of Og on an open of S.

Let m: X — S be a smooth morphism of schemes, S a smooth scheme over F,. The
absolute Frobenius yields a commutative diagram

x Loy x
I
g Ly g,

Clearly Fps : X —> X is not a morphism of S-schemes. We define X ®) to be the smooth
scheme over S obtained by taking the fiber product in the diagram

X 2 x
gr(p)Fabs Sl:r

More concretely, we assume that 7 is finite and S = Spec(R) for an IF,-algebra R. Then
X is locally the spectrum of a finitely generated R-algebra A = R[X ]/(fz,z €l). Asa

consequence X ) is locally SpecA®) with A®) = A®p, R=R[X 1/(f; ) ,i € I) where if
f=> ar X' then f) = =>; pXI The natural morphlsm o is the map on structure
sheaves Ox — Oy induced by A— A®) f — (@)

By the universal property of the fiber product X ) ﬁts in a commutative diagram

Fabs

X—>XP 25X

\l » ”
P

— S

39



where o o Fr = F,¢ is the absolute Frobenius.
Definition 3.22. The map Fr : X — X®) is called the relative Frobenius.

The relative Frobenius is a morphism of ringed spaces (F'r, F' r#) with map on structure
sheaves Fr# : O v — FriOx. In the setting above the relative Frobenius is the map

induced by Fri)ec(A) : AP) — Athat sends f® 1= fP) € A®p, Rin f? iec.

RIX)/(fPi el) — RIX)/(fii € 1)
X — XP.

The Frobenius maps allow us to define an important invariant for elliptic curves which
turns out to be a modular form in the sense of Katz.
Let E//R be an elliptic curve over a IF)-algebra R. The absolute Frobenius

E abs E

[ [

Spec(R) LN Spec(R)
induces a map on cohomologies:

% = R'n,F% . R'r,.05 — R'1.0p.

abs -

In other words, if [f] # 0 spans H'(E, Og) as an R-module, the Frobenius map induces
a well defined map H'(E,Og) — HY(E,Og) , [f] — [f?] and taking the associated
sheaves we conclude

R'7n,.0p = HY(E,Op) — R'7,.0p = H\(E, OF).

We let now 7 be a generator of H!(E, Q) as an R-module, dual to the nowhere vanishing
differential w € QE/R( ). Then F7, (n) = A(E/R,w)n for some A(E/R,w) € R.
We define:

Definition 3.23. The Hasse invariant A is the rule which associates to (E/R,w) the
value A(E/R,w) such that %, (n) = A(E/R,w)n.

An equivalent description comes from the relative Frobenius

Fabs

A

EZIr s EW) 7 L F

SOk

Spec(R) LN Spec(R).

We pick a basis 1 for R'7,Op that is a section in H'(E,Of), dual to the nowhere
vanishing differential w and we denote by n(p) the corresponding basis of leOE(p),
obtained by base change through Fj;,. In terms of global sections we pick the basis of
HYEW) Opw) = HY(E,Og)®) given by n®) = o*(n). Let Fr* be the map induced by
the relative Frobenius on cohomologies, then F); () = Fr*(n®) = A(E/R,w)n.
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Proposition 3.4. The Hasse invariant is a modular form over IF), of weight p — 1.

Proof. Tt sufficies to check that A(E/R, \w) = A=~V A(E/R,w) for A\ € R*. The dual
of Aw is A 1. Hence FJy, (A1) = A(E/R, A\w)A~'n. Thus
A(B/R, o)Al = Foy (A i) = AP ER, () = APA(E/R, w)n.

abs abs

]

Proposition 3.5. The Hasse invariant has q-expansions equal to 1 i.e. if we consider the
pair (Tate(q)r,,wWean) of the Tate curve over IF,((q)) with its canonical differential, then

A(Tate(q)r,, Wean) = 1.

Proof. We would like to prove that, fixed a basis 5 for H'(Tate(q)r,, OTate(q)Fp) we have

;bs (77> =7

By Serre’s duality H'(Tate(q)p,, OTate(q)Fp) is dual to the [F)((¢))-vector space

H° (Tate(q)wp, QlTate(qm/Fp((q») ‘

The sheaf of differentials QlTate(q)]Fp JF,((g) 1S 10 turn dual to the IF,((g))-linear derivations

Derg_ () (OTate(q)]Fp)' So we may take as basis n of H*(Tate(q)r,, OTate(q)Fp) the dual basis
t0 Wean, the no-where vanishing invariant differential for Tate(q)r,. We denote by

D: OTate(q)Fp — OTate(q)]Fp

the dual derivation to weqy, then the action induced by Frobenius is

DF—T*>Dp:6DoDo...oD.

We consider the formal completion of the Tate curve along the identity section and we

—

compute the action of the Frobenius restricting to Tate(q)]Fp, recalling that we have an

—

isomorphism m) = G,,. We complete the multiplicative scheme along the identity
section i.e. along the closed subscheme of ideal (t—1) and we denote by X = ¢—1 the local
parameter at it. Then the invariant (with respect to the formal group law) differential is
given by )?_i(l' Hence the dual derivation to it is D = (X + 1)%. To conclude it suffices to
check that DP = D. But one easily sees that D(X) = X +1, D}(X) = D(X +1) = X +1

and iterating DP(X) = X + 1 = D(X) hence DP = D. O

Remark 3.13. Notice that by definition A is a modular form of full level. Hence given a
triple (E/R,wg/R, a) of an elliptic curve E/R over F), with differential wgr and level N
structure, we can forget about the last one, i.e. A(E/R,wp/p,a) = A(E/R,wg/r). Then
Proposition 3.5. yields that for any level N-structure oy of the Tate curve Tate(ql/N)
over F((¢"/™V)) we have

A(Tate(¢"™ Vg, , wean, an) = 1.

6Notice that since charK = p the map DP is actually a derivation.
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It’s important to mention that another description of the Hasse invariant comes from
the dual isogeny of the relative Frobenius. We sketch it in the next remark.

Remark 3.14. Let E/R be an elliptic curve over an [Fp-algebra R and let Fr : E — E®)
be the relative Frobenius. We denote by

V:EP - E

its dual, the Verschiebung map. We recall the following fact about elliptic curves over a
field E/k where k is algebraically closed of positive characteristic p. A proof can be found
in [16] Chapter 4. If we denote by [p"] : E — E the multiplication by p™ map, then only
one of the following cases can occur:

1. For alln > 0 the n-th iterate Verschiebung map V'™ 1is inseparable and its kernel is
trivial. As a consequence [p"] is bijective for any n and E[p"] is trivial. In this case
we say that E/k is supersingular.

2. For all n > 0 the n-th iterate Verschiebung map V'™ is separable and its kernel is
not trivial, in particular E[p"] = Z/p"Z. We say that E/k is ordinary.

Moreover we say that an elliptic curve E/R over the field K of characteristic p is
ordinary if each of its fiber is. Then we conclude that E/R is ordinary if and only if the
Verschiebung V' E®) — E is étale or equivalently if and only if the map induced on
tangent spaces tg(V') is an isomorphism, since any of these property holds if and only if
it holds fiberwise. By Serre’s duality H'(E,OF) is dual to HO(E,QE/R) thus it can be
wdentified with Hom@E(Q}E/S7 Og). The action of Verschiebung on the latter corresponds
to the one of Frobenius on H'(E,OF). In particular E/R is ordinary if and only if the
Hasse invariant A(E/R,w) is non zero in R.

We now fix an algebraically closed field K of characteristic p, and an integer N > 3
such that (N, p) = 1. We return to the description of A as a global section on the modular
scheme Y (N)g = Y(N) in order to give an important result about the zeroes of the Hasse
invariant.

Remark 3.15. Assume p > 2. Deuring computes the Hasse invariant for an elliptic
curve in Legendre form

YZ=X(X-1)(X-)X)  A#0,1

over an algebraically closed field of characteristic p. It corresponds to the polynomial

m m 2
AN = '
W= (1)
i=0
where m = (p — 1)/2. Such a description turns out to be very useful. Igusa in [5]
uses it to count the number of supersingular elliptic curves over a given field of positive

characteristic. In particular he shows that A(X\) satisfies a certain differential equation
hence it must have simple zeroes. A detailed argument can be found in Theorem 4.1 in

/16].
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Proposition 3.6. The zeroes of A are simple.

Proof. All the g-expansions of A are equal to 1, so zeroes of A are (closed) points in Y (V).
Let E/Y(N) be the universal elliptic curve over K. Let € Y/(N) be a zero of A.

We will give two proofs of the fact that = is a simple zero. The first one is for p > 2
and uses Remark 3.15. In particular it relies on the fact that every elliptic curve over a
scheme where 2 is invertible admits locally a Legendre form (see [10] section 2.2). We
may restrict to an affine open neighborhood of = and assume that Y (V) is the spectrum
of a ring R and [ is locally the curve

V2=X(X-1)(X -\

for A € R, A # 0,1. Since Y(N) is a smooth curve over K, we may assume that R
is the coordinate ring of a smooth affine curve over K and it’s thus a local K-algebra,
in particular a DV R with residue field K. Moreover the Hasse invariant is the section
A(M) € R given by the polynomial of Remark 3.15. The assumption A # 0 implies that A
never vanishes on the curve. If we denote by A(x) € K the image of A in the residue field
at x, then A — A(z) has order exactly one at z, so it’s a uniformizer at x . If ord,(A) > 2
we would have that (A — \(x))? divides A(\) and this contradict the fact that the Deuring
polynomial has simple zeroes.

The second proof works more generally and exploits the universal property of the modular
curve. Let us denote by Oy (y), the local ring at @ and my (), its maximal ideal. We
are under the assumption that A vanishes at x. This means that if

AE/Y (N)) = AE/Y (N),w)w™!
is the global section on Y (V) corresponding to the Hasse invariant then
AE/Y(N),w)z € My (n) 2

where B := A(E/Y (N),w), is the image of A(E/Y(N),w) in Oy (y),. We want to prove
that B & m%(N)x. Let £ := E xy(y) S where S = Spec (Oy(]\]),x> and assume that
Bem? Let R= OY(N),x/m%(N),w then R is a local K-algebra with residue field K.

Moreover let Er = E®o,, , R the elliptic curve obtained by base change Oy (y), — R

Egr > > £
N
Spec(R) > S > Y(N).

As B € my (), the curve Ey = Egr ®p K = E ®0,,, K is supersingular and Ep is
obtained by base change K — R from Ej i.e. Ep = Fy Qg R

Er — Ey

! |

Spec(R) —— Spec(K).
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We obtain two morphisms defining E'r through pullback from [E. The first is determined
by the base change Oy (y), — R and the second by

OY(N),w —» R —» K — R.

These two are different because R is not a field, so they correspond to level structures oy
and ag on Ep respectively . We call p: R - K — R. We have then a cartesian diagram

(ER, Ozg) —_— (ER, 041)

! |

Spec(R) Specg, Spec(R).
We may iteratively define as, ay,..., ay, by pulling back

(E2, az)

!

Spec(R)

by Spec(¢). Indeed, we observe that oy = ¢ and on the top row we keep obtaining Ep,
but the level structures must be different since ¢ is not the identity. The isomorphism
Er = Ep of the top row permutes the level structures, so for n large enough we must get
ayn = ap. But this contradicts the universal property of E/Y (), since the maps from
Spec(R) to Y (N) are different. O

We conclude this section computing the action of Frobenius on the first relative de
Rham cohomology of the Tate curve Tate(q)x over K((q)).

Remark 3.16. Since the formation of cohomology and of Frobenius commutes with base
change, we can work with Tate(q)r, over Fy((q)). The natural map of reduction modulo p

Zp((q) — Fp(a))

allows us to obtain Tate(q)r, by base change from Tate(q)z,. This means that we have a
pullback diagram

Tate(q)]Fp _ Tate(q)zp

| |

Spec(Fp((q))) —— Spec(Zp((9))-

We may write Tate(q)r, = Tate(q)z, ® Fy((q)). Moreover by functoriality of cohomology

Hap(Tate(q)r, /Fp((9) = Hip(Tate(q)z,/Zy(a) ® Fp(q)-

There exists a lift of the relative Frobenius in characteristic zero
. /
I": Tate(q)z, — Tate(q)7, -

More precisely the following lemma holds.
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Lemma 3.2. Let Ry be a discrete valuation ring of residue field K of characteristic p and
generic characteristic zero, R an Rg-algebra and E/R an elliptic curve. Let E ® R/pR
denote the elliptic curve over the K-algebra R/pR obtained by base change through the
canonical map of reduction. Let Fr : E® R/pR — (E ® R/pR)\") be the Frobenius
isogeny. Assume E ® R/pR is ordinary. Then we can lift F'r to an isogeny F : E — E'
such that

E a > B

[ l

E® R/pR — (E® R/pR)®)

commutes.

Proof. This lemma is a consequence of a more general result about the canonical subgroup
of an elliptic curve by Lubin and Katz. We will sketch a proof in the case of our interest,
for a detailed argument see [8] Chapter 3. Under our assumption the Verschiebung isogeny

V:(E®R/pR)?) — E® R/pR

is seperable and its kernel is a finite flat subgroup scheme, étale over R/pR. By Hensel’s
lemma we can lift it to a subgroup scheme of E| say Hj such that H; ® R/pR = ker V.
Taking its Cartier dual we obtain a subgroup scheme H of E and we consider the unique
isogeny of kernel H

E-5S E =B/
Then H ® R/pR is the kernel of Frobenius and we conclude. ]

We work in characteristic zero. Such F induces a morphism on cohomologies

Hlp(Tate'(q)z,/Zy(q) il s Hlo(Tate(q)z,/Zp(9)

| |

(Hp(Tate(a)z,/Zp() @ Fyl(0)) ™ 2 Hip(Tate(q)z, /Zy(0)) © Fyl(a).

We use now functoriality of the Gauss-Manin connection. If we denote by ¢ the map on
differentials induced by Frobenius we have

\Y
H)L(E'/R) —— H}.(E'/R)® Q

| |Free

Ho(E/R) —— H},(E/R) ® Qk,.
Let us fix the basis {wean,Nean} of Hygp(Tate(q)z,/Zp(q)) where nean = V(%)(wcan).
We remark that such a choice gives us a basis compatible with the Hodge filtration (see
Appendiz C). Let {w(ﬁﬁ?l,nﬁﬁ} be the basis of

Hyp(Tate(q)) /F,(0) = Hig(Tate(q)s, /Fp()?
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obtained by base change through the reduction modulo p and Fy,s. Moreover we fix the

/ (p)

basis {W.yn, Mean} i characteristic zero corresponding to weny and ney,. Then

d d d
v<wcan) =V (d_q> (Wcan) X ?q = Nean @ ?q

We have
F *(wéan) = DPWcan-

And
V(F*(wéan)) = v<pwcan) = pv(wcan) =p (ncan X —) .

On the other hand
(F* ® @)(V@Jéan)) = F*(néan) ®— = F*(néan) ®p;'
By functoriality V o F* = (F* ® ¢) oV and thus
— dq
Plean ® — = F* (1) @ p—
q q
which implies F*(N}yn) = Nean- By base change we conclude

Fr* (wgg%) =0,

Fr* (77((3221) = TNecan-
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Chapter 4

A result on modular forms in
characteristic p

In this chapter we will prove a result on modular forms for level N in positive characteristic
p following Katz [9]. As in the full level case the Hasse invariant A is the only modular
form whose g-expansion equals 1 and the multiplication by A does not affect g-expansions.
On the wave of Chapter 2 we will define the filtration of a modular form of level N and
we will build an operator Af acting on modular forms whose effect on g-expansion is qd%,
in order to get a statement analogous to Proposition 2.4. for modular forms of level N.

4.1 The general setting

Throughout all this chapter we fix an algebraically closed field K of prime characteristic
p and an integer N > 3 prime to p. Let ¢ be a primitive N-th root of unity. The moduli
problem in Ellx which associates to each elliptic curve E/B where B is a K-algebra the
set of level N-structures of determinant ( is representable. Let

(E7 aum’v)

I

Y(N)

be the object in Ellg representing it. Then Y (V) is a smooth affine irreducible curve over
K. Let us set

W= WR/Y(N) = 7T*QIlE/Y(N)’

The graded ring of (not necessarily holomorphic at the cusps) modular forms is

Ry =@ H® (Y (N),w™).

keZ

Let B be any K-algebra. Let f be a modular form of weight £, i.e.

f=f(E/Y(N), Qunip)w
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For any triple (E/B,wg/p,«) of an elliptic curve E over B, a basis wg/p for wp/p and
a level N structure o on E/B we denote by

f(E/B7wE/B?a) €B

its value at it. Moreover we can consider the Tate curve over B = K ((¢*/"V)), which we
will denote by Tate(q) to have a lighter notation, with its canonical differential weqy,. By
evaluating f at the level N structure ag of determinant ¢ we obtain the g-expansion at
the corresponding cusp which we denote

fao(q) := f(Tate(q), wean, o).
Let A € RZ]’V_ ! be the Hasse invariant of Chapter 3.5. Then
Proposition 4.1. All the q-expansions of the Hasse invariant are identically 1.
Proof. Tt has been proved in Proposition 3.5 O
Furthermore
Proposition 4.2. Taking q-expansions at each cusp determines ring homomorphisms:
Ry — K(q"™)
Nooto — Ka"V]
whose kernel is exactly (A —1).
Before proving the claim we give an auxiliary lemma.
Lemma 4.1. Let X be a proper, smooth, irreducible curve over K. Let L be an ample

line bundle on X. Let
S =@pH(X, L"),

n>0

Let s be a section in T'(X, £®k) for some k, coprime with charK. If s has at least one
simple zero, then s — 1 generates a prime ideal in S.

Remark 4.1. We recall that £ ample yields that X is quasi-compact and the opens Xy
where s' trivializes L for s' homogeneous in S such that Xg is affine form a basis for
the topology on X. Moreover the natural map X — Proj(S) is an open immersion with
dense tmage. Since X s proper we obtain an isomorphism

X = Proj(5).

Proof. We recall the following lemma in Hartshorne 5.14 [4]:

Lemma 4.2 (Harthshorne 5.14). Let X be a scheme, L an invertible sheaf on X and
F a quasi coherent sheaf on X. Let f € T'(X,L) and Xy the open set of points where
fo &€ My L. Suppose furthermore that X has a finite covering by affine subsets U; such
that £|Ui is free for each i and such that U; N Uj is quasi compact for each i,j. For every
section t € I'(Xy, F) there exists n > 0 such that the section f&st e I'( Xy, F @ L")

extends to a global section of F @ L&,
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We recall that s trivializes £2F on X i.e. E%{k = Ox|y. 8|y, thus L& is trivial on
X for every n. Restriction gives maps I'(X,L£®") — T'(Xs, LZ"). Moreover sending
s e S to sﬁ){_” we have a natural ring homomorphism

Se — EPr(x., £&m).

nez

Choosing the basis of Remark 4.1. above we are under the assumption of Lemma 4.2.
(indeed XN Xy = X¢ for global sections s and s’, which is affine) and we may apply it
with /' = Ox and conclude that the map above is an isomorphism.

We want to prove that s — 1 generates a prime ideal in S, checking that the subset
Z = V(s —1) C Spec(S) is irreducible. We notice that V(s — 1) can be seen in the
spectrum of S[1/s] = S since x € V(s — 1) holds if and only if (s — 1) € z and in
particular we must have s ¢ x i.e. the image of = is a prime in the localization S;. We

may then see Z as a closed subset of Spec | @ I'(Xs, L™ ) through the isomorphism

nez
above. We fix an affine open subset U = SpecA C X;. Then L is trivial on U i.e. L, is

free generated by some 7' € L(U) and since Eﬁk = Ox,5|,, we must have s, = uT* for

some u € A*. Then
PHrw. Lem) = =P ar = -1.
ne” nez

And Z corresponds to V(T*u — 1) = V C Spec(A[T, T71]) i.e.
V' = Spec (A[T, T/ (ur* - 1)) :

Notice that since k is invertible in K we obtain that Z is étale over U = Spec(A), hence
over Xs. Moreover X is normal, hence Xy is normal and Z is normal. We would like to
prove that Z is connected since for normal schemes it’s equivalent to being irreducible. The
open X C X is irreducible so covering it by affines U of the form above they must have
non empty intersection. As a consequence the corresponding affine opens of Z above them
must have non empty intersection. So it suffices to prove that Spec (A[T, T4/ (uT* — 1))
is connected, in particular we only have to check that the generic fiber is connected. Indeed

if Z i> X is an étale morphism, assume f _1(77) is connected where 7 is the generic point
of X. If Z is not connected i.e. Z = U; U Us with U; disjoint opens, then, since f~1(n)
is connected, we must have f~1(n) C Uy or f~1(n) C Us. Assume f~'(n) C U; and
Uy # 0, then {n} N f(Uz) = 0 and f(U2) is a non empty open since étale maps are open,
contradicting the fact that {n} is dense in X.

Let F' = FracA = Ox, be the local ring at the generic point, we check that

Spec (F[T, T/ (uT* - 1)) = Spec (F[z]/(zk - u))

is irreducible, proving that z* — u is irreducible in F[z]. Let € X be a simple zero of
s. Let Ox , be the local ring at z, with maximal ideal my ., then under our assumption
Ox , is a DV R and we can see I as the field of fractions of Oy . Then s, € mx \m%(m
and under the isomorphisms above u is a uniformizer. We conclude that the polynomial

2% — u is irreducible by Eisenstein’s criterion. O]
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We can now prove Proposition 4.2.

Proof. We keep denoting by w the natural extension to X(/N) of the invertible sheaf w
on Y (N). Such a sheaf is an ample line bundle on X (/NV), since the associated divisor has
positive degree. Indeed the Kodaira-Spencer mapping extends to an isomorphism

w®? = Q}((N) (Cusps(N)).

Hence

N? 1
deg(w®?) = deg(Qk(N%Cusps(N))) =29 —2+|Cusps(N)| =29 —2+ - H <1 — 17> :
pIN

Where g is the genus of the curve X(N) and the number of cusps follows from Remark
1.5. Since g > 0 and N > 3 the quantity above is always positive, so w®? is ample hence
w is ample.

Thanks to Remark 4.1. we have

X(N) = Proj (@ HO(X(N),@?“)) .

n>0

Moreover if n < 0 we have deg(w®") = ndegw < 0 i.e. the divisor of w has negative
degree hence HY(X(N),w®") = 0. As a consequence we may write

@HO (X(N%%@”) - @ HO (X(N),g(@n) = RJ.V,holo'
n>0 nez

Then the ring RY; ;,;, has Krull dimension 2, since X (V) is a projective curve. Let us fix
any level N structure aq of the Tate curve. We denote by v the morphism

° 1/N
RN hoto — Klq / |
[ — f(Tate(q), Wean, @o)
obtained taking g-expansions at o of homogeneous elements f € R}, , . Then ker is

a prime ideal since the image of 1) embeds in an integral domain. Moreover ker 1) cannot
be maximal. Indeed, let A be the modular discriminant, then

b(A) = A(Tate(q), wean, a0) = ¢/ + . ..

hence ¢'/N K[¢'/N] C imy C K[¢'/N] has dimension al least one and ker 1) has codimen-
sion at least 1. We deduce that there exists m maximal such that kerv) C m. Clearly
ker ) contains (A — 1) and since the zeroes of A are simple, we apply Lemma 4.1. and
conclude that (A — 1) is prime. We have a chain of prime ideals:

0C(A—1)Ckeryy CmC R].V,holo

and we conclude that the equality (A — 1) = ker ¢) must hold.

To conclude, also the map

RY % K((q)

50



induced by taking g-expansions at ag of non necessarily holomorphic modular forms has
kernel exactly (A — 1). Indeed, such a kernel clearly contains (A —1). Let f € R} and
assume that ¥(f) = 0. Up to multiplying each homogeneous term of f by powers of
A we may assume that f is homogeneous i.e. f € HO(Y(N),w®¥) for some k. Then
U(f) = fao(q). If f is not holomorphic at all cusps, then f must have poles at them of
finite order. Assume that r is the maximum of them, then fA" is an holomorphic modular
form and, taking g-expansion at ag, (fA”)(Tate(q),w, ap) = fay(9)Aa(q) = 0. It follows
that A —1 divides A" f in R}, ;. ie. A"f = (A—1)g. Since A never vanishes on Y (V)
hence it’s invertible in R}, we conclude f = (A-1)gA " e (A-1). O

Remark 4.2. In the conclusion of the proof above we used the fact that the modular
discriminant A 1s a cusp form, in particular it has a simple zero at each cusp. Indeed,
let E/B be any elliptic curve over K. Then E admits locally a Weirstrass form. If p > 2
we have for example

Y? =4X° — g4(E/B,w)X + gs(E/B,w)

where XY are sections in O such that w = dTX Note that we must have

X(E/B, \w) = A\ 2X(E/B,w),
Y (E/B, \w) = A3Y (E/B,w),
94(E/B, ) = A\"*qu(E/B,w),

( )
96(FE /B, \w) = )\_6g6(E/B,w).

The discriminant of an elliptic curve is invariant under isomorphism and non zero. In
the case above it can be defined as

94(E/B,w)? — g¢(E/B, w)?
12

A(E/B,w) =

Then it’s clear that it is homogeneous of degree —12 in w. We can define A to be the
rule which associates to (F/B,w) such a discriminant and we obtain a modular form of
weight 12. Moreover by Remark 3.6 we have

24
A(Tate(q), wean, @) = ql/N H (1 B qn/N) '
n>1
for any level N structure ag of the Tate curve, i.e. A is a cusp form.

As a consequence, as in the level 1 case, multiplication by A does not effect ¢-
expansions. We give the following definition:

Definition 4.1. A form f € Rf\, is said to be of exact filtration k if it is not divisible by
A in RY;, or equivalently, if there is no form f' € R% of weight k' < k which, at some
cusp, has the same q-expansion of f.
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4.2 The main theorem and its corollaries
Theorem 4.1. 1. There exists a derivation A : Ry — R;VJFP L which increases
degrees by p + 1 and whose effect upon each q-expansion is q%, namely

(A9 )ao(q) = qdi“quao(q))

for any f € Ry, ag a level N structure.

2. If f e le\, has exact filtration k and p does not divide k, then AQf has exact filtration
k+p+ 1 and in particular AGf # 0.

3. If f e R’Z)\]f and AOf =0 then f = gP for a unique g € Rf\,.
Before proving the theorem we list and prove its corollaries.

Corollary 4.1. (1) The operator AO maps the subring of holomorphic forms to the ideal
of cusp forms.

(2) If f is non zero and holomorphic of weight 1 < k < p—2 then f has exact filtration
k.

(8) If 1 <k <p—2 the map Af : R?\,’holo — Ri;r,f;g; is injective.

(4) If f is non-zero and holomorphic of weight p — 1 and vanishes at some cusp, then
f has exact filtration p — 1.

(5) (Determination ofker(Af)). If f € R has AQf = 0 we can uniquely write f = A" gP
with0<r<p-—1,r+k=0 modp andgeRlN with pl +r(p — 1) = k.

(6) In (5) above, if f is holomorphic (respectively a cusp form) so is g.
Proof. (1) It is clear looking at g-expansions.

(2) Assume f has not exact filtration k, then f = Ag for some g holomorphic of weight
k —(p—1) <0. Then g is holomorphic of negative weight, hence g = 0.

(3) Assume f € R%; is non zero with 1 < k < p— 2. By point (2) f has exact filtration
k. By part 2. of the theorem we must have A0 f # 0.

(4) Let f € R’;VT; olo» | 7 0 and f vanishes at some cusp. Assume f has not filtration
p—1, hence f = gA for some form g of weight ¥’ = k—(p—1) = (p—1)—(p—1) = 0.
Hence g is holomorphic of weight zero, i.e. g is a section in H*(X (N), Oxv)) = K.
But then g is constant. Moreover f vanishes at some cusp and the g-expasion of A
at all cusps is 1, so we must have g = 0 hence f = 0 and this is a contradiction.

(5) If k=0 mod pi.e. r =0 we’re in case 3. of Theorem 4.1. To prove the statement
we use induction on r. Assume r > 1, then £ # 0 mod p. But A0f = 0 so by part
2. of the main theorem f has not exact filtration k, i.e. there exists h € Rfjv_p +

such that f = Ah. Moreover k+r =0 mod p yields (k—p+1)+(r—1) =0 mod p
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and since f and h must have the same g-expansion we have Af(h) = 0. So we may
apply the inductive hypothesis to h and get h = A" ~1¢P for some g € Ré\/ such that
Ip+(r—1)(p—1)=k+1—p. Hence f = Ah = A"¢P with pl+r(p—1) = k.

(6) It is clear looking at g-expansions.

4.3 A derivation for the ring of modular forms

We begin the construction of the operator §. We consider the relative Frobenius
Fabs

/(—\

EP) 2 S K
(p)

\\Xl

It induces a morphism on the first de Rham cohomology:

abs Y(N)

Fr Hip(ED Y (N)) — Hip(E/Y (V)
as follows. The associated map on structure sheaves F rit Opw — Fr.Of extends to

and taking the functor Rlﬂip ) we get

R! (p)FT# Rlﬂ'i 2 E(p)/y( ) — leﬁ )FT* E/Y(N) = RlW*QI?E/Y(N)'
Let U be its image as a sheaf on Y(V) .

Lemma 4.3. U and Hj,(E/Y (N))/U are locally free Oy (n)-modules of rank 1.

Proof. We have the Hodge filtration (Appendix B.2)

00— 7T£ )QE@)/Y( Ny H§R<E(p)/Y(N)) — Rlﬂip)OE@) — 0.

We can then see 7T>£ )Q]}E(p)/y(

particular the restriction of Frobenius to it is zero. Let us check it locally. Assume that
Y (N) is Spec(B), for a K-algebra B. Then E is locally Spec(A) with

Ny = YEG)/Y(N) 85 a subsheaf of HC%R(E(p)/Y(N)). In

A= BIX,Y)/(f(X,Y))
a finitely generated B-algebra. It follows that E(®) is locally Spec(A®)) where

AW = A®p, B2 B[X,Y]/(f?(X,Y)).
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The relative Frobenius on the structure sheaves Fr# : O pw — Fri.Og acts locally as
A FT 4
aQF,,. 1 — a”.

We also have that W*QJJI?:/Y(N) is locally 9}4/3 as a B-module. Hence W,(kp)Q

1
A

1

/B = 9}4 /B ©Fus B as a B-module. As a consequence the Frobenius acts

locally as Q}4(P>/B Llage!

Then Fr* kills 7”0k, o,

sponds to €

114/3 sending da ® 1 to da? = paP~'da = 0.

and factors through the quotient

Hip(ED /Y (N) /70 1y ) 2 B O,
Here it induces the inclusion map in the conjugate filtration (Appendix B.3)

0— Rlﬂip)OE(m — HéR(E/Y(N)) — 7T»(*p)QI%:(p)/YU\f) — 0.

Hence U = Rlﬁ£p)OE(p) and Hn(E/Y(N))/U = Wﬁp)ﬂﬁ(p)/y(m and we conclude since

both are locally free sheaves of rank 1. O]

Lemma 4.4. The open subset Y (N)H%¢ C Y (N) where the Hasse invariant is invertible
is the largest open set where U splits the Hodge filtration i.e.

Hip(E/Y (V) 2w o U.

Proof. Let us work locally on Y(N). Let U C Y/(N) be an open such that both w, R'7,Op
and U are free of rank 1. We pick a local basis {w,n} of Hl,(E/Y(N)) compatible with
the Hodge filtration. This means that w is a local basis for w and 7 projects to the

dual basis 77 to w of R'7r,Op. Similarly we choose by base change through the absolute
Frobenius the local basis {w® n®)} for HL%R(E(Z’)/Y(N)). Then Fr*(w®) =0 and

Fr*(nP)) = Bw + An.

Moreover Fr*(n®)) = F* () L. Projecting to R'r.Og, we have that by definition F%, (1)
is sent to A(7~1(U)/U,w)7 and in the notation above Fr*(n®)) projects to A7 in R'7,OF.
Hence the coefficient A is exactly the Hasse invariant A = A(7~}(U)/U,w). A matrix for

Fr* on U is given by
0 B
0 A

and U is locally generated by Bw+An. Then w and Bw+An span the whole H} ,(E/Y (N))
on U if and only if A is invertible, i.e. U C Y (N)Hasse, O

Remark 4.3. Notice that since U is locally free of rank 1 and we chose an open U such
that U s free isomorphic to Oy (y), we must have that A and B in the proof above don’t
vanish at the same points, i.e. B does not vanish at the zeroes of A.

'Here we denote by F*

s the map induced by the absolute Frobenius on the relative de Rham
cohomology.
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We can now begin the construction of 8. We have the splitting
w®U = Hip(B/Y (N)).
Taking symmetric powers
Sym* Hip(B/Y (V) = o & (U 9 °0) @ o Uk,
The Gauss-Manin connection (Appendix C) extends to a connection
Y Symb (/Y (N)) — Symb HAR(E/Y (V) @ 0L .

We consider the composition of maps:

c_u@k — SymkHéR(E/Y(N))

lv

Sym*H},(E/Y (N)) ® O,

lKS

S SymkHL(E/Y(N)) @ w2

(V)

w®(k+2) @ e

where the third arrow is the Kodaira-Spencer isomorphism in Appendix C.4. Taking
global sections we get

0 - HO(y(N)Hasse’c_d(@k) N HO(y(N)Hasse’géak—l—Q)‘
Proposition 4.3. The effect of 6 on g-expansions is qd%.

Proof. Let [ € R?V and consider the triple (Tate(q),wean, ), where aq is a level N-
structure on Tate(q)/K ((ql/ NY). The g-expansion of f at the corresponding cusp is

fao(q) = f(Tate(q), wean, a0) € K((g"/™).

Let fo,(q)w2E be the corresponding section in HO(K ((¢*/N),w®E). Since all the arrows

r=can

above commute with base change, to conclude it suffices to check that 6(fa,(q)wSk)

corresponds to (qd%fao(q))w%]fl“. We fix a basis of HéR(Tate(q)/K((ql/N))) compatible
withe the Hodge filtration i.e. {wecan, Nean} such that the projection of 74y to wlisa

=can
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dual basis to ween. Thanks to Lemma C.2 we can set 1., = V(qd%)(wcan). By Remark
C.2. we can compute

V(fao(@wE) = V (qdiq) o)) @ 2

d ®k k-1 ( d) ) dq
= S Jao Wean +k Qo Wean Vv . Wean @ —.
(q dqf (9) fao(q) T (wWean) .

With the choices above the image of the relative Frobenius i/ is spanned by V (q%) (Wean)-

Indeed by Remark 3.15. F'r* kills wéﬁ% and F’ r*(néﬁ%) = Nean. Hence applying the Kodaira-
Spencer morphism and projecting modulo ¢/ we obtain

d d
O foo(Q)wik) = qd—qfao(q)w?;’% Wy = qd—qfao(Q)wS’%“-

To conclude part 1) of the main theorem we state the following proposition:

Proposition 4.4. There exists an operator A0 : Rﬁ“\, — Rf\;rpﬂ such that

Ho (Y(N)Hasse7 g®k:> L) HO (Y(N)Hasse7 g®k:—|—2) L HO(y(N)Hasse’ g(X)k—f—p—i—l)

[ [

HO(Y/(N),w®F) A0 » HO(Y(N), w®ktptl),

Proof. We compute a local expression for A0 on Y (N)H%¢ and we prove that it can be
extended to Y(N). As above we work locally and restrict to an open U C Y (NN)Hasse
such that w, R'7.Op and U are free of rank 1. We fix a basis w for w. Let & be
the corresponding local basis of Q%/( N) through the Kodaira-Spencer isomorphism. Let
D € Dery(Oy(xy)) be the dual derivation to §. Define w' = V(D)(w). Then {w,w'} is a
local basis of Hjp(E/Y (N)) compatible with the Hodge filtration i.e. the projection of
w' on w® ! is a basis of R'7m,Of dual to w. As in the proof of Lemma 4.4. after these
choices, U is generated by
Aw™' + Buw.

Moreover we fix a basis u of I such that the projection of v on w®~! is dual to w. Hence
u = MAw’ + Bw) such that AAw' is dual to w. This yields A = A~! and

LB
u=uw+Sw.
Let f € HO(Y/(N)Hasse k) Assume that locally f = f1w®*. We find a local expression
for 0(f) computing 0( f1w®").
V(hw®) = V(D)(w) @ €
= D(f)w™ @ £ + kAwTIV(D)(w) ® €.

2Let us denote by w™! the dual basis of w™! to w. We have V(w) = V(D)(w) ® ¢ and the
composition of arrows defining the Kodaira-Spencer map gives us w — V(D)(w) ® £ —» w1 ® €.
Projecting V(D)(w) is sent to w1
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Applying the Kodaira-Spencer isomorphism we get:
D)2 4 kfw® ! @ V(D) (w) = D(f)w® 2 + kfro™ 1 @ (_gw L u) '
And projecting modulo U
(1) = D(AW? — k2 f1o42
Hence multiplying by Aw®P~! we obtain
AO(f) = (AD(f1) — kBf1)wFtPHL,

The local definition of Af works everywhere and we may extend it to Y (V). ]

We observe that we have defined Af for HO(Y (N),w®¥) for k > 0. To conclude, we
extend the definition to R, for negative k. Let f € HO(Y/(N),w®) for k < 0. By Remark

4.2. we define
B AO(fAPT)

NG for r >> 0.

A0(f) -

4.4 Conclusion

We now prove part 2. and 3. of the main theorem.

Proof. 1. Assume that f € lev has exact filtration k. Then f is not divisible by A,
hence for some zero z € Y(N) of A, the order of f at x is strictly smaller than
the vanishing order of A at x. Fix an open neighbourhood of z as in the proof of
Proposition 4.4. Then we can write locally f = f1w®* and

Abf = (AD(f1) — kfiB)w®FPH,

Under our assumption f; is not divisible by A and by Remark 4.3. B does not
vanish at x. Hence if p does not divide k

ord;(AD(f1) — kfiB) = ord;(f) < ord;(A)
which yields that A does not divide Af(f) i.e. A8(f) has exact filtration k +p + 1.

2. Let f € RI])\? such that A0f = 0. We fix an open subset of U as above and write
f = fiwP*. Then
ABf = AD(fy)wP = 0.

And this can happen if and only if D(f;) = 0 where we chose D to be a local
basis for Dery(Y(N)). We recall that Y (V) is an affine smooth curve over K,
which is algebraically closed, hence perfect. Hence Oy (ny(U) is locally a finitely
generated K-algebra of Krull dimension 1, that is, of the form K[X,Y]/(¢(X,Y))
and the derivation D kills f;. Hence D(f1) = 0 yields that f; = ¢} for a unique
g1 € Oy (n)(U). Hence locally

f D, Qpk __

= gJw®PF = (qrw®F)P.
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We may cover Y(N) by open subsets U of this form. By uniqueness the sections
(g1w®*)P must coincide on intersections. As a consequence they glue to a unique
g € HY(Y/(N),w®*) which verifies f = gP.

O
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Appendix A

Cohomology of sheaves and de
Rham Cohomology

A.1 Cohomology of sheaves

We introduce cohomology for a sheaf on a topological space X.

Proposition A.1. Let (X,0x) be a ringed space. The category Modp, of sheaves of
Ox -modules has enough injectives.

Proof. Let F be an Ox module. The stalk F, is a Ox ;-module. The category of modules
over a ring has enough injectives, so for any x we have an embedding F, — Z, with
T, an injective Ox z-module. Consider the one point ringed space {z} with sheaf Z, and
j : {x} — X the inclusion. Then we define

I: H]*Ix

where j, is the direct image functor, namely j.Z,(U) = Z, if v € U, 5Z,(U) = 0
otherwise, for any U C X. For any sheaf of Ox-modules we have

HomOX (ga j*IZC> = HOmOX.z (g$7 IfE)

Indeed to any morphism of sheaves ¢ we can associate the induced morphism on the
stalks at . Conversely, given an Ox ;-linear map f; : G, — I, we define the morphism
[ = (fu)ucx where fy : G(U) — jZ,(U) is such that: fy(s) = fu(sy) if z € U for a
section s in G(U), fu : G(U) — 0 otherwise. The two are clearly inverse to each other.
Hence
Homo, (F,T) = | [ Homoy (F,jiZy) = [ [ Homoy . (Fe, T2)-
zeX reX

Then the embeddings F, — Z, give us a morphism F — Z which is clearly injective.
To conclude Z is injective, indeed

Homp, (—,7) = H Homo, , (—, Zz)

is exact since Homp, , (—,Z;) is exact. O
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Corollary A.1. Let X be a topological space. The category of abelian sheaves Ab(X) has
enough injectives.

Proof. We consider the ringed space (X, Ox) where Ox is the constant sheaf associated
to Z, then Modp, = 24b(X). O

Now it makes sense to give the following definition.

Definition A.1. Let X be a topological space and I'(X,—) : Ab(X) — 2Ab the global
section functor. The cohomology functors H (X, —) are defined as the right derived func-
tors of (X, —), namely H (X, —) := R'T'(X, —). For any abelian sheaf F, H'(X,F) are
the cohomology groups of F.

Cohomology of a sheaf F can be computed using flasque resolutions.
Lemma A.1. Let (X,Ox) be a ringed space. Any injective Ox-module is flasque.

Proof. Let V C U be open subsets of X. We have an inclusion of Ox-modules
0— OX|V — OX\U

where Ox|, is the sheaf of rings on an open U obtained by the restriction of Ox at U,
extended to zero outside U. Applying Homp, (—,Z), we have an exact sequence

HOID@X (0X|U>I) — HOIH(’)X (OX\V,I) — 0.

To conclude we have Homp, (Ox,,Z) = Z(U). Indeed to any section s € Z(U) we
associate the morphism Ox |, — Z defined as follows. For any W open in U, the map
Ox (W) — Z(W) is the unique Ox (W )-linear map sending 1 to s|,,. Conversely, any
morphism Ox |, — Z, gives a Ox(U)-linear map to Z(U), uniquely determined by a
section in Z(U). Hence we have that Z(U) — Z(V) — 0. O

Proposition A.2. Let F be a flasque sheaf on X, then H (X, F) =0 for all i > 1.

Proof. We prove it by induction on i. Let Z be an injective object such that F embeds
into Z. Then we have a short exact sequence 0 — F — Z — G — 0 where the sheaf
G is flasque. Moreover we have the exact sequence of global sections

0 —TI'(X,F) —I'(X,Z) —I'(X,G) — 0

which proves the statement for ¢ = 0. The long exact sequence of cohomology together
with the fact that H*(X,Z) = 0 for i > 0 yields

i —0— HY(X,G) — H(X,F) —0---
Using the inductive hypotesis we have H*(X,G) = 0 and we conclude H**}(X, F) =0. O

Remark A.1. This proves that any flasque sheaf is acyclic hence we can compute coho-
mology using flasque resolutions.
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A.2 Cech cohomology

Let X be a topological space and let U = {U;};c; be an open covering of X. For any
finite indexes g ...2, € I we denote U, N ---NU;, = Uj,..;,- Let F be an abelian sheaf
on X. We build the Cech complex as follows: for each p > 0

I 7wi.s)

f0<-<ip
d°: CPU,F) — CPTH U, F)
a— dP(a)

where
p+1

(@ (@i ipr = Y (V0 5 iy
k=0

Here the hat on the index means that we cancel it from the string.

10+ ipt1

Definition A.2. Let X be a topological space and U be an open covering of X. We define
the p-th Cech cohomology group

HP(U, F) = HP(C*(F,U)).
Lemma A.2. For any X, U, F as above HO(U,F) =T(X, F).
Proof. Let
& U, F) = [ Fw) — ', F) = H]—“UﬂU
el

(zi)ier — (l”j\% - xi\Uij)i,j-
Then HO(U,F) = H(C*(U,F)) = kerd” and by the properties of sheaves

0— F(X)— [[Fr) — [[Fwin)
el 1,

is exact hence F(X) = I['(X,F) = ker d. O

Definition A.3. Let X be a topological space. For any open U C X we let f : U — X
be the inclusion map. We construct a complex of sheaves C*(U,F) on X as follows: we
fix an open covering U of X and for each p > 0 we let

U, F)= [ FF, ) and d:C°WU,F) — P U, F)

19<---<lp
where d acts on sections as described above. Then clearly T(X,CP(U, F)) = CP(U, F)

Lemma A.3. For any sheaf of abelian groups F on X, the complex C*(U,F) is a reso-
lution of F i.e. we have natural maps such that

0—F -CWU,F)—C'U,F) — ... (A1)

18 exact.
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Proof. We build € : F — [],c; f«(Fj,. ) considering F — f.F|  for any i and taking
the direct product. The exactess of the first step follows from the sheaf axioms for F.
Indeed for any V' C X we have that

0— F(V) — [ [ £:F., V) = [[Fvt) — [] £-Fum, V) = [ FvnUinw;)
iel iel ijel ijel
is exact since V' N U; is an open cover for V. To show the exactness of the complex we
check it on stalks. Let x € X, x € U; for some j. For each p > 1 we build
K CPUF)y — CP U F)a

as follows. Any a, € CP(U,F), is the class of an element o € CP(U, F)(V) for an open
x € V. We may assume V' C U;. We let (kP())ig...i,-1 = Qjiy...i,_,- Notice that it makes
sense since o € Hm:p FUrNV)and Ui, , NV =Uiy.iy o, NU; NV = Ujgy iy NV

One has a, = kgﬂdﬁax + df;_lk:gozx. Indeed

(_1>l—|—1a

WE

p+lp N (AP — e
(k d Oé)’LO...Zp — (d a)]ZO...Zp - a’to...lp|Ui0 in + jlolllp U )
ig...ip

N
I
o

p

p
(dp_lkpa)io...ip = Z(_1)l(k:p(a))i0...{l...ip|U_ Z(_l)laﬁmu{l.-iﬂu.

l:0 iQ.--ip l:O iQ..-Ip

Summing the two and restricting to Uj,..;, NV we obtain a. As a consequence we get
equality on stalks. The complex of stalks is nullhomotopic and we conclude that it has
zero cohomology groups i.e. it is exact. O]

Proposition A.3. Let X be a topological space and F a flasque sheaf on X, U an open
covering of F. Then HP(U,F) =0 for p > 0.

Proof. Let us consider the resolution above 0 — F — CO(U, F) — C* (U, F) — ...
then C'(U, F) = Iy, feFy, 1s flasque (Fj,
product of flasque is flasque). So we can compute the usual cohomology groups using this
resolution. We know H'(X,F) = 0 for i > 0 since F is flasque. Taking global sections
we obtain the Cech complex

is flasque, f. preserves flasque sheaves and

0— F(X) —T(X,Co%U, F) — (X, C U, F)) — ...
and taking cohomologies we recover H* (U, F). But
HY(T(X,C*(U,F))) = RT(X,F)=H(X,F)=0
for i > 0 then H'(U,F) = 0. O

Proposition A.4. Let X be a topological space and F a sheaf on X, U an open covering
of X. For every p > 0 we have a natural map:

HP(U, F) — HP(X,F).
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Proof. Let 0 — F — Z° be an injective resolution for F and 0 — F — C*(X,F)
the resolution above. Using injectivity we build a morphism of complexes

e*:C*U,F)— 1"
as follows. Since ZU is injective we have the existence of ¢° such that

F e CO(U, F)

l -

70"
commutes. Similarly let
K% =ker (C'(U,F) — C*(U,F)) = im (C°U,F) — C' (U, F)).
Applying the universal property of cokernels we obtain 51 such that

Fe—s U, F) — K°

\ l¢° l&i

v ——— 5 7L

Moreover injectivity of Z' yields the existence of 51 such that

commutes. Applying iteratively the argument above we build ¢’ : C'(U, F) — T
Taking global sections and cohomology we conclude

(0(X0%)

HI(X,C* U, F)) = B, F) ™" HI(T(X,T*) = HI(X, F).

]

Theorem A.l. Let X be a noetherian, separated scheme. Let U be a finite affine cover
of X and F a quasi coherent sheaf on X. Then for any p > 0

HP(U, F) =~ HP(X, F).

Proof. For p = 0 we have HO(U,F) = I'(X,F) = H°(X,F). For the general case, we
embed F into a flasque sheaf G and get a short exact sequence of quasi-coherent sheaves

0—F —G—R—0.
Since F is quasi-coherent and Uj,. ;, is affine we obtain for any index I = ig.. .1, that

0 — F(Ur) — G(U;) — R(U;) — 0.
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is exact. As a consequence we have a short exact sequence of complexes
0—C*U,F) —C*U,G) — C*(U,R) — 0.
Taking cohomologies, recalling that G flasque implies HP(U,G) = 0 for p > 1, we have
0— HU,F) — A'U,G) — AU, R) — H'WU,F) — 0

and
H7Y U, R) = H (U, F).

Hence

0 — HU,F) — H'U,G) — H°U,R) — H'U,F) —— 0

| | | |

0 — HWU,F) — H'U,G) —— H'U,R) —— H'(U,F) —— 0

which yields
HWU, F)= H U, F).

We conclude by induction on p, using that H?~1(U, R) = HP(U, F) and the fact that R
is quasi-coherent. O

Remark A.2. If X is affine we easily conclude thanks to Theorem A.1 that for any quasi
coherent Ox-module F on X
H' (X, F)=0

since we may compute Cech cohomology choosing as affine cover U = {X}. Hence any
quasi coherent sheaf on an affine scheme s acyclic.

Moreover let X be any noetherian, separated scheme. For any affine open U; we denote
by f : Uy — X the corresponding immersion. It is an affine morphism so fy is exact.
Then JF|, 1s quasi coherent on an affine scheme and hence acyclic. We conclude that also
f*]:|Ui islacyclic on X. Then [, f*~7:|U, is acyclic and (A.1) is an acyclic resolution of
F.

A.3 An explicit computation for elliptic curves

Sheaf cohomology for quasi-coherent sheaves over quasi-compact and separated schemes
can be computed using Cech cohomology. We will give an explicit example in the case of
an elliptic curve over a field.
Let k be a field. For simplicity we assume k = k and chark # 2,3. Let E/k be an elliptic
curve. Then we may assume

E = Proj (k[X,Y, Z]/(Y?Z — X® —aX Z* - bZ?)) .

We recall that Q' /i 18 a locally free sheaf of rank 1. In the affine open {Z # 0} E is
locally
Spec (k[X,Y]/(Y? = X® — aX — 1))
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and a basis is given by w = %. We notice that Y2 = X3 + aX + b yields
2YdY = dX(3X% + a)

hence:
dX 2dY

Y  3X2+a
and 3X2 4 a # 0 if Y = 0 since X3 + aX + b has no multiple roots. Hence we may write

dX
HO(E, QIE/k) - 7]{3

Moreover we recall that HY(E, O) = Op(E) = k. Let us fix P # @ € E distinct points.
Ifweset U=E\{P}and V = E\{Q} then U = {U,V'} is an affine cover for the elliptic
curve. The associated Cech complex is

Op(U) & Op(V) % 0pU N V)

(fs Iv) — Vg = JUbv-
Then it is clear that H"(E,Og) = 0 for all n > 2. So we're only left to determine

Op(UNV)

where imd” = {fyy € Op(UNV), fov = vy — JUlpar - We recall the following

result.

Theorem A.2 (Riemann-Roch). Let D = ZP npP be a divisor on E and for any open
UCE let
Lp(U)={f€kE) :ordp(f) >—np, PecU}

and let 1(D) = dimy,(H°(E,Lp)). If D >0
I(D) = degD.
Proof. For a proof and a more general statement see [4] Chapter 4. O

Now we notice that if D = (P) then [(D) = 1 and since 1 € Lp(F) we must have
Lp)(E) =k i.e. there are no regular functions on £ with only one pole.
Moreover let us consider D = (P) + (Q). If f € Lp(E) then ordp(f) > 1, ordg(f) > 1
and ordp(f) > 0 for R # P,Q. But I(D) = 2 yields the existence of f € Lp(F)\ k. So f
has at least one pole and we conclude by the observation above that ordp f = ordg f = —1.
Then Lp(FE) =k @ fk and moreover 1, f € Og(UNV).

Proposition A.5. We have that
HY(E,Op) = [k

In particular HY(E, Og) is a one dimensional k-vector space.
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Proof. By definition H'(E,Op) = -—22U0V) ___ We claim that [1] = 0 and [f] # 0.

N {fU\Umv _fV\UmV}

Indeed, 1., € Op(UNV) and 1, = (1,)5ny — (O,)jyy SO it is clearly in imd".
Moreover [f] # 0. Assume f = fy,., — fv|,., for fu € Og(U) and fy € Og(V).
Notice ordg(frr) > 0 and ordp(fy) > 0. Hence

—1 = ordp(f) = ordp(fU|yny — fV|pmy) = ordp(fu)

and fy is a regular function on E \ {P} which has a simple pole at P and we conclude

that it must then be constant. Similarly

—1 = ordq(f) = ordq(fu |y — fviyay) = ordo(fv)

hence fy is regular on E \ {@Q} and has a simple pole at @), then it must be constant. So
f is constant and this is a contradiction. Thus we have [f]k C H'(E,Og). To conclude
we check that equality holds. We consider multiple cases:

i)

ii)

iii)

Let [g] € HY(E,OR), g € Og(UNV). Suppose ordpg = —1 = ordgg. Then
g€ Lp(F) hence g =1-a+ f-b. We conclude that

9] = [Ya + [f]b = [f]b € [f]k.

Let g € Og(UNV). Suppose ordpg < —2 and ordgg > 0. Then we claim that
[g] = 0. Indeed since g is holomorphic at () we have that g is regular on U = E\{P}.
Hence g = (g‘U) — (O|V)|Um, € imd" i.e. [g] = 0.

|UﬁV

Let g € Og(UNV). Suppose ord,g = —2 and ordgg = —1. Let T" be a uniformizer

at P. Then )

T2+T+

for some a,b € k. Let D' = 2(P). By Theorem A.2.

agp =

dimy,(HY(E, Lp/)) = deg D' = 2.

So there exists a non constant h € H°(E, Lp/), namely ordph > —2 and ordgh > 0
for R # P. Moreover we must have ordph = —2 otherwise h would be constant.

Hence
d
T2 t7 T -
with ¢ # 0. We also have that h is regular on U ie. h, € Og(U). We set
91 =g+ (Z8) Dy then g = g+ (32) hyyy =0 =g+ (Z2) by — 0 e

[g1] = [g]. Furthermore

hp =

n ( )h a N b n a c ad n
Np =gt \")" T Ty cT2  ¢T
namely ordp(g1) > —1 and ordg(g1) = —1 since g has a pole of order 1 at @ and
h is regular at (). This yields g € H*(E,Lp) and g1 = - 1 + 3 - f. We conclude

[91] = [g] = B[f] € [f]k for B € k.



iv) Let g € Og(UNV) and suppose ordpg = —n and ordgg = —1. We use induction on
n. The case n = 2 has been proved above. Assume n > 2 and consider the divisor
n(P). Then dimy(H(E, L,p))) = n. Notice that dimy, H*(E, L,_1)p))) =n — 1
and L(,—1y(p) C Ly, (p) hence there exists h € L,,(py \ L(—1)(p)- Then we must have
ordph = —n and ordrh > 0 for R # P. Let

c d

hpZYTn—i-m—l—...
for ¢ # 0 in k and
a b
gpzﬁ_'_Tnfl—i_'”

Notice that h is regular on E \ {P} = U. We set

a
g1 =g — Ehh’w'

Then g1 = g — ¢hy,., — (0, )|,y namely [g1] = [g]. Moreover
a b a c
R T T 0

i.e. ordpgr > —(n —1) and ordgg) = ordgg = —1 since h is holomorphic at Q). By
the inductive hypothesis [g] = [g1] € [f]k-

v) Finally let ordpg = —n and ordgg = —m. We use induction on m. If m =1 it’s
the case above. Assume m > 1. As above we consider m(@) and apply Riemann-
Roch Theorem to it. We find h € HY(E, Ln@) \ HY(E, L(m—1)(Q)) and we must
have that ordgh = —m and h is regular elsewhere, namely h € Og(V). We fix a
uniformizer at () and we write

b c d
QZT—m—i-Tm_l—i—..
and
a b
9Q = m T pmo1 T

and we set g1 = g — ¢h,, — (0},) Then [g] = [¢1] and g1 has a pole of order

‘Unv‘
—n at P since h is holomorphic in V' and g has a pole of order —n at P. Moreover

ordggi > —(m — 1). We use the inductive hypothesis to conclude [g] = [¢g1] € [f]k.
]

Remark A.3. Through our computation we found that
dim, HY(E,0p) = 1 = dim;, H(E, Q}M).

Indeed the two are dual by Serre’s duality.
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A.4 Higher direct image

We go back to our more general setting and give the following definition.

Definition A.4. Let f: X — Y be a continuous map of topological spaces. The higher
direct image functor R'f, : Ab(X) — Ab(Y) is defined as the right derived functor of
the direct image functor fy : Ab(X) — Ab(Y).

Proposition A.6. For eachi > 0 and each F € Ab(X) , R'f.(F) is the sheaf associated
to the pre-sheaf '
V— Hl(f_l(v)aﬂffuv))

onY.

Proof. Let us denote by H!(X, F) such a sheaf. Then
HI(X,—) : AB(X) — Ab(Y)
form a d-functor. For ¢ = 0 we have
H(X, F)(V)=H(fTH V), A, ) = LF(V)

for any V ie. HY(X,—) = f. by definition. Moreover the R'f,’s are the right derived
functors of f,. Let Z € Ab(X) be injective . For any open V, we have that I|f71(v> is
injective in Ab(f~1(V)) so Hi(ffl(V),I“il(v)) = HY(X,Z)(V) = 0 for i > 1. Hence
H(X,T) = 0. Then H'(X,—) is a universal d-functor such that H°(X, ) = f,.. We
conclude that H'(X, —) = R'f. must hold. O

Proposition A.7. Let X be a Noetherian scheme, f : X — Y a morphism of schemes,
Y = Spec(A) affine. Let F be a quasi coherent Ox-module on X, then

—~—

R f.F = H{(X,F).

Proof. Under our assumption f,F is quasi-coherent, in particular since Y is affine we must

—_ N —_—

have f.F = T'(Y, fo. F) = I'(X, F) so the claim is true for ¢ = 0. Moreover the H*(X, —)’s
form a J-functor. Any quasi coherent sheaf embeds into a flasque, quasi coherent sheaf
and cohomology vanishes for it. Then the right hand side is an effeceable ¢-functor, thus

~—

it is universal and we must have R'f,F = H!(X, F). O
To conclude this section we state the following result.

Proposition A.8 (Projection formula). Let f : X — Y be a morphism of ringed spaces.
Let F be an Ox module and let € be a locally free Oy -module of finite rank. Then

Rif* (F @0y [fe) = Rif* (F) ®0y €.

Proof. For i = 0 we recover the projection formula for the direct image functor f, and
locally free modules (see [4] Chapter 5). For the general case, we use the fact that £ and
f*e are locally free hence flat so the associated tensor functors —®p, € and —®p, f*c are
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exact and thus commute with cohomology. Given an injective resolution 0 — F — Z°
for F, we have that 0 — F ®p, ffe — I°® ®p, fc is an injective resolution for
F @0y f*e. Applying f. and taking cohomology

le*(f ®OX f*{-j) = Hl(f*(z. ®OX f*€>>
The projection formula for f, yields

H'(f(I* ®o, [*e)) = H(f.I° ®o, €) = H'(f.I°) ®o, ¢ = R'f. (F) ®o, €.

A.5 Hypercohomology and de Rham cohomology

In this section we define hypercohomology and give a way to compute it. We start with
a general definition.

Definition A.5. Le A be an abelian category that has enough injectives. A right Cartan-
Filenberg resolution I** of a cochain complex A® is an upper half plane double complex
of injective objects IP? with an augmentation map € : A® —s I*9

0,1 1,1
[0’1 5—) 11’1 6—) .. [p’l — [p—|—1,1 —
0,0 1,0 p,0 p+1,0
€V el eP P!
0 % 1 94 +1
A > A > AP —Z APTL ———

such that
1. If AP =0 then IP* = 0.
2. The maps on coboundary and cohomology

BP(e) : BP(A®) —» BP(I°,6°)
HP(e) : HP(A®) — HP(I*,5°)

are injective resolutions for BP(A®) and HP(A®).

Remark A.4. Here by BP(1°,6°) we mean the cochain complex where the q-th term is
BP(I*?) = im (51’_1"1 S Ll S Ip’q). We denote by ZP(I®,0%) the cochain complex
where the q-th term is ZP(I*9) = ker ((5”"1 D IPY — ]p+17q>. Hence HP(I®,6%) is the
complex whose q-th term is HP(1®,89) = ZP(1*1)/BP(1*?). Under these assumptions

eP L AP — [P

15 an injective resolution.
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Definition A.6. Let F': A — B be a left exact functor and assume that A has enough
ingectives. If A® is a cochain complex in A and A®* — I** a Cartan-FEilenberg resolution.
We define

RIF(A®) = HY(Tot®(F(I**))

where Tot®(F(I%*)) is the total complex associated to F(I**). Then
R'F : Ch(A) — B
are the right-hyperderived functors of F.
In the case of sheaves we give the following definition.

Definition A.7. Let X be a topological space and let F* be a complex of sheaves on X.
The hypercohomology H' (X, F*) is defined as

RT(X, F®).

This generalizes sheaf cohomology to complexes of sheaves. If I® is a bounded below
complex of injective sheaves then H'(X,TI®) = H'(I'(X,Z°*)).

We now give a construction using Cech cohomology. Let X be a quasi-compact and
separated scheme over a field k. Assume that we have a complex of quasi coherent O x-

modules: . ) ,
DR SN AN

We choose a finite affine cover U = {U;}i=o,... n of X. For any ¢ we have the Cech complex

1

cU, s U, s L e, s L

By Remark A.2. it is an acyclic resolution for S°.
Moreover d' : S* — S**! induces maps:

, ‘ : 1 di , , ,
cus)- [ swn'"Howsy- I st
140, ) |I]=j+1 140, .} |1]=j+1

which we will keep denoting by d’ for simplicity. Taking sections we obtain the double

complex
] A e 4

C?(U,SY) N C2(U, S _d C2(U, S AN C2(U, Si+1) AN
ol o o1 "

ctu, S &, o\u, S _d ., c\(U, S _d LU, s _d*
o o o 7

WU, 8" o COUS) T OO T O, ST)
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where each square
Citl(u, S _d CitL(UY, S
dl dl
ciu, 8 —L— iU, St

commutes. We denote such a double complex by C*(U,S*®). Taking the total complex
associated to it we have

"U,S*) @cpusq Doty 8% = EB CP(U, S9)
p+qg=n p+qg=n+1

where
(Dn(c))a,ﬂ _ dﬁ—lca,ﬂ—l + (_1>a—15a—10a—1,ﬁ‘

The i-th hypercohomology is
H (U4, S®) = ker D' /imD" L.
Definition A.8. Let X be a quasi-compact, separated, smooth scheme over k. The De
Rham complex QS(/k- 15 the complex:
d 1 d 2
Ox — QX/k — QX/k —
where Q /\ oF X/k

Definition A.9. The de Rham i-th cohomology of X is defined as the i-th hypercohomolgy
of the de Rham complex i.e.

Hjp(X) = H'(X, Q% k).

Now we see another explicit computation in the case of an elliptic curve following the
construction above. Let E/k be an elliptic curve. As in the previuos section we fix points
P # @) € E and affine open subsets U = E\ {P} and V = E\ {Q} such that Y = {U,V'}.
The associated de Rham complex is

d

Indeed Q% = 0 for ¢« > 2 because the sheaf of differentials is locally free of rank 1. The
double complex is given by

CYU,08) = 0p(UNV) —L 5 (U, Q) = U UNV)

d 1

COU, Op) = Op(U) ® Op(V) — CO(U, i) = Qpp(U) & Qp (V).

And the total complex is

D° D!
TOE,QY ) 2 THE, QY ) 2 TAE, Q3 ,)
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where
T(E, Q) = Op(U) & Op(V),
T, Q) = Op(U N V) @ (2}, (U) © (V)
T*(E, Qo) = leE/k(U nv).

The maps are defined as

D°(fu, fv) = (FViuw — JU oo Afus dfv),
DY fov,wu,wv) = dfuv + wv |y, — WU gy -
Hence
H)p(E) = ker D°
={(fu, fv) € Or(U)® Or(V) : fuiyny = Viemy» dfu =dfv =0}

= Ogp(E)
=k

and H}p(E) = ker D' /imD° where

ker D' = {(fuv,wu,wv) : dfov = wujym — OV jpar b
imD° = {(fv|yny = [0 dfvs dfv), (fu, fv) € Op(U) ® Op(V)}.

Lemma A.4. We have a k-linear injective map

6 H(E, QL ) — Hig(E)

W — [(O,w|U,w|V)].

Proof. To begin (0,w),,w), ) is a cocycle since (W, )|,ny — (W), )yny = 0. Assume that
¢(w) = 0. Then w), = dfy and w),, = dfy for some fy € Op(U) and fy € Op(V) such
that fv|,., — fu|yny = 0. Then fy and fy glue to an f € Op(E) = k. The fact that
w = df = 0 allows us to conclude. O]

Proposition A.9. We have a short exact sequence

0 — HY(E, Q) -2 Hip(E) % H'(E,0p) — 0

where Y([(fuv, wo,wv)]) = [fov].

Proof. We have already checked that ¢ is injective. Now we check that 1 is well defined.
Let ((fu)jyry — (FV)jpays dfu, dfy) be in imDY i.e. its class in the de Rham cohomology
is trivial. Then it is sent to the class of (fu)|,., — (fV)|,,, In HY(E,Og) which is clearly
Z€ro.

Moreover ¥(¢(w)) = ([0, w),,w}, ]) = 050 it’s immediate that t)o¢ = 0. On the other hand

let [(fov,wu,wy)] in Hyp(E) be such that fuv = (fv),0, — (fv)jyny for fv € Op(V)
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and fy € Og(U). Then [(fuv,wu,wv) — (fuv, dfu, dfv)] = [(0,wy — dfy, wy —dfy)] = a.
We clearly have [(fyy,wy,wy)] = a and

(wWo = dfv) |y — @V = dfv) |y = (@0 15y — @) jgey + (V) 1oy — (df0) 10y

= (W) jony — (W) |y +dfuy =0

since (fyy,wy,wy) is a cocycle.
To conclude we prove that 1 is surjective. We first assume that P = O the origin point
of the elliptic curve. Assume that FE is locally given by

Y2=X34+aX+b

and that w = % is the nowhere vanishing differential. Let n = X %. We notice that
n has order —2 at P and no residue. Moreover let f € Og(U NV) such that [f] # 0 in
HY(E,Og), namely ordpf = ordgf = —1. Then

f)/

with v # 0. We let 1 = n+ %df Then 7; is regular at P, hence on E \ {Q} i.e. 1 €
Q}E/k(v)' We set wy = n|, € QlE/k.(U) and wy =, € Q}E/k(V) and fyy = %fhmv.
Then (WU)|UOV — (V) gy = %dfhmv = dfyy. This proves that (fyy,wy,wy) is a cocycle
and we may call § = [(fyv,wy,wy)] € Hin(E). Then ¥(5) = [fyy] is a generator for
HY(E,Op) and we conclude that 1) is surjective.

If P # O we use Riemann-Roch theorem. We let [f] € H'(E,Og) non zero, namely
ordpf = —1 = ordg f. We have [(2(P)) = 2 = [(2(Q)) so we find fy € HO(E,£2(p)) \ k
and fy € HO(E,EQ(Q)) \ k. We must have ordpfyy = —2 = ordgfy otherwise they
would be constant and fy € Op(U) and fy € Og(V). Let w be the canonical nowhere
vanishing differential, we set wy = fyw), € QlE/k(U) and wy = fyw, € Q}E/k(V).
Then a = (fuw)yny — (FVW ) € Q}E/k(U N V). Moreover df € QlE/k(U nv)
has a double pole at P and @) and QlE/k(U NV)is a Og(U N V)-module of rank 1.
Hence a = gdf for some g € Og(U NV). Taking orders at P and (), we must have
ordpg = 0 = ordgg. Hence g is holomorphic on £ and thus must be constant. It cannot
be zero otherwise o would be zero. Then d(gf) = gdf = a = WU |y — WV gy 18 @ cocycle.
Hence ¥([(gf, wu,wv)]) = [9f] = g|f] a generator for H'(E, Og). We conclude that 1 is
surjective. O

Corollary A.2. dimy(H}(E)) =2 and [w],[d] above are generators.

Remark A.5. The exact sequence above is called the Hodge filtration. We proved that it
holds in the case of an elliptic curve over a field k. In the next section we will see how it
appears from a more general setting. In particular we will analyze the case of curves over
a field of positive characteristic.

In [8] A1.2.3 Katz shows that the first de Rham cohomology of an elliptic curve E/R
is nothing other than the module of differentials on E/R having at worst double poles at
the identity section oco. In our case the argument goes as follows.
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Remark A.6. Let E/k be an elliptic curve over a field k and assume char(k) # 2,3. Let
Op(c0) = L) be the sheaf of holomorphic functions with at worst one simple pole at
0o. Let QL (200) = QL @ ﬁ(QOO)J. The inclusion of complexes

Op(oc) — QL (200)

J J

Op —— ql,

1s a quasi-isomorphism. Taking hypercohomology one finds that
Hyp(E/k) = H'(B, Q%) = H' (B, Q3(200)).

Using Cech cohomology one easily sees that H'(E, Og(c0)) = 0 = HY(E,QL(200)) and
also

H'(E, Q% (200)) = coker (OE(OO)(E) R Q};(2oo)(E)> .

By Riemann-Roch Theorem Og(o0)(F) = HO(E,E(OO)) =k hence d is the zero map. We
conclude

Hlin(E/E) = HY(E,QL(200)).

Again by Riemann-Roch H%(E,Q},(200)) has dimension 2. Clearly the holomorphic
differential 4X is in HO(E, QL (200)). Moreover X %X is a section in Q}(200) and has
exactly a double pole at oco. The two must be a basis.

Remark A.7. The pair

dX dX
= — = X_
R e
is a basis for Hin(E/k) through the identification of H)n(E/k) with global differentials

having at worst double pole at co. ?

To conclude we go back to the general case and give the definition of the sheaf of
relative de Rham cohomology .

Definition A.10. Let 7 : X — S be a smooth k-morphism of smooth k-schemes. The
relative de Rham cohomology of X/S is the sheaf on S

Hip(X/S) = Rim. (2 5).

Notice that for any f € Og(00) the differential df has a double pole at oo hence is in Q% (200).
2Notice that such a characterization could have been easily deduced by the explicit compu-
tation above.
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Appendix B

The Hodge filtration and the
conjugate filtration

The aim of this section is to introduce the Hodge filtration and the conjugate filtration
for a smooth curve X/S over a field of positive characteristic K. This is the setting of
Lemma 4.3 in Chapter 4.

B.1 Some results about spectral sequences

We first recall some general facts about spectral sequences.

Definition B.1. Let A be an abelian category. A spectral sequence starting at page a is a
collection of objects { EX},>q pqez and morphisms d? : EpT — EPTTOTL gk that

1 dErITT o g = ),

2. EPY) = ker d fimd? 4!
We denote by {EX?, df’q}p’qez the r-th page of the spectral sequence.

A spectral sequence is bounded if for each n and r there are only finitely many nonzero
terms of total degree n in E,°. If this is the case, for any fixed p, ¢ the sequence { EX'?},>,
stabilizes. We denote EB! = EPY for r >> 0. Moreover if rg is such that

p7q— P,q —_— e e — p7q
Ept =EN = = B

for all p, g we say that the spectral sequence degenerates at page rg.

Definition B.2. We say that a bounded spectral sequence {Ef’q}rzm p.geZ converges to a
compler H®* = {H"},c7 if there ezists a filtration F*H® of H®, i.e. for any q

F*H?:...C FPHigic FPHYI C ...

such that FPHPT4/FPHLrya = EBA - We denote EY? —> HPTY,
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Let now (C*,d®) be a cochain complex in A with bounded filtration F*C* that is
0C.--CFPHICIC FPCIC ... C FOCT = (1

such that d? : FPCY —s FPCIT! for all p, q. We denote by grP(C®) the complex of graded
preces ' ' .
gr?(C") = FPC'JFPHIC!

Remark B.1. The fitration on C*® naturally induces a filtration on cohomology F'*H4(C*®)
namely
FPHY(C®) =im (HY(FPC*) — HY(C?®)).

Moreover if the filtration on C*® is bounded also the filtration F*HY(C®) is bounded since
FPC® =0 implies FPHY(C*®) = 0 by definition for all q.

Theorem B.1 (Covergence). Let F*C*® be a bounded filtration of a cochain complex C*.
Then it naturally determines a spectral sequence with

E(I)Lq — chvarq/FzH-lCZH-q7
EPT = P (grPC*),
EPY = griP HPH(C®).

We write
EPT .= HPT(giPC®) = HPTI(C®).

Moreover page 1 maps
@ ;P (grh) s FPE (g (%))
are the connecting maps on cohomology rising from
0 — gr?TlC® — FPC®/FPT2C® — giPC* — 0.
Proof. See Theorem 5.4.1 and Theorem 5.5.1 of [18]. O

Remark B.2. Let A be an abelian category with enough injectives and A € A an object of
finite filtration F*A. We can construct from below a filtered injective resolution A — I°®
such that F*A — F*I® is an injective resolution.

Proposition B.1. Let A € A and F*A as above. Let T : A — B be an additive left
exact functor. There is a convergent spectral sequence such that

EP? = RPHIT (grP A) = RPTIT(A)
with page one maps
d'? . RPHT (P A) — RPHITIT (Pt A)
being the connecting maps of the functors RPTIT for the exact sequence
0 — g™ A — FPA/FPT2A — giPA — 0.
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Proof. Thanks to Remark B.2. we may fix a filtered injective resolution A — I*® such
that FPI® is an injective resolution of FPA for any p. Applying T" and recalling that it is
left exact we get

Hence TF*I°® is a bounded filtration of TI®*. We apply the convergence theorem with
C*®:=TI® and FPC*® :=TFPI*. We obtain

EVY = HPT9(grPTI®) = HPYYTI®) = RPTITA.
Moreover we have short exact sequences:
0 — FPHIG — 5 FPI9 — 5 P9 —— ()

which split since FPT1]9 is injective, hence grPI? is injective for any ¢ since direct sum-
mand of an injective object. Then

grP A — orPI*®
is an injective resolution for gr’ A. We conclude
RPTIT (grP A) = HPYY(TgrP1®) = HPT9(grPTI®).
O

Remark B.3. We will deal with the case of a cochain complex C*® in ChZO(A) and the
functor ROT : Ch=%(A) — B. Recalling that R'T are the left derived functors of ROT,
the proposition above yields a spectral sequence:

EPY = RPHIT(grPC*) = RPHIT(C*)

B.2 The Hodge filtration for the de Rham complex

We will follow Katz’s argument in [7]. Given a complex C* in an abelian variety A there
is a natural way to define a filtration on it.

We construct the Hodge filtration F*C*:

0if ¢ < p,
P(O) —
B {qufq>p.
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We have that gr’C® = FP(C®)/FP+1(C®) = CP[—p] is the complex consisting in the object
CP in degree p and zero elsewhere. Then RPTIT(gr?C*®) = RIT(CP) and convergence
yields a spectral sequence:

EyP1 = RIT(CP) = RPTIT(C®).

Let now X — S be a smooth scheme over a field k. We denote by Q1% the de Rham
complex of X and QS /s the de Rham complex of relative differentials. We apply the
construction above to 2% with 7" = I'(X, —) and we get

BP9 = RIT(X,0%) = HY(X, Q%) = RPMI(X,Q%) = H(X).
Applying the construction above to Q% /8 and T' = m, we have
B = Rim (O g) = RPHIm(QYq) = o(x/s). (B.1)
Definition B.3. We call (B.1) the Hogde-de Rham spectral sequence.

Let now X/S be a smooth curve over a field k. By an argument of Deligne and Illusie
in [2|] we have that (B.1) degenerates at page 1. Convergence tells us that we have a
filtration on the relative de Rham cohomology F*Hj,(X/S) such that

g’ HYPI(X/S) = EqP.

Remark B.4. Let p+q = 1. The first two terms of the above filtration appear in the
exact sequence

0 — FIH}o(X/S) — F'H}o(X/S) — e’ Hin(X/S) — 0.
For a curve we have Q?X/S =0 hence
20
By Remark B.1. we also have
F?Hyp(X/S) = FRma(Q%/5) = 0

hence

Fch%R(X/S) = grlHéR(X/S)
Rewriting the sequence above we get the Hodge-de Rham short exact sequence:
0 — R'mi(Q/5) — Hyp(X/S) — R'm(Ox) — 0.

Furthermore we have another natural ascending filtration on a complex C*®. The
canonical filtration (see 2.2.2 [7]) is defined as

C1 if g < p,
T<pC? = < ker(d9 : C9 — C9TY) if g = p,
0 if g >p.

78



To obtain a descending filtration we set FPC*® = 7<_,C*. The graded pieces of I’ are
grPC'* = H™P(C*®)[p] and convergence yields

BP9 = RPHT(HP(C*)[p]) = RPHT(HP(C%)) = RPHIT(C*)

with page 1 maps R¥PTIT(H P(C®)) — R?P2HT(H-P~1(C*)). Replacing (p,q) by
(—q,p + 2q) we obtain a spectral sequence starting at page 2

EoP = RPT(HY(C®)) = RPTIT(C®).

Again we consider X /S smooth schemes over a field k. We apply the construction above
to the relative de Rham complex Q5% /s in order to get:

EyP? = RPm (HY(QY 5)) = HIEU(X/S). (B.2)

B.3 The conjugate filtration

Let m : X — S be a smooth morphism of schemes, S a smooth scheme over a field
k. Moreover we assume that k has positive characteristic p. The absolute Frobenius
Fops : S — S, which on sections corresponds to raising to the p-th power, and the
relative Frobenius X — X fit in a commutative diagram

Fabs

m

X — x) 25 X

\ lﬂ_(zﬂ) T
F bs

a

S —— 5

where o o F'r = F,, is the absolute Frobenius on X (see Chapter 3.5).
The following theorem holds:

Theorem B.2 (Cartier). Let X/S be smooth morphisms over a field of positive charac-
teristic p. There exists a unique morphism of Ox ) -algebras

P Vi s — D H (Fr0y )
such that

Ch i Oy g — H (FriQ%)s)

1

sends a section v ® 1 of QX(p>/S

on an open of X®) to [zP~1dz]. Moreover C~' is an
1somorphism.

Proof. See [6] Theorem 7.2. O

The Cartier isomorphism induces isomorphisms:
s = H (Frf g).
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We can rewrite the terms of the spectral sequence at (B.2) noticing that m, = 7r£p ) Fry:
R, (HY (2 g)) = ROn Fry (HY (0 g)) = 'R (HY (Fr.0% o) = RO (D ).

And we obtain
b
By = RerP (O, ) = HEN(X/S). (B.3)

Definition B.4. We call (B.3) the conjugate spectral sequence.

Moreover by a proof of Katz (see [7](2.3.2.3)) the spectral sequence (B.3) degenerates
at page 2. To conclude, we may use the same kind of argument of the previous section
to get a filtration on the relative de Rham cohomology. We obtain the conjugate short
exact sequence:

0— Rlﬂip)(oxw)/s) — Hjp(X/S) — R0W£p)(9§(<p)/s) — 0.

'Here we used the fact that Fr, commutes with cohomology since the direct image functor
of an affine morphism is an exact functor in the category of quasi coherent sheaves.
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Appendix C

The Gauss-Manin connection

C.1 Connections

Let S be a smooth scheme over a field k£ and let € be a quasi coherent sheaf of Og-modules.

Definition C.1. A connection on ¢ is an homomorphism p of abelian sheaves:
p:5—>Q§/k®oS€

such that p(fe) = df @ e + fp(e) for any section f and e of Og and e respectively on an
open of S.

Remark C.1. A connection gives rise to homomorphisms of abelian sheaves

pi Qg/k Ry € — Qgﬁ Koy €

pilw®e) =dw® e+ (—1)wA ple)
where w A p(e) denotes the image of w ® p(e) under the canonical map

‘ 1 i+1

g1, ®0s Llg), ®os € — QZSJ;k ®os €
wWRTR®e —wWATRe.
Definition C.2. The curvature K of the connection p is the Og-linear map
K:plop:€—>Q%/k®oss.

We notice that
(pis1 0 pi)(w ® €) = A K (e)

holds for any section w of Qfg Ik and e of € on an open subset of S.

Definition C.3. The connection p is called integrable if K = 0 or, equivalently, if p gives
rise to a complex th/k ®es €

called the de Rham complex of p.
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Remark C.2. A connection p on € yields an Og-linear mapping:
Derk((’)g) — Endk(é)

which sends any k-linear derivation D of Og to
D®1
p(D):e SN Q}?/k@)(?s ks Os ®oge=e

where we identify D with the associated morphism Yp : Qg/k — Og through the corre-
spondence

Homos(ﬂg/k, Og) = Der(Og)
o — D=vpod

Then one easily verifies that

p(D)(fe) = D(f)e+ fp(D)(e).

C.2 Another filtration on the de Rham complex

Let S be a smooth affine scheme over a field k and let 7 : X — S be a smooth morphism
of schemes. We have an exact sequence:

— P

* (YD
0 — 7 X/k

p
Sk —>QX/S—>O

which is split exact since all of them are locally free Ox-modules. Then we may see

W*Qg K Qg’( Ik and consider the natural map

p q—p q
Qg Qox Ny — Uy
coming from Qg(/k R0y Qg(_/}; — Q%{/k'

Definition C.4. We define the Koszul filtration F'*Q%

PR, = im (7', B0y Q4 — 9% ) (C.1)
where QfX/k =0 fori<0.
The graded pieces of the filtration are
g’y = W*Qg/k R0y Q;(_/g
We consider the functor
T := R, : Ch=%(Sh/X) — Sh/S
and apply Proposition B.1 to T" with A = Q% and FiA = FZQB( in order to have

EP = R, (W*Qg/k ®oy Q;(_/g) — RPFI7,0%.
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Using the projection formula:
Rerqﬂ'*(ﬂ'*Qg/k R0y Q;{/;) = Qg/k Ros RPYT, (Q;{/g)
= Qg/k ®0og qu(QB(/S)

= 0% ®0s Hig(X/S).

We get the complex:
dy
Hip(X/S) == Qg ®05 Hyp(X/S) — Q5 @05 Hyp(X/S) — ...

It looks like the de Rham complex of a connection, in particular if d(l)’q is a connection we
get integrability for free.

Remark C.3. Back to our general setting of spectral sequences, we give the following
construction. Suppose that for page r = a we are given a bigraded product:

EPI x B s EpAPatd (C.2)
such that the differential d, satisfies the Leibnitz relation:
A (gal) = dP9(a)a’ + (~1)Padf? (2f) (C3)

for any x € EY? 2’ € Eg,’ql. Then the product of two cocycles (respectively coboundaries)
is again a cocycle (respectively a coboundary). We can extend the product to cohomology
and by induction we have a product as in (C.2) such that (C.3) holds for everyr > a. We
shall call this a multiplicative structure on the spectral sequence.

Now let (C®,d®) be a complex equipped with a bigraded product, namely

CP x C1 —y CPH4

such that the differentials satisfy Leibnitz rule. Assume that C*® is endowed with a bounded
filtration F'*C'® which is multiplicative 1i.e.

FPCY x FV 1 —s FPv oatd
Then Ef9 = FPC1/FPTIC9 jnherits the product structure
Did v'q p+p'q+d
Eyt x By — K
and the spectral sequence has a multiplicative structure.
The de Rham complex is equipped with the exterior product

P q p+q
Qg @ Qg — Qg

WRT —>wWAT
and the canonical differential maps dg, : Q?/'g — QZ;/FEH satisfy
ds/k(u) VAN T) = ds/k(w) NT+ (—1)pw AN ds/k(T)
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The filtration (C.1) is multiplicative. By Remark C.3. the spectral sequence EF'? has
multiplicative structure and the page 1 maps satisfy Leibnitz rule. For ¢ = 0 we have
that EI’O is the complex Q:S‘/k- ® H,(X/S) with differential maps ds/,®1 and we may see

the de Rham complex as a subcomplex of it. We have the product Ei’o X E(l) s Ei’q.
Then for any section w and e of Q sy, and H,(X/S) respectively on an open of S

Ay (w-e) = d’(w) e+ (—1)'w - d)(e) = dg/p(w) @ 1+ e + (=1)'w - d}(e).

We conclude that d(l)’q HIp(X/S) — Q}g/k ® H,(X/S) is a connection on the sheaf of
relative de Rham cohomology.

Definition C.5. We call
07
Vi=dy": Hyp(X/S) — Qg @ Hyp(X/S)
the Gauss-Manin connection.

Moreover for p = 0 we have the induced product E?’q X E?’q/ — Ei]+q/ ie.
Hi,(X/S) x Hip(X/S) — HiE? (X/S)
and the map d(l)’q verifies
B (e ) = dP(e) - + (~1)ie - d0 ()

for any e € H},(X/S) and ¢’ € Hg;%(X/S). We say that the Gauss-Manin connection is
compatible with the cup product.

Remark C.4. As explained above the Gauss-Manin connection gives a map from Derp(Og)
to Endy(Hj,(X/S)) that sends a k-linear derivation D of Og to V(D) where

D®1 ~
V(D) : Hip(X/8) — QY ®0s Hip(X/S) =2 O @0, Hip(X/S) 2= Hip(X/S).

By the observation above we have

for any section e, € and f of H},(X/S), Hg;%(X/S) and Og respectively. This shows
that V(D) extends the k-derivation D to the sheaf Hjn(E/S).

C.3 A computation for the universal elliptic curve

In this section we compute the Gauss-Manin connection for E/Y (N) over the complex
numbers C following [8] A.1.3.
First we need to recall some preliminary facts about integrable connections over C. Let

X i) S be a smooth proper family of connected varieties over C. We identify X with
X and we may restrict to the case of S affine.
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Remark C.5. We have a well defined functor from the category of quasi coherent locally
free Og-modules endowed with an integrable connection and the category of local systems
of finite dimensional vector spaces on S®". Such a functor sends any pair (¢,V) of a
quasi-coherent locally free sheaf and a connection ¥V to the germs of horizontal sections
eV of the connection. It is an equivalence of categories. Indeed in the other direction
we have the functor which sends any local system (locally constant sheaf) L to the pair

(L ®c O0g,1® d).

We recall that we have an analytic connection on S defined as follows. For every s € S
the fiber X is a connected complex variety. By Poincaré lemma the sequence

0—C—af — 0% — ...

is exact, i.e. Q% is a resolution for the costant sheaf C. Hence we have a quasi-
S
isomorphism of complexes

1 2
Q. —— 0% —— -

]

C » 0

and taking hypercohomology
H' (X, Q%) = H'(X,, C).
So we can compute the first de Rham cohomology as
Hjn(Xs/C) = H' (X, C). (C.4)

Letting s vary in S the complex vector spaces Hjj,(X;/C) describe the relative the Rham
cohomology HéR(X /S) and the H'(X,,C)’s determine a locally constant Og-module
R'f,C. The isomorphism (C.4) on fibers yields an isomorphims of @g-modules

Hjn(X/S) = R' f.C ¢ Os.

Hence we may see the natural connection 1 ® d that arises from the local system R! f,C
as a connection on the relative de Rham cohomology. Such a connection coincides exactly
with the Gauss-Manin connection defined algebraically in the previous section. Indeed:

Proposition C.1. The canonical morphism of sheaves
R1f,.C=R'£,0% — R'£.0% g

s an isomorphism between the source and the germs of horizontal sections for the Gauss-

Manin connection (le*QB(/S)V.

Proof. As in the section above, we consider the Koszul filtration of Qﬁ( and the corre-
sponding spectral sequence

EPY = O @0, RU£OY g = RITL,Q%.
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The Gauss-Manin connection is defined as V = d(lj’q. Since R?f. Q5 /8 is quasi coherent
and locally free we must have by Remark C.5.

RIf %5 = (RIS X/s)v ®c Os.
So we may rewrite

EPY = 0 @c (R0 5)Y

and dcl)’q = 1®d. Furthermore, since (R?f,Q¢ / S)v is locally constant, hence flat, we may
write the page two of the spectral sequence as

E5Y = HP(Q%) @c (R1f0%/g)Y
Moreover by Poincaré Lemma we have

C if p=0,

0 otherwise.

fﬂ«ﬂg>ﬁfaxx:(»>{
Hence

0 otherwise.

v _ {(qu*ﬂs(/SW if p=0,
pa _

This shows that the spectral sequence degenerates at page 2 and allows us to conclude
that
RILQY = B = B9 = (RILQ% )"

]

We can now begin the computation of the Gauss-Manin connection for E/Y (N) over
C. We recall that the modular curve Y (N) = T'(N)\H parametrizes classes of isomor-
phism of elliptic curves E, for 7 € Y(N) where E; = C/A;, A; = Z + 77Z. More
concretely we may see [E as the family of elliptic curves described locally affine by

V2 =4X3 — go(1)X — g3(1) T E€Y(N)

hence as an elliptic curve over R where R is the ring of holomorphic functions of I'(V)\H.
The global differentials on Y (NN) are just given by Rdr. Our aim is to compute the action
of V(%) on the first de Rham cohomology. We work on fibers to choose a basis for the
first de Rham cohomology. For any T we choose a basis for H},(E,/C) = H'(E,,C) as
follows. We have a perfect pairing

HY(E,,C) x Hy(E,,C) — C

w7—>/

which allows us to identify H}p(E;/C) with the dual of H(E;,C) which is the C-vector
space generated by the paths



Moreover we have an alternate perfect pairing
Hp(Er/C) x Hap(E;/C) — C

which realizes

Hc%R(ET/(C) = Hc%R(ET/(C)V = H(E-, C).

Hence we choose a basis for H},(E,/C) which we keep denoting for simplicity v1(7), y2(7)
such that f%(T) & = (7i(1), &) for every £ € H}n(E;/C).
On the other hand we fix the canonical basis (see Remark A.7.) given by

dX
dX
n(r) = X? = p(z,7)dz

We want to express it in terms of v1(7) and y2(7). We denote the associated periods by
wi(T) = fv-(T) w(r) and (1) = f’Y'(T) n(7) respectively. Then we must have

w(r) = wi(r)y2(7) — wa ()0 (7)
() = m(m)r2(7) = n2(7)71(7).

As 7 varies in T'(N)\H, H'(E;,C) determines the local system H!,(E/Y(N))V, so the
sections 71 and 9 obtained by the varying of 7 are horizontal for the Gauss-Manin con-
nection. Varying 7 we also obtain the basis w,n in H},(E/R). Such a basis is compatible
with the Hodge filtration i.e. the choice of w and 1 determines an isomorphism

Hip(E/R) — wg /g ® C_U]E/lR
and 7 projects to a basis of gi}y( ) dual to w '. Expressing it in terms of 71, 2 we have

W= w172 — w2,

n=mn72 — n271-
Inverting the relation using the period relation of Legendre 2

Mwi — Nowi = 27t

72 —m w1 n
Now we apply V (%), recalling that it annihilates v; and ~2. Denoting % by ’ we get
_ [ wh) (w —m w2 (V (&) W)
0= / / + d
—n W) \n —m wi) \V () (n)

1See [8] A1.2.5.
2Wait for Remark C.6. for a proof.

we obtain
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and inverting again
-6 D DO
V(£) () 2mi \m —m2) \—n| wi) \n
b <CU277/1 —winh wiwh — wa'1> (w)
21 \ mime —mnhy  wym —mwy ) \n)

We may explicitly compute wq(7) = 7 and wa(7) = 1 and Legendre’s relation becomes
m — N2 = 2mi which implies 7] — 70} = 12 and nin2 — mnh = n3 — 2mwingy. All in all, we

(S 0) =2 (2 5w ) (0)
V(4 (n) 2mi \m3 —2miny —m2) \n /)"

== Y = Thyr)

(m7 + n)? 3
(n,m)#(0,0)

can write

Lemma C.1.

Proof. We recall that (1) = p(z,7)dz. The Weirstrass g function satisfies —p(z,7) =
¢'(z,7) where ((z,7) is the Weistrass ¢ function defined as

((z):%—l— > Lo L,

z—m7—n mrT+n (m7T+n)?
(m,n)#(0,0)

which is an absolutely convergent sum so we can change the order of summation. With a
direct computation we have

1 z+1
na(T) = /VQ(T) o(z,7)dz = /0 —('(z,7)dz = /Z —((z,7)dz=((T,2) = (T, 2+ 1)

And rearranging the terms in the sum we get the desired result 3. O

Remark C.6. In the style of the proof above one also sees that

-
m=- Z (mT +n)?
(n,m)#(0,0)

hence na(—1/7) = T (7). With this in mind Legendre’s relation is equivalent to
mo(—=1/7) = 7%ne(7) + 2miT

that is nothing more than (1.1)

To conclude

3See [8] A.1.33.
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2T

Finally, through the change of variable ¢ = ¢ we obtain the Tate curve over C((q)).
We choose the canonical basis for H},(Tate(q)/C((¢))) determined by weqr = % = 2miz =
2miw. Then the dual 7e4, is going to be ﬁn. We have

w\ 1 (Vi(w)) _ _1_P _712 “
o0 (2) 20 (oo 1)

and in terms of wegp and 7egn

—P
Wean 9 1 Wean
V(0) ( > = (P2—11229P 3) ( ) : (C.5)
Tcan 144 12 Necan

C.4 The Kodaira-Spencer morphism

In our discussion we let K be a field and E an elliptic curve over a smooth affine scheme
S over K. Let us denote wp g = W*(QlE/S).
By Serre’s duality the invertible sheaves RO, (9, /S) and R'7,(Of) are dual to each

other. We denote the further by w®
the Rham cohomology as

We / s ! and we rewrite the Hodge filtration on the relative

0 —wp/g — Hip(E/S) — WE/ — 0.

S

The Gauss Manin connection induces a mapping

wp/s — Hip(E/S) < Qg ®os Hip(E/S) = Qg ®0og w E/S

where the last arrow is the projection modulo wg /y (-

Remark C.7. The above map ¢ : Wr/s — Q}g R0y c_u%/_b} 1s Og- linear. Indeed for any
section w and a OfQE/S and Og respectively on an open of S we have

¢(aw) = [V(aw)] = [da @ w + aV(w)] = a[V(w)] = ¢(w)
where by the square bracket we denote the image of sections through the projection modulo
Qg ®os Wis-

Definition C.6. The map ¢ induces an Og-linear morphism

KS:w®?

E/S—>Q}g

which we call the Kodaira-Spencer morphism.

Let us fix N > 3 an integer. Let Tate(q) be the Tate curve over K ((¢"/™V)) and let wean
be its canonical differential.

dq

Lemma C.2. The image of w22 under the Kodaira-Spencer morphism is e

can
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Proof. The Kodaira-Spencer morphism w2, — Q%(((ql /) is induced by the mapping

gCCLTL

——— Hl.(Tate(q)/K(q"™)

lv

H;ZR(Tate(Q)/K«ql/N))) ® Q}(((ql/N)) — &%;1 ® QK((ql/N)).

Let wean, Nean be a basis of HéR(Tate(q)/K((ql/N))) such that 7., projects to the dual

. ®_1 .
basis to ween of we,," i.e.

~1
Necan mod Wean = Wean-
To conclude it is sufficient to show that the composition of arrows above sends weqn t0

W, ® %. Let q% be the derivation dual to %. Then we can recover V(w) from V (q%)

(Remark C.4) by V(w) = V (qd%) (w) ® %. By the computation of section 3 of this

appendix we have V (q%) (W) = Nean — %Wcan- Hence

d d P d
9 = (45} 00© % = (- g ) 0 %

and projecting on R'r, O Tate(q) We obtain that weqy, 1s sent to wc_a%@)%. Hence we conclude
that KS(w®2) = 4. O

can q

Remark C.8. The computation above shows that the Kodaira-Spencer map sends a basis
of w22 to a generator of Q}(((ql/N)). In particular KS is an isomorphism. Indeed all
the maps in the definition of K.S commute with base change and any elliptic curve E/S
over the base field K (with level N-structure) can be obtained through pullback from the
universal elliptic curve E/Y (N). This allows us to conclude that the Kodaira-Spencer
morphism is an isomorphism for elliptic curves.
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